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By (2.15) and (2.16), we have
(1Sax — Sxll = [|Unnx ~ Unxi|
N . ) N . ;
< lof! — o flITix — xll + )l — o INTUj=axll + §Un—xID) + D la5 — oA1NU;- X1l + ixI).
j=2 j=2
This together with our assumption, we can conclude that

lim Spx —Sx)| =0. O
n—oo

3. Main resulit

In this section, we prove a strong convergence theorem of the iterative scheme (3.1) to a common element of EP and
ﬂ:;l F(T;) under some control conditions.

Theorem 3.1. Let C be a closed convex subset of a real Hilbert space and let F : C x C — R be a bifunction satisfying
conditions (A1)-(A4). Let A be an wx-inverse strongly monotone mapping of C into H and let {T,}N be a f nite family of

nonexpansive mappings of C into itself with N F(T,)ﬂEP # @ Forj =1, 2,...,N, let a(") = (arl , ayd, ald) be
such that &}, o}, a3’ €0, 1], al +ayl o) =1, {7 [171,9|]w1th0 <m <6 < 1, {a™} C [nw, 1] with
0 <y <1land {a2 i1 {oz3 =1 C [0, 6] with 0 < 03 < 1. Let S, be the S-mappings generated by Ty, Ty, ..., Ty and
aﬁ"), ozg"), .. (") .Letue Candx; € Candlet {z,} C C and {x;} C C be sequences generated by

F(zq, y) + {Axn, y )+ (y Zn,Zn —Xa) 20, Vye(, (313

Xot1 = PnXn + (1 — Br)Sn (anu +(1—03)z2), VneN,
where {a,} € [0, 1], {8.} C [0, 1] and {);} C [0, 2] satisfy the following conditions:

0<a<i,<b<2a, 0<c=<f,<d<T;

n—>00 Apyy
(o8]
(iii) "En;oa" =0, Zl:a,, = 00;
n=
(i) 1" —a’| - 0, and @i — a3’ > Oasn — oo, forallje (1,2,3,...,N}.

Then {x,} converges strongly to z € ﬂ:v:. F(T)(EP, wherez = Pﬂf'_ (E@ et

Proof. First, we show that (I — X,A) is nonexpansive. Let x, y € C. Since A is ¢-strongly monotone and A, < 2a ¥n € N, we
have

N = 2a)x — (I = daAYI* = lIx — y — ha(Ax — AV
= llx — ylI> — 2Aa(x — y, Ax — Ay) + A][lAx — Ay|)?
< lix = yI? = 2aqllAx — Ay|® + A2jiAx — Ay|?
= lIx = yI* + Aa(An — 20)1AX — Ay|?
< lx—yl%. (32)

Thus (I — A,A) is nonexpansive.
Since

1
F(Zn»y)+(AXnyy_Zn)+A’_(y_zmzn*xn)?.or V.VGC,
n
we obtain
1
F(Zm.y) + A.—(y —Zn, Zy — (I - A."A)X") = 0, V.y eC.
n

By Lemma 2.6, we have z, = T, , (X, — A,AX,) Vn € N.
Letz € (L, F(T) (EP.Then F(z,y) + (y —z,Az) >0, VyeC.
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S0F(z,y) + £/ —2,2~2+ AAz) 20, VyeC.
Again by Lemma 2.6, we have z = T, ,(z — AnAz). Since I — A,A and Ty, are nonexpansive, we have
lza — zI? = Ty, (%0 — AnfAXn) — Ty, (z — AaA2) |17
< llxa — 2l1%,
e jizn — z|l < X0 — z|l.
Putting y, = azu + (1 — ap)z,. Then we have
Wn —zll = llan(u —2) + (1 — an)(zn — 2)||
anllu —zlt + (1 — ax)l|xn —2||.

IA

s implies that
IXnt1 — zll = 1Balxa —2) + (1 — By)(Snya — 2)|
=< Ballxn —zll + (1 = B)llyn —zli
< Ballxn —zll + (1 — Bp)(@nllu — zli + (1 — @) lIXa ~ z|)).

(3.3)

(3.4)

(3.5)

ming K = max{||x; — z{), llu — z]}}. By (3.5), we can show by induction that |ix, — z}| < K, Vn € N. This implies that {x,}

sounded. Hence {Ax,}, {yu}, {Sa¥n}, {2z} are bounded.
Next we will show that

lim X1 — X0t = 0.
n—->00
BTing U, = X, — AqAX,. Then, we have z, g = To | (Xnst — Anr1AXap 1) =Ty, (Unpa,
Z2 = T, (Xn — AafAXp) = Ty, Up. SO we have

Wnt1 — Yall = @t + (1 = @Gpy1) 21 — Gt — (1 — an)Zq |l
= lapp1u+ (1 — a1 1)Th,  Unir — ot — (1 — ap) Ty, unl

(36)

= (@n41 — @)u + (1 — an+l)(Tl,,+|Un+l - TA,,Hun + Tl,.+|un — Ta,tp + T tn) — (1 — @)y, Uy |

= [[(@pg1 — @)t + (1~ duy ) (Tapp Unir — Doy Un)
+ (1 = @ 1) (T Un — Taytn) + (1~ @up )Tyt — (1 — @) Ty n|
< aptr — anlllull + (1 = @p) ftner — unll
+ (1= Gy O Ty tn — Tl + 18ng 1 — @l Ty, tall
pez [ — A,14A is nonexpansive, we have
fitns1r — tnll = lXnp1 — ApraAXnp1 — Xa & AnfAXq ||
= |1 = ApgaA)¥ngy — (I = Mg 1A% + (A — Any1)AXa |l
=< JXns1 — Xn + JAn — Ang1lAxal-

| Lemma 2.6, we have

1
F(TA"U",_V) + A—(}’ - T/\nun, T;\,.”n - un) > Or Vy eC
n

1

)tn+l

F(Tlu+|“my) + - T'\n+lu"' T/\n+1u" —u) 20, Vyel
particular, we have

1
F(Ty,un, To,p Un) + l—(Tx,,HUn — Ta,tn, TayUn — tn) > 0,
n

(T, un — Ty Un, Ty Un — Un) 2 0.

1
F(TJ\,,H Uy, T, up) +
ln+l

mmming up (3.9) and (3.10) and using (A2), we obtain
1

Lnpa

1
(Taun — TapprUny Tagyyn — Up) + ;‘(T,\,,Hun = Ty, tn, Ti Uy — ) 20, VyeC.
n

(3.7)

(38)

(3.9)

(3.10)
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It then follows that

TapyyUn —Un Ty Un — un> - 0.

T un —To, Uy,
<)\" " Ar T A-n+l An

This implies

A
0 =< <T;\,,+|un - T;\,.un' T;\,-,un — Up — '—H(T/\,,.Hun - U,,))
A-n+l

A
= (T'\nﬂ Up — T,\"U", T;\,-,un - T;\,.H_lun + (1 - 2 3 ) (T).,,+|un - un)>-

n+1
It follows that
T,y tn — Tyl < {1 - f: [Tapsstin — Tagtinf] (T all + Hual).
Hence, we obtain
ITosrttn = T < ll - xtil L, ‘ @

where L = sup{{juall + ITs,,tall : 1 € N},
By (3.7).(3.8) and (3.11), we have

H¥as1 — ¥all < {dny1 — dalliull + (1 — dup ) ttng — Usll + (1 — an+l)”T1\,.+1un - T,\"U"" + {@np1 — anllITh, tall
< lappr — anlflull + (1 — @Gp ) WXng 1 — Xa + |1An — Aoy 1Al

A
+ (1 —an) |1 - . L+ apy1 — anlliTa, Unll
Ang
An
< a1 — anlllull + X041 — Xa + Anya |1 = Axy
n+1
An
+ {1 L+lapyy — an“”k,.“n"
n+1
An
< lan+l _anl"u"+ Xn+|—Xn+b 1— AX"
n+1
A'" T
+ [1- L+ lagy1 — anliTh, tnll- (312
A-n+l

We can rewrite x4 by

Xny1 = ﬂnxn +(1 - ﬂn)sny"» (358

where y, = apu + (1 — a,)z,.
Next, we show that

lim [|Spyn — %4l = 0. (3.3¢
n—00

Fork €{2,3,..., N}, wehave

n+1,k n+1,k n+1,k
lUns1.6¥n ~ Unsyall = "a| TWUnyrx—1yn + @, Uny1,k—1yn + o3 " Yn

nk nk nk
— oy TUnk=1yn — o, Unk—1Yn — Qg Yall

= ”a;H_I'k(TkUrwl.k— 1Yn — TeUn—1yn) + (a;l-H'k - a':'k)TkUn,k-—lyn
+ (a;+l'k - d;'k))'n + a;+l'k(un+l.k—l.)'n — Unk—1¥n) + (a;H—I,k - a;'k)Un,k—l)’n Il

< @ Unp e ¥n = Unker¥all + Lo — a1 Tl kel

F1a5 T — aPH lyall + o5 Va1 k-1Yn = Ung1yall + lo5 ™ = o3 | Un eyl
= (@ + &) a1 k-1¥n = Ung—dall + lof T — @ 1 Teln 1yl

a5 — Myl + toag T — @y M 1 Un k=1l

Lk P
< | Untth=1¥n = Ung—r¥nll + laf7 — o3 T Un =10l

K.
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105" — @l Iyl 4 1@ — o7 + @ — a3 Uns-aal
< Wns1k=1Yn — Unker¥all + 1§ — aF 4| I TUn o1yl
Flagt — ol K yall + laf* — o U gcayall + 1o — a3 41U -1yl
= NUnt1k=1¥n — Ungerdall + 1§ = o | (I TeUn k1Yl + HUn1¥all)
+ 1oy — a3 ¥ (yall + WU a—rynll)- (3.15)

% 115), we obtain that foreachn € N,

Sa+1Yn — Sa¥all = NUnpi,nYa — UnnYnll

N
< WUn1,19n = Unayall + Y103 — o 1T Un o 1yall + WU j-1yall)
j=2

N
+ > tes Y — g (all + [1Unj-1¥all)

=2

N
= fai" — & Ty — yall + D et — oI T Unj-1Yall + (1Unj—1yall)
j=2

+ i le3 ™' — 571 Cllyall + 1Unj—1yall).
j=2
s together with condition (jv), we obtain
Jim [ISq41yn ~ Saynll = 0. (3.16)
W 112), we have
Sn41¥a41 — Sa¥nll < Wyat1 — Yall + [Sns1¥n — Sa¥anll

A
< lang1 — Gnlllull + IXnps —x"||+b|1 = | 1Al
n+1
An
+ {1 - L+ lagy1 — an”lrl,,un" 4+ USnt1¥n — Seyall- (3.17)
n+1
s together with (3.16) and conditions (ii) and (iii), we obtain
lim sup(lISn+1Yn+1 — Sa¥all = IXas1 — Xall) < 0. (3.18)
n—00
© llows from (3.13) and (3.17) and Lemma 2.4, lim,_, o0 §|Saya — Xall = 0.
This implies that
lim X1 — xqll = lim (1 — B)ISayn — xall = 0. (3.19)
n—00 n—o0
Sext we show that
lim ||x, — zall = 0. (3.20)
n—00

% monotonicity of A and nonexpansiveness of T, ,, we have

%41 — ZI1* = [1Ba(*n — 2) + (1 — Bu) Sa¥n — DI
< BallXa = zII> + (1 = Bu)llyn — 2112
= Ballxa ~ zlI> + (1 — B)llan(u — 2) + (1 — @) (zn — 2)II°
< BallXa —zI* + (1 — Bu)(anllu — z}1* + (1 = an)liza — z11%) (321)
= Ballxa — zII + (1 — Ba) @allu — zII* + (1 — @[ Ts,, (%n — AnAX) — Ta, (2 — XaAZ) %)
< Ballta — 211> + (1 = B (@allu — zII* + (1 = @) (X0 — AnhAXa) — (z — AaA2)|?)
= Ballxs — 2l + (1 = Ba)(@allu — 2J* + (1 — @) | (X0 — 2) — Xa(Ax, — AZ)|1?)
= BallXa — zII> + (1 — Bu)(anllu — zI* 4+ (1 — @n)([Ix, — 21I°
— 2hn(Xn — 2, A%y — AZ) + A2||AX, — AzIi?))
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=< ﬂn"xn _2"2 +Q1 - ﬂn)(an"u —ZIIZ 4+ - an)(|1%n _2"2
— 20 ||Ax, — Az)? + A2||Ax,y — Az||?))

= Ballxa — 211> + (1 — Bu)(@nll — 2I* + (1 — @) (%0 — zI* + An(Xn — 200) [|AX, — Az]|?))
<t — 2 4+ (1 = Bodanllu — zII> + (1 = an)(1 = Ba)An(Rn — 20)[|AX, — Az|1%.
By (3.22), we have
(1= an)(1 = B)AnRa — A)IAXy — AZIP < |10 — 21 — IXns1 — 2 + (1 — Br)anllu — zIf>.
Since0<a<i, <b<2xand0<c < B, <d < 1, we have
(1= a)(1 — d)aQRa — A)lAxy — AzI* < 1Xn ~ 21> = IXaps — 2> + (1 — u)agllu — z|I?
< Nxng1 — Xall (1% — 2l + Wxnss — 2I) + (1 = Badanllu — z|f*.
This implies, by (3.19) and condition (iii), that
Jim ||Ax, — Az]| = 0.
Since T, is a firmly nonexpansive, we have
llzn ~zII* = Ty, (Xn — AafAa) — Ta, (z — AaAD)|)?
< {(xn — ApAxp) — (z — ApA2), 2n — 2)

= %("(xn s A-nAxn) - (Z - A-nAz)"2 + “Zn _2"2 - "(xn - A-nAxn) - (Z - A.,,AZ) - (Zn '_Z)Hz)

1
= (i — 21 4 l1za — 2]1% = |(a — 2n) — An(Ax, — AZ)||?)

1
= 5(lIx —z|2 4+ 1z — zI2 = X0 — 2alI? + 220 (X — Zn, Axy — AZ) — A} ||AXy — Az||?).

It follows that
flzo — 2"2 < lix, _2"2 — li%n ——an|2 + 2Apn || %0 — Za 1l ||Ax, — Az|).
By (3.21) and (3.27), we have

"xn+l - Z”2 =< ﬂn”xn _2”2 +(1 - ﬁn)[an"u = ZHZ +Q1 - as) 12, "2"2]
< BuallXn = zI? + aullu — z||* + (1 — Bu)liza — 2|

< BuallXa — 2zl + anllu — 2] + (1 = B)(Ixn — 2/1? — e — Zal* + 2Xnli%n — 24l 14X, — Az]))

< Woto = 2])* + aullu = 2))* — (1 = B)We = Zal® + 2hallXa — Zall A%, — Az]].

This implies

(1= B)Xn — zall® < W0 — 22 = (w1 — 217 + Gallu = 2I1* + 220 ll%n — ZallAX, — Az]l.
Hence _

(A = Dlxn = zl? < Wohnsr — Xall %0 — ZI| + Wxag1 — 1) + Gallt — 212 + 2Xa 01X, ~ 2ol 1AX, — A2l
By (3.19) and (3.25), we obtain

lim {x, — z,)| = 0.

n~>00
Since y, = au -+ (1 — a,)z,, we have ||y, — z;ll = aqllu — z,).

This implies lim,,_, o0 [[ys — Zalf = 0.
By (3.14) and (3.29), we have

1Sn¥n — Yall < USay¥n — Xall + 1Xn — Zall -+ |20 —~ yall = 0 asn — oo.

Next, putting zp = N Fan eeth W shall show that

lim sup{u — zp, y, — 20) < 0.
n—oo
To show this inequality, take a subsequence {y,,} of {y,} such that

lim sup(u — 2o, yn — o) = lim sup(u — zo, yn, — Z)-
n-»00 k— 00

(3.22

(3.23

(324

(325

(326

(327

(328

(325

(332
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— wask — o0.Since z, = Ty, (x; — ApAxy), we obtain
1
F(Zn:J’)+(AXnyY‘on)+A'-'(_V_vazn‘_'xn) 20; VyGC.
n

(A2), we have (AX,,y — zu) + 5=V — Za, 2 — %a) = F(¥, z1). Then

1
(AX,-,,..}' _an) + /\—(_V — Znyy Zy, _xnk) > F(y, Zn,), Vy eC.

M

Z=ty+(1—-thwforallt € (0, 1]Jandy € C. Then, we have z, € C. So, from (3.33) we have

Zn, — Xn,

(Zl‘ _zﬂkiAzl) > (Zt —an!Azl) - (Zl _anyAxnl') - <Zl '—an) )+F(thznk)

Kl

Zp, — X,
= (Zl '—an’Azl _Aznk) + (Zl _‘anvAzﬂk _Ax"k) - <Zl '.any "‘(T']L> +F(annk)~
i

“om (A4) we have
Zt ~w,Az) > F(z;,w) ask — oo.
(A1), (A4) and (3.34), we also have

0 = F(z,2) <tF(z,y)+ (1 — O)F(z, w)
<z, y) + (1 -0 — 0,Azy)
= tF(z,y) + (1 - Oty — w, Az,),

0 SF(Zt,.!’)'l‘ (] _t)(_y_ a),AZ().
szt — 0, we have
0<Flw,y)+{y—w Aw) VyeC.

re w € EP.
Next, we show that w € (i, F(T;). We can assume that

at ol €(0,1) and oV > of €(0,1] ask— oo forj=1,2,...,N—1

a;“‘j—)c‘(gG[O,]) ask — ooforj=1,2,...,N.

2.9, we have

Jim Sy x — Sxi =0

alx e C.

liminf ||y, — wll < liminf [[¥n, — Soll
k—»00 k— 00

= likrgcigf("ynk — SuYng I+ ”Snkynk - Snkw" = "Snkw ~ Swlf)
is a contradiction. Thus Sw = w, 50 € F(S) = (., F(T).

Hence w € (., F(T)) () EP.
Since yn, — wand w € (L, F(T;) () EP, we have

limsup(u — zp, yx — Z0) = lim sup{u — 2, ¥, — 20) = (U —2p, 0 — 29) < 0.
n—00 k— o0

Izn, — X || — O, we have ||Az,, — Axp, || ~ O.Further, from the monotonicity of A, we have (z, — z,,, Az, — Az

ut loss of generality, we may assume that y,, — w as k — oo where w € C. We first show w € EP. We have

(3.33)

ne) 2 0.

(3.34)

(3.35)

(3.36)

(3.37)

% be the S-mappings generated by Ty, T, ..., Ty and By, B2, ..., By where §; = (ajl,ag.(xg), forj=1,2,...,N. By

(3.38)

3y Lemma 2.8, we have ﬂf; 1 F(T}) = F(5). Assume that Sw # w. By using the Opial property and (3.30) and (3.38), we

(3.39)
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By using (3.3), we have

[1Xn41 — Z0"2 = {|Bn(xn — 20) + (1 — Br)(Snyn — ZO)"2

< Balixa — 201> + (1 = Ba)llyn — 2017
= Ball%n — 20l” + (1 — Bu)llaati + (1 — a5)zo — 20|
= Ballxa — zoll> + (1 = Ba)llan(u — 20) + (1 — az)(zn — ) I?
< Balixn — Z0"2 +(1—8)((1 - ﬂn)ZIIZn - 20"2 + 2a,{U — 29, yn — 20))
< Ballkn = zoll* + (1 — Ba)(1 — an)lizn — Zoli* + 2Q1 — Bu)an(u — 2o, Yn — 20)
< Balla — Zoll> + (1 — Bu) (1 — @) lxn — 20l + 2(1 — Bu)n (U — 20, Yn — Za)
= (1= (1= B)an)liXa — 2olt* + 2(1 — Ba)an(u — 20, ¥n — 2o).

Since Zﬁ, (1 — By)a, = co and lim sup,_, ., 2(u — Zy, ¥» — 2o} < 0, we can conclude from Lemma 2.3 that

lim ||x, -zl =0. O
n—od

4. Applications
Using our main theorem (Theorem 3.1), we obtain the following strong convergence theorems in a real Hilbert space.

Theorem 4.1. Let C be a closed convex subset of a real Hilbert space and let F : C x C — R be a bifunction satisfying
conditions (A1)-(A4). Let {T.}" bea ﬁm’te family of nonexpansive mappings of C into itself with ﬂ F(Ty) ﬂ EP(F) # 0. For
j=1,2,...,N, Ieta(") (a, , oz2 . a3") be such thatoz1 R az , a3 €0, 1], a',"’-{—tx +a'3 —1 {otI - ' c . &
witho < 7y < 6 < 1, {7 } C {gn, 1] with0 < gy < 1and {az it {a3 *y C [0,6;]with0 < 6; < l. Let S, 5

the S-mappings generated by Ty, Ts, ..., Ty and ag"), ag"), s a,(v"). LetueC and xy € Candlet {z,) C Cand {x,} C Che
sequences generated by
F(za,y) + (.V Zn,Zn —Xa) 20, Vye€C, (41

Xng1 = ﬂnxn (1 = B)Sulantt + (1 - a)z), Vn €N,
where {a,} € [0, 1], {8,} C [0, 1] and {A,} C [0, 2c] satisfy the following conditions:

D0<a<dt,<b<2x, O0<c<PBy<d<1

A
(i) lim ~"- =1;
=00 Anti

[o. 4
(iii) lim a, =0, Z_; a, = 00
() 1o — o - 0, and [ait"Y —a}’| = 0asn — oo, forallj € {1,2,3,...,N}.
Then {x,} converges strongly to z € ﬂ,-=| F(T:) (" EP(F), wherez = PﬂfL; Fap e Y-
Proof. Put A = 0in Theorem 3.1. Then, from Theorem 3.1, we can get the desired conclusion. O

Theorem 4.2. Let C be a closed convex subset of a real Hilbert space and let F : C x C — R be a bifunction satisfying
conditions (A1)-(A4). Let A be an a-inverse strongly monotone mapping of C into H and let [T},_I be a finite family &

nonexpansive mappings of C into itself with (i, F(T) (YEP # @.Forj = 1, 2,...,N, let {a',"’l_,_, € [0, 1], {a}’ ;v_: g

[m, 6] with0 < 711 <6 <1, {a’,""} C [nn,11with0 < ny < 1, Vn € N, Let W, be the W-mappings generated &

Ty, Ta, ..., Ty and a, , o 2, a',"". Let u € Cand x; € C and let {z,) C C and {x,} C C be sequences generated by

F(zn, y) + (Axn, y — )+ 0’ Zp, 2y — X)) 20, VyeC, (42
Xng1 = B + (1 — B)W, (a,,u +(1—-ay)z,), VYneN,
where {a,} € [0, 1], {8,} C [0, 1] and {7} C [0, 2c] satisfy the following conditions:
0<a<r,<hb<2a, 0<c<fBp<d<l;

(i) li Ao

n—co A-n+l

=1;
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oc
(iii) nll’rg\oa,, =0, ;an = 00;
(iv) |a','+u —oz',"jl — 0, asn—> oo, forallje{1,2,3,...,N}.
N
%= {x;) converges strongly toz € (,_, F(T;)) () EP, where z = Pﬂil Fay (EPY-

Fmof. Put a;'j = Oforallj € {1,2,3,...,N}, andall n € N in Theorem 3.1. Then, by Theorem 3.1 the conclusion
fows. O

Farollary 4.3 ([7], Theorem 3.1). Let C be a closed convex subset of a real Hilbert space and let F : C x C — R be a bifunction
lsfying conditions (A1)-(A4). Let A be an a-inverse strongly monotone mapping of C into H and let T be nonexpansive
meppings of C into itself with F(T) () EP +# ©. Let u, x4 € C and let {z,}, {x,} C C be sequences generated by

1
F(zy,¥) + {Axn, y — z,) + X—(y —Zn,Zh —X,) 20, Vyed, (4.3)
n .
Xpp1 = ﬂnxn -+ (1 - ﬂn)Tl (anu + (] - an)zn)y ¥neN,
weere {a,) € [0, 1], {B:) C [0, 1] and {A,} C [0, 2a] satisfy the following conditions:

0<a<ir, <b<2a, 0O<c<Br<d<i,

(i) lim Ao =1;

1400 Ay

[e o]
(iii) lim a, =0, Z a, = oo.

n=1
N
[Sem {x,} converges strongly toz € (,_, F(T) () EP, wherez = Pn'y: Fayet

Bwof. PutN = 1and T, = T and o}’', "' = 0 ¥n € Nin Theorem 3.1. Then S, = T. Hence, we obtain the desired result
femTheorem3.1. O

Bemark. In Theorem 3.1, by taking N = 1and of'', &}'' = Oforall n € N, one can easily see that Theorems 4.1, 4.2, 4.3 of
Fakzhashi and Takahashi [7] are special cases of Theorem 3.1.
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Let X be a real uniformly convex Banach space and C a closed convex nonempty subset of X.
Let {T;}[_; be a finite family of nonexpansive self-mappings of C. For a given x; € C, let {x,]
and |xf,"|, i =1,2,...,7, be sequences defined 0 = x,, P = a:,‘l)Tle,o) +(1- aill’)x,f,ol, 2 =
a:zl)szs,l) + aflzl)Tlx,. + (1 - 0:22) = af,zl)}x,,, vevr Xpsl = xf." = af:r)'r'xy_” + a(’) Tr_-le'"zl oo

n(r-1)
(r) (r)

{ ) ‘
a:',’Tlx, +{1-a,, —a |~ a"',’)x,., n 21, wherea,; € [0,1] forallje {1,2,...,r},neN

and { = 1,2,..., . In this paper, weak and strong convergence theorems of the sequence [x,) toa
common fixed point of a finite family of nonexpansive mappings T; (i = 1,2,...,r) are established
under some certain control conditions.

Copyright © 2009 S. Imnang and S. Suantai. This is an open access article distributed under
the Creative Commons Attribution License, which permits unrestricted use, distribution, and
reproduction in any medium, provided the original work is properly cited.

1. Introduction

Let X be a real Banach space, C a nonempty closed convex subsetof X, and T : C — Ca
mapping. Recall that T is nonexpansive if |Tx ~Ty|| < ||x ~yl| forallx, y € C.LetT; : C —
C, i=1,2,...,r,be nonexpansive mappings. Let Fix(T;) denote the fixed points set of T;, that
is, Fix(T;) == {x € C : Tyx = x}, and let F := [Y_; Fix(T}).

For a given x; € C, and a fixed r € N (N denote the set of all positive integers), compute
the iterative sequences {xf,o) b {x,',“ bl x? (R | x}.”l by

0)
xr(l = xn/

1 1 0 D\ (0
xf,) = af”’Tle,) + (l - afﬂ)>xf,)
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(2) = a(Z)T xf,” + a(z)Tlx,, + (1 - af(zz) w)x,,,

(r)

Xn+l = = am-)Trx(r 3 *+ ﬂ(r) T, 1x$.r 2) (r)

n(r-1) M Tix,

(r) (r) ( )
(1 an(r) n(r—]) Ay, )x"' n2 1'

(1.1)

where ai’? e lo1] forallje {1,2,...,r),neNand i = 1,2,...,]. Ifaf,’;.) =0, foralln € N,
j€{L2,...,r-1}andi=1,2,...,], then (1.1) reduces to the iterative scheme

Xne1 = Spxn, n21, (1.2)
where S, = ag T, + @l _ Ty ++++an Ty +(1-aly, —al)_ —= a1, al) € [0,1] forall

i=1,2,. ,rand neN.
Ifaf{,.’ =0, forallneN,je{1,2,...,r-1},i=1,2,...,jand @ := a;, for all n € N for
alli=1,2,...,r, then (1.1) reduces to the iterative scheme defmed by L1u etal. [1]

Xnel = an/ n2 lr (13)
where S == a,T, +a, 1Ty +---+aiThi+ (1 -a,—a,.1 = ~aq},a; 2 0foralli =2,3,...,r
and 1 - a, - a,-; —--+— a3 > 0. They showed that {x,} defined by (1.3) converges strongly to

a common fixed point of T;, i = 1,2,...,r, in Banach spaces, provided thatT;, i = 1,2,...,7
satisfy condition A. The result improves the corresponding results of Kirk [2], Maiti and Saha
[3] and Sentor and Dotson [4].

Ifr =2and aﬁ) := 0 for all n € N, then (1.1) reduces to a generalization of Mann and
Ishikawa iteration given by Das and Debata [5] and Takahashi and Tamura [6]. This scheme
dealts with two mappings:

nl

1 1 1
xf,) ()Tx,, (l afﬂ))xn,
(14)
fr =52 = @+ (1-a2)x, m21,

where {a! a, ) { a(z)} are appropriate sequences in [0, 1].

The purpose of this paper is to establish strong convergence theorems in a uniformly
convex Banach space of the iterative sequence {x,} defined by (1.1} to a common fixed
point of T; (i = 1,2,...,r) under some appropriate control conditions in the case that one
of T; (i = 1,2,...,1) is completely continuous or semicompact or {T;};_; satisfies condition
(B). Moreover, weak convergence theorem of the iterative scheme (1.1} to a common fixed
pointof T; (i = 1,2,...,r) is also established in a uniformly convex Banach spaces having the
Opial’s condition.
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2. Preliminaries

In this section, we recall the well-known results and give a useful lemma that will be used in
the next section.

Recall that a Banach space X is said to satisfy Opial’s condition [7] if x, — x weakly
asn — oo and x#y imply that limsup, _, [lxx - x| < limsup,_, llx» — y||. A finite family
of mappings T; : C — C (i = 1,2,...,r) with F := ", Fix(T;) # @ is said to satisfy condition
(B) [8] if there is a nondecreasing function f : [0,00) — [0, 0) with f(0) = 0 and f(t) > 0
for all t € (0, 00) such that maxicic, {||x - Tixll} > f(d(x, F)) for all x € C, where d(x,F) =
inf{[lx - pll : p € F}.

Lemma 2.1 (see [9, Theorem 2]). Let p > 1, r > 0 be two fixed numbers. Then a Banach space X
is uniformly convex if and only if there exists a continuous, strictly increasing, and convex function
g :[0,00) — [0,00), g(0) = 0 such that

flax + (1= Dyl < Maxll? + (1 -V g = wp(Dg(lx-yl]), 21
forallx, yin B, = {x€ X: |x|| £r}, x € [0,1], where

wp() = A(1 - 1)P + AP(1 - X). (2.2)

Lemma 2.2 (see [10, Lemma 1.6]). Let X be a uniformly convex Banach space, C a nonempty closed
convex subset of X,and T : C — C nonexpansive mapping. Then I ~ T is demiclosed at 0, that is, if
X, — x weakly and x, — Tx, — 0 strongly, then x € Fix(T).

Lemma 2.3 (see {11, Lemma 2.7]). Let X be a Banach space which satisfies Opial’s condition and
let {xy ) be a sequence in X. Let w, v € X be such that limy || 365 - ul| and limy, _, o |5 = v|] exist.
If {x,,} and {xp, } are subsequences of {x,} which converge weakly to u and v, respectively, then
u=uv.

Lemma 2.4. Let X be a uniformly convex Banach space and B, = {x € X : ||x|| < r},r > 0. Then
for each n € N, there exists a continuous, strictly increasing, and convex function g : [0,00) —
[0, 00), g(0) =0 such that

2 n
< S ailxl? - mazg(ilxi — xll), (2.3)
P

n
Za,-x;
i=1

forallx; € Byandalla; € [0,1] (i=1,2,...,n) with 3 a; = 1.

Proof. Clearly (2.3) holds for n = 1,2, by Lemma 2.1. Next, suppose that (2.3) is true whenn =
k-1.Letx; € B, anda; € [0,1], i=1,2,....kwith ¥ a; = 1. Then a1 /(1 = Z i a;) k-1 +
a/(1- Zf-‘;lzai)xk € B,. By Lemma 2.1, we obtain that

2
g A
el o k3, Sk
1-3iqa 1-2i5a

-1 2 Ak 2
< —— ok ||* + —— x| (24)
1- 3 a; 1- ShFa;
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By the inductive hypothesis, there exists a continuous, strictly increasing and convex function
£:10,00) — [0,00), g(0) =0 such that

k-1 2

Zlﬂi.‘/i

k—
Z, Billyill” - 81628 (lva - v2)) 2.5)

foraliy; € B,and all ; € [0,1], i=1,2,...,k—1with Z ﬂ, = 1. It follows that

k-2 k=2
A1 X akx

Zaix,-+<l—2a,->< k lkﬁzl + ok )
i1 i-1 1-35a 1- 35

k-2 k-2

Tg-1Xk-1 akxk

< Zai"xi”2 + < E )l

i=1 i=1

1= Z:la' 1_ lla

k-2 k-2 2
Z il + < S )(ak—l"ﬁk‘—;" . 1ak"xkk_”2 > — g (||x1 ~ x2f)
=1 - i

i=1 1-Fia i=1 i

2 2

k
Za;x,-
i=1

2

- mazg([lx1 - x2|})

k
= Y aillxill> - marg(|lx - xal)).
i=1
(2.6)

Hence, we have the lemma. O

3. Main Results

In this section, we prove weak and strong convergence theorems of the iterative scheme (1.1)
for a finite family of nonexpansive mappings in a uniformly convex Banach space. In order
to prove our main results, the following lemmas are needed.

The next lemma is crucial for proving the main theorems.

Lemma 3.1. Let X be a Banach space and C a nonempty closed and convex subset of X. Let {T;i},
be a finite family of nonexpansive self-mappings of C. Let a(’) €[0,1] forall j e {1,2,...,r},n €N
and i = 1,2,...,j. For a given x, € C, let the sequence {x,,] be defined by (1.1). If F#@, then
%41 = pll < len —pll for all n € N and lim, _, - ||, — pl| exists forall p € F.

Proof. Let p € F. For each n > 1, we note that
Pl = [l T+ (1-ad)xn -
< e | Tuxa -l + (1- a7 %~ Pl
<l = pll + (1-aQ) 1% -2l

~Jlxa-pl.

(3.1)
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It follows from (3.1) that

2 1
p” = "af,z)T xf,J +af121)T Xp + (1 - aflzz) (2)> p"

nl

< a@||Txl? — p|| + AP Ti ~pll + (1~ a2 = D) -]
(3.2)
< | - p|| + e llxa - pll + (1- 0% - aQ) 12— 2l
< [lxn = pll-
By (3.1) and (3.2), we have
X9 _ p” l D 4 O 1+ Ty, + (1 a9 a® _ (3>) x, _p”
< af,:;) I|T3xf,2) —p” + a(q)"sz“) p" (3) L ITixs - plf
+(1-03 - - o)l -
< -1 s,; % = p| + e llxn - o
#(1-ag - a2 - )l —pll
< flx - pll-
By continuing the above argument, we obtain that
||x},"’—p" < ||x,,;p|| Vi=1,2,...,r. (3.4)

In particular, we get [|x.1 — pll < |lx, — pll for all n € N, which implies that lim,_, || x, = pl|
exists. O

Lemma 3.2. Let X be a uniformly convex Banach space and C a nonempty closed and convex subset of

X. Let {Ti) 1, be a finite family of nonexpansive self-mappings of C with F #@ and a Ve [0,1] forall

jel{l,2,...,r},neNandi=1,2,...,j suchthat}_‘, (’)arem [0,1] forall j € {1 2,...,r}and

neN Foragwen x1 € C, let {x,} be defined by (1.1). IfO < lim 1nf,,_,°°a( 0 < llmsup”_,oo(afl’()r)
f,(), 1 +a ) <1, then

(i) limy oo T2 ™ — x| =0 foralli=1,2,...,7,

(ii) imp oo l| Tixn —xall = 0 foralli=1,2,...,r,

(iii) limy oo |2 — xul| = O foralli =1,2,...,7

Proof. (i) Let p € F, by Lemma 3.1, sup,|lx» — pll < co. Choose a number s > 0 such that
sup,llx.~pll < s, it follows by (3.4) that {x, 9D _p}, (Tix¢™V —p} C B, foralli € (1,2,...,r}. O
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By Lemma 2.4, there exists a continuous strictly increasing convex function g
[0,00) — [0,00), g(0) = 0such that

2 n
< Daillxl? - mazg(llx - x), (3.5)

i=1

forall x; € B;, a; € [0,1] (i = 1,2,...,n) with 37 ,a; = 1. By (3.4) and (3.5), we have for
i=1,2,...,r,

|xne1 - p”2 = a1, + af"()r_l)T PE A aflrl)Tlx,,
" _ .0 " z
(1 Apiry = Bp(r—1y "~ Gy )x,, —p"
< a1, - p” + an(r - ITHx(' D —p”z +
+ a [ Toxn = p|* + (1 - &l - af,'(’,_,) ] E3e o
- (1-aly = g == )a ([ -
<ap p“ S 2)'p“z+ L E (3.6)
A I E &
(r)(l “f,?r)‘“;’()r—l) "'_a(r)) ("T‘ " ”_x"”)
< afp lxn = pl* + alfy_y 12 =PI+ + a3 || %~
+(1-aly - ale == a) llxa - pl?
a (1-al, - alyy = - o )g(|rxl™ - xa))
S (O R O XL
Therefore
) (1= a0y = gy =+ = a) (Tt - ) < Hxa =Pl = s -pH* 37
foralli =1,2,...,r. Since 0 < llmmf,,_.ma < lim sup"_,m(af"()r) + afl'()r_u +- f,',)) <1,

it implies by Lemma 3.1 that lim, . g(IT; x('—l) — xq|l) = 0. Since g is sirictly increasing and

continuous at 0 with g(0) = 0, it follows that llmn—.oo”Tx(‘ W xp||=0foralli=1,2,...,r
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(ii) Forie {1,2,...,r}, we have

”Tixn - xn" < ”Tl'xil ! Tl’xv(li-n” + “Tixff—l) —Xn

<

Xn = xif“”" 4 ”Tixff"l) = Xn

= (3.8
( Sl u”TI -1 _ "Tx(l—l) -l
It follows from (i) that
I Tixp, — %2l — 0 as n— co. (3.9
(iii) Fori € (1,2,...,r}, it follows from (i) that
(; n
Za - Xl —0 as n— oo. (3.10)

Theorem 3.3. Let X be a uniformly convex Banach space and C a nonempty closed and convex subset
of X. Let |T;)I_; be a finite family of nonexpansive self-mappings of C with F #@. Let the sequence
[a(’)} be as in Lemma 3.2. For a given x; € C, let sequences {x,} and [x(')} (i=0,1,...,r) be
defined by (1.1). If one of (T})_, is completely continuous then (x,} and {x) converge strongly to
a common fixed point of {T;}I_, forall j = 1,2,.

Proof. Suppose that Tj, is completely continuous where iy € {1,2,...,r}. Then there exists a
subsequence {x,, } of [x,,} such that {T;,xp, | converges. a

Let limy _, . T;, X, = g for some g € C. By Lemma 3.2 (ii), lim, - oo [\Tiyxs — x5f| = 0. It
follows that limy_, X5, = g. Again by Lemma 3.2(ii), we have lun,,_.mllT x,, — x| = 0 for
alli = 1,2,...,r. It implies that limg ., Tix,, = q. By continuity of T;, we get T;q = g, i =
1,2,...,7.S0 g € F. By Lemma 3.1, lim, _, o ||, — gl] exists, it follows that lim,, _, o ||xx — gl =
By Lemma 3.2(iii), we have lim,._.mlle,’) — x,|l = 0 for each j € (1,2,...,r}. It follows that
llm,,ﬁmx =gforall j=1,2,.

Theorem 3.4. Let X be a uniformly convex Banach space and C a nonemphy closed and convex subset
of X. Let (T}, be a finite family of nonexpansive self-mappings of C with F #@. Let the sequence
[a(’ Voeq be as in Lemma 3.2. For a given x1 € C, let sequences {x,} and lxm} (i=0,1,...,r) be
defined by (1.1), If the family [T;};_, satisfies condztzon (B) then {x,} and {x) converge strongly to
a common fixed point of {T;)i_, forall j = 1,2,.

Proof. Let p € F. Then by Lemma 3.1, lim, .o [{x, — pl| exists and ||x,.1 - pll < ||xn — pl| for all
n > 1, This implies that d(xy41, F) € d(x,, F) for all n > 1, therefore, we get lim, _, d(x, F)
exists. By Lemma 3.2(ii), we have lim, o[ Tix, — x4|l = 0 for each i = 1,2,...,r. It follows,
by the condition (B) that lim, . f(d{x,, F)) = 0. Since f is nondecreasing and f(0) = 0,
therefore, we get lim, _,od(x,, F) = 0. Next we show that {x,} is a Cauchy sequence. Since
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lim,, _,,d(xy, F) = 0, given any e > 0, there exists a natural number ny such that d(x,, F) <e/2
for all n > ny. In particular, d(x,,, F) < €/2. Then there exists g € F such that [|x,, — gl| < €/2.
For all n > np and m 2 1, it follows by Lemma 3.1 that

“x’”’" - I,,” 5 ”xnﬂn - q” + ”x" - q” < ”x'lo _q" + "x"o _q" <€ (3‘11)

This shows that {x,} is a Cauchy sequence in C, hence it must converge to a point of C.
Let limy X, = p*. Since lim,_,d(x,, F) = 0 and F is closed, we obtain p* € F. By
Lemma 3.2(iii), limy . oo [Jx%” —-x,]l =0foreach j € {1,2,...,r}. It follows that limy o ooxd) = v

forallj=1,2,...,r O

In Theorem 3.4, if af";.) =0, forallneN,je[1,2,...,r-1}andi=1,2,...,j, we obtain
the following result.

Corollary 3.5. Let X be a uniformly convex Banach space and C a nonempty closed and convex
subset of X. Let {T;}[_; be a finite family of nonexpunsive self-mappings of C with F #@ and af'? €
[0,1) foralli =1,2,...,r and n € N such that Z,LIaf,? are in [0,1] for all n € N. For a given
x1 € C, let the sequence {x,} be defined by (1.2). If the family {T;)}., satisfies condition (B) and
0 < lim inf,,_.ooaf;) < lim supn_,m(af"()r) + “}:()r-:) et affl)) < 1, then the sequence {x, } converges
strongly to a common fixed point of {T;}1_;.

Remark 3.6. In Corollary 3.5, if a” = a;,forallm € Nand forall i = 1,2,...,r, the iterative

scheme (1.2) reduces to the iter;rtive scheme (1.3) defined by Liu et al. [1] and we obtain
strong convergence of the sequence {x,] defined by Liu et al. when {T;} _, satisfies condition
(B) which is different from the condition (A) defined by Liu et al. and we note that the result

of Senter and Dotson [4] is a special case of Theorem 3.4 whenr = 1.

In the next result, we prove weak convergence for the iterative scheme (1.1) for a finite
family of nonexpansive mappings in a uniformly convex Banach space satisfying Opial’s
condition.

Theorem 3.7. Let X be a uniformly convex Banuch space which satisfies Opial‘s condition and C a
nonempty closed and convex subset of X. Let {T; [, be a finite family of nonexpansive self-mappings
of C with F #@. For a given x1 € C, let {xy] be the sequence defined by (1.1). If the sequence [af,".) 2y
is as in Lemma 3.2, then the sequence {x,} converges weakly to a common fixed point of {T;}1,.

Proof. By Lemma 3.2(ii), lim, o {{Tixn — Xxlf = O foralli{ = 1,2,...,r. Since X is uniformly
convex and {x, } is bounded, without loss of generality we may assume that x,, — u weakly
asn — oo forsomeu € C. By Lemma 2.2, we have u € F. Suppose that there are subsequences
{xn,} and [xy,, } of {x.} that converge weakly to u and v, respectively. From Lemma 2.2,
we have u, v € F. By Lemma 3.1, lim, . [lx, — u)| and lim, .o [|x, —~ v]| exist. It follows
from Lemma 2.3 that u = v. Therefore {x,] converges weakly to a common fixed point of
{Ti}ia- .

For af}’? :=0,forallme N, je{l,2,...,r-1}andi=12,...,j in Theorem 3.7, we
obtain the following result.
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Corollary 3.8. Let X be a uniformly convex Banach space which satisfies Opial’s condition and C a
nonempty closed and convex subset of X. Let {T;};_, be a finite family of nonexpansive self-mappings

of C with F# and a* € [0,1] forall i = 1,2,...,r and n € N such that 31 a®) are in [0,1] for
all n € N, For a given x1 € C, let {x,} be the sequence defined by (1.2). If 0 < lim inf,,_.ooaf",.) <

limsup,,_, m(af"()r) + afl’()r_l) oot af"ll) < 1, then the sequence {x,} converges weakly to a common

fixed point of {T;}]_;.

Remark 3.9. In Corollary 3.8, if af[? =a forallmne Nand for alli = 1,2,...,r, then we obtain
weak convergence of the sequence {x,} defined by Liu et al. [1].
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Abstract

In this paper, we study the Green function of the operator (¢ g +m?*)* which
is iterated k-times and is defined by

2 ptgq 2 *
(OB +m*)* (ZBL) - > By | +mt| , (0.1)

j=p+1

where m is a positive real number and p+g¢ = n is the dimension of R} and k is a

= . 2 .
nonnegative integer and B, = %g + —21—”‘,‘5‘2—‘,, 20, =205+ 1, a5 > —%,:vi > 0. At

first we study the Green function of the operator ({5 +m?*)*, we have that such
a Green function related to the elementary solutions of the Bessel-Helmholtz
operator (Ap + m?)* iterated k—times and the Bessel Klein-Gordon operator
(Op + m?)¥ iterated k—times. We also apply such a Green function to solve the
solution of the equation ({5 +m?)*u(z) = f(z) where f is a generalized function

and u(z) is an unknown function for z € R;.

Keywords: Green function, Bessel diamond operator, Helmholtz operator, Klein-Gordon
operator

1 Introduction

A. Kananthai [1] first introduced the diamond operator {* iterated k—times, defined

by
p+q 2]k
kE_
O - ( 81:1 ) (’ ax] ) ’
=p+1
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the equation Q*u(z) = f(z), see (2], has been already studied and the convolution
u(z) = (—1)*RE (z) * RS, * f(z) has been obtained as a solution of such an equation.
Later the equation ({ + m*)fu(z) = f(z), see [3], has been studied and the convo-
lution u(z) = (Wi (u, m) «* Wi (v,m)) * (s**)*~!(z) * f(z) has been obtained a solution
of such an equation.
Furthermore, Hiiseyin Yildirim, Mzeki Sarikaya and Sermin Oztiirk [4] first intro-
duced the Bessel diamond operator {% iterated k—times, defined by

k

P 2 pta 2
<>IE?= (ZBI‘) - Z Ba:j) (1.1)
i=1 j=p+1

where B,, = 8%2; + 2:?6%;’ 2u; = 20; + 1,04 > —3,2; > 0. The operator ¢ can be

expressed by O = AkOE = 05 AL, where

5 k
Al = (Z BI,) . (1.2)
i=1
and
, P ptq k
ok = [Z By~ > sz} : (1.3)
i=1 Jj=p+1

The equation QO¥u(z) = §(z), see([4], p.382), has been already studied and the convo-
lution u(z) = (—1)%Sy * Ry has been obtained as a solution of such an equation where
the function Sy, and Ry are defined by (2.1) and (2.2), respectively, with o = § = 2k.
In this work, we study the equation of the form

(05 +m*)*G(z) = 6(x).

We obtain the elementary solution G(z) = (Tor(z) * War(z)) * (C**)*~(z), where the
symbol xk denotes the convolution of itself k—times and the symbol % — 1 is an inverse
of the convolution algebra, Tor(z) is the elementary solution of the Bessel-Helmholtz
operator (Ap + m?)* iterated k—times, that is Th(z) satisfy the equation

(Ap +m?) u(z) = d(z)
and Way(z) is the elementary solution of the Bessel Klein-Gordon operator (Op 4+m?)*
iterated k—times, that is Wy (z) satisfy the equation

(O + m*)Fu(z) = 6(x)
and C(z) is defined by

C(z) = 6(z) — m*(Ta(z) + Wa(V)) + 2m* (Ta(z) *» Wa(V)).
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Moreover, we apply such a Green function to obtain the solution of the equation
(O +m")*u(z) = f(z).

where f is a generalized function.

2 Preliminaries

Definition 2.1 Let z = (z1,22,...,Z,),V = (11, Va,...,v,) € RY. For any complex
number «, we define the function S,(z) by

on+2{v] —20:1“( n+2|2ul—a ) |$la—-n—2|vj

1 (2.1)
17, 24720 (s + )

So(z) =

Definition 2.2 Let z = (21, Z2,...,%),V = (11,12, ...,1,) € R}, and denote by V =
2243+ ad -k, — a2, — -~ 22, the nondegenerated quadratic form. Denote
the interior of the forward cone by I'y = {z € R} : z; > 0,2, > 0,...,z, > 0,V > 0}

. The function Rg(z) is defined by

B-n—2lv
Vv

2

Rp(z) = AR

(2.2)

where

Kn(l[j) =

b}

n+2|v]-1 —n—2ly _

n T (2= 1 (152) 1 ()
2+8-p-2|v —
r(28=2) 1 (232)

where § is a complex number.

Definition 2.3 Let z = (21,22, ...,2Z,) € R}, For any complex number «, we define

the function
2 (-1 (2 + T)

D=2 gy DT e (a), (2.3)
where 7 is a complex number and Sa+2,-($) is defined in definition 2.1.
Definition 2.4 Let z = (z),%,...,%,), For any complex number 3, we define the
function '
= (—1)T (2 +7)
Wp(z) = z_; —Tﬁ‘éy—(m2)rRﬂ+2r($)) (24)

where 77 is a complex number and Rg,o.() is defined in definition 2.2.
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Lemma 2.1 Given the equation Ngu(z) = §(x) for z € R}, where AK is defined by
(1.2). Then
u(z) = (~1)*Su(z)

where Sor(x) is defined by (2.1), with o = 2k.
Proof. See ([4], p.379). O

Lemma 2.2 Given the equation Oku(z) = §(x) for z € R}, where 0% is defined by
(1.8). Then
u(r) = Ro(z)

where Ry (z) is defined by (2.2), with B = 2k
Proof. See (4], p-379). (]

Lemma 2.3 (The elementary solution of the Bessel-Helmholtz operator).
Given the equation (Ap + m?)*u(z) = §(z) for z € R}, where Ap is defined by
(1.2) with k =1. Then
u(z) = Tox(x)

where Toi(z) is defined by (2.8), with o = 2k.

Proof. At first, the following formula is valid ([5], p.3),

(3er) =3 () ()

™o 3
~—

Equivalently,

We have,
(U5 (5+r) = ( r )F<§)-
Then, we obtain the function 7T, (z) is defined by Definition 2.3 become

0

T.(a) = Y- (1) @) (14 Sosaa). (25)

r=0

Putting o = n = 2k in (2.5), we have

[ee]

Tu(e) = 3 () 0 (-1 S o).

r=0

{ Jor
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Since the operator Ap is linearly continuous and has 1—1 mapping, then it has inverse,
by Lemma 2.1 we obtain

[a@)

1) =3 () o) gt

r=0

= (Ap + m?)7*5(z), (2.6)

where (A 4+ m?)~* is the inverse operator of the operator (Ap + m?2)k. By applying
the operator (Ap + m?)* to both sides of (2.6), we obtain

(Ap + m?) Ty (z) = (Ap +mA)r.(Ap +m?)F5(z).
Thus
(AB + mQ)kTgk(:zz) = 5(23)
O

Lemma 2.4 (The elementary solution of the Bessel Klein-Gordon operator).

Given the equation (Op + m?)Y*u(z) = 6(z) for x € R}, where Op is defined by
(1.8) with k = 1. Then

u(z) = Wa(z)

where War(z) is defined by (2.4), with a = 2k.

Proof. The proof of lemma 2.4 is similar to the proof of Lemma 2.3. (]

Lemma 2.5 Let Tor(z) and War(x) be defined by (2.3) and (2.4) respectively,where
a = =2k. Then the convolution Tor(x)* Wor(x) exist and it is lie in S', where ' is
a space of tempered distribution.

Proof. From (2.3) and (2.4) with a = § = 2k, we have
Toe(z) * War(z) = (Z %ﬂ(mz)r(—l)kJ”TSwrzr(m))

* (Z %ﬂl(m2)rR2k+gr(x)>

® X (-1 SF(/C-}—S s —lrl’(k+r .
:ZZ%W—)(”‘) (_3'11_@7__)(771 )
(“1)k+r'5'2k+2r($) * Rog o0 (2)-

Hiiseyin Yildirim, Mzeki Sarikaya and Sermin Oztiirk ([4],p.380) has shown that Soy 4o (2)*
Rokio-(T) exists and is a tempered distribution. It follows that Tor(x) x Wor(z) exists
and also is a tempered distribution. 0
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Lemma 2.6 Let To(x) and Wa(x) be defined by (2.8) and (2.4) respectively, where a =
[ =2. Then

[(AB +m?)(0p + m?) — m*(Ap + DB)] (To(z) * Wa(z)) = C(z), (2.7)
where C(z) = §(z) — m?*(Ta(z) + Wa(z)) + 2m? (To(x) * Wa(x))
Proof. We have
[(AB +m?)(0p + m?) — m?(Ap + DB)] (To(z) * Wa(z)) =

[(& g +m*)(0p +m?) (Tz(z) * Wa(z)) — m*(Ap + Op) (Ta(x) * Wa(x))] =
(Ba4 W) (4 mWie) P BaTie) W) 4 ) O]
From Lemma 2.3 and Lemma 2.4, for k = 1 we have
(Ag +m*)Ta(z) = §(x) and (Op+ m?)Wy(z) = §(z),
respectively. Moreover,
ApTy(z) = 6(z) — m*Ty(x)

and
OpWa(x) = é(z) — m*Wy(x),

thus(2.8) become

(A +m?)(Og +m?) — m3(Dp + Op)] (Ta() * Wa(z)) =

§(z) * 6(z) —m? [(o(x m?Ty(z)) * Wa(z) + To(z) * (§(z) — m*Wa(z))] =
§(x) — m? [Wa(z) — m*Tu(z) * Wa(z) + Ta(z) — m*Ta(z) + Wa(z)] =

5(z) ~ m? (Ta(z) + Wa(x)) — 2m* (Ta(z) * Wa(z)) = C(x).

O
Lemma 2.7 Let S,(z) be the function, defined by (2.1). Then
Sa() * S5(z) = Sars(@),
where o and (8 are a positive even numbers.
Proof. See([4],p.380) (]

Lemma 2.8 Let Rs(z) be the function, defined by (2.2). Then
Rp(z) * Ra(z) = Rpia(z),

where o and § are a positive even numbers.
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Proof. Since Rj(z) and R,(z) are tempered distributions (see [4], p.380). Let

SuppRg(z) = K C I'y, where K is a compact set and T'; is a closure of I';. ap-
pears in Definition 2.2, then Rg(z) * Rq(z) exists and is well defined. To show that
Rg(z) * Ro(z) = Rgpa(z), by Lemma 2.2 O%u(z) = §(z) Then u(z) = Ryr(z).

Now, Oku(z) = O4L0% "u(x) = §(z) for r < k, then by Lemma 2.2 0% u(z) = Ry (z).
Convolving both sides by Ryx—r)(z) we obtain

Rg(k_r) (.’E) % D]E—T’u(m) = Rg(k_r) (113) * Rgr(.’b)

or,
D%_TRQUC—T){:E) * u(m) = R2(k—r) (.’E) * RQT(:E)

by Lemma 2.2 again, we have
§(z) *x u(z) = Ra—r)(z) * Ror(2).

it follow that
u(z) = Ry(e—r) () * Ror(z).

Since u(z) = Roi(z), thus
Rok-r)(z) * Ror(z) = Ror().

Let § = 2(k — r) and a = 2r, actually § and o are positive even numbers. It follows
that Rs(z) * Ro(z) = Rpialx) as required. O

3 Main Results

Theorem 3.1 Given the equation
(5 +m*)*G(z) = §(2) (3.1)

where ({p +m*)* is the operator iterated k-times defined by (0.1), & is the Dirac-delta
distribution, z = (z1,T2,...,%,) € R} and k is a nonnegative integer. Then we obtain
G(x) = Tor(z) * Wor(z) * (C”"‘(:z:))'_1 is a Green function for the operator ({p +m*)*
iterated k-time where $p is defined by (1.1) with k = 1, m is a nonnegative real number
and

C(z) = 6(z) — m*(Ta(z) + Wa(2)) + 2m* (Ta(z) * Wa(z)) (3.2)

C**(x) denote the convolution of C it self k-time, (C”"‘(:z:))*—1 denote the inverse
of C**(x) in the convolution algebra. Moreover C(z) is a tempered distribution.
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Proof. Sine (¢p +m*)k = (A +m?)(Tg + m2) —m*(Ap + Op))*.

[(AB +m?*)(Op + m2) —m?*(Ap + GB)] .
(A5 +m2)(@p +m?) — m?(Ap+0p)] " G(z) = 6(z) (3.3)

From Lemma 2.5 we have Ty(z) * Wy(z) exists and is a tempered distribution. Con-
volving both sides of the above equation by T3(x) * Wy(x),we obtain

[(Ap + m?)(Op +m?) — 2(AB + 0p)] (Ta(z) * Wa(x)) *
[(AB +m?)(Op + m?) — m*(Ap + DB)] G(z) = (Ta(x) * Wa(x)) * d(z)

by Lemma 2.6, we have
C(z) * [(Dp+m?)(Tp +m?) —mX (L5 +0p)]" G(z) = (Ta(x) * Wa(x)) * 6(z).

Keeping on convolving both sides of the above equation by T5(z) * Wa(z) up to k — 1
times, we have

C**(z) * G(z) = (Ta(z) * Wa(z))™,

where xk denotes the convolution of itself k—times.
By Lemma 2.7, Lemma 2.8 and definitions of T,(z) and Wy(z), we have

(To(z) * Wg(:zc))"’c = Tox(x) * Wo(z),

then
C**(z) * G(z) = Tor(z) * War(2).

Now, consider the function C**(z), since &(z), To(z), Wa(z) and Ty(z) » Wo(z) are
lies in &’ where &’ is a space of tempered distribution, then C(z) € S’, moreover
by ([6], p.152) we obtain C**(z) € &'. Since Tor(z) * War(z) € &', choose &' C Dj
where D%, is the right-side distribution which is a subspace of D’ of distribution. Thus
Tor(z) * Wor(z) € Dp, it follow that Tok(z) * Wok(z) is an element of convolution
algebra, thus by ([7}, p.150-151), we have that the equation (2.8) has a unique solution

G(z) = Tor(z) * War(z) * (C‘"‘(az:))*—1

where (C*k(a:))*_l is an inverse of C** in the convolution algebra, G(z) is called the
Green function of the operator ({5 +m*)*. Since Tox(z) * War(z) and (C"‘tk(:z))bl are
lies in &', then by ([6], p.152) again, we have Toi(z) * Wax (@) * (C**()) *~! € §'. Hence
G(z) is a tempered distribution. a
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Theorem 3.2 Given the equation
(O +m*)*u(z) = f(z) (34)

where f is a given generalized function and u(x) is an unknown function, we obtain

is a unique solution of the equation (3.4) where G(z) is a Green function for ({g+m?)~.

Proof. Convolving both sides of (3.4) by G(z) where G(z) is a Green function for
(Op +m*)* in theorem 3.1, we obtain

G(z) * (O + m")*u(z) = G(z) * f(2)

or,

(Op +m")*G(z) * u(z) = G(z) * f(z)
applying the Theorem 3.1,we have

8(z) * u(z) = G(z) * f(x).

Therefor,
u(z) = G(z) * f(z).

Sine G(z) is unique. Hence u(z) is a unique solution of the equation (3.4). O
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Abstract

In this paper, we study the generalized wave equation of the form
e 2 Ak
—2u(x, H=-c“(0) ulx,)=0
ot
with the initial conditions
8
u(x, 0) = (), 2 u(x, 0) = g(0),

where u(x, 1) € R” x [0, @), R” is the n-dimensional Euclidean space,

0% is the Diamond operator iterated k-times defined by

poa2 p*re 2 \? ¢
k 0 17
ot = E ] - E e ,
[ &‘iz] [}=P+l ax?]

=1

¢ can be written as the product of the operators in the form ¢ = AC

n a2 4 62
=04, where A:Z—— is the Laplacian and C\=Z—

2
i=l axlz i=| axl
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prq 2
- z — is the ultra-hyperbolic. p + ¢ = n, ¢ is a positive constant,
J=p+ O}

k is a nonnegative integer, fand g are continuous and absolutely integrable
functions. We obtain u(x, 1) as a solution for such equation. Moreover,

by e-approximation we also obtain the asymptotic solution u(x, )
= O(S_H/Zk). In particularly, if we put n=1, k=2 and p =0, the

u(x, t) reduces to the solution of the biharmonic wave equation

2
—aa—zu(x, N+ A ulx, 1) = 0.
/3

1. Introduction

It is well known that for the 1-dimensional wave equation
2 2
—a—zu(x, t)=cza—2u(x, 1), (1.1)
ot Ox
we obtain u(x, 1) = f(x + ct) + g(x — ¢t) as a solution of the equation where fand
g are continuous.
Also for the n-dimensional wave equation
a2 2
——2—u(x, H+c*Au(x, 1) =0, (1.2)
ot
with the initial condition

u(x, 0) = f(x) and gu(x, 0) = g(x),

where f and g are given continuous functions. By solving the Cauchy problem for
such equation, the Fourier transform has been applied and the solution is given by

sin(2n} & )¢

aE, 1) = j(g)cos(Zn[ g+ £(8) 2]

2 2 2 2 2
where r? =§|2+§%+~~-+§p,s =&p41 HEpu2 + o+ 85, (see [1, p. 177)).

By using the inverse Fourier transform, we obtain u(x, ¢) in the convolution form,
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that is,
u(x, 1) = f(x)* W, (x) + g(x) * @, (x), (1.3)

sin(2m] & )¢
2| € |

where @, is an inverse Fourier transform of @,(§) = and ¥, is an

inverse Fourier transform of \¥,(£) = cos(2n]| & [} = % d(E).

In 1996, Kananthai [2] introduced the Diamond operator ¢ defined by

= —_— - —|, ptg=n
i=1 6x,-2 j=p+l 6x3

or ¢ can be written as the product of the operators in the form ¢ = Al = (1A

n 62 14 62 pPrg 62
where A = 2—2 is the Laplacian and O = 2—2— — is the ultra-
i=1 ax,- i=1 axi J=p+l 8xj

hyperbolic. The Fourier transform of the Diamond operator has also been studied
and the elementary solution of such operator, see [3]. Next, G. Sritantana, A.

Kananthai study the equation

2
w1y + P (=8) ulx, 1) = 0
ot

see [7, pp. 23-29], where

k
2 2 2 2 2 2
A"=(~a——+a +---+a—+ 9 + 9 +ee o ]
q

oxt  oxs ol o, 0oy, ol
Next, W. Satsanit, A. Kananthai study the equation

62

u(x, )+ @ ulx, ) =0
or’
see [6], where
k
Ot _ o2 52 62_ o2 B o2 o a2
B S TN SN T o2 ;
oxi  0x3 Xp Xp+l p+2 Xp+q

we obtain the solution related to the beam equation.
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In this paper, we study the equation
o’ 2 (ayk
——2u(x, D+c (0 ulx,)=0 (1.4)
ot

with u(x, 0} = f(x) and &/ u(x, 0) = g(x), where c is a positive constant, £ is a
nonnegative integer, f'and g are continuous functions and absolutely integrable. The
equation (1.4) is motivated by the heat equation of the form

% u(x, 1) = —c2(0) ulx, 1)
(see [4, 1-4]). We obtain
u(x, 1) = f(x)* ¥ (x) + g(x) * D, (x) (1.5)

as a solution of (1.4), where ®, is an inverse Fourier transform of ®,(£)

_ sin c(Wst = r*)ky
(st —rt)E

=cosc(Vs* —r* )kt = a%(i),(&), where r2 = 2;,2 +§% +-~+2;f, and s = &fm

and ¥, is an inverse Fourier transform of ¥ ()

+§f,+2 +---+§§,+q. Moreover, if we put £ =2 and p =0 in (1.4), then (1.5)

reduces to the solution of the n-dimensional biharmonic wave equation and also if
k=1, n=1 and p=0 in (1.4), then (1.5) reduces to the solution of beam

equation.
We also study the asymptotic form of u(x, ¢) in (1.5) by using g-approximation

and obtain u(x, £) = O(e™"%).
2. Preliminaries

We shall need the following definitions

Definition 2.1. Let f e L;(R") the space of integrable function in R”. The

Fourier transform of f(x) is defined by

fe = (znl)"/2 J'R” &%) 1(x) ax, .1)
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where & = (§1, &2, n §)s X = (X1, X2, o, X,) € R, (€, x) = &) + &2 + - +

E,x, is the inner product in R” and dx = dx;dx; -+ dx,,.

Also, the inverse of Fourier transform is defined by

1
(2,”:)71/2

/@)= [ 7 ea

Lemma 2.1. Given the function

2 ” 2
jo-of LA (5]
=1

i J=p+l

? pq
n 2 2
where (x1, X9, .., x,) € R", p+q =n, Elx,- < E )ch. Then
i= J=p+

Q,9, (355 ’
R

where [ denotes the Gamma function. That is, I[R" f(x)dx is bounded.

<

‘ [, 7Gx

Proof. First note that

P, 2 prq , 2
[, 76 = | exp|- —(Zx,-] +[ ij) .

i=1 J=p+l

Now, we transform to bipolar coordinates defined by

X| =r0p, Xy Sr), .., X, =0,
dx) =rdw), de =rdoy, .., di, =rdo,
and
Xpil =SOpip, Xpi2 = SOpy2;, s Xpig = SOp g,
dippy =5d0 ), dipe = SA0 .o, .. Ay, = SO

(2.2)
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where co|2 +w% +---+cof, =1 and cofm +wf,+2 +wf,+q =1.

Thus
I f(x)dx = I expl- Vs? - r*1r P s drdsd ) ,d),,
]Rn Rn

where dx = rp'lsq"'a'ra’sa’Qpa’Qq, dQ, and dQ, are the elements of surface area

on the unit sphere in R? and R?, respectively.

[ )

< I , expl— Vst = r* ]rp_lsq—ldrdsdequ.
R

By a direct computation, we obtain

I f(x)dx = Q,Q, JQJ‘ expl— Vs* = r41rP 7159 dr s,
R" 0 Jo

ZTtp/z 21[‘1/2
where Q, = ——— and Q_, = ———=. Thus
P T(p/2) 7 T(q/2)
S
' I f(x)dx | <Q,Q, JQJ‘ expl- Vst = 14177159  gras,
R" 0 Y0

Put 7% = 52 sin 0, 2rdr = 52cos0dd and 0 <6 <

‘ [, e

, to have

(ST

s /4 4.2 p=2
stquI e™VS TS0 P-2(6in0) 7 59! cos 0dbds
o Jo

Q,Q s 2 p=2
p2 g FJ‘ ¢S 0505 P+a-)(Gin B) 7 cos BadBds.
0 J0

Put v = 52 9a’=$
ut y =% cos, ds = 5=

, to have

n-2

Q.0 /2 P2
p°%q Y D A N BT s ay
< 3 J: Jje (cos 9) (sin©) 2 cos0dd o5 B

‘ [, reas

QO 2 o n-2 2-n p=2
= J' J' ey 2 (cos®) 7 (sin0) 7 dyd®
0 0
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Q.0 2 2- -2
= p4 9 F(ﬂ) J'n'/ (cos 9)—2""(sin 9)!7_2—0'9
0

2
Q Q
_lpiig o (nafp 4-n
S8 r(2)3(4, 4 )

ol e
o] 22 LN

Thus it follows that jp,, f(x)dx is bounded.

Therefore,

)

O
-

3. Main Results

Theorem 3.1. Given the equation

2
-;:—Zu(x, )+ 2 OY ulx, 1) = 0 3.1
l

with initial conditions
d
ulx, 0) = f(x) and  —-ulx, 0) = g(x), (32
where u(x, 1) & R” x [0, ), 0% is the Diamond operator iterated k-times, c is a
positive constant, k is a nonnegative integer, f and g are continuous functions and

absolutely integrable for x € R". Then (3.1) has a unique solution

u(x, 1) = fx)* ¥, (x)+ g(x)* ®,(x) (3.3)
and satisfies the condition (3.2) where @, is the inverse Fourier transform of

b (&) = sinc(Vst — 4 i}
‘ o [4 4 )

and Y, is the inverse Fourier transform of

P, (8) = cosc(Vst = )er = % B),

cp 2 g2 g2 2 2 _ 2 2 2
with r® =& +E5 + -+ 8 and s° =85, + &, ++E,,.
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Proof. By applying the Fourier transform defined by (2.1) to (3.1), we obtain

k
2 pPtq
;—zﬁ(g, )+ c? —[ig%] [ zi } u, 1) =0
i=]

=p+l

Let s > r. Thus
Lo 0+ 26 -, 0 =0,
(&, 1) = A@)cos c(s* —r* Yot + BE)sinc(s? - r")f
By (3.2), 4(%, 0) = A(8) = / (%),
B 1) (oY aysinelst - r )

+c(Vs* = r* Y BE)cos (Vs — r e

FEO o4 e(ls - ) BE) = 400,

()
B(g) - c(m)k >

W€, 1) = f(E)cosc(Wst —r Yoy — 5 _ 80 sine(Ws* —rHY . 4
c(Vs — rh)k

By applying the inverse Fourier transform (3.4), we obtain the solution u(x, /)

in the convolution form of (3.1). Now, we need to show the existence of ®,(x) and

¥, (x). Consider the Fourier transforms

& SlnC(V r Y NEIEN
D, (x)= and ‘¥, (x)=cosc(Vs —r" )"t
e(Vst—rt)t

These are all tempered distributions not lying in the space £;(R") of integrable

functions. So we cannot compute the inverse Fourier transforms ®,(x) and ¥, (x)
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directly. Thus we compute the inverse ®,(x) and ‘¥,(x) by using the method of

g-approximation.

Define
88 (&) = oo O =Y ey ‘““s-'>sm““s ‘”) for &0, (3.5)

c(¥st-rtyf

We see that ¢f(x) e L;(R”) and ¢} (x)—)ch,(x) uniformly as &€ — 0. So that

&,(x) will be limit in the topology of tempered distribution of ¢f (x). Now

‘ & )
(I) (x)—(z )n/2 J.Rn (D (é)dé
= ! J. (s x) —ec(Vs?~r4)F sin c(J-——:)k &
(21!)"/2 R" c(\/_——r——)"
—sc(‘Js —r )"
| @7 (x)| < 56

QWLM TR

By changing to bipolar coordinates and putting
Gy =rw, Ey=rwy, .., &, =rw,,
and

Epil = Wpoil, Epun = SWpio,s o §p=swp+q, p+qg=n,

where w,z + w22 ot wf, =1 and wf,ﬂ + wzﬂ +o 4 wzﬂl
—zc(\/s -y
nf2 J. n
(2 )/ B (st - r4 )t

where € = rp_'sq_ldrdstqu, dQ, and dQ, are the elements of surface area

= 1, we obtain

| 7 (x) ] <

P59 drdsdQ ,dQ,,

(27.[)17/2
r(p/2)’

of the unit spheres in R? and R, respectively, with Q

(21‘:)51/2
r(q/2)
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—cc(m)k ~
| Df(x)| < (2 )n/2 r.‘; (\/—)k rP 9 drds.

Putting r? = s%sin 0, 2rdr = 5% cos 040 and 0595%, we get

/2 e—Ec(‘l.r —stsin2 )

p-2
»F inB) 2 P97 cos 8abd!
| & (x)] < 20n )n/z ij- C(\/s o) (sinB) 2 s cos s

n/z —Ec(s cose) p—2
- . J' J' sP*97)(sin 0) 7 cos 0dBds.
20(2n)"/ c(s? cos 6)

cos* 0, PR S ds = i—iy—, it follows

k 2
cecos” 6 ~Ky

Putting y = ec(s? cos 0)F = ecs*

that

€ Y . P2
| 7 (x)| < o )"/ZJ‘ rey/(s ) (sin®) 2 coseé—a’yde

W2 (e yE( )"/Zk - gyp-2/2
8)? Odydd
4(2n)"/2 J- J: ce cos 0 {sin 6) T

I s I = S =
4(2n)"/2 J- r n/Zkken/Zk l(sme) 2 {(cos0) 2 dydd

n
Q,0 r(——l) /2 p-2 2-n
4 n72 n2k J- (sinB) 2 (cosB) 2 db
4(27[) ke_ﬁ_lcn/Zk

(M)
Scn/Zk(zn)n/Zkgn/Zk—l 2% 4’ a4 )

and

et UE)

8Cn/2k (2n)n/2 ken/Zk—l r(4 - q)
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- (4 a4
Similarly, we define W& (£) = ¢ 50" =) cosc(Vs? =) 1 and

€ (1) i D) e
RS [e® 0w @

= ( ; 7 J‘ ei(f_,,x)e—ec(\ls4—r'4)k cos ¢( /S4 -r4)kfd§,
27.[ n, R"

! —ec(¥st )
WL g e

JQJ‘ ~ec(Vst-r )k rP 101 g ds.
(Zn)n/z

Putting r? = 52 sin 0, 2rdr = 5% cosBdB and 0<0 < -73, we obtain

Q
| Wr(x)] < W r J‘ oFels cos0)f (sin 6) 2 sp+q ! cos 0d0ds

2 k
"y )u/z r .f meels” cos8)" sP+a-1 (51 6)P2/2 cos BdRds.
2 2n

a)
Next, putting y = ec(s? cos 8), ds = S_Z-If_y_

T[/2 e -y y n/2k p_2
€ N S S
| Wi(x)] < 4k(2 )"/2 J‘ ' (cec ) (sin©®) 7 cos Odydd

os* 8

, we have

/2 ey 2=y p-2 2on
4k(2n)"/2 .f .f n/2k 2k —— = (sin0) 2 (cos 0) 2 dydd

Q,0
= P °q
aQn) g keI F(Zk) J‘ (sin 0 7 (Cos 6) )

Q.0
| W) | & oL
8(2n)"? k' e r( 4q)
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Set

ut(x, 1) = f(x) = ¥ (x) + g(x) * @7 (x) 3.7

which is an e-approximation of u(x, ) in (3.7). For ¢ - 0, u*(x, t) = u(x, 1)

uniformly. Now

ut(x, 1) = IP" SUIPf (x=r)dr + IR" g(r)®; (x —r)dr.

Thus
|u®(x, )| < WF(x =) IfRnlf(r)ldr +| OF (=) lfmnlg(’)ld’
n P 4-n
Q,Q, r(-zz) r(j)r( 4 ) M
~ 8(2n) " k2R r(“;‘?)
4
n P 2-n
+ Q,Q, F(ﬁ ')r(4)r( 4 ) N
8(2n)" % ke 2k el 2h r(i‘—_‘l) |
4
) )
Q,0
nf2k| e P9 2k : .
e ] u (X, ’) ! < 8(2ﬂ)n/2kcn/2k r(.ﬂ.) Y
4
n P 4-n
+ Q,Q.8 r(—ﬁ_l)r(j)r( 4 )N
8(2m)" keI r(i;_q) |

where M = J.R"{f(r)la'r and N= _[ n|g(r)[dr. Since f and g are absolutely
®

o0, T,

8(27I)"/2 kcn/2k r(i__q)

integrable,

Eujlos"/zﬂ ut(x, 1) <

It follows that u(x, () = O(e_"/Zk) for n# k as € = 0.
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In particular, if we put k=2, =1 and p =0, then (3.1) reduces to the

solution of the beam equation, see [5, p. 47],

u(x, 0) = f(x) and gu(x, 0) = g(x),

where fand g are continuous and absolutely integrable for x € R”.

Thus we obtain u(x, {} = O(e

_1/4) which is a solution of such a biharmonic

wave equation.

Acknowledgement

The author would like to thank The Thailand Research Fund and Graduate

School, Chiang Mai University, Thailand for financial support.

g

References

G. B. Folland, Introduction to Partial Differential Equation, Princeton University
Press, Princeton, New Jersey, 1995.

A. Kananthai, On the solution of n-dimensional Diamond operator, Appl. Math.
Comput. 88 (1997), 27-37.

A. Kananthai, On the Fourier transform of the Diamond kemel of Marcel Riesz, Appl.
Math, Comput. 101 (1999), 151-158.

A. Kanathai and K. Nonlaopon, On the generalized heat kemel, Computational
Technologies 9(1) (2004), 3-10.

I. David Logan, An Introduction to Nonlinear Partial Differential Equations, A Wiley-
Interscience Publicatin, John Wiley & Sons, Inc., 1997.

W. Satsanit and A. Kananthai, On the ultra-hyperbolic wave operator, Int. J. Pure
Appl. Math,, reprint.

G. Sritantana and A. Kananthai, On the gerneralized wave equation related to the
beam equation, Journal of Mathematics Analysis and Approximation Theory 1(1)
(2006), 23-29.



Volume 28, N. 2, pp. [-10, 2009

COMPUTATIONAL  copr BM
&APPLIED opyright C-LD 2009 SBMAC
_MMH_EM_M Sj:.gcligllo.glj‘?csam

On the generalized nonlinear ultra-hyperbolic heat
equation related to the spectrum

A. KANANTHAI and K. NONLAOPON*
Department of Mathematics, Chiang Mai University, Chiang Mai, 50200 Thailand

E-mail: malamnka@science.cmu.ac.th

Abstract. In this paper, we study the nonlinear equation of the form

%u(x,_ 1) — czl:lku(x. 1= f(x,t.u(x,t)

where O is the ultra-hyperbolic operator iterated k-times, defined by

k
f a9 92 o2 9? 2
O =gttt "t 2 57 2. py B
oo OXp PFpr1 Ppi Yp+gq
p +q = n is the dimension of the Euclidean space R”, (x,¢) = (xj.x2,...,xs,1) € B"x

(0, 00), k is a positive integer and c is a positive constant.
On the suitable conditions for f', « and for the spectrum of the heat kernel, we can find the
unique solution in the compact subset of R" x (0, 00). Moreover, if we put k = 1 and ¢ = 0 we

obtain the solution of nonlinear equation related to the heat equation.
Mathematical subject classification: author, pleasc, provide the AMS classif.

Key words: author. plcasc, provide the keywords,

1 Introduction

It is well known that for the heat equation

0
5;11()(,!) =c2Au(x, t) (1.1)

#752/08. Received: 07/111/08. Accepted: 08/11/09.
*Supported by The Royal Golden Jubilee Project grant no. PHD/0221/2543.
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with the initial condition

ux,0) = f(x)

2.
where A = Y7, 71—2 is the Laplace operator and (x, ¢) = (xy. X2, ..., X 1) €
- ¢ '.- . . . -
R" x (0, 00), and { is a continuous function, we obtain the solution

t)—__l— [_I)C—yl2 y s
R 7P e [& XP| =42, jlf(y) y (1.2)

as the solution of (1.1).
Now, (1.2) can be written as u(x, t) = E(x, t) * f(x) where

1 |x?
E(x,t):wexp[—m]. (13)

E(x,t) is called the heat kernel, where |x|* = xl2 + x22 + -4 x,% and ¢ > 0,
see [1, p. 208-209].

Moreover, we obtain E(x, t) — § as t — 0, where § is the Dirac-delta distri-
bution. We also have extended (1.1) to be the equation

9
= u(x, 1) = 0u(x, 1) (1.4)

where (] is the ultra-hyperbolic operator, defined by

We obtain the ultra-hyperbolic heat kernel

. P2 e 2
(@)4 l: i=1Xi ‘Zj=p+1xj:|

B ) = gy &P 4t

where p + g = n is the dimension of the Euclidean space R” and i = +/—1.
For finding the kernel E(x, t) see [4]).
In this paper, we extend (1.4) to be the general of the nonlinear form

9
Ezt(x, N — AU, 1) = fx, tulx, 1) (1.5)
for (x, t) € R" x (0, co) and with the following conditions onu and f as follows,

Comp. Appl. Math,, Vol. 28, N. 2, 2009
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(1) u(x,t) € CH(R") for any ¢ > 0 where C®*(R") is the space of contin-
uous function with 2k-derivatives.

(2) [ satisfies the Lipchitz condition, that is
[ fx,tou)y — f(x, 1, w)| < 4lu —w
where A4 is constantand 0 < 4 < 1.
3)
O
/ fx, t,ulx, )| dxdt < oo
0 ]Rn

forx = (xi,x2,....x,) € R", t € (0,00) and u(x,t) is continuous
function on R” x (0, 00).

Under such conditions of f, » and for the spectrum of E(x, ), we obtain the
convolution
ulx, ) =Ex, ) * f(x,t,ulx,1))

as a unique solution in the compact subset of R" x (0, c0) and E(x, ¢) is an
elementary solution defined by (2.5).

2 Preliminaries

Definition 2.1. Let f(x) € L) (R")-the space of integrable function in R". The
Fourier transform of f(x) is defined by

7 = / e f(x) dx 2.1)
Rn

(27-[)n/2

where £ = (£1,&,...,&,), x = (X1, X2, ..., %) € R, (&, x) = &x1 + &30 +
oo+ &,x, is the usual inner product in R" and dx = dx dx, ... dx,.
Also, the inverse of Fourier transform is defined by

1) /R DT de 2.2)

G Qn)?

Definition 2.2. The spectrum of the kernel E(x,!t) defined by (2.5) is the
bounded support of the Fourier transform E(&,t) for any fixed t > 0.

Comp. Appl. Math., Vol. 28, N. 2, 2009
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Definition 2.3. Let& = (£, &, ..., &,) beapoint in R" and we write
u:{':12+522+"’+512’_I%+l—{:l%+2~"'—{:[27+q' p—{-q:}L

Denote by
F+:{§GR”:§1 >0andu>0}

the set of an interior of the forward cone, and T, denotes the closure of T',.

Let Q be spectrum of E (x, t) defined by Definition 2.2 for any fixed t > 0 and
QCT,. Let E/(Ej) be the Fourier transform of E(x, t) and define

k
! 2 pra g2 Pog2 .
2y 72 CXP [C 4 < j=p+1 & i1 & ) ] for§ e I'y,

EE, 1) = (2.3)
0 for& ¢ I'y.
Lemma 2.1. Let L be the operator defined by
d
L=_—~-c0" 2.4
57 ¢ (2.4)
where T is the ultra-hyperbolic operator iterated k-times defined by
. 82 82 32 82 62 82 k
0f={—+ —4+ - +—— —— = — ... ,
ax?  Ox} axi  oxZ,  axi,, 0x34,
p +q = nis the dimension of R", (x1,x2,...,%x,) €e R", t € (0,00), kisa
positive integer and ¢ is a positive constant. Then we obtain
' &
I 2 ™ 2 $ 2
E(x,t) = ex t P — ; +iE,x) | d 2.5
& 0) <2n>n/9p" jf‘;f’ ;s €0 | e @5)

as a elementary solution of (2.4) in the spectrum Q@ C R" fort > 0.

Proof. Let LE(x,t) = 8(x,t) where E(x, ?) is the kernel or the elementary
solution of operator L and § is the Dirac-delta distribution. Thus

%E(x, 1) — AOFE (x, 1) = §(x)8(1).

Comp. Appl. Math., Vol. 28, N. 2, 2009
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Take the Fourier transform defined by (2.1) to both sides of the equation, we

5(2).

Therefore,

obtain
k
3 ) ptq , P A p—
—EE, D —¢ - ; E¢,t) =
—EE 0 —c _Z £ Zs, ¢.0=5-7
J=p+i i=I
Thus _ -
o H(l) , r+q ) r )
E(f,l)ZWCXP ct Z fj“Z&
L Jj=p+1 i=l N
where H (¢) is the Heaviside function. Since H(¢) = 1 for¢ > 0.
o 1 i Pty r T
_ 2 2 2
E.0) = osp oxp | €1 Z ;,—Zg,
Jj=p+l i=l J

which has been already defined by (2.3). Thus

Ex,r) =

[ e EE D = | enEE D ds
" Q

(27-()!1/2 (27-[)71/2
where Q is the spectrum of E(x, ¢). Thus from (2.3)

k
rPtq

P
E(x,t):é—);/ﬂexp c*t Z f}—;&f + i, x)| d¢ for t > 0.

Jj=p+l

D
Definition 2.4. Let us extend E(x, t) to R" x R by setting

k
a—zivf_qexp[czt(}:fiﬁuﬁf— L&) +i<s,x>} dg for t >0,
0 for ¢t <0,

Ex,t) =

3 Main Results

Theorem 3.1.
ties:

The kernel E(x, t) defined by (2.5) have the following proper-

(1) E(x,t) € C®-the space infinitely differentiable.

Comp. Appl. Math,, Vol. 28, N. 2, 2009
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@) (L =) E(x, 1) =0 for ¢ > 0.

(3)
22" M)

T GHOL

where M(t) is a function of t in the spectrum 2 and T denote the Gamma
Sunction. Thus E(x, t) is bounded for any fixed ¢t > 0.

[E(x, )] < for t >0,

@) lim E(x, 1) = 8.
t—

Proof.

(1) From (2.5), since

3" ] Py rre
ax YTy g aan 2. & Z‘E S %) | dE.

J=p+I1
Thus E(x, 1) e C® forx e R", 1 > 0.

(2) By computing directly, we obtain

9
(— - c2E|") E(x,t) =0.
EY

(3) We have

1 rtq ) r
— 2 . 2 .
E@x,t) = oy /Qexp ct E §; E_, & +i(E, x) | dE.

J=p+1

r+q
[E(x, 0] <

< (21)”/exp c’t Z 52 252 dé.

JF=p+1

By changing to bipolar coordinates

$|=rw|,§2=rw2,...,§',,:ra)l, and

Zfp-{»l = SWp+1, ‘i:p+2 =SWpy2y -0, é:p-(»q = SWptq
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k
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~\ 0z} 04} Ozy Oz, Ozl 0x3iq)
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1. Introduction

It is well known that for the 1-dimensional wave equation

d? 9*
—5t—2u(x,t) 2= 02-(,;6—2u(m,t), (1)

we obtain u(z,t) = f(z + ct) + g(xz — ¢t) as a solution of the equation, where f

and g are continuous. Also for the n-dimensional wave equation
2

%u(x, t) + 2 Au(z,t) =0, (2)

with the initial condition

a
u(z,0) = f(z) and Zu(z,0) = g(z),

where f and g are given continuous functions. By solving the Cauchy problem
for such equation, the Fourier transform has been applied and the solution is
given by

~ = —~, ~sin (2m|€]) ¢

a(6,1) = 7(¢) cos (el -+ T
where {£]% = €2 + €5 + -+ + €2 (see [2, p. 177]). By using the inverse Fourier
transform, we obtain u(z,t) in the convolution form, that is

u(z,t) = f(z) * Ye(z) + g(2) * O4(2) (3)
where @, is an inverse Fourier transform of ®,(¢) = S’—“%J&%D—t- and ¥; is an

inverse Fourier transform of W(€) = cos (2x|¢])t = {%@(5).

In this paper, we study the equation
2
—u
o2
with u(z,0) = f(z) and %u(x,O) = g(z), where c is a positive constant, k is a
nonnegative integer, f and g are continuous functions and absolutely integrable.
The equation (4) is motivated by the heat equation of the form

2u(ac,t) = —c? (M Fu(z, )

(z,t) + ¢ (O)* u(z,t) =0 (4)

ot
(see [3], more general: [1]-[4]). We obtain
u(z,t) = f(z) * Yi(z) + g(z) * D4() . (5)

as a solution of (4) where ®, is an inverse Fourier transform of
k
sin ¢ (\/52 — r2> t
k
c (\/ s? — 'r2)

@t(f) =
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~ k £
and ¥, is an inverse Fourier transform of ¥;(¢) = cosc (\/ 5% — r'-’) nE= gt-fb,.:‘
where 72 = €2 +- €2+ .- + 53 and s? = 51%-#1 + §Z+2 4+ fg_,_q . Moreoves
if we put kK =1 and ¢ = 0 in (4) then (5) reduces to the solution of the »

dimensional wave equation and also if k = 2,n = 1 and ¢ = 0 in (4) then (2
reduces to the solution of beam equation.

We also study the asymptotic form of u(z, ¢) in (5) by using ¢ approximatios
and obtain u(z,t) = O(e~ ™).

2. Preliminaries

We shall need the following definitions.

Definition 1. Let f € L;(R™)-the space of integrable function in R™. The
Fourier transform of f(z) is defined by

~

f¢ = (27:)"/2 /]R" e~ 469 f(z)dz,

where § = (619‘5‘%- .- )gn)) T = (zl’z% <o 33771) eR", (f,-’r) = {171+ 2z + -
&nzy is the inner product in R” and dz = dz1dzs . . .dz,.

Also, the inverse of Fourier transform is defined by
—_— 1 ‘L(f,:l:) Y b .
f(f)—W/Rne f(z)dz.

Lemma 2. Given the function

P ptg
oo |- St 3|
i=1

Jj=p+1
where (z1,72,...,%n) ER", p+g=mn, 31, z? < E?:ngl 9332 Then
Q I'(n)C(2)r(&e
[ fteyael < Ble TOTERES),
R : I

where T denotes the Gamma function. That is [z, f(z)dz is bounded.
Proof.

P ptq
Rnf(z)dz:/mnexp - —;:ﬁ%— Z z2| dz.

Jj=p+1
Let us transform to bipolar coordinates defined by

1 =TW1, TQ=TW2 ..., zp=rwp,
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dzy = rdwy, dzo =rdwy,..., dr,=rdwp,
and
Tp+1 = SWptly, Tpy2 = SWpi2,.-.y Tpyq = SWpiq,
d:vp+1 = dep+1, d$p+2 = Sd(dp+2, ceey da:p+q = dep+q,

wherew%+w§+...+w§= 1 andw§+1+w§+2+...+wz2,+q: 1. Thus

. flz)dz = /Rn exp [— V2 — r2] P s drdsdQ,dQy

where dz = P 1597 drdsdQ,dQq, dQp and dQ, are the elements of surface
area on the unit sphere in RP and R? respectively,

l/ﬁ;n f(z)dz| < /Rn exp [—\/ §? — 7‘2] P~ 97 drdsdQ,dQy -
By computing directly, we obtain

/ flz da:——QQ/ /exp —r2] P59 drds

where = 2E7 and 2, = 2. Thus

|| sG@asl <00 [ [ exp [-v/57 =) 7 ts7 taras.

Put r = ssinf, dr = scosfdf and 0< 6 <,

le¢] S ~
| / flx)ydz] < Qp€y / / e~ V8% =s2sin®0 (ssin8)P~1s97 15 cos Hdbds
R™ o Jo .

o0 S
= QpQy / / e300 5p+a=1(gin YYP~ cos Odfds.
o Jo

Put y = scosf, ds = -2,

cos6?

/2 roo y dy
lf flz)dzi < Qqu/ / e"y(aa)"—l(sin9)”“1 cos 0df——
R™ o Jo

cos 0
T/2 poo
= Q0 / / e ¥y }cos 6)1 7" (sin §)P " dydf
0 0
/2
= 0,Q.(n) / (cos@)l—”(sinﬁ)p“ld()
QpQ 2-n
Q0 T(n)I'(E r(Z52)

< 27
[ st < 2R
That is [z, f(z)dz is bounded. O
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3. Main Results

Theorem 3. Given the equation

2
mu(ag, t) + 2 (O)* u(z,t) =0 (8)
with initial conditions

u(z,0) = f(s) and orulz,0) = g(a), ©

where u(z,t) € R"x [0, 00), (¥ is the ultra-hyperbolic operator iterated k— times,
¢ is a positive constant, k is a nonnegative integer, f and g are continuous func-
tions and absolutely integrable for x € R™. Then (8) has a unique solution

u(z,t) = f(z) *x Ue(z) + g(z) * Pe(7) (10)

and satisfy the condition (9), where ®; is an inverse Fourier transform of
k
N sinc(\/s2—r2) t
24(6) = pA
c (\/ 82 — r2)
and ¥, is an inverse Fourier transform of
~ k o ~
W, (€) = cosc( §2 — r2) t= E(I)(ﬁ) ,
wherer? = €§ + &3+ + € and > =2, + 2+ + 24, -

Proof. By applying the Fourier transform defined by (6) to (8) and obtain
82

@ﬂ(ﬁ,t)ﬂ%z(—5%—53—"'—€§+€§+1+§§+2+“'+§§+q)ka(€,t)=0
k
82 p+q
5t €,t)+0( Zﬁ, Zg) (g, t) =0
J=p+1

and let s > r. Thus we have
2

gﬁ (6,0 + & (s> — ) a(e, 1) = 0

k

u(g,t) = A(€) cosc ( §2 — r2)k t+ B(€)sinc ( 82 — 7‘2) t.
y (9), (€, 0) = A(§) = f(9)
gu(s,t) = —c( §2 —rz)kA(f) sinc(\/m)kt

+c( 52 —r2)kB(§)cosc( 52 —r2)kt,
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BED _ g1 o(Ver—r) BEO) = 306),
3(©)

kl
c( 32—r2)

ﬁ(f,t):A(f)Cosc( sz—rz)kt—{-—(—/g;(—@—z)—zsinc( sQ—TQ)kt. (11)

By applying the inverse Fourier transform (11), we obtain the solution
u(z,t) in the convolution form of (8). Now we need to show the existence
of ®;(z) and ¥,(z).

Let us consider the Fourier transform
k
. sinc (\/32 — rﬁ) t
(Dt(l‘) = &
c (\/52 — rg)

They are all tempered distributions but they are not L;(R™) the space of
integrable function. So we cannot compute the inverse Fourier transform ®,(z)
and ¥(z) directly. Thus we compute the inverse ®;(z) and ¥;(z) by using the
method of e—approximation.

Let us define

k
and ¥(z) = cosc( s2 — 72) t.

k
Lsine (\/32 — T2) t

k
c( 32—r2)

We see that ¢§(z) € L;(R"™) and (ﬁ(m) — ¢4(z) uniformly as € — 0. So that
¢¢ () will be limit in the topology of tempered distribution of ¢§(z). Now
1

%) = G SO

Fe(6) = (V)" By (6) = eee(V5"T)

t

for €>0. (12)

k

R Sinc (\/32 - T2) t

k
c( 32—r2)

2@ < o [ T e (13)
I (=

— 1 / ei(&,m)e—ec(\/ 32—1'3) d¢

(271.)71/2
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By changing to bipolar coordinates. Now, put

& = rwy, & = Twy, ..., {p =Ty
and €p+1 = SWp1,&p+2 = SWpi2,...,&p = SWprq, P+ g=1.,
where w? + wi + - +w —landw+1+ +2+ +wz2,+q=1.
1 e—GC(V 32—‘7‘2)’c
|®5(z)| < pyRvYD / =P8 drdsd S, dSy,
2m)™% Jrn <‘ [T 72)

where d¢ = P 1597 1drdsdpdQ, dS)p and dS), are the elements of surface ares

of the unit sphere in RP and RY respectively, where €2, = Ig&p//;) , 824 I?(—q-

—‘€C 3 -7
p—1,q-1
n/2/ / kr s drds .
V2 —r2

Put r = ssin6,dr = scos 0d6 and0<9< 3

|25 (=)

k

/2 —ec( s2—325in? ¢
/ f % (ssin 6)P~1597 15 cos fdids

— s2sin? 0)

/2 ——ec(s cos 8)* 1 1 1
= P=2 597 5(sin0)P~" cos BdBds.
27r)"/2/ / (scosH) oo &) slsin)

Put y = ec(scose) = ecs® cosk 9, s* =t ds = ———mm = fk%, thus

. w/2 oo e~Vgn—1 s
|[®5(z)| < (2 )n/2 ————(sin §)~! cos §-—dydb
c(2m
e ye
cecoskG

y/(ec) ky
7r/2
= n/2 / /
n/k—2

/2 _yy . - .
N (2m "/2/ / ok joen/k— 77 (sin 0)P7" (cos8) " dydé

2,0, F /2 )
- (27r)"/2 ker— 1cn/)k/ (sin 8)P~* (cos 6)1 ™" df

= 250 r (ﬁ — 1) Jé]
r

€
@l < 5B

nfk e ]
) (sin @)P~" cos 8dyds

9cn/k (27r)n/2k€n/k—1
2,0, r (% _ 1)

@E
(@5 (=) 2cn/k(27r)n/2k€n/k—l r (2__q)

IA
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Vo s AL k
Similarly, we defined \Il€ — e=<c(Vs"=7)" (osc (. /2 — ’r2) ¢ and

Ui(z) = (% o /ne €oF (¢
e k
= L / eté®) e~ )" cosc( 32—r2> td¢,

27]-)71/2 R
1 \/_’I:_f
€ 8 T
R / ) de

_ 1 —ec Vs2—rZ)" p-1_g—-1
= (27r"/2/ / 'r s97 drds,

Put r = ssinf, dr = scosfdff and 0<6 < 7

w/2
/ / e=cc(s0s0)* (5 5in 9)P—159~ 15 cos OdOds

th(z)| -<— (27_ n/2

Pl scosG) p+g—1
(27r T /2 / / s (sin§)P~! cos 8dfds .

Put y = ec(s cos 0) ds = s%,

w/2 6 y n/k
Wi(z)] < _k o n/2/ / cecgska) (sin 6)P~ cos Odydh
w/2 poo _yyn/k 1 .
= o [ [ St tnoy (cos0) " s
— Qqu n /2 . p—1 1en
a (27r)n/2kcn/k€n/kr(z)/0 (sin§)P~* (cos 6)' " db,
¥@)] < 90, TER)TET)
1 = 2(27r)n/2kcn/k€n/k F(-?—;Z)
Set
u(z,t) = f(z) * Ti(z) + g(z) * B§(2) (14)

which is e—approximation of u(z,t) in (14) for € — 0, u®(z,t) — u(z,t) uni-
formly. Now

uf(z,t) = f( Yi(z — r)dr + /n g(r)®s(z — r)dr.
Thus
W@l < W=l [ el il [ g
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Q0  TEHIECE®
(27r)n/2kcn/k€n/k T
(

2,2, rE-yrEriEe
27r)n/2kcn/k€n/k:~1 I ,2L‘l)

+<

%9 TETIE)T (")

n/ky, € < (
€ l'u (-’E)t)l = 2(27r)"/2kcn/k F(g;q

2
+ Q,Q¢ F(%“l)F(g)F(%Tn
2(2m )"/ 2kc/k r (2_—11)

where M = [p. |f(r)ldr and N = [g. |g(r)ldr, since f and g are absoluses
integrable.
0,0, TETEER

(2m)n/2kcn/k I (z_gg)

3 ‘n/k € <
lim /¥ uc(z, )] < 5

It follows that u(z,t) = O (e‘"/’“) forn#kase— 0.
In particular, if we put k = 2,n = 1 and ¢ = 0 then (8) reduces o “s
solution of the beam equation, see [1, p. 47]

2

o
wu(x, t) + 625:17—4u(.’17,t) = 0,

with the initial conditions
u(z,0) = f(z) and oou(z,0) = g(a),

where f and ¢ are continuous and absolutely integrable for z € R™. Thus ==
obtain u(z,t) = O(e~1/2) which is a solution of such beam equation.
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Abstract—A new three-step iteration with errors for nonexpansive nonself-mappings in Banach
spaces is introduced and studied. Weak and strong convergence theorems of such iterations ar=
established. The results obtained in this paper extend and improve the several recent results in this
area. (© 2006 Elsevier Ltd. All rights reserved.
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1. INTRODUCTION

Let X be a normed space, C be a nonempty convex subset of X, P : X — C be the nonexpzss =
retraction of X onto C, and T : C — X be a given mapping. Then for a given z; € C, compun
the sequence {z,}, {yn}, and {z,} by the iterative scheme

zn = P(a,Tzy + (1 — @n ~ Yn)Zn + Tnin),
Yn = P(bnTZn+ch$n+(1 —b1l'°"cn'—#n)1:n+#"vn)’ -
Tn41 = P(anTyn + ﬂnTzn + (l —Qn — ﬂ" - An)xn + Anwn), n2 1,

where {a,}, {bn}, {cn}, {an}, {Bn}, {7}, {£n}, {An} are appropriate sequences in & .
and {u,}, {v.}, and {w,} are bounded sequences in C.
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Ifa, = ¢cp = B = Yn = ftn = A, = 0, then (1.1) reduces to the iteration scheme defined by
Shahzad [1]
Yn = P(bnTIn + (1 e bn)In),
Tntl = P(anTyn + (1 - a")I"), n 2 lu

(1.2)

where {b,}, {an} are appropriate sequences in [0, 1}.
If T :C — C, then the iterative scheme (1.1) reduces to the three-step iterations with errors

Zn = (Zn,TIn + (1 ~Qn — 711.)271 + Ynln,
Yn = bnT2n + cn Tz, + (1 —by—cn— P’n)xn + Un¥n, (13)

Tnty = anTyn + ﬁnTzn + (1 - Qpn — ﬁn - An,)In_ + /\nwn, n ?'_ 1,

where {an}, {bn}, {cn}, {an}, {Bn}, {7}, {Hn}, {Xn} are appropriate sequences in [0,1]
and {u,}, {vn}, and {w,} are bounded sequences in C.
If an = ¢p = P = T = ttn = An =0, then the iterative scheme (1.3) reduces to the Ishikawa

izerative scheme
Yn = 0Tz + (1 = bn)zn,
(1.4)

Tn+1l =anTyn+(l“an)In, n2>1,

where {b.}, {on} are appropriate sequences in {0, 1].

Fixed-point iteration processes for approximating the fixed point of nonexpansive mapping in
Banach spaces have been studied by various authors, using the Mann iteration process (see [2])
or the Ishikawa iteration process (see [3-6}). In 2000, Noor |7} introduced a three-step iterative
scheme and studied the approximate solutions of variational inclusion in Hilbert spaces. In 1998,
Jung and Kim [8] proved the existence of a fixed point for nonexpansive nonself-mapping in a
uniformly convex Banach space with a uniformly Gateaux differentiable norm. In [5], Tan and Xu
introduced a modified Ishikawa process to approximate fixed points of nonexpansive self-mappings
cefined on nonempty closed convex bounded subsets of a uniformly convex Banach space. In [9],
Zhou et al. gave criteria for weak convergence theorems of the Ishikawa iterative scheme (1.4) for
nonexpansive self-mapping in a uniformly convex Banach space which satisfies Opial’s condition,
and for strong convergence theorems for nonexpansive self-mapping in a uniformly convex Banach
space which satisfies Condition (A). In 2004, Cho, Zhou and Guo [10] defined and studied 2 new
three-step iteration with errors for asymptotically nonexpansive mappings in a uniformly convex
Banach space. Suantai [11] defined a new three-step iteration which is an extension of Noor iter-
zrions and gave some weak and strong convergence theorems of such iterations for asymptotically
nonexpansive mappings in a uniformly convex Banach space. Recently, Shahzad (1] extended Tan
and Xu results {5, Theorem 1, p. 305] to the case of nonexpansive nonself-mapping in a uniformly
convex Banach space. Inspired and motivated by research going on in this area, we define and
study a new three-step iteration with errors for nonexpansive nonself-mapping. This scheme can
be viewed as an extension for the two-step iterative schemes of Shahzad [1].

The purpose of this paper is to establish weak and strong convergence results of the iterative
scheme (1.1) for nonexpansive nonself-mappings in a uniformly convex Banach space. Our results
extend and improve the corresponding ones announced by Shahzad (1], Tan and Xu {5], and others.

Now, we recall the well-known concepts and results.

Recall that a Banach space X is said to satisfy Opial’s condition [12] if z, — z weakly as

% — oo and z # y imply that

limsup ||z, ~ z|| < limsup |jz,, —y]|.
n—00 . — 00

In the sequel, the following lemmas are needed to prove our main results.
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LEMMA 1.1. (See [5, Lemma 1].) Let {a,}, {b.}, and {d,} be sequences of nonnegative rex
numbers satisfying the inequality

an41 S (14+46,)a, + by, Vn=12,....

Iy 6, <00 and Y00 | by, < 00, then

(1) limp—oo @, exists.
(2) limp o0 @, = 0 whenever liminf,, o a, = 0.

LEMMA 1.2. (See (13, Lemma 1.4].) Let X be a uniformly convex Banach space and By = {z =
X :|lz}) £ r}, r > 0. Then there exists a continuous, strictly increasing, and convex functios

g:[0,00) = [0,00), g(0) = O such that
lox + By + uz + dwlf® < allz)f + Bllyl® + ulizll + Alwl|® — aBg(llz ~ yl)),

for all z,y,z,w € B,, and all a, B, p, A € [0,1) witha+ B+ p+ A= 1.

LEMMA 1.3. (See [14].) Let X be a uniformly convex Banach space, C a nonempty closed comwes
subset of X, and T : C — X be a nonexpansive mapping. Then I — T is demiclosed at 0, i= =
T, — z weakly and z,, — Tz, — 0 strongly, then x € F(T), where F(T) is the set of fixed pas
of T

LEMMA 1.4. (See (11, Lemma 2.7].) Let X be a Banach space which satisfies Opial’s con
dition and let {z,} be a sequence in X. Let u,u € X be such that limp_,e0 [|Zn — ul ans
limp oo | Te — o)} exist. If {#n,} and {z..,} are subsequences of {x,} which converge weai

to u and v, respectively, then v = v.

2. MAIN RESULTS

Weak and strong convergence theorems of the new three-step iterative scheme (1.1) fer mon
expansive nonself-mapping in a uniformly convex Banach space are given in this section. T
following lemma is needed.

LEMMA 2.1. Let X be a uniformly convex Banach space, and let C be a nonempty closed comwes
nonexpansive retract of X with P as a nonexpansive retraction. Let T : C — X be a nonexpans
nonself-mapping with F(T) # 0. Let {a,}, {b.}, {¢n}, {an}, {8}, {m}, {Ba}, and {30 =
real sequences in [0,1] such that a, + Yn, bn + €a + tn, and a, + Bn + An are in [0,1] for &l
n21and 300 7 < 00, Yot fin < 00, 3o Ay < 00, and let {un}, {va}, and {w.} W
bounded sequences in C. For a given z; € C, let {z.}, {yn}, and {z,} be the sequences defnus
as in (1.1).
(1) If q is a fixed point of T, then lim,.o [|Zn — g|| exists.
(ii) If0 < liminf, oo @n < limsup,,_, (an + Bn + An) < 1, then limn oo [Tyn —2znf = ¢
(iti) If either 0 < liminfp—eo On < limsup,,_oo(0n + Bn + An) < 1 or 0 < liminf,_,oc o sn
0 < liminf,e0 bn < limsup,, o (bn +€n + in) < 1, then lim, oo [|T2n — zafl =0
(iv) If the following conditions:
(1) 0 <liminf,, 00 ¢, <limsup,_,(an + Bn + An) <1 and
(2) either 0 < liminf, oo Bn < limsup,_oo(0n + Br + A) < 1 and limsup,, . - -
or 0 < liminf, o by <limsup,,_,o(bn + cn + pn) <1
are satisfied, then lim,, o [|[Tzn — zn| = 0.
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PrOOF. Letting g € F(T), by boundedness of the sequence {u,}, {vn}, and {wy}, we can put
M = max {sup [lun — qll, sup Jlvn — qll,sup |wn — q||} .
n>1 n>1 n>1

{i) For each n > 1, we have
flzns1 — gl = 1P (nTyn + BnTzn + (1 — an = Brn — An) 2n + Anwa) — P(g)ll
= |anTyn + BuTzn + (1 — 0ny — B — An) T + Anwn — gl
< anflTyn — gl + BallTzn — 4| (2.1)
+ (1= an = Bn = A)llzn = gll + Auflwn — qf|
Sonllyn —all + Ballzn — gll + (1 — an = B = An)llzn — qll + M,
flzn — qll = [|[P(anTzn + (1 = @n — yn)zn + Taun) — P(g)||
< an[|Tzn — gl + (1 — @n = W)llzn — qfl + Ynllun — 4l
< anflzn — gl + (1 = an = W)llzn — gl + My (2.2)

< lzn ~qll + My,,

5
o

lvn —qll = 1P(bnT2zn + caTzn + (1 = by — € — f1n)Zn + pavn) — P(q)]l
< bal|Tzn — qll + enliTzn — gl
+ (1= b = — pa)llza — gfl + pallve — gl
Sballzn —all + enllzn — gl + (1 = bn — cn — pn)lizn — gl + Mpn
<ballzn ~ gl + (1 = bn)llzn — all + Mpn.

From (2.2) we get

lvn = qll < bnlllzn —gll + Myn) + (1 = bn)llzn — gl| + M pn
(2.3)

= [[z, —q| + 6?l)v

where €f}) = Mbn,, + Mpn. Since Yoo I <oo0and Y07 | pa <00, we have Y00, €y < 0.
From (2.1)-(2.3) we get

lner = all < (o = all + €fy) + Bulllzn = gl + M)
+ (1= an = fn— Ad)lizn — gl + M,
= an||zn — qll + Cn€lyy + Bullzn — gl + MBrya (2.4)
+ (1= an = o= An)llzn = gll + M
< lom = all + €.

n=1

where 5?2) = a,,e?”+M,8,,7"+M/\,,. Since Z‘x’ 6?2) < 00 we obtained from (2.4) and Lemma 1.1

that lim,_ o ||z, — gl| exists.
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(ii) By (i) we have that lim, o, || T —g| exists for any ¢ € F(T). It follows from (2.2) and (2 3
that {z, — ¢}, {Tzn — ¢}, {za — ¢}, {T2z. — ¢}, {yn — q}, and {Tyn — ¢} are bounded sequenczs
This allows us to put

K = max {M, sup Iz — ql|,sup | Tz, — gJl,sup||zn —ql|,
n>1 n>1 n>1
|
sup Tz, — ql|,sup ||yn — qll, sup | Tyn — gl »
n>1 n>1 n>1 i

Since 0 < liminf, 00 @n < limsup, (. + B + An) < 1, it follows from (2.2) and (2.2) thae

flzn — QH2 < fzn - q”2 + 6?3): (25
llyw = qli* < llzn — qll* + €y, (25

n —_ 2 n — n \2 H oo n
wh:’re €y = M?~2 + 2MK+,, and €y = (e0y)® + 2Kefy,.  Since S €y < oo =
> 1€y < 00, by Lemma 1.2, there is a continuous strictly increasing convex function &

=

[0,00) — {0,0), g(0) = 0, such that
1Az + By + vz + pwl? < M|zl|® + Bllyli® + Mzl + wlwll® = ABg(llz — yl)), 2
for all z,y,z,w € Bk and all A\, 3,v,u € [0,1] with A 4+ S+~ = 1. By (2.5)—(2.7), we have
zns1 ~ gll* = 1 P(@nTyn + BuTzn + (1 ~ &n — B — An)Zn + Anwn) — P(q)|}?
SNlan(Tyn — q) + (T2 — q)
+ (1 = an ~ fn = An)(@n — 9) + An(wn — 9|}
< anl|Tyn — qlf* + BaliTzn — qfl?
+ (1 = an ~ Bn = A)lzn — qlf® + Anflwn — gl?
—an(l = an = fn = A)glITyn — znll
< @nllyn = gl + Ballzn — ali® + (1 ~ &n = B = An)llzn — gl
+ K?An — an(l = @n ~ Bn — An)9lITyn — zal) 18
< (llzn = all* + €fy) + Bn (ll2n = al* + i)
+ (1 = an = fn = An)llzn — qll® + K*An
— an(l = ap = Bn = A) gl Tyn — zall
= on|Tn — ql|? + on€yy + Bnllzn — qll® + Bnels
+ (1= an = fn = An)llzn ~ gl + K22,
—an(l = an = fn = An)glITyn — .|l
<Hlzn — ql® + €5y — anll = @n = Bn = An)gl|Tyn — zal,

where €y = amely + Baclyy + K?X,. It is worth noting here that 377 ef, < a sa

E;’c;,e&) < 00, Yool €y < oo, and Yool A < oo, Since 0 < liminfa_om
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Cm SUP, oo @n + B + An) < 1, there exists ng € N and §;, 82 € (0,1) such that 0 < §; < o, and
2o+ Bn + A < 83 < 1 for all n > np. Hence, by (2.8), we have

§:(1=62) 3 glTyn —zall < Y (lzn ~all* = 2ass —al®) + ) €5

(2.9)

m
= [|zno — qli* + Z €(5)-

n=ngp
Since 307 €ty < 0o, by letting m — co in (2.9) we get 3507 gl/Tyn — zll < oo, and
therefore limp o gliTyn — zn|] = 0. Since ¢ is strictly increasing and continuous at 0 with
20) =0, it follows that limn—eo }Tyn — zal| = 0.

S

(iii) First, we assume that 0 < liminf,, o Bn < limsup,, ,(an + On + An) < 1. By (2.7), we
have

lzntr = g® < @nllyn —all* + Ballzn — gll* + (1 = @n = o — An)|Jzn — q)|* + K?2n
= Bn(l = o~ Bn = Aa)glTzn ~ zn|
< an (llzn = ql + €y) +Bn (llzn = gl + €y )
+ (1= an = Bu — M)llzn — gl + K2\,
= Ba(1 — an — B ~ M) T 20 — 0| (2.10)
= anlfzn — qlI* + anelyy + Ballza = all* + Bucly,
+ (1= an = Bn = M)z — ql® + K22,
= Bn(l — an = Bn = An)glITzn ~ 20
< Hzn — all + €5y = Bal(l — an = B — Xa)gl|T 20 — za,

where gy = anelyy + Bnely + K?X,. Since 0 < liminf, oo Bn < limsup,,_,oo(@n +Bn +An) < 1,
there exist np € N and §,,48, € (0,1) such that 0 < §; < 8, and a, + Bn + An < 82 < 1 for all
n > ng. Hence, by (2.10), we have 6?5) = ane&) + ﬁn€?3) + K2,

§1(1~82) Y olTzn—zall < D (llzn ~al* = flzasr —qll?) + D Gy

n=ng n=ngp n=ng

(2.11)

m
2
= llzny —al* + 3 €G-
n=nq
Since 3770, €5y < ©0, by letting m — oo in (2.11) we get Y omeno IlIT2n ~— z4]l < 00, and
therefore limp—oo g)|T2n — zn)] = 0. Since g is strictly increasing and continuous at 0 with

9(0) =0, it follows that lim, o ||Tzn — za|] = 0.
Next, we assume that 0 < liminf,, .o @n and liminf, o0 b, < limsup,, oo (br + € + pn) < 1.

By (2.5) and (2.7), we have
"yn oH 9[12 = “P(bnTzn + chIH + (1 - b‘n —Cp — I"Ln)zﬂ + l“ﬂvﬂ) - P(q)”2
< "bn(Tzn"q)+cn(T-'En'_Q)+(1"bn_cn_l‘n)(mn~Q)+#n(vn"Q)”2 (212)

< baliTzn — gl + cal| Tz — g)|?
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4+ (1= bn = ca — p)llzn — qli? + pnllvn —ql?

—ba(l = bn = cn — pn)9lI T2 — Zall
< bullzn — all? + callzn = all? + (1= bn = €n — p)lizn — all® + pa K

— bp(1 = bn — Cn — #n)9lIT 20 — Znl (2.12)(coms
< bn (Jlon — al* + €By) + enllzn = all? + (1 = b — cn = pim)llzn — all® + oK
< b (llen - all® + 6?3)) +eallzn = gl + (1 = ba — en = pn)llzn —ql” + pa K

~ bp(1 = bn — cn = 0 )9l Tzn — znll

< flzn — qll? + €5 = ba(1 = b — €a — n)gliTzn = 2nll

where €fg) = bnely) + un K2
By (2.5), (2.7), and (2.12), we also have

Zns1 — lf2 = [ P(@nTYn + BnTza + (1 = &n = Bn = An)Tn + Anwn) — P(q)|?

< Jlan(Tyn — @) + Bn(Tzn — )
+ (1 = o = B = An)(@n = @) + Anwn — )|

< anllyn — al? + Ballzn — all” + (1 = @n = Ba = Aa)llza — qll* + KA

= ety (Jzm gl + €y = b1 = bn = e — pin)g 20 = 30l 213
8o (ll2n =gl + €y ) + (1= @ = B = An)llzn = all® + K*n

= anl|zn — qlI? + anefs) = @nbn(l = bn = n = pin)glITzn — 2n]
+ Ballzn — qli? + Bnelsy + (1= on = Bn = An)llzn — all” + K22

< |lzn = qli* + €y — @nba(l = bn = €a = #n)glT2n — Zall,

where €y = an€fg) + Belsy + K2\,

It is worth noting here that }_7°; €f;) < oo since Yool €l < 00, Yoy €y < oo, m
S 1 An < 00.

By our assumption 0 < liminfn—.o0 @n and 0 < liminf,—oo bn < limsup,,_oo(bn +€n+al <
there exist no € N and &,,82 € (0,1) such that 0 < 51 < ap, 0 <81 < by, andbytentpn <& <

for all n > ng. Hence, by (2.13), we have

m m m
B0 -8) 3 9ITza —zall < D (lzn =gl = lzni —al’) + 3 €y
n=ngo n=ng n=ng 8
2 58
= |lzne —all> + D €0y

n=ng

Since 307 ., €(ry < 0 by letting m — oo in (2.14) we get Yoo gliT2n — Zafl < oo, =
therefore limp—co g|T2n — ZTall = 0. Since g s strictly increasing and continuous at & ==
g(0) =0, it follows that limp_eo /T2n — z,|| = 0.
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(iv) Suppose that Conditions (1) and (2) are satisfied. Then by (ii) and (iii), we have
lim Ty, —z,]l=0 and lim [Tz, —z.| =0. (2.15)
n-—oo n—0o0

From z, = P(a Tz, + (1 — an — Y)Zn + Tnttn) 80d v, = P, Tz, + Tz + (1 — b, —
Cn — #n)In + #nvn)y we have ”Zn - zn” < an”TIn -~ zn” + '711.”un - xu” and ”yu - In” <
fallTzn — znll + callTzn — zZall + pallvn — zal.

It follows that

ITzn ~ znll < |1 T2n — Tzal| + |Tzn — znl|
Szn = zall + 1T20 — zall
S anliTzn ~ ol + Wllun — zall + T2, — .|l

which implies
(1~ an)iTzn — Zall < Wlfun — 2all + |T20 — zall-

If limsup,,_, o, a, < 1, this together with (2.15) and lim,,_, o v, = 0 imply that lim, o {7z, ~
. =0.
If limsup,, oo (b, + € + i) < 1, there exist a positive integer Ny and 5 € (0,1) such that

en SbyFentpun < Vn > No.
Then for n > Ny, we have
ITzn — znll < [Tzn — Tynll + [Tyn — zall

SHZn = vall F T yn — 20|

S ba||Tzn ~ zull + eal|Tzn — zal|
+tnlvn = Zoll + | Tyn — za}|

Sbn|Tzn ~ zall + 9l Tzn ~ Za|l
+tnllon = Zall + §Tyn — Zall.

Hence,
(1 - T])"T.’En b xn” < bn”Tzn - I"" + #n"vn - III,,“ + ”Tyn - In“~

This together with (2.15) and the fact that p, — 0 as n — oo imply
“lim [Tz, ~ za|f = 0. 1
=00

THEOREM 2.2. Let X be a uniformly convex Banach space, and let C be a nonempty closed
convex nonexpansive retract of X with P as a nonexpansive retraction. Let T : C — X be
a completely continuous nonexpansive nonself-mapping with F(T) # ©. Let {a,}, {bxn}, {cn},
{an}, {Bn}, {7}, {1n}, and {A..} be sequences of real numbers in [0, 1] with a, + v € {0,1],
bo +cn + ptn € [0,1], and an + B + An €[0,1] for alln > 1, and 550, Yo < 00, 3 opi Pin < 00,
o iAn < oo If
(i} 0 < min{liminfa_ oo an, lminfn_oofr} < limsup,_ (@ + Bu + Ax) < 1, and
limsup,,_, . an, <1, or
(ii) 0 < liminf,, oo < limsup,_ . (¢n + Bn + Ar) < 1, and 0 < liminfroebn <

limsup,_,  (bn +¢n +pa) <1,
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then the sequences {x.}, {yn}, and {z,} defined by the iterative scheme (1.1) converge strongly
to a fixed point of T.
ProoF. It follows from Lemma 2.1(i) that {z,} is bounded. Again by Lemma 2.1, we have

lim [Ty, —zall =0,
n—o0

Jim |Tz, — zaf| =0, (2.16)
lim | Tz, — za]| = 0.
n—oo

Since T is completely continuous and {z,} is bounded, there exists a subsequence {z,, } of {z.}
such that {T'z,, } converges. Hence, by lim,—.o0 [|[TZn ~— .|| = 0, it follows that {x,, } converges.
Let lim,, w00 Zn, = ¢q. By continuity of T and (2.16) we have that Tq = g, so ¢ is a fixed point of T..
By Lemma 2.1(i), limu—oo {|Zn ~ g} exists. But limg—oo |Zn, — gl =0, s0 lim, o6 ||zn — qlf = 0.
By (2.16), we have

”yn - xn” = "P(bnTzn + C“TI,-, + (1 - bn -~ Cn — [J-,,,)I" + I‘ann) - P(Iu)”

S ballTzn — 2ol + callTz0 ~ zal + pnllvn — zall

— 0, as n — o9,
and
lzn = zull = | P (@nTTn + (1 = @n = Ya) Tn + Tnun) — P(za)]|
< anl|Tzn — za|| + allun — z4||
— 0, as n — oo.
It follows that lim, 00 ¥n = ¢ and lim,—eo 2 = ¢. ]

If T is a self-mapping, then the iterative scheme (1.1) reduces to that of (1.3) and the following
result is directly obtained by Theorem 2.2.

THEOREM 2.3. Let X be a uniformly convex Banach space, and C a nonempty closed convex
subset of X. Let T be a completely continuous nonexpansive self-mapping of C with F(T) # ¢
Let {an}, {bn}, {cn}, {@n}, {Bn} be sequences of real numbers in [0,1] with b, + ¢, € [0,1] anc
an+Pn€l0,1] foralln > 1. If
(i) 0 < min{liminf, oo @n, liminf, e fn} < limsup,_ (o, + Bn + As) < 1, and
limsup,, o an <1, or
(if) 0 < liminf,_ o 0n < limsup, (0 + B + X)) < 1, and 0 < liminf, oo bn <
limsup, oo (bn + ¢n + 1n) < 1, '
then the sequences {z.}, {yn}, and (2.} defined by iterations (1.3) converge strongly to a fixes
point of T

When ¢, = 8, = 7n = ptn = An =0 in Theorem 2.2, the following result is obtained.

’

THEOREM 2.4. Let X be a uniformly convex Banach space, and let C be a nonempty closed
convex nonexpansive retract of X with P as a nonexpansive retraction. Let T : C — X be a
completely continuous nonexpansive nonself-mapping with F(T) # 8. Let {a,}, {tn}, {an} b=
real sequences in [0, 1] satisfying

(1) 0 < liminf,_ oo b, < limsup,_ .., bn <1, and

(ii) 0 < liminf, oo @n < limsup, o, 0n < 1.



1116 S. THIANWAN AND S. SUANTAI
For a given x, € C, define
zn = PlapTz, + (1 — an)za),
Yn = P(b,Tz, + (1 — bp)zy,), n>1,

Tnyr = PlanTy, + (1 — an)zs).

Then {z,}, {yn}, and {z,} converge strongly to a fixed point of T'.
When a,, = ¢, = fn = Yo = pn = Ax =0 in Theorem 2.2, we obtain the following result.

THEOREM 2.5. Let X be a uniformly convex Banach space, and let C be a nonempty closed
convex nonexpansive retract of X with P as a nonexpansive retraction. Let T : C — X be a
completely continuous nonexpansive nonself-mapping with F(T) # 0. Let {b,}, {an} be a real
sequence in (0, 1] satisfying

(i) 0 < liminf, oo by < limsup,_,o,bn < 1, and

(if) 0 <liminfp_ oo @n < limsup,,_,o, an < 1.

For a given z, € C, define
Yn = P(bnTIn + (1 el bn)xn))

ZTnt1 = PlanTyn + (1 — an)zn), n>1.

Then {z,} and {y.} converge strongly to a fixed point of T.

The mapping T : C — X with F(T) # 0 is said to satisfy Condition (A) if there is a nonde-
creasing function f : [0, 00) — [0, 00) with f(0) = 0 and f(r) > 0 for all r € (0, c0) such that for
all z € C,

lz — Tzl 2 f(d(x, F(T)))-

The following result gives a strong convergence theorem for nonéxpansive nonself-mapping in

a uniformly convex Banach space satisfying Condition (A).

THEOREM 2.6. Let X be a uniformly convex Banach space, and let C be a nonempty closed
convex nonexpansive retract of X with P as a nonexpansive retraction. Let T : C — X be a
nonexpansive nonself-mapping with F(T) # 0. Let {an}, {bn}, {en}, {an}, {Bn}, {1}, {En},
and {A.} be sequences of real numbers in [0,1] with an + v, € [0,1], b, + ¢n + pn € [0,1], and
on+ P+ €[0,1) foralln>1,and Y oo Tn <00, Y ow, fin < 00, oo ) Ay < 00. Suppose
that T satisfies Condition (A). If
(i) 0 < min{liminf,—co @p, liminfaoco Bn} < limsup,_o(on + Bn + An) < 1, and
limsup, _,an <1, or
(ii) 0 < liminf,— oo 0n < limsup,_,oof{n + Bn + An) < 1, and 0 < liminf, oo by <
limsup,, _,oo(bn + ¢n + pn) < 1,
then the sequences {z,} defined by the iterative scheme (1.1} converge strongly to some fixed
point of T.

Proor. Let g € F(T'). Then, as in Lemma 2.1, {z,} is bounded, limp_.co {|Zn — ¢l| exists, and
Izns1 = qll < llzn — qll + €y,

where ) 27 | €(y) < oo for all n > 1. This implies that d(zns1, F(T)) < d(zn, F(T)) + €f3) and so,
by Lemma 1.1, lim,,_, oo d(z, F(T)) exists. Also, by Lemma 2.1, limp oo {2 —TZnf| = 0. Since T
satisfies Condition (A), we conclude that lim,—.cc d(zn, F(T)) = 0. Next we show that {z,} is a
Cauchy sequence.
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Since limy .00 d(Zn, F(T)) = 0 and Z:‘;l 6?2) < 00, given any € < 0, there exists a natural
number ng such that d(z,, F(T)) < €/4 and Y | efz)e/2 for all n > ng. So we can find
y* € F(T) such that {[z,., —y*{| < /4. For n > ng and m > 1, we have

”zn+m - In” = ”In-i—m h y‘" + ”In - y‘”

n
< NEno =¥l + llzne =47l + > €hyy

k=ng

<o+ -+ =¢€

=
Sl m
o] m

This shows that {z,} is a Cauchy sequence and so is convergent since X is complete. Le:
lim, .o . = u. Then d{u, F(T)) = 0. It follows that u € F(T). This completes the proof. [

For e, = ¢q = Bp = Yn = pn = A = 0, the iterative scheme (1.1) reduces to that of (1.2) and
the following result is directly obtained by Theorem 2.6.

THEOREM 2.7. (See [1, Theorem 3.6].) Let X be a uniformly convex Banach space, and let C be
a nonempty closed convex nonexpansive retract of X with P as a nonexpansive retraction. Let
T :C — X be a nonexpansive nonself-mapping with F(T) # #. Let {o,} and {b,} be sequences
in [e,1 — €] for some € € (0,1). Suppose that T satisfles Condition (A). Then the sequences {z..|
defined by the iterative scheme (1.2) converge strongly to some fixed point of T.

In the next result, we prove weak convergence of the iterative scheme (1.1) for nonexpansive
nonself-mapping in a uniformly convex Banach space satisfying Opial’s condition.

THEOREM 2.8, Let X be a uniformly convex Banach space which satisfies Opial’s condition
and C a nonempty closed convex nonexpansive retract of X with P as a nonexpansive retraction
Let T : C — X be & nonexpansive nonself-mapping with F(T) # @. Let {an}, {bn}, {c.]
{an}, {Bn}, {1}, {An} be sequences of real numbers in [0,1] with ap + Yn, bn + €n + pin, 222
On+ B+ A, arein [0,1] foralln > 1, and ) pe Y <00, Y ow) fin < 00, Y omey An < 00. If
(i) 0 < min{liminfp_e an, liminf,_,o Bn} < limsup,_ (on + Bn + An) < 1, anc
limsup,_, o, an < 1, or
(ii) 0 < liminf, oo, < limsup,_(@n + OBn + An) < 1 and 0 < liminf,_,oobs =
limsup,,_,oe(bn + cn + pn) <1,
then the sequence {x,}, {yn}, and {z,} defined by the iterative scheme (1.1) converges wezi
to a fixed point of T'.
Proor. It follows from Lemma 2.1 that limp_00 |TZn — 2,)| = 0 and limao oo |T2n — zall =1
Since X is uniformly convex and {z.} is bounded, we may assume that z, — u weakly as n — ==
without loss of generality. By Lemma 1.3, we have u € F(T). Suppose that subsequences {=._
and {zm, } of {z,} converge weakly to u and v, respectively. From Lemma 1.3, u,v € F(T). £
Lemma 2.1(i}, liMn— oo [|Zn — 1| and lim, o0 )T — v]| exist. It follows from Lemma 1.4 tha
u = v. Therefore {z,.} converges weakly to a fixed point u of T. Since |lyn—Z,}| L bu|| T2z, —z.1 =
Cn"Tz'n —-Z'n" +,un"vn —.'L'n" — 0 (aS n— 00) and ”Zn _'zn" < an”TIn "'In" +7n"un —$n! —=8
(as n — o0) and z, — u weakly as n — oo, it follows that y, — v and z, — u weakly =

7 — OQ.
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Abstract

In this paper, weak and strong convergence theorems are established for the modified Noor iterations with errors for
asymptotically nonexpansive mappings in the intermediate sense in a uniformly convex Banach space. Mann-type and Ishik-
awa-type iterations are included by the modified Noor iterations with errors. The results obtained in this paper extend and
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1. Introduction

The concept of asymptotically nonexpansiveness was introduced by Goebel and Kirk [7] in 1992, In 28
Noor [8,9] have introduced the three-step iterations and studied the approximate solutions of variatioms
inclusion and variational inequalities in Hilbert spaces. Glowinski and Le Tallec [10] used three-step iteratms
schemes to find the approximate solutions of the elastoviscoplasticity problem, liquid crystal theory, ==
eigenvalue computation. It has been shown in [10] that the three-step iterative schemes give better numerics
results than the two-step and one-step approximate iterations. In 1998, Haubruge et al. [1!] studied =
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gence analysis of the three-step schemes of Glowinski and Le Tallec [10] and applied these schemes to
new spitting-type algorithms for solving variation inequalities, separable convex programming and
ization of a sum of convex functions. They also prove that three-step iterations lead to highly
lized algorithms under certain conditions. Thus we conclude that three-step schemes play an important
siznificant part in solving various problems, which arise in pure and applied science.
T=e concept of asymptotically nonexpansive in the intermediate sense was introduced by Bruck et al. [12].
concept is a generalization of asymptotically nonexpansiveness. Let C be a subset of real normed linear
X, and let T be a self-mapping on C. The fixed point set of T, F(T), is defined by {T)={xe€ C:
= x}. T is said to be nonexpansive provided ||Tx — Ty||<||x — yl} for all x,y € C; T is called asymptotically
nsive if there exists a sequence [k,}, k, = 1 with lim, _ .k, = 1, such that

IT7x = Tyl < kallx = ol

2l x,ye€ Candeachn = 1.
T called asymptotically nonexpansive in the intermediate sense [12] provided T is uniformly continuous and

Emsup sup([|77"x — 7"p|| — |lx — y||) £ 0.

s—o00 xyeC

= known [13] that if X is a uniformly convex Banach space and T is asymptotically nonexpansive in the
diate sense, then A(T) # 0. ’

The modified Noor iterations with errors is defined as follows.

Lzt X be a normed space, C be a nonempty subset of X, and 7T: C — C be a given mapping. Then for a
x; € C, compute the sequence {x,}, {y,} and {z,} by the iterative schemes

e =ayx, + (1 —a, = y,)%0 + Vptns

Ve =0Tz, 4, T'x, + (1 — b,y — o — ,)%n + HyUn, (1.1)
Tarl = 0Ty, + BTz, + (| — 0ty — B, — 2p)Xn + AaWay n 2 1,

{an}, {Ba}, {ca}, {on}, (B}, (va), {1}, {4,) are appropriate sequences in [0, 1] and {u,}, {v,} and {w,}
=ounded sequences in C.

The iterative schemes (1.1) are called the modified Noor iterations with errors. Noor iterations include the
-Ishikawa iterations as spacial cases. If y, = u, = 4, =0, then (1.1) reduces to the modified Noor iter-
defined by Suantai (5]

Za = @y T"x, + (1 — a,)x,,

¥a = b.T”Z,, + c,,T"x,, + (l - bn o CI)IfH (lZ)
Xl =0, Ty, + B, Tz, + (1 — oy — B, )2y, n =1,

la,), {5}, {cn}, {an), ([ Ba) are appropriate sequences in (0, 1]

We note that the usual Ishikawa and Mann iterations are special cases of (l.1) and if
= 0. =Y, = ft, = A, = 0, then (1.1) reduces to the Noor iterations defined by Xu and Noor [3]

= a,T"x, + (1 — a,)x,,

}'.=b,,T"Z,,+(l —bn)xn; (13)
Yoo =0, "y, + {1l =oa)x,, 121,

{a.}, (ba}, {0n] are appropriate sequences in [0,1].

Fora,=¢,=f,=7,= i, = A, =0, then (1.1} reduces to the usual Ishikawa iterative schemes

¥ = b, T"x, + (1 — b,)x,, (1.4)
Yoo =0, 1"y, + (1 —a,)x,, n =1,

{b,}, {«,} are appropriate sequences in [0, 1].

Ya,=b,=cCp=fn=70= tta = 2n = 0, then (1.1) reduces to the usual Mann iterative scheme

Xopl = 0 T"X, + (1 —ay)xe, n =1, (1.5)

{a,} are appropriate sequences in [0,1]. See [1,2] for more details about Mann iterative scheme.
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The purpose of this paper is to establish several strong convergence theorems for the modified Noor e
ations with errors (!1.1) for completely continuous asymptotically nonexpansive mappings in the intermecias
sense, and weak convergence theorems for asymptotically nonexpansive mappings in the intermediate sense &
a uniformly convex Banach space with Opial’s condition.

Recall that a Banach space X is said to satisfy Opial’s condition [14] if x,, — x weakly as n — o0 and x = »

imply that

limsup |ix, — x|| < limsup |jx, — y]||.

n—oo n—oG
In the sequel, the following lemmas are needed to prove our main results.
Lemma 1.1 [I5, Lemma 1). Ler {a,}, {b,} and {5,) be sequences of nonnegative real numbers satisfying ‘e
inequality
Quiy € (1 +6,)a, +b,, Yn=1.2,...

If 3700 60 < 00 and 3 o b, < o0, then

(1) lim,,_ .a, exists.
(2) lim,,_. a,, = 0 whenever liminf, _._.a, = 0.

Lemma 1.2 [4, Lemma [.6). Let X be a uniformly convex Banach space, C a nonempty closed convex subses &
X, and T: C — C be an asymptotically nonexpansive mapping. Then [ — T is demiclosed at 0, ie., if =, —
weakly and x,, — Tx, — 0 strongly, then x € F(T), where F(T) is the set of fixed point of T.

Lemma 1.3 [5, Lemma 2.7). Let X be a Banach space which satisfies Opial's condition and let {x,} be a secuens
in X, Let u,v € X be such that lim, .|| x, — ul| and lim,_.c||x, — v|l exist. If {x,, } and {xn,} are subsequences &
{xn} which converge weakly to u and v, respectively, then u = v.

Lemma 1.4 [4, Lemma [.4). Let X be a uniformly convex Banach space and B, = {x € X ||x|| € r],r>0 Thn
there exists a continuous, strictly increasing, and convex function g :[0,20) — [0,00), g(0) = 0 such tha:

I4x + By + vzll* < Alx)® + BlVI® + vhizl® — 2B8g(1lx — yil)
Jorall x,y,z € B,, and all 2,8,y € [0,1] with A+ +y=1.

Lemma 1.5 [6, Lemma 1.4]. Let X be a uniformly convex Banach space and B,= {x € X: ||x]| < r}.r>0 Thas
there exists a continuous, strictly increasing, and convex function g :[0,20) — [0, 00), g(0) = 0 such tha:

e + By + pz + 2wl < allxl® + Blvl® + wllzl® + Alwll* — aBg(lix - yll)
Jorall x,y,z,we€ B, and all «,B, 11, A € [0, 1) witha+ f+pu+ =1

2. Main results

In this section, we prove strong convergence theorems for the modified Noor iterations with errors il @ =
asymptotically nonexpansive mapping in the intermediate sense in a uniformly convex Banach space. I= s
to prove our main results, the following lemmas are needed.

The next lemma is crucial for proving the main theorems.

Lemma 2.1. Let X be a uniformly convex Banach space, and let C be a nonempty bounded closed and comsss
subset of X. Let T: C — C be an asymptotically nonexpansive mapping in the intermediate sense. Pui

Gy =sup(|[T"x ~ Tyl = lx = yll) VO, Vn =1,
xy€eC

so that 3 7 G, < 00. Let {dn}, {ba)}. {caks (0ta)s {Ba)s (¥a}, {12} and {4,) be real sequences in [0, 1] ssch S
Ayt Yoy b+ Co + pyand oy + B+ Ay are in[0,1] foralln 2 1, and Y oe ¥a < 90,3 naibly < 00, 2 o e ©
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ot let {u,}, {v,} and {w,} be bounded sequences in C. For a given x; € C, let {x,}, {y,} and {z,} be the se-
wences defined as in (1.1).

1) If p € RT) then lim,_cl{x, — p|| exists.

8} If 0 <liminf, .o, < Hmsup,_.o{ot, + B, + A,) <1, then lim,_ || Ty, —x,|| = 0.

w1} If 0 < liminf, oo, and O < liminf,_. b, < imsup, (b, + ¢, + p,) < 1, then lim,_ )Tz, — x,]| = 0.

W) If0<liminf, . b, < limsup,_..o(b, + ¢, + 1) < 1 and 0 < liminf, _. .o, < limsup,_.(a, + B. + A,) <1,
then lim,,_ . /| T"x, — x,]| = 0.

Fesof. (i) By [13] (T) # 0. Let p € (7). Since {G,}, {u,}, {v,} and {w,} are bounded sequences in C, we put
M = sup G, vsup lfen ~ pli Vsup llon — plt v sup llw. — pl}.

nx1 nz
Foreach n > 1, we note that
llzs ~ Pl = llasT"x, + (1 — @z — v, )%, + v,s — pl|
< (1 —=ay =y )l — pll + @liTx0 = pll + v,llun — pll
< apllxn = pll + @, G + (1 — an — v )20 = pl} + ¥, )1 = pl|
< lxa = pll + G, + My,, (2.1)
W ~ Pl = 00aT" 2 + caT"x0 + (1 = b — ¢u — p1)%a + pty0a — pl|
(1= by ~cu ~ p)lIxa — pll + B[ T"2, — pl|
+ eallT"x, — pll + pallos — pll
< (1 = b, — ¢y — p)xn = pll + bu[llza — Pl + G,
+ ealllxn = pll + Ga] + g, llvn ~ pll
< (1= b, ~ ¢o — p )% = Pl + bal(llxn — pll + G + My,) + G
+ calllxn = pll + Gl + My,
< lxa —pll +3G, + My, +Mu,. (2.2)
lxast — pll = NlotaT"y, + BuT 20 + (1 = oty = B, = An)xa + Aawa — pl|
<1~ = f, = 2Nz — pll + 2l Ty, — Pl
+ BullT"za — pll + allwa — pli
< (I~ o ~ B, = 2 llx — pll + aallly, ~ pll + G
+ B.lllza — Pl + G} + Aullwa - pll
< ~a, = f, = Z)Ixs — pll
+ &a [l (xn — pll + 3G, + My, + Mp,) + G,]
+ B.ll(Hxn = pll + Gu + My,) + Gu] + M2,
< |lxa —pll +6G, + My, + My, + M2,. (2.3)

Tmce 300G, <00, Sy, <00, Yoo ift, < o0c, and Y07 2, < oc, it follows from Lemma 1.1 that lim,_,

. — p|| exists.
{11) By [13], T has a fixed point p € C. Choose a number r > 0 such that CC B, and C — C C B,. By Lemma

2 there is a continuous, strictly increasing, and convex function g; : [0,00) — {0,0), g,(0) = 0 such that

lx + By + yzI” < Allxl + Byl + )izl — 2Bg(lx ~ yil) (24)
v all x,y,z€ B, and all 4,8,y €[0,tjwith A+ f+y=1.
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It follows from (2.4) that
llza = pI* = HanT"xs + (1 = @y = 1,)%a + attn ~ plI*
lan(T"xn = p) + (1 = @ = 3,)(xa = ) + 7.(ta — PII*
allT"xa = plI* + (1 = an = ,)Ixa =PI + Valltn = pI* = @n(1 = a0 = 3,)&1(IT"x, — x.00
aulllxn = pll + Gal* + (1 = an =y, )lxa =PI + vllun =PI = @u() — @y = 3,8, (IT"x. =
aulllxs — plI* + 2Gulix, — pll + G2 + (1 = a5 = v)llxa — pI* + vollun — plI
—ap(l = ap = v,)8, (1 T"xs — x4l
< lxa = pII° + 2Gallxa — pli + G2 + My, — au(1 = @y — 7,)g, (IT"x — x,]1).

NN

By Lemma 1.5, there exists a continuous strictly increasing convex function g,:{0,00) — [0,0¢).2
such that
llowx + By + pz + Awll* < allxll® + BIyI* + ullzll® + 2wli® — «Bg(llx — yI)
for all x,y,z,w € B,, and all o,,11,A € [0,1] with « + f+ ¢+ 2= 1. It follows from (2.6) that
e = PI* = N16aT"2 + caT"xn + (1 = by — €4 = f1,)%n + 300 — p|I°
= 16u(T"2, = p) + (1 = by = €a = 11,) (X = P) + CalT"%s = p) + 12, (20 — PII°
< (1= by = o = p)lxa = pl* + bl T"20 = plI* + call T"x0 — pl*
+ pallon = plF = bu(1 = by~ ca = 11,)82 (1 T"20 — xal])
(1= by = ey = p)llxn = pI* + balllza = pll + Gal* + calllxa — pll + Gal® + wyll0s — piF
—ba(l — by — 0 ~ 1,)82(IT" 20 — xall)
= (1 = by = cu = w)lxn = pI* + balllza — P + 2G|z — pll + G2
+ calllta = plI* + 2Gullxa = pll + G2} + pallvn — pIf?
~ ba(l = by — €0 = )& (IT"20 — %)
< (L= by = = p)llxa =PI + bal(llxa = pI* +2Gillxa — plf + G} + M?y,)
+2G,(Il52 = pll + G + My,) + G2 + calllxa = oI + 2Gulxa — pll + G3] + M,
= ba(l = by — cx ~ 1,)82 (I T"20 — xa1f)
< I = plI* + 6Gullxs — pll + 5G2 + M?(y, + u,) + 2MG,
~by(l = by — ¢ — )82 (7720 — xall),
and
Insr =PI = lanT"xn + BoT"20 + (1 = tw = By = Aa)%n + Zuwa — plI°
= |lo(T"x = p) + (1 = tta = B, = Aa) (X0 — p) + B(T"20 — p) + 2a(wn — p)|I*
< (1= = B, = A)lxa — pll* + ali Ty, = pI + BNT"z, — Pl
+ Aallwn = plI? = 0a(l = ata — B, — L) (17", — xall)
< (1= — B, = Aa)llxs — plI°
+allly, = pll + Gal® + Blllza = pll + Gal* + Zallwa — pIf?
—a.(l ~a, — B, ~ A)&(IT"y, — xall)
= (1 = & ~ B, = Al = plI* + aullly, — PI* + 2Gilly, — pll + G2
+ Bulllza = PI* + 2Gullza = pll + G2 + 2ullwa — pII*
— (1 — a — B, = Aa)&(IT"y, — xall)
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< (1 =0, = B, = Zo)llxa — plf?
+ al(llxs = plI* + 6G,llxn — pll + 5G2 + M*(y, + p,) + 2MG,)
+2G,(llxa — pll + 3G + My, + Mp,) + G2
+ B A(xa = PP + 2Gallxn — pll + G2 + M?y,)
+ 2G,(|lxx — pll + G, +My,) + G,Z,] + M4,
= op(! — oty = f, = A)82(IT"ys — xall)
< lxa = pl? + 12Golx, — pl| + 16G* + M*(2y, + ) + 8MG,
= (= oty = By = 7,)82 (I T"y, = xall), (2.8)
s imply that
(1 = oy — B, = g (IT"y, = xall) < llxa = Pl = xast = plI* + 12LGy + 16G% + M*(2y, + p1,) + 8MG,,
(2.9)
F-\
2.ba(1 = bn = € — 1,)82 (1720 = X, ll) < |lxa =PI = st = pII* + 12LG, + 16G2 + M*(2y, + p,) + 8MG,,
(2.10)

e L=sup{||x, - pll:n = 1}.
o 0 <liminf, _a, < limsup, _.(x, + . + 4,) <1, then there exist a positive integer ny and n,n’ € (0, 1)

e that
O<n<o,and o, + 8, + 2, <n' <1 foralln = ng.

~ s implies by (2.9) that

< lxa = pI* = I%asr ~ plI* + 122G, + 16G2 + M*(2y, + 1,) + 8MG,

< lxw = PP = xnar = pIIP + 12LG, + 16MG,, + M2 (2y, + 1,) + 8MG,

< I = PP = wsr ~ pIP* + 12KG, + SKG, + M*(2y, + n,) + 8KG,

= ixa = plI* = llxanr ~ pI* + 17KG, + M*(2y, + 1,), (2.11)

w1l —1')g, (1772, — xa})

e K=max{M, L}, for all n = ny. It follows from (2.11) that for m = nq

S eIz, — xll) < Wl—‘ﬂ (i(nxn DI = et — PP + 3 (17KG, + M2(2y, + m))

r=rg n=my n=nqy
I - m m
< (nxm, — PP+ 17K DG+ MPY (29, + m) : (2.12)

Sees 307 G, < oo. Let m— oc in inequality (2.12) we get that 300 &,(IT"z, — x,||) < oo, and therefore
. g)||T"z, — x,||) = 0. Since g is strictly increasing and continuous at 0 with g(0) = 0, it follows that

[Tz, — x| = 0.
=) If 0 <liminf,_ ., and 0 <liminf,_,.b, < limsup,_.(b, + ¢, + 1,) < 1, then by the using a similar

wehod together with inequality (2.10), it can be shown that
lim |7y, — x,|| = 0.
=) If0 <liminf,_ b, < limsup,_.(b, T ¢, + 1,) <1 and 0 < liminf,_, «, <limsup,_,(a, + .+ 4,) <1,
‘em by (i) and (iii) we have
lim |7z, - x,|| =0 and lim ||T"y, — x,|| =0. (2.13)
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From y,=(1 — b, — ¢, — pp)x, + 6,77z, + ¢, T"x,, + u,v,, we have
e = xall = WU = b0 — € — p,)%n + 62Tz, + €, T"x0 + 1,00 — X,||
= 16a(T"20 — xa) + €aT" (xn — Xu) + 4, (v — 23)l
S ballT"zn — Xall + Call T7xn — xall + ptallxa — vall. B
Thus
N7"%n = Xall = NT"xn = Ty, + T"y, — xall < (T, = Tyl + 17"y, — xall
< lxn = yull + Go Ty, = x|
L ballT"z0 — xall + all T"%n ~ xall + ptallxn = vall + G + [ T"y, — x4l (2=
and so
(1= 7%, = xall < BallT"20 = xall + Bllx — 0]l + G + [T, = ]l el |
Since limsup,_...c, <1, it follows from (2.13) and }"_,G, < cc that
lim |77, x| =0. O
=00

Theorem 2.2. Let X be a uniformly convex Banach space, and let C be a nonempty bounded closed and ¢
subset of X. Let T be u completely continuous asymptotically nonexpansive in the intermediate sense, Pui

G =sup(IT"x — T"y|| = llx =yl VO Vn > 1,
xyeC

so that 372 G, < co. Let {a,), {ba), {cal, {0}, {Ba}, {7a}, {a} and {4,} be real sequences in [0,1] such
Ayt Y byt ety and oy + B+ 2, are in [0,1] foralln 2 1, and Y 0o 1y, < 00,3 o fty < OCy D one e <
and let {u,}, {v.} and {w,} be bounded sequences in C. For a given x; € C, let {x,}, {y.} and {z,) Be
sequences defined as in (1.1) and

(1) 0 <liminf,_ o, < limsup,_oo(a, + B, + 2,) <1 and
(ii) 0 <liminf,_ oob, < limsup,_.(b, + ¢, + u,) < L.

Then {x,}, {y,} and {z,} converge strongly to a fixed point of T.

Proof. By Lemma 2.1, we have
lim |77y, — xff = 0,
”an; T2, — x4]l = 0,
lim 17", — x| = 0.
It follows from (2.14) that lim, _.oo||yn — Xa|| = 0.
From x4 =(1 — &ty = fin — 2n)xn + 0, Ty + B, T"z,, + A,w,, we have
st = xall = (1 = 0t = By — Aa )k + Ty, + B, 7720 + AyWn — X, |
S Ty, = Xall + BullT"20 = xall + Znllwn — xal] = 0.
And

“xn+l - T"X,,+| ” ”xn-H —X,,” + “T"X,,.,.[ - T"X,,” + ”T"xn —X,,”
I

<
< |xn+| _xn” + ”xn+l "'xn” + G, + ”T"xn "'xn“ - 0.
Since

nxn+| - Txn+l“ < ”xn+l - T”H-an” + ”Txn+l - T"Han“

and by uniform continuity of 7 and lim,_.||7"x, — x,|| =0, it follows that lim,_.|[x, — Tx,}l =0.
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S=ce T is completely continuous and {x,} C C is bounded, there exists a subsequence {x,, } of {x,} such
e [Tx,} converges. Therefore from lim,_|lx, — Tx,|| =0, {x,} converges. Let limi_,x, = p. By
~wwemuity of T and lim, _.||x, —7Tx,]| =0, we have that Tp = p, so p is a fixed point of 7. By Lemma 2.1 (i),
S lx, = pl} exists. But limg_.fix,, — pll =0. Thus lim,_.|lx, — pll = 0. Since ||y, — x|l — 0 as n — oo,
el

| EA -xil” = ”anT"xn + (l —a; — yn)xn ~+ Yald "xn“ < ”T"xn -xn” + y,,]lu,, _xn“ — 0 asn— oo,

© wlows that lim,_p, =p and lim,_z,=p. O
~rom Theorem 2.2, we have the following results.
~waflary 2.3 [6, Theorem 2.3]. Let X be a uniformly convex Banach space, and C a nonemply bounded, closed
e convex subset of X. Let T be a completely continuous asymptotically nonexpansive self-map of C with {k,}
weaving k, > 1and 3777 (ko — 1) < 0o, Let {a,}, {ba}, {¢a}s {0}, (B}, {vn)s {1a} and {2} be sequences of
e mumbers in (0,1} with b, + ¢, + p, € (0,1} and o, + B, + 2, €[0,1] for all n > 1, and y or |y, < 00,
C i, <00, Y02 A, < 00 and

© 0 <liminf, b, < hmsup, _.o(b, + ¢, + ;) < 1, and
o O0<liminf, o, < limsup, o (a, + f, + 4,) < L.

et {x, ), ) and {z,) be the sequences defined by the modified Noor iterdtions with errors (1.1). Then {x,},
| . and {z,} converge strongly to a fixed point of T.

~wallary 2.4 [5, Theorem 2.3). Let X be a uniformly convex Banach space, and C a nonempty bounded, closed
e convex subset of X. Let T be a completely continuous asymptotically nonexpansive self-map of C with {k,}
waving k, 2 1 and Y70 (kn — 1) < oo. Let {a,), {ba}, {¢a}, {0}, {B.) be sequences of real numbers in [ 0, 1]
e b+, €[0,1) and a, + B,€(0,1] foralln =2 1, and

~ O <liminf,_ b, < limsup,_..(b, + ¢,} <1, and
= 0 <liminf, _,.a, < limsup,_.oo(a, + ) <1

et {xp), {a} and {z,} be the sequences defined by the three-step iterative scheme (1.2). Then {x,}, {y,} and
. converge strongly to a fixed point of T.

=or ¢, = 8, =0 in Theorem 2.2, we obtain the following result.

weallary 2.5 [3, Theorem 2.1]. Let X be a uniformly convex Banach space, and let C be a bounded, closed and
wwmex subset of X. Let T be a completely continuous asymptotically nonexpansive self-map of C with {k,}
wealying k, = 1 and 3 02 \(k, — 1) < oc. Let {a,}, {b,}, {o,} be real sequences in (0, 1] satisfying

© O <liminf, b, < limsup,_...b, <1, and
2 D<liminf,_ o, < limsup, __ .0, < 1.

For a given x| € C, define

Zp = a,T"x, + (1 — a,)x,,
Yo =0Tz, + (1 ~b,)xs, n =1,

Xpl = anT"}’,. + (l - (X,,)X,,.

em {x,}, {yn} and {z,} converge strongly to a fixed point of T.

When a,=c,=f,=0 in Theorem 2.2, we can obtain Ishikawa-type convergence result.
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Corollary 2.6. Let X be a uniformly convex Banach space, and let C be a bounded, closed and convex subsc:
Let T be a completely continuous asymptotically nonexpansive self-map of C with {k,} satisfying k, >
S (ke — 1) < 00. Let {b,), {a,} be a real sequence in [0,1] satisfying

(1) 0 <liminf,_. b, <limsup,_..b, <1, and
(ii) 0 <hminf,_ .o, < limsup, _ .o, < 1.

For a given x, € C, define

Yo = b,,T"Z,, + (l - bﬂ)xm

oot = 0 Ty, + (I —a)x,, n = L

Then {x,) and {y,} converge strongly to a fixed point of T.

— -

In the next result, we prove weak convergence of the modified Noor iterations with errors for as.—:
cally nonexpansive mapping in a uniformly convex Banach space satisfying Opial’s condition.

Theorem 2.7. Let X be a uniformly convex Banach space which satisfies Opial's condition, and lo:
nonempty bounded, closed and convex subset of X. Let T be an asymptotically nonexpansive in the inic-= _.m
sense. Put

Gy = sup(IT"x = T"y[| =[x —yl) VO, Vn =1,
xyeC

so that 37, G, < oc. For a given x; € C, let {x,}, (v,) and {z,} be the sequences defined as in (1.1 --..

(i) 0 < liminf,_, &, < limsup, (&, + f, + 2,) < 1 and
(i) 0 < liminf,_ b, < limsup,_...(b, + ¢, + p) < L.

Then {x,} converges weukly to a fixed point of T.

Proof. It follows from Theorem 2.2 that lim,_||Tx, — x,|| = 0. Since X is uniformly convex z=: .

bounded, we may assume that x,, — u weakly as n — oo, without loss of generality. By Lemma | 2 .- e
u € A(T). Suppose that subsequences {x,, } and {x,,} of {x,} converge weakly to « and v, respecti~:  “~um
Lemma 1.2, u,v € KT). By Lemma 2.1 (i), lim, .o |lx, — u|| and lim,_, .|| x, — v|| exist. It follows fre = _zmum

1.3 that u = v. Therefore {x,} converges weakly to a fixed point of 7. O

From Theorem 2.7, we have the following results.

Corollary 2.8 (6, Theorem 2.8]. Let X be a uniformly convex Banach space which satisfies Opial’s ccn: . = om
C a nonempty closed, bounded and convex subset of X. Let T be an asymptotically nonexpansive se.-~_.- v '
with {k,} satisfying k, > 1 and 37" (k, — 1) < oo, Let {a,}, {ba}, {ca}, L), {Ba)s {ttn}, {2n)} b s:in = v
real numbers in [0,1] with a, + y,,b, + ¢, + u, and a, + B, + 4, are in [0,1] for all n = l,and ¥ 7.
Yoy <00, Y20 A, < 00 and

(1) 0 <liminf,_ b, < limsup,_.(b, + ¢, + p,) < 1, and
(1) 0 < liminf, _ o, < limsup,_ (a, + B, + A,) < L.

Let {x,} be the sequence defined by modified Noor iterations with errors (1.1). Then {x,} converg:- + .- w
a fixed point of T.

Corollary 2.9 (5, Theorem 2.3]. Let X be a uniformly convex Banach space which satisfies Opial’'s cc-: v
C a nonempty bounded, closed and convex subset of X. Let T be an asymptotically nonexpansive s.. -=_
with {k,} satisfying k, > 1and 3 2 (k, — 1) < oo. Let {a,}, {b,), {c,}, {0}, {B) be sequences o7 =: - .ommam:
in[0,1] withb, + ¢, €[0,1] and «, + 3, € [0,1} forall n = 1, and
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0 0 <liminf, _ b, < limsup,_.(b, + ¢,) <1, and
‘2 0<liminf,_ o, < limsup,_(a, + 8,) < L.

Lot {x,) be the sequence defined by three-step iterative scheme (1.2). Then {x,) converges weakly to a fixed
mtof T.

When ¢, = f, =0 in Theorem 2.7, we obtain the following result.

ry 2.10. Let X be a uniformly convex Banach space which satisfies Opial's condition, and C a nonempty
d, closed and convex subset of X. Let T be an asymptotically nonexpansive self-map of C with {k,}
wying ky 2 1 and 3702 (ks — 1) < oc. Lei {a,}, {bn}, {a,} be sequences of real numbers in {0,1] and

0 0<liminf,_. b, < limsup,_..b, < 1, and
2 0 <liminf, _a, < limsup,,_.., < 1.

Ler [x,), a) and {z,) be the sequences defined by
z = au T, + (1 — a,)xn,

Yo =b T2, + (1 = ba)x,, n 21,

oot = 0, Ty + (1 — a)xa.

ix,) converges weakly to a fixed point of T.
When g, =c,=f,=0 in Theorem 2.7, we obtain Ishikawa-type weak convergence theorem as follows:

ry 2.11. Let X be a uniformly convex Banach space which satisfies Opial's condition, and C a nonempty
| closed and convex subset of X. Let T be an asymptotically nonexpansive self-map of C with {k,}
ing ey 2 1 and 372 [ (kn — 1) < oc. Let {b,}, {o,} be sequences of real numbers in [0,1) such that

0 <liminf,_,.b, < limsup,_,.b, <1, and
0 O <liminf, o0, < limsup, _ .o, < 1.

et {x,) and {p,} be the sequences defined by
¥ = 0,T"x, + (1 — by)x,,
Zapl = anT”y,. + (l - an)xnv nzl

1x,} converges weakly to a fixed point of T.
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o a real vector space X, a function p : X — [0, o0] is called a modular if it satisfies the following conditions:

~ 2(0) =0 and x = 0 whenever p(Ax) = 0 for any X > 0;
. plax) = p(x) for all scalar « with jo| = 1;
C plax+By) < p(x) +p(y), forallx,ye Xandalla, 8 = Owitha + 8 = 1.

we replace (iii) by
- plax 4+ By) <ap(x)+ Bp(y),forallx,ye X andalla, B > O witha + =1,

e= the modular p is called convex modular. Moreover, for arbitrary x € X we define
. x
E(x).:mf[)»> O.p(-i) <oo].
put inf@ = oo by the definition.

T present study was supported by the Thailand Research Fund (Project No. MRG4980167).
" Zorresponding author.
£-muail addresses: narinp @nu.ac.th (N. Petrot), scmti005 @chiangmai.ac.th (S. Suantai).

J-S46X/8 - see front matter © 2008 Elsevier Ltd. All rights reserved.
+1.1016/1.na.2008.02.120



N. Petrot, S. Suantai / Nonlinear Analysis 70 (2009) 2206-2215 2207

For any modular p on X, the space
Xp=[xeX:p(x) > Oasr —» 0%},

is called the modular space. If p is a convex modular, the functional
Ixlh, = inf{k >0:p (%) < 1] :

is a norm on X, which is called the Luxemburg norm (see [35]). A modular p is called right-continuous (lefi-

continuous) [continuous} if lim, _, y+ p(Ax) = p(x) forall x € X, (limy_, ;- p(Ax) = p(x) for all x € X,,) (it is boss
right- and left-continuous).

Remark 1.1. If p is a convex modular and p(Aox) < co for some x € X, and A, > 0, then p is right-continuoss
at Ax for any A € [0, A,) and left-continuous at Ax for any A € (0, A,]). Indeed, this follows from the fact that e

function f(t) = p(tx) is convex on R* and has finite values on the interval [0, A,] so it is a continuous function e
{0, 2,).

A triple (T, %, p) stands for a nonatomic, positive, complete and o-finite measure space, while L? = L%
denotes the space of all (equivalence classes of) o -measurable functions x : T — R. In what follows we will idenssfs
measurable functions which differ only on a set of measure zero. For x,y € LY, we write x < y if x(¢) < y(t)
p-ae. t € T and the notion x < y is used for x < y and x # y. Moreover, for any x € LY, we denote by |x| e
absolute value of x, i.e. |x|(t) = |x(t)| for p-ae.r € T.

By E we denote a Kithe space over the measure space (T, X, u), ie. E C LY which satisfies the followmg
conditions: :

() ifx € E,y € L% and |y] < {x] for u-ae.theny € E and |iyllz < x|,
(i) there exists a function x in E which is strictly positive on the whole T

A function ¢ : T x R — {0, 00) is said to be a Musielak—Orlicz function if ¢(t, -) is a nonzero function, it vanishes
at zero, it is convex and even for u-ae. r € T and (-, u) as well as ¢~1(-, u) are Y¥'-measurable functions for s |
u € Rt where (p"(t, -) is the generalized inverse function of ¢ (¢, -) defined on [0, co) by '

o 1t u) =inflv>0: o(t,v) > u}

foreach ¢t € T (see [35]). For Musielak—Orlicz function ¢ we define a measurable function with respecttot € T &
a(t) = supf{u = 0: ¢(¢, u) =0},

see [6, page 175).

Remark 1.2. Let¢ : T x R — [0, 00) be a Musielak—Orlicz function. Then
(i) ¢~1(¢, -) vanishes only at zero;

(i) @(¢, ¢~ 1(t, u)) = u for all u € [0, 00) and

0, ifuecl0,a@),

u, ifu € (a®),o0);

o~ (o, u)) = {
forpu-ae .t eT.
Given any Musielak—Orlicz function ¢, we define on L® a convex modular 0y by

_Hgoxllg ifpoxekE,
Qq)(x) = {OO

otherwise;
and the generalized Calderén—Lozanovskii space is defined by
Ey={xe Locholx € E for some A > 0}.

Then E, = (E,, || - ) becomes a normed space, where || - |, denotes for the Luxemburg norm induced by ¢,
[4,9]).
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. Tr the investigations of generalized Calderén-Lozanovskii space we refer to [8-10,27].

% e case when ¢ is an Orlicz function, i.e. there is aset A € X with £(A) = 0 such that (11, -) = ¢(t2, -) for all
= T\ A, these Calder6n-Lozanovskii spaces were investigated in [3,4,30] and the investigations were continued
pepers (5,11,15,17,20,26,28,29,32~34,36,37].

%= sy a Musielak—Orlicz function ¢ satisfies the condition AZE if there exist aset A € X with u(A) = 0, a
K > 0 and a nonnegative function h € E such that the inequality

e 2u) 2 Ko(t,u) +h(1)
Sxallt € T\ Aandu e R (see [35] when E = L! and [9] in general).

13 ([59, Lemma 5]). The property that {(x|i, = 1 if and only if go(x} = 1 holds true for any x € E, if and
f" € Az v

1.4 ({19, Lemma 1}). For any Musielak—Qrlicz function ¢ the inequality
viru+v)> e, u)+ @, al)+v)
Srp-aet € Tandanyu > a(t),v > 0.

1.5 ({9, Corollary 7]).If ¢ € AL then u({t € T 1 a(r) > 0}) =0.

¥ S(E), B(E) and E*(= {x € E : x > 0}) we denote the unit sphere, the closed unit ball and the positive cone
Kothe space £. Forany x € E, definesuppx = {t € T : x(r) # 0},

% point x € E7 is called a point of upper monotonicity (UM-point for short) if for every y € E* \ {0} we have
< Jlx + yllg. A point x € E* \ {0} is called a point of lower monotonicity (LM-point for short) if for every
£7\ {0}, such that y < x, we have llx ~ y|lg < Ix|lg. If every point of S(E™) is a UM-point (or an LM-point),
we say that the space E is strictly monotone. It is easy to see that x € E* \ {0} in any K&the space E is a
int (LM -point) if and only if x /{ix}| is a UM-point (LM -point). Therefore, it is enough to formulate the criteria
onicity for points in S(E*) only.

& point x € S(E) is said to be an extreme point of B(E) (x € ext B(E) for short) if for any y, z € B(E) such
2x = y + z we have y = z. If any point of S(E) is an extreme point of B(E), we say that the space E is rotund
£ (R)).

& point x € S(E) is called a strong U-point (SU -point for short) of B(E) if for any y € S(E) with |jx +yllg = 2,
smve x = y. It is obvious that a Banach space E is rotund if and only if any x € S(E) is an SU-point, but the
wons of an extreme point and an SU -point are different (see {71).

s well known that rotundity properties of Banach spaces have applications in various branches of mathematics,
a3, Fixed point Theory, Approximation Theory, Ergodic Theory, and many others. Moreover, if the focus of the
% is Banach lattices, then there are strong relationships between rotundity properties and monotonicity properties
12.13,14,16,18,21,24,25]). Specially, in [17,20] the local rotundity and local monotonicity structures of a certain
lattice, namely Calderén-Lozanovskii spaces, were studied. The results of our paper will be a generalization
w0 such excellent papers {17,20] by considering Orlicz function with parameter called Musielak~Orlicz function
of Orlicz function. Of course, some ideas from those papers are also applied in our paper. However, because
different properties among functions, in many parts of the proofs of our results new methods and techniques are

Lzt us note that if E has the Fatou property, i.e. for any x € LY and (x,,)g‘;l in E such that 0 < x, / x p-
and sup,, flx,llg < oo we have that x € E and {Ix[lg = lim,— 00 Ilxulle (see (1,23,31]), then E,, also has this
, and moreover, the modular g, is left-continuous (see [9, Theorem 12]). Consequently, E; is a Banach space.
in the whole paper we will assume that E is a Kothe space with the Fatou property. Moreover, we will denote
=x)(t) = o, x(t)) foreacht € T.

The paper is organized as follows. In Section 2 we give some basic auxiliary results of general modular space and
Section 3 is devoted to the strictly monotone points of E,. We study rotundity points of £, in Section 4. Finally,

stion 5 we give a characterization of rotundity structure in £,,.
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2. Auxiliary lemmas

We start by proving some facts in any modular space.

Lemma 2.1, Let X, be a modular space generated by a convex modular p and x,y € B(X,). If £(x) < 1 s
E() <1

Proof. Since E(x) < 1, we take a real number a € (E(x), 1) and put ¢ = l—+— Then ¢ > 0 and (Hs)a + l-—=,~+" =
Thus,

+y I+ 1+¢
(“”)( 2 ))"’( 2 Y 'y)

_ (I+ea x 1+¢
(e x e )
S(1-;15)0 (x)+l+ 2(y) < o0,

which implies that £ (*2) < 1. This completes the proof. O

Lemma 2.2. Let X, be the modular space generated by a convex modular p and x € B (X,) be such that €z} «
If y is any element in B (X ,) satisfying ||x—‘;1|p =1, thenp (*3*) =1

Proof. By £(x) < 1 and Lemma 2.1, we have £ (%2) < L.Putl = [0 ) and define a function f - I —

1
A
by f(t) =p (t 5%1) Then f is a convex function and has finite values on I, which imply that f is a
function on /. Assuming that p (£32) < 1, there exists a A > 1 such that p (A*3¥) < 1 whence [532[| < £ «
contradiction. [J

We close this section by giving a basic result on the generalized Calderén—Lozanovskil space as follows:

Lemma 2.3. For any x € E,, and any measurable partition {T;}]_, of T we have,

§(x) = max (£(xx7;))-
1<i<n

Proof. Put o = maxj<j<,{E(xx7,))}, then it is obvious that @ < E(x). We now show that the converse &
holds. If not, then a real number 8 € (&, £(x)) can be found and consequently,

()=l (). = e Gl =2l Gowo ),

which contradicts the definition of the number £(x). O

S <

3. Points of monotonicity in E,

In this section, we give some criteria for upper and lower monotonicity points in E,.

Theorem 3.1. A point x € S(E.) is upper monotone if and only if

(1) gp(x) = I;
(i) (e T : x(t) <a())) =0;
(iii) ¢ o x is an upper monotone point of E.
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Necessity. If condition (i) does not hold, then g,(x) =: r < 1. Let D be a subset of A such that (D) > 0 and
= E. Let u be a nonnegative measurable function defined by

w)=p! (t,

gou = ﬁﬁ;xp which implies ¢ o u € E, and moreover,

r
uxDuE) xp{t).

(I-r)
=1-r
fixplle E
= > 0, there exist a real number A > 0 and a measurable function y > 0 with supp y = D satisfying

e, x(0) + y(0) <ot x@)) + @, u(@), y@)<i
oo

s-ae.t € T.On the other hand, an ascending sequence (T,)9%, such that ( J, T, = T and sup,.z ¢(t,u) < o0
swxchn € Nand u € Rt can be found (see [22)), which allows us to obtain a nonnegative real number d, such

looulg = XD

4, = sup{p(t, 1) : t € D}.

ntly, ¢ o y < dy xp which implies that y € E,. Moreover,

ee(x+y) = llpoxxr\p +@o(x+yxple <ll@oxxr\p+eoxxp+e¢oule
=llpox+ooullg <lpoxjlg+lpoule=r+(1Q-r)=1

I=xfly < lx + yllp < 1 and therefore, x is not an upper monotone point.
Seppose that (ii) is not satisfied. Then theset A = {t € T : x(¢) < a(?)} has a positive measure. Let us define
‘= (a—x)0)x, (@) forall 1 € T. We see that y € EJ \ {0} and
ee(x +Y)=llpolx+Mle = lpoxxra+teox+y)x,le
= llpoxxmateoax,le
= llpoxxnalle £ gp(x) < 1.

ix + yllp < 1. But, since y € E; \ {0} the fact that |x + yll, = {Ixll, = 1 is always true, we obtain
= ¥llp = 1. This means that x is not an upper monotone point.

¥ remains to show the necessity of condition (iii). Let us assume that x € § (E;,F ) is an upper monotone point. Since
secessity of (i) has been proved, we may assume that ¢ o x € S(E) and suppose that condition (ii) is not satisfied,
Sece exists y € £\ (0) such that llg o x + yllg = 1. Let us define z € E} \ {0) by z(1) = ¢~ 1(t, y(1)) for all
= 7. Hence there exists a nonnegative measurable function & such that supp h C supp z and

e, x() + h(1) < o(t, x(1)) + (1, 2(1)), h() <A
dlt€T.Thus h € E, and
0p(x +h) =llpo(x+h)lg <llpox+opozlle=llgox+yle=1,

“which implies that |lx + hfl, = 1. This contradicts the upper monotonicity of x and the proof is completed.
Sufficiency. Let x € S(E,j ) and assume that conditions (i)(iii) are satisfied. Let y € E* \ {0} be given. In view of
~==ma 1.4, condition (ii) gives

@, x(t) + y()) = @@, x(1)) + (2, a(t) + y(1))

wu-ae t € T.Since u({t € T : ¢(t, a(t) + y(1)) > 0]) > 0 and ¢ o x is an upper monotone point in E, we have
eox+y)=llpo(x+ Mg 2 lpox+gola+ e > lpoxle =0p(x) =1,

St is, [x + yllp > 1. This completes the proof. I

heorem 3.2. A point x € S(E J ) is a lower monotone point if and only if
S Ex) < 1



N. Petrot, 8. Suantai / Nonlinear Analysis 70 (2009) 2206-2215

(ii) p(fr € suppx : x(1) <a(®)}) =0;
(iii) ¢ o x is a lower monotone point of E.

Proof. Necessity. Let x € S(E*) be a lower monotone point. Suppose that condition (i) is not satisfied, i.e. £(x} =
Take A, B € X, both of positive measure, such that AN B = @ and A U B = supp x. Thus by Lemma 23
obtain £(xx,) = 1 or E(xxp) = 1. Without loss of generality we may assume that £(xx,) = 1, and it woull
§(x — xxp) = &(xx,) = 1. This implies }}x — xxzll, > 1, a contradiction.

If condition (ii) does not hold, then the set A = {¢t € suppx : x(t) < a(f)} has positive measure. By (i
necessity of which has been already proved, we have £(x) < 1, and consequently 0,(x) = 1 by Lemma 2.2.
y() = x(t)x,(t), then we have 0 < y < x, and

p(x —y) =llooxxralle = llgoxllg = 0p(x) = 1.

This implies that jlx — y|l, = 1, a contradiction.

Now we will show that condition (iii) holds. By (i), we have pox € S(E).Letustakey € E suchthat0 < y <
and choose a measurable function z such that0 < z < x withgp ox —y < g o (x — 2). Since x is a lower
point, we have ’

lpox —ylle <llpo(x — e =0plx —2) < llx —zll, < 1.

This shows that ¢ o x is then a lower monotone point of E.

Sufficiency. Let x € S(E}), y € E* \ {0} be such that y < x and conditions (i)-(iii) are satisfied. Obviously.
y C supp x which together with condition (ii) imply that for z = @ o x — ¢ o (x — y) we have z > 0. Moreowes
condition (i), we have g,(x) = 1. Since ¢ o x is a lower monotone point of E and z < ¢ o x, so

Qp(x —y)=llpo(x—=Wlleg =llpox —zllg < fpoxllg = gp(x) = 1.

Using Eq. (3.1) together with £(x —y) < 1 (by condition (i)) and the continuity of g, in light of Lemma 2.2, we
llx — ylly < 1. This completes the proof. O

4. Points of rotundity in E,

We will study the points of rotundity, such as extreme point and SU-point in this Section. We begin w=tt.
following definition:

A point x € S(EY) is said to be an extreme point of B(E™) (x € extB(E™) for short) if for any x, y =
suchthat x = (y + z)/2, wehave y = 7 = x.

Lemma 4.1 ([17, Lemma 4]). In any Kothe space E, x .€ S(E) is an extreme point of B(E) if and only i¥ =
UM-point of E and |x| € ext B(E™).

Theorem 4.2. A point x € S(E,) is an extreme point of B(E,) if and only if

() 0p(x) = 1;
) p({t €T : {x()| < a(®)}) =0;
(iii) ¢ o |x| is a UM-point;
(iv) if u,v € S(E) satisfy 32 = ¢ o |x| then either

1
u=v or (po(y+z) < E((poy+(poz),

2
where y(t) = @~ (¢, lu(@))), z(t) = =1, v@O))) forall t € T.

Proof. Sufficiency. Assume that conditions (i)—(iv) are satisfied. Let x € S(E,) and y,z € B(E,) be sut
2x = y + z. We shall show that y = z. First, we will show that

|y+zl(’) _ [Iyl + iz

1
polx|(t) = }(t) =§[¢0Iy|(t)+<oolzl(t)]

2
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for p-ae. t € T. Note that, we always have

1
golxl() = 'y+z'(t)< ['y';'z']ms5[<oo|yl(r)+<oo|z1<r)1

forpraeteT. letA={ecT :polx|(t) < 2[go o |yl(t) + ¢ o |z|(1)]}. If 1£(A) > O then by conditions (i) and (iii)
we have

1 1
d=gy(x)=llgolxllle < |zeolyl+ -polzl

1
<37 (lpolylle +l@olzlle) <1,

which is a contradiction. Consequently, Eq. (4.1) holds.
Let C, = {t € T : ¢(t,-)isaconvex and even function}. It is clear that u(T \ C,) = 0. Next for each
r € T we define (1) = @71t 0@, |y(®OD) and 2(t) = ¢~ (r, (0(t, 12(1)]))). Using condition (ii) together with
£3. (4.1), in light of Remark 1.2(ii), we have J(r) = |y(#)| and z(t) = |z(r)} for p-a.e. t € Cp. Consequently, by
£3. (4.1) and condition (iv) we conclude that ¢ o |yl(t) = ¢ o |z|(¢) for u-ae.t € C,. We claim that |y| = |z]. Put
£ = (t € Cp: [yl(t) # |z|(+)} and suppose that ;£1(B) > 0. Thus, since ¢(¢, -) is an injective function on the set
1a(r), oo) for all t € C,, we should have
YOIV IOl <a@® and 1y®) ALz < a() 42)

Scallt € BC C,.So
1
polxl(®) = 5[«’-0 Yl +¢@olzl(r)] =0

“uxr allt € B. Combining this equation with Eq. (4.2) and the assumption that 2x = y + z we obtain |x(r)| < la(f)] for
2 1 € B, which contradicts condition (ii). Hence, we have the claim. Finally, by condition (ii) and the fact that ¢(z, -)
= an injective function on [a(t), 0o) for all t € Cy, in view of Eq. (4.1), we obtain that |y(r) + z()] = |y ()] + z(1)]
Sor z-a.e. t € T. This together with |y(£)| = |z(1)| for p-a.e. t € T implies that y = z.

Necessity. Let x € S(E,) be an extreme point of B(E,). By, Lemma 4.1 we obtain that |x| is a UM-point in E,,.
Thus by Theorem 3.1 we have x(¢t) > a(¢) for p-ae. t € T, 0o(x) = 1 and ¢ o x is an upper monotone point of E.

“herefore, it remains only to prove that if x € ext B(E,) then condition (iv) holds. If not, there are u, v € S(E) such
b=

u(?) + v(t)
2

S p-ae.t € T, where y(1), z(t) are defined in condition (iv). Clearly, y, z € S(E,) with y 5 z. Consequently, |x| ¢
o= B(E;‘). Finally, Lemma 4.1 yields that x g ext B(E,). O

1
u(t) #v(®) and ¢@o [y ; Z] W) =3lpoy®)+9oz)] = o |x|(),

Becall that a point x € S(E™) is called a strong U-point(an SU-point for short) of B(E*) if forany y € S(E™)
walix +yllg =2, wehave x = y.

Wemark 4.3 ([17, page 387]). If a point x € S(E™) is an SU-point of B(E™T), then x is a LM-point of E and x is an_
B-point of E.

“emma 4.4 ([17, Lemma 7]). A point x € S(E) is an SU -point of B(E) if and only if |x| is an SU-point of B(E™).
Theorem 4.5. Let E be a strictly monotone Kothe space and x € S(E,). Then x is an SU-point of B(E,) if and only
.

B E(x) <1;

5 e({r e suppx 1 x|(r) < a(M))) =

8 ¥ u € S(EY) satisfies fju + ¢ o ]x[llE = 2 then either

[x|+y
2

where y(t) = ¢~ 1(t, u(t)) forallt € T.

u=golx| or VJO( )<5(¢°|x|+¢0y),
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Proof. Necessity. Assume that x is an SU-point of B(E,). Applying Lemma 4.4, Remark 4.3 and Theorem 3.2 we s
that the remainder is condition (iii). Suppose the converse, that is, there are u € S(E¥) such that {lu + ¢ o x|z = 2

uF@olxjandgpo (I"—I;—’) = %[(p o jx| + ¢ o y], where y(¢) is defined as in condition (iii). Then,
eo(Y) =llooyle = llulle =1,
and consequently,

2=llu+golxlle =llgoy+9¢olxile
< llgoyle +i¢olxllie
< 0p(y) +0p(x) <2.

[e] x+y
¢ 2

llgolxl+¢oylE]

This implies that

+
é (lxl2 :v)

E

—_— N | —

SUlgolxllle +iigoylel

—~

= 5[Q¢(le)+a¢a(y)] =1,

SO

lﬂzﬂn = 1. Since u # ¢ o |x|, we have |x| # y, which implies that |x| is not an SU-point of B{E;‘). T
»

Lemma 4.4 finishes the proof of the necessity.
Sufficiency. Let y € S(E,) be such that

x+y

=1
2

14

We shall show that x = y. Combining Eq. (4.3) with condition (i), and applying Lemma 2.2, we get g, (= =

This gives
[ x+y\ . (x +y
Qyp ) =¥ ) c
1
=5 lpox+eoylg
1
= 5 [ee® +eo ]
<1,
whence

loox+goyllg=2.

Using this equation together with the strict monotonicity of E, the fact gy (5%1) = 1 and the convexity of ¢+
R forall 1 € Cy, where C,, defined as in Theorem 4.2 it is easy to see that

oo (le 42- Iyl) o =2° 34163} -;wo Iyl

for p-ae.t € Cy. Put u(t) = @ olyl(z) forallr € T. Thenu € E*t and fjulle = llg o yllg = (31 =
Eq. (4.4). Moreover, by virtue of condition (iii), Eqs. (4.5) and (4.6) imply that ¢ o |x|(f} = ¢ o |yl(t) f=
t € C,. Since u(ft € suppx : |x|() < a(r)}) = 0 and ¢(¢, -) is an injective function on the interval [als).
p-ae.t € C, we get |x|(1) = {yl(t) for p-ae.t € T. Then |x + y| < |x] + |yl = 2{x[. If |x + y| < |x| + 13 =
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z2n i (x +3)/2lp < 1 (since |x| is an LM-point of E, by Theorem 3.2). This contradicts Eq. (4.3) and proves that
: = ¥l = |x{ 4+ |y|. Combining this equality with [x| = [y|, we getx =y. O

Rotundity of E,

-~ this final section we present a result concerning the rotundity structure of E,.

“zorem 5.1. Let E be a Kéthe space and ¢ be a Musielak—Orlicz function. Then E, € (R) if and only if
Ee(SM);
s e AL
" u,v € S(EY) with u # v then either

u+tv

1
<1 or wo(x+y><—(¢>ox+¢>oy),
E 2 2

where x(t) = ¢~ (¢, u(t)) and y(t) = ¢~ (t, v(t)) forallt € T.

*—wf. Necessity. Suppose on the contrary that E, € (R) and E ¢ (SM). Then an element u € S(E?Y) which is not a
#/-point can be found. Put x(t) = ¢ ~1(¢, u(r)). Then g, (x) = llpoxlig = llullg = 1,50 x € S(E,) and hence x €
=2 3+ Ey). However, ¢ o x is not a UM -point in E, thus Theorem 4.2 yields a contradiction.

s.ppose that E, € (R) and ¢ ¢ Af. By Lemma 1.3, there exists x € S(Ey) with go{x) < 1.By E, € (R), x €
=: 2.E,) and Theorem 4.2 yields a contradiction.

3 .ppose that condition (iii) is not satisfied. Then there are u, v € S(E™) with 1 % v such that |lu + v|jg = 2
o2 () = dpox+goy) = 42, where x(r), y(t) are defined in condition (iii). Putting z = %32, we have

: 2 = 1,thus z € ext B(E,). Since x € ext B(E,), Theorem 4.2 yields a contradiction.

I-Ticiency. Let x € S(E,) be arbitrary. We shall show that x € ext B(E,), by proving that conditions (i)~(iv) in
Twezrem 4.2 are satisfied. First, by ¢ € AZE we have g, (x) = 1 and {x(¢)| = a(r) for p-a.e. t € T by Lemmas 1.3
& 15, respectively. Next, g o {x] is a UM-point in E, because E € (SM). Finally, we will show that condition (iv)
= Tmzorem 4.2 holds. Let u, v € S(E) be such that % = ¢ o |x|. By condition (iii) in our assumptions, we get

;) < %((p oy+goz),where ¢ o y = u and ¢ o z = v, which means that condition (iv) from Theorem 4.2 is

«..“ed. Hence, our theorem is proved. O

“ate that, if E = L' then E, =[x € L0 fT o(t, Ax(1))dp < oo for some A > 0} =: L%, which is called the
« _2lak—Orlicz space. Therefore, a direct consequence of Theorem 5.1, we have the following resulit.

“acullary 5.2, Let ¢ be a Musielak—Orlicz function and LY be the Musielak—Orlicz space generated by ¢. Then
.2 iR) ifand only if
. ALy,
. = AZ l,
“uveE S(LT) with u # v then

; 1
400()(;)) <§(qoox+¢>°y),

wnere x(t) = @71 (t, u(t)) and y(t) = ¢~ 1(t, v(t)) forallt € T.

—af. Since L! € (SM) and for any u, v € S(L]) we must have [|“$2 ||, = 1, thus, the conclusion of Corollary 5.2
“1.2~s exactly from Theorem 5.1. This completes the proof. O

lezark 5.3. Rotundity properties of Musielak-Orlicz space, L¥, equipped with the Luxemburg norm were given
~ =:dzik [12], in terms of the strict convexity of Musielak-Orlicz function ¢. Since condition (ii) in Corollary 5.2

mez=s that (2, -) is a strictly convex Musielak-Orlicz function for pi-a.e. r € T, therefore, Corollary 5.2 gives a result
== [12].
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[l history: In this paper, we introduce a new mapping and a Hybrid iterative scheme for finding a
fec=ived 14 January 2009 common element of the set of solutions of a generalized equilibrium problem and the set of
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common fixed points of a finite family of nonexpansive mappings in a Hilbert space. Then,
we prove the strong convergence of the proposed iterative algorithm to a common fixed

[—ords: point of a finite family of nonexpansive mappings which is a solution of the generalized
:r:g%:g:ﬁs nexpansive mapping equilibrium problem. The results obtained in this paper extend the recent ones of Takahashi
[ point and Takahashi [S. Takahashi, W. Takahashi, Strong convergence theorem for a generalized
[Seserzlized equilibrium problem equilibrium problem and a nonexpansive mapping in a Hilbert space, Nonlinear Anal. 69
[wesse-strongly monotone (2008) 1025-1033]).
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L Iatroduction

LetH be areal Hilbert space and let C be a nonempty closed convex subsetof H and A : C — H be anonlinear mapping and
[ 7- be the projection of H onto the convex subset C. A mapping T of H into itself is called nonexpansive if | Tx—Ty|| < |x—yl|
zllx,y € H. We denote by F(T) the set of fixed points of T (i.e. F(T) = {x € H : Tx = x}). Goebel and Kirk [1] showed
F(T) is always closed convex, and also nonempty provided T has a bounded trajectory. Let {T,-}}V=l be a finite family of
pansive mappings with ﬂf-i, F(Ty) # 0,
LetF : € x C — R be a bifunction. The equilibrium problem for F is to determine its equilibrium points, i.e. the set

EP(F)={x€C:F(x,y) >0, Vy € C). (1.1)

problems in physics, optimization, and economics require some elements of EP(F), see [2-7]. Several iterative methods
been proposed to solve the equilibrium problem, see for instance [3,5-7}. In 2005, Combettes and Hirstoaga (3]
uced an iterative scheme for finding the best approximation to the initial data when EP(F) is nonempty and proved a
convergence theorem.
The variational inequality problem is to find u € C such that

(Au, v —u) > 0 (12)

2l v € C. The set of solutions of the variational inequality is denoted by VI(C, A).
For a bifunction F ;: C x C — R and a nonlinear mapping A : C — H, we consider the following equilibrium probiem:

Findz € Csuch that F(z,y) + {Az,y—2z) >0, VyeC. (1.3)
setof suchz € Cis denoted by EP, i.e.,
EP={ze€C:F(z,y)+ {Az,y—2) > 0, Vy € C}.

“amesponding author.
“-mail addresses: beawrock@hotmail.com (A. Kangtunyakarn), scmti005@chiangmai.ac.th (S. Suantai).

570X/ - see front matter © 2009 Elsevier Ltd. All rights reserved.
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In the case of A = 0, EP is denoted by EP(F). In the case of F = 0, EP is also denoted by VI(C, A). Numerous pmt_

physics, optimization, variational inequalities, minimax problems, the Nash equilibrium problem in noncooperative
economics reduce to finding a solution of (1.3) see, for instance, [2.4].

A mapping A of C into H is called a-inverse strongly monotone, see [8], if there exists a positive real number a su S

{x — y,Ax — Ay) > afiAx — Ay|)?

forallx,y e C.
Forr > 0,letT; : H —» C be defined by

T (x) = {zeC:F(z,y)+%(y—z,z—x) >0, VyeC}.

Combettes and Hirstoaga [9] showed that under some suitable conditions of F, T is single-valued ant
nonexpansive and satisfies F(T;) = EP(F).

In 2007, Takahashi and Takahashi [6] introduced a hybrid viscosity approximation method in the framework &
Hilbert space H. They defined the iterative sequences {x,} and {u,} as follows:

Xy € H, arbitrarily;

1
F(un,y)+ o —un un—x)>0, VyeC,
Xyl = a,lf(x,,) + (1 —a)Tu,, VneN,

where f : H —> H is a contraction mapping with a constant @ € (0,1) and {&,) € [0,1), {rx) C (0. 2=
proved, under some suitable conditions on the sequence {«;,}, {r,} and bifunction F, that {x,} and {u,) strongly
z € F(T)[)EP(F), where z = Peqyerierf (2)-

Recently, in 2008, Takahashi and Takahashi [7] introduced a hybrid iterative method for finding a common
EP and F(T). They defined {x,} in the following way:

u, Xy € C, arbitrarily;
1
F(za, Y) + (AXn, ¥ — Za) + A—(y —Zn,Za —Xa) 20, Vye(,
n
Xny1 = PpXn + (1 — B)T(au+ (1 —an)zp), VneN,
where A be an a-inverse strongly monotone mapping of C into H with positive real number «, and {a,} € [0, 11
{0, 1], {An} C [0, 2], and proved strong convergence of the scheme (1.6)toz € ﬂ:-v:l F(T;) [} EP.wherez = Pr‘-_:
in the framework of a Hilbert space, under some suitable conditions on {a,)}, {8}, {A.} and bifunction F.
In 1999, Atsushiba and Takahashi [10] defined the mapping W, as follows:
Ut = AaTi + (0 =201,

Un,2 = Avr|,2T2Un.l + (Al - kn,Z)I,
Un,3 = Avn,ii-rBUrl,Z + (1 - A-n.3)’,

Unn—1 = Aano1Tv — W2 + (1 — Agn-1)l,
W = Uy = AanTnUnn—1 + (1 = Ap )i,
where {)k,,',‘}f.v C {0, 1]. This mapping is called the W-mapping generated by Ty, To, ..., Ty and Apq, Asz.
2000, Takahashi and Shimoji {11] proved that if X is a strictly convex Banach space, then F(W,) = ﬂ?:‘ G
O<ipi<l, i=1,2,...,N.
Let X be a real Hilbert space and C a nonempty closed convex subset of X and let {T,} , be a finite family of

mappings of C intoitself. Foreachn € Nandj=1, 2,..., N, leta(") (e, ay?, a3"’)be such thate}?, of”, a2
with a9 + o) + o3 = 1. We define mapping S, : C — Cas follows.
U",o =]

nl

Un.l = a';l'lTlUn,O"'a;' Uno +a'3

Un_z = (!':'szun,l + C!;' Un,l +a3
n3 n3 n,3

U,-,‘3 = (!l T3U,-..2 + az U"'z +(!3 I

Upnor = (!IN Ty lUn N—2 + g -lun.N—Z +Ol'31'NN—l’
S" = U,-.'N = C!l TNUn,N—] +C!2 Un,N——l +C!;' I.
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The mapping S, is called the S-mapping generated by Ty, Ty, ..., Ty and &\, <0 cx,f,").

Forgivenu € C and x; € C, let {z,}) C C and {x,} C C be sequences generated by

1
=F(z,.,y) + (Axn,y_zn) + A—(}’ —Zn, Zp _xn) d 0, V.Y € C, (18)

Xat1 = Puxn + (1 — Bu)Sa(ant + (1 — a2)za). Vn € N.
n,N

%= this paper, we show that if X is strictly convex, then F(S,) = (Y, F(T) ifa} € (0, ) forallj = 1,2,...,N -1, a}" €

= 1land a;‘i. oc;‘j e [0, forallj = 1,2,..., N, and we prove that under some suitable conditions, the sequence {x,)
“maverges strongly to a point z = Pﬂ-_. Fapnerd-

L Preliminaries

in this section, we collect and give some useful lemmas that will be used for our main result in the next section.
L2t C be the closed convex subset of a real Hilbert space H, let P¢ be the metric projection of H onto C i.e., forx € H, Pcx
“=tisfies the property

lix — Pex]i = min |ix — yll.
yeC
e following characterizes the projection Pc.
“e=mma 2.1 (See [12]). Givenx € Handy € C.Then Pcx = y ifand only if there holds the inequality {(x—y,y—2z) > 0 Vz € C.
“=mma 2.2 (See [11]). In a strictly convex Banach space E, if
Il = iyl = Bax+ (1 =il
walx,yeEand X € (0, 1), thenx = y.
“=mma 2.3 (See [13]). Let {s,} be a sequence of nonnegative real numbers satisfying
Sep =1 —ap)sp +anBn, VYn > 0where {a,}, {ﬂ,,} satisfy the conditions
[ve]
(M) C 10,1, Y ap=o0, (2) limsupp, 0.
ﬂ=] n—oo

e My 00 Sp = 0.

“=mma 2.4 (See [14)). Let {x,} and {z,} be bounded sequences in a Banach space X and let {f,) be a sequence in [0, 1] with
< minf, o By < limsup,_, o Bn < 1. Suppose

%oi1 = PrXn + (1 — Bn)z, for all integer n > 0 and lim sup,_, o5 (HZn+1 — Zall — %41 — Xall) < O.
Ten limyo, o0 [1Xa — Z4]| = 0.

Far solving the equilibrium problem for a bifunction F : CxC — R,letus assume thatF satisfies the following conditions:
ANFx,x) =0 Vxe(C; _

22)F is monotone, ie. F(x,y) + F(y,x) <0, Vx,y €C;

23)Vx,y,z € C,

1i;51+ Ftz 4+ (1= t)x,y) <F(x,y);
-

A4)Vx € C, y > F(x,y) is convex and lower semicontinuous.
The following lemma appears implicitly in [2].

2.5 (See [2]). Let C be a nonempty closed convex subset of H and let F be a bifunction of C x C into R
ing (A1)-(A4). Let r > 0 and x € H. Then, there exists z € C such that

F(z.y)+;(y—z,z—x)_>_0 2.1)
yecC.

2.6 (See [9]). Assume that F : C x C — R satisfies (A1)-(A4). For r > 0 and x € H, define amapping T, : H — Cas

Tr(x)={zeC:F(z,y)+-:—(y—-z,z—x)20, VyeC (2.2)

Z € H. Then, the following hold:
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(1) T; is single-valued;
(2) T; is firmly nonexpansive i.e.
IT®) - T < (L) -T,0),x—y) Vx,y€H;

(3)F(T;) = EP(F);
(4) EP(F) is closed and convex.

Definition 2.7. Let C be a nonempty convex subset of real Banach space. Let {T;}¥_, be a finite family of nonexpassss

mappings of C into itself. Foreachj =1, 2,...,N,lete; = (a’;, a’é, a’;) whereo/, 0/2 a’3 e [0, 1} andozjl +ocj2 +a’, =%
We define the mapping S : C — C as follows:

Uo =1

Uy = aTilg+ayUs+a;l

U = &ANU + iU+l

Uy = aiTsUs + a3V, + o3l

UN—l = a',V"TN_,UN_z +C!g_IUN_2 +GN_lI

S

i

UN = a'lvTNUN_l + (1’sz~-| +a, I.
This mapping is called S-mapping generated by Ty, ..., Ty and ay, a3, ..., ay-

Next, we prove a lemma which is very useful for our consideration.

Lemma 2.8. Let C be a nonempty closed convex subset of a strictly convex Banach space. Let {T,},!‘;, be a ﬁni‘te
nonexpansive mappings of C into itself with ﬂﬁ__l F(Ty) # @ and let o = (), o, a’3)j =1,2,3,..., N, whereer;, o
0.1),¢+o+f =10 €@ Dforallj=1,2,....,N-1, o} €01, o, o € [0, Dforallj=1,2,...

S be the mapping generated by Ty, ..., Ty and «y, o3, ..., ay. Then F(S) = ﬂf:, F(Ty).

Proof. It is clear that (", F(T.) C F(S). Next, we show that F(S) C (i, F(T;). To show this, let X, € Fi&
x* € (L, F(T;). Then we have -
lixo — x*I| = lISx0 — x*|| = ll} (TnUn—1X0 — x*) + ) (Un-1xo — x*) + o (xo — x*)||
< oV ITNUn_1%0 — x* 1| + o lUn—1% — x*|| + of Jlxo — x*|
< (1 —aMUynorxo — x4+ (1= (1= ad))llxo — x*]
= (1— o Mea) " (T 1Un-2% — x*) + &) "' (Uy_2%0 — x*) + & 7' (xo — x")l
+(1 =1 —-a)lx — x|l
< (1 — )@y I T1Un2xo — X It + @) " Un—2Xo — X1l + & "' ixo — x*11)
+ (1= (1 —ad)iixo — x*

N N ‘
< I—[ (1 — ) Un=2% — x*I| + (1 - I—[ ¢ —Ot}3)> flxo —x*||

j=N-1 j=N-1
N n
= [T (0 - olief 2 (Tv-2Un-s%0 — x) + &5 2(Un_3%0 — x*) + &5 (x0 — x|
j=N—1
N e
+ (1 - T a —ag)) lixo — x°1
j=N-1

N
< JT = @) 2ITn_aUnsxo — Xl + o) *1Un-3%0 — x*Il + &4 *[lxo ~ x*1))
J=N-1

N
+ (1— I1 (1—04)) lIxo — X1

j=N—1



00 A Kangtunyakarn, $. Suantai / Nonlinear Analysis: Hybrid Systems 3 (2009) 296-309

N N
<[] (1—a’3>nuN_3xo—x*u+(1— [1 (1—a’;)> lixo — X1

j=N-2 j=N-2
=<

N
< [0 = e} (TaUxo — X*) + o2 (Urxo — x*) + o3 (x0 — %)

j=3
N
+ (1 ~-JJa- aé)) llxo — x
=3
N .
< [0 = &b @3 ITUix0 — %1 + a2l Usxo — x*If + e llxo — x*1)
j=3
. N
+ (1 -TJa- aé)) llxo — x*1
=3

N . N .
< [T — e — i + (1 -Tla- aé)) lixo — x*I

j=2 j=2

N . N .
= [0 — e} (Mo — x7) + (1 = e}y 0 — 21} + (1 ~[]a —a’3>> llxo — x*I

j=2 j=2

N
<[]0 = ed)@iiTixo — x* 1l + (1 — a)lixo — x*1)

j=2

N
+ (1 -JJa- aé)) llxo — x*1l
j=2

N N N .
< []a-eblixo —x 11 + (1 ~Tla —a;)) lixo — x*1

j=2 j=2
= lixo ~ x*|i.
This implies by (2.9) that
N . N :
o =21l = [T = elled (Tuxo —x) + (1 = @) 0 — )1 + (1 —TTa -} ixo i,
j=2 j=2

sence

lxo — x*Il = llej (T1xo — x*) + (1 — ) (x0 — X*)|I.
2y (2.10), we obtain

N N
o — x*ll = [ (1 — o)t iTue — x*ll + (1 — er])llxo — 11 + <1 ~Tla- aé)) llxo = x*I,

j=2 =2
waich implies

lIxo — x*Il = @} IT1xo — x*[| + (1 — alixo — x*|I.
+ follows that

fixo — x*[l = ITyxo — x*||.

“om (2.11) and (2.12), we have by Lemma 2.2 that T1xo = xo, that is xo € F(T}).
It implies that

Uixo = ATixo + (1 — Aq)xg = Xo.

(2.7)

(2.8)

(29)

(2.10)

(2.11)

(2.12)
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By (2.7), we have

N N
llxo —x* = ] J(1 = eh)lied (ToUrxo = x*) + e (Usxo — X*) + o — x| + [1 -TJa- a&)] lixo — 21

j=3 j=3
It follows that
o = x*|| = llad (ToUsxo — x*) + a3 (Urxo — x*) + @5 (xo — x*)|)
= llad (Taxo — X*) + (1 — ) (%0 — X"l 22
By (2.8), we have

N N )
o = x*Il = [ (1 — ) (@ ITaUsxo — x*1l + o2 1Usto — xX"1) 4+ e3fixo = X°I)) + (1 ~TIa —a’g)) T

j=3 j=3
which implies
o — x*f| = ol TaUrxo — x*If + a5 {Usxo — X*|l + &3 [1xo — x*|]
= a?||Toaxo — x*|) + (1 — &d)lixo — X"|f.
Hence, we obtain

Ixo — x")f = ITaxo — X" . 21

From (2.13) and (2.14), we have by Lemma 2.2 that Toxg = Xg, thatis xo € F(T3).
This implies that Usxp = a3 TalUyXp + a3 UyXg + 3o = Xo.
By continuing in this way, we can show thatxy € F(Ty) and xo € F(U)) foralli=1,2,...,N — 1.
Finally, we shall show that Xo € F(Ty).
Since

0 = Sxg —Xp = (XTTNUN—IXO + agUNqu +(¥ng0 — X0

= (!le (TNXO — Xo),

and oz‘lV € (0, 1], we obtain Tyxy = Xp so that x, € F(Ty). Hence F(S) C ﬂ:.il FT). O

Lemma 2.9. Let C be a nonempty closed convex subset of Banach space. Let (T} be a finite family of nonexpansive "i
of Cintoitself and for eachn € Nandj € {1, 2,...,N).let " = (e}’, o) ,a3J) o= (a’l,a’z,a’)wherea, .
0,1, &, &, o € [0,1] o + e} + o} = landotJ + o 4o = 1 Suppose ]’ — olasn — o
1,3andj=1,2,3,...,N.Let Sand S, betheS-mappmgsgeneratedby'ﬁ. Tz,.. VI andal, oz, ..., ayandT;. T,

and af"), ag"), .. af,"), respectively. Then lim,_, o0 [|SaX — Sx|| = 0 forevery x € C.

Proof. Letx € C,U, and U, ; be generatedby Ty, Tp, ..., Tvanday, a3, ..., ayandTy, To, ..., Ty anda("}. :f'
respectively. Foreachn € Nand fork € {2, 3, ..., N}, we have

Un,1x — Usxl| = ffee] ' Tax + (1 — e )x — e Tyx — (1 — e} xf
= la}! —ejllITix — ),
and
NUniX — Upkll = §ei*TUp c1X + @ Upem1X + 3% ~ Tl 1x — akUi1x — o)
= |la'l"k(TkUn k—1X — Ty Up_1X) + (a:‘"‘ — )T U 1X
+ (5% ~ ad)x + a5 Unporx — Uk-1X) + (@* — XYl
< @M I Tl ko1X — TelUioixll + la T — afUIT Uyl
+loi* — o lxll + o U mrX = Urmaxll + log* — okl | Urxl
< & U ko1X ~ Uemyxll + [ — ¥ Tl
P U s 1x — Ul 4 (lof — o] 4+ la T — akDlUeix]l + 1™ — ab1iix]
< NUnk=1x — Uemaxl + I — a§ 1 TelUims X1 + [{UsaXl))
+ ey ~ X1 Uil + HIx11).
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By (2.15)and (2.16), we have
Snx — SxIl = IUn,nx — Unxil

N N
< lop —aliTix=xll + ) ler} — AIUT U1+ [Unjxl) + ) la5 — I QUi + lixiD).

j=2 j=2
This together with our assumption, we can conclude that
lim §Ssx —Sxj} =0. O
R—» 00

3. Main result

In this section, we prove a strong convergence theorem of the iterative scheme (3.1) to a common element of EP and
L, F(T)) under some control conditions.

Theorem 3.1. Let C be a closed convex subset of a real Hilbert space and let F : C x C — R be a bifunction satisfying
conditions (A1)-(A4). Let A be an a-inverse strongly monotone mapping of C mro H and let {F}Y, be a ﬁnite family of
monexpansive mappings of C into itself with ﬂ" F(T-)ﬂEP # @ Forj=1, ., N, let a(") = (a, , oY, a3J) be
such that o), o, o3! € [0, 11 0} + o7 + 3 = 1, @]} [m,()‘]thho <m <6y < 1,{&iN} C [y, 1] with
2 <y < 1and {a}d)Y {a3"}N , C [0,6;] with 0 < 65 < 1.Let S, be the S-mappings generated by Ty, Ty, ..., Ty and

j=1
:'), g"], M o™ Letu e Cand X; € Cand let {z,} C C and {x,} C C be sequences generated by

{F(zn.y)+<Ax", Y=z 0=z =X 20, WG, 31)

Xnp1 = BuXn + (1 — ﬂn)sn(anu 4+(1—az)zs), VneN,
where {a,} € [0, 1], {Ba} C [0, 1]1and {A,} C [0, 2a] satisfy the following conditions:
N0<a<siy<b<2a, 0<c<hr=<d<i

A
(i) lim =% =1;
n—o0 "+I

o0
(iii) nlLl‘Llo a, =0, Za,, = 00
n=1
(i) 1t —a™| - 0, and joitVY — @3] — Oasn — oo, forallj € {1,2,3,...,N}.

Then {xa) converges strongly to z € (L., F(T;) (") EP. where z = Py rap e

Proof. First, we show that (I — A,A) is nonexpansive. Let x, y € C. Since A is «-strongly monotone and A, < 2« Vn € N, we
E=ve -

10 = 2aA)x — (I — XaA)YII? = lIx — y — An(Ax — AY)|I?
= lIx = ylI* — 2ha(x — y, Ax — Ay) + A2 [|Ax — Ayli?
< X = yI? — 20, )lAx — Ayl® + 221 Ax — Ay))?
= flx = Y11 4 Aa(ka — 20) | Ax — Ay|f?
< Ix—yi* (32)

Thus (I - A,A) is nonexpansive.
Since

1
F(Zu,y)+(AXn,y—Zn)+I‘O’—Zmln—xn)20, V}’EC,
w= obtain
1
F(zn, ) + —(y —Zn, zn — (I = AeA)Xn) 2 0, VyeC.

Ql.emmaZG we have z, = Ty, (X, — AsAx,) VneN.
Letzeﬂ,_ F(T)(EP.ThenF(z,y) + {y — z,Az) > 0, VyeC.
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SoF(z,y) + ﬁ(y—z,z —z42,A2) >0, VyeC.
Again by Lemma 2.6, we have z = T, (z — A,Az). Since | — A,A and T, are nonexpansive, we have

120 — zII* = 1Ty, (Xn — AnAAXn) — Ty, (2 — AnAZ) |
< lxa —z|I%, N
hence ||z, — z|| < ||x, — z|[.
Putting y, = a,u + (1 — a,)z,. Then we have
flyn —zll = llap(u — 2) + (1 — an)(za — 2)||
< an"“"‘Z"+(1 ——G,,)"X,,—Z". 3‘
This implies that ‘

{xnp1 — 2zl = | Bn(Xa — 2) + (1 — Br)(Snyn — 2)||
< Ballxa — 2zl + (1 = Bo)llyn — 2l
< BallXe — 2+ (1 = Bu)(@nllu — 2|l + (1 — ap)llx, — 2i1)- -

Putting K = max{ljx; — z||, {lu — z|}}. By (3.5), we can show by induction that ||x, — z}{ < K, Vn € N.This implies & .
is bounded. Hence {Ax,.}, {Vn}, {Sa¥n}. {za} are bounded.
Next we will show that

lim lxn41 — xqll = 0.
n—-00

Putting u; = X, — AqAx,. Then, we have z,1 = Th,,, (Xn+1 — Anp1AXay1) = Ty, Unsrs
Zp = Ty, (Xn — AgAxy) = Ty, u,. So we have
Iyaer —Yull = a1t + (1 = Gng1)Zng1 — ntt — (1 = n)zq |
= flapit + (1 — @ry )T, Ungt — datt — (1 — )Tyl
= (@1 — @)U + (1 — Qo 1) (Do Untt — Ty ttn + Topy tn — Tapin + Thup) — (1 — @207 50
= ||@ns1 — o)t + (1 — Aoy 1) (Tapyq Untt — Tapy Un)
+ (1 = Any 1) Doy tn — Toyttn) + (1 — Gy )Tt — (1 — ap) T, tnl
< lang1 — aolliult + (1 = @py1) ltngr — tnl}
+ (1 = an )Ty tn — Tagtall + 1004 — @l Ty ua
Since [ — A, 44A is nonexpansive, we have

"un+l — Uy “ = ”Xn+l - )\n+len+| — Xp + ApAxn "
= |(I = g1 A)ng1 — (I — Ap1A)Xn + (Ag — Apg1)AXq |l
=< ”Xn+l —Xn+ |)\n - )\n+l|Axn"~

By Lemma 2.6, we have

1
F(TA,.um.Y)‘i')\—(}’—T).,.unyTA,.un _un) 20: Vyec
n

and
1
F(Ty,p ttn, ¥) + T = Topp tine Tapttn — ) 20, VyeC.
n+1
In particular, we have
1
F(TA,.Um TA,H,,un) + )\_<TA,.+|un — Ty un, Ta Uy — uy,) >0,
n
and
1
F(Ty,, tn, Toyutn) + : {Tapttn ~ Topyy tny Ty Un — Un) > 0.
n+1

Summing up (3.9) and (3.10) and using (A2), we obtain

1 .
(TA"u,. — TAnHu"’ TA"“u,, —u,) + ——-(TA"HU,, — TA"um TA"U" —u,) 20, VyeC.
)\n+l )\n
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& then follows that
T, Uy — U, T; -
(Tlnun - Tln+1 Up, dapr t - Skl “n> > 0.
)\n+| )\n
This implies
Aq
0 < {Tay tn — Tayltn, Taglty — Uy — —— (Tayy Un — Un)
Antt
; An
= T;"Hu" - T;,,u,,, Txnu,‘ — Tln+l u, +{1-— (TA,,Hun —Up)}.
/\n+l
= follows that
A
1T ta — Tagttall? < 1= = || Ty tn = Tagtin]) (I Tagy tall + Huall).
n+1 .
Hence, we obtain
A
I Tanattn = Tagtta]® < |1 = 2211,
An

where L = sup{{junli + IITa,,,, uall : n € N}
By (3.7).(3.8) and (3.11), we have

I¥nt1 = Yol < lang1 — anlllull + (1 — anp ) ftnsr — Uall + (1 — @ue )T, Un — Tagttall + Va1 ~ anl 1Ty, tall
< langy = apllufl + (1 — @Gup ) {Xap1 — X0 + 1An — Ang1lAXa])

A
+(1—ap)|1— L+ {ans1 — Gl Ta, n
n+1
An
=< [ang1 — aulllull + | Xae1 — Xn + Aag1 |1 — Ax,
An+l
An
+ 11— L+ lapy1 — an|lITa, Uall
)\n+l
An
< langr — alllull + {xpg1 — X +b|1— Axy
n+1
An
+ [1- L+ |ans1 — ol Ta, tall-
)‘n+l
We can rewrite X, 1 by
Xnt1 = BuXa + (1 — B1)Sp¥n,
wherey, = apu+ (1 — a,)z,.
Next, we show that
lim "Snyn — X " =0.
n—»o0
Fork € {2,3,..., N}, we have
"Un+l,ky" - Un,k.Yn “ = lla,lll+l'kaUn+l,k—lyﬂ +a'21+l'kU"+‘vk—ly" + a;-H'k

nk nk nk
— TUnk—1Yn — a, Unk-1Yn — O Yall

< a'11+l.

1.k 1.k
= (7" + ot

< |Unsrk=1Yn — Un,k—l}'n" + |a’1l+l‘k

= Ila’ll+l'k(TkUn+l.k—_lyn - TkUn,k—lyn) + (a'lﬂ—l‘k

+ (@ — a3 Yy + 5T Ungr k1Y — Unpe1yn) + (@
NUnitk-1Yn — Ungeyall + 1§ — o I TcUp - 1all
1t — @ lyall 4 o5 Ung 1 e 1Yn = Ungordall + ¢
— &I Tl k-1l

Yn

- a:'k)TkUn,k— 1Yn

k
- (!; YWnk-1Yall

K
= o5 || Un k-1¥nll
1k
MUnst k=190 — Ung—1¥all + loc]

1k P 1k P
+log T = @ [yall + 1y~ a3 N Uni—1¥all

— MM ITU -1l

(3.11)

(3.12)

(3.13)

(3.14)
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+la5 — a3 llyall + I "+‘*)+<a = o5 WUyl

< |Ung1=1¥n — Up, k_.y"n+|a"+‘* T Tl 1l
+1ag M — o P lyall + le* "“"nlun keyall + lo5 — a3 | Up ko 1yall
= WUns 1= 1¥n = Ung—r¥all + 1 — P (1T Un g—1¥all 4 1Unx_1¥alD)
+ 15T — @ F*10lyall + 1Un-1¥all)- %
By (3.15), we obtain that foreachn € N,

||5n+l.yn - Sn.yn" = "Un-H NYn — Un N.yn"

< Wns1,1¥n ~ “ynu+21a"+”—a,’|<||ruu-1ynu+uuu al)
j=2

+ Z lo3 " — @3 1Yl + 1Unj-1yal)
j=2

= lay " — Ty — ynu+Zla"+”—a,J|<nrunJ Wall + WUnj-1¥all)
=2

+ Z |a"+“ @3 1C1Yall + NUng—1yall)-
j=2

This together with condition (iv), we obtain

nano]o ISa+1¥n — Saynll = 0. B
By (3.12), we have

ISa+1Ynt1 — Sa¥all < Ynt1 — Yall + USas1yn — Savall

A
< anp1 — anllull + Bxnt1 — Xnll +b|1 — | Axall
}\n+l
+ 11— L+ [apq — an“ITAnun" + ISnt1Yn ~ Sa¥nll. 15
n+1
This together with (3.16) and conditions (ii) and (iii), we obtain
lim sup(§|Sn1¥nt1 — Sa¥all = Wxas1 — Xalf) < 0. 1
n—oco
It follows from (3.13) and (3.17) and Lemma 2.4, lim,— oo |Snyn — Xnll = 0.
This implies that
lim [Xp41 — Xoll = 1im (1 = Ba)lISe¥ — Xall = 0. : .
n—-oco n—-oo
Next, we show that
lim |[x, — z,)| = 0. P
n—oo

By monotonicity of A and nonexpansiveness of Ty, we have

W1 = zU% = 1Bl — 2) + (1 — Br)Sayn — DI
< Ballxa — zI* + (1 = Bu)lyn — 2|2
= Ballxa — zII> + (1 — Bw)llan(u — 2) + (1 — @) (25 — 2)|I?
< Ballxn ~ 2% + (1 — Ba)(@allu — zI* + (1 = an)liza — z]1?) ==
= Ballxa — 201> + (1 = Bu)(@allu ~ ZI + (1 — @) T, (Xn — AnfAXy) = T3, (2 = AnAD)[|?)
< Ballxa — 212 + (1 = B (@llu = Z||2 + (1 — @)l (0 — AnhXn) — (2 — AnAZ)[1%)
= Balla — zI? + (1 = Bu) @allu — 2 + (1 — @) |(%n — 2) — An(Axa — AD)[1?)
= Ballxa — 21> + (1 = Bu)@nllu — zi* + (1 — an) (xn — 2I?
— 2Xn(Xn — 2, AXn — AZ) + A2[|AXy — Az||))
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< Ballxa — 21 + (1 — Ba)(anllu — zlI* + (1 — an)(llxy — 2|
— 2hqatllAxn — Azl + A2{1A%: — Az[1%))
= Bullxa — 2 + (1 = Ba)(anllu — 2> + (1 = an)(Uxa — 211 + An(An — 20) A%y — Az|1%))
< e — 212 + (1 = Bdaallu — zI> + (1 — @) (1 = Ba)ra(An — 2) Ax, — Az|1%.
By (3.22), we have
(1~ @) (1 ~ r)AnQRat — An) Ay — AZ|2 < flxg — I — [IXns1 — 2I1* + (1 = Ba)aallu — z||%.
Since0 <a<i,<b<2wand0 <c < B <d < 1, we have
(1 - a)(1 - d)ae — Ap)[|Axy — Az|* < %0 — 2|1 = IXny1 — 2 + (1 — Badatallu — z||?
< Ixns1 = Xall (X = ZIl + BXnst — zH) + (1 = Badaallu — z|%.
This implies, by (3.19) and condition (iii), that
Jim [iAx, ~ Az|| = 0.
Since Ty, is a firmly nonexpansive, we have

zn ~ zI? = [T, (Xp ~ AnAXn) ~ Tap (z — AnAA2) 12
((xn - A-nAXn) - (Z - A-nAZ)a Zn — Z)

1A

I

%(u(xn — MnAXy) = (Z = AAD I + l12n — ZI? = [[(Xa — AnAXy) — (2 — ApAZ) — (2o — D)|1*)

1A

%(nxn — 2|2 + l1za — 22 = [|(xn — Za) — An(Axa — AD)|1%)

1 )
5 e —zI2 4 ||z — 2 — X — Zall? + 2Xn{Xa — Zo, AXq — AZ) — AL |AX, — Az|?).

Iz follows that
Hzn — zI® < X0~z = X0 — zall* + 224 l1%, — Zall[| A% — Az]).
2y (3.21) and (3.27), we have

%ns1 — 217 < Ballxa — 2[2 + (1 — Badlaallu — zI* + (1 — ax) iz — 2I°]
< Bullxn — zI1? + anliu — 2 + (1 = Bu)llza — 2|

< Ballxa — 2lI% + agllt — z[12 + (1 = Ba) (IXa ~ 211 = 10 — Zall® + 225 l1X0 — Zall[Axa — Az[})

< e — 201 + anllu — 22 = (1 = Ba)lIXn — Zoll® + 22aliXn — ZalllAXy — Az]].
This implies
(1= B)lixa — Zal? < lixn — ZH? — [ _*ZII2 + anlle — z§1* + 224401y — Zul{ 1Ay — Az]l.
Hence ‘
(1= d)l1%n — zal® < Wng1 = Xall Wn — 20 + Wxng1 = ZI1) + Gnllts — zI1* + 244010 — zall lAX, — Az},
8y (3.19) and (3.25), we obtain
nljfglo [1Xn = zo]| = 0.
Since y, = @yt + (1 — a,)z,, we have |\yp, — za|| = dnllu — zali-

This implies lim,_, o0 l|yn — 2ol = 0.
By (3.14) and (3.29), we have

BSnyn = ¥all < NiSwyn — Xnll + Wxa — Zall + 1127 — ¥all > 0 asn — oo.
Next, putting zg = N, Fap Nepths We shall show that

lim sup{u — z9, y» — z9) < 0.

n—»00

To show this inequality, take a subsequence {y,, } of {y,} such that

lim sup{u — zp, y, — 2p) = lim sup{u — 2, ¥, — Zo)-
k

n— 00 —»00

(322)

(323)

(3.24)

(3.25)

(3.26)

(327)

(3.28)

(3.29)

(3.30)

(3.31)

(332)
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Without loss of generality, we may assume that y,, — @ ask — oo where w € C.We first show w € EP. We taw
Zp, — w ask — o0. Since z, = Ty, (X, — ApAX,), We obtain

1
Fza,y) + (Axa,y — za) + TV -z —x) 20, Wyel
n

From (A2), we have (Ax,, ¥ — Z.) + i(y — Zn, Zn — Xa) = F(¥, Z,). Then

1 -
(.Ax"k’y _Z"k) + A_(y _anyzn; "‘xnk) > F(.V, an)’ Vy eC. 13

e

Putz, =ty+ (1 —t)wforallt € (0, 1]and y € C. Then, we have z, € C. So, from (3.33) we have

Zy; — Xny
(Zl —an)Azt) > (Z( _anrAZ() - (Z( _anvAxn.‘) —\Z _'anv 2 +F(Zh an)
e

Zn, — X
= {2z, — Zn,, A2 — Az} + (20 — Zn,, AZn, — AXp) — (z, — 2y, —*Ti) + F(zt, zy,).
ny
Since ||z, — X, [l & 0, we have ||Az,, —Ax,, || — O.Further, from the monotonicity of A, we have (z; —z,,, Az, —Az, = ©
So, from (A4) we have
(ze —w,Az)) > F(z;, w) ask — oo. 198
From (A1), (A4) and (3.34), we also have

0 =F(z,z) <tF(z,y) + (1 — F(z, w)
S tF(Zhy) + (1 _t)(zt _wlAzt)
tF(ze, y) + (1 — Dty ~ 0, Az,),

hence

0<F(z,y)+ (1 -0y — w,Az).
Letting t — 0, we have

0<Flwy+{y—owAv) VyecC, I35
Therefore w € EP.

Next, we show that w € ﬂf': 1 F(T}). We can assume that

a'l"“]—nr'; €(©,1) and of*" > ol €(0,1] ask— oo forj=1,2,...,N—1 LI

and

o 5 od €[0,1) ask > ooforj=1,2,...,N. g

Let S be the S-mappings generated by Ty, T, ..., Ty and By, B, ..., By where §; = (a";, or’2 a';), forj =1,2,... NS
Lemma 2.9, we have

lim ||Sq,x —Sxj| =0 _ N
k—o0

forallx € C.

By Lemma 2.8, we have ﬂ:.":l F(T;) = F(S). Assume that Sw # w. By using the Opial property and (3.30)and (230w
have

liminf{ly,, — || < liminf|ly,, — Sol
k—o00 k— o0
= ll{n :’lclf("y"k - Sl'lkyl'lk " + "Snk}’nk - Sl‘lkw" + "Snkw - Sw”)
which is a contradiction. Thus Sw = w, S0 w € F(S) = ﬂf':, F(T).

Hence » € (L, F(T;) [ EP.
Since y,, —~ wand w € ﬂ‘:ﬂ F(T{) [} EP, we have

lim sup{u — zg, yn — o) = limsup{u — zo, ya, — Z0) = (U — 29, @ — 2p) < 0. -

n—o0 k—00
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By using (3.3), we have

“xn+l - 20"2 = "ﬂn(xn - ZO) + (1 - ﬂn)(snyn - ZO)"2
< Ballxa — 2012 + (1 = Ba)llys — 2oll?
= BallXa — 20ll* + (1 — Bu)llant + (1 — an)zn — 2o
= Buallxa — 2ol + (1 = Badllan(u — 20) + (1 — €,)(z2 — 20)1|?
< Ballxa — 201 + (1 = B )1 — a0)* 120 — 261 + 200 (u — 20, Yn — 20))
< Balixa — 20l + (1 = Ba)(1 = an)l1za — 2011* + 2(1 — Ba)an{u — 20, ¥n — 20}
< Ballxs — ZO"2 + (1= Ba)(1 —ap)iix, — 20"2 +2(1 — Ba)an(u ~ 2o, yn — Zo)
= (1 - (1= Ba)an)lix. — 20"2 + 2(1 ~ Bp)an(u — 29, Yo — 20).
Since Y 021 (1 — B,)a, = oo and lim sup,_, o, 2(u — 2o, ¥» — Zo) < 0, we can conclude from Lemma 2.3 that
nl_l{go [IXn — 2ol = 0. O

4. Applications

Using our main theorem (Theorem 3.1), we obtain the following strong convergence theorems in a real Hilbert space.

Theorem 4.1. Let C be a closed convex subset of a real Hilbert space and let F : C x C — R be a bifunction satisfying
conditions (A1)-(A4). Let {T;}}, bea f nite family of nonexpansive mappings of C into itself with ﬂf_ F(T) nEP(F) % . For
i=12... Nlta = (al ', o5, o3) be such that oY, o, o’ e[O 1]. a"J’+a;J+a =14} € I, 6]
with0 < < 6; < 1, {ozl } C [y, 1] with0 < ny < 1and {oy”} pRE {a3 ", C 10,65]with0 < 03 < 1. Let S, be

the S-mappings generated by Ty, T, ..., Ty and cxi"), P oM letueC and x; € Candlet {z,) C Cand {x,} C C be
sequences generated by

F(zq,y) + (y ZmZn—X) >0, VyeC,

X1 = ﬁnxn + (1 = Ba)Sn(@qu + (1 —ay)zy), VneN,
where {a,} € [0, 1], {8,} C {0, 1]and {»,} C (0, 2] satisfy the following conditions:

MN0<a=<sr<b<2a, 0<c<fp<d<l;

(4.1}

A
(i) lim —— =1:

10 Any

[o.0]
(iii) lim g, =0, Z; ay = 00
() 1Y — | - 0, and otV — @] - 0asn — oo, forallj € {1,2,3,...,N).

Then {x,} converges strongly toz € ﬂ,-=, F(T;) [ EP(F), wherez = Pﬁ“—n F e Y-

Proof. Put A = 0in Theorem 3.1. Then, from Theorem 3.1, we can get the desired conclusion, O

Theorem 4.2. Let C be a closed convex subset of a real Hilbert space and let F : C x C — R be a bifunction satisfying
conditions (M) -(A4). Let A be an a-inverse strongly monotone mapping of C into H and let m] be a finite family of

nonexpansive mappings of C into ltself with [, F(T) EP # @.Forj = 1, 2,...,N, let {a',"’]" , €10,1), {a =t
[, 61withd < 5, <6, < 1, {al } C e, 1] with0 < 5y < 1, Vn € N. Let W, be the W-mappings generated by
T, T2y . Ty undntl . a, ,...,oz'l"N. Let u € Cand x; € C and let {z,} C C and {x,) C C be sequences generated by

F(za, ¥) + (Axa, y Zn)+ (V"Zn,ln—xn) >0, Wyec,
Xap1 = Bakn + (1 = B)W, (anu + (1 —ay)z;), VneN,
where {a,} € [0, 1], {8.) C [0, 1} and {1} C [0, 2c] satisfy the following conditions:

{H)0<a<i;<b<2a, 0<c<Bp=<d<l;

(4.2)

(ii) lim

=1;
n—00 A-H-H
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[o.o]
(iii) lim a, =0, }___;an = 00;
M=

(i) leJt — | > 0, asn — oo, forallj € {1,2,3,...,N}.

Then {x,} converges strongly to z € ﬂf"= | F(T) [\ EP, where z = Pnay_ JFapneet

Proof. Put oz;'j = Oforallj € {1,2,3,...,N}], andall n € N in Theorem 3.1. Then, by Theorem 3.1 the conchuun
follows. O

Corollary 4.3 ([7], Theorem 3.1). Let C be a closed convex subset of a real Hilbert space and let F : C x C — R be a bifemain
satisfying conditions (A1)-(A4). Let A be an «-inverse strongly monotone mapping of C into H and let T be nonexpesss
mappings of C into itself with F(T) (YEP # 0. Let u, x; € C and let {z,}, {x,} C C be sequences generated by

1
F(zn,y) + (Axn,y — za) + T~z — k) 20, vy e,
i
Xnp1 = BaXn + (1 = Bo)Ti(@u + (1 — @n)za), VREN,
where {a,} € {0, 1], (8.} C (0, 1] and {A,] C (0, 2c] satisfy the following conditions:

H0<a<i,<b<2r,0<c<fB,<d<1

- A
(i) lim — =1;

n—00 A'n+1
[o o]
(iii) lim a, = 0, Za,. = Q.
n—=00 1
n—=

Then {x,} converges strongly to z € ﬂ‘N:, F(T;) (" EP, wherez = Pny_ et

Proof. PutN = 1and T; = T and a;". a;'" = 0VYn € NinTheorem 3.1. Then S, = T. Hence, we obtain the desires st
from Theorem 3.1. O

Remark. In Theorem 3.1, by takingN = 1and o', o' = 0forall n € N, one can easily see that Theorems 4.1, £2 458
Takahashi and Takahashi {7} are special cases of Theorem 3.1.
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ABSTRACT

Aesicle history: In this paper, we introduce and study a new mapping generated by a finite family of non-
Heceived 16 December 2008 expansive mappings and finite real numbers and introduce a general iterative method
Aecepted 3 March 2009 concerning the new mappings for finding a common element of the set of solutions of an
equilibrium problem and of the set of common fixed points of a finite family of nonex-
mmns : pansive mappings in a Hilbert space. Then, we prove a strong convergence theorem of the
m{;’ Po's‘:.fi",’:f::iir proposed iterative method for a finite family of nonexpansive mappings to the unique solu-
Esuilibrium probler tion of variational inequality which is the optimality condition for a minimization problem.
“iscosity approximation method Our main result can be applied to obtain strong convergence of the general iterative meth-
Fa=d point ods which are modifications of those in [G. Marino, H.K. Xu, A general iterative method
for nonexpansive mappings in Hilbert spaces, J. Math. Anal. Appl. 318 (1) (2006) 43-52;
S. Plubtieng, R. Punpaeng, A general iterative method for equilibrium problems and fixed
point problems in Hilbert spaces, J. Math. Anal. Appl. 336 (1) (2007) 455-469; S. Takahashi,
W. Takahashi, Viscosity approximation methods for equilibrium problems and fixed point
problems in Hilbert spaces, J. Math. Anal. Appl. 331 (1) (2007) 506-515] to a common el-
ement of the set of solutions of an equilibrium problem and the set of fixed points of a
nonexpansive mapping.
© 2009 Elsevier Ltd. All rights reserved.
1. Introduction

Let H be a real Hilbert space and let C be a nonempty closed convex subset of H. A mapping T of H into itself is called
monexpansive if |Tx — Ty)| < |Ix—y|l forallx, y € H. We denote by F(T) the setof fixed points of T (i.e. F(T) = {x e H : Tx =
x]). Goebel and Kirk [1] showed that F(T) is always closed convex, and also nonempty provided T has a bounded trajectory.

A bounded linear operator A on H is called strongly positive with coefficient y if there is a constant y > 0 with the
groperty

(Ax, x) > PlIxIi%.

Let {Tg}f.':, be a finite family of nonexpansive mappings with F = ﬂﬁ,l F(T;) # @. Many authors (see [2-7]) introduced
Zerative methods for finding an element of F which is an optimal point for the minimization problem. For n > N, T, is
understood as Ty mod vy With the mod function taking valuesin {1, 2, ..., N}. Let u be a fixed element of H. In 2003, Xu (8]
proved that the sequence {x,} generated by

Xnp1 = (1 = €aA) oy 1Xn + €all

* Corresponding author. Tel.; +66 53 943327; fax: +66 53 892280.
E-mail addresses: beawrock@hotmail.com {A. Kangtunyakarn), scmti005@chiangmai.ac.th (S. Suantai).
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converges strongly to the solution of the quadratic minimization problem

mlnl(.!x,x) = {x, u)

xeF 2
under suitable hypotheses on {¢,} and under the additional hypothesis,
F= F(T‘T] . -TN) = F(TnT\ .a .Tn_1) RS F(T)Tg . .TNT1).

In 2000, Moudafi [9] introduced the viscosity approximation method for nonexpansive mappings. Let f be a contraction s
H and x, € H, define a sequence {x,} recursively by

Xnp1 = (1 — o)X, + 0f (%5), n >0, is

where {g,) is a sequence in (0, 1). He proved that under the certain appropriate conditions imposed on {o,}, the seausns
{x,) generated by (1.1) strongly converges to the unique solution x* in C of the variational inequality

(="', x—xY=>0, VxeCcC. . g *
In 2006, Marino and Xu {10] introduced the following general iterative method:

Xnp1 = (I — uA)Ton + anyf (%), n >0, i
where {«;) is a sequence in (0, 1) satisfying the following conditions:
(C1) @, - O;

(C2) 3-nlg @ = 00;

(C3) either 3 004 1otnyy — @l < 00 OF limy_, 00 mme .

They proved the following theorem:
Theorem 1.1. Let {x,) be generated by algorithm (1.3) with the sequence {a,} of parameters satisfying conditions (C1)— =
Then {x,) converges strongly to x* where x* is the unique solution of the following variation inequality:
{A—yf)x*,x*~2) <0, VzeFT).
Equivalently, we have Peay (I — A + yf)x* = x*.
Let G : € x C — R be a bifunction. The equilibrium problem for G is to determine its equilibrium points, i.e. the sex
EP(G)=[xe€G:Gx,y) > 0,Vy € C}. e

Many problems in physics, optimization, and econormnics are seeking some elements of EP(G), see [11,12]. Several ireranus
methods have been proposed to solve the equilibrium problem, see, for instance, [4,12-15]). In 2005, Combet=: &
Hirstoaga [12] introduced some iterative schemes of finding the best approximation to the initial data when E2C &
nonempty and proved the strong convergence theorem.

Also in [12] Combettes and Hirstoaga, following [11} define S, : H — C by

S,(x):{zeC:G(z,y)+%(v—z,z—x)20Vy eCy, s

They prove that under suitable hypotheses G, S, is single-valued and firmly nonexpansive with F(5;) = EP(G).
In 2007, Takahashi and Takahashi [15] proved the following theorem:

Theorem 1.2. Let C be a nonempty closed convex subset of H. Let G be a bifunction from C x C to R satisfying

(A1) G(x,x) =0Vx e (;
(A2) Gismonotone, i.e.G(x,y) 4+ G(y,x) <0Vx,y € C;
(A3) Vx,y,z € C,

:“T+ Gtz + (1 — 6, y) < G(x, y).

(A4) Vx € C, y > G(x,y) is convex and lower semicontinuous;

and let S be a nonexpansive mapping of C into H such that F(S) (") EP(G) # @. Let f be a contraction of H into itself and let '
and {u,} be sequences generated by x, € H and

1
G(Un-}’)’*'r—(_y—umun—xn)iov Vyec
n

Xnp1 = nf (X5) + (1 — ap)Su,

foralln € N, where {;} C {0, 1] and {r,} C (0, 1) satisfy (C1)—(C3) and lim inf,, 0o T'x > O and 30 Mn — Tl <020
Then {xn} and {u,} converge strongly to z € F(S) () EP(G), where z = Pg(synepccif (2)-
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In 2007, Plubtieng and Punpaeng [13] introduced a general iterative method for finding a common element of EP(G) and
E(S). They proved the following theorem.

Theorem 1.3. Let H be a real Hilbert space, let G be a bifunction from H x H — R satisfying (A1)-(A4) and let S be a
nonexpansive mapping on H such that F(S) [ \EP(F) % ©. Let f be a contraction of H into itself with @ € (0, 1) and let A

e a strongly positive bounded linear operator on H with coefficients y > 0and0 < y < 5 Let {x,} be a sequence generated
yxy€H

G(un,y)+ (v —Un,Up—X) 20 VyeH,
Xpp1 = a,.yf(x,.) + (I — ayA)Sup, VneN,

where up = S;, Xn, {ra} C (0, 1) and {a,} C [0, 1] satisfy (C1)-(C3) liminf, o ry > 0 and Z;"f__l |Fags — ra] < 00. Then {x,}
and {un} converge strongly to z € F(S) ("} EP(F) which solves the variational inequality:

(A—yNz,x—2) 20, VxeF(S)( |EP(G).
Equivalently, we have PF(S) r]EP(G)(I —A+yfz=z.

Question 1. Are the conditions (C1)and(C2) in Theorems 1.2 and 1.3 sufficient for strong convergence of the sequence {x,}?
In 1999, Atsushiba and Takahashi [ 16] defined the mapping W, as follows:
Ut = AaaTi + (1 — A 0)I,
Un2 = An2ToUn + (1 — An)l,
Un3 = An3T3Un2 + (1 — Ap3)],
(1.6)

Unn-1 = Aan—i Ty — Wa vz + (1 = A o)l
Wi =Upn = AqnTnUn vt + (1= A 01,
where {i, ,}” {0, 1]. This mapping is called the W-mapping generated by Ty, T, ..., Ty and Aq 1, Ap2, ..., Ay, In

2000 Takahashi and Shimoji [14] proved that if X is strictly convex Banach space, then F(W,) = ﬂ F(T;), where
D<hyix<l,i=12,...,N.

Very recently, Colao, Marmo and Xu {17), introduced a new general iterative method for finding a common element of
the set of solutions of equilibrium problem and the set of common fixed points of finite family of nonexpansive mappings

in a Hilbert space. They proved that under some sufficient suitable conditions, the sequences {u,} and {x,} generated by
x; € Hand

G(umy)+ 0’ Uy, un"xn) >0 VyEH
Xny1 = Gn)’f(xn) + Bxn + (1 = B)I — €, A1W,u,
converge strongly to a point x* € F whichis an equilibrium point for Gand is the unique solution of the variational inequality,
{(A—yfX,x—x") =0 VxeF[EPG). (1.8)
Motivated by Atsushiba and Takahashi [16], Plubtieng and Punpaeng [13], Colao, Marino and Xu {17], we introduce a new
mapping and apply it to the iteration scheme (1.7) to obtain strong convergence to a common element of EP(G) and F.
Let X be a real Banach space and C a nonempty closed convex subset of X. For a finite family of nonexpansive mappings
T, 15, ..., Ty and sequence {k,,,.-}?' in [0,1)], we define the mapping K, : C — C as follows:
Uni = 21T + (1 — A1),
Un2 == An2T2Un 1 + (1 — A, 3)Un s,
Un.3 = A-n.3T3Un,Z +(1- )vn,3)Un.Zy

(1.7)

(1.9)
Unn-1 = Aano1Tn — Won—2 + (1 = v )Unn-2,
Ko = Upw = Ao nTwUnn—1 + (1 — Aqn)Un n-1.
For x; € H, let {u,} and {x,} be the sequence defined by
G(un,y)+ (y—un,un—x,.)>0 vy eC, (1.10)

xn+l = 6ﬂyf(xn) + ﬁxn +((- ﬁ)l - 6nA)Knun
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In this paper, we prove that if X is strictly convex, then F(i,) = ﬂi, F(T) where0 < A; < 1foreveryi=1,... % -
and 0 < Ay < 1, and under the conditions (C1) and (C2) and some other suitable conditions, the sequences {x,} 2=t

strongly converge to a point x* = Pryep(c) (I — (A — ¥f))x*, where Pr gp(cy : H — F {7} EP(G) is the metric projection & &
onto F{") EP(G).

2. Preliminaries

In this section, we give some useful lemmas that will be used for the main result in the next section.

Let-C be closed convex subset of a Hilbert space H, let P be the metric projection of H onto C i.e., for x € H, Pex savin
the property

lx — Pcx|| = min j|lx — y]|.
yeC
The following characterizes the projection P¢.

Lemma 2.1 (See [18]). Givenx € H andy € C. Then Pcx = y if and only if there holds the inequality
x—y,y—2z)>0 VzeC.

Lemma2.2 (See [8]). Let {s,} be a sequence of nonnegative real numbers satisfying
Sng1 = (1 — Qn)Sn +anﬂm Vn>0

where {a,}, {8y} satisfy the conditions

M) {w) CI0, 1], ) an=00;
n=1

[o¢]
) limsupB, <0 or Y lanfal < 00.
n—0oo0

n=1

Then lim,_, oo Sy = 0.

Lemma 2.3 (See [19]). Let {x,} and {z,} be bounded sequences in a Banach space X and let {B,} be a sequence in [€. T = |
0 < liminf,, 00 Bn < limsup,_, o Ba < 1. Suppose

Xng1 = BaXn + (1 — Bo)zn
forallinteger n > 0 and

lim sup({izns1 — Zall — NXn14 — Xall) <O.
n—-»oo

Theﬂ llmn—yoo "xn —Z ” =0.

Lemma 2.4 (See [10)). Let A be a strongly positive linear bounded operator on a Hilbert space H with coeffices =
0 < p < [|AlI™". Then |l — pAll < 1— py. fficiems

Lemma 2.5 (See [12)). Let C be a nonempty closed convex subset of a Hilbert space H and G : C x C — R satisfy
(A1) G(x,x) =0Vx € C; '

(A2) Gis monotone, i.e. G(x,y) + G(y,x) <0Vx,y € C;

(A3) Vx,y,z € C,

lim+ Gtz + (1 — Ox, y) <Gx, y);
t—=0

(A4) Vx € C,y — G(x,y) is convex and lower semicontinuous.
ForxeHandr > 0,set S, : H— Ctobe

1
Sr(x) = {zeC:G(z,y)+;(y——z,z—x) zo,VyeC}.

Then S; is well defined and the following hold:
(1) S; is single-valued;
(2) S, is firmly nonexpansive, i.e.

IS:(x) — Se M2 < (S:(x) —S;(¥),x—y) Vx,y €H;

(3) F(S;) = EP(G);
(4) EP(G) is closed and convex.
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Lemma 2.6 (See [18]). Demiclosedness principle. Assume that T is a nonexpansive self-mapping of closed convex subset C of a
Hilbert space H. If T has a fixed point, then I — T is demiclosed. That is, whenever {x,} is a sequence in C weakly converging to

somex € C and the sequence {(I — T)x,} strongly converges to some y it follows that (I —T)x = y. Here, I is the identity mapping
of H.

Lemma 2.7. Let H be a real Hilbert space. Then, forallx,y € H,
x4+ y1% < Ixl? + 2, x + ).

Lemma 2.8 (See [20)). In a strictly convex Banach space E, if
Bxll = iyl = x4 (1 = 2yl
forallx,y e Eand X € (0, 1), thenx = y.

Definition 2.1. Let C be a nonempty convex subset of a real Banach space. Let {T;}ff__, be a finite family of nonexpansive
mappings of C into itself, and let A4, ..., Ay be real numbers such that 0 < X; < 1foreveryi = 1,..., N. We define a
mapping K : C — C as follows:
U=0MT + =29,
U = LU + (1 - 22Uy,
Us = A3T3Us + (1 — A3)Us,
@.1)

Uv-1=An_1Ty_1Unz + (1 — Ayq)Un-2,
K = Uy = AnTyUn-1 + (1 — An)Uncy.

Such a mapping K is called the K-mapping generated by Ty, ..., Ty and Ay, ..., An.

Lemma 2.9. Let C be a nonempty closed convex subset of a strictly convex Banach space. Let {T;}\_, be a finite family of
nonexpansive mappings of C into itself with ﬂf.V:, F(T;) #@andlet Xy, ..., Ay be real numbers such that 0 < A; < 1 forevery
i=1,...,N—1and0 < Ay < 1. Let K be the K-mapping generated by Ty, ..., Ty and Ay, ..., Ay. Then F(K) = ﬂ:V:, F(Ty).

Proof. It easy to see that ﬂf':, F(T;) C F(K).Letxq € F(K) and x* € ﬂfV:, F(T;). By the definition of K, we have
liXo — x*|| = [Kxg — x*|| = {IAn(TwUn—1%0 — X*) + (1 — An) (Un—1X0 — X*) ||
< AnlTwUnoixo — x4+ (1 = Ap) 1Un_yxg — X*|
< AnllUn—1xg — X"l 4+ (1 = An) 1 Un—1x0 — X*||
= {[Un-1%0 — x*|l
= fAn—1(Tn—1Un—2X0 — X*) 4 (1 — An—1)(Un—2%0 — x|
< An—1llTv—1Un—2%0 = X*I| + (1 — An—1) | Uy—2%0 ~ X" ||
< An-1llUn—2x0 — x| 4+ (1 = An_1) 1Un—2X0 — X" ||
= ||Un_2% — X*|}

< lUrxo — x*||
= |A(Tixo — x*) + (1 — A1) (%o — x|
< MliTaxe = x*[[ 4 (1 — A lIxo — X7l
< Mallxo — Xl (1= A)llxo — x*|)
= lixo — x*|I. - (22)
This implies that [Ixo — x*|| = |A1(Tixo — x*) + (1 — A1) (xo — x*) |l and [Ixo — x*{| = IT1xo — x*||.
By Lemma 2.8, we have Tyxy = X, thatis xq € F(Ty).

It follows that Uyxg = xg.
By (2.2), we have

A

fIxo — "t = HiUaxo — x* | = WM2(T2Uptg — x*) + (1 — A2)(Usxo — x|
= [[A2(Taxo — x*) + (1 — A2){xo — x) .
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Again by (2.2) together with Uxp = g, we have

flxo —x™{| = A2lToUsxo — x| 4 (1 = X2)[[Usxo — X* ||
= MfITaxg — X" ([ + (1 — A2)lx0 — X"},
which implies |{xg — x*|| = {|Taxo — x*|.

By Lemma 2.8, we have T>xg = xo.
It follows that Uxp = xq.
By using the same argument, we can conclude that Tixg = xg and Uix, = x, fori=1,2,...,N — 1.
This implies that 0 = xg — X5 = Ay (TnXo — Xo)-
It follows that x € F(Ty). Therefore xp € (), F(T). O

Lemma 2.10. Let C be a nonempty closed convex subset of a Banach space. Let {Ti]}V:, be a finite family of nonexpansive mapmmg
of C into itself and {)\,,',-]‘iv=| sequences in [0, 1] such that Ap; — Ai, asn — oo, (i= 1,2, ..., N). Moreover, foreverym € ¥
let K and K, be the K-mappings generated by T\, Ta, ..., Ty and Xy, Az, ..., Anand Ty, To, ..., Ty and Ap 1, An2y - oo b
respectively. Then, for every x € C, we have

lim {|Kzx — Kx]j = 0.
R—00

Proof. Let x € C and U, and U,; be generated by Ty, To,...,Ty and A, Xy, ....An, and Ty, Tp, ..., Ts @
An1, An2, .- ., Apn respectively. Note that
$Un1x — Upx|l = (A1 — A)Tix — (Ap,y — Ag)x]|
< g = AllITyx — x}f.

Fork € {2, 3, ..., N}, we have

(U ix — UiXll = AngTicUn k—1x + (1 — ApdUn—1X — A TeUp—1x — (1 — AU x|
= Ak TkUnk—1X 4+ Ap ik TeUk—1% — Aa g TkUr—1X + Ap kUk1X — An g Uk—1Xx
+ (1 = A Un k1% — LTl 1x — (1 — ) Up i1l
= | An o (TiUp k1% — TelUp1X¥) + (Mg — M) Tl ax — (1 — Ap ) U 1x
+ (e = An k) Uk1X + (1 = R ) U 1 X}
< AaliTeUn k1 — Tl gl + 2o — M T U x|l
+ (1 = A ) WUn k= 1% = UpaXl + e — X il Ur—ax])
< AnkllUng—1x — Ugaxll 4 (0 = 2pid WUnk—1X — Ueaxl] 4 {An ik — Al (I Tl <1 X + | Up—q B0
= [Unk-1X — UraXll + [Xa e = Ml QI TelUi—1 X0} + 1 U—1x1]).

It follows that
IKnx — Kx|| = |Uq nx — Upxll < WUpn—1X — Unca Xl 4+ (A v — AT Un-sxll + U= ax)

< NUnn=2% — Un—2xli 4 1Ann—1 — AN—t /(I Tv— 1 Un—2x1l 4+ [[Un—2x1)
+ | Xan — AN TwUn—1xll + 1Un— X1

N
= Unn2X = UvoaXll + ) 1hng = HIUTU;-1xl + 1Uj-xl)
j=N—1

N
< Unax = Ul + Y Ihay = MICUT Uil + 1051l
i=2

N
< Py = MliTax = xll + ) Py = MIAT U axl + (U axl).
=2
Since Ap; — Ay, asn— oo, (i=1,2,...,N)itfollows that limp_, o |[Kex —Kx|| = 0. O

Lemma 2.11. Let H be a Hilbert space, C a closed convex nonempty subset of H,'{T,]f-v=1 a finite family of nonexpansive
from H into itself with F = ﬂ:.vzl F(T;) # @, and let G : C x C — R be a bifunction satisfying (A1)-(A4). Forevery = =
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K, be a K-mapping generated by Ty, ..., Ty and An1, . . ., Aoy With {A.,,,;},“:, C [a,b]where 0 < a < b < 1, For a sequence
{ra}in (0, 00), let S;, : H — C be defined by

1
S,,,(x):{zeC:G(z,y)+r—(y—z,z-x)ZO,VyeC].
n

Ifliminf, oo rp > 0, lima_, oo 7:_1 = 1andlimy_, 00 JAni — An_1il =0Vi€ {1,2,3,..., N}, then
(1) nl—l->nolo "Kn+lsr,|+| Wp — n+lsr,-. Wyl =0,
@) lm Koy — Kwpll = 0
n—o0
Jor every bounded sequence {w,} in H.

Proof. By using the nonexpansivity of K, 1 and the proof of Step 2 in Theorem 3.1 of {17}, it can be shown that (1) is satisfied.
Next, we show (2).Forj € {2,..., N — 2}, we have
"Un+l,N-jwn ~ Up n—jwnll = “An+1,N—jTN—jUn+I,N—j—Iwn +(1- An+1,N—j)Un+l,N—j—-lwn

—~ A N=iTN—jUnN—jm1Wn — (1 — Aq n—p)Un n—j—1 Wall

= [Ant 1N TNjUnt 1N —j=1Wn — Anga NojTN—jUn N—j—1 Wn
+ Ant 1 N-j IN-jUn N—j—1Wn — Anpa,N=jUn N—j—1Wn
F AnptNojUn i twn + (1 = apy v Un t Nejm 1 Wa
— AN TN jUn n—j1Wa — (1 — Ag N )Un N—j—1Wn )]

< Mot NN = Un 1 —j-1Wn — T jUn n—j— 1wl
+ (1 = A N D NUnp i n—jc1 W — Up njo 1wl
+ [Anpin—j — ANl I TN Unv—jo1Wall + 1A 1~ — Aol TUn n—j—1wall

< WUngin—jm1Wn — Un nojoawall + MAnga n—j — Ann—jl (2.3)
where M = SUP{Z'Lz(IITjUnJ—Iwn Il + "Un,j—lwn") + ITiwall + llwell} < oo.
By (2.3), we have
Knp1wn — Kywall = HUnp1nWe — Up v well
< WUnpan—1Wa — Upn—aWall + MAn § — Aan]
< WUnpain—awn — Ugnoawnll + MAp vt — Aanv—i] + MiAngan — Agl
(2.4)
N
= M Z lAn+lJ - An.jl + "Un+l,lwn - Un.lwn”,
=
and
War1,1wn — Upqwall = 2 pi 1 Tiwn + (1 — App,0)Wa ~ g Tiwn — (1 — An 1) whll
< Ay — A-n.l”llen" + |A-n+1,l = An, 1wl
< g1 — AnaIM. (2.5)

By (2.4), (2.5) and the condition limy,_, o {An41,i — An,i} = 0, we can conclude that

N
IKnt1n — Kawnll SM Y fAngrj—Aagl = 0 asn— oo.
=1

Hence (2)is satisfied. 0O

3. Main result

In this section, we prove the strong convergence of the sequences {u,} and {x,} defined by the iteration scheme (1.10).

Theorem 3.1. Let H be a Hilbert space, C a closed convex nonempty subset of H, {T;)}.., afinite family of nonexpansive mappings

fromHintoitselfwith F = ﬂf: LF(T) # 0,G : C xC — Rabifunction satisfying (A1)-(A4) with F [ EP(G) # @, Aa strongly
positive bounded linear operator on H with coefficient ¥ and f an a-contraction on H for some 0 < o < 1. Moreover, let {¢,}
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be a sequence in (0, 1), {An;)}, sequencesin [a, b)) with0 < a < b < 1, {r,} a sequence in (0, o) and let y and B be twe e
numbers such that 0 < B < 1and 0 < y < L. Assume that

(i) the sequence {r,} satisfies

'n

(D1) liminfr, > 0 and (D2) lim =1,
n—o0

n— 00 r,.H_]
(iii) the finite family of sequences {1}, satisfies
(E1) lin;o [Ani —Anoy,il =0, Vi={1,2,3,...,N},
n—

(iii) the sequence {¢,} satisfies

o0
€1 lim &, =0,  (C2) Ze,, = 00.

n=1

Foreveryn € N, let K, be a K-mapping generated by Ty, . .., Tn and Ap 1, . . ., Aoy and let {x,) and {u,) be sequences
by x, € C and

1
{G(umy)+r_(y—un, Un—Xn)ZO, V}’EC'
Xot1 = €y f () + Bxa + (1 = B)I — €xA)Kity,

where f : H — H is an a-contraction. Then both {x,) and {u,) converge strongly to x* € F = ﬂf;l F(T;) where =" |
equilibrium point for G and is the unique solution of the variational inequality (1.8), i.e,,

X' =Prnere(I — (A — yN)X*.

Proof. By Lemma 2.5, it follows that for every n € N, there exists a nonexpansive mappingS;, : H — Hsuchthate, =
and EP(G) = F(S,,). Whenever needed, we shall write scheme (3.1) as
Xni1 = &yf (%) + Bxa +[(1 — B) — an]KnSr,.xm
Moreover, we shall assume that e, < (1 — B)JAll"" and 1 — €,(¥ —ay) > 0.
Observe that, if ju}]] = 1, then
(=PI —€xA)u, u) = (1 — B) — €p(Au, u) > (1 — B — €, liAl) > 0.
By Lemma 2.4, we have '
A=l —€Al <1—-8—ev.
We shall divide our proof into 7 steps.
Step 1. We shall show that the sequence {x,} is bounded.
Let v € EP(G) () F. Then
%ne1 — vl = ll€ayf (xn) + Bxn + (1 = B — €nA)Knlty — vl
= [((1 = B)I — €, A) (Kntty — v) + B(Xn — V) + €a(yf (xa) — AV)]|
= [((1 = B)I — €AY (Kntty — V) + B(Xq — V) + € (¥f (xa) — Y[ (V) + €a(yf(v) — AV)||
<1~ Bl — Al "Knsr,.xn — KnS,vll + Bllxy — vl + eayellxn — vl + &llyf(v) — Av|
< (=B =) —v]+ Blixn — vil + enyallxs — vl + enllyf (v) — Avlt
= (1 —en(¥ — yo))lixn — vl +eallyf (v) — Avll
€y —ya)

+ (1 —&F —ya)|x, — vl + — lyf (v) — Al
Yy — Yo
= maX{llx,, — vl L‘Z’f_ﬂ:’“_"”] '
o

By induction we can prove that {x,} is bounded and also {Ax,) and {u,}.

Step 2. We will show that lim,_, o6 [1Xa31 — %[l = O.
Define sequence {z,} by z, = —‘?'ﬁ(x,m — Bxy).
Then Xpq1 = By + (1 — B)zn.
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Since {x,} is bounded, we have, for some big enough constant M > 0,

1
Wz — 2l = 7= 5 WXn42 — BXnp1 — (Xnp1 — BXa)|
1
=1 Fi Neng17f Xag1) + (1 = B) — €np1AYKnsrttngr — (€ f (xz) + ((1 — B)I — €xA)Kup) |l

1
= .l_:"g"y(fn+lf(xn+l) - an(xn)) + ((1 - ﬂ)l - e‘n+lA)Kn+lun+l - ((1 - ﬂ)l - GHA)K,,U,-,"

1
= 'i':"ﬂ'"y(fn+lf(xn+l) — enf (%)) + (1 = BY(KnsaUnp1 — Kitin) — (€ng1AKny1lingr — €:AK U

1
= . " Zﬂ(€n+lf(xn+l) — €nf (%n)) + (Kns1Uip1 — Katin) — P ﬂ(€N+IAKn+lun+l — €nAKyity)
Yy 1
=< 1-§ Entr If Gap )l + €alf G 1D + 1Kps1tng 1 — Kpupll + 1—8 (€ns1lAK 1 Un 1 | + €allAK U ])
=< Kn41SrpqiXnt1 — KaSrpXall + M(€n + €n41)
=< "Kn+lsr,,+lxn+l - Kn+lsr.+|xn" + "Kn{-‘lsr,.ﬂxn — KnSrpXnll + M(€q + €nq1)
=< "xn+l - xn" + "Kn+lsr,,+|xn - rr+Isr,.7‘nH + "Kn+lsr,.xn - Knsr,.xn" + M(fn + €n+l)-

By condition on {¢,} and by Lemma 2.11, we can conclude that

lim sup(llza41 — Zell — IXes1 —x2)1) < 0.
n—-o00
By Lemma 2.3, we obtain

lim [|x, — z,]| = 0.
n—oo
This implies

lim ||Xp41 — Xl = (1= B) lim |ix; — za)l = 0.
n—o0 n—co

Step 3. We will show that lim,,_, o, {iXn — Kl = 0 where u, = S;, X,
Since
"xrl - Knun'" =< "X" - xn-H" + "xn+l - Knun "

= "xn — X".H" + Ilfnyf(xn) + ﬂxn + (1 - ﬂ)Knun — € AK U1, — Knun"
< IXn — Xap1 ]l + €a “)’f(xn) — AKqup|l + Blixn — Kntnll,

we have

1
a-p8
By (C1) and Step 2, we obtain limy_, oo ||Xn — Knltall = 0.

Step 4. We shall show that lim,_, o l|Xn — Sr, Xl = 0.
Let v € F (}EP(G). Since S, is firmly nonexpansive, we have

"xn - Knun" = ("xn + Xn4-1 " + €n ||)’f(Xn) "AKnun ")

2
v = SraXall> = WSrv — Sroall®
=< (sr,.v - Sr,,xm v — xn)

1
5 (ISry%n = l? + 10 — vlI% = ISr%a — Xall?).
Hence
1Sra%n — V1% < lxa — VIZ = UISraXa — Xall®. (32)

Setyn = vf(xa) — AKyu, and A > 0 be a constant such that

A> Sl:P{II.Vle llxe — vlf}. (33)
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By (3.2) and (3.3), we have

"er—l - v"2 = an)’f(xn) + ﬂxn + ((1 - ﬂ)’ - 6-nA)Knun - v"2
= [ = B — €aA)(Knltn — v) + B(Xy — V) + €a(¥f (xa) — AV)])?
= [l(1 ~ B)(Kaltn — ¥) — €xAKnlin — ¥) + B(Xa — ) + €a(¥f (%) — AV)|I?
= [1(1 — B)(Kaltn — v) + B(Xn — ) + €a(¥f (Xa) — AKqua))II
< - ﬂ)(Knun —v)+ ﬂ(xn et v)llz +2€n(Ynxxn+l - )
< (1 = B)(KnSraXn — ) + B(Xa — V)| + 26,47
< (1= B)IKaSryXa — VIP + Blixa — vIf2 + 26,1
< (1= B)ISryXn — VI + Bllxa — vIf? + 26,17
< "xn - 1)"2 - (1 - ﬂ) "Sr,.xn _‘Xn"2 + 26,-,}.2.

1t follows that
O 7t = VI = s = oI + 2610
= ﬁ((ux" — 0l = Wt = V1) = 0l + s — VI + 2€422) |
< 1—1-5(||Xn+| — Xl — 0+ s — vl + 26002). |

By [[Xp41 — Xa]l  Oand e, — 0, asn — oo, we obtain that
fim {[x, — Srnxn =0
n—-oo

Step 5. Let w(x,) be the set of all weak w-limits of {x,}. We shall show that w(x,) C F () EP(G). It is a consequence of Step & '

and [12, Lemma 2.13] that w(x,) C EP(G).
So, it remains to prove thatz € F. To see this, we observe that we may assume that

Ak = A €(0,1) asm—>ook=1,2,...,N).
Let K be the K-mapping generated by Ty, Tz, ..., Ty and A4, ..., Ay, then by Lemma 2.10, we have, for every x € C,

Kppx — Kx asm — oo. EL

We will show thatz € F = ﬂiv:‘ F(T;). Assume that there existsj € {1, 2, ..., N} such that z 3 T;z. By Lemma 2.9, we haw
z # Wz.Sincez € EP(G) = F(S,,), by Step 3, (3.4) and Opial’s property of Hilbert space, we have

liminf [|x,, —z|| < liminf{|x,, — Kz|
m—o00 m—00

< minfQlXn, — KunSeag X | & WKno St Xnm = K S 21|+ 1K Sra 2 = K211}

Tam

< liminf ||x,, — 2}l
m—o0

This is a contradiction, thenz € F = ()i, F(T}).
Step 6. Let x* be the unique solution of the variational inequality,
(A—yx",x—x") 20, VxeF[)EP(G). : as

We shall show that lim sup,,_, ., ((yf — A)X*, x, — x*) < 0.
Let {xn, } be a subsequence of {x;} such that

kl_i'n;o((yf ~ A", Xy — x*) = limsup{(yf — A)X*, X, — x*). (3%

n—>oo

Without loss of generality, we may assume that {x,,} weakly converges to some z in H. By Step 5,z € F [ EP(G). o
combining (3.5) and (3.6), we get

lim sup((yf — A)x*, o —x") = lim ((yf — A, o, —x")

((yf —AX*,z—-x") <0 am

as required.
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Step 7. Finally, we will show that the sequences {x,} and {u,} converge strongly to x* € F () EP(G). Let x* be the unique
fixed point of the mapping Pryep(c) (I — (A — ¥f)), i.e the unique solution of the variational inequality {1.8). By Lemmas 2.4

and 2.7, we have }
IXp41 — x‘llz = l€xyf(xa) + Bxa +((1— ﬁ)l — €,A)Knuy — x* "2
= (1 — B) — €aA)(Knlty — X*) + Bxa — X*) + €a(yf (xa) — AX)|?
< (A~ B — €xA) (Knttn — X*) + B(Xa — XM + 262 (yf (%) — AX", Xnpq — X°)
_ [ = BXQ = B)I — eah) (Kt — X°) Nk
_I} a-p PG =)
+2eny (f () — FX*), Xnp1 — X*) + 26 (Y S (X*) — AX", Xy — X7)
(1 — B — exA)(Kntty — X*) I'
1 —_
<(@1-p a-p
+2enyafixy — X | ixnpy — x°| + 2€a (¥F(X*) — AX*, Xppy —X*)
< 11 — B — €AY (Kqua — x‘)ﬂz
- a-p
+ 26y allxn — X |Xnpr — X*N + 26, (V] (x*) — AX*, Xpp1 — X¥)
A =B — eati?

+ BlIxa — x°|I?

+ ﬂ"xn - X‘HZ

IKnttn — €I + Bllxa — "1

=T a-p
+enyallxe — X2 + Ixnpr — X U2V + 260 (Pf(X*) — AX*, Xoyy — X*)

< ““(%g)"l)zuxn — P+ Bl — K1 + €ayaiitn — I + Ixns1 — 1)
+ 2en(y (%) — AX", Ky — )

= (% +8+ enya) % — X*I? + €nyelitner — x*|12

+ 260 (yf (") — AX*, Xnyy — X7)
_ ((1 - B’ —2(1— Py + &7°
- (1-8)
+2€n(yf(xt) — AX*, Xn+1 -—X‘)
_ ., a7
= ((l_ﬂ)_2€ny+ a—p)
+2ep(yf(x*) — AX®, Xnyy — X¥)

+8+ enya) X — X*I? + €ny ellXgs — x*|I?

+B8+ 6,,}/(!) [1Xn —X‘IIZ +enyallXns — X "2

62_2 .
= (1 - Q¥ —ay)a+ (l'flﬁ)) n = XU + €ayelitnss — X 1* + 260 (yf () = AX", Xnpy — X7),
which implies
Booss =1 < —— (1 27 — aven + ~2 ) oo = K+ ——— Qealy () = A Xags — )
n+1 = 1 eya Y —ay)én 1-3) n 1—epe nlY. » Xnp1
1
= ————((1 ~ Q27 — ap)e))lxa —x*|?
1—-¢eya
6272 5
+ T—:—y“x‘ (an(}’f()‘*) — AX*, Xnp1 — XY + (1" ) flxa — x*[l )
en _
1
= —— (1 =267 +ayen)llxn — x*||2
1—6,.}'(1( nY Y n)” n Il
* * * 6372 * 12
+m 2en(yf (") = AX*, Xpp1 — X°) + a ﬂ)llxn—x il
e _
1
= ———(1— 26,7 4 2ayen — ayen)llx, — x|
1—eya

2 *) — AX*, Xpy1 — X°) + w7 lIx —x"llz)
a(fn(:"f(x)_ » Xn41 1-p) n
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1
T 1 €pya
€n

+ () — A", Xog1 — %) + 2T |12
Tya( (yfx s Xng1 ) flXe — x| )

(1 —ayen — 26,7 —ay)) X — x* "2

26, (Y —ay) 2 €n €n¥?
={1- Xp — X*|F + ————— | 2(yf (x*) — Ax*, xpyy — X* Xy —x°
( ey ) P+ T (207 ) w1 =X+ o ﬂ)u" “F}
2¢ 2(y -
(1 2@ —r) % — 2 + F=-oy) e
1—eya 2(y —ay) 1 —eya
* * * 6"72 * 2
X\ 2(7f (") — AX*, Xngy —XT) + a _ﬂ)llxn~x [
2 — 2¢ —-a
={1- M) fIXe — x*112 + _Lu
1—epya 1—é&ya
X*) — AX*, Xpqp1 — X* €7
. (()’f( ) n+1 ) + nY s —x*||2> ) am
7 —ay) 20 - BYy —ay)
We can rewrite (3.8) as
[1Xr41 —X"llz < (1 =&)Ixa —x* "2 + Endn
— 2ea@—ay) (P ) —AX® Xp g1 =%%) V> 2
where &, = TGYL;’ and 8, = ( el o Nl—;)(?—ﬂr) (X, — x*14).
By our hypotheses it is easily verified that } o_, & = o0 and lim sup,,_, , 8, < 0.
Therefore, by Lemma 2.2, we can conclude that |1x,, —x*|—= 0.
Since |lu, — x*|| = IS, X0 — X*|| < ||Xn — x*|\, it follows that u, — x* in norm. This completes the proof. O

Remark. (1}Ifwetake N = 1,T; =S and G(x,y) =Oforallx,y € Candr, = 1for all n € N, then the iterative schems
(3.1) reduces to the following scheme:

X1 €H, Xapy = €y f(%n) + Bxn + ((1 — ) — €,A)Sxn, 3%

which is a modification of the iterative scheme (1.3) and by Theorem 3.1 we observe that the conditions (C1)and (CZ o
sufficient for strong convergence of the sequence {x,} generated by (3.9) to a fixed point of S.
(2)IfwetakeN=1,Ty =SandA =1, then the iterative scheme (3.1) reduces to the following scheme:

xy€C,
1

G(“m.Y)"‘;_—(y_un-un_xn) ZO, V,VEC. rl.
n

Xn1 = €nf (Xn) + BXn + (1 — B — €a)Sup,

which is a modification of the scheme in Theorem 1.2 defined by Takahashi and Takahashi [15), and by Theorem 3 & w
obtain strong convergence of the sequence {x,} generated by (3.10) under the sufficient conditions of Theorem 12 W
without the condition (C3). I

(3)If we take N = 1 and T; = S in Theorem 3.1, the iterative scheme (3.1) reduces to the following scheme:

X; €H, G(un,y)+ (y Up,Up —Xy) >0, ¥YyeH,
X1 = €q¥f (xn) + ﬂxn + (1 = B) — €,A)Suy,

which is a modification of the scheme in Theorem 1.3, and by Theorem 3.1, we obtain strong convergence of the sequsns
{x,} generated by (3.11) under some sufficient conditions without the condition (C3).

(i3l |
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Let X be a real uniformly convex Banach space and C a closed convex nonempty subset of X.

Let {T;}7, be a finite family of nonexpansive self-mappings of C. For a given x; € C, let {x,}

and [xf,i)}, i=1,2,...,7, be sequences defined xf,o) = X, x,(.l) = af'll)Tlx,(,o) +(1- aflll))x,(,o) , xf,z) =

2 1 2 2 2 -1 -2
af,z)sz,(,) + af'l)Tlx,, +(1- “f.z) - afd))x,., ey X = 27 = QT A0 af"()r_l)T,.-le,' U
af,'l)Tlx,. +(1- afl'()r) - “f-r()r_u ———— afl'l))x,., n > 1, where af",.) €01} forallje (1,2,...,r},neN

andi=1,2,...,j. In this paper, weak and strong convergence theorems of the sequence {x,} to a
common fixed point of a finite family of nonexpansive mappings T; (i = 1,2, ....,r) are established
under some certain control conditions.

Copyright © 2009 S. Imnang and S. Suantai. This is an open access article distributed under
the Creative Commons Attribution License, which permits unrestricted use, distribution, and
reproduction in any medium, provided the original work is properly cited.

1. Introduction

Let X be a real Banach space, C a nonempty closed convex subset of X, and T : C —» Ca
mapping. Recall that T is nonexpansive if |[Tx - Ty|| < |[x -yl forall x, y e C.LetT; : C —
C, i=1,2,...,r,be nonexpansive mappings. Let Fix(T;) denote the fixed points set of T;, that
is, Fix(T;) := {x € C : Tix = x}, and let F := (", Fix(T}).

Foragiven x; € C,and afixed r € N (N denote the set of all positive integers), compute
the iterative sequences {x,(,o) 1, {x,(,” |9 {xf.z) | P {x,(,’) | by

©)
Xp = Xn,

M = AV + (1 - aflﬁ))x(o)

nl n



2 International Journal of Mathematics and Mathematical Sciences

(2) = a(Z)T xf,l) + a( )T 1%y + (1 - aflzz) (2)>x,,,

nl

1 -2
Xpsl = (r) = an)T o )+ (r(), 1)Tr lezr ) . f,rl)Tlxn

(r) (r) (r)
(1 Quiry = Aprpy — "~ 4 )x,,, n>1,
(1.1)

where a¥) € [0,1] forall j € {1,2,...,r},n e Nand i = 1,2,...,j. ¥ a¥ := 0, for all n € N,

jel{l,2,...,r-1}jandi=1,2,...,j, then (1.1) reduces to the iterative scheme
Xp4l = SuXn, n2>1, (1.2)

where S, := al)T, +an()r pTr-1+ T1 +(1- an(r) f"()r " ---—a('))I a(') € [0,1] for all

i=1,2,. ..,.randne N.
Ifafl’i) :=0,forallneN,je{1,2,...,r-1},i=1,2,...,jand af{i) = aq;, for all n € N for
alli=1,2,...,7, then (1.1) reduces to the iterative scheme defined by Liu et al. {1}

xn+1 = sxnl n 2 1/ (1'3)
where S = a, T, + a1 Ty + -+ h+(1—a, —a,y — - —a))l,aq; > 0foralli = 2,3,...,r
and 1 ~a, —a,j —--- —a; > 0. They showed that {x,} defined by (1.3) converges strongly to

a common fixed point of T;, i = 1,2,...,r, in Banach spaces, provided that T, i = 1,2,...,r
satisfy condition A. The result improves the corresponding results of Kirk [2], Maiti and Saha
[3] and Sentor and Dotson [4].

Ifr =2and a(z) := 0 for all n € N, then (1.1} reduces to a generalization of Mann and

Ishikawa iteration given by Das and Debata [5] and Takahashi and Tamura [6]. This scheme
dealts with two mappings:

xf,l) = a( )T Xy + (1 a(11)>x,,,
(1.4)
Xps1 = xf,z) = afzzz)T xf,l) + (l - a%)x,,, n>1,

where {a(l)} {a(z)} are appropriate sequences in [0, 1].

The purpose of this paper is to establish strong convergence theorems in a uniformly
convex Banach space of the iterative sequence (x,} defined by (1.1) to a common fixed
point of T; (i = 1,2,...,r) under some appropriate control conditions in the case that one
of T; (i = 1,2,...,r) is completely continuous or semicompact or {T;};.; satisfies condition
(B). Moreover, weak convergence theorem of the iterative scheme (1.1) to a common fixed
point of T; (i = 1,2,...,7) is also established in a uniformly convex Banach spaces having the
Opial’s condition.
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2. Preliminaries

In this section, we recall the well-known results and give a useful lemma that will be used in
the next section.

Recall that 2 Banach space X is said to satisfy Opial’s condition [7] if x, — x weakly
asn — oo and x#vy imply that limsup,, _,  llxs = x|| < limsup,_, __llx, — y|l. A finite family
of mappings T; : C — C (i = 1,2,...,r) with F := \;Fix(T;) # @ is said to satisfy condition
{B) [8] if there is a nondecreasing function f : {0,00) — [0, ) with f(0) = Oand f(t) > 0
for all t € (0, o) such that maxygie, {{lx — Tix|l} > f(d(x, F)) for all x € C, where d(x,F) =
inf{flx-pll : p € F}.

Lemma 2.1 (see [9, Theorem 2]). Let p > 1, r > 0 be two fixed numbers. Then a Banach space X
is uniforinly convex if and only if there exists a continuous, strictly increasing, and convex function
8 :[0,00) — [0, ), g(0) = O such that

e + (1 = Dyl < Aledl” + @ - Dyl - wpDg(flx -yh), (21)
forallx, yinB, = {xe€ X : ||x}{ <r}, 1 €][0,1), where
wp(A) = A1 =AY +AP(1-1). (2.2)

Lemma 2.2 (see [10, Lemma 1.6]). Let X be a uniformly convex Banach space, C a nonempty closed
convex subset of X, and T : C — C nonexpansive mapping. Then I — T is demiclosed at 0, that is, if
xn — x weakly and x,, — Tx,, — 0 strongly, then x € Fix(T).

Lemma 2.3 (see {11, Lemuma 2.7]). Let X be a Banach space which satisfies Opial’s condition and
let {x,} be a sequence in X. Let 1, v € X be such that limy_, .|| xn — tlf and litn .|| xn — v| exist.
If {x} and [x.,} are subsequences of {x,} which converge weakly to u and v, respectively, then
u=v.

Lemma 2.4. Let X be a uniformly convex Banach space and B, = {x € X : ||xlf < r},r > 0. Then
for each n € N, there exists a continuous, strictly increasing, and convex function g : [0,00) —
[0, 00), g(0) = O sucl that

< Nailil? - ayasg e - 22, 23)
i=1

n 2
Za;x,-
i=1

forall x; € B, and all a; € [0,1] (i = 1,2,...,n} with 3,7 a; = 1.

Proof. Clearly (2.3) holds for nn = 1,2, by Lemma 2.1. Next, suppose that (2.3) is true when n=
k-1.Lletx;jeB,anda; € [0,1], i=1,2,. kthhZ, 124 =1. Then ax, /(1 - Z,_ 2 0:) Xpe-1 +
ax/(1 - z,'.‘ja,-)xk € B,. By Lemma 2.1, we - obtain that

2
g1 x
k2 k-1+

Xk
1=Dyqai - 1- le“:

Sl e @Y
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By the inductive hypothesis, there exists a continuous, strictly increasing and convex function
8 :[0,00) — [0,00), g(0) =0 such that

2 ga
wil| < Zlﬁ" Hyill® - BiBag (Jlya - v (2.5)

forally; € B, and all §; € [0,1], i=1,2,..., k-1 with z ﬁ, =1. It follows that

k=2 k-2
Za,-x,- + <1 - Za,—) < Fh-1Xk-1 + ak:’iz >
i=1 i=1 Zx—-l 71— Z.—] a;

P k-2
A-1Xx-1 apxy
< aillxl+{ 1- Zm) S -
ps i=1 -3a 1-3a

k-2 k-2 2 2
< S + <1_Zai><ak4nikh;n , el )—alazg(llxl—lel)
i=1

i=1 i=1 & 1~ zi— a;

2 2

k
Za,'x,-
i=1

2

= mazg(flx1 - x2ff)

k
= > aillxl? - a1aag(fix - x2l)).
i=1
(2.6

Hence, we have the lemma. ]

3. Main Results

In this section, we prove weak and strong convergence theorems of the iterative scheme (1.1)
for a finite family of nonexpansive mappings in a uniformly convex Banach space. In order
to prove our main results, the following lemmas are needed.

The next lemma is crucial for proving the main theorems.

Lemma 3.1. Let X be a Banach space and C a nonempty closed and convex subset of X. Let {T;}i_,
be a finite family of nonexpansive self-mappings of C. Let a,(,".) € {0,1] forall j € {1,2,...,r},neN
and i = 1,2,...,j. For a given x1 € C, let the sequence {x,} be defined by (1.1). If F #0, then
1xne1 = pll < ll2¢n = pll for all n € N and limg_. - ||xn — p|| exists forallp € F.

Proof. Let p € F. For each n > 1, we note that

|| s T + (1 - @)
| Tixn - pll + (1-a) [l -l
<a”llxn pll+ (1-a)llx - pll

= llxa Pl

(3.1)
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It follows from (3.1) that

X _p"= 2x® 4 09Ty, + (1 a? - f,zl))xn-;’"
D p il (el pl
< ||~ || + a@llx, - pll + (1= a2 - @) o -
< Jlxa - pll-
By (3.1) and (3.2), we have
“ " G, x(2)+ast32)T2x(l) (3)T X + (1 a3 (3) 513)) P"
Sag)“Tgxf,z)—p +af'32)||T2xf,1) " a® | Tuxa - pl
(1,,3 o) - o
<< |+ a2 ] + -]
(1 a(3) (3) (3))"x" Pl
< Jlx -l
By continuing the above argument, we obtain that
159 -] < I -pll Vi=12,....n ¢4

In particular, we get ||xa+1 — pll € llxn = pl| for all n € N, which implies that lim,, _, [lx, — p||
exists. O

Lemma 3.2. Let X be a uniformly convex Banach space and C a nonempty closed and convex subset of

X. Let {T;}_, be a finite family of nonexpansive self- nappings of Cwith F#9 and a ) e [0,1] forall

jel{l,2,...,rl,neNandi=1,2,...,jsuch thatZ 1a(’)r:ms'm {0 1]forallje [1 2,...,r)and

neN. Fora gzven x1 € C, let {x,} be defined by (1.1). If 0 < hmmf,,..ma il lunsupn_,m(af,'(),)
(r)

an(r—l) R nl ) <1, then

() My oo [ Tix ™ — xu|| =0 foralli=1,2,...,r,

(ii) imy o o [[Tixn = xul =0 forall i =1,2,...,7,
(iii) limpo ool — x| = O foralli=1,2,...,7

Proof. (i) Let p € F, by Lemma 3.1, sup,||x, — pll < oo. Choose a number s > 0 such that
Supnllx,,—p" <5, itfollows by (3.4) that{x"’-p} (Tix¢V-p} C B, foralli€ {1,2,...,r}. O
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By Lemma 2.4, there exists a continuous strictly increasing convex function g
[0,%0) — [0, 00), £(0) = 0such that

2 n
< Saillxill? - araag(lixn - xall), (3.5)
i=1

n
2
i=1

forall x; € B;, a; € [0,1) (i = 1,2,...,n) with 3}1,a; = 1. By (3.4) and (3.5), we have for
i=1,2,...,r

s = = 0T 4 a0 T,ax2 4t T,
(1 a;(xr()r) Sl?r-—l) "'—affl’>xn ‘P"2
< 2o o+ s o]
af"l)IITlx,, “Puz + (1 - aflr()r) f:()r-x) e a )llxn P"
(1= a -y - s ([T )
< a5 P"Z + aft?r-—l)l X ‘P”z Foeet as:rl)”x" ‘P”z 36)
(1 af-r()r) ailr()hl)_'”—afrrl))"x"—pnz
(r)(l af.r()r) irr()r—l) ---—a(’))g( T 1)_x”||)
< aflxn —pl’ +afi?r—])“x" =pl* +--+ad lxa - p|’
(1 a:?r) "f.?,-n el (r)) [l - P"
~a) (1~ ag, ~af - ~-~af,’1’)g(]|Tx“ D —xl)
= llxn—P|l2 (r)<1 af.'()r) n(r—-l) "'_a(r))g(“Tx(l V- xy )
Therefore
TR | PR S
foralli = 1,2,...,r. Since 0 < liminf,,_.wa(” < llmsup"_,w(a"(r) f"(’r et aflrl)) <1,

it implies by Lemma 3.1 that limy g (|| Tixx x¢™ — x,]|) = 0. Since g is strictly increasing and
continuous at 0 with g(0) = 0, it follows that hm,,_.wllTx(l D _xall =0foralli=1,2,...,7
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(ii) Fori € {1,2,...,r}, we have

< i~ 1ok,

< -] o [ -,

(3.8)
<SPt - -]
It follows from (i) that
|Tixn —xnll — 0 as n— oo. (3.9)
(iii) Fori € {1,2,...,r}, it follows from (i) that
< Z,:af,'}) ’I}x,(,i'l) x|l —0 as n— oo. (3.10)
j=1

Theorem 3.3. Let X be a uniformly convex Banach space and C a nonempty closed and convex subset
of X. Let {T;)i_, be a finite fanily of nonexpansive self-mappings of C with F #@. Let the sequence
[af,’?]f,":l be as in Lemma 3.2. For a given xy € C, let sequences (x,) and {xf,i)} (i=0,1,...,7) be
defined by (1.1). If one of {T;) i, is completely continuous then {x,} and (x5 converge strongly to
a common fixed point of {Ti}i_y forall j=1,2,...,r.

i=1

Proof. Suppose that T;, is completely continuous where iy € {1,2,...,r}. Then there exists a
subsequence (xp, ] of {x,]) such that (T; x,, } converges. ]

Let limy _, o Tjy Xn, = g for some g € C. By Lemuma 3.2 (ii), limy o ool| Tig X — Xl = 0. Tt
follows that limg .o, X, = g. Again by Lemma 3.2(ii), we have lim,—, ||Tix, — x4ll = 0 for
alli = 1,2,...,r. It implies that limy_, Tixn, = g. By continuity of T;, we get Tjg = g, i =
1,2,...,r.50 q € F. By Lemma 3.1, lim, o[l — g]| exists, it follows that lim,, ., [lx» — gl = 0.
By Lemma 3.2(iii), we have lim, _.o||xY — x4|| = 0 for each j € {1,2,...,r}. It follows that
limy L ox? = g for all j=12...,r

Theorem 3.4. Let X be a uniformly convex Banach space and C a nonempty closed and convex subset
of X. Let {Ti}i.; be a finite family of nonexpansive self-mappings of C with F #0. Let the sequence
{af,’,.)}f,‘il be as in Lemma 3.2. For a given x, € C, let sequences {x,} and [xf,')} (i=0,1,...,r) be

defined by (1.1). If the family {T; Y, satisfies condition (B) then {x,} and { x converge strongly to
a common fixed point of (Ti) iy forall j=1,2,...,r.

Proof. Let p € F. Then by Lemuma 3.1, lim,,, || x», — p|| exists and |[xn+1 — pl| < flx, — pl| for all
n 2 1. This implies that d(xs41, F) £ d(x,, F) for all n > 1, therefore, we get lim,,—, ,,d(xy, F)
exists. By Lemuma 3.2(ii), we have limy—, o ||Tixn — x,|| = 0 for each i = 1,2,...,r. It follows,
by the condition (B) that lim,_,o, f(d(xs, F)) = 0. Since f is nondecreasing and f(0) = 0,
therefore, we get lim, . d(x,, F) = 0. Next we show that {x, ) is a Cauchy sequence. Since



8 International Journal of Mathematics and Mathematical Sciences

lim,, -, o d(x, F) = 0, given any € > 0, there exists a natural number ng such that d(x,, F) < €/2
for all n > ny. In particular, d(x,,, F) < €/2. Then there exists g € F such that ||x,,, — gll <e/2.
For all n > ng and m > 1, it follows by Lemma 3.1 that

"xn+m = x|l £ "xn+m - q" + ||x,, - q|| < ||x,,0 —q” + |]x,,o -~ q" <e€. (3.11)

This shows that {x,} is a Cauchy sequence in C, hence it must converge to a point of C.
Let lim,_, X, = p*. Since lim,,,d(x,,F) = 0 and F is closed, we obtain p* € F. By
Lemma 3.2(jii), limy oo |xY = x,]| = 0 foreach j € {1,2, ..., }. It follows that limy 0 x9" = p*
forallj=1,2,...,r. O

In Theorem 3.4, if a¥) := 0, foralln e N,j € {1,2,..., 71} andi = 1,2,..., j, we obtain
the following result.

Corollary 3.5. Let X be a uniformly convex Banach space and C a nonempty closed and convex
subset of X. Let (T;}._; be a finite family of nonexpansive self-mappings of C with F #@ and af"l.) €
[0,1] foralli = 1,2,...,r and n € N such that Z,L,af,'i) are in [0,1] for all n € N. For a given
x1 € C, let the sequence {x,} be defined by (1.2). If the family {T;)], satisfies condition (B) and
0< limir&,,_.maf,'i) < lim supn_,m(af,’()r) + af,'()r_l) oot af,'l)) < 1, then the sequence {x, ) converges
strongly to a common fixed point of {T;}L_;.

Remark 3.6. In Corollary 3.5, if af,'i) =gq; foralln € Nand foralli = 1,2,...,r, the iterative
scheme (1.2) reduces to the iterative scheme (1.3) defined by Liu et al. [1] and we obtain
strong convergence of the sequence {x,} defined by Liu et al. when (T;}7_, satisfies condition
{B) which is different from the condition (A) defined by Liu et al. and we note that the result
of Senter and Dotson [4] is a special case of Theorem 3.4 whenr = 1.

In the next result, we prove weak convergence for the iterative scheme (1.1) for a finite

family of nonexpansive mappings in a uniformly convex Banach space satisfying Opial’s
condition.

Theorem 3.7. Let X be a uniformly convex Banuch space which satisfies Opial’s condition and C a
nonempty closed and convex subset of X. Let {T; I, be a finite family of nonexpansive self-mappings
of C with F #@. For a given x; € C, let {x,) be the sequence defined by (1.1). If the sequence {a,(,’,.’ [ ol
is as in Lemma 3.2, then the sequence {x,) converges weakly to a common fixed point of {T;}i_;.

Proof. By Lemuma 3.2(ii), limMy || Tixn — xulf = 0 for all i = 1,2,...,r. Since X is uniformly
convex and {x,] is bounded, without loss of generality we may assume that x, — u weakly
asn — oo forsomeu € C. By Lemma 2.2, we have u € F. Suppose that there are subsequences
{xn, ] and {xm,} of {x,] that converge weakly to u and v, respectively. From Lemma 2.2,
we have u, v € F. By Lemma 3.1, limy o [lxn — #f| and lim,_.o|lx, — v|| exist. It follows
from Lemma 2.3 that u = v. Therefore {x,} converges weakly to a common fixed point of

{Tiliar- =

Fora =0, foralln € N, j € (1,2,...,r =1} and i = 1,2,...,j in Theorem 3.7, we
obtain the following result.
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Corollary 3.8. Let X be a uniformly convex Banach space which satisfies Opial’s condition and C a
nonempty closed and convex subset of X. Let {T;}i_y be a finite family of nonexpansive self-mappings
of C with F#@ and a) € [0,1) forall i = 1,2,...,r and n € N such that 37_,a") are in [0,1] for
all n € N. For a given x; € C, let {x,) be the sequence defined by (1.2). If 0 < lim inf,,_.maf,? <
lim supn_.m(af,'()r) +a? 4ot al)
fixed point of {T;}1_,.

n(r-1) ) < 1, then the sequence {x, ) converges weakly to a comtion

Remark 3.9. In Corbllary 38,ifa") = a;, forallneNandforalli=1,2,...,r, then we obtain

weak convergence of the sequen’ge {xx) defined by Liu et al. [1].
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