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Abstract

Wavelet transforms, both continuous and discrete, have proved to be a very efficient tool in
detecting point singularities. However, due to its isotropic scaling, wavelet transforms are
not ideal tools in detecting one-dimensional singularities like singularity lines or curves.
Recently, wavelet-like transforms with parabolic scaling, such as Hart Smith's and curvelet
transforms, were introduced and applied successfully in edge detection. Our goal is then to
investigate how these transforms can be used in detecting point, line, and curve singularities.
New necessary and new sufficient conditions for an L*(R*) function to possess Holder
regularity, uniform and pointwise, with exponent o > 0 are given. Similar to the
characterization of Holder regularity by the continuous wavelet transform, the conditions
here are in terms of bounds of the Smith and curvelet transforms across fine scales.
However, due to the parabolic scaling, the sufficient and necessary conditions differ in both
the uniform and pointwise cases, with larger gap in pointwise regularities. Naturally, global
conditions for pointwise singularities can be weakened. We then investigate functions with
sufficiently smooth background in one direction and potential singularity in the perpendicular
direction. Specifically, sufficient and necessary conditions, which include the special case
with one-dimensional singularity line, are derived for pointwise Holder exponent. Inside
their “cones” of influence, these conditions are practically the same, giving near-
characterization of direction of singularity. There are many interesting research problems
worth investigating in the future such as 1) For other transforms with parabolic scaling, do
similar theorems hold? 2) For functions with low regularity in the direction perpendicular to
a given curve and sufficiently smooth background in the direction of the curve, what are
sufficient and necessary conditions in terms of upper bounds of its transform. 3) Can and, if
yes, how these theorems be developed into an edge detection algorithm?
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1 Introduction

As an efficient mathematical microscope, wavelets have been one of the better tools
for analyzing regularity of functions. This regularity information can be used for ex-
ample in denoising, classification, or re-construction of signals [16, 19, 21]. However,
due to its isotropic nature, wavelets are not optimal for analyzing anisotropic features
like edges. Recently, transforms that are based on parabolic scaling, e.g. curvelet and
contourlet transforms, have proved to be very efficient [7, 24]. For some problems,
like non-linear approximation or recovering edges of a real-valued function on R?
that is smooth apart from discontinuity on a C? curve, these new transforms are in
some sense even optimal [2, 3, 7]. However, regularity characterizations in terms of
these transforms have not been studied as much as they deserve.

The characterization of uniform and pointwise Holder regularities by wavelet
transform was first obtained by Jaffard [10] in his study of two-microlocal spaces.
Holschneider and Tchamitchian [8] independently gave wavelet characterizations
of uniform Holder regularities. See also [6, 9, 11-14]. Such characterizations say,
roughly, that a function has Holder exponent « if and only if its wavelet transform
satisfies a corresponding bound condition across scales. The Hart Smith’s transform,
another transform that uses parabolic scaling, was rediscovered and compared to con-
tinuous curvelet transform by Candes and Donoho [4, 5] in use of the characterization
of the so-called wavefront set and microlocal Sobolev spaces H*(x, 0). These mea-
sure directional regularity properties by using Fourier-domain definitions. Nualtong
and the second named author [20] have done some study on uniform and pointwise
Holder regularity estimation by using Hart Smith and curvelet transforms. As far as
we know, these are the only studies on transforms based on parabolic scaling in use
of regularity estimation.

In this work, we refine earlier results in [20] for pointwise and uniform regularity
and give necessary and sufficient conditions for a special case, which includes the line
singularity, by using the curvelet and Hart Smith transforms. The paper is organized
in the following way: In Sect. 2, we first give mathematical preliminaries, define Hart
Smith and curvelet transforms and finally derive some common properties of those
transforms. In Sect. 3, we first investigate uniform and pointwise Holder regularities
and finally directional regularity properties.

2 Transforms Based on Parabolic Scaling
2.1 Definitions and Preliminaries

We first give some basic notation and definitions. Vectors in C4 are in boldface, e. g.x,
while matrices in R?*? are denoted by capital letters, e.g. M. Partial derivatives of
a d-variable real-valued function f are denoted by 9" f := 9,"'9,? -9, f where
d; means the partial derivative with respect to the ith-variable and the index vector
v=(vi,v2,..., V) is in N4, the cartesian product of d copies of the non-negative
integers No, with |v| := vy + vy + .-+ 4+ vg. For general (non-index) vectors x =

(x1,...,xq) € C¢, we denote xV := ]_[lfd=1 x;)" and ||x]| :=/ Z?:l XiX;.
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For E CR? and f, g € L*(E), their inner product is (f, g) := [ fgdu where p
is Lebesgue measure. Norm in L2(E) is I fllL2Ey == (s f). We adopt f(E) =
Jra f (x)e 7 *Edx, £ € RY, as our definition of the Fourier transform. So the
Plancherel’s formula becomes (f, g) = ( f , &) and the Fourier inversion formula is
f@) = fpa f(§)Ex .

In our derivations we will use a generic constant C whose value may change from
one line to the next as long as it remains independent from objects we are trying to
estimate.

Holder regularity of functions of several variables is defined as follows.

Definition 1 Let « > 0 and o ¢ N. A function f:R? — R is said to be pointwise
Holder regular with exponent o at u, denoted by f € C*(u), if there exists a polyno-
mial P, of degree less than « and a constant C,, such that for all x in a neighborhood
of u

|f(x) = Pu(x —u)| < Cullx —ul®. 2.1)

Let © be an open subset of R?. If (2.1) holds for all x, u € Q with C, being a
uniform constant independent of u, then we say that f is uniformly Holder regular
with exponent o on Q or f € C*(S2).

The uniform and pointwise Holder exponents of f on 2 and at u are then defined
as

a;(R2) :=supf{a: f € C*(Q)}
and
op(u) :=supfa: f € C*(u)}.

Following [22], we define local Holder exponent as follows.

Definition 2 Let (/,),cn be a family of nested open sets in RY, je. Iy4+1 C I, with
intersection (), I, = {u}. The local Hélder exponent of a function f at u, denoted
by o;(u), is

aj(u) = nlgrgoaz(ln)-

In many situations, local and pointwise Holder exponents coincide, e.g., if f(x) =
|x|" then a,(0) = o;(0) = y. However, local Holder exponent o;(u) is also sen-
sitive to oscillating behavior of f near the point u. A simple example is f(x) =
|x]” sin(1/|x|#) for which ap(0) =y but oq(0) = ﬁ i.e., oy is influenced by the
wild oscillatory behavior of f near 0. See [17, 22] for more on the nature of o
and ap.

Finally, we give a definition of directional regularity.

Definition 3 Let v € R be a fixed unit vector and u € RY. A function f:R? — R
is pointwise Holder regular with exponent « at u in the direction v, denoted by f €
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C“%(u; v), if there exist a constant C, , and a polynomial P, , of degree less than o
such that

| f @+ Av) — Py y(M)| < CuylA|*

holds for all A in a neighborhood of 0 € R.

If one can choose Cy , so that it is independent of u for all u € @ € R? and the
inequality holds for all » € R such that u + Av € €2, then we say that f is uniformly
Holder regular with exponent o on Q2 in direction v or f € C*(2; v).

A simple example of functions with varying directional Holder regularities at the
origin is given by f(x) = r®© where (r, 0) is the polar coordinates at x and «(6)
is any continuous positive function. It is easy to see that f € C @ (0; (cos @, sinf)).
Whether or not it is possible to prescribe arbitrary directional smoothness at differ-
ent points is still open. See [15]. In application, the problem of determining direc-
tional smoothness arises naturally in medical imaging such as the X-ray pictures of
bones [1].

2.2 Hart Smith Transform

The original transform was defined in Fourier domain and used L'-normaliza-
tion [23]. We use here the variation that was described in [4, 5] which adopts L2
normalization.

For a given ¢ € L*(R?), we define

@abo(x) =" ip(D1R g (x — b)),

for 6 € [0,27), b € R2, and 0 < a < ap, where ag is a fixed coarsest scale, D1 =
diag(%, ﬁ), and R_y is the matrix affecting planar rotation of 6 radians in clockwise
direction. Inverses of these matrices are therefore DII =D, and R:é = Ry. Hart

Smith’s directional wavelet transform can then be defined as

T (@.b,60):= (@apa. f)-

Here, a defines the scale, b the location, and 6 the orientation of ¢,pg. This gives a

true affine transform that uses parabolic scaling, i.e., the family {@,p9} is generated

by translating, rotating, and parabolically dilating a single generating function ¢.
For each scale a and direction 6, let us define the norm

Ivlla.6 :=ID1R_gv|| forveR>.
a

This norm has ellipsoidal unit ball with minor axis pointing in the direction 6 and
it becomes more and more needle like when a goes to zero. We define vector vg :=
Ry (0, 1) so that vy is parallel to the major axis of the ellipse lv]la.,0 = 1. It follows
immediately also that % < |lvllap < @ when 0 < a < 1. Because of this, we can

think that the energy of ¢,p¢ is essentially concentrated on the ellipse centered at b
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with minor axis of length “about” a and major axis of length “about” \/a pointing
in the direction vy. This makes the use of this kind of transforms attractive when
studying smooth curves on R?; if we take a piece of curve with length about \/a, it
will fit to a rectangle that has length about »/a and width about a. Actually, some near
optimality properties in non-linear approximation and de-noising by using curvelets
have been proved [2, 3].

Let us note here that a high-frequency function is a square integrable func-
tion whose Fourier transform is supported outside a ball of some fixed radius. For
high-frequency functions we have the following reconstruction formula. See also
[4,5, 23].

Theorem 1 There exists a Fourier multiplier M of order 0 so that whenever f €
L?>(R?) is a high-frequency function supported in frequency space ||&|| > 2 then

ap’

ap p2mw da . s s
f=/ / / (@abo, M f) Qabo dbd0 —  in L*(R?). (2.2)
0 Jo JR2 a

The function M f is defined in the frequency domain by a multiplier formula m &=
m(||&|) f (&), where m is a standard Fourier multiplier of order O (that is, for each
k > 0, there is a constant Cy, such that for all t € R, |m® (t)| < Cr(1 + |¢|>)~+/?).

Notice that the restriction to high frequency functions makes the reconstruction
formula a little hard to use in some situations. In the study of regularity, this may not
be a problem since we can first divide a general f € L? first to low and high frequency
parts fr and fy,i.e. produce fy first by lowpass filtering and then set fy = f — fr.
Because f; is always infinitely differentiable, regularity properties of f = fr + fu
depends only on fg and therefore we can assume that we are working only with high
frequency functions. However, this kind of preprocessing with lowpass filter is not
necessary (see for example Theorem 6).

Another inconvenience in using Hart Smith transform is that we have to use
Fourier multiplier M. Generally, by Plancherel’s formula we get

(@abos M) = (@apo, m(l - D f) = (m(l - D@abo, f) = (M@apa, f)-

Because of this and the fact that ¢,59 and M,p¢ are duals [4, 5], we can write the
reconstruction formula also as

ag 2w da
fzf / / (prabe, f) ¢ab9dbd9_3
0 Jo JR?2 a

ap p2mw da
:/ / / (@abo > [) Mpape dbdo —-
o Jo JR? a

The functions @,p9 and M@,pe are actually very similar. First, since translation in
spatial domain means modulation in frequency domain, it’s clear that b will be a pa-
rameter that just translates M ¢,pg. Secondly, because m is purely a radial function in
Fourier domain, it does not affect rotation properties, i.e. 6 act as a rotation parameter
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also for M ¢,pg. True parabolic dilatation is the only property that we lose. However,
we will show in Sect. 2.4 that if ¢ is properly chosen then ¢,p9 and M¢,pg9 Will have
essentially the same decay properties (see Lemma 2). Moreover, we will see in the-
orems of Sect. 3 that one really does not have to mind about the Fourier multiplier
when investigating regularity properties.

2.3 Continuous Curvelet Transform

There exists different constructions of curvelets, we will follow mainly the one in
Candes and Donoho [4, 5]. Resulting continuous curvelet transform (CCT) has a
simpler inversion formula than that of Hart Smith transform and still enjoys properties
reminiscent of the parabolic scaling. CCT is defined in the polar coordinates (r, ®)
of the Fourier/frequency domain. Let W be a positive real-valued function supported
inside (%, 2), called a radial window, and let V be a real-valued function supported on
[—1, 1], called an angular window, for which the following admissibility conditions
hold:

/OO 2d}" /1 )
W)= =1 and V(w)dw=1. 2.3)
0 r -1

At each scale a, 0 < a < ag, Y400 is defined by
Va00 ( cos(@),  sin(@)) = ai W (ar) V(w//a) forr>0and o € [0, 27).
Foreach 0 < a < ap, b € R2, and 0 € [0, 27), a curvelet Yabo 18 defined by
Yab (¥) = Yao0 (Rg (x — b)), forx € R”. 2.4)

Equipped with this family of high-frequency elements y,39, we define the continuous
curvelet transform

Cyp(a,b,0) = (yups, f) forallO<a <ap,be R?, and 6 € [0, 277).

We will follow [4] and assume that both V and W are C°°, which implies that
the curvelets and their derivatives have rapid decay, even though it suffices for our
regularity analysis to assume only that V and W are C" for N large enough. This
assumption is then enough to ensure that the resulting curvelets and their derivatives
up to desired order (largest o of interest) decay fast enough.

The admissibility conditions (2.3) and the polar coordinate design of curvelets
yield the following reconstruction formula for all f € L2(R?) [5].

Theorem 2 There exists a bandlimited purely radial function ® such that for all
feL* R,

ap 2w da )
=@ @ndss [7 7] s 5 pamdbao S5 2 @)
R2 0 0 R2 a
where ®p(x) = ®(x — b).
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Again, for analysis of singularities, the low frequency part fRZ (Dp, f) Dpdb is
not an issue as it is always C*°.

Unlike Smith transform, curvelet transform does not use a true affine parabolic
scaling as a slightly different generating function y,qo is used at each scale a > 0.
However, at fine scales, curvelet and Smith transforms have similar decay properties.
See Lemma 2.

2.4 Directional Vanishing Moment and Decay Properties

In this section we show that all functions ¢,p9, M@.pg, and y,pg9 do have properties
needed in proving theorems in Sect. 3. This will make all of them almost equiv-
alent when investigating Holder regularities. We consider the case when supp(¢) C
[Cy, Ci] X [—C3, C>] for some C1 > 0. We want to remark that this assumed property
of Hart Smith transform is more general than the one used in [4, 5] when compar-
ing Hart Smith and curvelet transforms. Indeed, ¢ can even be separable. For any
nonzero vectors v and v’ in R2, let us denote the angle from v to v’ in clockwise
direction by Z(v, v').

Definition 4 A function f of two variables is said to have an L-order directional
vanishing moments along a direction v = (v1, vo)T (suppose that vy # 0; if v1 =0
then v #£ 0 and we can swap the two dimensions) if

/t”f(t,tvz/vl—c)dtzo, VeeR, 0<n<L.
R

Essentially, the above definition means that any 1-D slices of the function have van-
ishing moments of order L. Notice from the definition that f has directional vanish-
ing moment along direction v if and only if the same holds along direction —v.

Lemma 1 There exists C < oo (independent of a, b and 0) such that the curvelet
functions yup9 have directional vanishing moments of any order L < oo along all
directions v that satisfy | Z(vg, v)| = Ca'/?. Moreover, if there exists finite and strictly
positive constants Cy, C| and Ca such that supp(¢) C [C1, C}]1 x [=C2, C2], then the
above is true also for functions @ap9 and M@gpg.

Proof Because m is smooth and bounded, the Fourier transforms @gpg(§) and
m(||&])) @apo (§) of functions @,pe and M ¢,p have the same compact support (and the
same order of differentiability). This makes them equivalent in the sense that both sat-
isfy conditions of the Lemma and therefore it is enough to produce a proof for @,pg.
Moreover, compact support in frequency domain implies that ¢,p9 and M@,pe are
in C*.

Leta >0,beR?>and 0 = 0,50 vg = (0, 7. Let v = (v1, v2)T = (cos @', sin6")T
be a unit vector such that |Z(vg, v)| > Ca'/?. We make now restriction to values
0’ €[0,7/2), i.e. 0 < Z(vg, v) < /2. On this interval we always have Z(vg, v) <
tan(Z(vg, v)). Choose now C = C»/C. Because

U1

Coa—1/2
Ul tan(L(vg, v)) > L(vg, v) > Cal/2 = 224
v

Cla—l ’
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it follows that the lines passing through the origin with slopes % 5—; do not intersect the

rectangle [a~1Cy, a_ICi] x [—a=12Cy,a"12Cy]. In particular, since supp(@zp0) is
a subset of the rectangle, it does not intersect with the line & = —Z—]&‘ 1. Now, since
rotation commutes with Fourier transform, we have supp(@ups ) = Ry supp(@ap0) and

SO

supp(@ap0) N {(51,52)252 = —Z—;Sl} =0

< supp(Gan(—p)) N R—@/{(él, &):6 = —%Sl} =0

< supp(gan(—p)) N{(1,6): & =0} =0

Consequently, all partial derivatives of wm) vanish on the &;-axis. This property
of @up(—¢) implies that it has directional vanishing moments along the direction of
x1-axis of any order L. Indeed, if we denote g(x3) := fx{'wab(,g/) (x1, x2)dx; then
differentiating under the integral sign gives

0 = 9] @ap(—6(0. &)
= (—Qﬂi)"/(/X'f(ﬂab(—ef)(xl,xz)dx1>eZ”ix2§2dx2

= (—27ri)"/g(m)e*z”"“&dm

= (=27i)"§(&2),

for all & € I@, which implies that g(x2) = 0. Therefore, ¢,p¢ has vanishing moments
along the direction v. For angles 6’ € (;/2, ] one can make similar derivations since
[a’lcl,a’lC{] x [—a=V2Cyp,aV2C,] is symmetric about the &;-axis. And proof
for the case 6 = 0 is complete.

The general case for 0 € [0, 2rr) follows easily from the fact that 6 just rotates the
function ¢,pg. Because ¢,p9 has directional vanishing moments along the direction
v if and only if ¢,p0 have directional vanishing moments along direction R_gv and

|£(vg, v)| = [£(R-gv6, R_gv)| = | L(v0, R_4V)],

we can denote R_gv := (cosf’,sinf’)” and make exactly same calculations as
in the case 6§ = 0. For curvelets, one can use exactly same proof because clearly
supp(Ya00) € [a~1Cy, a’lC;] x [—a=12Cs, a=1/2C,] for some strictly positive C1,
C{ and C. d

Some results on the decay of 8" ¢,p9, 0¥ M@upg, and 0V y,pg are given below.

Lemma 2 Suppose that the windows V and W in the definition of CCT are C* and
have compact supports. Then for each N = 1,2, ... there is a constant Cy such that

Crna=3/4=Ml

Vx e R? 9" yapo ()] < ———.
¢ 1+ [lx — bII2Y,

(2.6)
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Moreover, if ¢ € C* and if there exist finite and strictly positive constants C1, C{,
and C3 such that supp(¢) C [C1, C;] X [—C3, Ca], then (2.6) also holds for functions
@abe and M @apg.

Proof We produce a proof only for M ¢,pg. The proof is identical for ¢,p9 and, at the
end of the proof, we will point out differences of proof for curvelets.
We first recall the basic properties of the Fourier transform:

fx) = (—2mix)’g(x) <= fE)=03"§),
fx)=0"gx) < f&)=Qni&)"§&).

Therefore we have
/ NG (&) 8 dg = (—an? x| P g (x), @.7)
RZ

where A is the Laplacian i.e. A := 312 + 822. We restrict first to the case & = 0 and
b = 0. Fix an index vector v := (v, v2) and define

v
8a(X) := M@ao0(Dax) and  hy(x) :=98"g4(x) = a"" "7 (3" M@a00) (D).
A straightforward computation yields

ha(8) = (i2708)" §4(8)
= (27i&)"a"3>M@,00(D1/a§)

= (27i&)"a "> m(ID1/a& ) $a00(D1/a€)
= (27i&)"a"*m(|D1/u& INa™ V4G (&)a>?

= @ni§)"a m(ID1/ag NG (E). 2.8)
If we now replace g by hg and x by Dy/q4x in (2.7) we get

| (=472 D1 /ax [IH)*a" T272(3” M ug0) (x) |

= | (=472 |D1/ax I*)* ha (D1 )|

ZV (A*hy) (&)e>™P1axE g
RZ

< / [(AFha) (6|27 P18 | g
RZ

= / [(AFR,)(8)|dE
RZ

_ /R 18 i)" mID aE DG(E))Id

<Ca3*,
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In the last step we used the notification that IAk((Zni’;')"m(HD]/aS||)¢3(§))| <C
where C is independent of a. This is a direct consequence of the fact that if
& € supp(¢) then

[m™ (ID1/a€ID| < ClID1ag 1" < Cll@™'C1,OT " =Ca".  (2.9)
When k = 0 this reduces to
|[a"1F%2/2(8” Mpago) ()| < Ca™/*.
By combining the above estimates, we get

aVH‘VZ/Z(l + 4kn'2k ||D1/ax||2k)|8vM(Pa00)(x)|

= [a"2/2(3" M a00) (x)| + | (=472 D1 ax 1) a1 T2/2 (8" Mpan0) ()|

< Ca3/4,

which finally gives the inequality

; Ca=3/4—vi—/2 Ca=3/4v1i—»/2
o'M x)| < = .
| ©a00)(X)| < 1+ (27T)2k||D1/ax||2k =1+ ||D1/ax||2k

Now we give brief arguments how we get estimate for general 6 and b. Because
translation do not change regularity properties, it is clear that all above would hold
also for a general b. Rotation will clearly change properties of partial derivatives of
function. However, taking partial derivative of a smooth function M¢,pe With respect
to x; is the same as taking directional derivative of Mggp0 to direction R_g (1, 0.
Since a directional derivative is a linear combination of partial derivatives, and par-
tial derivatives with respect to x; and x, in the above calculations produced factors
a~"17"2/2_in the worst case we will get factor a™"17"2 = a~ " instead of a=V1—"2/2,
For curvelets the only essential difference is that we choose g,(x) := y,00(Dyx),
which leads to formula

ha(&) = 2mi&) a=**P,00(D1 &)

172
- (2ni§)va—3/4w(,/sf +a%‘22)V<a_1/2 arctan < ; ‘52). (2.10)

1

From compact supports of V and W we easily see that there exists positive constants
C’ and C” such that & € supp(fza) implicates C’ < & < C” and |&| < C” for all
sufficiently small a. Therefore it is also easy to see from (2.10) that partial derivatives
of /14 (£) are bounded by Ca—3/4, and so we get the same estimate as before. g

We would like to remark that, by geometric arguments, the above lemmas would

be valid also when supp(¢) C (([—C{, —C1]1U[C1, C{]) x [=C2, C2]). This is im-
portant if one prefers a real valued function ¢.
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3 Regularity and Decay of Transforms

In the previous section we showed that y,pg, @ape and Me,pe all have essentially
the same vanishing moment and decay properties. In this section we denote any of

those functions by ¢,pg, and dual by qbg po- Moreover, we assume that ¢ always has
vanishing moments and decay properties as stated in Lemmas 1 and 2. However, we
would like to remark that, in some theorems, weaker properties would suffice, as can
be seen in the proofs.

3.1 Uniform Regularity

Let us first note here that in the proofs of Theorems 3 and 5 we do not need vanishing
moments in more than one direction (for example in the direction of x-axis). In fact,

/ Gabo (x) Py (x —u)dx = / ©®a00(x) Py (Ro(x —u) 4+ b)dx =0,
R2 R2

because Py, (Ry(x —u) + b) is a polynomial.
The following theorem gives a necessary condition for Holder regularity in terms
of decay of Hart Smith or curvelet transforms.

Theorem 3 If a bounded function f € C*(R?), then there exist a constant C and a
fixed coarsest scale agy for which

(bape- f)] < Ca®*i

forall0 <a <ap, be R2, and 6 € [0, 27).

Proof Without loss of generality, we can assume that » = 0 and 6 = 0. The general
case follows by simple translation and rotation of f because uniform regularity is
invariant under those operations.

We first recall that uniform regularity of f means that there exist a constant C
independent of u € R? and, for each u, a polynomial P, of degree less than o such
that

|f(x) = Pu(x —w)| <Cllx —u]||®

for all x € R2. Therefore, for each x2 € R, there exists a polynomial P ,) such that,
for all x| e R,

| f(x1,X2) — Po.xy)(x1,0)] < Cl(x1, x2) — (0, x)[|*“ = Clx1|*. (3.1

Also, since ¢400 has rapid decay, the integral fRz | P0,x5) (X1, 0)Pa00(x)|dx is finite
which allows us to apply Fubini’s theorem and write

/RZ P, xy) (x1, 0)da00(x) dx :A(/nx P(o,xz)(Xu0)¢a00(x1,X2)dX1)dX2
:/dezzo, (3.2)
R
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where we have used the assumption that ¢,90 has directional vanishing moments of
any order along the x1-axis for a sufficiently small. By using (3.1), (3.2) and (2.6) we
get

{Pabe, ) = ‘/Rz(f(x) — P0,xy) (x1, 0)) a0 (x)dx
= /Rz|f(x) = P(0.xy) (x1. 0)[Ia00 (x)|dx

e f 1117 | ato ()| dx
R2

~3/4
< Cf x| | ———% |dx
E PR PYET
= C/ lay:|* at dy
= 1|5~
R2 L+ ly)2N
S Caa+3/4. D

A sufficient condition for a function f to be C* is given in the next theorem.
Unfortunately, the condition here is not closed to the necessary condition presented
above, due to the effect of parabolic scaling.

Theorem 4 Let f € L2(R?) and « > 0 a non-integer. If there is a constant C < 00
such that

5
¢abo, )| < Ca*"3,
forall0 <a <ag, beR? and 0 €[0,27), then f € C*(R?).

We omit the proof of this theorem since it’s essentially the same as that for the
pointwise case, see Theorem 6.

3.2 Pointwise Regularity
Pointwise regularity estimates are harder to obtain than those for uniform regularity.
Necessary conditions and sufficient conditions derived here will differ even more than

in the uniform case.

Theorem 5 If a bounded function f € C*(u) then there exists C < 0o such that

) (3.3)

Proof We would like to remark that because f is bounded, the polynomial approx-
imation property (2.1) holds in all R? although by definition it holds only in some

2+§ b_u
[{@Pabo, )| <Ca2T4( 1+ 7
a

forall0 <a <ap, be R2, and 6 € [0, 27).
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neighborhood of point u. Therefore the proof is similar to that for uniform regularity,
but we obviously do not have varying polynomials for different x;. We do have

(s 11 = [ 10us0 11 ) = Putx =]
[l
C ——d
=4 4/ﬂ§21~|—||x—b||§f\é *

_3 lx —uf
=Ca 4 5y dx
r2 1+ [D1/aR—g(x — D)||
_Ca-iti / [RgDgy +b —u||®
]RZ

T+ IyIPY

o _ o

<Cﬁ+g/ IRsDeyl® + b u]
g LIy

< Cai+°5(1+

a)
since we can choose N large enough so that the last integral is finite. We have also
used the fact that RgD,, is a bounded linear operator with norm ||RgD, || =a 12, g

al/?

Theorem 6 Let f € L>(R?) and « be a non-integer positive number. If there exist
C < o0 and o' < 2a such that
a/
), (34

forall0 <a <ag, beR?, and 6 € [0,21), then f € C*(u).

b—u

5
{pabo, f)] < Ca®t1 <1 + Hl—/z
a

Proof First we divide f € L>(R) to low and high frequency parts f; and fy. As
discussed before, regularity of the function f depends only on regularity of high
frequency part fy, and therefore it’s enough to calculate estimates only for fz. It
is clear that, for a small enough, (¢A>ab9, fL) = 0 as the frequency support of ¢gpg is
moving farther away from the origin. Because of that and by Plancherel’s formula,
we have

(Pabo> [) = (@abo, fL) + (Pabo, fH) = (Pabo, fH)-
Therefore the assumption (3.4) gives
). (3.5)

The rest of the proof follows the one given in [10, 18] for wavelets in L?(R). We
reproduce it here even though there is not much change in higher dimension with
parabolic scaling. The reason is that a little modification can be used in later investi-
gation of directional regularity properties.

5 b—u
Uabo, fr)l < Cra*t4 (1 + Hl—/Z
a
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Without loss of generality, we can choose ap = 1 in (2.2). We use the notation
x =u + Av, where ||v|| = 1. Here we can set u = 0, the general case follows by
simple translation. The reconstruction formula (2.2) can be rewritten

-1
fa@)= )" Ajx), (3.6)
Jj=—00
where

2Jj+1

2m " da
A= [ [T il dban %5,

We try to approximate fy by polynomial

le] 2k -1
Py(Av) ‘=ZF > - V)Fa).

k=0 j=—00
Next we investigate how fast the terms (Av- VKA j(Av) go to zero when j — —oo.

First, by using assumptions of the theorem, implication (3.5) and the decay esti-
mate (2.6), we can derive

0105, o)

2/t o da
=1/ f / (Gae. f1)0F " 0be%,, (x) dbdo —
2 Jo Jr2 a’
20+ pox /4 b1 a—3/4—k da
o
=C [ . / / a s vl B T =
27 Jo JR2 a L+ llx = blig a
—C/ZHI 271/ <1+ x —RyDyy a/>aa+5/4—k+3/2—3/4d 20 da
L Je a7 T+ yey PUs
j+1 _ ) / /
—c 2+l Lon a® k+2(1+a Ot/Z(Hx”oc +||R9Day||“ ))d ded_a
=L b e T+ [ylI2V Y
o [P TR e ) | da
— Ja Jo Jre 1L+ IyI?N YE

2J+1
gcf a® N C +a | x||”) da
2

J

< i@k 4 coil@—k=a/2) |, (3.7)
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Therefore

|(v- V)*A; ()| = (0131 + v232)* A (WD)
Lk
=3 (z ) b ok Bl A ()

=0

CZ( ) k—I l Zj(a—k)+2j(a—k—a’/2)|)\|a’)

< (27 qofl@mk=a/2) ;e (3.8)

Notice that C can be really independent from v since |vj| < 1 and |vz| < 1. Equation
(3.8) clearly also holds for k = 0. Then, by the triangle inequality,

la] -1

Z Aj(hv) — Zk' PRCEAS NI

j=—00 Jj=—00

=5

j=—00

| fr (Av) — Po(Ahv)| =

la] Ak
Aj(v) — Zﬁ(v ALVNT()I

k=0

We investigate now coarse and fine scales separately and therefore we choose J such
that 27! < A] < 27 1t’s essential to notice that our generic constant C can remain
independent of J in all calculations. By noticing that each summand is the absolute
error of the approximation of A j(Av) by its Taylor polynomial of degree |« |, we get,
for coarse scales,

-1 lee]

Ak
> 1A - Z [@ V)¥A;(0)
j=J k= o

-1
[l laJ+1
S VHA (h
(LaJ+1)'he[0pu|(v ) i)

—1
< Z C|A| o] +1 (zj(ﬁt—LOtJ—l) + 2j(01—LaJ—1—0//2)|M0/)
=1

< C|)\.||‘0d+1 ((2J+1)(a—\_aj—1) + (2J+1)(0l—|_(xj—l—ot’/2)|)“|ou)
< C|A'||_Olj+l(|)"|(0[—|_aj—l) + |)L|(a—LaJ—1_a’/2)|)L|a/)

<CIAl*,
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where the estimate (3.8) was used in the second inequality. At fine scales we use
directly the estimate (3.8) and get

J—1 ] k

A k
> Aj(kv)—zﬁ(v-V) A;(0)
j=—00 k=0
J—1 la] |)\'|k
ja | njle—a'j2))5 o A Stk
502[(2 +2 NREDD 2 ]
j=—00 k=0
< C|A|“.

The assumption o’ < 2« was needed to make infinite summations to converge. Be-
cause ||x|| = |A|, the theorem is proved. O

3.3 Direction of Singularity

In this section we study what kind of directional information the decay of the trans-
forms can provide. Comparing to previous theorems, we now approve a weaker rate
of decay of |{¢aps, f)| for some angle 6. Loosely speaking, this angle can define
direction where f has low regularity, for example 1-dimensional singularity. We first
consider new sufficient conditions for regularity.

Theorem 7 Let f € L>(R?), u € R?, and assume that a > 0 is not an integer. If there
existo’ <2, 6y €[0,27], and A, C < oo such that
CaHi(1+ 15419, if6 ¢ 60+ Aa'P[~1.1],

[(Gabs, )] < ,
’ Ca® 3 (1+ 1L <), if6 €60+ Aa'[—1,1]

forall0 <a <ag, beR? and 6 € [0,21), then f € C*(u).

Proof Let us denote Ig, 4 :=6p + Aal’?[—1,1]. The only difference from the proof
of Theorem 6 is that, in the derivation of (3.7), we split the integral with respect to

the angle 6 into
/ do = / do + f do.
[0,27] [0,271]\[90#1 Iy,

-

The first integral obviously gives the same estimate as in (3.7), while the second
yields an extra factor of 2Ca'/? instead of 27. U

We now give a simple example. Let f(x1,x2) = g(x1,x2)|x1|%, where g is
a bounded positive C*®(R?) function. Then f € C*({(0,x2)|x2 € R}, vz2) N
C>(R2, vy). First we recall that dapp has vanishing moments of any order to all
directions v such that |Z(v, vg)| > Aa'/?. Therefore it is clear that

l(pabe, )| < Ca™  whenever |£(vo, vg)| > Aa'/?
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for any N < oco. With similar methods as in the uniform regularity case, we can derive

|(@abo. )] < Ca“™>* whenever | Z(vo, v9)| < Aa.
For angles Aa < |Z(vg, vg)| < Aa'/?, the same estimate cannot be so easily obtained.
The next theorem gives more precise necessary decay condition for special type of
functions that includes our example. Essentially these functions might have aligned
singularity lines. Because local Holder exponent is used in the assumption of this the-
orem, we actually consider not only traditional singularities but also wild oscillatory
behavior.

Theorem 8 Let f be bounded with local Holder exponent a € (0, 1] at point u and
f e C?H1+e(R2 wy) for some Oy € [0,27) with any fixed ¢ > 0. Then there exist
o €la—¢e,aland A, C < oo such that for a > 0 and b e R?,

Ca®*i, if0 ¢ 60+ Aa'?[—1, 1],

base- S <Y ,
‘ Ca”TE 1+ | B2 ), if6 o+ Aa'P[~1,1].

Proof From Definition 2, for all ¢ > 0, there exists a ball B(u,r.) such that
o;(B(u,ry)) > a — . This means that
|f @) = F)] < Cellx — y|B@) < Collx — y|*™¢, Vx,y e Bu,re).

For simplicity we assume again that u = 0 and 6y = 0, the general case follows by
simple translation and rotation. For angles 6 such that |Z(vg, vg)| < Aal’? we can
write that

uso. 11 = | [0 = 7O 5215

a3/
<C / 1Ger, 0)T B @7 (72N )dx
R? 1+ llx = bl2%

434
< Cf ”x”al(B(OJs))( — )dx
R2 14+ ||x — b||a’9

(B(©.r2)) (B(O.r¢) a*lt
= [ ((@hyp@®r 4 jpesor )( )dy
2 T+ IyIPY

b

a1 (B(0,re))
_ Caoq(B(O,rg))+3/4<1 " H o )
a

So we choose o' = o;(B(0,r.)). We then turn to the investigation of angles 6
such that |Z(vg, vg)| > Aa'/2. Our method is similar as making the integration of
(Pabo, f) by taking line integrals to direction of x». This idea arises from the fact
that f has high uniform regularity in that direction. Since the regularity property that
we will use now is invariant under translation, the estimate we will get here is the
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same for all b and we can restrict to the case b = 0. We start by taking the rectan-
gle A, :=[—a"¢, a—¢]? for some 0 < ¢ < 1/2, to be determined later. We notice
that RgD, A, is oriented similarly to the essential support of ¢,p9 and A, — R2 and
RyD,A, — 0 when a — 0. We will also use here the notation v(x) := xjvg/| cos(8)],
i.e. v(x) lies on major axis of RgD, A, and v(x) — x is always parallel to x»-axis.

(Pabo, )| = ‘/Rz (f () = Pyey (x — v(x))) page (x)dx

<

/ (f () = Pyx) (x — (x))) ha0s (x)dx
R2\RgDyAq

+

/ (f () = Pyx) (x — 0(x))) pa0s (x)dx
ReDyAg

For the first integral we can write

/ (f(x) = Pyxy (x — v(x)) daop (x)dx
R2\RgDy Ay

SCa’?T/ | f(x)— PD(X)(J;N_ v(x))| dx
R2\RgD, Aq L+ lxlIZ s
—_ / — vy
_ Ca%/ | f(RgDyy) — Py (I;iDay y )|dy < CaK,
R2\ A, 1L+ 1yl

where y’ = v(RyD,y) and K can be chosen arbitrarily large. That is because
A 14 yI*N will clearly dominate the integration since it grows much faster than
f(RgDgy) — Py (RgD,y — y') when we choose N large enough (since f is bounded)
and (ii) || y|| > a~¢, i.e., when c is first fixed, we just choose N large enough to make
K as large as necessary.

The length / of the part of the line parallel to the x;-axis lying inside the rectangle
RgDy Ay, is at most |I| < +/2a'/27¢. Let us now assume that f € C% (R2, vg,) i.e. for
every y € R? there exists a polynomial Py such that

|f(x) = Py(x =) = Cllx — y[I*, when (x —y) || vg,

for all x in some neighborhood of y. Now RgD, A, C B(0, r) clearly for any fixed r
when a is just small enough. Therefore, for x € RgD,A,,

| f () = Py (x — v(x))| < ClI|* < Cal/279,

With these, we obtain an estimate for the second integral

/ (f(x) = Py (x — v(x))) Papo (x)dx
RQDaAa

(3—0)ats 3
SC/ %dyfcaas(%*c)‘l’%'
A, L+l
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Therefore we have the condition
as(1/2—c)+3/4>a;(0) +5/4.

Now we remember that we can choose any ¢ € (0, 1/2) and, therefore, for any small
& we can choose ¢ = m. With this the above condition is clearly true when

as >20(0) +1+e. O
3.4 Numerical Examples

In this section we demonstrate how Theorems 7 and 8 can be used in practice by a
simple numerical example. As generating kernel function ¢ we use the tensor prod-
uct of the Meyer scaling function ¢, and wavelet function vy i.e., ¢(x1, x2) =
Y (x1)@p (x2). Support of this function in Fourier domain meets conditions in The-
orems 3 and 4, hence suitable for our analysis. For more details about Meyer scal-
ing function and wavelet, see for example [6]. All implementations are made in
MATLAB. Strange behavior in some graphs at fine scales and large angles, where
the transform is too small in value, are caused by the size of our sampling grid of 224
points on [—10, 10]* for ¢ and precision of calculations used in numerical algo-
rithms.
We first choose the test set S of functions

S={f(Rox) : fx)=e¥x;|% o €(0,1].60 € [0, 7]}.

All functions f € S clearly meets conditions in Theorem 8. Notice also that the local
and pointwise Holder exponents at the origin of every f € § are the same.

As a test case we pick f(x) = e 1¥l1x119-25 ¢ S. From the formula of f we see
clearly that @ = 0.25 and 6y = 0, but can we explore these values from some graphs
if we only know that f € S§? It turns out that one can read these values from the
behavior of the Hart Smith transform of f.

We investigate scales a =27°, s € N. Let us define the function

Top(s) :=logy (|{(B2-spa, f))

and numerically evaluate its values when b = 0. The fact that Ca'/? = C275/% is the
critical angle is more clearly emphasized once we define

g(s,t) :=1Ipo(s) + (¢ +3/4)s, wheret:=—2log, |0/,

whose graph is shown in Fig. 2. There clearly exists a line s = ¢ + ¢, where c is a
constant, that divides the domain of g into two parts, the one where g is approxi-
mately constant (these are “small angles” where Iyo(s) decays slower) and another
one where g still decays (these are “large angles” where Iy¢(s) decays faster).
Theorem 7 gives estimate o > 0.25. Figure 1 illustrates that Ipg(s) ~ —(0.25 +
3/4)s + C for angles small enough comparing to the scale (|6] < Cr275/%), ie., it
satisfies a sufficient condition on small angles for f being in C%25(0). For |0| larger
than C7275/2, we see from Fig. 2 that Ipg(s) < —(0.25 4+ 5/4)s 4+ C. So sufficient
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0

I9 0(s)

-20f | ——9=0.051 27" .
—6—9=0.051 47"
_o5L| —*—0=0.05m87"2 i
9 =0.05n 16”12
—%— @ = 0.05m 3272

-30p -1/2 ]
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Fig. 1 Decay behavior of I (s) across scales s at various angles 6 for the function f(x) = eIl |x1 |0'25

Fig. 2 Graph of g(s, t) with different scales s and angles ¢ for the function f(x) =e¢™ i [x1 025

condition on large angles is also clearly satisfied. By similar calculations we could
also verify that sufficient conditions for points b # 0 are satisfied and that would lead
to final result that f € C%23(0), i.e. « > 0.25.
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Fig. 3 Estimation error E (s, t) with different scales s and angles ¢ for the function f(x) = e lIxl|x 1 0-25

Since Ipo(s) ~ —(0.25+3/4)s + C for |#| < C27/?, Theorem 8 says that Holder
exponent cannot be higher than 0.25. Therefore, o &~ 0.25. Another contribution of
Theorem 8 is that the faster decay of Iyo(s) for large angles 6 indicates that 6y ~ 0.

In this simple example, we actually get a pretty good estimate «, for o from the
investigation of a simple function o, (s, ) := Ipo(s + 1) — Igo(s). Figure 3 shows how
the error E (s, t) :=log;q | — @ (s, 8)| behaves. Naturally E (s, t) behaves very sim-
ilar to g(s, t) and small estimation errors occur only on domain where g is constant.
Moreover, these errors seem to decrease along the lines s = ¢ 4 ¢, i.e., the finer scales
(and the smaller angles) we use, the better estimation accuracy we get. However our
implementation limits the accuracy of the estimation errors to be about 10~3 (this
accuracy is achieved in many (s, ) couples), the peak value being 10738 at scale
s=35.
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