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ABSTRACT
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An identity s = t is called a hyperidentity in a finite algebra A = (A;(fIA)) it whenever the

operation symbols occurring in s and in t. respectively, are replaced by any terms of variety V of

i1}

appropnate arity, the identity which resulls, holds in V. Let T (K) be the set of all unary term operations

of A. Then A satisfies a unary hyperidentity, A lzhw st ifandonly if s = 1 is an identity in the monoid
(T“)(K); o, ia,). A finite algebra A = (A; (ﬂA )) 18 said to be order-primal if its clone of ali term operations

is the set of all operations defined on A which preserve a given partial order < on A.

In the project, we study algebraic properties of order-primal algebras for connected ordered
sets (A; ). Such order-primal algebras have no proper subalgebras. no non-identical automorphisms
and are simple. We prove some properties of the varieties and the quasivarielies generated by order-
primal algebras for connected orders. Further, we use the properties of order-primal algebras to
formulate a new primality criteria for finite algebras and prove that an order-primal algebra cannot have
only unary fundamental cperations or only one at least binary fundamental operation.

We determine all partial order relations on a finite set A such that an order-primal algebra with

n-2+Kin)

the universe A satisfies the unary hyperidentities (p"’z(x) = {x). As a consequence we prove that

a non-trivial order-primal algebra, which does not satisfy the egquation \{an_z(xpx?) ~
\U"2_2+K("1)(x‘,x2) as a unary hyperidentity, is primal.

It is well-known that the congruence latlice Con A of an algebra Alis uniquely determined by
the unary polynomial operations of A lf |A| = n and if for every unary polynomial operation f of A with
lilmfl = |Al or fmf| = 1, then Ais called a permutation algebra. Permutation algebras play an important
role in tame congruence theory. If f : A—>A is not a permutation, then |Al=[Imf| and there is a least

natural number A(f) with lmflm = lrntlmn_ We consider unary operation with A() = n-1 and A(f) = n-2

and ask for equivalence relations on A which are invariant under such unary operations,

(iy-2
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Theorem 1:1f A = (A; F") 1s an order-primal algebra for connected ordered set (A; <),

then F* contains at least two operations one of them at least binary.

Theorem 2 : Let A = (A; FA), |Af = 2 be an order-primal algebra with respect to an order
relation < on A with the least element 0 EA or with the greatest element 1 €A, Then A is

semiframal.

Theorem 3 : Let A = (A; FA), |A| = 2 be an order-primal algebra with respect to an order
relation < on A with the least element O € A or with the greatest element 1€A. Then V(A )

is minimal.

Theorem 4 : Let A be an order-primal algebra for connected ordered set (A; <) with

|la|= 2. If an algebra B €V(A) fails to contain a subalgebra isomorphic toA then it

contains a one-element subalgebra.

Theorem 5: If A is an order-primal algebra for connected ordered set (A; <) with |A| = 2,
then Q(A) is a minimal quasivariety where Q(A ) denote the smallest quasivariety

containing A .



Theorem 6 : Let A be an order-primal algebra for connected ordered set (A; <) with

|A| 2 2. Then the foltowings are equivalent :

(i) V(A )is a minimal variety.
(ii) Q(A ) is the least nontrivial quasivariety of V(A ).
(iii) The algebra A can be embedded as a subalgebra in any nontrivial

algebra B €V(A).

Theorem 7 : Let A be an order-primal algebra for connected ordered set (A; <) with

A= 2. If V(A) is a congruence modular variety , then itis a minimal quasivariety.

Theorem 8 : If A is an order-primal algebra for connected ordered set (A; <) of finite type
and with |A|> 2, then V(A) s structurally complete if and only if it is a minimal

subquasivariety.

Theorem 9 : If A = (A: F™) is a finite algebra with T(A) 2 Pol(<) for a connected
unbounded order on A, then A is primal if and only if A generates a congruence

permutable variety V(A ).

Theorem 10 : If A = (AE") is a finite algebra with T(A) D Pol(<) for a connected
unbounded order on A, then A is primal if and only if T(A') (Z Pol(p) for every relation P
from Class (5) and V(A ) is congruence distributive.
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Theorem 1 : Let < be a connected unbounded order relation on A with the least or the
greatest element and suppose that < admits a long-tailed function f ;. Further, we suppose

that fL"T_1(d) is the least (or the greatest) element with respect to <. Then the order relation

< satisfies the following properties.
(C,) There is a longest chain of consecutive powers

n—ih+1}

) < 5 =L =< G

n—{k+2)
(@) < 15

(d).
€.) 1 o< 1<y then (17 (@) (7 @) <

(C,) Foreachx € {k+2,.. .,n—1}there s a maximum integer |_such that 0< 1 <x -1

n—{x+1}

and f; (d) is incomparable with £ (d) forall I, < m <*x andif {7 """ (d) <

n—(x+1)
fLT

(d) ., then £ ()< {7 (d)for all m< 1,

Theorem 2 : Let A={0, 1, ..., n—-1}Ln >" 2 and let < be an unbounded connected order

defined on A. If 0 is the least (or the greatest) element with respect to < and if < satisfies
the following three conditions (or the dual conditions):
(C1) There is a longest chain of consecutive integers
0<1<2<3=<. _ <k=<k+t1, k=1,
€2 1f o< 1< then ) &<
(C3) Foreachx € {k+2, . . ., n—1}thereis a maximum integer 0=< 1 < x — 1 such
that x is incomparable with m for all |, < m <*x and from t < x follows t — 1 < x — 1

forall m< |

Theorem 3 : Let < be a connected unbounded order relation with the least (or the greatest)
element. Then a long-tailed function f_; preserves < if and only if the order < satisfies the

conditions (C1), (C2), (C3) from Theorem 2.

11



Theorem 4 : Let < be a disconnected order relation on A which is not an antichain.
Suppose that a iong-tailed function f . preserves <. Then the relation < A iS5 alinear order or

is an unbounded order with the least or the greatest element satisfying conditions (C1),

(C2), (C3) from Theorem 2.

Theorem 5 : Let < be an order relation on the finite set A = {0, 1, . . ., n— 1} with n > 2.
Then < admits a long-tailed function f; if and only if the order < satisfies one of the
following conditions:

(i) (A; <) is an antichain,

(ii) (A, <) is a chain,

(iii) < is unbounded and connected with the least (the greatest) element and

satisfies conditions (C1), (C2), (C3) from Theorem 2,

(iv) < is disconnected and only one connected component A, with respect to <

contains more than one element and the restricted order SIA is connected

with the least (the greatest) element and satisfies conditions (C1}, (C2), (C3)

from Theorem 2.

Theorem 6 : Let A = (A; (fiz).e. ) be an order-primal algebra with respect to order relation

n-2+¥{n)

SonA Then A |=, @™ (x) = @ (x) for a unary operation symbol (P if and only if < s

different from one of the orders described in Theorem 5 (i) — (ii).

Theorem 7 : Every order-primal algebra A = (A; (flx),€5I ), |Al= 2, for an order relation

different from an antichain satisfies the hyperidentity W" 2 (x,. x,) & Y" K" x,).

Theorem 8 : Let A = (A; (fi'“),EI ) be a finite nontrivial order-primal algebra and assume

that W" 72 (x,.x,) = w”2“2+'<‘”2’(x1,x2) is not a hyperidentity in A. Then A is primal.

12
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Theorem 1 : Let A be a finite set with [A]l = n = 3 and let f : A—>A be an operation. Then
Af) =n -2 and |Imfn_2f = 1 if and only if there are distinct elements u, v €A such that
A= {u, v, f(v), . ...f°(v)} and there is an exponent k with 0 < k < n - 2 such that f(u) =

#"(v) and a number m with m + k = n - 2 such that {"(u) = {" (u).

Theorem 2 : Let A be a finite set with |[A| = n 2 3 and let f : A—>A be an operation. Then

Af) = n -2 and [|mf”"2( = 2 if and only if there are distinct elements u, v €A such that
gither
(i) A={v. u f(w), . ., AU withv =f(v) and () = () ; or

(i) A={u f(u), Flu,... v= (), (W)} where v = f'(u) = % (u).

Theorem 3 : Let A be a finite set with |A| = 2 and let O be a nontrivial equivalence relation
defined on A. Then &€ Pol(@} is a LT-function if and only if there is only one btock with

respect to B which has more than one element.

Theorem 4 : Let A be a finite set with |[A] = n = 3 and let 8 CAXA be a nontrivial
equivalence relation. Then there is a unary operation f : A—>A with Afy = n -2 and
|lmf"_2| = 1 such that O is invariant under f if and only if either

(i} there exists only one block with respect to 8 which has more than one element ; or
(i) there are exactly two blocks with respect to O with more than one element and one

of them consists exactly two elements.

Theorem 5 : Let A be a finite set with |[A] = n = 3 and let O CAXA be a nontrivial
equivalence relation. Then there is a unary operation f : A—>A with Af) = n — 2 and
|Imf"_2| = 2 such that @ is invariant under f if and only if either

(i) there is only one block B with respect to O which has more than one element ; or

(ii) there are only two blocks B and C with respect to 8 which has more than one

element and |B|-|C| < 1.
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5. Essential Operation Symbols in Terms

penam Iudoluumind nluafaes  universal  algebra  AaNAFAUTTENALARLNAS
theoretical computer sciences LLﬂ:Lﬁ@1ﬁU??@5ﬁQUE:adFT‘?J’@?]I 4 9931ATINNT ﬂ‘ﬁ IR
direddu(daiesiansiansd  as. R dniwad) ldnnafevialusnTupfieas  essential
variables WWWENL algebra WTa variety Amun1ste U essential operation symbols in
term AUWNSAL algebra W3a variety latnaw1siu menger algebras WaMANE1 elementary
properties 184 essential operation symbols in term Nllauuwaneanisuenefanu i g iany
hypersubstitution WaLUIINIUATBINITANKIIN 1IAT8 hypersubstitutions UNIgULUUATUE
f vawuadafh essential FNWMSTUUM verieties i submonoid 289 monoid 284
hypersubstitutions Vaunm  uanannistienn essential operation symbols in term AaN&a17
uan gRaduuazdgouddudatiany essential variables in hyperterm @uWWSAU variety clone V
WaTANNTnAgRiin essential aassanyaiu gaulnanisld isomorphism 731319 monoid
183 clone endomorphism %duummm monoid 183 hypersubstitutions LlTINITANUITDI
essential variables 14 hyperterm &NWWMEND clone V NU essential operation symbols in
hypersubstitutions AUWNSNL variety V

AdtuazitaeidureasUnanunsiduresiade tifungu unid Ay sdium
Fevialali
Theorem 1: Let s,tewix,) and let A be an algebra of type 7 Then

Al=s=t = Hypess(s, A) = Hypess(t,A)

g

Theorem 2: If V is a subvariety of W, then Hypess(t, V) < Hypess(t, W).

Theorem 3: Let V be a variety of type 7. Then f is essential in ¢ with respect

to V iff there exists o e M, with o+ o, such that

V |# G [O(f)]=0() .

Theorem 4 : Let V., = Mod {f(x“..,.xﬂ)-’::-x‘}. Then V. is minimal variety.

Theorem 5: There is a bijective between Wtu({x‘liel}) and w,(x,} for arbitrary

type t©= (n,),e, with n, = n for all 7el.

15



Theorem 6: If o=Tofen oa, then G=nofon .

Theorem 7 :  Let A€AIg(t) be a non-trivial algebra and let Tew, (X ),

let f . (x,. ....x.) = fix,.... ., x )gldA with {__, & op(n(7N).

e+l
Then Bm)' "2 = 177 o [PmE = o,
when [(:X_ —w, (X _,) is a mapping defined by
Bix)=x,. Vi#i and Bux)=x_,,

and when [ isthe extension of B to a mapping defined on terms
and whenn.w, (x li€)—>w,(x,) is a mapping defined by
NX)I=Ffix,...x) Vi€l
NA)I=x) Vi=12...n

S (7, TN =8"(MT ... (T, N

Theorem 8. Let A€AIg(t) be non-trivial algebra of type t with 1= (n)e, .
n = n foral /iel and let
TV (A) =7 ars™ e* ey, rew, ({xw |i€l})
and also let 1, .(x,..x)=f(x, .x)&ldA with r_ &op (QN).

Then x €&em(T, T (A)) < 1 eEHypess(n(T).a) where
n: WT“({X,HGI}) — w/(x,) is a mapping defined by
nNx,)=F(x,..x) Vi,

ﬁ(l, y=x, NMi=1.n,

nE .. Tn=s" (). 7)) .

Auuargiuddulamumneauiiuaueluideiviauuan@owiy  manuscript
A FuunAIINNIIITInaslude3es “Essential Operation Symbols in Terms” falfuudiiun
289 manuscript AINa17 A AIANLAN (1) watar il manuscript TaaIRRNWININTRITIEEL

U RN MU sausaly
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Abstract, A finate algebra A = (A F2) an sard to be order-pranal af s clane of all
termn operations as the set of all operatinns defined an A which preserve a given partial
order < oo A In this paper we study algebrae properties of order-pranal alpelnas for
connccted ordered rets (A, <) Such order-primal algebras are constantive, mimiple and
have no non-identical automorphistns We show that in this case F2 cannot have anly
uniary fundamental operations or only one at least bipary tundamental operatinn We
prove several properties of the vanicties and the quasivarieties genecrated by constantive
and simpie algebras and apply these praperties to order-primal algebrax Furthor wre use
the peaperties of nrder.primal alpebras ta formulate new promality coiteria for finite algebras

Keywaords: arder-primal algebra, connected order, manminal variety

ORIG, DBA11,06A00:

1. Introduction

A clone € on a set s a set of aperations detimed on A4 which s closed under
compar.tion and contains all projections 11 4 = (A F34) 15 an al ebra, then
the clone of all term operations T'(A) of A s the clone which s generated
by F2A Lot O(A) be the clone of all aperations defined on AL Frate algebras
A = (A F2Ay are called primal of T(A) = O0A), that as, if every operation
defined on A is a term operation of A lLet (A <) be a himite partially orderod
set and let Pol(<) be the set of all operatans defined on A which prescrve
the relation < Then a finte algebra A = (A F2) s called order-primal of
T(A) = Pol(<). Order-primal algebras have recerved quite a bit of attention

" Research supported Ly the Thaland Research Fund
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recently, see [3], [11], [13]. A parually ordered set (A <) is called connected
if for any two elements a,b € A there exist a natural number n and elements
a = ag,ay,....0, = b such that nap < a; > a3 < ... 2 a.{< aq) = b 1o

ag > ay <a; 2 ... <an(> an) = ). Clearly, if {4; <) has the least element or
the greatest clement then (A; <) is connected. In (3]t was shown that fr o
connected finite ordered set (A: <) the order-primal algebra 4 = (A F4) has
no proper subalgebra and is simple Therefore the anly non-trivaal aigebrea o
HS{A} issomorphic to A. The vanety V{(A) generated by 4 s congruence
distributive if and only if A 1s the only subdirectly irreduaible algebran V{010
In this case V(A) has no non-trivial subvaniety. If (A, <} is a finite bounded
ordered set (that is, there exist the least and the greatest element with respect
to <) then Pol(<) is one of the maximal subclones of the clone O(A) of all
operations defined on A In this case the order-primal algebra A = (A 2 )

generates a minimal variety and has no nontrivial antomorphism (15! [81)

If the bounded order < is given by the following Hasse diagram

N

<
=
N

then the varicty generated by A has intinitely many subdirectly arreduaible
algebras ([8]) and therefore V(A) is not congruence distributive. Tut an
this case the algebra A = (A; F2) has no fimite set F'2 of fundamental
operations ([16]). In [1] it was shown that for fences the variety V0A) s
congruence distributive and the algebra A can be represented by footely
many fundamental operations. If A is fimite, there are only finttely many
maxitaal subclones of O(A) Every proper subclone of O[A} 5 eontaned
i a maximal one. Rosenberg ({14)) desenhed all these maximal subclones
Ly certain classes of relations. The n-ary operation f € O(A) preserves the
h-ary relation p C A® if (ayy.. . ..a1a) € p . (@ni.. - .Gun) € p amplies
(flavi.....am ), f(Gine .. caqn)) € po By Pol{p) we denote the set of ali
operations which preserve p. Pol(p) is always a clone. Every maximal subclone
of O(A) can be described in this way using the following classes of relations:

Class(1): is the class of all bounded partial order relations on A,
Class(2). is the class of all bunary relations {(a,s(a))|a € A} where s a8 a

permutation on A without invariant elements wath all cyeles of the same prime
length.
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Class(3): is the class of all quaternary relations o defined by (a,b,¢,d) € o
if and only if a + b = ¢ + d where 4 is the addition of an elementary abelian
p-group (p is prime) on A.

Class(4): is the class of all non-trivial equivalence relations on A.

Class(5): is the class of all central, i.e., totally reflexive and totally symmetric
h-ary relations 7 with 1 < h < |A| having a non-trivial center. A relation is
called totally reflexive if it contains all ~-tuples with a repetition of elements.
An h-ary relation r is said to be totally symmetric if (zo, -+, Zx_y) € r implies
(Ts(0) -1 Tsn—1)) € 7 for any permutation s of {0,...,~A—1}. The center of a
totally symmetric and reflexive h-ary relation r is the sct of all elements c € A
such that (¢,z;,...,zp_1) €r forall zy,...,z4_1 € A. For h = 1 the relation
T is simply a subset of A.

Class(6): is the class of all h-regularly generated relations which are defined
for 3 < h < |A| by the following steps: for m > 1,m € N a set 6y,...,6;-1
of equivalence relations on A is called h-regular if each 6;,0 < 2 < m — 1

Tt
defines exactly h equivalence classes and if the intersection () €; of arbitrary
i=1

m equivalence classes ¢; of 8; is nonempty. An h-ary relation p is said to be h-
regularly generated associated with 0g, ..., 8,1 if (a1,...,axr) € pif and only
if for each 0 <7 < m — 1 at least two of the elements a;, ..., a, are equivalent
modulo &;. (Recall that for A = |A| the clone generated by an h-regularly
generated relation on A consists exactly of all unary and all non-surjective
operations defined on A. This clone is known under the name Slupecki clone).
Then in [13] was proved.

THEOREM 1.1. ({13]) For an unbounded connected ordered set (A; <) the
clone Pol(<) is not contained in a mazimal clone Pol(p) where p is a relation
from one of the classes (1) to (4).

Using the maximal clones, one gets the following

1.2 Primalivy Criterion: A finite algebra A = (A4; F2) is primal if and .nly
if the clone T(A) is not contained in one of the maximal clones Pol(p) where
p is a relation from on= of the classes (1) to (6).

2. Properties of order-primal algebras for connected orders

Let A = (A; FA) be a finite algebra with 7(A4) = Pol(<) for a connected order
< on A. Then we have:

PROPOSITION 2.1. A is simple, has no proper subalgebra and no non-
identical automorphism.



4

Proof: For bounded orders this is clear. We assume that < is unbounded. Then
we can apply Theorem 1.1 to see that 4 is simple and has no nonidentical
automorphism. That A has no proper subalgebra is trivial, since for every
a € A the constant operation ¢g 15 a term operation of the order primal
algebra 4. O

\We defined order-primal algebras as non-indexed algebras A = (4; F2). If we
change to the indexed form 4 = (4. (_f"i),e,) where ff\' 15 n;-ary, there arises
the question for the tyvpe r = (n;);z; of 4. We recall the following primality
criterion of Rousseau for algebras with a single at least binary fundamental
operation.

THEOREM 2.2 (/15]}: A fintte algebru 4 = (A f2) (4] > 1) with a single
fundamental operation f2, where f2 15 at least binery, s primal if and only
if A s simple, has no proper subalgebra and no non-tdentical automorphism.

Then Proposition 2.1 gives the following proposition:

PROPOSITION 2.3. If A = (A; F2) s an onder-primal algebra for u con-
nected ordered set (A, <). then F2 contains at least two operutions one of
them at least binary.

Proof: If F2 contains only unary operations, then the clone T(4) of all term
operations of A4 consists also only of essentially unary operations. But for
every order relation < on 4, there exist monotone operations which are at
least essentially binary. Thus T(4) # Pol(<), a contradiction. Assume now
that F4 = {f2} for an at least binary operation. Since A has no proper
subalgebra, no non-identical automorphism and it is simple, by Theorem 2.2 it
has to be primal; that i1s, T(4) = Pol(<) = O(A4). This is also a contradiction
since O(A) contains operations which are not monotone with respect to <.0

The following concent is useful to describe the vartety V(A) which is generated
by an order-primal algebra A.

DEFINITION 2.4. (/6]) 4 non-trivial finite algebra A = (4, F2) is sawd to
be semiframal if there extst two elements a,b € A,a # b and a binary term
operation f2 such that f2{a,y) = a and f2(b.y) =y for all y € A.

Then we can prove:

PROPOSITION 2.5. Let A = (A; F2), |4| > 2 be an order-primal algebra
with respect to an order relation < on A with the least element 0 € A or with
the greatest element 1 € A. Then A is semiframal.
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1

Proof: Assume that there exists the least element 0 with respect to <.
Consider the binary operation f4 defined by

A 0, z=0

fHzy) = { y, otherwise.

Then f4(0,y) = 0 for ally € A. Since |A| > 2, there is an element b € A which
is different from 0 and satisfies f2(b,y) = y for all y € A. We have to show
that f2 is a term operation of A. Indeed, let 7, < z5 and 1 S y2. lf 90 =0,
then zy = 0 and fA(z;,y1) = fA0,11) = 0 < 0 = fA4(0,y2) = fA(zg,y,). If
2 # 0, then fA(z,11) = 0 < y2 = fA(x2,y2) for the case that z; = 0 and
fAz1,y1) = y1 € ya = fA(xa,y2) for the case that z; % 0. Therefore, f4 is
monotone and hence f2 is a term operation of A. For the greatest element,
one can conclude in a similar way.O

3. Varieties and quasivarieties generated by constantive simple
and by order-primal algebras for connected orders

If the variety V{A) which is generated by an order-primal algebra for a con-
nected order is congruence distributive, then using B. Jonsson’s well-known
Lemma, every B € V(A) is isomorphic to a subdirect product of homomorphic
images of subalgebras of A. Since by Proposition 2.1 A is simple and has no
proper subalgebra, A is the only subdirectly irreducible algebra and V' (A) has
no nontrivial subvariety (A is equationally maximal).

We can generalize this result using the following concept:

A finite non-trivial algebra A = (A4; F2) is called constantive if all constant
operations are term operations of A. Every order-primal algebra is constantive.
Then by a result of Foster([7]), we have.

LEMMA 3.1. (/7]) Let A be a finite nontrivial constantive and simple algebra.
If A is semiframal, then V{A) is minimal

Then Proposition 2.5 gives:

PROPOSITION 3.2. Let A = (A; FA) (|A] > 2) be an order-primal algebra
with respect to an order relation < on A with the least element 0 € A or the
greatest element 1 € A. Then V(A) is minimal.

For an arbitrary class K of algebras let Q(X) denote the smallest quasivariety
containing K. It is well known (see e.g.[2]) that Q(KX)} = ISPP,(K), where the
right-hand side denotes the class of all isomorphic copies of all subalgebras of
products of ultraproducts. Clearly, we have V{(K) = H(Q(K)), i.e., the varicty



6

generated by X is the class of all homomorphic images of algebras in Q(X). If
A is an algebra, then Q(A) stands for the quasivariety Q({A}).

If A7 is a direct power of A, then to any a € A there corresponds an element
a’ € A’ with nj(a’) = a for all j € J, where n, are the projection mappings.
The set {a’ | a € a} C A’ is the universe of the so-called diagonal subalgebra
A C AY which is isomorphic to A.

PROPOSITION 3.3. Let A be a constantive and simple algebra. Then

(1) Q(A) is a minimal quasivariely.

(it) If an algebra B € V(A) fails to contain a subalgebra isomorphic to A, then
it conlains a one-clement subalgebra.

Proof: (i) Take a nontrivial algebra 3 € Q(A). Then B € ISPP,({A}) and
Q(B) € Q(A). Since A is finite, we have P,({A}) = {A}, whence we get
that B € ISP({A}). Hence, therc exists a subalgebra C of a direct power A’
with B = C. Since A is constantive, C contains the diagonal subalgebra A of
A’ as a subalgebra. As A = A, we get A € IS({B}) C Q(B) and this gives
Q(A) = Q(B), proving the minimality of Q{A).

(ii) Let C be a nontrivial algebra of V(A). Then there exists a nontrivial
algebra B € Q(A) and a homomorphism h : B — C such that A{(B) = C. In
view of the proof of (i), B must contain a subalgebra D isomorphic to A. As A
is simple, the subalgebra A{D) of { is either a one-element algebra or we have
h(D) = D = A. So if the algebra C fails to contain a subalgebra isomorphic
to A, then it has a one element subalgebra, namely h(D). O

A variety consisting of one-element algebras is called trivial or degenerate.
If no algebra of a variety V consisting of at lcast two elements has a one-
element subalgebra, the variety V is said to be semidegencrate ((12])). Now
using Proposition 3.3 (ii) we can deduce the following result of [5]:

LEMMA 3.4. ({5]) If A is constantive and simple and V (A} is semidegenerate,
then V(A) is minimal.

Proof: Let B be a nontrivial algebra of V(A). Since B fails to contain a one-
element subalgebra, in view of Proposition 3.3(ii), it contains a subalgebra
D = A. Hence A € V(B), and this implies that V(A4) is minimal. O

PROPOSITION 3.5. Let A be a constaniive and simple algebra. Then the

following are equivalent:

(1) V(A} is a minimal variety.



(ii) Q(A) is the least nontrivial quasivariety of V{A).

(111) The algebra A can be embedded as a subalgebra in any nontrivial algebra
BeV(A).

Proof: (i)=(ii} Assume that V(A) is a minimal variety and take any subqua-
sivariety @ C V(A4). Then H(Q) = V(Q) = V(A). Hence, there is an algebra
B € ) such that A is a homomorphic image of B. As 4 does not contain one-
element subalgebras, the same must be valid for B. Therefore, by applying
Proposition 3.3(ii), we get that there exists a subalgebra B’ of B with B’ = A.
Hence Q(A) = Q(B') C Q, proving (ii).

(ii)=(iii) Let B be a nontrivial algebra of V(A4). As V(A) is locally finite,
B contains a finite nontrivial algebra D. Then Q(D) = ISP{{D}). Since by
assumption Q(A) C Q(D) = ISP{{D}), there exists an algebra A’ = A with
A' C B’ for some B’ € ISP({D}). Then obviously, there is a subalgebra A”
of a direct power D’ with A” = A. Since A” is nontrivial, there exists at least
one projection m;, of A” into D (where ig € J) such that its image is not a
one-element algebra. Since A” is simple, we get A = A" = m; (A") C D C B,
proving (iii).

The implication (iii)=-(i) is straightforward. O

Since non-trivial order-primal algebras for connected orders are constantive
and simple, Propositions 3.3 and 3.5 are satisfied for those algebras.

An important question is whether the variety generated by an order primal
algebra A can be congruence modular {congruence distributive) or congruence
permutable. It is quite clear that it cannot be congruence permutable. Oth-
erwise in A there must exist a term p2 such the identities p(z,z,y) =~ y and
p(z,y,y) = z are satisfied in 4. Assume that a,b € A with a < b and a # b.
Then from a < a, a < b, b < b there follows b = p(a,a,b) < p(a,b,b) = a,
a contradiction. It was proved in [5], that a finite algebra A = (4, F4) with
T(A) =< FA >= Pol(p), where p is a relation from Class(6), cannot gen-
erate a congruence distributive variety. But tuen a finite algebra A’ with
T(A') C T(A) = Pol(p) can also not generate a congruence distributive
variety. Indeed, if T(A) does not contain Jonsson's terms, characterising con-
gruence distributive varieties, then T(A’) € T(A) can also not contain these
operations.

Let us now consider the congruence modular case. An important result of
(18] is the fact that the variety V(A) generated by an order-primal algebra
is congruence modular if and only if it is congruence distributive. In [10] and
[17] several equivalent conditions for the congruence modularity of V(4) in
the case of a finite connected poset (A, <) are given. For instance, in [10] is
proved that this is equivalent to the existence of a near unanimity function on
A. In {17] several properties of the order variety generated by (A4; <), i.e. the
smallest class of ordered sets which is closed under retractions, products and
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subposets which are preserved by every idempotent operation defined on A and
contains (A4; <), were studied. A finite poset (A4, <) is called dismantlable if its
elements can be listed in such an order A = {z,,...,z,} that z; is irreducible
in {z,,...,Zn}. For an equivalent definition see e.g. [19]. Then from a result in
[17] one obtains that if V(A) is congruence modular then the poset of (A4; <)
is dismantlable.

Using the characterization of minimal, locally finite varieties given in [20], B.
Larose ([11]) characterized recently all order primal algebras for connected
orders which generate a minimal variety.

THEOREM 3.6. ({11]) Let A be an order-primal algebra for a connected order
and |A| > 2. Then V(A) is minimal if and only if (A; <) is dismantlable.

If for an order-primal algebra A for a connected order the variety V(A4) is con-
gruence modular, then by [17] the order (4; <) is dismantlable and thercfore
V(A) is minimal. But we have also:

PROPOSITION 3.7. Let A be an order-primal algebra for a connected ordered
set (A, <) with | A|> 2. If V(A) is a congruence modular variety, then it is a
minimal semidegenerate quasivariety.

Proof. As we have pointed out before, V(A) is minimal and its only subdi-
rectly irreducible (nontrivial) algebra is A. Since in this case any nontrivial
algebra of V(A) is isomorphic to a subdirect power of A, we conclude that
V(A) = Q(A). Hence V(A) is a minimal quasivariety, according to Proposi-
tion 3.3(i). Now, suppose that there is a non-trivial algebra B of V(A) with
a one-element subalgebra {e}. Since B is a subdirect power of A, there is
a homomorphism h : B = A. Hence we get that {i{e}} is a one-clement
subalgebra of A, a contradiction. O

A quasivariety Q is called structurally complete if for every subquasivariety Q'
which is properly contained in Q the variety V(Q') is properly contained in
the variety V(Q) (see [1]). For a variety V the above notion can be formulated
similarly: V is structurally complete if and only if any proper subquasivariety
of it generates a proper subvariety. Obviously, any minimal quasivariety is
structurally complete. It is interesting, that in our case even the converse of
this statement is true. In fact, we have the following:

COROLLARY 3.8. If A is an order-primal algebra for a connected ordered
set (A, <) of finite type and with |A] > 2, then V(A) is structurally complete
if and only if it is a minimal quasivarzely.
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Proof: Assume that V(A) is structurally complete. Then from Q(A) C ( )
there follows V (A4} = V(Q(A4)) C V(A) - a contradiction. Thus V(4) = Q(4)
and hence Lemma 3.3(i) gives that V(A) is a minimal quasivariety. Tho
converse implication is well-known. Q

4. Primality Criteria

If A is an order-primal algebra for a connected unbounded order, then by
Theorem 1.1 the clone T'(A) of all term opecations of A is not contained in a
maximal clone Fol(p) where p is a relation from one of the classes (1) to (4).
Since A is not primal, T(A) is contained in Pol(p) where p belongs to Class(5)
or to Class(6). We consider the following cases:

1. T(A) € Pol{p), p belongs to Class{6). Then by the remark in section 3, the

algebra A cannot generate a congruence distributive (congruence modular)
variety.

2. T(A) € Pol(p). p belongs to Class {6). Then T(A) C Pol(p) for a relation
p belonging to Class(5).

Now we assume that A = (4, F<) is an algebra with T(4) 2 Pol(<) for a
connected unbounded order < on A

Then using Theoremn 1.1 we obtain the following primality criteria:

COROLLARY 4.1. If A = (A F2) is a fintte algebra with T(A) D Pol{<) for
a connected unbounded order on A, then A s primal if and only if A generates
a congruence permutable vartety V{4).

Proof: If A is primal then V(A) is congruence permutable. If conversely
V(A) is congruence permutable then T{4) € Pol{p) if p is a velation from
Class(4), Class (5), or Class(6) defining maximal clones. By T(A) 2D Pol(<)
for a connected order < on A, because of Theorem 1.1 we get T(A4) € Pcilp)
where p is a relation from one of the classes (1) to (4). Then by the Primality
Criterion 1.2, A is primal. O

COROLLARY 4.2 If A = (A; F2) 15 a finite algebra with T(A) D Pol(<)
for a connccied unbounded order < on 4, then A s primal if and only if
T(A) € Pol{p) for cvery relation p from Class(5) and V(A) s congrucnce
distributive.

Proof: T{A) € Pol{p} for a relation p from Class(6). From the assumption
and Theorem 1.1 we get primality. The converse is clear. O
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