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ABSTRACT

The first main purpose of this project is to study the operators concerning the heat equations and
the wave equation such operator are the Laplace, the ultra hyperbolic the Diamond operators and the
mixed operator. In doing research for such operators, we are succeeded in obtaining the interesting
solution that all solutions cover all old area of solution before and all such solution are beautiful
uniqueness.

The second purpose of this project is to construct new iterative methods for approximating a
Sxed point and common fixed points of nonlinear mappings. In this part, we introduce a new three-step
w=ration with errors for nonexpansive nonself-mappings in a uniformly convex Banach space. Weak and
smong convergence theorems of the new three- step iteration under certain control conditions are
ssasblished. We also modify Noor iterations for non-Lipshitzian mappings in Banach spaces and prove
weak and strong convergence theorems of the modified Noor iterations under some control conditions.
Sur Snding a common fixed point of a finite family of nonexpansive mappings, we introduce a new
semave method for them and prove weak and strong convergence theorems under some suitable control
samisons. Moreover, we introduce new methods for finding a common element of a fixed point set of
semiimear mappings and the set of solutions of equilibrium problems. Our results improve and extend

sy results in this area.



EXCUTIVE SUMMARY

Title: Generalized Functions and Fixed Point Theory in Banach Spaces
Hadsunaioialy uaz noufunganishnligivns
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Badget: 2,000,000 Bath
Besearch Duration : 31 July 2006 - 30 July 2009
Frimciples Theory, Rationale and /or Hypotheses

Generalized functions and fixed point theory play an important role in mathematical analysis that
Swne e applications widely in the other fields related to science and technology. Basically, Generalized
Swmemens cover all Classical functions (Ordinary functions). It is well known that the generalized
Sumctems can be applied to solve the problems of the wave equations, particularly the wave functions
%t are not continuous such as shock wave. That kind of the wave functions is so difficult to interpret
= e e of ordinary function. At the beginning in the yaer 1950, the Russian mathematician, S. L.
Seiwiey studied partial differential equation which related to the generalized function and he was the first
= seime the background of such generalized functions in the yaer 1960, L. Schwartz studied from S. L.
Sebeies by extending and developing some new concepts and obtain many properties and theorems in

- ETE

Iz e area of generalized functions, he also discovered some operators that concern the partial
SN sguations, for examples, the elliptic operator, the hyperbolic operator and the parabolic

e The famous elliptic operator is the Laplacian A that defined by



o’ o’ o’

A=—s+—s+..+
ol 0x; ox2,
82
And the hyperbolic operator is the wave operator [ ] = o A and also the parabolic operator is
ot

0
the heat operator defined by L = 5{ -A

In the year 1987, S. E. Trione studied the ultra-hyperbolic operator which is an extension of the

wave operator. The ultra-hyperbolic operator iterated k-times is defined by

k
2 + 2

o= 2.

a2 a2
i=18Xi j=p+lan

p+q=n where nis the dimension of the Euclidean space R" and k is a nonnegative integer.

In the year 1994, M. A. Tellez has shown that the operator [_] * exists only for nis an odd with

p isoddand q is even.

In the year 1997, A. Kananthai established the new operator that is called the Diamond operator

2 2
) P 52 P+d 52
Q iterated k —times defined by QF = Z - z

—_— o ,p+q=n
2 2

The diamond operator covers all the Laplacian and ultra operators. He also obtained the elementary

solution for such Diamond operator.

In the year 2001, A. Kananthai and S. Suantai extend the Diamond operator to be the operator

47K

4
P A2 p+q 72
B = Za B Z 0

D) ~ and obtained the interesting elementary solution.
i=1 aXi j=p+1 8X j

All operators that have been mentioned are based on the area of generalized functions.



In our research, we will study the operator in the form of nonlinear equations which are the new

Somtier research.

In studying the problems in science and technology, usually those problems are formulated in
semm of equations or inequalities. So the question arise from this point that how we know the existence of
& soiwton of such equation and inequalities, and once we know the existence of the solution, the second
pueston will be asked, how can we find that solution. So there are two problems which are concerned in

sotme the solution of linear and nonlinear equation :
1. The existence of the solutions of such equations and
2. The method of solving the solutions of such equations.

%o we are interested in studying those two problems in a general Banach space setting,.

Besewrch Objectives

Swady various properties of the Laplacian, Ultra hyperbolic, Diamond and the compound

ppesators.
= Soady the elementary solutions of those operators mentioned in 1.

© Sy the solutions of the partial differential operators related to non-linear wave and heat

eg=Estions.

Comstruct and study new fixed point iteration methods for approximating fixed points of

somlmear mappings in a Banach space.

©  Saady the existence and uniqueness of the fixed points of generalized contraction mappings



6. Study the geometric properties related to fixed point theory.

7. To build the young researchers in the area of generalized functions and fixed point theory.

Usefulness of the research

1. Obtain various properties of the Laplacian, Ultra hyperbolic, Diamond and the compound

operators
2. Obtain the elementary solutions of those operators mentioned in 1.

3. Obtain the solutions of the partial differential operators related to non-linear wave and heat

equations.

4. Obtain new fixed point iteration methods for approximating fixed points of nonlinear mappings

in a Banach space.

5. Obtain the theorems of the existence and uniqueness of the fixed points of generalized

contraction mappings

6. Obtain some geometric properties related to fixed point theory
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Chapter 1

Introduction

Cemerzlized functions and fixed point theory play an important role in mathematical analysis that
S e spplcations widely in the other fields related to science and technology. Basically, Generalized
Sumetums cower all Classical functions (Ordinary functions). It is well known that the generalized
Sessoms cam be applied to éolve the problems of the wave equations, particularly the wave functions
W e moe continuous such as shock wave. That kind of the wave functions is so difficult to interpret
& B e of ordinary function. At the beginning in the yaer 1950, the Russian mathematician, S. L.
Sl smadeed partial differential equation which related to the generalized function and he was the first
= semee S backeround of such generalized functions in the yaer 1960, L. Schwartz studied from S. L.
S e swsending and developing some new concepts and obtain many properties and theorems in

-~ -1

s e =mea of generalized functions, he also discovered some operators that concern the partial
s soestons, for examples, the elliptic operator, the hyperbolic operator and the parabolic

ssemmer The famous elliptic operator is the Laplacian A that defined by

0’ 0’ 0?
A=—+—F+..+=
Ox; Ox, ox};
2
S B syperbolic operator is the wave operator [ ] = ? — A and also the parabolic operator is

e Sest aperstor defined by L=§—A

%2 e year 1987, S E. Trione studied the ultra-hyperbolic operator which is an extension of the

W spemmer. The ultra-hyperbolic operator iterated k-times is defined by



k
p 62 p+q 62

2

P a2

k

D =
p+q=n where nis the dimension of the Euclidean space R" and k is a nonnegative integer.

In the year 1994, M. A. Tellez has shown that the operator [] * exists only for n is an odd with

p isodd and q is even.

In the year 1997, A. Kananthai established the new operator that is called the Diamond operator
2 2
) P 52 P+tq 52
Q iterated k—times defined by Ok = | Z - Z

— — | | pra=n
2 2
i=10Xj j=p+10X]

The diamond operator covers all the Laplacian and ultra operators. He also obtained the elementary

solution for such Diamond operator.
In the year 2001, A. Kananthai and S. Suantai extend the Diamond operator to be the operator

4 4
p 62 p+q 62

-l X

® =1 X~ 2
i:laXi j:p+lGXj

and obtained the interesting elementary solution.

All operators that have been mentioned are based on the area of generalized functions.

In our research, we will study the operator in the form of nonlinear equations which are the new

frontier research.

In studying the problems in science and technology, usually those problems are formulated in
term of equations or inequalities. So the question arise from this point that how we know the existence of
a solution of such equation and inequalities, and once we know the existence of the solution, the second
question will be asked, how can we find that solution. So there are two problems which are concerned in

solving the solution of linear and nonlinear equation : '



existence of the solutions of such equations and

‘method of solving the solutions of such equations.
I |

in studying those two problems in a general Banach space setting.



Chapter 2

Some operators related to the heat and the wave equations

One part of doing research is the title "Some operator related to the heat and the wave equations”.
For the past 3 years, we have succeeded in doing research in such operators. We obtained many papers

that can be classified in the following groups.
The first group are the reprints papers consisting of the following paper

1. A. Kananthai and K. Nonlaopon, On the generalized nonlinear ultra-hyperbolic heat equation

related to the spectrum, Computational and Applied Mathematics, Volume 28 N. 2, pp. 1-10, 2009.

2. W. Satsanit and A. Kananthai, On the ultra-hyperbolic wave operator, Interational Journal of

Pure and Applied Mathematics, Volume 52 N. 1, pp. 117-126, 2009.

3. C. Bunpog and A. Kananthai, On the Green Function of the Operator Related to the Bessel
Helmholtz Operator and the Bessel Klein-Gordon Operator, Journal of Applied Functional Analysis,

Volume 4 pp 10-19, 2009.
The second group, the accepted papers.

1. W. Satsanit and A. Kananthai, Diamond operator related to Bihamonic equation, Far East

Journal of Applied Mathematics.

2. W. Satsanit and A. Kananthai, The operator and its spectrum related to heat equation,

International Journal of Pure and Applied Mathematics.
The third group, submissions paper.

1. Amnuay Kananthai, On the Diamond-Wave Operator, submitted to Journal of Applied

Mathematics and Computation.

10



Kananthai, On the Nonlinear heat equation related to the operator, submitted to

s and Application.

11



m Volume 28, N. 2, pp. 1-10, 2009

Copyright © 2009 SBMAC
&AP

WTHEMAT[CS ISSN 0101-8205

www.scielo.br/cam

On the generalized nonlinear ultra-hyperbolic heat
equation related to the spectrum

A. KANANTHAI and K. NONLAQOPON*
Department of Mathematics, Chiang Mai University, Chiang Mai, 50200 Thailand

E-mail: malamnka@science.cmu.ac.th

Abstract. In this paper, we study the nonlinear equation of the form

% u(x. 1) = 0%u(e. 0) = fx,Loutx, 1)
«

where OF is the ultra-hyperbolic operator iterated k-times, defined by

k
‘ CLE T 9% 2 32 a2
o' = 5—2'+8—7+"'+3—7_a‘2——*3_2—_ ---- 422 ’
xy x5 xp Xpr Xpi2 Xptg
p + g = n is the dimension of the Euclidean space R", (x,¢) = (x;.x2,...,%x,.¢) € R"x

(0, 00), k is a positive integer and c is a positive constant.
On the suitable conditions for f, « and for the spectrum of the heat kernel, we can find the
unique solution in the compact subset of R" x (0, 00). Moreover, if we putk = [ and ¢ = 0 we

obtain the solution of nonlinear equation related to the heat equation.
Mathematical subject classification: author. plcusé, provide the AMS classif,

Key words: author. pleasc. provide (he keywords.

1 Introduction

It is well known that for the heat equation
9 2
a—tu(x,t) =c"Aulx,t) (1.1)

#752/08. Received: 07/111/08. Accepted: 08/111/09.
*Supported by The Royal Golden Jubilee Project grant no. PHD/0221/2543.
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NONLINEAR ULTRA-HYPERBOLIC HEAT EQUATION

w = theitial condition

u(x.0) = f(x)

e A — Z:':, % is the Laplace operator and (x, 1) = (xy. x5, ..., Xy l) €
5« 0. 020), and f'is a continuous function, we obtain the solution
! bx = yP?
X, 1) = ———r exp | — d 1.2
i) = / n p[ 2| roxdy (1.2)

2 the solution of (1.1).
Now. (1.2) can be written as u(x, ) = E(x, f) * f(x) where

E(x, 1) L (1.3)
X, )= — ——. .
(4ctme)n/? P 4c2¢
£ix 1) is called the heat kernel, where |x|* = x? +x2 +---+x2and t > 0,
wee [ p. 208-209].
“Morsover, we obtain E(x, t) — § as t — 0, where § is the Dirac-delta distri-
swon. We also have extended (1.1) to be the equation
a 2
—a—tu(x,t):c Cu(x, t) A (1.4)

woere Clis the ultra-hyperbolic operator, defined by

. (al+a2+ L2 a2 a2
- \ax} Ay axh axl,,  Axi,, axz,,
W= obtam the ultra-hyperbolic heat kernel
. d +4 2
@)! f:& xiz - 5:p+l X5
E(x,t) = ———¢
(. ) (ac2imy2 P 4c2t

7= p + g = n is the dimension of the Euclidean space R” and i = +/—1.

For Gnding the kernel E(x, £) see [4].
I this paper, we extend (1.4) to be the general of the nonlinear form

%u(x,t) —AFulx, ) = f(x, t,ulx, 1) (1.5)

.

r1 = B" x (0, 00) and with the following conditions on u and f as follows,

me Agel Math, Vol. 28, N. 2, 2009

13



A. KANANTHAI and K. NONLAOPON
(1) ulx,t) € C*NR") for any 1 > 0 where C®(R") is the space of contin-
uous function with 2k-derivatives.

(2) [ satisfies the Lipchitz condition, that is

[, t,u)y— f(x,t,w)] < Alu —w
where 4 is constantand 0 < 4 < 1.
3
w -
f | f(x,t, ulx,)|dxdt < oo
0 R~

for x = (xi,x2,...,x,) € R*, t € (0,00) and wu(x, t) is continuous
function on R” x (0, 00).

Under such conditions of f, u and for the spectrum of E(x, t), we obtain the
convolution

ulx,)=Ex,t)y* f(x.t,u(x, 1))

as a unique solution in the compact subset of R” x (0, oo) and E(x, ¢) is an
elementary solution defined by (2.5).

2 Preliminaries

Definition 2.1. Let f(x) € L, (R")-the space of integrable function in R". The
Fourier transform of [(x) is defined by

—~ 1 ) :
S¢) = Wﬁ e £ (x) dx (2.1)

where & = (£1,&,...,6), x = (x1, %2, ..., %) €R" (£, x) =&Ex1 +Ex0 +
<-4 &,x, is the usual inner product in R" and dx = dx, dx; ... dx,.
Also, the inverse of Fourier transform is defined by

Sx)

/R D fE) d. (2.2)

= (2n)n/2

Definition 2.2. The spectrum of the kernel E(x,t) defined by (2.5) is the
bounded support of the Fourier transform E(§,t) for any fixed t > 0.

Comp. Appl. Math., Vol. 28, N. 2, 2009

14



NONLINEAR ULTRA-HYPERBOLIC HEAT EQUATION

Definition 2.3, Let & = (&1, &, ..., &) be a point in R" and we write

1t=§12+§22+"'+€127_ 127+l“‘§127+2_"-_§127+q’ ptg=n

Demote by
My ={6eR:& >0 and u > 0}
“ee set of an interior of the forward cone, and Ty denotes the closure of T .

Lot Q be spectrum of E (x, t) defined by Definition 2.2 for any fixed t > 0 and
0 < T.. Let E(£, 1) be the Fourier transform of E(x, t) and define

k
i -4 )
— | aymexp [sz (Zﬁ':w TR Y 5?) ] for§ e 'y,

EE,.1) = (2.3)
0 foré ¢ I',.
Lemma 2.1. Let L be the operator defined by
L= 9 A (2.4)
at
where OF is the ultra-hyperbolic operator iterated k-times defined by
. 52 52 52 52 52 52 k
e ok
* — o = n is the dimension of R", (x1,x2,...,x,) € R*, t € (0,00), kisa

sive integer and c is a positive constant. Then we obtain

1 rty 14 k
E( 2 2 2 .
en= o [on|e| Y g-) 8| +in| s @9

j=p+1 i=1

a0 o elementary solution of (2.4) in the spectrum Q C R” fort > 0.

Froof. LetLE(x,t) = &(x,t) where E(x, ?) is the kernel or the elementary
»iution of operator L and § is the Dirac-delta distribution. Thus

(%E(x, 0 — POFE(x. ) = 8(x)8(1).

w Anol Math, Vol. 28, N. 2, 2009

15



Take the Fourier transform defined by (2.1) to both sides of the equation, we

A. KANANTHAI and K. NONLAOPON

obtain
k
R " ptq e 1
—E(, )~ - EE, 1)y = ——=6(01).
SEEn-c| ) & }:s €0 = G5mt®
j=p+1
Thus - -
o H(l) , pt+q ,
Eg.0=gamew|dt| 2, & - Zs
— -17+‘ -
where H (¢) is the Heaviside function. Since H(¢) = I for ¢ > 0. Therefore,
- k—
o 1 e
E(E,t):————(zn)n/2 exp | ¢t Z 5 ——Zg
which has been already defined by (2.3). Thus
Ex,t) = EN (e 1) dE = [ €O EE D
(0) = = [ eerEED = [ 0 EE T a
where 2 is the spectrum of F(x, ¢). Thus from (2.3)
k
I g
E(x,t) = W/ exp ct Z Ez ZE +i(E.x)| d&¢ for t > 0.
b4 n Q
j=p+1

O
Definition 2.4. Let us extend E(x, 1) to R" x R by setting

k
?er—)" fo CXP[ 2 (ZI"H_(,H E‘/z' - Z,p:l'siz) + i, x):‘ dg for t >0,
0 for ¢ <0,

E(x,t) =

3 Main Results

Theorem 3.1, The kernel E(x, t) defined by (2.5) have the following proper-

ties:
(1) E(x,t) € C®-the space infinitely differentiable.

Comp. Appl. Math,, Vol, 28, N. 2, 2009
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NONLINEAR ULTRA-HYPERBOLIC HEAT EQUATION

-—-czf'_‘ll‘) EC,t)=0 for t > 0.

20 M)
m2 T (5)T(4)

kere M (t) is a function of t in the spectrum Q and T denote the Gamma
on. Thus E(x, t) is bounded for any fixed t > 0.

|E(x, )] < Jor t >0,

9" K 5 2 .
; ___E(x, )_(27{)"/ For exp 2t jZ & — ZE + i€, x) | dE.

p+1
- E(x,t)eC®forx e R", ¢t > 0.

ing directly, we obtain

(i - CZDk> E(x,t) =0.
at

1 ptq .
'!]z(zn)nAexp ¢t Z Sz ZSZ + i€, x) | d&.

J=p+1

1 [ Pty
2 2 2
Eeols g o] Y 6 Zs at.

J=p+1
nging to bipolar coordinates
Si=ronbH=rw, ... & =rw, and
Sprt = 50pi1, Epia = SWpaa, - Epyy = Swppy

Vol 28, N. 2, 2009
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A. KANANTHAI and K. NONLAOPON

where Y7 w? =1 and Y 7 | @} = 1. Thus

1
[E(x, )] < ) / exp [czt (s2 -—rz)k] rP's97V dr ds dQ,dQ,
7-[ n Q

where d& = r?~ sV dr ds dQ, d2,, dS2, and Q, are the elements of
surface area of the unit sphere in R? and R? respectively. Since @ C R”
is the spectrum of E(x, t) and we suppose 0 <r <-Rand 0 <s < L
where R and L are constants. Thus we obtain
QPQq/RfL [2 2 2/‘] -1.g-1
explcit(s®—ro) [rP7 " ds dr
@y Jo Jo ’ ( )
_ $2p Q2
Q2m)

IE(x, )] <

M(t) foranyfixedt > 0 in the spectrum Q

_ 22-—11 M(l) -
TN G-l

where
R L .
M(t) = / / exp [czt (s> =r?) ]r”"s"‘l ds dr (3.2)
o Jo
is a function of
t>0, Q,=—% and Q, =—+

Thus, for any fixed ¢ > 0, E(x. ¢) is bounded.
(4) By (2.5), we have

k
1 , ptq , Y , .
E(x,t) = (271)"/;26)(1) ct j;l;ﬁj—gg +i(¢, x) | d&.

Since E (x, ¢) exists, then

1 | )
imE _ i(&,x)
}m(l) (x,t)= Gy ‘/Qe d&

= 1 / ei §.x) d‘{):
(27'()” B

=68(x), for xeR".
See [3, p. 396, Eq. (10.2.19b)}. a

Comp. Appl. Math., Vol. 28, N. 2, 2009
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NONLINEAR ULTRA-HYPERBOLIC HEAT EQUATION

m 3.2.  Given the nonlinear equation

a%u(x,t) — 0, 1) = f(x, t, u(x, 1)) (3.3)

1= B" % (0, 00), k is positive number and with the following conditions

1 as follows,

x 1) € COO(RM) for any t > O where C*™(R") is the space of contin-
s function with 2k-derivatives.

sticties the Lipchitz condition, that is
fOtou) — [t w)f < Alu — w]

e A is constant and 0 < A < 1.

/00/ 1 fx, t,ulx,t)]dxdt < o0
0 n

v r o= (x;,x2,....x,) € R", 1 € (0,00) and u(x, t) is continuous
on B" x (0, 00).

- “e spectrum of E (x, t) we obtain the convolution
ulx, ) = E(x, ) * f(x, t,u(x, 1) (3.4)

¢ solution of (3.3) for x € Qo where Qg is an compact subset of
T with T is constant and E(x, t) is an elementary solution defined
2lso ulx, t) is bounded.

irweputk = 1 and g = 0 in (3.3) then (3.3) reduces to the

12 both sides of (3.3) with E(x,t) and then we obtain the

ulx,t) = E(x,t) % f(x,t,u(x, 1))

rj E(r,s)f(x—rt—s,u(x —r,t —s))drds
—c JE®

1t ;ﬂ.ﬁ.nzm

19



A. KANANTHAI and K. NONLAOPON

where E(r, s) is given by Definition 2 4.
We next show that u(x, ¢) is bounded on R" x (0, c0). We have

Julx, t)] 5[ / {Er, )| f(x —rt —=s,ulx —r.t —s)| drds

_ 2 N.MQ©)
AN COINC)

by the condition (3) and (3.1) where

N:/oof f(x, t,ulx,t)]dxdt.
. 0 n

Thus u(x, t) is bounded on R" x (0, 00).
To show that u(x, ¢) is unique, suppose there is another solution w(x, ¢) of

equation (3.3). Let the operator

a
L=—-—¢Mt
at

then (3.3) can be written in the form

Lu(x,t) = f(x,t, u(x,t)).

Thus

Lu(e,t) —Lwx, ) = f(x,t,ulx, ) — f(x, ¢, w(x,t)).
By the condition (2) of the Theorem,
ILu(x,t) —Lw(x, 0 < Alu(x, 1) — w(x, H}. 3.5

Let € x (0, 7] be compact subset of R” x (0, 00) and L: C?¥(Q,) —>
C2 Q) for 0 <t <T.

Now (C¥(Qq), || - ||} is a Banach space where u(x, 1) € C%*(Qq) for 0 <
t <T,| |l given by

fu(x, DI = Suglu(x.. Ol

Then, from (3.5) with 0 < 4 < 1, the operator L is a contraction mapping on
CE (). Since (C(Q), || - |I) is a Banach space and L: C9(Qp) —>

Comp. Appl. Math., Vol. 28, N. 2, 2009
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NONLINEAR ULTRA-HYPERBOLIC HEAT EQUATION

() is a contraction mapping on C*(€q), by Contraction Theorem,

3. p. 300], we obtain the operator L has a fixed point and has unique-

¢ property. Thus u(x.t) = w(x,t). It follows that the solution u(x, t) of

is unique for (x, t) € Qg x (0, T] where u(x. 1) is defined by (3.4).
particular, if we put £ = 1 and ¢ = 0 in (3.3) then (3.3) reduces to the

“near heat equation

;—tu(x, 1) —AAu(x,t) = f(x,t,ulx, 1)

& has solution

u(x, ) = E{, )% f(x,t,u(x,?))

where E(x, 1) is defined by (2.5) with k = 1 and ¢ = 0. That is complete of

of O
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On the Green Function of the (<>B + m4)k Operator
Related to the Bessel-Helmholtz Operator and the
Bessel Klein-Gordon Operator
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Abstract

In this paper, we study the Green function of the operator (g +m*)* which
= tterated k-times and is defined by

2 Ptq 2 k
(OB + mh)k (ZB@> - Z Bg, | +m*| (0.1)

J=p+1

w here m is a positive real number and p+¢ = n is the dimension of R} and kis a
somnegative integer and By, = ;%2? + 27"‘61, , 20, =20+ 1, 05 > —%,:vi >0. At
&<t we study the Green function of the operator ($pg +m*)*, we have that such
. reen function related to the elementary solutions of the Bessel-Helmholtz

tor (Ap + m?)F iterated k—times and the Bessel Klein-Gordon operator
= —m?2)* iterated k—times. We also apply such a Green function to solve the
solution of the equation ($p+m*)Fu(z) = f(x) where f is a generalized function
s=d wlx) is an unknown function for z € R}.

" vweriss Green function, Bessel diamond operator, Helmholtz operator, Klein-Gordon

EPETSLLT

. Introduction

. " smaschai (1] first introduced the diamond operator ¢* iterated k—times, defined

r4 82 2 p+q 82 2 k
F=Ulmz) X ms

. 8(121;2 , 8:1:j2 ’

i=1 =p+1
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the equation {*u(z) = f(z), see [2], has been already studied and the convolution
u(z) = (—1)*RE (z) * R, * f(z) has been obtained as a solution of such an equation.
Later the equation (¢ + m*)*u(z) = f(z), see [3], has been studied and the convo-
lution u(z) = (W (u, m) x Wg(v,m)) *(s*¥)*~!(z) * f(z) has been obtained a solution
of such an equation. '
Furthermore, Hiiseyin Yildirim, Mzeki Sarikaya and Sermin Oztiirk [4] first intro-
duced the Bessel diamond operator % iterated k—times, defined by

k

p 2 ptq 2
0% = (ZBﬁ) - ZBI,) W

j=p+1

2 .
where By, = 25 + %5‘%, 2u; = 204 + 1,04 > —3,2; > 0. The operator {% can be

expressed by O% = A%DOk = 0FAY, where

Ak = (i B,,.) : (1.2)

and
P p+aq k
ok = [Z By, — Y B, (1.3)
i=1 J=p+1

The equation Q%u(z) = §(z), see([4], p.382), has been already studied and the convo-
lution u(z) = (—1)*Sy * Ry has been obtained as a solution of such an equation where
the function Sy; and Ry are defined by (2.1) and (2.2), respectively, with o = 8 = 2k.
In this work, we study the equation of the form

(O +m*)*G(z) = §(z).

We obtain the elementary solution G(z) = (Tox () * Wak(z)) * (C*F)*~1(z), where the
symbol %k denotes the convolution of itself k—times and the symbol % — 1 is an inverse
of the convolution algebra, Tox(z) is the elementary solution of the Bessel-Helmholtz
operator (Ap + m?)¥ iterated k—times, that is Tox(z) satisfy the equation

(&g +m?)fu(z) = §(z)

and Wy (z) is the elementary solution of the Bessel Klein-Gordon operator (Og +m?)*
iterated k—times, that is Wor(x) satisfy the equation

(05 +m*) u(z) = é(z)
and C(z) is defined by
Clz) = 8(z) — m*(Ta(z) + Wa(V) + 2m* (Ta(z) + Wa(V)) .
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* we apply such a Green function to obtain the solution of the equation
(05 +m*) u(z) = f(z).

zeneralized function.

liminaries

o 2.1 Let z = (24,22, .., %a), ¥ = (11,12,...,v,) € RF. For any complex
& we define the function S,(z) by
2n+2|ul—2aI‘(n+22lV|‘01)lmla—n—2]u|

Sa(x) n w—l 1
[Ty 27720 (w + 5)

(2.1)

w 2.2 Let £ = (21,%2,...,%a), v = (11, l0,...,vn) € RF, and denote by V =
~ =z -z, —22,,— - —axl, the nondegenerated quadratic form. Denote
v of the forward cone by 'y = {z € R} 1 2, > 0,2, > 0,...,2, > 0,V > 0}
won Ra(z) is defined by

B-—n—2{v
v

Rg(x) = KaB) (2.2)

2 2

7rn+22]u —1F (2+[i—n—2 u{) r (ﬂ) F(,B)
(

Kn{ﬁ) = ’
24 8—-p-—-2|v -
D () ()
= & complex number.
wm 2.3 Let 7 = (2,29,...,%n) € RY, For any complex number «, we define
| A (DT (E+r) ., o4y
T,,(:r) - TX——:; T'F (121) (m ) (_1) 2 Sa+2r(l'), (23)

= & complex number and S, y0,-(2) is defined in definition 2.1.
om 24 Let 2 = (34,79,...,%,), For any complex number 3, we define the

o 1yr 14,
Wa(z) = ( ligi EZI;_ )(m2)rRﬁ+2r($), (24)

r=0

x number and Rgyo.(z) is defined in definition 2.2.
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Lemma 2.1 Given the equation Aku(z) = 8(z) for x € R, where A% is defined by
(1.2). Then

u(z) = (=1)*Su(z)
where So(z) is defined by (2.1), with o = 2k.

Proof. See ([4], p.379). a

Lemma 2.2 Given the equation O%u(z) = §(x) for z € R}, where 0% is defined by
(1.3). Then

uw(z) = Rox(x)
where Rox(x) is defined by (2.2), with B = 2k

Proof. See ([4], p.379). a

Lemma 2.3 (The elementary solution of the Bessel-Helmholtz operator).
Given the equation (Ag + m?)fu(z) = §(z) for z € R, where Ap is defined by
(1.2) with k =1. Then

u(z) = Tok(x)
where Ty, (z) is defined by (2.3), with a = 2k.

Proof. At first, the following formula is valid ([5], p.3),

r(3er) =) () (D).

Equivalently,

):(—U%($+U“53+T—UF(@
_(*@(—E—U'“P%?+T—1ﬂr(g)

7!

pay%r(ﬂ+r

We have,

ke (o) - (F)r @)

Then, we obtain the function T, (z) is defined by Definition 2.3 become

T2) =Y (33) -8 Susanto). (25)

T
r=0

Putting o = n = 2k in (2.5), we have

@) = () 1S,

T
r=0

26



BUNPOG,KANANTHAI:GREEN FUNCTION FOR BESSEL-HELMHOLTZ
OPERATOR...

=mee the operator Ap is linearly continuous and has 1—1 mapping, then it has inverse,
Lemma 2.1 we obtain

T — 2 TS —k—r
wte) =3 () tmrste)

= (Ap +m?)7*§(z), (2.6)
waese (Ap + m?)7F is the inverse operator of the operator (A + m?)*. By applying

s operator (Ap + m?)* to both sides of (2.6), we obtain
(Ap +mA)FTu(z) = (Ap + mDF.(Ap + m?)~*5(x).

(Ap +m?)*Tor(z) = 6(z).
O

Lemma 2.4 (The elementary solution of the Bessel Klein-Gordon operator).
Ziwven the equation (Op + m?)*u(z) = §(z) for z € R}, where Op is defined by
withk =1. Then

u(z) = Wor(z)
where W (z) is defined by (2.4), with o = 2k.

Proof. The proof of lemma 2.4 is similar to the proof of Lemma 2.3. O

Lemma 2.5 Let Tor(z) and Waor(z) be defined by (2.8) and (2.4) respectively,where
= 2 = 2k. Then the convolution Tor(z) * Waor(x) exist and it is lie in S’, where &' is
wace of tempered distribution.

Proof. From (2.3) and (2.4) with o = § = 2k , we have
Tou(z) » (Z Ly (- 1>k+fsgk+2r<x>)
(=1yT(k+r)

’ <T= T (k) (m2)TR2k+2r(a:)>

o~ (CIPT(k+s) oy ()T (A+7) o,
=22 G ) gy )

(= 1) Saks2:(x) * Rayor(z).

Ms

o

r=0 s=0

*sevin Yildirim, Mzeki Sarikaya and Sermin Oztiirk ([4],p.380) has shown that Soxyo.(x)*

... = exists and is a tempered distribution. It follows that Tox(x) * Wok(x) exists
Wt w=o is a tempered distribution. ]
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Lemma 2.6 Let Tg(x) and Wy(x) be defined by (2.3) and (2.4) respectively, where o =
B =2. Then

[(&p +m?*)(Qp +m?) — m*(Ap + Op)] (Ty(z) * Wa(z)) = C(z), (2.7)
where C(z) = d(z) — m?(Ty(z) + Wa(z)) + 2m?* (Ta(z) * Wa(x))
Proof. We have
(&g +m?)(Op +m?) = m*(Ap + Op)] (Ta(z) * Wa(z)) =

(A5 +m?)(Op +m?) (Ta(z) ¥ Wa(z)) — m*(Ap + Op) (Ta(x) * Wa(z))] =
(&g +m®)Ta(z) * (Bp + m*)Wy(z) ~ m*(ApTa(z) * Wa(z) + Ta(z) * OpWa(x))] -

(2.8)
From Lemma 2.3 and Lemma 2.4, for £ = 1 we have
(Ap +m?)Ty(z) = 6(z) and (Op +m?)Wy(z) = 6(z),
respectively. Moreover, .
ApTs(z) = §(z) — m*Ty(x)
and
DpWs(z) = 8(x) — m*Wy(z),
thus(2.8) become
[(Ap + m2) (@p +m?) - m?*(Ap + Op)] (Ta(z) * Wa(z)) =
5(z) * &( :1:) m? [(o m*Ty(z)) * Wa(z) + Ta(z) * * (8(z) — m*Wy(z))] =
m? [Ws m*Ty(z) * Wa(z) + To(z) — 2T2 (z) * Wao(z)] =
5(16) (T2($) + Wa(z)) — 2m* (Ta(z) * Wa(z)) = C(a).
0
Lemma 2.7 Let S,(x) be the function, defined by (2.1). Then
Sa(z) * Sp(x) = Sarp(z),
where o and B are a positive even numbers.
Proof. See([4},p.380) 0

Lemma 2.8 Let Rg(z) be the function, defined by (2.2). Then

Rp(z) * Ra(z) = Rpsa(z),

where & and B are a positive even numbers.
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SuppRs(z) = K C T, where K is a compact set and T, is a closure of I', ap-
pears in Definition 2.2, then Rs(z) * Ra(z) exists and is well defined. To show that
Rj(z) * Ro(z) = Rpsa(z), by Lemma 2.2 O%u(z) = §(z) Then u(z) = Rox(z).

Now, Oku(z) = OL0% "u(z) = §(z) for r < k, then by Lemma 2.2 0% u(z) = Ry, (x).
Convolving both sides by Ry(x—r)(z) we obtain

Proof. Since Rg(z) and R,(z) are tempered distributions (see [4], p.380). Let

Rok—ry(z) * OF "u(z) = Ry(e—ry(z) * Ror(z)
ar,
O% " Ro(e—ry (2) * u(@) = Ro(k—r) (z) * Rar(2)

by Lemma 2.2 again, we have

§(z) * u(z) = Rok—ry(z) * Ror(z).

It follow that
u(z) = Ryp-ry(2) * Ror(2).

Since u(x) = Ror(x), thus
Ro(k-r)(2) * Ror(z) = Rax(x).

let 3 = 2(k —r) and a = 2r, actually § and « are positive even numbers. It follows
that Rs(z) * Ra(x) = Rgia(z) as required. O

3 Main Results

Theorem 3.1 Given the equation
(Op +m") G(z) = i(2) (3.1)

where (Op +m*)F is the operator iterated k-times defined by (0.1), & is the Dirac-delta
Sstribution, x = (21,%9,...,%n) € RY and k is a nonnegative integer. Then we obtain

S x) = Top() * War(z) * (C’*"(:z:))"—1 is a Green function for the operator ({g +m*)*
crated k-time where $p is defined by (1.1) with k = 1, m is a nonnegative real number

C(z) = §(z) — m*(Ta(z) + Wa(z)) + 2m* (Ta(z) * Wa(z)) (3.2)

“*%(z) denote the convolution of C it self k-time, (C’*"(m))*_l denote the inverse
©*%(1) in the convolution algebra. Moreover C(z) is a tempered distribution.
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Proof. Sine (Op +m*)* = ((Ap +m?)(0p +m?) —m*(Ap + Op))~.

[(Ap+m?)(Op +m?) —m*(Ap + Op)] -
[(Ap +m?)(@Qp +m?) —m¥(Lp +0p)] 7 Glz) = 6(z) (3.3)
From Lemma 2.5 we have T3(z) * Wy () exists and is a tempered distribution. Con-
volving both sides of the above equation by T(z) * Wj(z),we obtain
[(AB + m2)(DB + m2) - m2(AB + DB)] (TQ(.’E) * WQ(CD)) *
[(AB +m?)(0p +m?) —m?(Ap + DB)]’c~1 G(z) = (To(z) * Wa(z)) = 8(z)

by Lemma 2.6, we have
C(z) * [(AB +m?)(0p + m?) ~ m?(Ap + DB)]k_l G(z) = (Tz(z) * Wa(z)) * &(z).

Keeping on convolving both sides of the above equation by Ty(z) * Wa(z) up to k — 1
times, we have

C* () + G(z) = (Ta(z) * Wa(x))"™,

where *k denotes the convolution of itself k—times.
By Lemma 2.7, Lemma 2.8 and definitions of T,(z) and Wy(z), we have

(Ta(z) * Wa(2))™ = Tox(z) * War(2),

then
C‘k(.'E) * G(:E) = TQk(fE) * ng(.'E).

Now, consider the function C**(z), since §(z), To(z), Wa(z) and To(z) * Wa(z) are
lies in &’ where &’ is a space of tempered distribution, then C(z) € &', moreover
by ([6], p.152) we obtain C**(z) € &'. Since Toi(z) * War(z) € &', choose &' C Df
where DY, is the right-side distribution which is a subspace of D’ of distribution. Thus
Tor(z) + Waor(z) € Dp, it follow that Tor(z) * War(z) is an element of convolution
algebra, thus by ({7}, p.150-151), we have that the equation (2.8) has a unique solution

G(-’E) = TQ}C(:E) * W2k($) * (Ctk(x))t——l

where (C*k(z))*_l is an inverse of C** in the convolution algebra, G(z) is called the
Green function of the operator ({p +m*)*. Since Tor(z) * War(z) and (C""‘(:lc))*~l are

lies in &', then by ([6], p.152) again, we have Toi(z) * Wor(x) * (C"‘k(.’c))*_l € &'. Hence
G(z) is a tempered distribution. O
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Theorem 3.2 Given the equation

(05 +m*)*u(z) = f(z) (3.4)

where f is a given generalized function and u(z) is an unknown function, we obtain

w a unique solution of the equation (3.4) where G(z) is a Green function for ({p+m*)*.

Proof. Convolving both sides of (3.4) by G(z) where G(z) is a Green function for
= +m*)F in theorem 3.1, we obtain

G(z) * (05 +m*)*u(z) = G(z) * f(2)

(O5 +m*)*G(z) * u(z) = G(z) * f(2)
wwoplyving the Theorem 3.1,we have
§(z) *xu(z) = G(z) * f(z).

. u(z) = G(z) * f(z).

Sme Giz) is unique. Hence u(z) is a unique solution of the equation (3.4). a
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In this paper, we study the generalized wave equation of the form
32
o2
conditions
0
‘U(:L‘, 0) = f(z)’ B?u(a% 0) = g(z) H
Wt =R"x[0,00), R" is the n-dimensional Euclidean space, 0¥ is the
ic operator iterated k—times defined by

# 92 o2 8? 52 )k

u(z,t) + CZ(D)k‘u(x,t) =0

-

" (az-g TR e T wal, o, as2,,

= = ¢ i= a positive constant, k is a nonnegative integer, f and g are
s and absolutely integrable functions. We obtain u(z,t) as a solution
- - Maoreover, by e-approximation we also obtain the asymptotic
: \ = O(e ™*). In particularly, if we put n =1, k =2 and ¢ = 0,
¢ ecuces to the solution of the beam equation

82

ok
b—ﬁu(z, t) -+ 02&?'&(3}, t) = 0.

=t Classification: 35L05
zeneralized wave equation, beam equation, tempered distribu-

- u-& 12, 2009 © 2009 Academic Publications
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1. Introduction

It is well known that for the 1-dimensional wave equation
2

15} o?
—u(z,t) = c25;u(a:,t), (1)

we obtain u(z,t) = f(z + ct) + g(z ~ ct) as a solution of the equation, where f

and g are continuous. Also for the n-dimensional wave equation
2
@—u(m, t) 4+ 2 Au(z, t) =0, (2)

with the initial condition
0

’U,(:I:, O) = f(l‘) and '&u(w) O) = g(CC) )
where f and g are given continuous functions. By solving the Cauchy problem
for such equation, the Fourier transform has been applied and the solution is
given by
. ~ ., sin(27|g]) ¢t
(€, 1) = 7€) cos (2rlel t + 56 i
where |€]2 = €2+ €2 + - - + €2 (see [2, p. 177]). By using the inverse Fourier
transform, we obtain u(z,t) in the convolution form, that is

u(z,t) = f(z) « ¥y(z) + g(z) * y(z) 3)

where @, is an inverse Fourier transform of &(5) = Singﬁél)t and ¥, is an

inverse Fourier transform of W,(£) = cos (2r|¢]) t = —%6(@.
In this paper, we study the equation

2

gt—zu(a;, )+ 2 (O u(z,t) =0 (4)

with u(z,0) = f(z) and %u(w,O) = g(z), where c is a positive constant, & is a
nonnegative integer, f and g are continuous functions and absolutely integrable.
The equation (4) is motivated by the heat equation of the form

%u(z,t) =~ (O)* u(z, t)
(see [3], more general: [1]-[4]). We obtain
u(z,t) = f(z) * ¥y (z) + g(z) * B4() (5)

as a solution of (4) where ®; is an inverse Fourier transform of

sinc (\/ 52 — r2)kt
By(¢) = 2
¢ (\/52 - 7"2)
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~ k -
snd U, is an inverse Fourier transform of W;(§) = cosc ( 52— 7'2) t= g—t@t_(ﬁ)

sherer? = €24+ 24+ + §12, and s? = 512,“ + §12>+2 + -+ §g+q . Moreover,

“weput k =1 and ¢ = 0 in (4) then (5) reduces to the solution of the n—

mensional wave equation and also if K = 2,n =1 and ¢ = 0 in (4) then (5)
=iuces to the solution of beam equation.

We also study the asymptotic form of u(z,t) in (5) by using ¢ approx1mat10n
2 obtain u(z,t) = O(e~/*).

2. Preliminaries

"% shall need the following definitions.

Definition 1. Let f € Lj(R™)-the space of integrable function in R™. The
Fourier transform of f(z) is defined by

7O = Gy | @, ©

sere § = (61,62, ..., &n), ¢ = (21,22, .., Zn) €ERY, (§,2) = §177 +Ep2p 4+ -+
==, is the inner product in R" and dz = dz1dzs...dz,.

Also, the inverse of Fourier transform is defined by
1 i(¢,x) 7y
= : dz.
f(& CRE /Rne flz)dx (7

Lemma 2. Given the function

‘ P ptq
f@)=exp == D o+ > 2] |,
i=1 j=p+1
where (21,22,...,%0) ERY, ptg=n, dF 22 < Ep_p+1 7. Then
Qp Q Der@rest)
IRCEE Ay
I'(5%)
wiere T denotes the Gamma function. That is [p, f(z)dz is bounded.
Proof.
p p+g
f(z)dz = / exp | — —fo + Z z3| dx.
R o =1 j=p+l
_+ us transform to bipolar coordinates defined by
T1 =TWi1, T2 =TW2..., Tp =TwWp,
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dzy = rdwy, dzg =rdwo,..., dzp = rdwy,
and
Tp+l = SWpt1, Tpt2 = SWp42,«--, Tptq = SWpiq,
dzpy1 = sdwpy1, drpig = sdwpya, ..., dTpyq= sdwpyy,

wherew%+w§+...+wg =1 and wfﬂ_l +w12,+2+...+w12,+q = 1. Thus
f(z)dz = / exp [— Vs?— r2] P~ 1597 drdsdQ,dQy
Rn n

where dz = P19 1drdsd,dYy, d, and dQ, are the elements of surface
area on the unit sphere in RP and RY respectively,

N /R fla)da| < /R _exp [—\/32 — r2] P 1597 drdsdQydSY, .

By computing directly, we obtain

/ flz da:—QQ/ /exp —7'2] P~ 1597 drds |

onP/2 2r/2

where Qp = -—(57727 and Qq = 72— Thus

I/ flz)dz] < Q0 / / exp —r?] P15 1 grds.

Put r = ssin6, dr = scosfdf and 0<0 < 7,
o0 S -
l/ f(z)dz] < Qqu/ / eV 32—323’"20(ssin 0)P~ 159715 cos 0dfds
R7 o Jo

o0 S
= Qqu/ / ¢80 5P+a=1(5in )P~ cos Odfds.
o Jo

Put y = scos, ds = &

cos§?
|/ f(z)dz| Q,0 /ﬂﬂ/ )" L(sin )P~ cosede—d———
R™ (z)dz P cose sin cos f

/2
Qqu/ / e Yy (cos §) 7" (sin 0)P~1dydd
0 0

IA

/2

— 0,0.0(n) / (cos 0)~"(sin 0)P~1d0
0
B

- Bl (2,257),
0,0, TN (32)
[ fae < P
That is [, f(z)dz is bounded. a
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3. Main Results

Theorem 3. Given the equation
2

;211(:3 ) + & (@ u(z,t) =0 (8)

= initial conditions

0
u(z,0) = f(z) and u(z,0) = g(z), )
-u(zx,t) € R*x[0,c0), OF is the ultra-hyperbolic operator iterated k—times,

= positive constant, k is a nonnegative integer, f and g are continuous func-
s and absolutely integrable for z € R™. Then (8) has a unique solution

u(z,t) = f(z) * ¥ (2) + 9(z) * Bi(z) (10)
satisfy the condition (9), where ®; is an inverse Fourier transform of
k
N sinc(\/sz —r2) t
q)t(g) = %
c (\/32 - 7'2)

¥, is an inverse Fourier transform of

T (€) = cose (\/ s? — 7'2) t= —<I>(§) ,
er=+&+ -+ ¢ and ? =§§+1+§p+2+ &g -

FProof. By applying the Fourier transform defined by (6) to (8) and obtain

%G(-f.f)ﬂ:? {"‘E%‘&%* ""‘5;2;‘*‘612;4-1 +§§+z+“-+€§+q)kﬂ(€,t) =0,

ag p+q k
() + ( Z&, + > @) (e, t) =

J=p+1

=t 2> 7. Thus we have
92 ko
8t2u(§ t)+c ( ) u(g,t) =0

ulét) = A(&)cosc(\/s2—-r2)kt+B(§)sinc(\/‘92—r2)kt.
" 9. 8(6,0) = AQ) = F©)
guls,t) = —c( 32—r2>kA(§)sinc< 32—r2)k.t
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0 _ 04e(Ve=r) BE) - a6,
9

ot ©
_ 3
B(&) - c( 82_7‘2)]0)
ﬂ(f,t):f(f)cosc( 32——1‘2)kt+(—”;£§—)—2~fsinc(\/52——r2)kt. (11)

By applying the inverse Fourier transform (11), we obtain the solution
u(z,t) in the convolution form of (8). Now we need to show the existence
of ®,(z) and V().

Let us consider the Fourier transform
k
- sinc (\/ §2 — 1‘2) t k
O(z) = +— and ¥y(z) = cosc( 82 — 7‘2) t.
c (\/ 52 — 7‘2) '

They are all tempered distributions but they are not L;(R"™) the space of
integrable function. So we cannot compute the inverse Fourier transform ®(x)
and ¥4(z) directly. Thus we compute the inverse ®;(z) and ¥;(z) by using the
method of e—approximation.

Let us define

xSinc (\/32 —r2) t

k
c( 32—7"2)

for €>0. (12)

5?(5) = e_ec(‘/m)k@(g) — o—cc(Vs?=r?)

We see that ¢¢(z) € L1 (R™) and ¢¢(z) — ¢y(x) uniformly as e — 0. So that
¢¢(z) will be limit in the topology of tempered distribution of ¢§(z). Now

%) = o LSOO

k
Lsinc (\/32 - 7‘2> t

c ( 82 — r2)k
—ec(VsT—r%)"
(27r1)"/2 -/IR" :(W)kdg . (13)

— 1 / ei(&,m)e—ec(\/si—ﬂ) de¢

(27(')"/2

|23 (2)|

IA
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By changing to bipolar coordinates. Now, put
&1=rwy, &2 =TW, ..., 5 =TWy

and Ept1 = SWpi1,Epta = SWpi2,--.,&p = SWptq, P+ G =1,
B o2 | 2 . 2 _ 2 2 can?
serewjtwit+-ctwp=land wy Fwy it twp =1

1 / e—eo(VsT=12)"

|®5(z)] < P19 drdsdQ,dQ,,
‘ (2m)"/2 Jn (m)‘ o
where df = rP~ 1577 drdsdQ,dQy, dS), and dSQ, are the elements of surface area
of the unit sphere in R?P and R¢? respectlvely, where Qp = 13(’:’//22), Q, = 126;//22) ,
—CC 3 bt 1
wors 2 [
V-2 r2
Sut r=ssind,dr = scosfdf and 0 < 4 < 7
——ec 52—52 sm20 g
ix) < 27r)n/2 / / Ny 7 (ssin 6)P~1s97 15 cos Odfds,
— s%sin 9

71'/2 —ec(s cos 9)k

= p—1,9-1
27r)n/2/ / scos&) ———————(s)P " 5% 1s(sin )P~ cos Odbds.

Pty — (scosﬂ) =¢ecsFcosk 0, s* = - ds = _‘li — 39Y thus
cks ecos® @

cecosk 67 ky !
- 0.0 T/2 00 o—ygn— 1
¥ < S / / 6 0 dydo
Hz)| < c(27r)"/2 e (sin )P~ cos p” yd

_y€ n/k
ce cosk 9) (sin )P~ cos Odydh

w/2 poo
= 27‘(’ n/2 / /

©/2 —yyn/k 2
- (2 )"/2/ / ok pen/k— 1(51119)”'1 (cos )" dydf
v en

2,9, F( 1)

w/2
= o1 n
(QW)"/ 2 kek—Llen/k /0 (sin@)P~" (cos )" " dO

- cn/k(Qﬂ-)n/Zken/k IF (k - 1) ﬁ (5) 9 ) y
Q0 rE-9re
M Ly ey

M
)
=

A
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— K k
Similarly, we defined ¥§(¢§) = e (V)" cos e (\/ s2 — 1'2) t and

€ 1 i(€,2) T ¢
\Ilt(x) = (271’)"’/2 \/]R'"- e (E, )\Ilt(g)dg
' ) k
— (2 ;n/2 / et(frz)e—ec(\/sz—rz)k COSC( s2 — .,.2) tde¢
s n
€ 1 —ec(VEZ=r2 k
|\I’t(flt)| < W/ne ( 8 ) d¢

Put r = ssinf, dr = scos8df and 0 S 0<%

Q.Q o p/2 %
¥i(z)| < o p)njz / / e~ec(5080)" (55in §)P~15971 s cos Odfds
s

QpQy /2 —ec(scos@)k p+q-1
( /2 / / s (sin@)P~ L cos0dods .
Put y = ec(scos 0)¥, ds = s—uky,

. w2 poo —y Y n/k p—1
|Pi(z)] < W/ / cecos"@) (sin 8)P~" cos Odydf

Q,Q T[2 oo o=y, mn/k—1 ~ »
B Zvr):/?/ / cn/i nrr (S O) 1(cose)1 dydo

Q,Q n /2 . ~ .
(27T)n/21]:;c:/k6n/kr‘ (E) /) (sin 6P 1 (cos 9)1 o,
%0 _ DEHTET ()

<
= 2(27r)n/2kc"/k6"/k r (2__241)

EHC)]

Set

ut(z,t) = f(z) » Ui(z) + g(2) » () (14)
which is e—approximation of u(z,t) in (14) for € — 0, uf(z,t) — u(z,t) uni-
formly. Now

u(z,t) = /l;" F(r)¥i(z —r)dr +/1Rn 9(r)®i(z — r)dr.
Thus
w@ol < Wil [ 1ol +1eie -l [ gt
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20, TE)CETE?)

(27r)"/2kc'”/k6"/k" r (2_;_(1)
+ Qqu F(%—I)I‘(g)F(zg—")N
(27r)n/2kcn/k€n/k—1 T 2__2__(1) )
nfky € QPQQ r (%) r (122) r (_2_5_17,)
e uf(z, 1) < 2(2m )M 2kl - (2_53 M
+ Qp82qe F(%" F(%)F(zg—n)N
2(27r)"/2kc"/k r 2__2) ’

3
waere :‘.f' = [in|f(r)ldr and N = [ |g(r)|dr, since f and g are absolutely

%, T(F)T(E)T(332)
2 ke (451)

ijt%e”/k]u‘(w,t)l < = K.

= Slows that u(z,t) = O (e“"/k) forn#k ase— 0.
In particular, if we put ¥ = 2,n = 1 and ¢ = 0 then (8) reduces to the

wwtion of the beam equation, see [1, p. 47]
0? a*
wu(w, t) + 025?11(:1:,1‘) =0,
%" the initial conditions
0
u(@,0) = f(z) and Zu(z,0) = g(z),
wwoe [ and g are continuous and absolutely integrable for z € R™®. Thus we

wam wir, i) = O(e"1/?) which is a solution of such beam equation.
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Abstract

In this paper, we study the generalized wave equation of the form
a? 200k
—~2—u(x, H-c(OYulx,t)=0
ot

with the initial conditions

u(x 0) = f6), Sulx, 0) = £(0),

where u(x, f) € R" x [0, «), R” is the n-dimensional Euclidean space,

o is the Diamond operator iterated k-times defined by

5k
{52
3 ,
1=p+i OF)

© can be written as the producl of the operators in the form ¢ = AQJ

Icn

+-(54]

Q’

2
i

n
= A, where A= Z

i=10x,

P
is the Laplacian and 2"6'7
)

ax? .
i i=1 &,

5 Simtmatics Subject Classification: Kindly provide.

M'ﬂd phrases: biharmonic wave equation, Diamond operator, tempered distribution.
4
Becsived March 27, 2009

43



- WANCHAK SATSANIT and AMNUAY KANANTHAI

Pty A2
[2] . . . .
- Z —5 s the ultra-hyperbolic. p+ g = n, ¢ is a positive constant,
jEpet 01

k is a nonnegative integer, f and g are continuous and absolutely integrable
functions. We obtain u(x. t) as a solution for such equation. Moreover,

by e-approximation we also obtain the asymptotic solution w(x, )

= O(e™"/*). In particularly, if we put n=1, k=2 and p=0, the
u(x, t) reduces to the solution of the biharmonic wave equation
2

g—iu(x, 1+ (A ulx, 1)y = 0.
it

1. Introduction

It is well known that for the 1-dimensional wave equation
82 2 32
“—u(x, 1) =c* —=u(x, 1), (1.1)
o ax? ’

we obtain u(x, {) = f(x + ct) + g(x — et) as a solution of the equation where f and

g are continuous.
Also for the n-dimensional wave equation

(—7\2

Ez—u(x, D+ c?Aulx, 1) =0, (1.2)

with the initial condition
0
u(x, 0) = f(x) and Eu(x, 0) = g(x),

where f and g-are given continuous functions. By solving the Cauchy problem for
such equation, the Fourier transform has been applied and the solution is given by

(g, 1) = f(E)cos(2n] & )t + g(é)fin_gt]qé—gl‘ﬂ’

where r2 =§,2 +§% +---+§?,',, 52 =§§,+, +§§,+2 +-~-+§f,+q (see {1, p. 177)).

By using the inverse Fourier transform, we obtain u(x, ¢) in the convolution form,
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that is,

u(x, 1) = f(x) * ¥, (x) + g(x) * @ (x), (1.3)

. . - sin(2 t .
where @, is an inverse Fourier transform of ®, (&) = _M and ¥, is an

2] & |

inverse Fourier transform of ‘i’, (&) = cos(2n| & |}t = % b(E).

In 1996, Kananthai [2] introduced the Diamond operator ¢ defined by

2 2
p 32 p+q 82
0= —1 - —|, ptg=n
(Zi 6x,»2] (j:zpﬂ 6x§
or ¢ can be written as the product of the operators in the form ¢ = A = OJA

n 62 14
where A = Z—z- is the Laplacian and [0 = Z
i

i=1

o2 P4 52
— - —5 i the ultra-
TG S axJ

hyperbolic. The Fourier transform of the Diamond operator has also been studied
znd the elementary solution of such operator, see [3]. Next, G. Sritantana, A.

Kaznanthai study the equation

0? 2 k
— ulx, )+ c“ (=AY u(x, )=0
ot

see [7, pp. 23-29], where

k
v | % 8? 3? 92 0? 32
A = ——2+ 2+"'+—2+ > + 3 + o+ 3 .
ox{  ox) oy Oxpyy Mpes Nprg

Next, W. Satsanit, A. Kananthai study the equation

2
E—u(x, )+ 2@ u(x, 1) =0
ar?
see [6], where
2 2 2 2 2 2 Y
O P LS
ot a3 &% Oxh,y ki, o,

we obtain the solution related to the beam equation.
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In this paper, we study the equation

2
:‘96_2 u(x, 1)+ 2 (@) ux, 1) = 0 (1.4)
t

with u(x, 0) = f(x) and 8/df u(x, 0) = g(x), where c is a positive constant, £ is a
nonnegative integer, /'and g are continuous functions and absolutely integrable. The
equation (1.4) is motivated by the heat equation of the form

% w(x, 1) = ~c2 (0 ulx, 1)
(see [4, 1-4]). We obtain
ulx, 1) = f(x)* ¥, (x) + g(x) * D, (x) (1.5)

as a solution of (1.4), where @, is an inverse Fourier transform of Ci>,(E_,)

Csine(Wst -7

SRAYS Z7 7% and W, is an inverse Fourier transform of ‘P
c(m)k s I(E.v)

:COSC(“54—"4)A”=§&’/(§), where 72 =§|2+§%+-~-+€_,f, and 52 :E_,%H

+E_,§,+2 + ---+E_,§,+q_ Moreover, if we put £k =2 and p =0 in (1.4), then (1.5)
reduces to the solution of the n-dimensional biharmonic wave equation and also if
k=1 n=1 and p=0 in (1.4), then (1.5) reduces to the solution of beam
equation. .

We also study the asymptotic form of u(x, ) in (1.5) by using €-approximation

and obtain u(x, ¢) = 0(8—11/2,&).

2. Preliminaries
We shall need the following definitions

Definition 2.1. Let f e L;(R") the space of integrable function in R”. The
Fourier transform of f(x) is defined by

i

f(é) = (21!)"/2

Im" &%) r(x)dx, @.1)

46



Z.x, is the inner product in R” and dx = dx;dx, - dx,,.

Also, the inverse of Fourier transform is defined by

-1 i€, 7
f(a)-ije Fx)as

Lemma 2.1. Given the function

2 2 ptg )2
f(x) = exp| - —[Zx,zJ +[ fo] ,

i=1 J=p+l

p p+q
2
where (x, X, s xn)eR",p+q=n,Zx,»2 < ij" Then
i=1 J=p+l

o, (HEN)
A

wiwre [ denotes the Gamma function. That is, J.R” F(x)dx is bounded.

<

‘ [, 7

FProof. First note that

[scon o ($2] o 1] |

i=l j=p+l

_we transform to bipolar coordinates defined by

x| =rop, XxXp =rwj, ., xp =ru)p,

dx) = rdwy, dx; = rdo,, .., dx, = rdw,
Xpal SSOpils Xpip) = SO0pi2s 0 Xprg = SO p. 0,
p P P p p
dip, =5d0,,, dipiy =5d0pe0, . dip,, = sdo

DIAMOND OPERATOR RELATED TO BIHARMONIC EQUATION

pig>

where & = (81,82, o &p)s X = (xpy X2, o X)) € R (G, X) = E1x) +Epxp + o+

(2.2)

47
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where E.v = (él’ éZv .oy én)y x = (X], X2 ey xn) € Rn’ (é- x) = Eﬂxl + §2x2 +oee

Z_x,. is the inner product in R” and dx = dxdxs - dx,,.

Also, the inverse of Fourier transform is defined by

1
(21‘[)"/2

GE [, 7w

Lemma 2.1. Given the function

4 2 p+q 2
(x) = exp| - —[Zx?] +[2x-} ,

J=p+l

~

p ptq
,
where (17, Xg, o X)) € R prg=n, D x} < D x7. Then
p JEpe)

o, M)
CE

wiwere T denotes the Gamma function. That is, JR,, S(x)dx is bounded.

] [, s

Proof. First note that

e e 5 {87

dx.
i=1 J=p+1
~ ow_we transform to bipolar coordinates defined by
X| = r@y,  Xp =r®g, .., xp=ru)p,
dx = rdw, dxy =rdo,, .., dx, =rdo,
Xp+1=5(1)p+1, xp+2 =.Y(,0p+2,..., xp+q:smp+q,
Aepy) =SAdD ey, AXpyp = SAD py2s ey Bpig =5dwp, g,

(2.2)
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where co,2 +(o% + --~+wf, =1 and wim +wf,+2 + 02

prg =1

Thus

jm" F(x)dx = J‘W expl=Vs* - r* 17759 drdsd2 2,

where dx = rp_‘sq~]drd9dequ, de and qu are the elements of surface area

on the unit sphere in R” and RY, respectively.

< j expl-Vs* - r? ]rp_lsq_ldrdsdequ.
IR" .

By a direct computation, we obtain

D 5
S)de = Q,0, j exp[- Vs* = r4 1P s  drds,
R" 7)o Jo

P2 24/2
where Q, and Q
TR T /2)
‘j f(x)ax <QquJ. j expl- Vs* = r* 1P s drds.
Put 72 = 52 sin 0, 2rdr = s2cos0a0 and 0 <9 < % to have
l j "f(x)dx Q0 rj Vst sin? sP~ 2(sme) 2 sq+l cos 0d9ds
R

¥ _scos® _pig-l P2
g% “OVsPY97(sinB) 2 cos Bdbds.

dy
2scos 6’

n=2
Q,Q, 2 = p=2 4
< °P%q J. —y( Y 2 y
<= X |0 L vy (sin®) 2 cos 640 osB

/2

to have

Put y = s cos 0, ds =

for

ey (cose) 2 (sm 6) 2 dya9
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Q.0 /2 2-n p-2
- el r(g) J‘ (cos6) 2 (sin 8) 7 40
0

_Qqur(g) P 4—n)
T8 2)\ 4’ 4

Therefore,

Thus it follows that J.R” f(x)dx is bounded.

3. Main Results

Theorem 3.1. Given the equation

2
—‘3—2 ulx, 1)+ 20 u(x, 1) = 0 (3.1
ot
with initial conditions
u(x, 0) = f(x) and —gu(x, 0) = g(x), (3.2)

where u(x, t) e R” x [0, »), o* is the Diamond operator iterated k-times, ¢ is a
nasitive constant, k is a nonnegative integer, f and g are continuous functions and
absolutely integrable for x & R”. Then (3.1) has a unique solution

ulx, 1) = f(x)* ¥y (x) + g(x) * D, (x) (3.3)

and satisfies the condition (3.2) where @, is the inverse Fourier transform of

sine(Vs? = rh)¥y
C( '54 _ 1‘4 )k

and W, is the inverse Fourier transform of

‘i)l(é) =

,(6) = cose(ls* =)t = 2 ),

p 2 2 2 2 2 2 2 2
withr® =8 +85+-~+8  and s" =8 +Ep 0+ + 80,
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Proof. By applying the Fourier transform defined by (2.1) to (3.1), we obtain

62 A , ptq
i 0+’ - Z Zg g, 1) =0

i= J=p+]

Let s > r. Thus
i« 204 _ 4\k~ _
7 A€, O +c (" =r)aE, N=0
A, 1) = AE)cos c(Vst = rd Y1+ BE)sine(Vs® - rH )L
By (3.2), 4(§, 0) = 4(8) = (%),
P - st A@)sines Y
+ (Vs = r Y BE)cos c(Wst — rh)F e,
O _ g v o5t =4V 8E) = 200),

gE)
(st =)

u(t, 1) = f(é) cosc(Vs* —r*Yr+ c(\/jié—)—) sine(Ws* —rH ) (3.4)

By applying the inverse Fourier transform (3.4), we obtain the solution u(x, )

B(E) =

in the convolution form of (3.1). Now, we need to show the existence of ®,(x) and

¥, (x). Consider the Fourier transforms

e o
D, ( y=SineQVs Zr VL g w, (x)=cose (Vs —r* ) u.
X c(m)k n X [4 A

These are all tempered distributions not lying in the space L;(R”) of integrable

functions. So we cannot compute the inverse Fourier transforms @,(x) and ¥, (x)
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Sirectly. Thus we compute the inverse ®,(x) and ¥,(x) by using the method of

s-approximation.

Define

\} { )_e—sc(\/s -r —Ec(\)s —-r )k Smc(VS —r ) 4

V6@ =
( c(Vst -yt

for € >0. (3.9)

We see that ¢f (x) e L;(R") and ¢; (x) —)&(x) uniformly as € — 0. So that

#.(x) will be limit in the topology of tempered distribution of ¢} (x). Now

- 1 J' 1(§ x) —ee(Vstortyk sin C(“ —-r ) ’dé,
(27I)n/2 n C( ' )
'(DS( ){ —ac(‘ls —r )k

o )"/2 J;" 5 £, (3.6)

B changing to bipolar coordinates and putting

Ey=rw, &y =rwy, .., Ep= g,

Epil = SWpy, Epsa = SWpy2y e Ep =SWp 0o pHq=n,

2 2 .
where w; + w% +o w,z, =1 and wf,ﬂ + wfﬁz +oet wf”q =1, we obtain
o Ee Vs4—r4)k

| @F(x) | =< )"/2 J' r”—]sq‘la’rdsa’deQq,

R o5t —rt )t

shere df = r”"ls"_ldrdsta’Qq, dQ, and dQ, are the elements of surface area

ZTt)p/z

T(p/2)”

= the unit spheres in R” and RY, respectively, with Q, =

-

]

g _.}

. Now,
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—ec(\} st )k
€ -1.g-1
[ (x)| < (2 )n/Z Jm J' Ty PPlea-lg, o

Putting r? = 5% sin 0, 2rdr = 52 cos8d9 and 0<O S%, we get

_w(my‘
@7
| d7(x) | < 22m )n/2 r.{ c(f—s sin~ 9)

p—2
(sin®) 7 sP*97! cos Oddds

/2 , —fc(x cose) pig-l p-2
_ ZC(zﬂ)"/z J. J. o cose) L (sin8) 2~ cos 0d0ds.
Putting y = ec(s? cos 0)F = ecs? cost 0, 2k = —y—k—, ds = ﬂ, it follows
cecos 0 y
that
/2 e~V sh-l
oM J. r sin 9 2 cos 8- dydf
| ®it)] < 4(2)"/2 STy €07 wos0
-"/2 -y n/?.k
T )"/2 J J: e E( e) (5in 0”2/ cos b0
n ce cos®
Qqu /2 -y n/2/¢ 2 ] p=2 - 2-n
=WJ. r n/"kkgn/"k ‘(sme) 2 (cos©) 2 dydd
MN—-1
Q,Q ( ) /2 p-2 2-n
- e (K (5in )3 (cos0) 7 a®
aeny?
ke 2k n/2'k
_ Q,0Q, F(L—l)ﬁﬂ 4-n
86'”/2k (2%)"/2 k‘an/2k—| 2k 4> 4 )
and

0,0, e ()

| 7 ()] < g2k (27[),1/2 121 1_(4 - q)
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—~ N
Similarly, we define W& (£) =e %0 =) cosc(Vs* =¥ )* ¢ and

eooy_ | iE, X) e
G [one® 0% @)

. J. ¢! (&:0) g =ee st-rtyf cosc(Vst = 1 )ktdé,
R"

- (21!)n/2
€ I —&C .\'4—"4 k
RCIEer [t a
(2 ),L/z EL -ﬁc(*ls -r ) PP 1sq 1d7ds
i

. . T .
Putting rl=s2sin 0, 2rdr = 52 cos Bdb and 0 < OSE, we obtain

P —sc(s cose) prq—i
| Prx) | < 2on )n/2 J‘ I (sin 9) 7S cos 0d9ds

= 2(2n)n/2

Next, putting y = ec(s? cos 0)F, ds = s %, we have

11:/2 e -y n/2k p
i € . £ _=
Yi(x)|= k(2 )n/2 J. ' (cecos 6] (sin9) 2 cos Odydd

Q.0 x/2 ~y . nf2k=-1
= £ 4 J. rf—y—(sm 0) 2 (cos 9) dyaB
0

4k(2n)"/2 o2k gnf2k
Q,.Q
= P"q
= 4(27[)n/2/(0n/2k8n/2k r(2k)J. (Sln e) 2 (COS e) 2 dG
)
Q,0 AL :
e < P oq .
| ! (x) ‘ 8(21‘[)"/2/(6"/2/(3"/2/‘ r(4 ; q)

J‘” J'“ ¢meels? 0 D1 (g3 010212 (0 d0ds
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Set
ut(x, 1) = f(x) % i (x) + g(x) » ©f (x) (3.7

which is an e-approximation of u(x, f) in (3.7). For € — 0, u®(x, ) — u(x, t)

uniformly. Now

ut(x, 1) = J.IR" S (x = r)dr + J.R" g(r) @i (x = r)dr.

Thus

| (x, )] < \Pf(x—r)|J.R"|f(r)|dr +| ®f(x—r)|IR"|g(r)|dr

0,0, T (a5

< 8y ke BTk r(4_q)
4
n V4 2—-n
o oae, Tl
S(Zn)n/z kcn/2k8n/2k—l l_(4 — q) ’
4
)7
Q,0 2% ) 4 4
1K) 4 (x, 1) | < P °q M
| uf(x, 0| 8(2n)" 2 ke T2k r(4—4-q)
hn o P 4—-n
+ QpQge F(Zk 1)1“(4)1“( 4 )N
8(27T)n/2 kcn/2k F(4 ; q) >

where M = I A () |dr and N = J. | g(r)|dr. Since f and g are absolutely
R RrR:

integrable,

)£+
Q,Q 2k) \ 4 4
. nf2k) e P-‘q

=K.
4

It follows that u(x, 1) = O(e”"/Zk) for n# k as € — 0.




DIAMOND OPERATOR RELATED TO BIHARMONIC EQUATION

In particular, if we put k=2, n=1 and p =0, then (3.1) reduces to the

solution of the beam equation, see {5, p. 47],
0
u(x, 0)= £() and  £-u(x, 0) = g(x),

where fand g are continuous and absolutely integrable for x € R”.

Thus we obtain u(x, t) = 0(5—1/4) which is a solution of such a biharmonic

wave equation.
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The Operator ® and Its Spectrum
Related to Heat Equation
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Abstract

In this paper, we study the equation
0
pn u(z,t) + @ u(z,t) =0

with the initial condition
u(z,0) = f(z)

for r € R™-the n-dimensional Euclidean space. The operator

3 3

i=pt1

(s £8)[E

2

5 .
a P 62 ) rtq 82 ) rie
+ — =+
2
=1 K F=p+1 J az" ) (i:l 82:12 j=p+1 a:E? j=pt+l

3 1
= = -3
4<>A+4
where

? H? 0?

A = %—?_‘_a—xg_'_”'_'_@

o = _ai+22_+...+ﬁ__£f___6_2____. . o

- 0% 012 or2  0ri,, Oxi, o2,
¢ = (22_+_6i+__+62 (2 + s + +.a2 2
. - \0z} O} 0x? dz2,, 0, oz,

p+ g = n is the dimension of the Euclidean space R, u(z,t) is an unknown functs
for (z,t) = (z1,23,..., %, t) € R x (0,00), f(z) is the given generalized function
¢ is a positive constant.
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On the suitable conditions for f and wu, we obtain the uniqueness solution of such
equation. Moreover, if we put ¢ = 0 we obtain the solution of heat equation

g—tu(z,t) + AEA%(z,t) = 0.

Key Words: Fourier transform, Tempered distribution, Diamond operator.

1 Introduction

It is well known that for the heat equation

gt—u(x,t) = FAu(z, 1) : (1.1)

with the initial condition
u(z,0) = f(z)
where A = zn:—?i is the Laplace operator and (z,t) = (z1,%2,...,Zn,t) € R® x
=1 Oz}

(0, 00), we obtain

u(et) = g [ oe (~E ) sday (12)

as the solution of (1.1).
Now, (1.2) can be written u(z,t) = E(z,t) * f(z) where

2
E(z,t) = @—717);/—28)(}') (—%) . (1.3)

E(z,t) is called the heat kernel, where |z|? = 22 + 22 +--- + 22 and t > 0, see [ 1,
p208-209). :
In 1996, A. Kananthai [2] has introduced the Diamond operator {» defined by

P 32 2 Fiax's 62 2
o-(E) - (£5) e
i= j=p+1 I

or { can be written as the product of the operators in the form = AQ = OA where
P 2 g
7}

A= ; 36;?_ is the Laplacian and O = ;1 30 .§, 5{% is the ultra-hyperbolic. The

i
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Fourior transform of the Diamond operator also has been studied and the elementary
solution of such operator, see [3].
Next, K. Nonlaopon and A. Kananthai (see [5]) study the equation

% u(z,t) = *Du(z, 1)
Now, the purpose of this work is to study the equation
0 2 "
Ezu(w,t)-l—c ®u(z,t) =0 (1.4

with the initial condition
u(z,0) = f(z)

for z € R™-the n-dimensional Euclidean space. The operator
P 3 P+q 3
i o
o= () - (£4)

=p+1
2
P62 pt+aq 52 Paz P.62 ptq 52 P+?C--P~

=1 t j=p+1 =

Il

]
= O(A? - Z(A +0).(A —0))
3 1
= oAn+208
4<> + 4
P+ q = n is the dimension of the Euclidean space R”, u(z,?) is an unknown functios
for (z,t) = (z1,Z2,. .., Zn, t) € R* X (0,00), f(z) is the given generalized function and
¢ is a positive constant. We obtain u(z,t) = E(z,t) * f(z) as a solution of (1.4), where

Ez,t) = — (e (32 ) |as s
(z,t)—@—w)—,;/nexpc >d) - _;lfj triE,n)|de. (15

and Q C R” is the spectrum of E(z,t) for any fixed ¢t > 0. The function E(z,1) is the
elementary solution of (1.5).

All properties of E(z,t) will be studied in details.

Now, if we put ¢ = 0 in (1.4), then (1.4) reduces to the equation

—%u(ax,t) +EN3u(z,t) =0

which is related to the heat equation.
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2 Preliminaries

Definition 2.1 Let f(z) € L;(IR™)-the space of integrable function in R*. The Fourier
transform of f(z) is defined by

F(©) = gy | 2 1 (e e (21)

where € = (617&27 e 7€n) a‘nd T = ($17I27 .- ,IEn) € Rna (gyz) = €1I1+€2I2+' ° '+€nzn
and dz = dz,dz,...dz,
Also, the inverse of Fourier transform is defined by

1) = gy [ P T©de (22)

If f is a distribution with compact supports by [6], Theorem 7.4-3, p.187 Eq.(2.1) can
be written as

(6) = gy (F@e9). (23)

Definition 2.2 The spectrum of the kernel E(z,t) of (1.5) is the bounded support of
the Fourier transform E(¢,t) for any fixed ¢t > 0.

Definition 2.3 Let £ = (&, &2, . -.,&,) be a point in R™ and denote by

Fo={6eR:&+&+.. . +£-8, —&—...—€&,,>0 and & >0}

the set of an interior of the forward cone, and T, denotes the closure of I, .
Let 2 be spectrum of E(z,t) defined by definition 2.2 foreany fixed ¢ > 0-and
2 cT,. Let E(¢,t) be the Fourier transform of E(z,t) and define

BED) - Gy €XP [c2 ((;ﬁ,) (,;16 ) ) t:l for{ely, 2.4

0 for£¢T,.

Lemma 2.1 (The Fourier transform of ®4)

=D°

Fos= (@m)/2 [(fﬂszJr +&) - (& 1+512>+2"---+§2:+q)3]
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where F is the Fourier transform defined by Eq.(2.1) and if the norm of £ is given by
lell = (& + & +... + €)Y then
78] < el
- (271-)71/2

that is F® is bounded and continuous on the space S’ of the tempered distribution
Moreover, by Eq.(2.2)

1
@5 = b [ G+ - Gt G+ 6]
Proof. By Eq. (2.3)

rer = %)m (@8,e76)

(27r)n/2 (8, @)

- (e o))

1 itz 1 1 3 ia
— o )'n./2 <5’Z<>A-e (€ )>+ ) <5,ZD o€ )> .
! 31| () (& 2) i) |
= Gy (G [ Xd) - (X g ( 1) Z&
i=1 j=p+1 |'
ool 0l
aned}
1 = 2
N q+1 =
1 1 3 ? 2 = 2 ]
+W (4—1(—1) [(Z€z> - Z EJ) )
=1 =p+1 _ .
Pty 3
= 2 é‘t £J2
(2”)"/ [(Z ) (gﬂ )]

o 1 (GRRRRNR S CRET- FERNEY- B §
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Now,

1 |
F@dl = | e+ ) - (at ot )]

@+ +) '+ (E+.. +) (.. 182

<

1

< Gl

where |€]| = (2 + 2+ ... +&)'2 €(i=1,2,...,n) € R. Hence we obtain F ®§ is
bounded and continuous on the space &’ of the tempered distribution.

Since F is 1 — 1 transformation from the space &' of the tempered distribution to
the real space R, then by Eq.(2.2)

1
@ =F o [+ 8+ +6)° (G + Gt +840)°]
That completes the proof.

Lemma 2.2 Given the operator

3 3 :
6 . ( P 62 ) ptq 62 )
L=—+4c¢ —_1 = — (2.5)
at [ £~ 0z} Kl ox?
where s
P rtq '
& ) ) 3 1
- —OA + —D37
<; Oz} —%1 Oz} 4 4

p+ g = n is the dimension of R*, (z,t) = (21,22,...,Zn,t) € R™ x (0,00), and c is a

positive constant. Then we obtain

\ 1 ptg 3
B(st) = e f exp | & (Z&z) Z&?) t+i(6,z){ d6.  (26)
=

p+q
as a elementary solution of (2.5), where Z {2 > Z{z
j=p+1 i=1

Proof. Let
LE(z,t) = §(z,t),
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where E(z,t) is the elementary solution of operator L and 6 s the Dirac-delta dist::
bution. Thus

o ) & B
S B 1) + ¢ [(ﬁ ) Z )} (z,t) = 8(z)8(2).

Take the Fourier transform defined by (2.1) to both sides of the equation, we obtair.

-(%E@ —c {(; &2) Z §) j! E(¢,1) (27T1)ﬂ/25( )-

j=p+1

i P 3 Ptq 3\
o {5 (29)

j=p+1

Thus

where H(t) is the Heaviside function. Since H(t) = 1 for t > 0. Therefore,

. r P 3 p+q 3\ ]
E(¢.t) = We){p _02 ((ZI:&?) - ‘;J:rlgf) ) t-

which has been already defined by (2.4). Thus

E(I,t) = (—2;1)—;;75/ e"(i"")E/({\‘,t)d{

1
1(6@)E 1) d
where 2 is the spectrum of E(z,t). Thus from (2.2)

E(:L‘,t):@:r—)n-/exp [c [(Zg) .Z gz) ]t+z§ x)j‘ de.

=p+1

3 Main Results

Theorem 3.1 Given the equation

%u(:c,t)+cz®u(a:,t) =90 (3

with the initial condition

u(z,0) = f(z) (3
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The operator

P 62 3
e - 52:—12 —

- (S S

=1 3

HM

l% 'E'ME

62)3
= §<>A s

0
[ —_— + —_—
pay £~ Oz} K oz? Kt oz?
4 4

p+ q = n is the dimension of Euclidean space R", k is a positive integer, u(z,t) is
sn unknown function for (z,t) = (z1,%a,...,Tn,t) € R”® x (0,00), f(z) is the given
generalized function, and c is a positive constant. Then we obtain

u(z,t) = E(z,t) * f(z)
as a solution of (3.1) which satisfies (3.2) where E(z,t) is given by (2.6).
Proof. Taking the Fourier transform defined by (2.1) to both sides of (3.1), we obtain
i 3 :
e, t) — [(Zg ) 2 f?) } u(¢,t) =0,
— .

'see Lemma 2.1). Thus

P 3 p+g 3
(e, ) = K(€) exp [«? ((Z€?) {3 6;‘7) )t} (3:3)
i=1 j=p+1 .

where K (£) is constant and %(¢,0) = K(£).
Now, by (3.2) we have

K(© = (6,0 = F(©) = oy [ (@) (3.4)
and by the inversion in (2.2), (3.3) and (3.4) we obtain

1 (6 )
u(z,t) = W»/R" " €=)a(¢, 1) dg

. — P ) ptq
- Gy /"/ne(e )&= i) f() exp {c"’ ((;5) ;lég) )t} dydg.
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Thus

u(z, 1) =_(571;)_1;/" /n €9 exp [c"‘ ((;g) (Z gj) ) ]f(y dyd§

Kot
1 2 ¢ 2 ’ k. 2 ’ .
uw, )= [ [ e | (;e) - _;@-) 46,7~ )| 1) dyde
(35
Set
/ p , 3 ptq 3
E(z,t) = &r )n/ [c’ [(;E) - _;léf-) ]t-i—i({,z)} . (3%

We choose 2 C R" be the spectrum of E(z,t) and by (2.6), we have

1 ptg 3
s oo () (5 ) o]

1 ptq 3
:(2—7r)_”/neXp g (Zfz) - Z 5?) t+i(¢,z)| d&. (37

=p+1

Thus (3.5) can be written in the convolution form

u(z,t) = E(z,t) * f(z).

Since E(z,t) exists, then

1 R
im El(z. 1) = (£,x)
lim Bz, 1) = o /Q € g

1 / H{€x)
= e d€
(2m)" Jgn
=4é(z), for z € R". (28

See [ 4, p396, Eq.(10.2.19b)].
Thus for the solution u(z,t) = E(z,t) x f(z) of (3.1), then

limu(z, ) = u(@,0) = 6+ /(z) = £(2)

which satisfies (3.2).
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Theorem 3.2 The kernel E(z,t) defined by (3.7) has the following properties :

(1) E(z,t) € C*™-the space of continuous function for x € R™, t > 0 with infinitely
differentiable.

tq o
fZ) (—+C (Za;z;) Z g ) })E(.’E,t)-——o for t>0.

—p+1
(3) E(z,t) >0 for t>0.

227" M(2)

f“‘{) IE(Z',t)l < mm, for t>0,

where M(t) is a function of t in the spectrum Q and T denote the Gamma func-
tion. Thus E(z,t) is bounded for any fired t > 0.

(5) Yim B(z,t) = .

Proof.
(1) From (3.7), since

' P g
%E(z,t) :éFL% exp [62 [(fo) Z f) :lt“'i(f»z)] d¢.

i=1 j=p+1

Thus E(z,t) € C* forz € R*, £t > 0.
{2) By computing directly, we obtain

(?%J“cz (é&2> :iil{) D E(z,t) =

(3) E(z,t) >0 fort > 0 is obvious by (3.7).
(4) We have

E(z,t) = (2—3r)—n/9exp [c2 [(;&2) ;l{'}) } t+4( fyz):l
|E(e, t)] < (—2-})—/Qexp [c? ((Zf?) > &2) )]
i=1 i=p41
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By changing to bipolar coordinates

61 = TW, §2=7‘(U2,..., §p=rw'1) and
£p+1 = SWp41, €p+2 = SWpi2, ...y §p+q = SWpiq
P r+q
2 _ 2
where wa =1 and Z w; = 1. Thus
i=1 j=p+1
1
|E(z,t)| < W/ exp [ (s® — r8) ¢] rP 15971 dr ds d2,, A

where df = rP~1s77 1 dr ds dQ2, d,, dS2, and Q, are the elements of surface area of the
unit sphere in R? and RY respectively. Since @ C R is the spectrum of F(z,t) and we
suppose 0 < r < Rand 0 < s <7T where R and T are constants. Thus we obtain

R T
[E(z,t)] < %Qq / / exp [ (s° — %) t] rP 19 ds dr

?2 ?q M(t) for any fixed t > 0 in the spectrum Q
22 M(1)
~ am2T(E)I(4)
where
R 4T
M@ = / / exp [ (s® — %) ¢] P 159 dsdr
0
p/2 ,n.p /2
is a function of t, Q, = I‘(E) and €, I‘(ﬂ) Thus, for any fixed t > 0, E(z,t}
bounded.

(5) Obvious by (3.8).

Acknowledgement
The authors would like to thank The Thailand Research Fund and Graduate Schoal
Chiang Mai University, Thailand for financial support.

References

[1] F. John, “ Partial Differential Equations”, 4" Edition, Springer-Verlag, New Yerk
(1982).



[2] A. Kananthai, On the Solution of the n-Dimensional Diamond Operator, Applied
Mathemastics and Computational 88:27-37(1997).

[3] A. Kananthai, On the Fourier Transform of the Diamond Kernel of Marcel Riesz,
Applied Mathematics and Computation 101:151-158(1999)..

[4] R. Haberman, “Elementary Applied Partial Differential Equations”, 2" Edition,
Prentice-Hall International, Inc. (1983).

[5] K. Nonlaopon, A. Kananthai, On the Ultra-hyperbolic heat kernel, Applied Math-
ematics Vol.13 No.2 2003,215-225.

[6] A.H. Zemanian, Distribution Theory and Transform Analysis, McGraw-Hill, New
York, 1965.

67



On the Diamond-wave operator
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Abstract
In this paper, we study the solution of the Diamond-wave operator L which is defined bs
52
L= 3z &
where

P52 2 CAX P 2
is the Diamond operator, z € R*—then dimensﬁional Euclidean space, t > 0, and p+q ==
is the dimension of R™. By considering the equation Lu(z,t) = 0 with the suitable
initial conditions. We obtained the unique solution u(z,%) of such equation. Moreover
we obtained the boundedness of u(z,t) subject to the suitable initial conditions. In

particular, if we put n = 1, p = 1 and g = 0 we also obtained the solution of the beam

equation.

1 Introduction

In 1996, A. Kananthai [1] has introduced the Diamond operator ¢ defined by

P, 2 prg  ap \ 2
5 i |
02(. axg) B Z—‘) pra=n

i=1 j=p+1

or { can be written as the product of the operators in the form ¢ = OA = A where
14 p+q
82 (92
-y S 2
— Jz7 2
i=1 d j=p+1 J

is the ultra-hyperbolic operator and
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= the Laplacian. The Fourier transform of the Diamond operator also has been studied
wnd obtaining the elementary solution of such operator, see [Z]. It is well known that the

wave equation
82

82

tas been studied widely, particularly, the interesting properties of the solution u(z,t).

u(z, t) = *Au(z, t)

The motivation of this paper is that the operator A is replaced by < which is call the

“wamond wave equation
82
@u(x t) = c*Qu(x, t)

wl by adding the initial conditions

waere f,g € L'(R")-the space of Lebesgue integrable function, we obtained the unique-

ses= and boundedness solution u(z,t) of such equation. In particular, if we put n = 1,

» =1 and ¢ = 0 in the Diamond-wave equation reduces to the solution of the beam
82

—u(z,t) +

5 z,t) =0

prid

#ich is well known equation.

2 The solution of the Diamond-wave operator

~ven the Diamond wave operator

2

% u(z,t) = *Ou(x, t) (2.1)
% th initial conditions
u(z,0) = f(z) and giu(x,O) = g(z) (2.2)
52 2 - 2
;—:ere<>=( ) 26 ),xER”,tZO,p—I—q=nandf,g€LI(R”).
= j=p+1

W= now solving the solution of (2.1) satisfying (2.2) by the method of following steps.
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Step 1 Taking the Fourier transform to both sides of (2.1) where the Fourier transform
is defined by
— 1 : ,
e flr) — — —i(6z) f )
/(@) = IO = oy [ @) (23
where f € L}(R") and (¢, z) = & 121 + &z + -+ - + &z, The inverse Fourier transform
also defined by
1 (e o) T
— g1 e~ i)
1@ = 7 F©) = gy [ e Flehas. (24

By applying (2.3) to both side of (2.1), we obtain
0 2 2 272 2 2 =
e )= ([ +&+ ]~ [+ &+ + 8 )ule (@5

where £ = (£1,62,...,&n) € R™. Now, put §+&5+- - +&2 =12, 2 +&2 o+ +E2, = &
and let s > 7. Then (2.5) becomes

2

0
8t2u(§ ty+ (st ~r )'u,(f t) = (2.6

we have the initial conditions

u(z,0) = f(z) and %u(m,O) g(z)
Thus
u/(%,\O) = f/(\f) and —gzu(/é,\()) = gﬂf\) (2.7

Now, we are solving the solution of (2.6) satisfies (2.7). Then

u/(f,\t) = A(£)cos Vst —rit + B(€)sinVs* — rit and

—u({-’, £) = =57 =14 A(£) cos Vst — it + /st — P4 B(€) sin Vst — it
y (2.7), W€,0) = A®) = (€ and —u(f, A(€,0) = V' —r4B(£) = g(¢). Then B(€) =

—gi(f) = Thus the solution of (2.6) satisfies (2.7) is
st —r

/(\) {)cosx/_—r“f-i— ”——Sg(é_)ﬂ sin V/s? — rit, (28

or in the convolution form

u(z,t) = f(z) *¥(z,t) + g(z) * d(z, t). (2.9
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1 I
—————sin vs? — %t and w(§ t) =
A /54 — 4 !

—oi&,t) = cos Vst — rit. Since m and w/({,\z‘) can not be Lebesgue integrable, that

Thus (2.9) is a solution of (2.1) where q@ =

=0V ¢ L'(R™). Thus we can not find the inverse ¢ and ¢ directly. Thus we can
ssmmpute the inverse ¢ and 1 by using the method of e—approximation.
Step 2 The method of e—approximationsee [3, P178]. Now, defined @) =
TG0 and d(6,8) = VT D. Clearly, ¢(6,0) — 86D, 9(6,0)

. £ ¢} uniformly as ¢ — 0, since ¢, P, € L*(R™), then we can obtain the inverse ¢. and

v applying (2.3) and we obtain ¢, — ¢ and 1. — ¥ as ¢ — 0. Now, by (2.3) we have

1 i —
0o = Gy [ e PGIED e

1 i) gmeV/s T sin v/s* — ri¢
—2m)? Jpa

dg

st —rd

1 —eV/si4
pe(@, O] < =5 | =
(2m)™? Jx

54 —r4

v, put & = rwy, € = Twe, .., €p = Twp and §pu = SWpy1,&p12 = SWpy2,..., & =

oo ptg=nwherew}+wi+- -+wl=1and wl, +wi,+ - +wl, =1 Thus,

aipolar coordinate

[e(z,t)] < n/2 // / \/___r”"ld'r'sq”ldsdﬂpdﬂq
—rd
s o€ Vsi—rd
on n/2/ / \/__;_T”‘ls"”ldrds

QnPl2 9rd/2 ) ) o .
where (), = m, ¢ = I‘—(ﬂ—)‘ is the surface area of the unit spheres in R? and R

2 2
s=pectively. Now, put 72 = s%sin, thus 0 < 6 < g we have 2rdr = s? cos §df. Then

s?cos @ s2cos @
d g de = d9.
! 2 25(sin §)1/2
Q.0 00 pm/2 ,—es?cosd Sp‘l(sine)?;—ls2COS(9
< pe oq . ae q—ld
|¢€((E,t)| = (27r)n/2/0 /0 s2cos @ 23(sin 0)1/2 ° °

/2
/ e~ 050 (gin 9) "7 sPHa-34hds
0

/2 0 _
_ 2,8, / / e_fszmsos’”"_ads(sin9)1’2—2d9
o Jo
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, 1
Now, put y = es?cos§, thus s° = ——y—, s = ( Y )2, and so
gcosf ecosf

_dy  dy ccosf
" 2secosf  2ecosd y

Thus
o0 [o] = =1
/ st cos0 pra—3 s _ / e_y( Y )&3—3 (ecos)= dy
Jo Jo ecosH 2\/37
— 1 . / “y
2 (ecosf) u_
; ——~/
= — ~ e Yy 2 dy + =n
2 («f.cosf))T2 0 Y pra=
1 1 n —2
=z — T , n# 2.
2 (ecosf)"T ( 2 )on#
Thus

Q0 I(552) (/2 ta, e
|fe(z,1)] < ————4(2 )"/26"7_2/0 (cosf)™z (sinf) z db

Q0T (%52) p4d—n
8(27r)"/2 =32 g (4 4 )
00 (%5 2) Lre)
8(27r)"/2e 7 I'(49)

Now, "ﬂfa\t) =e VT ’t/f/(é:,\t) = ™ V" cos Vst — rit, thus

(2.10

1 o) T 1
vel&ot) = gy /R eI (g, t)de = /Rne i(€)geVs T o5 /5T — ritdE,

(2m)n/2

and

1 p—
[Ye(&,t)] < W/Rn@_e e/

The same process as computing |¢.(¢,t)|, we obtain

0L (G) TEIE)
WO S Jommmes " T(ED)

Now, from (2.9), we define

ue(z,t) = f(z) % Ye(z, 1) + 9(2) * pe(2, 1)

(2.11
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Thes u(r,t) = s Ve(y, ) f(z — y.)dy + /R be(y,t)9(z — y)dy

e < [ W Ol =iy [ 160Ollata ~ vy
2,0,  TEETET)

- 4(27r)"/2 ' EEF(4—q) lf(IE —y)ldy
00,  I(%* 2)F(B) (4—4—)
g2y ® D(454) - lg(z — y)|dy,

“ 2.10) and (2.11). Since f,g € L'(R) and let M =/ |fldy and N = / |g|dy where
R" R"

' and N are constant. Thus

0,0, TELENER) 9,0, TEETEIED) |

ule, il 427 )n/2 IXE=D 8(2m)/? "7 I (459)
Q2,0 INEINEINED) e,0Q, T(22)T(B)(3452)
@01 < g r(:—;ﬂ) M+ gt e N (212)
. on 00, DERINGTEE) .,
ll_{%f2|’u,é(.7,‘, t)] < 4(27r)"/2. F(iZ—‘l) A M =K say, (2.13)

suere K is positive constant. Now u(z,t) — u(z,t) as € — 0. Thus we obtain u(z,t) =
= ) as the solution of (2.1) which is bounded by the e—approximation. Now, if we

win=1p—1and ¢ =0in (2.1) we obtain the one-dimensional beam equation

o2 ot
BtQU(l t) + pe ——u(z,t) =0
wioch has u(z, t) = O(e? ) as a solution.

3 The solution of the Diamond-wave operator in nu-

merical form

%= can compute the boundedness of €2 uc(z,t) from (2.12) and given some € > 0 and

© ziven the dimension n and vary p and ¢ from p+ q = n. By setting ¢ — 0, we obtain

!

S solution u(z,t) = O(c?') that has been shown by the following table.
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plaq "
&2 u (x, t)|

€=0.01 £=0.001 £=0.0001 €=0.00001
1 |49 | 1.91880383307572 1.91844413229468 1.91840816221658 1.91840456520877
2 | 48 0 0 0 0
3 (47 | -8.98733613784666 | -8,98565136331550 | -8.98548288586239 | -8.9854660381170%
4 [ 46 | -24.0049999999999 | -24.00049999999999 | -24.00005000000000 | -24.00000499999¢2=
5 145 | -30.0612600515199 | -30.05562473928365 | -30.05506120806002 | -30.0550048549375=
6 | 44 0 0 0 0
7 | 43 | 80.88602524061960 | 80.87086226983924 | 80.86934597276120 | 80.8691943430533=
8 | 42 | 176.0366666666666 | 176.0036666666667 | 176.0003666666667 | 176.000036666665¢
9 | 41 | 184.6620260307652 | 184.6274091127423 | 184.6239474209401 | 184.62360125175%
10 | 40 0 0 0 0
11 | 39 | -368.480781651714 | -368.411705895937 | -368.4047983203597 | -368.40410756280:°
12 | 38 | -704.146666666666 | -704.014666666666 | -704.0014666666667 | -704.000146666655
13} 37 | -654.710819563619 | -654.588086854265 | -654.5758135833299 | -654.574586256235
14 | 36 0 0 0 0
15 | 35 | 1048.752993931801 | 1048.556393703820 | 1048.536733681022 | 1048.5347676787<.
16 | 34 | 1810.662857142857 | 1810.323428571428 | 1810.289485714285 | 1810.28609142857:
17 | 33 | 1527.658578981790 | 1527.372202659965 | 1527.343565027782 | 1527.34070126455
18 | 32 0 0 0 0
19 | 31 | -2035.81463527938 | -2035.43299954271 | -2035.394835969050 | -2035.39101961155=
20 | 30 | -3218.95619047619 | -3218.35276190476 | -3218.292418047619 | -3218.28638476190=
21 1 29 | -2492.49557623343 | -2492.02833065571 | -2491.981606097946 | -2491.97693364215
22 1 28 0 0 0 0
23 | 27 | 2811.363067766763 | 2810.836046987553 | 2810.783344909632 | 2810.7780747018="
24 | 26 | 4096.853333333333 | 4096.085333333333 | 4096.008533333333 | 4096.00085333333=
25 | 25 | 2925.973067752327 | 2925.424562074140 | 2925.369711506321 | 2925.3642264495>
26 | 24 0 0 0 0
27 | 23 | -2811.36306776676 | -2810.83604698755 | -2810.783344909632 | -2810.77807470155
28 | 22 | -3781.71076923076 | -3781.00184615384 | -3780.930953846153 | -3780.92386461535«
29 | 21 | -2492.49557623343 | -2492.02833065571 | -2491.981606097946 | -2491.9769336421=
30120 0 0 0 0
31| 19 | 2035.814635279387 | 2035.432999542718 | 2035.394835969051 | 2035.3910196115:5=
32 | 18 | 2521.140512820512 | 2520.667897435896 | 2520.620635897435 { 2520.61590974353¢
33| 17 | 1527.658578981790 | 1527.372202659965 | 1527.343565027782 | 1527.34070126455=
34116 o 0 0 0
35 | 15 [ -1048.75299393180 | -1048.55639370382 | -1048.536733681021 | -1048.5347676787<
36 | 14 | -1186.41906485671 | -1186.19665761689 | -1186.174416892911 | -1186.1721928205°
37 | 13| -654.710819563618 | -654.588086854265 | -654.5758135833297 | -654.5745862562="
38|12 0 0 0 0
39 | 11 | 368.4807816517145 | 368.4117058959373 | 368.4047983203595 | 368.404107562801¢8
40 | 10 | 374.6586520600142 | 374.5884181948082 | 374.5813948082876 | 374.580692469635%
41| 9 | 184.6620260307652 | 184.6274091127424 | 184.6239474209401 | 184.62360125175%
42| 8 0 0 Q 0
43} 7 | -80.8860252406196 | -80.87086226983924 | -80.86934597276120 | -80.86919434305:>
441 6 | -71.3635527733360 | -71.35017489424919 | -71.34883710634051 | -71.348703327545
45| 5 | -30.0612600515199 | -30.05562473928364 | -30.05506120806002 | -30.055004854937="
46 | 4 0 0 0 0
47 | 3 8.98733613784666 | 8.98565136331550 8.98548288586239 8.9854660381170¢
48| 2 6.20552632811611 6.20436303428247 6.20424670489910 6.2042350719607
491 1 1.91880383307572 1.91844413229468 1.91840816221658 1.9184045652087"

n=5,M=N=1 and p+¢=50



From the table, the boundedneés of €*/?u(z,t) is zero for ¢ = dk(k = 1,2,..., 12)
secanse T'(#35%) = oo which is the denumerator of the inequality (2.12). It follows
st ulz,t) is identical to zero at ¢ = 4k for ¢ — 0. Similarly, for ¢ = 8k — 1,8k —
L8 —3(k=1,2,...,6) we obtain €*/?ju.(z, t)| is bounded by negative numbers because
" =¥ is negative at such given q. It follows that €*/?|u.(z, t)| is not true for such given

Moreover, we obtain the symmetry p and g of the same boundedness. For example,
» = 1.3 =49 symmetry with p =49,q =1, p =9,q = 41 symmetry with p =41,¢ =9
we p = 17,9 = 33 symmetry with p = 33,9 = 17. From this table, we see that the
sonndedness of (2.12) tend to (2.13) as € — 0. That we obtain u(z,t) = O(e™™/?).
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Abstract

In this paper, we study the nonlinear equation of the form
0
—(S_tu(x’ t) - CQ ®k u(:z;,t) = f(.’ll, t, ’U,(.’I), t))

where @F is the operator iterated k-times, defined by

P 2 1 p+q 2
e) e)
k _ _ E —_
? (i:l 6'7:3) 8.’1)2

j=p+1 J
where p+¢q = n is the dimension of the Euclidean space R", u(z,t) is an unknown
for (z,t) = (z1,%2,-..,Zn,t) € R® X (0,00), k is a positive integer and c is a
positive constant, f is the given function in nonlinear form depending on z,¢

and u(z,t). On suitable conditions for f, p, g, & and the spectrum, we obtain
the unique solution u(z, ) of such equation.

1 Introduction

The operator @* can be expressed in the form

k
P2\ e oo \ 2 P o T LA il
k_ Z o7y Z _ B
. <i=1 8:53) ( 8x2~> |:i:1 oz} +ij 3-’152} [Z oz} ' Z

j=p+1 7 =p+1 i=1 j=p=

1
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vaere p + g = n is the dimension of R, ¢ = 4/—1 and k is the positive integer. The

EpETaLoYr
(p 52 2 Pty 52 2
o] 012
-1 O%i i=p+1 ~J

& called the diamond operator iterated k-times and denoted by {*. The such operator
w st introduced by A. Kananthai [1]. Moreover, we can find the elementary solution
= =) of operator ©F, that is ®* K (z) = 6, where § is the Dirac-delta distribution, see[2,
226-228).
In this paper, we study the nonlinear equation

k

—aa—tu(:v, t) - @F u(z,t) = flz,t,u(z, b)) (1.1)

waich is in the form of nonlinear heat equation. We consider the equation (1.1) with
2= following conditions on v and f as follows

1) u(z,t) € CB)(R") for any t > 0 where C®*)(R") is the space of continuous
function with 8k-derivatives.

2 f satisfies the Lipchitz condition,
|f(z,t,u) - flz,t,w)| < Alu—w|
where A is constant with 0 < A < 1.
3 foo 1f(z,t,u(z, 1)) dzdt < oo for z = (21, Z2,...,2n) € R?, 0 < t < 00 and
g(w, tn%nis continuous function on R™ x (0, c0) .

_nder such conditions of f and u and for the spectrum of E(z,t), we obtain the
wwavolution
u(z,t) = E(z,t) * f(z,t,u(z,t))

% 2 unique solution of (1.1) where E(z,t) is an elementary solution of (1.1).

2 Preliminaries

Definition 2.1 Let f(z) € L;(R") - the space of integrable function in R". The
“oarier transform of f(x) is defined by

——— 1

f& = Gn) P2 /]R11 e~ &%) £ () dz (2.1)
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‘Vhere f = (fl) §27 .. )f‘n)a Tz = (:L‘I) T2y 4, l‘n) € R‘n’ (67 113) - flxl + 621‘2 +--+ {—.-_1
is the usual inner product in R™ and dz = dz;dz, - - - dz,,. Also, the inverse of Fourig
transform is defined by

1 o
@) = Gy [ ¢ @)k (22

Definition 2.2 The spectrum of the kernel E(z,t) defined by (2.5) is the bounde:
support of the Fourier transform E(£,t) for any fixed ¢ > 0.

Definition 2.3 Let £ = (£1,&,,...,&,) be a point in R® and write

u=E 4G+ -~y — =€y, PHa=n.

Denote by I'y = {£ € R* : §; > 0 and wu > 0} the set of an interior of the forwas
cone and denote by I', the closure of I'y. Let Q be the spectrum of F(z,t) for am

e —

fixed t > 0 and Q C . Let E(£,t) be the Fourier transform of E(z,t) and define

( 1 P 4 ptg 1\ ¢
o )2 exp | c’t <Z ff) — (IZ ff) , for €€l
E(&,t) = ¢ =1 =1 (23
| 0, for £¢7T,
Lemma 2.1 Let L be the operator defined by
0
L= — — gk (2.4

ot

where ®F is the operator iterated k-times defined by

. < 14 82 ) 4 pt+q 82 ) 4 k
" = 5] 3l |
=1 axi j=p+1 ax:’

p+ q = n is the dimension of R*, (z1,Z2,...,2,) € R*, t € (0,00), k is a positen
wnteger and ¢ is the positive constant. Then we obtain

1 P 4 ptq O
_ 2 2y 2 : ol
E(z,t) = (27r)n/nexp c°t (;fi) (,-;1@) +i(& )| d¢ (23

as the elementary solution of (2.4) in the spectrum @ C R™ for t > 0.

78



Froof. Let LE(z,t) = 6(z,t) where E(z,t) is the kernel or the elementary solution
¢ the operator L and ¢ is the Dirac-delta distribution. Thus

9
ot
wase the Fourier transform defined by (2.1) to both sides of the equation

st/f\t—c {(Zf) - fo” .ﬁé,\t)=(2ﬂ1)n,26(t)-

i=1 j=p+1

E(z,t) — & & E(z,t) = §(z)8(t)

A0 = o (S56) - )

wuere H(t) is the Heaviside function. Since H(t) =1 for ¢t > 0,

+q
o 1 \ v 4 p+q
E(f,t):WeXp c°t (;6‘) —

_p+1

» w= have

i

1 . e
E(&,t) = OOk /R ) (€, 1)dE.

2.3),
B t) = @;lw /Q €% B (¢, t)de

waere Q is the spectrum of E(z,t). Thus

E(m,t):(Q—;)—n/Qexp c*t ((fo) <Z f) ) & z)| dE.

j=p+1

> 0. O

Definition 2.4 We can extend F(z,t) to R™ x R by setting

( k

1 P pt+q
/exp c*t fo Z f , for t>0
_ . jemrg — )
&, t) = < : ? =p+
. 0 for ¢t <0.
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Lemma 2.2 (The properties of E(z,t))
The kernel E(z,t) defined by (2.5) have the following properties

(1) E(z,t) € C™ - the space of continuous function for z € R®, ¢ > 0 with infinit
ditterentiable.

(2) <%—c€5)E( t)=0fort>0.

22— M(t)
3) |E(z,t)] < for t > 0 where M (%) is a function of ¢ in |
OO < T me) X
spectrum and I’ denote the Gamma function. Thus F(z,t) is bounded for 1
fixed £t >0

(4) lim E(z,t) = 4.

t—0

Proof. (1) From (2.5)
o 1 o . e * )
3 P01 = g | g o | (Zf) Zf) £,a) |

Thus E(z,t) € C* for z € R*, t > 0.
(2) By computing directly, we obtain

(19- - czea’“> E(z,t) = 0.

ot
(3) We have
1 ) p ) 4 p+g , 4\ ¥ .
E(x,t):(%)n/QeXp ct<<;§i> - g;lgj)) +i(€,z) | dE.
Thus

k

1 2 ) ptq )
|E(z,t)] < (%)n/exp c’t (Zf) (Z §> de.

=p+1

By changing to bipolar coordinates

61 - T’l.Ul,fQ =TWy,. .. )fp = TWp and €p+1 = 3wp+17£p+2 = SWp+42,- .- ;£p+q = 323-;--
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woere

14 p+q
E w? =1 and E w]2 =
i=1 Jj=p+1

Thus

1
[E(z,t)] < W/ exp [0215 (r® — ss)k] P19 drdsdQ,dQ,
Q

where d€ = rP's9" 1 drdsdQ,dQ),, d, and dSQ, are the elements of surface area of the
snit sphere in R? and R¢ respectlvely Since Q C R is the spectrum of E(z,t) and
suppose 0 <r < Rand 0 < s < L where R and L are constants. Thus we obtain

R L
|E(z,1)] < %’;?i/ / exp [czt (r® — sg)k] P15 drds
9,9,
(27T)

22 M(t)
— 2T (p/2)T(q/2)

—P 9 M(t)  for any fixed ¢ > 0 in the spectrum 2

(2.6)

R pL
where M(t) = / / exp [czt (rs - ss)k] rP~1s971drds is a function for ¢t > 0, Q, =
0

2-5/2 /2
and £, Thus for any fixed ¢ > 0, E(z,t) is bounded.

P(p/2) T T(q/2)
4 From (2.5),

1 . 1 ;
. — i(€,x) — i(€,x) —
%K%E(x,t) (27r)"/Qe d¢ Ok /ne d¢ = 6(z),

S r € R, see[2, p. 396, Eq. (10.2.19b)]. a

3 Main Results

Theorem 3.1 Given the nonlinear equation

%u@, t) - & & u(z,1) = f(z,1,u(x, 1)) (3.1)

Sor(z,1) € R™ x (0,00), k is o positive number and with the following conditions on u
wnd [ as follows

u(z,t) € CBO(R™) for any t > 0 where CE(RM) is the space of continuous
function with 8k-derivatives.
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(2) f satisfies the Lipchitz condition,
|f(z,t,u) = f(z,t,w)| < AJu — w|
where A is constant with 0 < A < 1.
(8) /00/ |f(z,t,u(z,t))|dzdt < o0 for z = (21,Z2,...,2n) €E R®, 0 <t < oc amt
J(x,tnsgnz's continuous function on R™ x (0, 00).
Then obtain the convolution
u(z,t) = E(z,t) * f(z,t,u(z,1)) (38

-

as a unique solution of (8.1) for x € Q where Q) is a compact subset of R* and 0 < ¢ < ©
with T is constant and E(z,t) is an elementary solution defined by (2.5) and also ulz =
is bounded for any fixzed t > 0. In particular, if we put k =1 and p =0 in (8.1), &
(8.1) reduces to the nonlinear equation

o u(w, 1) + EDYu(z,0) = (5,1, u(z, 1)

which is relate to the heat equation.

Proof. Convolving both sides of (3.1) with E(z,t), that is

E(z,t) * [%u(x,t) — & &F u(z, t)} = E(z,t) * f(z,t,u(z,1))

or
[aatE(z t) — 2 @F E(z, t)] xu(z,t) = E(z,t) * f(z,t,u(z,t)),
SO
§(z,t) * u(z,t) = E(z,t) * f(z,t,u(z,t)).
Thus

u(z,t) = E(z,t) * f(z,t,u(z,t))

/ E(r,s)f(z —rt — s,u(z — r,t — s))drds
RTL

where E(r,s) is given by definition (2.4). We next show that u(z,t) is bounded W
R™ x (0, 00). We have |

hu(z, )| < /jo [ B9 = it = s e =, 9)ards |

22N M (t)

S T (p/2)T(¢/2) by condition (3) and (2.6)




where N = / |f(x —r,t — s,u(z — r,t — s))|drds. Thus u(z,t) is bounded on
—o0 o R™
& % (0,00). To show that u(z,t) is unique. Suppose there is another solution w(z, t)

¢ 3.1). Let the operator L = £ — c?®F, then (3.1) can be written in the form

) = f(z,t u(z, 1)), thus
Lu(z,t) — Lw(z,t) = f(z,t,u(z,t) — f(z,t, w(z,t)).

=+ the condition (2) of the Theorem
|Lu(z,t) — Lw(z,t)| < Alu(z,t) — w(z, t)]. (3.3)
et 0 x (0,T) be compact subset of R* x (0,00) and L : C®)(Q) — CE*)(Q) for

P £t <T. Now (CB®(Q),|l-]|) is a Banach space where u(z,t) € C®)(Q) for
' <t < Tand ||| is given by ||u(z, ¢)|| = sup |u(z,t)|. Then from (3.3) with0 < A < 1,
z€Q

. &= contraction mapping on C®%)(Q). By contraction theorem, see[3,p. 300], we obtain

"¢ operator L has a fixed point and has uniqueness property. Thus u(z,t) = w(z, ).

© Sllows that the solution u(z,t) of (3.1) is unique for (z,t) € Q x (0, T] where u(z, 1)

% d=fned by (3.2). In particular, if we put £ =1 and p = 0 in (3.1), then (3.1) reduces
the nonlinear equation

%u(l‘; t) + c2A4u(:1:, t) = f(z,t,u(z, 1))

» ch has solution
u(z,t) = E(z,t) * f(z,t,u(z, 1))

wiere E(z,t) is defined by (2.5) with k =1 and p = 0. O
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Chapter III

Fixed Point Theory in Banach Spaces

In this chapter, we divide into two parts. The first part concerns iterative methods for
approximating a fixed point and common fixed points of nonlinear mappings. In this part, we in
a new three-step iteration with errors for nonexpansive nonself-mappings in a uniformly convex
space. Weak and strong convergence theorems of the new three- step iteration under certain control ]
conditions are established. We also modify Noor iterations for non-Lipshitzian mappings in Banacs

spaces and prove weak and strong convergence theorems of the modified Noor iterations under some

control conditions. For finding a common fixed point of a finite family of nonexpansive mappings.
introduce a new iterative method for them and prove weak and strong convergence theorems under
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Abstract—A new three-step iteration with errors for nonexpansive nonself-mappings in Banach
spaces is introduced and studied. Weak and strong convergence theorems of such iterations are
established. The results obtained in this paper extend and improve the several recent results in this
area. (© 2006 Elsevier Ltd. All rights reserved.
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1. INTRODUCTION

Let X be a normed space, C be a nonempty convex subset of X, P: X — C be the nonexpans
retraction of X onto C, and T : C — X be a given mapping. Then for a given x| € C, compuis
the sequence {z.}, {yn}, and {z,} by the iterative scheme '

P P(anTIn -+ (1 —Qn — 'Yn)xn + 'Ynun))
Z/n = P(bnTzn + C"TIn + (1 - bn —Cn — P-n)In + ﬂ-nvn)r ‘: i
Tnyl = P(ﬂnTyn + BnTzn + (l —0n — B — ’\n)xn -+ /\nwn)v n>l,

where {a,}, {bn}, {cn}, {an}, {Bn}, {m}, {1}, {An} are appropriate sequences in |
and {u,}, {v.}, and {w,} are bounded sequences in C.
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Ifan = cn = Bn = Yn = tn = Ay = 0, then (1.1) reduces to the iteration scheme defined by
Shahzad [1]
Yo = P(bpTz, + (1 — b,)xy,),

-Tn-}-l = P(a’nTyn + (l ~Qﬂ)zﬂ)l n Z 1) (12)

where {b,}, {a.} are appropriate sequences in [0, 1].
IfT:C — C, then the iterative scheme (1.1) reduces to the three-step iterations with errors

Zn = anTxn + (1 —~—Qan — 'Yn)rn + YnUn,
Yn = bnTZn +CnT$n + (1 - bn ~Cn — /‘n)xn + nUn, (13)

Tntl =anTyn+ﬂnTZn+(1_aﬂ_ﬂn_/\n)xn+/\nwm n2>1,

where {a,}, {bn}, {cn}, {an}, {Bu}, {7}, {1a}, {An} are appropriate sequences in {0,1]
and {u,}, {vn}, and {w,} are bounded sequences in C.
If g, = cn = Bn = Yn = tn = An =0, then the iterative scheme (1.3) reduces to the Ishikawa

iterative scheme
Yn = bnT-rn + (1 - bn)xn)
(1.4)
Tyl = anTyn + (1 et an)In, n>1, )

where {b,}, {e.} are appropriate sequences in [0,1].

Fixed-point iteration processes for approximating the fixed point of nonexpansive mapping in
Banach spaces have been studied by various authors, using the Mann iteration process (see [2])
or the Ishikawa iteration process (see [3-6]). In 2000, Noor 7] introduced a three-step iterative
scheme and studied the approximate solutions of variational inclusion in Hilbert spaces. In 1998,
Jung and Kim [8] proved the existence of a fixed point for nonexpansive nonself-mapping in a
uniformly convex Banach space with a uniformly Géateaux differentiable norm. In (5], Tan and Xu
introduced a modified Ishikawa process to approximate fixed points of nonexpansive self-mappings
defined on nonempty closed convex bounded subsets of a uniformly convex Banach space. In {9},
Zhou et al. gave criteria for weak convergence theorems of the Ishikawa iterative scheme (1.4) for
nonexpansive self-mapping in a uniformly convex Banach space which satisfies Opial’s condition,
and for strong convergence theorems for nonexpansive self-mapping in a uniformly convex Banach
space which satisfies Condition (A). In 2004, Cho, Zhou and Guo [10] defined and studied a new
three-step iteration with errors for asymptotically nonexpansive mappings in a uniformly convex
Banach space. Suantai [11] defined a new three-step iteration which is an extension of Noor iter-
ations and gave some weak and strong convergence theorems of such iterations for asymptotically
nonexpansive mappings in a uniformly convex Banach space. Recently, Shahzad [1] extended Tan
and Xu results {5, Theorem 1, p. 305} to the case of nonexpansive nonself-mapping in a uniformly
convex Banach space. Inspired and motivated by research going on in this area, we define and
study a new three-step iteration with errors for nonexpansive nonself-mapping. This scheme can
be viewed as an extension for the two-step iterative schemes of Shahzad [1].

The purpose of this paper is to establish weak and strong convergelice results of the iterative
scheme (1.1) for nonexpansive nonself-mappings in a uniformly convex Banach space. Our results
extend and improve the corresponding ones announced by Shahzad (1], Tan and Xu {5], and others.

Now, we recall the well-known concepts and results.

Recall that a Banach space X is said to satisfy Opial’s condition [12] if z, — z weakly as
n — o0 and = # y imply that

limsup ||z, — z|| < limsup ||z, — y||-
n—oo n—oo

In the sequel, the following lemmas are needed to prove our main results.
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LEMMA 1.1. (See {5, Lemma 1].) Let {a,}, {b.}, and {6.} be sequences of nonnegative re=
numbers satisfying the inequality :

tnt1 € (14 64)an + by, Yn=1,2,....

It Z;\“;l 8, < oo and Z;,.c;l b,, < oo, then

(1) limpooo an exists.
(2) limp—oo @, = 0 whenever liminf,,_.c an, = 0.

LeEmMMA 1.2. (See (13, Lemma 1.4].) Let X be a uniformly convex Banach space and B, = {z ¢
X : |lz|l < 7}, = > 0. Then there exists a continuous, strictly increasing, and convex functics
g :[0,00) — [0,00), g(0) = 0 such that

lloz + By + pz + dwll* < allz)|* + Bllyl® + plizli* + Mwl® — aBg(llz - yi),

for all z,y,z,w € By, and all o, B, p, A € [0,1] witha+ B+ pu+ X = 1.

LEMMA 1.3. (See [14].) Let X be a uniformly convex Banach space, C a nonempty closed conves
subset of X, and T : C — X be a nonexpansive mapping. Then I — T is demiclosed at 0, i.e., =
z, — = weakly and z,, — Tz, — 0 strongly, then x € F(T), where F(T) is the set of fixed poi=
of T.

LEMMA 1.4. (See [11, Lemma 2.7].) Let X be a Banach space which satisfies Opial's com
dition and let {zn} be a sequence in X. Let u,u € X be such that limy_.e0 ||Tn — uf| 2a2
lim, oo Jzn — o] exist. If {za,} and {zn,} are subsequences of {x,} which converge weak;
to u and v, respectively, then u=v.

2. MAIN RESULTS

Weak and strong convergence theorems of the new three-step iterative scheme (1.1) for nos-
expansive nonself-mapping in a uniformly convex Banach space are given in this section. The
following lemma is needed.

LEMMA 2.1. Let X be a uniformly convex Banach space, and let C be a nonempty closed conves
nonexpansive retract of X with P as a nonexpansive retraction. Let T : C — X be a nonexpansive
nonself-mapping with F(T) # 0. Let {an}, {bn}, {cn}, {@n}, {Bn}, {7}, {1n}, and {X,} 5=
real sequences in [0,1] such that an + Yn, bn + cp + pp, and @, + B + An are in (0,1} for 2
n>1 and Y0l Yn < 09, Dopeybin < 00, Yoo A < 00, and let {un}, {va}, and {w,} be
bounded sequences in C. For a given z; € C, let {z,}, {yn}, 2and {z,} be the sequences define:
as in (1.1).
(i) Ifq is a fixed point of T, then lima—.s ||z — ¢l] exists.
(1) If0 < liminf,, o an < limsup,,_, (q + Bn + An) < 1, then limy o0 |Tyn —z.]| = 0.
(iii) If either 0 < liminfp_ o fn < limsup, _, (on + Bn +An) < 1 or 0 < liminf,_,oo atp 228
0 < liminf,— oo dn < limsup,_,oo(bn + cn + pa) < 1, then lim, o0 [|T2n — zall = 0.
(iv) If the following conditions:
(1) 0 <liminf, o o, <limsup,_, . (an + Bn + An) < 1 and
(2) either 0 < liminf, o0 B < limsup,_, o (an + Br + ) < 1 and limsup,,_,,0n < ©
or 0 < liminfp_oo bn <limsup, o (bn +cpn + ) < 1
are satisfied, then lim,_,o ||Tzn — .|| = 0.
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ProoOF. Letting ¢ € F(T), by boundedness of the sequence {u,}, {vn}, and {wn}, we can put
M = max {sup .~ al s0p o = ol sup =gl |
n>1 n>1 n>1

i) For each n > 1, we have
izn+1 — all = 1P (@nTyn + BnTzn + (1 = an — B — An) Tn + Anwn) — P(9)|]
= flanTyn + BnTzn + (1 = an = fn — An) Tn + Anwn — g
< anllTyn — qll + Bnll Tz — gl (2.1)
+ (1 —an = Bn = A)llzn — 4l + Anflwn ~ gl
< anllyn — gt + Ballzn — gl + (1 = an = B = Au)lizn — gl + M A,
flzn — gl = |P(anTzn + (1 = an = Yn)%n + Yaua) — Pl
< anllTzn — gl + (1= an = n)liza — gll + Ylfun —ql|
< anflzn =gl + (1 = an = W)llzn — gl + My (2:2)

S "xn "'QH + M'an

lun — all = [ P(bnT2zn + caTZn + (1 = bn — cn — ) Zn + pnva) — P(g)l
< bnl|Tzn — qlf + callTzn — 4l
+ (1 = bn — ca = pa)llZn — gl + pnlivn — 4l
bnllzn —gqlt + eallzn — gl + (1 = by — ca ~ pa)llzn — qll + Mpn
< ballzn — gl + (1 = bp)llzn — qll + Mpsn.
From (2.2) we get
lyn — qll < ballizn — gl + Myn) + (1 = ba)lizn — qfl + Mpn 03

= |z, —q|l + c'?1)1

wo=re 5?1) = Mb,v, + Mpn. Since Y oo | n < 00 and Zi‘;l fin < 00, we have Zf_’__l €1y < 00
Trom (2.1)-(2.3) we get

lonsr = all < e (llzn = all +€fsy) + Bulllan = all + M)
+ (1= an =B = An)llzn — gl + MAs _
= ap||zn = qll + @n€lyy + Ballzn — gl + MBrva (24)
+ (L= an = B = An)llzn = gll + M,
< llon — gl + o,

shere 5?2) = a,.'c?l) ;i-Mﬂ,n,,+M/\,.. Since Z:"f;l 6?2) < 0o we obtained from (2.4) and Lemma 1.1
et limp oo |lzn — gl exists.
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(ii) By (i) we have that lim,_.o [|zn —¢l} exists for any ¢ € F(T). It follows from (2.2) and 23

that {zn — q}, {Tzn — ¢}, {zn — ¢}, {T2zn — ¢}, {yn — ¢}, and {Ty. — q} are bounded sequemce
This allows us to put

K = max {M,sup lzn —qll,sup |Tzn — qll,sup |z — qll,
n>1 n2l n2l

sup [1Tzn — qlf, i;r; llyn — q"’ﬁ;‘{ Tyn — gt

Since 0 < liminf, oo @n < limsup,,_, (o + Bn + M) < 1, it follows from (2.2) and (2.3 ©as
l2n = qll® < llzn = ql* + €3y, o

lyn — all® < llzn — gl + €y, _ =

where €y, = M?*y% + 2M K+, and €y = (e?l))2 + 2Kepyy.  Since Z?:lf?a) < oo =

ZZ‘;, 6?4) < 00, by Lemma 1.2, there is a continuous strictly increasing convex functias &
[0,00) — [0, 00), g(0) = 0, such that
Az + By + vz + pwll® < Azl + Bllyl? +li=li* + wliwl® — Mg (liz — yl), 2 3
for all z,y,z,w € Bg and all A, 8,7, € {0,1] with A + 8+ v = 1. By (2.5)~(2.7), we have
lZns1 — gll® = | P(@nTyn + BnTzn + (1 — 0tn = B = An)Zn + Anwn) — P(q)||?
< llon(Tyn — ) + Bn(Tzn — q)
+ (1= an = Ba = An)(@n — g) + An(wn — )17
< an[Tyn — qll* + Ball Tz — qfI?
+ (1 = an = B~ An)lizn — gl + Anlfwn — qf?
— an(l —an = fn = An)gl|Tyn — zall
< anllyn = gll* + Bullzn — ali* + (1 = &tn = Bn — An)llzn — qff?
+ K2 — an(l = an = Bn = Aa)9lTyn — Zal] 18
< & (llzn — gl + ) +Ba (2 — gl + €3y
+ (1= o = B = An)llzn — gl + K7An
— (1 = @n = Ba = AR)gI Tt — Za]
= anllzn = qll? + Ca€fyy + Balln -l + Bucly
+ (1= an = fn = An)llzn — gl + K22,
= an(l = an = B = Aa)gl|Tyn — zn|
< iz - all2 + €fs) = @l = an = Ba = Aa)glITyn — 2all,

where €7y = Crn€fy) + ﬂ,,c?s) + K2?X,. It is worth noting here that Z?;x‘?s) < o0 s
Sty < 00, 7 €k < oo, and Yooy An < o0, Since 0 < liminf, .oom



S. THIANWAN AND S. SUANTAI

—~ i) < 1, there exists ng € N and §,,4; € (0,1) such that 0 < § < o, and
1 for all n > ng. Hence, by (2.8), we have

- m m
S olITyn =zl < 3 (Hon =gl = llznss —all?) + > €y
=g n=ng n=np

. (2.9)
= ”xno - ‘I“2 + Z 6?5)'

el
« 20, by letting m — oo in (2.9) we get 30 9[lTyn — zn|l < oo, and
T3 — zall = 0. Since g is strictly increasing and continuous at 0 with
et limp oo [Ty — zn|| = 0.
that 0 < liminfa—oo Bn < limsup,_, (an + Bn + An) < 1. By (2.7), we
"t — gl Ballz — gl + (1= an = Ba = Andllza — gll? + KA
= Ll = an = B~ M)GT 20 — x4
o bzl ) Bl — gl )

P W N LR W

~ 51 ~an — P — A9l T20 — x4l (2.10)
e adza = qll% + ey + Bullen — all2 + el |
=1 =an = Bn—A)lza ~ gl + K22n
= 51 —on — Pn — A)g|T2n — zn|
12 —q))? + €5y — Bn(l = an — B ~ An)gl|T zn ~ zall,

e+ Eaely + K2),. Since 0 < liminfp 00 Bn € limsup,, ,oo(an +Bn+An) < 1,
Band 3,,5, (0,1) such that 0 < &; < B, and an + Bn + Ay <62 < 1 for all
12.10), we have €, = anelyy + Ba€ly, + K2\,..

- m m
o 3 ol =zl < Y (e —al? = ot —al?) + 3 ey
. = n=ng n=ng

(2.11)

m
2
= ||zu, — all” + Z €(5)-

n=ng

< oo, by letting m — co in (2.11) we get 3 gl|Tzn — zall < 00, and

Tz — z,]| = 0. Since g is strictly increasing and continuous at 0 with
that limp oo [[T20 — zu|| = 0.

that 0 < liminf, .0 0 and liminf, o0 by < limsup,,_, oo (by +¢n +pa) < 1.

w= have

Tzp + Ty + (1 — by — Cn — )T + pntn) ~ P(q)HZ
Tzn—q)+ca(TTa—q) +(1 —bn—Cn— pn )@ ~ ) + pn (U0 — g)|I (2.12)

Tz — ql* + callTzn — qll?
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+ (1~ bn — cn — ptn)llzn — ‘I“2 + ttaflvn — ‘I”2
- bn(l —=bn —cn _.un)g"TZn - In”
< bnlizn ~ qll* + callza — @li® + (1 = b — ca — o)z — qll* + pa K?

~bn(1 = bp — o — )9l T 20 — T (2.12)0

< b (e = 97 + ) +callzn = gl + (1 = bn = o = pin) 2 — 4 +

< by (o = al + €y ) + eulltn = al*+ (1= b = o = )n = ql* + i
- bn(1 —~bn —Cn — ﬂn)g”TZn - 171”
<Hizn — gl + efsy — bn(l = bp — cn — ptn)gl| T 20 — T,

where €5, = bnefy) + un K2
By (2.5), (2.7), and (2.12), we also have

IZns1 = qli? = | P(@nTyn + BuTzn + (1 — @n — Bn — An)Tn + Anwy) — P(q)|f?

Sllen(Tyn — ) + Ba(Tzn — q)

+ (1= 0 = B = M)(@n — @) + An(wn — Q)|
< @nllyn = gll* + Ballzn = gl + (1 = @ = B = An)llzn — ql)* + K>
= an (Jl2n = lf* + €fsy = Ba(1 = ba = ¢ #a)gliTzn — 2]

+ B (o = all? +€fsy) + (1 = @n = B = Ma)llon = gl + KAn
= anllzn = qlI* + Cnelsy = Anba(1 = by — cn = n)g|IT2n — Za

+ Bllzn — qlI? + Buelyy + (1 — an = B — Aa)llan — gl + K22,
<Nz = gl? + €y — anba(l = b = cn — pn)glT2n — 24l

where €7y = Qne€fgy + Br€(zy + K2,.
It is worth noting here that 3777, €ty < oo since Y77 €(s) < 00, 3507, €y < o8
e 1 An < 00,
By our assumption 0 < liminf,, .o @, and 0 < liminf,, .o, by <limsup,_, oo (bn+Cn+pe ©
there exist ng € Nand 6,8, € (0,1) suchthat 0 < §; < an, 0 < 8) < bn, and b, +Cptpn < &
for all n > ng. Hence, by (2.13), we have

m m m

851 =68) Y 9Tz —zall < D (lzn = ql* = lznsr —4lI®) + D €y
n=nq n=ng n=ng
= llzne — al? + > €.

Since Yo7 €ty < 00, by letting m — oo in (2.14) we get 3°70 . 9T zn — zn|| < o2
therefore lim, oo ¢||T2n — zn]] = 0. Since g is strictly increasing and continuous at @
g(0) =0, it follows that lim, o [|Tzn — zaf = 0.
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(iv) Suppose that Conditions (1) and (2) are satisfied. Then by (ii) and (iii), we have
lim [Tyn —zall =0 and lim [Tz, — z.f| = 0. (2.15)
n—od n=—00

From z, = Ple,Tzn + (1 — an ~ T)Za + lta) and y,, = P(b, Tz, + ¢, Tz, + (1 ~ b, —
Ce = {in)Tn + fnVn), We have |z, — z,|| < anlTz, — zal} + Tulfn — zall and fy, — zall <
Tz — zof| + callTzn — zall + pallvn — zall-

It follows that

IT2n = Zall T2 = Tzall + | T20 — za|
Sz = zall + 1 T27 — 2|
$ an”TIn - zn" + 7n||un - zn" + "TZ" - In"»

which implies
(1 = ap)liTzn — znll < Yallttn = zall + 1T 20 — zall.

Iflimsup,_, ., ¢ < 1, this together with (2.15) and lim,,_.oq ¥n = 0 imply that lim, . [Tz, —
g =0
flimsup,_, oo (b + ¢ + pn) < 1, there exist a positive integer Ny and 7) € (0,1) such that

Cn <bndcndpn <1, Va > No.

Then for n > Ny, we have

ITzn — zall < §Tzn — Tyall + | Tyn — znll
<ze = yall + 1 Tyn — zall
< bnlTzq = zall + calTzn — zal|
+ tnl[vn = 2all + 1Ty = za
< ball T2 — 2l + T2 — o
+ tinlive ~ Zall + 1 Tyn — zall-
Hence, 7
(1 =Tzn = zall < ballT2n — zal] + pallvn — 2all + |Tyn — zall-
This together with (2.15) and the fact that p, — 0 as n — oo imply

lim Tz, — .|| =0. 1
n—oo

TEEOREM 2.2. Let X be a uniformly convex Banach space, and let C be a nonempty closed
sonvex nonexpansive retract of X with P as a nonexpansive retraction. Let T : C — X be
= completely continuous nonexpansive nonself-mapping with F(T) 3 0. Let {a.}, {bn}, {cn},
o}, {Be}s {n}, {n}, and {)\.} be sequences of real numbers in [0,1] with an + v, € [0,1],
b+ Cntin €[0,1}, and an + B + A €[0,1) foralln > 1, and 3 or | Yn < 00, Yome ) Ma < 00,
T A <oo. If

fom=1
(i) 0 < min{liminf, .o &n, liminfafn} < limsup,_oo{on + Bn + X)) < 1, and
limsup,_,,aq <1, 0r
(i) 0 < liminfa oo < limsup,_,o{(n + Bn + An) < 1, and 0 < liminfpoobn <
limsup,, _ oo (bn +cn + 1) < 1,
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then the sequences {z,.}, {ya}, and {z,} defined by the iterative scheme (1.1) converge strame
to a fixed point of T.

Proor. It follows from Lemma 2.1(i) that {z,} is bounded. Again by Lemma 2.1, we hawe
lim [ Tyn ~ 2l =0,
lim [Tz, — zal = 0, ' (239
nllrr;o |Tzn ~zall=0.

Since T is completely continuous and {z,,} is bounded, there exists a subsequence {z,,} o7 =
such that {Tz,, } converges. Hence, by limn_.o |Tzn —z,|| = 0, it follows that {z,, } converss
Let litn,, o0 Zn, = ¢. By continuity of T and (2.16) we have that Tq = g, so q is a fixed point ai =
By Lemima 2.1(i), lim,, o0 ||zn — gl| exists. But limg—co ||zn, — gl = 0, s0 limu—oo lzn — ¢ ==
By (2.16), we have

”yn - In” = ”P(bnTZn + C'nY‘:En + (1 - bn —Cp — #n)xn + len'Un) - P(I,—.)”

S oaliTzn — zall + cnllTzn — Znfl + tinllvn — 2all

— 0, as n — 0o,
and
zn — Zull = 1P (@nTzn + (1 — @n = Vo) Tn + Tntn) — Pz}
< au||Tzn — zpf| + Yolltn — zall
— 0, as n — o00.
It follows that limp—.0o ¥n = ¢ and lim, o0 2z, = ¢. 2

If T is a self-mapping, then the iterative scheme (1.1) reduces to that of (1.3) and the folewin
result is directly obtained by Theorem 2.2.

THEOREM 2.3. Let X be a uniformly convex Banach space, and C a nonempty closed
subset of X. Let T be a completely continuous nonexpansive self-mapping of C with F(T =
Let {a,}, {bn}, {cn}, {@n}, {Bn} be sequences of real numbers in [0, 1] with b, +c¢, € [0.1
on+Pn€(0,1] foralln>1. If

(i) 0 < min{liminf, oo 0n, liminf, .o B} < limsup,_, {(an + Bn + An) < L
limsup,,_,.,an <1, or :
C i) 0 < liminfaoon < limsup, | (o + B + As) < 1, and 0 < liminf,_.. %
limsup,_,..{bn + cn +pn) < 1,
then the sequences {zn}, {yn}, and {z,} defined by iterations (1.3) converge strongly ts =
point of T.
When ¢, = fn = Tn = ptn = An = 0 in Theorem 2.2, the following result is obtained.

THEOREM 2.4. Let X be a uniformly convex Banach space, and let C be a nonempty
convex nonexpansive retract of X with P as a nonexpansive retraction. Let T : C — X
completely continuous nonexpansive nonself-mapping with F(T) # 0. Let {an}, {bn}, {2a
real sequences in [0, 1) satisfying
(i) 0 <liminf, e by < limsup,,_, ., bn <1, and
(ii) 0 < lminf,_ oo 0n € limsup, _ o, 0n < 1.
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For a given z) € C, define

zn = Plan Tz, + (1 — an)zy,),
Yn = PbaTz, + (1 = bp)zn), n>1,
ZTnt1 = PlanTyn + (1 — aq)z,).

Then {z.}, {yn}, and {z.} converge strongly to a fixed point of T.

When a, = ¢p = Bn = Tn = #n = An =0 in Theorem 2.2, we obtain the following result.

THEOREM 2.5. Let X be a uniformly convex Banach space, and let C be a nonempty closed
sznvex nonexpansive retract of X with P as a nonexpansive retraction. Let T : C — X be a
:zmpletely continuous nonexpansive nonself-mapping with F(T) # 0. Let {b.}, {an} be a real
szquence in [0,1] satisfying

1) 0 < iminfp_ee by, <limsup,_, . bn <1, and

Jd) 0 < liminf, oo an < imsup, o an < 1.

For a given 11 € C, define

yn = P(b. Tz, + (1 — by)z,),

Tat1 = PloaTyn + (1 — an)z,), n>1.

Then {z.} and {yn} converge strongly to a fixed point of T.

The mapping T : C — X with F(T) # 0 is said to satisfy Condition (A) if there is a nonde-
::zesing function f:[0,00) — [0,00) with f(0) = 0 and f(r) > O for all r € (0, 00) such that for
. reC,

lz —Tzf| 2 f(d(z, F(T))).

The following result gives a strong convergence theorem for nonexpansive nonself-mapping in
- zniformly convex Banach space satisfying Condition (A).

T<EOREM 2.6. Let X be a uniformly convex Banach space, and let C be a nonempty closed
-:nvex nonexpansive retract of X with P as a nonexpansive retraction. Let T : C — X be a
= -nexpansive nonself-mapping with F(T) # 0. Let {an}, {ba}, {en}, {an}, {Bn}, {mn}, {1},
zzd {A.} be sequences of real numbers in (0,1} with an + v, € [0,1], bn + cn + pn € [0,1], and
o+ Ba+ A€ (0,1 foralln > 1, and 307 Yn < 00, Yooty tin < 09, Y ooe A < 00. Suppose
1221 T satisfies Condition (A). If
1) 0 < min{liminfaoeo &tn, liminfaoe Bn} < limsup,_ (@ + Bn + An) < 1, and
limsup,_,an <1, or
F) 0 < liminfa o, < Hmsup,_olon + Bn + An) < 1, and 0 < liminfa_ooby <
limsup, _,o(bn + cn + 1n) < 1,
:-:n the sequences {z,} defined by the iterative scheme (1.1) converge strongly to some fixed
-:ntof T.
>200F. Let g € F(T). Then, as in Lemma 2.1, {x,} is bounded, lim,, . |z~ — ¢|| exists, and

NZap1 ~ QU < ”In - QH + 5?2):

wnere SO0 €y <ooforalln>1. This implies that d(zn 11, F(T)) < d{zn, F(T)) + €y and so,
-~ Lemma 1.1, lim,—, o0 d(zn, F(T)) exists. Also, by Lemma 2.1, limn—eo [[Tn —Tzn|| = 0. Since T
::2:sfies Condition (A), we conclude that lim,_,c d(zn, F(T)) = 0. Next we show that {z,} isa

“zuchy sequence.
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Convergence Criteria

Since limp—co d(Zn, F(T)) = 0 and Y on, €(z) < o0, given any € < 0, there exists a natusa
number ng such that d(z,, F(T)) < €/4 and Y [ e’(‘z)e/2 for all n > ng. So we can f=0

y" € F(T) such that |jz., — y*|| < €/4. For n > ng and m > 1, we have

"In+m - In" = ”In+m - y. " + ”In s y-”

n
Zno =3+ flne =311+ D €y

k=nyo

PR
- +-+_-=ec
4 2

£

This shows that {zn} is a Cauchy sequence and so is convergent since X is complete. Le
limp o0 Zn = u. Then d(u, F(T)) = 0. It follows that w € F(T"). This completes the proof. §

For a,, = ¢, = By = Tn = ptn = An = 0, the iterative scheme (1.1) reduces to that of (1.2) ==
the following result is directly obtained by Theorem 2.6.

THEOREM 2.7. (See [1, Theorem 3.6].) Let X be a uniformly convex Banach space, and lez C
a nonempty closed convex nonexpansive retract of X with P as a nonexpansive retraction. L&
T :C — X be a nonexpansive nonself-mapping with F(T) # 0. Let {o,} and {b,} be sequemes
in{e,1 — €] for some € € (0,1). Suppose that T satisfies Condition (A). Then the sequences (=
defined by the iterative scheme (1.2) converge strongly to some fixed point of T.

In the next result, we prove weak convergence of the iterative scheme (1.1) for nonexpass
nonself-mapping in a uniformly convex Banach space satisfying Opial’s condition.

THEOREM 2.8. Let X be a uniformly convex Banach space which satisfies Opial's conditun
and C a nonempty closed convex nonexpansive retract of X with P as a nonexpansive retracton.
Let T : C — X be a nonexpansive nonself-mapping with F(T) # @. Let {a,}, {bn}., 1=
{an}, {Br}, {1n}, {An} be sequences of real numbers in [0,1] with ap + Vn, bn + ¢ + 2. =0

an+fn+ A, arein [0,1] foralln > 1, and Y 00 | ¥n <00, Yoo | fn < 00, 3 o0 | Ap < oo L

(i) 0 < min{liminfa_ oo 0, liminfreoBe} < limsup,_o(@n + Bn + An) < 1. =
limsup,_,,,an <1, or

(i) 0 < liminfneoon € limsup, (0 + B + An) < 1 and 0 < liminfp .o ®y =

limsupn-—woo(bn +c'l + lu'ﬂ) < ll

then the sequence {z,}, {yn}, and {z,} defined by the iterative scheme (1.1} converges wesi s
to a fixed point of T.

Proor. It follows from Lemma 2.1 that limp oo |72, — zn]l =0 and limp— oo [|[T2n ~ 220 = ©
Since X is uniformly convex and {z,} is bounded, we may assume that x,, — u weakly asn — =
without loss of generality. By Lemma 1.3, we have u € F(T'). Suppose that subsequences =
and {z,,} of {z.} converge weakly to u and v, respectively. From Lemnma 1.3, u,v € F(T
Lemma 2.1(i), limpeo |z — ull and limn_, o [fzn — vff exist. Tt follows from Lemma 1.4 s
u = v. Therefore {x,} converges weakly to a fixed point u of T'. Since |jyn— 2l < ba||Tza—= =
ellT%n = Zall - inlltn ~ Zall = 0 (a5 1 — 00) and zn — 2all < an|T2n —2all+ Taltn — =)
(as n — o0) and z, — u weakly as n — oo, it follows that y, — u and 2, — u wezt
n — 0o,
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Abstract

In this paper, weak and strong convergence theorems are established for the modified Noor iteratior: .
asymptotically nonexpansive mappings in the intermediate sense in a uniformly convex Banach space. Mar--- ~-
awa-type iterations are included by the modified Noor iterations with errors. The results obtained in this 22~
improve the recent ones announced by Schu [J. Schu, Iterative construction of fixed points of asymptotica .- - =
mappings, J. Math. Anal. Appl. 158 (1991) 407-413; J. Schu, Weak and strong convergence to fixed points <7 . =
nonexpansive mappings, Bull. Austral. Math. Soc. 43 (1991) 153-159], Xu and Noor [B.L. Xu, MA. N::- - »
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Nammanee et al. [K. Nammanee, M.A. Noor, S. Suantai, Convergence criteria of modified Noor iterz: - -
for asymptotically nonexpansive mappings, J. Math. Anal. Appl. 314 (2006) 320334}, and many others
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1. Introduction

The concept of asymptotically nonexpansiveness was introduced by Goebel and Kirk [7} =
Noor {8,9] have introduced the three-step iterations and studied the approximate solutiors -
inclusion and variational inequalities in Hilbert spaces. Glowinski and Le Tallec [10] used thrz=.
schemes to find the approximate solutions of the elastoviscoplasticity problem, liquid cry:-:

eigenvalue computation. It has been shown in [10] that the three-step iterative schemes give -2+

results than the two-step and one-step approximate iterations. In 1998, Haubruge et al. . 5
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analysis of the three-step schemes of Glowinski and Le Tallec [10] and applied these schemes to
spitting-type algorithms for solving variation inequalities, separable convex programming and
of a sum of convex functions. They also prove that three-step iterations lead to highly
algorithms under certain conditions. Thus we conclude that three-step schemes play an important
nt part in solving various problems, which arise in pure and applied science,

concept of asymptotically nonexpansive in the intermediate sense was introduced by Bruck et al. [12].
is a generalization of asymptotically nonexpansiveness. Let C be a subset of real normed linear
1 and let T be a self-mapping on C. The fixed point set of 7, F(T), is defined by AT) ={xe€ C:
T issaid to be nonexpansive provided || Tx — Tyl|<|jx — y|| for all x,y € C; T is called asympiotically
we if there exists a sequence {k,}, k, = | with lim,__.k, = 1, such that

T =T S Kl =

s v=Candeachn 2 1
asymptotically nonexpansive in the intermediate sense [12] provided T is uniformly continuous and

m sp sug(HT”x =Tyl —llx—»l) €0
== xyeC

a

[13] that if X is a uniformly convex Banach space and T is asymptotically nonexpansive in the
sense, then M7) # 0.

wocdified Noor iterations with errors is defined as follows.

 5¢ 2 normed space, C be a nonempty subset of X, and 7': C — C be a given mapping. Then for a
= (. compute the sequence {x,}, {y,) and {z,} by the iterative schemes

wo=aTx,+ (1 —a, —v,)x, + ¥,un.

L= 8Tz, e T + (1 = by — €n — 1) X0 + Hpa, (1.1)
=Ty, + B, T2, + (1 —ay — B, — &a)xn + AaWa, 0 2 1,

Ca 184, {end, {aa), {Ba), {yals L, {4,) are appropriate sequences in [0, 1) and {u,}, {v,} and {w,}
sequences in C.

wesative schemes (1.1) are called the modified Noor iterations with errors. Noor iterations include the

wa iterations as spacial cases. If y, =y, = 1, =0, then (1.1) reduces to the modified Noor iter-
by Suantai 5]

=T, + (| — a,)x.,
=0Tz, 4 T % + (| — by — Ca)Xa, (1.2)
=Ty, BTz + (l =y — f)x, 121,

e 1B, {ead, {aa), {B.) are appropriate sequences in [0, 1].
=2tz that the wusual Ishikawa and Mann iterations are special cases of (1.1) and if
=, =y, =2, =0, then (1.1) reduces to the Noor iterations defined by Xu and Noor [3]

- .lrlxn + (l - a,,)X,,,
=Tz + (1 - by, (1.3)
M=4-T"}’,,+(l _an)xm n 2z lv

o 15}, {a,) are appropriate sequences in 0,1}
w=c.=B, ==, =2, =0, then (1.1) reduces to the usual Ishikawa iterative schemes

= AT+ (1= by, (1.4)
&-4=\1-T"yn+(1 —ot,,)x,,, nzl,

© .. lx,} are appropriate sequences in {0,1].
=5, =¢,=f,=V,= ptn = A, =0, then (1.1) reduces to the usual Mann iterative scheme

e =2, + (1 = tt)x,, n 2 1. (1.5)

= are appropriate sequences in [0, 1]. See [1,2] for more details about Mann iterative scheme.
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The purpose of this paper is to establish several strong convergence theorems for the modifies
ations with errors (1.1) for completely continuous asymptotically nonexpansive mappings in the
sense, and weak convergence theorems for asymptotically nonexpansive mappings in the inte
a uniformly convex Banach space with Opial’s condition.

Recalf that a Banach space X is said to satisfy Opial’s condition [14]if x, — x weakly as n — =
imply that

limsup ||x, — x]i < limsupjjx, — y{l.

n—o0 n—xx

In the sequel, the following lemmas are needed to prove our main results.

Lemma 1.1 (15, Lemma 1) Let {a,}, {b,) and {3,} be sequences of nonnegative real numbers
inequality

Quey L (1 +62)a, +b,, Vn=12,...

Iy 6, <o and ¥ 0o b, < o0, then

(1) lim,, _ca, exists.
(2) im,_ ¢, = 0 whenever iminf, _.a,= 0.

Lemma 1.2 [4, Lemma [.6). Let X be a uniformly convex Banach space, C a nonempty closed commes
X, and T: C— C be an asymptotically nonexpansive mapping. Then [ — T is demiclosed at 0, i =
weakly and x,, — Tx, — 0 strongly, then x € F(T), where F(T) is the set of fixed point of T.

Lemma 1.3 [5, Lemuma 2.7). Let X be a Banach space which satisfies Opial's condition and let {x,] b=
in X. Let u,v € X be such that lim,_s.||x, — ul| and lim, _ ||x, — ol| exist. If {x,, } and {x., } are
{x.} which converge weakly 10 u and v, respectively, then u = v.

Lemma 1.4 [4, Lemma 1.4). Let X be a uniformly convex Banach space and B, = {x € X : ||x|| €7 =

there exists a continuous, strictly increasing, and convex function g : [0,20) — [0, 00), g(0) = 0 mus
ll4x + By + vzl < Alixlf” + BN + vlzli® = 28g(lbx ~ »1)

Jor all x,y,z € B, and all 2,8,y € [0,1] with A+ +y=1.

Lemma 1.5 [6, Lemma 1.4]. Let X be a uniformly convex Banach space and B,= {x € X : ||x|| <rl .+

there exists a continuous, strictly increasing, and convex function g : [0,20) — [0, 00), g(0) = 0 szt
lloce + By + pz + Awl” < allxli® + VI + sl + Allwll” — «Bg(llx - p1)

Jorall x,y.z,w € B,, and all o, p,u, . € [0,1] witha++pu+ 2= 1

2. Main results

In this section, we prove strong convergence theorems for the modified Noor iterations with er=
asymptotically nonexpansive mapping in the intermediate sense in a uniformly convex Banach spaoe
to prove our main results, the following lemmas are needed.

The next lemma is crucial for proving the main theorems.

Lemma 2.1. Let X be a uniformly convex Banach space, and let C be a nonempty bounded closed =
subset of X. Let T: C — C be an usymptotically nonexpansive mapping in the intermediate sense. Fu

G, =sup(|IT"x = "yl ~ x = »l[} VO, Va2>1,

xyeC
50 that § 27 .G, < 00. Let {an}, {b,), {ca), {o}, {Ba), {va), {ma} and {2,} be real sequences in [0.7 s
Ap + Yuy bn ¥ CaF py and o, + B+ Aq are in {0,1] foralln 2 1, and 370y, < 50,3 ooty < o<, 7
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ot ot {u,), {v,) and {w,) be bounded sequences in C. For a given x, € C, let {x,}, {y.} and {z,} be the se-
wwemces defined as in (1.1). '

U lf p € K(T) then lim,_.||x, — p|| exists.
2 If 0 < liminf,_o.a, < limsup,_.(o, + fi, + 4,) < L, then lim,_ | T"y, —x.|| = O.
=) If 0 < liminf, _ e, and 0 <liminf,_ b, < imsup,_.o(b, + ¢, + p,) < 1, then lim,_,||T"z,, — x,|| = 0.
= If 0 <lhminf,_. b, < limsup,_...(6, + ¢, + 1) < 1 and 0 <liminf, _. &, < imsup,_(a, + f, + 4,) <1,
then lim,,_.o||T"x, — x,|| = 0.

Sl (i) By {131 A(T) # . Let p € F(T). Since {G,}, {u,}, {v,} and {w,} are bounded sequences in C, we put
M = sup G, Vsup |lu, — plj V sup [[v. — pl| V 5‘)‘[[) llw — pl.-

nxl nzl axi
Foreach n > |, we note that

hza = pll = llanT 20 + (1 = @ = ¥,)%0 + Vatt = Pl

< (U=ay = )lxa — pll + aul| T"xa = pll + yallua — pll
< apllxn — pll + .G, + (1 = ay — y,)lxa — Pl + 3, llun — pll
<

llxa = pll + Ga + My, (2.1)
e =PIl = 0627 20 4 a7 + (1 = by — Ca — p13)%n + w00 ~ pl| '
S (U= b = ¢y = pt )l = pll + 67720 — pl|
+eallT"xn — pll + pallon — pll
S (V= by = co = 1)lxa = Pl + ballizs — pll + G
+ calllxa = pll + Gal + pallvn — plf
< (1= b = ¢ = )% = pll + bal(llxa — pll + Ga + My,) + Ga]
+ calllxn — plif + Ga] + My,
< | = plt + 3G, + My, + Mp,. (2.2)
Zuet =Pl = 0Ty, + B, T"20 4+ (1 — 0y = B, — 2a)Xa + Zaw, — |
(1= = B, = Aa)llxa = pll + |77y, —~ pl
+ BlT"z, — Pl + Aallwa — pl|
S =an =B, = ) = pll + aallly, — pll + G
+ Bulilza — pll + Ga] + Aallwa — pll
< (I~ = B, = &a)llxa = pll
+ oa{ll(flxn — pll + 3G, + My, + Mp,) + G,
+ Bull(1xs — Pl + Go + My,) + G,) + M4,
< lxa = pll + 6G, + My, + My, + M2, (2.3)

S T2 .G, <00, Yoo ¥, <0G, 3ot u, <oc,and Y2 4, < oc, it follows from Lemma 1.1 that lim,_.

.~ o] exists.
: By (13}, T has a fixed point p € C. Choose a number r > 0 such that C C B,and C — C C B,. By Lemma
& there is a continuous, strictly increasing, and convex function g : [0,00) — [0,00), £1(0) = 0 such that
i By + 2l < Al BV + il — 2Bg e~y (24)

il x,y,z€ B,,and all 4,8,y €(0,1]with A+ +y=1.
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It follows from (2.4) that
Bz = P = NanT % + (1 = @ = ¥, )% + 70110 — plf’
= Nan(T"x0 = p) + (1 = a0 = 7,)(%a = p) + ¥, ltta = P)I
< aullT"x, = plf* + (1 = a = v) %0 = I + ¥ulls = pI* = a0l — @0 = 7,)g, (1720 ~ 28
< aufllxn = pll + Ga) + (1 = @5 = v)llx0 = PP + Volltn — PN = au(1l = a0 — 9,80 T0
= a,{lfxs — pIi* + 2Gullxa = pll + G2 + (1 = ay =y )lxa — pI* + yullen — oI
—a,(1 = ay = 7)1 T"x0 — xall)
< e = plI* + 2Galixa — plt + G2 + My, = an(1 = a5 ~ 7,), (IT"x0 ~ x,]]). |
By Lemma 1.5, there exists a continuous strictly increasing convex function g;:[0,00) — [0.2= 2
such that
lloox + By + uz + Awlf* < alfxl® + Bliyl® + wllzll® + Alwl® — apg(ix — yi) |
for all x,y,z,w€ B,, and all a,f,p,2 € [0, 1] with a + f+ u+ A= 1. It follows from (2.6) that
e = 217 = 1baT 20 + €aT"x0 + (1 = by = €4 = )50 + 1,00 — pif’
= 16u(T"20 = p) + (1 = by = €a = 1) (% = P) + CalT"x, ~ p) + 1, (va — p)||®
S (U= by =y = g )xn = plI* + ball T2, = Pl + call T2 — pI°
+ pllon =PI = ball = by — o = 1,)82(NT"20 — xaf)
< (U= b, = ¢ = )% = plI* + Balllza — pll + Gal* + calllxa — pll + o)’ + polfvn — 5
— ba(l = by — ¢n — )8 (I T"20 — xa]l)
= (1= b, = ¢y = p)lxa = pI* + bulllze — pI* + 2Gullza — pll + G2)
+ Calllxn — PP + 2Gallxa — pll + G2 + mylfon — pif?
= ba(l = by — €5 — 1,)8 (17724 — xal})
(= ba ~ & = t)llxn = P + bal(llxe = pI* + 2G|, — pll + G2 + M?y,)
+2G,(llxn = pll + Gu + My,) + G2 + calllxs — pII* + 2G,llxs — pll + G2 + Mg,
—bu(1 = by = cn = 11,)82(1T"20 = xall)
< ltw = pli* + 6Gallxa ~ pll + 5G2 + M*(y, + 1,) +2MG,
~ ba(1 = by — cp — p1,)82 (1 T"20 — x4ll),
and
st =PI = Mot 7750 + B, 7725 + (1 =ty = By = Aa)%n + Aawa — P
= flta(T"xn =~ p) + (1 = ttn = By — 2a)(%a ~ ) + Bo(T"20 = p) + 2u(wa — P
< =an = B, = )llxw = pI* + aali T, = oI’ + BTz, = I
+ Aallwn = plI? = ta(l = ot = B, = 22) &N Ty, — xall)
< (U ~an ~ By = Al — I’
+ allly, = pll + Gal + By lllzn = pll + Gl + Zulpwn =PI
= oy(1 = oy = By~ A)& (N Ty — %all)
= (1 =ty = Bp = 2a)llxn — PI* + aullly, — P’ + 2G,lly, — pll + G2}
+ Bullizn — I + 2Gullzs — pll + G2} + Zallwa - plI*
= ta(1 = 0ty = By = 2)& (N Ty, — xall)
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< (1 = an = By = Aa)llxa — pIf?
+ an{(llxn = plI* + 6Gallxa — pll + 5G2 + M*(3, + p,) + 2MG,)
+ 2Ga(lIxn = pll + 3G, + My, + Mp,) + G2
+ Bul(lxa — pII* + 2Gallxs — pll + G2 + M?y,)
+2G,([lxn ~ pll + Gn + My,) + G2} + M?2,
~ (1 ~ oty ~ B, ~ 2)& (1 T"y, — xall)

< xn — plI* + 12Gfix, — plf + 16G; + M*(2y, + 1,) + 8MG,
— (1 — oy = B, = 7,)82(0T"y, = xall), (2.8)

“wacs tmply that
(1 = an = B, — Dg2(IT"y, — xal) < a = pI* = [Xawr = pII* + 12LG, + 16G2 + M*(2y, + ) + 8MG,,
(2.9)

s
2.5,(1 = by — ¢u = )82 (IT"20 = xll) < I =PI = Xnst — P + 12LG, + 16G2 + M*(2y, + p,) + 8MG,,
(2.10)

s L=sup{||x, —p|l:n = 1}
U0 <liminf, e, < imsup,_ (o, + fi,+ 4,) <1, then there exist a positive integer 1y and 5,1’ € (0, 1)
= that

J<np<o,and o, + B, + <y <1 foralln > n.

s mplies by (2.9) that

< lxn = 2l = ll%ner = plI* + 12LG, + 16G2 + M*(2y, + 1,) + 8MG,

< Mxa = P2 = |IXnsr = pl¥ + 12LG, + 16MG,, + M*(2y, + 1,) + 8MG,

< e = P = Pxusr = Pl + 12KG, + SKG, + M*(2y, + 1,)) + 8KG,

= lxn = pI* = llxasr — pI* + 17KG, + M*(2y, + p,), (2.11)

2= 1) (17720 = xall)

K=max{M,L}, for all n = ngy. It follows from (2.11) that for m > n,

a7z xll) < ——— (i(uxn =PI = s = pIP) + S (17KG, + M2y, +u")))

s n(l =)

n=ny n=y

! <nxm. PP 1K S G4 M2 S (2, +m>. (2.12)

SqT—n)

n=ny n=n,

221Gy < oc. Let m — oc in inequality (2.12) we get that 322 ¢,(IIT"2, — x,]|) < oo, and therefore
(| Tz, — x4]]) = 0. Since g is strictly increasing and continuous at 0 with g(0) =0, it follows that
17%2, — x,|| = 0.

o IF0<liminf,_.a, and 0 <liminf,_..b, < limsup,_..(b, + ¢; + ,) < |, then by the using a similar
together with inequality (2.10), it can be shown that

=0Ty, —xl =0

v H0<liminf,_ b, < limsup,_(b, + ¢, + #,) <1 and 0 <liminf,_ . o, <limsup,_.(o, + f, + 4,) <1,
= (i) and (iii) we have

= 772, — x| =0 and  lim Ty, — x|} = O. (2.13)
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From y, = (1 = b, — ¢, — pp)x, + 5,77z, + ¢, T"x, + p,0,, we have
Wyn = xall = W(1 = by = € = pa)xn + 0T 2, + €aT"%n + i, 00 — Xl
= |6,(T"z, — x,) + caT" (x5 — x4) + 18, (s — xa)l
S ballT"zy — xall + call T7x0 = 2all + 1, llxa = 0all-

Thus
I7°%0 = xall = IT"x0 = Ty, + T, = xall S WT7x0 = Ty, | + W77y, = xall
< xn = yall + Ga + 1Ty, = x4l
S ballT"z = xall + call T"%n = xall + pollxn = vall + G + 1Ty, — xall,
and so

(1 - c,,)[]T"x,, - xn" < b,,"T"Z,, - xn” + ,u,,l]x,, - U,,“ + Gn + ”T"yn - xn“'
Since limsup, ¢, < 1, it foltows from (2.13) and }_7_,G, < o< that
lim | 77x, — x,|| =0. - O

Theorem 2.2. Let X be a uniformly convex Banach space, and let C be a nonempty bounded closed
subset of X. Let T be a completely continuous asymptotically nonexpansive in the intermediate sense

Go=sup(iT"x = T"y| = lx ~») VO Vn =1,

xyeC
so that Z;’Z,G,, < oo. Let {an}, {ba), {ca)s {ota), {Bn}. {vn}s {in} and {2,} be real sequences in [0.1
Ay + Yoy byt €yt pyand o, + B, + Ay are in (0,1] foralln = 1, and 3 0 \7, < 90,3 e it < OC,

and let {u,}, {v,} and {w,} be bounded sequences in C. For a given x| € C, let {x,}, {y,} and
sequences defined as in (1.1) and

(1) 0 <liminf,_, o, < limsup,_.(a, + 8, + 2,) < 1 and
(ii) 0 <liminf,_ b, < limsup,_ (b, + ¢, + ) < 1.

Then {x,}, {y,} and {z,} converge strongly to a fixed point of T.

Proof. By Lemma 2.1, we have
lim [[7"y, — x.|| =0,
n—nc
lim {|T"z, — x,]| = 0,
lim }7"x, — x,]| = 0.
It follows from (2.14) that lim, .|y, — x,}l =0.
From x4y =(1 — 0y — Ba ~ 2))Xn + 0, Ty, + BTz, + 2, w,,, we have
Wxart = xall = {11 — 0ty = B, = An)xn + 0 Ty, + B, 7720 + Zawy — x|
S [Ty, = xall + Bl 720 = Xa|| + Znllwa — xa]| — 0.
And

"xn+| - T”xn+l ” ]xn+1 - xn“ + ”T”xn+l - T"xn” + ”T"xn - X,,”

< |
. < "xn+l - xn” + ”xn+| - xn“ + Gn + ”T"xn - xn” — 0.
Since

nst = Benst ] € [xnsr = T x| + [ Txnsr = 77 2pi |

and by uniform continuity of T and lim,_[|7"x, — x,ll =0, it follows that lim,_||lx, — Tx,/ =




K. Nammanee, S. Suantai | Applied Mathematics und Computation 187 (2007 ) 669679

S=ce T is completely continuous and {x,} C C is bounded, thcre exists a subsequence {x,, } of {x,} such
{Tx,,.} converges. Therefore from lim,_jlx, = Tx,|| = {x,..} converges. Let limy_x, =p. By
wmuity of 7 and lim,_..||x, —Tx,|| = 0, we have that Tp = p, so p is a fixed point of 7. By Lemma 2.1 (i),

lix, — pll exists. But limy o |lx,, — pl| = 0. Thus lim,_|lx, — p]| =0. Since ||y, —~ x| = 0 as n — 0,

= Xall = ||@aT %0 + (1 = @y — 7,)%n + Yultn — Xall < [[T"x0 = xal} + y,lltte —xa]| = 0 as n - oo,

s that lim, .y, =p and lim,_ .z, =p. O
“=om Theorem 2.2, we have the following results.

2.3 [6, Theorem 2.3). Let X be a uniformly convex Banach space, and C a nonempty bounded, closed
comvex subset of X. Let T be a completely continuous asymptotically nonexpansive self-map of C with {k,}
mg k, 2 1 and 3 02 (k. — 1) < co. Let {a,}, {ba). {ca), {a}, {Ba}, {¥n), {1a} and {2,} be sequences of
wumbers in [0,1] with b, + ¢, + p, €(0,1] and an, + f,+ 4, €(0,1] for all n 2 1, and 3y 27y, < 00,

2, <00, Yo Ay < 00 and

< liminf, o, < imsup,_ (b, + ¢, + p,) < 1, and
0 < liminf,_ g, < limsup, (o, + f, + 4,) < 1.

o x), {va) and {z,,} be the sequences defined by the modified Noor iterations with errors (1.1). Then {x,},
wnd [z} converge strongly to a fixed point of T.

24 (5, Theorem 2.3). Let X be a uniformly convex Banuch space, und C a nonempty bounded, closed
omsex subset of X. Let T be a completely continuous asympiotically nonexpansive self-map of C with {k,)
wek, > Land Y 0 (ko — 1) < oo. Let {an}, {b,}, {ca), {aa}, {B.) be sequences of real numbers in [0, 1)
o=, €[0,1) and o, + B, €[0,1] foralln = 1, and

< liminf, L ob, < limsup,_oo(b, + ¢,) <1, and
0 < Hminf, o, < limsup,_ (o, + f,) < L

o x ), e} and {z,) be the sequences defined by the three-step iterative scheme (1.2). Then {x,}, {y,} and
cwmverge strongly to a fixed point of T.

o, = B, =0in Theorem 2.2, we obtain the following result.

v 2.5 [3, Theorem 2.1). Let X be a uniformly convex Banach space, and let C be a bounded, closed and
nbsel of X. Let T be a completely continuous asymptotically nonexpansive self-map of C with {k,}
k, = tand 302 (k. — 1) < oc. Let {a,}, {ba}, {on} be real sequences in [0, 1] satisfying

< hminf,_ b, < limsup,_b, <1, and
< hminf, _ oo, < limsup, .0, < L

v = given x; € C, define

= :alT"xll+(l ‘-an)xn)
=52, + (1 = b,)x,, n =1,
e =, Ty, + (1 — a,)x

. {ya) and {z,} converge strongly to a fixed point of T.

W= o, =c¢, = fi, =0 in Theorem 2.2, we can obtain Ishikawa-type convergence result.

105



K. Nammanee, S. Suantai | Applied Mathematics and Computation 187 (2007 ) 669-679

Corollary 2.6. Let X be a uniformly convex Banach space, and let C be a bounded, closed and conve: .-

Let T be a completely continuous asymptotically nonexpansive self-map of C with {k,} satisfyir: -

ol
Yoo (ke — 1) < co. Let {b,}. {a,} be a real sequence in [0,1] satisfying
(1) 0 <liminf,_ b, < limsup,_...b, < 1, and
(1) 0 < liminf,_ &, < limsup,__ca, < 1.
For a given x| € C, define
yn = bnT"zn + (l — b,,)x,,,
Yoo =0Ty, + (1 — o, )x,, n 2 1
Then {x,) and {y,} converge strongly to a ﬁxe?l point of T.
In the next result, we prove weak convergence of the modified Noor iterations with errors {27 & ~mmum
cally nonexpansive mapping in a uniformly convex Banach space satisfying Opial’s condition.
Theorem 2.7. Let X be a uniformly convex Banach space which satisfies Opial's condition. ¢ -
nonempty bounded, closed and convex subset of X. Let T be an asymptotically nonexpansive in i::- e
sense. Put
Gy =sup({|7"x = Tyl — flx = yll) VO, Vn =1,
xveC
so that E‘ZLG,, < oc. For a given x, € C, let {x,}, {yn} and {z,} be the sequences defined as ir e
(1) 0 <liminf,_ 0, < limsup, _oo(ot, + f, + 4,) < 1 and
(ii) 0 <liminf,_ b, < limsup,_ (b, + ¢, + u,) < 1.
Then {x,} converges weakly to a fixed point of T.
Proof. [t follows from Theorem 2.2 that lim,...||Tx, — x,|| = 0. Since X is uniformly convex =:-: 4
bounded, we may assume that x, — u weakly as n — oo, without loss of generality. By Lemmz = . w uw
u € F(T). Suppose that subsequences {x,, } and {x,, } of {x,} converge weakly to u and v, respz:: iy
Lemma 1.2, u,v € F(T). By Lemma 2.1 (i), lim,_||x, — u|| and lim,_,o.[|x, — v]| exist. It follows -: = .-
1.3 that u = v. Therefore {x,} converges weakly to a fixed point of 7. O
From Theorem 2.7, we have the following results.
Corollary 2.8 {6, Theorem 2.8]. Let X be a uniformly convex Banach space which satisfies Opial's -~ .4
C a nonempty closed, bounded and convex subset of X. Let T be an asymptotically nonexpansive - -muw il
with {k,} satisfying k, = | and Z:c:,(k,, — 1} < oo Let {a,}, {ba}. {ca)s {0n)s {Bn)s {tn)s {Zn) 55 o ommomon

real numbers in (0,1} with a, + ypbn + co + u, and @, + B, + 2, are in [0,1] for all n > land —
z:o:lun < oC, E::I)"l < oC and

(1) 0 <liminf,- b, < limsup,_...(b, + ¢, + 1) < 1, and
(i) 0 <liminf,_ &, < limsup, ..(a, + S, + 2,) < L.

Let {x,} be the sequence defined by modified Noor iterations with errors (1.1). Then {x,} con:: -
a fixed point of T.

Corollary 2.9 {5, Theorem 2.3}, Let X be a uniformly convex Banach space which satisfies Opial’: .. -
C a nonempty bounded, closed and convex subset of X. Let T be an asymptotically nonexpansit< :
with {k,} satisfying k, > Vand 372 (k, — 1) <oo. Let {a,}, {ba}, {ca}, {an}, {Ba} be sequences -
in{0,1] withb,+c,€[0,1] and o, + B, € [0,1] for all n = 1, and

"
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< hminf,_.0b, < limsup,_..(b, + ;) < 1, and
< liminf, .o, < limsup,_o(a, + B,) < L.

L5, be the sequence defined by three-step iterative scheme (1.2). Then {x,} converges weakly to a fixed
o T

¢x=f, =0 in Theorem 2.7, we obtain the following result.

2.10. Let X be a uniformly convex Banach space which satisfies Opial's condition, and C a nonempty

closed and convex subset of X. Let T be an asymptotically nonexpansive self-map of C with {k,)
k2 Land 2 (k. — 1) < oc. Let {a,}, {ba), {a,) be sequences of real numbers in [0,1] and

< lminf,_ b, <limsup,__...b, <1, and
< Iminf,_ .0, < limsup,_ ., < L.

‘w). W) and {z,} be the sequences defined by

= =a. 0", + (1 —a,)x,,

=0Tz, + (1 = by)xs, n 21,

o =, Ty, + (1 = a,)x,.

. converges weakly to a fixed point of T.

z.=c¢,= B, =0in Theorem 2.7, we obtain Ishikawa-type weak convergence theorem as follows:
2.11. Let X be a uniformly convex Banach space which satisfies Opial’s condition, and C a nonempty

closed and convex subset of X. Let T be an asymptotically nonexpansive self-map of C with {k,)
E.2 land 322 (k. — 1) < oc. Let {b,}, {a,} be sequences of real numbers in {0, 1] such that

< Iminf,_ .0, < limsup,_...b, <1, and
~ Iminf, .o, < limsup,_ o, < 1.

.| and {y,} be the sequences defined by
0, =0T, + (1 = by)xa,
e =0, Ty, (L ~)xs, n 2 L

converges weakly to a fixed point of T.
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space X, a function p : X — [0, oo] is called a modular if it satisfies the following conditions:

=z = 0 whenever p(Ax) = 0 forany A > 0;
| for all scalar & with |a} = 1;
< o(x)+p(y), forallx,y e Xandalla, § > Owithe + § = 1.

by

< wp(x) + Bp(y),forallx,y € Xandallee, > O witha + 8 =1,
= is called convex modular. Moreover, for arbitrary x € X we define
Hll:- O:p(i) < oo].

2o by the definition.
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For any modular p on X, the space
X,=[x€eX:p0x) > 0as2 > 0%},
is called the modular space. If p is a convex modular, the functional
bl = inf {2 > 0:0(5) <1},

is a norm on X,, which is called the Luxemburg norm (see [35]). A modular p is called right-continuous
continuous) [continuous] if lim, 4+ p(Ax) = p(x) forall x € X, (lim;_, ;- p(Ax) = p(x) forall x € X,) [=
right- and left-continuous].

Remark 1.1. If p is a convex modular and p{A,x) < oo for some x € X, and A, > O, then p is right
at Ax for any A € [0, A,) and left-continuous at Ax for any A € (0, A,). Indeed, this follows from the fact
function f(f) = p(tx) is convex on R* and has finite values on the interval [0, A,] so it is a continuous
[0, Aol

A triple (T, 5, u) stands for a nonatomic, positive, complete and o-finite measure space, while Lt =
denotes the space of all (equivalence classes of) o -measurable functions x : 7 — R. In what follows we will ;
measurable functions which differ only on a set of measure zero. Forx,y € L0, we write x < yif x(¢) < -
p-ae. t € T and the notion x < y is used for x < y and x # y. Moreover, for any x € L?, we denote bs
absolute value of x, i.e. |x|(¢) = |x(¢)] for p-ae.t € T.

By E we denote a Kdthe space over the measure space (T, X, ), i.e. E C L9 which satisfies the
conditions:

(ifxeE,ye L% and ly] <lx] for p-a.e.theny € E and ||lyllg < llx|l&,
(ii) there exists a function x in E which is strictly positive on the whole T.

A function ¢ : T xR — [0, 00) is said to be a Musielak—Orlicz function if ¢(t, -) is a nonzero function. &
at zero, it is convex and even for p-a.e. t € T and ¢(:, u) as well as qo“(-, u) are X'-measurable functions
u € Rt, where 40" (2, -) is the generalized inverse function of ¢ (¢, -) defined on [0, o0) by

(a_l(t, u) =inf{v > 0: ¢(t, v) > u}
foreacht € T (see (35]). For Musielak—Orlicz function ¢ we define a measurable function with respect to r =
a(t) = supf{u > 0: (t, u) =0},
see [6, page 175).
Remark 1.2. Let ¢ : T x R — [0, 00) be a Musielak-Orlicz function. Then

(i) ¢~'(¢, -) vanishes only at zero;
(i) @, o' (t, u)) = u for all u € [0, o) and

. [0, ifuel0,a®l,
¢ ot u) = {u, if u € (a(t), 00);

forpu-ae.t €T,

Given any Musielak-Orlicz function ¢, we define on L0 a convex modular 2y by

_Jhgoxlg ifpoxekE,
Qp(x) = {oo otherwise;
and the generalized Calderén—Lozanovskii space is defined by
E,={xe¢ LO:qooAx ¢ E for some A > 0}.

Then E, = (E,, | - ly) becomes a normed space, where || - |, denotes for the Luxemburg norm induced &y
{4.9]).
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mwestigations of generalized Calderén—Lozanovskil space we refer to [8-10,27].

when ¢ is an Orlicz function, i.e. there is aset A € X' with u(A) = 0 such that ¢(ty, -) = ¢(#2, -) for all
& these Calderén-Lozanovskil spaces were investigated in [3,4,30] and the investigations were continued
15.11.15,17,20,26,28,29,32-34,36,37].

& Musielak—Orlicz function ¢ satisfies the condition AZE if there exist a set A € ¥ with u(A) = 0, a
= 0 and a nonnegative function h € E such that the inequality

“ < Ko(t,u) +h()
t=T\ Aand u € R (see [35) when E = L! and [9] in general).

5. Lemma 5]). The property that x|, = 1 if and only if g,(x) = | holds true for any x € E, if and

19 Lemma 1]). For any Musielak—Orlicz function ¢ the inequality
=) =@t u) + o, at) +v)

teTandanyu > a(t),v > 0.
% Corollary 7]). If ¢ € AL then u({t € T : a(t) > 0}) = 0.

" 2 E)and ET(= {x € E : x > 0)) we denote the unit sphere, the closed unit ball and the positive cone

space E. Forany x € E, definesuppx = {t € T : x(t) # 0}.

= = E~ is called a point of upper monotonicity (UM-point for short) if for every y € E* \ {0} we have

~ = —ylg-Apoint x € Et\ {0} is called a point of lower monotonicity (LM-point for short) if for every
_suchthat y < x, we have ||x — y||g < |lx|| £. If every point of S(E ™) is a UM-point (or an LM-point),

: e the space E is strictly monotone. It is easy to see that x € E* \ {0} in any Ko6the space E is a

M -point) if and only if x /x| is a UM-point (LM-point). Therefore, it is enough to formulate the criteria

“y for points in S(E) only.

= = S(E) is said to be an extreme point of B(E) (x € ext B(E) for short) if for any y, z € B(E) such

+ — = we have y = z. If any point of S(E) is an extreme point of B(E), we say that the space E is rotund

= S(E) is called a strong U-point (SU-point for short) of B(E) if for any y € S(E) with ||x + y|lg = 2,
+ = »_Itis obvious that a Banach space E is rotund if and only if any x € S(E) is an SU-point, but the
=xtreme point and an SU-point are different (see [7]).

L=cwn that rotundity properties of Banach spaces have applications in various branches of mathematics,
=2 point Theory, Approximation Theory, Ergodic Theory, and many others. Moreover, if the focus of the
=h lattices, then there are strong relationships between rotundity properties and monotonicity properties
15.18,21,24,25]). Specially, in [17,20] the local rotundity and local monotonicity structures of a certain
namely Calderén-Lozanovskii spaces, were studied. The results of our paper will be a generalization
=xcellent papers [17,20] by considering Orlicz function with parameter called Musielak—Orlicz function
vz function. Of course, some ideas from those papers are also applied in our paper. However, because
properties among functions, in many parts of the proofs of our results new methods and techniques are

that if E has the Fatou property, i.e. for any x € L% and (xn)o2, in E such that 0 < x, /7 x u-
Ir.lp < 0o we have that x € E and |Ix[[g = limye0 lxzll£ (see [1,23,31)), then E, also has this
moreover, the modular g, is left-continuous (see [9, Theorem 12]). Consequently, E,, is a Banach space.
whole paper we will assume that E is a Kothe space with the Fatou property. Moreover, we will denote
= gir,x(t)) foreacht € T.

= is organized as follows. In Section 2 we give some basic auxiliary results of general modular space and
3 is devoted to the strictly monotone points of E,. We study rotundity points of E, in Section 4. Finally,
we= give a characterization of rotundity structure in E,.
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2. Auxiliary lemmas

We start by proving some facts in any modular space.

Lemma 2.1. Let X, be a modular space generated by a convex modular p and x,y € B(X,). If E(x) < |
() <L

Proof. Since £(x) < 1, we take a real number a € (§(x), 1) and put £ = l;" Then ¢ > 0 and {389 4 lf_;—'
Thus,

(00 (5) = (550 5)

=p((1+s)a_£+1+s.y)

2 a 2
< (14+8&)a
- 2
which implies that £ (£12) < 1. This completes the proof. [

X 14+¢
p(;) + —2——p(y) < 00,

Lemma 2.2. Let X, be the modular space generated by a convex modular p and x € B (X ) be such that &
If y is any element in B (X,) satisfying || '” np =1, then p (—1) =1,

Proof. By £(x) < 1 and Lemma 2.1, we have & (532} < L. Put J = ) and define a function f : ©

gl
[0’ e
by f(t) = p(¢%32). Then f is a convex function and has finite values on 7, which imply that f is a
function on I. Assuming that p (“ﬂ' } < 1, there exists a X > 1 such that p [1—1) < 1 whence H"—ﬂu

contradiction. 0O

We close this section by giving a basic result on the generalized Calderén-Lozanovskii space as follows:

Lemma 2.3. For any x € E, and any measurable partition {T;};_, of T we have,
§(x) = max {E(xxr,)l

Proof. Put o = max)<i<,{(xx7;)}, then it is obvious that @ < E(x). We now show that the converse &
holds. If not, then a real number 8 € (&, £(x)) can be found and consequently,

()b Gl ~[Er G <5 G,

i=1 E i=l
which contradicts the definition of the number £(x). 0

ZQ«:( xr.)

3. Points of monotonicity in E,

In this section, we give some criteria for upper and lower monotonicity points in E.

Theorem 3.1. A point x € S(E}) is upper monotone if and only if

() 0p(x) =1;
(i) u(t e T : x(t) <a@®)) =0;
(iii) ¢ o x is an upper monotone point of E.
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& condition (i) does not hold, then g,(x) = r < 1. Let D be a subset of A such that u(D) > 0 and
» momnegative measurable function defined by

L—r
(" m;ug) Xp¢).

——— yp which implies ¢ o u € E, and moreover,

I(l &)
=1-r
Yxolle E

=xist a real number A > 0 and a measurable function y > (¢ with supp y = D satisfying
) <ot x(1) + ot u(), y@) =i

= T O= the other hand, an ascending sequence (T;,);2, such that | J, T, = T and sup, ., ¢(t,u) < 00
wnd w £ R can be found (see [22]), which allows us to obtain a nonnegative real number dj, such

XD

© L :te D).

+ < d; xp which implies that y € E,. Moreover,

= fwoxxnp+e¢ox+y)xple <llgoxxr\o+eoxxp +¢oule
=leox+goullg <llpoxleg +lpoulle=r+1-r)=1

< lx + yllp < 1 and therefore, x is not an upper monotone point.
= s not satisfied. Then theset A = {t € T : x(¢) < a(¢)) has a positive measure. Let us define
(r)forallt € T. We see that y € E \ {0) and

=lgo(x+YE =llgoxxma+eox+ X, E
= |lgoxxma+eoax,le
= lgoxxmalle < gplx) < 1.

< 1. But, since y € EJ \ (0} the fact that |lx + yll, > flxll, = 1 is always true, we obtain
Thus means that x is not an upper monotone point.

show the necessity of condition (jii). Let us assume that x € § (E;;' ) is an upper monotone point. Since
) has been proved, we may assume that ¢ o x € §(E) and suppose that condition (iii) is not satisfied,
+ £ ET\ (0) such that |jp o x + y|lg = 1. Let us define z € E;' \ {0} by z(1) = ¢~ 1(z, ¥(1)) for all
== exists a nonnegative measurable function h such that supp & C supp z and

—mi) <@, x() e, z(t), h(@) <A
heEyand
=lpox+h)e<llgox+eozle =llgox+ylg =1,

Ix + hll, = 1. This contradicts the upper monotonicity of x and the proof is completed.
Lletx e S(E,;‘ ) and assume that conditions (i)-(iii) are satisfied. Let y € E™ \ {0} be given. In view of

jon (ii) gives
= 3(0) = o1, x(1)) + (¢, a(t) + y(1))
T Since u({r € T : p(t,a(t) + y(t)) > 0}) > 0 and ¢ o x is an upper monotone point in E, we have
s=lge(x+ ez llpox+golat Nie > llpoxle =0p(x) =1,
> 1. This completes the proof. [

L 4 point x € S(E}) is a lower monotone point if and only if
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(i) p({t e suppx : x(t) <a(@))) =0;
(iii) ¢ o x is a lower monotone point of E.

Proof. Necessity. Let x € S(E™) be a lower monotone point. Suppose that condition (i) is not satisfied, i.e. E(x) = =
Take A, B € X, both of positive measure, such that AN B = @) and A U B = supp x. Thus by Lemma 27 =
obtain £(xx,) = 1 or £&(xxp) = 1. Without loss of generality we may assume that £(xx,) = 1, and it wosli &
§(x —xxB) =&(xx,) = 1. This implies x — xxzll, = 1, a contradiction.

if condition (ii) does not hold, then the set A = {r € suppx : x(¢t) < a(t)} has positive measure. By (i, &
necessity of which has been already proved, we have £(x) < 1, and consequently g,(x) = 1 by Lemma 2.2. Detiin
y(t) = x(t)x, (1), then we have 0 < y < x, and

Cpx —y)=llpoxxralle =llgoxlle =0,(x) =1

This implies that ||lx — y||, = 1, a contradiction.

Now we will show that condition (iii) holds. By (i), we have gox € S(E).Letustake y € E suchthat0 < y <
and choose a measurable function z suchthat 0 < z < x withgox —y < ¢ o (x — 2). Since x is a lower
point, we have

lpox —ylie <llpo(x —Dllg =0p(x —2) <{lx —zllp < 1.

This shows that ¢ o x is then a lower monotone point of E.
Sufficiency. Let x € S(E}), y € E™ \ {0) be such that y < x and conditions (i)iii) are satisfied. Obviously.

y C supp x which together with condition (ii) imply that forz = gpox —go(x —y) wehavez > 0. M

condition (i), we have g,(x) = 1. Since ¢ o x is a lower monotone point of E and z < ¢ o x, 50

oplx—yY) =llpo(x—Mle =llpox —zllg < llp oxlie = 0p(x) = 1.

Using Eq. (3.1) together with £(x — y) < [ (by condition (i)) and the continuity of g, in light of Lemma 2.2.
lix — yll, < 1. This completes the proof. [

4. Points of rotundity in E,

We will study the points of rotundity, such as extreme point and SU-point in this Section. We begin
following definition:

A point x € S(EY) is said to be an extreme point of B(E1) (x € extB(E™) for short) if for any x, y =
such that x = (y +z)/2,wehave y = z = x.

Lemma 4.1 ({17, Lemma 4]). In any Kothe space E, x € S(E) is an extreme point of B(E) if and only &
UM-point of E and |x] € ext B(E").

Theorem 4.2. A point x € S(E,) is an extreme point of B(E,) if and only if

(1) gp(x) =1;
(i) u(teT  x@)] <a@®P =0;
(iil) ¢ o |x| is a UM-point;

(iv) if u,v € S(E) satis “er" = ¢ o |x| then either

y+z
2

where y(1) = =1 (1, lu(2)]), 2(t) = o~ '(¢t, lv(®)]) forallt € T.

Proof. Sufficiency. Assume that conditions (i)(iv) are satisfied. Let x € S(E,) and y,z € B(Ey) be
2x =y + z. We shall show that y = z. First, we will show that

ly +2| [Iyl + |zl

¢0|x|(t)=<oo~T—(t)=¢o 5

1
u=v or ¢o( )<-2-(§00y+§002),

1
} = 5 [polyl@) +¢olzl()]
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» .. < 7. Note that, we always have
+ z + Jz| 1
o2 <y [&2_’_] 0 = 3lp0 1310 + ¢ o [21(0)]
.. - LetA={eT polx](t) < %[(p o|yl() +¢olz|()]}). If £(A) > O then by conditions (i) and (iii)
-

= lpolxllle < u spolyl+ wolzl

< 5 oyl +lpolzlle) < 1,
sz . . - -zdiction. Consequently, Eq. (4.1) holds.
= = : £ T : ¢(t,)isaconvex and even function}. It is clear that u(T \ Cyp) = 0. Next for each
w2 v = @7l ol 1y and 2(1) = o7, (@(r, |2(1)]))). Using condition (ii) together with
[ -z of Remark 1.2(ii), we have $(t) = |y(®)| and Z(t) = |z(1)} for p-a.e. t € C,. Consequently, by
& - o Zoodition (iv) we conclude that ¢ o |y|(t) = ¢ o |z](¢) for i-ae. t € Cy. We claim that |y| = |z]. Put

+ (1) # |z](#)} and suppose that u(B) > 0. Thus, since ¢(¢, -) is an injective function on the set
we . - = C, weshould have

- <a() and |y Alz()] <a() (4.2)

[ 2. So

1
= Slgolyl®)+eolzl(n] =0

[ i T:=hining this equation with Eq. (4.2) and the assumption that 2x = y +z we obtain |x(¢)] < |a(z)| for
i -+ .- .- contradicts condition (ii). Hence, we have the claim. Finally, by condition (ii) and the fact that ¢(z, -)
we. ez -~ Ction on [a{t), oo) for all ¢ € Cy, in view of Eq. (4.1), we obtain that |y(¢) + z()] = |y{)] + 1z(2)]
®. .. - This together with |y(t)| = |z(t)| for u-ae.t € T implies that y = z.

i .21t £ S(Ey) be an extreme point of B(Ey). By, Lemma 4.1 we obtain that |x| is a UM-point in E,,.
M. v "o -: 3] we have x(t) > a(t) for u-ae. t € T, 0,(x) = 1 and ¢ o x is an upper monotone point of E.
W - —z:ns only to prove that if x € ext B(E) then condition (iv) holds. If not, there are u, v € S(E) such
|3

+2z u(t) + v(t)
W and (poi:y ](t)— [(poy(t)—{—(poz(t)]:———2—=(po|x|(t),
B .. - . ahere y(t), z(t) are defined in condition (iv). Clearly, y, z € S(E,) with y # z. Consequently, [x| ¢
il - -:.. Lemma 4.1 yields that x ¢ ext B(Ey). O

weow - L oointx € S(ET) s called a strong U-point(an SU-point for short) of B(EY) if for any y € S(EY)
m - =l wehavex =y.

a— - " page 387)). If apoint x € S(E™) is an SU-point of B(E ™), then x is a LM-point of E and x is an
W

s ~ - Lemma 7)), A point x € S(E) is an SU-point of B(E) if and only if |x| is an SU-point of B(E™).

Mmwersn - ° .0 E be a strictly monotone Kothe space and x € S(Ey). Then x is an SU-point of B(E) if and only
il
W - oo x() <a(h)) =0;
- 27 catisfies lu + @ o [x|||[g = 2 then either

x|+ 1

.=o1 x| or @o il +y < ~(polx|+goy),
2 2
e =0, u@)) forallt e T.
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Proof. Necessity. Assume that x is an SU-point of B(E,). Applying Lemma 4.4, Remark 4.3 and Theorem 3.2

that the remainder is condition (iii). Suppose the converse, that is, there are u € S(E*) such that lu + ¢ o x|} +

u#g@olxlandgo ("‘—l;—y-) = %[(p o |x] + ¢ o y), where y(r) is defined as in condition (iii). Then,

eo(y) =llgoyle =lulle =1,
and consequently,

2=llut+golxile =llpoy+oolxlie
< lgoylie +loolxllk
< 0p(y) + Qp(x) < 2.

Q x+y
v 2

[llgolxl +¢oylE)

This implies that

x|l +y
Qw( 5

il

E

g olxlle + llg o ylE]

— B[ = B =

E[ng(lxl) +gp(M =1,

so E-Izilu = 1. Since u # ¢ o |x|, we have |x| # y, which implies that |x| is not an SU-point of B(
4

Lemma 4.4 finishes the proof of the necessity.
Sufficiency. Let y € S(E,) be such that

“x-l—yl Li
2 1y

We shall show that x = y. Combining Eq. (4.3) with condition (i), and applying Lemma 2.2, we get p¢ |

This gives
x+y xX+y
1= =

o(5) =l (P,

1
< 5ll<pox+¢oylls

1
< E[Qq)(x)"'qu()’)]

<1

whence

loox+yoylp=2.

Using this equation together with the strict monotonicity of E, the fact g, (*32) = 1 and the convexity o
R forallr € Cy, where C,, defined as in Theorem 4.2 it is easy to see that

lxl + iyl _golxl()+eolyl(t)
vo\T2 )= 2

for p-ae. t € Cyp. Putu(t) = ¢ olyl|(r) foralls € T. Thenu € Et and JJullg = llpoylle = go'n
Eq. (4.4). Moreover, by virtue of condition (iii), Eqs. (4.5) and (4.6) imply that ¢ o |x|(t) = ¢ o [yiis
t € C,. Since u({t € suppx : |x|(t) < a(1)}) = 0and ¢(¢, -) is an injective function on the interval
u-ae.t € C, we get |x|(t) = |yl(t) for p-ae.t € T. Then [x + y| < [x|+ [yl = 2{x]. If {x + y| < x| =
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1. < 1 (since |x] is an LM-point of E, by Theorem 3.2). This contradicts Eq. (4.3) and proves that
- » (Combining this equality with |x| = |y|, wegetx =y. 0O

s

son we present a result concerning the rotundity structure of E,,.

et E be a Kothe space and ¢ be a Musielak-Orlicz function. Then E, € (R) if and only if

with u # v then either

2
=p"(l,u(t)) and y(t) = (p"(t, v(t)) forallt € T.

'! <1 or (po(x+y)<—;-((pox+(poy),
E

Seppose on the contrary that E, € (R) and E ¢ (SM). Then an element # € S(E™) which is not a
found. Put x(¢2) = ¢~ (¢, u(2)). Then 0p(x) = llpoxlle = lullg = 1,50 x € S(E,) and hence x €
swer, ¢ o x is not a UM-point in E, thus Theorem 4.2 yields a contradiction.
Z.2(R)andep ¢ Af. By Lemma 1.3, there exists x € S(E,) with gy,(x) < 1. By E, € (R), x €
Weorem 4.2 yields a contradiction.
condition (iii) is not satisfied. Then there are u, v € S(E*) with u # v such that fu + v|lg = 2
== %{9 ox+@oy)= E—‘zf—‘l, where x(t), y(t) are defined in condition (iii). Putting z = %Z, we have
S ¢ = ext B(E,). Since x € ext B(E,), Theorem 4.2 yields a contradiction.

et x € S(E,) be arbitrary. We shall show that x € ext B(E,), by proving that conditions (i)—(iv) in
satisfied. First, by ¢ € AZ we have g,(x) = 1 and |x(1)| = a(r) for p-ace. t € T by Lemmas 1.3
=1y. Next, ¢ o x| is a UM-point in E, because E € (SM). Finally, we will show that condition (iv)
Solds. Let u, v € S(E) be such that “—42'—‘1 = ¢ o |x]. By condition (iii) in our assumptions, we get
- ho ¥ +@oz), where ¢ oy = u and ¢ o z = v, which means that condition (iv) from Theorem 4.2 is
- ouwr theorem is proved. (O

£ = L! then E, ={x € L0 fT e, Ax(t))dp < oo for some A > 0} =: L¥, which is called the
space. Therefore, a direct consequence of Theorem 5.1, we have the following result.

Lot ¢ be a Musielak—Orlicz function and LY be the Musielak—Orlicz space generated by ¢. Then

; 1
)< 5(¢ox+¢°y),

=M, () and y(t) = o~V (t, v(2)) forallt € T.

L' £ (SM) and forany u, v € S(L]) we must have || 44|, = 1, thus, the conclusion of Corollary 5.2
fom Theorem 5.1. This completes the proof. [

Sowndity properties of Musielak-Orlicz space, LY, equipped with the Luxemburg norm were given
" in terms of the strict convexity of Musielak—Orlicz function ¢. Since condition (ii) in Corollary 5.2
-} is a strictly convex Musielak—Orlicz function for p-ae. ¢ € T, therefore, Corollary 5.2 gives a result
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ods which are modifications of those in {G. Marino, HK. Xu, A general iterative method
for nonexpansive mappings in Hilbert spaces, J. Math. Anal, Appl. 318 (1) (2006) 43-52;
S. Plubtieng, R. Punpaeng, A general iterative method for equilibrium problems and fixed
point probfems in Hilbert spaces, J. Math. Anal, Appl. 336 (1)(2007) 455-469; S. Takahashi,
W. Takahashi, Viscosity approximation methods for equilibrium problems and fixed point
problems in Hilbert spaces, ). Math. Anal. Appl. 331 (1) (2007) 506-515) to a common el-
ement of the set of solutions of an equilibrium problem and the set of fixed points of a
nonexpansive mapping.

© 2009 Elsevier Ltd. All rights reserved.

Iatroduction

L=t H be a real Hilbert space and let C be a nonempty closed convex subset of H. A mapping T of H into itself is called
=pansive if |[Tx — Ty} < ||x —yll for all x, y € H. We denote by F(T) the set of fixed pointsof T (iLe. F(T) = {x e H: Tx =
Coebel and Kirk | 1] showed that F(T) is always closed convex, and also nonempty provided T has a bounded trajectory.
& bounded linear operator A on H is called strongly positive with coefficient  if there is a constant # > 0 with the

(Ax, x) = I

{I}},_, be a finite family of nonexpansive mappings with F = ﬂ, , F(T) # @. Many authors (see [2-7]) introduced
=uive methods for finding an element of F which is an optimal pomt for the minimization problem. Forn > N, T; is
=r5t00d as T, mod 5y With the mod function taking valuesin {1, 2, ..., N}. Let u be a fixed element of H. In 2003, Xu [8]

1 that the sequence {x,} generated by

I52-346X/$ - see front matter © 2009 Elsevier Ltd. All rights reserved.
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converges strongly to the solution of the quadratic minimization problem
_—
min o {Ax, x) — (x,u)

under suitable hypotheses on {€,) and under the additional hypothesis,
F= F(T]Tz e TM) = F(TNT] o .T"__|) == F(T2T3 - TNT]).

In 2000, Moudafi [9] introduced the viscosity approximation method for nonexpansive mappings. Let f be a contraction o1
H and xy € H, define a sequence {x,) recursively by

Xnp1 = (1 — o)y +00f (%3), n >0, (1.1

where {0y} is a sequence in (0, 1). He proved that under the certain appropriate conditions imposed on {o,}, the sequenc
{x,} generated by (1.1) strongly converges to the unique solution x* in C of the variational inequality

({=fx*x—x*)>0, VxecC. (1.2
In 2006, Marino and Xu [10] introduced the following general iterative method:

Xnit = (I = nf)Thy + ota¥f (), n 20, (13
where {a,} is a sequence in (0, 1) satisfying the following conditions:
(C1) @y — 0;

(C2) 3n2g o = 00;
(C3) either 3772, |ty — @al < 00 OF limyy0 2L = 1.

They proved the following theorem:
Theorem 1.1. Let {x,} be generated by algorithm (1.3) with the sequence {«,} of parameters satisfying conditions (C1)-(C3}
Then {x,) converges strongly to x* where x* is the unique solution of the following variation inequality:
{(A—yNHx* x* —z) <0, VzeF(T).
Equivalently, we have Pery(I — A+ yf)x* = x*.
Let G : C x C — R be a bifunction. The equilibrium problem for G is to determine its equilibrium points, i.e. the set
EP(G) =[x € G: G(x,y) > 0,Vy € C). (14

Many problems in physics, optimization, and economics are seeking some elements of EP(G), see [11,12], Several iterative
methods have been proposed to solve the equilibrium problem, see, for instance, [4,12-15]. In 2005, Combettes and
Hirstoaga [12] introduced some iterative schemes of finding the best approximation to the initial data when EP(G) &
nonempty and proved the strong convergence theorem.

Also in [ 12] Combettes and Hirstoaga, following [11] define S, : H — C by

S,(x):IzeC:G(z,y)+%(y—z,z—x)zOVy eC}. (15

They prove that under suitable hypotheses G, S, is single-valued and firmly nonexpansive with F(S,) = EP(G).
In 2007, Takahashi and Takahashi [15] proved the following theorem:
Theorem 1.2. Let C be a nonempty closed convex subset of H. Let G be a bifunction from C x C to R satisfying

(A1) G(x,x) =0V¥x € C;
(A2) Gis monotone, L.e.G(x,y) + G(y,X) <0Vx,y € C;
(A3) Vx,y,z € C,

lim G(tz + (1 —0)x,y) <G(x,y).
t—»ot

(A4) Vx € C,y > G(x,y) is convex and lower semicontinuous;

and let S be a nonexpansive mapping of C into H such that F(S) [\ EP(G) # @. Let f be a contraction of H into itself and let [x.|
and {u,} be sequences generated by x, € H and

1
G(ua, y) + r~(y —Up,Un—Xp) >0, VyecC
n

Xngy = onf () + (1 — ay)Su,

Joralln € N, where {a,} C [0, 1] and {r,} C (0, 1) satisfy (C1)-(C3) and liminf,; oy > 0 and Z;";, [rag1 — Ia] < 00.
Then {x,) and {u,} converge strongly to z € F(S) [ )EP(G), where z = Prsynyereyf (2).
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In 2007, Plubtieng and Punpaeng [13] introduced a general iterative method for finding a common element of EP(G) and
#.5). They proved the following theorem.

Theorem 1.3. Let H be a real Hilbert space, let G be a bifunction from H x H — R satisfying (A1)-(A4) and let S be a

memexpansive mapping on H such that F(S) {)EP(F) # . Let f be a contraction of H into itself with « € (0, 1) and let A

% a strongly positive bounded linear operator on H with coefficients y > 0and0 < y < Z . Let {x,} be a sequence generated
“ X € H

G(un,y)+ (y Un, U —Xa} =0 Vy € H,
Xnyy = anrf (%n) + (I — apA)Su;,, VneN,

where Uy = S, Xy, {ra} C (0, 1) and {as) C [0, 1] satisfy (C1)—(C3) liminfn_,o0 fn > 0and Y oo | |rayq — al < 00. Then {x,}
= {u,} converge strongly to z € F(S) () EP(F) which solves the variational inequality:

({(A=¥Nz,x—2) =0, VxeF(©S)[ |EP).
Eﬁfvalenrly. we have 'PF(S]ﬂEP(G) (I — A+ ‘yf)z =7z.

Smestion 1. Are the conditions (C1) and (C2) in Theorems 1.2 and 1.3 sufficient for strong convergence of the sequence {x,}?
In 1999, Atsushiba and Takahashi [16] defined the mapping W, as follows:
Un.l- — )‘-n.ITl + (] - An,l)ly
Un.l‘ ¥ ln.ZTZUn.I +(1 - A-n.Z)I»

Uns = A 3T3Un2 + (1 — An3)l,
(1.6)

Unn-t = Aan1Tn — Wpnoa + (1= 2qn_ i,
Wn =UpN = An.NTNUn.N—l + (1 - A-n,N)I,
wosre [1,,'_;)}" <€ [0, 1]. This mapping is called the W-mapping generated by T;, T, ..., Ty and Ap 1, Ap2, ..., 4pn. IN

2000 Takahashi and Shimoji [14] proved that if X is strictly convex Banach space, then F(Wp) = ﬂ:“:, F(T;), where
<l =1i=12,....N.

Very recently, Colao, Marino and Xu [17], introduced a new general iterative method for finding a common element of
e set of solutions of equilibrium problem and the set of common fixed points of finite family of nonexpansive mappings
= 2 Hilbert space. They proved that under some sufficient suitable conditions, the sequences {u,} and {x,} generated by
+ =Hand

[G{um.\‘) + =y —uUp Uy —X) >0, VyeH, (1.7)
Xny1 = 6n‘yf(?‘n) + Bxn + [(1 — P — €,A]Wru,
~maverge strongly to a point x* € F which is an equilibrium point for Gand is the unique solution of the variational inequality,

{(A—yNX*,x=x") 20 VxeF[|EP(G). (1.8)
Wadvated by Atsushiba and Takahashi [16], Plubtieng and Punpaeng [13], Colao, Marino and Xu [17], we introduce a new
wmapping and apply it to the iteration scheme (1.7) to obtain strong convergence to a common element of EP(G) and F.

Let X be areal Banach space and C a nonempty closed convex subset of X. For a finite family of nonexpansive mappings
= _L,...,Tyand sequence {A,,‘,v}‘{‘ in [0,1], we define the mapping K, : C — C as follows:

Up1 =Ty + (1 — Ap 1),

Un.Z = ln,2T2un,1 + (1 - )\n,Z)Un,h

Un3s = 40 3T3Un2 + (1 — A5 3)Un 2,

(1.9)
Unn-t = Aan—1Tn — WWpn—2 + (1 = Ann—1)Uan-2,
Ko = Upn = danTnUnn—1+ (1 = 2q ))Un n—1-
“orxy € H,let {u,} and {x,} be the sequence defined by
{G(un,y)+ (y —un, s ~X:) 20 Vyec, (1.10)
Xny1 = anf(Xn) + Bxa + (1 — B) — €,A)K; un
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In this paper, we prove that if X is strictly convex, then F(K,) = {t, F(T;) where 0 < A; < 1foreveryi=1,...,N—1
and 0 < Ay < 1, and under the conditions (C1) and (C2) and some other suitable conditions, the sequences [x,) and {u,)
strongly converge to a point X* = P ygp(y (I — (A — ¥f))x", where Prnygr () - H — F () EP(G) is the metric projection of H
onto F [} EP(G).

2. Preliminaries

In this section, we give some useful lemmas that will be used for the main result in the next section.
Let C be closed convex subset of a Hilbert space H, let Pc be the metric projection of H onto C i.e., for x € H, Pcx satisfies

the property
lix — Pcxfl = min fix — y|l.
yeC

The following characterizes the projection Pc.

Lemma 2.1 (See [18]). Givenx € H andy € C. Then Pcx = y if and only if there holds the inequality
xX—y,y—z)>0 VzeC.

Lemma 2.2 (See [8]). Let {s,} be a sequence of nonnegative real numbers satisfying
Snpt = (1 —ag)sp + anfn, ¥n=0

where {a,}, {B,]} satisfy the conditions

(M) {e} C[0,1), ) an=00;
n=1

(o9

(2) limsupB, <0 or Z]a,,ﬂ,,l < 00.

n—oo n=1
Then lim,_, o, s, = O.

Lemma 2.3 (See [19)). Let {x,} and {z,} be bounded sequences in a Banach space X and let {B,) be a sequence in [0, 1] witk
0 < liminf,_, o By < limsup,_, Bn < 1. Suppose

Xppy1 = ﬂnxn + (] - ﬂn)zn
for all integer n > 0 and

lim sup(|zo1 =~ Zall = WXny1 — Xall) < 0.
n—oo
Then limy,_, o |iXn — 2y} = 0.

Lemma 2.4 (See [10]). Let A be a strongly positive linear bounded operator on a Hilbert space H with coefficient ¥ anc
0 < p < A" Then |Il — pA}j < 1 - p¥.
Lemma 2.5 (See [12]). Let C be a nonempty closed convex subset of a Hilbert space H and G : C x C — R satisfy

(A1) G(x,x) =0Vx e C;
(A2) Gis monotone, ie. G(x,y) + G(y,x) <0Vx,y € C;
(A3) Vx,y,z € C,

lir;l+ Gtz + (1 — B)x, y) < Gx, );
t—

(A4) Vx € C,y — G(x, y) is convex and lower semicontinuous.
ForxeHandr > 0,setS, : H— Ctobe

Si(x) = {zeC:G(z,y)+;(y——z,z—x) zO,VyeC}.

Then S, is well defined and the following hold:

(1) S; is single-valued;
(2) S, is firmly nonexpansive, i.e.

1S, ) — S;WII? < (S (%) — S (), x—y) Vx,y €H;

(3) F(Sr) = EP(G);
(4) EP(G) is closed and convex.
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2.6 (See [18]). Demiclosedness principle. Assume that T is a nonexpansive self~-mapping of closed convex subset C of a
et space H. If T has a fixed point, then I — T is demiclosed. That is, whenever {x,} is a sequence in C weakly converging to
x € C and the sequence {(I — T)x,} strongly converges to somey it follows that {I — T)x = y. Here, I is the identity mapping

2.7. Let H be a real Hilbert space. Then, forallx,y € H,
By < I 4 200, x +y).

2.8 (See [20]). In a strictly convex Banach space E, if
Bl =yl = llax+ (1 =2yl
xyeEandX € (0,1), thenx=y.

n 2.1. Let C be a nonempty convex subset of a real Banach space. Let {T;I{“:, be a finite family of nonexpansive
of C into itself, and let A,, ..., Ay be real numbers such thatQ < A; < 1foreveryi = 1,..., N. We define a
g K : C — C as follows:

Uy=MTi+ (1 =19,

U = LLU + (1 -0,

U = A3T3U2 + (1 — A3)Ua,

2.1)

Unor = Avoa Ty Unz + (1 = A Un -2,
K =Uy =ANTnUn—1 4 (1 — Ap)Un-s.

mapping K is called the K-mapping generated by T, ..., Ty and Ay, ..., An.

2.9. Let C be a nonempty closed convex subset of a strictly convex Banach space. Let {T;}}":, be a finite family of
msive mappings of C into itself with ﬂ:v:, F(T;) s @Bandlet Aq, ..., Ay be real numbers such that 0 < A; < 1 forevery
* ..,N—1and0 < Ay < 1. Let K be the K-mapping generated by T, ..., Ty and Ay, ..., Ay. Then F(K) = ﬂ?:, F(T).

It easy to see that ﬂ:v:, F(T;) C F(K).Letxg € F(K) andx* € ﬂ:v:, F(T;). By the definition of K, we have
1o — x*|| = [|Kxg — x*|| = WAn(TwUn_1Xo — X*) + (1 — An)(Un—1X0 — X")||

< AnlITnUn—1x0 — X[ + (1 — A lUn-1X0 — X*}

< AnliUn=1x0 — X[l 4+ (1 = Ap)|Un—1%0 — X*||

= ||Un-1%0 — x*||

= [|An—1(Tv=1Un=2X0 — X*) + (1 — An_1) (Un_2Xo — X)||

< Aol Tv—1Un—2Xo — X*|| + (1 — An— 1) Un—2X0 — X

< An—tllUn—2X%0 — X1 4+ (1 — Ay} Un—2X0 — X*||

= ||Un—2%0 — X"l

< Uixg — x*||

= |A1(Tixo — x*) + (1 — A1 )Xo — x|

< MliTixo — X™i + (1 — A)ixo — x*||

< Mlixo = X"l + (1= A lixo — X"

= llxo — X"l (22)
“mplies that |[xo — x*|f = [|A1(Tixo — x*) + (1 — A1) (xo — x")f and X0 — x*[| = ITyxo — x*|I.

%y Lemma 2.8, we have Tyxg = xp, thatis xo € F(Ty).

% Wllows that Uixg = xg.

122), we have

1 ~ X*|| = |Uaxo — X*|| = IAa(T2Usxo — X*) + (1 =~ 2)(Usxo — x*) ||

= ||A2(Taxo — X*) 4 (1 — A2) (xo — x")|\.
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‘Again by (2.2) together with U;x; = x,, we have

1% ~x*)) = A2l{ToUrxo — x| + (1 — A)|Usxo — X*||
= A2lITaxo — X" || 4 (1 — A2) lIxo — X1,
which implies Jjxo — x*[| = ||Taxo — x*|.

By Lemma 2.8, we have T,xg = xo.
1t follows that Uaxy == xq.
By using the same argument, we can conclude that Tixg = xp and Uix, = x, fori=1,2,...,N — 1.
This implies that 0 = xg — xp = An(TnXo — Xo)-
It follows that xo € F(Ty). Therefore xy € ﬂf':l F(T). O

Lemma 2.10. Let C be a nonempty closed convex subset of a Banach space. Let {T,-}f.v=l be a finite family of nonexpansive mappings
of Cinto itself and {A,,,,v}f;, sequences in [0, 1] such that Ap; — Ai, asn — oo, (i= 1,2, ..., N). Moreover, foreveryn € K
let K and K, be the K-mappings generated by Ty, To, ..., Ty and Ay, Az, ..., Ay, and Ty, To, ..., Ty and Ap 1, An 2y ooy A
respectively. Then, for every x € C, we have

lim ||K.x — Kx]| = 0.
n—oo

Proof. Let x € C and Uy and U, be generated by Ty, T,..., Ty and Ay, Ay, ..., Ay, and Ty, To,..., Ty and
An 1, Ap2, ..., A,y respectively. Note that
HUzax — Urxlf = |(An,y — A)Tix — (Rgy — A)x)]
< |An = AHlIThx — x.

Fork € {2, 3,..., N}, we have

HUnax — Ukl = Ao kTeUn k1 X+ (1 = An i) Un g1 — McTeU X — (1 — A ) Upxdl
= JAnkTeUnk—1% + An ik TiUr—1X — An i TeUx1X + An gUr—1% — A U1 x
+ (1 = A )Un k1 — A TeUpax — (1 = A Up—ax|l
= A i (TelUn k1% — Tl 1) + Ak — A TeUp—1x — (1 — Ap Uy 1X
+ Ak — AadUk—aX + (1 = Ap ) Up k-1 X))
< AniliTeUn k-1 — TeUa Xl + [Ank — Akl I TeUp— x4
+ (1 = 2 ) Un k1% — Ura Xl -+ 1A — Al U1l
< AnacllUng—rx — Upaxll 4+ (1 = Ap i Un k1 — Ui X[+ 1A — A (T Uy X1+ ([ U (1)
= WUni—1X — Uil + 1An ke — A TUe—1 X0 + WUg—1x}}).

It follows that

fiKax — Kx|[ = {[Up nx — Upnx[| < [[Unn—1X — Unaxll + [Aon — AnI(I T Un—ixll + | Un-ax0)
< WUpw-2x — Uy—2xl + 1Ann—1 — An—tl (1 Tv—1Un—2x|| + lUn—2x1))
+Aan — AN T UnoaX)| + NUn-ax)
N
= {[UnN—2x — Un—2xll + Z Anj — Al TG0 Xl + §Uj-axl)
j=N=1

N
< WWnax = Unxll + 3 Ay = ATl + 101l
j=2

N
< P = AT =X+ > Anj = MIUTUXH + (Ujaxl).
j=2
Since A,; — A;, asn— oo, (i=1,2,...,N)itfollows that lim,,  |IKnx — Kx| =0. O

Lemma 2.11. Let H be a Hilbert space, C a closed convex nonempty subset of H, {Ti}i , a finite family of nonexpansive mapping:

from H into itself with F = ﬂfV: F(T) # @, and let G : C x C — R be a bifunction satisfying (A1)-(A4). Foreveryn € N, i=

51 - e g
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L. 5z a K-mapping generated by Ty, ..., Ty and Any, . . ., Any With {A,.',-]f:l C [a, bl where 0 < a < b < 1. For a sequence
. 11(0,00),let S;, : H— C be defined by

1
S, 00 = {z eC:Gz, )+ r—(y—z,z —x)>0,Vy eC].
n
VU iminfL e fr > 0, limgooo Fﬂ? = 1and limps oo [Ani — An—1il =0Vi€ {1,2,3,..., N}, then
(n nl—l>nolo ”Kn+lsr,,+;wn — Koy 15r, w!’” =0,

(2 lim Koy ywn — Kawgll =0
n—o00

wr =very bounded sequence {w,} in H.

“#mef. By using the nonexpansivity of K, ; and the proof of Step 2 in Theorem 3.1 0f [17], it can be shown that (1) is satisfied.
Mext, we show (2). Forj € {2,..., N — 2}, we have
HUnrin—jwn — Unn—jwnll = I AnptN—iTN—Unttvjm1Wn + (1 = Appi =) Unp1njm 1 Wh

— AN Tn_jUan_jorwn — a- /\-n,N-j)Un.N—j——lwn If

= fAnp N TN—jUns v —j—1Wn — AN TN Unn—j—1Wn
F+ At N~ TN jUnN—j—1Wn — AnpiN—jUn N—j—1Wn
F AnriN=jUnn—jmtWn + (1 — Ay N ) Ut Nmjt W
— A n—jTn—jUn n—j1Wn — a1- An.N—j)Un.N—j—lwn”

< At Nl Tu—jUnsanjm1Wn — Ty jUnn—j—1wall
+ (1 = At N1, n—jm1Wn — Un njrwanll
F1Angr 18— = Aa Nl D T Un N1 wnl) + g v — AnN—jl HUn n—j— 1wl

< NUngan—jm1wWn — Upnojrwall + MA g v — An v (2.3)

were M = sup{ Lo (1TUn j-1wall + | Unj—1wall) + I Tywnll + wall} < oo
By (2.3), we have

WUnrinwn — Unpywyll

WKn1wn — Kywy))

< Wi n—1wWn — Unn—1wall + MlAgpin — Apwl
< Ungi,n—2Wn — Unn—2Wnll + MlAppin—1 — Aan—il +MlAgpin — Anwnl
(2.4)
N
< MY g = Anjl + 1Ung1wa = Unywall,
=2
-
[Unt1,1Wn — Upywnll = [[Ang11Tiwn + (1~ Appr, ) wn — A1 Thwn — (1 — Ap D wyll
< |Ang11 ~ An, tHlITrwn |l + Mn+l,l — A tllfwnlt
< IA’n+l,l - A’n,llM- (2.5)

)

% 14),(2.5) and the condition limy_, o |An+1,i — Ani] = 0, we can conclude that

N
IKny1wn — K] SM Y [hny1j— Anjl > 0 asn — oo.
=1

Sence (2)is satisfied. O

L Main result

In this section, we prove the strong convergence of the sequences {u,} and {x,} defined by the iteration scheme (1.10).

em 3.1. Let H be a Hilbert space, C a closed convex nonempty subset of H, {T;}., a finite family of nonexpansive mappings

H into itself with F = ﬂ,'i, F(T)) # @, G : C x C — Ra bifunction satisfying (A1)~(A4) with F () EP(G) # #, Aastrongly
ive bounded linear operator on H with coefficient ¥ and f an a-contraction on H for some 0 < « < 1. Moreover, let {€n)
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be a sequence in (0, 1), {An i}, sequences in {a, b] with0 < @ < b < 1, {r,} asequence in (0, 0o) and let y and B be two real
numbers such that 0 < B < 1and0 < y < L. Assume that

(i) the sequence {r,} satisfies

(D liminfr, > 0 and (D2) lim oy,

n—00 Tny

(ii) the finite family of sequences {An, ,} —, satisfies
(ED) lm |An; —Ap-1l =0, Vi={1,23,...,N},
n—00

(iii) the sequence {¢,} satisfies

o0
€ lime, =0,  (C2) Ze, = 00.

Foreveryn € N, let K, beaK-mapping generatedby Ty, ..., Ty and Ay 1, ..., A n and let {x,) and {u,) be sequences generated
by x; € Cand

{G(unv y) + (y — Up, Up — ) >0, Vy € Cv (3.1)
Xpy1 = Gn}’f(xn) + ﬂxn + ((1 - ﬁ)’ - an)K"U",

where f : H — H is an a-contraction. Then both [x,) and {u,} converge strongl_y tox* € F = ﬂ,_ F(T;) where x* is an
equilibrium point for G and is the unique solution of the variational inequality (1.8). i.e.

X = Pereri( — (A— y))X".

Proof. By Lemma 2.5, it follows that for every n € N, there exists a nonexpansive mapping S, : H — Hsuchthatu, = S, x,
and EP(G) = F(S;,). Whenever needed, we shall write scheme (3.1) as
Xnt1 = €a¥f (%) 4 Bxa + [(1 — B — €, A)KiSr, %n.
Moreover, we shall assume that €, < (1 — B)||A]l""and 1 — €,(¥ —ay) > 0.
Observe that, if [ju[| = 1, then
(1= B — €Ay, u) = (1 — B) — en(Au,u) 2 (1 — B — €,llAll) 2 0.
By Lemma 2.4, we have
(1~ B~ €Al <1 —en¥.
We shall divide our proof into 7 steps.
Step 1. We shall show that the sequence {x,} is bounded.
Let v € EP(G) [ F. Then
a1 — vl = leayf (%a) + Bxn + (1 — B) — €,A)Kqun — V|
= J{(1 — B — €, A)(Knn — v) + B(Xq — V) + &n(yf(xa) — AV}
= {(1 — B} — €xA)(Kplty — v) + B(Xn — V) + en(yf () — ¥ (V) + €a(yf () — AV)||
< (1 = B — € ANK:S %0 — KnSr, V]| + Bllxa — vl + €nyelixn — vll + enllyf(v) — Avl|
< (1 =B — &)X — vl + BlixXa — vl + €xy allxs — vl + €&llyf (v) — Avl|
= (1~ & — vaDllxa — vl + &llyf(v) — Av)j

+(1— €7 ~ ya)ix. — vl + i_ e )u yf(v) — Avf|
< max[nxn _ oy, W)~ Av)
Yy —ya

By induction we can prove that {x,} is bounded and also {Ax,} and {u,]}.

Step 2. We will show that limp_, o0 ||Xn41 — Xall = 0.
Define sequence {z) by 2, = 125 (Xnr1 — BXn).
Then Xp41 = Bxa + (1 — B)za.
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> [x,} is bounded, we have, for some big enough constant M > 0,

1
1ep1 = Zoll = ——Mxny2 — BXnpr — (a1 — BXn) |

1-8
lens 17 Gagn) + (1 = B — €ns1WKnpting1 — (€nvf (a) + (1 — B = €MKntin) |

_ 1

=1=3
1

18 1y (€nsrf (ng1) — €af (Xa)) + (1 — BH — €q1A)Knqttnger — (1 — BY — €,A)Ktt i

1
q”)’(en-}-lf(xn-}-l) —€af (%)) + (1 — BY(Knp1Unpr — Knuy) — (€n+1AKnt1Unp1 — €aAK U ||

1
” ﬁ(fn-}-lf(xn-}-l) — €nf (xn)) + (Kn1Uns1 — Kpltg) — m(fn-}-lAKn-}-lun-}-l — €,AKnltn)

y 1
. ‘I‘TE(GnH Ilf ne D+ €allf ) + WKnt1ttngr — Katnl] + i——ﬂ(e"HHAK"HU"H I + eallAKyuRl)

”Kn-}-lsr,H_]xn-H — KaSrpxanll + M(en + €n11)
=< "Kn-HSr,H_,xn-H - Kn-HSr,H_,xn I+ "Kn-HSr,H_,xn — KaSpXall + M (€q + €a1)
< lXap1 — xall + ”Kn-HSr,H_.Xn — K 1S Xl + 1K1 Srpxn — KnSepxnll + M (€4 + €nt1).

IA

IA

non {e,} and by Lemma 2.11, we can conclude that

Smsup(zegr = 2all — llxns1 — X2 < 0.
1500

2.3, we obtain

Em |lx, — z,|| = 0.
30

m %541 — %)l = (1 = B) lim_fixy — 2/t = 0.
=00 n—oQ

We will show that lim,,_, o, {|Xn — Kaus|l = O where u, = S;, x,.

h = Knunn =< "xn - xn-HH + Hxn-}-l - Knun”
= |IXq — Xng1ll + ll€ayf (Xa) + By + (1 — BIKpln — €2AK Uy — K|
< 1% — X1l + €0 lyf (xa) — AKqug |l + Blixa — Kaunll,

k‘ e Knun" =

1
1-5) (lxn + Xnp1ll + €allyf (xa) — AKqunl)).

and Step 2, we obtain limg,_, o [|x, — Kyu,|l = 0.

‘We shall show that limy_, o [|Xn — Sr,xn|| = O.

» € F[}EP(G). Since 5, is firmly nonexpansive, we have
1 =S xall® = 1S5 — Sp Xl
=< (Sr,.v ~ StaXn, U — Xn)

1
E(IISr,,Xn - v"2 + lixa — v”2 — ISraXn — anlz)-

52— vl < e — vl — [SrX0 — Xall®. (32)
. = ¥f(xa) — AKyu, and X > 0 be a constant such that

i> Stl:p{ Iyells lxe — vil}. (33)
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By (3.2) and (3.3), we have
a1 — vI® = ll€nyf (n) + Bxn + ((1 — B)I — €xAVKnity — vIf?

= (1 = B) — €nAl(Kntn — v) + BXa ~ ¥) + €a(¥f (x:) — AD)|)?
= (1 — A)(Knty — V) — €aA(Katn — ¥) + BlXa ~ V) + €x(¥f (x2) — AV)|I?
= (1 = B)(Knttn — v) + B0 — V) + (¥ (Xa) — AKnun)))?
< 1(1 = B)(Katn — 0} + B(Xx — 0)II* + 264V, Xng1 — v)
< 11 — BY(KnSrXa — 1) + B(xn — V)|I> + 26422
< (1= BIKaSr xa — 011 + Blixa — vlI” + 26,27
< (1= B)IStyXn — VI + Bllxa — vII? + 26417
< Ixn — vl = (1 = B)lISraxn — Xall” + 26427

It follows that

1
ISraXn = Xall® < ———(llxg — VII> — xas1 — V11> + 2€2%)

S
1

= 75 (3 = vl = By = VD0 = W+l = 01 + 2602
1

< 7 e = Sallloa = vl + s = vl + 2601).

By [IXn31 — %2l & Oand €, — 0, asn — 00, we obtain that
lim f|x, — S, %[l = 0.
n—od
Step 5. Let w(x,) be the set of all weak w-limits of {x,). We shall show that w(x,) C F{) EP(G). Itis a consequence of Step 4

and {12, Lemma 2.13] that w(x,) C EP{G).
So, it remains to prove that z € F. To see this, we observe that we may assume that

Apmk —> A, €(0,1) asm—oo(k=1,2,...,N).
Let K be the K-mapping generated by Ty, T, ..., Ty and A4, ..., Ay, then by Lemma 2.10, we have, for every x € C,
Knax — Kx asm — oo. 34

We will showthatz ¢ F = ﬂ:.V:, F(T;). Assume that there existsj € {1, 2, ..., N} such that z # T,z. By Lemma 2.9, we have
z # Wz.Since z € EP(G) = F(S,,), by Step 3,(3.4) and Opial’s property of Hilbert space, we have

lim inf {|x,,, — zJ| < liminf {[X,,, ~ Kz||
m— 00 m—>00
= l:"rp_)gf("xnm T Kn.sr,,m Xng |l + ”Knmsr,.m Xny — Kn,,,sr,.,.,,z" + ”Knmsr,.mz - Kz|)
< liminf ||X,, — 2.
m— 00
This is a contradiction, then z € F = [}, F(Ty).
Step 6. Let x* be the unique solution of the variational inequality,
(A—yDX',x=x") 20, VxeF[|EP(G). (35)

We shall show that lim sup,_, oo {(yf — A)X*,x, —x*) < 0.
Let {x,, ) be a subsequence of {x,} such that

lim ((yf — A)X*, Xq, — X*) = limsup((yf — A)X", Xz — X*). (38
k—00 n—00
Without loss of generality, we may assume that {x,, } weakly converges to some z in H. By Step 5,z € F M EP(G). The=
combining (3.5) and (3.6), we get

lim sup((yf — A", %y — x*) = lim ((yf — A", Xe —X")

n—od

= ((yf =AX",z—x") <0 (37

as required.
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Step 7. Finally, we will show that the sequences {x,} and {u,) converge strongly to x* € F () EP(G). Let x* be the unique
Sxed point of the mapping Prn gpi) (I — (A — ¥f)), i.e the unique solution of the variational inequality (1.8). By Lemmas 2.4
and 2.7, we have
Xat1 — X1 = leayf () + Bxn + (1 — )] — €AYKnlt — X*||?
= I1((1 = B)I — €aA) (Knlty — X*) + B(%n — X*) + €a(¥f (xa) — AX)|?
< (1 = B — A Kntty — %) + B%a — XY ? + 2€a{yf (xa) — AX", Xyt — X¥)
_ 1 =B = B ~ €xA) (Kt — X*) Nk
‘” a=p ”"‘""”B
+2ea7 {f (%a) — f(X"), X1 — X) + 26 (yf (X*) — AX", Xpy1 — X7)
(A= B)I — €AY (Kyttn —
‘l —
=(1-8) a=p
+2enyalXy = x* M xag1 — X* || + 26y (K*) — AX", Xppq — X°)
Q1 = B — €n) (Knttn — X2
a-5
+ 2e,yalix, — X‘” WXyt — ) 4 26 {yf(x*) — AX*, Xny1 — X*)
< (1 — B — &All?
- -5
+ envallixn — X* I + §Xnp1 — XP]+ 26 (vf (X*) — AX*, Xoyy — X*)
< (1-p—e¥ 2

x*) 2
I + Blixn — X" I

+ﬁ“xn - X*HZ

2 2
"K,,U" - x* " + ﬂ“xn - X*"

2 2 2
%a — X* 12 + Blixa — X* 11> + €aya(llxa — X*|I* + l[Xn1 — x*]I%)

- a-8
+ 2€n()’f(X*) - AX*, Xag1 — X*)
— A 2
= ((]—(H;ﬂ +5 +6,.ya) In = X°U? + €ny elitnsr ~ 2|12

+ 2€x{yf (X") — AX*, Xp 11 — X7)
_ ((1 — B —2(1 = Ple¥ + €27
- a-8
+ 26 {yf(X") — AX*, Xp 11 — X7)
., a7
= ((1 —B)— 27 + a—5
+ 26 {yf(x*) — AX", Xpy1 — X7)

+8+ Gnya) xa = x*1I% + €y aliXasr — x*|1?

+8+ Gnya) X — x*[12 + €ayaixasr — x*|I?

62——-2
= (1 ~@r-epatg 'fﬂ)) 0 = %" + €nyelitn — 217 + 26 (pf () — AX", Xnp1 = X7),
‘wiich implies
* 2 1 — 67?72 * 2 1 * * *
Wpg — x| < ———— 1= Q7 —ay)en + ——= ) I —X*||I* + ————— Qe {yf (") — AX", Xp4y — X7))
1— ey a-5 1—-é&ya
= (1 — @7 — ap)ea)litn — x*|1?
1—¢€pya
€2y? 2
— {2 X*) — AX*, Xpy1 — XY + Xy — X*
g ( en(rf (x") w =X} + sl = X )
1 _
= ——— (1267 +aye)llxa — x|
1—e€ya
2en(yf ) — A Xogs = X°) + 2Ly x|
1 _Gnya €n y s An4-1 (.l -‘ﬂ) n
1
= ———(1 = 26,7 +2ayen — ayen) g — x*||?
1—é€ya
+ 2entyf () = AR, Xopr =) + 2L x*llz)
— | 2¢ xX') — AX", - -
1—eya \ " v i a-pg""
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1
= ——— (1 —aye, — 26:(7V — ay)) i — x*|?
1—-¢€ya

n

+—€€—E( Yf(x*) — AX®, Xagy — X)+( ﬂ)llxn—X‘Ilz)
(] 26, (¥ —ay)

1—eya
2¢ o 2y —
(1 (¥ — 7) e — X1 + (t ay)  €n
1 — €y 2(y —ay) 1 —eya

52

) e — x| + 1_—27&' (zw(x*) — AX* Xngy — ) (6 n¥ 5l = x IF)

* * * €ﬂ72 *2
X | 2{yf (") — AX", Xp11 — X°) + X —~ x* i

(1-8
_ (1 B 26..(7—00')) i — xj? 4 260 —ep)
1—epya 1—épya
([ (X) = AX*, Xay1 —X°) ¥’ . 2)
x ( G-ar TP -an’¥") “3

We can rewrite (3.8) as
Xasr = X2 < (1= &) lIxa — X*[1% + &ndn
_ 2ea(F-ay) (rf () —Ax® g1 —x*) nf> — x|
where £, = 29272 and 8, = ( s + sip=ay Xn — X%
By our hypotheses it is easily verified that Z"_, & = oo andlimsup,_, ., 8, < 0.

Therefore, by Lemma 2.2, we can conclude that ||x, — x*|| — 0.
Since [lu, — x*lf = |iS;,xn — X*|| < {IXo — x*|}, it follows that u, — x* in norm. This completes the proof. D

Remark. (1) If wetake N = 1,T; = S and G(x,y) = Oforallx,y € C andr, = 1forall n € N, then the iterative scheme
(3.1) reduces to the following scheme:

X1 € Hv Xpy1 = 6nyf(xn) + ﬂxn + ((1 - ﬁ)l - 6nA)Sth (39}

which is a modification of the iterative scheme (1.3) and by Theorem 3.1 we observe that the conditions (C1) and (C2) are
sufficient for strong convergence of the sequence {x,} generated by (3.9) to a fixed point of 5.
(2)IfwetakeN = 1,T; =SandA =1, then the iterative scheme (3.1) reduces to the following scheme:

x; €C,
G(ug, y) +- (y —Up, Uy —Xa) 20, Vye(, (3.10)

xn+1 i Guf(xn) + ﬁxn + (1 - ﬁ - 6n)Suny

which is a modification of the scheme in Theorem 1.2 defined by Takahashi and Takahashi [15], and by Theorem 3.1, we
obtain strong convergence of the sequence {x,} generated by (3.10) under the sufficient conditions of Theorem 1.2 but
without the condition (C3).

(3)If we take N = 1and T; = S in Theorem 3.1, the iterative scheme (3.1) reduces to the following scheme:
x1 €H, c(u,,,y)+ (y—u,.,u..—xr.)>0 Vy €H, (3.11}
Xnp1 = €S (Xn) + ﬂxn + (1 = B) — €aA)Suy,
which is a modification of the scheme in Theorem 1.3, and by Theorem 3.1, we obtain strong convergence of the sequence
{xn} generated by (3.11) under some sufficient conditions without the condition (C3).
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1. Introduction

Let H be areal Hilbert space and let C be a nonempty closed convexsubset of H and A : C — H be a nonlinear mapping and
let P¢ be the projection of H onto the convex subset C. Amapping T of H into itselfis called nonexpansive if | Tx—Ty}| < |ix—yl
for all x, y € H. We denote by F(T) the set of fixed points of T (i.e. F(T) = {x € H : Tx = x}). Goebel and Kirk [1] showed
that F(T) is always closed convex, and also nonempty provided T has a bounded trajectory. Let {T,-}:L, be a finite family of

nonexpansive mappings with ﬂfv:l F(Ty) # 0.
Let F : C x C — R be a bifunction. The equilibrium problem for F is to determine its equilibrium points, i.e. the set

EP(F)={xe C:F(x,y) = 0, Vy € C}. (1.1}

Many problems in physics, optimization, and economics require some elements of EP(F), see [2-7). Several iterative methods
have been proposed to solve the equilibrium problem, see for instance [3,5-7]. In 2005, Combettes and Hirstoaga (3]
introduced an iterative scheme for finding the best approximation to the initial data when EP(F) is nonempty and proved a
strong convergence theorem.

The variational inequality problem is to find u € C such that

(Au,v—u) >0 (12)

for all v € C. The set of solutions of the variational inequality is denoted by VI(C, A).
For a bifunction F : C x C — R and a nonlinear mapping A : C — H, we consider the following equilibrium problem:

Findz € Csuch that F(z,y) + (Az,y—z) >0, VYyeC(. (1.3}
The set of such z € C is denoted by EP, i.e.,
EP={z€C:F(z,y)+ {Az,y—2) =0, Vy € C}.

* Corresponding author.
E-mail addresses: beawrock@hotmail.com (A. Kangtunyakarn), scmti005@chiangmai.ac.th (S. Suantai).

1751-570X/$ - see front matter © 2009 Elsevier Ltd. All rights reserved.
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W the case of A = 0, EP is denoted by EP(F). In the case of F = 0, EP is also denoted by VI(C, A). Numerous problems in
saysics, optimization, variational inequalities, minimax problems, the Nash equilibrium problem in noncooperative games,
==nomics reduce to finding a solution of (1.3) see, for instance, [2,4].
4 mapping A of C into H is called a-inverse strongly monotone, see [8], if there exists a positive real number « such that
(x —y, Ax — Ay) > a||Ax — Ay|f®

wrallx,y e C.
Forr > 0,let T, : H — C be defined by

T,(x):{zeC:F(z,y)+;(y—z,z—x)_>_0, VyeC]. (1.4)

Combettes and Hirstoaga [9] showed that under some suitable conditions of F, T is single-valued and firmly
wmexpansive and satisfies F(T;) = EP(F).

n 2007, Takahashi and Takahashi [6] introduced a hybrid viscosity approximation method in the framework of a real
Sibert space H. They defined the iterative sequences {x,} and {u,} as follows:

Xy €H, arbitrarily,
F(um)’)"' (y Uy, Uy —Xp) 20, VyeC, (1.5)
Xpp1 = a,,f(xn) + (1 —a)Tu,, VneN,

where f ©+ H — H is a contraction mapping with a constant « € (0, 1) and {&;,} C [0, 1], {r,} C (O, c0). They

wwzd, under some suitable conditions on the sequence {«,}, {r,} and bifunction F, that {x,) and {u,} strongly converge to

e F(T) ﬂEP(F) wherez = PF(T)nEP(F)f(Z)
iecently. in 2008, Takahashi and Takahashi [7] introduced a hybrid iterative method for finding a common element of

= and F(T). They defined {x,} in the following way:
u, X, € C, arbitrarily;
F(znv ) + (Axny Zn) + (y Zn» Zn - xn) 2 0) Vy E C) (1'6)

Xnt1 = BaXa + (1 — ﬂn)T(anu + (1 —ayz,), VneN,
where A be an a-inverse strongly monotone mapping of C into H with positive real number «, and {a,} € [0, 1], {8,} C
o 1L {Aq) € [0, 2a], and proved strong convergence of the scheme (1.6)toz € ﬂ:‘v:, F(T;)[) EP,wherez = Pngv_ o TaT
» e framework of a Hilbert space, under some suitable conditions on {a,}, {8,}, {An} and bifunction F.
= 1999, Atsushiba and Takahashi {10] defined the mapping W, as follows:

Uy = 2T+ =X,

Uiz = 220U, + (1 = A,0)],

Uﬂ.? = }‘-n.BTBUn,Z + (] - A-n,:})lx

(1.7)

Usn-1 = Aan-1Tn — Wan_2 + (1 = Apgn-1)1,

W, = Upn = AenTaUsn—1 + (1 — Ao n)I,
L {J.n,,-}ﬁ.“ € [0, 1). This mapping is called the W-mapping generated by Ty, T2, ..., Ty and A1, An2, ..., Agn. In
. Takahashi and Shimoji {11] proved that if X is a strictly convex Banach space, then F(W,) = ﬂf;l F(T;), where

e, < 1, i=1, 2,...,N.
.2t X be a real Hilbert space and C a nonempty closed convex subset of X and let {Ti}Y., be afinite family of nonexpansive

'ﬁxngsof(finto itself Foreachme N,andj=1, 2,..., N, letaj(") (ay’, oy, a3") be suchthate}”, oy?, a3’ €0, 1]
-:la]” +a + a = 1. We define mapping S, : C — C as follows:

Go =1

Ut = a)' TyUno+ &5 Uno 4+ a5l

Uy = o ToUny + a;'ZU,, ol

Uy = a7’ Talnz 40} Uns + a;' ’

nN—1 -1 n,N—1
a] Tn- lUnN 2+a2 UnN 2+ ay I

Un,N = a] TNUn,N—l + Q'z Un,N—l + (13 N

e
b 4
D

o
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The mapping S, is called the S-mapping generated by Ty, Tz, ..., Ty anda\”, &, ..., a".
For givenu € C and x; € C, let {z,} C C and {x,} C C be sequences generated by
1
F(Zn-y)+(Axmy“zn)'i'i_'(y—zn.zn_xn)20- Yy eC, (1.8)
: ]
Xnt1 = BaXa + (1 — Bp)Sp (0,1 + (1 — a)z;). YneN.

In this paper, we show that if X is strictly convex, then F(S,) = ﬂf;, F(T) ifa'l"j €0, Dforallj=1,2,...,N-1, a',"" €
(0, 1] and a;J, a3’ € [0, forallj = 1,2,...,N, and we prove that under some suitable conditions, the sequence {x,}
converges strongly to a pointz = Py et

2. Preliminaries

In this section, we collect and give some useful lemmas that will be used for our main result in the next section.
Let C be the closed convex subset of a real Hilbert space H, let P¢ be the metric projection of H onte C i.e,, forx € H, Pcx
satisfies the property

Ix — Pcxll = min fix — yl|.
yeC
The following characterizes the projection Pc.
Lemma 2.1 (See [12]). Givenx € Hand y € C.Then Pcx = y ifand only if there holds the inequality (x —y,y—z) > 0 Vz € C.
Lemma 2.2 (See [11]). In a strictly convex Banach space E, if
Xt =yl = lax+ (1 =)yl
forallx,y e Eand X € (0, 1), thenx = y.
Lemma 2.3 (See [13]). Let {s,} be a sequence of nonnegative real numbers satisfying
Spe1 = (1 — @p)sy + @nBn, Vn > 0 where {«,}, {Bn} satisfy the conditions
o0
MW {en} €01, D an=o00, () limsupp, <0.
n=1 n—>o00

Then lim;_, o, Sp = 0.

Lemma 2.4 (See [14]). Let {x,) and {z,} be bounded sequences in a Banach space X and let {8,) be a sequence in {0, 1] with
0 < liminfy_, o Bn < limsup,_, o Bn < 1. Suppose

Xn+1 = PnXn + (1 — Br)z, for all integer n > 0 and limsup,,_, oo (IZn1 — Zalf — fXa41 — Xall) < 0.

Then lim,_, o l|Xp — z,]] = 0.

For solving the equilibrium problem for a bifunction F : CxC — R, let us assume that F satisfies the following conditions:
(ADF(x,x)=0 Vxe(C;

(A2) Fis monotone, i.e. F(x,y) + F(y,x) <0, ¥x,y € C;

(A3)Vx,y,z €C,

lilyj(tz + (1 —-0xy) <Fxy);
t-—

(A4)¥x € C, y — F(x,y) is convex and lower semicontinuous.
The following lemma appears implicitly in {2].

Lemma 2.5 (See [2]). Let C be a nonempty closed convex subset of H and let F be a bifunction of C x C into K
satisfying (A1)-(A4). Let r > 0 and x € H. Then, there exists z € C such that

1
F(Z,)')'i';(y—Z,Z"X)ZO (2'1)
forally € C.

Lemma 2.6 (See [9]). Assume that F : C x C — R satisfies (A1)-(A4). For r > Oand x € H, define a mapping T, : H —» Cas
follows:

T,(x)=[zeC:F(z,y)+%(y—z,z—x)zO, VyeC (2.2)

forallz € H. Then, the following hold:
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(1) T, is single-valued;
(2) T; is firmly nonexpansive i.e.
IT0) - T.)I? < (T(x) — T, x—y) Vx,y € H;
(3) F(T;) = EP(F);
i4) EP(F) is closed and convex.

Jefinition 2.7. Let C be a nonempty convex subset of real Banach space. Let {T. ; be a finite family of nonexpansive
mappings of C into itself. Foreachj =1, 2,..., N, leta; = (¢}, &, o}) wheree, ar‘z o ef0,1anded + o +od = 1.
W= define the mapping S : C — C as follows

U =1
Ui = a|Tyo+ayUo + a3l
U2 = leT2U1 +CI§U1 +CI§I
Us = ajTsly +aaU; + el

(2.3)

Unoy = QI;I—ITN_|UN_2 + a;‘_IUN_z +(¥;‘_II
S =Uyv=aTyUn_1 + oYUy +afl.

s mapping is called S-mapping generated by Ty, ..., Ty and a, a, ..., ay.

Sext, we prove a lemma which is very useful for our consideration.

“=mma 2.8. Let C be a nonempty closed convex subset of a strictly convex Banach space. Let {T,} 1 be a finite family of
-mrxpanswe mappings of C into itself with (.., F(T}) # B and let o5 = (oz’ o/ a’) §j=1,2,3,. N whereoz’,, a’z oz’ €

S, D4+ =1, €@ Dforalj=1,2,...,N=1, a) €(0,1], o}, o} €0, 1)foralu_ 1, 2,...,N. Let
~ % the mapping generated by Ty, ..., Ty and «y, a3, ..., ay. Then F(§) = ﬂ,=, F(Ty).

®woof. It is clear that ﬂf;l F(T;) € F(S). Next, we show that F(§) C ﬂf;, F(T;). To show this, let x € F(S) and
e ﬂff__, F(T;). Then we have
lIxo — x*I| = IISx0 — x*}| = llarf (TyUn—1%0 — x*) + ) (Un—1X0 — X*) + &3 (%o — x*)1|
o ITnUn—1%o — X" || + o 1Un_1%g — X*| + o} Ixo — x*]]
(1 = a)MUn-sx6 — X"+ (1 — (1 — &) lxo — 2"
= (1 —elled " (Ty-1Un—oXo — ") + o) " (Un_2% — x*) +f 7' (xo — x*) I

A

IA

+0-0- a&“))uxo — x| (2.4)
< (1= ) (e ITvo1Un—aXo — X1l + o " lUn_2X0 — X"l + &§ " llxo — x*|1)
+(1 = (1 —af)lixo = x*I
N i N .
< [T (- iUy_axo — ¥l + (1 - I a —ozg)) lixo — x| (255)
j=N-1 j=N—1
N .
= l_[ (1 — &)Y 2 (Tn_2Un=3% — x*) + o5 “*(Un-3% — x") + oy 2 (x0 — x")|]
j=N-1
N .
+ (1 -JJa —ag)) llxo — x*| (2.6)
j=N—1
N .
< JT O — )@} ITn2Un—s%0 — "Il + @3 |Un-3% — x*I| + a3 |lxo — x*I1)
j=N-1
N n
+ (1 - I a —ag)) llxo — %1l
J=N-—1
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1A

N ) o .
l—[ (1 —o)||Un-3% — x"|| + (1 - l_[ a- ‘113)) fixo — x*|l
J=N-2 -

=

N 3
[ (1 = edlie (T2Usxo — ) + a3 (Uixo — X7) + o3 (xo — x*)|

=
j=3
N .
+ (1 -[Ja- a’3)> lIxo — x*| (2.7)
j=3
N
< [0 — )@ iUxo — x| + &3 IUxo — X"l + & ll%o — X*1)
j=3
N .
+ (1 ~-T]a —a’;)) lIxo — x*|
Jj=3
N . N .
=< [1a - bt —x1i + (1 -Tla- ag)) llxo ~ x*I (2.8)
j=2 j=2
N N :
=[] = e)llef(Tixo —x*) + (1 =)o — xD + (1 -Tla- a’;)) lIxo — x*| (29)
J=2 j=2

N
< [T — e afiTixo — x*) + (1 = a}lixo — x*1)
1

N
+ (1 -TJa- oé)) lixo — X"l (2.10}

j=2
N . N X
< [fa-e)ixo -xi+ (1 -T]a ~a§)) llxo —x*}
=2 j=2
= lixo — x"|\.

This implies by (2.9) that

N . N ;
fixo — 21l = [ J(1 = e)lle] (Taxo — x*) + (1 — ) (xo — x) Il + (1 ~[la- ag)) flxo — x*|I,

j=2 j=2
hence
ko — x*1| = lla} (Tuxo — x*) + (1 — @) (to — X"l (2.11)
By (2.10), we obtain

N N .
lIxo ~ x*Il = [ [0 — b} UT1xo — %1 + (1 = ¢ lixo — X" + (1 -T]a —a§)> lixo — x*II,

j=2 j=2
which implies
X — X*|l = a{ITaxo — X° [l 4 (1 — @7)llxo — X*|I.
It follows that

lIXo — x*|| = iTixo — x*||- (2.12)
From (2.11) and (2.12), we have by Lemma 2.2 that T;xg = Xo, that is x, € F(Ty).
It implies that

U]Xo = A.]T]X() + (1 - A])Xo = Xp.
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2y (2.7), we have

N ) N .
ixo —x*Il = [ J(1 — b lerd (TaUsxo — %*) + a3 (Usxo — x*) + e (xo — X))l + [1 -[Ja- a’;)] lixo — x*|I.

j=3 j=3
© follows that
fIxo — x*|| = IIt!f(TzUxxo -x)+ a%(leo —-x")+ a%(xo -
= Jof(Taxg — X*) + (1 — &) (xo — x|l (213)
%y {2.8), we have

N N
o —x°Il = [ J(1 — ) e ITaUo — X" + @3 100 — 1l + 5o — 271 + <1 -[la- ag)) llxo — x"1,
=3 j=3
which implies
lixo — x*|| = a2 ITaUpxo — Xl + a3 IUsxo — x*|| + o2 [IXg — X*|
= a}[ITaxo — x*Jl + (1 — alixo — x*|I.
“=nce, we obtain
X0 — x*|| = [IT2Xo — x* |} (2.14)
“om (2.13) and (2.14), we have by Lemma 2.2 that T,xg = xo, thatis xp € F(T2).
This implies that Uzx = a?TaUsxg + a2Uixe + a3%0 = Xo.
By continuing in this way, we can show that xo € F(T;) andxp € F(Up) foralli=1,2,...,N — 1.

Finally, we shall show that x, € F(Ty).
Since

N
0 = Sxo — Xo = &} TyUn_1X0 + ) Un—1Xo + @3 Xg — Xo

N
= o (TnXo — Xo),

wd o € (0, 1], we obtain Tyxo = Xo 50 that x, € F(Ty). Hence F(S) € ML, F(T). O

lemma 2.9. Let C be a nonempty closed convex subset of Banach space. Let [T;}_, be a finite family of nonexpansive mappings
W Cintoitselfand for eachn € Nandj € {1, 2,..., N}, Ietaj(") = @}, a3’ o5), o5 = (&), &, o) where '}, o}, o}’ €
e, o, o el +al 4o}l = 1anded + o)+ o = 1. Suppose ]V > &l asn — ocofori =
" 3andj=1,2,3,...,N.Let Sand$, be the S-mappings generated by Ty, T>, ..., Tyand oy, @3, ..., ayandTy, Ty, ..., Ty
wia®, o, ..., o, respectively. Then limy_, o [IS:x — Sx|| = 0 forevery x € C.

Proof. Letx & C, U and U, , be generated by Ty, Ty, ..., Tvanday, oy, ..., ayandTy, To, ..., Tyanda®®, o, ... o,
w=pectively. Foreachn € Nand fork € {2, 3, ..., N}, we have
Unax — Usxlh = llo} ' Tix+ (1 — afHHx — a{Tix — (1 — x|l
=l — a|ITx — xi}, (2.15)
o=
1UnxX — Upxll = ||a?'kaUn,k—1X + a;'kun,k—lx + Ol;"kx ~ ¥ T Up—1x — U1 x — x|
= N (TUnpo1x — Teli1) + (o = e TUj_1x
+ (@ — &)X + B (Ungo1X — UgeX) + (05 — &)Ul
< &I Tl o1x — Telioxl] + lof* = ekl I Tl
1t — akIxl + o Unam1X — Upaxl] + los ™ — ok | Up—x]
< &P U m1x ~ Ugerxll + et — o5 Tl
+ o N Unkoix — Uil + (lok — e™| + lo5™ — afDIVioaxll + 1™ — o4 1HIxl
< WUnpe1x = Vg sxll + le ™ — el (I Telm1x]l + 1 Up—el1)
+leg* — o1 (NU-ax]) + lix]). (2.16)
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