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Rosenberg has classified all maximal clones on a finite set in terms of six classes of finitary
relations. It is known that every proper subclone is contained in a maximal one; but it is in general not
easy to decide which maximal clones contains a given proper subclone. The question arises among
those interested in the area is finding classes of relations whose clones contain a special subclons
on a finite set.

Some results published by Baker and Pixley implies that a clone containing a near unanimity
function (nuf.) is finitely generated. There are atlemps of finding which manolone clones are finitely
generated. Only Demotrovics and Ronyai showed a finite generating set of the monotone clones of
fences and crowns and they proved that clones of all fences contain a nuf. while the case of crowns
is particularty interesting because they admit no nuf.

Birkhoff proposeg the question of finding necessary and sufficient conditions on 2 lattice, in
order that every lattice whose unoriented graph is isomorphic to the graph of the lattice be lattices
isomorphic, Many results from the literatures answered the question for types of pairs of latices and
pairs of semilatlices whose graphs are identical.

In this project, we cléssify classes of relations of Rosenberg's six classes whose clones
contain the monolone clone of a finite unbounded ordered set. This enables us define all relations of
all possible arities whose clones contain the monotone clone of a crown. And for fences, we
consider that they are connected unbounded ordered sets whose graphs are isomorphic to graphs
of chains; besides, their orders are compatible with chains and the monolone clone of a fence
contains nuf. of the corresponding chain. We study some properties of compatible orders of lattices.
In the project, we give necessary and sufficient conditions for an order to be compalible with a
lattice; and then we describe all compatible orders of a lattice in term of special subgraphs of the

lattice. It tumns out that the results for pairs of lattices or semilattices become a special cases of ours.
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Theorem [20] : Let p be a k-regularly generated relation associated with 0,..., e,
(m =1) over a finite set A. Then Clo(p) is the set of all operations FeO(A) which satisfy
(if F is n-ary) for each 1 £i<m either:
(i) the range of F intersects fewer than k 0, — classes; or
(i) there exists u < n and v < m and a function f, : A0, = A/B, so that

F(X )0, = f(x,/8) forall x eA".
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Theorem 1 : Let P be an unbounded connected ordered set and Cio(<) contains

an unannimity function. Then Clo(<) is contained in only a maximal clone preserving

a central relation.

Corollary 1 : If Clo(=) is Slupecki, then Clo(<) contains no n-ary unannimity functions

forallin.
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wlhin ¥naasdae i
Proposition 1 : If P is a disconnected ordered set which is not an anti — chain, then there

is a non-trivial equivalence relation 0 such that Clo(<) < Clo®).

vol¥danadidh P Ae ant—chain udrarmduiusmna 0 Alowddiedusfie
endnual Balninfu Clo(<) wxite O(A) Axbiidu subclone B4 clones THajgARNIE
ngu 18 9
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ﬁ w S g 1I - d \l l] L] . = L ] =4
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Theorem 2 : Let P be an unbounded connected ordered set. Then Clo(<) is a subclone
of a maximal clone preserving either a central relation or a k-regularly generation

relation.
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Lemma 1 : If C contains a minimal (or maximal) element of a crown C_, then C contains

all the minimal (or maximal) elements of C .
Lemma 2:Ifk#n,thenC=¢orR= =

Theorem 3 : Let p be an n-ary relation defined on a crown C_ with n > 2 by
Xy X - XJEP > (X5 % ..., X} EU

or Ky X oo X)EP > (X, % ..., X%} ZD

Then, p is the only central relation admitting Clo(C ).

Lemma 3 : Let p be a k- regularly generated on P with k = 3. if 2< k < n, then p does
not admit Clo(C,).

Corollary 2 : There is no (n+2)- regutarly generated on P with n = 3 which admits
Clo(C,).

Lemma 4 : Let p be a k- regularly generated on P with k =2 3. If n+3 < k < 2n, then
p does not admit Clo(C,).

Theorem 4 : Let C_ be an n-crown.
(i) If n =2, then Clo(C,) is Slupecki , or

(i} If n = 3, there is an {(n+1)- regularly generated relation on P which admit
Clo(C,). or

(iii) if n is even, there is an (n+2)- regularly generated relation on P which admit
Clo(C,).
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4. Compatible Orders of a lattice
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On Monotone Clones of Connected
Ordered Sets*

C. Ratanaprasert

May 9, 2000

Abstract

I.G. Rosenberg has classified all maximal clones over a finite set A
by finding six classes of relations such that maximal clones are just the
clones of operations on A preserving one of these relations. We study
some properties of the clone of all operations preserving a partial order
on a finite set P called the monotone clone on P. If P is unbounded
and connected, we prove that the monotone clone on P is not a subclone
of a maximal clone preserving the relations of Class(1) to Class(4) of
Rosenberg’s six classes; and that the monotone clone on P is a subclone
of a maximal clone preserving the relations only from Class(6) if P has
either the greatest element or the least element. We also show that those
monotone clones which are contained in maximal clones corresponding
to Class(5) or Class(6) of relations are closed under a finite product.

1 Introduction

Let O(A) denote the set of all finitary nonnullary operations on a set A. A
subset C of O(A) is called a clone if C contains all projection maps and is closed
under arbitrary superposition; that is, if fi, f2,..., fa arek-ary mapsin Cand g
is an n-ary map in C for some positive integers k and n, then g( f, f2,..., fa) €
C. The set of all clones over A is an ordered set with respect to inclusion; in
fact, it is a complete lattice with the dual atoms being the maximal clones.

*Research supported by the Thailand Research Fund. The author wishes to thank Prof.
Dr. K. Denecke and Prof. Dr. B.A. Davey for many useful suggestions.
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It is known that every proper subclone is contained in a maximal one. I.G.
Rosenberg[10] has classified all maximal clones by finding six classes of relations
such that maximal clones are just the clones of operations preserving a relation
from one of these classes. We now give Rosenberg’s six classes of relations on
a finite set A.

Class(1): The class of all bounded orders. These are reflexive, transitive and
anti-symmetric binary relations p € A x A with (0,z) € p and (z,1) € p for
all £ € A and for some 0,1 € A.

Class(2): The class of all prime permutations. These are binary relations

p = {(a,afa))|e € A} C A x A where a is a permutation on A all of whose
cycles have the same prime length.

Class(3): The class of all prime affine relations. A 4-ary relation p C A? is
affine if we can define an abelian group operation, +, on A so that (a,b,c,d) € p
if and only if a + b = ¢+ d . An affine relation p i1s prime if < A;+ > is an

abelian group of prime power order. This class is empty unless |A| is a prime
power.

Class(4): The class of all non-trivial equivalence relations. These are refle-
xive, symmetric and transitive binary relations p € A X A which are not the
diagonal relation w = {(a,a)la € A} nor the universal relation A x A.

Class(5): The class of all relations which are k-regularly generated for some
3 < k<Al For3 <k <|A,aset T = {0;,0,,...,0,}(m > 1) of
equivalence relations on A is k-regular if each O; , (1 < 7 < m) has exactly k
equivalence classes and the intersection (2, €; of arbitrary equivalence classes
g; of ©; is nonempty.

A k-ary relation p = {(a1,...,ax)|la; € A for all 1 = 1,...,k} is k-regularly
generated by T if for each 1 <1 < m , at least two of the elements a,,...,a
are equivalent modulo ©;.

Class(6): The class of all central relations. A k-ary relation p C A* (k > 1)
is totally reflexive if {(a;,...,ax)|a; = a; for some i # 7} C p ; and is totally
symmetric if for any permutation e on {1, . . . , k} we have (ay,...,a;) € p if
and only if (aa(1); @a(2)---,8a(x)) € p. The center of p is the set of all a € A
such that (a,a3,...,ax) € pforall a,,...,ar € A. We say that p is central if it
is totally reflexive, totally symmetric, and has a center which is a non-empty,
proper subset of A. Note that these conditions imply that k < |A].

Let p be a relation on a finite set A. Then the subset of all operations from
O(A) preserving p forms a subclone of O(A). We denote a clone of operations



preserving a relation p on a finite set A by Pol(p); so maximal clones are just
the clones Pol(p) of operations preserving a relation p of one of the six types.

The following theorem can be found in [14].

1.1 Theorem [14] Let p be a k-ary relation from Class(5) associated with
01,...,0m(m > 1) over a finite set A. Then Pol(p) is the set of all operations
F € O(A) which satisfy (if F is n-ary) for each 1 <1 < m either:

(i) the range of F intersects fewer than k ;-classes; or

(ii) there exist u < n and v < m and a function f; : A/0, — A[/0; so that
F(z)/6; = fi(zu/8,) for all Z = (z3,...,2,) € A",

We note that for & = |A|, the condition (ii) of Theorem 1.1 implies that F
is essentially unary (defined below). So, all operations in Pol(p) where p is
| A]-regularly generated are either non-surjective or essentially unary; and we
call Pol(p), Shapecki clone.

Let P = < P; <> be an ordered set. For a positive integern , a map f : P* —
P, is called an order-preserving map or monotone if z; < y; inPforl1 <i:<n
implies f(zi,z2,...,%n) < f(y1,¥2,-.-,yn) ; f is called essentially unary if

thereexists 1 <i <nandamapo: P — Psuchthat f(z,,z,,...,2,) = o(z;)
for all (z1,z2,...,%zn) € P"; { is called a near unanimity function if for all
T,y € P! f(:r,:z:,...,z,y)=f(:c,...,y,...,$)=...=f(y,...,:c,:r)=m.

The clone Pol(<) on P is the set of all finitary order-preserving maps with
respect to < ; and we call Pol(<) the monotone clone of P.

Eventhough it is known that there are only finitely many maximal clones on
a finite set P, it is in general not easy to decide which maximal clones on P
contain the monotone clone of P = < P;<>. In [3], they studied a class of
ordered sets known as braids, which is a natural extension of the class of crowns

and they also showed that the monotone clones of most braids are contained
in Shupecki clones.

A clone C is finitely generated if C is the smallest clone containing some finite
_ subset H of C. It was shown in [8] that almost all maximal clones, except for
some of those preserving relations in Class(1), are finitely generated. There

are attempts to determine all finite bounded ordered sets P = < P; <> such
that Pol(<) is finitely generated.

A result of Baker and Pixley [1] implies that a clone containing a near unani-
mity function is finitely generated .



For the case of finite unbounded ordered set, one can ask the question when
does it have an order-preserving near unanimity function?. In [7], they gave a
finite generating set of the monotone clones of fences and crowns and they also
proved that the clones of all fences contain a near unanimity function while
the case of crowns is particularly interesting because they admit no order-
preserving near unanimity function.

2 Classes of maximal clones containing mono-
tone clones

Let P = < P;<> be a finite ordered set. If < is bounded, then it is well
known that Pol(<) is maximal. In this section, we are concerned with the
case when < is unbounded. We first prove that the monotone clone of an
unbounded connected ordered set is a proper subclone of a maximal clone
containing all operations preserving a relation p of Class(5) or Class(6), and
we will call Pol(p) a k-regularly generated maximal clone or a central maximal
clone; respectively.

Forae P ,wedefinela={z€ Plzr<a}andta={r€ Ple<=z}. Ifc<d,
it is obvious that functions g, : P — P and g; : P — P defined respectively
by

wey={ 5 freies

otherwise,

or

d, ifz €1 q;
c, otherwise,

g2(z) = {
are order-preserving maps.

2.1 Theorem Let P := < P; <> be a finite ordered set. Then, either
(i) Pol(<) = O(A); or (ii) Pol(<) is 2 bounded maximal clone; or

(iii) Pol(<) is not a subclone of a maximal clone of operations preserving a
relation on P of one of Class(1) to Class(3).

Proof: If P is an antichain then clearly Pol(<) = O(P). If P is a bounded
ordered set then < belongs to Class(1) of Rosenberg’s six classes of relations.
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So, we may assume that < is unbounded and is not an antichain and |{P| =
n > 3. We will show that if p is a relation on P of Class(1) to Class(3) of
Rosenberg’s six classes of relations, we can define an order-preserving map g
which does not preserve p. '

Class(1) : Let <* be a bounded order defined on P with 0 and 1 being the
smallest and the largest element, respectively in P with respect to <* ; that is,
0 <* zand x <* 1 for all z € P. If there exists an element a € P, a # 0 which
is comparable to 0 with respect to < (or there is an element ¢ € P, a # 1
which is comparable to 1 with respect to <), without restriction of generality
we may assume that 0 < @ and a can be chosen to be maximal.

If a is not the greatest element with respect to <, then there is an element
¢ € P such that a and ¢ are not comparable. If ¢ > 1 we define g : P — P by

g(z) = { g, e

otherwise,

and if a and 1 are not comparable we define g: P — P by

o(z) = { 0, xell;

a, otherwise.

In the first case we have 1 ¢1 ¢ (1 €1 c implies ¢ < 1 < a, a contradiction.);
hence, g(1) = 0 <* a = g(c). For the latter case we have a €| 1 ; hence
g(1) = 0 <* a = g(a). In either cases g does not preserve <*.

If a is the greatest element with respect to <, then there are elements b,c € P

such that b < 0 and b is not comparable withc. Ifa =1 wedefineg: P - P
by

g(-’-") ={ 2: x El G

otherwise,

and if a # 1 we define g: P — P by

g(z) = { 2, x €L 1;

otherwise.

Hence, we have either g(c) = 0 <* 1 = g(0) (0 €] c implies b < 0 < ¢, a

contradiction) or g(1) = 0 <* a = g(a). In either cases, g does not preserve
<*. '



If 0 and 1 are not comparable to all £ € P and since P is not an antichain,
there are comparable elements ¢ and d in P and we may assume that ¢ < d.
If ¢ <*d we defineg: P — P by

g(:v):{d’ x =0

¢, otherwise,

and if ¢ £* d we defineg: P — P by

c, x=0;
g($)={ d,

otherwise.

In either cases, we have ¢g{0) £* ¢g(1); hence, g does not preserve <*.

Class(2) : Let a be a permutation defined on P such that every cycle of o
has prime lenght p and let (a1,42,...,4a,) be a cycle of a. Let p be the graph
of a. If there is an a; in the cycle (ai,az,-..,ep,) such that ax and afai) are
comparable, we define g : P — P for the case ¢,d € {ay,a(ar)} with ¢ < d by

c, x €ld;
g(z) = { d,

otherwise.

Therefore, we have (ax, a(ax)) € {(c,d),(d,c)} and (g(ax), g(a(ax))) = (c,c) ¢
p which implies that g does not preserve p.

If a; and afe;) are not comparable for all a; in the cycle (a;,a3,...,q;), there
are comparable elements ¢ and d in P such that (¢,d) ¢ p and we may assume
that ¢ € d. Let ax be an element in the cycle (a1,a,,...,0,). We define
g: P — Pby

g(z) = { Z’, x € ai;

otherwise.

Now, we have (ax, a(ax)) € p; but (g(ax), g(a(ax))) = (¢, d) ¢ p-

Class(3) : If n is not a prime power, then we cannot define an operation -+
on P such that < P;+4 > is an abelian p-group; hence, we cannot construct a
prime affine relation p on P so that Pol(p) contains Pol(<).

We consider the case n = p” for some prime number p and positive integer r.
Let p C P* be a prime affine relation with respect to the elementary p-group
< P;+,—,0 >. If there is an element b € P — {0} which is comparable to 0,
we may assume that b <0 and b is minimal. We define g: P — P by
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_J b x=b
9(z) = 0, otherwise.

If —b £ b (that is the case p # 2; or the case p = 2,7 > 1 and b+ b # 0) we
have (b, —b,0,0) € p since b+ (—b) = 0 = 0+ 0; but (g(b), 9(—b), g(0), g(0)) =
(6,0,0,0) ¢ psinceb+0=5b#0=0+0.

If -b = b (the case n = 2" for some r > 2 ), then b+ b = 0. Since n >
3, we have n > 4 ; hence, there is an element ¢ € P — {0,b} such that
c#b+cand b+ c ¢ {0,b}. Now, clearly, (b,c,b + ¢,0) € p; but again,
(g(b),g(c),g(b+ C):Q(O)) = (b}O)O’O) ¢ p.

If 0 is not comparable to all b € P, b # 0 we will have elements ¢ #din P
such that ¢ < d. Since ¢ +d = d + d implies ¢ = d, we have (c,d,d,d) ¢ p.
Now, we define g: P — P by

g(x)z{c, z=¢

d, otherwise.

Again, —c # c¢ implies that (¢, —c,0,0) € p but (g(c), 9(—c),g(0),9(0)) =
(e, d,d,d,) ¢ p. If —c = ¢, we will bave elements b and c+b which does not
belong to the set {0,c}. Now, we have (¢,b,c+ b,0) € p but (g(c), g(b), g(c +
b),9(0)) = (c,d,d,d,) ¢ p. O

It was proved in [2] that if P is disconnected, then the nontrivial equivalence
relation & whose blocks are connected components of P will give a maximal
clone Pol(8) containing the monotone clone of P; and if P is connected then
there is no nontrivial equivalence relation @ on P such that Pol(<) is a subclone

of Pol(§).

If p is a k-ary relation of class(6) and Pol(p) contains the monotone clone of
an unbounded ordered set P, then k 5 1 since p € P implies that there are
¢ € P with ¢ ¢ p and a unary constant map ¢ which does not preserves p;
hence, p is of arities 2 < k < |P|. We have the following corollary.

2.2 Corollary If P :=< P;<> is a finite connected unbounded ordered set,
then Pol(<) is a subclone of a central maximal clone generated by a relation
of arity greater than 1 or of a k-regularly generated maximal clone.

2.3 Theorem Let P = < P; <> be an unbounded connected ordered set. If

Pol(<) is contained in a k-regularly generated maximal clone for some 3 <
k < |P| then Pol(<) contains no near unanimity functions.
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Proof: Let p be a k-regularly generated relation on P with 3 < k£ < |P|
and let 04, ...,0,.(m > 1) be equivalence relations associated with p. Then for
1 < i < m, each §; has exactly k equivalence classes; so for each 1 < i < m,
there are a £ b in P such that (a,b) ¢ 0; . Suppose that Pol(p) contains an n-
ary near unanimity function g : P* — P. Since p is onto, foreach 1 <1 <m
there exist 1 < u < nand 1 < v < m and 2 function f; : P/8, — P/6;
such that u(zy,..-,za)/0i = fi(zu/6,) for all (z),...,z,) € P". Then, we
have (a,...,a) € P" and (b,...,4a,...,b) € P"(n-tuple contain all b except
for the ut® — component) ; but f;(a/0,) = pla,...,a)/0; = af6; # b/0; =
u(b,...,a,...,b)/0; = fi{a/6,) which contradicts to f; being a function. O

2.4 Theorem Let P be an unbounded ordered set containing the largest ele-
ment 1 (dually, the least element 0). Then the monotone clone of P is a sub-
clone of a central maximal clone; but, it is not a subclone of any k-regularly
generated maximal clone.

Proof: Let 1 denote the largest element of P and suppose that the monotone
clone of P is a subclone of Pol(p) where p is a k-regularly generated relation on
P for some 3 < k < |P| associated with 8;,...,0n(m > 1). It is obvious that
the binary operation defined by zy = y if z,y € P— {1} and zy = 1 otherwise,
is an onto order-preserving operation. By Theorem 1.1, for each 1 <7 < n,
thereare 1 < u < 2,1 < v < m and a function f; : P/8, — P/8; such that
zy/0; = fi(x./6,) for all (z,y) € P2 Now, la =1 = al and aa = a for all
a € P imply that each f; cannot be a function which is a contradiction. Hence,
the binary operation does not belong to Pol(p). By Corollary 2.2, we get the
desired conclusion. Moreover, one can easily show that the binary relation

p={(z,y) C Px Pl <u>yand z > v <y for some u,v € P}

is a central relation on P with 1 belonging to the center; and since P is un-

bounded, the center is proper. Clearly, Pol(p) contains the monotone clone of
P.O

A fence is an example to show that the converse of Theorem 2.4 is not true
because a fence contains no largest element and no least element; but it was
shown in [7] that a fence admits a ternary near unanimity order preserving
operation. Let denote an antichain of order n by n and for ordered sets P and
Q, as linear sum P + Q we denote the ordered set whose order is defined by

<y (z<yinP)lor{z<yinQ)or (z € Pand y € Q).

By Theorem 2.4 and [12], the monotone clones of the linear sums 1 + 2 4 2

and 2 4+ 2 4+ 1 are examples of subclones of central maximal clones which are
not finitely generated.



