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Table 1: Distracters of force-motion questions with a specific model.

Cluestion Model 1 Model 2 Model 3 The k' student
2 D B Others A
5 D B Others B
1 A G Others G
12 A D Others A

The last column represents choices that an arbitrary k' student might
answer for each question. From this student’s answers, we can construct the Jth
student’s model state or 1. as in (2), where m is number of questions associated
with the specific concept, and n, ny, n; are numbers of choices corresponding with
Model 1, Model 2 and Model 3, respectively (Bao and Redish, 2006).
nf 1
- nl| = u =% V2 @

u, =
| :
Construct Class Model Density Matrix

After constructing the k' student’s model state, his model density matrix can
be determined as below:

Dk:uk‘@uf:l Jaint nl Jfnfnl (3)

Then each student’s model density matrix is summed up to get a class model
densily matrix as in (4), where 1s total number of students in the class.

] N
D=—X»D,
N 2P )
After calculating the class model density matrix for both pre- and post-test,

eigenvalues and eigenvectors for both matrices were caleulated by using MATLAB
program, as shown in Table 2.
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Table 2: The pre/post class model density matrix, their eigenvalues and their eigen-

vectors.
Pre- Post-

Class model 0.11 0.12 0.05 0.14 0.13 0.06
density 0.12 0.71 0.22 0.13 0.68 0.19
matrix 0.22 0.22 0.18 0.19 0.19 0.17

Eigenvalues 0.82 0.05 0.13 0.79 0.06 0.15

-0.18] [ -0.297] [ 0.13 -0.22 034 0.31
Eigenvectors -0.91 -0.26 -0.38 -0.91 -0.21 -0.39
-0.37 0.92 0.92 -0.35 0.92 0.87

The characteristic of models that students in the class used can be obtained by
analyzing these matrices. Both the similarity of individual student’s model vectors
and the number of students with similar model vectors influence the eigenvalue,
especially if the class model density matrix has a dominant and large eigenvalue
(= 0.65). This implies that most students in the class have similar model vectors,
referred to as a primary vector (Bao and Redish, 2006). From Table 2. both pre/post
matrices have dominant eigenvalues, so both classes have primary vectors which
give a good evaluation of the model structure of both classes. Bao and Redish (2006)
suggested to use a model plot to further analyze the primary vector,

Maodel Plot

The model plot is for representing the class model state with respect to com-
mon models. The model plot, in this case, is a two-dimensional graph because there
are two common models used in answering the force and motion questions. The
class model states or cigenvectors with dominant eigenvalues can be represented
as a class model point on the model plot with a coordinate (P, P,). From Table 3,
vertical and horizontal components for pre/post class model point are caleulated and
plotted on the model plot as shown in Figure 4.

Table 3: The pre/post dominant eigenvalues, class model eigenvectors and vertical/
horizontal components for the class model point.

Pre- Post-
Eigenvalues 0.82 0.79
-0.18 -0.22
Eigenvectors -0.91 -0.91
-0.37 -0.35
Model Point
A vertical component P =(0.82)4-0.187=0.02 P=(0.797(-0.22=0.03
A horizontal component P,=(0.82)}(-0.91 =056 Py=(0.79(-0.912=0 52
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Figure 4: (a) Meaning of some regions in the model plot.
(b) Model plot comparing between pre- and post-class model points.

From the model plot in Figure 4 (b), the post-class model point is located in
the Model 2 region. This indicates that most students in the class still had a miscon-
ception about force and motion. Due to the model analysis, the characteristics of
this misconception are known. so an instructor can use this information to improve
teaching of this class. A small shift of post-class model point towards the correct
model indicates a small improvement of overall class understanding in this topic.

CONCLUSION

In this paper, the author used the model analysis to analyze quantitative data
in order to obtain a qualitative result of student conceptual understanding of force
and motion. This method is uscful in analyzing student’s knowledge states in large
classes with well-designed multiple-choice questions. With the measurement data
from FMCE, a single-student model state can be created. This state represents
student probabilities in applving the different common models. Then the individual
student model states are summed up over the class to create the class model density
matrix. Using the eigenvalue decomposition, the eigenvalues and eigenvectors of the
density matrix are obtained. and these give information about the state of the class’s
knowledge. The class model point is obtained and plotted on the model plot. This
is helpful in providing clear information about class model state. From the result of
this study, only small progress in understanding was found by comparing the pre/
post class model points. However, the class model state was still in a misconcep-
tion region even after a proper instruction. This information is extremely helpful in
notifving the instructor and can be used to improve a future instruction.
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