Neart, we shall give charsctatizations of infinite wistrices mapping from .. (X, 0] into £{g). To da
this, we noed the fallowing resuls,

=
Lemma 4.4 Let (fi) be o sequence of continuous lnear Junstionals en X_ Then kaf!l.‘#!

"=}

converges far cvery == (1} € L (X} if and only if i_ﬂ,ﬁu < oo
k=i

Proal. If Ell.ﬁ-ﬂ < ooy then for each 2 = (£4] € £,(X), Em,lr:m < Zﬁﬂ-”"‘-‘ﬁ" <

k=1

e E 1fell <20, so that Eﬁ- (24) comverge,

kmy

Converslay, Asimme that }:‘ Sulmn ) vorverges for every x = {1} & Lool(X). Lot T bo o functional

h=1

ol By (X)) by T = Eh{h} lor & = (24) & &inpey (X). Clesily; T i linear. For sach 5 & N, et

P E,ﬁ, o P Then 2y s In the dual spece of X} minco £ (X) v o K-gpaon. It ls clear that
]
Malz) =« T2 02 n—e oo for all 2 € Lou(X). It follown by Banach-Steithnus thesesm tiat T s in e dual

ipac Of £ou (X ). Ilenos, there is & positive real mumber o sk that

Ii fulza)

k=]

iy (4.4)

for all @ e (o) @ & (X} with 2] < 1.

Let oy € X bo such that o] < | for ol) k € N, Thes Wie sequence 1 = (14} € £,{X) with
flll = 1, we cun chocse & acalar scquancs (t4) with [ta] = 1 el that Sultaan) = |falma)] for ol & & N,
Clositly, (1) € L4, (X) andd [{taza)l] < 1. 1 fallores by (4.4)

zmtnu - ]}:mtm!

Fosr i luqumun:::[z.',lwir.h llexll = 1 for all & £ N,
Itr:ﬂluh&nm[d..ﬁ}uutzrlﬁl]':':tl'u-dinEN m[ju_r.,nga This complote the procf. [

= =i

S (4.5)

Theorem 4.6 Let g = (qu) be o soquénce of positive real mumbers and A (T an wnfinite
matriz. Then A € (LX), q)) if and only if

(1) Eﬁﬂ,‘ﬂ < o0 for every n € N, ond

(8) lim o= nmmnm_mp{zm-”ﬂ Zr‘{nﬂ rxp e X, i<ty

=]



oy
Froof. Assume that A: £_(X) — Hg). Then we have EE{:‘-E} converges for ol m e N gnd

=1
Gl x = {r,) € £(X). By Lemma 4.4 , the conditions {1) is obiained. Nots twe shall show ehar (2)
holde, Lot = > 0 be given Sﬁut‘m{x]mdﬂq}nﬂFK—mwhmu, by Zellir's thearem, that
A (X)) — Hq) is continuous. Then there evists mg € N such that

EIE folze)|™ <e (48)

sl k=

for ali z = (23} € Loul X), H=H=liwﬂnrl£#-

Eetx, Exhﬂnﬁlﬁﬁﬂﬂnﬂglﬁrﬂﬂﬁeﬂ. fetme N, m>m,. Tﬁmﬁﬂangumy:[m' Iz, ) €
1

Lo(X) and lyfl < g il By {4.6), we have

im'hlzﬂ[rl]j" <s
=l d=l
This frripliea jar,, | Ez,u‘ill_:_r::‘n“=ﬂ.
Conversely, assume that the conditfons (1) and (£) hold Let = = (x,) € foa{ X) wiith Jizf) < 1.
Then lzuli S 1 for allk € N, The condition (1) implios, by Lemma 4.4, that for cachn € N, Y fin)
converges, hence Az € W(X). By (2), there i mo € N auch that =
Mow e -
(o LI )™ < Y w5 ftal|= <1
] =1

L b=

where M = sup py.
&

Hence 313 fo(z)]™ < mif, a0 Az € t{g). This implies that Ax.c tlq) for ali x € £.,(X). Therrfore
A€ (La(X), ta)) o

Theorem 8.8 Let p = () end ¢ = (q) be bounded sequences of pasitive real numbers and lef
A -{fflkm#ﬁﬂﬂnm Then A € (£o{X.p), L(g)) §f and only if

(1) 3 mMP ALl < 0o for every mm,n € N, and
=i

(28} For eachm € N, lim o™ =g
=g

i where af™ = sup { i,——tﬂ-iimﬂh;ﬂn}f" L EX i<t
| k=1

, Praol. Sinec 4,(X,p) = Mt fae X Y- iteny, e have by Propesition X121} that

A L= {!ﬁ'ﬂ{x1 P}! q'ﬂ'” = A E {ta-u-{x][m-lhnp f{ﬂ':} f-:rr EreErp IR & A -



10
H.ﬁﬂumiymmaiﬁmstlﬁrjmﬁwmmeﬂ,
A & (Eal X vy Hq)) = (mlPa gy, € (E1), Ha)).
it follaws by Theorem .5 that
A € (LalX,p). Hg)) +=> the condilions (1)and (2) are saiisfisd.
0O
Theorem 4.7 Lat p = {py) end ¢ = ((u) be bounded souences of positive read numbers and ket

.-l={_l’.‘}hm#ﬁﬂ!mh:= Then A € (g{ X, 1), Lq)) of and ondy if
(1) .H:rmnhmnEH.Em‘-"“IRH{m-
=1

{2} For eachm e N, i‘m"‘*"ﬂuﬂ:}r"‘ <on for cvery kE N,

{3) For mehm € mﬁ-?u{w,m-u.
where the supremum s taken over all finite subsel K of N, and

n{gmm-m{iﬁiz m”"_ﬁ"{mjl"‘ i EXendln| <1 foralike X ).
e

g N

Plroof. By Proposition 3.2(i), 1t have Go(X,p) = Ueyee(X)y-simay- Tt follors by Propasition
3.1{ijand (i) that

A€ (X, p)hflg)) == (m"/™ 1) 4 € (el X), Ea)} for every m e V.
It followa by Theoremn J. 2 thet
A€ (X p) ta)) == (1),(2), and (3) are satisfied.
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On Matrix Transformations Concerning the Nakano Vector-Valued Sequence Space

SUTHEP SUANTAI

ARSTRACT. Ilﬂhhﬂiﬂﬂ.lum_hhw_&mmm
m-ﬂuqmlq-n-f{x.p}lﬂﬂ-{x.p]mﬂm“mmmmm
satlons from £(X, 5) snd Fo{X,p) s whe bounded sequencs space £, as corollacies, whees

p-m}unmwumtmwmmmn}lhmkﬁﬁm
r=0

(1991) AMS Matiomstion Subjoct Clasalfleation: 48445,

1. INTRODUCTION

Let (X, 1N be & Banack space , r 2 0 and p = (Pa) & bounded sequence of positive real mumbers.
W write 2 = (1)) with ry ju X fesll ke V. The X-valued sequence spacen ay( X, p), (X, p), Ll X.p),
X, p), B.(X,p) and F,(X,p) sre dofined a5

ol X,p) = {= = (m) : lim lza]™ = 0},
el X,p) ={== (za} s lim [l — " =0 for some a € X},
Lo X, p) = [z= (z) : aup [lzal™ < o),
HX,p) = {==(z:): Izl < o0},
=1
%) = fr=ta)soup B o oy,

KT

FlXpl={z=(n): 3 _Klzlif* <o }.
=1

Typemet by A0S THX



When X = K, the acalar field of X, Ihumrsﬁpmuﬁ.ugﬂpimmmitmﬂm[pj. cip), Lolp) Aip),
E.p) snd F,{p), respoctively. The spaces ealp), efp) and £.(p) src known as the sequence spaces of
Mmchdiee ﬂmmmﬂﬂhﬁ@uﬂmdﬂuﬁdﬂﬁwﬂ,%lﬁ, 4]. The space #{p)
wis first defined by Nakano [5] nuihhhuwnumnﬂnh:nm:pmnndﬂmspu!h[x,p]i
Imummm—mmm When pe = 1 for all k & N, the spaces E, {p} and
E&}MMMﬁMR*mw.MmmmmMiMh%
[I}. Grosse-Erdimann 2] has gives characterisations of infinite matrices between sealarvalned sequence
spaces of Maddese, Wu sl Liu [7] gave necessary mdnﬁﬁmmﬁﬁmhillrmitlmﬂﬁmmpﬁq
from (X, p), 4uu (X, 7) ints cofg) and £.(g).

htﬁmwmmdinﬂﬁhmmﬁm X, p) nod F(X,5) into
E, and by application of these resuits umﬂudmﬂnhtﬁmhﬁn&hmtﬂnmmpﬁu&mm
sapue UK, p) and F (X, p) into € gy, when py > 1 forull k £ N,

2. Notation nnd Definitions

Lt (X, 1) be » Banach space, the space of ll sequences in X s denoted by W(X) and ${X) s
m&mmdmﬁﬁ-mlnmWlmxhﬂ',thluluﬁddﬂx.mmu‘
spaced are written as w and &,

A sequenice apace in X is & Enenr subspace of W(X), Let E ba an X-vnhuad sequencs space. For
£ € Eand k € N, wo write 2, stands for the &* term of =. For k € N danote by ey the sequencs
(0.0, ~.0,1,0,...) with 1 in the &% position and by e the sequence (1, 1,1,..), Forz € X and k & N,
I-t-‘[:',lhlﬂ-luqm{ﬂ.ﬁ.u-rﬂ.l.ﬂ,--}-ithnhﬂnl:"'pﬂdhnmdhtt{:}hmm
(=22, ). We call & soquesce spars £ normal if (tum) € Eforall 2 = (x,) € E and t;, € K with
H..,I-:IIulluﬂeﬂbhruhdnﬂump-{p.jlhmmﬁhhdﬂhﬂu

B = {z € W(X): () € B} .
Let A = (fff) with [T in X', the topological dual of X. Suppose that E s n space of X-valised
mnﬂandwqﬂpﬂ. Tlmji-idmwﬂ?intnﬂwﬂﬂnh
A:E—Fiffor each = (z3) € E, J.[:j-Zﬂ[n}mhndlnEN.uﬂthw

Az = {A,(z)) € F. Let (E,F) danote hhaﬂfﬁdlhﬁiﬂﬂﬂ_mpﬁq trom E into 7.
Suppmmmuxanhndmmﬂhnhﬂuﬂmﬁmupdm 7. Then E s
| u.l.’lulnIwﬁhﬂtEﬂﬁmeh:EHI,duﬁndhyn&]=:.‘1,, i
coatinmous on E. If, in addition, (E,7) s an Fréchet (Banach, LF-, LB.) space, then E i ealled s FE-
{BE-, LF-E'-. LEBK-) space. Now, suppose that E containe ${X). Then E ks said o have properiy AD i

theset (3 e*(21) :n € N }is bonnded in £ for ovary 2= () € £. It is said to have property AK i
=1

Y Mo s zin Ensn— oo for ey = (5} € £, It has property AD if ${X) is donse in .
=1



3

The space £[X, p) is sa Fi-space with AK under the parsnerm g{z) — (ilhrf"“)w. e
H=M{Lml:pm} o

I cach of the space {o( X, p) and co(X, p) we consider the function gfx) = wup fmefP=, whare
M = mar {I,I'I:p P} It s known that ey{X,p) is an Fi(-spsce with AK under the parsnorm g
defined as above and La(X, ) ks & complete LBK-space with AR In ofX,p) we consider the function
p[:j:r:pu:.—nhﬂ'*-‘”+ﬂnl where & is the unique element in X with T — e(a) € (X, p). Then g ia

npummmdx.pjud-u{.f.ﬂhmﬁ[munduﬂﬂamy,

3. Main Resualts

Mhmtgiwl&wmhﬁmdmjuﬁnjhmmixmniq&mlfx,ﬂ Into B, shem gy > |
fxallke N,

t Theorem 3.1 Iﬂp-{n}hwmﬂm#pﬂhtnﬂm:umh}l,raﬂm

m;+&-1,ﬁruﬂteﬂ+ For on infinite matriz A = (1) , A€ (80X, p), ;) {f and only f there is

e
Mg € N such that mpzmpn"‘“m;“"'" < oo,
L] hl

Prool. Asume that A € (§X,p), E,. ﬂ:r-d:kEH.uin-n:pn"[ﬂ[:H{mh.ﬂ

:Exm:ﬂii::}eq.t.pjhmzexmhumhruuuﬂu-hmd-lprmphmummu
My = | sl that

sup "R £ M (3.1)
Suppose that .
J:P Emr-,-mmhm-u_m fecevesy mg N (22)
=3
For n € N, wa have by (3.1) that
o iy
D e I 1 e P B T e T )
=1 =1 iy
ke s
S 3 MmO 4 3 Uyt o)
= frke

This implies by (3.2) that

sug El_fﬂ“n""'m‘“f‘" =o¢ frall EmEN (23)
L] ot



B}r{l‘.?}and (33) wecan choase D = ky < & <h< . m<ma< .., m }?‘-lnﬂn.;—-m.
such that for all § 2 1
Yo M e s
kg ity

And we choose z; € X with izl = 1 swch that for all § > |

s T P e
Eya<igky

and put y = (i} where y; = m; @ Hg=rale) [Ntz e | cigh,
Thus

2= N oM e st -t

J=1 0=l kLTl

=3 X MmN ) e
=1 by g i 4R,

<ttt T e @

LY LA
— | — 1
- —s =— I'-Fi.
Henoe y = (1) € (X, p). Emﬂx.p]hmﬂ.hrwm-mwﬂuhmmun
obtain that »
mzm;“,’—"u < o (33
el
Eﬂl+ﬂjp;nﬁ,htlﬂj£#.hhnulh”ﬂﬂﬁiﬁﬁ.

LD SRl B DI o0 L Ll ) i -
R <ty bogdjdhy b€l

"l‘.h:n;'*zl_r;‘[wﬂs E E Ay L5 (g} = oo which contradicts to (1.4), hence A 1 8(X,p)—
5 d=1 =1 by <35k

Conversoly, mmaime that the condition holds, ‘Then there are mg & N and K > 1 such that
ST Y ok b sline W (3.5)
k=3

| Ltz = () € H{X, p). Note that for &, & > 0, we have

b 6P 5% {3.6)




I follows by (3.5) and (26) that for n € I,
[ ] A
IR =Y S g Ve i)
el k=3
= 3t Ty P Pz, )
=]
I 173 Wl S TV
L k=1
=2 m O o S g
k=1 dmy
SK+mgy flzal™.
k=
Hm-:n‘t:qﬂz‘;ﬂ!ﬂqﬂqmuthuhﬁﬁ..mmmm O

Mﬂmum:nh}hqhﬂdm-jmﬂdmﬂmnﬁﬂdn}l#

sEEN, r20, 820 and et A= (1) be an infinite matris. Then A € (F(X,p), E,) if end only if
there de mg € N such that

iz f{r"-fhm:‘u“n"-n;‘""h < oo,
L] hl

Proofl. Sinee Fo X, p)m H:F]{.Llfn:- it i easy Lo sher theat »
AB(R(Xp), B) = (LM | e ((X,p) B)
By Theorom 1.1 we have
(/P12 s € (8X,5) B} +=> there is mo € I wuck that Y (kT e e e
* k=2

Thus the thetrem i proved. [

h&h&.h%hﬂhmmwhmm and Theorem 3.3,
bespectively.

Caorollary 3.3 Ldpn{n}h-hmddmpfﬁ.ﬁtrmlmﬂﬂﬁmm}l ansd let
;1.--!'-& =] forallke N, Hrminﬁﬂ:mbﬁ'.{=fﬂ}.ﬁE{ﬂX,p‘}, £.) if and enly if therw fa

=}
mg € N such that sup 3 [fpgemy ™1 ooy
N et




i Corollary 3.4 Idp:[ﬁ]h:hmdm;wafﬂaﬂﬁxmlnmnbaﬂumm}lmm

E+£:]_ﬁ:rﬂ]‘ke N. For on infinite matriz A= (7). A€ (FAX,p). £} if and only if there s

-]
g & N such thal sup 3 (ETR IR s o) oop
" k=1
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On Matrix Transformations Related to Nakano Vector-Valued Sequence Space

SuTREr SUANTAL

ABETRACT, Ia bl papar, we glye nocossary and suffidem cendllloss for infinils
—m-m#-mﬂmmmqux.p]mmm#
loo smit £ (1) snit wm stas give Ui matrix charsstorfiiations fom My X, p) =te 15 spese

lu{ﬂ'h-?‘hl'"'ﬂ'{iﬁ}lﬂwm_ﬂ#ﬂmrﬂm“ﬂ
thaipy € Il festik &N,

(L) AL Mstbmmaioy Subipcs Dlesbfeadlon 4646

L INTRODUCTION

Lat [I,"}h;ﬂ-m:hmmip-{m}:hwmh!_mdrﬂnrﬂ mumbern. We
write = = (23] with 2, In X for all k € . The X-valued mequence spacm (X, p), &X, ), Ll Xop)
HX,p), L 1X,5) , nad Mo(X, p) ase defined aa

lXop) = (== (m) © fim iz |["™ =0},
dX.pl= {:-{:h]f-.rimulﬁ,-—nlhuﬂ losr menne & € X},
Lol X.p) = [z =(z.}: " lf=slf™ < o2},
UX,5) = == (21) - T Il < oo}
k=l

Ll Xip)= (= = (ea) 1 m [asal® =0 fox smih () €2
M) = U X )

Trpeset I AU TEK




=

Whee X = K, the scaler Beld of X the conrspording spacss. are writtes as sip), op), £ _{p} Ain),
£.(p), and Afy(p), rpoctively. Each of the firt three spaces are known s the sqmence spaces of
Maddom, These spaces were fiss Introduced and studied by Simens (1863), Maddox (1967, 1965). The
spece () wus first defined by Nakuono (1951 and it i known es the Nekeno sequence space and the space
LA X, p) = dnown =5 the Nalann vectar-valued sequence spoce. The spaces £ (0} sod Mo(p) were first
introduced by Grosse-Erdmann (1067) and he has investigated the structive of the spaces i), elp),
Coelp) mesd £ (g). In [1], b mlso showed thae £ (p) = M2, L,y Grosss Erdmaon (1993} gave the
T charsctenimtions betwesn scalarvilued sequence spaes of Madde Wi sd Liu (1999) desi wdth
the probiem of charncicrizations those infiits matsices magping from a2, p), £.1(7, p) Into ay(g) and
Foc(tf) whese p = [pa) =nif g = {ga) are Boouded sequenices of positive res) mimbers S Suanial (1569)
gave the matrix characterizations from (X, p) into the vectar-valual soquenoe spaces e[V, g), Y], =nd
L(¥) where g = {gu] b8 & sequence of paitive real mumbers, ¥ 8 lansch mace asd 4 > |,

2. Motatlon and Deflnltlsns

Lea (X, 1) be & Banach space, the space of all sequerios in X s demoted by W{X]) and $(X) &
densted for the guce of all Enlte mousnoss in X, Wheat X s K, the scalar fidd of X | the coxresponding
Mo kT wTillon &2 w mnd &

A soquence specs in X s o near mibapnce of W{X). Lot F bo wa Xovaloed seequence space. For
= € Ewnd k € N, we write 73 stanls for the A term of = For &k € N denote by e the sequence
(0,0, -0, 1,0,...) with | in the &** pasition and by e the soquensos (1,1,), ) Foez e X snd k @ N,
bt e"(z) be the sequemen (0,0, 0,2,0,..) with = In the #** pasition sod ket cf=) be the saquence
{r,z,x, ..} For u fixed scalar sequencs p = (ji,) the sequence space E, & defined s

E, = =@ W{X) ! (jyiry) € E} .
Lot A = (f7) with /3 in X', the topologienl dus! of X, Suppose Uit £ b s space of X-valied

mﬂf:mﬂmwmﬁ:ﬂ Then A is ssid to map £ isto F, written by

A E— Filoroachz={z) € E, J..I:=J'=Eﬂ'in]nnwl;uﬁr-:h 0 € N, and the sequenies

ket

Az » (As(z)) € F. Let (E, F) denote for the set of all infinite metrice mapping from £ inta F,
Suppone thet the X-wlued sequence spuce B is endowed with some linees topology v Then E s

cafled & K-apace if for each & £ N the &% coordinate mapping pu : E — X, defined by pylz] = =, i

oantinuous an E. 11, in sdditlen, (E, r) is an Fréchet (Banach, LF-, LB-) gpace, then F s called an FE-
(BE-, LF.E'F..LHE-J-M Now, suppose that E contoins $(X). Then £ is said o have property A5 if

theset {3 effn)ne N | & bounded In B for overy 2 = (2} € B b be sl 10 have property ARl
=1

Y eml =z B wn— o for omy o= (25) € E. 1 has property AD i 9(X) i= demse in E

k=i




3

The space £(X, p) i an FE-spece with AK ender the parsniem g{z) = (ihf‘)uuuﬂﬂﬂ
M =maxr {], iuppy] i even o BK-space fpy > | rnrnﬂhEH,tit.'u.lm‘:‘ﬁuh

=il =inflp>0: ihﬁ'ﬂﬂ"ﬂ 1]
kL)

In esch of the space (X, 2) and &5(X, p} we consider the Tunction gf=} = sip B P where A =
L {]..nlg P} It b doownthat es{ X, p) is an PiCspace with ﬁlunduilhmg thefined
&4 above and Lo(X,p) b & complete LBE-sace with AR, Tn (X, 5) we comsider iha function giz} =
::pl-r.—lﬂl‘"’"+|ﬁ| whers @ le the unlque element in X with 3 — «le) € (X, 5} Then g s u
parmacem on oY, pf asd of X, 5) in an FE-space under this paranoem g.

J. Main Results
We begin with giving the matrix charactarizations froen 80X, p) inta £
mum;-hjuuwwﬁmmm.ﬂnstpm

E€ N and bt A = ([T} be on infindte matriz. Then A € (8(X. p), L) if and enly if there (s miy & N
nﬂlhlnq: m;“"ml-: i
-,

Prool. Asecee that A € ({(X,p). L), In 8X,p), wo consider it as & parsormed space with the

parsnc § defined a8 above and sinos py < | for all k € N, we have M = maz [l np ] = 1. Now,

wo write [|.]| stznds for the paranorm g mmmma:ﬂ,ﬂ—ghmﬂ:ﬂu Thews Lheyn
b wng & N mach that

wop [ A0 €1 for all 2 € X3 with Bl < (1)
- ] L]

umtﬂﬂhﬁnitmdﬂtj € X bo woch that fnyll < L Thes e®mg ™) € 200, 0) winl
I il < = By (11), wo have

me Rl < o 7lmg 1Py = A g Pz gp <1

This implias that r&n{”"ﬂfzﬂ{m

Corrrosely, ssngne that the eondition halds l.u_ut.lr=[#.|.]E.I‘{I.p}. By ssumption, there ks
C = 0 ek thad

mg "M <C fralinke N, {22y




4

En:hz:m:tﬂ—-ﬂni—*m.lhﬁéintkg € N much that [|mi ™l < 1 for all & > iy, Ficica
D<p <) bwall k2 N, we have

fimg ™ | < ™y [P for el k> ks, (a3)
It feillomes: by {312) weed [3.5) thas

E[Imi""":.-lhzll gl 4 E g™z,

=k i

£Eilmu""“:nll-? E limig' ™ =0
k=1 g =

=¥y 4 my E | ™

kemkgi 1
< &y b omall=fl [k4)

wheee K ‘ih}"‘hl-
Form Eﬂ,bl;-{'l'.ﬂ]ind (3.4) we have

jAaz] = IE,EII‘{NE”’*M”":HH
b=

(R0
s:gma”’*nr:l-uma""m
1

5¢§Iim¥"nl
< C{K) + mafiz]).
[
whers &} —EH""’nl
*l‘hhhﬂ-th:ir:pm#{m.mﬂud:ilu.mmm“ml o

When pu= 1 foc ull k € ¥, we obtain the Iollowing result directly from Thasssm 3.1

Corollary 3.2 For an mfinite matrir A = {f7), A & (#{(X), L) {I'-inﬂfw 721 < co.

Theorem 3.3 Let p = (py) anid g = () be bounded sequences af rod members with py < 1 for

Sll k€ N. Then for an infinite matriz A = (f7), A € (X, p), £.15)) & and only 7 for oxch e W,
there fsr, £ N mﬂﬂum T M | ] < o0

Prool Since £ (g = f'}:.fm'f#u.,,-ﬂ follows that

A AL L lgl) = Ae (it p), fepiing) b allme W




For cach m £ N, we can easily show that
ASX.D), bapniony) = (V5 Rhos & (60X, ), L)
By Theor=m 31 we abtsin that for cach mg N,
(% fhea € (X3, Lo) == Wb € N s that sup o Mentil T < oo

This ecmpletos the preal’ a

Theorem 3.4 Let g = h]hlmmﬂ of peaitive real sumbers and ket A= (f7) be om
énfinile matre. Then A € (Ap(X, p), £ (¢)) f ondd anly f for cack wd1EN, np iendinifeg) <

Prool Sees MalX, p) = U2 80X ) jn-viny, e e

A (MIXp) Lalal) s== A€ HX) 0y Lolg)) forall v £ &

wod snos £ {g) = ML fagaisenys it follonin that foe ¥ & N,
AC[HUXYpmsimn e Laldl) == A& LX) m1imuys Loagyiinny) Tt ol 2 N,

Fox r,a € N, we can exsily show that

A€ (BX ) evimayy bwgirry) 4= (oMierlim ) e (00X, E2).
For r,4 € N, wo obtain by Comblary 3.9

(aMrtis 1) | € (HX), ) = np SR < oo

Thus the theneem is proved, u|
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Matrix Transformations on Nakano Vector-Valued Sequence Spsace

‘SUTIHER SUANTAL

ASSTRACT, 1n ihis puper, = give Lha mairic chirsclerantlome from Nakans werton
radiand sacmence spmce (X,p) tnto b, £,() + bt wndt o whirs p = () aid § = (1) are
s o o o T R numbers such that p, > 1 far alt k& N

(U1} AMS Mlatbemestion Bulijecs (lassificatin $0A495.

L INTRODUCTION

Lot (X, 1) be s Banach space and p o= () & bounded sequcnos of pesitive rel numisas, We
wiite = o (=) with =3 & X fr all k £ N, The X-vnlied soquenos specs @i X.pl, o{X.p), LL[X.p),
HX, ). i (X, p) airw defirind as

el X, p) = {= = (xa) :.E':Hh ™ = b},
SXph = (== (=)= lim oy = gl =0 for wame s € X},
r...{-tmlrfarnhlm:w f=ali™ < oo},

X, ) === (=) 3 eall® < 00)
] :
LalXop) = (== () s lim [lfzel™ =0 forench [Gi) € )

Whea X = K, tho scalar fiedd of X, the corvespondinig spoces are written as aulp), elp), £u(p) Lip),
nﬂﬂ_fﬂirmﬂﬂﬂvﬂpmmm{p}icﬁi}indlul[;r_:]iitkm'unulhemmﬂ'hhddm
These spaces w=re first introdussd and studied by Simons (6], Madday 3, 4] The spece fp) was frst
defined by Nadouno [5] and jt &= known =3 the Nakane sequence space end the space 0L.Y, p) = kiowy as

Trreset by ALad THX
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the Nekano vector-valned sequence spece. The spaces £_(p) wes first intridused by Crosse-Erdrmann |||
and hhw'hm&ﬂn;m.m[}j. elp) Lalp) and £_{p) In [I), be s shovnd
taat £ (8} = " b puuim - Grosse-Erdtmunn (2] hos given charscterizations of infinis matrices hetwren
scelar-walued soquecce spaces of Maddos mmmmmwmmmh
infleifle matrices mapping from el X, 5}, £ lX. 5! iteo sofq) end £.lq)

2. Notatlon and Definitions

bt X, L [} be & Bansch space, the space of wll sejummb in X i dessctad by WEX) kndt #{ X is
dmud_hthlp-mdlﬂﬁummminx-WthHK.m-ﬂh:ﬂeﬂdx.Ihm-rnpmﬂn:
e e Wrilen ke mnd &,

Ammmx'hlﬂm“mhup-mﬂh'{xi, Let E be an Xoviloed soquenee space, Fur
:Eﬂmkeﬂ.nmnm{mmummﬂ; For k. € N deote by oy the: segjuence
(0,6, ...0,1,0, ) with | b the k™ pesition apd by e Lhe sequence (1,1, 1,..) Forz€ X and & € N,
urmhmmmu.m.u,m.*lﬂih:hmﬂ*mﬁuwhq:]hm-qm
(222 ). We call & soquence spacs & normal If (fy33) € 5 for &1l = = (=) € B and t, € K with
[t] == 1 for all & & N. Foe s lod seala: sequenioe 1 = (1) the sequence space £, s definad as

By =z e W(X): ()€ £
Let A w () with [T In X", the vopological dunl of X. Suppose that F s & spece of Xovaluad
WMF-WHWW *nmihnhumlhnl’.w&umhr
AL E— Filfor ench == (1,) € E, &H}'Eﬁfﬁlwhﬂnﬁﬂ.ﬂmm

A= = (Aut=)) € F. Lat (5. F) daote for tha set of all inflsite marices mapping from & into &
Stippose that the X-valied sequance space £ |s exidownd with some finear topolagy 7. Then £ s
th.[nHmiIhru:hiEHME‘WM'WH:H—-I.HWHﬁ]-ﬂ.H
comtimauy on E. If, in sddition, (E, ) s an Préchat (Bensch, LF-, LB-) space, thent & ls called an FX-
fM-*LFFq LEK-) speee. New, supposs that £ containe $(X}. Then 5 & said to kave property A if

the pet {zi‘[n]:nEH}ihﬁmﬂuﬂh Efor evay 2= () € B. It is sl to have pruperty AK I
=]

Ea‘(nl—fm Eesm—s oo forevary £ ={5,) € E. It hna property AD U &{X] in dense in £,

fuard

) [PV
T s 13, i P wih NG e o prsscemste) = (3 i) . wioce
=
H:nm:{l.l:pn}
Inun;l:.:f'lhqﬂ{,{.‘i'.::]Mmfx.p}m_mﬁdmﬂtfm:ﬁmjhii?hlhm,-m
M=m:|:l.'|.nllpn}.Ehhﬂnﬁum[x’,p}lrwﬁ{mﬂhmmdq-hmn
duﬁnqdulhﬂwmd!_ﬂ.p]inmﬂﬁqﬂi{{-q:huﬁimﬁﬂ_rua{x*p}-mﬁslhuﬁnmﬁm



|
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g{:}:::qp”m,,-_qp'if" + ol where o i5 the unigue element in X with z = e{a) € e{ X, p). Then gis
& paranorm on &f X, p) and e{X, p) i3 an FK-space under this parenorm g.
The sequence spacses ¢ and ba are also mentionsd in this paper where

ea= {z=(m) 1 } = conveges. ), with jizl| = sup I- zals
1

=1 " =

m o L]
ba= {z=(z) : sup [} =|<oo} with |z =sup |} =
k=l B

These two spaces ere botl BK-spaces, oo hes the AK property and it is n closed subspace of ba.

d. Maln Reanilts

We first give 8 charscterization of sn infinite matric mapping froam 0.X,p) into £, when pe > 1
for all k € N,

: Theorem 3.1 Let p = (p]} be bounded sequences of positive real mumbers with py 5 | and let

;"‘%“lfﬂrdftt‘iﬁ. For an infinits matriz A = (f7) , A € (L{X,p), £.) {f and sndy if there @

o
g & N such that sup Em"‘"m,;{“"”-:m.
i =r

Prool Assums that A € (£(X, p),£..). For each k€ I, wr have sup [f2(z)| <ccofarnll =z 8 X
since e!*(z) € (X, p) for all 2 € X, It follows by the uniform bounded principle that there is an My > 1
moch that oup Il € My Supfiome that

5=
sup 3 IR m ) w s for overy m€ N (3.1)
=i
First, we show that
rup 3 Ifm N < oo for all k,m € N (32)

Fork

For this, if not, then there are kg, mg € N and K > | such that
w3 G < K
A T

Fox i & N, wo have

)
2o ey 7 = 3 I R 4 3 7 e e

=} F=1 ixkg

ky
¢S a
=1
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Thiaimplimthuqz;lﬂf'"ﬂmn {m,ihd:mtra.m[llj s {3.2) holds,

Hy{:i_l]m.d[ii}nmdmmn =k <k <hky <., vy Cmy <m0 and ny — oo,
such that forall i > 1
2 Wpem e
ki—g <yl
And we chonse =4 € X with [iz;|| = I such that for all i > 1

Y Urdmm s

By_1igi
and put y = (yj} where gy =m0 e te ey ik <k
Thua
E:hl':lli"‘ o5 z ..—r..m';!:h.r" HIJT [1_1]1'"{"_'"
J=1 =1y g g iy
=3 X &m0 e
el by i Sy
Fm £ U
by i

I
- —— = = 1,
s
Henao g = () € 80X, p). Since 81X, p) is normal, it follows by 7], Theoram 1.3
n2 3 IR < o (33)
b=l

But we hove for sach § £ N,

2 = T ettt oy

ey Ty By it

mzwmyu‘z E h[f;-{w].l.wmmuhuh{u}.m A: H{X,p) = beo-
F=al il ey
wmﬁmmmm Then thera are mg € N and K > | much that

Euﬂu sl e K fecallne N, (1.4)

Let z = (xy) € U X, p). Naote that for a, b > 0, wo have

ch<a™ 4 v, [3.5)



Tt follows by (3.4) and {3.5) that forn e N,
(32| = |3 2 img ) ang 7oz
F =5 ] k=1

< 2SR 4 3 Imy e
k=l e |

=S LI 4 mo 3 i
k=]

e

SK+ma) fleaf.
k=]

==
Emmr:piz:ﬂ‘in}l-:m.nmndrelh.mm:hum n]

A=l

Theorem 3.2 Let p = (p,) and g« (qu) be bosmdad sequences of positive real numbers sk that

Pu> 1 forallk € N and let A = (') be an infinite matriz, Then A € (8(X,p) L(0)) f and only if for
ﬂthrdndlEH.ﬂT #ip=im| ) < oo
i,

Frool. Since £.,(p) = "Gy le iy, it follows that,
ACBX P Lale)) == A€ (UX,P), boogeisny) fx sl re N
It ia enaily to show that for r € N,
A€ (X2 boperrny) == (/e ) | €(tiX,p), ).
Foe r € N, we oblain by Theorem 3.1

(FY912),.4 € (6(X,P), L) o= thors is m. & N ssch that aup if“""lml"m:“-““ —
T

Thus the thoorem i proved. (]

) il'hlnrlmu mp-h]hwmﬂpﬂmHMﬂHmblﬂh

;4.;*,1_&““53. For an infinite matrie A = (f7) , A € (€{X, p), 84) if and only if there is

o ]
mo € N such that sup Y R g,

o ]

Prool. For an infinite matrix A = (7). = can eaally show that

AS(Uxp), b) = (311),, €UlXp), ).




This implies by Theorem 3.1 that 4 € [{{X, ), &) if and only if there is mg € N such that

sun Elz_ﬂ-ﬁ"‘m;m_n < og.

k=l =l

8]

;Itmml.-l m;-@.]ummujpmmmmhm}lmu

1
oo For =1 jorall k€ N. For on infinite matriz A = (f7) , A€ (4(X,p), e2) f and only if

(1) there ismg € N such that sup 3~ [T £l my '™ < co,
" k=] =1

{8} For eachkE N andz € X, f:,ﬂ'{:_l COTPenyEL,

Prool 'Ihnu-*urhnulhmil:u'?hmnmﬂ.lmdbythlild.lﬁdd“[:}tsﬁx,p}hm
KENmdzEX.

Now, supposs that (1) and (2} hold. By Theorem 3.3, -nhmdiﬂx.p}qu It ==
(=) € HX,p). Eﬁlﬂnﬂmlhﬂmm.hhm'nWw‘@_ ztmﬁn] in {{X,p). By
a=1

A
Zeller's theroam, A : 8{X,p) — ba in contimens, I implies that Ax = fim Emm{m. By (2),
=}

Ac*Yzy) € ca for all k £ N. Since e is & closed subspace of g, it implies that Az € es. Honos the proof
is now canplete, 0
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On Matrix Transformations between Some Vector-Valued Sequence Spaces

SUTHEP SUANTAL

\ .ﬁmuthhm“ﬂnmmmnﬂhh-hrlmm
malricss mapping from the Nakeno vecter-valusd sequance spacs [X.P) Inte any BK-space
ﬂwmmwnmumummmﬁmp}ummﬂu—n

J ' spaces Lo(¥), cal¥, a) e(VIA(Y), (V) amdt Fo(Y) whors p = (Pa) wad ¢ = (@) wre

hﬂnﬁdmﬂpﬂuﬁvpm{mmmhﬂlh-ﬂbe H.rgﬂ,m;g],
(1001} AMSE Mathesmathcn Subjoct Clutiflestian: AN AT,

1. INTRODUCTION

Let {.x,ﬂ.ﬂ]hiﬁlﬂ-;hmmdpu () & bounded saquence of positive resl mimbers. Wa
wiite 2 = () with 23 in X for all k € N. The X-valued soquence spaces (X, p), X, p)s Lol X, p),
HX,p)y Be(X,p) and Fo(X,p} ar defined &

@(X,p) = {==(zs) : lim [lz|™ =0},

c[I,p}={:u{!;};Lﬁ1ﬂ=. = =0 forsome s € X },

Lo X, p) = {z = (=) ; up izl < o),

HX,p)= {z = (=) : i‘ﬁt#ﬂ" < ool
‘.ﬂ Hara P
EEI.;-}={==Lnl-:1m <z},

11F

BAXp) = e =) = 3 Kz < o0 b,

When X = K, the scalar ﬁéldcf.f'{ H:urmpmdhgmmmwﬁﬂmum{p},c{p}, £.(p), tp),
E.(p) and F,(p), respectively and the firast thren spaces are known as the soquence spaces of Maddex

Tyt by ALsSTER
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imwmt}h&mw sequence Epaces of Maddew. Wi and Lig |
with the problem of charscterisations dhﬁﬁumimmmhgﬁmm[xip}mtufx,p}iﬂnq{q}

2. Notatlon and Definitions

Lot (X, 010) anet (¥, L)) be Banach spaces, the space of all continuons linear operators from X
into ¥ is dencted by £LX, ¥), mwm}mﬂx}mhmmummmxmm
space of all finite sequences jny X, When X = K, the scalar Med of X, the cormeponding spaces are
writton as W and &, respectively,

Ammhxhulmmﬂﬂmﬂ, IAEhtquﬂnh-;llnqnmu;m
h:EEMiEH.n!ﬂht.Mhﬂut“hﬂdI. m:exmkemuﬂ{:] be
the ssquence (0,0,..,,0,=,0, ..) with = in the K** position and Jet (=) be the sequence (z,x,2,..). For
.ﬁ::dmlummpn{m}ummmmﬁ',h&uﬂmdu

By = Az € W(X): (mzi) € B}
Lut.t-h{'l"ﬂ-ﬂhT;h-ﬁ{X,}'}. Suppose that K i an Xevalued sequence space and F an ¥-
-dudm;ﬂumm Then A hnHlnmlth:nF,Hﬁﬂml:ﬁA:E—PHhmhr-{n}E£..
A.{:].-E:‘H‘{n}mhu:h R EN, and the sequence Az = (A.(z)) & F, Let (B, F) denote
A=l

hhmﬂﬂ%%mqhﬂihﬂ LR (T B (#5) nrn sealar soguenoes,
let

B, F), = '["‘-“U:J'T{HHTITLI.H €(E.FR)
i ,&n-hmkeﬁ,n-m.w-f;}}.
&whhh@dmmﬂhmmmﬂwWﬂ Then E s
called o K-spoce if for each ik £ Hmtﬁmmnm-ﬂmmwn{:}nu.h
continuous on E. Ehmm.r}hnﬂﬂﬂmwn LB-} space, then F s callod an FE-
(BR-, LF_‘H*,LBE-}M Now, suppose that E contains ¢{X), Then E is said to have property AR i

the sct {E:"{:ﬂ.]:nfﬂ]ibﬂnﬁaﬂh.ﬁhml={ﬂ}r£ﬂ. T i said to have property AK i
o]

E:”{zn]—-:hﬁﬂ m— 00 for every z = (1) € E. It has properiy AD Il $(X) is dense jn E.

k=1

e 1088
mmﬂp]hmmwﬂmﬁﬁmth:mmg{:]= EI:.F") y Where
M= mn:{i,#;zpm}{uefﬁﬂ. The space cy{p) i= an FK-space with AK, elp) is an FK-space and £__{p)




iz & complete LBK space with AB (ses |2, ﬁj‘_i,”l‘l;h'hmnthat the space 0[X, p} i an FK-space with
AK under the perancem gfz) = (Zunﬂ) . whunH:m{L:?pg}. In each of the space
k=1

Lo (X, p) and ol X, p) we consider tha function g(z) = sup [lze P/, where M = maz Lowpp) s
kenown that op(X, p) is an FH-space with AK under the paranorm g defined as above and £_{X,p} is s
complete LBK-space with AB. In c(X, p) we consider the function g{z) = sup fze —alf/M 4 [la]] whee
@ bs the unique element in X with x —efa) € &(X,p). Then g is & parsnorm on o X, p) and e X, g is an
FE-space under this paranceen.

1. Boma Auxillary Results

In this soction wo give some useful resulis that can be used to reduce our problems into some
simpler forms.

Propoeltion 3.1 Let E ond E,(n € N) de X-valued sequence spoaces, and F and Fa(n € N)
¥ -valued scquence spaces, and let u and v be sequences of real numbers with uy ¥ 0, vy, 4 0 forall kg N.
Then we have
) (U B, F) = 1 (Bu, )
(i) {'Elrﬁ::lpﬁ} = e B Fa)
ﬁ'ﬂil [-EulFH} o o B, Fly-r.

Prool. Amertiona (i), (i) and (lil} are immodistoly obtained directly by the dofinitions.

FProposition 3.3 Let p= () be o bounded sequence of positive real numbers and r > 0. Thes
(1) Fe(X.p) qurp']{ﬂ]-
(8} (X, p) = Pﬂ;nnl-t}{,m.r

FProol. Assertions (i) ia otwiously obtsined by the definition.
To shew (i), Iot = € oy(X, p). Then [jzafP* — 0 8s bk — oo, For each n € N, lot & = [Jz3 I 5 for
all ke N, %hﬂtﬂﬁynnutum;huuhl.nﬂhuﬁ”"anul—mﬂhuumpiu.

»a we have = € ql_'I],:_m.-r Conversely, assune that = € M, (X)(14m)- Then If_l'_ﬂ:;.dr llzgllntir =0
h-umnE."-'.'I'hmfun.ﬁﬂfwhnmu:.?‘s%hh::ek.hm:ﬁﬁ{.’.‘.p]. o
d. Main Resulis

Wa begin with giving the matrix charscterizations mapping from X, p) into & BK-spase where
pe<lforallke N.




Theorem 4.1 Letp = (p:) be o bovnded sequence of positive real numbers such that ;e < 1
forallk € N and [et E be a Y-valued sequenes space which 14 0 BK-spoce. Then for on infindis matriz
A=(T7), A€ (UX,p), E} if and only if

(1) For each k € N, {Tp{z)j25, € E for allx € X and
(2} There exists mo € N such that

sup sup BAmg P eH(z)| <1
k =izl

Prool. Suppoes thet A € (H{X,p), E). Since e*{z) e (X, p)fc sl e X and all k € N, we
have Ae*{x) € E, so (1) is oblained. Now, we shall show that the condition (2) ls satisfied. By Zelle's
théorem, we have that A : §X, p) — E iz continuoes. Then there exdsts mg € & such that

== (x,) € H{X,p), HE% = JlA=|| £1. (a1}

Let = € X with iz < 1 and k € N. We have m /™ (2) € (X, p) and fimg V"> (2)] =%, By
(4.1) wo have ||A{mg T e* ()| € 1. This implies that

sup sup fA(mg M) < 1.

LI [ g
Comversely, sssuma that the conditions (1) and (2) hold. By (2), there Is my € N stech that
o flA(mg e (2)]) £ 1 (3
for all x & X with =l < L.
Thin implies by (4.2) that :
sup A (mg ™ e )} < (42)

for all z & X,
Let z = (x3) € £{X,p). For cach k € N, we have by (4.3) that

llAe* (za)l| = BA(mg ™ (mg VP e (=)}
= g T B (g ™ e ()]
< mg/ ™kl {4.4)

Sinoe (mpy ™z, ) € X, p), 50 (mi ™ x,) € (X, p) C cul X), henos there in s ks € N such that mgfiza ) <
1 for sll k > k. Since 0 € pg < 1 for all k € N, we have

g ™zl € (my ™ Eeal)™ = malla (&5)
fear &1 b = k.



It follows by (4.4) and (4.5) Lhat

2% =
2o e el < 5 mig ™ |z |
Jp] el
L =1 (==
" B e
domg P b 5wy
haal Wiy i)
-"-u.ﬁ : aca
S PN TR S
k=) e ]
L )

i e
Henee E.‘it"{tﬂ vonverges absolutely wn &, Binca £ u Banach, E-"""kfﬂ] convorges [n 8 Let,

(=T k=1
L
¥ = (i) & E be the s of EJ‘I:J'{I;,} dince £ s n Keapace, we hove that for each i & N, p,
b=}

conLinwous, sa Ul

Voo = Punl0) = lim 3 Cpm{Aet ) < fim 300
ey k-1

Thin implies that Az existi and (Az), - E'I;‘{:n.,} o Yy, hemco Ax & F,
k=
Thin campletes tho prodal (B}

Whiam gy = | loc sl k & N, the following result, age obtalned divectly from Thesrem 4.1

Thooram 4.2 Lot E be o ¥ ovalued soquence space which 6 o BK-space and A - CTT') e infinate
wmatree Then A & (E(X), B {f and onlp if
(1) For each k& N, (IP{z))n, € B for allx € X and
(&) wup sup ||Ac*(z)|] < oo .
Ul B R

Thaorem 4.3 Lol p = (py) ba o bounded snquence of poritive real numbders such that e <] far
all k& N and let A = (17') be an infinite matrir. Then A € (X, p), £ (Y)) if and only if
(1) For cach ke N, sup |117]] < oo and
2] There exists myg & N much that
sup g T S 1

Proof. By Theorem 4.1, to prove this theerein wo only shiow that Lhe the conditions {1) amd (2)
are equivalent to the conditions (1°) and [2'), repectively, where
{1'} For each k€ N, Ae*(x) € €_{V) for all 2 £ X arul



{2') Thers exiata my £ N zuch then

sup sup [l A{n, et el = 1
E E=j=i
The conditions {1) amd {1'} sre equivalent by the uniform bownded pringiple:
1f (2) holds, far &,n & N and 2 € X with Jlzfl <1, we have mg "™ |12z < mg 1z =l <
wg TN < 1, which bmplies

sup sup [|Almg P (z)) = sup oup swp g IR €1,
ki1 b Jlal€l m

a0 (') in obtained
Now, supposs thit (2) holds, Then there exisis mo € ¥ such that
sup g P TT ) = A lmg et (=) < 1 (4.6)
for all k& N und oll 2 € N with ||z < L.
1t follows by (4.6) thut for each n,k € N, mg " JIT| < 1, so (2) is obtained. 0
By wiing the same prool as in Thesrem 4.3 we shtain

Theorem 4.4 Lt gr= (i) be a bovndad siyuence of poritive real sumidera auch hal py <1 for
all k& N and let A w (T7) be on infindte matrie Then A € (8(X,p), ealY) {f and only {f
(1) For each k € N, TT(x) = 0 aan = 60 forall z € X and
{8) Tharn exsats mog € N wmch that

ey mg " TT < 1
n,

Theorem 4.5 Letpo=(py) and = (gu) be bounded sequences of pasitive real nurmbara such that
peSt forallk e N and let A= (T}') hnl'l.lfﬂ‘l'lﬂﬂnﬂmﬂ‘&_ Then A € (60X, p) el q)) o ard only &
{1} For cach k& N and m € N, mY# 77 {2) — 0 an v == 00 for all z € X and
{#) For cach m & N, there exdats v, € N much that

Eﬂf r;lrnml!r- <
LY

Proof. By Proposition 3.1 (i) and 3.2 (ii), we heve
A€ (HX,p) aolYiq)) = A (X, p) @Y Nmiiny) forsllme N
Ty fullows by Propesition 3.1 (1ii) that fer sach m & N,

A€ (0X ) el ¥ ing) == [mMIR) € (X p) wilY]) -



By Thootem 4.4, we obtain that
{mt=T0), B (A p) a1} = (1) and {Z) are setisfed
1
By spplyimg Theoran 4.1 and wing the same proof as in Theorem 43 we obialn |

Theorew 4.8 Let p= {py) be o lunded sequence of positive real mumbers such that py < 1 for
oll k€ N and (et A= (T) be an infinite matrie. Then A € (80X, p), (¥} {f and oniy if
(1) EhrmmtEN..f_ITr;t:“'}:!,:] exista for all x € X and
(8) Thers exists mo € N much that

-]
oup g )< |

Hy mpplying Theorem 4.1 we alss have the following remult.

Theorem 4.7 Lat p = [py) be a bounded soquence of poritive real numbers suah that py, < | for
otk €N, a2 1 and let A w (T3') be an infinite matriz. Then A € (08X, p), L.(¥)) {f and oniy {f
(1) For each k & N, {T7(2))2%, & L{Y) Jor all = € X and
{8) There exists mg € N such that

aup pup a{pu z* < 1.
~ glhin A E"‘u N

Since B (V) = ,.[}’}t*_..],. the fallowing result is obtainod by Proposition 3.1 (i) and Theorem
4.3

Theorem 4.8 Let p = (pu) be o bounded sequence of positive real nntibare much that py < 1 for
allk € N, r=0 ond et A= (I7') be an infinite matric. Then A € {8X, p), Fo(¥)) if and only
(1) For each k€ N, sup [|n="T0|| < oo and
TR | T, T

=k i
rup ey Mt < 3
T

Simee Fo(¥) = &F) ey, by spplying Proposithon 3.1 (i) sod Thoorem 4.1 we abitain ;

Theorem 4.9 Lot p={py) be a bounded seguence of positive real numbers such that g, < 1 for
allk € N, r 20 and let A= (T7) be an infinite matriz. Thes A € (20X, 5), F.0¥)) if and anly 3
(1) For nchk € N, (w7 (x)}2; € €[Y) for allz e X and



(%) There esists mg € N such that
e

sup sup Emé—l.l'n“rlmtiﬂ <4,

U P Bt

melﬂdmmmr._-
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Malrix Transformations of Same Vector-Valued Sequence Spaces

BUTHER SUANTAL

ADITRATT, In ihis puper, we give Lhe matrls characterizallons from veesomvalied

saquance spaces Lo (X p), and g (X p) tnle the Oclles soquance space Ly whars i = () be
& brisunded sequancos of posllive resl weepbera

(1) AME Matlsmation Sabiect ClnssiRendioan 40443,

1. INTRODUCTION

Let (X, L) be n real Banach spoce and p e () & bounded soquemos of pesitive rel mimbers.
We write @ = () with x4 In X for oll & € N, The Xovalued soquinon apsces s{X, p, o[X, 9], LX),
X ph, onal o[ X, ) nre dofined sn
(X p) = o () 1 it [l ™ = 0},
elX, }t{:u[ﬂ}:htﬂllr;-u"“ =10 lor somo a € X'},
bl Xy p) = (=m0} : "y llzsll™ < oo,

(X ={z= (=) : ¥ llzli™ < 00)
Rsal
ﬁ;{I.p}:{:={£ﬂ:n‘fp|E%uﬂ < ooy Mor sume (8,) € oo with £, #0 forall ke & )

When X = R, the corresponding #pnces nre writben as oy(p), elp), £ao(p) Ap), and 2, (p) respectively,
Each of the first four spnces aro known a3 the sequence spoocs of Maddox. These spaces were ficst
nbroduced and studied by Simons [7], Maddue [4, 5], and Nalawno (8], In [2] the structire of the spnces
calp), elp), and £u.(p) hnve been investiguted

Tyimeet by L4 THE



Led M : R~ |U oo} be conver, even, comtimwous aml M{u) =0 = u = 0. For a given real
SO 0= {In]} tlefinie
par(e) = 3 Mz},
H=1
far = [z = {z4) s pa{Ax) < ool somed > 0}, wad
Jiel] = inffa > 0: g () < 1) for € L.

The sequence spacea (L, || [} is known a3 the Orfiek ssquencs spnoe el i i 5 BK-spaca.

In this paper we conshler the problem of characterizing those matrices thet map an Xovaloed
sequencs spaces Lo (X, p) and g X, p) into the Orfice soquenee spaces. Wi wnd Lin [8] deal with the
problem of charnclerizstion these inlinite motrices mapping from en( X, p), ol X, p), £o(X, p) and £(X, p)
inte the senlprsequonce spaces of Maddoe with some eonilitions on Uhe T T IFI} and {gh" Creumse-
Erdmnnn 3] hus given characterizationn of motrie transformations between tse scalar-ynlued sequanes
wpaces of Maoddox, Thelr chasocterizations wre derived Fom functionsl annlytic prindples Our sppesach
haiw b dilfevent. We s b mathod of reduction Inteodiead iy Grose Erdmann 3], In [2] 5t s polotod
out that aplp) be an echielon spoce of onler O and thst £.(p) Is & co-echelon sptce of ardér oo, In thia
paper wa also show thed g,( X, p) and £,(X, p) 10 & co-achelon space of arder oo, Therslore these spmces

are il ap of smpler specm. We will wse oortaln suxilinry reanlts{Section 3) to reducn our problem ta
the chumterimtions of matrix mapping botwesn much simplor spuces,

2, MNotatlon and Dolindlionm

2.1 Lat (X, ]|} o & real Bansch apoes, tin spaoe of sll sequenens in X i denoted by WX and 2(X)
Wi dhemtedd for the space of all finits sequences in X, When X = R, the corrssponding sfacon ara written
o maned o,

A soguimen spoce in X In o linoar subspoce of WX). Lot F be sy Xembuod sogquenon opece.
For o & £ and k € N, we write 2y standa for the ¥ term of 2. For k € N denotes by ey the sequence
(0,0, 0, 1,0,..) with | ko the & position mmd by e the sequence (1, 1,1, ), Farz € X and & € N,
let, e*(x) L the sequenes (0,0, 0,2,0,...) with 2 ln the & position und let efz) be the soquoce
(==, ), Forsfived scalar sequence o = (g ) the sequenca space B, is defined as

B, = {z e WX} (pemy) & £} .

‘I'he secmience space. 1 s ealled normal il = € F and y € W{X) with ] £ x| Tor all & € & implics
that £ .

23 Let A = [2) with /2 in X', the wpological dusl of X. Suppose that E s & spece of X-valued
sequences and F s space of scalnr-vaiuod sequences. Then A i sabd to rop E mto B, written by

A1 B = Fif for each r = (2] € E, Aq(z) =Eﬂ;‘{:|:'k} converges for coch n g IV, nd the segienee
W=l



&

A = (ALf)) € F. Lk (5, F) daniota for the sct of all infinite mattives mapping fom B ko 5. 1f
== (uy) end v = (vg) are scalar seqences, fot

sl Fh={A= U::' 4 [“-r:'-'ﬁfﬁrl.l_: £ {E- F) ]'

[Fae 20 for el & £ N, wewnleony ! = [&:I

23 Suppose that the X-valuad séquence space B is endowed with some linesr topology v, Then £ Js
called & Fespace if fue ench n € N the n™* eocrdinate mapping ps : £ — X, defiried by palx) = 2y, i
continuons on B, 1l in addition, (E, 7) is en Frécher (Bannch, LF-, LB-) spoce, then & i ealled an FE-
(BK-, I-Ff-. LK) space. Now, suppess thet £ contains $X). Then F s sld to bave progerty A8 if

theset {5 eMan) n g N ) s bounded tn B for avery 7= (24) & £ 1t bs wadd Lo have property AR if

L]

Z::"[n:l—':hnﬁuﬂ—'mﬁwmn'#-{n]l{-ﬁ. It has property ALE S(X) in donse in K,
ke

i Soma Auxillary Hesills

In this seatlon we glve various welil results that ean be used to reduce our probiles linto sorme
simpler forme.

Proposition 3.1 Let & and Eq(n € N) be Xovabied sequence maces, and F and Fy(n & N)
noalur anquence spaces, and let u and u be sequznices of real nunbers witl we o 0, vy 0 for all k € N.
Then we have

0 (Ui F) =By )

() (8, PG ) = e (8, )

(i) (B -+ B ) = (B, ) 1 (B, 1)

(i) {E,F1) = (B, F)0{®(X), Fi) i E is an FK-space with AD, Fs fs on FK-space and Fy i a closed
subspace af Iy,

{".-J {H... F'u]': v{E'-F}u““

Frool  Assertions (i), (i}, (i), and (v) nve brmediate To show (iv), msume that 5 s an
Fli-apnoa with AD, Iy is an FiGspace and Fy i & closed subapnes of Fy. Cloacly, (£, Ky} C (&, Fa)n
(B(X), Fi) s aleays the case. Now, nsoume that 4 = (/) & (B, Fa) O {¢(X], Fi} and * £ E. By Zclla's
theorem, A ! E— Fy s enntimious. Since i has AD, there is a sequenes (™) with 4 € $(X) for
all m & N sach that 3! — zin £ as n — oo By the contlnnity of A, wo have Ay'™ — Ax in Fy as
n— oo. Since Ay™ € F for all n & N snd F} is n closed subapaee of 7, we obtan that Az € F.
Hence A € (£, Fy), o that (B, /) 0 {#(X), Fi) © (B, Fi). This complete the prook. o

Proposition 3.2 Lef p={pe] be a bounded sequences of positive real neombers. Then
(t) X9 =1:'I:—]':'1{ﬂ4n-'-htp Hienee (X, 0]} 5 an echelon spuce of erder (.



(i) .‘.‘WEI.‘F}=U:"_:5={JI:']{..-="::|- Henez £,( X, p) i3 0 eo-scholon swice-of order oo,

FProol (i) Let = = {5 € (X7}, Then thereis & sequence (8] & gy with & & 0 for
all & & W such that .mp HE—I|F'* < o Henor thore exists o > 0 such thar el = o¥P 8] for all
k€ N, Choose ny £ .i'.l'w:r.h fg = o Then faeyling /™ < {._}“-*‘]5.| <[] which impdies that
Ifm lzafing Y = =0, hones 2 = (2} & ol X )=ty -:_:Ll:,iq[x}h, uewye U the ather hand, supposs
thu * = (o) € UlaaalX ) -iimy- Then JHim [peafin= P = 0 for somen & N Let 8 = (6] be the
negrenoe defindsd by

g [ Il
- erbheroise

&
Clearly (§1) & oy und |5 '”"‘-’ﬂﬁ:rﬂlkEN Ilunm-"r?" *"“hﬂ,m:={mﬁ]£,¢{1p}

Mo we show I:In.]I II': & £ou (X, p), thoi thére s some 1 £ N with Nyl < nlor allk & N, Hetwe
s =% < 1 for all k€ ¥, po thst 2 € !,.,[x}{ﬂ.u,., On the other hayd, if = € St S E & P
then thece aro soma n & N and A > Lauch et JJoy om0 < Af for every & € N, Then we have
Nomi [ =5 ro ™ < v 6™ fiore Wl e 2 N, ‘Hmﬂma?pp. Hunea o € £,,( X, p) =l

3. Mnls Resulty

Wi o turn o our main olijective. We bigln with wiving charactoriaations of matrbx teaaform-
tiann Trom £, (X) amd eg{ X inte 5y, “To do this we neod  lamma,

:L-mmu 4.1 Let &€ {£,0X), el X)) and (fi) & mqm of contimous linesr funetionals on X,
Then E Sulma) vonvergan for every & = (74) € B il und ondy i Zﬂ_ﬂ.u <o
Froof. n‘}:‘,uf-u < o, then for cach 2 = () '€ B, 3 [fules)] < 2 Isalihenl <
Beadh k=1
2l 57 1all < o0, 50 that Emm converges,
M=) b= L
Cunversley, nssume that E,ﬂ.fn‘}umm;;u for every = = [z4) € B, Defino T : B — R by

Tr= z,f.{n} Clearly, T s linenr. For ench 11 € N, let », = erﬁﬂppm.lhf.h‘limﬂ'hl

f\.-lp'li:l.-_ hndm:mut..[ﬂ—-ﬁunumrnmhze E. IL Fn]lmhyﬂmnch-s-bunlmm theoram
that T'€ E'. Henoe thern i3 & pesitive real momber o such that

3 fitis)
k=1

<@ (4.1}

for all x = (#4) € B with [ls)| <1.



For each = = [z} € E withi ||z]| < 1, we can choose s real sequence (1) with [ty = T forall ke N
mwch that fitery) = |fidea)] for all & £ V. Cleadly, {tezs) € B and ||{taey )]} < 1. 1t follows by (4.1}

5_}‘ [Falze)l = [E filtez)

<a (12)

for all = = (=) € F with jjef] < 1-
It implics by (4.2) thee

Y =l < a {4.9)

kel
for all W& N and al) 24 € X with [ < 1.

It Follosen fream (4.3) that E!j_ﬁ.ﬂ <o foral nE N, hmnez:lr_ﬁ.ﬂ < o This eomplote the proaf. 0

[T k=1

Theorem 4.2 Leb A= (7'} be an infinite matriz wnt B & [4a{X) (X)), Then A € (B, )
|;|’ dbed md]r if

() E:mu < 0o for every n @ N, anl

(8) There uuux:-ummgugﬁ Eﬂ"fﬂ}'i < 1 for every (za) & E with ||g4)| < 1 for ali
ke N.

Prool  Assume that A € (B L), Then Eﬁ[‘:ﬂ canverge for all ® = (z4) € B Fenee (1)
holds by Lonmn 4.1, Sk B and & aro BK:apaces, by Zallae's theorom, A is coutlmsous. 1t follons
thist Lhere codats T > 0 such Lhnt

HA=z)| < K (4.4)

futwm—i:miﬂ‘wml laahl < 1 for sl k& V.
Than wo have ||A[i+::} £l forallz= () € B with || <1 for all k& N, By [I, Thoorom 1.38(1) |,
werd vl

e g

EJH{E ?:fa.{n}]l sl

i a
fior overy = = () € B with |Jry | < 1 for all & € N. Henoe (%) holda,

Canversely, ssmume that (1) and (2) hold, By Lemmn 4.1 , wa have E:_m’n} converges for every
bt

r={ry) € E. Lel K > 0 boauch that EM[I Ej’f{:;.:l-} = 1 for every = (5.} € E with Hzefl €1

for ol k£ N, Then for 2= {:k}EEmdr‘#ﬂu“lmH

> Mg S ) = S w3 R () <1

which implies that Ax € By, hence we have A € (£, £ur). o



Corollary 4.3 Ler 4 = U‘}bcmmﬁ:u!:ﬂmm ;f{i‘umu__l::., then A € (Lo(X), Lar).

Proof. Asume that {E ¥
k=1

EM{-’*EHHJH <o Let = (2) € Lo[X) and ||z] < 1. Then |inif] = 1 for all £ & N, 0
LT =1
\fotzedl < 0] for alt n k & N. Putting X = ‘:— Since M is convex, even, and increasing on [0, 09), it

follows that

5—LM(A|§II{':J )
L ZM(Af: R

k=1

€ fy. Then there cdsls A > 0 and o > 1 such that

S MY il = E_‘M( |Er{m

Ll e

nl.-

i M{AS L

k=1

1A
= DI—

It follows by Thoorem 4.2 that A € (£ X), L) (n]

Thoorem 4.4 Let A« (') be en infinils matriz and lef p = (pa) be o bounded sequence ef
wn'Hu:mJ numbers, Then A € (£,(X,p), i) of and only if

{1 Em"‘"’“ﬂﬂ"" < oo for allm,n € N, ond
)
(2) There exisis K > 0 ruch that

EHE Em‘f’-rﬂmn <1

w1

for every sequence (za) with nul| S 1 forall k€N,

Prool. By Proposition 3.2(ii), we have X 2)=LE", ﬂW{x]{“_‘h}_ It implies by Proposition
3.1{i) that
A {La(X,p) Lyl = AE u.ul:x]{mu.rnp by foralime N

By Proposition 3.1(¥), we have
A € (Eal X)pumerirays e} = (mVP 1) 4 € (£ (X, L)
We heve by Theorem 4.2 that

(mb/P =), 4 € (E(X), €u) === the conditions (1) and (2} hold.



Hemee the theorom is pooved. o

Thoorem 4.5 Let A = ([} be en infmile malris and let p = (pi) be 2 bounded sequence of
jn:umrmlmﬁut Thea A € (g X.p), L) &f and ondy if

1) Emmtu'n-:w,rwmm,neh and
f2) T.'lcr: exists K > 0 such that

g Mz E mes i) <1
Jor every sequence (23) € ap{X) with ||z,|| €1 ferall k€ N.
Prool Sinee go{X, 2} = UG5 60X )y -10eay, e have by Propesitios 3 1{1) that
A€ {g{X,p), tu) = A € (@(X)(p-1100p far) fox allm e N
By Proposition 3.1(v), we have
A€ (e X ) -rpmays bar) == (/P[00 € (XD, Lur)
It follows by Theorem 4.2 that
(P (T u € [La(X), ) eme  the conditions (1) and (2) hold.

Homen wo liave the Uheoeemi o
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Superposition Operators on  the Sequence Space #(p)

Suthep Suanic
Departrent of Matkematics, Facuilty of Science, Chiomg Mai Unrversine Chiane 3ai, Thailand.

ABSTRACT

In this paper, we give a characterzation of superposition  oparstor acting from a
sequence space of maddon £(p) into the sequence space £,
INTRODUCTION

Let v bethe sex of all real numbers, N the sot of all patural mombers and S the set of
all real sequences. For n € 1, we denode the nth term of sequence x by x, 2nd write x =
().

Let £, = eS| Yjry] <o} cqippod withtho nom ||, deid by

el =§1r.| for cvery € ¢,

Let p=(py) bea bounded sequence of positive numbers. The sequenco space of
Maddox {(p) is defined as

ip) =~ fxeS| i <w).
=1

This space was mtroduced by Maddox [2] and it is a paranormed soquence space with the
paranorm ||.[| defined a5

- L
IH#JI:{‘FE_I:xﬂ“}“ whore M =max {1, sup py |

For r>=10, et
E=f{xes| ﬂp%}i < @ | equipped with the norm ||, [l defined by
Hlﬂs,=ﬁ°ﬁ:p ’%}i for every x € E,.

Fi={x€8§| ik'lxd < @ } equipped with the norm || [f; defined by
k=1

il = Sk revery x € R,

Let f:NxR —» Rand P;:5 — 8 be definded a5
Pe(x) =(flkx)) forevery x €8,
The operator Py iscalled s superposition aperator. The superposion operator B,
i5 said to act from 3 sequance space X it 3 sequence space Y if Pym e Y forall
x€ X Characterizshon of Py an Orlice sequence spaces was given by 1. Robert and 1V,




Iud

Shragin [3], [4] . Chew Tuan Seng [1] has geven 2 characterization of P, on wy S
Suantai [5] has gives a charactenization of Py on the sequence spaces E, and .. In this
note, we nse the sams technics as m [5] to characterize P on the sequence space £(p)

MATERIALS AND METHODS

The main parpose of this paper i the followmg theorem
Theorem 1. Let §: 8XR R besuchthet foresch k & N, fk. ) 15 boundad Of EVEry
bounded subset of ® . A superposition operstor acts from £(p) mto /, ifand cnly if
there are & > 0, > Oand 3 sequence (o) € £, soch that forcach k = ™, [fikt)| < o
+ et whenewer 12 < B

Proof For the proof of sufficiency suppesa that there are @ > 0, B > 0 and a sequence (o)
& ) suchthat foreach k € N, |flt) = o+ @t whenever [1f* 5 B Lac x = (x)
€ #p). Smoo x;, =0, thervisani € Nsochthat [x, " <P forall k2 i. Then
[k, %y} = ¢ +ajx, [ forall kzi. Heoce

glf{k,xtjj 4 g:ta +l:.5:ixkt"t <m. Therefore Pr(x)=(flkx)) e £,.

k=1
Suppose, conversely, that pp acts from #(p) mto 4,, Foreach &, >0 andforeachk
e N, wo define
1£(k, )|

Aka f) = {ter | [tf*<min(p, o 11 md
B (oat.f) = sup ( k0| | te Adka.B) ).
Then we have
) <Bleep) + ajif™ whemover [tf* < . ()

W shall show that there are some ¢, § > 0 such that (B (kot.B)) & £, To prove this

1
suppose that (B (ko.f)) # £, forall ¢, >0, Then iﬂ{k.l'.—g*}:wiunﬂ ienN
k=l
. Then there cxsty a sequence of integers (o)) with
m=0 <my<m<.  <m<...suchthat n,isthe least positive imteger so that

1]
i'ﬂfk,u} > 1. Forgachj € N, we can choose € »0 such that
e el

Y0y — (oy=ny e > @

ket 41
Foreach j€ ¥ and forall k€ N with 0+ 1 5 k <ny, thereexists g & ﬁ{ﬁ,ij,‘;ﬂ
such that
Hkx) = Bq::,zi.zij} -g; (3)




1
Smea x, & Ak2Y, —] we et that

f
|x,,?'*£ and |x tj"'_l “"““H (4)

Smee 2 Bk 2 i} < Vand |F{kx, ¥<B(k2', —"} it follows from (4) that

.".-:I1|

Y iftkx +—
h-a__,ﬂ

k=n - g+l
i =1 ==
“ 2 zﬂﬂﬂﬂ.}:hg} Y
|
=5 _2";]_
Then )’JFILF‘ )ﬂ.‘. ﬁixhl" = =2 sothat (u) € &(p). By assumption, we

hmﬂu: P,{:J“[ﬂk.'h}}ﬁ ¢y Mmhnﬁmﬂjmﬂﬁ]ﬁuﬁtnﬂjEH.
Eirtk:.hz- )f B(k2!, 3- Y s

.lrl" "I'F" huuHﬂ

i B{kﬂj-iﬂ = (nj=np e,

fe=ii i1

« 1,
Hence i:lﬂ',k X ) = g e Zlf{k Xy N =<0 which isa contradiction becatsa

{M}Eh hhﬂﬂﬂrﬁh‘ﬂﬂh {B{I'I;E.EHEE; Pummg & = Bk
a.p) forall ke ¥, so{ay) & £, and we have from (1) that for esch

ke, ki) < o+ aftf* whenever |tf*< §.4

If Rk, . } 15 comtinuous for every k € N, the following result is obtained dirsctly
from Theorem 1,

Corollary 2 Let f-™XR —R besochthat foreach k € W, fik, ) is contimuous oo R . A
superposition opesstor Py acts from #(p) mte £, ifand enly iftherzarecx > 0, B> 0O and
a sequence (o) € £; such that forcach k& W,

Mkl < o + aftf* wheever 1P < B



Examiple 3 Lt §-WxX# — R be defined by
1
k) = -.E{-E;Hﬁh sinkt)
Lt ¢ =3andfi=| Thenfor te r (' =B=|, wehave |k, U = oy, +oxftf™

2
where ¢ =F forall k € ™. b follows from Corollary 2 that the superposition operator
Py acts from #(p) mte £, ,

|
Example 4. Let p =(py) be a sequence with P forall k € ~ andlet £ NXR <R
]
bedefined by f(k.t) = t¥ . Let o, fi>0 and (o) € £, . Choose ks € N be such
] | 1 1
that ch"’“‘iﬂ" < ‘--m&?: 5ﬂ.h:tt=-1ﬁ-.

¥4
Then we have
1 1
ikl = 3 > 6y, rasic = o, +afy™
It follows from Corollary 2 that P does net acts from £(p) into L,

RESULTS AND DISCUSSION

We give the main results of this papes in Theorem | and Corollary 2. In Theorem 1
necessary and sufficient conditions for superposition oparators acting from f(p) oo £,
mmﬂmﬂh.}ﬁhﬂuhmﬁuhihhﬁwﬂﬁrmw“hlﬂl
but i Corollary 2 such conditions are given whea flk, ) is cootinuous on R for each k € N,
The Last two examples give us the fimctions ik, t) for which for each k & N, fil, ) iz
continuous and Pr acts from #(p) into £, m Example 3, but docs not act from £{p) ioto
£, in Example 4,

For solid sequence spaces, we can use tho same technics as m Theorem | to
characterize superposition operators acting from those spaces into ¢,
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Editorial Qffice @ Professor K. P. Shum
Department of Mathematics
The Chinese University of Hong Kong
Shatin, N.T,, Hong Kong.

Tel: {852) 2600 7988

E-mail address: EF'&hEEEﬁmh.mll*:h.cdu.hk ' _ Fax: {852) 2603 5154 -
Ref no: 3617 Snuﬂlmtrﬁman
Mathematics.
Professor Suthep Suwntm Springer-Verlag
Depl. of Math.
Faculty of Science,

Chiang Mai Umversity
Chiang Mai, Thailand
(50200)

27 November, 1998
Dear Prodemssor Suantai

I am pleased 1o mform you thal your paper “Matrix trensformations between some
vector-valucd sequence spaces” had been recommended to publish in our joumal for
publication. Please revise your paper according to the referee report.  Please sent 1 1o us
with the diskette and sign your ficc/e-muil sddress in the copyright form and sent it to us a3
well

Yours mncerely,

e

Professor K_P. Shum

Editor

C/O Dept of Math-

Chinese University of Hong Kong,
Hong Kang, Shatin, N.T.



Referee’s report on
Matrix transformations between some vector-valued sequence spaces
By Suthep Suantaj

The paper provides an interesting extension of Zeller theory to the vector-valued
sequence spaces.. The mam result i$ Theorem 4.1, and the proof is comect. There ae
two typing errors in the proof. In the line after eq (4.1 8., i=1/m_D should read
il...MNeg L/m_0. Also m the line after eq (4.4) m_Qilx_kil<] should read

m_("| Wp_k Jix_kli<]. Other thecrems are consequences of Theorem 4.1.

The anthor should check other typing emors, For example, p.2 line 3 defindzd should
read defined: line 21 denote for the set should read denote the set; and line 23
A=(T_k*n) should read A=(T_k*n):

Page 3 line 5 glxy=sup...-+all is not a paranonm. A paranorm musg satisfy Bi=(
whercas gla)=0 snd not necessarily g(0).

I recommend the paper for publication in the Bulletin.
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CALCUTTA MATHEMATICAL SOCIETY
AE 374, SECTOR 1. SALT LAKE CITY. CALCUTTA-700 064 (INDIA}

Dept. of Hathamatics
(hi=zng Hal University
Tnailand

Retorence : Paper No. 2 LB Y.. a8 -.21= 1318

Title of the papm...snalnn.mum?ﬂin_fﬂﬁtﬂﬂ
for nean. uasiriormas

HT. 'EE' m .-“m-ﬂr’#.."-.-&tmepqpsuﬁm-n-m----nl-hr:q---r
Dear SirfMadatn, .
= [ Recsived with thanks the above mentioned paper Ho o e

Furthor Information will faliow In due course. Plosss quote your sbove paper
Mo, in funsre communication.

[] Plesse send First copy. The paper will ba processed only after the
recipt of the fimr copy. .

[7 Pleuse sond the duplicats ¢opy of the paper and the diagrams ( duly
traced by 8 draughtsman ) in Chinese ink il they are not already sent Plesse
note thet suthour is charged the cost of printing the peper, if sccepied. ot the
rote of Re. 60 or § 16 par printed page, The suthor is also cherged for cost o
preparing the blocks of his or har paper.

] The above paperis with the miores, You will be informed of the
position as s0on a8 the comments of the referee will be recedved,

[0 The above paper has besn fomelly sccepted for reading in & general
moeting of the socioty and will apear In the Bulletin only i it is spproved in
the s3id mbating.

pyzﬁ-mmhumm lly sccoptod for publication sad will
P in the Bullethn In due coures, + mnwm
[T Thae ahove paper has nol been recommended by our refefes for
publication In cur Bulletin, It is returned with the referee’s comments.
[T The peperinthe present form has not been recormmended by the
referes for publication in the Bulletine The paper is retumed with the reforee’s
comments by sepavate post.  The referes’s comments |s sent o you. | you
egres with the comments, piease modify the above paper In the light of referse’s
comments and ssnd the modified peper with @ copy of the previous version of
your papers n duplicate for further consideranon.
Thank you for your interest in cur Bulletin.
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