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Abstract 
The aim of this project is to consider and study a new iterative scheme for solving the 

generalized equilibrium problems and fixed point problems. We plan to fine common solutions of 
fixed points of the generalized equilibrium problems and fixed point problems and also construct and 
discuss the convergence criterion for the iterative algorithm. Moreover, we will apply our results to 
generalized  equilibrium problems.   

In the first year, we will study and discuss some important basic results and consider 
some new theorems about the general iterative scheme for generalized  equilibrium problems in the 
Hilbert spaces. 

In the second year, we will focus our study to the heart of our project, that is, we will 
consider the general iterative scheme for generalized  equilibrium problems in the Banach spaces. 

In conclusion, we point out that the results of this project are the extension and 
improvements of the earlier and recent results in this field. Much work is needed to develop this 
interesting subject. 
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บทคัดยอ 
จุดประสงคของงานวิจัยนี้ คือ การศึกษากระบวนการทําซ้ําเพื่อหาผลเฉลยของปญหาดุลยภาพทั่วไป

และปญหาจุดตรึง โดยจะหาผลเฉลยรวมกันของเซตดุลยภาพทัว่ไปเซตของจุดตรึงโดยใชเทคนิดการลูเขา
ของกระบวนการทําซํ้า และจะไดเสนอการประยุกตใชปญหาดังกลาว 

โดยในปแรกจะไดศึกษาพื้นฐานของกระบวนการทําซ้ําและปญหาดุลยภาพทั่วไปในปริภูมิฮิลเบริต ใน
ปที่สองจะไดศึกษาปญหาดังกลาวขางตนในปริภูมิบานาค 

ผลที่ไดรับจากการศึกษานีค้ือการขยายและปรับปรุงผลงานวิจัยของนักวิจัยหลายๆ ทานเพื่อพัฒนา
องคความรูใหดีขึ้น 

 

คําสําคัญ : วธิีการประมาณคาแบบทําซ้ํา / ปญหาอสมการเชิงแปรผัน/ปญหาเชิงดุลยภาพ/ ปญหาดุลยภาพ
ทั่วไป/ ปญหาจุดตรึง/ การสงแบบไมขยาย / ปญหาคาเหมาะสมที่สุด 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Executive Summary 
 

1. บทคัดยอเปนภาษาอังกฤษ 
Abstract 

Title: Fixed point theorem of iterative schemes for solving the generalized equilibrium     
          problems and fixed point problems 
 

The aim of this project is to consider and study a new iterative scheme for solving the 
generalized equilibrium problems and fixed point problems. We plan to fine common solutions of 
fixed points of the generalized equilibrium problems and fixed point problems and also construct and 
discuss the convergence criterion for the iterative algorithm. Moreover, we will apply our results to 
generalized  equilibrium problems.   

In the first year, we will study and discuss some important basic results and consider 
some new theorems about the general iterative scheme for generalized  equilibrium problems in the 
Hilbert spaces. 

In the second year, we will focus our study to the heart of our project, that is, we will 
consider the general iterative scheme for generalized  equilibrium problems in the Banach spaces. 

In conclusion, we point out that the results of this project are the extension and 
improvements of the earlier and recent results in this field. Much work is needed to develop this 
interesting subject. 
 

2.  ความสําคัญและที่มาของปญหาที่ทําการวิจัย 
 ปญหาสภาพคงที่ (equilibrium problems (EP)) นับไดวาเปนเร่ืองที่มีการศึกษากันอยางตอเน่ือง 
โดยไดนําไปประยุกตใชในสาขาวิทยาศาสตรประยุกตหลายแขนง เชน ฟสิกส  เคมี ชีววิทยา และในสาขาวิชา
เศรษฐศาสตร โดยในสาขาวิชาเศรษฐศาสตรนี้ไดมีการศึกษากันอยางตอเน่ือง เชน การศึกษาสมดุลทาง
การตลาด (market equilibrium) เปนตน 

ปญหาสภาพคงที่ (EP) ไดเริ่มมีการศึกษาบนปริภูมิฮิลเบิรต (Hilbert space) ในป ค.ศ. 1994  และ
หลังจากนั้นเปนตนมาการศึกษาและพัฒนาเกี่ยวกับหัวขอดังกลาวจึงไดมีมาอยางตอเน่ือง เน่ืองจากความรูที่
ไดจากการศึกษาปญหาสภาพคงที่เปนพ้ืนฐานที่สามารถนําไปประยกุตใชใหเปนประโยชนไดในศาสตร
หลายๆแขนงวิชาทั้งวิทยาศาสตรบริสุทธิ์และวิทยาศาสตรประยุกต เชน physics (especially, mechanics), 
chemistry (chemical equilibrium), economics (market equilibrium) เปนตน  
 ซึ่งตอมานักคณิตศาสตรไดสนใจศึกษาปญหาสภาพคงที่ (EP) กันอยางตอเน่ือง โดยไดศึกษารวมกับ
ปญหาจุดตรึง (fixed  point  problems)  ซึ่งนับไดวาเปนแขนงที่สําคัญแขนงหนึ่งในสาขาของการวิเคราะห
เชิงฟงกชัน (functional analysis)  ในการคิดคนทฤษฎีเพ่ือหาองคความรูใหมๆ  นั้นนับวามีประโยชนเปน
อยางมากตอทางวิชาการ และการพัฒนาประเทศ     เปนที่ยอมรบัวาทฤษฎีและองคความรูใหมๆ ที่เกิดจาก
การวิจัยนั้น  นอกจากจะมีประโยชนอยางมากในการพัฒนาความรูเชิงวิชาการในสาขาและแขนงตางๆน้ันแลว   



บางครั้งยังสามารถนําไปประยุกตในสาขาอื่นๆ  ทางวิทยาศาสตรพ้ืนฐาน (basic  science) อันถือเปน
พ้ืนฐานในการพัฒนาประเทศชาติตอไป 
 ทฤษฎีจุดตรึงนับวาเปนแขนงหนึ่งที่สามารถประยุกตไดอยางกวางขวาง   โดยเฉพาะอยางยิ่งตอ
การศึกษาเกี่ยวกับ    การมีคําตอบของสมการตางๆ (existence of solution) และ  การมีเพียงคําตอบ
เดียว ของสมการ (uniqueness  of solution)    ตลอดจนการคิดคนหาวิธใีนการประมาณหาคําตอบของ
สมการตางๆ       ดังนั้นการศึกษาทฤษฎตีางๆ ทีเ่กี่ยวของกับการมีจุดตรึงของการสงแบบไมเปนเชิงเสน
ตางๆ และการหาระเบียบวิธตีางๆ ทีใ่ชในการประมาณคาคําตอบนั้นจึงเปนหัวขอที่มีนักคณิตศาสตรจํานวน
มากใหความสนใจศึกษาคนควาวิจัย ซึง่จากการศึกษาที่ผานมาพบวาการศึกษาทฤษฎีจุดตรงึมีความสัมพันธ
ใกลชิดตอการศึกษาปญหาสภาพคงที่ (EP) โดยไดมีนักคณิตศาสตรจํานวนมากสนใจศึกษา  คดิคน ระเบียบ
วิธีการทําซ้ําของจุดตรึง(Fixed-point Iterations) ตางๆที่ใชในการหาคําตอบ และ ประมาณคําตอบ เชน การ
ทําซ้ําแบบฮาลเพิล (Halpern iterative)    วิธีการกระทําซ้ําไฮบริด (hybrid method iterative) ระเบียบวธิีของ
การกระทําซ้ําแบบมาน หรอื การกระทําซ้ํา 1 ขั้นตอน (Mann iteration  or one-step iterations)    การ
กระทําซ้ําแบบอิชิคาวา  หรือการกระทําซ้ํา 2 ขั้นตอน (Ishikawa iteration or two-step iterations ) เพ่ือ
นําไปประยุกตใชเกี่ยวของกับการแกปญหาขีดต่ําสุด ( minimization problem (MP) )  ปญหาอสมการแปร
ผัน (variational inequalities problem  (VIP))  ปญหาความเปนไปไดแบบคอนเวกซ (convex feasibility 
problem (CFP))   และปญหาสภาพคงที่ (equilibrium problem (EP))  

การศึกษาเกี่ยวกับการกระทําซ้ําของจุดตรึงนั้นมีองคประกอบหลักที่สําคัญย่ิงคือ องคประกอบในเรื่อง
ของฟงกชันหรือบางครั้งเรียกวา การสง (mapping)  เพ่ือใชในกระบวนการพิจารณา การลูเขาของการกระทาํ
ซ้ําของจุดตรึงไปยังจุดตรึงจุดหนึ่งของการสง ซึ่งถูกเรียกวา จุดตรงึ(Fixed point) และตวัอยางของการสง
แบบตางที่สําคัญเชน  nonexpansive mappings,  asymptotically nonexpansive mappings, 
asymptotically quasi-nonexpansive mappings, k-strict pseudo-contraction mappings,  asymptotically 
k-strict pseudo-contraction mappings เปนตน ซึ่งสามารถแสดงความสัมพันธไดดังนี้ 
 
 
 
 
 
 
 

 
 
จากตัวอยางขางตนและมีผลงานวิจัยอีกมากมาย ทําใหเกดิความตื่นตัวกันมากในวงการของการ

วิเคราะหเชิงฟงกชัน โดยเฉพาะในเรือ่งของการกระทําซ้ําของจุดตรึง ทําใหนกัคณิตศาสตรไดศึกษาทฤษฎี
บทที่เกีย่วกบัการกระทําซ้ําของจุดตรึงมากขึ้น โดยไดมีการพัฒนาคิดคนและวิจัยเกี่ยวกับดานนี้กันอยาง
ตอเน่ือง 
  จากความสําคญัที่กลาวมาขางตนจะเห็นวาทั้งการศึกษาความเกี่ยวของระหวางปญหาสภาพคงที่ 

Nonexpansive 
mappings 

Asymptotically nonexpansive 
mappings 

  A asymptotically quasi-nonexpansive 
mappings 

k-strict pseudo-contraction  
mappings  

 Aasymptotically k-strict pseudo-
contraction  



(EP)  และการศึกษาเกี่ยวกับการหาจุดตรึงของการสงแบบไมขยายถือวาเปนการศึกษาทีเ่ปนประโยชนอยาง
ยิ่ง ดังนั้นในโครงการวิจัยนี้ผูดําเนินการวิจัยจึงมีความสนใจที่จะศกึษาการทําซ้าํเพื่อใหไดองคความรูใหมที่
นาสนใจเพื่อใชในการแกปญหาสภาพคงที่ (EP) และปญหาจุดตรึง ตามที่กลาวไวขางตน 

 

3.  วัตถุประสงคของโครงการ 
5.1 คิดคนทฤษฎีและองคความรูใหมๆ เพ่ือการคนหากระบวนวธิีทาํซ้ําและพิสูจนทฤษฎีการลูเขา 
     อยางออนและอยางเขมสําหรับการสงแบบไมเปนเชงิเสน  
5.2 นําผลไปใชประยุกตเกี่ยวกับปญหาสภาพคงที่ (EP), (VIP) และ (GEP) 
 

4. ระเบียบวธีิวิจัย 
 8.1 ศึกษาความรูตางๆ เกี่ยวกับคุณสมบัติของปริภูมิบานาคและปริภูมิฮิลเบิรตจากเอกสารที่ 
               เกี่ยวของ 
 8.2 คนควาหาเอกสาร  ตํารา วารสาร และ เอกสารสิ่งพิมพที่เกี่ยวของกับงานวิจัยที่กําลังดําเนนิการ            
               วจัิยอยูจากแหลงขอมูลตางๆ  
 8.3 โดยการอาศัยความรูพ้ืนฐานที่ไดจากการศึกษาตามระเบียบวิธตีามขอ 8.1 –  8.2  และ 
               ประสบการณทีไ่ดจากการแลกเปลี่ยนความคิดเห็นและปรึกษากับนักวิจัยที่มีความเชี่ยวชาญหา 
               แนวทางในการคิดคนทฤษฎีใหมๆ ตามวัตถุประสงคที่กาํหนดไวในหัวขอ 5.1 และ 5.2 
 

5. แผนการดําเนินงานตลอดโครงการวิจัยและผล (output) ที่จะได   
 

กิจกรรมและขั้นตอนดําเนินงาน                   2553 (6 เดือนแรก) 

   1   2   3   4   5   6 

1. คนควาหาเอกสารที่เกี่ยวของ       

2. ศึกษาพ้ืนฐานเกี่ยวกับคุณสมบัติการลูเขาของวิธีการ
ทําซ้ํา จากเอกสาร ที่เกี่ยวของพรอมทั้งปรึกษานักวิจัย
ที่ปรึกษา 

      

3. คิดคน และวิจัยเพ่ือหาองคความรูใหมเกี่ยวกับการลู
เขาของลําดับเพ่ือใหไดตามวัตถุประสงค 5.1 และ 5.2 

       

4. รายงานความกาวหนาของโครงการใน 6 เดือนแรก         

                        

 

 

 



กิจกรรมและขั้นตอนดําเนินงาน              2553 (6 เดือนหลัง) 

   7   8   9   10  11   12 

1. เดินทางไปหาเอกสารที่เกี่ยวของ        

2. คิดคน และวิจัยเพ่ือหาองคความรูใหมเกี่ยวกับ
คุณสมบัติการลูเขาของวิธีการทําซ้ําอยางตอเนื่องจาก 
6 เดือนแรก พรอมทั้งปรึกษานักวิจัยที่ปรึกษา 

        

3.เขียน และ พิมพผลงานวิจัยเกี่ยวกับคุณสมบัติการลู
เขาของวิธีการทําซ้ําที่คิดคนพรอมทั้งสงผลงานเพื่อลง
ตีพิมพในวารสารนานาชาติ 

        

4. รายงานความกาวหนาของโครงการใน 6 เดือนที่สอง        

ผลงานที่คาดวาจะไดรับการตีพิมพ และ วารสารนานาชาติ  ในป 2551 จํานวน  1 เร่ือง คือ 

1. ชื่อเรื่อง  “Strong convergence of iterative schemes for generalized equilibrium problems and fixed point 
problems”  

   วารสาร “ Applied Mathematics and Computation” เปนวารสารนานาชาติ 

   มี Impact Factor :  0.821 

 
 

กิจกรรมและขั้นตอนดําเนินงาน              2554 ( 6 เดือนแรก) 

   1   2   3   4   5   6 

1. เดินทางไปหาเอกสาร วารสาร เพ่ิมเติม        

2.  คิดคน และวิจัยเพ่ือหาองคความรูใหมเกี่ยวกับ
คุณสมบัติการลูเขาของวิธีการทําซ้ําเพ่ือใหไดตาม
วัตถุประสงค 5.1 และ 5.2 

       

3.  เดินทางไปหาเอกสาร วารสาร เพ่ิมเติมพรอมทั้ง
ปรึกษานักวิจัยที่ปรึกษา 

       

4.  รายงานความกาวหนาของโครงการใน 6 เดือนแรก        

 
 
 
 
 
 



กิจกรรมและขั้นตอนดําเนินงาน              2554 ( 6 เดือนที่สอง) 

   7   8   9   10   11   12 

1. ศึกษาบทความวิจัยที่เกี่ยวกับคุณสมบัติการลูเขาของ
วิธีการทําซ้ําเพ่ิมเติม  

       

2.  คิดคน และวิจัยเพ่ือหาองคความรูใหมเกี่ยวกับ
คุณสมบัติการลูเขาของวิธีการทําซ้ําเพ่ือใหไดตาม
วัตถุประสงค 5.1 และ 5.2 เพ่ิมเติม 

       

3. เขียนและสงผลงานเพ่ือลงตีพิมพในวารสาร
นานาชาติ 

       

4.  เขียน และ พิมพ รายงานฉบับสมบูรณของโครงการ         

5. สงรายงานฉบับสมบูรณตอ สกว.        

ผลงานที่คาดวาจะไดรับการตีพิมพ และ วารสารนานาชาติ  ในป 2552  จํานวน 2 เร่ืองคือ 

1. ชื่อเรื่อง “Iterative schemes for generalized equilibrium problems and fixed point  problems of asymptotically 
strict pseudo-contraction mappings” 

     วารสาร “Computer and Mathematics with Applications” เปนวารสารนานาชาติ 

       มี Impact factor : 0.720 

2. ชื่อเรื่อง “Convergence theorems of iterative scheme for solving the generalized equilibrium problems in 
Hilbert spaces” 

     วารสาร “Applied Mathematical Modelling” เปนวารสารนานาชาติ      

     มี Impact factor : 0.931 

 

6. ประโยชนที่คาดวาจะไดรับ 
      1. ไดความรูและทฤษฎีใหมๆที่เกี่ยวกับทฤษฎีจุดตรึงทั้งในปรภูิมิบานาค และปริภูมิฮิลเบิรต 
      2. การนําไปประยุกตใชสําหรับปญหาสภาพคงที่ (EP) 
      3. มีผลงานตีพิมพในระดับนานาชาติเพ่ือเปนการเผยแพรผลงานและชื่อเสียงของนักคณิตศาสตร ไทย 
      4. เกิดความรวมมือและแลกเปลี่ยนทางวิชาการระหวางนักวิจัยรุนใหมและผูเชี่ยวชาญที่เปนนักวิจัย    
         อาวุโสทั้งในประเทศและตางประเทศเพื่อนําไปสูการพัฒนาความเปนเลศิทางวิชาการของวงการ  
         คณิตศาสตรไทยและการพัฒนาประเทศชาตติอไปในที่สุด 
    ผลงานที่คาดวาจะไดรบัการตีพิมพ ใน วารสารนานาชาติ   ประมาณ    3 เร่ือง คือ 
     1. ชื่อเร่ือง  “Strong convergence of iterative schemes for generalized equilibrium problems and   
                     fixed point problems”  
วารสาร “Applied Mathematics and Computation” เปนวารสารนานาชาติ มี Impact Factor :  0.821 



      2. ชื่อเร่ือง “Iterative schemes for generalized equilibrium problems and fixed point problems of     
                     Asymptotically  strict pseudo-contraction mappings” 
วารสาร “Computer and Mathematics with Applications” เปนวารสารนานาชาติ มี Impact factor : 0.720 
      3. ชื่อเร่ือง “Convergence theorems of iterative scheme for solving the generalized equilibrium   
                     problems in Hilbert spaces” 
วารสาร “Applied Mathematical Modelling” เปนวารสารนานาชาต ิ  มี Impact factor : 0.931 

13. งบประมาณ 

รายการ ปที่ 1 ปที่  2 รวม 

1. หมวดคาตอบแทน 
    - คาตอบแทนหัวหนาโครงการ(นายอิสระ   อินจันทร)  

 
120,000 

 
120,000 

 
240,000 

2. หมวดคาวัสดุ 
    - คาวัสดุสาํนักงาน เชน กระดาษ A4 (ปละ 10 รีม) แฟม 
ลวดเสียบ ฯ 
    - คาวัสดุคอมพิวเตอร  เชน หมึกพิมพสําหรับเครื่องพิมพ 
เลเซอรรุน 
      รุน Lexmark E120  ปละ 2 ตลับ,  แผนCD เปนตน 

 
5,000 

 
15,000 

 
5,000 

 
15,000 

 
10,000 

 
30,000 

3. หมวดคาใชสอย 
    - คาพาหนะเดินทางคนควาเอกสารและปรึกษางานวจัิย   
      อุตรดิตถ -กรุงเทพฯ (คนควาวารสาร ณ หอสมุด จุฬาลงกร  
       มหาวิทยาลัย) และ       
      อุตรดิตถ –เชียงใหม (คนควาเอกสารและปรึกษานักวิจัย  
      ที่ปรึกษา) และคาโรงแรมที่พัก  
      อุตรดิตถ – พิษณุโลก (ปรึกษานักวจัิยที่ปรึกษา) 
    - คาเดินทางและที่พักเพื่อเขารวมสัมมนาวิชาการคณิต  
       ศาสตร ปละ 2 ครั้ง  
    - คาคาไปรษณียทั้งใน และ ตางประเทศ 
    - คาสําเนาเอกสารและวารสารงานวิจัยที่เกี่ยวของ 

 
 
 
 
 
 

30,000 
 

10,000 
5,000 
15,000 

 
 
 
 
 
 

30,000 
 

10,000 
5,000 
15,000 

 
 
 
 
 
 

60,000 
 

20,000 
10,000 
30,000 

4. หมวดคาจาง 
    - คาตอบแทนผูพิมพงานวิจัย 
    - คาเขารูปเลม 

 
5,000 

- 

 
5,000 
3,000 

 
10,000 
3,000 

รวมงบประมาณโครงการ 205,000 208,000 413,000 

 
 
 



บทที่ 1 
Introduction 

 
การศึกษาเกี่ยวกับทฤษฎีการประมาณจุดตรึงและการประยุกต ไดมีผลงานเกี่ยวของอยางมากมาย 

นับตั้งแต ปค.ศ. 1953 Mann ไดนิยามการหาสูตรของเมตริกโดยวธิีการกระทําซ้าํ ซึ่งวิธีการกระทําซ้ําแบบ
มานนไดมีการศึกษาเพิ่มเตมิ ในป ค.ศ. 1970 โดย Dotson และ Senter และ ในป ค.ศ. 1974 Dotson  
นอกจากการประมาณจุดตรึงของ การสงแบบไมขยาย (nonexpansive) แลววิธกีารกระทําซ้ําแบบมานนยังมี
ประโยชนในการประมาณจุดตรึงของการสงแบบไมเปนเชิงเสนอ่ืนๆ เชน การสงแบบการหดเทียมอยางเขม 
(strongly pseudo-contractive)  ตอมาจะพบวาลําดับที่เกิดจากการกระทําซ้ําแบบมานนจะลูเขาสูจุดตรึงใน
กรณีที่ T เปนการสงลิฟชทิทและการหดเทียมอยางเขม อยางไรก็ตามถา T เปนการสงแบบการหดเทียมแลว
ลําดับที่เกิดจากการกระทําซ้าํของมานนอาจจะไมลูเขาสูจุดตรึงของ T ดังนั้นจึงเปนไปไดที่จะประมาณจุดตรึง
ของ T ดวยลาํดับที่เกิดจากการกระทําซ้าํแบบอ่ืนๆ  
 วิธีการกระทําซ้ําแบบ อิชิคาวา จึงไดถูกนําเสนอ ในป ค.ศ. 1974 โดย Ishikawa เพ่ือประมาณหาจุด
ตรึงสําหรับการสงแบบลิฟชทิท การหดเทียม ทั้งน้ีเพราะวาในกรณทีี่ T เปนแคการสงหดเทียมการกระทําซ้ํา
แบบมานนไมสามารถทําใหลําดับที่เกิดขึน้ลูเขาไปยังจุดตรึงของ T ได  
 ตอมาในป ค.ศ. 1991 Schu ไดปรับการกระทําซํ้าของมานนเพ่ือประมาณจุดตรึงของการสงแบบไม
ขยายเชิงเสนกํากับ (asymptotically nonexpansive) และปรับปรุงการกระทําซ้ําของอิชิคาวาเพื่อประมาณจุด
ตรึงของการสงแบบการหดเทียมเชิงเสนกาํกับ จากที่กลาวมาขางตอนจะพบวาลําดับที่เกิดจากการกระทําซ้ํา
ของมานนจะลูเขาสูจุดตรึงของการสง T อยางออน ในปริภูมิฮิลเบิรตดวย 
 สําหรับการศกึษาปญหาสภาพคงที่ (EP) ไดมีผูศึกษาอยางมาก โดยเริ่มศึกษาในปริภูมิฮิลเบิรต ในป 
ค.ศ. 1994 โดย Blum และ Oettli โดยปญหาสภาพคงที่สําหรับการสง RCCF →×:  คือ สามารถหา 

Cx∈  ซึ่งทําให  
Cy      ,0),( ∈∀≥yxF         (1.1)    

โดยเซตของผลเฉลยในสมการ (1) นี้จะแทนดวยสัญลกัษณ EP(F)    
ปญหามากมายในทาง physics, optimization และ economics ที่ยังทําการศึกษาการหาผลเฉลยของ

สมการ (1) ซึ่งวิธีการหาผลเฉลยของปญหาสภาพคงที่ไดถูกศึกษาโดย Flam และ Antipin และตอมา 
Combettes และ Hirstoaga  ไดศึกษาการกระทําซ้ําและทฤษฎีการลูเขาของการกระทําซ้ํา โดยมีเง่ือนไขวา 

φ≠)(FEP  ตอมา Tada และ Takahashi  ไดศึกษาทฤษฎีการลูเขาอยางออน (weak convergence) และ
ทฤษฎีการลูเขาอยางเขม (strong convergence) ไปยงัจุดใน )()( FEPSF ∩   ของการสง S  แบบไมขยาย 
(nonexpansive) ในปริภูมิฮิลเบิรต  และ  S. Takahashi และ Takahashi  ไดศึกษาการกระทําซ้ําโดยวิธกีาร
ประมาณแบบหนืด (viscosity approximation method) สําหรับการสง CCS →:  ที่เปนการสงแบบไมขยาย
ในปริภูมิฮิลเบิรต ซึ่ง φ≠∩ )()( FEPSF ,  f  contraction โดยที่ )1,0(∈α , Hx ∈1  { } ]1,0[⊂nα , 
{ } ),0( ∞⊂nr  และ 
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โดยไดพิสูจนวาลําดับ { }nx  ที่กําหนดใน (2) ลูเขาอยางเขมไปยังจุดใน )()( FEPSF ∩  ภายใตเง่ือนไข 
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ตอมา Shang, Su และ Qin [17] ไดศึกษาการกระทําซ้าํ ดังนี้  
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โดยไดแสดงวาลําดับ { }nx  ที่กําหนดใน (3) ลูเขาอยางเขมไปยังจุด )()( FEPSFq ∩∈  
 ในป ค.ศ. 2008 S. Takahashi และ Takahashi  ไดศึกษานัยทั่วไปของปญหาสภาพคงที่ โดยให C 
เปนเซตยอยปดแบบนูน (closed convex) ของ H ให HCA →:  เปนการสงไมเปนเชิงเสน แลวนัยทัว่ไป
ของปญหาสภาพคงที่ (generalized equilibrium problems (GEP)) คือ สามารถหา Cz∈  ซึ่งทําให  

,     ,0,),( CyzyAzyzF ∈∀≥−+     (1.4) 
เซตของ Cz∈  จะใหสัญลักษณแทนดวย EP นั่นคือ  

{ }CyzyAzyzFCzEP ∈∀≥−+∈=      ,0,),(:  
จากสมการ (4) จะเห็นวาถาให  0≡A  แลวจะไดวาเซต  EP  จะเปนเซต )(FEP ในสมการ (1)  

และถาให 0≡F แลว EP  จะเปนเซต ),( CAVI  ซึ่ง  ),( CAVI  คือเซตของ อสมการแปรผัน 
(Variational inequalities (VIP))  นั่นคือหาสมาชิก Cz∈  ซึ่งทําให 
        0, ≥− zvAu      สําหรับทุกๆ  Cv∈    (1.5) 
และสมาชิก Cz∈  จะเรียกวา คําตอบของอสมการแปรผัน (5)   
 โดย S. Takahashi และ Takahashi  ไดพิสูจนวา สําหรับ Cu∈ , Cx ∈1  ถาให S  เปนการสงแบบ
ไมขยาย และให { } { } Cux nn ⊂,  เปนลําดับที่กําหนดโดย 

⎪⎩

⎪
⎨
⎧

≥−++=

∈∀≥−−+−+

+       1           ],)1([)-(1x

    ,0,1,),(

nnn1 nuuSx

Cyxuuy
r

uyAxyuF

nnnn

nnn
n

nnn

ααββ
    (1.6) 

เม่ือ { } { } ]1,0[],1,0[ ⊂⊂ nn βα  และ { } ]2,0[ α⊂nr  และสอดคลองเง่ือนไข  
αβ 20        ,10 <≤≤<<≤≤< bradc nn  

0lim     ,0)(lim 1 ==−
∞→+∞→ nnnnn

rr α    และ  ∑
∞

=

∞=
1n

nα  

แลว ลําดับ { }nx  และ { }nu   ลูเขาอยางเขมไปยัง  uPz EPSF ∩= )(   เม่ือ P  เปน  metric projection  
 ตอมาในป 2009 Ceng, Homidan, Ansari และ Yao ไดศึกษาการกระทําซ้ําสําหรับการสงแบบ k-
strict pseudo-contraction โดยที่ 10 <≤ k  ของลําดับ { }nx  และ { }nu   ที่กําหนดโดย สําหรับ Cx ∈1  

2 



⎪⎩

⎪
⎨
⎧

≥∀−+=

∈∀≥−−+

+           1       ,)S1(

    ,0,1),(

n1 nuux

Cyxuuy
r

yuF

nnnn

nnn
n

n

αα
      (1.7) 

ภายใตเง่ือนไข ดังนี้  
 { } ],[   )( βαα ⊆ni   สําหรับบาง  )1,(, k∈βα  
 { } ),0(  )( ∞⊂nrii   และ  0inflim >

∞→ nn
r  

แลวลําดับ { }nx  และ { }nu   ลูเขาอยางเขมไปยังจุดใน )()( FEPSF ∩  
จากผลงานวิจัยที่ไดกลาวมาขางตน บทประยุกตที่เปนประเด็นทีน่าสนใจเปนอยางยิ่ง ในเรื่องของ 

Fixed point iterations  คอื กระบวนการในการนําการกระทําซ้ํา ไปหาคําตอบ(solutions)ใหกับ (EP), (VIP) 
และ (GEP)  ซึ่งการศึกษาการกระทําซ้ําแบบตางๆ เพ่ือแกปญหานัยทั่วไปของสภาพคงที่ (GEP) ในสมการ 
(4) นั้นจะทําใหเราสามารถแกปญหาของ (VIP) และปญหา (EP) พรอมกันได  ดังนั้นผูวิจัยจึงมีแนวคิดขยาย
และศึกษาปญหานัยทั่วไปของสภาพคงที่ (GEP) โดยใชการกระทําซ้าํเปนเครื่องมือในการแกปญหา ซึ่งจะทํา
ใหไดผลงานวจัิยที่มีประโยชนและนําไปประยุกตใชแกปญหาได จึงขอเสนอการกระทําซ้ําแบบใหมๆ และทํา
การพิสูจนการลูเขาของการกระทําซ้ํา สาํหรับการสงแบบตางๆ  เชน การสง k-strict pseudo-contraction, 
asymptotically k-strict pseudo-contraction เปนตน โดยจะขอยกตวัอยางงานวิจัยที่จะไดทําการศึกษา ดังนี้ 
ปญหาที่ 1  จะไดศึกษาการกระทําซ้ําแบบอิชิคาวา สําหรับการสงแบบ k-strict pseudo-contraction โดยที่ 

10 <≤ k  ของลําดับ { }nx  และ { }nu   ที่กําหนดโดย สําหรับ Cx ∈1  
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โดยจะพิสูจนวา ภายใตเง่ือนไข  { } { } ]1,0[],1,0[ ⊂⊂ nn βα  และ { } ]2,0[ α⊂nr  และสอดคลองเง่ือนไข  
{ } ],[ βαα ⊆n   สําหรับบาง  )1,(, k∈βα  

0lim =
∞→ nn
α ,      ∑

∞

=

∞=
1n

nα ,    ∑
∞

=
+ ∞<−

1
1 ||

n
nn αα  

0inflim >
∞→ nn

r ,   ∑
∞

=
+ ∞<−

1
1 ||

n
nn rr  

0lim =
∞→ nn
β ,      ∑

∞

=
+ ∞<−

1
1 ||

n
nn ββ  

แลวลําดับ { }nx  และ { }nu   ลูเขาอยางเขมไปยังจุด ),()()( CAVIFEPSFq ∩∩∈  
ซึ่งเราจะเห็นวา ถา 0≡A  และ non ∀≡ ,β  ในสมการ (8)  แลวจะสามารถลดรูปไปเปนสมการ (2) 

นั่นจะทําใหเปนผลงานที่ครอบคลุมผลงานของ S. Takahashi และ Takahashi     
ปญหาที่ 2  จากการศึกษาเราทราบวาถา S  เปนการสงแบบ k-strict pseudo-contraction แลว S  จะเปน
การสงแบบ asymptotically k-strict pseudo-contraction ดังนั้นถาเราให S  ในสมการ (7) เปนการสงแบบ 
asymptotically k-strict pseudo-contraction โดยที่ 10 <≤ k  ของลําดับ { }nx  และ { }nu   ที่กําหนดโดย 
สําหรับ Cx ∈1  
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โดยจะพิสูจนวา ภายใตเง่ือนไข  { } ]1,0[⊂nα  และ { } ]2,0[ α⊂nr  และสอดคลองเง่ือนไข  
{ } ],[ βαα ⊆n   สําหรับบาง  )1,(, k∈βα  

0lim =
∞→ nn
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nα ,    ∑
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1 ||

n
nn αα  

0inflim >
∞→ nn

r ,   ∑
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1 ||
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แลวลําดับ { }nx  และ { }nu   ลูเขาอยางเขมไปยังจุด )()( FEPSFq ∩∈  
 ซึ่งเราจะเห็นวา ถา 0≡A  ในสมการ (9)  แลวจะสามารถลดรูปไปเปนสมการ (7) นั่นจะทําใหเปน
ผลงานที่ครอบคลุมผลงานของ Ceng, Homidan, Ansari และ Yao  
 นอกจากปญหาทั้งสองขอที่ไดกลาวมาขางตนน้ัน ผูวิจัยยังจะไดศกึษาการกระทําซ้ําหลายๆแบบ และ
ศึกษาภายใตการสงหลายๆแบบ เพ่ือใหไดกระบวนการทําซ้ําไปชวยแกปญหา (EP), (VIP) และ (GEP)   ได
ดียิ่งขึ้น  

จากขางตนจะเห็นไดวาการศึกษาเกีย่วกบั(EP), (VIP) และ (GEP)   จะทําให ไดผลลัพธคลุม
ผลงานวิจัยหลายๆ ชิ้น และที่สําคัญคือการนําไปประยกุตทางดาน mechanics, physics, optimization and 
control, nonlinear programming and applied sciences และเพื่อใหไดงานวิจัยที่เปนองคความรูใหมๆ ตอ
วงการคณิตศาสตรไทย 
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บทที่ 2
Preliminaries

In this chapter, we give some defnitions, notations, and some useful results that will be used in
the later chapters.

2.1 Basic results.

Definition 2.1.1. Let X be a linear space over the field K, where K denoted for either R or C. A
function ‖ · ‖ : X → R is said to be a norm on X if it satisfies the following conditions:

(i) ‖x‖ ≥ 0 , ∀x ∈ X;

(ii) ‖x‖ = 0 ⇔ x = 0;

(iii) ‖x + y‖ ≤ ‖x‖+ ‖y‖, ∀x, y ∈ X;

(iv) ‖αx‖ = |α|‖x‖, ∀x ∈ X and ∀α ∈ K.

Definition 2.1.2. Let X be a linear space over the field K. A function 〈·, ·〉 : X ×X → K that assigns
each ordered pair (x, y) of vectors in X to a scalar 〈x, y〉 is said to be an inner product on X if it
satisfies the following conditions:

(i) 〈x, x〉 ≥ 0, ∀ x ∈ X and < x, x >= 0 ⇔ x = 0;

(ii) 〈x, y〉 = 〈y, x〉, ∀ x, y ∈ X;

(iii) 〈αx, y〉 = α〈x, y〉, ∀ x, y ∈ X and ∀α ∈ K;

(iv) 〈x + y, z〉 = 〈x, z〉+ 〈y, z〉, ∀ x, y, z ∈ X .

Definition 2.1.3. A sequence {xn} in a normed space X is said to be strongly

convergent ( or convergent in norm ) if there exists x ∈ X such that

lim
n→∞

‖xn − x‖ = 0 denoted by xn → x.

Definition 2.1.4. A sequence {xn} in a normed space X is said to be weakly

convergent if there exists an element x ∈ X such that

lim
n→∞

f(xn) = f(x),

for all f ∈ X∗ where X∗ is the dual space. Denoted by xn ⇀ x or ω − lim
n→∞

xn = x.
It is clear that strong convergence implies weak convergence. And in a finite dimension normed space,
weak convergence implies strong convergence.

Definition 2.1.5. A norm space X is said to be a complete norm space if every Cauchy sequence in
X is a convergent sequence in X .

Definition 2.1.6. A complete norm linear space over the field IK is called a Banach space over K.
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Definition 2.1.7. A subset C of a linear space X over the field K is convex if for any x, y ∈ C

implies
M = {z ∈ X : z = αx + (1− α)y, 0 < α < 1} ⊂ C.

(M is called closed segment with boundary point x, y) or a subset C of X is convex if every
x, y ∈ C the segment joining x and y is contained in C.

Definition 2.1.8. A subset M of X is said to be weakly compact if every sequence {xn} in M

contains a subsequence converging weakly to some point in M .

Theorem 2.1.9. Let {xn} be a sequence in extended real numbers and let b = lim sup
n→∞

xn. Then

(1) r > b ⇒ xn < r ultimately;

(2) r < b ⇒ xn > r frequently.

Ultimately means from some index onward ; frequently means for infinitely many indices.

Theorem 2.1.10. Let {xn} be a sequence in extended real numbers and let c = lim inf
n→∞ xn. Then

(1) r < c ⇒ xn > r ultimately;

(2) r > c ⇒ xn < r frequently.

Definition 2.1.11. Let X be a Banach space and let C be a nonempty subset of X. A mapping
T : C → C is said to be nonexpansive if

‖Tx− Ty‖ ≤ ‖x− y‖ for all x, y ∈ C.

Definition 2.1.12. Let X be a Banach space and let C be a nonempty subset of X. A mapping
T : C → C. A mapping T is called an asymptotically nonexpansive

mapping in the intermediate sense provided T is uniformly continuous and

lim sup
n→∞

sup
x,y∈C

(‖Tnx− Tny‖ − ‖x− y‖) ≤ 0.

Definition 2.1.13. Let C be a nonempty subset of a real normed space X . Let P : X → C be a
nonexpansive retraction of X onto K i.e.,

‖Px− Py‖ ≤ ‖x− y‖

for all x, y ∈ X and Px = x for all x ∈ C, then C is said to be nonexpansive retract.

Definition 2.1.14. A mapping T : C → H is said to be k-strictly pseudo-contractive if there exists a
constant k ∈ (0, 1) such that

‖Tx− Ty‖2 ≤ ‖x− y‖2 + k‖(I − T )x− (I − T )y‖2, ∀x, y ∈ C. (2.1.1)
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Definition 2.1.15. A mapping T : C → C is an asymptotically k-strict pseudo-contractive mapping if
there exists a constant 0 ≤ k < 1 satisfying

‖Tnx− Tny‖2 ≤ kn‖x− y‖2 + k‖(I − Tn)x− (I − Tn)y‖2, (2.1.2)

for all x, y ∈ C and for all n ∈ N where γn ≥ 0 for all n such that limn→∞ kn = 1.

Definition 2.1.16. Let X be a Banach space. An element x ∈ X is said to be a fixed point of a
mapping T : X → X if Tx = x.

Definition 2.1.17. A mapping f : C → C is demiclosed at y if for each {xn} ⊂ C with xn ⇀ x and
f(xn) → y, then f(x) = y .

Definition 2.1.18. Let M be the set a mapping f : M → R is weak lower semi− continuous if

f(x) ≤ lim inf
n→∞

f(xn) whenever xn ⇀ x in M.

Recall also that a one-parameter family T = {T (t) : 0 ≤ t < ∞} of self-mappings of a nonempty
closed convex subset C of a Hilbert space H is said to be a (continuous) Lipschitian semigroup on
C (see, e. g., [?]) if the following conditions are satisfied:

(i) T (0)x = x, x ∈ C,

(ii) T (t + s)x = T (t)T (s)x, t, s ≥ 0, x ∈ C,

(iii) for each x ∈ C, the map t 7→ T (t)x is continuous on [0,∞),

(iv) there exists a bounded measurable function L : (0,∞) → [0,∞) such that, for each t > 0,

‖T (t)x− T (t)y‖ ≤ Lt‖x− y‖, x, y ∈ C.

A Lipschitzian semigroup T is called nonexpansive (or a contraction semigroup) if Lt = 1

for all t > 0, and asymptotically nonexpansive if lim supt→∞ Lt ≤ 1, respectively. We use F (T )

to denote the common fixed point set of the semigroup; that is Fix(T ) = {x ∈ C : T (t)x = x, t > 0}.

2.2 Useful lemmas.

The following lemmas will be useful for proving the convergence result of this research.

Lemma 2.2.1. Let H be a real Hilbert space. Then for any x, y ∈ H we have

(i) ‖x + y‖2 ≤ ‖x‖2 + 2〈y, x + y〉

(ii) ‖x + y‖2 ≥ ‖x‖2 + 2〈y, x〉

(iii) ‖x± y‖2 = ‖x‖2 ± 2〈x, y〉+ ‖y‖2

(iv) ‖tx + (1− t)y‖2 = t‖x‖2 + (1− t)‖y‖2 − t(1− t)‖x− y‖2, ∀t ∈ [0, 1].

Lemma 2.2.2. [13, 14] Let {an} be a sequence of nonnegative real numbers, satisfying the property,

an+1 ≤ (1− γn)an + bn, n ≥ 0,
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where {γn} ⊂ (0, 1), and {bn} is a sequence in R such that:

i) Σ∞n=1γn = ∞;

ii) lim supn→∞
bn
γn
≤ 0 or Σ∞n=1|bn| < ∞.

Then limn→∞ an = 0.

For solving the equilibrium problem for a bifunction F : C × C → R, let us assume that F

satisfies the following condition:

(A1) F (x, x) = 0 for all x ∈ C;

(A2) F is monotone, i.e., F (x, y) + F (y, x) ≤ 0 for all x, y ∈ C;

(A3) for each x, y ∈ C,

lim
t→0

F (tz + (1− t)x, y) ≤ F (x, y);

(A4) for each x ∈ C, y 7→ F (x, y) is convex and lower semicontinuous.

The following lemma appears implicitly in [1].

Lemma 2.2.3. [1] Let C be a nonempty closed convex subset of H and let F be a bifunction of C×C

into R satisfying (A1)-(A4). Let r > 0 and x ∈ H . Then, there exists z ∈ C such that

F (z, y) +
1
r
〈y − z, z − x〉 ≥ 0 for all y ∈ C.

The following lemma was also given in [5].

Lemma 2.2.4. [1, 5, 11] Assume that F : C ×C −→ R satisfies (A1)-(A4), and let r > 0 and x ∈ H .
Define a mapping Tr : H → C as follows"

Tr(x) = {z ∈ C : F (z, y) +
1
r
〈y − z, z − x〉 ≥ 0,∀y ∈ C}

for all z ∈ H . Then, the following hold:

1. Tr is single- valued;

2. Tr is firmly nonexpansive, i.e., ‖Trx− Try‖2 ≤ 〈Trx− Try, x− y〉, for any x, y ∈ H;

3. F (Tr) = EP (F );

4. EP (F ) is closed and convex;

5. ‖Tsx− Ttx‖2 ≤ s−t
s 〈Tsx− Ttx, Tsx− x〉, for all s, t > 0 and x ∈ H .

Lemma 2.2.5. Let C be a nonempty closed convex subset of H . Let F be a bifunction from C × C

to R satisfying (A1)-(A5) and let ϕ : C → R ∪ {+∞} be a proper lower semicontinuous and convex
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function. Assume that either (B1) or (B2) holds. For r > 0 and x ∈ H , define a mapping Tr : H → C

as follows.

Tr(x) =
{

z ∈ C : F (z, y) + ϕ(y) +
1
r
〈y − z, z − x〉 ≥ ϕ(z), ∀y ∈ C

}
for all x ∈ H . Then the following conclusions hold:
(1) For each x ∈ H , Tr 6= ∅;
(2) Tr is single-valued;
(3) Tr firmly nonexpansive, i.e, for any x, y ∈ H ,

‖Tr(x)− Tr(y)‖2 ≤ 〈Tr(x)− Tr(y), x− y〉;

(4) Fix(Tr) = MEP (F,ϕ) is closed and convex.

We also need the following lemmas.

Lemma 2.2.6. (see [24]) Let {xn} and {wn} be bounded sequence in a Banach space, let {βn} be
a sequence of real numbers such that 0 < lim infn→∞ βn ≤ lim supn→∞ βn < 1 for all n = 1, 2, . . .

Suppose that xn+1 = (1−βn)wn +βnxn for all n = 1, 2, . . . and lim supn→∞(‖wn+1−wn‖+‖xn+1−
xn‖) ≤ 0. Then, limn→∞ ‖wn − xn‖ = 0.

Lemma 2.2.7. Let C be a nonempty closed convex subset of real Hilbert space H and T : C → C be
a k-strictly pseudocontractive mapping. Define a mapping S : C → C by Sx = δx + (1− δ)Tx for all
x ∈ C and δ ∈ [k, 1). Then S is nonexpansive mapping such that F (S) = F (T ).

Definition 2.2.8. [20] Let C be nonempty convex subset of real Banach space. Let {Ti}N
i=1 be a finite

family of ki-strictly pseudocontractive mappings of C into itself. For each i = 1, 2, . . . , N , we define
a mapping Si = δiI + (1− δi)Ti where δi ∈ [ki, 1) consider mapping Kn defined by

Un,n+1 = I

Un,n = γnSnUn,n+1 + (1− γn)I,

Un,n−1 = γn−1Sn−1Un,n + (1− γn−1)I,

...

Un,k = γkSkUn,k+1 + (1− γk)I,

Un,k−1 = γk−1Sk−1Un,k + (1− γk−1)I,

...

Un,2 = γ2S2Un,3 + (1− γ2)I,

Kn = Un,1 = γ1S1Un,2 + (1− γ1)I,

where γ1, γ2, ... are real number such that 0 ≤ γn ≤ 1.

As regards Kn, we have the following lemmas which are important for prove our main results.
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Lemma 2.2.9. [20] Let C be a nonempty closed convex subset of a strictly convex Banach space
E. Let Si be nonexpansive mapping of C into itself such that ∩∞i=1F (Si 6= ∅ and γ1, γ2, ... be real
numbers such that 0 < γi ≤ b < 1, for every i = 1, 2, .... Then for any x ∈ C and k ∈ N, the limit

limn→∞ Un,k exists.

Using Lemma 2.2.9, one can define the mapping K of C into itself as follows:

Kx := lim
n→∞

Knx = lim
n→∞

Un,1x, x ∈ C.

Such a mapping K is called the modified K-mapping generated by T1, T2, ..., γ1, γ2, ... and δ1, δ2, ...

Lemma 2.2.10. [20] Let C be a nonempty closed convex subset of a strictly convex Banach space E.
Let Si be nonexpansive mapping of C into itself such that ∩∞i=1F (Si 6= ∅ and γ1, γ2, ... be real numbers
such that 0 < γi ≤ b < 1, for every i = 1, 2, .... Then F (K) =

⋂∞
i=1 F (Si).

Combining Lemma 2.2.7-2.2.10, one can get that F (K) =
⋂∞

i=1 F (Si) =
⋂∞

i=1 F (Ti).

Lemma 2.2.11. [20] Let C be a nonempty closed convex subset of a strictly convex Banach space E.
Let Si be nonexpansive mapping of C into itself such that ∩∞i=1F (Si 6= ∅ and γ1, γ2, ... be real numbers
such that 0 < γi ≤ b < 1, for every i = 1, 2, .... If K is any bounded subset of C, then

lim
n→∞

sup
x∈K

‖Knx−Kx‖ = 0.

Lemma 2.2.12. [21] Let C be a nonempty closed convex subset of real Hilbert space H and let Θ

be a bifunction of C × C into R and let ϕ : C → R be a proper lower semicontinuous and convex
function. For r > 0 anf x ∈ C, define a mapping Sr : C → C as follows:

Sr(x) = {z ∈ C : Θ(z, y) + ϕ(y)− ϕ(z) +
1
2
〈y − z, z − x〉 ≥ 0,∀y ∈ C} (2.2.1)

for all x ∈ C. Assume that the condition (H1)− (H5) hold. Then one has the following results:

(1) for each x ∈ C,Sr(x) 6= ∅ and Sr is single valued;

(2) Sr is firmly nonexpansive, that is, for any x, y ∈ C,

‖Sr(x)− Sr(y)‖2 ≤ 〈Sr(x)− Sr(y), x− y〉; (2.2.2)

(3) F (Sr) = EP ;

(4) EP is closed and convex.

Lemma 2.2.13. [36] Let R : H → 2H be a maximal monotone mapping and let B : H → H be a
Lipschitz-continuous mapping. Then the mapping (R + B) : H → 2H is maximal monotone.

Lemma 2.2.14. [37] Let an, bn, and cn be three nonnegative real sequences satisfying

an+1 ≤ (1− tn)an + bn + cn, n ≥ 0,

where tn ∈ [0, 1) with Σ∞n=1tn = +∞, bn = o(tn) and Σ∞n=1cn < +∞, then limn→∞ an = 0.
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Lemma 2.2.15. [39] Let C be a closed convex subset of a real Hilbert space H . Given x ∈ H and
y ∈ C. Then y = PCx if and only if there holds the inequality

〈x− y, y − z〉 ≥ 0, ∀z ∈ C.

Lemma 2.2.16. [56] Let C be a nonempty subset of a Hilbert space H and let T : C → C a uniformly
continuous asymptotically k-strict pseudo-contractive in the intermediate sense with sequence {γn}. Let
{xn} be a sequence in C such that ‖xn − xn+1‖ → 0 and ‖xn − Tnxn‖ → 0 as n → ∞. Then
‖xn − Txn‖ → 0 as n →∞.

Lemma 2.2.17. [56] Let C be a nonempty closed convex subset of Hilbert space H and T : C −→
C a continuous asymptotically k-strict pseudo-contractive mapping in the intermediate sense. Then
I − T is demiclosed at zero in the sense that {xn} is sequence in C such that xn ⇀ x ∈ C and
lim supn→∞ ‖xn − Tnxn‖ = 0, then (I − T )x = 0.

Remark 2.2.18. We note that if A is a α-inverse-strongly monotone, for all u, v ∈ C and λn > 0,

‖(I − λnA)u− (I − λnA)v‖2 = ‖(u− v)− λn(Au−Av)‖2

= ‖u− v‖2 − 2λn〈u− v,Au−Av〉

+λ2
n‖Au−Av‖2

≤ ‖u− v‖2 + λn(λn − 2α)‖Au−Av‖2. (2.2.3)

So, if λn ≤ 2α, then I − λnA is a nonexpansive mapping from C to H .

Lemma 2.2.19. [67] Let T : K → H be a k-strictly pseudo-contraction. Defined D : K → H by
Sx = λx + (1 − λ)Tx for each x ∈ K. Then, as λ ∈ [k, 1), S is a nonexpansive mapping such that
F (S) = F (T ).



บทที่ 3
Main Results

3.1 Hybrid extragradient method for general equilibrium problems and fixed point problems in
Hilbert space

In this section, we show a strong convergence theorem for finding a common element of the set
of fixed points of a nonexpansive mapping, the set of solutions of an equilibrium problem and the set
of solutions of a variational inequality problem in a Hilbert space by using the hybrid extragradient
method.

Let H be a real Hilbert space with norm ‖ · ‖ and inner product 〈·, ·〉 and let C be a
nonempty closed convex subset of H . For every point x ∈ H , there exists a unique nearest point in C,
denoted by PCx, such that

‖x− PCx‖ ≤ ‖x− y‖ for all y ∈ C.

PC is called the metric projection of H onto C. It is well known that PC is a nonexpansive mapping
of H onto C and satisfies

〈x− y, PCx− PCy〉 ≥ ‖PCx− PCy‖2, (3.1.1)

for every x, y ∈ H. Moreover, PCx is characterized by the following properties: PCx ∈ C and

〈x− PCx, y − PCx〉 ≤ 0, (3.1.2)

‖x− y‖2 ≥ ‖x− PCx‖2 + ‖y − PCx‖2, (3.1.3)

for all x ∈ H, y ∈ C. It is easy to see that the following is true:

u ∈ V I(C,A) ⇔ u = PC(u− λAu), λ > 0. (3.1.4)

A set-valued mapping T : H −→ 2H is called monotone if for all x, y ∈ H , f ∈ Tx and g ∈ Ty imply
〈x− y, f − g〉 ≥ 0. A monotone mapping T : H −→ 2H is maximal if the graph of G(T ) of T is not
properly contained in the graph of any other monotone mapping. It is known that a monotone mapping
T is maximal if and only if for (x, f) ∈ H ×H , 〈x − y, f − g〉 ≥ 0 for every (y, g) ∈ G(T ) implies
f ∈ Tx. Let A be a monotone, map of C into H and let NCv be the normal cone to C at v ∈ C; i.e.,

NCv := {w ∈ H : 〈v − u, w〉 ≥ 0, ∀u ∈ C}.

Define

Tv =

{
Av + NCv, v ∈ C,

∅, v /∈ C.

Then, T is maximal monotone and 0 ∈ Tv if and only if v ∈ V I(C,A).

Theorem 3.1.1. Let C be a nonempty closed convex subset of a real Hilbert space H . Let F be
a bifunction from C × C into R satisfying (A1)-(A4) and let A be an α-inverse-strongly monotone
mapping of C into H and let B be an β-inverse-strongly monotone mapping of C into H , respectively.
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Let S be a nonexpansive mappings from C into itself such that F (S) ∩ V I(C,A) ∩ EP 6= ∅. Let the
sequences {xn} and {un} be generated C1 = C ⊂ H , x1 = PCx0;

un ∈ C,

F (un, y) + 〈Bxn, y − un〉+ 1
rn
〈y − un, un − xn〉 ≥ 0, ∀y ∈ C

yn = PC(un − λnAun),

zn = αnxn + (1− αn)S(βnxn + (1− βn)PC(un − λnAyn)),

Cn+1 = {z ∈ Cn : ‖zn − z‖ ≤ ‖xn − z‖},

xn+1 = PCn+1x0, n ∈ N,

(3.1.5)

where un = Trn(xn − rnBxn) and {rn} ⊂ (0,∞). Assume that the control sequences {αn}, {βn} ⊂
[0, 1], {λn} ⊂ (0, 2α) and {rn} ⊂ (0, 2β) satisfy the following conditions:

(i) 0 < a1 ≤ αn, βn ≤ a2 < 1,

(ii) 0 ≤ b ≤ λn ≤ c < α < 2α and 0 ≤ d ≤ rn ≤ e < 2β, for some a, b, c, d, e ∈ R,

(iii) lim infn→∞ λn > 0 and lim infn→∞ rn > 0.

Then {xn} converges strongly to PF (S)∩V I(C,A)∩EP x0.

Proof. We first show that F (S)∩EP ∩V I(A,C) ⊂ Cn for all n ∈ N∪{0}, we can prove by induction.
It is obvious that F (S) ∩ EP ∩ V I(A,C) ⊂ C1. Let p ∈ F (S) ∩ V I(C,A) ∩ EP , and let {Trn} be a
sequence of mappings defined as in Lemma 2.2.4. Since p ∈ V I(A,C), then p = PC(p−λnAp) = Trnp

and un = Trn(xn − rnBxn). From (i), we have

‖un − p‖2 = ‖Trn(xn − rnBxn)− Trn(p− rnBp)‖2

≤ ‖(xn − rnBxn)− (p− rnBp)‖2

≤ ‖(xn − p) + rn(Bp−Bxn)‖2

≤ ‖xn − p‖2 − 2rn〈xn − p, Bxn −Bp〉+ r2
n‖Bp−Bxn‖2 (3.1.6)

≤ ‖xn − p‖2 − 2rnβ‖Bxn −Bp‖2 + r2
n‖Bp−Bxn‖2

≤ ‖xn − p‖2 + rn(rn − 2β)‖Bxn −Bp‖2

≤ ‖xn − p‖2. (3.1.7)
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Put vn = PC(un − λnAyn). From (3.1.3) and the monotonicity of A, we have

‖vn − p‖2 ≤ ‖un − λnAyn − p‖2 − ‖un − λnAyn − vn‖2

= ‖un − p‖2 − ‖un − vn‖2 + 2λn〈Ayn, p− vn〉

= ‖un − p‖2 − ‖un − vn‖2

+2λn(〈Ayn −Ap, p− yn〉+ 〈Ap, p− yn〉+ 〈Ayn, yn − vn〉)

≤ ‖un − p‖2 − ‖un − vn‖2 + 2λn〈Ayn, yn − vn〉

= ‖un − p‖2 − ‖un − yn‖2 − 2〈un − yn, yn − vn〉 − ‖yn − vn‖2

+2λn〈Ayn, yn − vn〉

= ‖un − p‖2 − ‖un − yn‖2 − ‖yn − vn‖2

+2〈un − λnAyn − yn, vn − yn〉.

Moreover, from yn = PC(un − λnAun) and (3.1.2), we have

〈un − λnAun − yn, vn − yn〉 ≤ 0. (3.1.8)

Since A is α-inverse strongly then A is also k-Lipschitz-continuous (k = 1
α ), from (ii) we see that

λn < 1
k , it follows that

〈un − λnAyn − yn, vn − yn〉 = 〈un − λnAun − yn, vn − yn〉+ 〈λnAun − λnAyn, vn − yn〉

≤ 〈λnAun − λnAyn, vn − yn〉

≤ λnk‖un − yn‖‖vn − yn‖.

So, we have

‖vn − p‖2 ≤ ‖un − p‖2 − ‖un − yn‖2 − ‖yn − vn‖2

+2λnk‖un − yn‖‖vn − yn‖

≤ ‖un − p‖2 − ‖un − yn‖2 − ‖yn − vn‖2

+λ2
nk2‖un − yn‖2 + ‖vn − yn‖2

= ‖un − p‖2 + (λ2
nk2 − 1)‖un − yn‖2 (3.1.9)

≤ ‖un − p‖2, (3.1.10)

and hence

‖vn − p‖ ≤ ‖un − p‖ ≤ ‖xn − p‖. (3.1.11)

Setting wn = βnxn + (1− βn)vn. Thus, from (3.1.11) we have

‖wn − p‖2 = ‖βnxn + (1− βn)vn − p‖2

= ‖βn(xn − p) + (1− βn)(vn − p)‖2

= βn‖xn − p‖2 + (1− βn)‖vn − p‖2 − βn(1− βn)‖xn − vn‖2 (3.1.12)

≤ βn‖xn − p‖2 + (1− βn)‖vn − p‖2 (3.1.13)

≤ βn‖xn − p‖2 + (1− βn)‖xn − p‖2

= ‖xn − p‖2. (3.1.14)
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It follows that,

‖zn − p‖2 = ‖αnxn + (1− αn)Swn − p‖2

= ‖αn(xn − p) + (1− αn)(Swn − p)‖2

= αn‖xn − p‖2 + (1− αn)‖Swn − p‖2 − αn(1− αn)‖xn − Swn‖2

≤ αn‖xn − p‖2 + (1− αn)‖Swn − p‖2

≤ αn‖xn − p‖2 + (1− αn)‖wn − p‖2 (3.1.15)

≤ αn‖xn − p‖2 + (1− αn)‖xn − p‖2

= ‖xn − p‖2. (3.1.16)

So, we have p ∈ Cn+1 and hence

F (S) ∩ V I(C,A) ∩ EP ⊂ Cn, for all n ∈ N ∪ {0}. (3.1.17)

Next, we show that Cn is closed and convex for all n ∈ N. It follows obvious that C1 = C is closed
and convex. Suppose that Cm is closed and convex for each m ∈ N. Let cj ∈ Cm+1 ⊂ Cm with
cj → z. Since Cm is closed, z ∈ Cm and ‖zm − cj‖ ≤ ‖cj − xm‖. Then

‖zm − z‖ = ‖zm − cj + cj − z‖

≤ ‖zm − cj‖+ ‖cj − z‖

(3.1.18)

Taking j →∞,
‖zm − z‖ ≤ ‖z − xm‖.

Hence z ∈ Cm+1. Let x, y ∈ Cm+1 ⊂ Cm with z = αx + (1 − α)y where α ∈ [0, 1]. Since Cm is
convex, z ∈ Cm and ‖zm − x‖ ≤ ‖x− xm‖, ‖zm − y‖ ≤ ‖y − xm‖, we have

‖zm − z‖2 = ‖zm − (αx + (1− α)y)‖2

= ‖α(zm − x) + (1− α)(zm − y)‖2

= α‖zm − x‖2 + (1− α)‖zm − y‖2 − α(1− α)‖(zm − x)− (zm − y)‖2

≤ α‖zm − x‖2 + (1− α)‖zm − y‖2 − α(1− α)‖y − x‖2

≤ α‖xm − x‖2 + (1− α)‖xm − y‖2 − α(1− α)‖(xm − x)− (xm − y)‖2

= ‖xm − (αx + (1− α)y)‖2

= ‖xm − z‖2. (3.1.19)

Then z ∈ Cm+1, it follows that Cm+1 is closed and convex. Hence Cn is closed and convex for all
n ∈ N. This implies that {xn} and {un} are well-defined.

Since F (S) ∩ V I(C,A) ∩ EP is a nonempty closed convex subset of H , there exists a unique
u ∈ F (S) ∩ V I(C,A) ∩ EP such that

u = PF (S)∩V I(C,A)∩EP x0.
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From xn = PCnx0, we have
〈x0 − xn, xn − y〉 ≥ 0,

for all y ∈ Cn. Since F (S) ∩ V I(C,A) ∩ EP ⊂ Cn, we have

〈x0 − xn, xn − u〉 ≥ 0, (3.1.20)

for all u ∈ F (S) ∩ V I(C,A) ∩ EP and n ∈ N. So, for u ∈ F (S) ∩ V I(C,A) ∩ EP , we have

0 ≤ 〈x0 − xn, xn − u〉 = 〈x0 − xn, xn − x0 + x0 − u〉

= −〈xn − x0, xn − x0〉+ 〈x0 − xn, x0 − u〉,

≤ −‖xn − x0‖2 + ‖x0 − xn‖‖x0 − u‖. (3.1.21)

This implies that
‖x0 − xn‖2 ≤ ‖x0 − xn‖‖x0 − u‖,

hence
‖x0 − xn‖ ≤ ‖x0 − u‖ for all u ∈ F (S) ∩ V I(C,A) ∩ EP and n ∈ N. (3.1.22)

From xn = PCnx0 and xn+1 = PCn+1x0 ∈ Cn+1 ⊂ Cn, we also have

〈x0 − xn, xn − xn+1〉 ≥ 0, (3.1.23)

for all n ∈ N. So, for xn+1 ∈ Cn, we have, for n ∈ N

0 ≤ 〈x0 − xn, xn − xn+1〉 = 〈x0 − xn, xn − x0 + x0 − xn+1〉

= −〈xn − x0, xn − x0〉+ 〈x0 − xn, x0 − xn+1〉,

≤ −‖xn − x0‖2 + ‖x0 − xn‖‖x0 − xn+1‖. (3.1.24)

This implies that
‖x0 − xn‖2 ≤ ‖x0 − xn‖‖x0 − xn+1‖,

hence
‖x0 − xn‖ ≤ ‖x0 − xn+1‖ for all n ∈ N. (3.1.25)

From (3.1.22) we have {xn} is bounded, limn→∞ ‖xn−x0‖ exists. From (3.1.11) and (3.1.14), {un},
{vn}, and {wn} are also bounded. Next, we show that ‖xn − xn+1‖ → 0. In fact, from (3.1.23) we
have

‖xn − xn+1‖2 = ‖(xn − x0) + (x0 − xn+1)‖2

= ‖xn − x0‖2 + 2〈xn − x0, x0 − xn+1〉+ ‖x0 − xn+1‖2

= ‖xn − x0‖2 + 2〈xn − x0, x0 − xn + xn − xn+1〉+ ‖x0 − xn+1‖2

= ‖xn − x0‖2 − 2〈x0 − xn, x0 − xn〉 − 2〈x0 − xn, xn − xn+1〉+ ‖x0 − xn+1‖2

≤ ‖xn − x0‖2 − 2‖xn − x0‖2 + ‖x0 − xn+1‖2

= −‖xn − x0‖2 + ‖x0 − xn+1‖2. (3.1.26)
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Since limn→∞ ‖xn − x0‖ exists, we have that

lim
n→∞

‖xn − xn+1‖ = 0. (3.1.27)

On the other hand, xn+1 ∈ Cn+1 ⊂ Cn implies that

‖zn − xn+1‖ ≤ ‖xn − xn+1‖. (3.1.28)

Hence,
lim

n→∞
‖zn − xn+1‖ = 0. (3.1.29)

From xn+1 = PCn+1x0, we obtain
‖xn+1 − x0‖ ≤ ‖z − x0‖

for all z ∈ Cn+1 and all n ∈ N. Since u ∈ F (S) ∩ V I(C,A) ∩ EP ⊂ Cn+1 we have

‖xn+1 − x0‖ ≤ ‖u− x0‖ (3.1.30)

all n ∈ N ∪ {0}. Since xn+1 ∈ Cn, we have

‖xn − zn‖ ≤ ‖xn − xn+1‖+ ‖xn+1 − zn‖ ≤ 2‖xn − xn+1‖.

By (3.1.27), we obtain
limn−→∞‖xn − zn‖ = 0. (3.1.31)

Since
‖xn − zn‖ = ‖xn − αnxn − (1− αn)Swn‖ = (1− αn)‖xn − Swn‖,

it follows by (3.1.31) that
limn−→∞‖xn − Swn‖ = 0. (3.1.32)

From (3.1.12), (3.1.10), (3.1.6), we have

‖wn − p‖2 ≤ βn‖xn − p‖2 + (1− βn)‖vn − p‖2 − βn(1− βn)‖xn − vn‖2

≤ βn‖xn − p‖2 + (1− βn)‖un − p‖2

≤ βn‖xn − p‖2 + (1− βn)[‖xn − p‖2 − 2rn〈xn − p, Bxn −Bp〉+ r2
n‖Bp−Bxn‖2]

= ‖xn − p‖2 − (1− βn)2rn〈xn − p, Bxn −Bp〉+ (1− βn)r2
n‖Bp−Bxn‖2

≤ ‖xn − p‖2 − (1− βn)2rnβ‖Bxn −Bp‖+ (1− βn)r2
n‖Bp−Bxn‖2

= ‖xn − p‖2 − (1− βn)rn(2β − rn)‖Bp−Bxn‖2, (3.1.33)

and from (3.1.15), (3.1.33),we obtain

‖zn − p‖2 ≤ αn‖xn − p‖+ (1− αn)‖wn − p‖2 (3.1.34)

≤ αn‖xn − p‖2 + (1− αn)[‖xn − p‖2 − (1− βn)rn(2β − rn)‖Bp−Bxn‖2]

= ‖xn − p‖2 − (1− αn)(1− βn)rn(2β − rn)‖Bp−Bxn‖2. (3.1.35)
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and hence

‖Bp−Bxn‖2 ≤ 1
(1− αn)(1− βn)rn(2β − rn)

‖xn − p‖2 − ‖zn − p‖2

≤ 1
(1− αn)(1− βn)rn(2β − rn)

‖xn − zn‖(‖xn − p‖+ ‖zn − p‖). (3.1.36)

From (3.1.31), lim infn−→∞ rn > 0, (i) and (ii), we obtain

lim
n→∞

‖Bp−Bxn‖ = 0. (3.1.37)

We note from the proof of Theorem 3.1 [9], that I − rnB is nonexpansive, for all n ∈ N. Since Trn

is firmly nonexpansive and using Lemma 2.2.4 (2) and (3.1.6), we have

‖un − p‖2 = ‖Trn(xn − rnBxn)− Trn(p− rnBp)‖2

≤ 〈(xn − rnBxn)− (p− rnBp), un − p〉

=
1
2
(‖(xn − rnBxn)− (p− rnBp)‖2 + ‖un − p‖2

−‖(xn − rnBxn)− (p− rnBp)− (un − p)‖2)

≤ 1
2
(‖xn − p‖2 + ‖un − p‖2 − ‖(xn − un)− rn(Bxn −Bp)‖2)

=
1
2
(‖xn − p‖2 + ‖un − p‖2 − ‖xn − un‖2 + 2rn〈xn − un, Bxn −Bp〉 − r2

n‖Bxn −Bp‖2).

Thus, we obtain

‖un − p‖2 ≤ ‖xn − p‖2 − ‖xn − un‖2 + 2rn〈xn − un, Bxn −Bp〉 − r2
n‖Bxn −Bp‖2. (3.1.38)

From (3.1.15), (3.1.13), (3.1.11) and (3.1.38) we can calculate

‖zn − p‖2 = ‖αn‖xn − p‖2 + (1− αn)‖wn − p‖2

≤ αn‖xn − p‖2 + (1− αn)[βn‖xn − p‖2 + (1− βn)‖vn − p‖2]

≤ αn‖xn − p‖2 + (1− αn)βn‖xn − p‖2 + (1− αn)(1− βn)‖un − p‖2

≤ αn‖xn − p‖2 + (1− αn)βn‖xn − p‖2

+(1− αn)(1− βn)[‖xn − p‖2 − ‖xn − un‖2

+2rn〈xn − un, Bxn −Bp〉 − r2
n‖Bxn −Bp‖2] (3.1.39)

≤ ‖xn − p‖2 − (1− αn)(1− βn)‖xn − un‖2

+(1− αn)(1− βn)2rn‖xn − un‖‖Bxn −Bp‖, (3.1.40)

by (i), it follows that

(1− a2)(1− a2)‖xn − un‖2 ≤ (1− αn)(1− βn)‖xn − un‖2

≤ ‖xn − p‖2 − ‖zn − p‖2

+(1− αn)(1− βn)2rn‖xn − un‖‖Bxn −Bp‖

≤ ‖xn − zn‖(‖xn − p‖+ ‖zn − p‖)

+(1− αn)(1− βn)2rn‖xn − un‖‖Bxn −Bp‖.
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From (3.1.31), (3.1.37), (i) and bounded of {xn} and {un}, we have

lim
n−→∞

‖xn − un‖ = 0. (3.1.41)

Since lim infn−→∞ rn > 0, we obtain

lim
n−→∞

‖xn − un

rn
‖ = lim

n−→∞

1
rn
‖xn − un‖ = 0. (3.1.42)

Next, we show that limn→∞ ‖un − yn‖ = 0. Consider,

‖yn − p‖2 = ‖PC(un − λnAun)− PC(p− λnAp)‖2

≤ ‖(un − λnAun)− (p− λnAp)‖2

= ‖(un − p)− λn(Aun −Ap)‖2

= ‖un − p‖2 − λn〈un − p, Aun −Ap〉+ λ2
n‖Aun −Ap‖2

≤ ‖xn − p‖2 − 2λnβ‖Aun −Ap‖2 + λ2
n‖Aun −Ap‖2

= ‖xn − p‖2 + λn(λn − 2α)‖Aun −Ap‖2.

From (3.1.15), (3.1.12), (3.1.11) we have

‖zn − p‖2 ≤ αn‖xn − p‖2 + (1− αn)‖wn − p‖2

≤ αn‖xn − p‖2 + (1− αn)[βn‖xn − p‖2 + (1− βn)‖vn − p‖2 − βn(1− βn)‖xn − vn‖2]

≤ αn‖xn − p‖2 + (1− αn)[βn‖xn − p‖2 + (1− βn)‖xn − p‖2 − βn(1− βn)‖xn − vn‖2]

≤ αn‖xn − p‖2 + (1− αn)[‖xn − p‖2 − βn(1− βn)‖xn − vn‖2]

= ‖xn − p‖2 − (1− αn)βn(1− βn)‖xn − vn‖2, (3.1.43)

from (i), it follows that

(1− a2)a1(1− a2)‖xn − vn‖2 ≤ (1− αn)βn(1− βn)‖xn − vn‖2

≤ ‖xn − p‖2 − ‖zn − p‖2

≤ ‖xn − zn‖(‖xn − p‖+ ‖zn − p‖).

From (3.1.31) and (ii), we have
lim

n−→∞
‖xn − vn‖ = 0. (3.1.44)
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For p ∈ F (S) ∩ V I(C,A) ∩ EP , from (3.1.15), (3.1.13), (3.1.11), (3.1.9) we obtain

‖zn − p‖2 ≤ αn‖xn − p‖2 + (1− αn)‖wn − p‖2

≤ αn‖xn − p‖2 + (1− αn)[βn‖xn − p‖2 + (1− βn)‖vn − p‖2]

= αn‖xn − p‖2 + (1− αn)βn‖xn − p‖2 + (1− αn)(1− βn)‖vn − p‖2

≤ αn‖xn − p‖2 + (1− αn)βn‖xn − p‖2 + (1− αn)(1− βn)[‖un − p‖2

+(λ2
nk2 − 1)‖un − yn‖2]

≤ αn‖xn − p‖2 + (1− αn)βn‖xn − p‖2 + (1− αn)(1− βn)[‖xn − p‖2]

+(1− αn)(1− βn)(λ2
nk2 − 1)‖un − yn‖2

≤ αn‖xn − p‖2 + (1− αn)βn‖xn − p‖2 + (1− αn)(1− βn)[‖xn − p‖2]

+(1− αn)(1− βn)(λ2
nk2 − 1)‖un − yn‖2

= ‖xn − p‖2 + (1− αn)(1− βn)(λ2
nk2 − 1)‖un − yn‖2.

Therefore, we have

‖un − yn‖ ≤ 1
(1− αn)(1− βn)(1− λ2

nk2)
(‖xn − p‖2 − ‖zn − p‖2)

=
1

(1− αn)(1− βn)(1− λ2
nk2)

(‖xn − p‖+ ‖zn − p‖)(‖xn − p‖ − ‖zn − p‖)

≤ 1
(1− αn)(1− βn)(1− λ2

nk2)
‖xn − zn‖(‖xn − p‖+ ‖zn − p‖).

So, by (3.1.31) we obtain
lim

n−→∞
‖un − yn‖ = 0. (3.1.45)

Since ‖xn − yn‖ ≤ ‖xn − un‖+ ‖un − yn‖, from (3.1.41) and (3.1.45) we also have

lim
n−→∞

‖xn − yn‖ = 0. (3.1.46)

We note that ‖yn − vn‖ ≤ ‖yn − xn‖+ ‖xn − vn‖. From (3.1.44) and (3.1.46), we obtain

lim
n−→∞

‖vn − yn‖ = 0. (3.1.47)

Since

‖wn − xn‖ = ‖βnxn + (1− βn)vn − xn‖

= (1− βn)‖vn − xn‖.

From (3.1.44), we have
lim

n−→∞
‖wn − xn‖ = 0. (3.1.48)

Note that

‖Sun − un‖ ≤ ‖Sun − Swn‖+ ‖Swn − xn‖+ ‖xn − un‖

≤ ‖un − wn‖+ ‖Swn − xn‖+ ‖xn − un‖

≤ ‖un − xn‖+ ‖xn − wn‖+ ‖Swn − xn‖+ ‖xn − un‖

= 2‖xn − un‖+ ‖xn − wn‖+ ‖Swn − xn‖.
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From (3.1.32), (3.1.41) and (3.1.48), we obtain

limn−→∞‖Sun − un‖ = 0. (3.1.49)

Since {uni} is bounded, there exists a subsequence {unij
} of {uni} such that unij

⇀ w. Without
loss of generality, we can assume that uni ⇀ w. Since C is closed and convex, w ∈ C. We first show
that w ∈ EP . It follows by (3.1.53) and (A2) that

〈Bxn, y − un〉+
1
rn
〈y − un, un − xn〉 ≥ F (y, un)

and hence
〈Bxni , y − uni〉+ 〈y − uni ,

uni − xni

rni

〉 ≥ F (y, uni) (3.1.50)

Put yt = ty + (1− t)p for all t ∈ (0, 1] and y ∈ C. Thus, we have yt ∈ C. So, from (3.1.41), we have

〈yt − uni , Byt〉 − 〈yt − uni , Byt〉 = 0 ≥ −〈yt − uni , Bxni〉 − 〈y − uni ,
uni−xni

rni
〉+ F (y, uni)

and hence

〈yt − uni , Byt〉 ≥ 〈yt − uni , Byt〉 − 〈yt − uni , Bxni〉 − 〈y − uni ,
uni−xni

rni
〉+ F (y, uni)

= 〈yt−uni , Byt−Buni〉+〈yt−uni , Buni−Bxni〉−〈y−uni ,
uni−xni

rni
〉+F (y, uni).

Since ‖uni − xni‖ → 0, it follows that ‖Buni −Bxni‖ → 0. Further, from monotonicity of B, we get

〈yt − uni , Byt −Buni〉 ≥ 0.

So, from (A4), we have
〈yt − w,Byt〉 ≥ F (yt, w), (3.1.51)

as i →∞. From (A1), (A4) and (3.1.51), we have

0 = F (yt, yt) ≤ tF (yt, y) + (1− t)F (yt, w) ≤ tF (yt, y) + (1− t)〈yt − w,Byt〉

≤ tF (yt, y) + (1− t)t〈y − w,Byt〉

and hence 0 ≤ F (yt, y) + (1 − t)〈y − w,Byt〉. Letting t → 0, we have for each y ∈ C, 0 ≤
F (w, y) + 〈y − w,Bw〉. This implies that w ∈ EP . Next, we show that w ∈ F (S). Assume that
w 6= Sw. From Opial’s condition and ‖Suni − uni‖ → 0, we have

lim inf
i→∞

‖uni − w‖ < lim inf
i→∞

‖uni − Sw‖ = lim inf
i→∞

‖(uni − Suni) + (Suni − Sw)‖

= lim inf
i→∞

‖Suni − Sw‖ ≤ lim inf
i→∞

‖uni − w‖.

This is a contradiction. So, we have w ∈ F (S). Therefore w ∈ F (S)∩EP . Finally, we can show that
w ∈ V I(C,A). Define,

Tv =

{
Av + NCv, v ∈ C,

∅, v /∈ C.

Then, T is maximal monotone. Let (v, u) ∈ G(T ). Since u − Av ∈ NCv and vn ∈ C, we have
〈v − vn, u − Av〉 ≥ 0. On the other hand, from vn = PC(un − λnAyn), we have 〈v − vn, vn − (un −
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λnAyn)〉 ≥ 0, and hence,
〈

v − vn, vn−un
λn

+ Ayn

〉
≥ 0. Therefore, we have

〈v − vni , u〉 ≥ 〈v − vni , Av〉

≥ 〈v − vni , Av〉 −
〈

v − vni ,
vni − uni

λni

+ Ayni

〉
=

〈
v − vni , Av −Ayni −

vni − uni

λni

〉
= 〈v − vni , Av −Avni〉+ 〈v − vni , Avni −Ayni〉 −

〈
v − vni ,

vni − uni

λni

〉
≥ 〈v − vni , Avni −Ayni〉 −

〈
v − vni ,

vni − uni

λni

〉
,

Since limn−→∞ ‖vn−un‖ = limn−→∞ ‖vn−yn‖ = 0, uni ⇀ p and A is Lipschitz continuous, we obtain
that limn−→∞ ‖Avn−Ayn‖ = 0 and vni ⇀ p. From lim infn−→∞ λn > 0 and limn−→∞ ‖vn−un‖ = 0,
we obtain

〈v − z, u〉 ≥ 0.

Since T is maximal monotone, we have z ∈ T−10 and hence z ∈ V I(C,A). Hence, we have z ∈
F (S) ∩ V I(C,A) ∩EP (F ). Finally, we show that xn −→ z, where z = PF (S)∩V I(C,A)EP (F )x0. Since
xn = PCnx0 and z ∈ F (S) ∩ V I(C,A) ∩ EP (F ) ⊂ Cn, we have ‖xn − x0‖ ≤ ‖z − x0‖. It follows
from z′ = PF (S)∩V I(C,A)∩EP (F )x0 and the lower semicontinuity of the norm that

‖z′ − x0‖ ≤ ‖z − x0‖ ≤ liminfi−→∞‖xni − x0‖ ≤ limsupi−→∞‖xni − x0‖ ≤ ‖z′ − x0‖.

Thus, we obtain that limk−→∞ ‖xni − x0‖ = ‖z − x0‖ = ‖z′ − x0‖. Using the Kadec-Klee property of
H , we obtain that

limi−→∞xni = z = z′.

Since {xni} is an arbitrary weakly convergent subsequence of {xn}, we can conclude that {xn}
converges strongly to z, where z = PF (T )∩V I(C,A)∩EP (F )x0.

Theorem 3.1.2. [2] Let C be a nonempty closed convex subset of a real Hilbert space H . Let
A : C → H be α-inverse strongly monotone of C into H and let S be a nonexpansive mappings from
C into itself such that F (S) ∩ V I(C,A) 6= ∅. Let {xn}, and {yn} be sequences generated by

x1, u ∈ C chosen arbitrary,

yn = PC(xn − λnAxn),

xn+1 = βnxn + (1− βn)S(αnxn + (1− αn)PC(xn − λnAyn)),∀n ≥ 1,

(3.1.52)

where {αn}, {βn} ⊂ [0, 1], {λn} ⊂ (0, 1) satisfy the following condition:

(C1) limn→∞ αn = 0, Σ∞n=1αn = ∞,

(C2) 0 < lim infn→∞ βn ≤ lim supn→∞ βn < 1,

(C3) {λn
α } ⊂ (τ, 1− δ) for some τ, δ ∈ (0, 1) and limn→∞ λn = 0.

Then {xn} converges strongly to PF (S)∩V I(C,A)u.
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Theorem 3.1.3. Let C be a nonempty closed convex subset of a real Hilbert space H . Let F be
a bifunction from C × C into R satisfying (A1)-(A4) and let A be an α-inverse-strongly monotone
mapping of C into H and let T be a strictly k-pseudocontractive mapping of C itself. Let S be a
nonexpansive mappings from C into itself such that F (S)∩EP 6= ∅. Let the sequences {xn} and {un}
be generated C1 = C ⊂ H , x1 = PCx0;

un ∈ C,

F (un, y) + 〈(I − T )xn, y − un〉+ 1
rn
〈y − un, un − xn〉 ≥ 0, ∀y ∈ C

yn = PC(un − λnAun),

zn = αnxn + (1− αn)S(βnxn + (1− βn)PC(un − λnAyn)),

Cn+1 = {z ∈ Cn : ‖zn − z‖ ≤ ‖xn − z‖},

xn+1 = PCn+1x0, n ∈ N,

(3.1.53)

where un = Trn(xn − rnBxn) and {rn} ⊂ (0,∞). Assume that the control sequences {αn}, {βn} ⊂
[0, 1], {λn} ⊂ (0, 2α) and satisfy the following conditions:

(i) 0 < a ≤ αn, βn ≤ b < 1,

(ii) 0 ≤ c ≤ λn ≤ d < α, for some a, b, c, d ∈ R,

(iii) lim infn→∞ λn > 0 and lim infn→∞ rn > 0.

Then {xn} converges strongly to PF (S)∩EP x0.

Proof A strictly k-pseudocontractive mapping is 1−k
2 -inverse strongly monotone. So, from Theorem

3.1.53, we obtain the desired result. 2

3.2 Extragradient Method for Generalized Mixed Equilibrium Problems and Fixed Point Problems
of Finite Family of Nonexpansive Mapping

In this section, we derive a strong convergence of an iterative algorithm of extragradient viscosity
method which solves the problem of finding a common element of the set of solutions of a generalized
mixed equilibrium problem, the set of fixed points of a family of finitely nonexpansive mappings and
the set of the variational inequality for a monotone, k-Lipschitz continuous mapping in a Hilbert space.

Theorem 3.2.1. Let C be a nonempty closed convex subset of a real Hilbert space H . Let Θ :

C × C → R be a bifucntion satisfying (A1)-(A5) and ϕ : C → R ∪ {+∞} be a paper lower
semicontinuous and convex function. Let F be a β-inverse strongly monotone and A be a monotone
and k-Lipschitz continuous mapping of C into H . Let {T1, T2, . . .} be a family of infinitely ki-
strictly pseudocontractive mapping of C into itself, such that 0 < γi ≤ b < 1, for every i = 1, 2, ...

and Ω =
⋂N

i=1 F (Ti) ∩ V I(C,A) ∩ GMEP (F,ϕ) 6= ∅. Let {Sn} be the S-mapping generated by
{T1, T2, . . . , TN} and α

(n)
1 , α

(n)
2 , . . . , α

(n)
N . Assume that either (B1) or (B2) holds, let {xn}, {un} and
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{yn} be sequences generated by;

x1 = x ∈ C

Θ(un, y) + ϕ(y)− ϕ(un) + 1
rn
〈y − un, un − (xn − rFxn)〉 ≥ 0, ∀y ∈ C

yn = PC(un − γnAun)

xn+1 = αnf(xn) + βnxn + (1− αn − βn)SnPC(un − γnAyn)

(3.2.1)

where f is contraction of C into itself with α ∈ (0, 1) and {αn}, {βn} and {γn} are sequences in
(0, 1), {rn} ⊆ (0,∞) are satisfy the following condition:

(i) limn→∞ αn = 0 and
∑∞

n=0 αn = ∞;

(ii) 0 < lim infn→∞ βn ≤ lim supn→∞ βn < 1;

(iii) lim infn→∞ rn > 0 and limn→∞ |rn+1 − rn| = 0;

(iv) limn→∞ γn = 0;

(v) 0 < r ≤ 2β;

(vi) |α(n+1)j
n − αnj

1 | → 0 and |α(n+1)j
3 − αnj

3 | → 0 as n →∞, for all j ∈ {1, 2, . . . , N}.
Then the sequence {xn} and {un} generated by (3.2.1) converges strongly to z0 ∈ Ω, where z0 =

PΩf(z0).

Proof. Put tn = PC(un − γnAyn) for every n ∈ N . First, we prove that the sequences {xn}, {un},
{yn}, {tn}, {Axn}, {Aun}, {f(xn)} and {Ayn} are bounded. Let x∗ ∈ Ω and let {Trn} be a sequences
of mapping defined as in Lemma 2.2.5 the x∗ = Tr(x∗− rFx∗). From un = Tr(xn − rFxn), we have

‖un − x∗‖2 = ‖Tr(xn − rFxn)− Tr(x∗ − rFx∗)‖2

≤ ‖(xn − rFxn)− (x∗ − rFx∗)‖2

= ‖(xn − x∗)− r(Fxn − Fx∗)‖2

= ‖xn − x∗‖2 − 2r〈Fxn − Fx∗, xn − x∗〉+ r2‖Fxn − Fx∗‖2

≤ ‖xn − x∗‖2 − 2rβ‖Fxn − Fx∗‖2 + r2‖Fxn − Fx∗‖2

≤ ‖xn − x∗‖2 + r(r − 2β)‖Fxn − Fx∗‖2 (3.2.2)

≤ ‖xn − x∗‖2.(since r < 2β) (3.2.3)
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From (3.1.3) the monotonicity of A and x∗ ∈ V I(C,A), we have

‖tn − x∗‖2 ≤ ‖un − γnAyn − x∗‖2 − ‖un − γnAyn − tn‖2

= ‖un − x∗‖2 − ‖un − tn‖2 + 2γn〈Ayn, x∗ − tn〉

= ‖un − x∗‖2 − ‖un − tn‖2 + 2γn(〈Ayn −Ax∗, x∗ − yn〉

+〈Ax∗, x∗ − yn〉+ 〈Ayn, yn − tn〉)

≤ ‖un − x∗‖2 − ‖un − tn‖2 + 2γn〈Ayn, yn − tn〉

≤ ‖un − x∗‖2 − ‖un − yn‖2 − 2〈un − yn, yn − tn〉 − ‖yn − tn‖2

+2γn〈Ayn, yn − tn〉

= ‖un − x∗‖2 − ‖un − yn‖2 − ‖yn − tn‖2 + 2〈un − γnAyn − yn, tn − yn〉

Further, from yn = PC(un − γnAun) and A is k-Lipschitz continuous, we have

〈un − γnAyn − yn, tn − yn〉 = 〈un − γnAun − yn, tn − yn〉+ 〈γnAun − γnAyn, tnyn〉

≤ 〈γnAun − γnAyn, tn − yn〉

≤ γnk‖un − yn‖‖tn − yn‖.

So, we have

‖tn − x∗‖2 ≤ ‖un − x∗‖2 − ‖un − yn‖2 − ‖yn − tn‖2 + 2γnk‖un − yn‖‖tn − yn‖

≤ ‖un − x∗‖2 − ‖un − yn‖2 − ‖yn − tn‖2 + γ2
nk2‖un − yn‖2 + ‖tn − yn‖2

= ‖un − x∗‖2 + (γ2
nk2 − 1)‖un − yn‖2

≤ ‖un − x∗‖2, (γ2
nk2 − 1 ≤ 0). (3.2.4)

From (3.2.1), (3.2.3) and (3.2.4), we have

‖xn+1 − x∗‖ = ‖αnf(xn) + βnxn + (1− αn − βn)Sntn − x∗‖

≤ αn‖f(xn)− x∗‖+ βn‖xn − x∗‖+ (1− αn − βn)‖Sntn − x∗‖

≤ αn‖f(xn)− x∗‖+ βn‖xn − x∗‖+ (1− αn − βn)‖tn − x∗‖

≤ αn‖f(xn)− f(x∗)‖+ αn‖f(xn)− x∗‖+ βn‖xn − x∗‖

+(1− αn − βn)‖xn − x∗‖

≤ αnα‖xn − x∗‖+ αn‖f(xn)− x∗‖+ (1− αn)‖xn − x∗‖

= (1− αn(1− α))‖xn − x∗‖+ αn(1− αn)
‖f(x∗)− x∗‖

(1− α)

≤ max{‖xn − x∗‖, ‖f(x∗)− x∗‖
1− α

}

...

≤ max{‖x1 − x∗‖, ‖f(x∗)− x∗‖
1− α

}.
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Hence {xn} is bounded, we also obtain that {tn} and {un} are bounded. From yn = PC(un− γnAun)

and the monotonicity and the Lipschitz continuous of A, we have

‖yn − x∗‖2 = ‖PC(un − γnAun)− PC(x∗ − γnAx∗)‖2

≤ ‖un − γnAun − (x∗ − γnAx∗)‖2

= ‖un − x∗‖2 − 2γn〈Aun −Ax∗, un − x∗〉+ γ2
n‖Aun −Ax∗‖2

≤ ‖un − x∗‖2 + γ2
nk‖un − x∗‖2

= (1 + γ2
nk)‖un − x∗‖2 (3.2.5)

Hence, we obtain that {yn} is bounded, it follows that {Axn}, {Aun}, {Ayn} and {f(xn)} are
bounded. Now we prove that limn→∞ ‖xn+1 − xn‖ = 0. Consider,

‖tn+1 − tn‖ = ‖PC(un+1 − γn+1Ayn+1)− PC(un − γnAyn)‖

≤ ‖(un+1 − γn+1Ayn+1)− (un − γnAyn)‖

≤ ‖(un+1 − un)− γn+1Ayn+1 − γn+1Ayn + γn+1Ayn + γnAyn‖

≤ ‖un+1 − un‖+ γn+1‖Aun+1 −Aun‖+ γn+1‖Aun‖+ γn‖Aun‖

≤ ‖un+1 − un‖+ γn+1‖un+1 − un‖+ γn+1‖Aun‖+ γn‖Aun‖

≤ ‖un+1 − un‖+ (2γn+1 + γn)M1, (3.2.6)

when M1 ≥ sup{k‖un+1 − un‖ + ‖Aun‖}. Since F is β-inverse-strongly monotone and r < 2β, we
have for all x, y ∈ C

‖(I − rF )x− (I − rF )y‖2 = ‖(x− y)− r(Fx− Fy)‖2

= ‖x− y‖2 − 2r〈Fx− Fy, x− y〉+ r2‖Ax−Ay‖2

≤ ‖x− y‖2 − 2rβ‖Ax−Ay‖2 + r2‖Ax−Ay‖2

≤ ‖x− y‖2 + r(r − 2β)‖Ax−Ay‖2

≤ ‖x− y‖2,

then I − rF is nonexpansive. From un = Tr(xn − rFxn), we get

‖un+1 − un‖ = ‖Tr(xn+1 − rFxn+1)− Tr(xn − rFxn)‖

≤ |(I − rF )xn+1 − (I − rF )xn‖

= ‖xn+1 − xn‖. (3.2.7)

From (3.2.6) and (3.2.7), we obtain that

‖tn+1 − tn‖ ≤ ‖xn+1 − xn‖+ (2γn+1 + γn)M1

= ‖xn+1 − xn‖+ cn, (3.2.8)

where cn := (2γn+1 + γn)M1. Since limn→∞ γn = 0, we have limn→∞ cn = 0. Next, we show

lim
n→∞

‖Sn+1xn − Snxn‖ = 0.
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For k ∈ {2, 3, . . . , N}, we have

‖Un+1,kxn − Un,kxn‖ = ‖αn+1,k
1 TkUn+1,kxn + αn+1,k

2 Un+1,k−1xn + αn+1,k
3 xn

−αn,k
1 TkUn,k−1xn − αn,k

2 Un,k−1xn − αn,k
3 xn‖

= ‖αn+1,k
1 (TkUn+1,k−1xn − TkUn,k−1xn)

+(αn+1,k
1 − αn,k

1 )TkUn,k−1xn

+(αn+1,k
3 − αn,k

3 )xn + αn+1,k
2 (Un+1,k−1xn − Un,k−1xn)

+(αn+1,k
2 − αn,k

2 )Un,k−1xn‖

≤ αn+1,k
1 ‖Un+1,k−1xn − Un,k−1xn‖+ |αn+1,k

1 − αn,k
1 |‖TkUn,k−1xn‖

+|αn+1,k
3 − αn,k

3 |‖xn‖+ |αn+1,k
2 − αn,k

2 |‖Un,k−1xn‖

+αn+1,k
2 ‖Un+1,k−1xn − Un,k−1xn‖

= (αn+1,k
1 + αn+1,k

2 )‖Un+1,k−1xn − Un,k−1xn‖

+|αn+1,k
1 − αn,k

1 |‖TkUn,k−1xn‖

+|αn+1,k
3 − αn,k

3 |‖xn‖+ |αn+1,k
2 − αn,k

2 |‖Un,kxn‖

≤ ‖Un+1,k−1xn − Un,k−1xn‖+ |αn+1,k
1 − αn,k

1 |‖TkUn,k−1xn‖

+|αn+1,k
3 − αn,k

3 |‖xn‖+ |(αn,k
1 − αn+1,k

1 + αn,k
3 − αn+1,k

3 )|‖Un,k−1xn‖

≤ ‖Un+1,k−1xn − Un,k−1xn‖+ |αn+1,k
1 − αn,k

1 |‖TkUn,k−1xn‖

+|αn+1,k
3 − αn,k

3 |‖xn‖+ |αn,k
1 − αn+1,k

1 |‖Un,k−1xn‖

+|αn,k
3 − αn+1,k

3 |‖Un,k−1xn‖

= ‖Un+1,k−1xn − Un,k−1xn‖+ |αn+1,k
1 − αn,k

1 |(‖TkUn,k−1xn‖+ ‖Un,k−1xn‖)

+|αn+1,k
3 − αn,k

3 |(‖xn‖+ ‖Un,k−1xn‖) (3.2.9)

By (3.2.9), we obtain that for each n ∈ N

‖Sn+1xn − Snxn‖ = ‖Un+1,Nxn − Un,Nxn‖

≤ ‖Un+1,1xn − Un,1xn‖+
N∑

j=2

|αn+1,j
1 − αn,j

1 |(‖TjUn,j−1xn‖

+‖Un,j−1xn‖) +
N∑

j=2

|αn+1,j
3 − αn,j

3 |(‖xn‖+ ‖Un,j−1xn‖)

= |αn+1,1
1 − αn,1

1 |‖T1xn − xn‖+
N∑

j=2

|αn+1,j
1 − αn,j

1 |(‖TjUn,j−1xn‖

+‖Un,j−1xn‖) +
N∑

j=2

|αn+1,j
1 − αn,j

1 |(‖xn‖+ ‖Un,j−1xn‖)

From condition (iv) [|αn+1,j
1 − αn,j

1 | → 0 and |αn+1,j
3 − αn,j

3 | → 0], we obtain

lim
n→∞

‖Sn+1xn − Snxn‖ = 0. (3.2.10)
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Similarly
lim

n→∞
‖Sn+1tn − Sntn‖ = 0. (3.2.11)

Let xn+1 = βnxn + (1− βn)zn, then we have

zn =
xn+1 − βnxn

1− βn
=

αnf(xn) + βnxn + (1− αn − βn)Sntn − βnxn

1− βn

=
αnf(xn) + (1− αn − βn)Sntn

1− βn
.

We consider,

zn+1 − zn =
αn+1f(xn+1) + (1− αn+1 − βn+1)Sn+1tn+1

1− bn+1
− αnf(xn) + (1− αn − βn)Sntn

1− βn

= (
αn+1

1− βn+1
f(xn+1)−

αn

1− βn
f(xn)) + Sn+1tn+1 − Sntn

+
αn

1− βn
Sntn −

αn+1

1− βn+1
Sn+1tn+1

=
αn+1

1− βn+1
(f(xn+1)− Sn+1tn+1) +

αn

1− βn
(Sntn − αnf(xn) + Sn+1tn+1 − Sntn).

Then from (3.2.8), we have

‖zn+1 − zn‖ ≤ αn+1

1− βn+1
‖f(xn+1)− Sn+1tn+1‖+

αn

1− βn
‖Sntn − f(xn)‖+ ‖Sn+1tn+1 − Sntn‖

≤ αn+1

1− βn+1
‖f(xn+1)− Sn+1tn+1‖+

αn

1− βn
‖Sntn − f(xn)‖

+‖Sn+1tn+1 − Sn+1tn‖+ ‖Sn+1tn − Sntn‖

≤ αn+1

1− βn+1
‖f(xn+1)− Sn+1tn+1‖+

αn

1− βn
‖f(xn)− Sntn‖

+‖tn+1 − tn‖+ ‖Sn+1tn − sntn‖

≤ αn+1

1− βn+1
‖f(xn+1)− Sn+1tn+1‖+

αn

1− βn
‖f(xn)− Sntn‖

+‖Sn+1tn − sntn‖+ ‖xn+1 − xn‖+ cn.

It follow that

‖zn+1 − zn‖ − ‖xn+1 − xn‖ ≤ αn+1

1− βn+1
‖f(xn+1)− Sn+1tn+1‖+

αn

1− βn
‖f(xn)− Sntn‖

+‖Sn+1tn − sntn‖+ cn

From (i), (3.2.11) and limn→∞ cn = 0, we have

lim sup
n→∞

(‖zn+1 − zn‖ − ‖xn+1 − xn‖) ≤ 0.

By Lemma 2.2.6, we have
lim

n→∞
‖zn − xn‖ = 0.

Note that
‖xn+1 − xn‖ = ‖βnxn + (1− βn)zn − xn‖ = (1− βn)‖zn − xn‖
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Consequently,

lim
n→∞

‖xn+1 − xn‖ = lim
n→∞

(1− βn)‖zn − xn‖ = 0. (3.2.12)

Consider,

‖Sntn − xn‖ ≤ ‖xn+1 − xn‖+ ‖xn+1 − Sntn‖

≤ ‖xn+1 − xn‖+ αn‖f(xn)− xn‖+ βn‖Sntn − xn‖,

it follows that
(1− βn)‖Sntn − xn‖ ≤ ‖xn+1 − xn‖+ αn‖f(xn)− xn‖

and hence
‖Sntn − xn‖ ≤

1
1− βn

(‖xn+1 − xn‖+ αn‖f(xn)− xn‖)

From (i), (ii) and (3.2.12), we obtain

lim
n→∞

‖Sntn − xn‖ = 0. (3.2.13)

Next, we prove that

lim
n→∞

‖xn − un‖ = lim
n→∞

‖un − tn‖ = lim
n→∞

‖un − yn‖ = 0.

For x∗ ∈ Ω we obtain that

‖xn+1 − x∗‖ = ‖αnf(xn) + βnxn + (1− αn − βn)Sntn − x∗‖2

≤ αn‖f(xn)− x∗‖+ βn‖xn − x∗‖2 + (1− αn − βn)‖Sntn − x∗‖2

≤ αn‖f(xn)− x∗‖+ βn‖xn − x∗‖2 + (1− αn − βn)‖tn − x∗‖

≤ αn‖f(xn)− x∗‖+ βn‖xn − x∗‖2 + (1− αn − βn)[‖un − x∗‖2

+(γ2
nk2 − 1)‖un − yn‖2]

≤ αn‖f(xn)− x∗‖+ βn‖xn − x∗‖2 + (1− αn − βn)‖xn − x∗‖2

+(1− αn − βn)(γ2
nk2 − 1)‖un − yn‖2, (3.2.14)

it follows that

‖un − yn‖2 ≤ αn‖f(xn)− x∗‖2 + (1− αn)‖xn − x∗‖2 − ‖xn+1 − x∗‖2

(1− αn − βn)(1− γ2
nk2)

=
αn(‖f(xn)− x∗‖2 − ‖xn − x∗‖2)

(1− αn − βn)(1− γ2
nk2)

+
‖xn − x∗‖2 − ‖xn+1 − x∗‖2

(1− αn − βn)(1− γ2
nk2)

≤ αn(‖f(xn)− x∗‖2 − ‖xn − x∗‖2)
(1− αn − βn)(1− γ2

nk2)
+
‖xn+1 − xn‖(‖xn − x∗‖+ ‖xn+1 − x∗‖)

(1− αn − βn)(1− γ2
nk2)

.

From (i) and (3.2.12), we have

lim
n→∞

‖un − yn‖ = 0. (3.2.15)
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By the same argument as in (3.2.3), we also have

‖tn − x∗‖2 ≤ ‖un − x∗‖2 − ‖un − yn‖2 − ‖yn − tn‖2 + 2γnk‖un − yn‖‖tn − yn‖

≤ ‖un − x∗‖2 − ‖un − yn‖2 − ‖yn − tn‖2 + ‖un − yn‖2 + γ2
nk2‖tn − yn‖2

= ‖un − x∗‖2 + (γ2
nk2 − 1)− ‖yn − tn‖2. (3.2.16)

From (3.2.14) and (3.2.16), we have

‖xn+1 − x∗‖ = ‖αnf(xn) + βnxn + (1− αn − βn)Sntn − x∗‖2

≤ αn‖f(xn)− x∗‖+ βn‖xn − x∗‖2 + (1− αn − βn)‖Sntn − x∗‖2

≤ αn‖f(xn)− x∗‖+ βn‖xn − x∗‖2 + (1− αn − βn)‖tn − x∗‖

≤ αn‖f(xn)− x∗‖+ βn‖xn − x∗‖2 + (1− αn − βn)[‖un − x∗‖2

+(γ2
nk2 − 1)‖yn − tn‖2]

≤ αn‖f(xn)− x∗‖+ βn‖xn − x∗‖2 + (1− αn − βn)‖xn − x∗‖2

+(1− αn − βn)(γ2
nk2 − 1)‖yn − tn‖2

and hence

‖yn − tn‖2 ≤ αn(‖f(xn)− x∗‖2 − ‖xn − x∗‖2)
(1− γ2

nk2)
+
‖xn − x∗‖2 − ‖xn+1 − x∗‖2

(1− γ2
nk2)

≤ αn(‖f(xn)− x∗‖2 − ‖xn − x∗‖2)
(1− γ2

nk2)
+
‖xn+1 − xn‖(‖xn − x∗‖+ ‖xn+1 − x∗‖)

(1− γ2
nk2)

.

From (i) and (3.2.12), we obtain

lim
n→∞

‖yn − tn‖ = 0. (3.2.17)

Note that

‖un − tn‖ ≤ ‖un − yn‖+ ‖yn − tn‖ → 0 as n →∞. (3.2.18)

From A is k-Lipschitz continuous, we have ‖Ayn −Atn‖ = 0. From (??) and (3.3.32), we have

‖xn+1 − x∗‖2 = ‖αn(f(xn)− x∗) + βn(xn − x∗) + (1− αn − βn)(Sntn − x∗)‖2

≤ αn‖(f(xn)− x∗)‖2 + βn‖xn − x∗‖2 + (1− αn − βn)‖Sntn − x∗‖2

≤ αn‖(f(xn)− x∗)‖2 + βn‖xn − x∗‖2 + (1− αn − βn)‖tn − x∗‖2

≤ αn‖(f(xn)− x∗)‖2 + βn‖xn − x∗‖2 + (1− αn − βn)‖un − x∗‖2

≤ αn‖(f(xn)− x∗)‖2 + βn‖xn − x∗‖2 + (1− αn − βn)[‖xn − x∗‖2

+r(r − 2β)‖Fxn − Fx∗‖2]

≤ αn‖(f(xn)− x∗)‖2 + ‖xn − x∗‖2 + (1− αn − βn)r(r − 2β)‖Fxn − Fx∗‖2,

it follows that
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(1− αn − βn)r(r − 2β)‖Fxn − Fx∗‖2 ≤ αn‖(f(xn)− x∗)‖2 + ‖xn − x∗‖2 − ‖xn+1 − x∗‖2

≤ αn‖(f(xn)− x∗)‖2 + ‖xn+1 − xn‖(‖xn − x∗‖+ ‖xn+1 − x∗‖).

From (i) and (3.2.12), we get

lim
n→∞

‖Fxn − Fx∗‖ = 0. (3.2.19)

Since Tr is a firmly nonexpansive for x∗ ∈ Ω, we have

‖un − x∗‖2 = ‖Sr(xn − rFxn)− Sr(x∗ − rFx∗)‖2

≤ 〈xn − rFxn − (x∗ − rFx∗), un − x∗〉

=
1
2
(‖xn − rFxn − (x∗ − rFx∗)‖2 + ‖un − x∗‖2

−‖xn − rFxn − (x∗ − rFx∗)− (un − x∗)‖2)

≤ 1
2
(‖xn − x∗‖2 + ‖un − x∗‖2 − ‖xn − un − r(Fxn − Fx∗)‖2)

≤ 1
2
(‖xn − x∗‖2 + ‖un − x∗‖2 − ‖xn − un‖2 + 2r〈(Fxn − Fx∗), xn − un〉

−r2‖Fxn − Fx∗‖2).

It follows that

‖un − x∗‖2 ≤ ‖xn − x∗‖2 − ‖xn − un‖2 + 2r‖Fxn − Fx∗‖‖xn − un‖. (3.2.20)

Note that

‖xn+1 − x∗‖2 = ‖αn(f(xn)− x∗) + βn(xn − x∗) + (1− αn − βn)(Sntn − x∗)‖2

≤ αn‖(f(xn)− x∗)‖2 + βn‖xn − x∗‖2 + (1− αn − βn)‖Sntn − x∗‖2

≤ αn‖(f(xn)− x∗)‖2 + βn‖xn − x∗‖2 + (1− αn − βn)‖‖tn − x∗‖2

≤ αn‖(f(xn)− x∗)‖2 + βn‖xn − x∗‖2 + (1− αn − βn)‖‖un − x∗‖2

≤ αn‖(f(xn)− x∗)‖2 + βn‖xn − x∗‖2 + (1− αn − βn)[‖xn − x∗‖2

−‖xn − un‖2 + 2r‖Fxn − Fx∗‖‖xn − un‖]

≤ αn‖(f(xn)− x∗)‖2 + (1− αn)‖xn − x∗‖2 − (1− αn − βn)‖xn − un‖2

+2r‖Fxn − Fx∗‖‖xn − un‖,

it follows that

(1− αn − βn)‖xn − un‖2 ≤ αn‖(f(xn)− x∗)‖2 + ‖xn − x∗‖2 − ‖xn+1 − x∗‖2

+2r‖Fxn − Fx∗‖‖xn − un‖

≤ αn‖(f(xn)− x∗)‖2 − ‖xn+1 − xn‖(‖xn − x∗‖+ ‖xn+1 − x∗‖)

+2r‖Fxn − Fx∗‖‖xn − un‖.

From (i) (3.2.12) and (3.2.22) , we obtain that

lim
n→∞

‖xn − un‖ = 0. (3.2.21)
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Since

‖Snun − un‖ ≤ ‖Snun − Sntn‖+ ‖Sntn − xn‖+ ‖xn − un‖

≤ ‖un − tn‖+ ‖Sntn − xn‖+ ‖xn − un‖.

By (3.2.11), (3.2.16) and (3.2.21), we have

lim
n→∞

‖Snun − un‖ = 0. (3.2.22)

Consider,
‖Sun − un‖ ≤ ‖Sun − Snun‖+ ‖Snun − un‖.

By Lemma (2.2.11) and (3.2.22), we get

lim
n→∞

‖Sun − un‖ = 0. (3.2.23)

Next we show that
lim sup

n→∞
〈f(z0)− z0, xn − z0〉 ≤ 0,

where z0 = PΩf(z0). To show this inequality, we can choose a sequence {xni} of {xn} such that

lim
i→∞

〈f(z0)− z0, xni − x∗〉 = lim sup
n→∞

〈f(z0)− z0, xn − z0〉.

Since {xni} is bounded, there exists a subsequence {xnik
} of {xni} such that xnik

⇀ w. Without loss
of generality, assume that xni ⇀ w. Consider, for all x, y ∈ H ,

‖PF (I −A)x− PF (I −A)y‖ ≤ ‖(I −A)x− (I −A)y‖

≤ ‖I −A‖‖x− y‖

≤ (1− µ)‖x− y‖.

Hence PΩ(I−A) is contraction and has a unique fixed point, say x∗ ∈ Ω. That is, x∗ = PΩ(I−A)(x∗).
We next prove that w ∈ GMEP . By un = Sr(xn − rFxn), we know that

Θ(un, y) + ϕ(y)− ϕ(un) +
1
r
〈y − un, un − (xn − rFxn)〉 ≥ 0, ∀y ∈ C.

It follows from (A2) that

ϕ(y)− ϕ(un) +
1
r
〈y − un, un − (xn − rFxn)〉 ≥ Θ(y, un), ∀y ∈ C.

Hence,

ϕ(y)− ϕ(un) +
1
r
〈y − uni ,

uni − (xni − rFxni)
r

〉 ≥ Θ(y, uni), ∀y ∈ C. (3.2.24)

For t ∈ (0, 1] and y ∈ H , let yt = ty + (1− t)w. From (3.2.24) we have

〈yt − uni , Fyt〉 ≥ 〈yt − uni , Fyt〉 − ϕ(yt) + ϕ(uni )
− 〈yt − uni ,

uni − (xni − rFxni)
r

〉+ Θ(y, uni)

= 〈yt − uni , Fyt − Funi , Funi − Fxni〉 − ϕ(yt) + ϕ(uni)

−〈yt − uni ,
uni − xni

r
〉+ Θ(y, uni).
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Since ‖uni − xni‖ → 0, we have ‖Funi −Fxni‖ → 0. Further, from the inverse strongly monotonicity
of ϕ, uni−xni

r → 0 and uni → w weakly, we have

〈yt − w,Fyt〉 ≥ −ϕ(yt) + ϕ(w) + Θ(yt, w), ∀y ∈ C. (3.2.25)

From (A1), (A4), and (3.2.25), we also have

0 = Θ(yt, yt) + ϕ(yt)− ϕ(yt)

≤ tΘ(yt, y) + (1− t)Θ(yt, w) + tϕ(y) + (1− t)ϕ(w)− ϕ(yt)

= t[Θ(yt, y) + ϕ(y)− ϕ(yt)] + (1− t)[Θ(yt, w) + ϕ(w)− ϕ(yt)]

≤ t[Θ(yt, y) + ϕ(y)− ϕ(yt)] + (1− t)〈yt, w, Fyt〉

≤ t[Θ(yt, y) + ϕ(y)− ϕ(yt)] + (1− t)〈y, w, Fyt〉

and hence
0 ≤ Θ(yt, y) + ϕ(y)− ϕ(yt) + (1− t)〈y − w,Fyt〉.

Letting t → 0, we have, for each y ∈ C

Θ(w, y) + ϕ(y)− ϕ(w) + 〈y − w,Fw〉 ≥ 0.

for all y ∈ C and hence w ∈ GMEP (F,ϕ).

(b) Now we show that w ∈ V I(C,A). For this purpose, we define a set-valued mapping
T : H → 2H by

Tw1 =

Aw1 + NCw1 if w1 ∈ C,

∅ if w1 6∈ C.

where NCw1 is the normal cone to C at w1 ∈ C. We have already mentioned that in this case the
mapping T is maximal monotone, and 0 ∈ Tw1 if and only if w1 ∈ V I(C,A). Let (w1, g) ∈ G(T ).

Then Tw1 = Aw1 + NCw1 and hence g − Aw1 ∈ NCw1. So, we have 〈w1 − t, g − Aw1〉 ≥ 0 for all
t ∈ C. On the other hand, from tn = PC(un − γnAyn) and w1 ∈ C we have

〈un − γnAyn − tn, tn − w1〉 ≥ 0

and hence

〈w1 − tn, tn−un
γn

+ Ayn〉 ≥ 0
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Therefor, we have

〈w1 − tni , g〉 ≤ 〈w1 − tni , Aw1〉

≤ 〈w1 − tni , Aw1〉 − 〈w1 − tni ,
tni − uni

γni

+ Ayni〉

= 〈w1 − tni , Aw1 −Ayni −
tni − uni

γni

〉

= 〈w1 − tni , Aw1 −Atni + Atni −Ayni −
tni − uni

γni

〉

= 〈w1 − tni , Aw1 −Atni〉+ 〈w1 − tni , Atni −Ayni〉 − 〈v − tni ,
tni − uni

γni

〉

≤ 〈w1 − tni , Atni −Ayni〉 − 〈w1 − tni ,
tni − uni

γni

〉.

Hence we obtain 〈w1 −w, g〉 ≥ 0 as i →∞. Since T is maximal monotone, we have w ∈ T−10 and
hence w ∈ V I(C,A).

(C) We next show that w ∈ F (S) =
⋂N

i=1 F (Ti). Suppose the contrary, w 6∈ F (S). Since
uni ⇀ w and w 6= Sw, from the Opial’s condition we have

lim inf
i→∞

‖uni − w‖ < lim inf
i→∞

‖uni − Sw‖

= lim inf
i→∞

‖uni − Suni + Suni − Sw‖

≤ lim inf
i→∞

‖uni − Suni‖+ ‖Suni − Sw‖

≤ lim inf
i→∞

‖Suni − Sw‖

≤ lim inf
i→∞

‖uni − w‖

which is a contradiction. So, we get w ∈ F (S) =
⋂N

i=1 F (Ti). This implies w ∈ Ω. Therefor, we have

lim sup
n→∞

〈f(z0)− z0, xn − z0〉 = lim
n→∞

〈f(z0)− z0, xni − z0〉 = 〈f(z0)− z0, w − z0〉 ≤ 0. (3.2.26)

Consider,

‖xn+1 − z0‖2 = ‖αnf(xn) + βnxn + (1− αn + βn)Sntn − z0‖2

= ‖αn(f(xn)− z0) + βn(xn − z0) + (1− αn + βn)(Sntn − z0)‖2

≤ ‖βn(xn − z0) + (1− αn + βn)(Sntn − z0)‖2 + 2αn〈f(xn)− z0, xn+1 − z0〉

≤ (βn‖xn − z0‖+ (1− αn + βn)‖Sntn − z0‖)2 + 2αn〈f(xn)− z0, xn+1 − z0〉

+2αn〈f(z0)− z0, xn+1 − z0〉

≤ (βn‖xn − z0‖+ (1− αn + βn)‖tn − z0‖)2 + 2αnα‖xn − z0‖‖xn+1 − z0‖

+2αn〈f(z0)− z0, xn+1 − z0〉

≤ (βn‖xn − z0‖+ (1− αn + βn)‖xn − z0‖)2 + 2αnα‖xn − z0‖‖xn+1 − z0‖

+2αn〈f(z0)− z0, xn+1 − z0〉

≤ (1− αn)2‖xn − z0‖)2 + αnα(‖xn − z0‖2 + ‖xn+1 − z0‖2)

+2αn〈f(z0)− z0, xn+1 − z0〉
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then we obtain

(1− αnα)‖xn+1 − z0‖2 ≤ ((1− αn)2 + αnα)‖xn − z0‖2 + 2αn〈f(z0)− z0, xn+1 − z0〉,

it follows that

‖xn+1 − z0‖2 ≤ (1− αn)2 + αnα

1− αnα
‖xn − z0‖2 +

2αn

1− αnα
〈f(z0)− z0, xn+1 − z0〉

=
1− 2αnα2

n + αnα

1− αnα
‖xn − z0‖2 +

2αn

1− αnα
〈f(z0)− z0, xn+1 − z0〉

=
1− 2αn + αnα

1− αnα
‖xn − z0‖2 +

α2
n

1− αnα
‖xn − z0‖2

+
2αn

1− αnα
〈f(z0)− z0, xn+1 − z0〉

= 1− 2(1− α)αn

1− αnα
‖xn − z0‖2 +

2(1− α)αn

1− αnα
{ αnM

2(1− α)

+
1

(1− α)
〈f(z0)− z0, xn+1 − z0〉}

≤ (1− δn)‖xn − z0‖2 + δnbn,

when M = sup ‖xn − zo‖2, δn = 2(1−α)αn

1−αnα and bn = { αnM
2(1−α) + 1

(1−α)〈f(z0)− z0, xn+1 − z0〉}
From limn→∞ αn = 0 and lim supn→∞〈f(z0)− z0, xn+1 − z0〉 ≤ 0, we have lim supn→∞ bn ≤ 0,
and from

∞∑
n=1

αn = ∞, implies
∞∑

n=1

δn = ∞

By Lemma 2.2.2 we have limn→∞ ‖xn − z0‖ = 0. This complete the proof. 2

3.3 Convergence Theorem of a New Iterative Method for Mixed Equilibrium Problems and Varia-
tional Inclusions: Approach to Variational Inequalities

In this section, we derive a strong convergence of an iterative algorithm which solves the problem
of finding a common element of the set of solutions of a mixed equilibrium problem, the set of fixed
points nonexpansive mapping of C into itself and the set of the variational inclusion in Hilbert space.

Theorem 3.3.1. Let C be a nonempty closed convex subset of a real Hilbert space H . Let T : C → C

be a nonexpansive mapping such that F := F (T ) ∩ EP ∩ I(B,R) 6= ∅. Let Θ : C × C → R be
a bifunction satisfying (H1) − (H4), let F,B be α-inverse strongly monotone and β-inverse strongly
monotone, respectively. Let A be a strongly positive bounded linear operator with coefficient 0 < µ < 1

and R : H → 2H be a maximal monotone mapping. Let the sequences {xn} and {un} be generated
x0 = C; 

Θ(un, y) + ϕ(y)− ϕ(un) + 1
rn
〈y − un, un − (xn − rFxn)〉 ≥ 0, ∀y ∈ C

yn = PC [(I − αnA)JR,λ(I − λB)un],

xn+1 = βnu + (1− βn)Tyn, n ≥ 0

(3.3.1)
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where {αn}, {βn} ⊂ [0, 1] are satisfying: {rn} ⊂ (0,∞). Assume that the control sequences {αn} and
{βn} satisfying:

(i) limn→∞ αn = 0, Σ∞n=1αn = ∞,

(ii) limn→∞ βn = 0, Σ∞n=1βn = ∞, Σ∞n=1|βn+1 − βn| < ∞,

(iii) limn→∞(αn+1

αn
) = 1,

(iv) 0 < r ≤ 2α, 0 < λ ≤ 2β,
Then {xn} converge strongly to z0 = PF u which solves the following variational inequality

〈(Ax, y − x〉 ≥ 0, ∀y ∈ F. (3.3.2)

Proof. Since F is α-inverse strongly monotone and B is β-inverse strongly monotone, we have

‖(I − rF )x− (I − rF )y‖2 ≤ ‖x− y‖2 + r(r − 2α)‖Fx− Fy‖2, (3.3.3)

‖(I − λB)x− (I − λB)y‖2 ≤ ‖x− y‖2 + λ(λ− 2β)‖Bx−By‖2. (3.3.4)

It is clear that if 0 < r ≤ 2α and 0 < λ ≤ 2β, then (I − rF ) and (I − λB) are all nonexpansive. Set
wn = JR,λ(un − λBun), n ≥ 0. It follows that

‖wn − x∗‖ = ‖JR,λ(un − λBun)− JR,λ(x∗ − λBx∗)‖ ≤ ‖(un − λBun)− (x∗ − λBx∗)‖ ≤ ‖un − x∗‖.
(3.3.5)

By Lemma 2.2.1, we have un = Sr(xn − rFxn) for all n ≥ 0. Then, we have

‖un − x∗‖2 = ‖Sr(xn − rFxn)− Sr(x∗ − rFx∗)‖2

≤ ‖(xn − rFxn)− (x∗ − rFx∗)‖2

≤ ‖(xn − x∗)− rn(Bxn −Bx∗)‖2

≤ ‖xn − x∗‖2 − 2r〈Fxn − Fx∗, xn − x∗〉+ r‖Fx∗ − Fxn‖2 (3.3.6)

≤ ‖xn − x∗‖2 − 2rα‖Fxn − Fx∗‖2 + r2‖Fx∗ − Fxn‖2

≤ ‖xn − x∗‖2. (3.3.7)

Hence,
‖wn − x∗‖ ≤ ‖un − x∗‖ ≤ ‖xn − x∗‖. (3.3.8)

Since A is linear bounded self-adjoint operator on H , then

‖A‖ = sup{|〈Au, u〉| : u ∈ H, ‖u‖ = 1}.

Observe that
〈(I − αnA)u, u〉 = 1− αn〈Au, u〉 ≥ 1− αn‖A‖ ≥ 0,

that is to say I − αnA is positive operator. It follows that

‖(I − αnA)‖ = sup{|〈(I − αnA)u, u〉| : u ∈ H, ‖u‖ = 1}

= sup{〈(I − αnA)u, u〉 : u ∈ H, ‖u‖ = 1}

= sup{1− αn〈Au, u〉 : u ∈ H, ‖u‖ = 1}

≤ 1− αnµ.
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From (??), we deduce that

‖yn − x∗‖ = ‖PC [(I − αnA)wn]− x∗‖

≤ ‖(I − αnA)wn − x∗‖

= ‖(I − αnA)(wn − x∗)− αnAx∗‖

≤ ‖I − αnA‖‖wn − x∗‖+ αn‖Ax∗‖

≤ (1− αnµ)‖wn − x∗‖+ αn‖Ax∗‖

= (1− αnµ)‖wn − x∗‖+ αnµ
‖Ax∗‖

µ

≤ (1− αnµ)‖xn − x∗‖+ αnµ
‖Ax∗‖

µ
,

and

‖xn+1 − x∗‖ = ‖βnu + (1− βn)Tyn − x∗‖

= ‖βn(u− x∗) + (1− βn)(Tyn − x∗)‖

≤ βn‖u− x∗‖+ (1− βn)‖Tyn − x∗‖

≤ βn‖u− x∗‖+ (1− βn)‖yn − x∗‖

≤ βn‖u− x∗‖+ (1− βn)[(1− αnµ)‖xn − x∗‖+ αnµ
‖Ax∗‖

µ
]

≤ βn max{‖u− x∗‖, ‖x0 − x∗‖, ‖Ax∗‖
µ

}

+(1− βn) max{‖u− x∗‖, ‖x0 − x∗‖, ‖Ax∗‖
µ

}

= max{‖u− x∗‖, ‖x0 − x∗‖, ‖‖Ax∗‖
µ

}.

Therefore, {xn} is bounded. Hence, {un}, {yn}, {Tyn} and {Ayn} are all bounded.

Step 2 We must show that limn→∞ ‖xn+1 − xn‖ = 0. From (3.3.1), we have

‖xn+1 − xn‖ = ‖βnu + (1− βn)Tyn − (βn−1u + (1− βn−1)Tyn−1)‖

= ‖(1− βn)(Tyn − Tyn−1) + (1− βn)Tyn−1 + (βn − βn−1)u

+(1− βn−1)Tyn−1)‖

= ‖(1− βn)(Tyn − Tyn−1) + (βn − βn−1)(u− Tyn−1)‖

≤ (1− βn)‖yn − yn−1‖+ |βn − βn−1|‖u− Tyn−1‖

≤ ‖yn − yn−1‖+ |βn − βn−1|‖u− Tyn−1‖. (3.3.9)

Note that,

‖yn − yn−1‖ = ‖PC(I − αnA)wn − PC(I − αn−1A)wn−1‖

≤ ‖(I − αnA)wn − (I − αn−1A)wn−1‖

= ‖(I − αnA)(wn − wn−1) + (I − αnA)wn−1 − (I − αn−1A)wn−1‖

≤ (1− αnµ)‖wn − wn−1‖+ |αn − αn−1|‖Awn−1‖, (3.3.10)
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and from (I − λB) and (I − rF ) are nonexpansive, we have

‖wn − wn−1‖ = ‖JR,λ(un − λBun)− JR,λ(un−1 − λBun−1)‖

≤ ‖(I − λB)un − (I − λB)un−1‖

= ‖un − un−1‖

= ‖Sr(xn − rFxn)− Sr(xn−1 − rFxn−1)‖

≤ ‖(I − rF )xn − (I − rF )xn−1‖

≤ ‖xn − xn−1‖. (3.3.11)

Substituting (3.3.11) in (3.3.10), we get

‖yn − yn−1‖ ≤ (1− αnµ)‖xn − xn−1‖+ |αn − αn−1|‖Awn−1‖, (3.3.12)

and substituting (3.3.12) into (3.3.9), we get

‖xn+1 − xn‖ ≤ (1− αnµ)‖xn − xn−1‖+ |αn − αn−1|‖Awn−1‖+ |βn − βn−1|‖u− Tyn−1‖, (3.3.13)

and we have

‖xn+1−xn‖ ≤ (1−αnµ)‖xn−xn−1‖+αn|1−
αn−1

αn
|µ‖Awn−1‖

µ
+ |βn−βn−1|‖u−Tyn−1‖. (3.3.14)

Put tn := αnµ, bn := αn|1 − αn−1

αn
|µ‖Awn−1‖

µ and cn := |βn − βn−1|‖u − Tyn−1‖ from (i), (ii), (iii)

and bounded of {‖u− Tyn−1‖} and by Lemma 2.2.14, we have limn→∞ ‖xn+1 − xn‖ = 0.

Step 3 Prove that ‖Fxn − Fx∗‖ → 0 and ‖Bun −Bx∗‖ → 0 as n →∞. Consider

‖wn − x∗‖2 = ‖JR,λ(un − λBun)− JR,λ(x∗ − λBx∗)‖2

≤ ‖(I − λB)un − (I − λB)x∗‖2

= ‖un − x∗‖2 + λ(λ− 2β)‖Bun −Bx∗‖2

= ‖xn − x∗‖2 + r(r − 2α)‖Fxn − Fx∗‖2

+λ(λ− 2β)‖Bun −Bx∗‖2, (3.3.15)

≤ ‖xn − x∗‖2, ( since r < 2α and λ < 2β). (3.3.16)

and

‖yn − x∗‖2 = ‖PC(I − αnA)wn − x∗‖2

≤ ‖(I − αnA)wn − x∗‖2

= ‖wn − x∗ − αnAwn‖2

= ‖wn − x∗‖2 − 2αn〈wn − x∗, Awn〉+ αn‖Awn‖2 (3.3.17)

= ‖wn − x∗‖2 + αn(2‖wn − x∗‖‖Awn‖+ ‖Awn‖2)

= ‖wn − x∗‖ + dn, (3.3.18)

where dn = αn(2‖wn − x∗‖‖Awn‖ + ‖Awn‖2). From limn→∞ αn = 0 and boundedness, we have
limn→∞ dn = 0, there exists N ∈ N such that

‖yn − x∗‖2 ≤ ‖wn − x∗‖2 ≤ ‖xn − x∗‖2,∀n ≥ N. (3.3.19)



39

Note that from (3.3.15) and (3.3.18), we have

‖xn+1 − x∗‖2 = ‖βnu + (1− βn)Tyn − x∗‖2

= ‖βn(u− x∗) + (1− βn)(Tyn − x∗)‖2

= βn‖u− x∗‖2 + (1− βn)‖Tyn − x∗‖2

≤ βn‖u− x∗‖2 + (1− βn)‖yn − x∗‖2 (3.3.20)

≤ βn‖u− x∗‖2 + ‖wn − x∗‖2 + αn(2‖wn − x∗‖‖Awn‖+ ‖Awn‖2)

≤ ‖xn − x∗‖2 + r(r − 2α)‖Fxn − Fx∗‖2 + λ(λ− 2β)‖Bun −Bx∗‖2

+βn‖u− x∗‖2 + dn. (3.3.21)

It follows that

r(2α− r)‖Fxn − Fx∗‖2 + λ(2β − λ)‖Bun −Bx∗‖2

≤ ‖xn − x∗‖2 − ‖xn+1 − x∗‖2

+dn + βn‖u− x∗‖2

≤ ‖xn+1 − xn‖(‖xn − x∗‖+ ‖xn − x∗‖)

+dn + βn‖u− x∗‖2.

From limn→∞ ‖xn+1 − xn‖ = 0, limn→∞ αn = 0 and limn→∞ βn = 0, we have

lim
n→∞

‖Fxn − Fx∗‖ = 0 = lim
n→∞

‖Bun −Bx∗‖.

Next, we show that limn→∞ ‖un − xn‖ = 0 = limn→∞ ‖un −wn‖. Since Sr is a firmly nonexpansive,
we have

‖un − x∗‖2 = ‖Sr(xn − rFxn)− Sr(x∗ − rFx∗)‖2

≤ 〈xn − rFxn − (x∗ − rFx∗), un − x∗〉

=
1
2
(‖xn − rFxn − (x∗ − rFx∗)‖2 + ‖un − x∗‖2

−‖xn − rFxn − (x∗ − rFx∗)− (un − x∗)‖2)

≤ 1
2
(‖xn − x∗‖2 + ‖un − x∗‖2 − ‖xn − un − r(Fxn − Fx∗)‖2)

≤ 1
2
(‖xn − x∗‖2 + ‖un − x∗‖2 − ‖xn − un‖2

+2r〈(Fxn − Fx∗), xn − un〉 − r2‖Fxn − Fx∗‖2)

It follows that

‖un − x∗‖2 ≤ ‖xn − x∗‖2 − ‖xn − un‖2 + 2r‖Fxn − Fx∗‖‖xn − un‖. (3.3.22)
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Since JR,λ is 1−inverse strongly monotone, we have

‖wn − x∗‖2 = ‖JR,λ(un − λBun)− JR,λ(x∗ − λBx∗)‖2

≤ 〈(un − λBun)− (x∗ − λBx∗), wn − x∗〉

=
1
2
(‖un − λBun − (x∗ − λBx∗)‖2 + ‖wn − x∗‖2

−‖un − λBun − (x∗ − λBx∗)− (wn − x∗)‖2)

≤ 1
2
(‖un − x∗‖2 + ‖wn − x∗‖2 − ‖un − wn − λ(Bun −Bx∗)‖2)

≤ 1
2
(‖un − x∗‖2 + ‖wn − x∗‖2 − ‖un − wn‖2

+2λ〈(Bun −Bx∗), un − wn〉 − λ2‖Bun −Bx∗‖2).

Which implies that

‖wn − x∗‖2 ≤ ‖un − x∗‖2 + ‖wn − x∗‖2 − ‖un − wn‖2 + 2λ‖Bun −Bx∗‖‖un − wn‖. (3.3.23)

By (3.3.22) and (3.3.23), we have

‖wn − x∗‖2 ≤ ‖xn − x∗‖2 − ‖xn − un‖2 + 2r‖Fxn − Fx∗‖‖xn − un‖ − ‖un − wn‖2

+2λ‖Bun −Bx∗‖‖un − wn‖. (3.3.24)

Substituting (3.3.24) into (3.3.17), we have

‖yn − x∗‖2 ≤ ‖xn − x∗‖2 − ‖xn − un‖2 + 2r‖Fxn − Fx∗‖‖xn − un‖ − ‖un − wn‖2

+2λ‖Bun −Bx∗)‖‖un − wn‖+ dn

≤ ‖xn − x∗‖2 − ‖xn − un‖2 + 2r‖Fxn − Fx∗‖‖xn − un‖ − ‖un − wn‖2

+2λ‖Bun −Bx∗‖‖un − wn‖+ dn. (3.3.25)

Substituting (3.3.25) into (3.3.20), we have

‖xn+1 − x∗‖2 ≤ ‖xn − x∗‖2 − ‖xn − un‖2 + 2r‖Fxn − Fx∗‖‖xn − un‖ − ‖un − wn‖2

+2λ‖Bun −Bx∗‖‖un − wn‖+ dn.

It follows that

‖xn − un‖2 + ‖un − wn‖2 ≤ ‖xn − x∗‖2 − ‖xn+1 − x∗‖2 + 2r‖Fxn − Fx∗‖‖xn − un‖

+2λ‖Bun −Bx∗‖‖un − wn‖+ dn + βn‖u− x∗‖2

≤ ‖xn+1 − xn‖(‖xn − x∗‖+ ‖xn+1 − x∗‖)

+2r‖Fxn − Fx∗‖‖xn − un‖

+2λ‖Bun −Bx∗‖‖un − wn‖+ dn + βn‖u− x∗‖2.

From limn→∞ ‖xn+1−xn‖ = 0 = limn→∞ ‖Fxn−Fx∗‖ = 0 = limn→∞ ‖Bun−Bx∗‖, limn→∞ αn =

0 = limn→∞ βn and bounded of sequences, we get

lim
n→∞

‖un − xn‖ = 0 = lim
n→∞

‖un − wn‖.
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Step 4 Prove that lim supn→∞〈u − z0, xn − z0〉 ≤ 0, where z0 = PF u. There exists a subsequence
{xni} of {xn} such that

lim sup
n→∞

〈u− z0, xn − z0〉 = lim
i→∞

〈u− z0, xni − z0〉.

Since {xni} is bounded, there exists a subsequence {xnik
} of {xni} such that xnik

⇀ w. Without loss
of generality, assume that xni ⇀ w. Consider, for all x, y ∈ H ,

‖PF (I −A)x− PF (I −A)y‖ ≤ ‖(I −A)x− (I −A)y‖

≤ ‖I −A‖‖x− y‖

≤ (1− µ)‖x− y‖.

Hence PF (I−A) is contraction and has a unique fixed point, say x∗ ∈ F . That is, x∗ = PF (I−A)(x∗).
We next prove that w ∈ EP . By un = Sr(xn − rFxn), we know that

Θ(un, y) + ϕ(y)− ϕ(un) +
1
r
〈y − un, un − (xn − rFxn)〉 ≥ 0, ∀y ∈ C.

It follows from (H2) that

ϕ(y)− ϕ(un) +
1
r
〈y − un, un − (xn − rFxn)〉 ≥ Θ(y, un), ∀y ∈ C.

Hence,

ϕ(y)− ϕ(un) +
1
r
〈y − uni ,

uni − (xni − rFxni)
r

〉 ≥ Θ(y, uni), ∀y ∈ C. (3.3.26)

For t ∈ (0, 1] and y ∈ H , let yt = ty + (1− t)w. From (3.2.24) we have

〈yt − uni , Fyt〉 ≥ 〈yt − uni , Fyt〉 − ϕ(yt) + ϕ(uni )

−〈yt − uni ,
uni − (xni − rFxni)

r
〉+ Θ(y, uni)

= 〈yt − uni , Fyt − Funi , Funi − Fxni〉 − ϕ(yt) + ϕ(uni)

−〈yt − uni ,
uni − xni

r
〉+ Θ(y, uni).

Since ‖uni − xni‖ → 0, we have ‖Funi −Fxni‖ → 0. Further, from the inverse strongly monotonicity
of ϕ, uni−xni

r → 0 and uni → w weakly, we have

〈yt − w,Fyt〉 ≥ −ϕ(yt) + ϕ(w) + Θ(yt, w), ∀y ∈ C. (3.3.27)

From (H1), (H4), and (3.3.27), we also have

0 = Θ(yt, yt) + ϕ(yt)− ϕ(yt)

≤ tΘ(yt, y) + (1− t)Θ(yt, w) + tϕ(y) + (1− t)ϕ(w)− ϕ(yt)

= t[Θ(yt, y) + ϕ(y)− ϕ(yt)] + (1− t)[Θ(yt, w) + ϕ(w)− ϕ(yt)]

≤ t[Θ(yt, y) + ϕ(y)− ϕ(yt)] + (1− t)〈yt, w, Fyt〉

≤ t[Θ(yt, y) + ϕ(y)− ϕ(yt)] + (1− t)〈y, w, Fyt〉



42

and hence
0 ≤ Θ(yt, y) + ϕ(y)− ϕ(yt) + (1− t)〈y − w,Fyt〉.

Letting t → 0, we have, for each y ∈ C

Θ(w, y) + ϕ(y)− ϕ(w) + 〈y − w,Fw〉 ≥ 0.

This implies that w ∈ EP .

Next, we show that w ∈ I(B,R). In fact, since B is β-inverse strongly monotone, B is
Lipschitz continuous monotone mapping. It follows from Lemma 2.2.13 that R + B is maximal
monotone. Let (v, g) ∈ G(R + B) that is, g − Bv ∈ R(v). Again since wni = JR,λ(uni − λBuni),
we have uni − λuni ∈ (I + λR)(wni), that is, (1/λ)(uni − wni − λBuni) ∈ R(wni). By virtue of the
maximal monotonicity of R + B, we have

〈v − wni , g −Bv − 1
λ

(uni − wni − λBuni)〉 ≥ 0,

and so

〈v − wni , g〉 ≥ 〈v − wni , Bv +
1
λ

(uni − wni − λBuni〉

= 〈v − wni , Bv −Bwni + Bwni −Buni +
1
λ

(uni − wni)〉

≥ 〈v − wni , Bwni −Buni〉+ 〈v − wni ,
1
λ

(uni − wni)〉.

It follows from ‖un − wn‖ → 0, ‖Bun −Bwn‖ → 0 and wni ⇀ w that

lim
ni→∞

〈v − wni , g〉 = 〈v − w, g〉 ≥ 0.

It follows from the maximal monotonicity of B + R that θ ∈ (R + B)(w), that is w ∈ I(B,R). Next,
we can show that w ∈ F (T ). Consider,

‖yn − x∗‖2 = ‖PC(I − αnA)wn − PC(I − αnA)x∗‖2

≤ 〈(I − αnA)wn − (I − αnA)x∗, yn − x∗〉

=
1
2
(‖(I − αnA)wn − (I − αnA)x∗‖2 + ‖yn − x∗‖2

−‖(I − αnA)wn − (I − αnA)x∗ − (yn − x∗)‖2)

≤ 1
2
(‖wn − x∗‖2 + ‖yn − x∗‖2 − ‖wn − yn‖2

+2αn〈wn − yn, Awn −Ayn〉 − α2
n‖Awn −Ayn‖2)

≤ 1
2
(‖wn − x∗‖2 + ‖yn − x∗‖2 − ‖wn − yn‖2

+2αn‖wn − yn‖‖Awn −Ayn‖),

it follows that

‖wn − yn‖2 ≤ ‖wn − x∗‖2 − ‖yn − x∗‖2 + αn‖wn − yn‖‖Awn −Ayn‖. (3.3.28)

From (3.3.20), we have

‖xn+1 − x∗‖2 ≤ βn‖u− x∗‖2 + (1− βn)‖yn − x∗‖2

≤ βn‖u− x∗‖2 + ‖yn − x∗‖2
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Then, we get
− ‖yn − x∗‖2 ≤ βn‖u− x∗‖2 − ‖xn+1 − x∗‖2. (3.3.29)

Replace (3.3.8) and (3.3.29) into (3.3.28), we have

‖wn − yn‖2 ≤ ‖xn − x∗‖2 + (βn‖u− x∗‖2 − ‖xn+1 − x∗‖2)

+αn‖wn − yn‖‖Awn −Ayn‖

≤ ‖xn − x∗‖2 − ‖xn+1 − x∗‖2 + βn‖u− x∗‖2

+αn‖wn − yn‖‖Awn −Ayn‖

≤ ‖xn − xn+1‖(‖xn − x∗‖+ ‖xn+1 − x∗‖)

+βn‖u− x∗‖2 + αn‖wn − yn‖‖Awn −Ayn‖.

From limn→∞ ‖xn+1 − xn‖ = 0, limn→∞ αn = 0, limn→∞ βn = 0 and boundedness, we obtain

lim
n→∞

‖wn − yn‖ = 0.

Note that

‖Tun − un‖ ≤ ‖Tun − Twn‖+ ‖Twn − Tyn‖+ ‖Tyn − xn+1‖

+‖xn+1 − xn‖+ ‖xn − un‖

≤ ‖un − wn‖+ ‖wn − yn‖+ βn‖Tyn − u‖+ ‖xn+1 − xn‖

+‖xn − un‖ → 0 as n →∞.

From uni ⇀ w and H satisfying Opial’s condition, it is easy to prove that w ∈ F (T ). Therefore,
w ∈ F . It follows that

lim sup
n→∞

〈u− z0, xn − z0〉 = lim
i→∞

〈u− z0, xni − z0〉

= 〈u− z0, w − z0〉 ≤ 0. (3.3.30)

From (??), we have for any n ≥ N

‖xn+1 − z0‖2 = ‖βnu + (1− βn)Tyn − z0‖2

= ‖(1− βn)(Tyn − z0) + βn(u− z0)‖2

≤ (1− βn)‖Tyn − z0‖2 + 2βn〈u− z0, xn+1 − z0〉

≤ (1− βn)‖yn − z0‖2 + 2βn〈u− z0, xn+1 − z0〉

≤ (1− βn)‖xn − z0‖2 + 2βn〈u− z0, xn+1 − z0〉 (3.3.31)

Since Σ∞n=1βn = ∞, (3.3.30) and Lemma 2.2.14, we have limn→∞ ‖xn − z0‖ = 0, we get that {xn}
converges strongly to z0 = PF u. 2

Corollary 3.3.2. [38] Let C be a nonempty closed convex subset of a real Hilbert space H . Suppose
that Ω := ∩EP ∩ I(B,R) 6= ∅. Let Θ : H × C → R be a bifunction satisfying (H1)− (H4), let F,B

be α-inverse strongly monotone and β-inverse strongly monotone, respectively. Let r > 0 and λ > 0
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be two constants such that r < 2α and λ < 2β. Let A be a strongly positive bounded linear operator
with coefficient 0 < µ < 1 and R : H → 2H be a maximal monotone mapping. Let the sequences
{xn} and {un} be generated x0 = C;Θ(un, y) + ϕ(y)− ϕ(un) + 1

rn
〈y − un, un − (xn − rFxn)〉 ≥ 0, ∀y ∈ C

xn+1 = PC [(I − αnA)JR,λ(I − λB)un],
(3.3.32)

where {αn}[0, 1] are satisfying: {rn} ⊂ (0,∞). Assume that the control sequences {αn} and {βn}
satisfying:

(i) limn→∞ αn = 0,

(ii) Σ∞n=1αn = ∞,

(iii) limn→∞(αn+1

αn
) = 1,

Then {xn} converge strongly to x∗ ∈ Ω which solves the following variational inequality

〈(Ax, y − x〉 ≥ 0, ∀y ∈ Ω. (3.3.33)

Proof. In Theorem 3.3.1, let T = I and βn = 0 for all n ∈ N, then, we can obtain Corollary. This
completes the proof. 2

3.4 Strong Convergence Theorem by Hybrid Method for Non-Lipschitzian Mapping

this section, we prove strong convergence theorem by hybrid method for asymptotically k-strict
pseudo-contractive mapping in the intermediate sense in Hilbert spaces.

Theorem 3.4.1. Let H be a Hilbert space and let C be a nonempty closed convex bounded subset of H .
Let T be a uniformly continuous asymptotically k-strict pseudo-contractive mapping in the intermediate
sense of C into itself such that F (T ) 6= ∅ and let x0 ∈ C. For C1 = C and x1 = PC1x0, assume that
the control sequence {αn}∞n=1 is chosen so that lim supn→∞ αn < 1− k. Then {xn} generated by

x0 ∈ C,C1 = C, x1 = PC1(x0)

yn = αnxn + (1− αn)Tnxn,

Cn+1 = {z ∈ Cn : ‖yn − z‖2 ≤ ‖xn − z‖2 + [k − αn(1− αn)]‖xn − Tnxn‖2 + θn + cn},

xn+1 = PCn+1x0, n ∈ N,

(3.4.1)
where θn = (diamC)2(1− αn)γn → 0, (n →∞), converges strongly to z0 = PF (T )x0.

Proof. We first show that F (T ) ⊂ Cn for all n ∈ N, by induction. For any z ∈ F (T ) we have
z ∈ C = C1 hence F (T ) ⊂ C1. Let F (T ) ⊂ Cm for each m ∈ N. For u ∈ F (T ) ⊂ Cm.
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By lemma 2.2.1, we have,

‖ym − u‖2 = ‖αmxm + (1− αm)Tmxm − u‖2

= ‖αm(xm − u) + (1− αm)(Tmxm − u)‖2

= αm‖xm − u‖2 + (1− αm)‖Tmxm − u‖2 − αm(1− αm)‖xm − Tmxm‖2

≤ αm‖xm − u‖2 + (1− αm)[(1 + γm)‖xm − u‖2

+k‖xm − Tmxm‖2 + cm]− αm(1− αm)‖xm − Tmxm‖2

= (1 + (1− αm)γm)‖xm − u‖2 + (k − αm)(1− αm)‖xm − Tmxm‖2 + cm

≤ ‖xm − u‖2 + (1− αm)γm‖xm − u‖2

+[k − αm(1− αm)]‖xm − Tmxm‖2 + cm

≤ ‖xm − u‖2 + [k − αm(1− αm)]‖xm − Tmxm‖2 + θm + cm (3.4.2)

It follows that u ∈ Cm+1 and F (T ) ⊂ Cm+1, hence F (T ) ⊂ Cn for all n ∈ N. Next, we show that Cn

is closed and convex for all n ∈ N. It follows obvious that C1 = C is closed and convex. Suppose that
Cm is closed and convex for each m ∈ N. Let zj ∈ Cm+1 ⊂ Cm with zj → z. Since Cm is closed,
z ∈ Cm and ‖ym − zj‖2 ≤ ‖zj − xm‖2 + [k − αm(1− αm)]‖xm − Tmxm‖2 + θm + cm. Then

‖ym − z‖2 = ‖ym − zj + zj − z‖2

= ‖ym − zj‖2 + ‖zj − z‖2 + 2〈ym − zj , zj − z〉

≤ ‖zj − xm‖2 + [k − αm(1− αm)]‖xm − Tmxm‖2 + θm + cm

+‖zj − z‖2 + 2‖ym − zj‖‖zj − z‖.

Taking j →∞,

‖ym − z‖2 ≤ ‖z − xm‖2 + [k − αm(1− αm)]‖xm − Tmxm‖2 + θm + cm.

Hence z ∈ Cm+1. Let x, y ∈ Cm+1 ⊂ Cm with z = αx + (1 − α)y where α ∈ [0, 1]. Since Cm is
convex, z ∈ Cm and ‖ym−x‖2 ≤ ‖x−xm‖2+[k−αm(1−αm)]‖xm−Tmxm‖2+θm+cm, ‖ym−y‖2 ≤
‖y − xm‖2 + [k − αm(1− αm)]‖xm − Tmxm‖2 + θm + cm, we have

‖ym − z‖2 = ‖ym − (αx + (1− α)y)‖2

= ‖α(ym − x) + (1− α)(ym − y)‖2

= α‖ym − x‖2 + (1− α)‖ym − y‖2 − α(1− α)‖(ym − x)− (ym − y)‖2

≤ α(‖x− xm‖2 + [k − αm(1− αm)]‖xm − Tmxm‖2 + θm + cm)

+(1− α)(‖y − xm‖2 + [k − αm(1− αm)]‖xm − Tmxm‖2 + θm + cm)

−α(1− α)‖y − x‖2

= α‖x− xm‖2 + (1− α)‖y − xm‖2 − α(1− α)‖(xm − x)− (xm − y)‖2

+[k − αm(1− αm)]‖xm − Tmxm‖2 + θm + cm

= ‖α(xm − x) + (1− α)(xm − y)‖2 + [k − αm(1− αm)]‖xm − Tmxm‖2

+θm + cm

= ‖xm − z‖2 + [k − αm(1− αm)]‖xm − Tmxm‖2 + θm + cm.
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Then z ∈ Cm+1, it follows that Cm+1 is closed and convex. Hence Cn is closed and convex for all
n ∈ N. This implies that {xn} is well-defined. From xn = PCnx0. By Lemma 2.2.15, we have

〈x0 − xn, xn − y〉 ≥ 0, for all y ∈ Cn.

Moreover, by the same proof of Theorem 3.1 of [48], we have that

lim
n→∞

‖xn − xn+1‖ = 0. (3.4.3)

On the other hand, xn+1 ∈ Cn+1 ⊂ Cn implies that

‖yn − xn+1‖2 ≤ ‖xn − xn+1‖2 + [k − αn(1− αn)]‖xn − Tnxn‖2 + θn + cn, (3.4.4)

By the definition of yn, we have

‖yn − xn‖ = ‖αnxn + (1− αn)Tnxn − xn‖

= (1− αn)‖Tnxn − xn‖.

From (3.4.4), we have

(1− αn)2‖Tnxn − xn‖2 = ‖yn − xn‖2

= ‖yn − xn+1 + xn+1 − xn‖2

≤ ‖yn − xn+1‖2 + ‖xn+1 − xn‖2

+2‖yn − xn+1‖‖xn+1 − xn‖

≤ ‖xn − xn+1‖2 + [k − αn(1− αn)]‖xn − Tnxn‖2

+θn + cn + ‖xn+1 − xn‖2 + 2‖yn − xn+1‖‖xn+1 − xn‖

= [k − αn(1− αn)]‖xn − Tnxn‖2

+2‖xn+1 − xn‖(‖xn+1 − xn‖+ ‖yn − xn+1‖)

+θn + cn.

It follows that

((1−αn)2−(k−αn(1−αn)))‖xn−Tnxn‖2 ≤ 2‖xn+1−xn‖(‖xn+1−xn‖+‖yn−xn+1‖)+θn+cn.

Hence

(1− k − αn)‖Tnxn − xn‖ ≤ 2‖xn+1 − xn‖(‖xn+1 − xn‖+ ‖yn − xn+1‖) + θn + cn. (3.4.5)

From lim supn→∞ αn < 1 − k, we can chosen ε > 0 such that αn ≤ 1 − k − ε for large enough n.
From (3.4.3) and (3.4.5), we have

lim
n→∞

‖Tnxn − xn‖ = 0. (3.4.6)

From (3.4.3), (3.4.6) and Lemma 2.2.16, we have

lim
n→∞

‖Txn − xn‖ = 0. (3.4.7)
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Since H is reflexive and {xn} is bounded we get that ∅ 6= ωw(xn). From Lemma 2.2.17, we have
ωw(xn) ⊂ F (T ). By the fact that ‖xn − x0‖ ≤ ‖z0 − x0‖ for all n ≥ 0 where z0 = PF (T )(x0) and the
weak lower semi-continuity of the norm, we have

‖x0 − z0‖ ≤ ‖x0 − w‖ ≤ lim infn→∞ ‖x0 − xn‖

≤ lim supn→∞ ‖x0 − xn‖ ≤ ‖x0 − z0‖,

for all w ∈ ωw(xn). However, since ωw(xn) ⊂ F (T ), we must have w = z0 for all w ∈ ωw(xn). Thus
ωw(xn) = {z0} and then xn ⇀ z0. Hence, xn → z0 = PF (T )(x0) by

‖xn − z0‖2 = ‖xn − x0‖2 + 2〈xn − x0, x0 − z0〉+ ‖x0 − z0‖2

≤ 2(‖z0 − x0‖2 + 〈xn − x0, x0 − z0〉) → 0 as n →∞.
This complete the proof. 2

3.5 Strong Convergence Theorem by Hybrid Iterative Scheme for Generalized Equilibrium Problems
and Fixed Point Problems of Strictly Pseudo-Contraction Mappings

In this section, we prove a strong convergence theorem of the hybrid method for strictly pseudo-
contractive mappings in a real Hilbert space.

Theorem 3.5.1. Let C be a nonempty closed convex subset of a real Hilbert space H . Let F :

C ×C −→ R be a bifunction satisfying (A1)-(A4). Let A be an α-inverse-strongly monotone mapping
of C into H and let B be an β-inverse-strongly monotone mapping of C into H , respectively. Let
S : C → C be a k-strictly pseudo-contractive for some 0 ≤ k < 1. Defined a mapping Sk : C → C

by Skx = kx + (1 − k)Sx for all x ∈ C. Assume that F := F (S) ∩ V I(C,A) ∩ EP 6= ∅. Let the
sequences {xn} and {un} be generated by

x1 = C,

C1 = C,

F (un, y) + 〈Bxn, y − un〉+ 1
rn
〈y − un, un − xn〉 ≥ 0, ∀y ∈ C

yn = PC(un − λnAun)

wn = βnSkyn + (1− βn)yn,

zn = αnxn + (1− αn)Skwn,

Cn+1 = {z ∈ Cn : ‖zn − z‖ ≤ ‖xn − z‖},

xn+1 = PCn+1x1, n ≥ 1

(3.5.1)

where un = Trn(xn − rnBxn) and {rn} ⊂ (0,∞). Assume that the control sequences {αn}, {βn} ⊂
[0, 1], {λn} ⊂ (0, 2α) and {rn} ⊂ (0, 2β) satisfy the following conditions:

(i) k ≤ αn, βn ≤ a < 1,

(ii) 0 ≤ b ≤ λn ≤ c < 2α and 0 ≤ d ≤ rn ≤ e < 2β, for some a, b, c, d, e ∈ R.

Then {xn} converge strongly to z, where z = PF x1.
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Proof. Let p ∈ F since 0 ≤ rn < 2β, we have

‖un − p‖2 = ‖Trn(xn − rnBxn)− Trn(p− rnBp)‖2

≤ ‖(xn − rnBxn)− (p− rnBp)‖2

≤ ‖(xn − p)− rn(Bxn −Bp)‖2

≤ ‖xn − p‖2 − 2rn〈xn − p, Bxn −Bp〉+ r2
n‖Bp−Bxn‖2

≤ ‖xn − p‖2 − 2rnβ‖Bxn −Bp‖2 + r2
n‖Bp−Bxn‖2 (3.5.2)

≤ ‖xn − p‖2. (3.5.3)

First we show that F ⊂ Cn for all n ∈ N, we can prove by induction. It is obvious that F ⊂ C1.
Let p ∈ F , we known that I − λnA is nonexpansive, for all n ∈ N and from p ∈ V I(C,A) we get
p = PC(p− λnAp). It follows that

‖yn − p‖2 = ‖PC(un − λnAun)− PC(p− λnAp)‖2

≤ ‖(I − λnA)un − (I − λnA)p‖2

≤ ‖un − p‖2. (3.5.4)

Consider,

‖wn − p‖ = ‖βn(Skyn − p) + (1− βn)(yn − p)‖

≤ βn‖Skyn − p‖+ (1− βn)‖yn − p‖

≤ βn‖yn − p‖+ (1− βn)‖yn − p‖

= ‖yn − p‖

= ‖un − p‖

= ‖xn − p‖. (3.5.5)

Thus, we have

‖zn − p‖ = ‖αnxn + (1− αn)Skwn − p‖

= ‖αn(xn − p) + (1− αn)(Skwn − p)‖

≤ αn‖xn − p‖+ (1− αn)‖Skwn − p‖ (3.5.6)

≤ αn‖xn − p‖+ (1− αn)‖wn − p‖

≤ αn‖xn − p‖+ (1− αn)‖xn − p‖

= ‖xn − p‖. (3.5.7)

So, we have p ∈ Cn+1 and hence F ⊂ Cn, for all n ∈ N.

Next, we show that Cn is closed and convex for all n ∈ N. It follows obvious that C1 = C is
closed and convex. Suppose that Cm is closed and convex for each m ∈ N. Let cj ∈ Cm+1 ⊂ Cm
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with cj → z. Since Cm is closed, z ∈ Cm and ‖zm − cj‖ ≤ ‖cj − xm‖. Then

‖zm − z‖ = ‖zm − cj + cj − z‖

≤ ‖zm − cj‖+ ‖cj − z‖

(3.5.8)

Taking j →∞,
‖zm − z‖ ≤ ‖z − xm‖.

Hence z ∈ Cm+1. Let x, y ∈ Cm+1 ⊂ Cm with z = αx + (1 − α)y where α ∈ [0, 1]. Since Cm is
convex, z ∈ Cm and ‖zm − x‖ ≤ ‖x− xm‖, ‖zm − y‖ ≤ ‖y − xm‖, we have

‖zm − z‖2 = ‖zm − (αx + (1− α)y)‖2

= ‖α(zm − x) + (1− α)(zm − y)‖2

= α‖zm − x‖2 + (1− α)‖zm − y‖2 − α(1− α)‖(zm − x)− (zm − y)‖2

≤ α‖zm − x‖2 + (1− α)‖zm − y‖2 − α(1− α)‖y − x‖2

≤ α‖xm − x‖2 + (1− α)‖xm − y‖2 − α(1− α)‖(xm − x)− (xm − y)‖2

= ‖xm − (αx + (1− α)y)‖2

= ‖xm − z‖2. (3.5.9)

Then z ∈ Cm+1, it follows that Cm+1 is closed and convex. Hence Cn is closed and convex for all
n ∈ N. This implies that {xn} is well-defined. From xn = PCnx1, we have

〈x1 − xn, xn − y〉 ≥ 0, for all y ∈ Cn.

Since F ⊂ Cn, we obtain

〈x1 − xn, xn − u〉 ≥ 0 for all u ∈ F and n ∈ N. (3.5.10)

So, for u ∈ F , we get

0 ≤ 〈x1 − xn, xn − u〉 = 〈x1 − xn, xn − x1 + x1 − u〉

= −〈xn − x1, xn − x1〉+ 〈x1 − xn, x1 − u〉

≤ −‖xn − x1‖2 + ‖x1 − xn‖‖x1 − u‖.

This implies that
‖x1 − xn‖2 ≤ ‖x1 − xn‖‖x1 − u‖,

hence
‖x1 − xn‖ ≤ ‖x1 − u‖ for all u ∈ F and n ∈ N. (3.5.11)

From xn = PCnx1 and xn+1 = PCn+1x1 ∈ Cn+1 ⊂ Cn, we have

〈x1 − xn, xn − xn+1〉 ≥ 0 for all n ∈ N. (3.5.12)

So, for xn+1 ∈ Cn, we also have, for n ∈ N
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0 ≤ 〈x1 − xn, xn − xn+1〉 = 〈x1 − xn, xn − x1 + x1 − xn+1〉

= −〈xn − x1, xn − x1〉+ 〈x1 − xn, x1 − xn+1〉

≤ −‖xn − x1‖2 + ‖x1 − xn‖‖x1 − xn+1‖.

This implies that
‖x1 − xn‖2 ≤ ‖x1 − xn‖‖x1 − xn+1‖

and we get
‖x1 − xn‖ ≤ ‖x1 − xn+1‖ for all n ∈ N. (3.5.13)

From (3.5.11), we have {xn} is bounded and limn→∞ ‖xn − x1‖ exists. Next, we show that ‖xn −
xn+1‖ → 0. In fact, from (3.5.12), we note that

‖xn − xn+1‖2 = ‖(xn − x1) + (x1 − xn+1)‖2

= ‖xn − x1‖2 + 2〈xn − x1, x1 − xn+1〉+ ‖x1 − xn+1‖2

= ‖xn − x1‖2 + 2〈xn − x1, x1 − xn + xn − xn+1〉+ ‖x1 − xn+1‖2

= ‖xn − x1‖2 − 2〈x1 − xn, x1 − xn〉 − 2〈x1 − xn, xn − xn+1〉

+‖x1 − xn+1‖2

≤ ‖xn − x1‖2 − 2‖xn − x1‖2 + ‖x1 − xn+1‖2

= −‖xn − x1‖2 + ‖x1 − xn+1‖2.

Since limn→∞ ‖xn − x0‖ exists, we obtain

lim
n→∞

‖xn − xn+1‖ = 0. (3.5.14)

On the other hand, xn+1 ∈ Cn+1 ⊂ Cn imply that

‖zn − xn+1‖ ≤ ‖xn − xn+1‖ → 0 as n →∞. (3.5.15)

Further, we get

‖zn − xn‖ ≤ ‖zn − xn+1‖+ ‖xn+1 − xn‖.

From (3.5.14) and (3.5.15), we have

lim
n→∞

‖zn − xn‖ = 0. (3.5.16)

Next, we show that limn→∞ ‖xn − un‖ = 0. For p ∈ Θ. From (3.5.5), (3.5.2) and by (ii), we have

‖zn − p‖2 = ‖αn(xn − p) + (1− αn)(Skwn − p)‖2

= αn‖xn − p‖2 + (1− αn)‖Skwn − p‖2 − αn(1− αn)‖xn − Skwn‖2

≤ αn‖xn − p‖2 + (1− αn)‖wn − p‖2 − αn(1− αn)‖xn − Skwn‖2 (3.5.17)

≤ αn‖xn − p‖2 + (1− αn)‖un − p‖2

≤ αn‖xn − p‖2 + (1− αn)[‖xn − p‖2 − 2rnβ‖Bxn −Bp‖2

+r2
n‖Bp−Bxn‖2] (3.5.18)

= ‖xn − p‖2 + d(e− 2β)‖Bxn −Bp‖2,
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and hence

d(2β − e)‖Bxn −Bp‖2 ≤ ‖xn − p‖2 − ‖zn − p‖2

= ‖xn − zn‖(‖xn − p‖+ ‖zn − p‖).

From (3.5.16), we have limn→∞ ‖Bxn−Bp‖ = 0. From remark 2.2.18 that for λn ≤ 2β then I− rnB

is nonexpansive, for all n ∈ N, Trn is firmly nonexpansive and by using Lemma 2.2.3, we have

‖un − p‖2 = ‖Trn(xn − rnBxn)− Trn(p− rnBp)‖2

≤ 〈(xn − rnBxn)− (p− rnBp), un − p〉

=
1
2
(‖(xn − rnBxn)− (p− rnBp)‖2 + ‖un − p‖2

−‖(xn − rnBxn)− (p− rnBp)− (un − p)‖2)

≤ 1
2
(‖xn − p‖2 + ‖un − p‖2 − ‖(xn − un)− rn(Bxn −Bp)‖2)

=
1
2
(‖xn − p‖2 + ‖un − p‖2 − ‖xn − un‖2

+2rn〈xn − un, Bxn −Bp〉 − r2
n‖Bxn −Bp‖2).

Thus, we obtain

‖un − p‖2 ≤ ‖xn − p‖2 − ‖xn − un‖2 + 2rn〈xn − un, Bxn −Bp〉 − r2
n‖Bxn −Bp‖2. (3.5.19)

From (3.5.19), we have

‖zn − p‖2 = ‖αn(xn − p) + (1− αn)(Skwn − p)‖2

= αn‖xn − p‖2 + (1− αn)‖Skwn − p‖2 − αn(1− αn)‖xn − Skwn‖2

≤ αn‖xn − p‖2 + (1− αn)‖wn − p‖2 (3.5.20)

≤ αn‖xn − p‖2 + (1− αn)‖un − p‖2

≤ αn‖xn − p‖2 + (1− αn)[‖xn − p‖2 − ‖xn − un‖2

+2rn〈xn − un, Bxn −Bp〉 − r2
n‖Bxn −Bp‖2] (3.5.21)

≤ ‖xn − p‖2 − (1− αn)‖xn − un‖2 + 2rn‖xn − un‖‖Bxn −Bp‖,

it follows that

(1− a)‖xn − un‖2 ≤ (1− αn)‖xn − un‖2

≤ ‖xn − p‖2 − ‖zn − p‖2 + 2rn‖xn − un‖‖Bxn −Bp‖

≤ ‖xn − zn‖(‖xn − p‖ − ‖zn − p‖)

+2rn‖xn − un‖‖Bxn −Bp‖.

Using (3.5.16) and ‖Bxn −Bp‖ → 0, we have

lim
n→∞

‖xn − un‖ = 0. (3.5.22)
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Consider,

‖wn − p‖2 = ‖βn(Skyn − p) + (1− βn)(yn − p)‖2

= βn‖Skyn − p‖2 + (1− βn)‖yn − p‖2 − βn(1− βn)‖yn − Skyn‖2

≤ βn‖yn − p‖2 + (1− βn)‖yn − p‖2 − βn(1− βn)‖yn − Skyn‖2

= ‖yn − p‖2 − βn(1− βn)‖yn − Skyn‖2, (3.5.23)

From (3.5.20) and (3.5.23) we also have

‖zn − p‖2 ≤ αn‖xn − p‖2 + (1− αn)‖wn − p‖2

≤ αn‖xn − p‖2 + (1− αn)[‖yn − p‖2 − βn(1− βn)‖yn − Skyn‖2] (3.5.24)

≤ αn‖xn − p‖2 + (1− αn)‖xn − p‖2 − (1− αn)βn(1− βn)‖yn − Skyn‖2

≤ ‖xn − p‖2 − (1− αn)βn(1− βn)‖yn − Skyn‖2,

it follows that

(1− a)k(1− a)‖yn − Skyn‖2 ≤ (1− αn)βn(1− βn)‖yn − Skyn‖2

≤ ‖xn − p‖2 − ‖zn − p‖2

≤ ‖xn − zn‖(‖xn − p‖+ ‖zn − p‖).

From (3.5.16), we have
lim

n→∞
‖Skyn − yn‖ = 0. (3.5.25)

Next, we show that limn→∞ ‖un − yn‖ = 0. Consider

‖yn − p‖2 = ‖PC(un − λnAun)− PC(p− λnAp)‖2

≤ ‖(un − λnAun)− (p− λnAp)‖2

= ‖(un − p)− λn(Aun −Ap)‖2

= ‖un − p‖2 − λn〈un − p, Aun −Ap〉+ λ2
n‖Aun −Ap‖2

≤ ‖xn − p‖2 − 2λnα‖Aun −Ap‖2 + λ2
n‖Aun −Ap‖2

= ‖xn − p‖2 + λn(λn − 2α)‖Aun −Ap‖2

≤ ‖xn − p‖2 + b(c− 2α)‖Aun −Ap‖2.

From (3.5.24) and (ii), we have

‖zn − p‖2 ≤ αn‖xn − p‖2 + (1− αn)‖yn − p‖2 − (1− αn)βn(1− βn)‖yn − Skyn‖2

≤ αn‖xn − p‖2 + (1− αn)[‖xn − p‖2 + b(c− 2α)‖Aun −Ap‖2]

≤ ‖xn − p‖2 + (1− αn)b(c− 2α)‖Aun −Ap‖2,

it follows that

(1− a)b(2α− c)‖Aun −Ap‖2 ≤ (1− αn)b(2α− c)‖Aun −Ap‖2

≤ ‖xn − p‖2 − ‖zn − p‖2

≤ ‖xn − zn‖(‖xn − p‖+ ‖zn − p‖).
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From (??), that
lim

n→∞
‖Aun −Ap‖ = 0. (3.5.26)

From (3.1.1), we have

‖yn − p‖2 = ‖PC(un − λnAun)− PC(p− λnAp)‖2

≤ 〈(un − λnAun)− (p− λnAp), yn − p〉

=
1
2
{‖(un − λnAun)− (p− λnAp)‖2 + ‖yn − p‖2

−‖(un − λnAun)− (p− λnAp)− (yn − p)‖2}

≤ 1
2
{‖un − p‖2 + ‖yn − p‖2 − ‖(un − yn)− λn(Aun −Ap)‖2}

=
1
2
{‖un − p‖2 + ‖yn − p‖2 − ‖un − yn‖2 + 2λn〈un − yn, Aun −Ap〉

−λ2
n‖Aun −Ap‖2},

so, we obtain

‖yn − p‖2 ≤ ‖un − p‖2 − ‖un − yn‖2 + 2λn〈un − yn, Aun −Ap〉 − λ2
n‖Aun −Ap‖2. (3.5.27)

From (3.5.4), (3.5.24), (3.5.27) and (i) we have

‖zn − p‖2 = αn‖xn − p‖2 + (1− αn)‖yn − p‖2 − (1− αn)βn(1− βn)‖yn − Skyn‖2

≤ αn‖xn − p‖2 + (1− αn)[‖un − p‖2 − ‖un − yn‖2

+2λn〈un − yn, Aun −Ap〉 − λ2
n‖Aun −Ap‖2]

≤ αn‖xn − p‖2 + (1− αn)‖xn − p‖2 − (1− αn)‖un − yn‖2

+(1− αn)2λn‖un − p‖‖Aun −Ap‖

≤ ‖xn − p‖2 − (1− αn)‖un − yn‖2 + 2λn‖un − yn‖‖Aun −Ap‖,

it follows that

(1− a)‖un − yn‖2 ≤ (1− αn)‖un − yn‖2

≤ ‖xn − p‖2 − ‖zn − p‖2 + 2λn‖un − yn‖‖Aun −Ap‖

≤ ‖xn − zn‖(‖xn − p‖+ ‖zn − p‖) + 2λn‖un − p‖‖Aun −Ap‖,

From (i), (??) and (3.5.26), we obtain

lim
n→∞

‖un − yn‖ = 0. (3.5.28)

Next, we show that limn→∞ ‖Skun − un‖ = 0, consider

‖Skun − un‖ ≤ ‖Skun − Skyn‖+ ‖Skyn − yn‖+ ‖yn − un‖

≤ 2‖yn − un‖+ ‖Skyn − yn‖.

From (3.5.28) and (3.5.25) we obtain that

lim
n→∞

‖Skun − un‖ = 0. (3.5.29)
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Since {uni} is bounded, there exists a subsequence {unij
} of {uni} such that unij

⇀ w. Without
loss of generality, we can assume that uni ⇀ w. Since C is closed and convex, w ∈ C. Next, we
show that w ∈ F . First, we show that w ∈ V I(C,A). Define,

Tv =

{
Av + NCv, v ∈ C,

∅, v /∈ C.

Then, T is maximal monotone. Let (v, u) ∈ G(T ). Since u − Av ∈ NCv and yn ∈ C, we have
〈v − yn, u − Av〉 ≥ 0. On the other hand, from yn = PC(un − λnAun), we have 〈v − yn, yn − (un −
λnAun)〉 ≥ 0, that is, 〈

v − yn,
yn − un

λn
+ Aun

〉
≥ 0.

Therefore, we have

〈v − yni , u〉 ≥ 〈v − yni , Av〉

≥ 〈v − yni , Av〉 −
〈

v − yni ,
yni − uni

λni

+ Auni

〉
=

〈
v − yni , Av −Auni −

yni − uni

λni

〉
= 〈v − yni , Av −Ayni〉+ 〈v − yni , Ayni −Auni〉 −

〈
v − yni ,

yni − uni

λni

〉
≥ 〈v − yni , Ayni −Auni〉 −

〈
v − yni ,

yni − uni

λni

〉
,

Since limn−→∞ ‖yn − un‖ = 0 and A is Lipschitz continuous, we obtain

〈v − w, u〉 ≥ 0.

Since T is maximal monotone, we have w ∈ T−10 and hence w ∈ V I(C,A). Next, we show that
w ∈ EP . It follows by (3.1.3) and (A2) that

〈Bxn, y − un〉+
1
rn
〈y − un, un − xn〉 ≥ F (y, un)

and hence
〈Bxni , y − uni〉+ 〈y − uni ,

uni − xni

rni

〉 ≥ F (y, uni) (3.5.30)

Put yt = ty + (1 − t)w for all t ∈ (0, 1] and y ∈ C. Since y ∈ C and w ∈ C, we have yt ∈ C. So,
from (3.5.22), we have

〈yt − uni , Byt〉 − 〈yt − uni , Byt〉 = 0 ≥ −〈yt − uni , Bxni〉 − 〈y − uni ,
uni−xni

rni
〉+ F (yt, uni)

and hence

〈yt − uni , Byt〉 ≥ 〈yt − uni , Byt〉 − 〈yt − uni , Bxni〉 − 〈y − uni ,
uni−xni

rni
〉+ F (yt, uni)

= 〈yt−uni , Byt−Buni〉+〈yt−uni , Buni−Bxni〉−〈y−uni ,
uni−xni

rni
〉+F (yt, uni).

Since ‖uni − xni‖ → 0, it follows that ‖Buni −Bxni‖ → 0. Further, from monotonicity of B, we get

〈yt − uni , Byt −Buni〉 ≥ 0.
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So, from (A4), we have
〈yt − w,Byt〉 ≥ F (yt, w), (3.5.31)

as i →∞. From (A1), (A4) and (3.5.31), we have

0 = F (yt, yt) ≤ tF (yt, y) + (1− t)F (yt, w) ≤ tF (yt, y) + (1− t)〈yt − w,Byt〉

≤ tF (yt, y) + (1− t)t〈y − w,Byt〉

and hence 0 ≤ F (yt, y) + (1 − t)〈y − w,Byt〉. Letting t → 0, we have for each y ∈ C, 0 ≤
F (w, y) + 〈y − w,Bw〉. This implies that w ∈ EP . Next, we show that w ∈ F (S). From Lemma
2.2.19, we have F (Sk) = F (S), we may assume that w 6= Skw, by Opial’s condition, we have

lim inf
i→∞

‖uni − w‖ < lim inf
i→∞

‖uni − Skw‖ = lim inf
i→∞

‖(uni − Skuni) + (Skuni − Skw)‖

= lim inf
i→∞

‖Skuni − Skw‖ ≤ lim inf
i→∞

‖uni − w‖.

This is a contradiction. So, we have w ∈ F (Sk) = F (S). Therefore w ∈ F .

Finally, we show that xn −→ z, where z = PF x1. Since xn = PCnx1 and z ∈ F ⊂ Cn, we
have

‖xn − x1‖ ≤ ‖z − x1‖.

It follows from z′ = PF x1 and the lower semicontinuity of the norm that

‖z′ − x1‖ ≤ ‖z − x1‖ ≤ lim inf
i−→∞

‖xni − x1‖ ≤ lim sup
i−→∞

‖xni − x1‖ ≤ ‖z′ − x1‖.

Thus, we obtain that limk−→∞ ‖xni − x1‖ = ‖z − x1‖ = ‖z′ − x1‖. Since {xni} is an arbitrary
subsequence of {xn}, we can conclude that {xn} converges strongly to z, where z = PF x1. 2

Theorem 3.5.2. [61] Let C be a nonempty closed convex subset of a real Hilbert space H . Let
F : C × C −→ R be a bifunction satisfying (A1)-(A4). Let A be an α-inverse-strongly monotone
mapping of C into H and let B be an β-inverse-strongly monotone mapping of C into H , respectively.
Let S : C → C be a k-strictly pseudo-contractive self mapping for some 0 ≤ k < 1. Defined a mapping
Sk : C → C by Skx = kx + (1− k)Sx for all x ∈ C. Assume that F := F (S) ∩ V I(C,A) ∩EP 6= ∅.
Let the sequences {xn} and {un} be generated by C1 = C ⊂ H , x1 = PCx0;



x1 ∈ C,

C1 = C,

F (un, y) + 〈Bxn, y − un〉+ 1
rn
〈y − un, un − xn〉 ≥ 0, ∀y ∈ C

yn = PC(un − λnAun)

zn = αnxn + (1− αn)Skyn,

Cn+1 = {z ∈ Cn : ‖zn − z‖ ≤ ‖xn − z‖},

xn+1 = PCn+1x0, n ≥ 0

(3.5.32)

where un = Trn(xn − rnBxn) and {rn} ⊂ (0,∞). Assume that the control sequences {αn} ⊂
[0, 1], {λn} ⊂ (0, 2α) and {rn} ⊂ (0, 2β) satisfy the following conditions:
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(i) k ≤ αn ≤ a < 1,

(ii) 0 ≤ b ≤ λn ≤ c < 2α and 0 ≤ d ≤ rn ≤ e < 2β, for some a, b, c, d, e ∈ R.

Then {xn} converge strongly to z, where z = PF x0.

Proof. If βn = 0 for all n ∈ N, by theorem 3.5.1, we obtain the desired result. 2
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1. Introduction

Throughout this paper, we always assume that H is a real Hilbert space with inner product ⟨., .⟩ and norm ‖.‖,
respectively, and C is a nonempty closed convex subset ofH . Let F be a bifunction of C ×C into R, where R are real numbers.
The equilibrium problem for F : C × C → R is to find x ∈ C such that

F(x, y) ≥ 0 for all y ∈ C . (1.1)

The set of solutions of (1.1) is denoted by EP(F). Given a mapping T : C → H , let F(x, y) = ⟨Tx, y − x⟩ for all x, y ∈ C . Then,
z ∈ EP(F) if and only if ⟨Tz, y− z⟩ ≥ 0 for all y ∈ C . Numerous problems in physics, optimization, and economics reduce to
find a solution of (2.1) (see [1,2]). In 1997, Combettes and Hirstoaga [2] introduced an iterative scheme of finding the best
approximation to the initial data when EP(F) is nonempty and proved a strong convergence theorem.

Let A : C −→ H be a mapping. The classical variational inequality, denoted by VI(C, A), is to find x∗
∈ C such that

⟨Ax∗, v − x∗
⟩ ≥ 0

for all v ∈ C . The variational inequality has been extensively studied in the literature. See, e.g. [3] and the references therein.
Let B : C → H be a nonlinear mapping. Then, we consider the following generalized equilibrium problem: Find

z ∈ C such that F(z, y) + ⟨Bz, y − z⟩ ≥ 0, ∀y ∈ C . (1.2)

The set of solutions of (1.2) is denoted by GEP, i.e.,
GEP = {z ∈ C : F(z, y) + ⟨Bz, y − z⟩ ≥ 0, ∀y ∈ C}. In the case of B ≡ 0,GEP is denoted by EP(F).
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In the case of F ≡ 0,GEP is also denoted by VI(C, A). A mapping A of C into H is called α-inverse-strongly monotone [4]
if there exists a positive real number α such that

⟨Au − Av, u − v⟩ ≥ α‖Au − Av‖
2

for all u, v ∈ C . Recently, Takahashi and Toyoda [5], Yao et al. [6] and Plubtieng and Punpaeng [7] introduced an iterative
method for finding an element of VI(C, A) ∩ F(S), where A : C → H is an α-inverse-strongly monotonemapping.

We recall that, a mapping A : C −→ H is said to bemonotone if

⟨Au − Av, u − v⟩ ≥ 0, for all u, v ∈ C;

A is said to be k-Lipschitz continuous if there exists a positive real number k such that

‖Au − Av‖ ≤ k‖u − v‖, for all u, v ∈ C;

Remark 1.1. It is obvious that any α-inverse-strongly monotone mapping A is monotone and Lipschitz continuous.

It is well known that if A is a strongly monotone and Lipschitz continuous mapping on C , then the variational inequality
problem has a unique solution. How to actually find a solution of the variational inequality problem is one of the most
important topics in the study of the variational inequality problem. The variational inequality has been extensively studied
in the literature. See, e.g., [3,8] and the references therein.

In 1976, Korpelevich [9] introduced the following so-called extragradient method:x0 = x ∈ C,
yn = PC (xn − λAxn),
xn+1 = PC (xn − λAyn)

(1.3)

for all n ≥ 0, where λ ∈

0, 1

k


, C is a nonempty closed convex subset of Rn and A is a monotone and k-Lipschitz continuous

mapping of C into Rn. He proved that if VI(C, A) is nonempty, then the sequences {xn} and {x̄n}, generated by (1.3), converge
to the same point z ∈ VI(C, A).

In 2003, Takahashi and Toyoda [5], introduced the following iterative scheme:
x1 = x ∈ C chosen arbitrary,
xn+1 = αnxn + (1 − αn)SPC (xn − λnAxn), ∀n ≥ 1, (1.4)

where {αn} is a sequence in (0, 1), and {λn} is a sequence in (0, 2α). They proved that if F(S) ∩ VI(C, A) ≠ ∅, then the
sequence {xn} generated by (1.4) converges weakly to some z ∈ F(S) ∩ VI(C, A). Recently, Zeng and Yao [10] proved the
following iterative scheme:x0 = x ∈ C,

yn = PC (xn − λnAxn),
xn+1 = αnx0 + (1 − αn)SPC (xn − λnAyn), ∀n ≥ 0,

(1.5)

where {λn} and {αn} satisfy the following conditions: (i) λnk ⊂ (0, 1−δ) for some δ ∈ (0, 1) and (ii)αn ⊂ (0, 1),
∑

∞

n=1 αn =

∞, limn−→∞ αn = 0. They proved that the sequence {xn} and {yn} converges strongly to the same point PF(S)∩VI(C,A)x0
provided that limn−→∞ ‖xn+1 − xn‖ = 0.

In 2007, Takahashi et al. [11] introduced the modified Mann iteration method for a family of nonexpansive mappings
{Tn}. Let x0 ∈ H . For C1 = C and u1 = PC1x0, define a sequence {un} of C as follows:yn = αnun + (1 − αn)Tnun,

Cn+1 = {z ∈ Cn : ‖yn − z‖ ≤ ‖un − z‖},
un+1 = PCn+1x0, n ∈ N,

(1.6)

where 0 ≤ αn ≤ a < 1 for all n ∈ N. Then we prove that the sequence {un} converges strongly to z0 = PF(T )x0.
In 2008, Bnouhachem et al. [12] introduced the following new extragradient iterative method for finding an element of

F(S) ∩ VI(C, A). Let C be a closed convex subset of a real Hilbert space H, A be α-inverse strongly monotone mapping of C
into H and let S be a nonexpansive mapping of C into itself such that F(S) ∩ VI(C, A) ≠ ∅. Let the sequences {xn}, {yn} be
given byx1, u ∈ C chosen arbitrary,

yn = PC (xn − λnAxn),
xn+1 = βnxn + (1 − βn)S(αnu + (1 − αn)PC (xn − λnAyn)), ∀n ≥ 1,

(1.7)

where {αn}, {βn}, {λn} ⊆ (0, 1) satisfy some parameters controlling conditions. They proved that the sequence {xn} defined
by (1.7) converges strongly to a common element of F(S) ∩ VI(C, A).
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In this paper, motivated and inspired by the results of Bnouhachem et al. [12] and Takahashi et al. [11], we introduce a
new iterative scheme by the hybrid extragradient method, as follows: x0 = x ∈ HC1 = C, x1 = PCx0 and let

un ∈ C,

F(un, y) + ⟨Bxn, y − un⟩ +
1
rn

⟨y − un, un − xn⟩ ≥ 0, ∀y ∈ C

yn = PC (un − λnAun),
zn = αnxn + (1 − αn)S(βnxn + (1 − βn)PC (un − λnAyn)),
Cn+1 = {z ∈ Cn : ‖zn − z‖ ≤ ‖xn − z‖},
xn+1 = PCn+1x0, n ∈ N,

(1.8)

where {αn}, {βn}, {λn} ⊆ (0, 1) satisfy some parameters controlling conditions. We will prove that {xn} and {un} in (1.8)
strongly converge to a common element of the set of fixed points of a nonexpansive mapping, the set of solutions of an
equilibrium problem and the set of solutions of the variational inequality for nonexpansivemappings in a Hilbert space. Our
results extend and improved that the corresponding ones announced by Bnouhachem et al. [12].

2. Preliminaries

Let H be a real Hilbert space with norm ‖ · ‖ and inner product ⟨·, ·⟩ and let C be a nonempty closed convex subset of H .
For every point x ∈ H , there exists a unique nearest point in C , denoted by PCx, such that

‖x − PCx‖ ≤ ‖x − y‖ for all y ∈ C .

PC is called the metric projection of H onto C . It is well known that PC is a nonexpansive mapping of H onto C and satisfies

⟨x − y, PCx − PCy⟩ ≥ ‖PCx − PCy‖2, (2.1)
for every x, y ∈ H . Moreover, PCx is characterized by the following properties: PCx ∈ C and

⟨x − PCx, y − PCx⟩ ≤ 0, (2.2)

‖x − y‖2
≥ ‖x − PCx‖2

+ ‖y − PCx‖2, (2.3)
for all x ∈ H, y ∈ C . It is easy to see that the following is true:

u ∈ VI(C, A) ⇔ u = PC (u − λAu), λ > 0. (2.4)
A set-valued mapping T : H −→ 2H is called monotone if for all x, y ∈ H, f ∈ Tx and g ∈ Ty imply ⟨x − y, f − g⟩ ≥ 0. A
monotone mapping T : H −→ 2H is maximal if the graph of G(T ) of T is not properly contained in the graph of any other
monotone mapping. It is known that a monotone mapping T is maximal if and only if for (x, f ) ∈ H ×H, ⟨x− y, f − g⟩ ≥ 0
for every (y, g) ∈ G(T ) implies f ∈ Tx. Let A be a monotone, mapping of C into H and let NCv be the normal cone to C at
v ∈ C; i.e.,

NCv := {w ∈ H : ⟨v − u, w⟩ ≥ 0, ∀u ∈ C}.

Define

Tv =


Av + NCv, v ∈ C,
∅, v ∉ C .

Then, T is maximal monotone and 0 ∈ Tv if and only if v ∈ VI(C, A). It is also known that H satisfies Opial’s condition [13],
that is, for any sequence {xn} with xn ⇀ x, the inequality

lim inf
n−→∞

‖xn − x‖ < lim inf
n−→∞

‖xn − y‖

holds for every y ∈ H with y ≠ x.
The following lemmas will be useful for proving the convergence result of this paper.

Lemma 2.1. Let H be a real Hilbert space. Then for any x, y ∈ H we have
(i) ‖x + y‖2

≤ ‖x‖2
+ 2⟨y, x + y⟩

(ii) ‖x + y‖2
≥ ‖x‖2

+ 2⟨y, x⟩
(iii) ‖x ± y‖2

= ‖x‖2
± 2⟨x, y⟩ + ‖y‖2

(iv) ‖tx + (1 − t)y‖2
= t‖x‖2

+ (1 − t)‖y‖2
− t(1 − t)‖x − y‖2, ∀t ∈ [0, 1].

Lemma 2.2 ([14,15]). Let {an} be a sequence of nonnegative real numbers, satisfying the property,

an+1 ≤ (1 − γn)an + bn, n ≥ 0,

where {γn} ⊂ (0, 1), and {bn} is a sequence in R such that:
(i) Σ∞

n=1γn = ∞;
(ii) lim supn→∞

bn
γn

≤ 0 or Σ∞

n=1|bn| < ∞.

Then limn→∞ an = 0.
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To solve the equilibrium problem for a bifunction F : C ×C → R, let us assume that F satisfies the following conditions:

(A1) F(x, x) = 0 for all x ∈ C;
(A2) F is monotone, i.e., F(x, y) + F(y, x) ≤ 0 for all x, y ∈ C;
(A3) for each x, y, z ∈ C ,

lim
t→0

F(tz + (1 − t)x, y) ≤ F(x, y);

(A4) for each x ∈ C, y → F(x, y) is convex and lower semicontinuous.

The following lemma appears implicitly in [16].

Lemma 2.3 ([16]). Let C be a nonempty closed convex subset of H and let F be a bifunction of C×C intoR satisfying (A1)–(A4).
Let r > 0 and x ∈ H. Then, there exists z ∈ C such that

F(z, y) +
1
r
⟨y − z, z − x⟩ ≥ 0 for all y ∈ C .

The following lemma was also given in [2].

Lemma 2.4 ([16,2,17]). Assume that F : C × C −→ R satisfies (A1)–(A4), and let r > 0 and x ∈ H. Define a mapping
Tr : H → C as follows

Tr(x) =


z ∈ C : F(z, y) +

1
r
⟨y − z, z − x⟩ ≥ 0, ∀y ∈ C


for all z ∈ H. Then, the following hold:

1. Tr is single-valued;
2. Tr is firmly nonexpansive, i.e., ‖Trx − Try‖2

≤ ⟨Trx − Try, x − y⟩, for any x, y ∈ H;
3. F(Tr) = EP(F);
4. EP(F) is closed and convex;
5. ‖Tsx − Ttx‖2

≤
s−t
s ⟨Tsx − Ttx, Tsx − x⟩, for all s, t > 0 and x ∈ H.

3. Strong convergence theorems

In this section, we show a strong convergence theorem to find a common element of the set of fixed points of a
nonexpansive mapping, the set of solutions of an equilibrium problem and the set of solutions of a variational inequality
problem in a Hilbert space by using the hybrid extragradient method.

Theorem 3.1. Let C be a nonempty closed convex subset of a real Hilbert space H. Let F be a bifunction from C × C into R
satisfying (A1)–(A4) and let A be an α-inverse-strongly monotone mapping of C into H and let B be a β-inverse-strongly
monotonemapping of C into H, respectively. Let S be a nonexpansivemapping fromC into itself such that F(S)∩VI(C, A)∩GEP ≠

∅. Let the sequences {xn} and {un} be generated C1 = C ⊂ H, x1 = PCx0;

un ∈ C,

F(un, y) + ⟨Bxn, y − un⟩ +
1
rn

⟨y − un, un − xn⟩ ≥ 0, ∀y ∈ C

yn = PC (un − λnAun),
zn = αnxn + (1 − αn)S(βnxn + (1 − βn)PC (un − λnAyn)),
Cn+1 = {z ∈ Cn : ‖zn − z‖ ≤ ‖xn − z‖},
xn+1 = PCn+1x0, n ∈ N,

(3.1)

where un = Trn(xn − rnBxn) and {rn} ⊂ (0, ∞). Assume that the control sequences {αn}, {βn} ⊂ [0, 1], {λn} ⊂ (0, 2α) and
{rn} ⊂ (0, 2β) satisfy the following conditions:

(i) 0 < a1 ≤ αn, βn ≤ a2 < 1,
(ii) 0 ≤ b ≤ λn ≤ c < 2α and 0 < d ≤ rn ≤ e < 2β , for some a, b, c, d, e ∈ R,
(iii) lim infn→∞ λn > 0 and lim infn→∞ rn > 0.

Then {xn} converges strongly to PF(S)∩VI(C,A)∩GEPx0.

Proof. First we show that F(S) ∩ GEP ∩ VI(C, A) ⊂ Cn for all n ∈ N ∪ {0}, we can prove by induction. It is obvious that
F(S)∩GEP∩VI(C, A) ⊂ C1. Let p ∈ F(S)∩VI(C, A)∩GEP, and let {Trn} be a sequence of mappings defined as in Lemma 2.4.
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Since p ∈ VI(C, A), then p = PC (p − λnAp) = Trn(p − rnBp) and un = Trn(xn − rnBxn). From (i), we have

‖un − p‖2
= ‖Trn(xn − rnBxn) − Trn(p − rnBp)‖2

≤ ‖(xn − rnBxn) − (p − rnBp)‖2

≤ ‖(xn − p) + rn(Bp − Bxn)‖2

≤ ‖xn − p‖2
− 2rn⟨xn − p, Bxn − Bp⟩ + r2n‖Bp − Bxn‖2 (3.2)

≤ ‖xn − p‖2
− 2rnβ‖Bxn − Bp‖2

+ r2n‖Bp − Bxn‖2

≤ ‖xn − p‖2
+ rn(rn − 2β)‖Bxn − Bp‖2

≤ ‖xn − p‖2. (3.3)

Put vn = PC (un − λnAyn). From (2.3) and the monotonicity of A, we have

‖vn − p‖2
≤ ‖un − λnAyn − p‖2

− ‖un − λnAyn − vn‖
2

= ‖un − p‖2
− ‖un − vn‖

2
+ 2λn⟨Ayn, p − vn⟩

= ‖un − p‖2
− ‖un − vn‖

2
+ 2λn(⟨Ayn − Ap, p − yn⟩ + ⟨Ap, p − yn⟩ + ⟨Ayn, yn − vn⟩)

≤ ‖un − p‖2
− ‖un − vn‖

2
+ 2λn⟨Ayn, yn − vn⟩

= ‖un − p‖2
− ‖un − yn‖2

− 2⟨un − yn, yn − vn⟩ − ‖yn − vn‖
2
+ 2λn⟨Ayn, yn − vn⟩

= ‖un − p‖2
− ‖un − yn‖2

− ‖yn − vn‖
2
+ 2⟨un − λnAyn − yn, vn − yn⟩.

Moreover, from yn = PC (un − λnAun) and (2.2), we have

⟨un − λnAun − yn, vn − yn⟩ ≤ 0. (3.4)

Since A is α-inverse strongly then A is also k-Lipschitz-continuous

k =

1
α


, from (ii) we see that λn < 1

k , it follows that

⟨un − λnAyn − yn, vn − yn⟩ = ⟨un − λnAun − yn, vn − yn⟩ + ⟨λnAun − λnAyn, vn − yn⟩
≤ ⟨λnAun − λnAyn, vn − yn⟩
≤ λnk‖un − yn‖ ‖vn − yn‖.

So, we have

‖vn − p‖2
≤ ‖un − p‖2

− ‖un − yn‖2
− ‖yn − vn‖

2
+ 2λnk‖un − yn‖ ‖vn − yn‖

≤ ‖un − p‖2
− ‖un − yn‖2

− ‖yn − vn‖
2
+ λ2

nk
2
‖un − yn‖2

+ ‖vn − yn‖2

= ‖un − p‖2
+ (λ2

nk
2
− 1)‖un − yn‖2 (3.5)

≤ ‖un − p‖2, (3.6)

and hence

‖vn − p‖ ≤ ‖un − p‖ ≤ ‖xn − p‖. (3.7)

Setting wn = βnxn + (1 − βn)vn. Thus, from (3.7) we have

‖wn − p‖2
= ‖βnxn + (1 − βn)vn − p‖2

= ‖βn(xn − p) + (1 − βn)(vn − p)‖2

= βn‖xn − p‖2
+ (1 − βn)‖vn − p‖2

− βn(1 − βn)‖xn − vn‖
2 (3.8)

≤ βn‖xn − p‖2
+ (1 − βn)‖vn − p‖2 (3.9)

≤ βn‖xn − p‖2
+ (1 − βn)‖xn − p‖2

= ‖xn − p‖2. (3.10)

It follows that,

‖zn − p‖2
= ‖αnxn + (1 − αn)Swn − p‖2

= ‖αn(xn − p) + (1 − αn)(Swn − p)‖2

= αn‖xn − p‖2
+ (1 − αn)‖Swn − p‖2

− αn(1 − αn)‖xn − Swn‖
2

≤ αn‖xn − p‖2
+ (1 − αn)‖Swn − p‖2

≤ αn‖xn − p‖2
+ (1 − αn)‖wn − p‖2 (3.11)

≤ αn‖xn − p‖2
+ (1 − αn)‖xn − p‖2

= ‖xn − p‖2. (3.12)
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So, we have p ∈ Cn+1 and hence

F(S) ∩ VI(C, A) ∩ GEP ⊂ Cn, for all n ∈ N ∪ {0}. (3.13)

Next, we show that Cn is closed and convex for all n ∈ N. It follows obvious that C1 = C is closed and convex. Suppose that Cm
is closed and convex for eachm ∈ N. Let cj ∈ Cm+1 ⊂ Cm with cj → z. Since Cm is closed, z ∈ Cm and ‖zm − cj‖ ≤ ‖cj − xm‖.
Then

‖zm − z‖ = ‖zm − cj + cj − z‖

≤ ‖zm − cj‖ + ‖cj − z‖. (3.14)

Taking j → ∞,

‖zm − z‖ ≤ ‖z − xm‖.

Hence z ∈ Cm+1. Let x, y ∈ Cm+1 ⊂ Cm with z = αx + (1 − α)y where α ∈ [0, 1]. Since Cm is convex, z ∈ Cm and ‖zm − x‖
≤ ‖x − xm‖, ‖zm − y‖ ≤ ‖y − xm‖, we have

‖zm − z‖2
= ‖zm − (αx + (1 − α)y)‖2

= ‖α(zm − x) + (1 − α)(zm − y)‖2

= α‖zm − x‖2
+ (1 − α)‖zm − y‖2

− α(1 − α)‖(zm − x) − (zm − y)‖2

≤ α‖zm − x‖2
+ (1 − α)‖zm − y‖2

− α(1 − α)‖y − x‖2

≤ α‖xm − x‖2
+ (1 − α)‖xm − y‖2

− α(1 − α)‖(xm − x) − (xm − y)‖2

= ‖xm − (αx + (1 − α)y)‖2

= ‖xm − z‖2. (3.15)

Then z ∈ Cm+1, it follows that Cm+1 is closed and convex. Hence Cn is closed and convex for all n ∈ N. This implies that {xn}
and {un} are well-defined.

Since F(S) ∩ VI(C, A) ∩ GEP is a nonempty closed convex subset of H , there exists a unique u ∈ F(S) ∩ VI(C, A) ∩ GEP
such that

u = PF(S)∩VI(C,A)∩EPx0.

From xn = PCnx0, we have

⟨x0 − xn, xn − y⟩ ≥ 0,

for all y ∈ Cn. Since F(S) ∩ VI(C, A) ∩ GEP ⊂ Cn, we have

⟨x0 − xn, xn − u⟩ ≥ 0, (3.16)

for all u ∈ F(S) ∩ VI(C, A) ∩ GEP and n ∈ N. So, for u ∈ F(S) ∩ VI(C, A) ∩ GEP, we have

0 ≤ ⟨x0 − xn, xn − u⟩ = ⟨x0 − xn, xn − x0 + x0 − u⟩
= −⟨xn − x0, xn − x0⟩ + ⟨x0 − xn, x0 − u⟩,

≤ −‖xn − x0‖2
+ ‖x0 − xn‖ ‖x0 − u‖. (3.17)

This implies that

‖x0 − xn‖2
≤ ‖x0 − xn‖ ‖x0 − u‖,

hence

‖x0 − xn‖ ≤ ‖x0 − u‖ for all u ∈ F(S) ∩ VI(C, A) ∩ GEP and n ∈ N. (3.18)

From xn = PCnx0 and xn+1 = PCn+1x0 ∈ Cn+1 ⊂ Cn, we also have

⟨x0 − xn, xn − xn+1⟩ ≥ 0, (3.19)

for all n ∈ N. So, for xn+1 ∈ Cn, we have, for n ∈ N

0 ≤ ⟨x0 − xn, xn − xn+1⟩ = ⟨x0 − xn, xn − x0 + x0 − xn+1⟩

= −⟨xn − x0, xn − x0⟩ + ⟨x0 − xn, x0 − xn+1⟩,

≤ −‖xn − x0‖2
+ ‖x0 − xn‖ ‖x0 − xn+1‖. (3.20)

This implies that

‖x0 − xn‖2
≤ ‖x0 − xn‖ ‖x0 − xn+1‖,
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hence

‖x0 − xn‖ ≤ ‖x0 − xn+1‖ for all n ∈ N. (3.21)

From (3.18) we have {xn} is bounded, and limn→∞ ‖xn − x0‖ exists. From (3.7) and (3.10), {un}, {vn}, and {wn} are also
bounded. Next, we show that ‖xn − xn+1‖ → 0. In fact, from (3.19) we have

‖xn − xn+1‖
2

= ‖(xn − x0) + (x0 − xn+1)‖
2

= ‖xn − x0‖2
+ 2⟨xn − x0, x0 − xn+1⟩ + ‖x0 − xn+1‖

2

= ‖xn − x0‖2
+ 2⟨xn − x0, x0 − xn + xn − xn+1⟩ + ‖x0 − xn+1‖

2

= ‖xn − x0‖2
− 2⟨x0 − xn, x0 − xn⟩ − 2⟨x0 − xn, xn − xn+1⟩ + ‖x0 − xn+1‖

2

≤ ‖xn − x0‖2
− 2‖xn − x0‖2

+ ‖x0 − xn+1‖
2

= −‖xn − x0‖2
+ ‖x0 − xn+1‖

2. (3.22)

Since limn→∞ ‖xn − x0‖ exists, we have that

lim
n→∞

‖xn − xn+1‖ = 0. (3.23)

On the other hand, xn+1 ∈ Cn+1 ⊂ Cn implies that

‖zn − xn+1‖ ≤ ‖xn − xn+1‖. (3.24)

Hence,

lim
n→∞

‖zn − xn+1‖ = 0. (3.25)

From xn+1 = PCn+1x0, we obtain

‖xn+1 − x0‖ ≤ ‖z − x0‖

for all z ∈ Cn+1 and all n ∈ N. Since u ∈ F(S) ∩ VI(C, A) ∩ EP ⊂ Cn+1 we have

‖xn+1 − x0‖ ≤ ‖u − x0‖ (3.26)

all n ∈ N ∪ {0}. Since xn+1 ∈ Cn, we have

‖xn − zn‖ ≤ ‖xn − xn+1‖ + ‖xn+1 − zn‖ ≤ 2‖xn − xn+1‖.

By (3.23), we obtain

lim
n−→∞

‖xn − zn‖ = 0. (3.27)

Since

‖xn − zn‖ = ‖xn − αnxn − (1 − αn)Swn‖ = (1 − αn)‖xn − Swn‖,

it follows by (3.27) that

lim
n−→∞

‖xn − Swn‖ = 0. (3.28)

From (3.8), (3.6), (3.2), we have

‖wn − p‖2
≤ βn‖xn − p‖2

+ (1 − βn)‖vn − p‖2
− βn(1 − βn)‖xn − vn‖

2

≤ βn‖xn − p‖2
+ (1 − βn)‖un − p‖2

≤ βn‖xn − p‖2
+ (1 − βn)[‖xn − p‖2

− 2rn⟨xn − p, Bxn − Bp⟩ + r2n‖Bp − Bxn‖2
]

= ‖xn − p‖2
− (1 − βn)2rn⟨xn − p, Bxn − Bp⟩ + (1 − βn)r2n‖Bp − Bxn‖2

≤ ‖xn − p‖2
− (1 − βn)2rnβ‖Bxn − Bp‖ + (1 − βn)r2n‖Bp − Bxn‖2

= ‖xn − p‖2
− (1 − βn)rn(2β − rn)‖Bp − Bxn‖2, (3.29)

and from (3.11) and (3.29), we obtain

‖zn − p‖2
≤ αn‖xn − p‖2

+ (1 − αn)‖wn − p‖2 (3.30)
≤ αn‖xn − p‖2

+ (1 − αn)[‖xn − p‖2
− (1 − βn)rn(2β − rn)‖Bp − Bxn‖2

]

= ‖xn − p‖2
− (1 − αn)(1 − βn)rn(2β − rn)‖Bp − Bxn‖2. (3.31)
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And hence

‖Bp − Bxn‖2
≤

1
(1 − αn)(1 − βn)rn(2β − rn)

‖xn − p‖2
− ‖zn − p‖2

≤
1

(1 − αn)(1 − βn)rn(2β − rn)
‖xn − zn‖(‖xn − p‖ + ‖zn − p‖). (3.32)

From (3.27), lim infn−→∞ rn > 0, (i) and (ii), we obtain

lim
n→∞

‖Bp − Bxn‖ = 0. (3.33)

We note from the proof of Theorem 3.1 [18], that I − rnB is nonexpansive, for all n ∈ N. Since Trn is firmly nonexpansive and
using Lemma 2.4(2) and (3.2), we have

‖un − p‖2
= ‖Trn(xn − rnBxn) − Trn(p − rnBp)‖2

≤ ⟨(xn − rnBxn) − (p − rnBp), un − p⟩

=
1
2
(‖(xn − rnBxn) − (p − rnBp)‖2

+ ‖un − p‖2
− ‖(xn − rnBxn) − (p − rnBp) − (un − p)‖2)

≤
1
2
(‖xn − p‖2

+ ‖un − p‖2
− ‖(xn − un) − rn(Bxn − Bp)‖2)

=
1
2
(‖xn − p‖2

+ ‖un − p‖2
− ‖xn − un‖

2
+ 2rn⟨xn − un, Bxn − Bp⟩ − r2n‖Bxn − Bp‖2).

Thus, we obtain

‖un − p‖2
≤ ‖xn − p‖2

− ‖xn − un‖
2
+ 2rn⟨xn − un, Bxn − Bp⟩ − r2n‖Bxn − Bp‖2. (3.34)

From (3.11), (3.9), (3.7) and (3.34) we can calculate

‖zn − p‖2
= αn‖xn − p‖2

+ (1 − αn)‖wn − p‖2

≤ αn‖xn − p‖2
+ (1 − αn)[βn‖xn − p‖2

+ (1 − βn)‖vn − p‖2
]

≤ αn‖xn − p‖2
+ (1 − αn)βn‖xn − p‖2

+ (1 − αn)(1 − βn)‖un − p‖2

≤ αn‖xn − p‖2
+ (1 − αn)βn‖xn − p‖2

+ (1 − αn)(1 − βn)[‖xn − p‖2
− ‖xn − un‖

2
+ 2rn⟨xn − un, Bxn − Bp⟩ − r2n‖Bxn − Bp‖2

]

≤ ‖xn − p‖2
− (1 − αn)(1 − βn)‖xn − un‖

2
+ (1 − αn)(1 − βn)2rn‖xn − un‖ ‖Bxn − Bp‖, (3.35)

by (i), it follows that

(1 − a2)(1 − a2)‖xn − un‖
2

≤ (1 − αn)(1 − βn)‖xn − un‖
2

≤ ‖xn − p‖2
− ‖zn − p‖2

+ (1 − αn)(1 − βn)2rn‖xn − un‖ ‖Bxn − Bp‖
≤ ‖xn − zn‖(‖xn − p‖ + ‖zn − p‖) + (1 − αn)(1 − βn)2rn‖xn − un‖ ‖Bxn − Bp‖.

From (3.27), (3.33), (i) and the boundedness of {xn} and {un}, we have

lim
n−→∞

‖xn − un‖ = 0. (3.36)

Since lim infn−→∞ rn > 0, we obtain

lim
n−→∞

xn − un

rn

 = lim
n−→∞

1
rn

‖xn − un‖ = 0. (3.37)

Next, we show that limn→∞ ‖un − yn‖ = 0. Consider,

‖yn − p‖2
= ‖PC (un − λnAun) − PC (p − λnAp)‖2

≤ ‖(un − λnAun) − (p − λnAp)‖2

= ‖(un − p) − λn(Aun − Ap)‖2

= ‖un − p‖2
− λn⟨un − p, Aun − Ap⟩ + λ2

n‖Aun − Ap‖2

≤ ‖xn − p‖2
− 2λnβ‖Aun − Ap‖2

+ λ2
n‖Aun − Ap‖2

= ‖xn − p‖2
+ λn(λn − 2α)‖Aun − Ap‖2.
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From (3.11), (3.8), (3.7) we have

‖zn − p‖2
≤ αn‖xn − p‖2

+ (1 − αn)‖wn − p‖2

≤ αn‖xn − p‖2
+ (1 − αn)[βn‖xn − p‖2

+ (1 − βn)‖vn − p‖2
− βn(1 − βn)‖xn − vn‖

2
]

≤ αn‖xn − p‖2
+ (1 − αn)[βn‖xn − p‖2

+ (1 − βn)‖xn − p‖2
− βn(1 − βn)‖xn − vn‖

2
]

≤ αn‖xn − p‖2
+ (1 − αn)[‖xn − p‖2

− βn(1 − βn)‖xn − vn‖
2
]

= ‖xn − p‖2
− (1 − αn)βn(1 − βn)‖xn − vn‖

2, (3.38)

from (i), it follows that

(1 − a2)a1(1 − a2)‖xn − vn‖
2

≤ (1 − αn)βn(1 − βn)‖xn − vn‖
2

≤ ‖xn − p‖2
− ‖zn − p‖2

≤ ‖xn − zn‖(‖xn − p‖ + ‖zn − p‖).

From (3.27) and (ii), we have

lim
n−→∞

‖xn − vn‖ = 0. (3.39)

For p ∈ F(S) ∩ VI(C, A) ∩ EP, from (3.11), (3.9), (3.7), (3.5) we obtain

‖zn − p‖2
≤ αn‖xn − p‖2

+ (1 − αn)‖wn − p‖2

≤ αn‖xn − p‖2
+ (1 − αn)[βn‖xn − p‖2

+ (1 − βn)‖vn − p‖2
]

= αn‖xn − p‖2
+ (1 − αn)βn‖xn − p‖2

+ (1 − αn)(1 − βn)‖vn − p‖2

≤ αn‖xn − p‖2
+ (1 − αn)βn‖xn − p‖2

+ (1 − αn)(1 − βn)[‖un − p‖2
+ (λ2

nk
2
− 1)‖un − yn‖2

]

≤ αn‖xn − p‖2
+ (1 − αn)βn‖xn − p‖2

+ (1 − αn)(1 − βn)[‖xn − p‖2
]

+ (1 − αn)(1 − βn)(λ
2
nk

2
− 1)‖un − yn‖2

= ‖xn − p‖2
+ (1 − αn)(1 − βn)(λ

2
nk

2
− 1)‖un − yn‖2.

Therefore, we have

‖un − yn‖ ≤
1

(1 − αn)(1 − βn)(1 − λ2
nk2)

(‖xn − p‖2
− ‖zn − p‖2)

=
1

(1 − αn)(1 − βn)(1 − λ2
nk2)

(‖xn − p‖ + ‖zn − p‖)(‖xn − p‖ − ‖zn − p‖)

≤
1

(1 − αn)(1 − βn)(1 − λ2
nk2)

‖xn − zn‖(‖xn − p‖ + ‖zn − p‖).

So, by (3.27) we obtain

lim
n−→∞

‖un − yn‖ = 0. (3.40)

Since ‖xn − yn‖ ≤ ‖xn − un‖ + ‖un − yn‖, from (3.36) and (3.40) we also have

lim
n−→∞

‖xn − yn‖ = 0. (3.41)

We note that ‖yn − vn‖ ≤ ‖yn − xn‖ + ‖xn − vn‖. From (3.39) and (3.41), we obtain

lim
n−→∞

‖vn − yn‖ = 0. (3.42)

Since

‖wn − xn‖ = ‖βnxn + (1 − βn)vn − xn‖
= (1 − βn)‖vn − xn‖.

From (3.39), we have

lim
n−→∞

‖wn − xn‖ = 0. (3.43)

Note that

‖Sun − un‖ ≤ ‖Sun − Swn‖ + ‖Swn − xn‖ + ‖xn − un‖

≤ ‖un − wn‖ + ‖Swn − xn‖ + ‖xn − un‖
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≤ ‖un − xn‖ + ‖xn − wn‖ + ‖Swn − xn‖ + ‖xn − un‖

= 2‖xn − un‖ + ‖xn − wn‖ + ‖Swn − xn‖.

From (3.28), (3.36) and (3.43), we obtain

lim
n−→∞

‖Sun − un‖ = 0. (3.44)

Since {uni} is bounded, there exists a subsequence {unij
} of {uni} such that unij

⇀ w. Without loss of generality, we can
assume that uni ⇀ w. Since C is closed and convex, w ∈ C . We first show that w ∈ EP. It follows by (4.2) and (A2) that

⟨Bxn, y − un⟩ +
1
rn

⟨y − un, un − xn⟩ ≥ F(y, un)

and hence

⟨Bxni , y − uni⟩ +


y − uni ,

uni − xni
rni


≥ F(y, uni). (3.45)

Put yt = ty + (1 − t)w for all t ∈ (0, 1] and y ∈ C . Thus, we have yt ∈ C . So, from (3.36), we have

⟨yt − uni , Byt⟩ − ⟨yt − uni , Byt⟩ = 0 ≥ −⟨yt − uni , Bxni⟩ −


y − uni ,

uni − xni
rni


+ F(y, uni)

and hence

⟨yt − uni , Byt⟩ ≥ ⟨yt − uni , Byt⟩ − ⟨yt − uni , Bxni⟩ −


y − uni ,

uni − xni
rni


+ F(y, uni)

= ⟨yt − uni , Byt − Buni⟩ + ⟨yt − uni , Buni − Bxni⟩ −


y − uni ,

uni − xni
rni


+ F(y, uni).

Since ‖uni − xni‖ → 0, it follows that ‖Buni − Bxni‖ → 0. Further, from monotonicity of B, we get

⟨yt − uni , Byt − Buni⟩ ≥ 0.

So, from (A4), we have

⟨yt − w, Byt⟩ ≥ F(yt , w), (3.46)

as i → ∞. From (A1), (A4) and (3.46), we have

0 = F(yt , yt) ≤ tF(yt , y) + (1 − t)F(yt , w) ≤ tF(yt , y) + (1 − t)⟨yt − w, Byt⟩
≤ tF(yt , y) + (1 − t)t⟨y − w, Byt⟩

and hence 0 ≤ F(yt , y) + (1 − t)⟨y − w, Byt⟩. Letting t → 0, we have for each y ∈ C, 0 ≤ F(w, y) + ⟨y − w, Bw⟩. This
implies that w ∈ GEP. Next, we show that w ∈ F(S). Assume that w ≠ Sw. From Opial’s condition and ‖Suni − uni‖ → 0,
we have

lim inf
i→∞

‖uni − w‖ < lim inf
i→∞

‖uni − Sw‖ = lim inf
i→∞

‖(uni − Suni) + (Suni − Sw)‖

= lim inf
i→∞

‖Suni − Sw‖ ≤ lim inf
i→∞

‖uni − w‖.

This is a contradiction. So, we have w ∈ F(S). Therefore w ∈ F(S) ∩ GEP.
Finally, we can show that w ∈ VI(C, A). Define,

Tv =


Av + NCv, v ∈ C,
∅, v ∉ C .

Then, T is maximal monotone. Let (v, u) ∈ G(T ). Since u − Av ∈ NCv and vn ∈ C , we have ⟨v − vn, u − Av⟩ ≥ 0. On the

other hand, from vn = PC (un − λnAyn), we have ⟨v − vn, vn − (un − λnAyn)⟩ ≥ 0, and hence,

v − vn,

vn−un
λn

+ Ayn


≥ 0.

Therefore, we have

⟨v − vni , u⟩ ≥ ⟨v − vni , Av⟩

≥ ⟨v − vni , Av⟩ −


v − vni ,

vni − uni

λni
+ Ayni


=


v − vni , Av − Ayni −

vni − uni

λni


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= ⟨v − vni , Av − Avni⟩ + ⟨v − vni , Avni − Ayni⟩ −


v − vni ,

vni − uni

λni


≥ ⟨v − vni , Avni − Ayni⟩ −


v − vni ,

vni − uni

λni


.

Since limn−→∞ ‖vn −un‖ = limn−→∞ ‖vn −yn‖ = 0, uni ⇀ p and A is Lipschitz continuous, we obtain that limn−→∞ ‖Avn −

Ayn‖ = 0 and vni ⇀ p. From lim infn−→∞ λn > 0 and limn−→∞ ‖vn − un‖ = 0, we obtain

⟨v − z, u⟩ ≥ 0.

Since T is maximal monotone, we have z ∈ T−10 and hence z ∈ VI(C, A). Hence, we have z ∈ F(S)∩VI(C, A)∩GEP. Finally,
we show that xn −→ z, where z = PF(S)∩VI(C,A)EP(F)x0. Since xn = PCnx0 and z ∈ F(S) ∩ VI(C, A) ∩ GEP ⊂ Cn, we have
‖xn − x0‖ ≤ ‖z − x0‖. It follows from z ′

= PF(S)∩VI(C,A)∩GEPx0 and the lower semicontinuity of the norm that

‖z ′
− x0‖ ≤ ‖z − x0‖ ≤ lim inf

i−→∞

‖xni − x0‖ ≤ lim sup
i−→∞

‖xni − x0‖ ≤ ‖z ′
− x0‖.

Thus, we obtain that limk−→∞ ‖xni − x0‖ = ‖z − x0‖ = ‖z ′
− x0‖. Using the Kadec–Klee property of H , we obtain that

lim
i−→∞

xni = z = z ′.

Since {xni} is an arbitrary weakly convergent subsequence of {xn}, we can conclude that {xn} converges strongly to z, where
z = PF(T )∩VI(C,A)∩GEPx0. �

4. Application

Theorem 4.1 ([12]). Let C be a nonempty closed convex subset of a real Hilbert space H. Let A : C → H be α-inverse strongly
monotone of C into H and let S be a nonexpansive mapping from C into itself such that F(S) ∩ VI(C, A) ≠ ∅. Let {xn}, and {yn}
be sequences generated byx1, u ∈ C chosen arbitrary,

yn = PC (xn − λnAxn),
xn+1 = βnxn + (1 − βn)S(αnxn + (1 − αn)PC (xn − λnAyn)), ∀n ≥ 1,

(4.1)

where {αn}, {βn} ⊂ [0, 1], {λn} ⊂ (0, 1) satisfy the following condition:

(C1) limn→∞ αn = 0, Σ∞

n=1αn = ∞,
(C2) 0 < lim infn→∞ βn ≤ lim supn→∞ βn < 1,
(C3)


λn
α


⊂ (τ , 1 − δ) for some τ , δ ∈ (0, 1) and limn→∞ λn = 0.

Then {xn} converges strongly to PF(S)∩VI(C,A)u.

Theorem 4.2. Let C be a nonempty closed convex subset of a real Hilbert space H. Let F be a bifunction from C × C into R
satisfying (A1)–(A4) and let A be anα-inverse-stronglymonotonemapping of C into H and let T be a strictly k-pseudocontractive
mapping of C itself. Let S be a nonexpansive mapping from C into itself such that F(S) ∩ GEP ≠ ∅. Let the sequences {xn} and
{un} be generated C1 = C ⊂ H, x1 = PCx0;

un ∈ C,

F(un, y) + ⟨(I − T )xn, y − un⟩ +
1
rn

⟨y − un, un − xn⟩ ≥ 0, ∀y ∈ C

yn = PC (un − λnAun),
zn = αnxn + (1 − αn)S(βnxn + (1 − βn)PC (un − λnAyn)),
Cn+1 = {z ∈ Cn : ‖zn − z‖ ≤ ‖xn − z‖},
xn+1 = PCn+1x0, n ∈ N,

(4.2)

where un = Trn(xn − rn(I − T )xn) and {rn} ⊂ (0, ∞). Assume that the control sequences {αn}, {βn} ⊂ [0, 1], {λn} ⊂

(0, 2α), and{rn} ⊂ (0, 1 − k) satisfy the following conditions:

(i) 0 < a ≤ αn, βn ≤ b < 1, for some a, b ∈ R,
(ii) 0 ≤ c ≤ λn ≤ d < α, for some c, d ∈ R,
(iii) lim infn→∞ λn > 0 and lim infn→∞ rn > 0.

Then {xn} converges strongly to PF(S)∩GEPx0.

Proof. A strictly k-pseudocontractive mapping is 1−k
2 -inverse strongly monotone. So, from Theorem 3.1, we obtain the

desired result. �
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Abstract

In this paper, we introduce the extragradient method for finding a common element
of the set of solutions of generalized mixed equilibrium problem, the set of common
fixed point of family of nonexpansive mappings the set of variational inequality for
monotone, Lipschitz continuous mapping in a Hilbert space. Then we prove the strong
convergence of iterative algorithm to a common element of this sets. The result
extend and improve the result of Jian-Wen Peng and Jen-Chih Yao [Strong convergence
theorems of iterative scheme based on the extragradient method for mixed equilibrium
problems and fixed problems, Math. Comp. Modelling, 49(2009) 1816 - 1828.]

Mathematics Subject Classification: 46C05, 47D03, 47H09, 47H10, 47H20

Keywords: asymptotically k-strict pseudo-contractive mapping in the intermediate
sense; Mann’s iteration method

1 Introduction

Let C be a closed convex subset of a real Hilbert space H. A mapping T of H into
itself is called nonexpansive if ‖Tx − Ty‖ ≤ ‖x − y‖ for all x, y ∈ H. We denote by
F (T ) the set of fixed points of T (i.e.F (T ) = {x ∈ H : Tx = x}). Let f : C → C be
a contraction mapping if ‖f(x) − f(y)‖ ≤ α‖x − y‖ for α ∈ (0, 1) and for all x, y ∈ C.
Let F : C → H be a nonlinear mapping, let ϕ : C → R be a function, and let Θ be a
bifunction of C ×C into R. Now we consider the following generalized mixed equilibrium
problem: to find u ∈ C such that

Θ(u, y) + ϕ(y) − ϕ(u) + 〈Fu, y − u〉 ≥ 0, ∀y ∈ C. (1)

1Corresponding author;
Email addresses: peissara@uru.ac.th (I. Inchan)
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The set of solution of problem (1) is denoted by GMEP (Θ, ϕ).

If F = 0, then the generalized mixed equilibrium problem (1) becomes the followsing
mixed equilibrium: to find u ∈ C such that

Θ(u, y) + ϕ(y) − ϕ(u) ≥ 0,∀y ∈ C, (2)

which was considered by Ceng and Yao [10]. If ϕ = 0, then the generalized mixed equilib-
rium problem (1) becomes the following equilibrium: to find u ∈ C such that

Θ(u, y) + 〈Fu, y − u〉 ≥ 0, ∀y ∈ C, (3)

which was studied by S. Takahashi and W. Takahashi [19]. If ϕ = 0 and F = 0, then the
generalized mixed equilibrium problem (1) becomes the following equilibrium problem: to
find u ∈ C such that

Θ(u, y) ≥ 0, ∀y ∈ C. (4)

If Θ(x, y) = 0 for all x, y ∈ C, the generalized mixed equilibrium problem (1) becomes the
following variational inequality problem: to find u ∈ C such that

ϕ(y) − ϕ(u) + 〈Fu, y − u〉 ≥ 0, ∀y ∈ C. (5)

The mixed equilibrium problems include fixed point problems, optimization problems,
variational inequality problems, Nash equilibrium problems, and the equilibrium problems
as special cases; see, for example, [9, 14, 23, 12, 11, 15] Some methods have been proposed
to solve the mixed equilibrium problem and the equilibrium problem. In 1997, Flaim
and Antipen [14] introduced an iterative method of finding the best approximation to the
initial data and proved a strong convergence theorem. Subsequently, S. Takahashi and
W. Takahashi [21] introduced another iterative scheme for finding a common element of
the set of solutions of the equilibrium problem(2) and the set of fixed point points of
a nonexpansive mapping. Furthermore, Yao et al. [22] introduced some new iterative
schemes for finding a common element of the set of solutions of the equilibrium problem
(2) and the set of common fixed points of finitely (infinitely) nonexpansive mappings.
Very recently, Ceng and Yao [10] considered a new iterative scheme for finding a common
element of the set of solutions of the mixed equilibrium problem and the set of common
fixed points of finitely many nonexpansive mappings. Peng and Yao [17] developed a CQ
method. They obtained some strong convergence results for finding a common element of
the set of solutions of the mixed equilibrium problem (1) and the set of the variational
inequality and the set of fixed points of a nonexpansive mapping. Their results extend
and improve the corresponding results in [10, 13, 16, 21].

In 1999, Atsushiba and Takahashi [1] defined the mapping Wn as follow:

Un,1 = λn,1T1 + (1 − λn,1)I,

Un,2 = λn,2T2Un,1 + (1 − λn,2)I,

Un,3 = λn,3T3Un,2 + (1 − λn,3)I,

...
Un,N−1 = λn,N−1TN − 1Un,N−2 + (1 − λn,N−1)I,

Wn = Un,N = λn,NTNUn,N−1 + (1 − λn,N)I, (6)
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when {λn,i}N
i ⊆ [0, 1]. This mapping is called the W −mapping generated by T1, T2, ..., TN

and λn,1, λn,2, ..., λn,N . In 2000, Takahashi and Shimoji [20] proved that if X is a strictly
convex Banach space, then F (Wn) =

⋂N
i=1 F (Ti), where 0 < λn,1 < 1 i = 1, 2, ...,N .

In 2009, J. W. Peng and J. C. Yao [18], introduce a new iterative scheme based on the
extragradient method generated by;

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

x1 = x ∈ C

Θ(un, y) + ϕ(y) − ϕ(un) + 1
rn
〈y − un, un − xn)〉 ≥ 0, ∀y ∈ C

yn = PC(un − γnAun)
xn+1 = αnv + βnxn + (1 − αn − βn)WnPC(un − γnAyn).

(7)

They proved that under certain appropriate conditions imposed on {αn}, {βn}, {γn} the se-
quences {xn} and {un} generated by (7) converges strongly to z = P∩N

i=1F (Ti)∩V I(C,A)∩MEP (Θ,ϕ)f(z)
for finding a common element of the set of solutions of a mixed equilibrium problem, the
set of fixed points of a family of finitely nonexpansive mappings and the set of solutions of
the variational inequality for a monotone, Lipschitz continuous mapping in Hilbert spaces.

Let {Ti}N
i=1 be a finite family of nonexpansive mappings of C into itself. For each

n ∈ N ,and j = 1, 2, ...,N , let αn
j = (αnj

1 , αnj
2 , αnj

3 ) be such that αnj
1 , αnj

2 , αnj
3 ∈ [0, 1] with

αnj
1 + αnj

2 + αnj
3 = 1. We define mapping Sn : C → C as follow:

Un,0 = I

Un,1 = αn,1
1 T1Un,0 + αn,1

2 Un,0 + αn,1
3 I

Un,2 = αn,2
1 T2Un,1 + αn,2

2 Un,1 + αn,2
3 I

Un,3 = αn,3
1 T3Un,2 + αn,3

2 Un,2 + αn,3
3 I

...
Un,N−1 = αn,N−1

1 TN−1Un,N−2 + αn,N−1
2 Un,N−2 + αn,N−1

3 I

Sn = Un,N = αn,N
1 TNUn,N−1 + αn,N

2 Un,N−1 + αn,N
3 I, (8)

In this paper inspired and motivate J. W. Peng and J. C. Yao [18], we introduce an
iterative extragradient method generated by

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

x1 = x ∈ C

Θ(un, y) + ϕ(y) − ϕ(un) + 1
rn
〈y − un, un − (xn − rFxn)〉 ≥ 0, ∀y ∈ C

yn = PC(un − γnAun)
xn+1 = αnf(xn) + βnxn + (1 − αn − βn)SnPC(un − γnAyn).

(9)

Then we proved that under certain appropriate conditions imposed on {αn}, {βn}, {γn} the
sequences {xn} and {un} generated by (9) converges strongly to z = P∩N

i=1F (Ti)∩V I(C,A)∩GMEP (Θ,ϕ)f(z).
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2 Preliminaries

Let H be a real Hilbert space with inner prduct 〈·, ·〉 and norm ‖ · ‖. Let C be a
nonexpansive closed convex subset of H. Let symbols → and ⇀ denote strong and weak
convergence, respectively.

For any x ∈ H, there exists a unique nearest point in C, denoted by PC(x), such that
‖x − PC(x)‖ ≤ ‖x − y‖ for all y ∈ C. The mapping PC is called the matrix projection of
H onto C. We kwon that PC is nonexpansive mapping from H onto C. It is also known
that PC(x) ∈ C and

〈x − PC(x), PC(x) − y〉 ≥ 0 (10)

for all x ∈ H and y ∈ C. It is easy to see that (10) is equivalent to

‖x − y‖2 ≥ ‖x − PC(x)‖2 + ‖y − PC(x)‖2 (11)

for all x ∈ H and y ∈ C. A mapping A of C into H is called monotone if

〈x − y, Ax − Ay〉 ≥ 0

for all x, y ∈ C. A mapping A of C into H is called β-inverse-strongly-monotone if there
exists a positive real number α such that

〈x − y, Ax − Ay〉 ≥ β‖Ax − Ay‖2

for all x, y ∈ C. A mapping A : C → H is called k-Lipschitz continuous if there exists a
positive real number α such that

‖Ax − Ay‖ ≤ k‖x − y‖
for all x, y ∈ C. It is easy to see that if A is β-inverse-strongly-monotone mappings, then A
is monotone and Lipschitz continuous. The converse is not true in general. The class of β-
inverse-strongly-monotone mappings dose not contain some important classes of mappings
even in a finite-dimensional case. For example, if the matrix in the corresponding linear
complementarity problem is positively semidefinite, but not positively definite, then the
mapping A is monotone and Lipschitz continuous, but not α-inverse-strongly-monotone.

Let A be monotone mapping of c into H. In the context of the variational inequality
problem the characterization of projection (10) implies the following:

u ∈ V I(C,A) ⇒ u = PC(u − λAu), λ > 0,
and

u = PC(u − λAu) for some λ > 0 ⇒ u ∈ V I(C,A)

It also known that H satisfies the Opial condition (see [4]), i.e. for any sequence
{xn} ⊂ H with xn ⇀ x, the inequality

lim inf
n→∞ ‖xn − x‖ < lim inf

n→∞ ‖xn − y‖
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holds for every y ∈ H with x 
= y.

A set-valued mapping T : H → 2H is called monotone if for all x, y ∈ H, f ∈ Tx and
g ∈ Ty imply 〈x−y, f−g〉 ≥ 0. A monotone mapping T : H → 2H is maximal if graph G(T )
of T is not properly contained in the graph of any other monotone mapping. It is known
that a monotone mapping T is maximal if and only if for (x, f) ∈ H×H, 〈x−y, f −g〉 ≥ 0
for every (y, g) ∈ G(T ) implies f ∈ Tx. A be a monotone, k-Lipschitz continuous mapping
of C into H and let NCv be normal cone to C at v ∈ C, i.e, NCv = {w ∈ H : 〈v −u,w〉 ≥
0, ∀u ∈ C}. Define

Tv =

{
Av + NCv if v ∈ C,

∅ if v 
∈ C.

Then T is maximal monotone and 0 ∈ Tv if and only if v ∈ V I(C,A) (see [5]).

For solving the mixed equilibrium problem, let us give the give the following assumption
for the bifunction F , ϕ and the set C :
(A1) F (x, y) = 0 for all x ∈ C;
(A2) F is monotone, i.e. F (x, y) + F (y, x) ≤ 0 for any x, y ∈ C;
(A3) for each y ∈ C, x �→ F (x, y) is weakly upper semicontinuous;
(A4) for each y ∈ C, y �→ F (x, y) is convex;
(A5) for each y ∈ C, y �→ F (x, y) is lower semicontinuous;
(B1) for each x ∈ H and r > 0, there exist a bounded subset Dx ⊆ C and yx ∈ C such
that for any z ∈ C\Dx,

F (z, yx) + ϕ(yx) +
1
r
〈yx − z, z − x〉 < ϕ(z).

(B2) C is a bounded set.
By similar argument as in the proof of lemma in (see [3]), we have the following result.

Lemma 2.1. Let C be a nonempty closed convex subset of H. Let F be a bifunction
from C × C to R satisfying (A1)-(A5) and let ϕ : C → R ∪ {+∞} be a proper lower
semicontinuous and convex function. Assume that either (B1) or (B2) holds. For r > 0
and x ∈ H, define a mapping Tr : H → C as follows.

Tr(x) =
{

z ∈ C : F (z, y) + ϕ(y) +
1
r
〈y − z, z − x〉 ≥ ϕ(z), ∀y ∈ C

}

for all x ∈ H. Then the following conclusions hold:
(1) For each x ∈ H, Tr 
= ∅;
(2) Tr is single-valued;
(3) Tr firmly nonexpansive, i.e, for any x, y ∈ H,

‖Tr(x) − Tr(y)‖2 ≤ 〈Tr(x) − Tr(y), x − y〉;
(4) Fix(Tr) = MEP (F,ϕ) is closed and convex.

We also need the following lemmas.
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Lemma 2.2. Let H be a real Hilbert space. Then for any x, y ∈ H, we have

(i) ‖x + y‖2 ≤ ‖x‖2 + 2〈y, x + y〉
(ii) ‖x ± y‖2 = ‖x‖2 ± 2〈x, y〉 + ‖y‖2

(iii) ‖tx + (1 − t)y‖2 = t‖x‖2 + (1 − t)‖y‖2 − t(1 − t)‖x − y‖2, ∀t ∈ [0, 1].

Lemma 2.3. (see [6, 7]). Assume that {αn} is a sequence of nonnegative real numbers
such that

αn+1 ≤ (1 − γn)αn + δn

where γn is a sequence in (0, 1) and {δn} is a sequence such that

(i)
∑∞

n=1 γn = ∞;

(ii) lim supn→∞ δn/γn ≤ 0 or
∑∞

n=1 |δn| < ∞.
Then, limn→∞ αn = 0.

Lemma 2.4. (see [8]) Let {xn} and {wn} be bounded sequence in a Banach space, let
{βn} be a sequence of real numbers such that 0 < lim infn→∞ βn ≤ lim supn→∞ βn < 1
for all n = 1, 2, . . . Suppose that xn+1 = (1 − βn)wn + βnxn for all n = 1, 2, . . . and
lim supn→∞(‖wn+1 − wn‖ + ‖xn+1 − xn‖) ≤ 0. Then, limn→∞ ‖wn − xn‖ = 0.

Lemma 2.5. Let C be a nonempty closed convex subset of real Hilbert space H and
T : C → C be a k-strictly pseudocontractive mapping. Define a mapping S : C → C by
Sx = δx + (1 − δ)Tx for all x ∈ C and δ ∈ [k, 1). Then S is nonexpansive mapping such
that F (S) = F (T ).

Definition 2.6. [2] Let C be nonempty convex subset of real Banach space. Let {Ti}N
i=1

be a finite family of ki-strictly pseudocontractive mappings of C into itself. For each
i = 1, 2, . . . ,N , we define a mapping Si = δiI + (1 − δi)Ti where δi ∈ [ki, 1) consider
mapping Kn defined by

Un,n+1 = I

Un,n = γnSnUn,n+1 + (1 − γn)I,

Un,n−1 = γn−1Sn−1Un,n + (1 − γn−1)I,

...
Un,k = γkSkUn,k+1 + (1 − γk)I,

Un,k−1 = γk−1Sk−1Un,k + (1 − γk−1)I,

...
Un,2 = γ2S2Un,3 + (1 − γ2)I,

Kn = Un,1 = γ1S1Un,2 + (1 − γ1)I,

where γ1, γ2, ... are real number such that 0 ≤ γn ≤ 1.

As regards Kn, we have the following lemmas which are important for prove our main
results.
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Lemma 2.7. [2] Let C be a nonempty closed convex subset of a strictly convex Banach
space E. Let Si be nonexpansive mapping of C into itself such that ∩∞

i=1F (Si 
= ∅ and
γ1, γ2, ... be real numbers such that 0 < γi ≤ b < 1, for every i = 1, 2, .... Then for any
x ∈ C and k ∈ N, the limit limn→∞ Un,k exists.

Using Lemma 2.7, one can define the mapping K of C into itself as follows:

Kx := lim
n→∞Knx = lim

n→∞Un,1x, x ∈ C.

Such a mapping K is called the modified K-mapping generated by T1, T2, ..., γ1, γ2, ... and
δ1, δ2, ...

Lemma 2.8. [2] Let C be a nonempty closed convex subset of a strictly convex Banach
space E. Let Si be nonexpansive mapping of C into itself such that ∩∞

i=1F (Si 
= ∅ and
γ1, γ2, ... be real numbers such that 0 < γi ≤ b < 1, for every i = 1, 2, .... Then F (K) =⋂∞

i=1 F (Si).

Combining Lemma 2.5-2.8, one can get that F (K) =
⋂∞

i=1 F (Si) =
⋂∞

i=1 F (Ti).

Lemma 2.9. [2] Let C be a nonempty closed convex subset of a strictly convex Banach
space E. Let Si be nonexpansive mapping of C into itself such that ∩∞

i=1F (Si 
= ∅ and
γ1, γ2, ... be real numbers such that 0 < γi ≤ b < 1, for every i = 1, 2, .... If K is any
bounded subset of C, then

lim
n→∞ sup

x∈K
‖Knx − Kx‖ = 0.

3 Main Result

In this section, we derive a strong convergence of an iterative algorithm of extragra-
dient viscosity method which solves the problem of finding a common element of the set of
solutions of a generalized mixed equilibrium problem, the set of fixed points of a family of
finitely nonexpansive mappings and the set of the variational inequality for a monotone,
k-Lipschitz continuous mapping in a Hilbert space.

Theorem 3.1. Let C be a nonempty closed convex subset of a real Hilbert space H.
Let Θ : C × C → R be a bifucntion satisfying (A1)-(A5) and ϕ : C → R ∪ {+∞} be a
paper lower semicontinuous and convex function. Let F be a β-inverse strongly monotone
and A be a monotone and k-Lipschitz continuous mapping of C into H. Let {T1, T2, . . . }
be a family of infinitely ki-strictly pseudocontractive mapping of C into itself, such that
0 < γi ≤ b < 1, for every i = 1, 2, ... and Ω =

⋂N
i=1 F (Ti) ∩ V I(C,A) ∩GMEP (F,ϕ) 
= ∅.

Let {Sn} be the S-mapping generated by {T1, T2, . . . , TN} and α
(n)
1 , α

(n)
2 , . . . , α

(n)
N . Assume

that either (B1) or (B2) holds, let {xn}, {un} and {yn} be sequences generated by;⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

x1 = x ∈ C

Θ(un, y) + ϕ(y) − ϕ(un) + 1
rn
〈y − un, un − (xn − rFxn)〉 ≥ 0, ∀y ∈ C

yn = PC(un − γnAun)
xn+1 = αnf(xn) + βnxn + (1 − αn − βn)SnPC(un − γnAyn)

(12)
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where f is contraction of C into itself with α ∈ (0, 1) and {αn}, {βn} and {γn} are
sequences in (0, 1), {rn} ⊆ (0,∞) are satisfy the following condition:

(i) limn→∞ αn = 0 and
∑∞

n=0 αn = ∞;

(ii) 0 < lim infn→∞ βn ≤ lim supn→∞ βn < 1;

(iii) lim infn→∞ rn > 0 and limn→∞ |rn+1 − rn| = 0;

(iv) limn→∞ γn = 0;

(v) 0 < r ≤ 2β;

(vi) |α(n+1)j
n −αnj

1 | → 0 and |α(n+1)j
3 −αnj

3 | → 0 as n → ∞, for all j ∈ {1, 2, . . . ,N}.
Then the sequence {xn} and {un} generated by (12) converges strongly to z0 ∈ Ω, where
z0 = PΩf(z0).

Proof. Put tn = PC(un − γnAyn) for every n ∈ N . First, we prove that the sequences
{xn}, {un}, {yn}, {tn}, {Axn}, {Aun}, {f(xn)} and {Ayn} are bounded. Let x∗ ∈ Ω and
let {Trn} be a sequences of mapping defined as in Lemma 2.1 the x∗ = Tr(x∗ − rFx∗).
From un = Tr(xn − rFxn), we have

‖un − x∗‖2 = ‖Tr(xn − rFxn) − Tr(x∗ − rFx∗)‖2

≤ ‖(xn − rFxn) − (x∗ − rFx∗)‖2

= ‖(xn − x∗) − r(Fxn − Fx∗)‖2

= ‖xn − x∗‖2 − 2r〈Fxn − Fx∗, xn − x∗〉 + r2‖Fxn − Fx∗‖2

≤ ‖xn − x∗‖2 − 2rβ‖Fxn − Fx∗‖2 + r2‖Fxn − Fx∗‖2

≤ ‖xn − x∗‖2 + r(r − 2β)‖Fxn − Fx∗‖2 (13)
≤ ‖xn − x∗‖2.(since r < 2β) (14)

From (11) the monotonicity of A and x∗ ∈ V I(C,A), we have

‖tn − x∗‖2 ≤ ‖un − γnAyn − x∗‖2 − ‖un − γnAyn − tn‖2

= ‖un − x∗‖2 − ‖un − tn‖2 + 2γn〈Ayn, x∗ − tn〉
= ‖un − x∗‖2 − ‖un − tn‖2 + 2γn(〈Ayn − Ax∗, x∗ − yn〉

+〈Ax∗, x∗ − yn〉 + 〈Ayn, yn − tn〉)
≤ ‖un − x∗‖2 − ‖un − tn‖2 + 2γn〈Ayn, yn − tn〉
≤ ‖un − x∗‖2 − ‖un − yn‖2 − 2〈un − yn, yn − tn〉 − ‖yn − tn‖2

+2γn〈Ayn, yn − tn〉
= ‖un − x∗‖2 − ‖un − yn‖2 − ‖yn − tn‖2 + 2〈un − γnAyn − yn, tn − yn〉
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Further, from yn = PC(un − γnAun) and A is k-Lipschitz continuous, we have

〈un − γnAyn − yn, tn − yn〉 = 〈un − γnAun − yn, tn − yn〉 + 〈γnAun − γnAyn, tnyn〉
≤ 〈γnAun − γnAyn, tn − yn〉
≤ γnk‖un − yn‖‖tn − yn‖.

So, we have

‖tn − x∗‖2 ≤ ‖un − x∗‖2 − ‖un − yn‖2 − ‖yn − tn‖2 + 2γnk‖un − yn‖‖tn − yn‖
≤ ‖un − x∗‖2 − ‖un − yn‖2 − ‖yn − tn‖2 + γ2

nk2‖un − yn‖2 + ‖tn − yn‖2

= ‖un − x∗‖2 + (γ2
nk2 − 1)‖un − yn‖2

≤ ‖un − x∗‖2, (γ2
nk2 − 1 ≤ 0). (15)

From (12), (14) and (15), we have

‖xn+1 − x∗‖ = ‖αnf(xn) + βnxn + (1 − αn − βn)Sntn − x∗‖
≤ αn‖f(xn) − x∗‖ + βn‖xn − x∗‖ + (1 − αn − βn)‖Sntn − x∗‖
≤ αn‖f(xn) − x∗‖ + βn‖xn − x∗‖ + (1 − αn − βn)‖tn − x∗‖
≤ αn‖f(xn) − f(x∗)‖ + αn‖f(xn) − x∗‖ + βn‖xn − x∗‖

+(1 − αn − βn)‖xn − x∗‖
≤ αnα‖xn − x∗‖ + αn‖f(xn) − x∗‖ + (1 − αn)‖xn − x∗‖
= (1 − αn(1 − α))‖xn − x∗‖ + αn(1 − αn)

‖f(x∗) − x∗‖
(1 − α)

≤ max{‖xn − x∗‖, ‖f(x∗) − x∗‖
1 − α

}
...

≤ max{‖x1 − x∗‖, ‖f(x∗) − x∗‖
1 − α

}.

Hence {xn} is bounded, we also obtain that {tn} and {un} are bounded. From yn =
PC(un − γnAun) and the monotonicity and the Lipschitz continuous of A, we have

‖yn − x∗‖2 = ‖PC(un − γnAun) − PC(x∗ − γnAx∗)‖2

≤ ‖un − γnAun − (x∗ − γnAx∗)‖2

= ‖un − x∗‖2 − 2γn〈Aun − Ax∗, un − x∗〉 + γ2
n‖Aun − Ax∗‖2

≤ ‖un − x∗‖2 + γ2
nk‖un − x∗‖2

= (1 + γ2
nk)‖un − x∗‖2 (16)

Hence, we obtain that {yn} is bounded, it follows that {Axn}, {Aun}, {Ayn} and {f(xn)}
are bounded. Now we prove that limn→∞ ‖xn+1 − xn‖ = 0.
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Consider,

‖tn+1 − tn‖ = ‖PC(un+1 − γn+1Ayn+1) − PC(un − γnAyn)‖
≤ ‖(un+1 − γn+1Ayn+1) − (un − γnAyn)‖
≤ ‖(un+1 − un) − γn+1Ayn+1 − γn+1Ayn + γn+1Ayn + γnAyn‖
≤ ‖un+1 − un‖ + γn+1‖Aun+1 − Aun‖ + γn+1‖Aun‖ + γn‖Aun‖
≤ ‖un+1 − un‖ + γn+1‖un+1 − un‖ + γn+1‖Aun‖ + γn‖Aun‖
≤ ‖un+1 − un‖ + (2γn+1 + γn)M1, (17)

when M1 ≥ sup{k‖un+1 − un‖ + ‖Aun‖}. Since F is β-inverse-strongly monotone and
r < 2β, we have for all x, y ∈ C

‖(I − rF )x − (I − rF )y‖2 = ‖(x − y) − r(Fx − Fy)‖2

= ‖x − y‖2 − 2r〈Fx − Fy, x − y〉 + r2‖Ax − Ay‖2

≤ ‖x − y‖2 − 2rβ‖Ax − Ay‖2 + r2‖Ax − Ay‖2

≤ ‖x − y‖2 + r(r − 2β)‖Ax − Ay‖2

≤ ‖x − y‖2,

then I − rF is nonexpansive. From un = Tr(xn − rFxn), we get

‖un+1 − un‖ = ‖Tr(xn+1 − rFxn+1) − Tr(xn − rFxn)‖
≤ |(I − rF )xn+1 − (I − rF )xn‖
= ‖xn+1 − xn‖. (18)

From (17) and (18), we obtain that

‖tn+1 − tn‖ ≤ ‖xn+1 − xn‖ + (2γn+1 + γn)M1

= ‖xn+1 − xn‖ + cn, (19)

where cn := (2γn+1 + γn)M1. Since limn→∞ γn = 0, we have limn→∞ cn = 0. Next, we
show

lim
n→∞ ‖Sn+1xn − Snxn‖ = 0.

For k ∈ {2, 3, . . . ,N}, we have

‖Un+1,kxn − Un,kxn‖ = ‖αn+1,k
1 TkUn+1,kxn + αn+1,k

2 Un+1,k−1xn + αn+1,k
3 xn

−αn,k
1 TkUn,k−1xn − αn,k

2 Un,k−1xn − αn,k
3 xn‖

= ‖αn+1,k
1 (TkUn+1,k−1xn − TkUn,k−1xn)

+(αn+1,k
1 − αn,k

1 )TkUn,k−1xn

+(αn+1,k
3 − αn,k

3 )xn + αn+1,k
2 (Un+1,k−1xn − Un,k−1xn)

+(αn+1,k
2 − αn,k

2 )Un,k−1xn‖
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≤ αn+1,k
1 ‖Un+1,k−1xn − Un,k−1xn‖ + |αn+1,k

1 − αn,k
1 |‖TkUn,k−1xn‖

+|αn+1,k
3 − αn,k

3 |‖xn‖ + |αn+1,k
2 − αn,k

2 |‖Un,k−1xn‖
+αn+1,k

2 ‖Un+1,k−1xn − Un,k−1xn‖
= (αn+1,k

1 + αn+1,k
2 )‖Un+1,k−1xn − Un,k−1xn‖

+|αn+1,k
1 − αn,k

1 |‖TkUn,k−1xn‖
+|αn+1,k

3 − αn,k
3 |‖xn‖ + |αn+1,k

2 − αn,k
2 |‖Un,kxn‖

≤ ‖Un+1,k−1xn − Un,k−1xn‖ + |αn+1,k
1 − αn,k

1 |‖TkUn,k−1xn‖
+|αn+1,k

3 − αn,k
3 |‖xn‖ + |(αn,k

1 − αn+1,k
1 + αn,k

3 − αn+1,k
3 )|‖Un,k−1xn‖

≤ ‖Un+1,k−1xn − Un,k−1xn‖ + |αn+1,k
1 − αn,k

1 |‖TkUn,k−1xn‖
+|αn+1,k

3 − αn,k
3 |‖xn‖ + |αn,k

1 − αn+1,k
1 |‖Un,k−1xn‖

+|αn,k
3 − αn+1,k

3 |‖Un,k−1xn‖
= ‖Un+1,k−1xn − Un,k−1xn‖ + |αn+1,k

1 − αn,k
1 |(‖TkUn,k−1xn‖ + ‖Un,k−1xn‖)

+|αn+1,k
3 − αn,k

3 |(‖xn‖ + ‖Un,k−1xn‖) (20)

By (20), we obtain that for each n ∈ N

‖Sn+1xn − Snxn‖ = ‖Un+1,Nxn − Un,Nxn‖

≤ ‖Un+1,1xn − Un,1xn‖ +
N∑

j=2

|αn+1,j
1 − αn,j

1 |(‖TjUn,j−1xn‖

+‖Un,j−1xn‖) +
N∑

j=2

|αn+1,j
3 − αn,j

3 |(‖xn‖ + ‖Un,j−1xn‖)

= |αn+1,1
1 − αn,1

1 |‖T1xn − xn‖ +
N∑

j=2

|αn+1,j
1 − αn,j

1 |(‖TjUn,j−1xn‖

+‖Un,j−1xn‖) +
N∑

j=2

|αn+1,j
1 − αn,j

1 |(‖xn‖ + ‖Un,j−1xn‖)

From condition (iv) [|αn+1,j
1 − αn,j

1 | → 0 and |αn+1,j
3 − αn,j

3 | → 0], we obtain

lim
n→∞ ‖Sn+1xn − Snxn‖ = 0. (21)

Similarly

lim
n→∞ ‖Sn+1tn − Sntn‖ = 0. (22)

Let xn+1 = βnxn + (1 − βn)zn, then we have

zn =
xn+1 − βnxn

1 − βn
=

αnf(xn) + βnxn + (1 − αn − βn)Sntn − βnxn

1 − βn

=
αnf(xn) + (1 − αn − βn)Sntn

1 − βn
.
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We consider,

zn+1 − zn =
αn+1f(xn+1) + (1 − αn+1 − βn+1)Sn+1tn+1

1 − bn+1
− αnf(xn) + (1 − αn − βn)Sntn

1 − βn

= (
αn+1

1 − βn+1
f(xn+1) − αn

1 − βn
f(xn)) + Sn+1tn+1 − Sntn

+
αn

1 − βn
Sntn − αn+1

1 − βn+1
Sn+1tn+1

=
αn+1

1 − βn+1
(f(xn+1) − Sn+1tn+1) +

αn

1 − βn
(Sntn − αnf(xn) + Sn+1tn+1 − Sntn).

Then from (19), we have

‖zn+1 − zn‖ ≤ αn+1

1 − βn+1
‖f(xn+1) − Sn+1tn+1‖ +

αn

1 − βn
‖Sntn − f(xn)‖ + ‖Sn+1tn+1 − Sntn‖

≤ αn+1

1 − βn+1
‖f(xn+1) − Sn+1tn+1‖ +

αn

1 − βn
‖Sntn − f(xn)‖

+‖Sn+1tn+1 − Sn+1tn‖ + ‖Sn+1tn − Sntn‖
≤ αn+1

1 − βn+1
‖f(xn+1) − Sn+1tn+1‖ +

αn

1 − βn
‖f(xn) − Sntn‖

+‖tn+1 − tn‖ + ‖Sn+1tn − sntn‖
≤ αn+1

1 − βn+1
‖f(xn+1) − Sn+1tn+1‖ +

αn

1 − βn
‖f(xn) − Sntn‖

+‖Sn+1tn − sntn‖ + ‖xn+1 − xn‖ + cn.

It follow that

‖zn+1 − zn‖ − ‖xn+1 − xn‖ ≤ αn+1

1 − βn+1
‖f(xn+1) − Sn+1tn+1‖ +

αn

1 − βn
‖f(xn) − Sntn‖

+‖Sn+1tn − sntn‖ + cn

From (i), (22) and limn→∞ cn = 0, we have

lim sup
n→∞

(‖zn+1 − zn‖ − ‖xn+1 − xn‖) ≤ 0.

By Lemma 2.4, we have
lim

n→∞ ‖zn − xn‖ = 0.

Note that

‖xn+1 − xn‖ = ‖βnxn + (1 − βn)zn − xn‖ = (1 − βn)‖zn − xn‖

Consequently,

lim
n→∞ ‖xn+1 − xn‖ = lim

n→∞(1 − βn)‖zn − xn‖ = 0. (23)
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Consider,

‖Sntn − xn‖ ≤ ‖xn+1 − xn‖ + ‖xn+1 − Sntn‖
≤ ‖xn+1 − xn‖ + αn‖f(xn) − xn‖ + βn‖Sntn − xn‖,

it follows that

(1 − βn)‖Sntn − xn‖ ≤ ‖xn+1 − xn‖ + αn‖f(xn) − xn‖
and hence

‖Sntn − xn‖ ≤ 1
1 − βn

(‖xn+1 − xn‖ + αn‖f(xn) − xn‖)

From (i), (ii) and (23), we obtain

lim
n→∞ ‖Sntn − xn‖ = 0. (24)

Next, we prove that

lim
n→∞ ‖xn − un‖ = lim

n→∞ ‖un − tn‖ = lim
n→∞ ‖un − yn‖ = 0.

For x∗ ∈ Ω we obtain that

‖xn+1 − x∗‖ = ‖αnf(xn) + βnxn + (1 − αn − βn)Sntn − x∗‖2

≤ αn‖f(xn) − x∗‖ + βn‖xn − x∗‖2 + (1 − αn − βn)‖Sntn − x∗‖2

≤ αn‖f(xn) − x∗‖ + βn‖xn − x∗‖2 + (1 − αn − βn)‖tn − x∗‖
≤ αn‖f(xn) − x∗‖ + βn‖xn − x∗‖2 + (1 − αn − βn)[‖un − x∗‖2

+(γ2
nk2 − 1)‖un − yn‖2]

≤ αn‖f(xn) − x∗‖ + βn‖xn − x∗‖2 + (1 − αn − βn)‖xn − x∗‖2

+(1 − αn − βn)(γ2
nk2 − 1)‖un − yn‖2, (25)

it follows that

‖un − yn‖2 ≤ αn‖f(xn) − x∗‖2 + (1 − αn)‖xn − x∗‖2 − ‖xn+1 − x∗‖2

(1 − αn − βn)(1 − γ2
nk2)

=
αn(‖f(xn) − x∗‖2 − ‖xn − x∗‖2)

(1 − αn − βn)(1 − γ2
nk2)

+
‖xn − x∗‖2 − ‖xn+1 − x∗‖2

(1 − αn − βn)(1 − γ2
nk2)

≤ αn(‖f(xn) − x∗‖2 − ‖xn − x∗‖2)
(1 − αn − βn)(1 − γ2

nk2)
+

‖xn+1 − xn‖(‖xn − x∗‖ + ‖xn+1 − x∗‖)
(1 − αn − βn)(1 − γ2

nk2)
.

From (i) and (23), we have

lim
n→∞ ‖un − yn‖ = 0. (26)

By the same argument as in (14), we also have

‖tn − x∗‖2 ≤ ‖un − x∗‖2 − ‖un − yn‖2 − ‖yn − tn‖2 + 2γnk‖un − yn‖‖tn − yn‖
≤ ‖un − x∗‖2 − ‖un − yn‖2 − ‖yn − tn‖2 + ‖un − yn‖2 + γ2

nk2‖tn − yn‖2

= ‖un − x∗‖2 + (γ2
nk2 − 1) − ‖yn − tn‖2. (27)
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From (25) and (27), we have

‖xn+1 − x∗‖ = ‖αnf(xn) + βnxn + (1 − αn − βn)Sntn − x∗‖2

≤ αn‖f(xn) − x∗‖ + βn‖xn − x∗‖2 + (1 − αn − βn)‖Sntn − x∗‖2

≤ αn‖f(xn) − x∗‖ + βn‖xn − x∗‖2 + (1 − αn − βn)‖tn − x∗‖
≤ αn‖f(xn) − x∗‖ + βn‖xn − x∗‖2 + (1 − αn − βn)[‖un − x∗‖2

+(γ2
nk2 − 1)‖yn − tn‖2]

≤ αn‖f(xn) − x∗‖ + βn‖xn − x∗‖2 + (1 − αn − βn)‖xn − x∗‖2

+(1 − αn − βn)(γ2
nk2 − 1)‖yn − tn‖2

and hence

‖yn − tn‖2 ≤ αn(‖f(xn) − x∗‖2 − ‖xn − x∗‖2)
(1 − γ2

nk2)
+

‖xn − x∗‖2 − ‖xn+1 − x∗‖2

(1 − γ2
nk2)

≤ αn(‖f(xn) − x∗‖2 − ‖xn − x∗‖2)
(1 − γ2

nk2)
+

‖xn+1 − xn‖(‖xn − x∗‖ + ‖xn+1 − x∗‖)
(1 − γ2

nk2)
.

From (i) and (23), we obtain

lim
n→∞ ‖yn − tn‖ = 0. (28)

Note that

‖un − tn‖ ≤ ‖un − yn‖ + ‖yn − tn‖ → 0 as n → ∞. (29)

From A is k-Lipschitz continuous, we have ‖Ayn −Atn‖ = 0. From (12) and (13), we have

‖xn+1 − x∗‖2 = ‖αn(f(xn) − x∗) + βn(xn − x∗) + (1 − αn − βn)(Sntn − x∗)‖2

≤ αn‖(f(xn) − x∗)‖2 + βn‖xn − x∗‖2 + (1 − αn − βn)‖Sntn − x∗‖2

≤ αn‖(f(xn) − x∗)‖2 + βn‖xn − x∗‖2 + (1 − αn − βn)‖tn − x∗‖2

≤ αn‖(f(xn) − x∗)‖2 + βn‖xn − x∗‖2 + (1 − αn − βn)‖un − x∗‖2

≤ αn‖(f(xn) − x∗)‖2 + βn‖xn − x∗‖2 + (1 − αn − βn)[‖xn − x∗‖2

+r(r − 2β)‖Fxn − Fx∗‖2]
≤ αn‖(f(xn) − x∗)‖2 + ‖xn − x∗‖2 + (1 − αn − βn)r(r − 2β)‖Fxn − Fx∗‖2,

it follows that

(1 − αn − βn)r(r − 2β)‖Fxn − Fx∗‖2 ≤ αn‖(f(xn) − x∗)‖2 + ‖xn − x∗‖2 − ‖xn+1 − x∗‖2

≤ αn‖(f(xn) − x∗)‖2 + ‖xn+1 − xn‖(‖xn − x∗‖ + ‖xn+1 − x∗‖).
From (i) and (23), we get

lim
n→∞ ‖Fxn − Fx∗‖ = 0. (30)
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Since Tr is a firmly nonexpansive for x∗ ∈ Ω, we have

‖un − x∗‖2 = ‖Sr(xn − rFxn) − Sr(x∗ − rFx∗)‖2

≤ 〈xn − rFxn − (x∗ − rFx∗), un − x∗〉
=

1
2
(‖xn − rFxn − (x∗ − rFx∗)‖2 + ‖un − x∗‖2

−‖xn − rFxn − (x∗ − rFx∗) − (un − x∗)‖2)

≤ 1
2
(‖xn − x∗‖2 + ‖un − x∗‖2 − ‖xn − un − r(Fxn − Fx∗)‖2)

≤ 1
2
(‖xn − x∗‖2 + ‖un − x∗‖2 − ‖xn − un‖2 + 2r〈(Fxn − Fx∗), xn − un〉

−r2‖Fxn − Fx∗‖2).

It follows that

‖un − x∗‖2 ≤ ‖xn − x∗‖2 − ‖xn − un‖2 + 2r‖Fxn − Fx∗‖‖xn − un‖. (31)

Note that

‖xn+1 − x∗‖2 = ‖αn(f(xn) − x∗) + βn(xn − x∗) + (1 − αn − βn)(Sntn − x∗)‖2

≤ αn‖(f(xn) − x∗)‖2 + βn‖xn − x∗‖2 + (1 − αn − βn)‖Sntn − x∗‖2

≤ αn‖(f(xn) − x∗)‖2 + βn‖xn − x∗‖2 + (1 − αn − βn)‖‖tn − x∗‖2

≤ αn‖(f(xn) − x∗)‖2 + βn‖xn − x∗‖2 + (1 − αn − βn)‖‖un − x∗‖2

≤ αn‖(f(xn) − x∗)‖2 + βn‖xn − x∗‖2 + (1 − αn − βn)[‖xn − x∗‖2

−‖xn − un‖2 + 2r‖Fxn − Fx∗‖‖xn − un‖]
≤ αn‖(f(xn) − x∗)‖2 + (1 − αn)‖xn − x∗‖2 − (1 − αn − βn)‖xn − un‖2

+2r‖Fxn − Fx∗‖‖xn − un‖,
it follows that

(1 − αn − βn)‖xn − un‖2 ≤ αn‖(f(xn) − x∗)‖2 + ‖xn − x∗‖2 − ‖xn+1 − x∗‖2

+2r‖Fxn − Fx∗‖‖xn − un‖
≤ αn‖(f(xn) − x∗)‖2 − ‖xn+1 − xn‖(‖xn − x∗‖ + ‖xn+1 − x∗‖)

+2r‖Fxn − Fx∗‖‖xn − un‖.
From (i) (23) and (33) , we obtain that

lim
n→∞ ‖xn − un‖ = 0. (32)

Since

‖Snun − un‖ ≤ ‖Snun − Sntn‖ + ‖Sntn − xn‖ + ‖xn − un‖
≤ ‖un − tn‖ + ‖Sntn − xn‖ + ‖xn − un‖.

By (22), (27) and (32), we have

lim
n→∞ ‖Snun − un‖ = 0. (33)
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Consider,
‖Sun − un‖ ≤ ‖Sun − Snun‖ + ‖Snun − un‖.

By Lemma (2.9) and (33), we get

lim
n→∞ ‖Sun − un‖ = 0. (34)

Next we show that
lim sup

n→∞
〈f(z0) − z0, xn − z0〉 ≤ 0,

where z0 = PΩf(z0). To show this inequality, we can choose a sequence {xni} of {xn}
such that

lim
i→∞

〈f(z0) − z0, xni − x∗〉 = lim sup
n→∞

〈f(z0) − z0, xn − z0〉.

Since {xni} is bounded, there exists a subsequence {xnik
} of {xni} such that xnik

⇀ w.
Without loss of generality, assume that xni ⇀ w. Consider, for all x, y ∈ H,

‖PF (I − A)x − PF (I − A)y‖ ≤ ‖(I − A)x − (I − A)y‖
≤ ‖I − A‖‖x − y‖
≤ (1 − μ)‖x − y‖.

Hence PΩ(I − A) is contraction and has a unique fixed point, say x∗ ∈ Ω. That is,
x∗ = PΩ(I −A)(x∗). We next prove that w ∈ GMEP . By un = Sr(xn − rFxn), we know
that

Θ(un, y) + ϕ(y) − ϕ(un) +
1
r
〈y − un, un − (xn − rFxn)〉 ≥ 0, ∀y ∈ C.

It follows from (A2) that

ϕ(y) − ϕ(un) +
1
r
〈y − un, un − (xn − rFxn)〉 ≥ Θ(y, un), ∀y ∈ C.

Hence,

ϕ(y) − ϕ(un) +
1
r
〈y − uni ,

uni − (xni − rFxni)
r

〉 ≥ Θ(y, uni), ∀y ∈ C. (35)

For t ∈ (0, 1] and y ∈ H, let yt = ty + (1 − t)w. From (35) we have

〈yt − uni , Fyt〉 ≥ 〈yt − uni , Fyt〉 − ϕ(yt) + ϕ(uni
) − 〈yt − uni ,

uni − (xni − rFxni)
r

〉 + Θ(y, uni)

= 〈yt − uni , Fyt − Funi , Funi − Fxni〉 − ϕ(yt) + ϕ(uni)

−〈yt − uni ,
uni − xni

r
〉 + Θ(y, uni).

Since ‖uni − xni‖ → 0, we have ‖Funi − Fxni‖ → 0. Further, from the inverse strongly
monotonicity of ϕ, uni

−xni
r → 0 and uni → w weakly, we have

〈yt − w,Fyt〉 ≥ −ϕ(yt) + ϕ(w) + Θ(yt, w), ∀y ∈ C. (36)
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From (A1), (A4), and (36), we also have

0 = Θ(yt, yt) + ϕ(yt) − ϕ(yt)
≤ tΘ(yt, y) + (1 − t)Θ(yt, w) + tϕ(y) + (1 − t)ϕ(w) − ϕ(yt)
= t[Θ(yt, y) + ϕ(y) − ϕ(yt)] + (1 − t)[Θ(yt, w) + ϕ(w) − ϕ(yt)]
≤ t[Θ(yt, y) + ϕ(y) − ϕ(yt)] + (1 − t)〈yt, w, Fyt〉
≤ t[Θ(yt, y) + ϕ(y) − ϕ(yt)] + (1 − t)〈y,w, Fyt〉

and hence

0 ≤ Θ(yt, y) + ϕ(y) − ϕ(yt) + (1 − t)〈y − w,Fyt〉.
Letting t → 0, we have, for each y ∈ C

Θ(w, y) + ϕ(y) − ϕ(w) + 〈y − w,Fw〉 ≥ 0.

for all y ∈ C and hence w ∈ GMEP (F,ϕ).

(b) Now we show that w ∈ V I(C,A). For this purpose, we define a set-valued mapping
T : H → 2H by

Tw1 =

{
Aw1 + NCw1 if w1 ∈ C,

∅ if w1 
∈ C.

where NCw1 is the normal cone to C at w1 ∈ C. We have already mentioned that in this
case the mapping T is maximal monotone, and 0 ∈ Tw1 if and only if w1 ∈ V I(C,A).
Let (w1, g) ∈ G(T ). Then Tw1 = Aw1 + NCw1 and hence g − Aw1 ∈ NCw1. So, we have
〈w1 − t, g − Aw1〉 ≥ 0 for all t ∈ C. On the other hand, from tn = PC(un − γnAyn) and
w1 ∈ C we have

〈un − γnAyn − tn, tn − w1〉 ≥ 0
and hence

〈w1 − tn, tn−un
γn

+ Ayn〉 ≥ 0
Therefor, we have

〈w1 − tni , g〉 ≤ 〈w1 − tni , Aw1〉
≤ 〈w1 − tni , Aw1〉 − 〈w1 − tni ,

tni − uni

γni

+ Ayni〉

= 〈w1 − tni , Aw1 − Ayni −
tni − uni

γni

〉

= 〈w1 − tni , Aw1 − Atni + Atni − Ayni −
tni − uni

γni

〉

= 〈w1 − tni , Aw1 − Atni〉 + 〈w1 − tni , Atni − Ayni〉 − 〈v − tni ,
tni − uni

γni

〉

≤ 〈w1 − tni , Atni − Ayni〉 − 〈w1 − tni ,
tni − uni

γni

〉.
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Hence we obtain 〈w1 − w, g〉 ≥ 0 as i → ∞. Since T is maximal monotone, we have
w ∈ T−10 and hence w ∈ V I(C,A).

(C) We next show that w ∈ F (S) =
⋂N

i=1 F (Ti). Suppose the contrary, w 
∈ F (S).
Since uni ⇀ w and w 
= Sw, from the Opial’s condition we have

lim inf
i→∞

‖uni − w‖ < lim inf
i→∞

‖uni − Sw‖
= lim inf

i→∞
‖uni − Suni + Suni − Sw‖

≤ lim inf
i→∞

‖uni − Suni‖ + ‖Suni − Sw‖
≤ lim inf

i→∞
‖Suni − Sw‖

≤ lim inf
i→∞

‖uni − w‖

which is a contradiction. So, we get w ∈ F (S) =
⋂N

i=1 F (Ti). This implies w ∈ Ω. Therefor,
we have

lim sup
n→∞

〈f(z0) − z0, xn − z0〉 = lim
n→∞〈f(z0) − z0, xni − z0〉 = 〈f(z0) − z0, w − z0〉 ≤ 0. (37)

Consider,

‖xn+1 − z0‖2 = ‖αnf(xn) + βnxn + (1 − αn + βn)Sntn − z0‖2

= ‖αn(f(xn) − z0) + βn(xn − z0) + (1 − αn + βn)(Sntn − z0)‖2

≤ ‖βn(xn − z0) + (1 − αn + βn)(Sntn − z0)‖2 + 2αn〈f(xn) − z0, xn+1 − z0〉
≤ (βn‖xn − z0‖ + (1 − αn + βn)‖Sntn − z0‖)2 + 2αn〈f(xn) − z0, xn+1 − z0〉

+2αn〈f(z0) − z0, xn+1 − z0〉
≤ (βn‖xn − z0‖ + (1 − αn + βn)‖tn − z0‖)2 + 2αnα‖xn − z0‖‖xn+1 − z0‖

+2αn〈f(z0) − z0, xn+1 − z0〉
≤ (βn‖xn − z0‖ + (1 − αn + βn)‖xn − z0‖)2 + 2αnα‖xn − z0‖‖xn+1 − z0‖

+2αn〈f(z0) − z0, xn+1 − z0〉
≤ (1 − αn)2‖xn − z0‖)2 + αnα(‖xn − z0‖2 + ‖xn+1 − z0‖2)

+2αn〈f(z0) − z0, xn+1 − z0〉

then we obtain

(1 − αnα)‖xn+1 − z0‖2 ≤ ((1 − αn)2 + αnα)‖xn − z0‖2 + 2αn〈f(z0) − z0, xn+1 − z0〉,

it follows that

‖xn+1 − z0‖2 ≤ (1 − αn)2 + αnα

1 − αnα
‖xn − z0‖2 +

2αn

1 − αnα
〈f(z0) − z0, xn+1 − z0〉

=
1 − 2αnα2

n + αnα

1 − αnα
‖xn − z0‖2 +

2αn

1 − αnα
〈f(z0) − z0, xn+1 − z0〉
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=
1 − 2αn + αnα

1 − αnα
‖xn − z0‖2 +

α2
n

1 − αnα
‖xn − z0‖2

+
2αn

1 − αnα
〈f(z0) − z0, xn+1 − z0〉

= 1 − 2(1 − α)αn

1 − αnα
‖xn − z0‖2 +

2(1 − α)αn

1 − αnα
{ αnM

2(1 − α)

+
1

(1 − α)
〈f(z0) − z0, xn+1 − z0〉}

≤ (1 − δn)‖xn − z0‖2 + δnbn,

when M = sup ‖xn−zo‖2, δn = 2(1−α)αn

1−αnα and bn = { αnM
2(1−α) + 1

(1−α)〈f(z0)−z0, xn+1−z0〉}
From limn→∞ αn = 0 and lim supn→∞〈f(z0)−z0, xn+1−z0〉 ≤ 0, we have lim supn→∞ bn ≤
0,
and from ∞∑

n=1

αn = ∞, implies
∞∑

n=1

δn = ∞

By Lemma 2.3 we have limn→∞ ‖xn − z0‖ = 0. This complete the proof. �

4 Application

Theorem 4.1. Let C be a nonempty closed convex subset of a real Hilbert space H.
Let F : C × C → R be a bifunction satisfying (A1)-(A5) and ϕ : C → R ∪ {+∞} be a
proper lower semicontinuous and convex function. Let A be a monotone and k-Lipschitz
continuous mapping of C into H. Let {Ti}N

i=1 be a finite family of nonexpansive mappings
of C into itself with Ω :=

⋂n
i=1 F (Ti) ∩ V I(C,A) ∩ MEP (Θ, ϕ) 
= ∅. Let Wn be the W-

mappings generated by T1, T2, . . . , TN and λn1, λn2, . . . , λnN . Assume that either (B1) or
(B2) holds and that v is an arbitrary point in C. Let {xn} ⊆ C, {un} ⊆ C and {yn} ⊆ C
be sequences generated by;⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

x1 = x ∈ C

Θ(un, y) + ϕ(y) − ϕ(un) + 1
rn
〈y − un, un − xn〉 ≥ 0, ∀y ∈ C

yn = PC(un − γnAun)
xn+1 = αnv + βnxn + (1 − αn − βn)WnPC(un − γnAyn)

(38)

for every n = 1, 2, ..., where {γn}, {rn}, {αn}, {λn1}, {λn2}, ..., {λnN} and {βn} are se-
quences of numbers satisfying the condition:

(i) limn→∞ αn = 0 and
∑∞

n=0 αn = ∞;

(ii) 0 < lim infn→∞ βn ≤ lim supn→∞ βn < 1;
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(iii) lim infn→∞ rn > 0 and limn→∞ |rn+1 − rn| = 0;

(iv) limn→∞ γn = 0;

(v) limn→∞ |λn,i − λn−1,i| = 0 for all i = 1, 2, ...,N.
Then {xn}, {un} and {yn} converges strongly to w = PΩ(v).

Proof. Let F ≡ 0 and replace Sn by Wn and f(x) = v for all x ∈ C, we have equation (12)
reduce to (38). From Theorem 3.1, the sequence {xn}, {un} and {yn} converges strongly
to w = PΩ(v). This complete the proof. �

Theorem 4.2. Let C be a nonempty closed convex subset of a real Hilbert space H.
Let Θ : C × C → R be a bifunction satisfying (A1)-(A5) and ϕ : C → R ∪ {+∞} be a
proper lower semicontinuous and convex function. Let A be a monotone and k-Lipschitz
continuous mapping of C into H. V I(C,A) ∩ GMEP (Θ, ϕ) 
= ∅. Assume that either
(B1) or (B2) holds and that v is an arbitrary point in C. Let {xn} ⊆ C, {un} ⊆ C and
{yn} ⊆ C be sequences generated by;⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

x1 = x ∈ C

Θ(un, y) + ϕ(y) − ϕ(un) + 1
rn
〈y − un, un − xn)〉 ≥ 0, ∀y ∈ C

yn = PC(un − γnAun)
xn+1 = αnv + βnxn + (1 − αn − βn)PC(un − γnAyn)

(39)

for every n = 1, 2, ..., where {γn}, {rn}, {αn} and {βn} are sequences of numbers satisfying
the condition in Theorem 3.1. Then {xn}, {un} and {yn} converges strongly to w =
PV I(A,C)∩MEP (Θ,ϕ)(v).

Proof. Let A ≡ 0, we have equation (12) reduce to (38). From Theorem 3.1,
the sequence {xn} and {un} generated by (38) converges strongly to x∗ ∈ V I(A,C) ∩
MEP (Θ, ϕ). This complete the proof. �
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Abstract

The purpose of this work, we present a new iterative algorithm for
finding a common of the set of solutions of a mixed equilibrium problem,
the set of a variational inclusion and the set of fixed point of nonexpan-
sive mapping in a real Hilbert space. Under suitable conditions, some
strong convergence theorems for approximating a common element of
the above three sets are obtained. The results presented in the paper
improve some recent results of Y. C. Liou, [An Iterative Algorithm for
Mixed Equilibrium Problems and Variational Inclusions Approach to
Variational Inequalities, Fixed Point Theory and Applications, Volume
2010, Article ID 564361, 15 pages. doi:10.1155/2010/564361].
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1 Introduction

Let C be a closed convex subset of a real Hilbert space H . Let F : C → H
be a nonlinear mapping, let ϕ : C → R be a function, and let Θ be a bifunction
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of C × C into R. Now we consider the following mixed equilibrium problem:
to find u ∈ C such that

Θ(u, y) + ϕ(y) − ϕ(u) + 〈Fu, y − u〉 ≥ 0, ∀y ∈ C. (1.1)

The set of solution of problem (1.1) is denoted by EP .

If F = 0, then the mixed equilibrium problem (1.1) becomes the followsing
mixed equilibrium: to find u ∈ C such that

Θ(u, y) + ϕ(y) − ϕ(u) ≥ 0, ∀y ∈ C, (1.2)

which was considered by Ceng and Yao [3]. If ϕ = 0, then the mixed equi-
librium problem (1.1) becomes the following equilibrium: to find u ∈ C such
that

Θ(u, y) + 〈Fu, y − u〉 ≥ 0, ∀y ∈ C, (1.3)

which was studied by S. Takahashi and W. Takahashi [16]. If ϕ = 0 and F = 0,
then the mixed equilibrium problem (1.1) becomes the following problem: to
find u ∈ C such that

Θ(u, y) ≥ 0, ∀y ∈ C. (1.4)

If Θ(x, y) = 0 for all x, y ∈ C, the mixed equilibrium problem (1.1) becomes
the following variational inequality problem: to find u ∈ C such that

ϕ(y) − ϕ(u) + 〈Fu, y − u〉 ≥ 0, ∀y ∈ C. (1.5)

The mixed equilibrium problems include fixed point problems, optimization
problems, variational inequality problems, Nash equilibrium problems, and the
equilibrium problems as special cases; see, for example, [2, 7, 19, 5, 4, 8] Some
methods have been proposed to solve the mixed equilibrium problem and the
equilibrium problem. In 1997, Flaim and Antipen [7] introduced an iterative
method of finding the best approximation to the initial data and proved a
strong convergence theorem. Subsequently, S. Takahashi and W. Takahashi
[17] introduced another iterative scheme for finding a common element of the
set of solutions of the equilibrium problem(1.2) and the set of fixed point
points of a nonexpansive mapping. Furthermore, Yao et al. [18] introduced
some new iterative schemes for finding a common element of the set of solutions
of the equilibrium problem (1.2) and the set of common fixed points of finitely
(infinitely) nonexpansive mappings. Very recently, Ceng and Yao [3] considered
a new iterative scheme for finding a common element of the set of solutions of
the mixed equilibrium problem and the set of common fixed points of finitely
many nonexpansive mappings. Peng and Yao [12] developed a CQ method.
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They obtained some strong convergence results for finding a common element
of the set of solutions of the mixed equilibrium problem (1.1) and the set of the
variational inequality and the set of fixed points of a nonexpansive mapping.
Their results extend and improve the corresponding results in [3, 6, 9, 17].

Recall that a mapping B : C → C is said to be β-inverse strongly monotone
if there exists a constant β > 0 such that 〈Bx−By, x−y〉 ≥ β‖Bx−By‖2, for
all x, y ∈ C. A mapping A is strongly positive on H if there exists a constants
μ > 0 such that 〈Ax, x〉 ≥ μ‖x‖2 for all x ∈ H . Let B : H → H be a single-
valued nonlinear mapping and let R : H → 2H be a set-valued mapping. Now
we concern the following variational inclusion, which is to find a point x ∈ H
such that

θ ∈ B(x) + R(x), (1.6)

where θ is the zero vector in H . The set of solution of problem (1.6) is de-
noted by I(B, R). If H = Rm, then problem (1.6) becomes the generalized
equation introduced by Robinson [14]. If B = 0, then problem (1.6) becomes
the inclusion problem introduced by Rockafellar [15].

In 2010, Y. C. Liou [11], introduce iterative algorithm generated by for
x0 ∈ C the sequence {xn} and {un} as follows:{

Θ(un, y) + ϕ(y) − ϕ(un) + 1
rn
〈y − un, un − (xn − rFxn)〉 ≥ 0, ∀y ∈ C

xn+1 = PC [(I − αnA)JR,λ(I − λB)un],

(1.7)

where {αn} is a real sequence in [0, 1]. Then {xn} strongly convergent to a
common element of the set of solutions of a mixed equilibrium problem and
the set of a variational inclusion in a real Hilbert space.

Inspired and motivate by the work in this paper, we present an iterative
algorithm for finding a common element of the set of solutions of a mixed
equilibrium problem, the set of variational inclusion and the set of fixed point
of nonexpansive mappings in real Hilbert space.

2 Preliminary

Let H be a real Hilbert space with norm ‖ · ‖ and inner product 〈·, ·〉 and
let C be a nonempty closed convex subset of H . For every point x ∈ H , there
exists a unique nearest point in C, denoted by PCx, such that

‖x − PCx‖ ≤ ‖x − y‖ for all y ∈ C. (2.1)
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PC is called the metric projection of H onto C. It is well known that PC is a
nonexpansive mapping of H onto C and satisfies

〈x − y, PCx − PCy〉 ≥ ‖PCx − PCy‖2,

for every x, y ∈ H. Further, for x ∈ H and x∗ ∈ C,

x∗ = PC(x) ⇔ 〈x − x∗, x∗ − y〉 ≥ 0, ∀y ∈ C. (2.2)

A set-valued mapping T : H → 2H is called monotone if, for all x, y ∈ H ,
f ∈ Tx and g ∈ Ty imply 〈x−y, f−g〉 ≥ 0. A monotone mapping T : H → 2H

is maximal if its graph G(T ) is not properly contained in the graph of any other
monotone mapping. It is known that a monotone mapping T is maximal if
and only if for (x, f) ∈ H×H, 〈x−y, f −g〉 ≥ 0 for every (y, g) ∈ G(T ) implies
f ∈ Tx.

Let the set-valued mapping R : H → 2H be maximal monotone. We define
the resolvent operator

JR,λ(x) = (I + λR)−1(x), x ∈ H, (2.3)

where λ is a positive number. It is worth mentioning that the resolvent op-
erator JR,λ is single valued, nonexpansive, and 1-inverse strong monotone and
that a solution of problem (1.6) is a fixed point of the operator JR,λ(I − λB)
for all λ > 0, see, for instance, [9].

Throughout this paper, we assume that a bifunction Θ : C × C → R and
a convex function ϕ : C → R satisfy the following condition:

(H1) Θ(x, x) = 0 for all x ∈ C;

(H2) Θ is monotone, that is Θ(x, y) + Θ(y, x) ≤ 0 for all x, y ∈ C;

(H3) for each y ∈ C, x �→ Θ(x, y) is weakly upper semicontinuous;

(H4) for each x ∈ C, y �→ Θ(x, y) is convex and lower semicontinuous;

(H5) for each x ∈ C and r > 0, there exists a bounded subset Dx ⊂ C and
yx ∈ C such that for any z ∈ C\Dx,

Θ(z, yx) + ϕ(yx) − ϕ(z) +
1

2
〈yx − z, z − x〉 < 0. (2.4)

Lemma 2.1. [12] Let C be a nonempty closed convex subset of real Hilbert
space H and let Θ be a bifunction of C × C into R and let ϕ : C → R be a
proper lower semicontinuous and convex function. For r > 0 anf x ∈ C, define
a mapping Sr : C → C as follows:

Sr(x) = {z ∈ C : Θ(z, y) + ϕ(y) − ϕ(z) +
1

2
〈y − z, z − x〉 ≥ 0, ∀y ∈ C} (2.5)
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for all x ∈ C. Assume that the condition (H1)− (H5) hold. Then one has the
following results:

(1) for each x ∈ C, Sr(x) 
= ∅ and Sr is single valued;

(2) Sr is firmly nonexpansive, that is, for any x, y ∈ C,

‖Sr(x) − Sr(y)‖2 ≤ 〈Sr(x) − Sr(y), x− y〉; (2.6)

(3) F (Sr) = EP ;

(4) EP is closed and convex.

Lemma 2.2. [1] Let R : H → 2H be a maximal monotone mapping and let
B : H → H be a Lipschitz-continuous mapping. Then the mapping (R + B) :
H → 2H is maximal monotone.

Lemma 2.3. Let H be a real Hilbert space. Then for any x, y ∈ H we have

(i) ‖x + y‖2 ≤ ‖x‖2 + 2〈y, x + y〉
(ii) ‖x ± y‖2 = ‖x‖2 ± 2〈x, y〉+ ‖y‖2

(iii) ‖tx + (1 − t)y‖2 = t‖x‖2 + (1 − t)‖y‖2 − t(1 − t)‖x − y‖2, ∀t ∈ [0, 1].

Lemma 2.4. [10] Let an, bn, and cn be three nonnegative real sequences satis-
fying

an+1 ≤ (1 − tn)an + bn + cn, n ≥ 0,

where tn ∈ [0, 1) with Σ∞
n=1tn = +∞, bn = o(tn) and Σ∞

n=1cn < +∞, then
limn→∞ an = 0.

Lemma 2.5. [13] Let C be a closed convex subset of a real Hilbert space H.
Given x ∈ H and y ∈ C. Then y = PCx if and only if there holds the inequality

〈x − y, y − z〉 ≥ 0, ∀z ∈ C.

The following lemmas will be useful for proving the convergence result of
this paper.

3 Main Results

In this section, we derive a strong convergence of an iterative algorithm
which solves the problem of finding a common element of the set of solutions
of a mixed equilibrium problem, the set of fixed points nonexpansive mapping
of C into itself and the set of the variational inclusion in Hilbert space.
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Theorem 3.1. Let C be a nonempty closed convex subset of a real Hilbert
space H. Let T : C → C be a nonexpansive mapping such that F := F (T ) ∩
EP ∩ I(B, R) 
= ∅. Let Θ : C×C → R be a bifunction satisfying (H1)− (H4),
let F, B be α-inverse strongly monotone and β-inverse strongly monotone, re-
spectively. Let A be a strongly positive bounded linear operator with coefficient
0 < μ < 1 and R : H → 2H be a maximal monotone mapping. Let the
sequences {xn} and {un} be generated x0 = C;

⎧⎪⎨
⎪⎩

Θ(un, y) + ϕ(y) − ϕ(un) + 1
rn
〈y − un, un − (xn − rFxn)〉 ≥ 0, ∀y ∈ C

yn = PC [(I − αnA)JR,λ(I − λB)un],

xn+1 = βnu + (1 − βn)Tyn, n ≥ 0

(3.1)

where {αn}, {βn} ⊂ [0, 1] are satisfying: {rn} ⊂ (0,∞). Assume that the
control sequences {αn} and {βn} satisfying:

(i) limn→∞ αn = 0, Σ∞
n=1αn = ∞,

(ii) limn→∞ βn = 0, Σ∞
n=1βn = ∞, Σ∞

n=1|βn+1 − βn| < ∞,

(iii) limn→∞(αn+1

αn
) = 1,

(iv) 0 < r ≤ 2α, 0 < λ ≤ 2β,
Then {xn} converge strongly to z0 = PFu which solves the following variational
inequality

〈(Ax, y − x〉 ≥ 0, ∀y ∈ F. (3.2)

Proof. Since F is α-inverse strongly monotone and B is β-inverse strongly
monotone, we have

‖(I − rF )x − (I − rF )y‖2 ≤ ‖x − y‖2 + r(r − 2α)‖Fx− Fy‖2, (3.3)

‖(I − λB)x − (I − λB)y‖2 ≤ ‖x − y‖2 + λ(λ − 2β)‖Bx− By‖2. (3.4)

It is clear that if 0 < r ≤ 2α and 0 < λ ≤ 2β, then (I − rF ) and (I − λB) are
all nonexpansive. Set wn = JR,λ(un − λBun), n ≥ 0. It follows that

‖wn − x∗‖ = ‖JR,λ(un − λBun) − JR,λ(x
∗ − λBx∗)‖ ≤ ‖(un − λBun) − (x∗ − λBx∗)‖ ≤ ‖un − x∗‖.

(3.5)
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By Lemma 2.3, we have un = Sr(xn − rFxn) for all n ≥ 0. Then, we have

‖un − x∗‖2 = ‖Sr(xn − rFxn) − Sr(x
∗ − rFx∗)‖2

≤ ‖(xn − rFxn) − (x∗ − rFx∗)‖2

≤ ‖(xn − x∗) − rn(Bxn − Bx∗)‖2

≤ ‖xn − x∗‖2 − 2r〈Fxn − Fx∗, xn − x∗〉 + r‖Fx∗ − Fxn‖2(3.6)

≤ ‖xn − x∗‖2 − 2rα‖Fxn − Fx∗‖2 + r2‖Fx∗ − Fxn‖2

≤ ‖xn − x∗‖2. (3.7)

Hence,

‖wn − x∗‖ ≤ ‖un − x∗‖ ≤ ‖xn − x∗‖. (3.8)

Since A is linear bounded self-adjoint operator on H , then

‖A‖ = sup{|〈Au, u〉| : u ∈ H, ‖u‖ = 1}.

Observe that

〈(I − αnA)u, u〉 = 1 − αn〈Au, u〉 ≥ 1 − αn‖A‖ ≥ 0,

that is to say I − αnA is positive operator. It follows that

‖(I − αnA)‖ = sup{|〈(I − αnA)u, u〉| : u ∈ H, ‖u‖ = 1}
= sup{〈(I − αnA)u, u〉 : u ∈ H, ‖u‖ = 1}
= sup{1 − αn〈Au, u〉 : u ∈ H, ‖u‖ = 1}
≤ 1 − αnμ.

From (3.1), we deduce that

‖yn − x∗‖ = ‖PC [(I − αnA)wn] − x∗‖
≤ ‖(I − αnA)wn − x∗‖
= ‖(I − αnA)(wn − x∗) − αnAx∗‖
≤ ‖I − αnA‖‖wn − x∗‖ + αn‖Ax∗‖
≤ (1 − αnμ)‖wn − x∗‖ + αn‖Ax∗‖
= (1 − αnμ)‖wn − x∗‖ + αnμ

‖Ax∗‖
μ

≤ (1 − αnμ)‖xn − x∗‖ + αnμ
‖Ax∗‖

μ
,
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and

‖xn+1 − x∗‖ = ‖βnu + (1 − βn)Tyn − x∗‖
= ‖βn(u − x∗) + (1 − βn)(Tyn − x∗)‖
≤ βn‖u − x∗‖ + (1 − βn)‖Tyn − x∗‖
≤ βn‖u − x∗‖ + (1 − βn)‖yn − x∗‖
≤ βn‖u − x∗‖ + (1 − βn)[(1 − αnμ)‖xn − x∗‖ + αnμ

‖Ax∗‖
μ

]

≤ βn max{‖u − x∗‖, ‖x0 − x∗‖, ‖Ax∗‖
μ

}

+(1 − βn) max{‖u − x∗‖, ‖x0 − x∗‖, ‖Ax∗‖
μ

}

= max{‖u − x∗‖, ‖x0 − x∗‖, ‖‖Ax∗‖
μ

}.

Therefore, {xn} is bounded. Hence, {un}, {yn}, {Tyn} and {Ayn} are all
bounded.

Step 2 We must show that limn→∞ ‖xn+1 − xn‖ = 0. From (3.1), we have

‖xn+1 − xn‖ = ‖βnu + (1 − βn)Tyn − (βn−1u + (1 − βn−1)Tyn−1)‖
= ‖(1 − βn)(Tyn − Tyn−1) + (1 − βn)Tyn−1 + (βn − βn−1)u

+(1 − βn−1)Tyn−1)‖
= ‖(1 − βn)(Tyn − Tyn−1) + (βn − βn−1)(u − Tyn−1)‖
≤ (1 − βn)‖yn − yn−1‖ + |βn − βn−1|‖u − Tyn−1‖
≤ ‖yn − yn−1‖ + |βn − βn−1|‖u − Tyn−1‖. (3.9)

Note that,

‖yn − yn−1‖ = ‖PC(I − αnA)wn − PC(I − αn−1A)wn−1‖
≤ ‖(I − αnA)wn − (I − αn−1A)wn−1‖
= ‖(I − αnA)(wn − wn−1) + (I − αnA)wn−1 − (I − αn−1A)wn−1‖
≤ (1 − αnμ)‖wn − wn−1‖ + |αn − αn−1|‖Awn−1‖, (3.10)

and from (I − λB) and (I − rF ) are nonexpansive, we have

‖wn − wn−1‖ = ‖JR,λ(un − λBun) − JR,λ(un−1 − λBun−1)‖
≤ ‖(I − λB)un − (I − λB)un−1‖
= ‖un − un−1‖
= ‖Sr(xn − rFxn) − Sr(xn−1 − rFxn−1)‖
≤ ‖(I − rF )xn − (I − rF )xn−1‖
≤ ‖xn − xn−1‖. (3.11)
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Substituting (3.11) in (3.10), we get

‖yn − yn−1‖ ≤ (1 − αnμ)‖xn − xn−1‖ + |αn − αn−1|‖Awn−1‖, (3.12)

and substituting (3.12) into (3.9), we get

‖xn+1 − xn‖ ≤ (1 − αnμ)‖xn − xn−1‖ + |αn − αn−1|‖Awn−1‖ + |βn − βn−1|‖u − Tyn−1‖,
(3.13)

and we have

‖xn+1 − xn‖ ≤ (1 − αnμ)‖xn − xn−1‖ + αn|1 − αn−1

αn

|μ‖Awn−1‖
μ

+ |βn − βn−1|‖u − Tyn−1‖.
(3.14)

Put tn := αnμ, bn := αn|1 − αn−1

αn
|μ ‖Awn−1‖

μ
and cn := |βn − βn−1|‖u − Tyn−1‖

from (i), (ii), (iii) and bounded of {‖u− Tyn−1‖} and by Lemma 2.4, we have
limn→∞ ‖xn+1 − xn‖ = 0.

Step 3 Prove that ‖Fxn − Fx∗‖ → 0 and ‖Bun − Bx∗‖ → 0 as n → ∞.
Consider

‖wn − x∗‖2 = ‖JR,λ(un − λBun) − JR,λ(x
∗ − λBx∗)‖2

≤ ‖(I − λB)un − (I − λB)x∗‖2

= ‖un − x∗‖2 + λ(λ − 2β)‖Bun − Bx∗‖2

= ‖xn − x∗‖2 + r(r − 2α)‖Fxn − Fx∗‖2

+λ(λ − 2β)‖Bun − Bx∗‖2, (3.15)

≤ ‖xn − x∗‖2, ( since r < 2α and λ < 2β). (3.16)

and

‖yn − x∗‖2 = ‖PC(I − αnA)wn − x∗‖2

≤ ‖(I − αnA)wn − x∗‖2

= ‖wn − x∗ − αnAwn‖2

= ‖wn − x∗‖2 − 2αn〈wn − x∗, Awn〉 + αn‖Awn‖2 (3.17)

= ‖wn − x∗‖2 + αn(2‖wn − x∗‖‖Awn‖ + ‖Awn‖2)

= ‖wn − x∗‖ + dn, (3.18)

where dn = αn(2‖wn − x∗‖‖Awn‖ + ‖Awn‖2). From limn→∞ αn = 0 and
boundedness, we have limn→∞ dn = 0, there exists N ∈ N such that

‖yn − x∗‖2 ≤ ‖wn − x∗‖2 ≤ ‖xn − x∗‖2, ∀n ≥ N. (3.19)
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Note that from (3.15) and (3.18), we have

‖xn+1 − x∗‖2 = ‖βnu + (1 − βn)Tyn − x∗‖2

= ‖βn(u − x∗) + (1 − βn)(Tyn − x∗)‖2

= βn‖u − x∗‖2 + (1 − βn)‖Tyn − x∗‖2

≤ βn‖u − x∗‖2 + (1 − βn)‖yn − x∗‖2 (3.20)

≤ βn‖u − x∗‖2 + ‖wn − x∗‖2 + αn(2‖wn − x∗‖‖Awn‖ + ‖Awn‖2)

≤ ‖xn − x∗‖2 + r(r − 2α)‖Fxn − Fx∗‖2 + λ(λ − 2β)‖Bun − Bx∗‖2

+βn‖u − x∗‖2 + dn. (3.21)

It follows that

r(2α − r)‖Fxn − Fx∗‖2 + λ(2β − λ)‖Bun − Bx∗‖2

≤ ‖xn − x∗‖2 − ‖xn+1 − x∗‖2

+dn + βn‖u − x∗‖2

≤ ‖xn+1 − xn‖(‖xn − x∗‖ + ‖xn − x∗‖)
+dn + βn‖u − x∗‖2

.

From limn→∞ ‖xn+1 − xn‖ = 0, limn→∞ αn = 0 and limn→∞ βn = 0, we have

lim
n→∞

‖Fxn − Fx∗‖ = 0 = lim
n→∞

‖Bun − Bx∗‖.

Next, we show that limn→∞ ‖un − xn‖ = 0 = limn→∞ ‖un −wn‖. Since Sr is a
firmly nonexpansive, we have

‖un − x∗‖2 = ‖Sr(xn − rFxn) − Sr(x
∗ − rFx∗)‖2

≤ 〈xn − rFxn − (x∗ − rFx∗), un − x∗〉
=

1

2
(‖xn − rFxn − (x∗ − rFx∗)‖2 + ‖un − x∗‖2

−‖xn − rFxn − (x∗ − rFx∗) − (un − x∗)‖2)

≤ 1

2
(‖xn − x∗‖2 + ‖un − x∗‖2 − ‖xn − un − r(Fxn − Fx∗)‖2)

≤ 1

2
(‖xn − x∗‖2 + ‖un − x∗‖2 − ‖xn − un‖2

+2r〈(Fxn − Fx∗), xn − un〉 − r2‖Fxn − Fx∗‖2)

It follows that

‖un − x∗‖2 ≤ ‖xn − x∗‖2 − ‖xn − un‖2 + 2r‖Fxn − Fx∗‖‖xn − un‖. (3.22)
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Since JR,λ is 1−inverse strongly monotone, we have

‖wn − x∗‖2 = ‖JR,λ(un − λBun) − JR,λ(x
∗ − λBx∗)‖2

≤ 〈(un − λBun) − (x∗ − λBx∗), wn − x∗〉
=

1

2
(‖un − λBun − (x∗ − λBx∗)‖2 + ‖wn − x∗‖2

−‖un − λBun − (x∗ − λBx∗) − (wn − x∗)‖2)

≤ 1

2
(‖un − x∗‖2 + ‖wn − x∗‖2 − ‖un − wn − λ(Bun − Bx∗)‖2)

≤ 1

2
(‖un − x∗‖2 + ‖wn − x∗‖2 − ‖un − wn‖2

+2λ〈(Bun − Bx∗), un − wn〉 − λ2‖Bun − Bx∗‖2).

Which implies that

‖wn − x∗‖2 ≤ ‖un − x∗‖2 + ‖wn − x∗‖2 − ‖un − wn‖2 + 2λ‖Bun − Bx∗‖‖un − wn‖.
(3.23)

By (3.22) and (3.23), we have

‖wn − x∗‖2 ≤ ‖xn − x∗‖2 − ‖xn − un‖2 + 2r‖Fxn − Fx∗‖‖xn − un‖ − ‖un − wn‖2

+2λ‖Bun − Bx∗‖‖un − wn‖. (3.24)

Substituting (3.24) into (3.17), we have

‖yn − x∗‖2 ≤ ‖xn − x∗‖2 − ‖xn − un‖2 + 2r‖Fxn − Fx∗‖‖xn − un‖ − ‖un − wn‖2

+2λ‖Bun − Bx∗)‖‖un − wn‖ + dn

≤ ‖xn − x∗‖2 − ‖xn − un‖2 + 2r‖Fxn − Fx∗‖‖xn − un‖ − ‖un − wn‖2

+2λ‖Bun − Bx∗‖‖un − wn‖ + dn. (3.25)

Substituting (3.25) into (3.20), we have

‖xn+1 − x∗‖2 ≤ ‖xn − x∗‖2 − ‖xn − un‖2 + 2r‖Fxn − Fx∗‖‖xn − un‖ − ‖un − wn‖2

+2λ‖Bun − Bx∗‖‖un − wn‖ + dn.

It follows that

‖xn − un‖2 + ‖un − wn‖2 ≤ ‖xn − x∗‖2 − ‖xn+1 − x∗‖2 + 2r‖Fxn − Fx∗‖‖xn − un‖
+2λ‖Bun − Bx∗‖‖un − wn‖ + dn + βn‖u − x∗‖2

≤ ‖xn+1 − xn‖(‖xn − x∗‖ + ‖xn+1 − x∗‖)
+2r‖Fxn − Fx∗‖‖xn − un‖
+2λ‖Bun − Bx∗‖‖un − wn‖ + dn + βn‖u − x∗‖2.
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From limn→∞ ‖xn+1 − xn‖ = 0 = limn→∞ ‖Fxn − Fx∗‖ = 0 = limn→∞ ‖Bun −
Bx∗‖, limn→∞ αn = 0 = limn→∞ βn and bounded of sequences, we get

lim
n→∞

‖un − xn‖ = 0 = lim
n→∞

‖un − wn‖.

Step 4 Prove that lim supn→∞〈u − z0, xn − z0〉 ≤ 0, where z0 = PFu. There
exists a subsequence {xni

} of {xn} such that

lim sup
n→∞

〈u − z0, xn − z0〉 = lim
i→∞

〈u − z0, xni
− z0〉.

Since {xni
} is bounded, there exists a subsequence {xnik

} of {xni
} such that

xnik
⇀ w. Without loss of generality, assume that xni

⇀ w. Consider, for all
x, y ∈ H ,

‖PF (I − A)x − PF (I − A)y‖ ≤ ‖(I − A)x − (I − A)y‖
≤ ‖I − A‖‖x − y‖
≤ (1 − μ)‖x − y‖.

Hence PF (I−A) is contraction and has a unique fixed point, say x∗ ∈ F . That
is, x∗ = PF (I −A)(x∗). We next prove that w ∈ EP . By un = Sr(xn − rFxn),
we know that

Θ(un, y) + ϕ(y) − ϕ(un) +
1

r
〈y − un, un − (xn − rFxn)〉 ≥ 0, ∀y ∈ C.

It follows from (H2) that

ϕ(y) − ϕ(un) +
1

r
〈y − un, un − (xn − rFxn)〉 ≥ Θ(y, un), ∀y ∈ C.

Hence,

ϕ(y) − ϕ(un) +
1

r
〈y − uni

,
uni

− (xni
− rFxni

)

r
〉 ≥ Θ(y, uni

), ∀y ∈ C. (3.26)

For t ∈ (0, 1] and y ∈ H , let yt = ty + (1 − t)w. From (3.26) we have

〈yt − uni
, Fyt〉 ≥ 〈yt − uni

, Fyt〉 − ϕ(yt) + ϕ(uni )

−〈yt − uni
,
uni

− (xni
− rFxni

)

r
〉 + Θ(y, uni

)

= 〈yt − uni
, Fyt − Funi

, Funi
− Fxni

〉 − ϕ(yt) + ϕ(uni
)

−〈yt − uni
,
uni

− xni

r
〉 + Θ(y, uni

).

Since ‖uni
− xni

‖ → 0, we have ‖Funi
−Fxni

‖ → 0. Further, from the inverse
strongly monotonicity of ϕ,

uni−xni

r
→ 0 and uni

→ w weakly, we have

〈yt − w, Fyt〉 ≥ −ϕ(yt) + ϕ(w) + Θ(yt, w), ∀y ∈ C. (3.27)



Convergence theorem for mixed equilibrium problems 759

From (H1), (H4), and (3.27), we also have

0 = Θ(yt, yt) + ϕ(yt) − ϕ(yt)

≤ tΘ(yt, y) + (1 − t)Θ(yt, w) + tϕ(y) + (1 − t)ϕ(w) − ϕ(yt)

= t[Θ(yt, y) + ϕ(y) − ϕ(yt)] + (1 − t)[Θ(yt, w) + ϕ(w) − ϕ(yt)]

≤ t[Θ(yt, y) + ϕ(y) − ϕ(yt)] + (1 − t)〈yt, w, Fyt〉
≤ t[Θ(yt, y) + ϕ(y) − ϕ(yt)] + (1 − t)〈y, w, Fyt〉

and hence

0 ≤ Θ(yt, y) + ϕ(y) − ϕ(yt) + (1 − t)〈y − w, Fyt〉.

Letting t → 0, we have, for each y ∈ C

Θ(w, y) + ϕ(y) − ϕ(w) + 〈y − w, Fw〉 ≥ 0.

This implies that w ∈ EP .

Next, we show that w ∈ I(B, R). In fact, since B is β-inverse strongly
monotone, B is Lipschitz continuous monotone mapping. It follows from
Lemma 2.2 that R + B is maximal monotone. Let (v, g) ∈ G(R + B) that
is, g −Bv ∈ R(v). Again since wni

= JR,λ(uni
− λBuni

), we have uni
− λuni

∈
(I + λR)(wni

), that is, (1/λ)(uni
− wni

− λBuni
) ∈ R(wni

). By virtue of the
maximal monotonicity of R + B, we have

〈v − wni
, g − Bv − 1

λ
(uni

− wni
− λBuni

)〉 ≥ 0,

and so

〈v − wni
, g〉 ≥ 〈v − wni

, Bv +
1

λ
(uni

− wni
− λBuni

〉

= 〈v − wni
, Bv − Bwni

+ Bwni
− Buni

+
1

λ
(uni

− wni
)〉

≥ 〈v − wni
, Bwni

− Buni
〉 + 〈v − wni

,
1

λ
(uni

− wni
)〉.

It follows from ‖un − wn‖ → 0, ‖Bun − Bwn‖ → 0 and wni
⇀ w that

lim
ni→∞

〈v − wni
, g〉 = 〈v − w, g〉 ≥ 0.

It follows from the maximal monotonicity of B + R that θ ∈ (R + B)(w), that
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is w ∈ I(B, R). Next, we can show that w ∈ F (T ). Consider,

‖yn − x∗‖2 = ‖PC(I − αnA)wn − PC(I − αnA)x∗‖2

≤ 〈(I − αnA)wn − (I − αnA)x∗, yn − x∗〉
=

1

2
(‖(I − αnA)wn − (I − αnA)x∗‖2 + ‖yn − x∗‖2

−‖(I − αnA)wn − (I − αnA)x∗ − (yn − x∗)‖2)

≤ 1

2
(‖wn − x∗‖2 + ‖yn − x∗‖2 − ‖wn − yn‖2

+2αn〈wn − yn, Awn − Ayn〉 − α2
n‖Awn − Ayn‖2)

≤ 1

2
(‖wn − x∗‖2 + ‖yn − x∗‖2 − ‖wn − yn‖2

+2αn‖wn − yn‖‖Awn − Ayn‖),
it follows that

‖wn − yn‖2 ≤ ‖wn − x∗‖2 − ‖yn − x∗‖2 + αn‖wn − yn‖‖Awn − Ayn‖. (3.28)

From (3.20), we have

‖xn+1 − x∗‖2 ≤ βn‖u − x∗‖2 + (1 − βn)‖yn − x∗‖2

≤ βn‖u − x∗‖2 + ‖yn − x∗‖2

Then, we get

−‖yn − x∗‖2 ≤ βn‖u − x∗‖2 − ‖xn+1 − x∗‖2. (3.29)

Replace (3.8) and (3.29) into (3.28), we have

‖wn − yn‖2 ≤ ‖xn − x∗‖2 + (βn‖u − x∗‖2 − ‖xn+1 − x∗‖2)

+αn‖wn − yn‖‖Awn − Ayn‖
≤ ‖xn − x∗‖2 − ‖xn+1 − x∗‖2 + βn‖u − x∗‖2

+αn‖wn − yn‖‖Awn − Ayn‖
≤ ‖xn − xn+1‖(‖xn − x∗‖ + ‖xn+1 − x∗‖)

+βn‖u − x∗‖2 + αn‖wn − yn‖‖Awn − Ayn‖.
From limn→∞ ‖xn+1 − xn‖ = 0, limn→∞ αn = 0, limn→∞ βn = 0 and bounded-
ness, we obtain

lim
n→∞

‖wn − yn‖ = 0.

Note that

‖Tun − un‖ ≤ ‖Tun − Twn‖ + ‖Twn − Tyn‖ + ‖Tyn − xn+1‖
+‖xn+1 − xn‖ + ‖xn − un‖

≤ ‖un − wn‖ + ‖wn − yn‖ + βn‖Tyn − u‖ + ‖xn+1 − xn‖
+‖xn − un‖ → 0 as n → ∞.
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From uni
⇀ w and H satisfying Opial’s condition, it is easy to prove that

w ∈ F (T ). Therefore, w ∈ F . It follows that

lim sup
n→∞

〈u − z0, xn − z0〉 = lim
i→∞

〈u − z0, xni
− z0〉

= 〈u − z0, w − z0〉 ≤ 0. (3.30)

From (3.1), we have for any n ≥ N

‖xn+1 − z0‖2 = ‖βnu + (1 − βn)Tyn − z0‖2

= ‖(1 − βn)(Tyn − z0) + βn(u − z0)‖2

≤ (1 − βn)‖Tyn − z0‖2 + 2βn〈u − z0, xn+1 − z0〉
≤ (1 − βn)‖yn − z0‖2 + 2βn〈u − z0, xn+1 − z0〉
≤ (1 − βn)‖xn − z0‖2 + 2βn〈u − z0, xn+1 − z0〉 (3.31)

Since Σ∞
n=1βn = ∞, (3.30) and Lemma 2.4, we have limn→∞ ‖xn − z0‖ = 0, we

get that {xn} converges strongly to z0 = PFu. �

Corollary 3.2. [11] Let C be a nonempty closed convex subset of a real Hilbert
space H. Suppose that Ω := ∩EP ∩ I(B, R) 
= ∅. Let Θ : H × C → R be a
bifunction satisfying (H1) − (H4), let F, B be α-inverse strongly monotone
and β-inverse strongly monotone, respectively. Let r > 0 and λ > 0 be two
constants such that r < 2α and λ < 2β. Let A be a strongly positive bounded
linear operator with coefficient 0 < μ < 1 and R : H → 2H be a maximal
monotone mapping. Let the sequences {xn} and {un} be generated x0 = C;{

Θ(un, y) + ϕ(y) − ϕ(un) + 1
rn
〈y − un, un − (xn − rFxn)〉 ≥ 0, ∀y ∈ C

xn+1 = PC [(I − αnA)JR,λ(I − λB)un],

(3.32)

where {αn}[0, 1] are satisfying: {rn} ⊂ (0,∞). Assume that the control se-
quences {αn} and {βn} satisfying:

(i) limn→∞ αn = 0,

(ii) Σ∞
n=1αn = ∞,

(iii) limn→∞(αn+1

αn
) = 1,

Then {xn} converge strongly to x∗ ∈ Ω which solves the following variational
inequality

〈(Ax, y − x〉 ≥ 0, ∀y ∈ Ω. (3.33)

Proof. In Theorem 3.1, let T = I and βn = 0 for all n ∈ N, then, we can
obtain Corollary. This completes the proof. �
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Abstract

We introduce the hybrid method of modified Mann’s iteration for
an asymptotically k-strict pseudo-contractive mapping T in the inter-
mediate sense which is necessarily lipschitzian. We establish strong con-
vergence theorem for such method. The result extend and improve the
recent ones announced by Inchan and Nammanee, Inchan and concern
result of Takahashi, Takeuchi and Kubota [Strong convergence theorems
by hybrid methods for families of nonexpansive mappings in Hilbert
space, J. Math. Anal. Appl. 341 (2008), 276–286], and many others.
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47H20

Keywords: asymptotically k-strict pseudo-contractive mapping in the in-
termediate sense; Mann’s iteration method

1 Introduction

Let C be a nonempty subset of a Hilbert space H and T : C → C a
mapping. Recall the following concepts.

(i) T is nonexpansive if ‖Tx − Ty‖ ≤ ‖x − y‖ for all x, y ∈ C.
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ii) T is asymptotically nonexpansive (cf. [4]) if there exists a sequence {kn}
of positive numbers satisfying limn→∞ kn = 1 and ‖T nx − T ny‖ ≤ kn‖x − y‖
for all integers n ≥ 1 and x, y ∈ C.

iii) T is uniformly Lipschitzian if there exists a constant L > 0 such that
‖T nx − T ny‖ ≤ L‖x − y‖ for all integers n ≥ 1 and all x, y ∈ C.

(iv) T is asymptotically nonexpansive in the intermediate sense [2] provided
T is uniformly continuous and

lim sup
n→∞

sup
x,y∈C

(‖T nx − T ny‖ − ‖x − y‖) ≤ 0.

It is clear that every nonexpansive mapping is asymptotically nonexpansive
and every asymptotically nonexpansive mapping is uniformly Lipschitzian.

The class of asymptotically nonexpansive mappings in the intermediate
sense was introduced by Bruck, Kuczumow and Reich [2] and iterative methods
for the approximation of fixed points of such types of non-Lipschitzian map-
pings have been studied by Agarwal, O’Regan and Sahu [1], Bruck, Kuczumow
and Reich [2], Chidume, Shahzad and Zegeye [3], Kim and Kim [9] and many
others.

In 2008, Kim and Xu [11] introduced the concept of asymptotically k-strict
pseudo-contractive mappings in Hilbert space as below:

Definition 1.1. Let C be a nonempty subset of a Hilbert space H. A map-
ping T : C → C is said to be an asymptotically k-strict pseudo-contractive
mapping with sequence {γn} if there exist a constant k ∈ [0, 1) and a sequence
{γn} in [0, 1) with limn→∞ γn = 0 such that

‖T nx − T ny‖2 ≤ (1 + γn)‖x − y‖2 + k‖x − T nx − (y − T ny)‖2 (1)

for all x, y ∈ C and n ∈ N .

They studied weak and strong convergence theorems for this class of map-
pings. It is important to note that every asymptotically k-strict pseudo-
contractive mapping with sequence {γn} is a uniformly L-Lipschitzian mapping

with L = sup{k+
√

1+(1−k)γn

1+k
: n ∈ N}.

Recently, Sahu et al.[16] introduced the concept of asymptotically k-strict
pseudo-contractive mappings in the intermediate sense which are not neces-
sarily Lipschitzian (see Lemma 2.6 [16]) as below:

Definition 1.2. Let C be a nonempty subset of a Hilbert space H. A map-
ping T : C → C will be called an asymptotically k-strict pseudo-contractive
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mapping in the intermediate sense with sequence {γn} if there exist a constant
k ∈ [0, 1) and a sequence {γn} in [0, 1) with limn→∞ γn = 0 such that

lim sup
n→∞

sup
x,y∈C

(‖T nx − T ny‖2 − (1 + γn)‖x − y‖2 − k‖x − T nx − (y − T ny)‖2) ≤ 0.

(2)

Throughout this paper we assume that

cn := max{0, sup
x,y∈C

(‖T nx−T ny‖2−(1+γn)‖x−y‖2−k‖x−T nx−(y−T ny)‖2)}.

Then cn ≥ 0 for all n ∈ N , cn → 0 as n → ∞ and (2) reduces to the
relation

‖T nx − T ny‖2 ≤ (1 + γn)‖x − y‖2 + k‖x − T nx − (y − T ny)‖2 + cn (3)

for all x, y ∈ C and n ∈ N

Remark 1.3. If cn = 0 for all n ∈ N in (3) then T is an asymptotically
k-strict pseudocontractive mapping with sequence {γn}.

Fixed point iteration processes for nonexpansive mappings and asymptot-
ically nonexpansive mappings in Hilbert spaces and Banach spaces including
Mann and Ishikawa iteration processes have been studied extensively by many
authors to solve nonlinear operator equations as well as variational inequali-
ties: see [5, 13, 17, 20]. However, Mann and Ishikawa iterations processes have
only weak convergence even in Hilbert space: see [10, 20].

Iteration method for finding a fixed point of an asymptotically k-strict
pseudo-contractive mapping T is the modified Mann’s iteration method studied
in [12, 18, 19, 21] which generates a sequence {xn} via

xn+1 = αnxn + (1 − αn)T nxn, n ≥ 0, (4)

where the initial guess x0 ∈ C is arbitrary and the sequence {αn}∞n=0 line in
the interval (0, 1).

In 2007, Takahashi, Takeuchi and Kubota [20] introduced the modification
Mann iteration method for a family of nonexpansive mappings {Tn}. Let
x0 ∈ H . For C1 = C and u1 = PC1x0, define a sequence {un} of C as follows:⎧⎪⎨

⎪⎩
yn = αnun + (1 − αn)Tnun,

Cn+1 = {z ∈ Cn : ‖yn − z‖ ≤ ‖un − z‖},
un+1 = PCn+1x0, n ∈ N,

(5)
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where 0 ≤ αn ≤ a < 1 for all n ∈ N. Then they prove that the sequence
{un} converges strongly to z0 = PF (T )x0. In 2008, Kumam [8], introduce an
iterative scheme by a new hybrid method for finding a common element of
the set of fixed points of a nonexpansive mapping, the set of solutions of an
equilibrium problem and the set of solutions of the variational inequality for
α-inverse-strongly monotone mappings in a real Hilbert space.

In 2008, Inchan [6], introduce the modified Mann iteration processes for an
asymptotically nonexpansive mapping. Let C be a nonempty closed bounded
convex subset of a Hilbert space H , T be an asymptotically nonexpansive
mapping of C into itself and let x0 ∈ C. For C1 = C and x1 = PC1(x0), define
{xn} as follows way:⎧⎪⎨

⎪⎩
yn = αnxn + (1 − αn)T nxn,

Cn+1 = {z ∈ Cn : ‖yn − z‖2 ≤ ‖xn − z‖2 + θn},
xn+1 = PCn+1x0, n ∈ N,

(6)

where θn = (1 − αn)(k2
n − 1)(diamC)2 → 0 as n → ∞ and 0 ≤ αn ≤ a < 1 for

all n ∈ N. Then him prove that {xn} converges strongly to z0 = PF (T )x0.

Recently, Inchan and Nammanee [7], introduce the modified Mann iteration
processes for an asymptotically k-strict pseudo-contractive mapping. Let C be
a nonempty closed convex subset of a Hilbert space H , T be an asymptotically
k-strict pseudo-contractive mapping of C into itself such that F (T ) 	= ∅ and
let x0 ∈ C. For C1 = C and x1 = PC1(x0), define {xn} as follows way:⎧⎪⎨
⎪⎩

yn = αnxn + (1 − αn)T nxn,

Cn+1 = {z ∈ Cn : ‖yn − z‖2 ≤ ‖xn − z‖2 + [k − αn(1 − αn)]‖xn − T nxn‖2 + θn},
xn+1 = PCn+1x0, n ∈ N,

(7)

where θn = (diamC)2(1 − αn)γn → 0 as n → ∞ and lim supn→∞ αn < 1 − k.
Then they prove that {xn} converges strongly to z0 = PF (T )x0.

Inspired and motivated by these fact, it is the purpose of this paper to
introduce the modified Mann iteration processes for an asymptotically k-strict
pseudo-contractive mapping in the intermediate sense by idear in (7). Let C be
a closed convex subset of a Hilbert space H , T : C → C be an asymptotically
k-strictly pseudo-contractive mapping in the intermediate sense and let x0 ∈ C.
For C1 = C and x1 = PC1(x0), define {xn} as follows way:⎧⎪⎨
⎪⎩

yn = αnxn + (1 − αn)T nxn,

Cn+1 = {z ∈ Cn : ‖yn − z‖2 ≤ ‖xn − z‖2 + [k − αn(1 − αn)]‖xn − T nxn‖2 + θn + cn},
xn+1 = PCn+1x0, n ∈ N,

(8)
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where θn = (diamC)2(1 − αn)γn → 0, (n → ∞).

We shall prove that the iteration generated by (8) converges strongly to
z0 = PF (T )x0.

2 Preliminary

A point x ∈ C is a fixed point of T provided Tx = x. Denote by F (T )
the set of fixed points of T ; that is, F (T ) = {x ∈ C : Tx = x}. Let H be a
real Hilbert space with norm ‖ ·‖ and inner product 〈·, ·〉 and let C be a closed
convex subset of H . For every point x ∈ H , there exists a unique nearest point
in C, denote by PCx, such that

‖x − PCx‖ ≤ ‖x − y‖, for all y ∈ C.

PC is called the metric projection of H onto C. It is well known that PC is a
nonexpansive mapping of H onto C.

We collect some lemmas which will be used in the proof for the main result.

Lemma 2.1. [14] There holds the identity in a Hilbert space H:

(i) ‖x + y‖2 = ‖x‖2 + ‖y‖2 + 2〈x, y〉, ∀x, y ∈ H.

(ii) ‖λx + (1 − λ)y‖2 = λ‖x||2 + (1 − λ)‖y‖2 − λ(1 − λ)‖x − y‖2 for all
x, y ∈ H and λ ∈ [0, 1].

Lemma 2.2. [15] Let C be a closed convex subset of a real Hilbert space
H. Given x ∈ H and y ∈ C. Then y = PCx if and only if there holds the
inequality

〈x − y, y − z〉 ≥ 0, ∀z ∈ C.

Lemma 2.3. [16] Let C be a nonempty subset of a Hilbert space H and let
T : C → C a uniformly continuous asymptotically k-strict pseudo-contractive
in the intermediate sense with sequence {γn}. Let {xn} be a sequence in C such
that ‖xn−xn+1‖ → 0 and ‖xn−T nxn‖ → 0 as n → ∞. Then ‖xn−Txn‖ → 0
as n → ∞.

Lemma 2.4. [16] Let C be a nonempty closed convex subset of Hilbert space
H and T : C → C a continuous asymptotically k-strict pseudo-contractive
mapping in the intermediate sense. Then I − T is demiclosed at zero in the
sense that {xn} is sequence in C such that xn ⇀ x ∈ C and lim supn→∞ ‖xn −
T nxn‖ = 0, then (I − T )x = 0.
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3 Main Results

In this section, we prove strong convergence theorem by hybrid method
for asymptotically k-strict pseudo-contractive mapping in the intermediate
sense in Hilbert spaces.

Theorem 3.1. Let H be a Hilbert space and let C be a nonempty closed
convex bounded subset of H. Let T be a uniformly continuous asymptotically
k-strict pseudo-contractive mapping in the intermediate sense of C into itself
such that F (T ) 	= ∅ and let x0 ∈ C. For C1 = C and x1 = PC1x0, assume that
the control sequence {αn}∞n=1 is chosen so that lim supn→∞ αn < 1 − k. Then
{xn} generated by (8) converges strongly to z0 = PF (T )x0.

Proof. We first show that F (T ) ⊂ Cn for all n ∈ N, by induction. For any
z ∈ F (T ) we have z ∈ C = C1 hence F (T ) ⊂ C1. Let F (T ) ⊂ Cm for each
m ∈ N. For u ∈ F (T ) ⊂ Cm. By lemma 2.1, we have,

‖ym − u‖2 = ‖αmxm + (1 − αm)T mxm − u‖2

= ‖αm(xm − u) + (1 − αm)(T mxm − u)‖2

= αm‖xm − u‖2 + (1 − αm)‖T mxm − u‖2 − αm(1 − αm)‖xm − Tmxm‖2

≤ αm‖xm − u‖2 + (1 − αm)[(1 + γm)‖xm − u‖2

+k‖xm − Tmxm‖2 + cm] − αm(1 − αm)‖xm − Tmxm‖2

= (1 + (1 − αm)γm)‖xm − u‖2 + (k − αm)(1 − αm)‖xm − Tmxm‖2 + cm

≤ ‖xm − u‖2 + (1 − αm)γm‖xm − u‖2

+[k − αm(1 − αm)]‖xm − Tmxm‖2 + cm

≤ ‖xm − u‖2 + [k − αm(1 − αm)]‖xm − Tmxm‖2 + θm + cm (1)

It follows that u ∈ Cm+1 and F (T ) ⊂ Cm+1, hence F (T ) ⊂ Cn for all n ∈ N.
Next, we show that Cn is closed and convex for all n ∈ N. It follows obvious
that C1 = C is closed and convex. Suppose that Cm is closed and convex for
each m ∈ N. Let zj ∈ Cm+1 ⊂ Cm with zj → z. Since Cm is closed, z ∈ Cm

and ‖ym − zj‖2 ≤ ‖zj − xm‖2 + [k − αm(1 − αm)]‖xm − Tmxm‖2 + θm + cm.
Then

‖ym − z‖2 = ‖ym − zj + zj − z‖2

= ‖ym − zj‖2 + ‖zj − z‖2 + 2〈ym − zj , zj − z〉
≤ ‖zj − xm‖2 + [k − αm(1 − αm)]‖xm − Tmxm‖2 + θm + cm

+‖zj − z‖2 + 2‖ym − zj‖‖zj − z‖.
Taking j → ∞,

‖ym − z‖2 ≤ ‖z − xm‖2 + [k − αm(1 − αm)]‖xm − Tmxm‖2 + θm + cm.
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Hence z ∈ Cm+1. Let x, y ∈ Cm+1 ⊂ Cm with z = αx + (1 − α)y where
α ∈ [0, 1]. Since Cm is convex, z ∈ Cm and ‖ym − x‖2 ≤ ‖x − xm‖2 + [k −
αm(1 − αm)]‖xm − Tmxm‖2 + θm + cm, ‖ym − y‖2 ≤ ‖y − xm‖2 + [k − αm(1 −
αm)]‖xm − Tmxm‖2 + θm + cm, we have

‖ym − z‖2 = ‖ym − (αx + (1 − α)y)‖2

= ‖α(ym − x) + (1 − α)(ym − y)‖2

= α‖ym − x‖2 + (1 − α)‖ym − y‖2 − α(1 − α)‖(ym − x) − (ym − y)‖2

≤ α(‖x − xm‖2 + [k − αm(1 − αm)]‖xm − Tmxm‖2 + θm + cm)

+(1 − α)(‖y − xm‖2 + [k − αm(1 − αm)]‖xm − Tmxm‖2 + θm + cm)

−α(1 − α)‖y − x‖2

= α‖x − xm‖2 + (1 − α)‖y − xm‖2 − α(1 − α)‖(xm − x) − (xm − y)‖2

+[k − αm(1 − αm)]‖xm − Tmxm‖2 + θm + cm

= ‖α(xm − x) + (1 − α)(xm − y)‖2 + [k − αm(1 − αm)]‖xm − Tmxm‖2

+θm + cm

= ‖xm − z‖2 + [k − αm(1 − αm)]‖xm − Tmxm‖2 + θm + cm.

Then z ∈ Cm+1, it follows that Cm+1 is closed and convex. Hence Cn is
closed and convex for all n ∈ N. This implies that {xn} is well-defined. From
xn = PCnx0. By Lemma 2.2, we have

〈x0 − xn, xn − y〉 ≥ 0, for all y ∈ Cn.

Moreover, by the same proof of Theorem 3.1 of [7], we have that

lim
n→∞

‖xn − xn+1‖ = 0. (2)

On the other hand, xn+1 ∈ Cn+1 ⊂ Cn implies that

‖yn − xn+1‖2 ≤ ‖xn − xn+1‖2 + [k − αn(1 − αn)]‖xn − T nxn‖2 + θn + cn,
(3)

By the definition of yn, we have

‖yn − xn‖ = ‖αnxn + (1 − αn)T nxn − xn‖
= (1 − αn)‖T nxn − xn‖.
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From (3), we have

(1 − αn)2‖T nxn − xn‖2 = ‖yn − xn‖2

= ‖yn − xn+1 + xn+1 − xn‖2

≤ ‖yn − xn+1‖2 + ‖xn+1 − xn‖2

+2‖yn − xn+1‖‖xn+1 − xn‖
≤ ‖xn − xn+1‖2 + [k − αn(1 − αn)]‖xn − T nxn‖2

+θn + cn + ‖xn+1 − xn‖2 + 2‖yn − xn+1‖‖xn+1 − xn‖
= [k − αn(1 − αn)]‖xn − T nxn‖2

+2‖xn+1 − xn‖(‖xn+1 − xn‖ + ‖yn − xn+1‖)
+θn + cn.

It follows that

((1−αn)2 − (k−αn(1−αn)))‖xn −T nxn‖2 ≤ 2‖xn+1 −xn‖(‖xn+1 − xn‖+
‖yn − xn+1‖) + θn + cn.

Hence

(1 − k − αn)‖T nxn − xn‖ ≤ 2‖xn+1 − xn‖(‖xn+1 − xn‖ + ‖yn − xn+1‖) + θn + cn.
(4)

From lim supn→∞ αn < 1 − k, we can chosen ε > 0 such that αn ≤ 1 − k − ε
for large enough n. From (2) and (4), we have

lim
n→∞

‖T nxn − xn‖ = 0. (5)

From (2), (5) and Lemma 2.3, we have

lim
n→∞

‖Txn − xn‖ = 0. (6)

Since H is reflexive and {xn} is bounded we get that ∅ 	= ωw(xn). From Lemma
2.4, we have ωw(xn) ⊂ F (T ). By the fact that ‖xn − x0‖ ≤ ‖z0 − x0‖ for all
n ≥ 0 where z0 = PF (T )(x0) and the weak lower semi-continuity of the norm,
we have

‖x0 − z0‖ ≤ ‖x0 − w‖ ≤ lim infn→∞ ‖x0 − xn‖
≤ lim supn→∞ ‖x0 − xn‖ ≤ ‖x0 − z0‖,

for all w ∈ ωw(xn). However, since ωw(xn) ⊂ F (T ), we must have w = z0 for
all w ∈ ωw(xn). Thus ωw(xn) = {z0} and then xn ⇀ z0. Hence, xn → z0 =
PF (T )(x0) by

‖xn − z0‖2 = ‖xn − x0‖2 + 2〈xn − x0, x0 − z0〉 + ‖x0 − z0‖2
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≤ 2(‖z0 − x0‖2 + 〈xn − x0, x0 − z0〉) → 0 as n → ∞.
This complete the proof. �

Using this Theorem 3.1, we have the following corollaries.

Corollary 3.2. [7] Let H be a Hilbert space and let C be a nonempty closed
convex subset of H. Let T be an asymptotically k-strict pseudo-contractive
mapping of C into itself such that F (T ) 	= ∅ and let x0 ∈ C. For C1 = C
and x1 = PC1x0, assume that the control sequence {αn}∞n=1 is chosen so that
lim supn→∞ αn < 1 − k. Then {xn} generated by (7) converges strongly to
z0 = PF (T )x0.

Corollary 3.3. [6] Let H be a Hilbert space and let C be a nonempty closed
convex subset of H. Let T be an asymptotically nonexpansive mapping of C
into itself such that F (T ) 	= ∅ and let x0 ∈ C. For C1 = C and x1 = PC1x0,
defined {xn} as follows;

⎧⎪⎨
⎪⎩

yn = αnxn + (1 − αn)T nxn,

Cn+1 = {z ∈ Cn : ‖yn − z‖2 ≤ ‖xn − z‖2 + θn},
xn+1 = PCn+1x0, n ∈ N,

(7)

where θn = (1− αn)(k2
n − 1)(diamC)2 → 0 as n → ∞ and 0 ≤ αn ≤ a < 1 for

all n ∈ N. Then {xn} generated by (7) converges strongly to z0 = PF (T )x0.

Corollary 3.4. ([20] Theorem 4.1) Let H be a Hilbert space and C be a
nonempty closed convex subset of H. Let T be a nonexpansive mapping of C
into H such that F (T ) 	= ∅ and let x0 ∈ H. For C1 = C and u1 = PC1x0,
define a sequence {un} of C as follows:

⎧⎪⎨
⎪⎩

yn = αnun + (1 − αn)Tun,

Cn+1 = {z ∈ Cn : ‖yn − z‖ ≤ ‖un − z‖},
un+1 = PCn+1x0, n ∈ N,

(8)

where 0 ≤ αn ≤ a < 1 for all n ∈ N. Then {un} converges strongly to
z0 = PF (T )x0.
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Abstract

The purpose of this work is to introduce a hybrid iterative scheme
for finding a common element of the set of a generalized equilibrium
problem, the set of solutions to a variational inequality and the set of
fixed points of a strict pseudo-contraction mappings in a real Hilbert
space. The results obtained in this paper extend and improve the result
of Cho, Qin and Kang [Convergence theorems based on hybrid methods
for generalized equilibrium problems and fixed point problems, Nonlin-
ear Anal. doi:10.1016/j.na.2009.02.106], and many authors.
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1 Introduction

Let H be a real Hilbert space and let C be a nonempty closed convex
subset of H . A mapping S of C into itself is nonexpansive if ‖Sx − Sy‖ ≤
‖x − y‖, ∀x, y ∈ C. The set of fixed points of S is denoted by F (S). Let F be
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a bifunction of C × C into R, where R is the real numbers. The equilibrium
problem for F : C × C → R is to find x ∈ C such that

F (x, y) ≥ 0 for all y ∈ C. (1)

The set of solutions of (1) is denoted by EP (F ). Numerous problems in
physics, optimization, and economics reduce to find a solution of (1). In 1997,
Combettes and Hirstoaga [6] introduced an iterative scheme of finding the
best approximation to the initial data when EP (F ) is nonempty and proved
a strong convergence theorem.

Let A : C → H be a mapping. The classical variational inequality, denoted
by V I(C, A), is to find x∗ ∈ C such that 〈Ax∗, v − x∗〉 ≥ 0 for all v ∈ C.
The variational inequality has been extensively studied in the literature. See,
e.g. [15] and the references therein. Let B : C → H be a nonlinear mapping.
Then, we consider the following generalized equilibrium problem(GEP): Find
z ∈ C such that

F (z, y) + 〈Bz, y − z〉 ≥ 0, ∀y ∈ C (2)

The set of such z ∈ C is denoted by EP , i.e.,
EP = {z ∈ C : F (z, y) + 〈Bz, y − z〉 ≥ 0, ∀y ∈ C}.

In the case of B ≡ 0, EP is denoted by EP (F ). In the case of F ≡ 0, EP
is also denoted by V I(C, A). A mapping A of C into H is called α-inverse-
strongly monotone [2] if there exists a positive real number α such that

〈Au − Av, u − v〉 ≥ α‖Au − Av‖2

for all u, v ∈ C. Recently, Takahashi and Toyoda [11] and Yao et al. [16]
introduced an iterative method for finding an element of V I(C, A) ∩ F (S),
where A : C → H is an α-inverse-strongly monotone mapping. Let A be a
strongly positive bounded linear operator on H : that is, there exists a constant
γ > 0 with property

〈Ax, x〉 ≥ γ‖x‖2 for all x ∈ H. (3)

A mapping S : C → C is called a k-strict pseudo-contraction mapping if there
exists a constant 0 ≤ k < 1 such that

‖Sx − Sy‖2 ≤ ‖x − y‖2 + k‖(I − S)x − (I − S)y‖2, (4)

for all x, y ∈ C. If C is bounded closed convex and S is a nonexpansive mapping
of C into itself, then F (S) is nonempty. It is well-known that S is nonexpansive
if and only if S is 0-strictly pseudo-contractive. The mapping S is also said to
be pseudo-contractive if k = 1 and S is said to be strongly pseudo-contractive
if there exists a positive constant λ ∈ (0, 1) such that S − λI is pseudo-
contractive. Clearly, the class of k-strictly pseudo-contractive mappings falls
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into the one between classes of nonexpansive mappings and pseudo-contractive
mappings. We remark also that the class of strongly pseudo-contractive map-
pings is independent of the class of k-strictly pseudo-contractive mappings.

In 1967, Browder and Petryshyn [2] established the first convergence result
for k-strict pseudo-contraction in real Hilbert spaces. They proved weak and
strong convergence theorem by using iteration with a constant control sequence
{αn} = α for all n. Many authors have appeared in the literature on the exis-
tence of solution equilibrium, see also, for example [1, 5, 8, 12] and references
therein. To find an element of EP (F ) ∩ F (S), Takahashi and Takahashi [12]
introduced the an iterative scheme for nonexpansive mappings by the hybrid
method in a Hilbert space.

Recently, in 2008, Takahashi and Takahashi [10] introduced a hybrid iter-
ative method for finding a common element of EP and F (S). They defined
{xn} in the following way:⎧⎪⎨

⎪⎩
un ∈ C, such that
F (un, y) + 〈Bxn, y − un〉 + 1

rn
〈y − un, un − xn〉 ≥ 0, ∀y ∈ C,

xn+1 = βnxn + (1 − βn)S(anu + (1 − anun)), ∀n ∈ N.
(5)

where B be an β-inverse strongly monotone mapping of C into H with positive
real number α, and proved strong convergence theorems in the framework of
a Hilbert space, under some suitable conditions on parameters {an}, {βn} and
{λn}.

Very recently, Cho, et al. [4], Ceng et al. [5], Liu [7] and Peng et al.
[9] established an iterative scheme for finding a common element of the set of
solution of an equilibrium problem (1), generalized equilibrium problem (2) and
the set of fixed point of a k-strict pseudo-contraction mapping in the setting
of real Hilbert space. They also studied some weak and strong convergence
theorem for k-strict pseudo-contraction mappings of the sequence generated
by their algorithm.

In 2009, Cho, Qin and Kang [3] introduce the hybrid methods for finding
a common element of F (S) ∩ V I(C, A) ∩ EP. Let S be a k-strict pseudo-
contraction mapping and defined Kx = kx(1 − k)Sx for all x ∈ C. They
defined {xn} in the following way:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

x1 ∈ C,
C1 = C,
F (un, y) + 〈Bxn, y − un〉 + 1

rn
〈y − un, un − xn〉 ≥ 0, ∀y ∈ C

yn = PC(un − λnAun)
zn = αnxn + (1 − αn)Skyn,
Cn+1 = {z ∈ Cn : ‖zn − z‖ ≤ ‖xn − z‖},
xn+1 = PCn+1x1, n ≥ 1

A be an α-inverse-strongly monotone mapping of C into H and let B be an
β-inverse-strongly monotone mapping of C into H , respectively. They proved
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strong convergence theorems in the framework of a Hilbert space, under some
suitable conditions on parameters {an}, {rn} and {λn}.

In this paper, we extend and improve the result of Cho, Qin and Kang [3].
Then, we obtain the strong convergence theorem for the sequences generated
by these processes. Furthermore, using the theorem we also obtain strong
convergence theorems for finding elements of fixed points, equilibrium problems
and the set of solutions to a variational inequality, respectively.

2 Preliminary

Let H be a real Hilbert space with norm ‖ · ‖ and inner product 〈·, ·〉 and
let C be a closed convex subset of H . For every point x ∈ H , there exists a
unique nearest point in C, denote by PCx, such that

‖x − PCx‖ ≤ ‖x − y‖, for all y ∈ C.

PC is called the metric projection of H onto C. It is well known that PC is a
nonexpansive mapping of H onto C and satisfied

〈x − y, PCx − PCy〉 ≥ ‖PCx − PCy‖2 (6)

for every x, y ∈ H . Moreover, PCx is characterized by the following propertied:
PCx ∈ C and

‖x − y‖2 ≥ ‖x − PCx‖2 + ‖y − PCx‖2 (7)

for all x ∈ H , y ∈ C. The following is the property in Hilbert spaces: for any
x, y ∈ H, we have

(i) ‖x + y‖2 ≤ ‖x‖2 + 2〈y, x + y〉
(ii) ‖x + y‖2 ≥ ‖x‖2 + 2〈y, x〉
(iii) ‖x ± y‖2 = ‖x‖2 ± 2〈x, y〉+ ‖y‖2

(iv) ‖tx + (1 − t)y‖2 = t‖x‖2 + (1 − t)‖y‖2 − t(1 − t)‖x − y‖2, ∀t ∈ [0, 1].

Remark 2.1 We note that if A is a α-inverse-strongly monotone, for all
u, v ∈ C and λn > 0,

‖(I − λnA)u − (I − λnA)v‖2 = ‖(u − v) − λn(Au − Av)‖2

= ‖u − v‖2 − 2λn〈u − v, Au − Av〉
+λ2

n‖Au − Av‖2

≤ ‖u − v‖2 + λn(λn − 2α)‖Au − Av‖2. (8)

So, if λn ≤ 2α, then I − λnA is a nonexpansive mapping from C to H.

Lemma 2.2 [17] Let T : K → H be a k-strictly pseudo-contraction. De-
fined D : K → H by Sx = λx+(1−λ)Tx for each x ∈ K. Then, as λ ∈ [k, 1),
S is a nonexpansive mapping such that F (S) = F (T ).
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For solving the equilibrium problem for a bifunction F : C × C → R, let
us assume that F satisfies the following condition:

(A1) F (x, x) = 0 for all x ∈ C;
(A2) F is monotone, i.e., F (x, y) + F (y, x) ≤ 0 for all x, y ∈ C;
(A3) for each x, y ∈ C, limt→0 F (tz + (1 − t)x, y) ≤ F (x, y);
(A4) for each x ∈ C, y �→ F (x, y) is convex and lower semicontinuous.

The following lemma appears implicitly in [1].

Lemma 2.3 [1] Let C be a nonempty closed convex subset of H and let F
be a bifunction of C × C into R satisfying (A1)-(A4). Let r > 0 and x ∈ H.
Then, there exists z ∈ C such that F (z, y)+ 1

r
〈y−z, z−x〉 ≥ 0 for all y ∈ C.

Lemma 2.4 [1, 6, 10] Assume that F : C × C → R satisfies (A1)-(A4),
and let r > 0 and x ∈ H. Then,there exists unique z ∈ C such that F (z, y) +
1
r
〈y − z, z − x〉 ≥ 0 for all y ∈ C. Moreover, let Tr be a mapping of H into C

defined by Tr(x) = z for all x ∈ H. Then, the following hold:
1.Tr is single- valued;
2.Tr is firmly nonexpansive, i.e., ‖Trx − Try‖2 ≤ 〈Trx − Try, x − y〉, for

any x, y ∈ H;
3.F (Tr) = EP (F );
4.EP (F ) is closed and convex;
5.‖Tsx − Ttx‖2 ≤ s−t

s
〈Tsx − Ttx, Tsx − x〉, for all s, t > 0 and x ∈ H.

Lemma 2.5 (see [13, 14]) Let {an} be a sequence of nonnegative real num-
bers, satisfying the property,

an+1 ≤ (1 − γn)an + bn, n ≥ 0,

where {γn} ⊂ (0, 1), and {bn} is a sequence in R such that:
i) Σ∞

n=1γn = ∞;
ii) lim supn→∞

bn

γn
≤ 0 or Σ∞

n=1|bn| < ∞.
Then limn→∞ an = 0.

3 Main Results

In this section, we prove a strong convergence theorem of the hybrid
method for strictly pseudo-contractive mappings in a real Hilbert space.

Theorem 3.1 Let C be a nonempty closed convex subset of a real Hilbert
space H. Let F : C × C → R be a bifunction satisfying (A1)-(A4). Let A
be an α-inverse-strongly monotone mapping of C into H and let B be an β-
inverse-strongly monotone mapping of C into H, respectively. Let S : C → C
be a k-strictly pseudo-contractive for some 0 ≤ k < 1. Defined a mapping
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Sk : C → C by Skx = kx + (1 − k)Sx for all x ∈ C. Assume that F :=
F (S) ∩ V I(C, A)∩ EP �= ∅. Let the sequences {xn} and {un} be generated by⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

x1 = C,
C1 = C,
F (un, y) + 〈Bxn, y − un〉 + 1

rn
〈y − un, un − xn〉 ≥ 0, ∀y ∈ C

yn = PC(un − λnAun)
wn = βnSkyn + (1 − βn)yn,
zn = αnxn + (1 − αn)Skwn,
Cn+1 = {z ∈ Cn : ‖zn − z‖ ≤ ‖xn − z‖},
xn+1 = PCn+1x1, n ≥ 1

(9)

where un = Trn(xn − rnBxn) and {rn} ⊂ (0,∞). Assume that the control
sequences {αn}, {βn} ⊂ [0, 1], {λn} ⊂ (0, 2α) and {rn} ⊂ (0, 2β) satisfy the
following conditions:
(i) k ≤ αn, βn ≤ a < 1,
(ii) 0 ≤ b ≤ λn ≤ c < 2α and 0 ≤ d ≤ rn ≤ e < 2β,for some a, b, c, d, e ∈ R.
Then {xn} converge strongly to z, where z = PFx1.

Proof. Let p ∈ F since 0 ≤ rn < 2β, we have

‖un − p‖2 = ‖Trn(xn − rnBxn) − Trn(p − rnBp)‖2

≤ ‖(xn − rnBxn) − (p − rnBp)‖2

≤ ‖(xn − p) − rn(Bxn − Bp)‖2

≤ ‖xn − p‖2 − 2rn〈xn − p, Bxn − Bp〉 + r2
n‖Bp − Bxn‖2

≤ ‖xn − p‖2 − 2rnβ‖Bxn − Bp‖2 + r2
n‖Bp − Bxn‖2 (10)

≤ ‖xn − p‖2. (11)

First we show that F ⊂ Cn for all n ∈ N, we can prove by induction. It is
obvious that F ⊂ C1. Let p ∈ F , we known that I − λnA is nonexpansive, for
all n ∈ N and from p ∈ V I(C, A) we get p = PC(p − λnAp). It follows that

‖yn − p‖2 = ‖PC(un − λnAun) − PC(p − λnAp)‖2

≤ ‖(I − λnA)un − (I − λnA)p‖2

≤ ‖un − p‖2. (12)

Consider,

‖wn − p‖ = ‖βn(Skyn − p) + (1 − βn)(yn − p)‖
≤ βn‖Skyn − p‖ + (1 − βn)‖yn − p‖
≤ βn‖yn − p‖ + (1 − βn)‖yn − p‖
= ‖yn − p‖
= ‖un − p‖
= ‖xn − p‖. (13)
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Thus, we have

‖zn − p‖ = ‖αnxn + (1 − αn)Skwn − p‖
= ‖αn(xn − p) + (1 − αn)(Skwn − p)‖
≤ αn‖xn − p‖ + (1 − αn)‖Skwn − p‖ (14)

≤ αn‖xn − p‖ + (1 − αn)‖wn − p‖
≤ αn‖xn − p‖ + (1 − αn)‖xn − p‖
= ‖xn − p‖. (15)

So, we have p ∈ Cn+1 and hence F ⊂ Cn, for all n ∈ N.
Next, we show that Cn is closed and convex for all n ∈ N. It follows obvious

that C1 = C is closed and convex. Suppose that Cm is closed and convex for
each m ∈ N. Let cj ∈ Cm+1 ⊂ Cm with cj → z. Since Cm is closed, z ∈ Cm

and ‖zm − cj‖ ≤ ‖cj − xm‖. Then

‖zm − z‖ = ‖zm − cj + cj − z‖
≤ ‖zm − cj‖ + ‖cj − z‖ (16)

Taking j → ∞, we have ‖zm − z‖ ≤ ‖z − xm‖. Hence z ∈ Cm+1. Let
x, y ∈ Cm+1 ⊂ Cm with z = αx + (1 − α)y where α ∈ [0, 1]. Since Cm is
convex, z ∈ Cm and ‖zm − x‖ ≤ ‖x − xm‖, ‖zm − y‖ ≤ ‖y − xm‖, we have

‖zm − z‖2 = ‖zm − (αx + (1 − α)y)‖2

= ‖α(zm − x) + (1 − α)(zm − y)‖2

= α‖zm − x‖2 + (1 − α)‖zm − y‖2 − α(1 − α)‖(zm − x) − (zm − y)‖2

≤ α‖zm − x‖2 + (1 − α)‖zm − y‖2 − α(1 − α)‖y − x‖2

≤ α‖xm − x‖2 + (1 − α)‖xm − y‖2 − α(1 − α)‖(xm − x) − (xm − y)‖2

= ‖xm − (αx + (1 − α)y)‖2

= ‖xm − z‖2. (17)

Then z ∈ Cm+1, it follows that Cm+1 is closed and convex. Hence Cn is
closed and convex for all n ∈ N. This implies that {xn} is well-defined. From
xn = PCnx1, we have 〈x1 − xn, xn − y〉 ≥ 0, for all y ∈ Cn. Since F ⊂ Cn, we
obtain

〈x1 − xn, xn − u〉 ≥ 0 for all u ∈ F and n ∈ N. (18)

So, for u ∈ F , we get
0 ≤ 〈x1 − xn, xn − u〉 = 〈x1 − xn, xn − x1 + x1 − u〉

= −〈xn − x1, xn − x1〉 + 〈x1 − xn, x1 − u〉
≤ −‖xn − x1‖2 + ‖x1 − xn‖‖x1 − u‖.

This implies that ‖x1 − xn‖2 ≤ ‖x1 − xn‖‖x1 − u‖, hence

‖x1 − xn‖ ≤ ‖x1 − u‖ for all u ∈ F and n ∈ N. (19)
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From xn = PCnx1 and xn+1 = PCn+1x1 ∈ Cn+1 ⊂ Cn, we have

〈x1 − xn, xn − xn+1〉 ≥ 0 for all n ∈ N. (20)

So, for xn+1 ∈ Cn, we also have, for n ∈ N
0 ≤ 〈x1 − xn, xn − xn+1〉 = 〈x1 − xn, xn − x1 + x1 − xn+1〉

= −〈xn − x1, xn − x1〉 + 〈x1 − xn, x1 − xn+1〉
≤ −‖xn − x1‖2 + ‖x1 − xn‖‖x1 − xn+1‖.

This implies that ‖x1 − xn‖2 ≤ ‖x1 − xn‖‖x1 − xn+1‖ and we get

‖x1 − xn‖ ≤ ‖x1 − xn+1‖ for all n ∈ N. (21)

From (19), we have {xn} is bounded and limn→∞ ‖xn − x1‖ exists. Next, we
show that ‖xn − xn+1‖ → 0. In fact, from (20), we note that

‖xn − xn+1‖2 = ‖(xn − x1) + (x1 − xn+1)‖2

= ‖xn − x1‖2 + 2〈xn − x1, x1 − xn+1〉 + ‖x1 − xn+1‖2

= ‖xn − x1‖2 + 2〈xn − x1, x1 − xn + xn − xn+1〉 + ‖x1 − xn+1‖2

= ‖xn − x1‖2 − 2〈x1 − xn, x1 − xn〉 − 2〈x1 − xn, xn − xn+1〉
+‖x1 − xn+1‖2

≤ ‖xn − x1‖2 − 2‖xn − x1‖2 + ‖x1 − xn+1‖2

= −‖xn − x1‖2 + ‖x1 − xn+1‖2.

Since limn→∞ ‖xn − x0‖ exists, we obtain

lim
n→∞ ‖xn − xn+1‖ = 0. (22)

On the other hand, xn+1 ∈ Cn+1 ⊂ Cn imply that

‖zn − xn+1‖ ≤ ‖xn − xn+1‖ → 0 as n → ∞. (23)

Further, we get ‖zn − xn‖ ≤ ‖zn − xn+1‖ + ‖xn+1 − xn‖.
From (22) and (23), we have

lim
n→∞ ‖zn − xn‖ = 0. (24)

Next, we show that limn→∞ ‖xn − un‖ = 0. For p ∈ Θ. From (13), (10) and
by (ii), we have

‖zn − p‖2 = ‖αn(xn − p) + (1 − αn)(Skwn − p)‖2

= αn‖xn − p‖2 + (1 − αn)‖Skwn − p‖2 − αn(1 − αn)‖xn − Skwn‖2

≤ αn‖xn − p‖2 + (1 − αn)‖wn − p‖2 − αn(1 − αn)‖xn − Skwn‖2(25)

≤ αn‖xn − p‖2 + (1 − αn)‖un − p‖2

≤ αn‖xn − p‖2 + (1 − αn)[‖xn − p‖2 − 2rnβ‖Bxn − Bp‖2

+r2
n‖Bp − Bxn‖2] (26)

= ‖xn − p‖2 + d(e − 2β)‖Bxn − Bp‖2,
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and hence

d(2β − e)‖Bxn − Bp‖2 ≤ ‖xn − p‖2 − ‖zn − p‖2

= ‖xn − zn‖(‖xn − p‖ + ‖zn − p‖).
From (24), we have limn→∞ ‖Bxn−Bp‖ = 0. From remark 2.1 that for λn ≤ 2β
then I − rnB is nonexpansive, for all n ∈ N, Trn is firmly nonexpansive and
by using Lemma 2.4, we have

‖un − p‖2 = ‖Trn(xn − rnBxn) − Trn(p − rnBp)‖2

≤ 〈(xn − rnBxn) − (p − rnBp), un − p〉
=

1

2
(‖(xn − rnBxn) − (p − rnBp)‖2 + ‖un − p‖2

−‖(xn − rnBxn) − (p − rnBp) − (un − p)‖2)

≤ 1

2
(‖xn − p‖2 + ‖un − p‖2 − ‖(xn − un) − rn(Bxn − Bp)‖2)

=
1

2
(‖xn − p‖2 + ‖un − p‖2 − ‖xn − un‖2

+2rn〈xn − un, Bxn − Bp〉 − r2
n‖Bxn − Bp‖2).

Thus, we obtain

‖un−p‖2 ≤ ‖xn−p‖2−‖xn−un‖2 +2rn〈xn−un, Bxn−Bp〉−r2
n‖Bxn−Bp‖2.

(27)
From (27), we have

‖zn − p‖2 = ‖αn(xn − p) + (1 − αn)(Skwn − p)‖2

= αn‖xn − p‖2 + (1 − αn)‖Skwn − p‖2 − αn(1 − αn)‖xn − Skwn‖2

≤ αn‖xn − p‖2 + (1 − αn)‖wn − p‖2 (28)

≤ αn‖xn − p‖2 + (1 − αn)‖un − p‖2

≤ αn‖xn − p‖2 + (1 − αn)[‖xn − p‖2 − ‖xn − un‖2

+2rn〈xn − un, Bxn − Bp〉 − r2
n‖Bxn − Bp‖2] (29)

≤ ‖xn − p‖2 − (1 − αn)‖xn − un‖2 + 2rn‖xn − un‖‖Bxn − Bp‖,
it follows that

(1 − a)‖xn − un‖2 ≤ (1 − αn)‖xn − un‖2

≤ ‖xn − p‖2 − ‖zn − p‖2 + 2rn‖xn − un‖‖Bxn − Bp‖
≤ ‖xn − zn‖(‖xn − p‖ − ‖zn − p‖)

+2rn‖xn − un‖‖Bxn − Bp‖.
Using (24) and ‖Bxn − Bp‖ → 0, we have

lim
n→∞ ‖xn − un‖ = 0. (30)
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Consider,

‖wn − p‖2 = ‖βn(Skyn − p) + (1 − βn)(yn − p)‖2

= βn‖Skyn − p‖2 + (1 − βn)‖yn − p‖2 − βn(1 − βn)‖yn − Skyn‖2

≤ βn‖yn − p‖2 + (1 − βn)‖yn − p‖2 − βn(1 − βn)‖yn − Skyn‖2

= ‖yn − p‖2 − βn(1 − βn)‖yn − Skyn‖2, (31)

From (28) and (31) we also have

‖zn − p‖2 ≤ αn‖xn − p‖2 + (1 − αn)‖wn − p‖2

≤ αn‖xn − p‖2 + (1 − αn)[‖yn − p‖2 − βn(1 − βn)‖yn − Skyn‖2] (32)

≤ αn‖xn − p‖2 + (1 − αn)‖xn − p‖2 − (1 − αn)βn(1 − βn)‖yn − Skyn‖2

≤ ‖xn − p‖2 − (1 − αn)βn(1 − βn)‖yn − Skyn‖2,

it follows that

(1 − a)k(1 − a)‖yn − Skyn‖2 ≤ (1 − αn)βn(1 − βn)‖yn − Skyn‖2

≤ ‖xn − p‖2 − ‖zn − p‖2

≤ ‖xn − zn‖(‖xn − p‖ + ‖zn − p‖).
From (24), we have

lim
n→∞ ‖Skyn − yn‖ = 0. (33)

Next, we show that limn→∞ ‖un − yn‖ = 0. Consider

‖yn − p‖2 = ‖PC(un − λnAun) − PC(p − λnAp)‖2

≤ ‖(un − λnAun) − (p − λnAp)‖2

= ‖(un − p) − λn(Aun − Ap)‖2

= ‖un − p‖2 − λn〈un − p, Aun − Ap〉 + λ2
n‖Aun − Ap‖2

≤ ‖xn − p‖2 − 2λnα‖Aun − Ap‖2 + λ2
n‖Aun − Ap‖2

= ‖xn − p‖2 + λn(λn − 2α)‖Aun − Ap‖2

≤ ‖xn − p‖2 + b(c − 2α)‖Aun − Ap‖2.

From (32) and (ii), we have

‖zn − p‖2 ≤ αn‖xn − p‖2 + (1 − αn)‖yn − p‖2 − (1 − αn)βn(1 − βn)‖yn − Skyn‖2

≤ αn‖xn − p‖2 + (1 − αn)[‖xn − p‖2 + b(c − 2α)‖Aun − Ap‖2]

≤ ‖xn − p‖2 + (1 − αn)b(c − 2α)‖Aun − Ap‖2,

it follows that

(1 − a)b(2α − c)‖Aun − Ap‖2 ≤ (1 − αn)b(2α − c)‖Aun − Ap‖2

≤ ‖xn − p‖2 − ‖zn − p‖2

≤ ‖xn − zn‖(‖xn − p‖ + ‖zn − p‖).
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From (24), that
lim

n→∞ ‖Aun − Ap‖ = 0. (34)

From (6), we have

‖yn − p‖2 = ‖PC(un − λnAun) − PC(p − λnAp)‖2

≤ 〈(un − λnAun) − (p − λnAp), yn − p〉
=

1

2
{‖(un − λnAun) − (p − λnAp)‖2 + ‖yn − p‖2

−‖(un − λnAun) − (p − λnAp) − (yn − p)‖2}
≤ 1

2
{‖un − p‖2 + ‖yn − p‖2 − ‖(un − yn) − λn(Aun − Ap)‖2}

=
1

2
{‖un − p‖2 + ‖yn − p‖2 − ‖un − yn‖2 + 2λn〈un − yn, Aun − Ap〉

−λ2
n‖Aun − Ap‖2},

so, we obtain

‖yn−p‖2 ≤ ‖un−p‖2−‖un−yn‖2 +2λn〈un−yn, Aun−Ap〉−λ2
n‖Aun−Ap‖2.

(35)
From (12), (32), (35) and (i) we have

‖zn − p‖2 = αn‖xn − p‖2 + (1 − αn)‖yn − p‖2 − (1 − αn)βn(1 − βn)‖yn − Skyn‖2

≤ αn‖xn − p‖2 + (1 − αn)[‖un − p‖2 − ‖un − yn‖2

+2λn〈un − yn, Aun − Ap〉 − λ2
n‖Aun − Ap‖2]

≤ αn‖xn − p‖2 + (1 − αn)‖xn − p‖2 − (1 − αn)‖un − yn‖2

+(1 − αn)2λn‖un − p‖‖Aun − Ap‖
≤ ‖xn − p‖2 − (1 − αn)‖un − yn‖2 + 2λn‖un − yn‖‖Aun − Ap‖,

it follows that

(1 − a)‖un − yn‖2 ≤ (1 − αn)‖un − yn‖2

≤ ‖xn − p‖2 − ‖zn − p‖2 + 2λn‖un − yn‖‖Aun − Ap‖
≤ ‖xn − zn‖(‖xn − p‖ + ‖zn − p‖) + 2λn‖un − p‖‖Aun − Ap‖,

From (i), (24) and (34), we obtain

lim
n→∞ ‖un − yn‖ = 0. (36)

Next, we show that limn→∞ ‖Skun − un‖ = 0, consider

‖Skun − un‖ ≤ ‖Skun − Skyn‖ + ‖Skyn − yn‖ + ‖yn − un‖
≤ 2‖yn − un‖ + ‖Skyn − yn‖.



2964 I. Inchan and W. Sanhan

From (36) and (33) we obtain that

lim
n→∞ ‖Skun − un‖ = 0. (37)

Since {uni
} is bounded, there exists a subsequence {unij

} of {uni
} such

that unij
⇀ w. Without loss of generality, we can assume that uni

⇀ w. Since
C is closed and convex, w ∈ C. Next, we show that w ∈ F . First, we show
that w ∈ V I(C, A). Define,

Tv =

{
Av + NCv, v ∈ C,
∅, v /∈ C.

(38)

Then, T is maximal monotone. Let (v, u) ∈ G(T ). Since u − Av ∈ NCv
and yn ∈ C, we have 〈v − yn, u − Av〉 ≥ 0. On the other hand, from yn =
PC(un − λnAun), we have 〈v − yn, yn − (un − λnAun)〉 ≥ 0, that is,

〈
v − yn,

yn − un

λn
+ Aun

〉
≥ 0.

Therefore, we have

〈v − yni
, u〉 ≥ 〈v − yni

, Av〉
≥ 〈v − yni

, Av〉 −
〈
v − yni

,
yni

− uni

λni

+ Auni

〉

=
〈
v − yni

, Av − Auni
− yni

− uni

λni

〉

= 〈v − yni
, Av − Ayni

〉 + 〈v − yni
, Ayni

− Auni
〉 −

〈
v − yni

,
yni

− uni

λni

〉

≥ 〈v − yni
, Ayni

− Auni
〉 −

〈
v − yni

,
yni

− uni

λni

〉
,

Since limn→∞ ‖yn − un‖ = 0 and A is Lipschitz continuous, we obtain

〈v − w, u〉 ≥ 0. (39)

Since T is maximal monotone, we have w ∈ T−10 and hence w ∈ V I(C, A).
Next, we show that w ∈ EP . It follows by (9) and (A2) that

〈Bxn, y − un〉 +
1

rn
〈y − un, un − xn〉 ≥ F (y, un)

and hence

〈Bxni
, y − uni

〉 + 〈y − uni
,
uni

− xni

rni

〉 ≥ F (y, uni
) (40)
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Put yt = ty + (1− t)w for all t ∈ (0, 1] and y ∈ C. Since y ∈ C and w ∈ C, we
have yt ∈ C. So, from (30), we have

〈yt−uni
, Byt〉−〈yt−uni

, Byt〉 = 0 ≥ −〈yt−uni
, Bxni

〉−〈y−uni
,

uni−xni

rni
〉+

F (yt, uni
)

and hence
〈yt − uni

, Byt〉 ≥ 〈yt − uni
, Byt〉 − 〈yt − uni

, Bxni
〉 − 〈y − uni

,
uni−xni

rni
〉 +

F (yt, uni
)

= 〈yt − uni
, Byt − Buni

〉 + 〈yt − uni
, Buni

− Bxni
〉 − 〈y − uni

,
uni−xni

rni
〉 +

F (yt, uni
).

Since ‖uni
− xni

‖ → 0, it follows that ‖Buni
− Bxni

‖ → 0. Further, from
monotonicity of B, we get 〈yt − uni

, Byt − Buni
〉 ≥ 0. So, from (A4), we have

〈yt − w, Byt〉 ≥ F (yt, w), (41)

as i → ∞. From (A1), (A4) and (41), we have
0 = F (yt, yt) ≤ tF (yt, y)+ (1− t)F (yt, w) ≤ tF (yt, y)+ (1− t)〈yt −w, Byt〉

≤ tF (yt, y) + (1 − t)t〈y − w, Byt〉
and hence 0 ≤ F (yt, y) + (1 − t)〈y − w, Byt〉. Letting t → 0, we have for each
y ∈ C, 0 ≤ F (w, y) + 〈y − w, Bw〉. This implies that w ∈ EP . Next, we show
that w ∈ F (S). From Lemma 2.2, we have F (Sk) = F (S), we may assume
that w �= Skw, by Opial’s condition, we have

lim inf
i→∞ ‖uni

− w‖ < lim inf
i→∞ ‖uni

− Skw‖ = lim inf
i→∞ ‖(uni

− Skuni
) + (Skuni

− Skw)‖
= lim inf

i→∞
‖Skuni

− Skw‖ ≤ lim inf
i→∞

‖uni
− w‖.

This is a contradiction. So, we have w ∈ F (Sk) = F (S). Therefore w ∈ F .
Finally, we show that xn → z, where z = PF x1. Since xn = PCnx1 and

z ∈ F ⊂ Cn, we have ‖xn − x1‖ ≤ ‖z − x1‖. It follows from z′ = PFx1 and
the lower semicontinuity of the norm that

‖z′−x1‖ ≤ ‖z−x1‖ ≤ lim inf
i→∞

‖xni
−x1‖ ≤ lim sup

i→∞
‖xni

−x1‖ ≤ ‖z′−x1‖. (42)

Thus, we obtain that limk→∞ ‖xni
− x1‖ = ‖z − x1‖ = ‖z′ − x1‖. Since {xni

}
is an arbitrary subsequence of {xn}, we can conclude that {xn} converges
strongly to z, where z = PFx1. �

Theorem 3.2 [3] Let C be a nonempty closed convex subset of a real Hilbert
space H. Let F : C × C → R be a bifunction satisfying (A1)-(A4). Let A
be an α-inverse-strongly monotone mapping of C into H and let B be an β-
inverse-strongly monotone mapping of C into H, respectively. Let S : C → C
be a k-strictly pseudo-contractive self mapping for some 0 ≤ k < 1. Defined
a mapping Sk : C → C by Skx = kx + (1 − k)Sx for all x ∈ C. Assume
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that F := F (S) ∩ V I(C, A) ∩ EP �= ∅. Let the sequences {xn} and {un} be
generated by C1 = C ⊂ H, x1 = PCx0;

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

x1 ∈ C,
C1 = C,
F (un, y) + 〈Bxn, y − un〉 + 1

rn
〈y − un, un − xn〉 ≥ 0, ∀y ∈ C

yn = PC(un − λnAun)
zn = αnxn + (1 − αn)Skyn,
Cn+1 = {z ∈ Cn : ‖zn − z‖ ≤ ‖xn − z‖},
xn+1 = PCn+1x0, n ≥ 0

(43)

where un = Trn(xn − rnBxn) and {rn} ⊂ (0,∞). Assume that the control
sequences {αn} ⊂ [0, 1], {λn} ⊂ (0, 2α) and {rn} ⊂ (0, 2β) satisfy the following
conditions: (i) k ≤ αn ≤ a < 1, (ii) 0 ≤ b ≤ λn ≤ c < 2α and 0 ≤ d ≤ rn ≤
e < 2β, for some a, b, c, d, e ∈ R.
Then {xn} converge strongly to z, where z = PFx0.

Proof. If βn = 0 for all n ∈ N, by Thm 3.1, we obtain the desired result. �

Corollary 3.3 [4, Theorem 3.1] Let C be a nonempty closed convex subset
of a real Hilbert space H. Let F : C ×C → R be a bifunction satisfying (A1)-
(A4). Let B be an β-inverse-strongly monotone mapping of C into H. Let
T : C → C be a k-strictly pseudo-contractive self mapping for some 0 ≤ k < 1
such that Θ := F (T ) ∩ V I(C, A) ∩ EP �= ∅. Let the sequences {xn} and {un}
be generated by C1 = C ⊂ H, x1 = PCx0;

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

un ∈ C,
F (un, y) + 〈Bxn, y − un〉 + 1

rn
〈y − un, un − xn〉 ≥ 0, ∀y ∈ C

zn = αnxn + (1 − αn)Sun,
Cn+1 = {z ∈ Cn : ‖zn − z‖ ≤ ‖xn − z‖},
xn+1 = PCn+1x0, n ≥ 0

(44)

where un = Trn(xn − rnBxn), S = kx + (1 − k)T for all x ∈ C and {rn} ⊂
(0,∞). Assume that the control sequences {αn} ⊂ [0, 1] and {rn} ⊂ (0, 2β)
satisfy the following conditions:

(i) 0 ≤ k < αn ≤ a < 1,
(ii) 0 ≤ d ≤ rn ≤ e < 2β, for some a, d, e ∈ R.

Then {xn} converge strongly to z, where z = PΘx0.

Proof. Put A ≡ 0, βn = 0 for all n ∈ N, and from Lemma 2.2, we have
F (S) = F (T ) and Theorem 3.1, we obtain the desired result. �
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4 Applications

In this section, we obtain some strong convergence theorems by applying F ≡ 0
and βn ≡ 0 for all n ∈ N in Theorem 3.1.

Theorem 4.1 Let C be a nonempty closed convex subset of a real Hilbert
space H. Let F : C × C → R be a bifunction satisfying (A1)-(A4). Let A
be an α-inverse-strongly monotone mapping of C into H and let B be an β-
inverse-strongly monotone mapping of C into H, respectively. Let S : C → C
be a nonexpansive mapping such that F := F (S) ∩ V I(C, A) ∩ EP �= ∅. Let
the sequences {xn} and {un} be generated by

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

x1 = C,
C1 = C,
F (un, y) + 〈Bxn, y − un〉 + 1

rn
〈y − un, un − xn〉 ≥ 0, ∀y ∈ C

yn = PC(un − λnAun)
zn = αnxn + (1 − αn)Syn,
Cn+1 = {z ∈ Cn : ‖zn − z‖ ≤ ‖xn − z‖},
xn+1 = PCn+1x1, n ≥ 1

(45)

where un = Trn(xn − rnBxn) and {rn} ⊂ (0,∞). Assume that the control
sequences {αn} ⊂ [0, 1], {λn} ⊂ (0, 2α) and {rn} ⊂ (0, 2β) satisfy the following
conditions:
(i) k ≤ αn ≤ a < 1,
(ii) 0 ≤ b ≤ λn ≤ c < 2α and 0 ≤ d ≤ rn ≤ e < 2β, for some a, b, c, d, e ∈ R.
Then {xn} converge strongly to z, where z = PFx1.

Theorem 4.2 Let C be a nonempty closed convex subset of a real Hilbert
space H. Let A be an α-inverse-strongly monotone mapping of C into H and
let B be an β-inverse-strongly monotone mapping of C into H, respectively.
Let S : C → C be a k-strictly pseudo-contractive for some 0 ≤ k < 1. Defined
a mapping Sk : C → C by Skx = kx + (1 − k)Sx for all x ∈ C. Assume that
F := F (S) ∩ V I(C, A) ∩ V I(C, B) �= ∅. Let the sequences {xn} and {un} be
generated by C1 = C ⊂ H, x1 = PCx0 and un ∈ C;

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

〈Bxn, y − un〉 + 1
rn
〈y − un, un − xn〉 ≥ 0, ∀y ∈ C

yn = PC(un − λnAun)
zn = αnxn + (1 − αn)Skyn,
Cn+1 = {z ∈ Cn : ‖zn − z‖ ≤ ‖xn − z‖},
xn+1 = PCn+1x0, n ≥ 0

(46)

where {rn} ⊂ (0,∞). Assume that the control sequences {αn} ⊂ [0, 1], {λn} ⊂
(0, 2α) and {rn} ⊂ (0, 2β) satisfy the following conditions:
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(i) k ≤ αn ≤ a < 1,
(ii) 0 ≤ b ≤ λn ≤ c < 2α and 0 ≤ d ≤ rn ≤ e < 2β, for some a, b, c, d, e ∈ R.
Then {xn} converge strongly to z, where z = PFx0.
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