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ABSTRACT

The first main purpose of this project is to study the operators concerning the heat equations and
the wave equation such operator are the Laplace, the ultra hyperbolic the Diamond operators and the
mixed operator. In doing research for such operators, we are succeeded in obtaining the interesting
solution that all solutions cover all old area of solution before and all such solution are beautiful
umiqueness.

The second purpose of this project is to construct new iterative methods for approximating a
Sxed point and common fixed points of nonlinear mappings. In this part, we introduce a new three-step
s=ration with errors for nonexpansive nonself-mappings in a uniformly convex Banach space. Weak and
smong convergence theorems of the new three- step iteration under certain control conditions are
ssasblished. We also modify Noor iterations for non-Lipshitzian mappings in Banach spaces and prove
weak and strong convergence theorems of the modified Noor iterations under some control conditions.
“ur Snding a common fixed point of a finite family of nonexpansive mappings, we introduce a new
semaeve method for them and prove weak and strong convergence theorems under some suitable control
ssmisons. Moreover, we introduce new methods for finding a common element of a fixed point set of
semimcar mappings and the set of solutions of equilibrium problems. Qur results improve and extend

mary results in this area.



EXCUTIVE SUMMARY

Title: Generalized Functions and Fixed Point Theory in Banach Spaces
Hadsunaioialy uaz noufunganishinligivmas
Researchers: 1. Prof. Amnuay Kananthai, Head of the Project
2. Prof. Dr. Suthep Suantai
Department of Mathematics, Faculty of Science, Chiang Mai University
Badget: 2,000,000 Bath
Research Duration : 31 July 2006 - 30 July 2009
Frimciples Theory, Rationale and / or Hypotheses

Generalized functions and fixed point theory play an important role in mathematical analysis that
Swne e spplications widely in the other fields related to science and technology. Basically, Generalized
Ssmemens cover all Classical functions (Ordinary functions). It is well known that the generalized
Sumctoms can be applied to solve the problems of the wave equations, particularly the wave functions
%t are not continuous such as shock wave. That kind of the wave functions is so difficult to interpret
= e temm of ordinary function. At the beginning in the yaer 1950, the Russian mathematician, S. L.
Setwiew studied partial differential equation which related to the generalized function and he was the first
= semime e background of such generalized functions in the yaer 1960, L. Schwartz studied from S. L.
Subeies By extending and developing some new concepts and obtain many properties and theorems in

S I

I» e area of generalized functions, he also discovered some operators that concern the partial
Sl squstions, for examples, the elliptic operator, the hyperbolic operator and the parabolic

wemee The famous elliptic operator is the Laplacian A that defined by
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A=—=+ +...+
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And the hyperbolic operator is the wave operator [ ] = o A and also the parabolic operator is
ot

0
the heat operator defined by L = 5{ -A

In the year 1987, S. E. Trione studied the ultra-hyperbolic operator which is an extension of the

wave operator. The ultra-hyperbolic operator iterated k-times is defined by

k
) P 52 Pta p2
0" - 2

a2 a2
i=18Xi j=p+lan

p+q=n where nis the dimension of the Euclidean space R" and k is a nonnegative integer.

In the year 1994, M. A. Tellez has shown that the operator [_] * exists only for nis an odd with

p isoddand q is even.
In the year 1997, A. Kananthai established the new operator that is called the Diamond operator

2 )2 2\
P9 PX 9
Q iterated k —times defined by Qk = E — | - z, — » ptq =n
2 2

The diamond operator covers all the Laplacian and ultra operators. He also obtained the elementary

solution for such Diamond operator.
In the year 2001, A. Kananthai and S. Suantai extend the Diamond operator to be the operator

p24 p+q 24k
o - za ~ za

D) ~ and obtained the interesting elementary solution.
i=1 aXi j=p+1 8X j

All operators that have been mentioned are based on the area of generalized functions.



In our research, we will study the operator in the form of nonlinear equations which are the new

Somtier research.

In studying the problems in science and technology, usually those problems are formulated in
%= of equations or inequalities. So the question arise from this point that how we know the existence of
& soizmon of such equation and inequalities, and once we know the existence of the solution, the second
sueston will be asked, how can we find that solution. So there are two problems which are concerned in

sowme the solution of linear and nonlinear equation :
1. The existence of the solutions of such equations and
2. The method of solving the solutions of such equations.

S we are interested in studying those two problems in a general Banach space setting.

Besesrch Objectives

Swady various properties of the Laplacian, Ultra hyperbolic, Diamond and the compound

SpeTaiors.
= Seady the elementary solutions of those operators mentioned in 1.

© Sy the solutions of the partial differential operators related to non-linear wave and heat

Sg==hons.

& Comstuct and study new fixed point iteration methods for approximating fixed points of

somimear mappings in a Banach space.

© Sy the existence and uniqueness of the fixed points of generalized contraction mappings



6.

7.

Study the geometric properties related to fixed point theory.

To build the young researchers in the area of generalized functions and fixed point theory.

Usefulness of the research

1.

Obtain various properties of the Laplacian, Ultra hyperbolic, Diamond and the compound

operators
Obtain the elementary solutions of those operators mentioned in 1.

Obtain the solutions of the partial differential operators related to non-linear wave and heat

equations.

Obtain new fixed point iteration methods for approximating fixed points of nonlinear mappings

in a Banach space.

Obtain the theorems of the existence and uniqueness of the fixed points of generalized

contraction mappings

Obtain some geometric properties related to fixed point theory
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Chapter I

Introduction

Cemeralized functions and fixed point theory play an important role in mathematical analysis that
S e spplcations widely in the other fields related to science and technology. Basically, Generalized
Swmemems cower all Classical functions (Ordinary functions). It is well known that the generalized
Sesstens can be applied to éolve the problems of the wave equations, particularly the wave functions
% e e continuous such as shock wave. That kind of the wave functions is so difficult to interpret
= S e of ordinary function. At the beginning in the yaer 1950, the Russian mathematician, S. L.
Sl sadied partial differential equation which related to the generalized function and he was the first
W setime e background of such generalized functions in the yaer 1960, L. Schwartz studied from S. L.
e = exwending and developing some new concepts and obtain many properties and theorems in

b = -1

» e 2=z of generalized functions, he also discovered some operators that concern the partial
s ssustions, for examples, the elliptic operator, the hyperbolic operator and the parabolic

ssesmer The famous elliptic operator is the Laplacian A that defined by

o’ 0° 0?
A= 5 + Ty +...+ 5
Ox; Ox, ox,,,
2
S e Syperbolic operator is the wave operator [ | = N A and also the parabolic operator is
ot

e St aperstor defined by L=§—A

s e vear 1987, S, E. Trione studied the ultra-hyperbolic operator which is an extension of the

S apemmr. The ultra-hyperbolic operator iterated k-times is defined by



k
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1=1 axi j=p+]an

k

El =
p+q=n where nis the dimension of the Euclidean space R" and k is a nonnegative integer.

In the year 1994, M. A. Tellez has shown that the operator [] ¥ exists only for n is an odd with

p isodd and q is even.

In the year 1997, A. Kananthai established the new operator that is called the Diamond operator
2 2
) P 52 P+q 52
Q iterated k- times defined by 0 = | Z - Z

5 —5 | | pta=n
2 2

The diamond operator covers all the Laplacian and ultra operators. He also obtained the elementary

solution for such Diamond operator.
In the year 2001, A.Kananthai and S. Suantai extend the Diamond operator to be the operator

4 4
P 52 p+q 52

- 2

® =1 > 2

and obtained the interesting elementary solution.

All operators that have been mentioned are based on the area of generalized functions.

In our research, we will study the operator in the form of nonlinear equations which are the new

frontier research.

In studying the problems in science and technology, usually those problems are formulated in
term of equations or inequalities. So the question arise from this point that how we know the existence of
a solution of such equation and inequalities, and once we know the existence of the solution, the second
question will be asked, how can we find that solution. So there are two problems which are concerned in

solving the solution of linear and nonlinear equation :



existence of the solutions of such equations and

‘method of solving the solutions of such equations.
I |

in studying those two problems in a general Banach space setting.



Chapter 2

Some operators related to the heat and the wave equations

One part of doing research is the title "Some operator related to the heat and the wave equations”.
For the past 3 years, we have succeeded in doing research in such operators. We obtained many papers

that can be classified in the following groups.
The first group are the reprints papers consisting of the following paper

1. A. Kananthai and K. Nonlaopon, On the generalized nonlinear ultra-hyperbolic heat equation

related to the spectrum, Computational and Applied Mathematics, Volume 28 N. 2, pp. 1-10, 2009.

2. W. Satsanit and A. Kananthai, On the ultra-hyperbolic wave operator, International Journal of

Pure and Applied Mathematics, Volume 52 N. 1, pp. 117-126, 2009.

3. C. Bunpog and A. Kananthai, On the Green Function of the Operator Related to the Bessel
Helmholtz Operator and the Bessel Klein-Gordon Operator, Journal of Applied Functional Analysis,

Volume 4 pp 10-19, 2009.
The second group, the accepted papers.

1. W. Satsanit and A. Kananthai, Diamond operator related to Bihamonic equation, Far East

Journal of Applied Mathematics.

2. W. Satsanit and A. Kananthai, The operator and its spectrum related to heat equation,

International Journal of Pure and Applied Mathematics.
The third group, submissions paper.

1. Amnuay Kananthai, On the Diamond-Wave Operator, submitted to Journal of Applied

Mathematics and Computation.

10



v Kananthai, On the Nonlinear heat equation related to the operator, submitted to

and Application.
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Volume 28, N. 2. pp. [-10. 2009

GAPPLIED  Coprieht © 2009 SEMAC
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On the generalized nonlinear ultra-hyperbolic heat
equation related to the spectrum

A. KANANTHAI and K. NONLAOPON*
Department of Mathematics, Chiang Mai University, Chiang Mai, 50200 Thailand

E-mail: malamnka@science.cmu.ac.th

Abstract. In this paper, we study the nonlinear equation of the form

—‘;ll wix, £y = A0u(x. 1) = fx, Loutx, 1)
«

where OF is the ultra-hyperbolic operator iterated k-times, defined by

k
« a2 @ a2 P 2 a2
PR e e et S e e ’
*y X2 *p pl *pr2 Xptq
p 4+ g = n is the dimension of the Euclidean space R", (x,¢) = (x;.x2,...,%.¢) € R"x

(0, 00), & is a positive integer and ¢ is a positive constant.
On the suitable conditions for f, u« and for the spectrum of the heat kernel, we can find the
unique solution in the compact subset of R” x (0, 00). Moreover, if we putk = [ and ¢ = 0 we

obtain the solution of nonlinear equation related to the heat equation.
Mathematical subject classification: author. please, provide the AMS classif,

Key words: author. pleasc. provide (he keywords.

1 Introduction

It is well known that for the heat equation
d 2
a—tu(x,t)=c"Au(x,t) (LI.DH

#752/08. Received: 07/111/08. Accepted: 08/111/09.
*Supported by The Royal Golden Jubilee Project grant no. PHD/0221/2543.

12



NONLINEAR ULTRA-HYPERBOLIC HEAT EQUATION

= the initial condition
u(x.0) = f(x)

Y
waere A — Z:':, %g is the Laplace operator and (x, f) = (xy, x2, ..., Xn l) €
J.o0), and [ is a continuous function, we obtain the solution

1 12
wc,) = s [ e [— P ]f(y)dy (1:2)

2 the solution of (1.1).

Now. (1.2) can be written as u(x, ) = E(x, t) * f(x) where

EGf) = ——ex Lk (1.3)
DT Gy TP Ty | '

£ix 1) is called the heat kernel, where |x|* = )c,2 + x% + oot x,% andt > 0,
wee (1 p. 208-209].
MMorsover, we obtain E(x, t) — 8 as t — 0, where § is the Dirac-delta distri-
weon. We also have extended (1.1) to be the equation
a 2
é—tu(x,t):c Ou(x, t) A (1.4)

where U1 is the ultra-hyperbolic operator, defined by

L '32+a2+ +al 2 a2 a2
B Iax‘z ax? 8x12, 3x,2,+, ax? ax? '

W= obtain the ultra-hyperbolic heat kernel

. 4 +q 2
E(_x, [) = (4C2nt)n/2 exp[ j=p+1 7]

-

here p + g = n is the dimension of the Euclidean space R” and i = +/—1.
For finding the kernel E(x, ¢) see [4].

I= this paper, we extend (1.4) to be the general of the nonlinear form

%u(x,t) — A u(x, ) = f(x, t,ulx, 1) (1.5)

v 1) 2 B" x(0, 00) and with the following conditions on u and f as follows,

e Agel Math, Vol. 28, N. 2, 2009

13



A. KANANTHA! and K. NONLAOPON
(1) u(x, t) € C*(R") for any t > 0 where C®*(R") is the space of contin-
uous function with 2k-derivatives.

(2) f satisfies the Lipchitz condition, that is

Lfe, tow)— fx,t, w)] < Alu —w
where A4 is constantand 0 < 4 < 1.
3)
w -
/ [fx,t,ulx, )dxdt < oo
0 R~

for x = (xj,x2,...,%x,) € R*, ¢t € (0,00) and w(x, t) is continuous
function on R” x (0, c0).

Under such conditions of f, u# and for the spectrum of F(x, ¢), we obtain the
convolution

ulx,)=Ex, ) * f(x.t,u(x, 1))

as a unique solution in the compact subset of R" x (0, co) and E(x, ¢) is an
elementary solution defined by (2.5).

2 Preliminaries

Definition 2.1. Let f(x) € Ly (R")-the space of integrable function in R". The
Fourier transform of f(x) is defined by

~ 1 ) :
S = G An e 69 f(x) dx (2.1)

where £ = (£1,6,...,8), x =(x1,%2,..., %) €R", (§,x) = &1 + 60 +
<+« + &,x, is the usual inner product in R" and dx = dx) dx; ... dx,.
Also, the inverse of Fourier transform is defined by

S(x)

[ e e ae ©.2)

= (zn)n/l

Definition 2.2. The spectrum of the kernel E(x,t) defined by (2.5) is the
bounded support of the Fourier transform E (&, t) for any fixed t > 0.

Comp. Appl. Math., Vol. 28, N. 2, 2009

14



NONLINEAR ULTRA-HYPERBOLIC HEAT EQUATION

Definition 2.3, Let & = (£, &, ..., &) be a point in R" and we write

f‘=§12+§22+---+§,2;— Iz7+l_€127+2_"'_€127+q7 pt+qg=n.

Demote by
F+:{§€R":§[ >0andu>0}
e set of an interior of the forward cone, and T | denotes the closure of T ..

Lot Q be spectrum of E(x, t) defined by Definition 2.2 for any fixed t > 0 and
0 < T.. Let E(&,t) be the Fourier transform of E(x, t) and define

k
i 44 1
— eyt €XP {CZ‘ (Zj‘=p+1 é} - X ‘Efz) ] for§ e I'y,

E(E. D= (2.3)
0 for E ¢ r+.
Lemma 2.1. Let U be the operator defined by
L= _ e (2.4)
at )
where OF is the ultra-hyperbolic operator iterated k-times defined by
L L a2 a2 a2 2 \*
=ttt — —_-—— — ——— — ... = ,
‘Bxlz ax3 ax2 3x,2;+1 8x12,+2 X%y,
* — o = n is the dimension of R", (x1,x2,...,x,) € R*, ¢t € (0,00), kis a
sosiave integer and c is a positive constant. Then we obtain
k
1 2 o 2 $ 2
Efx.1) = exp | ¢t . — ; i¢.x){ d 2.5
:.1) (27{)"/9 b :‘;,g’ ;E v x| At (@25)

20 a elementary solution of (2.4) in the spectrum Q C R" fort > 0.

Froofl. Let LE(x,t) = 8(x,t) where E(x, t) is the kernel or the elementary
»iuton of operator L and § is the Dirac-delta distribution. Thus

%Euquﬁﬂﬂpozaumm.

s Anol Math,, Vol. 28, N. 2, 2009
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A. KANANTHAI and K. NONLAOPON

Take the Fourier transform defined by (2.1) to both sides of the equation, we
obtain

k
ptq

SFED e 2 ) -
TGRS IR Zs EED = Gomd®:
j=p+1
Thus ~ i
o B H(t) , r+q )
@D = G o | e > & Zs

| j=p+i

where H(t) is the Heaviside function. Since H(¢) = 1 for ¢t > 0. Therefore,

— 1 [ :
E(E,l):Wexp cot j;“g _Z&_

which has been already defined by (2.3). Thus

E(x,t)=

/ SEOEE D) dE = /e"E'X’E/(E,T)dE
R £

1
(27,);1/2 (zn)n/z
where €2 is the spectrum of E(x, ¢). Thus from (2.3)

k

ptq r
E(X11)=(2—7lr)n-/exp c*t Z 5}-25} +i(E. x)| dt for ¢t > 0.
Q X

j=p+i

O
Definition 2.4. Let us extend E(x,t) to R” x R by setting

k
v Jaep [czt (orte, 8 -2 e +i<£,x>] dE for ¢ >0,
0 for t <0,

E(x.t) =

3 Main Results

Theorem 3.1. The kernel E(x, t) defined by (2.5) have the following proper-
ties:

(1) E(x,t) € C®-the space infinitely differentiable.

Comp. Appl. Math,, Vol. 28, N. 2, 2009
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NONLINEAR ULTRA-HYPERBOLIC HEAT EQUATION

E(x,t) =0 for t > 0.

227" M®©)

e R )

for t > 0,

kere M (t) is a function of t in the spectrum Q and T denote the Gamma
on. Thus E(x, t) is bounded for any fixed t > 0.

"; E(x.1)=34.

1(2.5), since

=p+1

g = /a" Iil ; ; ; d
(;. @)t Jg axn - & — ZE + (&, x) | dE.

- E(x.t)eC®forx e R", ¢t > 0.

ing directly, we obtain

B >k
— 2 E =0
(8[ C D) (x.1)=0

vy 1 oL .
.‘}:(Zn)"_/s;e)(p il Y gt Zéz +i(€, x) | d§.

J=p+1

Pty

-
(Z;)n/QeXp | > e Zgz dE.

J=p+1

IE(x.0)| <

-

nging to bipolar coordinates

E =rw, & =rw, ..., §p =rw, and

Spt1 = 5Wps1, §pia = SWpya, s Eprg = SWpay

Vol 28, N.2,2009
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A. KANANTHAI and K. NONLAOPON

I L
where 37 wf =1 and 3077, 0} =1. Thus

B0l S G

/ exp [czt (s2 - rz)k] rP 597V dr ds d2,d<,
Q

where d& = r?='s9"Vdr ds dQ, dQ,, d2, and §, are the elements of
surface area of the unit sphere in R# and R? respectively. Since 2 C R”
is the spectrum of E(x, f) and we suppose 0 <r <-Rand 0 <s < L
where R and L are constants. Thus we obtain

R L
|E(x, )] < S(Zz,,ﬂ{)z: /(; /0 exp [czt (sz — rz)k] rP i s dr

A

Q,Q
=LA M) foranyfixedt > 0 inthe spectrum 2

(2m)

2 M)
RO

@3.1)

where
R /L .
M) = / / exp [czt (52 — r2) ]r”—'s"_l ds dr (3.2)
o Jo

is a function of

27 7/? 27 p/?

—— and Q, = ——.
(%) r(%)

Thus, for any fixed ¢ > 0, £(x. ) is bounded.

t>0 Q,=

(4) By (2.5), we have

Pty

k
1 , P , .
Q)" /QCXP el Y] ‘5]—;&," +i(E x) | dé.

j=p+1

Ex, )=

Since E (x, t) exists, then

1 .
; — i(£.x)
A D = /Qe “

1 .
= o g
(2m)” —/IR" 5

=6(x), for x e R".

See [3, p. 396, Eq. (10.2.19b)]. O

Comp. Appl. Math,, Vol. 28, N. 2, 2009



NONLINEAR ULTRA-HYPERBOLIC HEAT EQUATION

m 3.2. Given the nonlinear equation

d 2k
a—tu(x,t) —culx,t) = fx, t,u(x,t)) 3.3)

12 BT x (0, 00), k is positive number and with the following conditions
o+ as follows,

2 1) € CORY for any t > 0 where C(R") is the space of contin-
- function with 2k-derivatives.

sisfies the Lipchitz condition, that is
|,f(x7 tv u) - f(xr tu w)l S Alu —w

= A is constant and 0 < A < 1.

/‘00 1 f(x, t,ulx, )| dxdt < oo
0 JRn

o= (xx,....x,) € Rt e (0,00) and u(x, t) is continuous
omoon B” x (0, 00).

- “e spectrum of E(x, t) we obtain the convolution
u(x,t) = E(x, t)y = f(x, t,u(x, 1)) 3.4)

wigue solution of (3.3) for x € Qo where Qq is an compact subset of
© < T with T is constant and E(x, t) is an elementary solution defined

‘@nd also ulx,t) is bounded.

= rweput k = 1 and g = 0in (3.3) then (3.3) reduces to the

- eguation.

= both sides of (3.3) with E(x, ) and then we obtain the

ulx, 1) = E(x,t)* f(x.t,ulx, 1))

rf E(r,s)f(x —rt—s,u(x —r,t —s))drds

kWl 28 N.2, 2009
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A. KANANTHAI and K. NONLAOPON

where E(r, s) is given by Definition 2 4.
We next show that u(x, 1) is bounded on R" x (0, o0). We have

lu(x. )| < /00 {E ) f(x—rit—s.ulx—r.t —s)| drds

oo JR"

- 227" N.M(1)
= w2 T E)

by the condition (3) and (3.1) where

N:/OO/ f(x,t,ulx,t)]dxdt.
. 0 n

Thus u(x, ¢) is bounded on R" x (0, 00).
To show that u(x. t) is unique, suppose there is another solution w(x, ¢) of

equation (3.3). Let the operator

d
L=——c0
at

then (3.3) can be written in the form

Lu(x,t) = f(x,t,u(x,1)).

Thus

Lu(x,t) —Lw(x,t) = f(x,tulx, 1)) — f(x, t, w(x,t)).
By the condition (2) of the Theorem,
ILu(x,t) —Lw(x, )} < dlulx,t) — wix, 1)} (3.5)

Let Qp x (0, T'] be compact subset of R” x (0,c0) and L: CUQY)) —>
C(Qp) for 0 <t <T.
Now (C(Qq), || - ||} is a Banach space where u(x, 1) € C*(Qq) for 0 <
t <T,|- ] given by
fu(x, O] = suplulx, ).

x€Qp
Then, from (3.5) with 0 < 4 < 1, the operator L is a contraction mapping on
C® (). Since (C(Q), || - ||) is a Banach space and L: C®9 () —>

Comp. Appl. Math,, Vol. 28, N. 2, 2009

20



NONLINEAR ULTRA-HYPERBOLIC HEAT EQUATION

_=(Qy) is a contraction mapping on C?¥(Q,), by Contraction Theorem,

s== [3. p. 300], we obtain the operator L has a fixed point and has unique-

mess property. Thus u(x.t) = w(x, ). It follows that the solution u(x, t) of
is unique for (x, t) € Q¢ x (0, T'] where u(x, 1) is defined by (3.4).

= particular, if we put £ = 1 and ¢ = 0 in (3.3) then (3.3) reduces to the

= inear heat equation
3 2
Py u(x,t) —c Dulx,t) = f(x,t,u(x,t)

woch has solution

ulx,t) = E(x, )% f(x,t,u(x,t))

where E(x, 1) is defined by (2.5) with k = 1 and ¢ = 0. That is complete of

4
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:
f

Abstract

In this paper, we study the Green function of the operator (g +m*)* which
= terated k-times and is defined by

2 p+q 2 k
(Op+m! (Z Bx,> - Z Bz, | + mi| (0.1)
J

j=p+1

where m is a positive real number and p+¢ = n is the dimension of R} and kis a

2
sonnegative integer and By, = ;%7 + 27"‘31. , 20, =20+ 1, 0 > %,:v,- >0. At

&<t we study the Green function of the operator ({p +m*)¥, we have that such
L reen function related to the elementary solutions of the Bessel-Helmholtz
wwerator (Ap + m?)F iterated k—times and the Bessel Klein-Gordon operator
==~ m?)F iterated k—times. We also apply such a Green function to solve the

solution of the equation (Op-+m?*)*u(z) = f(x) where f is a generalized function
and wiz) is an unknown function for z € R}f.
" »vweris Green function, Bessel diamond operator, Helmholtz operator, Klein-Gordon

. Introduction

" ssaschai [1] first introduced the diamond operator ¢F iterated k—times, defined
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the equation O*u(z) = f(z), see [2], has been already studied and the convolution
u(z) = (-1)*RE (z) * RS, » f(z) has been obtained as a solution of such an equation.
Later the equation ({ + m*)*u(z) = f(z), see [3], has been studied and the convo-
lution u(z) = (W (u, m) * W (v, m)) =(s**)*"(z) * f() has been obtained a solution
of such an equation. '
Furthermore, Hiiseyin Yildirim, Mzeki Sarikaya and Sermin Oztiirk [4] first intro-
duced the Bessel diamond operator % iterated k—times, defined by

2 Pg 27"
Ok = (ZBx,.) - ZBIJ) (L.1)

j=p+1

where B, = 3%2_5 + 1—”;’%, 2v; = 205 + 1,05 > —3,2; > 0. The operator {% can be

expressed by O% = AkOE = DA% where

4 k
AL (Z Bx,.> . (1.2)

and
P ptq k
ok = [Z Bsy— Y By, (1.3)
i=1 Jj=p+1

The equation {&u(z) = 6(z), see([4], p.382), has been already studied and the convo-
lution u(z) = (—1)*Sa; * Ry has been obtained as a solution of such an equation where
the function Sy and Ry are defined by (2.1) and (2.2), respectively, with « = 8 = 2k.
In this work, we study the equation of the form

(05 +m')*G(z) = b(x).

We obtain the elementary solution G(z) = (Tok(z) * War(x)) * (C**)*~1(z), where the
symbol *k denotes the convolution of itself k—times and the symbol * — 1 is an inverse
of the convolution algebra, Ty (z) is the elementary solution of the Bessel-Helmholtz
operator (Ap + m?)F iterated k—times, that is To(z) satisfy the equation

(Ap +m?)Fu(z) = §(z)

and Wy (z) is the elementary solution of the Bessel Klein-Gordon operator (Og +m?)*
iterated k—times, that is Wor(z) satisfy the equation

(Op 4+ m*)*u(z) = §(z)
and C(z) is defined by
C(z) = 6(z) — m*(Ta(z) + Wa (V) + 2m* (Ta(z)  Wa(V)).
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== we apply such a Green function to obtain the solution of the equation
(O +m*) u(z) = f(z).

= & zeneralized function.

eliminaries

w 2.1 Let 2 = (21,72,...,%,),v = (W, Va,...,vn) € Rf. For any complex
= we define the function S,(z) by

2n+2]ul—2aI‘( n+22lvl—a) lmla—n—2]u|
a T, 2420w + 1)

Sa(T) (2.1)

em 2.2 Let = (21,32, .-, Ta), ¥ = (M1, 1, ..., vn) € R}, and denote by V =
-sl-x:-—:tf,ﬂ — mf, b2 m?, +q the nondegenerated quadratic form. Denote
v of the forward cone by I'y = {z € R} 1 2y > 0,20 > 0,...,2, > 0,V > 0}
~tiom As(z) is defined by

VB—n;Z v
Rg(x) = AR (2.2)

iy = (52) L (55 )
T (e
= & complex number.
wm 2.3 Let 7 = (2,Z9,...,%,) € RY, For any complex number «, we define
| ST B o e
e) = 2_% T () (M) (=1) %" Sayar(z), (23)

& & complex number and S, 40,(2) is defined in definition 2.1.
om 24 Let 2 = (34,%9,...,%,), For any complex number 8, we define the

SRR AT ) r
W) =3 11;%;; o Ry ), (24)

r=0

=x number and Rg, () is defined in definition 2.2.
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Lemma 2.1 Given the equation Aku(z) = 8(z) for x € R}, where A% is defined by
(1.2). Then

u(z) = (=1)"Su(z)
where So(z) is defined by (2.1), with a = 2k.

Proof. See ([4], p.379). O

Lemma 2.2 Given the equation O%u(z) = §(z) for z € R}, where 0% is defined by
(1.8). Then

u(z) = Rox(z)
where Ry (x) is defined by (2.2), with § = 2k

Proof. See ([4], p.379). O

Lemma 2.3 (The elementary solution of the Bessel-Helmholtz operator).
Given the equation (Ap + m?)fu(z) = 8(z) for z € R}, where Ap is defined by
(1.2) with k = 1. Then

u(z) = Tok(z)
where To,(x) is defined by (2.3), with o = 2k.

Proof. At first, the following formula is valid ({5, p.3),

r(3er) =3 () (o)
Equivalently,

iy ke (1) - EDEER) - Q)P ()

[\l P}
~—

We have,

Lo(m _ {3\ (7
(0t (3+7) = ( r )1‘(5) -
Then, we obtain the function 7, (z) is defined by Definition 2.3 become

o0

Ta@) = 3 () 0 (1) S (). - (25)

r=0

Putting @ = 7 = 2k in (2.5), we have

(o) =3 () 0 Sl

T
r=0
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~mee the operator Ap is linearly continuous and has 1—1 mapping, then it has inverse,
v Lemma 2.1 we obtain
T — 2 TS A—k—r
wte) = () st «
= (Ag +m?)*5(x), (2.6)
wiuere (Ag + m?)7F is the inverse operator of the operator (A p + m?)*. By applying

‘e operator (Ap + m?)* to both sides of (2.6), we obtain

(AB + m2)kT2k($) = (AB + mQ)k.(AB + m2)_k(5(x).

(AB + m2)kT2k(z) = (5(1})
(I

Lemma 2.4 (The elementary solution of the Bessel Klein-Gordon operator).

Ziwven the equation (Op + m?)*u(z) = §(z) for z € R}, where Op is defined by
" withk=1. Then
U(:L‘) = ng(az)

vere Wap(z) is defined by (2.4), with o = 2k.
Proof. The proof of lemma 2.4 is similar to the proof of Lemma 2.3. O

Lemma 2.5 Let Tor(z) and Wor(z) be defined by (2.3) and (2.4) respectively,where
= = = 2k. Then the convolution Tor(z) * Wor(z) exist and it is lie in &', where &' is
wace of tempered distribution.

Proof. From (2.3) and (2.4) with a = § = 2k , we have

Tor(z) * Wai(z) = (Z %’_ﬁ(m2)r(“l)k+rs2k+zr($)>

* <Z %:—)tﬁ (m2)TR2k+2r($))

e (1T (k+8), g, (1)YT(k+T)
=22 g ™ mw

(=17 Sorr00(x) * Rogyor(z).

*win Yildirim, Mzeki Sarikaya and Sermin Oztiirk ([4],p.380) has shown that Spyo.()*

... r exists and is a tempered distribution. It follows that Tox(z) * Wox(x) exists
Wi s0 is a tempered distribution. ]

(m?)"
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Lemma 2.6 Let Tg(x) and Wa(x) be defined by (2.3) and (2.4) respectively,where o =
B =2. Then

(&5 +m?*)(Op +m?) — m*(Ap + Op)] (Tr(z) * Wi(z)) = C(x), (2.7)
where C(z) = §(z) — m*(Ta(z) + Wa(x)) + 2m? (Ty(z) * Wa(z))
Proof. We have
[(AB + m2)(l:13 + m2) - m2(AB + DB)] (T2(:E) * WQ(:L‘)) =

(A +m?*)(Op + m?*) (Ta(z) * Wa(z)) — m*(Ap + Op) (Tr(z) * Wa(z))] =
(A + m*)Ta() * (Op + m*)Wa(z) — m*(ApTh(2) * Wa(z) + Ty(z) * DpWa(x))] .

(2.8)
From Lemma 2.3 and Lemma 2.4, for £ = 1 we have
(Ap +m*)Ty(z) = §(z) and (Op +m?)Wa(z) = §(x),
respectively. Moreover, .
ApTy(z) = 6(z) — m*Ta(x)
and
OpW)(z) = 8(2) — m* W, (z),
thus(2.8) become
[( AB + mz)(DB +m?) —m?(Ap + Op)] (Ta(z) * Wa(z)) =
§5(z) * &( :1:) m? [( m*Ty(z)) * Wa(z) + Ta(z) * (6(z) — m*Wa(z))] =
m? [W, m*Ty(z) * Wa(z) + To(z) — m*Ty(z) * Wa(z)] =
o(z ) (Tz(iv) + Wa(2)) — 2m* (Ta(z) * Wa(2)) = C(a).
0
Lemma 2.7 Let S,(z) be the function, defined by (2.1). Then
Sa(m) * Sﬁ(m) = Sa+,3($)v
where a and B are a positive even numbers.
Proof. See([4},p.380) a

Lemma 2.8 Let Rg(z) be the function, defined by (2.2). Then

R.B(x) * Ra(m) = R,B—Hx(m)a .

where & and B are a positive even numbers.
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Proof. Since Rg(z) and R,(z) are tempered distributions (see [4], p.380). Let
SuppRs(z) = K C T, where K is a compact set and T, is a closure of I, ap-
pears in Definition 2.2, then Rg(z) * Ra(z) exists and is well defined. To show that
Rs(z) * Ra(z) = Rpia(z), by Lemma 2.2 OXu(z) = §(z) Then u(z) = Rox(z).

Now, Oku(z) = OR0% "u(z) = §(z) for r < k, then by Lemma 2.2 0% "u(z) = Ry ().
Convolving both sides by Ry(—r)(z) we obtain

Rogk—ry(z) * 0% "u(z) = Ro(k—ry () * Rpr(2)
or,
0% Ry(—ry (z) * u(2) = Roge—r)(z) * Ror(z)
by Lemma 2.2 again, we have
(5(.’2) * u(x) = Rg(k_r)(.’r) * RQT(IL‘).

It follow that
u(x) = Rg(k_r)(ﬂt) % RQT(.'L‘).
Since u(x) = Rox(z), thus
Ryk-r)(2) * Ror(z) = Rax(z).
Let 8 = 2(k —r) and a = 2r, actually § and «a are positive even numbers. It follows

that Rg(z) * Ry(z) = Rpialz) as required. O

3 Main Results

Theorem 3.1 Given the equation
(Op +m")*G(z) = §(z) (3.1)

where (O 4+ m?)F is the operator iterated k-times defined by (0.1), § is the Dirac-delta
Sstribution, x = (21, %e,...,Tn) € R} and k is a nonnegative integer. Then we obtain
5 ox) = Top(z) » War(z) * (C’*"(z:))*—1 is a Green function for the operator ({p +m?)*

crated k-time where $p is defined by (1.1) with k = 1, m is a nonnegative real number

C(z) = §(z) — m*(Ta(z) + Wa(z)) + 2m* (Ta(z) * Wa(x)) (3.2)

“*%(z) denote the convolution of C it self k-time, (C*"(m))*_l denote the inverse
©*%(x) in the convolution algebra. Moreover C(z) is a tempered distribution.
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Proof. Sine (¢p +m*)* = ((Ap +m?)(Op +m?) —m?(Ap + Op))~.

[(Ap +m?)(Op +m?) — m*(Ap+ Op)] -
[(Ap +m?)(Op +m?®) — m*(Ap + DB)]"‘1 G(z) = §(z) (3.3)
From Lemma 2.5 we have Ty(x) * W, () exists and is a tempered distribution. Con-
volving both sides of the above equation by T5(z) x W5(z),we obtain
[(AB + m2)(DB + m2) — m2(AB + DB)] (TQ(.'E) * Wz(m)) *
(&5 +m?)(Op +m?) —m¥(Ap + 0p)]" 7 G(z) = (Ta(z) * Wa(z)) = 6(z)

by Lemma 2.6, we have
C(z) * [(Dp +m?)(Op +m?) — m*(Ap +05)]" 7 G(z) = (Ta(z) * Wa(z)) * 8(2).

Keeping on convolving both sides of the above equation by Ty(z) * Wa(z) up to k — 1
times, we have

C*(z) + G(z) = (Ta(z) * Wa(z))™,

where *k denotes the convolution of itself k-—times.
By Lemma 2.7, Lemma 2.8 and definitions of T,(z) and Wy(z), we have

(Ty(z) * Wa(2))™* = Tor(z) * Wai(z),

then
C*(z) * G(2) = Tor(z) * War(z).

Now, consider the function C**(z), since §(z), Tz(z), Wa(z) and Th(z) * Wa(z) are
lies in &’ where &’ is a space of tempered distribution, then C(z) € &', moreover
by ([6], p.152) we obtain C**(z) € &'. Since Toi(z) * Wak(z) € &', choose &' C Dj
where D% is the right-side distribution which is a subspace of D’ of distribution. Thus
Tor(z) x Wor(z) € Df, it follow that Tor(z) * War(z) is an element of convolution
algebra, thus by ({7}, p.150-151), we have that the equation (2.8) has a unique solution

G(z) = Ton(w) * Wai(2) + (C*(z))"

where (C””C(z))*—1 is an inverse of C** in the convolution algebra, G(z) is called the
Green function of the operator (g + m*)*. Since Toi(z) * Wor(z) and (C‘"‘(:E))*~l are

lies in &, then by ([6], p.152) again, we have Tor(z) x Wor(z) * (C"k(ac))"_l € &'. Hence
G(z) is a tempered distribution. a
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Theorem 3.2 Given the equation
(05 +m*)u(z) = f(2) (3-4)
where f is a given generalized function and u(z) is an unknown function, we obtain
u(z) = G(z) * f(z)
w a unique solution of the equation (3.4) where G(z) is a Green function for ({p+m?)*.

Proof. Convolving both sides of (3.4) by G(z) where G(z) is a Green function for
= +m*)* in theorem 3.1, we obtain

G(z) * (Op +m*)*u(z) = G(z) * f(z)

(05 +m*)G(z) * u(z) = G(z) * f(z)

wwoplying the Theorem 3.1,we have
§(z) *xu(z) = G(z) * f(z).
Therefor,
u(z) = G(z) * f(z).

“me Giz) is unique. Hence u(z) is a unique solution of the equation (3.4). a
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1In this paper, we study the generalized wave equation of the form
2
b—t—iu(:v,t) + CQ(D)k‘u(x,t) =0

conditions
u(z,0) = f(2), pul,0) = o(z)

Wt =R x[0,00), R™is the n-dimensional Euclidean space, [ is the
ic operator iterated k—times defined by

N > o 52 & 5 5 \"
Iﬁ ...-.._.I.._-__*.-*.______—-—-—__ ..... —_— ,
8= 9z Ox2 Oz}, Oz, dx2,,

= = 1= a positive constant, k£ is a nonnegative integer, f and g are
v and absolutely integrable functions. We obtain u(z,t) as a solution
b e Moreover, by e-approximation we also obtain the asymptotic
; © = O(e~™*). In particularly, if we put n =1, k=2 and ¢ = 0,
_© meduces to the solution of the beam equation

82
o

z,t) + 02%u(x,t) = 0.

=t Classification: 35L05
zeneralized wave equation, beam equation, tempered distribu-

_ m 12, 2009 © 2009 Academic Publications
i
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1. Introduction

It is well known that for the 1-dimensional wave equation
2 62
o) u(z,t) =c E—I—Qu(w t), (1)
we obtain u(z,t) = f(z + ct) + g(z — ct) as a solution of the equation, where f

and g are continuous. Also for the n-dimensional wave equation
82
wu(z, t) + c?Au(z, t) = 0, (2)

with the initial condition
u(z,0) = f(z) end Zu(z,0) = g(a),

where f and g are given continuous functions. By solving the Cauchy problem
for such equation, the Fourier transform has been applied and the solution is
given by

u(¢,t) = ( Ycos (2m|E t + ’\(g)fﬁ_gﬁg

where |6]? = €2 + €2 4 --- + €2 (see [2, p. 177]). By using the inverse Fourier
transform, we obtain u(z,t) in the convolution form, that is

u(z,t) = f(z) * ¥y(z) + g(z) * 2o() (3)
where ®, is an inverse Fourier transform of ®;(¢) = %%‘E and ¥, is an

inverse Fourier transform of W,(£) = cos (2r|¢]) t = aﬁ (é).

In this paper, we study the equation

(e ) +& (O (e, t) = 0 (@

with u(z,0) = f(z) and mu(w,O) = g(z), where c is a positive constant, & is a
nonnegative integer, f and g are continuous functions and absolutely integrable.
The equation (4) is motivated by the heat equation of the form

%u(w,t) = —c2 (O)* u(z, )
(see (3], more general: [1]-[4]). We obtain

u(z,t) = f() » ¥i(z) + 9(z) * 4(2) ()
as a solution of (4) where &, is an inverse Fourier transform of

sinc (m)k t
o (Vi)'

‘/I;t(f) =
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4 ko oga
snd U, is an inverse Fourier transform of ¥;(§) = cosc{ vs? — 7'2) t = 5%:()
shere r? = 2+ &5+ + &5 and 8% = £, + €2, + - + £2,, . Moreover,
“weput k =1 and ¢ = 0 in (4) then (5) reduces to the solution of the n—
mensional wave equation and also if £ = 2,n = 1 and ¢ = 0 in (4) then (5)

=Zuces to the solution of beam equation.
We also study the asymptotic form of u(z,t) in (5) by using € approx1mat10n

2 obtain u(z,t) = O(e~k).

2. Preliminaries

= shall need the following definitions
Definition 1. Let f € Lij(R"™)-the space of integrable function in R"™. The

(6)

Fourier transform of f(z) is defined by
1 -t(é,z
76 = Gy I
=Lz +oza+- -+

Deve { = (617&27 7§n) (xler) (l?n) GR (&ﬁx)
==, is the inner product in R" and dz = dzidzs...dz,.
A1s0, the inverse of Fourier transform is defined by
1 i(,2) 7
(&= G / 462) flz)dz (7)
Lemma 2. Given the function
D pt+q
> 7|

2
i Then

f(2) = exp H - ai+ ;
=1 Jj=p+1

where (1,29,...,2,) ERY, prg=n, Y F 32 < Z”_p+1x
plg T)I(E)T =n
[ oo < S TOXEC)
r(%39)
wiere I denotes the Gamma function. That is [p. f(2)de is bounded

p+q

Proof.
»
f(a:)dx::/ exp | = |= > 2+ > z3! dz.
R i=1 J=p+1

¢ us transform to bipolar coordinates defined by
Ty =TW2,..., Tp=TWp,

T = Twhy,
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dzy = rdwy, dzg =rdws,..., dr,=rdwp,
and
Tpt+l = SWptly, Tpt2 = SWp42s---) Tpiq = SWpig,
dzpy = sdwpy1, drpia = sdwpya, ..., dTpyq = sdwpyg,

wherew?—{—w%—{—...-{—wg:landwf,+1+wf,+2+...+wf,+q=1. Thus

. f(z)dz = /Rn exp [— WELES r2] P 15971 4rdsdQ,dQy

where dz = P19 1drdsd,dQ, d, and dQ, are the elements of surface
area on the unit sphere in RP and RY respectively,

N /R f(z)dz] < /R _exp [—\/32 - r2] P 158 grdsdQ,dQy .

By computing directly, we obtain

/ f(z da:—QQ/ /exp —1'2] P~ 1597 drds

onP/2 2r/2

where Qp = —(177—27 and Qq = 72— Thus

I/ f(z da:]<QQ/ /exp —TQ]TP 159~ drds.

Put r = ssinf, dr = scos0df and 0<0 < 7,
o ¢] S -
I/ f(z)dz] < Q,,Qq/ / e"V32—323’“29(ssine)p‘lsq_lscos6d6ds
I‘R_" 0 Jo
= Q0 / / ™380 5P+a=1(5in )P~ cos 0d0ds.
o Jo

Put y = scosf, ds = -2

cosf?
|/ f(z)d Q0,0 /ﬂﬂ/ )" 1(sin )P~ cosede—d———
R™ (z)da] P cose sin cos f

/2
= Qqu/ / e ¥y 1(cos §) 7" (sin 6)P 1 dydo
0 0

IA

/2
= QquI‘(n)/ (cos 8)1~"(sin 8)P~1d8
0
Q, Q 2 —
- hrms(2,257),

p
TR ”2" ey

A

That is [z, f(z)dz is bounded. a
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3. Main Results

Theorem 3. Given the equation
2
—g-tgu(x, £+ (O) ulz, ) =0 ®)

initial conditions
u(w,0) = f(a) and gu(z,0)=g(a), ©

u(z,t) € R*x[0,00), OI* is the ultra-hyperbolic operator iterated k—times,
= positive constant, k is a nonnegative integer, f and g are continuous func-
and absolutely integrable for x € R™. Then (8) has a unique solution

u(z,t) = f(z) * By(z) + g(z) * Dy() (10)
satisfy the condition (9), where O, is an inverse Fourier transform of

k
sine (x/s2 - r2) t
*
c (\/52 - 1'2)
¥, is an inverse Fourier transform of
@t(ﬁ) =cosc (\/ 52 — 7'2) t= —@(E) ,
P =48+ +£2 and ° =g§+1+§p+2+ e,
Proof. By applying the Fourier transform defined by (6) to (8) and obtain

~

©:(8) =

%ﬁﬁ,t)ﬂ? (-8 -G~ ~ G+ G+t 8 UG =0,

ag p+q k
FEaE) + ¢ ( Z@ > sj) (e t) =

j=p+1
=t 2> r. Thus we have

2 [
O+ (57— ) (e 1) = 0

T(€,t) = A(§)cosc (\/ §2 — rz)kt + B(€)sinc ( s? — rz)k t.

9L (E,0) = A(Q) = F©)
BEY) _ (V=) Asine (VT )¢

ot
+c ( s%— rz)k B(£) cosc (\/ §2 —~ r2)k t,
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FEO) — o4e(Var=r) Bl =30,
_ g9(6)

BE = - (¢;_—T2)'°’
ﬂ(f,t):f(f)cosc( §2—r2)kt+ﬁ£§_—);fsinc( 32——1‘2)kt. (11)

By applying the inverse Fourier transform (11), we obtain the solution
u(z,t) in the convolution form of (8). Now we need to show the existence
of ®;(z) and ¥y(z).

Let us consider the Fourier transform
k
- sinc (\/ §2 — 1‘2) t k
O(z) = +— and ¥y(z) = cosc( 82 — 7‘2) t.
c (\/ 52 — 7‘2) '

They are all tempered distributions but they are not L;(R"™) the space of
integrable function. So we cannot compute the inverse Fourier transform ®(x)
and ¥4(z) directly. Thus we compute the inverse ®;(z) and ¥;(z) by using the
method of e—approximation.

Let us define

k

ksinc( s2—r2) ¢
k
c( 32—7"2)

We see that ¢¢(z) € L1 (R™) and ¢¢(z) — ¢y(x) uniformly as e — 0. So that
¢¢(z) will be limit in the topology of tempered distribution of ¢§(z). Now

%) = o LSOO

5?(5) = e_ec(‘/m)k@(g) — o—cc(Vs?=r?)

for €>0. (12)

k
: —
= L[ em)e(vT) sim.c (\/E-T> tdf
(27r)n/2 i c ( 82 — 1‘2)k
¢ 1 o—co(ver=r2)*

"c(m)
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By changing to bipolar coordinates. Now, put
&i=rw, e =Tw, ..., 5 =TWp

and Ep+1 = SWpi1,6pt2 = SWpt2,---,&p = SWpiq, P+ g =1,
B o2 | 12 2 2 2 2
erewitwi - tw,=land wyyy twp g+ twp =1

|®3(z)| < P 197 drdsdQ,dQ,,

1 e—ec(m)k
(2m)n/2 /IR . (m)‘

where df = rP~ 1577 drdsdQ,dQ,, dS), and dSQ, are the elements of surface area

of the unit sphere in R?P and R respectlvely, where Qp = r(7;;722)’ Q, = 126;//22) ,

—CC S—‘T
e p—1_9-1
| ( n/2/ / kr s drds .
VE—r2

—T2

Sut r = ssind, dr—scos()d()and0<9< 7

5\
32—325m 0

-'-CC
Hqx)| < / / k(ssin())p_lsq_ls cos 0dfds,

27r)n/2 — 52 sm2 0

(s ]
'

71'/2 —ec(s cos 9)’°
T2 )n/Z/ / ——————(s)P 5% 15(sin 0)P 7 cos Odbds.
T

(s cos0)F
Pt w = ec(scos ) = ecst cost 0, s —R%—e,ds——agk—_—fm:%i,thus
- 0 ﬂq x/2 poo e~ Vgn—1
9:(z)] < on n/2/ / y/ < (sin@)P~ cos()k dydf

-y k
© ¢ ce p 9>n/ (sin )P~ cos Odydh

w/2
B 27T "/2 / /

/2 —yyn/k 2 - .

B 27r)n/2 / / ok en/k—1 ——————(sin )P (cos §)" " dydb

Q84 F ) /2

(QW)"/"’ kerlcn/k / (sin 0y~ (cos )" d
- Qg n p 2-m\
a 2c"/k(27r)n/2k€n/k L (k 1) B8 (5’ 5 ) ’
82 F(% — 1)F(123)
2cn/k(2ﬂ.)n/2k€n/k_1 - 2:(1)

oW

2]
=
IA
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— o — ¥ k
Similarly, we defined ¥¢(£) = e~ (VF=2)" cos ¢ (\/ s? — 1'2) t and

1 . —~
WO = G /R A HOLS
| - fﬁ/_?/ ei(g’z)e_“(‘/s—z—_rf)kcosc( sQ—fr?)ktdg,
% n
1 k
il = @ / ne—“( ) g

Put r = ssiné, dr = scos8df and 0 < 0<%

[¥E(z)| < / /W/ —ec(scos )" (ssin0)P~ 157715 cos Odbds
- (27].)71./2
/2
(27r " /2 / / e=eels20s0)" sp+a~1(sin 9)P~1 o5 0dOds .
Put y = ec(s cos 6)F, ds—sk—%,
w/2 oo —-y n/k
Y -1
W < P 9P~
|¥i(z)] < o n/2/ / cecos"&) (sin )P~ cos Odydo
w/2  poo —yyn/k 1 o p—l 5 l—nd &0
= —-——————27r)n/2/ / Yy (sin@)P™" (cos ) y
_ 2,0 n /2 p—1 1-n
= G 70 (%) /0 (sin 0)P~" (cos )1~ 6,
n b4 2-n
Ul < g LB T,
r (%)
Set
ut(z,t) = f(z) * ¥i(z) + g(z) * ®i () (14)

which is e—approximation of u(z,t) in (14) for € — 0, u(z,t) — u(z,t) uni-
formly. Now

u(z,t) = /l;zn f(r)¥s(z — r)dr + /IR" g(r)®i(z — r)dr.
Thus

W(z,8)| < x—rl/ £ (r |dr+|¢»fz—r)|/ rldr
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90 ETETE?)

(27r)n/2kcn/k€n/k-- (2_(1) M
0,0, TGE-DrErE)
(27r)n/2kcn/k6n/k 1 r (2_2__42) y
’ 90, TETET ()
_n/ky € P- g k 2 2
M uf(z, )] < 2@ 2kenlF - (2_53 M
+ QpQge T (% - 1) r (}22) r (2‘52) N
2(27r)n/2kcn/k r _;q) )
L e = Jin If(r)ldr and N = fo. |g( r)]d'r since f and g are absolutely

Q0,0 F(E)F(Q)F(ﬂ)
n/k 1 5 2 : =
un%e [u(z,8)| < 2(27T)n/2kc"/"‘ r (2_—3) .

2
» Sllows that u(z,t) = O (e ‘"/k) for n # k as e — 0.
In particular, if we put ¥ = 2,n = 1 and ¢ = 0 then (8) reduces to the

wiwtion of the beam equation, see [1, p. 47]
0? o 0
8t2u(w t) + ¢? i u(z,t) =0,
%= the initial conditions
J
u(@,0) = f(z) and —u(z,0) = g(s),
% weoe £ and g are continuous and absolutely integrable for z € R™. Thus we

e wix, 1) = O(e71/?) which is a solution of such beam equation.
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Abstract

In this paper, we study the generalized wave equation of the form
—aizu(x, 1= O) ulx, 1) = 0
ot
with the initial conditions
7]
ulx 0) = f(x), —rulx, 0) = g(0),

where u(x, ) € R" x[0, ), R" is the n-dimensional Euclidean space,

2% is the Diamond operator iterated &-times defined by
2 27k
ok = [ z ) _[ ’f o
2 2 ;
i=l ax: J j=p+1 ax,‘
© can be written as the product of the operators in the form ¢ = AQJ

2
-~ is the Laplacian and D=Z—a-—

n a2
=0A, where A= 3 3
i=1 Ox; i=1 Oxj
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ptg 22
- Z g 3 is the ultra-hyperbolic. p + g = n, ¢ is a positive constant,
jEp+t &)

k is a nonnegative integer, f and g are continuous and absolutely integrable
functions. We obtain u(x. t) as a solution for such equation. Moreover,

by e-approximation we also obtain the asymptotic solution u(x, f)

= O(e™"**). In particularly, if we put n=1 k =2 and p=0, the
u(x, t) reduces to the solution of the biharmonic wave equation
2

%u(x, 1Y+ cA(a) ulx, 1) = 0.
it

1. Introduction

It is well known that for the 1-dimensional wave equation
2

2 5 82
~—ulx, )= —ulx, 1), (1.1)
ar? ax? :

we obtain u(x, {) = f(x + ct) + g(x — et) as a solution of the equation where f and

g are continuous.
Also for the n-dimensional wave equation
82 2
—zu(x, O+cAulx, )=0, (1.2)
ot

with the initial condition

u(x, 0) = £(x) and %u(x, 0) = g(x),

where f and g are given continuous functions. By solving the Cauchy problem for
such equation, the Fourier transform has been applied and the solution is given by

sin(2n] & |)¢

e, 0 = ey cos(nl ) + #&)—m

where r2 =&} +E3+ 485,57 =85 +ELy ++ DL (see (1, p. 177)).

By using the inverse Fourier transform, we obtain u(x, 7) in the convolution form,
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that is,
ulx, 1) = f(x) * ¥ (x) + g(x) * D, (x), (1.3)

sin(2n] & |}
2] & |

where @, is an inverse Fourier transform of ®,(&) = and ¥, is an

inverse Fourier transform of ‘i’, (&) = cos(2n| £ )t = % dE).

In 1996, Kananthai [2] introduced the Diamond operator ¢ defined by

-2 (5.2)
= — | - —\, ptg=n
i=1 6x,»2 Jj=p+] 6x§

or ¢ can be written as the product of the operators in the form ¢ = A = OJA

n 82 P 62 pPrq az
where A = Z——z- is the Laplacian and (1 = Z——z - — is the ultra-
i=1 Ox; izl & jZph1 Ox)

hvperbolic. The Fourier transform of the Diamond operator has also been studied
=nd the elementary solution of such operator, see [3]. Next, G. Sritantana, A.
Kznanthai study the equation

82 2 k
—2u(x, D+ (=) ulx,)=0
ot

s=2 [7, pp. 23-29], where

k
2 n2 2 2 2 2
At = __8_2+ 0‘2+-~+a—2+ 62 + 82 +e-+ 82 .
6x| aX2 axp 8xp+l axp+2 8xp+q
Next, W. Satsanit, A. Kananthai study the equation
2? 2k
—ulx, )+ (@) ulx, £)=0
or?
sze [6], where
k
3% 32 & d? 2
Dk = __2 + __2 asa -—2 -_— 7 — 2 —_—r s — 2 )
&\fl 8x2 8xp 8x,’,+| 8xp+2 8xp+q

we obtain the solution related to the beam equation.
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In this paper, we study the equation

2
—;—2 u(x, 1)+ 2 (O u(x, 1) = 0 (1.4)
t

with u(x, 0) = f(x) and 8/df u(x, 0) = g(x), where c is a positive constant, £ is a
nonnegative integer, /and g are continuous functions and absolutely integrable. The
equation (1.4) is motivated by the heat equation of the form

% w(x, 1) = ~2 (O ulx, 1)
(see [4, 1-4]). We obtain
ux, 1) = f(x) * ¥, (x) + g(x) * D, (x) (1.5)

as a solution of (1.4), where ®, is an inverse Fourier transform of @, ()

sine(Vs® — rke

SAAY 7 7% and W, is an inverse Fourier transform of ‘P
c(m)k s I(E.v)

=cosc(Vst —r*)Yr = %Cb,(&,), where 72 = £ + &3 +-~-+E_,f, and 5% = E_,%,H

+E_,:;',+2 +---+E_,§,+q_ Moreover, if we put k=2 and p =10 in (1.4), then (1.5)

reduces to the solution of the n-dimensional biharmonic wave equation and also if
k=1 n=1 and p=0 in (1.4), then (1.5) reduces to the solution of beam

equation.

We also study the asymptotic form of u(x, ) in (1.5) by using €-approximation

and obtain u(x, {) = O(s“"/3/‘).

2. Preliminaries
We shall need the following definitions

Definition 2.1. Let f e L;(R") the space of integrable function in R”. The
Fourier transform of f(x) is defined by

i
(27'[)"/2

J©) = [ 6 ey, e

46



is the inner product in R” and dx = dx;dx, -+ dx,,.
n p 1642 n

Also, the inverse of Fourier transform is defined by

- i(€,) 7
f(&)—W]R"e Fx)as

Lemma 2.1. Given the function

P 2 prg )2
f(x) = exp| - —(Zx,ZJ +[ ZxJZJ ,

J=p+l

p p+q
2
where (x), x5, ...y xn)eR",p+q=n,Zx,»2 < ij. Then
i=1 J=p+l

2,9, (3) F(Tf)r(i}ﬁ) }
e

wiere T denotes the Gamma function. That is, J.IR" f(x)dx is bounded.

<

l [, /)

Proof. First note that
2
J < prg  \?
Jﬂf(x)dx:jnexp— - Zx,z + fo dx.
= R \ i=l j=p+l
_we transform to bipolar coordinates defined by
X = rop, Xp =r®j, ., xp:ru)p,
dx) = rdwy, dxy = rdo,, .., dxp = ra’(np
Xpal =SOpif,  Xpy2 = SWpi2s e Xprg =50 pig,
dtpy =5d0pyy, dxpg =SAOp, .. dip,, = SAO

DIAMOND OPERATOR RELATED TO BIHARMONIC EQUATION

where & = (&1, &2, n En)s X = (X1, X2, o, X)) € R (G, X) = &) + Epxp + o0 +

(2.2)
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wihere E‘, = (él’ éz, ceey én), X = (x1, X9y ey Xn) € Rn, (é, x) = élxl + §2x2 4 oeee

%z, is the inner product in R” and dx = dx;dx; -+ dx,,.
Also, the inverse of Fourier transform is defined by

1
(2n)"?

1) = [, @7 7w

Lemma 2.1. Given the function

p 2 pra )2
F(x) = exp| — —[Zx,zJ +[2x-J s

i=} Jj=p+l

~

p p+q
5
where (x), x5, ..y x,,)eR",p+q=n,Zx,-2 < Zx] Then
i=1 Jj=p+l

0,0 'r(g)r(g)r(“;"),
e

were T denotes the Gamma function. That is, IIR" S(x)dx is bounded.

<

, [, 7

Proof. First note that

[ r@a= | oo —\ﬁ [z} ( Z] "

i=| J=p+l

- “owwe transform to bipolar coordinates defined by
Xy =Wy, Xz =107z, .., xp=ra)p,

dx = rdw, dxy =rdo,, .., dx, =rdo,

Xpsl =SWOpils Xpy2 TSOpy2s oy Xpig = SO piyg,

depyy =5d0p.p,  dXpiy = SADpyg, ey dX g = S0,

2.2)
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where co,2 +(o% + ---+mf, =1 and coim +cof,+2 +mf,+q =1.

Thus
j S = j exp[- Vs* - r* ]rp_lsq—ldrdsdedQ
R R"

where dx = rp_‘sq~]drd9dequ, de and qu are the elements of surface area

on the unit sphere in R and RY, respectively

< expl—Vs* = r4 1P 9  drdsdQ) a2, .
R" X P q

By a direct computation, we obtain

D 5
J.R" fx)dx = Q,Q, J‘o J:) exp[- Vst = r4 1P 9 drds,

Im pl2

here Q, and Q, LA
where = Thus
" T/ ° rq/2)
‘j x| £Q,Q, j j exp[- Vs® - ] P59~ drs.
R"

Put 72 = 52 sin 0, 2rdr = 52 cos0dd and 0 <0 < % to have

s fa_4_.2 p—2
l j LS| <Q0, r j e7VS SN0 P2(6in0) 7 57! cos OdBds
R 0 J0

_ 9 4 P2
F OSP4 (sin @) 2 cos BdBds.

2 dy

tys= 0,ds=———,toh
Put y = s° cos 0, ds 2scose,oave
'R"

—2
/2
2p "j r ‘y( ) (sme) 2 coseded—
cos O

s 0

2
x/ —y

(cose) 2 (sm 6) 2 dya9

-
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Q.0

/2 2-n p-2
= p4 g F(%)J. (cos8) 2 (sin6) 2 d0
0

—Qquffﬁ) P 4—")
T8 2\ 40 4 )

Therefore,

Thus it follows that IR” f(x)dx is bounded.

3. Main Results

Theorem 3.1. Given the equation

2
—‘3—2 u(x, 1) + 2 (O u(x, 1) = 0 (3.1
o
cith initial conditions
w(x, 0) = f(x) and —g—’—u(x, 0) = g(x), (3.2)

where u(x, t) € R” x [0, =), o* is the Diamond operator iterated k-times, ¢ is a
sasitive constant, k is a nonnegative integer, f and g are continuous functions and
absolutely integrable for x € R”. Then (3.1) has a unique solution

ux, 1) = f(x)* ¥ (x) + g(x) * D, (x) (33)

and satisfies the condition (3.2) where ®, is the inverse Fourier transform of

sine(¥st = rh)
c(m)k

and W, Is the inverse Fourier transform of

‘i)t(é) =

F,(6) = coscls® —r)e = 2 b,

p 2 g2 g2 2 2 _ g2 2 2
withr® =8 +85+-+8, and s" =8+ 80+ + 8.,
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Proof. By applying the Fourier transform defined by (2.1) to (3.1), we obtain

62 A , ptq
i 0+’ - Z Zg g, 1) =0

i= J=p+]

Let s > r. Thus
i« 204 _ 4\k~ _
7 A€, O +c (" =r)aE, N=0
A, 1) = AE)cos c(Vst = rd Y1+ BE)sine(Vs® - rH )L
By (3.2), 4(§, 0) = 4(8) = (%),
P - st A@)sines Y
+ (Vs = r Y BE)cos c(Wst — rh)F e,
O _ g v o5t =4V 8E) = 200),

gE)
C( ’.8‘4 _ r4 )k

u(t, 1) = f(é) cosc(Vs* —r*Yr+ c(\/jié—)—) sine(Ws* —rH ) (3.4)

By applying the inverse Fourier transform (3.4), we obtain the solution u(x, )

B(E) =

in the convolution form of (3.1). Now, we need to show the existence of ®,(x) and

¥, (x). Consider the Fourier transforms

~ i \/s4—r4)kt
D, ( y=SineQVs Zr VL g w, (x)=cose (Vs —r* ) u.
X c(m)k n X [4 A

These are all tempered distributions not lying in the space L;(R”) of integrable

functions. So we cannot compute the inverse Fourier transforms @,(x) and ¥, (x)
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sirectly. Thus we compute the inverse ®,(x) and ¥,(x) by using the method of

z-zpproximation.

Define

Q { E)=e” sc(\)s -r ) ¢ (E_,) —cc(\J.r —-r )k Smc(“s -r ) ! for € >0. (3.5)
e(¥st=rtyt

We see that ¢;(x) e L;(R") and ¢, (x)—>¢,(x) uniformly as € — 0. So that

&.(x) will be limit in the topology of tempered distribution of ¢; (x). Now

AR )n/z [JRRIHGTE
S J. oi&x), —ec(Vst -tk sin c(J—_r—)k .
(2m)"? & ol Y
—t:c(*ls —rhy
| 0Fx) | <

)"/2 -[IR" J_—)k . (6
1 changing to bipolar coordinates and putting

Ey=rw, &y=rwy, .., &= W g,

E;p+] = SWp+ls E.vp+2 S SWpi2s e ép =SWpigy PHq=1,

where w,z + w22 +oe w,z, =1 and me + wf”z +et waq =1, we obtain
o Vst-r ) . .
S J r? s drdsd QY ,dQ
‘ ()I 2),,/2 " ({ ) P q
where o€ = r”"ls"_ldrdstqu, dQ, and dQ, are the elements of surface area
. . 27()”/2
7 the unit spheres in R” and RY, respectively, with Q

» T2y

9
F

. Now,
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—ec(\/ stord )k ,
€ -1 g—
[ @7 (x)| = (2 )n/2 JmJ. C( (-——)k rP=s9 drds.

Putting r? =52 sin 0, 2rdr = 52 c0s0d9 and 0<8 s%, we get

—ec(\/x4—s4sin29)k p=2 |
| @7 (x) | n/2 rJ. (sin8) 2 7777 cos OcdBds
2(2“) o(s® ~ssin2 9)*

/2 , —ee(s? cos B

. p-2
- . J' J'  P*97(sin @) 7 cos OdBds.
2c(27t)"/ c(s? cos 0)*

cosk 0, 5P = N A— ds = —s—dl, it follows

cecost @ 2ky

Putting y = ec(s? cos 8) = ecs?

that

/2 (o pmygn-t o p=2 s
j O (x)| < » (2 )"/2 J. f ) (sin8) 2 cosegdyde

T2 o, ya( )"/2/‘ ) ap2
= | sin 877212 cos Ocyad
4(27:)"/ 2 '[ 0 ce cosk 0 (sin6) Y

Qqu ey n/2k -2,

/2
=Wj. r n/"kksn/')k e (sin 0y (cosS) 2 dydd

n
[M=-1
Q,Q ( ) /2 p-2 2-n
= et 2T [T ine) 7 (cos0) 2 P
4(27[) ke ﬁ—lcn/zk

Q.Q -
_ P *q r(—”--x)g(ﬂ,“ n),
8cn/2k (2%)"/2 k‘an/2k—l 2k 4 4

and

oo 0 Ta M)

8cn/2k(2n)n/2k£n/2k—l 1“(4 = q)
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—~ N
Similarly, we define W& (£)=e % ) cosc(Vs* =% Y ¢ and

s i ) e
Y (x) = (2“)"/2 -[R" e Wi (6)dE
__ 1 J' ei(é,x)e‘“(m)k cos c(m)k’a@
(21{)"/2 R”
3 1 ‘tf(m)k
s [ ;

'EQL —ﬁc(*ls -r ) »P- 1sq 1d7ds

(27[ )n/ 2

. . b1 .
Putting r? =s?sin 0, 2rdr = 52 cos0d8 and 0<0 SE, we obtain

Q,Q, = /2 2 & p=2
| ¥ (x)| < J. J. ¢ oe(s” cos®) (sinB) 7 5797 cos 0cdDds
(2 )n/2 0
= _Q.ﬁ‘l_ r r/Ze—ﬁc(s2 cose)ksp+q—1 (Sine)p_2/2 cos0d0ds.
2(27{)”'/2 o Jo
Nex H _ 2 k - dy
Next, putting y = gc(s” cos 8)", ds Sﬂy_ we have

/2 (0 ¢ y( j"lzk L\ B2
Ly 0 0dydd
F] < 4k(2 )”/2 -[ r ce cos® © (sin 8 7 cos B

/2 ey nf2k~1
4k(2 )"/2 J ,‘: nf2k ]2k (sin 9) 2 (cose) dyaB
b3
2,0 7(/2 p-2 2-n
= P~ q n . P2 2-n
= 4(27I)"/2/(c"/2kg"/2k I"(E)J.O (sin®) 2 (cos0) 2 4b,
) )
Q,.Q oy a n
€ P =g
| q’lt (x) I < 8(27T)n/2kc"/2k€n/2k r(4 — q) .
4
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Set

ut(x, 1) = f(x) * W7 (x) + g(x) * O (x) 3.7

which is an g-approximation of u(x, ) in (3.7). For € = 0, u®(x, t) — u(x, {)

uniformly. Now

ut(x, 1) = IlR" S (x = r)dr + IR" g(r)®; (x - r)dr.

Thus
fuf(x, )| | ¥ x~r) |IR" | f(r)|dr +| @f(x - r)|IR"|g(r)|dr
)
< Q,Q, (2/( 4 4 )y
8(2n)n/2kcn/2k8n/2k r(4—q)
4
n P 2-n
+ Q0 r(27 1)r(4)r( 4 ) N
S(Zn)n/z kcn/2k8n/2k—l 4 — q) ’
4
o0, T)E)
nf2k) e g 2k) \4 4
€ l u (x, ’) | < 8(2H)"/2kcn/2k r(4 __q) M
4

N,

h ¥4 4—n
QpQe F(Zk 1)1‘( 4 )I“( 4 )
d 4

+ 8(27I)n/2 kcn/Zk (u)

where M = I A /(r)|dr and N = I | g(r)|dr. Since f and g are absolutely
R R

integrable,

I“( ] ) [p)r(4—n)
Q0

lim 8"/2k| u(x, )| < ] 2k) \4 4
e—0

8(27[)n/2 kcn/Zk I‘(4—_-1)

4

It follows that u(x, 1) = O(e”"/Zk) for n+k as € — 0.
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DIAMOND OPERATOR RELATED TO BIHARMONIC EQUATION

In particular, if we put k=2, n=1 and p =0, then (3.1) reduces to the

solution of the beam equation, see {5, p. 47],

u(x, 0) = f(x) and %u(x, 0) = g(x),

where fand g are continuous and absolutely integrable for x € R”.

Thus we obtain u(x, t) = 0(5—1/4) which is a solution of such a biharmonic

wave equation.
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Abstract

In this paper, we study the equation

2 e 0)+ @@ ulz, 1) =0

with the initial condition
u(z,0) = f(z)

for £ € R™-the n-dimensional Euclidean space. The operator

P &2 3 p+q 52 3
® = {2laz| | 2 52
=1 4 =p+l J

i= j=pt+i
3 1
- Y —D3
4<>A+4
where
62 62 82

AN = EE?+6—$3+"'+_67EE
0o = _ai+22_+...+£__£f___6_2_~ ..... _éz__

- 02 023 or2  0ri,, Oxi, o2,
o = (22_+_61+...+_6_2 R AR

. — \ox? T Or2 022 dz2,, 02, ox2,,

P+ q = n is the dimension of the Euclidean space R*, u(z,f) is an unknown funce:
for (z,t) = (z1,%2, ..., s, t) € R® x (0,00), f(z) is the given generalized function
¢ is a positive constant.
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On the suitable conditions for f and u, we obtain the uniqueness solution of such
equation. Moreover, if we put ¢ = 0 we obtain the solution of heat equation

%u(z,t) + AD%ufz,t) = 0.

Key Words: Fourier transform, Tempered distribution, Diamond operator.

1 Imtroduction

It is well known that for the heat equation
9 2
En u(z,t) = c*Au(z, 1) - (1.1)
with the initial condition
u(z,0) = f(z)
where A = Zn: —i is the Laplace operator and (z,t) = (x,,2s,...,2,,t) € R® x
2 927

(0, 00), we obtain

w(z,t) = (Ll—cz—;—)m /n exp (-%) f(y)dy (1.2)

as the solution of (1.1).
Now, (1.2) can be written u(z,t) = E(z,t) * f(z) where

212
E(z,t) = @—;—t)—;/—zexp (_L'l_cz‘—t) . (1.3)

E(z,1) is called the heat kernel, where |z|* =22 +22+--- + 22 and ¢t > 0, see | 1,
p208-209].
In 1996, A. Kananthai [2] has introduced the Diamond operator ¢ defined by

P 62 2 g 5 2
(5258 e

j=p+1 J

or { can be written as the product of the operators in the form ¢ = AO = OA where

n 52 14 5 ptq 5
A= ; 3??- is the Laplacian and O = 2 a—z?~j§l %? is the ultra-hyperbolic. The
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Fourior transform of the Diamond operator also has been studied and the elementary

solution of such operator, see [3].

Next, K. Nonlaopon and A. Kananthai (see [5]) study the equation

24
ot

Now, the purpose of this work is to study the equation

(z,t) = FOu(z, t)

(%u(a:,t) + ®u(z,t) =0

with the initial condition
u(z,0) = f(z)
for z € R™-the n-dimensional Euclidean space. The operator

Pag 3 P+qaz 3

j=p+1

» 62 r+q 5 P 62 2 p 62 ptq
= (Z@‘“ 2 5;) (Z@;’) | 25

i=1 t  j=pyl I =1 i) N\i=1 % j=p+1
— O(A - 3(5+0).(6 - D)
_ 3 1
= 4<>A+4D

(1.4)

8? =
a_zg) + _Z o3

=p4+1

P+ g = n is the dimension of the Euclidean space R", u(z,t) is an unknown functios
for (z,t) = (z1,22,. .., Zn, t) € R* X (0,00), f(z) is the given generalized function and
¢ is a positive constant. We obtain u(z,t) = E(z,t) * f(z) as a solution of (1.4), where

E S > p23 ﬁq"’at' '15‘-
e0= g oo @] (26) -( 2 8) |triea|a a9

and Q C R” is the spectrum of E(z,t) for any fixed ¢ > 0. The function E{(z,1) is the

elementary solution of (1.5).
All properties of E(z,t) will be studied in details.

Now, if we put ¢ = 0 in (1.4), then (1.4) reduces to the equation

g—tu(a;,t) +EN3u(z,t) =0

which is related to the heat equation.
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2 Preliminaries

Definition 2.1 Let f(z) € L; (IR™)-the space of integrable function in R™. The Fourier
transform of f(z) is defined by

f€) = gy [ P (@) e (21)

where{ = (617627' .. ;gn) and T = (zlaz27- - vzn) € an (gyz) = €1I1+€2I2+"'+€nzn
and dz = dz,dz,...dz,

Also, the inverse of Fourier transform is defined by

@) = g7 [ ) e (22)

If f is a distribution with compact supports by [6], Theorem 7.4-3, p.187 Eq.(2.1) can
be written as

HGOE -(—2;1-);/5 {f(z),e =) . (2.3)

Definition 2.2 The spectrum of the kernel E(z,t) of (1.5) is the bounded support of
the Fourier transform F(¢,t) for any fixed t > 0.

Definition 2.3 Let £ = (§y,&, - .. ,&) be a point in R™ and denote by

Py={eR:G+&+... +& -, —€,—...—&,,>0 and £ >0}

the set of an interior of the forward cone, and T, denotes the closure of I, .
Let 2 be spectrum of E(z,t) defined by definition 2.2 forsany fixed ¢ > 0-and
Q cT,. Let E(£,t) be the Fourier transform of E(z,t) and define

P p+q
U, [ 2 2 f :
BeH = { ™7 [cz ((2:'5) —2::5) H T

0 for€¢ T ,.

Lemma 2.1 (The Fourier transform of ®3)

Fes= ((2 /2 [(51 TG ) (G TG - ~+€$+q)3]
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where F is the Fourier transform defined by Eq.(2.1) and if the norm of £ is given by
lell = (€2 + &3 +...+€2)" then

17 @8] < sl

that is F® is bounded and continuous on the space S’ of the tempered distribution
Moreover, by Eq.(2.2)

1
0= o (@4 G+ 4 = (Gt G+ )]

Proof. By Eq. (2.3)

1
F — —i(§,x)
® 6 (27'(')"' <®5 € >

1 —i
= (27T)n/2 <5 ®e (Eﬁ))

= G (5 (300 +577) )

1 3 —i(€,x 1 3 —i(Ex
= W<5,ZOA¢ (¢ )>+ e <5 —OBeile )> |
= (27'('1)"/2 <5,§(—1)2 [(ng) - Z g_,’) :l ( ]_) (Z€2) —‘(E,I)
i=1 —t) |
il (ol
et
1 e \
LA (Z&) Z 6,-) (Zg,)
\ i -
1 ) Pty )
Ty (1 [(Zf ) -2 5,-)
=p+1 i .
3
—1)3 r g )
- {(25) -1 X fj) }
i=1 =p+1

-1)3 '
= -(g—w)l—,zﬁ [(&f+§§+...+§§)3—(£§+1+§§+2+...+§§+q)3],
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Now

1 |
Fodl = o | e+ ) - (at ot )]

@+ )+ @+ +)+(E+...+8D)°

<

1

3
< WHEHG

where ||€]| = (8 + &2+ ... +&)2 £(i=1,2,...,n) € R. Hence we obtain F ®§ is
bounded and continuous on the space &' of the tempered distribution.

Since F is 1 — 1 transformation from the space &' of the tempered distribution to
the real space R, then by Eq.(2.2) '

@ = Flon @+ e+ +8) - (@t a8
That completes the proof.

Lemma 2.2 Given the operator

3 3 :
o ( 5 ) A )
L=2 4¢ 71 - 7 (2.5)
at [ £~ 0z} Kl ox?
where s
P rtq '
& ) ) 3 1
E — ==OA+ =03,
(z‘:l Oz} —%l 0z; 4 4

p+ g =n is the dimension of R”, (z,t) = (21,%2,...,Ts,t) € R® x (0,00), andcis a
positive constant. Then we obtain

\ 1 ar 3
E(z,t) = @r—)-;/exp I <Z€2) Z 512) t+i(€,z) | d. (2.6)
et

ptaq
as a elementary solution of (2.5), where Z {2 > 252.
j=p+1 i=1
Proof. Let
LE(z,t) = 6(z,t),
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where F(z,t) is the elementary solution of operator L and 4 s the Dirac-deita dist::
bution. Thus

9 P2\ o2’
EE(I,t)-Fc"’ [(l—l -5;?) ~ :Zngﬂ—f?> ] E(z,t) = 6(z)é(¢).

Take the Fourier transform defined by (2.1) to both sides of the equation, we obtair.

0 = , 1

N IR
—  H(t — 2 Nz N
B t) = @Fﬂ)ﬁexp c ((Z&z) — Z 512) )t

where H(t) is the Heaviside function. Since H(t) = 1 for ¢t > 0. Therefore,

1 [ P 3 pHg 3\
- yeee (8 - (£9))

which has been already defined by (2.4). Thus

Thus

E(z,t) = (—2;1)—71—/5/ e"(E"")E’(/&\,t)d{

1
1(§;r)E t
= Gy LB D
where Q is the spectrum of F(z,t). Thus from (2.2)

E(z,t) = Z2,7];7/@@ {c [(Zg ) .Z gz) ]t+z€ z)] de.

i=1 =p+1

3 Main Results

Theorem 3.1 Given the equation

5t—u(:c,t)+cz®u(a:,t) =0 (-

with the initial condition

u(z,0) = f(z) (3.
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The operator

=1 i j=p+1
3 1

= ONA+-3B
4<> +4

»+ q = n is the dimension of Buclidean space R™, k is a positive integer, u(zx,t) is
sn unknown function for (z,t) = (z1,%a,...,Tn,t) € R® x (0,00), f(z) is the given
generalized function, and c is a positive constant. Then we obtain

u(z,t) = E(z,t) * f(z)
as a solution of (3.1) which satisfies (3.2) where E(z,t) is given by (2.6).
Proof. Taking the Fourier transform defined by (2.1) to both sides of (3.1), we obtain

ptg 3 ~
e, t) — {(262) > §,"-’> ]ﬁ(§,t)=0,

j=p+1

see Lemma 2.1). Thus

(e, 1) = K(€)exp [ ((Zs?) > 6) ) ] (33)

where K (£) is constant and %(¢,0) = K(£).
Now, by (3.2) we have

K(© =860 = F(©) = o | () da (3.4)
and by the inversion in (2.2), (3.3) and (3.4) we obtain

1 i(6.2)
o(z,1) = g [ CPa(E D de

=p+1
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Thus

u(z,t) = (77%5/" /,. €=M exp [cz ((;ff) (Z 5,) ) ] f(y) dyd¢

Jj=p+1
1 2 = ’ — 2 ’ .
U(I7t)=(37§;/“/nexp c (;&) —lefj) t+i(&,z—y)| fly) dyds
(35
Set

1 / p , 3 piq 3
E(z,t) = Gy /m _exp e (25) —(,Z 53.) t+i(,z)| d&. (36

We choose 2 C R™ be the spectrum of E(z,t) and by (2.6), we have

1 pte 3
E(a:,t)=-(—2;-r—)7/ exp | (Z&,) Z {12) t+i(€,x)| d

=p+1

1 L ptg 3
z-@ﬁ—)"‘/{zexp c? (ng) - (Z 53) t+i(€, ) d{ (37

Thus (3.5) can be written in the convolution form
u(z,t) = E(z,t) * f(z).

Since E(z,t) exists, then

1 .
; $) = i(€,x)
ltl_iréE(z, ) @y ‘/Qe d

1 / H{£x)
= €
G S %
=6(z), for zeR" (3%

See [ 4, p396, Eq.(10.2.19b)).
Thus for the solution u(z,t) = E(z,t) * f(z) of (3.1), then

ii_r}(l)u(z,t) =u(z,0) = § * f(z) = f(z)

which satisfies (3.2).
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Theorem 3.2 The kernel E(x,t) defined by (3.7) has the following properties :

{1) E(z,t) € C*-the space of continuous function for z € B™, t > 0 with infinitely
differentiable.

rtg 2
(2) (——+c (Zax) Z g ) })E(m,t)-—-o for t>0.

—p+1
(8) E(z,t)>0 for t>0.

b 22 M
@) 1B < T

where M(t) is a function of t in the spectrum §2 and I" denote the Gamma func-
tion. Thus E(z,t) is bounded for any fired t > 0.

for t >0,

(5) lim E(z, t) = .

Proof.
(1) From (3.7), since

' P 3 ptq 3
o 1 [
R ["'2 [(Zg) (€9 ]”’“‘ )J “

Thus E(z,t) € C*® forz € R*, t > 0.
{2) By computing directly, we obtain

P 3 ptg 3
(%+c" (Z&?) - 5?) D E(z,t) =0.
im1 j=p+1
(3) E(z,t) >0 fort> 0 is obvious by (3.7).
(4) We have
1 P 3 phg 3
E(z,t) = (—2;)—,,/96@ [02 [(;&2) - ‘:;HE?) }H'i({,x)] d¢

E(z,t)| < @%r)—/f,e"p [’32 (@52) 252) ﬂ
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By changing to bipolar coordinates

€ =rwn, &g =Twy,. .., by =1w, and
£p+1 = SWp41, 5;;—!—2 = SWpi2, ...y §p+q = SWpiq
P ptq
where g w?=1and E w;‘? = 1. Thus
i=1 F=p+1

|E(z,t)| < @711-_)" / exp [ (s® — r8) ¢] rP~ 15971 dr ds d2,, A
Q

where df = rP~1s7 1 dr ds dQ2, dQ,, dS2, and Q, are the elements of surface area of the
unit sphere in R? and R? respectively. Since @ C R is the spectrum of F(z,t) and we
suppose 0 < r < Rand 0 < s < 7T where R and T are constants. Thus we obtain

R T
|E(x,1)] < %%A /0 exp [ (s® — %) t] rP 159 M ds dr

= ?2”?" M(t) for any fixedt > 0 in the spectrum 2
T n
22 M(1)
— a2 T(E)I(E)
where R T
M) = / / exp [ (s® — %) ¢] rP 159 ds dr
o Jo
2 P/2 2qrP/2
is a function of t, Q, = v and , = o Thus, for any fixed t > 0, E(xz,t} =
(%) r(4)
bounded. ’

(5) Obvious by (3.8).
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Abstract
In this paper, we study the solution of the Diamond-wave operator L which is defined bs
52
L= 32 &
where

P 2 AP 2
is the Diamond operator, z € R*—the n dimensﬁional Fuclidean space, ¢t > 0, and p+q = =
is the dimension of R*. By considering the equation Lu(z,t) = 0 with the suitable
initial conditions. We obtained the unique solution u(z,t) of such equation. Moreover
we obtained the boundedness of u(z,t) subject to the suitable initial conditions. Is

particular, if we put n = 1, p = 1 and g = 0 we also obtained the solution of the beam

equation.

1 Introduction

In 1996, A. Kananthai {1] has introduced the Diamond operator { defined by

P p+qr 2
o-(S)- (S 8] e

j=p+1

or { can be written as the product of the operators in the form ¢ = OA = A where

p+q 82
0= Z N Z or2
] j=p+1 "~ J
is the ultra-hyperbolic operator and
n

52

A = "—2

or
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= the Laplacian. The Fourier transform of the Diamond operator also has been studied

nd obtaining the elementary solution of such operator, see [Z]. It is well known that the

wave equation
82

82

sas been studied widely, particularly, the interesting properties of the solution u(z, t).

u(z, t) = *Au(z, t)

The motivation of this paper is that the operator A is replaced by < which is call the

“namond wave equation
2

%u(x t) = c*Qu(x, t)

s by adding the initial conditions

= u(z,0) = g(z)
where f,g € L'(R")-the space of Lebesgue integrable function, we obtained the unique-
se== and boundedness solution u(z,t) of such equation. In particular, if we put n = 1,
= =1 and ¢ = 0 in the Diamond-wave equation reduces to the solution of the beam
sguation

52

—u(z,t) +

5 u(z,t) =0

ot
Dot

wiich is well known equation.

2 The solution of the Diamond-wave operator

~ven the Diamond wave operator

88:2 (z,t) = Ou(a, t) (2.1)

w:th initial conditions
u(z,0) = f(z) and giu(x 0) = g(z) (2.2)
o ’ — 2 n 1(Rn
~.—:-§-re<>=<i" ) ;16 ),:EE]R,tZO,p—I—q=nandf,g€L(]R).

W now solving the solution of (2.1) satisfying (2.2) by the method of following steps.
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Step 1 Taking the Fourier transform to both sides of (2.1) where the Fourier transform
is defined by
= 1 : ,
S () — T8 = ~iga) s
/(&) = IO = oy | (@) (23
where f € LYR™) and (&,z) = & 21 + €22 + « - - + &u2y. The inverse Fourier transform

also defined by

e

F(@) = () = g [ e @) (2.4

By applying (2.3) to both side of (2.1), we obtain

0 —— 2, 2 212 2 2 -
6D = ([ +&++" — [+ &+ T8 )uled (@5
where §= (61,62, s 1611) € R™. Now, put fi?-*—{%-*— ' +£;2; = T27 £3+1+£3+2+' : '+£;%+q =&
and let s > r. Then (2.5) becomes

2

ﬁﬂg,\t) 4 (st = a6, 8) = 0, (2.6

we have the initial conditions

u(z,0) = f(z) and %u(m,O) = g(z).
Thus
zm = f/(\f) and %m = ng\) (2.7

Now, we are solving the solution of (2.6) satisfies (2.7). Then

1@ = A(£)cos Vst —rit + B(€)sinVs* — rit and

u(€, t) = —/s1 - 114 {)003\/34 — 74t + Vst — riB(¢) sin Vst — it

By (27), W = A€) = J(©) and u(€,0) = V& =1*B(€) = g(¢). Then B(¢) =
ﬂ. Thus the solution of (2.6) satisfies (2.7) is
pra—
_ @ !
V54 _ 4 Vsd — 4
u(é,t) = f) cos 74t + \/.;_—TSIH rit, (2.8

or in the convolution form

u(z,t) = f(z) x P(2,t) + 9(7) * §(2, 1). (2.9
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| . e 1 e
Thus (2.9) is a solution of (2.1) where ¢(§,t) = ——=—==sinVs* — rt and Y({,t) =
N

'—;: £, t) = cos V's¥ = r4t. Since ¢/(£,\t) and w/({,\z‘) can not be Lebesgue integrable, that
:‘I 5.9 ¢ L}*(R"). Thus we can not find the inverse ¢ and 4 directly. Thus we can
ssmpute the inverse ¢ and v by using the method of e—approximation.
Step 2 The method of e—approximation,see [3, P178]. Now, defined @) =
T D) and (€0) = VTR D). Clearly, 6.(6,1) — 6(6,0),9(6,7) -

¢ £ i) uniformly as ¢ — 0, since &, Ve € L}(R™), then we can obtain the inverse ¢. and

5y applying (2.3) and we obtain ¢, — ¢ and ¥, — ¢ as ¢ — 0. Now, by (2.3) we have

1 , —
¢E($’t) = W /]R" e_z(f’m)(bc({)t)d{

_ 1 / e_i(fym)e_f,/;——‘:_.ﬂ sinv/s* — it

- (27r)n/2 d¢

gd — rd

1 vl
(e )| < o |
@m)"? Jx

4 —r4

w.put & = rwy, & = Tws, ..., & = Twp and &y = SWpy1, Epr2 = SWpya, .., & =

%o, p+q=n where w}+w?+-- +w —1andw+1+wp+2+ +wp+q—1 Thus,

aipolar coordinate

[e(z,t)] < n/2 // / \/____Trp—ld'r'sq_ldsdﬂpdﬂq
s o€ Vsi—rd
T”‘ls"”ldrds
~(2n) "/2/ / Vst —r4

7P/2 oma/?
where ), = —5+,q = —77v is the surface area of the unit spheres in R? and R?
') L)

w=pectively. Now, put 72 = s%sin, thus 0 < 6 < 5 we have 2rdr = s% cos 0df. Then

s%cosf s%cos @
= d9 =
dr 2r 25(sin §)1/2

(]
1

—es? —1(a: 2-1
s et sP~1(sinf) "7 s’cos

dfs?'d
52 cosf 25(sin 9)1/2 5oas

|pe(z, )]

—es? . 2=2 -
e~ «f(sin 0)*7 sPT173d0ds

1r/2
2 ) /2/ / 5" s gphg— 3ds(sm@) 7 d
T n
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, 1
Now, put y = es? cos 8, thus s* = —y—, s = ( L )2, and so
gcosf gcosf

_dy  dy ccosf
" 2secosf  2ecosf Y

Thus
ey [od] -3 =1
/ oes?cos0 a3 4y _ / e_y( y )&3— (ecosf)= dy
Jo Jo ecosH 2\/37
_1 / ony
2 ecos0 (€ cos )52
; A
= —‘——‘—_“ e’V = d +qg=n
2 («f.cosf))T2 0 vr e P
1 1 n—2
=3 — 1 , nF2
2 (ecosf)"T ( 2 )on#
Thus
Q2,0 I‘("—z) /2 p=2
e _— cosd sinf) 2 df
6., 0) < “%W%zl (c036)*7* (sin 0)"5*

Q0 0(%52) (pd-n
8(27r)"/2 =32 (4’ 4 )
Q0. (%52 2) I‘(§)F(-4—”)
8(27r)"/2e 7 I'(49)

Now, @) =e VT 1/1/(6-,7) = e™Vs' """ cos Vst — rit, thus

1 ex) T 1
vl t) = Gy / L e = oy | TV cos s g,

(2.10

and

1 N e §
(E,8)] < —eVst-rd ge
0601 < g5 | e ¢
The same process as computing |¢.(¢, )|, we obtain

b0101) 1 "

e, 0l < 72
)
Now, from (2.9), we define

ue(z,t) = f(2) % Ye(z, 1) + 9(2) * pe(2, 1)
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T u(z,t) = . Ve(y, ) f(z — y)dy + . be(y,t)g(z — y)dy

|u(z, )] < - [Ye(y, OIf (2 — y)ldy + / |e(y, Dllg(x — y)ldy
0,9, TETEI(EFE)
= a@2myr2 ¢ :T(49) / /(= ~v)idy

Qqu F(n 2 F(g 1’\(4 n
8(27T)"/2 ___F(J / Ig(iE

y)ldy,

» 2.10) and (2.11). Since f,g € L*(R) and let M =/ |fldy and N = / |g|dy where
n Rn

' and N are constant. Thus

00,  TETETED) 00,  IEFLETEE)
ulz O < 4@2m)? T aT(R9) M+ 8(2m)/? e (439 N
Q,Q, T(ETEI(EE) e, T(Z2)T(B)L(432)
oz, )] < 4(27r)n/2. F(:—;‘l) M+8(27r)n/2~ ey N (212)
LAY NEAY W
11m62|u5(7* t)| < 4(522115)1:/2 - F(Q)FE;-;—‘Z)( 4 )Mr = K say, (2.13)

suere K is positive constant. Now u(z,t) — u(z,t) as € — 0. Thus we obtain u(z,t) =
= ) as the solution of (2.1) which is bounded by the e—approximation. Now, if we

n=1,p—1and g =0 in (2.1) we obtain the one-dimensional beam equation

2 4
8t2u(1 t) + 5 ——u(z,t) =0
wiich has u(z,t) = O(e?) as a solution.

3 The solution of the Diamond-wave operator in nu-

merical form

" can compute the boundedness of e2u,(z,t) from (2.12) and given some ¢ > 0 and
w gziven the dimension n and vary p and ¢ from p+ q = n. By setting ¢ — 0, we obtain

e solution u(z,t) = O(c? ) that has been shown by the following table.
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plaq "
&2 u, (x, t)|

€=0.01 £=0.001 £=0.0001 €=0.00001
1 |49 | 1.91880383307572 1.91844413229468 1.91840816221658 1.91840456520877
2 |48 0 0 0 0
3 | 47 | -8.98733613784666 | -8.98565136331550 | -8.98548288586239 | -8.9854660381170%
4 [ 46 | -24.0049999999999 | -24.00049999999999 | -24.00005000000000 | -24.000004999992=
5 145 | -30.0612600515199 | -30.05562473928365 | -30.05506120806002 | -30.05500485493755
6 |4 0 0 0 0
7 143 | 80.88602524061960 | 80.87086226983924 | 80.86934597276120 | 80.869194343053>
8 | 42 | 176.0366666666666 | 176,0036666666667 | 176.0003666666667 | 176.0000366666650
9 | 41 | 184.6620260307652 | 184.6274091127423 | 184.6239474209401 | 184.62360125175%%
10 | 40 0 0 0 0
11 [ 39 | -368.480781651714 | -368.411705895937 | -368.4047983203597 | -368.404107562801%
12 { 38 | -704.146666666666 | -704.014666666666 | -704.0014666666667 | -704.000146666655¢
13| 37 | -654.710819563619 | -654.588086854265 | -654.5758135833299 | -654.574586256235=
14 | 36 0 0 0 0
15 | 35 | 1048.752993931801 | 1048.556393703820 | 1048.536733681022 | 1048.5347676787<
16 | 34 | 1810.662857142857 | 1810.323428571428 | 1810.289485714285 | 1810.28609142857:
17 | 33 | 1527.658578981790 | 1527.372202659965 | 1527.343565027782 | 1527.34070126455
18 1 32 0 0 0 0
19 | 31| -2035.81463527938 | -2035.43299954271 | -2035.394835969050 | -2035.39101961158«
20 | 30 | -3218.95619047619 | -3218.35276190476 | -3218.292419047619 | -3218.28638476190=
21 1 29 | -2492.49557623343 | -2492.02833065571 | -2491.981606097946 | -2491.9769336421
22128 0 0 0 0
23 | 27 | 2811.363067766763 | 2810.836046987553 | 2810.783344909632 | 2810.778074701841
24 | 26 | 4096.853333333333 | 4096.085333333333 | 4096.008533333333 | 4096.00085333333"
25 | 25 | 2925.973067752327 | 2925.424562074140 | 2925.369711506321 | 2925.36422644953=
26 | 24 0 0 0 0
27 | 23 | -2811.36306776676 | -2810.83604698755 | -2810.783344909632 | -2810.7780747015%
28 | 22 | -3781.71076923076 | -3781.00184615384 [ -3780.930953846153 | -3780.92386461535
29 | 21 | -2492.49557623343 | -2492.02833065571 | -2491.981606097946 | -2491.9769336421=
30120 0 0 0 0
31 | 19 | 2035.814635279387 | 2035.432999542718 | 2035.394835969051 | 2035.39101961158<
32 | 18 | 2521.140512820512 | 2520.667897435896 | 2520.620635897435 | 2520.61590974352%
33| 17 | 1527.658578981790 | 1527.372202659965 | 1527.343565027782 | 1527.34070126455
341 16 . D 0 0 0
35 | 15 | -1048.75299393180 | -1048.55639370382 | -1048.536733681021 | -1048.5347676787<°
36 | 14 | -1186.41906485671 | -1186.19665761689 | -1186.174416892911 | -1186.1721928205:°
37 | 13 | -654.710819563618 | -654.588086854265 | -654.5758135833297 | -654.57458625623="
38|12 0 0 0 0
39 | 11 | 368.4807816517145 | 368.4117058959373 | 368.4047983203595 | 368.404107562801¢8
40 | 10 | 374.6586520600142 | 374.5884181948082 | 374.5813948082876 | 374.580692469635%
41 | 9 | 184.6620260307652 | 184.6274091127424 | 184.6239474209401 | 184.623601251752%
42| 8 0 0 0 0
43| 7 | -80.8860252406196 | -80.87086226983924 | -80.86934597276120 | -80.869194343052
44 | 6 | -71.3635527733360 | -71.35017489424919 | -71.34883710634051 | -71.348703327545+
45| 5 | -30.0612600515199 | -30.05562473928364 | -30.05506120806002 | -30.055004854937="
46 | 4 0 0 0 0
47 1 3 8.98733613784666 | 8.98565136331550 8.98548288586239 8.9854660381172¢
48 | 2 | 6.20552632811611 6.20436303428247 6.20424670489910 6.2042350719607
491 1 1.91880383307572 1.91844413229468 1.91840816221658 1.9184045652087

n=50,M=N=1 and p+¢=>50



From the table, the boundedneés of €*/?u(,t) is zero for q = 4k(k = 1,2,..., 12)
weesuse T'(35%) = oo which is the denumerator of the inequality (2.12). It follows
st u(z,t) is identical to zero at ¢ = 4k for € — 0. Similarly, for ¢ = 8% — 1,8k —
L8 —3(k=1,2,...,6) we obtain ¢*/?|u(z, t)| is bounded by negative numbers because
=) is negative at such given g¢. It follows that €"/?|u,(x, t)| is not true for such given
» Moreover, we obtain the symmetry p and q of the same boundedness. For example,
» = 1.3 =49 symmetry with p =49,g = 1, p = 9,¢ = 41 symmetry with p =41,¢ =9
we p = 17,q = 33 symmetry with p = 33,¢ = 17. From this table, we see that the
Sowndedness of (2.12) tend to (2.13) as € — 0. That we obtain u(z,t) = O(e /).
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Abstract

In this paper, we study the nonlinear equation of the form

@ t) — ¢ & u(e,t) = f(z,t,u(z,1))

where @F is the operator iterated k-times, defined by

P a2 \1 P+e 49
i) )
E_ _
® (izl ax3_> ]Z 522

j=p+1 J

where p+q = n is the dimension of the Euclidean space R”, u(z,t) is an unknown
for (z,t) = (z1,%2,-..,Zn,t) € R® x (0,00), k is a positive integer and c is a
positive constant, f is the given function in nonlinear form depending on z,t
and u(z,t). On suitable conditions for f, p, g, k£ and the spectrum, we obtain

the unique solution u(z,¢) of such equation.

Introduction

The operator @©* can be expressed in the form

Ca)- (B Easaka

ji=p+1 J i= p+1

—ZZ

j=p+1
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woere p + g = n is the dimension of R, ¢ = 4/—1 and k is the positive integer. The

serator
k
(p 52 2 PHe 52 2
orZ | 02
i1 9% i=p+1 ~J

& called the diamond operator iterated k-times and denoted by {*. The such operator
& frst introduced by A. Kananthai [1]. Moreover, we can find the elementary solution
* =) of operator &F, that is @ K (z) = 4, where ¢ is the Dirac-delta distribution, see[2,
226-228].
In this paper, we study the nonlinear equation

Su(s,t) - &F u(s, 1) = £(3,4,4(,1) (L1)

waich is in the form of nonlinear heat equation. We consider the equation (1.1) with
2= following conditions on u and f as follows

1) u(z,t) € CCR(R™) for any ¢t > 0 where C®¥)(R™) is the space of continuous
function with 8k-derivatives.

1) f satisfies the Lipchitz condition,
lf(:v,t,u) - f(.'L',t,’lU)' < AIU - ’ZU|
where A is constant with 0 < A < 1.
3 / / [f(z,t,u(z,t))|dzdt < oo for z = (x1,Z2,...,2n) € R?, 0 < t < 00 and
0o Jre
u(z,t) is continuous function on R® x (0, 00) .
_nder such conditions of f and u and for the spectrum of E(z,t), we obtain the
wwavolution
u(z,t) = E(z,t) * f(z,t,u(z,t))

2 2 unique solution of (1.1) where E(z,t) is an elementary solution of (1.1).

2 Preliminaries

Definition 2.1 Let f(z) € L;(R™) - the space of integrable function in R". The
Sourier transform of f(z) is defined by

— 1

7O = oy [ e @) (2.1)
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where € = (€1) €27 v )611)) T = (:L‘I) L2y -y l'n) € Rn’ (€7 CL‘) = €1.’131 + 621‘2 ++ ‘E'.:':
is the usual inner product in R™ and dz = dz,dz; - - - dx,,. Also, the inverse of Fouries
transform is defined by

1 L
) = gy |, @9 Fe (23

Definition 2.2 The spectrum of the kernel E(z,t) defined by (2.5) is the bounde
support of the Fourier transform E(£,t) for any fixed ¢ > 0.

Definition 2.3 Let £ = (£1,&,,...,&,) be a point in R® and write

u=E+ G+ -~~~ €, PHg=n.
Denote by 'y = {£ € R : §; >0 and u > 0} the set of an interior of the forwass
cone and denote by T, the closure of I'y. Let § be the spectrum of E(z,t) for am

e —

fixed t > 0 and Q C . Let E(£,t) be the Fourier transform of E(z,t) and define

( k
ptq

4 4
1 p
e 1 (2m)n/2 exp |t (; f?) - Z f_?) , for £el'y

B(E,1) =

(2.3

N

0, for £¢7T,

\

Lemma 2.1 Let L be the operator defined by

o
L=— —c*pF (2.4
5 ¢

where @ is the operator iterated k-times defined by

. 14 82 4 ptq 82 4 k
ENlaz] T\ 2z |
i=1 z =p+1 7

p+q = n is the dimension of R*, (21,%2,...,%n) € R, t € (0,00), k is a posites
integer and ¢ is the positive constant. Then we obtain

4 " 4\ &
1 , P , ptq , . N
Ewt) = oy [ow || (€] (X g) | +ien|a 3

i=pt1

as the elementary solution of (2.4) in the spectrum Q@ C R" for t > 0.
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Froof. Let LE(z,t) = §(z,t) where E(z,t) is the kernel or the elementary solution
¢ 1he operator L and ¢ is the Dirac-delta distribution. Thus

9
ot
“ase= the Fourier transform defined by (2.1) to both sides of the equation

(Zf) ~ Zf?)} @)=W5(t).

E(z,t) — 2 @F E(x,t) = §(x)d(t)

3/\
5 ft—c

i=1 i=p+1

4 +q
e A H(t) 2 : 2 p
E(f,t) = (27_[_).,1/2 exp ¢t ((Z;gz -
i= —p+1
wiere H(t) is the Heaviside function. Since H(t) =1 for ¢ > 0,
+g )

—p+1

o 1 , . 4 p
E(f,t):WeXP ct (;&) -

1 . ——
E(,t) = CoE /R eI E(E, t)dE.

(R4
[ %)
(&5
p—

1 —
E(£t) = W/Qe’“’”)E(g,t)dg

where Q is the spectrum of E(z,t). Thus

E(a:,t):(Q—?lr)—n/Qexp c*t ((fo) (Z f) ) & z)| dE.

j=p+1

> 0. O

Definition 2.4 We can extend F(z,t) to R® x R by setting

( k

1 p 4 p+g
ol (B (5))] e
e . ( 7T) 9) 1 —yl
:;\I,t) = { : : =p
. 0 for t <0.
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Lemma 2.2 (The properties of E(z,t))
The kernel E(z,t) defined by (2.5) have the following properties

(1) E(z,t) € C* - the space of continuous function for z € R*, ¢ > 0 with infinis
ditterentiable.

2) <§t c@)E( £) =0 for t > 0.

22— M(t) )
3) |E(z,t)] < for ¢ > 0 where M(¢) is a function of ¢ in
GBS R T/ (a/2) X
spectrum and I' denote the Gamma function. Thus F(z,t) is bounded for s
fixedt >0

(4) lim E(z,t) = 6.

t—0

Proof. (1) From (2.5)
k
or _ 1 o ) P ) pt+q , 3
L t) = W/Qé;;exp c’t ((;é) ;16 £ x)|

Thus E(z,t) € C* forz € R*, t > 0.
(2) By computing directly, we obtain

(19_ — c2ea’c) E(z,t) = 0.

ot
(3) We have
1 , P, ptq 4\ *
E(z,t) = (27r)n/0exp c’t (;Q) .;f]) & x)| dE.
Thus

k

1 2 2 & 2
IE(x,t)ls(%)n/exp ¢t (Zf) (Zf) dE.

=p+1

By changing to bipolar coordinates

§L=rwy, & =Tws, ..., & =Twp and §pi1 = SWpi1, Spy2 = SWpi2, - - -, Eprg = SUpe

8C



P Pt
> w?=1 and > wi=1
i=1 Jj=p+1

Thus

1
|E(z,t)] < oD / exp [czt (r® — ss)k] r?~ g0 drdsdQ,dQ,
Q

where d€ = rP7 15971 drdsdQ,dQ,, d, and dS}, are the elements of surface area of the
mmit sphere in R? and R? respectively. Since & C R” is the spectrum of E(z,t) and
suppose 0 <r < Rand 0 < s < L where R and L are constants. Thus we obtain

|E(z,t)] < / / exp 2t s*) ]r”_lsq—ld'rds
Q

Q

= 0 )q M(t)  for any fixed ¢ > 0 in the spectrum Q
s
22— M(1)
_ 2.6
TN 29
R L .
where M (t) = / / exp [0215 (rs — 38) ] rP~1s971drds is a function for t > 0, , =
_‘ =P0f2 0 272‘1/2
and Q, = Thus for any fixed t > 0, E(z,t) is bounded.
p/2) T(g/2)’
4! From (2.5),

1 . 1 .
. — ‘L(é,z) — 1(6:1‘) — 6
S r € R, see[2, p. 396, Eq. (10.2.19b)].

0
3 Main Results
Theorem 3.1 Given the nonlinear equation
2 2 gk
au(m,t) — @ u(z,t) = f(z,t,u(z,t)) (3.1)

.:., -_I,t) c R* x

(0,00), k is a positive number and with the following conditions on u
wnd f as follows

u(z,t) € CEI(R™) for any t > 0 where CE(R™) is the space of continuous
function with 8k-derivatives.
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(2) f satisfies the Lipchitz condition,
|f(z,t,u) = f(z,t,w)| < AJu — w|
where A is constant with 0 < A < 1.
(8) /00/ |f(z,t,u(z,t))|dzdt < 0o for z = (21,%9,...,Z,) €E R, 0 <t < oc am
J(x,tn){nz's continuous function on R™ x (0, 00).
Then obtain the convolution
u(z,t) = E(z,t) * f(z,t,u(z,t)) (3%

-

as a unique solution of (8.1) for x € Q where Q) is a compact subset of R* and 0 < ¢ < ©
with T' is constant and E(z,t) is an elementary solution defined by (2.5) and also ulz &
is bounded for any fixed t > 0. In particular, if we put k =1 and p =0 in (8.1), &
(3.1) reduces to the nonlinear equation

0 2 A4
_a_t_u(;z; t) + A ( ) f(z7t’u($’t))

which 1is relate to the heat equation.

Proof. Convolving both sides of (3.1) with E(z,t), that is

E(z, 1) + [aat (2,1) — ¢ &F u(z, t)} B, 1)+ f(z,t, u(z, 1))

or
[aatE(z t) — > @ E(z, t)] xu(z,t) = E(z,t) * f(z,t,u(z,t)),
SO
§(z,t) * u(z,t) = E(z,t) * f(z,t,u(z,t)).
Thus

u(z,t) = fz,t,u(z, 1))

// (r8)f(z — .t — 5,u(z — 1t — 5))drds

where E(r,s) is given by definition (2.4). We next show that u(z,t) is bounded &
R™ x (0, 00). We have

|u(z,t)|g/jo [ B9l =t = s ule = 1.t = ) drds

227" N M (¢)
— 72T (p/2)T(¢/2)

by condition (3) and (2.6)



where N = / |f(z —r,t —s,u(x —r,t — s))|drds. Thus u(z,t) is bounded on
—o0 o R™
& % (0,00). To show that u(z,t) is unique. Suppose there is another solution w(z, t)

¢ 3.1). Let the operator L = £ — c?®F, then (3.1) can be written in the form
r.t) = f(z,t,u(z,t)), thus

Lu(e,t) - Tw(z,1) = (@, 0z, 9) — (21, 0(z, 1),
=+ the condition (2) of the Theorem
|Lu(z,t) — Lw(z,t)| < Alu(z,t) — w(z, t)]. (3.3)

et 0 x (0,T] be compact subset of R” x (0,00) and L : C®)(Q) — CB*(Q) for
P £t < T. Now (CB®(Q),|l-]|) is a Banach space where u(z,t) € C®)(Q) for
' <t <Tand ||| is given by ||u(z, ¢)|| = sup |u(z,t)|. Then from (3.3) with0 < A < 1,
zeN
. &= contraction mapping on C®)(Q). By contraction theorem, see[3,p. 300], we obtain
¢ operator L has a fixed point and has uniqueness property. Thus u(z,t) = w(z, t).
© Sllows that the solution u(z,t) of (3.1) is unique for (z,t) € Q x (0, T] where u(z, 1)
% “=fined by (3.2). In particular, if we put k =1 and p = 0 in (3.1), then (3.1) reduces
the nonlinear equation

%U(IL" t) + c2A4U(IL‘, t) = f(.’L‘, t, U(iE, t))

» b has solution
u(z,t) = E(z,t) * f(z,t,u(z, 1))

wiere E(z,t) is defined by (2.5) with k =1 and p = 0. a
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Chapter I1I

Fixed Point Theory in Banach Spaces

In this chapter, we divide into two parts. The first part concerns iterative methods for

approximating a fixed point and common fixed points of nonlinear mappings. In this part, we in

a new three-step iteration with errors for nonexpansive nonself-mappings in a uniformly convex
space. Weak and strong convergence theorems of the new three- step iteration under certain control
conditions are established. We also modify Noor iterations for non-Lipshitzian mappings in Banack

spaces and prove weak and strong convergence theorems of the modified Noor iterations under some
control conditions. For finding a common fixed point of a finite family of nonexpansive mappings
introduce a new iterative method for them and prove weak and strong convergence theorems under
suitable con_trol conditions. The second part of this chapter is to find a common element of a fixed
set of nonlinear mappings and the set of solutions of equilibrium problems. Our results improve ame

extend many results in this area.

The main results of this chapter are written into 6 papers and all of them are published i=
international journals. Five of them are concerned with fixed point problem and equilibrium probies.

while on of them concerning geometric properties of Banach spaces. Here are the list of all of them

1. S.Thianwan and S. Suantai, Convergence Criteria of a New Three-step Iteration with
Errors for Nonexpansive- Nonself- Mappings, Computers and Mathematics with

Applications 52 (2006) 1107 — 1118.

2. K. Nammanee and S. Suantai, The Modified Noor Iterations with Errors for Non-
Lipschitzian Mappings in Banach Sapces, Applied Mathematics and Computation 187

(2007),669 — 679.

3. N. petrot and S. Suantai, The Criteria of Stric Monotonicity and Rotundinty points in

generalized Calderon-Lozanovski Spaces, Nonlinear Analysis  ,2009
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xNangtunyakarn and S. Suantai, A new mapping for finding common solutions of
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Abstract—A new three-step iteration with errors for nonexpansive nonself-mappings in Banach
spaces is introduced and studied. Weak and strong convergence theorems of such iterations are
established. The results obtained in this paper extend and improve the several recent results in this
area. (© 2006 Elsevier Ltd. All rights reserved.

Keywords—Nonexpansive nonself-mappings, Completely continuous, Uniformly convex, Opial's
condition, Condition (A).

1. INTRODUCTION

Let X be a normed space, C be a nonempty convex subset of X, P: X — C be the nonexpans
retraction of X onto C, and T : C — X be a given mapping. Then for a given x| € C, compuis
the sequence {z,.}, {yn}, and {z,} by the iterative scheme '

2y = P(anTzn + (1 = @n — Y2 )Zn + Tnln),
Yn = P(bnTzn + caTxn + (1 = bu — cn — ptn)Tn + fnvn), 8
Tyt = P(0nTYn + BrT2n + (1 — 0 = B = An)Zn + Anwn),  m 21,

where {a,}, {bn}, {cn}, {on}, {Bn}, {m}, {Ha}, {A:} are appropriate sequences in [T °
and {u,}, {v.}, aud {w,} are bounded sequences in C.
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Ifa, = cn = Bn = Yn = ttn = Ay = 0, then (1.1) reduces to the iteration scheme defined by
Shahzad [1]
Yn = P(bpTz, + (1 — by)xy,),

1.2
ZTnt1 = PlanTyn + (1 — a,)z,), n>1, (1.2)

where {b,}, {an} are appropriate sequences in [0, 1].
IfT: C — C, then the iterative scheme (1.1) reduces to the three-step iterations with errors

zy = apTza + (1 —Qn — 'Yn):cn + YnUn,
Yn = bnT2n +nTTn + (1 — bp = Cn — n)Zn + fin¥n, (1.3)

Tntl =anTyn+,8nTzn+(1_Qn_ﬂn_/\n)1ﬂ+/\nwn; n2>1,

where {a,}, {bn}, {cn}, {an}, {Bn}, {7}, {1a}, {Mn} are appropriate sequences in {0, 1]
and {u,}, {vn}, and {w,} are bounded sequences in C.
Ifa, = cn = Brn = vn = ttn = Ap =0, then the iterative scheme (1.3) reduces to the Ishikawa

iterative scheme
Yn = bnT-rn + (1 - bn)xn)
(1.4)
Tnyl = anTyn + (1 - an)In, n>1,

where {0,}, {a.} are appropriate sequences in [0, 1].

Fixed-point iteration processes for approximating the fixed point of nonexpansive mapping in
Banach spaces have been studied by various authors, using the Mann iteration process (see (2])
or the Ishikawa iteration process (see [3-6]). In 2000, Noor [7] introduced a three-step iterative
scheme and studied the approximate solutions of variational inclusion in Hilbert spaces. In 1998,
Jung and Kim [8] proved the existence of a fixed point for nonexpansive nonself-mapping in a
uniformly convex Banach space with a uniformly Gateaux differentiable norm. In (5], Tan and Xu
introduced a modified Ishikawa process to approximate fixed points of nonexpansive self-mappings
defined on nonempty closed convex bounded subsets of a uniformly convex Banach space. In {9},
Zhou et al. gave criteria for weak convergence theorems of the Ishikawa iterative scheme (1.4) for
nonexpansive self-mapping in a uniformly convex Banach space which satisfies Opial’s condition,
and for strong convergence theorems for nonexpansive self-mapping in a uniformly convex Banach
space which satisfies Condition (A). In 2004, Cho, Zhou and Guo [10] defined and studied a new
three-step iteration with errors for asymptotically nonexpansive mappings in a uniformly convex
Banach space. Suantai [11] defined a new three-step iteration which is an extension of Noor iter-
ations and gave some weak and strong convergence theorems of such iterations for asymptotically
nonexpansive mappings in a uniformly convex Banach space. Recently, Shahzad (1] extended Tan
and Xu results {5, Theorem 1, p. 305} to the case of nonexpansive nonself-mapping in a uniformly
convex Banach space. Inspired and motivated by research going on in this area, we define and
study a new three-step iteration with errors for nonexpansive nonself-mapping. This scheme can
be viewed as an extension for the two-step iterative schemes of Shahzad [1].

The purpose of this paper is to establish weak and strong convergelice results of the iterative
scheme (1.1) for nonexpansive nonself-mappings in a uniformly convex Banach space. Our results
extend and improve the corresponding ones announced by Shahzad [1], Tan and Xu 5], and others.

Now, we recall the well-known concepts and results.

Recall that a Banach space X is said to satisfy Opial’s condition [12] if . — z weakly as
n — oo and = # y imply that

limsup ||z, — z|| < limsup ||z, — y||.
n—oo n—oo

In the sequel, the following lemmas are needed to prove our main results.
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LEMMA 1.1. (See {5, Lemma 1].) Let {a,}, {b.}, and {6.} be sequences of nonnegative re=
numbers satisfying the inequality :

an+l$(1+6n)an+bn, Vn=1,2,....

It Z;\“;l 8, < oo and Z;,.c;l b,, < oo, then

(1) limpooo an exists.
(2) limp—oo @, = 0 whenever liminf,,_.oc an = 0.

LeEmMA 1.2. (See (13, Lemma 1.4].) Let X be a uniformly convex Banach space and B, = {z ¢
X : |lzlf < v}, r > 0. Then there exists a continuous, strictly increasing, and convex functios
g :[0,00) — [0,00), g(0) = 0 such that

loz + By + pz + dwl|* < allzl® + Bliyl® + plizl® + Mwl® - aBg(llz - yi),

for all z,y,2z,w € B,, and all o, B, p, A € [0,1] witha+f+pn+ X =1.

LEMMA 1.3. (See [14].) Let X be a uniformly convex Banach space, C a nonempty closed conves
subset of X, and T : C — X be a nonexpansive mapping. Then I — T is demiclosed at 0, i.e., =
z, — x weakly and z,, — T'z,, — 0 strongly, then x € F(T), where F(T) is the set of fixed poi=
of T.

LEMMA 1.4. (See [11, Lemma 2.7].) Let X be a Banach space which satisfies Opial's con-
dition and let {z,} be a sequence in X. Let u,v € X be such that lim,_ e ||zn — ul| 22¢
lim, oo lzn — o] exist. If {za,} and {zn,} are subsequences of {xn} which converge weak';
to u and v, respectively, then u=v.

2. MAIN RESULTS

Weak and strong convergence theorems of the new three-step iterative scheme (1.1) for nos-
expansive nonself-mapping in a uniformly convex Banach space are given in this section. The
following lemma is needed.

LEMMA 2.1. Let X be a uniformly convex Banach space, and let C be a nonempty closed conves
nonexpansive retract of X with P as a nonexpansive retraction. Let T : C — X be a nonexpansive
nonself-mapping with F(T) # 0. Let {an}, {bn}, {cn}, {@n}, {Bn}, {7}, {En}, and {X,} 5=
real sequences in [0, 1] such that an + Yn, bn + cn + pin, and @, + Bn + An are in [0,1] for 2
n>1,and 320 T < 00, Yomey Hn < 00, 3o Ay < 00, and let {u,}, {va}, and {w,} &=
bounded sequences in C. For a given x, € C, let {z,}, {yn}, and {z,} be the sequences defin=:
as in (1.1).
(i) Ifq is a fixed point of T, then lim,—. ||zn — ¢l] exists.
(1) If0 < liminf,, o an < limsup,,_, (0n + Bn + A,) < 1, then limy oo | Tyn —z.]| = 0.
(iii) If either 0 < liminf, o0 fBn < limsup,_,(an + B +An) < 1 or 0 < liminf,, o e 228
0 < liminf,—eo bn < limsup,_,oo{bn + €4 + 1n) < 1, then lim, oo || T2n ~ Tnf| = 0.
(iv) If the foillowing conditions:
(1) 0 < liminf, oo o, <limsup,_,{an + Bn + An) < 1 and
(2) either 0 < liminfuoo Bn < limsup,_,{an + By + An) < 1 and limsup,,_,, @n < -
or 0 < liminfp_oo bn < limsup, o (bn +cpn +n) < 1
are satisfied, then lim,_,o ||Tzn — 2zal| = 0.
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ProOF. Letting ¢ € F(T), by boundedness of the sequence {u,}, {vn}, and {w,}, we can put
M = s {sup =l s o~ al sup un =l |
n>1 n>1 n>1

i) For each n > 1, we have
Nznt1 = all = [P (anTyn + BT zn + (1 — on = Bn — An) Tn + Anwn) — P(q)ll
=HonTyn + BuTzn + (1 ~ op = B = M) Tn + Mw, — gl
< an||ITyn — qll + BallTzn — gl (2.1)
+ (1 = an = Bn = An)lizn = ¢ll + Anflwn — ql|
S anllyn = gl + Bullzn — gt + (1 = 0 = Bn = An)llza — qll + My,
lzn = qll = | P(anTzn + (1 — an — Yn)ZTn + Tnun) — Pq)]
S anflTzn — qll + (1 — an = )lizn — all + Mmilun —all
< tnflzn —gll + (1 = an = m)lizn — qll + Myn (2.2)

<z = qll + Moyn,

Ny — gl = 1P(bnTzn + ¢ Tzn + (1 = bn — Cp — pin)Tn + pavn) — P(9)]]
< bal|Tzn — gl + callTzn ~ 4l
+ (1 = bn — ¢a ~ pn)lizn — gl + pnllvn — il
Cbnllzn — qll + callzn —gll + (1 = bn — e ~ pa)l|zn — qll + Mpp
Sbnllzn —qll + (1 = ba)llzn — qll + Mpa.
From (2.2) we get
lyn — qll < balllzn ~ gll + Mya) + (1 = b3)llzn — gl + Mun 3

= ||z — qll + {3y,

waere 5?1) = Mbn'Yn + Ml‘n- Since Z:‘;l Tn < 0 and Z?:l Hn < 00, we have Z:;l 6?1) < 0.
Srom (2.1)-(2.3) we get

lonsr = all < e (lfzn = all + €1y ) + Bulllzn — all + M)
+ (1= an = fa = An)llzn = qll + M |
= ap||lzn — qll + aneyy + Balizn — qll + MPBarn (2-4)
+ (1 —an = Bn = M)z —gll + M,
< llen = all + €,

shere 5?2) = a,.'c?l) ;i-M,B,.v,,+M/\,,. Since Z?:x c?z) < 0o we obtained from (2.4) and Lemma 1.1

et limy oo ||Zn — gl exists.
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(ii) By (i) we have that lim,_.o ||zn —¢l} exists for any ¢ € F(T). It follows from (2.2) and 21

that {zn — q}, {Tzn — ¢}, {zn —a}, {Tzn — q}, {yn — ¢}, and {Tyn — ¢} are bounded sequence
This allows us to put

K = max {M,sup lzn —qll,sup |Tzn — qll,sup |z — qll,
n>1 n2l n2l

sup [Tzn — qlf, sup llyn — qlf,sup [|Tyn — g
n>1 n>1 n2l
Since 0 < liminfy, o0 @n < limsup,,_, (@ +Bu + M) < 1, it follows from (2.2) and (2.3) th

llzn = qll? < llzn =l + €y, :

flyn — q”2 <llzn - q"2 + 5?4)7

where €y, = M?*y% + 2M K+, and €y = (e?l))2 + 2Kepyy.  Since Z?:lf?a) < oo =
Donei €4y < 00, by Lemma 1.2, there is a continuous strictly increasing convex functios
[0,00) — [0, 00), g(0) = 0, such that

Az + By + vz + pwll® < Xzl)? + Blyll* +vlizli* + uliwl® — ABg(liz - yl),
for all z,y,z,w € Bg and all A, 8,7, € {0,1] with A + 8+ v = 1. By (2.5)~(2.7), we have
241 = gll® = |P(@nTyn + BaTzn + (1 = n = Bn = An)Tn + Anwn) — P(g)]|?
< lon(Tyn — q) + Bn(T2n — q)
+ (1= an = B — Aa)(@n — q) + Anlwn — @)1
< an|[Tyn — qli* + BaliTzn — g
+ (1= an — B — An)lizn — qlf* + Anllwn — gff?
—an(l —an = Bn = An)g|| Tyn — zall
< anllyn = gli® + Ballzn — gl + (1 — @ = Bn — An)l|lzn — qlf?

+ K2/\n - an(l - Qn _ﬂn - /\n)gnTyn - In“

[

< & (llzn = al* + €y ) + Bn (ll7 = all* + )
+ (1= o = B = An)llzn — gl + K7An
~ an(1 = @ = B = A)lTyn = 2l

= calln — gl + ernefyy + Balln — all® + Bucly
+ (1= an = B = An)llzn — |l + K2
= an(1 = & = B = An)glTyn ~ 2

< "In - <1||2 + f?s) - an(l — Qn — ,Bn - /\n)g”Tyn - .'15"”,

SOcE

where €y = nely) + Bnelyy + K?X,. It is worth noting here that Z?;x‘?s) < o

Sty < 00, 7 €k < oo, and Yooy An < o0, Since 0 < liminf, oo
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—~ 4.} < 1, there exists np € N and §,,6; € (0,1) such that 0 < § < o, and
1 for all n > ng. Hence, by (2.8), we have

m m
5 dllTya —zall < ) (lza = gl = flznsr —all®) + D €

=Ty n=ng n=np

. (2.9)
= ”:1:,,0 - q,|2 + Z 6?5)'

n=ngp

« 20, by letting m — oo in (2.9) we get 37 9[iTyn — zn|l < oo, and
— zall = 0. Since g is strictly increasing and continuous at 0 with
what Mg | Tyn — zal = 0.

that 0 < liminfu—oo Bn < limsup,_,(an + Bn + Ay) < 1. By (2.7), we

© s — gl 4 Ballza — qll® + (1~ an — Ba — An)llzn — qlI* + K2An

— A1 = an = B~ M)9IT 20 — 7

o (12— all? + €y ) + Bn (llz — all? + )

e = By = Az — gl + KA

~ 21 —an = B — A9\ T2n — x4l (2.10)
=l ancly + Bullen — all* + Bacly

1= an =B =)z —all> + K22,

= 201 = Gtn — B~ M)9I T2 — T

12— al)? + €5y — Bn(l = 0tn — B ~ M)l Tzn — zall,

% Bl + K?2),. Since 0 < liminfp_,oo B < limsup,, _oo(a@n +Bat+Xn) <1,
wnd 8,82 € (0,1) such that 0 < §; < B, and ap + Bn + An < & < 1 for all
v 210), we have €fy) = an€ly) + Pn€ly + K2,

- m m
3 ATz —zall < Y (lza — al? = llzass = al?) + Y )
==y

n=ng n=ng

- (2.11)
2
= l|zn, — qll” + Z €(5)-
n=ngp

o0

< 20, by letting m — co in (2.11) we get )
2. — za|| = 0. Since g is strictly increasing and continuous at 0 with
what limp oo [T20 — zn] = 0.

that 0 < liminfp.eo @n and liminf, o by < limsup, oo (by +cn + pa) < 1.
we= have

g”Tzn — z,]} < oo, and

n=ng

Tzn+ u T + (1= bn = G = fin)Zn + pinvn) = P(Q)}?
"zp—q) +en(Txn—q) +(1 —b,—c, -—pn)(xn "'Q)""I‘n(‘.Un _q)”2 (2.12)

2. — gl + callTzn — gl
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+ (1= bn = cn = tn)llzn = ali? + pialfvn — ali?
= ba(1 = bp — cn — )9l T 20 — z0|
S ballzn ~ gl + callzn = gli* + (1 = b — cn — pa)llzn — gll* + pa K2
= ba(1 = by — cn — n)glI T 20 — znfl (212)

< b (llzn = g + ) +enllzn = gl + (1 = bn = o = pin) 2w = g2 + o

< b (om0l + ey ) + ulltn =l + (1= b = 6o = t)n = ql* + i
- bn(1 —~bn —Cn — I‘n)g”TZn - rn“
<Hizn — qli® + €fsy — bn(l = bp — cn — ptn )l T 20 — T,

where €5, = bnefy) + un K2
By (2.5), (2.7), and (2.12), we also have

IZns1 = ali? = | P(enTyn + BuTzn + (1 — @n — Bn — An)Tn + Anwy) — P(q)|f?
Slen(Tyn — ) + Ba(Tzn — q)
+ (1= an = B = An)(@a — @) + An(wn — )7
< nllyn = qll* + Ballzn = qI* + (1 = @t = Bn = An)llzn — ql)* + K*Xs
= an (llzn = all* + €fsy = bu(l = b = ¢ = )l T 20 — =)
+ Bn (120 = al* + €y ) + (1~ an = Bn = An)llzn = al* + KAn
= anl|zn — qlf* + an€ls) — nba(l = bn — o = in)gl|T 20 — T
+ Bllzn — qlI? + Baelyy + (1 — atn = B — An)llzn — qll® + K22,
< Jzn — gl + €y — Anba(l = bn = cn = pn)gl|T 20 — z4ll,

where €y = an€fs) + Bn€ly) + K2\,.

It is worth noting here that 3777, €ty < oo since Y77 €(s) < 00, 3507, €y < o8
o 1 An < 00.

By our assumption 0 < liminf,, .o @, and 0 < liminf,, oo by <limsup,_, o (bn+cn+pa ©
there exist np € Nand 6,6, € (0,1) suchthat 0 < §; < an, 0 < 8 < by, and by, +cptpn < & ©
for all n > ng. Hence, by (2.13), we have

m m m

551 =62 3 oiTzn = zall < ) (20~ all* ~ loner —al®) + 3 €y
n=ng n=nq n=ng
m
= "1"0 - q”2 + Z <5?7)-
n=ng
Since Y- €ty < 00, by letting m — oo in (2.14) we get 3°70 . gl Tzn ~ znf| < o2
therefore lim, oo ¢||T2zn — zn]| = 0. Since g is strictly increasing and continuous at @

¢(0) =0, it follows that lim, o [|[Tzn — zaf = 0.
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(iv) Suppose that Conditions (1) and (2) are satisfied. Then by (ii) and (iii), we have
lim [Ty, —zalf =0 and lim [Tz, — z,|| = 0. (2.15)
n—oo n—oo

From z, = P(anTzn + (1 = an — ¥n)Tu + Yatte) and y, = P(b,Tz, + ¢, Tz, + (1 — b, —
e = [n)ZTn + fnvUa), We have {zn — znll < an|Tx, — zall + wlln — zall and v, — zall <
5Tz, — zal| + caliTzn — zall + palive — zall-

It follows that

ITzn — zpll I T 2 — Tzn)| + | T 20 — zal|
Sz = zafl +{[Tzn ~ za|
$ an"TIn - In" + '771“‘“11 - zn" + “TZ" - zn"»

which implies
(1 = an)liTzn — Zall < Yalltn = 2all + T2 — 2all-

[flimsup,_ o, an < 1, this together with (2.15) and lim, oo v, = 0 imply that lim,_.eo |7z —
=0
I limsup,_ oo (b + ¢ + pn) < 1, there exist a positive integer Ny and 7 € (0,1) such that

Cn Kby +cn+pa <, Vn > Ny.
Then for n > Ny, we have
ITzn — zall < WT2n = Tynll + | Tyn ~ znll

Sz = ynll + 1 Tyn — znll

SbnlTzn — 2|l + caf| Tzn — Za|
+ v = zall + 1Ty = za

SbnliTzn — 2l + 1llTZn — znli
+ tinlivn = Zall + §1Tyn — 2all.

Hence, ,
(1 =MITzn = zall < bal|Tzn = znl| + pinflvn = zall + §Tyn — zall-

This together with (2.15) and the fact that g, — 0 as n — oo imply
lim Tz, —z,||=0. 1
n—oo

THEOREM 2.2. Let X be a uniformly convex Banach space, and let C be a nonempty closed
monvex nonexpansive retract of X with P as a nonexpansive retraction. Let T : C — X be
= completely continuous nonexpansive nonself-mapping with F(T) # 0. Let {a,}, {ba}, {¢n},
ax}, {Bu}s {7}, {Ea}, and {X.} be sequences of real numbers in [0,1] with an + v, € {0,1),
S+ Gt pn €[0,1], and an 4+ B + A € (0,1 for alln > 1, and Y or | Yn < 00, Yooey Hn < 00,
T A <oo If

—m=1
(i) 0 < min{liminf,_0an, liminf,_.o B} < limsup,_ (cn + Bn + X)) < 1, and
limsup,_;,an <1, 0r
(i) 0 < liminf, .o n < limsup,_oo{an + Bn + An) < 1, and 0 < liminfrobn <
limsup,, _,oo(bn +n +a) <1,
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then the sequences {z,.}, {ya}, and {z,} defined by the iterative scheme (1.1) converge strame
to a fixed point of T'.

Proor. It follows from Lemma 2.1(i) that {z,} is bounded. Again by Lemma 2.1, we hawe
lim [Ty ~ za]] =0,
n]er;o "Tzn ~ZIn ” =0, ' (2.5

lim [Tz, ~za||=0.
n—oo

Since T is completely continuous and {z.,} is bounded, there exists a subsequence {z,, } ¢7 =
such that {Tz,, } converges. Hence, by limn_.oo |T2n — z,}| = 0, it follows that {zp, } convesge
Let limy, —co Zn, = q. By continuity of T and (2.16) we have that Tq = g, so q is a fixed point oi ©
By Lemma 2.1(3), litu oo |1Zn — qll exists. But limk—oo |2, — gll = 0, 50 limn 2o [[zn — gf = &
By (2.16), we have

”yn - In" = ”P(bnTZn + chIn + (1 - bn —Cy — #n)xn + lJn'Un) e P(In)”

S baliTz0 — zall + call Tz — za|l + pnflvn — 20

— 0, as n —+ oo,
and
lzn — znll = 1P (anTZn + (1 = @n = ) Zn + Tnttn) — P(zn)]]
< au||Tzn — zof| + Yrlltn — zall
— 0, as n — 00.
It follows that limp_.oo yn = ¢ and lim, o0 zn = q. I}

If T is a self-mapping, then the iterative scheme (1.1) reduces to that of (1.3) and the folowig
result is directly obtained by Theorem 2.2.

THEOREM 2.3. Let X be a uniformly convex Banach space, and C a nonempty closed
subset of X. Let T be a completely continuous nonexpansive self-mapping of C with F(T =
Let {@.}, {bn}, {cn}, {@n}, {Bn} be sequences of real numbers in [0, 1] with b, +c¢, € [0.1
on+Pn€(0,1] foralln>1. If
(i) 0 < min{liminf, o 0n, liminf, .o fn} < limsup,_, (an + Bn + An) < L
limsup,,_,.,an <1, or :
C (i) 0 < liminfrneoon < limsup,  (on + B + AL) < 1, and 0 < liminfn_o
limsup,,_,o.{bn + cn +pn) < 1,

then the sequences {zn}, {yn}, 2nd {z,} defined by iterations (1.3) converge strongly ts =
point of T.

When ¢, = fn = Tn = ptn = An = 0 in Theorem 2.2, the following result is obtained.

THEOREM 2.4. Let X be a uniformly convex Banach space, and let C be a nonempty
convex nonexpansive retract of X with P as a nonexpansive retraction. Let T : C — X |
completely continuous nonexpansive nonself-mapping with F(T) # 0. Let {a,}, {ba}, (2.
real sequences in [0, 1] satisfying

(i) 0 <liminf, oo bn < limsup, _,, bn <1, and

(ii) 0 < liminf,_ oo 0n € limsup,_ o, 0n < 1.
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For a given =y € C, define
zn = Pla,Tzq + (1 — an)zy,),
Yn = P(b.Tzp + (1 - ba)za), n>1,

Tnt1 = P(anTyn + (1 - Qn)In)-

Then {zn}, {yn}, and {z.} converge strongly to a fixed point of T.

When a, = cp = Bn = 7n = ptn = An =0 in Theorem 2.2, we obtain the following result.

THEOREM 2.5. Let X be a uniformly convex Banach space, and let C be a nonempty closed
-znvex nonexpansive retract of X with P as a nonexpansive retraction. Let T : C — X be a
:zmpletely continuous nonexpansive nonself-mapping with F(T) # 0. Let {b.}, {an} be a real
z=quence in [0,1] satisfying

1) 0 < iminfp_ e b, <limsup,,_,bn <1, and

1) 0 < liminf, 0 @n < limsup, _,  an < L.

or a given 7, € C, define
yn = P(bnTzn + (1 — bo)zn),

Tnyi = PlanTyn + (1 — an)za), n>1.

Then {z,.} and {yn} converge strongly to a fixed point of T.
The mapping T : C — X with F(T) # ¢ is said to satisfy Condition (A} if there is a nonde-

. reC,
|z ~ Tzl = f(d(z, F(T))).
The following result gives a strong convergence theorem for nonexpansive nonself-mapping in
- niformly convex Banach space satisfying Condition (A).

THEOREM 2.6. Let X be a uniformly convex Banach space, and let C be a nonempty closed
--nvex nonexpansive retract of X with P as a nonexpansive retraction. Let T : C — X be a
= -nexpansive nonself-mapping with F(T) # 9. Let {an}, {bn}, {en}, {@n}, {Bn}, {1}, {1n},
:=d {A,} be sequences of real numbers in (0,1} with a, + v € [0,1], bp + ¢n + pn € [0,1], and
2o+ Bat+ A€ {0, foralln >1,and 307 Yn <00, 300 tin < 00, 3 ooy An < 00. Suppose
1221 T satisfies Condition (A). If
1) 0 < min{liminf,eo @n, liminfan.eBr} < limsup,_ (an + Bn + An) < 1, and
limsup,_,an <1, or
1) 0 < liminfawan < lmsup,_ o (on + B + Ay) < 1, and 0 < liminfa,eo b, <
lHmsup,, oo (bn + ca + n) < 1,
:zzn the sequences {z.} defined by the iterative scheme (1.1) converge strongly to some fixed
sointofT.
200F. Let g € F(T). Then, as in Lemma 2.1, {z,} is bounded, lim, . ||zn — ¢|| exists, and

lzns1 — gl S llzn = qll + €,
=nere Y oo €y <ooforalln>1. This implies that d(z, 41, F(T)) < d(za, F(T)) + €(3) and so,
-~ Lemma 1.1, lim, _, o0 d{zn, F(T)) exists. Also, by Lemma 2.1, limn o0 [[zn —T zn|| = 0. Since T

::2:sfles Condition (A), we conclude that lim,_.oo d(zn, F(T)) = 0. Next we show that {z,} isa
“zuchy sequence.
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Since limp o d{(Zn, F(T)) = 0 and Z:ile?z) < oo, given any € < 0, there exists a naturs
number ng such that d(z,, F(T)) < ¢/4 and Z:=no e'(‘2)€/2 for all n > ng. So we can f=0
y" € F(T) such that |jz., — y*|| < €/4. For n > np and m > 1, we have

"In+rn - In” = ”Iﬂ+m e y. " + ”In - y-”

Zne =31+ fl2ne = 3"l + D €3

k=ng

<-+-=-+=-=e

B om
S m
[

This shows that {zn} is a Cauchy sequence and so is convergent since X is complete. Le
limy —oo T = u. Then d(x, F(T)) = 0. It follows that « € F(T). This completes the proof. §

For a,, = ¢ = B = Tn = fin = Ay = 0, the iterative scheme (1.1) reduces to that of {1.2) a=
the following result is directly obtained by Theorem 2.6.

THEOREM 2.7. (See [1, Theorem 3.6].) Let X be a uniformly convex Banach space, and le: C '
a nonempty closed convex nonexpansive retract of X with P as a nonexpansive retraction. La
T : C — X be a nonexpansive nonself-mapping with F(T) # 9. Let {a,} and {b,} be sequescss
in (e, 1 — €] for some € € (0,1). Suppose that T satisfies Condition (A). Then the sequences [=.
defined by the iterative scheme (1.2) converge strongly to some fixed point of T

In the next result, we prove weak convergence of the iterative scheme (1.1) for nonexpass
nonself-mapping in a uniformly convex Banach space satisfying Opial’s condition.

THEOREM 2.8. Let X be a uniformly convex Banach space which satisfies Opial's condivn,
and C a nonempty closed convex nonexpausive retract of X with P as a nonexpansive retracton,
Let T : C — X be a nonexpansive nonself-mapping with F(T) # 0. Let {an}, {bn}. =
{an}, {Bn}, {2}, {An} be sequences of real numbers in [0,1] with ap, + Yn, bn + cn + 20 w0
an+Pn+ A arein[0,1] foralln > 1, and Y oo | Tn <00, Yoney Hn < 00, Jome Ap < oo I
(i) 0 < min{liminf,— 00, liMminfn_eBa} < limsup,_(an + Bn + An) < 1. =
limsup,, o, an <1, or
(i1) 0 < lminf,oon < limsup, ,(0n + Bn + AR) < 1 and 0 < liminf, e =
limsup,, oo (bn + ¢n + pn) < 1,
then the sequence {z,}, {yn}, and {z,} defined by the iterative scheme (1.1) converges wess
to a fixed point of T.

Proor. It follows from Lemma 2.1 that limp oo |72, — zn}l = 0 and limp— o0 [|T2n — 220 = ©
Since X is uniformly convex and {z,} is bounded, we may assume that z,, — u weaklyasn — =
without loss of generality. By Lemma 1.3, we have u € F(T'). Suppose that subsequences (=
and {z;n,} of {z.} converge weakly to u and v, respectively. From Lemma 1.3, u,v € F{T =
Lemma 2.1(1), lim, 00 |z, — 1)) and lim,_,o ||z, — v} exist. It follows from Lemma 1.4 Sus
u = v. Therefore {x,} converges weakly to a fixed point u of T". Since |lyn —2Z,|| < ba)|Tza—= =
enlTzn — Zall + tallvn — zall — 0 (a5 n — 00) and {|za — zaf} < anliTzn ~Zall + Inlltn —=2f =
(as n — o0) and z, — u weakly as n — oo, it follows that y, — u and 2,, — u wesi s
mn— 0.
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Abstract

In this paper, weak and strong convergence theorems are established for the modified Noor iteratior: .
asymptotically nonexpansive mappings in the intermediate sense in a uniformly convex Banach space. Mar--- ~-
awa-type iterations are included by the modified Noor iterations with errors. The results obtained in this
improve the recent ones announced by Schu [J. Schu, Iterative construction of fixed points of asymptoticz..- -
mappings, J. Math. Anal. Appl. 158 (1991) 407-413; J. Schu, Weak and strong convergence to fixed points <7 . =
nonexpansive mappings, Bull. Austral. Math. Soc. 43 (1991) 153-159], Xu and Noor [B.L. Xu, MA. N::- -
iterations for asymptotically nonexpansive mappings in Banach spaces, J. Math. Anal. Appl. 267 (2001 -—~
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totically nonexpansive mappings, Comput. Math. Appl. 47 (2004) 707-717], Suantai [S. Suantai, Weak &= .
gence criteria of Noor Iterations for asymptotically nonexpansive mappings, J. Math. Anal. Appl. 311 :
Nammanee et al. [K. Nammanee, M.A. Noor, S. Suantai, Convergence criteria of modified Noor iterz: - -
for asymptotically nonexpansive mappings, J. Math. Anal. Appl. 314 (2006) 320334}, and many others
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1. Introduction

The concept of asymptotically nonexpansiveness was introduced by Goebel and Kirk [7} =
Noor {8,9] have introduced the three-step iterations and studied the approximate solutiors -
inclusion and variational inequalities in Hilbert spaces. Glowinski and Le Tallec [10] used thrz=.
schemes to find the approximate solutions of the elastoviscoplasticity problem, liquid cry:-:

eigenvalue computation. It has been shown in [10] that the three-step iterative schemes give ==

results than the two-step and one-step approximate iterations. In 1998, Haubruge et al. . i
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analysis of the three-step schemes of Glowinski and Le Tallec [10] and applied these schemes to
e spitting-type algorithms for solving variation inequalities, separable convex programming and
of a sum of convex functions. They also prove that three-step iterations lead to highly
algorithms under certain conditions. Thus we conclude that three-step schemes play an important
t part in solving various problems, which arise in pure and applied science.

woncept of asymptotically nonexpansive in the intermediate sense was introduced by Bruck et al. [12).
is a generalization of asymptotically nonexpansiveness. Let C be a subset of real normed linear
2 and let T be a self-mapping on C. The fixed point set of T, F(T), is defined by AT ={xe C:
T issaid to be nonexpansive provided || Tx — Ty||<]lx — || for all x,y € C; T is called asymptotically
e if there exists a sequence {k,}, k, = 1| with lim,_ .k, = 1, such that

T =T < kallx =

s v=Candeachn > 1
asymptotically nonexpansive in the intermediate sense [12) provided T is uniformly continuous and

msp sur({(llT"x =Tyl -l =yl €0
-—ac I yE

']

[13] that if X is a uniformly convex Banach space and T is asymptotically nonexpansive in the
sense, then F(T) # 0.

w=ocified Noor iterations with errors 15 defined as follows.

@ ¢ 2 normed space, C be a nonempty subset of X, and 7: C — C be a given mapping. Then for a
= C. compute the sequence {x,}, {y,] and {z,} by the iterative schemes

= e ", + (l —4a, — Yn)xn + Yaln

=0Tz g T X+ (1 = by = Cu — 1) X0 + JpVn, (1.1)
e =Ty, BT 2+ (L =ty = By — Aa)xa + Aawn, 2 1,

L LB Lends {an), (B4, als Lual, {A4) are appropriate sequences in [0, 1] and {u,}, {v,} and {w,}
sequences in C.

werative schemes (1.1) are called the modified Noor iterations with errors. Noor iterations include the
wa iterations as spacial cases. If y, =y, = 4, =0, then (1.1) reduces to the modified Noor iter-
“esnzd by Suantai [5]

‘=ﬂ-rxn + (l - an)xn»

= 5,772, + T + (1 = by — Ca)Xa, (1.2)
=2y, + BTz, + (1 —a, — f,)x0, 121,

e 1B, {ead, {a,), {Ba.) are appropriate sequences in [0, 1].

sotz that the usual Ishikawa and Mann iterations are special cases of (1.1} and if
=, =1, = A, =0, then (1.1) reduces to the Noor iterations defined by Xu and Noor (3]

o= T, + (1 — a,)x,,

L =87z, + (1 = b, )x,, (1.3)
I-a:ﬂ-T",V,,'*‘(l—an)xm n? l|

o 15,}, {«,) are appropriate sequences in [0,1}.

oo=c.=B,=7y,=u, =2, =0, then (1.1) reduces to the usual Ishikawa iterative schemes
L=§.T“In+(l —b,,)x,,, (14)
=Ty, + (1 -a)x, n=l,

.. |x,) are appropriate sequences in [0, I].

=0, =Cp=fn=Va= ta =i, =0, then (1.1) reduces to the usual Mann iterative scheme
=5, Tx, + (1 = a)x,, 1= 1. (1.5)

= zre appropriate sequences in [0, I]. See [1,2] for more details about Mann iterative scheme.
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The purpose of this paper is to establish several strong convergence theorems for the modifies
ations with errors (1.1) for completely continuous asymptotically nonexpansive mappings in the
sense, and weak convergence theorems for asymptotically nonexpansive mappings in the inte
a uniformly convex Banach space with Opial’s condition.

Recall that a Banach space X is said to satisfy Opial’s condition [14) if x, — x weakly as n — =
imply that

limsup [|x, — x| < limsup {jx, — »i|.

=00 n—
In the sequel, the following lemmas are needed to prove our main resulits.

Lemma 1.1 {15, Lemma 1) Ler {a,}, {b,} and {5,} be sequences of nonnegative real numbers
inequality

apy K (1 +68,)a, +b,, Vn=1.2,...

IF 55,8, <00 and ¥ 0, b, < 0o, then

(1) lim,, _.a, exists.
(2) bm,_,.a, = 0 whenever iminf,, _.a, = 0.

Lemma 1.2 [4, Lemma 1.6} Let X be a uniformly convex Banach space, C a nonempty closed coms
X, and T+ C— C be an asymptotically nonexpansive mapping. Then [ — T is demiclosed at 0, Lo+
weakly and x,, — Tx, — 0 strongly, then x € F(T), where F(T) is the set of fixed point of T.

Lemma1.3 [5, Lemma 2.7). Let X be a Banach space which satisfies Opial's condition and let {x,) b
in X. Let u,v € X be such that im,_..||x, — ul| and im, _ o|}x, — v|| exist. If {xa,} and {x., } are
{x,} which converge weakly 10 u and v, respectively, then u= v.

Lemma 1.4 [4, Lemma 1.4]. Let X be a uniformly convex Banach space and B, = {x € X : ||x]} €7 =

there exists a continuous, strictly increasing, and convex function g : [0,20) — [0,00), g(0)= 0 st
ax + By + vz < Allxlf” + BVl + vllzl ~ 288(lx ~ »1)

Jorall x,y,z€ B, and all 2,8,y €{0,1] withA+f+y=1.

Lemma 1.5 (6, Lemma 1.4]. Let X be a uniformly convex Banach space and B,= {x € X : ||x|| < rl.»

there exists a continuous, strictly increasing, and convex function g :[0,20) — [0, 00), g(0) = 0 suct
floox + By + uz + Awl® < il + ByI® + szl + Afwli® - eBe(lix - yi)

forall x,y.z,w € B,, and all 0, B, 1, € [0,1) witha+ B +pu+2=1

2. Main results

In this section, we prove strong convergence theorems for the modified Noor iterations with
asymptotically nonexpansive mapping in the intermediate sense in a uniformly convex Banach spaoe
to prove our main results, the following lemmas are needed.

The next lemma is crucial for proving the main theorems.

Lemma 2.1. Let X be a uniformly convex Bunach space, and let C be a nonempty bounded closec =
subset of X. Let T: C — C be an usymptotically nonexpansive mapping in the intermediate sense. Fu
G, = sup{iT"x = T"yl ~ lx = yll) VO, Vn 21,
xyeC
50 that 320 G, < 00, Let {an}, {ba}, {¢a}s {0}, {Bads (¥}, {1a) and {2,) be real sequences in [0.7 w
Ayt Yoy bp ¥ ot pyand o, + Bu+ Ay are in [0,1) foralln > 1, and 3009, < 90,9 ooty < 0, 0
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s Fet {u,,), {va) and {w,) be bounded sequences in C For a given xy € C, let {x,}, {y,} and {z,} be the se-
wemces defined as in (1.1).

W If p e AT then lim,_||x, — pl exists.
21 If 0 < liminf,_ o, < limsup, .o (a, + B, + 1,) < 1, then lim,_ Ty, —x,||= 0
= If 0 < liminf, _ ., and 0 <liminf,_.,.b, < imsup,_..o(b, + ¢, + p,) < 1, then lim,_ ||T"z, — x,|| = 0
w1 If 0 <liminf, _.ob, < limsup,_..o(b, + ¢, + 1t,) < 1 and 0 <liminf,_ o, < imsup,__(a, + f, + 4,) < 1,
then lim,_.||T"x, — x,|l =0

Fwmel. (1) By [I3)F(T) # 0. Let p € A(T). Since {G,}, {u,}, {v,} and {w,} are bounded sequences in C, we put
M = sup G, Vsup llun — Pl VSUP floa — Pl Vsup lbwa — bl

nzl nxl

Foreach n > 1, we note that

fiza — pll = llanT"xn + (1 — @n ~ y,)%0 + V00w — 2l

< (1 —ap — y,)lxn = pll + aull T"xn = pll + yallun — pll
< anllxy — plf + anGu + (1 = an — y,)l1xn — Pl + vallun — £l
<

llx, — pll + Ga + My,, (2.1)
[, = pll = 16aT 20 + cuT"xn 4 (1 = by — Ca — 12)%n + p1,00 — p| '
< (I = b = cn = pt)llxa = pll + bal{ T2 = p|
+eall T"x — Pl + tallva = pll
S (= by = cu = p)lxn = Pl + balliza — pll + G
+ calllxn = pll + Gal + pallva — |
(1 = ba — cn = p)llxn = £l + bal(ln = Pl + Go + My,) + G
+calllxn — pll + Ga] + M,
< lxn = pll + 3G, + My, + Mp,. (2.2)
Zurt = DIl = 0Ty + B, 7720 + (1 — 00 = f, — Aa)xn + Aawa — pl|
(I =ay = B, = A)llxn — pll + 2N T"y, - pli
+ BT 20 — pll + Aullwa — pll
< (I =ty = B, = Aa)llxa — plt + au(lly, — Pl + Gl
+ B lza — 2l + Ga] + Aallwa — |
(I ~an = B, = Za)llxn = Pl
+ oa[ll(flxa — pll + 3G, + My, + Mp,) + G,
+ B, lUlxn — pll + Ga + My,) + Go} + M,
< Wn = pll + 6G, + My, + My, + M2, (2.3)

S T2 G, <00, Yo 7. <06, Yoo iy <o, and 37,4, < oc, it follows from Lemma 1.1 that lim, .

.~ ol exists.
: By[13}, T has a fixed point p € C. Choose a number r > 0 such that C C B, and C — C C B,. By Lemma
& there is a continuous, strictly increasing, and convex function g; : [0,00) — [0, 00), £1(0) = 0 such that
ix+ By + yzll* < Al + Byl + vhall” — 2Bg(1lx = pl) (2.4)

w2l x,y,z€B,,and all 1,f,7€[0,1jwithi+f+y=1.
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[t follows from (2.4) that
e = pIP = §auT"x, + (1 = @y = 3,)% + 74100 — plI’
= lan(T"x0 = p) + (1 = @y = 7,) (% = p) + y,(ta = P’
< aullT"%, = pli* + (1 = ag = v )lta = PO + vullte — pIP = au(l = a0 = 3,8, (17" = 28
< alllxn = pll + Gal + (1 = ay = y)llxe =PI + vullt = pII* = au(1 = a0 = 7,)8, 0T~
= a,flbs = plf* + 2Gullxa = pll + G2 + (1 = an =y )% — pI* + y,llta — pII?
~a,(1 = a, = 7,)8, (1T"x, — xalf)
< otw =PI + 2Gullxa — pll + G2 + My, — a1 — @, = 3,)8, (1 T"%0 = x, ). a
By Lemma 1.5, there exists a continuous strictly increasing convex function g;:[0,00) — [0, 2c s
such that
floox + By + puz + 2wlf? < alfxll® + Bl + pllzll® + Alwll® = ag(llx — yl) 1
for all x,y,z,w € B,, and all o,f,u,A €[0,1]with a + 8+ u+ 2= 1. It follows from (2.6) that
Wy = AI* = 116aT 20 + caT"50 + (1= by = € = )5 + tate = plf°
= bu(T"20 = p) + (1 = ba — €4 = 1, )(&n = P) + Ca(T"%0 = p) + (00 — P)If?
S = by = o = m)llxa = Pl + 6allT"20 = pl* + el T, = pIf°
+ plloy = PP = ba(1 ~ by — cu = 1,)82(T"20 — xall)
< (1= by = &5 = m)llka = P + balllzn = pll + Gal* + calllxn = pll + Gol” + pollos — 2
~ ba(l = by — ¢ — 11,)8(1 T"20 — xall)
= (1= by = ¢4 = m)lxn = plI* + bulllze — Pl + 2Gullza — plf + G2}
+ eallln = P + 2Gallxa = pll + G2} + mlfon — pli®
= ba(l = by — €0 — 1,8 (1720 — xal])
(U= by = ¢n = p)lxn = pI* + Bal(llxa = pI* +2G,lixa — plf + G2 + M?y,)
+2G,(llxa — pll + Go + My,) + G2 + culllxa — pli* + 2Gollx, — plf + G2 + M2,
— ball = ba = €0 = )8 (7720 ~ x,]1)
< lxw = pli* + 6Gullx, — pll + 5G2 + M*(y, + 1,) + 2MG,,
~b,(1 = by — ca — p1,)82 (I T"20 — X411,
and
Wnes =PI = Hota T"%n + B, T2y + (1 = g = B, = A% + Ay — plI°
= llotw(T"xn = p) + (1 = 0ty — B = 2)(%n = ) + B(T"2, = p) + L — P)II°
(U= an = B, = 2)lixa = plI* + &l 7"y, = I + BTz, — P
+ Aallwn = plI? = an(l = ota = B, — 2a)&2(NT"y, — xal1)
< (=0 = Bo = 20l — pl
+ 0u{fly, = Pl + Gl + Bolllza — pll + Gl + Aallwa = plI?
~ (1 = &ty = B, = 2)&: (17", — %)
= (1= oy = By = Ia)llxa — pI* + aallly, = I + 2G|y — pll + G)
+ Bulllza — PII* + 2Gallzs — pll + G2 + Aaflws — plI*
= on(l = 0ty = B, = A& (I T"y, — xall)
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< (= an = By = &)z — pIf?
+ an[(xn = PI? + 6Gallxa = pll + 5G? + M2(3, + ) + 2MG,,)
+2G,(llxn — pll + 3G, + My, + Mp,) + G|
+ Bul(lxn = pI* + 2G,llxa = pll + G + M?y,)
+2G,([lxn = pll + Gn + My,) + G2} + M?4,
= an(l = oy = B, — A)&>(IT"y, — xall)

< lbxa = plI? + 12Gafix, — pli + 16G, + M*(23, + ) + 8MG,
— (1 = an = B, = ¥2)82(IT"y, = xall), (2.8)

s imply that
(1= oy = B, = DgaUIT"y, = 2%all) < lxa = plI* = ner = plI* + 12LG, + 16G2 + M?(2y, + p,) + 8MG,,
(2.9)

s
2.5, (1 = by — cu = 1,)8:(IT"20 = xall) < %0 = PI* = Xnar — pI* + 12LG, + 16G2 + M?(2y, + p,) + 8MG,,
(2.10)

e L=sup{||x, —p|l:n = 1}
U0 <liminf, _a, < limsup,_..(a, + .+ 4,) <1, then there exist a positive integer 7y and 1,1’ € (0,1)
s that

l<n<a,and a, +f,+74 <4 <1 foralln > ng.

s mmplies by (2.9) that

< lxw = PP = Mt = plI* + 12LG, + 16G2 + M2(2y, + 1,) + 8MG,
< M = P = xnar = pI + 12LG, + 16MG, + M*(2y, + 1,) + 8MG,
< xa = PU* = lxner = pI° + 12KG, + SKG, + M*(2y, + 1) + 8KG,
= [lxn = pI* = llxasr — pI* + 17KG, + M*(2y, + p,), (2.11)

i = 1) (17720 = xall)

e K =max{M, L}, for all n = ny. It follows from (2.11) that for m = n,

- 1 m m
LTz =l < (Z(llxn — Bl =l — plP) + 3 (17KG, + 223, +u")))
=ay n=ny n=ny

<n—(,‘—)<nxm, PP+ 17K 3G, + M2 Z(znm)) (2.12)

n=ny n=n,

221G,y < oc. Let m — oc in inequality (2.12) we get that 322 ¢,(IIT"2z, — x,]I) < oo, and therefore
[ T"z, — x4]]) = 0. Since g is strictly increasing and continuous at 0 with g(0) = 0, it follows that
Tz, — x,]| = 0.

o T 0<liminf,_,a, and 0 <liminf,_ b, < limsup,_..(b, + ¢; + u,) < 1, then by the using a similar
together with inequality (2.10), it can be shown that

=T, - 5l = 0.

o U0<liminf,_ b, < limsup,_ (b, + ¢, + p,) <1and 0 <liminf,_  a, <limsup,_.(e, + f,+ 4,) <1,
= (1) and (iii) we have

i7"z, — x| =0 and lim |T"y, — x,|| = 0. (2.13)
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From y,=(1 = b, — ¢, — p)x, + b, Tz, + ¢, T"x, + pa0,, we have
Wyw = 2all = 11 = b = €0 = 12)%0 + baT 24 + €aT X + Htyn — Xal|
= |6,(T"z, — x,) + CaT" (x5 — x4) + 18, (2 — xa)|l
S ballT"zn — Xl + call T"xw = 2all + 41, llxn = oall-

Thus
07"x0 = xall = (T"%0 = Ty, + Ty, — xall S WT"%0 = T, + W77y, — 24|
< xa = yull + Gu + IT"y, ~ x4l
< bn”T"Zn _xnn + c,,nT"x,, - x,,|| + I‘n"xu - Un" + G, + "T"y,, ’"‘xn”v
and so

(1 - c,,)”T"x,, - xn" < b,,"T"z,, - xn" + /,l"“x,, - U,,” + Gn + “T"yn - xn”'
Since limsup,_..c, < 1, it follows from (2.13) and }__,G, < oc that

lim ||[7"x, — x,]| =0. = O

n—oc
Theorem 2.2. Let X be a uniformly convex Banach space, and let C be a nonempty bounded closed
subset of X. Let T be a completely continuous asymptotically nonexpansive in the intermediate sense

Go=sup(iT"x =Tyl = lx - ») VO Vn =1,

xyeC

50 that Y02 G, < 0. Let {an}, {ba}, {ca), {on}, {Ba). {7n}, {1t} and {R,} be real sequences in [0.1}
Ayt Yoo byt €yt pyand o, + B, + Ay are in (0,1] foralln = 1, and 3 0 7, < 90,3 o ity < OC,

and let {u,}, {v,} and {w,} be bounded sequences in C. For a given x| € C, let {x,}, {y,} and =
sequences defined as in (1.1) and

(1) 0 <liminf,_ o, < limsup, _..(o, + 8, + 2,) <1 and
(ii) 0 <liminf,_ b, < limsup,_..(b, + ¢, + ) < 1.

Then {x,}, {y,} and {z,} converge strongly to a fixed point of T.

Proof. By Lemma 2.1, we have
lim ”T" n _xﬂ” = 01
n—nc
lim ||T"z, - x,]| = 0,
n—2%
lim {7"x, — x,J| = 0.
=30
It follows from (2.14) that lim, .|y, — x| =0.
From x4y =(1 — o, — B, ~ 2)xn + 0, Ty, + B, Tz, + 2,w,, We have
enst = xall = ”(] ~ 0y = B, = An)Xn + Ty, + B, T2, + Zawy ~ Xl
< @l Ty, = Xall + Bl 720 — 2|l + 2nliwn — xall — 0.
And
Pnsr = Txnirll < Wxasr = Xall + 1770000 = T, || + | 7700 — x|
. < "xn+‘ - xn“ + “xn+| - xn“ + Gn + ||T"x,, - x"" — 0.
Since
”xn+l - TX,H_[H < “xn+| - T"+‘xn+|" + ”Txn+| - T"+lxn+l"

and by uniform continuity of 7 and lim,_.||7"x, — x.|| =0, it follows that lim,_|lx, — Tx,/ =
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S=ce T is completely continuous and {x,} € C is bounded, thcre exists a subsequence {x,, } of {x,} such
{Tx,,‘} converges. Therefore from lim,_}jx, = Tx,|| = {x,.‘} converges. Let limy_x, =p. By
wmuity of T and lim, _||x, —Tx,|| =0, we have that Tp = p, so p is a fixed point of 7. By Lemma 2.1 (i),

llx, — pll exists. But limy—.}jx,, — pl| = 0. Thus lim,_||x, — pll = 0. Since ||y, — x4|| = 0 as n — 20,

2o = Xull = |@aT"0 + (1 = @0 — 7,050 + Valtn — Xal| < | T"x0 = X4l + 7]l — x,]] = 0 as n — oo,

's that tim, .y, =p and lim,_z,=p. O
~=om Theorem 2.2, we have the following results.
2.3 [6, Theorem 2.3). Let X be a uniformly convex Banach space, and C a nonempty bounded, closed
womvex subset of X. Let T be a completely continuous asymptotically nonexpansive self-map of C with {k,}
mg k, > 1and 30 (ko — 1) < oo, Let {ap}, {bal. {cals {and, Ba}, {va}, {nta} and {2} be sequences of

sumbers in (0,1] with b, + ¢, + 1, €(0,1] and a, + B, + A, €{0,1] for all n 2 1, and 372y, < 00,
2, <00, Y00 Ay < 00 and

D <liminf,_oob, < imsup,_.o(b, + ¢, + 1) < 1, and
o 0 < lhiminf,_ 0, < limsup, (o, + .+ 2,) < L.

o x.), {ya) and {z,} be the sequences defined by the modified Noor iterations with errors (1.1). Then {x,},
wnd [z} converge strongly to a fixed point of T.

2.4 (5, Theorem 2.3]. Let X be a uniformly convex Banuch space, and C a nonempty bounded, closed
womsex subset of X. Let T be a completely continuous asymptotically nonexpansive self-map of C with {k,}
mek, > Land 37 (ko — 1) < 00. Let {an}, {b,}, {ca), {aa}, {B,) be sequences of real numbers in [0, 1)

L=, e[0,1) and o, + B, € 10,1} foralln = 1, and

0 < liminf,_oob, < limsup, (b, + ¢,) <1, and
0 < himinf, L oa, < limsup, oo, + f.) < L
o), ) and {z,) be the sequences defined by the three-step iterative scheme (1.2). Then {x,}, {y,} and
wmverge strongly to a fixed point of T.
Ser ¢, =

B, =0 in Theorem 2.2, we obtain the following result.

v 2.5 (3, Theorem 2.1). Let X be a uniformly convex Banach space, and let C be a bounded, closed and
mbset of X. Let T be u completely continuous asymptotically nonexpansive self-map of C with {k,}
k.2 land 300 (ko — 1) < oc. Let {a,}, {bn}, {a,) be real sequences in {0,1] satisfying

D < hminf,_oob, < limsup,_..b, <1, and
© < hminf, oot < limsup, o0, < L

= = given x, € C, define

= =a,T"x, + (1 — a,)xn,
o =b.T"2,+ (1 = b,)x,, n =1,
e =, Ty, + (1 —a,)x

o), {ya) and {z,} converge strongly to u fixed point of T.

W= g, =c¢, = f,=0 in Theorem 2.2, we can obtain Ishikawa-type convergence result.
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Corollary 2.6. Let X be a uniformly convex Banach space, and let C be a bounded, closed and conves .- -+ .
Let T be a completely continuous asymptotically nonexpansive self-map of C with {k,} satisfyirz . -
Soo2 (k= 1) < co. Let {b,}, {o,} be a real sequence in [0,1] satisfying

(1) 0 <liminf,_,b, < limsup,_...b, <1, and
(1) 0 < liminf,_ &, < limsup,__ca, < 1.

For a given x, € C, define

Yo =0,z + (1 — bp)xs,
Yo =0Ty, + (1 — oy )x,, n =1
Then {x,} and {y,} converge strongly to aﬁxeil point of T.

In the next result, we prove weak convergence of the modified Noor iterations with errors 27 =~ =
cally nonexpansive mapping in a uniformly convex Banach space satisfying Opial’s condition.

Theorem 2.7. Let X be a uniformly convex Banach space which satisfies Opial's condition. - o
nonempty bounded, closed and convex subset of X. Let T be an asymptotically nonexpansive in 152 - ~m-umm
sense. Put

Gy = sup({[T"x = T"y[| =[x = y[l) VO, Vn =1,

xveC

so that z:ilG,, < oc. For a given x, € C, let {x,}, {ya} and {z,} be the sequences defined as in . ..

(1) 0 <liminf,_ o0, < limsup, _oo(ot, + f, + 4,) < 1 and
(i1} 0 <liminf, o6, < limsup,_o(b, + ¢u + ) < 1.

Then {x,} converges weakly to a fixed point of T.

Proof. It follows from Theorem 2.2 that lim,_..||Tx, — x,|| = 0. Since X is uniformly convax :-.

-
e

bounded, we may assume that x, — u weakly as n — oo, without loss of generality. By Lemmz = . w i
u € F(T). Suppose that subsequences {x,, } and {x,, } of {x,} converge weakly to u and v, respz: . g
Lemma 1.2, u,v € F(T). By Lemma 2.1 (i), lim,_||x, — u|l and lim,_[[x, — v]| exist. It follows ©--— oy

1.3 that u = v. Therefore {x,} converges weakly to a fixed point of 7. [

From Theorem 2.7, we have the following results.

Corollary 2.8 [6, Theorem 2.8]. Let X be a uniformly convex Banach space which satisfies Opial's : = ..
C a nonempty closed, bounded and convex subset of X. Let T be an asymptotically nonexpansive -z -mp
with {k,} satisfying k, > 1 and 3 (k. — 1) < oo. Let {a,), {ba}, {¢a), {0ta)s {Bn)s {ttn)s {20} 22 o ovmmmn
real numbers in [0,1] with a, + y,,b, + ¢, + u, and o, + .+ 2, are in (0,1] for all n = land "

Xy < 00, 320, < o0 and

(1) 0 <liminf,- b, < limsup,_...(b, + ¢, + p.) < 1, and
(1)) 0 <liminf,_ o0, < limsup, ..(e, + f, + 2,) < L.

Let {x,} be the sequence defined by modified Noor iterations with errors (1.1). Then {x,} con::-:
a fixed point of T.

Corollary 2.9 {5, Theorem 2.3). Let X be a uniformly convex Banach space which satisfies Opial': . -
C a nonempty bounded, closed and convex subset of X. Let T be an asymptotically nonexpansi:: :
with {k,} satisfying k, > Vand 372 (k, — 1) < oo. Let {a,}, {ba}, {ca), {an}, {Bn} be sequences -
in[0,1] withb, +c,€[0,1] and a, + B, € [0,1] for all n = 1, and
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< hminf, b, < limsup, _..(b, + ¢,) < |, and
< liminf, o0, < limsup,_o(a, + B,) < L.

(5. be the sequence defined by three-step iterative scheme (1.2). Then {x,} converges weakly to a fixed
o T

¢n=f, =0 in Theorem 2.7, we obtain the following result.

2.10. Let X be a uniformly convex Banach space which satisfies Opial's condition, and C a nonempty

closed and convex subset of X. Let T be an asymptotically nonexpansive self-map of C with {k,)
E, 2 Land "2 (k. — 1) < oc. Let {as), {ba), {0} be sequences of real numbers in [0,1] and

< hminf,_ b, <limsup,__...b, <1, and
< Iminf,_ .0, < limsup,_ ., < L.

w.). W) and {z,} be the sequences defined by

= =a,T"x, + (1 — a,)x,.

=0Tz, + (1 = by)xs, n 21,

e =4Iy, + (1~ a)xs

.| converges weakly to a fixed point of T.

=, =c¢, = f,=0in Theorcm 2.7, we obtain Ishikawa-type weak convergence theorem as follows:

211. Let X be a uniformly convex Banach space which satisfies Opial’s condition, and C a nonempty
closed and convex subset of X. Let T be an asymptotically nonexpansive self-map of C with {k,}
k.2 land 322 (k. — 1) < oc. Let {b,}, {a,} be sequences of real numbers in {0, 1] such that

< Iminf,_oob, < limsup,_.oob. < 1, and
< Iminf, oo, < limsup,_ o, < 1.

= and {y,} be the sequences defined by
0, =0T, + (1 = by)xa,
e =0,y (L ~)xs, n 2 L

converges weakly to a fixed point of T.
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space X, a function p : X — [0, co] is called a modular if it satisfies the following conditions:

= = 0 whenever p(Ax) = 0 for any A > 0;
| for all scalar @ with || = 1;
< ox)+p(y),forallx,y € Xandalla, 8 > Owitha + 8 = 1.

by
<wop(x)+ Bp(y), forallx,y € Xandalle, > O witha + 8 = |,

# is called convex modular. Moreover, for arbitrary x € X we define

2020 2) <o)

2 by the definition.
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For any modular p on X, the space
Xp,={xeX:p(x) > 0asr > 0%},
is called the modular space. If p is a convex modular, the functional
lxl, _—=inf{k > o:p(j{) < 1] :

is a norm on X,, which is called the Luxemburg norm (see [35]). A modular p is called right-continuoss
continuous) [continuous] if lim,_, 4+ p(Ax) = p(x) forall x € X, (lim;_, ;- p(Ax) = p(x) forall x € X,) [
right- and left-continuous].

Remark 1.1. If p is a convex modular and p{A,x) < oo for some x € X, and A, > O, then p is right
at Ax for any A € [0, A,) and left-continuous at Ax for any A € (0, A,). Indeed, this follows from the fac:
function f(z) = p(tx) is convex on R* and has finite values on the interval [0, A,] so it is a continuous
[0, A,].

A triple (T, ¥, 1) stands for a nonatomic, positive, complete and o-finite measure space, while Lt =
denotes the space of all (equivalence classes of) o -measurable functions x : T — R. In what follows we will |
measurable functions which differ only on a set of measure zero. For x,y € L0, we write x < yif x(t) < ¢
u-ae. t € T and the notion x < y is used for x < y and x s y. Moreover, for any x € L%, we denote b
absolute value of x, i.e. |x|(t) = |x(¢)| for p-ae.t € T.

By E we denote a Kdthe space over the measure space (T, X, u), ie. E C LY which satisfies the
conditions:

(ifxeE,ye L0 and iyl < ix|for p-ae.theny € £ and ||yllg < x|,
(ii) there exists a function x in E which is strictly positive on the whole T.

Afunction ¢ : T xR — [0, co) is said to be a Musielak—Orlicz function if ¢(¢, -) is a nonzero function. &
at zero, it is convex and even for p-a.e. tr € T and ¢(:, u) as well as qo_l(-, u) are X-measurable functions
u € RT, where qo" (¢, -) is the generalized inverse function of ¢ (¢, -) defined on [0, o0) by

(o_l(t,u) =inflv > 0: ¢(s, v) > u}
foreacht € T (see [35]). For Musielak—Orlicz function ¢ we define a measurable function with respectto s =
a(t) = supf{u > 0 : ¢(t, u) =0},
see [6, page 175).
Remark 1.2. Let ¢ : T x R — [0, 00) be a Musielak-Orlicz function. Then

(i) ¢~'(z, -) vanishes only at zero;
(i) o(t, 0~ 1(t, u)) = u for all u € [0, o) and

0, ifuel0,a(®)],
u, ifu € (a(t),oo);

o, 0@t 0) = {

forpu-ae.t €T,

Given any Musielak-Orlicz function ¢, we define on L° a convex modular 2y by

_Jleoxlg ifgoxekE,
Qplx) = {oo otherwise;

and the generalized Calderén—Lozanovskii space is defined by
E,={xe¢ LO:gooAx ¢ E for some A > 0}.

Then E, = (E,, || - li,) becomes a normed space, where || - ||, denotes for the Luxemburg norm induced by

[4,9)).
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mwestigations of generalized Calderén—Lozanovskil space we refer to {8-10,27].

when ¢ is an Orlicz function, i.e. there is a set A € X' with u(A) = 0 such that ¢(ty, -) = ¢(#2, -) for all
& these Calder6n-Lozanovskil spaces were investigated in [3,4,30] and the investigations were continued
13.11.15,17,20,26,28,29,32-34,36,37].

& Musielak—Orlicz function ¢ satisfies the condition AZE if there exist a set A € ¥ with u(A) = 0, a
= 0 and a nonnegative function h € E such that the inequality

W < Ko(t,u) +h(t)
=T\ Aandu € R (see [35] when E = L! and [9] in general).

5. Lemma 5]). The property that x|, = 1 if and only if g,(x) = | holds true for any x € E, if and
AL

19, Lemma 1]). For any Musielak—Orlicz function ¢ the inequality
=)l >, u) + e, a(t) +v)

teTandanyu > a(t),v > 0.
8 Corollary 7]). If ¢ € AL then u({t € T : a(t) > 0}) = 0.

8. E)and ET(= {x € E : x > 0)) we denote the unit sphere, the closed unit ball and the positive cone
space E. Forany x € E, definesuppx = {t € T : x(t) # 0}.

= = E™ is called a point of upper monotonicity (UM-point for short) if for every y € E* \ {0} we have
~ s — vlg. Apoint x € ET \ {0} is called a point of lower monetonicity (LM-point for short) if for every
_suchthat y < x, we have ||x — y||g < |lx|| £. If every point of S(E ™) is a UM-point (or an LM-point),
@ the space E is strictly monotone. It is easy to see that x € E* \ {0} in any Ko6the space E is a
-point) if and only if x /||x|| is a UM-point (LM-point). Therefore, it is enough to formulate the criteria
sty for points in S(EY) only.

= = S(E) is said to be an extreme point of B(E) (x € ext B(E) for short) if for any y, z € B(E) such
+ — z we have y = z. If any point of S(E) is an extreme point of B(E), we say that the space E is rotund

= S(E) is called a strong U-point (SU -point for short) of B(E) if for any y € S(E) with ||x + y||lg = 2,
= »_Itis obvious that a Banach space E is rotund if and only if any x € S(E) is an SU-point, but the
extreme point and an SU -point are different (see [7]).

L=own that rotundity properties of Banach spaces have applications in various branches of mathematics,
=2 point Theory, Approximation Theory, Ergodic Theory, and many others. Moreover, if the focus of the
=h lattices, then there are strong relationships between rotundity properties and monotonicity properties
16.18,21,24,25]). Specially, in [17,20] the local rotundity and local monotonicity structures of a certain
mamely Calderén-Lozanovskii spaces, were studied. The results of our paper will be a generalization
=xcellent papers [17,20] by considering Orlicz function with parameter called Musielak—Orlicz function
ez function. Of course, some ideas from those papers are also applied in our paper. However, because
properties among functions, in many parts of the proofs of our results new methods and techniques are

that if E has the Fatou property, i.e. for any x € L% and (xn)o2, in E such that 0 < x, /7 x u-
Ix.lg < 0o we have that x € E and |Ix[[g = limye0 lxpll£ (see [1,23,31)), then E, also has this
i moreover, the modular g, is left-continuous (see {9, Theorem 12]). Consequently, E, is a Banach space.
‘whole paper we will assume that E is a Kothe space with the Fatou property. Moreover, we will denote
=g, x(t))foreacht € T.

= is organized as follows. In Section 2 we give some basic auxiliary results of general modular space and
3 is devoted to the strictly monotone points of E,. We study rotundity points of E, in Section 4. Finally,

we give a characterization of rotundity structure in E,.
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2. Auxiliary lemmas

We start by proving some facts in any modular space.

Lemma 2.1. Let X, be a modular space generated by a convex modular p and x,y € B(X,). If E(x) < |
E(59) <.

Proof. Since £(x) < 1, we take a real number a € (£(x), 1) and put ¢ = —;;—g Then ¢ > Q0 and ‘H’{)—a - 1—;’—‘

Thus,
+y 14+¢ 1+¢
o(ara(52) = (S5 ar50)

_ ((1+e)a_§+1+s, )
=f 2 a 2 Y
<(1+£)(Z
- 2

p (x) + ]—Jzi—p(y) < 00,

which implies that £ (£$2) < 1. This completes the proof. [

Lemma 2.2. Let X, be the modular space generated by a convex modular p and x € B (X o) be such that &is°
If y is any element in B (X ,) satisfying | =52 |, = 1. then p () =1.

Proof. By £(x) < 1 and Lemma 2.1, we have £ (—’—'t-’—') < l.Putf = [0 ) and define a function f : =

el s
T
by f(t) = p(t*}2). Then f is a convex function and has finite values on 7, which imply that f is a
function on /. Assuming that p (X32) < 1, there exists a > 1 such that p (A*}*) < 1 whence ﬁ—-—zﬂp <-

contradiction. 0O

We close this section by giving a basic result on the generalized Calderén-Lozanovskii space as follows:

Lemma 2.3. For any x € E, and any measurable partition {T;}]_, of T we have,

§x) = max {f(xxn)l

Proof. Put o = max)<;j<{&(xx7;)}, then it is obvious that @ < E(x). We now show that the converss
holds. If not, then a real number B € (&, £(x)) can be found and consequently,

o)~ p G~ [ Gl <+ (o),

i=1
which contradicts the definition of the number £(x). O

ZQ«:( xr.)

3. Points of monotonicity in E,

In this section, we give some criteria for upper and lower monotonicity points in E,.

Theorem 3.1. A point x € S(E}) is upper monotone if and only if

(@) gp(x) =1;
() p(ft €T :x(t) <a@®)) =0;
(iii) ¢ o x is an upper monotone point of E.
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= condition (i) does not hold, then g,(x) =: r < 1. Let D be a subset of A such that ;£(D) > 0 and
2 monnegative measurable function defined by

1—r
(" mnm) Xp¢).

o which implies ¢ o u € E, and moreover,

- I
- X =1—-r.

Teole Ple
=xist a real number A > 0 and a measurable function y > @ with supp y = D satisfying
Wi <t x(D) + ot u(r)), y@)=2i

* Om the other hand, an ascending sequence (7,);2,; such that | J, 7, = T and sup,er, ¢(t,u) < 0o
! u = RT can be found (see {22]), which allows us to obtain a nonnegative real number d) such

i):teD).

+ < d; xp which implies that y € E,. Moreover,
=lvoxxnp+eox+yxplle <llgoxxnp+¢oxxp+eoule
=lvoxtooullg <|llpoxllg+llpoulg=r+1-r)=1.

= Ix + yllp < 1 and therefore, x is not an upper monotone point.
-~ is not satisfied. Then theset A = {t € T : x(¢) < a(t)) has a positive measure. Let us define
(1) forallt € T. We see that y € E \ {0} and

=lgo(x+ e = llpoxxma+¢ox+xsle
= |lgoxxma+yoax,le
= lpoxxmalle < 0p(x) £ 1.

0. < L.But, since y € E} \ (0] the fact that |lx + yll, > llx[l, = 1 is always true, we obtain
Thes means that x is not an upper monotone point.

the necessity of condition (iii). Let us assume that x € § (E;;‘ ) is an upper monotone point. Since
W ) has been proved, we may assume that ¢ o x € §(E) and suppose that condition (iii) is not satisfied,
+ £ ET\ (0) such that |jp o x + y|lg = 1. Let us define z € E;' \ {0} by z(t) = ¢~ 1(z, ¥(1)) for all
exists a nonnegative measurable function & such that supp k& C supp z and

B <@, x(t)+o@,z(t), h(@) <A
ke E,and
=lgo(x+hle <llpox+gozlig =llpox+yllg =1,

Ix + hll, = 1. This contradicts the upper monotonicity of x and the proof is completed.
ety e S(E.‘;' ) and assume that conditions (i)-(iii) are satisfied. Let y € E™ \ {0} be given. In view of
jon (ii) gives

= 3(0) = o1, x(1)) + (¢, alt) + y(1))

- T Since u({t € T : @(t,a(t) + y(t)) > 0}) > 0 and ¢ o x is an upper monotone point in E, we have
i=ligex+ ez llpox+gola+ e > lleoxlle =gp(x) =1,

> 1. This completes the proof. [

A point x € S(E[) is a lower monotone point if and only if
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(i) u({r e suppx : x(t) <a(®))) =0;
(iii) ¢ o x is a lower monotone point of E.

Proof. Necessity. Let x € S(E™) be a lower monotone point. Suppose that condition (i) is not satisfied, i.e. E(x) = =
Take A, B € X, both of positive measure, such that AN B = @ and A U B = supp x. Thus by Lemma 27 s
obtain £(xx,) = 1 or E(xxp) = 1. Without loss of generality we may assume that £(xx,) = 1, and it woslt &
§(x —xxB) =E(xx,) = 1. This implies llx — xxgll, > 1, a contradiction.

If condition (ii) does not hold, then the set A = {r € suppx : x(¢) < a(r)] has positive measure. By (i, 4
necessity of which has been already proved, we have £(x) < 1, and consequently g,(x) = 1 by Lemma 2.2. Desie
y(t) = x(t)x, (1), then we have 0 < y < x, and

2o(x =) =llpoxxnalie =llgoxlle =gp(x) = 1.
This implies that ||lx — y||, = 1, a contradiction.
Now we will show that condition (iii) holds. By (i), we have gox € S(E). Letustake y € Esuchthat0 < y <

and choose a measurable function z suchthat 0 < z < x withgox —y < ¢ o (x — z). Since x is a lower
point, we have

loox—ylle <llpo(x — e =0p(x —2) < {lx —zlly < 1.

This shows that ¢ o x is then a lower monotone point of E.

Sufficiency. Let x € S(E}), y € E* \ {0} be such that y < x and conditions (i)—(iii) are satisfied. Obviousiy.
y C supp x which together with condition (ii) imply that forz = gox —go(x —y) wehavez > 0. M
condition (i), we have g,(x) = 1. Since ¢ o x is a lower monotone point of E and z < ¢ o x, 50

Qp(x =) =llpo(x — Ve =llgox —zllg < lp oxllg =0p(x) = 1.

Using Eq. (3.1) together with £(x — y) < I (by condition (i)) and the continuity of g, in light of Lemma 2.2,
lix — ylly < 1. This completes the proof. [

4. Points of rotundity in E,

We will study the points of rotundity, such as extreme point and SU-point in this Section. We begin
following definition:

A point x € S(EY) is said to be an extreme point of B(E1) (x € extB(E™) for short) if for any x, y
suchthat x = (y + 2)/2, we have y = z = x.

Lemma 4.1 ({17, Lemma 4]). In any Kéthe space E,x € S(E) is an extreme point of B(E) if and only &
UM-point of E and |x] € ext B(EY).

Theorem 4.2. A point x € S(E,) is an extreme point of B(Ey) if and only if

(1) gp(x) = 1;
(i) pu(fr €T x()] <a@®) =0;
(iii) ¢ o |x| is a UM-point;
(iv) if u, v € S(F) satisfy “er" = ¢ o |x| then either

y+z
2

where y(1) = =1 (1, lu(0)]), 2(t) = @~ '@, lv(®)]) forallt € T.

Proof. Sufficiency. Assume that conditions (i)—(iv) are satisfied. Let x € S(E,) and y,z € B(E,) be
2x =y + z. We shall show that y = z. First, we will show that

1
u=v or goo( )<§(gooy+gooz),

Iyl + 1z|
2

ly +zi
2

1
golxl(t) =¢o (t)=¢o[ }(t)=5[¢°lyl(t)+¢olzl(t)]
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» .. - Note that, we always have
ly +z vyl + lz| 1
oo 2y <o [ BN 6 < Do 1) + 0 o l2i0]
2 2 2
. . T letA={teT polxj(t) < %[(p o|yl(t) +¢@olz|(#)]}). If 1£(A) > O then by conditions (i) and (iii)
>

, 1 1
=lgolxllle < z@olyl+ s@olz
2 2 E

1
=3 (golylle +llwolzlle) <1,

sz . . - ~:diction. Consequently, Eq. (4.1) holds.
= = : = T : ¢(t,)isaconvex and even function}. It is clear that u(T \ Cyp) = 0. Next for each
vt v(1) = @I, o, |y())) and 2(1) = ¢l (@(r, |2(1)]))). Using condition (ii) together with
. - :7:of Remark 1.2(ii), we have 3(t) = |y(#)| and 2(t) = |z(¢)] for pu-ae. t € C,. Consequently, by
k. - - odition (iv) we conclude that ¢ o [y|(f) = ¢ o {z|(¢) for pn-ae. t € Cy,. We claim that |y| = |z]. Put

+ (1) # |z](#)} and suppose that u(B) > 0. Thus, since @(¢, -) is an injective function on the set
w . - _ 2 C, we should have

©o<a(t) and |y Alz(0)]| < a(t) 4.2)

ol 2 ... So

1
= slpolyl®) +@olzl(t)] =0

il i T:=hining this equation with Eq. (4.2) and the assumption that 2x = y + z we obtain |x(¢)] < |a(z)| for
M+ -~ .- contradicts condition (ii). Hence, we have the claim. Finally, by condition (ii) and the fact that ¢(z, -)
wm. e - ©_~.2uon on [a(t), oo) for all 7 € Cy, in view of Eq. (4.1), we obtain that [y(¢) + z(¢)] = [y ()| + 1z(t)]
.. - Lhis together with |y(¢){ = |z(#)} for u-a.e. t € T implies that y = z.

i -z v € S(Ey) be an extreme point of B(Ey). By, Lemma 4.1 we obtain that |x| is a UM-point in E,.
M.« "o 2 31 we have x(¢) > a(t) for u-ae. ¢t € T, 0,(x) = 1 and ¢ o x is an upper monotone point of E.
e -:—2:ns only to prove that if x € ext B(E) then condition (iv) holds. If not, there are u, v € S(E) such
_3

+z 1 u(t) +v(t)
w = - and <p0[y2 ](t)=5[<poy(t)+<poz(t)]:——2—=<p0Ix|(t),
.. - . +here y(t), z(t) are defined in condition (iv). Clearly, y, z € S(E,) with y # z. Consequently, [x| ¢
...l - -:... Lemma 4.1 yields that x € ext B(Ey). U

weow ~_ L ocintx € S(ET) s called a strong U-point(an SU-point for short) of B(EY) if for any y € S(EY)
- - . =2 wehavex = y.

— -~ " nage 387)). If apoint x € S(E™) is an SU-point of B(E ™), then x is a LM-point of E and x is an
M B

—z - - = Lemma 7)). A point x € S(E) is an SU-point of B(E) if and only if |x| is an SU -point of B(E™).

Bwwersny -5 . E be a strictly monotone Kothe space and x € S(E,). Then x is an SU-point of B(E,) if and only
il

W oo x| <a®h =0;

. 27 catisfies lu + @ o [x|||[g = 2 then either

.= x| or ¢0(|x|;y> <%(¢olx|+(poy),

e =M, u@)) forallt e T.

114



N. Petrot, 8. Suantai / Nonlinear Analysis 70 (2009) 2206-2215

Proof. Necessity. Assume that x is an SU-point of B(E,). Applying Lemma 4.4, Remark 4.3 and Theorem 3.2
that the remainder is condition (iii). Suppose the converse, that is, there are u € S(E 1) such that |lu + ¢ o |x/}+

uF#golxjlandgo ("‘—';l) = %[(p o x| + ¢ o y], where y(t) is defined as in condition (iii). Then,

2o() =llgoyle = llullg =1,
and consequently,

2=llu+golxile = llpoy+eolxlie
<llgoylie +lgelxlle
< 0p(y) + gp(x) < 2.

o x+y
v 2

g olxl+@oylel

This implies that

& (ixl;y) o

E

— DD | =t DO

g o lxllle + llg oyl E]

E[Q«»(lxl) +o,(M)=1,

SO

E-IZLQH = 1. Since u # ¢ o |x|, we have |[x] # y, which implies that |x| is not an SU-point of B(

Lemma 4.4 finishes the proof of the necessity.
Sufficiency. Let y € S(E,) be such that

”x-l—y” L
2 1y

We shall show that x = y. Combining Eq. (4.3) with condition (i), and applying Lemma 2.2, we get g |

This gives
x+y x+y

1: =
o(57) = Lo (52,

1
< §||¢°x+¢’°)’"E

1
< §[Q¢(x)+gw(y)]

—

whence

lpox+opoylly=2.

Using this equation together with the strict monotonicity of E, the fact g, (332) = 1 and the convexity of
R for all t € C,, where C,, defined as in Theorem 4.2 it is easy to see that

{xi+ iyl o lx{(t) +@olyl®)
velmz )= 2

for p-ae. t € Cyp. Putu(t) = @ oly|(t) foralis € T.Thenu € E* and [lullg = llp o yllg = ge'n
Eq. (4.4). Moreover, by virtue of condition (iii), Eqs. (4.5) and (4.6) imply that ¢ o |x|(t) = ¢ o [yiis.
t € C,. Since u({t € suppx : |x|(t) < a(?)}) = 0 and ¢(¢, -) is an injective function on the interval
u-ae. t € C, we get |x|(t) = |yl(t) for p-ae.t € T. Then |x + y| < [x| + |y| = 2{x|. If |x + y| < |x| =
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1. < 1 (since |x| is an LM-point of E, by Theorem 3.2). This contradicts Eq. (4.3) and proves that
- » Combining this equality with |x| = |y|, wegetx =y. O

E,

“mon we present a result concerning the rotundity structure of E,,.

et £ be a Kothe space and ¢ be a Musielak-Orlicz function. Then E, € (R) if and only if

with u # v then either

1
:'|£<l or (po(x-;—y) <§(q)ox+¢)oy),

=o', u@)) and y(t) = ¢ (t, v(t)) forallt € T.

Suppose on the contrary that E, € (R) and E ¢ (SM). Then an element & € S(ET) which is not a
found. Put x(2) = ¢~ 1(¢, u(2)). Then gy (x) = llp o xlig = |lullg = 1,80 x € S(E,) and hence x €
swer, ¢ o x 1S not a UM-point in E, thus Theorem 4.2 yields a contradiction.

E.2(Rande ¢ Af. By Lemma 1.3, there exists x € S(E,) with g,(x) < 1. By E, € (R), x €
Weorem 4.2 yields a contradiction.

condition (iii) is not satisfied. Then there are u, v € S(E*) with u # v such that ju + v]lg = 2
= Swox+@oy) = "2, where x(t), y(t) are defined in condition (iii). Putting z = X}, we have
= = ext B(E,). Since x € ext B(E,), Theorem 4.2 yields a contradiction.

Let = = S(E,) be arbitrary. We shall show that x € ext B(E,), by proving that conditions (i)-(iv) in
“w sasisfied. First, by ¢ € AZ we have g (x) = 1 and |x(1)| > a(r) for p-ae. t € T by Lemmas 1.3
=ly. Next, ¢ o |x| is a UM-point in E, because E € (SM). Finally, we will show that condition (iv)
& 1 holds. Let u, v € S(E) be such that “—*2'-'5 = ¢ o |x|. By condition (iii) in our assumptions, we get
x b“’ + ¢ 0 2), where ¢ o y = u and ¢ o z = v, which means that condition (iv) from Theorem 4.2 is
our theorem is proved. [

£ = L! then E,={x e L0 fT e, Ax(1))dp < oo forsome A > 0} =: L¥, which is called the
== space. Therefore, a direct consequence of Theorem 5.1, we have the following result.

2 Ler ¢ be a Musielak—Orlicz function and LY be the Musielak—Orlicz space generated by ¢. Then
only if

D) with u # v then

(l;)) < 5(<pox+«>oy),

=M1, u() and y(t) = 971t v(2)) forallt € T.

' £ (SM) and forany u, v € S(L}) we must have ||“f¥|,, = 1, thus, the conclusion of Corollary 5.2
fom Theorem 5.1. This completes the proof. [

Sowmndity properties of Musielak—Orlicz space, L¥, equipped with the Luxemburg norm were given

= in terms of the strict convexity of Musielak—Orlicz function ¢. Since condition (ii) in Corollary 5.2
-} is a strictly convex Musielak—Orlicz function for p-ae. ¢ € T, therefore, Corollary 5.2 gives a result
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L=t H be a real Hilbert space and let C be a nonempty closed convex subset of H. A mapping T of H into itself is called
=pansive if | Tx — Ty}| < ||x —yll for all x, ¥y € H. We denote by F(T) the set of fixed pointsof T (i.e. F{T) = {x € H : Tx =
Coebel and Kirk [ 1) showed that F(T) is always closed convex, and also nonempty provided T has a bounded trajectory.
& bounded linear operator A on H is called strongly positive with coefficient ¥ if there is a constant # > 0 with the

(Ax, x) > 7|Ix]I°.

7Y, be a finite family of nonexpansive mappings with F := f’=  F(Ti) # B. Many authors (see [2-7]) introduced
=uive methods for finding an element of F which is an optimal point for the minimization problem. Forn > N, T, is
=r5tood as T, med vy With the mod function taking valuesin {1, 2, ..., N}. Let u be a fixed element of H. In 2003, Xu (8]
1 that the sequence {x,} generated by

Xnp1 = (1 — €A) Ty 1Xq + €nU
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converges strongly to the solution of the quadratic minimization problem
—
min 5 {Ax, x) — {x, u)
under suitable hypotheses on {€,) and under the additional hypothesis,

F=F(MT...Ty) =F(TyTy...Ty1) = --- = F(T3...TyTy).

In 2000, Moudafi [9] introduced the viscosity approximation method for nonexpansive mappings. Let f be a contraction o
H and xo € H, define a sequence {x,) recursively by

Xnp1 = (1 — o)y +0nf (%7), n >0, (1.1

where {0;] is a sequence in (0, 1). He proved that under the certain appropriate conditions imposed on {0}, the sequenc
{xa) generated by (1.1) strongly converges to the unique solution x* in C of the variational inequality

(=", x—x*)>0, VxecC. (1.2
In 2006, Marino and Xu [10] introduced the following general iterative method:

Xni1 = (| — @nA)Txy +-0n¥f(%z), n =0, (13
where [a,) is a sequence in (0, 1) satisfying the following conditions:
(C1) ay — O;

(Q2) Zgia Qg = 00;

(C3) either 352, |ctnsy — @nl < 00 OF liMp_y 0 %22 = 1.

They proved the following theorem:

Theorem 1.1. Let {x,} be generated by algorithm (1.3) with the sequence {«,} of parameters satisfying conditions (C1)-(C3}
Then {x,} converges strongly to x* where x* is the unique solution of the following variation inequality:

({(A—yHx* x*—2z) <0, VzeF(T).
Equivalently, we have Pery(I — A+ yf)x* = x*.
Let G : C x C — R be a bifunction. The equilibrium problem for G is to determine its equilibrium points, i.e. the set
EP(G) ={x € G:G{x,y) > 0,Vy € C}. (14

Many problems in physics, optimization, and economics are seeking some elements of EP(G), see [11,12], Several iterative
methods have been proposed to solve the equilibrium problem, see, for instance, [4,12-15]. In 2005, Combettes ans
Hirstoaga [12] introduced some iterative schemes of finding the best approximation to the initial data when EP(G) &
nonempty and proved the strong convergence theorem.

Also in [12] Combettes and Hirstoaga, following [11] define S, : H — C by

S,(x):{zeC:G(z,y)+-:—(y—z,z~x)zOVy EC}. {15

They prove that under suitable hypotheses G, S; is single-valued and firmly nonexpansive with F(S,) = EP(G).
In 2007, Takahashi and Takahashi [15] proved the following theorem:
Theorem 1.2. Let C be a nonempty closed convex subset of H. Let G be a bifunction from C x C to R satisfying

(A1) Gx,x) =0Vx € C;
{A2) G is monotone, i.e.G(x,y) + G(y, X) < 0Vx,y € C;
(A3) Wx,y.z €C,

lim G(tz 4+ (1 —06)x,y) <G(x,y).
t—ot

(A4) Vx € C,y — G(x,y) is convex and lower semicontinuous;

and let S be a nonexpansive mapping of C into H such that F(S) () EP(G) # @. Let f be a contraction of H into itself and let [x..
and {u,} be sequences generated by x, € H and

1
G(ua, y) + ;‘(y_uny Up—X2) >0, VyeC
n

Xng1 = oaf (X3) + (1 — a,)Suy,

Joralln € N, where {a,} C [0, 1] and {r,} C (0, 1) satisfy (C1)-(C3) and lim inf,;_, 00 I'n > 0 and Eﬁ‘;, [rag1 — In] < 00.
Then {x,) and {u,} converge strongly to z € F(S) [)EP(G). where z = Prsynyer(c)f (2)-
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In 2007, Plubtieng and Punpaeng [13] introduced a general iterative method for finding a common element of EP(G) and
=15). They proved the following theorem.

Theorem 1.3. Let H be a real Hilbert space, let G be a bifunction from H x H — R satisfying (A1)-(A4) and let S be a
memexpansive mapping on H such that F(S) {\EP(F) # . Let f be a contraction of H into itself with « € (0, 1) and let A

% a strongly positive bounded linear operator on H with coefficients y > 0and0 < y < Z . Let {x,} be a sequence generated
', X € H

G(uy, }+ (y~u,..un —X) >0 VycH,
Xpy1 = anrf (xa) + (I — azA)Su,, Vn €N,

where Uy = S, Xn, [} C (0, 1) and {&,) C [0, 1] satisfy (C1)-(C3) lim infp_, o T > 0 and Zn 1 [Tas1 — Il < 00. Then {x,}
= {uy) converge strongly to z € F(S)() EP(F) which solves the variational inequality:

((A=yNz,x—2) 20, VxeF(S)[ |EP©).
Sguivalently, we have Pesymyepg(I — A+ vz =2.

mestion 1. Are the conditions (C1) and (C2) in Theorems 1.2 and 1.3 sufficient for strong convergence of the sequence {x,}?
In 1999, Atsushiba and Takahashi [16] defined the mapping W, as follows:

Unt = 2Ty + (1 = A 1),
Unz = Ao 2ToUny + (1 — A5 201,

Uns = Ap3T3Un2 + (1 — An3)1,
(1.6)

Unn-t = Aano1Tn — Wan—z2 + (1 = A,
Wy = Uy = A nTwUnn—1 + (1 — Agn)l,
where [l,.,;}}" <€ [0, 1]. This mapping is called the W-mapping generated by T;, Tz, ..., Ty and Ap 1, Ap2, ..., dpn. IN

2000 Takahashi and Shimoji [14] proved that if X is strictly convex Banach space, then F(W,) = ﬂf‘:, F(T;), where
B<i,i<1,i=12,....N

Very recently, Colao, Marino and Xu [17], introduced a new general iterative method for finding a common element of
= set of solutions of equilibrium problem and the set of common fixed points of finite family of nonexpansive mappings
= 2 Hilbert space. They proved that under some sufficient suitable conditions, the sequences {u,} and {x,} generated by
+ =Hand

C{"m.\‘) + (y U,-,, un - xn) > Ov V.V E H! (1.7)

Xngy = enyf () + Bxa + [(1 = Bl — exAlWplin
smaverge strongly to a point x* € F which is an equilibrium point for Gand is the unique solution of the variational inequality,

{(A—yNX',x=x") 20 VxeF[|EP(G). (18)

Waodvated by Atsushiba and Takahashi [16], Plubtieng and Punpaeng [13], Colao, Marino and Xu [17], we introduce a new
mapping and apply it to the iteration scheme (1.7) to obtain strong convergence to a common element of EP(G) and F.

Let X be areal Banach space and C a nonempty closed convex subset of X. For a finite family of nonexpansive mappings
-~ TL,...,Tyand sequence {A,,‘,v}‘,-V in [0,1], we define the mapping K, : C — C as follows:

Un1 = g Ty + (1 — A 1),
Un.z = ln,2T2un,1 + (1 - )\n,Z)Un,h
Un3s = An3T3Up 2 + (1 — A43)Un 2,

(1.9)
Usn—1 =2y 1Tv — Wan_2 + (1 = Aan-1)Uan-2,
Ko = Upn = AanTnUnn—1 + (1 = g N)Un n-1-
“urx; € H,let {u,} and {x,} be the sequence defined by
Glun, y) + (y Un,Us ~ X} >0 VyeC, (1.10)

Xpy1 = Gan(Xn) ot ;an +({(1-/I - GnA)K Uy.
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In this paper, we prove that if X is strictly convex, then F(K,) = ﬂf;, F(T;) where 0 < A; < 1foreveryi=1,...,N—1
and 0 < Ay < 1, and under the conditions (C1) and (C2) and some other suitable conditions, the sequences [x,) and {u,)
strongly converge to a point X* = P ygpiqy (I — (A — ¥))x", where Prnygr () - H — F[)EP(G) is the metric projection of
onto F [} EP(G).

2. Preliminaries

In this section, we give some useful lemmas that will be used for the main result in the next section.
Let C be closed convex subset of a Hilbert space H, let Pc be the metric projection of H onto C i.e., for x € H, Pcx satisfies

the property
Ix — Pcxlj = min fix — ylI.
yeC

The following characterizes the projection Pe.

Lemma 2.1 (See[18]). Givenx € Handy € C. Then Pcx = y if and only if there holds the inequality
x—y,y—2z)>0 VzeC.

Lemma 2.2 (See [8]). Let {s,} be a sequence of nonnegative real numbers satisfying
Snp1 = (1 —ap)sn +oafn, Yn=0

where {a,}, {8,) satisfy the conditions

(M) {en} CL0,1), ) an=o00;
n=1

oo
(2) limsupB, <0 or Z]anﬂnl < 00.
n—oo

n=1

Then lim,_, o, S, = O.

Lemma 2.3 (See [19)). Let {x,} and {z,} be bounded sequences in a Banach space X and let {B,) be a sequence in [0, 1] witk
0 < liminf, o By < limsup,_, o, Bn < 1. Suppose

Xpy1 = ﬂnxn + (] - ﬂn)zn
for all integer n > 0 and

lim sup(lzay1 — Zall = X1 — Xall) < O.
n—oo
Then lity_, o0 lIX: — Z4) = 0.

Lemma 2.4 (See [10]). Let A be a strongly positive linear bounded operator on a Hilbert space H with coefficient ¥ and
0 < p < ||AI™". Then ||l — pAl| <1 — p¥.
Lemma 2.5 (See [12]). Let C be a nonempty closed convex subset of a Hilbert space H and G : C x C — R satisfy

(A1) G(x,x) =0Vx € C;
(A2) Gis monotone, ie. G(x,y) + G(y,x) <0Vx,y € C;
(A3) Vx,y,z € C,

lir;l+ Gtz + (1 = B)x, ¥) < Gx,y);
t—

(A4) Vx € C,y — G(x, y) is convex and lower semicontinuous.
ForxeHandr > 0,set S, : H— Ctobe

Si(x) = {zeC:G(z,y)+%(y——z,z—x) zO,VyeC}.

Then S, is well defined and the following hold:

(1) S; is single-valued;
(2) S; is firmly nonexpansive, i.e.

IS0 =S, I < (S, (0 =S¥, x—y) Vx,y €H;

(3) F(S) = EP(G);
(4) EP(G) is closed and convex.




ARTICLE IN PRESS

A k‘angrun_vakam: S. Suantai / Nonlinear Analysis § (1018) 11E-810

2.6 (See [18]). Demiclosedness principle. Assume that T is a nonexpansive self~-mapping of closed convex subset C of a
=t space H. If T has a fixed point, then I — T is demiclosed. That is, whenever {x,} is a sequence in C weakly converging to
x € C and the sequence {(I — T)x,} strongly converges to somey it follows that {I — T)x = y. Here, I is the identity mapping
!

2.7. Let H be a real Hilbert space. Then, forallx,y € H,
Y < I 4 200, x +y).

2 2.8 (See [20)). In a strictly convex Banach space E, if
Bl = iyl = llax + (1 = 2yl
xyeEandX € (0,1), thenx=y.

ion 2.1. Let C be a nonempty convex subset of a real Banach space. Let {T;I{L 1 be a finite family of nonexpansive
wngs of C into itself, and let A, ..., Ay be real numbers such that0 < A; < 1foreveryi = 1,..., N. We define a
mz K : C — C as follows:

Di=MTy+ (1 =29,

U = LLU + (1 - 2)Uy,

U3 = A3T3Uz + (1 — A3)Ua,

2.1)

Ut = AN TnoiUn2 + (1 = An)Un -2,
K =Uy = AnTyUn_1 + (1 — Ap)Un—1.

mapping K is called the K-mapping generated by Ty, ..., Ty and Ay, ..., An.

2.9. Let C be a nonempty closed convex subset of a strictly convex Banach space. Let {T;}}V: 1 be a finite family of
nsive mappings of C into itself with ﬂ:v:, F(T;) 5~ @andlet A4, ..., Ay be real numbers such that 0 < X; < 1 forevery
* ..,N—1and0 < Ay < 1. Let K be the K-mapping generated by T, ..., Ty and Ay, ..., Ay. Then F(K) = ﬂ?:, F(T).

It easy to see that (), F(T) C F(K). Let xo € F(K) and x* € ()L, F(T)). By the definition of K, we have
1o — x*|| = [[Kxg — x*|| = WAn(TwUn_1Xo — X*) + (1 — An)(Un—1X0 — X")||

< AnlITWUnCixo — X 4+ (1 = ) Un—ixp — X7

< AnliUn=1x0 — X"l -+ (1 — Ap) |Un—1%0 — X*||

= ||Un-1%0 — x*||

= [|An—1(Tv—1Un-2X0 = X*) + (1 — An_1) (Un_2%o — X)||

< AncillTvo1Un—2xo — x*f + (1 — Ao HUn—2%0 — X7

< AncillUn—2%0 — X"l 4 (1 — An_ ) I Un_2%0 — X*||

= ||Un—2%0 — X"l

< [|Uixo — x*||
= A (Tixo — ™) + (1 — A1)(%o — x|
< MlITixo — x*l1 + (1 = A lxo — X"l
< Mlixo — X[ + (1 = Aq)lixo — x|
= llixo — x|\ (22)
plies that [|xo — x*|| = |M(Tixo — x*) + (1 — A1) (% — x*) |} and |xo — x*|| = ITixp — X*{l.
% L=mma 2.8, we have Tixy = X, thatis xo € F(T).

¢ =llows that Uixg = xg.
%y 22), we have

o ~ x| = [IUaxo ~ X°l| = [Aa(T2Usxo — X7) + (1 = 22)(Urxo — X))
= [|A2(Taxo — x*) + (1 — A2) (xo — XM}
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‘Again by (2.2) together with U;xy = xg, we have

fixo ~ x| = A2l T Urxo — X*|| + (1 — A Usxo — X*||
= A2ITaxo — X" || 4 (1 — X2) llxo — X1,
which implies [|xo — x*[| = [ITaxo — x*|.

By Lemma 2.8, we have T)xg = xo.
1t follows that U,xy = x,.
By using the same argument, we can conclude that Tixg = xp and Uix, = x, fori=1,2,...,N — 1.
This implies that 0 = xy — xp = An(TnXo — Xo)-
It follows that xp € F(Ty). Therefore xy € ﬂfv:, F(T). 0O

Lemma 2.10. Let C be a nonempty closed convex subset of a Banach space. Let {T,-}?’=l be a finite family of nonexpansive mapping
of Cinto itself and {A, ;}¥_, sequencesin [0, 1) such that Ap; — X;, aGsn — oo, (i= 1,2, ..., N). Moreover, for everyn € K

=1
let K and K;, be the K-mappings generated by T{, Tz, ..., Ty and Ay, Az, ..., Ay, and Ty, To, ..., Ty and Ap 1, An 2, . ooy Ao
respectively. Then, for every x € C, we have

lim |[K.x — Kx|| = 0.
n—oo

Proof Let x € C and U, and U,; be generated by T;, To,..., Ty and Ay, Ap, ..., Ay, and T\, To,..., Ty and
An1, A2, . ... Ay respectively. Note that
|Un1x — Urxll = 1A, — A0)Tox — (An1 — A)x)|
= |An — }}ITyx — x|,

Fork € {2,3,..., N}, we have

HUnax — Ukl = An ik TeUn k1 X+ (1 = An i) Un g1 — McTeU—1x — (1 — A ) Upxdl
= JAnkTeUnk—1% + An ik TiUro1X — An i TeUx1X + An gUp—1% — A kU1 x
+ (1 = A )Unk1X — ATl ix — (1 = AU 1 x|
= Ak (TelUnp—1x — TUk21%) + Mgk — A TyUp—1X — (1 — A i) Up 1 X
+ (A — AUk + (1 — Ap ) Un g1 X1
< Al TeUn -1 — TeUea Xl + [Ank — Akl I TeUp— 1]
+ (1 = 2 ) 1Un k1% ~ Up—axf] -+ (A — An il fUr—1xl
< AniclUng—1X — Ugoax|l + (1 = Xp kM Un kX — U gl + e — Al (ITeUp—ax]] -+ 10— 1)
= WUnx—1X — Upgxll + 1Anp — A (I U1 X0 + W Ugaxlh).

It follows that

HKaX — Kx|| = J|Uqnx — Unxl] < Up y—1X — Uy—axXlt + JAnn — AN TnUn—ixl) 3 | Un—ax0)
< NWUpn—2x — Un—2xll + 1Ann—1 — An=1 ] (I Tv—1 Un—2x|| + Un—2x11)
F | Aan — An|(ITnUn— 1 XN + Uy -1
N

= Unn-2x = Uv2Xll + ) 1Anj = MIATU-ax] + NUj-1xID)
J=N-1

N
< Wk = Unxll + > Py = AIAUTUj-1xll + WU ax))

i—

N
< Wt = MlTx =l + Y Py = ST U Xl + §Uioxl).
=2

Since A, — Aj, asn — oo, (i=1,2,...,N)itfollows that lim, o J|Kex — Kx|| =0. O

Lemma 2.11. Let H be a Hilbert space, C a closed convex nonempty subset of H, {T; f-"=, a finite family of nonexpansive mapping
from Hinto itself with F = ﬂ:v: F(T)) # B, and let G : C x C — R be a bifunction satisfying (A1)-(A4). Foreveryn € N, i=
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. %= aK-mapping generated by Ty, ..., Ty and Ay, - . ., Aqn With {A,.',-}f’:l C [a, bl where 0 < a < b < 1. For a sequence
. 1(0,00), let S;, : H— C be defined by

1
Sra (0 = [z eC:Gz, )+ r—(y—z,z —x)>0,Vy EC}.
n
U minfn e e > 0, limy,_, o rT.riT =1and im0 [Ani — An_1il =0Vie {1,2,3,..., N}, then
n "linolo ],KIH—]Sr,‘_Hwn — Kp+15r, wn” =0,

(2 lim Koy wn — Kawgll =0
n— 00

r =very bounded sequence {w,} in H.

“#mef. By using the nonexpansivity of K, ;1 and the proof of Step 2 in Theorem 3.10f[17}, it can be shown that (1) s satisfied.
Next, we show (2). Forj € {2,..., N — 2}, we have
WUns1,n—jwn — Unn—jwall = lAnt 1N TN—pUnsin—j=1Wn + (1 = Anpa N-)Uni1,N—j= 1 Wn

— AnN—jTn—jUnn-jmtwn ~ (1 — A v _)Un n_j1Wr |

= N AnstN i Tn—jUniin—j—1Wn — AN TN fUn N—j—1Wn
+ AN IN—jUnN—j—1Wn — Anpin—jUnn—j—1Wn
F Ane i, N—jUnn—j—1Wa + (1 — Ay =) Ungpt N—jmt W
— Aa N IN—jUnan—j—1Wn ~ (1 = Aq y_j)Un n—j— 1w, |

< Mgt Nl T iUnpin—j—1Wn — TnjUn n—jm1wnll
+ (1 = A 1N Ung 1, n~j—1Wa — Up n—jqwall
F At v— = Aa Nl N InjUn v 1wnl) + Wi n—j — Ann—il BUn n—j< 1wl

< NUngan—jm1@Wn — Unnojrwall + M X gy v — Ann—jd (2.3)

where M = sup{Y )L, (ITUn j-1wall + NUnj1wall) + IT1wall + Nwall) < oo.
5y (2.3), we have

IKnp1wn — Kewyll = WUppinwn — Upnwall
< Wi n—1wn — Unn—1wall + MlAgpin — Anwl
< Ungi,n—2wn — Unn—aWnll + M]Appin—1 — Aan—il +MiAnpin — Aol

(2.4)
N
S M Z IA-n+l.j - A«n,jl + ”Un+l,lwn - Un,lwn"y
—
-
[Unt1,1wWn — Upywnll = [[Ang11Tiwn + (1 = Appr, ) wn — A Thwn — (1 — Ap D wyll
< Anr,t — AptHITwsll + 1A 1,0 — Anilllwall
< IAn+l,l - A’n.llM- (25)

% 14),(2.5) and the condition limy,— oo |An41,i = Ani} = 0, we can conclude that

N
WKy 1Wn — Kgw, ) MY [hnyrj— Anjl > 0 asn — oo.
j=1

[-ce (2)issatisfied. O

L Main result

In this section, we prove the strong convergence of the sequences {u,} and {x,} defined by the iteration scheme (1.10).

em 3.1. Let H be a Hilbert space, C a closed convex nonempty subset of H, {T;}., a finite family of nonexpansive mappings

Hinto itself with F = ﬂ,":, F(T}) # @, G : C x C — Ra bifunction satisfying (A1)~(A4) with F () EP(G) # #, Aastrongly
ive bounded linear operator on H with coefficient ¥ and f an a-contraction on H for some 0 < a < 1. Moreover, let {€n)
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be a sequence in (0, 1), {An )., sequences in [a, b] with0 < a@ < b < 1, {r,) a sequence in (0, 0o) and let y and B be two rea
numbers such that 0 < B < 1and0 < y < L. Assume that

(i) the sequence {r,} satisfies

(D1) llmmfr,.>0 and (D2) lim fn =1,

n—oo rn+l

(ii) the finite family of sequences {A,, ,] , satisfies
(El) lim !A-n,l_ n—l.i|=0y Vl:{lvzv 31-"1N}y
n—o0

(iii) the sequence {¢,} satisfies

o0
€D lim &, =0,  (€2) ;;e,. =00

Foreveryn € N, let K, be aK-mapping generatedby Ty, ..., Ty and Ay 1, . . ., A n and let {x,} and {u,] be sequences generatec
by x, € Cand

[G(Un. .y) + (V Up, Up —X") >0, Vy €C, (3]}
Xny1 = fn}’f(xn) + Bx: + ((1 — B} — €, A)Kqtn,

where f : H — H is an a-contraction. Then both {x,] and {u,} converge strongly tox* € F = ﬂ,_ F(T;) where x* is an
equilibrium point for G and is the unique solution of the variational inequality (1.8), i.e.,

X" = Peepi (L — (A — )X

Proof. By Lemma 2.5, it follows that for every n € N, there exists a nonexpansive mappingS,, : H — H suchthatu, = S; x,
and EP(G) = F(S,,). Whenever needed, we shall write scheme (3.1) as
Xop1 = €a¥f (%) + Bxa+[(1 — I — an]KnSr.xn-
Moreover, we shall assume that ¢, < (1 — S)JJA)l""and 1 — €, (¥ —ay) > 0.
Observe that, if |Ju)) = 1, then
(1= B —epA)u, u) = (1 — B) — en(Au, 4} 2 (1~ B — eillAl) 2 0.
By Lemma 2.4, we have
11 =B~ €Al <18 —~ey.
We shall divide our proof into 7 steps.
Step 1. We shall show that the sequence {x,} is bounded.
Let v € EP(G) [ )F. Then
a1 — vl = leayf %a) + Bxn + (1 — B) — €, A)Kquy, — V|
= [{(1 — B) — €xA)(Knun — V) + B(Xq — V) + €n(yf (%) — AV)||
= (1 — B} — €xA)(Knlta — v) + B(Xa — ) + €n(yf (%) — ¥f(v)) + €a(yf(v) — AV)||
< 11 = B — €Al lIKnSryXn — KaSr, vl + Bllxy — vl + enyallx, — vl + & llyf(v) — Av|
< (1 =B = eP)xg — vl + Blxy — vl + €ay elixa — vl + &llyf (v) — Avll
= (1 -7 — ye))lx, — vl + &llyf () — Av|

+(1— &7 - ra))llxn—v|l+—"—(:—y—)llrf(v) — v
< max {"xn_v" S ) — v

By induction we can prove that {x,} is bounded and also {Ax,} and {u,}.

Step 2. We will show that lim, o0 |Xn41 — Xall = 0.
Define sequence {z,) by z, = ﬁ(x,,ﬂ — Bxy).
Then Xngp1 = ﬁXn B (l T ﬁ)z,,.

12§
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mc= [x,} is bounded, we have, for some big enough constant M > 0,

B — 2l = ﬁuxnﬂ — Bruss — g1 — PRl
= Hens1 7S Gas) + (1 = P = €aesKnpains = €[ G5) + (1 = I = Kot |
= Tj—ﬁ 1y entaf Gont1) — € () + (1 = B — €y 1ANKng sty 1 — (1 — B — ent)Kottnl
- ﬁ Iy (entaf Gn) — €af () + (1 = B)Kntting 1 — Kntta) — (€n41AKny 1tdns 1 — €nAKnin)]
- ” T Cnnaf ) = €af ) + Kngrtnss = Kot ﬁ(enmmum — €atn)
< Tl DI+ ol ODID + Wty — Kol + -ll—ﬂ(an"AKnHUnH I+ allAKytal)
< WKnt1Srpp 1 X041 — KaSpXall + M (€ + €441)

=< "Kn-HSr,H_,xn-H - Kn-HSr,H_,xn I+ "Kn-HSr,H_,xn — KaSpXall + M (€q + €a1)
< X1 — xall + ”Kn-HSr,H_.Xn — Ko 1Sea%ll + [1Knp1SrXn — KnSrpXall + M(€n + €n1).

tonon {€,} and by Lemma 2.11, we can conclude that

Smsup(zegr = 2all — llxns1 — X2 < 0.
100

na 2.3, we obtain
Bm ||x, — z;|l = 0.
20

ies
Bm X1 — Xplt = (1 — B) lim |ix, — 2y} = 0.
=20 n—oQ

We will show that lim,,_, o {|n — Kaus|l = O where u, = S;, x,.

hl = Knunn = "xn - xn-}-lﬂ + Hxn-H - Knun”
= {lxn — Xnp1ll + ll€nyf(xa) + BXa + (1 — BYKpty — €,AK Uy — Koty ||
< 1% — X1l + €0 lyf (xa) — AKqug |l + Blixa — Kaunll,

k- za Knun" =

1
1-5) (lxn + Xnp1ll + €allyf (xa) — AKqunl)).

' and Step 2, we obtain limp_, o ||, — Kytpll = 0.
We shall show that lim,_, o [[Xn — S, %1l = O.
» € F[}EP(G). Since S, is firmly nonexpansive, we have
1 =S xall® = 1S5 — Sy Xl
=< (Sr,.v ~ StaXn, U — Xn)

1
E(IISr,,Xn - v"2 + lixa — v”2 — ISraXn — anlz)-

5% — ol < % — I = 1Sra%a — %ol (32)

= yf(xn) — AK,u, and A > 0 be a constant such that

- > Sl:p{".)’k"- llxi — vil}.

suilibrium probles
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By (3.2) and (3.3), we have

Nxns1 — VI = lea¥f (Xa) + Bxn + ((1 — B — €aA)Kqtty — v
= (1 = B) — €nAl(Kntly — v) + BXa — V) + €y f (%) — AV
= (1 ~ A)(Kntty — V) = €aA(Kottn — ¥) + B(Xa ~ V) + €a(¥f (Xn) — AV)|I?
= 111 — A)(Knttn — V) + B(%n — V) + €& (¥f Xa) — A(Knun )|
< 111 — BY(Knln — v} + B(Xa — V)II* + 2€n(¥n, Xns1 — V)
< 11Q1 = BY(KnSra¥a — ©) + B(xn — V)II? + 26,22
< (1= B IKuSraXa — VII* + Blixa — vl + 26,2
< (1= B)ISruXn — VI + Blixa — viI* + 26,12
< Nxa — 0% = (1 = B)ISryn — Xall> + 26027

It follows that
5080 =l = Tt = VI = s = oI + 2600
= 2 (1 = 9l =ty = W) CBe = 0+ s = ol + 2637
< 5 Wt =l = ol + s =) + 2608,

By |[Xp31 — X.ll &> Oand e, — 0, asn — 00, we obtain that
lim {|x; — Sr,xafl = 0.
n—od
Step 5. Let w(x,) be the set of all weak w-limits of {x,). We shall show that w(x,) C F{ ) EP(G). Itis a consequence of Step <

and [12, Lemma 2.13] that w(x,) C EP(G).
So, it remains to prove that z € F. To see this, we observe that we may assume that

Apmk = A, €(0,1) asm—>oo(k=1,2,...,N).
Let K be the K-mapping generated by Ty, T2, ..., Ty and Ay, ..., Ay, then by Lemma 2.10, we have, for every x € C,

Knax — Kx asm — oo. 34

We will showthatz € F = ﬂ:.L, F(T;). Assume that there existsj € {1, 2, ..., N} such that z 3 Tz. By Lemma 2.9, we have
z # Wz.Since z € EP(G) = F(S,,), by Step 3,(3.4) and Opial’s property of Hilbert space, we have

liminf{lx, —z}| < liminf{x,, — Kz||
m— 00 m—00
< lim inf(IXnp — KnmStap X I| + | Ky Sroy X — Ky St Z Il + 1K Sty 2 — Kz|)
< liminf ||X,, — 2|l
m—00
This is a contradiction, then z € F = [, F(Ty).
Step 6. Let x* be the unique solution of the variational inequality,
(A—yD¥,x—x") 20, VxeF[|EP(G). (35)

We shall show that lim sup,_, oo {(yf — A)X*,x, —x*) < 0.
Let {x,, ) be a subsequence of {x,} such that

lim ((yf — A)X*, x,, — x*) = limsup((yf — A)X", X, — X"). (38
k—o0 n—o00
Without loss of generality, we may assume that {x, } weakly converges to some z in H. By Step 5,z € F M EP(G). The=
combining (3.5) and (3.6), we get
lim sup((yf — A)x", x, —x*) = lim ((yf — A)X*, Xy, — X*)
3 00

n—od

It

((yf = A",z —x") <0 (370

as required.
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Step 7. Finally, we will show that the sequences {x,} and {u,) converge strongly to x* € F () EP(G). Let x* be the unique
Sxed point of the mapping Prgp(q) (I — (A — yf)), i.e the unique solution of the variational inequality (1.8). By Lemmas 2.4
and 2.7, we have

IXnt1 — X1 = len¥f () + Bxa + (1 — B)I — €xA)Kntty — X* |1
= (1 = B — €xA) (Kntty — X*) + B(Xy — X*) + €a(yf (%z) — Ax) |
< (1 = B)! — €xA)Knltn — X*) + B%a — XV + 2€a{yf () — AX", Xnp1 — X*)
1 = B ((1 — ) — €, A) Kty ~ X*) I
=" a-p +“"""”°
+ 26,y f () — f(X"), Xng1 — X*) + 2€a{yf (") — AX", Xy — X7)
((1 = Bl — €AY (Knttg —
a=p i -9
+26ayaixn = x*WXng1 — X*|| + 2€alpf (¢*) — AX*, Xppq — X*)
< (1 = B — €xA) (Kntta — x)I?
- 1-8)
+ 2,y allx, — X*" %41 — x* I+ 2€n(yf(x*) — AX*, Xn+1 — X*)
_ A=)t — al?

1A

* 2
= }I + Bl — x° |12

+ Blx, ~ x|

2 2
"K,,U" - X* " + ﬂ“xn - X*"

B a-p
+ enyallixn — X*I* + [(%ng1 — U]+ 2€a(yf (x*) — AX*, Xppq — X*)
1-B —e&7)? . .
= (——(1—{;—)7?—!1)(" —X0? + Bty — X1 + eqy (e — X + Ixer1 = x*1I%)
+ 2€n()’f(X*) - AX*, Xn41 — X*)
— A 2
= ((]—(‘1}‘3__,%7)_ +h+ e,.ya) I = x*11% + €ny llXpir ~ 2|12

+ 2€n(yf (X") — AX", Xpy1 — X7)
_ ((1 — B2 —2(1 — B)e¥ +€27°

) + B +€nya) lxn — x* 112 + €y allXny 1 — x*||?

+ 2¢, ()’f('\’*) - AX*, Xn41 — X*)

2=2
= ((1 —B) 26,7 + —2¥

a-pt B+ Gnya> I — X% + enyehtngs — x|

+ 2e,{yf(x*) — AX*, Xnqy ~ X*)

€252
= (1 - Q@7 —ay)ea + frn—y-ﬂS) xn = 21?4 eny @llXnr — X1 + 2€a({yf (€) = A, Xar — X7),
wech implies
*2 1 — 67?72 * 2 1 * * *
a1 —X|° < ———— (1= QY —ap)en + ——= | 1% — X"||° + ——————Qeal{yf (X) — AX*, xp41 — X))
1— ey a-5 1—éeya
= (1 — 27 — av)ea))lixa — x|
1—€yo
6272 )
_ 2 X*) — AX*, Xpp1 — XY + =2 Xp — X* )
s ( enlvf(x") o =X+ G sl =X
1 _
= ————(1 =267 +aye)lx. — |
1—e€ya
6272 )
— 2 X*) — AX Xy — X)) + =2 Xo — X*
T—eya ( &{yf(x) 1 ) a—p [1Xa i
1
= (1 ~ 26,7 + 20V €x — V€)X — X"
1—éeya

1 62—2
——— 26 (Y (X*) — A X1 — X") + )
1—€ya 1-
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1
= —(1-— ay€n — 251!(7”‘"]"”'": _X'HZ
1—eya

+—L€"E( /() — A Xosy — X )+( /3) liXn —X'Ilz)

2¢, a
— (1- 290D Yy e+

1—€y

=2
(2<yf(x*>—Ax*,xn+l~x*>+ cn¥ uxn—x"’)

1- ey - B

(1 2e,(¥ — ay)) e — X[ 4+ 2y —ay) e
1—éya 2(y —ay) 1 —eya
P

X (Z(Yf(x‘) — A", Xnp — X*) + a yﬁ) [1Xn —-X‘"z)

_ (1 N 26..(7—00')) i, — 2 4+ 22T —er)
1—eyya 1—é€ro
(rf(X) = AX*, Xnp1 —X°) ¥’ . 2)
X ( & —ar) BT —apy X)) =3

We can rewrite (3.8) as
Wng1 — X% < (1= E)llxa — X*|1? + £nbn
— 26,.(_'—-uy) _ o rf M) A" xpy 1 —x*) en¥> 2
Whereg T—enya and(S ( F—ay) + 2(1—-}3’)‘(7——0)’)' ”xn X " )
By our hypotheses it is easily verified that Z —1&n =o0o0and limsup,_, ., 8, < 0.

Therefore, by Lemma 2.2, we can conclude that ||x, — x*|] — 0.
Since [lup — x*lf = |iS;,Xn — X*|| < {IXo — x*|}, it follows that u, — x* in norm. This completes the proof. O

Remark. (1)If wetake N = 1,T; = S and G(x,y) = Oforallx,y € C andr, = 1forall n € N, then the iterative scheme
(3.1) reduces to the following scheme:

Xt €H, Xnpy = &¥f(xn) + Bxa + (1 — B) — €,A)SKn, (39)

which is a modification of the iterative scheme (1.3) and by Theorem 3.1 we observe that the conditions (C1) and (C2) are
sufficient for strong convergence of the sequence {x,} generated by (3.9) to a fixed point of S.
(2)IfwetakeN = 1,T; =SandA =1, then the iterative scheme (3.1) reduces to the following scheme:

X € C,
1

G(ul'h .V) + ;‘0’ - u"i un - xn) _>_ 01 V.V € Cv [3‘10)
n

Xnp1 = €af (Xn) + BXn + (1 — B — €7)SUp,

which is a modification of the scheme in Theorem 1.2 defined by Takahashi and Takahashi [15], and by Theorem 3.1, we
obtain strong convergence of the sequence {x,} generated by (3.10) under the sufficient conditions of Theorem 1.2 but
without the condition (C3).

(3)If we take N = 1and T; = S in Theorem 3.1, the iterative scheme (3.1) reduces to the following scheme:
X1 GH G(Un,.V)-F (y_un,un_xn) >O VyGH (3.11)
Xny1 = €n¥f(xp) + ﬁxn + ((1 — B)I — €nA)Suy,
which is a modification of the scheme in Theorem 1.3, and by Theorem 3.1, we obtain strong convergence of the sequence
{xn} generated by (3.11) under some sufficient conditions without the condition (C3).
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1. Introduction

Let H be areal Hilbert space and let C be a nonempty closed convexsubsetof Hand A : C — H be a nonlinear mapping and
let P¢ be the projection of H onto the convex subset C. A mapping T of H into itself is called nonexpansive if | Tx—Ty|| < ||x—y}
for all x, y € H. We denote by F(T) the set of fixed points of T (i.e. F(T) = {x € H : Tx = x}). Goebel and Kirk [1] showed
that F(T) is always closed convex, and also nonempty provided T has a bounded trajectory. Let {T,-}:L, be a finite family of

nonexpansive mappings with ﬂfv:l F(T)) # 0.
Let F : C x C — R be a bifunction. The equilibrium problem for F is to determine its equilibrium points, i.e. the set

EP(F)y=[xe C:F(x,y) >0, Vy € C}. (1.1}

Many problems in physics, optimization, and economics require some elements of EP(F), see [2-7). Several iterative methods
have been proposed to solve the equilibrium problem, see for instance [3,5-7]. In 2005, Combettes and Hirstoaga (3]
introduced an iterative scheme for finding the best approximation to the initial data when EP(F) is nonempty and proved a
strong convergence theorem.

The variational inequality problem is to find u € C such that

(Au,v—u) >0 (1.2}

for all v € C. The set of solutions of the variational inequality is denoted by VI(C, A).
For a bifunction F : C x C — R and a nonlinear mapping A : C — H, we consider the following equilibrium problem:

Findz € Csuch that F(z,y) + (Az,y—-z) >0, VyeC(. (1.3}
The set of such z € C is denoted by EP, i.e.,
EP={ze€C:F(z,y)+{Az,y—2z) = 0, Vy € C}.

* Corresponding author,
E-mail addresses: beawrock@hotmail.com (A. Kangtunyakarn), scmti005@chiangmai.ac.th (S. Suantai).

1751-570X/$ - see front matter © 2009 Elsevier Ltd. All rights reserved.
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= the case of A = 0, EP is denoted by EP(F). In the case of F = 0, EP is also denoted by VI(C, A). Numerous problems in
saysics, optimization, variational inequalities, minimax problems, the Nash equilibrium problem in noncooperative games,
==nomics reduce to finding a solution of (1.3) see, for instance, [2,4).
A mapping A of C into H is called a-inverse strongly monotone, see [8], if there exists a positive real number « such that
(X —y, Ax — Ay) > allAx — Ayl

wrallx,yeC.
Forr > 0,let T, : H — C be defined by

T,(x):{zeC:F(z,y)+%(y—z,z—x)20, VyeC}. (1.4)

Combettes and Hirstoaga [9] showed that under some suitable conditions of F, 7, is single-valued and firmly
wmexpansive and satisfies F(T;) = EP(F).

n 2007, Takahashi and Takahashi [6] introduced a hybrid viscosity approximation method in the framework of a real
“ibert space H. They defined the iterative sequences {x,} and {u,} as follows:

X; €H, arbitrarily,
F(un,y)+ (y—un,u.,—xn)>0 VyeC, (1.5)

Xnp1 = anf(xn) + (1 —ay)Ty,, VneN,

weere f © H — H is a contraction mapping with a constant « € (0, 1) and {a,}) C [0, 1], {rn} C (0, o). They
wwed, under some suitable conditions on the sequence [}, {r,} and bifunction F, that {x,} and {u,} strongly converge to

e F(T) nEP(F). wherez = PF(T)nEP(F)f(Z)-
f=cently, in 2008, Takahashi and Takahashi {7} introduced a hybrid iterative method for finding a common element of

= and F(T). They defined {x,} in the following way:
u, X, € C, arbitrarily;
F(zn, y) + (Axn, y — z3) +tT (y Zn,Zn —Xa) 20, Vye(, (1.6)
Xnt1 = Bk + (1~ ﬂn)T(anu +(1—an)z), VneEN,
where A be an a-inverse strongly monotone mapping of C into H with positive real number «, and {a,} € [0, 11, {£.) C
= 1L {A;) C [0, 2a], and proved strong convergence of the scheme (1.6)toz € ﬂf.":, F(T;) () EP,wherez = Pﬂf-i,F(TﬂﬂEPu

e framework of a Hilbert space, under some suitable conditions on {a,}, {8,}, {An} and bifunction F.
= 1999, Atsushiba and Takahashi {10] defined the mapping W, as follows:

Uy = 20T1 + (1 = A,0)
UH,Z = A-n.ZTZUn.I + (] - A-n,z)lv
Uiz = ApaTaUna + (1 =2 3)1,
(1.7)
Uinor = AanaaTn — Wanz2 + (1 = Apn—1dl,

W, = Upn = danTnUnn—1 + Q= A )i,
-2 {1.,1‘,-}:.“ € [0, 11. This mapping is called the W-mapping generated by Ty, T2, ..., Ty and A1, An2, ..., Apn. In
. Takahashi and Shimoji {11] proved that if X is a strictly convex Banach space, then F(W,) = ﬂf.\_'__l F(T;), where

i<, i=12,...,N.
.22 X be areal Hilbert space and C a nonempty closed convex subset of X and let {T; } , be afinite family of nonexpansive

nungsof(‘into itself Foreachme N,andj=1, 2,..., N, leta("’ (ay”, oy, a3") be suchthata?, a;”, a3’ €0, 1]
-y z{j +a + a = 1. We define mapping S, : C — C as follows:

Uo =1

Ust = a] TIUn0+(¥2 Uy.o+(¥" ll

U2 = 011 T2Un,l +012 Un,1 +C¥3

Uz = ol TUny + 05 Unz + a3

Ui = 011N Ty lUnN 2+a2 1UnN 2+0¢'3'NNl’
5% Upn = af TNUn,N—l+Q'2 NUnn—1 + a3l
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The mapping 8, is called the S-mapping generated by Ty, T5...., Ty and aﬁ"), ag"), - a,(‘,").
For givenu € C and x; € C, let {z,} C C and {x,} C C be sequences generated by
1
[F(Zn-y)+(Axm.!"‘zn)'i'i"(y—zn-zn—xn)?.U- V_VGC, (18)
z: :
Xnt1 = PaXa + (1 — Br)Sa(@rt + (1 — az)z,). ¥YneN.

In this paper, we show that if X is strictly convex, then F(S,) = f'=, F(Ty) ifa',"j e (0, Nforallj=1,2,...,N-1, a',"" €
(0, 1] and a;“’, a;" €[0,1)forallj = 1,2,..., N, and we prove that under some suitable conditions, the sequence {x,}
converges strongly to a pointz = P, Ny nerl

2. Preliminaries

In this section, we collect and give some useful lemmas that will be used for our main result in the next section.
Let C be the closed convex subset of a real Hilbert space H, let P¢ be the metric projection of H onte C i.e,, forx € H, Pcx
satisfies the property

fix — Pexll = min jix — y1l.
yeC
The following characterizes the projection Pe.

Lemma 2.1 (See [12]). Givenx € Hand y € C.Then Pcx = y ifand only if there holds the inequality (x —y,y—z) > 0 Vz € C.

Lemma 2.2 (See [11]). In a strictly convex Banach space E, if
Xl = llyll = I1Ax+ (1 — L)yl
forallx,y e Eand A € (0, 1), thenx = y.

Lemma 2.3 (See [13)). Let {s,} be a sequence of nonnegative real numbers satisfying
Sne1 = (1 — @p)sy + @nBn, Vn > 0 where {«,}, {Bn} satisfy the conditions

W {ea} € 10,1, ) en=oc0, () limsupp, <0.
=1 n—oo

Then lim,_, o S, = 0.

Lemma 2.4 (See [14]). Let {x,) and {z,} be bounded sequences in a Banach space X and let {8,) be a sequence in {0, 1] with
0 < liminf,_, o0 Br < limsup,_, o, Bn < 1. Suppose

Xn1 = BnXn + (1 — Bn)z, forall integer n > 0 and limsup,,_, oo (I1Za41 ~ Zall — Xne1 — Xall) < 0.

Then lim,_, o, X, — z,]| = 0.

For solving the equilibrium problem for a bifunctionF : CxC — R, let us assume that F satisfies the following conditions:
(ADF(x,x)=0 Vxe(C;

(A2) F is monotone, i.e. F(x,y) + F(y,x) <0, Vx,y €C;

(A3)Vx,y,z € C,

lil;r)l+F(tz + (0 -0x,y) <FKxY);
t—

(Ad)¥x € C, y— F(x,y) is convex and lower semicontinuous.
The following lemma appears implicitly in {2].

Lemma 2.5 (See [2]). Let C be a nonempty closed convex subset of H and let F be a bifunction of C x C into K
satisfying (A1)-(A4). Let r > 0 and x € H. Then, there exists z € C such that

1
F(Zvy)+;'<y_zvz—x)zo (2'1)
forally € C.

Lemma 2.6 (See [9]). Assume that F : C x C — R satisfies (A1)-(A4). For r > O and x € H, define a mapping T, : H — Cas
follows:

T,(x)=[zeC:F(z,y)+;(y—-z,z—x)zO, VyeC (2.2)

forallz € H. Then, the following hold:
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(1) T, is single-valued;
(2) T; is firmly nonexpansive i.e.

IT0) =TI < () —T,(¢), x—y) Vx,y €H;

(3) F(T;) = EP(F);
14) EP(F) is closed and convex.

Sefinition 2.7. Let C be a nonempty convex subset of real Banach space. Let {T; f."=, be a finite family of nonexpansive
mappings of C into itself. Foreachj = 1, 2,...,N,leta; = (), o, o) whered,, &), o €10, 1]and e’ + ol +of = 1.
W= define the mapping S : C — C as follows:

Uo
U
U,
Us

Uno

S

I
o T\Uo + ayUp + 3!
afT2U1 + a%Ul + a%l
aiT3Us + Uy + @31
(2.3)

QI;I—ITN_|UN_2 + (X;l_IUN_z +(¥gv_ll
Uv = oy TyUn—1 + a5 Uy_y +afl.

s mapping is called S-mapping generated by Ty, ..., Ty and a;, a, ..., ay.

et we prove a lemma which is very useful for our consideration.

“=mma 2.8. Let C be a nonempty closed convex subset of a strictly convex Banach space. Let {T,-},?‘=, be a finite family of
wmmmexpansive mappings of C into itself with ﬂ:':, F(T}) # @ and let oy = a’;,aj,a’;),j =123,...,N, whereoz’;, a’z 0/3 €
D, d+d+d =10 €@ Vforallj=1,2,...,N=1,aY €(0,1], &, & € [0, 1) forallj =1, 2,...,N.Let
~ e the mapping generated by Ty, ..., Ty and «y, a3, ..., an. Then F(§) = ﬂ,i, F(Ty).

®moof. It is clear that ﬂf;, F(T) € F(S). Next, we show that F(§) C ﬂ:.“:, F(T;). To show this, let x, € F(S) and
e = ﬂf;, F(T;). Then we have

X0 — X*|| = IS%0 — x*}| = llo} (TnUy-1X0 — x*) + &) (Un—1%0 — X*) + &} (X0 — x*)I|
< aruTNUN_lXo — X" +a5‘ |Un—1%g — x*| +<1;'||Xo —x"|
< (1 =a)Uy-s¥e — x* 1 + (1 — (1 = a}))lIxe — x*1)

= (1= a)lle} " (Ty_1Un_2%0 — X*) + @ ' (Uy_2X0 — x*) +f ' (x0 — X7
+( = (1 —a}))lixo — x*| (2.4)
< (1= ) (e ITvo1Un—aXo — X1l + o " lUn_2X0 — X"l + &§ " llxo — x*|1)

+(1— (1 —ay)lxo —x*

N ) N .
< [T 0= eUp-axo —xll+ (1 - I a —af’g)) lixo — x*] (2.5)
j=N-1 j=N—1
N .
= [ (0 — )} (Tn-2Un_s¥ — x*) + &) 2 (Un-sxo = x*) + &3 > (x0 — X"
j=N—1
N .
+ (1 - T a —ag)) llxo — X"l (26)
j=N—1
N
< JT O — )@} ITn2Un—s%0 — "Il + @3 |Un-3% — x*I| + a3 |lxo — x*I1)
j=N-1
N n
+ (1 - JTa —ag)) llxo — x*I
j=N—-1
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N N )
[T a-a)iuy-sx —x1+ (1 - [Ta —aé)) lIXo — x*||

=
j=N-2 -
=
N 3
< [0 ~ eDlled (T2U1x0 — %) + 3 (Usxo — X7) + 3 (xo — x*)|
j=3

N .
+ (1 -TJa- a§)> llxo — x*| (2.7)

j=3

N
< [0 — ) @}iTaUixo — x| + @3 1Usx0 — X" Il + &3 lIxo — x*I))

j=3
N .
+ (1 -Ta —a’;)) lIxo —x*I
Jj=3
N . N .
< [1a -l —x11+ (1 -[la- ag)) llxo — %1 (2.8)
j=2 j=2
N N )
= [0 — hlie] Tixo — x) + (1 = a})xo — x)1 + (1 -[Ja- ag)) llxo — x°l (29)
=2 j=2
N .
< [ =)o iTixo — x| + (1 = a])llxo — x°1I)
j=2
N
+ (1 -[Ja- o:;)) fixo — X"l (2.10}
j=2
N ) N :
< [1a-ehiixo —x1+ (1 ~-T1a ~a§)) lixo — x*|
j=2 j=2
= |ixo — x|

This implies by (2.9) that
N ) N ;
llxo — %1l = [ [(1 = e)ller] (Taxo — x*) + (1 = @) (x0 — x| + (1 ~-Tla- ag)) llxo — x°1l,
j=2 j=2
hence
%o — %] = e} (Tuxo — x*) + (1 = &} (o — X)) (2.11)
By (2.10), we obtain

N N .
lIxo ~ x*Il = [ [0 — Do} UT1x0 — %1 + (1 = e lixo — X" + (1 -[]a —a§)> lixo — X",

j=2 j=2
which implies
% — X*Il = afITaxo — x*|| + (1 — @])llxo — X*|I.
It follows that
lIxo — x*|| = lIT1xo — X*|I. (2.12)
From (2.11) and (2.12), we have by Lemma 2.2 that Tixg = Xo. thatisxg € F(Ty).
It implies that

U]Xo = A.]T]X() + (1 - A])Xo = Xp.
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3v(2.7), we have

N ) N .
lixo — x*|| = n(l — e} (TUrxo — x*) + &5 (Urxo — x*) + e (%o — X1 + |:1 - 1—[(1 - 01]3)] lixo — x*|.

j=3 j=3
© follows that
o — x*Il = llee} (T2UrXo — x*) + a3 (Upxo — x*) + a3 (xg — x¥)||
= Jlaf(Taxg —x*) + (1 — ad) (o — x|l (2.13)
2y (2.8), we have

N N
o = 'l = [ ](1 = e e} ITaUo — x| + &5 U0 = 'l + a3 lixo — x°I) + (1 -[la- a’;)) o = x°l,
=3 Jj=3

which implies

lixo —x*Il = @ IT2Upxo — x*I| + o3 | Urxo — X°l + e lixo — x°1l

= alToxo = ¥l + (1 — aixo — X°1l.

=eace, we obtain

o — "1l = 120 —x*}I. (214)

“om (2.13) and (2.14), we have by Lemma 2.2 that Txg = xo, thatis xp € F(T>).
This implies that U;xo = a3 TaUsxg + a2Uixg + a3%0 = xo.
By continuing in this way, we can show that xo € F(T;) andxp € F(Uy) foralli=1,2,...,N — 1.
Finally, we shall show that x, € F(Ty).
Since

0=2Sxg—x0 = a';'TNUN_lxo +a'2VU~_|xo +a§'xu —Xo

N
= o (TnXo — Xo),

a:'-a'l" € (0, 1], we obtain Tyxo = Xp so that x, € F(Ty). Hence F(S) € ﬂle F(T)). O

Lemma 2.9. Let C be a nonempty closed convex subset of Banach space. Let (T,-}f'=l be a finite family of nonexpansive mappings
¥ Cintoitselfand for eachn € Nandj € {1, 2, ..., N} let o™ = @), o, ab), o5 = (@, o, o) where o}V, o}, @} €
01, o, o e0,1e] +al +al = 1anded + o + &} = 1. Suppose o/ — ol asn — ocofori =
" 3andj=1,2,3,...,N.Let Sand$, be the S-mappings generated by Ty, T>, ..., Tyand oy, a3, ..., ayandTy, Ty, ..., Ty
wia®, o, ..., o, respectively. Then lim,_, o [IS:x — Sx|| = 0 forevery x € C.

#roof. Letx € C, U and U,  be generated by Ty, Ty, ..., Tyanday, oo, ...,ayandTy, T, ..., Ty andaf"), aé"), ... .a,f,").
w=pectively. Foreachn € Nand fork € {2, 3, ..., N}, we have
MUnax = Usxlh = llae} ' Tix + (1 — e x — e Tix — (1 = x|
= la}" — a]|ITax — x|, (2.15)
F
IUnjx — Upll = lle}* TeUn gerX + @5 “Un o1 + 03 "% — ef Tl 1x — a5 Up_qx — o4l

= &P (iU p—1X — Telgm12) + (@ = @) U1 x
(@ — b Yk + a2 UnporX — U + (@5 — &)U x|
< "I Tl k1% — Tl i)l + lof® = bl I Tl
+ |0‘;'k — oXliIxll + a;’kllun,k~lx — U aX)l + lai* — a¥[ Uil
< &P ¥ U pmsX — Uk aXll + e — ¥ ITeli—1x]|
¥ Ui — Uil + (e — @] + lo5* — a§DIU-axll + 15 — a1
IUn ko1 — Uil + lof* — arf [ Tebeoaxll + 1 Ue—aX11)
+ o — eI (WUk—1x]) + i) (2.16)

A
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By (2.15) and (2.16), we have

1Sax — SXIl = lUn,nx — UnxI|

N N . N . .
<o —aflITix = xh+ Y loy? — e J(UT Uil + NUnixll) + ) fey? — e (NU;-ax)] + fix1D).
j=2 j=2
This together with our assumption, we can conclude that
lim (S,x—Sx{=0. O
n—oo

3. Main resuit

In this section, we prove a strong convergence theorem of the iterative scheme (3.1) to a common element of EP and
r:, F(T;) under some control conditions.

Theorem 3.1. Let C be a closed convex subset of a real Hilbert space and let F : C x C — R be a bifunction satisfying
conditions (A1)-(Ad). Let A be an a-inverse strongly monotone mapping of C into H and let {T}}}_, be a f nite family of

nonexpansive mappings of C into itself with i, F(T)(EP # @.Forj = 1, 2,...,N, let oz(") = (ozl , a3, aldy be
such that o}, oY, oz3 €0,1, ) 4+ 4o =1, {o]’ ' Clnn G with0 <y <6y < 1, {oiN} © [, 1) with
0 <y < land {ay")L, {cv"J N C [0,6;)with0 < 63 < 1. Let S, be the S-mappings generated by Ty, Ty, ..., Ty and
ag"), ozé"), . (") letueC and X1 € Cand let {z,} C C and {x,} C C be sequences generated by

F(vay)+(AX") ) + (y Zn, Zn —X") >O’ vyec’ (31)
Xp1 = BaXn + (1 — Br)Sn (anu + (1 —ap)zy), VneN,
where {a,) € [0, 1], {8} C [0, 1] and {);} C [0, 2] satisfy the following conditions:

N0<a<i<b<2a,0<c=<f,<d<T;

n—oo 41
(o8]
(iii) "l_i’n;oa,. =0, Za,, = 00;
n=1
(iv) 17t —a| - 0, and Jaj*" — o3| = Oasn — oo, forallj€ (1,2,3,...,N).

Then {x,} converges strongly to z € ﬂ?':, F(T) () EP, where z = Pﬂ;"_ Fa et

Proof. First, we show that (I — X,A) is nonexpansive. Let x, y € C. Since A is ¢-strongly monotone and A, < 2« ¥n € N, we
have

N — AaA)x — (I — AaA)YII* = lix —y — Aa(Ax — AP
= lIx — ylI> — 2Aa{x — y, Ax — Ay) + A2||Ax — Ay||?
< lix —yIi* — 2ar,||Ax — Ay)i* + A2{lAx — Ay||?
= X = yI? + Ak — 20)11Ax — Ay|
< Ix—yl (32

Thus (I — A,A) is nonexpansive,
Since

1
F(zn, y) + {Axn, y — za) + A_(y —~Zn,Zn —Xp) 20, Wye(,
n
we obtain
1
F(zp,y) + A_(y —Zn, Zn — (I — A,A),) >0, VyeC.
n

By Lemma 2.6, we have z, = T, (X, — A,AXx,) Vn €N.
Letz € (L, F(T;) (" EP.Then F(z,y) 4 (y — 2,Az) > 0, VyeC.
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SoF(z,y) + ﬁ(y—z,z——z+k,,Az) >0, Vyec.
Again by Lemma 2.6, we have z = T, (z — A,Az). Since I — A,A and Ty, are nonexpansive, we have
za — zIf* = Ty, (%0 — AnAXn) — Tx, (z — AaA2)|?
< |lxa ~ 2%, (33)
e flzn — zfl < |lx0 — z|l.
Putting yn = aqu + (1 — ap)z;. Then we have
lyn —zll = lan(u —2) + (1 — an)(za — 2)|
< anllu =zl + (1 — anMlxn — 2| (34)
ws implies that

Ixnt1 — zll = Balxa —2) + (1 — Br)(Snyn — 2
< Ballxa — zll + (1 = Ba)llyn — 2l
< Ballxa =z + (1 — Bu)(apllu — zI| + (1 — @) l1xa — z[). (3.5)
wuing K = max{||x, — z||, llu — z|}. By (3.5), we can show by induction that ||x, — z}} < K, ¥n € N. This implies that {x,}

sounded. Hence {Ax,}, {yal, {Sa¥n}, {zn} are bounded.
Next we will show that

lim |lxn41 — Xl = 0. (36)
n—-o0

STING Uy = Xn — ApAXp. Then, we have z,yy = To,, (Xni1 — Anp1A%ny 1) = To, Units
= = T),(Xn — ApAXy) = T), Us. So we have
Wn+1 = ¥all = N@nprtt + (1 = G121 — dntt — (1 — ap)znl
= llanp1u + (1 — @Guy )Ty Ung1 — Gatt — (1 — @) Ty, Us ||
= (an41 — @)u + (1 — an+1)(TX,,+,Un+l - Tl,,.H u, + Tl,,_Hun — Ta,ttn + Ta tn) — (1 — a)Ty upll
= [[(@ps1 — ap)u + (1 — an+l)(TX,,+1un+l - TA"+|un)
+1 - an+l)(Tl,,+1 Up — Tl,.un) + - an+1)TAnun — (1= a)T, unll
=< @ — anlllull + (1 = @py ) tper — unll

+0- an+l)"T.l,,+|un — Taptnll + 1@ay1 — anl Ty, unll. 3.7)
acz [ — An41A is nonexpansive, we have
"un+1 — Uy " = ”Xn-H - A-n+IAXn+l — Xn +)¥nAxn "
= ||(I = A 1iA)Xnp1 — (I = a1 A% + (An — An ) )AX |
< IXpe1 = Xq + 130 — Anpr]AXa |l (3.8)

' L=mma 2.6, we have

1
F(TA,.U",Y)“FA—(Y“TA,.Um TA,.un "‘un) ZO, VyEC
n

1

F(TX,H.] Uy, .}’) + by 0’ - T/\,H_,unr TA,H_]un - un) z 0, Vy e C.

n+1
garticular, we have

F(Ty,Uun, o,y  Un) + %"(Tx,.“un — Ty, un, Ta Uy — Un) > G, (3.9)
z
F(Ty,, Un, Taptn) + i"—]Jr—l(Tlnun — TaprUns Ty n — Un) > 0. (3.10)
smming up (3.9) and (3.10) and using (A2), we obtain
: (Txaun ~ TapyUn> Tagyy Un — Un) + l(Tx,mUn — Ta,tn, Tiyun —up) >0, VyeC.

)~n+l An
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It then follows that

Tk,.,Hun — Uy _ Ty, un — un> > 0.

T un — Ty, Up,
<;\,, n ApgrHn A-n+] )»n

This implies

A
0 =< (T;\,,Hun - T,\"Un. T;\,-, Up — U — ’—H(T;\,,_H U — U,,)>
Ant

A
= (T'\nﬂ Unp — T,\"U", T;\,-,un ha T;\,.H_lun + (1 - . ) (T).,,Hun - un)>-
Ant1

It follows that

A
1T, Un ~ Taptall® < ‘1 — =Ty s tn = Tagttn]] (T, tall + Nutall).

A-r|+l

Hence, we obtain

An

[Thnsstin — Topua” < l1 — =L ‘ @1

A-n+l

where L = sup{l|u,|l + {Tx,, unll : n €N
By (3.7),(3.8) and (3.11), we have

NYns1 = Yall < l@ngr — anllitll + (1 — e ) Ntpe — tafi + (1= Ay ) Ta U = TapUnll + [Gner — andliTa, Uall
< lappr — anlflull + (1 — @Gp ) (WXnt1 — Xn + |1An — Ao 1lAxall)

A
+ (1= ap) |1 — =L+ |@ns1 — anlliTy, tnll
A-n+l
An
< lapg1 — anlllull + | Xng1 — X2 + Angpa |1 — Ax,
n41
An
+ (1 L+ |an+1 - an“sz\,.un"
n+1
An
=< Ian+l _anl"u"+ xn+l_xn+b 1— AX"
n+1
A’" ™
+1- L+ |an1 — Qo I Ta, tall. (312
n+1
We can rewrite X, by
Xny1 = BaXn + (1 — Bn)Sn¥n, (318
where y, = a,u + (1 — ay)z,.
Next, we show that
lim |ISayn — Xall = 0. (334
n—oo
Fork €{2,3,..., N}, we have
k k
Unt1¥n ~ Uniyall = N it Tlnsracryn + 05 T Unsrryn + af oy,
K
— ™ T U ke 1¥n — @2 Un e 1¥n — @3yl
= ”a;l+l'k(TkUn+l.k—l.Vn — Teln—1yn) + (d;m'k - a':'k)TkUn,k—lyn
+ (a;H'k - a;'k)}'n + a;+l'k(un+l.k—l)'n — Unk—1¥n) + (d;+l'k - a;'k)Un,k—l)'n {
< & N Unp 1Y ~ Ungeryall + 1o — @ i TeUp eyl '
17T — @yl 4+ ap T U1 o1V = Ung—13all + L3 ™ — @5 N Ung=1yall
= (@™ + &I ) U1k 1Yn — Unitall 4l — o ITcUn i1yl
+ 17t — @Myl 4ty T — @M1 Un ke 1yall

+1,k K
=< "Un+1.k—l.Vn = Unk=1¥n I+ |a'|] _a': ”lTkUn,k—lyn Il
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+ 15 — ol llyall + 1@ — a7 + @5 — 3 Un -1yl
< NUns1k=1Yn = Ungeryall + 1T — o P ¥ 1TeUn ko 1ynll
oy — ol iyl + laf* — o U ecayall + lo5 — a3 )1 Un k1l
= WUnt1k=1¥n = Ungmr¥all + 107 — &7 (I Telng1yall + §Uni—1¥all)
+ 1oy — a3 ¥ I (yall + NV g=ryall)- (3.15)

% 115), we obtain that foreachn € N,

Sar1Yn — Sa¥all = NUnr1,nYa — UnnYall

N
< WUnt1,1n = Unavall + Y107 — 1T Un o 1yall + WUnj-1yall)
j=2

N
+ > tes Y — g (lyall + [1Unj-13all)

j=2

N
=1 — ol T — yall + D lei ™ — N Unj1¥all + WUnj—1yall)
j=2

N
+ ) lag M — o Cllyall + NUnjo1yall).
j=2
s together with condition (iv), we obtain
Jim Sy = Soyall = 0. (3.16)
W 112), we have
8Sn41¥n+1 — Sa¥all < NYas1 — Yall + USav1Yn — Snyall

A
< langr — anlllull + Wng1 — Xall +b|1 — | lAxl
A-n+l
An
+ 11 - L+ ag41 — an”lrl,,un" 4+ USnt1¥n — Sayall- (3.17)
n+1
s together with (3.16) and conditions (ii) and (iii), we obtain
lim SUP(U5n+1}'n+1 - Sn.Yn ” b “Xn+l — Xn ") < 0. (3-18)
n—00

* ilows from (3.13) and (3.17) and Lemma 2.4, lim,_, o0 ||Sayn — Xall = 0.
This implies that

lim X1 — Xl = lim (1 — Ba)USaYn — X4l = 0. (3.19)
n—o00 n— o0

Sext we show that
lim ||x, — zall = 0. (3.20)
n—>00

% monotonicity of A and nonexpansiveness of T, , we have

X1 — 212 = [1Ba(xa —2) + (1 — Ba) (Sa¥n — DI
< BallXa = zII> + (1 = Bu)llyn — 2112
= Ballxa — 21> + (1 — B)llan(u — 2) + (1 — @) (za — DI
< BallXa — 21> + (1 = Bu)(anllu — z}1* + (1 = an)liza — z[1%) (321)
= Ballxn — 2l + (1 — Ba)(@allu — 2l + (1 — @) | To, (%a — AnAXn) — Ta, (z — AnAZ)||?)
< Ballka — 21> + (1 = B)@allu — zI* + (1 = @)l (xa — AnAXa) — (2 — AAZ)I|)
= BallXa — zII> + (1 = Bu)(@qllu — 2I* + (1 — @) [ (X0 — 2) — Aa(AX, — AZ)|I?)
= BallXa — 21> + (1 — Bu)(anllu — zI* 4+ (1 — @n)(lIx, — 21I°
— 2Xn{Xn — Z, Ay — AZ) + AZ|| A%, — AZI1?))
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< Bullxa — 21 + (1 = o) (@nllu — zII* + (1 — @) (Ixn ~— 211
— 2haetllAxy — Az|I? + A7 (1A%, — AzI[*))
= Ballxa — 211> + (1 — Bu)(@nllt ~ 2I* + (1 — @) (%0 — zI1* + An(An — 200) [|AXy — AzZ]|?))
< fxn — 20 + (1 = Badanllu — 2l + (1 — an) (1 — Bu)An(An — 200)[|AX, — Az
By (3.22), we have
(1= an)(1 = Bu)Aa(2e = A)Axa — AZI® < o — 21 = IlXns1 — 2l + (1 — Br)anllu — 2|,
SinceG<a<lA, <b<2axand0 <c < f, <d < 1, we have
(1 - a)(1 — dyaae — A)llAxn — Az|* < 10 — 2I1* = lIXng1 — 217 + (1 — Bo)anllu — z||?
< a1 = %all (1% — Il + WXnts — 21D + (1 = Ba)anllu — 2%,
This implies, by (3.19) and condition (iii), that
Jim_{|Ax, — Az]| = 0.
Since T, is a firmly nonexpansive, we have
Iza — 2l = Uy, (a — AeAXa) = T, (z — AeA2)|?
< {(Xn — AnAXq) — (z — ApA2), 20 — 2)

= %("(xn — ApAxp) — (2 — A.,,AZ)"Z + lizn _2"2 — [ (%s — AnAXp) — (z — ApAZ) — (2, —Z)llz)

1
= 5% —z)2 + liza ~ z|I? = l[(¥a — 2a) — An(Ax, — A2)|)

] _
= 5l —zIP 4+ 1z — 2112 = X0 — 2alI? + 225 (X0 — Zn, AXy — AZ) ~ A} ||AXy — Az||?).

It follows that
flzo — 2"2 < lixq _2"2 = liXn ——anlz + 2Apllxn — Za 1l ||Ax, — Az|).
By (3.21) and (3.27), we have

a1 — 212 < Balltn — 2I1% + (1 = Badlanllu ~ 2 + (1 = an)llza — z|1%]
< Bulln = 2% + anllu — z||* + (1 — Bu)liza — 2|

< BuallXa — 2|1 + anllu — 2] + Q = B)(UIxn — 2/1? — Ity — Za* + 2Xnli%n — 24l 1A, — Az]))

< Jlxn = 212 + aallu = 2% — (1 = Bo)Xa — Zol|* + 24n[1X0 — Zall[|AX, — Az]].

This implies

(O = Blxa = Zall® < Wha = 202 = Whns 1 — 20% + Gallu — 2> + 225 [1%n — 2zl Ky — Az]].
Hence _

(A = DlIxa — 21> < Whng1 — Xallxn — ZI + Nngr — 21D + Gallu — 2 + 205 11%n — Zall 1AX, — Az]l.
By (3.19) and (3.25), we obtain

lim {|x, — z,|| = 0.

n—00
Since ¥, = apt + (1 — ay)zy, we have [y — z:}l = anllu — za).

This implies limp_, o0 [lyn — Zall = 0.
By (3.14) and (3.29), we have

1Snyn — Yall < WSn¥n — Xull + 1Xs — Za)l + 11Za —ynll = 0 asn — oo.

Next, putting zp = N, Fap el We shall show that

lim sup{u — zp, y, — 20) < 0.
n— oo
To show this inequality, take a subsequence {y,,} of {y,} such that
lim sup(u — 2o, yn — 20) = lim sup{u — 2o, yn, — Z0)-

n-»00 k— o0

(3.22

(323

(324

(323

(328

(327

(328

(329

(3.30

(331

(332
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~WSout loss of generality, we may assume that y,, — @ as k — oo where w € C. We first show w € EP. We have
— wask — 00.Since z, = Ty, (X, — A,Ax,), we obtain

1
F@za, y) + ¢ mY =)t =y = Znzn —X) 20, Wy eC.
n

(A2), we have (Axy, y — zn) + 5=V — Zs, Zn — Xa) = F(y, z1). Then

1
Ans ¥ — Zne) + 7= = Zngs Zn, — Xn) 2 FO1 2Z0), Yy €C. (3.33)

M

=+ (1 -twforallit € (0, 1]andy € C. Then, we have z; € C. So, from (3.33) we have

Zn; — Xn

2 —zn,, AZt) 2 (z2 — Zny, AZt) — (20 — 2o, AXny) — <zf — Zn, >+ F(z, zn,)

g
Zny — Xny
= (Zl - an’ Azl _Aznk) + (Zl - anvAznk _Axnk) —\Zt — Zp, T'— +F(annk)~
ki3
1Zy, — Xy, || = 0, we have ||Az,, — Axg, || — O.Further, from the monotonicity of A, we have (z; ~ z,,, Az, —Az,,) > 0.
“om (A4) we have
Z —w,Az) > F(z;, w) ask — oo. (3.34)
(A1),(A4) and (3.34), we also have
0= F(z,z) <tF(z;,y)+ (1 — t)F (%, w)

= fF(lr..V) +(l =3 t)(zl "‘((),AZ[)
tF(z, y) + (1 — Oty — 0, Az,),

0=<F(z,y)+ (0 -0y —w Az).
t — 0, wehave
0<F(lw,y)+{y—w,Aw) VyeC. (3.35)

re w € EP.
Next, we show that w € ﬂf':, F(T;). We can assume that

a5 ol €(0,1) and oM > o €(0,1] ask— oo forj=1,2,...,N—1 (3.36)

a > ol €[0,1) ask - ooforj=1,2,...,N. (3.37)

= be the S-mappings generated by Ty, T, ..., Ty and By, B3, ..., By where §; = (a’i, on2 (xg), forj=1,2,...,N.By
2.9, we have

lim [{Spx —Sxlf =0 (3.38)
x—00
alx e C.
2y Lemma 2.8, we have ﬂf; L F(T)) = F(S). Assume that Sw 3 w. By using the Opial property and (3.30) and (3.38), we
liminf [ly,, — wll < liminf|ly,, — S|
k—o00 k— o0
< likrg ci’gf( Wyn, — Suymll + S0 Yn, — Sne@ll + ISp,0 — Sewll)
=< lim inf"ynk - (l)“,
k— 00
is a contradiction. Thus Sw = w, so w € F(S5) = ﬂf.i, F(T;).

Hence w € (., F(T) (N EP.
Sncey, ~wandw € ﬂf.il F(T;) () EP, we have

lim sup{u — zo, yn — zo) = lim sup(u — zp, ¥n, — 20) = (U — 2p, w — 2p) < 0. (3.39)
n—»o0 k— o0
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By using (3.3), we have

[1Xng1 — Z0"2 = [1Ba(Xn — 20) + (1 — Ba) Spyn — ZO)"2

< Ballxs — 20l + (1 = B)llyn — 20l
= BallXy — 20"2 + (1 - Bllaau+ (1 —az)z, — 20"2
= Bullxa — 2oll> + (1 = B)llan(u — 20) + (1 — ap)(za — 20)I>
< BallXa — Z0"2 + (1 = B)((1 - ﬂn)ZIIZn - 20"2 + 2an{u — 29, Yo — 2o))
< Ballxa —20”2 + (11— B0 —ap)lizn — 20"2 +2(1 — Bn)an{u — 2o, Yo — 2o)
< Ballta — 20ll* + (1 = Bo)(1 — @) lXn — Z0l1* + 2(1 — Bo)aa (1 — 20, yn — Z0)
= (1= (1= B)an)xn — 2o? + 2Q1 — Br)an{u — 2o, ¥n — Zo).

Since Z;’;’, (1 — B)a, = co and lim sup,_, o, 2(u — Zp, ¥» — 2o} < 0, we can conclude from Lemma 2.3 that

lim ||x, -2zl =0. O
n—od

4. Applications
Using our main theorem (Theorem 3.1), we obtain the following strong convergence theorems in a real Hilbert space.

Theorem 4.1. Let C be a closed convex subset of a real Hilbert space and let F : C x C — R be a bifunction satisfying
conditions (A1)-(A4). Let {T.} be a finite family of nonexpansxve mappmgs of C into itself thh ﬂ 1 F(T) ﬂEP(F) # 0. For
i=1,2,... Nlete = (a, ,a;”. a) be such that ], aj’, o3’ e[o 1], a,J+a +add =1, (@M € . 8
witho < 7y < 6 < 1, {7 MY ¢ [gw, 1] WithO < gy < 1and {a;”}¥ =1 {ag I i1 C [0,63] withO < 63 < 1. Let S, be

the S-mappings generated by Ty, Ts, ..., Ty and ag"), ag"), .. (") detuecC and Xy € Candlet {z,) C Cand {x,} C Che
sequences generated by
F(Zn,y)’*‘ (.Y ZTHZH x") = 0 Vyec (4_:

Xnt1 = ﬂnxn + (] - ﬂn)sn(anu + (1 - an)zn) vn € Nv
where {a,} € [0, 1], {8r) C [0, 1] and {A,} C [0, 2] satisfy the following conditions:
D0<a<i, <b<22x, O0O<c<PBp<d<1
n

A
(ii) lim =1;
1% Ay

[o. 4
(iii) lim a, =0, Z_; a, = 00
@) 1o — oM - 0, and |aitY —a}’| = 0asn > oo, forallj € {1,2,3,...,N}.
Then {x,} converges strongly to z € ﬂ,-=, F(T;) "\ EP(F), where z = PﬂN:l F(y N ep(ey Y-
Proof. Put A = 0in Theorem 3.1. Then, from Theorem 3.1, we can get the desired conclusion. O

Theorem 4.2. Let C be a closed convex subset of a real Hilbert space and let F : C x C — R be a bifunction satisfying
conditions (A1)-(A4). Let A be an a-inverse strongly monotone mapping of C into H and let [T},___I be a finite family &

nonexpansive mappings of C into itself with ﬂ,—=1 F(T)(EP # @.Forj =1, 2,...,N, let {a';"l_,*, € [0,1], {(J»rlJ JN_' E
[m, 6] with0 < 711 <6 <1, {a’,""} C [nn, 11with0 < 5y < 1, Vn € N, Let W, be the W-mappings generated &
Ty, Ta, ..., Ty and a, , o 2, a',"". Let u € Cand x; € C and let {z,) C C and {x,} C C be sequences generated by

FGon )+ (i, y —=20) + -0 =222 =30) 20, Wy € C, -
X1 = BaXa + (1 — Bn)Wp(ant + (1 — a)z,), VR €N,
where {a,) € [0, 1}, {8,} C [0, 1] and {A,} C [0, 2c] satisfy the following conditions:
(0<a<r, =b<2e, 0<c<B,<d<1;

An

=1;

n—-»oco 1
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oo
(iii) nl_i’rg\oa,, =0, ;an = 00;
(i) ] — &) - 0, asn— oo, forallj € {1,2,3,...,N).
N
em {x,) converges strongly toz € (\;_, F(T;){ ) EP, where z = Pﬂil Fay e

Swof. Put a;'j = Oforallj € {1,2,3,...,N}, andall n € N in Theorem 3.1. Then, by Theorem 3.1 the conclusion
wows., O

“wrollary 4.3 ([7], Theorem 3.1). Let C be a closed convex subset of a real Hilbert space and let F : C x C — R be a bifunction
wesfying conditions (A1)-(A4). Let A be an «-inverse strongly monotone mapping of C into H and let T be nonexpansive
meppings of C into itself with F(T) () EP % . Let u, x1 € Candlet {z,}, {x,) C C be sequences generated by

1
F(Znyy) + (AXn,y ‘—Zn) -+ 'i—(y — Zn, Zp _xn) > 07 Vy € C, (43)
n .
Xpp1 = ﬂnxn -+ (1 - ﬂn)Tl (anu + (] - an)zn)y vneN,
wiere {a,) € {0, 11, {8:) C [0, 1] and {1,;} C [0, 2] satisfy the following conditions:

0<a<ir, <b<2a, 0<c=<B<d<1;

(ii) lim
2400 Apyy

[e o]
(iii) lim a, =0, Z a, = oo.

n=1

e {x,} converges strongly toz € (i, F(T;) () EP, where z = Py rap et

%wof. PutN = 1and T, =T and o5’', ’* = 0Vn € Nin Theorem 3.1. Then §, = T. Hence, we obtain the desired result
wwmTheorem3.1. 0O

femark. In Theorem 3.1, by taking N = 1and oy, a;-' = Qforalln € N, one can easily see that Theorems 4.1, 4.2, 43 of
“sizhashi and Takahashi [7] are special cases of Theorem 3.1.
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Let X be a real uniformly convex Banach space and C a closed convex nonempty subset of X.
Let {T;};., be a finite family of nonexpansive self-mappings of C. For a given x; € C, let {x,])

and |xf.i’|, i =1,2,...,7, be sequences defined 0 =, P = a:‘l’Tle,o) +(1- aflll’)x,f,ol, P =
2 { 2 2 2 -1 -2
afﬂ’szf,) + afll)Tlx,. +(1-a% - af”’)x,,, e X = X0 = 0TV 4 af"(),_nT,_lx,(,' vk
N &
nf.",’T,x,, +(1- afl'()') - “f.’()r-u — e a:,',])x,., n > 1, where a"". € [0, 1] forallje {1,2,...,7},meN

and i = 1,2,..., ;. In this paper, weak and strong convergence theorems of the sequence [x,) toa
commuon fixed point of a finite family of nonexpansive mappings T; (i = 1,2,...,r) are established
under some certain control conditions.

Copyright © 2009 S. Imnang and S. Suantai. This is an open access article distributed under
the Creative Commons Attribution License, which permits unrestricted use, distribution, and
reproduction in any medium, provided the original work is properly cited.

1. Introduction

Let X be a real Banach space, C a nonempty closed convex subset of X,and T : C — Ca
mapping. Recall that T is nonexpansive if [Tx - Ty]| < |lx —y|| forallx, y € C. LetT; : C —
C, i=1,2,...,r,be nonexpansive mappings. Let Fix(T;) denote the fixed points set of T;, that
is, Fix(T;) == {x € C : Tix = x}, and let F := [\_; Fix(T}).

Fora given x; € C,and a fixed r € N (N denote the set of all positive integers), compute
the iterative sequences {xf,o)], {x,(,“}, { xf,z’), A | x},”} by

0)
Xp' = Xp,

1 1 0 D).
«Y = afﬂ'Tle,’ + (l - afﬂ))xf,)
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2 2 1 2 2 2
xP = aflz)sz}, Yy aiﬂ)Tlx,, + (l - aLZ) - afﬂ))x,,,

(r~2 (r)

=1
Xn+l = xflr) = as::')Trxy ) + afl?r—l)Tr—lxn ) teoe+ 4, Tix,
(r) (r) (r)
¥ (1 Ty T G- T T A )x’“ nzl,

1.1)

where ag) €l0,1] forallje [1,2,...,r},neNand i = 1,2,...,]. Ifaf,’;.) =0, forallm e N,
j€{L2,...,r~1}andi=1,2,...,], then (1.1) reduces to the iterative scheme

Xnel = Snxm n>1, (12)
where S, == a'T, + af{()r_l)T,_l Foeeed af{l)Tl +(1- af"()r) - af,'()r_l) —m aflrl))l, af",.) € [0,1]} for all

i=1,2,...,‘randnEN.
Ifa,(,’i) =0, forallneN,je{1,2,...,r-1},i=1,2,...,j and af,',.) = a;, for all n € N for
alli=1,2,...,r, then (1.1) reduces to the iterative scheme defined by Liu et al. [1]

Xnel = an/ nz lr (13)
where S :=a, T, +ar T+ +aTh+(l-ar—a,y—-~a},a; >0foralli=23,...,r
and 1 - a, - a1 —--+— a3 > 0. They showed that {x,} defined by (1.3) converges strongly to

a common fixed point of T;, i = 1,2,...,r, in Banach spaces, provided thatT;, i = 1,2,...,r
satisfy condition A. The result improves the corresponding results of Kirk 2], Maiti and Saha
[3] and Sentor and Dotson [4].

Ifr =2and af;] :=0 for all n € N, then (1.1) reduces to a generalization of Mann and
Ishikawa iteration given by Das and Debata [5] and Takahashi and Tamura [6]. This scheme
dealts with two mappings:

= aTx, + (l - aflll))x,,,

nl
(1.4)

= x2 = a@Tpx 4 (1 . affz’)x,,, n>1,

where { a:fl) 14 af}z)} are appropriate sequences in [0, 1].

The purpose of this paper is to establish strong convergence theorems in a uniformly
convex Banach space of the iterative sequence {x,} defined by (1.1} to a common fixed
point of T; (i = 1,2,...,r) under some appropriate control conditions in the case that one
of T; (i = 1,2,...,r) is completely continuous or semicompact or {T;)}-; satisfies condition
(B). Moreover, weak convergence theorem of the iterative scheme (1.1) to a common fixed
pointof T; (i =1,2,...,r) is also established in a uniformly convex Banach spaces having the
Opial’s condition.
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2. Preliminaries

In this section, we recall the well-known results and give a useful lemma that will be used in
the next section.

Recall that a Banach space X is said to satisfy Opial’s condition [7] if x, — x weakly
asn — oo and x #y imply that limsup, _, |lx, - x|| < limsup,_, llx, — y|l. A finite family
of mappings T; : C — C (i = 1,2,...,r) with F := "_;Fix(T;) # 8 is said to satisfy condition
(B) [8] if there is a nondecreasing function f : [0,00) — [0, 0) with f(0) = 0 and f(t) > 0
for all t € (0, 0) such that maxyeie, {|lx — Tixl]} > f(d(x, F)) for all x € C, where d(x,F) =
inf{l|lx - p|l : p € F}.

Lemma 2.1 (see [9, Theorem 2]). Let p > 1, r > 0 be two fixed numbers. Then a Banach space X
is uniformly convex if and only if there exists a continuous, strictly increasing, and convex function
g:[0,00) — [0,00), g(0) = 0 such that

Az + 1= DylfF < A=ll” + A - DIy - w,Mgllx-ylD. 21)
forallx, yin B, = {x€ X:|x|| £ r}, x €[0,1], where

w,(A) = A(1 = 1) + AP(1 - A). 2.2)

Lemma 2.2 (see [10, Lemma 1.6]). Let X be a uniformly convex Banach space, C a nonempty closed
convex subset of X, and T : C — C nonexpansive mapping. Then I - T is demiclosed at 0, that is, if
Xn — x weakly and x, — Tx, — 0 strongly, then x € Fix(T).

Lemma 2.3 (see [11, Lemma 2.7]). Let X be a Banach spuce which satisfies Opial's condition and
let {x,} be a sequence in X. Let w, v € X be such that limy . || 35 = ul| and limy, .o, | %5 — v|] exist.
If {xp, ) and {x,, ) are subsequences of {x,} which converge weakly to u and v, respectively, then
u=v.

Lemma 2.4. Let X be a uniformly convex Banach space and B, = {x € X : {jx|| < r},v > 0. Then
for each n € N, there exists a continuous, strictly increasing, and convex function g : [0,00) —
[0,0), g(0) =0 such that

u 2
2%
i=1

n
< aillal? - mazg(llx - xll), (2.3)
i1

forall x; € B,andall a; € [0,1] (i=1,2,...,n) with 3 a; = 1.

Proof. Clearly (2.3) holds for n = 1,2, by Lemma 2.1. Next, suppose that (2.3) is true whenn =
k-1.Letx; € B,anda; € [0,1], i=1,2,. kw1thz, 1 = 1. Then a1 /(1 - Z,,,a)xk1+
ax/(1- 3%2a,)x, € B,. By Lemma 2.1, we obtam that

2

A
i P uxkuz. (24)

< [
S = k—2
1- Zikzlzai - Z

g1
Xg-1 t Xk
1- lear 1—211"‘1
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By the inductive hypothesis, there exists a continuous, strictly increasing and convex function
g:[0,00) — [0,00), g(0) = 0such that

2

k-
Y 5_:, Billvill® - BrBag (llva - v2l)) (2.5)

i=1

foraliy; € B,and all ; € [0,1], i=1,2,...,k—1with Z, 1 Bi = 1. It follows that

k-2 k-2
Zaix,- + (l —Za,-)( S 12k-1 + akiﬁz )
i1 i-1 1-3Y5%0 1-35

@g-1Xk-1 Ak Xk
< Naillxill? + <1 - Ea,) o
Z i=1 1= Z: I.a' 1- Zk ;

< e -t l|xea ) ak"kaZ
ail|xilf® + <1 - “i) ( + - —arazg(l|x1 - x2l)
% 1- Zk jai 1- Zfﬂzai

2 2

k
Za;x,-
i=1

2
—a1a8(lfx1 ~ x2lf)

==

<

M- 1M

T
L

aillxil* - mazg(llx1 - xalf).

(2.6)

Hence, we have the lemuna. 0

3. Main Results

In this section, we prove weak and strong convergence theorems of the iterative scheme (1.1)
for a finite family of nonexpansive mappings in a uniformly convex Banach space. In order
to prove our main results, the following lemmas are needed.

The next lemuma is crucial for proving the main theorems.

Lemma 3.1. Let X be a Banach space and C a nonempty closed and convex subset of X. Let {T;}l,
be a finite family of nonexpansive self-mappings of C. Let af,’; € [0,1] forall je (1,2,...,r},n€N
and i = 1,2,...,j. For a given x| € C, let the sequence {x,) be defined by (1.1). If F#0, then
llx241 = pll < % = pll for all n € N and lim,, . oo ||, — pl| exists forallp € F.

Proof. Letp € F. For each n > 1, we note that

#1

# (1-a)x -]

a [T =p|| + (1- @) |5 =P
ag) [l =pll + (1= ) )l - P

el

(3.1)
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It follows from (3.1) that

Xn —p” = 3 (” ffl)Tlx,, + (1 - aflzz) - afff)x,, —p"
<ot o+ aiinpl (- a2 -l
< a@]Jx = p|| + a@llxn - pl + (1 a2 - @) - |
< flxn = pll-
By (3.1) and (3.2), we have
| = o9 Tsx? + T + @i + (1- 0 - a2 - & )
D - p|| + a2 || T - p|| + o T2 - p|
v (1-a2 - a2 - a8) |2l o3
< ~p| + a2 < p + a@llxa -
+(1-ag -ay - ‘3’)|Ixn Pl
< flxn - pll-
By continuing the above argument, we obtain that
"x,(,” —-p” < || xn —p” Vi=1,2,...,r. (3.4)

In particular, we get [|x,.1 — pll < llxn — pl| for all n € N, which implies that lim,_, ||, = pl|
exists. O

Lemma 3.2. Let X be a uniformly convex Banach space and C a nonempty closed tmd convex subset of
X. Let {T;) [, be a finite family of nonexpansive self-mappings of C with F #@ and a Ve [0,1] for all
je(1,2,...,r,neNandi=1,2,...,j such that $1_,a" are in [0, l]forali]e{l 2,...,r}and

neN. Foragwen x1 € C, let {x,} be deﬁned by (1.1). If0 < liminf,—, x a7 < lnmsupn_,oo(ai'()r)

a"

Qg+ +a )< 1, then

(i) limpo | T = x| = O foralli =1,2,...,r,

(ii) iy, o oo | Tixn —xalf =0 foralli=1,2,...,r,

(iii) limy oo |2 — xul| = O forall i =1,2,...,7

Proof. (i) Let p € F, by Lemma 3.1, sup,|lx» — pll < co. Choose a number s > 0 such that
sup,,[lx, —pll < s, it follows by (3.4) that (xD —p}, (Tix¥™ —p) C B, foralli € {1,2,...,r}. O
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By Lemma 2.4, there exists a continuous strictly increasing convex function g
[0,00) — [0,00), g(0) = 0such that

2 n
< Daillxil? - araag(l|x - x2l), (3.5)

i=1

n
2.aixi
i=1

forall x; € B;, a; € [0,1] (i = 1,2,...,n) with 37 a; = 1. By (3.4) and (3.5), we have for
i=1,2,...,r,

2 1 -2
|xns1 = pll” = a1, )+af"()r_1)T a2 --+afl’1)T1x,,
1—a® —a gV _pll?
an(r) n(r-1) nl n—pP
_ 2 2
<a?|T,x —p” + an(r_” IT,_lx(' ) —p” .
(r) (r) () (r)
a | T1%Xn = P“ t (1 ur) = Bagr—1) =" T Gy )"x,, P"
(’)(1 aff(’r, - afl'()r_l) —---—am IITx" Vo x, )
-1 2) 2
< aDf p" +a:"()r 1y xY" —p" + -+ a|lx —~pll 36)
(r) (r) (r) 2
+(1-ay —algy == ad )l - pl
1
ap (l af:r()r) —a::()r—l) "'_a(r)) ("T‘ " )_x"”)
(r) 2 (r) 2 (r)
< afp||xn = plI* + aly_yy 12 = I+ + @R ||~ ||
(r) (r)
(1 Cniry ~ Cnir-1) ~ - )"x" pl’
(r) (r) (r) (r) (i-1)
(l Bu(ry ™ Angr-1) =" ‘anl)g("T‘x" i )
= 2_ a0 n _ a0 a0 (i-1) _
- “x"'_p" a,; (1 an(r) n(r—l) a, >g<"Tx Xn )
Therefore
(r) (r) (r) (") -1y _ 2 2
o (1-aly - aly == al) (|1t ~ x]) < Hww=pl® ~ s —pl*  37)
foralli =1,2,...,r. Since 0 < hmmf,,_.ma < lim sup"_,m(af"()r) + afl’()r_u + - ",) <1,

it implies by Lemma 3.1 that lim,, -, g(IIT; x('—l) - xn|}) = 0. Since g is strictly increasing and
continuous at 0 with g(0) = 0, it follows that llm,._.mllTx(' o Xp||=0foralli=1,2,...,r
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(ii} Fori € {1,2,...,r}, we have

ITix, — xn|| < ”Trx,, Tix¥ l)” "T D
< Jln =] + 1™ - 3.8)
< St s -]
It follows from (i) that
ITixn —xa] — 0 as n— co. (3.9
(iii) Fori € {1,2,...,r}, it follows from (i) that
Za(')“TJ D _ ol —0 as n— oo. (3.10)

Theorem 3.3. Let X be a uniformly convex Banach space and C a nonemply closed and convex subset
of X. Let {Ty)I_; be a finite family of nonexpansive self-mappings of C with F #@. Let the sequence
[a(’)} be as in Lemma 3.2. For a given x, € C, let sequences {x,} and [x")] (i=0,1,...,r) be
defined by (1.1). Ifone of [T; )], is completely contznuous then (x,)} and {x") converge strongly to
a common fixed point of {T;}i_, for allj=1,2,.

Proof. Suppose that T;; is completely continuous where iy € {1,2,...,7}. Then there exists a
subsequence (x| of (x,,l such that {Tj,x,, | converges. a

Let limy _, . T;yx,, = g for some g € C. By Lemma 3.2 (ii), limy, - oo [|Tiyxs — x,f| = 0. It
follows that limk_.mx,,h = g. Again by Lemma 3.2(ii), we have lun,,_.mllT x,, - xu]l = 0 for
alli = 1,2,...,r. It implies that limg . Tix,, = q. By continuity of T;, we get T;q = g, i =
1,2,...,r. So q € F. By Lemuma 3.1, lxm,,_.mllx,, gl exists, it follows that lim, ., ||x, — gl| = 0
By Lemma 3.2(iii), we have llm,._.m"x,, — Xu|| = 0 for each j € {1,2,...,r}. It follows that
limy . ox) = gforall j=1,2,.

Theorem 3.4. Let X be a uniformly convex Banach space and C a nonempty closed and convex subset
of X. Let {T;)I_, be a finite family of nonexpansive self-mappings of C with F #@. Let the sequence

[a(’)],,_1 be as in Lemma 3.2. For a given x1 € C, let sequences {x,} and lxm} (i=01,...,r) be

defined by (1.1), If the family (T;}}_, satisfies condztzon (B) then {x,} and [x(’) } converge strongly to
a common fixed point of |T;)[_, forall j =1,2,.

Proof. Let p € F. Then by Lemma 3.1, lim, . || — pl| exists and ||xp.1 ~ pll < l|x, — pli for all
n > 1. This implies that d{xys1, F) € d(x,, F) for all n > 1, therefore, we get lim,, _, d(xy, F)
exists. By Lemma 3.2(ii), we have lim, .o ||Tixn — x|l = 0 for each i = 1,2,...,r. It follows,
by the condition (B) that lim,_, f(d{xs, F)) = 0. Since f is nondecreasing and f(0) = 0,
therefore, we get lim, _,od(xx, F) = 0. Next we show that {x,} is a Cauchy sequence. Since
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lim,, _,,d(xy, F) = 0, given any € > 0, there exists a natural number ny such that d(x,, F) < e/2
for all n > ny. In particular, d(x,,, F) < €/2. Then there exists g € F such that [|x,, — gl| < €/2.
For all n > np and m > 1, it follows by Lemma 3.1 that

“xmm = xn” < ”xn+m - q” + ”x,, - q” < ”xno —q" + "x,,o —q” <E€. (311)

This shows that {x,} is a Cauchy sequence in C, hence it must converge to a point of C.
Let limy X, = p*. Since lim,_,d(x,, F) = 0 and F is closed, we obtain p* € F. By
Lemma 3.2(iii), limy — oo || ¥ = x,]| = 0 for each j € {1,2,...,7}. It follows that limy . ox? = p*
forallj=1,2,...,r O

In Theorem 3.4, if af";.) =0, forallneN,je(1,2,...,r-1}andi=1,2,...,j, we obtain
the following result.

Corollary 3.5. Let X be a uniformly convex Banach space and C a nonempty closed and convex

subset of X. Let {T;}[_; be a finite family of nonexpunsive self-mappings of C with F#@ and af'? €
[0,1) forall i = 1,2,...,r and n € N such that Z,f:laf,? are in [0,1] for all n € N. For a given
x1 € C, let the sequence {x,} be defined by (1.2). If the family {T;)}., satisfies condition (B) and
0 < lim inf,,_.ooaf,? < lim supn_,m(af"()r) + af,'(’r_n oot affl)) < 1, then the sequence {x, } converges

strongly to a common fixed point of {T;} 1.

Remark 3.6. In Corollary 3.5, if af':.) =a; foralln € Nand foralli = 1,2,...,r, the iterative
scheme (1.2) reduces to the iterative scheme (1.3) defined by Liu et al. [1] and we obtain
strong convergence of the sequence {x,] defined by Liu et al. when {T;} _, satisfies condition
(B) which is different from the condition (A) defined by Liu et al. and we note that the result

of Senter and Dotson [4] is a special case of Theorem 3.4 whenr = 1.

In the next result, we prove weak convergence for the iterative scheme (1.1) for a finite
family of nonexpansive mappings in a uniformly convex Banach space satisfying Opial’s
condition.

Theorem 3.7. Let X be a uniformly convex Banuch space which satisfies Opial’s condition and C a
nonempty closed and convex subset of X. Let {T; )1, be a finite family of nonexpansive self-mappings
of C with F #@. For a given x1 € C, let {xy] be the sequence defined by (1.1). If the sequence [af,".) 2y
is as in Lemma 3.2, then the sequence {x,} converges weakly to a common fixed point of {T;}},.

Proof. By Lemma 3.2(ii), lim, o |/Tixn — x|l = O forall i = 1,2,...,r. Since X is uniformly
convex and {x, } is bounded, without loss of generality we may assume that x,, — u weakly
asn — oo forsomeu € C. By Lemma 2.2, we have u € F.Suppose that there are subsequences
{xn,} and [x,,, } of {x.} that converge weakly to u and v, respectively. From Lemma 2.2,
we have u, v € F. By Lemma 3.1, lim, .o |lx, — u}| and lim, o |lx, —~ o]l exist. It follows
from Lemma 2.3 that u = v. Therefore {x,] converges weakly to a common fixed point of
{Ti} 0

For af}’? :=0,forallme N, je{l,2,...,r-1}andi=12,...,jin Theorem 3.7, we
obtain the following result.
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Corollary 3.8. Let X be a uniformly convex Banach space which satisfies Opial's condition and C a
nonempty closed and convex subset of X. Let {T;}_; be a finite family of nonexpansive self-mappings

of C with F#@ and a%) € [0,1] forall i = 1,2,...,r and n € N such that 37_,a"? are in [0,1] for
all n € N, For a given x1 € C, let {x,} be the sequence defined by (1.2). If 0 < lim inf,,ﬂooaf",.) <

limsup,,_, °O(afl'()r) + afl’()r_l) ot af"ll) < 1, then the sequence {x,} converges weakly to a common

fixed point of (T;}i;.

Remark 3.9. In Corollary 3.8, if af[? =aj forallmne Nand foralli =1,2,...,r, then we obtain
weak convergence of the sequence {x,} defined by Liu et al. [1].
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Abstract

In this paper, we study the Green function of the operator (g +m*)* which
is iterated k-times and is defined by

k
v 2 p+q 2
(Op+mh)* = (Z Bz,-) -1 > By, | +mt), (0.1)
=1 Jj=p+1

where m is a positive real number and p+¢ = n is the dimension of R} and k is a
nonnegative integer and By, = 2%2? + %5‘2—1,, 2u; = 20+ 1,05 > —%,:c,— >0. At
first we study the Green function of the operator ($p +m4)k, we have that such
a Green function related to the elementary solutions of the Bessel-Helmholtz
operator (Ap + m?)F iterated k—times and the Bessel Klein-Gordon operator
(Op + m?)* iterated k—times. We also apply such a Green function to solve the
solution of the equation ({p +m?*)*u(z) = f(z) where f is a generalized function
and u(z) is an unknown function for z € R}f.

Keywords: Green function, Bessel diamond operator, Helmholtz operator, Klein-Gordon
operator

1 Introduction

A. Kananthai [1] first introduced the diamond operator {* iterated k—times, defined

b
Y k

2 2
o | ) (5 2
" 823i2 X 8113]'2 ’
=1 =p+1
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the equation ¢*u(z) = f(z), see [2], has been already studied and the convolution
u(z) = (-1)*Rfi () * RS, » f(z) has been obtained as a solution of such an equation.
Later the equation ( + m*)*u(z) = f(z), see [3], has been studied and the convo-
lution u(z) = (Wi (v, m) x W§ (v, m)) *(s*¥)*~!(z) » f(z) has been obtained a solution
of such an equation.
Furthermore, Hiiseyin Yildirim, Mzeki Sarikaya and Sermin Oatiirk [4] first intro-
duced the Bessel diamond operator % iterated k—times, defined by

P 2 ptg 2%
<>IE? = (Z BI‘> - Z Ba:_,) (1'1)
i=1 j=p+1

xi Ba:i

expressed by 0% = AkOY = O5A%, where

P k
Ak = (ZBI,) . (1.2)

where B,, = 8%2; 4B 9y =P+ 1,0 > —%,xi > 0. The operator % can be

and
, P ptq k
ok = {Z B, - > sz} . (1.3)

The equation QO¥u(z) = §(z), see([4], p.382), has been already studied and the convo-
lution u(z) = (—1)*Sy * Rox has been obtained as a solution of such an equation where
the function Ss;, and Ry, are defined by (2.1) and (2.2), respectively, with o = § = 2k.
In this work, we study the equation of the form

(Op +m*)*G(z) = ().

We obtain the elementary solution G(z) = (Tox(z) * War(z)) * (C**)*~1(z), where the
symbol xk denotes the convolution of itself k—times and the symbol % — 1 is an inverse
of the convolution algebra, Tor(z) is the elementary solution of the Bessel-Helmholtz
operator (Ap + m?)* iterated k—times, that is Ty (z) satisfy the equation

(&5 +m*) u(z) = §(z)

and Wa(z) is the elementary solution of the Bessel Klein-Gordon operator (Op +m?)k
iterated k—times, that is Wok(z) satisfy the equation

(@5 +m*) u(z) = §(2)
and C(z) is defined by
C(z) = 6(z) — m*(Ty(z) + Wa(V)) + 2m* (Tu(z) » Wa(V)).
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Moreover, we apply such a Green function to obtain the solution of the equation
(05 +m")*u(z) = f(z).

where f is a generalized function.

2 Preliminaries

Definition 2.1 Let z = (z1,%2,...,%,), ¥ = (v1,1s,...,1,) € RY. For any complex
number a, we define the function S,(z) by

vi— 2|~ —-n—2|v
B on+2{v] 2al“("+ |21 Q)|$la n—2|v|

5o = T 2w+ D .

Definition 2.2 Let z = (2, Z2,...,%),V = (11,12, ...,1,,) € R}, and denote by V =
224 x5+ A ad -k, — a2, — -~ 2o, the nondegenerated quadratic form. Denote
the interior of the forward cone by I'y = {z € R} : z; > 0,2, > 0,...,z, > 0,V > 0}
. The function Rg(z) is defined by

Vﬁ—w.—2 v

2

Rp(z) = W)

(2.2)

where

Kn(l[j) =

b}

JEETE (Hﬂ_—;z—M) I (332)T(B)
I (2tp=2) 1 (22)

where 3 is a complex number.
Definition 2.3 Let z = (21,22, ...,2Z,) € R}, For any complex number «, we define

the function
2 (=1)T (12Z + T)

_ 2\T( 1\ S+r
Ta(x) - ; I (g) (m ) ( 1)2 Sa+2r($)7 (2'3)
where 7 is a complex number and Sg42.(z) is defined in definition 2.1.
Definition 2.4 Let z = (z,,%,...,%,), For any complex number 3, we define the
function '
(DT (3+7)
Wp(z) = z_; —Tﬁ:éj‘—(W)TRmzr(x), (2.4)

where 77 is a complex number and Rg,o.() is defined in definition 2.2.
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Lemma 2.1 Given the equation A%u(z) = §(z) for z € R}, where A% is defined by
(1.2). Then
u(z) = (~1)*Su(z)

where Soi(x) is defined by (2.1), with o = 2k.
Proof. See ([4], p-379). a

Lemma 2.2 Given the equation O%u(z) = §(z) for z € R}, where 0% is defined by
(1.8). Then
w(z) = Rok(z)

where Ry (z) is defined by (2.2), with § = 2k
Proof. See ({4], p.379). O

Lemma 2.3 (The elementary solution of the Bessel-Helmholtz operator).
Given the equation (Ap + m?)*u(z) = §(z) for z € R}, where Ap is defined by
(1.2) with k =1. Then
u(a:) = Tzkl(x)

where Ty (z) is defined by (2.3), with o = 2k.

Proof. At first, the following formula is valid ([5], p.3),

F(g—i-r)=g(g+1)---(g+r—1)f‘(g).

Equivalently,

(ayir(Des) = ELEGED Grr = DI (E)

(B (3=0 = Grr =]y,

7l

i) - (Fr )

Then, we obtain the function T, (z) is defined by Definition 2.3 become

We have,

0

7o(a) = 3 (1) 0 (-5 0), 25)

r=(0

Putting o = n = 2k in (2.5), we have

[ee]

Tu(e) =3 () 0 (-1 Sman(o).

r=0

{ Vo
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Since the operator Ap is linearly continuous and has 1—1 mapping, then it has inverse,
by Lemma 2.1 we obtain

Tye(c) = fj ("“) (m?)6(z) * A5

r=0 r

= (Ap +m?)F5(z), (2.6)

where (Ap + m?)~F is the inverse operator of the operator (Ap + m?)*. By applying
the operator (Ap + m?)* to both sides of (2.6), we obtain

(Ap + M Ty (z) = (A +mA)F (A +m?) k().
Thus
(AB + m2)kTQk(.'13) = (5(.’1,‘)
O

Lemma 2.4 (The elementary solution of the Bessel Klein-Gordon operator).

Given the equation (Op + m?)*u(z) = 6(z) for x € R}, where Op is defined by
(1.8) with k = 1. Then

u(z) = Wa(z)

where Wax(z) is defined by (2.4), with a = 2k.

Proof. The proof of lemma 2.4 is similar to the proof of Lemma 2.3. (]

Lemma 2.5 Let Tor(z) and War(x) be defined by (2.8) and (2.4) respectively,where
a = 3 =2k. Then the convolution Tor(x) * Wor(x) exist and it is lie in S, where S’ is
a space of tempered distribution.

Proof. From (2.3) and (2.4) with o = § = 2k , we have

Toi(z) * Was (i 1) al k-}-r) (m?)7 (—1)k+T52k+2r($))

T (k
=0 r

(Z 13:? /;)+ ) (mQ)TR%—i—‘Zr(x))

S (1) T (k+s), , T (k+7
=35 EO ey ELEEE Dy
(=1)"*" Soky2r(z) * Rokrar(z).

Hiiseyin Yildirim, Mzeki Sarikaya and Sermin Oztiirk ([4],p.380) has shown that Spro,(2)*
Rokt2-(x) exists and is a tempered distribution. It follows that Toc(x) * Woi(z) exists
and also is a tempered distribution. 0

r=0 s=0
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Lemma 2.6 Let To(z) and Wa(x) be defined by (2.8) and (2.4) respectively, where a =
[ =2. Then

[(Ap +m?)(Op + m?) — m*(Ap + Op)] (Ta(z) * Wa(z)) = C(z), (2.7)
where C(z) = §(z) — m?(To(z) + Wa(z)) + 2m? (Ta(x) * Wa(x))
Proof. We have
[(AB +m?)(0p + m?) — m?(Ap + DB)] (To(z) * Wa(x)) =

[(&p +m?)(Op +m?) (Tx(z) * Wa(z)) — m*(Ap + Op) (Ta(z) * Wa(z))] =
[(Ap + m)Ty(z) * (Ap + mH)Wa(z) — m*(ApTa(z) x Wa(z) + Ta(z) * DBWQ(:B)(); 8)
From Lemma 2.3 and Lemma 2.4, for £ = 1 we have
(Ag +m*)Ta(z) = §(x) and (Op+ m?)Wy(z) = §(z),
respectively. Moreover,
ApTy(z) = 6(z) — m*Ty(x)

and
OpWa(x) = é(z) — m*Wy(x),

thus(2.8) become

[(&p +m?*)(Op +m?) ~ m*(Ap + Op)] (Ta(z) * Wa(2)) =

5(z) * 6(z) — m? [(o(x m?Ty(z)) * Wa(z) + To(z) * (§(z) — m*Wa(z))] =
§(z) — m? [Wa(z) — m*Ta(z) * Wa(z) + Ta(z) — m*Ta(z) « Wa(z)] =

5(z) ~ m? (Ta(z) + Wa(m)) — 2m* (To(z) * Wa(z)) = C(x).

O
Lemma 2.7 Let S,(z) be the function, defined by (2.1). Then
Sa() * Sp(z) = Sars(),
where oo and 3 are a positive even numbers.
Proof. See([4],p.380) O

Lemma 2.8 Let Rs(z) be the function, defined by (2.2). Then
Rp(z) * Ra(2) = Rpial(z),.

where a and @ are a positive even numbers.
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Proof. Since Rs(x) and R,(z) are tempered distributions (see [4], p.380). Let
SuppRs(z) = K C T, where K is a compact set and T, is a closure of I'; ap-
pears in Definition 2.2, then Rg(z) * Ro(z) exists and is well defined. To show that
Rg(z) * Ra(z) = Rpya(z), by Lemma 2.2 O%u(z) = §(z) Then u(z) = Rox(z).

Now, 0% u(x) = OR0% "u(z) = §(z) for 7 < k, then by Lemma 2.2 0% "u(z) = Ry, ().
Convolving both sides by Ry(;_r)(z) we obtain

Ra(i—ry(z) * OF "u(x) = Rok-r)(z) * Ror(2)

or,
0% Ro(e-ry(2) % u(2) = Ra(k—r)(z) * Ror()

by Lemma 2.2 again, we have
§(z) * u(z) = Rog—r)(z) * Ror(z).

it follow that
u(:z:) = Rg(k_r)(ili) * Rgr(.’E).

Since u(z) = Ror(z), thus
R2(k—r) (517) * R?r(a:) = Rzk(ﬂ?).

Let 3 = 2(k — r) and a = 2r, actually § and « are positive even numbers. It follows
that Rs(z) * Ra(x) = Rpalz) as required. O

3 Main Results

Theorem 3.1 Given the equation
(05 +m')'G(z) = §(z) (3.1)

where (Qp +m*)k is the operator iterated k-times defined by (0.1), 6 is the Dirac-delta
distribution, x = (1, 22,...,%,) € R} and k is a nonnegative integer. Then we obtain
G(x) = Tor(z) * Wor(z) * (C”"‘(:z:))'_1 is a Green function for the operator ({p +m#)*
iterated k-time where {p is defined by (1.1) with k = 1, m is a nonnegative real number
and

C(z) = §(z) — m*(Ta(z) + Wa(2)) + 2m* (Ta(z) * Wa(x)) (3.2)

C**(x) denote the convolution of C it self k-time, (C”"‘(:z:))*—1 denote the inverse
of C**(x) in the convolution algebra. Moreover C(z) is a tempered distribution.
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Proof. Sine ({5 + m4)* = ((Ap+m?)(Op + m2) —m2(Ap + Op))*.

[(AB +m?)(0p + m2) — m*(Ag + GB)] .
(A5 +m)(Op +m?) —m*(Dp+0p)] 7 Gz) = §(z) (3.3)

From Lemma 2.5 we have Ty(z) * Wy(z) exists and is a tempered distribution. Con-
volving both sides of the above equation by T3(z) * Wy(x),we obtain

[(AB + m2)(E|B + m2) — mQ(AB -+ DB)] (Tg(.’L‘) * WQ(CE)) *
[(Ap +m?)(Op +m?) — m*(Ap + DB)]k—l G(z) = (Ta(z) *» Wa(z)) * 6(z)

by Lemma 2.6, we have
C(z) * [(Dp+m?)(Op +m?) —mX (L5 +0p)]" G(z) = (Ta(x) * Wa(x)) * 6(2).

Keeping on convolving both sides of the above equation by Ta(z) * Wa(z) up to k — 1
times, we have

C**(z) * G(z) = (Ta(x) * Wa())™,

where xk denotes the convolution of itself k—times.
By Lemma 2.7, Lemma 2.8 and definitions of T,,(z) and Wj(z), we have

(Ta(z) * Wz(:/v))"’c = Tok(x) * Wo(z),

then
C**(z) ¥ G(z) = Tor(z) * War(2).

Now, consider the function C**(z), since &(z), To(z), Wa(z) and Ty(z) * Wo(z) are
lies in &’ where &’ is a space of tempered distribution, then C(z) € &', moreover
by ([6], p.152) we obtain C**(z) € &' Since Tor(z) * Wy(z) € S', choose §' C Dy
where DY, is the right-side distribution which is a subspace of D’ of distribution. Thus
Tor(z) * Wor(z) € Dy, it follow that The(z) * Wak(z) is an element of convolution
algebra, thus by ([7], p.150-151), we have that the equation (2.8) has a unique solution

G(z) = Tor(z) * War(z) * (C“k(:/z:))*—1

where (C*(z))"™" is an inverse of C** in the convolution algebra, G(z) is called the
Green function of the operator (g +m*)*. Since Toi(z) * Wak(z) and (C"t’“(:z))bl are
lies in &', then by ([6], p.152) again, we have Toi(z) * War(z) * (C**()) *~! € §'. Hence
G(z) is a tempered distribution. O
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Theorem 3.2 Given the equation
(O +m")*u(z) = f() (34)

where f is a given generalized function and u(x) is an unknown function, we obtain

is a unique solution of the equation (8.4) where G(zx) is a Green function for ({p+m?)*.

Proof. Convolving both sides of (3.4) by G(z) where G(z) is a Green function for
(Op +m*)F in theorem 3.1, we obtain

G(z) * (O + m")*u(z) = G(z) * f(2)

or,

(05 +m*)*G(z) x u(z) = G(z) » f(2)
applying the Theorem 3.1,we have

§(z) * u(z) = G(z) * f(z).

Therefor,
u(z) = G(z) * f(z).

Sine G(z) is unique. Hence u(z) is a unique solution of the equation (3.4). O
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Abstract

1n this paper, we study the generalized wave equation of the form

o° 2/ avk
—Zu(x, D=0 ulx,)=0
ot

with the initial conditions
u(x, 0) = f(x), ulx, 0) = g(0),

where u(x, t) € R” x {0, »), R” is the n-dimensional Euclidean space,

0% is the Diamond operator iterated k-times defined by

of = — - =1,
1=1 axl2 J=p+i 6X?

¢ can be written as the product of the operators in the form ¢ = AC

n a2 P 52
=0A, where A= Z_z is the Laplacian and O= Z——z
i=1 &g =1 0%,
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prqy a2

— is the ultra-hyperbolic. p + ¢ = n, ¢ is a positive constant,

j=p+ O

k is a nonnegative integer, fand g are continuous and absolutely integrable
functions. We obtain u(x, 1) as a solution for such equation. Moreover,

by e-approximation we also obtain the asymptotic solution u(x, )
= O(S_H/Zk). In particularly, if we put n =1, k=2 and p=0, the

u(x, t) reduces to the solution of the biharmonic wave equation

2
—aa—zu(x, N+ A ulx, 1) = 0.
/3

1. Introduction

It is well known that for the 1-dimensional wave equation
2 2
—a—zu(x, t)=cza—2u(x, 1), (1.1)
ot Ox
we obtain u(x, {) = f(x + ct) + g(x —ct) as a solution of the equation where f and
g are continuous.
Also for the n-dimensional wave equation
a2 2
——2—u(x, H+c*Au(x, 1) =0, (1.2)
ot

with the initial condition
0
u(x, 0) = f(x) and Eu(x, 0) = g(x),

where f and g are given continuous functions. By solving the Cauchy problem for
such equation, the Fourier transform has been applied and the solution is given by

. s oo SIN27 E )1
a€, 1) = f(&)cos(2nf & )t + g(é)——zm_,

2 2 2 2
where r?2 =§l2 +§% +~~-+§f,, 5T =Eh +Eh o+ g (see (1, p. 177)).

By using the inverse Fourier transform, we obtain u(x, ¢) in the convolution form,
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that is,
u(x, 1) = £(x) = W (x) + g(x) * (), (13)

sin(2m] & )¢
2| € |

where @, is an inverse Fourier transform of @,(§) = and ¥, is an

inverse Fourier transform of \¥,(£) = cos(2n]| & [} = % d(E).

In 1996, Kananthai [2] introduced the Diamond operator ¢ defined by

°=[i—62—]2—( > —az—Jz, p+g=n

i=1 6x,-2 j=p+l 6x3
or ¢ can be written as the product of the operators in the form ¢ = Al = (1A

n 2 P 62 ptg 62
where A =

6—2 is the Laplacian and Ol = 2—2— — is the ultra-
i=1 ax,- i=1 axi J=p+l axj

hyperbolic. The Fourier transform of the Diamond operator has also been studied
and the elementary solution of such operator, see [3]. Next, G. Sritantana, A.

Kananthai study the equation
2
w1y + P (=8) ulx, 1) = 0
ot
see [7, pp. 23-29], where

k
w_| 2 & & 3 a?
A" = Tyttt ottt .
6x, ('7‘x2 6xp 6xp+1 6xp+2 Ox q

Next, W. Satsanit, A. Kananthai study the equation

2
~a——u(x, O+ 2@ ulx, 1y=0
or’

see [6], where

k
2 A2 2 2 2 2

Ok = 27+0_7+...+27_ 52 _ 32 el 32 ,
ox{  ox3 O,  Oxpy gy Npig

we obtain the solution related to the beam equation.
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In this paper, we study the equation

2
g—zu(x, )+ c2(0) ulx, 1) = 0 (1.4)
¢

with u(x, 0} = f(x) and 0/t u(x, 0) = g(x), where ¢ is a positive constant, & is a
nonnegative integer, f'and g are continuous functions and absolutely integrable. The
equation (1.4) is motivated by the heat equation of the form

%u(x, )= —(:2(0)k u(x, 1)
(see [4, 1-4]). We obtain
u(x, £) = f(x)* ¥ (x) + g(x)* D, (x) (1.5)

as a solution of (1.4), where ®, is an inverse Fourier transform of ®,(£)

_ sin c(Ws* = r*)ky
c(m)k

=cosc(Vs* —r* )kt = a%(i),(&), where r2 = 2;,2 +§% +--~+§§, and s = &fm

and YW, is an inverse Fourier transform of ¥, (8)

+}’;§,+2 +---+}’;§,+q. Moreover, if we put k =2 and p =0 in (1.4), then (1.5)

reduces to the solution of the n-dimensional biharmonic wave equation and also if
k=1, n=1 and p=0 in (1.4), then (1.5) reduces to the solution of beam

equation.
We also study the asymptotic form of u(x, ¢) in (1.5) by using g-approximation

and obtain u(x, £) = O(™"/?).
2. Preliminaries

We shall need the following definitions

Definition 2.1. Let f e L;(R") the space of integrable function in R”. The

Fourier transform of f(x) is defined by

1
(21_[)"/2

J©) = [, &t @
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where & = (&), &2, .y §), X = (X, X2, o, ¥,) € R, (€, x) = Eyx) + Eqxp + -+ +

E,x, is the inner product in R" and dx = dx;dx; -+ dx,,.

Also, the inverse of Fourier transform is defined by

1

1€)==

J. s x)f(x) dx.
mn

Lemma 2.1. Given the function

2 - 2
S(x) = exp| - —[ix?] +[EX§] ,

J=p+l

P p+q
n 2 2
where (x], x5, ., x,) e R", p+ g =n, E‘x,- < E )lcj. Then
i= J=p+

0,9, (35S n)’
R

where [ denotes the Gamma function. That is, I[R" f(x)dx is bounded.

<

‘ [, 7Gx

Proof. First note that

2 e N2
J.R"f(x)dx= J.Rnexp— —{ix,-z] +[ Iiixjgj dx.

i=1 J=p+l

Now, we transform to bipolar coordinates defined by

X)) =1y, X9 =Tr®,.., X, =Fr0

P P
de) =rdo|, dx; =rdwy, .., dx, =rdo,
and
Xpil =SOpip, Xpi2 = SOpy2, s Xpig = SOp g,
dipp) =5d0pyy,  dXpn = SA0 o, ., dXp,, = Sdo

(2.2)
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where co|2 +w% +o o

%, =1 and cofm +wf,+2 +wf,+q =1
Thus

I F(x)dx = I exp[- Vst = r* ]rp_lsq_[drdfa’Qpa'Qq,
R" R"

where dx = rp'lsq"la'ra’sa’Qpa’Qq, dQ, and dQ, are the elements of surface area

on the unit sphere in R? and RY, respectively.

[, )

< I , expl— Vs - r* ]rp_lsq—ldrdsdequ.
R

By a direct computation, we obtain

I f(x)dx:QqurI expl~ Vs* = r41rP7 59 drs,
R" 0 J0

2nP/? 2n9/?
where Q, = ——— and Q_, = ———. Thus
P T(p/2) 7 T(q/2)
S
}J' f(x)dx stquJ. expl— Vs* = r41rP 759 dras.
R" 0 Y0

Put 2 = 52 sin 6, 2rdr = 52 c0s0d and 0 <6 <

‘ [ )

, to have

s _JA 4 gin? p=2
stquI e~VS TSSO p-2(cin ) 2 59! cos BaBds
o Jo

Q. Q s 2 p—2
"2 q r J' e €080 P+l (¢in ) 3 cos Bd0ds.
0 J0

Put y = 52 cosO, ds = —2 toh
u y §7CO0s9, as 2_&‘0036 0O have

(ST

n-2
Q

Q /2 - p—2
P °q ~y y 2 . Eiiad a’y
‘ IR" f(x)dxl < 3 J: ‘0 e (cos@) (sin®) 2 cos Ga’e—cose

Q0 /2 pm n=2 2~n p-2
o J' J' ey 2 (cosO) 7 (sin6) 7 dyd®
0 0
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Q.0 2 2-n -2
=P F(ﬂ) r’l (cos8)72 (sin S)Lz-de
4 0

Bz )
, o, )
=

Thus it follows that IP,, S (x)dx is bounded.

Therefore,

)

O
29

3. Main Results

Theorem 3.1. Given the equation

2
O, )+ PO u(x, 1) = 0 G.1)
or
with initial conditions
u(x, 0)= () and  Lulx, 0) = g(x), (32)

where u(x, 1) e R” x [0, ), 0% is the Diamond operator iterated k-times, c is a
positive constant, k is a nonnegative integer,  and g are continuous functions and
absolutely integrable for x € R”". Then (3.1) has a unique solution

ux, 1) = f(x) * ¥, (x) + g(x) * D, (x) (3.3)

and satisfies the condition (3.2) where ©, is the inverse Fourier transform of

b (&) = sinc(Vs* - r? )kl
O

and ¥, is the inverse Fourier transform of

() = cose(ls? =)k = L),

Ly 2 2 g2 2 2 2 2 2
with r® =E{ +&5+ -+ &, and s =§p+,+}’;p+2+---+§p+q.
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Proof. By applying the Fourier transform defined by (2.1) to (3.1), we obtain

k

2 ptq
%a(g, 0+c? —[ia?] {Zé } g, 1)=0
i=l

J=p+l

Let s > r. Thus
Lo 0+ 26 -, 0 =0,
(€, 1) = AE)cos c¥s* —r* )1+ BE)sine(s* —r* )
By (3.2), (¢, 0) = A(E) = (%),
B 1) (oY aysinellst - )

+c(Vs* = r* Y BE)cos (Vs — r e

GO o v etlst =Y 8e) = 4,

()
B(g) - c(m)k >

W€, 1) = f(E)cosc(st —r Yoy — 5 _ 80 sine(Wst —rH . 4
c(Vs — rh)k

By applying the inverse Fourier transform (3.4), we obtain the solution u(x, /)

in the convolution form of (3.1). Now, we need to show the existence of ®,(x) and

¥, (x). Consider the Fourier transforms

& SlnC(V ry NI
D, (x)= and ‘¥, (x)=cosc(Vs —r" )"t
e(Vst—rt)t

These are all tempered distributions not lying in the space L;(R") of integrable

functions. So we cannot compute the inverse Fourier transforms @, (x) and ¥, (x)
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directly. Thus we compute the inverse ®,(x) and ‘¥,(x) by using the method of
g-approximation.

Define

e —eo(Vst -tk _EC(Js —rhk smc(\ls -t )
9F (g) =™ 6. (€)= for £ >0. (3.5
c(\l ) '

We see that ¢f(x) e L;(R") and ¢} (x)—)d)A,(x) uniformly as ¢ — 0. So that

&,(x) will be limit in the topology of tempered distribution of ¢f (x). Now

@} (x) =

= ! J. 8%, —ec(Vs? =, )F sin c(«/——:)" &
(Zn)"/2 R" c(\/——)
I —SC(‘/:);‘ (3.6)
(ar )"/2 SR '

By changing to bipolar coordinates and putting

| @7 (x) | <

& =rw, &y =nrw,, .., ép =rwp,

and

Epil =5Wpity Epia =SWpig, o Gp=swp,, ptqg=n,

where w12 + w22 ot wf, =1 and w‘2,+1 + w‘27+2 oot w2+q =1, we obtain

P
. —zc(\/s -y 1 oom
| 7 (x) | < ),,/2 L»" iy rP=ls9 drdsdQ2 ,dQ,,

where af = rp_'sq_la'ra'sﬂpa’ﬂq, a'Qp and a’Qq are the elements of surface area

_ (27.[)17/2
P T(p/2)”

of the unit spheres in R” and R, respectively, with Q Qq =
(21‘:)(1/2

r@q/2)

Now,
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—cc(Vs -r )k
| ®f(x)| < 5 r r rP 19 drds.
(z )"/ 0 (Vs? -

Putting r? = 5% sin 0, 2rdr = 52 cos 840 and OSGSE, we get
5 g

e—zc(\l st st sinZ 9)f

/2 p-2
| ®F(x) | < (sinB) 2 57797 cos Bbds
I 2(2n )"/2 r J- (\/s4 —s%sin? 9)*

n/z —Ec(s cose) p—2
( )n/z J' J' $P*(sinB) 7 cos0dBds.
20 21

o(s? cose)
Putting y = ec(s” cos )¢ = ecs? cos* @, s2k = —yk—, ds = s_a’y_’ it follows
cecos” 6 2Ky
that
| ©f(x) | < r/ Jm"ys | (sin )" cos 0L dyed
x)| < sin@) 2 cosf-——
! (2 )"/2 y/(ec) iy
/2 y nf2k
= 5 J- re 8( ) (sine)p'z/2 cos Bdydd
4(2n)"/ 0 cecos® 6
/2 eV n/2k 2
= 4(2n)"/2 J- J:c"/Zkker’/Zk - (sin 6) (cos 6) 2 a’ydB
n
Q,Q r(——l) /2 p-2 2-n
S qz 2k (sinB) 2 (cosB) 2 db
aeny"? T
ke 2k "/
) Q,Q, r(i—l)ﬁﬂ 4-n
N Scn/Zk(zn)n/Zkgn/Zk—l 2k 4° 4 )
and

0,0, e O

8Cn/2k (2n)n/2 ken/Zk—l r(4 - q)

| o/(x) | <
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—~ N
Similarly, we define W (£) = 50" =) cose (Vs =+ )¥ 1 and

W iE, X}t
A )"/2 Lwe ¥i(8)de

= l)/2 ,[ pile.0) et cose(Vs* = ') uck,
27-[ n R"

—EC( storhf
W= g e
; JQJ‘ —ec(Vst~r ) P lsq L rds.
(27{)”' 2
Putting r?

=52 sin0, 2rdr = 52 cosBa® and 0<0 < -723, we obtain

| Wi(x)] < W r J‘ gmeels? cos0)f (sin 9) 2 sp+q ! cos 00ds

= W r J‘ —£C(S Cose) SP+(I l(Sll’l 6)p -2/2 cos0dods.

a
Next, putting y = ec(s” cos 8)*, ds = 52 we have

2ky

c /2 e ¥ nf2k ) P2
[Wi(x)| < 4k(2 )"/2 f F (cac ) (sin©) 2 cos Odyd®

os* 8

H

/2 n/2k ~1 ) 2 2n .
4k(2n)"/2 f J‘ n/2k o2k — 7 (sin8) 2 (cos 0) 2~

Q.0
— P g
= 4(2n)"/2kc”/2/‘g"/2" F(Zk)." (sin 6) 2 (cose) 2 de

()

| W) | < Q,Q, (21( 4 4
t = 8(2ﬂ)"/2kc'1/2k8n/2k I_(4 _ q) .
4
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Set
ut(x, 1) = f(x) * ¥ (x) + g(x) * @f (x) (3.7

which is an e-approximation of u(x, ) in (3.7). For ¢ - 0, u*(x, t) = u(x, 1)

uniformly. Now

ut(x, t) = IP" S)¥ (x—r)dr + IR" g(r)®F (x - r)ar.

Thus
|u®(x, )| < WF(x =) IfRnlf(r)ldr +| OF (=) lfmnlg(’)ld’
n P 4-n
Q,Q, r(-zz) r(j)r( 4 ) M
~ 8(2n) " k2R r(“;‘?)
4
n P 2-n
+ Q,Q, F(ﬁ ')r(4)r( 4 ) N
82y ke 2k e/ 2H] F(i‘_—q) |
4
of 2\ 2\ 4=
Q,0 (zk)r{ 4) ( 4
n/2/¢ € P4
e ] u (X, ’) ! < 8(2ﬂ)n/2kcn/2k r(.ﬂ.) Y
4
n P 4-n
+ Q,Q.8 r(—ﬁ_l)r(j)r( 4 )N
8(2m)" keI r(i;_q) |

where M = J.R"{f(r)la'r and N= _[ n|g(r)[dr. Since f and g are absolutely
®

()
Q.0 2k 4 4

o nf2k) € Pq =
Elinos [u®(x, )| < 8(2n)"/2kcn/2k F(4 — q) K.

integrable,

It follows that u(x, () = O(e_"/Zk) for n# k as € = 0.
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In particular, if we put k=2, n=1 and p =0, then (3.1) reduces to the

solution of the beam equation, see [5, p. 47],
0
ulx, 0)=/(x) and = ulx, 0) = g(x),

where fand g are continuous and absolutely integrable for x € R”.

~1/4

Thus we obtain u(x, ) = O™ "7") which is a solution of such a biharmonic

wave equation.
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Abstract. In this paper, we study the nonlinear equation of the form

%M(X, 1) — ch__lku(x, t) = /‘(_\r' toux, )

.

where X is the ultra-hyperbolic operator iterated k-times, defined by

k
" a2 92 92 2 32 2
O =gttt " "2 " 5m "o ol R
) Xp Ppr1 Ppia Xp+q
p + g = n is the dimension of the Euclidean space R”, (x,¢) = (x).x9,...,x5.1) € R"x

(0, o), k is a positive integer and ¢ is 3 positive constant.
On the suitable conditions for f', « and for the spectrum of the heat kernel, we can find the
unique solution in the compact subset of R” x (0, 00). Moreover, if we put k = 1 and ¢ = 0 we

obtain the solution of nonlinear equation related to the heat equation.
Mathematical subject classification: author, pleasc, provide the AMS classif.

Key words: author. plcasc, provide the keywords,

1 Introduction

It is well known that for the heat equation

3
U0 0) = c*Au(x, 1) (1.1)

#752/08. Received: 07/111/08. Accepted: 08/11/09,
*Supported by The Royal Golden Jubilee Project grant no. PHD/0221/2543.



NONLINEAR ULTRA-HYPERBOLIC HEAT EQUATION

with the initial condition

u(x,0) = f(x)
where A = Y7, % is the Laplace operator and (x, ¢) = (xy. X3, ..., X5 1) €
R" x (0, c0), and f'is a continuous function, we obtain the solution
(x, 1) : / Linti i PVSW 1.2
=—— exp | — .
U D = Gy o P T ae [0 (12)

as the solution of (1.1).
Now, (1.2) can be written as u(x, t) = E(x, t) * f(x) where

E(x,t):—l——exp —ﬂ . (1.3)
(dc?me)n/? 4c?t

E(x, 1) is called the heat kernel, where |x|* = xf + x% +- 4+ x,% and ¢t > 0,
see [1, p. 208-209].

Moreover, we obtain E(x, t) — § as t — 0, where § is the Dirac-delta distri-
bution. We also have extended (1.1) to be the equation

9
5 u(x,t) = *0u(x, 1) (1.4)

where U is the ultra-hyperbolic operator, defined by

3 N 3’ R 3’ 9’ 3’ 9
~\ax2  oaxd Ix3 Bxl,  8xl,, ax} .,

We obtain the ultra-hyperbolic heat kernel

. P2 ptq 2
()7 [ i=1 X — j=p+lxj]

B0 = Gty O act

where p + g = n is the dimension of the Euclidean space R” and i = +/—1.
For finding the kernel E(x, ¢) see [4].
In this paper, we extend (1.4) to be the general of the nonlinear form

;t—u(x,t)—czﬂku(x,t) = f(x,t,ulx,1)) (1.5)

for (x, t) € R" x (0, c0) and with the following conditions onu and f as follows,

Comp. Appl. Math,, Vol. 28, N. 2, 2009
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(1) u(x,t) € CPOR™) forany ¢ > 0 where C®*(R") is the space of contin-
uous function with 2k-derivatives.

(2) 1 satisfies the Lipchitz condition, that is
|f(x, tou) — fx,t,w)] < Alu —w
where 4 is constantand 0 < 4 < 1.
3)
O
/ [, t,ulx, )| dxdt < oo
0 R"

forx = (xi,x2,....x,) € R", t € (0,00) and u(x, t) is continuous
function on R” x (0, c0).

Under such conditions of f, u and for the spectrum of E(x, t), we obtain the

convolution
ulx, ) =Ex,t)* f(x,t,ulx,1))

as a unique solution in the compact subset of R" x (0, c0) and E(x, ¢) is an
elementary solution defined by (2.5).

2 Preliminaries

Definition 2.1. Let f(x) € L, (R")-the space of integrable function in R". The
Fourier transform of f(x) is defined by

7@ = / e f(x) dx .1
Rn

(27-[)'1/2

Where%‘ = (%‘1: &-23 AR ] %-n): X = (x1) x21 LRI | -xn) G Rn’ (%‘!x) = %‘lxl + €2x2 +
o+ &,x, is the usual inner product in R" and dx = dx\dx,...dx,.
Also, the inverse of Fourier transform is defined by

1) /R T de. 2.2)

e 2n )2

Definition 2.2. The spectrum of the kernel E(x,t) defined by (2.5) is the
bounded support of the Fourier transform E (&, t) for any fixed t > 0.

Comp. Appl. Math,, Vol. 28, N. 2, 2009
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Definition 2.3. Let& = (&, &, ..., &) be a point in R" and we write
u:512+522+"'+5127_I%+1_{':l%+2_—"'_§/27+q' p+q:}1_

Denote by
F+:{§GR”:§1 >0andu>0}

the set of an interior of the forward cone, and T denotes the closure of T,.

Let Q be spectrum of E (x, t) defined by Definition 2.2 for any fixed t > 0 and
QCT,. Let E/(E.,\t) be the Fourier transform of E(x, t) and define

k
1 2 rt+q 2 P 2 .
(2ﬂ):(/2 exp [C t < j:p+l g] - i=1 gi ) ] fOI g S r+1

E¢, = (2.3)
0 foré ¢ I'y.
Lemma 2.1. Let L be the operator defined by
]
L=—-cJ70 24
a7 (2.4)
where CF is the ultra-hyperbolic operator iterated k-times defined by
‘ 3t 82 a? 3’ 3’ 22\
O = —_—t— 4 — - — = — — ..~ ,
ax?  ox3 oxi  ax2,,  axl,, Ix3 4,
p +q = n is the dimension of R", (x1,x2,...,%,) €e R", t € (0,00), kisa
positive integer and c is a positive constant. Then we obtain
' k
I 2 o™ 2 - 2
Ex,t) = ex t — S +i.x) | d 2.5
1) <zn)n/9p" j;s, ;s €0 | e @5)

as a elementary solution of (2.4) in the spectrum Q C R" fort > 0.

Proof. Let LE(x,t) = 8(x,t) where E(x, t) is the kernel or the elementary
solution of operator L and § is the Dirac-delta distribution. Thus

(%E(x, 1) — AOFE (x, 1) = 8(x)8(1).

Comp. Appl. Math., Vol. 28, N. 2, 2009
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Take the Fourier transform defined by (2.1) to both sides of the equation, we

obtain
k
5 ) P+q , p A N— {
rAGDEE IDUEDB RODE Gyt )
j=p+i [
Thus .
H() g P
E(& t) = ) exp c*t Z 5}—;&2

Jj=p+1
where H (¢) is the Heaviside function. Since H(f) = 1 fort > 0. Therefore,

k

o 1 Ptq 7
_ 2 2 _ 2
E,t)= e exp | ¢t j;l §; ZI 3

which has been already defined by (2.3). Thus

E(x,1) = / SCOEE ) dE = / O FE D) dE
" Q

(277)"/2 (277)"/2

where Q is the spectrum of £ (x, ¢). Thus from (2.3)

k
rPtq

(2zlz)"/e"*’ )l D0 -ZS +i(g x)| dE for £ >0,
Q

j =p+1

E(x,t) =

0
Definition 2.4. Let us extend E(x, t) to R” x R by setting

k
2”),, foexp l:c ¢ (ZP+Z+I E»/Z _ il’:] 512) + i(E, x)] dE for ¢ > 0,
0 for + <0,

E(ix,t) =

3 Main Results

Theorem 3.1. The kernel E(x, t) defined by (2.5) have the following proper-
ties:

(1) E(x,t) € C®-the space infinitely differentiable.

Comp. Appl. Math., Vol. 28, N. 2, 2009
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2 (%—CZDI() E(x,t)=0 for t > 0.

3)
22 M)

SR ORO)

Jor t > 0,

where M(t) is a function of t in the spectrum 2 and T denote the Gamma
Sunction. Thus E(x, t) is bounded for any fixed t > 0.

4) lil’I(l) E(x,t)=254.
{1 —

Proof.

(1) From (2.5), since

o | an , r+q , p X k
oo B0 = (27[)"/98)(" exp|cit| Y £ —l;g,. +i(g. x) | dt.

J=p+1
Thus E(x,t) e C* forx e R", ¢t > 0.

(2) By computing directly, we obtain

)
(8_t - c2D"> E(x,t) =0.

(3) We have

k

1 p+q g
E(x,t)::——/exp Sl Y &8 +ikx) | de
@ i=1

Qm)" Pyt

r k

1 2 Gl 2 S 2
|E(x, O] < (2—7{)—,,/Qe><p _ct > —I;s,. ds.

J=p+1

By changing to bipolar coordinates

& =rw, & =rwy, ..., 6, =rw, and

€p+| = SWptt, §p+2 =SWpy2y -, €17+([ = SWpaq

Comp. Appl. Math,, Vol. 28, N. 2, 2009
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1. Introduction

It is well known that for the 1-dimensional wave equation

5? &2
. —8_‘t—2u(x’t) = 02"8—:1:—2'11(117,t), (1)
we obtain u(z,t) = f(z + ct) + g(xz — ¢t) as a solution of the equation, where f

and g are continuous. Also for the n-dimensional wave equation
82
B—tgu(x,t) + 2 Au(z, t) =0, (2)

with the initial condition

0
U(:B,O) = f(iII) and EU(:II,O) = g(:l?) ’

where f and g are given continuous functions. By solving the Cauchy problem
for such equation, the Fourier transform has been applied and the solution is
given by

~ = . sin (2m|&]) t

(e, ) = Fl€) cos (2mg) 4 51 2TVt

2mié]

where |£]? = €2 + €2 + -+ + £2 (see [2, p. 177]). By using the inverse Fourier
transform, we obtain u(z,t) in the convolution form, that is

u(z,t) = f(z) * We(z) + g(z) * Pi(z) (3)
where ®; is an inverse Fourier transform of @t(f) = ﬂ%ﬁ—’—)—t— and ¥; is an

inverse Fourier transform of W,(£) = cos (2x|¢])t = {%@(f).

In this paper, we study the equation
2 :
—u(z,t) + & (@) Fu(z,t) =0 4
(@ 1)+ () u(z,1) (4)
with u(z,0) = f(z) and %u(x,O) = g(z), where c is a positive constant, k is a
nonnegative integer, f and g are continuous functions and absolutely integrable.
The equation (4) is motivated by the heat equation of the form

—8—u(:1:, t) = —c® (O u(z, t)

ot
(see [3], more general: [1]-[4]). We obtain
u(x,t) = f(z) * Ui(x) + g(z) * D4(2) . (5)

as a solution of (4) where ®; is an inverse Fourier transform of
k
sin ¢ (\/32 — 'r2> t
k
c (\/ 8% — r2>

@t(f) =
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~ k ~
and ¥, is an inverse Fourier transform of ¥;(¢) = cosc (\/ 8% — r2) o= 3‘%@; 3
where 72 = 2 +- €2 4 -+ +§§ and s = §Z+1 +§f,+2 + - +§g+q Moreoves
if we put k =1 and ¢ = 0 in (4) then (5) reduces to the solution of the n—

dimensional wave equation and also if k = 2,n = 1 and ¢ = 0 in (4) then (2
reduces to the solution of beam equation.

We also study the asymptotic form of u(z, t) in (5) by using ¢ approximatios
and obtain u(z,t) = O(e~"/*).

2. Preliminaries

We shall need the following definitions.

Definition 1. Let f € L;(R")-the space of integrable function in R™. The
Fourier transform of f(z) is defined by

~

— 1 —i(fvz) -
Fi€) = Gy [ P r(@)e, .
where £ = (£1,€2,...,&én), T = (21,22,...,Zp) € R, (§,2) = {121 +Eoma+ -
&nzy is the inner product in R” and dr = dz1dzs . . .dz,.

Also, the inverse of Fourier transform is defined by

1 . ~
f(é.) = (271_)71/2 /}R" ez(f’m)f(z)dz 7

Lemma 2. Given the function

P p+q
flz) =exp |— —Zx?—l— Z z;z ,
i=1 J=p+1
where (z1,72,...,%n) ER", p+g=mn, 31, z? < E?:§+1 9332 Then
00 T(n)(E(33)
Sylio] < T | 2 -
| Fedaad < e SRS

where T denotes the Gamma function. That is [, f(z)dz is bounded.
Proof.

P ptq
f(z)dz :/ exp | — —E.’E?—i— Z z? dz .
R™ K» i=1

Jj=p+1
Let us transform to bipolar coordinates defined by

1 =TWl, T2 =TW ..., zp=rwp,
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dzy = rdwy, dry =rdws,..., dxp,=rdwp,
and
Tp+l = SWptly, Tp42 = SWpt2y.--, Tphg = SWpiq,
d.’15‘p+1 = Sd(dp+1, d$p+2 = Sd(dp+2, sy d$p+q = dep+q s

wherew%+w§+...+w§=1 andw§+1+wg+2+...+w§+q= 1. Thus

. f(z)dz = /l;n exp [— V2 — 7*2] P11 drdsdQ,dQ,

where dz = P~ 1s91drdsdQ,dS,, d€p and dQ, are the elements of surface
area on the unit sphere in RP and R? respectively,

| /ﬁ:{ flz)dz] < /R _exp [—\/32—7&] P97 drdsdQ,dQy -

By computing directly, we obtain

/ flz)dx = Q,Q / / exp ]rp 159 grds,

7P/ 2 259/2

where Qp = '7-5 and Q = —zq/—g)’ Thus

]/ f(z)dz| < Q0 [ / exp —’I“Q] P19 drds.

Put r = ssind, dr = scos#df and 0 <6 < 7,
e ¢] 8 -
l/ flz)dz] < Qqu/ / eV “’2_325"’29(3sinﬁ)p_lsq’ls cos 8dfds
R o Jo .
= Qqu/ / e~9°089 gp+a=1(gip 9YP~1 cos fdhds.
0 0

Put y = scosf, ds = g;;%,
T/2 oo
]/ flz)dzl < 2,9 / / e ¥(—2=)""1(sin §)P~1 cos Odﬁ—dl—
" = TP 0 cosH cos @
: T/2  poo
= Q,Qq / / e ¥y }{cos 0) " (sin 0)P "1 dydh
0 0

/2
= Q,Q.(n) / (cos 6)'~"(sin )P~ 1d6
0

Qp Q p 2—n
- Sefargp(3,257),
0,0, T()T(E)T(352)
s = ST

That is [ f(z)dz is bounded. O
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3. Main Results

Theorem 3. Given the equation

2
%u(aj, £) + & (O)F u(z, ) = 0 (8)
with initial conditions

u(z,0) = f() and oruls,0) = o), ©

where u(z,t) € R"x [0, 00), O is the ultra-hyperbolic operator iterated k— times,
¢ is a positive constant, k is a nonnegative integer, f and g are continuous func-
tions and absolutely integrable for x € R™. Then (8) has a unique solution

u(z,t) = f(z) * Ue(z) + g(z) * D4(x) (10)
and satisfy the condition (9), where ®; is an inverse Fourier transform of

N sinc(\/SQ—r2>kt
P4(8) = p
c (\/32 — r2)

and ¥, is an inverse Fourier transform of

~ k O ~

U, (¢) = cosc( 52 — r2) t= &@(ﬁ) ,
where r? = £2 4 £2 +"'+§,2, and s° :§3+1+§z2>+2+"'+€12)+q :

Proof. By applying the Fourier transform defined by (6) to (8) and obtain
82

SEN R (-6~ = gt +E) BN =0
k
82 p+q
REIY
J=p+1

and let s > r. Thus we have

—g;ﬂ(f,t) +c? (s? — r2)’° 1) =0

(€, t) = A(€) cosc ( 52 — r2)k t+ B(§)sinc ( s — r2)kt.
By (9), @(€,0) = A(§) = f(¢)
u(e,t) = -c ( s2 — 7‘2)k A(§)sinc (\/3_2——_r—2)k t

at
+c( 52 —r2)kB(§)cosc( 52 —r2)kt,
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aﬁ(ai’o) = 0+C( 82—T2)kB(§):§(§)’
BE) = g()

k)
c( 32—r2)

u(¢,t) = (E)Cosc( 32—r2)kt+—(—/g;(—§)—g)ﬁsinc( sQ—TQ)kt. (11)

By applying the inverse Fourier transform (11), we obtain the solution
u(z,t) in the convolution form of (8). Now we need to show the existence
of ®;(z) and ¥,(z).

Let us consider the Fourier transform
k
- sinc (\/32 — rﬁ) t
(Dt(l') = &
c (\/ 5% — r?)

They are all tempered distributions but they are not L;(R™) the space of
integrable function. So we cannot compute the inverse Fourier transform ®,(z)
and ¥y(z) directly. Thus we compute the inverse ®;(z) and ¥;(x) by using the
method of e—approximation.

Let us define

k
and ¥(z) = cosc( s2 — r2) t.

k
ksine (\/32 — rz) t

F(6) = e—ec(m)k@(g) = e—ec(VeT=r7) J
c(VsZ=77)

for €>0. (12)

We see that ¢§(z) € L1 (R") and ¢¢(z) — ¢(z) uniformly as € — 0. So that
¢¢(x) will be limit in the topology of tempered distribution of ¢§(z). Now

1 Qe
%) = oy [ ST

k
ksinc(\/s2 —72) t

c ( s2 — TQ)k
1 o—ec(VsT=r2)"
(2m)n/2 /n . (\/3—2__T2)kd€ (13)

_ 1 / ei(f,x)e—ec(\/s2—r§)

(2m)n/2 %

(@i (z)] <
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By changing to bipolar coordinates. Now, put

& =rwy, &2 =Twa,...,{p =TW)p
and Epr1 = SWp+1,€p+2 = SWpi2,...,&p = SWprq, PFq =1,
where w%—l—w%-{—----{—wg:l a.ndwg+1+wg+2+---+wz2,+q=1.

t - (27(')"/2 " (m)k

where df = rP~159"1drdsdQpd Y, dp and d}, are the elements of surface

of the unit sphere in RP and R? respectively, where 2, 2&722), Q = I?('q _

—‘€C 3 -7
p—1 .91
n/2/ / kr 897 drds .

Put » = ssin 8, dr = s cos 6df and0<9< 7

rP~ 19" drdsdQ,dSY,

"

[2i(z)] <

k
82—32sin? ¢

/2 —ec(
|®i(z)] < / f (ssin0)P~ 159715 cos B
t (27r) n/2 — s2sin? 6) ¢

7r/2 —ec(s cos 8)% ) X )
= P=ig97 5(sinf)P~ " cos Odfds.
27r "/2 / / (scosG oty s(sin®)

- - k . — d T
Put y = ec(scose) = ecsFcosk 9, sF = w45 = ey = Ty Ll

w2 [0 g=ygn—1 0 5 dudd
€ < s
1®3(z)] < 2%)"/2/ / /(e ————(sin 6)P~ cosekydy
/2 e ve ye n/k
= N s
- (27T ™/ 2/ / ce coske) (sin 0} con g
/2 —yyn/k -2 ) " —
= 271' n/)/ / C”/kken/k 1(Sln 9)17 (COSG) dydg
Q0 (-1 /2 . - »
= G keék‘lcn/)k / (sin6)P~* (cos )" db
_ Q4 n p 2—
— 2en/k(2m)n/2ken/k- 7T E 1) g (5, )
2,2 (2-1)T (&) ( 2_
@f < p°°q (% 5 5
[D5(z)] < 2cn/k(27r)n/2k€n/k 1 F<2 )
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ma\k k
Similarly, we defined \Il€ = e‘ec( s7=r?) cos ¢ (. /2 — ’r2) ¢ and

¥i(z) = (% T /ne €T3 (¢

(g 1 o—cc(VsTr2)*
W@ < G / d

— 1 —ec V22 ,rp lsq ld'rds,
(271- n/2

Put r = ssind, dr = scos0df and 0 < 0<%

[¥i(z)| < (27_)71/2/ / emcelscos ) (ssinf)P~1s97 15 cos 8dbds

Pl (scos8)* ptq—1
) n/2/ / S (sin§)P~! cos 8dfds .

Put y = ec(s cos 0) ds = s%,

w/2 n/k
€ . -
Wi(z)] < k(2 n/2/ / cecoske) (sin 8)P™* cos Odydf
/2 © =Y n/k 1
ey _
= W/ / C"/k n/k (Slne)p 1(0050)1 ndyde

0,0 ny ™2, - —n
= (27(-)71/2:;C7;I/k€n/k (E)/O (sin0)P~" (cos )" df,
0,0 THTETCE)

n/2Ln/ken/k —
2(2m )"/ 2kcn/ke p<27<1)

(@) <

Set

u(z,t) = f(z) * ¥i(z) + g(z) * Di(z) (14)
which is e—approximation of u(z,t) in (14) for € — 0, u®(z,t) — u(z,t) uni-
formly. Now

uf(z,t) = f( Yi(z — r)dr + /n g(r)®s(z — r)dr.
Thus
W@l < W=l [ e+ il [ gl
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0,0, TR
(2r )R/ 2 e/ ken/k r (%q)
o %9 TER-HIE)TEF)
(2m)"/ 2/ ken/k—1 r 2_?1) |
0, TI(HrErED
n/ky, € Lo k 2 :
e Flu(z, )] < 2(27r)n/2kcn/k r (—2%(1 M
QpQge I‘(%——l)F(g)F(%T")N

+2(27r)"/2kc"/k r (2_;1)

where M = [p. |f(r)|dr and N = [g. |g(r)ldr, since f and g are absoluses
integrable.

00  T(HrE)r(&e
o n/k|, € P iq k 2 2
It follows that u(z,t) = O (e‘"/’“) forn#kase—0.

In particular, if we put £k = 2,7 = 1 and ¢ = 0 then (8) reduces to i
solution of the beam equation, see {1, p. 47]

0? ot
wu(w, t) + c2wu(x,t) =0,
with the initial conditions
u(z,0) = f(z) and Su(x,0) = glz),

where f and ¢ are continuous and absolutely integrable for z € R™. Thus ==
obtain u(z,t) = O(e~1/2) which is a solution of such beam equation.
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Abstract—A new three-step iteration with errors for nonexpansive nonself-mappings in Banact
spaces is introduced and studied. Weak and strong convergence theorems of such iterations ar=
established. The results obtained in this paper extend and improve the several recent results in this
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1. INTRODUCTION

Let X be a normed space, C be a nonempty convex subset of X, P : X — C be the nonexpass
retraction of X onto C, and T : C — X be a given mapping. Then for a given z; € C, compnn
the sequence {z,}, {yn}, and {z,} by the iterative scheme

2y = P{a, Tz, + (1 — @n — Yn)Zn + Tnin),
Yn = P(bnTZn + chfEn + (1 - bﬂ -~ Cp — IJ'H)I"' + “"vn)’ .
Tn4l = P(anT1 n + ﬂnTzn + (l - CQn ﬂ" - A")xn + Anwn), n 2 1,

where {a.}, {b.}, {en}, {@n}, {Bn}, {7}, {&n}, {Ms} are appropriate sequences in
and {u,}, {v.}, and {w,} are bounded sequences in C.
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Ifa, =c, = Bn = Yn = Un = Ay =0, then (1.1) reduces to the iteration scheme defined by

Shahzad (1]
Yn = PbaTxn + (1 — bn)zn),

2
Zas1 = PlanTyn + (1= an)za)y 121, (12)

where {b,}, {a,} are appropriate sequences in [0, 1}.
If T :C — C, then the iterative scheme (1.1) reduces to the three-step iterations with errors

Zp = O-nTIn + (1 —Qn — 7n)$n + Ynln,
Yn = baTzn + Tz + (1 — b — cn — pn)Tn + fnvn, (1.3)

Tnyy = anTyn + BnTz + (1 -~ an — B — /\n.)In. + /\nwny nal,

where {an}, {bn}, {cn}, {an}, {(Bn}, {}, {#n}, {An} are appropriate sequences in [0,1]
and {un}, {vn}, and {w,} are bounded sequences in C.
Ifa, = ¢y = Bn = Y = tn = An =0, then the iterative scheme {1.3) reduces to the Ishikawa

izerative scheme
Yn = 0Tz + (1 — bp )z,
(1.4)

Tntl =anTyn+(1_an)Iny n> 11

where {b.}, {a,} are appropriate sequences in [0, 1].

Fixed-point iteration processes for approximating the fixed point of nonexpansive mapping in
Banach spaces have been studied by various authors, using the Mann iteration process (see [2])
ar the Ishikawa iteration process (see {3-6}). In 2000, Noor (7] introduced a three-step iterative
scheme and studied the approximate solutions of variational inclusion in Hilbert spaces. In 1998,
Jung and Kim [8] proved the existence of a fixed point for nonexpansive nonself-mapping in a
uniformly convex Banach space with a uniformly Gateaux differentiable norm. In [5], Tan and Xu
introduced a modified Ishikawa process to approximate fixed points of nonexpansive self-mappings
cefined on nonempty closed convex bounded subsets of a uniformly convex Banach space. In [9],
Zhou et al. gave criteria for weak convergence theorems of the Ishikawa iterative scheme (1.4) for
nonexpansive self-mapping in a uniformly convex Banach space which satisfies Opial’s condition,
and for strong convergence theorems for nonexpansive self-mapping in a uniformly convex Banach
space which satisfies Condition (A). In 2004, Cho, Zhou and Guo [10] defined and studied a new
three-step iteration with errors for asymptotically nonexpansive mappings in a uniformly convex
Banach space. Suantai [11] defined a new three-step iteration which is an extension of Noor iter-
ztions and gave some weak and strong convergence theorems of such iterations for asymptotically
nonexpansive mappings in a uniformly convex Banach space. Recently, Shahzad {1} extended Tan
and Xu results {5, Theorem 1, p. 305] to the case of nonexpansive nonself-mapping in a uniformly
convex Banach space. Inspired and motivated by research going on in this area, we define and
study a new three-step iteration with errors for nonexpansive nonself-mapping. This scheme can
be viewed as an extension for the two-step iterative schemes of Shahzad [1].

The purpose of this paper is to establish weak and strong convergence results of the iterative
scheme (1.1) for nonexpansive nonself-mappings in a uniformly convex Banach space. Our results
extend and improve the corresponding ones announced by Shahzad {1}, Tan and Xu [5], and others.

Now, we recall the well-known concepts and results.

Recall that a Banach space X is said to satisfy Opial’s condition [12] if z, — x weakly as

= — 0o and z # y imply that

limsup [z, — =z < limsup (jz,, — y]|.
n—oo

— 00

In the sequel, the following lemmas are needed to prove our main results.
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LEMMA 1.1. (See [5, Lemma 1].) Let {a,}, {bn}, and {8,} be sequences of nonnegative res
numbers satisfying the inequality

ang1 S {1+6,)a, + bn, Vn=12....

I3 16, < oo and 3007 | by, < 00, then

(1) limp—o0 an exists.
(2) lim, 00 a, =0 whenever liminf,, o a, = 0.

LEMMA 1.2. (See [13, Lemma 1.4).) Let X be a uniformly convex Banach space and B, = [z =
X : |z}l €7}, 7 > 0. Then there exists a continuous, strictly increasing, and convex functics
g:[0,00) — [0,00), g{0) = 0 such that

oz + By + pz + Awlf® < allzlt? + Bllyll® + ulzll® + Alwl® - aBa(llz — yl)),

for all z,y,z,w € B,, and all a, B, p, A€ [0,1] witha+ B+ p+A=1.

LEMMA 1.3, (See [14].) Let X be a uniformly convex Banach space, C' a nonempty closed comwes
subset of X, and T : C — X be a nonexpansive mapping. Then I — T is demiclosed at 0, i= =
T, — z weakly and x,, — T'x,, — 0 strongly, then z € F(T), where F(T) is the set of fixed pasm
of T.

LEMMA 1.4. (See (11, Lemma 2.7].) Let X be a Banach space which satisfies Opial's con
dition and let {x,} be a sequence in X. Let u,v € X be such that lima_eo |Tn — ul aas
limy oo |z — vf| exist. If {xn,} and {zm,} are subsequences of {z,} which converge weai
to u and v, respectively, then v = v.

2. MAIN RESULTS

Weak and strong convergence theorems of the new three-step iterative scheme (1.1) for men
expansive nonself-mapping in a uniformly convex Banach space are given in this section. T
following lemma is needed.

LEMMA 2.1. Let X be a uniformly convex Banach space, and let C be a nonempty closed comwes
nonexpansive retract of X with P as a nonexpansive retraction. Let T : C — X be a nonexpazs
nonself-mapping with F(T) # 0. Let {a,}, {b.}, {cn}, {an}, (Bu}y {m}, {8a), and {30 S
real sequences in [0,1] such that a, + Yn, bn + €n + pn, and an + B + Ay are in [0,1] for &8
n 21, and 300 v < 00, o0 pin < 00, D omei An < 00, and let {u,}, {va}, and {w=.] W
bounded sequences in C. For a given z; € C, let {z,.}, {yn}, and {z,,} be the sequences cefnn
as in (1.1).
(i) If q is a fixed point of T, then lim,,—.o, ||zn — g|| exists.
(ii) If0 < liminf, oo @n < limsup, _,(an + Bn + An) < 1, then limp oo | Tyn —zaf =0
(iti) If either 0 < liminf,—co On < limsup,,_,oo(0n + Bn + An) < 1 or 0 < liminf, . o s
0 < liminfyoo by € limsup, _,oo(bn + € + tn) < 1, then limp oo | T2 — zal] =0
(iv) If the following conditions:
(1) 0 <liminf, 000, < limsup,_, . (an + Bn + An) <1 and
(2) either 0 < liminf, .o B, < limsup,, _oo(0n + Bn + Au) < 1 and limsup,,_, . 2=
or 0 < liminfy— oo by <limsup,_,oo(bn +¢n + ) <1
are satisfied, then lim,_, o | Tz, ~ x| = 0.
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ProOF. Letting g € F(T), by boundedness of the sequence {u,}, {vn}, and {wy}, we can put
M = max {sup [lun — qll, sup Jlvn — qll,sup |wn — q||} .
n>1 n>1 n>1

{i) For each n > 1, we have
flzns1 — gl = 1P (nTyn + BnTzn + (1 — an = Brn — An) 2n + Anwa) — P(g)ll
= |anTyn + BuTzn + (1 — 0ny — B — An) T + Anwn — gl
< anflTyn — gl + BallTzn — 4| (2.1)
+ (1 = an = Bn = A)llZn — gl + Anflwn — 4l
Sanllyn —gqll + Ballzn —all + (1 = an = Bn = An)llzn — gqll + MA,,
flzn = qll = |P(anTzn + (1 = @n — ¥n)Zn + Yatn) — P(9)||

SouliTzn =gl + (1 — an = ¥)|zn — gl + Ynllun — 4l

< anllza — gl + (1 = an = Ya)lln — qll + M (2.2)
< llzn = qll + Myn,
znd
lun — qll = 1P(bnTzn + enTzn + (1 — bn = € = pn)Zn + pinvn) — P(q)]|
S bnllTzn — qll + enliTzn — gl
+ (1= bn = ca —p)llzn — gl + pallvn — 4l
Sballzn —gll + enllzn —gll + (1 = bn — e — pn)llzn — gl + Mpn
< ballzn = qll + (1= bn)llzn — gl + Mpn.
From (2.2) we get
lyn — all < bn(llzn — all + Myn) + (1 = bn)lizn — gl + Mun .3

= [[z, —q| + 6?l)v

where €}y = Mbny, + Mpn. Since 3277, m < 00 and 3777 | pn < 00, we have 3077 ) €fy) < co.
From (2.1)-(2.3) we get
lner = all < (o = all + €fy) + Bulllzn = gl + M)
+ (1= on = fn— An)llzn — gqlf + MAn
= an|lzn — qll + anelyy + Ballzn — qll + MBryn (2.4)
+ (1= on=fn— An)l|lzn —qll + MAn

S lzn = gll + €z,

where 5?2) = a,,e?”+M,8,,7"+M/\,,. Since Z‘,’f’:l 6?2) < 00 we obtained from (2.4) and Lemma 1.1

that lim,_ o ||z, — gl| exists.
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(ii) By (i) we have that lim, .o [|Tn —gf| exists for any ¢ € F(T). It follows from (2.2) and (2.3
that {z,, — ¢}, {Tzn — ¢}, {zn — ¢}, {T2z. — ¢}, {yn — g}, and {Ty, — ¢} are bounded sequencz=
This allows us to put

K = max {M,sup zn — qll,sup | Tzn — g, sup |2 —q]l,
n>1 n>1 n>1
]
sup [|Tz, — ql|,sup llyn — qll, sup [Tyn —qll
n>1 n>1 n>1 )

Since 0 < liminfp_,o0 & < limsup,, (0w + Bn + An) < 1, it follows from (2.2) and (2.3) tha

flzn — Q||2 <fllzn - ‘I”2 + 5?3): (25
Ny = all® < Nz — all + €3y, 25

where €fyy = My} + 2M Ky, and €y = (€f))? + 2Kefyy. Since 3007 €y < oo mas
PN o < by Lemma 1.2, there is a continuous strictly increasing convex functics ¢
{0, 00) — [0,0), g(0) = 0, such that

Az + By + vz + pwl* < A=) + Bllyli® + 7lzli® + phwli® ~ ABg(llz - yll), (29
for all z,y,z,w € By and all A, 8,v,u €[0,1) with A + 8+ v = 1. By (2.5)—(2.7), we have
l£n+1 — all* = [P(@nTyn + BuTzn + (1 = &tn = B = An)Zn + Anwn) — P(Q)II
< Nlan(Tyn — @) + Bn(Tzn — q)
+ (1 = an ~ Bn = An)(@n ~ 9) + An(wn — @)I)°
< anl|Tyn — qli* + Bl Tzn — qlf
+ (1 = an — Bn = A)lizn — qll® + Anllwn — qlf?
~ (1 = an ~ fn = )9l Tyn — 2]
< @nllyn = qll* + Ballzn — ali® + (1 = an = B~ An)lza — ql®
+ KX — an(l = an = Bn — An)9lITyn — znll 18
< an (lon = gl + ) + Bo (ll2n = all” + )
+ (1= an = fn = A)lizn ~ al® + K*An
— an(l = ap = Bn — A)9ITyn — Tl
= anlTn — qlI* + an€lyy + Bullzn — qll? + Bnely
+ (1= an = fn = A)llzn ~ all® + K22,
— n(1l = ap = Brn = A)9lITYn — 24|
< lza = g1 + €fs) = an(l = @n = Bn = An)gliTyn — Zufl,

oo

where €, = onef,, + Brelsy + K?2)\,. It is worth noting here that Z"=1€?5) < o =
Z:c;,e?‘) < 00, Yool €y < oo, and Yoo A < oo, Since 0 < liminfaem o
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S SUP, L oo(@n + Bn + An) < 1, there exists ng € N and 4;, 82 € (0,1) such that 0 < §; < a,, and
2.+ B + Ay < 83 < 1 for all n > np. Hence, by (2.8), we have

m m m
§1(1=82) 3 gllTyn —zall < D (fan = al = l2nsr —ql?) + Y €
n=ng n=ng n=rg
(2.9)
”w
= [|Zno _(I”2 + Z 6?5)'

n=ng

Since Y 07 . €(s)y < 0o, by letting m — oo in (2.9) we get Yoo ITyn — zall < o0, and

therefore lim, o gl|Tyn — zn|| = 0. Since ¢ is strictly increasing and continuous at 0 with
9.0) =0, it follows that limn—,00 |TYn — zx|| = 0.

(iit) First, we assume that 0 < liminf,, o Bn < limsup,,_,(an + Bn + An) < 1. By (2.7), we
bave

ns1 = qll® < anllyn — ql* + Ballza = qll* + (1 = an — Bn — An)llzn — qll® + K2Aa
= Bn(l = an — B ~ A9l Tzn — zn|
< an (llon = gll? + €@y ) + B (llzn = gl + €y )
+ (1= an = B = A)llzn — ql* + K22
= Br(l —an = Brn ~ An)9l T2 ~ zal| (2.10)
= an||Zn = qlf* + anelyy + Bullza — qlI* + Brely
+ (1= an = fa — A)llzn — gl + K2\,
~ Ba(l — an — B ~ X3)glTzn — 24|
<z — ql® + €y = Bn(l = atn = B ~ An) gl Tz — zall,

where efy) = anefyy + Bnelyy + K2\,.. Since 0 < liminf, .o Bn < limsup,_, ,(0n + B +An) <1,
there exist ng € N and 6,6, € (0,1) such that 0 < §; < 8, and o, + Br + An < §2 < 1 for all
n > ng. Hence, by (2.10), we have €f) = an€fy) + Bacly) + K2),,.

m m "
§1(1=62) 3 Tz —zall < D (lzn =gl = lznsr —al?) + D €5
n=ng n=ng n=ng
(2.11)
2
=z, —ql*+ D €5,

n=np

Since Y50, €5y < ©0, by letting m — oo in (2.11) we get Yoo IIT2n — za]| < 00, and
therefore lim, oo g/|T2, — zn|| = 0. Since g is strictly increasing and continuous at 0 with
9(0) =0, it follows that lim, o ||Tzn — zn] = 0.

Next, we assume that 0 < liminf,, .o @n and liminf, o b, < limsup,, (b +Cn + pn) < 1.
By (2.5) and (2.7), we have

"yn Th 9”2 pas “P(bnTzn + CanE" + (1 - b‘n —Ch — [.Ln)fl:n + #ﬂvﬂ) - P(q)”2
< b (T 20 ~q) +eu (T2 —0) + (1=ba—cn =t ) (Zn — @) i (v~ Q)2 (212)

< baliTz, - ql|2 +cnlTzn ~ QH2
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+ (1 = by = cn — p)llzn — ali? + pallvn — all?
—bn(1l = bn — cn — )9l T2 — Znll
< bollzn — qll? + cnllzn — qli2 + (1 = bo — cn — pa)l|za — qll® + pn K
—bn(1 = bp — n — )9l T 20 — Znll (2.12)(coms
< bn (llxn -4+ f?s)) +enllzn — il + (1= ba — cn — sn) %0~ ql® + paK*
< b (llzn — @l + €fy) + cnllen = all* + (1= ba = e = p)llzn = all* + pun K
~ (1 — bp — cn = )9l T 20 — Zall
< flzn — qli® + €y = ba(l = bn = ca = pn)glIT2n — 2Znll,

where €fg) = bnely) + ua K2
By (2.5), (2.7), and (2.12), we also have

[Zns1 — a2 = [ P(@nTn + BuTza + (1 = n = B = An)&n + Anwn) — P(g)|

< Nlan(Tyn — @) + Bu(Tzn — q)
+ (1 = o = B = An)(@n — Q) + An(wn — QI

< anllvn — l? + Ballzn — all” + (1 = @n = Bn = Aa)llza — qll* + KA

= o (I — gl + €y = bn(1 = bu = 0 = in)gl T2 = 50l 213
4 Ba (llzn =gl + €y ) + (1= @ = B = An)llzn = all” + K*n

= anl|zn = qlI? + Cnefs) = @nba(l = bn = 0 = n)glIT2n — 2n]
4 Ballzn — qli + Bucly + (1 — an — B = An)llzn — all” + K*Aa

< ll2n — qll* + €fry — Anba(l = bn = n = )T 20 = Zall

where €y = an€fg) + Bnelsy + K2)\,.

It is worth noting here that }°7°, €f;) < oo since Yo €y < 00, Ll €z < o0, m
Y 1 An < 0.

By our assumption 0 < liminf—co @n and 0 < liminf,—co bn < lIMsup, _o(bn+ca+iml <
there exist no € N and §,,82 € (0,1) such that 0 <4, <, 0 < 81 < bp,and bytentpun <& <

for all n > ng. Hence, by (2.13), we have

m m m
(1 -8) Y Tz —zall < 3 (Ia = ali* = liznss = qlI*) + > €
n=ng n=ng n=ng 5
= l[Zno —al? + D €y

n=ng

Since 3_2° €y < 00, by letting m — oo in (2.14) we get 3o . glTzn — z,| < oo. =

n=ng

therefore limnp—o0 g)|T2n — all = 0. Since g is strictly increasing and continuous at @ =s
g(0) =0, it follows that limn_.eo [|Tzn — z,|| =0.
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(iv) Suppose that Conditions (1) and (2) are satisfied. Then by (ii) and (iii), we have

lirr;Q ITyn — 2ol =0 and lim ||Tz, —z,| =0. (2.15)

From Zp = P(anTIn + (1 — Qn — 'Yn)xn + 'Ynun) and Yn = P(bnTzn + CnT:rn + (1 - bn -
Ch — #N)In + #nvn)y we have llzn - zn" S an"TIu - zn" + '711.”'“" - Iu" a.nd ”yu - In” S
EallTzn — zoll + callTzn — Zall + pnllvn — Tal.

It follows that

1Tz = znll < 1 T2n — Tzal + | T2n — 24|l
S len = zall +1|T2n — zall

< anl|Tzn = znfl + Wllun — zall + [[Tzn ~ 2],
wlich implies
(1= an)liTzn — 2ol € Wllun = zall + T20 — z4||-

If limsup,,_, , a, < 1, this together with (2.15) and lim,,_, o0 7, = 0 imply that limn o0 {7, ~
x.l =0.
If limsup,,_, .o (b, + ¢ + i) < 1, there exist a positive integer Ny and 5 € (0,1) such that

en by +entpn <, Yn > No.
Then for n > Ny, we have
ITzn — zall < | Tzn — Tynll + I Tyn — zall

SHZn = ynll + 1 Tyn — znll

< baliT20 — Zull + e[ T — za
+ tnllvn = Znfl + [[Tyn — zaf|

S 0nl|Tzn = zal| + l| Tz — 2]
+ tnllvn = Znlf + [Tyn — za|l.

Hence,
Q= Tzn — 2|l < baliT 20 — zn|| + t2llva — 2ol + | Tyn — zall-

This together with (2.15) and the fact that p, — 0 as n — oo imply
Clim Tz, — zx|| = 0. 1
n-—0o0

THEOREM 2.2. Let X be a uniformly convex Banach space, and let C be a nonempty closed
convex nonexpansive retract of X with P as a nonexpansive retraction. Let T : C — X be
a completely continuous nonexpansive nonself-mapping with F(T) # 0. Let {an}, {bn}, {cn},
{an}, {8}, {v=}, {in}, and {)\,.} be sequences of real numbers in [0,1] with a, + ¥ € {0,1),
by +¢n + p1n € [0,1), and &y + B + An € [0,1) for alln > 1, and Y o0, Yn < 00, Yopey Bin < 00,
Y A <oo. If
(i) 0 < min{liminfy_ 0 @n, liminfyoefBr} < limsup,_(on + B + An) < 1, and
limsup,_, . a, <1, or
(ii) 0 < liminfuoeeon < limsup, . (@n + Bn + An) < 1, and 0 < liminfpebn <
limsup,,_, (b, +cn + pn) <1,
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then the sequences {x.}, {yn}, and {z,} defined by the iterative scheme (1.1) converge strongly
to a fixed point of T.
Proor. It follows from Lemma 2.1(i) that {z,} is bounded. Again by Lemma 2.1, we have

lim ||Tyn —z.}l =0,
n—od
Jim Tz, — zafl = 0, (2.16)
lim ||Tzn —za|| = 0.
n—oo

Since T is completely continuous and {z,} is bounded, there exists a subsequence {z,, } of {z.}
such that {Tz,, } converges. Hence, by lim,—.c0 [|T'zn — zn|| = 0, it follows that {z,, } converges.
Let lim,, oo Zn, = g. By continuity of T and (2.16) we have that Tq = g, so g is a fixed point of T,
By Lemma 2.1(i), limu—oo |24 — g} exists. But limg o0 |Zn, — ¢ll =0, s0 lim,— o6 ||zn — qlf = 0.
By (2.16), we have

”yn - xn" = "P(bnTzn + C-,.TI,-, + (1 b bn - Cnp — /J-u)xu + [an,‘) - P(Iu)”
S ballTzn — zall + callTzn ~ 24| + pnllve — zall

— 0, as n — 00,

and
lzn = znll = |P (@nTZn + (1 = @n = Yn) Tn + Taka) — Pzn)]]
< anl|Tzn — za|| + allun — z4||
— 0, as n — oo.
It follows that lim, 00 ¥n = q and lim,—eo 2 = q. |

If T is a self-mapping, then the iterative scheme (1.1) reduces to that of (1.3) and the following
result is directly obtained by Theorem 2.2.

THEOREM 2.3. Let X be a uniformly convex Banach space, and C a nonempty closed convex
subset of X. Let T be a completely continuous nonexpansive self-mapping of C with F(T) # ¢
Let {an}, {bn}, {cn}, {@n}, {Bn} be sequences of real numbers in [0,1] with b, + c, € [0,1] anc
an+ ., €10,1) foralln > 1. If
(i) 0 < min{liminf, oo @n, liminf,eefn} < limsup,_ (o + Bn + As) < 1, and
limsup,, e, <1, or
(if) 0 < liminf,_ o 0n < limsup, (0 + Bn + An) < 1, and 0 < liminf, oo bn <
limsup, o (bn + ¢n + pn) < 1, ’ '
then the sequences {z.}, {yn}, and {2.} defined by iterations (1.3) converge strongly to a fixes
point of T
When ¢, = B, = 7a = #tn = An =0 in Theorem 2.2, the following result is obtained.

THEOREM 2.4. Let X be a uniformly convex Banach space, and let C be a nonempty closed
convex nonexpansive retract of X with P as a nonexpansive retraction. Let T : C — X be a
completely continuous nonexpansive nonself-mapping with F(T) # 8. Let {a,}, {bn}, {an} b=
real sequences in [0, 1] satisfying

(i) 0 < liminf, 00 b, < limsup, .., bn <1, and

(ii) 0 < liminf, oo @n < limsup, o, 0n < 1.
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For a given ; € C, define
2n = P(anTzn + (1 — an)za),
Yn = P(b,Tz, + (1 — b,)z,), n>1,

Tny1 = PlapnTyn + (1 — an)zn).

Then {z.}, {y}, and {z,} converge strongly to a fixed point of T.
When a,, = ¢, = Br = ¥a = n = A, =0 in Theorem 2.2, we obtain the following result.

THEOREM 2.5. Let X be a uniformly convex Banach space, and let C be a nonempty closed
convex nonexpansive retract of X with P as a nonexpansive retraction. Let T : C — X be a
completely continuous nonexpansive nonself-mapping with F(T) # 0. Let {b,}, {an]} be a real
sequence in (0,1} satisfying

(i) 0 <liminf, .o b, <limsup,_, b, <1, and

(if) 0 <liminf,, o @, < limsup, _,, a, < 1.

For a given =, € C, define
Yo = P60 Tz, + (1 — bn)zn),

Tntr = PlanTyn + (1 — an)zy), n > 1.

Then {x,} and {y.} converge strongly to a fixed point of T.

The mapping T : C — X with F(T) # 0 is said to satisfy Condition (A) if there is a nonde-
creasing function f : [0, c0) — [0, 00) with f(0) = 0 and f(r) > 0 for all r € (0, c0) such that for
allz € C,

lz — Tx|| = f(d(z, F(T))).

The following result gives a strong convergence theorem for nonexpansive nonself-mapping in
a uniformly convex Banach space satisfying Condition (A).

THEOREM 2.6. Let X be a uniformly convex Banach space, and let C be a nonempty closed
convex nonexpansive retract of X with P as a nonexpansive retraction. Let T : C — X be a
nonexpansive nonself-mapping with F(T) # 0. Let {a.}, {bn}, {en}, {an}, {Bn}, {m}; {n},
and {A.} be sequences of real numbers in [0,1] with an + v, € [0,1], by + ¢n + pn € [0,1], and
an+PBn+ A €(0,1] foralln>1,and ) oo Tn < 00, Yono | fin < 00, Do Ay < 00. Suppose
that T satisfies Condition (A). If
(i) 0 < min{liminf,—eo n, liminfn oo fn} < limsup,_{(an + Bn + An) < 1, and
limsup,_,, an <1, or
(ii) 0 < liminf,neo0n < limsup,_oo(0n + Bn + An) < 1, and 0 < liminfp by <
limsup,, _oo(bn + cn + 1n) < 1,
then the sequences {z,} defined by the iterative scheme (1.1} converge strongly to some fixed
point of T.
PROOF. Let g € F(T). Then, as in Lemma 2.1, {z.} is bounded, lim,_.o ||z — ¢|| exists, and

zns1 — qll < llon — qll + €

where 3 oo €fy) < oo for all n > 1. This implies that d(zn41, F(T)) < d(zn, F(T)) + €, and so,
by Lemma 1.1, lim,,_, oo d(zn, F(T)) exists. Also, by Lemma 2.1, limy oo ||z ~Tznlf = 0. Since T’
satisfies Condition (A), we conclude that lim, oo d(zn, F(T)) = 0. Next we show that {z,} isa
Cauchy sequence.
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Since limn—.00 d(zn, F(T)) = 0 and Z:":, 6?2) < 0o, given any € < 0, there exists a natural
number ng such that d(z,, F(T)) < €/4 and Z',::no 6?2)6/2 for all n > ng. So we can find
y* € F(T) such that ||z, — ¥*}| < /4. For n > np and m > 1, we have

IZnsm = Zall = 1Zasm — 3"l + l|za = 7|l

”
Nno =¥ I+ lzne — ¥l + S €by
k=no
€

2

€ €
< Z + Z + = =¢€.

This shows that {x,} is a Cauchy sequence and so is convergent since X is complete. Le:
limy, —.co T, = . Then d{u, F(T)) = 0. It follows that v € F(T). This completes the proof.

For ¢, = ¢n = Bpn = Yn = tn = M = 0, the iterative scheme (1.1) reduces to that of (1.2) and
the following result is directly obtained by Theorem 2.6.

THEOREM 2.7. (See [1, Theorem 3.6].}) Let X be a uniformly convex Banach space, and let C b=
a nonempty closed convex nonexpansive retract of X with P as a nonexpansive retraction. Let
T : C — X be a nonexpansive nonself-mapping with F(T) # ¢. Let {&,} and {b,} be sequences
in [e,1 — €] for some € € (0,1). Suppose that T satisfles Condition (A). Then the sequences {z., |
defined by the iterative scheme (1.2) converge strongly to some fixed point of T.

In the next result, we prave weak convergence of the iterative scheme (1.1) for nonexpansive
nonself-mapping in a uniformly convex Banach space satisfying Opial’s condition.

THEOREM 2.8. Let X be a uniformly convex Banach space which satisfies Opial’s condition
and C a nonempty closed convex nonexpaunsive retract of X with P as a nonexpansive retraction
Let T : C — X be a nonexpansive nonself-mapping with F(T) # §. Let {a,}, {bn}, {c]
{an}, {Bn}, {1}, {An} be sequences of real numbers in [0,1] with ap + Yn, by + €n + fin, 222
Qn + B+, arein [0,1) foralln>1, and 3 oo | Y < 00, Yooy Hin < 00, Yoo An < 00. If
(i) 0 < min{liminf oo @n, liminfao_o B} < limsup,_.oo{@n + Bn + An) < 1, ans
limsup, _, o, an < 1, or
(ii) 0 < liminf,.cccn < limsup,_o{an + On + An) < 1 and 0 < liminf,_0b, =
limsup,, ,oe(bn + cn + pn) <1,
then the sequence {z,}, {yn}, and {z,} defined by the iterative scheme (1.1} converges wezi’s
to a fixed point of T.
Proor. It follows from Lemma 2.1 that limp_o0 [|TZn = zo]| = 0 and lim,uoo [|T2n — zafl =1
Since X is uniformly convex and {zn} is bounded, we may assume that z,, — u weakly as n ~— ==
without loss of generality. By Lemma 1.3, we have u € F(T). Suppose that subsequences {z-_
and {zm, } of {z,} converge weakly to v and v, respectively. From Lemma 1.3, u,v € F(T). &5
Lemma 2.1(i), limn—eo [|Tn — ul| and lim, oo llZn — v|] exist. It follows from Lemma 1.4 the
u = v. Therefore {z,} converges weakly to a fixed point v of T. Since ||yn ~2Zn|| £ bul|Tzn—2.1 =
| Tzn — Znl| + ftn||Un — Tall = 0 (as n — 00) and ||zn — 2| € an||Tzn —Tnll + Ynllttn —zal —°
(as n — o0) and x, — u weakly as n — oo, it follows that y, — u and z, — u weakly =

n — 00,
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1. Introduction

The concept of asymptotically nonexpansiveness was introduced by Goebel and Kirk [7] in 1992, In 28
Noor [8,9] have introduced the three-step iterations and studied the approximate solutions of variations
inclusion and variational inequalities in Hilbert spaces. Glowinski and Le Tallec [10] used three-step iterat=s
schemes to find the approximate solutions of the elastoviscoplasticity problem, liquid crystal theory, a=
eigenvalue computation. It has been shown in [10] that the three-step iterative schemes give better numercs
results than the two-step and one-step approximate iterations. In 1998, Haubruge et al. [11] studied
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gence analysis of the three-step schemes of Glowinski and Le Tallec [10] and applied these schemes to
n new spitting-type algorithms for solving variation inequalities, separable convex programming and
smization of a sum of convex functions. They also prove that three-step iterations lead to highly
lized algorithms under certain conditions. Thus we conclude that three-step schemes play an important
siznificant part in solving various problems, which arise in pure and applied science.
T=e concept of asymptotically nonexpansive in the intermediate sense was introduced by Bruck et al. [12].
concept is a generalization of asymptotically nonexpansiveness. Let C be a subset of real normed linear
X, and let T be a self-mapping on C. The fixed point set of T, F#7T), is defined by {T)={x€ C:
= x]. Tis said to be nonexpansive provided || Tx — Ty||<|lx — pjl for all x,y € C; T is called asymptotically
pansive if there exists a sequence [k,}, k, = 1 with lim,_ ..k, = 1, such that

IT7x = Tyl < kallx = wll

2l x,ye Candeach n = 1.
= s called asymptotically nonexpansive in the intermediate sense [12] provided T is uniformly continuous and

Emsup sup([I7"x — 7"y — [Ix - vll) < 0.

m—o0 xyeC

= known [13] that if X is a uniformly convex Banach space and T is asymptotically nonexpansive in the
diate sense, then F(T) # 0. ’
The modified Noor iterations with errors is defined as follows.
L=t X be a normed space, C be a nonempty subset of X, and T: C — C be a given mapping. Then for a
x; € C, compute the sequence {x,}, {y,} and {z,} by the iterative schemes

e =%, + (1 ~ ay = ,)%0 + Volas
Ve = 0,12, + ¢, T, + (1 — by — € = t,)%n + fyUn, (1.1)
Ea4l = aﬂT”yn + ﬂ,,T"Z,, + (l 2 ﬁn - '{n)xn + lnwn, n = l»

{an}, {Ba}, {cab, {an}, (B}, (v}, {1}, {4,) are appropriate sequences in [0, 1] and {u,}, {v,} and {w,)
=~ounded sequences in C.
- The iterative schemes (1.1) are called the modified Noor iterations with errors. Noor iterations include the
-Ishikawa iterations as spacial cases. If y, = u, = 4, =0, then (1.1) reduces to the modified Noor iter-
defined by Suantai [5]
Za = @a 1%, + (1 — a,)xa,
Vo =0Tz, + ., T"x, + (1 — by — €a)Xn, (1.2)
Xasl =0Ty, + B, Tz, + (1 —oy = B )xs, n =1,
fa,), {b,), {c.), {@,), | B.) are appropriate sequences in [0, 1]
Wz note that the usual Ishikawa and Mann iterations are special cases of (l.1) and if
=0, =y,=p, =2, =0, then (1.1) reduces to the Noor iterations defined by Xu and Noor [3]
e =a,T"x, + (1 — a,)x,,
¥ =b,T"z, + (1 = b,)x,, (1.3)
Xegl = dnT"y,. + “ o uu)x:u n =1,
{aa}, {ba}, (.} are appropriate sequences in [0,1]
Fora,=Cp =0 =7v,=p, = A, =0, then (1.1} reduces to the usual Ishikawa iterative schemes
¥ =b,T"x, + (1 — b,)x,, (1.4)
X =0, Ty, + (1 —a)x,, n2=l1,
{b,}, {«,} are appropriate sequences in [0,1].
Ya,=b,=¢y=fn=71= tta = 2, = 0, then (1.1) reduces to the usual Mann iterative scheme

Xa+l =a,,T"X,,+(l —oz,,)x,,, nzl, (15)

{a,} are appropriate sequences in [0,1). See [1,2] for more details about Mann iterative scheme.
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The purpose of this paper is to establish several strong convergence theorems for the modified Noor ne
ations with errors (1.1) for completely continuous asymptotically nonexpansive mappings in the intermecas
sense, and weak convergence theorems for asymptotically nonexpansive mappings in the intermediate sense &
a uniformly convex Banach space with Opial’s condition.

Recall that a Banach space X is said to satisfy Opial’s condition [14]if x,, — x weakly as n — oo and x = ©

imply that

limsup |ix, — x|| < limsup |jx, — y]l.

n—oc n—oC

In the sequel, the following lemmas are needed to prove our main results.

Lemma 1.1 (15, Lemma 1] Let {a,}, {b,} and {3,) be sequences of nonnegative real numbers satisfying tee
inequality
ue) S (1 +65)an +b,, Yn=1.2,...

If 3 e 80 < 00 and 372 b, < o0, then

(1) him,_a, exists.
2) lim,,—..ocat, = 0 whenever liminf, _.a, = 0.

Lemma 1.2 [4, Lemma 1.6). Let X be a uniformly convex Banuch space, C a nonempty closed convex subses &
X, and T: C — C be an asymptotically nonexpansive mapping. Then I — T is demiclosed at 0, ie., if x, —
weakly and x,, — Tx, — O strongly, then x € F{T), where F(T) is the set of fixed point of T.

Lemma 1.3 [5, Lemma 2.7). Let X be a Banach space which satisfies Opial's condition and let {x,} be a secuens
in X, Let u,v € X be such that lim, .|| x, — ul| and lim, _oo||x, — v|| exist. If {x,, } and {xn, } are subsequences &
{x.} which converge weakly 1o u and v, respectively, then u = v.

Lemma 1.4 [4, Lemma [.4). Let X be a uniformly convex Banach space and B, = {x € X : ||x|| € r], r>0 Ths
there exists a continuous, strictly increasing, and convex function g :[0,20) — [0,00), g(0) = 0 such tha:

ll2x + By + y2Il” < Alfxl* + BIVIE + ylizli® — 268 (lx = v11)
Jorall x,y,z€ B, and all A,f,y € [0,1] with A+p+y=1.

Lemma 1.5 [6, Lemma 1.4). Let X be a uniformly convex Banach space and B,= {x € X: ||x]| < r}.r>0 Tha
there exists a continuous, strictly increasing, and convex function g :[0,20) — [0, 00), g(0) = 0 such tha:

leox + By + pz + awl) < allxl|® + Blyll® + wllzll + Awll® — aBg(llx — yll)
Jor all x,y,z,w € B,, and all o, $, 11, € {0, 1] witha+f+u+ =1

2. Main results

In this section, we prove strong convergence theorems for the modified Noor iterations with errors i1 @ "
asymptotically nonexpansive mapping in the intermediate sense in a uniformly convex Banach space. Iz ssie
to prove our main results, the following lemmas are needed.

The next lemma is crucial for proving the main theorems.

Lemma 2.1. Let X be a uniformly convex Banach space, and let C be a nonempty bounded closed and coms
subset of X. Let T: C — C be an asymptotically nonexpansive mapping in the intermediate sense. Pui
n=sup(IT"x = T"y| — lx —»l) VO, Vn 21,
xyeC

50 that 370 G, < 00. Let {an}, {b,}. {cn}s {0}y {Ba)s {¥a}, {1n} and {4,) be real sequences in [0,1] swet S
At Y by ¥ €yt ppand o, + B+ A, are in[0,1] foralln 2 1, and Y o 90 < 90, veitn < OC, 9 o jde © 0
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o let {u,}, {v,} and {w,} be bounded sequences in C. For a given x, € C, let {x,}, {y.} and {z,} be the se-
wwences defined as in (1.1).

) If pe AT then lim, _ _||x, — p|| exists.

#) If 0 < liminf, .o, < limsup,_.o(®, + B + 1) < 1, then lim, o | Ty, —x,|l = 0.

w1} If 0 < liminf,, o, and 0 <limin{,_.,.b, < limsup,_.(b, + ¢, + ) < 1, then lim,_[|T"z, — x|l = 0.

W) If0<liminf,_...b, < limsup,_.. (b, + ¢, + ;) < | and 0 < liminf, _ .o, < limsup,_-(a, + B+ A2 <1,
then lim,,_ || T"x, — x| = 0.

Feoof. (i) By (131 K T) # 0. Let p € F(T). Since { G, }, {u,}, [v,} and {w,} are bounded sequences in C, we put
M= sup Gn \ sup “un —P“ Vv sup ”Dn “P" Vv sup ”wn —P”'
21 nxl nzl

nzl n

For each n > 1, we note that

“Z,, _p” = ”G,,T"x,, + (l — g — V:z)x'r + Valln _p”

xn — pll + G, + My,, (2.1)
Nya = Pl = 06T 20 + caT"xn + (1 ~ by — Cu — p2,)%n + pt,00 ~ P
(= by — o = )llxa = pll + 6al|T"z, — p|
+ eall T, = pl| + pallos ~ pll
< (1= b, — cp = ) lIxn — pll + balllza — Pl + G
+ Calllxa ~ pll + Ga] + g llvn — pl)
’ < (1= bn — e = p)lixa = plf + bal(llxs ~ pll + G + My,) + G
+ ealllxa — Pl + Gal + My,
< lxa = pll + 3G, + My, + My, (2.2)
ener — pll = o Ty, + BT 20 + (1 — atw — B — An)Xa + Aawa — pl|
| < (1= = B, = A)lxn = pll + @i Ty, = pl
+ BuliT"z, = pll + Zullwa — pli
, < (1 =ay = B, = 2)lx — pll + aallly, — pll + G}
+ Balllza = plf + Ga] + Zaflwa — pll
| < (1= ay = By = Za)llxa ~ 2l
| + anlll (Il = pll + 3G, + My, + Mp,) + G,
| + B llxa = Pl + Ga + My,) + Ga] + M2,
| < lxn — pll + 6G, + My, + My, + M2,. (2.3)
|

et 3o G, <00, Yooy, <oc, Yomo g, <oc,and Y 20,2, < oc, it follows from Lemma 1.1 that lim, ..,

e, - p| exists.
i11) By [13], T has a fixed point p € C. Choose a number r > 0 such that CC B, and C ~ C < B,. By Lemma

~ & there is a continuous, strictly increasing, and convex function g; : [0,00) — {0,00), g,(0) = 0 such that

(A% + By + yzlI* < x| + Byl + ylzll® — 28g(lix - piI) (2.4)
’ v all x,p,z€ B, and all 1,8,y €[0,1Jwith A+ f+y=1.

|
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It follows from (2.4) that

llzo — pI* = flaaT"x, + (1 = @n — 9, )%n + Vattn — plI®

= Nan(T"%0 ~ p) + (1 = @ = 7,) (% = p) + ¥a(tta — DI’

aul|T"xy = plI* + (1 = aw = y)lxa = pI* + valltta = plI* = @a(l = @x = 7, )& (1 T"x, — 5.0
allxn = pll + Gal* + (1 = ay = y)llxw = pI* + vl = P = @u(1 — @y = 3,)8, (I T"x. ~
= alllxs — plI* + 2Glixs — pll + G2} + (1 = au = y)llxa = pII* + yullun — plf?

~ ay(1 = ay = 7)8 (1 T"x — xal})
< bw =PI + 2Gallxa — pll + G2 + My, = au(1 = ay = 3,)g, (IT"x0 — xal)-

<
<

By Lemma 1.5, there exists a continuous strictly increasing convex function g,:{0,00) — [0,0¢).2
such that

oo -+ By + pz + Awll* < allxl? + BIVI® + allzll® + 2wli® — «Bg(llx — y1)
for all x,y,z,w € B,, and all o,f,11,4A € [0,1] with o+ S+ e+ L= 1. It follows from (2.6) that
(W =PI = 18aT"2 + €caT"xn + (1 = ba — €4 = 1,)%a + 1,00 — plI’
= 16a(T"20 = p) + (1 — by — €4 = ) (xa = P) + €a(T"%0 = p) + 1, (va — P
< (1= by — o = p)lxa = plI* + 6| T"20 = plI* + call T"x — pl|*
+ pllow = plI? = ba(1 = by = ¢4 = 11,)8, (1 T"20 — xal])
(1= by = e = ) llxn = pI* + Balllza = Pl + Gal® + calllxn — pll + Gl + ,}lvn — pi
—ba(l — b, — ¢ ~ 1)@ (IT"20 — xall)
= (1 = by = cu = ) lxn = PI* + bulllze — pII* + 2Guljza — pl| + G2]
+ calllta = pI* + 2Gullxa = pll + G2} + pallvn — pI?
~ba(l = by — o — )8 (IT"20 — xalf)
< (1= by = co = p)llxa = P + bal(llxa = plf* +2Gullx — pll + G2 + M?y,)
+2G,(1xa = pll + Go + My,) + G2 + calllxa = plI + 2Gllxn — pll + G?] + My,
= ba(l — by — o — 1) (I T"20 — x4l})
< |lxw = pII* + 6Gallxy — pll + 5G2 + M*(y, + 1) + 2MG,
~ ba(1 = by — €0 — 1,8 (IT"20 — 4]},
and
ner = PIP = JoaT %0 + BT 20 + (1 = & — B, = Aa)%n + 20w = plI*
= (lota(T"x0 = p) + (1 = &t = B, = 2a)(xn = p) + Bo(T"20 — p) + Za(ws — p)|I*
<=0y = B, = A)lxa — pI* + @i T, = pl* + BN T"z0 — Pl
+ Zallwn = P = (1 = 2 = B, = A2 (17" = 2l
<(U=ay =B, = )l — I
+ (v, = pll + Gl + Blliza — pll + Gal + Aalpwn - p?
— (1 ~ 0, — B, ~ )& (IT"y, = xall)
= (1 = &, ~ B, = Al = pII* + aullly, — PI* + 2Gilly, — pll + G2
+ Bulllza = PI* + 2G,liza = pll + G2 + 2ullwa — pII*
~ (1 = an = B, — )82 (1", — xall)
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< (1 =y = By = 2a)llxa — p*
+ aa{(llxa = pII* + 6G,lIxa = pll + 5G2 + M*(3, + p,) + 2MG,,)
+ 2Ga(lixn — pll + 3G, + My, + Mp,) + G]
+ Bu[(Ixa =PI + 2G,llxa — pll + G2 + M?y,)
+ 2G.(Jlx. — plf + G, + My,) + G2 + M2,
— o (! = 0tg ~ B, — )82 (IT"y, — xall)
< llxa = plI* + 12Galix, — pll + 16G) + M*(2y, + u,) + 8MG,
= o, (1 — oy ~ B, ~ )81 Ty, ~ xall), (2.8)
W imply that
2.(1 =y — B, — D& (IT"y, — xall) < xn = PI* = WXnst =PI + 12LG, + 16G2 + M*(2y, + 11,,) + 8MG,,
(2.9)
-
2.b,(1 = bn = o — 1,)82 (1720 — X4 |1) < N1 =PI = [t — pII* + 12LG, + 16G2 + M?(2y, + p,) + 8MG,,,
(2.10)

e L=supl|lx, - pll:n = 1}.
U 0<liminf, _ a, < limsup, (¢, + f, + 4,) <1, then there exist a positive integer ny and n,n’ € (0, 1)

s that
O<n<o,and a, +f,+2, <n <1 foralln>= ny.

= implies by (2.9) that
21— 18, (17720 = xall) < Jlxe = 20 = lIxsr — plI* + 12LG, + 16G? + M?(2y, + 1,) + 8MG,
< N = I = Wwer = pIP + 12LG, + 16MG, + M2(2y, + 1) + 8MG,
< xa = 2 = Wtust — pI* + 12KG, + SKG, + M*(2y, + ,) + 8KG,
= |lxn = plI* = lxnsr = pI* + 17KG, + M?(2y, + 1), (2.11)

ez K=max{M, L)}, for all n = ny. It follows from (2.11) that for m > ny

- . l m m
Y &7z ~ xll) < T (Z(Mxn = 2I* = Wl = pI") + > (17KG, + M? (29, + m))
r=ng n=mny n=ngy
1 - m m
<ST (len., — PP+ 1K D G+ MY (29, + #n)) : (2.12)

Sees 307 G, < oo, Let m— oc in inequality (2.12) we get that 307 g,(JI7"z, — x,||) < oo, and therefore
8[| Tz, — x,||) = 0. Since g is strictly increasing and continuous at 0 with g(0) =0, it follows that

|| Tz, — x| = 0.
=) If 0 <liminf,_ ., and 0 <liminf,_..b, < limsup,_.(b, + ¢, + 1,) < 1, then by the using a similar

ehod together with inequality (2.10), it can be shown that
lim |77y, — x| = 0.
W) If0 < liminf,_ b, < imsup, _..o(b, + ¢, + #,) < 1 and 0 < liminf, _ , o, <limsup, ., .(a, + B, + i) <1,
e by (ii) and (iii) we have
lim |77z, —x,)l =0 and lim||T"y, — x| =0. (2.13)
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From y,=(1 — b, — ¢, — pp)x, + 6,7z, + ¢, T"x,, + u,v,, we have
W, = xdl = WU = ba — cn — )50 + 6,72, + €, T"xn + 11,00 — X,||
= [6a(T "2y — xn) + aT" (x5 — xu) + 1, (05 — x0)||

K bu||T"zy — xal| + cal| T"x0 — xall + ttallxs — vall. (2888
Thus
”T"-xn —'xn” = ” T”xn - T"yn + T"y,. - xn” < ”T"xn - T"y,,” + ”T"yn - xn“
s ”x" —yn” + G" + ”T"yn ~x'l||
< b,,“T"Z,, _xn” +C,,||T"X,. "‘xn” + ltn”x" - Un” + G, + ”T”,Vn _xn”’ (218
and so
(1- ) T"x, = Xl < OullT"zy = x| + ptullxn — vall + G, + N7y, — xall- (2.0

Since limsup,_,.c, <1, it follows from (2.13) and Y7, G, < oc that
lim [|T"x, — x,|| = 0. 0
n—oc

Theorem 2.2. Let X be a uniformly convex Banach space, and let C be a nonempty bounded closed and comss
subset of X. Let T be u completely continuous asymptotically nonexpansive in the intermediate sense, Pui '

Go=sup(IT"x = Tyl = lx = yl) VO Vn =1,
xyeC

so that 70 G, < co. Let {a,}, {b,), {ca}, {an}, {Ba}. {7n}, {1} and {2,} be real sequences in [0,1] suck
Ayt Y byt ety and oy + B+ 2y are in [0,1] foralln 2 1, and Y 0oy, < 90,3 o fty < OC, 3 neiia <
and let {u,}, {v,} and {w,} be bounded sequences in C. For u given x, € C, let {x,}, {yn} and {z,} be
sequences defined as in (1.1) and

(1) 0 <liminf,_ o, < limsup,_.(a, + B, + 2,) <1 and
(ii) 0 <liminf,_.ob, < limsup,_.oc(b, + ¢, + ) < L.

Then {x,}, {y.} and {z,} converge strongly to a fixed point of T.

Proof. By Lemma 2.1, we have
lim 177, —x,ll =0,
lim 177, - x| = 0,
lim 17", — x| = 0.
It follows from (2.14) that lim, _..o|ly. — x|l = 0.
From x,+) =(1 — o, ~ B, — L)xn + &, Ty, + B, Tz, + 2,w,, we have
aer = xall = (1 = otn = By = Za )X + €Ty, + B, 7720 + AWy — X, |
S llT"y, = xall + BT 20 = xall + Znllwn — xall — 0.
And

“xn+l - T"x,,+| ” Ixn-H _xn” + “T"xn+l - T"xn” + “T"xn —X,,“

<
< ||xn+| _xn” + ”xn+l ‘“xn” + G, + ”T”xn —xn“ - 0.

Since
Hart — Tt || < |lXasr — T"+lxn+I” + [ Txnsr — T"Han"

and by uniform continuity of 7 and lim,_ || 7"x, — x,|| = 0, it follows that lim,_,|x, — Tx,|| =0.
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Smce T is completely continuous and {x,} C C is bounded, there exists a subsequence {x, } of {x,} such

W | Tx,} converges. Therefore from lim,_ ||x, — Tx,|| =0, {x,} converges. Let limy_,x, =p. By
~omimuity of T and lim, o ||x, —7Tx,|| =0, we have that Tp = p, so p is a fixed point of T. By Lemma 2.1 (i),
S c[xa ~ plf exists. But limg_.flxs, — pll = 0. Thus lim,_..f{x, — pll = 0. Since ||y, — x,|| — 0 as n — o0,
P -

‘:A -xn“ = ”anT"xn + (l —a, — Yn)xn + Yaldn —x,,” < IIT"x,, —'xI'” + y"”u" —x"” —0 asn— 0,
© lows that lim, .y, =p and lim,_z,=p. O

“rom Theorem 2.2, we have the following results.
~wsllary 2.3 [6, Theorem 2.3]. Let X be a uniformly convex Banach space, and C a nonemply bounded, closed
e convex subset of X. Let T be a completely continuous asymptotically nonexpansive self~map of C with {k,}
aving k, 2 Land 300 (ky — 1) < 0o, Let {a,}, {0}, {¢a}s (@}, {Bals {¥a}, {12} and {,} be sequences of
s mumbers in (0,1} with b, + ¢, + p, € (0,1} and o, + B, + 2, €[0,1] for all n 2 1, and 3 22y, < 00,

~ K, <00, Yoot A, < 00 and

© O <liminf, b, < imsup,_.o(b, + ¢, + 1) < 1, and
‘ o O <liminf, g0, < limsup, _,.(o, + f, + 4,) < L.

“ot {xp), {yat and {z,} be the sequences defined by the modified Noor iterations with errors (1.1). Then {x,},
o, and {z,) converge strongly to a fixed point of T.
~wellary 2.4 (5. Theorem 2.3]. Let X be a uniformly convex Banach space, and C a nonempty bounded, closed
e convex subset of X. Let T be a completely continuous asymptotically nonexpansive self-map of C with {k,}
weatving k, = land Y 2 (ka — 1) < 0o. Let {a,}, {ba}, {ca}, {}, {Bn} be sequences of real numbers in {0, 1]
W s +c,e€[0,1] and a, + B, €[0,1] foralln = 1, and

~ O <liminf, _ b, < limsup,_..(b, + ¢,) <1, and

= 0 <liminf, .0, < limsup,__oo(a, + f.) < 1.

et {xp), a} and {z,} be the sequences defined by the three-step iterative scheme (1.2). Then {x,}, {y.} and
. converge strongly to «a fixed point of T.

or ¢, = f,=01in Theorem 2.2, we obtain the following result.
“weellary 2.5 [3, Theorem 2.1]. Let X be a uniformly convex Banach space, and let C be a bounded, closed and

wmmex subset of X. Let T be a completely continuous asymptotically nonexpansive self-map of C with {k,}
weaving k, = 1and Y oo (k, — 1) < oc. Let {a,}, {b,}. {,} be real sequences in {0, 1] satisfying

© 0 <liminf, b, < limsup,_...b, <1, and
2 0<liminf,_ 0, < limsup,__ .o, < 1.

For a given x| € C, define

z, = a,T"x, + (1 — a,)x,,
Y, =0Tz, + (1l = b,)x,, n =1,
Kol = &, Ty, + (1 — oy )x,.

em {x,}, {n} and {z,} converge strongly to a fixed point of T.
When a,=c,=p,=0in Theorem 2.2, we can obtain Ishikawa-type convergence result.



K. Nammanee, §. Suantai | Applied Mathematics and Computation 187 (2007 ) 669-679

Corollary 2.6. Let X be a uniformly convex Banach space, and let C be a bounded, closed and convex subs::
Let T be a completely continuous asymptotically nonexpansive self-map of C with {k,} satisfying k, >
oo (ke = 1) < 00. Let {b,}, {on} be a real sequence in [0, 1] satisfying

(1) 0 <liminf,_. b, <limsup,_..b, <1, and
(ii) 0 < liminf,_ 0, < limsup,_ .o, < 1.

For a given x| € C, define

Yo = bnT"Zn + (l - bﬂ)xm

Xt = 0, Ty, + (1l —a)x,, n 2 1

Then {x,} and {y,} converge strongly to a fixed point of T.

In the next result, we prove weak convergence of the modified Noor iterations with errors for as.—: »
cally nonexpansive mapping in a uniformly convex Banach space satisfying Opial’s condition.

Theorem 2.7. Let X be a uniformly convex Banach space which satisfies Opial's condition, and lo:
nonempty bounded, closed and convex subset of X. Let T be an asymptotically nonexpansive in the in:c-= .
sense. Put

G, = Sugxz(HT"x =T =lx=yIDVvO, Vn=1,

so that 7 G, < oc. For a given x; € C, let {x,}, {¥,} and {z,) be the sequences defined as in (1.1 --..

(i) 0 < liminf,_, e, < imsup, (e, + B, + 2,0 <1 and
(i) 0 < liminf,_ b, < limsup, _...(b, + ¢, + 1) < L.

Then {x,} converges weakly to a fixed point of T.

Proof. It follows from Theorem 2.2 that lim,_,..[[Tx, — x,|| = 0. Since X is uniformly convex a=: .

bounded, we may assume that x, — v weakly as n — oo, without loss of generality. By Lemma 1.2 . e
u € F(T). Suppose that subsequences {x,, } and {x,,} of {x,} converge weakly to u and v, respecti~:  *~m
Lemma 1.2, u,v € A(T). By Lemma 2.1 (i), lim,_ o Jlx, — u|| and lim,_..||x, — vl| exist. It follows fro— _ ==

1.3 that u = v. Therefore {x,} converges weakly to a fixed point of 7. [

From Theorem 2.7, we have the following results.

Corollary 2.8 (6, Theorem 2.8]. Let X be a uniformly convex Banach space which satisfies Opial's cc~: . ~ om
C a nonempty closed, bounded and convex subset of X. Let T be an asymptotically nonexpansive se. "= v
with {k,} satisfying k, > 1 and 3 "_(k, — 1) < 0o, Let {a,)}, {b,}, {ca}, (&), {Ba), {itn), {2} be scn = @
real numbers in [0, 1] with a, + y,,b, + ¢, + pn and o, + f, + 4, are in [0,1] for all n 2 land ¥
Yoy <00, Y02 A, < 00 and

(1) 0 < liminf,_ b, < limsup,_..(b, + ¢, + p,) < 1, and
(i) 0 < Hminf, ... < limsupy_.o(a, + f, + 4n) < 1.

Let {x,} be the sequence defined by modified Noor iterations with errors (1.1). Then {x,} converg:-. + ..+ »
a fixed point of T.

Corollary 2.9 [5, Theorem 2.3). Let X be a uniformly convex Bunach space which satisfies Opial's ¢ - -
C a nonempty bounded, closed and convex subset of X. Let T be an asymptotically nonexpansive s.. -=_. »
with {k,} satisfying k, = 1and 372 (k, — 1) < 00. Let {a,}, {b,}, {ca), {a.), {Bn) be sequences ¢ - ~..ommmm:
in[0,1] withb, +¢,€[0,1] and o, + B, € (0,1] foralln = 1, and
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0 0 <liminf, _..ob, < limsup,_.oo(b, + ¢,) < |, and
‘2 0 <liminf,_,a, < imsup,_ (2, + B,) < L

Let {x,) be the sequence defined by three-step iterative scheme (1.2). Then {x,} converges weakly to a fixed
wof T.

When ¢, = fi, =0 in Theorem 2.7, we obtain the following result.

wenllary 2.10. Let X be a uniformly convex Banach space which satisfies Opial's eondition, and C a nonempty

d, closed and convex subset of X. Let T be an asymptotically nonexpansive self-map of C with {k,}
waying ky, 2z Vand Y oo (ks — 1) < oc. Let {an}, {ba}, {a,) be sequences of real numbers in [0,1] and

0 0 <liminf,_.ob, < limsup,_.ob, < 1, and
2 0 <liminf,_ o, < limsup, _ &, < 1.
Lot (xn), {pa} and {z,) be the sequences defined by
= = @, T"x, + (1 — a,)x,,
Yo =b T2, + (1 = ba)x,, n 21,
o1 =0, Ty, + (1 — ay)xa.
ix.} converges weakly to a fixed point of T.
When g, =c¢,=f,=0 in Theorem 2.7, we obtain Ishikawa-type weak convergence theorem as follows:

vy 2.11. Let X be a uniformly convex Banach space whick satisfies Opial's condition, and C a nonempty
closed and convex subset of X. Let T be an asymptotically nonexpansive self-map of C with {k,)
ing key 2 1 and 302 (ka — 1) < oc. Let {b,}, {an} be sequences of real numbers in [0,1) such that

o O<liminf,_.ob, < limsup,_.ob, <1, and
0 O<liminf, ., < limsup, _ o, < 1.

et {x,) and {y,} be the sequences defined by
Yo = 0Ty + (1 = bn)xa,
Lasl = anT"y,, + (l - an)xnv nzl

{x,] converges weakly to a fixed point of T.
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. Iatroduction
Throughout the paper R, Rt and N denote the sets of reals, nonnegative reals and natural numbers, respectively.
o areal vector space X, a function g : X — [0, 0o) is called a modular if it satisfies the following conditions:

~ p(0) =0and x = 0 whenever p(Ax) = 0 for any X > 0;
. plax) = p(x) for all scalar « with j«| = 1;
0 plax+By) < p(x)+p(y), forallx,ye Xandalla, 8 > Owitho + B = 1.

1 we replace (jii) by
0 plax+8y) <ap(x)+ Bo(y), forallx,ye Xandalle, 8 > Owitha + 8 =1,

en the modular p is called convex modular. Moreover, for arbitrary x € X we define
. x
E(x).:mf[k> O.p(-i) <oo].
put inf@ = oo by the definition.
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For any modular p on X, the space
Xp=[xeX:p(x) > 0asa —» 0},

is called the modular space. If p is a convex modular, the functional
Ixlf, = inf{l >0: p(%) < 1] :

is a norm on X, which is called the Luxemburg norm (sce [35]). A modular o is called right-continuous (lef-
continuous) [continuous] if limy_, 1+ p(Ax) = p(x) for all x € X, (limy_, - p(Ax) = p(x) for all x € X,) [it is boss
right- and left-continuous).

Remark 1.1. If p is a convex modular and p(A,x) < oo for some x € X, and A, > 0, then p is right-continuoss
at Ax for any A € [0, A,) and left-continuous at Ax for any A € (0, A,]). Indeed, this follows from the fact that e

function f(f) = p(tx) is convex on R* and has finite values on the interval [0, A,] so it is a continuous function
[0, 2,).

A triple (T, X, u) stands for a nonatomic, positive, complete and o-finite measure space, while L = 1%
denotes the space of all (equivalence classes of) o -measurable functions x : T — R. In what follows we will idenss®s
measurable functions which differ only on a set of measure zero. For x, y € L%, we write x < y if x(f) < y(t) i
p-ae. t € T and the notion x < y is used for x < y and x # y. Moreover, for any x € LY, we denote by {x| #e
absolute value of x, i.e. |x|(f) = |x(¢)| for u-ae.t € T.

By E we denote a Kithe space over the measure space (T, X, u), ie. E C L% which satisfies the followmns
conditions: :

() ifxekE,ye L% and lyl < ix| for u-ae.theny € E and Jiylle < lxli&,
(ii) there exists a function x in E which is strictly positive on the whole T

A function ¢ : T x R — [0, 00) is said to be a Musielak—Orlicz function if ¢(¢, -) is a nonzero function, it vanishe
at zero, it is convex and even for p-ae. t € T and (-, u) as well as ¢~1(-, u) are ¥'-measurable functions for s
u € R*, where p~(z, -) is the generalized inverse function of ¢(t, -) defined on [0, co) by |

o ¢t u) = inflv > 0: (¢, v) > u} 1‘
foreacht € T (see [35]). For Musielak—Orlicz function ¢ we define a measurable function with respecttot € T &
a(t) = supf{u = 0: ¢(¢, u) =0},

see [6, page 175].

Remark 1.2. Let¢ : T x R — [0, 0o) be a Musielak—Orlicz function. Then

(i) ¢~(¢, -) vanishes only at zero;
(i) @, ¢~ 1(t, u)) = u for all u € [0, 00) and

0, ifuel0,a()],
u, ifue(a(t),c0);

oMt ot u)) = {
forpu-ae.t €T,

Given any Musielak—Orlicz function ¢, we define on L® a convex modular 0y by

Qp(x) otherwise;

_Jlgoxllg ifpoxeE,
oo

and the generalized Calderén—Lozanovskil space is defined by
E,={xe Locholx € E for some A > 0}.

Then E, = (E,, || - Ily) becomes a normed space, where || - ||, denotes for the Luxemburg norm induced by &,
[4.9)).
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. S the investigations of generalized Calderén-Lozanovskii space we refer to [8-10,27].

% e case when ¢ is an Orlicz function, i.e. there is aset A € & with ;£(A) = 0 such that (11, -) = @(z3, -) for all
= T\ A, these Calder6n—~Lozanovskii spaces were investigated in [3,4,30] and the investigations were continued
pacers (5,11,15,17,20,26,28,29,32-34,36,37].

W say a Musielak-Orlicz function ¢ satisfies the condition AZE if there exist aset A € X with u(4) = 0, a
K > 0 and a nonnegative function h € E such that the inequality

. 2u) < Ke(t,u) + k()
Sxallt € T\ Aandu € R (see [35) when E = L! and [9] in general).

1.3 ({9, Lemma 5]). The property that lix|l, = 1 if and only if py(x) = 1 holds true for any x € E, if and
Yee AL

1.4 ({19, Lemma 1]}. For any Musielak-Orlicz function ¢ the inequality
einu+v) = e, u)+ e, at)+v)
Srp-aeteTandanyu > a(t),v > 0.

LS ([9, Corollary 7]).If ¢ € AL then pu({t € T 1 a(t) > 0}) =0.

% S(E), B(E) and E*(= {x € E : x = 0}) we denote the unit sphere, the closed unit ball and the positive cone
Kothe space E. Forany x € E, definesuppx = {t € T : x(t) # 0}.

A point x € E7 is called a point of upper monotonicity (UM-point for short) if for every y € E* \ {0} we have
< |lx + yllg. A point x € E* \ {0} is called a point of lower monotonicity (LM-point for short) if for every
£7 4 {0), such that y < x, we have llx — y|lg < llx]lg. If every point of S(E™) is a UM-point (or an LM-point),
we say that the space E is strictly monotone. It is easy t0 see that x € E¥ \ {0} in any K&the space E is a
int (LM-point) if and only if x /|| x}| is a UM-point (LM-point). Therefore, it is enough to formulate the criteria
onicity for points in S(E*) only.

& point x € S(E) is said to be an extreme point of B(E) (x € ext B(E) for short) if for any y, z € B(E) such
2x = y + z we have y = z. If any point of S(E) is an extreme point of B(E), we say that the space E is rotund
£ (R)).

A pointx € S(E) is called a strong U-point (SU -point for short) of B(E) if for any y € S(E) with |lx + yllg = 2,
amve x = y. It is obvious that a Banach space E is rotund if and only if any x € S(E) is an SU-point, but the
of an extreme point and an SU -point are different (see {71).

% s well known that rotundity properties of Banach spaces have applications in various branches of mathematics,
a5, Fixed point Theory, Approximation Theory, Ergodic Theory, and many others. Moreover, if the focus of the
% is Banach lattices, then there are strong relationships between rotundity properties and monotonicity properties
12.13,14,16,18,21,24,25]). Specially, in [17,20] the local rotundity and local monotonicity structures of a certain
lattice, namely Calderén-Lozanovskii spaces, were studied. The results of our paper will be a generalization
wo such excellent papers [17,20] by considering Orlicz function with parameter called Musijelak-Orlicz function
of Orlicz function. Of course, some ideas from those papers are also applied in our paper. However, because
different properties among functions, in many parts of the proofs of our results new methods and techniques are

Lzt us note that if E has the Fatou property, i.e. for any x € LY and (xn)32, in E such that 0 < x, /' x p-
and sup,, ||lx, [l < co we have that x € E and {x[lg = lim, 00 llxnll£ (see (1,23,31}), then E, also has this
, and moreover, the modular g, is left-continuous (see [9, Theorem 12)). Consequently, E,, is a Banach space.
m the whole paper we will assume that E is a Kothe space with the Fatou property. Moreover, we will denote
=x)(t) = @, x@)) foreachr € T.

The paper is organized as follows. In Section 2 we give some basic auxiliary results of general modular space and
&, Section 3 is devoted to the strictly monotone points of E;. We study rotundity points of E,, in Section 4. Finally,
% Section 5 we give a characterization of rotundity structure in E,,.
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2. Auxiliary lemmas

We start by proving some facts in any modular space.

Lemma 2.1. Let X, be a modular space generated by a convex modular p and x,y € B(X,). If £(x) < 1 %
£(3Y) <1

Proof. Since £(x) < 1, we take a real number a € (§(x), 1) and put ¢ = 14 Thene > 0and (Hs)" .-

= T+a- 2
Thus,
+y I+e l1+¢
1 = . .
((+)(2)) ”(2”2 y)

=p((l+e)a'£+1+6_y)

2 a 2
(I1+8a /x 1+¢
£ — ( )+—2—p(y)<oo

which implies that £ (£52) < 1. This completes the proof. DO

Lemma 2.2. Let X, be the modular space generated by a convex modular p and x € B (X ») be such that E(x) « ©
If y is any element in B (X ,) satisfying "%le =1, then p (%1) =1

Proof. By £(x) < 1 and Lemma 2.1, we have £ (%2) <1.Putl = [O and define a function f - I —

1
' e(f{.l))
by f(t) = p (t 5%2) Then f is a convex function and has finite values on I, which imply that f is a
function on I. Assuming that p {"-}1) < 1, there exists a A > 1 such that p (1%1) < 1 whence I-“—';—’“p <i<
contradiction. [J

We close this section by giving a basic result on the generalized Calderén—Lozanovskil space as follows:

Lemma 2.3. For any x € E,, and any measurable partition {T;}}_, of T we have,

§x) = Juax IE(XXT.)l

Proof. Put & = maxy«i<,{£(xx7;)}, then it is obvious that « < E(x). We now show that the converse i
holds. If not, then a real number 8 € (¢, £(x)) can be found and consequently,

()b G~ G =5+,

which contradicts the definition of the number £(x). O

ZQW ( XT.) < oC,

3. Points of monotonicity in E,

In this section, we give some criteria for upper and lower monotonicity points in E,.

Theorem 3.1. A point x € S(E,)) is upper monotone if and only if

() gp(x) = I;
(i) u(r e T : x@) <a(®))) =0;
(iii) ¢ o x is an upper monotone point of E.
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Necessity. If condition (i) does not hold, then g,(x) =: r < 1. Let D be a subset of A such that (D) > 0 and
= E. Let u be a nonnegative measurable function defined by

i) = ¢—l (t, —1—_—’.—) XD(I).
Ixole

gou= _'_Il)l(;lrls xp which implies ¢ o u € E, and moreover,
' 1-r
lvoullg = xpi =1l-r
txolle E

= > 0, there exist a real number A > 0 and a measurable function y > 0 with supp y = D satisfying

1, x(1) +y(0) <o, x()) + @t u(®), y) <A
o0

w-2e.t € T. On the other hand, an ascending sequence (7). such that Un Ty = T and sup,z, o(t,u) < oo
wachn € Nand # € R* can be found (see [22)), which allows us to obtain a nonnegative real number d;, such

&, =sup{e(t.Ar) 1t € D).
ntly, ¢ o y < dy xp which implies that y € E,,. Moreover,

Ce(x+y) =llpoxxr\p+eo(x+y)xple <llgoxxrnp+eoxxp+eoule
= lpox+ooullg <lpoxllg+flpoulle=r+{1~-r)=1

1=x]ly < Ilx + yllp < 1 and therefore, x is not an upper monotone point.
Seppose that (ii) is not satisfied. Then the set A = {t € T : x(¢) < a(t)) has a positive measure. Let us define
0 =(@—-x)Ox, () forall: € T.Wesee thaty € E;,* \ {0} and
ge(x+Y)=lloolx+ e = llpoxxra+eolx+ X, lE
= lpoxxnateoax,le
= [lpoxxnalle < 0,(x) < 1.
ix + yllp < 1. But, since y € E; \ {0} the fact that |lx + yll, = {lxll, = 1 is always true, we obtain
= = ¥llp = 1. This means that x is not an upper monotone point.
¥ remains to show the necessity of condition (iii). Let us assume that x € § (E,‘,f ) is an upper monotone point. Since
e sccessity of (i) has been proved, we may assume that ¢ o x € S(E) and suppose that condition (jii) is not satisfied,
= Bece exists y € EY\ {0} such that |l o x + yllg = 1. Let us define z € EJ \ (0] by z(1) = @~ (t, (1)) for all
= T. Hence there exists a nonnegative measurable function £ such that supp & C supp z and
g, () + h(1) < (6, x()) + @, 2(1)), h(1) <A
wallt e T.Thus h € E, and
ey(x+h)y=llpolx+hjg < llpox+yozle=llpox+yle=1,

‘wiich implies that [[x + A{l, = 1. This contradicts the upper monotonicity of x and the proof is completed.
Sufficiency. Let x € S(E;) and assume that conditions (i)(iii) are satisfied. Let y € E +\ {0} be given. In view of
~==ma 1.4, condition (ii) gives

@, x(1) + y(1) = @1, x(1)) + @(t, a(t) + y(1))
wu-ae t € T.Since u({t € T : (1, a(?) + y(1)) > 0]) > 0 and ¢ o x is an upper monotone point in E, we have

op(x+y)=lleo(x + Mg = lpox+ola+yle > fi@oxle = gp(x) =1,
W is, |lx + yll, > 1. This completes the proof. O

rem 3.2. A point x € S(E ; ) is a lower monotone point if and only if

S Ex) < 1)
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(1) pu({r € suppx :x(t) <a(®)}) =0
(iii) ¢ o x is a lower monotone point of E.

Proof. Necessity. Let x € S(E*) be a lower monotone point. Suppose that condition (i) is not satisfied, i.e. £(x} =
Take A, B € X, both of positive measure, such that AN B = @ and AU B = supp x. Thus by Lemma 23
obtain £(xx,) = 1 or £(xxp) = 1. Without loss of generality we may assume that £(xx,) = 1, and it would
§(x —xxp) = E(xx,) = L. This implies ||x — xxgll, = 1, a contradiction.

If condition (ii) does not hold, then the set A = {r € suppx : x{¢t) < a(t)} has positive measure. By (i,
necessity of which has been already proved, we have £(x) < 1, and conscquemly 0,(x) = 1 by Lemma 2.2.
() = x(t)x,(t), then we have 0 < y < x, and

Qp(x —¥) = lpoxxmalle = llp o xllg = 0,(x) = 1.

This implies that jlx — y|l, = 1, a contradiction.

Now we will show that condition (iii) holds. By (i), we have gox € S(E).Letustake y € E suchthat0 < y <
and choose a measurable function z such that0 < z < x withg o x —y < ¢ o (x — ). Since x is a lower
point, we have ’

lpox —ylle < llpo(x — e =0plx ~2) < llx —zllp < 1.

This shows that ¢ o x is then a lower monotone point of E.

Sufficiency. Letx € S(E}),y € E* \ {0} be such that y < x and conditions (i)—(iii) are satisfied. Obviousfy.
y C supp x which together with condition (ii) imply that for z = @ o x — ¢ o (x — y) we have z > 0. Mor
condition (i), we have g,(x) = 1. Since ¢ o x is a lower monotone point of E and z < ¢ o x, $0

Qpx —y)=llpo(x—lle =llgox —zle < llpoxllg = gp(x) = 1.

Using Eq. (3.1) together with £(x —y) < 1 (by condition (i)) and the continuity of g, in light of Lemma 2.2, we
llx — yll, < 1. This completes the proof. O

4. Points of rotundity in E,

We will study the points of rotundity, such as extreme point and SU-point in this Section. We begin watt
following definition:

A point x € S(EY) is said to be an extreme point of B(E) (x € extB(E™) for short) if for any x, y =
suchthat x = (y + z)/2, wehave y = 7z = x.

Lemma 4.1 ([17, Lemma 4]). In any Kéthe space E, x .€ S(E) is an extreme point of B(E) if and only ¥ =
UM-point of E and |x| € ext B(E™).

Theorem 4.2. A point x € S(E,) is an extreme point of B(E,) if and only if

(1) gp(x) = 1;
i) p({t €T : {x()| < a(@®)}) =0;
(iii) ¢ o x| is a UM-point;
(iv) if u,v € S(E) satisfy 12 = ¢ o |x| then either

y+z
2

where y(t) = ¢~} (t, (D), z(t) = ¢~ 1(t, (@) forallt € T.

1
u=v or (po( )<§(<poy+<poz),

Proof. Sufficiency. Assume that conditions (i)}—(iv) are satisfied. Let x € S(E,) and y,z € B(E,) be
2x = y + z. We shall show that y = z. First, we will show that

|y+zl(1) _ [IyI;rlzl

1
golx|(t) = ](t) =3 {p o lyl(t) 4 ¢ o |zl(1)]
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for p-ae. t € T. Note that, we always have

1
polxl)=¢ 'y“'(t)_ ['y';'z'](t)s5[<oo|yl(r)+<oo|z1(t)1

forpae.teT letA={teT :polx|(t) < 2[go o |yl(t) + ¢ o|z|(D)]}. If 1£(A) > O then by conditions (i) and (iii)
we have

1 1
d=g,(x)=lloolxllle < |zpolyl+ -polzl

1
<37 (lpolylle +l@olzlle) <1,

which is a contradiction. Consequently, Eq. (4.1) holds.
Let C, = {t € T : ¢(t,-)isaconvex and even function}. It is clear that u(7 \ C,) = 0. Next for each
t € T we define (1) = @711, 0@, |y(®OD) and 2(t) = ¢~ (1, (0(t, 12(1)]))). Using condition (ii) together with
£g3. (4.1), in light of Remark 1.2(ii), we have J(r) = |y(#)| and z(t) = |z(t)} for p-a.e. t € Cp. Consequently, by
£3. (4.1) and condition (iv) we conclude that ¢ o |yl(t) = ¢ o |z|(¢) for u-ae. t € C,. We claim that |y] = |z]. Put
8 = {t € Cp: |yl(t) # |z|(#)) and suppose that ;£(B) > 0. Thus, since (¢, -) is an injective function on the set
‘a(r), co) forall t € C, we should have
y@Ivizl <a() and |yl Azl <a() 4.2)

fcallt € BC C,.So
1
polxl(t) = 5[«’-0 I +@olzl(r)] =0

“xr all t € B. Combining this equation with Eq. (4.2) and the assumption that 2x = y + z we obtain |x(t)| < {a(t)] for
2 1 € B, which contradicts condition (ii). Hence, we have the claim. Finally, by condition (ji) and the fact that ¢(z, -)
& an injective function on [a(t}), oo) for all t € C,, in view of Eq. (4.1), we obtain that |y(t) + z()] = |y(e)] + lz(t)]
%o p-ae. t € T. This together with |y(¢)| = |z(1)| for p-ae.t € T implies that y = z.

Necessity. Let x € S(E,) be an extreme point of B(E,). By, Lemma 4.1 we obtain that |x| is a UM-point in E,,.
Thas by Theorem 3.1 we have x(t) > a(t) for u-ae. t € T, gp(x) = 1 and ¢ o x is an upper monotone point of E.
“herefore, it remains only to prove that if x € ext B(E,) then condition (iv) holds. If not, there are u, v € S(E) such
k=

u(t) -;— v(t) o 1xI(1),

S p-ae. t € T, where y(t), z(t) are defined in condition (iv). Clearly, y, z € S(E,) with y # z. Consequently, |x| ¢
= B(E,;,"). Finally, Lemma 4.1 yields that x ¢ ext B(E,). O

1
u(t) #v() and g¢o [y;Z] W) =3lpoy®)+9oz)] =

Becall that a point x € S(E™) is called a strong U-point(an SU-point for short) of B(E*) if forany y € S(E™)
i Ix + ylle =2, we have x = y.

Wemark 4.3 ([17, page 387]). If a point x € S(E™) is an SU-point of B(E), then x is a LM-point of E and x is an _
M -point of E.

“emma 4.4 ([17, Lemma 7]). A point x € S(E) is an SU-point of B(E) if and only if |x| is an SU-point of B(E™).

Theorem 4.5. Let E be a strictly monotone Kothe space and x € S(Ey). Then x is an SU-point of B(E)) if and only
£
W E(x) <1,
5 k({r € suppx : |x](1) < a(n)})) =0;
5 ¥ u € S(EY) satisfies flu + ¢ o |x|||g = 2 then either
x| +y
2

where y(t) = ¢~ 1(t, u(t)) forallt € T.

1
u=golx| or VJO( )<5(¢°|x|+¢0y),
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Proof. Necessity. Assume that x is an SU-point of B(E,). Applying Lemma 4.4, Remark 4.3 and Theorem 3.2 we s
that the remainder is condition (iii). Suppose the converse, that is, there are u € S(E¥) such that {ju + ¢ o {x||lg = 2

u#g@ojxjand ¢ o (I‘—I.;—’) = %[(p o {x| + ¢ o y], where y(¢) is defined as in condition (iii). Then,
2e(y) =ll@oylle = llule =1,

and consequently,
2=lu+golxlle =llgoy+eolxle

< llgoyle +lleolxllie
< 0p(y) +0px) <2.

[e] x+y
¢ 2

1
= s lilgolxl+¢oylEel

This implies that

4
é (1112 :v)

E

)

SUlgolxllle +li¢oylel

)

5[Q¢(le)+a¢(y)] =1,

SO

lﬂzﬂnp = 1. Since u # ¢ o |x|, we have |x| # y, which implies that |x| is not an SU-point of B{E;‘}. T,

Lemma 4.4 finishes the proof of the necessity.
Sufficiency. Let y € S(E,) be such that

xX+y
=1.
2y
‘We shall show that x = y. Combining Eq. (4.3) with condition (i), and applying Lemma 2.2, we get g, (%l) -
This gives
x+y x+y
1= =
% ( 2 ) ve ( 2 ) E
1
=5 lpox+eoyle
1
<3 [e0(®) + 2o (1]
<1,
whence

llpox+gpoyllg=2.

Using this equation together with the strict monotonicity of E, the fact g, (%X) = | and the convexity of ¢+
R for all 1 € Cy, where C,, defined as in Theorem 4.2 it is easy to see that

0o (le ;— Iyl) 0 =2° lx1€0) -;1/’0 Lyl

for p-ae. t € Cyp. Put u(t) = golyl|(t)forallt € T. Thenu € EY and [lullg = lig o ylle = 0.3} =
Eq. (4.4). Moreover, by virtue of condition (iii), Eqs. (4.5) and (4.6) imply that ¢ o |x|(r} = ¢ o |yl(t) f=
t € C,. Since pu({t € suppx : |x|(t) < a(r)}) = 0 and ¢(t, -) is an injective function on the interval [alr).
p-ae.t € Cy we get x|(1) = {y|(t) for p-ae.r € T. Then |x + y| < Ix] + |yl = 2|x|. If |x + y| < |x| + 13 =
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2 (e +¥)/2lp < 1 (since |x| is an LM-point of E, by Theorem 3.2). This contradicts Eq. (4.3) and proves that
: = ¥[ = |x{ 4+ |y|. Combining this equality with [x| = [y|, we getx =y. O

*. Rotundity of E,

-~ this final section we present a result concerning the rotundity structure of E,.

“zorem 5.1. Let E be a Kithe space and ¢ be a Musielak—Orlicz function. Then E, € (R) if and only if

Ee(SM);
C € AZE;
" u,v e S(ET) withu # v then either
utv 1
<1 or cpo(ii_—y) < ={gox+g¢@oy),
E 2 2

where x(t) = o~ Nt, u(t)) and y(t) = o1 (t, v(t)) forallt € T.

*=mf. Necessity. Suppose on the contrary that E, € (R) and E ¢ (SM). Then an element u € S(E*) which is not a
#/-point can be found. Put x(t) = ¢~ (¢, u(r)). Then g, (x) = llpoxlig = llullg = 1,50 x € S(E,) and hence x €
=1 3. Ey). However, ¢ o x is not a UM-point in £, thus Theorem 4.2 yields a contradiction.

s.ppose that E, € (R) and ¢ ¢ Af. By Lemma 1.3, there exists x € S(E,) with 0,(x) < 1.By E, € (R), x €
=: Z:E,) and Theorem 4.2 yields a contradiction.

3 zppose that condition (jii) is not satisfied. Then there are u, v € S(E™) with 1 % v such that |lu + vjg = 2
oo () =dpox+goy = 43Y where x(r), y(r) are defined in condition (iii). Putting z = %32, we have

: 2 = 1,thus z € ext B(E,). Since x € ext B(E,), Theorem 4.2 yields a contradiction.

I-Ticiency. Let x € S(E,) be arbitrary. We shall show that x € ext B(E,), by proving that conditions (i)(iv) in
Tweirem 4.2 are satisfied. First, by ¢ € AZE we have g,(x) = 1 and |x(t)| = a(¢) for p-a.e. t € T by Lemmas 1.3
o 13, respectively. Next, ¢ o |x] is a UM-point in E, because E € (SM). Finally, we will show that condition (iv)
= “-zorem 4.2 holds. Let u, v € S(E) be such that ”Zi = ¢ o |x|. By condition (iii) in our assumptions, we get

;) < %(w oy+¢oz),where g o y = u and ¢ o z = v, which means that condition (iv) from Theorem 4.2 is

«..“ed. Hence, our theorem is proved. O

“:te that, if £ = L! then E, =(x € Lo fT o(t, Ax())dp < oo for some A > 0} =: L?, which is called the
« _zlak—Orlicz space. Therefore, a direct consequence of Theorem 5.1, we have the following resuit.

Laecllary 5.2. Let ¢ be a Musielak—Orlicz function and LY be the Musielak-Orlicz space generated by ¢. Then
" 21R) ifand only if

.= AL,
-:Az,

Juov e S(LY) withu # v then

x4y 1
400( )><§(¢ox+¢>°y),

2
wnere x(t) = @~V (t, u(t)) and y(t) = ¢~ (t, v(t)) forallt € T.

—«f. Since L' € (SM) and for any u, v € S(LT) we must have |32, = 1, thus, the conclusion of Corollary 5.2
“1.2+s exactly from Theorem 5.1. This completes the proof. O

Le=ark 5.3. Rotundity properties of Musielak-Orlicz space, L?, equipped with the Luxemburg norm were given
~ =:dzik [12], in terms of the strict convexity of Musielak-Orlicz function ¢. Since condition (ii) in Corollary 5.2
mez=s that (2, -) is a strictly convex Musielak-Orlicz function for yi-a.e. r € T, therefore, Corollary 5.2 gives a result
== [12].
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L Iatroduction

LetH be areal Hilbert space and iet C be a nonempty closed convex subsetofH and A : C — H be a nonlinear mapping and
= 7- be the projection of H onto the convex subset C. Amapping T of H intoitselfis called nonexpansive if | Tx—Ty || < {x—yli
W allx, y € H. We denote by F(T) the set of fixed points of T (i.e. F(T) = {x € H : Tx = x}). Goebel and Kirk [1] showed
st F(T) is always closed convex, and also nonempty provided T has a bounded trajectory. Let {T,-}{V=l be a finite family of
seexpansive mappings with ﬂf-":, F(T) £ 0.

- LetF: C x € — Rbe a bifunction. The equilibrium problem for F is to determine its equilibrium points, i.e. the set

EP(F)={x€C:F(x,y) > 0, Vy € C}. (1.1)

problems in physics, optimization, and economics require some elements of EP(F), see [2-7]. Several iterative methods

been proposed to solve the equilibrium problem, see for instance [3,5-7]. In 2005, Combettes and Hirstoaga {3]
uced an iterative scheme for finding the best approximation to the initial data when EP(F) is nonempty and proved a
convergence theorem.

The variational inequality problem is to find u € C such that

(Au,v—u) >0 (1.2)

2l v € C. The set of solutions of the variational inequality is denoted by VI(C, A).
For a bifunction F : € x C — R and a nonlinear mapping A : C — H, we consider the following equilibrium probiem:

Findz € Csuch that F(z,y) + (Az,y —2) > 0, VyeC. (13)
setof suchz € Cis denoted by EP, i.e.,
EP={zeC:F(z,y)+ {Az,y — 2z) > 0, Vy € C}.

 Camesponding author.
& -mail addresses: beawrock@hotmail.com (A. Kangtunyakarn), scmti005@chiangmai.ac.th (S. Suantai).

570X/ - see front matter © 2009 Elsevier Ltd. All rights reserved.
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In the case of A = 0, EP is denoted by EP(F). in the case of F = 0, EP is also denoted by VI(C, A). Numerous profiess &
physics, optimization, variational inequalities, minimax problems, the Nash equilibrium problem in noncooperative game
economics reduce to finding a solution of (1.3) see, for instance, [2,4].

A mapping A of C into H is called a-inverse strongly monotone, see [8], if there exists a positive real number a sucs S

{x —y,Ax - Ay) > aflAx — Ay|?

forallx,y € C.
Forr > 0,let T, : H — C be defined by

T (x) = {zeC:F(z,y)+%(y—-z,z—x) >0, VyeC}.

Combettes and Hirstoaga [9] showed that under some suitable conditions of F, T; is single-valued ant
nonexpansive and satisfies F(T;) = EP(F).

In 2007, Takahashi and Takahashi [6] introduced a hybrid viscosity approximation method in the framewors o
Hilbert space H. They defined the iterative sequences {x,} and {u,} as follows:

Xy € H, arbitrarily;
1
F(un’.Y)‘i' Y —un,us —x:) >0, Vye(,
Xny1 = anf(xn) + (1 —op)Tup,, VneN,
where f : H — H is a contraction mapping with a constant @ € (0, 1) and {a,] < [0,1], {r.] C (0. ==
proved, under some suitable conditions on the sequence {«;,}, {r,} and bifunction F, that {x,} and {u,) strongly
yA S F(T)nEP(F} wherez = Pﬂnﬂﬂa(;)f{l)

Recently, in 2008, Takahashi and Takahashi [7] introduced a hybrid iterative method for finding a common
EP and F(T). They defined {x,} in the following way:

u, xy € C, arbitrarily;

F(zn, ¥} + (Axq, ¥y — Zn)+ (y Zn,Zn —Xa) 20, VyeC,

Xnyy = ﬁnxn + (1 - ﬁn)T(anu + (1 - an)zn) Vn e N,
where A be an a-inverse strongly monotone mapping of € into H with positive real number «, and {a,} € [0. 11
{0, 11, {*a} C [0, 2], and proved strong convergence of the scheme (1.6)toz € (i, F(T;) [ EP.wherez = Pre.
in the framework of a Hilbert space, under some suitable conditions on {a,}. {8}, {An} and bifunction F.

In 1999, Atsushiba and Takahashi [10] defined the mapping W, as follows:
Un.l = An.lTl + (1 - An,l)Iy

Una = Ap2ToUn + (1 = A,
Unz = AgaTalUn2 + (1 — A3,

Unnt = Aan—1Tw — Wan—2 + (1 — Apn-11,

Wn = Un.N = An,NTNUn.N—l + (1 - A'n.N)’-
where {X,;}}' < {0, 1]. This mapping is called the W-mapping generated by Ty, T2, ..., Ty and An1, Aaa.
2000, Takahashi and Shimoji {11] proved that if X is a strictly convex Banach space, then FW,) = ﬂ._1 H'I‘,

O<iApi<l,i=1,2,...,N.
Let X be a real Hilbert space and C a nonempty closed convex subset of X and let {T,} , be afinite family of

mappings of C intoitself. Foreachn € Njandj=1, 2,..., N, leta(") (@), a3”, a3"’)be such thata, -
witha + o+ ! = 1. We define mapping S, : C — C as follows.

Uyo =1

Uy = o:Q-‘Tl Uno + a;‘-‘u.,_o +al'l

U2 = “1 T2Un 1+og Un 1oy 2

Uz = a}’T3Upna +af Un2+(!"3l

Unnot = eV Ty lUnN 2+ ay -lUnN 2+a3™
Sn =U N—al TNUnN ]+(Z2 U,-,N |+¢Z"Nl
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The mapping S, is called the S-mapping generated by Ty, Ty, ..., Ty and o @ ozg"), A

Forgivenu € C andx; € C, let {zn) C C and {x,} C C be sequences generated by

0]
-
IF(z",y)+ (At = 20) + Ly~ 2020 — %) 20, WyeC, (18)
Xn41 = BuXa + (1 —ﬂn)S..(a u+(1—apz,). YneN

i this paper. we show that if X is strictly convex, then F(S;) = ﬂ,-:, F(T) ifoz',l‘i e@ Nforallj=1,2,...,N—1, a',"" €

= 1] and oz2 . oz, € [0, 1) forallj = 1,2,..., N, and we prove that under some suitable conditions, the sequence {x,}
“mmverges strongly to a pointz = Pny_' Fapnerl-

L Preliminaries

In this section, we collect and give some useful lemmas that will be used for our main result in the next section.
Lzt C be the closed convex subset of a real Hilbert space H, let P¢ be the metric projection of H onto C i.e., forx € H, Pcx
satsfies the property

lix — Pexll = min [Ix — yll.
yeC

= following characterizes the projection Pc.
“=mma 2.1 (See [12]). Givenx € Handy € C.Then Pcx = y ifand only if there holds the inequality (x—y,y—2z) > 0 Vz e C.
“=mma 2.2 (See [11)). In a strictly convex Banach space E, if

ixll = liyll = lax+ (1 =2yl
wallx,yeEand X € (0, 1), thenx = y.
“=mma 2.3 (See [13]). Let {s,} be a sequence of nonnegative real numbers satisfying

S = (1 —ap)sy +anfn, VYn > 0where {a,}, {ﬂ,,} satisfy the conditions
[ve]
(M fen) C10,1), D an=00, (2) limsupB, <0.
n—o0

em limy, 00 Sn = 0.

~=mma 2.4 (See [14]). Let {x,} and {z,} be bounded sequences in a Banach space X and let {B,} be a sequence in [0, 1] with
0 < Bminfy_, 0 B < limsup,_, o Bn < 1. Suppose

%oey = Pakn + (1 — B5)2, for all integer n > 0 and im sup,,_, oo (12211 — Zall — Xa41 — Xall) < 0.

Then limyo, o0 1% — 2zl = 0.

For solving the equilibrium problem for a bifunction F : CxC — R,letus assume thatF satisfies the following conditions:
ANFx,x) =0 Vxe(; _

22)F is monotone, ie.F(x,y) +F(y,x) <0, Vx,yeC;

23)Vx,y,z € C,

lim, F(ez + (1 - 0x,9) < FGc, ) '
t->0+

A4)Vx € C, y > F(x,y) is convex and lower semicontinuous.
"he following lemma appears implicitly in {2].

2.5 (See [2]). Let C be a nonempty closed convex subset of H and let F be a bifunction of C x C into R
ing (A1)-(A4). Let r > 0 and x € H. Then, there exists z € C such that

F(z.y)+;(y—z,z—x)30 (2.1)
yeC.

2.6 (See [9]). Assume that F : C x C — R satisfies (A1)-(A4). For r > 0 and x € H, define a mapping T, : H — Cas

T,(x)={zeC:F(z,y)+-:—(y—z,z—x)20, VyeC (22)

z € H. Then, the following hold:
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(1) T; is single-valued;
(2) T; is firmly nonexpansive i.e.
IT®) - T < (L) -T,0),x—y) Vx,y€H;

(3)F(T;) = EP(F);
(4) EP(F) is closed and convex.

Definition 2.7. Let C be a nonempty convex subset of real Banach space. Let {T;}¥_, be a finite family of nonexpassss

mappings of C into itself. Foreachj =1, 2,...,N,lete; = (a’;, a’;, a’;) where o , 0/2 a’3 €[0,1) andozjl +ocj2 o, =0
We define the mapping S : C — C as follows:

Uo =1

Uy = o1l + ayUg + el

U = &ANU + iU+l

Uy = aqTsU; + o3Uy + o3l

Uyt = o) "y yUn—a + o) 'Un—z +ay 7'l
S = UN = a'lvTNUN_l +(1’sz~_| +03‘.

This mapping is called S-mapping generated by Ty, ..., Ty and a, a3, ..., ayn-

Next, we prove a lemma which is very useful for our consideration.

Lemma 2.8. Let C be a nonempty closed convex subset of a strictly convex Banach space. Let (Ti}}L, be a ﬁni‘te
nonexpansive mappings of C into itself with ﬂﬁ__l F(Ty) # @ and let o = (), o, a’3)j =1,2,3,...,N, wheree!), = &
0,1, d+d+d =10 €@©Dforalj=1,2,....N—1, o\ €(0,1], o}, o, € [0, 1) forallj=1, 2

S be the mapping generated by Ty, ..., Ty and y, o3, ..., ay. Then F(S) = ﬂf:, F(Ty).

Proof. It is clear that (Y., F(T) < F(S). Next, we show that F(S) € (Y, F(T). To show this, let % € Fi&
Xt e ﬂf‘:, F(T;). Then we have -
lixo — x*}f = [ISxo — X*|| = e’} (TnUn—1%0 — X*) + @ (Un-1%0 — x*) + 3 (xo — x|
< a} I TnUn-1%o — X* 1| + & |Un-1%0 — x*[| + ' lixo — X"}
< (1= ) Uno1xo — x* N + (1 = (1 — & Nlixg — x*1]
= (1 — oMl (T 1Un-2%0 — x*) + of "' (Un—2%0 — x*) + & "' (xo — x™)l
+ (1 = (1= a))lixo — x*|
< (1 — )@ M ITw-1Un-2%0 — X"l + a3 ™ lUn-2%0 — ¥l + o3 ™" llxo — X°11)
+ (1= (1 —ad)ixo — x*|l

N N ‘
< I—[ (1 — ) Un=2% — x*I| + (1 - I—[ ( —Ot}3)> flxo —x*||

j=N-1 J=N-—-1
N n
= JT (0 - ehlied 2 (Tu-2Un-3%0 — x*) + &} 2 Un_3%0 — x*) +§ 2 (x0 — x|
j=N—1
N e
+ (1 - T a —ag)) lixo — x°1
j=N-1

N
< I—[ (1 — o) (@ 2| Ty—zUn-3% — x| + &) 2 [|Un-3%0 — x*|| + oy 2 lxo — x*|I)
J=N=1

N
+ (1— I1 (1—04)) lIxo — X1

j=N—1
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N N

<[] (1—a’3)nuN_3xo—x*u+(1— [] (1—a’3)> llxo —2°
j=N=2 j=N-2

=<

N
< [0 = e} (TUxo — X*) + & (Urxo — X*) + o3 (xo — %)

j=3
N
+ (1 ~-Jla- aé)) llxo — x*1l
j=3
N .
< [0 = &)@} ITU1x0 — 1| + &2l Usxo — X7l + e lxo — x*1)
j=3
. N
+ (1 -Jla- aé)) llxo — x*|
j=3
N ) N )
< [Ja - v —x 1+ (1 -TJa- aé)) lIxo ~ *|
=2 j=2

N N
= [T(1 — ehllee} (Tro — %) + (1 = e}y 0 — 21} + (1 -TTa —ag)> lixo — "I

j=2 j=2

N
< [T = b @i iTixo — x* + (1 — alixo — x*1)
j=2 -

N
+ (1 -[la- aé)) lixo — %"l

Jj=2
N . N .
<[]t - oo —x*1 + (1 ~TJa —a;)) o — 1
Jj=2 j=2
= |ixo — x*|I.

“5is implies by (2.9) that

N N :
lxo = x*Il = [ (1 — ed)ller] (Tuxo — x%) + (1 — @) (xo — Xt + (1 -[Ja- a’;)) fixo — x*1,

j=2 j=2
sence

o — x*|| = llaj (Tyxo — x*) + (1 — &) (%o — X%
2y (2.10), we obtain

N N
llxo —x*Il = [ (1 — o)} UTuxo — X"l + (1 — a)lixo — x°11] + <1 -Tla- a’;)) lixo — 1,

j=2 j=2
which implies

%o — x*Il = &y I Taxo — X*If + (1 — a)lixo — x*1I.
& follows that

fixo — x*I| = IT1xo — x* |-

“om (2.11) and (2.12), we have by Lemma 2.2 that T1xo = X, thatis xo € F(Ty).
It implies that

Uixo = ATixo + (1 — Aq)x9 = Xo.

(2.7)

(2.8)

(29)

(2.10)

(2.11)

(2.12)
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By (2.7), we have

N N
lixo — x*Il = [ (1 = eh)lierd (TaUrxo — X*) + e (Usxo — x*) + (%0 — x| + [1 ~-Jla- a&)] lixo — %1

j=3 j=3
It follows that
lIXo — x*{l = Ho (T2Usxo — X*) + 3 (Usxo — X*) + @3 (xo — X™)||
= llaj(Taxo — x*) + (1 — &} (%o — x*)|I. 2
By (2.8), we have

N N
lxo — %Il = [](1 — )@ ITaUto — XNl + a2 Usxo = 'l + llxo — *11) + (1 ~IJa- ag)) I ~ 2%

j=3 j=3
which implies
X0 — x*|| = aiTaUrxo — x*|| + a3 [[Usxo — X*}| + &3 [1xo — X*||
= af||Taxo — X[l + (1 — e})lIxo — X"
Hence, we obtain
lxo —x*|| = IT2x0 — X" |\ g

From (2.13) and (2.14), we have by Lemma 2.2 that T,x; = X, that is xg € F(T»).
This implies that Upxe = a3 TalyXp + a3 UyXg + @30 = Xo-
By continuing in this way, we can show thatx, € F(Ty) and xo € F(Uy) foralli=1,2,...,N — 1.
Finally, we shall show that Xo € F(Ty).
Since

= Sxo — Xo = o\ TyUn_1Xo + @) Uy_1%0 + a3 Xo — Xo

= o (TyXo — Xo),

and a‘lV € (0, 1], we obtain TyXy = Xp so that x, € F(Ty). Hence F(S) C ﬂ:V:l F(T). O

Lemma 2.9. Let C be a nonempty closed convex subset of Banach space. Let [T,] be a finite family of nonexpansive
of Cintoitself and foreachn € Nandj € {1, 2,...,N).let cx(") (), o) ,cx3J) o = (aﬂ,aé,a’)wherea, e

{0, 1}, ot’l 0/2 a{; € [0,1],a'l'J+a;J+a;' landotJ +otJ +ot’ = 1. Suppose «;"” N a’asn - ool

1,3andj=1,2,3,...,N.Let Sand S, be theS-mappmgsgeneratedbyTl. Tz, oo Ivanday, o, ..., ayandT;. T
and aﬁ"), ag"), - af,"), respectively. Then lim,_, o0 [IS2X — Sx|| = O for every x € C .

Proof. Letx € C,U,and U, , be generatedby Ty, Tz, ..., Tyanday, a5, ...,ayandTy, T, ..., Ty anda("]. :j'
respectively. Foreachn € Nand fork € {2, 3, ..., N}, we have

HUp1x — Unxll = e} ' Tix 4+ (1 — & Hx — el Tyx — (1 — a)xli
= | — e}l Tax ~ x|,
and
Unix — Ull = lla§ ™ ToUp m1X + &) Upporx + a3 x ~ ATy U1x — akUi_yx — x|
= ﬂa;"k(TkUn k=1X — TUp_1%) + (Of;"k — )T, — 1X
+ (o5 — afyx + @) Unao1x — UrmrX) + (25 — a)Ugpx]
< @MUy keyX — TelUioaxll + [ ¥ — XN IT U —1x)
+ o — okl + o NUn c1x = Ul + o™ — | | Upax1
< ¥ Unse1x — Uemrxl] + laf* = a4 |ITeli ]
+ 05 U o1 = Ueeaxll + (ef = ™[ + fog™ — D1 Uirll + la5™ — e ]
< NUni—1x — Urmaxl) + o™ = a1 (NTeloaX)) + (Ul
+ a3 — A ) (U= axll + 1Ix1).
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By (2.15)and (2.16), we have
1Sax — SXI| = {Unnx — Upx]l

N N
< e =l lTax = xll + > laf — G IUTU- il + Uyl + D ferhd — e U1l + D).

j=2 j=2
This together with our assumption, we can conclude that

lHm [|S;x —Sx)l =0. D
R— 00

3. Main result

In this section, we prove a strong convergence theorem of the iterative scheme (3.1) to a common element of EP and
ﬂL F(T;) under some control conditions.

Theorem 3.1. Let C be a closed convex subset of a real Hilbert space and let F : C x C — R be a bifunction satisfying
conditions (A1)-(A4). Let A be an a-inverse strongly monotone mapping of C into H and let {m,_ be a ﬁm‘te family of
mnexpansive mappings of C into itself with ()., F(T-)ﬂEP A @ Forj=1,2..,Nlet a‘"’ = (a, , a3, a3’ be
such that oy, a;‘]. a3 € [0,1]. a"‘j "‘j +a3’ =1, {ot,J }N_,‘ C[m, 6 with0 <y <6 <1, {ay Ny € (nn, 1] with
2 <y <land {012J J”_,, (a3"}j 1 C [0 @l with 0 < 63 < 1.Let S, be the S-mappings generated by Ty, T, ..., Ty and
u:“, ag"), M o™ Letu e Cand Xy € Cand let {z,} C C and {x,} C C be sequences generated by
FGn,y) + (Bn,y — 20) + - (y—z..,z,. —Xx) =0, VyeC,
Xyt = PoXn + (1 — ﬂn)Sn(anu + (1 —ay)z,), VneN,
where {a,} € [0, 1], {8} C [0, 1]and {r,} C [0, 2c] satisfy the following conditions:

D0<a<)r<b<2a, O<c<fp<d<t;

(3.1)

n—>00 )"YI-H ’

o0
(iii) lim a, =0, Za,. = 00;

(iv) fa T — o™ > 0, and otV — o] - Oasn — oo, forallj € {1,2,3,...,N}.
Toen {x,) converges strongly to z € ﬂ,-=, F(Ty) () EP. where z= Pﬂ,’il Fay e

Proof. First, we show that (I — A,A) is nonexpansive. Let x, y € C. Since A is o -strongly monotone and A, < 2o Vn € N, we
E=ve -

10 = 1A — (I — XaA)yII? = lIx — y — An(Ax — AY)|I?
= IIx — ylI? — 2xa(x — y, Ax — Ay) + A2 [|Ax — Ay|}?
< lIx =yl — 20h, [|Ax — Ay}l + A2[lAx — Ayl
= {lx = yI? + An(rn — 20)[|AXx — Ayl
< llx—yi*. (32)

Thus (I — ApA) is nonexpansive.
Since

1
F(zn, y) + (Axn,y — 23) + 'A_"(y_zmzn —x;) >0, Vyeg,
n
we obtain
1
F(z.,y) + _(y — 2y, 2n — (I = XA)) >0, Vyedl.

Sy lemma2.6, we have z, = Ty, (x, — A,4%,) Vn €N,
Letzeﬂl {F(TM)(EP.ThenF(z,y) + (y — z,Az) > 0, VyeC.
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SoF(z, )+ (v—2,z2—24+XA2) 20, VyeC.
Again by Lemma 2.6, we have z = T, (z — A,Az). Since | — A,A and T, are nonexpansive, we have
llzn —2l? = Ty, (Xa — AnAXa) — Ta, (z — AnAAZ) |
< lxe — 2112,
hence ||z, — z|| < ||x, — z]|.
Putting y, = a,u + (1 — a,)z,. Then we have
lyn —zll = llaa(u —2) + (1 — ap)(zx — 2)||
anflu — z|l + (1 ~ ap)llxa — 2||.

IA

This implies that
Hxne1 ~zll = |Ba(xn — 2) + (1 — Br)(Snyn — 1|
=< Ballxa —zll + (1 — Ba)llys — 2l
< Bollxn — zl + (1 — Bu)(@nllu — 2| + (1 — an) llxa — zi).

Putting K = max{||x; — z}|, lu — z|{}. By (3.5), we can show by induction that }|x, — z|| < K, Vn € N.This implies &

is bounded. Hence {Axp}, {¥n}, {Sa¥n}, {z.} are bounded.
Next we will show that

lim %o —Xpll = 0.
n—oo
Putting up = X, — XsAx,. Then, we have 7,4 = T, (X1 — Aas1AXayt) = Ty g Untrs
Zp = Ty, (Xg — ApAxy) = Ty, Uu,. So we have

1yne1 = yall = llansit + (1 — @py1)Zap1 — autt — (1 — @)z, |
= lantatt + (1 — @) Tayy Unsr — @ptt — (1 — @) Ta,nll

= }(@ne1 — @)t + (1 = @n 1) Ty Untr — Ty Un + Ty Ut — Tagltn + Tapttn) — (1 — @) T 80

= @41 — @)t + (1 — dng1) (Tagy g Unt1 — Tayy Un)
+ (1 = a4 1) (Tayp U — Toytta) + (1 — Gy )Tt — (1 — ap) T Unll
< g1 — apllfull 4+ (1 — @ny) e — unll
+ (0 — e IThy U0 — Tagttall + 10ap — @l Th, uall
Since ] — Ap44A is nonexpansive, we have
lungr — uall = WXnsr1 — Aas1AXnyt — Xo + AnAXall
= |(I = Angp1A)%ng1 — (I — Ap1A)Xn + (Ag — Apg1)AXq |l
< Wxat1 — X0 + |1Aq — AnyilAXall.

By Lemma 2.6, we have

1
F(Ty,un, y) + A—(y — Taqtn, Tun —uy) 20, VyecC
n

and
1

F(T).,..Hun) .Y) + 0’ - TX".H Upn, TX,H_] Uy — “n) = 0’ Vy eC.

)\n+l
In particular, we have

1
F(Ty,un, TA,H,,un) + )\_(TA,.Hun — T un, Ta, 4y — ) >0,
n
and
1
F(TA,H,‘um T, un) + ot (T, up ~ TA,H,,Um T).,,Hun —u;) > 0.
n

Summing up (3.9) and (3.10) and using (A2), we obtain

1 .
{T,upn — TA,H.,um TA,H.,un —up) + “"(TA,,Hun — Ty, un, Thyltp — tg) 2 0, vy € C.
Any An
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= then follows that

Ty, U, —Uu T, u, —u
(Tx..un—Tx,.HUn, LS L LB P )

)\n+| )\n
This implies

A
0< (Tx,,ﬂu,. — Taaltn, Tagltn — Un — ——(Tap g ln — u")>
Anti

; A
= (T;L"Hu,l ~ Dy, tn, Toun — Tayyq U + (1 7 1 ) Ty tn — u,.)).

n+1
= follows that
A
1Ty tn — Tl < 1 — : | Tangs tin = Tagttnl] (T el + Hual)).
n+1 .
Hence, we obtain
2 An _
I Tnsattn = Taptia])* < |1~ L, (3.11)
)\n+l

where L = sup{{jusli + Ty, uall : n € N}
By (3.7).(3.8) and (3.11), we have

Iyni1 = yall < l@ns1 — aolflull + (1 — app1) lttnpr — tall + (1 — an+|)"TA,,+|un - TA,,un" +lanyy — an”lTl,.un"
=< g1 — aalliull + (1 — dop ) Xar1 — Xn + 1An — Ang1 Ao ]l)

A
+(1—a) |1 - 1L + a1 — Gl Ta uall
a4
An
= |an+l - an”lu" + Xn1 — Xn + )\n+l 1- AX"
n+1
An
+[1- L+ |apy1 — aul Ty, tnll
)‘n+l
An
< g1 — aulllull + [ Xag1 — X0 + bj1— Axp
n+1
An
+ [1- L+ lan+l - an”lTAnunlL
)\n+l
We can rewrite x, 1 by
Xnt1 = BuXa + (1 — B1)Sp¥n,
wherey, = apu+ (1 — a,)z,.
Next, we show that
lim {[Spys — Xa|l = 0.
n—o00
Fork € {2,3,..., N}, wehave
Wit 1.a¥n — Uniall = Nletf ™ el t e ¥ + 05 Uniet pm1yn + a5+ 4y,
- aT'kaUn,k—ly" - a;'kun,k—l}'n - d;'k}'n i
n+1,k n+1,k nk
= "C!l (TkUn+l.k—_lyn — T Upk—1yn) + (C!l — VTUn k-1Yn
k
+ (@3t - “;'k))/n + &5 ¥ Ungt4-1Yn — Unerya) + (Ol;H'k — ay YW -1Ynll
< & ¥ Unitke1n — Unje=ynll =+l — o I TiUp 19
1 — B4yl + o WUt ke1Yn = Ungoadall + oy ™ = o3 [ Un g1yl
= @ + o5 ) M Uns =19 = Ungeryall + lef ™ — o U Tl 19nl
+leg ™ — o lyall + 15" = a3 N Une-1ynl

< | Uns1.k=1Yn — Un,k—l}'n" + |a’1l+l'k - a’ll’k“lTkUn,k—lyn"

(3.12)

(3.13)

(3.14)
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+ o5t — o llyall + 1@ — ot *) + @3* — a5 ) WU geryall
< WUng1k=1¥n — U, k_.y"n+|a"+‘* TN, k-lynn
+ 1ot — aHlyal + la "“"IIIU,. k1yall + 15 — @3 ¥ U a1yl
= Wit 1-1¥n = U, ke t¥all + 1o = & | (Tl ko 1¥all + WUngc1yall)
+ 105 — a3 Xyl + 1Un=1yall)- 1
By (3.15), we obtain that foreachn € N,
"én-H.yn —Sa¥nll = NUng1nYn — Unnyall

< NUnt1,1¥n = “ynu+Z|a"+” ~ & | TUn j-1¥all + 1Unj-1all)
j=2

+ Z le5*"Y — 391 (lynll + NUnj-1yall)
j=2

= Tt = ™ Ty, — ynu+Zla"+‘“ = o 1T Unj-Yall + WUnj-1¥al)
=2

+ Z |a"+“ 3”1yl + HUnj-1¥all)-
j=2

This together with condition (iv), we obtain

lim |Sa+1yn — Sayall = 0. BS
By (3.12), we have

ISa+1¥ne1 — Sa¥all < 1¥at+1 — Yall + USas1yn — Sa¥all

An
< lang1 — anlliull + Wxnpr — Xall + 5|1 — HAxq
}\n+l
An 2
+{1- L+ |ant1 — anlliTaunll + ISn1Yn ~ Saynll. 1S
n+1
This together with (3.16) and conditions (ii) and (iii), we obtain
lim SUP(Il5n+1y,|+1 - Snyn " - “xn+l - xn") = 0. .
n—oo
It follows from (3.13) and (3.17) and Lemma 2.4, lim,—, 00 ISnyn — Xall = 0.
This implies that
lim || Xp1 — Xafl = lim (1 — Br)iSaya — Xall = 0. : .
n—oco n—-oo
Next, we show that
lim {|x, — z,l = 0. =
n—oo

By monotonicity of A and nonexpansiveness of T,,, we have

Wxns1 — Z02 = UBaCn — 2) + (1 — Br)(Sayn — DI
< Ballxn — 20> + (1 — B)llyn — 21
= Ballxa — zII* + (1 — Bw)llan(u — 2) + (1 — ) (zn — 2) |12
< Ballxn — 2 + (1 — Ba)(@allu — zI* + (1 — an)l|za — z]1?) ==
= Ballxa — 213 + (1 = Bu) (@allu ~ Z? + (1 — @) T, (Xa — AnfAX) = T, (2 = AnAD)[?)
< Ballxa — I + (1 = Ba)@allu — z|I* + (1 — an)ll(n — AnAxa) — (z — AnAD)(|?)
= Ballxa — zI? + (1 — Bo) @allt — 2 + (1 — @) | (%n — 2) — An(Axy — AD)I1?)
= Balla — 212 + (1 = Bu)(@nliu — zI* + (1 — an) (lixy — 2|17
— 2An(%n — 2, Axn — AZ) + A2 1A%y — AzZ|1%))



306 A. Kangtunyakarn, S. Suantai / Nonlinear Analysis: Hybrid Systerﬁs 3(2009) 296-309
< Ballxa — zII?> + (1 — Ba)(@nllu — zl* + (1 ~ @) (llxa — 21
—22q@flAxy — Az)l® + A3 lIAx, — Az||))
= Ballxn — zIP 4+ (1 = Bo)(@allt — 21 + (1 ~ @) (l1xa — 20* + An(An — 20) [1AX, — Az]|%))
< M =22 + (1 = B)aglle — z|I* + (1 = @) (1 = Bu)ra(An — 20) AX, — Az|P%. 322)
By (3.22), we have
(1~ an)(1 = Bu)hnQer — Xa) Axe — AZI? < fixa = 2I* = lIXnp1 — 2I7 + (1 = Br)anlle — 2[. (3.23)
Since0 <a<i, <b<2cand0 <c¢ < fn <d < 1, we have
(1~ a)(1 — d)aQe — A)lIAxe — Az|I? < ke — 2012 — [Xag1 — 21 + (1 — Badaallu — 2|2
< Wxnt1 — Zall (W% — 2 + WXagt — 20) + (1 — Bu)anliu — zI1%. (3.24)
This implies, by (3.19) and condition (iii), that
nl-lvngo |lAxp, — Az|| = 0. (3.25)
Since Ty, is a firmly nonexpansive, we have

ze — zU? = [T, (Xn ~ AnAXn) — Tap(z — AnA2) 12
((xn e A-nAXrl) - (Z - A-nAZ)a Zn — Z)

IA

1
0t = Anlia) — (2 = A2 + 120 — ZI? — (e — MnAXe) — (2 — AgA2Z) ~ (2 — DII)

1
=(Ixx = 2% + 120 — 22 — 1(%a — Za) — An(Axy — AD)|1%)

= 2
= %(uxn — 2| + N2z — 2 — Wxn — Zall + 200 {Xn — Z5, AX, — AZ) — A% [|AX, — Az||?). (3.26)
Iz follows that
Wza — zI* < Wxa — 2z = Uxn — zall® + 22allXy — Zoll 1A%, — Az]). (327)

8y (3.21)and (3.27), we have
Wagr — 212 < Ballxn — 2 + (1 — B)laallu — 2| + (1 — ap)liza — 2117
< Ballxa — zII? + anliu — zI* + (1 = Ba)iizn — zI
< Ballxa — 2I* + aallu ~ 2[4+ (1 = Ba) (xa — 211 = Iixa — Zall® + 2XnllXa — Zalll1AX, — Az]))
< lixa — zI? + anllu — 21 — (1 = Ba)lXn — zall* + 22alixn — Zall[lAXy — Az|l. (3.28)
This implies
(1= Bl = Zall® < llxa = 2U2 = Xnsr — 2117 + aallt ~ zI> + 2041l — zall | Axn — Az].
Hence
(1= )%y — 2l < Wng1 = Xall n — 20 + Wxngr — ZI1) + Gnllts — 21 + 244010 — Zall 1Ay — Az},
2y(3.19) and (3.25), we obtain

lim fjx, —z,]| = 0. (3.29)
n—o00

Since yn = a1 4 (1 — @)z, we have ||y, — z,ll = aplu — z,}f-
This implies lim,_, 00 l|yn — ol = 0.
By (3.14) and (3.29), we have

WSy = ¥all < ISa¥n — Xnll + Uxn — Zall + 1z = ¥all > 0 asn — oo, (3.30)
Next, putting zg = Pn‘g.:= Fap Nl We shall show that

lim sup{u — zp, y, — z9) < 0. ‘ (3.31)

n—»00

To show this inequality, take a subsequence {yy,} of {y,} such that

lim sup{u — zo, y, — 2o) = lim sup{u — zo, yn, — Zo)- (3.32)
n—» 00 k— 00
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Without loss of generality, we may assume that y,, — @ ask — oo where w € C.We first show w € EP. We haw
Zp, — w ask — o0. Since z, = Ty, (X, — ApAX,), we obtain

1
F(za,y) + (AXa,y — 2a) + )\—(y—z,,,z,1 ~x;) >0, VyeC.

n

From (A2), we have (Ax,, y — z,) + i(y — Zn, Zn — Xa) = F(¥, Z,). Then

1 =
(Axn, y = 2Zn) + A_(y — Zn, Zn; — Xn ) = F(Y, an)’ Yy e C. 13
; e

Putz, =ty+ (1 —t)wforallt € (0, 1]and y € C. Then, we have z, € C. So, from (3.33) we have

Zny — Xn,

(zt — 2o, Azt) = (20 — Zny 2 AZe) — (20 — Zny, AXpy) — (zf — Zn,, >+F(thnk)

n
Zn, — X
= (Z( — Znys Azl - Aznk) + (Zl = Zpys Aznk - Axllk) - (Z( - an» %“') + F(er Z"k)‘
ny

Since ||z, — Xp, |l = 0, we have ||Az,, — Ax,, || — O.Further, from the monotonicity of A, we have (z; —z,,, Az, — Az, =
So, from (A4) we have

(ze —w,Az)) > F(z;, w) ask — oo. I
From (A1), (A4) and {3.34), we also have

0 =F(z,z) <tF(z,y) + (1 — DF(z, w)
S tF(Z(vy) + (1 _t)(zl —(L),AZ()
tF(ze, y) + (1 — Dty ~ 0, Az),

hence

0 <F(z,y)+ (1 —t){y — w, Az,).
Letting t — 0, we have

0 <Flw,y)+{y—wAw) VYyeC. =38
Therefore w € EP.

Next, we show that w € ﬂf': 1 F(T}). We can assume that

a'l"“]—nr'; €(,1) and a'l""N — o) €(0,1] ask—> ooforj=1,2,...,N—1 .

and

o > ol €[0,1) ask— ooforj=1,2,...,N. gx

Let S be the S-mappings generated by Ty, T, ..., Ty and By, B, . ..., By where §; = (a";, or’2 a';), forj =1,2,... S
Lemma 2.9, we have

lim [|Sp,x — Sxfl = 0 _ £
k—o0

forallx € C.

By Lemma 2.8, we have ﬂ:.v:l F(T;) = F(S). Assume that Sw # w. By using the Opial property and (3.30)and (230w
have

liminf{ly,, — ol < liminf|ly,, — Sol
k—o00 k— o0
= ll{n :’lclf("y"k - Sl'lkyl'lk " + "Snk}’nk - Sl‘lkw" + "Snkw - S(()”)
which is a contradiction. Thus Sw = w, S0 w € F(S) = ﬂf':, F(T;).

Hence w € (L, F(T;) [ EP.
Since y,, ~ wandw € ﬂ:.v:l F(Tp) [ EP. we have

lim sup{u — zg, ya — 2p) = limsup(u — 29, yn, — Z0) = (U — 29, w — 29) < 0. =

n—o0 k—00



308 A. Kangtunyakarn, S. Suantai / Nonlinear Analysis: Hybrid Systems 3 (2009) 296-309
By using (3.3), we have

“xn+l - 20"2 = "ﬂn(xn - ZO) + (1 - ﬂn)(snyn - ZO)"2
< Ballxa — 2012 + (1 = Ba)llys — 2oll?
= BallXa — 20ll* + (1 — Bu)llant + (1 — an)zn — 2o
= Buallxa — 2ol + (1 = Badllan(u — 20) + (1 — €a) (22 — 20)1|?
< Balixa — 201 + (1 = B )1 — aa)* 120 — 201> + 200 (u — 20, Yn — 20))
< Balixa — 20l + (1 = Ba)(1 = an)l1za — 2011* + 2(1 — Ba)an{u — 20, ¥n — 20}
< Ballxs — ZO"2 + (1= Ba)(1 —ap)iix, — 20"2 +2(1 — Ba)an(u ~ 2o, yn — Zo)
= (1 - (1= Ba)an)lix. — 20"2 + 2(1 ~ Bp)an(u — 29, Yo — 20).
Since Y02, (1 — B,)a, = 0o and lim sup,_, o, 2(u — 2o, ¥» — Zo) < 0, we can conclude from Lemma 2.3 that
nl_l{go [IXn — 2ol = 0. O

4. Applications

Using our main theorem (Theorem 3.1), we obtain the following strong convergence theorems in a real Hilbert space.

Theorem 4.1. Let C be a closed convex subset of a real Hilbert space and let F : C x C — R be a bifunction satisfying
conditions (A1)-(A4). Let {T;}}, bea f nite family of nonexpansive mappmgs of C mto ltself thh ﬂ,_ F(T) nEP(F) % @. For
i=1,2,..,Nleta® = (al ', o5, o3) be such that oY, o, o’ e[O 1.« Yt agd =1 (a5 I, 61
with0 < < 6; < 1, {ozl } C [y, 1] with0 < ny < 1and {oy”} pRE {a3 1 C [0,03] with0 < 63 < 1. Let S, be

the S-mappings generated by Ty, T, ..., Ty and cxi"), P oM letu e and x; € Candlet {z,) C Cand {x,} C C be
sequences generated by

F(Zl'h.y)+ (.y Zmzn_xn) b 0 V.YEC,

Xnp1 = ,an,. T+ (1 — B)Sa(@ + (1 —ay)zy), VYneN,
where {a,} € [0, 1], {8,} C {0, 1]and {»,} C [0, 2«] satisfy the following conditions:

MN0<a=<sr<b<2a, 0<c<fp<d<l;

(4.1}

=1;
n00 Apyy
o0
(iii) nlirgoa,, =0, g; a, = o0
() 1Y — | - 0, and otV — @] - 0asn — oo, forallj € {1,2,3,...,N).
Then {x,} converges strongly to z € [\, F(T}) [ EP(F), where z = Py, ranner -
Proof. Put A = 0in Theorem 3.1. Then, from Theorem 3.1, we can get the desired conclusion, O

Theorem 4.2. Let C be a closed convex subset of a real Hilbert space and let F : C x C — R be a bifunction satisfying
conditions (M) -(A4). Let A be an a-inverse strongly monotone mapping of C into H and let m] be a finite family of

nonexpansive mappings of C into ltself with [, F(T)EP # @.Forj = 1, 2,...,N, let {a',"’]" , € 10,1), {a -t
[m,6,1withd < 3, < 6, < 1, {al } C Iy, 1]with0 < 5y < 1, Vn € N. Let W, be the W-mappings generated by
T, Toy.oon Ty undntl , a, ,...,oz'l"N. Let u € Cand xy € C and let {z,} C C and {x,} C C be sequences generated by

F(za, ¥) + (Axa, ¥ — z7) + 0' —Zy,Zy — X)) 20, Vyec(,
Xpg1 = ﬁnxn ' (1 o ﬂn)w (anu + (1 - an)zn) Vn € N
where {a,} € [0, 1], {8.) C [0, 1} and {1} C [0, 2c] satisfy the following conditions:

fH)0<a<i,<b<2a, 0<c<Bp=<d<l;

(4.2)

=1;

n—-»oo n+1
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[e.0]
(iii) lim a, = 0, Z‘an = 00;
n=

() leftY — M| - 0, asn — oo, forallj € {1,2,3,...,N}.

Then {x,} converges strongly to z € ﬂf':, F(T)) (" EP, where z = Py ki eet-

Proof. Put a;'j = Oforallj € {1,2,3,...,N}, andall n € N in Theorem 3.1. Then, by Theorem 3.1 the conchusun
follows. O

Corollary 4.3 ([7], Theorem 3.1). Let C be a closed convex subset of a real Hilbert space and let F : C x C — R be a bifem=in
satisfying conditions (A1)-(A4). Let A be an a-inverse strongly monotone mapping of C into H and let T be nonexpewsw
mappings of C into itself with F(T) ﬂEP # @.Let u, x; € Cand let {z,;}, {x,} C C be sequences generated by

{F(Zm.V) + (AXa, ¥y — Za) + 0/ Z0,Za — X)) 20, VYyeg(,
Xng1 = BoXn + (1 — ﬂn)Tl(anu + (1~ an)z,), Yn€EN,

where {a,) € [0, 1), {82} C [0, 1)and {*,) C [0, 2c] satisfy the following conditions:
()0<a<Ai, <b<2x, 0<c<P<d<T

An 1:
n~»00 An+l -
(o]
(iii) "l_l.n;o a, =0, nz—;an = 0.

Then {x,} converges strongly to z € ﬂ‘=, F(Ti) (" EP, where z = Pn':_«=  Fan (e

Proof. PutN = 1and Ty = T and &§"', &' = 0 Vn € Nin Theorem 3.1.Then S, = T. Hence, we obtain the desired st
fromTheorem3.1. 0O

Remark. In Theorem 3.1, by taking N = 1and &5, &' = 0 forall n € N, one can easily see that Theorems 4.1, 42 &
Takahashi and Takahashi {7] are special cases of Theorem 3.1.
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In this paper, we introduce and study a new mapping generated by a finite family of non-
expansive mappings and finite real numbers and introduce a general iterative method
concerning the new mappings for finding a common element of the set of solutions of an
equilibrium problem and of the set of common fixed points of a finite family of nonex-
pansive mappings in a Hilbert space. Then, we prove a strong convergence theorem of the
proposed iterative method for a finite family of nonexpansive mappings to the unique solu-
tion of variational inequality which is the optimality condition for a minimization problem.
Our main result can be applied to obtain strong convergence of the general iterative meth-
ods which are modifications of those in [G. Marino, H.K. Xu, A general iterative method

for nonexpansive mappings in Hilbert spaces, J. Math. Anal. Appl. 318 (1) (2006) 43-52;
S. Plubtieng, R. Punpaeng, A general iterative method for equilibrium problems and fixed
point problems in Hilbert spaces, J. Math. Anal. Appl. 336 (1) (2007) 455-469; S. Takahashi,
W. Takahashi, Viscosity approximation methods for equilibrium problems and fixed point
problems in Hilbert spaces, J. Math. Anal. Appl. 331 (1) (2007) 506-515] to a common el-
ement of the set of solutions of an equilibrium problem and the set of fixed points of a
nonexpansive mapping.

© 20089 Elsevier Ltd. All rights reserved.

1. Introduction

Let H be a real Hilbert space and let C be a nonempty closed convex subset of H. A mapping T of H into itself is called
monexpansive if |[Tx — Tyj| < ||x—yl| forallx,y € H. We denote by F(T) the set of fixed points of T {(i.e. F(T) = {x e H : Tx =
#1). Goebel and Kirk [ 1] showed that F(T) is always closed convex, and also nonempty provided T has a bounded trajectory.

A bounded linear operator A on H is called strongly positive with coefficient y if there is a constant y > 0 with the
property

(Ax, x) > PlIxI?.

Let {T;}Y, be a finite family of nonexpansive mappings with F := ﬂ,’i, F(T;) # ©. Many authors (see [2-7]) introduced
iterative methods for finding an element of F which is an optimal point for the minimization problem. For n > N, T, is
understood as T(q med vy With the mod function taking valuesin {1, 2, ..., N}. Let u be a fixed element of H. In 2003, Xu (8]
proved that the sequence {x,} generated by

Xng1 = (1 — €A)Toq1Xn + €qu

* Corresponding author. Tel.: +66 53 943327; fax: +66 53 892280.
E-mail addresses: beawrock@hotmail.com {A. Kangtunyakarn), scmti005@chiangmai.ac.th (S. Suantai).

£362-546X/$ - see front matter © 2009 Elsevier Ltd. All rights reserved.
£0i:10.1016j.na.2009.03.003
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converges strongly to the solution of the quadratic minimization problem
1
min - (Ax, x) — (x, u)
xeF 2

under suitable hypotheses on {¢,} and under the additional hypothesis,
F= F(T[Tz . -TN) = F(TNT1 e -TN—‘I) e T s F(T2T3 .s .TNT|).

In 2000, Moudafi {9] introduced the viscosity approximation method for nonexpansive mappings. Let f be a contractios =
H and xo € H, define a sequence {x,} recursively by

Xpp1 = (1 — o) Txp + ouf (), n >0, (19

-

where {o,) is a sequence in (0, 1). He proved that under the certain appropriate conditions imposed on {g,), the seguess
{x,) generated by (1.1) strongly converges to the unique solution x* in C of the variational inequality

(=, x—x*)>0, V¥xeC. . [ *
In 2006, Marino and Xu {10] introduced the following general iterative method:

Xpp1 = (I — apA)Ts + 0nyf(xz), n >0, ®
where {«,) is a sequence in (0, 1) satisfying the following conditions:
(C1) ap — 0;

(C2) Yoolgan = 003

(C3) either 3722 1@y — @l < 00 OF limy 00 24 = 1.

They proved the following theorem:
Theorem 1.1. Let {x,} be generated by algorithm (1.3} with the sequence {cn} of parameters satisfying conditions (C1}— =0
Then {x,) converges strongly to x* where x* is the unique solution of the following variation inequality:
{A—yNHx*,x*—2z) <0, VzeF(T).
Equivalently, we have Peay(I — A + yf)x* = x*.
Let G : € x C —» R be a bifunction. The equilibrium problem for G is ta determine its equilibrium points, i.e. the sex
EP(G) =[x G:G(x,y) > 0,Vy € C}. e

Many problems in physics, optimization, and economics are seeking some elements of EP(G), see [11,12]. Several iterais
methods have been proposed to solve the equilibrium problem, see, for instance, [4,12-15]. In 2005, Comberi=s s
Hirstoaga [12] introduced some iterative schemes of finding the best approximation to the initial data when E2 0 &
nonempty and proved the strong convergence theorem.

Also in [12] Combettes and Hirstoaga, following [11} define §; : H — Cby

S,(x):{zeC:G(z,y)+%(y—z,z—x)zOVy GC}. (i

They prove that under suitable hypotheses G, S; is single-valued and firmly nonexpansive with F(S;) = EP(G).
In 2007, Takahashi and Takahashi [15] proved the following theorem:

Theorem 1.2. Let C be a nonempty closed convex subset of H. Let G be a bifunction from C x C to R satisfying

(A1) G(x,x) =0Vx e C;
(A2) Gis monotone, i.e.G(x,y) + G(y,x) < 0Vx,y € C;
(A3) Vx,y,z € C,

tli:;L Gtz + (1 — )x,y) < G(x, ).

(Ad) Vx € C, y > G(x,y) is convex and lower semicontinuous;

and let S be a nonexpansive mapping of C into H such that F(S){") EP(G) # @. Let f be a contraction of H into itself and ler 1o
and {u,) be sequences generated by x, € H and

1

G, y) + r_(.y_um up —Xx,) =0, VyeC
n

Xnp1 = &of (Xa) + (1 — an)SUp

foralln € N, where {a;,}) C [0, 1] and {r,} C (0, 1) satisfy (C1)-(C3) and lim inf,_, oo I'n > 0 and 3 g =Tl <00
Then {x,)} and {u,} converge strongly to z € F(S) (| EP(G), where z = Psy\epyf (2)-
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In 2007, Plubtieng and Punpaeng [13] introduced a general iterative method for finding a common element of EP(G) and
F(S). They proved the following theorem.

Theorem 1.3. Let H be a real Hilbert space, let G be a bifunction from H x H — R satisfying (A1)-(A4) and let S be a
monexpansive mapping on H such that F(S)(EP(F) # @. Let f be a contraction of H into itself with & € (0, 1) and let A

be a strongly positive bounded linear operator on H with coefficients y > 0and0 < y < l . Let {xn) be a sequence generated
byxl €H

1
.{G(un,y) ot —X) 20 VY EH,
Xnp1 = a..yf" (Xp) + I —apA)Sup, VneN,

where up = S;, Xy, {r,} C (0, 1) and {a,;} C [0, 1] satisfy (C1)-(C3) liminf,_,, r, > 0 and Zz‘_’__l |ras1 — ral < oo, Then {x,}
and {u,} converge strongly to z € F(S) ("} EP(F) which solves the variational inequality:

(A—yNz,x—2) 20, VxeF(S)[ |EP@).
Equivalently, we have Prsynep)(I —A+yf)z = 2.

Question 1. Are the conditions (C1) and (C2) in Theorems 1.2 and 1.3 sufficient for strong convergence of the sequence {x,}?
In 1999, Atsushiba and Takahashi [ 16] defined the mapping W, as follows:
Un1 =21 Th + (1 = A 0)],
Un2 = An2ToUn s + (1 — A1,
Un3 = An3T3Un2 + (1 — A5 3)1,
(1.6)

Unn-1 = Aan—i Ty — Wa vz + (1 = Agn-n)l,
Wp = Unn = AanTnUnn—g + (1 — A0,
where {A,,,}, C [0, 1]. This mapping is called the W-mapping generated by Ty, T, ..., Ty and Ap 1, An2,..., Ann. In

2000 Takahashi and Shimoji [14] proved that if X is strictly convex Banach space, then F(W,) = ﬂ,_ F (T,) where
D<Ai<1l,i=1,2,...,N.

Very recently, Colao, Marmo and Xu {17), introduced a new general iterative method for finding a common element of
the set of solutions of equilibrium problem and the set of common fixed points of finite family of nonexpansive mappings

in a Hilbert space. They proved that under some sufficient suitable conditions, the sequences {u,} and {x,} generated by
x; € Hand

{G(u..,y)+ (y —up, Uy —X2) 20, VyeH, 1.7)

Xar1 = €ayf (xa) + Bxa + [(1 = B — €AW,y
converge strongly to a pointx* € F which s an equilibrium point for Gand is the unique solution of the variational inequality,

(A—y/X*,x—x*) =0 VxeF[|EP@G). (1.8)
Motivated by Atsushiba and Takahashi [16], Plubtieng and Punpaeng {13}, Colao, Marino and Xu {17], we introduce a new
mapping and apply it to the iteration scheme {1.7) to obtain strong convergence to a common element of EP(G) and F.

Let X be a real Banach space and C a nonempty closed convex subset of X. For a finite family of nonexpansive mappings
T, Ty, ..., Ty and sequence {k,,,.-}f' in [0,1], we define the mapping K, : C — C as follows:

Un1 =201 T + (1 — A1),

Un2 = 2 2ToUn 1 + (1 — A5.2)Un 1,

Un3 = An3T3Un2 + (1 = 143)Un 2,

(1.9)
Unn-1 = Aanoi1 Ty = W n—2 + (1 = XAan_1)Unn—2,
K, = Un,N = )‘n,NTNUn,N—l + (1 - )‘n,N)Un.N—-l-
For x; € H, let {u,} and {x,} be the sequence defined by
[c(un,y) + (Y =t ty—X) 20 Wy €, (1.10)
Xnt1 €n)’f(xn) + Bx, + (1 — B — €,A)Kpuy.
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In this paper, we prove that if X is strictly convex, then F(i,) = ﬂi, F(T)) where0 < A; < 1foreveryi=1,... % -
and 0 < Ay < 1, and under the conditions (C1) and (C2) and some other suitable conditions, the sequences {x,} 2=t

strongly converge to a point x* = Prgp(c) (I — (A — ¥f))x*, where Pr gp(cy : H — F {7} EP(G) is the metric projection & &
onto F{") EP(G).

2. Preliminaries

In this section, we give some useful lemmas that will be used for the main result in the next section.
Let-C be closed convex subset of a Hilbert space H, let P be the metric projection of H onto C i.e., forx € H, Pexsaiuiin
the property

flx — Pcx|l = min {|x — y]|.
yeC
The following characterizes the projection Pc.

Lemma 2.1 (See [18]). Givenx € H andy € C. Then Pcx = y if and only if there holds the inequality
x—y,y—2z)>0 VzeC.

Lemma2.2 (See [8]). Let {s,} be a sequence of nonnegative real numbers satisfying
Snt1 = (1 — @n)sa +anﬂm Yn>0

where {a,}, {Bn} satisfy the conditions

(M {a) C10,1, ) aq=00;
n=1

[o¢]
) limsupBy <0 or Y lanfal < 00.
n—0oo0

n=1

Then lim,_, oo Sy = 0.

Lemma 2.3 (See [19)). Let {x,} and {z,} be bounded sequences in a Banach space X and let {,} be a sequence in [C. “
0 < liminf,, o0 Bn < limsup,_, o Ba < 1. Suppose

Xnt1 = BnXn + (1 — Pr)zn
forallinteger n > 0 and

liﬂq sol:p(llznﬂ = Znll = Xn4s = Xall) < 0.

Then llmn—yoo len —Z " =0.

Lemma 2.4 (See [10)). Let A be a strongly positive linear bounded operator on a Hilbert space H with coefficess &
0 < p < lIAI™". Then {Il — pAll < 1—p¥. [ficiens

Lemma 2.5 (See [12)). Let C be a nonempty closed convex subset of a Hilbert space H and G : C x C — R satisfy
(A1) G(x,x) =0Vx € C; '

(A2) Gis monotone, i.e. G(x,y) + G(y,x) <0Vx,y € C;

(A3) Vx,y,z € C,

lir(r’1+ Gtz + (1 - Bx, ¥) < Gx, y);
r—

(A4) Vx € C,y > G(x,y) is convex and lower semicontinuous.
ForxeHandr > 0,set S, : H— Ctobe

1
Si(x) = {zeC:G(z,y)+;(y~z,z—x) zO,VyeCl.

Then S; is well defined and the following hold:
(1) S; is single-valued;
(2) S, is firmly nonexpansive, i.e.

IS, C6) — SeMI? < (S (x) =S (¥),x—y) Vx,y€H;

(3) F(S;) = EP(G);
(4) EP(G) is closed and convex.
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Lemma 2.6 (See [18]). Demiclosedness principle. Assume that T is a nonexpansive self-mapping of closed convex subset C of a
Hilbert space H. If T has a fixed point, then I — T is demiclosed. That is, whenever {x,} is a sequence in C weakly converging to

somex € C and the sequence {(I — T)x,} strongly converges to some y it follows that (I —T)x = y. Here, I is the identity mapping
of H.

Lemma 2.7. Let H be a real Hilbert space. Then, for allx,y € H,
I+ Y12 < Ixi® + 20y, x +y).

Lemma 2.8 (See [20)). In a strictly convex Banach space E, if
Ixll = llyll = lax+ (1 = )yl
forallx,y e Eand X € (0, 1), thenx = y.

Definition 2.1. Let C be a nonempty convex subset of a real Banach space. Let {T;}}_, be a finite family of nonexpansive
mappings of C into itself, and let A1, ..., Ay be real numbers such that 0 < A; < 1foreveryi = 1,..., N. We define a
mapping K : C — C as follows:
U=MTi +(1 -1,
Uz = LU + (1 - A)Uy,
Us = A3T3Uz2 + (1 — A3)U,
(2.1

Un—1 = Ay TyoUna + (1 — A )Una,
K =Uy = AnTnUn—q + (1 — An)Un-a.

Such a mapping K is called the K-mapping generated by Ty, ..., Ty and A4, ..., An.

lemma 2.9. Let C be a nonempty closed convex subset of a strictly convex Banach space. Let {T,-}f.v= , be a finite family of
nonexpansive mappings of C into itself with ﬂfV:, F(T;)) #@andlet Ay, ..., Ay be real numbers such that 0 < A; < 1 forevery
i=1,...,N—1and0 < Ay < 1. Let K be the K-mapping generated by T,, ..., Ty and Xy, ..., Ay. Then F(K) = ﬂ{i, F(T;).

Proof. It easy to see that ﬂr:, F(T;) C F(K).Letxo € F(K) and x* € ﬂfV:, F(T;). By the definition of K, we have
liXo — x*|| = [[Kxo — X*|| = {IAn(TyUn—1%0 — X*) + (1 — An) (Un—1X0 — X*) ||
< AnliTwUn—iXo — x* [l 4 (1 — An) [[Un—1x0 — X*|
< MAnllUn=1xo — X5l 4+ (1 = An) 1 Un_1x0 — X*||
= |Un—1X%0 — X*||
= HAn—1(Tn—1Uy—2X0 = X*) + (1 — An_1)(Uy—2%0 — X*)||
< An=tllTv—1Un—2%0 — X*|| + (1 = Ay 1) lUn—2%0 — X" ||
< An—1llUn—2X0 — X"l + (1 = An_1)[[Un—2%0 — x*||
= [[Un_2% — Xx*||

< Uixo — X*||
= [|M(Tixo — Xx*) + (1 — A1) (xo — x¥) ||
< MliTaxo = x*[[ 4 (1 = A lIxo — X7l
< Mllxo — X"l + (1= An)llxg — x|
= lIxo — x*|I. : (2.2)
This implies that llxo — x|l = A1(Tixg — x*) + (1= 21)(xo — )| and [lxo — x*{| = Tyxo — x"I.
By Lemma 2.8, we have Tyxq = Xo, that is xo € F(T).

It follows that Uyxg = xg.
By (2.2), we have

lxo — X"l = fUaxo — x*|| = IX2(T2Usxo — X*) + (1 — A2)(Usxo — x*) ||
= [A2(Taxo — x*) + (1 — A2)(xo — X
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Again by (2.2) together with Uxg = xg, we have

flxo = x| = X2[TUsxo — X"l + (1 — A2)[[Urxo — X"l
= liTaxo — x* || + (1 — A2)llxo — x*1i,
which implies |ixg — x*|| = {|Taxg — x*1].

By Lemma 2.8, we have Toxg = xq.

It follows that U;xy = xo.

By using the same argument, we can conclude that Tixg = Xg and Uix, = x, fori =1,2,...,N —~ 1.
This implies that 0 = xg — xg = Ax(TyXg — Xo).

It follows that x, € F(Ty). Therefore x € (., F(T). O

Lemma 2.10. Let C be a nonempty closed convex subset of a Banach space. Let {T;}_, be a finite family of nonexpansive mapgmg
of Cinto itself and {)‘n.i]'iv=| sequences in [0, 1] such that Ap; — A;, asn — o0, (i=1,2,...,N). Moreover, foreverym < %
let K and K, be the K-mappings generated by Ty, Tz, ..., Tv and Aq, X3, ..., Ay, and Ty, To, ..., Ty and Ap 1, An 2y - << b
respectively. Then, for every x € C, we have

lim {|Kpx — Kx}j = 0.
n— o0

Proof. Let x € C and Uy, and U, be generated by Ty, Tp,...,Ty and Ay, 2,..., Ay, and Ty, Tp, ... . Ts a0
An1, An2, - . ., Apn respectively. Note that
HU1x — Usxll = 1Otp,1 — A)Tax — (Apy — A0)X]|
< A1 = 2 ITix — x|

Fork € {2, 3, ..., N}, we have

U ix — Uixll = WAnacTicUnk—1% + (1 = Ang)Unp—1X — MeTeUpyx — (1 — AU x|
= AnkTieUnk—1X + AnkTeUk1X — AnxTiUg_1x + Ap kUr—1X — Ap kUp—1x
+ (1 = Ap i) Un k1% — M TeUp—1x — (1 — M) U]
= |\ An k(TeUnpk—1X — TelUga1X) + (ke — A TelUg—1x — (1 — Ap ) Up_1x
+ (A = An i) U1 + (1 = R ) Un -1 Xl
< AneliTeUnk1X — Tl g Xl + | An e — Al T U x|l
+ (1 = A ) s k- 1% — UgaXll + [ — Ao gl § Ui x])
< ApllUng—1x — Ugaxll + (1 = Agid WUn k=1 — U] + [n e = Xl (I TieUs— X)) - 1 Upqx B0
= WUnk-1X — Up—axXl] + [An g — Ml (I TeUg—1 X1} + I{Ug—1xh).
It follows that

JKnx — Kx|| = |Upnx — Upxl| < WUpn—1X — Unci Xl 1oy — AnTAITNUn—sxl -+ U1
< NUnn—2x — Uy—2xli + 1Ann—1 — ANt (I Tv— 1 Un—2X]| -+ [[Un—2x1})
+Aan = ANl T Unaxll + [ Un—oxD
N

= Unn-2X = Uy—2Xll + ) 1hng = HIAUTUaxll + 1Uj-axl)
J=N—-1

N
< Unix = Unxll 4+ Y [Ang = MIATUj-axll + Uil
=2

N
= Ay = MliTix — x| + Z [Ang = AIATU X1+ (Uj-axI]).
=2
Sincelpi — Ay asn— o0, (i=1,2,...,N)itfollows thatlim,_, o JjKx —Kx|| =0. O

Lemma 2.11. Let H be a Hilbert space, C a closed convex nonempty subset of H, {T,]}V=1 a finite family of nonexpansive
from H into itself with F = ﬂ:.vzl F(T;) # @, and let G : C x C — R be a bifunction satisfying (A1)~(A4). Forevery = =
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Ky be a K-mapping generated by T, ..., Ty and An1, . .., Ay With {A.,,,;},.Nz, C {a,b]where 0 < a < b < 1. For a sequence
{ra}in (0, 00), let S, : H — C be defined by

S, () = {zeC:G(z,y)+ rl(y—z,z—-x) _>_0,VyeC].

[ liminf,, o1y > 0, lima_ oo ,-"’:’r—l = 1andliMpc0 |Ani — An_14il =0Vi€ {1,2,3,..., N}, then
'(1) nl_l_)n;o “Kn+lsr,|+| Wp — n+lsr,-.wn ff=o0,
(2)  lim ||Kopiwn — Kawall =0
n—00
for every bounded sequence {w,} in H.

Proof. By using the nonexpansivity of K, and the proof of Step 2 in Theorem 3.1 of {17}, it can be shown that (1) is satisfied.
Next, we show (2).Forj € {2, ..., N — 2}, we have
HUnet,n-jWn — Un w—jwall = Mhapin—iTn-jUnsin—iciWe + (1 = Anga n—)Unp,n—jo1 Wn

~ X N TN jUnN—jm1Wn — (1 — Ay n_)Un y_j— g whll

= WXt t,No TN UnpiN—j—1Wn — At NiTN—jUn N—j—1 Wn
F Ant1.N=iTn=jUnN—j—1Wn — Anga,N—jUn N—j—1Wn
+ AnpiNojUn i 1w + (1 = Ay v pUnp i N—j—1Wa
— A, NoiTNjUnN—j—1Wa — (1 — Ay n—p)Un N—j—1Wa

< Mgt NI Tn=jUnr N —j—1Wn — Tn—jUn Nojmywall
+ (1 = AN MUnp1n—jm1Wn — Up nojmrwall
F [AnpaN—j — Ao NS TNUn v —j1Wall + 1Anp 1N — 2anojl 1Unn—j<1wnll

< [Ung1,N—jm1Wn — Un nojoawall + MlAppan—j — Aan—il (2.3)
where M = SUP(Z}L:("E‘%J—l Wyl + “Un,j—lwn") + ITawall + lwall} < oo.
By (2.3), we have
Knp1wn — Kqw,ll = HUn+1.nwp — U ywall
< WUngin-1Wa = Unn—awall + MiAnp v — Aanl
< NUnpin—2wn — Unnoawall + M{Anpin—1 — Aan—1] + M{Anp v — Al
(2.4)
N
< MY gty = Angl + 1Un1,1wn — Un il
j=2
and

HUnt1,1wn = Unawnll = Aas1,1Tiwn + (1 — Apgp1,)Wa = A1 Tiwg — (1 — Ag 1) whll
< A1 — AnHITawell + [Apga,1 = Analfiwell
= l’\-n+|.l _A-n,llM- (2.5)

By (2.4), (2.5) and the condition limy_, o {An+1,i — An,il = 0, we can conclude that

N
IKn 41 — Knwnll <MY fhngrj—Aogl > 0 asn— oo.
=1

Hence (2)is satisfied. 0O

3. Main result

In this section, we prove the strong convergence of the sequences {u,) and {x,} defined by the iteration scheme (1.10).

Theorem 3.1. Let H be a Hilbert space, C a closed convex nonempty subset of H, {T.-I’,‘f,, a finite family of nonexpansive mappings

fromHinto itself with F = ﬂf-i LF(T) # 8,G : C x C — Rabifunction satisfying (A1)-(A4) with F (| EP(G) # @, A a strongly
positive bounded linear operator on H with coefficient ¥ and f an a-contraction on H for some 0 < a < 1. Moreover, let {¢,}




ARTICLE IN PRESS

8 A. Kangtunyakarn, S. Suantai / Nonlinear Analysis 1 (1181) RER-111

be a sequence in (0, 1), {An )i 1 Sequences in [a blwith0 < a <b < 1, {r;} a sequence in (0, co) and let y and B be tws =
numberssuchthat0 < 8 < 1and0 <y < ;.Assume that

(i) the sequence {r,} satisfies

(D1) liminfr, > 0 and (D2) lim

n—00 n-—oo rn+l

=1,

(ii) the finite family of sequences (A, ;)\, satisfies
(E1) lim [An; —An_pil =0, Vi={1,2,3,...,N],
n—00

(iii) the sequence {¢,} satisfies

o0
) )lim e =0, (C2) ;en = oo.

Foreveryn € N, let K, be a K-mapping generated by Ty, ..., Ty and An 5, .. ., Ann and let {x,) and {u,} be sequences geme
by x; € Cand

[G(umy)+ Y —un,up—x,) 20, WYyeg(, o

Xn1 = €S (4n) + B + (1 — B)I — €xA)Kaltn,

where f : H — H is an o-contraction. Then both {x,) and {u,) converge strongly to x* € F = ﬂf‘:, F(T;) where 2" = 0
equilibrium point for G and is the unique solution of the variational inequality (1.8), i.e.,

X =Pener(I — (A— y))x*.

Proof. By Lemma 2.5, it follows that forevery n € N, there exists a nonexpansive mappingS,, : H — Hsuchthate, =5 &
and EP(G) = F(S;,). Whenever needed, we shall write scheme (3.1) as
Xnpt = €a¥f (%) + Bxn + [(1 — B — €,ANKqSr, Xn.
Moreover, we shall assume that e, < (1 — 8)JJAll"' and 1 — €,(¥ —ay) > 0.
Observe that, if |Juj| = 1, then
(1 =B — €xA)u, u) = (1 — B) — &xfAu, u) = (1 — B — & liAll) > 0.
By Lemma 2.4, we have '
Q- —ehll <1 -8 — €Y.
We shall divide our proof into 7 steps.
Step 1. We shall show that the sequence {x,} is bounded.
Let v € EP(G) () F. Then
%01 — vl = fleayf (%a) + Bxn + (1 — B — €,A)Kqttn — v
= [[((1 = B)I — €xA)(Knty — v) + B (xn — V) + €nl(yf(xa) — AV)]|
= (1 = B) — €ah)(Kuup — v) + B(Xn — v) + €a(yf () — VS () + €a(¥f(v) — AV)]|
< QA = B — €nAllliKnSy Xn — KnSep 0]l + BliXn — vl + €nyelixs — vl + eallyf(v) — Avll
< (1= B —ePixn — vl + Bllxa — vil +€xyalixys — vl + €nllyf (v) — Avll
= (1 — (¥ — ya))lixa — vil +enllyf(v) — Avll

+(1 = enF = ya))lta — vll + 5— & YD) 1wy — vl
< max{nxn —l, '—"—w]
e

By induction we can prove that {x,} is bounded and also {Ax,} and {u,}.
Step 2. We will show that lim,,_, o6 ||Xp31 — Xnfl = O.

Define sequence {z,} by z, = -‘T'ﬁ(x,m — Bxn).

Then X1 = BXa + (1 — B)z.
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Since {x,} is bounded, we have, for some big enough constant M > 0,

1
"Zn+1 —Zy " = 1= ﬂ "xn+2 - ﬂxn+l - (xn+l - ﬂxn)"

1

=1 Fi Nenp1vf Kap1) + (1 = B) — €n1A)Knpttnr — (€ f (%) + (1 — B — € A)Kau,) |
1

= 1—_-5||)’(€n+1f(xn+l) —&f (X)) + ((1 = B) — €q1A)Kng1tngr — (1 — B — €, A)Kun |l
1

= 'i‘:‘ﬂ‘“)’(fn+lf(xn+l) —&f (%a)) + (1 = BY(Knsrtng1 — Knttn) — (€ny1AKnp1ling1 — €AK U]

1
. 1 zﬂ(€n+1f(xn+l) — €nf (Xn)) + (Kng1Up1 — Katz) — 1= ﬂ(€n+1AKn+lun+l — €nAKqlg)

Y 1
1= Entr If Gap )l + €alf G 1D + 1Kps1tingr — Kpupll + m(€n+IIIAKn+lun+l" + €n|AKqn|))

=< Kn41SrppiXnt1 — KaSrpXall + M(€n + €n41)
=< "Kn+lsr,,+lxn+l - Kn+lsr.+|xn" + "kn{-‘lsr,.ﬂxn — KnSrpXnll + M(€q + €nq1)
=< "xn+l - xn" + "Kn+lsr,,+|xn - Krr+Isr,.an + "Kn+lsr,.xn - Knsr,.xn" + M(fn + €n+l)-

By condition on {e,} and by Lemma 2.11, we can conclude that

1A

lim sup(llza41 — Zall — a1 — Xall) < 0.
n—-o00
By Lernma 2.3, we obtain
lim ||x, — z]| = 0.
n—-oo
This implies

lim ||Xp41 — Xpll = (1= B) lim |ix; — za)l = 0.
n—o0 n—co

Step 3. We will show that lim,,_, o X — Kanll = 0 where u, = S, Xn.
Since
"xrl - Knun'" =< "xn - xn-H" + "xn+l - Knun "

= "X,-, — X".H" + Ilfnyf(xn) + ﬂxn + (1 - ﬂ)Knun — € AK U1, — Knun"
< X — Xap1ll + €a “)’f(xn) — AKqup]l + Blixn — Kntnl,

we have

1
a-p8
By (C1) and Step 2, we obtain limy_, o0 [|Xn — Knttall = 0.

Step 4. We shall show that lim,_, o ||Xa — SroXall = 0.
Let v € F (}EP(G). Since S,,, is firmly nonexpansive, we have

iXn — Kaunll <

("xn + Xn4-1 " + €n ||)’f(Xn) —AK"U" ")

2
v — SraXall> = WS;v — SroXall®
=< (sr,.v - Sr,,xm v— X,-.)

2 USrtn = VI + ltn = VI = S50 = 30l
Hence

ISmXa — VI < l%a = vI* = ISpn — Xall®. (32)
Setyn, = vf(xa) — AKyu, and A > 0 be a constant such that

A> Sl:P{II.Vle ixe — vlf}. (33)
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By (3.2) and (3.3), we have

Xas1 — VI = li€nyf(%a) + Bxa + ((1 — B) — €aA)Knuy — v]|?
= {1 = B — €aA)(Knltn — v) + B(%y — V) + €a (¥ (xa) — AV)]?
= (1 ~ B)(Knttn — V) — €zA(Knltn — V) + B(Xa — V) + €n(yf (Xa) — AV)|
= 1(1 — B)(Kalty — ¥) + B(Xn — ) + €a(¥f (Xa) — AKqua))|I
< (1 = BY(Kaltn — v) + B(Xa — V) + 2€r{¥n, Xns1 — V)
< (1 = BY(KnSraXa — V) + B(Xa — V)II* + 26,22
< (1 - ﬂ)"Knsr,,xn - 1)"2 + ﬂ"xn - v“2 + ZGHAZ
< (1= B)ISeaXa — VI + Bllxa — vif? + 26,17
< |ixa = vI? = (1 = B)NSruXn — Xall® + 26247

It follows that
1SraXe — %all? < ﬁ(ﬂxn — 0l = lasn — VI +26,A2)
= ﬁ((ux" — 0l = Xas1 = V) — vl + Pags — vll) + 262A%)
< 5 W =l ol + g =)+ 26102

By [[Xp41 — Xa]l > Oand e, — 0, asn — o0, we obtain that
im lx, — S, x:0t = 0.
n—>o0
Step 5. Let w(x,) be the set of all weak w-limits of {x,}. We shall show that w(x,) C F [)EP(G). It is a consequence of Step &

and [12, Lemma 2.13] that w(x,) C EP(G).
So, it remains to prove that z € F. To see this, we observe that we may assume that

Mgk —=> A €(0,1) asm—> ook=1,2,...,N).
Let K be the K-mapping generated by Ty, Tz, ..., Ty and A4, ..., Ay, then by Lemma 2.10, we have, for every x € C,

Ko — Kx asm — oo. (3

We will show thatz € F = ﬂf.v:‘ F(T;). Assume that there existsj € {1, 2, ..., N} such that z # T;z. By Lemma 2.9, we haw
z # Wz.Sincez € EP(G) = F(S,,), by Step 3, (3.4) and Opial’s property of Hilbert space, we have

liminf [x,,, — z|l < liminf flx,,, — Kzl|
m—00 m—00

xnm - Kn,,,Sr,.,,,le + ”Knmsr"mz - KZ”)

Tam

< liminf(Xn, — KnSrar, Xnm | + 1K
m—0o0

< liminf ||x,,, — 2}l
m—>00

This is a contradiction, then z € F = ()i, F(Ty). |
Step 6. Let x* be the unique solution of the variational inequality,

(A—y)X*,x—x*) >0, Vxe FﬂEP(G). : (%

We shall show that lim sup,,_, ., ((yf — A)x*, x, — x*) < 0.
Let {xn, } be a subsequence of {x,} such that

Jim ((yf ~ AX", X, —X7) = lim sup{(yf — A)X", o =~ X"). (3%

Without loss of generality, we may assume that {x,,} weakly converges to some z in H. By Step 5,z € F [ EP(G). T
combining (3.5) and (3.6), we get

lim sup{(yf — A)x*, x, — x*) = klim ((yf — A", Xy, — x*)

={(yf —AX",z-x") <0 am

as required.
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Step 7. Ifinally, we will show that the sequences {x,} and {u,} converge strongly to x* € F[ ) EP(G). Let x* be the unique
fixed point of the mapping Pryep(c) (I — (A — ¥f)), i.e the unique solution of the variational inequality {1.8). By Lemmas 2.4

and 2.7, we have }
IXp41 — x‘llz = l€xyf(xa) + Bxa +((1— ﬂ)l — €,A)Knuy — x* "2
= (1 = B) — €,A)(Knttn — X*) + B(Xn — X*) + €n(yf (xa) — AX)|)?
< QA — B — €aA)(Knttn — X*) + B(Xny — X*W? + 26, (¥ (xa) — AX®, Xnyy ~ X*)
= B = B — eal)(Knttn — x*) N
_I} a-p TP =)
+ 260y (f () — f(X*), Xng1 — X°) + 260 (Y f(X") — AX", Xppy — X7)
_ o €0 = B = ) (Ko — ) | e
<qQ ﬂ)’ -5 ‘ + Blixn — X7l
+2¢epyalixy — X* M xass — X*Il + 2€a{yf(x*) — AX", Xppy — X*)
11 — B — €AY (Kqup — x‘)ﬂz 2
< ) + Blixa = %"l
+ 26y aliXy — X IXap1 — X" || 4+ 260 (¥ (%) — AX*, Xp 1 — X°)
 1a =B — el?

IKnttn — * |2 + Bllxa — x"I12

=T a-p
+enyalllxn — x* 2 + xnpr — X121+ 26a(yf(X*) — AX*, Xppq — X°)

< ““(%g)"l)zuxn — P+ Bllxn — XN + €ayaiitn — I + Ixnss — 1)
260 (Pf () ~ AX", Kng1 = X)

= (% +B+ enya) e — X112+ €ny@lixass — "I

+ 26 (yf () — AX", Xny1 — X°)
_ ((1 — B)? —2(1 — B)eny + €27
B (1-8)
+2€n(yf(xt) — Ax*, Xn+1 -—X‘)

+8+ enya) X — X*I? + €ny ellXgs — x*|I?

_ 62_2
= ((1 —B) — 26,y + '('i‘";}LBS + B8+ 6,,}/(!) [ %7 —X‘Ilz +enyallxni — X‘HZ
+2en(yf (x*) — AX*, Xppq — X¥)
&y

= (1 -2y —ay)ea + ) Nxa — XU + €ayaliass — X* 12 + 2€q (yf (X*) — AX", Xnyy — X),

1-8)

which implies

1 — €2y’ 1
nss — X% < Tera (1 - @7 —ay)a+ (1" ﬁ)) o = X°I% + ————— ya Qen{yf (&) — AX", Xn1 — X7))
n - —Cn
1
= ——((1 — ¥ — ap)e)lx — x*|I?
1—-¢eya
252
€Y 2
— e 2 x* —AX*, Y. n X — *
l—enya(e"(yf( ) Xn41 X)+(1_ﬂ)|ln xll)
1 f—
= 1= (1 = 26,7 +ayen)lxn — x*|1?
252
. €y )
— [ 2¢ X*) — AX*, Xppq — X*) + =2 Xn — X* )
+ 1— ey ( w{yf () n+1 ) a _ﬂ)" n il
1
= m(l — 26,7 +2ayen — ayen)llx, — x*|
—€n
6272
iz (2t A - £ o1
—€n




_ 1
1 — €y

€n * * * E';}?z *x2
+———— | 2(vf () — A xn — X7} + flxn — X7l
1—eya (1—

(1 — ayen — 26,7 — ay))lixa — x* [

B)
2en(7 — ay)) 2 € €ny? o
={1- Xnp = XS+ ———— | 2{(yf (") — AX*, %y — X° Xy —x"
( 1-e, " n " 1—6,.ya (yf( ) n+-1 )+( ﬂ)" n !‘l
2¢ 2(y —
_ (] o7 — ay)) e — 2|12 F=ey) e
1—¢, 2(_-ur)1—6,,ya
x (Z(Vf(X‘) — AX, Xpy1 — X*) + ﬂ) lixa —x II2>
2¢ - 2¢ o
- (1 _ 2y —ay) “”) e — %*2 +——"(‘ r)
1—eya — & yo
X*) — AX*, Xpqq — X* €7
. ((yf( ) 1 =X)L n¥ I, _x."2> . aw
7 —ay) 20 -7 —ay)
We can rewrite (3.8) as
[1Xr41 —X*llz < (1 =&)Ixa —x* "2 + Endn
— 2ea(—ay) (¥ () —AX® Xa g 1"} V> 2
where ¢, = W:T and 8, = ( (__";“ + I(I-;)(F—ar) [lxn — x*{1?).
By our hypotheses it is easily verified that 3 p_ 1En = o0 andlimsup,_,,, 8, < 0.
Therefore, by Lemma 2.2, we can conclude that ux,, —x*}— 0.
Since llup — x*f| = IS, %0 — X*|| < lIXa — x*|l. it follows that u, — x* in norm. This completes the proof. 0O

Remark. (1) IfwetakeN = 1,T; =S and G{x,y) = 0forallx,y € Candr, = 1for all n € N, then the iterative schems
(3.1) reduces to the following scheme:

X1 €H, Xpp1 = €yf (%) + Bxn + (1 — B) — €,A)Sn, is

which is a modification of the iterative scheme (1.3) and by Theorem 3.1 we observe that the conditions. (Ct)and (L2 o
sufficient for strong convergence of the sequence {x,} generated by (3.9) to a fixed point of S.
(2)1f we take N = 1, T) = S and A = [, then the iterative scheme (3.1) reduces to the following scheme:

xy€C,
1

G(“m)’)"‘;__(y_umun_xn) 201 Vyer q‘
n

Xnp1 = €nf (Xn) + BXy + (1 — B — €a)Suy,

which is a modification of the scheme in Theorem 1.2 defined by Takahashi and Takahashi [15]), and by Theorem = % w

obtain strong convergence of the sequence {x,} generated by (3.10) under the sufficient conditions of Theorem 12 &
without the condition (C3).

(3)If we take N = 1 and T; = S in Theorem 3.1, the iterative scheme (3.1) reduces to the following scheme:

X) €H, G(un,y)+ (y Un,Un —Xn) >0, Vy €H,
Xn41 = €Y (Xn) + ﬂxn + (1 = B) — €,A)Suy,

which is a modification of the scheme in Theorem 1.3, and by Theorem 3.1, we obtain strong convergence of the secusns
{xn} generated by (3.11) under some sufficient conditions without the condition (C3).
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Let X be a real uniformly convex Banach space and C a closed convex nonempty subset of X.
Let {T;},, be a finite family of nonexpansive self-mappings of C. For a given x; € C, let {x,}

and [x(')} i=1,2,...,r, besequences defined x(o) = Xn, x,(.l) (I)T x(o) +{1-~ am) (0) (2) =
2 (1 2 2 2 -1 -2
,(,.,)sz( )y af'l)Tlx,. +(1-a% - a,(d))x,., ey X = 27 = QYT x,(.' )y af"?,_l)T,.-lx,(,' y R
(§)] R
aTx, + (1 - afl'(),) - afl'()r_l) —o=a)x,, n 21, where a? € [0,1] forall j € (1,2,...,7},n €N

and i =1,2,...,j. In this paper, weak and strong convergence theorems of the sequence {xs) toa
common fixed point of a finite family of nonexpansive mappings T; (i = 1,2, ....,r) are established
under some certain control conditions.

Copyright © 2009 S. Imnang and S. Suantai. This is an open access article distributed under
the Creative Commons Attribution License, which permits unrestricted use, distribution, and
reproduction in any medium, provided the original work is properly cited.

1. Introduction

Let X be a real Banach space, C a nonempty closed convex subset of X, and T : C — Ca
mapping. Recall that T is nonexpansive if |Tx - Ty|| < |[x -yl forallx, y e C.LetT; : C —
C, i=1,2,...,r,be nonexpansive mappings. Let Fix(T;) denote the fixed points set of T;, that
is, Fix(T}) = {x € C: Tix = x}, and let F := "_;Fix(T}).

Foragiven x; € C,and afixed r € N (N denote the set of all positive integers), compute
the iterative sequences {x?}, {x{"}, {x?},..., {x{"} by

(0) =X,

(l) - aflll)T x(O) (l a(l) (0)



2 International Journal of Mathematics and Mathematical Sciences

(2) = a(Z)T xf,l) + a(z)T 1Xp + (l - aflzz) (2)>x,,,

nl

X 2 QO )y g 2 )

Xpsl = (r Hir- 1Xn am

Tixy

0 _ g ")
(1 @iy~ Qury — "~ 4 )x,,, n>1,
(1.1)

where a?) € [0,1] forall j € {1,2,...,r},n e Nand i =1,2,...,j. ¥ a? = 0, forall n € N,

n °

je{l,2,...,r-1}andi=1,2,. N B then (1.1) reduces to the iterative scheme

Xpel = Suxn, n2>1, (1.2)

where S, := ag T, + a0 Tra+-++af Ty +(1-al), ~al) _ —+-=af)I, af) € [0,1] forall
i=1,2,. ..,.randne N.

Ifafl’i) =0, forallneN,je{1,2,...,r-1},i=1,2,...,jand a(') =y, for all n € N for
alli=1,2,...,r, then (1.1) reduces to the iterative scheme defined by Llu etal. [1]

xn+1 = sxnl n 2 1/ (1'3)
where S = a, T, + a1 Ty + -+ T+ (1—a, —a,y —--—a))l,a; > 0foralli = 2,3,...,r
and 1 ~-a, —a,j —--- —a; > 0. They showed that {x, ] defined by (1.3) converges strongly to

a common fixed point of T;, i = 1,2,...,7, in Banach spaces, provided thatT;, i = 1,2,...,r
satisfy condition A. The result improves the corresponding results of Kirk [2], Maiti and Saha
[3] and Sentor and Dotson [4].

Ifr =2and a(z) := 0 for all n € N, then (1.1} reduces to a generalization of Mann and

Ishikawa iteration given by Das and Debata [5] and Takahashi and Tamura [6]. This scheme
dealts with two mappings:

1 1 1
« = afﬂ)Tlx,, + (1 - afﬂ)>x,,,
(14)
Xn+l = (2) iZZ)Tszzl) + (1 - aslzz))x,,, n>1,

where {a(l)} {a(z)} are appropriate sequences in [0,1].

The purpose of this paper is to establish strong convergence theorems in a uniformly
convex Banach space of the iterative sequence [x,} defined by (1.1) to a common fixed
point of T; (i = 1,2,...,r) under some appropriate control conditions in the case that one
of T; (i = 1,2,...,r) is completely continuous or semicompact or {T;};_; satisfies condition
(B). Moreover, weak convergence theorem of the iterative scheme (1.1) to a common fixed
point of T; (i = 1,2,...,r) is also established in a uniformly convex Banach spaces having the
Opial’s condition.
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2. Preliminaries

In this section, we recall the well-known results and give a useful lemma that will be used in
the next section.

Recall that 2 Banach space X is said to satisfy Opial’s condition [7] if x, — x weakly
asn — oo and x #vy imply that limsup,_, llxs - xI| < limsup,_,_[lx, - y|l. A finite family
of mappings T; : C — C (i = 1,2,...,r) with F := N\ Fix(T;) # @ is said to satisfy condition
{B) [8] if there is a nondecreasing function f :10,00) — [0,00) with f(0) =0and f(t) >0
for all t € (0, o) such that maxygie, {{lx — Tix|l} > f(d(x, F)) for all x € C, where d(x,F) =
inf(llx - pl : p € F).

Lemma 2.1 (see [9, Theorem 2]). Let p > 1, r > 0 be two fixed numbers. Then a Banach space X
is uniforinly convex if and only if there exists a continuous, strictly increasing, and convex function
8 :[0,00) — [0,00), g(0) = 0 such that

flax + (1 -0yl < Mixll? + (1= Dlyll” - wp(Wg(llx -y}, 21)
forallx, yinB, = {xe X :|xll <r}, A €[0,1], where
wy(A) = A(1 = NP +AP(1- A). 2.2)

Lemma 2.2 {see [10, Lemma 1.6)). Let X be a uniformly convex Banach space, C a nonempty closed
convex subset of X, and T : C — C nonexpansive mapping. Then I — T is demiclosed at 0, that is, if
xn — x weakly and x,, — Tx,, — 0 strongly, then x € Fix(T).

Lemma 2.3 (see [11, Lemuma 2.7]). Let X be a Banach space which satisfies Opial’s condition and
let {x,} be a sequence in X. Let u, v € X be such that limu_o|\xn — ulf and limy, _.,!|xn — vl| exist.
If {x,} and {x,} are subsequences of {x,} which converge weakly to u and v, respectively, then
u="v.

Lemma 2.4. Let X be a uniformly convex Banach space and B, = {x € X : x| < r},r > 0. Then
for each n € N, there exists a continuous, strictly increasing, and convex function g : [0,00) —
[0, 00), g(0) = 0 sucl that

2

< Saillxl? - aarg (s - i), (23)
i=1

n
Za;xi
i=1

forall x; € Byand all a; € [0,1] (i = 1, 2,...,n} with 3,7 a; = 1.

Proof. Clearly (2.3) holds for n = 1,2, by Lemma 2.1. Next, suppose that (2.3) is true when n=
k-1 Lletx;e B, anda; €[0,1], i=1,2,. kthhz,_la, =1.Then ay; /(1 - Zl_ 20:) X1 +
a /(1 - E:‘z',za,-)xk € B,. By Lemma 2.1, we obtam that

2

L) 2
L kel + ——— . (24)
1- 357 'Z: e

Qg1
Xk-1 + Xk

1_21—1 ai - 1- Zx— a;
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By the inductive hypothesis, there exists a continuous, strictly increasing and convex function
8 :10,00) — [0,00), g(0) = 0 such that

2 fa

Z Nyl = BiBag (v - 2))) (2.5)

i=1

i

forally; € B,and all ; € {0,1], i=1,2,...,k -1 with Z, 1 Bi = 1. Tt follows that

k-2
X1 Xf-1 X X
i=1 i=1 &i 1 Z. 1“:

k-2 k-2
Qf-1Xk-1 ap Xy
< adllxl®+( 1- Zm) + =
ps i=1 1-3Fa 1-3a

k-2 k-2 2
aafixiall’ | alixd]
ail|xilf? + < a>< 4+ - mazg(llx; - x2ff)
‘=Zl x-—-zl 1- E$=12 a; 1- 21—1 §

2 2

k
>aix;
i=1

2

— a8 (([|x1 — x2)

k
= Y ail|xi]? - a1a2g(flx1 — x2})).
i=1

(2.6)

Hence, we have the lemma. O

3. Main Results

In this section, we prove weak and strong convergence theorems of the iterative scheme (1.1)

for a finite family of nonexpansive mappings in a uniformly convex Banach space. In order
to prove our main results, the following lemmas are needed.
The next lemma is crucial for proving the main theorems.

Lemma 3.1. Let X be a Banach space and C a nonempty closed and convex subset of X. Let {Ti}i,
be a finite family of nonexpansive self-mappings of C. Let a,(,".) €[0,1) forallje{1,2,...,r},neN
and i = 1,2,...,j. For a given x1 € C, let the sequence {x,} be defined by (1.1). If F #0, then
1xne1 = pll < ll2¢n = pll for all n € N and limy . .||, — pl| exists forall p € F.

Proof. Let p € F. For each n > 1, we note that

" " ()Tlx,, (l am)x,,—pn
| Tuxa - pll + (1 - a) 1 - P
< axu—pll + (1= )z - p

= llxn - pll-

(3.1)
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It follows from (3.1) that

D -p| = 2+ Tz, + (1- 8% - o) p
< aZ | - p|| + a Tz — pl| + (1- 0% - a&) 2 - P a2
~p|| + @ llxn - pll + (1- a3 - aD) - p
<|xn-pll-
By (3.1) and (3.2), we have
Pl = a7 + a@Tx® + T + (1- a5 - 0 - 4w - p
< a[Taxi? - plf + a2 Tox” - | + AR I Tien -l
(12 - a2 o) [l o
<= -p| + -] + a2l - pl
(12 - a2 o) -
< flxw - pll-
By continuing the above argument, we obtain that
2 -p|| < llxa- p|| Vi=1,2,. (34)

In particular, we get ||xns1 — pll € llxn = pl| for all n € N, which implies that lim, ., ,llx, — pl|
exists. O

Lemma 3.2. Lei X be a uniformly convex Banach space and C a nonempty closed and convex subset of
X. Let {T;}}_, be a finite family of nonexpansive self-mappings of C with F #9 and ag;.) € [0,1} for all
j€l{l2....r,neNandi=1,2,...,j such that 3} a" are in [0, l]forallje (1,2,...,r) and
n € N, Fora given x; € C, let {x,} be defined by (1.1). If 0 < hmmf,,..ma < lxmsupn_,m(a(')

n(r)
(r) (r)
Qe +eotal) <1, then

(i) Himp o oo [ Tix ™ — x,|| =0 foralli=1,2,...,r,

(i1) limp o [Tixn — x| = O foralli=1,2,...,r,
(iii) Himpo ool — x| =0 foralli =1,2,...,7

Proof. (i) Let p € F, by Lemma 3.1, sup,||x, — pll < co. Choose a number s > 0 such that
supnﬂx,, pll < s, it follows by (3.4) that {x(')—p} {Tx("l)—p} C B, forallie {1,2,...,r}. O
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By Lemma 2.4, there exists a continuous strictly increasing convex function g
[0,90) — [0,00), £(0) =0 such that

2

n
2

i=1

< @il - marg (i - xal), 35)
i=1

forall x; € B;, a; € [0,1] (i = 1,2,...,n) with 3}7,a; = 1. By (3.4) and (3.5), we have for
i=1,2,...,r

T

| %1 ~ p“2 = + aﬁlr) Toqxi ™2 s aflrl)Tlx,,

(r-1)
+(1-ag, ~algy — = a)x-p “2
< af,’,) T,x,(,r D p” + aflr()r 1) T,_le,r 2 —p”2 +
af{l)"Tlx,, —P||2 + ( f:r()r) St?r—l) T a )“x,, p"
a (1= gy = oy == a3 (T ™ - )
<an | - “ S A L) (3.6)
(1 af.r()r) “f-r()r-l) - “f,rl))""n —PHZ
m(l “f-r()r) ~ g - ""a(r))g (l ) _x"“>
< i e P a5yl pIF -+ a5 e I
(1 af.?r) s,r()r—:) AR agl’) fxn - P“z
- D (1= - )y = a)g (i )
= ||xn—P"2 (')(1 af,'()r) af"()r_l)—~--—af,’1))g(||Tixf.i—l)—x,. )
Therefore
(')(1 A )g("Tz 2 - x|) < - pl* - fxwa-pl* B2

foralli =1,2,...,r. Since 0 < lmunf,_.wa“ £ llmsup"_,m(af{()r) + afl'(’r_u et af{l)) <1,

it implies by Lemma 3.1 that limy . g(|Tix{™ — x4]) = 0. Since g is strictly increasing and
continuous at 0 with g(0) =0, it follows that hm,,_.wllTx('_l) xal =0foralli=1,2,...,r
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(ii) Fori € {1,2,...,r}, we have

WTin = xall < [|Tien = Tix{ 0| + | i -
< =+ 1™ - (3.8)
e e R
It follows from (i) that
[ITixp=xull — 0 as 7n— co. (3.9)
(iii) Fori € {1,2,...,r}, it follows from (i) that
- X, Za a2V _xl —0 as n— . (3.10)

Theorem 3.3. Let X be a uniformly convex Banach space and C a nonempty closed and convex subset
of X. Let {T;);_, be a finite fanuily of nonexpansive self-mappings of C with F #@. Let the sequence
[a(’)] ~1 be as in Lemma 3.2. For a given x1 € C, let sequences {x,) and {x(')} (i=0,1,...,r)be

defined by (1.1). If one of {Ti);., is completely continuous then (x,} and [x(’ )] converge strongly to
a common fixed point of (T;}i, for allj=1,2,.

Proof. Suppose that Tj, is completely continuous where iy € {1,2,...,7}. Then there exists a
subsequence {xp, } of [x,,] such that [T, x,, ) converges. [

Let limy _, Ty x,,, = g for some g € C. By Lemma 3.2 (ii), lim, . oo | Tiyxn — Xall = 0. It
follows that limg .o, Xn, = g. Again by Lemuma 3.2(ii), we have lim,_, || Tix, — x4ll = O for
alli = 1,2,...,r. It implies that limg_,Tixn, = g. By continuity of T;, we get Tig = ¢, i =
1,2,...,r. So q € F. By Lemma 3.1, hm,,_.mnx,, qll exists, it follows that limy, ., ||xr — gl =
By Lemma 3.2(iii), we have llm,,_.oollx,, ~ Xull = O for each j € {1,2,...,r}. It follows that

limy,ox¥ = gforall j=1,2,...,7

Theorem 3.4. Let X be a uniformly convex Banach space and C a nonempty closed and convex subset
of X. Let {T;)}.; be a finite family of nonexpansive self-mappings of C with F #@. Let the sequence
{a(’)}‘”1 be as in Lemma 3.2. For a given x1 € C, let sequences {x,} and (xPY (i=0,1,...,7) be

defined by (1.1). If the famdy {Ti}j satisfies condltzon (B) then {x,} and {x¥") converge strongly to
a common fixed point of (T;);_ forall j =1,2,.

Proof. Let p € F. Then by Lemma 3.1, lim,, ]| x, — pl| exists and ||xn+1 — p|| < {lx, — pl| for all
n > 1. This implies that d(xy4, F) < d(xy, F) for all n > 1, therefore, we get lim,,, od(xp, F)
exists. By Lemma 3.2(ii), we have limp— || Tixn — x4|| = 0 for each i = 1,2,...,r. It follows,
by the condition (B) that lim,_,o, f(d(xs, F)}) = 0. Since f is nondecreasing and f(0) = 0,
therefore, we get lim, _, ,d(x,, F) = 0. Next we show that {x,] is a Cauchy sequence. Since
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limy ., od(xx, F) = 0, given any € > 0, there exists a natural number g such that d(x,, F} < €/2
for all n > ny. In particular, d(x,,, F) < e/2. Then there exists q € F such that [lx,, — gl <e/2.
For all n > ng and m > 1, it follows by Lemma 3.1 that

1%nerm = Xnll < | %o = qll + [lxn = ql| < %0 = qll + |0 - q]] < €. (3.11)

This shows that {x,} is a Cauchy sequence in C, hence it must converge to a point of C.
Let lim, X, = p*. Since lim,_,d(x,,F) = 0 and F is closed, we obtain p* € F. By

Lemma 3.2(iii), limiy - oo flxY” = 24|l = 0 foreach j € {1,2, ..., 7}. It follows that limy . ox’ = p*
forallj=1,2,...,r (]

In Theorem 3.4, ifaf,j,.) :=0,forallmeN,je{1,2,...,r-1}andi=1,2,...,j, we obtain
the following result.

Corollary 3.5. Let X be a uniformly convex Banach space and C a nonempty closed and convex
subset of X. Let (T;}I_; be a finite family of nonexpunsive self-mappings of C with F #@ and af",-) €
[0,1]) forall i = 1,2,...,7 and n € N such that Z,-Llaf,? are in [0,1] for all n € N. For a given
x1 € C, let the sequence {x,} be defined by (1.2). If the family {T;)[_, satisfies condition (B) and
0 < liminfy—,,a"? < lim supn_,m(af,’()r) + af,'()r_l) +---+a") < 1, then the sequence {x,) converges
strongly to a comnion fixed point of {T;]7_;.

Remark 3.6. In Corollary 3.5, if af,'i) = qa;, foralln € Nand foralli = 1,2,...,r, the iterative
scheme (1.2) reduces to the iterative scheme (1.3} defined by Liu et al. [1] and we obtain
strong convergence of the sequence {x,} defined by Liu et al. when {T;}_, satisfies condition
{B) which is different from the condition (A) defined by Liu et al. and we note that the result

of Senter and Dotson [4] is a special case of Theorem 3.4 when r = 1.

In the next result, we prove weak convergence for the iterative scheme (1.1) for a finite
family of nonexpansive mappings in a uniformly convex Banach space satisfying Opial’s
condition.

Theorem 3.7. Let X be a uniformly convex Banuch space which satisfies Opial’s condition and C a
nonempty closed and convex subset of X. Let {Ti)I, be a finite family of nonexpansive self-mappings
of C with F #@. For a given x; € C, let {x,,} be the sequence defined by (1.1). If the sequence {a,(f,.’ | -
is as in Lemma 3.2, then the sequence {x,) converges weakly to a common fixed point of {T;)_;.

Proof. By Lemma 3.2(ii), limMy o e[| Tixn — xylf = 0 for all i = 1,2,...,r. Since X is uniformly
convex and {x,]) is bounded, without loss of generality we may assume that x, — u weakly
asn — oo forsomeu € C. By Lemma 2.2, we have u € F. Suppose that there are subsequences
{xn,} and {xn,} of {x,] that converge weakly to u and v, respectively. From Lemma 2.2,
we have u, v € F. By Lemma 3.1, lim, ..o flx, — ©f| and lim,_.o,||x, — || exist. It follows
from Lemma 2.3 that u = v. Therefore {x,} converges weakly to a common fixed point of

{Ti}ier- o

Foral) := 0, foralln € N,j € (1,2,...,r -1} and i = 1,2,...,] in Theorem 3.7, we
obtain the following result.
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Corollary 3.8. Let X be a uniformly convex Banach space which satisfies Opial’s condition and C a
nonempty closed and convex subset of X. Let {T;);y be a finite family of nonexpansive self-mappings
of C with F#@ and a) € [0,1) forall i = 1,2,...,r and n € N such that 37, a%) are in [0,1] for
all n € N, For a given x1 € C, let {x,) be the sequence defined by (1.2). Ifo < liminf,,_.maf;.) <
lim sup"_.w(af,'()r) +a? 44 al)
Sfixed point of {T;)1_,.

n(r-1) ) < 1, then the sequence {x,} converges weakly to a conmon

Remark 3.9. In Co:ﬁllary 38, if a,(;.) =a;, forallneNandforalli=1,2,...,r, then we obtain
weak convergence of the sequence {x,} defined by Liu et al. [1].
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