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ABSTRACT

We investigate Fixed Point Theory in Banach spaces under various conditions of their
geometry. Most of the mappings of interest are multivalued. To achieve this goal, scveral inequalities
concerning important geometric properties are derived. Some new geometric properties under this
rescarch project are introduced. H is proved that many new results can be developed in the direction
of these new properties. One of the main ingredients in the study is a technique from nonstandard
analysis, namely the ultrapower technique.

The theory is then extended to the class of hyperconvex spaces. The most accomplishment is
on the class of CAT{0) spaces, its impor-{am subclass. Parts of the research are devoted to the study

of the topelogy of the convergence sets of mappings.

Keywords: geometric property, Banach space, ultrapower technique, hyperconvex space,

convergence set
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3. Research Field
FUNGCTIONAL ANALYSIS AND TOPOLOGY

4. Problem statement and importance



The fixed point property (FPP) has been studied since J.Brouwer and S.Banach feading to
several celebrated theorems such as Brouwer's Fixed Point Theorem and the principle of Banach's
Contraction Mapping. The theory of fixed point property is one of the most important subject in pure
and applicd Mathematics. It contributes to a variety of applications in many fields of mathematics
such as the theory of operators, control theory, approximation theory, and theory of equations. Using
geometric property to study FPP has been developed since W.K.Kirk who proved in 1965 thata
Banach space with a normal structure has weak fixed point property .

The fixed point property is still proven to be the most important research problem in
Mathematics and is continuing to be of interest to mathematicians worldwide. The study of
nonexpansive mappings has been substantially motivated by the study of monotone and accretive
operators, two classes of operators which arise naturally in the theory of differential equations. As an
example, Kato {1967) has obtained the following basic result : For a Banach space X, a subset D of
X, and 2 map T:D -—>X, T is accretive if and only if for eachx,y €Dand A = 0,
[x~y|[£]lx~y+A(Tx—Ty)|]. Thus a mapping T:D ~-— > X is accretive if and only if the
mapping J, = (/= AT)™" (called the resolvent of T) is nonexpansive on its domain.

Other examples showing that the notion of nonexpansive mappings and their sets of fixed
points play a crucial role in optimization theory (see [3, 39, 41, 42, 48, 50, 56, 57, 58]). In these
studies, some forms of convergence theorems for nonexpansive mappings are considered.

The study of nonexpansive mappings and their fixed points could be extended to metric
spaces. It is well-known that every nonexpansive mapping on a bounded hyperconvex metric space
has a fixed point ( Baillon 1988 [3]). The notion of hyperconvex spaces was introduced by Aronszajn
and Panitchpakdi [2) 1956. Espinola and Kirk [15) obtained fixed point theorems in R -trees, whose
ciass forms a subclass of hyperconvex spaces, and applied them to the Graph Theory.

Besides the existence of a fixed point, the first co-investigator is also interested in some
topological properties of the fixed point set of a continucus mapping. He recently establishes the
notion of the convergence set of a continuous mapping and shows that there is a nice relationship
between the convergence set and the fixed point set certain kinds of mappings (including
nonexpansive mappings). This relationship opens a new door to study topological properties of the

fixed point set using those of the convergence set.



In view of the importance of this subject, the Principal Investigator (PT) and his group intend
to continue their work on the mathematics itself, rather than on its applications. One part of the
project then aims at establishing new concepts and results for fixed point theory both in Banach
spacesand in hyperconvex metric spaces. Two of the main tools, among others, that the PI plans to
employ and develop further are “ the generalized Jordan- von Neumann constants™ proposed by
Dhompongsa and others [14], and “the generalized James constants” proposed by Dhompongsa and
others [13]. For the second part, the project will concentrate on the topological property of the fixed
point set of a given continuous mapping by means of its convergence set, the new notion cstablished
eartier by the first co-investigator.

This project will be undertaken for three years in collaboration with the PI’s colleague and
their students at Chulalongkorn University and Chiang Mai University, The PI has created a group of
students working on Geometric Property, in particular, on the Fixed Point Property in Banach spaces.
The impact of this project will not only contribute to advance the knowledge of the mathematical
society itself, but will also strengthen the research groups, especially students as its members, in

Thailand.

5. Objective of Research

5.1 To investigaie the significance of the constants C,,(a, X') and J{a, X) . For
examples, the preservation of the property C,,, {(a, X) <2 and
Cy;(a,Y) <2 by their direct sum X @ Y under various norms. (See [12, 13,
14)).

5.2 To investigate the convexity property of direct sums X @Y (See [12, 45]) .

5.3 To apply nonstandard analysis to the fixed point theory (See [4, 43, 51, 52, 53,
54, 55]).

5.4 To establish fixed point theorems in the hyperconvexity setting (See [6, 7, 8, 15,
16, 33, 34, 35, 36, 37, 38]).

5.5 To investigate some topological properties of the convergence set.

5.6 To investigate the relationship between the convergence set and the fixed point
set and use this relationship to study some topological properties of the fixed

point set.



6. Methodology of Research

6.1 Solve problems and conjectures raised in [14] and [13].

6.2 Invent sufficient conditions for the fixed point property of direct sums X @Y

6.3 Apply a new tool, namely, the nonstandard analysis technique to the fixed point
property in Banach spaces.

6.4 Modify standard proofs formulated in a Banach space setting to a metric space
one.

6.5 Invent new topological properties of the convergence set.

6.6 Establish new topological properties of the fixed point set using (6.5).

7. Plan of Research
7.1 Collecting know results concerning the FPP and related congepts in Banach
spaces and hyperconvex spaces.
7.2 Preparing specific topics for each member in the research group to concentrate
on his/her own research work.
7.3 Sharing results obtained in {7.2), discussing, and preparing manuscripts.
Plan for each 6 month period :

January 1, 2004 - June 30, 2004 : Writing a paper on “Convexity property of direct sums
Xer "

July 1, 2004 - December 31, 2004 : Writing a paper on “Constants €, (a, X}, J(a, X) and
other related ones” and "Topology of convergence
sels”.

January 1, 2005 - June 30, 2005 : Writing a paper on “Nonstandard analysis for fixed point
property in Banach spaces” and “Topology of
convergence sets”.

July 1, 2005 - December 31, 2005 : Writing a paper on “Nonstandard analysis for fixed
point property in Banach spaces” and “Topology of

convergence sets”.



January 1, 2006 - June 30, 2006 : Writing a paper on “Fixed point property in hyperconvex
spaces”.
July 1, 2006 - December 31, 2006 : Writing a paper on “Transition of geometric property in

Banach spaces to hyperconvex spaces ”.

8. Expected output
We expect to publish at least 2 papers a year.

Tentative titles and journals :

(1) Title : Geometry of Banach spaces in hyperconvex space |, |l; Topology of
convergence sets.
Journal : Proceedings Amer. Math. Soc (impact factor = 0.369) or London J.
Math. Soc. {impact factor = 0.441) or Pacific J. Math. (impact factor =
0.395) or Studia Math. (impact factor = 0.399).
(2) Titte  : Fixed point theorems: A nonstandard anatysis approach |, Ii; Topology
of convergence sets.
Journal : J. Functional An'él. {impact factor = 0.879} or Bull. Austral.. Math. Soc
(impact factor = 0.236) or J. Austral. Math. Sec. (impact factor = 0.282)
or J. Math. Anal. Appl. (impact factor = 0.444).
(3) Title  ; Convexity of v -direct sums.

Journal : Nonlinear Anal. {impact factor = 0.408)
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We divide the output info 2 categories.
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- Uniform smoothness and U-convexity of ¥/ - direct sums, J. Nonlinear and

Convex Analysis, 6 (2} (2005), 327-338. Appendix 1

- Fixed point property of direct sums, Nonlinear Anal. 63 (2005}, e2177-82188.

Appendix 2

- A note on properties that implies the weak fixed point property, Abst. Appl.
Anal. V. 2008, Article ID 349859, Pages 1-12. Appendix 3

- Lim's theorems for multivalued mappings in CAT(0) spaces, J. Math. Anal.
Appl. 312 (2005), 478-487. Appendix 4
- The Dominguez-Lorenzo C(Sndition and multivalued nonexpansive mappings,

Nonlinear Anal. 64 (2008), 958-970. Appendix S

- Jordan-von Neumann constant and fixed points for muitivalued nonexpansive

Mappings, J. Math. Anal. Appl. 320 (2006), 916-927. Appendix 6

- Fixed point theorems for multivalued mappings in modular function spaces,

Scien. Math. Japon. 63 (2) (2006), 161-169. Appendix 7

- Fixed points of uniformly Lipschitzian mappings, Noniinear Anal. 65 {2006),
762-772. Appendix 8

- A note on fixed point sets in CAT{0) spaces, J. Math. Anal. Appl. 320 (20086),
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983-987. Appendix 9
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326 (2007), 390-397. Appendix 10

- The James constant of normalized norms on R*2, J. Inequalities Appl. V.
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UNIFORM SMOOTHNESS AND U-CONVEXITY OF -DIRECT
SUMS

SOMPONG DHOMPONGSA, ATTAPOL KAEWKHAQ, AND SATIT SAEJUNG

ABsTRACT., We study the y-direct sum, introduced by K.-§. Saito and M. Kato,
of U-spaces, introduced by K. S. Lau. For Banach spaces X and Y and a contin-
ucus convex function ¢ on the unit interval [0, 1] satisfying certain conditions, let
X @®yY be the ¢-direct sum of X and Y equipped with the norm associated with
1. We first show that the dual space (X ®4 Y)" of X @y V is isometric to the
space X* ®, YY" for some continuous convex function ¢ satisfying the same con-
ditions as of . We introduce the so-called u-spaces and show that: (1} X®.Y is
a smooth space if and only if X, Y are smooth spaces and ¢ is a smooth Function.
We also show that (2) X @y Y is & u-space if and only if X, Y are u-spaces and ¢
is & u-function. As consequences, using the notion of ultrapower, we obtain : (3)
X @y Y is uniformly smooth if and only if X, ¥ are uniformly smooth and 1 is
a smooth function, and (4) X @, Y is a I/-space if and only if X,Y are U-spaces
and 1 is a u-function.

1. INTRODUCTION

For every continuous convex function v on [0, 1] satisfying ¢¥(0) = (1} = 1
and max{1 — ¢,¢} < ¥(t) £ 1 (0 < ¢ < 1), there corresponds a unique absolute
normalized norm || - || on C2? (see Bonsall and Duncan [3], also {19]). Recently, in
[16] the authors introduced the t-direct sums X @y Y of Banach spaces X and Y
equipped with the norm associated with %, and proved that X @y Y is uniformly
convex if and only if X, Y are uniformly convex and 1 is strictly convex. We write
X ~Y to indicate that X and Y are isometric (or Banach isomorphism, see [12]).

The purposes of this paper are to characterize uniform smoothness and U-con-
vexity of X @, Y. In Section 2 we shall recall some fundamental facts on the v-direct
sums of Banach spaces and introduce the dual function ¢ of 4 so that the dual space
(X®ypY) of Xy Y is X* @, Y. In Section 3 we shall show that the ultrapower
of X @y Y is the y-direct sum of the ultrapowers of X and of Y. In Section 4 we
shall prove that X @4 Y is a smooth space if and only if X,Y are smooth spaces
and ¥ is a smooth function, and by using the ultrapower technique we obtain that
X @y Y is uniformly smooth if and only if X,Y are uniformly smooth and ¢ is a
smooth function. In Section 5 we introduce new spaces, namely u-spaces, and prove
that X @y Y is a u-space if and only if X,Y are u-spaces and ¢ is a u-function, and
again by using the ultrapowers we have X @, Y is a U-space if and only if X,V are
U-spaces and ¢ is a u-function.

2000 Mathemalics Subject Classification. primary 46B20; secondary 46B08.
Key words and phrases. y-direct sums; Smooth spaces; u-spaces; Uniformly smooth spaces;
U-spaces.
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2. THE 1-DIRECT SUMS

Let X be a Banach space. Throughout this paper, let X* be the dual space
of X, Sx ={ge X :|lzf =1}, Bx = {z € X : |lzf| £ 1}, and for z # 0,
V.= {f € Sx-: f(z) = ||zl|}. In this section we shall recall the definition of the
y-direct sum X @, Y of Banach spaces X and Y. A norm on C? is called absolute
if [|(z, w)l) = [[(l2], lw])|| for all (2,w) € C* and normalized if ||(1,0) = [0, 1){l = 1.
The set of all absolute normalized norms on C? is denoted by N,. The lp-norms
(I llp (1 £p < co) on C2 are examples of such norms, and for any norm || - || € N,,

I lloo < I -1F< - -
Let ¥ be the set of all continuous convex functions ¥ on [0, 1] satisfying %(0) =
P(1) = I and max{l — t,{} < ¥(t) <1 (0 <t <1). N; and ¥ are in one-to-one
correspondence under the following equations. For each || - || € Ng, the function
defined by () = ||(1 — ¢, )|} (0 < ¢ < 1) belongs to ¥. Conversely, for each 1 € ¥,

let [[(0,0){ly = 0, and ||(z,w)lfy = (|2] + [w])¥(Hegs) for (z,w) # (0,0) and this
norm belongs to N, (see [3] and [19]). For Banach spaces X and Y, we denote by
X @y Y the direct sum X @Y equipped with the norm

Iz I = izl yills for (z4) e X @Y.

Thus, under this norm, X @, ¥, which will be called the y-direct sum of X and Y,
is a Banach space and for all {z,y) € X @ Y we also have (see [16])

1= 9l < Iz 9w < NIz, 9)la-

Saito et al. [16] extended the concept to absolute normalized norm on R™.
The corresponding set of all continuous convex functions on the {n — 1)—simplex
{{31,..,8n-1} € R:’;‘l 181+ -+ 8p—1 £ 1} will be denoted by ¥,,.

Now we show that the dual space of this ¢-direct sum is a direct sum X @, Y of
the same kind for some ¢ € ¥. We first define

N . st+ (1 —s)(1—1)
wy(s) = p(s) := :2}3{;] 20

for 5 € [0, 1|. We show that ¢ € ¥ and call it the dual function of 9.

Proposition 1. The above function ¢ is continuous, conver on (0,1] and satisfies
(s) > max{s, 1 — s} for all s € [0,1].

Proof. It is easy to see that () is continuous. To show that ¢ is convex, we let
51,82 € [0, 1] and consider

(‘51 +32) = sup sife2p 4 (1 - 2ks2y(1 —¢)
2 te{0,1] P(t)
= sup Isit+sat+ (1 —5)(1=8) 4+ (1~ s9)(1 - ¢)
teo,1] 2 D(t)

< 5 (0(51) + p(s2),
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which verifies the convexity of ¢(-). Next we prove the last assertion. Since (t) < 1
for all t € [0, 1],

w(s) > sup {st+ (1 —s5)(1 —¢)} > max{s,1— s}
t€[,1]

for all s € {0, 1}, and the proof is complete. O

Theorem 2. The dual space (X @y Y)* is isometric to X* &, Y™, where ¢ is the
dual function of ¥. Moreover, each bounded linear functional F in (X &y YV)* can
be (uniquely) represented by (f,g) where f € X* and g € Y™ and

F(z,y) = f(z) + g(y)
for all (z,y) € X ®y Y. In this case, |[F|] < ||(F, o)z %)l
Proof. DefineT: X*®,Y* — (X @y Y)* by

T{f, 9)(z,y) = f{x) + g(y)

where f € X*, g e Y*, z € X, and y € Y. It is easy to see that T is linear.
Moreover, by the definition of ¢, we have, recalling that the norm of each nonzero
element (f,g) of the y-direct sum X* @, Y™ is defined by

167,930 = A1+ ot (i,

1T(f,9)(z, )| < I FKlill + lighllyl

A o ol s o)A+ il
= (e Toblet+ W= Tom et + 1o

gl liwil
< A+ oo (g 5 ) et + 09 (s )

for all nonzero (f,g). Thus, T(f, g) is actually an element of (X @y Y)*. For each
Fe(XayY), F(-,0) and F(0,-) are bounded linear functionals on X aad Y,
respectively. Put f(z) = F(x,0) and g{y) = F(0,y), then T(f,g) = F and the
surjectivity of T is proved.

Finally we prove that T is an isometry, ie., ||[T(f,g)l = lI(f,9ll,- From the
above calculation, we always have [|[T(f,9)|l < [[(f,g)ll,- Now we prove the reverse
inequality. We choose sequences {¢,} C [0,1], {zn} C Sx, and {yn} C Sy so that

c L (A=) talloll y llgil
w(tn)( Nl ||9||) (p(”fﬂ + ||9||)'
flza) = If,  and  g(ya) — llgll asn — oo
Therefore, since W%;T(U' ~tn)Tn, tan) € Sxa,v,

1
IT(, 91 2 g (£ =)o) +gltnsm)

_ (- t)f(ea) . taglun)
= WA o5 CAs ol * T el
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The last expression tends to ||(f, 9)li, as n — oo, proving that |T(f, g} = (£, 9)lle
and this completes the proof. C1

Qur first application of Theorem 2 is to show that reflexivity is preserved under
the 1H-direct sums.

Corollary 3. For each € ¥, X &y Y is reflevive if and only if X and Y are
reflexive.

Proof. We only proof the sufficiency. We first show, without using reflexivity, that
(X @y Y)*™ = X** @y Y**, ie., they are isometric. For this, we let  and then 6 be
the dual functions of 7 and of ¢, respectively. Thus (X @y Y)* = X* @, Y™ by the
isometry T’ where TF = (Fi, Fy), Fy = F(-,0) and F2 = F(0,-); and (X* @, Y™*)* =~
X** @g Y** by the isometry U where UG = (G1,G2), G1 = G(-,0) and G2 =
G{0,-). Hence (X @y Y)** = X** @ Y™ via the isometry which maps L € (X @y
Y] to DT = (E7°1(,0), LT~(0,) € X** @ Y™ so that ULT (¢’ 1) =

Wi L7205 = (1660, 10,°) = (L1(e") L), o uct

when [ = L(:c.y]: the evaluation map at (z,¥), ie., L(z ol };) in(:r; yI; p_axglggai

Faly) for e (X By Y ULy T x" ,p*) = 27 (2) + v (@) = Lol L‘.l&w\ -
(L, D¥a? 3. s shows Yaat W, i)y = Wzl = WLz, Ly)le Tor (z,7) €
X ®Y. Therefore, ¥(jftlm) = e(nff}fﬁpm) = 0( =) for [lzl) + llll # 0. From
this we can easily see that ¢ = 8.

Now suppose that X and Y are reflexive. Thus elements in X** and Y** are of the
form L, and L, for some z.€ X and y € Y. To show that (X @y Y)** is reflexive, let
L € (X ®,Y)™ and consider, for each F € (X @ Y)*, L(F) = L(F},0) + L(0, F;) =
L(F1) 4+ Ly(Fy) = Fi(z) + Fa(y) = Lz (F), for some z € X and y € Y. That is
L = Lz, showing that X @, Y is reflexive and the proof is complete. O

We observe that X ®, Y is super-reflexive when (and only when) X and Y are
super-reflexive. By Henson and Moore [7], this is equivalent to showing that the

ultrapower X @y Y is reflexive. But this follows from Remark 5 below and Corollary
3.

3. ULTRAPOWERS OF THE 3-DIRECT SUMS

The ultrapower of a Banach space is proved to be useful in many branches of
mathematics. Many results can be seen more easily when treated in this setting.
In this section we prove that every uitrapower of a ¥-direct sum is isometric to
the t-direct sum of their ultrapowers. First we recall some basic facts about the
ultrapowers. Let F be a filter on an index set I and let {x;}ier be a family of points
in a Hausdorff topological space X. {z;}ies is said to converge to z with respect to
F, denoted by limr x; = , if for each neighborhood U ofz, {i € [:z; e U} € F. A
filter U on [ is called an ultrafilter if it is maximal with respect to the set inclusion.
An vltrafilter is called trivial if it is of the form {A : A C I,ip € A} for some fixed
10 € I, otherwise, it is called nontrivial. We will use the fact that

(1) U is an ultrafilter if and only if for any subset A C I, either A € I or
INAcU, and
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(i) if X is compact, then the limy z; of a family {z;} in X always exists and is
unigue.
Let {X}icr be a family of Banach spaces and let l(J, X;) denote the subspace
of the product space I;e; X; equipped with the norm |[{z;){] := sup;e/ |||l < oo
Let U be an ultrafilter on I and let

Ny = {((I:g_) < tm(I,X,-) : 1?{1‘1 ”I1” = 0}

The ultraproduct of {X;} is the quotient space loo{f, Xi)/Ny equipped with the
quotient norm. Write (x;)y to denote the elements of the ultraproduct. It follows
from remark (ii) above and the definition of the quotient norm that

l{z)ull = liLI{n (AR

In the following, we will restrict our index set I to be N, the set of natural numbers,
and let X; = X, ¢ € N, for some Banach space X. For an ultrafilter i on N, we
write X to denote the ultraproduct which will be called an ultrapower of X. Note
that if I is nontrivial, then X can be embedded into X isometrically {for more
details see [17] ).

Following T. Landes [11], a normed space Z is a substitution space (with index
I # @ with any cardinality) whenever Z has a {Shauder) basis (e;);e; (unconditional
if I is uncountable} and the norm of Z is monotone, ie., |lz|} < ||Z/|| whenever
0<% <2 foralli €1 (2,2 € Z), where we write z = Zief zie; for z € Z. Given a
family (X;)ier of normed spaces, then the Z direct sum (D;; Xi)z of the family
(X;) is defined to be the space {z.= (2i)icr € [ies Xi : Dies zilles € Z} endowed
with the norm || 3°,.; lizile: (|z. ¥— direct sums are examples of Z-direct sums.

A property P defined for normed spaces is said to be preserved under the Z-
direct-sum-operation, if the Z-direct sums of a family (X;)ie; of normed spaces
satisfles P whenever all X; do so.

The following proposition shows that, under some conditions, “normal structure”
is preserved under the Z-direct-sum-operation. This result improves the first per-
manence result for normal structure obtained by Belluce, Kirk, and Steiner {2].

Proposition 4. [11, Theorem 2, Corollary 3 and Corollary 4] Let Z be a substitution
space with index set I = {1,..., N} such that

|z + 2| < 2 whenever ||z} = || = 1,2: 2 0,2; >0 forallie I,
and z; = z; only for these i € I for which z; = 2} = 0.
Thus, normal structure ts preserved under the Z-direct-sum-operation. I'n particu-

lar, if Z is strictly conver or Z = l;}' for any p with 1 < p < .

In case [ = {1,..., ¥} and ¢ is strictly convex, it follows from [9] that the norm
|l - |l is monotone and strictly convex on €. We note in passing that this result
actually holds for Z—direct sum : The Z— direct sums (3,X;)z is uniformly convex
if and only if Z and each of the Banach space X; are uniformly convex with a
common modulus of convexity (see Dowling [5}).

Remark 5. It is easy to see that the ultrapower of Z—direct sum (€, X:)z is iso-
metric to the Z-—direct sum (€D, X;)z of ultrapowers. Thus in particular,
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(Xi@ - @ Xn)p ()?1 @ @ﬁ)w. This follows from the fact that the Z—norm
is monotone and from the continuity of norms.

It is known that X is uniformly convex if and only if X is strictly convex (see
{17]). Combining these results and Remark 5 gives

Corollary 6. [9] Let X1, ..., Xy be Banach spaces end y € U, Then (X, ®--- @
XNy is uniformly convex if and only if X1,...Xn ere uniformly convez and ¢ is
strictly convez.

Thus, in the light of super-reflexivity, we can extend “normal structure” to “uni-
form normal structure” for y-direct sums whenever ¢ is strictly convex.

Corollary 7. Let X1, ..., Xy be super-reflexive Banach spaces and Z be uniformly
convez. Then, the Z-direct sum (X & --- @ Xn)z has uniform normal structure if
and only if X1, ..., Xn have uniform normal structure.

Proof. Note that, by Khamsi [10], it suffices to show that the ultrapower
(X1 ®---® Xn)z has normal structure. But this is an immediate consequence
of Remark 5 together with Proposition 4. O

It is well-known that every uniformly nonsquare space is super-reflexive (see [8]).
Thus, Corollary 7 and [4, Corollary 3.7} give

Corollary 8. Let Xy,..., Xn be Bancch spaces and Z be uniformly ‘conver. Then,
tf Cna(L, X;) < 2 fori=1,2,..., N, the Z-direct sum (X, @---® Xn)z has uniform
normal structure. -

It is interesting to see if we can conclude that Cni(1, (X, ®--- @ Xn)z) < 2 in
Corollary 8.

4. SMOOTHNESS OF THE ¥-DIRECT SUMS

A Banach space X is said to be smooth if for any x € Sx, V; is a singleton. We
recall that a continuous convex function 4 has left and right derivatives ¢}, ¥/ Let
G be defined on {0,1] by

G(O) = [_llwi?.(o)]! G(l) = [wi,(l): 1]:
G{t) = [ (t), ¥a()] (0 <t < 1)

Given ¥ € ¥, £ € [0,1], let
1
z(t) = ——=(1 — ¢, ¢
| © xb(t)( )
so that ||z(¢t)lly = 1. In [3], the authors identified the dual of (C?||.||y) with C?
and used this fact to provide a proof of the following lemma.

Lemma 9. [3, Lemma 4] For ¢, G, and z defined above,
(1) Vo = {((t) —trv. o) + 1 - t)y) sy E G(t)} for O <t < 1,
(2) vz{o) = {{1,z(1 + 7)) : v € G(0),|2| = 1}, and
(3) vz(l) = {(Z(l - 'Y): 1) H G(U! lzl = 1}

In general, using Theorem 2 and Lemma 9, we have the following:
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v
Lemma 10. Let (z,y} € Sxa@,v and t = g7y Thus

(1) Vizg = {((0@) —tNF, @) + 1 = t)1)g) : v € G(&), f € V) and
g€ Vy{“y“} for 0 <t <1,

(2) Vi = {(fi (1 +7)g) : v € G(0), f € V; and g € Sy~} for t =0, and

(8) Ve = {1 —7f,9) 1 v€G(l),g € Vy and f € Sx-} fort =1

Proof. We prove (1). Let F = (f,g) € V(z ), then
F((z,y)) = f(z) + ¢{y)
< WEIN=N + llg il

_ Rlli=t + llghv )
= T LoD el o L1+ e+l

lall hyll )

= [|Fllol{z, )l = 1.
Thus, we have |[flillzll + lgllllyll = 1 and f(z} = |Ifliltzll 9(v) = lgllilvil, hence
(1L Hell) € Vigznwi 2nd ]Tf‘ﬁ € V“_:“, ﬁ‘}ﬁ € VU;L“- We observe that (|[z]], llyl} =
;ﬂ‘ﬁ( 1 ~ ¢, 1), thus it follows from Lemma 9 that

AN = 9(t) = ¢y and llgh = (&) + (1 = ), for some v € G(2).

Consequently, we have (£,9) = (I lallsdy) = ((0(®) — tn) gy, (9(8) + (1 -
£y Hgﬁ)' Thus, we have proved that Vi, C {{(%{t) —t7)f, (@) + (1 ~-)7)g} 1y €
G(t), f € VI;",:” and g € vy/uy" }. On the other hand, let F = (('gb(t) —ty)f, (P(t)+
(1 —¢)y)g) where v € G(t), f € V/jzy and g € V,pyyyy- Consider, by using Lemma
9,

F((xz,y)) = (W(t) — ty) f (@) + ($(8) + (1 — t)1)ely)
= (9(t) ~ tn)l=|l + (w(t) + (2 = Oyl
= (lzll + Iyl ((w(8) = t)(1 = ) + () + (1 - e)m)t)
1
= m((fﬁ(t) — i) (1 = &) + (%(8) + (1 = e)}7)¢)
=1.
Hence, (1) has been proved. The proof of {2) and (3) can be proceeded similarly. 0O

We say that a function ¢ is smooth if the following conditions hold:

(1) ¥ is smooth at every ¢ € (0, 1), i.e., the derivative of ¢ exists at ¢,
(2) the right derivative of ¥ at 0 is —1, and
(3) the left derivative of ¢ at 1 is 1.

Theorem 11. Let X and Y be Banach spaces and ) € V. Then X @Y is smoolh
if and only of X and Y are smooth and 3 is smooth.
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Proof. Necessity. Assume that X @4 Y is smooth. Because X is isometric to
X @y {0} which is a subspace of X @Y, then X and similarly ¥ must be smooth.
It remains to prove that ¢ is smooth, but by Lemma 10, if 4 is not smooth, there
exists (z,y) € Sxg,v such that Vi, ) contains more than one point which can not
happen, and the smoothness of 4 is proved

Sufficiency. This follows from Lemma 10. ]

Again, since, for every Banach space X, X is uniformly smooth if and only of X
is smooth, we obtain

Corollary 12. Let X and Y be Banach spaces and ¥y € W. Then X @, YV s
uniformly smooth if and only if X end ¥ are uniformly smooth and ¢ is smooth.

5. UU-SPACES AND u-SPACES

A Banach space X is called a U-space if for any £ > 0, there exists § > 0 such
that for any x,y € Sx, we have ||z + y| < 2(1 — J) whenever f{y} < 1 - ¢ for some
f € V. (see [13]). A Banach space X is called a u-space if for any z,y € Sx with
|z + y|l = 2, we have V; = V. Obviously, every U-space is a u-space.

Remark 13. Let us collect together some properties of u-spaces and U-spaces:
(1) If X* is a u-space, then X is a u-space. The converse holds whenever X is
reflexive.
(2) If X is a U-space, then X is a u-space. The converse holds whenever dimX <
m‘.
(3) X is a u-space if and only if X is a U-space.

Proof. (1) Let @,y € Sx be such that {lz + y|| = 2. We prove that V. = V. Let
f € Vg, and h € Vi It follows that h(x) = h(y) =1 and ||f + A|| = 2. By the
assumption that X* is a u-space and h{y} = 1, we have f(y) = 1. This implies that
V3 C Vy, and then V; = V,, as required.

(2) The first assertion is obvious and the latter one follows from the compactness
of the unit ball. _

(3) It is known that X is a U-space if and only if X is a U-space (see [6) or
[15)). In virtue of (2), it suffices to prove that X is a U-space whenever X is a u-
space. Suppose that X is not a U/-space. Then there exist an ¢ > 0 and sequences
{zn}: {yn} C Sx, and {fn} C Sx- such that fa(z,) = 1 and fr{zn ~yn) > €p for all
n €N, and [|zn +ynl| = 2857 — 00. We put T = (Za)u, ¥ = (yn)u and f = (fo)u-
Thus 2+ ¢l = 2, f(Z) =1 and f(7) £ 1 — € < 1. This means that Vz # Vj
which implies that X isnota u-space. O

U-spaces can be considered as the “uniform” version of u-spaces. The following
diagram explains this claim as well as it shows how the u-spaces are well-placed {see
(1], (4], [6). {14], and [15]):

XisUC & XisUC ¢ XisSC

XisUS « XisUS o XisS
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Xis UNC & X is UNC « X is NC

X isa U-space <= Xisa U-space << Xisa u-space
Cny(1,X) <2 = UNS

t
UC = U = UNSQ US = U= UNSQ
4 $ % 4 4 Y
SC = v = NSQ 8§ = u = NSQ

UC = Uniformly Convex, SC = Strictly Convex, US = Uniformly Smooth, §
= Smooth, UNC = Uniformly Noncreasy , NC = Noncreasy, Cni(-) = a general-
ized Jordan-von Neumann constant, UNS = Uniform Normal Structure, UNSQ =
Uniformly Nonsquare, NSQ = Nonsquare, U = a U-space, © = a u-space

Examples of u-spaces which are not [/-spaces can be obtained from the direct
product spaces (lR2 oR2, @ Rga @-- - )o where (pg) is a sequence of positive numbers
strictly decreasmg to 1, a,nd (lo®l3®Bly@- - - )2 where each I, is the I -space. Actually,
both spaces are strictly convex, but with the James constant and the Jordan-von
Neumann constant are both equal to 2, i.e., the spaces are not uniformly nonsquare,
and hence can not be U-spaces. Sims and Smith (18] have shown that the space
{la@l3 Bl &- )2 has asymptotic property (P) but not property (P).

Examples of infinite dlmensmna.l u-spaces that are not strictly convex or smooth
are easily established. -

Let ¢ € ¥. We say that ¢ is a u-function, if for any interval [a,b] C (0,1), we
have ¥ is smooth at @ and & whenever 3 is affine on [g, b}.

Theorem 14. Let X and Y be Banach spaces and i € V. Then the Benach space
X ®y Y is o u-space if and only of X and Y are u-spaces and ¥ is a u-function.

Proof. Necessity . Suppose there exist a and b € [0, 1] such that 9 is affine on [a, )
but ¢/ (a) < ¥,(a) = ¥/ (b). Fix 70 € Sx, fo € Vg 0 € Sy, and go € V.
Consider w = w(la)((l — a)zp,ayg) and z = 3(15((1 — b)zo, byg). We have w,2 €
Sx@,y and Jlw + z||y = 2. Indeed,

o + =] —H(l‘% P2t LA,
P @ T ey )y° (0%,

¥
=(1 1)¢ @?as+17%7
Pla)  %{b) ORETC)
i) v (B o B
@ T )\ oy et

( %
=(1 wb)(la’%‘_‘j,w(aHl—ﬁa;W])
2.

I
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To obtain a contradiction, it remains to show that V, # V. Now, for v €
(¥ (), ¥5.(b)], we have
P(b) — by < %(b) ~ bypL(b) = 9p(a} - atl, (a) < y(a) — a¥(a).
Thus, ((¥{a) — a¥_(e))fo, (¥(a) + (1 — a)¥’(a})go) € Vu \ V;, that is V, # V.
Sufficiency. Let us prove that X@®,Y is a u-space. Let w and z be elements in the
unit sphere of X ®,Y such that fw+z|ly = 2. Put w = (21,11) and z = (z9,92). We
have [|(llz1{l + llz2ll, fwill + llw2iDlly = 2 since 2 = llw+2lly = [[{{z1+ 22, y1 +4)lly <

N(flzall + (s flyall + w2l < Nzl l220Dlle + 1l lg2lll, = 2. By the
convexity of 4, it follows that
llyall + Nl )

2= (leall+ Iyl + 2l + vall)y (nxm il + ool Toal

< Ol + o)y () 4 ol + a2 )

fzall + ol llz2lf + [z
=2
Thus, 1 is affine on [a A b,a V b], where ¢ = ﬂﬁ%ﬂ;ﬂ and b = ¥ - Since

lw + z|| = 2, there exists F = (f1,91) € X* ®,, Y'* such that F € V,,NV,. Hence,
Fw) = fi(z1) + a1(n1)
S Azl + lgalflzdl

_ __[Uhllsdl + Ry |
(U Nga Dol Nl

o] Il .
<ol )e (| ) QA+ ot + o)

(AN g B3z lf + Hyadl)

|zl + (w1
= 1P liplwlly = 1.
Thus, we have
(e) filz1) = Adlliza |l and g1(ye) = llgllfivs lI-
In the same way, we also have
(8) fi(z2) = [l fillllz2lf and g1(y2) = lloallly21]-

Now we show that V,, = V. We consider first the case when all {|z,[], ||ly1]l, [|lz2l,
ly2ll are positive. In this case, we can assume that 0 <a < b < 1. (o) and (8) give

1 T z I z pis —
ﬁf@evmqvm and gl Evﬁnﬂvﬁﬁ.ltfollows;hat 2y + 2l =2
L = 2. 1? x = x (i = 1
an "]TgTIT + m%"ll 2. Thus, V|T£{T| Vﬂ_xﬁ an vﬁ:‘h 2, since both X and
Y are u-spaces.

If @ < b, then, since ¢ is affine on [a,b], a and b must be smooth points of 1.
Consequently,

(v) Yla) — ay = P(b) ~ by and P{a) + (1 — a)y = P(b) + (1 — b,

where v = ¢¥'(a) = ¢¥'(b).
By using () together with Lemma 10 and the equations Vﬁﬂﬁ =V _z_ and

(B3]

v = v = .
Il’f’vfﬁ V]r:_ﬁ, we have V, = ¥V,
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If o = &, then, by Lemma 10, we have

Vi)
= {{{I/)(G) - a‘T)fs (¢(a) + (1 - G)'}’)g) TYE G(G)vf € vm/"xl" and gc vyu’jly;l]}
= {((¥(®) = 1), (P(B) + (1 — b}7)g) : v € G(b), f € Vi pyz, a0d g € Vyy iy}
= {{((6) — o) f, (Y(4) + (1 = b)7)g) : ¥ € G(B), f € Vigpzaf and g € Vi pypay}
= Vizape)-

Thus V, = V,, as well.

Now we consider the case when exactly one of the numbers ||z ||; ||lz2]|, ||y, ||ly2!|
is equal to 0. We assume that [jy1]] = 0, thus ¢ = 0 < b and 0 and b are smooth
points. By (a), (§), and by the assumption that X is a u-space, we have V,, =
V =z . Since 0 is a smooth point, we have F' = (f1,0). This in turn implies that

$(B) — b/ (b) = L and %(8) + (1 — 6%/ (b) = 0 since F € V4, N V,. Thus, by Lemma
10,

V(a2

= {((s(5) — W' (0, ($(8) + (1 — b)Y/ (5))g) = f € Viryyjas) 20d g € Vi, i}
={{(f,0): f¢€ Vrzf"rz"}

={{f,0): f ¢ V:c;}

= Vizin)-

Finally, suppose two of the numbers [fzi{, flzall, ly1ll, l¥2]l are equal to 0. We can
assume that [ly1ff = [[y2]] =0, thus @ = b = 0. The proof of the equality V, = V,,
is similar to the one of the case when a¢ = b. O

Corollary 15, Let X and Y be Banach spaces and i € ¥. Then the following
statements are equivelent:
(1) X @y Y is a U-space;
(2) X* @, YY" is a U-space;
(3) X and Y are U-spaces and ¢ is a u-function;
(4) X and Y are U-spaces and ¢ is a u-function, where ¢ is the dual function
of .
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Fixed point property of direct sums™
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Abstract

For a uniformly convex space Z, we show that Z-direct sums (X @ - - - @ X ) z of Banach spaces
X1,.... Xy with R{g, X;) < 14aforsomeac (0, 1] have the fixed point property for nonexpansive
mappings. As a direct consequence, the result holds for all ir-direct sums with | being strictly convex.
The same result is extended to all f-direct sums X @, ¥ of spaces X and ¥ with property (M), whenever
¥ # ¥y. The permanence of properiies that are sufficient for the fixed point property are obtained for
Z-direct sums {and then for y-direct sums). Such properties include the properties R{X) <2, WNUS,
Cysla, X) <2, UKK, and NUC,
© 2005 Elsevier Ltd. All rights reserved. .
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1. Introduction

Let X be a Banach space. A self-mapping T of a closed convex subset C of X is said to be
a nonexpansive mapping if |Tx — Ty <(lx — ¥l forallx, yin C.
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We will say that X has the weak fixed point property (fpp) if every nonexpansive mapping
defined on a nonempty weakly compact convex subset of X has a fixed poiot.

One open problem in metric fixed point theory is the permanence of fpp under direct sums.
Here we consider the problem in two aspects. One of these is to study the permanence of
properties that guarantee the fixed point property, the other is to study directly the fixed point
property of the direct sum under conditions given on its component spaces. Obviously, the
answer to these questions depend on the norm of the product space. We shall be interested in
the so-called Z-direct sums and yr-direct sums the concepts of which will be defined later.

Shortly after Kirk proved in {16} his celebrated fixed point theorem that asserts that every
Banach space with normal structure has the fpp, the first permanence result for normal
structure was given by Belluce et al. [2]. The result has been improved by Landes [18]
whose resuit in turn has been improved to uniform normal structore under Y-direct sums
by Dhompongsa et al. in {4]. For weak normal structure, the positive answer for X@,Y
is due to Belluce et al. [2]. Landes [18,19] in 1984 and 1986 showed that weak normal
structure (WNS) is preserved in X@, Y for | < p <00, but not for p = 1. Some additional
coaditions on the spaces X and ¥ that are sufficient for the direct sum X&) ¥ to have WNS
are considered in [11,21]. :

Sims and Smyth {283, however, considered the problem, known as a 3-space problem:
For a Banach space X and a finite-dimensional Banach space Y, if X has asymptotic (P) so
daes X & Y. Moreover, if X has property (P) and the projection onto X has norm 1, then
X @Y has (P). This later result strengthens Theorem 2.3 of [29]. Later Sims and Smyth {28)]
showed that property (P), asymptotic (P), and some others are inherited from the component
spaces to the direct sums. They, as well as Kutzarova and Landesalso in [17], also considered
infinite product results. Property (P}, introduced by Tan and Xu [29], is sufficient for WNS,
In 1997, Prus [24] introduced a class of super-reflexive Banach spaces with fpp the so-called
the uniformly noncreasy (UNC) spaces. These spaces do not have to have normal structure.
For a strictly monotone norm, Wisnicki {30} proved that X @ ¥ has fpp, whenever both X
and ¥ are UNC or have property (P).

A norm on R? is called absolute if [z, w)ll = §{lz], [wi}| for ali {z,w) € ®2 and
normalized if [[{1, 0)]| = ({0, 1)|| = 1. The set of all absolute normalized norms on R2? is
denoted by N,. The {,-norms {| - || ; for 1 < p € co are such examples and forany || - || € N,
I floosli- 150 [l1. Let ¥ be the set of all continuous convex functions ¥ on {0, 1]
satisfying () =y¢(1) =1 and max{l —r, } K<Y K1 (0Lr £ 1). N, and ¥ are in one-to-
one correspondence via the following equations, Foreach || - )| € Na, the function ¢ defined
by () =ll{(} —z2, 1)) (0 < 1) belongs to ¥. Conversely, foreach iy € ¥ let |0, 0) || =0,
and |[(z, w) | = (lz] + lwD¥ (lw]/|w]| +1z]) for (z, w) # (0, 0). Let y, be a function defined
by ¥, (1) = (1 —0)? +1P)V7 if 1< p < 003 ¢, (1) =max{l — 1,7}, if p=00. Itis simple to
see that such function ¥, corresponds to the /p-norm. We denote by X @y ¥ the direct sum
X @Y equipped with the norm {{{x, y)[| = §{x, ¥y = lUxW kyBDlly for (x. y) e X @ Y.
X@yY is called the -direct sum of X and Y and it is a Banach space satisfying, for all
(x, ) € XBY, I{x, Yoo SHx, g < [1(x, 3l (see [26]). Saito et 2l. [25] extended
the concept to absolute normalized norm on B . The corresponding set of all continuous
convex functions on the (N — I)-simpiex {{s1,...,sny-1) € Rf']:sl + sy gll
will be denoted by Wx. Kato et al. [15] proved that the space (RY ] - ly) is uniformiy
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convex if and only if  is strictly convex. Dowling [8] pointed out that this result fell into
a larger framework developed by Day {3]: Let Z be a Banach space with a normalized
1-uacenditional basis (e;);¢;. For Banach spaces X; (i € [}, define the Z-direct sum

(@ X;) = l(x,-) € HX,-:Z llx: ll¢; converges in Z]
i z j

i i

and put [[(x) 1= 113, Ix: l|e: [z for the norm on (D, X¢) 2. In the language of Day, (D, X1) 2
is a substitution space of {X;} in Z. J-direct sums are examples of Z-direct surns, simply
fetting Z = CV. Dowling showed that (€D, X;) is uniformly convex if and only if Z and
each of the Banach space X; are uniformly convex with a comron modulus of convexity.
Thus, for X; = R for each i, the Z-direct sum (€5, X;) 7 is uniformly convex if and only if
Z is uniformly convex.

In this paper, we will study only finite Z-direct sums. Thus, we may write (a;, ..., ax) =
aiel + -+ + ayey as elements of Z, for ay, ..., ay in R. The paper is organized as fol-
lows. In Section 2, we consider Banach spaces X with R{a, X) <1 +a for some a €
(0, 1}. It is known that spaces with this property have the fpp. Let us call this prop-
erty ‘Dominguez’s condition’. The main resuit of this section is to prove that the finite
Z-direct sum (ED;X;); has the fixed point propesty whenever the spaces (X;) satisfy
Dominguez’s condition. We continue the investigation for Banach spaces with property
(M) of Kalien in Section 3. The second part of the paper considers the permanence of prop-
erties that are sufficient for the fixed point property. The conditions R(X) <2, Cys(a, X)
<2, and the property NUC among others are considered in Sections 5, 6, and 7,
respectively.

One tool that seems to be common now in studying the fixed point property is the
ultrapower technique. We recali some of its formulation. Let % be a free ultrafilter on
the set of natural numbers. Consider the closed linear subspace of oo (X), & = {{xp) €
loof X} 1 lim, _, 4 lx, | =0}. The ultrapower X of the space X is defined as the guotient space
Lo (X)) A Given an element x = (x,) € loo(X), X stands for the equivalence class of x.
The quotient norm in X satisfies ||.'f'|{~= Hmy, e llx: ). ¥ f = (x]) is a bounded sequence
of functionals in X™, the expression @ = limpx;(xa) for x = (xp) € I (X) defines
an element in the dual space of X with || f|| = tim,_,#|lx; |l. (For more details about the
oonstructiom an ultrapower of a Banach space X see, for examples, [1,27].) It is shown

in (4] that Xy Y = X, Y.

2. The coefficient R(a, X)
Definition I {Garcia-Falset {10]). Let X be a Banach space, then
R(X) := sup {Iimﬂinf ey + xI{] ,

where the supremum is taken over all weakiy null sequences (x,;) in the unit ball and over
all points x of the unit ball.
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Garcia-Falset (10] showed that if a Banach space X satisfies R(X) < 2, then X has the
fpp. Dominguez [7] generalized this result by inwoducing the coefficient, for a 20,

R(a, X) = sup {lim inf [x, + xll} .

where the supremum is taken over all weakly pull sequences (x,)} in the unit ball with
D(x,) < 1 and over all points x with ||x|| € a. Here D(x,;) = lim sup, lim sup,, lixs — x|
Clearly R(X) = R(1, X). It was proved in [7] that X has fpp if R(a, X) <1 + a for some
a 0. Ithas been observed that R(1; 1} =2, while R(a. > |) < | +a for some a 22 0. Thus this
result is a strict improvement of a result in [10]. Moreover, because of this resuit, Mazcunan
Navarro [22] is able to prove a well-known open problem which states that “every uniformly
nonsquare Banach space has the fpp”.

Theorem 2. Let X|, ..., Xy be Banach spaces with, foreachi=1,... , N,R(a, X;) <1+
a for some a € (0, 11. If Z is uniformiy convex, then the Z-direct sum (X, ® - - @ Xy)z
has the fixed point property.

Proof. The main ingredient of the proof is taker from Dominguez [7]. Suppose that (X1 &
-+« @ X )z does not have the fpp. Thus, we can find a weakly compact and convex subset
Kof(X1®--® Xpy)z such that 0 € K, diamK = | and X is minimal invariant for
a nonexpansive mapping 7, and we can also find a weakly null approximated fixed point
sequence (afps) (z,) of Tin K, We consider the set W ={(ip) € K : |[({th) — (Z2) €1 ~1
and D((#,)) <1}, where £ == 1 /(1 +a). I is easy to check that W is a closed, convex, and 7-
invariant set. Furthermore, W is nonempty because it contains ¢(Z,). Therefore, from Lin’s
Theorem [20}, we know that sup{}j(it,) || : (i5,) € W} = 1since 0 € X. Some parameters
will be needed and we define them bere. In what follows, i € { =1, ..., ¥}. First choose
M > 1 so that

l14a

> max R(a, X;) 2.1)

and then choose 0 < & < ysosmallthaty < M —1, 14+e/n* (1 -+ (1 +t/(1—t—e)n < M,

7 £ t t
4 - 14— — < M,
(r”(”rﬁ(l—r)*( +1—r—s)"))1—:—s{

L— Nyl +n)
P A
1+4

and finally, by uniform convexity of Z and by maenotonicity of || - [|z, we have

if utvi>2(1-28) for u={uy,...,un),v=(..... UNIES(X |\ B-@Xu)z @2
then |Ju; Il ~lvi Il < n*for each i. and '
H el = el <& for (¢;). (pi) € Boxyg-oxy), With 0< p; €4 2.3

for each i, then ¢; ~ p;<n® for each i,
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We can find an element @ = (i) in W with
l@)=>1—¢ 248

and wy, 5 wiorsome w € (X\D--- & Xp)z.

Write w, ={Xxn), .. .. Xpy)and w=(xy, ..., xn). By passing through subsequences, we
can assume that all limits mentioned below exist since all sequences under consideration
are bounded. For example we assume now that {|x,; || = a(i) for some a (i) foreachi ¢ {.
Let us define the vectors z, = w, — w and let iz,)] — b. Clearly, from D{i5}<t and by
the weak lower semi-continuity of the norm, we have

10— wl<e, fwl<l -1 (2.5)

By (2.4), we musthavebothbzt—& > 0and [|wf| 2 1 —~r—& > Q. Suppose first that & £ {|w}j.
For each n, put sp = (zn + w)/2, 2n = ({wl/z,zn + w. Thus, 25, = (liza I/ wl)sr +
[(lwl) — Hzall)/iflw)]w, and so 1 — e<lim,2|lsa | € B/ wiDlimyllzal + llwll ~ b that
implies imp ||ta]12(1 — & + & — lwl)/bllwll > 2(1 — 2&}]|w(l. Next, suppose {w( <&.
In this case we redefine 1, = z, + {izall/[wl)w. Thus, Zs, = (lwll/ iz, )2 + [(lza] -
lwll)/zsll)za, and therefore | — & <limy 2{sa il < (lwll/BMimallzall + & — lwf, and in -
consequence lim, (5,1l 2 [(1 — & — b + flw]}/Iw|}b = 2{1 — 2£)b. By applying (2.2), it
follows that, for all large n,

Sw“H&u xill = Il <o @2.6)

foralli. Let J ={i € I : a(i)>y?}. Clearly J # ¢. Now observe that for some
subsequence (nz) of (n), it is the case that, for some i € J, D(x ) sra(iH(1 + ).
Otherwise, by extracting a subsequence from another we have, for all i € J, [lxp,; —
Zmill > ta(id(1 + ) for all k and ! with k </, This leads us to a conclusion, by (2.4), that

Iiwnx—wn,||>ll():;e;llxw—xn,.Ilet)!|>t(1+H)IIE.«EJ(6(=)&)1I>I(1+ri)(1—€ Nn?)y
fork <! Hencerz D{(w,) 2 D(w,,k)>r(l+:;)(l—£ Nn%) which, by (2.1), is impossible.
Thus, we assume that a{l) > :1 and

D) Sta(l)(1 + ). @

Put u,; = x,; — x;. We claim that

£ b
(x| Staa(l) ([+p;2_(1~_:)+ (1 + I_Iw_ll) r.f) 2.8)

Hm sup [luy, + x1§ = lim sup [len, || > 2(t + a — ya(l) 2.M
H n

and

for all y > 0 where, recall that, b = lim,, |z, ]|- By (2.3) we get

i = 2l 4+ Nxill = Uxnell <7 (2.10)
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for all targe n. Eq. (2.6) then implies that (14 .z, Il /[l () Uxi I < flxn; |+ 1+ Nz K/ Nl D7,
for all farge n. Let n — oo to obtain (1 + 1/@ — /{1 — Nllx( <1 + @ - e)/(1 —-
Nk <A + /lwhixii<a) + (1 + b/lwldg’ <a(DA + (4 + b/llw))n,
and so (1 + a)/alx: (| <a(l)(1 + {e/(n*(1 — )] + (1 + b/[lwl)n) that provides an es-
timate in (2.8). Eq. (2.9) is easily obtained. Taking (2.7)—(2.9) into account, we see that
un fta{l)M € Bx,, D(us /ta(DM) <1, and x/ta{l)M € aBy,. This together with
(2.1) and (2.9} imply that R{a, X)) > max; R(a, X;), a contradiction, and the proof is
complete. []

Corollary 3. Let X1, ..., Xy be Banach spaces and let \f € ¥ n be strictly convex. If for
alli=1,....,N, Rla,X;)<1 +aforsomea € (0,1], then (X, @ --- ® Xn)y has the
Jfixed point property,

3. Property (M)

Kalion {14] introduced property (M): For x, 30, the weakly null type ¥y =
lim sup, {lx — xn il is a function of x| only. In [12], Garcia-Falset and Sims proved thatif a
Banach space X has property (M}, then X has the fixed point property. A preliminary result
which they used in their proof of the main result in [12] and which we need here is

Lemma A (Gurcia-Falset and Sims {12, Lemma 3.1]). If X has properry (M) and (x,) is a
weakly null sequence withlim sup, f|x.{|=1, then D (x,)=sup(lim sup, flx,—x|} : x € Bx}.

We now consider a y-direct sum X&@y ¥ when both X and ¥ have property (M). We first

observe that, for each ¥ € Y\{i},}, there exists t € (0, %) with (1) v (1 ~ 1) < 1. The
following lemma is a consequence of Lemma A,

Lemma 4. Let X be a Banach space having property (M). For every weakly convergence
sequence xp 2 x. we have

lim sup ||lx,l| < D{x,) + (Il.tll v lim sup [x, — x|| — lim sup [Jx, ~ xli) .
n n

n

Examples | and 2 in {21] show that property (M) is not preserved under the sum X@, Y
for p € {1, co}. This observation leads us to consider and then obtain the following result,

Theorem 5. Let Banach spaces X and Y have property (M) and @ € ‘Y\{if;;}). Then the
Y-direct sum X@yY of X and Y has the weak fixed point property.

Proof. Let us assume that X@y Y does not have the weak fixed point property. Then we
have a weakly compact convex subset K of X@®y Y that is minimat for a fixed point free
nonexpansive mapping T : K — K. Moreover, we can assume that diam K = |, and
K contains an approximate fixed point sequence {z,) with z, 30 and, by the Goebet-
Karlovitz Lemma, lim, ||z, - z|]| = 1 for all z € K. We will consider the following subset
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of X@,;,Y Let W = ((w,) € K: l(wn) ~ ()l <r and D) <1 — 1}, where t € (0, ,)
is chosen so that (#) v {1 — 1) < 1. Observe that D{w,) = D(yn) if (wn) = (y,,) Then
W is T-invariant, closed, convex and nopempty as (1 — r)(zn) € W, For (w,,) c Wwe
can assumne that Wy —> wWo, Limg 1wy § = 1@, lim, || = | Jimy, | xa . limy [(ya ) lland
limglw, — woll = |(lims ffxn — x5 [f, limg)lys — Yol Fix £ > O such that O <& < {(l —
V@) A QL= (1 - 1) A ). L

_Case 1 (limg [, ~ wol S [|woll): We have ) I < we ~ woll + fwoll <2Mlw, Il <20l
wy — zall €2,

Case 2 (lim, [|w, — wol > Jlwo|i): This means that lim,||x, — xoll = lxol} o1 lim, |y, —
yoll > l¥oll. So we can assurne that lim, lx, — x|l > Jx,]. If ims |y, — ¥l <& we have,
by using Lemma 5, I|(w,) I = im fwn Il = [| (i fl 52 0, limsflyn DN < NCD e, iy Wy —
Yoll + HyoN SN — £, + £ (1) + £ If limy [y, — yoll 26, we have [[(@p)) =
(P xa)y DEya) H{yoll VImall ya — Yo | =Yimall yu — Yo ll DI S N (D {xn). B+ (¥l v

limafl ye = Yoll —timallys — yol)=D(wa)+ ([l yoll V1ima i yn — yoll —limp lys — yoil) < (1 -
1)+t —e=1—¢&. Combining these, we have that elements of Whave their norms uniformiy
bounded away from one. More precisely, we have ;I(w,,)[l Smax{2, YO+, gl —t)+
g, 1 — e} < 1, This, however, contradicts Lin’s Theorem which ensures that W contains
elements of norms arbitrarily closed to one.

Corollary 6 (Marino et al. [2], Proposition 5]y. Let Banach spaces X and ¥ have property
{M}. Then the direct sum X@ooY of X and Y has the fixed point property.

In the second part of the paper, we tnm to the study of permanence properties. Recently,
Dhompongsa et al. [4] considered the permanence of smoothness, vniform smoothness,
u-convexity, and {/-convexity of Banach spaces. Two of these properties, namely uniform
smoothness and U-convexity are known to imply fpp.

4. The coefficient R(X)

Since the condition “R(X) < 2" is more strict than the condition “R (1, X) <« 2", we have
a stronger result than might be expected from Theorem 2.

Theorem 7. Let Xy, ..., Xy be Banach spaces with R(X;) <2foralli=1,... N.IfZ
is uniformly convex, then R(X; @ - - ® Xpn)z < 2.

Proof. SinceZisuniformly convex, for ¢ > O which satisfies max; R(X;)(1 4+ N¢) < 2,there
exists & > O suchthat max; R(X;)(1 + Ne) « 2~ dand forevery zy,z7 € Z,if |z, — a2l 22,
then {21 + 23 €2 ~ 8. Now, let (x,;) be a weakly null sequence in Bx,@..gxy) and x €
Bixiw-mxy)- Write xp = (Xpy. .. .. Xpn ). We want 1o show that lim infg||x, + x§ <2 - 6.
For this end, we can consider subsequences of (x,) in order to obtain estimates in the
argument to follow,

Case 1 (|||xa | =l x1 | 2 eforalllarge n): We have, for all lazge n, {x,+x || =il Z;’e! x4+
xilledll 12 erlxniller + 3 seqlxillesf €2 ~ 8.
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Case 2 (for all large n, Wxq: | — llxill| < e forall iy: Let J ={i € I: x; =0}. Now estimate
N + 210l - llxey +xa D
Xni + Xi
< g;hmmi+fg%m%ﬂvﬂmnﬁ;m;$ﬁ"M|
<e|Xal+ 3 il +o "x—‘?‘ﬁﬁue;u.
ieJ iel\J d !

Take lim inf, and get lim infai{(Jxny + xiils---s Ixeny + xvN SN el +
que:\J("ﬂ [[+&) max; R{(X;)e; || € (I+Ne) max; R(X;). Thus, R(X 1@ - - BXN)z <23
as desired. [

Corollary 8. Let X1, ..., Xy be Banach spaces and e ¥y be strictly convex. If R(X;) <2
Joralli=1,... N, then R(X, @ - @& Xn)y <2

In [23), Prus introduced Banach spaces called nearly uniform smooth (NUS) spaces.
These spaces are the dual of NUC spaces. Falset [10] then proved that every NUS space
has the fixed point property answering a longstanding open question. Actually, he proved
that WNUS, and hence NUS, Banach spaces have the fpp. The notion of WNUS is a
natural generalization of the property NUS. A characterization of WNUS spaces is: X is
WNUS if and only if X is reflexive and R(X) < 2, (see [9]). Thus we immediately have, by
Dhompongsa et al. {4, Corollary 3], -

Corollary 9. Letr X;, ..., Xy be Banach spaces. If € Yy is strictly convex, then each
of X; is WNUS if and only if (X) & -- - @ Xn)y is WNUS.

5. The Cys(a, X) constants

In [6], Dhompongsa et al. introduced a generalized Jordan—von Neumann constant
Cxni{a, X) for a 20 defined by

flx 4 yi% + flx ~ z®
20x U2+ Iyl + lz02 )

where the supremunm is taken over all x, y, z € By of which at least one belongs to §y and
by — zl salix|.

Cnila, X =supl

Theorem 10. Let X1, . .., Xy be Banach spaces with Cx (@, X;) < 2foralli=1,... N.
If Z is uniformly convex, then Cy s(a, (X\ @ - - @ Xn}z) < 2.

Proof. Suppose Cyys(a, (X| @ - @ Xn)z) =2. Thus, by Dhompongsa et al, {5, Lemma
3.2} thece exist Sequences X, ¥n. Zn € S(t,@--@Xy) z SUch that {xq + yall, flxa — 24l = 2
and |ly, — z,f| e for all n. By passing through subsequences, we may assume that all
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the following sequences converge: |lxp; + ¥nill = Ap llxu; — zaill = B, Mgl =
Ciillynilt = Ci, and {lzp; )} — C; for each i. By the assumption that Z is uniformly
convex, we obtain A; = 2C; and B; = 2¢; for each /. Now, for each n and for each i,
we have |yn; — Zai |l = lllyn; ~ zniled) KU es (U¥as — znieill <a. Finally, we obtain
the limits of the following sequences: | xn; + yn; (12 + lxn; — za;ll* > A} + B2 = 8C?,
xpi 12 + Nynill2 + UznilI* — 4C?. Clearly, for some i, C; % 0. And for such §, we have
Cri(a, X;) =2, acontradiction. [J

Corollary 1. Ler X\,.... Xn be Banack spaces and y € ¥ be strictly convex. If
Cwsla, X)) <2 foralti=1,... N, then Cnys(a, (X1 & - ® Xy)y) <2.

Corollary 12. (X @ - - - ® Xn)y is uniformly nonsquare, whenever Xy, ..., Xy are uni-
Sormly nonsquare and W € ¥y is strictly conver.

Thus, in this case, (X) @ - - - @ X )y has the fixed point property by Mazcunan Navarro
[22, Corollary 4.2.4 ]. From [5], we know that “Cy s (a, X) < 2 if and only if J(a, X) <2".
Therefore, the results in this section can be applied to the generalized James constant J (a, X)
as well,

6. The uniform Kadec—Klee property (UKK)

A Banach space X is said to have the uniform Kadec-Klee property if for any £ > 0, there
exists &> O such that x, € By, x, —_x weakly and sep(x,} 2 & imply |lx|| €1 — 3. Finally,
X is nearly uniformly convex (NUC) if for any £20, there exists & < | such that x,, € By
and sep(xs) 2 & imply co(x,} N éBy # @. Here sep(xa) = infazmilxn — xm [l It is known
that UC = NUC = UKK = property-H. It is also well-known by Huff [13) that

NUC <« UKK 4 Reflexive. (6.1

By strict monotonicity of an element ¥ in ¥ we mean its corresponding norm ||- || is strictly
monotone. That is {|[(a, B) || < J|{a, ¢} and [|(b, a}|| < (I(c, &)|| for all 0<a,05h < ¢, All
strictly convex ¢ € ¥ and all ¥ (1< p < 00) are strictly monotone. For p = 1, this is
obvious. Now let v € ¥ be strictly convex. If, for some 4, b, ¢ in [0, co) with b < ¢, we
have ||(a, &)= lI{a. ¢} |}, ther, by monotonicity [26], li{a, D)l = (e, (b+c)/2)| =l(a, O).
We put 4 =2a + & + ¢. Observe that 2 # 0 (by monotonicity of (| - ||} and thus &/(a +
b) < ¢/(a + ¢). Strict convexity of ¢ implies that (& + ¢}/d) < [{a + &)/ AW (b}{a +
b)) + (@ + )/ AW (c/(a + ¢)) =2/ 4(a + b)Y ((bf{a + b)) = (2/ D (A/2Y ((b + )/ 4},

a contradiction, and this proves our claim.

Theorem 13. For strictly monotone y € ¥, X @y Y has the UKK property if and only if X
and Y have the UKK property,

It is immediate from [4, Corollary 3], (6.1), and Theorem 13 that

Corollary 14. For siricily monotone § € ¥, X@yY is NUC if and only if X and ¥ are
NUC.
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Remark 15. (1) Theorem 13 does rot hold for the /n,-norm. Consider any two Banach
spaces X and ¥ with the UKK property. Now assume there are sequences (x,} and {y,} in
By and By, respectively, and x € Sy, y € By such that x,, —> x and y, — ¥, sep(ys) 2 1.
and |y| < 1 — & for some 3 > 0. Clearly, |i(x, yHloo = 1> 1 — &. On the other hand, by [4,
Theorem 21, (x,, ¥n) A x, y) and sep{x,. yn) 2 sep(yn) 2 % This shows that X ¥ does
not have the UKK property.

(2) If ¥y € ¥ is strictly monotone, then for each £ > 0, there exists &> 0 such that
a+e, B all{a, b+e)|l 2 (a, &) ||+ foratl a 20, b 2 0. This follows from the continuity
of the norm || - || on & compact set,

{3) With the same proof, Theorem 13 can be extended to strictly monotone Z-norms.

Proof of Theorem 13. Suppose on the contrary that X @,;;Y does not have the UKK prop-
erty. Thus, for some gg > 0, we have for each & 2 1, sequences (x,f, y,f) and (x*, y*) in
Bxgy such that

w 1
sep(xf, 5y 2e0. (X ¥ S5 yhH  and il(xk.y")H?I“E- (6.2)

Since ||a|| + &) 2 l{a, £)|), by applying Ramsey's Theorem, we may assume, by passing
through subsequences that for some £ € (0, o},

sep(xf) ze forallkzi. {6.3)

In the proof below we shall consider two cases, passing through subsequences when
necessary. Choose 6> 0 from the definition of the UKK property of X corresponding to
€y /2. Then choose g2 > 0 50 small that g < de) /4(1 — &) A g /4.

Case 1: There exists £3 > Q such that ||x,’§ k2 ik + exforalin. k.

Case 2: [(xX(| < |x*} + &2 forall n, k.

For Case 1, it follows from Remark 15(2) that forsome 81 € (0, 1), 11(x%, %)l = (| Cix* 1+
ex, IYXID 11> 11k, y5) ) + &) for all n, k. By (6.2) we see that (x*, y&) 5 (x*, y*). Thus,
12 lm (x5, yO) ) 2 lim infaocoll(x%, ¥ + 81 211 GF. ¥)Il + 81, which is impossible
since limg J|(x*, ¥*3|) = 1 by (6.2).

For Case 2, we first observe from (6.3) that

x5 2e1/4 for all large k. (6.4)
Aslim, ilxﬁ Il 3 {lx%|| we can assume lefj || > O for all n, k. Choose k sufficiently large so that
Ix* It — 2 xfi< e + 22 for all large 2. (6.5)

Thus by (6.2), we have for n # m,

k
xX xk Ik — xE0 [kl = Uk [0 = e
_ N _ 3
TR Ik | flck ) )

2 (e — &2 — e2)/IIxk | 2 84/2,
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ie., sep(xf/ixE) 2 e /2. Assume without loss of generality that [ix%|] - A for some A.

Thus, by (6.5) and (6.2), A < f|x* ||+ and x¥/\lx* )| 5 x*/A. But, by (6.4), [ix* ||/ A 2 Ix*)
JUIx5) + £2) =1 — e2/(fIx* || + &) > | — &, contradicting the UKK property of X. [J
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We give relationships between some Banach-space geometric properties that guarantee
the weak fixed point property. The results extend some known results of Dalby and Xu.
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1. Introduction

A Banach space X is said 10 satisfy the weak fixed point property {fpp) if every nonempty
wealdy compact convex subset C, and every nonexpansive mapping T: C — C (e, [Tx —
Tyll < l[x = yll for every x, y € C) bas a fixed point, that is, there exists x € C such that
T(x} = x. Many properties have been showa to impiy fpp. The most recent one is the
uniform nonsquareness which is proved by Mazcufidn {20] solving a long stand open
problem. Other well known properties include Opial property (Opial [21]), weak nor-
mal structure (Kick [17]), property (M) (Garcfa-Falset and Sims [12}), R{X) < 2 (Garcia-
Falset [10]), and UCED (Garkavi {13]). Connection between these properties were inves-
tigated in Dalby {3) and Xu et al. [27]. We aim to continue the study in this direction. In
contrast to [3], we do not assume that all Banach spaces are separable.

2. Preliminaries

Let X be a Banach space. For a sequence {x,} in X, x,, 2. x denotes the weak convergence
of {x,) to x € X. When x,, ~=~ 0, we say that (x,,) is 2 weakly null sequence. B(X) and S(X)
stand for the unit balf and the unit sphere of X, respectively, It becomes a common ingre-
dient that when working with a weak null sequence {x,}, we consider the type function
limsup,__, llx, — x|l for all x € X. As for a starting point, we recall Opial property.

Opial property |21] states that

if x, = 0, then limsup||x,|| < limsup||x. - x|| Vx & X, x £ 0. 2.0

A=W o0
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2 A note on properties that imply the fixed point property

If the strict inequality becomes <, this condition becomes a nonstrict Opial property. On
the other hand, if for every € > 0, for each x, Z 0 with ||x,]| — 1, there is an r > 0 such
that

1+r < limsup]|x, +x}| (2.2)

A==a9

for each x € X with [ix]| z &, then we have the locally unifosmly Opial property (see [27]).
The coefficient R(X), introduced in Garcia-Falset {9), is defined as

R(X) = sup { imnf ||z, - xl} -0 2= 0, [fxall = 1 Vo, izl < 1}, (2.3)

So 1 < R(X) < 2 and it is not hard to see that in the definition of R{(X), “liminf” ¢an be
replaced by “limsup.” Some values of R(X) are R(¢g) = 1 and R({;) = 2¥P 1< p <o,

A Banach space X has property (M) if whenever x, %0, then limsup, _,, llx, — x|l is a
function of ||x|| only. Property (M) which is introduced by Kalton (15} is equivalent to:

ifx, = 0, [lull < ]lvil, then timsup||x, +u|| < limsup|}x, + v|]. {2.4)

Sims [23] introduced a property catled weak orthogonality {(WORTH) for Banach
spaces. A Banach space X is said to have property WORTH if,

for every x, — 0, x € X, limsup||xq +x|| = limsup||x, — x||. (2.5)
=03 - H=—00

It remains unknown if property WORTH implies fpp. In many situations, the fixed point
property can be easily obtained when we assume, in addition, that the spaces being con-
sidered have the property WORTH. For examples, WORTH and &-inquadrate for some
€p < 2 {{24]), WORTH and 2-UNC {[11]) imply fpp.

The following results will be used in Section 3,

ProrosiTioN 2.1 [12, Proposition 2.1]. For the following conditions on a Banach space
X, we have ()= {ii)=(iii)={iv).

(i) X has property {M).

(it} X has property WORTH.

(iti} If ., = O, then for each x € X we havelimsup,_,, |1x. — tx|l is an increasing function
of ton [0,00).

(iv} X satisfies the nonstrict Opial property.

Property (M) implies the nonstrict Opial property but not weak normal structure. g
has property (M) but does not have weak normal structure. In [3, 25] it had been shown
that R(X) = 1 implies X has property (M).

A generalization of uniform convexity of Banach spaces which is due to Sullivan [26}
is now recalled. Let k = 1 be an integer. Then a Banach space X is said 10 be k-UR {k-
uniformly rotund) if given £ > 0, there exists §(¢) > 0 such that if {x|,...,x } € B(X)
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satisfying V{x,,....%x41) = &, then

E+1
2o 4| 8(e). (2.6)

Here, V{x(,...,Xx+1) is the volume enclosed by the set {x),...,xx }, that s,

P 1
1 1 nte +1} -
Vixp,...,xpe1) = sup 4 (x ) N fl(%k , (2.7)

A - filon)

where the supremum is taken over all fi,..., fx € B(X*).
Let K be a weakly compact convex subset of a Banach space X and (x,) a bounded
sequence in X. Define a function f on X by

fix) =limsupllx, — x|, x€X. (2.8)

Let
r=re{(x)) = inf{f(x}:x€ K},

Az Ax((x)):={x€K: f(x)=r}. (2.9)

Recail that 7 and A are, respectively, called the asymptotic radius and center of (x,,) relative
to K. As K is weakly compact convex, we see that A is nopempty, weakly compact and
convex {see [14]}. In (18], Kirk proved that the asymptotic center of a bounded sequence
w.r.t a bounded closed convex subset of a k-uniformly convex spaces X is compact. This
fact wilt be used in proving Theorem 3.8.

Being k-UR and Opial property are related in the following way.

TreoreM 2.2 [19, Theorem 3.5]. If X is k-UR and satisfies the Opial property, then X
satisfres locally uniform Opial property.

One last concept we need to mention is ultrapowers of Banach spaces. Ultrapowers of
a Banach space are proved to be useful in many branches of mathematics. Many resuits
can be seen more easily when treated in this setting. We recall some basic facts about the
ultrapowers. Let & be a filter on an index set I and let {x;}:e; be a family of points in a
Hausdorff topological space X. {x;}ic; is said to converge to x with respect to &, denoted
by limg x; = x, if for each neighborhood U ofx,{ieT:x, e U} e F. Afilter U on [ is
called an ultzafilter if it is maximal with respect to the set inclusion. An ultrafilter is calied
trivial if it is of the form {A : A C I,ip € A} for some fixed iy € I, otherwise, it is called
nontrivial. We will use the fact that
(i) A is an ultrafilter if and only if for any subset A C [, either A € U or I\ A € U,
and
(ii) if X is compact, then the lims, x; of a family {x;] in X always exists and is unique.
Let {Xi}iesr be a family of Banach spaces and let 1.(1,X;) denote the subspace of the
product space TT;; X; equipped with the norm [[(x:}l} 1= sup;e; lxill < oo
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Let @ be an ultrafilter on [ and let
Nay = | (x:) € Lo (1.X,) Him ]| = 0}, (2.10)

The uitraproduct of {X;} is the quotient space I (I, X;}/Ne equipped with the quotient
norm. Write {x;)a; to denote the elements of the ultraproduct. it foliows from (ii} above
and the definition of the quotient norm that

1ol = Ll 21)

In the following, we will restrict our index set J to be N, the set of natural numbers, and et
X; =X, i€ N, for some Banach space X. For an ultrafiiter U on N, we write X to denote
the ultraproduct which wili be called an witrapower of X. Note that if %, is nontrivial,
then X can be embedded into X isometrically {for more details see {1] or [22)).

3. Main results

Recall that a2 Banach space X is said to have Schur’s property if
for every sequence (x,), X, — 0 implies x, — 0. (3.1}
An element x € X is said to be an H-point if
X = X, ||xad] — lxll imply x, — x. (3.2)

X has property (H) if every element of X is an H-point. These concepts are related, in
conjunction with the condition R(X) = 1, as follow.

TueoRrEM 3.1. A Banach space X has Sehur’s property if and only if R{X) =1 and X has at
least one H -point.

Proof “=" Itis well known that Schur’s property implies property (H). From the defini-
tion of R(X) and Schur’s property, we have

R(X) = sup { limin |, - x|} : x, == 0, l{xll = 1 Va1, 1l < 1] 53
n—ea 33
=sup{ll=h: Uxll <1} = 1.

“&=" Suppose that there exists a sequence {x,} converges weakly to 0 but [|x,|l —=» 0.
By passing through a subsequence if necessary, we can assume that [|x,|| — a # 0. Put
¥n = xp/a. Cleatly p, X 0and Dyl = 1. Let xp be an H-point. If xy = 0, we are done. We
assume now that xg # 0 and in fact we assume that xy € S{X). Thus, as R{X) = | and the
weak lower semicontinuity of the norm,

(%6~ yn) = x0, liminfllxo - yall = L. (34)
Choose a subsequence {y,r) of { y,) such that

Jim (o =yl = 1. (3.5)



48

S. Dhompongsa and A. Kaewkhao 5

We see that {xp — y;,) — xg and y;, — 0. Thus |y, Il -~ 0 and 0 = 4, a contradiction. |

A Banach space X has property m, (resp., ma) (cf. {27]) if for all x € X, whenever
Xn o,

limsup |+ xa)[” = llxl|? +lim sup |x|{*
n—eon A=

(resp., lim_sup [jx + x|} = max { I x4, ﬁIIls;lp Hx,,H}). @6

Clearly the above properties imply property (M) and property m; implies Opial property.
Property m, implies property (H). For, if x, — x and fix,l| — llx|| for some sequence
{x,) and x € X, we have, by m,

llxll = timsup [|x|| = limsup|| (x, — x) +x|[ = llx]l + Limsup ||, — x||. (3.7)

This implies that limsup, ., lx, — x[l = 0 and thus x, — x.
It also turns out that property m. and the condition R{X} = I coincide as the follow-
ing result shows.

THEOREM 3.2. A Banach space X has property m, if and only if R(X) = 1.
Proof. “=" Suppose that X has property me. Thus,

R{X) = sup {[i.msupl[x,, —xllix, =0, Ixal| =1 ¥, llxll = 1}

. w (38)
= sup {mu{llxll,[unsup”x,,ll} X == 0, [|xal| 1 90,2l = 1} =1

“«<” To show that X has property m,. Given x, Z0and xe X - {0}. Put a =
max{f(x|l,timsup,_,, llx,l|}. Clearly, limsup,_,,(llx,il/a} < 1 and ||xll/a € B{X). We note
here that R(X) = 1 implies property (M) and it in turn implies the nonstrict Opial prop-
erty. By the weak lower semicontinuity of || - || and the nonstrict Qpial property, we see
that {lxll < limsup,__, llx, — x|l and limsep,_, x|l < limsup,_, lxn — xji. Thus a <
limsup,_, llx, — xll. On the other hand, as R(X) =1, we can show that
limsup,, _,, llx./a ~ x/ail < 1. So we can conclude that,

=1, (3-9)

and thus hmsup,,_, [x, — x[l = a = max{{lxfl,limsup,__, lx.ll} and the proof is com-
plete. O

For p < o, we have the following proposition.

Proposition 3.3. If X has property my(1 < p < ), then R{X) < 2Y?, Moreover, if in
addition X does not have Schur’s property, then R{X) = 2V/?,
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Proof Define
Ry(X):= sup{lirf:;:s;:p”x,, ~ x|t x, =0, [|xal] < 1 V1, llx]l < 1}. (3.10)
By property m,, we have
Rp(X) = sup{llxi{?+lhis:p||xnlip:x,. 0, flxafl £ 1 Ve llxll < 1}, (3.11)

Thus, Rp(X) = 2 which implies R(X) < 2"#. On the other hand, if, in addition, X does
not have Schur’s property, then there exdsts a weakly null sequence {x,) such that x,, = Q.
From this we can construct a weakly null sequence (y,) in the unit sphere. We can now
see that Ry(X) = 2 and hence R(X} = 2V7, Therefore R(X} = 2*. ]

Example 3.4. Inl, (1 < p < ), we have e, € S(X) and e, = 0, where (e,) is the standard
basis. Clearly

llen — er}] == 2, (3.12)

thus R(l,} = 2P. Note that I, has property m, (cf. {27]).
Some properties are equivalent ina space X with R(X) =1,

THeorewm 3.5. Let X be a Banach space with R(X) = 1. The following conditions are equiv-
alent:
(1) X has property my;
(11} X satisfies Opial property;
(iii} X has Schur's property.

Proof. (i)=(ii) and (iii)= (i} are clear, It needs to prove (ii) = (iii).
Let x, = 0. To show x, ~ 0, let 0 # x € X. By Opial property together with property
Moo, We have

limsup |fx.|| < limsup|[x, +x|| = max{llxll,limsup”x,.”}. (313
Thus
timsup ||| < 1<, (3.14}

forall x € X - {0}. This means that limsup,,_, lxx|l = 0 and thus lim,_« {{x,]| = 0. Con-
sequently, x, — 0, and therefore X has Shur’s property. 0
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The Jordan-von Neumann constant Cj{X} of X is defined by

2 — 2
o0 = sup | VSt ey € Xnocbothaero (2

2 _ 2
{ ”xzﬁaf:lllziulryll");ﬁ xE€S8(X), yE B(X):{’ ([16)).

(3.15)

Another important constant which is closely related to Cnp(X} is the James constant f(X}
defined by Gao and Lau [7] as:

J(X) =sup ffixtyll allx -yl :x,y € S(X)}

= sup {lIx+ yll A llx - yii : x, ¥ € B(X)). (3.16)

In general we have

J(X)?
Jxy-1)%+1
With or without having WORTH, Mazcufidn {20] showed that R(1,X)} < 2 whenever

Cy(X) < 2. In gerneral, R(1,X) < R(X). The constant R{a, X) is introduced by Domin-
guez. [6] as: for a given real number a

%)’(X)Z < CuilX) s ([16}). (3.17)

R(a,X) := sup {li{lrlglfllx+x,.[|}, (3.18)

where the supremurm is taken over all x € X with [[x}l < a and all weakly null sequences
{xn) in the unit ball of X such that

limsup(ljmsupﬂx,.—x,,.ll) <1 (3.19)

Replacing R{1,X) in [20] by R(X) we obtain the following theorem.
TusoreM 3.6. If X has property WORTH and Cyq(X) <2, then R(X)<2.

Proof. Suppose on the contrary that R(X) = 2. Thus there exist sequences (x7),(x™) €
B(X) such that for each m, x™ = 0 as n — x and

liminf [}z — x| >2--§1— (3.20)
for all m € N. Now, by WORTH, we have, for each m,

fler £ 21+ [l = xm* 22 - Vm)?
2((lll” + i) 4

2 1
2— L — 21
m  2m? (3.21)

for all Jarge n. This implies Cyy{X) = 2, a contradiction, and therefore R(X) < 2 as desired.
W]
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Remark 3.7. Theorem 3.6 says that every Banach space X with property WORTH has fpp
or CN;(X) =2= R(X)

THEeOREM 3.8. If X is k-UR and satisfies property (M), then X satisfies Opial property.
Proof. Suppose that there exist x, < 0 and 0 # x; € X such that

limsup |ix,|| = limsup{|x, — xo||. (3.22}

Observe that X is therefore not finite dimensional. By the nonstrict Opial property (see
Propaosition 2.1) we have

limsup||x,]| = limsup |}x, — x|l = & # 0. (323}

We may assume that [|xg{| = 1. Define the type function by
f(u) = limsup{|x, — || (3.24)

Then f isa function of ||lull and is also nondecreasing in [Jull. Now since f{0}= f(x) =
and since ||xgll = 1, it follows that f(u) = a for all u € B{X). This implies that Ag(x){x,) =
B(X). Since X is k-UR, Kirk [18] implies that Agxy{xn) and so B{X) is compact, that is,
X is finite dimensional, a contradiction, 0

CoroLrary 3.9. If X is k-UR and hds property (M), then X has the locally uniform Opial
property, In particular, properties UR and (M)} imply the locally uniform Opial property.

Proof. This follows from Theorem 2.2 and Theorem 3.8. 0

Definition 3.10. Let X be a Banach space.

(i) We say that X has property strict (M} (27, Definition 2.2] if, for each weakly nuli
sequence (x,), for u,v € X such that {jull < §v8, imsup,_,, llx, — ull < limsup,_, llxs —
vil.

(i) We say that X has property strict {W) if, for each weakly null sequence (x,,), for
x € X we have limsup, _, lxx — tx(| is an strictly increasing function of t on {0, ).

It is easy to see that
property strict (M} == property strict {W) == Opial property. (3.25)

ProrosiTion 3.11. Let X be a Banach space, then X has property strict {M) if and enly if it
has both properties (M} and strict (W). ’

Proof. “=" Clear.
“&” Suppose X has properies (M) and strict (W}. Let (x,) be a weakly null sequence,
w,v € X with [full < {{vll. By property strict (W)} we have

vl
Xn = 0

Mzl

limsup/||x, ~ u]| < limsup
H—2 n—o

u l (3.26)
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Since [{vE/llulyull = iivll, so by property (M) we have limsup,,_, llx, — {[[vll/l[u)}ull =
limsup,_ , lxx — v}|. Hence

limsup ||xx — || < limsup|}x, — v}}. (3.27)

This shows that X has property strict (M). O

ProrosiTion 3.12. Let X be a Banach space which satisfies Opial property and has property
(M. Then X satisfies the locally uniform Opial property.

Proof. Let {x,) be a weakly null sequence in X satisfying llx,l — 1 and ¢ > 0. Set r =
limsup, _,, Wxp — (c/llxi)x([ ~ I, where x € X — {0}. Since X satishes Opial property, we
have r > 0. Hence, for u € X such that lu|l = ¢, we have

liin_s::p [{xs — | 2 Iiris:p Xp— “—;-Eu = ].il:ls;lp Xy~ Hf?n-x =1+4r (3.28)
Thus, X satisfies the locally uniform Opial property. D

Corotrrany 3.13 (27, Theorem 2.1}, Let X be a Banach space which has property strict
(M). Then X satisfies the locally uniform Opial property.

Recall that a Banach space X is uniformly convex in every direction {UCED) Day
et al. [4] if, for each z & X such that {jzll = 1 and € > 0, we have
8.(€) = inf{l S s i s L x =y = a2 e} 50, (3.29)
THEOREM 3.14. Suppose that a Banach space X has property WORTH and is also UCED.
Then X has the property strict (W).

Proof. Suppose X fails to have the property strict (W), then there exist a weakly null
sequence {x,), x € S(X}, t|,1; € [0, =), where 1) < £z, with

limsup {|x,; + x|} = limsup]|x. + fx|]. (3.30)
H—o n—od

By property WORTH we must have equality. Put a = limsup, _, lIx, + fix[), it follows
that

. X, +hx+x,+hx
fimsup |{x, + = limsup —-———2————\
e - _ (3.31)
tr—h .
a[l - 6;(——(}-——]] < a = limsup||x, + t1x]|
contradicting to having WORTH of X. |

From Proposition 3.11 and Theorem 3.14 we have the following corollary.

CoroLiary 3.15. Suppose that a Banach space X has property {M) and is also UCED. Then
X has property strict (M),
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Finally, we improve the latest upper bound of the Jordan-von Neumann constant
Cr(X) at {3+ /5)/4 for X to have uniform normat structure which is proved in [5].
Turorem 3.16. If Cuy(X) < {1 ++/3)/2, then X has uniform normal structure.

Proof. Since Cw(X) <2, X is uniformly nonsquare, and consequently, X is reflexive.
Thus, normal structure and weak normal structure ¢oincide. By {8, Theorem 5.2}, it suf-
fices to prove that X has weak normal structure.

Suppose on the contrary that X does not have weak normal structure. Thus, there
exists a weak null sequence (x,) in S(X) such that for C:= cdo{x,: n = 1},

,l.ifg“x" —x||=diamC=1 ¥x (3.32)

(cf. [24]). Let & = /1 + /3. We choose first an x € C with [xll = 1. We will consider,
without loss of generality

Ai_n;”x,,+x|| <R(LX) s J(X) {([20])

< JZCN,(X) ([16]) < &

By Hanh-Banach theorem there exist j},,g € S(X*) satlsfymg Salxn = (W/2}x) = |lx, ~
(1/2}x]l, Yne Nand g(x) = 1. Set f (f,,) Then f,g € S{X*) and satisfy

{3.33)

F(ted) =1 f(i) =0, g(l=d) =0 =1 (3.34)
Now consider
I ~&ll = (7 - ) () - %)
= F((x)) - Fon - g () +42) (3.35)
=1+0-0+122
On the other hand,

1F+gll= (7o) (3 (Gl +5))

-(Ge) ( ) s(LE)ells) o

=-+0 0+

QI-—-
QINQI-—'

Thus we have

2
Gl = W 20’ +11F - gl At l;- (3.37)
2(1F112 + Ugl2) 4 «



S. Dhompongsa and A. Kaewkhao 11

Since the Jordan-von Neumann constants of X*, X, X, and X* are all equal, we must
have Cuyy{X) = 1+ 1/a?, that is,

e

1+
5

C(X) = (3.38)

a contradiction. O
The following corollary is a consequence of the proof of Theorem 3.16.

CoroLLARY 3,17, If C(X) < 14 1/J(XY, then X has uniform normal structure.
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Abstract

Let X be a complete CAT{0) space,-We prove that, it £ is 2 nonempty bounded closed convex
subsetof X and T : £ ~ K (X} a nonexpansive mapping satisfying the weakly inward condition, i.c.,
there exists p € £ suchthatep @ (| —e}Tx C Ig(x)¥x € E. Y €0, 1], then T has a fixed point.
In Banach spaces, this is a result of Lim [Qn asymptotic centers and fixed poiats of nonexpansive
mappings, Canad. I. Math. 32 (1980) 421-430]. The refated resolt for unbounded R-trees is given.
© 2005 Elsevier Inc. All dights reserved.

Keywards: Multivatued mappings: Fixed points; CAT(0) spaces; R-trees

1. Introduction

In 1980 (8] and 2001 [9}, Lim and, respectively, Xuv had proved differently the same
result concerning the existence of a fixed point for a nonself nanexpansive compact valued
mapping defining on a bounded closed convex subset of a uniformly convex space and
satisfying the weak inward condition. While Lim used the method of asymptotic radius,

¢ Supporned by Thailand Research Fund under grant BRG4780011. The second and the third authors were also
supported by the Royal Golden fubilee program under grane PHD/OZ216/2543 and PHD/G251/2545, respectively.
* Corcesponding author.
E-uiaif addresses: somporpd @chiangmai.ac .t (5. Dhompangsa), g4365451 @cmedu {A. Kaewkhao),
g4565152@cm.edu {B. Paayanak).

0022-247X/5 - see from matier © 2005 Eisevier ine. AHl rights reserved.
doi: 10,1016/ jr0aa 2005.03.055
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Xu used his characterization of uniform convexity. Recently in 2003, Bae {1} constdered a
closed valued mapping defined on a closed subset of a complete metric space. It was shown
that if the mapping is weakly coniractive and is metrically inward, then it has a fixed point,
Having all these resulis, we are interested in extending the Lim-Xu’s result to a special
kind of metric spaces, ramely, CAT(0) spaces. Qur proofs foliow the ideas of the proofs in
Lim [8], Bae [13, and Xu [9].
In Section 2, we give some basic notions and in Sections 3 and 4 we prove our resulss.

2. Preliminaries

In the course of our proof of the main result, we use an ultrapower of a metric space
as an ingredient. Following Khamsi (5], let (X, ) be a bounded metric space and U a
nontrivial ultrafilter on the natural numbers. Consider the countable Cartesian product X
of X and define the equivalence relation ~ on X by

(xq) ~ (¥u) if “J(“d(-xns yu) =0.

The limit over U exists since X is bounded. On the quotient space X of X over ~, which
will be called an ultrapower of X, define the metric & by
dE Py =limd(u ). .

where x = ('.-r:) and ¥ = (3:) are elements of X. It is easy lo sec that X is complete
whenever X is. For each subset £ of X put

E= [(‘;:): xp=x€Eforanyn 2z}

Clearly, X and X are isometric.

We present now a brief discussion on CAT(0) spaces (see Kirk [6.7] and Bridsen and
Haefliger {2]). Although CAT(x) spaces are defined for all real numbers &, we restrict
ourselves 1o the case that x = (.

Let (X, d) be a melric space. A geodesic path joining X € X to v € X is 2 map ¢ from
a closed interval [0, {1 C B to X such that ¢(0) = x, c(f) = y and d(c{i}. (")) = |t — 1’}
forall 4,7 €(0,!1. Obviously, ¢ is an isometry and d{x, ¥) = {. The image of ¢ iscalled a
geodesic segment joining x and ¥ and. when unique, denoted {x. ¥]. A metric space is said
te be a geodesic space if any two of its points are joined by a geodesic segment. If there is
exactly one geodesic segment joining x to0 y for all x, v € X, we say thai (X, d) is uniquely
geodesic.

A geodesic triangle A(x, x72,x3) in a geodesic space (X, d) consists of three points
in X (the vertices of A) and a geodesic segment between each pair of vertices (the edge
of A). A comparison triangle for a geodesic triangke A{xy. x2.x3) in (X.d}) is a wriangle
Alxy. X2, x3) 2= A, . %2, F1) in R? such that dea(Vi. £ =dlx xp) Torid, e {1,2,3).

{X.d) is said to bc a CAT(0) space i all geodesic wriangles satisfy the CAT(0) compar-
ison axiom:
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For every geodesic triangle A in X and its comparison triangle AinR:ifx, yea,
and £, ¥ are their comparison points in A, respectively, then

d{x,y) S dga(x, y).

Let X be a CAT(0) space, and let E be a nonempty closed convex subset of X, The
following facts will be needed:

® (X.d) is uniguely geodesic.
(i1} (X,d)is a CAT(0) space.
(i)} (X, d) satisfies the (CN) inequality

1 I |
d(x, y0)* € Sdtx, i+ 4@, y)? — Zﬂl(;vt-}'z)2

for all x, y, y7 € X and yg the midpoint of the segment {y), y2). Note that the con-
verse is also wue. In fact, a geodesic metric space is a CAT(0) space if and only if it
satisfies (CN) inequality (cf. [7]).

(iv) Let p.x, y be points in X, let ¢ € (0, 1), and m and m2 denote, respectively, the
points of [p, x] and {p, ¥] satisfying

dip.my=ad(p.x} and d(p,m)=uad(p.y).
Then ’ -
d{my, ma) € ad(x, ¥}.
(v} For every x € X, there exists a unique point p{x) € E such that
d{x, p(x)} = dist(x, £,
where dist(x, £} == inf{d(x, y): y € E}.
With the same E and p(x),ifx ¢ E, y € E,and y # p(x), then L ,(x, ) 2 g— where
£:{x,y) ts the Alexandrov angle between the geodesic segments [z, x} ard [z, ¥y} for ali
x,y.z€ X (sec (2, p. 176]).

Let (X, d) be a metric space and £ a nonempty subset of X. A closed valued mapping
71— 2X\@ is said to be metrically inward if for each x € E,

Tx CMIg(x),
where M/ g(x} is the metrically inward set of £ at x defined by
Migix}= [z € X: 2 =x orthere exists y € E such that y # x
and d(x,2) =d(x, y) +d(y.2)].
tn case X is a Banach space, the inward set of E at x is defined by
Je() =[x+ Xy —x) yeE. A21].

In general, 1p(x} C M/ g{x) foreach x € E, and the equality may not be true.
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From now on, X stands for a complete CAT(0} space. Let E be a nonempty bounded
subset of X. We shall denote by F(E) the family of nonempty closed subsets of E, by
FC(E) the family of nonempty closed convex subsets of E, by K (E) the family of non-
empty compact subsets of £, and by KC(E) the family of nonemply compact convex
subsets of £, Let H(-,-) be the Hausdorff distance on F(X}, i.e.,

H{A, B) =max | supdist{a, B), supdist(b, A}|. A, Be F{X).
€A hel

Definition 2.1. A multivalued mapping T: E — F(X) is said to be a contraction if there
exists a constant & € {0, 1) such that

H(Tx,Ty)<kd(x,y), x.y€E. 2.1
In this case T is said to be k-contractive. If (2.1} is valid when & = |, then T is called
nonexpansive.

We use the notation (1 —)u @ av, o € [0, 1], to denote the points ol the segment [u, v}
with distance ad (¢, v) from 4. For EC X and a fixedelement pe E, (| —a@)p @ o F =
{{l —e)p@oav: ve E}. E issaid to be convex if for each pair of poinis x, y € £, we have
[x,¥y]CE.

For a nonempty subset E of a CAT{Q) space X, it is easy to see¢ that the (metrically)
inward set M{ g (x) becomes

Mg = (Jle: ol 0 BB} Ulx = 15(x).
Definition 2.2, A multivalued mapping T: E — £(X} is said 1o be inward on F if for
some p € E,

ap@(t ~e)Tx Clglx) Ve £ Yaefl ],
and weakly inward on E if

ap @l —a)TXxXCIe(x) VYreE, Yaeld 1), 2.2)

where A denotes the closure of a subset A of X.
When £ is convex, it is easy to see that

Ie(x) = (U[ix. ¥l (e 1O E #0)) Uix)

Note that in a normed space setling, the inward (respectively, weakly inward) cordition
is equivalent to saying that Tx C Jg(x) (respectively, Tx C [g(x)) since in this case, [g(x)
is convex. This is also true for R-trees.

3. Lim’'s theorems

The foliowing simpie result is needed.
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Proposition 3.1, Let E be a nonempty closed convex subser of X, x € X, and p(x) the
uhique nearest peint of x in E. Then

d{x, p(x)) <dx,y) ¥yelg(p)\ {p(n)}.

Proof. Let y € Ig(p(x)}\ [p{x)}, there is a sequence (y;) in Jg(p(x)} and y, — y. For
all Yarge n we can find 7, € (p(x), y,) N E. Since z, € E and z, # p(x). L {5, 20) 2 %
(see [2, p. 176]). Thus in the comparison triangle A(p(x). x, y,), the angle at p(x) is also
greater than or equal to 5 {see [2, p. 161]). By the law of cosines,
2 2
d(x' P(I)) +d()'n- P(x)) s d(x, J"H)z-
Taking A — 00, we obtain

d(x. p{x)) <d(x,y). D
One of powerful 10ols for fixed point theory is the following result.

Theorem 3.2 (J. Caristi [31). Asswe (M, d) is a complete metric space and g: M — M is
@ mapping. If there exisis a lower semicontinuous function ¥ . M — [0, 00) such that

d{x, g S ¥ — ¥ (glx)) foranyxe M,
then g has a fived poini, -

We can now State our main theorem.

Theorem 3.3. Ler E be a nonemnpiy bounded closed convex subserof X and T 1 E — K(X)
a nonexpansive mapping, Assime T is weakly inward on E. Then T has a fixed point.

By combining the idea of the proofs in [1,8,9]. we thus first establish the following
lemma, However, in applying the lemma, we choose o use the ultrapower technique which
seems o be alternative.

Lemma 3.4. Let £ be a nonewpty closed subset of X and T : E — F(X) k-contractive for
some k €{0, 1). Assume T satisfies, for all x € E,

Tx C Ig(x). (3.1)

Then T has a fixed point.

Proof. Let M = {(x.2): z € Tx. x € E) be the graph of 7. Give a metcic p on M by
plx, 2}, (1, v)) = max|d(x. ), d{z. v}}. ILis easily seen that (M. p} is a complete metric
space. Choose £ > Osothat 6 + (5 4 2e) (1 + &) < |.

Nowdcline v : M — [0.ocoy by y{x.2) = f(—;—:—’ Then 3 is continuous on M. Suppose
that T has no fixed points, ie.. disi(x.Tx) >0 foratl x € E. Let (x.2} € M. By (3.1},
we can find z' € Fp(x) satislying d(z. 2"} < edisi{x, Tx). Now choose v € (x, 2YN E and
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write g = (1 — §)x @ 87 for some (¢ < § £ 1. Note that the number § varies as a function
of x. However, for any such &, we always have

Se+{(1=-8)+(k+28¥8(1 +8) < 1. (3.2)

Since T is k-contractive and d{x, u} > 0, we can find v € Tu satisfying
d{z,v) S H(Tx, Tu) + ed(x,u) & (k+8)d{x, u).

Now we define 2 mapping g : M — M by g{x,2) = (&, v) V{x, z) € M. We claim that
g satisfies

P 2. 2(x. D)) < ¥(x.2) —¥(g(x.2)) Y(x,2)eM, (3.3)

Caristi’s theorem then implies that g has a fixed point, which contradicts to the surict in-
equality (3.3) and the proof is complete.
So it remains to prove (3.3). In fact, it is enough to show that

p((r,2), (4, v)) < - (dx,2) = i, 0).

But d(z, v) € d(x, u), and we only need 10 prove that d(x, u) < ;:;(d(x, 2) — du, v)).
Now,

d(x, u) = 8d(x,7') < 8(d(x. 2) + d(z,2)) <8(dix. 2) + dist(x, Tx))
< 8(d(x.2) +ed(x,z_2) <81 +e)d(x, 7). '
Therefore i
dx,w) <80 +&)d{x,2). : (3.4)
It follows that
diz. v) L k+e)dx, u) < &+e)8(1 +e)d(x, 2).
Now we let y = (| — 8)x @ 8z, thea
du, v) £du, y)+d(y, 2)+d(z, v)
€8d(z,2)+ (1 = 8)d(x,2) + (k +£)86(1 +&)d(x,2)
< dedist(x, Tx} + {(1 —8) + (k + &) (1 +6))d(x, 2)
L8ed(x, )+ ((1 — &) + (k + )8(1 + £)}d(x, 2)
€ (82 4+ (1~ 8) + (k + )3t + £))d(x, 2).
Thus
d(u,v) € (3 + (1 — &) + (k+£)8() +£)}d(x, 7). (3.5)
Inequalities (3.4), (3.5), aad (3.2) imply that
edle, ) +d(u, ) Ll +edd(x, 2) + Be+ {1 -8 +{k+)8( + £))d(x. 2)
={de+ (1 =8+ (k+2e)8(1 +e)¥d(x,2) < d{x.2).
Therefore d{x, u} < %(d(x, 2) —d(u,v)) as desired. D



484 S Dhompongsa et ul. / 1 Murh. Anal. Appl. 312 {2005) 478487

We are now ready to present the proof of Theorem 3.3.

Proof of Theorem 3.3. For each integer n 2 1. the contraction T, : £ — K(X) is defined
by -

t 1
Tlxyi=-p®P (l - —) Ty, xekE,
n n
where p € E is the existing point satistying the weakly inward cordition (2.2). Weak in-

wardness of T implies that such T, satisfies the condition (3.1) in Lemma 3.4 ard in turn
it guarantees that 7, has a fixed point x, € E. Clearly,

dist{x,, Tx,) £ - [diam(E) - 0.
n—

Let X be a metric space ultrapower of X and
E={i= (o) xu=xe E}.

Then £ is a nonempty closed convex subset of X. Since T is compact-valued, we can take
vy € Tx, such that

d(x,, w)=dist(x,, Tx,y. nzl

This implies (\,,) = (3,,) Since £ is 2 closed convex subset of a complete CAT(0) space X,
(x,,) has a unique nearest point v € E ie. d((xﬂ) v) = dns:{(x,,} E). AsTvis compact,
we can find v, € T v satisfying -

Ay vy) = dist(y,. Ty < H(Tx,. Tu).
It fotlows from the nonexpansiveness of T that
d{yn, va) € d{xy, v).
This means
a(Gmy. () < d (G, 9).

Since (?:} = (;;'), we have

d(Can. (wn)) < d((xn), ). (3.6)
Because of the compaciness of Tv, there exists w € Tv such that w = limyy v,,. It follows
thaot (U;r) = w. This tact and {3.6) imply

d((_r,,). u,-) % d((x,,}, v). Q.7

Since 1w € 1600} as w € Ig(v), (3.7), and Propesition 3.1 then imply that w = 0. So v =
w € Tv which then completes the proef. 0O

As an immediate: - conseguence of Theorem 3.3, we obtain

Corollary 3.5. Let £ he a nonempty bounded closed convex subsetof X and T : E — K(E)
e nonexpansive mapping. Then T liay u fived point.
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As we have observed at the end of Definition 2.2, we can restate Theorem 3.3 for R-trees
as follows.

Corollary 3.6. Let X be a complete R-tree, E a nonempty bounded closed convex subset
of X, and T : E — K(X) a nonexpansive mapping. Assume that Tx C Iglx)VYx € E. Then
T has a fixed point.

Finally, as a consequence of Kirk [4, Theorem 4.3) and the idea given in the proof of
Theorem 3.3, we can relax the boundedness condition and the compactness of the values
of a multivalued self mapping T for R-trees.

Corollary 3.7. Let (X, d) be a complete R-tree, and suppose E is a closed convex subset
of X which does not contain a geodesic ray, and T : E - FC(E) a nonexpansive mapping.
Then T has a fixed point.

Proof. By [2, p. 176), for each x € E, there exists a unique point p(x) € Tx such that
d(x, p(x)) =dist(x, Tx).

So we have defined a mapping p: £ — E. The nonexpansiveness of T and the convexity
of Tx imply that p is a nonexparsive mapping. By [4, Theorem 4.3), there exists z € £
such that z = p(z) € Tz which ther completes the proof. O

4. A common fixed point theorem

We consider in this section a common fixed point of norexpansive mappings. Let
t:E— Eand T:E — 2¥\@. t and T are said 10 be commuting if (y € Ttx ¥y € Tx,
Yx € E.If E is a nonempty bounded closed convex subset of X and ¢ is nonexpansive, we
know that Fix{r} is a nonempty bounded closed convex subset of E (see [7, Theorem 12]).

Theorem 4.1. Let E be a nonempry bounded closed convex subset of X, and lett: £ — E
and T : E = KC{X) be nonexpansive. Assume that for some p € Fix(t),
ap @ (! —a)Tx convex ¥Yx e E, Yo € [0, []. 4.1)

Ift and T are commuting, then there exisis a point 2 € E such that 1z =7€ Tz

Proof. Let A =Fix(t). Sincety ¢ Trx =Tx foreach x € A and y € Tx, Tx is invariant
under ¢ for each x € A, and again by (7, Theorem 12), Tx N A #8.

Let X be an ultrapower of X and lel p € A satisfying (4.1). As before we define for
each n 2 1 the contraction 7,,: A — KC(X) by

| l
TalX) ::;p&B (l - ;)Tx, YE€EA.

Convexity of A implies T,{x} "1 A # #. Lemma 4.2 below shows that T, has a fixed point
Xy & A. Let y, be the unique pointin Tx, such thatd{x,, y,) =dist{x,. Tx,). Thus (x;) =
(y) since dist{x,, Tx,) = 0 as n — co.
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Now,
d(xn, tyy) = d(tx,, ty,) <d(x,, y,) = dist(xn, Txq).

Since y, € Tx,, we have ¢y, € Ttx, = Tx, and thus the unigueness of y, implies that
PYn = Yu- Soy,eTx, N A Since A is a closed convex subset of the complete CAT(0)
space X, there exists a unique point z € A such that

d((x), 2) = dist((x), A).
For each n there exists a unique point z,, € Tz such that
d (¥, 20} = dist(yg, Tz}

As before we see that z, € TzN A. By the compactness of TzNA, wecanfindweTzNA
such that limy; 2, = w. It follows that {z,) = .
Observe that

d(xu, 24) = dist(y,, T2) € H(Tx,, T2) £d(x,, 7).
Therefore d((), () € d((x,). 2). Since (3,3 = (x,) and () = b,
d(Ceay. ) € d((xn), 2) = dist((xa), A).
The uni-queness of z implics that w = z. Therefore 12 =z =w € Tz asdesired. Q

It remains to prove our lemma. -

Lemma-4.2. Ler A be as above and T 1 A — FC(X) be k-contractive for some k € [0, 1)
Assume that T sarisfies, for alf x € A,

TxNA#£0@
Then T has a fixed point.

Proof. The proofl is similar to the proof of Lemma 3.4. Let M = [(x,2):2e TxNA,
x € A} and define a metric p on M by p({x, z), (. 1)) = max{d(x, ), d{z, v)}. Again
{M, p) is a complete metric space. Choose £ > 0 sothate + k& < |.

Define i : M — {0.00) by y(x.2) = "'“T“) Suppose that v 3# z for afl (x.z) € M.
Since Tz is a closed convex subset of X, there exists a unique poiat v € Tz such that

diz, ) =dist(z. T2).

Bearing in mind that A = Fix(r}, thus by the commuting assumption and the vniqueness
ofv,wehaveve TzNA.

Now we definc a mapping g : M — M by g(x. 2) = (z.v) foreach (x, z) € M. Weclaim
that g satisfies

pl(x,2). 2(x. ) < ¥lr.y—¥lgl. 7)) Yix.meM. (4.2)

Again by applying the Caristi's theorem we oblain a contradiction. Thus T has a fixed
point.
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So it remains to prove (4.2). From the fact that d(z, v) =dist(z, Tz) € H{(Tx. T2) £
kd(x, ), we have

edx,2)+d(z, V)< ed(x,2)+kd{x, ) = (e + k)d(x, 2) <d{x,z).
Therefore p{(x, z), (z, ¥)) < %(d(x.z) —d{(z,v}), and (4.2) is verified. D
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Abstract

Lei E be a nonempty bounded closed convex separable subset of a refiexive Banach space X which
satisfies the Dominguez~-Lorenzo condition, i.e., an inequatity concerning the asympiotic radius of 2
sequence and the Chebyshey radius of its asymptotic center. We prove that a multivalued nonexpansive
mapping T : £ — 2% which is compact convex vatued and such that 7(E) is bounded and satisfies
an inwardpess condition has a fixed point. As a consequence, we obtain a fixed-point theorem for
multivalued nonexpansive mappings in uniformty nonsquare Banach spaces which satisfy the property
WORTH, extending a known result for the case of nonexpansive single-valued mappings. We zlso
prove a common fixed point theorem for two nonexpansive commuting mappings ¢ : £ — E and
T : E — KC(E){where KC(£) denotes the class of all compact convex subsets of E) when X is a
uniformly convex Banach space.
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1. Introduction

One of the most celebrated results about multivalued mappings was given by T.C. Lim
{171 in 1974. By using Edelstein’s method of asymptotic centers, he proved that every
multivalued nonexpansive self-mapping T : E — K(E) has a fixed point where E is
a nonempty bounded closed convex subset of a uniformly convex Banach space X. In
1990, W.A. Kirk and 5. Massa [16] proved that if a nonempty bounded closed convex
subset £ of a Banach space X has a property that the asymptotic center in £ of each
bounded sequence of X is nonempty and compact, then every multivalued nonexpansive
self-mapping T : E — K C(E) has a fixed point. In 2001, H.K, Xu [23] extended Kirk and
Massa’s theorem 1o a non-self-mapping T : £ - KC(X) which satisfies the inwardness
condition.

Recently, Dominguez and Lorenzo {10] proved that every nonexpansive mapping 7T :
E — KC(E) has a fixed point where E is a nonempty bounded closed convex subset of a
Banach space X with £4(X) < 1. Consequently, they give an affirmative answer to problem
6 in [22] which states that every multivalued nonexpansive mapping T : £ - KC(E) has
a fixed point where £ is a nonempty bounded closed convex subset of a nearly uniformly
convex Banach space X. Furthermore, they (9] proved that if T : E —» KC(X)is a
nonexpansive and 1 — y-contractive mapping such that T(£) is a bounded set and which
satisfies the inwardness condition where £ is a noneinpty bounded closed convex separable
subset of a Banach space X with £g(X) < I, then T has a fixed point.

By investigating the proofs in (9} and [10], we observe that the main tool that is used in
their proofs is a relationship between the Chebyshev radius of the asymptotic center of a
bounded sequence in £ and the modulus of noncompact convexity of a Banach space associ-
ated with the measure of noncompactness. In this paper, we define the Dominguez—Lorenzo
condition and prove that every reflexive Banach space X satisfying the Dominguez~Lorenzo
condition and every nenempty bounded closed convex separable subset £ of X, every non-
expansive and 1 — y-contractive mapping T : £ — KC{X) such that T(E) is a bounded
set, and which satisfies the inwardness condition has a fixed point. The main idea of the
proof comes from the proofs of Theorems 3.4 and 3.6 in [9]. We also prove that a uni-
formly nonsquare Banach space X satisfying property WORTH is one of the examples of
Banach spaces that satisfy the Dominguez—Lorenzo condition. Moreover, we show that
every Banach space which satisfies the Dominguez-Loreazo condition has a weak normal
structure.

Finally, we use atheorem of Deimling 7} 1o obtain acommon fixed point for nonexpansive
commuting mappings f 1 E = Eand T : £ - KC(E) where E is a nonempty bounded
closed convex subset of a uniformly convex Banach space.

2. Preliminaries

Let X be a Banach space and £ a nonempty subset of X. We shail denote the family of
nonempty bounded closed subsets of E by F B(E), the family of nonempty compact subsets
of E by K{E), the family of nonempty closed convex subsets of E by FC(E) and the family
of nonempty compact convex subsets of Eby K C(E). Let H(., -) be the Hausdorff distance
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on FR(X}, ie,

H(A, B) = max [sup dist(a, B), sup dist(b, A)‘ , A,BeFB(X),
beR

acA

where dist{a, B) = inf{lla — b} : b € B} is the distance from the point g to the subset B.
A multivalued mapping T : £ — F(X) is said to be a contraction if there exists a constant
k € {0, 1) such that

H(Tx, Ty)<klx — i, x,y€E. ' W

In this case, we also say that T is k-contractive.

If (1) is valid when k = 1, then T is called nonexpansive. A point x is a fixed point for a
muitivalued mapping Tif x € Tx,

Recall that the Kuratowski, separation, and Hausdorff measures of noncompactness of a
nonempty bounded subset B of X are, respectively, defined as the numbers:

a(B) = inf{d > 0 : B can be covered by finitely many sets of diameters £d},

B(B) =suple >0 : there exists a sequence {x,} in B such that sep({x, ) 2 &},
where sep({x, 1) = inf{llx, —xull : n #m},

£(B) =infld > 0 : B can be covered by finitely many balls of radii <d}.

A multivalued mapping T “E - 2% is called ¢-condensing (resp. 1 — ¢-contractive)
where ¢ is a measure of noncompactness if, for each bounded subset B of E with ¢{(8) > 0,
there holds the inequality

$(T(B)) < $(B){resp. $(T(B)) < $(B)).

Here T{B) = UyegTax.
Before stating our main theorem we need the following results,

Definition 2.1. Let X be a Banach space aad ¢ = «, § or x. The modulus of noncompact
convexity associated with ¢ is defined in the following way:

by ¢(e) =inf{l —dist(C, A) - A C By is convex, $(A) 2¢},

where 8y is the unit ball of X.
The characteristic of noncompact convexity of X associated with the measure of non-
compactness ¢ is defined by

5 (X) = sup{ez0: Ay 4(e) =0}
The relationships among the different moduli are

Ly x(8) € Ay ple) S Dx z(8),
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and consequently,
£ (X) 2 85(X) 2 4 (X).
See [2] for all these and more details.

Definition 2.2, (2) X is said to satisfy property WORTH (20] if for any x € X and any
weakly null sequence {x,} in X, :

lim sup j|x, 4 x| = lim sup Jlx, — x]l.
a0 n=rQ0

(b) X is said to satisfy the Opial cordition [18] if, whenever a sequence {x,} in X converges
weakly to x, then for y #£ x,

lim sup [Jx; — x}| <lim sup [|x, — ¥l
H n

If the irequality is non-strict, we say that X satisfies the non-strict Opial condition.

It is known that #f X satisfies property WORTH, then X satisfies the non-strict Opial
condition [12}.

Definition 2.3. Let E be a nonempty closed subset of a Banach space X. The inward set of
Eatx € Eisgiven by

IEy={x+y—-x): 221, y€ E).
In case £ is a nonempty closed convex subset of a Banach space X, we have
IE(x)={x+ Ay ~x):220, ye E}.
A muitivalued mapping T : E — 2% is said to be inward (resp. weakly inward) on £ if
Tx CIp(x)(resp.Tx C Te(x)) forallx ¢ E.
Our proofs heavily rely on the following result.
Theorem 2.4 (Deimiing [7]). Let E be a nonempty bounded closed convex subset of a
Banach space X and T : E — FC(X) an upper semicontinuous y-condensing mapping.
Assume Tx NIg(x) # D for all x € E. Then T has a fixed point,
The foliowing method and results deal with the concept of asymptotic centers. Let E be

a nonempty bounded closed convex subset of X and {x,} a bounded sequence in X. We
use r(E, [x,,}) and A(E, {x,)) to denote the asymptotic radius and the asymptotic center
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of {x;} in E, respectively, i.e.,

r(E, {x,}) =inf {[im sup [[xz —xfl:x € E] ,

A(E, [x;)) = [x € E : lim sup |lx, — xli =r(E, [x,,})} )
It is known that A(E, {x,}) is a nonempty weakly compact convex set as E is [14).

Definition 2.5. Let (x,} and £ be as above. Then {x,} is called regular relative to £ if
r(E, {xa}) = r(E, (xq,}) for all subsequences {xy,} of (x,); further, {x,)} is called asymp-
totically uniform relative to E if A(E, {xs}} = A(E, {xy;}) for all subsequences {x,,}
of {x,}.

Lemma 2.6 (Goehel {13], Lim [17]}. Let |x,} and E be as above. Then

(1) there always exisis a subsequence of {x,} which is regular relative to E; and
(it) if E is seperable, then (x,} contains a subseguence which Is asymptotically uniform
relative to E.

If Cis a bounded subset of X, the Chebyshev radius of C relative to E is defined by
re(Cy=inf{r (C) - x € E},
where r(C} = sup{lix — y[| : y€ C}.

Theovem 2.7 (Doninguez {8]). Let E be aclosed convex subset of a reflexive Banach space
X and let {x,} be a bounded sequence in E which is regular relative to E. Then

rECACE, (xS = By (1 D (E, {xa))-

Moreover, if X satisfies the non-strict Opial condition, then
re(ALE, [xe D)1 - QX.;((]_))"(E- {xn )

Using Theorem 2.7 as the main tool, Dominguez and Lorenzo [9] proved the following
theorem:

Theorem 2.8 (Dominguez {9, Theorem 3.6]). Let X be a Banach space with g(X) < 1.
Assume that T+ E — KC(X) is a nonexpansive and | — y-contractive mapping such that
T(E) is a bounded set, and which satisfies the inwardness condition where E is a nonempty
bounded closed convex separable subset of X. Then T has a fixed point.

Moreover, they [10] used the same tool to solve the open problem in [22] on the existence
of a fixed point of a multivalued nonrexpansive self-mapping T : £ - KC(E) where E is
a nonempty bounded closed convex subset of a nearly uniformly convex Banach space X.

We now present a formulation of an ultrapower of Banach spaces.
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Let % be a free ultrafilter on the set of natural numbers. Consider the closed linear
subspace of Jo{(X):

N = {{xnl € loo(X}): lg{n llxe il =0] .

The ultrapower X of the space X is defined as the quotient space loo(X)/.A". Given an
element x = {x,} € lo{X), X stands for the equivalence class of x. The quotient norm in
X satisfies XN = limeg llx. ll. For more details on the construction of an ulirapower of a
Banach space X, see (1] and {19].

3. Fixed-point theorems

Definition 3.1. A Banach space X is said to satisfy the Dominguez-Lorenzo condition if
there exists A € [0, 1) such that for every weakly compact convex subset £ of X and for
every bounded sequence {x,} in E which is regular relative to E,

re(AE, {xa)) S Ar(E, {xa]). ' ()

We are going to prove that every Banach space satisfying the Dominguez-Lorenzo con-
dition possesses a weak normal structure. A Banach space X is said to have a weak normal
structure if any weakly compact convex subset £ of X for which diam{E) > 0 contains a
point xp for which -

reg(E) < diam(E).

Theorem 3.2. Let X be a Banach space satisfying the Dominguez—~Lorenzo condition. Then
X has a weak normal structure.

Proof. Suppose on the contrary that X does not have a weak normal structure. Thus, there
exists a weakly null sequence {x,} in By such that for C : =coix, :nz1},

lim {lx, ~ x| =diam{CY=1forallx e C
=00

(cf. [21]). By passing through a subsequence, we may assume that {x,} is regular. It is
easy to see that r{C, {5, 1) =1, A(C, {x;}) =C. and re (AL, {xr})) =re(C) =1, Since X
satisfies the Dominguez~Lorenza condition with a corresponding 4 € (0, 1), it must be the
case that

1 = re{CYKA(C, fx)) < L.

This leads to a contradiction. D)

In view of the above theorem and the well-known Kirk's fixed-point theorem [15], we
can conclude that every Banach space X which satisfies the Dominguez-Lorenzo condition
has a fixed-poin( propesty, ie., for every weakly compact convex subset E of X, every
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nonexpansive mapping T @ E — E has a fixed point. Moreover, the next theorem shows
that cvery reflexive Banach space that salisfies the Dominguez-Lorenzo condition has a
fixed-point property for certain multivalued nonexpansive mappings.

Theorem 3.3. Let X be a reflexive Banach space satisfying the Dominguez—Lorenzo con-
dition and let E be a bounded closed convex separable subset of X. T . E - KC(X) is
a nonexpansive and 1 — y-contractive mapping such that T (E) s a bounded set and which
satisfies the inwardness condition:

Tx Clg(x) forallxeE,
then T has a fixed point.

Proof. The main idea of the proof follows from the proofs of Theorems 3.4 and 3.6 in
[9]. So here we only give a sketch of the proof. First we obtain a sequence of approximate
fixed points {x,} of Tin E. By the boundedness of {x,}, we can assume that {x,} is regular
refative to E. Since X satisfies the Dominguez—Lorenzo condition, we obtain

re(A)Ar(E, {x, )

for some A € {0, 1), where A = A(E, {x,})
We can show that the mapping T © A — K C(X) is nonexpansive, 1 — y-contractive, and
satisfies the condition

TxNIs(x)#£ @ forallxe A
Fixxg€ A, define T, : A — KC(X) by

1 i
T,,x:—xo+(l-——)Tx, X EA.
n n

It is easy 10 see that T}, is y-condensing and
TaxNIg(xy#B forall x e A

Hence by Theorem 2.4, T;, has a fixed point. Consequently, we obtain a sequence {x,} in
A satisfying lim,, dist(x}, Tx}) = 0. Now we can proceed with the proof as in the proofs of
Theorems 3.4 and 3.6 in (9] to obtain a fixed point. [

From Theorem 2.7 it can be seen (hat every Banach space X with gg{(X) < ] satisfies the
Dominguez-Lorenzo condition. We now present some other Banach spaces which satisfy
the Dominguez—Lorenzo condition. Here we consider the James constant or the nonsquare
constant J{X). ’

For a Banach space X, the James constant, or the nonsquare constant is defined by Gao
and Lau [11] as

JX) =sup{flx + yll A llx — ¥l : x. 5 € Bx}.

Clearly, X is uriformly nonsquare if and only if J(X) < 2.
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Theorem 3.4. Let X be a Banach space satisfying property WORTH and let E be a weakly

compact convex subset of X. Assume that {x,} is a bounded sequence in E which is regular

relative to E. Then

J (X}
2

re(AE, {xa) < r(E, {xa ).

Proof, Denote r = r(E, {x,}) and A = A(E, {x,}). Since {x,} C E is bounded and F
is a weakly compact set, we can assume, by passing through a subsequence if necessary,
that x, converges weakly to some element in E, say x. It should be noted that passing
through a subsequence of {x,} does not have any effect on the asymptotic radius of the
whole sequence {x,} because {x,} is regular. Let us observe here that for any subsequence
{yn) of {xa), re(A(E, (2 )) < re(ALE, {y«})). This observation will be needed at the end
of the proof. Since X satisfies property WORTH, it satisfies the non-strict Opial condition,
and thus it must be the case that x € A, that is,

lim sup f|xp — x| =r. (3)
fA—+00
Now let z € A. Thus lim sup,_,  llxs — z)| = r. By regutarity of {x,}, we can choose a

subsequence Lx,} of {x,} so that lim, o pollxpr — x[[ = 7 = limy L eollxn — z]|. Propersty
WORTH and the fact that x,» — x 50 yield the following:

r= ’hm “Xn' _‘Z“
= },lim (G — )+ (x = 2
= B,lgnw Fxnr = x3 = {x = 2}l

= lim [lxy —2x + z[.
n =0

Thus we have
fim N"""anlz tie ﬂi_—-—"'*")x“‘

PPUEPN r H = r k

: (4
Let us consider an ultrapower X of X. Put

{ry —z}y and U=—{r, —2x +zlp.

~ | -

By (4) we know that iz, # € . We see that

-, - . i 1
i + v)| = lim u— (ot —2)+ = (xp —2x 4 2)
%0 r

=1 _2.( -~ X}

= lé"n - X' X
2 .

= = lim {J{xy = x|
r %

=E(r)=2.
r
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On the other band,

. - ] 1 1
& — ol = lim | - (xpr = 2) = — (xp — 2x + )
& r r

2
=Zix —z|l.
r
Thus
Ty 2l + 3l A i~ B
2
=2AZ)x -zl
.
2
=—|x —z]l.
-

Since the James constants of X and of X are the same, we obtain
2
J(X) =z ; lx = 2.

This holds for arbitrary z € A. Hence we have

r:(A)s-“zﬁr,

and therefore, by the previous observatian, rg{A) € i(—;—(—l r. O

From the above theorem we immediately have

Corollary 3.5. Ler X be a uniformly nonsquare Banach space satisfving property WORTH.
Then X satisfies the Dominguez—Lorenzo condition.

Proof. Uniform nonsguareness of X is equivalent to J(X) <2. Put A = -“‘%1 Then £ < 1
and by Theorem 3.4 the result follows. [

Theorem 3.3 and Corollary 3.5 give

Corollary 3.6. Let X be a uniformly nonsquare Banach space satisfying property WORTH
and let E be a nonempty bounded closed convex separable subset of X . If T : E -+ KC(X)
is a nonexpansive mapping such that T (E) is a bounded set which satisfies the inwardness
condirion:

Tx ClIglx) forallxe€E,
then T has a fixed point.
Proof. By Corollary 3.5, X satisfies the Dominguez-Lorenzo condition. It is known that
uniform nonsquareness implies reflexivity of X. Since X has a non-strict opial condition,

we can conclude that the nonexpansive mapping T : £ — K(X) with a bounded range is
[ - y-contractive (see [9}). Now Theorem 3.3 can be applied to obtain a fixed point. [l
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Questions. (1)1t has been shown in [4, Theorem 3.1} that a Banach space X has a vniform

normal structure whenever J(X) < 1+2J§. It is natural to ask if the condition of being uni-

formiy nonsquare and property WORTH can be replaced by the condition “J(X) < @
or sorne other upper bounds.

(2} A similar question about the Jordan—von Neumann constants can be asked in the sense
of (I). Here we ask if we can replace the condition of being uniform rensquareness and

having property WORTH by the condition Cy s(X) < lif-—ﬁ or some other upper bounds.
Note that it has been shown in [5, Theorem 3.16] that a Banach space X has a uniform
43

normal structure whenever Cy (X)) < =52,

4. The common fixed poiats in uniformly convex Banack spaces

In this section, we extend a result of common fixed points for CAT{0) spaces [6, Theorem
4.1] to unifermly convex Banach spaces.

Definition 4.1. Let £ be a nonempty bounded closed convex subset of a Banach space X,
t:E— X, and T : £E - FB(X). Then ¢t and T are said to be commuting if for every
x,y € Esuchthat x € Ty and ty € E, there holds

tx e Tty.

Theorem 4.2. Let E be a nonempty bounded closed convex subset of a uniformly convex
Banach space X,t : E - E,T*1 E = KC(E) a single-valued and a multi-valued
nonexpansive mapping, respeciively. Assume that t and T are commuting. Then t and T have
a common fuxed point, i.e., there exists a point x in Esuch that x =tx € Tx. i

Proof. It is known that the fixed point set of 1, denoted by Fix(r}, is nonempty, closed, and
convex. Let x € Fix{t). Since t and T are commuting, we have ty € Tx foreach y € Tx.
We see that, for x € Fix(r), Tx N Fix(#) # @. For a fixed element xp € Fix{s), define a
contraction T,, : Fix{(t) — KC(E) by

Tulx) = ixo + (l - l) T(x), x e Fix(®).
n n

It is easy to see that for each x € Fix{(1), T,,x NFix(¢) 7% @ as T does.

Siace Fix(¢) is a nonexpansive retract of £ [3], we can show that T, : Fix(t) - KC(E}
is y-condensing. Indeed, let B be a bounded subset of Fix(¢) and x(B) > 0. Given d > 0 be
such that

Bcl ) Bx.d), xekE

i=I
Let R be a nonexpansive retraction of E onto Fix(r).
For each o € B(x;,d) N B, we have

| Bx; —all = [Rx; — Ral<|lx; —ali<d.
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Therefore B(x;, d}N B < B(Rx;,d) foreach € {1, ..., n}, and hence
B ¢ | B(Rx;, 4).
i=1
Since 7, is (1 — 1y-contractive,
! I
Th(B) C U (TnRxf + (1 - —) 480, 1)) -
. i=1 "

Thus

1
K(Te(B) < (1 - )x(B) < z(B),

n
and T, is y-condensing. Now we can apply Theorem 2.4 to conclude that 7, has a fixed
point, say x,. Moreover, we can show that
dist(x,, Tx,) — 0.
Let X be a Banach space ultrapower of X and
Fix(t) = {i = (t) : x4 = x € Fix(0)}.

Then Fix(r) is a nonempty closed convex subset of X. Now, foreach n € N, et y, be the

unique nearest point of x,, in Tx,, i.e., [lx, — Yo || =dist(x,, Tx,;). Consequently, (x,)={(ya).
Since 7 is nonexpansive and x, € Fix(?), we have

lan =ty = Ntxy — £y, < lxn = Yall N

for each n € N. Since ry, € Tx,, we have y, =ty, € Fix(r} for each n € N, Since Fix(r)
is a closed convex subset of a uniformly convex Banach space X, {x,) hasa unique nearest
point & € Fix(t), i.e., {x,) — vll = dist((x,), Eix(£)}. As Tv is closed and convex, we can
find v, € Ty satisfying

Ixe — vall =dist(y,, Tu) € H(Tx,, To).

We note here that v, €Fix{t) for each n. It follows from the nonexpansiveness of T that
fly = vall Sz — 0l

This means
WG = @I — 2.

Since (}:) = (;:}, we have

16 — (ol < (k) — 1l- )
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Because of the compactness of Tv, there exists w € Tv such that w = limg up. It foliows
that (v,) = w. This fact and (5) imply that

1) — Bl < 1y — 1. (6)

Moreover, w €Fix(¢) and then w € Fix(r). Hence = # and 50 v = w € Tv which then
completes the proof. [
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1. Introduction

In 1969, Nadler [18] established the multivalued version of Banach’s contraction prin-
ciple. Since then the metric fixed point theory of multivalued mappings has been rapidly
developed. Some classical fixed point theorems for singlevalued nonexpansive mappings
have been extended to muitivalued nonexpansive mappings. In 1974, Lim {17], using
Edelstein’s method of asymptotic centers, proved the existence of a fixed point for a
multivalued nonexpansive self-mapping T: E — K(E) where £ is a nonempty bounded
closed convex subset of a uniformly coavex Banach space. In 1990, Kirk and Massa
[15] extended Lim’s theorem. They proved that every multivalued nonexpansive self-
mapping T:E — KC(E) has a fixed point where E is a nonempty bounded closed
convex subset of a Banach space X for which the asymptotic center in E of each
bounded sequence of X is nonempty and compact. In 2001, Xu [22] extended Kirk—
Massa’s theorem to nonself-mapping T : £ — KC(X) which satisfies the inwardnress con-
dition,

In 2004, Dominguez and Lorenzo [10} proved that every multivalued nonexpansive
mapping T : £ — KC(E) has a fixed point where E is a nonempty bounded closed convex
subset of a Banach space X with eg(X) < |. Consequently, they can give ap affirmative an-
swer of a problem in [21] proving that every nonexpansive self-mapping T: E — KC(E)
has-a fixed point where E is a nonempty bounded closed convex subset of a nearly uni-
formly convex Banach space. Recently; Dhompongsa et al. {5], gave an existence of a fixed
point for a multivalued nonexpansive and {1 — x)-contractive mapping T : E — KC(X)
such that T(E) is a bounded set and which satisfies the inwardness condition, where £
is a nonempty bounded closed convex separable subset of a reflexive Banach space which
satisfies the Dominguez-Lorenzo condition, i.e., an inequality concerning the asymptotic
radius and the Chebyshev radius of the asymptotic center for some types of sequences.
Consequently, they could show that if X is a uniformly nonsquare Banach space satisfying
property WORTH and T: E —» KC(X) is a nonexpansive mapping such that T(E) is a
bounded set and which satisfies the inwardness condition, where E is a nonempty bounded
closed convex separable subset of X, then T has a fixed point. Furthermore, they also ask:
Does Cy(X) < '—'%’@ imply the existence of a fixed point for multivalued nonexpansive
mappings?

In this paper, we organize as follows. We define a property for Banach spaces which
we call property (D) (see definition in Section 3), which is weaker than the Dominguez—
Lorenzo condition and stronger than weak normal structure and we prove that if X is a
Banach space satisfying property (D) and E is a nonempty weakly compact convex subset
of X, then every nonexpansive mapping T : £ — KC(E) has a fixed point. Then we state a
relationship between the weakly convergent sequence coefficient WCS(X) and the Jordan—
von Neumann constant Cj{X) of a Banach space X. Finally, using this fact, we prove that
if Cnp(X) is less than an appropriate positive number, then every multivalued nonexpansive
mapping T : £ — KC(F) has a fixed point. In particular, we give a partial answer (o the
question which has been asked in {5].
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2. Preliminaries

Let X be a Banach space and E a nonempty subset of X. We shall denote by FB(E)
the family of nonempty bounded closed subsets of E, by K(E) the family of nonempty
compact subsets of E, and by KC(E) the family of nonempty compact convex subsets
of E. Let H(-.-) be the Hausdorff distance on FB(X), i.e.,

H({A.B):= maxlsupdisl(a, B), supdist(b, A)]. A, B e FB(X),
a€A helB

where dist(a, 8) = inf{[le — b|i: b € B} is the distance from the point a to the subset B.

A multivalued mapping 7 : E — FB(X) is said to be a contraction if there exists 2 constant

k €0, 1) such that

H(Tvay)skux_y"- X,)GE (1)

If ([) is valid when k = |, then T is called nonexpansive. A point x is a fixed point for a
muleivalued mapping T if x & Tx.

Throughout the paper we let X* stand for the dual space of a2 Banach space X. By By
and Sx we denote the closed unit ball and the unit sphere of X, respectively. Let A be a
nonempty bounded subset of X. The number r(A) :=inf{sup,.4 lx — yl: x € A} is called
the Chebyshev radius of A. The number diam(A) = sup{lix — y§: x.y € A} is called
the diameter of A. A Banach space X has normal structure (respectively weak normal
structure) if

r{A) <diam(A}

for every bounded closed (respectively weakly compact) convex subset A of X with
diam(A) > 0. X is said to have uniform normal structure (respectively weak uniform nor-
mal structure) if
, l diam{A)
inf{ ———~
r(A)
where the infimum is taken over all bounded closed (respectively weakly compact) convex

subsets A of X with diam(A) > 0. The weakly convergent sequence coefficient WCS(X)
[3] of X is the number

> 1,

(A
WCS(X) .= mfl M }
re({x,1)
where the tnfimum is taken over all sequences [x,} in X which are weakly (not strongly)
convergent, A({x,}} := limsup, {llx; — x;[: i, j 2 n} is the asymptotic diameter of {x.},

- and r,{{x,}} :==inf{limsup, [x, — ¥(: y € o({x,})} is the asymptotic radius of {x,}.
Some equivalent definitions of the weakly convergent sequence coefficient can be found
in (2, p. 120] as follows:

tim,, - y - X
WCS(X) = inf{ T e 5o i “: fx,} converges weakly to zero,

limy .0 ltxa I

Tim llxglland  lim  [lx, — x|l exist
n=-00 AL
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and

WCS(X) = inf{ lim  Yxn —xmll: {x.) converges weakly to zero,
n.mndm
flxail=1ard lim |fx, — x|l exists].
o1 nFEm

It is easy to see, from the definition of WCS(X), that | £ WCS(X) £ 2, and it is known
that WCS(X) > 1 implies X has weak uniform normal structure {3].

For a Banach space X, the Jordan—von Neumann constant Cg(X) of X, introduced by
Clarksaon [4], is defined by

lix+ v+ lx — y§°
L2 x,y € X not both zero ;.

The constant R{a, X), which is a peneralized Garcia-Fatset coefficient [12], is introduced
by Dominguez (7]: For a given nonnegative real number a,

Cni(X} = SUP{

R{a,.X):= sup[lim infilx + xq01].

where the supremum is taken over atl x € X with |ix|| € a and afl weakly null sequences
{x,} in the unit ball of X such that imy p: ngm X0 — X f < 1.

A relationship between the constant R(I[, X) and the Jordan—von Neumann constant
Cny(X) can be found in {6]:

R(1, X) € V200 (X).

The following method and results deal with the concept of asymptotic centers. Let E
be a nonempty bounded closed subset of X and {x,] a bounded sequence in X. We use
r(E, {x.}) and A(E, [x,}) to denote the asymptotic radius and the asymptotic center of
{xx} in E, respectively, i.e.,

r(E. {xa}) =inf[li’ﬁs;p ixa —xi: x € E}.

A(E, (x.}} = lx e E: linmsol.;p kx, — x|l = r{E, {x,,})].
Itis known that A(E, {x,}) is a nonempty weakly compact convex set whenever E is [14].

Let [x,j and E be as above. Then [x,} is called regular relative to £ if r{E,{x,}) =
r{E, [x,;}) for all subsequences [x,,} of {x,} and {x;,] is called asymptatically uniform
relative to E if ACE, [x,]) = A{E, {x,,]} for all subsequences {x,,;] of {x,}. Furthermore,
{xn} is called regular asymptotically uniform refative to E if {x,} is regular and asymptot-
ically uniform relative to E.

Lemma 2.1. (Goebel {13], Lim [17]) Let {x,} and E be as above. Then
(i) there always exists a subsequence of | x,} which is regular relative to E;

(i) f E is separable, then {x,) contains a subsequence which is asymptotically uniform
relative to E.
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If C is a bounded subset of X, the Chebyshev radius of C relative 10 E is defined by
re(C) = inf[re(C): x € E},

where r, {C) = sup{llx — y{I: y € C}.

A last concept which we need to mention is the concept of ultrapowers of Banach
spaces. Ultrapowers are proved 1o be useful in many branches of mathematics. Many re-
sults ean be seen more easily when treated in this setting. We recall some basic facts about
ultrapowers. Let F be a filter on an index set I and et {x:};cs be a family of points in a
Hausdorff topological space X. {x;j;es ts said to converge to x with respect to F, denoted
by limr x; = x, if for each neighborhood U of x, {ic I: y e Ute F. Afiter L on I is
called an ultrafilter if it is maximal with respect to the set inclusion. An ultrafilter is called
trivial if it is of the form {A: A C [, ip € A) for some fixed iy € I, otherwise, it is called
nontrivial, We will nse the following facts:

() U is an ultrafilter if and only if for any subset A C f,either Acl or I\ A€ ld, and
(i) if X is compact, then the limg, x; of a family {x;) in X always exists ard is unigue.

Let {X;};es be a family of Banach spaces and let I (], X;) denote the subspace of the
product space [];.; X equipped with the norm [ {x; }{l := sup;¢; §xill < co.
Let U be an ultrafilter on F and let

Ny = [ (xi) & loot/, Xa): lim gl =0].

The ultraproduct of {X;] is the quotient space { (/. X;)/ Ny equipped with the quotient
rorm. Write {x;}z/ 10 denote the elements of the ultraproduct. It follows from (ii) and the
definition of the quotient norm that

Hxideef) = tim Rl

In the foliowing, we will restrict our index set [ to be N, the set of natural numtz_ers. and let
X; =X, i €N, for some Banach space X. For an ultrafilter Lf on N, we write X to denote
the ulraproduct which will be called an ultrapower of X. Note that if I{ is nonirivial, then
X can be embedded into X isometrically (for more details see Aksay and Khamsi [1] or
Sims [19]).

3. Main results

Definition 3.1. A Banach space X is said 1o satisfy property (D) if there exists L € [0, I)
such that for any norempty weakly compact convex subset £ of X, any sequence {x,} C £
which is regular asymptoticaily uniform relative to E, and any sequence {y,] C A(E, {x,})
which is regular asymptotically uniform relative to £ we have

r(E. iyni}é)»r(E. {xnj)- . @)

The Dominguez-Lorenzo condition introduced in [5) is defined as follows:
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Definition 3.2. A Banach space X is said to satisfy the Dominguez—Lorenzo condition if
there exists A € [0, 1} such that for every weakly compact convex subset E of X and for
every bounded sequence [x,} in E which is regular relative o E,

re(A(E, (xa})) € Ar(E. {xa}).

It is clear from the definition that propcn'y (D) is weaker than the Dominguez—Lorenzo
condition. In fact, property (D) is strictly weaker than the Domf{nguez—Lorenzo condition
as shown in [8]. The next result shows that property (D) is stronger than weak normal
structure. .

Theorem 3.3, Let X be a Banach space satisfying property (D). Then X has weak normal
structure.

Proof. Suppose on the contrary that there exists a weakly null sequence {x,} C By such
that fim, o0 Jxp — xY| = 1 for all x € € = Co({x,}) (see [20]). By passing through a sub-
sequence, we may assume that {x,} is regular relative to C. We see that r (C, {x,}) =1 and
A(C, {xp)) = C. Moreover, [x,} is asympiotically uniform relative to C. Indeed, let {x,,, }
be a subsequence of {x,,}; we have

A(C (xa)) = {x € C: limsupllan, ~ xll =r(C. (rag) = 1} = C.
k=00

Sinece {x,} C C = A(C, [x,}) and X sausfies property (D) witha corresponding A € [0, 1),
we have -

r(C. [xn*) ‘S_AI'(C, {-xn})

which leads to a contradiction. 0§
The following results wilt be very useful in order to prove our main theorem,

Theorem 3.4. (Dominguez and Lorenzo (9%) Let E be a nonempry weakly compact sep-
arable subset of a Banach space X, T : E — K (E) a nonexpansive mapping, and {x,;} a
sequence in E such that limy, o0 d{x,, Tx,) = 0. Then there exists a subsequence {z,} of
{xn} such that

TxNA#®, VxeA:=A(E, (z.)).

Theorem 3.5. (Dominguez and Lorenza {10]) Let E be a nonempty weakly compact convex
separable subset of a Banach space X. Assume that T : E — KC(E) is a contraction. If A
is a closed convex subset of E such that TxNA £ B forall x € A, then T has a fixed point
in A

We can now state our main theorem.
Theorem 3.6. Let E be a nonempty weakly compact convex subset of a Banach space

X which satisfies property (D). Assume that T - E — KC(E) is a nonexpansive mapping.
Then T has a fixed poins.
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Proof. The first part of the proof is similar to the proof of Theorem 4.2 in [9]. Therefore,
we only sketch this part of the proof. From [16] we can assume that E is separable. Fix
zo € £ and define a contraction T, : E — KC(E) by

] 1
Tx)= ;zg + (1 - ;)Tx, xeE.

By Nadier's theorem [18], for any n € N, T, has a fixed point, say x,{. It is easy to prove
that limy,_ o0 dist(x;, Tx!) = 0. By Lemma 2.1, we can assume that sequence {x}} C E is
a regular asymptotically uniform relative to E. Denote A| = A(E, {x}]). By Theorem 3.4
we can assume that Tx N Ay £ @ for ali x € A(. Fix z) € A| and define a contraction
T.: E— KC(E) by

| 1
T (xy=-21 + (I - —)Tx, xeE.
H H

Convexity of A implies 7,(x) N A, # & for all x € A;. By Theorem 3.5, T, has a fixed
point in A, say xf,. Consequently, we can get a sequence {x2} C A} which is regular
asymptotically uniform relative to £ and limy, o0 dist(xf. Tx,%) == 0. Since X satisfies the -
property {D) with a corresponding A € [0, 1), we have

r(E, {x2}) <A (B, {xg))-

By induction, we can find a sequence {x,f} C Ay = A(E, {x,’:"'}) which is regular as-
ymptotically uniform relative to E,

lim_dist{xs. Txy) =0,

and
r{E {xf) < ar(E{xEY)) foraltkeN.

"

Consequently,
r(E () S E A < <A (E ).

We now begin the second part of the proof, In view of [2, p. 48}, we may assume that for
each k € N,
h Kk .
u.m:T;éme" xoll exists,

and in addition Jlx¥ — xk [t < Yimy gn; g fix¥ — xK | + 5 forall n,m € Nand n # m. Let
{¥a} be the diagonal sequence {x]}}. We claim that {y,} is a2 Cauchy sequence. For each
n z 1, we have for any positive number m,

fyn — pa—tll < ﬂ)’n —x::“l “ + “.r::,'! - yﬂ_|“
= fyn -7+ xnt - X2

- . n—1 -
Sho-sh+ Jim, |77 g

Taking upper limit as m — oo,
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l

Y Y | élimsup"y — Xpy t“ + lim ux" . x'."lH+ T

m—+o0 INSES] 4

<r(E P+ “msupﬂx?"' = ya|| + lirmsup 17~ — 3, ff + 51_..{
2

—3r(E {x"_l} 2” =7

<3 (E D + :

-1’
Since A < 1, we conclude that there exists y € E such that y, converges to y. Consequently,
dist(y, Ty) £ iy — yull + dist(p,. Tyn) + H(Ty,, Ty) > 0 asn— oo,

Hence yisafixedpointof T. 0O

Theorem 3.7. Let E be a nonempty weakly compact convex subset of a Banach space X
witht

WCS(X)?
7 .
Assume that T : E — KC(E) is a nonexpansive mapping. Then T has a fixed point.

ChnplX) <1+

Proof. We will pfove that X satisfies property (D). Since Cy(X) < 1+ WCS(X’

choose A = 2“""” =T _ | Let Dbea nonempty weakly compact convex subscl of X,
{x,) C D, and {y,,} C A(D, {xs}) be regular asymptotically uniform sequences relative
to . We will show that {2) is satisfied. By choosing a subsequence, if necessary, we can
assume that {y,} converges weakly to y € D and

. We

. }lm [yx — y;ifl =1 forsemel 20 3

Letr = r(D, {x,}). The condition (2) easily follows when r = 0 or I = 0. We assume now
thatr > Qand{! >0, Lete > 0sosmalithat 0 < & < A r. From (3) we assume that

|l =yl =] <& forallk# j. @

Fix k # j. Since yi, y; € A(D, {x,]) and using the convexity of A(D, [x,}), we can as-
sume, passing through a subsequence, that

Xz — 3l <r +e, lxw — yilt <7 +&, 5

and

“xn gL -;y_,— D >r —¢ forall large n. (6

By the definition of C3( X}, by (4)<{6) we have for n large enough,

120 = Ok 32+ lye = 307 _ 46— &) + U —e)’

Cni{X} 2 2
Mt 2{ — yell? + 20xq — 3501 4r +£)?
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Since ¢ is arbitrarily small, it follows that

4?2
C » .
n(X) 2 — 3
Since
lim; .. —_
WCS(X) = inf| Dmdckiste ) el e g e — a) cxists},
limsup; fju ok jHk _

we can deduce that

: - o ) ,
Cra(X) > 14 WCS(X) Gnm;ruzp,,ﬂyu ¥ St WCS(X);(ED, (n ).

Consequently,

2/ =1

*"(Ds{}'n}) < WCS(X)

as desired. O

r= }U'(D- {xﬂ})

In order to prove our next result, we need the following theorem which states a relation-
ship between the weakly convergent sequence coefficieat and the Jordan-von Neumann
constant of a Banach space X.

Theorem 3.8. For a Banach space X,
WXy + 1 -7

wes(xy|? p SRR T
Wesool > Seuoor

Proof. Since Cnj(X) £ 2 and the result is obvious if Cpnj{(X) = 2, we can assume
that Cng(X) < 2. It is known that Cng(X) < 2 implies X and X™ are reflexive. Put
a = J2Cy(X). Let {x,} be a normalized weakly null sequence in X and & :=
1iMy m: e |Xn — Xmfl. Consider a sequence {f,} of norm one functiorals for which
Sa(xy) = 1. Since X* is reflexive we can assume that [ f,} coaverges weakly 10 some
fin X*. Let € be an arbitrary positive number and choose K € N [arge enough so that
[fxy ) <ecandd —e € ([xn — Xl £d+eforanym #n;m,n 2 K. Then we have

Ii:n(ﬁ, - ixxk)=0 and liﬂn S (xn) =0.

Since limy i nsm |[5%—:_{_£’l[j < Fand )| 7& || < |, we have, by the definition of R(1, X},

limsup iy + xx || € (@ + IR, X) € {d + £)/2Cni(X) = (d + &)ar.

We construct elements of X and X*:

et B e S A R
U U

dte {d + g

Here k denotes an equivalence class of the sequence (h,} such that i, = 4 for all n € N.
Clearly ¥, € By and f, g € S5.. Moreover,

f({x,,}u) =] and If(x}()] = lf(xk)[ < €.
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On the other hand,
é({xn}u] =0 and g{xx)=1.

Let consider

I1f =81 2(f - HE = f(X) - @

i .. -
== + ——(f(Ixas) = Fixx) = [8({xnkr) — ECxi0])
2—s
On the other hand,

If+81 2 (F+DG) = f)+ 35

1 i _
= m(f({xn}u) + Fxi) + 2({xadu) + 8(xk))
(l—e40+)=— %

> =
(d + ) (d + &)

Thus we have

f+ 202+ 0f—z12

Cu(®*) 2

M T+ iz
~ (2—.«) +( Z‘+r)or Y
- 4

(! 2((2—s>2+<2—e>2)
_(d+a) 4 40 )

Since ¢ is arbitrary and the Jordan—von Neumann constants of X*, X, X and X* are alf
equal, we obtain

i |
Cratx) > (d*) (1 * 2CN;<X))'

Thus
2C(X) + 1
2ACn (X

[wesen) 2
Using Theorem 3.8, we obtain the following corolfary.

Corolary 3.9. [6, Theorem 3.16] Ler X be a Banach space. If Cny(X) < 5= "“‘F then X
and X* has uniform normal struciure.

Proof. Let X be a Banach_space ultrapower of X. Since Crns(X) = Cny(X). Theo-
rem 3.8 can be applied 0 X. The inequality in Theorem 3.8 implies WCS(X) > 1 if

Cw(gj < '—*‘—-ni,‘ﬁ Since WCS()?) > 1 implies X has weak normal structure (3] and since X
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is reflexive, it must be the case that X has normal structure. By [11, Theotem 5.2], X has
uniform normal structure as desired. [

Using the inequality appearing in Theorem 3.8, and numerical caleulus, it is not difficult
2
to see that Crg(X) < 1+ FEEL if Oi(X) < ¢ = 1.273.... Thus we can state:

Caorollary 3.10. Let E be a nonempty bounded closed convex subset of a Banach space X
with

Cur(X)y<ecp=1273....
Assume that T : E — KC(E) is a nonexpansive mapping. Then T has a fixed point,
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FIXED POINT THEOREMS FOR MULTIVALUED MAPPINGS IN
MODULAR FUNCTION SPACES*
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ABSTRACT. The purpose of this paper is to study the existence of fixed points for mul-
tivalued nonexpansive mappings in modular function spaces. We apply our main result
to ebiain fixed peint theorems for multivalued mappings in the Banach spaces L and
i,

1. INTRODUCTION

The theory of modular spaces was initiated by Nakano [15] in 1950 in connection with
the theory .of order spaces and redefined and generalized by Musielak and Orlicz [13] in
1959. Even though a metric is not defined, many problems in metric fixed point theory can
be reformulated and solved in modular spaces (see, for instance, (2, 3, 7, 8]). Ia particular,
some fixed point theorems for (singlevalued) nonexpansive mappings in meodutar function
spaces are given in [8]. In 1968, Nadler [14] established the multivalued version of Banach’s
contraction principle in metric spaces. Since then the metric fixed point theory for multival-
ued mappings has been rapidly developed and many of papers have appeared proving the
existence of fixed points for multivalued nonexpansive mappings in special classes of Banach
spaces {see, for instance, [4, 5, 9, 11]). In this paper, we study simitar problems in the setting
of modular function spaces. Namely, we prove that every p—contraction T : C =+ F,(C) has
a fixed point where p is a convex function modular satisfying the A, —type condition ang
C is a nonempty p—bounded p—closed subset of L,. By using this resuit, we can assert the
existence of fixed points for multivalued p—nonexpansive mappings. Finally, we apply our
main result to obtain fixed point theorems in the Banach space Ly (resp. {,) for multivalued
mappings whose domains are compact in the topology of the convergence tocally in measure
(resp. w* —topology).

2. PRELIMINARIES

We start by recalling some basic concepts about modular function spaces. For more
details the reader is referred to (10, 12].

Let £ be a nonempty set and I be a nontrivial o—algebra of subsets of (1. Let P be a
d—ring of subsets of {}, such that ENA ¢ Pforany F € P and A € Z. Let us assume that
there exists an increasing sequence of sets K, € P such that Q = {J K. {for instance, P
can be the class of sets of finite measure in 2 o—~finite measure space). By £ we denote the
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linear space of all simple functions with supports from P. By M we will denote the space
of all measurable functions, i.e., all functions f : § — R such that there exists a sequence
{9n} € £,19a] < £}, 2nd ga{w) = f(w) for all w € O

Let us recall that a set function p : £ — [0,00] is called a o—subadditive measure if
#(®) = 0, p{A) < u(B) for any A C B and u(iJ A,) < Y p{A,) for any sequence of sets
{A.} C Z. By 1,4 we denote the characteristic function of the set A.

Definition 2.1. A functional p: £ x £ — [0, 00] is called a function modular if :
{P1) p(0,E) =0 for any E€ T, ‘ '
(P2) p(f,E) < plg, E} whenever |f(w}| < jg(w)jfor anyw e ), f,g€ £, and E€ £,
(Ps) plf,.): T = [0,00] is a o —subadditive measure for every f € £,
(P;) pla, A) = 0 as « decreases to 0 for every A € P, where p(a, A) = plal s, A,
(P5) if there exists v > 0 such that p(e, A} = 0, then p(#, A} = 0 for every § > 0,
(Fs) for any a > 0, p{e,.) is order continuous on P, that is, p{a, A,) =+ 0if {A.} C P
and decreases to §.
A g—subadditive measure p is said to be additive if p(f, AU B) = p(f, A) + p{f,. B)
whenever A, B € ¥ such that AN B =@ and f € M.
The definition of p is then extended to f € M by

p(f.E) = sup {p(g.E) : g € £, [g{w)] < |f(w}| for every w € 0}

Definition 2.2. A set E is said to be p—aull if p{e, E) = 0 for every o > 0. A property
p(w) is said to hold p—almost everywhere (p—a.e.} if the set {w € ¥ : p{w) does not hoid}
is p—null, For example, we will say frequently f. — f p—a.e. '

Note that a countable union of p—null sets is still p—nuil. In the sequel we will iden-
tify sets 4 and B whose symmetric difference AAF is p—mnall, similarly we will identify
measurable functions which differ only on a p—null set.

In the above condition, we define_the function g : M = [0,00] by p(f) = o(f,2). We
know from [10] that p satisfies the following properties :

(i} p(fy=0if and only if f =0 p—ae.
(ii} plaf) = p{f) for every scalar o with |af = [ and f € M.
(i) plaf+B8g) <p(f)+p(g) fa+B=1, «,>0and f,ge M.
In addition, if the following property is satisfied
(itt}' plaf +Bg) Sap(f)+Bp(g)ifa+8=1, a,f > 0and f,g € M,
we say that g is a convex modular.

A function modular p is calted o—finite if there exists an increasing sequence of sets
K, € P such that 0 < p(lg, ) < co and 2 = |J K.

The modular p defines a corresponding modular space L,, which is given by

Ly={feM:p(Af) = 0as x— 0}

In general the modular p is not subadditive and therefore does not behave as a norm
or a distance. But one can associate to a modular an F—norm. Recall that a functional
-1 : X = [0, 0] defines an F—norm on a linear space X if and only if

(1) =zl =0 if and only if x = 0,
(2) {laz|| = |iz]| whenever |a| =1,
(3) llz + ol < fi=ll + Hadl,
(4) flonz, —azll 2 0if a, = @ and ||z, ~ z]} = 0.
The modutar space L, can be equipped with an F—norm defined by

(1£]]p = inf {a >0 p(-é) < a}.
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We know from [10] that the linear space (L, }i-||,} is a2 complete metric space.

If p is convex, the formula
_; g
0k —mf{a> O.p(-(; < 1}
defines a norm which is frequentiy called the Luxemburg norm. The formula

11l = inf{-f;u Fp(kf)) k> o}

defines a different norm which is called the Amemiya norm. Moreover, || - || and | - ||, are
equivalent norms. We can also consider the space

E,={f € M: plaf,) is order continuous for alle > 0}.
Definition 2.3. A function modular p is said to satisfy the Aj;—condition if

supp(2f,., D) - O as k = oo whenever {f,} C M, D e X
r2l

decreases to @ and sup p(fn,Di) 2 0 as k = oo.
n>t

[t is known that the A,—condition is equivalent to E, = L,.

Definition 2.4. A function modular p is said to satisfy the A,—type condition if there
exists K > 0 such that for any f € L, we have p(2f) < Kp(f).

In general, the Ay —type condition and Agp—condition are not equivalent, even though it
is gbvious that the As— type condition implies the As —condition.

Definition 2.5. Let L, be a modular space.

(1) The sequence {fa} C L, i5 saidto be p—convergent to f € L, il p{fa— f) = 0 as
n — oo.

(2) The sequence {f,} C L, is said to be p—a.e. convergent to f € L, if the set {we 0
Falw) = f(w)} is p—null.

(3) A subset C of L, is called p—closed if the p—limit of a p—convergent sequence of C
always belongs to C.

(4) A subset C of L, is called p—a.e. closed if the p—a.c. limit of 2 p—a.e. convergent
sequence of C always belongs to C.

(8) A subset C of L, is called p—compact if every sequence in C has a p—-convergent
subsequence in C.

{G) A subset C of L, is called p-a.e. compact if every sequence in C has a p—ae.
convergent subsequence in C.

(7} A subset C of L, is called p—Dbounded if

diam,{C) = sup{p(f ~ ¢} : f,g € C} < o0.

We know by [10] that under the A ~condition the norm convergence and moduiar con-
vergence are equivalent, which implies that the norm and modular convergence are also the
same when we deal with the Ay-—type condition. In the sequel we will assume that the
modular function p is convex and satisfies the A, —type condition.

Definition 2.8. Let p be as above. We define a growth function w by

w(t):sup{%([%:fe Lp,0<p(f)<oo} for all § < f < 0.

The following properties of the growth function can be found in [3)].
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Lemma 2.7. Let p be as above. Then the growth funciion w has the following properties :
{1} w(t) < oo, Yt €]0,00).
(2) w:[0,00) — {0,00) is a convez, strictly increasing function. So, it is continuous.
(3) w(aB) £ w{eyw(f);Ve, B € {0,00).
(4) w™ (@)™ (B) < w{aB);Va, B € [0,00), where w™! is the function inverse of w.

The following lemma shows that the growth function can be used to give an upper bound
for the norm of a function.

Lemma 2.8 (T. Dominguez Benavides et al. {3]). Let p be as above. Then

Al < whenever f € L,\{0}.

1
wH{L/p{f})

The following lemma is a technical lemma which will be need because of lack of the
triangular inequality.

Lemma 2.9 (T. Dominguez Benavides et al. {3]). Let p be as above, {fn} and {g.} be two
sequences in L,. Then

lim p(gn} = 0 == limsup p(fn + gn) = limsup p(fx)
r— o0 =00 =300
and
tim_p(gn) =0 = liminf p(fn -+ gn) = liminf p(f,).

In the same way as the Hausdorfl distance defined on the family of bounded closed
subsets of a metric space, we can define the analogue to the Hausdorff distance for modular
function spaces. We will calj p—HausdorH distance even though it is not a metric.

Definition 2.10. Let C be a nonempty subset of L,. We shall denote by F,,iC} the family
of nonempty p—closed subsets of C and by K,(C) the family of nonempty p—compact
subsets of C. Let H,(-,-) be the p—Hausdorff distance on F,(L,), i.e.,

H,(A, B) = max { sup dist,(/, B), sup dist, (g, A)}, 4,B € F(L,),
9

where dist,(f, B) = inf{p(f—g) : ¢ € B} is the p—distance between f and B. A multivalued
mapping T : C - F,(L,) is said to be 2 p—contraction if there exists a constant &£ € {0, 1)
such that

(2.1) H(Tf,Tg) <kp(f-g) figeC.

If (2.1) is valid when k = 1, then T i5 called p—nonexpansive. A function f € C is called a
fixed point for a muitivaiued mapping T if f € T f.

3. MaIN RESULTS

We begin stating the Banach Contraction Principle for multivalued mappings in modular
function spaces.

Theorern 3.1. Let p be o convex function modular satisfying the Ay —fype condition, C a
nonempty p—bounded p—closed subset of L,, and T : C — F,(C) e p—contraction mapping,
i.e., there exists a constant k € {0, 1) such that

(3.1} H(Tf Tg) < kp(f-9), J.geC.
Then T has o fived point.
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Proof. Let fy € C and « € (k,1). Since T f, is nonempty, there exists fi € T fy such that
p(fo — fi) > 0 (otherwise fg is a fixed point of T). In view of (3.1}, we have

dist,(f1,ThH) < H,(Tfo,ThH) < kplfo - fL) <ap(fo - f1)-

Since dist, {fi,Tfi) = inf{p(fi — g} : ¢ € Tf1}, it follows that there exists f, € Tf; such
that

plfi — f2) < eplfo - 1)
Similarly, there exists f3 € T f, such that
p{f2 — f3) <aplfy — f2).
Continuing in this way, there exists a sequence {f.} in C satisfying fa41 € Tf, and
p{fn = fra1) < ap{fa-y — fn)
< a?{(p(fa-z2 = fa1))
< ...
<" Hplfi - f2))
< a"(o(fo — 1))
< a"diam,{C).
Let M = diam,{C), then
1 1
M S plfn — far1)

By Lemma 2.7, we have

(@) ) < G
It follows that -

1 1
<

o amrm) (0 () e (&)

By Lemma 2.8, we obtain

o = sl < ()" w-:l(ﬁ)'

is strictly increasing, we have —'lrﬁ < 1. This implies that {f,} is a Cauchy

Since w™!
sequence in (L,,{|-1,). Since {L,.||-|f,) is a complete metric space, there exists f € L, such
that {fn} s )| - {|,—convergent to f. Since under the A, —type condition, norm convergence
and modular convergence are identical, {f,.} is p—convergent to f and f € C because C is
p—closed. Since f, € T f._,, we have

3.2) Qist(fa TS) € (T huet, TS) € kplfams = )~ 0.
We observe that, for each n, there exists g, € Tf such that

1
(3:3) PUSn = 90) € disto(fn, TH) +

Thus, {3.2) and {3.3) imply that lim p(f. — g} = 0. By Lemma 2.9,
L X =

limsup p(ga — f) =limsupplgn ~ fut+ fu — f) = lim_'salipp{fn -f1=0

n—00 "o

Since T f is p—-closed, we can conclude that f € Tf. O
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The following results will be very useful in the proof of our main theorem.

Theorem 3.2 (M. A. Khamsi [7]). Let {f.} C L, be p—un.e. convergent to 0. Assume there
exists k > 1 such that

supplkfa) = M < oo
r>l

Let g € E,, ther we have
o fimm inf o f + g) = liminf (..} + p(g)-
The following lemma guarantees that every nonempty p—compact subset of L, attains a

nearest point.

Lemma 3.3. Let p be a convex function modular satisfying the Az—‘typé condition, f € L,,
and K a nonempty p—compact subset of L,. Then there exists go € K such that

S — go) = dist,(f, K).
Proof. Let m = dist,(f, K'). For each n € N, there exists g, € K such that
1 1
~ =< alf-ga) < =.
m n = plf Qn) “sm+ n
By the p~compactness of K, we can assume, by passing through a subsequence, that g, -
go € K. By Lemma 2.9, we obtain
m = {im sup p(gn —~ f) = limsup p(gn ~ go + 90 — f)
Ll e 3= ] n—r o0
=limsupp(go — f)
= plgo — f).

a
We can now state our main theotem.

Theorem 3.4. Let p be o conver function modular satisfying the A;—type condition, C
a nonempty p—a.e. compect p—bounded conver subsel of L,, end T : C = K,{C) a
p—nonezpansive mopping. Then T has e fixed point.

Proof. Fix fo € C. For each n € N, the p—contraction T, : C = F,(C) is defined by

T.(f) = fot (1= 2)TS, feC.

By Theorem 3.1, we can conclude that T, has a fixed point, say f,. [t is easy to see that
dist,(fn, TSn) < édiamp(C) — 0.

Because of p—a.e. compactness of C, we can assume, by passing through a subsequence,
p—a.e.

that f, "—3 [ for some f € C. By Lemma 3.3, for each n € N, there exists g, € T f, and
h, € T f such that

p(fn - gﬂ) = diStp(fntTfﬂ)
and

P(gn = hp) = dist, (a2, TS) < H (T . Tf) < plf0 — f}-
Because of p—compactness of T f, we can assume, by passing through a subscquence, that
hy, £ h € TJf. Since p satisfies the A ~type condition, there exists K > 0 such that
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Pfn ~ ) 2 Kplfn — flforalln e N.
This implies that

sup p2fe - 1) < Ks§§p(fn - f) < .

By Theorem 3.2 and Lemma 2.9, we obtain
liminf p(fn = £} + p{f — &) = liminf o{fn = f+ [ ~ h)
= lim in.fp(fn —h)
n -+
= lminf p(fn ~ gn + g = hn + hn — &)
= limin{ p{g. — hn)
n—+o0
< liminf p(fs - f).
=4O
It foliows that p{f — h) = 0 and then we have f = h e T'f. O

Consider the space L,{Q, i) for & ¢—finite measure p with the usual norm. Let € be
a2 bounded closed coavex subset of L, for 1 < p < o and T : ' = K(C) a multivalued
nonexpansive mapping. Because of uniferm convexity of L, it is known that T has a
fixed point. For p = 1, T can fail to have a fixed point even in the singlevalued case for
a weakly compact convex set C (see [1|). However, since L; is a modular space where
p(f) = Jolflde = {[£]] for all £ € L,, Theorem 3.4 implies the existence of a fixed point
when we define mappings on a p—a.e. compact p—bounded convex subset of L;. Thus we
can state :

Corollary 3.5. Let (0, p) be as above, C C Li{{lu} e nonempty bounded conver set which
is compact for the topology of the convergence locally in measure, and T : C = K(C) o
nonezpansive mapping. Then T has a.fized point.

Proof. Under the above hypothesis, p—a.e. compact sets and compact sets in the topology
of the convergence locally in measure are identical (see [2]). Consequently, Theorem 3.4 can
be applied to obtain a fixed point for 7. O

In the case of the space [, we also can obtain a bounded closed convex set C and a
norexpansive mapping 7 : € — C which is fixed point free. Indeed, consider the following
easy and well known example :

Let

C={{In}€£1:03zﬂgland irnzl}.

=]
Define a nonexpansive mapping 7 : C —= C by
T(x) = {0, z¢,79,73,...) where z = {z.}.

Then T is a fixed point free. However, if we consider L, = l; where p(z} = [[z]|, V2 & {,.
Then p—a.e. convergence and w* —convergence are identical on bounded subsets of I} {see
[3]). This fact leads us to obtain the following corollary :

Corollary 3.6. Let C be a nonempty w* —compact conver subset of |, and T : C = K(C}
& nonexpansive mapping. Then T has o fized point.

Proof. By the above argument, we know that p—a.c. compact bounded sets and w* —compact
sets are identical. Then we can appiy Theorem 3.4 to asseri the existence of a fixed point
of T. 0
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In fact Corollary 3.5 and 3.6 are consequences of a general result: Assume that X is a
linear normed space and 7 is a Hausdorff topology on X. We say that X satisfies the strict
7-Opial property if

limsup ||zn — «[| < lim sup [[zn — yl|

=300 n—=3oo
for each sequence {z,} in X which converges to x for the topology T and each y # z.
Following the same argument as in [11] it is easy to prove the following theorem:

Theorem 3.7. Let X be a Banach space, C a conver bounded sequentially T-compact subset
of X, end T : C — K(C) a nonezpansive mapping. If X satisfies the strict r-Opial property,
then T has a fized point.

When X is a modular function space equipped with either Luxemburg or Amemiya norm,
we can consider the topology 7 of convergence p-a.e. In this case, Theorem 3.7 yields to the
following:

Theorem 3.8. Let p be a convez additive o —finite function modular satisfying the Ay—type
condition. Assume that L, is equipped either with Luzemburg or Amemiya norm. Let C
be a nonempty p—a.e. compact p—bounded convezr subset of L,, and T : C - K{(C) a
nonezpansive mepping. Then T has o fized point.

Proof. From [8] (Theorem 4.1 and 4.3), X satisfies the uniform Opial property with respect
to the topology of p-a.e. convergence. Since p-a.e. compact sets and p-ae. sequentially
compact sets are identical for this topology (see (2]}, we can deduce the result from Theorem
3.7 [

Remark. In the case of the space L!(1) we have

o) = [ 171 =11l = 7
and we can deduce Coroliary 3.5 angd 3.6 from Theorem 3.8.
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