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Abstract  

 

Project Code : MRG5280130 

Project Title : Development of a Theoretical Analysis for Packet Error Rate of CDMA Mobile 

Cellular Systems 
 Investigator : Mr. Pongsatorn Sedtheetorn  

Department of Electrical Engineering, Faculty of Engineering  

Mahidol University 

E-mail Address : egpse@mahidol.ac.th 

Project Period : 1 Year 

 

This project presents an original and exact theoretical analysis for the packet error rate 

in CDMA cellular systems. The signals are accurately analyzed chip-by-chip and then the 

expressions of the cumulative probability density function of the signal to interference plus noise 

ratio (SINR) for both BPSK and QPSK-modulated CDMA are introduced. This facilitates 

formulating new accurate closed-form expressions of packet error rates that consider bit-to-bit 

error dependence, optimum transmitted power level and distribution of users in a 3G cellular 

multipath fading environment. As a result, the proposed expressions lead to accurate evaluation 

for the system performance of CDMA in terms of both packet error rate and throughput. It is 

important to say that the proposed expressions can be developed into technical software for any 

CDMA network operator. 
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เน้ือหางานวจิัย 

บทนํา 

 ระบบโทรศัพทเคลื่อนที่เซลลูลารซีดีเอ็มเอ เปนระบบที่ออกแบบสําหรับบริการขอมูลความเร็วสูง 

โดยที่สมรรถนะ (performance) ในการรับสงขอมูลสามารถวัดไดจากคาวิสัยสามารถ (throughput) ซ่ึง

ขึ้นอยูกับอัตราเร็วของขอมูลหรือแบนดวิดทและอัตราการสงแพ็กเกตผิดพลาด สําหรับคาอัตราการสง

แพ็กเกตผิดพลาดนั้น เปนคาที่เกิดจากสภาพแวดลอมภายนอกที่ไมสามารถคาดคะเนได นอกจากนี้ยัง

เปนปจจัยที่สําคัญมากตอคาวิสัยสามารถหรือสมรรถนะของระบบโทรศัพทเคลื่อนที่เซลลูลารซีดีเอ็มเอ 

โดยอัตราการสงแพกเกตผิดพลาดนี้จะมีคามากหรือนอยขึ้นอยูกับจํานวนสัญญาณรบกวนเขาถึงหลายทาง 

(multiple access interference, MAI) ที่ไดรับมาจากผูใชอ่ืน ๆ หรือเซลลขางเคียง ดังน้ัน งานวิจัย

ทางดานการคํานวณหาคาอัตราการสงแพ็กเกตผิดพลาด จึงเปนสิ่งสําคัญอยางยิ่งสําหรับการพัฒนา

โทรศัพทเคลื่อนที่เซลลูลารซีดีเอ็มเอ ใหมีประสิทธิภาพสูงขึ้น 

 อยางไรก็ตาม ในสวนของงานวิจัยในสาขานี้ ถือวายังมีนอยโดยเฉพาะอยางยิ่งในประเทศไทย เน่ือง

เทคโนโลซีดีเอ็มเอเปนเทคโนโลยีที่คอนขางซับซอน นักวิชาการตลอดจนผูใหบริการโครงขายจํานวนมาก

ยังขาดความรูความเขาใจในเทคโนโลยีอยางจริงจัง ถึงแมวา จะเปนเพียงการรับเทคโนโลยีจาก

ตางประเทศเขามาใชในประเทศ แตเราก็ตองเขาใจถึงเทคโนโลยีและตองทําการวิจัยและพัฒนา (research 

and develop, R&D) อยูตลอดเวลาเพื่อใหการใชเทคโนโลยีเกิดประโยชนสูงสุด   

 จากปญหาที่กลาวขางตน ผูทําวิจัยจึงเสนอโครงการนี้ โดยมุงหวังใหเกิดการสรางองคความรูใหมใน

การพัฒนาเทคโนโลยีโทรศัพทเคลื่อนที่เซลลูลารซีดีเอ็มเอ ซ่ึงแนนอนวา องคความรูใหมที่ไดน้ีจะสามารถ

นําไปใชไดจริงในเชิงปฏิบัติ 

วัตถุประสงค 

 โครงการงานวิจัยน้ีเปนการสรางองคความรูใหมในการพัฒนาทฤษฎีสําหรับการวิเคราะหและ

คํานวณอัตราการสงแพ็กเกตผิดพลาดอยางแมนยําบนระบบโทรศัพทเคลื่อนที่เซลลูลารซีดีเอ็มเอ โดยองค

ความรู (ทฤษฎี) ที่ไดจะเปนประโยชนอยางมากในทางประยุกต กลาวคือสามารถนําไปพัฒนาเปน

ซอฟทแวรสําหรับใหผูปฏิบัติการโครงขาย (network operator) ใชในการบํารุง (maintenance) การบริการ

รับสงขอมูลของโครงขายไรสายเซลลูลารซีดีเอ็มเอใหมีมาตรฐานในการใหบริการตามที่กําหนด 
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Analysis for Wireless Systems in Nakagami Fading” ในวารสาร IET Electronics Letter ของ

องคกร The Institute of Engineering and Technology (The IET) 

ชวงที่ 5 (มี.ค.2553) สรุปและจัดทํารายงานโครงงานวิจัยฉบับสมบูรณ 

ผลการวิจัยทีไ่ด (ผลการทดลอง)1 

จากกระบวนการดําเนินการวิจัยที่กลาวมา จะไดผลงานวิจัยดังน้ี 

1. ทฤษฎีการหาอัตราแพ็กเกตผิดพลาดอยางแมนยําบนระบบสื่อสารไรสายซีดีเอ็มเอแบบอัตราขยาย

แปรเปลี่ยน (variable spreading gain CDMA, VSG CDMA) และแบบหลายรหสั (multicode CDMA, 

MCD CDMA)  

2. การวิเคราะหสมรรถภาพในรูปแบบของประสิทธิภาพสเปกตรัม (spectral efficiency) และอัตราบติ

ผิดพลาด (bit error rate) บนโครงขายไรสายโดยใชทฤษฎีความนาจะเปนเรื่องฟงกชันกอกําเนิด 

(moment generating function, MGF) มาชวยใหการวเิคราะหแมนยาํและใชเวลาในการประมวลผลอยาง

มีประสิทธิภาพมากขึ้น 

3. การวิเคราะหหาอัตราบิตผิดพลาดของระบบโทรศัพทเคลื่อนที่ซีดีเอ็มเอในสภาพแวดลอมที่มีการจาง

หายของสัญญาณแบบพหวุิถีชนิดนากากามิ (Nakagami multipath fading)  

บทวิจารณ 

องคความรูเชิงทฤษฎีที่ไดจากงานวิจัยน้ีสามารถขยายขอบเขตไปสูระบบสื่อสารไรสายอื่นที่

นอกเหนือจากระบบซีดีเอ็มเอ ยกตัวอยางเชน ระบบหลายอินพุตหลายเอาตพุต (multiple input multiple 

output, MIMO) หรือระบบที่ใชตัวรับแบบ Rake (Rake receivers) ที่ประกอบไปดวยอารเรยของแมทช

ฟลเตอร (array of match filters) หรือที่เราเรียกวา N-finger Rake receivers โดยระบบการสื่อสารทั้งสอง

รูปแบบ กําลังเปนหัวขอที่นาสนใจเปนอยางยิ่งสําหรับวงการวิจัยของระบบโทรคมนาคมทั้งแบบเซลลูลาร 

4 จีและบรอดแบนดไรสาย Wimax  

 นอกจากนี้ทฤษฎีดังกลาวยงัสามารถนําไปขยายสมมตฐิานของการทาํวิจัยใหสามารถหาคาอัตรา

แพ็กเกตผิดพลาดไดทั้งในแนวสัญญาณ (LOS) และนอกแนวสัญญาณ (NLOS) ซ่ึงตองใชการโมเดลดวย

                                                 
1 ทฤษฎีนําเสนอตลอดจนผลการทดลองที่ใชในการเปรียบเทียบสามารถดูรายละเอียดไปที่บทความในภาคผนวก 



ตัวแปรสุมแบบไรซ (Rice) หรือนากากามิ (Nakagami) ที่มีความซับซอนมาก จากการสํารวจบทความที่

เกี่ยวของ ผูดําเนินการวิจัยยังมิพบการวิเคราะหหาคาอัตราแพ็กเกตผิดพลาดดวยโมเดลดังกลาว 
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Abstract

This paper presents a system level theoretical analysis of two different types of multirate code

division multiaccess (CDMA) wireless communication systems, which include both variable spreading

gain (VSG) CDMA and multicode (MCD) CDMA systems. Based on accurate interference models, we

derive unified expressions of the cumulative probability density function of the signal to interference

plus noise ratio (SINR) in the cases of both binary and quaternary multirate CDMA schemes. These

lead to new unified accurate expressions for the packet error rates which take into account the bit-to-

bit error dependence in a slotted packet transmission system. These are used to compare between the

system-level performance of VSG and MCD based multicellular CDMA networks over Rayleigh fading

environment.

Index Terms

Multicode CDMA, packet error rate, Rayleigh fading, variable spreading gain CDMA

I. INTRODUCTION

This paper is concerned with the system level performance analysis of multirate DS/CDMA

cellular systems, and presents new accurate analysis of packet error rates of uplink variable

spreading gain (VSG) CDMA and multicode (MCD) CDMA systems.
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Most previous research on performance analysis of multirate CDMA have been limited to bit

error rate analysis (e.g., [1]-[8]). In [1], Fan et al have presented an analytical method for bit error

performance of VSG CDMA and MCD CDMA in uplink transmissions. Instead of employing

the standard Gaussian approximation (SGA) [2]-[3] which is optimistically inaccurate (compared

with the actual error rate), the analysis is based on improved Gaussian approximation (IGA) [4].

However, IGA technique requires very high numerical effort to compute multiple convolutions

(K-fold convolutions) of K interferences with respect to the reference signal. The proposed

method is therefore confined to a dual-rate CDMA system with a few users.

To reduce the complexity of IGA, Holtzman [5] has proposed simplified Gaussian approxi-

mation (SIGA) technique which uses an expansion in differences (Stirling formula) to estimate

the K-fold integrations rather than in derivatives. SIGA is a good trade-off between SGA and

IGA in terms of accuracy and simplicity [6]. However, there are some exact expressions which

have been proposed recently (e.g. [7]-[8]) without any penalty on the accuracy of error rate

approximation.

For instance, Lee and Beaulieu [7] have introduced a non-Gaussian approximation for exact bit

error rate of MCD-CDMA in Rayleigh fading. The final expression of the error rate is presented

in a single-integral form where the integrands are the characteristic functions of interferences.

Nevertheless, the derivation of the integrands requires full knowledge of the signature sequences.

This makes the computation of the final expression very intractable especially when the spread-

ing gain is larger than 32. Moreover, this technique does not lend itself to packet error rate

approximation.

Hamdi [9] has proposed an accurate analysis on packet error performance for a single rate

CDMA in Rayleigh fading. Based on IGA, the expression of cumulative probability density

function of signal-to-interference-plus-noise ratio (SINR) is derived. This leads to a new explicit

expression of packet error rate that accounts for bit-to-bit error dependence. However, this work

is limited to a conventional CDMA single-cell system in which the data rate of every user is

assumed to be identical.

According to our literature survey, most of the previous work is implemented based on

the performance of physical layer. To analyze the performance of higher layers such as the

packet error rate, one needs to account for the impact of bit-to-bit error dependence within each

transmitted packet [10]. This very complicates the analysis, though little of the related work (e.g.
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[9]) could approximate the packet error rate but it cannot be applied to such multirate packet

CDMA systems.

On the other hand, packet level performance analysis can be used as a key constraint for cross-

layer optimization problems. For instance, Wong et al [11] have formulated a joint throughput

maximization for VSG CDMA across 3 layers– connection layer, packet layer, and link layer–

where the probability of packet loss is set as a constraint of the problem. Similarly in [12]-

[13], the outage probability of packet error is defined as a criterion of the proposed optimized

scheduling technique for uplink DS-CDMA systems.

In [14], Yu et al have presented an optimal joint admission control policy for WLAN and

CDMA networks, where the constraint of the policy is subject to the average delay of packet

transmissions. Assaad et al [15] have also introduced a new analytical model of packet throughput

for a high-speed downlink packet access (HSDPA) system in Nakagami fading environment. The

proposed model is used to evaluate the performances of 3 different packet scheduling techniques,

namely proportional fair, score-based, and Max C/I. As in the literature mentioned above, we

positively say that the issue of packet-level performance recently gains considerable research

interests.

In this paper, we go deeper into theoretical analysis of exact packet error rate for uplink in

the cases of both VSG and MCD CDMA in Rayleigh fading. The analysis leads us to introduce

new expressions of the packet error rate that considers bit-to-bit error dependence, optimum

transmitted power levels and random users’ distributions for both BPSK and QPSK-modulated

schemes. These allow us to comprehensively study the impacts of channel’s conditions, power

allocations, and the characteristics of random users’ distributions on the packet error performance

of multirate CDMA in Rayleigh fading.

The rest of this paper is organized as follows. Section II explains the system model of packet-

based VSG and MCD CDMA systems. Section III and IV are concerned with SINR analysis

for VSG and MCD CDMA in the cases of binary and quaternary modulation. This leads us to

introduce new explicit expressions of packet error rate and throughput for both VSG and MCD

CDMA in Section V. In Section VI, we extend the packet error rate analysis to multicell CDMA

systems. Section VII presents some numerical as well as simulation results, and Section VIII

finally draws the conclusions.
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II. THE PACKET LAYER MODEL

In this section, we present the packet formats of VSG and MCD CDMA. On the other hand,

detailed description of the PHY model for both systems is presented in Sections III-IV.

We consider a multirate communication system where users’ data streams are classified into

M different classes having different transmission rates. Let class-m rate be denoted by Rm.

Without any loss of generality, the class–1 rate is regarded as the basic (lowest) rate and therefore

Rm = mR1, m ∈ 1, 2, ...,M .

We assume a slotted packet multiple access scheme, where the time is divided into slots of

equal length and a packet transmission can start only at the beginning of a time slot. We assume

that the slot duration is enough to transmit a single class-1 packet. That is, if the packet length

is L bits. Then the slot duration equals to L/R1 seconds, where R1 is the basic rate.

1) VSG-CDMA Packets: In VSG scheme, an m-rate data bit stream is directly modulated

with the carrier, spreaded by a unique signature sequence with spreading gain G (which is equal

to number of chips per bit duration), and then transmitted at the antenna front end (see Figure

1). Therefore, in VSG scheme, class–1, class–2,..., class–M signals have different spreading

gains, i.e. G1 = G, G2 =
G
2

,..., GM = G
M

, respectively. In the case of an m–rate transmission,

a class–m user is able to transmit m packets (L-bit long each) in one time slot (see Figure 3).

It is essential to assume that the relative delay and gain of all m packets remain constant over

the slot duration. As a result, bit errors become conditionally independent given the signal-to-

interference-plus-noise-ratio [4].

2) MCD-CDMA Packets: In the case of MCD CDMA, an m-rate data bit stream is split into

m basic-rate sub-streams each of which is independently modulated, spreaded with spreading

gain G, and synchronously sent to the channel (see Figure 2). As a result, there are m basic-

rate signals (MCD sub-signals) with equal spreading gain G. As seen in Figure 3, a class–m

MCD user transmits m packets in parallel, each of which is independently spreaded by unique

signature sequences and transmitted at the basic rate. Likewise, it is assumed that the relative

delay and gain of the m–parallel transmission are unchanged over the slot period.

In this paper, slow power control is assumed. In multipath fading environments, there are

generally two types of power control, namely fast and slow power control. The fast power

control seems superior in terms of rapid feedback and report on channel measurements. However,

it could be difficult to obtain accurate measurements on the required time scale especially when
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the processing and propagation delays are taken into account [20]. Then the slow power control

is more reasonable in practice. Consequently, in this paper we use slow power control as a model

to analyze the error rate in a Rayleigh fading environment. Notice that this assumption is widely

used in CDMA system models [21]-[26] and well-matched to Rayleigh fading channel [22].

In the next sections (Section III-IV), we go down to the detail of the physical (PHY) layer

model where the signal-to-interference-plus-noise-ratio (SINR) of each individual bit, in the cases

of both BPSK and QPSK, is analyzed. Later on, with the packet models and the PHY-layer

analysis, we formulate new exact xpressions of packet error rate as well as packet throughput

for VSG CDMA and MCD CDMA in Section V.

III. SINR ANALYSIS FOR VSG CDMA

In this section, we describe the physical-layer models of a multiclass uplink VSG CDMA in

the cases of BPSK and QPSK-modulated. Thereafter the signal to interference plus noise ratios

(SINRs) are accurately analyzed based on improved Gaussian approximation (IGA) technique.

A. Binary VSG CDMA

Consider a multiclass VSG CDMA system in an Additive White Gaussian Noise (AWGN)

Rayleigh fading channel. Assume that users’ signals are transmitted asynchronously and signature

codes are independent and randomly generated. Denote m ∈ 1, 2, ...,M by the normalized

transmission rate of class–m traffic (with respect to class–1 rate or so-called the basic rate). Let

bk,m(t) be the bit-stream signal of user k class m with the waveform function

bk,m(t) =
∞X

i=−∞
bi,k,mrect(t− Tb

m
i) (1)

where k = 1, 2, ..., Km with Km being the total number of class–m signals (users). Tb/m is

the bit duration of class–m. bi,k,m is a sequence of independently and identically distributed

random variables (i.i.d RVs) that takes values in {+1,−1} with equal probability. rect(t) is an

unit-amplitude rectangular pulse for 0 ≤ t < 1 and rect(t) = 0 for otherwise.

Here we consider uncoded CDMA packet transmission, where bit-stream signals are multiplied

directly to their signature sequences. Accordingly, a class–m signal received at the targeted base

station is

vk,m(t) =
p
Smhk,mbk,m(t)ak,m(t) (2)
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where Sm is the class–m power. Since perfect power control at the base station is assumed,

the received powers from the users in the same class are identical, e.g. S1,m = S2,m = ... =

SKm,m = Sm. It is important to state that this assumption is commonly used in CDMA system

model analysis, for example [1]-[9].

{hk,m} , k = 1, 2, ...,Km, m = 1, 2, ...,M are the complex channel gains for slow-nonselective

Rayleigh fading. It is assumed that {hk,m} are mutually independent zero-mean complex Gaussian

random variables with E[hxh
∗
y] = 1 only if x = y and equals 0 otherwise.

ak,m(t) =
P∞

i=−∞ ai,k,mrect(t− Tb
G
i) is the signature sequence signal. Tb/G is the chip interval

which is equal for all classes. The signature sequences {ai,k,m} are modeled as a sequence of

i.i.d RVs with Pr{ai,k,m = +1} = Pr{ai,k,m = −1} = 1/2. It is clear to say that each bit of a

transmitted signal is spreaded by multiplying with a newly chosen random signature sequence.

This model is widely employed in [1]-[8], [24] and [25].

Let the receiver be locked onto an arbitrary reference signal of a class–n signal (user), say

signal 0, in the presence of other multiple access interferences (MAIs). Let r(t) be the composite

signal at the matched-filter receiver front end, we obtain

r(t) = v0,n(t) +
MX

m=1

KmX
k=1

vk,m(t− τk,m) + η(t), n ∈ 1, 2, ...,M (3)

where τk,m represents the relative propagation delay of the signal k class–m with respect to

the reference signal. η(t) is the low-pass complex value additive white Gaussian noise with two

sided spectral density N0/2.

Let Z0,n be the normalized decision variable. At t = Tb/n, the output of a conventional

matched-filter receiver is expressed as [2]

Z0,n = Re

(
±|h0,n|

p
Sn +

MX
m=1

KmX
k=1

p
Sme

−i arg h0,nhk,mWk,m + η

)
(4)

where arg h0,n represents the phase of the complex channel gain h0,n. η is the complex Gaussian

random variable with variance N0
2(Tb/n)

.

Based on improved Gaussian approximation (IGA) technique [4], Wk,m is the multiple access

interference component in the interval [iTb/n, (i+1)Tb/n] of the reference ith bit respect to the

interfering signal k class–m [3] which is given by

Wk,m =
1

Tb/n

(i+1)Tb/nZ
iTb/n

bk,m(t− τk,m)ak,m(t− τk,m)a0,n(t)dt. (5)
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It is shown in [3]-[4] that, when G >> 1, {Wk,m} can be accurately approximated by a set

of conditionally independent zero-mean Gaussian random variables (conditioned on the relative

time offset) with the conditional variance [3]

Var (Wk,m | {δk,m}) =
1

G/n
[1 + 2δk,m (δk,m − 1)] (6)

where

δk,m = τk,m −
Tb
G

¹
τk,m
Tb/G

º
(7)

is the time offset which is uniformly distributed over [0, 1].

With (6), we obtain, when we condition on {hk,m, δk,m}, the conditionally distributed Gaussian

variance of the decision variable by

Var [Z0,n | {hk,m, δk,m}] =
1

G/n

MX
m=1

KmX
k=1

SmRe
2 (hk,m) [1 + 2δk,m(δk,m − 1)] +

N0

2(Tb/n)
. (8)

Accordingly, SINR, which is a random variable, experienced by a class–n signal is

SINRn =
1

2

E2 [Z0,n]
Var [Z0,n]

=
Sn |h0,n|2

2
G/n

MX
m=1

KmX
k=1

SmRe
2 (hk,m) [1 + 2δk,m(δk,m − 1)] + nS1

(E1/N0)

(9)

where E1 = S1Tb is the energy per bit interval of class–1 traffic.

Since |h0,n|2 is a negative exponential random variable (recall that h0,n is a complex Gaussian

RV), For any z > 0, the probability that SINRn > z is

Pr(SINRn > z | {hk,m, δk,m,Km}) =

e

−

⎛⎜⎝ 2
G/n

MX
m=1

KmX
k=1

Sm Re2(hk,m)[1+2δk,m(δk,m−1)]+ nS1
(E1/N0)

⎞⎟⎠
. (10)

Owing to the fact that Re2 (hk,m) is a Chi-squared random variable, we remove the condition



8

on {hk,m} by letting

Pr(SINRn > z | {δk,m,Km})

= e
−nS1/Sn

E1/N0
z

MY
m=1

KmY
k=1

E
h
e−z(

2
G/n

Sm
Sn

Re2(hk,m)[1+2δk,m(δk,m−1)]) | {δk,m, Km}
i

= e
−nS1/Sn

E1/N0
z

MY
m=1

KmY
k=1

1r
1 + 2

n
2z
G/n

Sm
Sn
[1 + 2δk,m(δk,m − 1)]

o . (11)

Next remove the condition on the uniform random variable {δk,m}, finally we have

Pr(SINRn > z | K1, K2, ...,KM)

= e
−nS1/Sn

E1/N0
z

MY
m=1

∙
V
µ

nz

Sn/Sm

¶¸Km

(12)

where

V(z) =
1

2

r
G

z
ln

µ√
G+ 2z +

√
z√

G+ 2z −√z

¶
. (13)

B. Quaternary VSG CDMA

A QPSK class–m signal is given by [24]-[25]

vk,m(t) =
p
Smhk,m

−∞X
i=∞

h
b
(I)
i,k,ma

(I)
k,m(t)− ib(Q)i,k,ma

(Q)
k,m(t)

i
rect

µ
t

Tb/m
− i

¶
(14)

where I and Q represent the in-phase and quadrature phase components. Assume that
n
a
(I)
k,m, a

(Q)
k,m

o
and

n
b
(I)
k,m, b

(Q)
k,m

o
are respectively independent signature sequences and data bit streams.

Analogous to BPSK, the variance of {Wk,m} converges (when G >> 1) into a set of

independent Gaussian random variables, conditioned on {hk,m, δk,m}. Then SINR, for QPSK-

based VSG CDMA, at receiver front end is

SINRn =
Sn |h0,n|2

2
G/n

MP
m=1

KmP
k=1

Sm |hk,m|2 [1 + 2δk,m(δk,m − 1)] + nS1
E1/N0

(15)

where |hk,m|2 , k = 1, 2, ..., Km,m = 1, 2, ...,M stand for independent exponential random

variables (due to the fact that individual channel gains of I and Q phase are complex Gaussian

random variables).



9

Again, since |h0,n|2 is negatively exponentially distributed, we have

Pr(SINRn > z | {hk,m, δk,m,Km}) =

e

−

⎛⎜⎝ 2
G/n

MX
m=1

KmX
k=1

Sm|hk,m|2[1+2δk,m(δk,m−1)]+ nS1
(E1/N0)

⎞⎟⎠
. (16)

Remove the condition on |hk,m|2, then

Pr(SINRn > z | {δk,m, Km}) =

e
−nS1/Sn

E1/N0
z

MY
m=1

KmY
k=1

1

1 +
n

2z
G/n

Sm
Sn
[1 + 2δk,m(δk,m − 1)]

o . (17)

As a result, we can express Pr (SINRn > z) for QPSK as

Pr (SINRn > z | K1, K2, ...,KM) = e
−nS1/Sn

E1/N0
z

MY
m=1

∙
VQ

µ
nz

Sn/Sm

¶¸Km

(18)

where

VQ(z) =
Gp

z(G+ z)
tan−1

r
z

G+ z
. (19)

IV. SINR ANALYSIS FOR MCD CDMA

In the case of MCD CDMA, an m–rate data stream is split into m low-rate sub-streams.

Each sub-stream is spreaded by a unique signature sequence and then all the sub-streams

are transmitted synchronously in parallel. Theoretically, these m transmissions are orthogonal

to one another. In practice, due to the different propagation delay of each transmission, the

synchronization is lost and consequently the orthogonality among m transmissions could be

broken. We call this phenomenon as “self-interference”.

In this section, we show the SINR analysis of MCD CDMA both in the theory, when perfect

orthogonality is assumed, and in practice where self-interference is taken into account.

A. Orthogonal MCD CDMA

As mentioned above, a class–m MCD signal can be given by

vk,m(t) =
√
Shm

mX
l=1

bk,l(t)ak,l(t) (20)
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where bk,l(t) =
P∞

i=−∞ bi,k,lrect( t
Tb
− i) and ak,l(t) =

P∞
i=−∞ ai,k,lrect( t

Tb/G
− i) are respectively

the bit waveform function and signature sequence of the lth spreaded sub-signal.

Assume that all n codes of any class–n signal, n ∈ 1, 2, ...,M , are synchronous and perfectly

orthogonal. At the receiver front end, the decision variable of an arbitrary code of the reference

signal (signal 0 class–n) becomes

Z0,n = Re

(
±|h0,n|

√
S +

MX
m=1

KmX
k=1

√
Se−i arg h0,nhk,m

mX
l=1

Wl,k,m + η

)
(21)

where Wl1,k1,m and Wl2,k2,m are mutually independent when k1 6= k2, but dependent for any k,m

when l1 6= l2 (since al1,k,m(t) is orthogonal to al2,k,m(t)).

Fortunately, it is found that Wl1,k,m and Wl2,k,m, when l1 6= l2, are independent when condi-

tioned on {δk,m} [26]. We have utilized this conditional independence property and obtain

Var

Ã
mX
l=1

Wl,k,m | {δk,m}
!
= m [1 + 2δk,m (δk,m − 1)] . (22)

With (22), the SINRn is given by

SINRn =
|h0,n|2

1
G

MP
m=1

KmP
k=1

mRe2 (hk,m) [1 + 2δk,m(δk,m − 1)] + 1
2(E1/N0)

. (23)

Owing to the fact that Re2 (hk,m) and δk,m are Chi-squared and uniform random variables

respectively, we compute Pr(SINRn > z | K1,K2, ...,KM)MCD by the same procedure as shown

in (9) - (12). Then we have

Pr(SINRn > z | K1, K2, ...,KM)MCD = e
− z
E1/N0

MY
m=1

KmY
k=1

E
h
e−

2zm
G

Re2(hk,m)[1+2δk,m(δk,m−1)]
i

= e
− z
E1/N0

MY
m=1

VKm (mz) (24)

where V(z) is already given in (13) for BPSK and in (19) for QPSK, respectively.

B. Imperfectly Orthogonal MCD CDMA

As the impact of self interferences is concerned, m sub-stream transmissions are not fully

orthogonal to one another. The loss of orthogonality can be modeled by the orthogonality factor
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σ ∈ [0, 1] where σ = 0 stands for perfect orthogonality and σ = 1 corresponds to fully losing

orthogonality [27]. Denote signal 0 of class–n by the reference signal. The SINRn is

SINRn =
|h0,n|2

σ (n− 1) |h0,n|2 + 1
G

MP
m=1

KmP
k=1

mRe2 (hk,m) [1 + 2δk,m(δk,m − 1)] + 1
2(E1/N0)

(25)

where σ (n− 1) |h0,n|2 represents the self interferences (the reference signal is interfered by

other n− 1 signals which are transmitted from the same user).

Due to the fact that the desired signal are dependent to the self interferences (|h0,n|2 exists both

in the numerator and denominator), the resultant expression of Pr(SINRn > z)MCD cannot be

obtained by exploiting the independence property of the interference as assumed in the previous

sections.

Fortunately, we have found that when x is an exponential random variable, then for any

y, z > 0 and 0 ≤ a ≤ 1 we obtain

Pr

µ
x

ax+ y
> z

¶
= Pr

µ
x >

z

1− az
y

¶
=

⎧⎪⎪⎪⎨⎪⎪⎪⎩
1, z > 1/a

0, z = 1/a

e−
z

1−az y, z < 1/a.

(26)

With (26), the expression of Pr(SINRn > z)MCD, conditioned on K1,K2, ...,KM , is given by

Pr(SINRn > z | K1, K2, ..., KM)MCD =⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
1, z > 1

2σ(n−1)

0, z = 1
2σ(n−1)

e
− z
[1−2σ(n−1)z](Eb/N0)

MY
m=1

VKm (mz) , z < 1
2σ(n−1) .

(27)

V. PACKET SUCCESS RATE AND THROUGHPUT

In this section, we derive new unified accurate expressions for the packet success rates for

the different systems described in the previous sections.

A. Non-random Number of Users

Denote the number of class–1, class–2, ..., class–M users by K1, K2, ...,KM . Based on the

packet models mentioned in Section II, here the system performance in terms of packet success

rate and throughput can be analyzed as follows.
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To evaluate the packet throughput of both VSG and MCD, let us consider the packet success

rate for each class–n packet in a general form

Ps,n (K1,K2, ...,KM) = E

"µ
1− 1

2
erfc

³p
SINRn

´¶L

| K1,K2, ..., KM

#
(28)

where erfc(z) = 2
π

R∞
z
e−x

2
dx is the complementary error function.

Average out (28) with respect to SINRn and use the rules of integration by parts, then we

have

Ps,n (K1, K2, ...,KM) =
1

2L
+

L

2L

∞Z
0

e−z√
πz

£
1 + erf(

√
z)
¤L−1 Pr (SINRn > z) dz (29)

where erf(z) = 1−erfc(z) is the error function.

With (29), the expressions of packet success rate for both VSG and MCD can be obtained by

placing the corresponding Pr(SINRn > z) directly into the equation. For example, substituting

(12) into (29) yields the packet success rate expression for BPSK-modulated VSG CDMA,

P(B-VSG)
s,n (K1,K2, ..., KM) =

1

2L
+

L

2L

∞Z
0

e
−z
�
1+

nS1/Sn
Eb/N0

�
√
πz

£
1 + erf(

√
z)
¤L−1 MY

m=1

VKm

µ
nz

Sn/Sm

¶
dz (30)

while replacing with (24) gives the expression for BPSK-based orthogonal MCD CDMA

P(B-MCD)
s,n (K1,K2, ..., KM) =

1

2L
+

L

2L

∞Z
0

e
−z
�
1+ 1

Eb/N0

�
√
πz

£
1 + erf(

√
z)
¤L−1 MY

m=1

VKm (mz) dz. (31)

Similarly, by applying (27) to (29), the packet success rate for imperfectly orthogonal MCD

is

P(im B-MCD)
s,n (K1,K2, ...,KM) =

1

2L
+

L

2L

1
2σ(n−1)Z
0

⎧⎪⎨⎪⎩e
−z
�
1+ 1

[1−2σ(n−1)z](Eb/N0)

�
√
πz

£
1 + erf(

√
z)
¤L−1 MY

m=1

VKm (mz) dz

)
. (32)

Note that the expressions for QPSK-based VSG/MCD are simply achieved by placing VQ(·)
(readily given in (19)) instead of V(·).
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As a result, the throughput is expressed as

C =
MX
m=1

mKmPs,m. (33)

B. Random Number of Users

In Section IV-A, the packet error rate is analyzed based on the assumption that every user

transmits their packets all time. Therefore we can say that the number of users K1, K2, ...,KM

are also the number of class–1, class–2,..., class–M packets, which are conditionally constant.

However, packet transmissions do not occur all time in practice. A packet is transmitted only

when a user is active. In contrast, there is no transmission during the silent period. In this case,

the number of class–n packets can be modeled as a binomial random variable which is analyzed

as follows.

1) Independent Binomial Distribution: Given the total number of class–n users by Kn, the

probability that there are k active users (k transmitted packets) is

Pr (Kn = k) =

µ
Kn

k

¶
qkn (1− qn)

Kn−k (34)

where qn ∈ [0, 1] is the probability of packet transmission of a class–n user.

Let us consider the case of BPSK VSG. In this case Pr(SINRn > z) can be computed by

Pr(SINRn > z) = E [Pr(SINRn > z | K1,K2, ...,KM)]

= e
−nS1/Sn

Eb/N0
z

MY
m=1

E
∙

VKm

µ
nz

Sn/Sm

¶¸
. (35)

To find the average E
£
VKm (·)

¤
, we apply the fact that, when Km is binomially distributed,

E
£
VKm (·)

¤
= [1− qm + qmV (·)]Km for any function V(·). Then we have

Pr(SINRn > z) = e
−nS1/Sn

Eb/N0
z

MY
m=1

∙
1− qm + qmV

µ
nz

Sn/Sm

¶¸Km

. (36)

Note that we can substitute VQ(·), see (19), into (36) for the Pr(SINRn > z) of QPSK VSG.

Accordingly the average packet success rate can be achieved by applying (36) to (29). Then

the average throughput is given by

CBinomial =
MX

m=1

mqmKmPs,m. (37)
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Hint that Pr(SINRn > z) of MCD CDMA can be similarly obtained by replacing (36) with

(24) for orthogonal MCD and with (27) for imperfect orthogonal MCD, respectively. As a result,

the MCD throughput is given by (37).

To avoid the repetition of presentation, in the rest of this section, we raise the system model

of BPSK VSG as an example for the analysis. Therefore, one should keep in mind that the

performance analyzes of the other system models (i.e. QPSK VSG, perfectly and imperfectly

orthogonal MCD) can be accomplished by the same procedure.

2) Dependent Multinomial Distribution: Based on the previous assumption, each user is

confined to transmit its packets at one particular rate. Now we consider a different case where

every user can operate at various rates 1, 2, ...,M . In this case, the numbers of class–1, class–2,...,

class–M packets are hence dependent and the analysis can be shown as follows.

Consider a multirate VSG CDMA system serving K users, each of which is able to transmit its

packets (one packet at a time) at rates 1, 2, ...,M . p0 is the probability when a user is inactive and

pm is declared as the probability of rate–m transmission such that
PM

m=0 pm = 1. In this scenario,

the numbers of class–1, class–2,..., class–M users can be modeled as dependent multinomial

random variables. Denote K1,K2, ..,KM by the number of active users class–1, class–2,..., class–

M and K0 by the number of inactive users. When K0,K1, ..,KM are dependent multinomial

distributed, for any function V(·) we have

E
£
VK1
1 VK2

2 ...VKM
M

¤
= [p0 + p1V1 + p2V2 + ...+ pMVM ]

K (38)

which is called as the multinomial expansion with the restriction K =
PM

m=0Km [28] .

Apply (38), then Pr(SINRn > z) for multinomial distribution becomes

Pr(SINRn > z) = e
−nS1/Sn

Eb/N0
z

∙
p0 + p1V

µ
nz

Sn/S1

¶
+ ...+ pMV

µ
nz

Sn/SM

¶¸K
. (39)

As a result, the probability of packet success is given by

Ps,n =
1

2L
+

L

2L

∞Z
0

e
−z
�
1+

nS1/Sn
Eb/N0

�
√
πz

£
1 + erf(

√
z)
¤L−1

"
p0 +

MX
m=1

pmV
µ

nz

Sn/Sm

¶#K
dz (40)

and the throughput is

CMultinomial = K
MX
m=1

mpmPs,m. (41)
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3) Infinite Number of Users: Consider the special case when K1,K2, ...,KM → ∞ and

q1, q2, ..., qM → 0, the numbers of transmitted packets become Poisson random variables with

probability density function

Pr(Km = k) =
λkm
k!

e−λm; m ∈ 1, 2, ...,M (42)

where λm = qmKm is the average of class–m packets.

Due to the fact that for any Poisson random variable Y with mean λ, we have E[e−zY ] =

exp [λ (e−z − 1)]. Recall (12), it can be straightforwardly shown that

Pr (SINRn > z) = e
−nS1/Sn

Eb/N0
z
e−

SM
m=1 λm[1−V( nz

Sn/Sm
)]. (43)

As a result, the probability of success is obtained by replacing (43) into (29) and the average

throughput is given by

CPoisson =
MX

m=1

mλmPs,m. (44)

VI. MULTI-CELLULAR SYSTEM

In this section, we extend the scope to multi-cellular scenario where the interferences from the

neighbor cells are also taken into account. Let us consider a VSG CDMA multi-cellular system

as shown in Figure 4.

Denote Pm,j by the power transmitted from a class–m user (the interfering user) in a neighbor

cell, say cell j. The received power at the reference base station, situated at cell 0, can be given

by

Sm,j = Pm,j

£
r2 +D2 − 2rD cos θ

¤−β
2 (45)

where D =
√
3 (for CDMA systems) is the distance, normalized by the cell radius, of two

adjacent base stations. r ∈ [0, 1] is the normalized distance between the interfering user and its

home base station. θ ∈ [0, 2π] is the angle between D and r. β is path loss exponent [29]. Note

that small path loss exponent (β < 3) represents open propagation area, whereas large β stands

for obstructed environment.

Based on the assumption of perfect power control on every cell, the received power of class–1,

class–2,..., class–M at the home base station can be expressed as S1, S2,..., SM respectively.
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Therefore, the recieved power of class–m at the base station j (see BSj in Figure 4) is presented

by

Sm = Pm,jr
−β. (46)

With (46), (45) is thus reduced to Sm,j = Smd
−β(r, θ) where

d(r, θ) =

q
1 + (D/r)2 − 2 (D/r) cos θ. (47)

To simplify the presentation, we assume that every cell has identical number of class–m users

where m ∈ 1, 2, ...,M . Accordingly, the variance of decision variable for multicell is expressed

as

Var [Z0,n | {δk,m}] =
1

G/n

MX
m=1

KmX
k=1

SmRe
2 (hk,m) [1 + 2δk,m(δk,m − 1)]

+
1

G/n

JX
j=1

MX
m=1

KmX
k=1

Smd
−β
k,m,j(r, θ)Re

2 (hk,m,j) [1 + 2δk,m,j(δk,m,j − 1)]

+
nS1

2 (Eb/N0)
. (48)

Follow the analysis that leads to (12), Pr (SINRn > z) becomes

Pr (SINRn > z| r, θ) = e
−nS1/Sn

Eb/N0
z

MY
m=1

VKm

µ
nz

Sn/Sm

¶

·
"

MY
m=1

E
∙

VKm

µ
nz

Sn/Sm
d−β(r, θ)

¶¸#J
. (49)

Relax the conditions on r and θ , then we have

Pr (SINRn > z) = e
−nS1/Sn

Eb/N0
z

MY
m=1

VKm

µ
nz

Sn/Sm

¶

·

⎡⎢⎣ MY
m=1

⎛⎝1
π

2πZ
0

1Z
0

V
µ

nz

Sn/Sm
d−β(r, θ)

¶
rdrdθ

⎞⎠Km
⎤⎥⎦
J

. (50)

Replacing (50) in (29), we achieve the probability of packet success. Then the average

throughput is given by (33).
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Analogously, we can compute the packet success rate of MCD by the same way. For instance,

recall (27), the packet success rate of imperfectly orthogonal MCD is

P(MCD)
s,n =

1

2L
+

L

2L

⎧⎪⎨⎪⎩
1

2σ(n−1)Z
0

e
−z
�
1+ 1

[1−2σ(n−1)z](Eb/N0)

�
√
πz

£
1 + erf(

√
z)
¤L−1 MY

m=1

VKm (mz)

·

⎡⎢⎣ MY
m=1

⎛⎝1
π

2πZ
0

1Z
0

V
£
mzd−β(r, θ)

¤
rdrdθ

⎞⎠Km
⎤⎥⎦
J

dz

⎫⎪⎬⎪⎭ (51)

and the throughput expression is readily given in (33).

VII. NUMERICAL AND SIMULATION RESULTS

This section presents some new numerical and simulation results which are divided into 4 parts.

In the first part, the optimal power selection for multirate VSG CDMA is discussed. The second

part shows different scenarios of random users’ distributions versus the system performance. The

third part addresses the impact of self interferences on the overall throughput of multirate MCD

CDMA. Finally, the degradation on the system throughput, resulting from intercell interferences,

is mentioned in the fourth part.

In this paper, we use packet throughput as the key parameter to measure the system perfor-

mance. Here the throughput is, previously mentioned in (33), defined by the average number of

transmitted packets from class–1, class–2, ...,class–M .

As seen in (33), the throughput is a function of packet success rate. Hence it is important

to firstly assess the accuracy of our proposed expressions of the packet success rate. In Figure

5, we compare our numerical results, derived from (30) for VSG and (31) for MCD, with the

simulation results in (28) which is the average error function of SINR. In our simulation, we

average out over 2,000,000 samples of SINR in order to obtain such reliable results. From the

figure, it is obvious that both numerical and simulation results match up very closely. This allows

us to confirm the accuracy of our proposed explicit expressions.
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A. Optimal Power Selection for VSG CDMA

Let us firstly consider VSG CDMA systems. Refer to (9), the equation can be given in a

shorter form by

SINRn =
G

n

Sn
1

|h0,n|2
PP

Sm · ·

where G and n are respectively the spreading gain and the class–n transmission rate with

respect to class–1 rate. Sn is the power of the desired signal and the denominator repre-

sents interferences and background noise. We can see that SINRn is proportional to G and

Sn but inverse-proportional to the transmission rate n. Hence, the increase of transmission rate

results in deterioration of SINRn. In this regard, most of the previous work (e.g. [31]-[33])

straightforwardly compensates SINR by proportionally increasing the transmission power Sn,

i.e. Sn = nS1. As a result, every class retains the same bit energy which is defined by the ratio
S1
R1
= S2

R2
= ... = Sn

Rn
= E1 = E2 = ... = En [34]. However, the efficiency of this allocation is

quite controversial. Accordingly, it is very of interest to draw a discussion on this issue.

Let us consider a dual-class VSG CDMA system, where class–1 rate represents the basic rate

and class–2 stands for the high rate (m times higher than the basic rate). Denote the spreading

gain G = 500, the number of users K1 = K2 = 20, packet length L = 100 bits, the activity

probabilities q1 = q2 = 1. E1/N0 is the bit energy to Gaussian noise spectral density ratio

of class–1 users which implies the level of background noise (high E1/N0 corresponds to low

background noise). Let S2/mS1 be the power ratio normalized by rate m and be generally given

by S2/mS1 = 1 in the literature [31]-[33].

Figure 6 shows the throughput plotted against the normalized power ratio S2/mS1 for a wide

range of background noise levels (represented by E1/N0) in the case of both BPSK and QPSK

VSG CDMA. Assume that class–2 rate is twice as class–1 then the power ratio becomes S2/2S1.

In the figure, we vary the power ratio from 0.01 to 5. It is found that the optimum ratio

(where the throughput is maximum) is not fixed at 1 but depends on the background noise

level. For instance, when the background noise is high (e.g. E1/N0 = 10 dB), the optimum

power ratio goes around 3. In contrast, the optimum ratio is approximately 1 in low-noise

environment (E1/N0 = 30 dB). Therefore, we can say that the throughput is maximized, in a

noisy environment, when a larger amount of bit energy is allocated to high-rate transmissions.

Otherwise, the equal-bit-energy allocation is the optimum choice when the channel noise is low.
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B. Random Number of Users

In the previous section, the numerical results are computed based on the assumption where the

numbers of users are binomially distributed (see (34)). Here we alternatively show the system

performance in the cases of independent Poisson and dependent multinomial, respectively.

1) Independent Poisson Distribution: Consider a dual-class BPSK-based VSG CDMA with

G = 500, L = 100, E1/N0 = 30 dB and S2/mS1 = 1 where m = 2. Figure 7 shows the

throughput (obtained from (44)) versus the average appearances of class–2 users (λ2) for different

arrival rates of class–1 (λ1).

From the figure, we can determine the optimum class–2 arrival rate (where the throughput is

maximized) for each given class–1 rate (given λ1). For example, when λ1 = 5, the optimum λ2

is 40. This presentation seems straightforward but is actually very useful for system operators

to perform optimal admission so that the overall throughput is maximized.

2) Dependent Multinomial Distribution: Assume there are K users in the system and each of

which can transmit its packets at rates 1, 2, ...,M . Therefore, the numbers of packets distributing

among class–1, ...,class–M are dependently multinomially distributed.

Consider a dual-class VSG with K = 40, G = 500, L = 100 and E1/N0 = 30 dB. Define

p1 and p2 as the probabilities of transmitting class–1 and class–2 packets respectively, then

p0 + p1 + p2 = 1 where p0 is the probability of being inactive.

In Figure 8, we study the effect of rate ratio, i.e. m = R2/R1, on the optimum power ratio

(opt S2/S1). The throughput is plotted against the range of S2/mS1. We varies the rate ratio by

letting m = 2, 3, and 5, then we have 3 different curves in the figure. We can observe that the

optimum points (where the throughput is maximum) of these curves are differently located, i.e.

at m = 2 Opt S2/mS1 = 0.5, at m = 3 Opt S2/mS1 = 0.7 and at m = 5 Opt S2/mS1 = 1.

The result implies that the optimum power ratio goes to unity when the rate ratio is large (that

means when m→∞ then S2/S1 = m = R2/R1 and E2,opt = S2/R2 = S1/R1 = E1). Therefore

we can conclude that, with conditioned E1/N0 (fixed E1/N0), the traditional power allocation

by letting Sm
mS1

= 1 is efficient only when m is large, otherwise this allocation seems excessive.

Figure 9 shows the plot of throughput against the number of users (K) for a 5-class VSG

CDMA system with p0 = 0.4 and p1 = p2 = ... = p5. The normalized rate of class–1, class–2,...,

and class–5 are m = 1, 2, 3, 4 and 5 respectively. The other parameters are unchanged from those

of Figure 8. From the figure, the throughput drops when the number of users in the system is
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excessive. We further observe that the maximum throughput is located differently for individual

E1/N0s, for instance the maximum throughput occurs at K = 35 when E1/N0 = 10 dB whereas

it is at K = 50 when E1/N0 = 20 dB. Straightforwardly, the system can accommodate more

users when the background noise is lower. We further say that this plot also benefits us graphically

selection of the optimum number of users, that maximizes the throughput, at a wide range of

background noise levels.

C. The Impact of Self Interferences on MCD CDMA

Here we study the impact of orthogonality among m sub-streams for MCD CDMA com-

munications. Figure 10 shows the overall throughput against the background noise (E1/N0)

for different values of orthogonality factor σ = 0.1, 0.3, 0.5 and 1.0. As previously mentioned

in Section III, σ = 1 stands for fully losing orthogonality whereas σ → 0 represents perfect

orthogonality. From the figure, we can see that the throughput drops over 40% when σ turns to

unity. This is because, in multipath environment, the lost of orthogonality causes large amplitude

variations on the received MCD sub-signals [35]. Consequently, the amplitude variations leads

to high resultant error rate (when the precoding scheme at the receiver front end is not applied).

On the result in Figure 10, we further observe that the slope of throughput goes to zero

when E1/N0 grows larger. This finding corresponds to that of [36] in the case of match-filter

receivers. This is because a match filter is interference-limited. Based on multiuser information

theory [36]-[37], in a large system (high number of users) where multiple-access interferences

act as a Gaussian random variable, the capacity (or throughput) converges to a limit (which is a

function of E1/N0) regardless of fading distribution. Though the number of users in Figure 10

is not that large, we can see the trend of the curves.

D. Multi-Cellular Environment

This section illustrates the effect of intercell interferences on the system throughput (see Figure

11). Consider a multicell dual-class BPSK-based VSG CDMA system with parameters G = 500,

L = 100, K1 = 10, q1 = q2 = 1, S2/mS1 = 1, Eb/N0 = 30 dB, the path loss exponent β = 3,

and the number of adjacent cells J = 6.

Compared with the single scenario, the system throughput of multicell drops by half when the

intercell interferences are taken into account. It is obvious to say that the system performance in
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single scenario is quite optimistic in practice. Multicell environment is therefore a recommended

issue to be included in any research on cellular communications.

VIII. CONCLUSIONS

In this paper, we have presented an original analytical technique for packet error rate in the

cases of both uplink VSG CDMA and MCD CDMA on Rayleigh fading environment. Based

on the accurate improved Gaussian approximation (IGA), we have derived expressions for the

cumulative probability density function of SINR for binary and quaternary multirate CDMA

packet communications. This has facilitated achieving new exact expressions of packet error

rate as well as throughput that consider bit-to-bit error dependence, optimal power selection

and random users’ distributions in multicellular environment. The proposed expressions have

introduced a new efficient way to accurately investigate the system performance of multirate

CDMA in Rayleigh fading channel. The numerical results have revealed that in a low-noise

environment, for both BPSK and QPSK-based VSG CDMA, the throughput is optimized when

every class retains the same bit energy, i.e. S1
R1
= S2

R2
= ... = SM

RM
= E1 = E2 = ... = EM .

However, in a noisy channel, the throughput is maximized when a larger amount of bit energy is

allocated to high-rate transmissions, e.g. S1
R1

< S2
R2

when R1 < R2. In the case of MCD CDMA,

the results have shown that, in multipath fading with a matched-filter receiver, self interferences

cause a considerable degradation on overall throughput, i.e. the throughput drops to 40% when

the orthogonality among spreaded sub-signals is fully lost.
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MGF-based Performance Analysis for

Wireless Systems in Nakagami Fading
Pongsatorn Sedtheetorn* and Lunchakorn Wuttisittikuljit**

Abstract

This paper proposes an efficient moment generating function (MGF) approach for performance

analysis, in terms of bit error rate and spectral efficiency, for modern wireless systems in Nak-

agami fading. Validated by Monte Carlo simulation, the presented approach provides low-numerical

complexity as well as accurate computation on the performances.

I. INTRODUCTION

This paper presents an efficient technique to compute the system performances, in terms

of bit error rate and spectral efficiency, for modern wireless communications. According to

the system models, signal-to-noise-plus-interference-ratio (SINR) is a key parameter affecting

the performances. In general, SINR is defined as a ratio of SINR= s0
K−1
k=1 sk+η

where η is

additive white Gaussian noise (AWGN) with two-sided spectrum N0/2. s0, s1, ..., sK−1 are

the set of mutually independent non-negative random processes that represent the received

normalised powers of the desired signal (s0) and K−1 interfering signals s1, s2, ..., sK−1. As

a result, the expressions of bit error rate and spectral efficiency are given respectively by [1]

Pe =
1
2
E[erfc(

√
SINR)] and C = KE[log2 (1 + SINR)] which is in the unit of bits/Hz/second.

The direct approach, to average out Pe and C, requires knowledge of the probability

density functions (pdf) of SINR. The resultant error rate and efficiency can be achieved

by integrating K-fold convolution. It is obvious that high numerical effort is needed to

compute Pe. Alternatively, in this work, we introduce an effective approach, by using moment

generating function (MGF), to deal with such the problem. Firstly, let us introduce MGF of

any random variable X, with pdf fX(x), by φX (t) =E
£
etX
¤
=
R∞
−∞e

txfX(x)dx. Then, the

average of X is simply achieved by computing φ́X (0) [2]. This is a clear example showing

*The author is with the Department of Electrical Engineering, Mahidol University, Thailand, Tel. +66 2 889 2138

ext. 6522, Email: egpse@mahidol.ac.th. **The author is with the Department of Electrical Engineering, Chulalongkorn

University, Thailand, Tel. +66 2 218 6908, Email: wlunchak@chula.ac.th.
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that MGF is a very useful technique and widely used to calculate means (and variances) of

such random variables.

Recently, there has been large amount of research on performance evaluation for wireless

communications [3]-[8]. Due to the fact that SINR is a mixture of multi random variables,

most of previous evaluation techniques (e.g. [3]-[5]) are based on the 1st of average, e.g.

Pe =
1

2
erfc

Ãs
E[s0]

(K − 1)E[sk] +N0/2

!
which is classified as the lower bound of exact average. Some of past work [6] has proposed

efficient method to accurately estimate Pe by letting Pe = Pr
³
N0
2
> s0 −

PK−1
k=1 sk

´
=

G
³
s0 −

PK−1
k=1 sk

´
which is the characteristic function of sk’s that can be approximated

by Fourier series. The results therein have shown that small numerical effort is required to

obtain the evaluation. This technique has been developed recently in [7]-[8]. However, it does

not lend itself to derive the average error rate directly from the fractional SINR.

In this paper, we propose a new MGF-based technique to accurately calculate bit error

rate and spectral efficiency of general wireless communication systems in Nakagami fading.

The organisation of this paper is as follows. In Section II, we derive exact expressions for bit

error rate in the cases of both Rayleigh and Nakagami fading. Thereafter, explicit expressions

of spectral efficiency are introduced in Section III. Section IV shows some new numerical

results as well as discussions. Finally the conclusions are drawn in Section V.

II. BIT ERROR RATE

Consider a modern wireless system in which SINR is readily defined in Section I. Without

the loss of generality, we assume that sk for any k = 0, 1, ..., K − 1 is a unit-mean gamma

random variable with probability density function fsk(z) =
zm−1

Γ(m)
mme−mz where 1

2
≤ m <∞

is Nakagami fading index and Γ(m) = (m−1)! is the gamma function. In the case that m = 1,

the probability density function becomes exponential fsk(z) = e−z, for k = 0, 1, ...,K − 1
which models Rayleigh fading [1].

In this section, we firstly derive expressions of the cumulative probability functions of

SINRs in the cases of Rayleigh and Nakagami fading. This benefits us formulating new

exact expressions for bit error rate of both cases.

A. The Special Case: Rayleigh Fading

Let us consider the special case of Nakagami fading when m = 1. In this case, the

received power s0, s1, ..., sK−1 become independent exponential random variables. Then the

Page 2 of 6



3

cumulative probability function, conditioned on s1, ..., sK−1, is

Pr (SINR > z | s1, ..., sK−1) = Pr
(

s0PK−1
k=1 sk + η

> z

)
= e−z[

K−1
k=1 sk+N0/2] (1)

which follows the fact that Pr (X > x) = e−x when x is an exponential random variable. We

can compute (1), when we remove the condition on s1, ..., sK−1, by MGF of the exponential

random variables s1, ..., sK−1

Pr (SINR > z) = e
−zN0
2
QK−1

k=1 V(z) (2)

where

V(z) = E
£
e−zsk

¤
=

1

1 + z
. (3)

Here we can express bit error rate in the case of Rayleigh fading as

Pe =
1

2

∙Z ∞

0

erfc
¡√

z
¢
fz(z)dz

¸
=
1

2

⎡⎣1− ∞Z
0

e−z√
πz
Pr (SINR > z) dz

⎤⎦ (4)

where dPr (SINR > z) = −fz(z)dz. Accordingly, bit error rate for Rayleigh fading environ-

ment can be obtained by placing (1) in (4).

B. General Nakagami Fading

Now we concern the general case when s0 is a unit-mean gamma random variable (due

to the fact that the channel exhibits Nakagami fading). Condition on I =
PK−1

k=1 sk +N0/2,

then the bit error rate for Nakagami fading is

Pe =
1

2

Z ∞

0

erf c
¡√

z
¢ zm−1

Γ (m)
(mI)m e−zmIdz. (5)

Integrate by parts m times, as a result we achieve the bit error rate

Pe =
1

2

∙
1 +

Z ∞

0

ψm (z)φ(mz)dz

¸
(6)

where φ(mz) is the MGF with respect to I and

ψm (z) = −
2

π

Γ
¡
m+ 1

2

¢
Γ (m)

e−z√
z
1F1

µ
1−m;

3

2
; z

¶
(7)

with 1F1 (a; b; z) being the hypergeometric function [9].

It is worth saying that the expression of φ(mz) depends on the random distribution of

the interferences s1, ..., sK−1. For instance, we can determine φ(mz), when s1, ..., sK−1 are

independently exponentially distributed, by

φ(mz) = E
h
e−zm(

K−1
k=1 sk+N0/2)

i
= e−

zmN0
2
QK−1

k=1 V(z) (8)

where V(z) is readily given in (3).
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III. SPECTRAL EFFICIENCY

The spectral efficiency, for Rayleigh fading, can be expressed as

C = K

Z ∞

0

log2(1 + z)fSINR(z)dz = K log2 e

Z ∞

0

Pr (SINR > z)
dz

1 + z
(9)

where Pr (SINR > z) is already mentioned in (2).

In the case of Nakagami fading, we compute (9) by using the following lemma.

Lemma 1: Let u be a random variable having a pdf f (u) = um−1

Γ(m)
mme−mu (which is a

unit-mean gamma random variable with parameter m) and v be any non-negative random

variable that is “independent” of u. Denote z = u/v, then

E [ln (1 + z) |v] =
Z ∞

0

1

z

∙
1− 1

(1 + z)m

¸
φ (mz) dz (10)

where φ (mz) is the MGF of the random variable v.

Proof: Recall Lemma 1 and apply the rules of integration by parts m times, then

E
h
ln
³
1 +

u

v

´
|v
i
=

Z ∞

0

½
1

Γ(m)

dm

dzm
zm−1 ln (1 + z)

¾
e−zmvdz. (11)

Consider ([9];15.1.3) which is ln (1 + z) = z 2F1 (1, 1; 2;−z) with 2F1 (., .; .; .) being the

Gauss hypergeometric function. Next apply ([9];15.2.3) to get

1
Γ(m)

dm

dzm
zm−1 ln (1 + z) =

1

Γ (m)

dm

dzm
zm 2F1 (1, 1; 2;−z) = m 2F1 (1 +m, 1; 2;−z)

= m

Z 1

0

(1 + tz)−(m+1) dt =
1

z
− 1

z (1 + z)m
(12)

where ([9];15.3.1) was used in the third line of (12). Eventually we place (12) into (11).

Apply (10), then the resultant spectral efficiency, in Nakagami fading channel, is

C = K (log2 e)E [ln (1 + z) |I] = K log2 e

Z ∞

0

1

z

∙
1− 1

(1 + z)m

¸
φ (mz) dz (13)

where φ (mz) is the MGF of I =
PK−1

k=1 sk +N0/2.

IV. NUMERICAL AND SIMULATION RESULTS

This section presents some new numerical and simulation results. Here the major concern

is to validate our proposed expressions in (6) and (13) with the Monte Carlo simulation

for bit error rate and spectral efficiency, respectively. To achieve such reliable results, we

average out over 2,000,000 samples of SINR of a wireless network in which signal-to-noise

ratio (SNR= s0/N0), which represents the background noise, is 3 dB.

Figure 1 and 2 show respectively the bit error rate and spectral efficiency versus the number

of users at a wide range of Nakagami fading indices m’s where m is the degree of freedom
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of Nakagami distribution. It is important saying that m = 1 represents Rayleigh fading in

which no line-of-sight exists between the transmitter and the receiver. In contrast, the fading

effect subsides when m goes large. From the figures, our exact numerical results match up

the simulation results very closely. This allows us to confirm the accuracy of our proposed

expressions in (6) and (13).

V. CONCLUSIONS

In this paper, we have proposed an effective approach to accurately evaluate bit error rate

and spectral efficiency of a modern wireless system in Nakagami fading. Based on MGF

technique, we have derived cumulative probability functions of SINRs which has facilitated

us to introduce original exact expressions for bit error rate and spectral efficiency. Validated

with Monte Carlo simulation, the proposed expressions have required low numerical effort,

compared with the known direct approach, to compute such the performances of wireless

systems in Nakagami fading channel.
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Theoretical Analysis on Bit Error Rate of VSG
CDMA in Nakagami Fading

Pongsatorn Sedtheetorn*, Khairi Ashour Hamdi**, and Lunchakorn Wuttisitikuljit***

Abstract

This paper presents an efficient analytical method for bit error rate of variable spreading gain code division
multiple access (VSG CDMA) in Nakagami fading environment. Based on improved Gaussian approximation (IGA)
technique, the signal-to-interference-plus-noise-ratio (SINR) is firstly derived. Then we introduce an indirect method
to express the bit error rate in a closed form. Validated by the simulation, the proposed expression benefits us to
accurately investigate the impacts of channel’s conditions, power allocations, and characteristics of random users’
distributions on the bit error performance.

Index Terms

bit error rate, VSG CDMA, Nakagami fading, wireless communications

I. INTRODUCTION

In this paper, we focus on theoretical analysis on bit error rate of VSG CDMA in Nakagami fading
channel. Over the past decades, there have been many publications on the related research area as follows.

We start from the pioneers on this research area [1]-[3]. Bit error rate for CDMA systems is analyzed
in [1]-[2] and then standard Gaussian approximation (SGA) technique is proposed in [3] to estimate the
error rate. This technique has been used widely (e.g. [4]-[5]) due to its simplicity. However, SGA becomes
very optimistic compared with the actual error rate especially in the cases of low spreading gain or few
interferers [6]. Morrow et al has introduced improved Gaussian approximation (IGA) technique [6] where
bit error rate can be accurately obtained by integrating K–fold over the probability density functions of K
multiple access interferences (MAIs). This technique nontheless requires very high numerical effort. To
reduce the numerical comlexity, Holtzman [7] has presented simplified improved Gaussian approximation
(SIGA) in which the K-fold integral is approximated by the well-known expansion in differences (Stirling
formula). It is found that SIGA is a good trade-off between SGA and IGA in terms of accuracy and
simplicity.

In [8]-[10], a precise bit error rate (non-Gaussian) approximation in Nakagami fading has been proposed.
The error rate expression is in a single-integral form where the integrand is the characteristic function
of MAIs. The proposed expression seems simple but actually needs considerable numerical computation.
This is because the characteristic function of each interference is a summation of the recursive functions
of spreading sequences (see [8, eq. (7)-(10)]). Consequently, this technique is only practical to some small
systems with a few subscribers.

Without any penalty on the accuracy, there is an approximation technique, which has been proposed
recently in [11]-[12]. Furthermore, this technique is applicable to both non-packet and packet-based
communication (e.g. [13]-[14]). However, it is confined to a special case of multipath fading, i.e. Rayleigh
fading. Based on our literature survey, there has been no work dealing with bit error rate evaluation for
multirate variable spreading gain CDMA (VSG CDMA).

This paper introduces an efficient method to analyze and then propose a new closed-form expression for
bit error rate of VSG CDMA in Nakagami fading. Validated with Monte Carlo simulation, the proposed

*The author is with the Department of Electrical Engineering, Mahidol University, Thailand, Tel. +66 2 889 2138 ext. 6522, Email:
egpse@mahidol.ac.th. **The author is with the School of Electrical & Electronic Engineering, The University of Manchester, United Kingdom,
Tel. +44 161 306 4728, Email: k.hamdi@manchester.ac.uk. ***The author is with the Department of Electrical Engineering, Chulalongkorn
University, Thailand, Tel. +66 2 218 6908, Email: lunchakorn_w@ee.eng.chula.ac.th.
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expression facilitates us to accurately study the effects of channel’s conditions, power allocation, and the
characteristics of users’ distributions on the bit error performance.

The organization for the rest of this paper is as follows. Section II shows the system model of VSG
CDMA in Nakagami fading. In Section III, an efficient analytical method is introduced and then a new
closed-form expression of bit error rate is proposed. The analysis is also extended to consider different
characteristics of users’ random distributions in Section IV. In Section V, the numerical and simulation
results are discussed. Finally the conclusions are presented in Section VI.

II. SYSTEM MODEL

Consider a multirate (multi-class) VSG CDMA network in Nakagami fading environment. There are L
classes of users with different transmission rates R1, R2, ..., RL. Without loss of generality, class–1 rate
is defined as the lowest rate, which is so-called the basic rate, and class–l rate is then given by Rl = lR1,
l = 1, 2, ..., L.

For the sake of perfect power control, the received power at the base station from a class–l user is
a gamma random variable (which models Nakagami fading), given by the transmitted power Sl, l =
1, 2, ..., L. Let the matched-filter receiver of a mobile user be locked onto an arbitrary reference signal.
Denote r(t) be the composite signal at the receiver front end, we have

r(t) = vm,0(t) +
LX
l=1

KlX
k=1

vl,k(t− τ l,k) + n(t) (1)

where vm,0(t) is the reference class–m signal 0. vl,k(t − τ l,k), k = 1, 2, ...,Kl is the interfering signal
from class–l user k with τ l,k being the multipath delay with respect to vm,0(t). n(t) is the additive white
Gaussian noise with two-sided power spectral density N0/2.

In the case of binary VSG CDMA, the reference signal can be expressed as [3]

vm,0(t) = hm,0

p
Smbm,0(t)am,0(t) (2)

where hm,0 is the complex channel gain that represents Nakagami fading with E[hxh∗y] = 1 for x = y and
E[hxh∗y] = 0 for x 6= y. bm,0(t) =

P∞
i=−∞ birect(t− iTb/m) is the rectangular waveform of class–m data

bit stream. Note that {bi} is a sequence of independent and identically distributed random variables (i.i.d
RVs) that take values on {−1,+1} with equal probability. Tb is the bit transmission time.
am,0(t) =

P∞
i=−∞ aiψ(t − iTb/G) are the signature sequence signals. G is the processing gain which

is equal to the number of chips per bit duration. Tb/G is the chip interval which is identical for all
classes. ψ(t) is an arbitrary chip waveform function which is assumed to be time limited in [0, Tb/G] and
normalized such that 1

Tb/G

R Tb/G
0

|ψ(t)|2 dt = 1.
Accordingly, the normalized decision variable of bit i of the reference signal is

Zm,0,i = Re{± |gm,0|
p
2Sm +

LX
l=1

KlX
k=1

p
2Sle

−j arg(hm,0)gl,kWl,k + η}

where η is the complex Gaussian random variable with variance N0
2(Tb/m)

. gm,0 is the power gain of class–m
signal 0 which is a unit-mean gamma i.i.d RV. Wl,k, l = 1, ..., L; k = 1, ...,Kl is the multiple access
interference component in the interval [iTb/m, (i + 1)Tb/m] of the reference bit i with respect to the
interfering class–l signal k [3], which is equal to

Wl,k =
1

Tb/m

(i+1)Tb/mZ
iTb/m

bl,k(t− τ l,k)al,k(t− τ l,k)am,0(t)dt. (3)
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Based on improved Gaussian approximation technique (IGA) [3]-[6], when G >> 1, Wl,k can be
accurately approximated by a set of conditionally independent zero-mean Gaussian random variables
with the conditional variance [3]

Var
³
Wl,k | {δl,k}L,K

´
=

1

G/n

£
ρ2 (δl,k) + ρ̂2 (δl,k)

¤
(4)

where
δl,k = τ l,k −

Tb
G

¹
τ l,k
Tb/G

º
(5)

is the time offset which is uniformly distributed over [0, 1]. ρ(·) and ρ̂(·) are defined as the continuous
partial correlation functions of the chip wave form, i.e. ρ̂(τ) = 1

Tb/G

R Tb/G
τ

ψ(t)ψ(t − τ)dt and ρ(τ) =

1− ρ̂(τ).
With (4), we obtain, when we condition on {hl,k, δl,k}L,K , the conditionally distributed Gaussian variance

of the decision variable by

Var
h
Zm,0 | {gl,k, δl,k}L,K

i
=

1

G/m

LX
l=1

KlX
k=1

Slgl,k
£
ρ2 (δl,k) + ρ̂2 (δl,k)

¤
+

N0

2(Tb/m)
. (6)

Therefore, signal-to-interference-plus-noise-ratio (SINR) experienced by a class–m signal is

SINRm =
1

2

E2 [Zm,0]

Var [Zm,0]

=
Smgm,0

2
G/m

LP
l=1

KlP
k=1

Slgl,k
£
ρ2 (δl,k) + ρ̂2 (δl,k)

¤
+ mS1

(E1/N0)

. (7)

where E1 = S1Tb is the class–1 energy per bit interval.

III. THE ANALYSIS

In this section, we introduce an original analysis on bit error rate (BER) of VSG CDMA in Nakagami
fading. Firstly, let us define the expression of bit error rate as

Pe =
1

2
E
h
erfc

³√
SINR

´i
(8)

where SINR is readily given in (7).
The direct approach to compute (8) requires full knowledge of the probability density functions (pdfs)

of the power gains. The resultant expression can be achieved by KL−fold integrations over (8) which
consume very high numerical effort. In this paper, we propose an efficient approach to obtain a simple-form
expression of the error rate as follows.

Let M = 2
G/m

PL
l=1

PK
k=1

Sl
Sm

gl,k
£
ρ2 (δl,k) + ρ̂2 (δl,k)

¤
+ S1

Sm
m

SNR where SNR = E1/N0 stands for signal-
to-noise ratio. Then, SINRm becomes conditionally unit-mean gamma distributed (due to gm,0) with pdf

fSINR (z | M) =
zu−1

Γ (u)
uue−uz (9)

where 1
2
< u <∞ is Nakagami fading index (which is assumed to be integer in this work) and Γ (u) =

(u− 1)! is the gamma function. Accordingly, (8) is given by

1

2
E
h
erfc

³√
SINR

´¯̄̄
M
i
=
1

2

Z ∞

0

erfc
¡√

z
¢ zu−1
Γ (u)

(uM)u e−zuMdz. (10)
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Apply the rules of integration by parts u times, then we have

1

2
E
h
erfc

³√
SINR

´¯̄̄
M
i
=
1

2

(
u−1X
j=0

h
αj(z) (uM)u−j−1 e−zuM

i∞
0
+

Z ∞

0

αu(z)e
−zuMdz

)
(11)

where
αj(z) =

1

Γ (u)

dj

dzj
zu−1 erfc (z) . (12)

Due to that fact that erfc (z) = 1− 2z√
π 1F1

¡
1
2
; 3
2
;−z2

¢
with 1F1 (a; b; z) being the hypergeometric function

[15]. It is straightforward to prove that αj(z) = 0 for j = 0, 1, .., u− 1 and

αu(z) =
1

Γ (u)

du

dzu
z
1
2
+u−1

1F1
µ
1

2
;
3

2
;−z

¶
= −2

π

Γ
¡
u+ 1

2

¢
Γ (u)

e−z√
z
1F1

µ
1− u;

3

2
; z

¶
(13)

where the second line is reduced to the third line by Kummer transformation [15].
Therefore the bit error rate of class–l is

Pe|l =
1

2

∙
1 +

Z ∞

0

αu(z)MGF(M)dz

¸
(14)

where MGF(M) = E
£
e−zuM

¤
is the moment generating function of M.

Next we calculate MGF(M). Assume that the chip waveform function is rectangular, then (4) becomes
[3]

Varrect

³
Wl,k | {δl,k}L,K

´
=

1

G/m
[1 + 2δl,k (δl,k − 1)] . (15)

At this point, we have

MGF
³
M | {δl,k}L,K

´
= E

∙
e
−zu 2

G/m

Sl
Sm

gl,k[1+2δl,k(δl,k−1)]+ mS1
SmSNR

¸
= e−

mS1
SmSNRzu

LY
l=1

KlY
k=1

1³
1 + 2zu

G/m
Sl
Sm
[1 + 2δl,k(δl,k − 1)]

´u (16)

which is based on the fact that gl,k’s are unit-mean gamma random variables with index u.
To remove the condition on {δl,k}L,K , one needs to integrate the fraction 1/[1+ 2zu

G/m
Sl
Sm
{1+2δl,k(δl,k−

1)}]u, with respect to δl,k, over [0, 1]. Mathematically, it is impossible to derive a closed-form expression
of MGF(M) for u = 1, 2, ... (see the solution in [16] pp. 149-150). Some past work (e.g. [21]) therefore
considers the special case where gl,k’s are negative exponential random variables (which models Rayleigh
fading). Accordingly, the exponent u becomes unity and the closed form of MGF(M) is hence obtained.
To the best of our knowledge, there is no work presenting an explicit closed-form expression of MGF(M).

In this work, we instead take the first order average of uniform RV δl,k in (15)

Varrect (Wl,k) =
1

G/m
E [1 + 2δl,k (δl,k − 1)] =

2m

3G
. (17)

Then, the average value is placed into (16). This yields a closed-form expression of the moment generating
function of MAIs as

MGF(M) = e−
mS1
SmSNR zu

LY
l=1

VKl

µ
Sl/Sm
G/m

z

¶
(18)

where
V (z) =

1

(1 + 4zu/3)u
. (19)

Note that the approximation in (17) has been used widely in CDMA performance analysis e.g. [17]-[20].
As a result, the expression of bit error rate is obtained by placing (18) in (14).
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IV. USERS’ DISTRIBUTIONS

In the previous section, the numbers of users K1,K2, ..., KL are assumed to be conditionedly constant
(fixed). Here we consider more practical cases as follows.

A. Independent Binomial Distribution
In practice, users do not transmit their signals all time. A signal transmission occurs only when the user

is active. Let ql ∈ [0, 1] be the active probability of a class–l user. Assume K1, K2, ...,KL are mutually
independent, then the probability that there are k active class–l users is

Pr (Kl = k) =

µ
Kl

k

¶
qkl (1− ql)

Kl−k (20)

which is binomially distributed.
In this case, (18) is

MGFBin(M) = e−
mS1
SmSNRzu

LY
l=1

E
∙
VKl

µ
Sl/Sm
G/m

z

¶¸
. (21)

To find the average E
£
VKl (·)

¤
, we apply the fact that, when Kl is binomially distributed, E

£
VKl (·)

¤
=

[1− ql + qlV (·)]Kl for any function V(·). Then we have

MGFBin(M) = e−
mS1
SmSNR zu

LY
l=1

∙
1− ql + qlV

µ
Sl/Sm
G/m

z

¶¸Kl

. (22)

Accordingly, bit error rate, in the case of binomial distribution, can be achieved by placing (22) into
(14).

B. Dependent Multinomial Distribution
Based on the previous assumption, each user is confined to transmit its signals at one particular rate.

Now we consider a different case where every user can operate at various rates R1, R2, ..., RL. In this
case, K1, K2, ...,KL are hence dependent and the analysis can be shown as follows.

Consider a multirate VSG CDMA network serving K users, each of which is able to operate at rates
R1, R2, ..., RL. p0 is the probability when a user is inactive and pl is the probability of a class–l transmission
such that

PL
l=0 pl = 1. In this regard, K1, K2, ...,KL can be modeled as dependent multinomial random

variables. Denote K0 by the number of inactive users. When K0, K1, .., KL are dependent multinomial
distributed, for any function V(·) we have

E
£
VK1
1 VK2

2 ...VKL
L

¤
= [p0 + p1V1 + p2V2 + ...+ pLVL]

K (23)

which is called as the multinomial expansion [22] with the restriction K =
PL

l=0Kl.
Apply (23) to (18), then we have

MGFMul(M) = e−
mS1
SmSNRzu

∙
p0 + p1V

µ
S1/Sm
G/m

z

¶
+ p2V

µ
S2/Sm
G/m

z

¶
+ ...+ pLV

µ
SL/Sm
G/m

z

¶¸K
. (24)

C. Poisson Distribution
Consider the special case when K1,K2, ...,KL → ∞ and q1, q2, ..., qL → 0, the numbers of users

become Poisson random variables with pdf

Pr(Kl = k) =
λkl
k!
e−λl ; l ∈ 1, 2, ..., L (25)

where λl = qlKl is the average of class–l users.
Due to the fact that for any Poisson random variable Y with mean λ, we have E[e−zY ] = exp [λ (e−z − 1)].

Recall (18), it can be straightforwardly shown that

MGFPoi(M) = e−
mS1
SmSNRzue

− L
l=1 λl 1−V Sl/Sm

G/m
z

. (26)
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V. NUMERICAL AND SIMULATION RESULTS

In this section, we presents some new numerical results, compared with simulation results, and dis-
cussions. Consider a dual-class VSG CDMA network in Nakagami fading environment. Class–2 rate is
assumed to be twice as class–1 rate (the basic rate). Also class–2 power is double to class–1, i.e. S2 = 2S1,
such that bit energy of both classes retains the same level, E1 = S1

R1
= S2

R2
= E2 [23]-[24]. Based on

this configuration where E1 = E2, our numerical and simulation results reveal that the bit error rates of
class–1 and class–2 are identical (the graphical presentation is omitted due to the limit of submission
pages). Therefore, in Figure 1-2, we instead show the overall error rate along with the system parameters
such as SNRs, fading indices, and random users distributions. Finally, in Figure 3, we study the impact
of power allocation (S2and S1) on the error rates of class–1 and class–2.

Assume the numbers of class–1 and class–2 users are binomially distributed where K1 = K2 = 10
and q1 = q2 = 0.5. Figure 1 shows the bit error rate versus SNR for different Nakagami fading index
u = 1, 2, 3, 5. It is well known that small fading indices correspond to severe fading whereas u → ∞
stands for non-fading channels. Furthermore, SNR represents the condition of channel, i.e. high SNR
means low background noise in the channel and vice versa. From the figure, our results positively support
the mentioned statements. However, the major concern of Figure 1 is to validate the numerical results
from our proposed expression in (14) and (22) with the simulation. Based on our simulation, we average
out (8) from 2,000,000 samples of SINRs so that the outcomes are accurate and reliable. It is obviously
found that the numerical results match up very closely to the simulation.

Figure 2 compares the bit error rates of 3 systems with different random users distributions, i.e. Binomial,
Poisson, and Multinomial distributions. For the sake of fairness, every system, in the same environment
at SNR = 10 dB, has equal offered load as follows; q1 = q2 = 0.5 with K1 = K2 = 10 for the Binomial
system, λ1 = λ2 = 5 for Poisson, and p1 = p2 = 0.5 with K = 20 for Multinomial. From the results, the
error rates of the Binomial and Poisson systems, where the users are independent distributed, are nearly
identical. However, the error rate of the Multinomial system is obviously higher than the other systems
due to the dependency of class–1 and class–2 transmissions.

Figure 3 illustrates the impact of class–2 power allocation on the error rates. As mentioned earlier, the
error rates of class–1 and class–2 are identical when the bit energy of both classes remains the same.
Here the class–1 power is fixed at S1 and then the class–2 power S2 is varied as the multiple times of
S1. Let Nakagami fading index u = 3 and SNR = 10 dB. Then we keep the other system parameters as
the same as in Figure 1. The result shows that the bit error performance of class–2 can be improved by
increasing the power allocation on S2. Inevitably, this power adjustment degrades the bit error performance
of class–1. Consequently, we can conclude that, in VSG CDMA, the quality of service, in terms of bit
error rate, of each individual class can be arbitrarily controlled by power allocation. It is worth saying
that the impact of power allocation on bit error performance of VSG CDMA is never mentioned in the
literature.

VI. CONCLUSIONS

This paper has proposed an efficient (indirect) method for bit error rate analysis of a VSG CDMA
network in Nakagami fading channel. Based on IGA, we have derived the SINR and then introduced a
non-conventional method to compute the bit error rate. This has facilitated us to express the error rate in a
new closed form. Validated by the simulation, the proposed expressions have yielded some new accurate
and useful numerical results. The results have revealed that the dependency among class–1, ...,class–l users
degrades the overall bit error performance. We have further found that the error rates of individual classes
can be controlled by the power allocation. This benefits us to arbitrarily direct the quality of service (in
terms of bit error rate) of each class.
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Fig. 1. The bit error rate against signal-to-noise-ratio (SNR) for a wide range of Nakagami fading index u = 1, 2, 3, 5 with G = 200.
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Fig. 2. The bit error rate against Nakagami fading index u with G = 200,SNR = 10 dB.
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