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Abstract

This research is to develop the statistical process control system involving a nonsta-
tionary linear stochastic process. State space model is used to describe characteristics
and properties of the process. To estimate and forecast a change in the process, the
filter is constructed by assuming the noise terms are multivariate generalized Laplace
distributed. This filter possesses a robust property to outliers in the noise terms such that
a magnitude of process change can be approximated precisely. Including an adaptive
factor, an effectiveness of the robust filter should be improved. An investigation of filter
performance is established by Monte Carlo simulation. The results show that the robust
filter with multi adaptive factors performs well in terms of both a mean squared state error
and a convergence rate of mean squared state error.

Statistical process control system is introduced as an integration of a process adjust-
ment in a conception of engineering process control and a control charting technique
as a tool in statistical process control. To enchance an effectiveness of the statistical
process control system, the robust filter should be applied. Process adjustment is ob-
tained by linear stochastic control theory as the noise terms assumingly have multivariate
generalized Laplace distributions. Then, the control input variable as a function of the
robust state variable is provided to bring the process back to a target. However, the
process adjustment does not ask to search for causes of process changes. Dealing
with no elimination of causes, those changes may be occurred repeatedly. Thus, the
control chart of forecast error obtained by the robust filter is constructed to monitor

a process and to point out a time period when a process change is occurred. The
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results show that statistical process control system vyields a reduction in process vari-

ation and provides an absolute solution to maintain a process in a state of statistical control.

Keywords: Robust filter, Process adjustment, Control chart, Engineering process control,

Statistical process control
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@T@ﬂa'fnﬂ'ﬂ%:gﬂawadf]ﬁmﬂwmmmmm (heavy tails) NIIWIIVBINITUANUIIUNG

N3t KF 2218wa@ansadn iUz ansniw
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v
A v Aa

é’dﬁ?ué'aﬂiadﬁﬁﬂawuLmi'ﬁagﬂﬁ@umﬁmﬁasaa%’uﬁm‘,m@%ﬂdn lasamsIuinans-
tmm:mummimmaﬁn‘ﬁﬁmnﬂﬁmuﬂmmﬂmwaaﬁ:uu%aLﬁ@ﬁnﬂ@huaﬂmjwad
FATUMIBTIUL Sa%ineINTasAiTianuunss (robust filter) domTiulasuutasennatsuas
s:uuﬁagﬂﬁ'@umt’fuﬁam'i%"’uaamﬁ (Bayesian method) Lfiaé’aiummwugﬂawadwﬁmi
LLﬁmLmmﬂwaﬁbﬁ"ﬂﬂwnﬁmﬂﬁ (multivariate generalized Laplace distribution: MGL)

38N AINTRINUAULNTI MGL (MGL robust filter: MGLF)

tatistical process control system)

s:uumqum:mumﬂ%daﬁaL*flummmm:%d’uamﬂﬁﬂmsﬂ%'um:mumma:uwugﬁ
AILAY WMARANTUTUNTZLIRATNAINTN fa msmuquL%dLﬁugﬂLmuﬁﬁaaaa (lin-
. A o o ! A
ear quadratic control) T4U5zNaUMHENNTNN® 2 &% Aa NMIUTTIIMINAESRAUY
A A A > A o
W BDLNENIL RS ULYadueITE UL LLa:miﬂs:mmmmu,ﬂimuquLwaﬂi‘umnmwad
szumﬁugﬂﬂmmyﬁﬁmu@ Lﬁaamﬂmimﬁammawaa‘szuuLﬁmnﬂ@huaﬂmjmaoéh
JUNIUITUY BURNILANNIN drUszananaasaoue (state estimate) 289 KF 1Ju
[ d' = a a =S 1 a; o a 1 s g: s
AUz N b AU N TN Lz auNaz i I lunIthadnann aanua1tseunm
& o Aa v A a A o
LINLAASTINIULVAIAINTAINAANVUNIITIRINITRaTL eI Rennasvasszun laasing
HUTEANTAIWUINNINAUTZAN I NLA TR UTU DI KF ﬂ'ﬁﬂ’m@;m%olﬁugﬂLLuuﬁﬁmaq
Lﬁaﬁnumm:uugﬂauwai’lﬁmmﬁml,m MGL (linear quadratic MGL control %38 LQ-
=< 'Y & A o & R & P
MGL control) 399NWaAIWIU I@mmuﬂsmuqmua;Jmumi_l'izmmnm@asamumu
1 ,ﬁ [-% N %] % ' d' o v =3 =
ANLNTI mmimuqmmﬂm’;mmmﬂsm:uunauglﬂmmswm'mmvlm’mm R
=) a J
YILRNTANWNINTY
Lﬁaamﬂmiﬂﬁ"umzmumsﬁaalmimqu LQ-MGL 2azNansandsunszuiunisiila
l-ﬂl Y t-ﬂl o A 1A =Y a Q g; =
seuutdfuw wladldanidhrunsnninue G99 lURanTman m@;mmm@ﬂﬂm AIBWBAINUNG
Undainannazginsrliszuuimauaswudad lannihnunsnmnwasa 1y LquQﬁmu

a

o v { et a a o 1 ;ﬁ o 1 v a
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& a o & ! e A o ' Aa
Wb LLN%QNﬂ’]ﬁﬂl]gﬂwwuqm%"ﬂqﬂﬂqwEl’]ﬂiﬂi"ﬂaﬂﬂq?@ GHGLﬂuﬁﬂﬁﬁuTQGQWWﬂqﬂifﬁﬂN
AMALNTIVBIINABTANIUE (38N uN)TAILAYN MGL (MGL control chart) lasan33dn
dq/ 1 g a a A d v a
ul‘!\"]W@Nu’]iz‘ﬂ‘ﬂﬂ'ﬂUﬂmﬂizﬂquﬂqilfﬁ\‘]ﬁﬂ(ﬂ 33UsEnavaiy ﬂ']sﬂ']l]ﬂ&l LQ-MGL LL&:LLN%Q&J
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1. ﬁ'@uméhmaaﬁﬁmmLmiaﬁm%'unﬂma%amuwaqéhLmuﬂ%gﬁamuz
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2. WalwnaiianaunszuInMINRAMLT (multivariate process adjustment) 31061

N304NHANULATIFINIULINLADI RO US
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ﬁﬂ?ﬁ&lLLﬂfGQﬂﬂ:’]Lﬁua wazAnwUsEENTAIW

3. Wl uHwAAILAUNAAIMLT (multivariate control chart) §1IUANIATIIROUNS
ANAIUAZNNINIZALVBINTZLIBMITHRG INFIBLAROVDIAINTBINAANUAI

&§1AILLINLA a%amu:
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Afanuunseiiinaualn 2 n3dl e danTeefifianuunsefiliersenaudiueidn
(robust filter with single adaptive factor) Was@INTOIRTANMVUNIINTFUTznaDLTLAN
WAEI6 (robust filter with multi adaptive factors) uaﬂﬁ]’mf: M3AnEUszaNTAINeIa
nsashfianuunisinamndwinaualasmssiaasuuuuaninndla
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mﬂﬁﬂﬂ%gﬁamuxLﬂumﬂﬁﬂmﬁmﬂzﬁagmunmﬁﬁﬂszaﬂ'ﬁmw Wadsnnnaia b
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LER9FUMUU UL N ROAARDINL TZUL NUTAT FaiuislomidanIasA Tz UL a8
= a a a W@ té I L5 dld L5 o 1 qc:/ %]
FUs2 ANt lasdn@ainsad KF Gotiuainsasna ans o nIa I e LU LI UG NN
gﬂl%ﬂizwﬁmﬁwﬁal,tﬂianwu: TILIUANFDULVOITEUY AINTaIBTUTZANTAN 1laa
a Aa . . . . ¥ g 1 1
sumuluszuuiimsuanuasdnd (Gaussian distribution) farsunuainand liiinisuan
LIUNA LT Lﬁaéffaiumulm:uuﬁmuaﬂmju NIHANBAIVDIAITUNIBNNINNAINT K9
P1LRZRUININWIIVDINTHANKAIUNG %amﬁmm:ﬁau‘,ﬂmnm‘ﬁﬁmuaﬂnéjwmmm
M ladna1sds 1w NI aRaaInNIaI NN AN AT Lﬁaamamzwumaamuaﬂﬂ@;u
AaNITUIZAN LA NN IWEINTIRAA LU THD TS é’oﬁfumﬁLmﬂzﬁagmmamé’wmﬂﬁﬂ
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waftadigliamuzgnisuaiieuddymmaiienzieynsunm moldumwifandn ssuy
argnafunedodudsaniuseniu SadudulsuuuiyanuaaInman B mzaIszuy
LAz IIUTINENIRWINANInNaTaszuLlwada lasRarsonandigana asanaiudls

o X P o ' v P = I wa 6 .
souzdaatuinediududsanusneunihniiaudaduldavsui@zasuninen
LLUUﬂ%fq}ﬁamuwmmzmumsﬂ@maaﬂL%oLﬁuém%'umgﬂmnmLmu'hi@ial,ﬁaa (dis-

crete time series) TIUTENOLAIFUMIICUL UASRUNITAIG NAIAD

Y, = CX,+V;
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W X, A8 NLADSEIIU VWA ~ x 1, Y, A8 LINADIAIA 2U1a k x 1, W, fia 1aniaas
GITUNIUTTLL 2U19 [ x 1, V, A8 1INAaTaITunInaIIa 2w1a k x 1 waz A, B uay C
A0 LWNINTAIN VWA r x 7, r x | WAL k X r @INAIAU
Aoki (1987) aTLNy&UUAVEITZUUTINGY FNUATUIN A8 ANNLEDYT (stability)
' A a LY . ' A € A .
naNfe STUUALIET G1A1L912A4 (eigen value) MNANvBIANING A umagmﬂu
v a A ' . . Aa @ A ' [N
WNANIANAWIAUILY (unit circle) UBIEWIULTIDDW (complex plane) #3pa13na17 ban
a 6 | a ' . . wa o A = wa
wn3ng A uun3ndlaiongiu (non-singular matrix) suadenaas Ao autfvains
o . A A & LA I A e a
§ILNA (observability) WaNsaNNNLUTING A uaz C naNAe tgvaINNINTNIFDIA

RNUAVBINTRILNG LUNINBINUAVBINIIFILNG (observability matrix),

C
CcCA
CA?

CAT—l

A ¢

AeaauTU (rank) iy AGvesnniaatanus sudadagaring da sulfvanisaiugw
wa

(controllability) n&1@e ﬁﬁ@jmaamﬂ%ﬂ% A uaz B aui@vaiminiugu Wnsngaula

VININILAY (controllability matrix),

R—=| B AB A’B ... A'B }

FANR1AUTY WAL AEVIINIADTIDINE MNFULAVDITZULTIAY DITZUULFDETURD

] ]
a A

PRI (8 R PG Lﬁﬂwq@ W UUNRNUAVAINITRING WALRNUAVDI MIALAN

(Kalman 1960)
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Tud a.a. 1960 anaunnldianadiniaaidaiduineMIlszanmnasnMswennsoienaiuys
§0NUE FIMIUNIEUIMNIRlAMEANLELE® Sund §anad KF Sadudansesfifidreny
ﬂm@m’§§aul@ﬂm?iwaanﬁﬂs:mmﬁaﬂﬁq@ muldumdavasnafiomuanaifeasan
(orthogonal projection technique) Rusonszuualamadndosuinnimesrasszuy

WRIULURINUIAN BATAITUNIBINTHAINLAIUNG
X1 = AXy +W,

Y, = C: X +V,
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Wa W, Way V, A8 §a5UNINIZULLALAITUNIBAIIATINNITHanLsUnanTiniaes
' A | e & & A € . | o
ARy WY o Igwd Lag LNINFaNUU TN WINAD Sy, Uaz Sy o
o % = =) ‘é = %
A9 WAzt URITTINULIENK

@IN309 KF ®INNTDIILUWANITANWIAaNIIN 2 JUaa% Aa NMIWEINIDILAZ AT

U A1 LUIRON U NAIAD

- MIwennIalaadsanue (Time update):

Xyjp—1 = A1 Xy

Py =A 1Py 1AL+ Zwion

« nMadszanmandIznue (Measurement update):

Xy = X1 + Kie(Yi — Ci X y1)

Py, =(I—-KC)Py;,_,
-1
LLNE Kt = Pt‘t_lcg (CtPﬂt_lCQ + EV(t))

B Xy Ao dweninfzednaesan uawnil 1 0 o e ¢ - 1, Py, e
TSN ANULYSUTIRTINTBINNUARIALA RO UTBINITWNNTERINLAD SFDUE AN 1
AL B 1A £ — 1, Xy A GIUIzINtMINIAaTROIUE 4 130 ¢, Py, A Lun3ndaay
U510 90N UAMN AL R DUTDINTUSEIN BRINLAB ST WS Th 1287 ¢ Uae K, A8 69
A19umENAALAS (Kalman gain) B4 1280 £ IINFUANTIN9E WU §anTa9 KF Ransamen
ganadatuuazdweninidudsaniuziewni 1 a1wan ioUszanmeaulsanue
Ta91in wanaNi aanvad KF Sediseansamlunsaiwios itasanndansas KF 1lums
A MULIMT Beliidsm s danansnualwadainlfUzanmandsanme lwudas
G3aa% (Haykin 2001) LALEUMINENNTOIAIAE9WIN 1 A1 B8
l
f’mn = Ct+zA15f\t|t7 Al = H Atyi—j
j=1
L LTSN AN LLTUTIRYIANNARIALAR ANYBINIWINN AN T899 1 AU L7

%

A
2Yt+z—17t+z|t - Ct+lPt+l|tC:5+l + By
Wa P,y = APy, (A + XL A8 ) (A7) wae A° = T wuidh dwennol

1w ] v J 1 ' s ' v
ANIARNIINRUN [ AL °l|‘1/|,a%Jlﬂ‘]Jﬂ’]‘WEl’]ﬂiﬂi"lla\‘]@nLLﬂiaﬂ’luzﬂ’N‘lﬁ%’] 107U IR ¢
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wonanmadiaMwansidiasanfildlunswamndinses KF swsunszuinmsala
ANRANLTILEY Ej’dﬂﬁﬂgéﬁﬂsaaL%aLﬁuﬁﬁ'@ummﬂmﬂﬁﬂﬁuq LT Cox (1964) L&Wa
TUABWNNTYN9 (algorithm) wasmsiszanmaulsaausfirnlinnaziiezduuesns
WINWIINBNRY (posterior distribution) maaé’mﬂ‘iamu:ﬁmm’mﬁq@ essuugudon
unau 1w 52U liliBodn (non-linear system) 3Fionveziiszloml Wosan3si
andamMIAWIUNIILAaNAaas T uRan

fansasdadninmmaininaiiavesius (Bayesian technique) (Harrison & Stevens
1971, Meinhold & Singpurwalla 1983) NINTHINIILANFIBUIZN ALV DINTUINUIINYNR

nane
P(Xt’Yt,Y;t—la---,Yb) X P(}/t’Xt) X P(Xt’Y;t—l,Kt—m---,YO)

i P(X|Y;, Yieq,...,Yy) Ao Wanwumauanuainnuwastiunonas (posterior prob-
ability distribution function) 2adtantAaIan NS, P(X;|Yi_1,Yi o,...,Yy) Ao WINGwNNe
wanwadANUaztdunauniin (prior probability distribution function) VadLINLABSFDNUE
uaz P(Y;X;) fa Wenduwn1azinaziiu (likelihood function) wadtaniaasdia aanaanu
RUNUTT196% Wuin é’hLLﬂianmzﬂﬁ]ﬁ;ﬁuﬁuagﬁunﬂLmai‘@h*?@ﬁaﬁgﬁul,l,amﬂLmaéfamuz
Aaunin mafiavasudrinliaiunsnetuiuany nunediadavesainsasdaaulidnla
e wazmadszinadudssnuzdimaninaugldmoumifavainszuiunsSoug
\TIRNI@ (statistical learning process)

Weidemann (1969) Walu1a3n3839NnaRaANg #8138 wNe (information theoretic
technique) Baifludansasfivnlwdraiasssuwnasiniu (mutual information) 789A214
ﬂm@mﬁamaamiﬂs:-mméT’aLquamu:ﬁmmr]ﬁq@ namfe sansasivinlinmisanss
283a% I winen (uncertainty) VaIaLLIEDNUY densaufsunuenylduinanes
dUvzanmalulsgnue Tomita, Omatu & Soeda (1976) WLEAIIN msmmmﬂﬁq@
maaﬁaaﬁamiaumﬂi’mﬁmﬂ%ﬂuLaﬁaumsmmﬁaﬂﬁqmaammvlajLLuuaumaamm
ARALARANYBINTUTIN I TTONUE HANANG Kalata & Priemer (1979) uadin
éhﬂsaamameﬂuﬁamaaﬁﬁmsmmﬂ@hﬁasr'?'iqmlaammﬂﬁqmaommﬂm@mﬁau

a A o A a
TQ\TLQ%I‘V]'EW (entropy) LAAITUNIBUNIILANLIIUNG



2.3 [T I T 11

2.3 [T I 1T

fan3a9 KF indansasdaduirlvanuesiaefewsasmilssanmaaudsaaimweden
ﬁayﬁq@ e sunmudmsuanuastng agnelsieny ddrsuniwlidmswanuasing
9nv09 KF a2 lidudnsasdaduivnlienuamaindansosnistszan el sanine
ﬁmﬁiaﬂﬁq@ NNYUNBIVAIUE MIMARANTHINWIINRAIVBINILUTRA U o
81N é’aﬁ?umﬂﬁmms] %agﬂﬁ'@umﬁu A UTZ N UNIHANUAI A BR AT VB ITIRU TER UL
Fovzinl gl wmsmnaUszan muosdudssous uazaansasilaeiludinsasfidana
LN

Sorenson & Stubberud (1968) L3 PN TU TN HNITUINUIINERAIVDIAILU TRO1E
@28 Edgeworth expansion %a%ua%iﬁ'ﬂmwﬁ (moment) VBINITULANUAI 8N bIAANY 35
fazlwmsuanuasmensfitszanasldaradarlauuaniane a9t Sorenson & Alspach
(1971) WRUNANTUINLIINURFIVBIA LU TROIULAINTUANUAIUNANEN (mixture Gaus-
sian distribution) L‘ﬁl aﬁﬁmﬁmﬁamwiaw 897D Edgeworth expansion Lﬁad"ﬂ’mﬂ’mlﬁmmm
PBIAUBNNANALAN L NUIERUINIIMIVINTWINUIUNG G911 Meinhold & Singpur-
walla (1989) 39UTzUNHNTUINUIINURRIVBIA LY TRONULAILNITUANUIIANEN (Mix-
ture t distribution) a&n4lsAeu Lfiamma]mmwaugﬂw IBINTUINUIINENTL AT
TuudazassuasmydszanmaslanuaeadowsiamsnlUmwmdos T9gINadanTauwIoh
ATUTAWLAZIIANALE TINTIRUILANNTITIWININN FaiwMTLINLIIHEN s as

HunmInunusesnInanuasniangiganesaaaen LOWANLRE9TaUNWIBIGINE
lasdné ﬁmﬂsﬁﬁmuaﬂﬂémzﬁmmLLﬂiﬂiauﬁgaﬂhﬂﬂa 9GO T80
2713 NAIW Lag FUNG AN LUTUTIUVBIAITUNIU RN T NNATIN WU RN VI
wUsUTIU09035U muﬁﬁ@huaﬂﬂéjm S uttior HAEANNLUTUTIUVBIAITUMIRUNG 2,0 minal
nanne
3 = (1 =) Znominal + YZoutlier

ada

i ~ fa ﬂ’s’]&Jli’]’i]::Lﬂuﬁﬁ]:Lﬁ(ﬂﬂ"maﬂﬂﬁiu SEitidounwias A HanTENUBE v faa
1009NNaILLT naNfe mmumﬂmaqéhLLﬂsﬁ"l,sjﬁmuaﬂmimxgmum51 lasannana
wdvdranuasainsaslarunnnindn (Schick & Mitter 1994) @swazt'é'ﬂmﬁmamaﬁ%ﬁ
91N Pena & Guttman (1988), Yatawara, Abraham & MacGregor (1991)
wadfiadinsasfidanuunisfivhauwladnmafienisdumdalunisleWastudninad

Juauiwe (bounded influence function) iy nglumrtanisiszanmnianuunsy (ro-
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bust estimation) LNaaananTznUBadFnanngy Warduaninanhanldaiidiniasnd
ANNWNTI LU NIRTUaNas (score function) (Masreliez 1975), WanaudnTwanlsluns
sz danuunssuuuiu-uaung (Masreliez & Martin 1977), dadadsegin (Kirin
& Moghaddamjoo 1986) Juau tialinsiunsuanuasmenasvaiandsaaiue s
Urzgndwsnduanaituazdaitzanadiwaiduanasynaiuiial Niehsen (2002) taue
Qs d‘.&’ ' 6 o 6 Aa > A Aa o <
dnvasNIuagiuiaituaned lasaun@didisuniudnisuanuastndismily (gener-
alized Gaussian distribution) Tavilimansndszinaiaiduanainldmuimdinsainn
amunala agndlsfiany mslawWssTudninaszniladrdszanuaiudsaaus lidaiiias
A @ A A A a ‘3/ [l [~ . .
WaWInTudnTwala AN LLAZAARIBEN9TIAL5 (Schick & Mitter 1994)
A A a A =] ' A o o

wananit laszuudnmadfsuudasananuznile lganuznil dsuniuszuudnag

a 1 a v & o ot J . . v 6
guNAn lddnsuanuaslnd asnuansesdSue (adaptive filter) azlAardszanminiaes
souzieandeInuzuLNRswLlas nanfe dansesdiudyinaanuamanion
MeumMIUTuAl Tz mnaesaauzIaIdInTaIM AL A FaAARBINUTZULNLTT3

o '

Luw‘%ﬂsﬁmmuﬂiﬂmuﬁmadé’aiummzum:ﬁaagﬂﬂizmm@h‘qﬂmunmlﬁaﬂsum
@n3ad (Mehra 1972) tauadduszananunsndanuudsdsiuiinainanty 4 37 de
AtmsdszanuuuLug (Bayesian estimation) ’i%m‘iﬂizmmnn:mﬁlzLﬂuqdq@ (max-
imun likelihood estimation) 33N U= MADRFRFNNUT (correlation method) waz3ITN3
Usznnualaa ULl TdsI%394 (covariance-matching techniques) (Kirlin & Moghaddamjoo
1986) lanafInIaslsuamfidanuunssdionistszanonandndanuulslsiusinasd
summ:uuLLaz@iﬁ@ﬁnﬂﬁaQalu"ﬁNnmﬁﬁmu@ (Yang & Gao 2006) WalwanTa4l3u
e IEswiInfmInzaudaa AL AauTaIMININNS Al As 1R 1 ANy

I(ﬂ AN WUIRBN A THNNIWIAANANALAROUVBIAITLNIW

24 [T T I T Iy

MIUANUILEUITAUWT (elliptically contoured distribution:  EC) iHungunsuanuas
suNNaInIn9aaduldInMILInuIsFIRUEAUNITLINLAILUNG MwuALINIAaT§W (ran-
dom vector) Y aw1a k x 1, NA3asN w awia k x 1 uazturisngnliduauusinen
(nonnegative definite matrix) £ 1w1a k x k fianeeigy Y dnsuanuas EC h
NNABSAARY 1, LWTSNEWINTlaasaINg (scale parameter matrix) ¥ waz@ananiiie

ATANBMAZ (characteristic generator) g \EUUNUAIY ¥ ~ ECy (1, 3 g) UazWandem

q



2.4 [T M T T 13

AN TS (characteristic function) 283 Y — u Ao

by(t) = exp(it’ u)g(t'St)

Wa g() HuWerTuueiauls91wInass wanank LIneasgy Y Ninsuanuas EC 69

9
snanvnuaadlugtunualan1ad@n (stochastic representation) Aa

Y £+ RCU

Ilill

A A ' a a € A a 6 A a
N2 fa ﬂ'l']ﬂJLVl']ﬂ%l%ﬂ’]iLLﬁ]ﬂLL’i]d, WNIND C A LININDTUYUIA £ X & NWIITTW

N X = CC’, naatdn U dimsuanuasgiinesy & dudsuus [0,1] uazdanysgy

R= \/(Y — p)SYY — p) Bududaszdanniaeigy U denuiaiduanunuwiniuig

(joint density function) a3lINIABTIN ¥ Ad

Fy) = hl=72g (y — p)E "Ny — p))

o hy, A8 d1aINNIAI3 I (normalizing constant) WINTUAMNRUILUUIINTIIAUTLEY
FEAUVDIANMNAMILURANNUN L D UR AN 9T u,azmiu,fmmea\aé”suﬂﬁjw R MAUA

Tay
k
22 4 9
f(r) = —%r"" g(r?)
['(3)
6 1 [ a 6 1 6 1 A
L')ﬂL@'lﬂiﬂ’]ﬂ’]@‘ﬁ’)ﬁLL@:LN‘V]?ﬂSﬁﬂ')’]NLtﬂiﬂijuiquﬂlaﬂL’Jﬂl’@]aigw Y @8

E(Y)=

=

(7?)

b
k

e Cov(Y) =

UaNINT NNIUINWIIFIUSH (marginal distribution) LaznsHaNKIINRLIawla (conditional
distribution) 784MIUANUI EC a9 MFNTALTULALINLATUINUL EC
MAUAINABTEN Y = (Yigx1) Yo(eor)xn) HMIUANUA EC Nflaniaas

ANady = (Ul(klxl)vl@((k—kl)xl)) wazluNINdNIAaasana

11 (ky x k1) 19(ky % (k—k1))

Yhxk =
s 21 ((h—k)xk1)  2322((k—ky)x (k—F1))

nmma%&jw Y, Wanmuua Y, = y3 mmsnLLa@alugﬂLLuuaImﬂwaaﬂ

x d
YI‘Y2 =Yy =M1+ Rq(y;)CILQU
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FIUNIUANUad EC NaNfe Y1 |Yy = yi ~ ECy, <N1.27 211,2;9(’;(1?;*)) )
2

Hio =M1+ 21222_21(93 — o)
Si12 = C112C1 5 = Z11 — E1235, Ty
a(y3) = (Y5 — 12)'So5 (Y3 — po)
e (0) = 9" (v +a(y))
9w) 9 (q(y))
q(y) = (y— )=y — p)

Waz g?(v) Mrualae

2 p
¢’ (v) = FET;) /rp_lgp+1(r2 + v)dr, v>0
2

NI R(a?) Wa a >0 Lﬂuﬁmwianmma%ﬁiu U %aﬁmmmmmgﬁﬂa%ﬂ ki OaULIU%

T4 [0, 1] WAZNITUANUIVEI Ry(yy) AD

VI

d * *
Rq(yé) = (R2 - Q(yQ)) Y2 =15

a 1 o a o lg [ 1 QI a
LS 9q(ys) fa mnamm@qmaﬂumzﬁmuagﬂuL'Jmmai(ﬁgu Y, @TIEIRZLE‘E]@]LWNL@]&I%WT]

Fang, Kotz & Ng (1990), Liu & Dey (2004)

miLLﬁmLLﬁ]dmﬁwaﬁaﬁﬂﬂwné’fwﬂi (Ernst 1998) Lﬂuﬂéjwaamsmmmmm%muﬂu
2890 shaztdunnauls (multivariate probability density function) %agﬂs’wﬂﬁomi
mem‘*ﬁuagjiﬁ'uwwsﬁﬁmaimw (shape parameter: ) SInuemaInIdiaasiswasn
MAUANILANLAIEN Y 13U T A = 1 azldmauanuasanthannduds @ A = 2 azld
msmmmﬂﬂawné’mﬂi waziiie A — oo ﬁlva@TﬂﬁiLL’imLL%GQﬁW@%&IWiﬁﬁ’JLLﬂ?

MMWUA Y Ao Niaasguawa kx 1, u fa NLASAINVIIG kX 1 Uae S A8 Lunsnsd
Tdiduauuinavuma & x & ﬁ’mmmﬁ‘q’m Y fimsuanuas MGL fifiinieasaiady I,
NN TITLADIFNG T UaeWITIILADTFNG A LTOUUNUGI Y ~ MGL, (1, 2, \) Uaz

WINTUAMURUILUKIIN Aa

E 1
£) = 2225 exp{ [y — (g — )

[N

1, A>0
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il
il
N LR
o

A A & & o a € ' &
L F() e ﬂ\‘iﬂﬂi%LLﬂ&lﬁﬂ LINLADIAIAIANRIILALLUNING ANV LU TUTIUIINVBILINLADT

Y NUNIWANLI MGL Aa

EY)=p
e Couv(Y) = Il;(l“l?’j))z
A

gﬂﬁ 2.1 LEAILNBATNANRILURaIAN N T waaInITHanLadanthatana lnd
AT AW ITITLASN A = 1,2,5 WAT co LA LU A < 2 NTHINLIIITARIIRUN
AR NVBINMIUAINUAIUNG 61 A > 2 MIUINUAIALARI9LN (light tails) NINAIIVBINTT
LANLAIUNG WazND A — oo mmﬁmLLangjmT’];jﬂﬂsmﬂLLﬁmgﬁvxla'jfu
#anNINH mmwnumamﬂmﬁfﬂﬁ'ﬂﬂwné'hLLﬂiLi‘JumiLL'ﬂﬂLmlumjumnmmmLﬁu
> P= - 3; 2f A =N 1 A 1
AU AIUBNTUINUDY ML WUAUFUATBINITUINUDY EC NENIAD MILINUIIEI
a A

SUURZNTUAINUAINTI B%VL“IJ?J 23LINLA E]%Ei[&l MGL €903 LﬂuﬂqiLLﬁ]ﬂLLﬁ]\‘iluﬂ@;Mﬂ’ﬁLL’%ﬂLL’i}\‘i

o < a A
ECTNY ~ MGLy (n, =, \) Syanansadiowlugdveinswanuas ECRa Y ~ EC; (u, 2 g)

A
2

Waanan i man e g(t) = exp (—(t’z—lt) ) uae R = \/(Y —p)SHY —p) @

AMIWINUWIILANNBEN LU (generalized gamma distribution) TInaw lag Stacy (1962)
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6 ] A
WRSWINTUAMUAWILUL AD

A
f(r) = r*Lexp(—=r?), r>0
(%)
a o . [ o E+2
WHRWNUAIY R ~ GGammal(k,1,)\) WRZAIOIARINVEY R? WU E(R?) = Fﬁ(g))
A

= v @ ' {
ﬂ’mum’mmasaw Yia = (Yigax) Yahoixy) BIFEAAT0IALIINLABTANAAY

W = (y,l(klxl);ﬂz((k—kl)xl)> WRZLUTINEWITI a8 TRNG

Sy = 11 (ky x k1) 19k x (k—k1))
k=
2321((1’4:—1431)><l€1) 222((k_k1)><(k_k1))

Aa A

WInTuAMNARM LI nNrnazdunilidanly (conditional probability density function)

VININIABTEN MGL Y|V = y3 Ad

f(yilys = y5) = kl:( )k( Z,
INENEEY
[

(Y1 — m, 2) 231_11.2(?/1 — Hy9) + (Y3 — Mz)/22_21(y§ - HQ)]

1
|X112]72

A
2

exp{—
s - ) S5 (w3 — w2}, A>0
i Pio = g+ S12505 (Y5 — o) BT 110 = By — D280 Doy LINLAATANANARIILAL
Luw‘%ﬂsﬁmmLLﬁJiﬁJi’au‘iaumaonm@a%ﬁiuﬁﬁﬁauvlm Y1|Y, = yi Ao

E(Y1|Y2 = Y;) = Hi12

k142
(-

LR Cou(Y1|]Y2=Y5) = —=2=
NG

Y11.2

uanINih NABTEN Y1[Y: = g5 59A3iin1Iuanuad MGL uazdaudfimwdsinuns

LLammeﬂmﬁfﬂﬁavlﬂwnﬁa wils

mwﬁmsmuqmﬂm AEANLTILEY (linear stochastic control theory) a4 () a%mgqmawﬁ’a
F9aDaUaINIZUINANT (V) UTTNNAWITIRLAB3UBINTZUIUNT UAT (A) MAKANIT
mqu‘?‘imm:au (optimal control) 6’?5'@Lflumsmuqulué'ﬂwmzmsmuquLmui”Jauﬂé'u
(feedback control) AansannIzLIuMIalamaangmsunm lidaiiias fnalagsey

RFUNI

X1 = f (T, up, wyt)

Y = h(x, ue, v t)
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o f(s0) waz h(st) da Wartudiliiduidadu (nonlinear function) TaIINIABSFAIUS
X, wnaeimulsaiuquinid (control input vector) U, UAZIINIABTAITUNILIZUY
W, Wazinaasalsunmunania v, msmuquLmuﬂauﬂﬁ‘uzim%’um:mumsﬂﬁwﬁu
mmmﬁﬂ%u@I@Umsﬂs:mmnﬂma%ﬁaLLﬂimuqmﬁ'}Lfﬁﬁ waznaasanue Avn e
WanTwiilmane (objective functional) ﬁmﬁaﬁﬁlq@ mumnaialisunsnlowlavaauas
d (Bellmen’s dynamic programming technique) Wdﬁ‘ﬁ'ul,ﬂ’mmUéoa%ﬂugﬂuuuﬁ’]ﬁd

RDJIVBILINLG a%&h LLﬂiﬂ’J‘]Jﬂ%J‘LE’] 11 WAZLINLE a%amu: nafe

N
J=F (Zg (sct,ut;t)>

t=0

o g 1) Ao WarTudilidudadu use E() o smanands (expected value) WaaWED
U&a9laBNgBHNIIULILEN (separation theorem) ﬁﬂﬁmimuquﬁmm:awmmmi"n,l,uﬂ
paniu 2 7w Aa MIdszanmnniaasanIueg LazmMIswIMAaIINaaTILIAILAY
Teltia ﬁﬁﬂﬁmsmuqmLmuﬂaunﬁuﬁmﬁaﬁ%’mﬂmmﬂﬁauﬁq@ MauNGaITunIni
mMIuanuaitng miauauuuuilaunay Bundn mImuauBLFuILIDMaIEes Sia
GITUMIBINITUINILAIUNG (linear quadratic Gaussian control: LQG control)

NINTUINIZUIRNIR LA RANLTILEU NAualay

X1 = A X+ BU + W,

Y;=C: X+ V;

d' A 6 6 o o Y 6 1 @
e X, Uy uae Y, A Naasanue, Neaiaiuliniuguinid uasniaaiania anu
AU WAZ Ay, B; ka2 C; tTan3ndanadn sIunannaasadisunin W, uwaz V, auN
A ada & A > & & A € .
Miimsuanusdn@ndnneeiaafuinnunneeigud uaslumindanuudslwig
o (% s g; I3 a 1 Qs |3‘ 1
Swiy W8 Ty MUaaU nmma%mmmumaaaLﬂuaa‘imaﬂuuaﬂwuagjmm’;m
asnwnneaiiudsmuguiidt U, Avihliweiduihwene J Sddesige Weridu
Whuuamuualag

N-1
J_E< &QWXN+§:QﬂQUXHJﬂQMLMYNAJqF%“wYQ
t=0

Al A A A ' ¥ v A g a .

Wa N fa a1 Qy uaz Qy fa Wwysndalsinnindadmandndzuunas (symmetric
LA o= ' A ! o a A A

matrix) 7 il duauusiuaw uae E (Y y_1, Y y_a,...,Y,) Aa denanisuuuiidanly ia

J [P a
NMMAWALINLA aimmlua@@
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U v dl L U JI 1 1 >
w et = N dslesnigavassiduimansiuagiunniaeianiue Xy iy
Vn(XN)=E(XNQinXN|Y N-1,Y N_2,...,Y))
1 3 A 6 o [ o
ez t 1IN ¢ < N — 1 drfesfgavasiantuihmaneinualas
Vi(X ;) = min B (X358, XY, Y1, Y o) + ¢
J

A A a ea & ' A 1 A o a a
L8 Sj 8 L?Jﬂiﬂsﬁﬂvl&ltﬂuaﬂuuua% RS c; A8 A6NN @'JﬂLﬂﬂuﬂIﬂiLLﬂiNvL@u']llﬂTaﬂ
LURAWAY Rustagi (1994) az'l¢t
Vi(X;) = min B (X;Q1; X + UjQyU; + Visa (Xj41) [V, Y1, Yo)
J
= min B(X}Q1;X; + UjQyU; + B (X[11Sj1 X[V 41, Y., Yo)
J
+ Cj+1|Yj, Yj—17 ceey Yo)
—_— 3 / . , .
= Hlljlan(XlejXJ +U;Q,;U;
+ (Aij + BjUj + Wj)/ SjJrl (Aij + BjUj + Wj) ’Yj, ijl, RN Yo)

+ ¢

o990 E (X[ W;) = 0 uaz B (U;W;) = 0 asuuddasngavasWenduihmung i

nu
Vi(X;) = HgnE(X}QUXj +U’Q5,U;
J

+(A;X;+B;U;) Sj11(Aj X+ BjU;)|Y;, Y 1,...,Y)

+ E (WS W) +cjn
LLazﬁwmﬂﬁﬂmaLma@ﬁa ﬁ]:"[ﬁﬁaﬂszmmnmm%éhLL‘]J'smuthLﬁ'] U;

Ui = —~L;A;E(X,[Y;,Y;_1,...,Y0)
=—LjA; Xy,

A =~ A o 'Y A a A A
Wa X, Ag AU HVBININLADTRNUZVEIAINTDS KF Uuaz L, Aa Luvandesi o9
ANWIHUULIUTY §1ATU j = N — 1, N —2,...,1 188

Sy =Q N
Sj= A} [Sjy1— L} (BjSj11B; + Q) Lj] Aj + Qy;

-1
LR L; = (B}S;;1B; +Q,;) BS;;
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éﬁﬁfu@hﬁaﬂﬁqmaaﬂoﬁ%’mﬂmmsﬂmwiaxmunm fa

—

e ¢j = cip1+tr (SjrSvy) +tr [(Qu; — S+ AlSj11A)) Py waz ey =0 Tasi P,
Ao LTBNTANULLTUTIRIINTBIANNASIALA RO UNTBINTUSZIN I NLAB S A0 UL VI
389 KF UAZ tr() A8 HAUINVBITUNTNUIFUNLEIYUTBINNING
uaﬂmﬂf‘:msmumezmum‘ifﬂmmaanL%uﬁu wWui aunIuvasIlzInmnaet

audsaruguidn Uy Lﬂuamgmwvlaimﬁ (nonstationary series) WaztIWWIRTUWLTILEY
289INAasEnIBE (Kalman 1960) ﬁaﬁf'umiﬁwmmaamimuqu LQG 11964 Usznay
FUN1IT9I 2 §2% A8 GanTeatiaUsznaaniaesEn L LLazm‘smuqmﬁaﬂi:mm
nnaaTdulsauguiih gsmauﬁﬂmﬁmaumﬂ Meditch (1969), Astrém (1970), An-

derson & Moore (1989), Chen, Chen & Hsu (1995)



HEEIE

LI T T i e o
L LTI T A T T T T T e 11

1fi0991ndInT09 KF asfitszaminmwanas Wadsunmuliinsuanuastnd asiwnaiie
6149 %’agﬂﬁi’]muaLﬁaﬁ'@umé”msaoﬁﬁmﬁmmia wwafanialunswam dansesnis
mmLmidﬁamia@wam:‘numad@huaﬂﬂéu@Twmimaﬁ’mﬁnﬁmm:amiammam@
LAR A BIMINLINTOIAIa (Masreliez 1975) fansasfifianuunss Wedsuniuszuy
INMIUAINUII MGL Qﬂﬁwmﬁ:ummmﬁ@ﬁmm’s los&UNANITUNIUITUURNITUAINUR
KF e @Tw%%ﬁ’]ﬁmmﬁaﬂﬁq@ @N389 MGLF a:tﬂu&hmaaﬁﬁmmLmiwia@huaﬂmjm

TuarTuMINITUY

Girén & Rojano (1994) usaIfmaNtAra46INIad KF 31n3Tuaaiud esuu@aiTunin
S NNSUANUAILERIZAUIT WU MIUANUaIMenasiatanluvasniaesanus wazms
WINKIIVBINIWENNTBLINLABIAIAR AT 1 AN INTUINUIILFUITALIIILTULALINY
AILANUIIVDIRITUNIH LE99INMTUANLDT MGL Lﬂuauw%ﬂ%ﬁﬂuﬂ@waammmmm
LEWIZTALIII é’oﬁumaé’wfﬁwﬁuﬁammsﬂi:qﬂ@ﬁf}aﬂs:mummhmaaﬂﬂs:ﬂauﬁw
fTUNUATMIUINUas MGL ﬂﬁ]’liﬂméﬁLLUU‘]J%QﬁEm’mmladﬂi$U’Juﬂ’1§aI<§lﬂ’1&<?lﬂL%\‘i

LEULIZNEUAIIRNNNTIZVULAZFNNITANIG Ad

X1 = AXi+ W,

Y: = C:X:+V,



o X, A0 naosEnune 1We £ x 1, Y, @0 aeiente awe k x 1, W, ae
PNADSTITUNIUIZUL TWA 7 x 1, V; 88 1NABSFITUNIBANIA WA k x 1 TINN
A, UBz C; f8 WVBNEaafi 2wa - x r ez k x r @WaeU suNdnneas (W, v,) &
MILANLAY EC NXnniaasaais winfu nnaaiaud uaz lvindwiniiaatang vl

. >
e =| W

0 X2y

] NaMAe (W, V) ~ EC,11(0,; ) WALINIABIAITUNIK W,

& a & s a a a 1 I
Wa V, ludassdInuuasni LazlunIngnwiINiaasans Sy ke Sy nudiuaziie
WsnSAuuINLLwan (positive definite matrix) na13fa

(522)

’I“F()\:V)

1
E (ViV} = Sy iy

) (WtW;*) == EW(Stt*

2
E(W,Vi.)=0 Vi, t*

i 6, = 180 ¢ = #* uBz 6,y = 08N ¢ £ t* IuTInNaa a3 X, WWudase
ROINIABSTITUNMIUTTULLAZA1IA NineesALasy Wity X Wazluningaia
wsdTiuiw Py, Fodwarsngnliduauusinan

mnmwﬁuw 3.1 284 Girén & Rojano (1994)ﬁﬂnﬂma§(X0, Vi, Wi,...,V,,W,) ~

EC (119, 03 ¢°) UWRZAIUNTZNIANULIN £ — 1 §IRIU £ < n 92 l@MITLANUIIMERAINT

Hawly
(thla Vta Wtfla LRI VTLa anl),‘thla Yt727 ey Yl ~ Ec(utfla Etfl; gt_l)

A 6 1 A / a 6 Aa [ 4 .
WalnNLABIANRNY py, 1 = (Kx(—1),0,...,0), WNINTWINLABITNG X1 = diag(
B x(-1): BV EW (1), - - Bvin) Swin-1)) W8T g¢ = gf,! A Mnaiiilagmansue
Ao A A _ = ~ A a
niSewly lasn e = S, (Cou(Sy)) '8 @9 Sy =Y, — Y -1 98 ANARNALARDUVDI
6 1 1 v A a € '
MININIUANAR[NU 1 AU Uae Cov(Sy) A WNINTAMNLUIUIINIINVBIAINY

ARALAREUVDINTITN &l’]ﬂifﬁﬁ’]{@d’]\‘iﬁi‘h (T

ﬁ’mu@awmsmw‘%nﬁ?
_ v _ ] ]
! X
X v
t
Vt-‘rl CtAt—l 1 Ct 0 w
t—1
Wy |=| A1 0 IO
0 1 v
Va "
anl
L anl ] - -




AAUA A F, Ll]‘LLL&IY]Sﬂ“ﬂﬁ&lﬂ%ﬁﬂﬁﬂ”ld@’]%‘ll’n“ll amwmim’mmu mvl,m’] (Y, X, Vi, Wt,
SV W)Yo, Y 0,..., Y In1suanuad EC muaﬂﬂumﬂamm@ﬂmanwmww

= { & a 1

i3auly gt Gﬁounmmﬁmmaﬂ Winny Fipy = (CrAapx -1y Ai-1x(t-1), 0, - - - ,0)

=) = 1 s * 0 {
uaznINSWINAaasana Winny F,3, 1 F) = t=1(11) \Wa
0 2Z—1(22)

»* — Ci(Ar1Zxa-1)Ai + 2we-1)Ci+ Zviy CilAaZxe-nAii + Bw-1)
t—1(11) (Am1Zx-1A,_| + Bwi1))C, A1 Bx-) Ay T Bwi-
LRSS -
Zv(t41)
Sw) 0
E;:k—l(m) =
0 z)V(n)

I Ew(n-1) |

Lﬁ:adﬁnﬂnnma‘? (Y, Xyt) WRZLINLADT (Vi1 , Wy, oo,V , W) Lﬁaﬁmu@ Y, 1,
Y. o, ..., Y {udaszdanu azlain nﬂma%uﬁﬁﬁ‘iau"lm (Y, X)) |Yi1,Yio,.... Y
ﬁmnmmmmmﬁmﬁ'm’mma%au‘“’L au"lm Vi, Xe,Vier, We, .., Vi, W)Y i1,
Y o,...,Y, é’ofummmmmmwé’aﬁ Gewlvaesneedaous XY, Y 1,..., Y

%

o Ié/ T 1 o a
ﬂ’]%%@]l@ilﬂ’]iLL’i]ﬂLLﬁ]\‘i EC “?]"lluaUﬂU@]QﬂaﬂﬂL%@ﬂmaﬂHmzﬂﬂJLGQ%VL"II gt ‘Y]%JL’]T]L(?"]B%

2

fuady iny
px) =At-1tx—1) + (A-1Zx¢-1) A1 + Zwe-1))Ch

[Ci(Ar 1 Zx-1)Ai-1 + Zw—1))Ci + Sy Y- CiAi 1 x(-1))

LRLUNINTNITNTULADIRLAS LYiNNU

Ex) =(Ar 1B xp-1)Ai-1 + Bwe-1) — (A1 Zxe-nAi_1 + Bwi-1))Ch
[CHA1Ex0-1) A1+ Bwi1)Cs+ Svp] ' CilASx Al
+ Bwi-1))
={I - (A1 Zx-1Ai_1 + Zwi1)Ch
[CHA1Zx(- 1A+ Bwi1)Cs+ Svp] ' Cd (A Exi 1Al
+ Ew(-1))
Lnaaseniaiy fx () WTWNINEWINELAaTENG B FANINFNUI DAL RTINS 9T W

agjiﬁ'unm@a%mmﬁﬂLLame‘%ﬂefwwswﬁma%amamamﬂma%amuxmuﬁauvsfh nana

X(—1) W8 Dx1) AUAIGL UaNING AWENNTILE9RIN 1 AU VaINLAaTAIa



Y, Mwua Y1, Yo, ....Y; UNM3Iuanuwas EC ﬁ%uagjiﬁ'ué’aﬁaﬁ%ﬁmmﬁnwm:ﬁ
fdauly ¢ Afnnmeidasy Y1 = CiAiipxq ) Wazlviindwinidinaiang
sy = Ce(Ar1Zx¢-1)Ai—1 + Bw-1) Ci + Sy
PNATTLIBMIFLAAFANLTILFUT90 1 FUNAAITUNIUANNTUINLDI MGL NaAe 67
FUMIUTEUY Wy ~ MGL, (0, Sy, \) WRZAITUMUANIA V, ~ MGL,(0, Ty, ) 2216

IJ 1 a a 1
XY, Y 1,..., Y1 im3uanuad MGL Nnagnuwimiiiaaiiow A lagnd Eﬂi’]dﬂ’]i

U
LANWAIVDIINLADT RO UL LN AN WS LTWLALINUNITWANLAIVDIAITUNIRIZUY Bk
WITALA S TN URIINAATFD U LA AITUN WU UL T A A 8IN% DWITRLe sl TN
GITUNIUANG LYY 2 WASIITT ALAaSIINVINITUNIUIEUL A Ay WIBNNININTIAN

. d o v = a . r($2)
L’JﬂL@lagﬂ’]Lﬂﬂﬁl M X (1) LUSWLLNUA I Xt\t LLﬂzLNﬂiﬂ‘fﬂT}&JLLﬂSﬂi’)%i’)&l %ZX@)
Aw

U UUNUAIE Py ania asAafsuazlunINTaNuLdIUIRINveINaaTrwE X, |V,

Y, 1,..., Y @NS0U Mrualay

Xy = Xyppo1 + Ke(Yi = Ct Xy 1)

Py = (I - KiC )Py,

A
Ll
Xyjp—1= A1 X1
I(52)
Py 1=A 1Py 1A+ ="%5Sw
w
1 /
K;= Py, ,C| (CtPt|t—IC; + 22V>
& &1 @ Aa A a Aa &
JundnnaasaEnafitenly Y, |Y, 1, Y, o, ..., Y §imsuanuas MGL Niniaas
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289 S; AIUU Z;, PIUMILANUAI MGL LBUNU N81IAB Z, ~ MGL(0, 7, Az()) e

WNINDANULUTUTIUIINVBIANNARALAR D UVBINMINENNTALINLABTROUE AD

Cov(Z;) = K{Cov (S;) K}
(22
— 205, = Ky (CPy 1 C) + Cov (V) K

rI( /\Zr(t) )

1 1
=P, ,C} (CtPtt—IC;t + 22v> CiPy;_y

ﬁ’aﬂizmnm’l’azmﬁlnﬂugdq@l (maximum likelihood estimator: MLE) 229N ALA8T
LTNTBIANNANIALAROULBINTWNNIDRINIABTENUE (A z()) IV IWENRENNTTN (log-
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A A A A a @ A A € A & A >
deannfige aRan- swuABuL Az, lasfiunindwinlwesanaddwinig £, =

— X L= Q. 1

267 Py 1C; (CoPy1C; +3535v) ICtPt|t—1 waz 6 = “Z-0 G dadsznaudIudn
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s fanuandatnluudazaunm e sua1aNuRBLUTTBIANUAMALAT RTINS
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ARG LARBUTBINITWEINTAINABTENNUE Py, 839U 1 U b 1380 ¢ — 1
. WINAasANNG Y
L AWITAYEINGEIUAIN K, = Py, 1 C} (CiPy 1 C) + 33y) ™

Al Uszanmianiaasaanue X\ﬂt wazlNNING AN LUTUTINIINVRIANY

ARALAREUTBINIU TN BMINLADTAUE Py,

Xy = Xyjp—1 + K (Yt - CtXt\tA)

Pt\t = (I - KtCt)Pt\tfl
. MyUszanadwnAwesion Ay

AWM AN TN U8 I NLA D AU AR ALAAD W BI NI NENTTRINLADS AU
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A
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7. TRUA £ = £ + 1 uaznaUlUIuaaun 2.

#n389 MGLF 919w (3811 @ansa9 MGLF fidendsynaudiuadiien (MGLF
with single adaptive factor: MGLF-S) fia991n@ansas MGLF 1#éa1sznavysuen
Wesandorswiunndudslunsaminianindanaulsdyiuiingesdsuninzuy
nanfa é’aLLﬂinnﬁﬂ@T%'uﬁmﬁfmﬁaa@wam:wwadmuaﬂn@;mLﬁuLamﬁ'u"l&Hw:ﬁm
uaﬂﬁjw%avl,aj Syonvasvin sz onanaesanuedanuiuudsinnniidng swsy
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MuIMININgaNNwlIUTIMIINTaIdsunIuTuv a1zt duuwamalumsunladaun
WI89A9N&17 (Yang & Cui 2008) Faazvnliedsznannaasanue iU insawanni
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Aldaz3unin §an309 MGLF fidenisznavuiluavaigd (MGLF with mulit adaptive
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121 (generalized Laplace distribution) Nifidniads iy gud, wimiimataina vl
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AR Ay 08 MUTzI NI T URIRAVEI Ay EATU § = 1,2,..., 7 9
Z](t) a4 9 Z](t)

| o dl N Y a K 6 o 1 a 1 = dl
Lﬂ%@nﬂ‘iz&]’]m‘ﬂ‘ﬂ’llﬁﬂﬁaaﬂﬂ’]i‘ﬂ&l"llﬂx‘lﬁx‘]ﬂﬂj%ﬂ?’]&lﬁu’m%uﬂlad@]’)Ltﬂifi(&lLL‘]JU&JLGEJMVL?I



. aa a & P 2 9 1 a A
ZplZ7 = z; NUWIEABIRNG WNNY 0 = 203 (0j; — S 7'E7) wa d; A8

ysznaudTuawesandsn j m aunan ¢ Az launsndanunlsusiuiinvesan

SUNIUITTULRINTOUTZNN UMY A2 Sy Az LD
T (AT+2 ) r (AT+2 ) N <A7'+2 )
A = diag Az (1) AZy (1) AZy (1)
rI' | =L rI' [ =~ r[' | ==
(Azlm ) <A22<t) ) (*zw) )

A LuMINGNUEIYY (diagonal matrix) 284e1UsznaudTuAveIdILLlTUdRZA

AIBUAINTEI MGLF-M mmsmﬁwmﬂs:qnm"lﬁmuimaumiﬁwmﬁaﬁ

1. e wenIniaINABsRIIUE X, WAZIUNINGANNLLTUTIRTINTBIA Y

ARG LARBUVBINTWINTAINABTANUE Py, ) 839WTN 1 60U B 4380 ¢ — 1
2. WENINAIANIA Y,
3. AWITMNTINSANUIMUN K, = Py, C) (CiPy, 1 C) + 1%y) 7

4. awmadidszinmneetaniue X, wesunindanaudsyiuiinzeiaing

ANNALAREUBINTU TN BINLAR TR UE Py,

Xy = Xypp—1 + Ky (Yt - CtXt\t—1>

Py, = - KCy)Py,_,

5. MIUszIN AW LAaSITNW

[ meUsznmnaesanuamandanssinsnensainniaefanue Z, —
Xy — Xyt W88 Zy ~ MGL (0,27, Az)

AWMU sznmwn e dugiga A, ) 8 =1,2,...,r Famanndad
ﬁ'ué’mﬂizimmuﬁﬁauvlm Z41Z; = z¢ Afiwnfieeiana Wiy o =
20% (0j; — X7 BI%) dla 6, #a dadsznaudiudnvasdulaf j o anu

I

6. ANWIUATWIINTALBIINABTROULA NN 1 0L X1, WBIININDANNLYTUTIU

FINVBIANNAMNALARDUUBINITWENNTOLINLABSFONULE1INHN 1 AU Py

Xip1p = A Xy

Pt+1|t — AtPt‘tAllf + A%EWA%



29

7. TNAWA £ = £ + 1 uaznau ldauaawn 2.
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§0ULVDIGINTEI MGLF-M san3nasunamalfsuudssasnszuaumsidaningainsas
MGLF-S UazenUzanminiass anusaa96ansad MGLF-M swsudaudsiiaas Sanw
NullshasninaidszunminiaasaaueaIaInIad MGLF-S (gﬂﬁ 3.3(b)) \aRanson
AUz mniiae S eaIaInsad MGLF-S waz MGLF-M wuii endszanasnwnniiaes
[V 896ANT09 MGLF-M §1m3Ueutl37inite lugﬂﬁ 3.3(d) ﬁé’ﬂungmmumnﬂﬁwuﬂm
fasuafinuUaAUszIn I NAees oW weIaInad MGLF-S Iugﬂ'ﬁ' 3.3(c) Pouzfien
Uz dinasianaasdinias MGLF-M swiududsfiaas ﬁgﬂl,mumil,ﬂﬁwuﬂaa
druanars 1w dressudsisas il nswasnuyas (gﬂﬁ 3.3(e)) eI NTS

MGLF-M 9z l@ar1szanmiiniaas anuwe N800 05U 8T UIWNNT ka9 H U5z ans
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Uz ENTAY a\‘]ﬂ’liﬂ'lll@'&l

Xt_l,_]_ — Xt—l_Wt

Y;: = Xu+V,

Tsaasuudsinafiauaniaiila (Monte Carlo technique) Usz@nimwaasainsed

NTUNINEAN MSSE Uazwiniiiaasa a\‘iﬂ’ﬁ‘l’]@]ﬂa\‘iﬁ’]ﬂ%@ﬂ(ﬂ &

1. W, Bz V; A8 NNeasaisuminIzul Laslineasalisuninalia auaiay o4
3 a 1 Q lg - a =Y Q
Judavzdani LLazvl,wuagﬂunm FUNG W, war V, Insuwanuasdnd & eauds
NaIfD Wi ~ N (0,Sw) Waz V, ~ Ni (0, Sy) aWa1au s Sy = o, (1 —

pw)I + 0%, pwJ Uaz Ty = o2 (1 — py)I + o2pyJ lasf T fa wn3ndanansol

g A a

. . . a L 1 L d
(identity matrix) wae J fa LlJ‘Y]iﬂ‘IW]ZJﬁ&l’]"ﬁﬂ‘l’lﬂ@]%‘l’]’]ﬂﬂ%%x‘i

2. ANNKUIUIIUBBIAITUNINIZUY (0F,) #azANNLUIUTINVBIMIUNIUAIN (o)
MuualagdaauuasnNuLlsUsIwniaad fa (o2, 02) = (0.1,1),(0.02, 1), (0.01, 1),
U

(0.01,0.5) W&z (0.01,0.1)

3. FUUIENDENFUNUTVBIAITUNIBIZUY (o) WA RNUTEENDENFUWUDVOIAITUNIN

f13@ (py) NNL 0.1, 0.4 LAz 0.8
4. @NVYNVBIBRNINLIN (n) LYiNNy 50
5. PIWINALLT (k) LYINU 2, 5 waz 10

6. ABNAUVBIINABTENIUE (X)) HOTUTINTANNUUTUTINI (Pyo) MAUA

I@U X0|0 ~ Nk (07P0‘0) Lﬁa Po‘o - I

7. WIAVaINIHUROULLUAIVINTTUIWANT AU TN IR RUaLlay §,, 1YinAU 0, 0.5,

1,2, 3, 4 Uaz 5 NaNIAB AITUNIUTZUY Wiy ~ N(6ar,0%) Wa ¢ = 26

8. IWIBIDLVAINIINARDIFIINTINNOILLLNOWAANTLA ¥1AL 2,000 da8ldsunIy

213 (R)
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') a { A A ') A o
9. manaaaanlanlrlunnlSoungulssanTn INYaIAINTaY fAa MSSE S9A14I
ANANUARIALARAUVAINTITUIZ NI HINLADIRDNUSNIANG 50 ANULIAN
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1 - ' 1 - -
D=5 (Yi-Yy) (CtPt.t_lc; + 22V> (Yi-Yy)

wazaaulagy D, finsuanuadlamassasnlesrmanududas: (degrees of freedom)
kB8wUNueg Dy ~ x2 SIURaInIslAuuilasenn1inIzangaaInszuaniy smeh
ANIALTIUSIN D M, wEaINTURULUaIANaNduadInIzuInT LWanasaisunuan

WhnanauadnIzuInms T Na1fe
1/s ; o1 -1
Mt = 5 (Yt‘t—l - T) CtPt|t—1Ct + izv (Yt‘t—l - T)

a9 AN M, gﬂﬁm‘imlugmmuLﬁmﬁuéﬁuﬂsqu D; WA8991NANNABINTAINTIHN
MIROUUURIAINAIUAZNINTZNVBINTUIUMTIMNAALINY UM 4.2(a) uFad
1 6 1 s 1 v s 1 1 6 1 g 1 v
ANWENNTAUANIARIINRTN 1 AL VBIAINTEI MGLF WUIT @NWeNnIaa1Iaadnta 1
AU FNITOLEAINTLUREUULURIVBINTZLINNNT mmzﬁgﬁﬁ 4.2(b) ugadnMIUReHUL a4
2PBINTELUIUNNTOWHBININNANNABLLTVEIAITUNIY LI8INANUANALARDUVDIAN
6 g 1 v J e a a 1 s dl 1
WENIOLANIAEWWI 1 AL TUBALMITUNIUTZULUALAITUNIUAN IR 37 4.3(a) WU
A, a X | = { a A A
M, JAANIBE195I0LTY 1WanszuIwmMINMTIURawuUad atueh 4.3(b) LEAIALLIAN
A a A A o 'Y o A a £
NNIZUIMBNIINNIIURBUUAY LHaIAIAMUNBULLIVEINITUNIBNLANYYL T ATULIAN
& v & o o { A X W
B AI%W Dy FIRINTOLIAININAULYTUDIAITUNIRNLANTY W6 LN FINITDLFAIAINY

AuuIva9aIUMInAaass aanuununlaiugulamasses (2 control chart) onasng
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— KF
= MGLF-S

v Sl /\ i \\ ] /\\{\m <] [Tl

= Measurement
KF

Innovation

Measurement

-2

-4

Time Time
(a) (b)

ﬁumnﬁmﬂiqm D, 301 Lmugﬁmuqu x2-MGL (x2-MGL control chart) N3zUI%MNT
Aansaninldaglumaniugu (out of control) i D; Admnnnitdnatanlng (quantile) vas
MMIUANUI FANIRIRBS ﬁﬁmu@hslmmmmzl,ﬂmaammﬁ@waﬂﬂluﬂﬂsﬁ@'ﬁulaﬂﬁLaﬁ
ﬂizmumsﬁaglumsmqu (a)

Lﬁadmmmugﬁmqu 2-MGL Tia3130a3793UM3808284A1NINTZANLVBINTE
UINMT GIULADURAINMIAASITEI A MINTLANLVBINTLLINMS ausgy D, AN
wasdayadisunadaitu lapRansandialeulnidzasnisuanuasdn@anasgiu (stan-
dard normal distribution) 9NANANNUIZLDUEZEN (cumulative probability) Tadé”JLLﬂiﬁjw
D, NA13AB

F, = & Y H(Dy)]

e o1() fe WatdumswanuasnniusaIdulsguUnduaIgIu, Hi() fa Werndunis
LLﬁmLLﬁ]waaéhLLﬂsﬁiu"Lﬂﬁﬂé'aaaaﬁﬁaammwmﬂu%mz k uazdulsgu £ dnnsuanuad
Un@u1a3g I 81 D, Ferwn anusazidugesy Hy(Dy) eleunigwnu Geazvinle F,
FA10INNIIUIN IUN1IaTINUIN 81 D, ﬁmﬁamﬁ’ﬂﬂﬁquﬁ anunsLiurz s Hy (D)
AARDLLTUNY Wa2 Fy 3zRa1u1nmaay
ﬂ’]im’aﬁumsl,ﬂﬁwl,l,ﬂm@hm‘smzmwaam:mumm:ﬂmimwLLNuqﬁmuQum

WwRsARaun a1 N EnlUIWULTaa (exponentially weighted moving average control
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14

— KF
= MGLF-S
MGLF-M

12
|

10
|

M,

Time Index Time Index
(a) (b)

(741 3:

chart: EWMA) 283 F; S9etadsiafanialrsinnninidnliiuwmdoaues F, awdmlas

Qt=7F+ (1 —7)Qt-1, 0<y<1

e ~ 8 W PwasUSuiSoy (smoothing parameter) lagind wWniieeiUiuGeudngn
ﬁmu@@hagizij 0.05 f14 0.25 (Montgomery 2005) %auwugﬁmuqu EWMA-Q 8130150
LEAITNILRNTUAS AN 8IVDIFTMINTZAHVBINTZLINMNT LLamé’ogﬂﬁ 4.4(a) uaz (b)
MUIGY ALARDVD Q¢ WINNU pg = 0 wazanuulslsIuwed Q; winnu 0 = 7-0%
Gfdmml,l,ﬂiﬂnmadﬁaLLiJsE;'m F \Winnu o2 =1 Gavin op =3 Hlasananuulsim
vasdnain 1 Y0 F, wihin 1o2 ifla n Revwiadiatng dmuimnadainalasaies
Mt mAlaase s RIS s Q; WAL 2‘77
LLN%Qﬁﬂ’JUQ&J“fi‘]ﬁ’maNLLﬂ:ﬂ’]iﬂ‘J:"ﬂ’]El“ﬂﬂdﬂﬁz‘].l’)%ﬂ’]i (simultaneous MGL control

chart: SMGLC) nnviualay
Gy = |Qq| + 1My, Gy >0

ey = Ll Ao vamotelasadsuasmMImwmiaasnaawA s ENLEA T
LALT R Lmugﬁmquiﬁaﬁummmmw%’ummﬁ(ﬂﬂﬂ?}maamzmumsé’ul,ﬁaommﬂ
MIAIWLURIFNNANT WAY/WSE MINTLINUVBINTEZLINAT NEIHMNTLYNANNTAN
Mldaglunsman t ¢ > ¢ de ¢ da Jadnnanuqu (upper control lim-
itt UCL) Aranzaw LLaxﬁﬂﬁLmuQﬁmuquﬁmmmmmlumsmn%’ummﬁ@ﬂﬂa

PRINTEUIBMIAUNNIAKE
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9.
™~
Q) Q)
™ Q
ge d ¥
° 3
Qo
S @
S
0 20 40 60 80 100 0 20 40 60 80 100
Time Index Time Index
(@ (b)

gﬂ‘ﬁ' 4.5 UEAILNUWNIAILAN SMGLC PYDINTTUIBMTIHEDIUNTOIA 9 NE1IAD gﬂ'ﬁ
4.5(a) ANV INITLIUMIANT W gﬂﬁ 4.5(b) LLazgﬁJﬁ' 4.5(c) MINITINYVBINIZUINAT
AU WL AABIATNEIRTL LLazgﬂﬁ 4.5(d) u,axgﬂ'ﬁ 4.5(e) ANANTBINTZLIRMIRNTU
LAZMIINTFANLBINTLLIWNTANTUUAZAABIAUEGL WU WNUNUAILAN SMGLC 7N
LLNuQﬁmmsnmaﬁuﬂ’]‘iLﬂ”&"ﬂuLLﬂaa@hmiﬁﬁmaﬁ’maaﬂ‘izmumi Besniaduinfoud

, K3 v = a A, A X
f9unnnEn IUwBes G, SaNNan

411 [IIIITATOTITITT TOMTITITMGL

miﬁﬂmﬂsz%ﬂ‘ﬁmwmaumunﬂﬁmqu SMGLC LLazLﬂ%smﬁﬂuﬂiz'ﬁﬂ%mmmugﬁmu
ANNIAIZH (standard control chart) 299A3N789 KF, MGLF-S 1182 MGLF-M lagRasan

ns:mumsaimmaﬁm%méfu 5 gy ﬁﬁﬁ&]f@"ﬂax‘lﬂ'ﬁé’dLﬂ@]LLQK&&IUU(?]TBGﬂ’ﬁﬂ’J‘]JQ&J

X1 = X+ Wy

Y, = Xi+V,

AELNARANIINAFDINRAILULNAUAAI LA ﬂsz'ﬁﬂ%mwmadLquQﬁmuquﬁmsmmﬂ
mmmé’hazhﬂ@slm&'gﬁLmugﬁmuqmzmmmmn%’ummﬁ@ﬂnamaam:mums (av-

erage run length: ARL) LATNIINALRRSVBININARINAUA LAY

1. W, Bz V; A8 NaasaisuminIzul kaslineasalisunina1ia auaiay o4
& =) 1 e Ig’ 1 a =Y Q
Judavzdani LLazvl,wuagﬂunm FUNG W, way V, §nsuwanuaddnd & aauds

N8R Wi ~ N;, (0, Sw) bde V; ~ N (0, Sy) W By = 02, (1—pw) T+0Z pwJ
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3 7 / — KF

) — MGLF-$
O

$1 — MGLF-M
%,

ol J—

0 20 40 60 80 100
Time Index
(@

1 N
0 20 40 60 80 100 © 0 20 40 60 80 100
Time Index Time Index
(b) (c)
2 e o
3
3 P
,,"' §
0 J
=]
'+
o |
0 20 40 60 80 100 0 20 40 60 80 100
Time Index Time Index
(d ()

Oro415: [(CITImIIramTSMGLC MW T T T 1) = 0.1 COMTIE T e I
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10.

Wz Sy = 02 (1— py)I + o2 pyJ lasfl I fa unsndlananwal uaz J Ao Lun3ndn

a o e
ﬁammﬂnﬂmmmumm

. ANULUIUTIUVBIAITUNIUIZLY 0, = 0.0001 HazAMNKLIUTIULBIAITUNINAT

2 _
0oy =1

SUU I ENDENFUNUTVAIAIIUNINIZU (o) WA RNUTEENTENFUWUDVDIAITUNIN

f13@ (py) ¥NNL 0.4

. ANULNVBIBRNIVNIR (n) LY 60

PWINEILT (k) 1YL 5

ANSNAUVDININABTENIUL (X o) WRZINVEINTANUULTUTINTIM (Pyg) MAua

I@U X0|0 ~ Nk (O,Po‘o) Lﬁa Po‘o — I

A > a 4 o >
.?l%’](ﬂ?li]\‘iﬂ’]iLﬂﬂﬂ%LLﬂﬂx‘]“ﬂE}Gﬂiz‘].l’)%ﬂ’ﬁl%@nLLﬂiﬁ%%Gﬂ’]%%(ﬂI@U oy WNNNY 0,

0.25, 0.5, 0.75, 1, 2 uaz 3 NaNIA AITUMUITZUY W) ~ N(dur,03,) L8
A @ A A o

t =11 LL&Z"II%’]@‘IIE]GT]’]?L?J&U%LLﬂﬂd‘ll@dﬂ’ﬁﬂiz’iﬂ&llu@nLL‘].]TY]%%GT]’]%%@IG‘I&I oy

e < a . o

11Ny 0.2, 0.6, 0.8, 1, 1.2, 1.4 L8z 2 FaunInsanuulslIniiNeanaasad

JUNUAIG 1ia £ > 10 A

2 2 2 2 2 T
5VUV 5\/Uv,0V (5\/0’va NN 5vanV
2 2 2 2
dovoypy oy ovpV ... OypV
2 2 2 2
Sviy = dyoypv  oypy oy Nk 4%
2 2 2 2
L 5\/0'va oy PV oy pv ce oy sk

IWIRTILLDININARAIAILNITINRDILULNAWAAT LA LYINNU 5,000 dnelisunIw

6
813

- W AeeiUTuBey (v) Wihnu 0.2

anuhaziduiuanpiianuauazsssgaianaa Lﬁam:mumiaglumsmuqu
fWILUNUNAAIUANTIN (simultaneous control chart) WAL o = 0.004 Uag
anuhandununupiicuquazdsdmgimuianaia lanszuiunisagluniiniugu

ﬁi’m%'mmugﬁmuqu WiINAU a = 0.002
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11. ﬂ’mﬂ%zmLﬁUuﬂiza‘ﬂ%mws:%hoLquQﬁmuqu SMGLC LLaszuQﬁmuQmmm

3IUV8IAINIBY KF, MGLF-S uaz MGLF-M LLNuQﬁmuqummgmﬂ‘izﬂauéfw
LLNuQﬁm‘UQN MEWMA (multivariate exponentially weighted moving average control
chart) Waim@ulay Lowry, Woodall, Champ & Rigdon (1992) tlaasiasuanuiia
Unduasnszuinms wiednasasnizuawmataouslag WNWDAAIUAY MEWM-
C (multivariate exponentially weighted moving covariance matric) ﬂ’@llm%m‘ﬁla
ATIITUANMVAALUNGTEIMINTZANIVBINTZLIRMTTILMITRIN TN A LRF IR OUT
frerminan i saveaiunindanuulssimiin (Hawkins & Maboudou-
Tchao 2008) 8z Khawsithiwong & Yatawara (2007) Lauauwugﬁmuqu EWMAD
(exponentially weighted moving average of distance) Iﬂﬂﬂizqﬂﬁmﬂﬁﬂmmﬁﬂ
wAoutwmsnEnldmwios 2 ase (double exponentially weighted mov-
ing average) Goaualay Sweet (1986) TagRanson s indauf dr9umein
An U ga1a9aa Nees AT maaey 495U arsaafaRani 61
wnsnEn T wwdsaaasniaasenia LLNu{]ﬁmqunﬂLLNuQﬁﬂs:qﬂ@Tﬁumm

ARNALARBUTBINTINENNTIIAIAR 9NN 1 AU

O

(EEEEIIELE I

[T

[ERIININ IR AN
T

SMGLC vs (MEWMA & MEWMC)
SMGLC vs (MEWMA & EWMAD)
SMGLC vs (MEWMA & x2-MGL)

UCLsygromarr—s) = 1.371
UCLsyaromarr—m) = 1.263
UCLsygrLoxr) = 0.979
UCLyepwmamGLF—s) = 0.1192
UCLyeEwmAMGLF— M) = 0.1047
UCLyEwma(kF) = 0.01002
UCLyEwMc(MGLF—S) = 8.49
UCLyeEwmcemaLr—m) = 8.55
UCLyewmc(kF) = 887
(LCLgwMmap(McLF-5): UCLEwMaD(MGLF-S))
— (2.42,8.86)
(LCLgwmaD(MGLF—M), UCLEW MAD(MGLF—M))
= (2.43,8.94)
(LCLpwmaD(xF), UCLEW MAD(KF))
= (2.46,9.165)
UCLX2—J\/IGL(]MGLF_S) = 18.35

UCszfl\/IGL(JVIGLFfﬂi) = 18.525
UCL, 2 pygrxr) =18.84

SMGLC vs MEWMA

UCLsyGromarLr—s) = 1.497
UCLsmaromarr—wm) = 1.393

UCLsmcreoxr) = 1.0494

OO OO EWMA, [ LI

SMGLC vs MEWMC
SMGLC vs EWMAD
SMGLC vs x2-MGL

MGLC, MEWMC,
EWMAD [TIH2-MGL [T T ]
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aAaa @ A

12. AR @1mau‘lﬁlﬁlﬂuﬂ’mﬂ’%ﬂmﬁyuﬂs:?«m%mwmaoLquQﬁmuqu fa ARL 49

AwnananuihzidundaifrasunwiniuguazanuaniainnanIugu (p)

ARL:1
p

fnzuawmsinmalaswiilas ARL azdadnlng 1 LL@iﬁ’ﬁﬂi:mumiaglumi

AILAN ARL azfiAyinny L

[IMT411: ARL M TTIMITITSMGLC LITIMEWMA I TITTT T IT KF, MGLF-S
[(ITMMGLF-M LI I T 0T 1 I |

SMGLC MEWMA

O KF MGLF-S MGLF-M KF MGLF-S MGLF-M
0.00 | 500.00 500.00 500.00 | 497.02  500.00 500.00
0.25 | 47259  79.09 83.58 75.62 61.76 63.45

0.50 | 270.86 10.06 9.01 10.49 7.99 7.14
0.75 | 76.48 3.25 2.66 3.98 2.90 2.42
1.00 | 21.18 2.03 1.65 2.68 1.96 161
200 | 1.29 1.20 1.11 1.64 1.28 1.12
3.00 | 104 1.07 1.05 1.41 1.14 1.06

@177 4.1 WU ARL maauwu{]ﬁmugw MEWMA {entasnin ARL mamwugﬁ
AIUAN SMGLC P096IN389 KF, MGLF-S uaz MGLF-M 1o 6, Seniasfisthunan uay
e Sy Henunn ARL maumunﬂﬁmuqu MEWMA #@131nni1 ARL maumugﬁmuqu
SMGLC 18969n7849 KF, MGLF-S a2 MGLF-M 1ifia anusansalwmiasasuanuie
Unf289AINa1920IULNUATAIUAY MEWMA §9NIUHRNIAIUAL SMGLC NTHAINA
fandududniasiithunas wdddnasessnszuanmsiiuduegnadivadn ana
mmatnlumsmn%’ummﬁ@ﬂﬂamao@hﬂmwmLqu{]ﬁmqu SMGLC 'liuanengann
WNUDAAIUAN SMGLC

mnﬂ%ﬂmﬁwﬂixﬁw’ﬁmwmaaLLNuQﬁﬂuqu SMGLC, MEWMC, EWMAD L& x2-
MGL 1{an5n92918989n 520w TUaaILas a7 4.2 WU S mTUEINTaIIENY
WNUDAAILAN EWMAD @1 ARL ﬁayﬁq@ aanuulssusesnizuinaass Tunmg
AIINUTIN WNWATAILAYN SMGLC 61 ARL ﬁayﬁq@ Wamnuudstsupasnszuan
Rudn mmzﬁuwugﬁmuqu SMGLC(MGLF-S), MEWMC uaz y2 Aanuaansalunis

ATIRTUMIAANIVBIAIMINTNYANTIUAUNTAILANEU Y UBNANT UNUNTAILAN
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SMGLC(KF) #annuaaninlunmiasaiunsanaszasdiminszas indifosiuunund
AIUAN EWMAD Wwiiununiiniugu SMGLC(MGLF-M) RANUENIT IUNTATII
mm@aamaqmmim:mﬂsjqamﬂ waaNnua N TolwmMIaTIasu MR wYasF AT
mzmaga‘?‘iq@

Lﬁaammmgﬁmugu SMGLC Lﬂmmugﬁmuquﬁmmmmn%’ummﬁ@ﬂﬂamm
AN AL NINTZAN VB NTZLIUNT miﬁﬂmmmmmmmaaLqu{}ﬁmquﬁ]:@h
Lﬁumim‘%ﬂmﬁyuﬁuﬂmaaLLNuQﬁmuquﬁm'%“umnmaLLazmimzma fa (MEWMA &
MEWMC), (MEWMA & EWMAD) uaz (MEWMA & y2) 1ia MEWMA fo WHUD
AILANFINIUAINAS, MEWMC, EWMAD Uag x> fa WNwAALANENITLNINIZINY
NI ENDNWIBIUNUTMIUAN SMGLC MNAITNT 4.3 WU WNBDAAILAN
SMGLC(MGLF-M) #@1 ARL ﬁaﬁﬁqmluﬂizﬁmulmy BWRANEAN T UWHUDHAILAY
SMGLC(MGLF-M) faNANNTNATIVTUM TR ULUIAINAT UAZ/ASD NINTLANLVD
nyzuaumsInoe9 sz antam snviudannuulsU IR a9 uIRINIAnas WNTNA
AIUAY SMGLC(KF) @1 ARL #aanin WAL SMGLC(KF) NUENTNNAAR
Tumyasesumadsuudasennansfifivduiwnans auBsufaulsaninwes
WHWNUAILAN SMGLC(MGLF-M) LLa:gjmammugﬁmuquﬁﬁmm f§1IUAINTI MGLF-
M wud nidtenusdydyinlidmaufowudss uaznsdinnuulslsimuesnszuinms
St WHUDHAILAY SMGLC, (MEWMA & MEWMC), (MEWMA & EWMAD)
a8z (MEWMA & y?) fanuausalunmsasiesumswasuulssanans liuandronn
1189310 ARL ‘?Jad‘l’lﬂLLN%Qﬁﬂ’JUQNﬁﬁWIﬂﬁLﬁUGﬁ% G‘fﬁLqunuﬁmuQuQvL@T%‘uﬁmwamaq
WNWNT LAY MEWMA e 10 AU ILUTUTIRVI NI LRI AN AR WNWNH LAY
SMGLC(MGLF-M) tlaz (MEWMA & EWMAD) fanwsansnlunisarasumsdaswuyss
A nand lauanenanu ﬁafuuwugﬁmuqu SMGLC(MGLF-M) 33danuinanzanluns
ﬂi:qﬂ@ﬂﬁmu Lﬁaammmugﬁmuqu SMGLC(MGLF-M) iauaunsn aTIsUMTasn
WURIAINENY WAZ/TI8 NINITAVBINTEUIRNNTBEINUTZRNTA N UUNUDTAILAY
LﬂﬂaLquQﬁLﬁm Lmzﬁﬂiz%ﬂ%mwvl,&iLL@m@mmmmugﬁﬂ’mqu@;mamwugﬁmuqumm
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42 [TITITIMIQ-MGL

NITNTZUIWANIR LA A RANLTILRUT1 9614 mgmwaanmmai‘éﬁmﬁmuqmﬁu% U,
< [ [ o o
Far lAWanTu gy
N-1
J=FE <X§VQ1NXN + (X{thtXt + U;QZtUt) ’YNflv YN*Q, s 7Y0>
0

t=

fertanfga aamaialdsuntylawTauasiuaduan Ny

Vi(X,) = nlljinE(X;QltXt +U;,Q-,U,
t
+ (A Xy + BiU,) Sey1 (A X+ BUY) Y, Y 1,...,Y)

+ E (WiS W) + ¢

Mo t=N_-1,N—2. . .1 LaENATANIILARNAT leaiUszanaaniaasaiuds
AILANULIN

U= —LAE (XY, Y 1,...,Y)
ija E(Xy Y, Y1,...,Y0) A9 ANAARIIVBININLADTFDIUSANULIAN ¢ Lfiaﬁmu@

NINAaSANIA Y, Yoo, ..., Yo Adwinny Xy, Ae dadszanainaeianiuzuasdinies

MGLF w8z L; A0 WWN3NGAIN Awualag

L, = (B;Si1B;: + ta)_l BiS; 1
S; = A:g [St—i-l — Lg (B;St_HBt + Q2t) Lt] A + Qlt

@Tﬁﬁu@hﬁaﬂﬁq@maaﬂaﬁ‘fmﬂmma‘lmwia:munm WiINNU
— —~
VY, Yiq,...,Yq) = Xt\tStXﬂt +ct

W0 ¢ = o+t (Str1Zv () +tr [(Quy — St + AySi1Ay) Py ] UWaz ey = 0 lagf P, @8
TS NFaNULYIUTIRTINTBIAN AN ALAT U BINMTUIZI DMINLABIEN U AULIAN ¢
Pa9aNT89 MGLF

igu@laumiﬁwmumaamimuqm%aLﬁugﬂ wuUmaIRaITaInszuInmIaLhateall

WAMILLT (LQ-MGL control) dsznausiy 2 &% Aa
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1. ﬂ’]iﬂ'JUQEJLL‘lJﬁJ‘]ja%ﬂE:ﬁJ amgmwaonm@la%ﬁaLL‘]J'imuthL{h
U,=-LA Xy,

Wa X, fla daUszinmminiaasanueauiIe ¢ 18963n389 MGLF uazdniy

t=N—-1,N-2,...,1

L= (B,Si11Bi + Qy) ' B,Si1
St = A; [St+1 — L; (BQSH_lBt + QQt) Lt] At + Qlt

2. @1n3ad MGLF

Xop = Xy + Kie(Yi — Ce X 1)

Py, = - K Cy)Py,_,

Xyji—1 = A1 X1
F(@)
Py = Atflpt—1|t—1A::_1 + ﬁ/\i)i)w
w

1 /
K;=P,_,C; (CtPt|tIC:€ + 22V>

LLa:ﬁ”’u@aumsﬁwmmaamsmuqu LQ-MGL mmmLLam@Tal,mumwlugﬂﬁ 46 M3
Uszynddinias MGLF aun3arn e iusdInse9 MGLF-S uas MGLF-M %aﬁuagﬁumi
UszanmanAiaasianuaIn1suanuad MGL

UaNINMIAIUAN LQ-MGL FaazrimIdunTuInmIaaeana e nanwes
nszuwmMIdsaunanendhmansaasnszuINmMI MILTUATLIBINIEMTAILAY
Lmuﬂauﬂﬁuﬁﬁuag;ﬁ'u"ﬁaamiﬂ%'um:mumi (feedback dead-band adjustment: FD-
BA) Lflum%ﬁaﬁﬁwaamimuqum:mumn%aaﬁa (Lucefio 2003) %as;iaa@msﬂ%'u
nyzuaumsi lisln inafiaasnanivzvinlianlginsuesnsUsunszuInnsanas (Luceno
& Gonzalez 1999) M3U5UN3zU2wM3 FDBA 3slWsssuineiioany wslanszuiunisas
andiudomafianmsnuguuuuilounsy wazzswavaimIdiunzuiumsdiemle

I manavaIntzuInnIniesiuwanatnang
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Tuawdsedl mydsunszuiwms FDBA ﬂizﬂauﬁwmimuquﬂmmaam%aLé'm LAY
§n389 MGLF talyzanmanasuasnizuinmsidasunainaithmang smsiuam
Jj“ﬁ SMGLC fimwuatanmsisunszuinms G+ Ganin LquQﬁﬂ%‘um:mumsﬁmu@
16 (bounded adjustment chart) oaTasumunafiezdaslsunszuinms (Wadves
AIRDG G, VAN INNINTI9NTUTUNITLIWAT G AN RADUNN TN 8 IN T

nIzuInN1T FDBA Ltﬁﬂdé’dgﬂﬁ 4.7

421 [NIIMITOTITITICTIITIINQ-MGL

a a IJ [ [}
msﬁﬂmﬂs:a‘nﬁmwmaamimuqu LQ-MGL Uazm3nuau LQ-MGL Ninagnusans
UJSUNTEUINMT (LQ-MGL(FDBA)) lagRansannszuiwmsalanaadnidads 5 aauds 9

ﬁauﬂ'ﬁmaamiﬁommLLazauﬁ'@maomsmuqu

X1 = X+ Wy

Y, = Xi+V,

AEUNARANIINARDIIRAILLLNOUAAS A U ENTAIwa 83N INUAN LQ-MGL NINTDUN

a 6 J
1N MSSE 2a3N32UIBNITULRSWITNULO DI a\‘]ﬂ’]?ﬂ(ﬂaa\‘]ﬂ’]'ﬁ%(ﬂi@ |

1. W, Uas V, #8 NIA050TUMUBITUY LazNaaseIsunIuenia ausiey o9
WWudaszdans LLavasjﬁuag;ﬁ'unm FUNG W, wae V, Insuanuaddnd & ey
NENRE Wi ~ N (0, Sw) W8z Vi ~ Ny (0, Sy) tila Sy — o2, (1—pw)I+02pwJ
war Sy = o2 (1—py) I+ o2 pyJ T I Ao wrisndiananwol uaz J fa wn3nda

= a o @ ~
NNN']‘]IﬂVJﬂ@I'J LNINUAUN

2. ANNLUTLUIIUVBIAITUNIUIZUY of, = 0.0001 UazANNLUTLIIUVIAITUNIUAN

3. SN RNTENFUNUTVDIAITUNIUIZU (pyy) UZANLIENTENFUNUTDDIGITUNI

f13@ (py) NNL 0.1, 0.4 Az 0.8
4. ANUINMVBIARNINIAN () L¥INAL 50
5. PN (k) iy 5

6. FNSNARTBININIABTROUE (Xo[0) uazlunInsanuulIUTIniIN (Pojo) NAUA

I@U X0|0 ~ Nk (O,Po‘o) Lﬁa Po‘o - I
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7. 1a10IN I AnnUaIvaInTruIwmT el AR muualay &, WHnu 0.5,

1,2, 3, 4 Uaz 5 NaNIAB AITUNIUTZUY W) ~ N(6ar,0%) Wa ¢ = 26

8. INUIHIOLVAINIINARDIAIINITINRDIULLLNOUAANIIA LYY 2,000 eralisunsy

[
ans
9. wimflmaimlddvainiaiugu LQ Mmnualas Q,, uaz Qy iy I

10. $29MIUTUNITZLIUMNIVBINIAILAY LQ(FDBA) mMuuala paINNAAILANUVBY

WHBNIAILAY SMGLC(MGLF-S), SMGLC(MGLF-M) Uz SMGLC(KF) LaaiaIn1Ty

[ [OOICD | COOMOCCOO
LQ-MGL(FDBA) | MGLF-S | UCLgsyaromarr—s) = 1371
MGLF-M | UCLsyaroianr— iy = 1.263
KF UCLsyarogcr) = 0979

aa v

11. MRDAAAFWIAN M NI TUTI U UUTZANTAIWUDIAINTAY Aa MSSE S92 D4
ANAMVARIALARAUYDINITUITZ NI DAINLADTRDNUSNIRUA 50 ALLIAN

MSSE = Wl()() <71LZH: (Xt - /X\t\t>/ (Xt _/X\t|t)>

o137 4.4 ugRs MSSE PBINTZLIHMNIMERRIN TUILNTLVIBINIFILNITAIUAN
LQ uazn3nIuaN LQ(FDBA) WU gﬂu,m_lLLuaIﬁwﬂWiLﬂﬁﬂuLLﬂad@iﬂ MSSE 284m3
AILAN LQ uaz LQ(FDBA) svsuansasnaay liuaneeiu Mydsunszuauwms La-
MGL-S uaz LQ-MGL-M vhl#anuasaedauaainszuinmyanaiihwansiasninns
UJSunI=uIums LQ-KF lagiansan MSSE maamsmquﬁg\aaaaﬁﬁuagjiﬁ'uéhﬂsaa KF &
A1InNnin MSSE 2894mM3naugu LQ-MGL MRELR @T&ﬁ?uﬁaawagﬂvlﬁdw UszRNTNINVBY
msmuqu%oﬁua%iﬁ'uﬂsz%w%mwmadéhmm

M3AIUAN LQ-MGL-S uaz LQ-MGL-S(FDBA) @ MSSE ﬁaﬂ‘ﬁq@ o pw uae
Sy Nenay nafe m‘sﬂ’s”um:mumiﬁ%uag’ﬁuﬁ’msaa MGLF-S fliszanEnwginin
M3USUNTTLINMIEYN Woruae U uRUE IR TUNIRITLL UL IWIATBIAINET
lifiusfn widdnasvesnszuawmainduadedvosaty MIAUAY LQ-MGL-
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uwazilla py Aewnedeltodany MIALUAN LQ-MGL-M nimasaziidn MSSE e
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[TIMTIT414: MSSE [TTIMMIMTOQ MM ITIQ(FDBA)

LQ LQ(FDBA)

pw PV OM KF MGLF-S MGLF-M KF MGLF-S MGLF-M

01 01 05 012776 0.10850 0.11382 | 0.13833 0.13692  0.13715
0.47587  0.37960 0.38031 | 0.51045 0.48356  0.47385
1.87201 137621 0.95665 | 191085 1.57166  1.10895
419949 277330 1.38448 | 4.20658 2.89058  1.43890
7.44563 434396  1.86188 | 7.45482 4.38370  1.88590
11.64026 5.95421 243271 | 11.64927 5.99656  2.45889

g b W DN -

04 05 012616 0.10377 0.10899 | 0.13796 0.13278  0.13413
0.46839  0.35685  0.34641 | 0.50324  0.44437  0.42875
1.84015 126114 0.78713 | 1.85742 1.38098  0.86727
411889 245888 1.16336 | 4.12910 2.52848  1.18188
7.31642 3.77818  1.62512 | 7.31766 3.81324  1.63342
11.41469 5.14418  2.18907 | 11.42942 5.17756  2.19923

g b~ W N -

0.8 05| 0.11161 0.08230 0.08550 | 0.12973 0.09930  0.10472
0.41309 0.26596  0.22814 | 0.43742 0.29777  0.25852
1.62219 0.84635  0.48623 | 1.62483 0.86060  0.48990
3.63691 157407 0.81941 | 3.63235 159581  0.82620
6.44801 2.40424 1.27194 | 6.45895 2.45201  1.26918
10.08944 3.33894  1.82190 | 10.08741 3.38653  1.82101

g A W DN -
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[[IITI414: ( (0]
LQ LQ(FDBA)

ow pv Oum| KF  MGLF-S MGLF-M| KF  MGLF-S MGLF-M
04 01 05| 012854 011230 0.11476 | 0.13895 0.13801  0.13809
1 | 048107 0.39534 0.38748 | 051007 0.49074 0.47734

2 | 1.88792 1.44066 1.03116 | 1.92203 162621  1.18377

3 | 423326 292830 155341 | 4.23616 3.03145  1.61427

4 | 752196 4.63616 2.11660 | 7.51898 4.67050  2.14379

5 | 11.73836 6.41563  2.77536 | 11.73153 6.43568  2.78167

04 05| 012755 0.10829 0.11073 | 0.13755 0.13577  0.13480

1 | 047781 037921 0.35247 | 051059 0.47269  0.43963

2 | 1.87334 1.34079 0.79401 | 1.88731 146737  0.87710

3 | 419922 261915 1.21070 | 4.20827 2.66310  1.23330

4 | 745758 3.99028  1.69395 | 7.45477 4.01674  1.70803

5 | 11.63422 5.38357  2.25409 | 11.64280 5.43005  2.27703

08 05| 011788 0.08817 008649 | 0.13570 0.11027  0.10792

1 | 043438 028267 0.19382 | 0.45549 0.32276  0.22028

2 | 171103 0.87497 041112 | 1.71606 0.90485  0.41701

3 | 383559 1.58123 0.71380 | 3.83801 1.60962  0.71920

4 | 681203 234089 1.11437 | 6.81995 2.38361  1.11538

5 | 10.63278 3.18170 162411 | 10.64011 321954  1.62314
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[[IITI414: ( (0]
LQ LQ(FDBA)

ow pv Oum| KF  MGLF-S MGLF-M| KF  MGLF-S MGLF-M
08 01 05| 013024 012120 0.11857 | 0.13772 0.13622 0.13673
1 | 048717 043393 041027 | 050933 0.49471  0.48464

2 | 1.91436 1.62974 119766 | 1.94214 175685  1.36019

3 | 429208 3.44977 1.98420 | 4.29878 3.50481  2.06929

4 | 762471 569608 2.83605 | 7.61836 5.70559  2.86461

5 | 11.89987 8.18325  3.78265 | 11.91903 8.21507  3.85056

04 05| 013155 0.12103 0.11685 | 0.13773 0.13754  0.13659

1 | 049029 042834 0.37698 | 051017 050391  0.46355

2 | 1.92904 1.58110 095949 | 1.93629 167894  1.05143

3 | 432986 3.20870  1.53553 | 4.33368 3.22536  1.57600

4 | 768219 506538 221630 | 7.68115 5.07619  2.23462

5 | 12.00879 7.02982  3.00973 | 12.00729 7.03707  3.04910

08 05| 012866 0.10824 0.09426 | 0.13750 0.13123  0.11653

1 | 047664 0.35925 0.21601 | 0.48730 0.40542  0.24477

2 | 1.87126 1.10885 0.48471 | 1.87441 112686  0.49221

3 | 419882 1.95719 0.85098 | 4.19805 195541  0.84926

4 | 745027 284246  1.33473 | 7.46421 2.83835  1.33199

5 | 11.63978 3.74772 191734 | 11.64717 3.77855  1.92618




4.3 [T T i I o 73

ANNIINIUIUNTZUINNNT LQ-MGL 18N8 WA91wInAIN1TUIunIzuInnItasasnin
LRUBITUAY HAD MIMIVUAN LQ-MGL(FDBA) anansadiunszuiumanaugaiimane

leatnaidszansnin anelaeldanguasnsdsunszuanniINeInin

4.3 [T T T I O O e

nizmumIalaaa@niFadundnngmafsuudaisesnszuiunsnnannganaie
a a & a v A . oA y o
Undlag azgniasanidunszuiunmialaaa@nisaadunliain Siaziaudnumzas
nyzuunINUMngaess lasdnd imeflansamvqunszuaumsniioununily fs ns
ALANNILINMITAMINTIN Takumadiunszuawminauganihning lasdnaan
MIAUAUREINIAFUAAANNRAUNTIBINTZLINNT LikasaninalianInIugunIzLIL
mMadimnIsunamnnnzuIwmIalama@nliaf aninInIuguNIzLIUMIE

aa

shANaWIINNITLIBMIElaaaanAIf é’oﬁumsmqumzmumsﬁaaﬁa?ﬁqLﬁumi
ﬁummmq}mmﬁ@ﬂﬂamadmzmumi Lﬁ'aﬁﬁ@mm@;mmﬁ@ﬂﬂam&hfu Faazin
Mﬂszmumivlajﬂi'mgmmﬁﬂﬂﬂaﬁaﬂdnﬁuﬁﬂ mimuqumzmumsﬁz\iaaaﬁwﬁuﬁ
agméwmmﬁmﬁ'u Ao MIsannuRBLlsTaInTEUINMs Meldumaaiiuanaisin au
Lﬁaammﬂé’ﬂHmwaamzmumiﬂ@maaﬂﬁLmﬂ@mﬁ'umallﬁmimuqu
FTUUMUANNTELIWNILTIEAA SPCS dsznauday WwakamMIUsunszuInms LQ-
MGL uszinaiiaununiiniuaa y*MGL %aﬁuagﬁuﬁamaaﬁﬁmmLmiq MGLF "
s unTn Uz mume Mt aanulasen nansuasnszuinms o el U ansnwuas
falilaarnTzuInmy é’aifum:mumi%mmsngﬂﬂ‘i”ﬁ.lgj@hl,ﬁmmyvl,é’amasmﬁ’a Uy
ANTOURAIAULIANANTZUINNIT MR anuyag mﬂﬁf’umiﬁummmqmmﬁ@ﬂﬂa
ﬁ]:L’%"mTu%uLLa:wm:ﬁammmﬁﬁ@mm@;mmﬁ@ﬂm@m&hﬁumnm:mumﬂ@?ﬁg@ﬁw
mzmumia}z@fﬁaag’uu@hlﬂmmsﬁﬁmu@ LLa:agjmﬂﬁmsmuqwm:mumﬂ%aaﬁ@
M3AUAY LQ-MGL 1/sznaudas mefinnsUsunszunumssuuilawnaufinamwain
mwﬁmsmuqmimmaaﬂL%oLﬁuﬁﬁuagﬁuﬁamaaﬁﬁmmLmid MGLF d3e&nsnn
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44 Abstract

An adaptive Kalman filter is proposed to estimate the states of a system where the system noise Is
50 assumed to be a multivariate generalized Laplace random vector. In the presence of outliers in the
52 system noise, it is shown that improved state estimates can be obtained by using an adaptive factor to

estimate the dispersion matrix of the system noise term. For the implementation of the filter, an

57 algorithm which includes both single and multiple adaptive factors is proposed. A Monte-Carlo
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investigation is also carried out to access the performance of the proposed filters in comparison with
other robust filters. The results show that, in the sense of minimum mean squared state error, the

proposed filter is superior to other filters when the magnitude of a system change is moderate or large.

1. Introduction
The well-known Kalman filter (Kalman 1960) was introduced to deal with problems of linear estimation
and prediction for a linear Gaussian system defined by

X, =AX+W (1.1)

Y,=CX,+V, (1.2)

where W, and V, are respectively system noise and measurement noise sequences which are mutually
uncorrelated. W, and V, are distributed as zero mean Gaussian random vectors with covariance
matrices L, and E,, respectively. By means of arthogonal projections, the original Kalman filter was

derived in the sense of minimum mean squared state error. It consists of estimates of the state and its

covariance matrix given by

X, =%, +K (Y,-CX,,) (1.3)
and P, =(I-KC )P, (1.4)
where R, =A X ., (1.5)
P, =A P AL +Z, (1.6)

2
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and K, = P‘HC; (C,qu_lc: +EE‘, J (1.7)
However, the presence of outliers in the system noise term can cause a shift in the mean to a new level.

In this situation, the traditional Kalman filter is no longer optimal due to the non-Gaussian noise term.
To accommodate the outlier, the noise term is frequently assumed to have a symmetric heavy-tailed
distribution such as a mixture of Gaussian components (Sorenson & Alspach 1971, Pena & Guttman
1988, Yatawara et al. 1991), a mixture of Student-t distributions (Meinhold & Singpurwalla 1989) or a

univariate generalized Gaussian distribution (Niehsen 2002).

The construction of the adaptive filter proposed in this manuseript depends on a covariance
matrix of the system noise which is estimated sequentially in time by exploiting system knowledge
based on the discrepancy between the predicted state estimate and the measurement at a given time.
There are several techniques available to estimate the noise covariance matrix such as Bayesian
estimation, maximum likelihood estimation, correlation method, and covariance matching technique
(Mehra 1972). In addition, a single adaptive factor (see, Yang et al. (2001)) which acts as a weighting
factor between the predicted state estimates and the measurements can also be used in conjunction
with the estimated noise covariance matrix to obtain an improved adaptive filter. A drawback of the
latter technigue is that all variables of the state vector are weighed by a single adaptive factor at the
same time. Yang and Cui (2008) introduced an alternative adaptive filter with multi adaptive factors.
This approach could reduce the state estimation errors more significantly than the filter with a single

adaptive factor.

In this manuscript, an adaptive Kalman filter is developed by assuming that the system noise
term is multivariate generalized Laplace distributed whose shape depends upon a shape parameter. In
the presence of outliers, the shape parameter can be easily manipulated to estimate the covariance

3
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matrix of the system noise term in real time which enhances the performance of the filter. It is also
shown that further gains in efficiency of the filters are achievable through the introduction of single and

multi adaptive factors.

The paper is organized as follows. In Section 2, a brief description of the multivariate generalized
Laplace distribution is given. The adaptive Kalman filtering as well as the algorithms with single and
multi adaptive factors are developed in Section 3. In Section 4, the performances of the proposed
adaptive filters are compared with the traditional Kalman filter and other robust filters. Finally, the

summary and conclusions are provided in Section 5.

2. Muiltivariate Generalized Laplace Distribution

The multivariate generalized Laplace (MGL) distribution was introduced by Ernst (1998) as a class of
multivariate models consisting of several distributions depending on the value of a shape parameter.

This shape parameter A distinguishes between members of the family such as the multivariate Laplace
(A=1), the multivariate normal (4=2) and the multivariate uniform (A=) distributions as

shown in Figure 1.

Let Y bea kx| random vector, p be a k x1 vector of constants, and £ =‘:(O'ﬁ )] bea kxk

non-negative definite matrix. Suppose the random vector Y has an MGL distribution with the mean

vector p, the scale parameter matrix L, and the shape parameter A, denoted by

Y ~ MGL, (1, E, 1), with the joint density of Y defined as

1S

f(y)=£@“|’3|'* exp -[(Y-F)' ’3"(!*-H)] (21)

272°T (%)

4
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where I'() denotes a gamma function. The mean vector and the covariance matrix of the MGL random

vector Y are given respectively by

WmE~NdDWG Wk =

EY=p (2.2)

[ e
W= o

r(

g

JE (23)

)

and Cov(Y)=

-
E-N

-~
=
e

(

[ e 4
=~ ®w

Also, let a partitioned random vector Y*’ﬂ:(vl[l'*.J'YJ{lqk—l.l]) with a mean vector

R8s

r’ll[il-ri‘] zu(*, w(k=k,))

[T =("‘l[ix*.]"“?{l (i, lJ]' and a scale parameter matrix L=
' B(bhph) (kb pkok)

N

be given.

(SRS
(=R ]

27 Then, the conditional MGL density of Y, [Y, =y} is defined as

29

30

: G, o
33 f(hb’z zYz)=Tk__i__|EuzF
: Z0TEy
35 A 2 2.4)
36
37
38
39
40

exp —[(y.—uu)' 2?.‘3{!.—uu]+(y;*u,)'?:;;(y;-uz)]i[(y;—uz)' E;!(y;—nz)T

43 where p, =p, +E,E7 (y; _l'-z) and £, =E,-L,ELE, . The mean vector and the covariance

46 matrix of Y, |Y3 2 y; are given respectively by

50 E(Y|Y,=Y;)=n,, (25)

i |

)

z (2:6)

and Cov(Y,|Y,=Y;)= )

ar

B8EI85EY

5
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See further details in Fang, Kotz & Ng (1990).

3. Adaptive Kalman Filtering

Consider a linear discrete-time stochastic system which possesses properties of observability and

reachability given by equations (1.1) and (1.2) where W, is assumed to be distributed as an zero mean

MGL random vector with a scale parameter L, and a shape parameter A, denoted by

W, ~ MGL, (0,Zy, Ay ). V, Is a Gaussian random vector, denoted by V, ~ MGL, (0.Z,2) and the

scale parameter matrices L, and L, are assumed to be known positive definite matrices. Then,by

means of the |east squares technique (Kalman 1960, Duncan & Horn 1972), an unbiased minimum

variance state estimate can be derived leading to an adaptive Kalman filter with recursive estimates of

the state and its covariance matrix given by

X, =X, +K,{Y, -C.iq,.l)
and P, =(I—K,C,)P*_]

where X,*_, = A,_,th_l

. r+2)
P =A_P A, +—i}:

1=1% it R
T —
(%)

=1
and K, =P, C, (Crp*_,c; + % z‘,]

[
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The use of MGL system noise term makes the adaptive Kalman filter, referred to as the MGLF here after,

more versatile as it can accommodate outliers appearing in a system. However, to implement the MGLF,

the shape parameter of the system noise term A, in (3.4) should be estimated at each point in time.

Define a pseudo state innovation, Z, = i‘h - id_l =K, (Y, = C,ﬁ,b_l ), which is assumed to be an
MGL distributed random vector with time-varying shape parameter, denoted by

Z, ~ MGL, [O,Ez,/izm), with the covariance matrix

(r+2)
L, =Ly K [CP C'+—l): K!. Also, define a partitioned random vector
Z(r) Z t =1t 2 v 1
rr[—r J
Z{r)

Z, =(ZF,Z:) where z:=(Zu'Zw"-'Zu-ly-zun]r""!zn) and the corresponding covariance

.t

. &
parameter matrix I, = [JJ" ! ] for j=1,2,...,r. Then, the conditional density function of Z,
i

given Z: = z: is also distributed as a zero mean univariate generalized Laplace random variable with a

scale parameter 0] =0,—~E/E'L] and a shape parameter Zg,y» denoted by

Z_,,IZ:zz: ~ MGL, (0,0'f.,/l.zm), where the conditional variance of Z ﬁ|Z:=z: is given by

r[—-—3
2 /IZJ("F 2 . . .
a-z,iz,'-:,' =———%0,.The MGLF can be implemented using the following algorithm.
r|
AZJ{’]

1. Enter the initial estimates i¢-| and P,

=1

7

.ca
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2. Collect a new measurement Y, .

=
1 " " 1
3. Compute the filter gain K, =P, _C| (C,PqHC, +EE\,] .

4, State vector update
Update the state estimate f(w and state error covariance matrix Pd__ by
ir" = xrk-] +Kl {Yl _CIX¢—1)
P‘k = (l -K,C, }P¢-l-
5. Approximating the shape parameter

Compute a pseudo state innovation, Z, = ﬁn - }‘(4'_1, by assuming that Z‘ is distributed as an

MGL random vector, denoted by Z, ~ MGL, (0, . sz )

a. MGLF with single adaptive factor (MGLF-S)

Obtain a maximum likelihood estimate ’iztrl with the scale parameter matrix 23 defined

by I, =25:1Kr(C:P:|:-|C: +%EV]K: where g, =% is a time-varying adaptive

factor.

b. MGLF with multi adaptive factors (MGLF-M)

Obtain maximum likelihood estimators jz.m for j=12...,r from the conditional
distribution of Z, given Z:=z: with the scale parameter matrix a'f defined by

A1

2 is a time-varying adaptive factor of variable

5 A
o; =25;(0'j—£_,£ 12}.] where &, =
j attime 1.

6. Time update

8
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Compute the one step ahead state estimate X, +p and state forecast error covariance matrix

P!o].lr BIVEFI by
a. For MGLF-5,
X&IP ZArR!P
I_{r+2
' jzl'}
and P”‘, =A,P¢A, +————LF..
Aat)
b. For MGLF-M,
xl+l1.r =A.rxr|.r
1 1
and P”'i’ =AP A + AL A2,
2 'r+2 r+2
) 1) 2
where A =diag e ' ,jm” jz“]

7. Lett=t+! and gotostep 2.

The algorithms of both MGLF-S and MGLF-M are similar. However, as shown in the simulation study
their performances are significantly different. Suppose a bivariate linear discrete-time stochastic system
with a shift in the first variable is considered. In Figure 2(a), both the MGLFs and the traditional Kalman

9
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filter are presented to illustrate their performances. It is clear that the state estimates of MGLFs can
describe the system more accurately than those of the traditional Kalman filter. Furthermore, the state
estimates from MGLF-M are much smoother than those of MGLF-5 in the second variable as shown in

Figure 2(b).

Consider a particular system shift at time 51 in the first variable. For this case, the evolution of the
estimated shape parameter values of the first variable, calculated by MGLF-M, are given in Figure 2(d).
These values are similar to those of MGLF-5 as in Figure 2(c). However, unlike in this case the shape
parameter values of MGLF-M in the second variable are rarely affected by a change in the first variable
as shown in Figure 2(e). Hence, it can be argued that the use of multi adaptive factors tend to protect

against over adjustment providing state estimates which are more reliable for all variables.

4, Effect of adaptive factor

Essentially the adaptive factor ranging between 0 and 1 is used as a weighting factor in the covariance
matrix of the state innovations for calculating the shape parameter. Its role is pivotal to the efficiency of
the MGLF algorithm and facilitates a spontaneous response to a large system change by assuming a
value less than 1 in a short period of time. In the estimation of adaptive state estimates, the adaptive
factor and the adaptively estimated covariance matrix of the system noise term function together to

significantly improve the ability of the MGLFs.

Figure 3 shows the mean squared state error (MSSE) for each value of the adaptive factor &, in
a range of 0.1 to 4 stepped up by 0.1 when the systems are subjected shifts of various magnitudes 0, 1,

3, and 5 times the standard deviation. In the absence of a shift, the value of &, becomes approximately

equal to one when the filter attains a minimum MSSE value. However, when the magnitude of a system

10
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1

2

i shift increases, &, tends to zero when MSSE is minimum. Therefore, the adaptive factor should be
5

6 varied over time depending upon the magnitude of the pseudo state innovation. This further suggests
7

g that the use of a time-varying adaptive factor could considerably improve the performance of the MGLF.
10

11 These are explored in the next section.

12

13

14

15

16

17 5. Performance Study

18

19

g? Consider the 5-variate linear discrete-time Gaussian system defined by equations (1.1) and (1.2) where

85288

57
58
59

the matrices A, and C, are set to be the identity matrices, 1. A Monte Carlo simulation consisting of
2,000 iterations with MSSE as a preferred criterion for comparison was conducted under following

conditions.

1. To compare with the traditional Kalman filter (KALMAN), the robust filter with mixture Gaussian
noises (MIXTURE) (see Yatawara (1986)), the robust filter with generalized Gaussian noise
(GGAUSSIAN) (see Masreliez (1975) and Niehsen (2002)), the MGLF-S and the MGLF-M are
selected.

2. Measurement noise variances oy =1 and correlation coefficients of the measurement noise
terms py, =0, 0.4, and 0.8,

3. System noise variances oy, =0.01 and correlation coefficients of system noise terms
Pw =0, 0.4, and 0.8,

4. Magnitude of system shift §,, =0, 0.5, 1, 2, 3, 4, and 5,

i1
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5. A mean shift in the first variable at time 26 of the multivariate time series of length 50 is
introduced, by means of 'H-;' m]which is distributed as Gaussian random variable with mean
My =l + 6,0, where g, =0 and variance 63‘, i

6. MSSE using 10 time points after a system shift is calculated by,
1 15 ﬁ " -
MSSE = EEs(x, -%,) (x.-%,):

The structure of both noise covariance matrices is based on E=0" (1= p)I+0°pJ where J isa

matrix of one and I is an identity matrix.

The results in Table 1 reveal that MSSE values of KALMAN tend to increase rapidly and are
considerably higher than those of the robust filters when &,, increases for all cases of correlation of the

system and the measurement noise terms. Evidently, the KALMAN is not optimal following an
occurrence of a system shift. In comparison, the MSSE values of the robust filters also increase but at a
slower rate and with significantly less magnitudes than the KALMAN. This implies that robust filters

provide more consistent state estimates than the KALMAN,

When a system is not subjected to a shift (JM =0), KALMAN clearly provides the smallest
MSSE values for all combinations of py, and p, showing its optimality in this situation. However, for
8, =0.5, MSSE values of MIXTURE become the smallest in comparison to all other filters. When J,, is

moderate or large, MGLF-M shows superiority over other filters in the minimum MSSE sense. This

implies that MGLF-M gives more precise state estimates than other filters for all significant 5»1 and

(Pw- py) combinations.

12
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Woo~dWL Wl =

P
-0

12

All filters excluding GGAUSSIAN are affected by py, and py and the MSSE values of the filters
tend to increase proportional to py, . Unfortunately, a large value of p,, depreciates the precision of
the state estimates. In contrast, MSSE values decrease as py increases. But, the effects of py; and py
are not overwhelming as shown by the results of the comparisons. It's also noticeable that the MSSE
values of GGAUSSIAN are consistently higher than for other robust filters when p,, =0.4 and 0.8 but are

insensitive to the value of p,, .

The rate of convergence in MSSE of all filters excluding GGAUSSIAN are illustrated in Figure 4.

For 8, =0 and 0.5, MGLF-S and MGLF-M provide larger MSSE values than KALMAN and MIXTURE.
When the magnitude of a shift is significant (5,, 2 ]]. MSSE values of MGLF-M are the smallest values
and decrease more rapidly than in other filters after a shift occurs. In contrast, KALMAN yields a gradual
decrease in MSSE values and then becomes excessively large when &,, is large. MSSE values of
MIXTURE become closer to those of MGLF-M as &,, increases. Clearly, the larger &,,, the slower the

convergence rate in MSSE of MGLF-S is, in comparison to MGLF-M.

6. Conclusion

The adaptive Kalman filtering approach proposed in this paper mainly deals with the presence of an
outlier in the system noise term. The filters are developed by assuming an MGL system noise
distribution to adaptively estimate the system noise covariance matrix requiring only information of the
current measurement. In addition, a time-varying adaptive factor is also used to enhance the
performance of the MGLFs. This leads to a more accurate recursive estimation procedure to represent
the evolution of a system.

13
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Moreover, algorithms to implement the MGLFs are given in both situations of the single and
multi adaptive factors. The adaptive factor is mainly used as a weight in the scale parameter matrix of
the state innovation to approximate the shape parameter. The single adaptive factor suggested treats all
variables equally. This was shown to be a drawback of the method as it tends to adjust all variables
whether they are changing or not. To eliminate this drawback, the single adaptive factor was replaced
by multi adaptive factors which were determined by considering magnitudes of innovations
corresponding to each state variable. This leads to an efficient recursive filter with reduced estimation

error of the state and provides more reliable information of each variable.

The simulation results show that when a system shift is moderate or large, the MGLFs are more
effective than the traditional Kalman filter and other investigated robust filters for all combinations of
Pw and py . Also, MGLF-M provides the most rapid reduction in MSSE. Moreover, MGLFs are not more
cumbersome to implement than the algorithm of the traditional Kalman filter. However, it is far superior

to track the evolution of a system than the traditional one.
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Figures

Figure 1 Density plots of the bivariate MGL distribution with p=0 and E =1 when values of the

shape parameterare 1, 2,5, and o

Figure 2 Performances and shape parameters of MGLF-S and MGLF-M: (a) the state estimates of the

first variable ()2 w), (b) the state estimates of the second variable (i’ m), () the estimated shape

parameter j.w, of MGLF-S, (d) the estimated shape parameter jz P of MGLF-M for the first variable,

(e) the estimated shape parameter ’i-‘-:lﬂ of MGLF-M for the second variable.

Figure 3 The magnitude of adaptive factor &, corresponding to a minimum mean of squared state error

for various magnitudes of system shift.

Figure 4 Rate of convergence in MSSE for various magnitudes of system shift.

Tables

Table 1 MSSE of the filters for various magnitudes of system shifts and combinations of correlation

coefficients py, and p, .
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Figure 1 Density plots of the bivariate MGL distribution with p =0 and X =1 when values of the

shape parameterare 1,2, 5, and =
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Figure 3 The magnitude of adaptive factor J, corresponding to a minimum mean of squared state

error for various magnitudes of system shift.
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MSSE of the filters for various magnitudes of system shifts and combinations of correlation coefficients

Table 1

Py and py.
FILTER

Pw Py 5,, KALMAN  MIXTURE GGAUSSIAN MGLF-5  MGLF-M
[1] 1] 0 0.47306 0.47351 1.56170 0.62759 0.56687
0.5 0.54853  (0.54632 1.57122 0.66713  0.60918

1 0.80302 0.79079 1.63258 0.77635 0.74448

2 1.76552 1.65742 1.65939 112863 1.04947

3 3.35479 2.75679 1.67633 156973 1.21407

4 5.66575 3.33769 1.61848 1.98901 1.24630

5 8.52175 2.86450 1.64129 231587 1.21557

0.4 0 0.44519 0.44571 16.67773 058836  0.52951

0.5 0.50892 0.50693 16.35445 0.61494 0.56322

1 0.74167 0.72835 16.38809 072911 0.69935

2 1.59116 1.44404 16.28529 1.03751 0.91943

3 3.11503 2.19364 15.90009 143165 1.01234

4 5.11525 207543 15.74169 174691 0.99905

5 7.72958 1.65953 15.60685 203978 0.96043

0.8 0 0.33066  0.33162 45.71241 0.43776  0.39486

0.5 0.38418  0.38405 45.66550 0.46858  0.43362

1 0.55562 0.54411 45.73173 0.56040 0.51760

2 1.15418 0.86298 4565861 0.78913 (0.56478

3 2.21408 0.90197 45.99350 1.03920 0.59230

4 3.65632 1.05598 4567210 127708  0.60305

5 5.55024 1.36908 4560713 148399 (.64258
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Table 1
continued
FILTER

Pw Py S  KALMAN MIXTURE  GGAUSSIAN  MGLF-S  MGLF-M
0.4 0 0 0.43686  0.43730 1.56489 0.58704  0.53526
05 053176  0.52939 1.58837 0.63899  0.59534

1 0.80035 0.78652 1.60171 0.74960 (.72858

2 1.89129 1.77652 1.64419 118731 1.07480

3 3.74580 3.05963 1.65336 173108  1.29312

4 6.25678 3.62481 1.63848 225208  1.34365

5 9.57008 3.07329 1.65172 269843  1.33901

0.4 0 0.47704 0.47748 16.59604 0.62938  0.56642
0.5 0.55529  0.55270 16.51674 067367  0.61205

1 0.79237 0.77821 16.52560 0.77053  0.72434

2 1.74497 1.56634 16.31735 1.11680 0.94753

3 3.38400 2.23078 15.94353 1.50707 1.01349

4 5.60411 2.01532 15.77101 1.83702 0.99266

5 8.57257 1.56396 15.741%4 209234 0.95245

0.8 0 0.43708  0.43813 45.94689 0.57344  0.50412
0.5 0.49812 0.49774 46.00221 0.61934 0.55478

1 0.65673 0.64157 45.75734 0.68350 0.60001

2 1.28498 0.91278 45.64017 0.87591 0.62314

3 2.36920 0.91058 45.94054 1.06529 (0.59882

4 3.87421 1.05157 4578245 1.21801 (0.59907

5 5.76528 1.28089 45.67897 1.29987 0.60281
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Table 1
Continued
FILTER
Pw Py Oy KALMAN  MIXTURE  GGAUSSIAN  MGLF-5  MGLF-M
0.8 0 0 0.33839 0.33870 1.57574 047722  0.47394
0.5 0.46595 0.46404 1.57797 0.54466  0.54371
1 0.85827 0.84862 1.64532 0.76548  0.75477
2 2.43277 2.32896 1.67108 152171 1.24368
3 5.01866 4.26382 1.67592 250489 1,53625
4 8.65884 5.18856 1.64364 350083  1.65543
5 13.47593  4.27368 1.63858 449276  1.78279
04 ] 0.42751  0.42793 16.56262 058113  0.54110
0.5 0.55203 0.54940 16.53059 0.65677 0.62284
1 0.89735 0.88085 16.51947 0.83868 0.77381
2 231026 2.05126 16.34804 143225 1.07659
3 4.63855 2.81756 15.54790 210278 1.17461
4 7.90570 2.33690 15.53645 270485 1.20841
5 1218559  1.65301 15.65867 322789 1.19132
0.8 0 0.47304 0.47354 46.08451 0.64046  0.56837
0.5 0.55684 0.55543 45.43531 0.68207 0.60777
1 0.80269 0.77461 4588378 0.80331 0.68161
2 1.77115 1.05534 45.63807 114735  0.76462
3 3.37481 0.91471 46.11275 138656 (.74408
4 5.65228 1.05940 45.86809 160624 0.75353
5 8.54040 1.25765 4569582 168928 0.74807
24
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