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E(x,t)+u(x,t)&(x,t)—G(u(x,t),u(x,t—r)) (1)

Wuaums aumsiFeeysiusdosyiinilszia (delay partial differential equations) Aidnuae
TndiReafunuaums aumsvoduoses (Burger equation) HazaumM3 KdV (Korteweg-de
Viies equation) duiluaumsfigniundnmilasnse uaz Uszgnd ieldlumsdinsied
Usingmsaisssundludaildndvaredin ifesdreilsdimia ¢ Adsnglueumaiduly
I¥otananyats uITeFu IdhmsnHamasiin e (analytical solutions) YDIANNIT
(1) wazdwmmlszanitanuaiiuldvesileidnia ¢ udiftoadionnuiudeuvosay
M3 3 ldmmelunsaifleaddy G ﬁuaéﬁuﬁmﬂﬁ u(x,t—7) tieedaulsfed aznsol
G (u(z,t — 7),u(z,t — 7)) = g(w(z,t — 7) — w(z,t — 7)) + H(u(z,t — 7))

e g uilanduialag vee u(xt—7r)—u(x,t) waz H Wuilandnialag vea u(x 1)



Abstract

Equation
0 0
Eu(x,t)+u(x,t)a—i(x,t):G(u(x,t),u(x,t—r)) (1)

is a delay partial differential equation with arbitrary functional G . The equation is similar to
Burger’s equation and KdV (Korteweg-de Vries equation) which are studied in many fields of
Physics. By the arbitrariness of he functional G, its solutions and the classification of them are
presented in this report. However, the complexity of problem restricts to be able to show only the
case G depends on only U(X,t—7) and the case

G (u(z,t — 7),u(z,t — 7)) = g(u(z,t — 7) — u(z,t — 7)) + H(u(z,t — 7)),
where ¢ is an arbitrary functional of u(x,t—z)—u(x,t) and H is an arbitrary functional of

u(x,t).
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aumMFeeyustiesyiiniizie (delay partial differential equation - DPDE) #3limmssz3s 7 > 0 [2]

Ju Ju
(1.1) E(w, t) + u(, t)%(a:, t) =G (u(z,t — 7),u(z,1))

3 AN o 9 YY) o 4 .

Wuaumsndanyae 1ndRenUATTUNSYDUVD51995 (Burger equation) HAaza@uNs KdV (Korteweg-de
. k &£ Aq Y a ' o o . A
Vries equation) G]N!,ﬂu’dilmiﬂGlﬂfclumi’f)‘ﬁuwﬂﬂﬂ;]mimﬂ”l'iﬁllfanﬁ’J‘lJ’me“h’ (rarefaction gas) [1] (W®

ANudzAIN 1ganso@ouaums (1.1) lui1dTugl
(1.2) u, + uu, = G (u",u),
A T = = = v Y] 1a
o u” men u(z,t — 1), u DN u(z,t) 1eT u, , u, ¥eIeYRUTdsveIAls ldase u
Meunuamlsease ¢ wag t auaIAL
A P o ' < Aa s a o Y A a s
iesnlegun1sasna1duaumsndnanlsede mlnddunisenneginamasnsiew
% 1 o o a 4 a
(analytical solution) uWAINWHILINIzAWITOTINIYIZgNAlFluMIMINAMAsIATIZHYDITUNITIF
o < L a d a 1 1 Aa 4
putius Idnne MIllszyndld nguIns1zH (group analysis) [8,9,10] TasuuiAaiaglFnquimsginina
a v Jd A a A ] Aa Y] I qﬂjl ax ~
magvoIdNMIFoynussialsziatiu livm tazgnITIMIAAUas Al uTune T 1l w.a.
4 1 A Jou ) S o . .
2546 [5,6,7] u@ﬂmﬂﬁﬂqmms1:14mmmsagﬂu1mﬂizqm°l%’muuﬂﬂi:mﬂ (classification) UDIGN

a o 4 a
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2. msilszgnalinguimszrirnamasvesaun 1 seus
Tﬂwqyf]ﬂmﬂ’cju?miwﬁ (519SWTUT - aNMIAT  (symmetry) G?qﬁﬁaﬂwizlﬂaq (transformation)
0 QOx A — Q fdwamagvesaumaidenius lUg@nnamasnilsvesaumadertu Tas Q
Usgiivesdunls (z,t,u) uez A c R Wlusnamnasseuyagud sdmualiddunls ¢ Wumsilnes
vosmsulas ¢ Fadayaduds (zt,u) Wieadwlsni (7,7,7) @udslnifnsedlumad)
wlddansal p(z,t,ue) = (Z,1,0) W30 ¢ (z,t,u) = (Z,1,7) UNUANNWNIBAINGT

= v

auoailandu ¢ xliqueanimilu ntjun15mew1s1ﬁmﬂ§aﬁ'mmmﬂ%gﬁ Q (a one-parameter
transformation group of space Q) 5’163J1G§ﬂ1ul,815@1ﬁqminﬁﬂmﬁmﬁﬁ@ia"lﬂﬁ [7,8,9,10]

1) @, (7, t,u) = (z,t,u) §MTUNNY (z,t,u) € Q;

2) ¢, (gogz (z,t, u)) = . .. (z,t,u) AMTUNNY €,6,,6 + &, € A wag (z,t,u) € Q;

3) M @ (x,t,u) = (z,t,u) dmSunn (z,t,u) € Q,ud1 e =0.
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(22) = XF($7 tv u7uT7u;1:7ut)| = 0

(2.1)
e=0,(2.1)

A
¥\)3}
T t U

ét) = 22 (@t 0) (s tw) = 22 (2 t,030), C (ot w) = 22 (a,1,50),
Oe Oe Oe

gT = {(:c,t - TvuT)vnT = 77(37;75 - T7UT>aCT = C(ZL’,t - T,’UT>,
CUl = ‘D:I: (C - u:rg - uz‘,n)?CW = Dt (C - u[lfg - Uﬂ]),
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D, =0, 4v0,+ud, +u,0, +u,0, +...,
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XF(x,t, u,uT,uz,ut)| =0, AAIUITIENAINAINENMUA X QNID95U (admitted) Teruns (2.1)

(2.1

N30 AUMT (2.1) 78951 (admits) HIRWHUMT X
NOERUEIE  [89.10]  na1 I NAIAUTUMTAINAILANTBUUUNINADNTIN  (one-to-one
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a 1A o a v 7 [l
HUIANARYBINGUAIATIZH TUMIHINamasvesaumMIFeyius (2.1) v lildnmamasves
a v Jo 1 1 1 Ly % 1 1 ~ o
aumsFeeyiusainan lasass ugazmamvesilandulunswa &7 uaz ¢ fAsngluaumstimua
(2.2) waziiipIAle SR UHUMS X auyanuMAUIUMSUUUNTY (a classical infinitesimal generator)[9]
X = €6T + naz‘ + Cau
o Y 9 9 = a -4 a 4 . Aa
MmldansolsegnalsmauuesaumsiFeyius 1ag N13IAIIEH (analysis) HINAIRATUYDIANNTIF

pUIIUT (2.1) TABMIHINAMABYDITUMTUALTNINDS AAN
dr dt  du
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3. NAINABVDIANM T IDYWUS 3 (x,t) +u(x,t) ™ (x,1) =G (u(x,t-1))

(2.3)
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Iﬂﬁlfﬂﬁﬂﬁ%Qﬂﬁi%ﬂ@ﬂﬂlﬂiW%‘ViﬁWNﬁLﬂﬂﬂﬂl@\iﬁﬂﬂWil“ﬁ\‘]@H UD ﬂWiﬁﬁWNWiﬂW?ﬁMﬂTﬁﬂ1WUﬂ

YOIAUNT
ou ou
G.1) E(X,t)JrU(X,t)&(X,t)=G(U(X,t—f))
1¥Taefinsanan X |u +uu, —G(uT,u)]u ooy, =0 wazaumsfvuaiildne
(32) UZG'<UT[77_7IT]_§+5T)+UX (uznx +U[77t +T]uG_€x]_§uG_£t +C)
| +G'(G"[n" =]~ (")~ G’n, — G (um, +n, —¢,)+ UG, +¢ =0 ’
il

f: f(X,t,U),éT = f(X,t —T,UT),U = U(X,tyu)ﬂf = U(Xat —T,UT),C = C(X,t,U),gT = C(X’t _T’UT):

_ ¢ _0¢ _0¢ _ 0On _ 0On _On

= o (x,t,u),& =5t (x,t,u),&, = (x,t,u),n, = (x,t,u),n, =t (x,t,u),n, =5y (x,t,u),
& _ & _ & o -

G = ™ (x,t,u),¢, = o (x,t,u),¢, = o (x,t,u)uazG™ =G (u(x,t—27))

Tumsmanilasdulinsuam & puaz ¢ nzingani xtu,u’,u,u’ udualsvaszlag il
ansaaaneuzilvesaums (3.2) ATGRITIN

(3.3) &(G'u"—G)=0,

naz'lddn € = Ex+&,,n=n,¢ = U uag &, &, n, Wumnsialan

3.1 1Ad31MA (kernel)

4 3| o [ a s A o do W = ddy
IDILUR L‘]Ju!%’ﬁﬂl@ﬁﬁlllﬂ@ﬁﬁ”lﬂiﬂﬁllﬂTiL%Q@HWH‘ﬁLN@ G V\ldﬂ%uua"lm C])'\ﬂl!ﬂiﬂlu aun1s (3.3) a1
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ayiutieriiailizie WuaumaFeoyiusaniailasduiia (Functional Ordinary Differential Equation -

FODE)
G (f(@ + ClT))

f'(g) B CQf(g) - Cl

e 0 = C,x — Ot
d
3.2 mavenagvsdnaitua (Extension of Kernel)
¢ = 5w a v o A Y U du
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d v
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1 I 1 % o < a ) [ J )
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J v 1 1 4 [~ 1 @ ) o Y
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4.1 E(x,t) + u(x,t)%(x,t) = G (u(z,t — 7),u(z,t))

awnsam ldlasiinsannn X (u, + wu, — G (v, u)) =0 wazmeaaanuiniulums

— (T
U 7G(u ,u)fuuz

=uG, +u G, — (%)2 T Uy,
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u, =u,(z,t —7), u, =u,(z,t—7T)
aumssmuai 1d0nnsd i fe
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e 6 = C,x — Cit.
d
4.2 MAVNYVDAADIIUA
& Y o 9 o Y a 4 Y = Jd v @
iesdleanududeuvesauns M lddwnsolinszimiwamas ldmwizlunsaivesilanduiia
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422050 G (v, u) = C\(u —u" )’ + Hu’ + Hyu + H, iile C, H,, H, uaz H, ilumasialag

HamasvedauMsoglugl

u:efpdt[fqefpdt dt 4+ §(z —1(t))

Lﬁl@ p= 2\ Cscos/\t—qsin/.\t =\ 08COS/\t—C7Sin/.\t ’ ):f06+07cos)\t+085%n>\tdt’
C, + C, cos At + C sin At Cy + C, cos At 4+ C; sin At C, + C, cos At + Cy sin At
3 Whuilandulan c,,c,,C,,C.,C,H, H,H, Wusnedalas, H =0,
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N=4H (C, + H)—(HY C, =——24 "5 o — 275 774
1( 1 3) ( 2) 7 2H1 »~8 2H1
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2
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dx dt du
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425038 G (u,u) = C,(u— ") + Hu? iile C, uag H, =0 ilunsdala

= =
UNDIRDYND
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n8(©)-1
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1o O = U ln[ %f ] —t
&H, e + &,
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A <3| ' o
e &,,C,,C, uanadlan uas p = JH, H,

o
4.2.7 N3iOUY
dmsum G (u',u) = g(u —u") + H(u) Tunstiuenmilonnnsdl 4.2.2-4.2.7 aums (4.1) aziina

maglugd u= f(C,z — C)t) e C, uaz C, Wumnsialas
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. . Ju Ju . . - . . .
Abstract. Equation ’_7[,1'. t) + ri{.a'_!};{.a'_!} = G{ufr.t — 7)) 1s adelay partial differential equation with
0

LN
an arbitrary functional . Group analysis method is applied to find symmetries of the equation and to make group
classification. Representations of analytical solutions and reduced equations are obtained from the symmetries.

1. Introduction

Consider delay partial differential equation with delay 7 > 0
(L1 oty + e ) 2 t) = G (ulant — 7))
. — |, ., — &, = rlulr.r—r .
o Y o / :
For simplicity. notation «™ will be used to denote w(w, t — 7). w denote u(x, t) and w,. uy, mean first partial
derivatives of « with respect to - and ¢, respectively. Equation (1.1) can be simply written as

(1.2) wy + wu, = Glu” ).

Equation (1.2) is similar to Hop! or inviscid Burgers™ equation [1]. However, (1.2) has a delay term, which
makes the equation difficult to be solved [2]. Applications of delay differential equations can be found in [2. 3. 4.
3.

One of the powerful methods for finding analytical solutions of differential equations is group analysis. Group
analysis was introduced by Shopus Lie in 1895 [6. 7. 8]. Group analysis is applied for finding analvtical solutions
of many types of ODEs and PDEs [8]. Later, it was developed to apply to integro-differential equations [8]. delay
differential equations [3]. functional differential equations [4. 5] and stochastic differential equations [9].

In this manuscript, group analysis is applied to find symmetries of equation (1.2). Classification of (1.2) with
respect to groups of symmetries admitted by the equation is done. Representations of analytical solutions and
reduced equations are also presented.

2. Applications of group analysis to delay differential equations

Let o © x A — Q be a transformation where €2 is a set of variables (. £, «) and 2 < R is a symmetric interval
with respect to zero. Variable = is considered as a parameter of transformation . which transforms variable
(.t u) o (2. f, @) of the same space. Let (. £, u: =) be denoted by (. £, u). The set of functions . forms a
one-parameter transformation group of space L2 il the following properties hold [6, 7. &]:

() wole tou) = (et u) forany (x. f,u) € O
(2) oo (Pen (b)) = o yey (b ou) forany cp, 59,51 + 22 € Aand (., u) = (2

(3) iMoo tou) = (et w) forany (e fou) € Qothen e = 0.
The other notations @ = " (a. fousz), t = SMatouie), u = (o, t,u: =) are used as the same meaning as
pela tou) = (F, t.u). The transformed variable « with delay term and iU's derivatives are defined by u” =

ulr.t —7)and uy; = Du/dr, uy = du/Ot, respectively. Suppose that the transformations map a solution u (. #)
of differential equation

(2.1 Flotouou™ uyp ug) =0

into a solution of the same equation. These transformations are called symmetries. In [5], it is shown that for a
symmeltry
OF (. tou.a™, . ug)

(2.2) - = XNF(r. touu” . ) = .
)= ==0, (2.1) (2.1)
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The operator X is defined by

N = (- & — gy + (7 = wl&" —uTupn)Oys + (0, + (0,
where
At : ) ot
Suetou) = — (. touw:0), pletou) = —(r.fou:0),
o o=
o “Yq“ T T
Clr tou) = (. fou0), & =&8at—ru ),

s

o =nledt—rou). C=Clet—roul),
[ _-'{)\r'[c._”.r{_“”}}- (-”'. _I)f (L_”.r:_”f”}-
D, = d,4+u,d, H:f_): Pl Oy, A+ Uy,
Dy = O+ wdy 4 up O 4wy, A ugdy,
The operator X is called a canonical Lie—Bicklund infinitesimal generator of a svmmetry. Equation (2.2) is

called a determining equarion. Lie’s theory [6, 7. 8] shows that there is a one-lo-one correspondence between the
eenerator and a symmetry. This generator is also equivalent to an infinitesimal generaror |7
(2.3) X =80, + niy + (.

By the theory of existence of a solution of a delay differential equation. the initial value problem has a particular
solution corresponding to a particular initial value. Because initial values are arbitrary. variables u, v™ and their
derivatives can be considered as arbitrary elements. Since every transformed-solution @(r.t) is a solution of
equation (2.1), the determining equation must be identical to zero. Thus, if determining equation (2.2) is written
as a polynomial of variables and their derivatives, the coefficients of these variables in the equations must vanish.
In order to solve a determining equation, one solves the several equations of these coefficients. This method is
called splitting the determining equation. Unknown functions £. 1 and ¢ can be obtained from this process.

3. Symmetries of (1.2)

We define determining equation for w; + wu, = G(u™) by letting £ = wuy + wu, — G(u7). then

(3.1 X[”t +uu, — G(u")) = 0.

=G —nu,

Splitting determining equation (3.1) with respect o u’.u, and later with respect to u™. u. the equation is
simplified to

(3.2) (G — G o= 0.
where the unknown function £. 1 and ¢ are
C=8r+8&, n=m (=4u.

Here, £, &2, 1y are constants.

3.1. Kernel. The set of symmetries. which are admitted for any functional appeared in the equation is called «
kernel of admitted generators. In this case. G'u™ and G are arbitrary. This implies that coefficients of G'u™ and
G vanish. £, = 0. Unknown functions £. ). ¢ are

E=Co. =11, (=0

For the sake of convenience. let arbitrary constants £o. 1y be denoted by 7y, Cy. respectively. The obtained
infinitesimal generator is

(3.3) N = (-'| i, + (.'-_N');.

This generator is admitted for any functional . By Lie’s theory. symmeltry is derived from the infinitesimal
generator [7, 8]:

(3.4 F=ax+Cie. t=t+4 Coe, it = u.
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3.2. Extensions of the kernel. Exrensions are symmelries for the particular functional &G only. In this case. there
exists Gu™ ) satisfving equation (3.2). Here. the extension of kernel (3.3) will be considered. Since £ = &,y
1. ¢ = 0 are considered in the case of kernel. then functions £. 5 and ¢ for this case are
E=8Gur, =0, (=¢&u.

For the nontrivial case. £ # 0 and a solution of equation (3.2) is

Glu™) = ku’,
where £ is a nonzero arbitrary constant. For the sake of convenience. let £; be denoted by 5. The extension of
kernel (3.3) is
(3.5) N =Cy(rd, + udu).
The symmetry derived from X is

(3.6) T=xeF t=1t u=ue,

4. Representations of solutions

Invariants are functions such that their values do not change by symmetries [6. 7. 8]. i.c.

Wi tou) = W(r. t u).

where W is an invariant for a svmmetry o-(x.tou) = (F.f.a). X = £0, + ndy + (I, is an infinitesimal
eenerator for a symmelry .. then

“.D XU t.u) = 0.

[nvariants of symmetries are found by solving differential equation (4.1) [7]. The system of characteristic equa-
tions for the infinitesimal generator (2.3) is
dr dft du

[ s
[ U L
Representations of solutions are obtained from the invariants.

4.1. Representations of solutions for equation (1.2) with arbitrary functional . For infinitesimal generator
(3.3). the system of characteristic equations is

dr dt du

(& - (s 0
Solving the system of equations, the invariants are « and Caar — C'y . For constructing a representation of solution
[6. 7]. the relation between these two invariants is
{42} U = f|{('3.!'—(’]f}.
where fy is an arbitrary function. We call « in equation (4.2) a representation of solution of equation (1.2) for the
infinitesimal generaror (3.3).

4.2. Representations of solutions for ¢ = ku7. The infinitesimal generator for equation
(4.3) ty + e, = hu”
is the linear combination of Kernel (3.3) and extension (3.5) :
{44} .<\- = [('1 T (.'3.!'.] -"}J. T (-.'_jf‘}f T (-'3.”“,“
Thus. the system of characteristic equations for infinitesimal generator (4.4) is
dr dt du
Crl T (.-‘;;J' (.r;g (_-r;;H ’
. . oo u

Let Cs = 0. In this case. the invariants are f and ————-.

r+C /Oy

Since 'y and 'y are arbitrary and C'3 = 0, for the sake of convenience. we denote C'y = C'y /Cs. The repre-
sentarion of a solution for equation (1.2) with the functional G = ku™ is

(4.5) u = (x+ Cy)fat).



40 Jessada Tanthanuch

where fa is an arbitrary function and Cy is an arbitrary constant.

et Cs + 0. is case, the invariants are (o We” SO and we = CHCR The representation of a
Let (s # 0. In th >, the invariants are (@ + Cy) e~ /20 and e~/ I )
solution for equation (1.2) with the functional G = ku’ is

(4.6) w — e(Ca/Ca)t fs (l'J' Oy e 3/ g]r) ‘

where f3 is an arbitrary function. Let (5 = C'5/Cs. equation (4.6) is simply written as

" = r(."‘flf';; ((I t (..'.;}-"_(-I'"r] .

5. Reduced equations

Representations of solutions obtained in section 4 simplify equation (1.2). They reduce the number of independent
variables appearing in the equation. Substituting the representations into the equation. equation ( 1.2) is reduced to
an ordinary differential equation, which is called a reduced equation.

5.1 u = fi(Cor — Cyt). Substituting « into equation (1.2). the equation is transformed to
—C1f1(0) + Cof1(0) f1(0) = G(f1 (8 + C17)).

where 6 = C'or — C'yf. This equation may be written in the other form.

Gifi(0 + Ci7))

(5.1 (0
) ,Jfl[ | C f100) — O

v

5.2, u = (x+ Cy) fot). Substituting « into equation (4.3). the equation is transformed to
(x4 C) () + (z + Cy) [fa(D)]? = k(a + Cy) folt — 7).

[t can be simplified to

(5.2) f3(t) = kfalt = 7) = [fa(t))?.

53, u = et fy (a0 + Cy) e 1), Substitute « into equation (4.3), the equation is transform to
Cs f3(0) — C50f5(0) + f3(0) f4(0) = ke™ T f3 (¢*70) .

where o = (& + C'y) e~ The other form of the equation is

Csf3(0) — ke™ 57 f3 (€757 )
falo) = Cso b

h
o

Jf;.[f?? :

Note that equation (5.1). (5.2) and (5.3) are not typical ODEs. they are functional ODEs [5].

6. Conclusion

Symmetries. representation of solutions of equation ( 1.2) and reduced equations are presented in section 3.4 and 5.
respectively. Equation (1.2) is classified with respect to the symmetries into the case of G(u™) = ku” (symmeltry
is (3.6)) and otherwise (symmetry is (3.4)). By the review literature, there are not many examples of applications
ol group analysis to delay differential equations. This manuscript presents another example.
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Abstract.  Equation 3_“"'{‘1\_” + “(‘;-_f].t;_u(\r_f} = G(u(z.t — 7). u(x.t)) is a delay partial differential
ot dr

equation with an arbitrary functional G . This delay partal differential equation is more general than
ﬂ (r. 1)+ ulx, f}()—a (r.t) = G(u(x.t — 7)) which has been applied group analvsis 1o find representations
ot dr '

of analviical solutions [3). Application of group analvsis 1o the equation and group classification of representations
of solutions where ¢ = g ( (e t)—u(e.t — 7))+ H(u), g and H are arbitrary functions, are presented in

the article.
1 Introduction

Consider delay partial differential equation (DPDE) with delay 7 > 0
du du Y :
(1.1) —(r.t) +ul(r t)—(2.t) = G(u(z,t —7) u(x,t))
ot dx '
For the simplicity. notation #~ will be used to denote u(z, — 7). u denotes u(x.t) and u_ . u, mean first
partial derivatives of w with respect to  and { | respectively. Equation (1.1) can be simply written as
(1.2) u, +uu, = G(u,u).
Equation (1.2) 1s similar to Hopt or mviscid Burgers' equation [1]. However, equation (1.2) has a delay term,
which makes the equation difficult to be solved [2]. Applications of delay differential equations can be found
[2.3.4.5.6]. The representations of solutions for the particular case of equation (1.2).
(1.3) u, ~uu, = Gu’).
has been found [3]. These solutions were obtamed by applving group analysis method [7.8.9] to the equation.
Group analysis also classifies equation (1.3) w.r.t. symunetries mto two cases, arbitrary functional ¢ and
s =ku

- For arbitrary functional G/(u")

The solution is y = f(C,r — C\t). where f is an arbitrary function, ¢ (C,are arbitrary constants. The
solution reduces equation (1.3) mto a functional ordmmary differential equation (FODE) £6) = G(f(6+C 7)),

‘ C,f(8)—C,

where 6§ = C,r — C't.
- For particular functional G(u") = ku’ . where k is an arbitrary constant.
For this case, equation (1.3) has two possible forms of representation of solutions, 1.e.

Lou=(r+C,)f(t). where £ 1san arbitrary function. ', 1s an arbitrary constant.
This solution reduces the equation into delay ordinary differential equation (DODE) f '(t) = kf,(t — ) — [£(t)" .

2.4 =%t Lz +C, et } where £, 1s an arbitrary function, C,.C,are arbitrary constants.
Cyfs (0) =y (770)
fs {IE'J} — (‘5{ ]

where

By this solution, equation (1.3) can be sumplified to FODE £(0) =

o =(r+ (\'4)(—(’,.‘_

In tlis article. group analysis 1s applied to find symmetries of equation (1.2) which 1s more general
than (1.3). However, for the sake of simplicity, equation (1.2) 1s considered for the case
G = g(u(r.t)— u(z.t — 7))+ H(u) only, where ¢ and H are arbitrary functions. Classification of the

equation with respect to groups of symmetries admitted by the equation are presented m the following sections.



2 Applications of group analysis to delay differential equations

By the theory of group analysis, a svmmetry of equation (1.2) 1s defined as the transformation » O« A — O
which transforms a solution of the differential equation to a solution of the same equation, where O 1s a set of
variables (y ¢ ) and A C R 1s a symmetric mterval with respect to zero. Variable = 1s considered as a
parameter of transformation . which transforms variable (r ¢ ) to new variable (7 ¢ ) of the same space.

Let (r t u =) be denoted by - (¢ u). The set of functions - forms a one-parameter transformation group

v
of space  1f the following properties hold [7.8.9]:

(1) py(atu)=(rtu) forany (ztu)c:

Q) ¢, (v, (@ tu) =y, (e tu) forany ¢ o = + 2 e A and (2.t u) € Q:

(3) if - (2.t u) = (r.t.u) forany (2t u)c Q. then : = 0.
The other notations 7 = " (rfuw =)t = (v.fw =) u=,"(rtu=) are used as the same meaning as
o tu)y= (7.t w). The transformed variable « with delay term and its derivatives are defined by
uo=u(r.t—r)and u: = 9u /9% ur = du /ot . respectively. Consider DPDE
(2.1) Flr.tuu u,.u,)=0.
[6] shows the derivative of an equation. with the transformed variables 7 ¢ 7 and derivatives 3: 7. with
respect to parameter - vanishes if the transformation is symmetry :
(2.2) OF (T.8.u, U7, Uz, Wr)|

Oz

The operator X is defined by Y — (C—u,& —un)d, +(¢C —ul& —un™)d, +¢*9, +¢*a, . where

=0-

(2.1)

= XF(z.tuu’, U, u,)

|:‘=0:2 1)

9, U

9y (r.t.u:0).
=

Elx,tu) = ¢’ (r.fow:0).n(z.t.u) = 9y (z.t.u:0), (e tou) =
3:‘ f)':_

E=¢8xt—7u )y =nplet—7u ). = (et —T1u"),
¢* =D, ((~u&—un)¢" =D, ((—u.—un)
D,=9,+ud, +ud, +u,d, +u,d, +...
D, =0, +ud, +u0, +u,d, +u,d

The operator X is is called a canonical Lie-Bécklund infinitesimal generator of a symmetry. Equation (2.2) is
called a determining equation (DME). Since YF(r ¢ u.u™.u .u) =0. we say that the operator X is

(2.1)

admitted by equation (2.1) or equation (2.1) admits the operator X . Lie's theory [7.8.9] shows the generator is
one-to-one correspondent to the symmetry. This generator 1s also equivalent to an infinitesimal generator 8]

(2.3) X=¢€9, +nd, +@,-

3 Finding and solving the determining equation

The DME for u, + uu, = G(u",u) can be found by letting F = u, + uu, — G (u",u) and substitute it mto
equation (2.2).
(3.1) X(u, +uu, — G(u".u)_}‘_l =0

By letting u, =G —uu, SO wu, =uG, +ulG,. —(u, J1 —uu,,, u, = u,G, +u/G. —uu, —uu, and
w =G —u'ul, where

where G = G (v . u™ ). v = u(r,t —27), u) = u,(r,t — 7)., u] = u(r,t — 7). Thus DME (3.1) becomes
(.2) WG | (n=n")+& =€+,

-G, +nu+nG)+ G [GC(n =)= |-GL+(+Cu+(G=0

By the theory of existence of a solution of a delay differential equation, the mitial value problem has a particular
solution corresponding to a particular initial value. Because initial values are arbitrary, variables «, «” and
their derivatives can be considered as arbitrary elements. Since every transformed-solution (7 ¢) 1s a solution

u(n, +n.u+n,G)— (& + &u +£G) + (]

of equation (2.1), the DME must be 1dentical to zero. Thus. if DME (2.2) 1s written as a polynomial of variables
and their derivatives, the coefficients of these variables m the equations must vanish. In order to solve a DME,



one solves the several equations of these coefficients. This method 1s called splitting the DME. Unknown
functions £. ; and ¢ can be obtained from this process.

By splitting equation (3.2) with respect to . one obtains G . (u” (5 — 57 )+ & — £| = 0. Since equation
(1.2) 1s considered as a DPDE, it is assumed G . = 0. The equation is simplified to
(3.3) wn—n)+& —-£6=0
By the assumption £ and ; depend on variables » ¢t » while £ and 5~ depend on » ¢ 7. if one ditferentiates
equation (3.3) wr.t. u. the derivative becomes ™y, — ¢, = 0. Splitting the equation w.r.t ™ implies £ =0
and 55, = 0. which means ¢ and 5 do not depend on «. By the simlar structure of ¢” and ¢ and 5~ and .

both ¢ and 5~ depend on only variables » and ¢ . Equation (3.3) can be split again wr.t. u” which implies
E(x.t) = &x.t) and y7(r.t) = p(r.t). The conditions obtamed mean ¢ and 5 are periodic functions w.r.t. ¢

with period 7. 1Le.

(3.4) ot —7)= & t), nlrt—7)=nlrt).
Again, splitting the DME wr.t. y_, one gets
(3.5) (=& +&u—u(n +nu), ¢ =E+&u —u (n,+nu).

Substitute ¢ 5. ¢ and ¢* into the DME and differentiate it with respect to u”,
(3.6) &(~[Gur + G ) + & ([Gou + Grpu]) +

(Gt +Gpopu” =G )+, [IC}’”_-u" +Go- (u) = 3G, u+2G, 0 j=0
Here if we consider equation (3.6) as A + £ B + 5,C + 5.D = 0. which may be written in a vector form as
(3.7 (¢.€.m.m,) (A.B.C.D) =0,
where A=-G, G . B=-G, u+G. u| C=G u+G v -G, and

D=G,, WG (u” }" —3G,-u+2G u’, weare able to classify equation (1.2) as the followings.

3.1 The kernel of admitted Lie groups

The set of symmetries, which are admitted for any functional appeared in the equation is called a kernel of
admitted generators. Assume equation (3.6) is valid for any functional & . Since G |
G,..G,..G,, varyarbitrarily, the set spanned by (A B,C. D) has dimension 4. Thus (¢, ¢ .5,.n, ) must be a

zero vector, 1.e. all of ¢ ¢y, p, vanish. This implies ¢ and j; are constants and ¢ 1s zero. Let ¢ and 5 be
denoted by (¢, and (,. respectively. The mfinitesimal generator admitted by equation (1.2) 1s

dr - dt . du unply

E n <

X =C3d, +C,9,. By the theory from group analysis, the characteristic equations

u = f(C,r—(C.t)1sarepresentation of a solution. It reduces equation (1.2) into FODE

_G(f0).f(6 + C7))
o, fe)-c,

f'(0)

where § = C,0 — 't
3.2 Extension of the kernel

Extensions are symmetries for the particular functional & . Here, for the sake of sumplicity. case A =0 1s
considered only. For this case, it implies
(3.8) Gluu™) = glu —u™)+ H(u).

where ¢ 1s an arbitrary function of u — ™ such that 99 =0 (or g'=0)and H is an arbitrary function of
u”
variable u. Equation (3.6) 1s reduced into the form

(3.9) E(u—u)g"+n(g'—u—u g")+n, (—i-ug —(u’ }Elg"—— 3u— 2::":5}"] =0.
Equation (3.9) can be considered as a vector form (gr,;?‘;h)(A‘B‘(‘} =0. where 4 = (u—u)g"
B=g-[u-wlgmand O = _i_uf _{u-'f'lg"* [3u —2u"]g'- Let V be the set spanned by vector (A_B_(‘).

All possible cases which make equation (3.9) valid are considered according to the dimension of V.



3.2.1 dim ¥V =3. This condition means vector <§:- . ?L—) must be a zero vector. 1.e. £ 5,5, vanish. Thus
the DME is simplified to —H '(u)&'(¢) + £"(t) = 0. The derivative of the DME w.r.t. u is —H "(u)¢'(t) = 0.
- Case H"(u) = 0. Here H(u) = H.u + H, 1s asolution of the equation, where H _H, are arbitrary constants.
However, by the arbitrariness of function g, H, can be omitted. The DME 1s —H ¢'(¢) + £"(t) = 0. which has
&= (™ +(, as asolution, where €., are arbitrary constants. The periodic condition (3.4) of ¢ implies
C e L0, = 0™+ ¢, The condition 1s valid for H, = 0 or ", = 0. For this case ¢ must be a constant.
- Case H"(u) = 0. The equation nnmediately implies ¢ 1sa constant.
Both two cases show equation G(u. u™) = g(u — u:' )+ H(u) admits X = £9_+ pd,. where ¢ and 5 are
arbitrary constants and g H are arbitrary functions. For dim WV =3. it has the same solution with the kernel case.
3.2.2 dim V =2. This condition means there exists a constant vector (a, 3.+ ) = 0 which is orthogonal to set
V., Le. (a.3,7)- (4 B‘C'> —aA + 3B +-C = 0. By changing of variable : = (¢ — ¢7). the equation 1s
derived to z(q — 3+ ~2)g"+ (3 + 37 2)g'+ u"~ (—22¢"+ ¢') = 0. Splitting the equation w.r.t. u” . we have
(3.10) v (=2zg"+ g") = 0.
(3.11) Ha—B8+72)g"+(3+372)9' = 0.
- Case ~ = 0. Solving equation (3.10) makes g(z) = €z + C,.
where (', (, are arbitrary constants. Equation (3.11) 1s simplified to %(-‘_ (la + BVZ +572*%) = 0- By the
arbitrarmess of ». o + 3 and - must vanish. This case contradicts to the assumption ~ = 0.
- Case ~ = 0. Equation (3.15) 1s reduced to
(3.12) za—38)g"+39'=0
If a —3=0(or a=3)itmakes 3g' = 0. This case contradicts to the condition {a.3.9) =0 15 not zero and
g'= 0. Condition o4 — 3 = 0 (or a = 3) will be considered only.
For the conditions ~ = 0. a = 3. equation (3.12) 1s considered mto two cases :
Case _3
a—3

to zg"+ ¢' = 0. which has a solution ¢(z) = €, Inz + C,. where C 1s a nonzero arbitrary constants, ', is

— 1 .1e. a=23. The above condition o = 3 1mplies a = 0. The equation can be reduced

a constant. However. the constant ¢, can be omitted because of the arbitrariness of /. Substitute g mto
C,

u—u

the DME and differentiate 1t w.r.t. " . the equation calculated 1s

[2n, — & +4nu+nu|=0-

Since (', = 0 and unknown functions ¢ and 5 depend on (r.¢). the equation can be split w.r.t. u and u”
which implies p = p(¢) and &(z.t) = 2p'(f)r + &,(¢). where & 1s an arbitrary function of #. Substitute
both obtained functions mnto the DME :

(3.13) 2[n"(t) = n"(OH "(u) z + 3p"(t) — n'"(O)H "(w)|u—Cy'(t) + & "(t) — H'(w)&,'(t) = 0.
Since unknown functions ¢, 5 H do not depend on =z, then ;"(#)—p"(#)H'(u)= 0. This can be
considered nto subcases H'(u) =0 and H'(u) = 0.
(1) H'(u)=0.1e. H isaconstant. Then »"(¢) = 0. The periodic condition implies 5 is only a constant.
The DME 1s simplified to & "(¢#) = 0. & 1s also a constant by the periodic condition. This subcase shows
u, +uu, = C)In(u —u”) + H admits the generator €9 + nd, where H. ¢,y are arbitrary constants.
(2) H'(u)= 0. The mixed dertvative of DME (3.13) wrt. » and u shows —2p"(#)H "(u) = 0. This can
be considered mto two subcases H"(y) =0 and H"(y)=0.

- H"(u)=0. It immplies 7 — Hu+ H,. where H, H, are arbitrary constants and H =0. The
derivative of equation (3.13) wrt x 1s 2(p"(¢) — Hn"(t))=0. Thus 1ts  solution 1s
n=C,+Ct+C,c™. By the periodic condition. ', and (', must identical to zero. i.e. 5 1s a constant.
The DME 1s reduced to & "(t) — H &, '(t) = 0. which has a solution ¢, = ¢, + C.c#". Also the periodic

condition of ¢ mnplies ¢. =0. Then w, + wu, = C In(u—u")+ Hu+ H, admits the generator



- H"(u) = 0. The equation implies n"(t) =10, i.e. with the periodic condition n is a constant only.
The DME 1s reduced to &"t)— H'(w)&,'(t) = 0. Differentiate the equation w.r.t. u, —F "(w)&,'(t) =0, 1t
mmplies £, is a constant.

All above cases shows ¢ — f(;r;;,: _ gt‘% where € n are arbitrary constants and f is arbitrary function,
1s solution of u, +wu, = C, In(u —u")+ H(u), where ¢, is a nonzero arbitrary constant and H 1s an
arbitrary function of u.

Case ; ~1- Let 5 — L Hence the solution of equation (3.12) is g = ¢, (v — u™)*"! + C, . where
a— 3 o — 3

C, 1s a nonzero arbitrary constants, (', is a constant. However, the constant C', can be omitted because of

the arbitrariness of H . Splitting the DME equation w.r.t. u” shows
(3.14) Coe+1)(uw—u ) [6€, +(1—Om + (Bu—2u" —6(u+u"))n,] =0

Since ¢ and 5 depend on (z,¢) then equation (3.14) can be split wr.t. u and u”. It implies (3 — §)n_ =0

and —(2+8)ny, =0. The arbitrariness of ¢ implies n, =0. Le. n=n(t)- Equation (3.14) 1s simplified to
(3.15) 8, +(1—=8)n'(t)=0.
Case § = 0.
(DIf 6 =1, equation (3.15) shows ¢ = 0.1.e. £ = £(¢). The DME is reduced to
") —n"(t)u —2n' (O H () +[n'(tu— ()] H'(u)= 0.
The second derivative of DME w.r.t. u implies :);l "(t)u — E'(f)} H"(u)=0.
It H"(u)= 0, then n'(thu—E'(¢)=10. Splitting the equation wr.t. u shows 3 and n are constants.
Thus the solution of equation v, + uu, = €| In(u — u”) + H(u) 1salso u = f(nzr — £t).
Suppose H "(y)= 0. This means 7 = H, TR H,u+ H,. where H, H, H, are arbitrary constants.
The derivative of the DME wr.t. u is
—[2H,£'(t) +n"(t) + H.y'() = 0.
(@) H =0 and [, = 0. The periodic condition implies y is a constant. The DME 1is reduced to
£"(t) = 0. So ¢ 1s also a constant.
(b) H, =0 but A, = 0. The equation shows 5 =, + C,e~®". The periodic condition reduces term
C,¢~™" which makes 1 a constant. The DME is reduced to £"(t) — H,£(¢t) = 0, also £ must be a constant.
(¢) H = 0. Then £t = — n"()+ Hyn'(t) - The DME is simplified to »"(¢) + \n'(t) = 0, where
2H,
A =4i,(C, + Hy) = (HJ)J
If X\ = 0. this shows »"(¢) = 0. £ can be only a constant and ¢ is a constant also.
IfAN<0.np=0C,+ C,e" + C,e™. The periodic property of 5 mmplies ¢, and ', vanish and £ must
be also a constant.
If \>0.75=0C, +C,cos M + C, sin A\t . By the periodic condition. it 1s considered into two cases :

D . . . .
- + =21 . Inthis case. ¢, and ¢, must vanish and it implies ¢ to be a constant.

- . . .
- r=Z". Here ¢ 1s equal to n=C, + C.cos \t + C, sin M\, where C, 1s an arbitrary constant,

A
C. = fM_CH — _HC, A0, By the condition (3.5),
' 21 ; 2H,

¢ = }\-:((73 — Cu)cos At +(—C. + CLu) sinAt}

The solution of equation u, + uu, = C\(u —u" ) + Hv* + Hu + H, can be found from the characteristic
equations, L.e. y — Ci" - f QF'J T +F(z—w(t)- where
| |

Cycos At — CysinAt g
Cy, +C cos At + C, sin Mt

p=2A

Cscos At —Crsin At bty = f Us + Creos At + Uy sin At o,
C, +C, cos At +C, sin \t ~J 0, O cos M £ O sin At



Fis an arbitrary function. C,C;,C . C, Co H| H,, H; are arbitrary constants, [, = 0.\ 7 ¢, C,

are the constants which were defined in this section.

o

(2) If & =1, equation (3.15) implies =

: 1] n'(t)z + &(t) where £ (#) is an arbitrary function of ¢.
C

Substitute ¢ into the DME and differentiate it wr.t. both z and ». we obtain [5%1] H"(u)n"(t) =0-
C

This may be considered mto two subcases.

(a) H"(u) = 0. This implies ;"(¢#) = 0. Similar to the previous case, p is a constant. The DME is reduced

to &"(¢t) — H'(u)&,"(t) = 0. The derivative of the equation wr.t. v shows H'"(u)¢,'(¢) = 0. which means

€, is a constant. This shows both ¢ and 5 are constants.

(b) H"(u)=0. Then H = Hu + H,. where H, H, are arbitrary constants. Derivative of the DME

é:_2]17"(1‘)ﬂlﬂr’;"(r‘) =0-

S
If § =2, the derivative of the DME wu.t. z gives us n"(¢) — H n"(#) = 0. Similar to the previous

w.r.t. u 1s [

case, g is a constant. The DME is also ¢, "(t) — H,£,'(#) = 0 and its solution is a constant.
If §=2. For arbitrary constant H, and periodic property. » must be a constant. The DME is
§"t)—HE'(t)=0 and 1its solution 1s a constant.
Both subcases show equation v, + vu, = C,(u — v )" + H(u). for § = —1, has the same solution with
the kernel case.
Case ¢ =0. Equation (3.15) shows p'(t)=0. ie. n 1is a constant. The DME 1is reduced to

H(u)é, — H'(u)(€, +u&,) +u’s, +2ué, ~£,=0. In order to classify a solution of DPDE, we have to
analyze by the following cases :
(1) ¢, = 0. The DME is simplified to £"() — H'(u)¢'(t) = 0. Its derivative w.r.t. w is —H "(u)¢'(f) = 0.
If H"u)=0. then H = Hu+ H,, where H H, are arbitrary constants. The DME 1is
€"(t) — H,£'(t) = 0. With the periodic condition, ¢ can be only a constant.
If H"(u)=0,then ¢'(#) = 0 which show ¢ is also a constant.
(2) ¢, = 0. The third derivative of the DME w.r.t. ucan be rewritten as

(3.16) i?+u]H'“(u)+2H”(u):U-

dt| ¢ dr|¢

\ Sz \ Sz

The derivatives of equation (3.16) w.rt. z and ¢ give il & ]H“*(u) -0 andil@ ]H'“(u) —0- We

consider the problem into two subcases :
- H¥9u)=0 then H'"(y)=0 which makes H# = H, ut + Hyu+ H, satisfying equation (3.16). The
second derivative of the DME w.r.t. u is 2 (gm —H, f:) = 0.
g =0 then Ea,t) = &) + &(t) - The derivative of the DME w.r.t. « shows 26,'(1) =0, 1e. 3 1sa
constant. The DME is g, "(#) — H,£,'(t) + H,& = 0. Let )\ = (:HQ )2 —4HE, . With the periodic condition,
function £, can be found according to ) :
(@ AN>0. ¢ must be a constant. Then the DME 1s H,¢ =0. If H, =0 then ¢ =0. Thus
u, +uu, = C,(u —u" )+ H, admits the same generator and has the same solution with the kernel case.
However, if H, =0 and ¢ = 0 then v, + yu, = C\u + C,u”. where ¢, ¢, are arbitrary constants, admits
(6x+ )0, +nd, + &ud, and has a solution ¢ = (£x+ 53)3’(’71“(533 +&)— &) where F is an
arbitrary function. This solution reduces the equation (3.17) into an FODE,

F S 00—+ B0 =CF (0 +CF (x+&7)
where & =0, pare arbitrary constants and v =nln(fx +£)— &t

H,
(L) X< 0.Let p=+/-\/2.Then ¢, = Sk (C; cos pt + C, sin pt)- With the periodic condition, #, must

27

be identical to zero, H,¢, > 0 and , — == Then equation v, + uu, = C,(u —u") + H,. H, = 0. admits

(Ea + Cycospt + C sinpt) @, +nd, + (§u — Cypsinpt + C,pcospt)d



where p = m .C,.C, are arbitrary constants. This case 1s too complicated to find an exact form of a
solution.

If H =0 then &z t) = £ (t)c™* + &(t). The derivative of DME wr.t. u 1s —2H.¢,'(t) = 0 which means
§'(t)=0 or & 1s a constant. DME s sunplified to o7 (g"(t)— H,& '(t)+ H.H,E(t) = 0.
A= (H,) — 4H H,. With the periodic condition, function £ can be found according to A :

(a) A > 0. ¢ must be a constant.

If H, > 0. then & = 0 and DME vanishes, 1.e. the solution form is not different to the kernel case.

If #, = 0. then ¢ 1s any constant. The DME is H H_£¢%° = 0. If H, = 0. the equation has the similar

solution with the previous case. On the other hand. 7, = 0 mmplies v, + yu, = (v — u”)+ H.u’ admits

. [ Hyx -
(&7 + &), + 00, + §Huc™ . This means  _ (glfﬂw te JS' 7 i( _ t’ is a
£2H1 S
solution of the equation and reduces the FPDE to z0) = ¢ SO -FO+ 71+ H&FON  here
Ny 0 -1

Hzr
7 £
i 111 51

0= ~
‘f—zH1 \ f,fﬁ" a ‘52
(b) Let p ==X\ /2. Then §=c

identical to zero. H H, > 0 and  —

_ ¢ and (7, 1s an arbitrary constant.

|

N C, cos pt + C, sin pt). With the periodic condition, A, must be
27

/\

i

. Then equation u, + uu, = C\(u—u")+ Hu + H,, H, =0,

admits
(™ (Cycos pt + Cysinpt) + &, )0, + nd, + ™+

Hu(Cycospt + C,sinpt )+ p(—Cysin pt + O cos pt ) a,.
where p = /H H, and (', C ', are arbitrary constants. This case 1s too complicated to find an exact form of

a solution.
- H*¥(u) = 0.It means ¢ /¢ 1s a constant which has a solution ¢ = ¢+(z + i't). where I 1s a constant

and ¢+ 1s an arbitrary function. Substitute ¢ into equation (3.16). then (K + w)H"*'(u) + 2H " (u) = 0. The
equation has a solution H(u)= H (K ~u)In(K - u)+ Hyu' + H,u —~ H,. where H _H, H, H, are
constants. The DME 1s simplified to

w "= Hy |+ u2kw"—(H, +2H K|+ K'v"+[H, - K(H, + H)]w'=0.
Splitting the equation w.r.t. u° and u shows ¢+ is a constant. This case has the same solution with the
kernel case.

3.2.3 dimV =1. Here (A_ B_C) can be represented by (A_ B(“) - (a,_:}_ V)oluu). where o, 3. are

arbitrary constants which {g__j_'j:> = (0.0.0) and  1s a nonconstant function. The system of equations

correspondimg to the vector 1s

(3.17) (u—u")g" = aolu.u").
3.18) g'—(u—u")g" = Bo(u.u”).
(3.19) —[u"’ —(u"}j}g”-'- Bug'-2u"g' = ~volu.u”)-

- Case a = 0. Equation (3.19) can be derived from equation (3.17) and (3.18) mto

(2a +33)u +(-3a —23)u" — 7o =0
Since o 1s not identical to zero then its coefficient must vanish and mplies o = 3 =+ = 0. Tlus
contradicts to the assumption.
- Case @ = 0. Here ¢" = 0. which implies g = C|(u —u") + C,. where (7,.C, are arbitrary constants.
Substitute ¢ into equation (3.18). €, = Fo(u.u") is obtained. If J = 0. it implies ¢, =0 and g 1sa
constant which is mvalid. Also if 7 does not vanish, the equation implies ¢ is a constant function which
also contradicts to the assumption.

This proves that case dimV =1 is mvalid.
3.2.4 dimV=0. (4 B_(‘) can be consider as a constant vector (p., 3. ~> L Le.

(3.20) (u—u")
(3.21) g'—(u—um)

g"=a.
g" ="

3,



(3.22) —[tf —{u'}:]y"—i— Bug'-2ug' = .
where q, 7, are arbitrary constants. Substitute equation (3.20) mto equation (3.21), it leads to ¢'=a + 3
and ¢" = 0. Substitute both values mnto equation (3.22). the equation is reduced to

Ha+u—-2a+ 3w =+.
By the arbitrariness of » and u”. o — 3 vanishes which makes ¢' = 0. It contradicts to the assumption. This
case 1s invalid also.

4 Conclusion

Solutions of equation u +uu, = C(u—uv Y+ Hu' +Hu+H,. u, +uu, = Cou+ Cyu’
u, +uu, = C(u—u")+Hu" and u, + vy, = C (v — u")+ Hu’ + H, are presented m the article. For other
forms of equation w, — uu, = g(u—u")+ H(u). where ¢ H are arbitrary functions, the solution 1s

u = f(nr—&t) where f 1s anarbitrary function and ¢ ) are arbitrary constants.
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