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ABSTRACT

Research Title Classification of finite algebras by unary non-bijective functions
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University. E-mail address : ratach@su.ac.th

Research Grants The Thailand Research Fund
Period July 28, 2005 — July 28, 2008
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equivalence relation, clone, semigroup, band

Iterating a unary operation f defined on a finite set A with |A| = k, one obtains the descending

chain AD Im FDIm £ .. Dim f" = im £, The least integer A (f) with im 7= im ¢

s
called the pre-period of f . The pre-period of fis an integer between 0 and k — 1. If X(f) =k-1and
k=1, then fis called a long-tailed (LT)-operation and if X(f) =k-2fork=>2, fis said to be an (LT,)-
operation. Unary (LT)- and (LT,) - operations and their invariant equivalence relations have been
characterized. In the project, we consider the iteration of n-ary operations for n > 1, define and
characterize (LT)- and (LT,) - operations and their invariant equivalence relations. The results can be
applied in all fields where iteration and recursion plays a role.

We denote a partial unary operation f defined on A by f : A—o — A and denote the domain of f

by dom f and also let Im f={ f(a)l a €Domf } be the image of f. If f - A—o — A is a proper partial

operation on A which is not bijective on its domain, then |A|>|dom f| > |/m f| and there is a least

A _ Ao+

integer?»(f) withim f"=1Im f 1. In the project, we characterize partial unary operations with A (f)
=kandA (f) = k—1. In both cases, we describe the equivalence relations on A which are invariant with
respect to such partial unary operations. This generalizes similar results for total unary operations.

There are several ways to regard a clone as an algebraic structure. If f, g,,...,g are n-ary
operations defined on A, by Sn(f,gw...,gn)(aw,...,an) = f(g,(a;.-..a,).-..9,(a;,...,a,)) for all a,,....a €A an
(n+1)-ary operation on the set O"(A) of all n-ary operations can be defined; and one can derive a binary
operation + defined by f+g := S"(f,g1,...,gn) and obtains a semigroup (O"(A); +). The collection of all
clones of operations on a finite set forms a complete lattice. This lattice is well-described if |A| =2 If
|A| > 2, this lattice is uncountably infinite and very complex. In the project, instead of clones we study
semigroups of n-ary operations, i.e. subsemigroups of the semigroup (O"(A); +) and their properties. We

consider Green’s relations for the semigroup (O"(A); +), characterize all constant subsemigroups of

(O"(A); +), all semilattices, rectangular bands and normal bands contained in (O"(A); +).
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4. lteration of Total and Partial Unary Operations
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Qwﬂmﬂﬂmma‘mLLuﬂﬁmmumimmuwmmwmﬁmumuuummmnmwu pre-
period (A characterization of unary functions defined on a finite set with pre-period) 7\,(f) =n
—t 4w 1 <t < n - 1 InedssynAnaaIueIunAIIN “Unary Operations with Long Pre-
periods” Aanad luiatauninlag lduanuresLnaNAsuand luinde 2 waziinda 3 1w
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Theorem 1 : Let A be a finite set with |A| = n = 3 and let f : A—A be a unary operation
with pre-period K(f) =n-t forall1<t<n-1.Then
(i) there is the largest subset C of A such that the restriction of f to C is a
permutation,
(ii) there is a nonempty subset D with empty - intersection to Imf such that

A-C = U {v,f(v) ..... £ (v)} where f™*'(v) €C and
veD

v, E(V), . T (v)‘ﬁn—t forall v €D

(iii) there is an elementu€ D such thatm +1=n-t.

Theorem 2 : Let A be a finite set with |A] =n = 3 and let f : A—A be a unary operation

satisfying (i) — (iii) of Theorem 1. Then there are (I) #C = Imfk(f)and (I) D CA - Imf

such that

m

A= U {v,f(v),...,f V) (v)} U U {C,f(c),...,fq° (c>}
veD ceC

p,+1

@ 0<m<n-t-1andf>'(v) = ™"(v) forall v €D,

(b) thereisau €D suchthatm,+1=n-t and

(c) £ (c) =cforall c €C.



Theorem 3 : Let A be a finite set with |A| =n 2= 3 and let f : A—A be a unary operation.

If there are (p#C = Imef)and $ #D CA-Imf such that

m P

A= U {v,f(v),...,f TV f v(v)} VAV, {c,f(c),...,qu (c>}
veD ceC

where Conditions (a), (b) and (c) in Theorem 2 are satisfied, then K(f) =n-t.
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5. Semigroup Properties of N-ary Operations on Finite Sets
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