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Abstract

A capacity investment plays an important role in any industry. Improper capacity investment
may cause a loss on a firm’s profit and opportunity. Due to many factors, a decision on this
capacity investment must be made in advance. At that time demand is highly uncertain.
This is very high risk. This decision is difficult to change and may take times. Therefore, the
firm must make this decision very carefully. Many firms are looking for strategies to hedge
against this uncertainty. One of them is called postponement strategy which postpones some
of the firm’s decisions to later on until the demand information is known.

In this project, we study the effect of the postponement strategies on the optimal capacity
investment and the firm’s profit. The firm’s decisions are production quantity, capacity
resource, and prices. This resource can produce two products, which are substitutable, and
demand function depends on those product.

The results show that the firm gain more profit if it can implement any of postponement
strategy. Price and quantity postponement strategy gives the highest profits. Applying the
additional demand postponement strategy to the firm who already use price postponement
or price and quantity postponement can not increase any profit. In addition, this profit and

optimal capacity investment increase when degree of demand substitution increases.
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(quantity postponement strategy) nseifl fuszneunissnanlalufinfndonisnan uazfmun

AN tugaInisanunu uazinissinauladinunisndntiiugnAnfilugaenisnan



4. fsznpunissasarzasnissinaula i Bannnianan iugnATens warasnsnzan AN
Fpenngunedmnld  (quantity and demand postponement) Tunseiil Qﬁﬁ:ﬂ@umﬁéf@ﬁﬁ@%
Fuindensndn uazsnasianiuganisauns uazsinduladiunislBinnnmsnandnsugnii

UsnfuazgnAnfiaesszannisaenaniunisdnaslugosnisnin

5. fusznaunisansnsarzasnissinaulalufinusan uslifinisszannisdads (price postponement

strategy) fusznauntssinaulaudmindinisnanuazBanofidesnan iugnAnsn@iugaenis meun

UREFARUIAFINTIAN TN TNAR

6. Husznaunisaansarzasnssinaulalufinusauasiinisreasnissaneuliiugnétunesanls (price
and demand postponement) tﬁﬂ‘azﬂﬂumﬁﬁmﬁﬂﬁuﬁmﬁﬂﬁqm'ﬁm?mLLmﬂJ%mmﬁﬁmmﬁmTﬁﬁu
gnAnlsnflugaenisnnawsn wazsinduladinnusiauazBanndifeandn inugnAnfiatnnsnszannis

TR EIIN1TNAR

7. fuszneuniaaansnrrasmssinaula ufinuBanomendn tugndn uaznistmuasan udBidnns
yrasn13dnay (price and quantity postponement) §isznaunissnanlalufiuiidsnisnaniu

$29n13919uHu uazdndulafinusAuazLaz B adidBsan iugnAUan A tugasnnanan

8. HUsrneunsasnsarraanIsinanla i UE I snTHAR RTUgN AT uazn1siuAS AT uAZENTS
yrapANFBINTITUeEanlA  (all postponement) fusznaumssinaulalufinusidenisnaniugas

N199NUAY uazFRANTafEN o Tugasnisnan

o

a1nnatising q §r19diu armsasqliiuansnslised

Strategy Planning period | Production period
No postponement (N) K,p1,p2,q1, 2 -
Demand postponement (D) K, p1,p02,q1, ¢ dp1 5 Gp>
Quantity postponement (Q)) K, p1,p2 q1,q2
Quantity and demand postponement (QD) K, pi,p2 a1, 92, 9py > ps
Price postponement (P) K, q1,q D1, P2
Price and demand postponement (PD) K,p1,p2,q1, 2 D1,D2, qpy > Gps,
Price and quantity postponement (PQ) K D1, P2, 415 G2
All postponement (A) K D1, D25 41,925 dpy » Gps




v
o

pnFaensrasAndneiing i (d;) Iuegiusiaanduesisaniln Tagimunlilanndiug Bodn
v
T

di = & — ap; + Bps—, 1=1,2

Tgit & WHAIULTENYBIANNABINITRUANTHAT @ F Ui degree 2BIRNAMAUNY Al 0 < 8 <

Lﬂl =Y % =9 Aﬂl . =% ! ) 4 v o1 =N Ail . ! v A =N li! v
o 99PN RNANIENE AT ¢ AYTHNASBAINABINITIBNARATEHIRAT 1 NInndNANAENT AT 61
[ = 0 RuAyisaassfia lasrsanaunudill 0 < 8 < o Audnasnsanaunsiulé

anfoyadnefiusiannnsoadnsdauuunadinmaniwasAnuaoanfsing o aasusaznalld

3.1 No Postponement (N)

v v
= o o o

wnsdiiguszneuns ansnsnrzasnisfin@nlala o  doll fuszneunsspesinaulafausiaenianan

K UBsnosfudnfiasn@n ¢ = (g1, ¢2) Wazsaudn 5= (py, p2) aransinlueaisfidsinauaudiasnig

v
Y o A

Asiuy Fean15aidens Faas

2

Stage 1: vy = I}%%?;E[H(K, 7, Q)] — cx K — (¢, + cp) ;qi
2
s.t. Zqi > K
z:1K -
qpi = 0 fori =1,2.
Stage 2: IY(K,p,q) = Ip;m;ipis,-
Sitp
s.t. si < g 1 fore =1,2
si < (€ —ap;i+ Bps—i) " fori =1,2
s; > 0 fore =1,2.

Wesanngusznaunisdiessindule g, ¢ uay K wianiuly Stage 1, Auiufndinsnanfivisnzanaenas

Z

fAvinfunasaNLUEHNUAUATIInNaHER 9lidN ¢ 4+ g0 = K. dalusaudsdnaulalu Stage 1 9zmian

ey ¢ uay P

dl a o ! a -4 dl ° o a4
SN A VNAANIBINIIARBS D1, P, 1 UARY ¢o WAET p1 > po W Stage 2 AWSUNTEINA apy —

P o

Bpy > 0 uaz aps — Bp; > 0 aEm1auts demand space apniliuiindisng q sauamelugid 1

Tawd

QY = {& <api — Bpa, & < apa — Bpi},

10



N N N
Q5 QS Q9
q,tap, _ﬂpl
N N N
QS QG Q7
ap,=pBp,
N N N
Ql QZ Q4
ap,—Bp, q+ap—pp,

Figure 1: Demand space @ wsuilaymn N.

QY = {api—Bp2 <& < q1 +apr — B2, & < aps — Bpi},

Qév = {& < apr — Bpa2, aps — Bp1 < & < @2 + aps — By},

QY = {a+ap —Bp2 <&, & < apy — B},

0 = {& <api—Bpa, 2+ apy — Bpr < &},

QF = {ap1—Bp2 <& <@+ ap1 — Bp2, aps — Bpy < & < g2 + apy — Bpi},
QF = {q+api — Bpa <&, aps — Bp1 < & < g2+ apy — By},

Qév = {ap1 + 0p2 <& < g1+ apr — Bpa, ¢ + aps — Bpr < &},

Q) = {q+api — Bpa <&, @2+ aps— Bp1 < &b

T Stage 2 13MMIWANLBY pr, po. (IAETA p1 > pa). 1, o, WAZATYBY €1 UAZ € PBIAIULTEN &) uaY

& IV (7, §) huustazAufianunaaides (sl

0, if QF
p1(er — apr + Bpa), if Qév
pa€2 — aps + Bp1), if Qév
P14, if QF
I(p.4) = | paos if QY
pi(er — apy + Bp2) + pa(ea — aps + Bpy),  if QY
P1q1 + p2(€2 — aps + Bp1), if QF
p1(e1 — apr + Bp2) + pago, if QF
P1q1 + P22, if QY

11



NARNET(FTH Stage 2 amrsasinmAzasiaulsinAulaTl Stage 1 Fausidn VY Tdidu concave Tu

P1, D2, @1, G2 WiBivNAATamnTITwes p uaz py weigaidn VY iflu concave Weridulu ¢

WAS (o
ovVN 00
— d _
oq /ql+ap1ﬂp2 P1f1(€1) €1 — Cr
oV N e
— deo —
8{72 /qz-l-ozpz—ﬁpl p2f2(62) €2 cr
82VN
— 5 = —pifile +apr —Bp2) <0 (1)
8q1
9*VN
— 5 = —p2fa(@2+aps— Bp1) <0 (2)
aQQ
o?VN
=0
0q10¢>

Theorem 3.1 (farimuaAI2ean1s1dmas pi,ps gt p1 > po Ty N aslameuiiiaizasiiisds

souAgaisalad (vy,v) > 0 Miilunanagvesgnaxnissalii

mPr&>q+apr—0p) = cr—u
paPr(&s > qo+aps — Bp1) = cr — 09

q; -V, = O, ’L:].,2

Proposition 3.1 ufr-:/ms/Tummmuﬁmﬁmﬁmmﬁmﬁtwm:ﬁwﬁw?y no postponement strategy N Ag3leiug

sia i
Frep <V, udr K* >0
Jazu K* = 0.

Tagiiian threshold e wildan

e = max{p, Pr(e; > ap; — Bpa), p2Pr(ea > aps — Bp1)} (3)

Theorem 3.2 A1 thresholds ¢ HauAnduds 3 1A

Proof:

geN { pip2fi(apy — Bp2) > 0 idle p1Pr(e; > ap — fp2) > paPr(es > aps — Bpi)
pipafolaps — Bp1) >0 fa p1Pr(e < apr — Bps) < paPr(es > aps — p1)

12



o o/ a { N A’ 4 { A’
Theorem 3.3 A1avn1anAaiivinizan K* aafinduids 3 10N

Proof:

4 N N N o &
Wesann K% =¢qf +¢; aaiu

N

OK*"  dq;" N g
o op op

o o/ . v N .
911 KKT first-order conditions 85y qu >0,:1=1,2 19192 84N %Lh.:q; =0,7=1,2.

TreA% implicit differentiation Wigufu 3 1519l

0 <8VN(6) ) PVN o a?vN’ 0
N = . N =
95\ g =) T o7 T 05 T 0g,05
fasidmsy ¢ (3) > 0, MaAsuulasesindsniandsfudneiad @ Amanvas arsnsonnlFann
82VN
0g;" 9498 la=q;
A
08 9q; |q1':qZN
FINFNNITT (1) way (2) 9xlgian 2 5a; 85| o < 0 &9y ¢ =1,2
FNUHLATEINHNE YD 82; fpapanemilouiu g | N dasann
708 'q
PV N _
9q,08 =0 = pip2filgi + api — Bpz—i) > 0, 1=1,2
(2
TN giﬁ > 0dmsy ¢ >0,i=1,2 dawali
oK ag” . og” .
o 9p 9B

o & o o N N A 2 4 A
FNEMAMSY ¢F > 0 K* auiintude [ i

3.2 Demand Postponement (D)

v
=

wnsdlifusrneunisspsdindulafiauridinisnan K Usmsduinfiezndn ¢ = (g1, ¢2) wazsnan@ndn
— 1 v dl o/ 1 v dl 1 U = o/ dglﬂl
7= (p1, p2) st luaauAidalinsuanudasnsiiuduew wdsafuifgm N weneinigiusznaunis

FaRHITATTABAHFBIN1TUNEN tnednaulalugae production stage

Stage 1 VP = mzpng[H(ﬁ, Q] —ecx K — (¢, + cp) ZQi

\Y
=

s.t. Z q;

13



K >0

q,pi = 0 fore =1,2.

2 2
Sage 2 TP(p,q) = maxd pisi+> (P — )
s.t. s < g - flo_rl@' =1,2

si < (€ —api+ Bps_)" fori =1,2
@i < g fore =1,2
@i < (L=7)(e; —api+ Bps—i — si)"

Si,qpi = 0 fore =1, 2.

% a

Faampnafaniunsdiuesiigm N daulssnanlaly Stage 1 ammaa ¢ uay p.

e MUAANIDINIIIRADS 1, po, 1 WAS ¢o LAY Py > po 4 Stage 2 dMSUNAET apr — Bps > 0

A o

Az aps — Bpr > 0 13181819011 demand space ppNduAUAsNg T mLLNmT‘Hgﬂﬁ 2:

D D D D
Qll Ql3 QlS QIG
2_
qu +ap, 7:8p1
1-y
D D D D
QS Q8 QQ Ql4
a, +ap,—Bp,
D D D D
Q, Qg Q, Q,
ap,—Bp
D D D
of o | of a°

2-y
ap,—pp, q+ap—pp, l_},q1+ap17ﬁp2

Figure 2: Demand space awmsuiloymn D.

Trad
QFf = {& <api — Bpa, & < aps: — B},
0P = {ap1 —Bp2 <& < q +apr — Bpa, & < apa — Bp1},
0 = {& < apr —Op2, aps — Bp1 < & < @2+ apa — Bp1},
2_
OF = {a+ap—fpa <& < ﬁ @1+ ap1 — Bp2, & < ap2 — Bpi},
2_
0P = {& <ap—0p2, @2 +aps—Bp1 < & < ﬁ q2 + aps — Bpr},
QF = {ap1 —Bp2 <& <@ +ap1 — Bp2, aps — Bp1 < & < g2+ aps — B},
2_
OF = {a+ap—fpa <& < ﬁqﬁram—ﬁpz, aps — Bp1 < &2 < g2+ ap2 — Bp1},

14



2—x

0F = {api+0p2 <& <@ +ap1—Bp2, @2+ apy — fp1 < & < 1_y612+ap2—5p1}7
D _ 2—y
Qy = {a+api—Bp2 <& <ﬁ(J1+Oépl—ﬁp27
2-y
Q2+ap2—5p1<52<GQ2+0402—5191}7
D _ ¢2—7
Qp = {ﬁ g1+ ap1 — Bpe < &1, &2 < aps — Bp1},
QD _ {2_'7
n = 71_,YQ2+042?2—5P1<§2, &1 < apr — Bpa},
2 —
op = {ﬁ @1+ apr — Bp2 < &1, ape — Bp1 < &2 < g2+ ap2 — Bpi},
2—7
Of = {api+0p2 <& < @+ api — fps, ﬁqurapz—ﬁm < &2},
D _ (2= -7
Qny = {ﬁ a1+ ap1 — Bp2 <&, @2 +ap2 — Bp1 <& < 1_7q2+ap2—ﬁp1},
2 — 2 —
O = {a+ap—PBp2<& <ﬁfh+a}91—ﬁp27 ﬁQQ+OéP2—5P1<€2},
2 — 2 —
O = {ﬁ q1 + ap1 — Bp2 < &, ﬁqwrapz—ﬁm <&},

T Stage 2 s masuAees pr,pe, I0efl p1 > po), q1, go, UAZANIBS € UAY € BBIFALLSEN & uAz
& fmual dy = €1 — apy + Bpo WAz dy = €3 — aps + Bpr vl T12(7, §) TuusiazAufianunsodemn

Tavast

15



o*vPb
0q10q>

WEEaf Ul N IHBMMMUAAIIBINITIRINES Py LAY Do LiﬁT%w@ﬁwﬁ%ﬁaﬁuﬁqwﬂdﬂ VP \fu

0, it QP
prdy, if QP
pada, if QP
g1+ (p1 = ¢)(1 = y)(di — q), if €2
p2g2 + (p2 — ¢)(1 = 7)(d2 — g2), if QF
p1dy + pads, if QP
P11 + p2da + (p1 — ¢)(1 =) (di — q1), if QP
prdi + pagz + (p2 — ¢)(1 — 7)(d2 — @2), if QF
P+ p2ga + (pr — ) (1L =) (dr — @) + (p2 — ) (1 = ) (da — @), if QF
pia + (p1 — )i, if Q1
P22 + (P2 — €)ge, if Qf)
P11 + p2da + (p1 — ¢)qu, if Qf
pidi + pagz + (p2 — ¢)go, if Qf
g1+ p2g2 + (1 — )@+ (p2 — ¢)(1 = 7)(d2 — ¢2), if Qf)
i1+ page + (p1 — ) (1 = 9)(di — 1) + (p2 — ), if Qf
piq1 +paga + (1 — a1 + (P2 — €)ga, if Qf

= (1 + A =)e)Pr(q+apr — fBp2 <& < i:z + apy — Bp2)

+(2p1 — ) Pr(& > i:z +ap1 — Bp2) —cr
= (w2 + (1 =7))Pr(g2+aps — Bp1 <& < i::: + ap, — Op1)
+(2p2 — ) Pr(&e > i:z + aps — Bp1) —cr
= - (21__1)2( C)f1( Q1 + api — fp2)
—(yp1 + (1 — V)C)fl((h + apr — fBp2) <0
= —(21__77)2( C)f2( Q2+Oép2 — Bp1)
—(yp2+ (1 - )C)fz(q2 + apy — Bp1) <0

= 0
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concave Waridul ¢ waz ¢

Theorem 3.4 (H8rMuAAI289NI9I1ERD5 P1, po, AT p1 > po Ty D asfAmeUiiiaizasiiisda

aoudzansaled (vy,ve) > 0 MiunanagvesgaaxnIssaliil

f%} q1+ap1—LFp2 oo
/ [yp1 + (1 =)l fi(er) d e + /H (2p1 — o) filer) d &
q1+ap1—LBp2 i autapi—Bp2
% q2+ap2—0Bp1 o0
[vp2 + (1 = y)c] falea) d €2 + /M (2p2 — ¢) falez) d €2
g2+ap2—Fp1 1= q2tap2—0Bp1

qi * U;

Cr — U1
cr — U2
0, 1=12

Proposition 3.2 wlzvaeluntsaspudnumiasnisnaaiivsnzans st demand postponement D Aswlenig

soli
1% —-D % *D
g1cp <c ,umr KT >0
o X D
Hued K = 0.

Z‘ ~ —-D Ts/

ALITIAYBN threshold ©° wlmain

D

Ql

Theorem 3.5 A1 thresholds €° HAnuAnduds 3 1AWx

Proof: Tunsfigardisnazuiinanidiu 2 nad

a5l 1 (2p1 — ¢)Pr(e; > apy — Bp2) > (2ps — ¢)Pr(es > aps — [Bp1)

6D — (2p1 — C)PT(EI > apr — ﬁp2)
(%D
a5 = PCp—ofilap = Bp) > 0.

n56i 2 (2p1 — ¢)Pr(e; < apy — Bpa) < (2p2 — ¢)Pr(es > aps — [Bp1)

? = (2py —c)Pr(ey > aps — Bp1)
ocP 9 0
5 p1(2p2 — ¢) falapz — Bp1) > 0.

Aarhaannanaguldidn @1 thresholds e fAfisduille [ 1
L o b v .
Theorem 3.6 A1aIN1INARTINNIZAN K* aufdndude (3 (AN

17

= max{(2p; — ¢)Pr(e; > ap; — fBp2), (2ps — ¢)Pr(e; > aps — Op1)}

(6)
(7)



Proof:

H D D D o &
Wesean K* =¢f +¢ aaly

OK*"  aq”  0g”
o op op
ov b

91 KKT first-order conditions dwdu ¢ > 0, i = 1,2 1919z(#dn Ba o=z = 0.1 =1,2.

PN . .. . L. o v ° o D { o o
TneAs implicit differentiation {gufiu 3 319elfdn dmsy g (B) >0, N9 RN RIVDINIRINTT

| '
a A Al

NRGAUANRAT 7 FANIZEN FINITONTHIN

D o2v D
*
8%‘ _ 9408 qz’ZQfD
o3 9vP B
g 0} lai=q;

= o Py 92y D o o .
NaHMsA (4) uaz (5) 9xlidn G pmg:? < 0 AW i =12
o ¥4 ¢’ 4 4 o o g2yD
ASIAEBIANNEYDY o RipsamiNemllauiy 5| o,
o?vP 2—7
94,08 qi=q:" P3-i(2 = 7)(pi — C)fi(il 7%’ + api — Ops—i)
7 g -
+p3—i(ypi + (1 = v)c) fi(g + api — Bps—i) >0
D
o & aqz* o o . | Tw
PIUN 55 > 0 asy @ = 1,2 analn

OK*"  oq”  9¢s”
o 9B toJé]

>0

o & o o D D A £ 4 A
FOEMAMSY ¢F > 0 K aufisduiles J Wi

3.3 Quantity Postponement (Q)

dtglgf o/ o/ b4 o o/ a ¥ — 1 v Lilﬂ/ 1
nstiflfszneunssiasdnAnladinuridenisndn K wazsien@uin o = (p1,pe) st uanedidal
NIUANNFABINITAUUNEY FUUTHRUATIIENER ¢ = (g1, ¢2) 929NFUA NAsINAIAINFHBINITH

pNFAEunangy (lugas production stage)

Phase 1: Ve = max E[II(K,p)] — ek K
s.t. K >0
pi = 0 fors =1, 2.
Phase 2: M°K,p) = max 22:(10z — )i
i=1



s.t. @nt+q@ < K
@ < (e —ap 4 Op2)”
@ < (e2—ap+ )"
¢ > 0 fore =1,2.

Wadwuarmiadwes pr,pe uar K lasfl p1 > po 4 Stage 2 @5unadiit apy — Bps > 0 uay

aps — fBp1 > 0 1318m130uLs demand space apniduiluiisig ﬁQLLﬂmTugﬁﬁ 3:

0
QS
K+ap2_ﬂp1 ————————— Q 7Q ———————————————————————————————
0
0 Q
Q5 00 6
4
ap,-Bpjl | N
0 0
Ql QZ
ap,—pBp, K+ap,-pp,

Figure 3: Demand space @ wsuilagmn Q.

Toed
OF = {& <api— Bpa, & < apx — fp1},
OF = {ap1—fp2 <& < K +apy — Bp2. & < apz — B},
Of = {& <api— Bpa,apz — 1 < &2 < K + apz — 1},
0¢ = {ap1—Bpe <& <apr—Bpa+ K, & > apy — Bp1, &1+ & < K + (o — B)(p1 +p2)},
OF = {&<ap1—Bp2, &> K +aps — Bpi},
OF = {&>K+ap — Bpa},
Q? = {ap1 —Bp2 <& <K +apr —Bp2, &G +& > K+ (a—B)(p1+p2)}-

%4 Stage 2 \IMTTUANYBY p1, po, (0BTl Py > po), K, WAZAT28Y €] WAT € PBIRMLTEN & UAE

o

&, 9K, p) Tuusiaeilnfiansnan enlFasi
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0, if Q%
(p1 — ¢p) (€1 — ap1 + Bpa), if 09
(p2 — ¢p)(€2 — apa2 + Bp1), if OF
9K, D) = ¢ (p1 — ¢)(er — apy + Bps) + (2 — ¢)(ea — aps + Opy),  if QF
(P2 — &) K, if 09
(p1 — ) K, if Q9
(P2 — ) K + (p1 — p2)(e1 — apr + Bpa), if QF.
ove Q Q Q0@ Q0@
K El(p1 — ¢)|Q]Pr(Qg) + El(p2 — ) |25 U Q7| Pr(Q25 UQ7) — ek
82VQ ap1—PBp2
K2 —(p1 — p2) fL( KX + apy — Bpo) —pz/o fler, K + aps — Bp1) dey
ap2—fFp1
_pl/o J(K + api — Bpa, €2) dey
K+ap1—Pp2
—pa/ , fler, K+ (= B)(p1 +p2) —€1) dex <0 (8)
Qap1—pPp2

Wt muaA12e9n138wes pp and po, V9 iuieridis concave Tw K.

Theorem 3.7 (& vuaA12e9n1918ma5 p1, pa. 18t p1 > po Tyt Q ssfAmeuiiaizasiiisdm

apudgangaled v > 0 ilwwanagyevgaannsse Uil

(p1 = ) Pr(98) + (2 — &) Pr(Q5 UQF) = ex—v

K-v = 0.

Proposition 3.3 ufymez?ummwguﬁmﬁmfimmz‘v‘mﬁmm:ﬁwﬁvwﬁ/ quantity postponement Q Aeuleiag

salid

3 — v Q
frer <@ udga K*° >0

ﬁ@:ugu K* =0.
Tagifien threshold 989 €@ AAuvinfy
@ = (p1 — ) Pr(& > apr — Bp2) + (p2 — ) Pr(0 < & < apy — Bp2, & > aps — Bp1) + ¢+ ¢n (9)

Theorem 3.8 A7 thresholds €9 JauAndwds 3 1y
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Proof:
o< ap1—pBp2 ap2—Bp1
98 = /0 pip2f(er, aps — Bp1) dey "‘/0 pipaf(apy = Bps, €2) des

+/ pa(p1 — p2) f(apr — Bpa, €2) deg > 0

ap2—0Bp1

L o o o .
Theorem 3.9 A1aAINIINAATIANIEAN K** auiinduids 3 AN

Proof:

8V

" C o/ Q 2
910 KKT first-order conditions @50 K*° > 0 an19a@eulsidn | =g+ = 0.

TneAs implicit differentiation Wiy [ 1919297 dmsu K+ (5) > 0.

0K _ gj(‘g,;lK:K*D
op 85X2Q|K:K*Q
anaunai (8) i %]K @ <0
Fatupdaminnayng alg—ﬁmﬂiﬂmmmﬂmﬂuﬂu W|K ey
02Ve ap2—PBp1
QKE?B‘K K+Q /0 pip2f (K + apr — Bp2, €2) des

+/ (p1 — p2)p2f (K + apr — [pa, €2) dey

p2—0Bp1

ap1—PBp2
+/0 pp2f(er, K + apy — Bp1) dey

K+ap1—PBp2
+ (p1 + p2)pafler, K+ (o — B)(p1 + p2) —€1) deg >0

ap1—LBp2

v 2 Q X 4 K
AN K azfinduia 3 i

3.4 Quantity and Demand Postponement (QD)

[
a

ﬂimﬁﬂzﬂﬁtﬂ’ﬂUﬂ"ﬁéfﬂﬂﬁﬂﬁu?@@]”?uﬁ’lﬁﬂﬂ’ﬁwﬁﬁl K uagamn@udin 7 = (p1, po) arandinluaossfidsls
NIWANNFABINITAUUNEN FUUTHRUATIIINER ¢ = (¢1, ¢2) F2gNFMUA NAIIINAIAINHBINITH
pndmeuningy (Tugae production stage) wiAzariutigmn @ weneanfifusznaunisdeausanzan

ANFBINITUNaI Inedn@ulatugae production stage

Phase 1: ver = max E(K,p)] — ck K

s.t. K

Vv
o



pi = 0 fori=1,2.
2 2
Phase 2: ECP(K,p)] = %}%)i(;(pi — Cp)qi + ;(pz — C)pi
s.t. @+ < K - .
@ < (e —ap 4 Op)”
@ < (e2—apy+0p)*
1+ G < K
g1 < (L=7)(er —api+Bp2—q)"
G2 < (1—=7)(e2—apy+ Op1 — ¢2)*
G qpi = 0 fori=1,2.

Wef muaA2e9NIIRwes pr, po war K laefl pp > po W Stage 2 & wiSunsdii apy, — Bps > 0

Waz aps — fBp; > 01519 190U demand space aanidluiluiising o éﬁ’mﬂméﬁugﬂﬁ 4:

QY
- o® | .
1, K+ap,-8p o
Qq QlQZD
K+ap,-4p, ————Qg—D 7777777777777777777777777777777 Q?D
QY
QD QD
ap, - Bp, Q N
O QF | QF

- K+ - 2—
ap,—pp, ap,—pp, 1_;7//K+ap1,ﬂp2

Figure 4: Demand space d@wauilaynn QD.

Tned
OFP = {& <ap1 - Bp2, & < ap2 — i},
5P = {ap1 — Bp2 < & < K +apy — Bp2, &2 < aps — Bpi},
OF° = {& <api— Bp2,aps — Bp1 < & < K +aps — Bp1},
09 = {& < apr — Bpa, 2> apy — Bp1, &1+ Lo < K + (o — B)(p1 + p2)},
0P = {K+ap—Bpe <& < 2::;K + ap1 — fp2, &2 < apz — Bp1},

1
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0gP
0%l
0¢P

0gP

D
0

D
of

D
0

2 —
= {& <oapr—PBp2, K+ap, — Bp1 <& < ﬁKJrOépz — Bp1},
2 —
= {&> ﬁK‘FO&Pl — Bp2},
2—7
= {& <api —Bp2, & > EK+ ap2 — Bp1},

= {ap1 — Bp2 <& < K +ap1 — Bpz,
K+ (@=B)or+72) <61+ & < 2K+ (0= 6)(pm + )}
= {op =B <61 < K ap — i+ > 1K+ (0= B+ o))
= (K ap = < €160 > op = Gp1 &+ & < 72K + (0= B)(pn + )
— {Ktap—fp <& < 1K ap - i+ &> 1 K+ o= B+ )

% Stage 2 15MIWANBY pyr, po (R8Tt Py > po) K uaA1289 € WAT € 2R9AULTEN & uar &

197 (K, p) Tuusiasiniianunsaidenlfiad

HQD(Kvm -

v
v o A

0,

(p1 — ¢p) (€1 — ap1 + Bp2),

(P2 — ¢p)(e2 — ap2 + Bp1),

(p1— ¢p)(e1 — ap1 + Bp2) + (P2 — ¢p) (€2 — apz + Bpy),

(p1 — ) K + (p1 — ¢)(1 —7)(d1 — K),

(p2 — cp) K + (p2 — ¢)(1 — 7)(d2 — K),

(p1 — &) K + (p1 — ¢)K,

(p2 — ) K + (p2 — 0)K,

(p1 — ¢p)dr + (p2 — ¢p) (K — d1) + (p2 — ¢)(1 = ¥)(d1 + d2 — K),
(p1 — ¢p)di + (p2 — ) (K — di) + (p2 — K,

(p1 = ) K + (p1 — ¢)(1 = 7)(d1 — K) + (p2 — ¢)(1 = 7)da,

(P1 =) K+ (pr— o) (1 =)(d1 — K) + (p2 — o) (K — (1 = 7)(d1 — K)),

Tnad di = €1 — apy + PBps WAy dy = €5 — aps + Opy.

oV ep

D D D
o = ot - olPraf” uaR” uoRY)

+p2 — ¢p +v(p2 — ) Pr(QFP LOFP)
+p1 — ¢ +v(p1 — ©) + (1 = 7)(p2 — )] Pr(QF°)

+[2p1 — ¢ — ¢ Pr(QF7) + [2p2 — ¢ — ) Pr(QF° U QT — ek
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if QP
if Q9P
if Q9P
if Q9P
if Q9P
if 9P
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32vQD apa— 51)1
/0 p1 — cp +v(p1 — )| f(K + ap1 — Bp2, €2)€2

/OO [(14+~)(p1 — p2)|f (K + ap1 — Bp2, €2)€2
ap2—0Bp1

ap2—Pp1 2 — 7
—/ 2= —C)f(ﬁK%-Oépl — Bp2; €2)€2

o

o0 2 _
—/ (2 =), _pQ)f(il 7K+ap1 — Bp2, €2)€2
ap2—PBp1 -

ap1—Bp2
/ [p2 — ¢p +v(p2 — )] f(e1, K + apz — Bp1)er

ap 51?2 —
- [ e - ot
0

o

zK + aps — Bp1)e

=1 - K+ap1—0Bp2

K+apy1— ﬂpz
/ 2 — cp+ Y(p2 — O f(e1, K + (@ — B)(p1 +p2) — e1)ex

2= )2 = (1, 72K + (@ = B)(p1+ p2) — er)e

(10)
Wadwuarmiafwes pr waz po VOP i concave Warfdulu K

Theorem 3.10 ifarimuaA1209W15981885 p1, po, IAET p1 > po Ty QD adAmeuiimsizasiies

Awaudgansiaded v > 0 Midunamagvesgaanniae Ul

[p1 — o + 7(p1 — I Pr(QF7 LOZT L OT)

+[p2 — ¢ + (P2 — ) Pr(QF7 U QQD)

+p1 = ¢ +7(p1 — ) + (1 = 1) (p2 — ] Pr(2)

+2p1 — ¢ = ] Pr(QF7) + [2p; — ¢ — ¢, | Pr(QF” L Q)

= Cg — U

K-v =0

Proposition 3.4 wlgueluntsasuimumainisnaaiisnzanamsi quantity postponement QD Aauleig
el
&1 cp < 9P wha K7 > 0fasi K7 = 0.
Ingiian threshold 989 ¢9P mldean
P = (2pr—c—c)Pr(0 <& < apy— Bp2,& > aps — Bp1) (11)

+(2p1 — ¢ — ¢p)Pr(&1 > ap1 — Bp2) + ¢q + ¢ (12)

Theorem 3.11 @1 thresholds €9 FanAnduds [ 1A
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Proof:

Jclb o0
o3 /am_ﬁpl [2p2(p1 — p2) — pac] f(apr — PBp2, €2) deg

ap2—PBp1
+/0 P2(2p1 — ) f(apr — Bp2, €2) dey

ap1—fp2
+/0 p1(2p1 — ) f(er, apy — Bp1) dey > 0.
Theorem 3.12 fasniswandivintzay K7 axfinduds 3 s

Proof:
. ° o D P QD
910 KKT first-order conditions #1150 K*°” > 0 1319zl ‘9‘8/7 Kep+ =0

TmeA% implicit differentiation Wieufu 3 1519 l#dn

QD 92y QD
OK*" kg lk—r-eP
= ~pyen :
0B ToRT | k=P
anaunaf (10) azliidn ZX2 (o <0
Fofupdemanares 25 fipdpmsngmieniy 2v2) D
op 0K88 | K=K*9P -
921/ @D apz—PBp1
W'K:K*QD = /o p2[p1 — ¢p +v(p1 — )] f (K + ap1 — Bp2, €2)e2
+/ p2(1 =) (p1 — p2) f(K + apr — Bpa, €2)e2
apz—[FBp1
apa—[fBp1 2—
+/ p2[(1 =) (p1 —c)}f(ﬁK—i-apl — Bp2, €2)€2
; -
oo 9 _ ~
+ p2(1 —7)(p1 —P2)f(17K+Oép1 — Bp2, €2)€2
apz—LBp1 -
api—[fBp2
# [ Bl e (2 = (e K+ apa — Bpr)den
0
ap1—fFp2 —
[ ml = - (e, T2 + apa— i)
; -
K+ap1—Bp2
+f (B1 + p2)p2 — cp + 12 — A f (1, K + (@ — B)(p1 + p2) — e1)der
ap1—0Bp2
%K+Oép1 —Bp2 2—
+f (114 22)[(1 = )2~ (61, 2K+ (0= B)(pr + o) — e2)der
ap1—FBp2 -
> 0
Frarhigna I
OK**"
— >0
op

. g @p L ¥ o
ANAINIERAATIINIzaN K auiia@uila 3 i

25



3.5 Price Postponement (P)

[

ﬂifﬁﬁ@ﬂ'ﬁ:ﬂﬂumiﬁm@T@ﬁu(’f@ﬁmﬁﬁﬁqmiwﬁm K uaztBunoiduinfiesndn ¢ = (q1, q2) a2ty

20usfISslsivauaudasnisfiuinen s duin 5 = (p1, pa) 9xgnimue wasaInfinaudesnisd

Antaaunindy (lugae production stage)

Phase 1: vP = maXE HP ()] — Z crq;
s.t. qg > 0 fore =1,2.
Phase 2: n(q = max > pisi
s.t. s < q, - 1=1,2
si < € —ap;+ Bps—i, 1=1,2
—Pps—i < €, 1=1,2
Siypi = 0, 1=1,2

v

° o A PN Py i P P ° o . o o o o
AmSunamAsivTaNTE stage 2 Rgalian s = dF, dwsu i = 1,2 sedudaulsdadulaty
stage 2 aAAD P = (p1,p2)

WetmuaA12ean1IRwes ¢ uar ¢ 83Ul Stage 2 dmSunsdiit ¢; > 0 uaz ¢ > 0 191

A1MN30ULN demand space eanuiuiiniising o feuanstuguil 5:

&
aet e, = 2001+ 20,
QP p
3 Q4
20,
b a&t fer = 200+ 201
Q p
1 Qz
&

29,

Figure 5: Demand space 8 msuilgynn P
Tmﬂﬁ
O = {e1 <2q1,62 < 20},
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QF = {e >2q1,28q < ae + Bea < 2aq: +26q:1},
Q?I,D = {e2 > 2¢2,20q2 < ey + Pea < 20q1 + 2082},

Qf = {aer + Bes > 2aq1 + 20qs, aes + Ber > 2aq0 + 201},

'
=

T Stage 2 15MIWANIDY q1, go WATANYBY € UAY € BRvdAuIEN & uar & TT7(7) Tuusasiiug

AN G

2
Z;(%)(Q) if QF
HP((D _ €1 q1 + gaa222+ﬁﬁ€21)))ql + ( OE;2Q+6;21))(OLE2+52€(;*2/8(11)’ if Qg)
(2a(e1+ﬂeg )(aeﬁ—ﬁ;i 2ﬂq2) + (62:12 + Bé(”‘;;jggi))qz, if Qg
2 P ,
; (aeﬁ_ﬁeg;;,ggl ﬁ%—z)qi, if Qf
OE[TT? 2 — 2bqy — 2
e e
SE[I” 2 — 20y — 2
%@Of)] _ [52 Q2|Qg]P [ }—I—E{a& —i—ﬁflz g 532 Ba |Qf} Pr{OF} — o1
PEMP@] _ 2, om0 Lo
O*E[P(q 2 20
(w — _aPr{Qg} - mpr{ﬁf} <0, (14)
2
PEM@] _ PEMN@] 26 pooey g
0q10q 0q20q1 a? — (32 ! .

AnHaFNEIin 1amnsafigesilian V() fiu concave Warkdul ¢; uaz g

Theorem 3.13 il P asfidmauiimuizamngvimauibganaadad (v, vy) > 0 Milunamagyey

gaann130p L

e 2quQP]P {0} }+E[O‘§1 06 — 20, _qulﬂf}Pr{Qf} = -,

o — 32
2 oo + — 2bga — 2
E[—f Zl0f|pr(ef) + p| 2T TR =B pral) = or - u,
qi; - V; = 0, 221,2

Proposition 3.5 wleuigun1sasyuiuiiasntsnaniiiszanamsy price postponement strategy P g

wlgseali/i
v —P v *P
g1cr <€ ,uar K >0
" & P
Jpeuy K =0
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Ingiiian threshold et wilsann

P ax {E{aﬁl +5§2}}’E{O¢§2 +5§1}} (15)

a2 — 32 a2 — 32

Theorem 3.14 A7 thresholds & HanuAndude 3 1wy

Proof:

9eP B amax{E[fl],E[fg]}+ﬁmin{E[51],E[§Q]}>O

9B (a® — %)

° o A I P AI dQ/ 1 Ql
Theorem 3.15 A1aN1THARTIINIEAN K* aufinduds [ (An

Proof:
y P P P o &
Wasann K* =q¢f +¢5 faiu

P

OK" _ gt | Oa”
o3 9P a8

° o P . PRl P o o .
@7n KKT first-order conditions dm¥u ¢ > 0, i = 1,2 151azlfidn % =g = 08 M i =1,2

TreA% implicit differentiation Wieudu A3

L _p=0

q1=4qy

d (avP(ﬁ)l > VP ogt  ovT
a=q |

a3\ aq, o =% 95 " 0q.0p

o & o o P { o o a a v a { . A 1%
AauasU ¢F (3) > 0, Manasuulasasrinasn AR RRANERAT | AEzan aRn5ant Henn

92vr

P
8@7 _ 0908 qz:q;‘P
o3 vk

4 9q; ‘qiquP

A o Py 02vFP
NANNNTA (13) uay (14) azlfidn 90,98 qs—qz” < 0.

il firapmsnemilenty 22|
ap 9408 \qi=q;" "

AIHULATEINNIY YD

o*vr - E (052 + 62)(63—1' - QQ3_Z') + QOzﬁ(ei — 2%’)

= Qr
0q:0 1= o? =

Pr{Qf} >0, i=1,2

P
9q;

a5 >0 FW5U i = 1,2. denali

AT

oK*"  0qi"  og"
05 = 03 + 03 >0

o & o o P P ~ ¥ ! A
POHUEISY ¢F > 0 K* azfia@ude [ i
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3.6 Price and Demand Postponement (PD)

[
a

= o/ o/ 4 °o_ o a =y 14 dl a — ! v
nsdlifusznaunissisdaduladniasniandn K uasBunoduinfiasndn ¢ = (g1, go) aamiinluaoe
A linauaadinsnnsTiuiien dausnandudn 5 = (pr, p2) ssgnimna ndsenfiaaudiesnissinans
Founnntn dadeaduifym P usneinfifsznauniaiosunantzaannadiosnisunsas lnedaauls

%499 production stage

Phase 1: vrED = maX E[M* ()] — Z cTq;
s.t. qg > 0 fore =1, 2
Phase 2: nP(q) = max szsz + Z ) pi
5\ i
s.t. si < q, 1 1= 1,2
si < €& —ap;+ Bps3, =12
—Pps-i < &, 1=1,2
Qi < fori =1,2
@i < (1—7)(e —ap;+ Bps—i —si), 1=1,2
SisPisQpi = 0, 1=1,2

Pl P Lﬁ’]mm‘mﬁqwﬂﬁmmm@ﬁﬁmm:ﬂm?m%uﬂfym PD Tu stage 2 fla s*'" =
&7 dwdu i = 1,20 dshain constraint 9xlid g, = 0 dwidy i = 12 dufefuszneunis
AasRuEainne TudastnAvinduUsinaimndesnisassgnindses idnlagegn  Beazlifinnananananiis
WinTuziae production stage %\‘1%‘U’izﬂ@umimmﬁaﬂ%’mﬂmﬁuﬁﬁumimu@uﬂ%mmmmﬁmmﬁﬁuﬁﬁm
WiAnrdannanannslssnu

fananasluilogm PD fafunanasifaniunaasluiiom P

_ _ P PD
CP — CPD K* — K*

I

3.7 Price and Quantity Postponement (PQ)

v
aA v

ATEIRAUSENaUNITFaIFARUIAEINAIRINITHAR K A999TN a0l s (N1 AN a9n19 7 Liuaiies

U

! a ! ¥ — 2 Y dl a — o o/ dl
BENAET FIUINANRUAT = (p1,p2) WRTUTHIURUATILHER ¢ = (¢1,¢2) FNANUA NAI9INT]

ANFasnIslianudaansindy (Tugae production stage)
Phase 1: vPe = max E[IP9(K)] — cx K
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s.t. K > 0
Phase 2. TI"O(K) = r%%xi(pi — )4
2 -
o < K
. ¢ < & —ap;+ Bpsi 1=1,2
ap; — Pps—i < €, i=1,2
4%, pi = 0, 1=1,2.

dmsutlgm PQ Tu stage 2 snanwnsafigesdlidn df = ¢ dwmdu i = 1,2 delusaulssnanlamie

Lﬁ?—l\‘i ﬁ: (p1>p2)

#1504 Stage 2 19181H190ULY demand space BanLTUANWTIFN 7 P19 uanalugiii 6:

Towd

&&= 2K

agt Pa =

(&-F)cqt 20K

asgt fe =

(o-f)cq

Figure 6: The demand space for Problem PQ.

{a+ e <2K+2(a—-F)g, a2 (a—P)g e = (a—0)6},
{e1+ € > 2K + 2(a — B)ey, o1 — 2] < 2K},

{(a® = %)e, < aea + Bey < 20K + (o = %) e < (a = B)6p},
{(a = %)cp < a6y + fey < 20K + (o = )¢y, €0 < (o = By},
{aer + Bea < (0 = 3¢y, a6z + fer < (o — )¢y},

{es — €1 > 2K, aeg + Be; > 2aK + (a® — 3%)c, ),

{61 — &2 > 2K, ey + Beg > 2aK + (a® — 3%)e, ) (16)

%4 Stage 2 15WITIUANYBY € UAY € peadaulagn & uar & IIP9(K) JO AT N etk TN G
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&Q
e

2 2 2
ae;+pegz_;—(a”— cp\ /[ €&—(a—pF)c . P
P ey (), if O
2
3a+8)ei+(a+308)es—i—(a+P)2K €i—€3—;+2K . P
l; (( B) +(4(a2/62632) (at+B)2K Cp)( 34 )’ if Qf Q
e e1—(a2—3%)c,)? :
( 2+ia1(ag_ﬁ2f Jep)® if QL€
PQ _
11 (K) = (0161+i;2(;gfi26*2§2)0p)2 7 if QfQ
0, if Q)¢
(a@;ﬁ‘fﬁ;a[( —&)K, it QgQ
= LS it 07,
ovre(g +& - 2K aés + & — 20K
L e
—2aK
+E[a£1 255_2 7 ar p QfQ} Pr{QF?) —ck
82VPQ 1 PQ 2 PQ 20 PQ
KT~ e gt G - Gty <0 1

VPQ iy concave Werdulu K

Theorem 3.16 @ m5uilgymn PQ s=fmspuiimuizasiesamauiagiiaaidesd v > 0 Aidunamnagyes

gaaNn139n L

§1+ & — 2K & + B — 2aK

B[St — 0] Priaf@) + B[ TR o af? Praf)

aady + B — 20K
a? — 32

—l—E[ - cpme} Pr{QfQ} = c¢g—v,

K-v = 0.
Proposition 3.6 ufz/mz/?zm7’5@02114&77%77"7@”@mwﬁwﬁmmmmv"wiu price and postoonement P(Q) An

wlennesaliid

frep <t udgr K" >0
a & PQ
Jasiu K~ =0

Tnsiidney threshold eF@ walgan

= B|MEIE af6 > a6 06 > (@0 - P |Pri6 > @b 106 > @ -Pe) 09
+E {aji - §§1 — )& > &1, 06 + 86 > (o — ﬁ%} Pr{& > &, ak + & > (® = %)¢p} + ¢, 418)

Theorem 3.17 A7 thresholds ¢9 JanAindmds [ 1A
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Proof:

—PQ 2 2
Tl = B[R g s a6 2 (@ - P | Prie > 606+ 06 2 (@ - Pe)
2 2
+E{(a —;52 )€2ﬂ—;—)3a5§1 &> &6 + B > (o — 52)%} Pr{& > &, a8 + B > (0 = %)y} > 0.

o o PG .
Theorem 3.18 A1aIN1THARTIINIZAN K* ° auidndids 3 17x

Proof:

. o o P Py PQ
97N KKT first-order conditions &3y K*° > 0 15naeldidn 22 e g = 0
TmeA%s implicit differentiation Wiaufu 3 1519 l#dn

0 (VIe(B) _PVRp) OK""(5)  PVIUB) 0.
95\ 9K lk=xr) ORT K=K T g5 9RO K=K =
2, PQ
v 9 ar+T P
fodu dwdu K*7°(8) > 0, 250 o R ree @)
. 2 PQ K2 |K=K*PQ(K3)
MNANNT (17) aldidn agil{z(m’K:K*PQ(ﬁ) <0
YV 1 PQ 1
v & A OK* “(B) a 4 a o 92VPQ(p
Ashua3onnees e fipsnmsngmieniy W|K KPR ()
9*vre §1+& —2K | po P (a® + B%)¢1 +2a6(&e — 2K) | . p
= B[22 ol pr{ofy + E Qf e priaf?
0K { 2(a — )2 } T [ (a2 — 32)2 ‘ } it}
2 _
+E[(a 5 )f‘;j;fj;;(fl 2K) Q;’Q]Pr{szf@} > 0.

3.8 All Postponement (A)

Phase 1: VA = max EMY(K)] — cx K
s.t. K > 0
Phase 2: n4(K) = max Zp,s, + Z ) pi
. Spi 21
o < K
- ¢ < & —ap;+ PBpsi i=1,2
Bps—i < €, i=1,2
i < G 1=1,2
@i < (1—=7)[ei —api+ Bps—i — ail, 1=1,2
Q> DisGpi = 0, i=1,2
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@?W%ummmﬁﬁmm:ﬂmmﬂiym A stoge 2 ¢ =d", dwdu i =1,2. fafann constraint
aeliidn g = 0 dwisl i = 1,2 siufefusznaunisasAndnfions budasunAvindusanomnadiosnnsues
andndvazliidnlagegn eazhifinnawdnanAfsfinligag production stage Bisznaunisanansnsy
FanAnFnunsAUANEH IR EBINI AR IR i asnsndnaaslsea

faiunanasTuigm A fuiunamssfsaiunamaslutloyn PQ

_ _ A PQ
A =¢he K" =K*

b
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4 A15FIRDINOTRNTISUUASHANISATE

MnaBeuiftsuafidanisnanTivanzan K* uaznariils VTMmaﬁq@ﬂﬁﬁTﬁﬁﬂuﬁwmﬂ AT
= Dy o ¢ < ' a & a A a ] o o
AslEn1sdnassaniunisniansnagnslsziansns o lnafiensanionsa 18 nsdl WelBousees faens
WRATAWIEZEN K* uasnarinls V

FUATA [ URY Lo WINANRALYEIIBIANNNFABINITUBIAUAARAT 1 uaz 2 MINANL dRaauYes
gnifeensuiinanelunseanrrasmsdanauRAT e 20% PaUSrognAYIIINA 19197 1 uaRs

U

ATEIANUIINNA 18 NTEIT 1 IHN1991aaIa01HN1T0]

Case M1 f2 Cq Cp  Cp  C
1 a 10 10 0 0 05 5
b 10 10 0 0 2 5

c 10 10 0 0O 5 5

2 a 10 10 0 04 05 5
b 10 10 0 04 2 5

c 10 10 0 04 5 5

3 a 10 10 3 04 05 5
b 10 10 3 04 2 5

c 10 10 3 04 5 5

4 a 10 5 0 0 05 5
b 10 5 0 0 2 5

c 10 5 0 0 5 5

5 a 10 5 3 0 05 5
b 10 5 3 0 2 5

c 10 5 3 0 5 5

6 a 10 5 3 04 05 5
b 10 5 3 04 2 5

c 10 5 3 04 5 5

Table 1: naglsing q AlEunnssrassanmnisel

° rci%[w ° "Eax v v & A A & T ' \E
Tuﬂﬁ’i@ﬂﬂﬂ\‘lﬂﬂﬂuﬂﬁimu ANTUAAAITHADINTTARANYNEDITHANNITUINUIILUULEN ﬂLuuL%ﬂ@ [N ¥
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N P Q PQ
B | Threshold Max K MaxProfit | Threshold Max K MaxProfit | Threshold Max K MaxProfit | Threshold Max K MaxProfit
0.0 3.68 39.91 43.62 10.00 29.96 80.02 6.00 30.02 52.89 15.00 21.44 86.43
0.1 4.07 41.91 50.36 11.11 30.02 86.07 6.48 31.52 59.85 15.66 21.91 92.26
0.2 4.49 43.91 57.91 12.50 30.11 94.57 6.97 33.06 67.59 16.67 22.47 100.50
0.3 4.97 45.91 66.36 14.29 30.25 106.32 7.47 34.67 76.21 18.13 23.14 111.95
0.4 5.49 47.91 75.81 16.67 30.46 122.75 7.96 36.33 85.80 20.24 23.95 128.04
0.5 6.07 49.91 86.35 20.00 30.82 146.46 8.45 38.04 96.47 23.33 24.93 151.36
0.6 6.70 51.91 98.11 25.00 31.36 182.76 8.91 39.82 108.32 28.13 26.16 187.21
0.7 7.41 53.91 111.21 33.33 32.23 244.08 9.33 41.65 121.49 36.27 27.76 248.00
0.8 8.19 55.91 125.79 50.00 33.68 367.78 9.67 43.53 136.12 52.78 30.03 371.07
0.9 9.05 57.91 142.01 100.00 36.54 741.00 9.91 45.46 152.37 102.63 33.92 743.41
D PD QD A
B | Threshold Max K MaxProfit | Threshold Max K MaxProfit | Threshold Max K MaxProfit | Threshold Max K MaxProfit
0.0 5.52 37.80 44.67 10.00 29.96 80.02 9.01 28.80 53.49 15.00 21.44 86.43
0.1 6.10 39.80 51.41 11.11 30.02 86.07 9.72 30.20 60.45 15.66 21.91 92.26
0.2 6.74 41.80 58.96 12.50 30.11 94.57 10.45 31.20 68.19 16.67 22.47 100.50
0.3 7.45 43.80 67.41 14.29 30.25 106.32 11.20 33.05 76.82 18.13 23.14 111.95
0.4 8.23 45.80 76.86 16.67 30.46 122.75 11.95 35.05 86.41 20.24 23.95 128.04
0.5 9.10 47.80 87.40 20.00 30.82 146.46 12.68 36.05 97.07 23.33 24.93 151.36
0.6 10.05 49.80 99.16 25.00 31.36 182.76 13.37 38.05 108.93 28.13 26.16 187.21
0.7 11.11 51.80 112.26 33.33 32.23 244.08 13.99 40.05 122.10 36.27 27.76 248.00
0.8 12.28 53.80 126.84 50.00 33.68 367.78 14.51 42.21 136.74 52.78 30.03 371.07
0.9 13.57 55.80 143.06 100.00 36.54 741.00 14.86 44.13 152.99 102.63 33.92 743.41

Table 2: nsdld la
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N P Q PQ
B | Threshold Max K MaxProfit | Threshold Max K MaxProfit | Threshold Max K MaxProfit | Threshold Max K MaxProfit
0.0 3.68 12.18 9.20 10.00 16.09 47.81 6.00 13.68 22.77 15.00 13.24 61.75
0.1 4.07 14.18 12.94 11.11 16.33 53.63 6.48 14.99 27.64 15.66 13.68 66.90
0.2 4.49 16.18 17.49 12.50 16.66 61.81 6.97 16.36 33.21 16.67 14.23 74.30
0.3 4.97 18.18 22.94 14.29 17.14 73.09 7.47 17.80 39.57 18.13 14.91 84.75
0.4 5.49 20.18 29.38 16.67 17.77 88.84 7.96 19.30 46.79 20.24 15.73 99.61
0.5 6.07 22.18 36.93 20.00 18.62 111.60 8.45 20.88 54.99 23.33 16.73 121.44
0.6 6.70 24.18 45.69 25.00 19.72 146.57 8.91 22.53 64.28 28.13 17.99 155.43
0.7 7.41 26.18 55.79 33.33 21.22 206.00 9.33 24.27 74.78 36.27 19.65 213.77
0.8 8.19 28.18 67.37 50.00 23.37 326.85 9.67 26.08 86.64 52.78 22.00 333.36
0.9 9.05 30.18 80.59 100.00 27.08 694.95 9.91 27.98 100.02 102.63 26.00 699.78
D PD QD A
B | Threshold Max K MaxProfit | Threshold Max K MaxProfit | Threshold Max K MaxProfit | Threshold Max K MaxProfit
0.0 5.52 10.93 13.10 10.00 16.09 47.81 9.01 12.44 25.23 15.00 13.24 61.75
0.1 6.10 12.64 16.95 11.11 16.33 53.63 9.72 13.72 30.13 15.66 13.68 66.90
0.2 6.74 14.44 21.57 12.50 16.66 61.81 10.45 15.06 35.73 16.67 14.23 74.30
0.3 7.45 16.32 27.07 14.29 17.14 73.09 11.20 16.47 42.12 18.13 14.91 84.75
0.4 8.23 18.23 33.55 16.67 17.77 88.84 11.95 17.95 49.37 20.24 15.73 99.61
0.5 9.10 20.18 41.11 20.00 18.62 111.60 12.68 19.51 57.59 23.33 16.73 121.44
0.6 10.05 22.14 49.88 25.00 19.72 146.57 13.37 21.15 66.89 28.13 17.99 155.43
0.7 11.11 24.12 59.99 33.33 21.22 206.00 13.99 22.87 77.41 36.27 19.65 213.77
0.8 12.28 26.10 71.58 50.00 23.37 326.85 14.51 24.68 89.28 52.78 22.00 333.36
0.9 13.57 28.10 84.80 100.00 27.08 694.95 14.86 26.57 102.66 102.63 26.00 699.78

Table 3: nsel 1b
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N P Q PQ
B | Threshold Max K MaxProfit | Threshold Max K MaxProfit | Threshold Max K MaxProfit | Threshold Max K MaxProfit
0.0 3.68 0.00 0.00 10.00 6.93 15.34 6.00 2.35 1.14 15.00 7.52 31.82
0.1 4.07 0.00 0.00 11.11 7.50 19.95 6.48 3.43 2.44 15.66 7.94 35.68
0.2 4.49 0.00 0.00 12.50 8.21 26.52 6.97 4.56 4.27 16.67 8.48 41.45
0.3 4.97 0.00 0.00 14.29 9.06 35.74 7.47 5.75 6.70 18.13 9.15 49.87
0.4 5.49 1.86 0.45 16.67 10.08 48.94 7.96 7.01 9.79 20.24 9.99 62.25
0.5 6.07 3.86 1.99 20.00 11.26 68.55 8.45 8.35 13.60 23.33 11.03 81.01
0.6 6.70 5.86 4.75 25.00 12.70 99.61 8.91 9.79 18.22 28.13 12.34 111.14
0.7 7.41 7.86 8.85 33.33 14.52 153.98 9.33 11.35 23.77 36.27 14.05 164.42
0.8 8.19 9.86 14.43 50.00 17.01 267.76 9.67 13.03 30.37 52.78 16.49 276.83
0.9 9.05 11.86 21.65 100.00 21.13 624.00 9.91 14.84 38.19 102.63 20.62 631.03
D PD QD A
B | Threshold Max K MaxProfit | Threshold Max K MaxProfit | Threshold Max K MaxProfit | Threshold Max K MaxProfit
0.0 5.52 0.68 0.17 10.00 6.93 15.34 9.01 3.15 5.20 15.00 7.52 31.82
0.1 6.10 1.40 0.68 11.11 7.50 19.95 9.72 3.80 7.18 15.66 7.94 35.68
0.2 6.74 2.23 1.61 12.50 8.21 26.52 10.45 4.54 9.61 16.67 8.48 41.45
0.3 7.45 3.12 3.08 14.29 9.06 35.74 11.20 5.36 12.54 18.13 9.15 49.87
0.4 8.23 4.08 5.21 16.67 10.08 48.94 11.95 6.28 16.04 20.24 9.99 62.25
0.5 9.10 5.16 8.14 20.00 11.26 68.55 12.68 7.34 20.19 23.33 11.03 81.01
0.6 10.05 6.34 12.02 25.00 12.70 99.61 13.37 8.54 25.08 28.13 12.34 111.14
0.7 11.11 7.64 17.01 33.33 14.52 153.98 13.99 9.91 30.82 36.27 14.05 164.42
0.8 12.28 9.10 23.28 50.00 17.01 267.76 14.51 11.46 37.55 52.78 16.49 276.83
0.9 13.57 10.68 31.02 100.00 21.13 624.00 14.86 13.19 45.45 102.63 20.62 631.03

Table 4: ns¢id 1c
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N P Q PQ
B | Threshold Max K MaxProfit | Threshold Max K MaxProfit | Threshold Max K MaxProfit | Threshold Max K MaxProfit
0.0 3.68 28.16 30.23 10.00 21.64 56.83 6.40 30.02 52.89 15.40 21.44 86.43
0.1 4.07 30.16 36.17 11.11 23.95 66.56 6.88 31.52 59.85 16.06 21.91 92.26
0.2 4.49 32.16 42.92 12.50 24.91 77.82 7.37 33.06 67.59 17.07 22.47 100.50
0.3 4.97 34.16 50.57 14.29 25.49 91.36 7.87 34.67 76.21 18.53 23.14 111.95
0.4 5.49 36.16 59.22 16.67 26.24 108.59 8.36 36.33 85.80 20.64 23.95 128.04
0.5 6.07 38.16 68.96 20.00 27.56 132.11 8.85 38.04 96.47 23.73 24.93 151.36
0.6 6.70 40.16 79.92 25.00 29.90 167.12 9.31 39.82 108.32 28.53 26.16 187.21
0.7 7.41 42.16 92.22 33.33 33.65 226.03 9.73 41.65 121.49 36.67 27.76 248.00
0.8 8.19 44.16 106.00 50.00 38.95 346.23 10.07 43.53 136.12 53.18 30.03 371.07
0.9 9.05 46.16 121.42 100.00 46.57 714.41 10.31 45.46 152.37 103.03 33.92 743.41
D PD QD A
B | Threshold Max K MaxProfit | Threshold Max K MaxProfit | Threshold Max K MaxProfit | Threshold Max K MaxProfit
0.0 5.52 26.07 32.13 10.00 21.64 56.83 9.41 28.81 53.49 15.40 21.44 86.43
0.1 6.10 28.06 38.07 11.11 23.95 66.56 10.12 30.29 60.45 16.06 21.91 92.26
0.2 6.74 30.06 44.82 12.50 24.91 77.82 10.85 31.83 68.20 17.07 22.47 100.50
0.3 7.45 32.06 52.47 14.29 25.49 91.36 11.60 33.42 76.82 18.53 23.14 111.95
0.4 8.23 34.05 61.12 16.67 26.24 108.59 12.35 35.07 86.41 20.64 23.95 128.04
0.5 9.10 36.05 70.86 20.00 27.56 132.11 13.08 36.78 97.08 23.73 24.93 151.36
0.6 10.05 38.05 81.82 25.00 29.90 167.12 13.77 38.55 108.93 28.53 26.16 187.21
0.7 11.11 40.05 94.12 33.33 33.65 226.03 14.39 40.37 122.11 36.67 27.76 248.00
0.8 12.28 42.05 107.90 50.00 38.95 346.23 14.91 42.25 136.74 53.18 30.03 371.07
0.9 13.57 44.05 123.32 100.00 46.57 714.41 15.26 44.18 152.99 103.03 33.92 743.41

Table 5: nadi 2a
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N P Q PQ
B | Threshold Max K MaxProfit | Threshold Max K MaxProfit | Threshold Max K MaxProfit | Threshold Max K MaxProfit
0.0 3.68 8.54 5.07 10.00 11.19 34.59 6.40 13.68 22.77 15.40 13.24 61.75
0.1 4.07 10.54 8.01 11.11 12.30 41.99 6.88 14.99 27.64 16.06 13.68 66.90
0.2 4.49 12.54 11.76 12.50 13.42 51.34 7.37 16.36 33.21 17.07 14.23 74.30
0.3 4.97 14.54 16.42 14.29 14.51 63.28 7.87 17.80 39.57 18.53 14.91 84.75
0.4 5.49 16.54 22.06 16.67 15.58 78.94 8.36 19.30 46.79 20.64 15.73 99.61
0.5 6.07 18.54 28.80 20.00 16.78 100.47 8.85 20.88 54.99 23.73 16.73 121.44
0.6 6.70 20.54 36.76 25.00 18.42 132.37 9.31 22.53 64.28 28.53 17.99 155.43
0.7 7.41 22.54 46.06 33.33 21.50 185.72 9.73 24.27 74.78 36.67 19.65 213.77
0.8 8.19 24.54 56.84 50.00 28.20 296.67 10.07 26.08 86.64 53.18 22.00 333.36
0.9 9.05 26.54 69.27 100.00 37.97 651.85 10.31 27.98 100.02 103.03 26.00 699.78
D PD QD A
B | Threshold Max K MaxProfit | Threshold Max K MaxProfit | Threshold Max K MaxProfit | Threshold Max K MaxProfit
0.0 5.52 8.12 9.32 10.00 11.19 34.59 9.41 12.44 25.23 15.40 13.24 61.75
0.1 6.10 9.62 12.52 11.11 12.30 41.99 10.12 13.72 30.13 16.06 13.68 66.90
0.2 6.74 11.24 16.46 12.50 13.42 51.34 10.85 15.06 35.73 17.07 14.23 74.30
0.3 7.45 12.96 21.24 14.29 14.51 63.28 11.60 16.40 42.12 18.53 14.91 84.75
0.4 8.23 14.78 26.97 16.67 15.58 78.94 12.35 17.95 49.37 20.64 15.73 99.61
0.5 9.10 16.66 33.77 20.00 16.78 100.47 13.08 19.51 57.59 23.73 16.73 121.44
0.6 10.05 18.58 41.76 25.00 18.42 132.37 13.77 21.15 66.89 28.53 17.99 155.43
0.7 11.11 20.52 51.08 33.33 21.50 185.72 14.39 22.87 77.41 36.67 19.65 213.77
0.8 12.28 22.50 61.88 50.00 28.20 296.67 14.91 24.68 89.28 53.18 22.00 333.36
0.9 13.57 24.47 74.31 100.00 37.97 651.85 15.26 26.57 102.66 103.03 26.00 699.78

Table 6: nsel 2b
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N P Q PQ
B | Threshold Max K MaxProfit | Threshold Max K MaxProfit | Threshold Max K MaxProfit | Threshold Max K MaxProfit
0.0 3.68 0.00 0.00 10.00 5.18 11.24 6.40 2.35 1.14 15.40 7.53 31.82
0.1 4.07 0.00 0.00 11.11 6.02 15.90 6.88 3.43 2.44 16.06 7.94 35.68
0.2 4.49 0.00 0.00 12.50 6.95 22.30 7.37 4.56 4.27 17.07 8.48 41.45
0.3 4.97 0.00 0.00 14.29 7.95 31.17 7.87 5.75 6.70 18.53 9.16 49.87
0.4 5.49 0.32 0.01 16.67 9.00 43.68 8.36 7.01 9.79 20.64 9.99 62.25
0.5 6.07 2.32 0.76 20.00 10.12 61.85 8.85 8.35 13.60 23.73 11.03 81.01
0.6 6.70 4.32 2.72 25.00 11.36 89.78 9.31 9.79 18.22 28.53 12.34 111.14
0.7 7.41 6.32 6.02 33.33 12.90 137.11 9.73 11.35 23.77 36.67 14.05 164.42
0.8 8.19 8.32 10.80 50.00 15.66 233.81 10.07 13.03 30.37 53.18 16.49 276.83
0.9 9.05 10.32 17.22 100.00 28.61 552.86 10.31 14.84 38.19 103.03 20.62 631.03
D PD QD A
B | Threshold Max K MaxProfit | Threshold Max K MaxProfit | Threshold Max K MaxProfit | Threshold Max K MaxProfit
0.0 5.52 0.14 0.01 10.00 5.18 11.24 9.41 3.15 5.20 15.40 7.53 31.82
0.1 6.10 0.80 0.24 11.11 6.02 15.90 10.12 3.80 7.18 16.06 7.94 35.68
0.2 6.74 1.56 0.85 12.50 6.95 22.30 10.85 4.54 9.61 17.07 8.48 41.45
0.3 7.45 2.44 1.96 14.29 7.95 31.17 11.60 5.36 12.54 18.53 9.16 49.87
0.4 8.23 3.34 3.68 16.67 9.00 43.68 12.35 6.28 16.04 20.64 9.99 62.25
0.5 9.10 4.32 6.16 20.00 10.12 61.85 13.08 7.34 20.19 23.73 11.03 81.01
0.6 10.05 5.42 9.54 25.00 11.36 89.78 13.77 8.54 25.08 28.53 12.34 111.14
0.7 11.11 6.62 14.00 33.33 12.90 137.11 14.39 9.91 30.82 36.67 14.05 164.42
0.8 12.28 7.98 19.71 50.00 15.66 233.81 14.91 11.46 37.55 53.18 16.49 276.83
0.9 13.57 9.44 26.84 100.00 28.61 552.86 15.26 13.19 45.45 103.03 20.62 631.03

Table 7: nadi 2¢
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N P Q PQ
B | Threshold Max K MaxProfit | Threshold Max K MaxProfit | Threshold Max K MaxProfit | Threshold Max K MaxProfit
0.0 3.68 0.00 0.00 10.00 3.80 20.73 7.60 25.89 32.85 15.47 19.04 61.76
0.1 4.07 0.83 0.07 11.11 4.24 26.68 7.93 27.34 37.50 16.12 19.65 67.16
0.2 4.49 2.83 0.82 12.50 4.72 34.49 8.28 28.85 42.69 17.12 20.39 74.94
0.3 4.97 4.83 2.47 14.29 5.23 44.86 8.63 30.42 48.49 18.58 21.26 85.90
0.4 5.49 6.83 5.12 16.67 5.75 58.94 8.98 32.05 54.95 20.68 22.30 101.47
0.5 6.07 8.83 8.86 20.00 6.30 78.77 9.32 33.75 62.16 23.76 23.52 124.26
0.6 6.70 10.83 13.82 25.00 6.94 108.56 9.64 35.50 70.19 28.55 25.01 159.56
0.7 7.41 12.83 20.12 33.33 7.86 158.38 9.93 37.31 79.14 36.69 26.88 219.78
0.8 8.19 14.83 27.90 50.00 10.21 260.40 10.17 39.18 89.10 53.18 29.44 342.26
0.9 9.05 16.83 37.32 100.00 16.43 598.92 10.34 41.11 100.18 103.03 33.62 714.01
D PD QD A
B | Threshold Max K MaxProfit | Threshold Max K MaxProfit | Threshold Max K MaxProfit | Threshold Max K MaxProfit
0.0 5.52 2.64 1.92 10.00 3.80 20.73 10.61 24.08 33.73 15.47 19.04 61.76
0.1 6.10 3.58 3.33 11.11 4.24 26.68 11.17 25.52 38.39 16.12 19.65 67.16
0.2 6.74 4.58 5.29 12.50 4.72 34.49 11.76 27.02 43.58 17.12 20.39 74.94
0.3 7.45 5.70 7.92 14.29 5.23 44.86 12.36 28.57 49.39 18.58 21.26 85.90
0.4 8.23 6.96 11.33 16.67 5.75 58.94 12.96 30.19 55.86 20.68 22.30 101.47
0.5 9.10 8.34 15.66 20.00 6.30 78.77 13.54 31.87 63.07 23.76 23.52 124.26
0.6 10.05 9.84 21.06 25.00 6.94 108.56 14.10 33.61 71.10 28.55 25.01 159.56
0.7 11.11 11.48 27.68 33.33 7.86 158.38 14.59 35.41 80.05 36.69 26.88 219.78
0.8 12.28 13.22 35.68 50.00 10.21 260.40 15.01 37.28 90.02 53.18 29.44 342.26
0.9 13.57 15.04 45.26 100.00 16.43 598.92 15.29 39.20 101.10 103.03 33.62 714.01

Table 8: nsel 3a
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N P Q PQ
B | Threshold Max K MaxProfit | Threshold Max K MaxProfit | Threshold Max K MaxProfit | Threshold Max K MaxProfit
0.0 3.68 0.00 0.00 10.00 5.18 11.24 7.60 9.34 9.11 15.47 11.02 40.53
0.1 4.07 0.00 0.00 11.11 6.02 15.90 7.93 10.58 11.75 16.12 11.57 45.06
0.2 4.49 0.00 0.00 12.50 6.95 22.30 8.28 11.87 14.85 17.12 12.26 51.78
0.3 4.97 0.00 0.00 14.29 7.95 31.17 8.63 13.23 18.46 18.58 13.10 61.46
0.4 5.49 0.32 0.01 16.67 9.00 43.68 8.98 14.66 22.64 20.68 14.12 75.49
0.5 6.07 2.32 0.76 20.00 10.12 61.85 9.32 16.18 27.45 23.76 15.35 96.43
0.6 6.70 4.32 2.72 25.00 11.36 89.78 9.64 17.77 32.98 28.55 16.86 129.48
0.7 7.41 6.32 6.02 33.33 12.90 137.11 9.93 19.46 39.30 36.69 18.78 186.85
0.8 8.19 8.32 10.80 50.00 15.66 233.81 10.17 21.25 46.52 53.18 21.41 305.44
0.9 9.05 10.32 17.22 100.00 28.61 552.86 10.34 23.12 54.76 103.03 25.70 670.82
D PD QD A
B | Threshold Max K MaxProfit | Threshold Max K MaxProfit | Threshold Max K MaxProfit | Threshold Max K MaxProfit
0.0 5.52 0.14 0.01 10.00 5.18 11.24 10.61 7.85 12.64 15.47 11.02 40.53
0.1 6.10 0.80 0.24 11.11 6.02 15.90 11.17 8.92 15.38 16.12 11.57 45.06
0.2 6.74 1.56 0.85 12.50 6.95 22.30 11.76 10.07 18.56 17.12 12.26 51.78
0.3 7.45 2.44 1.96 14.29 7.95 31.17 12.36 11.32 22.24 18.58 13.10 61.46
0.4 8.23 3.34 3.68 16.67 9.00 43.68 12.96 12.67 26.48 20.68 14.12 75.49
0.5 9.10 4.32 6.16 20.00 10.12 61.85 13.54 14.12 31.34 23.76 15.35 96.43
0.6 10.05 5.42 9.54 25.00 11.36 89.78 14.10 15.67 36.90 28.55 16.86 129.48
0.7 11.11 6.62 14.00 33.33 12.90 137.11 14.59 17.32 43.25 36.69 18.78 186.85
0.8 12.28 7.98 19.71 50.00 15.66 233.81 15.01 19.08 50.50 53.18 21.41 305.44
0.9 13.57 9.44 26.84 100.00 28.61 552.86 15.29 20.94 58.75 103.03 25.70 670.82

Table 9: ns¢id 3b




Ly

N P Q PQ
B | Threshold Max K MaxProfit | Threshold Max K MaxProfit | Threshold Max K MaxProfit | Threshold Max K MaxProfit
0.0 3.68 0.00 0.00 10.00 1.62 1.29 7.60 0.00 0.00 15.47 5.53 16.90
0.1 4.07 0.00 0.00 11.11 2.53 3.37 7.93 0.00 0.00 16.12 6.00 19.91
0.2 4.49 0.00 0.00 12.50 3.50 6.95 8.28 0.00 0.00 17.12 6.64 24.64
0.3 4.97 0.00 0.00 14.29 4.56 12.76 8.63 0.66 0.07 18.58 7.45 31.84
0.4 5.49 0.00 0.00 16.67 5.70 21.98 8.98 1.72 0.49 20.68 8.45 42.84
0.5 6.07 0.00 0.00 20.00 6.93 36.64 9.32 2.85 1.29 23.76 9.69 60.08
0.6 6.70 0.00 0.00 25.00 8.26 60.74 9.64 4.09 2.51 28.55 11.23 88.55
0.7 7.41 0.00 0.00 33.33 9.78 103.57 9.93 5.45 4.19 36.69 13.20 140.08
0.8 8.19 0.00 0.00 50.00 11.82 193.48 10.17 6.97 6.39 53.18 15.90 250.66
0.9 9.05 1.48 0.48 100.00 18.80 480.77 10.34 8.68 9.22 103.03 20.32 602.97
D PD QD A
B | Threshold Max K MaxProfit | Threshold Max K MaxProfit | Threshold Max K MaxProfit | Threshold Max K MaxProfit
0.0 5.52 0.00 0.00 10.00 1.62 1.29 10.61 1.47 1.47 15.47 5.53 16.90
0.1 6.10 0.00 0.00 11.11 2.53 3.37 11.17 1.88 2.31 16.12 6.00 19.91
0.2 6.74 0.00 0.00 12.50 3.50 6.95 11.76 2.32 3.39 17.12 6.64 24.64
0.3 7.45 0.00 0.00 14.29 4.56 12.76 12.36 2.80 4.73 18.58 7.45 31.84
0.4 8.23 0.00 0.00 16.67 5.70 21.98 12.96 3.32 6.36 20.68 8.45 42.84
0.5 9.10 0.01 0.01 20.00 6.93 36.64 13.54 3.90 8.31 23.76 9.69 60.08
0.6 10.05 1.17 0.09 25.00 8.26 60.74 14.10 4.55 10.60 28.55 11.23 88.55
0.7 11.11 2.02 1.07 33.33 9.78 103.57 14.59 5.28 13.27 36.69 13.20 140.08
0.8 12.28 2.94 3.05 50.00 11.82 193.48 15.01 6.13 16.36 53.18 15.90 250.66
0.9 13.57 3.90 6.23 100.00 18.80 480.77 15.29 7.14 19.90 103.03 20.32 602.97

Table 10: n3i 3c
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N P Q PQ
16} Threshold Max K MaxProfit | Threshold Max K MaxProfit | Threshold Max K MaxProfit | Threshold Max K MaxProfit
0.0 3.68 26.47 25.25 10.00 20.73 48.38 4.84 21.77 30.13 11.67 16.39 51.80
0.1 3.87 27.97 28.42 10.61 20.79 51.52 5.25 22.60 33.64 12.12 16.69 54.81
0.2 4.07 29.47 32.14 11.46 20.90 56.15 5.69 23.48 37.66 12.85 17.07 59.27
0.3 4.27 30.97 36.51 12.64 21.10 62.71 6.19 24.42 42.31 13.92 17.56 65.64
0.4 4.49 32.47 41.67 14.29 21.40 72.00 6.75 25.44 47.69 15.48 18.18 74.72
0.5 4.70 33.97 47.75 16.67 21.86 85.55 7.36 26.54 53.97 17.78 18.95 88.02
0.6 5.00 35.47 54.42 20.31 22.51 106.41 7.48 27.69 60.81 21.35 19.94 108.62
0.7 5.22 36.97 61.22 26.47 23.49 141.82 7.61 28.97 67.76 27.45 21.27 143.72
0.8 5.49 38.47 68.15 38.89 25.00 213.52 7.74 30.35 74.82 39.81 23.20 215.07
0.9 5.77 39.97 75.21 76.32 27.84 430.51 7.88 31.83 82.00 77.19 26.57 431.58
D PD QD A
beta | Threshold Max K MaxProfit | Threshold Max K MaxProfit | Threshold Max K MaxProfit | Threshold Max K MaxProfit
0.0 5.52 25.42 25.78 10.00 20.73 48.38 6.68 20.91 30.57 11.67 16.39 51.80
0.1 5.80 26.92 28.95 10.61 20.79 51.52 7.18 21.76 34.06 12.12 16.69 54.81
0.2 6.10 28.42 32.67 11.46 20.90 56.15 7.73 22.68 38.07 12.85 17.07 59.27
0.3 6.41 29.92 37.04 12.64 21.10 62.71 8.33 23.66 42.69 13.92 17.56 65.64
0.4 6.74 31.42 42.19 14.29 21.40 72.00 8.99 24.71 48.06 15.48 18.18 74.72
0.5 7.09 32.92 48.28 16.67 21.86 85.55 9.72 25.85 54.32 17.78 18.95 88.02
0.6 7.45 34.42 54.95 20.31 22.51 106.41 9.97 27.09 61.65 21.35 19.94 108.62
0.7 7.83 35.92 61.75 26.47 23.49 141.82 10.22 28.42 70.29 27.45 21.27 143.72
0.8 8.23 37.42 68.67 38.89 25.00 213.52 10.49 29.85 80.50 39.81 23.20 215.07
0.9 8.65 38.92 75.74 76.32 27.84 430.51 10.77 31.39 92.62 77.19 26.57 431.58

Table 11: ns¢d 4a
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N P Q PQ
B | Threshold Max K MaxProfit | Threshold Max K MaxProfit | Threshold Max K MaxProfit | Threshold Max K MaxProfit
0.0 1.68 3.68 4.63 6.09 10.00 25.11 0.00 4.84 9.93 10.00 9.39 33.62
0.1 2.07 3.87 5.56 6.59 10.61 27.90 0.00 5.25 12.23 10.00 9.68 36.20
0.2 2.49 4.07 7.03 7.09 11.46 31.42 0.00 5.69 14.97 10.00 10.06 40.09
0.3 2.97 4.27 9.15 7.59 12.64 36.82 0.00 6.19 18.24 10.00 10.55 45.72
0.4 3.49 4.49 12.05 8.09 14.29 45.02 0.00 6.75 22.15 10.00 11.17 53.87
0.5 4.07 4.70 15.88 8.59 16.67 57.31 0.00 7.36 26.83 10.00 11.95 66.01
0.6 4.70 5.00 20.31 9.09 20.31 76.42 0.00 7.48 31.99 10.00 12.95 85.12
0.7 5.41 5.22 24.85 9.59 26.47 108.77 0.00 7.61 37.22 10.00 14.29 118.22
0.8 6.19 5.49 29.53 10.09 38.89 174.32 0.00 7.74 42.50 10.00 16.23 186.66
0.9 7.05 5.77 34.34 10.59 76.32 375.61 0.00 7.88 47.82 10.00 19.62 398.10
D PD QD A
B | Threshold Max K MaxProfit | Threshold Max K MaxProfit | Threshold Max K MaxProfit | Threshold Max K MaxProfit
0.0 1.68 5.52 6.58 0.00 10.00 25.11 0.00 7.57 11.57 0.00 9.39 33.62
0.1 2.07 5.80 7.50 0.00 10.61 27.90 0.00 8.34 13.83 0.00 9.68 36.20
0.2 2.49 6.10 9.00 0.00 11.46 31.42 0.00 9.17 16.53 0.00 10.06 40.09
0.3 2.97 6.41 11.16 0.00 12.64 36.82 0.00 10.07 19.74 0.00 10.55 45.72
0.4 3.49 6.74 14.09 0.00 14.29 45.02 0.00 11.04 23.58 0.00 11.17 53.87
0.5 4.07 7.09 17.94 0.00 16.67 57.31 0.00 12.09 28.19 0.00 11.95 66.01
0.6 4.70 7.45 22.37 0.00 20.31 76.42 0.00 13.24 33.74 0.00 12.95 85.12
0.7 5.41 7.83 26.93 0.00 26.47 108.77 0.00 14.49 40.43 0.00 14.29 118.22
0.8 6.19 8.23 31.61 0.00 38.89 174.32 0.00 15.85 48.55 0.00 16.23 186.66
0.9 7.05 8.65 36.43 0.00 76.32 375.61 0.00 17.33 58.42 0.00 19.62 398.10

Table 12: nstd 4b
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N P Q PQ
B | Threshold Max K MaxProfit | Threshold Max K MaxProfit | Threshold Max K MaxProfit | Threshold Max K MaxProfit
0.0 3.68 0.00 0.00 10.00 3.04 7.10 4.84 0.00 0.00 11.67 4.65 13.60
0.1 3.87 0.00 0.00 10.61 3.73 8.87 5.25 0.44 0.05 12.12 4.92 15.33
0.2 4.07 0.00 0.00 11.46 4.39 11.38 5.69 1.20 0.41 12.85 5.30 18.08
0.3 4.27 0.00 0.00 12.64 5.09 15.08 6.19 2.00 1.15 13.92 5.79 22.23
0.4 4.49 0.00 0.00 14.29 5.87 20.74 6.75 2.84 2.36 15.48 6.42 28.52
0.5 4.70 0.01 0.00 16.67 6.79 29.71 7.36 3.75 4.14 17.78 7.22 38.30
0.6 5.00 0.01 0.01 20.31 7.94 44.57 7.48 4.70 6.25 21.35 8.24 54.37
0.7 5.22 0.01 0.02 26.47 9.42 71.38 7.61 5.76 8.36 27.45 9.61 83.41
0.8 5.49 0.01 0.04 38.89 11.47 128.77 7.74 6.93 10.42 39.81 11.58 145.98
0.9 5.77 0.01 0.06 76.32 14.86 313.40 7.88 8.23 12.37 77.19 15.01 347.19
D PD QD A
B | Threshold Max K MaxProfit | Threshold Max K MaxProfit | Threshold Max K MaxProfit | Threshold Max K MaxProfit
0.0 5.52 0.35 0.09 10.00 3.04 7.10 6.68 1.19 0.92 11.67 4.65 13.60
0.1 5.80 0.53 0.18 10.61 3.73 8.87 7.18 1.56 1.52 12.12 4.92 15.33
0.2 6.10 0.72 0.29 11.46 4.39 11.38 7.73 1.99 2.34 12.85 5.30 18.08
0.3 6.41 0.90 0.39 12.64 5.09 15.08 8.33 2.47 3.46 13.92 5.79 22.23
0.4 6.74 1.12 0.48 14.29 5.87 20.74 8.99 3.04 4.94 15.48 6.42 28.52
0.5 7.09 1.34 0.51 16.67 6.79 29.71 9.72 3.71 6.89 17.78 7.22 38.30
0.6 7.45 2.57 1.37 20.31 7.94 44.57 9.97 4.50 9.44 21.35 8.24 54.37
0.7 7.83 4.00 2.56 26.47 9.42 71.38 10.22 5.43 12.78 27.45 9.61 83.41
0.8 8.23 4.21 2.97 38.89 11.47 128.77 10.49 6.53 17.15 39.81 11.58 145.98
0.9 8.65 6.00 3.37 76.32 14.86 313.40 10.77 7.79 22.85 77.19 15.01 347.19

Table 13: nsed 4c




RS

N P Q PQ
B | Threshold Max K MaxProfit | Threshold Max K MaxProfit | Threshold Max K MaxProfit | Threshold Max K MaxProfit
0.0 3.68 0.00 0.00 10.00 5.35 13.71 6.04 17.51 15.71 11.80 14.32 34.24
0.1 3.87 0.00 0.00 10.61 5.99 16.16 6.26 18.21 17.49 12.24 14.70 36.90
0.2 4.07 0.00 0.00 11.46 6.58 19.35 6.50 18.94 19.50 12.95 15.20 40.98
0.3 4.27 0.00 0.00 12.64 7.18 23.93 6.76 19.72 21.78 14.01 15.84 46.92
0.4 4.49 0.01 0.01 14.29 7.89 30.78 7.05 20.55 24.38 15.55 16.64 55.53
0.5 4.70 0.01 0.01 16.67 8.77 41.30 7.36 21.43 27.36 17.83 17.62 68.34
0.6 5.00 0.01 0.03 20.31 9.90 58.17 7.48 22.37 30.58 21.39 18.84 88.42
0.7 5.22 0.01 0.04 26.47 11.37 87.65 7.61 23.37 33.88 27.48 20.42 122.98
0.8 5.49 0.01 0.06 38.89 13.41 148.95 7.74 24.48 37.24 39.83 22.62 193.75
0.9 5.77 0.01 0.08 76.32 16.74 341.43 7.88 25.69 40.69 77.20 26.28 409.68
D PD QD A
B | Threshold Max K MaxProfit | Threshold Max K MaxProfit | Threshold Max K MaxProfit | Threshold Max K MaxProfit
0.0 5.52 1.83 1.71 10.00 5.35 13.71 7.88 16.16 16.39 11.80 14.32 34.24
0.1 5.80 2.08 2.11 10.61 5.99 16.16 8.19 16.89 18.16 12.24 14.70 36.90
0.2 6.10 2.34 2.55 11.46 6.58 19.35 8.53 17.65 20.15 12.95 15.20 40.98
0.3 6.41 2.61 3.02 12.64 7.18 23.93 8.90 18.46 22.41 14.01 15.84 46.92
0.4 6.74 3.69 3.81 14.29 7.89 30.78 9.29 19.33 24.99 15.55 16.64 55.53
0.5 7.09 5.00 5.62 16.67 8.77 41.30 9.72 20.26 27.94 17.83 17.62 68.34
0.6 7.45 6.31 7.73 20.31 9.90 58.17 9.97 21.35 31.35 21.39 18.84 88.42
0.7 7.83 7.65 10.07 26.47 11.37 87.65 10.22 22.72 35.28 27.48 20.42 122.98
0.8 8.23 8.60 12.30 38.89 13.41 148.95 10.49 24.49 39.86 39.83 22.62 193.75
0.9 8.65 10.00 13.57 76.32 16.74 341.43 10.77 26.79 45.22 77.20 26.28 409.68

Table 14: nssl ba
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N P Q PQ
B | Threshold Max K MaxProfit | Threshold Max K MaxProfit | Threshold Max K MaxProfit | Threshold Max K MaxProfit
0.0 3.68 0.00 0.00 10.00 3.04 7.10 6.04 3.98 1.92 11.80 7.39 19.12
0.1 3.87 0.00 0.00 10.61 3.73 8.87 6.26 4.65 2.68 12.24 7.75 21.24
0.2 4.07 0.00 0.00 11.46 4.39 11.38 6.50 5.34 3.61 12.95 8.23 24.57
0.3 4.27 0.00 0.00 12.64 5.09 15.08 6.76 6.07 4.77 14.01 8.86 29.55
0.4 4.49 0.00 0.00 14.29 5.87 20.74 7.05 6.84 6.17 15.55 9.65 36.98
0.5 4.70 0.00 0.00 16.67 6.79 29.71 7.36 7.66 7.86 17.83 10.63 48.32
0.6 5.00 0.01 0.01 20.31 7.94 44.57 7.48 8.51 9.75 21.39 11.86 66.55
0.7 5.22 0.01 0.02 26.47 9.42 71.38 7.61 9.43 11.67 27.48 13.45 98.74
0.8 5.49 0.01 0.04 38.89 11.47 128.77 7.74 10.46 13.62 39.83 15.65 166.21
0.9 5.77 0.01 0.06 76.32 14.86 313.40 7.88 11.57 15.58 77.20 19.33 376.64
D PD QD A
B | Threshold Max K MaxProfit | Threshold Max K MaxProfit | Threshold Max K MaxProfit | Threshold Max K MaxProfit
0.0 5.52 0.35 0.09 10.00 3.04 7.10 7.88 3.84 4.05 11.80 7.39 19.12
0.1 5.80 0.53 0.18 10.61 3.73 8.87 8.19 4.29 4.89 12.24 7.75 21.24
0.2 6.10 0.72 0.29 11.46 4.39 11.38 8.53 4.80 5.87 12.95 8.23 24.57
0.3 6.41 0.90 0.39 12.64 5.09 15.08 8.90 5.38 7.04 14.01 8.86 29.55
0.4 6.74 1.12 0.48 14.29 5.87 20.74 9.29 6.03 8.43 15.55 9.65 36.98
0.5 7.09 1.34 0.51 16.67 6.79 29.71 9.72 6.76 10.10 17.83 10.63 48.32
0.6 7.45 2.57 1.37 20.31 7.94 44.57 9.97 7.53 11.80 21.39 11.86 66.55
0.7 7.83 4.00 2.56 26.47 9.42 71.38 10.22 8.32 13.18 27.48 13.45 98.74
0.8 8.23 4.21 2.97 38.89 11.47 128.77 10.49 9.14 14.08 39.83 15.65 166.21
0.9 8.65 6.00 3.37 76.32 14.86 313.40 10.77 10.67 17.95 77.20 19.33 376.64

Table 15: n9eil 5b
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N P Q PQ
B | Threshold Max K MaxProfit | Threshold Max K MaxProfit | Threshold Max K MaxProfit | Threshold Max K MaxProfit
0.0 3.68 0.00 0.00 10.00 1.04 1.02 6.04 0.00 0.00 11.80 2.82 4.85
0.1 3.87 0.00 0.00 10.61 1.36 1.73 6.26 0.00 0.00 12.24 3.13 5.97
0.2 4.07 0.00 0.00 11.46 1.80 2.96 6.50 0.00 0.00 12.95 3.58 7.89
0.3 4.27 0.00 0.00 12.64 2.36 5.00 6.76 0.00 0.00 14.01 4.18 11.02
0.4 4.49 0.00 0.00 14.29 3.07 8.31 7.05 0.00 0.00 15.55 4.95 16.11
0.5 4.70 0.00 0.00 16.67 4.10 14.33 7.36 0.00 0.00 17.83 5.93 24.51
0.6 5.00 0.00 0.00 20.31 5.31 25.50 7.48 0.00 0.00 21.39 7.16 39.06
0.7 5.22 0.00 0.00 26.47 6.84 47.46 7.61 0.00 0.00 27.48 8.77 66.45
0.8 5.49 0.00 0.00 38.89 8.94 97.68 7.74 0.00 0.00 39.83 11.00 127.25
0.9 5.77 0.00 0.00 76.32 12.40 268.17 7.88 0.00 0.00 77.20 14.71 326.61
D PD QD A

B | Threshold Max K MaxProfit | Threshold Max K MaxProfit | Threshold Max K MaxProfit | Threshold Max K MaxProfit
0.0 5.52 0.00 0.00 10.00 1.04 1.02 7.88 0.00 0.00 11.80 2.82 4.85
0.1 5.80 0.00 0.00 10.61 1.36 1.73 8.19 0.12 0.01 12.24 3.13 5.97
0.2 6.10 0.00 0.00 11.46 1.80 2.96 8.53 0.32 0.08 12.95 3.58 7.89
0.3 6.41 0.00 0.00 12.64 2.36 5.00 8.90 0.54 0.23 14.01 4.18 11.02
0.4 6.74 0.00 0.00 14.29 3.07 8.31 9.29 0.78 0.47 15.55 4.95 16.11
0.5 7.09 0.00 0.00 16.67 4.10 14.33 9.72 1.05 0.83 17.83 5.93 24.51
0.6 7.45 0.00 0.00 20.31 5.31 25.50 9.97 1.32 1.16 21.39 7.16 39.06
0.7 7.83 0.00 0.00 26.47 6.84 47.46 10.22 1.58 1.48 27.48 8.77 66.45
0.8 8.23 0.09 0.19 38.89 8.94 97.68 10.49 1.73 1.75 39.83 11.00 127.25
0.9 8.65 0.27 0.55 76.32 12.40 268.17 10.77 1.88 1.98 77.20 14.71 326.61

Table 16: n3tl 5c¢
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N P Q PQ
B | Threshold Max K MaxProfit | Threshold Max K MaxProfit | Threshold Max K MaxProfit | Threshold Max K MaxProfit
0.0 3.68 0.00 0.00 10.00 4.66 11.56 6.44 17.51 15.71 12.20 14.32 34.24
0.1 3.87 0.00 0.00 10.61 5.31 13.86 6.66 18.21 17.49 12.64 14.70 36.90
0.2 4.07 0.00 0.00 11.46 5.92 16.89 6.90 18.94 19.50 13.35 15.20 40.98
0.3 4.27 0.00 0.00 12.64 6.55 21.25 7.16 19.72 21.78 14.41 15.84 46.92
0.4 4.49 0.01 0.00 14.29 7.28 27.78 7.45 20.55 24.38 15.95 16.64 55.53
0.5 4.70 0.01 0.01 16.67 8.18 37.88 7.76 21.43 27.36 18.23 17.62 68.34
0.6 5.00 0.01 0.02 20.31 9.31 54.18 7.88 22.37 30.58 21.79 18.84 88.42
0.7 5.22 0.01 0.04 26.47 10.78 82.93 8.01 23.37 33.88 27.88 20.42 122.98
0.8 5.49 0.01 0.05 38.89 12.82 143.15 8.14 24.48 37.24 40.23 22.62 193.75
0.9 5.77 0.01 0.07 76.32 16.17 333.48 8.28 25.69 40.69 77.60 26.28 409.68
D PD QD A
B | Threshold Max K MaxProfit | Threshold Max K MaxProfit | Threshold Max K MaxProfit | Threshold Max K MaxProfit
0.0 5.52 1.33 1.04 10.00 4.66 11.56 8.28 16.16 16.39 12.20 14.32 34.24
0.1 5.80 1.55 1.34 10.61 5.31 13.86 8.59 16.89 18.16 12.64 14.70 36.90
0.2 6.10 1.79 1.67 11.46 5.92 16.89 8.93 17.65 20.15 13.35 15.20 40.98
0.3 6.41 2.03 2.02 12.64 6.55 21.25 9.30 18.46 22.41 14.41 15.84 46.92
0.4 6.74 2.54 2.44 14.29 7.28 27.78 9.69 19.33 24.99 15.95 16.64 55.53
0.5 7.09 3.82 3.76 16.67 8.18 37.88 10.12 20.26 27.94 18.23 17.62 68.34
0.6 7.45 5.09 5.56 20.31 9.31 54.18 10.37 21.35 31.04 21.79 18.84 88.42
0.7 7.83 6.40 7.66 26.47 10.78 82.93 10.62 22.72 33.99 27.88 20.42 122.98
0.8 8.23 8.00 9.30 38.89 12.82 143.15 10.89 24.49 36.75 40.23 22.62 193.75
0.9 8.65 8.01 11.27 76.32 16.17 333.48 11.17 26.79 39.31 77.60 26.28 409.68

Table 17: n3ti 6a
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N P Q PQ
B | Threshold Max K MaxProfit | Threshold Max K MaxProfit | Threshold Max K MaxProfit | Threshold Max K MaxProfit
0.0 3.68 0.00 0.00 10.00 2.71 5.89 6.44 3.98 1.92 12.20 7.39 19.12
0.1 3.87 0.00 0.00 10.61 3.22 7.49 6.66 4.65 2.68 12.64 7.75 21.24
0.2 4.07 0.00 0.00 11.46 3.91 9.78 6.90 5.34 3.61 13.35 8.23 24.57
0.3 4.27 0.00 0.00 12.64 4.62 13.22 7.16 6.07 4.77 14.41 8.86 29.55
0.4 4.49 0.00 0.00 14.29 5.42 18.57 7.45 6.84 6.17 15.95 9.65 36.98
0.5 4.70 0.00 0.00 16.67 6.36 27.13 7.76 7.66 7.86 18.23 10.63 48.32
0.6 5.00 0.00 0.00 20.31 7.51 41.48 7.88 8.51 9.75 21.79 11.86 66.55
0.7 5.22 0.00 0.00 26.47 9.00 67.61 8.01 9.39 11.67 27.88 13.45 98.74
0.8 5.49 0.00 0.00 38.89 11.06 124.00 8.14 10.28 13.62 40.23 15.65 166.21
0.9 5.77 0.00 0.00 76.32 14.46 306.67 8.28 11.21 15.60 77.60 19.33 376.64
D PD QD A
B | Threshold Max K MaxProfit | Threshold Max K MaxProfit | Threshold Max K MaxProfit | Threshold Max K MaxProfit
0.0 5.52 0.08 0.00 10.00 2.711 5.89 8.28 3.84 4.05 12.20 7.39 19.12
0.1 5.80 0.25 0.03 10.61 3.22 7.49 8.59 4.29 4.89 12.64 7.75 21.24
0.2 6.10 0.43 0.08 11.46 3.91 9.78 8.93 4.80 5.87 13.35 8.23 24.57
0.3 6.41 0.61 0.12 12.64 4.62 13.22 9.30 5.38 7.04 14.41 8.86 29.55
0.4 6.74 0.80 0.14 14.29 5.42 18.57 9.69 6.03 8.43 15.95 9.65 36.98
0.5 7.09 1.01 0.10 16.67 6.36 27.13 10.12 6.76 10.10 18.23 10.63 48.32
0.6 7.45 1.22 0.09 20.31 7.51 41.48 10.37 7.53 11.80 21.79 11.86 66.55
0.7 7.83 1.44 0.02 26.47 9.00 67.61 10.62 8.32 13.18 27.88 13.45 98.74
0.8 8.23 1.67 -0.17 38.89 11.06 124.00 10.89 9.14 14.08 40.23 15.65 166.21
0.9 8.65 1.91 -0.56 76.32 14.46 306.67 11.17 10.06 14.30 77.60 19.33 376.64

Table 18: n4¢il 6b
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N P Q PQ
B | Threshold Max K MaxProfit | Threshold Max K MaxProfit | Threshold Max K MaxProfit | Threshold Max K MaxProfit
0.0 3.68 0.00 0.00 10.00 0.82 0.65 6.44 0.00 0.00 12.20 2.82 4.85
0.1 3.87 0.00 0.00 10.61 1.14 1.23 6.66 0.00 0.00 12.64 3.13 5.97
0.2 4.07 0.00 0.00 11.46 1.57 2.30 6.90 0.00 0.00 13.35 3.58 7.89
0.3 4.27 0.00 0.00 12.64 2.12 4.16 7.16 0.00 0.00 14.41 4.18 11.02
0.4 4.49 0.00 0.00 14.29 2.82 7.27 7.45 0.00 0.00 15.95 4.95 16.11
0.5 4.70 0.00 0.00 16.67 3.81 12.85 7.76 0.00 0.00 18.23 5.93 24.51
0.6 5.00 0.00 0.00 20.31 5.03 23.57 7.88 0.00 0.00 21.79 7.16 39.06
0.7 5.22 0.00 0.00 26.47 6.57 44.89 8.01 0.00 0.00 27.88 8.77 66.45
0.8 5.49 0.00 0.00 38.89 8.67 94.16 8.14 0.00 0.00 40.23 11.00 127.25
0.9 5.77 0.00 0.00 76.32 12.14 262.88 8.28 0.00 0.00 77.60 14.71 326.61
D PD QD A

B | Threshold Max K MaxProfit | Threshold Max K MaxProfit | Threshold Max K MaxProfit | Threshold Max K MaxProfit
0.0 5.52 0.00 0.00 10.00 0.82 0.65 8.28 0.00 0.00 12.20 2.82 4.85
0.1 5.80 0.00 0.00 10.61 1.14 1.23 8.59 0.12 0.01 12.64 3.13 5.97
0.2 6.10 0.00 0.00 11.46 1.57 2.30 8.93 0.32 0.08 13.35 3.58 7.89
0.3 6.41 0.00 0.00 12.64 2.12 4.16 9.30 0.54 0.23 14.41 4.18 11.02
0.4 6.74 0.00 0.00 14.29 2.82 7.27 9.69 0.78 0.47 15.95 4.95 16.11
0.5 7.09 0.00 0.00 16.67 3.81 12.85 10.12 1.05 0.83 18.23 5.93 24.51
0.6 7.45 0.00 0.00 20.31 5.03 23.57 10.37 1.32 1.16 21.79 7.16 39.06
0.7 7.83 0.00 0.00 26.47 6.57 44.89 10.62 1.58 1.48 27.88 8.77 66.45
0.8 8.23 0.00 0.00 38.89 8.67 94.16 10.89 1.73 1.75 40.23 11.00 127.25
0.9 8.65 0.11 0.25 76.32 12.14 262.88 11.17 1.88 1.98 77.60 14.71 326.61

Table 19: nsti 6¢
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The Value of Demand Postponement under
Demand Uncertainty

Rawee Suwandechochai

Abstract— Resource or capacity investment has a high impact on
the firm profitability. However, this decision must be made earlier
when demand is uncertain and it is very difficult to change later on.
Many firms search for other strategies to deal with uncertainty in
order to gain more profit and stay in a business. Postponement
strategy is one of the strategies that many companies use to hedge
against the uncertainty. A firm can increase its profitability when it
can postpone some decisions or activities to the time later until the
more information is obtained.

In this paper, we consider a firm producing two substitutable
products. The firm needs to make two decisions: the capacity
investment and production quantity. The objective of this work is to
study how the demand postponement affects the firm’s capacity
investment and its profitability under demand uncertainty and how
degrees of substitution impact our findings. Based on this framework,
we model the problem as a two-stage stochastic programming. We
characterize the optimal investment capacity and production quantity
under different postponement strategies. In addition, the necessary
and sufficient conditions for investment in flexible capacity are
obtained.

Keywords—Capacity investment, Demand postponement,
Demand uncertainty, Stochastic programming, Substitutable
Products.

I. INTRODUCTION

OSTPONEMENT strategy is one of the strategies that

companies can use to hedge against uncertainty. Many
type of postponement have been studied as stated in [1] and
[2] such as time postponement, place postponement, and form
postponement, etc. There are applications of postponement in
industry and results from [3] indicated that there is a positive
relationship ~ between  postponement and  company
performance.

The postpone strategies we consider in this work are the
quantity postponement and demand postponement strategies.
The production quantity postponement refers to a firm’s
ability to postpone its production quantity until after demand
information is obtained. Considering the quantity
postponement along with the flexible resources increases the

This work was supported in part by the Thailand Research Fund (TRF)
under Grant MRG5080200 and Faculty of Graduate Studies, Mahidol
Univesity.

R. S. Author is with the Department of Mathematics, Faculty of Science,
Mahidol University, Bangkok, 10400 Thailand (corresponding author to
provide phone: 662-201-5346; fax: 662-201-5343; e-mail: scrsw@
mahidol.ac.th).
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firm profitability. The firm’s flexible resources allow the firm
to switch capacity amount of the multiple products and
provides a risk pooling effect.

Many researchers have focus on the flexibility provided by
the production postponement strategies as shown in [1], [4],
and [5]. The impact of quantity postponement on the optimal
capacity has been studied by [6] for a single-product firm. On
the other hand, there is a few works studying on demand
postponement. [7] formulates and solves the capacity planning
problem for one product. In this paper, we extend the model to
the substitutable products. In addition, we are also interested
in the effect of the demand postponement strategy when the
firm has implemented the production quantity postponement.

Therefore, the objective of this paper is to consider the
impact of the demand postponement on the optimal capacity
investment under different postponement strategies.
Specifically, we consider the no postponement and the
production quantity postponement as base cases. Then, we
examine the effect of demand postponement on the optimal
capacity investment and the firm’s profit under both strategies
as well as study how the degrees of substitution between
products affect the findings.

In this work, we consider a firm that produces two
substitutable products in a monopolistic setting. This firm
needs to determine capacity, pricing, and production quantity.

Let K denote the capacity of the flexible resources that can
produce both products,

ck be a unit investment cost,

Ch be a unit holding cost,

Cq be a unit product cost,

¢ be a discount price (or reimbursement cost) for the
demand in postponement period. The production cost for each
item is included here,

d; be a demand of product i,

p; be a selling price of product i and, without loss of
generality, let (p; >p.),

s; be an amount of selling product i,

g; and g be production quantities of product i for
regular and postponement period, respectively.

NOTATIONS, MODELS, AND ASSUMPTIONS

Timeline is divided into two stages shown in Fig 1. Stage 1
is a planning period and Stage 2 includes the regular and
postponement periods.
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<« Stagel _ple— Stage2—
Planning Regular Postponement
Period Period | Period
I timeline
Demand is Delivery
realized Time
K, 002 Strategy N
|
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[
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Figure 1: Timeline

In Fig 1, the investment capacity (K) is determined in the
planning period when demand is highly uncertain. There are
four cases that are considered, No postponement (N), Demand
postponement (D), Production postponement (P), and
production and demand postponement (PD). All the decision
variables are determined in the planning period under strategy
(N). For strategy (P), the production quantity, g;, is determined
after the demand curves are realized. When the demand
postponement strategy is implemented, the postponed
production quantity, gy, is determined after the demand curves
are realized and this products will be delivered in the
postponement period.

We assume that the fraction of unsatisfied demand, 1-y, is
retained in the postponement period. That is, when the
demand exceeds the production quantity, there is only
(2-p)(d;-q;) remaining demand in the postponement period.

Aggregate linear demand function for two substitutable
products is considered. It is a function of the prices of both
products:

d =& —ap + BPsis =12

where & is an intercept of product i, A is the degree of
substitution (0< g < ).

Let E[.] be an expectation operator with respect to random
variables, &, and Pr(.) be a probability. Let 7(.) be the

profit function in Stage 2.

I1l. MATHEMATICAL FORMULATIONS

From the above, we can divide the problem into two stages.
Stage 1 corresponds to the time when the demand is uncertain
and Stage 2 is the time after the demand information is
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obtained.
The mathematical model for the problem under demand
strategy (D) can be formulated as

2
(stage 1) maxV = E[7(K, )] - c.K —;(Cq +C, )0

2
st. D.g <K (1)
i=1
K,q >0 fori =12 2
2 2
(stage2) maxz(K,d)=2_p;s,+> (P —C)dy
e i=1 i=1
st. s <q fori = 1,2 ?3)
S, <(g—ap+pp,,;) fori =12 (4)
o <G fori = 1,2 )
i S Q=) —ap + Bp,,; —s) fori = 1,2(6)
5,0, =0 fori =12 (7

The objective of the model in Stage 1 is to maximize the
expected profit function. The objective function in Stage 2 is
to maximize the firm profit by determining the amount of sell,
s, and the postponed production quantity . Constraint (1)
states that the total production quantity should not exceed the
firm’s capacity. Constraints (3) and (4) imply that the amount
of sell cannot exceed production quantity and nonnegative
demand of each product. In addition, (5) and (6) ensures that
the postponed production quantity, g, does not exceed the
production quantity and it does not exceed retained demand.
Constraints (2) and (7) are non-negativity constraints for
investment capacity, production quantity, selling amount, and
postponed production quantity, respectively.

Note that the model for the Problem N is similar except that
Qi is set to zero.

The mathematical model for the problem under production
quantity and demand postponement strategy (PD) can be
formulated as

(stage 1) mng = E[z(K)]-c(K

st. K=>0 8)

2 2
(stage2) maxz(K) =2 (P =¢,)d, + 2 (P, ~C)d

*Hp i=1 i=1

st g +0,<K 9)

o <(&-ap+B8p.) fori = 1,2 (10)

qp1+qp2 < K (11)

Uy <A=p)(& —ap + ppy; —s) fori = 1,2 (12)

Gir Gy 20 fori = 1,2 (13)

The objective of the model in Stage 1 is to maximize the
expected profit function. In this case, the firm determines the
production quantity after the demand is realized. Therefore,
the production and the holding costs do not occur in the first
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stage. In Stage 2, the objective function is to maximize the
firm profit by determining the production quantity and the
postponed production quantity given that the investment
capacity and prices. Constraints (9) and (11) state that the total
production quantity and the total postponed production
quantity should not exceed the firm’s capacity, respectively.
Constraint (10) implies that the production quantity should not
exceed the nonnegative demand of each product. In addition,
(12) the postponed production quantity (q,;) does not exceed
the retained demand. (8) and (13) are non-negativity
constraints for investment capacity, production quantity, and
postponed production quantity.

The model for the production quantity postponement (P) is
similar to Problem (PD) except that q; is set to zero.

IV. RESULTS

The optimal solution to Problems N, D, and P can be
characterized in the similar procedures. Hence, in what
follows, we focus on Problem PD. To analyze the problem,
we solve the problem backward. First, for a given set of p; and
p,, we derive the optimal solution for the problem in Stage 2
and show that the expected profit function in Stage 1 is strictly
jointly concave in q;, and g,. Consequently, the optimal
solution is unique and the Karush-Kuhn-Tucker (KKT) first-
order conditions are necessary and sufficient for optimality to
the problem. This leads to the following results.

Theorem 1 The production quantities g, and g, are the
unique optimal solution to Problem PD if and only if there
exists V>0 that satisfies the following conditions:

[c—c,+7(p,—C)IPHQP LOF LOT) +
[c—c, +7(p, —O)IPr(Q” LQIF) +
[p, ¢, +@—-»)(p, —C)IPH(QY) +
[2p, —¢, —cIPr(Q$) +[2p, —c, —c]Pr(Q" U Q) =¢, —V
K-v=0
where
2_
QSQD :{K +ap1—ﬂp2 <§1<1T;/K+ap1_ﬂp2’

52 <0!p2—ﬂp1}
O ={& <ap - fp.ap,-fp <& <K+ap,-fp},

2_
QgD ={& > 1_7}: K+ap, - Bp.}

QF ={& <ap, - Bp,.&, > K+ap, - p},
QSD :{apl_ﬂpz <& <K+ap, - Bp,,

K+ (@ AP+ P <6+ < 1L Krlam Pt )}
Q?OD ={ap,-pp, <& <K+ap -Bp,,

Gr6> T K@ pn )
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QﬁD ={&>K+ap - fp,,& >ap, - 4o,

é+é<§§fK+@—ﬂXm+m»

QEZD:K+ap1_ﬂpz<§1<

2—
yK+ap1—ﬂp2,
1-y

b6 > LK@= AP+ )
-7

Proof: See Appendix.

Theorem 2 The production quantities gq; and q, are the
unique optimal solution to Problem N if and only if there

exists v, and v, > 0 that satisfies the following conditions:
P Pr(& >0 +ap - fp,) =Cc +C +C, -V
P.Pr(5, >0, +ap, = p,) =C +C, +C, —V,
q-v,=0, fori=12

Theorem 3 The production quantities q; and g, are the
unique optimal solution to Problem D if and only if there

exists v, and v, > 0 that satisfies the following conditions:

2_
(2p, —c)Pr(¢, > yql+ap1—,8p2)+

1-y
(7P +@=7)C)Pr(Q)) =c +C,+C Y,
2 —
(2p, —¢)Pr(&, > 1_}}//q2+ap2_ﬂp1)+
(7P, +(L=7)C)Pr(Q7) = +C,+C,—V,

g -V, =0, fori=12

where

2_

Q? ={q1+ap1—ﬂp2<§1<r;/q1+ap1—,8p2},
D 2—y

Qz :{q2+ap2_ﬂp1<§2 <EQz+ap2_ﬂp1}-

Theorem 4 The production quantities ¢, and g, are the
unique optimal solution to Problem P if and only if there
exists V>0 that satisfies the following conditions:

p,Pr(& >ap, - Bp,. & >K+ap,—p)
+ p1Pr(§1 >K +06p1—/3p2)+ P, Pr(QQ) =C —V
K-v=0

where

Q° ={ap, - fp, <& <K+ap, —Bp,,&+& > K+(a—B)(p + p,)}

The optimal capacity investment under each postponement
strategy follows a threshold policy.

Corollary 1 The optimal investment policy under
postponement strategy is one of the following cost threshold
policies:

1) ifc +c,+c, <T", then K™ > 0. Otherwise, K" =0.
where K* = q; +q, the threshold values is given as
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¢t = max{ p, Pr(&, > ap, + #p,), p,Pr(&, > ap, + Bp,)}

2) Ifc, +c, +¢, <C°, then K™ > 0. Otherwise, K™ = 0.

where K* = q, +q, the threshold values is given as

c° = max{ (2p1 - C) Pr(é:l >ap, _ﬂpz)l(z p, — C) Pr(§2 >ap, _ﬂpl)}

3) Ifc, <€°, then K™ > 0. Otherwise, K" = 0.
where the threshold values is given as
co= P Pr(§1 >ap, _ﬂpz)
+p,Pr0<¢ <ap,—pBp,. & >ap, - BAp)

4) Ifc, <T%, then K” > 0. Otherwise, K" = 0.
where the threshold values is given as
c® =(2p,—c~-c,)Pr(& > ap, - Ap,)
+(2p,—c—c)Pr(0< ¢ <ap, - fp,. & >ap, - Ap)
Proof: It follows directly from Theorems 1-4.

The above corollary suggests that if the total unit cost
Ck +C, +C, is less than the cost threshold, the firm always

invests in the capacity under Strategies N and D. On the other
hand, if the total unit cost is higher than the cost threshold, it
is better for the firm not to invest. Similarly, under the
Strategies P and PD, if the unit investment cost is less than the
cost threshold value indicated in Corollary 1, then the firm
should invest in the capacity.

Corollary 2
tV<cPandc?<c®
Proof: It follows directly from Proposition 1.

Corollary 2 indicates that there are some regions that the
firm should invest in its capacity to gain more profit when the
demand postponement is considered.

Next, we perform a numerical study to investigate the
impact of the optimal investment capacity changes in demand

substitution parameter £ .

Optimal investment capacity

0O 01 02 03 04 05 06 07 08 09

Figure 2: Optimal investment capacity K* versus £/ v.
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Results from the numerical studies suggest that the optimal
investment capacity K" is increasing in f for all strategies

(N, D, P, PD) as shown in Fig. 2. The results show that the
firm will invest more when the products are more
substitutable. This is because the firm can take advantage
from the substitution. However, the rate of change of the
optimal investment capacity is less when production
postponement is implemented. This is because of the flexible
resources which is also used to hedge against demand
variability. It is not surprising that when the products are
independent or not substitutable the firm invests more under
strategy P. This is because the firm has ability to deal with the
demand variability by wusing the production quantity
postponement from the flexible resource. The results also
show that the demand postponement strategy leads to invest
less in the firm’s capacity and it leads to lower investment
when addition production quantity is implemented along with.

Moreover, our finding indicates that the firm invests less
when the demand postponement is additionally implemented.
Due to the ability of the firm to postpone part of the demand
to time later, it may cause the firm invests less.

Profit

120

100

80

60

40 A

20 -

0O 01 02 03 04 05 06 07 08 0.9

Figure 3: The firm's profit versus £/ v.

Similar results are obtained for the firm’s profit. Fig 3 shows
that the profit is increasing in substitution parameter for all
strategies. The demand postponement generates the higher
profit for the firm.

V. CONCLUSION

In this paper, we study the impact of the demand
postponement on the optimal capacity under demand
uncertainty for a two-product firm in a monopolistic setting.
The firm makes decisions 1) investment capacity and 2)
product quantity to maximize the profit function. We
formulate mathematical models for different postponement
strategies. The necessary and sufficient condition for the
optimal capacity investment is obtained for each strategy. Our
findings show that implementing the demand postponement
leads to invest less in optimal capacity and increase in the
firm’s profitability.

Our results come with limitations. We consider the linear
demand function which depends on the price of the products.
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It would be interesting to consider other realistic demand
function. We also assume a firm that is in a monopolistic
setting. Considering the competition would be another
interesting extension to our models.

APPENDIX

Consider problem QD, we first solve the Stage 2 Problem.
The demand space can be decomposed into different disjoint
sets; see Fig. 4.

2-y
—K+ap,-B8p,
1-y QBQD oD
_ P P
QD
Q D le
K+ap,-Bp 6 |Q° QD
Lo 279 N Q7.
QD
Q3 QQ QQ
4 11
ap, -1 T~
o | o | o
apl_ﬂpz K+(Zp1

_ 2-
PP 222K v ap,- po,
1-y

Figure 4: The demand space for Problem PD

We can obtain the closed form expressions for the
production quantities and postponed production quantities for
each region. It is easy to verify that the optimal solution to the
Stage 2 Problem is unique and the optimal Stage 2 profit can
be obtained directly. Before we solve the Stage 1 problem, let

& and f(,,-) be a joint probability

&; be a realization of g

density function of £ and &, , respectively.

To solve the Stage 1 Problem, the Stage 2 profit is
considered. We derive

OE[II(K)]

prvamiel Gl A —O)IPI(QS° v QY L QYY)

+[c—c, +7(p, —C)IPr(QZ” L Q)

+ [p,—¢, + (- »)(p, —C)IPr(QY)
+ [2p, —¢, —c]Pr(Q3°)
+[2p, —c, —c]Pr(Q® LUQY)
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62E1_[ K ap,-fm
% [(p, —c,) - (A—7)(p, ~C)]

f(K+ap, - Bp, &) de,

0

- [ e (K+ap-pp,8) ds,
2y

ap,—pp
(1 J[sz +(@Q=-y)-c,]
4

ap—pp;
f(e, K+ (a—B)(p, - p,)) de

2—
ZLKrap-pp;
1-y

]

K+ap-4p,

f(el,z_]/
1-y

0

C=1 (p, )

K+(a-pB)p—p,)—&) dg

<0.

It can be shown that V = E[7(K)]-cK is strictly

concave in K. Therefore, the optimal solution to the Stage 1
Problem is unique, and since the constraints are linear, the
KKT first-order optimality conditions, given in Theorem 1,
are necessary and sufficient for optimality.

Similar method can be used to obtain the results
Theorems 2-4.

in
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