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Abstract

Project Code : MRG5080276

Project Title : Inflation, Dimensionality and High-Energy Estimate for Matter

Investigator : Mr. Siri Sirininlakul
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We prove rigorously that the ground-state energy of many-(or single-) particle systems
with relativistic kinetic energies for arbitrary given interaction potentials is bounded above by the
corresponding one for systems with non-relativistic kinetic energies and this is true
independently of the statistics obeyed by the underlying particles and independently of the
dimensionality of space. We also prove rigorously the stability of matter without exclusion
principle in two dimensions with logarithmic potential. The lower bound for the ground-state
energy of this matter depends on a single power of number of particle, N . The relationship
between N and radius R of matter without exclusion principle in this project implies the

matter will inflate if we put more and more such matter together .

Keywords : ground-state energy, many-particle systems, relativistic kinetic energies, stability

problems, matter in the bulk, stability of matter in 2-dimensions, with logarithmic potentials.
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CHAPTER 1

On the ground-state energy of many-particle

systems with relativistic kinetic energies

1.1 Introduction

Much progress has been made over the years in deriving rigorous bonds
on the ground-state energy of many-particle quantum systems (Dyson (1967),
Dyson and Lenard (1968), Lieb and Thirring (1975), Semenoff and Wijewardhana
(1987), Lieb (1991), Forte (1992), Geyer (1995), Badhuri, Murthy and Srivastava
(1996), Oka (1997) , Manoukian and Sirininlakul (2005)). Particular emphasis
was put in these references on the stability problem, or otherwise collapse, of
such systems as the number of the underlying particles is made to increase paying
special attention, in the process of the investigations, on the statistics obeyed by
the underlying particles. The generalization of such analyses to so-call relativis-
tic quantum systems (Dyson (1967)) has been relatively more involved, and an
important extension of the earlier studies has been in adopting the relativistic
kinetic energies of the underlying particles. The purpose of this communication is

to establish rigorously some explicit statements concerning such a generalization

1.2 On the ground-state energy of many-particle systems

with relativistic kinetic energies

Consider a Hamiltonian of an N-particle system

N 2

P;
HNR:ZQ_T;%_FHI(XL”"XN)' (11)
j=1



Where H;(x1,...,XN) is an arbitrary interaction Hamiltonian such that the sys-
tem admits a ground-state energy which we denote by Exg. For the corresponding

Hamiltonian with relativistic kinetic energies of the particles we have

N
Hy =3 (/03 +mict —mye) + H (x1s - x20) (1.2)
7=1

where ¢ is the speed of light. Let Er denote the ground-state energy of this

Hamiltonian. We then show that
Er < Enr (1.3)

indenpendently of the statistics obeyed by the particles and indenpendently of
the dimensionality of space. The demonstration is not difficult but the result is
undoubtedly important realizing its generality in applications including for the
case N = 1. In particular, this established the instability of so-called "bosonics
matter", obtained by relaxing the Pauli exclusion principle (Dyson and Lenard
(1968) Forte (1992), Geyer (1995), Manoukian and Sirininlakul (2005)). with
relativistic kinetic energies Eg, i.e., for —Eg, with the some power of N as a lower
bound obtained for —F i with non-relativistic kinetic energies for the latter.
Intuitively, so to speak, stability, and the corresponding boundedness of
the ground-state energy from below, arises from a balance between the positive
kinetic energy terms and the negative part of the interaction Hamiltonian (as
well as, of course, of the positive part of the latter). A kinetic energy part has a
large (positive) contribution for large values of |p;|. In the non-relativistic case, a
kinetic energy part increases with two power of |p;| in contrast to the relativistic
case which increases with just a single power. [This argument alone indicates
the importance of the generalization to the relativistic case for careful studies

involving higher energies.| Accordingly, based on such an intuitive argument, the



result stated in (1.3) is expected. The actual technical demonstration of this now
follows.

Consider an N-particle wavefunction W (x;p1,...,Xypy) consistent with
the underlying statistics obeyed by the particles, where the denote any additional
labels, such as spin, needed to specify the state of a particle. With the Fourier
transform defined via

N
d’p d’p i 3 x5p;/h
‘Il(xlpla"’aprN> :/ (271_}7311 (271_}:371) e =t (I)(plplvaprN> (14)

where v denotes the dimensionality of space, we obtain for the expectation value

of the relativistic kinetic energy

- i <\/—h202V32. +mict — mjc:2> (1.5)
j=1

the expression

d'p d'p
(U |Tg) | T = Z / T T (/o2 +mzet — mye?)

X |¢)(p1:01>---7PNPN)|2 (1.6)

[We note in passing that the square-root operator in (1.5) is a well defined oper-

ator.| We use the integral representation

2 2
1
(\/[)202 +m2ct — mc2> _PC /dx (1.7)

for numericals, to derive the bound

(x/pgc2 + m2c¢t — mc? §

/ % (1.8)

w



from which and from (1.6), we obtain the bound

N 2
d’p, d'py Pj 2
U|Tg | ¥) < E o d o
< ’ R ’ > = p / (27_‘_71)11 (27Th>v 2mj | (plph 7prN)’

= (V|Tnr | ¥) (1.9)

with

Typ = Z 2, (1.10)

[Needless to say, this inequality, as a rigorous mathematical statement, does not
mean that at high energies the kinetic energies are given by the non-relativistic
expressions rather than the relativistic ones.|

From (1.1), (1.2) and (1.9), we then obtain the basic inequality
(V[Hg [ W) < (V|Hyg [ V). (1.11)

In particular, for |¥)corresponding to the ground-state enerqy of Hyg, de-
noted Conveniently by ‘\I]NR>7 i.e., for which <\IJNR |HNR | \I]NR> = ENR; |\IINR> is
not necessarily the ground-state of Hyg. That is, (Ung |Hg | Yngr) cannot be any

smaller than Eg . This leads from (1.11) to the inequality

Er < (Unr|Hr | Ynr) < (Une|HNr | UNgr) = Eng (1.12)

which is the statement in (1.3).
The inequality in (1.3), as stated above, also establishes, as a special case,

the instability of so-called "bosonic matter" for which upper bounds for Eng are



known as powers of N - the number of underlying particles - leading to

Er < -CN? (1.13)

where v > 1 . Here the positive constants C' and the exponents v are esti-
mated from the non-relativistic expressions (Dyson (1967), Dyson and Lenard
(1967), Semenoff and Wijewardhana (1987), Forte (1992), Geyer (1995), Badhuri
and Murthy (1996), Oka (1997) , Manoukian and Sirininlakul (2005)). We ex-
pect that the method of analysis used in this communication will be useful for
related developments of relativistic many-particle systems and, in particular, to

"fermionic matter". Such investigations will be carried out in a future report.



CHAPTER II

Stability and high density limit of bosonic matter

in 2D

2.1 Introduction

One of the most fundamental problems that quantum mechanics has solved
was that of the stability of matter (Lieb and Thirring (1975)). This result is based
on two basic properties, one is the boundedness of the ground-state energy from
below and the Pauli exclusion principle. For matter, with the exclusion principle
and with Coulomb interaction, the ground-state energy Ey ~ N, with N denoting
the number of electrons in matter, and matter consisting of (2/NV + 2N) particles,
is not favoured over two separate systems brought together, each consisting of
(N+N) particles. This is unlike the situation with "matter" without the exclusion
principle for which Ey ~ N® with a > 1. It is important to know if such
properties are tied down with the dimensionality of space. In particular, there has
been interest in recent years in physics in 2D, e.g. (Kventzel and Katriel (1981),
Semenoff and Wijewardhana (1987), Forte (1992), Geyer (1995), Badhuri, Murthy
and Srivastava (1996)) and the role of spin and statistics. It is well known that
matter is stable (Muthaporn and Manoukian (2004b)) in 2D with 1/r potentials
with the exclusion principle. On the other hand, it is pertinent to know what
the outcome is of one assumes the logarithmic potential in 2D as dictated by the
Poisson equation V?Inr ~ ¢%(r). We prove rigorously that such matter is stable
with logarithmic potentials without involving the exclusion principle. To do this,
we first review the Thomas-Fermi atom in 2D with logarithmic potentials as well

as the No-binding theorem for such a case and finally derive a lower bound for the



exact ground-state of matter involving a single power of V. We also establish that
such matter would necessarily increase radially not any slower than N2 with N
as it is for ordinary matter in 3D (Manoukian and Sirininlakul (2006)). Unlike
the situation with a logarithmic potential, matter with 1/r potential is unstable.
For reviews of problems of stability of matter see (Lieb (1975),Manoukian and
Sirininlakul (2005)).

2.2 The Thomas-Fermi Atom for boson in 2D

The semi-classical Green function part G, (xt; x'0) with spin indices o, o’,

with potential V'(x) in 2-dimensions is given by (Manoukian, 2006)

G (x73X/0) =00 / (;:—7%2 expi {M B . V(X)T:| (2.1)

and for coincident space points x = x’, we obtain

G oo (X7 %X0) = Gy / (2d;7l-;)z exp [—i (% +V (x)) T} . (2.2)

where 7 = t/h.
The particle density of (spin 0) bosons ng(x) may be expressed in terms of

the Green function G, (x7;x0) for coincident space points as

1 >~ d .
np(X) =5 / T Gy (xTiX0) €T, e 40 (2.3)

2m J_ T —ie

where the spin multiplicity is 1. Substitute (2.2) into (2.3), to obtain

ng(x) = /OO a7 /(d2p expi {57— P v e

21 J_ T —ie 27h)? 2m



which upon using the integral representation of the step function

o) = —— / L (2.5)

2m J_ T — 1€

and

@(g—V(x>—p—2):i/w ar expi({—V(X)—p—;)T (2.6)

2m 2m J_ T — 1€

with

0 (g —V(x) - %) —1 (2.7)

for 0 < p < y/2m(§ — V(x)), when p = |p|.
By using (2.6) and (2.7), as applied to the right-hand side of (2.4), we

obtain

/ dp
! ( VEmE V)

~(27h)? r
27 2m (€ — V(%))
oy ( e ) (2.8)

From (2.8), V(x) = 0 and n = 0 at the boundary, we get £ = 0. So that the



density of bosons in 2-dimensions is

_2m —2mV (x)

The relationship between the particle density ng(x) and the potential V(x) in

2-dimensions, i.e., given by

m
np(x) = — 512 V(x). (2.10)
We may also rewrite (2.10) as
2mh?
Vix)=— 77"n g (%) (2.11)

To obtain the sum of the kinetic energies of the bosons in D-dimensions
(T'[ng]), we use the relationship between the kinetic energy and the Green’s func-

tion :

Tlng] Z / ix [ 4T {15% —V(x)] G (32 %0)

27T1 o T — 1€

- [atx o [T )] i)

2m J_ . T — 1

[e.9]

oo [ 25 e ve] e [ (3 v )]
:/dQX 2L7r1 _ZiTig /(2(17:71;)2 % P {_i (%+V(X)> T} -2

Upon using the integral representation of the step function

o) = - /_°° d7_ e (2.13)

2m J_ T —1ie



we obtain

o (—% _ V(x)) - % /_OO fig expi (—% - V(x)) r (21

and

e (—p—2 - V(x)) =1 (2.15)

for 0 < p < /—2mV(x).
By using (2.14) and (2.15), as applied to the right-hand side of (2.12),
we obtain the relationship between the kinetic energy 7" and the potential V' in

2-dimensions, is then given by
d’p p p?
d*x —-—— =V
Tlrn] / / 27h)? < 2m ()
\/ —2mV (x) p2
dpp o0 / dQ
m
B 1 / / —2mV (x Dt
m(27h)? F

1 9 4 —2mV (x)
= " /d2x v
2m(27h)2 T (1) 4

1 2 s (—2mV(x))?
“om(2nh)2 T (1) /d * 4

Ly o (25)
o ()

d*x [V (x)]2 (2.16)

0

10



Substitute (2.11) into the right-hand side of (2.16), to obtain

Tlng] =7 [ x [V(x)]’

The Hamiltonian of a neutral atom consisting of Z bosons and a nucleus

of charge Z|e| is taken to be

H :Zf; ( Pl _ ZeQV(x)) + EZ: 2V (x — x') (2.18)

2m —
1<)

where V' (x) is the scaled potential satisfying the Poisson’s equation given below :

V?2In % = 476%(x). (2.19)
This is,
V(x) =2In EA| (2.20)

for any dimensional scale factor A.
The expectation value of the Hamiltonian of a neutral atom consisting of

Z bosons and a nucleus of charge Z|e| in 2-dimensions is

2
[

Z z
p 2 x|

Ol H|P) = (P D) + 27 (D In— |®

(oA (o) = (030 3 10) 226" 0 3 B o)

Z _ /
—2¢2(0| Y In Ix BX’ |B) (2.21)

i<j

11



where

<@@:/ﬁ&@%@@@)

- [ xlaeor

—1, (2.22a)
/d2x np(x) =Z. (2.22b)

Here A and B are dimensional scale factors which will be determined below.
Form (2.17), we obtain the first term on the right-hand side of (2.21), correspond-
ing to the kinetic energy term T[ng] = ™2 [ d*x [ng(x)]".

Consider the second term on the right-hand side of (2.21). This is given by

Z
2762 (D| Zln% |®) =2Z¢* (D] Zln% |D)

i=1

=27¢* (0 /dzx np(x)In % |D)

=27 /d2x ln[%| ng(x). (2.23)

Consider the third term on the right-hand side of (2.22). This is given by

x|

z
e? <(I>|Zln|

i<j

D) = /& /&an np(x n'xBxH@@

=e /d2 /d2x’ np(x) np(x’)In Ix ;X | (2.24)

12



Substitute (2.17), (2.23) and (2.24) into (2.21), to obtain

mh?

(®] H | ) :F/dzx [n(x))* + 2Z¢? /d2x 1n|iA|n(x)

[x = x|

—e? /d2X d*x' n(x) In 5 n(x'). (2.25)

Referring to (2.17), (2.23) and (2.24), one may define the interaction of the
particle-nucleus system in terms of the boson density, and add to it the kinetic
energy term . Let F[ng] denote the energy functional in 2-dimensions as a function

of the density ng(x). From (2.25) we obtain

wh?

F[ng] = /dQX [ng(x)])* + 2Z¢> /d2x ln% ng(x)

[x — x|

5 ng(x’). (2.26)

—e? /d2X d*x’ np(x)In

Optimize (2.26) with respect to ng(x), to obtain

 onp(x)
21 h? —x
T [np(x)] +2Ze” ln% —262/(212)(/ In x=x] BX| np(x')
2 !
—% [TLB<X)] :Z€2 ln% — 62/d2xl 1n¥ nB(X/)_ (227)

The density n%r(x) and potential V& (x) may be obtained by functionally differ-

entiating F[ng| with respect to np(x), with solution n2n(x) = np(x) satisfying

7 2 2 I
npp(x) = — T:Lrhs ln% + % /dZX/ In Ix BX | npp(x). (2.28)

13



From (2.10), we obtain the relationship between n2.(x) and V5 (x) as

. on (—2mvTBF<x>>

nTF(X) :2 P (1) (27Th)2
=573 Vi (x). (2.29)

Substitute (2.28) into (2.29) to obtain

Vip(x) =Zé? (2 In %) — e /dQX’ (2 In Ix ;X |> nrp(x') (2.30)

and
V2B (x) =Ze2V? (2 In %) A / a2’ (2 In X _BXI|> B (x)
=F - 5 (2.31)
where
Fy =Ze*V? (2 In %)
=Ze*4n % (x) (2.32)
and

_ /
Fy :eQVQ/dQX' (21n Ix BX ’) nBp(x)
_ /
:ez/dzx’ npp(x) V2 (2 In |X—BX|)

262/d2x’ nBe(x') 4m6?(x — x')

14



—4me’nSn(x). (2.33)
Substitute (2.32) and (2.33) into (2.31), to obtain
Vik(x) =F — F,
—4n Ze26%(x) — dme*nlp(x). (2.34)
For the integral of the left-hand side of (2.34) over x, we have
/ dx V2VB,(x) —dnZe? / Px 52(x) — dme? / L 1By (x). (2.35)
The first term on the right-hand side of (2.35) is easily evaluated giving by
47 e? / d’x 6% (x) =4 Ze>. (2.36)
For the second-term of the right-hand side of (2.35), we obtain
4re? / d?x nPp(x) =4nZé?. (2.37)
Substitute (2.36) and (2.37) into (2.35), to obtain
/dQX V2VE(x) =4nZe? — AnZe? = 0. (2.38)

Apply Laplacian operator to the left-hand side of (2.28), to obtain

mZe? | |x|  me? x — x'

mZe’ 2 X me? 91 B run w2 XX
- — 7Th2 V IHZ_’_W/dX TLTF(X)V IDT

15



I
nge(x) =26%(x) + o V2nhe(x). (2.39)

Integraling the latter over x gives

/ d*x nBp(x) = / d*x 7 6%(x + 53 / d*x V2nhp(x) (2.40)
From (2.29), we have for the second term

m

/d2X Vinie(x) = — 512 /d2x VAVEa(x). (2.41)

Substitute (2.41) into the second term on the right-hand side of (2.40), to obtain

/d2x npp(x) =2 (2.42)

as expected.
To obtain the exact expressions for the scaling dimensionless constant A
and B in the definition of F[ng] in (2.28), first, apply taking the Laplacian to the

left-hand side of (2.28), to obtain

mZe® x|  me? x — x/
Vinhp(x) =V? |- e ln|7|+ — /d2 " In x=x] B ’n]%F(x’)

mZe’ 2] ’X| 21 2] x — x|
i Vel A —l— 72 /d ( )V I (2.43)

16



Consider the first term on right-hand side of (2.43), to get

mZe? |x]

mZ e?

2 2
— V<lIn 1 e (2m0%(x))
_2mZE oy (2.44)
h?
Consider the second term on the right-hand side of (2.43), to get
me? 27 2y x—x] _me? 2/ 2 X
2me?
== npe(x). (2.45)
Substitute (2.44) and (2.45) into (2.43), to obtain
2mZe? 2me?
Vinle(x) = — 225 x) + 20 k() (2.46)
which upon multiplying (2.46) by 72, we obtain
2mZe? 2me?
ZV2”TF( )=~ 72 252( )+ 2 r’ n?‘F(X>
2mZe 2me?
= 72 rd(r)d(0) 72 r? nhp(x)
2me?r? 2mZe* r 6(r)
22 B _
(r \% 2 ) npp(X) 2 o (2.47)
where
/ r o(r) dr =0 (2.48a)
0
ro(r) =0 (2.48Db)

17



We set

T _n 2.4
-~ (249
The general solution of (2.47) is given by

nip(R) =CoKo(R) 4+ Cilo(R) (2.50)

where Ky and I, are modified Bessel functions and

o = ( s )/ (251)

2me?

Consider the large R behavior, I(R) — oo for R — oo so we have to

choose C; = 0 and the solution of (2.47) becomes
nrr(R) =CoKo(R). (2.52)
To obtain Cy, substitute (2.52) into (2.42), we get
Z =Cy / d*x Ko(R)
0 27
:C[)/ d?"/ do r K()(R)
0 0
:271'7'3 Co/ dR R K[)(R)
0
:271'7’8 C()

h?
:2’/T (2m€2 ) Co

Cy = <m262) (2.53)

mh?

18



where
/OOO dR R Ky(R) =1. (2.54)
Substitute (2.54) into (2.53), to obtain
nBL(R) = <@> Ko(R) , R=_. (2.55)

To obtain A and B, by substitute (2.55) into (2.28) , to obtain

mZe? r mZe? | |x|  me? 9 Ix—x'| 3
( 7 )KO (r_()) =-— an—l— W/d x' In Iz npp(x')

=Q1(x) + Q2(x) (2.56)
where
Q1(x) =— ";5;2 In % (2.57)
and
Qa(x) ::‘—g / d2x’ In |X_BX/| nBo(x'). (2.58)

Let x = 0, the left-hand side of (2.55) will become

mZe? mZe?
< — )KO(R) ~ — ( p— >lnR. (2.59)

The first term on the right-hand side of (2.56) becomes

Qi(x) =~ — (”jéf) (111 %) . (2.60)
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The second term on right-hand side of (2.56) becomes

2

Th?

QQ(O) =

meQ

mh?

me?

mh?

me?

= i)

/ d*>x’ In

d%x’ 1

/ X' In—
/d2x’ln
I r

/ dR' R InR' n%n(R)

Bl )

|xl B / 21 o B /
0

x|

nBe(x') + Z1n E}
To

B

me? 0
ey A T
* mh? . B

me* [ h? mZe?
—_ 2 d / / 1 / K /
Th? <2me2>( 7T)< wh? )/ R R IR Ko(R)
me? To
mezZ/dR’ R R Ko(R)+ " 71 10
wh? 0 Th? B
e 2+ P (2.61)
- wh? T 2o '
Referring to (2.59)—(2.61), for R ~ 0 we obtain
mZe?
Qi(0) +Qo(0) = (75 ) Ko(0)
o mZe? mZe? Rrg
ln2—|—ln§:—<wh2 )lnR—l— 72 lln7+fy]
—In B = —1In(2rg) (2.62)
giving
B =2r,. (2.63)

20



To obtain A, substitute (2.63) into (2.56), to obtain

mZe? mZe? | |x|  me? |x — x/|
<W) Ko(R) = — —3 an —i—m/dZX’ In ore nSe(x')

mZe? x| me? 5 x—x| 5 ,,
= — 7Th2 IlQ—TO—f—W/dX lIl A nTF(X>

~0u(x) + Qi(x) 264
where
Q) = "2 265)
and
Q4(x) :T—; / d?x’ 1nLAX/’ nBp(x). (2.66)

Let x = 0, the left-hand side of (2.64) becomes

mZe? mZe?
( — )KO(R) ~ — ( 2 >lnR. (2.67)

The first term on right-hand side of (2.64) becomes

Os(x) ~ — mzet, (Rr") . (2.68)

mh? 27”0

For the second term on right-hand side of (2.64) becomes

27T /
Qu0) =" | [ m Bl a0

2T /
:% /dzx/ ln|j’c—0’ npp(x') —l—/d2x' lnr—j nSe(x')
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2 /
_me |:/d2X, 1n|i’ nip(x') + Z1n %]

_W To
_me oo (AR B R (R + C 2100
_W(TO)( ) n R nyp( )+W n

me? h? mZe?
= (2m62> (2m) ( — )/dR/ R' InR' Ky(R)

me? To

—m—QQZ/dR’ R R Ko(R)+ "% 71 10
- Th2 1 0 mh? nA
e )+ P g (2.69)
- Th2 " mh? A '

Referring to (2.67)- (2.69), for R ~ 0 we obtain

Qu(0)+Qu(0) = ("5 ) Kal0)

wh?
1n2+1n%° ~ (”;L};Q) lnR—l—ﬂ;LTLij [ln%—i—y]
—In A =—In(2r) (2.70)
giving
A =2, (2.71)

Substituting the values obtained for B and A in (2.63) and (2.71), into (2.26), we

obtain the energy functional F[ng] as

Flng] = %‘2 Px [n(x)]? + 2262 / 2x In (%) (%)
e / d2x A%’ np(x) In (’:ﬁ;‘") nn(x). (2.72)



From (2.72), with ng = n¥,, we obtain the energy functional F[n%] :

h2
Fn2g] = T /d2 [nTF(X)]2 +27¢* /dQX In Ix| nSe(x)
m 2rg

_ /
/d2 a2 nB (x) In X TX‘ B (x). (2.73)

To obtain the ground-state energy of the TF atom F[nf] = E2.(Z), we

refer to (2.28) and (2.73) for the kinetic energy term T'[n%g], given by
B WﬁQ 2 2
Tlnyg] = m d"x [nTF( )} : (2.74)
Substitute (2.55) into (2.74), to obtain
Th? 2
Tlnre] = m / d*x [nTF< )}

2 o0
:ﬂQTF/O dr r [n%F(r)]Q

m
Th? o mZe2\ > 9
S /0 dR R ( - ) Ko(R))
om2h? [ h? mZe2\? [ )
S (2m€2) ( m2> /0 AR B [Ko(R)]
1 2 2
==Z% (2.75)
2
where
0 1
/ dR R [Ky(R)]” =5 (2.76)
0
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For the particle-nucleus interaction part, we have

d’x In <|X|) B (x)

/
/d2x In <|X|> nBa(x) — 2762 /d2x nBo(x) In2
/

=27¢* [ d’x In (‘X’> nip(x) — 22%e*In 2

r

E,_,[n5s] =27Z¢?

:471'262/ dr r In (L) nyp(r) —22%%*In 2
0 To

_ 22 [
=4nZe 7"0/ dR R In(R) T2

<2mZ e?
0

) Ko(R) —27%¢*In2

=4 Ze%r?

2
g

/ dR R InR Ky(R) —2Z%¢*In?2
0

=27%¢? [/ dR R InR Ky(R) — In 2}
0

=27°¢* [~y +In2 — In2]

= — 2vZ%e? (2.77)
where
/0de R Ko(R) mnR=—~+1n2, (2.78a)
v =0.57722, (2.78b)
/OOOdR R Ko(R) =1. (2.78c¢)
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The particle-particle interaction part is given by

x — x|

Eo i) = — & / 0 il (%) nh (%) o
To

x —X/|

= — ¢ /dQX d*x’' nip(x) nhp(x) In
27"[)

— 4 (In2) 4222 / dR R Ko(R) / AR B Ko(R))

—é? /d2x d*x’ nPe(x) nPp(x’) In x ;()X/’
= +e*Z%In2 —é? /dQX d*x’ n2o(x) nBe(x) In [ ;()Xll
=e?Z?In2 + I, (2.79)
where
I = —¢* /d2x d?x’ nPp(x)In x ;OX/| nep(x'). (2.80)

By setting x/ro = R, we obtain

/d%c(.):/:o rdr/o%dé(.)
:rg/ooo RdR/O%dH(.)

=rg /dQR(.). (2.81)

Substitute (2.81) into (2.80), to obtain
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_gpe () (22 /oodRRK(R) /OOdR’R’K(R’)
T omez h? 0 0 0 0

21
X / df In(R* — 2RR' cos 0 + R’2)1/2)
0

6222 o] 00 ) ) )
= dR R Ko(R) dR' R Ky(R)
2w 0 0

2w
X / df In(R* — 2RR’ cosf + RQ)W}
0

6222 > > / / / 2
== dR R Ky(R) dR' R’ Ko(R') In R
0 0

6222 o0
- /0 dR R Ko(R) f(R) (2.82)

where
21
/ df In(R?> — 2RR' cosf + R*)Y/? =rIn R2 (2.83)
0
and
f(R) = /0 dR' R Ko(R') In R?

R [e's)
—In R? / dR' R Ko(R) + / dR' R Ko(R') In R™
0 R

Rl - R K\(R)] + / AR’ R Ko(R) In R?
R

=InR* - R K;(R) 1nR2+/ dR' R Ko(R') InR". (2.84)
R

Substitute (2.84) into (2.82), to obtain

222 o0
11:—62 /dRRKO(R) In B2
0
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6222 [ee)
+— / dR R* Ko(R) K1(R) In R?
0

222 o] o)
- : / dR R Ko(R) / dR' R Ko(R) InR?
0 R

62 2 2r72 6222
=27+ 22 + ——[-5 — v+ 2] — (0.615932)

= —27%0.61593 (2.85)
where

/ dR R K,(R) / dR' R Ky(R) InR”?
0 R

= / dR R Ko(R) / dR' R Ko(R) InR”?

0 0
[e's) R
- / dR R Ko(R) / dR' R Ko(R) InR”?
0 0
= — 2y +2In2 — (—0.384068)

=0.615931. (2.86)

Substitute (2.86) into (2.79), to obtain the value for the ground-state energy of

the TF atom EFp [nfy] in 2-dimensions
Erplnrp] =T (nfp) + Een(nr) + Ee—e(n7y)
1
= (52262) — (2yZ%¢®) + (Z%¢*In2 — (0.615931) Z°¢?)

EZenby] = — (0.576486) 2%, (2.87)
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For the TF potential energy V&, (x) we have from (2.19) and (2.34)
V2VEa(x)(x) = 47 Ze? 6% (x) — 47 e’y (x) (2.88)

with the first term corresponding to the nucleus at the origin, while the second
term corresponds to the particle density. Upon integration over x, and using
(2.42), we obtain

/ d>x V*V(x) =0 (2.89)

verifying the neutrality of atom.
It remains to show that nn provides the smallest possible value for F[ng]
in (2.72), that is
Flo] > Fnie). (2.90)

To the above end, define a priori a density functional for an arbitrary

density p(x) = 0 by

Flp] :C/d2x [p(x)]” + 2Z¢” /d2x ln|%| p(x)

_ ~
—é? /d2x d*x’ p(x) In x BX | p(x') (2.91)
where
2
o= (2.92)
m

We define the Fourier transform for real function p(x)

plx) = [ G #B) € (2930)
pr(p) = /d2x p*(x) P/ = /d2x p(x) ePx/h (2.93b)

We show that the third term on the right-hand side of (2.91) is positive,
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we start from the solution of the Poisson’s equation in (2.19), giving

x —X/|

In —21 (V?) 7' 6%(x — X). (2.94)

Substitute into the third term on the right-hand side of (2.91), to obtain

x — x|

— /d2xd2x’p(x) In N p(x')

= —2r /d2x d*x/p(x) (V2)_1 8 (x —x) p(x). (2.95)

We use an integral representation of the delta function in 2-dimensions in (2.94)

and the Fourier transform of p(p) in (2.93), then apply to (2.95), to obtain

x —X/|
n

—/d2xd2x’p(x)l —5 p(x')

d2p -1 ip-(x—x’
= —27r/ 2nh)? /d2Xd2X,,0(X) p(x') (V%) ePlxx)

d? o 1
= _Qﬂ-/ p /d2Xd2X/,0<X) /)(X/) e P /h (V2> lelp-x/h'

(2mh)?
(2.96)

The Fourier transform of p(x) is
p(p) :/d2x’ p(x') e PX/R, (2.97)

and
2 ipx/h _ _ (P 2 ipx/h
VZe <h> e : (2.984a)
: E\® .

(V?) e/ = (5) X/ (2.98b)
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Apply (2.97) and (2.98) into (2.96), to get

— /d2xd2xlp(x) In B p(x')

:27T/ o /d2Xd2x’ p(x) p(x') e Px/n h 2 elPx/n
(27h)? p

d2p 2 ~ 1 ip-x/h
_on / o /d X p(x) i(p) 5 <" (2.99)

Since p(x) is real function, i.e., p(x) = p*(x), we have
d2p/ ~x —ip’-x
p(x) :/W pr(p') e (2.100)

Substitute (2.100) into (2.99), to obtain
2,12/ x — x| /
—/d xd*x'p(x) In 5 p(x")

d’p d?p’ - 1 .
-9 d2 —ip/'x sk 1\ x _—  ipx/h
7r/ L / (27)2/ x e P 5 (p') p(p)p2 e

d2p d2p, k(T 1 i(p—p’)x
:QW/(%F/(%h)? p(p)p(p)?/d%{e(p P20

By using an integral representation of the delta function in 2-dimensions :

(o) :/ (;:;)2 PP, (2.102a)
F(p) = / d’p” F(p') 8*(p — p'). (2.102b)

Applying into (2.101), to obtain

[x = x|

- /dQXdQX/p(X) In 5 p(x')
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(2m)2 7 p?
—or ’p 1

So that, from (2.103), we have

—¢? / a2 d2xp(x) In 1 ;X/| p(x') =0 (2.104)
Let
p(x) =tpi(x) + Bp2(x) = tp1 + Bp2 (= p), (2.105a)
p(xX') =tp1(X) + Bp2(X') = tpy + By (= /), (2.105D)
1=t+ 3, (2.105¢)
g =(1-1), (2.105d)

where 0 <t <1 and p1, p2 = 0.

For any real pq, p2, we obtain the inequality

(p1 — p2)? < t(pr — p2)°
t*(pt — 20102 + p3) < t(pi — 2p1p2 + p3)

207 — 2% p1py + t2p5 < tp} — 2tp1p2 + L. (2.106)
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Subtracting the both-sides of (2.106) by 2tp3, gives
t2p1 — 26 p1py + t7p3 — 2tp5 < tpi — 2tp1ps + tps — 2tp;
20T — 262 p1pa + 1703 — 2tp” < tpt — 2tp1pa — tp5.
Add to both-sides of (2.107) the expressions p3 + 2tp1pq, to obtain
t2pT — 26*p1pa + 205 — 2tp” + p3 + 2tprpy < tpi — o3 + p3.
The left-hand side of (2.108) can be rewritten as
20T — 26* p1pa+12p5 — 2tp* + pi + 2tp1 o
=t2p + (1 +* = 2t)p5 + 2t(1 — t)p1pe
=t*p} + (1 —1)%p3 + 2t(1 — t)p1p2
=(tpr + (1 —t)p2)*.
Also the right-hand side of (2.108) is given by
tpy —tp3 + p3 =t (p1)° + (L — 1) (p2)° .
Substitute (2.109) and (2.110), to obtain the elementary inequality
(tpr + (1= 1)p2)” < t(p1)* + (1 — 1) (p2)”.

Also

(2.107)

(2.108)

(2.109)

(2.110)

(2.111)

[tor + (L= 1)po] [0} + (1 = t)p] =t?pipl + (1 = 1)?paply + t(1 — ) p1
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+ (1 = t)phpa
=t*p1py + papy — 7 paphy + tp1py — tp)pa
+tp)pa — 2P pa
=t*p1p) + papy — t7paph + tprpy — Lo pa
+ tp)pa — 20l pa + tp1p) — tpiph
=tp1py + (1 —t)p2py
—t(1—t)(p1 — p2)(p} — pb)
[tpr + (L= )p2] [to) + (1 = t)py] =tp1p + (1 —t)paph
—t(1—=t)(p1 — p2) (P — p). (2.112)

From (2.104), replace p(x) by [p1(x) — p2(x)] and replace p(x’) by [p1(x’) —

p2(x)], to obtain

x —X/|

_ / Pxd® [p1(x) - pa(x)] In [1(x) = pa(x)] 2 0. (2.113)

27“0
From (2.91) and (2.105), replace p(x) by [tp1 + (1 — t)p2] and p(x') by
[tph + (1 —t)ph], to obtain

+27¢* /dQX In % [tpr + (1 — t)po]
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x — /|

B

—e? /d2x d*x'[tp1 + (1 — t)ps] In [t} + (1 —t)ph)].

(2.114)

Consider the first term on the right-hand side of (2.114), by using, in the

process, the elementary inequality in (2.111) giving
A [ @xltor+ (1= 0p] <A [ @x (b + (1= 1) (22))

A [ @x () 4 [ dx (- 1) o)
A/d2x[tp1+ (1—t)ps]* <t (A/d%c (p1)2) +(1—1) (A/d2x (p2)2).
(2.115)

Consider the second term on the right-hand side of (2.114) we may write

| ]

27¢* /d2X ln7 [tpr + (1 — t)ps] =2Z¢? /dQX IHI tp1

]

+QZ€2 /d2X 1117 (1 —t)pg

=t (2Z¢* [ d? 1H
t( e/dx nApl
+(1—1) (2Z€2 /d2x ln|%| p2> :

(2.116)

Consider the third term on the right-hand side of (2.114), by using (2.112),

to obtain

x = X/|
B

—e? /dQX d*x'[tp1 + (1 — t)po] In [tp7 + (1 —t)ph]
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i |x — x|

tpip) — € /d2x d2x n XX

= /d2xd2x’ In I ;}X (1 —t)papy

i

st faexarx wEZEL G- 000 - ) - ). (2.117)

From (2.113), the left-hand side of (2.117) is positive, so that (2.117) can

be rewritten as

_"

—e? /dQX d*x'[tp1 + (1 — t)po] In X BX [tp} + (1 —t)phy]

o/
< —t (62 /d2Xd2X/ 111% PlP,1>

.
—(1—1) <€2 /d2Xd2X/ ln¥ ,02,0’2> : (2.118)

Substitute (2.115), (2.116) and (2.118) into (2.114), to obtain
Fltpy+ (1 —t)p] <t (A/d%c (p1)2> +(1—1t) (A/d%; (pQ)Q)
+1 <2Z62 /dzx ln% pl)
+(1—1) (2Z62 /d2x ln|%| p2)
—t<62 /d2xd2x’ In ‘X;X’| plpfl>
—(1-1) <e2 /d2x d*x’' In Ix ;X/| ;02,0/2)
— <A/d2x (p1)? + 2Z¢? /d2x m% 01

—
—e? /dQXdQX/ In [ BX| plp'l)
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+(1—1) (A/d2x (p2)? + 2Z¢? /d2x lnEA| P2

-
—e? /d2xd2x' In [ BX| pr’Q) : (2.119)

Refer to (2.91), to write

Flp] :A/d2x (p1)” + 2762 /dzx ln% P1

i

—é? /d2xd2x’ In x ;X p1 P4 (2.120)

and

F[ps] :A/d2x (p2)® + 2Z¢? /d2x ln% P2
— /|

B

—¢? /dZXd2X/ In Ix Do Py (2.121)

Substitute (2.119) and (2.121) into the right- hand side of inequality (2.119), to

derive the bound :
Fltp1 + (1 = t)ps] < tF[p1] + (1 —t)F[po]. (2.122)
Also, from (2.114), we have

%F[tpl +(1— t)pg] =2A /d2X [tpl +(1— t)pﬂ (p1 — p2)

+27¢* /d2x ln|2—);[|) (p1 — p2)

x —x
— 2¢? /d2xd2x’ ln| " | [tp} + (1 = t)ps] (p1 — p2)
0

(2.123)
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and

d
&F[tpl + (1= t)po]

t=0

= /d2x (p1 — p2) {214,02 + Ze?In ;X—| — 62/d2x’ Py In
To

x - x|

2.124
2 (212

By choosing py = n2n, and p; = o > 0 arbitrary, we conclude from (2.28)

and (2.42) that the expression within the square brackets in (2.116) is zero, thus

iF[ta + (1 = t)ng]

= 0. 2.125
P (2.125)

t=0

Also (2.106) leads to the bound

Flto + (1 —t)n%] — F[n%]

F[a} — F[n%F} > ;

(2.126)

Since the left-hand side of (2.126) is independent of ¢, we may take the

limit t — 0, leading to

) Flto+ (1 —t)nB,| — F[nB
ﬂﬂ%%%>g([ (L D) [“g (2.127)
and use (2.125) to conclude that
Flo] > F[nf] (2.128)

with the TF density n%y providing the smallest possible value for the energy

functional in (2.91).
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2.3 Lower Bound to the Expectation Value of The Exact

Kinetic Energy

We first consider the Hamiltonian of a single particle

H=Hy+V (2.129)

where Hj is the free Hamiltonian p?/2m.
By introducing a variable coupling parameter g > 0, with ¢ = 1 corre-

sponding to above the Hamiltonian, we rewrite (2.129) in the form

H(g) = Hy + gV (x). (2.130)

We rewrite the potential, by using in the process the step function

V(x) =V(x)(1)

=V (x) [B(V(x)) + O(-V(x))]

>V (x)0(—V (x)). (2.131)

Since V(x)O(V(x)) = 0, where ©(V(x)) + O(—=V(x)) = 1.
Let —v = V(x)O(—V(x)) where v(x) > 0, from (2.131) we then obtain

V(x) = —v(x). (2.132)
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Substitute this into (2.130), to obtain

H(g) =Ho + gv(x)

H(g) 2Hy — gv(x). (2.133)

Let N_¢(H(g)) denote the number of eigenvalues of H, < —¢, with £ > 0.
For future developments, we establish an order relationship between the eigen-
values of two self-adjacent operators H(g) and Hy — gv(x), whose spectra are

bounded from below, such that for all vectors |®) in their domains, we obtain

(B[H(9)|®) = (®|Hy — gv(x)|®) > —¢. (2.134)

Also the number of bound-state of Hy — gv(x) cannot be less than those of H(g),

N_¢ (Ho — gv(x)) > N_¢ (Ho + go(x). (2.135)

Similarly 0 < ¢’ < g,

Hy — g'v(x) 2Hy — gu(x) (2.136)

and

N_¢ (Ho — gv(x)) = N_¢ (Ho — g'v(x)). (2.137)

From (2.131)—(2.137), we have the important relation :

N_¢ (Hop — v(x)) = [Number of ¢"’s in 0 < ¢ < g for which

Hy — g'v(x) has the eigenvalue = —¢] (2.138)
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so that Hy — ¢’v(x) has energy = —¢.

From (2.138), we introduce the new eigenvalue equation :

(Ho— o(x)) |2) = —€|2), (@] @) =1
(2 o) 2) = -l
(f—m +e)|2) =)

=g Vo(x)Vu(x) |®)

=g'\/v(x) |®) (2.139)

where |®) = \/v(x) | D).

Multiply (2.139) by /v(x), to obtain

i (2 +e) ) =Vt Vil

Vo) [9) =¢/'Vo(x) 7 Vo(x)|®)
(5+9) )
@) =g"A[®)
Al®) _;@) (2.140)
where A is the positive operator
A= /o) — (2.141)
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The eigenvalue of the operator A is 1/¢’ and 0 < ¢’ < g. Also

o0

1 /
A :Zﬁ 19)(g5l- (2.142)

j=1 77

From earlier equations, (2.129)—(2.141), for p > 0, in particular we recall

that
/d”x (x| AP |x) > é X [Number of all ¢'’s as eigenvalues of A
in 0 < ¢ <g for which Hy — g'v(x)
has the eigenvalue = —¢]. (2.143)
From (2.133) and (2.143), we obtain the so-called Schwinger inequality :
N_¢ (Ho — gu(x)) < ¢° / d"x (x| A7 [x) . (2.144)

In two dimensions (v = 2), we choose p = 2 on the right-hand side of
(2.143). Thus with the definition of A in (2.141), we obtain for the right-hand
side of (2.143) with g =1

[ a2x) = [ aix [ e Al (] AR

_ / dx / a2/ (x| A [¥) (x| A[x)’

=[x [ i A
:/d2xfd3x' v(x) v(x) <x ﬁ x'> 2. (2.145)

2m
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:/ (;7:711-))2 / (5172%2 x| p) (p|Am)|p") (o' x)
:/(;W;Q/(sﬂg;z elh X <p
:/ (;wiri))Q / (;%2 el(Px=p"x)/h <p

d2p d2p, 1 x— I~X, h ~ 2 2 ,
:/(27rh)2/(27'(ﬁ)2 el(Px—p"x')/ A(p) (2mh)" 6% (p — p’)

d2p ~ d2p/ N
:/W A(p) (QWh)Q/W el (PP X)/ig2 (1 )

2
:/ o A(p) oo G—x)/n

(2mh)?
/ d?p e (x=x)/h | ,

= , NM=X—X
1 > p dp o inpcosf/h

:(27rh)2 i <p2 . g) i df e ) (2.146)

2m
The angular part is given by
2 ) N

/0 dg e eost/h —or Jo(Z) (2.147)

where Jy(z) is the Bessel function of order zero. On other hand,

/oo dz %Jo(x) =Ky(ax) (2.148)

2+ a?)
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where Ky(ax) is the modified Bessel function of order zero.

Apply (2.147) and (2.148) to (2.146), to obtain

1 1 > p dp o i cos
<X7?__X>:@ﬁy/ ey AR B e
] o (grre)
m x—x
— Ko (’ . |) 2me. (2.149)

Substitute (2.149) into (2.145), to obtain

[ 221

:/&x/&ﬂv@ﬂb&(%%%(k%wg 2m5>2
:(géf/ﬁ&/h%am@vgqog(kgx> 2m92. (2.150)

We use Young’s inequality

g{/ﬁxuﬁw}w{/fxmﬁwym
x{/fﬂmwfyﬁ (2.151)

\/fx/&fﬂmmx—fm&v

withp=2, s=2, ¢g=1 and

f(x) =v(x), (2.152)
g(x —x') = <K0 ('X ;_LX/|> 2m§) : (2.153)
h(x') =v(x'), (2.154)
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to obtain

|x — x'|2

< (/ d2x|v(x)]2>1/z (/d2x
x(/fxw@W)W

o2x—|V/2mE
/dQX/d2x' v(x) v(x')

(10 (55 v |

=(/&xwww)m(/¥xwwwfm

y (/dzx

|x — x'|2

< (/d2x (v(x))2> </d2x

By using the integral

[ (5 vene)

we then have

m 1
/d2x (x| A% |x) :ﬁw_f/d%mﬂ

From (2.144), this gives

x —X/|
K,
(e (55

e—2|x—x'|\/W/ﬁ
/dzx/dQX’ v(x) v(x')

X

m

N_¢ (Hp — gv(x)) < —i/d2x v

2h% €

44
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(o (5 )]
okt
2mg

(x).

*(x).

(2.155)

(2.156)

(2.157)

(2.158)



From (2.158) we have N_¢ (Hy — v(x)) < 1 if we choose

¢ :% 1 ; %) /d2x v(x), §>0 (2.159)
or
- —%(1 ; %) /d2x V?(x). (2.160)

On the other hand, N_¢(p?/2m —v(x)) < 1, implies that N_¢(p?/2m —v(x)) = 0,
since N_¢ must be a natural number, and the right-hand side of (2.160) provides
a lower bound to the spectrum of [p?/2m — v(x)] since its spectrum would then
be empty for energies —¢. That is, (2.160) gives the following lower bound for the

ground-state energy of the Hamiltonian,

m (14 9) 5 o

For one particle systems, we first obtain a lower bound for 7. First we
consider the one particle state with normalization condition [ d*x p(x) = 1 and
define the positive function

P~ (%)

[ ] T (2.162)

v(x) =7

where «,~ are to be determined, and v(x) is not the potential energy for any
Hamiltonian. It is just introduced in order to be able to obtain a lower bound for

T. Substitution (2.162) into (® |Hy — v(x)| @), to obtain

<1>> =—(v=-1)T (2.163)
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and in reference to the bound in (2.161), we have

™

<I>> > — % (1+9) /d2x V(). (2.164)

From (2.163) and (2.164), we may infer that

- / o (7 ] dziapgi)rl(x) T>2

0o m (140)  [d*x p*(x)
(y—1) T < T?% o2 (fdzx pa+1(x))2.

(2.165)

This suggests to choose 2o = a + 1, giving a = 1. So the inequality in (2.165)

becomes

s o m (1+0) fd2x pQ(X)
T oy

T mi50) /d2x p*(x). (2.166)

Optimizing (2.166) over ~y

? + = =0 (2.167)

46



gives

N =2. (2.168)

Substitute v from (2.168) into (2.166), to obtain the following bound for the

expectation value of the kinetic energy T' (for one particle systems)

> (1j_5>2h—m/d2x P (x) (2.169)

for arbitrary small § > 0.
For multi-particle systems, consider N identical bosons, each of mass m

and introduce the particle number density in two dimensions :
p(x) = N / .. Ay |D(%, %o, 0, X)[° (2.170)

The total number of particles NV is given self consistently from the normal-

ization condition

/d2X p(x) = N. (2.171)

In reference to (2.162), with v = 2, a = 1, we obtain the expression for the

positive function v(x)

v(x) = Z%T (2.172)
where
T= <<1> % <1>>. (2.173)
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It is easily verified that

c1>> = 2T (2.174)

N
where > v(x;) = v(x) and v(x) is not the potential energy for any Hamiltonian.
i=1

It is just introduced in order to be able to obtain the expectation value of the
kinetic energy T' (for N identical bosons) in two dimensions.

We consider the operator

f: {p? - v(xi)} (2.175)

, 2m
=1

defining a hypothetical Hamiltonian of N non-interacting bosons which, however,
interact with the external “potential” v(x).

From (2.173) and (2.174), we have

<q>

To obtain a lower bound to the spectrum of the “Hamiltonian” (operator) in

i 2 )]

<1>> =T (2.176)

(2.175), we can put N bosons in the same state without Pauli’s exclusion principle
(put all of the N bosons at the bottom of the spectrum of [57?1 — v(xi)] Hence
the Hamiltonian (2.176) is bounded below by N times the ground-state energy in

(2.161). This is for N identical bosons we have

<q>

Substituting (2.172), (2.176) into (2.177) and using the normalization condition

2?2 7

i 2 )]

q>> > m—NM/dQX v3(x). (2.177)

[ d*x p(x) = N, we obtain for the expectation value of the kinetic energy T (for
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N identical bosons)

T > —%(1;5)/01% (QN%);Z(X)T)Q

1+6) 1
_ vy
22 [d%x p?(x)

\

T>Lh—2/d2 2(x) (2.178)
“Na+o)2m/) TP ‘

2.4 A Thomas-Fermi Energy Functional and a Lower Bound

for The repulsive Interaction

For symmetric normalized functions ®(xy,...,xy) of N particles, we have

for the expectation value of the Hamiltonian H
N

(@\H|<I>>:Z( +22226 cmm R||<1>>

=1 =1 j5=1

—226 <I>\1n ' J|](I>>

1<J

R, - R,
Ri =Ryl g (2.179)

27’0

k
—2)  Z:Z;e* (B|In

i<j

To derive a lower bound to this expectation value, we recall the definition of

particle density

p(x) = N/d2x2...d2x]\;|<I>(x,x2,...,>q\;)|2 (2.180)

normalized to
/d2x p(x) =N (2.181)
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and
(D|D) :/dzx,d2x2...d2xN O*(x, X9, ..., Xy ) P(X, X2, ..., XN)
:/d2x7d2X2...d2XN|®(X,X2,...7XN)|2
1. (2.182)

The lower bound (2.17) to the expectation value of the kinetic energy for particles

of mass #m is then given by :

- 2 ﬂ-h? 2 2
;@ Py Akl >m/d x [p(x)] (2.183)

where > 0.
In reference to the second term on the right-hand side of (2.179), substitute

(2.180) into (2.179), giving

N k
23 ) Z;e? <I>|1n J' |D)
7j=1

=1

:2/d2x,d2x2,...,d2x]\; O*(x,x9,...,Xy)

<ZZ e’Z; ln |> d(x,Xg,...,XN)

i=1 j=1

_2ZZ/d2x d*xy, ..., d*xy ®*(X,Xa,...,XN)

7j=1 =1

i — Ry
X (eQZj In u) d(x,Xg,...,XN)
27’0

20



—QZZ/CIQXGQZ In — R’

j=1 j=1

X Z /d2><2,...,d2xN|<I)(x,x2,...,>c]\;)]2

2 2 R;| p(x2)
+22/dx2€Z1n o N

To

2 o2 J|P< )
+2Z/d Zln 2 N

To

+22€2Z /dzxp X) lnw. (2.184)

27"[)

In reference to the third term on the right-hand side of (2.179), we first note that

—226 ®|ln ' Jl D) = /d2 ,/dQXp | p(x') (2.185)

1<jJ

and for the fourth term on the right-hand side of (2.179) , we may write

k
3 R, — R Z |Ri — R;|
i<j i<j
- IR; — R,|
_ 2 : 2 i Yy

From (2.183)-(2.186), we obtain the following lower bound for (2.179)

(P H [®)

mh? 2 2 2 |X_ |
25 Z; [ d Ll
>Nmﬁ/dx[ T+ / x p(x 219

o1



_ ~
— e /d2x d*x’ p(x)In x = x] p(x")

2’/‘0

k
[Ri — Ry
—2) Z,Z;€ 1“2—71)] (2.187)
1<J

by closing ¢ arbitrary small.

We define an energy functional F'[p] in 2-dimensions by

mh?

Flp;Z1,..., Zi, Ry, ..., R}] = N3 d’x [p(x))’

_R|
20N ez, [ @ I X =Rl
+ Ze / x p(x) In o

0

-t faanx oo X2 i)

2T0
- R, - Ryl
2 ()
— QZZiZje 1112—% (2.188)
1<)
depending on positive parameters Z,...,Z; and Ry, ..., R;.

Optimize (2.188) over p(x), by taking the functional derivative of (2.188),

with respect to p(x), equal to zero, to obtain

o = F )
op(x)
27 h? i Ix — R,|
= 2%y Z; 1 2
R
—262/d2X’ ln|X2—T_OX| p(x'). (2.189)
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Let p(x) = po(x; k) satisfy the equation (2.189), this is

2 2
Nﬂhﬂ [po(x; k)] = — 2¢€? ZZ ln R,
m

_ /
+262/d2x’ ln% p(x).

To

(2.190)

Refer to (2.105)—(2.128), which shows that the TF density actually pro-

vides the smallest value, we conclude that po(x; k) satisfying (2.190) provides the

smallest value for the functional (2.188), with the corresponding solution, po(x; k)

satisfying the normalization condition

/dxpoxk‘

IIMw

From (2.128), we then have

Flp] = F[po]

F[p;Zl,...,Zk,Rl,...,Rk] 2F[pO;Zl,...,Zk,Rl,...,Rk].

We introduce the functionals

F[p;)\Zla"w)\Zb Zf+17"'7Zk7R17"'7Rk]

and

Flp;AZ1, ..., A\Z¢, Ry, ..., R)]

where ¢ < k and \ > 0 is arbitrary parameter.

(2.191)

(2.192)

(2.193)

(2.194)

Let p1(x), p2(x) be the corresponding solutions to (2.189) for the functionals
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n (2.193), (2.194), respectively. By referring to (2.189), we have

mh? 9 R ]
Nmﬁ :—eAZZ ln ZZ ln
j=tt1
_ /
62/d2X/ In |X2r0X| p1(x') (2.195)
and

ula =— 62/\22 ln R, +e? [ d*¢ lnu p2(x')  (2.196)
Nmﬂ 270 2 ‘

and for the simplicity of the notation only, we have suppressed the dependence of
p1, p2 on A\ kL.

By subtracting (2.195) from (2.196), we obtain

Q1(x) — Qa(x) = — €2 Z Z; lnw + eQ/dQX’ lny [p1(x") — pa(x)]

27’0 To

j=tH1
6271:7;16 '] LroX/'[Ql(X,)_QQ(X/)] (2.197)
where
01(x) :%ﬂig) (2.198)
0(x) :%' (2.199)

Since the sum over j in (2.197) is non-negative, [@Q1(x)— Q2(x)] cannot be strictly

negative for all x otherwise this will be in contradiction with the equation (2.197)

o4



itself.

We introduce the set

S = {x]Q1(x) — Qu(x) < 0} (2.200)

which we will show that it is empty, thus concluding that Q;(x) — Qa(x) > 0.
We assume that S is non-empty and then run into a contradiction. As we
move away from the boundary Q of S, [Q1(x) — Q2(x)] changes sign or vanishes,

by definition of S, and we then have
- V[Qi(x) — Qa(x)] >0 (2.201)

which 7 is a unit vector perpendicular to the boundary at x, otherwise, we would
run into a region beyond S where [Q1(x) — Q2(x)] is still strictly negative. [If S is
of infinite extension the non-negativity of i - V[Q1(x) — Q2(x)] on the boundary
still holds.|

The application of the Laplacian to (2.197) gives

k
QX - Q)] = e Y 2,72 X1

2
j=t+1 0

SR [ v ? [@Q1(x) = Q2(x)]

mh? To

k
=—47e? Z Z;8*(x — Ry)
=141

e2Nmp3
mh?

d’x" 0% (x — x') [Q1(x') — Qa(x)]

k
=—4re? Z 7Z;8%*(x — Ry)

j=i+1
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Nmp

4rre®
+ 4 e

[Q1(x) — Q2(x)] (2.202)

and for x in the set S, the expression on the right-hand side of this equation is
strictly negative since [Ql(x) — Qz(x)] < 0 for such x by hypothesis.

Accordingly,

0> / Px V2 [Q1(x) — Qa(x)] = / 104 - V[Q1(x) — Qs(x)] (2.203)

S Q

in contradiction with (2.201), hence S is empty and

Q1(x) — Q2(x) =2 0 (2.204)

as a function of x.

In reference to the functional
Flp; Zis1s. .., Zy, Riga, - - Ry (2.205)

let p3(x) satisfy

i

Th? i x —R; X —X
p3(x) = —€? Z Z; lng—l—ez/d%(’ lnl 5

Y x)  (2.206
Nmp = o o p3(x’)  (2.206)

in analogy to (2.195), (2.196).
We define

g()\) = F[pl;)\Zl,...,)\Zl,Zl+1,...,Zk,Rl,...,Rk]
—F|:p2;>\Zl,...,)\Zl,Rl,...,Rl]

—F|:p3;ZH,1,...,Zk,Rl+1,...,Rk} (2207)
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with [ < k. Since for A = 0, p; and p3 denote the same density, and ps, in (2.207)

is obviously equal to zero for A = 0, as the left-hand side of (2.207) is non-negative

while the right-hand side is non-positive for A = 0, and
9(0) = F[P§ L4ty Ziy Ry, o ,Rk}
— F[0;...Ry,..., Ry

_F[p;ZH-la"'7Zk‘7Rl+17"'aRk‘i|

we may infer that

For A =1, gives

90) = Flpi 2, 2 Zuss o s Rt Ry
_F[pQ;Zh"'7ZlaR17"'7Rl:|
_F[p;ZH-l?'"7ZkaRl+17"'7Rk:|'

From (2.209) and (2.212), we may write

we infer that (F[p] > F|[po))

(2.208)

(2.209)

(2.210)

(2.211)

(2.212)

and hence to establish (2.212) it is sufficient to show that ¢/(\) > 0 for 0 < A < 1.

To the above end, we note from (2.188) with Z; — A7, .

o7

ooy Zl —>)\Zl,



p — p1, we obtain

F[pl;)\Zla"‘7)‘Zl7Zl+17"'7Zk:7R17"'7Rk}

h2
=3 | X 6P

¢
~R,|
NS 2z, | 4 I X~ Rl
+ ;e ]/ x p1(x) In o

k
+2 Z BQZ‘/dQX ‘X_—le
: p(x) In

2r
j=t+1 0

x x|

—é? /d2x d*x’ p1(x) In p1(x’)

27"0

-1 ¢
R, — R,
oY Y zzew BTl
To

i=1 j=f+1

k
2, |Ri — Ry
> Ze 1r12—r0 (2.213)

V4
92 Z \Z;
=1

where

k /-1 12
. — R, R, - R,
2Y 2z w Tl g2 37 S gz Tl
To

. 2rg ; ;
1<j i=1 j=¢+1

k
Y zew BBl 60y
27"0

j=t+1

¢
+2) AZ
i=1
By setting the functional partial derivative of (2.213), with respect to A\, we obtain

9,
aF[pl;AZb .. -aAZl;ZH—la .. .,Zk,Rl, .. ,Rk]

2mh? 9 0
~Nmp d°x p1(x) 5P1(X)
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¢
0
+2)\Z€2Zj/d2X I o J|a)\p1(x)
j=1

¢
~R,|
2y ez, | @ I X~ Rl
+ ;e ]/ x p1(x) In 5

0

+22 22/d2x1n " ‘(,Mp()

j=b+1 0

L x =X N O
— 2¢? /d2xd2x ln’ 5 | p1(x") apl(x)

To

—4AZZZZ e?In |R Rﬂl

i=1 j=0+1

—QZZ Z Z;e*In |R Rﬂ| (2.215)

Jj=0+1

Eq.(2.215) can be rewritten as

0
a)\ [plaAzly--'a)‘ZlvzH-la"'7ZkaR17"'7Rk}
_ d2 27Th2 )\Eé 2 1 ’X_R]|
= X Nm/@ p1(X)+2 j:16 Z] 1’12—7”O
R] |x — x| 0
2 e*Z; 1 2%/ In —— o=
¥ j%fl WP g [ p1<x>] 2 ()

2[4>\Z§£:ZZI QZZ ZZI R — RJ']

i=1 j=(+1 = J=L+1

l

_R.
—i-QZeQZj/dzx p1(x) lnu (2.216)
j=1

27’0

Refer to (2.195), and note that the expression within the brackets of the x-
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integral in the first term on the right-hand side of (2.216) is zero. So that (2.216)

becomes

|:p17)\Z17 . '7>\ZZ7ZH-17 .- 'aZkaRla s 7Rk:|

O\
4AZZZZl Ri — Rf|+2ZZ ZZI |R Rﬂ’
i=1 j=4+1 i=1 J=l+1
: x — Ryl

Refer to (2.216), and in the same way as in (2.217), we obtain

0

a)\ [pQ,)\Zl,...,)\Zl,Rl,...,Rl}

4>\ZZZZI +QZZ ZZI |R RJ'

i=1 j=(+1 = Jj=0+1

l
+2Ze2zj/d2x pa(x) In X =Rl (2.218)
j=1

27’0

Refer to (2.216), and in the same way as in (2.217), we obtain

@)\ |:p3JZl7‘"JZkRZ—l-h-..,Rk]

= —2¢? ZZ Z Z;In |R RJ| (2.219)

= j={+1

Finally refer to (2.210) and (2.217) to (2.219), to obtain

— R,
QZZG/dQXp )1 QZZG/dQXp )ln‘X2TJ|
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+QZZ ZZel ‘R Rﬂ’

=1 j=L+1

R’ 2 x — Ry
—QZZ Z Z;e*In —|—e/dxln2—ro [p1(x)

Jj=0+1
L
=2 Z Z; [Q1(Ri) — Q2(Ry)]
=0

where we have used (2.204).

Accordingly, from (2.207) and (2.212), we have

Flp:Zy,.... ZiRa, .. Ri) 2F[pi 21, Z.Ra,... . Ry]

+ F|:p3a Zl+17 e 'aanRf-f—lv s aRk‘]

— p2(x)]

(2.220)

(2.221)

for any 1 < ¢ < k, where py, pa, ps are the densities which provide the smallest

values for the corresponding functionals, respectively.

Accordingly, from (2.192) and (2.221), since ¢, k (with [ < k) are arbitrary

natural numbers,we may conclude that
k
Flpo; Z1,. .., Z,Ra, .., Re] 2 Y F[phgs Zi, Ry
i=1
where each F' [p?FF; Z;, R,} is a TF functional.

Consider the solution of the TF functional,(2.27)

2
Th® ¢ 3

| x — x|
- [ntp(x)] =Ze€? ln2— —e? [ d* In o0 npp(x)

To

where n2;(x) is the TF density.
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The ground-state energy EZ.(Z) of the TF atom is given from (2.87) to be
ER.(Z) = —(0.576486) 22> (2.224)

In TF density pip with nuclear charge Z;|e|, situated at R;, and the mass
m of each negatively charged particle simply scaled by 3, we replace x by x + R

and set

prr(X + Ri) = ”%F(XH (2.225)

m—mB,2—7Z;

Substitute this into (2.223),giving

Th? . . x — R, x—x|
“d [Prp(x)] = Zi€e? IH% —62/d2X’ ln‘ o | pre(x). (2.226)

From (2.192),(2.222) and (2.224), we then have
k
Flp;Z1,..., Z,Ra,. .., Ri] = Brp(1) Y Z7 (2.227)
i=1

where Erp(1) = —(0.576486)e?, independent to m.

The basic inequality in (2.221), shows that a system identified by
the parameters [Zl, v Zi, Ry ,Rk] cannot have an (optimized) energy
functional (2.188) less than the sum of the (optimized) energy functional
of any two subsystems identified by parameters [Zl, o 2, Re, ,Rl],
[Zl+1, v Ziys Ry, oo ,Rk}, I < k. Because of this last property, the Theorem
embodied in the inequalities (2.221), (2.222) is referred to as a “No Binding The-
orem”.

We now deride a lower bound of the multi-particle repulsive coulomb po-
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tential energy. From (2.227) we note that

wh? 2 2 x — R
p d"x +2ZZ€ /dxln2—rop(x)
x x| S R - R,
2, 12/ / 2 Y
/d d*x’ p(x) In ore p(x)—ZZZiZje IHT
1<J
k
>Err(1)Y_ Z}. (2.228)

The energy density functional, expressed in terms of the density p(x) on the
left-hand side of (2.228) is in the spirit of the TF energy functional, with the mass
m of the particle replaced by mf3, and with the further generalization of including
k nuclei, with the last term, involving ‘Z;Z; €*’, describing their interactions.

The inequality in (2.228) gives rise to a lower bound to the (repulsive)
Coulomb potential energy of k particles of charges Zile|, ..., Zxle|, or charges

—Zle|, ..., —Zlel, i.e., for charges of the same signs as follows :

2y zzew B Rl o 222 2 p()]”

1<j

0

y x— R,
—2ZZ2-62/d2x In ———— 5 2 p(x)
j=1

e? /d2x d*x’ p(x) In x = x| p(x).  (2.229)

27’0
In particular for the interaction of N particles we have, with substitutions

k—N,Z;—-1,R; —=x;forj=1,...,N:

h2
226 Lt S RS

2 pre d*x [p(x))”
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N
_g ez/dzx X%l
; o PX)

-
e? /d2x d*x’ p(x) In |X27“0X | p(x') (2.230)

2.5 Lower Bound for the Exact Ground-state Energy

For symmetric normalized functions ®(x,...,xy) of N particles, we have

for the expectation value of the Hamiltonian H

(B H |®) = Z<q>| Pl ) +2ZZZG (®|1n X J’|<1>>

=1 j=1

—22 <I>|1n—]||CI>>

1<j "o

|R

To

—22226 (®|In ||<1>> (2.231)

1<j

with wavefunction normalization condition.
The lower bound (2.178) to the expectation value of the kinetic energy of

bosons :

N 2

PNCIE P: ) > ST e 2z (2.232)
: “Nom

for ¢ sufficiently small.
For the second term on the right-hand side of (2.231), substitute (2.180)

into (2.231), we obtain

N k
23 ) Z;¢e? <I>|1n J' |D)
7j=1

=1
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:2/d2x,d2x2,...,d2xN O*(x,Xg,...,XN)

X (ZZ e’ Z; ln |> O(x,X9,...,XN)

=1 j=1

k N

—ZZZ/dQXdX27.. ,dPxy P (x,Xa, ..., Xy)

7=1 =1

~R,
X ( e*Z;In u) d(x,Xg,...,XN)
27"'0

k N

- Rl
2 2
_QZZ/derln o
7j=1 j5=1
X Z /d2x27 7dXN|(p(X7X27 aXN)|2
T1yeees ON

+2Z/d2x e2Zln 2 R;| p(N)

To

—I—QZ/dsze?Z In 2 R;| p(N)

To

k
R,
:2262Zj /d2X p In u (2.233)
j=1

27“0

For the third term on the right-hand side of (2.231), we first note that
—226 @;/d%c In ——2 | p(x) | @)

:—22 /dzx’ d*xy, ..., d*xy O (X', Xa,...,XN)

7j=1
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X —X
N/dQ /d2Xp | N| p(XN)

= —2¢? / 42’ / a2 p(x) I X=X (2.234)

27“()

and from (2.230)

k

95" @ XXl ey S NE(1
> ¢ (Bl S [0) 2NEre(1) - T

1<j

_ ~
—e? /d2x d*x’ p(x) In Ix BX | p(x').  (2.235)

From (2.232)—(2.235), we obtain the following lower bound for (2.231)

R
cI>Hc1>>—_ ? 2§j22 2 p n 2Bl
(O] H |P) /dxp )+ e /dxpn 5

r
Jj=1 0

2
+ NEre() - oot [ dxlp)”

_ /
e? /dzx d*x’ p(x)In I BX | p(x')
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k
2
~2) ZiZ;e* (|In o

1<J

(2.236)

We set

T T 1 1 1 1
- _ = = = 2.2
(F-5)-%"5"7 2257)
and for positive 3" we have to choose > N. Apply (2.237) to (2.236), to get

T 2 i x — R;|
O|H|D) >—— [ d’x p? 2 2Z-/d2 In ——2
(| H | >_ﬁ’2m/ x p*(x) + ;e g x p In o

[x = x|

—é? /d2X d*x’ p(x)In 5 p(x')

IR; — R, @

2T0

k
~2Y ZiZ;je* (|In

1<j

) + NErp(1). (2.238)

Course of Etp is m independent, using (2.228), we can replace § by 3 and the

sum of the first form on the right-hand side of inequality (2.236) then gives

(®| H|®) >Erp(1)>_ Z7 + NErp(1)

J=1

k
(D| H |®) > — (0.576486)¢> (N +)° ijm>

j=1
= — (0.576486)e* (N + N Zynaz)
= — (0.576486)e*N (1 + Zonaz)

(®| H |®) > — (0.576486)e* N (1 + Znaz) (2.239)
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where

Z;i Zomaz > 2. (2.240)

2.6 Inflation of Matter.

Let |®(m)) denote any negative energy-state of matter, not necessarily the

ground-state,
—en[m] < (P(m)| H |P(m)) (2.241)

where —ey[m] = Ex < 0 is the ground-state energy, and we have emphasized its
dependence on the mass m of the particle.
To establish the statement made above, we need upper and lower bounds

to the expectation value of the kinetic energy operator

Tz<¢

To the above end, we rewrite |®) = |®(m)). By definition of the ground-

N

t<h ¢> (2.242)

i=1

state energy, the state |®(m/2)) cannot lead for (®(m/2)| H |®(m/2)) a numerical

value lower than —ey[m]. That is,
—en[m] < (®(m/2)| H |®(m/2)) <0 (2.243)

where we note that the interaction part V of the Hamiltonian A in (2.231) is not

explicitly dependent on m :

N k
V=27 n i =Rl 226 I i =%l
J=1

i=1 1<J

68



k
R, — R;
-2 § ZiZ;e*In M. (2.244)
— To
1<)

Accordingly (2.243) implies that

T
—en[2m] < <(I>(m) ‘ (5 + V) ’ <I>(m)> : (2.245)
Upon writing, trivially,

T T
T+V:§+§+V (2.246)

the extreme right-hand of the inequality (2.241) then leads to

<(I>(m) ‘g‘ (ID(m)> < - <c1>(m) ‘ (g + v) ‘ q><m)> (2.247)

which upon multiplying by two, (2.245) gives
(@(m) [T B(m)) < 2=y [2m) (2.21)

for all states |®(m)) such that (2.241) is true including the ground-state.
Thus from (2.248), (2.240), (2.232), we have the following bounds for the

expectation value T' of the total kinetic energy of all the particles in such states

ﬁ2
%% / d’x p*(x) < T < (2)(0.586476)e*N (1 4+ Zyaz) (2.249)

To investigate the inflation of matter, let x denote the position of an particle

relative, for example, to the center of mass of the nuclei. We define the set function

1, if x lies within a sphere of radius R
Xalx) = (2.250)
0, otherwise.
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We are interested in the expression

N
Prob[|xi| < R,...,|xy| < R] = / (H d?x; XR(XZ'>> |(x1,...,xn)[> (2.251)
i=1

which gives the probability of finding all the particles within a circle of radius R.

Clearly,

Prob[|x;| < R,...,|xn| < R] < Prob[|x1| < R,...,|x,;| < R]
< ... < Prob[|x;] < R]
1

= = [@x xa(x)p(x) (2.252)

for j < N, with p(x) given in (2.180).

By Holder’s inequality we have
1/2 1/2
Jexatnto < fax o) ( faxod) (2.253)
where x%(x) = xr(x), and

/ d*x xr(x) = Ar (2.254)

denotes the area in which the particles are confined.

Hence, in particular, (2.252) gives

Prob[|xi| < R,...,|xy| < R] < Prob[|x;| < R]

< % (/d2x /)Z(X))I/2
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(AR)'/? me’N 1/2
< .
< | (2:305944) (1 + Zpa)
(2.255)
where (from (2.249))
1/2 27 1/2
</ d2x p2(:x)) < [(2.305944)%(1 + Zmax):| (2.256)

finally leads to the simple bound

2

N 1/2 me 1/2
Prob [|X1| S R, Ceey |XN| S R] (A_) < (0856568) [?(1 + Zmax>:|
R

(2.257)

where ay = h?/me? is the Bohr radius and Z,,,, is the maximum of the nuclear
charges.

We immediately infer from (2.257) the inescapable fact the necessarily,
given that there is a non-zero probability of particles to be limit within a circle
of radius R, then the corresponding area Ar grows not any slower than the first
power of N for N — oo, since otherwise the left-hand side of (2.257) would go
to infinite in this limit while the right-hand side is finite. That is, necessarily,
the radius R of spatial extension of matter grows not any slower than N'/? for
N — o0.

We note that N/Ag gives the particle density, and one may infer from
(2.257), with a probability non-zero provide that particles are limit within a circle
of radius R, the infinite density limit N/Agr — oo, i.e., of the system collapsing

onto itself, does not occur.

71



2.7 Non-Zero Lower Bound for a Measure of the Extension

of Matter

We use define the expectation value

<Z |;{\;’> :/d2X1...dsz (Z |T\;’) ‘q)(xla-"axN)F

“x [x|p(x) (2.258)

"N

as for a measure of the extension of matter. Using the facts that

1 R
N Jexiot = [ axixot = 5 [ dxp
Ix|>R |x|>R
= R Prob[|x| > R| (2.259)
Prob[|x| > R] =1 — Prob[|x| < R] (2.260)

Agr = mR?, and (2.257) we obtain

(5>

Upon optimizing the right-hand side of the above inequality over R, this

1 - (%ﬂﬂ) (1.518534) {mh—f(l + Zmax)] 1/2] . (2.261)

gives

N K2 1 1/2
R =(0.329265) <7r — )) . (2.262)

leading for (2.261) to the explicit non-zero lower bound

x| 1/2 h? 1 1/2
164632) N . .
<§ (0.164632) e T 7 (2.263)
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CONCLUSION

1. We show that
Er < Enr

indenpendently of the statistics obeyed by the particles and indenpendently of the
dimensionality of space. The demonstration is not difficult but the result is un-
doubtedly important realizing its generality in applications including for the case
N = 1. In particular, this established the instability of so-called "bosonics mat-

ter"

, obtained by relaxing the Pauli exclusion principle with relativistic kinetic
energies Fg, i.e., for —FEg, with the some power of N as a lower bound obtained
for —FEygr with non-relativistic kinetic energies for the latter. We expect that
the method of analysis used in this communication will be useful for related de-
velopments of relativistic many-particle systems and, in particular, to "fermionic
matter". Such investigations will be carried out in a future report

2. We prove rigorously that such matter is stable with logarithmic po-
tentials with out involving the exclusion principle (bosonic matter). The lower

bound for the ground-state energy in 2 dimemsions depends on a single power of

N, which is given by
(®| H |®) > — (0.576486)e*N(1 + Zynar)-

3. We immediately infer

me?

h?

1/2
(1+ Zmax)}
R

N\ M2
Prob[|xi| < R,...,|xn| < R] (A_) < (0.856568) [
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the inescapable fact that given that there is a non-zero probability of particles to
be limited within a circle of radius R, then the corresponding area Ar grows not
any slower than the first power of N for N — o0, since otherwise the left-hand
side of this inequality would go to infinity in this limit while the right-hand side is
finite. That is, necessarily, the radius R of spatial extension of matter grows not
any slower than N'/? for N — oo. We note that N/Ag gives the particle density,
with a probability non-zero provide that particles are limited within a circle of
radius R, the infinite density limit N/Ar — o0, i.e., of the system collapsing onto
itself, does not occur.

4. Non-zero lower bound for a measure of the extension of matter in 2-

dimensions is given by

N 1/2
|xi] 1/2 h 1
> (0. .
<Z§1 N )7 (0.164632) N ]

mme? (1 + Znax

74



REFERENCES

Bhaduri, R. K., Murthy, M. V. N. and Srivastava, M. K. (1996). Fractional exclu-
sion statistics and two dimensional electron systems. Physical Review Let-

ters 76 (2): 165-168.

Dyson, F. J. (1967). Ground-state energy of a finite system of charged particles.
Journal of Mathematical Physics 8 (8): 1538-1545.

Dyson, F. J. and Lenard, A. (1967). Stability of matter. I. Journal of Mathe-

matical Physics 8 (3): 423-434.

Dyson, F. J. and Lenard, A. (1968). Stability of matter. II. Journal of Mathe-

matical Physics 9: 698.

Forte, S. (1992). Quantum mechanics and field theory with fractional spin and

statistics. Reviews of Modern Physics 64 (1): 193-236.

Geyer, H. B. (ed.). (1995). Field theory, topology and condensed matter
physics: Proceedings of the ninth Chris Engelbrecht summer school
in theoretical physics, held at Storms River Mouth, Tsitsikamma Na-

tional Park, South Africa, 17-28 January 1994. Berlin: Springer-Verlag.

Kventzel, G. F. and Katriel, J. (1981). Thomas-Fermi atom in n dimensions.

Physical Review A. 24, 2299.

Lenard, A. and Dyson, F. J. (1968). Stability of matter. II. Journal of Mathe-
matical Physics 9 (5): 698-711.

Lieb, E. H. and Thirring, W. E. (1975). Bound for the kinetic energy of fermions

which proves the stability of matter. Physical Review Letters 35 (11):



687-689. Errata: Physical Review Letters 35 (16): 1116. Reprinted in
Thirring (1991), pp. 323-326.

Lieb E. H.. The Stability of Matter: From Atoms to Stars, edited by
W. E. Thirring, Springer, Berlin (2005).

Manoukian E. B. (2006). Quantum theory: A wide spectrum. Dordrecht,

Berlin, New York, Springer: Sects. 3.1-3.4, 7.1, 14.3.

Manoukian, E. B. and Muthaporn, C. (2003b). N°/3 Law for bosons for arbitrary

large N. Progress of Theoretical Physics 110 (2): 385-391.

Manoukain, E. B., Muthaporn, C. and Sirininlakul, S. (2006b). Collapsing stage

of “bosonic matter”. Physics Letters A 352: 488-490.

Manoukain, E. B. and Sirininlakul, S. (2004). Rigorous lower bounds for the
ground-state energy of matter. Physics Letters A 332 (1-2): 54-59. Errata:

Physics Letters A 337 (4-6) 496.

Manoukian, E. B. and Sirininlakul, S. (2005). High-Density Limit and Inflation of
Matter Physical Review Letters 95: 190402-1.

Manoukian, E. B. and Sirininlakul, S. (2006). Stability of Matter in 2D Reports

on Mathematical Physics 58:263-274.

Muthaporn, C. and Manoukian, E. B. (2004a). N? Law for Bosons in 2D. Reports
on Mathematical Physics 53 (3): 415-424.

Muthaporn, C. and Manoukian, E. B. (2004b). Instability of “bosonic matter” in

all dimensions. Physics Letters A 321 (3): 152-154.
Oka, T. (1997). The Story of Spin. University of Chicago Press, Chicago.

Semenoff, G. W. and Wijewardhana, L. C. R. (1987). Induced fractional spin

statistics in three-dimensional QED. Physics Letters B 184 (4): 397-402.

76



ouTPUT

To be submitted in Reports on Mathematical Physics journal.

77



APPENDIX

Stability of matter without exclusion principle in 2D with
logarithmic potentials

S. Sirininlakul*

Department of Physics, Faculty of Science, Srinakharinwirot University,
Bangkok, 10110, Thailand.

Abstract

We prove rigorously the stability of matter without exclusion principle in 2D with logarithmic
potential.

Keywords: matter in the bulk, stability of matter in 2D, with logarithmic potentials.
PACS: 03.65.Ta, 05.30.-d, 02.50.Cw, 02.90.+p

One of the most fundamental problems that quantum mechanics has solved was that of the
stability of matter [1, 2]. This result is based on two basic properties, one is the boundedness
of the ground-state energy from below and the Pauli exclusion principle. For matter, with the
exclusion principle and with Coulomb interaction, the ground-state energy Ey ~ N, with N
denoting the number of electrons in matter, and matter consisting of (2N + 2N) particles is not
favoured over two separate systems brought together, each consisting of (N + N) particles. This
is unlike the situation with “matter” without the exclusion principle for which Ey ~ N with
a > 1. It is important to know if such properties are tied down with the dimensionality of space.
In particular, there has been interest in recent years in physics in 2D, e.g. [3, 4, 5, 6, 7] and the
role of spin and statistics. It is well known that matter is stable [8] in 2D with 1/r potentials
with the exclusion principle. On the other hand it is pertinent to know what the outcome is of
one assumes the logarithmic potential in 2D as dictated by the Poisson equation V2 Inr ~ 6%(7).
We prove rigorously that such matter is stable with logarithmic potentials with out involving the
exclusion principle. To do this, we first review the TF atom in 2D with logarithmic potentials as
well as the No-binding theorem for such a case and finally derive a lower bound for the exact
ground-state of matter involving a single power of N. We also establish that such matter would
necessarily increase radially not any slower than N > with N as it is for ordinary matter in 3D
[9]. Unlike the situation with a logarithmic potential, matter with 1/r potential is unstable. For
reviews of problems of stability of matter see [2, 10].

We review the TF atom in 2D with logarithmic potentials. We define the TF energy functional

*Corresponding author.
Email address: siri@swu.ac.th (S. Sirininlakul)

Preprint submitted to Elsevier April 7, 2011



F[ng] for (spin 0) matter without exclusion principle in 2D:

2
Flng] =7% f d>2[np(@)]* + 226 f d’% In ﬂ ng(%)

2 25123 X - % —
—e” |d°#d°x ng(X)In ng(x) (1)
2}"0
1/2
where ry = (hz/ Zmez) / , and 2rq provides a scale factor [8], and ng(X) is the particle density. By

functional differentiation of F[ng] with respect to ng(X) , we obtain an integral equation satisfied
by the TF particle density

B _ mZe |-ﬂ 2 | )?l B />
npp(¥) = — v In T ”hz fd In 270 nrp(X). 2)
The evaluation of the ground-state TF energy is straightforward and is carried out in detail in

[8] and is given by
Err = F[nB:] = —0.576486 Z%¢%. (3)

Before deriving a lower bound to the exact ground-state of matter, without the exclusion, in
2D, with a logarithmic potential, we also need the following No-Binding Theorem. We define a
TF energy-like functional for multi-particle systems with a logarithmic potential :

ﬁ 2!‘0

k - -
R - R,
_2e222,-zj 111(| T *’l]

i<j

de p(»?)ln('x2 ') P(2) )

where § > 0 is arbitrary. Here the R; denote the positions of the nuclei.
The No-Binding Theorem now reads [8]

. L h? 2-R,
Flo:Zis ... . ZisRry .o Rl = dz)?pz()?)+ZZZe fdz p()?)ln(| "]
Jj=1

k
Flp:Zi,.... 2 Ri, . Rl = = (0.576486) ¢ > 77 (5)
i=1

From (4) and (5), we have the following two useful inequalities
k - - N -
|Ri -R | ﬂh | -R |
2 J 25 2 22 J
—2¢ ;z,-zj ln( sl Bl 2% p*(@) - ZZZe fd ¥ p(®) In o
2 2212 |X)_ | >
e” [d°Xd°% p(®) In o)
2)"0

k
- (0.576486)¢” > 7. (6)
i=1

2
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The latter also implies that
|% — xj|) h? f )
~2¢ > In &2 ')
() -5
N
—ZZezfdz)?p(f) In
i=1
2>
& f PEEF (D) 1n("‘2r0" ') p(¥)

— (0.576486) ¢*N. @)

R
OE.{L
—_

To derive a lower bound to the ground-state energy of matter, we need a lower bound to the
expectation value of the kinetic energy (| Zl . p2 /2my)y = T. To this end, set

f=2-LD _p ®)
f &*% p*(¥)
then
57
L — (@ =-T. 9
Wl Z«;‘ [Zm [ )} v ©)
An adaptation of the Schwinger bound [11] for matter without exclusion in 2D, then leads to
n B2 25 2
T>—— X 1
> 2o (e, (10)

by using, in the process, that due to the bose character of the N particles, they may all be put in
the lowest energy level which accounts for the 1/N factor on the right-hand side of the inequality.
We define the total Hamiltonian of the system

H= Z— +2¢ sz:zj 1n(|f"2_r§"|)
0

i=1 j=1

—2e2zN:1 i =%l 2221 R - Rl (11)
27‘0 27‘0

i<j i<j

By using the No-Binding Theorem, from (5), we have the following bound

Wl-223" (" x")|z//>

l<j

2_
> _’i d23p2(f)_e2fd2)?dzx’p(f) 1n(|x x')p(f’)
mﬂ 2)‘0
— (0.576486) ¢*N (12)

and explicitly

(Wl2é? ZZZ 1n[|)? ")W/) 2¢° Zz fdzx ln(

] p(X). 13)

80



From (10)—(13), we obtain
<w|H|w>_Fh—fd2*p2m+ze Zz fdzﬂn[' -
f 1y (f)ln(P2 o)

IR; - R}
—ZeZZZ,-Zj 1n[ o ’]—(0.576486)e2N (14)

i<j

-R)|
Jp(*)

where (2/8) = (1/N) — (2/B), with 8 > 2N, and otherwise arbitrary, chosen for consistency.
With 8 replaced by £’ in (6), the latter in conjunction with (14)-(14) then give

k
(WIHW) > - (0.576486) > [N + Z z|. (15)
j=1
Finally using the bound
k k
D72 < Zwax ). Zj = Zyax N (16)
j=1 j=1
in equation (16), gives
WIH W) > — (0.576486) >N [1 + Zyiax] a7

where Zyax corresponds to the nucleus with largest charge in units of |e].
It is also important to consider the swelling (inflation) of such matter as the number N is
made to increase [9]. To this end the bound (10), (17) lead to the basic inequalities
n R? 25 2 2
—— | d°%p (D) < T < (2)(0.576486)e"N(1 + Z01). (18)
N2m
Now let ¥ denote the position of a particle relative, for example, to the center of mass of the
nuclei. We define the set function

_ | 1, if ¥lies within a sphere of radius R
Xr(Y) = { 0, otherwise. (19)
We are interested in the expression
2
Prob[|%)| < R,...,|%y| < R] f(l_[d X xr(E) |0, ..., 7)) (20)
which gives the probability of finding all the particles within a circle of radius R. Clearly,
Prob [|%i| < R,...,|%y| < R] < Prob[I%i| < R,....|% < R]
<...<Prob[|¥] < R]
=5 | xe@p() @D
4
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for j < N, with p(¥) is p(®) = N [ 2% ... 2%y [, B, ..., )|
By Holder’s inequality we have

12 12
f 7 e (Dp(@) < ( f @i p (xs) ( f d2fx,%<x>) 22)

where (%) = xg(¥), and

f d*% xr(D) = Ag (23)

denotes the area in which the particles are confined.
Hence, in particular, (21) gives

1/2 N me? 1/2
( f dz)?pz()?)) < [(2'305944)¥F(] + ZW)] (24)
finally leads to the simple bound
1/2 me? 1/2
Prob[|% | < R,...,|%y| < R] (A_) < (0.856568) [?(1 + Zmax)] (25)
R

where ay = h?/me? is the Bohr radius and Z,,,, is the maximum of the nuclear charges.

We immediately infer from (25) the inescapable fact that given that there is a non-zero prob-
ability of particles to be limited within a circle of radius R, then the corresponding area Ag grows
not any slower than the first power of N for N — oo, since otherwise the left-hand side of (25)
would go to infinity in this limit while the right-hand side is finite. That is, necessarily, the radius
R of spatial extension of matter grows not any slower than N'/? for N — co.

We note that N/Ag gives the particle density, and one may infer from (25), with a probability
non-zero provide that particles are limited within a circle of radius R, the infinite density limit
N/Ap — o0, i.e., of the system collapsing onto itself, does not occur.
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