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(iii) The support of p, is in [—€n,€n], €, > 0, and lim &, = Q.
T O
Definition 2.2 If f € L'(R), the functiou f * p, are called regularization of f.
The relation between f and its regularizations is shown in next theorem.

Theorem 2.3 Let f be a function in L'(R). For £ > 0 there exists g, in D{R) such that
ﬂf“gslll <e.

Theorem 2.4 If f € L}(R) and p,, is a regularizing sequence, then lim | f — f = pn|l; = 0.
Tt O]

Since S(R) is in L'(R), we know that the convolution of two functions in S(R) is in L1(R).

However, theorem 2.5 gives a better result.

Theorem 2.5 If f and g are in S(R), then the folowing hold:
(i) f*gin in S(R).
(ii) The convolution is a continucus operator from S(R) x S{R) to S(R).
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Convolution of Distribution

In the first section we disscussed the convolution of functions. There we are saw that it is not
always possible to take the convolution of two functions; it is the same for distributions. We will study
the convolution of distributions and its basic praperties for the more important cases.

1. The convolution of a distribution and a C*° function

When f and g are in L!(R), the convolution f # g = f;, f(x — ¢)g(¢)dt is well-defined and f » g € L* ().
Now consider f * g as a distribution. For ¢ € D(%) we have

<fra0>= [ ([ 1@-n90)at) pioris

= [ ([ @ -tiet)it) a(oyaz (L1)

=L(Lﬂww#@W)ﬂ@ﬁ (12)

From this is appears that one should study the quatities f, ¥ and g, * when f and g are distributions.

Prosposition 1.1  Suppose that ¢ € C®(R) and T' € T'(R) satisfy one of the folluing three conditions:
(i) v e D(R) and T € D'(R).
(i) peSM) end T € S'(R).
(iif) @ € C°°(R) and I" € C'(R)
Then the function ¢ define by
Yz} =< T, > (1.3)

is infitely differentiable, and

P (@) =< 7, T, 0™ > for k=1,2,... (1.4)

Proof.

(i) When ¢ € D(R), the expression < 7.7, ¢ > makes sense for all z € R. We wish to show that the
function ¢(z) =< 7T,y > is differentiable. Thus let k., be a sequence of nonzero reals that tends to 0
as . — oo. Define

() = 50U + 2+ ha) = oy + 2]

then
Z[¥(e + hn) - 9(2)] =< T, >

Now, lim an(y) = 7_;¢'(y). To prove that  is differentiable it is sufficient to show that a;, converges
to 7_.¢" in D(R).
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We consider the support of the an,. If supp(p) C [-M, M] and |h,| £ 1, then suppC [-x — M —
1, -z + M + 1], which is a fixed compact interval K. The following inequality, which is based on the

mean. value theorem, show that &, and of all its derivatives converges uniformly on K: For each ¢ € IV,

ladB (y) — 9 (@ + )| = [T (@ + y + 6nh,) — O (z + 1)
< 0" D loe, 0 < by < 1.

This prove that ¢ is differentiable and that
W(z) =< T, T—a’ >=<7,T, ¢ >.

Similary, one proves that ¢ € C*°(R) and that equation (1.4) holds for & > 1.
(it) If p € S(R) and T € S'(R), then < 7.7, ¢ > makes sense. To show that 1 is differentiable it is
sufficient to verify that an converges to 7_z;’ in S(R). As in (i), the mean value theorem leads to the

inequality

|57 (an — 729 YD ()] < |hallyPP TP (@ + ¥ + pubin)]

_ Fon [l [P
1+ |z +y+ onhal?

(1+le+y+ pnhnlp)ﬂo(g+2) (z+y+ pahn)]
where 0 < p, < 1. Consequently,

suply? (an — T YD (y)] € Clhn| (Ilw(“”’llm + sup|tPpl1+?) (t)f)
yER tER

for some constant C. Since ¢ is in S(R), we see that o, converges in S(R) to 7_,¢" as n — oo. That
t € C°(R) and (1.4) are proved similaly.

(iii) Again, < 7,7, ¢ > makes sense because ¢ € C*°(R) and T € C'(R). To prove that ¢ is differ-
entiable it is sufficient to show that a&q} converges to (T_z¢' ) uniformly on all compact subsets of R.

This is done using inequalities similar to those used in the proofs of (1) and (ii}. |

Definition 1.2 Assume that ¢ € C°°(R) and T € C’(R) satisfy one of the conditions in Proposition 1.1.
The convolution of  and T is the function ¢ * T define by

wT(z) =<Ty,p(z —y) >. (1.5)
The "4” in this definition indicates the variable of "integration.” Written differently,
< Ty, p(z — y) >=< 7TV, o >,
which is the function we studied in Proposition 1.1. Thus we know the meaning of the convolutions

DD, 8§88, €«
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Proposition 1.3 (convolution S * 8’} Assume ¢ € S(R) and T € S(R). The convolution ¢ T and

all of its derivatives are slowly increasing C*° funclions.

P
Proof. By definition ¢ * 7 () =< Ty, p(z — y) >. By using a known result, we can write T = 3 f{™),
k=1
where the continuous slowly increasing functions fi satisfy | fi(x)| < Ce(1 + x2)™=. Then

r
pxT(z) = < ™ (y),p(z—y) >

k=1

=3 [ 5o —vpay
k=1

Z[ Felz —y)p™dy

and,

M'e

o+ T@I< 30k [ (1+ @ =9l Wiy
k=1
P 2Ny
<3220k [, 31eP 18 (e 1)

where 5i;(y) is a polynomail in y.

Since ¢ € S(R), ﬁk,-ga(""‘) is in S(R) and hence in L*{R). Thus |p*T(z)| is bounded by a polynomail
in z, which proves that it is slowly increasing.

One obtain similar estimates for the derivatives of y * T(x) by repeating the computation for
(p* T) W (z) =< Ty, ¥ (z — 9) >. o

We are now going state a few of the convolution’s essential properties. The convolution defined-
in Definition 1.2 is an operator that is continuous in each variable. The proof of this result , which we

assume, depends on the topologies of the three spaces involved.

Proposition 1.4 (continuity) The mapping (v, T) — @ * T defined under one of the hypotheses of

Proposition 1.1 is continuous with respect to each variable.

Proposition 1.5 (derivative) Ifp € C®(R) and T € D' (R) satisfy one of the hypotheses of Proposition
32.1.1, then ¢ «T € C(R) and

(0 * TR = o) T = :,a(k) «TH) =12 .. {1.6)
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Proof. From (1.4), the kth derivative of the function
H(z) =< Ty, ol —y) >=< 7T, 05 >
is
HO@) = (~1)F < 7_T®), (pg) >
=< 7 T®, (pa )4 >

=< Ty, ™z ~y) >
= (p(‘k) * T{x).

On the other hand,

0 x TEN gy = 7, T® o, >= (—1)F < T,(o)® (g — x) >
=< T, (z ~ g) >= ¥ « T(z). O

Proposition 1.6 (support) If ¢ € C®(R) and T € C'(R) then supp(p * T) C supp(w) + supp(T),

where ¥ + " denotes the algebraic sum of the two sets.

Proof. Since supp(T) is compact, supp(p) + supp(T’) is closed. Define 2 = R\ (supp(e) + supp(7T))-
For z € © and ¥ € supp(ip), (x —¥) & supp(T'), and hence < Ty, ¢(z — y} >= 0. This proves the required

inclusion. 0
Caorollary 1.7 If g € D(R) and T € C'(R) then the convolution ¢ * T has compact support.

The results of this section show that the convolution of a distribution and a C* function is
a smoothing operation. We will see in the next section, where we introduce the convolution of two
distributions, that D(R) is even dense in D'(R).

2 The convolution C’ * D’
The Expression {1.1) and (1.2) suggest a way to generalize the convolution to distributions. Given

two distributions S and T we write

<8+T, 0> =<8, <Tp,p(z+1t) >>
=< Ty, < Sg,o(x +u) >> .
We have seen that the function ¥(t) =< Ty, @(z+1) > is C*° when T € D'(R). Thus the expression

<S¢, ¥(t) > makes sense when S € C'{R). Similarly, the function a{u) =< Sz, ¢z +u) > is in D(R) by
Proposition 1.6, and the expression < T, a{u)} > makes sense for all " € D'(R). It is not clear, however,
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that < S, 9¥(t) >=< T, a(u) >, as is the case for functions. This is, in fact, true ; we state without

proof the next result.

Theorem 2.1 (C'+T’) Assume S € C'(R) and T & D'(R).
(i) There exists a distribution calle the convolution of § and T and denoted by S « T such that for
all o € D(R), '
<SxT,p>=< 5, < Ty, o(x +1) >>=< Ty, < Sz, p(z +u) >>. {1.7)
(ii) The maping (5,T) — S+ T from C'(R) x D'{R) to D'(R) is continuous with respect to each
variable.
Formular (1.7) is important because it allows us to develop a calculus for the convolution. The

convolution is a commutative operation; we next consider its other important properties.

Proposition 2.2 (Dirac distributions) Zake T € D/({R).
(i) Then
Oa# T =T+ =7,T, (1.8)

and in particular, § acts like a unit element for convelution.
(ii)
EF) kT =T 60 =T®  E=12 . (1.9)

Proof. One needs to be careful not to confuse the index g in §, with the "dummy variables” » and z in

(1.7}. Both results follow from simple computations. To prove (i) we have

<O *x T p > =< Ty, < ba,p(z + u) >>=< Ty, (e + u) >

=< T, Topip >=< T, T, ¢ > .
For the proof of (ii) we have

<R+ Ty 0 > =< Ty, < 6, o(x + 1) >>= (1% < Ty, o™ (1) >
=< TH >, 0

Proposition 2.3(derivatives) IfS e C'(R) and T € D'(RN), then

(S+TYR —g® T = 5xTH k=12, .. (1.10)

Proof. For ¢ € D(R),

< (5 T)®, 0 > = (=1)* < §» Tyvarphi® >= (1) < 8¢, < To, o*(z +1) >>
=< 5, < T, plz + 1) >>=< §+TW p >
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Similarly, {S *T)(k) = S 4. .

Remark 2.4 IfT € C'/(R), one can find & primitive of T* by writing T * I/ where U is the Heaviside
distribution. Indeed, from (1.10) we see that (T*UY =TxU"' =T+xb="T.

Proposition 2.5 (support of a convolution) |
(i) Assume S € C'(R) and T € D'(R). If supp(S) = A and supp(T) = B, thensupp(S+T) C A+ B.
(i) IfS and T are in C'(R), then 8+ T € C'(R).

Proof.

(i) Since A is compact, A+ B is closed. Let £2 = R\ (A + B) and take @ € D{R) with supp(p) C .
We will show that < S+ T, >= 0. We have < SxT,p >=< T, < S;,9(z 4+ ) >> and plu} =<
Sy, 0(x + u) >= 8 % p,(—u). Thus we wish to show that supp{y) N B = ¢.

If u € supp(p) N B, then —u € supp(S) (recall that by Proposition 1.6 supp(S * ¢») C suppy, +
suppS}. This means that —u = y + = with —y € supp(y) and z € supp(5). But then —y = v -+ = with
v € B, ze A, and hence

supp(p) N (A + B) # ¢,

which is a contradiction, since supp{y¢) C 2 =R\ (4 + B).
(ii} If S and T are in C'(R), then A + B is compact. O

Proposition 2.6 (density of D(R) in D'(R))
If T € D'(R), then there exists o reqularizing sequence 8,, € D(R) such that 8, converges to T in D'(R).

Proof. Choose the usual regularizing sequence p,, . We know that p,, tends to é in D'(R). Let &, = o xT.
By Theorem 2.1 (ii}, ¢, converges to T in D’/(R). This proves that C*°(R) is dense in D'(R). To prove
that D(R) is dense in D'(R), we must show that the functions a,, can be chosen with compact support.
We fix this by multiplying o, by a function 8, € D(R) such that 8,(z) = 1 for |z| < n and F,(z} =0
otherwise. Then 8, = o3, € D(R), and it converges to T in D'(R). O

3. The convolution ' « &’

The convolution C'+8” is a particular cast of the convolution C/*P’. But in this case the distribution
that one obtains is tempered.

Referring to (1.7) we see that the functionsy(t} =< 7%, @(z +¢) > and a{u) =< Sz, ¢(z +u) >
and well-defined when ¢ € S(R), T € S'(R), and § € §(N) (Proposition 1.1). We establish a preliminary

result.

Proposition 3.1 If S € C'(R), the mapping ¢ — a defined by a(u) =< 5z, p(x + u) > 18 continuous
from S(R) te S(R).
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P
Proof. We use the theorem about the structure of elements in C’/(R) . Thus we write § = fj(nf ) ,

i=1
where the f; are continuous with support in some compact set K. Then

P r
alu) =Y < [N @), plz +u) >= Y (-1)™ / £y (@ + w)da,
J=1 J=1 K

and it is not difficult to verify that o € S(R).
To prove continuity, we assume that ¢, — 0 in S{R) and show that the corresponding sequence
o, converges to 0 in S(R). It is clear that we can differentiate under the integral sign, and consequently

ol (u)| < 3 f £ @™o+ (2 + w)ldz
j=t K

p

o A

< , S L MR mAf, 4 i 1e)

<3 @I+ e+ e+ e
K

P
<Cy_ (I]so,(f‘"*"’ [ +fg£itmso£“’+g’ (f)l)
=1

for some constant C'. This shows that ¢, — 0 in §(R) implies that «,, converges to 0 in S(R).
‘We use this results to prove the next one.

Proposition 3.2 If S € C'(R) end T € S(R), then the convolution S+ T is a tempered distribution.

Proof. We know that ST is a distribution. Let , be a sequence in D(R) that tends to 0 in S{R). Then
< S*T,pp >=< Ty, < Sy, on(x+ 1) >>, and by Proposition 3.1 the sequence ay,(u) =< Sz, p(z +u) >
is in S{R) and converges to 0. Hence lim < T, @, >= 0. The result follows from Proposition 1.3.

n—oo

The next step is to examine continuity.

Proposition 3.3

(i) ZLet S, be a sequence in C'(R) that converges te 0 in C'(R); that is, < Sn,¢¢ >— 0 for all
@€ C®(R). Then 5, «*T — 0 in S'(R), and hence in D'(R), for all T € S'(RN).

(ii) Let T, be a sequence in S'(R) that converges to 0 in S'. Then for all S € C'(R), S+«T, - 0 in
S'(R), and hence in D'(N).

Proof.
(i) By Proposition 1.1, the function ¥(t) =< Ty, p(z +t) > is in C°°(R} for all ¢ is S(R). Thus
<8, T, ¢ >=< 8., >0 as n— oo.

(ii}) Similarly, a(u) =< S, w(z + ) > is in S(R) for all ¢ is S(R) {(Proposition 3.1). Hence nl_x_‘néo <
Sx Ty, >= 1ing°<Tn,<p>:O. 0
2—t
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It is necessary to pay attention to the various notions of convergence. Here is a simple example;
frnxl=1

for all n, and &, converges to 0 in T'(R). In this case the result of Proposition 3.3 is not true. This is

because d,, does not converge in C’'(R).

Proposition 3.4

(i) Let S, be a sequence in C'(R) that converges to 0 in D'(R). Assume that there ezists o compact
set K such that supp(Sn) C K for alin. Then S, *T — 0 in D'(R) for all T € S'(R).

(ii) Let T, a sequence in S'(R) that converges to 0 in D'(R). Then for all S € C'(RN), S*T, — 0 in

D'(R).

Proof.

(iy Take ¢ € D(R). The function ¥(t) =< Ty, p(z +t) > is in C(R). Since supp(S,) < K,
< Sn, ¢ >=< S,, 81 >, where 8 is a function in D(R) such that 8(z) = 1 for z € K. Then 8¢ is in D(R)
and < S, 0¢ >— 0.

(ii) If ¢ € D(R), then the function a(u) =< Sz, ¢(x +u) > is in D(RN), and hence < T, @ >— 0.

4 The convolution ’.Df,_ * DY

We have studied the convolution of two distribetions where at least one of them has compact
support. Without this condition on the support, the convolution is not generally defined. However, as is
the case for functions, the convolution is defined when both distributions are in 7 (or D.).

We begine with a preliminary result about D, .

Proposition 4.1 Suppose thet T € T, and p € C°(R) and that supp(T) C {a, +0oc) and supp(y) C
(—o0,b]. Then < T ¢ >, defined by
<T,p>=<T,6p >, (1.11)

where 8 is a function in D(R) egual to 1 on an interval [— M, M| containing a and b in its interior, is
well-defined.

Proof. 8¢ € D(R), so < T, 8y > makes sense. We must show that the definition of < T, > does not
depend on the choice of 8. Let #; be ancther function in D{R) equal to 1 on [—M;, M;] containing a and
b. Then (# — ;)@ vanishes on [—m, +oo), where m = min{M, #;}. Since supp(7’} C [a,+0o0)}, we have
supp{7") Nsupp({(f — 1)) =¢ and < T,(0 — &) >= 0. O

To define the convolution, it is necessary to give meaning to the expressions < S, < T3, p(z+t) >>

and < Ty, < Sz, p{x +u) >> for S and T in D!, and ¢ in D(R).
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Proposition 4.2 Suppose that T € D) and ¢ € C®(R) and that supp(T) C [a, +00) and supp(yp) C
(—o0,b]. Then ¥(t) =< Ty, ¢{x +1t) > is defined of allt € R, supp(¥)} C (—o0,b— a}, and ¥ € C=(R).

Proof. The function 7—s is in C°*(R) with supp(r-:) C (—00,b—] for all t € R. Thus by Proposition
41, < Ty, p(z +1) > is well-defined.

Now, 9(t) = 0 if supp(r_¢p) N supp(7T’) = ¢, which is the case when & — t < a. Hence, supp(y) C
(—o0,b— e]. That ¢ € C°° is a consequence of {1.11) and Proposition 1.1(i). O

These preliminary results lead to the next theorem, which we state without proof.

Theorem 4.3(the convolution D *D) Suppose that § and T are in D', .
(i) There exists o distribution colled the convolution of S and T' and denoted by S * T such thai for

ell ¢ € D(R),
<8xT,p>=< 85, <Th,p{x+t) >>=< Ty, < Sp,0(x +u) >>. (1.12)
() (S+T)® =5® +T=9xT®), £=1,2,3, ..
(iii) The mapping (5,T) — ST of D, x DY into T’ is continuous with respect to each variable. (The
convergence of S, to 0 in D', means that S, — 0 in D'(R} and thet there exists a ¢ such that for alln,
supp(Sn) C ¢, +o0).)

Proposition 4.4 (support of SxT) IfS and T € D/ with supp(5) C [e1,+cc) and supp(T) C
[ag, +o0), then
supp(8 * T) C [ay + a2, +00),

and hence S T is in D, .
Proof. Take ¢ € D(R) with supp(e) C {—o0,a1 + az). The support of ¢t} =< T, p(x +¢) > is in

{—o0,a1) by Proposition 4.2. Thus
supp(¥) Nsupp(S} = ¢

and < §* T, >= 0, which proves that supp(S +T) C [ay + ag, 00). O

Remark 4.5 As in Section 2, we can obtain a primitive of T in D/, by taking the convolution of T with
the Heaviside distribution U. Since U € D/, , the primitive of T" is in T, .

5. The associativity of convoelution

We have defined the convolution of two distribtions and seen that it is a commutative operation. If we

wish to convolve three or more distributions, we run into two problems: existence and associativity. Here
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is a classic exarnple: We wish to compute 1 * 6 * ». From Proposition 2.3,
1+6 =1 *8§=0
Thus (1 * §) *+ & makes sense and is equal to 0. On the other hand, by Proposition 2.2,
Fru==06+xu'=6x86=46;
hence 1 (6’ * u) make sense and is equal to . This shows that the convolution product is not associative

in general. Nevertheless, convolution is associative in several cases.

Proposition 5.1 The convolution of n distributions of which at least n — 1 have compact support is

associative and commutative.

Proof. The proof is based directly on the definitions. We take S and T in C'{R) and U in D'(R); we
show, for example, that (S*T)xU = S=(T«U). First, these convolutions make sense, since ST € C'(R)
(Proposition 32.2.5(ii)) and (S * T)* L is an €’ * D’ convolution. Similarly, 7+ U is as ¢’ * D’ convolution,
so T+U € D’; and S » (T x U) 1s another C' * D’ convolution. Take ¢ € D(R). From equation (1.7},

<(S«T)xU,p >=< (S % T, < Uz, oz + 1) >>
Now, p(t) =< U,,w(ex+t) > is in C*, and §+ T € C'(R) then

<S*xT p>=<8,<Tu,plut+z) >>
=< 85, < Tu, < Upyp(z+u+2)>>>
=<8, <{T*xU), et +2) >>
=< S« (T*xU),p >,

from which we see that (S*T)* U = 8« (T« U). a
The spaceC’(R) endowed with the convolution operation is a convolution algebra, since T, § € C'(R)

implies that T % S € C’(R). This algebra is commutative and associative, and it contains a unit element,

delta. DY (R) is another important convolution algebra.
Proposition 5.2 The convolution in D/ (R) is assosicative.

The proof is similar to that of Proposition 32.5.1, and § is also a unit element for this algebra.
Since these two distribution algebras have unit elements, it is natural to ask whether a distribution

S in C'(R) or T’ (RN) has an inverse; that is, is there a T' such that

ST =4
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This question is important for solving differential equations with constant coefficients. With this in mind,

we introduce the differential operator
r
P= 3 anD™),

m=0
where a,m, € C' and D" denotes the mth derivative. Given U € D'(R), we wish to find a T € D'(R)
such that ’
P(T) =U. (1.13)

We saw in Proposition 2.2(ii) that T®*) < §) « T and hence we can write (1.13) as

P
> amb™ =T =U. (1.14)
m={

A distribution F is said to be an elementary solution of (1.14) if

P
(Zamé(’“)) xFE=4§

m=0

b
This means that F is the inverse of 8 = 3 a,8™). If we have associativity, then knowing E yields all
m=0
the solutions of (1.13), since

S+ExU=(SxE)sU=§86xU=0,
and hence 7 = E x UU. Furthermore, this solution is unique: If 7 and T; satisfy (1.13), then we have
S« =8=xTy =U
By taking the convolution with £ this becomes, thﬁ.nks to associativity,

(Ex8)«Ty = (E*x8)* Ty,

and since E x § = §, we are left with
=1
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Kananthal [2, Theorem 3.1] has proved that the convolution solution
u(x) = (—1)"Sx(x) * Rax(x) is the elementary solution of (1.1} where Sy (x) and
Ryt (x) are defined by (2.2) and (2.4), respectively with « = 2k, Now u(x) is
called the diamond kernel of Marcel Riesz and defines such a kernel by

Ta(x) = (=1)"82u(x) % Ra(x), m=0,1,2,... . (1.3)

In this work we study the existence of 7,,(x) * 7,,(x} and moreover the mverse
7T+~ of T,,(x) in the convolution algebra «’ is also considered.

2. Preliminaries

Definition 2.1. Let £(x) be a function defined by

|x|2-n

(2 —n)w,’

where x = (xl:rxlr e vxu) S R”a ,x| = (x% +X§ R +x2)l}2 and w, = (27‘('?/2)/
(I'(r/2)) is a surface area of the unit sphere.

E(x) = (2.1)

It is well known that E(x) is an eclementary solution of the Laplace
operator 4, that AE(x) = & where 4 =37 8*/dx? and é is the Dirac-delta
distribution.

Definition 2.2. Let S,(x) be a function defined by

W gl

S — oy |xl
Sox) = 272 r (155 , 2.2
where 2 15 a complex parameter, |x| = (x{ +x3 + - - + &7 )”“ X = {x;,X2,....

x,) € R 8,(x) 1s called the clliptic kernet of Mdl(.C| Ricsz. Now S,{x) 18 an
ordinary lunction for Re{a) = » and is a distribution of o for Re(«) < ».

From (2.1) and (2.2) we obtain
E(x) = —5(v) (2.3)
and 1t can be showun that
\E(x) k LX) %k (X)) = (— 1) 5w (x)

S
-1imes

is the elementary solution of the operator 4% iterated k-times that is
A (=1 8, (x) = 8. see [3].

Definition 2.3, Let v = {x), a0, ... v,,) be a point of R and write
> 2 2 2 __
V=xidag b, = Vs m o X phg =
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ry={x€R":x;,>0and V¥ > 0} designates the interior of the forward cone
and denotes T, by its closure and the following function introduced by Nozaki
[4, p. 72] that

pyla-mi2/g (o) ifxely
— " ’ 24
Ra(x) {0 if x &y . (24)

Here, R,(x) is called the ultra-hyperbolic kernel of Marcel Riesz and « is a
complex parameter and n is the dimension of the space R”.
The constant K, () is defined by

a" DR 4- o — ) /20 ((1 — 2)/2) (=)
M2+ o —p)/2)({p — 2}/2) '

Now R,{x) is an ordinary function if Re{a) = »n and is a distribution of « if
Re(o) < n.

K, (o) =

Let supp R,(x) C T, where supp R,(x) denotes the support of &,(x).

Lemma 2.1. The fimctions S;(n) and R, (x) defined by (2.2} and (2.4) respectively,
Jor Re(2) < i are Homogencous distribution of order o — i and also a tempered
distribution.

Proof. Since R,(xv] and S,(x} satisfy the Euler equation, that 1s

H "‘} 1" "3
(z — )R, (v) = ;.\',é;lS‘x(.r) and (2 — n)S.(x) = ;.\}-é%;!?,(.\')‘

we have R, (x) and S,(v) are homogencous distributicns of order » — n and

Donoghue {1, pp. 154-155] has proved thuat exery homogeneous distribution is
a tempered distribution. That completes the prool. O

Lenmuma 2.2 (The convolution of tempered distnbutions). The convalition
S,(x) = R, (x) exists and s « tempered disteibution.

Proof. Choose supp R,(x) = K C I'. where K is a compact set. Then R, {x) is a
tempered distribution with compact support and by Donoghue [1. pp. 156-
159]. S, {x) = R, (x) exists and 1s a tempered distrtbution. OO

Lemma 2.3, Given the equation Oul(x) = o where OV is the aperator defined hy
(1.2) v = (vyova .o, v,y & RYDN iy a nonnesative infeger and O s the Divece-delg
clistiiborion, Then () == (-] )A.‘)'M (v) & Rec(y) s the vwnigue elemeniarvy solution
af the cquation where 8,(8) and R (v} are defined be A2.2) and (2.4}, respectively
with z == 2k Moreover wlxy i a tempered distribution,
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Proof. See [3, Theorem 3.1] and by Lemma 2.2, u(x) = (— 1) 5% (x) * Ry (x) is a
tempered distribution. [

Lemma 2.4 (The convolutions of R,(x} and S(x)). Let S,(x) and R.(x) be de-

fined by (2.2) and (2.4) respectively, then we obtain the following formulas:

1. Se(x) * Sp(x) = Spep(x), where a and B are complex parameters.

2. Ry(x) * Rp(x) = Roup(x), for o and B are both integers and except only the case
both o and B are odd integers.

Proof. Proof of first formula, see [1, p. 158].

Proof of second formula, for the case » and f are both even integers, see [3]
and for the case « is odd and f is even or « is even and f is odd, we know from
Trione [5] that

Dkka(l’) = Ra_gk(x) (25)
and
Ry =6, k=0,1,2,... (2.6)

where O is and ultra-hyperbolic operator iterated k-times (k= 0,1,2,...)
defined by

" r a?. A} al k
O = (g"a"f* Zaﬁ) .

Fepel

Now let 112 be an odd integer, we have

I:l‘-Rm (X) == Rm-—?k (I)

and
ij\‘ ('\-) * Bk Rm(x) = R?A‘ (:‘} * Rm—_".( (IJ
Qr
(GkRzk (X)) * Rm(x) = ng()f) * R,,,..j,{r(_‘().
O * R,,,(x) = Ru—(l‘) * R, (\} by (2.6).
Qr

RW(X) = R?J- (.]:) * Rru—gk(x)'
Since #11 is odd, hence m — 2k 1s odd and 24 15 a positive cven. Putl z = 24,
fi = m — 2& we obtain

R—Z(,\') #* [eﬁ(.\') B Rz-‘. '{,'(X)

for x is & nonnegative cven and f1s odd.
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For the case « is a negative even and # is odd, by (2.5) we have
[FRy(x) = R (x) or O = Ry (x)
where Ry(x} = 4. Now
R_oe(x) % O R, (x) = R_p(x) * Rae(x) for mis odd,
or

(OF8) * O R, (x) = R_a(x) * R (x),
o * Dzi—Rm(x) = R_QA-(X) * Rnh—ﬂ; (-1.)1

Rm—l(ﬂ‘](x) = szk (I) * Rm;?_k(x)‘

Put o = —2k and 8 = m — 2k, now « is a negative even and f1s odd. Then we
obtain

R,,(I) * Rﬁ(x) = Rw},ﬁ(X).

That completes the proofs. [

3. Main results
Theorem 3.1, Let T,.(x) the dicmond kernel of Marcel Rivsz defined by (1.3), then
T, is « tempered distribution and can be expressed by

T:.”(X) = T;,,_,—(.\') * T:'(X)a

where 1 is a nonnegaltive integer ond v < m, Muaorcover ifweput C=m—vr. n=r
we obtain

Telx) =+ Ty = T, () for {4+ 0= m.

Proof, Since 7,, = (—1)"S5,,(x) # R, (x), (m=0.1,2... ), by Lemma 2.2 7, is a
tempered distribution. Now by Lemma 2.3, $"7, = 0. then $O™7 T, =
d for m > rand by Lemuma 2.3 again, we obtain $" 77, = (—1) Syr(x) % Rs, ().
Convolving both sides by (=117 Sy, (X)) # Rapwen (1), we obtain
[{ - i )m_rsll’m '."l{-\-) * Rz(m—r‘}('\')} #* <>HJ o Tm
= [(— I )mnrslm-lr(—r) * R3m -3"('\'}] * [{ — | )’.Slr(-\') ¥ Rl’r'(-'\')] (3 ] )

ar

S 1) S ) Ra ()] % T
== ( -1 )’”[\S‘:m Zr'(-\‘)’ # ‘Slzf'(‘-r) w0 "’(:‘m 2.“('\‘) * ‘R:J(\))
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since 8, (x) and Ra.(x) are tempered distributions and are the elements of the
space of convolution algebra, &’
By Lemmas 2.3 and 2.4 we obtain

O Tn(x) = (—1)"Sm(x) * Ry (x),
T(x) = (=1)"Sa(x) * Ry (x).

From (3.1) we have T,(x) = 7, {x} * T,(x}, put ¢ =m —r, n =r, it follows
that |

Te(x) * Tp(x) = Tpqn(x) = Flx)

as required. [J

Theorem 3.2. Let T,,(x) be defined by (1.3) then T, is an element of the space o' of
convolution algebra and there exist an inverse 77" of T,, such that

Tm(x) * T:_l = T;;Fl * Tﬂ!(x) = 9.

Proof. Since T, (x) == (—=1)"S,,,(x) * Ra,, (x) is a tempered distribution by Lemma
2.2. Now the supports of $3,(x) and R,,{(x) are compact. Then they are the
elements of the space of convolution algebra «~” of distribution. By Zemanian
[6, Theorem 6.2.1, p. 151] there exist a unique inverse 7~ such that

T« TV =Tty 7 (x) = 0.

m nr

That complctes the proof. O
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The convolution product of the distributional families related to the Diamond operator
1. Introduction
A. Kananthai [4} has first introduce the Diamond operator {* iterated k-times which is defined

P 62 2 P+q 62 2 *
OF = (2&3) - ( 3 @) (1.1)

i=1 J=p+1 T F

by

where p+ ¢ = n is the dimension of the n-dimentional Buclidean space R" and k is a nonegative integer.

Actually (1.1) can be rewrite in the following form
OF = Okak = AFDH (1.2)

where the operator [1¥ and A* are defined by

k
32 62 32 52 82 52
ko -~ ~ - = -
o= (ax% R ™l T B S axg+q) (1:3)
and,
52 82 82 \*
k.~ - [
LF = (69:"1’ + 52 + .+ ax§+q) (1.4)

In this paper, the family K g is defined by K, g(z) = R * Rff where R’ is the elliptic kernal defined
by (2.1) and Rg is the hyperbolic kernal defined by (2.4) and the symbol * denotes the convelution
and z € R™. In this paper, we study the convolution K4 p * A, 5 where o, 8, o and §° are complex

parameters.

2. Preliminaries

Definition 2.1 Let the function R (z) be defined by

Re(z) = (21)

iz} = .
Wa(a)

where = = (z}, %2, ..., zn) € R", a is a complex parameter, n is the dimension of R" and |z| = (=3 + =3 +

-+ 22)} and W, {a) is defined by the formula Wy(a) = %—} The function R (=} is precisely the

definition of elliptic kernal of Marcel Rieze [2] and the following formula is valid
Re(x) * Rj(z) = RS 4(2) (22)

which hold for @ > 0,8 > 0 and o + [ < = see ([2], p.20)
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Definition 2.2 Let z = (1), 23, ...,z,) € R™ and write
2 2 2 2
u=u(:r,)=;r:";+:t:§+...+a:p—Ip+1 — Ty e — FpyPHg=mn (2.3)

Denote by 'y the interior of the forward cone defined by 'y = {zr € R" : 5; < 0 and u > 0} and T
denote it closure. Similarly, define I'. == {x € " : z; > 0 and © > 0} and T'_ denote it closure.

For any complex number «, define

x—Tr

u?  fzxel
RH(w) = { B0 * (2.4)
0, if 2 gy

where K, (&} is given by the formula

_ ap P(EES=2T(35%) (o)
Kn(/alpha) =11 1‘(—LZ 3“")??”;—“)

(2.5)

The function R¥ was introduced by Y. Nozaki {[3], p.72) R, (u), which is an ordinary function if
Re() > n, is a distribution of a. We shall call R¥ the Marcel Riesz's ultra-hyperbolic kernal. By
putting p =1 in {2.4) and {2.5) and using the Legendre's duplication formula of I'(z).

- 1
[(2z) = 22117 I(2)l(z + 3) (2.6)
see {|5], Vol 1. p.5) the formula (2.4) reduces to
wT ifzeT
My ={ P& + (2.7)
0, if 2y
where u = u(z) = 2% — z%2 ~ ... — 22 and
o — 2
Hala) = 2a-1n~f3r(-;—“)r(-‘f——;lf—) (2.8)

M, is called the hyperbolic kernel of Marcel Riesz {[2], p.31).

Lemma 2.1 The function R%(x) has the following properties
(i) RS = 8(z)
(i) RE 4 (@) = (~1)*AR5(a)
(1ii) AFRe(z) = (—1)%RS_, . (x), where AF is the Laplace operator iterated k-times defined by (1.3).

The proof Lemma is given by S.E Trione {5].

Lemma 2.2
n

(i) RY « Rff = ==% cor i RE, 5 where RE is defined by (2.4) and (2.5) with p is an even.

cos(2XAl ]

(i) RE « R = RE 5+ Tap forp ia an odd where



Top = Toplukxii,n)
Ho(-23%) _
= B 5)0(-8) Hare ~ Hard (2.9)
C(r) =T(r)T(1 - r)

Hf =H(u+i0n)= e*’fie*qf"a(g)(uii 0)="

n—-r r, 32 I -1
SO

a(Z) =T(

(ki)™ = lim (v + ie|zH)*
see([6], p-275)
u = u{z) is defined by (2.3) and |z] = {2 = 2% + ... + 22)%
In particular RY + R¥,, = RH ,, , RZ « RE, = RH

Proof see([1], p.121-123)

Lemma 2.3
{z) szk = O%§
(ii} DkRE? = Rf—zk
(i5i) O*RE = RY = & where O is defined by (1.2)

Proof see ([1], p.123)

3. The family of distribution K, z{z)

Let K, g{z} be a distributional family defined by
Kop(2) = RE * RY (2.10)

where the function B¢ and Rf are defined by (2.1) and (2.4) respectively. The right hand side of (2.10)
is well-defined and also a tempered distribution see ([4], Lemma 2.3, Lemma 2.4)

Lemma 3.1 The following formulas are valid
(1} Koo(z) = 6(x)
(it} K_zi,—2x(z) = (—1)*GRé(x)
(53) OM(Kap(r)) = (—1)* Ka—ak,g-2x(x)



(i) OF Ik k() = (~1)*6(x)

Proof {i)By (2.10), &y g(z) = R§ » RY. By Lemma 2.1(i) and Lemma 2.3(i), we obtain
I‘(o,ofz) =&*bd =24
(ii) We have
OF(Kap(2)) = OF(Ro * RY)
=*ARRE « RE)
= n*Re «O*RY
= (~1)*RE o = R op

= (~1)*Ka—ar,5-2:(x)
by Lemma 2.1(iii) and Lemma 2.3(ii). Putting o = 8 =0 and (i) we obtain
K _ak,-2x(2) = (=1)FOF6.

(iii) Similacly as (ii).
(iv) Putting o = 3 = 24 in (ili), we obtain

OF (K _ok,—ox(2)) = (—1)F Ko o(z) = (—1)%8(z)

4. Main results

Theorem Let the family K, g{z) and Ko g (x) be defined by (2.10) then the convolution product K g(a)«
Ko g can be obiained by the following formula
() Kop(z) * Kot p{x) = BggRf o * R, where RY and RE are defined by (2.4) and (2.1)
respectively which p is an even and Ba g = m:: (L;zj‘f;u .
(it} Kog(x)* Koo pla) = (Rppp + Ippe) # Royor if p is an odd and Ty g is defined by (2.9)

(iti) Ko p(x) * K g _ox(z) = (- ) O* K p()

Proof (i) we have

Koplz)* Ko g (z) = (RS » RE) (RS, + RYf)
= Royo # (RE +RY) by (2.2)
= Bp g R, 5 * Rose by Lemma?2.2(i)

cas fQ cos ' 1

for p ia even and Bp g = con BT
2



(ii) From (i},
Ko p(z) * Ko g () = (RY % RE) % RS 4 o
= (R, p + Top) * Ry .

by Lemma 2.2(ii) for p is odd and Tg,5 is defined by (2.9)
(iit) We have Ko p(z) * K_ax,—28(%) = Bp _oxRE o, * RL_,, for pis even.

: _ casAB cos(-2K)§
Since Bﬁ,-—2k = W = 1. Thus
Kop(z) * K_25,—2x(x) = Rg—% * RE _op = Ko—ok,g—26(x) = (—l)kokKa.ﬁ(x)
by Lemma 3.1(ili) Now for p is odd, we have
Ko,p() ¥ K_gx,~2x (%) = (Rf_g¢ + Tp,—2¢) x R§_os

by Lemma 2.2(ii) and we have
Tg,—2e = ———ZTIHO(:‘E%)[I‘I+ + Hg_ g
— c(FE)C(E) B—2k B—2k
where C(r) = I'(r)[(1 — r) and HZ = (F¥ipxalig(f)(a £ i0)"F and a(f) = D(25T)[2"IET(5)) L.
Applying the formula I'(z)['(1 — z) = Ly to C‘(—%), C(—-g—) and C(k) and also the formular Hg:_zk
and a(g-tg—z—k), we obtain
Tp,—2x =0 and T gxp =0

It follow that

Kap(x) * K _gx,—2x{z) = Rg—zk * RS oy

= Ky ok a—ar(x)

for p is odd. Thus by Lemma 3.1(iii) we obtain K, g(z) * K_gk,—a2x(z) = (—1)*O* K, 5(x) G
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ABSTRACT

In this paper, we introduce a distributional Kernel K, ., which is related to

the opertor @* iterated k-time and is defined by

P 4 p+g
82 82
kE__ _ —

J=p+1 "7

k

where p + ¢ = 7n is the dimension of the space C™ of n dimensional complex space, x =
(x1,22,...,2n) € C™ k is & nonnegative integer, o, 3, and v are complex parameters.
It is found that the existence of the convolution Ky g, * Ko g/, .+ depending on the

conditions of p and gq.
1. Introduction

The operator &* can be factorized in the form

2 k
P 52 2 Pte 52 » p+g P pta
k
gF = — | -1 3 = iy iy o
Sz 8x? 5‘:1:2
r=1 T j=p+1 "7 1 i= p+1 -—p+1

(1.1)

where p+q = n is the dimension of the space C™", i = +/—1 and k is a nonnegative integer.

2
The operator ( - a_xg' (Zf +g 1T ) is first introduced by A. Kananthai [1]

j

k
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and named the Diamond operator denoted by

&= - = 1.2
(r:l ax%) F=p+1 33:.? ( )

Let us denote the operator L, and Ly by

32 r+q

a7 Z (1.3)

—p+1

Ly =

P P+q

Lo _r_ 8:52 — 1 Z (1.4)

—p+1
Thus (1.1) can be written by
= QFLELE (1.5)

Now consider the convolution RB7 (u)* RE(v)* 55 (w) T, (2) where R (u), RE (v}, Sy(w)

and 7T, (z) are defined by (2.1), (2.2), (2.3) and (2.4) respectively.
We defined the distributional kernel K, g . by

Kopow = B (u) % R5(v) x Sy(w) x T, (2) (1.6

Since the functions RE (u), Rg(v}), Sy(w) and T, (2) are all tempered distributions see [1,
p30-31] and [6, p154-155] then the convolution on the right hand side of (1.6) exists and
also is a tempered distributions. Thus K, g . is well defined and also is a tempered
distribution.

For o = # = v = v = 2k, we obtain (—1)* Kok ox 25,2¢ 85 an elementary solution
of the operator @, see [2]. That is @*(—1)* Kok 2k 24 26(x) = § where § is the Dirac-
delta distribution and @* is defined by (1.5). In this work, we study the convolutions
Ko gy * Kar g o o we found that such a convolution depending on p and gq.

(i) If p is an even number and g can be either odd or even. We obtain

H
Ka’ﬁ,nr,y * Ka’,ﬁ’,'}f’,y’ = Ba,a’- atar ¥ RE‘H?' * S’Y"i‘”’}"’ * TV_'_VI

cos{ &X ) cos( o =)
cos(ﬂ)w

where By o =
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In particularly, if a = o' =2k (k=0,1,2,3,...) we obtain

—. DpH
Kok gy * Kok g v = Rk * Ry g % Sqy * Do

= K4k,!3+.6’,‘¥+'r’ v

(ii) If p is an odd and ¢ is either odd or even. We obtain

H
szsﬁr‘\hu * KZk,,B",‘y‘,u’ = (RC!-’-CEJ + Aa"‘&') * R,eé—i-ﬁ" * S’Y—{-‘)" * P

o o et . _
where Aa,aﬂ = ﬁgéj-%[ﬂ;}w - Ha+a']

C(r) = T(r)[(1 — r) and HF = H.(u+i0,n) = eFTr¥iet?®ig(I}(u+i0) 2"

and a(Z) = T(250)[2rn ¥ T(5)}

2. Preliminaries

Definition 2.1 Let z = (z1, Z2, ..., Tr) € R™ and write
=42yt T —ai ) —Teg— e — By, PHG=n (2.1}

Denote by 'y, = {z € R : z; > 0 and u > 0} the interrior of forward cone and I'.

denote its closure. For any complex number o, we define the function

R (z) = {

o= ¥l

T et
0, 1f$¢l"+

(2.2)

where the constant K,(a) is given by the formula

A0 N G i) G L )
D(2g=2)r(25%)

Ky{a)=

the function R is first introduced by Y. Nozaki [5, p72] and is called the ultra-
hyperbolic kernel of Marcel Riesz. Hence RZ () is an ordinary function if Re(a) > =

and is a distribution of « if Re(a) < n.

Definition 2.2 Let z = (z1,Z3,...,Z,) € R" and write v = 2% + zZ + ... + z2.
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For any complex number 3, define the function

—_n

R5(v) = ﬁUfTﬁ) (2.3)

where W, (8) = '”f (%,ﬁ_r(’f the function RZ(v) is called the elliptic kernel of Marcel Riesz
and is ordinary function if Re(8) > n and is a distribution of g if Re(8) < n.

Definition 2.3 Let * = (z1,22,...,2,) be a point of the space C™ of n dimensional

complex space. Write w = 2% + o3 + ... + ] ~ (x5, + 32,9 + ... + Tpyg) and
z=m%+az§+...+mﬁ+i(m§+1+m§+2+...+mp+q) , prg=n t=+-1

For any complex number v and v, define

Sy(w) = W (7) (2.4)
and e
T.(z) = Wn(b’) (2.5)

For rBevr(¥
where Wn(')’) = _r(z,.,—‘_;%—), Wn(V) == _F(_“—i—_T()z_)

Lemma 2.1 (The convolution product of R3(v))
The convolution RS x Ry, = Rg, 5 where Rg and Rp: are given by (2.2)

Proof See [3, p20].

Lemma 2.2 (The convolution product of R (z))

(i) RE x RE, = cos(c";:()_c;;gij) RZ .. where RY and RE are defined by (2.1)

with p is an even.

(1t} RE x R¥® = RZ_, + Ta o forp is an odd, where

_ 2ri C‘(ﬂ) _
Ta,cx’ —_-Ta,ae(u:tzﬂ,n) = 1 G(:E)é'(:zgi) Ha_l_al Ha—i—a]
2
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Cr)y=T({rIr1-r)

HE = H(z +140,n) = e*rgieiq%ia(g)(u +1i0) =

-~ T

a(%) =T("

(1% i0,n)* = lin%(u + ie,n)>
&—

)@ AT(5)

u=u(z) is defined by (2.1) and |z} = (x} + % + ... + 22)3 in particular R¥ x R, =
RE .. and RE « RE = R ,.. The proof of this Lemma is given by M. Aguirre Tellez
/4, p121-129).

' Lemma 2.3 {The convolutions product of S,(w) and T,(2))
(1) Sy % Sy = ()2 54y
(ii) T, * Ty = (—i)3Tyy where S, and T, are defined by (2.4) and (2.5)

respectively.

Proof (i) Now
< $y(0).0(@) >= s [ @ elo)ds (2.6)

where @ &€ D the space of infinitely differentialble function with compact suports. We
have w = 2} + &3 + ...+ z2 —i(xZ, + 22,5+ ...+ 22,,) , P+q=n. By changing the
variables T1 = y1,T2 = Y2,...,Tp = Yp and Ty = %‘}f_:ﬁ,xpﬂ = %,...,xpﬂ = %.
Thus we obtain w = y2 + y2 + ... + yg + ygﬂ + y§+2 + .o+ y§+q. Let r2 = 3y + 92 +

o+ Ysys » P+ q=n. Thus (2.6) can be written in the form

1 — 5(3:1,:52,...,3371,)
< S (w),lr) > = Y= dyidye...dy,
')’( ) (P( ) Wn(’?) n soa(yl,yz’“.,yn) Yidlya Y
1 1 /
= T " pd:
(—2)% Wely) Jn e

Ok

= <r?’Th e >
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Consider the convolution S, * S,. We have

o ETT s T
S Sy = O g * O
+7'—n
= (i)q—ﬁv— Lemma 2.1
Waly+7)
= (i)§S7+'y’

Similarly, for (ii) we also have

T,_., * Tur = (—i)§T3+yf

Lemma 2.4 Given the equation
K (z) =6 (2.7)

where @F is the operator iterated k-times defined by (2.5) and x = (z1,Z2, ..y Tn) € C™.
Then

K(z) = R (o) * (~1)*R5: (v) * (—1)M(—0) % Sgie(w) » (—1)*(5) 3 T ()

is an elementary solution of the operatoe ®F.

Proof See [2].

3. Main Results

Theorem Let Ky g, be the distributional kernel defined by (1.6). Then we obtain
(ﬂ) Kalﬂ!'ysu * Ka’,ﬂ’,‘r’.v’ = Ka-i—a’,ﬂ-kﬁ”fr-g—ry’,y-{-y’ fOT o, ﬁj Y. v, a’: ﬂll ’Y! and V! are
positive even numbers witha =8 =vy=v,a = =~ ="

L. . I
(‘”') Ka,ﬁ,’Y,U*Ka,,ﬁ’,’Y’,V' = Ba:a’ " a+a',,@+,ﬂ’,7+q«’,u+u’ fa'r‘p 5 an even Ct', ﬂ’ ’T’ V’ ar’ '8 H 7,

cos( &) cos(“—;"-

F —
and v’ are any complex numbers and Buo,or = e (=L )
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(11i) Kapye * Kar gy = Karo! 40 iy ptr’ + Aajer ¥ By g% Sqggr ¥ Togur
Jor p is an odd o, B,v,v, o/, 3,y and V' are any complex numbers Rg, S, and T, are

defined by (2.3), (2.4) and (2.5) respectively. And

_—O("“{“‘) —o 27
Aa,a’_" C(—Ta) O( 2 ) 4 [Ha-{-a’ Ha+a’]

C(r) = D(r)T(1 — ), B = Hy(u£i0,n) = ¥ Fe1iia(Z )(u £ 10)7~%

and
n—r

a(3) = D5 )2 T (E)) !

(u£i0)* = lir%('u, +i e |z%)

u = wul{z) 1s defined by (2.1) and

lz| = (22 + 2% + ... + 22)%

Proof (i) Consider the equation
&*V(z) =6

where B* is the operator iterated k-times defined by (1.5) and z = (1, %, ..., T,) € C™.

By Lemma 2.4, we obtain the elementary solution

V(z) = Rip () * (—1)*Rgp (v) x (= 1)%(—1) 3 Sap (w) * (—1)%(4) § T (2)
= (—1)*Rg} (u) * R5,(v) * San(w) * Ta(2) (3.1)
= (—1)* Kok 25,2626 (z) by (1.6)
Thus
Vi(z) = (—1)* Kok 28 25,24 () (3.2)

Now @*V (z) = @™ @*™ V(x) = 6 for k > m. Thus

@V (z) = RE () (—1)™RS,, (0)%(—1)™(—2) 2 Som (w)*(~1)™(5) 2 Tom (2} by Lemma 2.4.
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Convolving both sides of the above equation by RE _, (x)* (—1)* ™RS5, _,. (v) *
(=1)5="(=1)% Sopgm(w) * (—=1)*™(3) #T9x_om(2) and the properties of convolutions

and Lemma 2.4 again, we obtain

V(x) = [RE _om(x) * REL ()] % [(= 1) " RS g (v) * (=1)™ RS (v)]
# [(—1)F (=) Sop_om (W) ¢ (= 1)™(=8) 2 Sgpm ()] * [(— 1)E (1) E To—am (2) # (—1)™ () Toms
= (—1)¥(RE} _om (@) * Ripn(2)) * (RS2 (v) * RS (v))
* (Sap—2m (W) * S2m(w)) * (Tok—2m(2) * Tom(2))

Thus by (3.1), (3.8) and (3.2) we obtain
Kok _om, 2k—2m,2k—2m,2k—2m*Kom 2m 2m,2m = Kok _2m+2m,2k—2m42m,2k—2m+2m,2k—2m+2m.-

Since o, 3,7, v, &', B/, and v’ are all even, thus by puttinga =8 =+ =v =2k -- 2m

and o' = 3 =« =/ = 2m for £ > m we obtain
Ko By * Kot g7 vt = Katal! g4 v+ o
(ii) We have
K Ko .t = [RE () R ()] [ RS (0) % R (0)]¥[S (@) Sy ()] [T ()4 T (2)]
By Lemma 2.2 (i) for p is an even and Lemma 2.3 (i), (ii), we obtain

R4 W T
Kopay* Karp oy = Ba,a’R§+a* (u) * R§+ﬁ,(1}) * (1)? ,H.{:(w) * (—2)2 T, 40 (2)

= Ba,a' Kata! S48yt v

where Bp o = msso%szrjcsziﬂ fa=8=9=vand o = =+ = 2 and
2

a,B,v,v,a’, 3,9, are all even, then B, o« = 1. Thus we obtain case (i).



{iii) By Lemma 2.2 (ii) for p is an odd and Lemma 2.3 (i), (ii) again we obtain

Koppyp* Karpr vt = (Ropor(0) + Aaor) * B (V) * Sy (w) * T
== (forq-u’{u) ¥ Ry p () * Spqyr (W) * Toqr) + Anjor * By (V) % Sy (w) =1

= Kota! s+6" vty wtv + Acar * Ry o (V) ¥ Sypqr (@) * T

o ==z i —
where Ao = giamdimary- B H e — Hool, Cr) =T()I(L —7)
2
H* = H.(u=+i0,n)

= eTr¥igtadiy( g Y u +40) 7=

T n—-7r

a(z) =T("—)2'n 3T (5)]

(w£0)* = lim(u +1 € |z*)*
€—

u = u(z) is defined by (2.1) and

jz| = (22 + 22 + ... + 22) %

REFERENCE

[1}. A. Kananthai, On the solution of the n Dimensional Diamond operator, Applied
Mathematics and Computation 88 (1997), 27-37.

[2]. A. Kananthail, S. Suantai, V. Longani, On the weak solution of the equation related
to the Diamond operator, Computational Technologies 5 (2000), 61-67.

[3]. M. Riesz, L-interale de Riemann-Liouwtlle et {e Problem de Cauches, Acta. Math
81 (1949), 1-223.

[4]. M. Aguirre Tellez and S. E. Trione, The distributional conveluiion products of Marcel
Riesz’s ultra-hyperbolic kernel, Revista de la Union Matemnatica Argentina 39 (1995),
115-124.



135

[5].Y. Nozaki, On the Riemann-Liouwville integral of ultra-hyperbolic type, Kodai Math-
ematical Seminar Report 6 (1964), 69-87.
[6]. W. F. Donoghue, Distributions and Fourier Transforms, Academic Press. (1969).



136

On the Inversion of Kernel K related to

@,B,y.0

the operator &°*



On the Inversion of the Kernel K. .. related to the operator &*

A. Kananthai, S. Suantai, V. Longani
Department of mathematics, Chiangmai University
Chiangmai 50200, Thailand

ABSTRACT

In this paper, we study the inversion of the distributional kernel K, g ~.. related
to the operator ©F iterated k-times and is defined by
4 k
r > pt+g )
e, 9
k

o~ (L) - (2.5

= 0X? =1 0z
p+g = n is the dimension of the n-dimensional complex space C™ and k is a nonnegative
integer «, 8, and v are complex parameters. We found that the inverse [Kg4 5.4,] 71

of Ko g,y exists depending on the conditions of p and ¢ whether they are odd or even

numbers.
1. Introduction

The operator @* can be factorized in the form

k

2 2 2
P 2 2+q 2 P 2 pt+q 2
0 e 1} 0
oF = ( 2) - 2 = : ( —3) +il D 5
r=1 0y s=p+1 83:3’ r=1 Oy j=p+1 3a:j
2 2] *
(£2) (5 2 o
— —1 — 1.1
“— O0x2 Pl 02

p -+ ¢ = n is the dimension of the space C™, i = +/—1 and k is a nonnegative integer.

p 2 p+g ?
The operator ( ?5%27) - > '8"%?2' is first introduced by A. Kananthai [1] and
r=1 j=p+1 77



named the Diamond operator denoted by

2
P52 2 PHe g2
o= (267) ﬂ( Z, (1.2)

r=1 J=p+1

Let us denote the operator L, and Ly by
P 2 pt+q 2
82 ) 8?2
3

52 2 - p+q 52 2
J

Thus (1.1) can be written by

@* = QFLrLE (1.5)
Let us define the distributional kernel K, g 4, by
Kop.yw = RE (u) x R3(v) % Sy(w) x T, (2) (1.6)

where R (u), R5(v), Sy(w) and T, (z) are defined by (2.2), (2.3), (2.4) and (2.5) respec-
tively and the symbol * denotes the convolution. Since RY (u), R§(v), Sy(w) and T, (2)
are all tempered distributions see |1, p 30-31] and [5, p 154-155], then the convolutions
on the right hand side of (1.6) exists and also is a tempered distribution. Thus Kq g,y
is well defined and also is a tempered distribution. For o = 8 = v = v = 2k, we
obtained (—1)*Kay 2k 2k 2k as an elementary solution of the operator &%, see [2].

That is &% (—1)* Kok 2k 2k 26(x) = 8 where 6 is the Dirac-delta distribution and
@* is defined by (1.5). Let A%A"* he the operator defined by the formula

APV (f) = Kapyw * f (L.7)

where a, 3, and v are complex parameters and the symbol * denotes the convolution
product and f € § where S is the Schwartz space, see [8, p 223]. Our objective is to

obtain the operator
BC!,,B,"‘{,V — (Aa,ﬁ17lu}_1
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such that if ¢ = A%#7(f) then B*#7: () = f. We found that, from (1.7) for p and
g are both odd we obtain

BQ,ﬁ,’Y,V = (Aa,ﬁ,"'{,l/)—l —_— (Ka,ﬁ,ﬂf’y)_l = K‘-ag“ﬁ)—_"ﬁ_’l/'
If p is odd and ¢ is even, we obtain
_ . Moo\ _
BCU,,G,‘}',-V = (Ka,ﬁ,'f,u) ! = (1 + (Smaé_)Q) IK—ai“ﬁt_'Yl"V
and if p is even for all complex o we obtain
J— w -
BCI!,.B,"J’,V = (Ka,ﬁ,’}‘,b‘) ! = [(COSO{E)2] I‘K"’Q:n"ﬁ;'_'Y:_V

such that &« #2s+1 (s=10,1,2,3,...).
2. Preliminaries

Definition 2.1 Let 7 = (z1,T2,...,Tn) be a point in the space ™ of n-dimensional

Euclidean space. Write

U=+ T3+ .+ Lo — Toy ~ Tayg — - — Toyq DHg=1n (2.1)

Denote by I' | = '{a: € ®™: 27 > 0 and © > 0} the interior of the forward cone and T',

denotes it closure. For any complex number a, we define the function.

&, fzel
RE(u)={ 7 ! (2.2)
0, ifx#T,

where the constant K, («) is give by the formula

777 D(2EE=m D129 (o)
r(2Fe-r)r(ese)

Ko(a) =

the function RZ is first introduced by Y. Nozaki [5, p72| and is called the ultra-
hyperbolic kernel of Marcel Riesz. Here R¥(z) is an ordinary function if Re(a ) > n
and is a distribution of a if Re(a) < n.

Definition 2.2 Let z = (23, T2, ..., Tn) € R™ and write v = 2% + 23 + ... + 2.
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For any complex number , define the function

i
Ré{v) = -——— 2.3
= W) 23
where W, () = %()@ the function Rj(v) is called the elliptic kernel of Marcel Riesz

and is ordinary function if Re{3) > n and is a distribution of 8 if Re(8) < n.

Definition 2.3 Let z = (z1,%3,...,Zn) be a point of the space C™ of n dimensional

complex space. Write w = z? +z5 + ... + 22 — z'(:n;‘;+1 + 22,5+ ... + Zptq) and
z=xi+as+ . tal izl o+ Tpag), PFag=n i=+/-1

For any complex number v and v, define

Sy = L (2.4)
w .
i Wa(7)
and
T 23 2.5
(2= 5 (2:5)
_ 11'3'271"(%) _ 11"&2”1"(")
where W, (v) = ) Wi (v) *-—i—r(l;_u) .
Lemma 2.1

(i) R+ Rg = R 5 where Ry and RE, are given by (2.3).
(1) Sy * Sy = ()2 Syiy and T, x T,y = (—i)8T, s where S, and T, are defined by
(2.4) and (2.5) respectively.

Proof (i) see [6, p. 20].
(ii) Now < Sy(w),p(z) >= Wﬂl_ﬁj fmnw’%‘@(m)dm. By changing the variable

o _— — — HYp+1 — ¥piz — ¥p+
T] = Y1,%2 = Y2,..,Tp = Yp and Tpy; = Ttz = T Tpg = then we
obtain

2 .
w = m% +x5+ ...t :1:,2, - z(m;‘;H + a:f,+2 + oo Tpig)

=i+ B+ Y Ut et Vg P =N
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Let 72 = Yy 4y + .+ y§+q. Thus

< Sy(w),p(x) > = Wnl(,y) - rrn lg(éiz:’::)) |dy1dys...dy,,
_ (@) PV g
T Wal) S P
—< Ll >
Wn(Y) ,

Now
QLN OLT
Wa(v) — WalY)
Lo TV :
= (1)qm by (i)
_ g (@) Erry o
=® [Wn("r+7’)

N
= (2}2 Yty

Sy(w) * Sy (w) =

]

Thus S, * Sy = (z')% Seyt~r. Simlarly, we obtain T, * T} = (—z’)% vt -

Lemma 2.2

(i) Li(—1)%(—i)% Sox(w) = & that is (—1)%(—i) % Sox(w) 4s the elementary solution of
the operator L1 defined by (1.3).

(i1} Lo(—1)%(5)3Tax(2) = 8 that is (—1)%(4)2 Tox(2) is the elementary solution of
the operator Lo defined by (1.4). Moreover from (i), we obtain S_ox(w) =
(—1D*()3 Lr8(x) and
T on(z) = (=1 (=) 2 LES(z). It follows that

So(w) = (0)36(z) (2.6)

and

To(w) = (i) 6() (2.7)

Proof See [2, Lemma 2.2 (ii)].



Lemma 2.3 (The convolutions of R (w))
(1) RH x R = &;f_ﬁ,?— RH ., where RT 1is defined by (2.2) with p is an even.
(i1) R¥ x RE, = RE_ .+ To o forp is an odd where

2w C‘(“"“"
4 C(R)C(=)

Cr)=T(r)I'(1 —r)

Ta’af = Ta‘af (u . ’&O,‘T’b) =

[Ha+a’ H

a+a’]

1""1

H* = H(u+i0,n) = T2 e:FE%ia(%)(u:i:z'O)%

'N_pe " 2 ly-t
(u£40)* = lim(u+i € |z|%)*

u = ulzx) ts defined by (2.1)
Proof See {4, p 121-123].

Lemma 2.4 (The inverse of convolution algebra)
(i) RE«RE = RE = R =6 if p and q are both odd.
() RE « RE, = (1 + (Sm 2ZV2)(x) if p is odd and g is even.
(i) RE « RE, = ((cos &~ 2)6(:5) forpisevenanda#2s+1, s=0,1,2,3,.
(w) Rg=R:g=Rj 3=R5=1§
(0) Sy xSy = (116
(vi) Ty « T, = (—i)36

Proof (i) By Lemma 2.3 (ii), for p is an odd, we obtain BRY * RE, = R + T, ..
Since R§ = & and by computing directly 7, _o = 0 for p and ¢ are both odd. Thus
RY x R¥ = § for p and g are both odd.

(i) By Lemma 2.3 (ii) again, for p is an odd, we obtain RZ«xRH = RI+T, _,.

Now, for p is an odd and ¢ is an even, we obtain 7, _, = (sin %)26. Thus
R R¥ =6+ (sin —)26

=1+ (smT) 16(x)
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(iii) By Lemma 2.3 (i), for p is an even
B« RH cosgz,ﬁcosL—L_g = RE
- e cos E5%m
o
= [cos 7]2}251

=(cosC);—7r)25 ya$2s+1, 5=0,1,2,3, ...

(iv) By Lemma 2.1 (i), Rg* R 5 = Rj_g = Rf = & since R§ = 4, see [5, p 118].
(v) By Lemma 2.1 (ii),

Sy* 8y = ()88, = ()25
= ()2(i)¥6 = (i)% by (2.6)

(vi) By Lemma 2.1 (ii) again, we obtain

T, % T, = (—i)3T,_, = (—i) 371,
= (-)#(-0)16 = (—9)% by (2.7)

Lemma 2.5 Let the distributional kernel K, g . by defined by (1.6) then the following

formulas hold.
(1) Ko~y * K_a,—8,—~—v = Koop,0 =06 for p and g are both odd numbers.

(it) Kopyo* K_o,—p—v—v=I[1+(sin %)?]6 for p is odd and g is even.

(1it1) Kapgyw * K_a,—g,—v—v = (cos )28 for p is even.

Proof (i) By (1.6} and properties of convolutions,
ch,ﬂ,’y,u * K—a,—,@,—-'y,-—v = (RQH * R}—Ia) * (RE * Re—ﬁ) * (S'Y * S""Y) * (TV * T—V)
(2.8)
=6x 0 *x (1)90 % (—1)96
=6%6%x6x6=06 by Lemma 2.4 (i), (iv), (v}, (vi)
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(i1) From (2.8),
Kooy * K-y, —y = [1+ (sin = )2]5 « 8% (i)26 % (—4)968
= [1+(Sin~—2—~) 16x5x6%6
= [1 + (sin ‘—";)2]5 by Lemma 2.4 (if), (iv), (v), (vi)
(iii) From (2.8) again, we obtain
Kooy * Keoymp,—y,~v = (cOS 921)26 * 6% ()76 % (—i)6
= (cos 9‘23)25 for a#2+1,5s=0,1,2,3, ...

" by Lemma 2.4 (iii), (iv}, (v}, (vi).
3. Main results

Theorem Given p = A%P7¥(f) where A% 7 ¥(f) is defined by (1.7) for every f € S
where S is the Schwartz space of function, then there exists the operator B*#"" such

that
(i) B*P ¥ (p) = f where

Ba,ﬂ:"ﬁu — (Aavﬁ)'?ly)—l = (Ka‘ﬁ,—r‘u)—l = K—‘a,_ﬁ:'—ﬂf;—“y

if p and ¢ are both odd numbers.
(ii) B8 (p) = f where

. . o 3 . QT o,
BBy = (A By ) ' = (Ka,.@.'r,zf) 1= 1+ (Sm_f)z) IK—a,—ﬁ,—%“V

if p is odd and ¢ is even.
(ili) B*#"¥(p) = f where

BN = (AP = (Kopo )™t = [(008 52))) T K o,y

ifpiseven foral asuch that a # 25+ 1, s=0,1,2,3, ...
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Proof (i} From (1.7), we have
ATV = Ko gy ¥ f =
where Ko g, is defined by (1.6). Then by Lemma 2.5 (i) we obtain

K—O—',—.@,—"Y;“—V * (Kaiﬁs'Y:V * f) = (K_ay—pes_'}":"‘u * Ka;ﬂﬂ’u”) * f
= Koppo*xf=6xf=F

if p and g are both odd. Thus
Ba’ﬁ,’hv = (Ad’ﬁ"r,v)%l = (Ka,ﬁ,v'y)_l = K—a1“»@1—‘f -

It follow that B®#"¥(p) = f
(if) By Lemma 2.5 (ii), for p is an odd and ¢ is an even, we have

[1+ (sin 50 " Koaymp,—,-0 * (Kapoye * f) = 1+ (sin 50)? 7
X (K —a,-,—,—v * Kagqyu) * f
= [1+ (sin 55| M1 + (sin 507
x Ko,0,00* f
=6xf=f

Thus B®#A7Y = (Aﬂﬁmv) V= (Kagyw) L =1+ (sin Y] K_ 4,8 —vy,—u-
It follow that B*F:"¥(p) =
(iii) By Lemma 2.5 (iii), for p is even

[(cos %1)2]“11(*&,—,@,—«,,-:; * (Ka,gqye* ) = [(cos a;)2] -t

X (K__a —B,—y,—v ¥ Ka,ﬁ,"{,v) * f
= [(cos )%™ [(cos )

x Kopo00*f

ThU.S B&,ﬁ,‘?,u = (AC!,,@.‘T,V) 1= (Ka 3, s V) 1= [(COS 5 ) ] IK—a — 3, -7,V
It follow that B®P"¥(p) = f
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In particular, we obtain for o = 3 = v = v = 2k and p and g are both odd numbers.
(—1)% Kok 28,20,2%(2) = (1) RE, () (—1)F R (v)+(=1)* (=) # Sp(w)* (—1)* (8) 2 T (2)

is an elementary solution of the operator ©* defined by (1.5) and by Lemma 2.2 (i),
(ii). Now

(—1)* Kok,ox,28,26 * (1) K gk, —2k,—2%, 2k = [(~1)*RE (u) * (~1)*REy)
* [(—1)*Rsy(v) * (—1)* R 54, (v)]
* [(—1)*(—8)% Son(w) » (—1)*(—i)E S_a]
« [(—1)%@)E Ton(2) * (—1)* (@) ET_ox ()]
= RE * R » (—1)450(w) * (4)9T0(2)
=% 6% (=)D 38« (1)1(—2)36
=d*xE*x0%x8
=5 by (26), (2.7)

Thus (—1)*K —2k,—2k,—2k,—2k 1S an inverse of the convolution algebra of the ele-

mentary solution of the operator @*.
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Abstract

In this paper, we study the solution of nonlinear equation {*u(z) =
flz, &5F~10Fu(z)) where {F is the Diamond operator iterated k times and is

defined by
k
P+Q

p
OF = (Z 27 ) - Z
3 “p+1
or the operator {F can be expressed by % = O A* = A¥3*. The operators A¥

and (0° are Laplacian and the ultrahyperbolic operator iterated k times, defined
by

L N U
ox} 923 7 92 o0x2,, 022, = Ori,

and AF = (—g+——g+ —i—m—f)’“ ,p+q = n is the dimension of the n-dimensional
Euclidean space ?R” T = ('1:1,'1”2, vy In) € R™ Kk is a nonnegative integer. w(r)
is an unknown and f is a given function. It is found that, the existence of the
solution «{z) of such equation depending on the conditions of f and A%~ 10%%(x)
and moreover such solution w{r) related to the wave equation depending on the
conditions of p, g and .

1. Introduction
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The operator {F was first introduced by A. Kananthai [3] and is named
the Diamond operator iterated k times and is defined by

) 52 52 o b2 82 a2
k_ 2 __ 2y k !
> ((a 5 s g + ..+ 6.’L‘%) (am§+1 + 6m§+2 + . aTm) } (1.1

For the linear equation $*u(x) = f(z), see [4], it has been already studied and
obtained the convolution u{z) = (—1)*Karar(z) * f(x) as a solution of such
equation where Kog ok (z)} = RE () * R (). The functions R (z) and R§, ()
are defined by (2.2) and (2.5} respectively with a = 8 = 2k.

In this work, we study the nonlinear equation of the form

OFu(z) = fz, A1 0u(x)) (1.2)

with f defined and continuous for all z € QUA! where {1 is an open subset of R"
and 312 denotes the boundary of 2. We can find the solution u(x) of (1.2} and is
unique under the condition |f(z, A*~'0%u(z))| < N where N is a constant for
all z €  and the boundary condition A*~10%u({z) = 0 for x € 80. If we put
k=1,p=1and g =n—1in (1.2), we obtain u(z) = Ms(s) * W(z) is a solution
of nonhomogeneous wave equation where M,(s) is defined by (2.4) with o = 2
and W(xz) is continuous function.

2. Preliminaries

Definition 2.1 Let z = (7, Z3,...,Zn) € R™ and denote by
vt 4 zE 4o+ T?, — 5‘7?;+1 — :t‘f,+2 — = .’1:?,+q . pH+g=mn (2.1)
the nondegenerated quadratic form. Denotes the interior of the forward cone by

Cy={zeR":r; >0and v >0}

and by 'y the closure of I'; . For any complex numnber «, define

o
(S

v o
R:;I('UJ _ Knfo)® for r € F+ (
0, for z & T'4
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where K,{a) is given by the formula

n P T(24=a)T (e ) (o)
[(H5=E)r(Po2)

Kn(a) = (2.3)

The function RZ(v) was introduced by Y. Nozaki [5, p.72]. It is well known
that R (v) is an ordinary function if Re(a) > n and it is a distribution of
a if Re(a) < n. Let supp RH(v) denote the support of R¥(v). By putting
p=1in (2.1) and (2.2) and remembering the Legendre’s duplication of I'(z).

[(2z) = 222~ 1x T T(2)I'(z + L 1) then (2.2) reduces to

o
Mo(s) = { @y Hzely (2.4)
D, if ¢ Q’P_;.
Here s = 2 — 23 — ... — 22 and Hn(a) = 7°7 207 1I0(2H2=0y (2 M, (s) s,

precisely, the hyperbohc kernel of Marcel Riesz.

Definition 2.2 Let = = (z,%2,...,Z,») be a point of R™ and the function R§(x)
be defined by
lz|f "

R5(2) =

(2.5)

where W, () = %)ﬂ
F

z2)3.

, 8 is a complex parameter and |z| = (x? + 23 + ... +

Lemma 2.1 Given the equation
NFu(z) =0 (2.6)

where /\* js the Laplacian iterated k times, defined by

82 82 \*
LF = 02 T oz Tt a_mﬁ") & = (T1,%2,....Tn) € R" (2.7)

ks
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then, we obtain u(x) = (— 1)"‘1(R2(,\_1)(:c))("‘) as a solution of (2.5) where m is a

nonnegative integer with m = ";4 , n.> 4 and n is an even and (Rg(k_”,,(ﬂ}(m)
is a function defined by (2.4) with m derivatives and 8 = 2(k — 1).

Proof see [4, Lemma 2.2].
Lemma 2.2 Given the equation
D*u(z) =0 (2.8)

where (0% is the uitrahyperbolic operator iterated k times defined by

k

62 52 62 62 32 6‘2

0% = + o+ .+ — - —_— (2.9)
(53:2 x4 oz% Oz%,, Oz, - oz, )

z = (1,22,...,Tn) € R". Then we obtain u(z) = R, _, (v)]™ as a solution of
(2.8) withm = "z% | n >4 and n is an even, v is defined by (2.1). The functions
[R‘;&k_l)(ﬂu)](m) is defined by (2.2) with m derivatives and o = 2(k — 1).

Proof see [4, Lemma 2.3}.

Lemma 2.3 Given the equation
Au(z) = flrou(x)) (2.10)

where f defined and having continuous first derivatives for all w € QU3 . (1 is an
open subset of R" and 90 is the boundary of (1. Assume that f is bounded, that
is |f(z,w)] < N and the boundary condition uw(x) =0 for v € 3€1. Then we obtain
u(z) as a unique solution of (2.10).

Proof We can prove the existence of the solution u(x) of (2.10) by the method
of iterations and the Schauder’s estimates. The details of proving is given by R.
Courant and D. Hilbert, see [1, pp 369-372].

3. Main results
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Theorem Consider the nonlinear equation
Ofu(z) = f(z, A 0Fu(z)) (3.1)

where $F s the Diamond operator iterated k times, defined by (1.1), A¥™1 js the
Lapfacian iterated k—1 times defined by (2.7) and OF is the uitrahyperbolic operator
iterated k times, defined by (2.9). Let f be defined and continuous first derivative
for all z € QU BN, § is an open subset of R™ and 80 denotes the boundary of Q
and n is even withn > 4. Let suppose f be bounded function, that is

|z, A1 0*u(z))| < N forall z € (3.2)
and the boundary condition
AR TRy (2) = 0 forz € 8Q (3.3)
then we obtain
u(@) = (=1)" " Ry (3) * REL(v) « W(2) (3.4)
as a solution of {3.1) with the boundary condition
u(z) = Ry (v) * (—1)*2(R5_yy (z))™

forx € 8, m = 5%, k = 2,3,4,5,... and v is given by (2.1), W(r) is a

continuous function for x € QU 8K, R, (x} and RE (v) are given by (2.5) and

(2.2} respectively with 3 = 2(k — 2) and o = 2k. Moreover, for k = 1 we obtain
u(z) = R (v) » W(x)

as a solution of {3.1) with the boundary condition

u(z) = 6™ (v) for v € 60

where §(™(v) is the Dirac-delta distribution with m. derivatives and m = 25%. Also
ifweputk=1,p=1andqg=n—1 Weobtainu{z) = M(s)*W (x) as a solution
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of nonhomogeneous wave equation

O u(z) = W(x) (3.5)
with the boundary condition u(z) = §™)(s) for x € 8 where O* = 3'5% — ai‘} _
o= 35"; and
s=1x% — 13— ... — z2 and Ma(s) is defined by (2.4) with o = 2.

Proof We have
OFu(z) = ALFIDRu()) = f(z, A T u(x)) (3.6)

Since u(x) has continuous derivatives up to order 4k for £ = 1,2,3,..., thus we
can assume

AR ORu(x) = W) forallz € Q (3.7)

Thus (3.6) can be written in the form
OFulz) = AW (2) = f(z, W(x)) (3.8)

by (3.2),

|f(z,w)] <N forall ze (3.9)
and by (3.3), W(x) =0or

AFIORu(z)) =0 (3.10)

for » € 9Q1. Thus by Lemma 2.3 there exist a unique solution W (x) of (3.8) which
satisfies (3.9). Now consider the equation (3.7}, we have A" ' (—1)*"TR5 | (x) =
6 and [0* R4 (v) = &§ where 6 is the Dirac-delta distribution. that is R} (v) and
(~1)* "' Rg, _, (x) are the clementary solutions of the operators 0% and AF~!
respectively, see [6, pll] and [2, pl18]. The functions RS, 1y(x) and R ()
are defined by (2.5) and (2.2) respectively, with 8 = 2(k — 1}.a« = 2k. Thus
convolving both sides of (3.7) by (—l)""‘f?,g{kf”(:r) = R (v}, we obtain

[(—1)F " RE ) (@) RE ()]« 51T ) = [(—1)* 1 RSy ) (@)= REL (0)]*W ()
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By the properties of convolution, we obtain
(AFH=1)* " Rg 1y (2))*(OFRE (v))ru(z) = (=1 R 1y (2)* RE (0) W ()

6 %8 % u(z) = (—1)* Re_y)(2) % REL(v) » W (a)
Thus
w(z) = (1) R ;) () * REL(v) x W(z) (3.11)

as required. Consider AF~10Fu(z) = 0 for z € 0. By Lemma 2.1, we have
OFu(z) = (—1)* "2 (R _ gy (2)) ™.

Convoling both sides of the above equation by RZ(v), we obtain R (v)
Dfu(x) = R (v)+(~1)* 2 (R (2))™ or OFRE (v)*u(z) = REL (v)x(=1)F D (R5, _, ()
It follows that § * u(z) = u(z) = RE (v) = (—1)(’°"2)(R§(k_2)(:c)}(m3 for z € 80
and k = 2,3,4,5, ...
Now, for k =1 in (3.11), we obtain

u(z) = R§(z) * Ry (v) » W ()
= §* R (v) » W(z)
= RY¥ (v) * W(x) (3.12)

since RE(z) = 6, see (2, p118]. Now consider the boundary condition for & =1
in (3.10) we have Ou(z) = 0 for = € Q2. Thus, by Lemma 2.2, for & = 1. we

abtain
u(z) = 6™ (v) for z & a0 (3.13)

where R (v) = &, see [6]. Now consider the cases Ak = 1,p =1 and ¢ =n — 1.
thus from (3.12) R (v) reduces to My(s) where My(s} is defined by (2.4) with
a=2and s = 7% — 23~ ... —x2 and also the operator [J defined by (2.9) reduces
to the wave operator

8% &2 a?
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Thus the solution u{z) of (3.12} reduces to u(r) = Msy(s) *+ W(x) which is the

solution of the wave equation [(T*u(r) = W(x) with the boundary condition
O*u(z) = 0 for z € 0 or u(z) = §(M}(s) for = € N by (3.13). O
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of the Diamond Kernel of Marcel Riesz
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Abstract

In this paper, the operator {* is introduced and named as the Diamond operator
iterated &-times and is defined by ¢! = [(D7/&v] + @ /0xs + -+ + 83/6‘«!3,)3 ~ (€8x, +
Fjoc 4+ af/ar;‘,*qy]*. where » is the dimension ol the Euclidean space B % is a
nonnegative integer and p + ¢ = 5. The elementary solution of the operator &F is called
the Diamond Kernel of Marcel Riesz. In this work we study the Fourter transform of
the elementary solution and also the Fourier transform of their convolutions. © 1999
Elsevier Scignce Inc, All rights reserved.

AMEY Clasyifreation: 36110
Kevrwords: Diamand operator: Fourter transtorn: Kernel of Mareel Riesz: Divae delta distribu-
tions: Tempered distribution

1. {ntroduction

Consider the equation

Ofulx) = o, (1)
where $* is the Diumond operator tterated A-times (4 =0.1.2....) with
OMulx) = w{x) and is delined by

bl A
- -~ ~7 -~ -
. &t - a- o ¢l
Of = o tom o Tas ) T | sataa Tt aa
oxy QX cxs X OX, Cys .,
(2)

where p + ¢ = n. the dimension of the Euclidean space RB” and u(x) is the gen-
eralized function, x = (x,.xa... . x,) € R and ¢ is the Dirac-delia distribution.

0O96-3003/9%/S - see ront matler € 1999 Elsevier Science Ince. All rights reserved.
P11 SN096-3003¢98y1000]-2
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Kananthai ([1}, Theorem 1.3) has shown that the sotution of convolution
form u(x) = (—=1)"Sx (x) * Ry (x) is an unique elementary solution of Eg. (1)
where Sy.(x) and Ry (x) are defined by Eqgs. {(4) and (6). respectively, with
x = 2k. Now (—1)"S5(x) * Ry (v) is a generalized function, see (1], and is called
the Diamond Kernel of Marcel Riesz. In this paper we study the Founer
transform of (—1)*Sa, (x) * Ry {v) and the Fourier transform of [(— 1) Sap (x) *
Rop ()] * [{ = 1Y"S2(x) % Rap{x)] where & and »r are nonnegative integers.

2. Preliminaries

Definition 2.1. Let £(x) be a function defined by

-

e
— 3
(2 —nw,’ ) (3)
where x = {x;,... . 0) € R x| = (I 4 +x2}7 and o, = (28"7%)/T{n/2) is
a surface area of the unit sphere.

It is well known that £(x)} is an elementary solution of the Laplace operator
A. that is AE(x) = ¢ where A = 37_,{&°/0x7) and ¢ is the Dirac-delta distri-
bution.

E(x) =

Definition 2.2. Let S,{x) be a function defined by

a1 — AN [
Sur) =27 (2 4
9 - (4
where x is a complex parameter. lx| = (3 = -+ )7 x = (x,. ... v} € R

S.(x) 1s called the Eliptic Kerne! of Muarce! Ricsz. Now S,{xv) is an ordinary
functeon for Revz, - o and is o distnibanon of 2 tor Re(x: « i
From Eqgs. (3) and (4) we obtain

E(x) = —Sa(x). (3)
Definition 2.3. Let x = {x;... .. x,) be a1 point in R" and write
LI Lo 2 2
V=x+xi+ - 2x - —xg =,

where p+¢ =n. Define I'. = {x € ®": x > 0and V > 0} designating the in-
terior of the forward cone and denote I'. by 1ts closure and the following
function introduced by Nozaki ([2], p. 72),

V:z—ru_"_' .
Rz(-\‘) — K,,(’JL) . fxel .. (6)

0. fx& .
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Here R, (x) is called the ultra-hyperbolic kernel of Marcel Riesz and x is a
complex parameter and » is the dimenston of the space R”.
The constant K, (a) is defined by
n(uwr)/lr(zii—qr)r(_[_:_z)r(a)
K, (o) = Y — .
FE=9T(5)
Here R,(x)} is an ordinary function if Re(a) = » and is a distribution of « if

Re(x) < a. B
Let supp R,(x) C I, where supp R,(x) denote the support of R,{x),
Definition 2.4. Let / be a continuous function, the Fourier transform of [/ -
denoted by
(7)

1 /
Ff=——= { e dx,
(zn)n,ﬂ
Rll
JER and &x = &\ + Eaxn +

-axr:) € R",é: {L‘f]v""é:
¢). By Eq. (7), we can define the In-

3}

where x = (x;,..
+ Coxp. Sometimes we write F f(x) = f(
2) by

verse of the Fourier transform of f({¢

ﬂ' o [ e ®

Sx) = F () = —7
(2m)""? J
It /15 a distribution with compact supports by [3], Theorem 7.4-3, p. 187
Eq. {7) can be written as
|
'5&_/ = i (/‘(I)‘e"‘s»‘>_ {91

(Zn)“ -
Lemma 2.1. The functions S,(x) and R, (x) defined by Egs. (4) wnd {6),
respectively, for Re(x) < »n are homogeneous distributions of order o — n.

Fl

(% — n)R,(x) = Zx,ézkz(.\) and (x — 1)8,(x) = Z;x,-a?&(x).

i=]

we have that R,(x) and S,(x) are homogeneous distributions of order o — n.
Donoghue ([4], pp. 154 and [55) has proved that every homogeneous dis-

Proof. Since R,{x) and S,(x) satisfy the Euler equation, that is

tribution 1s a tempered distribution.
That completes the proof.
Lemma 2.2 (The convolution of tempered distributions). The convolution

S.(x) = R, {(x) exists and is u tempered distribution.
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Proof. Choose supp R,(x) = K C I". where K is a compact set. Then R,(x) is a
tempered distribution with compact support and by [3]. pp. 156-159 §,(x) =
R,(x) exists and is a tempered distribution.

Lemma 2.3. Given the equation $Fu(x) = 8 where the operator $F is defined by
Eq (2}, x = {x)...... v, ) € Rk iy a nonnegative integer and & is the Dirac-delta
distribution, then u(x) = (= 1) S (x) * Rag(x) iv the unique elementary solution of
the egquation where Sy (x) and Ry (x) are defined by Egs. (4) and (6),
respectively, with o = 2k.

Proof. By Lemma 2.2, for « = 2k, the distribution (—1)"Sy(x) * Ra(x) exists
and is a tempered distribution.
Now the distribution (—1)*Sy.(x) is obtained by the convolution

E(x) = E(x) 5 -+ % E(x) = (=5:(0)) * (=$:() + -+ » (=5:(x))

——

k-times A-tunes

where E{(x} is defined by Eq. (3) and by Eq. (3).
Kananthai ([5]. Lemma 2.5) has shown that

=Sa(x) # (=52(0)) * - x (=S2(x) = (1) Saelx)

W
A-times

is an elementary solution of the Laplace operator A* iterated k-times. By
Eq. (2). OF can be written as

<>A :C]L./_\A, (10)

where

X
o o N o N N 0= o7 o
Crj  Qx3 ox: Ox as

and

&

a2 A A2

, 0 Gk °

A= s+z=+ - +— .op g =
vy Oxs -

By {l], Theorem 3.1 u{x) = (—])‘Su.(x) # Ry (x) 18 the umque elementary so-
lution of the operator {* as required.

Lemma 2.4 (The Fourier transtorm of $43).

— ] S - .
Foro = —3 ((q;+g:+---+c') - (g, +¢
{27)"" -
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where 7 is the Fom fer transform deﬁiwd bv Eq. (7) and if the nornt of < is given
) -
by |E]) = (& + + -+ C,;) then
o ko 1 ok
EZUbIES ——1||<;n“‘ (11)
(2‘”:);1/_

that is F G4 is bounded and continnous on the space S’ of the 1empered distri-
bution. Moreover, by Eq. (8)

ks — - ! 22, =2 22 AN
<> ()':,/‘ l (27{)”/2 ((‘:} +L,-2++ ) (k.f,v| +Cj)'*"+ ' —'p-y-q) ) .
Proof. By Eq. (9)
FOE§ = __I_/_Z_(Q"é, e )

(zn)ﬂ
i o e
_ e (O,Q‘e"‘*“)

(27[)”
l 3 - .
= (2 )nf" <() A&I‘eik‘-l) by (10)
| n 3k it
=GR D E G D)
2T
| . -
= GE - S -
K4
X (GG S - = Gn e m )
! 2k ) L s A -+
e A G T (IS SRR G I (I BRI S S0

Now
| s AR S ! E 22 w2 =2 =2 k
Ao = W (15. + o+ ST T L, T S ',,,-,,,)
l o &
< > )”,z(cy+ o+ <)
£
] TS
= s W™
(2 )JI/‘-
where J&|l = (ST 4+ + 5,3,)"/2, Gli=1.2.....n) € R Hence we obtain

|
Eq. (I!l)and .# <>‘ is bounded and continuous on the space S’ of the tempered
distribution.
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Since # is 1-| transformation from the space §' of the tempered distribution
to the real space R. then by Eq. (8)

N &
o' F @+ =Gt L))

= (27{):1,’3

That completes the proof.

3. Main results

Theorem 3.1.

F((—1) S (x) * Ray(x))
1
CEE Y - T

and

F (= 1) Salx) * Ry (x))] < M for a large &, € R, (12)

(271)”'/2

where M is a constant. That is F is bounded and continuous on the space S' of the
tempered distributions.

Proof. By Lemma 2.3 Of((=1) Su(r) * Ry(x) = & or ($F6) * [(—1)*53‘.(.\:) *
ng(.‘t‘)l - (5.
Taking the Fourter transform on both sides. we obtain

TN IV S ey« By V) = FY o= A
By Eq. (9)
1 ks £ —1ivy 1
(2m)"7 ((O70) » [(—= 1) Saulx) * Rulx)).e ™) = 2
By the definition of convolution
: o t
(R (= 1) Su(r) » Rog (P e Yy = —
(27r)""<(<> JA[(=1)" S (r) » Ry (r)]. e by 20"
] 1k " -0 LN -5y L
Gy (21820 R ™) (040). €75 =

F(= 1) Sa(r) * Ru (7)) (27)"2F (OF0) =

(97'{)”'” )
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By Lemma 2.4,

f([(—l)"su(x)*Rz;-(x)J)(<c:f+-~+¢;)3- Eo+ -+ EN =

[t follows that

F([(—1)S5(x) % Ryu(x)]) = — NI =
ey [(E 4+ ) = (G + 8T
Now
1

G+ +Ey -+ -+

1 {
=2 cInk ;g3 VR 3 Nk (13)

(& +--+¢) {fl+"'+€p—gﬂ+' —"'H_Cf’:“f)

Let &= (¢, ...,&,) €', with ', defined by Definition 2.3. Then (&} + - --
+ g’f) — Cff,+1 — = €;+q) > 0 and for a large ¢, and a large &, the right-hand
side of Eq. (13) tends to zero. It follows that it is bounded by a positive con-
stant M say, that is we obtain Eq. (12) as required and also by Eq. (12) # is
continuous on the space S’ of the tempered distribution.

Theorem 3.2.
F (= 1) Sa () * Ra(x)]  [(—1)" Sam () * Ran()])
= (28) P F (= 1S 1) ¢ Roy (VVLF L 1" Sa{x) ¢ Ro())
B A (i SRR ) R (SIS Er-di &

where kK und m are nonneguative integery and 7 is bounded and continuous on the
space S of the tempered distribution.

Proof. Since Ry (x) and Sx(x) are tempered distributions with compact
supports. we have

{(_ 1 )kS:’-k(x) * RZI\' (x)] * [( -1 )’”SEM(I) * R?.ul (x”
= (=D 7 (So(x) # San(x)) * (Ra(x) * R,y (x))
= (_1)k+m(Slfk-FJJr}(‘t) * Rl[k‘-m} (t))

by [3], pp. 156-159 and [2), Lemma 2.5. Taking the Fourier transform on both
sides and using Theorem 3.1 we obtain
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F([{= 1) S () * Ro ()] [(= 1)"Saun(x) * Ra()])

1
= nf2 w3 «N\2 vl 22 2k o
2a)"((& + - + SN = (G L))
l
= il p e L2 w2 w2 2k
(Z‘TE) / ( gl + + L-_‘p) (L‘-p--) + + Lf""i) )
(27?.')”/2

ERETE
= (271)”/2‘:’?[(_1)!‘.5’-% (x) * Rog (.\‘)].7[(—1)"'53,”(_{‘) * le(-‘:)}‘

Since (—1) Sagim (X} * Ragsn (¥) € S, the space of tempered distribution, and
by Theorem 3.1 we obtain that # is bounded and continuous on 5"
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On the Fourier Transform of Marcel Riesz's Ultra-hyperbolic Kernel
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ABSTRACT

In this paper, we study the Fourier transform of Marcel Riesz’s ultra-hyperbolic
kemel R, (x) for a =2k (k=0,1,23, .. Yand x =(xq, X9, .., X)) € R" the n-dimensional
Euclidean space. Moreover, the Fourier transform of the convolution R, * Rﬁ is also
determined.
L. INTRODUCTION

The function Ra(x) defined by (2.1) is first introduced by Y. Nozaki [1]
Later S.E Trione [2] has shown that, for a =2k (k=0,1,2, 3, ... ), Ry(x) 1s the

elementary solution of the ultra-hyperbolic operator ok iterated k-times. That is ElkRzk(x)
= & where OK is defined by

2 2 k
ok 2,2, & P & 6;2 Y a1
axi”l Gx% axt  x2 ox? ox
P p+l p+2 p+q

p+q=n, the dimension of the space R™ and & is the Dirac-delta distribution. Moreover
M. Aguirre Tellez [3] has proved that Ry (x) exists only for the case p is odd with n is

odd or even, where p+q=n.
For the convolution Ro: * RB , A. Kananthai [4] has shown that Ro: * RB = RCL-‘-B

for o and P are even integers. In this paner. we study the Fouricr transform of the function
R {x) with o = 2k where k 15 a non-ncgative inleger. Moreover we also obtain the

formula form of the Fourier transform of Ry * RB'

2. MATERIALS AND METHODS

Definition 2.1 Let x = (x}, X9, ... , X,) be a point of the n-dimensional Euclidean space
RD

- 2 2 2 2 2 2 _
Denote v = xl+x2+...+xp—-xpﬂ~xpﬂ—...—~xpﬂ, p+qg=n.

Theset T .={xe R": x; > 0and v>01} iscalled an interior of the forward cone. By [,

we denote its closure. For any complex number o, define
V(Q—H)Q
= { K (o) for xely 2.1

R_(x
o) 0 for x g I'y

where K (@) is given by the formula



169

2 p(Z) (B2 g

2+a p p—«
rC—=—)r¢)
The function R,(x) was introduced by Y. Nozaki [1] is called the Marcel Riesz’s ultra-

Kp(a) =

hyperbolic kernel. It is well known that R,(x) is an ordinary function if Re(at) 2n and it is

a distribution of o if Re(a) <n. Let supp R (x) denote the support of R, (x).

Suppose that supp R, (x) < -1:+.

Definition 2.2 Let f be continuous function, the Fourier transform of f denoted by
“F f and is defined by Ff = ——i—@- f e ) dx (2.2)
(2m) R

whete x = (x, X9, .., X)) €R% & = (1, & . &) € RY and Ex = & x| +Epxy +
..+ &%, Sometimes we write F f(x) = f(E).
By (2.2), we can define the inverse of Fourier transform of %(&) by
-1
fx) = F HE) = (2m )nfz J (Y-S (2.3)

From definition 2.2, if f is a distribution with compact support, by A.H Zemanian (5], we
can define
1

(27.[)1'1/2

Lemma 2.1 Given the equation Dku(x) = & where ¥ s defined by (1.1} and x e R
Then u(x) = Ryp(x) is a unique elementary solution of the equation.

I f = < f(x),e SN > L (2.4)

Proof - See [2]. -

Lemma 2.2 (The existence of the convolution R, * RB)

Let R {x) be defined by (2.1) and supp R (x)=K < F where K isa compact set,
then R, * RB exists and is a tempered distribution and particularly R * RB = ROH—B
for oo and B are even integers.

Proof The proof of existence of R * RB has been given by W.F Donoghue [6] and
A. Kananthai [4] also proved that R, * RB = Ry +B for o and [ are even integers.

Lemma 23 F L__lkS (2n )n/2 (§p+1 542”2 + ..+ §§+q - é% - 5.% - @%)k

n
where CIF is defined by (1.1) and [ CI¥§} < a—l)—nﬁlléIIZk where [l = ( 2. £4912 That is
T i=

F is continuous on the space S’ of tempered distribution.
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Proof Since Oks 1s a tempered distribution with compact support, hence by (2.4) we have

= O = al)_nj?<mka,e-ig.x>
- &n_l)nj_fa,mke-ié-u
" om )n,,2<8 () G+ (B - () i) o (g K>
Gt g g )R
Since [F O = WK&%H-FQ%),Q%-”.-{-&%_}_Q—é%—é%—‘..—é_\%)lk,p-f-q:n
< al)—,l,—glla;lzk.

We have [F Dkﬁl < (—2—1)@||}’;||2k. Thatis ZF is bounded on S”. It follows that O£ is
T
continuous on the space S° of tempered distribution.

3. RESULTS AND DISCUSSION

Theorem 3.1 Let Ry (x) be defined by (2.1) with o = 2k, k is a non-negative.
Then the Fourier fransform of Ro)(x) is given by

1
F Ryp(x) =
2 Ry G+ G+t oy BB B

M
and [F Ry {x)| < (77[_);5

of tempered distribution.

where M is a constant and £ is continuous on the space S’

Proof Weo can show that Rg(x) is a tempered distribution, see |4 and we choose supp
Ryx) =K ﬁ_ and K is a compact set. Then we obtain Ry (x) where o« = 2k isa
tempered distribution with compact support. Then by (2.4}

F Ryp(x) = (—2?1)—5< Rop(x) , e 5% >

To compute < Rpy(x), g5 X 5 directly is difficult. So we apply Lemma 2.1

&
or (Dkﬁ) *Rop(x) = 8.

i

R4, (x)

By taking the Fourier transform both sides, we obtain

Ks) * R = F 5= —L .
F (O Ry0) = F 5= o

<08 * Ry (x), 6% >

1]

Now F [(OF8) * Ryyx)]
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= _—.__1-.__-.< Dks , < RZk(r) , c-i@.(x**r) =

(27{)“/2
- 1 k -iEr _-1E.x
= ———=<[O"8,<Rqy (), e e >>
= 1 kg -E.x P o
= — =< 0%, e <Ry (n), e >>
(2m)y™? 2k
— —].__r_172_< Rzk(r) , e—iﬁ.r - < Dka , e—iE_,.x ~
(2m )
= ( - ) ——n)ViF Roy(n).2m"2F @<s) by (24)
= 2 2 2 2 24k
Lemma 2.3. It follows that
1
F Ry (x) = P 7 3 1 k| e (3.1
(2m) (§p+1+§p+2+,..+§p+ 51 - .~§p)
Now, the right hand side of (3.1) tend to zero for a large &; and a large k, that is bounded
by a constant M say, then [F Rop(x)] < —M—E It follows that “ is a continuous on
2m)°
the space S’. Mareover, by (2.3) we obtain
-1 1
Rop(x) = F  ( 72 v 7 T -
(2m)" (épH +ép+2 B tE g g
Theorem 3.2 Let Ry (x) and Ry (x) are defined by 2.1y with @ = 2%, 2m where

k and m are non-negative integers. Then the Fourter transform of the convolution
Rop(x) * Ry (x) 1s given by

CMVHFE Ry (CONF Rym(X) .

F (Rop(x} * Ry (%))
Proof By Lemma 2.2
Rok *Ram = Rogeom -
Thus F Rop(x) *Rypy()) = F Ryppm(

i
QRYMEES, + By + o+ B —Ef -8 . - gy

by Theorem 3.1.

L
N
DO L = = S B
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For the case « is a negative even and # is odd, by (2.5) we have
O Ro(x) = R_ae(x) or [Of8 = R 5 (x)
where Rg{x) = §. Now
R (x) # 'R, (x) = R_se(x) * Ry_n(x) for misodd,
or

((8) * [F R, (x) = R_pu(x) # Ry (),
O % DZ'&RM(X) = R_gf((x) * Rm_z,'\- (x).,

R apory (x) = R_3(x) # Ry i (x).

Puta = -2k and = m — 2k, now & 1s a negative even and £ is odd. Then we
obtain

Ro(x) % Ry(x) = Ropp(x).
That completes the proofs. O

3. Main resuoits

Theorem 3.1. Let T,,(x) the diamond kernel of Marcel Riesz defined by (1.3), then
T is a tempered distribution and can be expressed by

Talx) = Thor(x)  To(x).

where r is @ nonnegative integer and v < m. Moreover if weputé=m—r, n=vr
we obtain

Te(x) = T (x} = Teynlx) forf4+n=np.

Proof. Since 7, = (—1)7Sya(x) # Rap(x). (m=10,1,2,..),by Lemma 2.2 7, isa
tempered distribution. Now by Lemma 2.3, &"7, =3, then O™ 'T, =
8 for m > r and by Lemma 2.3 again, we obtain $™ 7T, = (—1)"So7(x) % Ry (x).
Convolving both sides by (—1}" " Sou_r () * Rapm—n(x), we obtain
[(_l)mﬂ.SE(M—r] (x) * Rli'mfr’) (r]] * O,
= [(*l)mirs-?m—h('x) * R 3,()()] * K-'l)rSg,-(I) * R2-"(x)] (31)

ar

G (=1)" S2(m—ry (%) ¥ Ram—ry(x}] * T
= (= 1)"(Spm-2-(x) % S2,(x) * (Rop—2,(x) % Ra(x)),
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since Szm(x) and Ru.(x) are tempered distributions and are the elements of the
space of convolution algebra, «'.
By Lemmas 2.3 and 2.4 we obtain

&% Tn(x) = (—1)" S (x) * Rom(x),
Te(x) = (= 1)"Sam(x) % Ryn(x).

From (3.1) we have T,(x) = T, (x) * T,(x), put £=m —r, n=r, it follows
that

Te(x) * T,(x) = Tpyn(x) = Talx)
as required. O

Theorem 3.2. Let T,,(x) be defined by (1.3) then T, is an element of the space &' of
convolution algebra and there exist an inverse T'~' of T,, such that

Lx)« T =T % Ty(x) = 6.

Proof. Since T,,{x) = (—1)"Spn(x) * Ra, (x} is & tempered distribution by Lemma
2.2. Now the supports of §;,(x) and R,.(x) are compact. Then they are the
elements of the space of convolution algebra < of distribution. By Zemanian
[6, Theorem 6.2.1, p. 151] there exist a unique inverse 7;~' such that

T )+ T2 =T % T (x) = 6.

That completes the proof. O
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Abstract

In this paper, we study the solution of the equation ¢*u(z) = f(z) where ¢*
is the Diamond operator iterated & times and is defined by

2 2
P 32 rptq 52
&k __ _ — —_—
- (&) -(E &
i=1 ® F=p+1 1

where p+ ¢ = n is the dimension of the n-dimensional Euclidean space R*, z =
{zy,Z9,...,Ta) € R™, k i3 a nonnegative integer, u(z) is an unknown and f is a
generalized function.

It is found that the solution «(z) depends on the conditions of p and ¢ and
moreaver such a solution is relatad to the solution of the Laplace equation and
the wave equafion.

1 Introduction

The operator {* has been first introduced by A. Kananthai (3] and is named
as the Diamond operater iterated & times and is defined by

Fod 8 8% \2

Of = (Gatag o +aa)- 1)
( a2 + &2 4+ a2 )Q)k (
B23,; T B, (e

where p+ ¢ = n is the dimension of the space B*,z = (2,23, ...,%,) € R® and
k is a nonnegative integer.

(3362-546X/01/% - see front marter @ 2001 Published by Elsevier Science Ltd,

Pl1: S0362-546X(01)00272-3
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Actually the operator {* is an extension of the ultrahyperbolic operator
and the Laplacian. So the operator {* can be expressed as the product of the
operator 0 and A | that is Of = [OFA* = AXD* where

82 82 a2 52 2 \*
Dk = _— _ - — o —— - ——— s — _ 1.
(amg Yt T e T a2, T el ax;q) (12)

is the ultrahyperbolic operator iterated k-time with p+ ¢ = n, and

»? R & \*
Ak——‘('a'—a:?*l"—'a%‘]'""f'ga-:z) (1.3)
is the Laplacian iterated k-times.

A. Kananthai ([3], Theorem 3.1 p33) has shown that the convolution
(—1)* R, (z) * R (z) is an elementory solution of the operator {*, that is

O ((—1)*Riy(z) » RE(=)) = 6 (1.4)

where 6 is the Dirac-delta distribution and the functions R, and RE, are
defined by (2.5) and (2.1} respectively with « = 2k, k& is nonnegative integer.
In this paper, we study the solution of the equation

Ofu(z) = f(z) (1.5)

This equation is the geheralization of the ultrahyperbolic equation and it can
be applied to the wave equation and potential that has been shown in the last
part of this paper.

Let K, g(x) be a distributional family and is defined by

Kop(z) = RS« RY {1.6)

where R is called the elliptic Kernel defined by (2.5) and R} is called the

ultra-hyperbolic Kernel defined by (2.1) and ¢, 3 are the complex parameters.
The family K, g(z) is well-defined and is a tempered distribution, since

Re + RY is a tempered, sce ({1], Lemma 2.2) and R has a compact support,
In this paper, we can show that

u(z) = (—1)*R(m) * (R (o)™ + (—1)* Kope(z) = f(2)

is a solution of (1.5) where m = 254 n > 4 and n is even number and kay g4 ()
is defined by (1.6) with o = 3 = 2k. Moreover, we can show that the solution
u(x) relates to the solntion of Laplace operator %% defined by (1.3)and also
the wave operator defined by (1.2) with k=1 and p=1.
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2 Preliminaries

Definition 2.1 Let x = (z,,z2,...,Z,) be a point of the n-dimensional Eu-
clidean space R™.

Denote by v = 2} + zf+ .-+ 22 — 22, — a2, — —2, aptqg=mn
the nondegenerated quadratic form. By I', we designate the interior of the
forward cone.

'y = {z € R* : 2y > 0Oandv > 0}, and by T, designate its closure. For
any complex number o, define

ploe—n)/2

to—- forzel
RI(v) = { Hnloy + 21
@) 0 for z ¢ 'y (1)

where K, {c) is given by the formula

rv=D/2D (2rgm) 1 (1) (o)
== O R

K.(o) = (2.2)

The function R (x) was introduced by Nozaki ([4], p.72).

It is well known that R¥(z) is an ordinary function if Re(a) > n and it is
a distribution of « if Re(a) < n. Let suppR7 (2} denote the support of R (z).
Suppose that suppR7(x) C T,.

From 8.E Trione ([5], p11), R%(v) is an elementary solution of the operator
0O* that is

DFRE(v) =6 (2.3)

where [J* is defined by (1.2).

By putting p = 1 in {2.1) and (2.2) and remembering the Legendre's du-
plication of I'{z).

[(2z) = 227172~ Y2T(2)[ (z + 1) then the formula (2.1) reduces to

Samm2
Mo (v) = { “Fatay Hzely (2.4)
0 frgly
Here v =12 — 23 ~ .. — 2¥ and H,(a) = w(»~2/2pe-1] (e=p2) [ (&) |

M, (v) is, precisely, the hyperbolic kernel of Marcel Riesz.

Definition 2.2 Let x = (x, 22, ..., ) be a point of B™ and the function RS (z)
be defined by

T =Tk
RY(#) = s (25)
where W, (o) = i;?g)ﬂ,a is & complex parameter and |z| = (2% +x + 2% +
2

R $£)1/2_
It can be shown that Re,, (z) = (—1)FA*8(z) where A* is defined by (1.3).
It follows that R5(z) = & , see ([2], pl18).
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Moreover, we obtain {—1)* RS, (z) is an elementary solution of the operator
A* | that is

A (-1 Rg () = 8 - (2.6)
see ((3] , Lemma 2.4 p31).

Lemma 2.1 Given P is a hf,rper-surface then
PE®(P) + k6*E(Py=0

_where 6 is the Dirac-delta distribution with k derivatives.
Proof. See ({1], P233)}.

Lemma 2.2 Given the equation
AFy(z) =0 (2.7)

where A* is defined by (1.3) and z = (71,22, ..., Z,) € R" then

(m)
u(z) = (—1)%-1 (Rg(k 1)(33)) is a solution of (2.7) where m is anonnegative
integer with m = 23% n > 4 and 7 is even and (Rg(k 1 .7:)) is a function

defined by (2.5) with m derivatives with a = 2(k — 1)
Proof. We first show that the generalized function u(z) = §(™}(r?) where
r? = |z =22 + 22 + ... + 22 is a solution of

Au(z) =0 (2.8)

where A = 377 —g' is a Laplace operator.Now

%6(’“)(1'2) = 2z 8m+{r?)
3@;;5{’“)(’[‘2) — 26(m+1)(‘r2)—!—43?5(’“‘"2)(7‘2)

Thus
AS™Hr?) = ST & 50m(r?)
— 2n6(m+15 (1"2) + 4r2gim+2) (%)

- 2n5(m+1)(.r2) 4(m + 2)5‘:’““){1"2)
by Lemma 2.1 with P = r?.We have

A (r?) = [2n — 4(m + 2)16™)(rD)
= 0 2rn—4(m+2)=10
orm = 2% n > 4 and n is even. Thus 6™ (r?) ig a solution of (2.8) with
m = "5“ n > 4 and n is even. Now Afu(z) = (&k_lu(x)) = 0 then from
the above proof A*~lu(z) = 8™ (r?) with m = 252, » > 4 and n is even.
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Convolving both sides of the above equation by the function (—1)*~! R§,
, we obtain

(_l)kqug{k—l)(z) * Lk Tu(z) = (_l)k_le(k—n(ﬂ?) * 607 (r2)

or A*1 ((“l)k_le(k_z)(f)) *u(z) = (“1)k_1R§(k—1)($) * 5™ (r2)

or xulz) =ulx) = (—ljk_lR‘;(k_l)(x) x 8™ (r?) by (2.6)
Now from (2.1)
e ,I 2(k—1)—n
Rz(k—l)(ﬂf) = w"("‘l
lk—1)—n 2(k—1)-n
_ (=) _ ™
Wala) A )
where 7 = |z| = (2 + 2% + - - - + z2)/2. Hence
2 2{k—1}—n
Ry (@) w6 (r7) = LT stmra)
2 2(k—1)—mn (m) . m)
= Walo = RQ(!c-v—i](x)]
(m)
It follows that u(z) = (-1)*! [Rg(k_n(:r)] is a solution of (2.7) with m =
224 n > 4 and n is even dimension of R".
Lemma 2.3 Given the equation
(*u(z) =0 (2.9)
where [J* is defined by (1.2) and =z = (z;,22,...,%n) € R™ then u(z) =
{m)

[Ré"’(kfl}(v)] is a solution of (2.9) with m = 22,n > 4 and n is even

(rn}
dimension and v is defined by Definition 2.1. The function [Rf(kfl )(u)] is

defined by (2.1) with m-derivatives and a = 2(k — 1).

Proof At first we show that the generalized function §(™(r? — s?} where
rP=xl+ai+ . +2land P =i, vl 2l ptg=n,i5a
solution of the equation

Ouf{z) =0 {2.18)

where O is defined by (1.2) with k =1 and z = (2, 22,...,%,) € R". Now

1377
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-5 (r? — 52) = 2z,8(m+) (2 — 5%
%5(m] (7.2 - 32) — 26("‘“)(?"2 _ 82) + 43:,25("”'2](7'2 —-SQ)

2 m
2, L (1 ~ 5?)

— 2p¢5(m+1)(?‘2 . 52) + 4T25(m+2] (7‘2 _ 8’2)
2p5(m+1)(‘r2 —_ 32)
+4<7.2 _ 82)(5("""2)(7‘2 o s?)
+4326(m+2) ('r‘2 _ 32)

— gpé(m+1](r2 _ 32}
“_4(m + 2}5(m+1)(7.2 —_ 32)
44526+ (r2 _ 57

= [2p — 4{m + 22 — )
+4S26(m+2)(r2 - 52)

by Lemma 2.1 with P = r? - 52,

Similarly,
Tiper 226 = ) = [~2g+ 4(m + 2R - )
+4?"2t5(m+2}(‘?‘2 — sz)l
Thus
06 (r? — s2) = F f—:gé(m)(rg — 5% — ;’:;’,'H ai;;é(”‘} (r2 — s%)

= [2(p+q) — 8(m + 2)}3™+V(r? — 57)

_ﬁ4(r2 . 82)6(m+2)(r2 - 32)
= [2n — 8(m + )5+ {(r? — 5%)

+4(m + 2)8™*D(r? — s*) by Lemma 2.1
= [2n — 4(m + 2)]§0n I (r2 — 7).

If 2n — 4(m 4+ 2} = 0, we have 06 (r? — 52) = (0. That is u{z) = §™(r? — 5?)
is a solution of (2.10) with m = 2z%,n > 4 and n is even dimension. Now
[Tu(z) = O {F Tu(z)) = 0.

From (2.10) we have BF'u(z) = §™(r? — 3?) withm =24 n > 4 and n
is even dimension.

Convolving the above equation by Rif, |,(v), we obtain

B )20 = Bfy0) 582
a0 m
-1 [Rgzk_”(v)} xu(z) = [Rﬁk—lj(v)] where v = 72 — 52
(m}
§xulz) =ulz) = [Rgf(k_u(’”)]

by {2.3) and v = r? — 5? is defined by Definition 2.1.

(m}
Thus u(z) = [R.f{k_l}(v)} is a solution of (2.9) withm = 253%,n > 4 and
n is even dimension.
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Lemma 2.4 Given the equation
O*u(z) = 0 | (211)
where {* is the Diamond operator iterated k-times defined by (1.1) and u(z)
is an unknown generalized function. Then
u(z) = (~1)* Bi(2) « (REf_(0) ™ (2.12)

. . {m)
is a solution of (2.11), (Rg‘gk_l}('u)) is a function with m-derivatives defined
by (2.1) and » is defined by definition 2.1.

Proof Now $*u{z) = [*A*u(x) = 0. By Lemma 2.3 ,A*fu(z) = (R.gk_n(u}) o
Convolving both sides by (—1)*Rg, (z) , we have

(—1)* R (2) * OFu(z) = (—1)* R (@) * (R _y ()™

By (26), &% {(~1)*Rgy(2) #u(z) = S+u(z) = (~1) Ry (&) (B (@) .
it follows that
w(z) = (— 1Y Rg(w) * (Rfy ()™ . (2.13)

3 Main results
Theorem Given The equation
Ofufx) = flz) (3.1)

where ¢* is the Diamond operator iterated k-times defined by (1.1}, f{x)
is a generalized function, u(z) is an unknown generalized function and z =
(x1, 79, ...2z,) € R"-the n-dimensional Euclidean space and n is even, then
{3.1) has the general solution

u(z) = (~ 1 Rie(w) * (R, ()™ + (- 1) Ko au(z) * f(2) (3.2)

(m)
where (R:;’Ek_l}(*u)) is a function with m-derivatives defined by (2.1} and

Koy 2e{x) is defined by (1.6) with & = 3 = 2k.
Proof Convolving (3.1) both sides by {—1)*Ky; 2:(z), we obtain

(~1)* Ko ox(z) * OFulz) = (~1)* Ko on{z) * ().

By (1.4) &* ((-1)"K2k,2k(m)) *u(z) = 6« u(z) = (-1} Ko aulz) * f(x)-
We obtain u{z) = (—1)*Ku{z) * f(z). Since, for a Homogeneous equation

{m}
$Fu(x) = 0 we have a solution u{z) = (~1)*R§, () = (ng_l)(v)) .
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Thus the general solution of (3.1) is

u(z) = (—1)* R (=) = (Rﬁk-n(i’)){m] + (1)K {z) * f(2)-

In particular, if ¢ = 0 the equation (3.1) becomes the Laplace equation
A%*yu(z) = f(z) where z = (), 22,23, ...,2p) € RF and p is even. Using the
formulae T'(2z) = 2% 1a~V2(2)[(z + }) and D(} + 2)['(5 — 2) = msec(nz).
Then for & = 2k the function of (2.1) becomes (—1)*R§,(z) where R (z) is
defined by (2.5) and z = (z,.29, ...,z,) € R?. Thus by (1.6)

(~1)*Kapae(z) = (=1)*Rg(2} = (—1)*R5(x)
= Rg.(z) see ([2], p156-159)

where 2 = (x1, g, ..., Z,) € AP and p is even.
Now, from (2.12) for ¢ = Q0 we have

u(@) = (~DRg() s (- (Rgep(@)

= (—1)%-1 (R:kﬁz(x})(m] for x = (z1, 22, ..., 7,) € RP.

Thus the equation (3.2) becomes

w(z) = (= 1) (Roo(2)"™ + R (2) + f(2) (3.3)

for z = (21,2, ..., %) € R and p is even.
It follows that (3.3) is the general selution of the Laplace equation A¥*y(z) =
f(x) where A% is the Laplace operator iterated 2k-times defined by {1.3) for
T = (21,T9, ..., Tn) € B" and n is even.

Now consider the case for the Wave Equation. Given the equation

DV (z) = f(=) (3.4)

where f(z) is a generalized function,[1* is defined by (1.2) and V(z) is an
unknown function. By ([5],p11) we obtain V(z) = RE(v) * f{x) is a solution
of (3.4) where R (v) is defined by (2.1).

Now, from (3.1) we have u(z) = (—1}*Kara(z) * f(z) is a solution where
Kok ak{z) is defined by (1.6) with o = F == 2k or

w(z) = [(~1)FRE(2) * RS, (v)] * flz) (3.5)
Convolving both sides of (3.5) by (—1)*E® 4. (z), we obtain
(=R g () = uiz) ((=1)%* R g (z) * A5 ()} + RE(v) * flz)
%Rﬁ(f) « Ry (v)) * f(=)
5% RE() * f(z)
RE.(v) * f(z) see ([2],p156-159)

o
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Thus it follows that
V{z) = (-1)*Rep(z) x ufz) (3.6}
In particular, for k& = 1, we obtain V(z) = R () » f(z) i5 a solution of the
equation
OV{z} = f(z). (3.7)
If we put p = 1 and z; = £(time),then O = 3%25 -3, ai:? is the wave operator.
Thus (3.7) becomes wave equation, '

o2 8
(@  ba? )V(x) e (3.8)

Thus V(z) = Ma(v) * f(z) is a solutlon of {3.8) and the general solution of
(3.8} is V{z) = 6™ (v} + My(v) * f{z) where §(™(v) is a solution for f(z) =0

v=1t*—z3—zf—---—z2 and M,(v) is defined by (2.4) with v = > — 23 —
2 2
i — - — a2
Now in (3.1),put # = 1 and by (3.2) we obtain
ule) = (-D)B5(a) = (B @)™ + (-DKaa(2)* f2) (3

= (--l)ﬁ(w)*ﬁ(m)(‘v)Jr L)Kza(z) * f(x)

is a solution of the equation Qu(z) = f(zr) and by (3.6) with ¥ = 1,V(z) =
{(—1) R 5(z) * u(x) is a solution of (3.7) where u(z) is defined by (3.9). Thus

V(z) = (=1)R%,(z)* ((=1)R3(x) + 6 (v})
+(— 1)Rez(~"3 {(—L)Kaa(z) * (=)
= (Re—ﬂ(z) * 'R/?!(x)) * 6‘(m)(ﬂ) (310)

+(R,(z) * Ri(z)) = RY (x) » f(=z)
B(z) * 60 (v) + R§(x) * (B (z) » f(2))
8™ (v) + R (2) » f(z)  (R§(x) = 5)

wherevz:z:f+x%+---+:cp-—xp+l —m:cp”—----xf,,Fq, p+g=n.
Now, if we put p = 1 and 2; = t, then {3.10) becomes V' (z) = §™ () + My{v) *
f(z) since R¥ (z) becomes My(v) for v = t? — 2% — 25 — ... — 22 where M;y(v) is

defined by (2.4) with @ = 2. Thus V(z) = 6" {v) + My(v) = f(z) is the general
solution of the wave equation [3.8) and 67 (v) is a solution of

8 8
(E’F 5z ) Viz) =0 (3.11)

Now v = t2 — 22 —z3 — - — 22, let 7% = zj + a} + - + z2. Thus by
([1],p234-236) we obtain V(z,t} = &™) (#2 — +?) is the solution of (3.11} with
the initial conditions V' (z,0) = 0 and ﬂ%?o—) = {=1)"27™*"*é(z) at t = 0 and
z = {Zg,T3, ..., Tn) € A"V
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