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 (Equation of motion) 
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 6.4   
 

 1   SAE 10W50 
 2  

  (21)  (22)   
   (32) and (33)  Runge-Kutta 

method  0      
         

  hydrodynamic force    
  1x10-5.    256 x 64 nodes 

 x  y  
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Table 1.  Physical properties of journal bearing 
 

Journal radius, r  0.015  m 

Bearing length, L            0.030  m 

Radius clearance, c  30  m 

Rotational speed, N  3000 rpm 

Material elastic modulus of bearing liner, E  70 GPa, 200 GPa 

Poisson ratio of bearing,  0.3 

 
 
 

Table 2.  Physical properties of the lubricant 
 

Lubricant type SAE 10W50 

Limiting viscosity at low shear rate, 0  0.107 Pa s 

Limiting viscosity at high shear rate,  0.054 Pa s 

Power-law exponent, n  0.341 

Characteristic relaxation time constant,  3.0E-06 

Lubricant density,  875 kg/m3 

Lubricant specific heat, fc  1900 J/kg K 

Inlet lubricant temperature, 0T  313 K 

Viscosity-Pressure  index, Z  0.60 

Viscosity-Temperature  coefficient,   0.0310174 K-1 

Coefficient  of  thermal  expansivity,  0.000788 K-1 
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   2    
 Jain [5]    isothermal   

rc /  = 8x10-4,  = 3.3x10-4 Pa s,  = 100  rad/s, r  = 25x10-3 m, = 0.6,  E  = 162 
GPa, = 0.3.   
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  4    
 3    0.9   THD, 
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 6   
 0.9    44.514 degrees, 43.415 degree and 43.031  

 THD, TEHL E = 200 GPa  TEHL E =70 GPa  
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THD
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Table 4.  The characteristics of finite journal bearing under thermal elasto- 
     hydrodynamic lubrication and thermal hydrodynamic lubrication at  
      load W = 8 kN. 
 

 THD 
TEHL 

(E=200GPa) 
TEHL 

(E=70GPa) 

 0.736 0.739 0.797 

  ( ) 53.379 51.640 47.424 

  
(MPa) 

20.091 20.181 19.215 

 (K) 377.143 376.156 375.488 

 
( m) 

7.910 8.262 8.483 

 0.003708 0.003866 0.003856 

 

  4  THD, TEHL E 
=200 GPa  TEHL E = 70 GPa    W =  8 kN  

    
         

  
  11 – 13  L/D 

  0.8    10 
    

 L/D       11  
 L/D    TEHL E =70 GPa   TEHL 

E = 200 GPa   50%  L/D = 1.50   L/D   
  

    12    L/D  
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6.5   
 harmonic function    

5000 m  2    
Transverse roughness pattern  (26)    
longitudinal roughness pattern   (27)   
finite  circular  journal  bearing  (L/D = 1)    14-18.  

 14  stiffness  coefficients   K    K 
 200 GPa  70 GPa  

 K  
(Transverse roughness)     15  damping  coefficients    B   

    16  
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6.6   
 

 SAE 10W50    Carreau 
Viscosity Model   

1)  Carreau Model   
   

  
2)   

  
  

3)  
 

 
4)    

    
    

 
5)   
6)   

  
7)  (THD) 

 (TEHL)  L/D     TEHL 
   

 THD   L/D   
8)    
      
       

9)  
        L/D      
10)   
        power  law index  
      Carreau  viscosity  model  
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Nomenclature 
 

hA  = amplitude  roughness, (m) 

c  = bearing radial clearance , (m) 

fc  = specific heat of lubricant, (J/(kg·K)) 

e  = eccentricity of journal bearing, (m) 
h  = oil film thickness, (m) 
I    =     second invariant of the strain rate tensor     
m    = mass of journal, (kg) 
n    =      the power law exponent. 
p  = fluid film pressure, Pa 
r  =  journal radius, (m) 
t  = time, (s) 
u  = velocity of lubricant in x-direction, (m/s) 
v  = velocity of lubricant in y-direction, (m/s) 
x  = coordinate in circumferential  direction, rx  
y  = coordinate in axial direction  
E   = Elastic Modulus of bearing liner (Pa) 
F  = fluid force component perpendicular to line of center, (N) 

RF  = fluid force component along line of center, (N) 
L  = journal bearing length along the axial axis, (m) 
N  = rotational speed, (rpm) 
T  = mean temperature of lubricant across the film, (K) 

0T  = inlet fluid temperature, (K) 

W  = resultant fluid force, (N) 
 = Coefficient of thermal expansion, (1/K), 

 =  Viscosity-Temperature  coefficient,   (1/K)      
 = density of the lubricant, (kg/m3) 

0   =         density of  lubricant  at  ambient  pressure  and  inlet  temperature,  

  (kg/m3) 

zx  = component of shear stress in x-direction, (Pa) 

zy  = component of shear stress in y-direction, (Pa) 

   = Poisson ratio   
  = whirl ratio, /p  
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 = angular velocity of journal, (rad/s) 

p   = angular velocity of whirl, (rad/s) 

 = eccentricity ratio of journal bearing  

0    =     limiting low shear viscosity, (Pa·s)    

  =     limiting high shear viscosity, (Pa·s)    

   =     a characteristic relaxation time constant, (s) 
 = circumferential angle measured from the vertical axis, (rad) 
 = attitude angle, (rad) 

l  = wave  length  of  roughness, (m) 

 

Dimensionless form 

W  = dimensionless load,  W
r
c

UL
W

2

0

1  

fricF  = dimensionless friction force, fricfric F
ULr
cF

0

 

M  = dimensionless critical mass, 
W

mcM
2

 

h   = dimensionless film thickness,  
c
hh  
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7.   

  7.1     
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7.2    (Mixed Film Lubrication) 
 

 

  

 

 
 

 (Contact Pressure)   
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7.3  (Multigrid Method) 

 
 1    

  
 

 
 2    

  

 

 (Full Multigrid, FMG) 
 (FAS)  FMG 

 V cycle  W 
cycle  3  
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 3   FMG 3  V-cycle, 2V-cycle  W-cycle 
 

7.4   
   

 
  

 (Radius of Curvature Sum)    
    Slip/Slide Ratio   

,    
 

 (Fluctuation)   
(Shear Stress) 

  
 ,   
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 4    

    
  

  (Radius of Curvature 
Sum)        
Slip/Slide Ratio    
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Slip/Slide Ratio    
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 6  

    
  

  (Radius of Curvature 
Sum)        
Slip/Slide Ratio    

 

 (WTR) 
   (WTR)  

   (Radius 
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 Slip/Slide Ratio      
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 7    

   
  (Radius of Curvature Sum) 

       Slip/Slide Ratio 
   

 

 
 8   

    
  (Radius of Curvature Sum)    

    Slip/Slide Ratio    
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 9   

    
  (Radius of Curvature Sum)    

    Slip/Slide Ratio    
 

 

 (Power Law Index) 
 

 
   

(Radius of Curvature Sum)       
 Slip/Slide Ratio     

 4.77     
Dilatant Fluid (Power Law Index,n = 1.025) Newtonian Fluid (Power Law Index,n = 
1.000)  Pseudoplastic Fliud (Power Law Index,n = 0.980) 

 
  Power Law Index   

Dilatant Fluid  (Shear Strain Rate) 
  

  
 Pseudoplastic Fluid  10  12 
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 10   

    
  (Radius of Curvature Sum)    

    Slip/Slide Ratio   
    Dilatant Fluid (Power Law 

Index,n = 1.025) Newtonian Fluid (Power Law Index,n = 1.000)  Pseudoplastic Fliud 
(Power Law Index,n = 0.980)  
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 11   

    
  (Radius of Curvature Sum)    

    Slip/Slide Ratio   
    Dilatant Fluid (Power Law 

Index,n = 1.025) Newtonian Fluid (Power Law Index,n = 1.000)  Pseudoplastic Fliud 
(Power Law Index,n = 0.980)  
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 12  

    
  (Radius of Curvature Sum)    

    Slip/Slide Ratio   
    Dilatant Fluid (Power Law 

Index,n = 1.025) Newtonian Fluid (Power Law Index,n = 1.000)  Pseudoplastic Fliud 
(Power Law Index,n = 0.980)  
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 1  

 
Gear Material UNB C61300 
Number of teeth (pinion : gear) 35:140 

Module,  2 

Contact ratio 1.786 

Pinion speed,  1,000 

Nominal pressure angle,  20 

Teeth width,  20 

Transmitted power,  10.0 

Elastic modulus of pinion and gear,  117.0 

Density of the teeth of  pinion and gear,  7950.0 

Poisson ratio of the teeth of pinion and gear 0.28 

Specific heat of the teeth of pinion and gear,  736.8 

Combined surface roughness amplitude ,  0.10 

Inlet temperature of lubricant,  313.15 

Ambient density of the lubricant,  892.80 

Ambient viscosity of the lubricant,  0.195 

Viscosity-Pressure index  0.5685 

Viscosity-Temperature coefficient,  0.05763 

Coefficient of thermal expansivity,  0.00074 

Thermal conductivity of lubricant,  0.126 

Specific heat of lubricant,  1870 

Power law index    - liquid-solid lubricant (Dilatant Fluid) 
                                - liquid lubricant (Newtonian Fluid) 
                               - liquid lubricant (Pseudoplastic Fluid) 

1.00969 
1.000 
0.975 
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 2  
Solid particle properties MoS2 

Brinell hardness,  3.139 

Modulus of elasticity,  34 

Poisson ratio 0.13 

Density,  4800 

Friction coefficient 0.1 
Particle diameter, 

 
2 

 
 

   Slip/Slid Ratio 
   (Approach Point, A) 

 0.5   
1.0   2  B 

   0.5  

 D    
(Approach Point, A)  Slip/Slid Ratio  

  
 

 

 
 13   

   Slip/Slid Ratio 
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   10 

kW  1000 rpm  Newtonian 
Fluid   14 

 
 14   

   10 
kW  1000 rpm  Newtonian 
Fluid  
 

 

 
 15   
 (Line of Action) 

 (Approach Point)  
 

    
  

     
(Fluctuation)   Slip/Slide Ratio 

 
 B   D 

 B  
    

     
      

    



 65 

     
    
   

  
 D  

    
         

       
  

     
   

    
   

   
 

 
 15   

  10 kW  1000 rpm 
 Pseudoplastic Fluid (n=0.975)  

     
 

 (Line of Action) 

(Line of Action) 
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 (Approach Point, A, ) 
       

         

   
 (Line of Action)  
    

  
    

        

       
 

  
  

  , , , ,    
  

 Slip/Slide Ration = 0 
 

 Slip/Slide Ration  
 B  

  Slip/Slide Ration  
 

   
  and 

     

      

    D 
  

 
 (Recess Point, E) 

 Slip/Slide Ratio  
 

 B  D 
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 16    

 10 kW  1000 rpm 
 Pseudoplastic Fluid (n=0.975)  

     
 

 
 17    

  10 kW  1000 rpm 
 Pseudoplastic Fluid (n=0.975)  

     



 68 

 
 18     

  10 kW  1000 rpm 
   Newtonian Fluid(n=1.000) 

 Pseudoplastic Fluid(n=0.975)  
 

 
 19     

  10 kW  1000 rpm 
   Newtonian Fluid(n=1.000) 

 Pseudoplastic Fluid(n=0.975)  
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 20      

 10 kW  1000 rpm 
   Newtonian Fluid(n=1.000)  

Pseudoplastic Fluid(n=0.975)  
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1. 

  
 

 (Fluctuation)  
  

2. 
 

 
  

3.  
  

 ,  
 

4.  
 (Fluctuation) 

 
 

   5.     
         

      Power Law Index  
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8.  
 

   
 1  

 

 
 

 

 

 

 

 

 

 

        
 

 

 1  
 
 
8.1  

 2 
 

 (Contact region)  
(Reynolds-2D)  (compressible fluid) 

 2.1 
 

3 3 12
php pph ph U

x x z z x                                 (1) 

 

   p  
      h  
      U  (U=(Uw + Ur)/2) 
        (Air viscosity) 
           x  
      z  

Flexible film

Concaved 

N

N

r0 

r1 

E1 

E2 

E1 

r1

E2 r0

Uw 

Uw

  

  

Tw Tw

Tw
Tw 

1 2 

1 2 

Guided  
roller 

Supported  
roller 

Guided  
roller 

r2= r0+t0 
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, ,  
 

 2  
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  (Flexible) 
 

(Deflection of web)  2 
  

 dwh                                                        (2) 
   (Contact-
geometry)  d  3  
 

222
1

22
0

222
1

2

2

RxRx
R

RxR

RxRx
R

d                                  (3) 

 

  (Deflection of web)  w 
 4  3 

  web stiffness 

1.0
1.2
1.4
1.6
1.8
2.0

2.2
2.4
2.6
2.8
3.0

0 20 40 60 80 100 120
, T  [0C] 

 [P
a.

sx
10

-5
] 

Curve fitting  
 
,  ( T )= 0.0045 ( T )+1.7178,

 2  

Law data, Appendix A 
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 (Web tension) 
  

   (Contact 
pressure) 

  
 

dzpp
Lx

wR
R

T L

L
a

w
2/

2/
2

2 11                                  (4) 

 

     (Wrap angle) 
    w  x (Defection of web) 
     L  (Web width) 
   Tw  (Web tension) 
   Pa  (Ambient pressure) 
    R  (Radial of roller)  

 5 
 6   

 

aa

aoutain

pLxppLxp

pzxppzxp

2/,;2/,

,;,

                                   (5) 

 

 

0
2

2
;0

2

2

0;0

outin xxx

w

xxx

w

outxwinxw

                             (6) 

 

  xin  xout   
 

 
 

(Non-linear second order partial differential equation) 
 p   h  

(Numerical method)  
 1  6  (Dimensionless) 

 7  
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2/3 2/3 1/3

1/3 2/3 1/3

, , , ,

6, , , ,
2

a

w

w a

h p w x zH P W X Z
p LR R R

Td L U K
T p RR R

               (7) 

 

 7  1  6  
 

3 3
2

1
4

PHP PH P H P K
X X Z Z X

                              (8) 

 
0.52

2
0.5

11 1W P dZ
KX

                                                 (9) 

 

WH                                                           (10) 
 

2

2

22
1

22
0

2

2

22
1

XX

X

XX

                                       (11) 

 

 

05.0,,05.0,

0,,0,

XPXP

ZoutXPZinXP
                                         (12) 

 

 

0
2

2
,0

2

2

0,0

outin XXX

W

XXX

W

outXWinXW
                         (13) 

 

 8  10  (Finite difference method) 
 (Newton-raphson iterative scheme) 

 12  13 
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1,2  14 

4
1 , , ,

1 1

4
2 , , ,

1 1

/ 1 10

/ 1 10

n n

new i old i new i
i i

n n

new i old i new i
i i

P P P

H H H

                               (14) 

 

 
 

 Gaussian distributions  
 

  Rrms (Composite root mean 
square roughness)  15-16  
 

2 2
rms w rR R R                                                    (15) 

 

  Rw,r  RMS (the root mean square roughness ) 
 16 

 
1/2

2

1

1 n

w i
i

R z x
n

  ;  
1/2

2

1

1 m

r i
i

R z x
m

                               (16) 

 

  z  (Asperity high)  (reference 
line)  z  2.4 
 

 

 

 

 

 

 

 

 

 3   

zi(x) 

 
x 

z  

 i =1,2,3,……n  m 
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   3  
 h 

 3Rrms  ( 0 ) 
 Rrms 

 (Static friction coefficient) ( s )  

 Rrms  3Rrms (Rrms  h  3 Rrms) 
 (mixed friction) 

 17 
 

3 3
2

0 3

s rms

s
rms rms

rms

rms

h R

h R h R
R

h R

                                (17) 

 

     s  
 

8.2   
        
 

 (Euler’s belt theory)  T2 (N/m) 
 T1 (N/m)  18  

 

2 1T T e                                                      (18) 

 

 

 

 

 

 

 

 4   FBD  
 

T1 

,  
R 

T2 

T1 T2 

F/L 
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 4 
 T2  19  

 

2 1 /T T F L                                                (19) 

 

 19  18 
 20 

 

1

1 ln 1slip
F

LT
                                            (20)  

 

 F (N/m) 
 

  

FR I                                                       (2.21) 
 

  I  (kg-m2)  ½(mr2) 
        ,  (rad/s, rad/s2)  
 

     
   (Web wrinkle) 

 (Stress, x )  x 
 (Compr- ession stress, z )  z 

 z  2.6  
 

 

 

 

 

 

 
 5  

 
 
 

/x w wT tx  

z  

z  

wT  wT  
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 22  
 

22
3 1

w x z
wrinkle cr

x z

t E ET T
L

                                   (22) 

 

  
   6 

 

 

 

 

 

 

 6   
 

 (Critical angle, cr )    23  

 
2

2
2

6 ; ;
3 1

w x z wR
wrinkle cr zc zc x zc x

x z wx

t E E TL
R tE L

           (23) 

 

 (Intersection)  (22)  (23)  
  

 

8.3   
  

 ( 
Circumferential grooved roller )  7  
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 7   
 
   h 

 (Equivalent flow rate) 
 (Viscous flow)  (Pressure 

gradient)  24  
 

2 2 eq
U na Uq h h

L
                                           (24) 

 

 24 
 25 

 

eq
nah h
L

                                                     (25) 

 

 heq  (Equivalent air film thickness) 
 (Central air film) h0  (x=0, z=0) 

  n   a 
 26 

 

2
a bd                                                         (26) 

 

 

 
 
 
 

 

 

 

heq h Viscous air flow 

/wT R  

b 

d 
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8.4   

 
  

   
 x=0  z=0 (Central air film thickness, h0)  

Prof. Hasihmoto  
 

  1  
 
 

 1  
 

 MD, Ex, GPa 4.37 
 CD, Ez, GPa 4.29 

 MD, x  0.3 

 CD, z  0.3 

 s  0.3 

 Rms  wR  m  0.09 

 wt  m  25 

(MD: Machine direction, CD: Cross Machine direction) 
 

 8  (Dimensionless air pressure) 
 (Dimensionless air film thickness) 

 Uw = 5.0 m/s 
 L=0.035 m  R=0.055 m   Tw = 300 N/m 

 (Web defection)  8 ( ) 
 8 ( )  
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  x=0  z=0  
Prof. Hashimoto [27]  27  

 x=0  z=0  Prof. Hashimoto  
 

    
2

3
2

0
764.1614.1589.012

wT
URh                                  (27) 

 

  2.10  x=0  z=0 
  R=0.055 m  L=0.035 m 

 Tw = 80 N/m  Prof. 
Hashimoto 

 (Number of grid)  20 – 60  z  1.0-
5.0 m/s  
Prof.Hashimoto  
 

 

 
 
 
 
 
 
 
 
 

 

 9   Prof. Hashimoto 

 
 10 

  z=0 80 N/m  L=0.035 m  
R=0.055 m   5.0 
m/s  3.0 m/s  2.0 m/s   

 
 

0

2

4

6

8

10

12

14

1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0
Web velocity, Uw (m/s)

C
en

tra
l a

ir 
fil

m
,  

 h
0,

 (m
ic

ro
n) Eq(14)

4

Hashimoto’s model

Numerical solution
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Uw=1.0 m/s
Uw=3.0 m/s
Uw=5.0 m/s

  11  
 Uw =5.0 m/s  L=0.035 m  R=0.055 m 

  z=0 
 11 ( ) 

  Tw=100 N/m 200 N/m  300 N/m   11 ( ) 
 

  
 

 12  R=0.045 
m 0.055m  0.065 m  Uw =5.0 m/s  L=0.035 
m  Tw=100 N/m  (Contact 
area) 

 12 ( )  12 ( )  

 
 
 

 

 

 

 

 

 

 

 

 

 10  z=0  
(Tw=80 N/m, L=0.035 m, R=0.055 m) 
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 11   

(Uw=5.0 m/s, L=0.035 m, R=0.055 m) 
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 12    

(Uw=5.0 m/s, L=0.035 m, Tw=100 N/m) 
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L=1.411 mm 2.117 mm  4.234 mm  Uw=10.0 m/s  
R=0.055 m   Tw=500 N/m  13 

 13 ( )  13 ( )  
 
 
 
 
 
 
 
 
 

( )  z=0 

 
 
  
 
 
 
 
 
 
 
 

( )  z=0 
 

 13   
(Uw=10.0 m/s, R=0.055 m, Tw=500 N/m) 



 87 

 
 
 
 
 
 
 
 
 
 

 

 14   x=0, z=0  

 
 

 (Contact area) x=0, z=0 
 LMS (The least mean square method)  

(Numerical solutions)  14  
x=0, z=0  (27)  

 
1/3

62 0.09423 2
0

6 0.589 0.4327 w

L U
R T

w

Uh R e
T

                       (27) 

 
  15 

 (Velocity 
control)  Tw=500 N/m, L=0.1 m, R=0.01 m,  =900 

 n=10  b=2.5 mm 
 d=0.1 m 1.0 m  2.0 m   2.16 ( ) 

 t=0 sec  =0 rad/s 
  =251.2 rad/s  t=20 sec  

12.56 rad/sec2  U = R   
 t=0-20 sec  15 ( )  
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 15 ( )  h0  x=0, z=0 
 15 ( ) 

  
d=2.0 m  t=0 – 11 sec  0 

 t=11 – 20   
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 15    
    (Tw=500 N/m, L=0.1 m, R=0.01 m,  =900 Groove: n=10  b=2.5 mm) 
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  t=0-20 sec 

 2.16 ( ) 
  t 2.5  Uw= 1.8 m/s 

  d = 2.0 m  t 16 sec  Uw = 
10.36 m/s 

 
 

 

 

 
 
 
 
 
 
 
 
 
 
 

 16     
     (L=0.1 m, R=0.01 m, Uw=10 m/s,  =900 RL =0.25 m Groove: n=10 
   b=2.5 mm  d=2.0 m ) 

 
  

 
 

 6  16 
 

  L=0.1 m  R=0.01 m, 
12.56 rad/sec2  Uw=10 m/s   
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=900  RL =0.25 m  n=10  b=2.5 mm 
 d=2.0 m   450 N/m 

  500 N/m   > 0.113 rad 
 

 
 

 
8.5   
   

 2  (Reynolds-2Dimension 
equation)  (Newton-raphson iterative scheme) 

 x=0, z=0 
  

1)   
      
2)   
     
3)    
      
      
4)     
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 9.  
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