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Rosenberg has classified all maximal clones on a finite set in terms of six classes of finitary
relations. It is known that every proper subclone is contained in a maximal one; but it is in general not
easy to decide which maximal clones contains a given proper subclone. The question arises among
those interested in the area is finding classes of relations whose clones contain a special subclons
on a finite set.

Some results published by Baker and Pixley implies that a clone containing a near unanimity
function (nuf.) is finitely generated. There are atlemps of finding which manolone clones are finitely
generated. Only Demotrovics and Ronyai showed a finite generating set of the monotone clones of
fences and crowns and they proved that clones of all fences contain a nuf. while the case of crowns
is particularty interesting because they admit no nuf.

Birkhoff proposeg the question of finding necessary and sufficient conditions on 2 lattice, in
order that every lattice whose unoriented graph is isomorphic to the graph of the lattice be lattices
isomorphic, Many results from the literatures answered the question for types of pairs of latices and
pairs of semilatlices whose graphs are identical.

In this project, we cléssify classes of relations of Rosenberg's six classes whose clones
contain the monolone clone of a finite unbounded ordered set. This enables us define all relations of
all possible arities whose clones contain the monotone clone of a crown. And for fences, we
consider that they are connected unbounded ordered sets whose graphs are isomorphic to graphs
of chains; besides, their orders are compatible with chains and the monolone clone of a fence
contains nuf. of the corresponding chain. We study some properties of compatible orders of lattices.
In the project, we give necessary and sufficient conditions for an order to be compalible with a
lattice; and then we describe all compatible orders of a lattice in term of special subgraphs of the

lattice. It tumns out that the results for pairs of lattices or semilattices become a special cases of ours.
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Theorem [20] : Let p be a k-regularly generated relation associated with 0,..., e,
(m =1) over a finite set A. Then Clo(p) is the set of all operations FeO(A) which satisfy
(if F is n-ary) for each 1 £i<m either:
(i) the range of F intersects fewer than k 0, — classes; or
(i) there exists u < n and v < m and a function f, : A0, = A/B, so that

F(X )0, = f(x,/8) forall x eA".
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Theorem 1 : Let P be an unbounded connected ordered set and Cio(<) contains

an unannimity function. Then Clo(<) is contained in only a maximal clone preserving

a central relation.

Corollary 1 : If Clo(=) is Slupecki, then Clo(<) contains no n-ary unannimity functions

forallin.
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wlhin ¥naasdae i
Proposition 1 : If P is a disconnected ordered set which is not an anti — chain, then there

is a non-trivial equivalence relation 0 such that Clo(<) < Clo®).

vol¥danadidh P Ae ant—chain udrarmduiusmna 0 Alowddiedusfie
endnual Balninfu Clo(<) wxite O(A) Axbiidu subclone B4 clones THajgARNIE
ngu 18 9
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Theorem 2 : Let P be an unbounded connected ordered set. Then Clo(<) is a subclone
of a maximal clone preserving either a central relation or a k-regularly generation

relation.
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Lemma 1 : If C contains a minimal (or maximal) element of a crown C_, then C contains

all the minimal (or maximal) elements of C .
Lemma 2:Ifk#n,thenC=¢orR= =

Theorem 3 : Let p be an n-ary relation defined on a crown C_ with n > 2 by
Xy X - XJEP > (X5 % ..., X} EU

or Ky X oo X)EP > (X, % ..., X%} ZD

Then, p is the only central relation admitting Clo(C ).

Lemma 3 : Let p be a k- regularly generated on P with k = 3. if 2< k < n, then p does
not admit Clo(C,).

Corollary 2 : There is no (n+2)- regutarly generated on P with n = 3 which admits
Clo(C,).

Lemma 4 : Let p be a k- regularly generated on P with k =2 3. If n+3 < k < 2n, then
p does not admit Clo(C,).

Theorem 4 : Let C_ be an n-crown.
(i) If n =2, then Clo(C,) is Slupecki , or

(i} If n = 3, there is an {(n+1)- regularly generated relation on P which admit
Clo(C,). or

(iii) if n is even, there is an (n+2)- regularly generated relation on P which admit
Clo(C,).
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4. Compatible Orders of a lattice
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On Monotone Clones of Connected
Ordered Sets*

C. Ratanaprasert

May 9, 2000

Abstract

I.G. Rosenberg has classified all maximal clones over a finite set A
by finding six classes of relations such that maximal clones are just the
clones of operations on A preserving one of these relations. We study
some properties of the clone of all operations preserving a partial order
on a finite set P called the monotone clone on P. If P is unbounded
and connected, we prove that the monotone clone on P is not a subclone
of a maximal clone preserving the relations of Class(1) to Class(4) of
Rosenberg’s six classes; and that the monotone clone on P is a subclone
of a maximal clone preserving the relations only from Class(6) if P has
either the greatest element or the least element. We also show that those
monotone clones which are contained in maximal clones corresponding
to Class(5) or Class(6) of relations are closed under a finite product.

1 Introduction

Let O(A) denote the set of all finitary nonnullary operations on a set A. A
subset C of O(A) is called a clone if C contains all projection maps and is closed
under arbitrary superposition; that is, if fi, f2,..., fa arek-ary mapsin Cand g
is an n-ary map in C for some positive integers k and n, then g( f, f2,..., fa) €
C. The set of all clones over A is an ordered set with respect to inclusion; in
fact, it is a complete lattice with the dual atoms being the maximal clones.

*Research supported by the Thailand Research Fund. The author wishes to thank Prof.
Dr. K. Denecke and Prof. Dr. B.A. Davey for many useful suggestions.
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It is known that every proper subclone is contained in a maximal one. I.G.
Rosenberg[10] has classified all maximal clones by finding six classes of relations
such that maximal clones are just the clones of operations preserving a relation
from one of these classes. We now give Rosenberg’s six classes of relations on
a finite set A.

Class(1): The class of all bounded orders. These are reflexive, transitive and
anti-symmetric binary relations p € A x A with (0,z) € p and (z,1) € p for
all £ € A and for some 0,1 € A.

Class(2): The class of all prime permutations. These are binary relations

p = {(a,afa))|e € A} C A x A where a is a permutation on A all of whose
cycles have the same prime length.

Class(3): The class of all prime affine relations. A 4-ary relation p C A? is
affine if we can define an abelian group operation, +, on A so that (a,b,c,d) € p
if and only if a + b = ¢+ d . An affine relation p i1s prime if < A;+ > is an

abelian group of prime power order. This class is empty unless |A| is a prime
power.

Class(4): The class of all non-trivial equivalence relations. These are refle-
xive, symmetric and transitive binary relations p € A X A which are not the
diagonal relation w = {(a,a)la € A} nor the universal relation A x A.

Class(5): The class of all relations which are k-regularly generated for some
3 < k<Al For3 <k <|A,aset T = {0;,0,,...,0,}(m > 1) of
equivalence relations on A is k-regular if each O; , (1 < 7 < m) has exactly k
equivalence classes and the intersection (2, €; of arbitrary equivalence classes
g; of ©; is nonempty.

A k-ary relation p = {(a1,...,ax)|la; € A for all 1 = 1,...,k} is k-regularly
generated by T if for each 1 <1 < m , at least two of the elements a,,...,a
are equivalent modulo ©;.

Class(6): The class of all central relations. A k-ary relation p C A* (k > 1)
is totally reflexive if {(a;,...,ax)|a; = a; for some i # 7} C p ; and is totally
symmetric if for any permutation e on {1, . . . , k} we have (ay,...,a;) € p if
and only if (aa(1); @a(2)---,8a(x)) € p. The center of p is the set of all a € A
such that (a,a3,...,ax) € pforall a,,...,ar € A. We say that p is central if it
is totally reflexive, totally symmetric, and has a center which is a non-empty,
proper subset of A. Note that these conditions imply that k < |A].

Let p be a relation on a finite set A. Then the subset of all operations from
O(A) preserving p forms a subclone of O(A). We denote a clone of operations



preserving a relation p on a finite set A by Pol(p); so maximal clones are just
the clones Pol(p) of operations preserving a relation p of one of the six types.

The following theorem can be found in [14].

1.1 Theorem [14] Let p be a k-ary relation from Class(5) associated with
01,...,0m(m > 1) over a finite set A. Then Pol(p) is the set of all operations
F € O(A) which satisfy (if F is n-ary) for each 1 <1 < m either:

(i) the range of F intersects fewer than k ;-classes; or

(ii) there exist u < n and v < m and a function f; : A/0, — A[/0; so that
F(z)/6; = fi(zu/8,) for all Z = (z3,...,2,) € A",

We note that for & = |A|, the condition (ii) of Theorem 1.1 implies that F
is essentially unary (defined below). So, all operations in Pol(p) where p is
| A]-regularly generated are either non-surjective or essentially unary; and we
call Pol(p), Shapecki clone.

Let P = < P; <> be an ordered set. For a positive integern , a map f : P* —
P, is called an order-preserving map or monotone if z; < y; inPforl1 <i:<n
implies f(zi,z2,...,%n) < f(y1,¥2,-.-,yn) ; f is called essentially unary if

thereexists 1 <i <nandamapo: P — Psuchthat f(z,,z,,...,2,) = o(z;)
for all (z1,z2,...,%zn) € P"; { is called a near unanimity function if for all
T,y € P! f(:r,:z:,...,z,y)=f(:c,...,y,...,$)=...=f(y,...,:c,:r)=m.

The clone Pol(<) on P is the set of all finitary order-preserving maps with
respect to < ; and we call Pol(<) the monotone clone of P.

Eventhough it is known that there are only finitely many maximal clones on
a finite set P, it is in general not easy to decide which maximal clones on P
contain the monotone clone of P = < P;<>. In [3], they studied a class of
ordered sets known as braids, which is a natural extension of the class of crowns

and they also showed that the monotone clones of most braids are contained
in Shupecki clones.

A clone C is finitely generated if C is the smallest clone containing some finite
_ subset H of C. It was shown in [8] that almost all maximal clones, except for
some of those preserving relations in Class(1), are finitely generated. There

are attempts to determine all finite bounded ordered sets P = < P; <> such
that Pol(<) is finitely generated.

A result of Baker and Pixley [1] implies that a clone containing a near unani-
mity function is finitely generated .



For the case of finite unbounded ordered set, one can ask the question when
does it have an order-preserving near unanimity function?. In [7], they gave a
finite generating set of the monotone clones of fences and crowns and they also
proved that the clones of all fences contain a near unanimity function while
the case of crowns is particularly interesting because they admit no order-
preserving near unanimity function.

2 Classes of maximal clones containing mono-
tone clones

Let P = < P;<> be a finite ordered set. If < is bounded, then it is well
known that Pol(<) is maximal. In this section, we are concerned with the
case when < is unbounded. We first prove that the monotone clone of an
unbounded connected ordered set is a proper subclone of a maximal clone
containing all operations preserving a relation p of Class(5) or Class(6), and
we will call Pol(p) a k-regularly generated maximal clone or a central maximal
clone; respectively.

Forae P ,wedefinela={z€ Plzr<a}andta={r€ Ple<=z}. Ifc<d,
it is obvious that functions g, : P — P and g; : P — P defined respectively
by

wey={ 5 freies

otherwise,

or

d, ifz €1 q;
c, otherwise,

g2(z) = {
are order-preserving maps.

2.1 Theorem Let P := < P; <> be a finite ordered set. Then, either
(i) Pol(<) = O(A); or (ii) Pol(<) is 2 bounded maximal clone; or

(iii) Pol(<) is not a subclone of a maximal clone of operations preserving a
relation on P of one of Class(1) to Class(3).

Proof: If P is an antichain then clearly Pol(<) = O(P). If P is a bounded
ordered set then < belongs to Class(1) of Rosenberg’s six classes of relations.
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So, we may assume that < is unbounded and is not an antichain and |{P| =
n > 3. We will show that if p is a relation on P of Class(1) to Class(3) of
Rosenberg’s six classes of relations, we can define an order-preserving map g
which does not preserve p. '

Class(1) : Let <* be a bounded order defined on P with 0 and 1 being the
smallest and the largest element, respectively in P with respect to <* ; that is,
0 <* zand x <* 1 for all z € P. If there exists an element a € P, a # 0 which
is comparable to 0 with respect to < (or there is an element ¢ € P, a # 1
which is comparable to 1 with respect to <), without restriction of generality
we may assume that 0 < @ and a can be chosen to be maximal.

If a is not the greatest element with respect to <, then there is an element
¢ € P such that a and ¢ are not comparable. If ¢ > 1 we define g : P — P by

g(z) = { g, e

otherwise,

and if a and 1 are not comparable we define g: P — P by

o(z) = { 0, xell;

a, otherwise.

In the first case we have 1 ¢1 ¢ (1 €1 c implies ¢ < 1 < a, a contradiction.);
hence, g(1) = 0 <* a = g(c). For the latter case we have a €| 1 ; hence
g(1) = 0 <* a = g(a). In either cases g does not preserve <*.

If a is the greatest element with respect to <, then there are elements b,c € P

such that b < 0 and b is not comparable withc. Ifa =1 wedefineg: P - P
by

g(-’-") ={ 2: x El G

otherwise,

and if a # 1 we define g: P — P by

g(z) = { 2, x €L 1;

otherwise.

Hence, we have either g(c) = 0 <* 1 = g(0) (0 €] c implies b < 0 < ¢, a

contradiction) or g(1) = 0 <* a = g(a). In either cases, g does not preserve
<*. '



If 0 and 1 are not comparable to all £ € P and since P is not an antichain,
there are comparable elements ¢ and d in P and we may assume that ¢ < d.
If ¢ <*d we defineg: P — P by

g(:v):{d’ x =0

¢, otherwise,

and if ¢ £* d we defineg: P — P by

c, x=0;
g($)={ d,

otherwise.

In either cases, we have ¢g{0) £* ¢g(1); hence, g does not preserve <*.

Class(2) : Let a be a permutation defined on P such that every cycle of o
has prime lenght p and let (a1,42,...,4a,) be a cycle of a. Let p be the graph
of a. If there is an a; in the cycle (ai,az,-..,ep,) such that ax and afai) are
comparable, we define g : P — P for the case ¢,d € {ay,a(ar)} with ¢ < d by

c, x €ld;
g(z) = { d,

otherwise.

Therefore, we have (ax, a(ax)) € {(c,d),(d,c)} and (g(ax), g(a(ax))) = (c,c) ¢
p which implies that g does not preserve p.

If a; and afe;) are not comparable for all a; in the cycle (a;,a3,...,q;), there
are comparable elements ¢ and d in P such that (¢,d) ¢ p and we may assume
that ¢ € d. Let ax be an element in the cycle (a1,a,,...,0,). We define
g: P — Pby

g(z) = { Z’, x € ai;

otherwise.

Now, we have (ax, a(ax)) € p; but (g(ax), g(a(ax))) = (¢, d) ¢ p-

Class(3) : If n is not a prime power, then we cannot define an operation -+
on P such that < P;+4 > is an abelian p-group; hence, we cannot construct a
prime affine relation p on P so that Pol(p) contains Pol(<).

We consider the case n = p” for some prime number p and positive integer r.
Let p C P* be a prime affine relation with respect to the elementary p-group
< P;+,—,0 >. If there is an element b € P — {0} which is comparable to 0,
we may assume that b <0 and b is minimal. We define g: P — P by
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_J b x=b
9(z) = 0, otherwise.

If —b £ b (that is the case p # 2; or the case p = 2,7 > 1 and b+ b # 0) we
have (b, —b,0,0) € p since b+ (—b) = 0 = 0+ 0; but (g(b), 9(—b), g(0), g(0)) =
(6,0,0,0) ¢ psinceb+0=5b#0=0+0.

If -b = b (the case n = 2" for some r > 2 ), then b+ b = 0. Since n >
3, we have n > 4 ; hence, there is an element ¢ € P — {0,b} such that
c#b+cand b+ c ¢ {0,b}. Now, clearly, (b,c,b + ¢,0) € p; but again,
(g(b),g(c),g(b+ C):Q(O)) = (b}O)O’O) ¢ p.

If 0 is not comparable to all b € P, b # 0 we will have elements ¢ #din P
such that ¢ < d. Since ¢ +d = d + d implies ¢ = d, we have (c,d,d,d) ¢ p.
Now, we define g: P — P by

g(x)z{c, z=¢

d, otherwise.

Again, —c # c¢ implies that (¢, —c,0,0) € p but (g(c), 9(—c),g(0),9(0)) =
(e, d,d,d,) ¢ p. If —c = ¢, we will bave elements b and c+b which does not
belong to the set {0,c}. Now, we have (¢,b,c+ b,0) € p but (g(c), g(b), g(c +
b),9(0)) = (c,d,d,d,) ¢ p. O

It was proved in [2] that if P is disconnected, then the nontrivial equivalence
relation & whose blocks are connected components of P will give a maximal
clone Pol(8) containing the monotone clone of P; and if P is connected then
there is no nontrivial equivalence relation @ on P such that Pol(<) is a subclone

of Pol(§).

If p is a k-ary relation of class(6) and Pol(p) contains the monotone clone of
an unbounded ordered set P, then k 5 1 since p € P implies that there are
¢ € P with ¢ ¢ p and a unary constant map ¢ which does not preserves p;
hence, p is of arities 2 < k < |P|. We have the following corollary.

2.2 Corollary If P :=< P;<> is a finite connected unbounded ordered set,
then Pol(<) is a subclone of a central maximal clone generated by a relation
of arity greater than 1 or of a k-regularly generated maximal clone.

2.3 Theorem Let P = < P; <> be an unbounded connected ordered set. If

Pol(<) is contained in a k-regularly generated maximal clone for some 3 <
k < |P| then Pol(<) contains no near unanimity functions.

7



Proof: Let p be a k-regularly generated relation on P with 3 < k£ < |P|
and let 04, ...,0,.(m > 1) be equivalence relations associated with p. Then for
1 < i < m, each §; has exactly k equivalence classes; so for each 1 < i < m,
there are a £ b in P such that (a,b) ¢ 0; . Suppose that Pol(p) contains an n-
ary near unanimity function g : P* — P. Since p is onto, foreach 1 <1 <m
there exist 1 < u < nand 1 < v < m and 2 function f; : P/8, — P/6;
such that u(zy,..-,za)/0i = fi(zu/6,) for all (z),...,z,) € P". Then, we
have (a,...,a) € P" and (b,...,4a,...,b) € P"(n-tuple contain all b except
for the ut® — component) ; but f;(a/0,) = pla,...,a)/0; = af6; # b/0; =
u(b,...,a,...,b)/0; = fi{a/6,) which contradicts to f; being a function. O

2.4 Theorem Let P be an unbounded ordered set containing the largest ele-
ment 1 (dually, the least element 0). Then the monotone clone of P is a sub-
clone of a central maximal clone; but, it is not a subclone of any k-regularly
generated maximal clone.

Proof: Let 1 denote the largest element of P and suppose that the monotone
clone of P is a subclone of Pol(p) where p is a k-regularly generated relation on
P for some 3 < k < |P| associated with 8;,...,0n(m > 1). It is obvious that
the binary operation defined by zy = y if z,y € P— {1} and zy = 1 otherwise,
is an onto order-preserving operation. By Theorem 1.1, for each 1 <7 < n,
thereare 1 < u < 2,1 < v < m and a function f; : P/8, — P/8; such that
zy/0; = fi(x./6,) for all (z,y) € P2 Now, la =1 = al and aa = a for all
a € P imply that each f; cannot be a function which is a contradiction. Hence,
the binary operation does not belong to Pol(p). By Corollary 2.2, we get the
desired conclusion. Moreover, one can easily show that the binary relation

p={(z,y) C Px Pl <u>yand z > v <y for some u,v € P}

is a central relation on P with 1 belonging to the center; and since P is un-

bounded, the center is proper. Clearly, Pol(p) contains the monotone clone of
P.O

A fence is an example to show that the converse of Theorem 2.4 is not true
because a fence contains no largest element and no least element; but it was
shown in [7] that a fence admits a ternary near unanimity order preserving
operation. Let denote an antichain of order n by n and for ordered sets P and
Q, as linear sum P + Q we denote the ordered set whose order is defined by

<y (z<yinP)lor{z<yinQ)or (z € Pand y € Q).

By Theorem 2.4 and [12], the monotone clones of the linear sums 1 + 2 4 2

and 2 4+ 2 4+ 1 are examples of subclones of central maximal clones which are
not finitely generated.



2.5 Corollary The monotone clone of an unbounded semilattice is a subclone
of a central maximal clone.

3 On Order Varieties

As we can notice in the literature, the study of near unanimity functions in
monotone clones lead to a classification of some ordered sets. One method is
via the notion of an order variety. A class V of ordered sets is an order variety
if it is closed under isomorphisms, products and retracts (a retraction on an
ordered set P is an order-preserving map f : P — P such that f(f(z)) < f(z)
for all x in P; V is closed under retracts il whenever P isin V and f is a
retract on P, then f(P) is in V). Unfortunately, the classes X and C of all
finite unbounded connected ordered sets whose monctone clones are subclones
of the maximal clones of all operations preserving relations of either Class(5)
or Class(6); respectively, do not form order varieties. For example: 2+ 2 is a
crown whose monotone clone is a subclone of the Stupecki clone [7]; hence, it
is in class K but, by Theorem 2.4, its retracts 14+ 2 and 2+ 1 are only in class
C. Now, by using the binary central relation p defined as in Theorem 2.4, one
can easily show that the monotone clone of 2 + 1 + 2 is a subclone of Pol(p);
hence, 2 4+ 1 + 2 is in class C but its retract 1 + 1 is a bounded ordered set
whose clone is maximal.

For products of ordered sets in class X or class C, we have the followings.

3.1 Theorem Let P be an ordered set whose monotone clone is contained
in a k-regularly generated maximal clone for some 3 < k < |P|. Then the
monotone clone of the product PN for N > 1 is contained in a k- -regularly
generated maximal clone.

Proof : Let a maximal clone of P preserve a k-regularly generated relation
associated with equivalence relations 0,,...,0,, on P for some m > 1 and
3 < k < |P| and let N be a positive integer. For each 1 < ¢ < N and
1 < j < m, we define 0] = {(z,5) € PV x PV |mi(z)6; n.(y)} Then & is an
equwa.lence relation on PN foreach! < 7 <mand 1 <i < N. Clearly,
for each 1 < i < N and 1 < j < m the map ¥} : [ 3] 0! = [r(2)] 0, is
a bijection between the set & of all equivalence classes of ! and the set &
of all equivalence classes of 0;; hence each 6,1 < i < N;1 <7< mhask
equivalence classes.

Let p be the k-regularly generated relation on the set PV associated with ¢4
for1 < j<mand1<i<N. If (z',...,3%) € p C (PM)*, then for each
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1<j<mandl<:< N thereexists r < s < k such that z70!z° which means
that (zf,z?) = (m(z7), 7(2°)) € §; where z! = (z,...,zy) forall 1 <t < k;
hence, for each 1 < i < N we have |{z},...,zf}| < [&]| = &.

Let F be an n-ary monotone operation on PN for n > 1. To show that F
preserves p, let (@%,...,d%) € p with a* = (af,...,ay) forall 1 <t < k and
1 < ¢ € n. Then, by the above remark, foreach1 <c<nand1 <t < N we
have |{af,...,a*}| < k.

Suppose that (F(a'), F(a?),..., F(a*)) ¢ p where a* = (a',a*,...,a™) for
1 < t < k. This means that thereare 1 < i < N and 1 € 7 < m such that
mi(F(a")) # m(F(a°)) for all r < s < k which implies (for this fixed i) that
|mi(F(a')),...,m(F(@*))| = |&| = k. Therefore, the map m; o F is monotone
from PN" to P and its range intersects every #;-classes. Since the monotone
clone of P is a subclone of the k-regularly generated maximal clone which is
associated with 8,,...,0,, and by Theorem 1.1, there exists 1 < u < Nn and
1 < v < m and a function f; : &, — §&; such that [F(2)]0; = f;([z.]0,) for
all = (z',...,z") € PM" where ¢ = (z1,...,zn) € PY; or equivalently,
m; 0 F = f; o #, where @, : P¥» — P is the projection map to the uth-
component. Sinceu=(c—1)N+dforsomel <c<nandl1l <d< N, we
have 7,(a@') = a5 for all 1 < t < k. Hence, the set {m(F(a')),...,m(F(a*))}
is {(f3 0 mu)(@),.-., (f; 0 7u)(@)} which is {f;(aF),--., f;(a%)}. Now, the
cardinality of {f;(a3'),- .., fi(a#)} is k while the cardinality of {a,...,aF} is
less than k which implies that f; cannot be a function; which is a contradiction.
Therefore, (F(a?),..., F(a*)) € p. Thus, F preserves p. O

3.2 Corollary Let k be an ordered set of size k > 3 whose monotone clone
is a Slupecki clone. Then the clone of the product K™ for m > 1 is contained
in a k-regularly generated maximal clone.

3.3 Theorem Let P be an ordered set whose monotone clone is a subclone
of a central maximal clone. Then the monotone clone of the product P for
N > 1 is also a subclone of a central maximal clone.

Proof: Let p be a k-ary central relation on P for some 2 < & < |P| such
that Pol(<) C Pol(p). Let 5 C (PV)* be the set all (z!,...,%*) where z* =
(z3,...,z%) such that (m(z'),...,7(z*)) € pforalll <i < N. Itis clear
that 5 is a central relation on PV where its center is the N'** product of the
center of p.

Let F be an n-ary monotone operation on PM for n > 1. To show that F
preserves p, let (@,...,a%*) € p with @ = (af*,...,a%) forall 1 <t < k
and 1 < ¢ < n. Then (a',...,a*) €pforalll <c<nandl <i < N.

10



Since ; o F' is monotone from PV™ to P for each 1 <7 < N, we have ((m; o
F)@&"),...,(m; o F)(@*)) € p where @' = (a’,...,a™); hence, the definition of
p implies that (F(a'),...,F(a*)) ep. O
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ALL MAXIMAL CLONES CONTAINING A CROWN

C. RATANAPRASERT

ABSTRACT. 1.G. Rosenberg has classified all maximal clones over a finite set
A by finding six classes of relations such that maximal clones are just the
clones of operations on A preserving one of these relations. In [7], we studied
the clone of all operations preserving a partial order on a finite set and called
the monotone clone on the ordered set; we have shown that the monotone
clone on an unbounded connected ordered set is a subclone of a maximal clone
preserving only central relations or k-regularly gencrated relations. In the
paper, we investigate some properties of monotone operations of all crowns by
using the comparabilities of their elements. This enables us present explicit all
arities of central relations and all k-regularly generated relations which admit
the monotone clone of a crown. From the results, one can give examples
of unbounded order sets whose monotone clone contained in maximal clone
preserving central relations and k-regularly generated relations of all arities by
using crowns.

1. INTRODUCTION

A set of finitary operations on a finite set A is called a clone over A and denoted
by Clo{A) if it contains all projections and is closed under superpositions([4], [6],
[11]). A clone is finitely generated if it is the smallest clone containing some of its
finite subsets, A set of all clones over a finite set is an ordered set with respect to
inclusion; in fact, it is a complete lattice with the dual atoms being the maximal
clones. It is known that every proper subclone is contained in a maximal one. 1.G.
Rosenberg(10] has classified the maiximal clones by finding six classes of relations
such that maximal clones are just the clones of operations preserving one of these
relations. Two classes of these relations are all central relations and all k-regularly
generated relations for all integers 3 < k < |A4].

A k-ary relation p C A* (k > 1) is totally symmetric if for any permutation
aon {1,...,k} we have (a;,...,ax) € p if and only if (a,1), @a(2), - - 1 Qa(k)) €p;
and is totally reflexive if {(a,...,ax)|a; = a; for some i # j} C p. The center
of p is the set of all a € A such that (a,az,...,ax) € p. forall az,...,ar € A . We
say that p is central if it is totally symmetric, totally reflexive, and has a center
which is a non-empty, proper subset of A. Note that these conditions imply that
k < |Al.

For 3 <k < |A|,aset T = {6,,62,...,0m} {(m > 1) of equivalence relations on
A is k-regularly if each 8;, 1 < i < m, has exactly k equivalence classes and the
intersection (=, € of arbitrary equivalence classes ¢; of 8; is nonempty. A k-ary
relation p = {(a1,...,ax}]a; € A for all i = 1,...,k} is k-regularly generated
by T if for each 1 £ # < m, at least two of the elements a,, ..., ax are equivalence
modulo 8;.

The following theorem can be found in [5].

Research Supported by the Thailand Research Fund.
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Theorem 1. [5) Let 3 < k < |A| and p be a k-reqularly generated relation on a
finite set A associaled with 8;,02,...,0, for some posilive integers m > 1. Then
the marimal clone preserving p is the set of all n-ary operations F for all positive
integers n > 1 which satisfy for each j < m either (i): the range of F intersects
fewer than k 8; — classes; or (ii}): there enists u < n and v < m and a function
[t Af8, = A[8; such that F(2)/8; = fi(zu/0,) for oll Z = (z,,...,Ta) in A".

We note that for & = |A|, the condition (ii} of Theorem 1 implies that F is
essentially unary (defined below) and Clo(A) preserving the | A|-regularly generated
relation is known as Slupecki clone. So, Theorem 1 can be restated [1] that
"Clo(A) is the Slupecki clone if Clo(A} consists of all nonsurjective operations and
all essentially unary operations on A”

A nonempty subset p C A* is a k-ary relation over A. We call that p admits
Clo(A) if p is a subalgebra of the algebra (A; f)" for all n-ary operations f on A.
If p is an order relation < over A admitting Clo{A), we will call it, the monotone
clone of A = (A;<). Even there arc finitely many maximal clones on a finite
set A, it is in general not easy to decide which maximal clones on A contain the
monotone clone of A. In [7], we showed that the classes of central relations and
k-regularly generated relations of Rosenberg’s six classes are the only classes of
relations admitting the monotone clones of all unbounded connected ordered sets.
In [2], they showed a finite generating set of the monotone clones of fences and
crowns while, in [1], they studied the class of ordered set known as braids which is
a natural extention of the class of crowns and showed that the monotone clones of
some braids are Slupecki clones. It was shown in [12] that the clone of the linear
sum of two finite antichains, each of which having at least two elements, 1s contained
in the Slupecki clone on the underlying set.

For n > 2 , an n-crown is an ordered set C, = {(A;<) with 2n elements
Ui, uz,...,Un,dy,d2,...,dpsuch that dy < u) >dy < -+ - > d, < u, > dy with no
other comparabilities. Denote the set of all minimal elements dy,d2,...,d, of C,

by D and the set of all maximal elements uy,uz,...,u, by U;so, A=UUD. And
please note whenever we write u,, (or dn,) for a positive integer m, we mean v; {or
d;) for some 1 < i < n where i and m are congruence modulo n. We call elements
x and y of an n-crown C,, successors or successive elements if z,y € {d;, d;}
or z,y € {u;,u;} where i and j are successive integers or {7,j} = {1,n}. A map
f: A" 5 Ais called essentially unary if there exist i and a map ¢ : A = A such
that f(Z) = o(x;) for all T € A".

Crowns arise frequently in the theory of finite ordered sets since they play an
importance role in studies of symmetries of ordered sets and of the fixed point
problem [8]. Their structures and algebraic properties are considered in [3].

In the paper, we study a k-ary relations that will admit the monotone clone
Clo(C,) of a crown C, for all positive integers n > 2and 2 < k < 2n. We
investigate some properties of monotone operations of all crowns b; usin_g the com-
parabilities of their elements. This enables us see the only possible arities of central
relations and all k-regularly generated relations which admit the monotone clone
Clo(C,.). From the results, crowns are examples of unbounded ordered sets whose

clones contain in a maximal clone preserving central relations and regularly gener-
ated relations of all arities.
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2. SOME ALGEBRAIC PROPERTIES OF OPERATIONS ON A CROWN

To get instances of crowns possessing clones contained in maximal clones pre-
serving some certain relaions, we need some algebraic properties of their operations.
But in [2], they showed that the monotone clone of a crown is finitely generated by
its unary and binary operations. In this section, we will study mostly unary and
binary operations; and then we get a result that an operation on a crown is onto
only if it is onto on either its all maximal or its all minimal elements.

We first state the results which follows from the fact that every element of a
crown dominates a maximal element or a minimal element.

Lemma 1. If the range of a monotone operation on an n-crown C, forn > 2
contains all mazrimal(minimal) elements, then the restriction of the operation to the
set of all mazimal(minimal) elements also contains all marimal(minimal) elements.

Proof. Let F be a monotone operation on C,, for n > 2. Assume that F(C,)
" contains U and u € U. Then, there is an a € C, such that v = F(a). By
the comparabilities of elements in C,, we have u; € U such that a < u;; hence,
u = F(a} < F(u;}). So, maximality of u implies that u = F(u,;} € F(U). Therefore,
the restriction of F to U contains U. O

Lemma 2, Letn > 3 and g : C,, — C,, be a monolone operation salisfying the
assumption of Lemma 1. Then, g is a bijection with g(U) = U and g(D) = D.

Proof. By dually and Lemma 1, we may assume that g(U) D U. Then |g(U)] > |U].
Since U is finite, |g(U)] < |U} which implies g(U) = U. Hence, the restriction of g
to U is bijective on U. Therefore, g(D) C D. Let d;,d; € D with g(d;) = g(d;) € D
for 1 < i,j € n. The comparabilities of elements in a crown imply that u;_, >
d; < u; and ujy > d; < uj for u;,ui_1,uj5,u;-1 € U. Now, {g(ui=1),9(u))} =
{9(uj-1),9(u;)} since each minimal element dominates only one pair of maximal
successors. Since g is injective on U, we have {u;~1,4;} = {uj_1,u;}. But n > 3
and d; # d; imply that at least three of u;, u;_;, u;,u;_y are distinct which implies
{ui-1,ui} # {uj-1,uj}. So, di = d;. Therefore, g is also injective on D; thus,
g(D) = D. O

In the following Lemma 3 to Lemma 6, we consider only those binary monotone
operations on a crown G, for n > 3; and we denote ab, the product of elements a
and b under a binary monotone operation on C,,.

Lemma 3. (i) if uiu; and uju;yy (or uiyiu;)} are distinet, then either u;u; and
uiujy; (or uiyyu;) are successive mazimal or {uiuj, uiujyq (or uipiu;)} = {u,d)
where d is a minimal element dominated by the marimal element u. :
(1i) if uip1uj41 1s minimal then Wilip1, Yip1Uj, Yip1Uj42 ond Uipau; 4 must be
mazimal elements dominated by u;4iu;41
(iii) the elements u;u;, viujy1 and u;yyuj cannot be all distinct.

Proof. (i) Assume that w;u; and wiuj4r ( or wiyiu; ) are distinct. Since u; >
diz1 < ujpy (or uy > diyy < uiyy) , we have wu; > widjy < uiujy (51:
wiuj > dip1yj < uispgu;) which implies that u;uj; and u;uj4 (or u;41u;) cannot be
both minimal. If w;u; and w;uj4i(or u;41u;) are both maximal, then u;d;y; (or
di41u;) is the minimal element dominated by u,u; and ujuj4,; hence, u;u; and
u;uj 41 (or u;yyu;) are successsors. But, if one of uiuy and uiujp( or w4 u;) is
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a maximal element u and the other is a minimal element d then d = u;d;4; (or
dit1u;) < u € {uiu;, ujujp( or uj41u;)} which completes the proof.

(ii) Assume that u;yi1uj4y is minimal. The results in (i) imply that the four
elements u;uj41, Uip145, 4418542 and u;4au;y) cannot be minimal; hence, they
are the two maximal elements dominated by u;jpi1ujy;.

(iii) By the comparabilities of elements in a crown, we have u; 4 u; > dij1djy; <
wjuj > dipadipr < uiujyy . If one of the u;uj, uiujyy and w43y is minimal, then
by(i) either {u;u;, uiuj41,uip1u;} is a singleton set of d or the set of two elements
u and d where d is a minimal element dominated by the maximal element u; so,
the lemma follows. We may assume that u;u;, u;u;41 and ui3u; are all maximal
with u;u; # u;puj. Then, diy1dj4y will be the minimal element dominated by
u;u; and ui41u;. Since each minimal element of a crown is dominated by only one
pair of maximal elements, we have u;uj4; = u;41uj Or y;uj 4y = uju;. 0

One can easily prove that the dual of all results in Lemma 3 are also true.

Lemma 4. If the range of a binary operation on a crown C, with n > 3 contains
oll the marimal elements, then there erists an integer 1 < i < n such that U’ =
{uiju;li=1,...,n} =V orU; = {u;ujlj=1,...,n}=U.

Proof. We notice from the fact that |U;| < [U| = n and |U*] < [U| = n; so, if the
set of all maximal elements U of a crown C, is a subset of U; (or U*) for some
integers 1 < i < n then U; = U (or U*' = U). We will prove by supposing on the
contrary that U is not a subset of U; and U* for all integers 1 < i < n. Since U is
a subset of the range of the binary operation and by Lemma 1, there is an integer
1 < i < n such that U; NU # ¢. We may assume by the cyclical nature that a
proper subset U’ = {uy,uz,...,ux} of U is labelled in the places of U; for some
integers k < n. By Lemma 3, one can easily seen that k is at most 2}L (if n is
an odd integer) or 2 + 1 (if n is an even integer). Since U; has n places to put
u;u; and by Lemma 3, we must have n > 2(k — 2) + 2 + a where a is the number
of j with u;u; = wujpy € U’ or {ujuj, viuj41} = {u,d} where u € U’ and d is
a minimal element dominated by u . But the restriction of the operation to the
set of all maximal elements contains U, we may let ux4p € Uiyj, where b and jp
are integers such that k + b and i + j, are integers congruence modulo n to some
integers in {1,...,n}.

It is obvious from Lemma 3 that we cannot put u. in the set U;,, if the set U;
does not contain u, or the successive maximal elements of u.; and so, for a positive
integer r, we must have at least r+1 times of u. in U; if we have r times of YUeqq in
Uj+1 and U; does not contain uc4) and ucyq. Therefore, we have at least n-k+1
times of uy in U; if Uisj._» contains an u,. Thus, n > 2(k — 2} 4+ 2 4 (n—-k+1)
which implies k¥ < 1. Now, let u, be in the place u;4;,._, u;. Since UJ’ # U, we
have n > 2(n — k — 1) + 2 which impies n < 2k. Thus, n < 2 which contradicts to
the assumption of the lemma that n > 3. - O

Corollary 1. Ifthe range of a binary operation on a crown C,, withn > 3 contains
all the marimal elements, then {uujli=1,...,n;j=1,...,n} =U.

Proof. Suppose that {u;u;|li =1,...,n;5 =1,...,n} is not a subset of U; that is,
there exist a minimal elementd and 1 < i < nsuch that d € U; . If U; C D, then U
is not a subset of U7 for all j = 1,...,n ; so, by using a symmetry proo_f to Lemma

4, one can get the same contradiction. If U; is not a subset of D and d € U; for
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some d € D, there is a proper subset U " of U such that U’ C Uj; hence, by using
the proof of Lemma 4, one can also get the same contradiction. Now, Lemma 1
implies the equality. O

In the following Lemma 5 and Lemma 6 we refer the sets U; and U* as defined
in Lemma 4.

Lemma 5. Let the range of a binary operation on a crown C,, withn > 3 contain
U. Then either

(i) Us =U foralli=1,...,n and U’ is a singleton set of a marimal element
foreachj=1,...,n; or
(ii)) U' =U foralli=1,...,n and U; is a singleton set of a marimal element

foreachj=1,...,n.

Proof. By symmetry and Lemma 4, we may consider the case that there is an
1 € i < n such that U; = U . By Corollary 1 and Lemma 3(i), we may assume
that UiUj e = U4 for all integers ¢ with 1, j4¢ and k+c being integers in the set
{1,...,n}. Hence, we will have u;41uj4c € {Ukqc, Ukpe-1, uk+c+1}: But the results
of Lemma 3(iii) implies that u;y1ujpc = Ukye. By induction, Ui+e = {uxy.}, a
singleton set of a maximal element. But c¢ is an arbitary integers, the lemma
follows. O

Lemma 6. If the range of a binary operation on a crown C, with n > 3 contain
U, then the binary operation is onlo.

Proof. By symmetry and Lemma 4, we assume that there is an 1 < i < n such that
Ui = U. By Lemma 5, we may assume without loss of generality that u;u; = ug45-1

for each j = 1,...,n . Then, uju; > uidj41 < ujujyr and uu; # vujyg for all
integers j imply that {u;d;|j = 1,...,n} contains all the n minimal elements each
of which is dominated by a pair of maximal successors. Hence, the binary operation
is onto. a

The dual {esults as in Lermnma 4 to lemma 6 and their cprollari&s are also true
for the set D’ and I); which are defined dually to the set U* and U;; respectively.

Theorem 2. A monotone operation on a crown C, withn > 3 is onto if and only
tf its range contains all mazimal elements or all minimel elements.

Proof. The necessary condition is clear. Let n > 3 and by dually, let { be a mono-
tone operation on a crown C, whose range contains all maximal elements. Since
Clo(Cy,) is finitely generated by all its unary and binary operations [3], there are
finite numbers of unary or binary operations such that f is their superpositions. Let
J1 be the last map in the superposition of . Then, clearly, the range of fi contains
all maximal elements; hence, Lemma 2 or Lemma 6 imply that f1 is onto.

If f1 is binary, there exists i € {1,2} and monotone operation o : Ch o C,
such that f,(Z) = o(z;) for all Z € C2 since C, is Slupecki for all n > 2. Hence, f
= o(g) where g is the superposition on i**-component of fi. And also, U C o(U).
Now, let u € U. Then, by Lemma 2, ¢(u) € U. Hence, by the assumption of the
theorem, we have f(Z) = o(u) for some Z in the domain of f. Thus, f(z) = o(9(3))
for some y in the domain of g. Now, the injectivity of ¢ implies that g is onto.
Again, if f; is the last map in the superposition of g then f3 is also onto. If f; is
unary, one can follow the proof to get the same conclusion.
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By induction, fis a superposition of finite numbers of unary or binary operations
all of which are onto. O

Corollary 2. If the range of a monotone operation contains all mazimal elements
or all minimal elements, then il is a composition of finite surjective unary opera-
tions.

3. THE CENTRAL RELATIONS ADMIT THE MORNROTONE CLONE OF A CROWN

In this section, we will prove that a central relation on a set of 2n elements which
admits Clo(C,) has arity n and then we define the only such a certain relation.

From now on, let n and k be integers with n > 2 and 2 < k < 2n, A be a set
containing 2n elements and R C A* be a totally reflexive and totally symmetric
relation which admits Clo(C,) and let

C={a€Alla,z1,...,zx—1) €ER forall z;,...,z4_; € A}

be the set of center elements with respect to R.

Lemma 7. If C contains a minimal (or marimal) element of a crown C, , then
C contains all the minimal (or a mazimal) elements of C,.

Proof. It is enough to prove that d; € C implies that d;;; € C for all integers i.
We define a binary operation on C,, by

diy = diy1 and u;y = u;4, for all ¥y € A and all integers i.

It is obvious that this operation is monotone on C,. Now,let z,,...,z4,_1 € A
and for each 1 < j < k, we will choose

vi _{ d._1, ifz; =d.forsomece {1,...,n}
;=

ue_1, ifz;=u.forsomece {1,...,n}

Then, yjy; = z; foralll < j < k. If d; € C, we have (d;,1,...,yx—1) € R which
together with (y1,v1,...,¥x-1) € R implies that (di41,%1,-..,Tx—1) € R; hence,
diy1 € C. (]

Lemma 8. Ifk # n, then C = ¢ or R = A*.

Proof. Assume that ¥ # n and C # ¢. By Lemma 7, we may assume that
{d1,dz2,...,d,} C C. To show that R = A% | let z = (z;,...,2x) € A*. By
totally reflexivity of R and {d,;,d2,...,dn} € C , we can consider only the case
when all z; , 1 < i < k are maximal. But, if ¥ > n, then {z;,...,zx} cannot be the
set of distinct maximal elements; hence, £ € R. If k¥ < n, then there is a maximal
element u ¢ {z;,...,zx}. Let d and d be minimal elements and # be maximal
element withd < u > d < @. If ;i =1u for some j = 1,...,k, we will define a
binary monotone operation on C,, by

py—d W fzr€Aand y¢ {q,u,d)}
V=14, ifzeAandyce {bu,d)
but if z; # 4 for all 1 < j < k we will define binary monotone operation on C,, by
ry—=d Y ifre€ Aand y¢ (i, u,d}
v= zj, ifz€ Aandye{a,u,d}
In any cases, (z1,22,...,d;,...,2x) € R where z; ¢ {1,u,d} for all i # j and
(dj,...,d;) € R which 1mply that (djzi,...,d;d;,...,djzx) = (z1,Z2,...,2x) €
R. a
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Theorem 3. Let p be an n-ary relation defined on a crown C,, withn > 2 by

(£1,Z2,..-,Tn) Ep+— {T1,%2,...,2n} #U (3.1)
or by

(1:112:2:"'1:11)ep(_){:lszzl---rzn}¢D (32)
Then, p is the only central relation admitting Clo(C, ).

Proof. It is easy to see that p is central. By dually, we will show that p, as
defined in (3.1), admits Clo(C,). Let . be a binary operation in Clo(C,). If

(z1,.--,2n)and(y1, ..., Yn) are n-tuples with {z,y1,..., ZTnyn} = U, then surjectiv-
ity of the binary operation follows by Theorem 2; hence, the Slupecki property of
a crown implies that (z1,...,2n) = Uor (y1,...,¥.) = U.

Conversely, let R be a central relation admitting Clo(C,.) with C being its set
of center elements. Then, Lernma 8 implies that the arity of R is n. By Lemma
7, we may assume without loss of generality that C = U; that is , R is not a
" relation defined as in (3.1). Let p be a relation defined asin (3.2). If (z4,...,za) ¢
R, then {z1,...,z2} NU = ¢ and z1,...,2, are all distinct which imply that
{z1,.--,%zn} = D; hence, (z1,...,zn) ¢ p. Now, assume that {z,,...,z,} = D and
{(£1,---,2n) ER. Let y2,...,yn €ECr. Hy; €U forsome 2 <i<noryz...,ys
are not all distinct, we have (z1,y2,...,¥s) € R; but if {y2,...,yn} € D and

Y2, ..., Un are all distinct, then £, € {y2,...,yn} implies that (z1,y2,...,yn) € R
and x; € {y2,..-,¥n} implies that {y2,...,vn} = {z2,...,zn} which again implies
that (z1,¥2,.--,¥n) = (%1,.-.,%n) € R. These show that 1 € C; thus, UND # ¢
which is a contradiction. Hence, {z1,...,zn} = D implies that (z1,...,z,) ¢ R.
Therefore, the relations defined as in (3.1) or (3.2) are the only central relations
admitting Clo(C,). O

4. THE REGULARLY GENERATED RELATIONS ADMIT THE MONOTONE CLONE OF
A CROWN

Our aim of this section is to show explicit k-regularly generated relations ad-
mitting the monotone clone of a crown for all possibility 3 < k < |A|. First, we
introduce a special unary operation in Clo(C,). Let g: C,, — C, be defined by
g{u:) = uiyy and g(d;) = diyy for all integers i. It is readily seen that this operation
is monotone and bijective; and we will call it, the successors operation.

Theorem 4. Let C, be an n-crown for n > 2 and p be a k-regularly generated

relation on C, for 3 < k< 2n. If3 <k <norn+3 <k < 2n, then p does not
admit Clo(C, ).

Proof. Let p be a k-regularly generated relation on C,, associated with 0y, ...,0,,_1
for some integers m > 1. Then, p is a k-ary relation and each 8;,z=0,...,m —~ 1
has exactly k equivalence classes. Let 0 < z<m. If 3 <k <norn+3<k<2n,
one of the following two cases will occur: B

Case 1 : {u,,us) € 0; and (dgor,dy) € 0, for some integers a < b,a’ < V¥ €
{1,...,n}. We notice that if (u,,u) € 0. and (das,dwr) € 0, for all integers
1 < g,b,a,b < n, then ¥ < 2. So, there are u, € U or dov € D such that
(up,uc) ¢ 6: or (dpr,doy) € 8;. Without loss of generality, we may assume that
(us, uc) € 0. and we can cyclical label elements in U so that a < b < ¢. Since 9, has

exactly k equivalence classes, we can choose elements z;,,...,z;, € C, satisfying
the following conditions:-



8 C. RATANAPRASERT

(i) if j # §', then (=i, 7:i,) € 0:,

(i) (zs;, Ti;41) ¢ 02 for all j = 1,..., k where =, 1, denote the successor of z;;,
and

(iii) if z;; = uyy and (u¢,ui;) € 8; (or dually, z;; = d;; and (de, d;;) € 8;), then
1< 'ij.

Case 1.1: (zi;—1,%i;) € 6. for some integers 1 < j < k. In this case, we will have
a k-tuple £ € p of the form

z= (Iil_ll sy T 1 Ty =1y - T =1 i Tigga—1r- - - z‘.k—l)‘
Please note that we skip z;, where {z;,, :c,-1.+1) € #.. Hence, the successors operation
g implies a k-tuple g(Z) ¢ p of the form
g(i) = (.’l:,'“ ey T Tijggs - Tigen Tijhl = Tigy Tiggyy- ooy ;r:ik)_

case 1.2 : (zj;-1,%:;) € 0; for all 1 < j < k and we have elements z;;, and z;,
for some 1 <t < j < k which are related by '

(zi;, zi,—1) € 0; and z;; = xi;,, -1 (4.1)
Since (z;,, zi,;,) ¢ 0:, for all possible elements z;; and z;, related as in {4.1), w e
have a k-tuple Z € p of the form
T = (Ii;-—»l., e Tigelye o1 Tijgy=1 = Fijyen ey J:.',_l).

So, the successors operation g implies a k-tuple g(z) ¢ p of the form

g(:E) = (.’L','l,...,a.',",...,I;,.,I;J._,_l,...,z,-,‘)_

Case 1.3 : If (z;,_1,2i;) € 6. forall 1 < j < k but (zi;,2i,—1) € 0, implies that
Z;; # Ti;p-1 foralll < ¢ < j <k, then n > 4 and k must be even. Therefore,
k>4,

If there are z;; and x;, such that (z;;,#;,—1) € 0, zi; # Ti;,, -1 and {z,; 41, %i,,,) €
#;. So, we have a k-tuple Z € p of the form

= (xl'l——lu' SERES PR FRERERES FE PR P wzl'a.—l)-

Again, the successor operation g implies a k-tuple g(£) ¢ p of the form

g(i) = (:c,-“...,z:,'.,...,:r.'j,:l:,'i.{.l,E :x:.-,.+,,...:x:.-,,).

For the case, (z;;,zi,~1) € 0, implies that (z;,_1,=xi,,,) & 9., for all possible
z;;,Zi, € Cn, we will have k = 4 and (u;,d;) € 8, for all 1 < 1, j < n. Therefore,

|U/8:| = |D/8;:]| = 2; so, n > 4 implies that (d2,ds) € 8,. We define g; : C,, = C,,
by

Un, T = uz
_ Up-1, re u-— {t«lz}
1@ =9 g,z € {di,da, da)

dn_l, b ol D - {dlleI d3}

Then, clearly, g; is monotone. Now, we have (ui, uz,da,ds) € p but

(91(u1), 91(u2), 91(d2}, 91(ds)) = (un—1,un,dn,dn1) & p

Case 2 : (ug,up) € 0; or (da,dp) € 0, for all 1 < a < b < n. By dually, we may
assume that (ua,up) € 0; for all 1 < a < b < n. Then, k> n.
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If k = n and 0, has n classes, there exists 1 < j < i < n such that (u;,d;) €9,.
Without loss of generality, we may assume that (u;,d1) € 8;. Define §: G, — C,,
by §(u;) = un—j4+1 and §(d;) = dn-j43 for all integers 1 < j < n where n-j+1
and n-j+2 are congruence modulo n to t and s for some 1 < t,5 < n, respectively.
Then, clearly, § € Clo(C,) and the range of g intersects every n 6, - classes. Now,
Z = (U, Unel,-- 1 Un-i42, @1, Uni, .-y Uiy ..., ¥1) € pbut §(Z) = (ug, uz, ..., 4y,
dy = Uis.e oy Unoifly--ostin) P

If n+3 < k < 2n, there are integers 1 < a < b < ¢ < n such that (da,ds) € 0.
but (ds,d.) ¢ 0.. We will follow the proof of case 1 by substituting z;,,...,z;, by
di,,...,di,_.. Now, as in case 1.1, we will have a k-tuple £ € p of the form

EF=(up, -y Un,diym1y - dim1, diy dij ey -1y -0 By — 1 di 1)
but the successor operation g implies that g(£) ¢ p of the form
g(£) = (uz, ..y un,un, diy, oo dij dipadipyy o di -0 di L)
And also, as in case 1.2, we will have Z € p of the form
(1, .oty diyoay e dip =1, diy diy a—1a - di o i dip - di 1)

but by applying the successor operation g, we have

g(‘;’) = (uzi" ‘|uﬂ:ul)diu- . ~:dip,-,.) ¢ P
which completes the proof. O

Corollary 3. Ifn is odd, there is no (n+2)-regularly generated relation on A which
admits Clo(C,).

Lemma 9. FEvery 3-regularly generated relation on a 4{-element set does not admit
CIO(Cz)-

Proof. Let {(A; <) be a crown C; and p be a 3-regularly generated relation on A
associated with 3 equivalence relations each of which has 3 classes. We first suppose
that both maximal elements a and a’ (or dually, both minimal elements) are in the
same class. Then, each minimal elements b and & is the only element in each of

the other two classes; respectively. Consider the binary operations defined on C,
either by

a, z€Aandye€ {a,a'};orx=aandyec A
Ty = { b, ze {a',b,b'}andy=0b (4.2)
¥, ze{a,b,b'} andy="¥
or

a, x=aandy=ad (4.3)

a, z€{a,a’}andy =a;orz=a’ and y € {a,a’}

ry =
{ b’, otherwise

It is readily seen that these operations are monotone. Now, by the operation defined

by (4.2), we have £ = (a,a’,b) € p and §j = (b,¥’,d) € p; but z§j = (a,¥',b) & p.’

If one of maximal elements, call it a, and one of minimal elements, call it b, are in
the same class, then the operation defined by (4.3) will provide that £ = (a,b,a) € p
and (a,a’,a’) € p; but (a,V’,a’) ¢ p. Hence, by symmetry, any 3-regularly generated
relations on A will not admit Clo(C,). a
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Theorem 5. Let C, be an n-crown.

(i) If n > 2, then Clo(Cy ) is Slupecki,

(ii) If n > 3, there is an (n+1)-regularly generated relation on A which admit
Clo(C, ),

(iii} If n is even, there is an (n+2)-regularly generated relation which admit
Clo(Cn).

Proof. (i) follows by [3]. Let C, = (A; <) be an n-crown with {A| = 2n and B be the
n-element set {1,2,...,n} with 1,2’ ¢ B. To prove (ii), we define ¢ : A — BU{1"}
by :

_ i, r=u; €U
‘35(1')—{ 11, r=d; €D
Then, clearly, ¢ is an onto mapping. Let p C A"+ be a relation on A defined by

(zo,---,zn) € p > ¢(z:) = $(z;) forsome0<i<j<n

Then, p is (n4-1)-regularly generated associated with ¢ and 6 = ker¢ and |A/4|
= n+1. So, Clo(p) is maximal. Now, let F* € Clo(C,.) be a k-ary (k > 1) operation
such that R{F), the range of F, intersects every & — class. By the definition of ¢
and 8, a f-class of each maximal element is singleton which implies that the set of
all maximal elements U is a subset of R{F); hence, by Theorem 2, F is onto. Since
C, is Slupecki, there are 1 <i < k and an onto monotone operation o : C,, = C,
such that F(Z) = o(x;) for all £ € Ck. Recall from Lemma 3 that o(U) = U
and (D) = D. We define & : Af0 — A/0 by 5(z/8) = o(z)/0 for all z € A.
Notice that z/8 = y/8 if and only if ¢(z) = ¢(y); if and only if z,y € U or
z,y € D. Let z/8 = y/6. If z,y € U, then x = y; hence, o(z) = o(y) which
implies ¢(z)/8 = o(y)/9. And if z,y € D, then o(z),0(y) € D since o(D) = D,
so, |D/#| = 1, implies o(x)/0 = o(y)/8. Therefore, & is well-defined. Now, for
each £ € Ck, we have F(2)/8 = o(z:)/0 = &(=i/6) which implies F &€ Clo(p).
Therefore, p admits Clo(C,).

To prove (iii), we define ¢ : A — Bu {1’,2'} by

i, fz=u;elU
¢(z)=<¢ V, ifz=d; €D andiisodd
2, fx=d;€ D andiiseven

It is obvious that ¢ is onto and ¢(z) = ¢(y) if and only if x and y are not successors
forall z,y € D. Let p C A"*? be a relation on A by

(zo,....Zn41) €Ep—> ¢(zi) = f(z;) forsome 0 < i< j<n.

Then, p is (n+2)-regularly generated associated with ¢ and # = ker¢ and |A/6| =
n + 2, Now, we will follow the proof of (ii) to conclude that p admits Clo(C,). It
remains to show that & is well-defined. Let 2/8 = y/6 € D/§. Then z,y € D
and ¢(z) = ¢(y) ; so, x and y are not successors. The bijectivity of ¢ implies that
o(x) = o(y) or o(z) is not successive to o(y) in D. Hence, ¢(o(z)) = ¢(o(z)) shows

a(z)/0 = o(y)/b.

Corollary 4. The relation p defined in the proof of Theorem § and the Slupecki
relation are the only k-reqularly generated relations with k € {n + 1,n + 2,2n}
admitting the monotone clones of a crown C, for alln > 3.
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ALL ORDERED SETS HAVING AMENABLE LATTICE ORDERS

C. RATANAPRASERT

ABSTRACT. Kolibair, Rosenberg and Schweigert proved that all compatible
orders < of a lattice L = (L; <*) stem from 2-factor subdirect representations
of L. We dencte this by P#L and called L, amenable lattice order of an ordered
set P = (L; <). We first give necessary and sufficient conditions for an order
to be compatible with a lattice. We show that if we want to characterize
all amenable lattice orders of an ordered set it is enough to characterize all
amenable lattice orders of its connected components, and then we describe all
connected ordered sets which have amenable lattice orders.

1. INTRODUCTION

Let L be a (semi)lattice and we consider an order < on the underlying set P of
L such that < is a sublattice of L?. Then we say that < is a compatible ordering
of L. On the other hand, if P is a fixed ordered set and we consider a (semi)lattice
order <* on the underlying set P of P such that < is a sublattice of L?, then we
say that <* is an amenable (semi)lattice order of P or that <* is a (semi)lattice
order amenable with <.

In the paper, we denote the join (and the meet) operations of a (semi)lattice
L by V (resp. A); and denote a compatible ordering and the corresponding order
relation of L {on the same underlying set) by < and <* respectively.

Kolibliar[5] and Rosenberg and Schweigert[8] have shown that there is a one-
to-one correspondence between the set of all compatible orders which stem from
2-factor subdirect representations of L and the set C of all compatible orders of L
such that <€ C if and only if whenever a <* b <* ¢ the following conditions hold:

(e<e=a<b<Lec,and (ii)c<a=>c<b<a

They proved that all compatible orders of a lattice L satisfy Conditions(i) and
(11); that is, all compatible orders of a lattice stem from 2-factor subdirect repre-
sentations of L.

Bounded compatible orderings and compatible quasiorderings were described in
[2] and [9) respectively. CZedli, Huhn and Szabé [2] and Rosenberg and Schweigert[8]
showed that compatible lattice orderings in a lattice are in one-to-one correspon-
dence with the set of all direct decomposition of the lattice. In [7], we find necessary
and sufficient conditions for a pair of semilattices S and 5; such that S is a com-
patible order of S; and vice versa. In particular, § and S; will have isomorphic
graphs.

In section 2, we first prove the properties of compatible orders of a (semi)lattice
and then we give necessary and sufficient conditions for an order to be compatible
with a lattice. In section 3, we show that if we want to characterize all amenable
lattice orders of an orders set it is enough to characterize all amenable lattice orders
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of its connected components, then we characterize all connected compatible orders
of a lattice.

2. AMENABLE LATTICE ORDERS AND SUBDIRECT REPRESENTATIONS

Let P be a set and < and <* be orders defined on P. If a,b € P with a < b, we
define [a,b] be the sct of clements in P between a and b; that is,

[a,b] = {z € Pla < z < b}.
Similarly, we define [a,8]" = {z € Pla <* £ <* b}. We have the followings.

Lemma 1. Let < be a compatible ordering of a lattice L = (P; A,V,<"). Then
(i) a < b implies that a Ab and a V b belong to [a,b],
(it} a < b and a <* b imply that [a,b] = [a,8]", and
(iii) a < b and b <* a imply that [a,b] = [b, a]*.

Proof. (i) follows immediately from the dcfinition of compatible ordering <. To
prove (ii),leta < banda<*z<*b. Thena=aAz < bAz=x=avVz<bVz=
b since < is compatible with V and A. Conversely, let a <* band a < z < b. Then
a<z<bimpliesa<aAzand bAr < b, which together with a Ab = a yields
aAz=aAbAz=aAb= a. Therefore, a <* . A similar argument withavb=1»>
gives x < b. By duality, we get (iii}. a

Given a,b € P we write a < b (resp a <* b) il a < b (resp. a <" b) and the
interval [a, b] (resp. [a,}]") is a two element set.

Corollary 1. Let <* be an amenable lattice order of P = (P;<). Ifa < b, then
a=<"bord <" a.

Proof. Assume thata < b. Then a < bimpliesaVb € [a,b] = {a,b}; hence, avb=a
oraVb="b; thatis,a <* bor b <* a. By Lemma 1, we have (a,b]" = [a,8] = {aq, b}
or [b,a]* = [a,b) = {a, b} which shows that a <* bor & <" a. ]

For a (semi)lattice L, we denote the lattice of congruences by Con L with smnallest
element w; the identity relation. The dual of an ordered set P = (P; <) is denoted
by P? = (P; <%). The set of all equivalence classes of an equivalence relation 8 on
an order set P and the equivalence class containing an a € P are denoted by %ﬁ
and [a]0; respectively.

Let L = (P;<") be a (semi)lattice. If #; and #; are congruence relations of
L with 0, N 6; = w, then there exists an injective map a — (a;,a;) from P into
{- X #. We dcfine a binary relation < on P by

P . P
a<bd <« a >"b(in 0—-) and a; <* &3( in E-)' or
1 2

<» the image of a is smaller than the image of b in
the direct product (f-)a x -f-
& 0,

One can see that a < b implies [a]@; >* [b]0; and [a]d2 <* [b]#2 which also implies
[avelfy >* [bve]dy, [ave]0s <° [bVelf, [anc)dy 2* [bAC)0; and [aAc)d; <* [bAC)02;
thatis,a < bimpliesaVec < bVcand aAc <bAc. Hence, < is compatible with
A and V.
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Defnition 1. We say that < stems from the 2-factor subdirect representation
(81,02) of L and we will write P#L where P = (P; <).

Now let < be a compatible ordering of a lattice L = (P; A, V, <*). Define relations
¢, and 8; on P as follows:

ahb & a<*u>"banda<u2>b, (2.1)

alb & a<*v>*banda>v<b .
for some u,v € P; or

athb & a>"u<*banda>u<h, (2.2)

afb <> a>*v<*banda<v>b '

for some u,v € P.

Kolibiar[5], Rosenberg and Schweigert[8] proved that 8, and 83, as defined either
by (2.1) or (2.2), are congruence relations of the semilattices (P;V) or (P;A),
respectively, We prove the followings.

Lemma 2. If L = (P;<*) is a semilattice, then the congruence relations 6, and
82 as defined in (2.1) or (2.2) are the transitive closure of Ry and R; where R, is
the set of all pairs (a,b) € P? such that either

(a<*banda<bd)or(a>*banda>b)
and Ry is the set of all pairs (a,b) € P? such that either
(a<*banda>b) or(a>"b and a < D).

Moreover, if L is a lattice, then the congruence relations 8, and 6, defined in
(2.1) are the same congruence relations defined in (2.2).

Proof. 1t is enough to show that R; C 8; C R; (i =1, 2). Let (a,b) € R;. Then
either (@ <* b and a < b) or (b <* a and b < a). Hence, either a <* b >* b and
a<b>b)or (b<*a>"aandb<a>a) proves atb.

Now let af1b. Then there is u € P such that a <* v >" b and a < u > b which
shows that (a, u) and (u, b) are elements of R;; hence (a b) € R;.

We can prove R; C 03 C Rz analogously. (]

The following useful result is proved by Kolibiar[5], Rosenberg a and Schweigert|8].

Theorem 1. ({5], [8]) The followings are equivalent for a compatible order < of a
semilattice I = (P; <"} and the corresponding congruence relations 8, and @,
{(iJind: =w and < stems from the subdirect representation given by 0, and 6,,
(ii) each interval {x € Pla < z < b} is a convex subset of L, and
(i) ifa<* b<* ¢ thenaSc :mphesaf_bﬁc and c < a impliesc < b < a.

In the proof of theorem 1, we can see that <:= (1N <*) o (2N >°). If a <* b
and at)b, then af, 4826 and a <* b >* b; hence a < b. Analogougsly, ifa<*b “and
ad,b, then a > b,

Corollary 2. Fora,be€ P,
(i) ifa <* b and aolb then a < b, and
(ii) ifa <‘ b and a#,b then b < a.
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Now, if L is a lattice, Lemma 1 shows that condition(iii) of Theorem 1 always
holds. In [5] and [8], they showed that the map <— (#,02) induced a bijection
between the set of compatible orders of a lattice and the set of orders stemming
from 2-factor subdirect representation of the lattice. We have the following as its
corollary.

Corollary 3. Let L be a lattice. Then every congruence 8 on L gives rise to
compatible orders < and <% where < is given by

a<b & a<’bandabb.

Morover, if L is subdirectly irreducible then every compatible ordering of L arises
in this way.

Proof. If L is subdirectly irreducible, then #; Nz = w implies ) =worfy =w. O

If an order < is compatible with V and A of a lattice L = (P; <") and 6,, 8, are
defined as in {2.1), then it follows from Theorem 1 that #; and 83 are congruence
relations of L with #; N2 = w and <= (1N <*)o(f2N >*). Therefore, afly b implies
(a A b)8yab2a6,(a V b)0z2(a Vv b); that 1s, a Ab < a < aV b. Similarly, af2b implies
aVb<a<anb.

Moreover, if a < b then afjuf;d and a <* u >* b for some u € P. Therefore
a<*aVb<*uand b<* aVb<* uyield (avbu) €6, Nb; that isu=aVb.

Corollary 4. Let < be a compatible order of a lattice L = (P;<") and let 6, and
8, be defined as in (2.1). Then fora,b€ P,

(i) ab1d impliesaAb<a,b<aVy,

(ii) af2b impliesavb<a,b<aAb,

(iti) a < b implies aby(a Vv b)82b and alz(a A b)0,b, and

(iv) a < b implies afb or afzb.

Theorem 2. Let P = (P;<) be an ordered set and L = (P, <*) be a lattice. Then
P# L if and only if there are lattice Ly and Ly (with underlying sets Ly, and L, and
a map Y : P — L; x Ly such that

(i) ¥ is a lattice embedding of L into Ly x Lz, and

(ii) ¥ is an order embedding of P into LY x L.

Proof. The forward implication follows by Theorem 1 since #, and 8, defined as
in (2.1) are congruence relations of L with #, N8 = w. Conversely, let #;, and
f2 be congruence relations of L corresponding to Ly and L2 and identify L, with
'OLF and L; with g'f respectively. Then &, N d; = w. It remains to show that
<= (1N <*) o (921 >*). Let a < b. Then ¥{a) < ¥(b) where < denotes the
order relation of L¢ x Ly. So [a]f; >* [6]6; and [a]f2 <* [b]6; yield af)(a V b)8,b;
that is, (a,b) € {#1N <*) o (62N >*). If (a,b) € (1N <*) o (82N >*), it follows
from the argument above Corollary 4 that af;{aV b}f2b which yields ({a)0,, [6)8,) =
Y(a vV b) € Imy. Therefore ¥{a) < y¥(a Vv b). Since ¢ is an order-embedding of P
into L? x L3, we have a < a V b. Analogously a Vb < b. Hence a < b. O

3. CONNECTED ORDERED SETS HAVING AMENABLE LATTICE ORDERS

Let < be an order on a set P and let <° denote the equivalence closure of <; that
is, the smallest equivalence relation on P containing <. Then for a;, a,, ..., a_,, € P,
a; £ az > a3 < --- < a, implies a1 <° a,. Hence, if ¢ is the set of all pairs
(a,b) € P2 such that a and b are in the same component, then 8 is a subset
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of <€, But, in fact, @ is an equivalence relation on P containing <. Therefore,
8 =—:_<_°. Moreover, il < is a compatible ordering of a lattice L = (P;<*), then fis a
congruence relationof L. Leta € Pand r,y,z € [a]f with z < y. Since < and @ are
compatible with A and Vof L, wehave z Az < yAz,zVz < yVz, (zAz)8ab(yAz)
and (z V z)0af(y V z). This shows that each block of # is amenable with the
corresponding order-component.

Lemma 3. Let L be an amenable lattice order of an ordered set P. Then each

order-component of P has an amenable laltice order which is a conver sublattice
of L.

Conversely, let P = (U,¢s Pi; <) be an ordered set where P,NP; = ¢ if i # j, let
L; = {P;; <;) be an amenable lattice order of P; = (F;;<) for alli € [ and let <
be a strict total order of I. Define a binary relation <* on P = U;es P as follow:

(1) a <* b ¢> a <] b whenever a,b€ P, forsomei € ], or

(MNae<*berae F,be P fori <.

Then, clearly, <* is a lattice order on P such that < is a compatible ordering of
(P <i)-

Theorem 3. An ordered set has an amenable laltice order just if each its order
components has.

We shall now prove that the compatible orders of a lattice arising from comple-
mentary pairs of congruences are precisely the connected compatible orders. More-
over, connected. compatible orders of a lattice satisfy the upper and lower bound
properties(LBP and UBP) definded below.

Lemma 4. Let < be a connected compatible order of a lattice L = (P;A,V,<")
and let 8, and 03 be as in (2.1). Then 0, is the complement of 8 in Con L.

Proof. It remains to show that 8, v0; = Px P. Let a,b € P. Since < is connected,
there are elements a = ap,a,,...,a, = b such that a; < a;}, or a;4;1 < a; for all
i=0,1,...,n—1 which yields from Corollary 4(iii) that either a;6;(a; Va;y1)62a;41
or a;p101(a;i V a;41)0z2a;. In either cases, we have (a;,a;41) € &, V 0, for all i =
0,1,...,n — 1. Hence, by the transitivity of 8; vV 0,, we have (a,b) € ¢; V 0,. O

Remark: Let L be a lattice and let #; and 03 be congruence relations of L. It is
known(3] that (a,b) € 6, V 02 if and only if there is a sequence a Ab = 2o <* z; <*
-+ <%z, = aV bsuch that 20012,0325...022,.

Lemma 5. Let I = (P;A,V,<") be alatlice and let ), and 63 be a complementary
pair of congruences of L. Then the compatible order <= (01N <*) o (621N >*) is
connected.

Proof. Let a,b € P. Then (a,b) € 8, V 02 and hence there is a sequence a A b =
zg <" z; €* --- <* z, = a V b such that for each 1 =0,1,...,1n — 1 we have either
zifhzig) or z;02z;4,. It follows from Corollary 3 that z; < z;4)y or z;4, < z; for all
i=0,1,...,n—1.

By using a = aV (a Ab) and either (aV z;41)0h(aV ) or (aV z;11)02{a V ;) we
have either aV z; < aV 241 oraV zig1 < aV z;. By a symmetric proof we obtain

either bA z; < bAzigyorbAziyy < bAziforalli=0,1,...,n— 1. Therefore,
we have a sequence a = ¢p = aVz,cp =aVz,...,cn=aVz, =aVh= Zn,
Cn+]=zn..1,...,C2n=Zo"—‘ﬂ/\b:20/\b,l‘.‘2n+1=21/\b,...,63n=zn\/b_—_bsu(:h

that either ¢; < ciyy orciy1 < ¢iforalli =0,1,...,3n. Hence, < is connected. O
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The following corollaries follows directly from Corollary 4, Lemma4 and Lemma 5.

Corollary 5. The map <—» (0y,02) induced a bijection between the connected com-
patible orders of a lattice and the pairs of complementary congruence relations on
the lattice.

Corollary 6. If L is a subdirectly irreducible laltice, then < and > are the only
connecled compatible order of L

We say that an ordered set P satisfies the Jower bound property (LBP) if any
pairs of elements of P which have a lower bound have a greatest lower bound.
Dually, P satisfies the upper bound property(UBP) if any pairs of elements of P
which have an upper bound have a least upper bound.

We shall now show that a connected compatible order of a lattice satisfies the
lower bound property and the upper bound property.

Lemma 6. Let P be a connected ordered set having an amenable latlice order.
Then P satified LBP and UBP.

Proof. Let P = (P; <) be a connected ordered set and let L. = (P;A,V,<*) be an
amenable lattice order of P. Let u(z,y,z) denote a ternary function
(xAy)V(zAz)V(yAz)in L. Since < is compatible with A and V, the function u is
monotone with respect to both < and <°. Let a,b,u,l€ Pwitha<u,b<u,l<a
and I < b. It is eosily seen that the upper bound p(a, b, u) and the lower bound
p#(a,b,1) of a and b are minimal and maximal respectively. By theorem 2, since the
order relation of L? x L, is compatible with the operation of L; x L2, a minimal
upper bound u(a, b, u) and a maximal lower bound u(a, b,1) are unique. O

Let C = < C;<*> be an infinite chain, P = C U {a,b,c} where a,b,c ¢ C.
Define an order relation < on P as follow:

)r<yer<*yforallz,yeC,

(iiz<yforallz € C and y € {a,b,c}, and

()a<e>b

Then, P := (P; <) is an example of ordered sets which does not satisfy the lower
bound property and hence it has no amenable lattice order.

Let P = < P; <> be an ordered set and @ be an equivalence relation on P. Define
a binary relation <s on & by

[a]0 <5 [6]0 < abc < dOb for some ¢,d € P.

Then <4 need not be transitive. Let <) denote the transitive closure of <g. It
was proved in [2] that if < is a compatible ordering of a lattice. L. and 8 is also a
congruence relation of L then <} is an order on £.
Lemma 7. ({2]) Let L = (P;A,V,<") be a lattice and let 0 be a congruence relation
of L. If € is a compatible ordering of a lattice L, then <% is an order on -’;}.
Moreover, <j is a compatible ordering of (4;<").

We shall now characterize all ordered sets which have an amenable lattice order.

Theorem 4. Let P = < P; <> be a connecled ordered sel, <* be an amenable
lattice order of P and let 0, and 0; be defined as in (2.1). Then
(i) (£3S§:) and (b‘%iS;,) are lattices,
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(it) denote the join and meet on (a ;<5,) and on (a 5 <8,) by +,. and U, N
respectively; then for a,b € P there are unique c,d € P such that c € [a)6, . [b]0,,
c € [a)f U [b]O2,d € [a]o, -+ [6]01 and d € [a]02 N [b]ﬂg, and

(iti) if a and b are noncomparable, then ((a,c} € 6, implies (b,¢c) ¢ 62) and
{(b,d) € 62 implies (a,d} ¢ 6,).

Proof. Let V and A denote the join and meet operations of the lattice L = (P; <*).
By the assumption and an application of Theorem 1, we have 0, N8; = w, < =
(81N <*) o (020 >}, and (%;A,V,S') and ({—;-;A,V,S‘) are lattices. Hence the
natural map ¢ : P — -6’1 X EP- is a lattice embedding of L into ai:' x 31:- and an order

embedding of P into (, )8 x —3 respectively.

(1) It. remains to show that <§ and <}, are the restrictions of >* to fl— and of
<*to & — respectively. It is clear l.hat a< b implies [a)@, >* [6]6; and [a]d; <* [b)02.
This shows that <, is a subset of >* restricted to % and <, is a subset of <*
restricted to ,—":; so are <y and <§,.

Now, let a, b € P with [a]#, >* [b]6). Then a#,(aVb) and b8, (aAb). According to
Lemma 3 and the remark, we have a sequence e Ab =2 <* z; <* --- <* z, = a Vb
such that zo807z,0,22...022,. 1t follows from Corollary 2 with z3,,0222m41 and
Zam <* Zamy1 for 0 < m < n that zzmy1 < zzm for all 0 < m < n. Therefore
[b]6: = [20)0h > [z1]0s 2> --- 2 [2n]01 = [a]6h; that is, [a)0, <5, [b]6). Hence the
restriction of >° to 5’;— is a subsect of <§ . Analogously, the restriction of < to %
is a subset of <} .

Denote the join and meet on the lattices =~ = (#-3<5,) and }:— = (£:<5,) by
+,» and U, N; respectively.

(ii) Since Y¥(a Vv b) = ([a]0: V [b)04, ()02 V [8]02) = ([a]8) . [6)0), [a]f2 L [b)62) and
v(a Ab) = ([a}0; A [b)0h, [a]02 A [6}62) = ([al0) + [8)6), [a]f2 N [B)62), we have a V b
and a A b corresponding to ¢ and d in Condition (ii).

Condition (iii) is obvious from (ii) since <= (8;N <*) o (82N >*). O

We shall now use Theorem 4 to give an example of ordered sets having no
amenable lattice orders. Let P = {0,1,2,3,4,5,6} and < be an order on P defined
by 0€1<2,0<4KZK 3<25<45<6<3 Supposet.ha.t.L—(P<)
is an amenable lattice order of P = (P;<). According to Corollary 1 , we have
that (A = {0,1,2,3,4}); <"} is a cover-preserving sublattice of L isomorphic to the
subdirectly irreducible lattice Ns; hence, Corollary 6 implies that (A; <*) is either
(A; ) or (A;5)°.

Let 8; and #; be defined as in (2.1} and denote the restriction of #; and 8; to A
by 01]|A and 6,;|A respectively. Then one of #)|A or 8;|A is the identity relation w
and the other is the universal relation ¢ = A x A. We may assume that 6,|A = w
and #2|A = t. One can show by using Theorem 1 and Corollary 4 that 36,6,46,5
and 68,5. Hence, (%,55‘) is N5 and ({;,_(_f,:) is a 2-element chain. For 1,5 € P,
we have [1]8; + [5)0; = [2]0, = {2} and [1]02 N [5]8; = [5]02 = {5,6} which have an
empty intersection which contradicts to Condition(ii) of Theorem 4. If we assume
that 6,]A =« and #;3]|A = w, then we get a similar contradiction. Hence, P has no
amenable lattice order.

Theorem 5. Let P = < P; <> be an.ordered set and let 6, and 8, be equivalence

relations on P salisfying Condition (i), (ii), and (iii) of Theorem 4. Then there is
a lattice L such that P#L.
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Proof. Define a binary relation <* on P as follow:
a<'b & bela]d;-[b]0) and b € [a]f; U [b]6.

Let a,b € P. Then there is an element ¢ € P such that [¢]8; = {a]¢; . [8]6; and
[€]62 = [a)f2 U [b)F2. Hence, [c]8; <j, [a]f) and [a]f: <§, [c]f2; which show that
[a)8y . [c)01 = [c]61 and [a]f; U [¢}f2 = [c])f2; or equivalently, ¢ € [a]f, . [c]0; and
¢ € [a]f2 U [c]62. Thus a <* ¢. By analogy, we have b <* ¢. Now let u € P be
such that a <* u and & <* u. Then [u]f; = [a)f; - [6]0; . [u)61 = [c]6; - [u]Bl and
[u]f: = [a]02 U [6]62 U [u]8; = [c]62 U [u]62; that is, ¢ <* u. Therefore, c is the
least upper bound of a and b with respect to <*; and we can prove analogously
that every pair of elements in P has the greatest lower bound with respect to <*.
Hence, we have that <" is a lattice order on P. Let V and A denote the join and
meet operations of the lattice L = (P; <*). To show that ¢, and #, are congruence
relations of L, let a,b,¢ € P with a6,b. Then a V ¢ € [al8; . [c]f; = [b]6) . [¢)8: and
bV c € [b]0) - [c]8; imply (aV c)@1(bV c). Analogously, we have {(aAc)di(bAc). A
similar argument yields (a V ¢)82(b V ¢) and (a A c}82(b A c).

Since Condition(ii) lmphes f; N 03 = w, the patural map ¢ : P —» 2= x 3"1 is a

lattice embedding of L into B_{ X -5‘- Now [a]f) <, [b]6) if and only lf [aV bty
[a]8; . [6]61 = [e]®1 if and only ]f [a]B = [aV 6]91 >* [6]61. Thus (£5<§))
(£:2>*) = (F#)?. Similarly, (£:<5,) = (£:<") = . Finally, we will show
that 1) is an order embedding of P into (‘h)a 8—1;-; this is equivalent to prove
that <= (f;N <*) o (62N >*). If a < b, then [a]0) <G [b]61 and [a)d2 <} [b]6;
imply that [a]@, = [a V b]#; and [a V b]8; = [b]f2; that is, af)(a V b)f2b which
together with a <* aVv b >* b yields (a,b) € (81N <*) o (82N >*). Now let
(a,b) € (BN <)o (620 >*). "Then afyuflzb and @ <* u >* b for some u € P Hence
[u]8, >* [8]8) and [a]@2 <* [u]f2; or equivalently, [u]6, <§. [6]61 and [a]f; <} [u]f2.
Thus aVb € [a]0;.[b)6: = [u]f;.[b]01 = [u]f;: and aVb € [u]ﬂzu[b]ﬂz [a]f2U[u)f; =
[u)82; that is, {aVb,u) € 6, NP2. So aVh = u. By Condition(iii), since af;(aVb)8,b,
we have a < b or b < a. But, b < a implies a = b, we conclude that a < b.

It follows from Theorem 2 that <* is an amenble lattice order of P. O

el
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GRAPH ISOMORPHISM OF ORDERED SETS

C. RATANAPRASERT

ABSTRACT. G. BirkhofI{[1}, problem 8) proposed the question of finding nec-
essary and sufficient conditions on a lattice L, in order that every lattice M
whose unoriented graph is isomophic te the graph of L be lattice isomorphic
to L. J. Jakubik solved the problem in the class of modular lattices; he has also
shown in [3] that if L and M are graphically isomorphic and all sublattices of
certain types of L and M are preserved or reversed under the graph isomor-
phism then the condition which is ¢quivalent to L and M being compatible
to each other holds. In the paper, we show that all connected compatible or-
ders of a lattice have graphs isomorphic to the graph of the lattice; and then
describe all compatible orders of a lattice in term of subgraphs of the lattice.
It turns out that consideration of the types of sublattices of a lattice L which
are mentioned in [3] and [4] leads to necessary and sufficient conditions for
all connected ordered sets whose grephs are isomorphic to L to be compatible
order of L. The results shown in [3] and [4] become a special case when those
compatible orders are compatible lattice orders.

An ordered set is called discrete if all its bounded chains are finite. All ordered
sets which are dealt with in this paper are assumed to be discrte.

Let P := < P; <> be an ordered set. For a,b € P with a < b, the interval [a, b)
is the set {z € Pla < z < b}; for the case when [a,b] = {a,b} and a # b we will
write a < b or b = a and say, a is covered b or b covers a, respectively.

A subset X of an ordered set P = < P; <> is called a c-subset if, whenever
a,b € X and a covers bin (X; <) then a covers b in P. The definition of c-sublattice
is analogous. Let u,v,z;,...,2m,¥1,--.,¥s be distinct elements in P such that

(u<z) < - <zm<v,u<y; <---=<y, <v, and

(i1) either v is the least upper bound of z; and y; {denoted by v==xz; Vy,) oru
is the greatest lower bound of r,, and y, (denoted by v =z, A yn).

Then theset C={u,v,z1,...,Zm,¥1,.-.,Yn} issaid tobeacell of P. If z; Vy, =
v, we call C a cell of type V(m, n). Dually, if ,, A ym = u, we call C a cell of type
Alm,n). If z; Vy1 = v and z,, A yn = u, we call C a cell of type O(m,n). A cell
C is called proper if m> lorn > 1.

By the graph G(P), we mean the (undirected) graph whose vertex set is P and
whose edges are those pairs {a, b} which satify either a < bor b < a. Let P and Q
be ordered sets. It is said that G(P) is isomorphic to G(Q) if there is a bijection
¥ : P — Q@ such that for all a,b € P, {a,}} is an edge of G(P) if and only if
{#(a),¥(b)} is an edge of G(Q). Without loss of generality, throughout this paper
we may assume that P = Q and that ¢ is the identity map if G(P) is isomorphic

to G(Q), whence G(P) = G(Q); in this case, 3 is called a graph isomorphism of P
onto Q.

Research support by the Thailand Rescarch Fund.
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Let i be a graph isomorphism of P onto Q and let X C P. We say that X is
preserved (reversed) under v if , whenever z,y € X and z < y, then ¥(z) < ¥(y)
(or ¥(z) > ¥(y), respectively).

In [3), Jakubik has shown that if L and M are lattices with G(L) = G(M) and
all proper cell of L and M are preserved or reversed then the following Condition
(a) holds.

(a) There are lattices Ly and Ly and a direct product representation via which
L is isomorphic to Ly x Lz and M is isomorphic to L',:"’ % La.

Jakubik proved in [4] that for discrete lattices (with no assumption of modular-
lity), Condition (a) is equivalent to Condition (b).

(¢) L and M have isomorphic graphs and all proper cells of M are either pre-
served or reversed.

In [6], Kolibiar proved that for discrete semimodular semilattices S and S; on
the same underlying set S, the graphs G(S) and G(S;) are isomorphic if and only
if the following Conditions {c) holds.

(c) there erist a lattice A = (A;+,.), a semilattice B = (B;V) and a map
¥ : S — A x B via which ¢ is a subdirect embedding of S into A x B and S, into
A? x B.

In [8], we gave a new characterization of Condition (c) by proving that Condition
(c) holds if and only if G(S) = G(S;) and the graph isomophism preserves the order
on some special types of cells and proper cells.

An order <, is said to be a compatible order of a (semi)lattice L = < L; <> if
<, is a sub(semi)lattice of L2. If a compatible order <; of a (semi)lattice L is also
a (semi)lattice order, we call <; a compatible (semi)lattice order of L.

In {9], we characterized all compatible orders of a lattice. In this paper, we will
show that all connected compatible orders of a lattice L have graph isomorphic to
G(L); and then, we describe all compatible orders of a lattice in terms of subgraphs
of the lattice. It turns out that consideration of the types of sublattices of a lattice
which are mentioned in [3] and [4] leads to necessary and sufficient conditions for
all connected ordered sets whose graphs are isomophic to G(L) to be compatible
orders of L. The results shown in {3] and [4] become a special case when those
orders are compatible lattice orders.

A 4-element subset {a,b,c,d} of P is said to be a quadrilateral if a < b < d
and a < ¢ < d; and it is called a crisscross if a,b < ¢,d. We will denote these by
< a,b,c,d> and < ab;cd > respectively. If G(P) = G(Q), then a quadrilateral of
P can either be preserved, be reversed, be rotated through 90°, or be bent into a
crisscross in Q. We have the following lemma.

Lemma 1. Let P and Q be ordered sets with G(P) = G(Q) and let < a,b,c,d >
be a quadrilateral of P. If Q contains no crisscross, then the set {a,b} is pre-
served(reverse) if and only if the set {c,d} is preserved(reversed).

Corollary 1. ({3], [4], [5]) Let P and Q be lattices with G(P) = G(Q). If <
a,b,¢,d > is a quadrilateral in P, then the set {a,b} is preserved(reversed) if and
only if the set {c,d} is preserved(reversed).

Corollary 2. Let P and Q be ordered sets with G(P) = G(Q). If Q contains no

crisscross, then every c-subset of P which is isomorphic to M, (the ordered set
shown in Figure 1) is preserved or reversed in Q.
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Figure 1.

Proof. It is enough to prove that the subset {0, 1, a,, a2, a3} of Figure 1 is preserved
or reversed. We may assume that {0,a,} is preserved. It follows from Lemma 1
that {a;,1} and {0,aa) are preserved since < 0,a;,az,1 > and < 0,a3,a3,1 > are
quadrilaterals. Now consider the quadrilateral < 0,a;,a3,1 >. The preservation
of {0,a,} and {0, a3} implies the preservation of {a;,1} and {a3,1}. Hence, in the
quadrilateral < 0, a;, a3, 1 >, the preservation of {a;, 1} implies the preservation of
{0,a3}. So {0,1,a,,az,a3} is preserved. 0

An ordered set P is said to be upper semimodular if P satisfies the following
Upper Covering Condition(UCC):

(UCC) : If a and b cover ¢ with a # b and a least upper bound of a and b
(denoted by a V b} exists in P, then both a and b are covered by a V b.

Dually, P is said to be Jower semimodular if P satisfies the dual of UCC which
is called the Lower Covering Condition(LCC). If P satisfies both UCC and LCC,
then P is said to be modular.

We proved in [9] that for a connected compatible order < of a lattice L =
< L; <*> there corresponds a pair (6,, 62) of complementary congruence relations
of L. Thus, if a €* bin L, then there are elecments a = a4; <* a2 <* ---<* g, = b
in L such that either a;0ya;4+1 or a;f2a,;4, for all 0 < 1 < n. Hence, if a <* b, then
a1 b or afyb which together with Corollary 3 and Lemma 1 in [9] yield [a, §]* = [a, ]
or [a,b]* = [b,a]; thus 8 < b or b < a. We have the following Condition (A):

(A) G(P) = G(L).

Although Condition (A) is necessary, it is not sufficient for P to be a compa.tlble
ordered set of L even when P itself is a lattice.

Let C = {u <"z < v »" yo =" --- »=* 31 >" u} be a cell of L of type
¢(I,n)}andlet z > u>y;. Thenv <=z and v1 < v, s0 [y1,v]* = [y1,]; that is,
1 Syz2 €--- < ya. Since v < x implies y, < u, we have [u, yn]* = [ya, u]; that
18, ¥n < Yn—1 < -+ < y1. This shows that y; = y2 = --- = y, which contradicts
n > 1. We shall get a similar contradiction if £ < u < y,. This means that a cell
of L of type ¢(1,n) cannot be "bent” in P. That is,

(B) all proper cells of L are preserved or reversed in P.

In [9] , we proved that if P is a compatible ordered set of a lattice L, then P
satisfied both LBP and UBP; and hence, the following Condition (C) holds:

(C) P contains no crisscross as a c-subset.

We shall now prove that Conditions (A), (B) and (C) altogether are equivalent
to the following Condition (D):

(D) P is a connected compatible ordered set of L.

And for a pair of discrete lattices L and L*, Condition (B) is equivalent to the
following Condition (B’):

(B’) all proper cells of L and all proper cells of L* are preserved or reversed.

Thus, we answer a question raised by Jakubik.
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Lemma 2. Let P = (P; <) be a connecled compatible order of a lattice L = (P; <*
). Then G(P) = G(L) and all proper cells of P and all proper cells of L are
preserved or reversed.

Proof. By [9], P satisfies LBP and UBP. Let a Ab and a V b denote the greatest
lower bound and the least upper bound of any a and b in P if they are bounded
below or bounded above, respectively.

Let C={u~<z) <...T;n < U > Yo > -+ > y1 > u} be a proper cell of P;
thatis, (m > lorn> 1) and (z1 Vy1 = v or s Ayn = u). We may assume that
z1Vyr = v (if £ A yn = u we can argue analogously). Let w = z,, A y,. Since
u <z Aw< r1,u =< x; and z; Vy, = v # yn, we have r; A w = u. Similarly,
1 Aw = u. Hence, A = (A = {u,v,z1,Tm, %1, ¥n, w}; V,A, <) is a lattice and <*
is a compatible order of A.

Suppose z; >* u >* y. Then y; <" v €* z;. Since P is a compatible order
of L, we have [z;,v] = [v,z]* and [y, v] = [1,v]*; hence, y; <* y, <* v and
v <* T, <* 7;. Since <* is a compatible order of A, we have (z;n <* r; implies
w=r, Aw <* )y Aw =u) and (1) <* ya impliessu =w Ay <* WwWAY, = w),
which yield w = u. Now, (v <" z, implies y, <* u) yields [u, yu] = [yn, u]*; that
is,y1 =y2="---= ¥Yn. Similary, we have 2y = z3 = -- = z,,. Thus, m=1 and n
=1 which is a contradiction. We will get a similar contradiction if z; <* u <* y;.
Hence, 1 >* u <* y; or x; €° u >° y;1. In either cases, C is preserved or reversed.

We can prove that all proper cell of L are preserved or reversed analogously. O

In the following 3 lemmata, we assume that an ordered set P satisfies Condi-
tion(C).

Lemma 3. Let L = (P;V,A,<"*) be a discrete lattice and P = (P; <) be a discrete
connected ordered sel with G(P) = G(L). Assume that all proper cells of L are
preserved or reversed in P.

(i) If a »=* ¢ <* b, then {c < a impliesb <aVvb)and (a<cimpliesaVh<bh),

and
(i) Ifa <* ¢ >"* b, then {c < a impliesb < aAb)and (a<cimpliesaAdb<b).

Proof. (i} lf a <" aVb>* b, then the lemma follows by Lemma 1. We may assurne
thata=a; X" 22 <" - - <" zm <"aVband b=y <" 2 <" - <" yn <* a Vb
for some x2,...,Zm,¥2,.--,Yn € P. Then theset {¢,aVb,z),...,Tm,Y1,---,Yn} is
a proper cell of L. Hence, the interval [b, a VV b] is preserved(reversed) if the interval
[c, a] is preserved(reversed).

We can prove(ii) analogously. O

Lemma 4. Let L = (P;V,A,<*) be a discrete lattice and P = (P; <) be a discrete
connected ordered set with G(P) = G(L). Assume that all proper cells of L are
preserved or reversed in P. If a <* b, then forallc € P

(i)a <bimpliesaVe<bVcandaAc<bAc and

(ii))b<aimpliesbvVvc<aVcandbAc<aAc.

Moreover, ifa,b,c € P thena <b impliesaVc<bVcoaondaAc<bAc.

Proof. (i) and (ii) follow directly from Lemma 5. Let a < b and ¢ € P . We may
assume @ = @9 < a1 £ --- < a, = b for some ay,0az2,...,8,-1 € P. Since G(P)
= G(L), we have a; <* a;4y or a;41 <" a; for all 0 < i < n. It follows from (i)
and (ii) that a; Ve < a;31Vceand a; Ace < gj4) Acforall 0 <i < n. Hence, by
induction,aVe<bVecandaAc<bAec. O
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Theorem 1. Let L be a discrete lattice and P be a discrete connected ordered set
having no crisscross as a c-subset. Then the followings are equivalent:

(i) P is a compatible ordered set of L

(ii) G(P) = G(L) and cll proper cells of L and all proper cell of P are preserved
or reversed.

(iii) G(P) = G(L) and all proper cells of L are preserved or reversed in P.

In [9] we proved that if P is also a lattice then Condition(i) of Theorem 1 is
equivalent to Condition (a). We obtain the following corollary which answer in the
afffirmative a question posed by Jakubik[3].

Corollary 3. Let I and L, be discrete lattices. Then the followings are equivalent:
(i) G(L) = G(L,) and all proper cells of L and all proper cells of L, are preserved
or reversed.

(ii) G(L) = G(L,) and all proper cells of L are preserved or reversed in L.

If P is a compatible ordered set of both lattices L and L;, then G(L) = G(P)
= G(L;) and all proper cells of L are preserved or reversed in P; hence, by the
equivalence of conditions(i) and (ii) of Theorem 1, they are preserved or reversed
in L. Therefore, L is a compatible lattice order of Ly and the converse also holds

(seel7]).

Theorem 2. Let I. and L; be discrete lattices and P be a discrete connected ordered
set. If P is a compalible order of L, then P is a compatible order of L, if and only
if L is a compatible lattice order of L.

Let L be discrete modular lattice; then L contains no proper cells, Hence, if P is
a discrete connected ordered set having the same graph as L, then Conditions(iii)
of Theorem 1 holds. We obtain the following corollaries.

Corollary 4. Let L be a discrete modular lattice and P be a discrete connected
ordered set satisfying Condition(C). Then G(P) = G(L) if and only if P is a
compatible ordered set of L.

Corollary 5. Let L be a discrete lattice and P = (P; <) be a discrete connected

ordered set having the same graph as I and satisfying Condition(C). If L is modular,
then so is P.

Proof. It follows from [9] that P is a compatible ordered set of L. Suppose that P

is not modular. Then P fails either UCC or DCC; that is , there exist a, b, ¢ with
a # b such that either

(ia<c>bbutay¥aAborbyaAb,or

(i)a>c<bbutagavVborbAaVd,

where a Ab and aV b denote the greatest lower bound and the least upper bound
of a and b in P respectively. Hence, P contains a proper cell C = {a Ab < z; <
L Tm=a<cr-b=y>...nraAblorD={c<a=z2y <--- <z, <
aVb>ys>...y1 = b > c} for some z1,...,Zm,¥1,---,¥n € P. So C,C?, D or
D? is a proper cell in L which is a contradiction. )]

Corollary 6. ({3]) Let L and L, be discrete lattices whose graphs are isomorphic.
If L is modular (distributive), then so is L.

" As Jakubik has observed in [3], the modularity condition in Corollary 4 cannot
be replaced by semimodularity. In fact, we have examples(see Figure 2 {a) and (b))
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of semimodular lattices whose graphs are isomorphic; but one is not a compatible
order of the other. .

£
Ee
=
o
2
)

Figure 2

In [4], Jakubik has shown that a discrete lattice L is modular if and only if L
does not contain a c-sublattice isomorphic to one of the lattices in Figure 2. In fact,
all c-sublattices of a lattice L which are isomophic to one of the lattice in Figure
2 are proper cells of L. It is interesting to ask whether for a discrete lattice L
and a discrete connected ordered set P have the same graphs and the isomorphism
preserves the order on all c-sublattices of L which are isomorphic to one of the
lattices in Figure 2. Unfortunately, Figure 3 and Figure 4 show that this is not the

' D 63

Figure 3 Figure 4
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