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บทคัดยอ 
ในงานวิจัยนี้เราสนใจในการหาเงื่อนไขที่เพียงพอสําหรบัสรางทฤษฎกีารลูเขาแบบเดลตาและแบบเขม

ของลําดับ { }nx  ทีน่ิยามโดย 1 ,x K∈  

              ( ) ( )[ ]( )1 1 1 , 1n n n n n n n nx P x TP x Tx nα α β β+ = − + − + ≥ .........................(1) 
เม่ือ K  เปนเซตยอยปด นูน และมีขอบเขตของปริภูมิเมตริกบรบิูรณ CAT(0) X  และ KXP →:   
เปนฟงกชันการฉายของจุดใกลสุดและ XKT →:  เปนการสงแบบไมขยายที่ 
( ) { } ∅≠=∈= xTxKxTF ::   

 นอกจากนี้เรายังไดเงื่อนไขที่เพียงพอในการสรางทฤษฎีการลูเขาแบบเดลตาและแบบเขมของลําดับ 

{ }nx  ที่นิยามโดย 1 ,x K∈  ( )1n
n

n n n nz T x xγ γ= + −  
( )1n

n
n n n ny T z xβ β= + −  

( )1 1 , 1n
n

n n n nx T y x nα α+ = + − ≥ .........................(2) 
เม่ือ K  เปนเซตยอยปด นูน และมีขอบเขตของปริภูมิเมตริกบรบิูรณ CAT(0) X  และ :T K K→  
เปนการสงแบบไมขยายเชิงเสนกํากับ  

 
 
 
 
 
 
 
 
 

1 



 
Abstract 

 

In this research, we are interested in finding sufficient conditions for constructing Δ and 
strong convergence theorems for the sequence { }nx  defined by 1 ,x K∈  

              ( ) ( )[ ]( )1 1 1 , 1n n n n n n n nx P x TP x Tx nα α β β+ = − + − + ≥ .........................(1) 
         where  K  is a closed convex bounded subset of a complete CAT(0) space X  and 

:P X K→  is the nearest point projection from X  onto K  and :T K X→  is a nonexpansive 
mapping with ( ) { } ∅≠=∈= xTxKxTF ::  

 Moreover, we also obtain some sufficient conditions for constructing  Δ  and strong 

convergence theorems for the sequence  { }nx  defined by 1 ,x K∈   

                                     ( )1n
n

n n n nz T x xγ γ= + −  
( )1n

n
n n n ny T z xβ β= + −  

( )1 1 , 1n
n

n n n nx T y x nα α+ = + − ≥ .........................(2) 
     where  K  is a closed convex bounded subset of a complete CAT(0) space X  and  

:T K X→  is an asymptotically nonexpansive mapping 
 
Keywords: Fixed point, nonexpansive mapping, CAT(0) space, Δ convergence, strong 
convergence 
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สรุปผลการดําเนินงาน 
1.  รายละเอยีดผลการดําเนินงานของโครงการ 
1.1  สรุปยอ (summary) ประกอบดวยวัตถุประสงคและการดําเนินงานวจิัย รวมทั้งผลงานวิจัยที่
ไดรับอยางยอ 

1.1.1. วัตถุประสงค 
(1)  เพ่ือศึกษาและหาเงื่อนไขที่จําเปนและเพียงพอในการสรางทฤษฎีการลูเขาแบบเดลตาของลาํดับ 

         { }nx  ที่นิยามโดย 1 ,x K∈  

              ( ) ( )[ ]( )1 1 1 , 1n n n n n n n nx P x TP x Tx nα α β β+ = − + − + ≥ .........................(*) 
      เม่ือ K  เปนเซตยอยปด นูน และมีขอบเขตของปรภูิมิเมตริกบรบิูรณ CAT(0) X  และ KXP →:   
      เปนฟงกชันการฉายของจุดใกลสุด (the nearest point projection) และ XKT →:  เปนการสง 
      แบบไมขยายที่ ( ) { } ∅≠=∈= xTxKxTF ::  

   (2)   เพ่ือศกึษาและหาเงื่อนไขที่จําเปนและเพียงพอในการสรางทฤษฎีการลูเขาแบบเขมของลําดับ { }nx   
      ที่นิยามโดย (*) 

   (3)   เพ่ือขยายวงความรูของการประมาณคาจุดตรึงของการสงไมขยายในปริภูมิ CAT(0) 
1.1.2. การดําเนินงานวิจัย 
ทีมวิจัยไดดําเนินการตามแผนที่วางไวจนสามารถสงผลงานไปตีพิมพที่วารสาร Fixed Point Theory 

and Applications , Volume 2010  Article ID 367274 ชื่อเร่ือง Approximating Fixed Points of 
Nonexpansive Nonself Mappings in CAT(0) Spaces (ดังเอกสารแนบหมายเลข 1) นอกจากนี้ทีมวิจัยยัง
ไดศึกษาวิธีการทําซ้ํานอร (Noor iteration) สําหรับการสงไมขยายแบบเชิงเสนกํากับในปริภูมิ CAT(0) อีก
ดวย และไดสงผลงานดังกลาวไปตีพิมพทีว่ารสาร International of Mathematical Analysis Vol. 4, 2010, 
no. 13, 645 – 656 ชื่อเร่ือง Noor Iterations for Asymptotically Nonexpansive Mappings in CAT(0) 
Spaces (ดังเอกสารแนบหมายเลข 2) 

จากการสนับสนุนการทําวจัิยครั้งนี้ ทีมวจัิยไดผลิตนักศึกษาปรญิญาโทจํานวน 1 คน ดังนี้ 
 

ชื่อนักศึกษา ชื่อหัวขอวิจยั/วิทยานิพนธ ปที่สําเร็จการศึกษา 
นางสาวเย็นฤดี  นิวงษา 
(คณิตศาสตร ) 

Noor Iterations for Asymptotically 
Nonexpansive Mappings in CAT(0) Spaces 

2552 

 
ทั้งน้ีหัวหนาโครงการวิจัยไดตีพิมพผลงานรวมกับนักศกึษาทานนี้อีกดวย (ดังเอกสารแนบหมายเลข 2) 

1.1.3. ผลงานวิจัยที่ไดรับ 
ทีมวิจัยไดสรางทฤษฎีใหมทีเ่กี่ยวกบัการประมาณคาจุดตรึงสําหรับการสงไมขยาย ในปริภูมิ 

CAT(0) ดังนี้  
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ทฤษฎีบท 1  Let K be a nonempty closed convex subset of a complete CAT(0) space X and let T : 
K →  X be a nonexpansive mapping with * ( ) : { : }.x F T x K Tx x∈ = ∈ =  Let { }nα  and { }nβ  be 
sequences in [ ,1 ]ε ε−  for some (0,1).ε ∈  Starting from arbitrary 1 ,x K∈  define the sequence{ }nx  
by the recursion (1). Then *lim ( , )nn

d x x  exists. 

ทฤษฎีบท 2  Let K be a nonempty closed convex subset of a complete CAT(0) space X and let T : 
K →  X be a nonexpansive mapping with ( ) .F T ≠ ∅  Let { }nα  and { }nβ  be sequences in [ ,1 ]ε ε−  
for some (0,1).ε ∈  Starting from arbitrary 1 ,x K∈  define the sequence{ }nx  by the recursion (1). 
Then lim ( , ) 0.n nn

d x Tx =  

ทฤษฎีบท 3  Let K be a nonempty closed convex subset of a complete CAT(0) space X and let T : 
K →  X be a nonexpansive mapping with ( ) .F T ≠ ∅  Let { }nα  and { }nβ  be sequences in [ ,1 ]ε ε−  
for some (0,1).ε ∈  Starting from arbitrary 1 ,x K∈  define the sequence{ }nx  by the recursion (1). 
Then { }nx Δ − converges to a fixed point of T.  
ทฤษฎีบท 4  Let K be a nonempty closed convex subset of a complete CAT(0) space X and let T : 
K →  X be a nonexpansive mapping with ( ) .F T ≠ ∅  Let { }nα  and { }nβ  be sequences in [ ,1 ]ε ε−  
for some (0,1).ε ∈  Starting from arbitrary 1 ,x K∈  define the sequence{ }nx  by the recursion (1). If 
T satisfies condition I, then { }nx converges strongly to a fixed point of T.  
ทฤษฎีบท 5  Let K be a nonempty closed convex subset of a complete CAT(0) space X and let S,T 
: K →  K be two nonexpansive mappings with ( ) ( ) .F S F T∩ ≠∅  Let { }nα  and { }nβ  be 
sequences in [ ,1 ]ε ε−  for some (0,1).ε ∈  Starting from arbitrary 1 ,x K∈  define the sequence{ }nx  
by the recursion  

( ) ( )1 .1 1n n n n n n n nx x S x Txα α β β+ = ⎡ ⎤− + − +⎣ ⎦  

Then { }nx Δ − converges to a common fixed point of S and T. 
ทฤษฎีบท 6   Let C be a nonempty closed, bounded and convex subset of a complete CAT(0) space 
X and let T : K →  K be an asymptotically nonexpansive mapping with { }nk  satisfying { } 1nk ≥  and 

( )1 .nk − < ∞∑  Let { }nα ,{ }nβ , { }nγ be sequences in [0,1]  satisfying 
(i) 0 < lim inf nα ≤  lim sup nα < 1 and 
(ii)  0 < lim inf nβ ≤  lim sup nβ < 1. 
For a given 1x C∈ , define 

( )1n
n

n n n nz T x xγ γ= + −  
( )1n

n
n n n ny T z xβ β= + −  

( )1 1 .n
n

n n n nx T y xα α+ = + −  
Then { }nx  Δ − converges to a fixed point of T. 
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ทฤษฎีบท 7   Let C be a nonempty closed, bounded and convex subset of a complete CAT(0) space 
X and let T : K →  K be a completely continuous asymptotically nonexpansive mapping with { }nk  
satisfying { } 1nk ≥  and ( )1 .nk − < ∞∑  Let { }nα ,{ }nβ , { }nγ be sequences in [0,1]  satisfying 
(i) 0 < lim inf nα ≤  lim sup nα < 1 and 
(ii)  0 < lim inf nβ ≤  lim sup nβ < 1. 
For a given 1x C∈ , define 

( )1n
n

n n n nz T x xγ γ= + −  
( )1n

n
n n n ny T z xβ β= + −  

( )1 1 .n
n

n n n nx T y xα α+ = + −  
Then { }nx  converges strongly to a fixed point of T. 
ผลงานวิจัยที่ตีพิมพในวารสารวิชาการระดับนานาชาต ิ
(1) W. Laowang and B. Panyanak, Approximating Fixed Points of Nonexpansive Nonself Mappings 
in CAT(0) Spaces, Fixed Point Theory and Applications, Volume 2010, Article ID 367274, 11 pages 
(2009 Impact Factor 1.525) 
(2) Yenruedee Niwongsa and Bancha Panyanak, Noor Iterations for Asymptotically Nonexpansive 
Mappings in CAT(0) Spaces International Journal of Mathematical Analysis, Volume 4, no. 13, 2010, 
645 - 656 
 
2. กิจกรรมอ่ืนๆ ที่เก่ียวของ 

2.1 การไปเสนอผลงาน  
1) เขารวมและเสนอผลงานเรื่อง "Demiclosed Principle for Asymptotically Nonexpansive 

Mappings in CAT(0) Spaces" ในการประชุมวิชาการทฤษฎีจุดตรึงและการประยุกตครั้งที่ 3 
(ป 2552) ระหวางวันที ่4-6 กันยายน 2552 ณ มหาวิทยาลัยราชภฏัเลย จังหวัดเลย 

2) A speaker in "The 9th International Conference on Fixed Point Theory and Its 
Applications" July 16-22,2009, National Changhua University of Education, Changhua, 
Taiwan 

3) เขารวมและเสนอผลงานเรื่อง "Fixed Point Theorems and Convergence Theorems for 
Multivalued Mappings in CAT(0) Spaces" ในการประชุมประจําป "นักวิจัยรุนใหม...พบ...
เมธีวิจัยอาวุโส สกว." ครั้งที่ 9 ระหวางวนัที่ 15-17 ตุลาคม 2552 ณ โรงแรมฮอลิเดย อินน รี
สอรท รีเจนท บีช ชะอํา จังหวัดเพชรบรุ ี

4) เขารวมและเสนอผลงานเรื่อง "Demiclosed Principle for Asymptotically Nonexpansive 
Mappings in CAT(0) Spaces" ในงานวันวิชาการมหาวทิยาลัยเชียงใหม ครั้งที่ 5 ประจําป 
2552 "วิถวีิจัย : ทศวรรษที่หาสูความเปนเลศิ" ระหวางวันที ่26-27 พฤศจิกายน 2552 ณ 
หอประชุมมหาวิทยาลัยเชยีงใหม 
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5) วิทยากรในโครงการประชุมเชิงปฏิบตัิการเพื่อพัฒนานักวิจัยดานทฤษฎีจุดตรึงและการ
ประยุกต ระหวางวันที่ 13-14 ตุลาคม 2552 ณ คณะวทิยาศาสตรและเทคโนโลย ี
มหาวิทยาลยัราชภัฏวไลอลงกรณ ในพระบรมราชูปถมัภ 

6) เขารวมและเสนอผลงานเรื่อง "Approximating Fixed Points of Nonexpansive Mappings in 
CAT(0) Spaces" ในการประชุมประจําป "นักวิจัยรุนใหม...พบ...เมธีวิจัยอาวุโส สกว." ครั้งที่ 
10 ระหวางวนัที่ 14-16 ตุลาคม 2553 ณ โรงแรมฮอลิเดย อินน รสีอรท รีเจนท บชี ชะอํา 
จังหวัดเพชรบุร ี

7) เปนผูทรงคุณวุฒิใหตรวจพจิารณาบทความวิจัยใหแกวารสารระดับนานาชาติ Fixed Point 
Theory and Applications จํานวน 3 บทความ 

8) เปนผูทรงคุณวุฒิใหตรวจพจิารณาบทความวิจัยใหแกวารสารระดับนานาชาติ Applied 
Mathematics Letters จํานวน 1 บทความ 

9) เปนผูทรงคุณวุฒิใหตรวจพจิารณาบทความวิจัยใหแกวารสารระดับนานาชาติ Topology and 
Its Applications จํานวน 1 บทความ 

10) เปนผูทรงคุณวุฒิใหตรวจพจิารณาบทความวจัิยใหแกวารสารระดับนานาชาติ Chiang Mai 
Journal of Sciences จํานวน 1 บทความ 

11) เปนผูทรงคุณวุฒิใหตรวจพจิารณาบทความวิจัยใหแกวารสารระดับนานาชาติ Applied 
Mathematics and Computations จํานวน 1 บทความ 

12) เปนประธาน/กรรมการสอบวิทยานิพนธนกัศึกษาระดับบัญฑติศึกษาภาควิชาคณติศาสตร 
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Suppose that K is a nonempty closed convex subset of a complete CAT(0) space X with the
nearest point projection P from X onto K. Let T : K → X be a nonexpansive nonself mapping
with F(T) := {x ∈ K : Tx = x}/= ∅. Suppose that {xn} is generated iteratively by x1 ∈ K,
xn+1 = P((1 − αn)xn ⊕ αnTP[(1 − βn)xn ⊕ βnTxn]), n ≥ 1, where {αn} and {βn} are real sequences
in [ε, 1 − ε] for some ε ∈ (0, 1). Then {xn}Δ-converges to some point x∗ in F(T). This is an analog
of a result in Banach spaces of Shahzad (2005) and extends a result of Dhompongsa and Panyanak
(2008) to the case of nonself mappings.

1. Introduction

A metric space X is a CAT(0) space if it is geodesically connected and if every geodesic
triangle in X is at least as “thin” as its comparison triangle in the Euclidean plane. It is
well known that any complete, simply connected Riemannian manifold having nonpositive
sectional curvature is a CAT(0) space. Other examples include Pre-Hilbert spaces, R-trees
(see [1]), Euclidean buildings (see [2]), the complex Hilbert ball with a hyperbolic metric (see
[3]), and many others. For a thorough discussion of these spaces and of the fundamental role
they play in geometry see Bridson and Haefliger [1]. The work by Burago et al. [4] contains
a somewhat more elementary treatment, and by Gromov [5] a deeper study.

Fixed point theory in a CAT(0) space was first studied by Kirk (see [6, 7]). He showed
that every nonexpansive (single-valued) mapping defined on a bounded closed convex
subset of a complete CAT(0) space always has a fixed point. Since then the fixed point theory
for single-valued and multivalued mappings in CAT(0) spaces has been rapidly developed
and much papers have appeared (see, e.g., [8–19]).

In 2008, Kirk and Panyanak [20] used the concept of Δ-convergence introduced by
Lim [21] to prove the CAT(0) space analogs of some Banach space results which involve
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weak convergence, and Dhompongsa and Panyanak [22] obtained Δ-convergence theorems
for the Picard, Mann and Ishikawa iterations in the CAT(0) space setting.

The purpose of this paper is to study the iterative scheme defined as follows. Let K
is a nonempty closed convex subset of a complete CAT(0) space X with the nearest point
projection P from X onto K. If T : K → X is a nonexpansive mapping with nonempty fixed
point set, and if {xn} is generated iteratively by

x1 ∈ K, xn+1 = P
(
(1 − αn)xn ⊕ αnTP

[(
1 − βn

)
xn ⊕ βnTxn

])
, (1.1)

where {αn} and {βn} are real sequences in [ε, 1 − ε] for some ε ∈ (0, 1), we show that the
sequence {xn} defined by (1.1) Δ-converges to a fixed point of T. This is an analog of a result
in Banach spaces of Shahzad [23] and also extends a result of Dhompongsa and Panyanak
[22] to the case of nonself mappings. It is worth mentioning that our result immediately
applies to any CAT(κ) space with κ ≤ 0 since any CAT(κ) space is a CAT(κ′) space for every
κ′ ≥ κ (see [1, page 165]).

2. Preliminaries and Lemmas

Let (X, d) be a metric space. A geodesic path joining x ∈ X to y ∈ X (or, more briefly, a geodesic
from x to y) is a map c from a closed interval [0, l] ⊂ R to X such that c(0) = x, c(l) = y,
and d(c(t), c(t′)) = |t − t′| for all t, t′ ∈ [0, l]. In particular, c is an isometry and d(x, y) = l.
The image α of c is called a geodesic (or metric) segment joining x and y. When it is unique
this geodesic segment is denoted by [x, y]. The space (X, d) is said to be a geodesic space if
every two points of X are joined by a geodesic, and X is said to be uniquely geodesic if there is
exactly one geodesic joining x and y for each x, y ∈ X. A subset Y ⊆ X is said to be convex if
Y includes every geodesic segment joining any two of its points.

A geodesic triangle �(x1, x2, x3) in a geodesic metric space (X, d) consists of three points
x1, x2, x3 in X (the vertices of �) and a geodesic segment between each pair of vertices (the
edges of �). A comparison triangle for the geodesic triangle �(x1, x2, x3) in (X, d) is a triangle
�(x1, x2, x3) := �(x1, x2, x3) in the Euclidean plane E

2 such that dE2(xi, xj) = d(xi, xj) for
i, j ∈ {1, 2, 3}.

A geodesic space is said to be a CAT(0) space if all geodesic triangles of appropriate
size satisfy the following comparison axiom.

CAT(0): Let � be a geodesic triangle in X and let � be a comparison triangle for �. Then �
is said to satisfy the CAT(0) inequality if for all x, y ∈ � and all comparison points
x, y ∈ �,

d
(
x, y

) ≤ dE2
(
x, y

)
. (2.1)

If x, y1, y2 are points in a CAT(0) space and if y0 is themidpoint of the segment [y1, y2],
then the CAT(0) inequality implies

d
(
x, y0

)2 ≤ 1
2
d
(
x, y1

)2 +
1
2
d
(
x, y2

)2 − 1
4
d
(
y1, y2

)2
. (CN)
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This is the (CN) inequality of Bruhat and Tits [24]. In fact (cf. [1, page 163]), a geodesic space
is a CAT(0) space if and only if it satisfies the (CN) inequality.

We now collect some elementary facts about CAT(0) spaces which will be used
frequently in the proofs of our main results.

Lemma 2.1. Let (X, d) be a CAT(0) space.
(i) [1, Proposition 2.4] LetK be a convex subset of X which is complete in the induced metric.

Then, for every x ∈ X, there exists a unique point P(x) ∈ K such that d(x, P(x)) = inf{d(x, y) :
y ∈ K}. Moreover, the map x �→ P(x) is a nonexpansive retract from X onto K.

(ii) [22, Lemma 2.1(iv)] For x, y ∈ X and t ∈ [0, 1], there exists a unique point z ∈ [x, y]
such that

d(x, z) = td
(
x, y

)
, d

(
y, z

)
= (1 − t)d

(
x, y

)
. (2.2)

one uses the notation (1 − t)x ⊕ ty for the unique point z satisfying (2.2).
(iii) [22, Lemma 2.4] For x, y, z ∈ X and t ∈ [0, 1], one has

d
(
(1 − t)x ⊕ ty, z

) ≤ (1 − t)d(x, z) + td
(
y, z

)
. (2.3)

(iv) [22, Lemma 2.5] For x, y, z ∈ X and t ∈ [0, 1], one has

d
(
(1 − t)x ⊕ ty, z

)2 ≤ (1 − t)d(x, z)2 + td
(
y, z

)2 − t(1 − t)d
(
x, y

)2
. (2.4)

Let K be a nonempty subset of a CAT(0) space X and let T : K → X be a mapping. T
is called nonexpansive if for each x, y ∈ K,

d
(
Tx, Ty

) ≤ d
(
x, y

)
. (2.5)

A point x ∈ K is called a fixed point of T if x = Tx. We shall denote by F(T) the set of fixed
points of T. The existence of fixed points for nonexpansive nonself mappings in a CAT(0)
space was proved by Kirk [6] as follows.

Theorem 2.2. Let K be a bounded closed convex subset of a complete CAT(0) space X. Suppose that
T : K → X is a nonexpansive mapping for which

inf{d(x, T(x)) : x ∈ K} = 0. (2.6)

Then T has a fixed point in K.

Let {xn} be a bounded sequence in a CAT(0) space X. For x ∈ X,we set

r(x, {xn}) = lim sup
n→∞

d(x, xn). (2.7)

The asymptotic radius r({xn}) of {xn} is given by

r({xn}) = inf{r(x, {xn}) : x ∈ X}, (2.8)
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and the asymptotic center A({xn}) of {xn} is the set

A({xn}) = {x ∈ X : r(x, {xn}) = r({xn})}. (2.9)

It is known (see, e.g., [12, Proposition 7]) that in a CAT(0) space, A({xn}) consists of
exactly one point.

We now give the definition of Δ-convergence.

Definition 2.3 (see [20, 21]). A sequence {xn} in a CAT(0) space X is said to Δ-converge to
x ∈ X if x is the unique asymptotic center of {un} for every subsequence {un} of {xn}. In this
case one writes Δ-limnxn = x and call x the Δ-limit of {xn}.

The following lemma was proved by Dhompongsa and Panyanak (see [22, Lemma
2.10]).

Lemma 2.4. Let K be a closed convex subset of a complete CAT(0) space X, and let T : K → X be a
nonexpansive mapping. Suppose {xn} is a bounded sequence in K such that limnd(xn, Txn) = 0 and
{d(xn, v)} converges for all v ∈ F(T), then ωw(xn) ⊂ F(T). Here ωw(xn) :=

⋃
A({un}) where the

union is taken over all subsequences {un} of {xn}.Moreover, ωw(xn) consists of exactly one point.

We now turn to a wider class of spaces, namely, the class of hyperbolic spaces, which
contains the class of CAT(0) spaces (see Lemma 2.8).

Definition 2.5 (see [16]). A hyperbolic space is a triple (X, d,W)where (X, d) is a metric space
and W : X ×X × [0, 1] → X is such that

(W1) d(z,W(x, y, α)) ≤ (1 − α)d(z, x) + αd(z, y);

(W2) d(W(x, y, α),W(x, y, β)) = |α − β|d(x, y);
(W3) W(x, y, α) = W(y, x, 1 − α);

(W4) d(W(x, z, α),W(y,w, α)) ≤ (1 − α)d(x, y) + αd(z,w)

for all x, y, z,w ∈ X, α, β ∈ [0, 1].

It follows from (W1) that for each x, y ∈ X and α ∈ [0, 1],

d
(
x,W

(
x, y, α

)) ≤ αd
(
x, y

)
, d

(
y,W

(
x, y, α

)) ≤ (1 − α)d
(
x, y

)
. (2.10)

In fact, we have

d
(
x,W

(
x, y, α

))
= αd

(
x, y

)
, d

(
y,W

(
x, y, α

))
= (1 − α)d

(
x, y

)
, (2.11)

since if

d
(
x,W

(
x, y, α

))
< αd

(
x, y

)
or d

(
y,W

(
x, y, α

))
< (1 − α)d

(
x, y

)
, (2.12)
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we get

d
(
x, y

) ≤ d
(
x,W

(
x, y, α

))
+ d

(
W

(
x, y, α

)
, y

)

< αd
(
x, y

)
+ (1 − α)d

(
x, y

)

= d
(
x, y

)
,

(2.13)

which is a contradiction. By comparing between (2.2) and (2.11), we can also use the notation
(1 − α)x ⊕ αy forW(x, y, α) in a hyperbolic space (X, d,W).

Definition 2.6 (see [16]). The hyperbolic space (X, d,W) is called uniformly convex if for any
r > 0, and ε ∈ (0, 2] there exists a δ ∈ (0, 1] such that for all a, x, y ∈ X,

d(x, a) ≤ r

d
(
y, a

) ≤ r

d
(
x, y

) ≥ εr

⎫
⎪⎪⎬

⎪⎪⎭
=⇒ d

(
1
2
x ⊕ 1

2
y, a

)
≤ (1 − δ)r. (2.14)

Amapping η : (0,∞) × (0, 2] → (0, 1] providing such a δ := η(r, ε) for given r > 0 and
ε ∈ (0, 2] is called a modulus of uniform convexity.

Lemma 2.7 (see [16, Lemma 7]). Let (X, d,W) be a uniformly convex hyperbolic with modulus of
uniform convexity η. For any r > 0, ε ∈ (0, 2], λ ∈ [0, 1] and a, x, y ∈ X,

d(x, a) ≤ r

d
(
y, a

) ≤ r

d
(
x, y

) ≥ εr

⎫
⎪⎪⎬

⎪⎪⎭
=⇒ d

(
(1 − λ)x ⊕ λy, a

) ≤ (
1 − 2λ(1 − λ)η(r, ε)

)
r. (2.15)

Lemma 2.8 (see [16, Proposition 8]). Assume that X is a CAT(0) space. Then X is uniformly
convex, and

η(r, ε) =
ε2

8
(2.16)

is a modulus of uniform convexity.

The following result is a characterization of uniformly convex hyperbolic spaces which
is an analog of Lemma 1.3 of Schu [25]. It can be applied to a CAT(0) space as well.

Lemma 2.9. Let (X, d,W) be a uniformly convex hyperbolic space with modulus of convexity η,
and let x ∈ X. Suppose that η increases with r (for a fixed ε) and suppose that {tn} is a sequence
in [b, c] for some b, c ∈ (0, 1) and {xn}, {yn} are sequences in X such that lim supnd(xn, x) ≤
r, lim supnd(yn, x) ≤ r, and limnd((1 − tn)xn ⊕ tnyn, x) = r for some r ≥ 0. Then

lim
n→∞

d
(
xn, yn

)
= 0. (2.17)
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Proof. The case r = 0 is trivial. Now suppose r > 0. If it is not the case that d(xn, yn) → 0 as
n → ∞, then there are subsequences, denoted by {xn} and {yn}, such that

inf
n
d
(
xn, yn

)
> 0. (2.18)

Choose ε ∈ (0, 1] such that

d
(
xn, yn

) ≥ ε(r + 1) > 0 ∀n ∈ N. (2.19)

Since 0 < b(1 − c) ≤ 1/2 and 0 < η(r, ε) ≤ 1, 0 < 2b(1 − c)η(r, ε) ≤ 1. This implies 0 ≤
1 − 2b(1 − c)η(r, ε) < 1. Choose R ∈ (r, r + 1) such that

(
1 − 2b(1 − c)η(r, ε)

)
R < r. (2.20)

Since

lim sup
n

d(xn, x) ≤ r, lim sup
n

d
(
yn, x

) ≤ r, r < R, (2.21)

there are further subsequences again denoted by {xn} and {yn}, such that

d(xn, x) ≤ R, d
(
yn, x

) ≤ R, d
(
xn, yn

) ≥ εR ∀n ∈ N. (2.22)

Then by Lemma 2.7 and (2.20),

d
(
(1 − tn)xn ⊕ tnyn, x

) ≤ (
1 − 2tn(1 − tn)η(R, ε)

)
R

≤ (
1 − 2b(1 − c)η(r, ε)

)
R < r

(2.23)

for all n ∈ N. Taking n → ∞,we obtain

lim
n→∞

d
(
(1 − tn)xn ⊕ tnyn, x

)
< r, (2.24)

which contradicts to the hypothesis.

3. Main Results

In this section, we prove our main theorems.

Theorem 3.1. Let K be a nonempty closed convex subset of a complete CAT(0) space X and let
T : K → X be a nonexpansive mapping with x∗ ∈ F(T) := {x ∈ K : Tx = x}. Let {αn} and {βn} be
sequences in [ε, 1 − ε] for some ε ∈ (0, 1). Starting from arbitrary x1 ∈ K, define the sequence {xn}
by the recursion (1.1). Then limn→∞d(xn, x

∗) exists.



Fixed Point Theory and Applications 7

Proof. By Lemma 2.1(i) the nearest point projection P : X → K is nonexpansive. Then

d(xn+1, x
∗) = d

(
P
(
(1 − αn)xn ⊕ αnTP

[(
1 − βn

)
xn ⊕ βnTxn

])
, Px∗)

≤ d
(
(1 − αn)xn ⊕ αnTP

[(
1 − βn

)
xn ⊕ βnTxn

]
, x∗)

≤ (1 − αn)d(xn, x
∗) + αnd

(
TP

[(
1 − βn

)
xn ⊕ βnTxn

]
, Tx∗)

≤ (1 − αn)d(xn, x
∗) + αnd

(
P
[(
1 − βn

)
xn ⊕ βnTxn

]
, x∗)

≤ (1 − αn)d(xn, x
∗) + αn

[(
1 − βn

)
d(xn, x

∗) + βnd(Txn, Tx
∗)
]

≤ (1 − αn)d(xn, x
∗) + αn

[(
1 − βn

)
d(xn, x

∗) + βnd(xn, x
∗)
]

= d(xn, x
∗).

(3.1)

Consequently, we have

d(xn, x
∗) ≤ d(x1, x

∗) ∀n ≥ 1. (3.2)

This implies that {d(xn, x
∗)}∞n=1 is bounded and decreasing. Hence limnd(xn, x

∗) exists.

Theorem 3.2. Let K be a nonempty closed convex subset of a complete CAT(0) space X and let
T : K → X be a nonexpansive mapping with F(T)/= ∅. Let {αn} and {βn} be sequences in [ε, 1 − ε]
for some ε ∈ (0, 1). From arbitrary x1 ∈ K, define the sequence {xn} by the recursion (1.1). Then

lim
n→∞

d(xn, Txn) = 0. (3.3)

Proof. Let x∗ ∈ F(T). Then, by Theorem 3.1, limnd(xn, x
∗) exists. Let

lim
n→∞

d(xn, x
∗) = r. (3.4)

If r = 0, then by the nonexpansiveness of T the conclusion follows. If r > 0, we let yn =
P[(1 − βn)xn ⊕ βnTxn]. By Lemma 2.1(iv) we have

d
(
yn, x

∗)2 = d
(
P
[
(1 − βn)xn ⊕ βnTxn

]
, Px∗)2

≤ d
(
(1 − βn)xn ⊕ βnTxn, x

∗)2

≤ (
1 − βn

)
d(xn, x

∗)2 + βnd(Txn, x
∗)2 − βn

(
1 − βn

)
d(xn, Txn)2

≤ (
1 − βn

)
d(xn, x

∗)2 + βnd(xn, x
∗)2

= d(xn, x
∗)2.

(3.5)

Therefore

d
(
yn, x

∗) ≤ d
((
1 − βn

)
xn ⊕ βnTxn, x

∗) ≤ d(xn, x
∗). (3.6)
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It follows from (3.6) and Lemma 2.1(iv) that

d(xn+1, x
∗)2 = d

(
P
[
(1 − αn)xn ⊕ αnTyn

]
, Px∗)2

≤ d
(
(1 − αn)xn ⊕ αnTyn, x

∗)2

≤ (1 − αn)d(xn, x
∗)2 + αnd

(
Tyn, x

∗)2 − αn(1 − αn)d
(
xn, Tyn

)2

≤ (1 − αn)d(xn, x
∗)2 + αnd(xn, x

∗)2 − αn(1 − αn)d
(
xn, Tyn

)2

= d(xn, x
∗)2 − αn(1 − αn)d

(
xn, Tyn

)2
.

(3.7)

Therefore

d(xn+1, x
∗)2 ≤ d(xn, x

∗)2 −W(αn)d
(
xn, Tyn

)2
, (3.8)

where W(α) = α(1 − α). Since αn ∈ [ε, 1 − ε],W(αn) ≥ ε2.
By (3.8), we have

ε2
∞∑

n=1

d
(
xn, Tyn

)2 ≤ d(x1, x
∗)2 < ∞. (3.9)

This implies limn→∞d(xn, Tyn) = 0.
Since T is nonexpansive, we get that d(xn, x

∗) ≤ d(xn, Tyn) + d(yn, x
∗), and hence

r ≤ lim inf
n→∞

d
(
yn, x

∗). (3.10)

On the other hand, we can get from (3.6) that

lim sup
n→∞

d
(
yn, x

∗) ≤ r. (3.11)

Thus limnd(yn, x
∗) = r. This fact and (3.6) imply

lim
n→∞

d
((
1 − βn

)
xn ⊕ βnTxn, x

∗) = r. (3.12)

Since T is nonexpansive,

lim sup
n→∞

d(Txn, x
∗) ≤ r. (3.13)
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It follows from (3.4), (3.12), (3.13), and Lemma 2.9 that

lim
n→∞

d(xn, Txn) = 0. (3.14)

This completes the proof.

The following theorem is an analog of [23, Theorem 3.5] and extends [22, Theorem
3.3] to nonself mappings.

Theorem 3.3. Let K be a nonempty closed convex subset of a complete CAT(0) space X and let
T : K → X be a nonexpansive mapping with F(T)/= ∅. Let {αn} and {βn} be sequences in [ε, 1 − ε]
for some ε ∈ (0, 1). From arbitrary x1 ∈ K, define the sequence {xn} by the recursion (1.1). Then
{xn} Δ-converges to a fixed point of T.

Proof. By Theorem 3.2, limnd(xn, Txn) = 0. It follows from (3.2) that {d(xn, v)} is bounded
and decreasing for each v ∈ F(T), and so it is convergent. By Lemma 2.4, ωw(xn) consists of
exactly one point and is contained in F(T). This shows that the sequence {xn}Δ-converges to
an element of F(T).

We now state two strong convergence theorems. Recall that a mapping T : K → X is
said to satisfy Condition I ([26]) if there exists a nondecreasing function f : [0,∞) → [0,∞)
with f(0) = 0 and f(r) > 0 for all r > 0 such that

d(x, Tx) ≥ f(d(x, F(T))) ∀x ∈ K. (3.15)

Theorem 3.4. Let K be a nonempty closed convex subset of a complete CAT(0) space X and let
T : K → X be a nonexpansive mapping with F(T)/= ∅. Let {αn} and {βn} be sequences in [ε, 1 − ε]
for some ε ∈ (0, 1). From arbitrary x1 ∈ K, define the sequence {xn} by the recursion (1.1). Suppose
that T satisfies condition I. Then {xn} converges strongly to a fixed point of T.

Theorem 3.5. Let K be a nonempty compact convex subset of a complete CAT(0) space X and let
T : K → X be a nonexpansive mapping with F(T)/= ∅. Let {αn} and {βn} be sequences in [ε, 1 − ε]
for some ε ∈ (0, 1). From arbitrary x1 ∈ K, define the sequence {xn} by the recursion (1.1). Then
{xn} converges strongly to a fixed point of T.

Another result in [23] is that the author obtains a common fixed point theorem of two
nonexpansive self-mappings. The proof is metric in nature and carries over to the present
setting. Therefore, we can state the following result.

Theorem 3.6. Let K be a nonempty closed convex subset of a complete CAT(0) space X and let
S, T : K → K be two nonexpansive mappings with F(S) ∩ F(T)/= ∅. Let {αn} and {βn} be sequences
in [ε, 1 − ε] for some ε ∈ (0, 1). From arbitrary x1 ∈ K, define the sequence {xn} by the recursion

xn+1 = (1 − αn)xn ⊕ αnS
[(
1 − βn

)
xn ⊕ βnTxn

]
. (3.16)

Then {xn}Δ-converges to a common fixed point of S and T.
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Abstract

In this paper, Δ and strong convergence theorems are established for
the Noor iterations of asymptotically nonexpansive mappings in CAT(0)
spaces. Our results extend and improve the recent ones announced by
Dhompongsa and Panyanak [10], Nanjaras and Panyanak [25], Xu and
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1 Introduction

A metric space X is a CAT(0) space if it is geodesically connected, and if ev-
ery geodesic triangle in X is at least as ‘thin’ as its comparison triangle in the
Euclidean plane. It is well known that any complete, simply connected Rie-
mannian manifold having nonpositive sectional curvature is a CAT(0) space.
Other examples include Pre-Hilbert spaces, R−trees (see [1]), Euclidean build-
ings (see [2]), the complex Hilbert ball with a hyperbolic metric (see [13]), and
many others. For a thorough discussion of these spaces and of the fundamental
role they play in geometry see Bridson and Haefliger [1]. Burago, et al. [4]

1Corresponding author.



646 Y. Niwongsa and B. Panyanak

contains a somewhat more elementary treatment, and Gromov [14] a deeper
study.

Fixed point theory in CAT(0) spaces was first studied by Kirk (see [17] and
[18]). He showed that every nonexpansive (single-valued) mapping defined on a
bounded closed convex subset of a complete CAT(0) space always has a fixed
point. Since then the fixed point theory for single-valued and multivalued
mappings in CAT(0) spaces has been rapidly developed and much papers have
appeared (see e. g., [19, 7, 5, 9, 12, 16, 23, 8, 20, 10, 28, 6, 11, 15, 21, 22, 27, 26]).
It is worth mentioning that the results in CAT(0) spaces can be applied to any
CAT(κ) space with κ ≤ 0 since any CAT(κ) space is a CAT(κ′) space for every
κ′ ≥ κ (see [1], p. 165).

In 2008, Kirk and Panyanak [20] used the concept of Δ−convergence intro-
duced by Lim [24] to prove the CAT(0) space analogs of some Banach space re-
sults which involve weak convergence; for instant, the demiclosedness principle
for nonexpansive mappings, the Opial property and the Kadec-Klee property.
In the same year, Dhompongsa and Panyanak [10] obtained Δ−convergence
theorems for the Picard, Mann and Ishikawa iterations for nonexpansive map-
pings under some appropriate conditions.

Recently, Nanjaras and Panyanak [25] proved a Δ−convergence theorem of
the Krasnosel’skii-Mann iterations for asymptotically nonexpansive mappings
in CAT(0) spaces.

In this paper, motivated by the above results, we prove Δ and strong con-
vergence theorems of the Noor iterative schemes for asymptotically nonexpan-
sive mappings in the CAT(0) space setting. Our results extend and improve the
corresponding ones announced by Dhompongsa and Panyanak [10], Nanjaras
and Panyanak [25], Xu and Noor [29] and many others.

2 Preliminary Notes

Let (X, d) be a metric space. A geodesic path joining x ∈ X to y ∈ X (or,
more briefly, a geodesic from x to y) is a map c from a closed interval [0, l] ⊂ R

to X such that c(0) = x, c(l) = y, and d(c(t), c(t′)) = |t− t′| for all t, t′ ∈ [0, l].
In particular, c is an isometry and d(x, y) = l. The image α of c is called a
geodesic (or metric) segment joining x and y. When it is unique this geodesic
segment is denoted by [x, y]. The space (X, d) is said to be a geodesic space if
every two points of X are joined by a geodesic, and X is said to be uniquely
geodesic if there is exactly one geodesic joining x and y for each x, y ∈ X. A
subset Y ⊆ X is said to be convex if Y includes every geodesic segment joining
any two of its points.

A geodesic triangle �(x1, x2, x3) in a geodesic metric space (X, d) consists of
three points x1, x2, x3 in X (the vertices of �) and a geodesic segment between
each pair of vertices (the edges of �). A comparison triangle for the geodesic
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triangle �(x1, x2, x3) in (X, d) is a triangle �(x1, x2, x3) := �(x̄1, x̄2, x̄3) in
the Euclidean plane E

2 such that d�2 (x̄i, x̄j) = d(xi, xj) for i, j ∈ {1, 2, 3} .
A geodesic space is said to be a CAT(0) space if all geodesic triangles satisfy

the following comparison axiom.

CAT(0) : Let � be a geodesic triangle in X and let � be a comparison
triangle for �. Then � is said to satisfy the CAT(0) inequality if for all
x, y ∈ � and all comparison points x̄, ȳ ∈ �,

d(x, y) ≤ d�2 (x̄, ȳ).

If x, y1, y2 are points in a CAT(0) space and if y0 is the midpoint of the
segment [y1, y2], then the CAT(0) inequality implies

d(x, y0)
2 ≤ 1

2
d(x, y1)

2+
1

2
d(x, y2)

2−1

4
d(y1, y2)

2. (CN)

This is the (CN) inequality of Bruhat and Tits [3]. In fact (cf. [1], p. 163), a
geodesic space is a CAT(0) space if and only if it satisfies the (CN) inequality.

Definition 2.1 Let C be a nonempty subset of a CAT(0) space X and
T : C → X be a mapping. T is said to be asymptotically nonexpansive if there
is a sequence {kn} of positive numbers with the property limn→∞ kn = 1 and
such that

d(T n(x), T n(y)) ≤ knd(x, y), for all n ≥ 1 and x, y ∈ C.

A point x ∈ C is called a fixed point of T if x = Tx. We shall denote with
F (T ) the set of fixed points of T. The existence of fixed points for asymptoti-
cally nonexpansive mappings in CAT(0) spaces was proved by Kirk [18] as the
following statement.

Theorem 2.2 Let C be a nonempty bounded closed and convex subset of
a complete CAT(0) space X and T : C → C be asymptotically nonexpansive.
Then T has a fixed point.

Let {xn} be a bounded sequence in a metric space X. For x ∈ X, we set

r (x, {xn}) = lim sup
n→∞

d (x, xn) .

The asymptotic radius r ({xn}) of {xn} is given by

r ({xn}) = inf {r (x, {xn}) : x ∈ X} ,
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and the asymptotic center A ({xn}) of {xn} is the set

A ({xn}) = {x ∈ X : r (x, {xn}) = r ({xn})} .

It is known from Proposition 7 of [9] that in a CAT(0) space, A({xn})
consists of exactly one point.

We now give the definition of Δ−convergence.

Definition 2.3 ([20, 24]) A sequence {xn} in a metric space X is said to
Δ−converge to x ∈ X if x is the unique asymptotic center of {un} for every
subsequence {un} of {xn}. In this case we write Δ − limn xn = x and call x
the Δ−limit of {xn}.

Recall that a subset K in a metric space X is said to be Δ−compact ([24])
if every sequence in K has a Δ−convergent subsequence. A mapping T from
a metric space X to a metric space Y is said to be completely continuous if
T (K) is a compact subset of Y whenever K is a Δ−compact subset of X.

We now collect some elementary facts about CAT(0) spaces which will be
used in the proofs of our main results.

Lemma 2.4 ([20]) Every bounded sequence in a complete CAT(0) space
always has a Δ−convergent subsequence.

Lemma 2.5 ([8]) If C is a closed convex subset of a complete CAT(0) space
and if {xn} is a bounded sequence in C, then the asymptotic center of {xn} is
in C.

Lemma 2.6 ([25]) Let C be a closed and convex subset of a complete CAT(0)
space X and T : C → X be an asymptotically nonexpansive mapping. Let {xn}
be a bounded sequence in C such that limn d(xn, Txn) = 0 and Δ− limn xn = x.
Then x = Tx.

Lemma 2.7 ([10]) Let (X, d) be a CAT(0) space.

(i) For x, y ∈ X and t ∈ [0, 1], there exists a unique point z ∈ [x, y] such that

d(x, z) = td(x, y) and d(y, z) = (1 − t)d(x, y). (1)

We use the notation (1 − t)x ⊕ ty for the unique point z satisfying (1).

(ii) For x, y, z ∈ X and t ∈ [0, 1], we have

d((1 − t)x ⊕ ty, z) ≤ (1 − t)d(x, z) + td(y, z).

(iii) For x, y, z ∈ X and t ∈ [0, 1], we have

d((1 − t)x ⊕ ty, z)2 ≤ (1 − t)d(x, z)2 + td(y, z)2 − t(1 − t)d(x, y)2.
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3 Δ−convergence theorems

Lemma 3.1 ([30]) Let {an} and {bn} be sequences of nonnegative real num-
bers satisfying the inequality

an+1 ≤ (1 + bn)an, n ≥ 1.

If
∑∞

n=1 bn < ∞, then lim
n→∞

an exists.

Lemma 3.2 Let C be a nonempty closed, bounded and convex subset of a
complete CAT(0) space X and let T : C → C be an asymptotically nonex-
pansive mapping with {kn} satisfying kn ≥ 1 and

∑∞
n=1(kn − 1) < ∞. Let

{αn}, {βn}, {γn} be real sequences in [0, 1]. For a given x1 ∈ C, consider the
sequence {xn}, {yn} and {zn} defined by

zn = γnT
nxn ⊕ (1 − γn)xn

yn = βnT nzn ⊕ (1 − βn)xn n ≥ 1

xn+1 = αnT nyn ⊕ (1 − αn)xn.

Then limn d(xn, x∗) exists for all x∗ ∈ F (T ).

Proof. We first note that F (T ) �= ∅ by Theorem 2.2. For each x∗ ∈ F (T ), we
have

d(zn, x∗) = d(γnT
nxn ⊕ (1 − γn)xn, x∗)

≤ γnd(T nxn, x∗) + (1 − γn)d(xn, x∗)

≤ γnknd(xn, x∗) + (1 − γn)d(xn, x∗)

= (1 + γnkn − γn)d(xn, x∗). (2)

Also

d(yn, x∗) = d(βnT nzn ⊕ (1 − βn)xn, x∗)

≤ βnknd(zn, x∗) + (1 − βn)d(xn, x∗). (3)

By (2) and (3), we have

d(xn+1, x
∗) = d(αnT nyn ⊕ (1 − αn)xn, x∗)

≤ αnknd(yn, x
∗) + (1 − αn)d(xn, x∗)

≤ αnkn [βnknd(zn, x∗) + (1 − βn)d(xn, x∗)] + (1 − αn)d(xn, x
∗)

≤ αnkn [βnkn(1 + γnkn − γn)d(xn, x∗) + (1 − βn)d(xn, x∗)]

+ (1 − αn)d(xn, x∗)

= (αnβnγnk2
n + αnβnkn + αn)(kn − 1)d(xn, x∗) + d(xn, x∗)

≤ (k2
n + kn + 1)(kn − 1)d(xn, x∗) + d(xn, x∗)

=
[
1 + (k2

n + kn + 1)(kn − 1)
]
d(xn, x∗).
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Since {kn} is bounded, there exists M > 0 such that

d(xn+1, x
∗) ≤ (1 + M(kn − 1))d(xn, x∗).

By Lemma 3.1 and the fact that
∑∞

n=1(kn − 1) < ∞, we get limn→∞ d(xn, x∗)
exists.

Lemma 3.3 Let C, X, T, {kn}, {αn}, {βn}, {γn}, {xn}, {yn}, {zn} are as in
Lemma 3.2.
(i) If 0 < lim infn→∞ αn ≤ lim supn→∞ αn < 1, then

lim
n→∞

d(T nyn, xn) = 0.

(ii) If 0 < lim infn→∞ βn ≤ lim supn→∞ βn < 1 and lim infn→∞ αn > 0, then

lim
n→∞

d(T nzn, xn) = 0.

Proof. By Lemma 2.7(iii) along with the proof of Lemma 2.2 in [29] with
p = 2 and w(λ) = λ(1 − λ) for λ ∈ [0, 1], we can obtain the desired result.

Lemma 3.4 Let C be a nonempty closed, bounded and convex subset of a
complete CAT(0) space X and let T : C → C be an asymptotically nonexpan-
sive mapping with {kn} satisfying {kn} ≥ 1 and

∑∞
n=1(kn −1) < ∞. Let {αn},

{βn}, {γn} be real sequences in [0,1] satisfying
(i) 0 < lim infn→∞ αn ≤ lim supn→∞ αn < 1 and

(ii) 0 < lim infn→∞ βn ≤ lim supn→∞ βn < 1.

For a given x1 ∈ C, define

zn = γnT
nxn ⊕ (1 − γn)xn

yn = βnT nzn ⊕ (1 − βn)xn n ≥ 1

xn+1 = αnT nyn ⊕ (1 − αn)xn.

Then limn→∞ d(Txn, xn) = 0.

Proof. From Lemma 3.3, we have

lim
n→∞

d(T nyn, xn) = 0 and lim
n→∞

d(T nzn, xn) = 0.

Thus

d(T nxn, xn) ≤ d(T nxn, T nyn) + d(T nyn, xn)

≤ knd(xn, yn) + d(T nyn, xn)
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≤ knβnd(T nzn, xn) + d(T nyn, xn) → 0 as n → ∞, (4)

so that

d(xn+1, T
nxn+1) ≤ d(xn+1, xn) + d(T nxn+1, T

nxn) + d(T nxn, xn)

≤ d(xn+1, xn) + knd(xn+1, xn) + d(T nxn, xn)

= (1 + kn)d(αnT nyn ⊕ (1 − αn)xn, xn) + d(T nxn, xn)

≤ (1 + kn)αnd(T nyn, xn) + d(T nxn, xn) → 0 as n → ∞.
(5)

By (4) and (5), we have

d(xn+1, Txn+1) ≤ d(xn+1, T
n+1xn+1) + d(T n+1xn+1, Txn+1)

≤ d(xn+1, T
n+1xn+1) + k1d(T nxn+1, xn+1) → 0 (as n → ∞),

which implies lim
n→∞

d(Txn, xn) = 0 as desired.

Now, we are ready to prove the Δ−convergence theorem.

Theorem 3.5 Let C be a nonempty closed, bounded and convex subset of
a complete CAT(0) space X and let T : C → C be an asymptotically nonex-
pansive mapping with {kn} satisfying {kn} ≥ 1 and

∑∞
n=1(kn − 1) < ∞. Let

{αn}, {βn}, {γn} be real sequences in [0,1] satisfying
(i) 0 < lim infn→∞ αn ≤ lim supn→∞ αn < 1 and

(ii) 0 < lim infn→∞ βn ≤ lim supn→∞ βn < 1.

For a given x1 ∈ C, define

zn = γnT
nxn ⊕ (1 − γn)xn

yn = βnT nzn ⊕ (1 − βn)xn n ≥ 1

xn+1 = αnT nyn ⊕ (1 − αn)xn.

Then {xn} Δ−converges to a fixed point of T.

Proof. It follows from Lemma 3.4 that lim
n→∞

d(xn, Txn) = 0. Now we let

ωw(xn) :=
⋃

A({un}) where the union is taken over all subsequences {un}
of {xn}. We claim that ωw(xn) ⊂ F (T ). Let u ∈ ωw(xn), then there exists
a subsequence {un} of {xn} such that A({un}) = {u}. By Lemmas 2.4 and
2.5 there exists a subsequence {vn} of {un} such that Δ − limn vn = v ∈ C.
Since limn d(vn, T vn) = 0, then v ∈ F (T ) by Lemma 2.6. We claim that
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u = v. Suppose not, since v ∈ F (T ), by Lemma 3.2 limn d(xn, v) exists. By
the uniqueness of asymptotic centers,

lim sup
n

d(vn, v) < lim sup
n

d(vn, u)

≤ lim sup
n

d(un, u)

< lim sup
n

d(un, v)

= lim sup
n

d(xn, v)

= lim sup
n

d(vn, v)

a contradiction, and hence u = v ∈ F (T ). To show that {xn} Δ−converges
to a fixed point of T, it suffices to show that ωw(xn) consists of exactly one
point. Let {un} be a subsequence of {xn}. By Lemmas 2.4 and 2.5 there exists
a subsequence {vn} of {un} such that Δ− limn vn = v ∈ C. Let A({un}) = {u}
and A({xn}) = {x}. We have seen that u = v and v ∈ F (T ). We can complete
the proof by showing that x = v. Suppose not, since limn d(xn, v) exists, then
by the uniqueness of asymptotic centers,

lim sup
n

d(vn, v) < lim sup
n

d(vn, x)

≤ lim sup
n

d(xn, x)

< lim sup
n

d(xn, v)

= lim sup
n

d(vn, v)

a contradiction, and hence the conclusion follows.

For γn ≡ 0 in Theorem 3.5, we can obtain Ishikawa-type convergence result
as the following statement.

Theorem 3.6 Let C be a nonempty closed, bounded and convex subset of
a complete CAT(0) space X and let T : C → C be an asymptotically nonex-
pansive mapping with {kn} satisfying {kn} ≥ 1 and

∑∞
n=1(kn − 1) < ∞. Let

{αn}, {βn} be real sequences in [0,1] satisfying
(i) 0 < lim infn→∞ αn ≤ lim supn→∞ αn < 1 and

(ii) lim supn→∞ βn < 1.

For a given x1 ∈ C, define

yn = βnT nxn ⊕ (1 − βn)xn

xn+1 = αnT nyn ⊕ (1 − αn)xn, n ≥ 1.

Then {xn} Δ−converges to a fixed point of T.
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Proof. By combining between the proofs of Theorem 3.5 and Theorem 2.2 of
[29] we can get the desired result.

For βn ≡ 0, Theorem 3.6 reduces to the following result which is a refine-
ment of Theorem 5.7 in [25].

Theorem 3.7 Let C be a nonempty closed, bounded and convex subset of
a complete CAT(0) space X and let T : C → C be an asymptotically nonex-
pansive mapping with {kn} satisfying {kn} ≥ 1 and

∑∞
n=1(kn − 1) < ∞. Let

{αn}, {βn} be real sequences in [0,1] satisfying
0 < lim infn→∞ αn ≤ lim supn→∞ αn < 1. For a given x1 ∈ C, define

xn+1 = αnT nxn ⊕ (1 − αn)xn, n ≥ 1.

Then {xn} Δ−converges to a fixed point of T.

4 Strong convergence theorems

By using the same ideas and techniques as in Section 3, we can also obtain
strong convergence theorems for completely continuous asymptotically nonex-
pansive mappings. Therefore we can state the following results without proofs.

Theorem 4.1 Let C be a nonempty closed, bounded and convex subset of
a complete CAT(0) space X and let T : C → C be a completely continu-
ous asymptotically nonexpansive mapping with {kn} satisfying {kn} ≥ 1 and∑∞

n=1(kn − 1) < ∞. Let {αn}, {βn}, {γn} be real sequences in [0,1] satisfying
(i) 0 < lim infn→∞ αn ≤ lim supn→∞ αn < 1 and

(ii) 0 < lim infn→∞ βn ≤ lim supn→∞ βn < 1.

For a given x1 ∈ C, define

zn = γnT
nxn ⊕ (1 − γn)xn

yn = βnT nzn ⊕ (1 − βn)xn n ≥ 1

xn+1 = αnT nyn ⊕ (1 − αn)xn.

Then {xn} converges strongly to a fixed point of T.

Theorem 4.2 Let C be a nonempty closed, bounded and convex subset of
a complete CAT(0) space X and let T : C → C be a completely continu-
ous asymptotically nonexpansive mapping with {kn} satisfying {kn} ≥ 1 and∑∞

n=1(kn − 1) < ∞. Let {αn}, {βn} be real sequences in [0,1] satisfying
(i) 0 < lim infn→∞ αn ≤ lim supn→∞ αn < 1 and
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(ii) lim supn→∞ βn < 1.

For a given x1 ∈ C, define

yn = βnT nxn ⊕ (1 − βn)xn

xn+1 = αnT nyn ⊕ (1 − αn)xn. n ≥ 1

Then {xn} converges strongly to a fixed point of T.

Theorem 4.3 Let C be a nonempty closed, bounded and convex subset
of a complete CAT(0) space X and let T : C → C be a completely con-
tinuous asymptotically nonexpansive mapping with {kn} satisfying {kn} ≥ 1
and

∑∞
n=1(kn − 1) < ∞. Let {αn} be real sequence in [0,1] satisfying 0 <

lim infn→∞ αn ≤ lim supn→∞ αn < 1. For a given x1 ∈ C, define

xn+1 = αnT nxn ⊕ (1 − αn)xn, n ≥ 1.

Then {xn} converges strongly to a fixed point of T.
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