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We prove rigorously that the ground-state energy of many-(or single-) particle systems 

with relativistic kinetic energies for arbitrary given interaction potentials is bounded above by the 

corresponding one for systems with non-relativistic kinetic energies and this is true 

independently of the statistics obeyed by the underlying particles and independently of the 

dimensionality of space. We also prove rigorously the stability of matter without exclusion 

principle in two dimensions with logarithmic potential. The lower bound for the ground-state 

energy of this matter depends on a single power of number of particle, N . The relationship 

between  N   and radius R of matter without exclusion principle in this project implies the 

matter will inflate if  we put more and more such matter together . 

Keywords : ground-state energy, many-particle systems, relativistic kinetic energies, stability 

problems, matter in the bulk, stability of matter in 2-dimensions, with logarithmic potentials. 
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CHAPTER I

On the ground-state energy of many-particle

systems with relativistic kinetic energies

1.1 Introduction

Much progress has been made over the years in deriving rigorous bonds

on the ground-state energy of many-particle quantum systems (Dyson (1967),

Dyson and Lenard (1968), Lieb and Thirring (1975), Semenoff and Wijewardhana

(1987), Lieb (1991), Forte (1992), Geyer (1995), Badhuri, Murthy and Srivastava

(1996), Oka (1997) , Manoukian and Sirininlakul (2005)). Particular emphasis

was put in these references on the stability problem, or otherwise collapse, of

such systems as the number of the underlying particles is made to increase paying

special attention, in the process of the investigations, on the statistics obeyed by

the underlying particles. The generalization of such analyses to so-call relativis-

tic quantum systems (Dyson (1967)) has been relatively more involved, and an

important extension of the earlier studies has been in adopting the relativistic

kinetic energies of the underlying particles. The purpose of this communication is

to establish rigorously some explicit statements concerning such a generalization

1.2 On the ground-state energy of many-particle systems

with relativistic kinetic energies

Consider a Hamiltonian of an N -particle system

HNR =
N∑

j=1

p2
j

2mj

+ HI (x1, . . . ,xN) . (1.1)



Where HI(x1, . . . , xN) is an arbitrary interaction Hamiltonian such that the sys-

tem admits a ground-state energy which we denote by ENR. For the corresponding

Hamiltonian with relativistic kinetic energies of the particles we have

HR =
N∑

j=1

(√
p2

j c
2 + m2

jc
4 − mjc

2
)

+ HI (x1, . . . , xN) (1.2)

where c is the speed of light. Let ER denote the ground-state energy of this

Hamiltonian. We then show that

ER ≤ ENR (1.3)

indenpendently of the statistics obeyed by the particles and indenpendently of

the dimensionality of space. The demonstration is not difficult but the result is

undoubtedly important realizing its generality in applications including for the

case N = 1. In particular, this established the instability of so-called "bosonics

matter", obtained by relaxing the Pauli exclusion principle (Dyson and Lenard

(1968) Forte (1992), Geyer (1995), Manoukian and Sirininlakul (2005)). with

relativistic kinetic energies ER, i.e., for −ER, with the some power of N as a lower

bound obtained for −ENR with non-relativistic kinetic energies for the latter.

Intuitively, so to speak, stability, and the corresponding boundedness of

the ground-state energy from below, arises from a balance between the positive

kinetic energy terms and the negative part of the interaction Hamiltonian (as

well as, of course, of the positive part of the latter). A kinetic energy part has a

large (positive) contribution for large values of |pj|. In the non-relativistic case, a

kinetic energy part increases with two power of |pj| in contrast to the relativistic

case which increases with just a single power. [This argument alone indicates

the importance of the generalization to the relativistic case for careful studies

involving higher energies.] Accordingly, based on such an intuitive argument, the

2



result stated in (1.3) is expected. The actual technical demonstration of this now

follows.

Consider an N -particle wavefunction Ψ(x1ρ1, . . . ,xNρN) consistent with

the underlying statistics obeyed by the particles, where the denote any additional

labels, such as spin, needed to specify the state of a particle. With the Fourier

transform defined via

Ψ (x1ρ1, . . . ,xNρN) =

ˆ
dυp1

(2π�)υ . . .
dυpN

(2π�)υ e
i

N∑
j=1

xj ·pj/�

Φ (p1ρ1, . . . ,pNρN) (1.4)

where υ denotes the dimensionality of space, we obtain for the expectation value

of the relativistic kinetic energy

TR =
N∑

j=1

(√
−�2c2∇2

j + m2
jc

4 − mjc
2
)

(1.5)

the expression

〈Ψ |TR〉 | Ψ〉 =
N∑

j=1

ˆ
dυp1

(2π�)υ . . .
dυpN

(2π�)υ

(√
p2

jc
2 + m2

jc
4 − mjc

2
)

× |Φ (p1ρ1, . . . ,pNρN)|2 (1.6)

[We note in passing that the square-root operator in (1.5) is a well defined oper-

ator.] We use the integral representation

(√
p2c2 + m2c4 − mc2

)
=

p2c2

2

1ˆ

0

dx
1√

p2c2x + m2c4
(1.7)

for numericals, to derive the bound

(√
p2c2 + m2c4 − mc2

)
≤ p2c2

2

1ˆ

0

dx
1√

m2c4
=

p2

2m
(1.8)

3



from which and from (1.6), we obtain the bound

〈Ψ |TR | Ψ〉 ≤
N∑

j=1

ˆ
dυp1

(2π�)υ . . .
dυpN

(2π�)υ

p2
j

2mj

|Φ (p1ρ1, . . . ,pNρN)|2

= 〈Ψ |TNR | Ψ〉 (1.9)

with

TNR =
N∑

j=1

−�
2∇2

j

2mj

(1.10)

[Needless to say, this inequality, as a rigorous mathematical statement, does not

mean that at high energies the kinetic energies are given by the non-relativistic

expressions rather than the relativistic ones.]

From (1.1), (1.2) and (1.9), we then obtain the basic inequality

〈Ψ |HR | Ψ〉 ≤ 〈Ψ |HNR | Ψ〉 . (1.11)

In particular, for |Ψ〉corresponding to the ground-state energy of HNR, de-

noted conveniently by |ΨNR〉, i.e., for which 〈ΨNR |HNR | ΨNR〉 = ENR, |ΨNR〉 is

not necessarily the ground-state of HNR. That is, 〈ΨNR |HR | ΨNR〉 cannot be any

smaller than ER . This leads from (1.11) to the inequality

ER ≤ 〈ψNR |HR | ψNR〉 ≤ 〈ψNR |HNR | ψNR〉 = ENR (1.12)

which is the statement in (1.3).

The inequality in (1.3), as stated above, also establishes, as a special case,

the instability of so-called "bosonic matter" for which upper bounds for ENR are

4



known as powers of N - the number of underlying particles - leading to

ER ≤ −CNγ (1.13)

where γ > 1 . Here the positive constants C and the exponents γ are esti-

mated from the non-relativistic expressions (Dyson (1967), Dyson and Lenard

(1967), Semenoff and Wijewardhana (1987), Forte (1992), Geyer (1995), Badhuri

and Murthy (1996), Oka (1997) , Manoukian and Sirininlakul (2005)). We ex-

pect that the method of analysis used in this communication will be useful for

related developments of relativistic many-particle systems and, in particular, to

"fermionic matter". Such investigations will be carried out in a future report.

5



CHAPTER II

Stability and high density limit of bosonic matter

in 2D

2.1 Introduction

One of the most fundamental problems that quantum mechanics has solved

was that of the stability of matter (Lieb and Thirring (1975)). This result is based

on two basic properties, one is the boundedness of the ground-state energy from

below and the Pauli exclusion principle. For matter, with the exclusion principle

and with Coulomb interaction, the ground-state energy EN ∼ N , with N denoting

the number of electrons in matter, and matter consisting of (2N + 2N) particles,

is not favoured over two separate systems brought together, each consisting of

(N+N) particles. This is unlike the situation with "matter" without the exclusion

principle for which EN ∼ Nα with α > 1. It is important to know if such

properties are tied down with the dimensionality of space. In particular, there has

been interest in recent years in physics in 2D, e.g. (Kventzel and Katriel (1981),

Semenoff and Wijewardhana (1987), Forte (1992), Geyer (1995), Badhuri, Murthy

and Srivastava (1996)) and the role of spin and statistics. It is well known that

matter is stable (Muthaporn and Manoukian (2004b)) in 2D with 1/r potentials

with the exclusion principle. On the other hand, it is pertinent to know what

the outcome is of one assumes the logarithmic potential in 2D as dictated by the

Poisson equation ∇2 ln r ∼ δ2(r). We prove rigorously that such matter is stable

with logarithmic potentials without involving the exclusion principle. To do this,

we first review the Thomas-Fermi atom in 2D with logarithmic potentials as well

as the No-binding theorem for such a case and finally derive a lower bound for the



exact ground-state of matter involving a single power of N . We also establish that

such matter would necessarily increase radially not any slower than N1/2 with N

as it is for ordinary matter in 3D (Manoukian and Sirininlakul (2006)). Unlike

the situation with a logarithmic potential, matter with 1/r potential is unstable.

For reviews of problems of stability of matter see (Lieb (1975),Manoukian and

Sirininlakul (2005)).

2.2 The Thomas-Fermi Atom for boson in 2D

The semi-classical Green function part Gσσ′(xt;x′0) with spin indices σ, σ′,

with potential V (x) in 2-dimensions is given by (Manoukian, 2006)

Gσσ′ (xτ ;x′0) =δσσ′

ˆ
d2p

(2π�)2
exp i

[
p.(x − x′)

�
− p2

2m
τ − V (x)τ

]
(2.1)

and for coincident space points x = x′, we obtain

Gσσ′(xτ ;x0) = δσσ′

ˆ
d2p

(2π�)2
exp

[
−i

(
p2

2m
+ V (x)

)
τ

]
. (2.2)

where τ = t/�.

The particle density of (spin 0) bosons nB(x) may be expressed in terms of

the Green function Gσσ′(xτ ;x0) for coincident space points as

nB(x) =
1

2πi

ˆ ∞

−∞

dτ

τ − iε
Gσσ (xτ ;x0) eiξτ , ε → +0 (2.3)

where the spin multiplicity is 1. Substitute (2.2) into (2.3), to obtain

nB(x) =
1

2πi

ˆ ∞

−∞

dτ

τ − iε

ˆ
d2p

(2π�)2
exp i

[
ξτ − p2

2m
τ − V (x)τ

]
(2.4)

7



which upon using the integral representation of the step function

Θ(ξ) =
1

2πi

ˆ ∞

−∞

dτ

τ − iε
eiξτ (2.5)

and

Θ

(
ξ − V (x) − p2

2m

)
=

1

2πi

ˆ ∞

−∞

dτ

τ − iε
exp i

(
ξ − V (x) − p2

2m

)
τ (2.6)

with

Θ

(
ξ − V (x) − p2

2m

)
= 1 (2.7)

for 0 < p <
√

2m(ξ − V (x)), when p = |p|.
By using (2.6) and (2.7), as applied to the right-hand side of (2.4), we

obtain

nB(x) =

ˆ
d2p

(2π�)2
Θ

(
ξ − V (x) − p2

2m

)

=
1

(2π�)2

ˆ √
2m(ξ−V )

0

p dp

ˆ
dΩν

=
1

(2π�)2

2π

Γ (1)

ˆ √
2m(ξ−V (x))

0

p dp

=
1

(2π�)2

2π

Γ (1)

(√
2m(ξ − V (x))

)2

2

=
2π

2 Γ (1)

(
2m(ξ − V (x))

(2π�)2

)
. (2.8)

From (2.8), V (x) = 0 and n = 0 at the boundary, we get ξ = 0. So that the

8



density of bosons in 2-dimensions is

nB(x) =
2π

2 Γ (1)

(−2mV (x)

(2π�)2

)
. (2.9)

The relationship between the particle density nB(x) and the potential V (x) in

2-dimensions, i.e., given by

nB(x) = − m

2π�2
V (x). (2.10)

We may also rewrite (2.10) as

V (x) = − 2π�
2

m
nB(x) (2.11)

To obtain the sum of the kinetic energies of the bosons in D-dimensions

(T [nB]), we use the relationship between the kinetic energy and the Green’s func-

tion :

T [nB] =
∑

σ

ˆ
d2x

1

2πi

ˆ ∞

−∞

dτ

τ − iε

[
i
∂

∂τ
− V (x)

]
Gσσ′(xt;x0)

=

ˆ
d2x

1

2πi

ˆ ∞

−∞

dτ

τ − iε

[
i
∂

∂τ
− V (x)

]
Gσσ′(xt;x0)

=

ˆ
d2x

1

2πi

ˆ ∞

−∞

dτ

τ − iε

[
i
∂

∂τ
− V (x)

]ˆ
d2p

(2π�)2
exp

[
−i

(
p2

2m
+ V (x)

)
τ

]

=

ˆ
d2x

1

2πi

ˆ ∞

−∞

dτ

τ − iε

ˆ
d2p

(2π�)2

p2

2m
exp

[
−i

(
p2

2m
+ V (x)

)
τ

]
. (2.12)

Upon using the integral representation of the step function

Θ(ξ) =
1

2πi

ˆ ∞

−∞

dτ

τ − iε
eiξτ (2.13)

9



we obtain

Θ

(
− p2

2m
− V (x)

)
=

1

2πi

ˆ ∞

−∞

dτ

τ − iε
exp i

(
− p2

2m
− V (x)

)
τ (2.14)

and

Θ

(
− p2

2m
− V (x)

)
= 1 (2.15)

for 0 < p <
√−2mV (x).

By using (2.14) and (2.15), as applied to the right-hand side of (2.12),

we obtain the relationship between the kinetic energy T and the potential V in

2-dimensions, is then given by

T [nB] =

ˆ
d2x

ˆ
d2p

(2π�)2

p2

2m
Θ

(
− p2

2m
− V (x)

)

=
1

(2π�)2

ˆ
d2x

ˆ √
−2mV (x)

0

d2p p
p2

2m

ˆ
dΩ

=
1

2m(2π�)2

2π

Γ (1)

ˆ
d2x

ˆ √
−2mV (x)

0

dp pD+1

=
1

2m(2π�)2

2π

Γ (1)

ˆ
d2x

p4

4

∣∣∣∣
√

−2mV (x)

0

=
1

2m(2π�)2

2π

Γ (1)

ˆ
d2x

(−2mV (x))2

4

=
1

8m

2π

Γ (1)

ˆ
d2x (−2mV (x))

(−2mV (x)

(2π�)2

)

=
1

8m

2π

Γ (1)

ˆ
d2x

(
4m2[V (x)]2

(2π�)2

)

=
m

4π�2

ˆ
d2x [V (x)]2. (2.16)
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Substitute (2.11) into the right-hand side of (2.16), to obtain

T [nB] =
m

4π�2

ˆ
d2x [V (x)]2

=
π�

2

m

ˆ
d2x [nB(x)]2 . (2.17)

The Hamiltonian of a neutral atom consisting of Z bosons and a nucleus

of charge Z|e| is taken to be

H =
Z∑

i=1

(
p2

i

2m
− Ze2V (x)

)
+

Z∑
i<j

e2V (x − x′) (2.18)

where V (x) is the scaled potential satisfying the Poisson’s equation given below :

∇22 ln
|x|
A

= 4πδ2(x). (2.19)

This is,

V (x) =2 ln
|x|
A

(2.20)

for any dimensional scale factor A.

The expectation value of the Hamiltonian of a neutral atom consisting of

Z bosons and a nucleus of charge Z|e| in 2-dimensions is

〈Φ|H |Φ〉 = 〈Φ|
Z∑

i=1

p2
i

2m
|Φ〉 + 2Ze2 〈Φ|

Z∑
i=1

ln
|x|
A

|Φ〉

− 2e2 〈Φ|
Z∑

i<j

ln
|x − x′|

B
|Φ〉 (2.21)
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where

〈Φ|Φ〉 =

ˆ
d2x Φ∗(x) Φ(x)

=

ˆ
d2x |Φ(x)|2

=1, (2.22a)

ˆ
d2x nB(x) =Z. (2.22b)

Here A and B are dimensional scale factors which will be determined below.

Form (2.17), we obtain the first term on the right-hand side of (2.21), correspond-

ing to the kinetic energy term T [nB] = π�
2

m

´
d2x [nB(x)]2.

Consider the second term on the right-hand side of (2.21). This is given by

2Ze2 〈Φ|
Z∑

i=1

ln
|x|
A

|Φ〉 =2Ze2 〈Φ|Z ln
|x|
A

|Φ〉

=2Ze2 〈Φ|
ˆ

d2x nB(x) ln
|x|
A

|Φ〉

=2Ze2

ˆ
d2x ln

|x|
A

nB(x). (2.23)

Consider the third term on the right-hand side of (2.22). This is given by

2e2 〈Φ|
Z∑

i<j

ln
|x − x′|

B
|Φ〉 =2

e2

2

ˆ
d2x

ˆ
d2x′ nB(x) nB(x′) ln

|x − x′|
B

〈Φ|Φ〉

=e2

ˆ
d2x

ˆ
d2x′ nB(x) nB(x′) ln

|x − x′|
B

. (2.24)
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Substitute (2.17), (2.23) and (2.24) into (2.21), to obtain

〈Φ|H |Φ〉 =
π�

2

m

ˆ
d2x [n(x)]2 + 2Ze2

ˆ
d2x ln

|x|
A

n(x)

− e2

ˆ
d2x d2x′ n(x) ln

|x − x′|
B

n(x′). (2.25)

Referring to (2.17), (2.23) and (2.24), one may define the interaction of the

particle-nucleus system in terms of the boson density, and add to it the kinetic

energy term . Let F [nB] denote the energy functional in 2-dimensions as a function

of the density nB(x). From (2.25) we obtain

F [nB] =
π�

2

m

ˆ
d2x [nB(x)]2 + 2Ze2

ˆ
d2x ln

|x|
A

nB(x)

− e2

ˆ
d2x d2x′ nB(x) ln

|x − x′|
B

nB(x′). (2.26)

Optimize (2.26) with respect to nB(x), to obtain

0 =
δF [nB]

δnB(x)

=
2π�

2

m
[nB(x)] + 2Ze2 ln

|x|
A

− 2e2

ˆ
d2x′ ln

|x − x′|
B

nB(x′)

−π�
2

m
[nB(x)] =Ze2 ln

|x|
A

− e2

ˆ
d2x′ ln

|x − x′|
B

nB(x′). (2.27)

The density nB
TF(x) and potential V B

TF(x) may be obtained by functionally differ-

entiating F [nB] with respect to nB(x), with solution nB
TF(x) = nB(x) satisfying

nB
TF(x) = − mZe2

π�2
ln

|x|
A

+
me2

π�2

ˆ
d2x′ ln

|x − x′|
B

nB
TF(x′). (2.28)
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From (2.10), we obtain the relationship between nB
TF(x) and V B

TF(x) as

nB
TF(x) =

2π

2 Γ (1)

(−2mV B
TF(x)

(2π�)2

)

= − m

2π�2
V B

TF(x). (2.29)

Substitute (2.28) into (2.29) to obtain

V B
TF(x) =Ze2

(
2 ln

|x|
A

)
− e2

ˆ
d2x′

(
2 ln

|x − x′|
B

)
nB

TF(x′) (2.30)

and

∇2V B
TF(x) =Ze2∇2

(
2 ln

|x|
A

)
− e2∇2

ˆ
d2x′

(
2 ln

|x − x′|
B

)
nB

TF(x′)

≡F1 − F2 (2.31)

where

F1 =Ze2∇2

(
2 ln

|x|
A

)

=Ze24πδ2(x) (2.32)

and

F2 =e2∇2

ˆ
d2x′

(
2 ln

|x − x′|
B

)
nB

TF(x′)

=e2

ˆ
d2x′ nB

TF(x′) ∇2

(
2 ln

|x − x′|
B

)

=e2

ˆ
d2x′ nB

TF(x′) 4πδ2(x − x′)
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=4πe2nB
TF(x). (2.33)

Substitute (2.32) and (2.33) into (2.31), to obtain

∇2V B
TF(x) =F1 − F2

=4πZe2δ2(x) − 4πe2nB
TF(x). (2.34)

For the integral of the left-hand side of (2.34) over x, we have

ˆ
d2x ∇2V B

TF(x) =4πZe2

ˆ
d2x δ2(x) − 4πe2

ˆ
d2x nB

TF(x). (2.35)

The first term on the right-hand side of (2.35) is easily evaluated giving by

4πZe2

ˆ
d2x δ2(x) =4πZe2. (2.36)

For the second-term of the right-hand side of (2.35), we obtain

4πe2

ˆ
d2x nB

TF(x) =4πZe2. (2.37)

Substitute (2.36) and (2.37) into (2.35), to obtain

ˆ
d2x ∇2V B

TF(x) =4πZe2 − 4πZe2 = 0. (2.38)

Apply Laplacian operator to the left-hand side of (2.28), to obtain

∇2nB
TF(x) =∇2

[
−mZe2

π�2
ln

|x|
A

+
me2

π�2

ˆ
d2x′ ln

|x − x′|
B

nB
TF(x′)

]

= − mZe2

π�2
∇2 ln

|x|
A

+
me2

π�2

ˆ
d2x′ nB

TF(x′) ∇2 ln
|x − x′|

B

15



= − mZe2

π�2
2πδ2(x) +

me2

π�2

ˆ
d2x′ nB

TF(x′) 2πδ2(x − x′)

= − 2mZe2

�2
δ2(x) +

2me2

�2

ˆ
d2x′ nB

TF(x′) δ2(x − x′)

= − 2mZe2

�2
δ2(x) +

2me2

�2
nB

TF(x)

∴ nB
TF(x) =Zδ2(x) +

�
2

2me2
∇2nB

TF(x). (2.39)

Integraling the latter over x gives

ˆ
d2x nB

TF(x) =

ˆ
d2x Z δ2(x) +

�
2

2me2

ˆ
d2x ∇2nB

TF(x). (2.40)

From (2.29), we have for the second term

ˆ
d2x ∇2nB

TF(x) = − m

2π�2

ˆ
d2x ∇2V B

TF(x). (2.41)

Substitute (2.41) into the second term on the right-hand side of (2.40), to obtain

ˆ
d2x nB

TF(x) =Z (2.42)

as expected.

To obtain the exact expressions for the scaling dimensionless constant A

and B in the definition of F [nB] in (2.28), first, apply taking the Laplacian to the

left-hand side of (2.28), to obtain

∇2nB
TF(x) =∇2

[
−mZe2

π�2
ln

|x|
A

+
me2

π�2

ˆ
d2x′ ln

|x − x′|
B

nB
TF(x′)

]

= − mZe2

π�2
∇2 ln

|x|
A

+
me2

π�2

ˆ
d2x′ nB

TF(x′) ∇2 ln
|x − x′|

B
(2.43)
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Consider the first term on right-hand side of (2.43), to get

mZe2

π�2
∇2 ln

|x|
A

=
mZe2

π�2
(2πδ2(x))

=
2mZe2

�2
δ2(x) (2.44)

Consider the second term on the right-hand side of (2.43), to get

me2

π�2

ˆ
d2x′ nB

TF(x′) ∇2 ln
|x − x′|

B
=

me2

π�2
2π

ˆ
d2x′ nB

TF(x′) δ2(x − x′)

=
2me2

�2
nB

TF(x). (2.45)

Substitute (2.44) and (2.45) into (2.43), to obtain

∇2nB
TF(x) = − 2mZe2

�2
δ2(x) +

2me2

�2
nB

TF(x) (2.46)

which upon multiplying (2.46) by r2, we obtain

r2∇2nB
TF(x) = − 2mZe2

�2
r2δ2(x) +

2me2

�2
r2 nB

TF(x)

= − 2mZe2

�2
rδ(r)δ(θ) +

2me2

�2
r2 nB

TF(x)

(
r2∇2 − 2me2r2

�2

)
nB

TF(x) = − 2mZe2

�2

r δ(r)

2π
(2.47)

where

ˆ ∞

0

r δ(r) dr =0, (2.48a)

r δ(r) =0. (2.48b)
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We set

r

r0

= R. (2.49)

The general solution of (2.47) is given by

nB
TF(R) =C0K0(R) + C1I0(R) (2.50)

where K0 and I0 are modified Bessel functions and

r0 =

(
�

2

2me2

)1/2

. (2.51)

Consider the large R behavior, I0(R) → ∞ for R → ∞ so we have to

choose C1 = 0 and the solution of (2.47) becomes

nB
TF(R) =C0K0(R). (2.52)

To obtain C0, substitute (2.52) into (2.42), we get

Z =C0

ˆ
d2x K0(R)

=C0

ˆ ∞

0

dr

ˆ 2π

0

dθ r K0(R)

=2πr2
0 C0

ˆ ∞

0

dR R K0(R)

=2πr2
0 C0

=2π

(
�

2

2me2

)
C0

C0 =

(
mZe2

π�2

)
(2.53)
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where

ˆ ∞

0

dR R K0(R) =1. (2.54)

Substitute (2.54) into (2.53), to obtain

nB
TF(R) =

(
mZe2

π�2

)
K0(R) , R =

r

r0

. (2.55)

To obtain A and B, by substitute (2.55) into (2.28) , to obtain

(
mZe2

π�2

)
K0

(
r

r0

)
= − mZe2

π�2
ln

|x|
A

+
me2

π�2

ˆ
d2x′ ln

|x − x′|
B

nB
TF(x′)

=Q1(x) + Q2(x) (2.56)

where

Q1(x) = − mZe2

π�2
ln

|x|
A

(2.57)

and

Q2(x) =
me2

π�2

ˆ
d2x′ ln

|x − x′|
B

nB
TF(x′). (2.58)

Let x = 0, the left-hand side of (2.55) will become

(
mZe2

π�2

)
K0(R) �−

(
mZe2

π�2

)
ln R. (2.59)

The first term on the right-hand side of (2.56) becomes

Q1(x) �−
(

mZe2

π�2

)(
ln

Rr0

A

)
. (2.60)
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The second term on right-hand side of (2.56) becomes

Q2(0) =
me2

π�2

[ˆ
d2x′ ln

|x′|
B

nB
TF(x′)

]

=
me2

π�2

[ˆ
d2x′ ln

|x′|
r0

nB
TF(x′) +

ˆ
d2x′ ln

r0

B
nB

TF(x′)
]

=
me2

π�2

[ˆ
d2x′ ln

|x′|
r0

nB
TF(x′) + Z ln

r0

B

]

=
me2

π�2
(r2

0)(2π)

ˆ
dR′ R′ ln R′ nB

TF(R′) +
me2

π�2
Z ln

r0

B

=
me2

π�2

(
�

2

2me2

)
(2π)

(
mZe2

π�2

) ˆ
dR′ R′ ln R′ K0(R

′)

+
me2

π�2
Z ln

r0

B

=
me2

π�2
Z

ˆ
dR′ R′ ln R′ K0(R

′) +
me2

π�2
Z ln

r0

B

=
me2

π�2
Z[−γ + ln 2] +

me2

π�2
Z ln

r0

B
. (2.61)

Referring to (2.59)–(2.61), for R � 0 we obtain

Q1(0) + Q2(0) =

(
mZe2

π�2

)
K0(0)

ln 2 + ln
r0

B
�−

(
mZe2

π�2

)
ln R +

mZe2

π�2

[
ln

Rr0

A
+ γ

]

− ln B = − ln(2r0) (2.62)

giving

B =2r0. (2.63)
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To obtain A, substitute (2.63) into (2.56), to obtain

(
mZe2

π�2

)
K0(R) = − mZe2

π�2
ln

|x|
A

+
me2

π�2

ˆ
d2x′ ln

|x − x′|
2r0

nB
TF(x′)

= − mZe2

π�2
ln

|x|
2r0

+
me2

π�2

ˆ
d2x′ ln

|x − x′|
A

nB
TF(x′)

=Q3(x) + Q4(x) (2.64)

where

Q3(x) = − mZe2

π�2
ln

|x|
2r0

(2.65)

and

Q4(x) =
me2

π�2

ˆ
d2x′ ln

|x − x′|
A

nB
TF(x′). (2.66)

Let x = 0, the left-hand side of (2.64) becomes

(
mZe2

π�2

)
K0(R) �−

(
mZe2

π�2

)
ln R. (2.67)

The first term on right-hand side of (2.64) becomes

Q3(x) �− mZe2

π�2
ln

(
Rr0

2r0

)
. (2.68)

For the second term on right-hand side of (2.64) becomes

Q4(0) =
me2

π�2

[ˆ
d2x′ ln

|x′|
A

nB
TF(x′)

]

=
me2

π�2

[ˆ
d2x′ ln

|x′|
r0

nB
TF(x′) +

ˆ
d2x′ ln

r0

A
nB

TF(x′)
]
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=
me2

π�2

[ˆ
d2x′ ln

|x′|
r0

nB
TF(x′) + Z ln

r0

A

]

=
me2

π�2
(r2

0)(2π)

ˆ
dR′ R′ ln R′ nB

TF(R′) +
me2

π�2
Z ln

r0

A

=
me2

π�2

(
�

2

2me2

)
(2π)

(
mZe2

π�2

) ˆ
dR′ R′ ln R′ K0(R

′)

+
me2

π�2
Z ln

r0

A

=
me2

π�2
Z

ˆ
dR′ R′ ln R′ K0(R

′) +
me2

π�2
Z ln

r0

A

=
me2

π�2
Z[−γ + ln 2] +

me2

π�2
Z ln

r0

A
. (2.69)

Referring to (2.67)- (2.69), for R � 0 we obtain

Q3(0) + Q4(0) =

(
mZe2

π�2

)
K0(0)

ln 2 + ln
r0

A
�−

(
mZe2

π�2

)
ln R +

mZe2

π�2

[
ln

Rr0

A
+ γ

]

− ln A = − ln(2r0) (2.70)

giving

A =2r0. (2.71)

Substituting the values obtained for B and A in (2.63) and (2.71), into (2.26), we

obtain the energy functional F [nB] as

F [nB] =
π�

2

m

ˆ
d2x

[
n(x)

]2
+ 2Ze2

ˆ
d2x ln

( |x|
2r0

)
nB(x)

− e2

ˆ
d2x d2x′ nB(x) ln

( |x − x′|
2r0

)
nB(x′). (2.72)
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From (2.72), with nB = nB
TF, we obtain the energy functional F [nB

TF] :

F [nB
TF] =

π�
2

m

ˆ
d2x
[
nB

TF(x)
]2

+ 2Ze2

ˆ
d2x ln

|x|
2r0

nB
TF(x)

− e2

ˆ
d2x d2x′ nB

TF(x) ln
|x − x′|

2r0

nB
TF(x′). (2.73)

To obtain the ground-state energy of the TF atom F [nB
TF] ≡ EB

TF(Z), we

refer to (2.28) and (2.73) for the kinetic energy term T [nB
TF], given by

T [nB
TF] =

π�
2

m

ˆ
d2x
[
nB

TF(x)
]2

. (2.74)

Substitute (2.55) into (2.74), to obtain

T [nB
TF] =

π�
2

m

ˆ
d2x
[
nB

TF(x)
]2

=
π�

2

m
2π

ˆ ∞

0

dr r
[
nB

TF(r)
]2

=
π�

2

m
2πr2

0

ˆ ∞

0

dR R

(
mZe2

π�2

)2

[K0(R)]2

=
2π2

�
2

m

(
�

2

2me2

)(
mZe2

π�2

)2 ˆ ∞

0

dR R [K0(R)]2

=
1

2
Z2e2 (2.75)

where

ˆ ∞

0

dR R [K0(R)]2 =
1

2
. (2.76)

23



For the particle-nucleus interaction part, we have

Ee−n[nB
TF] =2Ze2

ˆ
d2x ln

( |x|
2r0

)
nB

TF(x)

=2Ze2

ˆ
d2x ln

( |x|
r0

)
nB

TF(x) − 2Ze2

ˆ
d2x nB

TF(x) ln 2

=2Ze2

ˆ
d2x ln

( |x|
r0

)
nB

TF(x) − 2Z2e2 ln 2

=4πZe2

ˆ ∞

0

dr r ln

(
r

r0

)
nB

TF(r) − 2Z2e2 ln 2

=4πZe2r2
0

ˆ ∞

0

dR R ln(R)

(
2mZe2

2π�2

)
K0(R) − 2Z2e2 ln 2

=4πZe2r2
0

Z

2πr2
0

ˆ ∞

0

dR R ln R K0(R) − 2Z2e2 ln 2

=2Z2e2

[ˆ ∞

0

dR R ln R K0(R) − ln 2

]

=2Z2e2 [−γ + ln 2 − ln 2]

= − 2γZ2e2 (2.77)

where

ˆ ∞

0

dR R K0(R) ln R = − γ + ln 2, (2.78a)

γ =0.57722, (2.78b)

ˆ ∞

0

dR R K0(R) =1. (2.78c)
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The particle-particle interaction part is given by

Ee−e[n
B
TF] = − e2

ˆ
d2x d2x′ nB

TF(x) nB
TF(x′) ln

|x − x′|
2r0

= − e2

ˆ
d2x d2x′ nB

TF(x) nB
TF(x′) ln

|x − x′|
2r0

= + (ln 2) 4π2e2C2
0r

4
0

ˆ
dR R K0(R)

ˆ
dR′ R′ K0(R

′)

− e2

ˆ
d2x d2x′ nB

TF(x) nB
TF(x′) ln

|x − x′|
r0

= + e2Z2 ln 2 − e2

ˆ
d2x d2x′ nB

TF(x) nB
TF(x′) ln

|x − x′|
r0

=e2Z2 ln 2 + I1 (2.79)

where

I1 = −e2

ˆ
d2x d2x′ nB

TF(x) ln
|x − x′|

r0

nB
TF(x′). (2.80)

By setting x/r0 = R, we obtain

ˆ
d2x (.) =

ˆ ∞

0

r dr

ˆ 2π

0

dθ (.)

=r2
0

ˆ ∞

0

R dR

ˆ 2π

0

dθ (.)

=r2
0

ˆ
d2R (.). (2.81)

Substitute (2.81) into (2.80), to obtain

I1 = − e2r4
0

ˆ
d2R d2R′ nB

TF(R) ln |R − R′| nB
TF(R′)
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= − 2πe2

(
�

2

2me2

)2(
mZe2

π�2

)2(ˆ ∞

0

dR R K0(R)

ˆ ∞

0

dR′ R′ K0(R
′)

×
ˆ 2π

0

dθ ln(R2 − 2RR′ cos θ + R′2)1/2

)

= − e2Z2

2π

[ˆ ∞

0

dR R K0(R)

ˆ ∞

0

dR′ R′ K0(R
′)

×
ˆ 2π

0

dθ ln(R2 − 2RR′ cos θ + R′2)1/2

]

= − e2Z2

2

ˆ ∞

0

dR R K0(R)

ˆ ∞

0

dR′ R′ K0(R
′) ln R2

>

= − e2Z2

2

ˆ ∞

0

dR R K0(R) f(R) (2.82)

where

ˆ 2π

0

dθ ln(R2 − 2RR′ cos θ + R′2)1/2 =π ln R2
> (2.83)

and

f(R) =

ˆ ∞

0

dR′ R′ K0(R
′) ln R2

>

= ln R2

ˆ R

0

dR′ R′ K0(R
′) +

ˆ ∞

R

dR′ R′ K0(R
′) ln R′2

= ln R2[1 − R K1(R)] +

ˆ ∞

R

dR′ R′ K0(R
′) ln R′2

= ln R2 − R K1(R) ln R2 +

ˆ ∞

R

dR′ R′ K0(R
′) ln R′2. (2.84)

Substitute (2.84) into (2.82), to obtain

I1 = − e2Z2

2

ˆ ∞

0

dR R K0(R) ln R2
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+
e2Z2

2

ˆ ∞

0

dR R2 K0(R) K1(R) ln R2

− e2Z2

2

ˆ ∞

0

dR R K0(R)

ˆ ∞

R

dR′ R′ K0(R
′) ln R′2

= − e2Z2

2
[−2γ + 2 ln 2] +

e2Z2

2
[−1

2
− γ + ln 2] − (0.615932)

e2Z2

2

= − e2Z20.61593 (2.85)

where

ˆ ∞

0

dR R K0(R)

ˆ ∞

R

dR′ R′ K0(R
′) ln R′2

=

ˆ ∞

0

dR R K0(R)

ˆ ∞

0

dR′ R′ K0(R
′) ln R′2

−
ˆ ∞

0

dR R K0(R)

ˆ R

0

dR′ R′ K0(R
′) ln R′2

= − 2γ + 2 ln 2 − (−0.384068)

=0.615931. (2.86)

Substitute (2.86) into (2.79), to obtain the value for the ground-state energy of

the TF atom EB
TF

[
nB

TF

]
in 2-dimensions

EB
TF[nB

TF] =T (nB
TF) + Een(nB

TF) + Ee−e(n
B
TF)

=

(
1

2
Z2e2

)
− (2γZ2e2

)
+
(
Z2e2 ln 2 − (0.615931)Z2e2

)

EB
TF[nB

TF] = − (0.576486)Z2e2. (2.87)
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For the TF potential energy V B
TF(x) we have from (2.19) and (2.34)

∇2V B
TF(x)(x) = 4π Ze2 δ2(x) − 4π e2nB

TF(x) (2.88)

with the first term corresponding to the nucleus at the origin, while the second

term corresponds to the particle density. Upon integration over x, and using

(2.42), we obtain ˆ
d2x ∇2V (x) = 0 (2.89)

verifying the neutrality of atom.

It remains to show that nB
TF provides the smallest possible value for F [nB]

in (2.72), that is

F [σ] � F [nB
TF]. (2.90)

To the above end, define a priori a density functional for an arbitrary

density ρ(x) � 0 by

F [ρ] =C

ˆ
d2x [ρ(x)]2 + 2Ze2

ˆ
d2x ln

|x|
A

ρ(x)

− e2

ˆ
d2x d2x′ ρ(x) ln

|x − x′|
B

ρ(x′) (2.91)

where

C =
π�

2

m
. (2.92)

We define the Fourier transform for real function ρ(x)

ρ(x) =

ˆ
d2p

(2π�)2
ρ̃(p) eip·x/�, (2.93a)

ρ̃∗(p) =

ˆ
d2x ρ∗(x) eip·x/� =

ˆ
d2x ρ(x) eip·x/�. (2.93b)

We show that the third term on the right-hand side of (2.91) is positive,
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we start from the solution of the Poisson’s equation in (2.19), giving

ln
|x − x′|

B
=2π

(∇2
)−1

δ2(x − x′). (2.94)

Substitute into the third term on the right-hand side of (2.91), to obtain

−
ˆ

d2xd2x′ρ(x) ln
|x − x′|

B
ρ(x′)

= −2π

ˆ
d2x d2x′ρ(x)

(∇2
)−1

δ2(x − x′) ρ(x′). (2.95)

We use an integral representation of the delta function in 2-dimensions in (2.94)

and the Fourier transform of ρ̃(p) in (2.93), then apply to (2.95), to obtain

−
ˆ

d2x d2x′ρ(x) ln
|x − x′|

B
ρ(x′)

= −2π

ˆ
d2p

(2π�)2

ˆ
d2x d2x′ρ(x) ρ(x′)

(∇2
)−1

eip·(x−x′)

= −2π

ˆ
d2p

(2π�)2

ˆ
d2x d2x′ρ(x) ρ(x′) e−ip·x′/�

(∇2
)−1

eip·x/�.

(2.96)

The Fourier transform of ρ(x) is

ρ̃(p) =

ˆ
d2x′ ρ(x′) e−ip·x′/�. (2.97)

and

∇2eip·x/� = −
(p

�

)2

eip·x/�, (2.98a)

(∇2
)−1

eip·x/� = −
(

�

p

)2

eip·x/�. (2.98b)
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Apply (2.97) and (2.98) into (2.96), to get

−
ˆ

d2xd2x′ρ(x) ln
|x − x′|

B
ρ(x′)

=2π

ˆ
d2p

(2π�)2

ˆ
d2x d2x′ ρ(x) ρ(x′) e−ip·x′/�

(
�

p

)2

eip·x/�

=2π

ˆ
d2p

(2π)2

ˆ
d2x ρ(x) ρ̃(p)

1

p2
eip·x/�. (2.99)

Since ρ(x) is real function, i.e., ρ(x) = ρ∗(x), we have

ρ(x) =

ˆ
d2p′

(2π�)2
ρ̃∗(p′) e−ip′·x. (2.100)

Substitute (2.100) into (2.99), to obtain

−
ˆ

d2xd2x′ρ(x) ln
|x − x′|

B
ρ(x′)

=2π

ˆ
d2p

(2π�)2

ˆ
d2p′

(2π)2

ˆ
d2x e−ip′·x ρ̃∗(p′) ρ̃(p)

1

p2
eip·x/�

=2π

ˆ
d2p

(2π)2

ˆ
d2p′

(2π�)2
ρ̃∗(p′) ρ̃(p)

1

p2

ˆ
d2x ei(p−p′)·x. (2.101)

By using an integral representation of the delta function in 2-dimensions :

δ2(p − p′) =

ˆ
d2x

(2π�)2
ei(p−p′)·x, (2.102a)

F (p) =

ˆ
d2p′ F (p′) δ2(p − p′). (2.102b)

Applying into (2.101), to obtain

−
ˆ

d2xd2x′ρ(x) ln
|x − x′|

B
ρ(x′)
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=2π

ˆ
d2p

(2π)2
ρ̃(p)

1

p2
(2π�)2

ˆ
d2p′

(2π�)2
ρ̃∗(p′) δ2(p − p′)

=2π

ˆ
d2p

(2π)2
ρ̃(p)

1

p2
ρ̃∗(p)

=2π

ˆ
d2p

(2π)2
|ρ̃(p)|2 1

p2
. (2.103)

So that, from (2.103), we have

−e2

ˆ
d2x d2x′ρ(x) ln

|x − x′|
B

ρ(x′) � 0 (2.104)

Let

ρ(x) =tρ1(x) + βρ2(x) ≡ tρ1 + βρ2 (= ρ), (2.105a)

ρ(x′) =tρ1(x
′) + βρ2(x

′) ≡ tρ′
1 + βρ′

2 (= ρ′), (2.105b)

1 =t + β, (2.105c)

β =(1 − t), (2.105d)

where 0 ≤ t ≤ 1 and ρ1, ρ2 � 0.

For any real ρ1, ρ2, we obtain the inequality

t2(ρ1 − ρ2)
2 ≤ t(ρ1 − ρ2)

2

t2(ρ2
1 − 2ρ1ρ2 + ρ2

2) ≤ t(ρ2
1 − 2ρ1ρ2 + ρ2

2)

t2ρ2
1 − 2t2ρ1ρ2 + t2ρ2

2 ≤ tρ2
1 − 2tρ1ρ2 + tρ2

2. (2.106)
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Subtracting the both-sides of (2.106) by 2tρ2
2, gives

t2ρ2
1 − 2t2ρ1ρ2 + t2ρ2

2 − 2tρ2
2 ≤ tρ2

1 − 2tρ1ρ2 + tρ2
2 − 2tρ2

2

t2ρ2
1 − 2t2ρ1ρ2 + t2ρ2

2 − 2tρ2 ≤ tρ2
1 − 2tρ1ρ2 − tρ2

2. (2.107)

Add to both-sides of (2.107) the expressions ρ2
2 + 2tρ1ρ2, to obtain

t2ρ2
1 − 2t2ρ1ρ2 + t2ρ2

2 − 2tρ2 + ρ2
2 + 2tρ1ρ2 ≤ tρ2

1 − tρ2
2 + ρ2

2. (2.108)

The left-hand side of (2.108) can be rewritten as

t2ρ2
1 − 2t2ρ1ρ2+t2ρ2

2 − 2tρ2 + ρ2
2 + 2tρ1ρ2

=t2ρ2
1 + (1 + t2 − 2t)ρ2

2 + 2t(1 − t)ρ1ρ2

=t2ρ2
1 + (1 − t)2ρ2

2 + 2t(1 − t)ρ1ρ2

=(tρ1 + (1 − t)ρ2)
2. (2.109)

Also the right-hand side of (2.108) is given by

tρ2
1 − tρ2

2 + ρ2
2 =t (ρ1)

2 + (1 − t) (ρ2)
2 . (2.110)

Substitute (2.109) and (2.110), to obtain the elementary inequality

(
tρ1 + (1 − t)ρ2

)2 ≤ t (ρ1)
2 + (1 − t) (ρ2)

2 . (2.111)

Also

[
tρ1 + (1 − t)ρ2

][
tρ′

1 + (1 − t)ρ′
2

]
=t2ρ1ρ

′
1 + (1 − t)2ρ2ρ

′
2 + t(1 − t)ρ1ρ

′
2
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+ t(1 − t)ρ′
1ρ2

=t2ρ1ρ
′
1 + ρ2ρ

′
2 − t2ρ2ρ

′
2 + tρ1ρ

′
2 − tρ′

1ρ2

+ tρ′
1ρ2 − t2ρ′

1ρ2

=t2ρ1ρ
′
1 + ρ2ρ

′
2 − t2ρ2ρ

′
2 + tρ1ρ

′
2 − tρ′

1ρ2

+ tρ′
1ρ2 − t2ρ′

1ρ2 + tρ1ρ
′
1 − tρ1ρ

′
1

=tρ1ρ
′
1 + (1 − t)ρ2ρ

′
2

− t(1 − t)(ρ1 − ρ2)(ρ
′
1 − ρ′

2)

∴
[
tρ1 + (1 − t)ρ2

][
tρ′

1 + (1 − t)ρ′
2

]
=tρ1ρ

′
1 + (1 − t)ρ2ρ

′
2

− t(1 − t)(ρ1 − ρ2)(ρ
′
1 − ρ′

2). (2.112)

From (2.104), replace ρ(x) by
[
ρ1(x)−ρ2(x)

]
and replace ρ(x′) by

[
ρ1(x

′)−
ρ2(x

′)
]
, to obtain

−
ˆ

d2x d2x′ [ρ1(x) − ρ2(x)
]
ln

|x − x′|
2r0

[
ρ1(x

′) − ρ2(x
′)
]

� 0. (2.113)

From (2.91) and (2.105), replace ρ(x) by
[
tρ1 + (1 − t)ρ2

]
and ρ(x′) by[

tρ′
1 + (1 − t)ρ′

2

]
, to obtain

F
[
tρ1 + (1 − t)ρ2

]
=A

ˆ
d2x
[
tρ1 + (1 − t)ρ2

]2

+ 2Ze2

ˆ
d2x ln

|x|
A

[
tρ1 + (1 − t)ρ2

]
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− e2

ˆ
d2x d2x′[tρ1 + (1 − t)ρ2

]
ln

|x − x′|
B

[
tρ′

1 + (1 − t)ρ′
2

]
.

(2.114)

Consider the first term on the right-hand side of (2.114), by using, in the

process, the elementary inequality in (2.111) giving

A

ˆ
d2x
[
tρ1 + (1 − t)ρ2

]2 ≤ A

ˆ
d2x

(
t (ρ1)

2 + (1 − t) (ρ2)
2)

=A

ˆ
d2x t (ρ1)

2 + A

ˆ
d2x (1 − t) (ρ2)

2

∴ A

ˆ
d2x
[
tρ1 + (1 − t)ρ2

]2 ≤ t

(
A

ˆ
d2x (ρ1)

2

)
+ (1 − t)

(
A

ˆ
d2x (ρ2)

2

)
.

(2.115)

Consider the second term on the right-hand side of (2.114) we may write

2Ze2

ˆ
d2x ln

|x|
A

[
tρ1 + (1 − t)ρ2

]
=2Ze2

ˆ
d2x ln

|x|
A

tρ1

+ 2Ze2

ˆ
d2x ln

|x|
A

(1 − t)ρ2

=t

(
2Ze2

ˆ
d2x ln

|x|
A

ρ1

)

+ (1 − t)

(
2Ze2

ˆ
d2x ln

|x|
A

ρ2

)
.

(2.116)

Consider the third term on the right-hand side of (2.114), by using (2.112),

to obtain

−e2

ˆ
d2x d2x′[tρ1 + (1 − t)ρ2

]
ln

|x − x′|
B

[
tρ′

1 + (1 − t)ρ′
2

]
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= − e2

ˆ
d2x d2x′ ln

|x − x′|
B

tρ1ρ
′
1 − e2

ˆ
d2x d2x′ ln

|x − x′|
B

(1 − t)ρ2ρ
′
2

+ e2

ˆ
d2x d2x′ ln

|x − x′|
B

(t(1 − t)(ρ1 − ρ2)(ρ
′
1 − ρ′

2)) . (2.117)

From (2.113), the left-hand side of (2.117) is positive, so that (2.117) can

be rewritten as

−e2

ˆ
d2x d2x′[tρ1 + (1 − t)ρ2

]
ln

|x − x′|
B

[
tρ′

1 + (1 − t)ρ′
2

]

≤ − t

(
e2

ˆ
d2x d2x′ ln

|x − x′|
B

ρ1ρ
′
1

)

− (1 − t)

(
e2

ˆ
d2x d2x′ ln

|x − x′|
B

ρ2ρ
′
2

)
. (2.118)

Substitute (2.115), (2.116) and (2.118) into (2.114), to obtain

F
[
tρ1 + (1 − t)ρ2

] ≤ t

(
A

ˆ
d2x (ρ1)

2

)
+ (1 − t)

(
A

ˆ
d2x (ρ2)

2

)

+ t

(
2Ze2

ˆ
d2x ln

|x|
A

ρ1

)

+ (1 − t)

(
2Ze2

ˆ
d2x ln

|x|
A

ρ2

)

− t

(
e2

ˆ
d2x d2x′ ln

|x − x′|
B

ρ1ρ
′
1

)

− (1 − t)

(
e2

ˆ
d2x d2x′ ln

|x − x′|
B

ρ2ρ
′
2

)

=t

(
A

ˆ
d2x (ρ1)

2 + 2Ze2

ˆ
d2x ln

|x|
A

ρ1

−e2

ˆ
d2x d2x′ ln

|x − x′|
B

ρ1ρ
′
1

)
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+ (1 − t)

(
A

ˆ
d2x (ρ2)

2 + 2Ze2

ˆ
d2x ln

|x|
A

ρ2

−e2

ˆ
d2x d2x′ ln

|x − x′|
B

ρ2ρ
′
2

)
. (2.119)

Refer to (2.91), to write

F [ρ1] =A

ˆ
d2x (ρ1)

2 + 2Ze2

ˆ
d2x ln

|x|
A

ρ1

− e2

ˆ
d2x d2x′ ln

|x − x′|
B

ρ1 ρ′
1 (2.120)

and

F [ρ2] =A

ˆ
d2x (ρ2)

2 + 2Ze2

ˆ
d2x ln

|x|
A

ρ2

− e2

ˆ
d2x d2x′ ln

|x − x′|
B

ρ2 ρ′
2. (2.121)

Substitute (2.119) and (2.121) into the right- hand side of inequality (2.119), to

derive the bound :

F
[
tρ1 + (1 − t)ρ2

] ≤ tF [ρ1] + (1 − t)F [ρ2]. (2.122)

Also, from (2.114), we have

d

dt
F
[
tρ1 + (1 − t)ρ2

]
=2A

ˆ
d2x
[
tρ1 + (1 − t)ρ2

]
(ρ1 − ρ2)

+ 2Ze2

ˆ
d2x ln

|x|
2r0

(ρ1 − ρ2)

− 2e2

ˆ
d2x d2x′ ln

|x − x′|
2r0

[
tρ′

1 + (1 − t)ρ′
2

]
(ρ1 − ρ2)

(2.123)
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and

d

dt
F
[
tρ1 + (1 − t)ρ2

]∣∣∣∣
t=0

=

ˆ
d2x (ρ1 − ρ2)

[
2Aρ2 + Ze2 ln

|x|
2r0

− e2

ˆ
d2x′ ρ′

2 ln
|x − x′|

2r0

]
. (2.124)

By choosing ρ2 = nB
TF, and ρ1 = σ � 0 arbitrary, we conclude from (2.28)

and (2.42) that the expression within the square brackets in (2.116) is zero, thus

d

dt
F
[
tσ + (1 − t)nB

TF

]∣∣∣∣
t=0

= 0. (2.125)

Also (2.106) leads to the bound

F
[
σ
]− F

[
nB

TF

]
�

F
[
tσ + (1 − t)nB

TF

]− F
[
nB

TF

]
t

. (2.126)

Since the left-hand side of (2.126) is independent of t, we may take the

limit t → 0, leading to

F
[
σ
]− F

[
nB

TF

]
� lim

t→0

(
F
[
tσ + (1 − t)nB

TF

]− F
[
nB

TF

]
t

)
(2.127)

and use (2.125) to conclude that

F
[
σ
]

� F
[
nB

TF

]
(2.128)

with the TF density nB
TF providing the smallest possible value for the energy

functional in (2.91).
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2.3 Lower Bound to the Expectation Value of The Exact

Kinetic Energy

We first consider the Hamiltonian of a single particle

H = H0 + V (2.129)

where H0 is the free Hamiltonian p2/2m.

By introducing a variable coupling parameter g � 0, with g = 1 corre-

sponding to above the Hamiltonian, we rewrite (2.129) in the form

H(g) = H0 + gV (x). (2.130)

We rewrite the potential, by using in the process the step function

V (x) =V (x)(1)

=V (x) [Θ(V (x)) + Θ(−V (x))]

=V (x)Θ(V (x)) + V (x)Θ(−V (x))

�V (x)Θ(−V (x)). (2.131)

Since V (x)Θ(V (x)) � 0, where Θ(V (x)) + Θ(−V (x)) = 1.

Let −v = V (x)Θ(−V (x)) where v(x) � 0, from (2.131) we then obtain

V (x) � − v(x). (2.132)
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Substitute this into (2.130), to obtain

H(g) =H0 + gv(x)

H(g) �H0 − gv(x). (2.133)

Let N−ξ(H(g)) denote the number of eigenvalues of Hg ≤ −ξ, with ξ > 0.

For future developments, we establish an order relationship between the eigen-

values of two self-adjacent operators H(g) and H0 − gv(x), whose spectra are

bounded from below, such that for all vectors |Φ〉 in their domains, we obtain

〈Φ|H(g)|Φ〉 � 〈Φ|H0 − gv(x)|Φ〉 � −ξ. (2.134)

Also the number of bound-state of H0 − gv(x) cannot be less than those of H(g),

N−ξ (H0 − gv(x)) � N−ξ (H0 + gv(x)) . (2.135)

Similarly 0 < g′ < g,

H0 − g′v(x) �H0 − gv(x) (2.136)

and

N−ξ (H0 − gv(x)) � N−ξ (H0 − g′v(x)) . (2.137)

From (2.131)–(2.137), we have the important relation :

N−ξ (H0 − v(x)) = [Number of g′’s in 0 < g′ ≤ g for which

H0 − g′v(x) has the eigenvalue = −ξ] (2.138)
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so that H0 − g′v(x) has energy ≡ −ξ.

From (2.138), we introduce the new eigenvalue equation :

(H0 − g′v(x)) |Φ〉 = − ξ |Φ〉 , 〈Φ| Φ〉 = 1

(
p2

2m
− g′v(x)

)∣∣∣∣Φ
〉

= − ξ |Φ〉

(
p2

2m
+ ξ

)∣∣∣∣Φ
〉

=g′v(x)|Φ〉

=g′√v(x)
√

v(x) |Φ〉

=g′√v(x) |Φ〉 (2.139)

where |Φ〉 =
√

v(x) |Φ〉.
Multiply (2.139) by

√
v(x), to obtain

√
v(x)

(
p2

2m
+ ξ

)∣∣∣∣Φ
〉

=g′√v(x)
√

v(x)|Φ〉

√
v(x) |Φ〉 =g′√v(x)

1(
p2

2m
+ ξ
)√v(x)|Φ〉

|Φ〉 =g′A|Φ〉

A|Φ〉 =
1

g′ |Φ〉 (2.140)

where A is the positive operator

A =
√

v(x)
1(

p2

2m
+ ξ
)√v(x) (2.141)
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The eigenvalue of the operator A is 1/g′ and 0 < g′ < g. Also

Aρ =
∞∑

j=1

1

g′ρ
j

|g′
j〉〈g′

j|. (2.142)

From earlier equations, (2.129)–(2.141), for ρ � 0, in particular we recall

that

ˆ
dνx 〈x|Aρ |x〉 � 1

gρ
× [Number of all g′’s as eigenvalues of A

in 0 < g′ ≤ g for which H0 − g′v(x)

has the eigenvalue = −ξ] . (2.143)

From (2.133) and (2.143), we obtain the so-called Schwinger inequality :

N−ξ (H0 − gv(x)) ≤ gρ

ˆ
dνx 〈x|Aρ |x〉 . (2.144)

In two dimensions (ν = 2), we choose ρ = 2 on the right-hand side of

(2.143). Thus with the definition of A in (2.141), we obtain for the right-hand

side of (2.143) with g = 1

ˆ
d2x 〈x|A2 |x〉 =

ˆ
d2x

ˆ
d2x′ 〈x|A |x′〉 〈x′|A |x〉

=

ˆ
d2x

ˆ
d2x′ 〈x|A |x′〉 〈x|A |x′〉∗

=

ˆ
d2x

ˆ
d2x′ |〈x|A |x′〉|2

=

ˆ
d2x

ˆ
d3x′ v(x) v(x′)

∣∣∣∣∣∣
〈

x

∣∣∣∣∣∣
1[

p2

2m
+ ξ
]
∣∣∣∣∣∣x′
〉∣∣∣∣∣∣

2

. (2.145)
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For
〈
x

∣∣∣∣[ p2

2m
+ ξ
]−1
∣∣∣∣x′
〉

, denote
[

p2

2m
+ ξ
]−1

by Â(p), to obtain

〈
x

∣∣∣∣∣∣
1[

p2

2m
+ ξ
]
∣∣∣∣∣∣x′
〉

=
〈
x
∣∣∣Â(p)

∣∣∣x′
〉

=

ˆ
d2p

(2π�)2

ˆ
d2p′

(2π�)2
〈x | p〉

〈
p
∣∣∣Â(p)

∣∣∣p′
〉
〈p′ | x′〉

=

ˆ
d2p

(2π�)2

ˆ
d2p′

(2π�)2
eip

�
·x
〈
p
∣∣∣Â(p)

∣∣∣p′
〉

e−ip
′

�
·x′

=

ˆ
d2p

(2π�)2

ˆ
d2p′

(2π�)2
ei(p·x−p′ ·x′)/�

〈
p
∣∣∣Â(p)

∣∣∣p′
〉

=

ˆ
d2p

(2π�)2

ˆ
d2p′

(2π�)2
ei(p·x−p′ ·x′)/� Â(p) (2π�)2 δ2 (p − p′)

=

ˆ
d2p

(2π�)2
Â(p) (2π�)2

ˆ
d2p′

(2π�)2
ei(p·x−p′ ·x′)/�δ2 (p − p′)

=

ˆ
d2p

(2π�)2
Â(p) eip·(x−x′)/�

=

ˆ
d2p

(2π�)2

eip·(x−x′)/�[
p2

2m
+ ξ
] , η = |x − x′|

=
1

(2π�)2

ˆ ∞

0

p dp(
p2

2m
+ ξ
) ˆ 2π

0

dθ eiηp cos θ/�. (2.146)

The angular part is given by

ˆ 2π

0

dθ eiηp cos θ/� =2π J0(
pη

�
) (2.147)

where J0(x) is the Bessel function of order zero. On other hand,

ˆ ∞

0

dx
x

(x2 + a2)
J0(x) =K0(ax) (2.148)
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where K0(ax) is the modified Bessel function of order zero.

Apply (2.147) and (2.148) to (2.146), to obtain

〈
x

∣∣∣∣∣∣
1[

p2

2m
+ ξ
]
∣∣∣∣∣∣x′
〉

=
1

(2π�)2

ˆ ∞

0

p dp(
p2

2m
+ ξ
) ˆ 2π

0

dθ eiηp cos θ/�, η = |x − x′|

=
m

π�2
K0

( |x − x′|
�

)√
2mξ. (2.149)

Substitute (2.149) into (2.145), to obtain

ˆ
d2x 〈x|A2 |x〉

=

ˆ
d2x

ˆ
d3x′ v(x) v(x′)

(
m

π�2
K0

( |x − x′|
�

)√
2mξ

)2

=
( m

π�2

)2
ˆ

d2x

ˆ
d3x′ v(x) v(x′)

(
K0

( |x − x′|
�

)√
2mξ

)2

. (2.150)

We use Young’s inequality

∣∣∣∣
ˆ

d2x

ˆ
d2x′f(x)g(x − x′)h(x′)

∣∣∣∣ ≤
{ˆ

d2x |f(x)|p
}1/p{ˆ

d2x |g(x)|q
}1/q

×
{ˆ

d2x|h(x)|s
}1/s

(2.151)

with p = 2, s = 2, q = 1 and

f(x) =v(x), (2.152)

g(x − x′) =

(
K0

( |x − x′|
�

)√
2mξ

)2

, (2.153)

h(x′) =v(x′), (2.154)
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to obtain

∣∣∣∣∣
ˆ

d2x

ˆ
d2x′ v(x)

e−2|x−x′ |√2mξ/�

|x − x′|2 v(x′)

∣∣∣∣∣

≤
(ˆ

d2x |v(x)|2
)1/2

(ˆ
d2x

∣∣∣∣∣
(

K0

( |x − x′|
�

)√
2mξ

)2
∣∣∣∣∣
)

×
(ˆ

d2x |v(x)|2
)1/2

=

(ˆ
d2x (v(x))2

)1/2(ˆ
d2x (v(x))2

)1/2

×
(ˆ

d2x

∣∣∣∣∣
(

K0

( |x − x′|
�

)√
2mξ

)2
∣∣∣∣∣
)

∴
ˆ

d2x

ˆ
d2x′ v(x)

e−2|x−x′ |√2mξ/�

|x − x′|2 v(x′)

≤
(ˆ

d2x (v(x))2

)(ˆ
d2x

∣∣∣∣∣
(

K0

( |x − x′|
�

)√
2mξ

)2
∣∣∣∣∣
)

. (2.155)

By using the integral

ˆ
d2x

[
K0

( |x|
�

√
2mξ

)]2

=
π�

2

2mξ
(2.156)

we then have

ˆ
d2x 〈x|A2 |x〉 =

m

2�2

1

πξ

ˆ
d2 xv2(x). (2.157)

From (2.144), this gives

N−ξ (H0 − gv(x)) ≤ m

2�2

1

πξ

ˆ
d2x v2(x). (2.158)
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From (2.158) we have N−ξ (H0 − v(x)) < 1 if we choose

ξ =
m

2�2

(1 + δ)

π

ˆ
d2x v2(x), δ > 0 (2.159)

or

−ξ = − m

2�2

(1 + δ)

π

ˆ
d2x v2(x). (2.160)

On the other hand, N−ξ(p
2/2m−v(x)) < 1, implies that N−ξ(p

2/2m−v(x)) = 0,

since N−ξ must be a natural number, and the right-hand side of (2.160) provides

a lower bound to the spectrum of [p2/2m − v(x)] since its spectrum would then

be empty for energies −ξ. That is, (2.160) gives the following lower bound for the

ground-state energy of the Hamiltonian,

− m

2�2

(1 + δ)

π

ˆ
d2x v2(x). (2.161)

For one particle systems, we first obtain a lower bound for T . First we

consider the one particle state with normalization condition
´

d2x ρ(x) = 1 and

define the positive function

v(x) = γ
ρα(x)´

d2x ρα+1(x)
T (2.162)

where α, γ are to be determined, and v(x) is not the potential energy for any

Hamiltonian. It is just introduced in order to be able to obtain a lower bound for

T . Substitution (2.162) into 〈Φ |H0 − v(x)|Φ〉, to obtain

〈
Φ

∣∣∣∣ p2

2m
− v(x)

∣∣∣∣Φ
〉

= −(γ − 1) T (2.163)
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and in reference to the bound in (2.161), we have

〈
Φ

∣∣∣∣ p2

2m
− v(x)

∣∣∣∣Φ
〉

� − m

2�2

(1 + δ)

π

ˆ
d2x v2(x). (2.164)

From (2.163) and (2.164), we may infer that

−(γ − 1) T � − m

2�2

(1 + δ)

π

ˆ
d2x v2(x)

= − m

2�2

(1 + δ)

π

ˆ
d2x

(
γ

ρα(x)´
d2x ρα+1(x)

T

)2

= − T 2γ2 m

2�2

(1 + δ)

π

´
d2x ρ2α(x)(´

d2x ρα+1(x)
)2

(γ − 1) T ≤ T 2γ2 m

2�2

(1 + δ)

π

´
d2x ρ2α(x)(´

d2x ρα+1(x)
)2 . (2.165)

This suggests to choose 2α = α + 1, giving α = 1. So the inequality in (2.165)

becomes

(γ − 1) T ≤ T 2γ2 m

2�2

(1 + δ)

π

´
d2x ρ2(x)(´
d2x ρ2(x)

)2

= T 2γ2 m

2�2

(1 + δ)

π

1´
d2x ρ2(x)

T � (γ − 1)

γ2

2�
2π

m(1 + δ)

ˆ
d2x ρ2(x). (2.166)

Optimizing (2.166) over γ

d

dγ

γ − 1

γ2
=0

−1

γ2
+

2

γ3
=0 (2.167)
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gives

γ =2. (2.168)

Substitute γ from (2.168) into (2.166), to obtain the following bound for the

expectation value of the kinetic energy T (for one particle systems)

T � π

(1 + δ)

�
2

2m

ˆ
d2x ρ2(x) (2.169)

for arbitrary small δ > 0.

For multi-particle systems, consider N identical bosons, each of mass m

and introduce the particle number density in two dimensions :

ρ(x) = N

ˆ
d2x2...d

2xN |Φ(x,x2, ...,xN)|2 , (2.170)

The total number of particles N is given self consistently from the normal-

ization condition

ˆ
d2x ρ(x) = N. (2.171)

In reference to (2.162), with γ = 2, α = 1, we obtain the expression for the

positive function v(x)

v(x) = 2
ρ(x)´

d2x ρ2(x)
T (2.172)

where

T =

〈
Φ

∣∣∣∣∣
N∑

i=1

p2
i

2m

∣∣∣∣∣Φ
〉

. (2.173)
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It is easily verified that

〈
Φ

∣∣∣∣∣
N∑

i=1

v(xi)

∣∣∣∣∣Φ
〉

= 2T (2.174)

where
N∑

i=1

v(xi) = v(x) and v(x) is not the potential energy for any Hamiltonian.

It is just introduced in order to be able to obtain the expectation value of the

kinetic energy T (for N identical bosons) in two dimensions.

We consider the operator

N∑
i=1

[
p2

i

2m
− v(xi)

]
(2.175)

defining a hypothetical Hamiltonian of N non-interacting bosons which, however,

interact with the external “potential” v(x).

From (2.173) and (2.174), we have

〈
Φ

∣∣∣∣∣
N∑

i=1

[
p2

i

2m
− v(xi)

]∣∣∣∣∣Φ
〉

= − T. (2.176)

To obtain a lower bound to the spectrum of the “Hamiltonian” (operator) in

(2.175), we can put N bosons in the same state without Pauli’s exclusion principle

(put all of the N bosons at the bottom of the spectrum of
[

p2
i

2m
− v(xi)

]
. Hence

the Hamiltonian (2.176) is bounded below by N times the ground-state energy in

(2.161). This is for N identical bosons we have

〈
Φ

∣∣∣∣∣
N∑

i=1

[
p2

i

2m
− v(xi)

]∣∣∣∣∣Φ
〉

� − mN

2�2

(1 + δ)

π

ˆ
d2x v2(x). (2.177)

Substituting (2.172), (2.176) into (2.177) and using the normalization condition
´

d2x ρ(x) = N , we obtain for the expectation value of the kinetic energy T (for
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N identical bosons)

−T � − Nm

2�2

(1 + δ)

π

ˆ
d2x

(
2

ρ(x)´
d2x ρ2(x)

T

)2

= − 4NT 2 m

2�2

(1 + δ)

π

1´
d2x ρ2(x)

T � π

N(1 + δ)

�
2

2m

ˆ
d2x ρ2(x) (2.178)

2.4 A Thomas-Fermi Energy Functional and a Lower Bound

for The repulsive Interaction

For symmetric normalized functions Φ(x1, . . . ,xN) of N particles, we have

for the expectation value of the Hamiltonian H

〈Φ|H |Φ〉 =
N∑

i=1

〈Φ| p2
i

2m
|Φ〉 + 2

N∑
i=1

k∑
j=1

Zje
2 〈Φ| ln |xi − Rj|

2r0

|Φ〉

− 2
N∑

i<j

e2 〈Φ| ln |xi − xj|
2r0

|Φ〉

− 2
k∑

i<j

ZiZje
2 〈Φ| ln |Ri − Rj|

2r0

|Φ〉 (2.179)

To derive a lower bound to this expectation value, we recall the definition of

particle density

ρ(x) = N

ˆ
d2x2 . . . d2xN |Φ(x,x2, . . . ,xN)|2 (2.180)

normalized to

ˆ
d2x ρ(x) = N (2.181)
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and

〈Φ|Φ〉 =

ˆ
d2x, d2x2...d

2xN Φ∗(x,x2, ...,xN) Φ(x,x2, ...,xN)

=

ˆ
d2x, d2x2...d

2xN |Φ(x,x2, ...,xN)|2

=1. (2.182)

The lower bound (2.17) to the expectation value of the kinetic energy for particles

of mass βm is then given by :

N∑
i=1

〈Φ| p2
i

2mβ
|Φ〉 >

π�
2

Nmβ(1 + δ)

ˆ
d2x [ρ(x)]2 (2.183)

where β > 0.

In reference to the second term on the right-hand side of (2.179), substitute

(2.180) into (2.179), giving

2
N∑

i=1

k∑
j=1

Zje
2 〈Φ| ln |xi − Rj|

2r0

|Φ〉

=2

ˆ
d2x, d2x2, . . . , d

2xN Φ∗(x,x2, . . . ,xN)

×
(

N∑
i=1

k∑
j=1

e2Zj ln
|xi − Rj|

2r0

)
Φ(x,x2, . . . ,xN)

=2
k∑

j=1

N∑
i=1

ˆ
d2x, d2x2, . . . , d

2xN Φ∗(x,x2, . . . ,xN)

×
(

e2Zj ln
|xi − Rj|

2r0

)
Φ(x,x2, . . . ,xN)
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=2
k∑

j=1

N∑
j=1

ˆ
d2x e2Zj ln

|xi − Rj|
2r0

×
∑

σ1,...,σN

ˆ
d2x2, . . . , d

2xN |Φ(x,x2, . . . ,xN)|2

=2
k∑

j=1

ˆ
d2x e2Zj ln

|x − Rj|
2r0

ρ(x)

N

+ 2
k∑

j=1

ˆ
d2x2 e2Zj ln

|x2 − Rj|
2r0

ρ(x2)

N

+ . . . + 2
k∑

j=1

ˆ
d2xN e2Zj ln

|xN − Rj|
2r0

ρ(xN)

N

= . . . + 2
k∑

j=1

e2Zj

ˆ
d2x ρ(x) ln

|x − Rj|
2r0

. (2.184)

In reference to the third term on the right-hand side of (2.179), we first note that

−2
N∑

i<j

e2 〈Φ| ln |xi − xj|
2r0

|Φ〉 = −e2

ˆ
d2x′
ˆ

d2x ρ(x) ln
|x − x′|

2r0

ρ(x′) (2.185)

and for the fourth term on the right-hand side of (2.179) , we may write

−2
k∑

i<j

ZiZje
2 〈Φ| ln |Ri − Rj|

2r0

|Φ〉 = − 2
k∑

i<j

ZiZje
2 ln

|Ri − Rj|
2r0

〈Φ |Φ〉

= − 2
k∑

i<j

ZiZje
2 ln

|Ri − Rj|
2r0

. (2.186)

From (2.183)–(2.186), we obtain the following lower bound for (2.179)

〈Φ|H |Φ〉 >
π�

2

Nmβ

ˆ
d2x [ρ(x)]2 + 2

k∑
j=1

e2Zj

ˆ
d2x ρ(x) ln

|x − Rj|
2r0

51



− e2

ˆ
d2x d2x′ ρ(x) ln

|x − x′|
2r0

ρ(x′)

− 2
k∑

i<j

ZiZje
2 ln

|Ri − Rj|
2r0

(2.187)

by closing δ arbitrary small.

We define an energy functional F [ρ] in 2-dimensions by

F [ρ; Z1, . . . , Zk,R1, . . . ,Rj] =
π�

2

Nmβ

ˆ
d2x [ρ(x)]2

+ 2
k∑

j=1

e2Zj

ˆ
d2x ρ(x) ln

|x − Rj|
2r0

− e2

ˆ
d2x d2x′ ρ(x) ln

|x − x′|
2r0

ρ(x′)

− 2
k∑

i<j

ZiZje
2 ln

|Ri − Rj|
2r0

(2.188)

depending on positive parameters Z1, . . . , Zk and R1, . . . ,Rj.

Optimize (2.188) over ρ(x), by taking the functional derivative of (2.188),

with respect to ρ(x), equal to zero, to obtain

0 =
δF [ρ]

δρ(x)

=
2π�

2

Nmβ
ρ(x) + 2e2

k∑
j=1

Zj ln
|x − Rj|

2r0

− 2e2

ˆ
d2x′ ln

|x − x′|
2r0

ρ(x′). (2.189)
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Let ρ(x) = ρ0(x; k) satisfy the equation (2.189), this is

2π�
2

Nmβ
[ρ0(x; k)] = − 2e2

k∑
j=1

Zj ln
|x − Rj|

2r0

+ 2e2

ˆ
d2x′ ln

|x − x′|
2r0

ρ(x′). (2.190)

Refer to (2.105)–(2.128), which shows that the TF density actually pro-

vides the smallest value, we conclude that ρ0(x; k) satisfying (2.190) provides the

smallest value for the functional (2.188), with the corresponding solution, ρ0(x; k)

satisfying the normalization condition

ˆ
d2x ρ0(x; k) =

k∑
j=1

Zj. (2.191)

From (2.128), we then have

F [ρ] � F [ρ0]

F [ρ; Z1, . . . , Zk,R1, . . . ,Rk] � F [ρ0; Z1, . . . , Zk,R1, . . . ,Rk]. (2.192)

We introduce the functionals

F [ρ; λZ1, . . . , λZ
, Z
+1, . . . , Zk,R1, . . . ,Rk] (2.193)

and

F [ρ; λZ1, . . . , λZ
,R1, . . . ,R
] (2.194)

where � < k and λ > 0 is arbitrary parameter.

Let ρ1(x), ρ2(x) be the corresponding solutions to (2.189) for the functionals
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in (2.193), (2.194), respectively. By referring to (2.189), we have

π�
2

Nmβ
ρ1(x) = − e2λ


∑
j=1

Zj ln
|x − Rj|

2r0

− e2

k∑
j=
+1

Zj ln
|x − Rj|

2r0

+ e2

ˆ
d2x′ ln

|x − x′|
2r0

ρ1(x
′) (2.195)

and

π�
2

Nmβ
ρ2(x) = − e2λ


∑
j=1

Zj ln
|x − Rj|

2r0

+ e2

ˆ
d2x′ ln

|x − x′|
2r0

ρ2(x
′) (2.196)

and for the simplicity of the notation only, we have suppressed the dependence of

ρ1, ρ2 on λ, k, �.

By subtracting (2.195) from (2.196), we obtain

Q1(x) − Q2(x) = − e2


∑
j=
+1

Zj ln
|x − Rj|

2r0

+ e2

ˆ
d2x′ ln

|x − x′|
2r0

[ρ1(x
′) − ρ2(x

′)]

= − e2


∑
j=
+1

Zj ln
|x − Rj|

2r0

+
e2Nmβ

π�2

ˆ
d2x′ ln

|x − x′|
2r0

[Q1(x
′) − Q2(x

′)] (2.197)

where

Q1(x) =
π�

2ρ1(x)

Nmβ
(2.198)

Q2(x) =
π�

2ρ2(x)

Nmβ
. (2.199)

Since the sum over j in (2.197) is non-negative,
[
Q1(x)−Q2(x)

]
cannot be strictly

negative for all x otherwise this will be in contradiction with the equation (2.197)
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itself.

We introduce the set

S = {x|Q1(x) − Q2(x) < 0} (2.200)

which we will show that it is empty, thus concluding that Q1(x) − Q2(x) � 0.

We assume that S is non-empty and then run into a contradiction. As we

move away from the boundary Ω of S,
[
Q1(x)−Q2(x)

]
changes sign or vanishes,

by definition of S, and we then have

n̂ · ∇[Q1(x) − Q2(x)
]

� 0 (2.201)

which n̂ is a unit vector perpendicular to the boundary at x, otherwise, we would

run into a region beyond S where
[
Q1(x)−Q2(x)

]
is still strictly negative. [If S is

of infinite extension the non-negativity of n̂ ·∇[Q1(x)−Q2(x)
]

on the boundary

still holds.]

The application of the Laplacian to (2.197) gives

∇2
[
Q1(x) − Q2(x)

]
= −e2λ

k∑
j=
+1

Zj∇2 ln
|x − Rj|

2r0

+
e2Nmβ

π�2

ˆ
d2x′ ∇2 ln

|x − x′|
2r0

[Q1(x
′) − Q2(x

′)]

=−4πe2

k∑
j=l+1

Zj δ2(x − Rj)

+
e2Nmβ

π�2

ˆ
d2x′ δ2(x − x′) [Q1(x

′) − Q2(x
′)]

=−4πe2

k∑
j=l+1

Zj δ2(x − Rj)
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+ 4πe2Nmβ

π�2
[Q1(x) − Q2(x)] (2.202)

and for x in the set S, the expression on the right-hand side of this equation is

strictly negative since
[
Q1(x) − Q2(x)

]
< 0 for such x by hypothesis.

Accordingly,

0 >

ˆ

S

d2x ∇2
[
Q1(x) − Q2(x)

]
=

ˆ

Ω

dΩ n̂ · ∇[Q1(x) − Q2(x)
]

(2.203)

in contradiction with (2.201), hence S is empty and

Q1(x) − Q2(x) � 0 (2.204)

as a function of x.

In reference to the functional

F
[
ρ; Zl+1, . . . , Zk,Rl+1, . . . ,Rk

]
(2.205)

let ρ3(x) satisfy

π�
2

Nmβ
ρ3(x) = −e2

k∑
j=
+1

Zj ln
|x − Rj|

2r0

+ e2

ˆ
d2x′ ln

|x − x′|
2r0

ρ3(x
′) (2.206)

in analogy to (2.195), (2.196).

We define

g(λ) = F
[
ρ1; λZ1, . . . , λZl, Zl+1, . . . , Zk,R1, . . . ,Rk

]

− F
[
ρ2; λZ1, . . . , λZl,R1, . . . ,Rl

]

− F
[
ρ3; Zl+1, . . . , Zk,Rl+1, . . . ,Rk

]
(2.207)
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with l < k. Since for λ = 0, ρ1 and ρ3 denote the same density, and ρ2, in (2.207)

is obviously equal to zero for λ = 0, as the left-hand side of (2.207) is non-negative

while the right-hand side is non-positive for λ = 0, and

g(0) = F
[
ρ; Zl+1, . . . , Zk,R1, . . . ,Rk

]

− F
[
0; . . .R1, . . . ,Rl

]

− F
[
ρ; Zl+1, . . . , Zk,Rl+1, . . . ,Rk

]
(2.208)

we may infer that

g(0) = 0. (2.209)

For λ = 1, gives

g(1) = F
[
ρ; Z1, . . . , Zl, Zl+1, . . . , Zk,R1, . . . ,Rk

]

− F
[
ρ2; Z1, . . . , Zl,R1, . . . ,Rl

]

− F
[
ρ; Zl+1, . . . , Zk,Rl+1, . . . ,Rk

]
. (2.210)

From (2.209) and (2.212), we may write

g(1) =

ˆ 1

0

dλ g′(λ) (2.211)

we infer that (F [ρ] � F [ρ0])

g(1) � 0 (2.212)

and hence to establish (2.212) it is sufficient to show that g′(λ) � 0 for 0 ≤ λ ≤ 1.

To the above end, we note from (2.188) with Z1 → λZ1, . . . , Zl → λZl,
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ρ → ρ1, we obtain

F
[
ρ1; λZ1, . . . , λZl, Zl+1, . . . , Zk,R1, . . . ,Rk

]

=
π�

2

Nmβ

ˆ
d2x [ρ1(x)]2

+ 2λ

∑

j=1

e2Zj

ˆ
d2x ρ1(x) ln

|x − Rj|
2r0

+ 2
k∑

j=
+1

e2Zj

ˆ
d2x ρ1(x) ln

|x − Rj|
2r0

− e2

ˆ
d2x d2x′ ρ1(x) ln

|x − x′|
2r0

ρ1(x
′)

− 2λ2


−1∑
i=1


∑
j=
+1

ZiZje
2 ln

|Ri − Rj|
2r0

− 2

∑

i=1

λZi

k∑
j=
+1

Zje
2 ln

|Ri − Rj|
2r0

(2.213)

where

2
k∑

i<j

ZiZje
2 ln

|Ri − Rj|
2r0

=2λ2


−1∑
i=1


∑
j=
+1

ZiZje
2 ln

|Ri − Rj|
2r0

+ 2

∑

i=1

λZi

k∑
j=
+1

Zje
2 ln

|Ri − Rj|
2r0

. (2.214)

By setting the functional partial derivative of (2.213), with respect to λ, we obtain

∂

∂λ
F
[
ρ1; λZ1, . . . , λZl, Zl+1, . . . , Zk,R1, . . . ,Rk

]

=
2π�

2

Nmβ

ˆ
d2x ρ1(x)

∂

∂λ
ρ1(x)
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+ 2λ

∑

j=1

e2Zj

ˆ
d2x ln

|x − Rj|
2r0

∂

∂λ
ρ1(x)

+ 2

∑

j=1

e2Zj

ˆ
d2x ρ1(x) ln

|x − Rj|
2r0

+ 2
k∑

j=
+1

e2Zj

ˆ
d2x ln

|x − Rj|
2r0

∂

∂λ
ρ1(x)

− 2e2

ˆ
d2x d2x′ ln

|x − x′|
2r0

ρ1(x
′)

∂

∂λ
ρ1(x)

− 4λ

−1∑
i=1


∑
j=
+1

ZiZje
2 ln

|Ri − Rj|
2r0

− 2

∑

i=1

Zi

k∑
j=
+1

Zje
2 ln

|Ri − Rj|
2r0

. (2.215)

Eq.(2.215) can be rewritten as

∂

∂λ
F
[
ρ1; λZ1, . . . , λZl, Zl+1, . . . , Zk,R1, . . . ,Rk

]

=

ˆ
d2x

[
2π�

2

Nmβ
ρ1(x) + 2λ


∑
j=1

e2Zj ln
|x − Rj|

2r0

+ 2
k∑

j=
+1

e2Zj ln
|x − Rj|

2r0

− 2e2

ˆ
d2x′ ln

|x − x′|
2r0

ρ1(x
′)

]
∂

∂λ
ρ1(x)

− e2

[
4λ


−1∑
i=1


∑
j=
+1

ZiZj ln
|Ri − Rj|

2r0

+ 2

∑

i=1

Zi

k∑
j=
+1

Zj ln
|Ri − Rj|

2r0

]

+ 2

∑

j=1

e2Zj

ˆ
d2x ρ1(x) ln

|x − Rj|
2r0

(2.216)

Refer to (2.195), and note that the expression within the brackets of the x-
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integral in the first term on the right-hand side of (2.216) is zero. So that (2.216)

becomes

∂

∂λ
F
[
ρ1; λZ1, . . . , λZl, Zl+1, . . . , Zk,R1, . . . ,Rk

]

= −e2

[
4λ


−1∑
i=1


∑
j=
+1

ZiZj ln
|Ri − Rj|

2r0

+ 2

∑

i=1

Zi

k∑
j=
+1

Zj ln
|Ri − Rj|

2r0

]

+ 2

∑

j=1

e2Zj

ˆ
d2x ρ1(x) ln

|x − Rj|
2r0

. (2.217)

Refer to (2.216), and in the same way as in (2.217), we obtain

∂

∂λ
F
[
ρ2; λZ1, . . . , λZl,R1, . . . ,Rl

]

= −e2

[
4λ


−1∑
i=1


∑
j=
+1

ZiZj ln
|Ri − Rj|

2r0

+ 2

∑

i=1

Zi

k∑
j=
+1

Zj ln
|Ri − Rj|

2r0

]

+ 2

∑

j=1

e2Zj

ˆ
d2x ρ2(x) ln

|x − Rj|
2r0

. (2.218)

Refer to (2.216), and in the same way as in (2.217), we obtain

∂

∂λ
F
[
ρ3; Zl, . . . , ZkR
+1, . . . ,Rk

]

= −2e2


∑
i=1

Zi

k∑
j=
+1

Zj ln
|Ri − Rj|

2r0

. (2.219)

Finally refer to (2.210) and (2.217) to (2.219), to obtain

∂

∂λ
g(λ) =2


∑
j=1

Zje
2

ˆ
d2x ρ1(x) ln

|x − Rj|
2r0

− 2

∑

j=1

Zje
2

ˆ
d2x ρ2(x) ln

|x − Rj|
2r0
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+ 2

∑

i=1

Zi

k∑
j=
+1

Zje
2 ln

|Ri − Rj|
2r0

=2

∑

i=1

Zi

[
k∑

j=
+1

Zje
2 ln

|Ri − Rj|
2r0

+ e2

ˆ
d2x ln

|x − Rj|
2r0

[ρ1(x) − ρ2(x)]

]

=2

∑

i=1

Zi [Q1(Ri) − Q2(Ri)]

�0 (2.220)

where we have used (2.204).

Accordingly, from (2.207) and (2.212), we have

F
[
ρ1; Z1, . . . , Zk,R1, . . . ,Rk

]
�F
[
ρ2; Z1, . . . , Zl,R1, . . . ,R


]

+ F
[
ρ3; Zl+1, . . . , Zk,R
+1, . . . ,Rk

]
(2.221)

for any 1 ≤ � < k, where ρ1, ρ2, ρ3 are the densities which provide the smallest

values for the corresponding functionals, respectively.

Accordingly, from (2.192) and (2.221), since �, k (with l < k) are arbitrary

natural numbers,we may conclude that

F
[
ρ0; Z1, . . . , Zk,R1, . . . ,Rk

]
�

k∑
i=1

F
[
ρi

TF; Zi,Ri

]
(2.222)

where each F
[
ρi

TF; Zi,Ri

]
is a TF functional.

Consider the solution of the TF functional,(2.27)

−π�
2

m

[
nB

TF(x)
]

=Ze2 ln
|x|
2r0

− e2

ˆ
d2x′ ln

|x − x′|
2r0

nB
TF(x′) (2.223)

where nB
TF(x) is the TF density.
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The ground-state energy EB
TF (Z) of the TF atom is given from (2.87) to be

EB
TF (Z) = −(0.576486) e2Z2. (2.224)

In TF density ρi
TF with nuclear charge Zi|e|, situated at Ri, and the mass

m of each negatively charged particle simply scaled by β, we replace x by x + R

and set

ρi
TF (x + Ri) = nB

TF(x)
∣∣
m→mβ,Z→Zi

. (2.225)

Substitute this into (2.223),giving

−π�
2

mβ

[
ρi

TF (x)
]

= Zie
2 ln

|x − Ri|
2r0

− e2

ˆ
d2x′ ln

|x − x′|
2r0

ρi
TF (x′). (2.226)

From (2.192),(2.222) and (2.224), we then have

F
[
ρ; Z1, . . . , Zk,R1, . . . ,Rk

]
� ETF(1)

k∑
i=1

Z2
i (2.227)

where ETF (1) = −(0.576486)e2, independent to m.

The basic inequality in (2.221), shows that a system identified by

the parameters
[
Z1, . . . , Zk,R1, . . . ,Rk

]
cannot have an (optimized) energy

functional (2.188) less than the sum of the (optimized) energy functional

of any two subsystems identified by parameters
[
Z1, . . . , Zl,R1, . . . ,Rl

]
,[

Zl+1, . . . , Zk,Rl+1, . . . ,Rk

]
, l < k. Because of this last property, the Theorem

embodied in the inequalities (2.221), (2.222) is referred to as a “No Binding The-

orem”.

We now deride a lower bound of the multi-particle repulsive coulomb po-
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tential energy. From (2.227) we note that

π�
2

mβ

ˆ
d2x [ρ(x)]2 + 2

k∑
j=1

Zie
2

ˆ
d2x ln

|x − Rj|
2r0

ρ(x)

− e2

ˆ
d2x d2x′ ρ(x) ln

|x − x′|
2r0

ρ(x′) − 2
k∑

i<j

ZiZje
2 ln

|Ri − Rj|
2r0

�ETF (1)
k∑

i=1

Z2
i . (2.228)

The energy density functional, expressed in terms of the density ρ(x) on the

left-hand side of (2.228) is in the spirit of the TF energy functional, with the mass

m of the particle replaced by mβ, and with the further generalization of including

k nuclei, with the last term, involving ‘ZiZj e2’, describing their interactions.

The inequality in (2.228) gives rise to a lower bound to the (repulsive)

Coulomb potential energy of k particles of charges Z1|e|, . . . , Zk|e|, or charges

−Z1|e|, . . . , −Zk|e|, i.e., for charges of the same signs as follows :

−2
k∑

i<j

ZiZje
2 ln

|Ri − Rj|
2r0

�ETF (1)
k∑

i=1

Z2
i − π�

2

mβ

ˆ
d2x [ρ(x)]2

− 2
k∑

j=1

Zie
2

ˆ
d2x ln

|x − Rj|
2r0

ρ(x)

+ e2

ˆ
d2x d2x′ ρ(x) ln

|x − x′|
2r0

ρ(x′). (2.229)

In particular for the interaction of N particles we have, with substitutions

k → N , Zj → 1, Rj → xj for j = 1, . . . , N :

−2
k∑

i<j

e2 ln
|xi − xj|

2r0

�NETF (1) − π�
2

mβ

ˆ
d2x [ρ(x)]2
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− 2
N∑

i=1

e2

ˆ
d2x ln

|x − xj|
2r0

ρ(x)

+ e2

ˆ
d2x d2x′ ρ(x) ln

|x − x′|
2r0

ρ(x′) (2.230)

2.5 Lower Bound for the Exact Ground-state Energy

For symmetric normalized functions Φ(x1, . . . ,xN) of N particles, we have

for the expectation value of the Hamiltonian H

〈Φ|H |Φ〉 =
N∑

i=1

〈Φ| p2
i

2m
|Φ〉 + 2

N∑
i=1

k∑
j=1

Zje
2 〈Φ| ln |xi − Rj|

2r0

|Φ〉

− 2
N∑

i<j

e2 〈Φ| ln |xi − xj|
2r0

|Φ〉

− 2
k∑

i<j

ZiZje
2 〈Φ| ln |Ri − Rj|

2r0

|Φ〉 (2.231)

with wavefunction normalization condition.

The lower bound (2.178) to the expectation value of the kinetic energy of

bosons :

N∑
i=1

〈Φ| p2
i

2m
|Φ〉 ≥ π

N

�
2

2m

ˆ
d2x ρ2(x) (2.232)

for δ sufficiently small.

For the second term on the right-hand side of (2.231), substitute (2.180)

into (2.231), we obtain

2
N∑

i=1

k∑
j=1

Zje
2 〈Φ| ln |xi − Rj|

2r0

|Φ〉
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=2

ˆ
d2x, d2x2, . . . , d

2xN Φ∗(x,x2, . . . ,xN)

×
(

N∑
i=1

k∑
j=1

e2Zj ln
|xi − Rj|

2r0

)
Φ(x,x2, . . . ,xN)

=2
k∑

j=1

N∑
i=1

ˆ
d2x, d2x2, . . . , d

2xN Φ∗(x,x2, . . . ,xN)

×
(

e2Zj ln
|xi − Rj|

2r0

)
Φ(x,x2, . . . ,xN)

=2
k∑

j=1

N∑
j=1

ˆ
d2x e2Zj ln

|xi − Rj|
2r0

×
∑

σ1,...,σN

ˆ
d2x2, . . . , d

2xN |Φ(x,x2, . . . ,xN)|2

=2
k∑

j=1

ˆ
d2x e2Zj ln

|x − Rj|
2r0

ρ(x)

N

+ 2
k∑

j=1

ˆ
d2x2 e2Zj ln

|x2 − Rj|
2r0

ρ(x2)

N

+ . . . + 2
k∑

j=1

ˆ
d2xN e2Zj ln

|xN − Rj|
2r0

ρ(xN)

N

=2
k∑

j=1

e2Zj

ˆ
d2x ρ ln

|x − Rj|
2r0

. (2.233)

For the third term on the right-hand side of (2.231), we first note that

−2
N∑

i=1

e2 〈Φ|
ˆ

d2x ln
|x − xj|

2r0

ρ(x) |Φ〉

= − 2
N∑

j=1

e2

ˆ
d2x′, d2x2, . . . , d

2xN Φ∗(x′,x2, . . . ,xN)
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×
(ˆ

d2x ρ(x) ln
|x − xj|

2r0

)
Φ(x′,x2, . . .xN)

= −2
N∑

j=1

e2

ˆ
d2x′
ˆ

d2x ρ(x) ln
|x − xj|

2r0

×
∑

σ1,...,σN

ˆ
d2x2, . . . , d

2xN |Φ(x′,x2, . . . ,xN)|2

= −2
e2

N

ˆ
d2x′
ˆ

d2x ρ(x) ln
|x − x′|

2r0

ρ(x′)

+
e2

N

ˆ
d2x2

ˆ
d2x ρ(x) ln

|x − x2|
2r0

ρ(x2)

+ . . . +
e2

N

ˆ
d2xN

ˆ
d2x ρ(x) ln

|x − xN |
2r0

ρ(xN)

= −2e2

ˆ
d2x′
ˆ

d2x ρ(x) ln
|x − x′|

2r0

ρ(x′) (2.234)

and from (2.230)

−2
k∑

i<j

e2 〈Φ| ln |xi − xj|
2r0

|Φ〉 ≥NETF (1) − π�
2

mβ

ˆ
d2x [ρ(x)]2

− e2

ˆ
d2x d2x′ ρ(x) ln

|x − x′|
B

ρ(x′). (2.235)

From (2.232)–(2.235), we obtain the following lower bound for (2.231)

〈Φ|H |Φ〉 ≥ π

N

�
2

2m

ˆ
d2x ρ2(x) + 2

k∑
j=1

e2Zj

ˆ
d2x ρ ln

|x − Rj|
2r0

+ NETF (1) − π

βN

�
2

2m

ˆ
d2x [ρ(x)]2

− e2

ˆ
d2x d2x′ ρ(x) ln

|x − x′|
B

ρ(x′)
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− 2
k∑

i<j

ZiZje
2 〈Φ| ln |Ri − Rj|

2r0

|Φ〉 . (2.236)

We set

(
π

N
− π

β

)
× 1

π
=

1

N
− 1

β
=

1

β′ (2.237)

and for positive β′ we have to choose β > N . Apply (2.237) to (2.236), to get

〈Φ|H |Φ〉 ≥ π

β′
�

2

2m

ˆ
d2x ρ2(x) + 2

k∑
j=1

e2Zj

ˆ
d2x ρ ln

|x − Rj|
2r0

− e2

ˆ
d2x d2x′ ρ(x) ln

|x − x′|
B

ρ(x′)

− 2
k∑

i<j

ZiZje
2 〈Φ| ln |Ri − Rj|

2r0

|Φ〉 + NETF (1). (2.238)

Course of ETF is m independent, using (2.228), we can replace β by β′ and the

sum of the first form on the right-hand side of inequality (2.236) then gives

〈Φ|H |Φ〉 ≥ETF (1)
k∑

j=1

Z2
j + NETF (1)

=ETF (1)

(
N +

k∑
j=1

Z2
j

N

)

〈Φ|H |Φ〉 ≥ − (0.576486)e2

(
N +

k∑
j=1

ZjZmax

)

= − (0.576486)e2 (N + NZmax)

= − (0.576486)e2N(1 + Zmax)

∴ 〈Φ|H |Φ〉 ≥ − (0.576486)e2N(1 + Zmax) (2.239)
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where

ZjZmax ≥ Z2
j . (2.240)

2.6 Inflation of Matter.

Let |Φ(m)〉 denote any negative energy-state of matter, not necessarily the

ground-state,

−εN [m] ≤ 〈Φ(m)|H |Φ(m)〉 (2.241)

where −εN [m] = EN < 0 is the ground-state energy, and we have emphasized its

dependence on the mass m of the particle.

To establish the statement made above, we need upper and lower bounds

to the expectation value of the kinetic energy operator

T ≡
〈

φ

∣∣∣∣∣
N∑

i=1

p2
i

2m

∣∣∣∣∣φ
〉

(2.242)

To the above end, we rewrite |Φ〉 = |Φ(m)〉. By definition of the ground-

state energy, the state |Φ(m/2)〉 cannot lead for 〈Φ(m/2)|H |Φ(m/2)〉 a numerical

value lower than −εN [m]. That is,

−εN [m] ≤ 〈Φ(m/2)|H |Φ(m/2)〉 < 0 (2.243)

where we note that the interaction part V of the Hamiltonian H in (2.231) is not

explicitly dependent on m :

V =2
N∑

i=1

k∑
j=1

Zje
2 ln

|xi − Rj|
2r0

− 2
N∑

i<j

e2 ln
|xi − xj|

2r0
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− 2
k∑

i<j

ZiZje
2 ln

|Ri − Rj|
2r0

. (2.244)

Accordingly (2.243) implies that

−εN [2m] ≤
〈

Φ(m)

∣∣∣∣
(

T

2
+ V

)∣∣∣∣Φ(m)

〉
. (2.245)

Upon writing, trivially,

T + V =
T

2
+

T

2
+ V (2.246)

the extreme right-hand of the inequality (2.241) then leads to

〈
Φ(m)

∣∣∣∣T2
∣∣∣∣Φ(m)

〉
< −

〈
Φ(m)

∣∣∣∣
(

T

2
+ V

)∣∣∣∣Φ(m)

〉
(2.247)

which upon multiplying by two, (2.245) gives

〈Φ(m) |T |Φ(m)〉 ≤ 2εN [2m] (2.248)

for all states |Φ(m)〉 such that (2.241) is true including the ground-state.

Thus from (2.248), (2.240), (2.232), we have the following bounds for the

expectation value T of the total kinetic energy of all the particles in such states

π

N

�
2

2m

ˆ
d2x ρ2(x) < T < (2)(0.586476)e2N(1 + Zmax) (2.249)

To investigate the inflation of matter, let x denote the position of an particle

relative, for example, to the center of mass of the nuclei. We define the set function

χR(x) =

⎧⎪⎨
⎪⎩

1, if x lies within a sphere of radius R

0, otherwise.
(2.250)
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We are interested in the expression

Prob [|x1| ≤ R, . . . , |xN | ≤ R] =

ˆ ( N∏
i=1

d2xi χR(xi)

)
|Φ(x1, . . . ,xN)|2 (2.251)

which gives the probability of finding all the particles within a circle of radius R.

Clearly,

Prob [|x1| ≤ R, . . . , |xN | ≤ R] ≤ Prob [|x1| ≤ R, . . . , |xj| ≤ R]

≤ . . . ≤ Prob [|x1| ≤ R]

=
1

N

ˆ
d2x χR(x)ρ(x) (2.252)

for j < N , with ρ(x) given in (2.180).

By Hölder’s inequality we have

ˆ
d2x χR(x)ρ(x) ≤

(ˆ
d2x ρ2(x)

)1/2(ˆ
d2x χ2

R(x)

)1/2

(2.253)

where χ2
R(x) = χR(x), and

ˆ
d2x χR(x) = AR (2.254)

denotes the area in which the particles are confined.

Hence, in particular, (2.252) gives

Prob [|x1| ≤ R, . . . , |xN | ≤ R] ≤ Prob [|x1| ≤ R]

≤ (AR)1/2

N

(ˆ
d2x ρ2(x)

)1/2
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≤ (AR)1/2

N

[
(2.305944)

me2N

π�2
(1 + Zmax)

]1/2

(2.255)

where (from (2.249))

(ˆ
d2x ρ2(x)

)1/2

≤
[
(2.305944)

me2N

π�2
(1 + Zmax)

]1/2

(2.256)

finally leads to the simple bound

Prob [|x1| ≤ R, . . . , |xN | ≤ R]

(
N

AR

)1/2

< (0.856568)

[
me2

�2
(1 + Zmax)

]1/2

(2.257)

where a0 = �
2/me2 is the Bohr radius and Zmax is the maximum of the nuclear

charges.

We immediately infer from (2.257) the inescapable fact the necessarily,

given that there is a non-zero probability of particles to be limit within a circle

of radius R, then the corresponding area AR grows not any slower than the first

power of N for N → ∞, since otherwise the left-hand side of (2.257) would go

to infinite in this limit while the right-hand side is finite. That is, necessarily,

the radius R of spatial extension of matter grows not any slower than N1/2 for

N → ∞.

We note that N/AR gives the particle density, and one may infer from

(2.257), with a probability non-zero provide that particles are limit within a circle

of radius R, the infinite density limit N/AR → ∞, i.e., of the system collapsing

onto itself, does not occur.
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2.7 Non-Zero Lower Bound for a Measure of the Extension

of Matter

We use define the expectation value

〈
N∑

i=1

|xi|
N

〉
=

ˆ
d2x1 . . . d2xN

(
N∑

i=1

|xi|
N

)
|Φ(x1, . . . ,xN)|2

=
1

N

ˆ
d2x |x|ρ(x) (2.258)

as for a measure of the extension of matter. Using the facts that

1

N

ˆ
d2x |x|ρ(x) � 1

N

ˆ

|x|>R

d2x |x|ρ(x) � R

N

ˆ

|x|>R

d2x ρ(x)

= R Prob [|x| > R] (2.259)

Prob [|x| > R] = 1 − Prob [|x| ≤ R] (2.260)

AR = πR2, and (2.257) we obtain

〈
N∑

i=1

|xi|
N

〉
� R

[
1 −
(

πR2

N

)1/2

(1.518534)

[
me2

�2
(1 + Zmax)

]1/2
]

. (2.261)

Upon optimizing the right-hand side of the above inequality over R, this

gives

R =(0.329265)

(
N

π

�
2

me2

1

(1 + Zmax)

)1/2

. (2.262)

leading for (2.261) to the explicit non-zero lower bound

〈
N∑

i=1

|xi|
N

〉
� (0.164632)N1/2

(
�

2

πme2

1

(1 + Zmax)

)1/2

. (2.263)
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CONCLUSION

1. We show that

ER ≤ ENR

indenpendently of the statistics obeyed by the particles and indenpendently of the

dimensionality of space. The demonstration is not difficult but the result is un-

doubtedly important realizing its generality in applications including for the case

N = 1. In particular, this established the instability of so-called "bosonics mat-

ter", obtained by relaxing the Pauli exclusion principle with relativistic kinetic

energies ER, i.e., for −ER, with the some power of N as a lower bound obtained

for −ENR with non-relativistic kinetic energies for the latter. We expect that

the method of analysis used in this communication will be useful for related de-

velopments of relativistic many-particle systems and, in particular, to "fermionic

matter". Such investigations will be carried out in a future report

2. We prove rigorously that such matter is stable with logarithmic po-

tentials with out involving the exclusion principle (bosonic matter). The lower

bound for the ground-state energy in 2 dimemsions depends on a single power of

N , which is given by

〈Φ|H |Φ〉 ≥ − (0.576486)e2N(1 + Zmax).

3. We immediately infer

Prob [|x1| ≤ R, . . . , |xN | ≤ R]

(
N

AR

)1/2

≤ (0.856568)

[
me2

�2
(1 + Zmax)

]1/2
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the inescapable fact that given that there is a non-zero probability of particles to

be limited within a circle of radius R, then the corresponding area AR grows not

any slower than the first power of N for N → ∞, since otherwise the left-hand

side of this inequality would go to infinity in this limit while the right-hand side is

finite. That is, necessarily, the radius R of spatial extension of matter grows not

any slower than N1/2 for N → ∞. We note that N/AR gives the particle density,

with a probability non-zero provide that particles are limited within a circle of

radius R, the infinite density limit N/AR → ∞, i.e., of the system collapsing onto

itself, does not occur.

4. Non-zero lower bound for a measure of the extension of matter in 2-

dimensions is given by

〈
N∑

i=1

|xi|
N

〉
� (0.164632)N1/2

(
�

2

πme2

1

(1 + Zmax)

)1/2

.
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APPENDIX

Stability of matter without exclusion principle in 2D with

logarithmic potentials

S. Sirininlakul∗

Department of Physics, Faculty of Science, Srinakharinwirot University,
Bangkok, 10110, Thailand.

Abstract

We prove rigorously the stability of matter without exclusion principle in 2D with logarithmic

potential.

Keywords: matter in the bulk, stability of matter in 2D, with logarithmic potentials.

PACS: 03.65.Ta, 05.30.-d, 02.50.Cw, 02.90.+p

One of the most fundamental problems that quantum mechanics has solved was that of the

stability of matter [1, 2]. This result is based on two basic properties, one is the boundedness

of the ground-state energy from below and the Pauli exclusion principle. For matter, with the

exclusion principle and with Coulomb interaction, the ground-state energy EN ∼ N, with N
denoting the number of electrons in matter, and matter consisting of (2N + 2N) particles is not

favoured over two separate systems brought together, each consisting of (N + N) particles. This

is unlike the situation with ”matter” without the exclusion principle for which EN ∼ Nα with

α > 1. It is important to know if such properties are tied down with the dimensionality of space.

In particular, there has been interest in recent years in physics in 2D, e.g. [3, 4, 5, 6, 7] and the

role of spin and statistics. It is well known that matter is stable [8] in 2D with 1/r potentials

with the exclusion principle. On the other hand it is pertinent to know what the outcome is of

one assumes the logarithmic potential in 2D as dictated by the Poisson equation ∇2 ln r ∼ δ2(�r).

We prove rigorously that such matter is stable with logarithmic potentials with out involving the

exclusion principle. To do this, we first review the TF atom in 2D with logarithmic potentials as

well as the No-binding theorem for such a case and finally derive a lower bound for the exact

ground-state of matter involving a single power of N. We also establish that such matter would

necessarily increase radially not any slower than N
1
2 with N as it is for ordinary matter in 3D

[9]. Unlike the situation with a logarithmic potential, matter with 1/r potential is unstable. For

reviews of problems of stability of matter see [2, 10].

We review the TF atom in 2D with logarithmic potentials. We define the TF energy functional

∗Corresponding author.

Email address: siri@swu.ac.th (S. Sirininlakul)

Preprint submitted to Elsevier April 7, 2011



F[nB] for (spin 0) matter without exclusion principle in 2D:

F[nB] =
π�2

m

∫
d2�x

[
nB(�x)

]2
+ 2Ze2

∫
d2�x ln

|�x|
2r0

nB(�x)

− e2

∫
d2�x d2 �x′ nB(�x) ln

|�x − �x′|
2r0

nB(�x′) (1)

where r0 =
(
�

2/2me2
)1/2

, and 2r0 provides a scale factor [8], and nB(�x) is the particle density. By

functional differentiation of F[nB] with respect to nB(�x) , we obtain an integral equation satisfied

by the TF particle density

nB
TF(�x) = −mZe2

π�2
ln
|�x|
2r0

+
me2

π�2

∫
d2�x′ ln

|�x − �x′|
2r0

nB
TF(�x′). (2)

The evaluation of the ground-state TF energy is straightforward and is carried out in detail in

[8] and is given by

ETF = F[nB
TF] = −0.576486 Z2e2. (3)

Before deriving a lower bound to the exact ground-state of matter, without the exclusion, in

2D, with a logarithmic potential, we also need the following No-Binding Theorem. We define a

TF energy-like functional for multi-particle systems with a logarithmic potential :

F [ρ; Z1, . . . ,Zk; �R1, . . . , �Rk] =
π�2

mβ

∫
d2�x ρ2(�x) + 2

k∑
j=1

Zj e2

∫
d2�x ρ(�x) ln

⎛⎜⎜⎜⎜⎜⎝ |�x −
�Rj|

2r0

⎞⎟⎟⎟⎟⎟⎠

− 2e2
k∑

i< j

Zi Z j ln

⎛⎜⎜⎜⎜⎜⎝ |
�Ri − �Rj|

2r0

⎞⎟⎟⎟⎟⎟⎠
− e2

∫
d2�x d2�x′ ρ(�x) ln

( |�x − �x′|
2r0

)
ρ(�x′) (4)

where β > 0 is arbitrary. Here the �Ri denote the positions of the nuclei.

The No-Binding Theorem now reads [8]

F [ρ; Z1, . . . ,Zk; �R1, . . . , �Rk] ≥ − (0.576486) e2
k∑

i=1

Z2
i (5)

From (4) and (5), we have the following two useful inequalities

−2e2
k∑

i< j

Zi Z j ln

⎛⎜⎜⎜⎜⎜⎝ |
�Ri − �Rj|

2r0

⎞⎟⎟⎟⎟⎟⎠ ≥ − π�
2

mβ

∫
d2�x ρ2(�x) − 2

k∑
j=1

Zj e2

∫
d2�x ρ(�x) ln

⎛⎜⎜⎜⎜⎜⎝ |�x −
�Rj|

2r0

⎞⎟⎟⎟⎟⎟⎠
+ e2

∫
d2�x d2�x′ ρ(�x) ln

( |�x − �x′|
2r0

)
ρ(�x′)

− (0.576486) e2
k∑

i=1

Z2
i . (6)

2
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The latter also implies that

−2e2
N∑

i< j

ln

( |�xi − �x j|
2r0

)
≥ − π�

2

mβ

∫
d2�x ρ2(�x)

− 2

N∑
i=1

e2

∫
d2�x ρ(�x) ln

( |�x − �xi|
2r0

)

+ e2

∫
d2�x d2�x′ ρ(�x) ln

( |�x − �x′|
2r0

)
ρ(�x′)

− (0.576486) e2N. (7)

To derive a lower bound to the ground-state energy of matter, we need a lower bound to the

expectation value of the kinetic energy 〈ψ|∑N
i=1 �p

2
i /2m |ψ〉 = T . To this end, set

f (�x) = 2
ρ(�x)∫

d2�x ρ2(�x)

T (8)

then

〈ψ|
N∑

i=1

⎡⎢⎢⎢⎢⎣ �p
2
i

2m
− f (�xi)

⎤⎥⎥⎥⎥⎦ |ψ〉 = −T. (9)

An adaptation of the Schwinger bound [11] for matter without exclusion in 2D, then leads to

T ≥ π
N

�
2

2m

∫
d2�x ρ2(�x), (10)

by using, in the process, that due to the bose character of the N particles, they may all be put in

the lowest energy level which accounts for the 1/N factor on the right-hand side of the inequality.

We define the total Hamiltonian of the system

H =
N∑

i=1

�p2
i

2m
+ 2e2

N∑
i=1

k∑
j=1

Zj ln

⎛⎜⎜⎜⎜⎜⎝ |�xi − �Rj|
2r0

⎞⎟⎟⎟⎟⎟⎠

− 2e2
N∑

i< j

ln

( |�xi − �x j|
2r0

)
− 2e2

k∑
i< j

Zi Z j ln

⎛⎜⎜⎜⎜⎜⎝ |
�Ri − �Rj|

2r0

⎞⎟⎟⎟⎟⎟⎠ . (11)

By using the No-Binding Theorem, from (5), we have the following bound

〈ψ| − 2e2
∑
i< j

ln

( |�xi − �x j|
2r0

)
|ψ〉

≥ − π�
2

mβ

∫
d2�x ρ2(�x) − e2

∫
d2�x d2�x′ ρ(�x) ln

( |�x − �x′|
2r0

)
ρ(�x′)

− (0.576486) e2N (12)

and explicitly

〈ψ| 2e2
N∑

i=1

k∑
j=1

Zj ln

⎛⎜⎜⎜⎜⎜⎝ |�xi − �Rj|
2r0

⎞⎟⎟⎟⎟⎟⎠ |ψ〉 = 2e2
k∑

j=1

Zj

∫
d2�x ln

⎛⎜⎜⎜⎜⎜⎝ |�x −
�Rj|

2r0

⎞⎟⎟⎟⎟⎟⎠ ρ(�x). (13)

3
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From (10)–(13), we obtain

〈ψ|H |ψ〉 ≥ 2π

β′
�

2

2m

∫
d2�x ρ2(�x) + 2e2

k∑
j=1

Zj

∫
d2�x ln

⎛⎜⎜⎜⎜⎜⎝ |�x −
�Rj|

2r0

⎞⎟⎟⎟⎟⎟⎠ ρ(�x)

− e2

∫
d2�x d2�x′ ρ(�x) ln

( |�x − �x′|
2r0

)
ρ(�x′)

− 2e2
k∑

i< j

Zi Z j ln

⎛⎜⎜⎜⎜⎜⎝ |
�Ri − �Rj|

2r0

⎞⎟⎟⎟⎟⎟⎠ − (0.576486) e2N (14)

where (2/β′) = (1/N) − (2/β), with β > 2N, and otherwise arbitrary, chosen for consistency.

With β replaced by β′ in (6), the latter in conjunction with (14)-(14) then give

〈ψ|H |ψ〉 ≥ − (0.576486) e2

⎡⎢⎢⎢⎢⎢⎢⎣N +
k∑

j=1

Z2
j

⎤⎥⎥⎥⎥⎥⎥⎦ . (15)

Finally using the bound

k∑
j=1

Z2
j ≤ ZMAX

k∑
j=1

Zj = ZMAX N (16)

in equation (16), gives

〈ψ|H |ψ〉 ≥ − (0.576486) e2N
[
1 + ZMAX

]
(17)

where ZMAX corresponds to the nucleus with largest charge in units of |e|.
It is also important to consider the swelling (inflation) of such matter as the number N is

made to increase [9]. To this end the bound (10), (17) lead to the basic inequalities

π

N
�

2

2m

∫
d2�x ρ2(�x) ≤ T ≤ (2)(0.576486)e2N(1 + Zmax). (18)

Now let �x denote the position of a particle relative, for example, to the center of mass of the

nuclei. We define the set function

χR(�x) =

{
1, if �x lies within a sphere of radius R
0, otherwise.

(19)

We are interested in the expression

Prob
[|�x1| ≤ R, . . . , |�xN | ≤ R

]
=

∫ ⎛⎜⎜⎜⎜⎜⎝
N∏

i=1

d2�xi χR(�xi)

⎞⎟⎟⎟⎟⎟⎠ ∣∣∣Φ(�x1, . . . , �xN)
∣∣∣2 (20)

which gives the probability of finding all the particles within a circle of radius R. Clearly,

Prob
[|�x1| ≤ R, . . . , |�xN | ≤ R

] ≤ Prob
[
|�x1| ≤ R, . . . , |�x j| ≤ R

]

≤ . . . ≤ Prob
[|�x1| ≤ R

]

=
1

N

∫
d2�x χR(�x)ρ(�x) (21)
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for j < N, with ρ(�x) is ρ(�x) = N
∫

d2�x2 . . . d
2�xN

∣∣∣Φ(�x, �x2, . . . , �xN)
∣∣∣2.

By Hölder’s inequality we have

∫
d2�x χR(�x)ρ(�x) ≤

(∫
d2�x ρ2(�x)

)1/2 (∫
d2�x χ2

R(�x)

)1/2

(22)

where χ2
R(�x) = χR(�x), and ∫

d2�x χR(�x) = AR (23)

denotes the area in which the particles are confined.

Hence, in particular, (21) gives

(∫
d2�x ρ2(�x)

)1/2

≤
[
(2.305944)

N
π

me2

�2
(1 + Zmax)

]1/2

(24)

finally leads to the simple bound

Prob
[|�x1| ≤ R, . . . , |�xN | ≤ R

] ( N
AR

)1/2

≤ (0.856568)

[
me2

�2
(1 + Zmax)

]1/2

(25)

where a0 = �
2/me2 is the Bohr radius and Zmax is the maximum of the nuclear charges.

We immediately infer from (25) the inescapable fact that given that there is a non-zero prob-

ability of particles to be limited within a circle of radius R, then the corresponding area AR grows

not any slower than the first power of N for N → ∞, since otherwise the left-hand side of (25)

would go to infinity in this limit while the right-hand side is finite. That is, necessarily, the radius

R of spatial extension of matter grows not any slower than N1/2 for N → ∞.

We note that N/AR gives the particle density, and one may infer from (25), with a probability

non-zero provide that particles are limited within a circle of radius R, the infinite density limit

N/AR → ∞, i.e., of the system collapsing onto itself, does not occur.
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