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ABSTRACT

As computational cluster become viable alternative platforms for solving large

computational problems, the research community acknowledges that the cluster environment can

be used effectively when adaptive resource management is employed. This requires the ability to

estimate the resource requirements of applications before scheduling decisions are made, We

proposed a rescurce estimation model for applications executed in the parallel-pipeline model of

execution. We study the use of the M/G/1 and M/M/1 queueing theory when applies to the

communication models on the parallel-pipeline model. We propose the communication model that

estimates the amount of time used to transfer the data through the cluster network. The proposed

models were used o predict the communication time in the parallel-pipeline model. We compared

the predicted time to the measured time from the experiments. An analysis of the average error in

the prediction vs. actual execution time reveals that the proposed communication models were

accurate with in 20% error. The result shows that the performances of the M/G/1 and M/M/M

communication models were nearly identical.



1. anudAnuasfintaaiiym

Pottenger developed a framework for understanding parallelism in a program based on
the associativity of operations which accumulate, aggregate or coalesce a range of values of
various types into a single conglomerate. The framework for understanding such parallelism is
based on an approach that models loop bodies as coalescing loop operators. Within this
framework we distinguish between associative coalescing loop operators and associative and
commutative coalescing loop operators. We identified coalescing loop operators that are
associative in nature in a variety of different applications. A number of these cases involve
programs previocusly considered difficult or impossible to parallelize; however, the framework
provides the necessary theoretical foundations for performing the analysis needed to prove these
loops parallel and transform them into a parallel form.

Due to the wide variety of applications that can be parallelized within this theoretical
framewark, in follow-on work we developed a parallel-pipeline model of execution for
computational cluster. This parallel-pipeline model of execution provides a parallel execution
framework within which applications involving associative operations can, in the limit, achieve
linear speedups on homegenecus computational clusters.

in fact, as available computing power increases because of faster processors and faster
networking, the computational cluster is becoming a viable alternative platform far executing
distributed jobs to seclve computational problems. It is recognized that a cluster can be effectively
shared when adaptive resource management is employed. This implies an ability to estimate the

resource requirements of any given run before a scheduling decision is made.
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This research addresses the problem of developing a resource estimation model for
applications executed within our parallel-pipeline model of execution on a dedicated
homogeneous computational cluster. The goal of this research is to develop a practical
performance model that predicts the resource utilization for applications executing under our
parallel-pipeline model on a hamogeneous computational cluster. There are two important factors
that dominate the execution time in a parallel processing: the computation time and the
communication time. We focus our study on the modeling the communication time utilized by the

application running on our paraliel-pipeline execution platform.
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1 Introduction

Due to the wide variety of applications that can be parallelized within the associa-
tivity framework {20, 21], we developed a parallel-pipeline model of execution for
computational clusters. This parallel-pipeline model of execution provides an ex-
ecution framework within which applications involving associative operations can,
in a limit, achieve near-linear speedups on homogeneous computational clusters.

In fact, as available computing power increases because of faster processors
and faster networking, the computational cluster is becoming a viable alternative
platform for executing distributed jobs to solve computational problems. It is rec-
ognized that a cluster can be effectively shared when adaptive resource management
is employed. This implies an ability to estimate the resource requirements of any
given run before a scheduling decision is made.

This paper thus addresses the problem of developing a resource estimation mode!l



for applications executed within our parallel-pipeline model of execution on a ded-
icated homogeneous computational cluster. The goal of this paper is to develop a
practical performance model that predicts the resource utilization for applications
executing under our parallel-pipeline model on a homogeneous computational clus-
ter. There are two important factors that dominate the execution time in a parallel
processing: the computation time and the communication time. We focus our study
on the modeling the communication time utilized by the application running on our

parallel-pipeline exeuction platform.

2 Related Work

A number of research projects [8, 9, 1, 7, 18, 17, 16, 23] have contributed useful
results to the performance prediction of parallel computation in dedicated homoge-
neous environments. These prediction models are categorized as “classical” perfor-
mance evaluation. The models treat two main components: the computation and the
communication time. The work in [9] and [23], for example, provides a very simple
communication delay model. It is, however, insufficient for our purposes. The mod-
els LogP [8], LogGP [2], BDM [12], BSP [25], and QSM [11] include some terms
for network-related delays; they focus on upper bounds, and assume upper bounds
for network delay are available without considering in detail how to derive them.
Since we aim to provide data to schedulers as to expected job duration, especially
in the presence of other jobs (and thus traffic) on the cluster, we must employ more
sophisticated network contention models than employed in these previous works.
The communication delay model presented in [13] includes a network con-

tention factor. Kleinrock [14] also introduced a method for applying queuing theory



to model network contention in communication delays. We have developed perfor-
mance models for a parallel-pipeline model of execution. We also characterize
network contention in our performance models. We base our communication delay

models on [13] and [14].

3 Parallel-Pipeline Model of Execution

We have developed a parallel-pipeline model of execution that performs a parallel
reduction over a large set of distributed processors [15]. Reduction in this sense
means a combining operation - for example, merging two sorted arrays in a merge-
sort. The ability to perform a reduction in parallel relies on the fact that the target
application involves one or more associative operations and can, as a result, be par-
allelized [20]. Therefore, theoretically, any application that involves an associative
operation (e.g., a reduction) can be executed under our model. Computationally, the
application can be modeled as two different tasks: first, a computational task, and
second, a parallel merge as discussed in [15]. Of these two tasks, the parallel merge
forms the reduction stage of the computation. In a distributed environment, com-
munication takes place during the reduction. This communication is represented by
the arrows in an example reduction pictured in Figure 1. The complexity of each
step is modeled as cost = computation time + communication time.

Figure 1 depicts an example of our parallel-pipeline model of execution on eight
processors. During the initial step (step 0) every processor executes the application

task. Then, starting with step one, a reduction is completed every lg P steps'. The

'We make the simplifying assumption that the number of processors P is a power of 2. Note that

g P = log, P.
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Figure 1: Parallel-Pipeline Reduction Model. The white nodes represent the execution
of the application task and the black nodes represent the merging operation. This figure
depicts execution on eight processors. The arrow edges represent the communication that

takes place. The dotted lines and the arrow edges together form a reduction tree.

system reaches a state of equilibrium after lg P steps. At each step afterwards,
there are g processors performing the application task and g processors performing
merges. There are 1g 7 merge stages for each set of P processors in the parallel-
pipeline because a complete binary tree with P leaves has a depth of g P. Since we
model communication stages as part of the pipeline, the number of stages becomes
2xlg P. Adding the initial stage pictured in Figure 1 yields, in this case, 2x3+1 =7
stages for a parallel-pipeline created from eight processors. This forms, in essence,
a pipelined, parallel reduction consisting of 2xlg P> 4 1 stages in which new input is
continually being processed in the application task, and pipelined to the 2 +1g P + 1
stages of the reduction tree®. The lengths of the 2 = Ig P + 1 stages in the pipeline
are constrained such that all stages are equal, thus guaranteeing the optimality of

the pipelined reduction [19].

INote that unlike a hardware pipeline, the communication between stages in the reduction tree is

significant and as a result is modeled as Ig P of the 2 + lg P 4 1 stages.



3.1 Model Optimality

Due to the nature of the binary reduction tree, message size reaches a bound of
O(£) when the computation reaches step lg P for many applications of interest.
As noted previously, the system reaches a state of equilibrium that optimally uses
the processors and communication resources given certain constraints on the target
application. This optimal use of resources depends on the 2 * lg P + 1 stages being
equal in length. These stages consist of Teomp, (18 P — 1) * Taserge. 18 P * Toomm
and TeommServer as depicted in Figure 2, where T¢om, 1s the time to perform the
application task and Taerge 18 the merge time for adding the result from a new task
to the existing result.

As noted, the parallel-pipeline is optimal when all stages in the pipeline are
equal in length and bounded above by Temp. To achieve this, for example, the
number of processors participating in the merge operation in the parallel-pipeline
can be used to control Tyserge. Similarly, Tiomsm is dependent on message size,
and for many applications T4 drives the size of messages (because greater fan-
in during merge operations results in a larger output), and therefore Thserqe drives
Tcomm- Consequently, the number of processors participating in a merge can be
used to control Teom:, as well. Since Tionp, Tarerge a0d Tomy depend on the
particular application, users can vary the number of processors participating in the
parallel-pipeline in order to keep the pipeline stages balanced. A practical example
of determining the number of processors needed to balance the pipeline stages is

discussed in detail in Section 7.2.
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Figure 2: Parallel Pipeline. The parallel reduction pipeline of seven stages used in execu-
tion on eight processors. T is the application task executed on four processors. S is a send,

M is a merge. Processors are numbered in parentheses m each stage of the pipeline.

3.2 The Speedup Model

In this sub-section we present the central theorem for the theoretical maximum per-
formance of the parallel-pipeline model of execution.

Theorem 1: The parallel-pipeline model of execution achieves a near-linear
speedup.

Proof: Let N be the number of tasks and P be the number of processors.
Let Toomp be the execution time for one task, Tas.rq be an upper bound on the
merge time, and T omm, be an upper bound on the communication time for one or
more tasks. We assume that Tognp & Taserge during sequential execution and that
Teomp = Thterge = Teomm during parallel execution (i.e., all pipeline stages are
approximately equal®).

The speedup model incorporates speedups due to both parallel and pipelined

execution as depicted in Figure 2 for an eight processor example. The sequential

*Note that the constraint of equal pipeline stages is required for optimality of the pipeline opera-

tion as discussed previously.



execution time is

TSEq =N TComp + (N - 1) . TMerge (1)

The parallel execution time for one set of N tasks is

N N
TPur = P_/2 . TComp + F/-Q_ ’ (TMerge + TComm) ) lg P (2)

The first term, % + Tromp, TEpresents the execution time to produce results from
N tasks using £ processors. The second term, ?‘;—-(TMETQE—&-TCOmm) g P, represents
the reduction {(combination) of the results from the 12"_\4 sets of tasks. Each reduction
of ~"23 results in a set takes lg P — 1 merges and lg P communications on a single set
of % processors, plus an additional merge or send-to-server, so the total reduction
time for each set of % tasks is (Tarerge + Toomm) - 1g . Note that here we represent
the final merge or send-to-server as a merge.

Generalizing from Figure 2 we have

Pipeline depth =2 1g P+ 1 3)
This derives directly from the model. However, the actual maximum theoretical
speedup is 2 - g P due to a functional hazard in the first two stages of the pipeline.
For example in Figure 2 processors 1,3,5,7 perform the application task in pipeline
stage one, then 1,5 send results to 3,7, so none of these four processors are free until
the end of stage two and no other processors are available because they are being
used in other (e.g., reduction) operations when the pipeline is full.
The speedup due to parallel execution of one set of tasks on a single set of g

processors is



TSEq

SPar =

TPar
" (4)
2. 1gP+1
The overall speedup is thus
Soverall = Spar * SPz'peline
_ TSEq . . .
= —— . Pipeline depth (5)
TPar
P
=— - 2:-1gP
2-lgP+1 2-lg

Note that the 2 - g P in the numerator is approximately equalto 2 - lg P + 1 in
the denominator. Thus, Syyerat =< P, a near-linear speedup. This completes our

proof.

4 A Performance Prediction Model for the Parallel-
Pipeline Model of Execution

Although our original complexity model sketched in [15] is able to predict the be-
havior of our parallel-pipeline model of execution, it introduces unnecessary com-
plexity. As a result, herein we develop a simplified complexity model, thereby
making it easier to use the model for scheduling.

Our new model is composed of the two components that play an important role
in parallel program execution time, communication and computation. Figure 1 in
Section 3 depicts the parallel-pipeline model on eight processors, where the white

nodes represent the execution of the application task and the black nodes represent



merge operations. During the initial step of execution in the parallel-pipeline, there
are P tasks (i.e., input data items) processed on P processors, one task per pro-
cessor. After this initial step, there are only % tasks processed, since half of the
processors are merging data received from the previous step. Therefore the number
of steps required to process N input items (not including the initial step) is E—gﬁ.
It takes [gP additional steps to drain the pipeline when using a binary reduction
tree in the parallel-pipeline model. The computation that takes place in these last
lg P steps is the merge operation. In this analysis, we ignore the last stage of the
pipeline (the send-to-server). From Figure 1, it can be seen that almost every Teoomp
or Thserge Stage has a matching communication stage (a send). The only exception
is the final merge that takes place when the pipeline is drained. Therefore there is
one less Teomm stage than Teomy/ Tarerge Stages in the parallel-pipeline.

Assume that we want to process N data input items (e.g., V single-dimensional

arrays for sorting). The total time to process /N input items is thus:

N-P
TTom.\', = ( T + ]-) ‘ TComp + ng ’ TMerge+
P

(6)
N-P

P : TCom'm + lgP b TCamm

2

Per the optimality model presented in Section 3.1, Tz, is bounded above by
Toomp- Therefore, we replace Thserge With Tioom, in Equation 6. We do not, how-
ever, replace Ttomm With Tegm, even though the same optimality constraints hold.
This is because Ttomm, as we will see, varies widely depending on the application,
and the prediction model accuracy is improved by modeling T, separately us-
ing queuing theory. This is the topic of the following section. Finally, as noted

previously, the remaining (g P steps in Equation 6 comprise the pipeline drain time



for both merge and communication stages.

4.1 A Delay Model using M/M/1 Queueing Theory

[n the first communication compliexity model that we developed, M/M/1 queueing
theory is applied to model the network contention in order to predict Tigpm. We
will use the results of classical M/M/1 queueing theory to suggest functional forms
for predicting communication delays. This classical queueing model assumes a
Poisson stream of arriving messages requesting transmission over communication
links, where each message has a length which is exponentially distributed with a
mean of L bytes. The arrival stream in our applications will probably not be Pois-
son, but the M/M/1 formula may still give useful answers; thus, we will use it even
though its assumptions may not be met. Let p denote the system utilization factor,
thenp = A- % where A is the arrival rate and C' is the channel capacity. The mean

response time of the system, as a function of L, is denoted D(L) and is given by

Qe

D(L) +7T (7)

=15 .
where 7 is the propagation delay (i.e., the channel latency in seconds). In our situ-
ation, as in [14], the channel latency is negligible compared to %, sowesetT = 0.
The D(L) is therefore the cumminication complexity, Toomm, for sending a message

of size L over the network.

4.2 A Delay Model using M/G/1 Queueing Theory

In the second communication compliexity model that we developed, M/G/1 queue-

ing theory is applied to model the network contention in order to predict 7p,nm. We

10



will use the results of classical M/G/1 queueing theory to suggest functional forms
for predicting communication delays. This classical queueing model assumes a
Poisson stream of armiving messages requesting transmission over communication
links, where each message has a length which is exponentially distributed with a
mean of L bytes. There is a difference apart from M/M/1. The M/G/1 model as-
sumes that service times of a given application is dependent on the current workload
in the system. Let p denote the system utilization factor, then p = X - ié— where A
is the arrival rate and C is the channel capacity. The mean response time of the
system, as a function of L, is denoted D{L) and is given by

L p- &

D(L):—é‘+m

where 7 is the propagation delay (i.e., the channel latency in seconds). In our situ-

+ 7 (8

ation, as in [14], the channel latency is negligible compared to é, soweset T = 0.
The D(L) is thercfore the cumminication complexity, Teomm, for sending a message

of size I. over the network.

5 Queueing Theory for the Network Contention Model

The communication complexity models presented in this research report used the
M/M/1 and M/G/] queueing system. In this section we give an overview of the
methodology and paremeters used to apply the queueing system to data communi-
cations networks, Finally, we present a case study to explore our assumptions in

employing an M/M/1 queueing system.

11



5.1 Applying a Queueing System to a Network

There are a few key parameters in a data communications network system. The

parameters that we are using are:

e C: capacity of the network

e L: message length

Let us assume that we have the classical queueing model of a Poisson stream of
arriving messages requesting transmission over a communication link, where each
message has a length which is exponentially distributed with a mean of L bytes.
This implies that we assume a M/M/1 or M/G/]1 queueing system. The system

utilization rate factor or system service rate, p 1s thus:

=X (= 9
p (&) ©)
where A is the arrival rate at the network and C is the channel capacity. From the

M/M/1 result, we know that the mean response time, T', of the system is calculated

das:

T=_-X (10)

As for M/G/1, the mean response time, T, of the system calculated as:

T=Z94L_ C
cra -y

Equations 9 and 10 are employed in our communication complexity models

(11

presented in Sections 4.1 and 4.2.
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5.2 The Queueing Model and the Parallel-Pipeline Model

The M/M/1 and M/G/1 queueing system can only be applied to systems that meet
certain criteria. Indeed, M/M/1 assumes a Poisson arrival rate and exponential ser-
vice times. The M/G/! also assumes a Poisson arrival rate but on the other hands
assumes that the service times are independent of the workload in the systems. In
this section, we perform a data analysis in order to determine if the parallel-pipeline
model is a system that has Poisson arrival and exponential service times for a given
application. This does not guarantee that the assumptions will hold for other appli-

cations, but rather provides one data point for discussion purposes.

5.2.1 The Arrival Rate and the Parallel-Pipeline Model

To determine if the parallel-pipeline model incorporates a Poisson arrival rate, we
conducted a set of experiments that captured the times between successive arrival of
messages in the data communication network, the inter-arrival times. For a Poisson
process, these inter-arrival times are independent and are exponentially distributed
random variables. In other words, the times between arrivals are exponentially dis-
tributed and the times between arrivals are independent.

The inter-arrival time that we are interested in here is the difference in arrival
time of messages at the network. Therefore, the inter-arrival time is measured every
time the send module is called in the application program.

To determine whether the inter-arrival times in the parallel-pipeline model are
exponentially distributed, we plot the inter-arrival times in a histogram, depicted
in Figure 3. In Figure 3, we see a graph that has an exponential flavor, but also

has a lot more mass near zero. This leads to an inconclusive result. Therefore, we

13



tentatively conclude that for this particular application, the inter-arrival times might

be exponentially distributed.

Histogram of the inter-arrival times
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Figure 3: The histogram of the inter-arrival time in the parallel-pipeline model

To answer the question as to whether the inter-arrival times in the parallel-
pipeline model are independent, we plot an X-Y scatter plot of inter-arrival times.
The resulting graph in Figure 4 does not exhibit either a positive correlation (pos-
itive slope n the X-Y scatter plot) or a negative correlation (negative slope in the
X-Y scatter plot). However, there are significant clustering effects. Thus, we con-

clude that the inter-arrival times in this particular application may be independent.

5.2.2 Service Times and the Parallel-Pipeline Model

Next we must determine whether the parallel-pipeline model of execution incorpo-
rates an exponential service time or an independent service time. As mentioned,

the service time in a data communication network refers to the message transmis-
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