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Abstract

Research title Cin graplis and digraphs with preseribed propertics.

Researcher Associate Profeszor Dr, Watcharashonp Ananchie
Sehool of Liberal Arts, Sukhothai Thammathirat Open University
Pekkred, Monthaburi 1120

Researeh Cieanrsg The Thatland Research Fund
Perind November 13, 1997 - November, [4 199
Key Words Paley graph, adjacency property, loumament, Puley digrapl

Liet m and o be non-negulive integers and k » positive integer. A groph G is sakd o have
property Plm.n k) IF for any m + n distinet vertices of G there are ot 16451 k other vertices, euch of
which s adjacent to the first m vertices but nor adjacent 1o nny of (e lotler n varticss, We know that
almast all graphs have properly Pim,n.k), However, for the cuse m, 1 = 2. almost no graphs huve baen
constricted, with the only known examples being Paley graphs which deflned wy fellows. For -]
Lmbed 4} 1 primie power, the Paley gragh G, of ordér q is the graph whese vertiees ace elements of e
finiite: field F 5 owo verlives a and b are adjicent if and only if their difference is o quadratic residue, By
using hugher order residues on finite fields we can gencrate other ¢lasses of graphs which we refer to ag
genemiized Paley praphs,  For nny m, o osd k, we shiow that all sutticiontly lurge (order) graphs
ehiained by taking cubic and quadruple residues satisty property Pimon.k),

A-digraph D s said to has properly Qfn k) if for every subsce of n vertices of I is drinated
by at least k other verlives. Let g = S{mod 8) be & prime power, Define a quadruple Puley digraph
b r_;_. as follows, The vertices nr'T;lfI“] are the elements of the fnile Geld ¥ Vertex v joins o veres

vhy un arc ifand only ifu —v= % for some x £ ¥ In this report, we show for sutficiently Jarge g,

D L'” Rz propecly Qln k),
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1. [N'Tuuﬂ_uc'rmrf

A graph G consists of @ non-empty 8¢l of elements, called vertices, and s list of
unordered pair of these clements, called edges. The set of vertices of the graph G is called
vertex set ol G, and the list of edges is called edge set of G. If a pnd b are vertices of 4
graph G, then an edge of the form ab or ba issaid to join a and 5. We also say that a und b
are adjacent. A loop is an edge of o graph joining a verex 1o itself. Two or more edges
Jjoining the same pair of yertices are called multiple edges, All praphs considered in this
paper are finite, loopless and have no multiple edges. For the mast part, our notation and
terminology follows that of Bondy and Murty [12]). Thus G is a graph with vertex set
V(G), edge set E(G), v(G) vertices and &(Ch) edies.

Let m and n be non-negative integers and k a positive integer. A graph G is said
10 have property Pim,nk) if for any disjoinl sets A and B of vertices of G with | A = m
and 1B | = n there exist at leisy k sthisg vertices, each of which I5 adjavent to every verex
ol A but not wdjacent v any vertex of B The class ol graphs having proparty Pim,nk) is
denoted by Gimnk). The eyele €, of length v is & member of ('(1,1,1) for every v 2 5.
The well-known Petersen graph is a member of G(La Iy and also of §1,1,2), The class
G{mnk) has been studied by Ananchuen snd Caccerta [2, 3, 4, 7, 8], Blnss et. al. [9],
Blass and Harary [ 10, Exoo [15), Exeo and !orary [16, 17]. In addition, some varfations
af the above adjacency property have been studied by Alspach el al. [1], Anbnchuen and
Caceelta [6], Bollobis [11], Caceetta et al. [13, 14] and Heinrich [1%].

In 1979, Blass and [larary [10] established, using probubilistic methods, that
aimost all graphs have property P(nn,1). From this it is nol too difficull to show that
almost all graphs have property P(m,nk). Despite this result, few graphs have been
eomstructed which exhibit the property Plmonk): some constiuctions for the classf(1.nk)
were givenin [7].

An important graph in the study of the class ¢ (munk) is the so—called Puley
graph G, defined as follows. Let g = 1(mod 4) be a prime power, The vertices of (¥, are
the elements of the finite field F;. Two vertives & and b are adjucent if and only if’ their

difference is a quadratic residue, thatis a—b = y° for some 2 Iy,



In [4. 8] we proved that fora prime power g = I{mad 4):

Gy & Gilink) for every 9= {(n - 2)2"+ 25 Jq +(n + 2k - 12— 2hn—1;

Gq € Glnnk) for every g > {2n=-32"""+ 20 fq + (n+ 2k —1)2™= Zapt g
ang Gy & Gimnk) for every g = {{t - 12 4 Ej..ﬁ FlE Fe=1

whéra 12 m+ n,

By using higher order residues on finite fields we can gencrate other classes of
graphs. More specifically, for g = 1(mad 3) a prime power we define the cubic Paley
graph G5 as follows, The verlices of G are the elements of the finite field F, Twa
vertices 2 and b are adjacent if and only ifa - b y' for some y & Fy, Since q = 1{mod -3}'
5 4 prime power, < is u cubic in Fy, The condition =1 is a cubic in Fy is needed to ensure
that ub is defined 1o be an edge when ba is defined to be an edge. Convequently, G;’” is
wiell-defined. Figure |(a) glves an example.

For q ® T{imwod 8) a prime power, define the quadruple Paley praph fl'“ i
follows, The vertices of Gy are the elements of the finile field Fy. Two vertices aond b

are adjacent il and only ifa - b oy for some v e Fq. Since ¢ » Iimod &) is o prime
power, =1 15 a quadruple in Fy. The condition =1 iz a quadruple in Fy is needed Lo ensure
that ab is defined (o be an edge when ba is delined w be un cdge. Tigure 1(h) pives an

exomple,

Figure 1. Graphs Gfi’ and G5



In this report the adjacency properties of the ¢lasscs GE] and Gf{” are studied.
More specifically, we prove that:

o G0 e (2,2 k) for evary g > {&{?9 + 3338k + 700 0

. Gfl'-‘:' e Gimnk) for every g = (021! =21+ 2™ .,,Irc_l +{m+2n + 3k-30273'
where 12 m + n: and
. G{,“’ e Glmnk) for every g > (27 =2 1™ + (m o+ 30+ dko gy,

where t = m+n

Il we think of the edge between two vertices #s an ordered palr, o natural direction
from the first vertex o the second vertex can be associuted with the edge, Such an edpe
will b called an are, and a graph which each edype has such a direction will be ealled o
divected graph or digraph. A digraph is-strict if it has no (divected) loops and no tw
nres with the same ends have the same orientation. A tournament is n digeaph with no
(dirccted) loops in which uny two distinet verlices are joined by exactly one mre. For our
purpase, all digruphs are finite and striet,

IT there exists an are directed away from a vertex u to a verlex v, we say that u
dominates v and that v is dominated by u, A set of vertices U dominates a set of vertices
Voif every vertex of U dominates every verlex of V. A digraph D is said to have properly
QUn.k) 1 cvery subset of nverlices of D is dominatéd by ul least k 'other vertices, Further,
u digraph 12 is said 1 have property Q(m.n k) if for any set of m 4 n distinet vertices of D
there exist at least k other vertices each of which dominates the first m vertices snd is
dominaled by the latter n vertices.

A spucial digraph arises in round robin lwurnaments. More precisely, consider
tournament Tq with q players 1. 2, ..., g in which there are no draws, 'This gives rise to a
digraphs m which either (u, v} or (v, u) i1s-an-arc for each pair v, v; Tournaments with
propefty (Mo, K) have been studied by Ananchuen and Caceetta [5] Bollobds [11] and
{ruham and Speneer [18].

Craham and Spencer [18] defined the following tournament. Let p=3{mad 4) be 2

prime.’ The vertices'of digraph D are {0, 1, ...y p— 1} and Dy contsins the arg (u; v) 1



and only il u - v is a quadratic residue modulo p. The digraph Dy is sometimes referred to
as the Paley tournament. Graham and Spencer [18] proved that D has property Q(n, 1)

-
whenever p = n?2% 7 %

Boellobds [11] extended these results to prime powers.  Mure
specifically, if g = S(mod 4) is 5 prime power, the Paley ournament D, is defined as
lullows. The vertex set of Iy are the elements of the finite Geld Fy. Vertex u joing w
verten v by an arc it and only if u - v is a quadratic residue in By, Ballobds [11] noted thal
Dy has property Q(n, 1) whenever
q= {{n=22"""+ 1} fg +n2" ",
In [3}, Ananchuen and Caceelta proved that Dy has property Q(n k) whenever
g> {m=302"""+2}.fq k2" -1,
Anunchuen and Coceetta [5] proved that Dy has property O(m,n,k) fir EVErY
q>{(t=-3)2" 421 Jg (e 2k - 1920 1,

wiherte l=m+n

By using higher order residues on finite ficlds we can generate other classes of
digruphe. Letq = S{mod 8) be a prime power, Define the quadruple Paley digruph D!
aa follows: The vertices ol D) are the elements of the finite felds Fy, Vertex U joing lo

vertex v by an are i and only if u - v i3 & quadraple in Fy that is v - v = v* for some
y & Fy Since q= 5{mod 8) s a prime powir, =1 s nota quadruple in F,, The condition
L is ot a quadraple in Fy is needed to ensure that (v, u) is not defined to be an are when

(¥ is defined to be an are, Consequently, DY is well-defined, However, I),T” isnot a

tournament, Figure below displays the digraph D13

i



Figure 2. Palcy digraph [{},

In thig report, we will show that D':;' has property Ofn,k) whenever

q=[1+(3n-44" []\E (4K — 354" |
and has properly Q(m,n,k) whenever
Q= (2" =2 13 0 (e dk- )3

wherel=m + 1.

[n the next section we present some results on finite flelds which we mark use of

b the prool of our piain resulis,

L, FiniieE FIELDS

In this section, we present some results on finite Gelds that we make use of in
establishing our main theorems, We begin with some busic notation and tereminology,

Let Fy be a finite [ield of order g where  is a prime power and let Fa[x] be a
polynomial ring aver F,

A character ¥ :'.FF;. the multiplicative group of the non zero elements of By, is
a map [fom "f': to the multiplicative group of complex numbers with |;¢|,'.‘-:J-| = 1 lorall
X F; and with y{xy) = z(xhy) foranv x, y e F;

Among the character l.:nl‘F::I , wit have the trivial character ¥, delined by zalx) = 1

1!



forall x & F; all other charpeter of ) are called nontrivial. With cach character 3 of
F . there is associated the conjugate charscter 7 defined by F(x) = y(x) forall x &
F‘_;. A character 3 is of order d if ¢ = 3, and d is the smallest pasitive integer with this
Property.
[t will be cynvenient to extent the definition of nontrivial character ¥ to the whole
F; by defining 3(0) = 0. Fory, we define z,(0)=1,
Observe that
% (8= (e (2.1)
for any u & Fyand ta positive integer.
Iy is & nontrivial character of ¥, we known that {(see [20]), fora, b e ¥, with
n#b
ZK{H*H]EH - h)=—1. (2.1

wely
The following lemma, due 1o Schmidt [21], is very useful to our work,

Lemma 2.1, Let ¢ be w nontrivial character of order d of Fy. Suppose {(x) & Fy[x] has
precisely & distinet zera and 10 s not o d" pawer; that is [x) is not the form e},

where ¢ & Fyand g(x) @ Fy[x]. Then

thl‘{n}}} 2(s-1)4q. &

ERP,

I'he next lemma is a generalization of Lemma 3.2 proved in [3].

Lemma 2.2, Let % be a nontrivial character of order d of oo 1f 2y, a5, ...« a: are distinet
clements of Fy and 5 = B{mod d), then there existc = F; such that

owdm—ax—a) o mea) =1k Y wfetx—tidE—ba) ... (x— b N
ek

xcly

lor some distinet clements by, bay oo by of By

12



Proof: We write

Z; Thx—aix—m) . (x—a))

= Z AR + a3 — )i oy —a3) .. (X F A —ag)). (2.3)

:I:l:l:,I
Nate the later equality is valid. since xand x + ap assume all values in Fy. Now, singe a;,
d1, ...y 8 arg istinct, then =0 —d s #0forlgi<e 1.
Ix = 0, then there exists an x' such that xx™" = 1, Furthermore, T =1,
since 3= O(mod d) and y is a character of order d. If x =1, then ¥(x} = 0. Thus, we can

write (2.3) ay

2 nfRx Fextea) o (x4 e, )

ok,

2 0T et ) o (xv e, )}

'url';

2wt o e DT ey L e R S

L
lE“

= 2 A e e (e k7
wel,

Stnce, for cach |, ¢ « 0, then ¢ exists, Furlher, yleier enel - B Oy =
Now using the same iden as above we ean wrile

2, w0+ e N F ey (0 # e, 1)

Kek,

2 A o e F X e A @

Let ¢ =gy o0, ¢, . Sinceg w0, for each I, we have 620, As % assumes sl values in

L] | '
Fo.sodoesx . Hence, we can write {2.4) as

2, el e x + 65 et )

3
xclq

= 2 wlentlin+ ot ) ke e

1-F|

= ¥ sclefrre iewed e e e =1

e rq

This completes the prood ol the lemma,

i3



Using Lenima 2.1, we have the following corollary to Lemma 2.2

Corollary. Let ¢ be a nontrivial character of order d of Fy. Ifa;, a3, ... .4 are distint

elements of F, and 5 = O(mod d) then

> wlle=ax—a,)ule-a)} | £1+(5-2),/q. g

erf,

N

L&t g be a fixed primitive element of the finite feld Iyi that is g is o generator of the cyelie

Broup F; . Peline a function o by

dmiy
1
gy =ed,
where i* ==1. Therefore, & is'n cublie churacter, churacter of order 3, of Fy. The values of

mi

a are the elements of the set {1, o, o'} where @ = ¢7  Note that o is also 4 cubic

a

claracler and o« = a®. Moreover, il w is not a cubic of an element of I";. then

eefa) + ee'fa) = =1,
I"urther, define o function i by
Big) =i
Therefore, [3 is the quadruple churacter, chiructer of arder 4. of F. The values of [} are in

the sel (1, <1, 8, =1}, Observe that 0% isalso a quadruple charicter and [ = p" while B s

a quadratic charscter,  Moreover, if a is nol a quadruple of an elenient of F;. then

Pla) + [5a) + i) = =1

Lemma 2.3, Lot o0 be 0 cubic character of Fyand let & and B be disjoint subsets of F,
[*ut

8= 2 Tl +afx-a) + el - a)) [T42—ofx - b) — ot — b

Rk med b=l
As usual, an empty product is defined to be 1. Then

gzdlg=(2' =2+ g,

14



where |Al =m, |B| =nandt=m=n,

Proof: Let A D« fey, ... 0. Expanding g and noting that 3 2" = 2"q, we can

XeE,
wWrite

la=2"q|< X 3 if"’-:n:{?t—ci}

SR petan?y =

-+

2 Z z {El_!xl{x_EH}E:{"‘_H;}}[+m+

§xely psdnty iied;

Z E E {lr_‘x-f{x_ufl:ﬁ}:!{x_u'tl':l"'x-:'{-x_'u's:]} sl
|

HaFy gelall) s,

z’_: E {xl{x"uu}:’_;[?‘:"CE:'"".I:.L{H"UrH‘ =

Aely y ctaad

Mow, by (2.1) and Lemma 2.1 we obtain

vralsg Looni

i=1
(121 =2'+ 2l g .

Therefore, g 2 2% - (12~ =2+ i,'lZl-..l'E as required. W

Lemma 2.4, Let o be a cubic character of Fyand A be a subset of m verlices of Fy. Put

g= 3 [T +alx—a)=alx-a))

:||.I‘:F,.I asEn
Asusual, an empty product i defined to be 1. Then
g2g=[1—m +m+(2m-33" ".Jq - (m’ - m),

Proof: Let A = {285, ; #aq}. We Cun write

=y, S j)i X — ) +

weF, IFF.: 1.,:.:.;1..12} 1|
TR T e m e
5 A yielug?) el

Z E z {':':-I {I_ H‘il }':I:_g {:E-_ H-j: }'“Ia{}i_ H'js. }} + .+

- - ;.
ek grelea” ) ML



L X Aplx-a)yg -y, (x=aq)) (2.5)

mely 1'j|:|'r1.,n =}
Consider

h=3 3 gt )paG-a,)

ehy pjeiead)
for some a; | w; with iy <i, Then by using (2.2) we have

h= ¥ {oGc—a,Jalx-a,) +atc- a; o 2, ) +od(x-a, Yol —a,,) +

N |'|.|

o — &y Jo(x ~ 2, )}

= ~2+ Z} foelx = 2 Jolx - &) + (X - a Yot — a1}
W by

Using the same Iden oy above together with (2.1), (2.2) and Lemma 3.1 we gl from (2.5)

m[(m
|g=lq-(m* - m))| = 2. 21(3')““ Dafa + ' = miyy

=]
=[1 +2m=3)3""" = (m* - m)] .y .

Iherefore, g 2 q = [1 —m* + m 4+ (2m - 3]3""‘}“.":] (= m) ns require. B

Lemma 2.5, Let [} be u quadruple chariscter of 1y and Jet A and B be disjoint subsets of
Fy Put
g= 2 | [{1+P0c-ay s pRoca)+ plx—u)) [TH3=Px—b) - prx—b—pGx - by

T ATy bl
As usual, an empty produet is delined to be 1. Then
gz g2 =2+ 11 a,
where |ﬂ| =m, |B| =nandt=m+n

Proef: Let AW B = {ey, e3, ... , &}, Expanding g and noting that 337 =13"g, we can

Wriks

|E‘3"':1|5 2, Z Z - +
sely aelf B0 i
22 2 A ey o= 0 L+
Xy xR SR Ay :

ia



Z E Z {3"5.1:{x—c,-|]12{:~:—¢u :I...xﬂf_};—cil :}}‘ R

wehy el Y yaiye,

2 2 bl ey, - ey, (=)

fcL T YU [ ot
Now, by (2.1) and Lemma 2.1 we have

. ! 1
le-3g|=y 3*3'-‘{5}(5--1}45
bl

=27 -2+ 3t g
Therefore, g2 3" —(2' ' =2 + E}]'.,JI":T a3 required. L

Lemmu 2.6, Let B be a quadruple churacter of Fo and let & bé & Subset of in verticas of
II:r|- Put
b= z l-] r 1 ¥ ﬂ{:“;' ﬂ} ™ [-'I':{:'li ﬂ_} + H][}: = “J}'.

il Een
As usual, an empty product s defined to be 1. Then

EEq-[1+03n-44™ .

Proof: Let A = [a;, a3, ... «Bm}. We can write

=F1+T ¥ 2.“ o —a)+

ik el Cyminnfpt) i

2 X Tl P Y

:i:-'l‘:q _tJFI'rquJ_FII iy

Z X 2 dalx Wy by (= b =g ) b+

L R AR

L 2 lmx=ag (5= (=8},

L L S

Then, by {2.1) and Lemma 2.1 we have

i “
le-gf=3 35(15]{5- 1144

=1

=[1+Em-44""1 fg,

Thersfore, g2 - 1+ (3m~44" '] fq asrequired, =



3. PRELIMINARIES

For g = 1{mod 3) a prime power, there exists a cubic characior et of Fy and of-a)
= ofa) forall a € Fy. Furher, for g = {mod 8) & prime power, there exists 3 quadruple:
charseter | of F,y and fi-a) = fia) forall 5 < ¥

Observe that if & and b are any vertices of G f]”, then fort =1 and 2

JL ilaisadiacent 1o b,
afa-hy=1{0, ifa=h,
[m ot o, otherwise,

Also, il and b are any vertices of G5, then for 1= 1 and 3

[ 1, if & is udjscent Lo b,
Pfa - Y= {0, if o= b,
=10 =1, atherwgye,

p 11 . '
Mote that 37 15 a quadratie character: that iy

I, if a=bisa quadratic ressidue.
Fla=by={ v, if = b,
=1, otherwise,

We canclude this ssction by noting that for g = 5(muod 8) a prime pawer, there
exists a quadruple chasacler b of P and fi(-u) = —fu) lor all u e Fo. Furthermore, if u

and v are any vertices of G'q'", then fort=1 and 3

1, i v dominates v,

: .
flu=v)=4 0, ifu=w,
~ L iar—i, otherwise,

s p E !
Note that [ is a quadratic character; that is

138



L i u—visagudratic ressidue,
|31|:i.1 i "-":] = {:I, [f 'u_ == ‘rr
-1, utherwise.

Belore stating our results; we nead the followi ng nut:_ttinn. For disjoint subsets A
and I3 of V((3), we denate by n{A/R) the number af vertices of (i not in A L B that are
adjacent o ench vertex of A but not adjacent to any vertex of B. When A = fa), a4, ...,
ntand B = {b), by, .., by}, We sometimes write [or convenicnee n(AB) = nay, ay, ...,

flm ! bh h:: g h‘ﬂ:ln

4. RESULTS ON GENERALIZED PALEY GHAPHS

Beeall that for g = 1imod 3) u prime power we define the cubic Paley graph
GEIJ’ as follows, The vertices of {'F;"' ure the elements of the finite field Fi. Two vertices
wand b e adjacent ifand only ifa - b v for some y & Fy Forq= I{mod 8) u prime
power, define the quadruple Paley graph Gyt as follows. The vertices of G are the

clements of the linite field Fy. Two vertices g and b ure adjacent if and only if g - b~ y*

lur same v e F,

Our first result concems cubie Faley graphs baving propery P(2,2,k).

Theorem 4.1, Letq= |(mod 3 bea prime power and k a positive integer. 11

i 3-[;-{?5-!-3«."351 +ﬁ}]31

then GE e £(2,2. k).
Proof: Lel 5= {a b, ¢, d} be any set of distinct vertices of (G E"P" . Thennis, bfe, dy=k if

and enly if

i



f= x:_:; LD+ o —a) St — @[T Foge — b) + o~ by

[2- el =) —a{x — ][ 2 culx — ) - e — )]}
=5
To show that I'= k3%, it is clearly sufficient to establish that £ k-1)3"

We pan wiite

8= 2 {[1+a(k—a) + o ~ahi1 + o - b) +e'fx - b)]

:(El','

[2 -0~ ¢) ~ eltx - )2 - eu(x — ) — (e - ]
my Ay 3 {400 =) + dix = b) = 20(x — €) = 2y — )} 4

1::]-'. h.F' pedman’ |

2 2 -0y, x=d)- 29 (x )y, (X —¢)

L A T u:il

Ly lm=a)y, fx ) =2, (X = bYy,y (k<) =
1;:,(3-13‘}1_1(.": l.l‘.l“-'#xll:-‘.‘-n]x:f?: bi} +

l E I:x,lf-'-'.--n];.:l.f:'.'-ri.:}l;.:,i{x--'.l}Ix,{:ﬁ Bl (R=clyitx —d)

L2 I R TR

2 (=) (X=by, (=€) - 291 (x W) yp (X =Dy, (5 ~d)) 4
Z. E.. {I.J':K“BJ:{,;[H 'h]';.:s{‘.-.’ =Gy, (i=d)}. (4.1

naly  peanf)
Now, by (2.1) (2.2) and Lemma 2.1 we get from (4.1)
g=dg+10 [Z' G{x —gpelx = dj Z u?{x—c}nf{x- dy=2]-

vk =
5 mely

EEE “':"‘“'}“‘7’*-':}*; @~ aulx—¢) = 2] -

22, afx ~whulx - d)+ ¥ wlx - aduitx - d}—2]

selFy AEl;

2 alx=biox—c) 1 T ax= bl —c)- 2] -

ek,

E[FZF iy —biolx —d)+ > afix - Walix - d)— 2] 4

:Fq

=

4] Z oy —aluix—h)+ o3 wx — Al - by =271
:-:i:l'-;.l

acl

2w



2 2. m -, -y —d) g (k- by, (= )y (x = d) =

weFy yefe,e’)
E;.-_:,{P;—a'.lxif:x—b}x_-,{x—t} 2_1.- [x—ajxlix_h]_h[w_{”}_r
Z Z fx.'i?i-—ﬂ}h{_x '1‘}:{3':’{‘*‘3?':{.11.'1—%1}}-

weFy yolas?)
By first applying (2.1) and Lemma 2.2 and then applying Lemmia 2. | we obtain
|g.—4q—lll}| E‘.l,.,lf:_| -;.-44'5 —4,:":_| +4.,'IIE +4Jci " Hu‘ﬁ +
(6(03-1)ya ) +23-2) 3 1+ (603 - Dya) 126 -2)7] +
2603~ 1)3 ) +2(3-2)4 1+ 263~ 1)) +26-2) /4 1+ 1663 )

= 138.q..

Therefore,
pzdg+10-158,/q,
Congider
g=1 {1 +ofa—b)+al(n—b)} {2 = afe—c) - &l =2 - a@=-d) - o (a- dyy + (1

+afh - ) + (b - ap) {2 = afb - ¢} - i (b-e)} (2 - afb - d) - e’(h —y+ 2
oot =)+ ele —a) {1+ afe ~ by + oo - ) {2 - afe — d) - ef(e =} + 2()
Fofd - apad(d=a)} {11 ad =B + af(d - b2 ~ald - &) - oi(d - ¢))
% 108,
since @ = [achieves it maximum value when ub, od ¢ E(( i) oo ag, ad, be, kd & B(G).
Consequently, L
fzg- 108
=+ 10 - 158y - 108,

Hence, [ = (k— 13" for g > [1?[?9 + 336k + 7010, AsSis arbitrary, this completes

the proof. 0

Remark 1, When K = [, Theorem 4.1 above asserts that G1? e (7(2.2.1) fot all prime

powers = 1609 We have verified, using the computer, that 6 ‘q}’ e (/{22 onlyifgiza
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prime power of order 131, 157 or at least 223, Table | gives the maximum k for which

G e g(2.2.k); we give only some of the computational results,

Table I, Maximum k for which G = G(2.2.k).

Maximum k Order q Maximum k Order g
0 < |3% and 163 14 601, 613,619,631, 634
1 151, 157,223 15 661
2 169, 181, 193, 199, 229 16 673, 625
3 211, 241, 271, 361 17 691, T09, 769
4 256, 277, 289, 313 |8 727,733,767
5 283, 307, 331 149 751
b 337,343, 349, 373, 379 20 739, 787, 811, 820
7 367, 397, 409 22 823
:~: 413, 439, 463, 523 23 H50, BR3
9 421,457, 487, 529 24 853, 877, 97
11 494 25 Q19 a37
12 547,571,577 27 967, 991
13 541, 607 28 997, 1009

For the class §(m,nk), we have the following result,

Theorem 4.2, Let g = [{mod 3) be a prime power and k a positive integer. If

e e D i PR L 1 G e (4.2}
then Gif" e Gimmnk) foralm,nwithm+n<t.

Proof: It clearly suffices to establish the result form + n=1t, Let A and B be disjoint

i



subscts of V(G EJ}} with | Al =mand |B| =n, Then, n(AB) 2 kil and anly if

f= Z ]_[{ Lo —a:,l+¢11|:}E—ﬂ.}fﬂ{l-ﬂ{x—b}—ﬂ!{}:—hﬂ

Ak ams bl
v il

= (k= 13",
Ler
g= 2, [T(1+amx-a)+ e —a)) [T62 - wlx - b) - 0 — by

xef, Beh b
Now, by Lemma 2.3 we have
gz - =212y,
Consider

g=fm % H“'u’fﬂ“ﬂﬁ*lixfh"ﬂ}}n{z—u{x—b]--ﬁ:{x—-b)}.

AL e bif

Since, in the produet T]{ 1+ eulx - a) + e¥(x — a)) éuch factor is af most 3 and one [actor
Bid

is | and In the procduct ]"[13 wix = b) = o(x = b)) each fuclor is at most 3 and e
B

factor is 2 we have
g=£g3 ma 31z
= (m + 2n)3 0,
Consequently,
2% - (121 =2 12 Jq = (m+ 2m)3'1,
Now, if inequality (4.2) halds, then £> (k - 133" s required , Since A and 13 are arbitrary,

this completes the prool of the theorem. o
For the sase n =, we have the following sharper result.

Theorem 4.3, Lel g = [(mod 3) he a prime power and k a positive integer, If

g [1—m*+m+(2m - 33" afg +(m® = m) + 3k -2)3" L (4.3)
then GE e (imu0k).

Proof: Let A be any subset of m verlices of GE:“ . Ther there are at least k other vertices,

3



cach of which is adjacent to every vertex of A ifand only if

f=% [Iiv+ox-a)+oitc-a) = k- 1"

wwF, s

Al

Le

u= Z H{ |+ ¢xix —a) + ﬁ!{x—a}j.

=, aza
Then, by Lemma 2.4 we have

g2q~[l-m’ tm+2m-33"" Y] fg —(mi-m).

Coansidor
g=I=} ]_II |+l = )+ o (x— )}
aed agh
E.snl—l

since, ench factor is at most 3 and ong factor is |,
I'herefore,
[y -[l=m*+m 2m=-3a"" B0 = (m?=m)=3m=",
Now, If inequulity (4.3) holds, then > (k - 103" as required. Az A s arbitrary, this

completes the prool of the thearem, a

We now lum our attention to the adjacent prapertics of the quadniple Paley

graph G,

Theorem 4.4, Let g & 1{mod 8) be'a prime power gnd 'k a positive integer. If

:;‘«‘-f%f!&ﬂ v 41024k + 85193 1% (4.4

then fl'”' e {22,k
Proof; Let S =1{a; b, ¢, d} be any set of distinet vertices of :{“ . Thew nia, bfe, d) = kiif

and only il

= 3 TP —a) + B—a) + Px—alll + Brx — b) + pAx — b) + B - b))
et

(3= Bl—c) = Blxc—e) = FPlx~a)T[3 ~ Pl —d) - B3x — ) - B'(x - )]}
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=k — L4
We can write

B= 2 ALl +Rx—a)+Px—a) + B0 —a)[1+ s~ b+ PR —b) + Blie=b

!.hFﬁ

[3 = Blx—c) = PAx—c) ~ Prx—cilf3 — Blx—d)— Foix—d) =B —dy]y.,
Mow using. sn-argument similar to-that used in the proof af Theorem 4.1 (except here we

du not use (2.2)) we obain;
|2-9g | =909/9)+12(9 /g )4 B+ 54(24) + 16202 7)) + 8103 1)

=873.4,

Observe that
g—1< 34,
since g - uchieves s makimum value when obyed & B(G) and ae, ad, be; bd & F(G),
Consequently,
Iz9q -873./q - 384,

Hence, £ (k= DA% when (4.4) holds, As § is arbiteury, this completes (he prool, U
For the class mnk), we have the lollowing result,

Theorem 4.5, Letg s [{mod 8) be a prime power and k o positive mteger, 1f

g2 (2" = 2% 193%™ g %t 30 gk — gt o 14.5)
then € ‘q'”' e Gimnk) for all m, nwithm +n <1,
Proof: It clearly suffices to cstablish the resull form + n =1 Lel A and B be disjoine

subseis of VG f:"j with .|.-5.| =m und |B| “n, Then, n{A/B) 2 kil and only il
N [TH1+Bl—a)+ fx—a) + pix—a)) []43=plx-ty-px—t)-pitx—t)

“F'.E e limi
=ik =1l
Ll
e= > [TH1+p0-0)+Fx-a) +Fx - ) T4 3 - Blx—b) - PAx—b)—Bx- by,
==F agA el



Now, by Lemima 2.5, we have

e b B (AR | L

Consider
g-f= ¥ JTt1+Bx-q) #Bc-)= B2} (3 - Blx—b)-px—by - px- by,
L (N | biE
Since, in the product [ Hi+p = B0 —a) 4 BYx ~ )} each factor is at mgst 4 and
[T
one factor is 1 and in the product H 1 3=Blx-b) - Px-h) - - b)) ench factor is s

bl
mast 4 and ene factor is 3 we have
E-f<d  'ma 43,
{m+ In)4' !,
Consequently,
F2 3% - (2" ' =24+ 1930 = (mo+ 3nt= !
Now, If incquality (4.5) holds, then £2 (k134" as required, Since A and B are urbitrary,

this compleres the prool of the |hoorem, J
For the case n = 0, we have (he following result,

Theorem 4.6, Let g = 1{mod 8) he g prime power and k g positive integer, 11

G2 [1+G3m W™ ") Ja + @k =357 ; (4.6)
Ih-::n{i'ﬂ'“ = (G (m.0.k),
Proof: Let A beanyv subset of m verices of 4+ Then there are at least k other verlices,

ench of which is adjacent (0 every vertex of A if and onl yil

I= E H{ I+ Bix —H}+ﬁ3|:};—'ﬂ'] b e T

MeFy  CagA
wEh

MNow using the niethod of prool of Thearem 4.3 logzether with Lemma 2.6, we get

£ (k — 114" when (4.6) holds. Hence, the resull, -



3. RESULTS 0N QUADRUPLE Parey DIGIRAPHS

Recall that for q = S(mod 8) a prime pawer we define the quadruple Paley
digraph D" a5 follows, The vertices of DY are the elements of the fnite fislfs F,.
Vertex u joins to vertex v by an are if and only il'u—v is 8 quadruple in Foithatisu—v=
v for some y Fy.

Cur first result in this section concerns guadruple Paley digraphs having property

k).

Theorem 5.1, Let g = (med §) be a prime power ind k2 posilive integer. If

g1 +(3n—4p"" ") ,ﬁ + {4k -3y tﬁ.ljl
then [ :I'” has praperty Qi k).
Proof: Let U be subsets of n vertees of DM, Then, there are at least k other vertices

ench of which dominates U if and only if

h= 30 T Blx = PRoc= )+ Blx—w)) 2 ke,
wily, el

el
To show that h 2 k4", it is clearly sulficient to estublish that b = (k= 14"
Let

g= 3 [THE+pee=uy+ pix —u)+ Bl - )l

‘fﬁ| gl
Then, by Lemma 2.6, we have
g2a=[1 4 Gn-ap" 1]y

Consider

E!.—h:Z I"-‘I{] 3 Ji'{"""_“]"'ﬁgf}'-—ll}‘-'ﬂ-q{x—ujj-,
[

xcid

g —h+ 0, then for some vy, the product
TTEL+ By — ) + Bai - ) + B0 — w)} = 0. (5.2)
=l

For (3.2) to hold we must have Pl —w) + !f{ui_— Ug) '+ f}-"{uﬁ.~ ud 2=l forall i This



resms that for | = k, Blug— u) + ﬂziu;: —u)+ ﬂl'fuk - ui}=3. Henee vy dominates all ather
vertices in U Therefore uy is unigue and g—h=4""' Then, since £ — hcould be 0 we
conciude that g — h= 4"~ and 50
hzg—q47!
2q-[1+3n—4pd" 1] fg -4t
Now, 1f inequality (5.1) holds, then h > (& - 147 as required,  As 1 is arbitrary, this
completes the proof, A

For the property Qm,n k), we have the following result,

Theorem 5.2, Lel q = 5(mod 8) bea prime power and k o positive integer. 1

Q> (27 =24 137 g+ (1 + bk - 43, (5.3)
then D" has property Q(m.nk) for all m, n with t=m + 5.
Proof: Let Uand V be disjoine sibsets of vertices of BYY with | U | = mand |V | =

Phen, thare are at least k vertices, each of which s dominnles every vertex of U but is

deminated by every vertex oV if and vnly if

i “3_" n[I+|l]-[:n.;-u]=.-|5"|fn-u}~[.'I"[r:-Lljjn{.'l--ﬁfr-.-\-'}-l.'u!{x-w-[i"'{:-.-'uJJ

ety " N
> (k= 14" ,
Lt
8= 2 TTHE+Aoe=u) 1 Bt Boc= o) [TT48 - Bix—v) - B(x=vi— Px=v)).

Using Lemma 2.5 we have
B2 3% — (@' -2+ 13y,
Consider

g=h= % ]‘]{a uﬁ{x_.1;+;53{.-;_u:|+1s-‘.[.u_u;;]'1{3 Blx—=vi- Px=vi—px—wn
s’

e LAY el
Since, in each product, each fctor Is 4l most 4 and one factor 15 1, 50 each of these terms
is at most 47 we have

g-h=zw'=l

a8



Consequently,

he g -2 -2 13t fg —t !,
Now, If inequality (5.3) holds. thén h > (k - 174" as required, Since U and V are arbitrary,
this completes the prool of the theorem, d

. SOME OreEN PROELEMS

We conclude this report by highlighting same problems that have not yet been
resolved. Almost all of our work in this report has been related o Paley constructions, [t
would be interesting to find olher classes of graphs and digraphs with the properties
Pimn k) and Q(n k), respectively

I this report, cuble and quadrople residues plaved an important role in
constructing graphs and digraphs with prescribed propertics. |n general, we can choose

and d such that q 15 a prime power and
g -1
d > 1 oded or T Bven, (5.1}
Detine the “generalized” Paley graph G as [ollows. The vertices of Gi' are
the elements of the finite fields Fy. Two vertices a and b are adjacent iCand only if4=b =
- 1 i - L "'1 v
y! [or some y e Fa. Since q 58 prime power and d > 1 is odd or 1d—~ is even, =| =yf

for some y & Fy. Consequently, G5 s well-detined,

We conjecture that for any m, 1 and k, all sufficiently large “gencralized” Paley

graphs satisty property P(m,n k),
For q a prime power and
i = | even and El::'l---i odd, (5.2}

we deline the Paley digraphs Dfl'”' as follows. The verlices uE'T}fld:' are the elemeants ol the

finite fields Fo. Vertex u joins to a verlex v by an arc if and only if u — v =" for some

a8



83.

f%] W. Ananchucn and L. Caceetty, A note on graphs with a Prescribed adjacency
property, The Bulletin of the Australian Mathematics Sovicty, 50 (1994), 5-15.

19] A, Blass, G, Exoo and F. Harary, Paley graphs satisfy all first—order adjacency
axioms, J. Graph Theory 5 (1981 b, 435-439,

(1G] A Blass and F. Harury, Properties of almost all graphs and complexes, J, graph
Iheory 3 (1979), 225-240,

[11] B. Bellohis, Random Graphy. Academic Press. | ondon {1985),

[12] LA, Bondy and US.R Murty, Graph Theory with Applications, The MuaeMillan
Press, London (1976),

[13] L. Caccerta, P. I'ndts and K. Vijayan, A property of random graphs, ARS
Combinatoria 19A (1985), 287294,

[14] L. Caccotin und K, Vijayan, On minimal graphs with preseribed adjacency
property, ARS Combinatoria 214 (1986), 21=20.

[15] . Exoo, On an adjseency property of graphs, J. Graph Theory 5 (19813, 371-
3TH.

[16] G Exoo and F. Harary, The smallest graphs with eertain adjaceney properties,
Discrele math, 29 (1980), 25-32,

U7 G. Exooand F. Harury, The smallesi graphs with certain adjacency properties,
Discrete Math. 29 (1980, 25.-32,

[18] R.L. Graham and ).H. Spencer, A constructive solution to & lournament problem,

Canad. Math. Bull, 14019713, pp. 45-48,

[19] K. Heinrich, Graphs determined Iy an adjaceney property, J. Combinatorial
Mathematies and Combinatorial Computing 7 (1990), 3-9,

[20] R Lidi and M, MNiederreiter: Finite Fields, Addison-Wesley, London {1983},

[21] W.M. Schmidt, Fquations over Finite Fields, An Elementary Approach. |ecture
MNotes in Mathematics, Vol 536, Springer—Verlag, Berlin (19746),

ar



8. OuTrL

TIHDATEINEN 10 TR Ingan13 "ﬂ-':']ﬂllnﬁnﬂﬂﬁﬁﬂ'Iﬁ’rJ‘rtTEI-FlﬂE’;ﬂ«!ﬁLlﬁmmJﬁﬁﬁ“l‘ltﬁ“
i nndeudaainsdmammaiened 2 unnts Tamwaituumanuifesd)
A IAn T T Frnagaue T 1 unaTw wngunA Rt U s T cuAT R
frumnT immaEn 1 unaufin

LW, Ananchuen, On the adjacercy properties of penevalleed Paley grapls, The
Australasian Joumal of Combinatories, (In press).

2. W. Ananchuen, A note on construciing digraphs with presevibed praperties,

{Rubsmied )

. a4 4 o
HANBINA Prof. Dr. Lovis Ceceerta 'lﬁ'uu:-.n'lﬁj1[nﬂumn1mnmrmm 2 8 "Chuedruple Paley

digraphs with prescribed properties” (il “A e an constucting digraphy with prescribed properties”



Eal



