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ABSTRACT

We investigate Fixed Point Theory in Banach spaces under various conditions of their
geometry. Most of the mappings of interest are multivalued. To achieve this goal, scveral inequalities
concerning important geometric properties are derived. Some new geometric properties under this
rescarch project are introduced. H is proved that many new results can be developed in the direction
of these new properties. One of the main ingredients in the study is a technique from nonstandard
analysis, namely the ultrapower technique.

The theory is then extended to the class of hyperconvex spaces. The most accomplishment is
on the class of CAT{0) spaces, its impor-{am subclass. Parts of the research are devoted to the study

of the topelogy of the convergence sets of mappings.

Keywords: geometric property, Banach space, ultrapower technique, hyperconvex space,

convergence set
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3. Research Field
FUNGCTIONAL ANALYSIS AND TOPOLOGY

4. Problem statement and importance



The fixed point property (FPP) has been studied since J.Brouwer and S.Banach feading to
several celebrated theorems such as Brouwer's Fixed Point Theorem and the principle of Banach's
Contraction Mapping. The theory of fixed point property is one of the most important subject in pure
and applicd Mathematics. It contributes to a variety of applications in many fields of mathematics
such as the theory of operators, control theory, approximation theory, and theory of equations. Using
geometric property to study FPP has been developed since W.K.Kirk who proved in 1965 thata
Banach space with a normal structure has weak fixed point property .

The fixed point property is still proven to be the most important research problem in
Mathematics and is continuing to be of interest to mathematicians worldwide. The study of
nonexpansive mappings has been substantially motivated by the study of monotone and accretive
operators, two classes of operators which arise naturally in the theory of differential equations. As an
example, Kato {1967) has obtained the following basic result : For a Banach space X, a subset D of
X, and 2 map T:D -—>X, T is accretive if and only if for eachx,y €Dand A = 0,
[x~y|[£]lx~y+A(Tx—Ty)|]. Thus a mapping T:D ~-— > X is accretive if and only if the
mapping J, = (/= AT)™" (called the resolvent of T) is nonexpansive on its domain.

Other examples showing that the notion of nonexpansive mappings and their sets of fixed
points play a crucial role in optimization theory (see [3, 39, 41, 42, 48, 50, 56, 57, 58]). In these
studies, some forms of convergence theorems for nonexpansive mappings are considered.

The study of nonexpansive mappings and their fixed points could be extended to metric
spaces. It is well-known that every nonexpansive mapping on a bounded hyperconvex metric space
has a fixed point ( Baillon 1988 [3]). The notion of hyperconvex spaces was introduced by Aronszajn
and Panitchpakdi [2) 1956. Espinola and Kirk [15) obtained fixed point theorems in R -trees, whose
ciass forms a subclass of hyperconvex spaces, and applied them to the Graph Theory.

Besides the existence of a fixed point, the first co-investigator is also interested in some
topological properties of the fixed point set of a continucus mapping. He recently establishes the
notion of the convergence set of a continuous mapping and shows that there is a nice relationship
between the convergence set and the fixed point set certain kinds of mappings (including
nonexpansive mappings). This relationship opens a new door to study topological properties of the

fixed point set using those of the convergence set.



In view of the importance of this subject, the Principal Investigator (PT) and his group intend
to continue their work on the mathematics itself, rather than on its applications. One part of the
project then aims at establishing new concepts and results for fixed point theory both in Banach
spacesand in hyperconvex metric spaces. Two of the main tools, among others, that the PI plans to
employ and develop further are “ the generalized Jordan- von Neumann constants™ proposed by
Dhompongsa and others [14], and “the generalized James constants” proposed by Dhompongsa and
others [13]. For the second part, the project will concentrate on the topological property of the fixed
point set of a given continuous mapping by means of its convergence set, the new notion cstablished
eartier by the first co-investigator.

This project will be undertaken for three years in collaboration with the PI’s colleague and
their students at Chulalongkorn University and Chiang Mai University, The PI has created a group of
students working on Geometric Property, in particular, on the Fixed Point Property in Banach spaces.
The impact of this project will not only contribute to advance the knowledge of the mathematical
society itself, but will also strengthen the research groups, especially students as its members, in

Thailand.

5. Objective of Research

5.1 To investigaie the significance of the constants C,,(a, X') and J{a, X) . For
examples, the preservation of the property C,,, {(a, X) <2 and
Cy;(a,Y) <2 by their direct sum X @ Y under various norms. (See [12, 13,
14)).

5.2 To investigate the convexity property of direct sums X @Y (See [12, 45]) .

5.3 To apply nonstandard analysis to the fixed point theory (See [4, 43, 51, 52, 53,
54, 55]).

5.4 To establish fixed point theorems in the hyperconvexity setting (See [6, 7, 8, 15,
16, 33, 34, 35, 36, 37, 38]).

5.5 To investigate some topological properties of the convergence set.

5.6 To investigate the relationship between the convergence set and the fixed point
set and use this relationship to study some topological properties of the fixed

point set.



6. Methodology of Research

6.1 Solve problems and conjectures raised in [14] and [13].

6.2 Invent sufficient conditions for the fixed point property of direct sums X @Y

6.3 Apply a new tool, namely, the nonstandard analysis technique to the fixed point
property in Banach spaces.

6.4 Modify standard proofs formulated in a Banach space setting to a metric space
one.

6.5 Invent new topological properties of the convergence set.

6.6 Establish new topological properties of the fixed point set using (6.5).

7. Plan of Research
7.1 Collecting know results concerning the FPP and related congepts in Banach
spaces and hyperconvex spaces.
7.2 Preparing specific topics for each member in the research group to concentrate
on his/her own research work.
7.3 Sharing results obtained in {7.2), discussing, and preparing manuscripts.
Plan for each 6 month period :

January 1, 2004 - June 30, 2004 : Writing a paper on “Convexity property of direct sums
Xer "

July 1, 2004 - December 31, 2004 : Writing a paper on “Constants €, (a, X}, J(a, X) and
other related ones” and "Topology of convergence
sels”.

January 1, 2005 - June 30, 2005 : Writing a paper on “Nonstandard analysis for fixed point
property in Banach spaces” and “Topology of
convergence sets”.

July 1, 2005 - December 31, 2005 : Writing a paper on “Nonstandard analysis for fixed
point property in Banach spaces” and “Topology of

convergence sets”.



January 1, 2006 - June 30, 2006 : Writing a paper on “Fixed point property in hyperconvex
spaces”.
July 1, 2006 - December 31, 2006 : Writing a paper on “Transition of geometric property in

Banach spaces to hyperconvex spaces ”.

8. Expected output
We expect to publish at least 2 papers a year.

Tentative titles and journals :

(1) Title : Geometry of Banach spaces in hyperconvex space |, |l; Topology of
convergence sets.
Journal : Proceedings Amer. Math. Soc (impact factor = 0.369) or London J.
Math. Soc. {impact factor = 0.441) or Pacific J. Math. (impact factor =
0.395) or Studia Math. (impact factor = 0.399).
(2) Titte  : Fixed point theorems: A nonstandard anatysis approach |, Ii; Topology
of convergence sets.
Journal : J. Functional An'él. {impact factor = 0.879} or Bull. Austral.. Math. Soc
(impact factor = 0.236) or J. Austral. Math. Sec. (impact factor = 0.282)
or J. Math. Anal. Appl. (impact factor = 0.444).
(3) Title  ; Convexity of v -direct sums.

Journal : Nonlinear Anal. {impact factor = 0.408)
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- Uniform smoothness and U-convexity of ¥/ - direct sums, J. Nonlinear and

Convex Analysis, 6 (2} (2005), 327-338. Appendix 1

- Fixed point property of direct sums, Nonlinear Anal. 63 (2005}, e2177-82188.

Appendix 2

- A note on properties that implies the weak fixed point property, Abst. Appl.
Anal. V. 2008, Article ID 349859, Pages 1-12. Appendix 3

- Lim's theorems for multivalued mappings in CAT(0) spaces, J. Math. Anal.
Appl. 312 (2005), 478-487. Appendix 4
- The Dominguez-Lorenzo C(Sndition and multivalued nonexpansive mappings,

Nonlinear Anal. 64 (2008), 958-970. Appendix S

- Jordan-von Neumann constant and fixed points for muitivalued nonexpansive

Mappings, J. Math. Anal. Appl. 320 (2006), 916-927. Appendix 6

- Fixed point theorems for multivalued mappings in modular function spaces,

Scien. Math. Japon. 63 (2) (2006), 161-169. Appendix 7

- Fixed points of uniformly Lipschitzian mappings, Noniinear Anal. 65 {2006),
762-772. Appendix 8

- A note on fixed point sets in CAT{0) spaces, J. Math. Anal. Appl. 320 (20086),
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983-987. Appendix 9
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326 (2007), 390-397. Appendix 10
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UNIFORM SMOOTHNESS AND U-CONVEXITY OF -DIRECT
SUMS

SOMPONG DHOMPONGSA, ATTAPOL KAEWKHAQ, AND SATIT SAEJUNG

ABsTRACT., We study the y-direct sum, introduced by K.-§. Saito and M. Kato,
of U-spaces, introduced by K. S. Lau. For Banach spaces X and Y and a contin-
ucus convex function ¢ on the unit interval [0, 1] satisfying certain conditions, let
X @®yY be the ¢-direct sum of X and Y equipped with the norm associated with
1. We first show that the dual space (X ®4 Y)" of X @y V is isometric to the
space X* ®, YY" for some continuous convex function ¢ satisfying the same con-
ditions as of . We introduce the so-called u-spaces and show that: (1} X®.Y is
a smooth space if and only if X, Y are smooth spaces and ¢ is a smooth Function.
We also show that (2) X @y Y is & u-space if and only if X, Y are u-spaces and ¢
is & u-function. As consequences, using the notion of ultrapower, we obtain : (3)
X @y Y is uniformly smooth if and only if X, ¥ are uniformly smooth and 1 is
a smooth function, and (4) X @, Y is a I/-space if and only if X,Y are U-spaces
and 1 is a u-function.

1. INTRODUCTION

For every continuous convex function v on [0, 1] satisfying ¢¥(0) = (1} = 1
and max{1 — ¢,¢} < ¥(t) £ 1 (0 < ¢ < 1), there corresponds a unique absolute
normalized norm || - || on C2? (see Bonsall and Duncan [3], also {19]). Recently, in
[16] the authors introduced the t-direct sums X @y Y of Banach spaces X and Y
equipped with the norm associated with %, and proved that X @y Y is uniformly
convex if and only if X, Y are uniformly convex and 1 is strictly convex. We write
X ~Y to indicate that X and Y are isometric (or Banach isomorphism, see [12]).

The purposes of this paper are to characterize uniform smoothness and U-con-
vexity of X @, Y. In Section 2 we shall recall some fundamental facts on the v-direct
sums of Banach spaces and introduce the dual function ¢ of 4 so that the dual space
(X®ypY) of Xy Y is X* @, Y. In Section 3 we shall show that the ultrapower
of X @y Y is the y-direct sum of the ultrapowers of X and of Y. In Section 4 we
shall prove that X @4 Y is a smooth space if and only if X,Y are smooth spaces
and ¥ is a smooth function, and by using the ultrapower technique we obtain that
X @y Y is uniformly smooth if and only if X,Y are uniformly smooth and ¢ is a
smooth function. In Section 5 we introduce new spaces, namely u-spaces, and prove
that X @y Y is a u-space if and only if X,Y are u-spaces and ¢ is a u-function, and
again by using the ultrapowers we have X @, Y is a U-space if and only if X,V are
U-spaces and ¢ is a u-function.

2000 Mathemalics Subject Classification. primary 46B20; secondary 46B08.
Key words and phrases. y-direct sums; Smooth spaces; u-spaces; Uniformly smooth spaces;
U-spaces.
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2. THE 1-DIRECT SUMS

Let X be a Banach space. Throughout this paper, let X* be the dual space
of X, Sx ={ge X :|lzf =1}, Bx = {z € X : |lzf| £ 1}, and for z # 0,
V.= {f € Sx-: f(z) = ||zl|}. In this section we shall recall the definition of the
y-direct sum X @, Y of Banach spaces X and Y. A norm on C? is called absolute
if [|(z, w)l) = [[(l2], lw])|| for all (2,w) € C* and normalized if ||(1,0) = [0, 1){l = 1.
The set of all absolute normalized norms on C? is denoted by N,. The lp-norms
(I llp (1 £p < co) on C2 are examples of such norms, and for any norm || - || € N,,

I lloo < I -1F< - -
Let ¥ be the set of all continuous convex functions ¥ on [0, 1] satisfying %(0) =
P(1) = I and max{l — t,{} < ¥(t) <1 (0 <t <1). N; and ¥ are in one-to-one
correspondence under the following equations. For each || - || € Ng, the function
defined by () = ||(1 — ¢, )|} (0 < ¢ < 1) belongs to ¥. Conversely, for each 1 € ¥,

let [[(0,0){ly = 0, and ||(z,w)lfy = (|2] + [w])¥(Hegs) for (z,w) # (0,0) and this
norm belongs to N, (see [3] and [19]). For Banach spaces X and Y, we denote by
X @y Y the direct sum X @Y equipped with the norm

Iz I = izl yills for (z4) e X @Y.

Thus, under this norm, X @, ¥, which will be called the y-direct sum of X and Y,
is a Banach space and for all {z,y) € X @ Y we also have (see [16])

1= 9l < Iz 9w < NIz, 9)la-

Saito et al. [16] extended the concept to absolute normalized norm on R™.
The corresponding set of all continuous convex functions on the {n — 1)—simplex
{{31,..,8n-1} € R:’;‘l 181+ -+ 8p—1 £ 1} will be denoted by ¥,,.

Now we show that the dual space of this ¢-direct sum is a direct sum X @, Y of
the same kind for some ¢ € ¥. We first define

N . st+ (1 —s)(1—1)
wy(s) = p(s) := :2}3{;] 20

for 5 € [0, 1|. We show that ¢ € ¥ and call it the dual function of 9.

Proposition 1. The above function ¢ is continuous, conver on (0,1] and satisfies
(s) > max{s, 1 — s} for all s € [0,1].

Proof. It is easy to see that () is continuous. To show that ¢ is convex, we let
51,82 € [0, 1] and consider

(‘51 +32) = sup sife2p 4 (1 - 2ks2y(1 —¢)
2 te{0,1] P(t)
= sup Isit+sat+ (1 —5)(1=8) 4+ (1~ s9)(1 - ¢)
teo,1] 2 D(t)

< 5 (0(51) + p(s2),
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which verifies the convexity of ¢(-). Next we prove the last assertion. Since (t) < 1
for all t € [0, 1],

w(s) > sup {st+ (1 —s5)(1 —¢)} > max{s,1— s}
t€[,1]

for all s € {0, 1}, and the proof is complete. O

Theorem 2. The dual space (X @y Y)* is isometric to X* &, Y™, where ¢ is the
dual function of ¥. Moreover, each bounded linear functional F in (X &y YV)* can
be (uniquely) represented by (f,g) where f € X* and g € Y™ and

F(z,y) = f(z) + g(y)
for all (z,y) € X ®y Y. In this case, |[F|] < ||(F, o)z %)l
Proof. DefineT: X*®,Y* — (X @y Y)* by

T{f, 9)(z,y) = f{x) + g(y)

where f € X*, g e Y*, z € X, and y € Y. It is easy to see that T is linear.
Moreover, by the definition of ¢, we have, recalling that the norm of each nonzero
element (f,g) of the y-direct sum X* @, Y™ is defined by

167,930 = A1+ ot (i,

1T(f,9)(z, )| < I FKlill + lighllyl

A o ol s o)A+ il
= (e Toblet+ W= Tom et + 1o

gl liwil
< A+ oo (g 5 ) et + 09 (s )

for all nonzero (f,g). Thus, T(f, g) is actually an element of (X @y Y)*. For each
Fe(XayY), F(-,0) and F(0,-) are bounded linear functionals on X aad Y,
respectively. Put f(z) = F(x,0) and g{y) = F(0,y), then T(f,g) = F and the
surjectivity of T is proved.

Finally we prove that T is an isometry, ie., ||[T(f,g)l = lI(f,9ll,- From the
above calculation, we always have [|[T(f,9)|l < [[(f,g)ll,- Now we prove the reverse
inequality. We choose sequences {¢,} C [0,1], {zn} C Sx, and {yn} C Sy so that

c L (A=) talloll y llgil
w(tn)( Nl ||9||) (p(”fﬂ + ||9||)'
flza) = If,  and  g(ya) — llgll asn — oo
Therefore, since W%;T(U' ~tn)Tn, tan) € Sxa,v,

1
IT(, 91 2 g (£ =)o) +gltnsm)

_ (- t)f(ea) . taglun)
= WA o5 CAs ol * T el
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The last expression tends to ||(f, 9)li, as n — oo, proving that |T(f, g} = (£, 9)lle
and this completes the proof. C1

Qur first application of Theorem 2 is to show that reflexivity is preserved under
the 1H-direct sums.

Corollary 3. For each € ¥, X &y Y is reflevive if and only if X and Y are
reflexive.

Proof. We only proof the sufficiency. We first show, without using reflexivity, that
(X @y Y)*™ = X** @y Y**, ie., they are isometric. For this, we let  and then 6 be
the dual functions of 7 and of ¢, respectively. Thus (X @y Y)* = X* @, Y™ by the
isometry T’ where TF = (Fi, Fy), Fy = F(-,0) and F2 = F(0,-); and (X* @, Y™*)* =~
X** @g Y** by the isometry U where UG = (G1,G2), G1 = G(-,0) and G2 =
G{0,-). Hence (X @y Y)** = X** @ Y™ via the isometry which maps L € (X @y
Y] to DT = (E7°1(,0), LT~(0,) € X** @ Y™ so that ULT (¢’ 1) =

Wi L7205 = (1660, 10,°) = (L1(e") L), o uct

when [ = L(:c.y]: the evaluation map at (z,¥), ie., L(z ol };) in(:r; yI; p_axglggai

Faly) for e (X By Y ULy T x" ,p*) = 27 (2) + v (@) = Lol L‘.l&w\ -
(L, D¥a? 3. s shows Yaat W, i)y = Wzl = WLz, Ly)le Tor (z,7) €
X ®Y. Therefore, ¥(jftlm) = e(nff}fﬁpm) = 0( =) for [lzl) + llll # 0. From
this we can easily see that ¢ = 8.

Now suppose that X and Y are reflexive. Thus elements in X** and Y** are of the
form L, and L, for some z.€ X and y € Y. To show that (X @y Y)** is reflexive, let
L € (X ®,Y)™ and consider, for each F € (X @ Y)*, L(F) = L(F},0) + L(0, F;) =
L(F1) 4+ Ly(Fy) = Fi(z) + Fa(y) = Lz (F), for some z € X and y € Y. That is
L = Lz, showing that X @, Y is reflexive and the proof is complete. O

We observe that X ®, Y is super-reflexive when (and only when) X and Y are
super-reflexive. By Henson and Moore [7], this is equivalent to showing that the

ultrapower X @y Y is reflexive. But this follows from Remark 5 below and Corollary
3.

3. ULTRAPOWERS OF THE 3-DIRECT SUMS

The ultrapower of a Banach space is proved to be useful in many branches of
mathematics. Many results can be seen more easily when treated in this setting.
In this section we prove that every uitrapower of a ¥-direct sum is isometric to
the t-direct sum of their ultrapowers. First we recall some basic facts about the
ultrapowers. Let F be a filter on an index set I and let {x;}ier be a family of points
in a Hausdorff topological space X. {z;}ies is said to converge to z with respect to
F, denoted by limr x; = , if for each neighborhood U ofz, {i € [:z; e U} € F. A
filter U on [ is called an ultrafilter if it is maximal with respect to the set inclusion.
An vltrafilter is called trivial if it is of the form {A : A C I,ip € A} for some fixed
10 € I, otherwise, it is called nontrivial. We will use the fact that

(1) U is an ultrafilter if and only if for any subset A C I, either A € I or
INAcU, and
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(i) if X is compact, then the limy z; of a family {z;} in X always exists and is
unigue.
Let {X}icr be a family of Banach spaces and let l(J, X;) denote the subspace
of the product space I;e; X; equipped with the norm |[{z;){] := sup;e/ |||l < oo
Let U be an ultrafilter on I and let

Ny = {((I:g_) < tm(I,X,-) : 1?{1‘1 ”I1” = 0}

The ultraproduct of {X;} is the quotient space loo{f, Xi)/Ny equipped with the
quotient norm. Write (x;)y to denote the elements of the ultraproduct. It follows
from remark (ii) above and the definition of the quotient norm that

l{z)ull = liLI{n (AR

In the following, we will restrict our index set I to be N, the set of natural numbers,
and let X; = X, ¢ € N, for some Banach space X. For an ultrafilter i on N, we
write X to denote the ultraproduct which will be called an ultrapower of X. Note
that if I is nontrivial, then X can be embedded into X isometrically {for more
details see [17] ).

Following T. Landes [11], a normed space Z is a substitution space (with index
I # @ with any cardinality) whenever Z has a {Shauder) basis (e;);e; (unconditional
if I is uncountable} and the norm of Z is monotone, ie., |lz|} < ||Z/|| whenever
0<% <2 foralli €1 (2,2 € Z), where we write z = Zief zie; for z € Z. Given a
family (X;)ier of normed spaces, then the Z direct sum (D;; Xi)z of the family
(X;) is defined to be the space {z.= (2i)icr € [ies Xi : Dies zilles € Z} endowed
with the norm || 3°,.; lizile: (|z. ¥— direct sums are examples of Z-direct sums.

A property P defined for normed spaces is said to be preserved under the Z-
direct-sum-operation, if the Z-direct sums of a family (X;)ie; of normed spaces
satisfles P whenever all X; do so.

The following proposition shows that, under some conditions, “normal structure”
is preserved under the Z-direct-sum-operation. This result improves the first per-
manence result for normal structure obtained by Belluce, Kirk, and Steiner {2].

Proposition 4. [11, Theorem 2, Corollary 3 and Corollary 4] Let Z be a substitution
space with index set I = {1,..., N} such that

|z + 2| < 2 whenever ||z} = || = 1,2: 2 0,2; >0 forallie I,
and z; = z; only for these i € I for which z; = 2} = 0.
Thus, normal structure ts preserved under the Z-direct-sum-operation. I'n particu-

lar, if Z is strictly conver or Z = l;}' for any p with 1 < p < .

In case [ = {1,..., ¥} and ¢ is strictly convex, it follows from [9] that the norm
|l - |l is monotone and strictly convex on €. We note in passing that this result
actually holds for Z—direct sum : The Z— direct sums (3,X;)z is uniformly convex
if and only if Z and each of the Banach space X; are uniformly convex with a
common modulus of convexity (see Dowling [5}).

Remark 5. It is easy to see that the ultrapower of Z—direct sum (€, X:)z is iso-
metric to the Z-—direct sum (€D, X;)z of ultrapowers. Thus in particular,
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(Xi@ - @ Xn)p ()?1 @ @ﬁ)w. This follows from the fact that the Z—norm
is monotone and from the continuity of norms.

It is known that X is uniformly convex if and only if X is strictly convex (see
{17]). Combining these results and Remark 5 gives

Corollary 6. [9] Let X1, ..., Xy be Banach spaces end y € U, Then (X, ®--- @
XNy is uniformly convex if and only if X1,...Xn ere uniformly convez and ¢ is
strictly convez.

Thus, in the light of super-reflexivity, we can extend “normal structure” to “uni-
form normal structure” for y-direct sums whenever ¢ is strictly convex.

Corollary 7. Let X1, ..., Xy be super-reflexive Banach spaces and Z be uniformly
convez. Then, the Z-direct sum (X & --- @ Xn)z has uniform normal structure if
and only if X1, ..., Xn have uniform normal structure.

Proof. Note that, by Khamsi [10], it suffices to show that the ultrapower
(X1 ®---® Xn)z has normal structure. But this is an immediate consequence
of Remark 5 together with Proposition 4. O

It is well-known that every uniformly nonsquare space is super-reflexive (see [8]).
Thus, Corollary 7 and [4, Corollary 3.7} give

Corollary 8. Let Xy,..., Xn be Bancch spaces and Z be uniformly ‘conver. Then,
tf Cna(L, X;) < 2 fori=1,2,..., N, the Z-direct sum (X, @---® Xn)z has uniform
normal structure. -

It is interesting to see if we can conclude that Cni(1, (X, ®--- @ Xn)z) < 2 in
Corollary 8.

4. SMOOTHNESS OF THE ¥-DIRECT SUMS

A Banach space X is said to be smooth if for any x € Sx, V; is a singleton. We
recall that a continuous convex function 4 has left and right derivatives ¢}, ¥/ Let
G be defined on {0,1] by

G(O) = [_llwi?.(o)]! G(l) = [wi,(l): 1]:
G{t) = [ (t), ¥a()] (0 <t < 1)

Given ¥ € ¥, £ € [0,1], let
1
z(t) = ——=(1 — ¢, ¢
| © xb(t)( )
so that ||z(¢t)lly = 1. In [3], the authors identified the dual of (C?||.||y) with C?
and used this fact to provide a proof of the following lemma.

Lemma 9. [3, Lemma 4] For ¢, G, and z defined above,
(1) Vo = {((t) —trv. o) + 1 - t)y) sy E G(t)} for O <t < 1,
(2) vz{o) = {{1,z(1 + 7)) : v € G(0),|2| = 1}, and
(3) vz(l) = {(Z(l - 'Y): 1) H G(U! lzl = 1}

In general, using Theorem 2 and Lemma 9, we have the following:
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v
Lemma 10. Let (z,y} € Sxa@,v and t = g7y Thus

(1) Vizg = {((0@) —tNF, @) + 1 = t)1)g) : v € G(&), f € V) and
g€ Vy{“y“} for 0 <t <1,

(2) Vi = {(fi (1 +7)g) : v € G(0), f € V; and g € Sy~} for t =0, and

(8) Ve = {1 —7f,9) 1 v€G(l),g € Vy and f € Sx-} fort =1

Proof. We prove (1). Let F = (f,g) € V(z ), then
F((z,y)) = f(z) + ¢{y)
< WEIN=N + llg il

_ Rlli=t + llghv )
= T LoD el o L1+ e+l

lall hyll )

= [|Fllol{z, )l = 1.
Thus, we have |[flillzll + lgllllyll = 1 and f(z} = |Ifliltzll 9(v) = lgllilvil, hence
(1L Hell) € Vigznwi 2nd ]Tf‘ﬁ € V“_:“, ﬁ‘}ﬁ € VU;L“- We observe that (|[z]], llyl} =
;ﬂ‘ﬁ( 1 ~ ¢, 1), thus it follows from Lemma 9 that

AN = 9(t) = ¢y and llgh = (&) + (1 = ), for some v € G(2).

Consequently, we have (£,9) = (I lallsdy) = ((0(®) — tn) gy, (9(8) + (1 -
£y Hgﬁ)' Thus, we have proved that Vi, C {{(%{t) —t7)f, (@) + (1 ~-)7)g} 1y €
G(t), f € VI;",:” and g € vy/uy" }. On the other hand, let F = (('gb(t) —ty)f, (P(t)+
(1 —¢)y)g) where v € G(t), f € V/jzy and g € V,pyyyy- Consider, by using Lemma
9,

F((xz,y)) = (W(t) — ty) f (@) + ($(8) + (1 — t)1)ely)
= (9(t) ~ tn)l=|l + (w(t) + (2 = Oyl
= (lzll + Iyl ((w(8) = t)(1 = ) + () + (1 - e)m)t)
1
= m((fﬁ(t) — i) (1 = &) + (%(8) + (1 = e)}7)¢)
=1.
Hence, (1) has been proved. The proof of {2) and (3) can be proceeded similarly. 0O

We say that a function ¢ is smooth if the following conditions hold:

(1) ¥ is smooth at every ¢ € (0, 1), i.e., the derivative of ¢ exists at ¢,
(2) the right derivative of ¥ at 0 is —1, and
(3) the left derivative of ¢ at 1 is 1.

Theorem 11. Let X and Y be Banach spaces and ) € V. Then X @Y is smoolh
if and only of X and Y are smooth and 3 is smooth.
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Proof. Necessity. Assume that X @4 Y is smooth. Because X is isometric to
X @y {0} which is a subspace of X @Y, then X and similarly ¥ must be smooth.
It remains to prove that ¢ is smooth, but by Lemma 10, if 4 is not smooth, there
exists (z,y) € Sxg,v such that Vi, ) contains more than one point which can not
happen, and the smoothness of 4 is proved

Sufficiency. This follows from Lemma 10. ]

Again, since, for every Banach space X, X is uniformly smooth if and only of X
is smooth, we obtain

Corollary 12. Let X and Y be Banach spaces and ¥y € W. Then X @, YV s
uniformly smooth if and only if X end ¥ are uniformly smooth and ¢ is smooth.

5. UU-SPACES AND u-SPACES

A Banach space X is called a U-space if for any £ > 0, there exists § > 0 such
that for any x,y € Sx, we have ||z + y| < 2(1 — J) whenever f{y} < 1 - ¢ for some
f € V. (see [13]). A Banach space X is called a u-space if for any z,y € Sx with
|z + y|l = 2, we have V; = V. Obviously, every U-space is a u-space.

Remark 13. Let us collect together some properties of u-spaces and U-spaces:
(1) If X* is a u-space, then X is a u-space. The converse holds whenever X is
reflexive.
(2) If X is a U-space, then X is a u-space. The converse holds whenever dimX <
m‘.
(3) X is a u-space if and only if X is a U-space.

Proof. (1) Let @,y € Sx be such that {lz + y|| = 2. We prove that V. = V. Let
f € Vg, and h € Vi It follows that h(x) = h(y) =1 and ||f + A|| = 2. By the
assumption that X* is a u-space and h{y} = 1, we have f(y) = 1. This implies that
V3 C Vy, and then V; = V,, as required.

(2) The first assertion is obvious and the latter one follows from the compactness
of the unit ball. _

(3) It is known that X is a U-space if and only if X is a U-space (see [6) or
[15)). In virtue of (2), it suffices to prove that X is a U-space whenever X is a u-
space. Suppose that X is not a U/-space. Then there exist an ¢ > 0 and sequences
{zn}: {yn} C Sx, and {fn} C Sx- such that fa(z,) = 1 and fr{zn ~yn) > €p for all
n €N, and [|zn +ynl| = 2857 — 00. We put T = (Za)u, ¥ = (yn)u and f = (fo)u-
Thus 2+ ¢l = 2, f(Z) =1 and f(7) £ 1 — € < 1. This means that Vz # Vj
which implies that X isnota u-space. O

U-spaces can be considered as the “uniform” version of u-spaces. The following
diagram explains this claim as well as it shows how the u-spaces are well-placed {see
(1], (4], [6). {14], and [15]):

XisUC & XisUC ¢ XisSC

XisUS « XisUS o XisS
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Xis UNC & X is UNC « X is NC

X isa U-space <= Xisa U-space << Xisa u-space
Cny(1,X) <2 = UNS

t
UC = U = UNSQ US = U= UNSQ
4 $ % 4 4 Y
SC = v = NSQ 8§ = u = NSQ

UC = Uniformly Convex, SC = Strictly Convex, US = Uniformly Smooth, §
= Smooth, UNC = Uniformly Noncreasy , NC = Noncreasy, Cni(-) = a general-
ized Jordan-von Neumann constant, UNS = Uniform Normal Structure, UNSQ =
Uniformly Nonsquare, NSQ = Nonsquare, U = a U-space, © = a u-space

Examples of u-spaces which are not [/-spaces can be obtained from the direct
product spaces (lR2 oR2, @ Rga @-- - )o where (pg) is a sequence of positive numbers
strictly decreasmg to 1, a,nd (lo®l3®Bly@- - - )2 where each I, is the I -space. Actually,
both spaces are strictly convex, but with the James constant and the Jordan-von
Neumann constant are both equal to 2, i.e., the spaces are not uniformly nonsquare,
and hence can not be U-spaces. Sims and Smith (18] have shown that the space
{la@l3 Bl &- )2 has asymptotic property (P) but not property (P).

Examples of infinite dlmensmna.l u-spaces that are not strictly convex or smooth
are easily established. -

Let ¢ € ¥. We say that ¢ is a u-function, if for any interval [a,b] C (0,1), we
have ¥ is smooth at @ and & whenever 3 is affine on [g, b}.

Theorem 14. Let X and Y be Banach spaces and i € V. Then the Benach space
X ®y Y is o u-space if and only of X and Y are u-spaces and ¥ is a u-function.

Proof. Necessity . Suppose there exist a and b € [0, 1] such that 9 is affine on [a, )
but ¢/ (a) < ¥,(a) = ¥/ (b). Fix 70 € Sx, fo € Vg 0 € Sy, and go € V.
Consider w = w(la)((l — a)zp,ayg) and z = 3(15((1 — b)zo, byg). We have w,2 €
Sx@,y and Jlw + z||y = 2. Indeed,

o + =] —H(l‘% P2t LA,
P @ T ey )y° (0%,

¥
=(1 1)¢ @?as+17%7
Pla)  %{b) ORETC)
i) v (B o B
@ T )\ oy et

( %
=(1 wb)(la’%‘_‘j,w(aHl—ﬁa;W])
2.

I
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To obtain a contradiction, it remains to show that V, # V. Now, for v €
(¥ (), ¥5.(b)], we have
P(b) — by < %(b) ~ bypL(b) = 9p(a} - atl, (a) < y(a) — a¥(a).
Thus, ((¥{a) — a¥_(e))fo, (¥(a) + (1 — a)¥’(a})go) € Vu \ V;, that is V, # V.
Sufficiency. Let us prove that X@®,Y is a u-space. Let w and z be elements in the
unit sphere of X ®,Y such that fw+z|ly = 2. Put w = (21,11) and z = (z9,92). We
have [|(llz1{l + llz2ll, fwill + llw2iDlly = 2 since 2 = llw+2lly = [[{{z1+ 22, y1 +4)lly <

N(flzall + (s flyall + w2l < Nzl l220Dlle + 1l lg2lll, = 2. By the
convexity of 4, it follows that
llyall + Nl )

2= (leall+ Iyl + 2l + vall)y (nxm il + ool Toal

< Ol + o)y () 4 ol + a2 )

fzall + ol llz2lf + [z
=2
Thus, 1 is affine on [a A b,a V b], where ¢ = ﬂﬁ%ﬂ;ﬂ and b = ¥ - Since

lw + z|| = 2, there exists F = (f1,91) € X* ®,, Y'* such that F € V,,NV,. Hence,
Fw) = fi(z1) + a1(n1)
S Azl + lgalflzdl

_ __[Uhllsdl + Ry |
(U Nga Dol Nl

o] Il .
<ol )e (| ) QA+ ot + o)

(AN g B3z lf + Hyadl)

|zl + (w1
= 1P liplwlly = 1.
Thus, we have
(e) filz1) = Adlliza |l and g1(ye) = llgllfivs lI-
In the same way, we also have
(8) fi(z2) = [l fillllz2lf and g1(y2) = lloallly21]-

Now we show that V,, = V. We consider first the case when all {|z,[], ||ly1]l, [|lz2l,
ly2ll are positive. In this case, we can assume that 0 <a < b < 1. (o) and (8) give

1 T z I z pis —
ﬁf@evmqvm and gl Evﬁnﬂvﬁﬁ.ltfollows;hat 2y + 2l =2
L = 2. 1? x = x (i = 1
an "]TgTIT + m%"ll 2. Thus, V|T£{T| Vﬂ_xﬁ an vﬁ:‘h 2, since both X and
Y are u-spaces.

If @ < b, then, since ¢ is affine on [a,b], a and b must be smooth points of 1.
Consequently,

(v) Yla) — ay = P(b) ~ by and P{a) + (1 — a)y = P(b) + (1 — b,

where v = ¢¥'(a) = ¢¥'(b).
By using () together with Lemma 10 and the equations Vﬁﬂﬁ =V _z_ and

(B3]

v = v = .
Il’f’vfﬁ V]r:_ﬁ, we have V, = ¥V,
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If o = &, then, by Lemma 10, we have

Vi)
= {{{I/)(G) - a‘T)fs (¢(a) + (1 - G)'}’)g) TYE G(G)vf € vm/"xl" and gc vyu’jly;l]}
= {((¥(®) = 1), (P(B) + (1 — b}7)g) : v € G(b), f € Vi pyz, a0d g € Vyy iy}
= {{((6) — o) f, (Y(4) + (1 = b)7)g) : ¥ € G(B), f € Vigpzaf and g € Vi pypay}
= Vizape)-

Thus V, = V,, as well.

Now we consider the case when exactly one of the numbers ||z ||; ||lz2]|, ||y, ||ly2!|
is equal to 0. We assume that [jy1]] = 0, thus ¢ = 0 < b and 0 and b are smooth
points. By (a), (§), and by the assumption that X is a u-space, we have V,, =
V =z . Since 0 is a smooth point, we have F' = (f1,0). This in turn implies that

$(B) — b/ (b) = L and %(8) + (1 — 6%/ (b) = 0 since F € V4, N V,. Thus, by Lemma
10,

V(a2

= {((s(5) — W' (0, ($(8) + (1 — b)Y/ (5))g) = f € Viryyjas) 20d g € Vi, i}
={{(f,0): f¢€ Vrzf"rz"}

={{f,0): f ¢ V:c;}

= Vizin)-

Finally, suppose two of the numbers [fzi{, flzall, ly1ll, l¥2]l are equal to 0. We can
assume that [ly1ff = [[y2]] =0, thus @ = b = 0. The proof of the equality V, = V,,
is similar to the one of the case when a¢ = b. O

Corollary 15, Let X and Y be Banach spaces and i € ¥. Then the following
statements are equivelent:
(1) X @y Y is a U-space;
(2) X* @, YY" is a U-space;
(3) X and Y are U-spaces and ¢ is a u-function;
(4) X and Y are U-spaces and ¢ is a u-function, where ¢ is the dual function
of .
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Fixed point property of direct sums™
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Abstract

For a uniformly convex space Z, we show that Z-direct sums (X @ - - - @ X ) z of Banach spaces
X1,.... Xy with R{g, X;) < 14aforsomeac (0, 1] have the fixed point property for nonexpansive
mappings. As a direct consequence, the result holds for all ir-direct sums with | being strictly convex.
The same result is extended to all f-direct sums X @, ¥ of spaces X and ¥ with property (M), whenever
¥ # ¥y. The permanence of properiies that are sufficient for the fixed point property are obtained for
Z-direct sums {and then for y-direct sums). Such properties include the properties R{X) <2, WNUS,
Cysla, X) <2, UKK, and NUC,
© 2005 Elsevier Ltd. All rights reserved. .
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1. Introduction

Let X be a Banach space. A self-mapping T of a closed convex subset C of X is said to be
a nonexpansive mapping if |Tx — Ty <(lx — ¥l forallx, yin C.
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We will say that X has the weak fixed point property (fpp) if every nonexpansive mapping
defined on a nonempty weakly compact convex subset of X has a fixed poiot.

One open problem in metric fixed point theory is the permanence of fpp under direct sums.
Here we consider the problem in two aspects. One of these is to study the permanence of
properties that guarantee the fixed point property, the other is to study directly the fixed point
property of the direct sum under conditions given on its component spaces. Obviously, the
answer to these questions depend on the norm of the product space. We shall be interested in
the so-called Z-direct sums and yr-direct sums the concepts of which will be defined later.

Shortly after Kirk proved in {16} his celebrated fixed point theorem that asserts that every
Banach space with normal structure has the fpp, the first permanence result for normal
structure was given by Belluce et al. [2]. The result has been improved by Landes [18]
whose resuit in turn has been improved to uniform normal structore under Y-direct sums
by Dhompongsa et al. in {4]. For weak normal structure, the positive answer for X@,Y
is due to Belluce et al. [2]. Landes [18,19] in 1984 and 1986 showed that weak normal
structure (WNS) is preserved in X@, Y for | < p <00, but not for p = 1. Some additional
coaditions on the spaces X and ¥ that are sufficient for the direct sum X&) ¥ to have WNS
are considered in [11,21]. :

Sims and Smyth {283, however, considered the problem, known as a 3-space problem:
For a Banach space X and a finite-dimensional Banach space Y, if X has asymptotic (P) so
daes X & Y. Moreover, if X has property (P) and the projection onto X has norm 1, then
X @Y has (P). This later result strengthens Theorem 2.3 of [29]. Later Sims and Smyth {28)]
showed that property (P), asymptotic (P), and some others are inherited from the component
spaces to the direct sums. They, as well as Kutzarova and Landesalso in [17], also considered
infinite product results. Property (P}, introduced by Tan and Xu [29], is sufficient for WNS,
In 1997, Prus [24] introduced a class of super-reflexive Banach spaces with fpp the so-called
the uniformly noncreasy (UNC) spaces. These spaces do not have to have normal structure.
For a strictly monotone norm, Wisnicki {30} proved that X @ ¥ has fpp, whenever both X
and ¥ are UNC or have property (P).

A norm on R? is called absolute if [z, w)ll = §{lz], [wi}| for ali {z,w) € ®2 and
normalized if [[{1, 0)]| = ({0, 1)|| = 1. The set of all absolute normalized norms on R2? is
denoted by N,. The {,-norms {| - || ; for 1 < p € co are such examples and forany || - || € N,
I floosli- 150 [l1. Let ¥ be the set of all continuous convex functions ¥ on {0, 1]
satisfying () =y¢(1) =1 and max{l —r, } K<Y K1 (0Lr £ 1). N, and ¥ are in one-to-
one correspondence via the following equations, Foreach || - )| € Na, the function ¢ defined
by () =ll{(} —z2, 1)) (0 < 1) belongs to ¥. Conversely, foreach iy € ¥ let |0, 0) || =0,
and |[(z, w) | = (lz] + lwD¥ (lw]/|w]| +1z]) for (z, w) # (0, 0). Let y, be a function defined
by ¥, (1) = (1 —0)? +1P)V7 if 1< p < 003 ¢, (1) =max{l — 1,7}, if p=00. Itis simple to
see that such function ¥, corresponds to the /p-norm. We denote by X @y ¥ the direct sum
X @Y equipped with the norm {{{x, y)[| = §{x, ¥y = lUxW kyBDlly for (x. y) e X @ Y.
X@yY is called the -direct sum of X and Y and it is a Banach space satisfying, for all
(x, ) € XBY, I{x, Yoo SHx, g < [1(x, 3l (see [26]). Saito et 2l. [25] extended
the concept to absolute normalized norm on B . The corresponding set of all continuous
convex functions on the (N — I)-simpiex {{s1,...,sny-1) € Rf']:sl + sy gll
will be denoted by Wx. Kato et al. [15] proved that the space (RY ] - ly) is uniformiy
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convex if and only if  is strictly convex. Dowling [8] pointed out that this result fell into
a larger framework developed by Day {3]: Let Z be a Banach space with a normalized
1-uacenditional basis (e;);¢;. For Banach spaces X; (i € [}, define the Z-direct sum

(@ X;) = l(x,-) € HX,-:Z llx: ll¢; converges in Z]
i z j

i i

and put [[(x) 1= 113, Ix: l|e: [z for the norm on (D, X¢) 2. In the language of Day, (D, X1) 2
is a substitution space of {X;} in Z. J-direct sums are examples of Z-direct surns, simply
fetting Z = CV. Dowling showed that (€D, X;) is uniformly convex if and only if Z and
each of the Banach space X; are uniformly convex with a comron modulus of convexity.
Thus, for X; = R for each i, the Z-direct sum (€5, X;) 7 is uniformly convex if and only if
Z is uniformly convex.

In this paper, we will study only finite Z-direct sums. Thus, we may write (a;, ..., ax) =
aiel + -+ + ayey as elements of Z, for ay, ..., ay in R. The paper is organized as fol-
lows. In Section 2, we consider Banach spaces X with R{a, X) <1 +a for some a €
(0, 1}. It is known that spaces with this property have the fpp. Let us call this prop-
erty ‘Dominguez’s condition’. The main resuit of this section is to prove that the finite
Z-direct sum (ED;X;); has the fixed point propesty whenever the spaces (X;) satisfy
Dominguez’s condition. We continue the investigation for Banach spaces with property
(M) of Kalien in Section 3. The second part of the paper considers the permanence of prop-
erties that are sufficient for the fixed point property. The conditions R(X) <2, Cys(a, X)
<2, and the property NUC among others are considered in Sections 5, 6, and 7,
respectively.

One tool that seems to be common now in studying the fixed point property is the
ultrapower technique. We recali some of its formulation. Let % be a free ultrafilter on
the set of natural numbers. Consider the closed linear subspace of oo (X), & = {{xp) €
loof X} 1 lim, _, 4 lx, | =0}. The ultrapower X of the space X is defined as the guotient space
Lo (X)) A Given an element x = (x,) € loo(X), X stands for the equivalence class of x.
The quotient norm in X satisfies ||.'f'|{~= Hmy, e llx: ). ¥ f = (x]) is a bounded sequence
of functionals in X™, the expression @ = limpx;(xa) for x = (xp) € I (X) defines
an element in the dual space of X with || f|| = tim,_,#|lx; |l. (For more details about the
oonstructiom an ultrapower of a Banach space X see, for examples, [1,27].) It is shown

in (4] that Xy Y = X, Y.

2. The coefficient R(a, X)
Definition I {Garcia-Falset {10]). Let X be a Banach space, then
R(X) := sup {Iimﬂinf ey + xI{] ,

where the supremum is taken over all weakiy null sequences (x,;) in the unit ball and over
all points x of the unit ball.
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Garcia-Falset (10] showed that if a Banach space X satisfies R(X) < 2, then X has the
fpp. Dominguez [7] generalized this result by inwoducing the coefficient, for a 20,

R(a, X) = sup {lim inf [x, + xll} .

where the supremum is taken over all weakly pull sequences (x,)} in the unit ball with
D(x,) < 1 and over all points x with ||x|| € a. Here D(x,;) = lim sup, lim sup,, lixs — x|
Clearly R(X) = R(1, X). It was proved in [7] that X has fpp if R(a, X) <1 + a for some
a 0. Ithas been observed that R(1; 1} =2, while R(a. > |) < | +a for some a 22 0. Thus this
result is a strict improvement of a result in [10]. Moreover, because of this resuit, Mazcunan
Navarro [22] is able to prove a well-known open problem which states that “every uniformly
nonsquare Banach space has the fpp”.

Theorem 2. Let X|, ..., Xy be Banach spaces with, foreachi=1,... , N,R(a, X;) <1+
a for some a € (0, 11. If Z is uniformiy convex, then the Z-direct sum (X, ® - - @ Xy)z
has the fixed point property.

Proof. The main ingredient of the proof is taker from Dominguez [7]. Suppose that (X1 &
-+« @ X )z does not have the fpp. Thus, we can find a weakly compact and convex subset
Kof(X1®--® Xpy)z such that 0 € K, diamK = | and X is minimal invariant for
a nonexpansive mapping 7, and we can also find a weakly null approximated fixed point
sequence (afps) (z,) of Tin K, We consider the set W ={(ip) € K : |[({th) — (Z2) €1 ~1
and D((#,)) <1}, where £ == 1 /(1 +a). I is easy to check that W is a closed, convex, and 7-
invariant set. Furthermore, W is nonempty because it contains ¢(Z,). Therefore, from Lin’s
Theorem [20}, we know that sup{}j(it,) || : (i5,) € W} = 1since 0 € X. Some parameters
will be needed and we define them bere. In what follows, i € { =1, ..., ¥}. First choose
M > 1 so that

l14a

> max R(a, X;) 2.1)

and then choose 0 < & < ysosmallthaty < M —1, 14+e/n* (1 -+ (1 +t/(1—t—e)n < M,

7 £ t t
4 - 14— — < M,
(r”(”rﬁ(l—r)*( +1—r—s)"))1—:—s{

L— Nyl +n)
P A
1+4

and finally, by uniform convexity of Z and by maenotonicity of || - [|z, we have

if utvi>2(1-28) for u={uy,...,un),v=(..... UNIES(X |\ B-@Xu)z @2
then |Ju; Il ~lvi Il < n*for each i. and '
H el = el <& for (¢;). (pi) € Boxyg-oxy), With 0< p; €4 2.3

for each i, then ¢; ~ p;<n® for each i,



35

5. Dhompongsa ef al. / Nonlinear Analysis 63 {2005) ¢2177-¢2188 e218!}

We can find an element @ = (i) in W with
l@)=>1—¢ 248

and wy, 5 wiorsome w € (X\D--- & Xp)z.

Write w, ={Xxn), .. .. Xpy)and w=(xy, ..., xn). By passing through subsequences, we
can assume that all limits mentioned below exist since all sequences under consideration
are bounded. For example we assume now that {|x,; || = a(i) for some a (i) foreachi ¢ {.
Let us define the vectors z, = w, — w and let iz,)] — b. Clearly, from D{i5}<t and by
the weak lower semi-continuity of the norm, we have

10— wl<e, fwl<l -1 (2.5)

By (2.4), we musthavebothbzt—& > 0and [|wf| 2 1 —~r—& > Q. Suppose first that & £ {|w}j.
For each n, put sp = (zn + w)/2, 2n = ({wl/z,zn + w. Thus, 25, = (liza I/ wl)sr +
[(lwl) — Hzall)/iflw)]w, and so 1 — e<lim,2|lsa | € B/ wiDlimyllzal + llwll ~ b that
implies imp ||ta]12(1 — & + & — lwl)/bllwll > 2(1 — 2&}]|w(l. Next, suppose {w( <&.
In this case we redefine 1, = z, + {izall/[wl)w. Thus, Zs, = (lwll/ iz, )2 + [(lza] -
lwll)/zsll)za, and therefore | — & <limy 2{sa il < (lwll/BMimallzall + & — lwf, and in -
consequence lim, (5,1l 2 [(1 — & — b + flw]}/Iw|}b = 2{1 — 2£)b. By applying (2.2), it
follows that, for all large n,

Sw“H&u xill = Il <o @2.6)

foralli. Let J ={i € I : a(i)>y?}. Clearly J # ¢. Now observe that for some
subsequence (nz) of (n), it is the case that, for some i € J, D(x ) sra(iH(1 + ).
Otherwise, by extracting a subsequence from another we have, for all i € J, [lxp,; —
Zmill > ta(id(1 + ) for all k and ! with k </, This leads us to a conclusion, by (2.4), that

Iiwnx—wn,||>ll():;e;llxw—xn,.Ilet)!|>t(1+H)IIE.«EJ(6(=)&)1I>I(1+ri)(1—€ Nn?)y
fork <! Hencerz D{(w,) 2 D(w,,k)>r(l+:;)(l—£ Nn%) which, by (2.1), is impossible.
Thus, we assume that a{l) > :1 and

D) Sta(l)(1 + ). @

Put u,; = x,; — x;. We claim that

£ b
(x| Staa(l) ([+p;2_(1~_:)+ (1 + I_Iw_ll) r.f) 2.8)

Hm sup [luy, + x1§ = lim sup [len, || > 2(t + a — ya(l) 2.M
H n

and

for all y > 0 where, recall that, b = lim,, |z, ]|- By (2.3) we get

i = 2l 4+ Nxill = Uxnell <7 (2.10)
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for all targe n. Eq. (2.6) then implies that (14 .z, Il /[l () Uxi I < flxn; |+ 1+ Nz K/ Nl D7,
for all farge n. Let n — oo to obtain (1 + 1/@ — /{1 — Nllx( <1 + @ - e)/(1 —-
Nk <A + /lwhixii<a) + (1 + b/lwldg’ <a(DA + (4 + b/llw))n,
and so (1 + a)/alx: (| <a(l)(1 + {e/(n*(1 — )] + (1 + b/[lwl)n) that provides an es-
timate in (2.8). Eq. (2.9) is easily obtained. Taking (2.7)—(2.9) into account, we see that
un fta{l)M € Bx,, D(us /ta(DM) <1, and x/ta{l)M € aBy,. This together with
(2.1) and (2.9} imply that R{a, X)) > max; R(a, X;), a contradiction, and the proof is
complete. []

Corollary 3. Let X1, ..., Xy be Banach spaces and let \f € ¥ n be strictly convex. If for
alli=1,....,N, Rla,X;)<1 +aforsomea € (0,1], then (X, @ --- ® Xn)y has the
Jfixed point property,

3. Property (M)

Kalion {14] introduced property (M): For x, 30, the weakly null type ¥y =
lim sup, {lx — xn il is a function of x| only. In [12], Garcia-Falset and Sims proved thatif a
Banach space X has property (M}, then X has the fixed point property. A preliminary result
which they used in their proof of the main result in [12] and which we need here is

Lemma A (Gurcia-Falset and Sims {12, Lemma 3.1]). If X has properry (M) and (x,) is a
weakly null sequence withlim sup, f|x.{|=1, then D (x,)=sup(lim sup, flx,—x|} : x € Bx}.

We now consider a y-direct sum X&@y ¥ when both X and ¥ have property (M). We first

observe that, for each ¥ € Y\{i},}, there exists t € (0, %) with (1) v (1 ~ 1) < 1. The
following lemma is a consequence of Lemma A,

Lemma 4. Let X be a Banach space having property (M). For every weakly convergence
sequence xp 2 x. we have

lim sup ||lx,l| < D{x,) + (Il.tll v lim sup [x, — x|| — lim sup [Jx, ~ xli) .
n n

n

Examples | and 2 in {21] show that property (M) is not preserved under the sum X@, Y
for p € {1, co}. This observation leads us to consider and then obtain the following result,

Theorem 5. Let Banach spaces X and Y have property (M) and @ € ‘Y\{if;;}). Then the
Y-direct sum X@yY of X and Y has the weak fixed point property.

Proof. Let us assume that X@y Y does not have the weak fixed point property. Then we
have a weakly compact convex subset K of X@®y Y that is minimat for a fixed point free
nonexpansive mapping T : K — K. Moreover, we can assume that diam K = |, and
K contains an approximate fixed point sequence {z,) with z, 30 and, by the Goebet-
Karlovitz Lemma, lim, ||z, - z|]| = 1 for all z € K. We will consider the following subset
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of X@,;,Y Let W = ((w,) € K: l(wn) ~ ()l <r and D) <1 — 1}, where t € (0, ,)
is chosen so that (#) v {1 — 1) < 1. Observe that D{w,) = D(yn) if (wn) = (y,,) Then
W is T-invariant, closed, convex and nopempty as (1 — r)(zn) € W, For (w,,) c Wwe
can assumne that Wy —> wWo, Limg 1wy § = 1@, lim, || = | Jimy, | xa . limy [(ya ) lland
limglw, — woll = |(lims ffxn — x5 [f, limg)lys — Yol Fix £ > O such that O <& < {(l —
V@) A QL= (1 - 1) A ). L

_Case 1 (limg [, ~ wol S [|woll): We have ) I < we ~ woll + fwoll <2Mlw, Il <20l
wy — zall €2,

Case 2 (lim, [|w, — wol > Jlwo|i): This means that lim,||x, — xoll = lxol} o1 lim, |y, —
yoll > l¥oll. So we can assurne that lim, lx, — x|l > Jx,]. If ims |y, — ¥l <& we have,
by using Lemma 5, I|(w,) I = im fwn Il = [| (i fl 52 0, limsflyn DN < NCD e, iy Wy —
Yoll + HyoN SN — £, + £ (1) + £ If limy [y, — yoll 26, we have [[(@p)) =
(P xa)y DEya) H{yoll VImall ya — Yo | =Yimall yu — Yo ll DI S N (D {xn). B+ (¥l v

limafl ye = Yoll —timallys — yol)=D(wa)+ ([l yoll V1ima i yn — yoll —limp lys — yoil) < (1 -
1)+t —e=1—¢&. Combining these, we have that elements of Whave their norms uniformiy
bounded away from one. More precisely, we have ;I(w,,)[l Smax{2, YO+, gl —t)+
g, 1 — e} < 1, This, however, contradicts Lin’s Theorem which ensures that W contains
elements of norms arbitrarily closed to one.

Corollary 6 (Marino et al. [2], Proposition 5]y. Let Banach spaces X and ¥ have property
{M}. Then the direct sum X@ooY of X and Y has the fixed point property.

In the second part of the paper, we tnm to the study of permanence properties. Recently,
Dhompongsa et al. [4] considered the permanence of smoothness, vniform smoothness,
u-convexity, and {/-convexity of Banach spaces. Two of these properties, namely uniform
smoothness and U-convexity are known to imply fpp.

4. The coefficient R(X)

Since the condition “R(X) < 2" is more strict than the condition “R (1, X) <« 2", we have
a stronger result than might be expected from Theorem 2.

Theorem 7. Let Xy, ..., Xy be Banach spaces with R(X;) <2foralli=1,... N.IfZ
is uniformly convex, then R(X; @ - - ® Xpn)z < 2.

Proof. SinceZisuniformly convex, for ¢ > O which satisfies max; R(X;)(1 4+ N¢) < 2,there
exists & > O suchthat max; R(X;)(1 + Ne) « 2~ dand forevery zy,z7 € Z,if |z, — a2l 22,
then {21 + 23 €2 ~ 8. Now, let (x,;) be a weakly null sequence in Bx,@..gxy) and x €
Bixiw-mxy)- Write xp = (Xpy. .. .. Xpn ). We want 1o show that lim infg||x, + x§ <2 - 6.
For this end, we can consider subsequences of (x,) in order to obtain estimates in the
argument to follow,

Case 1 (|||xa | =l x1 | 2 eforalllarge n): We have, for all lazge n, {x,+x || =il Z;’e! x4+
xilledll 12 erlxniller + 3 seqlxillesf €2 ~ 8.
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Case 2 (for all large n, Wxq: | — llxill| < e forall iy: Let J ={i € I: x; =0}. Now estimate
N + 210l - llxey +xa D
Xni + Xi
< g;hmmi+fg%m%ﬂvﬂmnﬁ;m;$ﬁ"M|
<e|Xal+ 3 il +o "x—‘?‘ﬁﬁue;u.
ieJ iel\J d !

Take lim inf, and get lim infai{(Jxny + xiils---s Ixeny + xvN SN el +
que:\J("ﬂ [[+&) max; R{(X;)e; || € (I+Ne) max; R(X;). Thus, R(X 1@ - - BXN)z <23
as desired. [

Corollary 8. Let X1, ..., Xy be Banach spaces and e ¥y be strictly convex. If R(X;) <2
Joralli=1,... N, then R(X, @ - @& Xn)y <2

In [23), Prus introduced Banach spaces called nearly uniform smooth (NUS) spaces.
These spaces are the dual of NUC spaces. Falset [10] then proved that every NUS space
has the fixed point property answering a longstanding open question. Actually, he proved
that WNUS, and hence NUS, Banach spaces have the fpp. The notion of WNUS is a
natural generalization of the property NUS. A characterization of WNUS spaces is: X is
WNUS if and only if X is reflexive and R(X) < 2, (see [9]). Thus we immediately have, by
Dhompongsa et al. {4, Corollary 3], -

Corollary 9. Letr X;, ..., Xy be Banach spaces. If € Yy is strictly convex, then each
of X; is WNUS if and only if (X) & -- - @ Xn)y is WNUS.

5. The Cys(a, X) constants

In [6], Dhompongsa et al. introduced a generalized Jordan—von Neumann constant
Cxni{a, X) for a 20 defined by

flx 4 yi% + flx ~ z®
20x U2+ Iyl + lz02 )

where the supremunm is taken over all x, y, z € By of which at least one belongs to §y and
by — zl salix|.

Cnila, X =supl

Theorem 10. Let X1, . .., Xy be Banach spaces with Cx (@, X;) < 2foralli=1,... N.
If Z is uniformly convex, then Cy s(a, (X\ @ - - @ Xn}z) < 2.

Proof. Suppose Cyys(a, (X| @ - @ Xn)z) =2. Thus, by Dhompongsa et al, {5, Lemma
3.2} thece exist Sequences X, ¥n. Zn € S(t,@--@Xy) z SUch that {xq + yall, flxa — 24l = 2
and |ly, — z,f| e for all n. By passing through subsequences, we may assume that all
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the following sequences converge: |lxp; + ¥nill = Ap llxu; — zaill = B, Mgl =
Ciillynilt = Ci, and {lzp; )} — C; for each i. By the assumption that Z is uniformly
convex, we obtain A; = 2C; and B; = 2¢; for each /. Now, for each n and for each i,
we have |yn; — Zai |l = lllyn; ~ zniled) KU es (U¥as — znieill <a. Finally, we obtain
the limits of the following sequences: | xn; + yn; (12 + lxn; — za;ll* > A} + B2 = 8C?,
xpi 12 + Nynill2 + UznilI* — 4C?. Clearly, for some i, C; % 0. And for such §, we have
Cri(a, X;) =2, acontradiction. [J

Corollary 1. Ler X\,.... Xn be Banack spaces and y € ¥ be strictly convex. If
Cwsla, X)) <2 foralti=1,... N, then Cnys(a, (X1 & - ® Xy)y) <2.

Corollary 12. (X @ - - - ® Xn)y is uniformly nonsquare, whenever Xy, ..., Xy are uni-
Sormly nonsquare and W € ¥y is strictly conver.

Thus, in this case, (X) @ - - - @ X )y has the fixed point property by Mazcunan Navarro
[22, Corollary 4.2.4 ]. From [5], we know that “Cy s (a, X) < 2 if and only if J(a, X) <2".
Therefore, the results in this section can be applied to the generalized James constant J (a, X)
as well,

6. The uniform Kadec—Klee property (UKK)

A Banach space X is said to have the uniform Kadec-Klee property if for any £ > 0, there
exists &> O such that x, € By, x, —_x weakly and sep(x,} 2 & imply |lx|| €1 — 3. Finally,
X is nearly uniformly convex (NUC) if for any £20, there exists & < | such that x,, € By
and sep(xs) 2 & imply co(x,} N éBy # @. Here sep(xa) = infazmilxn — xm [l It is known
that UC = NUC = UKK = property-H. It is also well-known by Huff [13) that

NUC <« UKK 4 Reflexive. (6.1

By strict monotonicity of an element ¥ in ¥ we mean its corresponding norm ||- || is strictly
monotone. That is {|[(a, B) || < J|{a, ¢} and [|(b, a}|| < (I(c, &)|| for all 0<a,05h < ¢, All
strictly convex ¢ € ¥ and all ¥ (1< p < 00) are strictly monotone. For p = 1, this is
obvious. Now let v € ¥ be strictly convex. If, for some 4, b, ¢ in [0, co) with b < ¢, we
have ||(a, &)= lI{a. ¢} |}, ther, by monotonicity [26], li{a, D)l = (e, (b+c)/2)| =l(a, O).
We put 4 =2a + & + ¢. Observe that 2 # 0 (by monotonicity of (| - ||} and thus &/(a +
b) < ¢/(a + ¢). Strict convexity of ¢ implies that (& + ¢}/d) < [{a + &)/ AW (b}{a +
b)) + (@ + )/ AW (c/(a + ¢)) =2/ 4(a + b)Y ((bf{a + b)) = (2/ D (A/2Y ((b + )/ 4},

a contradiction, and this proves our claim.

Theorem 13. For strictly monotone y € ¥, X @y Y has the UKK property if and only if X
and Y have the UKK property,

It is immediate from [4, Corollary 3], (6.1), and Theorem 13 that

Corollary 14. For siricily monotone § € ¥, X@yY is NUC if and only if X and ¥ are
NUC.
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Remark 15. (1) Theorem 13 does rot hold for the /n,-norm. Consider any two Banach
spaces X and ¥ with the UKK property. Now assume there are sequences (x,} and {y,} in
By and By, respectively, and x € Sy, y € By such that x,, —> x and y, — ¥, sep(ys) 2 1.
and |y| < 1 — & for some 3 > 0. Clearly, |i(x, yHloo = 1> 1 — &. On the other hand, by [4,
Theorem 21, (x,, ¥n) A x, y) and sep{x,. yn) 2 sep(yn) 2 % This shows that X ¥ does
not have the UKK property.

(2) If ¥y € ¥ is strictly monotone, then for each £ > 0, there exists &> 0 such that
a+e, B all{a, b+e)|l 2 (a, &) ||+ foratl a 20, b 2 0. This follows from the continuity
of the norm || - || on & compact set,

{3) With the same proof, Theorem 13 can be extended to strictly monotone Z-norms.

Proof of Theorem 13. Suppose on the contrary that X @,;;Y does not have the UKK prop-
erty. Thus, for some gg > 0, we have for each & 2 1, sequences (x,f, y,f) and (x*, y*) in
Bxgy such that

w 1
sep(xf, 5y 2e0. (X ¥ S5 yhH  and il(xk.y")H?I“E- (6.2)

Since ||a|| + &) 2 l{a, £)|), by applying Ramsey's Theorem, we may assume, by passing
through subsequences that for some £ € (0, o},

sep(xf) ze forallkzi. {6.3)

In the proof below we shall consider two cases, passing through subsequences when
necessary. Choose 6> 0 from the definition of the UKK property of X corresponding to
€y /2. Then choose g2 > 0 50 small that g < de) /4(1 — &) A g /4.

Case 1: There exists £3 > Q such that ||x,’§ k2 ik + exforalin. k.

Case 2: [(xX(| < |x*} + &2 forall n, k.

For Case 1, it follows from Remark 15(2) that forsome 81 € (0, 1), 11(x%, %)l = (| Cix* 1+
ex, IYXID 11> 11k, y5) ) + &) for all n, k. By (6.2) we see that (x*, y&) 5 (x*, y*). Thus,
12 lm (x5, yO) ) 2 lim infaocoll(x%, ¥ + 81 211 GF. ¥)Il + 81, which is impossible
since limg J|(x*, ¥*3|) = 1 by (6.2).

For Case 2, we first observe from (6.3) that

x5 2e1/4 for all large k. (6.4)
Aslim, ilxﬁ Il 3 {lx%|| we can assume lefj || > O for all n, k. Choose k sufficiently large so that
Ix* It — 2 xfi< e + 22 for all large 2. (6.5)

Thus by (6.2), we have for n # m,

k
xX xk Ik — xE0 [kl = Uk [0 = e
_ N _ 3
TR Ik | flck ) )

2 (e — &2 — e2)/IIxk | 2 84/2,
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ie., sep(xf/ixE) 2 e /2. Assume without loss of generality that [ix%|] - A for some A.

Thus, by (6.5) and (6.2), A < f|x* ||+ and x¥/\lx* )| 5 x*/A. But, by (6.4), [ix* ||/ A 2 Ix*)
JUIx5) + £2) =1 — e2/(fIx* || + &) > | — &, contradicting the UKK property of X. [J
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We give relationships between some Banach-space geometric properties that guarantee
the weak fixed point property. The results extend some known results of Dalby and Xu.
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1. Introduction

A Banach space X is said 10 satisfy the weak fixed point property {fpp) if every nonempty
wealdy compact convex subset C, and every nonexpansive mapping T: C — C (e, [Tx —
Tyll < l[x = yll for every x, y € C) bas a fixed point, that is, there exists x € C such that
T(x} = x. Many properties have been showa to impiy fpp. The most recent one is the
uniform nonsquareness which is proved by Mazcufidn {20] solving a long stand open
problem. Other well known properties include Opial property (Opial [21]), weak nor-
mal structure (Kick [17]), property (M) (Garcfa-Falset and Sims [12}), R{X) < 2 (Garcia-
Falset [10]), and UCED (Garkavi {13]). Connection between these properties were inves-
tigated in Dalby {3) and Xu et al. [27]. We aim to continue the study in this direction. In
contrast to [3], we do not assume that all Banach spaces are separable.

2. Preliminaries

Let X be a Banach space. For a sequence {x,} in X, x,, 2. x denotes the weak convergence
of {x,) to x € X. When x,, ~=~ 0, we say that (x,,) is 2 weakly null sequence. B(X) and S(X)
stand for the unit balf and the unit sphere of X, respectively, It becomes a common ingre-
dient that when working with a weak null sequence {x,}, we consider the type function
limsup,__, llx, — x|l for all x € X. As for a starting point, we recall Opial property.

Opial property |21] states that

if x, = 0, then limsup||x,|| < limsup||x. - x|| Vx & X, x £ 0. 2.0

A=W o0
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2 A note on properties that imply the fixed point property

If the strict inequality becomes <, this condition becomes a nonstrict Opial property. On
the other hand, if for every € > 0, for each x, Z 0 with ||x,]| — 1, there is an r > 0 such
that

1+r < limsup]|x, +x}| (2.2)

A==a9

for each x € X with [ix]| z &, then we have the locally unifosmly Opial property (see [27]).
The coefficient R(X), introduced in Garcia-Falset {9), is defined as

R(X) = sup { imnf ||z, - xl} -0 2= 0, [fxall = 1 Vo, izl < 1}, (2.3)

So 1 < R(X) < 2 and it is not hard to see that in the definition of R{(X), “liminf” ¢an be
replaced by “limsup.” Some values of R(X) are R(¢g) = 1 and R({;) = 2¥P 1< p <o,

A Banach space X has property (M) if whenever x, %0, then limsup, _,, llx, — x|l is a
function of ||x|| only. Property (M) which is introduced by Kalton (15} is equivalent to:

ifx, = 0, [lull < ]lvil, then timsup||x, +u|| < limsup|}x, + v|]. {2.4)

Sims [23] introduced a property catled weak orthogonality {(WORTH) for Banach
spaces. A Banach space X is said to have property WORTH if,

for every x, — 0, x € X, limsup||xq +x|| = limsup||x, — x||. (2.5)
=03 - H=—00

It remains unknown if property WORTH implies fpp. In many situations, the fixed point
property can be easily obtained when we assume, in addition, that the spaces being con-
sidered have the property WORTH. For examples, WORTH and &-inquadrate for some
€p < 2 {{24]), WORTH and 2-UNC {[11]) imply fpp.

The following results will be used in Section 3,

ProrosiTioN 2.1 [12, Proposition 2.1]. For the following conditions on a Banach space
X, we have ()= {ii)=(iii)={iv).

(i) X has property {M).

(it} X has property WORTH.

(iti} If ., = O, then for each x € X we havelimsup,_,, |1x. — tx|l is an increasing function
of ton [0,00).

(iv} X satisfies the nonstrict Opial property.

Property (M) implies the nonstrict Opial property but not weak normal structure. g
has property (M) but does not have weak normal structure. In [3, 25] it had been shown
that R(X) = 1 implies X has property (M).

A generalization of uniform convexity of Banach spaces which is due to Sullivan [26}
is now recalled. Let k = 1 be an integer. Then a Banach space X is said 10 be k-UR {k-
uniformly rotund) if given £ > 0, there exists §(¢) > 0 such that if {x|,...,x } € B(X)
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satisfying V{x,,....%x41) = &, then

E+1
2o 4| 8(e). (2.6)

Here, V{x(,...,Xx+1) is the volume enclosed by the set {x),...,xx }, that s,

P 1
1 1 nte +1} -
Vixp,...,xpe1) = sup 4 (x ) N fl(%k , (2.7)

A - filon)

where the supremum is taken over all fi,..., fx € B(X*).
Let K be a weakly compact convex subset of a Banach space X and (x,) a bounded
sequence in X. Define a function f on X by

fix) =limsupllx, — x|, x€X. (2.8)

Let
r=re{(x)) = inf{f(x}:x€ K},

Az Ax((x)):={x€K: f(x)=r}. (2.9)

Recail that 7 and A are, respectively, called the asymptotic radius and center of (x,,) relative
to K. As K is weakly compact convex, we see that A is nopempty, weakly compact and
convex {see [14]}. In (18], Kirk proved that the asymptotic center of a bounded sequence
w.r.t a bounded closed convex subset of a k-uniformly convex spaces X is compact. This
fact wilt be used in proving Theorem 3.8.

Being k-UR and Opial property are related in the following way.

TreoreM 2.2 [19, Theorem 3.5]. If X is k-UR and satisfies the Opial property, then X
satisfres locally uniform Opial property.

One last concept we need to mention is ultrapowers of Banach spaces. Ultrapowers of
a Banach space are proved to be useful in many branches of mathematics. Many resuits
can be seen more easily when treated in this setting. We recall some basic facts about the
ultrapowers. Let & be a filter on an index set I and let {x;}:e; be a family of points in a
Hausdorff topological space X. {x;}ic; is said to converge to x with respect to &, denoted
by limg x; = x, if for each neighborhood U ofx,{ieT:x, e U} e F. Afilter U on [ is
called an ultzafilter if it is maximal with respect to the set inclusion. An ultrafilter is calied
trivial if it is of the form {A : A C I,ip € A} for some fixed iy € I, otherwise, it is called
nontrivial. We will use the fact that
(i) A is an ultrafilter if and only if for any subset A C [, either A € U or I\ A € U,
and
(ii) if X is compact, then the lims, x; of a family {x;] in X always exists and is unique.
Let {Xi}iesr be a family of Banach spaces and let 1.(1,X;) denote the subspace of the
product space TT;; X; equipped with the norm [[(x:}l} 1= sup;e; lxill < oo
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Let @ be an ultrafilter on [ and let
Nay = | (x:) € Lo (1.X,) Him ]| = 0}, (2.10)

The uitraproduct of {X;} is the quotient space I (I, X;}/Ne equipped with the quotient
norm. Write {x;)a; to denote the elements of the ultraproduct. it foliows from (ii} above
and the definition of the quotient norm that

1ol = Ll 21)

In the following, we will restrict our index set J to be N, the set of natural numbers, and et
X; =X, i€ N, for some Banach space X. For an ultrafiiter U on N, we write X to denote
the ultraproduct which wili be called an witrapower of X. Note that if %, is nontrivial,
then X can be embedded into X isometrically {for more details see {1] or [22)).

3. Main results

Recall that a2 Banach space X is said to have Schur’s property if
for every sequence (x,), X, — 0 implies x, — 0. (3.1}
An element x € X is said to be an H-point if
X = X, ||xad] — lxll imply x, — x. (3.2)

X has property (H) if every element of X is an H-point. These concepts are related, in
conjunction with the condition R(X) = 1, as follow.

TueoRrEM 3.1. A Banach space X has Sehur’s property if and only if R{X) =1 and X has at
least one H -point.

Proof “=" Itis well known that Schur’s property implies property (H). From the defini-
tion of R(X) and Schur’s property, we have

R(X) = sup { limin |, - x|} : x, == 0, l{xll = 1 Va1, 1l < 1] 53
n—ea 33
=sup{ll=h: Uxll <1} = 1.

“&=" Suppose that there exists a sequence {x,} converges weakly to 0 but [|x,|l —=» 0.
By passing through a subsequence if necessary, we can assume that [|x,|| — a # 0. Put
¥n = xp/a. Cleatly p, X 0and Dyl = 1. Let xp be an H-point. If xy = 0, we are done. We
assume now that xg # 0 and in fact we assume that xy € S{X). Thus, as R{X) = | and the
weak lower semicontinuity of the norm,

(%6~ yn) = x0, liminfllxo - yall = L. (34)
Choose a subsequence {y,r) of { y,) such that

Jim (o =yl = 1. (3.5)
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We see that {xp — y;,) — xg and y;, — 0. Thus |y, Il -~ 0 and 0 = 4, a contradiction. |

A Banach space X has property m, (resp., ma) (cf. {27]) if for all x € X, whenever
Xn o,

limsup |+ xa)[” = llxl|? +lim sup |x|{*
n—eon A=

(resp., lim_sup [jx + x|} = max { I x4, ﬁIIls;lp Hx,,H}). @6

Clearly the above properties imply property (M) and property m; implies Opial property.
Property m, implies property (H). For, if x, — x and fix,l| — llx|| for some sequence
{x,) and x € X, we have, by m,

llxll = timsup [|x|| = limsup|| (x, — x) +x|[ = llx]l + Limsup ||, — x||. (3.7)

This implies that limsup, ., lx, — x[l = 0 and thus x, — x.
It also turns out that property m. and the condition R{X} = I coincide as the follow-
ing result shows.

THEOREM 3.2. A Banach space X has property m, if and only if R(X) = 1.
Proof. “=" Suppose that X has property me. Thus,

R{X) = sup {[i.msupl[x,, —xllix, =0, Ixal| =1 ¥, llxll = 1}

. w (38)
= sup {mu{llxll,[unsup”x,,ll} X == 0, [|xal| 1 90,2l = 1} =1

“«<” To show that X has property m,. Given x, Z0and xe X - {0}. Put a =
max{f(x|l,timsup,_,, llx,l|}. Clearly, limsup,_,,(llx,il/a} < 1 and ||xll/a € B{X). We note
here that R(X) = 1 implies property (M) and it in turn implies the nonstrict Opial prop-
erty. By the weak lower semicontinuity of || - || and the nonstrict Qpial property, we see
that {lxll < limsup,__, llx, — x|l and limsep,_, x|l < limsup,_, lxn — xji. Thus a <
limsup,_, llx, — xll. On the other hand, as R(X) =1, we can show that
limsup,, _,, llx./a ~ x/ail < 1. So we can conclude that,

=1, (3-9)

and thus hmsup,,_, [x, — x[l = a = max{{lxfl,limsup,__, lx.ll} and the proof is com-
plete. O

For p < o, we have the following proposition.

Proposition 3.3. If X has property my(1 < p < ), then R{X) < 2Y?, Moreover, if in
addition X does not have Schur’s property, then R{X) = 2V/?,
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Proof Define
Ry(X):= sup{lirf:;:s;:p”x,, ~ x|t x, =0, [|xal] < 1 V1, llx]l < 1}. (3.10)
By property m,, we have
Rp(X) = sup{llxi{?+lhis:p||xnlip:x,. 0, flxafl £ 1 Ve llxll < 1}, (3.11)

Thus, Rp(X) = 2 which implies R(X) < 2"#. On the other hand, if, in addition, X does
not have Schur’s property, then there exdsts a weakly null sequence {x,) such that x,, = Q.
From this we can construct a weakly null sequence (y,) in the unit sphere. We can now
see that Ry(X) = 2 and hence R(X} = 2V7, Therefore R(X} = 2*. ]

Example 3.4. Inl, (1 < p < ), we have e, € S(X) and e, = 0, where (e,) is the standard
basis. Clearly

llen — er}] == 2, (3.12)

thus R(l,} = 2P. Note that I, has property m, (cf. {27]).
Some properties are equivalent ina space X with R(X) =1,

THeorewm 3.5. Let X be a Banach space with R(X) = 1. The following conditions are equiv-
alent:
(1) X has property my;
(11} X satisfies Opial property;
(iii} X has Schur's property.

Proof. (i)=(ii) and (iii)= (i} are clear, It needs to prove (ii) = (iii).
Let x, = 0. To show x, ~ 0, let 0 # x € X. By Opial property together with property
Moo, We have

limsup |fx.|| < limsup|[x, +x|| = max{llxll,limsup”x,.”}. (313
Thus
timsup ||| < 1<, (3.14}

forall x € X - {0}. This means that limsup,,_, lxx|l = 0 and thus lim,_« {{x,]| = 0. Con-
sequently, x, — 0, and therefore X has Shur’s property. 0
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The Jordan-von Neumann constant Cj{X} of X is defined by

2 — 2
o0 = sup | VSt ey € Xnocbothaero (2

2 _ 2
{ ”xzﬁaf:lllziulryll");ﬁ xE€S8(X), yE B(X):{’ ([16)).

(3.15)

Another important constant which is closely related to Cnp(X} is the James constant f(X}
defined by Gao and Lau [7] as:

J(X) =sup ffixtyll allx -yl :x,y € S(X)}

= sup {lIx+ yll A llx - yii : x, ¥ € B(X)). (3.16)

In general we have

J(X)?
Jxy-1)%+1
With or without having WORTH, Mazcufidn {20] showed that R(1,X)} < 2 whenever

Cy(X) < 2. In gerneral, R(1,X) < R(X). The constant R{a, X) is introduced by Domin-
guez. [6] as: for a given real number a

%)’(X)Z < CuilX) s ([16}). (3.17)

R(a,X) := sup {li{lrlglfllx+x,.[|}, (3.18)

where the supremurm is taken over all x € X with [[x}l < a and all weakly null sequences
{xn) in the unit ball of X such that

limsup(ljmsupﬂx,.—x,,.ll) <1 (3.19)

Replacing R{1,X) in [20] by R(X) we obtain the following theorem.
TusoreM 3.6. If X has property WORTH and Cyq(X) <2, then R(X)<2.

Proof. Suppose on the contrary that R(X) = 2. Thus there exist sequences (x7),(x™) €
B(X) such that for each m, x™ = 0 as n — x and

liminf [}z — x| >2--§1— (3.20)
for all m € N. Now, by WORTH, we have, for each m,

fler £ 21+ [l = xm* 22 - Vm)?
2((lll” + i) 4

2 1
2— L — 21
m  2m? (3.21)

for all Jarge n. This implies Cyy{X) = 2, a contradiction, and therefore R(X) < 2 as desired.
W]
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Remark 3.7. Theorem 3.6 says that every Banach space X with property WORTH has fpp
or CN;(X) =2= R(X)

THEeOREM 3.8. If X is k-UR and satisfies property (M), then X satisfies Opial property.
Proof. Suppose that there exist x, < 0 and 0 # x; € X such that

limsup |ix,|| = limsup{|x, — xo||. (3.22}

Observe that X is therefore not finite dimensional. By the nonstrict Opial property (see
Propaosition 2.1) we have

limsup||x,]| = limsup |}x, — x|l = & # 0. (323}

We may assume that [|xg{| = 1. Define the type function by
f(u) = limsup{|x, — || (3.24)

Then f isa function of ||lull and is also nondecreasing in [Jull. Now since f{0}= f(x) =
and since ||xgll = 1, it follows that f(u) = a for all u € B{X). This implies that Ag(x){x,) =
B(X). Since X is k-UR, Kirk [18] implies that Agxy{xn) and so B{X) is compact, that is,
X is finite dimensional, a contradiction, 0

CoroLrary 3.9. If X is k-UR and hds property (M), then X has the locally uniform Opial
property, In particular, properties UR and (M)} imply the locally uniform Opial property.

Proof. This follows from Theorem 2.2 and Theorem 3.8. 0

Definition 3.10. Let X be a Banach space.

(i) We say that X has property strict (M} (27, Definition 2.2] if, for each weakly nuli
sequence (x,), for u,v € X such that {jull < §v8, imsup,_,, llx, — ull < limsup,_, llxs —
vil.

(i) We say that X has property strict {W) if, for each weakly null sequence (x,,), for
x € X we have limsup, _, lxx — tx(| is an strictly increasing function of t on {0, ).

It is easy to see that
property strict (M} == property strict {W) == Opial property. (3.25)

ProrosiTion 3.11. Let X be a Banach space, then X has property strict {M) if and enly if it
has both properties (M} and strict (W). ’

Proof. “=" Clear.
“&” Suppose X has properies (M) and strict (W}. Let (x,) be a weakly null sequence,
w,v € X with [full < {{vll. By property strict (W)} we have

vl
Xn = 0

Mzl

limsup/||x, ~ u]| < limsup
H—2 n—o

u l (3.26)
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Since [{vE/llulyull = iivll, so by property (M) we have limsup,,_, llx, — {[[vll/l[u)}ull =
limsup,_ , lxx — v}|. Hence

limsup ||xx — || < limsup|}x, — v}}. (3.27)

This shows that X has property strict (M). O

ProrosiTion 3.12. Let X be a Banach space which satisfies Opial property and has property
(M. Then X satisfies the locally uniform Opial property.

Proof. Let {x,) be a weakly null sequence in X satisfying llx,l — 1 and ¢ > 0. Set r =
limsup, _,, Wxp — (c/llxi)x([ ~ I, where x € X — {0}. Since X satishes Opial property, we
have r > 0. Hence, for u € X such that lu|l = ¢, we have

liin_s::p [{xs — | 2 Iiris:p Xp— “—;-Eu = ].il:ls;lp Xy~ Hf?n-x =1+4r (3.28)
Thus, X satisfies the locally uniform Opial property. D

Corotrrany 3.13 (27, Theorem 2.1}, Let X be a Banach space which has property strict
(M). Then X satisfies the locally uniform Opial property.

Recall that a Banach space X is uniformly convex in every direction {UCED) Day
et al. [4] if, for each z & X such that {jzll = 1 and € > 0, we have
8.(€) = inf{l S s i s L x =y = a2 e} 50, (3.29)
THEOREM 3.14. Suppose that a Banach space X has property WORTH and is also UCED.
Then X has the property strict (W).

Proof. Suppose X fails to have the property strict (W), then there exist a weakly null
sequence {x,), x € S(X}, t|,1; € [0, =), where 1) < £z, with

limsup {|x,; + x|} = limsup]|x. + fx|]. (3.30)
H—o n—od

By property WORTH we must have equality. Put a = limsup, _, lIx, + fix[), it follows
that

. X, +hx+x,+hx
fimsup |{x, + = limsup —-———2————\
e - _ (3.31)
tr—h .
a[l - 6;(——(}-——]] < a = limsup||x, + t1x]|
contradicting to having WORTH of X. |

From Proposition 3.11 and Theorem 3.14 we have the following corollary.

CoroLiary 3.15. Suppose that a Banach space X has property {M) and is also UCED. Then
X has property strict (M),
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Finally, we improve the latest upper bound of the Jordan-von Neumann constant
Cr(X) at {3+ /5)/4 for X to have uniform normat structure which is proved in [5].
Turorem 3.16. If Cuy(X) < {1 ++/3)/2, then X has uniform normal structure.

Proof. Since Cw(X) <2, X is uniformly nonsquare, and consequently, X is reflexive.
Thus, normal structure and weak normal structure ¢oincide. By {8, Theorem 5.2}, it suf-
fices to prove that X has weak normal structure.

Suppose on the contrary that X does not have weak normal structure. Thus, there
exists a weak null sequence (x,) in S(X) such that for C:= cdo{x,: n = 1},

,l.ifg“x" —x||=diamC=1 ¥x (3.32)

(cf. [24]). Let & = /1 + /3. We choose first an x € C with [xll = 1. We will consider,
without loss of generality

Ai_n;”x,,+x|| <R(LX) s J(X) {([20])

< JZCN,(X) ([16]) < &

By Hanh-Banach theorem there exist j},,g € S(X*) satlsfymg Salxn = (W/2}x) = |lx, ~
(1/2}x]l, Yne Nand g(x) = 1. Set f (f,,) Then f,g € S{X*) and satisfy

{3.33)

F(ted) =1 f(i) =0, g(l=d) =0 =1 (3.34)
Now consider
I ~&ll = (7 - ) () - %)
= F((x)) - Fon - g () +42) (3.35)
=1+0-0+122
On the other hand,

1F+gll= (7o) (3 (Gl +5))

-(Ge) ( ) s(LE)ells) o

=-+0 0+

QI-—-
QINQI-—'

Thus we have

2
Gl = W 20’ +11F - gl At l;- (3.37)
2(1F112 + Ugl2) 4 «
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Since the Jordan-von Neumann constants of X*, X, X, and X* are all equal, we must
have Cuyy{X) = 1+ 1/a?, that is,

e

1+
5

C(X) = (3.38)

a contradiction. O
The following corollary is a consequence of the proof of Theorem 3.16.

CoroLLARY 3,17, If C(X) < 14 1/J(XY, then X has uniform normal structure.
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Abstract

Let X be a complete CAT{0) space,-We prove that, it £ is 2 nonempty bounded closed convex
subsetof X and T : £ ~ K (X} a nonexpansive mapping satisfying the weakly inward condition, i.c.,
there exists p € £ suchthatep @ (| —e}Tx C Ig(x)¥x € E. Y €0, 1], then T has a fixed point.
In Banach spaces, this is a result of Lim [Qn asymptotic centers and fixed poiats of nonexpansive
mappings, Canad. I. Math. 32 (1980) 421-430]. The refated resolt for unbounded R-trees is given.
© 2005 Elsevier Inc. All dights reserved.

Keywards: Multivatued mappings: Fixed points; CAT(0) spaces; R-trees

1. Introduction

In 1980 (8] and 2001 [9}, Lim and, respectively, Xuv had proved differently the same
result concerning the existence of a fixed point for a nonself nanexpansive compact valued
mapping defining on a bounded closed convex subset of a uniformly convex space and
satisfying the weak inward condition. While Lim used the method of asymptotic radius,

¢ Supporned by Thailand Research Fund under grant BRG4780011. The second and the third authors were also
supported by the Royal Golden fubilee program under grane PHD/OZ216/2543 and PHD/G251/2545, respectively.
* Corcesponding author.
E-uiaif addresses: somporpd @chiangmai.ac .t (5. Dhompangsa), g4365451 @cmedu {A. Kaewkhao),
g4565152@cm.edu {B. Paayanak).

0022-247X/5 - see from matier © 2005 Eisevier ine. AHl rights reserved.
doi: 10,1016/ jr0aa 2005.03.055
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Xu used his characterization of uniform convexity. Recently in 2003, Bae {1} constdered a
closed valued mapping defined on a closed subset of a complete metric space. It was shown
that if the mapping is weakly coniractive and is metrically inward, then it has a fixed point,
Having all these resulis, we are interested in extending the Lim-Xu’s result to a special
kind of metric spaces, ramely, CAT(0) spaces. Qur proofs foliow the ideas of the proofs in
Lim [8], Bae [13, and Xu [9].
In Section 2, we give some basic notions and in Sections 3 and 4 we prove our resulss.

2. Preliminaries

In the course of our proof of the main result, we use an ultrapower of a metric space
as an ingredient. Following Khamsi (5], let (X, ) be a bounded metric space and U a
nontrivial ultrafilter on the natural numbers. Consider the countable Cartesian product X
of X and define the equivalence relation ~ on X by

(xq) ~ (¥u) if “J(“d(-xns yu) =0.

The limit over U exists since X is bounded. On the quotient space X of X over ~, which
will be called an ultrapower of X, define the metric & by
dE Py =limd(u ). .

where x = ('.-r:) and ¥ = (3:) are elements of X. It is easy lo sec that X is complete
whenever X is. For each subset £ of X put

E= [(‘;:): xp=x€Eforanyn 2z}

Clearly, X and X are isometric.

We present now a brief discussion on CAT(0) spaces (see Kirk [6.7] and Bridsen and
Haefliger {2]). Although CAT(x) spaces are defined for all real numbers &, we restrict
ourselves 1o the case that x = (.

Let (X, d) be a melric space. A geodesic path joining X € X to v € X is 2 map ¢ from
a closed interval [0, {1 C B to X such that ¢(0) = x, c(f) = y and d(c{i}. (")) = |t — 1’}
forall 4,7 €(0,!1. Obviously, ¢ is an isometry and d{x, ¥) = {. The image of ¢ iscalled a
geodesic segment joining x and ¥ and. when unique, denoted {x. ¥]. A metric space is said
te be a geodesic space if any two of its points are joined by a geodesic segment. If there is
exactly one geodesic segment joining x to0 y for all x, v € X, we say thai (X, d) is uniquely
geodesic.

A geodesic triangle A(x, x72,x3) in a geodesic space (X, d) consists of three points
in X (the vertices of A) and a geodesic segment between each pair of vertices (the edge
of A). A comparison triangle for a geodesic triangke A{xy. x2.x3) in (X.d}) is a wriangle
Alxy. X2, x3) 2= A, . %2, F1) in R? such that dea(Vi. £ =dlx xp) Torid, e {1,2,3).

{X.d) is said to bc a CAT(0) space i all geodesic wriangles satisfy the CAT(0) compar-
ison axiom:
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For every geodesic triangle A in X and its comparison triangle AinR:ifx, yea,
and £, ¥ are their comparison points in A, respectively, then

d{x,y) S dga(x, y).

Let X be a CAT(0) space, and let E be a nonempty closed convex subset of X, The
following facts will be needed:

® (X.d) is uniguely geodesic.
(i1} (X,d)is a CAT(0) space.
(i)} (X, d) satisfies the (CN) inequality

1 I |
d(x, y0)* € Sdtx, i+ 4@, y)? — Zﬂl(;vt-}'z)2

for all x, y, y7 € X and yg the midpoint of the segment {y), y2). Note that the con-
verse is also wue. In fact, a geodesic metric space is a CAT(0) space if and only if it
satisfies (CN) inequality (cf. [7]).

(iv) Let p.x, y be points in X, let ¢ € (0, 1), and m and m2 denote, respectively, the
points of [p, x] and {p, ¥] satisfying

dip.my=ad(p.x} and d(p,m)=uad(p.y).
Then ’ -
d{my, ma) € ad(x, ¥}.
(v} For every x € X, there exists a unique point p{x) € E such that
d{x, p(x)} = dist(x, £,
where dist(x, £} == inf{d(x, y): y € E}.
With the same E and p(x),ifx ¢ E, y € E,and y # p(x), then L ,(x, ) 2 g— where
£:{x,y) ts the Alexandrov angle between the geodesic segments [z, x} ard [z, ¥y} for ali
x,y.z€ X (sec (2, p. 176]).

Let (X, d) be a metric space and £ a nonempty subset of X. A closed valued mapping
71— 2X\@ is said to be metrically inward if for each x € E,

Tx CMIg(x),
where M/ g(x} is the metrically inward set of £ at x defined by
Migix}= [z € X: 2 =x orthere exists y € E such that y # x
and d(x,2) =d(x, y) +d(y.2)].
tn case X is a Banach space, the inward set of E at x is defined by
Je() =[x+ Xy —x) yeE. A21].

In general, 1p(x} C M/ g{x) foreach x € E, and the equality may not be true.
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From now on, X stands for a complete CAT(0} space. Let E be a nonempty bounded
subset of X. We shall denote by F(E) the family of nonempty closed subsets of E, by
FC(E) the family of nonempty closed convex subsets of E, by K (E) the family of non-
empty compact subsets of £, and by KC(E) the family of nonemply compact convex
subsets of £, Let H(-,-) be the Hausdorff distance on F(X}, i.e.,

H{A, B) =max | supdist{a, B), supdist(b, A}|. A, Be F{X).
€A hel

Definition 2.1. A multivalued mapping T: E — F(X) is said to be a contraction if there
exists a constant & € {0, 1) such that

H(Tx,Ty)<kd(x,y), x.y€E. 2.1
In this case T is said to be k-contractive. If (2.1} is valid when & = |, then T is called
nonexpansive.

We use the notation (1 —)u @ av, o € [0, 1], to denote the points ol the segment [u, v}
with distance ad (¢, v) from 4. For EC X and a fixedelement pe E, (| —a@)p @ o F =
{{l —e)p@oav: ve E}. E issaid to be convex if for each pair of poinis x, y € £, we have
[x,¥y]CE.

For a nonempty subset E of a CAT{Q) space X, it is easy to see¢ that the (metrically)
inward set M{ g (x) becomes

Mg = (Jle: ol 0 BB} Ulx = 15(x).
Definition 2.2, A multivalued mapping T: E — £(X} is said 1o be inward on F if for
some p € E,

ap@(t ~e)Tx Clglx) Ve £ Yaefl ],
and weakly inward on E if

ap @l —a)TXxXCIe(x) VYreE, Yaeld 1), 2.2)

where A denotes the closure of a subset A of X.
When £ is convex, it is easy to see that

Ie(x) = (U[ix. ¥l (e 1O E #0)) Uix)

Note that in a normed space setling, the inward (respectively, weakly inward) cordition
is equivalent to saying that Tx C Jg(x) (respectively, Tx C [g(x)) since in this case, [g(x)
is convex. This is also true for R-trees.

3. Lim’'s theorems

The foliowing simpie result is needed.
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Proposition 3.1, Let E be a nonempty closed convex subser of X, x € X, and p(x) the
uhique nearest peint of x in E. Then

d{x, p(x)) <dx,y) ¥yelg(p)\ {p(n)}.

Proof. Let y € Ig(p(x)}\ [p{x)}, there is a sequence (y;) in Jg(p(x)} and y, — y. For
all Yarge n we can find 7, € (p(x), y,) N E. Since z, € E and z, # p(x). L {5, 20) 2 %
(see [2, p. 176]). Thus in the comparison triangle A(p(x). x, y,), the angle at p(x) is also
greater than or equal to 5 {see [2, p. 161]). By the law of cosines,
2 2
d(x' P(I)) +d()'n- P(x)) s d(x, J"H)z-
Taking A — 00, we obtain

d(x. p{x)) <d(x,y). D
One of powerful 10ols for fixed point theory is the following result.

Theorem 3.2 (J. Caristi [31). Asswe (M, d) is a complete metric space and g: M — M is
@ mapping. If there exisis a lower semicontinuous function ¥ . M — [0, 00) such that

d{x, g S ¥ — ¥ (glx)) foranyxe M,
then g has a fived poini, -

We can now State our main theorem.

Theorem 3.3. Ler E be a nonemnpiy bounded closed convex subserof X and T 1 E — K(X)
a nonexpansive mapping, Assime T is weakly inward on E. Then T has a fixed point.

By combining the idea of the proofs in [1,8,9]. we thus first establish the following
lemma, However, in applying the lemma, we choose o use the ultrapower technique which
seems o be alternative.

Lemma 3.4. Let £ be a nonewpty closed subset of X and T : E — F(X) k-contractive for
some k €{0, 1). Assume T satisfies, for all x € E,

Tx C Ig(x). (3.1)

Then T has a fixed point.

Proof. Let M = {(x.2): z € Tx. x € E) be the graph of 7. Give a metcic p on M by
plx, 2}, (1, v)) = max|d(x. ), d{z. v}}. ILis easily seen that (M. p} is a complete metric
space. Choose £ > Osothat 6 + (5 4 2e) (1 + &) < |.

Nowdcline v : M — [0.ocoy by y{x.2) = f(—;—:—’ Then 3 is continuous on M. Suppose
that T has no fixed points, ie.. disi(x.Tx) >0 foratl x € E. Let (x.2} € M. By (3.1},
we can find z' € Fp(x) satislying d(z. 2"} < edisi{x, Tx). Now choose v € (x, 2YN E and
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write g = (1 — §)x @ 87 for some (¢ < § £ 1. Note that the number § varies as a function
of x. However, for any such &, we always have

Se+{(1=-8)+(k+28¥8(1 +8) < 1. (3.2)

Since T is k-contractive and d{x, u} > 0, we can find v € Tu satisfying
d{z,v) S H(Tx, Tu) + ed(x,u) & (k+8)d{x, u).

Now we define 2 mapping g : M — M by g{x,2) = (&, v) V{x, z) € M. We claim that
g satisfies

P 2. 2(x. D)) < ¥(x.2) —¥(g(x.2)) Y(x,2)eM, (3.3)

Caristi’s theorem then implies that g has a fixed point, which contradicts to the surict in-
equality (3.3) and the proof is complete.
So it remains to prove (3.3). In fact, it is enough to show that

p((r,2), (4, v)) < - (dx,2) = i, 0).

But d(z, v) € d(x, u), and we only need 10 prove that d(x, u) < ;:;(d(x, 2) — du, v)).
Now,

d(x, u) = 8d(x,7') < 8(d(x. 2) + d(z,2)) <8(dix. 2) + dist(x, Tx))
< 8(d(x.2) +ed(x,z_2) <81 +e)d(x, 7). '
Therefore i
dx,w) <80 +&)d{x,2). : (3.4)
It follows that
diz. v) L k+e)dx, u) < &+e)8(1 +e)d(x, 2).
Now we let y = (| — 8)x @ 8z, thea
du, v) £du, y)+d(y, 2)+d(z, v)
€8d(z,2)+ (1 = 8)d(x,2) + (k +£)86(1 +&)d(x,2)
< dedist(x, Tx} + {(1 —8) + (k + &) (1 +6))d(x, 2)
L8ed(x, )+ ((1 — &) + (k + )8(1 + £)}d(x, 2)
€ (82 4+ (1~ 8) + (k + )3t + £))d(x, 2).
Thus
d(u,v) € (3 + (1 — &) + (k+£)8() +£)}d(x, 7). (3.5)
Inequalities (3.4), (3.5), aad (3.2) imply that
edle, ) +d(u, ) Ll +edd(x, 2) + Be+ {1 -8 +{k+)8( + £))d(x. 2)
={de+ (1 =8+ (k+2e)8(1 +e)¥d(x,2) < d{x.2).
Therefore d{x, u} < %(d(x, 2) —d(u,v)) as desired. D
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We are now ready to present the proof of Theorem 3.3.

Proof of Theorem 3.3. For each integer n 2 1. the contraction T, : £ — K(X) is defined
by -

t 1
Tlxyi=-p®P (l - —) Ty, xekE,
n n
where p € E is the existing point satistying the weakly inward cordition (2.2). Weak in-

wardness of T implies that such T, satisfies the condition (3.1) in Lemma 3.4 ard in turn
it guarantees that 7, has a fixed point x, € E. Clearly,

dist{x,, Tx,) £ - [diam(E) - 0.
n—

Let X be a metric space ultrapower of X and
E={i= (o) xu=xe E}.

Then £ is a nonempty closed convex subset of X. Since T is compact-valued, we can take
vy € Tx, such that

d(x,, w)=dist(x,, Tx,y. nzl

This implies (\,,) = (3,,) Since £ is 2 closed convex subset of a complete CAT(0) space X,
(x,,) has a unique nearest point v € E ie. d((xﬂ) v) = dns:{(x,,} E). AsTvis compact,
we can find v, € T v satisfying -

Ay vy) = dist(y,. Ty < H(Tx,. Tu).
It fotlows from the nonexpansiveness of T that
d{yn, va) € d{xy, v).
This means
a(Gmy. () < d (G, 9).

Since (?:} = (;;'), we have

d(Can. (wn)) < d((xn), ). (3.6)
Because of the compaciness of Tv, there exists w € Tv such that w = limyy v,,. It follows
thaot (U;r) = w. This tact and {3.6) imply

d((_r,,). u,-) % d((x,,}, v). Q.7

Since 1w € 1600} as w € Ig(v), (3.7), and Propesition 3.1 then imply that w = 0. So v =
w € Tv which then completes the proef. 0O

As an immediate: - conseguence of Theorem 3.3, we obtain

Corollary 3.5. Let £ he a nonempty bounded closed convex subsetof X and T : E — K(E)
e nonexpansive mapping. Then T liay u fived point.
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As we have observed at the end of Definition 2.2, we can restate Theorem 3.3 for R-trees
as follows.

Corollary 3.6. Let X be a complete R-tree, E a nonempty bounded closed convex subset
of X, and T : E — K(X) a nonexpansive mapping. Assume that Tx C Iglx)VYx € E. Then
T has a fixed point.

Finally, as a consequence of Kirk [4, Theorem 4.3) and the idea given in the proof of
Theorem 3.3, we can relax the boundedness condition and the compactness of the values
of a multivalued self mapping T for R-trees.

Corollary 3.7. Let (X, d) be a complete R-tree, and suppose E is a closed convex subset
of X which does not contain a geodesic ray, and T : E - FC(E) a nonexpansive mapping.
Then T has a fixed point.

Proof. By [2, p. 176), for each x € E, there exists a unique point p(x) € Tx such that
d(x, p(x)) =dist(x, Tx).

So we have defined a mapping p: £ — E. The nonexpansiveness of T and the convexity
of Tx imply that p is a nonexparsive mapping. By [4, Theorem 4.3), there exists z € £
such that z = p(z) € Tz which ther completes the proof. O

4. A common fixed point theorem

We consider in this section a common fixed point of norexpansive mappings. Let
t:E— Eand T:E — 2¥\@. t and T are said 10 be commuting if (y € Ttx ¥y € Tx,
Yx € E.If E is a nonempty bounded closed convex subset of X and ¢ is nonexpansive, we
know that Fix{r} is a nonempty bounded closed convex subset of E (see [7, Theorem 12]).

Theorem 4.1. Let E be a nonempry bounded closed convex subset of X, and lett: £ — E
and T : E = KC{X) be nonexpansive. Assume that for some p € Fix(t),
ap @ (! —a)Tx convex ¥Yx e E, Yo € [0, []. 4.1)

Ift and T are commuting, then there exisis a point 2 € E such that 1z =7€ Tz

Proof. Let A =Fix(t). Sincety ¢ Trx =Tx foreach x € A and y € Tx, Tx is invariant
under ¢ for each x € A, and again by (7, Theorem 12), Tx N A #8.

Let X be an ultrapower of X and lel p € A satisfying (4.1). As before we define for
each n 2 1 the contraction 7,,: A — KC(X) by

| l
TalX) ::;p&B (l - ;)Tx, YE€EA.

Convexity of A implies T,{x} "1 A # #. Lemma 4.2 below shows that T, has a fixed point
Xy & A. Let y, be the unique pointin Tx, such thatd{x,, y,) =dist{x,. Tx,). Thus (x;) =
(y) since dist{x,, Tx,) = 0 as n — co.
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Now,
d(xn, tyy) = d(tx,, ty,) <d(x,, y,) = dist(xn, Txq).

Since y, € Tx,, we have ¢y, € Ttx, = Tx, and thus the unigueness of y, implies that
PYn = Yu- Soy,eTx, N A Since A is a closed convex subset of the complete CAT(0)
space X, there exists a unique point z € A such that

d((x), 2) = dist((x), A).
For each n there exists a unique point z,, € Tz such that
d (¥, 20} = dist(yg, Tz}

As before we see that z, € TzN A. By the compactness of TzNA, wecanfindweTzNA
such that limy; 2, = w. It follows that {z,) = .
Observe that

d(xu, 24) = dist(y,, T2) € H(Tx,, T2) £d(x,, 7).
Therefore d((), () € d((x,). 2). Since (3,3 = (x,) and () = b,
d(Ceay. ) € d((xn), 2) = dist((xa), A).
The uni-queness of z implics that w = z. Therefore 12 =z =w € Tz asdesired. Q

It remains to prove our lemma. -

Lemma-4.2. Ler A be as above and T 1 A — FC(X) be k-contractive for some k € [0, 1)
Assume that T sarisfies, for alf x € A,

TxNA#£0@
Then T has a fixed point.

Proof. The proofl is similar to the proof of Lemma 3.4. Let M = [(x,2):2e TxNA,
x € A} and define a metric p on M by p({x, z), (. 1)) = max{d(x, ), d{z, v)}. Again
{M, p) is a complete metric space. Choose £ > 0 sothate + k& < |.

Define i : M — {0.00) by y(x.2) = "'“T“) Suppose that v 3# z for afl (x.z) € M.
Since Tz is a closed convex subset of X, there exists a unique poiat v € Tz such that

diz, ) =dist(z. T2).

Bearing in mind that A = Fix(r}, thus by the commuting assumption and the vniqueness
ofv,wehaveve TzNA.

Now we definc a mapping g : M — M by g(x. 2) = (z.v) foreach (x, z) € M. Weclaim
that g satisfies

pl(x,2). 2(x. ) < ¥lr.y—¥lgl. 7)) Yix.meM. (4.2)

Again by applying the Caristi's theorem we oblain a contradiction. Thus T has a fixed
point.
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So it remains to prove (4.2). From the fact that d(z, v) =dist(z, Tz) € H{(Tx. T2) £
kd(x, ), we have

edx,2)+d(z, V)< ed(x,2)+kd{x, ) = (e + k)d(x, 2) <d{x,z).
Therefore p{(x, z), (z, ¥)) < %(d(x.z) —d{(z,v}), and (4.2) is verified. D
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Abstract

Lei E be a nonempty bounded closed convex separable subset of a refiexive Banach space X which
satisfies the Dominguez~-Lorenzo condition, i.e., an inequatity concerning the asympiotic radius of 2
sequence and the Chebyshey radius of its asymptotic center. We prove that a multivalued nonexpansive
mapping T : £ — 2% which is compact convex vatued and such that 7(E) is bounded and satisfies
an inwardpess condition has a fixed point. As a consequence, we obtain a fixed-point theorem for
multivalued nonexpansive mappings in uniformty nonsquare Banach spaces which satisfy the property
WORTH, extending a known result for the case of nonexpansive single-valued mappings. We zlso
prove a common fixed point theorem for two nonexpansive commuting mappings ¢ : £ — E and
T : E — KC(E){where KC(£) denotes the class of all compact convex subsets of E) when X is a
uniformly convex Banach space.
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1. Introduction

One of the most celebrated results about multivalued mappings was given by T.C. Lim
{171 in 1974. By using Edelstein’s method of asymptotic centers, he proved that every
multivalued nonexpansive self-mapping T : E — K(E) has a fixed point where E is
a nonempty bounded closed convex subset of a uniformly convex Banach space X. In
1990, W.A. Kirk and 5. Massa [16] proved that if a nonempty bounded closed convex
subset £ of a Banach space X has a property that the asymptotic center in £ of each
bounded sequence of X is nonempty and compact, then every multivalued nonexpansive
self-mapping T : E — K C(E) has a fixed point. In 2001, H.K, Xu [23] extended Kirk and
Massa’s theorem 1o a non-self-mapping T : £ - KC(X) which satisfies the inwardness
condition.

Recently, Dominguez and Lorenzo {10] proved that every nonexpansive mapping 7T :
E — KC(E) has a fixed point where E is a nonempty bounded closed convex subset of a
Banach space X with £4(X) < 1. Consequently, they give an affirmative answer to problem
6 in [22] which states that every multivalued nonexpansive mapping T : £ - KC(E) has
a fixed point where £ is a nonempty bounded closed convex subset of a nearly uniformly
convex Banach space X. Furthermore, they (9] proved that if T : E —» KC(X)is a
nonexpansive and 1 — y-contractive mapping such that T(£) is a bounded set and which
satisfies the inwardness condition where £ is a noneinpty bounded closed convex separable
subset of a Banach space X with £g(X) < I, then T has a fixed point.

By investigating the proofs in (9} and [10], we observe that the main tool that is used in
their proofs is a relationship between the Chebyshev radius of the asymptotic center of a
bounded sequence in £ and the modulus of noncompact convexity of a Banach space associ-
ated with the measure of noncompactness. In this paper, we define the Dominguez—Lorenzo
condition and prove that every reflexive Banach space X satisfying the Dominguez~Lorenzo
condition and every nenempty bounded closed convex separable subset £ of X, every non-
expansive and 1 — y-contractive mapping T : £ — KC{X) such that T(E) is a bounded
set, and which satisfies the inwardness condition has a fixed point. The main idea of the
proof comes from the proofs of Theorems 3.4 and 3.6 in [9]. We also prove that a uni-
formly nonsquare Banach space X satisfying property WORTH is one of the examples of
Banach spaces that satisfy the Dominguez—Lorenzo condition. Moreover, we show that
every Banach space which satisfies the Dominguez-Loreazo condition has a weak normal
structure.

Finally, we use atheorem of Deimling 7} 1o obtain acommon fixed point for nonexpansive
commuting mappings f 1 E = Eand T : £ - KC(E) where E is a nonempty bounded
closed convex subset of a uniformly convex Banach space.

2. Preliminaries

Let X be a Banach space and £ a nonempty subset of X. We shail denote the family of
nonempty bounded closed subsets of E by F B(E), the family of nonempty compact subsets
of E by K{E), the family of nonempty closed convex subsets of E by FC(E) and the family
of nonempty compact convex subsets of Eby K C(E). Let H(., -) be the Hausdorff distance



71

6G $. Dhompongsa et al. / Nonlinear Analysis 64 {2006} 58— 970

on FR(X}, ie,

H(A, B) = max [sup dist(a, B), sup dist(b, A)‘ , A,BeFB(X),
beR

acA

where dist{a, B) = inf{lla — b} : b € B} is the distance from the point g to the subset B.
A multivalued mapping T : £ — F(X) is said to be a contraction if there exists a constant
k € {0, 1) such that

H(Tx, Ty)<klx — i, x,y€E. ' W

In this case, we also say that T is k-contractive.

If (1) is valid when k = 1, then T is called nonexpansive. A point x is a fixed point for a
muitivalued mapping Tif x € Tx,

Recall that the Kuratowski, separation, and Hausdorff measures of noncompactness of a
nonempty bounded subset B of X are, respectively, defined as the numbers:

a(B) = inf{d > 0 : B can be covered by finitely many sets of diameters £d},

B(B) =suple >0 : there exists a sequence {x,} in B such that sep({x, ) 2 &},
where sep({x, 1) = inf{llx, —xull : n #m},

£(B) =infld > 0 : B can be covered by finitely many balls of radii <d}.

A multivalued mapping T “E - 2% is called ¢-condensing (resp. 1 — ¢-contractive)
where ¢ is a measure of noncompactness if, for each bounded subset B of E with ¢{(8) > 0,
there holds the inequality

$(T(B)) < $(B){resp. $(T(B)) < $(B)).

Here T{B) = UyegTax.
Before stating our main theorem we need the following results,

Definition 2.1. Let X be a Banach space aad ¢ = «, § or x. The modulus of noncompact
convexity associated with ¢ is defined in the following way:

by ¢(e) =inf{l —dist(C, A) - A C By is convex, $(A) 2¢},

where 8y is the unit ball of X.
The characteristic of noncompact convexity of X associated with the measure of non-
compactness ¢ is defined by

5 (X) = sup{ez0: Ay 4(e) =0}
The relationships among the different moduli are

Ly x(8) € Ay ple) S Dx z(8),
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and consequently,
£ (X) 2 85(X) 2 4 (X).
See [2] for all these and more details.

Definition 2.2, (2) X is said to satisfy property WORTH (20] if for any x € X and any
weakly null sequence {x,} in X, :

lim sup j|x, 4 x| = lim sup Jlx, — x]l.
a0 n=rQ0

(b) X is said to satisfy the Opial cordition [18] if, whenever a sequence {x,} in X converges
weakly to x, then for y #£ x,

lim sup [Jx; — x}| <lim sup [|x, — ¥l
H n

If the irequality is non-strict, we say that X satisfies the non-strict Opial condition.

It is known that #f X satisfies property WORTH, then X satisfies the non-strict Opial
condition [12}.

Definition 2.3. Let E be a nonempty closed subset of a Banach space X. The inward set of
Eatx € Eisgiven by

IEy={x+y—-x): 221, y€ E).
In case £ is a nonempty closed convex subset of a Banach space X, we have
IE(x)={x+ Ay ~x):220, ye E}.
A muitivalued mapping T : E — 2% is said to be inward (resp. weakly inward) on £ if
Tx CIp(x)(resp.Tx C Te(x)) forallx ¢ E.
Our proofs heavily rely on the following result.
Theorem 2.4 (Deimiing [7]). Let E be a nonempty bounded closed convex subset of a
Banach space X and T : E — FC(X) an upper semicontinuous y-condensing mapping.
Assume Tx NIg(x) # D for all x € E. Then T has a fixed point,
The foliowing method and results deal with the concept of asymptotic centers. Let E be

a nonempty bounded closed convex subset of X and {x,} a bounded sequence in X. We
use r(E, [x,,}) and A(E, {x,)) to denote the asymptotic radius and the asymptotic center
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of {x;} in E, respectively, i.e.,

r(E, {x,}) =inf {[im sup [[xz —xfl:x € E] ,

A(E, [x;)) = [x € E : lim sup |lx, — xli =r(E, [x,,})} )
It is known that A(E, {x,}) is a nonempty weakly compact convex set as E is [14).

Definition 2.5. Let (x,} and £ be as above. Then {x,} is called regular relative to £ if
r(E, {xa}) = r(E, (xq,}) for all subsequences {xy,} of (x,); further, {x,)} is called asymp-
totically uniform relative to E if A(E, {xs}} = A(E, {xy;}) for all subsequences {x,,}
of {x,}.

Lemma 2.6 (Goehel {13], Lim [17]}. Let |x,} and E be as above. Then

(1) there always exisis a subsequence of {x,} which is regular relative to E; and
(it) if E is seperable, then (x,} contains a subseguence which Is asymptotically uniform
relative to E.

If Cis a bounded subset of X, the Chebyshev radius of C relative to E is defined by
re(Cy=inf{r (C) - x € E},
where r(C} = sup{lix — y[| : y€ C}.

Theovem 2.7 (Doninguez {8]). Let E be aclosed convex subset of a reflexive Banach space
X and let {x,} be a bounded sequence in E which is regular relative to E. Then

rECACE, (xS = By (1 D (E, {xa))-

Moreover, if X satisfies the non-strict Opial condition, then
re(ALE, [xe D)1 - QX.;((]_))"(E- {xn )

Using Theorem 2.7 as the main tool, Dominguez and Lorenzo [9] proved the following
theorem:

Theorem 2.8 (Dominguez {9, Theorem 3.6]). Let X be a Banach space with g(X) < 1.
Assume that T+ E — KC(X) is a nonexpansive and | — y-contractive mapping such that
T(E) is a bounded set, and which satisfies the inwardness condition where E is a nonempty
bounded closed convex separable subset of X. Then T has a fixed point.

Moreover, they [10] used the same tool to solve the open problem in [22] on the existence
of a fixed point of a multivalued nonrexpansive self-mapping T : £ - KC(E) where E is
a nonempty bounded closed convex subset of a nearly uniformly convex Banach space X.

We now present a formulation of an ultrapower of Banach spaces.
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Let % be a free ultrafilter on the set of natural numbers. Consider the closed linear
subspace of Jo{(X):

N = {{xnl € loo(X}): lg{n llxe il =0] .

The ultrapower X of the space X is defined as the quotient space loo(X)/.A". Given an
element x = {x,} € lo{X), X stands for the equivalence class of x. The quotient norm in
X satisfies XN = limeg llx. ll. For more details on the construction of an ulirapower of a
Banach space X, see (1] and {19].

3. Fixed-point theorems

Definition 3.1. A Banach space X is said to satisfy the Dominguez-Lorenzo condition if
there exists A € [0, 1) such that for every weakly compact convex subset £ of X and for
every bounded sequence {x,} in E which is regular relative to E,

re(AE, {xa)) S Ar(E, {xa]). ' ()

We are going to prove that every Banach space satisfying the Dominguez-Lorenzo con-
dition possesses a weak normal structure. A Banach space X is said to have a weak normal
structure if any weakly compact convex subset £ of X for which diam{E) > 0 contains a
point xp for which -

reg(E) < diam(E).

Theorem 3.2. Let X be a Banach space satisfying the Dominguez—~Lorenzo condition. Then
X has a weak normal structure.

Proof. Suppose on the contrary that X does not have a weak normal structure. Thus, there
exists a weakly null sequence {x,} in By such that for C : =coix, :nz1},

lim {lx, ~ x| =diam{CY=1forallx e C
=00

(cf. [21]). By passing through a subsequence, we may assume that {x,} is regular. It is
easy to see that r{C, {5, 1) =1, A(C, {x;}) =C. and re (AL, {xr})) =re(C) =1, Since X
satisfies the Dominguez~Lorenza condition with a corresponding 4 € (0, 1), it must be the
case that

1 = re{CYKA(C, fx)) < L.

This leads to a contradiction. D)

In view of the above theorem and the well-known Kirk's fixed-point theorem [15], we
can conclude that every Banach space X which satisfies the Dominguez-Lorenzo condition
has a fixed-poin( propesty, ie., for every weakly compact convex subset E of X, every
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nonexpansive mapping T @ E — E has a fixed point. Moreover, the next theorem shows
that cvery reflexive Banach space that salisfies the Dominguez-Lorenzo condition has a
fixed-point property for certain multivalued nonexpansive mappings.

Theorem 3.3. Let X be a reflexive Banach space satisfying the Dominguez—Lorenzo con-
dition and let E be a bounded closed convex separable subset of X. T . E - KC(X) is
a nonexpansive and 1 — y-contractive mapping such that T (E) s a bounded set and which
satisfies the inwardness condition:

Tx Clg(x) forallxeE,
then T has a fixed point.

Proof. The main idea of the proof follows from the proofs of Theorems 3.4 and 3.6 in
[9]. So here we only give a sketch of the proof. First we obtain a sequence of approximate
fixed points {x,} of Tin E. By the boundedness of {x,}, we can assume that {x,} is regular
refative to E. Since X satisfies the Dominguez—Lorenzo condition, we obtain

re(A)Ar(E, {x, )

for some A € {0, 1), where A = A(E, {x,})
We can show that the mapping T © A — K C(X) is nonexpansive, 1 — y-contractive, and
satisfies the condition

TxNIs(x)#£ @ forallxe A
Fixxg€ A, define T, : A — KC(X) by

1 i
T,,x:—xo+(l-——)Tx, X EA.
n n

It is easy 10 see that T}, is y-condensing and
TaxNIg(xy#B forall x e A

Hence by Theorem 2.4, T;, has a fixed point. Consequently, we obtain a sequence {x,} in
A satisfying lim,, dist(x}, Tx}) = 0. Now we can proceed with the proof as in the proofs of
Theorems 3.4 and 3.6 in (9] to obtain a fixed point. [

From Theorem 2.7 it can be seen (hat every Banach space X with gg{(X) < ] satisfies the
Dominguez-Lorenzo condition. We now present some other Banach spaces which satisfy
the Dominguez—Lorenzo condition. Here we consider the James constant or the nonsquare
constant J{X). ’

For a Banach space X, the James constant, or the nonsquare constant is defined by Gao
and Lau [11] as

JX) =sup{flx + yll A llx — ¥l : x. 5 € Bx}.

Clearly, X is uriformly nonsquare if and only if J(X) < 2.
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Theorem 3.4. Let X be a Banach space satisfying property WORTH and let E be a weakly

compact convex subset of X. Assume that {x,} is a bounded sequence in E which is regular

relative to E. Then

J (X}
2

re(AE, {xa) < r(E, {xa ).

Proof, Denote r = r(E, {x,}) and A = A(E, {x,}). Since {x,} C E is bounded and F
is a weakly compact set, we can assume, by passing through a subsequence if necessary,
that x, converges weakly to some element in E, say x. It should be noted that passing
through a subsequence of {x,} does not have any effect on the asymptotic radius of the
whole sequence {x,} because {x,} is regular. Let us observe here that for any subsequence
{yn) of {xa), re(A(E, (2 )) < re(ALE, {y«})). This observation will be needed at the end
of the proof. Since X satisfies property WORTH, it satisfies the non-strict Opial condition,
and thus it must be the case that x € A, that is,

lim sup f|xp — x| =r. (3)
fA—+00
Now let z € A. Thus lim sup,_,  llxs — z)| = r. By regutarity of {x,}, we can choose a

subsequence Lx,} of {x,} so that lim, o pollxpr — x[[ = 7 = limy L eollxn — z]|. Propersty
WORTH and the fact that x,» — x 50 yield the following:

r= ’hm “Xn' _‘Z“
= },lim (G — )+ (x = 2
= B,lgnw Fxnr = x3 = {x = 2}l

= lim [lxy —2x + z[.
n =0

Thus we have
fim N"""anlz tie ﬂi_—-—"'*")x“‘

PPUEPN r H = r k

: (4
Let us consider an ultrapower X of X. Put

{ry —z}y and U=—{r, —2x +zlp.

~ | -

By (4) we know that iz, # € . We see that

-, - . i 1
i + v)| = lim u— (ot —2)+ = (xp —2x 4 2)
%0 r

=1 _2.( -~ X}

= lé"n - X' X
2 .

= = lim {J{xy = x|
r %

=E(r)=2.
r
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On the other band,

. - ] 1 1
& — ol = lim | - (xpr = 2) = — (xp — 2x + )
& r r

2
=Zix —z|l.
r
Thus
Ty 2l + 3l A i~ B
2
=2AZ)x -zl
.
2
=—|x —z]l.
-

Since the James constants of X and of X are the same, we obtain
2
J(X) =z ; lx = 2.

This holds for arbitrary z € A. Hence we have

r:(A)s-“zﬁr,

and therefore, by the previous observatian, rg{A) € i(—;—(—l r. O

From the above theorem we immediately have

Corollary 3.5. Ler X be a uniformly nonsquare Banach space satisfving property WORTH.
Then X satisfies the Dominguez—Lorenzo condition.

Proof. Uniform nonsguareness of X is equivalent to J(X) <2. Put A = -“‘%1 Then £ < 1
and by Theorem 3.4 the result follows. [

Theorem 3.3 and Corollary 3.5 give

Corollary 3.6. Let X be a uniformly nonsquare Banach space satisfying property WORTH
and let E be a nonempty bounded closed convex separable subset of X . If T : E -+ KC(X)
is a nonexpansive mapping such that T (E) is a bounded set which satisfies the inwardness
condirion:

Tx ClIglx) forallxe€E,
then T has a fixed point.
Proof. By Corollary 3.5, X satisfies the Dominguez-Lorenzo condition. It is known that
uniform nonsquareness implies reflexivity of X. Since X has a non-strict opial condition,

we can conclude that the nonexpansive mapping T : £ — K(X) with a bounded range is
[ - y-contractive (see [9}). Now Theorem 3.3 can be applied to obtain a fixed point. [l
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Questions. (1)1t has been shown in [4, Theorem 3.1} that a Banach space X has a vniform

normal structure whenever J(X) < 1+2J§. It is natural to ask if the condition of being uni-

formiy nonsquare and property WORTH can be replaced by the condition “J(X) < @
or sorne other upper bounds.

(2} A similar question about the Jordan—von Neumann constants can be asked in the sense
of (I). Here we ask if we can replace the condition of being uniform rensquareness and

having property WORTH by the condition Cy s(X) < lif-—ﬁ or some other upper bounds.
Note that it has been shown in [5, Theorem 3.16] that a Banach space X has a uniform
43

normal structure whenever Cy (X)) < =52,

4. The common fixed poiats in uniformly convex Banack spaces

In this section, we extend a result of common fixed points for CAT{0) spaces [6, Theorem
4.1] to unifermly convex Banach spaces.

Definition 4.1. Let £ be a nonempty bounded closed convex subset of a Banach space X,
t:E— X, and T : £E - FB(X). Then ¢t and T are said to be commuting if for every
x,y € Esuchthat x € Ty and ty € E, there holds

tx e Tty.

Theorem 4.2. Let E be a nonempty bounded closed convex subset of a uniformly convex
Banach space X,t : E - E,T*1 E = KC(E) a single-valued and a multi-valued
nonexpansive mapping, respeciively. Assume that t and T are commuting. Then t and T have
a common fuxed point, i.e., there exists a point x in Esuch that x =tx € Tx. i

Proof. It is known that the fixed point set of 1, denoted by Fix(r}, is nonempty, closed, and
convex. Let x € Fix{t). Since t and T are commuting, we have ty € Tx foreach y € Tx.
We see that, for x € Fix(r), Tx N Fix(#) # @. For a fixed element xp € Fix{s), define a
contraction T,, : Fix{(t) — KC(E) by

Tulx) = ixo + (l - l) T(x), x e Fix(®).
n n

It is easy to see that for each x € Fix{(1), T,,x NFix(¢) 7% @ as T does.

Siace Fix(¢) is a nonexpansive retract of £ [3], we can show that T, : Fix(t) - KC(E}
is y-condensing. Indeed, let B be a bounded subset of Fix(¢) and x(B) > 0. Given d > 0 be
such that

Bcl ) Bx.d), xekE

i=I
Let R be a nonexpansive retraction of E onto Fix(r).
For each o € B(x;,d) N B, we have

| Bx; —all = [Rx; — Ral<|lx; —ali<d.
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Therefore B(x;, d}N B < B(Rx;,d) foreach € {1, ..., n}, and hence
B ¢ | B(Rx;, 4).
i=1
Since 7, is (1 — 1y-contractive,
! I
Th(B) C U (TnRxf + (1 - —) 480, 1)) -
. i=1 "

Thus

1
K(Te(B) < (1 - )x(B) < z(B),

n
and T, is y-condensing. Now we can apply Theorem 2.4 to conclude that 7, has a fixed
point, say x,. Moreover, we can show that
dist(x,, Tx,) — 0.
Let X be a Banach space ultrapower of X and
Fix(t) = {i = (t) : x4 = x € Fix(0)}.

Then Fix(r) is a nonempty closed convex subset of X. Now, foreach n € N, et y, be the

unique nearest point of x,, in Tx,, i.e., [lx, — Yo || =dist(x,, Tx,;). Consequently, (x,)={(ya).
Since 7 is nonexpansive and x, € Fix(?), we have

lan =ty = Ntxy — £y, < lxn = Yall N

for each n € N. Since ry, € Tx,, we have y, =ty, € Fix(r} for each n € N, Since Fix(r)
is a closed convex subset of a uniformly convex Banach space X, {x,) hasa unique nearest
point & € Fix(t), i.e., {x,) — vll = dist((x,), Eix(£)}. As Tv is closed and convex, we can
find v, € Ty satisfying

Ixe — vall =dist(y,, Tu) € H(Tx,, To).

We note here that v, €Fix{t) for each n. It follows from the nonexpansiveness of T that
fly = vall Sz — 0l

This means
WG = @I — 2.

Since (}:) = (;:}, we have

16 — (ol < (k) — 1l- )
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Because of the compactness of Tv, there exists w € Tv such that w = limg up. It foliows
that (v,) = w. This fact and (5) imply that

1) — Bl < 1y — 1. (6)

Moreover, w €Fix(¢) and then w € Fix(r). Hence = # and 50 v = w € Tv which then
completes the proof. [
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1. Introduction

In 1969, Nadler [18] established the multivalued version of Banach’s contraction prin-
ciple. Since then the metric fixed point theory of multivalued mappings has been rapidly
developed. Some classical fixed point theorems for singlevalued nonexpansive mappings
have been extended to muitivalued nonexpansive mappings. In 1974, Lim {17], using
Edelstein’s method of asymptotic centers, proved the existence of a fixed point for a
multivalued nonexpansive self-mapping T: E — K(E) where £ is a nonempty bounded
closed convex subset of a uniformly coavex Banach space. In 1990, Kirk and Massa
[15] extended Lim’s theorem. They proved that every multivalued nonexpansive self-
mapping T:E — KC(E) has a fixed point where E is a nonempty bounded closed
convex subset of a Banach space X for which the asymptotic center in E of each
bounded sequence of X is nonempty and compact. In 2001, Xu [22] extended Kirk—
Massa’s theorem to nonself-mapping T : £ — KC(X) which satisfies the inwardnress con-
dition,

In 2004, Dominguez and Lorenzo [10} proved that every multivalued nonexpansive
mapping T : £ — KC(E) has a fixed point where E is a nonempty bounded closed convex
subset of a Banach space X with eg(X) < |. Consequently, they can give ap affirmative an-
swer of a problem in [21] proving that every nonexpansive self-mapping T: E — KC(E)
has-a fixed point where E is a nonempty bounded closed convex subset of a nearly uni-
formly convex Banach space. Recently; Dhompongsa et al. {5], gave an existence of a fixed
point for a multivalued nonexpansive and {1 — x)-contractive mapping T : E — KC(X)
such that T(E) is a bounded set and which satisfies the inwardness condition, where £
is a nonempty bounded closed convex separable subset of a reflexive Banach space which
satisfies the Dominguez-Lorenzo condition, i.e., an inequality concerning the asymptotic
radius and the Chebyshev radius of the asymptotic center for some types of sequences.
Consequently, they could show that if X is a uniformly nonsquare Banach space satisfying
property WORTH and T: E —» KC(X) is a nonexpansive mapping such that T(E) is a
bounded set and which satisfies the inwardness condition, where E is a nonempty bounded
closed convex separable subset of X, then T has a fixed point. Furthermore, they also ask:
Does Cy(X) < '—'%’@ imply the existence of a fixed point for multivalued nonexpansive
mappings?

In this paper, we organize as follows. We define a property for Banach spaces which
we call property (D) (see definition in Section 3), which is weaker than the Dominguez—
Lorenzo condition and stronger than weak normal structure and we prove that if X is a
Banach space satisfying property (D) and E is a nonempty weakly compact convex subset
of X, then every nonexpansive mapping T : £ — KC(E) has a fixed point. Then we state a
relationship between the weakly convergent sequence coefficient WCS(X) and the Jordan—
von Neumann constant Cj{X) of a Banach space X. Finally, using this fact, we prove that
if Cnp(X) is less than an appropriate positive number, then every multivalued nonexpansive
mapping T : £ — KC(F) has a fixed point. In particular, we give a partial answer (o the
question which has been asked in {5].



85

218 8. Dhompangsa er af. / 1. Math. Anal. Appl. 320 (2006) $16-927

2. Preliminaries

Let X be a Banach space and E a nonempty subset of X. We shall denote by FB(E)
the family of nonempty bounded closed subsets of E, by K(E) the family of nonempty
compact subsets of E, and by KC(E) the family of nonempty compact convex subsets
of E. Let H(-.-) be the Hausdorff distance on FB(X), i.e.,

H({A.B):= maxlsupdisl(a, B), supdist(b, A)]. A, B e FB(X),
a€A helB

where dist(a, 8) = inf{[le — b|i: b € B} is the distance from the point a to the subset B.

A multivalued mapping 7 : E — FB(X) is said to be a contraction if there exists 2 constant

k €0, 1) such that

H(Tvay)skux_y"- X,)GE (1)

If ([) is valid when k = |, then T is called nonexpansive. A point x is a fixed point for a
muleivalued mapping T if x & Tx.

Throughout the paper we let X* stand for the dual space of a2 Banach space X. By By
and Sx we denote the closed unit ball and the unit sphere of X, respectively. Let A be a
nonempty bounded subset of X. The number r(A) :=inf{sup,.4 lx — yl: x € A} is called
the Chebyshev radius of A. The number diam(A) = sup{lix — y§: x.y € A} is called
the diameter of A. A Banach space X has normal structure (respectively weak normal
structure) if

r{A) <diam(A}

for every bounded closed (respectively weakly compact) convex subset A of X with
diam(A) > 0. X is said to have uniform normal structure (respectively weak uniform nor-
mal structure) if
, l diam{A)
inf{ ———~
r(A)
where the infimum is taken over all bounded closed (respectively weakly compact) convex

subsets A of X with diam(A) > 0. The weakly convergent sequence coefficient WCS(X)
[3] of X is the number

> 1,

(A
WCS(X) .= mfl M }
re({x,1)
where the tnfimum is taken over all sequences [x,} in X which are weakly (not strongly)
convergent, A({x,}} := limsup, {llx; — x;[: i, j 2 n} is the asymptotic diameter of {x.},

- and r,{{x,}} :==inf{limsup, [x, — ¥(: y € o({x,})} is the asymptotic radius of {x,}.
Some equivalent definitions of the weakly convergent sequence coefficient can be found
in (2, p. 120] as follows:

tim,, - y - X
WCS(X) = inf{ T e 5o i “: fx,} converges weakly to zero,

limy .0 ltxa I

Tim llxglland  lim  [lx, — x|l exist
n=-00 AL
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and

WCS(X) = inf{ lim  Yxn —xmll: {x.) converges weakly to zero,
n.mndm
flxail=1ard lim |fx, — x|l exists].
o1 nFEm

It is easy to see, from the definition of WCS(X), that | £ WCS(X) £ 2, and it is known
that WCS(X) > 1 implies X has weak uniform normal structure {3].

For a Banach space X, the Jordan—von Neumann constant Cg(X) of X, introduced by
Clarksaon [4], is defined by

lix+ v+ lx — y§°
L2 x,y € X not both zero ;.

The constant R{a, X), which is a peneralized Garcia-Fatset coefficient [12], is introduced
by Dominguez (7]: For a given nonnegative real number a,

Cni(X} = SUP{

R{a,.X):= sup[lim infilx + xq01].

where the supremum is taken over atl x € X with |ix|| € a and afl weakly null sequences
{x,} in the unit ball of X such that imy p: ngm X0 — X f < 1.

A relationship between the constant R(I[, X) and the Jordan—von Neumann constant
Cny(X) can be found in {6]:

R(1, X) € V200 (X).

The following method and results deal with the concept of asymptotic centers. Let E
be a nonempty bounded closed subset of X and {x,] a bounded sequence in X. We use
r(E, {x.}) and A(E, [x,}) to denote the asymptotic radius and the asymptotic center of
{xx} in E, respectively, i.e.,

r(E. {xa}) =inf[li’ﬁs;p ixa —xi: x € E}.

A(E, (x.}} = lx e E: linmsol.;p kx, — x|l = r{E, {x,,})].
Itis known that A(E, {x,}) is a nonempty weakly compact convex set whenever E is [14].

Let [x,j and E be as above. Then [x,} is called regular relative to £ if r{E,{x,}) =
r{E, [x,;}) for all subsequences [x,,} of {x,} and {x;,] is called asymptatically uniform
relative to E if ACE, [x,]) = A{E, {x,,]} for all subsequences {x,,;] of {x,}. Furthermore,
{xn} is called regular asymptotically uniform refative to E if {x,} is regular and asymptot-
ically uniform relative to E.

Lemma 2.1. (Goebel {13], Lim [17]) Let {x,} and E be as above. Then
(i) there always exists a subsequence of | x,} which is regular relative to E;

(i) f E is separable, then {x,) contains a subsequence which is asymptotically uniform
relative to E.
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If C is a bounded subset of X, the Chebyshev radius of C relative 10 E is defined by
re(C) = inf[re(C): x € E},

where r, {C) = sup{llx — y{I: y € C}.

A last concept which we need to mention is the concept of ultrapowers of Banach
spaces. Ultrapowers are proved 1o be useful in many branches of mathematics. Many re-
sults ean be seen more easily when treated in this setting. We recall some basic facts about
ultrapowers. Let F be a filter on an index set I and et {x:};cs be a family of points in a
Hausdorff topological space X. {x;j;es ts said to converge to x with respect to F, denoted
by limr x; = x, if for each neighborhood U of x, {ic I: y e Ute F. Afiter L on I is
called an ultrafilter if it is maximal with respect to the set inclusion. An ultrafilter is called
trivial if it is of the form {A: A C [, ip € A) for some fixed iy € I, otherwise, it is called
nontrivial, We will nse the following facts:

() U is an ultrafilter if and only if for any subset A C f,either Acl or I\ A€ ld, and
(i) if X is compact, then the limg, x; of a family {x;) in X always exists ard is unigue.

Let {X;};es be a family of Banach spaces and let I (], X;) denote the subspace of the
product space [];.; X equipped with the norm [ {x; }{l := sup;¢; §xill < co.
Let U be an ultrafilter on F and let

Ny = [ (xi) & loot/, Xa): lim gl =0].

The ultraproduct of {X;] is the quotient space { (/. X;)/ Ny equipped with the quotient
rorm. Write {x;}z/ 10 denote the elements of the ultraproduct. It follows from (ii) and the
definition of the quotient norm that

Hxideef) = tim Rl

In the foliowing, we will restrict our index set [ to be N, the set of natural numtz_ers. and let
X; =X, i €N, for some Banach space X. For an ultrafilter Lf on N, we write X to denote
the ulraproduct which will be called an ultrapower of X. Note that if I{ is nonirivial, then
X can be embedded into X isometrically (for more details see Aksay and Khamsi [1] or
Sims [19]).

3. Main results

Definition 3.1. A Banach space X is said 1o satisfy property (D) if there exists L € [0, I)
such that for any norempty weakly compact convex subset £ of X, any sequence {x,} C £
which is regular asymptoticaily uniform relative to E, and any sequence {y,] C A(E, {x,})
which is regular asymptotically uniform relative to £ we have

r(E. iyni}é)»r(E. {xnj)- . @)

The Dominguez-Lorenzo condition introduced in [5) is defined as follows:
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Definition 3.2. A Banach space X is said to satisfy the Dominguez—Lorenzo condition if
there exists A € [0, 1} such that for every weakly compact convex subset E of X and for
every bounded sequence [x,} in E which is regular relative o E,

re(A(E, (xa})) € Ar(E. {xa}).

It is clear from the definition that propcn'y (D) is weaker than the Dominguez—Lorenzo
condition. In fact, property (D) is strictly weaker than the Domf{nguez—Lorenzo condition
as shown in [8]. The next result shows that property (D) is stronger than weak normal
structure. .

Theorem 3.3, Let X be a Banach space satisfying property (D). Then X has weak normal
structure.

Proof. Suppose on the contrary that there exists a weakly null sequence {x,} C By such
that fim, o0 Jxp — xY| = 1 for all x € € = Co({x,}) (see [20]). By passing through a sub-
sequence, we may assume that {x,} is regular relative to C. We see that r (C, {x,}) =1 and
A(C, {xp)) = C. Moreover, [x,} is asympiotically uniform relative to C. Indeed, let {x,,, }
be a subsequence of {x,,}; we have

A(C (xa)) = {x € C: limsupllan, ~ xll =r(C. (rag) = 1} = C.
k=00

Sinece {x,} C C = A(C, [x,}) and X sausfies property (D) witha corresponding A € [0, 1),
we have -

r(C. [xn*) ‘S_AI'(C, {-xn})

which leads to a contradiction. 0§
The following results wilt be very useful in order to prove our main theorem,

Theorem 3.4. (Dominguez and Lorenzo (9%) Let E be a nonempry weakly compact sep-
arable subset of a Banach space X, T : E — K (E) a nonexpansive mapping, and {x,;} a
sequence in E such that limy, o0 d{x,, Tx,) = 0. Then there exists a subsequence {z,} of
{xn} such that

TxNA#®, VxeA:=A(E, (z.)).

Theorem 3.5. (Dominguez and Lorenza {10]) Let E be a nonempty weakly compact convex
separable subset of a Banach space X. Assume that T : E — KC(E) is a contraction. If A
is a closed convex subset of E such that TxNA £ B forall x € A, then T has a fixed point
in A

We can now state our main theorem.
Theorem 3.6. Let E be a nonempty weakly compact convex subset of a Banach space

X which satisfies property (D). Assume that T - E — KC(E) is a nonexpansive mapping.
Then T has a fixed poins.
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Proof. The first part of the proof is similar to the proof of Theorem 4.2 in [9]. Therefore,
we only sketch this part of the proof. From [16] we can assume that E is separable. Fix
zo € £ and define a contraction T, : E — KC(E) by

] 1
Tx)= ;zg + (1 - ;)Tx, xeE.

By Nadier's theorem [18], for any n € N, T, has a fixed point, say x,{. It is easy to prove
that limy,_ o0 dist(x;, Tx!) = 0. By Lemma 2.1, we can assume that sequence {x}} C E is
a regular asymptotically uniform relative to E. Denote A| = A(E, {x}]). By Theorem 3.4
we can assume that Tx N Ay £ @ for ali x € A(. Fix z) € A| and define a contraction
T.: E— KC(E) by

| 1
T (xy=-21 + (I - —)Tx, xeE.
H H

Convexity of A implies 7,(x) N A, # & for all x € A;. By Theorem 3.5, T, has a fixed
point in A, say xf,. Consequently, we can get a sequence {x2} C A} which is regular
asymptotically uniform relative to £ and limy, o0 dist(xf. Tx,%) == 0. Since X satisfies the -
property {D) with a corresponding A € [0, 1), we have

r(E, {x2}) <A (B, {xg))-

By induction, we can find a sequence {x,f} C Ay = A(E, {x,’:"'}) which is regular as-
ymptotically uniform relative to E,

lim_dist{xs. Txy) =0,

and
r{E {xf) < ar(E{xEY)) foraltkeN.

"

Consequently,
r(E () S E A < <A (E ).

We now begin the second part of the proof, In view of [2, p. 48}, we may assume that for
each k € N,
h Kk .
u.m:T;éme" xoll exists,

and in addition Jlx¥ — xk [t < Yimy gn; g fix¥ — xK | + 5 forall n,m € Nand n # m. Let
{¥a} be the diagonal sequence {x]}}. We claim that {y,} is a2 Cauchy sequence. For each
n z 1, we have for any positive number m,

fyn — pa—tll < ﬂ)’n —x::“l “ + “.r::,'! - yﬂ_|“
= fyn -7+ xnt - X2

- . n—1 -
Sho-sh+ Jim, |77 g

Taking upper limit as m — oo,
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l

Y Y | élimsup"y — Xpy t“ + lim ux" . x'."lH+ T

m—+o0 INSES] 4

<r(E P+ “msupﬂx?"' = ya|| + lirmsup 17~ — 3, ff + 51_..{
2

—3r(E {x"_l} 2” =7

<3 (E D + :

-1’
Since A < 1, we conclude that there exists y € E such that y, converges to y. Consequently,
dist(y, Ty) £ iy — yull + dist(p,. Tyn) + H(Ty,, Ty) > 0 asn— oo,

Hence yisafixedpointof T. 0O

Theorem 3.7. Let E be a nonempty weakly compact convex subset of a Banach space X
witht

WCS(X)?
7 .
Assume that T : E — KC(E) is a nonexpansive mapping. Then T has a fixed point.

ChnplX) <1+

Proof. We will pfove that X satisfies property (D). Since Cy(X) < 1+ WCS(X’

choose A = 2“""” =T _ | Let Dbea nonempty weakly compact convex subscl of X,
{x,) C D, and {y,,} C A(D, {xs}) be regular asymptotically uniform sequences relative
to . We will show that {2) is satisfied. By choosing a subsequence, if necessary, we can
assume that {y,} converges weakly to y € D and

. We

. }lm [yx — y;ifl =1 forsemel 20 3

Letr = r(D, {x,}). The condition (2) easily follows when r = 0 or I = 0. We assume now
thatr > Qand{! >0, Lete > 0sosmalithat 0 < & < A r. From (3) we assume that

|l =yl =] <& forallk# j. @

Fix k # j. Since yi, y; € A(D, {x,]) and using the convexity of A(D, [x,}), we can as-
sume, passing through a subsequence, that

Xz — 3l <r +e, lxw — yilt <7 +&, 5

and

“xn gL -;y_,— D >r —¢ forall large n. (6

By the definition of C3( X}, by (4)<{6) we have for n large enough,

120 = Ok 32+ lye = 307 _ 46— &) + U —e)’

Cni{X} 2 2
Mt 2{ — yell? + 20xq — 3501 4r +£)?
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Since ¢ is arbitrarily small, it follows that

4?2
C » .
n(X) 2 — 3
Since
lim; .. —_
WCS(X) = inf| Dmdckiste ) el e g e — a) cxists},
limsup; fju ok jHk _

we can deduce that

: - o ) ,
Cra(X) > 14 WCS(X) Gnm;ruzp,,ﬂyu ¥ St WCS(X);(ED, (n ).

Consequently,

2/ =1

*"(Ds{}'n}) < WCS(X)

as desired. O

r= }U'(D- {xﬂ})

In order to prove our next result, we need the following theorem which states a relation-
ship between the weakly convergent sequence coefficieat and the Jordan-von Neumann
constant of a Banach space X.

Theorem 3.8. For a Banach space X,
WXy + 1 -7

wes(xy|? p SRR T
Wesool > Seuoor

Proof. Since Cnj(X) £ 2 and the result is obvious if Cpnj{(X) = 2, we can assume
that Cng(X) < 2. It is known that Cng(X) < 2 implies X and X™ are reflexive. Put
a = J2Cy(X). Let {x,} be a normalized weakly null sequence in X and & :=
1iMy m: e |Xn — Xmfl. Consider a sequence {f,} of norm one functiorals for which
Sa(xy) = 1. Since X* is reflexive we can assume that [ f,} coaverges weakly 10 some
fin X*. Let € be an arbitrary positive number and choose K € N [arge enough so that
[fxy ) <ecandd —e € ([xn — Xl £d+eforanym #n;m,n 2 K. Then we have

Ii:n(ﬁ, - ixxk)=0 and liﬂn S (xn) =0.

Since limy i nsm |[5%—:_{_£’l[j < Fand )| 7& || < |, we have, by the definition of R(1, X},

limsup iy + xx || € (@ + IR, X) € {d + £)/2Cni(X) = (d + &)ar.

We construct elements of X and X*:

et B e S A R
U U

dte {d + g

Here k denotes an equivalence class of the sequence (h,} such that i, = 4 for all n € N.
Clearly ¥, € By and f, g € S5.. Moreover,

f({x,,}u) =] and If(x}()] = lf(xk)[ < €.
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On the other hand,
é({xn}u] =0 and g{xx)=1.

Let consider

I1f =81 2(f - HE = f(X) - @

i .. -
== + ——(f(Ixas) = Fixx) = [8({xnkr) — ECxi0])
2—s
On the other hand,

If+81 2 (F+DG) = f)+ 35

1 i _
= m(f({xn}u) + Fxi) + 2({xadu) + 8(xk))
(l—e40+)=— %

> =
(d + ) (d + &)

Thus we have

f+ 202+ 0f—z12

Cu(®*) 2

M T+ iz
~ (2—.«) +( Z‘+r)or Y
- 4

(! 2((2—s>2+<2—e>2)
_(d+a) 4 40 )

Since ¢ is arbitrary and the Jordan—von Neumann constants of X*, X, X and X* are alf
equal, we obtain

i |
Cratx) > (d*) (1 * 2CN;<X))'

Thus
2C(X) + 1
2ACn (X

[wesen) 2
Using Theorem 3.8, we obtain the following corolfary.

Corolary 3.9. [6, Theorem 3.16] Ler X be a Banach space. If Cny(X) < 5= "“‘F then X
and X* has uniform normal struciure.

Proof. Let X be a Banach_space ultrapower of X. Since Crns(X) = Cny(X). Theo-
rem 3.8 can be applied 0 X. The inequality in Theorem 3.8 implies WCS(X) > 1 if

Cw(gj < '—*‘—-ni,‘ﬁ Since WCS()?) > 1 implies X has weak normal structure (3] and since X
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is reflexive, it must be the case that X has normal structure. By [11, Theotem 5.2], X has
uniform normal structure as desired. [

Using the inequality appearing in Theorem 3.8, and numerical caleulus, it is not difficult
2
to see that Crg(X) < 1+ FEEL if Oi(X) < ¢ = 1.273.... Thus we can state:

Caorollary 3.10. Let E be a nonempty bounded closed convex subset of a Banach space X
with

Cur(X)y<ecp=1273....
Assume that T : E — KC(E) is a nonexpansive mapping. Then T has a fixed point,
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FIXED POINT THEOREMS FOR MULTIVALUED MAPPINGS IN
MODULAR FUNCTION SPACES*
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ABSTRACT. The purpose of this paper is to study the existence of fixed points for mul-
tivalued nonexpansive mappings in modular function spaces. We apply our main result
to ebiain fixed peint theorems for multivalued mappings in the Banach spaces L and
i,

1. INTRODUCTION

The theory of modular spaces was initiated by Nakano [15] in 1950 in connection with
the theory .of order spaces and redefined and generalized by Musielak and Orlicz [13] in
1959. Even though a metric is not defined, many problems in metric fixed point theory can
be reformulated and solved in modular spaces (see, for instance, (2, 3, 7, 8]). Ia particular,
some fixed point theorems for (singlevalued) nonexpansive mappings in meodutar function
spaces are given in [8]. In 1968, Nadler [14] established the multivalued version of Banach’s
contraction principle in metric spaces. Since then the metric fixed point theory for multival-
ued mappings has been rapidly developed and many of papers have appeared proving the
existence of fixed points for multivalued nonexpansive mappings in special classes of Banach
spaces {see, for instance, [4, 5, 9, 11]). In this paper, we study simitar problems in the setting
of modular function spaces. Namely, we prove that every p—contraction T : C =+ F,(C) has
a fixed point where p is a convex function modular satisfying the A, —type condition ang
C is a nonempty p—bounded p—closed subset of L,. By using this resuit, we can assert the
existence of fixed points for multivalued p—nonexpansive mappings. Finally, we apply our
main result to obtain fixed point theorems in the Banach space Ly (resp. {,) for multivalued
mappings whose domains are compact in the topology of the convergence tocally in measure
(resp. w* —topology).

2. PRELIMINARIES

We start by recalling some basic concepts about modular function spaces. For more
details the reader is referred to (10, 12].

Let £ be a nonempty set and I be a nontrivial o—algebra of subsets of (1. Let P be a
d—ring of subsets of {}, such that ENA ¢ Pforany F € P and A € Z. Let us assume that
there exists an increasing sequence of sets K, € P such that Q = {J K. {for instance, P
can be the class of sets of finite measure in 2 o—~finite measure space). By £ we denote the
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linear space of all simple functions with supports from P. By M we will denote the space
of all measurable functions, i.e., all functions f : § — R such that there exists a sequence
{9n} € £,19a] < £}, 2nd ga{w) = f(w) for all w € O

Let us recall that a set function p : £ — [0,00] is called a o—subadditive measure if
#(®) = 0, p{A) < u(B) for any A C B and u(iJ A,) < Y p{A,) for any sequence of sets
{A.} C Z. By 1,4 we denote the characteristic function of the set A.

Definition 2.1. A functional p: £ x £ — [0, 00] is called a function modular if :
{P1) p(0,E) =0 for any E€ T, ‘ '
(P2) p(f,E) < plg, E} whenever |f(w}| < jg(w)jfor anyw e ), f,g€ £, and E€ £,
(Ps) plf,.): T = [0,00] is a o —subadditive measure for every f € £,
(P;) pla, A) = 0 as « decreases to 0 for every A € P, where p(a, A) = plal s, A,
(P5) if there exists v > 0 such that p(e, A} = 0, then p(#, A} = 0 for every § > 0,
(Fs) for any a > 0, p{e,.) is order continuous on P, that is, p{a, A,) =+ 0if {A.} C P
and decreases to §.
A g—subadditive measure p is said to be additive if p(f, AU B) = p(f, A) + p{f,. B)
whenever A, B € ¥ such that AN B =@ and f € M.
The definition of p is then extended to f € M by

p(f.E) = sup {p(g.E) : g € £, [g{w)] < |f(w}| for every w € 0}

Definition 2.2. A set E is said to be p—aull if p{e, E) = 0 for every o > 0. A property
p(w) is said to hold p—almost everywhere (p—a.e.} if the set {w € ¥ : p{w) does not hoid}
is p—null, For example, we will say frequently f. — f p—a.e. '

Note that a countable union of p—null sets is still p—nuil. In the sequel we will iden-
tify sets 4 and B whose symmetric difference AAF is p—mnall, similarly we will identify
measurable functions which differ only on a p—null set.

In the above condition, we define_the function g : M = [0,00] by p(f) = o(f,2). We
know from [10] that p satisfies the following properties :

(i} p(fy=0if and only if f =0 p—ae.
(ii} plaf) = p{f) for every scalar o with |af = [ and f € M.
(i) plaf+B8g) <p(f)+p(g) fa+B=1, «,>0and f,ge M.
In addition, if the following property is satisfied
(itt}' plaf +Bg) Sap(f)+Bp(g)ifa+8=1, a,f > 0and f,g € M,
we say that g is a convex modular.

A function modular p is calted o—finite if there exists an increasing sequence of sets
K, € P such that 0 < p(lg, ) < co and 2 = |J K.

The modular p defines a corresponding modular space L,, which is given by

Ly={feM:p(Af) = 0as x— 0}

In general the modular p is not subadditive and therefore does not behave as a norm
or a distance. But one can associate to a modular an F—norm. Recall that a functional
-1 : X = [0, 0] defines an F—norm on a linear space X if and only if

(1) =zl =0 if and only if x = 0,
(2) {laz|| = |iz]| whenever |a| =1,
(3) llz + ol < fi=ll + Hadl,
(4) flonz, —azll 2 0if a, = @ and ||z, ~ z]} = 0.
The modutar space L, can be equipped with an F—norm defined by

(1£]]p = inf {a >0 p(-é) < a}.
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We know from [10] that the linear space (L, }i-||,} is a2 complete metric space.

If p is convex, the formula
_; g
0k —mf{a> O.p(-(; < 1}
defines a norm which is frequentiy called the Luxemburg norm. The formula

11l = inf{-f;u Fp(kf)) k> o}

defines a different norm which is called the Amemiya norm. Moreover, || - || and | - ||, are
equivalent norms. We can also consider the space

E,={f € M: plaf,) is order continuous for alle > 0}.
Definition 2.3. A function modular p is said to satisfy the Aj;—condition if

supp(2f,., D) - O as k = oo whenever {f,} C M, D e X
r2l

decreases to @ and sup p(fn,Di) 2 0 as k = oo.
n>t

[t is known that the A,—condition is equivalent to E, = L,.

Definition 2.4. A function modular p is said to satisfy the A,—type condition if there
exists K > 0 such that for any f € L, we have p(2f) < Kp(f).

In general, the Ay —type condition and Agp—condition are not equivalent, even though it
is gbvious that the As— type condition implies the As —condition.

Definition 2.5. Let L, be a modular space.

(1) The sequence {fa} C L, i5 saidto be p—convergent to f € L, il p{fa— f) = 0 as
n — oo.

(2) The sequence {f,} C L, is said to be p—a.e. convergent to f € L, if the set {we 0
Falw) = f(w)} is p—null.

(3) A subset C of L, is called p—closed if the p—limit of a p—convergent sequence of C
always belongs to C.

(4) A subset C of L, is called p—a.e. closed if the p—a.c. limit of 2 p—a.e. convergent
sequence of C always belongs to C.

(8) A subset C of L, is called p—compact if every sequence in C has a p—-convergent
subsequence in C.

{G) A subset C of L, is called p-a.e. compact if every sequence in C has a p—ae.
convergent subsequence in C.

(7} A subset C of L, is called p—Dbounded if

diam,{C) = sup{p(f ~ ¢} : f,g € C} < o0.

We know by [10] that under the A ~condition the norm convergence and moduiar con-
vergence are equivalent, which implies that the norm and modular convergence are also the
same when we deal with the Ay-—type condition. In the sequel we will assume that the
modular function p is convex and satisfies the A, —type condition.

Definition 2.8. Let p be as above. We define a growth function w by

w(t):sup{%([%:fe Lp,0<p(f)<oo} for all § < f < 0.

The following properties of the growth function can be found in [3)].
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Lemma 2.7. Let p be as above. Then the growth funciion w has the following properties :
{1} w(t) < oo, Yt €]0,00).
(2) w:[0,00) — {0,00) is a convez, strictly increasing function. So, it is continuous.
(3) w(aB) £ w{eyw(f);Ve, B € {0,00).
(4) w™ (@)™ (B) < w{aB);Va, B € [0,00), where w™! is the function inverse of w.

The following lemma shows that the growth function can be used to give an upper bound
for the norm of a function.

Lemma 2.8 (T. Dominguez Benavides et al. {3]). Let p be as above. Then

Al < whenever f € L,\{0}.

1
wH{L/p{f})

The following lemma is a technical lemma which will be need because of lack of the
triangular inequality.

Lemma 2.9 (T. Dominguez Benavides et al. {3]). Let p be as above, {fn} and {g.} be two
sequences in L,. Then

lim p(gn} = 0 == limsup p(fn + gn) = limsup p(fx)
r— o0 =00 =300
and
tim_p(gn) =0 = liminf p(fn -+ gn) = liminf p(f,).

In the same way as the Hausdorfl distance defined on the family of bounded closed
subsets of a metric space, we can define the analogue to the Hausdorff distance for modular
function spaces. We will calj p—HausdorH distance even though it is not a metric.

Definition 2.10. Let C be a nonempty subset of L,. We shall denote by F,,iC} the family
of nonempty p—closed subsets of C and by K,(C) the family of nonempty p—compact
subsets of C. Let H,(-,-) be the p—Hausdorff distance on F,(L,), i.e.,

H,(A, B) = max { sup dist,(/, B), sup dist, (g, A)}, 4,B € F(L,),
9

where dist,(f, B) = inf{p(f—g) : ¢ € B} is the p—distance between f and B. A multivalued
mapping T : C - F,(L,) is said to be 2 p—contraction if there exists a constant &£ € {0, 1)
such that

(2.1) H(Tf,Tg) <kp(f-g) figeC.

If (2.1) is valid when k = 1, then T i5 called p—nonexpansive. A function f € C is called a
fixed point for a muitivaiued mapping T if f € T f.

3. MaIN RESULTS

We begin stating the Banach Contraction Principle for multivalued mappings in modular
function spaces.

Theorern 3.1. Let p be o convex function modular satisfying the Ay —fype condition, C a
nonempty p—bounded p—closed subset of L,, and T : C — F,(C) e p—contraction mapping,
i.e., there exists a constant k € {0, 1) such that

(3.1} H(Tf Tg) < kp(f-9), J.geC.
Then T has o fived point.
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Proof. Let fy € C and « € (k,1). Since T f, is nonempty, there exists fi € T fy such that
p(fo — fi) > 0 (otherwise fg is a fixed point of T). In view of (3.1}, we have

dist,(f1,ThH) < H,(Tfo,ThH) < kplfo - fL) <ap(fo - f1)-

Since dist, {fi,Tfi) = inf{p(fi — g} : ¢ € Tf1}, it follows that there exists f, € Tf; such
that

plfi — f2) < eplfo - 1)
Similarly, there exists f3 € T f, such that
p{f2 — f3) <aplfy — f2).
Continuing in this way, there exists a sequence {f.} in C satisfying fa41 € Tf, and
p{fn = fra1) < ap{fa-y — fn)
< a?{(p(fa-z2 = fa1))
< ...
<" Hplfi - f2))
< a"(o(fo — 1))
< a"diam,{C).
Let M = diam,{C), then
1 1
M S plfn — far1)

By Lemma 2.7, we have

(@) ) < G
It follows that -

1 1
<

o amrm) (0 () e (&)

By Lemma 2.8, we obtain

o = sl < ()" w-:l(ﬁ)'

is strictly increasing, we have —'lrﬁ < 1. This implies that {f,} is a Cauchy

Since w™!
sequence in (L,,{|-1,). Since {L,.||-|f,) is a complete metric space, there exists f € L, such
that {fn} s )| - {|,—convergent to f. Since under the A, —type condition, norm convergence
and modular convergence are identical, {f,.} is p—convergent to f and f € C because C is
p—closed. Since f, € T f._,, we have

3.2) Qist(fa TS) € (T huet, TS) € kplfams = )~ 0.
We observe that, for each n, there exists g, € Tf such that

1
(3:3) PUSn = 90) € disto(fn, TH) +

Thus, {3.2) and {3.3) imply that lim p(f. — g} = 0. By Lemma 2.9,
L X =

limsup p(ga — f) =limsupplgn ~ fut+ fu — f) = lim_'salipp{fn -f1=0

n—00 "o

Since T f is p—-closed, we can conclude that f € Tf. O
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The following results will be very useful in the proof of our main theorem.

Theorem 3.2 (M. A. Khamsi [7]). Let {f.} C L, be p—un.e. convergent to 0. Assume there
exists k > 1 such that

supplkfa) = M < oo
r>l

Let g € E,, ther we have
o fimm inf o f + g) = liminf (..} + p(g)-
The following lemma guarantees that every nonempty p—compact subset of L, attains a

nearest point.

Lemma 3.3. Let p be a convex function modular satisfying the Az—‘typé condition, f € L,,
and K a nonempty p—compact subset of L,. Then there exists go € K such that

S — go) = dist,(f, K).
Proof. Let m = dist,(f, K'). For each n € N, there exists g, € K such that
1 1
~ =< alf-ga) < =.
m n = plf Qn) “sm+ n
By the p~compactness of K, we can assume, by passing through a subsequence, that g, -
go € K. By Lemma 2.9, we obtain
m = {im sup p(gn —~ f) = limsup p(gn ~ go + 90 — f)
Ll e 3= ] n—r o0
=limsupp(go — f)
= plgo — f).

a
We can now state our main theotem.

Theorem 3.4. Let p be o conver function modular satisfying the A;—type condition, C
a nonempty p—a.e. compect p—bounded conver subsel of L,, end T : C = K,{C) a
p—nonezpansive mopping. Then T has e fixed point.

Proof. Fix fo € C. For each n € N, the p—contraction T, : C = F,(C) is defined by

T.(f) = fot (1= 2)TS, feC.

By Theorem 3.1, we can conclude that T, has a fixed point, say f,. [t is easy to see that
dist,(fn, TSn) < édiamp(C) — 0.

Because of p—a.e. compactness of C, we can assume, by passing through a subsequence,
p—a.e.

that f, "—3 [ for some f € C. By Lemma 3.3, for each n € N, there exists g, € T f, and
h, € T f such that

p(fn - gﬂ) = diStp(fntTfﬂ)
and

P(gn = hp) = dist, (a2, TS) < H (T . Tf) < plf0 — f}-
Because of p—compactness of T f, we can assume, by passing through a subscquence, that
hy, £ h € TJf. Since p satisfies the A ~type condition, there exists K > 0 such that
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Pfn ~ ) 2 Kplfn — flforalln e N.
This implies that

sup p2fe - 1) < Ks§§p(fn - f) < .

By Theorem 3.2 and Lemma 2.9, we obtain
liminf p(fn = £} + p{f — &) = liminf o{fn = f+ [ ~ h)
= lim in.fp(fn —h)
n -+
= lminf p(fn ~ gn + g = hn + hn — &)
= limin{ p{g. — hn)
n—+o0
< liminf p(fs - f).
=4O
It foliows that p{f — h) = 0 and then we have f = h e T'f. O

Consider the space L,{Q, i) for & ¢—finite measure p with the usual norm. Let € be
a2 bounded closed coavex subset of L, for 1 < p < o and T : ' = K(C) a multivalued
nonexpansive mapping. Because of uniferm convexity of L, it is known that T has a
fixed point. For p = 1, T can fail to have a fixed point even in the singlevalued case for
a weakly compact convex set C (see [1|). However, since L; is a modular space where
p(f) = Jolflde = {[£]] for all £ € L,, Theorem 3.4 implies the existence of a fixed point
when we define mappings on a p—a.e. compact p—bounded convex subset of L;. Thus we
can state :

Corollary 3.5. Let (0, p) be as above, C C Li{{lu} e nonempty bounded conver set which
is compact for the topology of the convergence locally in measure, and T : C = K(C) o
nonezpansive mapping. Then T has a.fized point.

Proof. Under the above hypothesis, p—a.e. compact sets and compact sets in the topology
of the convergence locally in measure are identical (see [2]). Consequently, Theorem 3.4 can
be applied to obtain a fixed point for 7. O

In the case of the space [, we also can obtain a bounded closed convex set C and a
norexpansive mapping 7 : € — C which is fixed point free. Indeed, consider the following
easy and well known example :

Let

C={{In}€£1:03zﬂgland irnzl}.

=]
Define a nonexpansive mapping 7 : C —= C by
T(x) = {0, z¢,79,73,...) where z = {z.}.

Then T is a fixed point free. However, if we consider L, = l; where p(z} = [[z]|, V2 & {,.
Then p—a.e. convergence and w* —convergence are identical on bounded subsets of I} {see
[3]). This fact leads us to obtain the following corollary :

Corollary 3.6. Let C be a nonempty w* —compact conver subset of |, and T : C = K(C}
& nonexpansive mapping. Then T has o fized point.

Proof. By the above argument, we know that p—a.c. compact bounded sets and w* —compact
sets are identical. Then we can appiy Theorem 3.4 to asseri the existence of a fixed point
of T. 0
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In fact Corollary 3.5 and 3.6 are consequences of a general result: Assume that X is a
linear normed space and 7 is a Hausdorff topology on X. We say that X satisfies the strict
7-Opial property if

limsup ||zn — «[| < lim sup [[zn — yl|

=300 n—=3oo
for each sequence {z,} in X which converges to x for the topology T and each y # z.
Following the same argument as in [11] it is easy to prove the following theorem:

Theorem 3.7. Let X be a Banach space, C a conver bounded sequentially T-compact subset
of X, end T : C — K(C) a nonezpansive mapping. If X satisfies the strict r-Opial property,
then T has a fized point.

When X is a modular function space equipped with either Luxemburg or Amemiya norm,
we can consider the topology 7 of convergence p-a.e. In this case, Theorem 3.7 yields to the
following:

Theorem 3.8. Let p be a convez additive o —finite function modular satisfying the Ay—type
condition. Assume that L, is equipped either with Luzemburg or Amemiya norm. Let C
be a nonempty p—a.e. compact p—bounded convezr subset of L,, and T : C - K{(C) a
nonezpansive mepping. Then T has o fized point.

Proof. From [8] (Theorem 4.1 and 4.3), X satisfies the uniform Opial property with respect
to the topology of p-a.e. convergence. Since p-a.e. compact sets and p-ae. sequentially
compact sets are identical for this topology (see (2]}, we can deduce the result from Theorem
3.7 [

Remark. In the case of the space L!(1) we have

o) = [ 171 =11l = 7
and we can deduce Coroliary 3.5 angd 3.6 from Theorem 3.8.
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Abstract

Two fixed point theorems for uniformly lipschitzian mappings in metric spaces, due respectively to
E. Lif§ic and to T.-C. Lim and H.-K. Xu, are compared within the framework of the so-called CAT(0)
spaces. It is shown that both results apply in this setting, ard that LifSic’s theorem gives a sharper result.
Also, a new property is intreduced that yields a fixed point theorem for uniformly lipschitzian mappings in
a clags of hyperconvex spaces, a ciass which includes those possessing property {P) of Lim and Xu.
{© 2005 Pubtished by Elsevier Ltd ="
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1. Intreduction

A mapping T : M — M of a mefric space (M, d) is said to be uniformly lipschitzian if there
exists a constant k such that d(x, y) < kd("x, T"y), forall x, y € M and n € N. This class of
mappings was introduced by Goebel and Kirk in [5], where it was shown that if C is a bounded
closed convex subset of a uniformly convex Banach space X, then there exists a constant & > 1,
depending on the modulus of convexity of X, such that every uniformly lipschitzian mapping
T : C — C with constant k has a fixed point. Since then there have been a number of extensions
of this result, typically in a Banach space setting (see, e.g., the discussion in [6]). However two
results in a metric setting are noteworthy. The first is a result of Lif3ic [11] and the second is
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due to Lim and Xu [12]. Here we compare these results, taking as an underlying framework
the so-called CAT(0) spaces. We show in particular that within this framework both the Lif§ic
and the Lim~Xu theorems apply, and that Liffic’s theorem yields the sharper conclusion. This
is an important feature of the paper because it provides a class of spaces which are not Banach
spaces, but for which the Lifsic characteristic can be calculated, and which satisfy ail of the
assumption of the Lim—Xu theorem. This appears to be the first example of such a class of
spaces.

We also introduce a new property that yields a fixed point theorem for uniformly lipschitzian
mappings in certain hyperconvex spaces. The precise relationship of this new property to ones
previousty studied is not yet clear. However the proof is a departure from the usual methods, and
the result yields the Lim—Xu theorem in a hyperconvex setting as a corollary.

We begin with some basic definitions and notation that will be needed later. Let (X, d) be a
bounded metric space. For a nonempty subset D of X, set

re(D) = sup{d(x,y) : y € D}, xe X;
r(iD) = inflr,{D) : x € X};

C(D) ={x € X:re(D) =r(D));

(D) = sup{d(x, y): x,y € D);

cov(DY =N{B : Bisaclosed ball and D C B}.

The number # (D) is called the Chebyshev radius of D (in X) and C{D) is called the Chebyshev
center of D.

A subset A of X is said to be admissible if cov(4) = A. The number

r4)
84 |’ i

N(X) =sup [ -
where the supremum is taken over atl nonempty bounded admissible subsets A of X for which
8(A) > 0 is called the normal structure coefficient of X. If N(X) < ¢ for some constant ¢ < 1,
then X is said to have wniform normal structure. (For some authors, N(X) would be the inverse
of the normal structure coefficient.)

The metric space (X, o) is said to be hyperconvex if

ﬂ Blxg,ra) #9

wel

for any collection of points {xq}aer in X and positive numbers {ry ) er such that d{xs, xp) <
re +rp forany o, B in I'. The classical spaces o0 and Lo are examples of hyperconvex Banach
spaces. Two facts are pertinent to what follows: N(X) = 1/+/2 if X is a Hilbert space and
N(X) = 1/2if X is hyperconvex.

We now turn to the definition of the LifSic characteristic of a metric space X, Balls in X are
said to be c-regular if the following holds: for each & < ¢ there exist i, o € (0, 1) such that for
eachx, vy € Xandr > 0 with d(x, y) > (1 — w)r, there exists z € X such that

B(x; (14 ) [ | BGi k(L + w)r) € Bz ar). (1.1
The LifSic characteristic k(X)) of X is defined as follows:
(X} = sup{c > 1 : balls in X are c-regular}.
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Theorem 1 (LifSic [11]). Let {X, d) be a bounded complete metric space. Then every uniformly
k-lipschitzian mapping T : X — X with k < k(X)) has a fixed point.

In [12], Lim and Xu introduced the so-called property (P) for metric spaces. A metric space
(X, d) is said to have property (P) if given two bounded sequences {x,} and {z,} in X, there
exists z € [,z cov{{z; : j > n}) such that

tim sup d(z, x4) < limsup limsup diz;, x,).
n J n
The following theorem is the main result of { 12].

Theorem 2 ({12, Theorem 7]). Let (X, d) be a complete bounded metric space with both
property (P) and uniform normal structure. Then every uniformly k-lipschitzian mapping T -

X = X with k < N(X)"? has a fixed point.

It is known that the Lif3ic characteristic of a Hiltbert space is /2, and in Section 3 we show
that the LifSic characteristic of an R-tree is 2. Therefore in these spaces Lif§ic’s theorem yields
the sharper result. We also show that the same is true in the CAT (D) spaces, a class of spaces that
includes these two spaces as extreme cages.

2. CAT(k) spaces

Let (X, d) be a geodesic metric space in which each two points x, y € X are joined by a
unique geodesic (metric) segment denoted {x, ¥). A subset ¥ < X is said to be comvex if ¥
includes every geodesic segment joining any two of its points.

Denote by M2 the following classical metric spaces:

(1) if & = 0 then M} is the Euclidean plasic E2;
(2) if & < O then M2 is obtained from the classical hyperbolic plane H? by multiplying the
hyperbolic distance by 1/./—x.

A metric space X is said to be a CAT(x) space (the term is due to M. Gromov — see, e.g.,
[1, p. 158]) if it is geodesically connected, and if every geodesic triangle in X is at least as “thin’
as its comparison friangle in M2, We make this precise below. For a thorough discussion of
these spaces and of the fundamental role they play in geometry, see Bridson and Haefliger [1] or
Burago et al. [2].

A geodesic triangle A(xy, x3, x3) in a geodesic metric space (X, &) consists of three points
in X (the vertices of A) and a geodesic segment between each pair of vertices (the edges
of A). A comparison triangle for a geodesic triangle A(xy, x2,x3) in (X, d) is a triangle
Alxy, x2,x3) = A(x|, x7,x3) in M3 such that dw(f;,fj) = d(x;i, xj) fori, j € {1,2, 3}
The triangle inequality assures that comparison triangles always exists. If a point x is on an edge
[xi.x;]of A, thenx € Ais called a comparison peint of x if

dixi,x) =dpp(F, 8} and  d(xj, %) = dyp(F;, 5).

A geodesic metric space is said to be a CAT (x) space if all geodesic triangles of appropriate
size satisfy the following CAT(x ) comparisen axiom.

CAT(x): Let A be a geodesic triangle in X and let A € M2 be a companson triangie for A.
Then A is said to satisfy the CAT(«) inequality if forallx, y € 4,

d(x,y) £d)pa(x.y). (2.1



109

S. Dhompongsa et al. / Nonlineor Analysis 65 (2006) 762-772 765

where %, € A are the respective comparison points of x, y.

Of particular interest are the complete CAT(0) spaces, sometimes called Hadamard spaces.
These spaces are uniquely geodesic and they include, as a very special case, the following class
of spaces.

Definition 3. An R-tree is a metric space T such that;

(i) there is a unique geodesic segment (denoted by [x, y1} joining each pair of points x, y € T;
(ii) if [y, x] N [x, z] = {x}, then [, x] U [x, 2] = [y, z).

Proposition 4 (f1, Chapter If.1]). The following relations hold:

(1) If X is a CAT(x) space, then it is a CAT (") space for every x’ > «.
(2) X is a CAT(x) space for all k < 0 if and only if X is an R-tree.

One consequence of (1) and (2) is that any result proved for CAT(0) spaces automatically
carries over to any CAT(«) spaces for ¥ < 0, and, in particular, to R-trees.

Another fundamental property of CAT{(0) spaces that we will need in the following is the
so-called CN inequality. In fact 2 geodesic space is 2 CAT(0) space if and only if this inequality
holds (see [1, p. 163]).

The CN inequality: forall p, q,r € X and all m with d{g, m) = d{(r.m) = d(q.r)/2, one
has

i
dp, )t +d(p.r)? = 2d(m, p) + Ed(q,rf. : (2.2)

Al CAT(x) spaces for k¥ < 0 have uniform normal structure with normal structure coefficient
e < l/~/§. The precise values of ¢ depend on . (See {10]; also the discussion tn [8].)

3. The LifSic characteristic of CAT(0) spaces

Theorem 5. If (X, d) is a complete CAT(0) space, then k(X) > V2. Moreover, if X is an
R-rree, k(X)) = 2.

First a preliminary observation. Every bounded closed convex subset of a CAT(0) space has a
unique Chebyshev center which is a singleton. Since closed convex subsets of a CAT(0) space are
nonexpansive retracts of the space [[, p. 176], the unique minimal ball containing such a set must
be centered at a point of the set. In other words, every bounded closed convex set contains its
Chebyshev center. Thus in the definition of the Lif8ic characteristic of such space, the inclusion
(I.1) may be replaced with:

r (B 0+ wn [ BUs k(1 +u)n) san, (3.1)
where r{-) denotes the Chebyshev radius.

Proof of Theorem 1. We first show that in general (X)) = V2. Letr > 0, choose x, yekX
with d(x, y) = r and let X, § € R? be any two points with || — 7] = d(x, »).
Suppose k = k(X) < +/2. Then

r (B(x; r) ﬂ B(y; kr)) < tr
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for some £ < 1, (This is because the Lif§ic characteristic of R? is +/2.) Now choose & € (g, 1).
Then for 1 € (0, 1) sufficiently near 0 and & € (@, 1) sufficiently near I,

r(BG: (L +wn [ BG: k(L +wr) < ar,

and we may assume in addition only that d(x, y} = (1 — p)r. Let
§i= B@E (L + wn) [ | BG: k(L + w)yr

and
§ =B (L+ pn) [ ) BOs (L + wr).

The Chebyshev center & of § lies on the segment [, y]. Also ifu € Sand if A(p, X, &) is a
comparison triangle for A(y, x, #) in R2, then # € S. Therefore §iiF — & < ar. If ¢ is the point
of the segment [(x, y} for which d(y, ¢} = {|¥ — &li, then (using the CAT(0) inequality)

d(u,¢) < flu —clf = ar.

Since this is true for any 4 € § it foltows that (§) < ar, and since k < 2 was arbitrary, we
have « (X) > /2.

We now suppose .Y is an R-tree, and we show that «(X) = 2 by a direct caiculation. Let
x,ye Xwithd{x,y) =r,and letk < 2. Set

S:=Bx;r){ | B(y; kr).

We show that diam(8) < 2(k — l)r. Let u,v € S. There exist points p,g € [x,y] such
that d(x,v) = d(x, p) + d{p,v) and dix, u) = d(x,q) + d{g, ). Sitmilarly, (y.v) =
da(y, p) + d(p, v) and d(y, w) = d(y, g) + d(g, u}. Without foss of generality we may assume
d(x, p) = d(x,q} + d(q, p). Therefore "

d(u, v) = d(u, q) + d{g, p) + d(p, v).
Since u, v € B(y; kr) we now have

2kr > du, y) +d(y.v)
=d(y,g)+d(g.u) +d(y, p) +d{p,v)
=r—dx,p)+dp,v)+r—dix.g)+dig.v)
= 2r + d(u,v).

This implies d{(u, v) < 2(k — 1)r. Therefore, for o € (0, 1) sufficiently small and @ € (0, 1)
sufficiently near 1,

diam (BGe; (1+ W) [ BGxi k(L + w)r) ) < 2
when d(x, y) > (1 — w)r. Since X is hyperconvex (thus N(X) = 1/2) this in turn implies

r (B(x; (14 p)r) ﬂB(x; k(1 + ,u,)r)) <gr. 0[]

In view of the LifSic theorem we have the foilowing result.

Theorem 6. Ler (X, d) be a bounded complete CAT(0) space. Then every uniformiy
k-lipschitzian mapping T : X — X with k < /2 has a fixed point.



111

5. Dhompongsa et al. / Nonlinear Analysis 65 (2006) 762-772 767

The case when X is an R-tree is moot because every bounded (indeed every geodesically
bounded) complete R-tree has the fixed point property for continuous maps. This fact is a
consequence of results of G.S. Young [13, cf. Theorem 16]. For a direct proof, see [9].

Remark 1. [t seems reasonable to conjecture that the LifSic characteristic of a CAT (k) space for
& < 0 is a continuous increasing function of x which takes values in the interval (+/2, 2).

Remark2. If T : X — X is uniformly k-tipschitzian, then T is nonexpansive relative to a
metric ¥ on X that satisfies

d(x,y) =rix,y) < kd(x, y).
Also, if T : X — X is nonexpansive relative to a metric s on X with

ad(x,y) <s(x,y) < Bd(x, y),

then T is uniformly g-lipschitzian on (X, d). (For the details, see [5].) While these observations
might seem interesting, their usefulness in this context is mitigated by the fact that the CAT{x)
inequality is not necessarily preserved under smail perturbations of the metric.

4. CAT(0) spaces and property (P)

In this section we show that every complete CAT(0) space has property (£). Let {x,} be a
bounded sequence in a coraplete CAT(0) space X and let K be a closed and convex subset of X.
Define ¢ : X — R by setting ¢(x) = limsup,_, o, d{x, Xn}, x € X.

Proposition 7. There exists a unique point u € K such that
p{u) = inf p(x).
xek

Proof. Let r = inficx ¢(x) and let ¢ > 0. Then by assumption there exists x € K such
that ¢(x) < r + &; thus for » sufficiently large d(x, x,) < r + ¢, i.e, for n sufficiently large
x € B{x,;r +&). Thus

Ce :=O(ﬁ3(x:;r +s)nK) «d.

k=1 \i=k

As the ascending union of convex sets, clearly C, is convex. Also the closure Cx of C; is also
convex (see [1, Proposition 1.4(1)]). Therefore

C:=(C#9.

ExD

Clearly for ¥ € C, p(u) < r. Uniqueness of such a » follows from the CN inequality (2.2).
Specifically, suppose u, v € C with u # v. Then if m is the midpoint of the geodesic joining u
and v,

dlu, xp)% +d(v, x,)? B l
2 4

dim, x,)? < d{u, )2,

This implies p(m)? < r? — }d(u, v)* — a contradiction. O
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In view of the above, X has property (P) if given two bounded sequences {x,} and {z,} in X,
there exists z € ()2, cov{z; : j > n} such that

¥{z) < lim sup o(z;),
f—oa
where ¢ is defined as above.

Theorem 8. A complete CAT(0) space (X, d) has property (P).

Proof. Let {x,} and {z,} be bounded sequences in X and define ¢(x) = limsup,_, ., d(x, xa),
x € X. Foreach n, let

Cy =covi{z; : j = n}.
By Proposition 7 there exists a unique point u, € C, such that

wluy) = inf @(x).
xeC,

Moreover, since z; € C, for j > n, ¢(u,) < @) forall j > n. Thus ¢(u,) <
limsup;_, o, @{z;) for all n. We assert that {un} is a Cauchy sequence. To see this, suppose
not. Then there exists £¢ > O such that for any ¥ € N there exist i, j > N such that

d{u;, u;) > &. Also, since the sets {C,} are descending, the sequence {¢(w,)} is increasing.
Let d := Hin, .00 @(,). Choose £ > 0 so small that _14_‘{2:!'53 < £/8, and choose N so large that
loQ;) —p(updt < €ifi, j > N. Now choose i > j = N sothat d(u;, uy) > &, let m; denote
the midpoint of the geodesic joining u; and u;, and let n € N. Then by the (CN) inequality

d(uf) xﬂ)z +d(u.!xﬂ)2 8
2 J _x
d(mflxﬂ) :S 2 a 4'
This implies
e+ o) &
‘:P(J"?‘-’j)2 = — 2 " a
 up+8’ tow)? ¢
= 2 4
20(u))k +£2 €
- 2 isrs £
= g(u;)" + 2 2
2_8
< u;) 3

Since m; € C;, this contradicts the definition of ;.

This proves that (u,} is a Cauchy sequence. Consequentiy there exists z € {o( Cy such
that lim, ..o 4, = z and, since ¢ is continuous, lim, o @{u,) = ¢@(2). Since @u,) <
lim sup 00 @{z;) for all n, we conclude that

(@) <lim sup @(z;). O

Jj—ooo
5. Hyperconvex spaces

Since hyperconvex metric spaces have uniform normal structure, it is a consequence of
Theorem 2 that if A is a bounded hyperconvex metric space with property (P), then every
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uniformly k-lipschitzian T : M — M has a fixed point for k¥ < +/2. Here, by embedding
the problem in a larger space, we show that uniformly lipschitzian mappings have fixed points
under an assumption that appears to be weaker than property (). Consequently we recover the
Lim and Xu result in a hyperconvex setting.

Every metric space (X, o) can be embedded isometrically into a hyperconvex space. To see
this let

Loo(X) = {{mylrex : my € R forall x and sup [m ] <coy.
xeX
Define the distance do 0n €oo(X) by doo({mx}, {7x}) = sup,eyx |mx — ncl. Thus the metric
space (£o0(X), doo) is hyperconvex. Fix a € X and consider the map [ : X' — {o0(X) defined
by I(b) = {d(b.x) — d(a, x)}ex. It i5 easy to see that [ is an isometry.
For a nonempty subset D of a bounded hyperconvex metric space (X, o), it is known that
r(D) = 34(D) and

C(D) = Cleov(D) = (]| Blx;r(D)#0

recovil})

(see [4] for details).

Let H = (H,d) be a bounded hyperconvex space. Embed H into £,(H) isometrically
via the mapping 4 = (d(h. p) — d{(a, p)lpct, where a is a fixed element of H. Write
hp=d(h, p)—d(a, p)foreach h, p € H.Let R : {5 (H) — H be a nonexpansive retraction.

Now let {e,} be the standard basis in the classical £, Space, i.c., {€z} = {84} e Where &y
is the Kronecker delta. Observe that ﬂnz] cov({e; 1 j = nh) =1{0},

lim sup e,; — lin}‘infe,,j < g forall f,
" -

and

limsupsupley; —0l=[>1-¢ forall e € (0, 1).
" s
Following this observation, we say that a sequence {x,} in H is a copy of {e,} if for each
£ € (0, 1), there exists a sequence {p,} in H with iim sup,, Xnp; — lime inf,; Xnp; < e8{{x, | for
all j, and lim sup,, sup; |Xnp; — zp;l = (1 — £)8({x}) forallz ﬂnz] cov({x; : f = nh.
Thus, if H does not contain a copy of {e,}, given {x,} in H there exists & € (0, I}, depending
on {xu}, such that if {p,} is any sequence in H for which

lim sup x,,;;, — lim ix’}fx,,” < £§({x,}) forali j,

then there exists z € [}, cov({x; : j = n}) for which

lim sup sup lxpp, — 25, < (1 — €3d({xn}).
A

This prompts the following definition. We say that & has property (£,) if H does not contain
a copy of {e,] in the following uniform sense: there exists an ¢ € (0, 1} such that, for a sequence
{xn} and a collection {pi}rca of points in H with limsup, xxp, — liminf, x,p, < £8({x,}) for
all A, there exists z € [, | cov({x; : j = n}) satisfying

lim sup m:p [xupy = 2py| = (1~ £)6({xa]). (5.
"
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In proving the theorem of [12], Lim and Xu use property (P) to constnuct a sequence {x,} in
X satisfying for each integer j > 0,
limnsupd(le, T"x;) < &8({T7x;}), (5.2)
dxjs1,¥) < lim”supd(T"xj.y), foraliy € X. (5.3)

In the proof to follow, we shall construct such a sequence using property (Fe).

We first observe that if a hyperconvex space H has property (P), then it has property (Pip2).
To see this we let {x,,} and { p,} be any sequences in H. Letz, € C({x; : j = n}). By property
(P), we can take a point z € [),5 cov{{z; : j = n}) such that

1
limsup d(z, x,) < limsup limsup d(z;, x,) < 58({x,,}). (5.4)
n i H
Clearly,
. 1
lim sup sup |xnpj - Zp_.ti < limsup d(x,,2) < 53({xn})-

” 7

We do not know whether the converse is true, that is, whetber property (P 2) implies property
(P). Indeed, if &/ < & then P, => P.., but we see no reason why the reverse implication should
be true.

Theorem 9. Let H be a bounded hyperconvex metric space which has property (Pe) for € €
(0, %1. Then every uniformly k-lipschiizian mapping T * H — H withk < ‘{ﬁ has a fixed
poirt.

Proof. We embed ¥ in £oo(X) as described above. Choose &' € (0,¢) so that k& < /1.

Fix xo € H and consider the sequence {7"xo}. Define sets 4, = {T/xp : j = n) and
C = {p € H : limsup, {T"x0}, — liminf, {T"x0}, < £8{4))}. By (5.1) we see that with
some z € ﬂnal cov(An),

limsup sup {T"x0}p — zpl < (1 — £)8(A4}). (5.5)
n peC

Thus, since 0 < & < ¢, for all large », we have

sup lzp — {T"x0},] < (1 — £)8(A4y). (5.6)
pel

Let p € C', where C' is the complement of €. Write
a = inf{T"xo}p; b= limninf{T”xo}p;
c= lim"sup{?"’xo}p; d = sup{T"xp},.
Observe that we etther have
a<d-gd(d)) <a+ted(d))=d or a+e8(Ad)) <d—ed(A4)),
from which we respectively have
(bocln|d —e8(d)).a+e3(A))#8  or  [bclNfa+ed(d),d— £5(A41)] # 0.
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In either case, we can find a point w, € [b, ¢] such that

g — wy| < £8(4;) and |d — wp| < £8(41) or
la—~wpl < (1 —8)6(41)  and  |d — wpl < (1 — £)5(41).

Let w = (wp), where w, = 2, for p € C. Finally, let xy = R(w), the image of w under the
retraction R.
Ase < %,we have £ < (1 — g). Thus

Isup{T"x0}p = wpl < (1 = £)3(41)
fwp ~ inf{T"x0}p] < (1 = £)6(A1).

So, for each 7,
lwp — {TVxo}p| < max {SHP{T"-rolp — wWp, Wp — inf{T"xo}p] = (1 —&)8(A41),
" n

and thus

sup fwpy — {T7x0} 5} < (1 ~ &)8(A1) for each n, 3.7
pec’

Finally, (5.6) and (5.7) imply for j = » where n is sufficiently large,

d(x1, TV xg) = sup Jxip — {77 x0}p} < sup Jw, — {Tx0}

peH peH
< (1 —£)a(4y).
Consequently, -
lim sup d(xy, T"xp) < (1 — £)8(4)). (5.3)
n

Consider a ball B(y,ry(4,)) in H. Since |wp — yp| < ry(4,) forall p, bearing in mind that
z & cov{d,), we thus have

dixi,y) = d(R{w), R(y)) = d(w,y) < r(y. 4,).
This inequality holds for each y, therefore x; € ((ycov(A4,), and so
d(x1, y) < limsup d{T"xgo, ¥) forally € H. (5.9)
By induction we can obtain a sequence {x,} in H satisfying (5.2) and (5.3). The proof now
can be compieted as in the proof of Theorem 7in [12]. O

Since hyperconvex spaces satisfy property (Pi/2), we have the following.

Corollary 10. Let H be a bounded hyperconvex space which has property (P). Then every
uniformly k-lipschitzian mapping T : H — H with k < /2 has a fixed point.

Corollary 11, Let T : H — H be a uniformly k-lipschitzian mapping. Suppose that each orbit
{T%x}, of T is not a copy of len), ie., all orbits {{T"x}, : x € H} satisfy (5.1) for some

ee(0, 1) Ifk < JT-}E, then T has a fixed point.
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Remark. In [7] it is shown that if M is bounded, hyperconvex, and satisfies property (P), then
every left reversible totally ordered uniformly £-lipschitzian semigroup of self-mapping of M has
a common fixed point for k < +/2. Extensions of the results of Lific and Lim-Xu to lipschitzian
semigroups are given in [3].
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Abstract

We show that the fixed point set of a quasi-nonexpansive seifmap of a ronempty convex subset
of a CAT(0) space is always closed, convex and contractible. Moreover, we give a construction of
a continuous setfmap of a CAT(0) space whose fixed point set is prescribed.
© 2005 Elsevier Inc, All rights reserved. _

Keywords: Fixed point set; CAT{0) spaces; Nonexpansive maps

Intreduction

Geometric and topological properties of the fixed point set have been studied to some
degree for nonexpansive maps of certain kinds of metric spaces. For example, it is known
that the fixed point set of a nonexpansive sclfmap of a bounded hyperconvex space X is
also hyperconvex and hence a nonexpansive retract of X (see [31). Recently, in [4] and {5],
W.A. Kirk developed the fixed point theory for CAT(0} spaces and proved an interesting
fact about the fixed point set:

Theorem. [S] Suppose X is a nonempty bounded closed convex subset of a complete
CAT(0) space, and suppose f:X - X is nonexpansive., Then the fixed point set of f
is nonempty, closed and convex.
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Motivated by the theorem above in the situation where the existence of a fixed point
is assumed, we try to explore the connection between fixed point sets and closed convex
subsets in CAT{(0) spaces in greater generality.

In Section 1, we show that the fixed point set (if nonempty) of a quasi-nonexpansive
selfmap (which may not even be continuocus, see below) of a convex subset of a CAT(0)
space is always closed, convex and hence contractible. Therefore, we have a cotnplete ho-
motopical/homological description of the fixed point set of a quasi-nonexpansive selfmap
of a nonempty convex subset of a CAT(0) space.

In Section 2, we try to do something opposite. It is also known that, for a nonempty com-
plete convex subset K of a CAT(0) space X, we can always find a nonexpansive selfmap
of X (for example, the nearest point projection in [2]) whose fixed point set is precisely X .
Hence, for a2 compiete CAT(D) space X, there is a nonexpansive map whose fixed point set
is any prescribed nonempty closed convex subset of X. However, the convexity assumption
here is very crucial because there is no nonexpansive selfmap of C whose fixed point set
is exactly the unit circle (by considering where 0 should be mapped). Interestingly, if we
only require the contiruity of the map, the convexity assumption can be dropped. In fact,
we will give an explicit construction a continuous selfmap of a CAT(0) space X whose
fixed point set is any prescribed nonempty closed subset of X.

Throughout this paper, for a space X, the fixed point set of f: X — X will be denoted by
F(f).Since we are interested in properties of F(f), we will always assume that F{f) £ 8.
According to [1], the map f will be called quasi-nonexpansive if d{f (x), p) < d(x, p} for
each x € X and p € F(f). Clearly, a nonexpansive map is quasi-nonexpansive, but not
vice versa. In fact, it is easy to see that a quasi-nonexpansive map needs not be continuous
(e.g., f(x)=x%forall x € [0, 1) and (1) = 0).

A CAT(0) space is simply a geodesic metric space whose each geodesic triangle is at
least as thin as its comparison triangle in the euclidean plane (see [2,4,5] for precise defi-
nitions and properties). Since a CAT(0) space (X, d) is always uniguely geodesic, we will
use [x, y] to denote the geodesic segment joining x and y, and (1 — t}x @ £y 1o denote the
unique point z € [x, y] such that d{x, z) = rd(x, y) for any ¢ € [0, 1. With this notaticn,
we immediately obtain the following facts: forany x, y,z € (X, d) and 5,1 € [0, 1],

M di{l—txPpey.(1 —s)xDsy)=|r—sldi(x,y),
(D) di(l—Nxdry, (1 —xdrz) <d{y. 2).

One nice thing about a CAT(0) space is that it is always contractible. Moreover, one can
easily prove that a subset of a CAT(0) space, equipped with the induced metric, is a CAT(0)
space if and only if it is convex. Therefore, a convex subset of a CAT{0) space is always
contractible.

1. Fixed point sets of quasi-nonexpansive maps

Lemma 1.1, The fixed point set of a guasi-nonexpansive selfmap of a metric space is
always closed.
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Proof. Suppose f:(X,d) — (X, d) is a quasi-nonexpansive map and (x,) a sequence in
F(f) converging to x. Then, for each ¢ > 0, there is ¥ € N such that d(x, xy) < /2
and hence d{x, f(x)) Sd{x,xn) +d{xy, f(x)) € 2d(x,xy) < &. Since ¢ is arbitrary, we
must have d(x, f(x)) =0;1e., x € F(f). Therefore, F(f) isclosed. O

Lemma 1.2. Let (X, d) be a CAT(0) space and x, y,z € X. If

d(x,z) +d(y.2) =d(x, y),
then z € [x, ¥].
Proof. Let A(X, ¥,7) be the comparison triangle (up to isomorphism) in R? of the geo-
desic triangle A(x, y,z}, and w € [x, y] be such that d{x, w) = d(x, z). By the above
assumption, it follows that [x, ¥] is simply a straight line with the point Z in between; i.e.,

Z €[z, ¥]. Moreover, since d{(x, w) = d(x, z), we must have d(x, @) = d(¥, 7) and hence
i = . Then, by the CAT(0) inequality, we have

d(w,z) € d(w, 1) =0,
whichimpliesz=wel[x,y]. QO
Theorem 1.3. Ler (X, d) be a convex subser of a CAT(0) space and f: X — X a quasi-

nonexpansive map whose fixed point set is nonempty, Then F(f) is closed, convex and
hence contractible.

Proof. Since (X, d) is convex in a CAT(0) space, it is also a CAT(0) space. Let x, y &
F(f) and z € [x, y]. Since f is quasi-nonexpansive, we bhave d{(x, f(z)) € d(x,z) and
d(y, f(z)) € d(y, z). Hence, we obtain the inequalities

d(x,y) sd(x, f(}+d{f @), y) Sd(x,2) +d(z,y) =d(x,y),

which implies d(x, f(z)) + d(f(z),¥) = d(x, y}. In fact, it is not difficult 1o see that
d{x,z) = d(x, f(2)) and d(z, y) = d(f(2). y). Forif d(x,2z) < d(x, f(2)} or d(y.2) <
d(y. f(z)), the above inequalities will give

dx,y) €d(x, f(@) +4d{f (@), y) <d(x,2) +d(z. y) $d(x.Y),

which is a contradiction. Now, by the previous lemma, we have f{z) & {x, y], and hence
z = f{z) because z is the only point in [x, y] satisfying d(x, z) = d(x, f{2)}. Therefore,
[x, ] € F(f):ie, F(Sf)is convex and hence contractible, 0

2. Maps with prescribed fixed point sets

Theorem 2.1. Let A be a nonempty subser of a_CAT(O} space (X, d). Then there exists
acontinuous map f: X — X suchthat F(f)=A.

Proof. Foreachx € X, letk, = %}'—;’% € [0, 1]. First, note that for each x, y € X,
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d(x, A) d(y, A)
[+d(x,A) 1+d(y,A)
e 14 —|
L +d(x, A) 1 +d(y, A}

1
[+d(y,A)  1+d(x, A)
d{x, A} — d(y, A)
(1+d(y. AN +d(x,A))\
€ ld(x, &) —d(y, A)|.

Now, fix xg € A and define f: X — X by
Fx)=€l —k)x ®k,xp forallx € X.

|kx - k)*; =

To see that f is continuous, weletx € X, ¢ >Oand5_m > (. Then, for each
y € By(x, §), we have
d(fGx) FO)) =d{() —kedx @kyxg, (1 — ky)y ® kyxo)
L d((1 = ke)x @ kexg, (1 — ky)x B kyxo)
+d((1 = ky)x @ kyxp, (1 — ky)y @ kyxo)
€ ke — kyld{x, X0} + d(x, ¥)
< ldx. &) —d(y, Afd o, x) +d(x. )
Ldx, y{di. 8 + 1)
< 8{d(x0.x) + 1)
€.

Finally, it is easy to see that f(x) = x if and only if (1 —k;)x @ k.xg = x if and only if
ky = 0if and only if ﬁiﬂ——% =Qifandonlyifd(x, A) =0ifandonlyifx € A. Therefore,

F(f)=Aasdesired. 0O

Corollary 2.2, Let K be a nonempty closed subset of a CAT(0) space (X, d). Then there
exists a continuous map f: X — X whose fixed point set is precisely K.

Example 2.3. Let X = [0, 1], K ={0,1,1/2,1/3,...} aclosed subset of X and xp = 0.
It is now easy to verify that the map f:X — X from the previous theorem is of the form

fx)= ]_l_d'(“x 5 for each x € X. Notice that if we let fo(0) == 0 and, for each n € N,

fa: [,H_] 71 n+1 n] be defined by
x Int} 1
£.0) P 2n(n+1) S LA
alx)= "y w4l
L T Sx < = Znfat+D)

lhen f= U fa which is clearly continuous. Moreover, since F( fo) = {0} and F{f,) =

n+l J,,} it follows that F(f)=UX, F(f) =K
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Ahstract

We introduce the notion of a virtually nonexpansive selftrap of a metric space and show that the fixed
point set of such a map is generatly a retract of its convergence set. We also show that the ctass of virtually
nonexpansive maps properly contains the class of (continuous) asymptatically quasi-nonexpaasive maps.
When the domain is complete and the fixed point set is totaily bounded, we give another description of the
convergence set of a vinually nonexpansive map and use it to show that the convergence set is always a
G 5-sel. We also discuss some criteria to obtaif an explicit retraction from the domain onto the fixed point
set in Banach space settings,
© 2006 Elsevier Inc. All rights reserved.

Keywords: Convergence set. Fixed point set; Nonexpansive retract

0. Introduction

It is weli know that, in many situations, the fixed point set of a nonexpansive map f: (X, d) —
(X.d) is a nonexpansive retract of X. For example, when X is a locally weakly compact convex
subset of a Banach space and satisfies the conditional fixed point property [2]. More recently, this
resuit has been extended to an asymptotically nonexpansive map {4]. From homotopical point of
view, all those results imply that the fixed point set cannot be homotopically more complicated
than X. However, in those situations, X is already contractible, we immediately obtain the fact
that the fixed point set is always contractible. Although this fact is not technicatly new in the
sense that it can be proved directly in many situations [3,7], it really initiates the study of the
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homotopical structure of the fixed point set via a retraction in a more general settings. Therefore,
in this paper, we try to form a basis of such a study by introducing a new kind of selfmap of a
metric space, called a virtually nonexpansive map, which enjoys many nice properties as far as a
reiraction onto the fixed point set is concerned.

The paper is organized as follows. In Section 1, we prove that a virtually nonexpansive map
is more general than an asymptotically quasi-nonexpansive map. Moreover, for a metric space
(X,d) and a virtually nonexpansive map f:X — X whose fixed point set is nonempty, we
naturally obtain a retraction from a certain subset of X (instead of X itself) onto the fixed point
set. We call such a subset the convergence set of f and it consists of every point x whose Picard
iteration {f"(x)) converges. Then, in Section 2, we further explore the convergence set of a
virtually nonexpansive map topologically by showing that the convergence set is always a G-
set in X when the domain X is complete and the fixed point set is totally bounded. Finally, in
Section 3, we discuss situations where we can obtain a retraction from the domain X onte the
fixed point set. Unlike the usual retraction arising from Zorn’s lemma, we can apply the results on
strong convergence of various iteration schemes approximating a fixed point [5,6,8,9] to obtain
such a retraction explicitly,

Throughout this paper, (X, d) always denotes a metric space and f:X — X a continuous
map. The fixed point set of f will be denoted by F(f). The continuity of f guarantees that
F(f) is a closed subset of X. Since we are only interested in the structure of F(f), we will
always assume that F(f) £ 4.

Recall thatamap f: X — X is called

s anonexpansive map (NX)if d(f(x), f(y)) €d{x,y) forany x,y € X;

e a guasi-nonexpansive map (QNX)Y i d(f(x). p) < d(x, p) forany x € X and p € F{f);

e an asymptotically nonexpansive map.(ANX) if there is a sequence (k,) € RY convergingto 1
such that (7 (x), FA(¥)) S kyd(x,y) foranyx,ye X and n e N;

e an gsymptotically quasi-nonexpansive map (AQNX) if there is a sequence (ky) C R* con-
verging to 1 such that 4{f"(x), p) £ kpd(x, p)foranyx € X, pe F(f)andn € N.

Notice also that a QNX may not be continuous in general, but in our settings, the continuity
is always assumed. Moreover, we always have the following implications:

NX = QNX
4 1
ANX = AQNX.

1. Virtually nonexpansive maps

We define the convergence set of f to be
C(f) = {x € X | the sequence (f"(x)) converges}.
Notice that we naturally obtain the map f°°: C(f) — F(f) is defined by
o0 —_ 1 n
2@ = lim f")

which may not be continuous in general, Since we always have £ (x) = x forany x € F(f), the
map f° will be a retraction whenever it is continuous, Moreover, when f°° is continuous, any
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retraction from a superset of C(f) (e.g., the domain X itself) onto F{f) that satisfies a certain
condition {(which is weaker than being f-ergodic in the sense of [4]) is simply a continoous
extension of £°° by the foliowing theorem.

Theorem 1.1, Suppose £ is continuous and R: C(f) — F(f) is any retraction. [f Ro f = R,
then R = f®.

Proof. For each x € C(f), we clearly have
Fo) = R{f*W) = R(nl_i{'gaf"(x)) = n'i{'go R(f"(x)) =n1_i{g° R(x) = R(x). o
The next theorem is our criterion for the continuity of £ that will be used throughout. Let
E(f) = {x € X | the family of iterates { f"} is equicontinuous at x}.
Theorem 1.2. If C{f) € E(f), then f* s continuous.

Proof, Letx e C(f)and e > Q. .
By equicontinuity, there exists § > 0 such that forany ye X andn e N,

d(f"e0, ") < 2

whenever d(x, y) < 4. ’
Now, let y € C(f) with d(x,y) < §. By convergence, there exists N € N such that
d(f=), ¥ (x)) < £ and d(f*(3). f¥ () < §. Hence, it follows that

d{f°), £°0) <d(fow), FY@) +d(F¥ @, ) +4(F ), F2 W) <«

which proves the continuity of f™ at x as desired. 0O

Definition 1.3. A continuous map f is said to be a virtually nonexpansive map (or YNX) if

C(f) S EW.
From the definition above, we can restate the previous theaorem as:
Theorem 1.4. If f is a VNX, then [ is continuous and hence a retraction.

Example 1.5, If f:X — X is an isometry, then [ is clearly 2 VNX since we have F(f) =
CNCSES)=X.

Example 1.6, Let D? and S' denote the unit disk and the unit circle in C, respectively. Also, let
s})={ef"‘ 10 €Q) S S* and X = D? - §,. Define f:X — X by f(2) =72, It is easy to see
that F(f) = {0} and C(f) = Int(D?) = E(f). Hence, f is a VNX.

The converse of the previous theorem is not always true as we will see in the next example.

Example 1.7. Let f:S' — §! be defined by f(z) = z2. Then we have F(f) = {1}, C(f) # &
and E(f) = @. However, f* is clearly continnous.
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The next theorem surprisingly gives us another classification of a VNX in terms of the fixed
point set.

Theorem 1.8. F(f) C E(f) iff C(f) € E(f).

Proof. (<) Follows directly from F(f) C C(f).
{=>) Suppose F(f) CE(f).Letx € C(f), xg = fRx) e F(fHand e > 0.

(1) Since xg € F(f) € E{F), there exists r > 0 such that, for each n € N and each y € X, if
dixg, y) < rthend(xg, f'(y)) < % With out loss of generality, we may assume that r < %

(2) Since the sequence (f"(x)) converges to xp, there exists N € N such that d{xg, f"(x)) <
r<gforallnzN. :

(3) By continuity of f, fz,...,fN at x, there exist 81, 82,....8y > 0 such that, for each n =
1,2,...,Nand y € X,if d(x, y) <&, then d{f"{x), f7{¥)) < e.

Now, let 3 > O be such that § < min{d;, 82,...,8x5} and B(x,8) C f_N(B(J:{), r)). This can
be done because £V is continuous and B(xg, r) is open.
Then, for each n € N and y € B(x, §), we consider the following 2 cases:

Case n < N1 d(f"(x), f7(y)) <& by (3).
Case n > N: Suppose n = N +i for some i € N. By (1) and (2), we clearly have
(£ (), £ () = d{F¥H (o), ) (Y ), x0) + Ao, SYH())

(r+E<8
2 -

Hence, x € E(f) as desired. D
The next theorem shows that the set of all VNXs contains the set of all AQNXs.
Theorem 1.9. Every AQNX is a VNX.

Proof. Let f be an AQNX. Then there exists a sequence (k,) € RT converging to 1 such that
d(f*x), p) L kad(x, p) for any x € X, p € F{f) and n € N. By the previous theorem, it suf-
fices to show that F(f) C E(f).

Let p € F(f)and ¢ > 0. Since (k) = 1, we can find & > O such thatk,, € K foralln e N,
We now set § = -‘% Then for any x € X with d(x, p) < §, we clearly have

d(f"(,\:)_ P) S kpd{x, p) < kn5=kn—§-— Ly

for all n € N. Therefore, p € E(f) as desired. 0O
The next example ensures that the set of all VNXs is strictly larger that the set of ali AQNXs.

Example 1.10, Let X = D? — {0} and f:X — X be defined by f(2) = . Clearly, F(f) = §',
C(f) =X and E{f) = X. Hence, f is a VNX. Now suppose f is an AQNX. Then, there
is a sequence (k,) € Rt converging to ! such that {f"(z) — p| < kxlz — p) for any z € X,
pc St and n e N. Pick a point z € D — {0} with |z} < 1 and let g = f(2) € §' and p € §*
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the opposite point of g. Then it follows that 2 = |g — p] = | f*(z) — p| € kalz — p} and hence
2 € impy oo kn|z — pl = Iz — pl. This clearly contradicts the fact that |z — p| < 2. Therefore,
J is not an AQNX.

2. Topology of C(f)

Untike F(f) which is always closed, C(f) looks more complicated even for a nice space (see
Example 2.1). However, for a VNX, it turns out that we can describe C(f) in some situations.
Therefore, in this section, we will start by giving another description of C(f) that generalizes
Theorem 2.1 in (1] to a VNX when its fixed point set is totally bounded. Then we will show that,
under some circurastances, C( f) is always a Gs-setin X.

Example 2.1, Convergence sets of various VNXs:

(1) If £:{—1, 11— {1, 1] is given by f(x) = —x>, ther C(f) = (=1, 1) which is open.
) If f: DY D2 s given by f(z) = e/, then C(f) = {0} which is closed.

Theorem 2.2. Let (X, d) be a complete metric space and let f:X — X be a VNX. If F(f) is
totally bounded, then

Cif)={xe X |d(0(f, ), F(f)) =0},
where O(f, x) is the set of iterates of x under f; i.e.,

O(f. x)={f"(x) | n e NU{0}}.

Proof. Clearly, we always have C(f) € fx € X [d(O(f, x), F(f)) =0}.

Conversely, let x € X be such that d(O(f, x), F(f)) = 0. Since (X,d) is assumed to be
complete, it suffices to show that the sequence (f*{x)) is Cauchy. Let £ > 0. Since F(f) is
totalty bounded by assumption and complete {being a closed subspace of a complete space}, it is
compact. Then, there exists p € O(f, x) N F{f).

Since f is a VNX, we have p € E{f). Then, there exists § > 0 such that, foreachn € N and
eachy € X, if d(p, y) < 8. then d(p, f"(y)) < §.

Since p e O(f, x), we must have B(p, 5) N O(f, x) # @. Then, there exists ¥ € N such that
d(p, f¥(x)) <.

It foltows that d (p, F¥*"(x) =d(p, FAUN ) < § foralln e N.

Hence, for m,n € N, we have

d(fN+m(X), fN-I-n(x)) éd(fN-i_m(X),P) _I_d(p’fN-i-ﬂ(x)) - %+ % =E£.

That is { f*(x)) is Cauchy as desired. 0O

The following example shows that when F(f) is not tetally bounded, the previous theorem
may not be true,

Example 2.3. Let 8 be the closed unit ball in £y, and X = BU{x, |rn=1,2,...} where

i
x;;=(0,....0‘l+;,0,...).
A

nth-position
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Let f: X — X be defined by

X ifxe R,
Xny1 ifx=ux,.

f(x)=i

Clearly F(f) = 8 = C(f), so F(f) is not totally bounded. Moreover, it is not difficuit to verify
that the set {x, |n = 1,2, ...} is discrete and hence {f"} is clearly equicontinuons on X. So
we have C(f) C E{(f) = X; ie, f is a VNX Since d{x,, F(f)) =d(x,, B) = %. we have
d{0(f, x1). F(f)) =0. However, x| € C{(f).

Theorem 2.4, Let (X, d) be a complete metric space and let f:X — X bea VNX. If F(f) is
totally bounded, then C{f) is a Gg-setin X.

Proof. We first note that, for eachm € N, the set Vi, = {x € X | d(x, F(f)) < L} isopenin X.
Then, for each n € N, the continuity of f* implies that f~"(Vy,,) is open in X. Therefore, by
the previous theorem, it suffices to show that

e ={xex|a(0¢f. 0. F(H)=0}= ) LU vy

melN nel

but this is easily obtained from the series of equivalences:.

HOU. 2, F(f)=0 & Vm ?m(d( £, FO) < ml)
¥m 3n(f"(x) € V1)

Vm 3n(x e f7(VL))

xe() Uf—”(vml). o

meM nel

¢ ¢ ¢ ¢

3. Retraction via iteration schemes

In this section, we will use results on strong convergence of well-known iteration schemes
approximating a fixed point in Banach spaces [5,6.8,9] to obtain an explicit retraction from the
domain X onto F{f). Recall that, from our results in Section 1, f* is always continuous when-
ever f is nonexpansive or quasi-nonexpansive. In fact, it follows readily from the definitions that
F is (quasi-) nonexpansive whenever f is.

Theorem 3.1. Let X be a closed subset of a Banach space. If T: X — X is continuous, quasi-
nonexpansive and asymptotically regular map with F(T) # 0 and

llmnl_l;lgod(ym F(T))=0
for any sequence (y,) in X with limy_o0 [{f — T)yall = 0, then T is a quasi-nonexpansive

retraction from X onto F(T).

Proof. By {9], the conditions in this theorem imply that (T"xg} converges for each xg € X; i.e.,
C(T} = X. Hence, by the previous observation, 7% is a quasi-nonexpansive retraction from X
onto F(T). O
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Now following [5], for a convex subset X of a normed linear space, a continuous map
T:X— Xand A, uel0,1], welet

Tip==NI+ATT,,

where Ty, = (1 — p)! + pT. Notice that Ty o = T and T, = T, 9. Moreover, (T},), (T:) and
(T): W) are simply Picard, Mann and Ishikawa iteration schemes, respectively.

Lemma 3.2. With X and T as above, and A, it € [0, 1] we have the following:

(1) F(TYS F(T, ).

(2) If T is nonexpansive and (k, py 5 (1, 1), then F(T) = F(T} ;).

(3) If T is nonexpansive, then Ty, ,, is nonexpansive.

(4) If T is quasi-nonexpansive, then T, , is quasi-nonexpansive for p € F(T).

Proof. The proof is rather straightforward and can be found in [5] for 0 € [0, 1) and A € (0, 1).
However, since Tpo=Tg, 1 =1. Toy=Tand T} |, = T2, the theorem is also true for any A, x4 €
{0.1}. O

Theorem 3.3. Let X be a bounded closed convex subset of a uniformly convex Banach space B,
pel0,Vand e 0, 1) If T:X — X is a nonexpansive map satisfying one of the following
conditions:

(L) (I —TT,) maps closed sets in X into closed sets in X,
(2} TT, is demicompact at 6,
(3) there exists k > 0 such that (T — TTx) 2 kd(x, F(T)) for each x € X,

then Tf_‘i , is a nonexpansive retraction from X onto F (7.
Proof. Since T is a nonexpansive map, we have F(Ty ,) = F(T) and T) , is nonexpansive by
Lemma 3.2. Hence, the map 175, : C(Th ;) =& F(T ;) is continuous and nonexpansive. By {51,
since T satisfies one of the above conditions, the sequence (Tf_ FIO) converges to a fixed point
of T for any xg € X; i.e., C(Ty ) = X. Therefore, T,f’j‘ is a nonexpansive retraction from X
onto F(T). O

From the above idea, we obtain the following two general theorems.

Theorem 3.4. Let X be a convex subset of a Banach space and T: X — X a nonexpansive
map. Suppose further that X and T satisfy some conditions that ensure the existence of A, pt €
{0, 11 for which F(T) # 8 and C(Th, u) = X (and F(T) = F(TY)y if A =1 = p). Then Tﬂ isa
nonexpansive retraction from X ontoe F(T).

Proof. By the assumption and by Lemma 3.2, we have F(T) = F(7) ) and T} ;. is also
nonexpansive. Hence, Tm is the desired nonexpansive retraction from C(73, ) = X onio
F(To)=F(T). 0O

Theorem 3.5. Let X be a convex subset of a Banach space and T:X — X a continuous
quasi-nonexpansive map. Suppose further that X and T satisfy some condirions that ensure
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the existence of A, i € [0, 1] for which @ # F(T) = F(T\,) and C(Ty ) = X. Then Tf"# is
a quasi-nonexpansive retraction from X onte F(T).

Proof. By the assumption F(T) = F(Ty ) and by Lemma 3.2, the map T, is clearly quasi-
nonexpansive, Hence, Tﬂ is the desired quasi-nonexpansive retraction from C(T,,.) = X onto
Fhu)=F(T). O
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We introduce a new class of normalized norms on R? which properly contains all absolute
normalized norms. We also give a criterion for deciding whether a given norm in this class
is uniformly nonsquare. Moreover, an estimate for the James constant is presented and
the exact value of some certain norms is computed. This gives a partial answer to the
question raised by Kato et al.
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1. Introduction and preliminaries

A norm § - || on €2 (vesp., R?)} is said to be absolute if ([{z,w}l = ({12}, |w])ll for all
z,w € C (resp.,, R), and normalized i ||(1,0})] = I(0,1)|| = 1. The £y-norms || - ||, are
such examples:

(1.1}

], = | (2 ¥ i1 p <o
WMo = Tmax flzs w1} ifp = oo,

Let AN, be the family of all absolute normalized norms on €? (resp., R?), and ¥;
the family of all continuous convex functions ¢ on {0, 1] such that y(0) = (1) = 1 and
max{l -1, t} < y{t) <1 (0 < ¢ =< 1). According to Bonsall and Duncan {1}, AN; and ‘¥,
are in a one-to-one correspondence under the equation

p(t)=[(t-60l (©@=<r=1) (1.2)
Indeed, for all € Y3, let

Jw]

Itz w)ll, = (lzlﬂwi)w(lzlﬂwl) it (zw) # (0,0, (1.3)
"o if (z,w) = (0,0).
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2 The James constant of normalized norms on R?

Then § - lly € AN,, and || - (|, satisfies (1.2). From this result, we can consider many
non-£,-type norms easily. Now let

_ 1/p ifl < o
wp(t)={((l 1) +1P) fl<p<oo, (Le)

max{[ -1, t} if p=rco

Then y,{f) € ¥; and, as is easily seen, the £y-norm || - ||, is associated with y,.
If X is a Banach space, then X is uniformly nonsquare if there exists § € (0,1) such that
for any x, y € Sy,

either |lx+ y|l < 2{1 — &) or lx— yll =2(1-38), (1.5}
where Sy = {x € X : [Ix]l = 1}. The James constant J{X) is defined by
JX) = sup {min {Jlx+ yll, lx- yll} : x, y € Sx}. (1.6}

The modulus of convexity of X, 8x - (0,2] — (0,1] is defined by

dx(e) = inf{l - %]Ix Fylix yeSp lx—yll = e}. (1.7)

The preceding parameters have been recently studied by several authors (cf. {4-6, 8,
9]). We collect together some known results.

Prorosition 1.1, Let X be a nontrivigl Banach space, then
(i) vZ = J(X) s 2 (Gao and Lau [5]),

(il) if X is a Hilbert space, then J(X) = \/2; the converse is not true (Gao and Lau {5]),
(it1) X fs uniformly nonsquare if and only if J(X) < 2 (Gao and Lau [5]),

(V) 2/{XY -2 = J(X*) s J(XW2+ L, J(X**) = J(X), and there exists @ Banach space

X such that J(X*) £ J(X) (Karo et al. [8]},
{(v) if2 < p = oo, then 8, (&} = 1 = (1 — (¢/2)P) P (Hanner [6]),
(vi) J(X) = suple € (0,2} : 6x(e) < 1 —&/2} {(Gao and Lau [5]).

The paper is organized as follows. In Section 2 we introduce a new class of normalized
norms on R2. This class properly contains all absolute normalized norms of Bonsall and
Duncan [1}. The so-called generalized Day-James space, £y-£,, where v, ¢ € ¥, is intro-
duced and studied. More precisely, we prove that {€y-£,)* = £y -£,- where y* and ¢* are
the dual functions of y and g, respectively. In Section 3, the upper bound of the James
constant of the generalized Day-James space is given. Furthermore, we compute J(£,-£e)
and deduce that every generalized Day-James space except &,-€, and £4-£,, is unifermly
nonsquare. This result strengthens Corollary 3 of Saito et al. (10}

2. Generalized Day-James spaces

In this section, we introduce a new class of normalized norms on RZ which properly con-
tains all absolute normalized norms of Bonsall and Duncan [1]. Moreover, we introduce
a two-dimensional normed space which is a generalization of Day-fames £,-€, spaces.
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LemMA 2.1, Let w € Vs andlet [} - |ly.y., be a function on R? defined by, for all (z,w) € R,

H(zw)llyy,, 2= max {{(z*,w} i, [z w ), b

{n(z,wm., ifzw> 0, (2.1)
lzwMl., ifzw =0,

where x* and x™ are positive and negative parts of x € R, that is, x* = max{x,0} and x~ =
max{-x,0}. Then | - |y, is a norm on R

For convenience, we put By, y, := {{z,w) € R? : [[{z, wMly, .y, = 1}.

TuroreM 2.2. Lety,@ € ¥, and

(z,w) ifzw =0,
Iz W)y, = Iz wl, d (2.2)
i Iz, w)ll, ifzw=0
for all (z,w) € B2 Then || - lly.p is a norm on R, Denote by N, the family of all such prece-
ding norms.

Proof. Let y,p € W2, we only show || - (|4, satisfies the triangle inequality. To this end,
it suffices to prove that @, is convex. By Lemma 2.1, we have that By, and B, are
closed unit balls of || - ||y, and || - [lg,y,. respectively, and so By, g, and R, are convex
sets. We define T: R? — R* by

T((&w) = (-z,w) V(zw)e R (2.3)

Then T is a linear aperator and T(RByy.,) = By .9, which implies that By, o is convex
and 50 By p = RBy..p N By.y, is convex. O

Taking y = yp and ¢ = y, {1 < p,g < ) in Theorem 2.2, we obtain the following.

Cororrary 2.3 (Day-James €,-£, spaces). For 1 < p, g < o, denote by £,-€, the Day-
James space, that is, R? with the norm defined by, for all (z,w} € &2,

lzw)ll, ifzwz0,
zZ, W = ; 2.4
Izl {“(z,w)"q oo (2.4
James {7] considered the £,-€, space as an example of a Banach space which is isomet-
ric to its dual but which is not given by a Hilbert norm when p # 2. Day (2] considered
even more general spaces, namely, if (X,1l - II) is a two-dimensional Banach space and
(X", - 11*) its dual, then the X-X* space is the space X with the norm defined by, for all
{(z,w) € R?,

|(z.w){| ifzw=0,

(z.w)|lx x» = (2.5)
1z )l {ﬂ(z,w)”" ifzw < 0.
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For y,¢ € V3, denote by £,-¢, the generalized Day-James space, that is, R? with the
norm || - Uy defined by (2.2). For y, defined by (1.4), we write £y,-€, for £,-€,. For
example, if 1 < p,q < o0, £,-£, means £y -&,, .

It is worthwhile to mention that there is a normalized norm which is not absolute.

PrOPOSITION 2.4, Thereis y € ¥, such that £,-€, is not isometrically isomorphic to £,-8,
forall ¢ € ¥,.

Proof. Let

1
1 —¢ ifo<t< -,
8

11-4¢ .1 1
t):= - = .
y(t) 5 LfSSfSZ. (2.6)
_l;-t if-;:stsl.

We observe that the sphere of €,-£., is the octagon whose right half consists of 4 segments
of different lengths. Suppose that there are ¢ € ¥; and an isometric isomorphism from
Ey-€. onto £,-£,. Since the image of each segment in €,-£., is again a segment of the same
length in £,-€,, the sphere of £,-€, must be the octagon whose each corresponding side
has the same length (measured by (| - ||p). We show that this cannot happen. Consider
(1,0) € S¢,.¢,- If (1,0) is an extreme point of By .¢,, then Sy,.¢, -contains 4 segments of
same lengths since || - |, is absolute. On the other hand, if (1,0) is an not extreme point
of By, .¢,, again Sy, ¢, contains 4 segments of same lengths. O

Next, we prove that the dual of a generalized Day-fames space is again a generalized
Day-James space. Recall that, for v € ¥,, the dual function y* of y is defined by

¥ (s) = max LoD *st

asi=l w{f) 2.7)

for all s € {0, 1]. It was proved that y* € ¥; and (£4-8,)* = £y«-£y+ (sce 3, Proposition
1 and Theorem 2}). We generalize this result to our spaces as follows.

THeEOREM 2.5. For w,p € ¥, there is an isometric isomorphism that identifies {£y-€,)*
with &y« 8- such that if [ € (€,-8,)* is identified with the element (z,w} € £ys -8y, then

fluv}=zu+wy (2.8)
for all (u,v) € R,
Proof. We can prove analogous to (3, Theorer 2]. : O
3, The James constant and uniform nonsquareness

The next lemmas are crucial for proving the main theorerns.

Lemma 3.1. Let y,p € ¥, Then
Al llge sl
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(i (I/M\U.Q) It - "w - llyg = Moyl - llys
(111) (I/My,ly)ﬂ * ﬂw = " N “W'? = M\h?" . "9»
where My, = maXog:<) @(1)/y(t) and My, = maxgges) w{t)/p(1).

Lemma 3.2, Lety,@ €Y; and let Q; (i = 1,...,4) denote the ith quadrant in R2. Suppose
that x,y € Sy, ¢,, then rhg following statements are true.
Q) Ifx,yeQy thenx+ye Qandx—y € Quy.
(i) Ifx.yec Q. thenx+tyeQandx—ye QuQs.
(iif) If w(f) < @(t) for all t € [0,1] and x — y € Q3 v Qi, where Q3 and Qy are the
interiors of Q; and Q, respectively, thenx+y € QLU Qs.

We will estimate the James constant of £,-&,.

THROREM 3.3, Let w,@ €'Y, with y(t) < (t) for all 1 €0, 1], let My, = maxeerq @(t)/y(1),
and let §,(-} be the modulus of convexity of €,-€y. Then for ¢ € [0,2],

By.ple) 2 min{l-—M,,V(l ~8,(e)), aw(iﬁ,‘;)}’ G.1)

where 8y,4(-) is the modulus of convexity of €,-€,. Consequently,

J(£y-,) S sup {a € (0,2) 18 5 2Mpy (1 - 8,(e)) ore < 2(1 -8, (M‘:& )) } (3.2)

Proof. By Lemma 3.1(ii}, we have
-1ty = ”y,@ = M‘P-V" ' “ly (3.3}

We now evaluate the modulus of convexity &y, for £, -£,. We consider two cases.

Case 1. Take {|xlly,p = llylly,p = 1 with fx — plly,e 2 €, where x — y € QL U Qs. Thus
llxlly < 1, {ylly < 1,and [lx ~ ylly = & which implies that

1
3 |Ix+yl|y =1l- 5‘7(8). (3.4)
This in turn implies
1 1
itix+y|l,m, = EM%V"" +ylly < Mgy (1 - 8{e)), (3.5)
thus
1

Case 2. Now take x, y as above, but with x — y € Q3 U Q. By Lemma 3.2(iii), x + y €
QU Qs Since (|x - ylhyp 2 &,

x —
" yﬁqt,g - £

= : (3.7}
Mgy Mgy

Jlx = ylly =
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Then
2+ e = gl ylly <1 -8, () G.8)
zxyw"zx}’v— WMM’ .
and so
L= She yllyp = 6y ) (3.9)
2 x y ¥p = Vy MQ,'}’ * N
Hence we obtain {3.1). By Proposition 1.1{vi), (3.2) follows. (]

The following corollary shows that we can have equality in (3.2}
CoroiLary 3.4 [4,8]. Iflsg=<p<oeandp22, then

2pig VP
I(fp‘fq} = z(m) (3.10)
In particular, if p = 2 and q = 1, then J(£;-€,) = V8/3.
Proof. It follows that since
P Lp
My g, =2Y9°VP 8 () =1- (1 - (g) ) : (3.11)
Moreover, if p = 2 and g = |, then J{£-€,) £ v/8/3. Now we put
_[2+Ji 2~\7-i) _(2—J2‘ 2+\/7) (3.12)
= 2\/3 ¥ 2‘/3' 3 = 2\/5 ] 2\/3*’ . .
Then
8
“xtJ“z,l = ”}'0”2.! =1, fixo = }’0”1,1 = \/; (3.13)
Q

THEOREM 3.5. Let v, € W2 with ¢(t) < (2) forall t € [0, 1], let Mg,y = maxocir @{€)/y{t),
and let 8,(-) be the modulus of convexity of €y-£,. Then for e € [0,2],

aw(e)zIAMW;,(I—&?(M;)), (3.14)

where 8y o(+) is the modulus of convexity of £,-€,. Consequently,

J(8y-£,) < sup {z €(0,2):e= 2M¢,‘,(1 - 8 (M; ) ) } (3.15)

Proof. By Lemma 3.1(iii), we have

1
o R TEL B (3.16)
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We now evaluate the modulus of convexity 8y, for £,-€,. Let

Ixhye = yllye=1 withilx—ylly,ze (3.17)
Then
%wilxll, 51, HL;"”"? <1,
1 1 P (3.18)
mﬂx -yl =z Y llx ~ ylly,p = Moy’
which implies that
w} lx+ylly < 1—a¢(ML). (3.19)
o o
This in tarn implies that
o lx+ Yl < M; lx+ylly < 1 -aq,(M‘ ) (3.20)
o P o
thus
1—1!2x+yll.wal—M?,.;,(l—é‘\,(L)). (321)
2 . Moy
Hence we obtain {3.14). By Proposition 1.1{vi}), (3.15) follows. (]}
CoROLLARY 3.6, If2 < ¢ < p < o0, then
J(Lp-85) < 2'7V7, (3.22)

It is easy to see that the estimate (3.22) is better than one obtained in (4, Example
2403)1.

For some generalized Day-James spaces, {8, Corollary 4] of Kato et al. gives only rough
result for the estimate of the James constant, that is, for y € ¥y,

f&- < J(6,-£w) < 2M, (3.23)
where M = maXgai<) Yool £}/ ().

However, the following theorem gives the exact value of the James constant of these
spaces.

Treorem 3.7. Let w € 5. Then

1/2

f(f.y-fm) =1+ I,V(_UZ—)

(3.24)
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Proof. For our convenience, we write | - || instead of [| - lly,4.. Letx,y € Se,-¢... We prove
that
. 1/2 1/2
either fix+ yfl < 1+ m or lx—pll=1+ " (3.25)

Let us consider the following cases.
Case 1. x,y € Q. Let x = (a,b) and y = (¢,d) where a,b,¢,d € {0,1]. By Lemma 3.2(i),
we have x — y € Q, U Q4. Then

1/2
w(1/2)

flx~ylt=maxfla—cl, l6-dl} =1=<1+ (3.26)

Case 2. x,y € Qu. If x, y lies in the same segment, then [lx — ylf < 1. We now suppose
that x = (—1,a) and y = {—c,1) where a,c € [0,1].

Subcase 2.1. a = (1/72)/y(1/2) and ¢ = (1/2)/y{1/2). Then

1/2

lx+ yl = [{-1-c,1+a)||, =max{l+c, 1+a} i+ TS (3.27)
Subcase 2.2. a = (1/2)/w{1/2) or ¢ = (1/2)/y(1/2). Put z = (-1, 1), then
- 2
lx—pll clix—zll+flz—yll=1-a+l-c=<1+1- l/ 172 (3.28)

vz - Ty

From now on, we may assume without loss of generality that there is 8 € [1/2,1] such
that y(B) < y{f) for all £ [0, 1}. Indeed, J(£y-£,) = J(£5-£o.) where () = y{1 - 1) for
allf € [0,1].

Case 3. x& Q) and y € Qu. Let x = (a,b), y = (~¢, 1} where a,b,¢ € [0,1}. We consider
three subcases.

Subcase 3.1. a = (1/2)/¢(1/2) or ¢ < {1/2)/y(1/2). Then

172
llx =yl =||[(a+c,b- 1}, = max{atc, 1-b} s 14 D) (3.29)
Subcase 3.2. (1/2)/y(1/2) < a < c. Then b = (1/2)/y(1/2) and
e+ yll = [I(a= b+ || = maxfc—a 14b) < 1+ —2% (3.30)
» o 1 W(I/Z)

Subcase 3.3. {1/2)/y(1/2) < ¢ < a. We write a = (1 — to)/y{to), b = to/y(lo) where 5 =
b/(a+b) and 0 < fp < 1/2. By the convexity of w and ¢{f} = y(f) forall 0 = £ < 1, we
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have y{(£;) = y(1/2) and so l/y () < 1/¢(1/2). By Lemma 3.1(i},

fix+yf = |[{a,6) + (=, D]l = [{la— ¢, 6+ 1)}},

1l
=Q*C+b+l=m+l—c (3.31)
R SRS 7/ S U/

¥(1/2) w(l/2) w12y

Cased. x €y and y € Qz. Let x = (a,b), y = {—1,c) where a,b,¢ € [0,1). We consider
three subcases.

Subcase4.1. b < (1/2)/w(1/2) or ¢ < (1/2)/¢{1/2). Then

1/2
lx+pll =fl(a~ 1,b+¢c)||, =max{l—a, b+c} <1+ Y73 (3.32)
Subcase 4.2. {1/2)/y(1/2) < b = c. Then a < (1/2)/y{1/2} and
1/2
lx =yl =||(1+a,b— )|, =max{l+a,c~b} <1+ vk (3.33)

Subcase 4.3. (1/2)/¢(1/2) < ¢ < b. Wewrite a = (1 — tg)/y (), b = to/y (&), where tg =
b/(a+b)and 1/2 < 1y = 1. We choose o = bf{a+2b— 1), then

Lea<1, a=1"%pin (3.34)
2 &
Sinceb—c=<l+aandbsl,
b-¢ 1
- < 3.35
Ttatboc-a =« (3.35)
Let
aﬁlt-&l f0=st=a
Vul) =1 & (3.36)
¢ fast<l,

We see that y,{fs) = w(f). By the convexity of y, we have

w(t) < ya(t) Vi<t (3.37)
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Therefore,

Ix =y =li@+ 1b =l = (1 a+b -yt )

b—¢ a—1
S(Hﬁb_c)%(nubﬂ)“ - (b-c)+1l+a+b-¢
=1+a+2“;1b—2“_1c=1+1—2’“"lc {3.38)
2a—1 172 1/2 3a—1 1
<tHl- W(l/z)_1+w(l/2]+l_ 2a y(1/2)
B 172 _ ya{1/2) 1/2
Sy T v <oy
Finally, we conclude that
1/2
f(ew‘fw) =1+ m (3.39)

Now, we put xo = ((1/2)/w(1/2),{1/2)/¢(1/2)} and yo = (- 1,1), then

1/2
Ikl = ol =1, |ixox yolf = 1+ /D {3.40)
Thus,
J(82) = min (|10 - ol [0+ yolf} = 14— (3.4)
vorel = ' w{1/2) ’
This together with (3.39) completes the proof. O
CoroLLARY 3.8 (4, Example 2.4(2)]. Letl < p < o, then
1 1p
J(€p-b) = 14 (5) . (3.42)
Indeed, y,{1/2) = 21771,
We now obtain the bounds for J{£,-£,).
CoROLLARY 3.9. Lety € V5. Then
2 min y(8) < J(8,-61) < 2 + & min w(5) (3.43)
0sssl =AY 2 2ossi ) '

Proof. Note that y*(1/2) = maxp<1(1/2)/y{t} = 1/2mingc<1 y{t). By Theorem 3.7, we
have J(€ys€e) = } + ming<i< w(¢). Applying Proposition 1.1{iv}), the assertion is ob-
tained. D

We now improve the upper bound for J(£,-¢;) (see also Corollary 3.4).
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CoroLLARY 3.10. Letl < p < oo, Then

3 71\
}(8;,-.‘;’.) = 5 + (E) . (3.44)

In particular, if p = 2, then
. 4 3 (1)1'”P}
£p-b1) smin ———7, -+ [ - . 3.45
}(p I) {(2}’4—2)”? 2 5 ( )
The following corollary follows by Theorem 3.7 and Corollary 3.9.

Conorrary 3.11. Let w € ¥,. Then
(i) 8y-Ew is uniformly nonsquare if and only if ¢ # Yo,
(ii) £y,-€1 is uniformly nonsquare if and only if y # y1.

We can say more about the uniform nonsquareness of &y-&,.

TuzoreM 3.12. Let y,¢ € Wa. Then all €,-, except €;-¢| and €x-Eo are uniformly non-
square.

Proof. 1fy = @, we are done by [10, Corollary 3]. Assume that y # ¢. We prove that £y-&,
is uniformly nonsquare. Suppose not, that is, there are x, y € S¢,, such that l[x + yllyo =
2. We consider three cases.

Casel. x,y € Q. Then

xllyy = lxlly = llxlly,p = 1,

3.46
Iyllgy = yly = Upllye = L (3.46)
It follows by Lemuma 3.2(i) that x + y € Qs and x — y € Qy U Q4. Therefore
Bx+ylign = llx+ ylloe =2,
Yy Yilgy (3.47)

2=llx=ylyp=llx—yli=llx=ylly1s 2

Hence {[x £ yll,,1 = 2 and this implies that £,-¢, is not uniformly nonsquare. By Corollary
3.11{ii), we have y = y,. Again, since £,-£, = £,-¢; is not uniformly nonsquare, ¢ = v, =
y; a contradiction.

Case2. x,y € Qu. Itis similar to Case 1, so we omit the proof.

Case3. x:=(a,b)€Q and y:=(—c,d) €Q; where a,b,¢c,d € [0,1]. Since (x+ yllyo = 2,
the line segment joining x and y must lie in the sphere. In particular, there is a € [0,1]
such that

(0. =ax+(1-a)y. (3.48)

It follows that b = 1 since b,d < 1. Similarly consider x and — y instead of x and y, we can
also conclude that @ = 1. Hence [I(1,1}|ly = [I(1, D]y = 1, that is, ¢(1/2) = 1/2. Then
¥ = Yo and so £-£, = €,-£, is not uniformly nonsquare. By Corollary 3.11(i), we have
¢ = Yo = W; a contradiction. O
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Abstract

In this paper, we prove that the moduli of W*-convexity, introduc_ed by Ji Gao [J. Gao, The
W*-convexity and normal structure in Banach spaces, Appl. Math. Lett. 17 (2004) 1381-1386],
of a Banack space X and of the ultrapower X of X itself coincide whenever X is super-reflexive.
Moreover, we improve a sufficient condition for uniform nommal structure of the space and its dual,
This generalizes and strengthens the maif results of [J. Gao, The W*-convexity and normal stucture
in Banach spaces, Appl. Math. Lett. 17 (2004) 1381-1386).
© 2005 Blsevier Inc. All rights reserved.

Keywords: Modulus of W* -convexity; Uniform normal structure; Super-reflexive space

1. Introduction

Let X be a Banach space, and let By :={x € X: [|x}| € l}and Sy :={x € X: {jx|| £ 1}
denote the unit ball and unit sphere of X, respectively.
In [4], Gao introduced the modulus of W*-convexity of a Banach space X, as follows:

. 1
W}(s):mflif(x—y): x,ye8x, lx—ylze, fer].

" Supported by Thailand Rescarch Fund under grant BRG4780013.
E-mail address: sacjung @kku,ac.th,

0022-24TX/$ - sec front matter @ 2005 Elsevier Inc. All rights reserved.
doi:10.1016/] jmaa.2005.07.023






147

544 5. Saejung / J. Math. Anal. Appt. 320 (2006} 543-548

Here Vy :={f € Sx+: f(x) =|x[l} is the set of norm | supporting functionals at x. This
modulus is the same as one introduced by Bynum in [2] and by Prus—Szczepanik in [10].
More precisely,

!
W3 () = 58x() = Vx (.

This paper is organized as follows: In Section 2 we give some equivalent formulations
of the modulus of W*-convexity and prove that if a Banach space X is super-reflexive,
then the moduli of W*-convexity of the ultrapower X of X and of X itself coincide. This
restlt improves Gao's result without assuming the uniform convexity of the space. Using
ultrapower methods, in Section 3, we show that a Banach space X and its dual X* have
uniform normal structure whenever W (&) > 1 max{0, & ~ 1} for some & € (0, 2).

2. The modulus of W*-convexity

First we recall some basic facts about nitrapowers. Let F be a filter on N and let X
be a Banach space. A sequence {x;} in X converges fo x with respect to F, denoted by
limg x; = x, if for each neighborhood U of x, f e N: x; e U} e F A filter i on N is
called an wltrafilter if it is maximal with respect to set inclusion. An ultrafilter is called
trivial if it is of the form [A: A C N, ip € A} for some fixed ig € N, otherwise, it is called
nontrivial. Let L, (X) denote the subspace of the product space [,y X equipped with the
norm

[ xa) ]| = sup llxs Il < o0.
neN

Let I be an ultrafilter on N and let
Ny = [(xn) € leoX): lim o =o}.

The witrapower of X, denoted by X, is the quotient space [,o(X) /Ny equipped with the
quotient norm. Write (x, )z to denote the elements of the ultrapower. It follows from the
definition of the quotient norm that

] = tim .

Note that if I{ is nontrivial, then X can be embedded into X isometrically. For more details
see [11].

Lemma 1. (Bishop-Phelps-Bollobds [1]} Ler X be & Banach space, and let 0 <& < 1.
Givenz € By and h € Sy with h(z) > 1 — €2 /4, then there exists y€Sxand g € V, such
that fly —zll < e and g — hll <ez.

Lemma 2. (Megginson [81) Suppose that x,y € Sy and |x — yll = e where 0 <€ < 2.
Then there exist sequences {xg}, {yn} C Sx suchthat |xn — yuli > e foralln e N, x, — x,
and Y, — y.
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We first give equivalent formulations of the modulus Wy (¢).

Theorem 3. For a Banach space X and0 < ¢ <2,
W§(£)='mfI%f(x—y): xeSxg, ye By, lx—yll2¢, fEVx}
=iﬂf[%f(x—y)i x,y€S8x., Ix—yl>e fGVx]
-—*inf[%f(x—y): x,y€8x, Ix—yl=¢, fGVx}-

Proof. For convenience, let W (g}, Wa(e) and W3(e) denote the infima in the propositon
in the order in which they occur. We first prove that Wy (e) < Wi(e). Let x € Sx, y € By
and f € V. be such that |jx — y|| > &. Suppose that [y} < [. Then y = Az 4 (1 — A)Z' for
some z,z € Sx and A € (0, 1) such that f{(z) = f(z') = f(¥). By the triangle inequality,
we have

e < llx =yl < Afx =zl + (1 — ) = 2'f.

This implies either {x —z[ 2 sor lix — 2’|} 2 &, 50 %f(x —2) 2 Wyle)or %f(x -z
Wi(e). Hence § f(x — y) = Wi(e).

Now, we prove that W (e} < W3(e). Letx, y € Sy and f € V; be such that [ix —y|]| = &.
Then there exist sequences {x,}, {y,} C Sy such that Jlx, — ypll > e foralln e N, x, — x,
and y, — y. Hence f(x,) — f(x} = 1. By the Bishop-Phelps—Bollobds Theorem, there
are sequences [x,} C Sy and {f;}} C Sx- suchthat f, € Vs foralln €N, f, — f — Oand
x;, — X, — 0. Passing to subsequences we may assume that [lx; — y,li > ¢ foralln e N.
Then

1, 1
Wa(e) < 5/ (xn — yu) = 5(

, Ly s l
S RN R EREA EEVICESS

1 1l
fx: - f)(x:: - yﬂ) + Efn(x; _xn) + Ef(-fn = Yn)

1
= 5=y
Finally, since
Wi(e) < Wae) and  Wa(s) < Wy(e),
the proof is finished. 0O

The following is our main resuit.

Theorem 4. Suppose that X is super-reflexive. Then W3 () = Wi,‘-(-) on [0, 2). In particu-
lar, if Wy (&) > 0 for some & € (0, 2), then W (g) = W%(e).

Proof, Clearly, Wy(¢) 2 Wg?(ﬁ'} for all £ € [0, 2). We now prove the reverse inequality.
Let X,y € S and f € V; be such that {5 — Jli = & where ¢ €10, 2). We write ¥ = (xp)y
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apd ¥ = (¥a)us. where xp,, v, € X for all n € N. By the super-reflexivity of X, we can wnite
f = {fn)u where f, € X* for all n € N, Then, we have

1‘}}“ Ixnll = ﬁlfl" Nyl = li&n i fall -""-]le'{n falxa) =1, ign fix: — ynll > &.

Put x, = xn/xnlly ¥4 = ¥a/lyall. and £} = fo/l £ |l for all n € N. By the Bishop—Phelps—
Bollobds Theorem, there are sequences {x,} C Sx and {f;'} < Sx+ such that f;" € V.« for
all n € N, and Limyy | £/ — il = limy, [jx; — x| = 0. Then

PR S Y
BLE _)’)—h&n :‘z‘fn(xn ~¥n) = luunifn(xn = yﬂ)

N[ -

1
=lim 3 (faleh =5 + (= )0 + 5707 = )

1
= 1}}“ 5f;f(x:. ~ ¥n)
2 Wy(e).

This means that W£(g) 2 Wy (¢) and the proof of the fist part is finished.
Finally, if W (é > ( for some & € (0, 2), then X is uniformly nonsquare (see [4]) and
hence super-reflexive (see [6]). This completes the proof. O

1t is worth noting that (4, Theorem 3] is true with the weaker assumption.

3. Uniform normal structure -
Let C be a nonempty bounded closed convex subset of a Banach space X. A mapping
T : C — C is said to be nonexpansive provided the inequality

ITx =Tyl <iix -yl

for every x, y € C. Now, a Banach space X is said to have the fixed poéint property if every
nonexpansive mapping T : C — €, where € is a nonempty bounded closed convex subset
of a Banach space X, has a fixed point.

Recall that a bounded convex subset K of a Banach space X is said to have normal
structure if for every convex subset A of K that contains more than one point, there exists
a point xg € A such that

sup{flxo — ylt: y € H} < sup{ilx — yll: x,y € H}.
A Banach space X is said to have weak rormal structure if every weakly compact convex
subset of X that contains more than one point has normal structure. In reflexive spaces,
both notions coincide. A Banach space X is said to have uniform normal structure if there
exists 0 < ¢ < | such that for any closed bounded convex subset K of X that contains more
than one point, there exists xp € K such that

sup{lixo— yl: y € K} <csup{lx — yl: x, y e K}.

It was proved by W.A. Kirk that every reflexive Banrach space with normal structure has
the fixed point property (see [7]).
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The following extends [4, Theorem 2] and {10, Corollary 3.18].

Theorem 5. If W} (¢) > 3 max{0, & — |} for some ¢ € (0,2), then X and X* have uniform
normal structure.

Proof. It suffices to prove that X has weak normal structure whenever Wy(e) >
%max{o.s — 1} for some £ € {0, 2), since W; (¢) > 0 implies that X is super-refiexive,
and then W2 (£) = W3 (¢). Now suppose that X fails to have weak normal structure, Then,
by the classical argument (see [5]), there exists a weakly null sequence {x,}5°; such that

llm lx —x:li =1 forallxecofxsi3,

Let {fa} C Sx- be such that f, € V., for all n € N. By the reflexivity of X*, we may as-

sume that f; LN J for some f € By+«. We now choose a subsequence of {x,}°2 ., denoted
again by {x,}°2 |, such that

=11

n=1*
1 1
limflxy =~ Xepl =1 [(for1 = Hxn)| < ~. and [falins)] < -

for all n € N, It follows that lim, f41(xz) = lim, (frg1 — f)gc,,) + fx)=0.
Put £ = (xg — Xax- 1)1ty ¥ = (1 — Mxp + Axneidy, and f = (fu)yy where X € [0, 1),
Then

. 1. A
fxy=1, I —3=14+%, and Ef(i—y)=§-

But, this implies Wy (e) = W3(e) -3 max{0. £ — 1} for ali & € [0,2).

Similarly, put ¥ = (fide, 5 = (A fap1 — (1 = A) fag2)us, and f = (xn — Xn42)u Where
A€ [0, 1). Hence

L. . A
3 @-y=3

But, this implies Wy, () = Wi, () = Wg . (6) < L max{0,6 — 1} forall e €[0,2). ©

FfE=1, pE-51=14+x, and

Since Wy (&) 2 8x (¢), the modulus of convexity defined by

. 1
x (€) =Inf{1 - 5!i«‘+)’ill x.y € By, lix—»l ;s),

we have the following corollary which strengthens Theorem 8 of Gao [3] and Corollary 3
of Prus [9].

Corollary 6. if 6x(e) > ma.x{'s ,0} for some & € (0,2), then X and X* have uniform

normal structure.
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Abstract

In this paper, we prove that a Banach space X and its dual space X* have uniform normat stucture
if Cnj(X) < (1 +~/§)/2. The Garcfa-Falset coefficient R(X) is estimated by the Cpny(X)-constant and
the weak orthogonality coefficient introduced by B. Sims. Finally, we present an affirmative answer o a
conjecture by L. Maligranda concemning the felation between the James and Cpny(X)-constants for 2 Banach
space.
© 2005 Elsevier Inc. All rights reserved.
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1. Introduction
Let C be a nonempty bounded closed convex subset of a Banach space X. A mapping
T:C — C Is said t0 be nenexpansive provided the inequality
ITx =Tyl < flx — yl

holds for every x, y € C. A Banach space X is said to have the fixed poinr property if every
nonexpansive mapping T:C — C, where C is a nonempty bounded closed convex subset of X,
has a fixed point.
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Many mathematicians have established that, under various geometric properties of the Banach
space X often measured by different constants, the fixed point property of X is guaranteed.

How the classical modulus of convexity §x (-) of a Banach space X, introduced by J.A. Clark-
son in 1936 (3], relates to the fixed point property has been widely studied. It is well known
[9, Theorem 5.12, p. 122] that if §x(1) > 0 then X and X* have the fixed point property. Re-
cently, J. Garcfa-Falset proved that every weakly nearly uniformly smooth space has the fixed
point property. To prove this, he introduced the following coefficient, the so-cailed Garcfa-Falset
coefficient:

R(X):= SUP[Iigic,gf lhxn + 21},

where the supremum is taken over all weakly null sequences (x,) in Bx ((={x € X: x|l € 1]
and all x € Sy (:= {x € X: [|x] = 1]). He proved that a reflexive Banach space X with R(X) <2
enjoys the fixed peint property [8].

2. Uniform normal structure

A Banach space X is said to have (weak) normal structure (see [1}) if for every (weakly
compact) closed bounded convex subset X in X that contains more than one point, there exists a
point xg € K such that

sup{llxe — yl: y € K} <sup{llx — yll: x,y € K}

In reflexive spaces, normal structure and weak normal structure are the same. It is well known
{see [9]) that if X fails to have weak normal structure, then there exist a weakly compact convex
subset C C X and a sequence (x,) C C such that dist(xs4 |, cofxe};_,) — diamC = 1. A Ba-
nach space X is said to have uniform noimal structure if there exists 0 < ¢ < | such that for any
closed bounded convex subset K of X that contains more than one point, there exists xp € K
such that

sup{llxo — yl: y€ K} < csup{lix — yll: x,y e K}.
It was proved by W.A. Kirk that every reflexive Banach space with normal structure has the fixed
point property (see [133).
In a recent paper, M. Kato, L. Maligranda and Y. Takahashi [12] gave a sufficient condition
for uniform normal structure in terms of the von Neumann—Jordan constant Cny(X), which was
defined in 1937 by J.A. Clarkson as

Ix + U2+ llx — yI?
rx,yeXand|x]+Ilyf#0;.
2= + iy h2)

This result has been recently improved by S. Dhompongsa, P. Piraisangjun and S. Saejung in {5],
where among other things, the authors show that X and X * have uniform normal structure when-
ever Cny(X) < (3 + «/3}/4. To improve this result, we start with the following lemma.

Cni(X) = sup

Lemma 1. Let X be a Banach space for which By« is w¥*-sequentially compact (for example,
X is reflexive or separable, or has an equivalent smooth norm). Suppose that X fails to have
weak normal structure, Then, for any & > 0, there exist gy, 22,23 € Sy and g1, 2. 831 € Sy~ such
that the following conditions are satisfied:

@ Wz; —z;ll — U <zandlgi(zj)| <gforalli#j,
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®) gizy=1fori=1,2,3, and
© lzza—(@m+20l2l+zul--

Proof. By the assumptions, there exist sequences (x,) € X and {f,) C Sx- such that

(‘) xl‘l ﬂ> 0:
(2) diam{x,)02,; =1 = limy 0 lfxy — x|| for all x € &6{x,}

(3) falxy)=Hx,f foralln € N, and
4 fu 'y £ for some f € By-.

o0
n=i:

Observe that 0 is in the weakly closed convex butl of {x,}°°, which equals the norm closed

n=1
convex hull &6{x,}32 , . This implies that im0 a1l = 1.
Let £ € (0, 1) be given. Pick n = &/2. We first choose a natural number n, so that

lf)l <3 and 1-n< Rl <L

Next, we choose n2 > 1| so that

1"’?-<~.uxnz"g1, l—néllxn;—xn;llél.
| A G < [flxap)| < g and  |(fa, — Fxn))| < g
This implies that ’

o2 Cen ) < [y = NG + | F )| < -

Finally, we choose r3 > n3 so that
L= Mgl €1, 1=n€ xny ~ %I €1, 1= ity — 2l S 1,
n
MGl <m | faaGay)| <m0 l(fng—f)(xn.)|<§,
|Gy = NG| < 3, and
Xn, Xn, )H H Xny X, H
Xny — +——J{zl——=+—-n
n"’ (uxnzn By I Wagll - xmy

Similarly, we also abtain that

| fraGad)| < and | fo3 (ray)| < 1.
Set

Z] = LIl 22:= i
Hxa ll* flxn, B

£l :=fi‘l|’ 821=fn1- 83 :=fR3'
We now prove that (a}~{(c) are satisfied. Clearly, (b) holds. Moreover, for i # j,
lfm(xn,:” 0
L
"xﬂju I-

Next, we observe that

x":‘
3 =,
a5

|g:¢z )| = <2n=¢.
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X, Xn
uz.-—zju=[] -
Hxe, | len_; I

Inj—

Xn; H i
||l —xn, | + lbxn; — xs, 1 + e
- ﬂ (A I llxn
= |l - ﬂxn,-I||+ "xm _xn;" + 'l - ﬂ—%;"l
<l+2n<l+eg,

lzi =zl 2 gizi —z)) =gi(z) —glzj) 2 1 —n>1~¢

for all f # j, that is (a) is satisfied. Finally, (¢) is satisfied, since

|23 = G2 4 200} 2 || xa3 — (22 + 20)|| — U%n, — 23
2 llza + z1ll = 7 = |1 — llxas B}

[
> flza + 21l — &,

This completes the proof. 0O

Theorem 2. A Banach space X and its dual space X* have uniform normal structure fCwi(X) <
(1 +/3)/2.

Proof. Since Cp{X*) = Cny (X)) [12], it suffices to prove only that X has weak normal structure
if Cy(X) < (14 ~/§JI2. Suppose that X fails to bave weak normal structure, Let £ > 0 and
choose z), 22,23 € Sx and g, g2. g3 € Sy~ satisfying the conditions in Lemma 1. We put w? =
1 ++/3 and consider the following cases:

Case 1. ||z2 + z) || € o. Then we have

34z - 2
ez + 8002 +lgo — gal _ (G2 +80(E2)) + (G2 — 80)(E2)
20hg202 + gty 7 4
- - 2
> (232)° + (%) ‘
4

Case2. |22+ 21} > .

Case 2.1. |zz3 — 22+ z;{l £ @. In this case, we have

flgs + &l +Hgs —gll® 5 (Ces + ) (B2 + (g3 —8f)(u“§f:_§f‘a))2
2hgsl? +Hgl2 7 4

42 2642
(&E;"E') +(2|+2ss)
7 )

2
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Case 2.2. ]z3 — z2 + z1[| > @. In this case, we have

Mz —z) + 212+ lzs —22) — 21 _ @+ (fz2 + 21 B — &) 5 a? + (o — £)?

2(llz3 — zzli2 + fz111%) T2+ +D T2+ 62+ 1)
By the arbitrariness of £ and the fact that Cnj(X™) = Cni(X), we conclude that
L a? I++3
Xyz —+1,—1= .
Cr(X) min{a,_ +1.3 l 5

3. The Garcia-Falset coefficient

The WORTH-property was introduced by B. Sims in {15] as follows: a Banach space X has
the WORTH-property if

lim |Wxn + 2l — lxs —x[)] =0
R—~=»00

for all x € X and all weakly null sequences (x,). In (18], the author defined the coefficient of
weak orthogonality, which measures the “degree of WORTHwhileness,” by

w(X):= sup[l: Aliminf{lx, + x| € limiaf {|x, —xll},
=0 n—>o0

where the supremum is taken over all x € X and all weakly oull sequences {x,). It is known that
a Banach space has the WORTH-property if and only if w(X)=1.

Relation between the coefficient of weak orthogonality, the Garcia-Falset coefficient, and the
James and von Neumann-Jordan constant is given in the following theorem. Recall that the
James constant J(X) 1s defined by -

J (X) = sup{min{ilx + y{, llx — yl}: x,y € Sx}.
Theorem 3. Let X be a Banach space. Then

() RX)w(X) < J(X), and
(2) (RX)P(1 + (w(X))?) € 4CNj(X).

Proof. For > 0, there are x € 8y and (x,) itn By such that

liminfllx, + x} 2 R(X) — 7.

A=
We may extract a subsequence, still denoted by (x,), such that

lim [lx, +x{l 2 R(X)—-n and Hm lx, — x|

n—s 00 =30
exist. Now, we have

70¢) 2 min tim o +x}, lim_Ixa — xi]

H—>00 B=¥00
2 w(X) lim {lx, + x|
o=+ 00

2 w(X){R(X) - n).

Similarly,
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4CNHX) 2 lim flxe + xl)® + fxa —
2y 2
2 (1+ (w(0)7) m flxs +x|

> (14 (X)) RX) — ).
Letting n — 0 gives the results. O

Remark 4. The preceding estimates are tight when X =1, where | < p £ 2. In fact, R(l,) =
J(p) =2V, Cry(lp) = 22771 and w(l,) = 1 (see [4,6,7,16], respectively).

As a consequence of the preceding theorem, we have the following.
Corollary 5. Let X be a Banach space.

(1) [7, Proposition 3.6) If X has the WORTH-property, then R(X) £ J(X).
) FCi(X) <1+ (w(X))?, then R(X) < 2 and R(X*) < 2. Furthermore, this result is sharp.

Proof. (1) follows since w{X) = 1.

To prove (2), we first observe that X is reflexive. The assertion follows immediately from
the fact that Cny(X™) = Cnp(X) and w(X™) = w(X) {11, Theorem 5). Finally, let us consider
the space X = /3,1, which is I; renormed according to [|x]l2,1 := Jlx* {2 + J(x~ J|2, where x* and
x~ are the positive and the negative part or x, respectively, defined as x* = (max{x(i), 0}) and
x~ =x% — x (see [2]). It was proved in [11, Theorem 8} that Cns{l2,1) = 3/2 and it is easy to
see that w(l,1) = 1/+/2, and R{2,1) =2. O

Finally, we give an affirmative answer to the following conjecture proposed by L. Maligranda
[L4]. This result improves the connection between Cny(X) and J(X) [12, Theorem 3].

Theorem 6. For any Banach space X,

2
) <14 “(f” .

Proof. Itis easy to see that Cnj(X) = sup{Cny(t, X): 1 €0, 1]} where

+ oyl + Ix — eyh?
2(l+12) .x,yGSx .

We now prove that, for ali r € [0, 1],
XN +20(0 = J(X)

_ lix
Cni{t, X) .= sup

L] \<u. 1
Cai(, X)€ 1 + 20+ 1) (1)
First we observe that
(J@, X241 +1)?
<
where

J{(r, X) := sup{min{((x + ey[. Yx —ryll}: x.y & Sx}-
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Indeed, ix + £y + lx — ty4? < (min{x + tyll, fx — ty1)? + (1 +1)° for all x, y € Sx, and
we obtain {2). Moreover,

JE XK FX)+1—1. 3
This follows since |x L1yl = [r{x £ y)+ (1 —)x|| £ tlix £ y{| + 1 —¢. By (2) and (3), we have

(J@t, X)) + (1 +1)?
201 +£2)
XD T+ +0)?
= 2(1 4 ¢2)
2O 201 = J(X)+2(0 4+ 1)

- 200 +12)
2N+ 20 ~0I(X)

2(1 4 12) ’
Hence, by an elementary calculation, we obtain that

2N+ 21— 0 J(X) _
20410 : re[O,l]}_l+

Cnilt, X) <

=1+

JeO?
—

CnX) € Sup[l +

Remark 7. If X is not uniformly nonsquare [10] (for example, X = 1|, [ or ¢g), then Cny(X) =
L+ (7 (X))
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Abstract

In the present paper, we define and study a new three-step iterative scheme inspired by Suantai [J. Math. Anal. Appl.
31t {2005) 506-517). This scheme includes many well-known iterations, for examples, modified Mann-type, modified
Ishikawa-type iterative schemes, and the three-step it¢rative scheme of Xu and Noor, Several convergence theorems of this
scheme are established for asymptotically nonexpansive mappings. Qur results extend and improve the recent ones
announced by Schu [J. Math. Anal. Appl. 158 (1991) 407-413; Bull. Aust. Math. Soc. 43 (1991) 153-159], Xu and Noor
{1 Math. Anal. Appl. 267 (2002) 444-453], Suantai {J. Math. Anal. Appl. 311 {2005) 506-517], and many others. A mis-
ieading conclusion of Theorem 2.6 in Suvantai’s paper is also corrected.
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Keywords: Asymptotically nonexpansive mapping; Uniformly convex Banach space; Mann-type iteration; Ishikawa-type iteration;
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1. Introduction

Let X be a real Banach space and C be a nonempty subset of X. A mapping 7T:C — Cis said to be asymp-
totically nonexpansive if there exists a sequence {k,} of real numbers with &k, = 1 and lim,_. .k, = I such that

{77 = T < kallx — il

forall x,y € Cand all n > 1. The mapping T is called uniformly L-Lipschitzian if there exists a positive con-
stant L such that

17" = T°y[| < L|lx— ¥,

for all x,y € Cand all n = 1. 1t is casy to see that if T is asymptotically nonexpansive, then it is uniformly
L-Lipschitzian with the uniform Lipschitz constant L =sup{k,:n = 1}.

* Suppotted by the Thailand Research Fund under grant BRG4780013,
Corresponding author.
E-mail addresses: nilsrakoo@hotmail.com (W. Nilsrakoo), sacjung@kku.ac.th (5. Saejung).
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The class of asymptotically nonexpansive mappings was introduced by Goebel and Kirk {5] as an important
generalization of the class of nonexpansive mappings (i.e., mappings 7:C — C such that ||Tx - Ty| <
lx —~ yll, ¥x,¥ € C). They proved that if C is a nonempty bounded closed convex subset of a real uniformly

.convex Banach space and T is an asymptotically nonexpansive self-mapping of C, then T has a fixed point.
Iterative methods for approximating fixed points of certain mappings have been studied by various authors,
using the Mann iterative scheme (see, e.g., [6]) or the Ishikawa iterative scheme (see, e.g., [7]). In 1991, Schu
[2.3] introduced a modified Mann iterative scheme to approximate fixed points of asymptotically nonexpan-
sive mappings in a Hilbert space.

In 2002, Xu and Noor [4] introduced and studied a three-step scheme to approximate fixed points of asymp-
totically nonexpansive mappings in a Banach space. Glowinski and Le Tallec {8) used three-step iterative
schemes to find the approximate sclutions of the elastoviscoplasticity problem, liquid crystal theory, and
eigenvalue computation. It has been shown in {8] that the three-step iterative scheme gives better numerical
results than the two-step and one-step approximate iterations. In 1998, Haubruge et al. [9] studied the conver-
gence analysis of three-step schemes of Glowinski and Le Tallec [8] and applied these schemes to obtain new
splitting-type algorithms for solving variation inequalities, separable convex programming and minimization
of a sum of convex functions. They alse proved that three-step iterations lead to highly parallelized algorithins
under certain conditions. Thus we conclude that three-step scheme plays an important and sigpificant part in
solving various problems, which arise in pure and applied sciences.

Recently, Suantai {1] defined a new three-step iteration which is an extension of Xu and Noeor [4] iterations
and gave some weak and strong convergence theorems of the iterations for asymptotically nonexpansive map-
pings in a uniformly convex Banach space. Inspired by the preceding iteration scheme, we define a new iter-
ation scheme as follows.

Let C be a nonempty convex subset of a real Banach space X and T:C — C be a mapping.

Algorithm 1. For a given x; € C, compute the sequences {x,}, {y.} and {z,} by the iterative schemes
2, = @, ", + (1 — a,)x,,
Vo= 8,72, + ¢, T"x, + (1 — b, — e,)x,,, (1}
Xnrl = T Y, + BTz + 9,770 +{L = ttn — By~ Yuta, 7 2 1,

where {a,}, {5}, {¢a}s {8a + o), {a), {8}, {v.) and {a, + 8, + 7.} are appropriate sequences in [0, 1]. The

iterative scheme (1) is called the three-step mean value iterative scheme.

If ¥, =0, then Algorithm 1 reduces to

Algorithm 2. For a given x, € C, compute the sequences {x,}, {y,} and {z,} by the iterative schemes
z, = a,Mx, + {1 — a,)x,,
Vo =bT"z + c, 7%, + (1 — b, — ¢ )%a, (2}
Xni) = Ty, + B T2y + (1 =t = By )xs, n 2 1,

where {a,}, {b,,'}, {en)s LB+ ca), Leta), {Ba} and {0, + B,} are appropriate sequences in [0,1). The iterative
scheme (2} is called the modified Noor iterative scheme, defined by Suantai {1)].

If ¢, = f, =7, =0, then Algorithm I reduces to
Algorithm 3, For a given x; € C, compute the sequences {x,}, {y,} and {z,} by the iterative schemes
2, = a,T"x, + (1 — a,)x,,
Vo = 5aT2y + (1 = by )x,y, (3)
Xyt = 0Ty, + (1 —a)x, 121,

where {a,}, {b,} and {«,} are appropriate sequences in [0, 11 The iterative scheme (3) is called the Noor iter-
ative scheme, defined by Xu and Noor [4].

Ifa,=¢,=f8,=v,=0, then Algorithm | reduces to
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Algorithm 4, For a given x; € C, compute the sequences {x,} and {p,} by the iterative schemes
Yo =8, T7x, + {1 = b,)x,,

4
Xa+1 = a’nT")’,, + (l - un)xnv nz ll ( )
where {8,} and {«,} are appropriate sequences in [0,1).
Similarty, if b, = ¢, = a, =y, = 0 then Algorithm | reduces to
Algorithm 4’. For a given x, € C, compute the sequences {x,} and {z,} by the iterative schemes
2, = ayT"x, + (1 — ay)x,,
(5)

Yo = BTz + (1 = B )3, n 21,
where {a,} and {8,} are appropriate sequences in [0, 1].

‘Let us note that schemes (4) and (5) are called the modified Ishikawa iterative scheme.
Ifa,=b,=c¢,=§,=1y, =0, then Algorithm 1 reduces to

Algorithm 5. For a given x; € C, compute the sequence {x,} by the iterative scheme

Xne1 = . T7x, + (l - an)xm nzl, (6)
where {«,} is an appropriate sequence in [0, 1]. The iterative scheme (6) is called the modified Mann iterative
scheme.

2. Auxiliary lemmas

For convenience, we use the notations lim, = lim,_. ., liminf, = liminf, _ ., and limsup, = limsup,_.o.. In
the sequel, we shall need the following lemmas.

Lemma 1 [10, Lemma 1). Let {a,}, {b,} and {8,} be sequences of nonnegative real numbers satisfying the
inequality

a1 {1 +8)a,+b,, 52zl
If 5500, 8s < 00 and 3 oo by < o0, then limya, exists.
Lemma 2. Let X be a real Banach space and C be a nonempty convex subset of X. Let T:C — C be an asymp-
totically nonexpansive mapping with the nonempty fixed-point set F(T) (i.e., ()= {x€ C:x=Tx} # Sanda

sequence {k,} of real numbers such that k, = 1 and 3o (k, — 1) < oo. Let {x,} be a sequence in C defined by
Algorithm 1, then we have the following conclusions:

(i) Bm,lix, — pl| exists for any p € F(T).
(1) bm,d(x,, F(T)) exists, where d(x, F(T)) denotes the distance from x to the fixed-point set F{T).

Proof. Let p € A7) and L :=suplk,:n = 1}. Using (1), we have

llzs = pll < @) T"x, = pll + {1 = @n)lixe — pll < {1+ a,{ks = )ixs - pll S &l = P,
by — pll < BTz, — pll + cull T%n = pll + (1 = &0 — ca)ilxe — pll € bukallzn — Pl + eukallxa — pll + (1 = by = ca}llxa ~ pli
S 1 (beky + by + ) ks ~ 1)llxa ~ pll < (1 + (L + 2) (ks — 1)lx, = Pl

and so

@i Ty, — Pl + BullT"z0 — plt + 2l "0 — plf + (1 = 0t — B = ¥2)lln — p|

nkally, = P+ Bukallza — plf + vokallxe — pll + (1 — 0tx = B, = %, )l1%a — £l

(1 + (o + onka(L +2) + B, (n + 1) + 3, ) (ks = 1)Ix2 — 2l

(4 (L + 3L + 3) (ks — Dlxa — pll = (1 + Kk = D)lixa — P, (7

lxyer = plI

£
<
<
<
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where K:= L*+ 3L + 3 is some positive constant. Since 3o (ke — 1) < 00, the conclusions of the lerama fol-
low from Lemma 1. This completes the proof. O

' By Xu’s inequality [11, Theorem 2}, we have the following lemma.

Lemma 3 {12, Lemma 1.4) Let X be a uniformly convex Banach space and B, = {x ¢ Xilix<r}, r>0

Then there exists a continuous strictly increasing convex function g:[0,00) — [0,00) with g(0)= 0 such
that

lldx + gy + &z + dwl* < 2l + allyll® + El2l’ + olwll’ — Aug(lix — »1),

Jorall x,y,z,w€ B, and L, i, E € [0, 1) with A+ pu+E+9=1,

Interchanging the roles of vectors x, y and z in Lemma 3, and summing together we immediately obtain the
following.

Lemma 4. Let X be a uniformly convex Banach space and r > 0. Then there exists a continuous strictly
increasing convex function g:[0,00) — [0, 00) with g(0) = 0 such that
Ax + gy + &2 + dw|®
< Al + plpl® + Elzl® + Siwll® — 8(Ag(lx — w) + gty — wll) + Z2(llz - wll),

Jorall x,yzwe B, and L, EI [0,y withd+u+E+0=1.

The following lemmas are the important ingredients for proving our main results in the next section.

Lemma 5. Let X be a uniformly convex Banach space and C be a nonempty convex subset of X. Let T: C — C be
an asymptotically nonexpansive mapping with the nonempty fixed-point set F(T) and a sequence {k,} of real

numbers such that k, = 1 and 3.2 {k, — 1) < 00, Let {x,} be a sequence in C defined by Algorithm 1, then we
have the following assertions:

(i} I 0 <liminf.e, < limsup,(«, + 8, + 7,) < 1, then lim, || T"y, — x,|| = 0.
(i) If 0 <liminf,f, < imsup,(a, + B, + ya) < 1, then lim,||T"z, — x,|| = 0.
(i) If 0 <liminf,y, < limsup(a, + B, + v.) <1, then lim, }T"x, — x,|| = 0.
(iv) If 0 <liminf,e, < limsupy(o, + §, + v,) < 1 and limsup,(b, + ¢,} < 1, then lim,||T"x, — x,|| = 0.
(v) If O <liminf, 8, € limsup,{e, + B, + y,) <1 and limsup,a, < 1, then lim, ||T"x, — x,|| = 0.

Proof. By Lemma 2, we know that lim,[jx, -- p|| exists for any p € F(7). It follows that {x, — p}, {T"x, — p},
{¥a =~ P2}, {T"ye — 1, {2, — p} and { T"z, — p} are all bounded. We may assume that such sequences belong to
B, where r > 0. By Lemma 4, we have

2

llz. ~ )| T = pl> + (1 = @) — oI < (144,02 = 1) lIxa = 2II° < (1 + (B2 = 1)) lxa — I,

?IF <
s = P < Ball 720 = pII” + €l 7750 = pII* + (1 = b0 = el = pII*
~ Y1 = b, — ) (bag(I 7"z — %I} + Cag(IT"5x — xal]))
< bk2llzy — plI* + (caks + (1 = by~ c))lixa = Pl = 42a(l — b0 — )21 7"20 — xal)
< (14 (5 + ok o)y = D)o = I — §0a(1 = b = ca)e (T2 = 5,]])

€ (L (T + 2, = D)l|xa =PI = 35a(1 = by = ca)g{IT"2s = 201},
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and

u-’:nﬂ “1"-’"2
< @7y, = pIF + Bl T2 ~ pi* + 7,075 = oI + (1 — 0ty — B, — v, )lxs — pII°
=300 =y — B, = 9, @11y, — xall) + B8N 772, — x|} + 7,201 T"x, — %a[))
< K2y, — Pl + BNz — DI + 1,k2 (% — pIP + (1 — 0 — B, — v )l — £
~ 31 = a5 — By = 1) (@I, — xall) + Bug(1 T2 — xal)) + 1,81 T"x0 — xa1}))
< (14 (2 + k(L% +2) + B, + BK5 + v, ) (B — Uixs — plI” — dok2bu(1 — by — ca)
BTz = xall) = 11 = = B, = ) (g 17"y, — x:) + BogUIT"20 ~ xal) + 2,8 1% ~ xal]))
< o = 2 + (L7 + 327 + 3) I — pIP(&2 = 1) — (1 — bs — ca)g (7720 — 3 1)
— 11~ atn = By — ¥ Heng (17", — xall) + BogUIT" 20 — xadl) + 7a8{I T"%n — )
< fom = 2 + (L + 387 4 3)P (K2 ~ 1) — Loaba(t — By — )@ (1 T2 — xal])
=31 =t = B — 7X@l T, = %all) + B2z ~ %1} + 7,801 7% — xal)).

Let 0, = (L* + 3% + 3)72(k? — 1). Then

(1~ 0 = B, = 1)8UT"9 ~ %all) € 3(l1xa = £I* = ner — pIf* + ), {8)
Bo(1 = = B, = 1)8UIT"20 = xall) < 3(l1%a = pI ~ e — p* + 0), )
7l = &t = B, = 7080775 = xall) < 30k =~ plI* = fxnsr = I + ), (10)
and
 abu(l = by — g7z — 1) < 3(l1es — oY = ur — ) + @), (11}

We now prove (i}. Since lim, 4, = 1 and lim,||x, — p|| exists, it follows from (8) that lim,e,{l — &, — fr — 7.}
2Ty, —~ x,||) = 0. From g is continuous strictly increasing with g(0) = 0 and 0 <liminf,«, < limsup,{e, +
Bu + ¥a) <1, we have lim, || Ty, — x,|| = 0.
By using a similar method, together with inequalities (9) and (10), it can be shown that (ii) and (iii) are
satisfied, respectively.
{iv) By using (1), we have
NT"x0 = xal| S HT"%0 = Tyl + 177y, — xall € kullzz = ¥l + 1775, — xall

L habul|T720 = x| + Kacal| 7750 = xall + 1775, — %4 (12)
To show that
tim || 7%, — x,[f = 0, (13)

let {m;} be a subsequence of {n}. It suffices to show that there is a subsequence {m} of {m;} such that
umk"}-mxﬂ; *xnall =0.
~ If Iim infb,,, >-0, it follows from (11) that

aﬂ;bﬂu(l - bm; - ciﬂj)g(" Tm"zmj = Xy ") £ 3("xm; —Puz - uxﬂlﬂ'l _P"z + O'm}).
From lim,k, = | and lim,||x, — pl| exists, we have

!i}n ey O, {1~ b, = Con Y| T™ 2, — X)) = 0.
Since g is continwous strictly increasing with g(0)=0, liminf,x, >0 and 0 <lminf;b, <
lim sup;(bp, + ¢n)) < 1, it follows that lim;{|T%z,, — x,,|| = 0. This together with (i) and (12) gives

li}n(l — doon Con W T2, = X, {] = 0.
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f As Hminf,(1 — k.e,) = 1 — limsup, ¢, > 0, we have
Ii}n (17 X, — X, || = 0.
On the other hand, if lim inf;,, = 0, then we may extract a subsequence {b,,} of {bn,} so that limsd, = 0.
" This together with (i) and (12) gives
lim(l ~ ko )75, — x| = 0,

and so

fim |75, = x| = 0.
By Double Extract Subsequence Principle, we obtain (13).

(v) If 0 < timinf, 8, € limsup,{e, + B, ¥,) < | and limsup,a, < 1, then
175, — xall € 7720 — T )| + |1 T725 — 22 || € kallzs — xall + [|T"20 — x2))
= kna i7", — x| + || 772, — x4 (14)

Since lim, &, = 1 and limsup,a, < i,

Hminf(l — g,k,) =1 — limsupa,k, = | —~ limsupa, > 0.

This together with (ii) and (14) implies that im,|7"x, — x,|| = 0 and the proef is finished. 0O

Lemma 6. Let X be g real Banach space and C be a nonempty convex subset of X. Let T:C — C be an asymp-
totically nonexpansive mapping with a sequence {k,} of real numbers such that k, > | and lim,k, = 1 and, {x,)
-be a sequence defined in C by Algorithm 1. If limy}|T"x,, — x|l = 0, then lim,||Tx, — x,|| = 0.
Proof. Using (1), we have
1772y = 2all € 7720 = Txull + | 7°%0 — %all € &allza — 2al] 4 J177%2 — xal,
= knaty {7700 — 2af] + [|7x, - X, ]| = 0,
W77y = %all ST, = T2l + 17750 = x| € Kally, = %al} + §T7x0 — 30ty
K kb || T72, "xn" + kncall T"xs — xuff + (T"x, — xn" -0,
and s0
"xn+l = x|
€ foner = xall + 1778001 = Tx0)) + 17700 — 2l < (1 + Ea}iixaer — Xall + 17767 — 5}
< ol + BTy, — xall + B, (1 + ka i 7720 ~ xall + 7,1 + &) 7750 — xall + § 7750 — xal[ — 0.
Thus

“xn+| = Txpqi " & "xn-i-l - TM'IIM]H + " TMI.xn-:-I - Tqu“ £ ”xnd-‘l - T"+|_x,,+|ﬂ + kl“T“le-l - xn-:-l” -+ 0;

which implies lim, || Tx, — x,]} = 0. This completes the proof, O

3. Main resunlts

In this section, we establish several strong convergence theorems of the three-step mean value iterative
scheme for asymptotically nonexpansive mappings. The first result extends and improves {1, Theorem 2.3),
(and, of course [4, Theorem 2.1]). As in [1], it is misleading to conclude (1, Theorem 2.6] from [1, Theorem
2.3} and by setting a, = b, =c¢, = B, =0 in Algorithm 2. Because the requirement of the assumption in [1,
Theorem 2.3]is liminf, 4, > 0. However, we can have {1, Theorem 2.6) which is a consequence of the following
theorem,
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Theorem 7. Let X be a uniformly convex Banach space and C be a nonempty closed convex subset of X. Let
T: C — C be an asymprotically nonexpansive mapping with the nonempty fixed-point set F(T) and a sequence {k,}
of real numbers such that k, 2 1 and 3 oo, (k. — 1} < 0o. Let {x,} be a sequence in C defined by Algorithm |
with the Jollowing restrictions:

{i) 0 <liminf.e, < limsup. (o, + 8, + v.) <! and
(i) limsup,(é, + ¢,) < 1.

If' T satisfies Condition (A) with respect to the sequence {x,}, then {x,} converges strongly to a fixed point of T.

Let {u,} be a given sequence in C. Recall that a mapping T': C — C with the nonempty fixed-point set R 7)
in € satisfies Condition (A) with respect to the sequence {u,} [13] if there is a nondecreasing function
S:10,00) — [0, 00) with f0) =0 and #r) > 0 for all r € (0,c0) such that

F(d(u, F(TY)) € |ty — Tity||, forallnmz 1.

Proof. By Lemma 5(iv) and Lemma 6,

Hm |7, — x| = 0. (15)
Let f be a nondecreasing function corresponding to Condition (A) with respect to {x,}. Then

S{d(x, F(TH) € | T — xal| = ©

and so lim,d(x,, F{T)) =0. By Lemma 2, we know that lim,[|x, — p|| exists for all p € F{T}, it follows that
{x4 — p} is bounded. Then there is a constant M such that

Kle,—pll €M, forallnz 1.

This together with (7), shows that
ass = Pl < llxa — Pl + M (e — 1)
Also
fnem — 2 < (wemt — 21+ M{Kpnt = 1) € Xoemmz = Pl + MKnym2 — 1) + MKyt — 1)

at+m—1

<l —pll+M > - 1), ‘ (16)
==
for all n,m = 1. We now prove that {x,} is 2 Cauchy sequence in C. Let &> 0. Since
limd(x,, F(T)) =0 and > (k. — 1) <00,
” n=1

there exists a positive integer N such that
¢

- -
z — 1 -
d(x F(T)) <3 and Ejﬂ:(k, )<

for all n = N. In particular,
d(xy, F(T)) < g-
There must exist ¢ € F{T) such that

flew ~ gl = dxn.q) < g
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From (i6) it follows that, for allw > Nand m >

atm=4
"xn+m —JC,," € "xn-hm q" + "):,, - q" 2"J‘:n - q" +M z (kf
J=n
n4m—1
< 2w ~ gl +2Mz(k,,—1 )+ M Z (k; = 1)

=N

< 2w -q||+2M2(k,~x <2 +2M6
J=N 3

Hence {x,} is a Cauchy sequence in C. In virtue of the completeness of C, we may assume that x,, — ¢’ as
n — co where ¢’ € C. By the continuvity of T and (15), we have T¢' = ¢’, 50 ¢’ is a fixed point of 7. This com-
pletes the proof. 0O

When 7, =0 in Theorem 7, the present result is obtained without the restrictions liminf, b, > 0 and the
boundedness of C as were the cases in [1]. Moreover, if T is completely continuous, then T satisfies Condition
(A) with respect to {x,} (see also [14, Corollary 2.5]).

‘Corollary 8. Let X be a uniformly convex Banach space and C be a nonempty closed convex subset of X. Let
.T:C — C be an asymptotically nonexpansive mapping with the nonempty fixed-point set and a sequence {k,} of
“real numbers such that k,, 2 1 and 3 e, (ks — 1) < co. Let {x,} be a sequence in C defined by Algorithm 2 with
 the following restrictions:

. (1) 0 <liminf,«, < limsup,(a, + B,) <1 and
(il) imsup,{b, + ¢,y < 1.

|
i;{f T satisfies Condition (A) with respect to the sequence {x,}, then {x,} converges strongly fo a fixed point of T.
|

[  When e, =8, =7, =0in Theorem 7, we also have the result which is an improvement of [4, Theorem 2.1].
Furthermore, Theorem 7 includes (4, Theorems 2.2 and 2.3}, as special cases.

Coroltary 9. Let X be a uniformly convex Banach space and C be a nonempty closed convex subset of X. Let
T:C — C be an asymptotically nonexpansive mapping with the nonempty fixed-point set and a sequence {k,} of
real numbers such that k, 2 1 and 372 | (k, — 1) < co. Let {x,} be a sequence in C defined by Algorithm 3 with
the following restrictions:

(i) 0 <liminf,u, < limsup,a, < 1 and
(if) limsup,b, < 1.

If T satisfies Condition (A) with respect 10 the sequence {x,}, then {x,} converges strongly to a fixed point of T.
. Next, as a consequence of Lemuna 5(v) and Lemma 6, we have the following theorem.

Theorem 10. Let X be a uniformly convex Banach space and C be a nonemply closed convex subset of X, Let
'T C — C be an asymptotically nonexpansive mapping with the nonempty fixed-point set and a sequence {k,} of
real numbers such that k, = 1 and 32 | (k, — 1} < co. Let {x,} be a sequence in C defined by Algorithm | with
the following restrictions:

(i) 0 <liminf,B, < limsup,(«, + f, + 75} < I and
(ii) limsup,a, < 1.
If T satisfies Condition (A) with respect fo the sequence {x,}, then {x,} converges strongly o a fixed point of T.

Finally, as a consequence of Lemma 5(iii) and Lemma 6, we have the following result which does seem to be
‘new and not implied by any known iterative scheme,
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Theorem 11. Let X be a uniformly convex Banach space and C be a nonempty closed convex subset of X. Let
T: C — C be an asymptortically nonexpansive mapping with the nonempty fixed-point set and a sequence {k,} of
real numbers such that k, =z 1 and 352 {(k, — 1) < co. Let {x,} be a sequence in C defined by Algorithm 1 with
the following restriction:

0 < lim inf,y, < lim sup, (2, + 8, +7.) < L.
If T satisfies Condition (A) with respect to the sequence {x,}, then {x,} converges strongly to a fixed point of T.

Remark 12. By using the same ideas and techniques, we can also discuss the weak convergence for asymptot-
ically nonexpansive mappings and thereby improve the resulis obtained by Bose [15}, Schu [3], Tan and Xu
{16] and, Chang {17].
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NONEXPANSIVE SET-VALUED MAPPINGS IN METRIC AND
BANACH SPACES

S. DHOMPONGSA, W. A. KIRK, AND B. PANYANAK"

ABSTRACT. We extend receat homotopy resulis of Sims, Xu, and Yean for set-
valued maps to a CAT(Q) setting. We also introduce an ultrapower approach to
proving fixed point theorems for nonexpansive set-valued mappings, both in this
setting and in Banack spaces. This method provides an efficient way of recovering
all of the classical Banach space results.

1. INTROBUCTION

In [24], Sims, Xu and Yuan obtain homotopic invariance theorems for nonex-
pansive set-valued mappings in Banach spaces having Opial's property. They base
their results on the fact that if T is a multivalued nopexpansive mapping having
nenempty cowmpact values, then the demicloseduess principle for 7 — T is valid in
such spaces. (If C is a nonempty closed convex subset of a Banach space X and if T
maps points of C' to nonempty closed subsets of X, then T is said to be demiclosed
on C if the graph of T is closed in the product topology of (X, ¢) x (X, ||-||) where ¢
and ||| denote the weak and strong topologies, respectively). One objective of this
paper is to show that the results of [24) extend to CAT(0) spaces (see below) de-
spite the fact that no weak topology is present. The results we obtain are set-valued
analogs of siugle-valued results found in [14].

We alsa introduce a new approach to the classical fixed point theoreins for nonex-
pausive mappings in Banach spaces by reformmlating the arguments in an ultrapower
context. This approach seems to illmainate many underlying ideas.

2. CAT(0) sraces

A metric space is a CAT(0} space (the term is due to M. Growmov  see, eg., (2],
1. 189) if it is geodesically connected, and if every geodesic triangle in X is at least
as ‘thin’ as its comparison triangle in the Euclidcau planc. For a precise definition
and a detailed discussion of the properties of such spaces, sce Bridson and Haefliger
{2] or Burago, et al. [4]. It is wetl-known that any complete. simply connected
Riemanuian manifold having non-positive sectional curvative is a CAT{0) space.
Other examples inchude the classical liyperbolic spaces. Enclidean baildings (sec
[3]). the complex Hilbert ball with a hyperbolic metric (see [10]: also inequality
{(-£.3) of |23] aud subsecuent connuents). aned may others.
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Let (zn) be a bounded sequence in a complete CAT(0} space X and for z € X
set

r{z,(zs)) = limsupd (z,z,) -
=00
The asymptotic radius r ((z,)) of {z,) is given by

r{(z,)) = nf {r(z, (zn}) : 2 € X}.
The asymptotic center A{(z,)) of (z,) is the set

A((zn)) = {z € X :r(x,(za)) = 7 ((za)}}

Recall that a bounded sequence (z,) is regular if 7 (2,) = r (un) for every sab-
sequence {un) of (zn). It is easy to see that every bounded sequence in X has a
regular subsequence (see, e.g., {9], p. 166).

It is known (see, e.g., [6], Proposition 7) that in a CAT(0) space, 4 ((z,)) con-
sists of exactly one poini. We will also need the following important fact about
asymptotic centers.

Proposition 2.1. If K is a closed convex subset of X and if (x,) is ¢ bounded
sequence in K, then the asymptotic center of (z,) is in K.

Proof. Let z € X be the asymptotic center of {x,). It is known that the nearest
point projection P : X — K exists and is nonexpansive ([2], p. 177). If z ¢ K then
r(z, (zn)) < 7 {P{2),(zq)).and we would have a contradiction. G

3. A FIXED POINT THEOREM

Let C be a subset of a complete CAT(0) space X. We use D (-,-) to denote the
Hausdorff distance on the set 8 (C) of nonempty bounded closed subsets of C. Thus
for A, B e B{C),

DA.By=inf{p>0: AC N,(B) and BC N,(A}}
where N, (S) = {x € C: dist {,5) < p}.

A set-valued mapping 7': C — 2%\0 satisfying
D(T(x). T (y)) < kd (,y)

is called a contraction if & € [0, 1) and nonexpansive if & = 1.

For convenience and hrevity we work in an ultrapower setting. This scems to
be a new approach in this context. Lot U be a nontrivial ultrafilter on the natural
numbers N. Fix p € X, and lot X denote the metric space wltrapower of X over
U reltative to p. Thus the clements of X consist of cquivalence classes |(x5));ep for
which

]13‘1‘11 d(ri.p) < .

with (1) € [(r;)] 3f and only if limys d (i) = 0. Note that X is also a CAT(D)
space (2], p. 187).

For CC X. let

C={F=[{ry)):r, €C foreach n}.



174

NONEXPANSIVE SET-VALUED MAPPINGS a7

and for z € X, let & = [(x,}] where z, = z for each n € N. Finally, let X and C
denote the respective canonical isometric copy of X and C in X.

A nonexpansive set-valued mapping 7" : C - B(X) induces a nonexpansive
set-valued mapping T defined on C as follows:

'f‘(i:) = {ﬁ € X : 3 a representative (un) of &t with uy, € T (z,) for each n} .

To sce that T is nonexpansive (and hence well-defined), let &,§ € C, with & =
[(xn)] and y = [(yn)] . Then

D (7(2),7@)) < lim D(T (wn), T (30))

< 12}1 d (Ina Yn)

The following fact (sce, e.g., {11], Proposition 1) will be needed.
(3.1} If $ C C is compact, then § = S.

We will also need the well-known fact that it C € X is closed and if T : C — B(C)
is a set-valued contraction mapping, then T has a fixed point. (This fact holds for
all complete metric spaces, sée [21]).

Next we have a result that is analogous to Proposition 7 of [16] for Banach spaces
satisfying the Opial property. The proof is an adaptation of the one given in {18].

Proposition 3.1. r is the asymptotic center of a reqular sequence (x,) C X if and

only if # is the unique point of X which is nearest to & = {zn)] in the wltrapower
X.

Proof. (=) Suppose x is the asymptotic couter of {z,). and supposce dy (5. %) <
deg (7.7) for some y € X. Choose a subsequcuce (uy,) of (x,,) such that

lim d(y, w,) = luninfd (y, x,).
=2

Ph— 2

Using the fact that ()} is regutar we have
lim o (?}': uy) <limd(y. Ty}
IR U

= dy (. 7}
<ty (#,F)

< limsapd {x,7,)
B2

=7 ((an))

= lhnsupd (r. u,).
B0
Thas T o (g v,) < hinsapd (rowy,) . and y = o by unigueness of the asviaptotic
H—x "—nx
center.
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(«<) Suppose % is the unique point of X which is nearest to & := [(z,)], and
suppose y is the asymptotic center of {z,,). Then by the implication (=») y is the
unigue point of X which is nearest to Z, whence £ = ¢; thus z = y. (3]

With the above observation, we are in a position to prove the fixed point theorem
we will need in the next section. Here KX (X) denotes the family of nonempty
compact subsets of X, and we use D to denote the usual Hausdorffi metric on
K(X}.

Theorem 3.2. Let K be a closed convez subset of a complete CAT(0) space X,
and let T : K — K (X) be a nonexpansive mapping. Suppose dist {xn, T (24)) — 0
for some bounded sequence (z,) C K. Then T has a fized point.

Proof. By passing to a subsequence we may suppose {Zn) is regular. Let z be the
asymptotic center of (z,). By Proposition 3.1 & is the unique point of X which is
nearest to ¥ == |(z,)] . By Proposition 2.1, 2 € I{ and also & € K. Since £ € T{z),

% must lie in a p-neighborhood of T (%) for p-= D (f(i) T (x)) . Since T'(£) is

compact, dist (i,f (:r)) = dy (2, 4) for some 4 € f'(:t) But since T (z) € X, if
# # & we have the contradiction ) )

du (.5) > dy (,2) > D (T (2),7(#) = p,
Therefore & = % € T (). However T (3) = '.'If:_(\;j—, s0 by {3.1) this in turn implies
r e (x). ‘ {ll

Remark 3.3. Convexity of K is needed the preceding argument only to assure that
the asymptotic center of () lies in K. The theorem actually holds under the weaker
assumption that K is closed and contains the asymptotic conters of all of its regular
SCGLUELGES.

4. HOMOTOPIC INVARIANCE
The following is an analog of Theorem 3.1 of [24].

Theorem 4.1. Let C be a nonempty closed conver subset of a complete CAT(0)
space X, with int(C) # 0, let {1}}qc,<; be o family of A-contractions from C to
K{(X) which is equi-continuous in t € [0, 1] over C. Assume that some T; has a
fized point in C, and assume cuvery Ty is fired point free on 8C. Then T} hos o fived
point in C for each t € [0,1].

Proof. Let V = {t € [0, 1] : T} has a fixed point in C}. Then V is nonempty by as-
sumption. We show that 1V is hoth open and closed in [0, 1] and therefore conelude
that V' = [(. 1]. ‘The proof that V' is open in [0. 1] is identical to the one given in
the proof of Lenmuma 3.1 of [24). To show that V is closed. assaae (¢,) € Vs such
that {1, — fy. Then for cach » there exists r, € C such that oy, € 1}, (r,). By
egi-continity we have

dist (v Ty, () < DL, (0) Loy (ry)) — O
By Theovein 3.2, 1, has a fixed point in O so ty € V. O
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We now turn to an analog of Theorem 4.1 of {24).

Theorem 4.2. Let C be a nonempty bounded closed convex subset of a complete
CAT(0} space X. Suppose T,G : C — K (X) are two set-valued nonexpansive map-
pings and suppose there exists a homotopy H : {0,1] x C — K (X) such that

(1) HO, ) =T() and H(1,}=G();

(2) for each t € [0,1), H(t,-) is a set-valued nonezpansive mapping from C' to
K(X);

(3) H (¢,2) is equi-continuous n t € [0, 1] over C;
{4) for each sequence (t,) in [0, 1) with

inf di 7 .
;relcdzst (a:,ff (tr,x)) >0

?}Elgof.ﬂ = tg implies inf o dist (x, H (ip,2)) > 0.
Then T has o fixred point in C if and only if G has a fized point in C.
Proof. Asswine T has a fixed point in C, and iet -
V={te[0,1]: tlere exists » € C such that x € H (¢, x)}.

Woe can show that V is closed as in the proof of Theorem 4.1. Suppose V' is not open.
Then there exists o € V and a sequence (¢,,) C [0, 1]\V such that lintg—oc tn = to.
Since t, € V. dist(x. H (f,.2)} > 0 for all n € N and z € C. We claim that

inf dist (v, H {tp.r}) > 0 for all n &€ N.
reC

Otherwise. there exists a sequence (7,,) C C such that

lim dist (2p. H (tn. ) = 0.

M —oC

aidd by Theorem 3.2 H (1,, ) has a fixed poiut. But this contradicts ¢, € V, so we
liave the claine. Condition (4) now hinplies

inf dist (r, H {fp. 1)) > 0,
rel!

which in turn implies fop € V and this is a contradiction. Therefore V is open in
[0.1). andd henee Vo= [0.1). from whicl: the conclusion follows. 0O

The other results of [24]. iuchuling the alternative principtes. earry over the
present setting as well,

Remark 4.3, noview of Remark 4.3, in both Theovams 4.1 and 4.2 the assnmption
of convexity can be replaced by the assumption that € contains the asyuptotic
center of cach of its regular sequenrees.
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5. BANACH SPACES

As we shall see, the ultrapower approach used in proving Theorem 3.2 also pro-
vides a very efficient method for proving the classical Banach space fixed point
theorems for nonexpansive set-valued mappings.

Let C be a subset of a Banach space X. We will use 2€, B(C), K(C), and
KC (C) to denote respectively the family of all subsets of C| the family of nonempty
bounded closed subsets of C, the family of nonempty compact subsets of €, and
the family of nonempty compact convex subsets of C. As before we use D(:,-) to
denote the Hausdorff distance on B(C).

We adopt all the notation and definitions of Sections 2 and 3, but with the
distance d replaced with the norm ||-}.

Recali that a Banach space is said to have the Opial property if given whenever
(zn) converges weakly to z € X,

limsup ||zn — z|| < limsup Jjz, — ¥ for each y € X with y #£ =
n—00 L=

Now let U/ be a nontrivial uitrafilter over the natural numbers N and let X denote
the Banach space ultrapower of X over U, We will use the standard notation for
this setting, see for example [i] or [12].

As in the CAT(0} case, 4 nonexpansive set-vatued mapping 7' : € — B(X)
induces a nonexpansive set-valued mapping T defined on C as follows:

T (F)= {ﬁ € X : 3 a representative (wn) of @ with w,, € T (x,} for cach n} ;

The following simple idea, which is extracted from the proof of Theorem 3.2,
is the basis for all of our Banach space results. Recall that a set C is said to be
(uniguely) proximinal if each point x € X has a (unique) nearest point in C.

Lemma 5.1. Let I be o subset of o Banach space X, suppose T : K — 23\ is
nonexpansive, and suppose there exists 1o € K such that vy € T (2g) . Suppose C 13
a subset of K for which T - C — K(C), and suppose C is uniquely proriminal in
K. Then T has a fized point in C. Indeed. the point of C which is nearest to xq is
o fized point of T.

Proof. If 2y € C we ave finished. Otherwise let » be the unijue point of C' nearest to
To. We assert that » € T'(x) . Since 2o € 7' (2q), £ must lie in a p-neighborhood of
T(z) for p = D(T (x9) . T {x)) . Therefore. since T'(x) is compact, dist (xg. 1 (x)) =
[[xo — || < p for some w € T (). But sinee T{x) € C. if u # x.

flrg — 2| > flwg — 2fl 2 D(T{x). 1 (30)) = p.

and we have a contradiction. Therefore v = r € 1" (). [

The preceding tetma guickly vields the fotlowing result. Notice that bonndedness
of C is not newded. Lhis observation max be known. bt we are not aware of an
explicit citation.
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Theorem 5.2. Let X be a uniformly convex Banach space, and let C be a closed
conver subset of X. If T : C — K (C) is @ nonezpansive mapping that satisfies
(5.1} dist (zn, T (25)) — O asn — 00

for some bounded sequence {z,) in C, then T has a fized point.

Proof. Let & = {(zn)] € C. As we have observed, T : C — 20\@ is nomexpansive.
Also (5.1) implies Z € T (). Since uniform convexity is a super property, X is
uniformly convex and then £ has a unique nearest point & € C. Since T : & —

K (C) , Lemama 5.1 implies there exists £ € € such that € T(x). However by
(3.1) T (&) = T(z), and this in turn implies that z € T (z). 0

If X has the Opial property, the assumption that T : C — K (C) can be weakened
to T : C — K {X). For this we will make use of the following fact.

Proposition 5.3 ([16]). Let X be a Banach space that has the Opial property.
Then x € X is the weak limit of o regular sequence (x2,) C X if and only if & is the
unique point of X which is nearest to % := [(z,)] in the ultrapower X.

Theorem 5.4. Let X be a Banach space that has the Opial property, and let C be
a weokly compact subset of X. If T : C = K(X) is a nonerpanswe mapping that
satisfies

(5.2) dist (:::mT(:rn)) — 0 asn — o0

for some bounded sequence (x5) in C, then T hes a fized point.

Progf. By passing to a subsequence if necessary we may suppose that () is regular
and converges weakly, say to = € C. By Proposition 5.3 £ is the unique point of X
which is nearest to #. The proof is now identical to the proof of Theorem 3.2 upca
replacing dyy with |||, . 0

As a corollary of the preceding results we have the classical results of both Lim
and Lami Dozo.

Theorem 5.5 ([18], [19]). Suppose X is either a uniformly convex Banach space,
or a reflexive Banach space that has the Opial property. Let C be a bounded closed
conver subset of X, and suppose T : C — K{C) is nonezpansive. Then T has a
fixed point.

Proof. Fix z € C, and for each n > 1, consider the contraction mapping T,, : C —
K (C) defined by

T, (:r.)=%z+(1—l)T(;r) z€C.

Then by Nadler's theorem [21], for cach = > 1 there exists z, € C such that
ru €5, (ry) . Moreover

dist (ry. T (ry)) < -l—d-i.n.m () - Vasn — oc.
n
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We now turn to an extension of Lim’s theorem to inward mappings. The inward
set Ic (x) of z relative to C is the set
Ic(z)={z+c(u—2z):u€Cand c>1}.

A mapping T : C' — B{X) is said to be weakly inward if T (z) is in the closure
Ic(z) of I¢ (x) for each x € C.

The following two facts will be needed.

Lemma 5.6 ([8], Corollary 2). Suppose C is a closed convexr subset of a Banach
space X and suppose T : C — K {X) is a weakly inward contraction on C. Then T
has a fized point in C.

Lemma 5.7. Let X be a uniformly conver Banach space, let C be a closed convex
subset of X, and suppose xo € X. Let x be the unique point of C which is nearest
to xg. Then x is the unique point of I (x) which is nearest to .

Proof. Suppose not, and let ¥ be the unique point of I¢: (&) which is nearest to xg.
Then, since C C I (2) and y € I (x}\C, it must be the case that
ly = zoll <t — 7ol .

By the continmity of ||| there exists z € I¢: () \C such that ||z — x| < |lx — 20]! -
This implies z = (I — ) + o for some w € C and o > 1. Hence

1 1
w-—xpj| £ —|lz—=x 1~ —1|lxr— ol <|lr =20l
e = oll € 2l = zoll + (1= 2 )l = zull < e =

a contradiction. 0

The following theorem was fivst proved for inward mappings independently by
Downing and Kirk [8] and by Reich [22]. The slightly more general forntufation
below is due to H. K. Xu (sec [25]. Theorem 3.4). Owr proof is much shorter than
the one given in [25] (althiough it depends on deeper facts).

Theorem 8§5.8. Let O be a bounded closed conver subsel of o uniformly conver
Banach space X. end suppose I 2 C — K{X) is nonerpousive and weekly inward
ot C. Then T has o fived point.

Proof. As in the proof of Theorem 5.5, approximate 17 with the contraction map-
pings T),. Bach of the mapping 1}, is akso weakly inward and by Lenuna 5.6 has a
fixed point x,. Siuce the sequence (o, ) satistios disf (. 2 (2,)} — 0. Let & = [(rn)] .
and let i be the wigue point of ¢ which is neavest #. Since 1" is nonexpansive there
exists a poiut § € T (i) such that ||j — ||, < |l = 7|, . and sinee 7 ix weakly in-
ward on C. j € Lo (8). Lemma 5.7 implies f = 7. Thus b € T () and the conelusion
follows. a

Finally we remark that it is possible to nse this approacls 1o prove the following
theorem of Kivk and Massa ([15]: also see {13]). We onit the details beeause the il
trapower proof is not appreciablv shorter than the one given in {15] (which also nses
nonstandard cechniquesy. Indeed. thix resnlt has vecently heen extended (o spaces
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X for which gg(X) < 1, where £5{X) denotes the characteristic of noncompact,
convexity for the separation measure of noncompactness (see [7]).

Theorem 5.9. Suppose C is a nonempty bounded closed conver subset of ¢ Banach
space X, and suppose T : C — KC(C) is nonexpansive. Suppose also that the
asymplotic center in C of each bounded sequence in X is nonempty and compact.
Then T has o fized point.

Remark 5.10. It might be worth noting that Lemma 5.1 holds for mappings taking
only closed values if it is assumed that the space is uniformly convex.

Lemma 5.11. Let K be a subset of a uniformly conver Banach space X, suppose
T : K — 2X\B is nonexpansive, and suppose there exists g € K such that ¢ €
T (xo) . Suppose C 1is @ closed convexr subset of K for whichT : C — B(C). Then
the point of C which is nearest to xo is a fized point of T.

Proof. If o € C we are finished. Otherwise let £ be unique the poiut of C nearest
to xg. We assert that z € T'(¢). Suppose not. Since x9 € T {xg), zg must lie in
a p-neighborhood of T'{x) for p = D (T {xg), T {(x}) . If dist (x0,T (x)} > ||lzo — zf|
we have a contradiction as in the proof of Lemma §.1. On the other hand, if
dist {zg, T (x)) = ||= — 20l , then there exists a sequence {u,) C T {z) sucl that
I+
. 2

convexity of X yields ||z — w,|| = 0 as n — o0, Since T (x) is closed, x € T (z). €]

lzo = wnll = llzo — =|i as n — oc. Since ||ag — > |lzg — z||, the uniform

Remark 5.12. In Theorems 3.1 and 4.1 of {24] the domain of the mappings is as-
suned to be weakly compact and convex. However weak compactness suffices - the
convexity assimption may be dropped. To see this one could either use Theorem
5.4 i licw of the demicloseduess principal in the proofs of those theorems, or ob-
serve that convexity is nof needed in the proof of the demidosedness principal itself
(Lemma 2.1 of [24])

Rewmark 5.13. For an analog of Theorem 5.8 in a CAT(0) space, sce [5]. In fact.
Theoren 5.8 exteixls to the uniformly couvex hyperbolic metric spaces in the sense
of Reich and Shafeir 23], Such spaces include both the CAT(0} spaces and uniformty
convex Banach spaces.

(. WEAK CONVERGENCE (N CAT(0) SPACES

We conclude with a question. A comparison of Propositions 3.1 and 5.3 clearly
snggests that the following woulkd he a reasonable way to define weak convergence
iz a CAT{0) space. especialty sinee it doex indeed coincide with weak convergence
in a Hilbert space.

Definition 6.1. 4 scquence fnel] () in X is seid to converge weakly to r € X
if s the wniqae asymptotic eonter of (u,) Jor coery subsequence fsulmet] (u,) of
(o).

This notion of convergence was lirst introduced inetric spaces by T ¢ Lim
(20} who called it A-convergence. (1. Kueznmow {17] introduced a similar notion
of convergence in Banach ~paces which he ealled ahnost convergence’.)
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This raises a very fundamental question: For what CAT{0) spaces, aside from
Hilbert space, does the notion convergence in Definition 6.1 actually correspond to
convergence relative to some topology? Specifically, when is there a topology T on
X such that a net (zo) converges to x in the sense of Definition 6.1 if and only if
(zo) #s T-convergent to x7
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AN INEQUALITY CONCERNING THE JAMES CONSTANT AND
THE WEAKLY CONVERGENT SEQUENCE COEFFICIENT

S. DHOMPONGSA AND A. KAEWKHAQ*

1. INTRODUCTION

As it is well-known, the notions of normal structure and uniform normal strue-
ture play important role in metric fixed point theory {see Goebel and Kirk [20]).
Some parameters and constants defined on Banach spaces can be used to verify
whether a specific Banach space enjoys uniform normal structure. These constants
inciude the James constants and the Jordan-von Neumann constants, which are
introduced by Gao and Lau [16] and Clarkson {7], respectively.

For a Banach space X, we show that the James constant J(X) is related to,
as an inequality, the weakly convergent sequence coefficient WSC{X) defined by
Bynum [5]. As a consequence, we obtain the the latest upper bound of the James
constant J{X) at -‘—‘?ﬁ for X to have uniform normal structure {%, Dhompongsa et.
al]. By applying Dominguez and Xu's theorem {15, Theorem 3.2], we also obtain
fixed point results for asymptotically regular mappings.

2. PRELIMINARIES AND NOTATIONS

Throughout the paper we let, X and X* stand for a Banach space and its dual
space, respectively. By By and Sx we denote the closed unit ball and the unit
sphere of X, respectively. Let A be a nonempty bounded set in X. The number
r{A} = inf{supyc,llz — yll : = € A} is called the Chebyshev radius of A. The
number diam{A) = sup{||lz — y|| : z,v € A} is called the diameter of A. A Banach
space X has normal structure (resp. weak normal structure} if

r(A4) < diam(A)

for every bounded closed (resp. weakly compact} convex subset A of X with
diam{A)} > 0. The normal structure coefficient N(X) of X [5, Bynum] is the
number (4)
. diam{A
N(X} = lnf{W},
where the infimum is taken over all bounded closed convex subsets A of X with
diam(A) > 0. The weakly convergent sequence coefficient WC'S(X) [5] of X is the

2000 Mathematics Subject Classification. primary 48820; secondary 46808,

Key wonds and phrases. Nonexpansive mapping; Banach space; weakly coavergent sequence
coefficient; James constant; portnal structure.
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number
WOS(X) = inf { 22l
. ra({xn})

where the infimum is taken over all sequences {z,} in X which are weakly (not
strongly} convergent, A({zn}} = limsup,{||z: — z;§ : {,7 > n} iIs the asymptotic
diameter of {z,}, and ra({z,.}) = inf{limsup, iz, — y|| : y € To{za}} is the
asymptotic radius of {z,}. A space X with V(X) > 1 (resp. WCS(X) > 1) is said
to have uniform {resp. weak uniform) normal structure. For a Banach space X, the
James constant, or the nonsquare constant is defined by Gao and Lau [16] as

J(X) =sup {Jlz+ gl Allz— 3l : 2,y € Bx}.

It is known that J{X) < 2 if and only if X is uniformly nonsquare. Dhompongsa

et. al [9, Theorem 3.1} showed that if J{X) < 1_-,;2\/_3' thea X has uniform normal
structure. The Jordan-von Neumann constant Cn3{(X) of X, which is introduced
by Clarkson [7], is defined by

(o4 ylP+ el
Cha(X) = sup { 2l + 5T

A relation between these two constants is
(J{x))? (J(X)Y

2 . X <12 ¥
From this relation, it is easy to conclude that Cny(X) < 2 is equivalent to J{X) < 2.
Recently, Dhompongsa and Kaewkhao [10, Theorem 3.16] obtained the latest upper
bound of the Jordan-von Neumann constant Cnj{X) at lﬂzﬁ for X to have uniform
normal structure. However, it is still not clear that i the upper bounds of the
James constants and of the Jordan-von Neumann constants are sharp for baving
uniform normal structure (see a conjecture in [9)). The constant A(a, X), which is
a generalized Garci a-Faiset coefficient [18], is introduced by Dominguez (12} : for
a given positive real number o

Ria, X) := sup{limninf [l + zal},

:z,¢ € X not both zero}.

< On(X) £ ([23, Kato et. al}}.

where the supremum is taken over all z € X with ||zf| < o and all weakly nuil
sequence {z,} in the unit ball of X such that

D{z,) = limsup (lim sup ||zn — zmﬂ) < 1.
n m

Concerning with this coefficient, Dominguez obtained a fixed point theorem which
states that if X is a Banach space with R(a, X) < 1+ a for some ¢, then X has the
weak fixed point property (for details about the (weak) fixed point property, the
readers are referred to Goebel and Kirk {21] ). In {28], Mazcunidn-Navarro showed
that
R{:, X) < J(X),
and then combined it with the fixed point theorem of Dominguez to solve a long
stand open problem. Indeed, it was proved that the uniforin nonsquareness implies
the weak fixed point property. A mapping T : X — X is called asymptotically
regular if
tim {77z - Tz =0 forallze X.
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The concept of asymptetically regular mappings is due to Browder and Petryshyn
[2]. We set

s(Ty= lin;'mf [T,
where |T"| = sup { THI:::""' T,y eC, z# y}. Fixed point resuits for asymp-
totically regular mappings can be found in (3, 4, 15, 13, 14, 22, 25, 26]. Most of
these results are related to geometric coefficients in Banach spaces. We state here
the one vsing the weak convergent sequence coefficients.

Theorem 2.1. [15, Theorem 3.2] Suppose X is a Banoch space with WCS{X) > 1,
C s a nenemply weakly compact convet subset of X, and T : C — C is ¢ uniformly
Lipschitzien mapping such that s{T) < /WCS(X). Suppose in addition that T is
asymptotically regular on C. Then T' has a fired point.

One last concept we need to meation is ultrapowers of Banach spaces. We
recall some basic facts about the ultrapowers. Let F be a filter on an index set I
and let {2;};es be a family of points in a Hausdorff topological space X. {z;}ier
is said to converge to £ with respect to 7, denoted by limz x; = =, if for each
neighborhood U of z, {i € I : z; € U} € F. A filter U on [ is called an ultrafilter
if it is maximal with respect to the set inclusion. An ultrafilter is called trivial if
it is of the form {A : A C I,i; € A} for some fixed ig € I, otherwise, it is called
nontrivial. We will use the fact that

(i) U is an uitrafilter-if and only if for any subset A C [, either 4 € U or

FJ\AelU, and :
(i1) if X is compact, then the limy z; of a family {z;} in X always exists and
is unigue. ' -

Let {X;}ies be a family of Banach spaces and let I, (J, X;) denote the subspace
of the product space Ilig7X; equipped with the norm ||[{z;}|| := sup;¢; ||=:]| < <o-

Let I be an uvltrafilter on Fand let

Mo = {(:) € loo(I, X} : i Jlz:]] = 0}.

The ultraproduct of {X,} is the quotient space Lo (I, X;)/Ny equipped with the
quotient norm. Write (x;)is to denote the elements of the ultraproduct. It follows
from {ii) above and the definition of the quotient norm that

Wbl = lim ).

In the following, we will restrict our index set I to be N, the set of natural numbers,
and let X; = X, i € N, for some Banach space X. For an ultrafilter Zf on N, we
write X to denote the ultraproduct which will be called an ultrapower of X. Note
that if U/ is nontrivial, then X can be embedded into X isometrically {for more
details see Aksoy and Khamsi (1] or Sims [30]).

3. THE JAMES CONSTANTS
Before we present the first result, we need another equivalent definition of

the weakly convergent sequence coefficient WCS(X) of X which is shown in [11,
Theorem 1.1] as follows :
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Definition 3.1. For a Banach spaoe X,

WCS(X) = mf{ %y = 0, lim [|lzn - 2mfl = 1}.

n)

Now we can state the fo}lowlng.

Theorem 3.2. For a Banach space X,
J(X)+1
R
In particulor, if J(X) < 28 then WCS(X) > 1.
Proof. For a sake of convenience we put J(X) = a. Let {z,} be a weakiy nult
sequence in X such that

(3'1) rl‘;g-];“ lzn ~ zmif = 1.

WCS(X) >

Put C =%0{zn} and r = r.{z,}. Since 0 € C, we obtain
(3.2} 7 < limsup flz,|.

Fix £ > 0. By (3.1) there exists K € N such that
(3.3} bmsup|lzy — zm|| < 1+¢, ¥m > K,
n

and it follows from the weak lower semicontinuity of the norm that
lzmll £ 1+&, ¥m>K.
We have, for aB m> K

= _('ﬂ x"‘ ( < —
{34) ki 1+ hmsupll e || RE,XV<JHX)=a.
From (3.2}, we can ﬁnd an integer M > K such tj.hat
(3.5) r(l —&) < fzm}-
By definition of r and convexity of C, we must have
. a-—1
{3.8) T < limﬂsup fzn — (a n IJIM".

We can assume, by passing through a subsequence if necessary, that ”limsup”

(3.6) can be replaced by "lim”. Now let X be a Banach space ultrapower of X over

an ultrafilter & on N. Set

{In In+IM
1+¢ (I+e&)x bu-

(3.3) and (3.4) guarantee that Z, § € By. Consider, by using (3.6),

¥ =

MYy and § = {

IM |, TntIM

I+ 31l = i 22 4 T2
= () (=) i s — (e
= (552 () b llm ~ (E Dl

2 () 5
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On the other hand, by using the weak lower semicontinuity of || - || and (3.5),

—ZM Iatapm
14 (1+¢e)a

I ~ 7} = lim 1=

(1”)(‘*“) o [ PR
> (5 +€) L) tm ot (2 2)za - zu
2 () 2 Ml
it

It follows from the definition of J(X) that

J(X) 2 43+ gl Az — G
2 (32) o D O

I—g, x41
=(1+e)( : )

According to the fact that J{X) = J{X) ((17, Gao and Lau]} and a = J(X), we
have

J(X)+l
T

Thus,
1 l—g, J(X)+1
- 2 ) Oy )

Since ¢ is arbitrary, it follows that -

1 _JX)+1
- IEOR
Hence, by Definition 3.1 we conclude that
J(Xy+1
WCS(X) 2 —7
B0z Toop
as desired. O

As a consequence of Theorem 3.2, we obtain the following corollary.

Corollary 3.3..]9, Theorem 3.1} Let X be a Banach space. If J(X} < lizlé, then
X has uniform normal structure.

Proof. Let X be a Banach space ultrapower of X over an ultrafiter. Since J(X) =

J(X), Theorem 3.2 can be applied to X and then WCS(X) > 1. Since WCS(X) >
1, X has weak normal structure [5) and since X is reflexive, it must be the case that
X has normal structure. By [17, Theorem §,2], X bas uniform: normal structure as
desired. a

In view of Theorem 2.1, we obtain a fixed point result about asymptotically
regular mappings concerming the James constants.
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Corollary 3.4. Suppose X is o Banach space such that J(X) < lig@, Cisa
nonemply closed bounded convex subset of X, and T : C — C is a uniformly Lips-
chitzien mapping such that

o) < I +1

J(X)
Suppose in addition thot T' is asymptoetically reqular on C. Then T has a fized point.
Proof. This follows immediately from Theorem 3.2 and Theorem 2.1. 0

4. CONCLUSIONS AND OPEN PROBLEMS

The objective of this section is to examire what is known, and not known,
about fixed point results for several kinds of mappings related to the two constants.
In the notion of geometric properties in Banach spaces especially the notions of
normal and uniform normal structure, four important kinds of mappings are in-
volved. Let recall their definitions. Let C be a subset of a Banach space X and
T : C — C be a mapping. Firstly, T is said to be asymptotically nonexpansive if
there exists a sequence {k.} of positive real numbers satisfying bim, k, = 1 such
that Tz — T™y|| < ka||z — 3|} Vz,y € C,Vn € N [19, Goebel and Kirk }. Secondly,
if k, =1,¥n € N, then T is called a nonexpansive mapping. Thirdly, if there exists
a constant k such that k, = k,Vn € N, then T is said to be uniformly Lipschitzian.
The final one is an asymptotically regular mapping which has already been defined
in Section 2. Now we collect fixed point results for such mappings concerning the
two constants. ]

In the following, let C be a closed bounded convex subset of a Banach space
X.

Fact 4.1. [28, Mazcundn-Navarro} If J(X) < 2, eguivalently Cny(X) < 2, then
every nonezpansive mapping T 1 C — O has a fized point.

In {24, Theorem 1|, Kim and Xu proved that if a Banach space X has uniform

" pormal structure, then every asymptotically nonexpansive mapping T : € — C

has a fixed point. By combining this theorem with Corcllary 3.3, we obtain the
following

Fact 4.2. If J{X) < U’fé, or Cyy{X) < ii‘-.gﬁ, then every asymptotically nonex-
pansive mapping T : ' — C has o fited point.

In {6}, Casini and Maluta proved the existence of fixed points of a uniformly
k—Lipschitzian ‘mapping 7" with & < /N{X) in a space X with uniform normal
structure. (As before, N{X) is the normal structure coefficient of X.} Prus showed

in [29) that N{X) = J{X)+ 1~ /(J{X) +1)? — 4 (see also Liorens-Fuster [27]).
1
On the other hand, Kato et al. [23] showed that N{X) > eI ( see also

[27]}). By using the results just mentioned, we now conclude the following resuits.

Fact 4.3. (1) Suppose J(X)} < g, and T : C — C is a uniformly k— Lipschitzign
mepping such that

k< \/J(X]+1— VIFX)+1)2 -4
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Then T has a fized point.
(2) Suppose Cny(X) < £, and T : C — C is a uniformly k— Lipschitzian mapping

such that
1

\}\KCNJ(X)*é-

We end this paper by posing some open questions about these concepts.

k<

Then T has a fited point.

Problem 4.4. Are the upper bounds of the James constants and of the Jordan-von
Neumann constants sharp for 2 space 6 have uniform normatl structure ?

Problem 4.5. Does the asymptotically regularity of T in Corollary 3.4 can be
dropped ?

Problem 4.6. Can the upper bounds of J(X) and Cy ;{X) appearing in Fact 4.3
be improved ?
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Diametrically contractive multivalued mappings
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Department of Mathematics, Faculty of Science, Chiang Mai University,
Chiang Mai 50200, Thailand
H. Yingtaweesittikul
Department of Mathematics, Faculty of Science, Chiang Mai University,
Chiang Mai 50200, Thailand

Abstract

Diametrically contractive mappings on a complete metric space are
introduced by V.1. Istratescu. We extend and generalize this idea to mul-
tivalued mappings. An easy example shows that our fixed point theorem
is more applicable than a former one obtained by H.K. Xu. A convergence
theorem of Picard iteratives is also provided for rouitivaived mappings on
hyperconvex spaces, thereby extending a Proinov’s result.

1 Introduction

Let {X,d) be a complete metric space. A mapping 7' : X — X is & contraction
if for some o € {0,1),

d(Tz,Ty) < ad{z,y) forall z,y € X.
The mapping T is said to be contractive if
d(Tz,Ty) < dlz,y) forallz,ye X,z # y.

By the well-known Banach’'s contraction principte, every contraction has & unigque
fixed point xp and the Picard iteration {T™z} converges to g for every = € X.
Examples in {7, 10) show that a contractive mapping may fail to have a fixed
point. However, a question of the existence of a fixed point is of interest. In
fact, it has been left open the following question:

*Corresponding aushor. .
E-maii addresses : sompongd@chiangmai.ac.th (5. Dhompongsa), g4825119@cm . edu {H.
Yingtaweesittikul},
Key words and phrases: diametrically contractive mapping, fixed point, hyperconvex space.
2000 Mathematics Subject Classification. Primary 47H09, 54H25; Secondary 05C05, 51K10.
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{5] Let M be a weakly compact subset of 2 Banach space and let T': M — M
be contractive. Does T have a fixed point?

Istratescu [6] introduced a proper subclass of the class of the contractive
mappings, whose elements are called the diametrically contractive mappings.
Xu [10] proved, in the framework of Banach spaces, the following theorem.

Theorem 1.1 [10, Theorem 2.8] Let M be a weakly compact subset of a Ba-
nach space X aud let T : M — M be a diametrically contractive mapping.
Then T has a fixed point.

The following problems raised in [10] had been answered in the negative way
in [2]:

Problem 1 Can we substitute ™weakly compact” subset with "closed convez
bounded” one in Theorem 1.17

Problem 2 If T is diametricelly contractive and z* is the fized point of T,do
we have Tz - x* for oll (or at least for some) z € M ?

In this paper, we weaken the condition in the definition of diametricalty
contractive mappings and obtain 2 corresponding fixed point theorem for nonself
raultivalued mappings. Moreover, we also apply a Proinov’s fixed point theorem
to a selection of 2 multivalued mapping with externally hyperconvex vatues and
obtain its unique fixed point on a hyperconvex metric space.

2 Diametrically Contractive Mappings

In [6}, Istratescu introduced & new class of mappings strictly lying between
contractions and contractive mappiags.

Definition 2.1 A mapping T on a complete metric space (X,d)} is said to be
diametrically contractive if 6{TA) < 8(A) for all closed subsets A with 0 <
8(A) < oo.

(Here 8(A) := sup{d{z,y) : ,y € A} is the diameter of 4 C X.}

In the following, we consider a multivalued version of mappings in Theorem 1.1.
We also can weaken the condition required in Definition 2.1.

Let F{X) be the coliection of nonempty closed subsets of X and let Fix T
denote the set of fixed points of T. Recall that TA = Uge 4T 0.

Theorem 2.2 Let M be a weakly compact subset of a Banach space X and
et T: M — F(X), Tz M £ @ for all z € M and §(TAN A) < §(A) for all
closed sets A with §{A) > 0. Then T has a unique fixed point.
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Proof The uniqueness of the fixed point is obvious. To prove the existence we
consider the family I/ := {4 C M : A is & nonempty weakly compact subset of
M, TANM C A}, Clearly, I # 9. Partially order U by saying that 4; < A,
if Ay D A for Ay, Ay € U. Every chain C in U has a finite intersection prop-
erty, thus it has a nonempty intersection. That is B := NageA # B. Since
TBNMCcCTANM CAforall AeC, TBNM C B,ie, Bel, and it is an
upper bound of C. Thus I/ has a maximal element, say A. Fixx € A. As Aelf
weseethat Te MM CTANM C A. That istosay Tz N A # B for all z € A.

Put Ag = TAOA . Therefore 4y = TANA < TANM" ¢ A" = 4
and so Ag C A. Moreover, we have TAg N M C TAN M ¢ A. Therefore
TAgNM CTANACTANA = Ag. Thus Ag € U and by maximality of A,
we have A = Ay =TAN A", By lower semicontinuity of the norm of X we see
that (A} = {(TAN A} = §(TAN A). Since T is diametrically contractive we
must have (A} = 0 and A consists of exactly one point, say £. By the condition
@#£TANM C A we see that £ &€ T¢, and we have a fixed point. O

The proof given above is a modification of the proof of Theorem 1.1. The
following example shows that Theorem 2.2 is strictly strounger than Theorem
1.1

Example 2.3 M ={0,5] ,T: M — R defined by Tz =z + 1 if z £ 3 ,and
Tz=4ifz > 3. Now, il Ais a closed subset of M, then there will be a,b in M
such that 4 C [a,b] and §{A) =b-a. H(a,b] C[0,3], then TAC [a + 1,0 + 1]
and TANAC [a+1,b). Thus §(TANA)<b-a—1<d(A). Ifa <3 <b, then
TA C [e+1,4] and therefore J(TANA} €3 —a < b-a = §{A). The case when
la,b) € 3,5], T clearly satisfies 5{T AN A) = G < §{A). Thus T has a fixed point
by Theorem 2.2. Note that 4 is the unique fixed point of T. We observe that T
does not satisfy the condition in Theorem 1.1 because §(T(0, L]) = 1 = 4{[0, 1]).

Example 2.4 Let Tz = [0,z — log(z + 1)] for z € {0,100]. If A is a bounded
closed subset of [0, 100), then for some a,b > 0 we have A C [o,b), and 5(A) =
b—a. Clearly TA C Uzeal0,z —log{z 4 1)] C [0,b—log(b+1)], and so TANA C
[a,b—log(b+ 1)]. Therefore §(T'AN A) < §(A). 0 is the unique fixed point of T.

Next we will replace the diameter §(A) of a set A by «(A), where o is the
Kuratowski measure of noncompactness:

aA) = inf{e > 0: A cen be covered by finitely many sets with diameters
< e}

Definition 2.5 Let M be a nonempty subset of a metric space (X,d). A map-
ping T : M — 2% ig said to be e k-set contraction if, for each A C M with A
bounded, T4 is bounded and a{T 4} < ka(4). If a{TA) < a{A) for all such A,
then T is said to be a-condensing.
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Suppose that M is a bounded subset of a metric space (X, d). Then:
(i} co{M)y=N{B C X : B is a closed bali in X such that M C B}, and
(it} M is said to be subadmissible |1), if for each A € (M), co(A) C M, where
{M?} denotes the class of all nonempty finite subsets of M.

For a nonempty subset M of X and a topological space Y, if two set-valued
mappings T, F : M — 2V satisfy the condition T(co{A) N M) C F(4), for any
A € {M), then F is called a generalized KKM mapping with respect to T

Let T : M — 2Y be a set-valued mapping such that the family {Fz : z € M}
has the finite intersection property {where Fx denotes the closure of Fz) for
each generalized KKM mapping F : M — 2Y with respect to T , then we say
that T hag the KKM property. Denote

KKM(M,Y)={T: M - 2¥ . T has the KKM property}.

Theorem 2.6 [{, Theorem 1] Let (X, d) be a complete metric space and M be
2 nonempty bounded nearty subadmissible subset of X. If T" € KK M{M, M)
is a k-set contraction, 0 < k < 1, and closed with TM C M, then T has a. fixed
point in M.

The next result shows that we can replace k-gset contractions in Theorem 2.6
by a-condensing mappings.

Theorem 2.7 Let {X,d) be a complete metric space and M be a nonempty
bounded nearly subadmissible subset of X. If T' € KK M{M, M) is a-condensing,
and closed with TM C M, then T has a fixed point in M.

In the course of the prebf, we will apply the technique in the proof of the
following lemma.

Lemma 2.8 (9, Lemma 2.2] Let F be a seifmappping of an arbitrary set V'
and let f: ¥ — Ry be a nonnegative valued function defined on Y. Suppose
that the following coaditions hold:

(i) There exists a function ¢ € ¢; (i.e, o - Ry — R, satisfying: for any
€ > 0, there exists § > ¢ such that ¢ < ¢t < & impiles (t) £ ¢) such that
f(Fy) < p(f(y)) forally e Y ‘

(i) f(y) > 0 implies f{Fy) < f{y) and f(y) = 0 implies f{Fy) = 0.

Then lim f(F*y) =0foreachy € Y.
Proof of Theorem 2.7 We follow the proof of Thecrem 2.6. Let y € M be
any point, and let My = M. Define M] = co{T (M) U {y}) N M, and M,y =

co(T(Mn)U {y}) N M, for each n. Then
o(Mas1) € a(T(Mn)) < a(Ma) S ... < (M), @)
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for each n (see{d}).
If we can prove that
Hm e M.} =0, (2}

then the rest of the proof will follow the same lines as of Theorem 2.6. To
achieve (2), we will apply the proof of Lemma 2.8. For each t € Ry, let A, =
{M, : (M) <t} and B, = {a(Mp41) 1 M, € A, }. From (1), it is seen that
B, # 0 and bounded if 4, # 6. Define @(£} = sup B, if A; # 0. Otherwise, put
©(t) = 0. We claim that ¢ € @,. Consider the set A, for ¢ > 0. If a(M,,) < ¢
for same n, let ng be the smallest such n. If ng = 0, then by (1) it is seen that
@(t) < eforall £ > e. Otherwise, let § = a(Mp,-1}. Thus § > ¢, and ife < £ < §,
then by (1} we have () < a(Miuy41) < a{M,,) < e. Therefore ¢ € B;. We
now prove (2).

Clearly,we have

a(Mnp) < pla(My) and a{Mp1) < a(M,) by (1) for each n. (3)

It follows from (1) that {a(M,)} is strictly decreasing, hence it converges to
some € = 0. Suppose ¢ > 0. Since ¢ € $;, we have for some § > ¢, p(t) < ¢
for all ¢t € {¢,8). Choose ng so0 that ¢ < a(M,,) < & Thus p{a{M,,)) < e Bat
then (3) implies a(M,) < ¢ for all n > ng which contradicts to (1). Hence (2)
follows. . a

3 Picard Iteratives for Multivalued Mappings
on Hyperconvex Metric Spaces

A metric space {X,d) is hyperconvez if for any family of points {z,} in X and
any family of positive numbers {r,} satisfying d(zs.2g) € ro + 75, we have
OaB(Ta, o) # B where B(x,7) is the closed ball with center at x and radius
r. A subset E of X is said to be externally hyperconvez if for any of those
families {z,}, {ra} with d{za,z5) < 7o + 75 2nd dist(za, E) < ry, we have
NaB(za,74) N E # B. The class of all externally hyperconvex subsets of X will
be denoted by £{X). Let H be the Hausdorft metric.

Let ¢ be a singlevalued selfmapping on a metric space (X, d). A fixed point
of ¢ is said to be contractive (cf.[8]} if all Picard iteratives of ¢ converge to this
fixed point. A selfmapping ¢ on & metric space (X, d) is said to be asymptotically
regular (cf.[3])) if lim &(¢*(z), " *1(z)) = 0 for each z in X. Extend the concept
naturally to multivalued mappings with the Hausdorf metric taken into action.

Theorem 3.1 [9, Theorem 4.1} Let ¢t be a continuous and agymptotically reg-
ular seifmapping or a complete metric space satisfying the following conditions:

(i) There exists @ € ®, such that d(t{z},t(y)} < e(D(z,y)) for all z,y € X
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(i) d(¥(z), t(y}) < D(z,y) for all 2,y € X withz 5# 3.

Then ¢ has a contractive fixed point. Here D{z,y) = d{z,y) + r[d(=,t(z)) +
d(y, tlyhhr 2 0.

Replacing D by d, we present a multivalued version of Theorem 3.1 on a
special setting, namely, on the ¢lass of hyperconvex metric spaces.

Theorem 3.2 Let (X,d) be a bounded hyperconvex metric space, T : X —
£(X) be asymptotically regular satisfying the following conditions:

(1) There exists © € ®; such that ¢(z) < z, @z +¥) < ) + (),
w(x) = 0if and only if z = 0, and H(T'z,Ty) < o{d(z,y)) for all z,y in
X,
(i) H{Tz,Ty) < diz,y) forall z,y € X with z # y.

Then, if 8{T™2) — 0 for each T € X, T has & contractive fixed point. That is,
there exists 2 unigue point £ in X such that, for eachz € X, Tz — {£} = FizT.

Proof The uniqueness of the fixed point is evident. We are going to find a
selection ¢ : X — X so that {z) € Tz for all £ € X and ¢ satisfies the
conditions in Theorem 3.1. Thus, there is a point £ in Fix ¢ satisfying £*(z) — ¢
for all z € X. To find a selection ¢, we Zornimize the family F = {{4,t} : @
ACX,t: A — A asymptotically regular, {{a) € Ta for alt 2 € A, and £ satisfies
{i) and {ii) in Theorem 3.1}. Partially order F by (A}, #1) < (A2, ta) if A; C A4,
and tzfA. =t.
Suppose A = @ or (A,t) € F and 5 € X \ A. We shall define a countable
set {xo0,Z:,%2,...}, possibly finite; and an extension function ¢* of ¢ over A U
{xg,ml,zg,. . } s0 that (AU{zg,z,,xg, . .},t'} e F. Let z2o,2Z1,. .. yIn € X\A
have been defined for some n > 0 so that, for 1 € & < n, xx € T'zx_1, ond when
7 2 2, d(Ziv1, %541) < @(d(zi,2;5)) and &xir1,2541) < dzi,z5) for i < § in
{1,...,n—1}. Moreover, d(t(x), Ti41) < ¢{d(z,z;)) and d(t(z), zis1)} < d(z,2:)
forie{l,...,n—~1} and all x € A.

Put i = @{d(®k-1,20)), and rey = @(d(z,%4)) for each 1 € k < n, and
forallz € A. Thus, for 1<k <n,z€ A, andfori < jin {1,...,n— 1},

dist(zx, Txn) < H(Tz—1,Tza) < p(d{xg-1,Zn)) = rx,

dist(t(x), Tzn) < H(T2,TZn) < Tyia),

d(t(z), zx) < @(d(z, 2x-1)) < p(d{(2,2a)) + @(d(zk—1,%0)) = ry(z) + 1%, and
d(zi,7;) < @(d(zim1,25-1)) < @(dzi-1,2a)) + 0(d(z5-1,%0)) = 10 + 1}
Finally, for 2,y € A, d(t(z),t(y)) < o(d(z,¥)) € (d(z,za)) + p(d(y, 2,)) =

Tyz)+Te(y). Therefore there exists a point Toq1 € Nge s B{t(2), Tz Ny Bzk, 1IN

T'zn. The point T,4; has the following property: For k < n, d(zg, Tt} <1e =
@{d(zi-1,%n)}, and for each = € A,d(t(z), Tns1) € Tiz) = @(d(z, za)). Clearly,
d(zp, Tny1) < d(Tp-1,2,) and a(t(z), Zni) < d(z, 20)-

Ifz,, € A, the process terminates. Otherwise, we obtain a subset {zo,21,.. -,
Zn, ...} of X\ A satisfying the conditions (i) and (ii) in Theorem 3.1 where we ex-
tead ¢ to t* by defining t*(z) = znyy for n > 0. Thus (AU{xg, z1,...},4*) € F.
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In summary the above argument shows that, if 4 = §, then ({zq,,...},¢*) €
F,ie, F 5 0. On the other hand if (4, ¢} is 2 maximal element in F (by Zorn’s
Lemuma}, we must have 4 = X. That is {X,t) belongs to F for some ¢£. Ap-
ply Theorem 3.1, to conclude that there exists a fixed point £ of ¢ such that
t"(z) — £ for each ¢ € X. Consequently, T"z — {£} for each = € X and
FizT = {¢}. 0
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Ahstract

First, we consider a strongly continuous semigroup of nonexpansive
mappings defined on a closed convex subset of a complete CAT(0) space
and prove a strong convergence of a Mann iteration to a commeon fixed
point of the mappings. This result is motivated by a result of Kirk (2002}
and of Suzuki (2002). Second, we obtain a result on Limits of subsequences
of Mann iteratives of multivalued nonexpansive mappings on metric spaces
of hyperbotic type, which leads to a strong coavergence theorem for non-
expansive mappings on these spaces.
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1 Introduction

In (7] , Kirk and Panyanak introduce a concept of weak convergence in CAT(0)
spaces by saying that & net (z,) converges weakly to x if z is the unique asymp-
totic center of every subnet of {z4}. One of their main results is that: "Every
bounded closed convex set in a complete CAT{0) space is weakly compact in
the sense that every net in the set has a weakly coanvergent subset.” In Banach
spaces, this holds when the spaces are reflexive. It is observed that every CAT(0)
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space is reflexive. Indeed, if (B,) is a sequence of bounded closed and convex
subsets of a CAT(0) space, then choose a sequence {x,} with £, € By, for each
n. With respect to an ultrapower (X,d) of (X,d), there exists a unique element
z € By such that d(%,4) = dist(Z, By) where & = [(z,)]. If z ¢ By, let v € B,
nearest to . Now d(z,z.) 2 d{v, x,) for all n > 2 imply that d(Z, ¥} < d(E, ),
a contradiction. Thus this shows that z € N, By.

In the first part of this paper, we extend this idea and consider a general
metric space (X, d) and a topology  on X which is weaker than the topology
T4 induced by the metric 4. We obtain a metric version of Kirk’s celebrated
theorem for Banach spaces. By applying the result in [7] mentioned above we
are able to extend a result of [9] on common fixed points of a nonexpansive
semigroup on a Hilbert space to a complete CAT{0)} space.

In 1983, K. Goebel and W.A. Kirk proved in [2] that: If (z,),(ya) are
sequences in a space of hyperbolic type, where {x,) is defined by o1 € M, z,11
is the point in the segment joining Zn,¥n with d{zs,ZTn+1) = 0.4(Zn, ¥a), and
if d(Yn,¥ns1) € d(Th, Zns1) for eack n € N, {a,) is divergent in sum, the set
{d(zn, Ynti)in, i € N} is bounded, and there is b € {(0,1) such that a, < b for
each nn € N, then d{z,.,¥.) — 0. For a multivalued mapping, we consider in the
second patt of the paper Mann iterations on metric spaces of hyperbolic type
and proof that all limits of convergent subsequences are fixed points by using
this result of Goebel and Kirk. As a consequence, a strong convergence theorem
on spaces of hyperbolic type is established. ’

2 Preliminaries

A notion of weak convergence in CAT(0} spaces based on the fact that in Hilbert
spaces s bounded weakly convergent sequence always converges to its unique
asymptotic center has been studied in [7]. Let (X, d} be a metric space, (x,) be
a bounded sequence iv X and E a bounded subset of X. We associate with the
number
r{E, (zs)) = inf{limsup d(z, z,,) : € £}
=00

and the set
A(E,(za)) = {z € E: r(z, (za)) = r(E, (za}) }s

where r(z, (z,)) = r({z}, (xa)). r(E,(zs)} and A(E,(z,)) are called asymp-
totic radius and asymptotic center of (z,) relative to K, respectively.

In a CAT(0) space, the asymptotic center A(E, (z4)) of (zn) consists of
exactly one point whenever E is closed and convex. A sequence (z,) in a
CAT(0) space X issaid to converge weakly to ¢ € X if z is the unique asymptotic
center of every subsequence of (z,). Notice that given {z,) C X such that {z,)
converges weakly to © and given y € X with y # z,

lim sup d{z, z,) < limsupd(y, z,).

"H— 00 it x>
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Thus every CAT(0) space X has the Opial property.

Following Kirk and Panyanak [7], we define the asymptotic radius and
asymptotic center for bounded nets analogous to the way they are defined for
sequences. A bounded net {z,) in a CAT(0) space X is said to converge weakly
to £ € X if x is the asymptotic center of every subnet of (z,).

Every bounded closed convex set in a complete CAT(0)} space is weakly com-
pact. That is, if £ is a bounded closed convex subset of & compiete CAT(0)
space and (za} is 2 net in E, then some subnet of (z,) converges weakly to a
point in E. Define a weak topology 7, by calling a subset E weakly closed if it
containg all their weak limit points. It gives a topology on a CAT{0) space that
has many properties of the weak topology on reflexive Banach spaces.

Recall that a bounded sequence (z,,) in X is said to be reguler refative to
a bounded subset E of X if r{E, (2,)) = r(E,{u,}) for every subsequence (u,)
of (z,). Furthermore, a sequence (z,) in X which is regular relative to £ C X
is said to be asymptotically uniform relative to E if A(E, (z,)) = A(E, (tn))
for every subsequence {u,) of (z.). [n Banach spaces, every bounded sequence
(zn) has a regular subsequence, and if F is a separable subset of X, then {z,)
contains an asymptotically uniform subsequence relative to E (see, e.g., (3] p.
166). The proof can be carried over to the present setting without change.

3 Asymptotically weak normal structure

For a Banach space X, it is well-known that, if X does not have weak normal
structure, then there must be a weakly null sequence (z,) in B{X) such that
for C:= éo{zn :n 2 1},

lim ||z, — || =diamC =1forallz € C
N=e O

{cf. [8]). The converse is obviously true. In terms of asymptotic centers, we can
say that X does not have weak normal structure if and only if for some weakly
closed convex set K and some sequence {z,) in K, A(K,(z.}) = K. Thus we
extend the concept to metric spaces as follows.

Let (X, d} be a metric space, T ancther topology on X which is weaker than
74. We say that X has asymplotically weak normal structure (with respect to )
if every T-closed set K with diam(K'} > 0 and every sequence {z,) in X which is
regutar relative to K, we have A(K, (zn)) is 7-closed and @ # A(K,{z.)) # K.
In practice, we may restrict ourseives to special kinds of sets K. For example,
K can be r—closed and convex when a concept of convexity is available, Thus,
in this case, CAT{0) spaces have asymptotically weak normal structure with
respect $0 7.
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Theorem 3.1 Let E be a bounded 7-compact subsel of X, T : E — E a nonez-
pansive mapping with inf ¢ g d(z,Tz) = 0. If X has asymptotically weak normal
structure, then T has a fived point.

Proof. Let 7 denocte the family of all nonempty 7-closed subsets of E, each of
which is mapped into itself by 7. By Zorn’s lemma F has a minimal element with
respect to inclusion which we denote by K. We complete the proof by showing
that K consists of a single point. Suppose on the contrary that diam{K) > 0.
We let (z.) be a sequence in E such that d(zx,,Tz,) — 0. By passing through
& subsequence we may assume that (z,) is regular relative to K. Thus, @ #
A(K,(zn)) # K. Tfz € A(K, (2,)), then

d(Tz,z,) < d(Tz,Tzy) + d(TZpn,z,).

Taking tmit supremum on both sides we get limsup, d{Tz,z,) < r(K, {z,)) +
0 which implies that Tz ¢ A(K, (z.}). Thus A(K,(zs)} € F. Since X has
asymptotically weak normal structure, A(K, {(z,.)) is properly contained in K
which contradicts to the minimality of X.

|

4 Common fixed points of nonexpansive semi-
groups ‘

Let E be a closed convex subset of a Hilbert space H and T a nonexpansive

raapping on E. We denote by F(T} the set of fixed points of T. Fixed z4 € E.

Then for each a € {0,1) there exists a unique point z, of E satisfying z, =

(1 — &)Tx + az because the map z, — {1 — )Tz + &z is a contraction. In
1967, Browder [1] and Halpern {4) proved independently the following theorem:

Theorem 4.1 {Browder [1], Halpera [4]) Let E be a closed convex subset of ¢
Hilbert space H and let T be a nonezpansive mapping on E with a fized poing
set F{T}). Let (an) be & sequence in (0,1) converging to 0. Fix z¢ and define a
sequence (Tq) by

Tp = (1 ~ an)TTn + anTp

for alln. Then (z,) converges strongly to the element of F{T) nearest to zp.

Let §={T,:t € R;} be a strongly continnrous semigroup of nonexpansive
mappings on a closed convex subset F of a Hilbert space H, i.e.,

(1) for each t € R, T} is a nonexpansive mapping from E into itself;
(2) Tz =zhrallze E,
(3) Tppe = TsT: for all 5,8 € Ry

(4) for each z € E, the mapping T(-,z) from R, into F is continuous.
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We put F(5) = ﬂ F{t). In 2002, Suzuki {9)] proved a common fixed point
tER,
theorem for a strongly continuous semigroup of nonexpansive mappings.

Theorem 4.2 {T. Suzuki [9]) Let E be a closed convex subset of a Hilbert spoce
H. Let § = {Ty :t € Ry} be a strongly continuous semigroup of nonerpansive
mappings on E such that F(5) # 0. Let (e} and {£,} be sequences of real
numbers salisfying 0 < o, < 1,1, > 0 and lim, £, = lim, %'_1 =0 Fizzp € E
and define a sequence {z,} in E by

Zn = {1 — a)Ty, Zn + CnZo
forn € B. Then {x,} converges strongly to the element of F(5)} nearest to xo.

In 2003, Kirk [6] studied a convergence theorem on CAT(0) spaces. He
proved the following theorem.

Theorem 4.3 (Kirk {6]) Lel E be a bounded closed convez subsel of o complele
CAT(0) space X, let T be o nonezpansive mapping on E, let zp € E and for
each t € (0,1), let z, be the fized point of the mapping x — tTz @ (1 — t)zp.
Then al—i-IP— z, conwverges to the unique fived point of T which is nearest to zq.

Motivated by the above results, we prove the following theorem.

Theorem 4.4 Let E be ¢ bounded closed convex subset of a complete CAT(0)

space X, let 8 = {T, : t € Ry} be-a strongly continuous semigroup of nonezpan-

sive mappings on E. Let (o) and (t,) be sequences of real numbers satisfying

0<ap <1t >0 and limt, =Iim;—'1 = 0. Let £g € E and for each n let =,
n n

be a fized point of the mapping T — (l“— )T, 2® (1 — on)zo. Then F(S)# 0
and {z,} converges strongly to the element of F(§) nearest Lo Tq.

Proof. The proof will proceed as follow : (i) We will prove first that some sub-
sequence {u,) of (z,) converges weakly to a point z in F(§). Thus F(S5) # 0.
The main computation in the proof follows the idea in (9]. {ii) We then show
that a subsequence of {u,} converges strongly to z. Finally, we prove that (iii)
z is the point in F(5) nearest 1o xo.

{1): Let {w,) be an arbitrary subsequence of {z,). Then there exists a subse-
quence {1, } of {wy,) converging weakly to an element z of E. We agssume without
loss of generality that (u,) is regutar. Define the correspondiag sequences (s,)
and {@,) so that

tin = (1 — Ba)Ts, tun + Bnwg for each n.
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Let £ > 0. Thus
d(th,un) < d(TgumT,nu,.) -+ d(T,nun,Tg%u“) + ..+ d(T(l;Ll—l)sn“’"T[f—lu") +
AT ko 80 Tk s, 2) + ATt g, Te)

t
< is_]d{T’nuﬂ)u“) +d{u“,z)+d(T_|;r_]8“I,$)
. -
t
< ﬁn[s—]d(T,num Zo) + d(tn, ) + d(T‘_[:i:i,“z, z)
t3a
< —d{T;, un,z0) + d(un,z) + max d(T,z,z)
Sn €555,

for all » > 1. This implies limsup, &(Tix, u,) < limsup, d{z, u,), and then

Tyz = z. That is = is a common fixed point.

(ii): Let A(Ts,.1m, Ts,n, 0) be & comparison triangle of ATy, tm, Ts, n, Zo)-
If 2 subsequence of (T}, u,} converges to 0, then the corresponding subsequence
of (ug) converges. Now suppose, without loss of generality, that the sequence
(1|75, ui]f) converges to a positive real number. To show that {u,) converges, we
suppose on the contrary that r := r{zy, (u,)} > 0. Since d(T}, tin, z) < d{u,, 1),
wo see that z # zo. Choose a subsequence (uy,, } of (1,,) so that limy d(ug, ,z) =
r and limg d{un,,2p) = a > 0. Let A(T,, u,,%,0) be a comparison triangle
of A(Ty, un,z,zq} and let #,, be the corresponding point, in the comparison
triangle, of u,,. We may assume that the limit limy }&,, — Z|| exists which
is clearly equal to r since &, — Ty, un — 0. AS Jjin, ~ Z|| = [T, un — Z|, the
angle 204, # is at least 7 radians. Censider a right triangle ABC which has
JAB| = |||, |IBC| = r, |AC| = @, ard has a right angle at C. If CD 1. AB where
D lies on the segment AB, there exists § = §(r} > 0 such that |CD| < r—4. Let
z be the point on the segment [zq, 2] joining xzp and x so that d{xp,2) = |AD|.
Let % be the corresponding point of z on the segreent [0, Z). Finally, we estimate:

d(uﬂkiz) ”ﬁnz - 5“

”ﬁﬂl— - j” — Oy

Bl Ton It + 11T, iny = 2l — 6
Bned(20, Tsp u, } + A(Ts, Ung, ) — Sk

Bnd(20, Top un, ) + dtn, 2) — &

We can choose the sequence (8;) so that limyg 6 = 8. Then

IA A

1A

A

limsupd{un,,z) <O0+r—48 <,

k—co

a contradiction.

(iti) : We show that z is the point in (5} nearest to zp. Let p € F{3). Consider
a comparison triangle A(T,, un,,5,0) of A(Ty, ua,,p, 2o} The inequalities

T, tni — Bl = d(Tas iy T, P) < dl2tny,P) < llen, ~ Bl
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imply that the angle £0%, 5 > Z- Therefore,

d*(zo,2) = [IBI]? 2 I8 — &nuI* + lfitn, 1* 2 (@, n,) + d*(un, 70).
Thus, d*(zq,p) = ||5|]? 2 d&¥(p, z) + d*{z, z0) > d®(zq,z). This shows that z is
the point nearest to zg. ®
Remark. If we assume that F(8) # @, thes we can drop the boundedness of
E. Indeed, if u is the nearest point of F{5) from z¢, then

d(z,,, ) d((1 — ap)Ti, Tn & anTo, u)
(1 - aﬂ)d(Tt.. xﬂlu) + and(xﬂ:u)
{1 — an)d(zo,u) + and(za, u).

Thus d(z,,u) < d{zo,u} for all n and therefore (z,) is bounded.

It

1A

5 A Strong convergence theorem of Mann iter-
ations

Following Kirk {5], we suppose (X,d) is a metric space containing a family £
of metric segments such that (a) each two points x,y in X are endpoints of
exactly one member [z,y] of £ and {(b) if p,z,y € X and if m € [z, y] satisfies
d(z, m} = ad{z,y) for « € {0, 1}, then

d(p.m) < (1 - a)d(p,z) + ad(p,y} {8.1)

Spaces of this type are said to be of hyperbolic type (Takahashi [10] called
these spaces convex metric spaces). CAT(0} spaces as well as normed linear
spaces and hyperconvex metric spaces are of hyperbolic type. A subset of X is
said to be conver if every segment joining two points in the set entirely lies in
the set.

The foliowing proposition was proved in [2].

Proposition 5.1 ([2]} Let (z,), (¥} be sequences in & space of hyperbolic type
(X.d), let {an) C [0,1}. If (x4), (yn), end (an) salisfy the conditions :

(t) Tnit € {xﬂi yﬂ] wit‘h d(xn:'zﬂ'l-l) = aﬂd(zn:yﬂ)J

(i) d(yn+1:¥n) € dTnsr, 20),

(5“} supi,n d(yi-]-n)zi) < 00,

{iv}a, < b< 1, foreachn € N, and

(v} Zan = co,

then dlyn, zn) — Q.

Let X be a metric space. A subset P of X is calied proziminal if for each
z € X, there exists an element p € P such that

d{z,p) = dist(z, P) = inf {d(z,y) : ¥ € P}.
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Let F be a subset of X. We denote by p(E) the family of nonerpty proximinal
subsets of £. Let H(-,-) be the Hausdorff distance on p{X), i.e.,

H(A, B) = maz {sup.eadist{e, B), supsc pdist{b, 4)},
where dist(a, B) = inf {d(a,b)|b € B}.
A muitivalued mapping T : E — p(F) is said to be nonexpansive if
H(T'z, Ty} < d(z,y),
for each 2,y in E.
The sequence of Mann iteration (z,) is defined for z;, € X by:

(M) Let yy be any point in T'zy, z2 be the point in the segment joining =,
with d(zy, 22} = ayd{zy, 31 ). In general, x4, is the point in the segment joining
Zn,Un With d(z,,Tny1} = 0nd{zs, ¥n), o0 € [0,1),n > 1, where y, € Ty, is
such that d(yn-1,¥n) = dist(yn—-l 1 T'2).

Proposition 5.2 Let E be o convex subsel of a space of hyperbolic type X,
T : E — E be a noncapansive mapping. Let (z,) be the sequence of Mann
iteration defined by (M). Assume that

(1) 2o on = 00,

(i) a, € 10,8), for some be (0,1),

(iit) sup; ,, d(Yian, o) < 00."

If (zs) hos a convergence subsequence with bimil in E, then its limit is a fized
poind.

Proof. Since

d(yn)yn+l) = diSt(yns TI,-H-}),
< H(Txn|T$n+l):

< d(zm Ivt+1)'

Therefore, Propositior 5.1 implies d(z,,yn) — 0. Let {z,,) be a subsequence
of (z,;) such that d{z,,,z) — 0 for some z € E. We show that z is a fixed point
of 7. Consider the following inequalities:

dist(z, Tz) = 1€an d(z,a),
a€Tx
S inf [d(ziyﬂk) + d(yl‘iu ' E)I:
a€Tx
= d(z,yn,) + inf d{ys,,a),
aE€Tx

= d(z,yn, ) + dist{yn,, TT),
< Az, Yy ) + H(TTn,, Tz}
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Siace d{xn,,z) — 0 and d(zn,¥n) — 0, we have d(y,,,z) — 0. Moreover, the
nonexpansiveness of 7' implies that H{Tz,,,Tz) — 0. Thus dist(z, Tz} = 0
and z is a fixed point of T. m

When T is a single-valued nonexpansive mapping we see from (5.1) that
d(zpn41,5) € d(zn,p) for all fixed points p of T. Thus in this case we have a
strong convergence theorem for spaces of hyperbelic type.

Corollary 5.3 Let E be ¢ compact conver subset of a space of hyperbolic type,
T : E — E be a nonezponsive mapping and (z,) be the sequence of Mann
iteration defined for z, € E by d(z4,Zn41) = @nd(za, Tzy) forn > 1. Assume
thaot

(1) 2 an = oo,

{it) o, € [0, 4], for some b € (0,1),

(#5) sup; , d(yiyn, i) < 0.

Thus ¢, — p, for some p € FizT.
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