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Abstract

The aim of this project is to consider and study a new iterative scheme for solving the
generalized equilibrium problems and fixed point problems. We plan to fine common solutions of
fixed points of the generalized equilibrium problems and fixed point problems and also construct and
discuss the convergence criterion for the iterative algorithm. Moreover, we will apply our results to
generalized equilibrium problems.

In the first year, we will study and discuss some important basic results and consider
some new theorems about the general iterative scheme for generalized equilibrium problems in the
Hilbert spaces.

In the second year, we will focus our study to the heart of our project, that is, we will
consider the general iterative scheme for generalized equilibrium problems in the Banach spaces.

In conclusion, we point out that the results of this project are the extension and
improvements of the earlier and recent results in this field. Much work is needed to develop this

interesting subject.
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Executive Summary

1. unaadaiiuniwdengy
Abstract
Title: Fixed point theorem of iterative schemes for solving the generalized equilibrium

problems and fixed point problems

The aim of this project is to consider and study a new iterative scheme for solving the
generalized equilibrium problems and fixed point problems. We plan to fine common solutions of
fixed points of the generalized equilibrium problems and fixed point problems and also construct and
discuss the convergence criterion for the iterative algorithm. Moreover, we will apply our results to
generalized equilibrium problems.

In the first year, we will study and discuss some important basic results and consider
some new theorems about the general iterative scheme for generalized equilibrium problems in the
Hilbert spaces.

In the second year, we will focus our study to the heart of our project, that is, we will
consider the general iterative scheme for generalized equilibrium problems in the Banach spaces.

In conclusion, we point out that the results of this project are the extension and
improvements of the earlier and recent results in this field. Much work is needed to develop this

interesting subject.
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Introduction
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A.f. 1994 lag Blum uaz Oettli I@Uﬂzymamwmﬁz%m%'umim F:CxC >R fa &u13nm
xeC Garnle

F(x,y)>0, VyeC (1.1)
lasirauainalaas luanns (1) ﬁaumuﬁmé’zyé’nuﬂ EP(F)

ﬂ@%ﬁwﬁﬂwﬁﬂluﬂﬁa physics, optimization LAz economics ﬁﬁaﬁ’]msﬁﬂmmwwamamJaa
guMT (1) %ﬁ%msmwamamladﬂtymamwmﬁ"l,ﬁgﬂﬁﬂmi@ﬂ Flam &z Antipin Lazdau
Combettes LLaz Hirstoaga "lﬁﬁnmmim:ﬁ']sgﬂLLa:mHﬁmsg}'Liﬂmaamsmzﬁwsgw TagfiGawlin
EP(F)#¢ ¢aun Tada uaz Takahashi VL@TﬁﬂmmwﬁmsgL%amadau (weak convergence) L&
nouimigidnatnagi (strong convergence) lgsaalu F(S)NEP(F) waimsss S uuulivmy
(nonexpansive) ludiniigaiiifa uaz S. Takahashi uaz Takahashi I¢dnwmsnszrindilasitnis
Uszunaluunita (viscosity approximation method) &1%3un13d9 S:C —>C Adunssouuy vy
1%‘1]%3;]53561@5‘@1 9 F(S)NEP(F)=¢, f contraction Taoii ae(0l), x,eH {a,}c[01],
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1
F(u,,u)+—u-u,,u,—x,)>0, YueC
(u,,u) rn< ' ) < (12)
Xp =, F(X,)+(Q-e,)Su,, n>1

logldRgaiidau {x, | firmualu (2) dinadaduludagalu F(S)NEP(F) maldFonly

o0 o0
Cl) I!]Lnjoan = O’Zan = OO,Z' Any — &y |< 0,
n=1 n=1

C2)liminfr, >0,> |, —a, |<®
n—o0 n=1

2
>

@aN1 Shang, Su kaz Qin [17] la@nEATNTZYINGN a9dh

F(un,u)+%<u—un,un—xn>20, YueC (1.3)
Xoy =, (X)) + (I —,A)Su,, n>1

Tagldusasidedy {x, ) Afnualu 3) diinadaduluine qe F(S)NEP(F)
1uf) .41, 2008 S. Takahashi uaz Takahashi 'ld@nssiamldvasiymaninasd Tasli ¢

\wiwadeslauuuun (closed convex) 283 H 1% A:C — H ilunssalaiduidadu wdiena

ﬂuaaﬂtymamwmﬁ (generalized equilibrium problems (GEP)) Ao sansaw zeC Sovile

F(z,y)+(Az,y-2)>0, VyeC, (1.4)

waved zeC aliFyansoiunudiy EP wude

EPz{ZeC:F(z,y)+<Az,y—z>20, vy eC}

PNFNNT (4) wWRAUIN A=0 ufezleiuoa EP andwaa EP(F) luaunms (1)
waetnld F=0udr EP auflwoa VI(AC) @ VI(AC) dawwaves aann1susain
(Variational inequalities (VIP)) HuRamsnndn zeC Gevinld

(Auv-2)>0  dwiunng veC (1.5)
WazENNTN z € C kN MnavvavasunIULIAH (5)

1oy S. Takahashi uaz Takahashi ledWganin miu ueC, x eC W S lumssuny

Tivens uagl {x, U, } = C Husduiirnualas

F(Un,y)+<AXn1y—Un>+ri<y—Un,Un—Xn>20, VyEC
Xn+1:ﬂnxn+(1'ﬂn)s[an[‘+(l_an)un]’ nx1

do (o, ) [011,{8, ) c[04] usz {r,}c[0,2a] uazmaandasiionly

O0<c<p,<d<], O<asr <b<2a
lim(r,-r,.,)=0, lima, =0 usz Y a, =
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UNA 2
Preliminaries

In this chapter, we give some defnitions, notations, and some useful results that will be used in

the later chapters.

2.1 Basic results.

Definition 2.1.1. Let X be a linear space over the field K, where K denoted for either R or C. A

function || - || : X — R is said to be a norm on X if it satisfies the following conditions:
(i) |lz|| >0, Ve e X;
(ii)) |z =0 < x=0;
(i) [l +yll < [l + [lyll, v,y € X3
(iv) |laz|| = |a|||z], Vz € X and Va € K.

Definition 2.1.2. Let X be a linear space over the field K. A function (-,-) : X x X — K that assigns
each ordered pair (z,y) of vectors in X to a scalar (z,y) is said to be an inner product on X if it

satisfies the following conditions:

(i) (z,2) >0, Vee X and <z,z>=0% 2 =0;

(i) (z,y) =(y,2), Var,yeX;

(iii) (az,y) = afz,y), V z,y € X and Yo € K;

(iv) (x4y,2)=(z,2) +(y,2), Vz,yzeX.
Definition 2.1.3. A sequence {z,} in a normed space X is said to be strongly
convergent ( or convergent in norm ) if there exists z € X such that

lim ||z, —z|| =0 denoted by z,, — x.
n—oo

Definition 2.1.4. A sequence {z,} in a normed space X is said to be weakly
convergent if there exists an element x € X such that

lim f(zn) = f(2),

n—oo

for all f € X* where X* is the dual space. Denoted by z,, = z or w— lim x, = x.
n—oo
It is clear that strong convergence implies weak convergence. And in a finite dimension normed space,

weak convergence implies strong convergence.

Definition 2.1.5. A norm space X is said to be a complete norm space if every Cauchy sequence in

X is a convergent sequence in X.

Definition 2.1.6. A complete norm linear space over the field IK is called a Banach space over K.



Definition 2.1.7. A subset C' of a linear space X over the field K is convex if for any z,y € C
implies

M={zeX:z=ar+(1-a)y,0<a<1l}CC.

(M is called closed segment with boundary point xz,y) or a subset C' of X is convex if every

x,y € C the segment joining = and y is contained in C.

Definition 2.1.8. A subset M of X is said to be weakly compact if every sequence {z,} in M

contains a subsequence converging weakly to some point in M.

Theorem 2.1.9. Let {z,} be a sequence in extended real numbers and let b = limsup z,. Then
(1) r>b=z, <r ultimately;
(2) r<b=z,>r frequently.

Ultimately means from some index onward ; frequently means for infinitely many indices.

Theorem 2.1.10. Let {x,} be a sequence in extended real numbers and let ¢ = lim inf . Then
(1) r<c= x, >r ultimately;
(2) r>c=uz, <r frequently.

Definition 2.1.11. Let X be a Banach space and let C' be a nonempty subset of X. A mapping

T:C — C is said to be nonexpansive if
|Tx — Ty|| < ||z —y|| for all z,y € C.

Definition 2.1.12. Let X be a Banach space and let C' be a nonempty subset of X. A mapping
T:C — C. A mapping T is called an asymptotically nonexpansive

mapping in the intermediate sense provided T is uniformly continuous and

limsup sup (|7"z —T"y|| — ||z —y||) < 0.

n—oo zx,ycC

Definition 2.1.13. Let C' be a nonempty subset of a real normed space X. Let P : X — C be a

nonexpansive retraction of X onto K i.e.,
[Pz — Pyl < [lx -yl
for all z,y € X and Pz = z for all z € C, then C is said to be nonexpansive retract.

Definition 2.1.14. A mapping 7 : C — H is said to be k-strictly pseudo-contractive if there exists a
constant k € (0,1) such that

1Tz = Tyll* < o —ylI* + k(I = T)a — (I = T)y?, Va,yeC. (2.1.1)



Definition 2.1.15. A mapping 7 : C' — C' is an asymptotically k-strict pseudo-contractive mapping if

there exists a constant 0 < k < 1 satisfying
1Tz — T™y||* < knllz — y||* + k||(T = T2 — (I — T™)yl|?, (2.1.2)
for all z,y € C and for all n € N where 7, > 0 for all n such that lim,_, k, = 1.

Definition 2.1.16. Let X be a Banach space. An element z € X is said to be a fized point of a
mapping 7' : X — X if Tz = .

Definition 2.1.17. A mapping f : C — C is demiclosed at y if for each {x,} C C' with z,, — = and
flxy) — y, then f(x) =1y .
Definition 2.1.18. Let M be the set a mapping f : M — R is weak lower semi — continuous if
f(z) <liminf f(x,) whenever x,, — x in M.
n—oo
Recall also that a one-parameter family 7 = {7'(¢) : 0 <t < oo} of self-mappings of a nonempty

closed convex subset C' of a Hilbert space H is said to be a (continuous) Lipschitian semigroup on

C (see, e. g., [7]) if the following conditions are satisfied:
i) T(0)z =z,2 € C,
(i) T(t+ s)x=Tt)T(s)x, t,s >0,z € C,
(iii) for each z € C, the map ¢ — T'(t)x is continuous on [0, o),

(iv) there exists a bounded measurable function L : (0,00) — [0, 00) such that, for each ¢ > 0,

IT(t)2 — Tyl < Lellz —yll, =,y €C

A Lipschitzian semigroup 7 is called nonexpansive (or a contraction semigroup) if L; =1
for all t > 0, and asymptotically nonexpansive if limsup,_,., L+ < 1, respectively. We use F(7)
to denote the common fixed point set of the semigroup; that is Fix(7) = {x € C: T(t)x = x,t > 0}.

2.2 Useful lemmas.

The following lemmas will be useful for proving the convergence result of this research.
Lemma 2.2.1. Let H be a real Hilbert space. Then for any xz,y € H we have

@ Nz +yll? < llzl® +2(y, 2 +y)

i) o +yll* = [l2]? +2(y,2)

(i) [lz £ yl* = [lz]> + 2(z, ) + [yl

() [tz + (1 = tyl? = tllz|? + (1 = Ollyll* -t = )llz — yl1?, vt € [0,1].
Lemma 2.2.2. [13, 14] Let {a,} be a sequence of nonnegative real numbers, satisfying the property,

An+41 S (1 - Vn)an + bny n Z 07



where {7,} C (0,1), and {b,} is a sequence in R such that:
1) X0° 1 = 003
i) limsup,, % <0 or 92 ,]by| < oo.

Then lim,, .o a, = O.

For solving the equilibrium problem for a bifunction F' : C x C' — R, let us assume that F'

satisfies the following condition:
(Al) F(xz,x) =0 for all z € C;
(A2) F' is monotone, i.e., F(z,y)+ F(y,z) <0 for all z,y € C;
(A3) for each z,y € C,
71i_r)]r[1)F(tz + (1 —t)x,y) < F(x,y);
(A4) for each x € C,y — F(z,y) is convex and lower semicontinuous.
The following lemma appears implicitly in [1].

Lemma 2.2.3. [1] Let C be a nonempty closed convex subset of H and let F' be a bifunction of C'x C
into R satisfying (A1)-(A4). Let r > 0 and x € H. Then, there exists z € C' such that

1
F(z,y)+ -(y—z,z—x)>0 forally € C.
T

The following lemma was also given in [5].

Lemma 2.2.4. [1, 5, 11] Assume that F': C' x C — R satisfies (A1)-(A4), and let » > 0 and = € H.
Define a mapping 7, : H — C as follows"

1
T.(z) ={z € C:F(z,y)—l—;(y—z,z—m) >0,Vy € C}

for all z € H. Then, the following hold:

1. T, is single- valued;

2. T, is firmly nonexpansive, i.e., | T.o — Ty||* < (Trx — Ty, — y), for any x,y € H;
3. F(T,) = EP(F);

4. EP(F) is closed and convex;

5. | Tsz — Thw||* < = (Tow — Ty, Tow — ), for all 5,t > 0 and = € H.

Lemma 2.2.5. Let C' be a nonempty closed convex subset of H. Let F' be a bifunction from C' x C
to R satisfying (A1)-(A5) and let ¢ : C' — R U {400} be a proper lower semicontinuous and convex



function. Assume that either (B1) or (B2) holds. For » > 0 and x € H, define a mapping T, : H — C

as follows.

Ta) = {2 € C: PG + o) + - 522 2 ¢(2). WeC)

for all x € H. Then the following conclusions hold:
(1) For each z € H, T, # ()
(2) T, is single-valued;

(3) T, firmly nonexpansive, i.e, for any z,y € H,

T (x) = To()|1* < (To(z) = To(y), = — y);
(4) Fix(T,,) = MEP(F, ) is closed and convex.

We also need the following lemmas.

Lemma 2.2.6. (see [24]) Let {z,} and {w,} be bounded sequence in a Banach space, let {3,} be
a sequence of real numbers such that 0 < liminf, .. G, < limsup,,_ ., Or < 1 for all n = 1,2,...
Suppose that x,, 41 = (1 — By )wy, + By, for all n = 1,2, ... and limsup,,_, o (||wn+1 — wa || + || Zn+1 —

zp||) < 0. Then, lim, o [[wn — 2p| = 0.

Lemma 2.2.7. Let C' be a nonempty closed convex subset of real Hilbert space H and T : C' — C' be
a k-strictly pseudocontractive mapping. Define a mapping S : C' — C by Sz = dz + (1 — 0)T'z for all
x € C and ¢ € [k,1). Then S is nonexpansive mapping such that F'(S) = F(T).

Definition 2.2.8. [20] Let C' be nonempty convex subset of real Banach space. Let {7;}}¥, be a finite
family of k;-strictly pseudocontractive mappings of C' into itself. For each i = 1,2,..., N, we define

a mapping S; = 6,1 + (1 — 0;)1T; where 0; € [k;, 1) consider mapping K,, defined by

Un,nJrl = I
Un,n = 'YnSnUn,n—kl + (1 - ’Yn)Ia
Un,n—l = ’Yn—lSn—lUn,n + (1 - ’Yn—l)lu

Uik = WwSUngs1 + (1 =),
Uni—1 = Ye=1Sk—1Unp + (1 — 1)1,

Un2 = 75Un3+ (1 —7y2)1,
K,=Up1 = mSiUn2+ 1 —m)1,

where 71,72, ... are real number such that 0 <, < 1.

As regards K,,, we have the following lemmas which are important for prove our main results.
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Lemma 2.2.9. [20] Let C' be a nonempty closed convex subset of a strictly convex Banach space
E. Let S; be nonexpansive mapping of C into itself such that N°, F'(S; # () and 71,72, ... be real
numbers such that 0 < v < b < 1, for every ¢ = 1,2,.... Then for any x € C and k € N, the limit

lim,, oo Uy 1 exists.

Using Lemma 2.2.9, one can define the mapping K of C into itself as follows:

Kz := lim Kyz = lim U, 2, z¢€C.

n—oo n—oo

Such a mapping K is called the modified K-mapping generated by 71,75, ..., V1,72, --- and 1, 0o, ...

Lemma 2.2.10. [20] Let C be a nonempty closed convex subset of a strictly convex Banach space FE.
Let S; be nonexpansive mapping of C into itself such that N°, F(S; # (0 and 71,72, ... be real numbers
such that 0 < v; < b < 1, for every ¢ = 1,2,.... Then F(K) =(;2; F(S;).

Combining Lemma 2.2.7-2.2.10, one can get that F'(K) = (.2, F(S;) = ooy F(T3)-

Lemma 2.2.11. [20] Let C be a nonempty closed convex subset of a strictly convex Banach space F.
Let S; be nonexpansive mapping of C into itself such that N°; F'(S; # () and 1,72, ... be real numbers
such that 0 < v; < b < 1, for every ¢ = 1,2, .... If K is any bounded subset of C, then

lim sup ||K,x — Kz|| = 0.
€K

n—oo T

Lemma 2.2.12. [21] Let C' be a nonempty closed convex subset of real Hilbert space H and let ©
be a bifunction of C' x C into R and let ¢ : C — R be a proper lower semicontinuous and convex

function. For r > 0 anf = € C, define a mapping S, : C — C as follows:

1
Se(r) = {2 € C = 0(2,) + p(y) — p(2) + 5y — 2,2 — 1) > 0,y € C} (2.2.1)
for all x € C. Assume that the condition (H1) — (H5) hold. Then one has the following results:
(1) for each x € C, S, (z) # 0 and S, is single valued;

(2) S, is firmly nonexpansive, that is, for any x,y € C,

15-(x) = Sp(W)II* < (Sr(z) — Sp(y), @ — y); (2.2.2)

(3) F(S,) = EP;
(4) EP is closed and convex.

Lemma 2.2.13. [36] Let R : H — 2" be a maximal monotone mapping and let B : H — H be a

Lipschitz-continuous mapping. Then the mapping (R + B) : H — 2 is maximal monotone.

Lemma 2.2.14. [37] Let a,, b,, and ¢, be three nonnegative real sequences satisfying
Ap+41 < (1 - tn)an + by, + Cny N2> 07

where ¢, € [0,1) with X0 ¢, = 4+00,b, = o(t,) and X9° ¢, < 400, then lim, .o an = 0.



11

Lemma 2.2.15. [39] Let C be a closed convex subset of a real Hilbert space H. Given x € H and
y € C. Then y = Pox if and only if there holds the inequality

(r—y,y—2) >0, Vzel.

Lemma 2.2.16. [56] Let C be a nonempty subset of a Hilbert space H and let 7 : C' — C' a uniformly
continuous asymptotically k-strict pseudo-contractive in the intermediate sense with sequence {v,}. Let
{xn} be a sequence in C such that ||z, — 2,41]] — 0 and ||z, — T"xzy| — 0 as n — oo. Then

|z, — Tzyp|| — 0 as n — oo.

Lemma 2.2.17. [56] Let C be a nonempty closed convex subset of Hilbert space  and T': C —
C' a continuous asymptotically k-strict pseudo-contractive mapping in the intermediate sense. Then
I — T is demiclosed at zero in the sense that {z,} is sequence in C such that z, — = € C and

limsup,, . ||[zn — T"zy|| =0, then (I —T)x = 0.
Remark 2.2.18. We note that if A is a a-inverse-strongly monotone, for all u,v € C' and A, > 0,
I = AA)u — (I = XAl = [[(u—v) = An(Au — Av)|?
= Jlu—v|* =2\ (u — v, Au — Av)
A7 Au — Av|®
lu —v)|? + A — 2) || Au — Av]2. (2.2.3)

IN

So, if A, < 2q, then I — A\, A is a nonexpansive mapping from C' to H.

Lemma 2.2.19. [67] Let T : K — H be a k-strictly pseudo-contraction. Defined D : K — H by
Sz = Ax + (1 — A\)Tx for each x € K. Then, as A € [k,1), S is a nonexpansive mapping such that
F(S)=F(T).



NN 3
Main Results

3.1 Hybrid extragradient method for general equilibrium problems and fixed point problems in
Hilbert space

In this section, we show a strong convergence theorem for finding a common element of the set
of fixed points of a nonexpansive mapping, the set of solutions of an equilibrium problem and the set
of solutions of a variational inequality problem in a Hilbert space by using the hybrid extragradient

method.

Let H be a real Hilbert space with norm || - || and inner product (-,-) and let C' be a
nonempty closed convex subset of H. For every point © € H, there exists a unique nearest point in C,
denoted by Pcx, such that
|z — Pex|| < ||z —y|| forall y € C.

Pe is called the metric projection of H onto C. It is well known that Po is a nonexpansive mapping
of H onto C' and satisfies
(@ —y, Pox = Pey) > ||[Pox — Peyll?, (3.1.1)

for every x,y € H. Moreover, Pox is characterized by the following properties: Pox € C' and
(x — Pox,y — Pox) <0, (3.1.2)

lz = y|* > llo — Poz|® + ||y — Pox|?, (3.1.3)

for all z € H,y € C. It is easy to see that the following is true:
ueVI(C,A) < u= Po(u— NAu),\ > 0. (3.1.4)

A set-valued mapping T : H — 2 is called monotone if for all z,y € H, f € Tx and g € Ty imply
(x —y, f—g) > 0. A monotone mapping T : H — 2" is maximal if the graph of G(T') of T is not
properly contained in the graph of any other monotone mapping. It is known that a monotone mapping
T is maximal if and only if for (x,f) € H x H, (x —y, f — g) > 0 for every (y,g) € G(T) implies
f €Tx. Let A be a monotone, map of C into H and let Nov be the normal cone to C at v € C} i.e.,

Nev:={we H: (v—u,w) >0, Yue C}.

Define

Av + Neow, e C,
Tv:{ v cv, v

0, véC.
Then, T' is maximal monotone and 0 € T'v if and only if v € VI(C, A).
Theorem 3.1.1. Let C' be a nonempty closed convex subset of a real Hilbert space H. Let F' be

a bifunction from C' x C into R satisfying (A1)-(A4) and let A be an «-inverse-strongly monotone

mapping of C into H and let B be an -inverse-strongly monotone mapping of C' into H, respectively.
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Let S be a nonexpansive mappings from C into itself such that F'(S) N VI(C, A) N EP # (). Let the
sequences {z,} and {u,} be generated C} = C' C H, z1 = Poxo;

un € C,

F(un,y) + (Bxp,y — up) + %(y — Up,Up — Tp) >0, Vye
Yn = Po(un — A\Auy),

2 = Ty + (1 — an)S(Bnzn + (1 = Br) Po(un — AAyn)),

Cny1 ={2 € Cn: |20 — 2| < llzn — 21},

(3.1.5)

Tn4+1 = Pcn+1x0) nec Nu

where u, = T,, (z, — r,Bx,) and {r,} C (0,00). Assume that the control sequences {c,},{3,} C
[0,1],{\n} € (0,2cx) and {r,} C (0,20) satisfy the following conditions:

(Z) 0<ar SaTLMBTZ <ap <1,

(i) 0<b< A\, <c<a<22aand 0<d<r, <e< 23, for some a,b,c,d, e € R,

(¢97) liminf, o0 A, > 0 and liminf,, . 7, > 0.

Then {x,} converges strongly to Pr(synvi(c,a)nepxo-

Proof. We first show that F'(S)NEPNVI(A,C) C C, for all n € NU{0}, we can prove by induction.
It is obvious that F(S)NEPNVI(A,C)C Cy. Let pe F(S)NVI(C,A)NEP, and let {T,,} be a
sequence of mappings defined as in Lemma 2.2.4. Since p € VI(A,C), then p = Po(p— M\, Ap) =T, p

and u, =T, (x, — rnBzy,). From (i), we have

l|n — p”2 = |7, (vp — rnBxy) = T;, (p — 7"an)||2
< |[(xn —rnBwy) — (p— Tan)||2
< |(zn = p) + ra(Bp — Bzy)|?
< l&n —pl|? — 2rnzn — p, Bxn — Bp) + 2| Bp — Bay|? (3.1.6)
< |l#n = pl* = 2ru 8| By — Bp||* + 17| Bp — Bxy|?
< l@n = pl? + ru(rn — 26)|| Bz, — Bpl|®
<l — pl% (3.1.7)



Put v, = Po(un — A\ Ayn).

(| _pH2

From (3.1.3) and the monotonicity of A, we have

lun = AnAyn = pl* — llun — A Ayn — va®

lun = pI* = llun = vall* + 2Xn(Ayn, p — vp)

ln =l = llun — va?

+2A ((Ayn — Ap,p — yn) + (Ap,p = Yn) + (AYn, Yn — vn))
lun = plI* = llun = vall? + 220 (Ayn, yn — vn)

lun = plI* = llun = yall® = 2(un = Yo, Yo — vn) = llyn — val®
F2M (AYns Yn — Un)

lun = pI* = llun = yall = llyn — vall?

+2(up, — A AYn — Yn, Un — Yn)-

Moreover, from y, = Po(u, — A\ Auy,) and (3.1.2), we have

(U, — A Aty — Yy Uy — Yn) < 0.
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(3.1.8)

Since A is a-inverse strongly then A is also k-Lipschitz-continuous (k = é), from (ii) we see that

A < %, it follows that

<Un - )\nAyn — Yn,Un — yn> = <un - )\nAun — Yn, Un — yn> + <)\nAun - AnAyn, Up — yn>

So, we have

and hence

v,

< <>\nAUn — M AYn, vy — yn>

< Ankllun = ynllllvn = yall-

=l < e = 2l = llun = yall* = llyn — val®
+2Ankl[tn = ynllllvn — ynll
< lun =l = lun = yall* = lyn — vall?
A [un = yal® + [lon — yal|?
= Jun = pl* + Gk = Dllun — yal?
< Jun —pl?,

lon =pll < lun = pll < llzn = pll

Setting wy, = Bpzy + (1 — B,)v,. Thus, from (3.1.11) we have

[wn — plf?

IANIAN

1Bnwn + (1 = B)on — pl”

18 (25 = p) + (1 = Ba) (va — p)|I?

Bullzn = pl* + (1 = Ba)llvn — pI* = Bu(L = Ba)lzn — val?
Bullzn = plI* + (1 = Ba)llon — plf?

Buallzn = plI* + (1 = Ba)

|z —p||2-

B)llzn —p?

(3.1.9)
(3.1.10)

(3.1.11)

(3.1.12)
(3.1.13)

(3.1.14)



It follows that,

2o =Pl = llanan + (1 — an)Sw, —pl?
= [lan(zn —p) + (1 = an)(Swn — p)|?
= anllzn —pl® + (1 = an)[Swy = p||? = an(l — an) 2y — Swnl|?
< anllan = pl? + (1 = )| Swn — pl|
< anHwn_pHQ"‘(1_04n)Hwn_pH2
< agflzn = pl? + (1= an)llzn — p|

i — pII*.

So, we have p € C,4+1 and hence

F(S)NVI(C,A)nEP C Cp,

for all n € NU {0}.
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(3.1.15)

(3.1.16)

(3.1.17)

Next, we show that (), is closed and convex for all n € N. It follows obvious that C; = C is closed

and convex. Suppose that C), is closed and convex for each m € N. Let ¢; € Cp41 C (), with

c;j — z. Since Cy, is closed, z € Cy, and ||z, — ¢j|| < ||¢; — 2, ||. Then

1z — =]l

<

Taking 7 — oo,

lzm —¢j +¢j = 2]

lzm = ¢l + llej = 2|

lzm = 2| < |2 = 2.

(3.1.18)

Hence z € Cyq1. Let 2,y € Chy1 C Cp, with 2 = ax + (1 — )y where « € [0,1]. Since C,, is

convex, z € Cy, and ||z — z|| < ||z — 2ml|s |2m — ¥l < ||y — zm|, we have

lzm — 2]*

allzm —z|* +(1-a

IN

allzm — 2l + (1 - a

I IA

lwm — 2.

)
)

|xm — (ax + (1 — a)y)

lzm = (o + (1 = a)y)|?
la(zm — 2) + (1 = @) (zm — )|

Iz = ylI* — a1 = )| (2 — 2) — (2m — v)
lzm = ylI* = a(1 = @) ly — z|?

allzm — 2| + (1 = &)llzm — yl* = a(l = &)l (zm — @) = (Tm — )

I*

I?

I

(3.1.19)

Then z € Cp,41, it follows that C,,+1 is closed and convex. Hence C), is closed and convex for all

n € N. This implies that {z,} and {u,} are well-defined.

Since F'(S)NVI(C,A)N EP is a nonempty closed convex subset of H, there exists a unique

ue F(S)NVI(C,A)N EP such that

u = Pp(synvi(c,A)nEPT0-
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From z,, = P¢, o, we have

<x0 = Tn, Tp — y> > 07
for all y € Cy,. Since F(S)NVI(C,A)nEP C C,, we have

(xo — T, 2y —u) >0, (3.1.20)
for all u € F(S)NVI(C,A)NEP and n € N. So, for u € F(S)NVI(C,A)N EP, we have

0<(xop—xp,zp—u) = (Tg— Tn,Tyn —To+ To— Uu)

—(xy, — 0, Ty, — o) + (T — ZTn, To — u),

IN

—Ha:n—a:oH2+ng—anon—uH. (3.1.21)
This implies that
2o = znll* < [lzo — 2all w0 — ull,

hence
lzo — xpn|| < ||wo —wu| forall ue F(S)NVI(C,A)NEP and n € N. (3.1.22)

From z,, = Pc,xo and x,41 = P¢,, ., 20 € Cpy1 C Cy,, we also have

n+1
<fL’0 — Tny Tn — xn+1> > 07 (3'1'23)

for all n € N. So, for z,41 € Cp, we have, for n € N

0 <(xo—Tn,Tn — Tnt1) = (To— Tn,Tp — To+ Lo — Tnt1)

—(xy, — T, Ty, — o) + (T — T, T0 — Tnt1),

IN

~llzn = zoll* + llzo — zalllzo — a1l (3.1.24)

This implies that

lzo = 2]l < [lwo — @nllllzo — Zn4all,

hence
|lzo — znll < ||xo — Tpt1]| for all n € N. (3.1.25)

From (3.1.22) we have {z,} is bounded, lim, . ||z, — z¢|| exists. From (3.1.11) and (3.1.14), {u,},
{vn}, and {w,} are also bounded. Next, we show that ||z, — zp+1]| — 0. In fact, from (3.1.23) we

have

|2 — Zng1l? = (@0 — 20) + (20 — Tnt1)]?

= oo — zoll® + 2(xn — 0, T0 — Tns1) + |20 — Tnga |2
= H:L‘n - $0||2 + 2<33n —X0,T0 — Tp + Ty — $n+1> + HzO - xn+1||2

= |lzn — 2oll* = 2(mo — Tn, w0 — Tn) — 2(x0 — T, Tn — Tp41) + |0 — Tppa|?

IN

|l = z0]|* = 2l|zn — zo||* + llzo — 241 I®

~||@n = @0||* + [|T0 — Tnt1 || (3.1.26)
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Since lim,, . ||y — x0|| exists, we have that
lim ||, — zpt1]] = 0. (3.1.27)
n—oo

On the other hand, x,+1 € Cp4+1 C C), implies that

llzn — Znt1l] < || Tn — Tnga]l- (3.1.28)
Hence,
lim ||z — 2ng|| = 0. (3.1.29)
n—oo

From z,,+1 = Pc ., xp, we obtain

n+1

[Zn+1 — 2ol < ||z — 2o

for all z € Cp41 and all n € N. Since u € F(S)NVI(C,A)NEP C Cyy1 we have
|Tn+1 — xol| < [Ju — 0| (3.1.30)
all n € NU{0}. Since x, 1 € C),, we have
[0 = znll < [l2n = Znprll + l2nr — 2ol < 2)20 — 20|

By (3.1.27), we obtain

lim,, oo ||z, — 20 || = 0. (3.1.31)
Since
20 = zoll = |20 — an@n — (1 — an)Swyl| = (1 — an)||xn — Swall,
it follows by (3.1.31) that
lim,, oo ||2 — Swy|| = 0. (3.1.32)

From (3.1.12), (3.1.10), (3.1.6), we have

lwn =pl* < Ballen = pl® + (1= Ba)llvn = plI* = Bu(1 = Ba)llen — val?
< Ballzn = pl* + (1= Ba)un — plI?
< Ballzn = pl* + (1 = Ba)llen — plI* = 2rn(zn — p, Bxn — Bp) + 17| Bp — Bz %]

= ”l’n _pH2 - (1 - 571 2rn<$n —p, B, — Bp> + (1 - 571)7’721”3]? — Ba:n\|2
3227 B|| Bz, — Bp|| 4 (1 — B,)r2 || Bp — Bxy|?
Bn)rn(28 — )| Bp — Bay|?, (3.1.33)

<l —pl? = (1 -
= |lon —pl* = (1 -

and from (3.1.15), (3.1.33),we obtain

IN

Iz — ol anllzn = pll + (1 = an) wn — p|* (3.1.34)
anllen = pl? + (1 = an)[llzn = plI* = (L = B2)rn (26 — ra) | Bp — Banl|?]

||1'n _pH2 - (1 - an)(l - ﬁn)rn(Qﬁ - Tn)HBp - BwnH2 (3.1.35)

IN
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and hence

1

(1 —an)(1 = Bp)rn(28 — 1y
1

S A=) (A= BB — 1)

From (3.1.31), liminf,_,, 7, > 0, (i) and (ii), we obtain

1Bp — Ban|?

IN

) |Zn _pH2 — ||z —p”2

e — zall(len — pll + 120 — pl)). (3.1.36)

lim ||Bp — Buz,| = 0. (3.1.37)
n—oo

We note from the proof of Theorem 3.1 [9], that [ — 7, B is nonexpansive, for all n € N. Since 1},

is firmly nonexpansive and using Lemma 2.2.4 (2) and (3.1.6), we have

HTrn (v — rnBxy) — Ty, (p — "”an)Hz

lu — plI?

IA

((zn — rpBxy) — (p — rnBp), un — p)
S~ rBaa) — (0~ ruBp)I + o — p?
an — raBan) (b~ raBp) — (i~ p)|)

1
< 5(”3371 _pH2 + [Jun _pH2 — [(zn — up) = ro(Bry — Bp)||2)

1
= 5(”95'71 _pH2 + [Jun — p”2 — |lzn — “nH2 + 2rp{Tn — Un, Bxy — Bp) — rg”an - BpHQ)-
Thus, we obtain

[t — Pl < ll2n — Pl = ll2n — wnl|® + 20 (@n — tn, Bzn — Bp) — 12| By — Bp|?.  (3.1.38)

From (3.1.15), (3.1.13), (3.1.11) and (3.1.38) we can calculate

lzn =P = llemllzn —plI* + (1 — an)llwn — plI?
< apllzn = plI* + (1 = an) [Ballzn — plI” + (1 = Ba)llon — pl°]
< apllza — plI* + (1 = an)Ballzn — plI* + (1 = an) (1 = Bo)llun — pl?
< anllzn = pl? + (1 = ) Ballzn — plf?
+(1 = ) (1 = Bo)lllan — plI? = |20 — ual?
+2rp (2 — U, Bz, — Bp) — r2||Bx,, — Bp|?] (3.1.39)
< lwn = pl? = (1= an)(1 = Ba) a0 — unll?
+(1 — an)(1 = Bn)2r||zn — un||| Bz, — Bp||, (3.1.40)

by (i), it follows that

(1 —a2)(1 —ag)llon —unll® < (1 —an)(l—B)llan — unl?
< lzn = pl* = llz0 = plI?
+(1 = an)(1 = Bn)2rnllzn — unlll| Bxn — Bpl|
< len = zoll(ln = pll + 120 — pll)

+(1 = an)(1 = Bn)2rn||@n — unll||[ Bxn — Bpl|.



From (3.1.31), (3.1.37), (i) and bounded of {x,} and {u,}, we have
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lim ||z, — uy| = 0. (3.1.41)
n—-m~oe_o
Since liminf,,_ .. 7, > 0, we obtain
— 1
lim |22 = lim —|an — up] = 0. (3.1.42)
n—m-aeo n —00 T’n
Next, we show that lim,, . ||un, — yn|| = 0. Consider,
lyn = 2I* = 1 Po(un — AnAun) — Po(p — AnAp)|I?
< [(un = ApAun) — (p — )\nAP)HQ
= |[(un = p) = An(Auy — Ap)|?
= ||un - p”2 - )\n<un - D, Auy, — Ap> + )\iHAun - Ap||2
< len = pl* — 228l Auy — Ap||* + A2 || Au, — Ap?
= an = plI> + An(An — 20)|| Auy, — Ap||*.
From (3.1.15), (3.1.12), (3.1.11) we have
lzn = pI? < amllan —pl* + (1= o) lwn — pl|
< apllen _pH2 + (1 - an)[ﬂnuﬁn - p||2 + (1= Ba)llvn — pH2 — Bn(1 = Bn)llzn — UN||2]
< apllwy, _pH2 + (1 — an)[Bnllzn — pH2 + (1= Bu)llzn _pH2 — Bn(1 = Bn)l|zn — Un”Q]
< apllwy, _pH2 + (1 = an)[l|7n — pH2 — Bn(1 = Bn)llzn — UnHQ]
= Hxn - p||2 - (1 — Qp /Bn(l - ﬁn)“xn - 'UnH27 (3'1°43)
from (1), it follows that
(1 —a2)ar(1 — az)||zn — ”nHQ < (1= an)Bu(l = Bu)ll7n — UnH2
< lzn = pl* = llzn — plI?
< Nzn — zall(lzn — pll + Iz — pll)-
From (3.1.31) and (ii), we have
lim |z, —v,| =0. (3.1.44)
n—-m~oo



For p € F(S)NVI(C,A)NEP, from (3.1.15), (3.1.13), (3.1.11), (3.1.9) we obtain

lzn —plI> < anllzn —pl* + (1 = an)|lw, — pl|?

< apllza — plI* + (1 = an)[Ballzn — plI> + (1 = Ba) v — plI°]

= anllzn —pl* + (1 = an)Bullza — plI* + (1 — an) (1 = Ba) o — plf?

< apllze — plI* + (1 = an)Bllzn — pl* + (1 — an) (1 = Bo)[[lun — pl?
+OARE? = D)Jun — ynl?]

< anllzn = pl* + (1= an)Ballen — plI* + (1 — ) (1 = Ba)[llan — pl*]
+(1— ) (1= ) Aok? = 1)t — ya?

< anllzn = pl* + (1= an)Ballen — plI* + (1 — ) (1 = Ba)[ll2n — pl%]

+(1 = an)(1 = Bu) ARk? = 1)l|un — ynl|?
= lzn =l + (1 = an) (L = Ba) Ak = Dlun — ynl*.

Therefore, we have
1

(1= an)(1 = Ba) (1 = AZK?)
1

[un —ynll < (lzn = pII* = |20 = pII*)

20

= U —an(l =) =22k (lzn = 2l + 20 = D lzn = pll = 120 = pl)

1
A= anyd= s =z 1on — 2l iz =Pl +llzn = pl)-

So, by (3.1.31) we obtain
lim ||u, — yn|| = 0.
n—-mmoeo
Since ||z, — Ynl| < ||Tn — unl|| + ||tn — ynl|, from (3.1.41) and (3.1.45) we also have
lim ||z, — yn|| = 0.
n—-mmoeo
We note that ||y, — vl < [|[yn — Znl| + |20 — va||. From (3.1.44) and (3.1.46), we obtain
lim |vy, —ynl =0.
n——-maoeo
Since
|wn —znll = [|Bnwn + (1 — Bn)vn — 24|
= (1= Bu)llvn — 2l

From (3.1.44), we have

lim ||w, — x| = 0.
—00
Note that
[Sun —unll < [|Sun — Swa|| + [[Swyp — @p| + [|2n — un|
< lun = wal| + [1Swn — zpl| + |20 — un|
< lun = 2ol + llzn — wall + |Swn — 20|l + (|20 — ual|

2)|lzn — unll + |75 — wn|l + [[Swn — ]|

(3.1.45)

(3.1.46)

(3.1.47)

(3.1.48)
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From (3.1.32), (3.1.41) and (3.1.48), we obtain

limy, o0 || St — Un || = 0. (3.1.49)

Since {uy, } is bounded, there exists a subsequence {umj} of {uy,} such that Un; — w. Without
loss of generality, we can assume that u,,, — w. Since C is closed and convex, w € C. We first show
that w € FP. It follows by (3.1.53) and (A2) that

1
<B$n7y - Un) + 7<y — Un, Un — xn> > F(yaun)

Tn
and hence
(Bn,,y — tn,) + (y — tn,, “”T;:”U > F(y, un,) (3.1.50)

n;
Put yy =ty + (1 —t)p for all ¢t € (0,1] and y € C. Thus, we have y; € C. So, from (3.1.41), we have
<yt - un“Byt> - <yt - univByt> =0=> _<yt - unszxn1> - <y = Un,, M) + F(yaunl)

T"i

and hence

<yt - untyt> Z <Z/t - Uni7Byt> - <yt - ’U,n“B.%'nz> - <y - umw %> + F(y7u’nz)

= (Yt —Un;, Bys — Bun,) + (Y1 — tn,, Bun, — Bay,) — (y—un,,
Since ||un, — Tp,|| — 0, it follows that ||Bu,, — Bxy,| — 0. Further, from monotonicity of B, we get
(Yt — un;, Byt — Buy,) > 0.
So, from (A4), we have
(yr —w, Byy) > F(y, w), (3.1.51)
as 1 — oo. From (A1), (A4) and (3.1.51), we have
0= F(yey) < tF(ye,y) + (1 = ) F (s, w) < tF(ye,y) + (1 —1)(ye — w, Byy)
< tF(ye,y) + (1 =)y — w, Byy)

and hence 0 < F(y,y) + (1 — t)(y — w, By;). Letting ¢t — 0, we have for each y € C, 0 <
F(w,y) + (y — w, Bw). This implies that w € EP. Next, we show that w € F(S). Assume that

w # Sw. From Opial’s condition and ||Su,, — uy,| — 0, we have

liminf ||u,, —w| < liminf ||u,, — Sw|| = liminf ||(u,, — Sun,) + (Sun, — Sw)||
1—00 1— 00 1—00

= liminf ||Su,, — Sw| < liminf ||u,, — w||.
1—00 1—00

This is a contradiction. So, we have w € F'(S). Therefore w € F'(S) N EP. Finally, we can show that
w € VI(C, A). Define,
Av+ Neov, veC,
Tv =
0, véC.
Then, T is maximal monotone. Let (v,u) € G(T). Since u — Av € Ngv and v, € C, we have

(v —vp,u — Av) > 0. On the other hand, from v, = Po(u, — A\pnAyy), we have (v — vy, v, — (uy —
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AnAyr)) > 0, and hence, <U — Up, B+ Ayn> > (. Therefore, we have

<U - Um?u> > <U - Uni,AU>

(v —vp,, Av) — <v — Up,,

Up,; — Un,

Aoy

v

+Ayni>
- v—vm,Av_Aym_%_“m>
An;
= <U_Unz”AU—AUni>+<U—Uni,AUni—Ayni>—<'U—Uni’vni)\_uni>
n;

U, — Un,
> (V= Uy, Avp, — Ayn,) — <U — Uny» )\>’
ng

Since limy,,—o ||vn —up || = limy,— o0 ||vn —yn|| = 0, un, — p and A is Lipschitz continuous, we obtain
that lim,,_, ||Avy, — Ayy|| = 0 and v,, — p. From liminf, .. A, > 0 and lim,,_ . ||vn, —uy|| =0,
we obtain

(v—2z,u) >0.

Since T is maximal monotone, we have z € T~!0 and hence z € VI(C, A). Hence, we have z €
F(S)NVI(C,A)N EP(F). Finally, we show that z,, — z, where z = Pp(g)nv1(c,4)EP(F)To- Since
xn = Po,x0 and z € F(S)NVI(C,A) N EP(F) C Cy, we have |z, — zo|| < ||z — xo||. It follows

from 2’ = Pr(s)ynvi(c,aAnepr)To and the lower semicontinuity of the norm that
|2 — o]l < ll2 — ol < liminfy—oclln, — xo]| < limsup; _llen, — xo]l < |12’ — 2ol

Thus, we obtain that limy_, o ||2n, — Zo|| = ||z — 20|l = ||z’ — x0||. Using the Kadec-Klee property of

H, we obtain that

. /
lim; ooy, =2 =2".

Since {z,,} is an arbitrary weakly convergent subsequence of {z,}, we can conclude that {z,}

converges strongly to z, where z = Pr(1) v (c,A)nEP(F)Z0- 0

Theorem 3.1.2. [2] Let C' be a nonempty closed convex subset of a real Hilbert space H. Let
A : C — H be a-inverse strongly monotone of C' into H and let S be a nonexpansive mappings from
C' into itself such that F'(S) N VI(C, A) # 0. Let {z,}, and {y,} be sequences generated by

x1,u € C chosen arbitrary,
Yn = Po(xn — A\pAxy), (3.1.52)
Trst = Butn + (1 B)S(ann + (1 = an) Pol@n — AnAya)), ¥ > 1,

where {a,}, {Bn} C [0,1], {A\n} C (0,1) satisfy the following condition:

(CD) limy, o0 = 0, X520y, = 00,

(C2) 0 < liminf, o Bp < limsup,, o Bn < 1,

(C3) {22} C (7,1 — §) for some 7,6 € (0,1) and lim, oo A\, = 0.
Then {z,} converges strongly to Pr(s)nvi(c,A)u-
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Theorem 3.1.3. Let C' be a nonempty closed convex subset of a real Hilbert space H. Let F be
a bifunction from C' x C into R satisfying (A1)-(A4) and let A be an a-inverse-strongly monotone
mapping of C' into H and let T" be a strictly k-pseudocontractive mapping of C' itself. Let S be a
nonexpansive mappings from C into itself such that F(S)NEP # (). Let the sequences {x,} and {u,}
be generated C1 = C' C H, z1 = Poxo;

Uy € C,

F(tn, y) + (I = T)&n, y — tn) + 7= (Y — tn, un — ) >0, Vy € C
Yn = Po(up — A\pAuy),

Zn = anZy + (1 — o) S (B + (1 — Bn) Po(un — AnAyy)),

Cryr={z € Cn:llzn — 2| < |lwn — 21},

(3.1.53)

Tn+1 = Pco,+170, n €N,

where u, = Ty, (x, — rp,Bxy,) and {r,} C (0,00). Assume that the control sequences {ay,},{3,} C
[0,1], {\n} C (0,2cr) and satisfy the following conditions:

() 0<a<apB,<b<l,
(ii) 0 < c < A\, <d < a, for some a,b,c,d € R,

(#47) liminf, o Ay, > 0 and liminf,, . 7, > 0.

Then {z,} converges strongly to Pp(s)ngpTo-

Proof A strictly k-pseudocontractive mapping is 1;“ -inverse strongly monotone. So, from Theorem

3.1.53, we obtain the desired result. d

3.2 Extragradient Method for Generalized Mixed Equilibrium Problems and Fixed Point Problems
of Finite Family of Nonexpansive Mapping

In this section, we derive a strong convergence of an iterative algorithm of extragradient viscosity
method which solves the problem of finding a common element of the set of solutions of a generalized
mixed equilibrium problem, the set of fixed points of a family of finitely nonexpansive mappings and

the set of the variational inequality for a monotone, k-Lipschitz continuous mapping in a Hilbert space.

Theorem 3.2.1. Let C' be a nonempty closed convex subset of a real Hilbert space H. Let © :
C x C — R be a bifucntion satisfying (A1)-(A5) and ¢ : C — R U {400} be a paper lower
semicontinuous and convex function. Let F' be a (3-inverse strongly monotone and A be a monotone
and k-Lipschitz continuous mapping of C' into H. Let {T7,T5,...} be a family of infinitely k;-
strictly pseudocontractive mapping of C' into itself, such that 0 < v, < b < 1, for every i = 1,2, ...
and Q = N, F(T;) NVI(C,A) N GMEP(F,p) # 0. Let {S,} be the S-mapping generated by
{T1,Ts,..., Ty} and agn),aén), . .,ag\?). Assume that either (B1) or (B2) holds, let {z,}, {u,} and
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{yn} be sequences generated by;

(

r1=x€C

O(un,y) +¢(y) — p(un) + %(y = Un,Un — (2 —TF2y)) 20, Vyel 3B.2.1)

Yn = Po(un — ynAuy)
Tn+l = anf(xn) + /ann + (1 — Op — 6n)SnPC(un - 'YnAyn)

where f is contraction of C' into itself with o € (0,1) and {o,}, {8} and {v,} are sequences in

(0,1), {rn} € (0,00) are satisfy the following condition:
(i) limy o0 0y = 0 and >"77 j ay = 003
(i) 0 < liminf, o Bn < limsup,,_,o Bn < 1;
(iii) liminf, oo 7, > 0 and limy, o0 |71 — 70| = 0;

(iv) limy, 00 Y0 = 0;

(v) 0 < 7T <20
i) o9 — 6™ 0 and [0 — a9 50 as n— oo, forall je{1,2,... N}

Then the sequence {z,} and {u,} generated by (3.2.1) converges strongly to zy € €2, where zp =
Po f(z0).

Proof. Put t,, = Po(u, — ynAyy) for every n € N. First, we prove that the sequences {z,}, {u,},
{yn}, {tn}, {Axn}, {Aun}, {f(x,)} and {Ay,} are bounded. Let z* € 2 and let {7}, } be a sequences

of mapping defined as in Lemma 2.2.5 the z* = T,.(z* — rFz*). From u,, = T,(x,, — rFx,), we have

|un — 2*||* = ||Tp(zp — rFzy,) — Tp(z* — rF2*)|?
< |z —rFz,) — (z* — rFz*)|]?
= |l(@wn —a*) = r(Fan — Fa*)|?
= |l&, —2*||? = 2r(Fz, — Fz*,z, — 2*) + r?||Fz, — Fz*|
< Nlap — z*||* = 2rB||Fz, — Fz*||* + r?||Fx, — Fz*|?
< Nlan —z*||* + r(r — 20)||Fz,, — Fz*|? (3.2.2)
< lzn — 2|2 (since r < 23) (3.2.3)
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From (3.1.3) the monotonicity of A and z* € VI(C, A), we have

ltn = 2*1* < llun — WmAyn — %[> = lun — nAyn — tal?
= lun — 21> = lJun — tal* + 290 (Ayp, 2" — tn)
= lun — 2|1 = [[un — tall® + 270 ((Ayn — Az*, 2% — yn)
+(Az", 2" = yn) + (AYn, Yn — tn))
+ 290 (AYn, Yn — tn)

IA

= @™ [[* = [lun — ta?

IN

n — 21> = fltn = ynll* = 2(un = Y, Yo — tn) — lyn — tu?
+2’7n<Aynayn - tn>

= Hun - x*”Q - ”Un - ynH2 - Hyn - th2 + 2<Un - 'YnAyn — Yny tn — yn>

Further, from y,, = Po(u, — v, Auy,) and A is k-Lipschitz continuous, we have

<un - VnAyn — Yn, tn - yn> = <un - 'VnAun — Yn, tn - yn> + <'7nAun - "YnAyru tnyn>
S <7nAun - PYnAyn; tn - yn>
< kllun = ynlllltn = ynll-

So, we have

ltn =21 < flun = 21 = llun = gall? = llyn = tall* + 2vkllwn = yalllltn — ynl

< un = 2 = Jun = ynll* = llyn — tall® + 72k un — ynl® + [tn — ynll®
= lun —2*1* + (k= Dllun — yal?
< un — 2%, (k* —1<0). (3.2.4)

From (3.2.1), (3.2.3) and (3.2.4), we have

[Znt1 — 2% = [lanf(2n) + BnTn + (1 — an — Bn)Sntn — 27|
< Oén||f($n) - JI*H + ﬁonn - $*” + (1 — Op — /Bn)HSntn - x*H
< anllf(zn) = 2| + Bulln — 2| + (1 — an — Bo)lltn — 27|
< anllf(@n) = @) + anllf(zn) — 2% 4 Bullon — 27|
+(1 — Qp — ﬁn)”fcn - ZL‘*H
< anallzn — 2| 4 anl[f(@n) — 27| + (1 — an)|lzn — 27|
= (1= anll = a2+ a1 - an) L
< max{r, — o), LT,
< maX{”l‘l—Jj*H,Hf(m*)_m*H}

l—«
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Hence {z,} is bounded, we also obtain that {¢,,} and {u,} are bounded. From vy, = Pc(u, — ynAuy,)

and the monotonicity and the Lipschitz continuous of A, we have

lyn —a*1* = | Pe(un — ynAun) — Po(z* — yuAz”)|?

IN

|wn — YnAup — (2* — ’YnAx*)”z

|tun — 2*||? = 2yn (Au, — Az*, u, — %) + 2| Au, — Az*|)?

IN

Hun - x*Hz + ’}/ZkH’u,n - x*HQ

(1+ 72k |lun — 2*||? (3.2.5)

Hence, we obtain that {y,} is bounded, it follows that {Ax,}, {Au,}, {Ay,} and {f(x,)} are

bounded. Now we prove that lim, o ||Zn+1 — 2| = 0. Consider,

[tni1 —tall = [[Po(unt1 — Yat+14Ynt1) — Po(un — v Ayn)||
< [(Ung1 = Y1 AYna1) — (Un — Y Ayn) ||
< (w1 = un) = Yt 1A4Yn+1 — Yt 1AYn + Vo1 AYn + Y Aynl|
< luntr = un |l + yogrllAtng 1 — Aun |l + Yo 1| Aunl| + Yol Aun|
< luntr — unl + o1 lluntr — unll + Yot [ Avnll + Yol Aun|
< lungr = unll + (2941 + ) Ma, (3.2.6)

when M > sup{k|unt1 — un|| + || Auy||}. Since F is (B-inverse-strongly monotone and r < 23, we

have for all z,y € C

(I =rF)z— (I =rF)y|* = |l(@—y)—r(Fz—Fy)|*
|z = yl* = 2r(Fz — Fy,x —y) +r*|| Az — Ay|®

< o —yl? - 20| Az — Ay|* + || Az — Ay]®
< lz =yl +r(r - 20)]| Az — Ayl
< o -yl

then I — rF' is nonexpansive. From w,, = T,(x,, — rFx,), we get

|tni1 —unl = [|Tr(Tnr1 — 7F2n11) — Tr(2n — 7F20)||
< |(I=rF)epyr — (I —rF)xzy,|
= ||zpnt1 — xnl|- (3.2.7)

From (3.2.6) and (3.2.7), we obtain that

||tn+1 - th < Hq:n+1 - xn” + (27n+1 + ’Yn)Ml
= ||Znt1 — 2l + cn, (3.2.8)

where ¢, := (2941 + Vo) M. Since lim,, o v, = 0, we have lim,_, ¢, = 0. Next, we show

lim ||Sp+12n — Spanll = 0.
n—oo
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For k € {2,3,..., N}, we have

k k
||Un+1,kxn - Un,kan = Hal ' TkUn+1,kxn + a;H_L Un—l—l,k—lxn + Qg

IA

IN

IN

n+1 n—i—l,km

n

n,k n,k n,k
—ay" " TpUp p—12n — " Uy 12y — 05" Ty ||

k
= 4T U1 120 — TeUp —120)

n+1,k n,k
+(oy — oy ) TR Un 120

+(ag+1,k _ ag’k)xn + Oégﬂ’k(UnH,k—wn — Uppo1n)
+ay ™ = ay YU |

@?H’k Unti1k—12n — Uy 125 + !OA?H’k — a?’kl|]TkUn7k,1an

Had ™ — Mzl + 5T — o F U g1zl

+ay T U1 ko1 — Un 1|

(@ + ol ) U o 1n — U1 2|

Haf T — @ M| Tk U j—1 20|

Hag T — Mz + s T — o F | Un gl

1 Unt1k-12n — Up g1l + [T — o8 * | ToUp o1 |

+Hag ™ — o lzall + (@ = o T 4 ol — ol T Un o1zl

1Un+1,k—1%n — Unp—12nl| + IO/fH’k - a?’k|||TkUn7k_1mn|]

Hag T — o F| [l + ) — o) T[T 12|

Hoag " — o T[T ko2

Ut 16120 — U gem1@all + o7 = o (1 TeUn em120]| + 1 Un go-120l])

o™ — (|2 | + | Ung—12a])) (3.2.9)

By (3.2.9), we obtain that for each n € N

||Sn+1xn - Snan

From condition (iv) [|a

= ||Un+1,N$n_ n,anH

N
< U112 = Unazal + Y 1o = (1 TjUnj 12
Jj=2
N
HUnjazall) + D a5 — a7 [(|lznl| + 1Unj-12nl])
j=2
N . B
= Joy ™ — ol Timn — @l + D ot — o) (| T3U jo 120
j=2
N
17‘ "
HUnjrzall) + D o — a3 (|| + [Unj—12nl])
j=2
n+l,j

1

o) =0 and | — al?| — 0], we obtain

m | Spp12n — S = 0. (3.2.10)
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Similarly
lim ||Sp41tn — Sntnl = 0. (3.2.11)
n—oo
Let 211 = Bnzn + (1 — By) 2z, then we have
5 _ Tn+1 — ﬂnxn _ anf(xn) + 5715571 + (1 — Op — /Bn)sntn - ﬁnxn
" 1- ﬁn 1- ﬁn
_ Oénf(ffn) + (1 — Op — Bn)Sntn
1- ﬂn .
We consider,
B Oén—l-lf(xn—i-l) + (1 — Op41 — ﬁn—H) n+1tn+1 Oénf(xn) + (1 — Op — ﬁn)sntn
Zn+l — Rn = -
1-— bn+1 1- ﬁn
Qp41 (679
- (—nTL — Spo1t — St
(1 ~ B f(Tny1) 1_ ﬂnf(xn)) + Ont1tnt1 nln
(679 Ap41
—— Sty — ———— S, 1t
+1*ﬁn nin 1*ﬂn+1 n+1n+1
«
niﬂ(f(xwrl) - SnJrlthrl) (S ln — Oénf(ffn) + Spt1tnt1 — Sntn)-
1-— ﬁn+1 1-—- ﬁn
Then from (3.2.8), we have
Qnt1
lznt1 — 2zl < ——f(@ny1) = Snprtng1|l + —— HS tn — f(zn)|| + |Snr1tns1 — Sntal|
1 — Bnt1 1
Op41
< ——|f(xnt1) = Snritnial + —5- HS tn — f(zn)]|
11— Bn—I—l 1
| Snr1tntr — Sngatall + [[Sptatn — S tn”
On+1
< 1n7+”f(xn+1) — Spt1tnt1]] + Hf(xn) Sntal|
- Bn—f—l
Htns1 — tall + |Snt1tn — st
Op+1 n
< —0T — St — Spt
= 1- Bunt 1f (@n+1) 1t + 1-3, 1f (@n) nin|
+||Snt1tn — Sntall + [[Tnt1 — zn|| + cn.
It follow that
Ap41
lznt1 = 2ol = |Tnt1 — 2nll < —F—1f(Tns1) — Sntrtntall + Hf(xn) Sntnl
1 — Bnt1
+||Sn+ltn - Snth + cn
From (i), (3.2.11) and lim,, .o ¢, = 0, we have
limsup(|[zn+1 — 2n|| = [Tnt1 — 2al|) < 0.
n—oo
By Lemma 2.2.6, we have
lim ||z, — 2,/ = 0.
n—oo
Note that
[Zn+1 — Znll = 1Bazn + (1 = Bn)zn — wall = (1 = Ba)llzn — zall
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Consequently,
lim ||zps1 — xn|| = lm (1 = 5,)]|zn — 20| = 0. (3.2.12)
n—oo n—oo
Consider,
[Sntn — @nll < [|Tnt1 — Zull + [[Zns1 — Sntall

VAN

< lznsr — 2ol + anllf(2n) — zall + BallSntn — o0,

it follows that
(1= Bu)llSntn — zoll < [|[Tnt1 — zoll + anll f(2n) — 20|

and hence
1
|Sntn — 2n|| < ——(|Tn+1 — znll + | f(zn) — 4]])
1- /Bn
From (i), (#i) and (3.2.12), we obtain
lim ||Spt, — zy| = 0. (3.2.13)
n—oo
Next, we prove that
lim ||z, — uy| = lim |u, —t,|| = lim |Ju, — ynl| = 0.
n—oo n—oo n—oo

For z* € () we obtain that

lzns1 —a*| = llanf(@n) + Bazn + (1 = an — Bn)Suty — 2*||?
< anllf(@n) = 2" + Bullon — 2*[1* + (1 — an — Bp)l|Sutn — 2|
< anllf(@n) = 2" + Bullon — 21 + (1 = an — Bp)lltn — 27|
< anllf(@n) = 2% + Bullon — 2*[1* + (1 = an = Bn)[llun — 2™
+(nk? = Dllun = yall?]
< anllf(@n) = 2" + Bullzn — 2*(* + (1 = an — Ba) |z — 2™

+(1 = an — Bn) (vk? — Dllun — ynll?, (3.2.14)

it follows that

*H2

s ol f@n) — 224 (1= )l — @2 [fgnis —
lun —yall? < ak
(1= an — Ba)(1 — 124

n(llf @n) = 12 = llan = *112) | low = @) = fonss — 2°)
(1= an = Bu)(1 = 724) (1= an — Ba)(1 - 1247
(£ @) = 22 = an = 2*12) o = zall (o — 2] + [#ns1 = 2*])
- (1= an = Ba)(1 = 72k?) (1— an — Bn)(1 —2K2)

From () and (3.2.12), we have

lim |lu, — ynl| = 0. (3.2.15)
n—oo
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By the same argument as in (3.2.3), we also have
ltn =217 < lun = 21” = llun = yall* = lyn = tall* + 270kllun = yallltn — yal

n — 212 = [ = ynll* = yn — tall® + llun — yull® + Y2k 1t — ynll?
= fun —2*? + (2K = 1) — |lyn — ta] . (3.2.16)

IN

From (3.2.14) and (3.2.16), we have

|21 =2 = llanf(@n) + Bazn + (1 = an = B) Sty — 2|
< anl|f(@n) = | + Bullwn — 2*(1* + (1 — an — Ba) | Sty — 2*||?
< anlf(@n) = 2| + Bullwn — 2P + (1 — an — Ba) | tn — 27|
< anllf(@n) = 2|+ Bullen — 2™ |* + (1 = an — Ba)[[lun — 2™
+(mk? = 1)llyn — tal’]
< apl|f(@n) = 2| + Bullwn — 2P + (1 — an — Ba) zn — 2*||?
+(1 = an = Bn) (k® = Dy — tal|?
and hence
g — a2 < an(l|f(@n) = |* = llzn = @*|") | Jlon = 2| = @nss = 2|
(1 —73k?) (1= 3k?)
< anlllf(n) = 2| = [lon — 2|%) o Nenir = zafl(flon = 27l + llons — 27
- (1 —77k?) (1 —77k?)
From (i) and (3.2.12), we obtain
lim ||y, —t,| = 0. (3.2.17)
n—oo
Note that
lun — toll < lun — Ynll + |Yyn — tull = 0 as n — oo. (3.2.18)

From A is k-Lipschitz continuous, we have ||Ay, — At,|| = 0. From (??) and (3.3.32), we have

|zns1 =21 = Non(f(@n) = 2%) + Balzn — %) + (1 — an — Ba) (Sntn — 27)|?
< anll(f(@n) = ) + Bullzn — 2*|1* + (1 = an — Ba)l|Sutn — |
< anll(f(@n) = )P + Bullzn — 2|12 + (1 = an — Ba)lltn — 2|
< anll(f(@n) = 2P + Ballzn — 271 + (1 = an = Bo) un — 2|
< anll(f(@n) = )P + Ballzn — 2** + (1 = an = Ba)lllzn — 2™

+r(r —208)||Fx, — FJ:*HQ]
anl|(f (@n) = 2)° + |20 — 2*[]* + (1 — o — Bu)r(r — 28) | Fay — Fa*||?,

IN

it follows that
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(1= on = Bu)r(r = 2B) || Fap — Fo*||* < onl|(f(2n) — 2*) |7 + 20 — 27| = |l#nss — 27|
< onll(f(@n) = )2 + l2nsr — zall(lon — %[ + 2 — 2*]).

From (¢) and (3.2.12), we get
lim ||Fz, — Fz*|| = 0. (3.2.19)
n—oo
Since T, is a firmly nonexpansive for x* € (), we have

||l un — ac*||2 = ||Sp(xp — rFxy,) — Sp(z* — rFac*)H2
< (xp —rFz,— (2" —rFz*),u, —x¥)
1
= §(||$n—TF$n—($* —rFa®)|? + |lup — 2"

—|xp — rFay — (2% — rFa™) — (u, — z*)H2)

1
< (llan - 2| + fJun — 2*[]* = |20 — un — 7(Fzn, — Fa2*)|?)
1 X
< glllzn—2 1 + llun — 2] = (|20 — unll® + 2r(Fan — Fa*), 2, — up)
—7"2HF$n — Fm*H2)
It follows that
ltn — 22 < ln — 2*2 — ln — unl® + 2] Fan — F2* || — un]l (3.2.20)
Note that
| Tns1 — x*HQ = |lan(f(2n) —2%) + Bn(zn — %) + (1 — oy — Bn)(Sutn — x*)HQ
< anl|(f(@n) — )17 + Ballen — 21 + (1 — an — Bn) || Sntn — *||
< ol (f(n) = 2P + Ballen — % + (1 — an = B llltn — 2*|?
< an||(f(@n) — )17 + Bollen — 21 + (1 — an — Bo)[l[lun — =17
< an||(f(zn) — x*)H2 + BallTn — m*Hz + (1 = an — Bo)lllzn — x*Hz

—l|@n — unl® + 27| Fp — Fa*||||an — ual]
anl|(f(zn) — x*)H2 + (1 = ap)[|zn — x*”Q — (1 = an — Bp)l|zn — “nH2

+2r||Fay — F2*||||vn — unll,

it follows that

(1= an — Bn)llzn — un||2 < anll(f(2n) — m*)HQ + [Jon — x*HQ — [|Tns1 — x*HQ

+2r|[Fan — Fa*||[lzn — unl|

IN

anll(f(zn) = 2)* = ll@ns1 = 2all(l2n — 2l + 2nsr — 27[1)

+2r||Fz, — Fz*||||xn — un]|-
From (i) (3.2.12) and (3.2.22) , we obtain that

lim |2, — || = 0. (3.2.21)
n—oo
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Since

[Snun —unll < [|Snun — Sptnll + |Sntn — zull + |20 — un|

IN

|un = tall + [1Sntn — zoll + |20 — un |-

By (3.2.11), (3.2.16) and (3.2.21), we have

lim || Spun — un| = 0. (3.2.22)
n—oo

Consider,
[Stwn — un || < [|Sun — Spunl| + [[Sntn — unl|.

By Lemma (2.2.11) and (3.2.22), we get
lim || Stn — || = 0. (3.2.23)
n—oo

Next we show that

lim Sup<f(20) — 20, Tn — ZO> S O)

n—oo

where zp = Pqf(z0). To show this inequality, we can choose a sequence {z,,} of {z,} such that

lim <f(20) — 205 %n; — $*> = thllp<f(Zo) — 205%n — ZO>'

1—00 n—00

Since {zy,} is bounded, there exists a subsequence {zn, } of {n,} such that x,, — w. Without loss

of generality, assume that z,, — w. Consider, for all z,y € H,

[1Pr(I — A)x — Pr(I — A)y|

IN

I(I = Az — (I = A)y]|
< = Affllz =y

< (A=plz -yl

A

Hence P (I — A) is contraction and has a unique fixed point, say z* € ). That is, z* = Po(I — A)(z*).
We next prove that w € GM EP. By u, = S.(z, — rFz,), we know that

1
@(Umy) + <p(y) - go(un) + ;<y — Up, Up — (xn - ""Fl'n» >0, vy e C.

It follows from (A2) that

1
o(y) — o(un) + ;(y — Up, Uy — (T — T F2y)) > O(y,un), Yy € C.

Hence,

Un; — (n;, — 7Fyp,)

L) = plim) + - (y — -

For t € (0,1] and y € H, let y, = ty + (1 — t)w. From (3.2.24) we have

U, — (Tn, — T FTy,)

)+ Oy, un,)

(e —unis Fye) = (Y — tng, Fye) — 0(Y) + Pu,) — (Y — tny, "
= <yt - univat - Fu'fleuni - me) - @(yt) + Sp(um)
Unp

. — T
_<yt _uanan +®(y7um)
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Since ||un; — zp,|| — 0, we have ||Fu,, — Fx,,|| — 0. Further, from the inverse strongly monotonicity

uni

of o, # — 0 and u,, — w weakly, we have
(ye —w, Fy) = —p(yi) + p(w) + O(yr, w), Vy € C. (3.2.25)
From (A1), (A4), and (3.2.25), we also have

0 = Ouy) +e(y) — o(u)

< Oy y) + (1 =)0 (y, w) + te(y) + (1 — t)p(w) — ()

= Oy, y) + v(y) —e(y)] + (1 =[O (yr, w) + o(w) — ©(y1)]
< O y) + o(y) — e(y)] + (1 = ) (ye, w, Fyr)

< O, y) + (y) — ()] + (L — ) (y, w, Fyr)

and hence
0<O(y,y) +v(y) —p(ye) + (1 = t){y — w, Fyy).
Letting t — 0, we have, for each y € C
O(w,y) +¢(y) — p(w) + (y —w, Fw) > 0.
for all y € C' and hence w € GM EP(F, p).

(b) Now we show that w € VI(C,A). For this purpose, we define a set-valued mapping
T:H — 21 vy

Awq + Newy  if wy € C,
0 if wy & C.

Tw1 =

where Now; is the normal cone to C at w; € C. We have already mentioned that in this case the
mapping 7 is maximal monotone, and 0 € Twy if and only if wy € VI(C, A). Let (wi1,g) € G(T).
Then Tw; = Aw; + Neow; and hence g — Aw; € Now;. So, we have (w; —t,g — Aw;) > 0 for all
t € C. On the other hand, from ¢,, = Po(u, — ¥ Ay,) and wy € C' we have

<un - 'YnAyn —tp,tn — w1> >0

and hence

(w1 — tn, 2702 1 Ayy) > 0
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Therefor, we have

<w1 - tnmg> S <w1 - tni’ A’LU1>
tn, — Unp,
g <’lU]_—tni,A’LU]_>—<’LU]_—tni,u+Aynz>
n;
tr, — Uy,
- <w1 - tmaAwl - Aynl - u)
Tn;
tp;, — Un;
(w1 — tp,;, Awy — Aty, + Aty, — Aypn, — )
Tn;
tp, — Un,
= (w1 — tpn,, Awy — Aty,) + (w1 — ty,, Atpn, — Ayn,) — (v — tn,, )
n;
tp; — Un,;
< <w1 - tnwAtm - Aym) - <w1 - tm? >

Hence we obtain (w; —w,g) >0 as i — oo. Since T is maximal monotone, we have w € T-10 and
hence w € VI(C, A).

(C) We next show that w € F(S) = ﬂfvzl F(T;). Suppose the contrary, w ¢ F(S). Since

up, — w and w # Sw, from the Opial’s condition we have

7
liminf ||u,, —w| < lminf ||u,, — Sw||
1—00 71— 00

= liminf ||up, — Sup, + Sun, — Sw||
71— 00

< lminf [un, — Stn, | + |Stin, — Suw]
71— 00

< liminf ||Suy,, — Sw]|
71— 00

<

liminf ||uy,, — w||
11— 00

which is a contradiction. So, we get w € F'(S) = ﬂf\i 1 F(T;). This implies w € Q. Therefor, we have

limsup(f(z0) — 20, Tn — 20) = lim (f(20) — 20, Zn, — 20) = (f(20) — 20, w — 20) < 0. (3.2.26)

n—00 n—oo
Consider,
|l Tns1 — ZOH2 = |lanf(zn) + Bnzn + (1 — an + B,)Sntn — ZO||2

”O‘n(f(xn) - ZO) + Bn(l‘n - ZO) + (1 — ap + Bn)(sntn - ZO)||2

< [1Ba(@n = 20) + (1 = n + Bp) (Sutn — 20)|I* + 200 (f (zn) — 20, Tnt1 — 20)

< (Ballzn — 20l + (1 = an + Ba)lSutn — 20]1)? + 20 (f (25) — 20, Tn41 — 20)
+2a,(f(20) — 20, Tnt1 — 20)

< (Bullzn — 20l + (1 — an + B)[Itn — Z0H)2 + 2anazn — 2o||[|zn41 — 20|
+200,(f(20) — 20, Tnt1 — 20)

< (Bullzn = 20ll + (1 = an + Ba)llza — 20]1) + 2anal|lzn — 202041 — 20|
+2a(f(20) — 20, Tn+1 — 20)

< (1= an)?zn — 20l)* + analzn — 20l* + [2ns1 — 20[1%)

+2an<f(2()) — 20y Tn+1 — Z()>
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then we obtain
(1 — an@)l|lzns1 — 20)1* < (1 = an)® + ana)|lzn — 20l* + 20m(f (20) — 20, Tnt1 — 20),

it follows that

20y,

1—a,)?+ ana
L e e
1— oo

|Zns1 — 20> < (f(20) — 20, Tng1 — 20)

1— o« -
_ 1— QQRQ% + oo 9 20,
= 1—a,a Hxn ZOH + 1— oo <f(20) 205 T+l z(])

1—2a, + apa

(07
= g, — P+ T — ol

1— o, 1—a,
2a
+ﬁ<f(20) — 20, Tnt1 — 20)
2(1 — a)a 2(1 — o)« anM
T O
1 — ana 1—apa "2(1—a)

+(1_1a><f(20) — 20, Tnt+1 — 20)}

IN

(1 —6n)llxn — ZOHZ + Onbn,

when M = sup ||z, — 2%, 6n = % and b, = {2?‘1"7_]\400 + ﬁ(f(zo) — 20, Tnt1 — 20) }

From lim,, o o, =0 and limsup,,_,.(f(20) — 20, Tnt1 — 20) < 0, we have limsup,, .. b, <0,

and from
o0 o0
Zan = oo, implies Z 0p = 00
n=1 n=1
By Lemma 2.2.2 we have lim,,_, ||z, — 2o|| = 0. This complete the proof. O

3.3 Convergence Theorem of a New Iterative Method for Mixed Equilibrium Problems and Varia-
tional Inclusions: Approach to Variational Inequalities

In this section, we derive a strong convergence of an iterative algorithm which solves the problem
of finding a common element of the set of solutions of a mixed equilibrium problem, the set of fixed

points nonexpansive mapping of C into itself and the set of the variational inclusion in Hilbert space.

Theorem 3.3.1. Let C be a nonempty closed convex subset of a real Hilbert space H. Let T : C' — C
be a nonexpansive mapping such that F := F(T)NEPNI(B,R) # (. Let ©® : C x C — R be
a bifunction satisfying (H1) — (H4), let F, B be a-inverse strongly monotone and (-inverse strongly
monotone, respectively. Let A be a strongly positive bounded linear operator with coefficient 0 < p < 1
and R : H — 2" be a maximal monotone mapping. Let the sequences {z,} and {u,} be generated
zo = C}

T

yn = Pol(I — anA)Jpa(I — AB)uy], (3.3.1)

Tpt1 = Bau + (1 - ﬁn)Tyna n=>0

@(Um y) + SO(:U) - cp(un) + %<y — Up, Up — (xn - TFfEn)> >0, vyeC
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where {o,}, {6n} C [0,1] are satisfying: {r,} C (0,00). Assume that the control sequences {c,} and
{Bn} satisfying:

(2) limy—o0 o, = 0, 202, arpy, = 00,

(“) hmn—>oo /Bn =0, E?f:lﬁn = 00, E%o:l‘ﬁn—&—l - ﬁn| < 00,

(i46) limp o (2251) = 1,

(iv) 0 <r <2a,0 <\ <2p5,

Then {z,} converge strongly to zp = Prpu which solves the following variational inequality

(Az,y —x) >0, VYyeF. (3.3.2)

Proof. Since F' is a-inverse strongly monotone and B is (-inverse strongly monotone, we have
I(Z = rF)e — (I —rF)y|? < llo — yll® + r(r — 20) | Fa — Fy2, (333)
I(I = AB)z — (I = AB)yl* < [l — y|* + A(x = 20)|| Bz — By|*. (3.3.4)

It is clear that if 0 < r <2« and 0 < A < 20, then (I —rF) and (I — AB) are all nonexpansive. Set
wp, = JrA(un — ABuy),n > 0. It follows that

o — &l = [ Tr(n — ABu) = Jra(a” = ABa™)| < [|(wn — ABuy) — (¢ = ABa")|| < [lu, — 27|

(3.3.5)
By Lemma 2.2.1, we have u,, = S;(z, — rFx,) for all n > 0. Then, we have
|un —2*[|> = ||Sr(xn — rFzy) — Sp(z* — rFa*)|?
< |(zn —rFzy,) — (z* — rFz*)|]?
< l(@n —2*) = ru(Bzy, — Ba*)|?
< lap — 2*||* = 2r(Fx, — Fz*,z, — z*) 4+ 7| Fz* — Fx,|? (3.3.6)
< Nz = z*)|? = 2ra||Faz, — F2*||> + 72| F2* — Fx,|?
<l — 2|2 (3.3.7)
Hence,
Jeon = 2| < flun — 2 < llan — 2*]. (3.3.8)

Since A is linear bounded self-adjoint operator on H, then
[All = sup{[{Au, w)| : u € H,[Ju]| = 1}.

Observe that
(I — apnA)u,u)y =1 — ap(Au,u) > 1 — ay|A] >0,

that is to say I — a, A is positive operator. It follows that

(I — an A

sup{|(({ — apA)u,u)| : v € H, ||u|]| = 1}
= sup{(({ — apA)u,u) :u € H,|u| =1}
= sup{l — a,(Au,u) : u € H,||u|| =1}

< 1—anpp.
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From (??), we deduce that

lym — 2" = |Pol(I — anA)uwn] — 2|
< I = anAywn — 27
= (I — anA)(w, —x*) — an Az™||
< I = anAllwn — 27| + an]l 42"
< (1= o)l — 27 + anll A"
= (1= an)lm — 2" + gl 2]
< (1= au)fon— "]+ anel 20,

and

1Bnu+ (1 = Bn)Tyn — =7
= Bn(u—2%) + (1 = Ba)(Tyn — 27|

[zns1 — 27|

< fallu— 2l + (L= BTy — 2]
< Ballu—all + (L= By — ]
< Bl a4 (1= Al = auon 2]+ AT
< Ballw— 2l (L= B[~ aunlen — 2]+ el 2]
. || Ax*
< pomax{fu = o], oo - 27, I
e — gy 1427
(1= Gy ma{f 2], o — 2*], 220

1Az
=1}

= max{flu — 27|, [zo — 27|

Therefore, {x,} is bounded. Hence, {u,},{yn}, {Tyn} and {Ay,} are all bounded.

Step 2 We must show that lim,_, ||Zn+1 — zn|| = 0. From (3.3.1), we have

[Znt1 —znll = [1Bpu+ (1= Bn)Tyn — (Bp—1u+ (1 = Bn1)Tyn-1)||

= [0 =B0)Tyn — Tyn—1) + (1 = Bn)Tyn—1 + (Bn — Bn—1)u
+(1 = Bn-1)Tyn—1)|l
(1 = Bp)(Tyn — Tyn—1) + (Bn — Bn—1)(u — Tyn—1)|

S (1 - ﬁn)”yn - yn—1|| + ’ﬁn - ﬂn—lmu - Tyn—1H
< ||yn - yn—l” + ’/871 - ﬁn—lwu - Tyn—lH‘ (3-3-9)
Note that,
lyn — yn—all = |Pc( —anA)wy, — Po(I — ap—1A)wy,1||

IN

(I = anA)wy, — (I — ap—1A)wn—1||
(I — apA)(wy — wp—1) + (I — anA)wp—1 — (I — ap—1A)w,—1||

< (1= app)l|wp — wp—1|| + o, — an—1|||Awp—1]|, (3.3.10)
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and from (I — AB) and (I — rF') are nonexpansive, we have

lwn —wp—all = [[JrA(un — ABun) = JrA(tn—1 — ABun—1)||
< (I = AB)un = (I = AB)un—1||
= [Jun = tn—1]]
|Sr(xn — 1 F2n) — Sp(Zn—1 — rFa, 1)
(I —=rF)x, — (I —rF)x,—1]
0 — Zn_i]- (3.3.11)

IN

IN

Substituting (3.3.11) in (3.3.10), we get
[y = g1l < (1 = anp)llan — znall + o — ana || Awn—1 ], (3.3.12)
and substituting (3.3.12) into (3.3.9), we get
[Zn1 = @nll < (1= anp)llen = 2ol + [on — ana|Awn—1]| + |80 — Bl = Tynl], (3.3.13)

and we have

Qn—1 ’MHAwn—lH

[Zn41 —2nll < (1= anp)||zn —2p-1| +anll - + 180 = Bn—1lllu—Tyn—1]|. (3.3.14)

n

Put t, == app, by = ap|l — "2 ”W and ¢, := |8y — Bn-1||lu — Tyn—1|| from (3), (i), (ii3)
and bounded of {||u — T'y,—1|} and by Lemma 2.2.14, we have lim,_, ||Zn+1 — 25| = 0.

Step 3 Prove that ||Fx,, — Fy«|| — 0 and ||Bu,, — By+|| — 0 as n — oco. Consider

Jwn — 2" = [[Jra(un — ABug) — Jra(z® — ABz*)||?
< ||(I = AB)u, — (I — AB)z*||?
= |lun — 2*|> + A(A = 28)|| Bup, — Ba*||?
= |lzn — :):*H2 +r(r —2a)||Fx, — F:):*H2
+A(\ — 28)||Bu,, — Bz*||?, (3.3.15)
< @, — 2*|?, ( since 7 < 2a and X\ < 203). (3.3.16)
and
lyn — 2*[|> = || Po(I — anA)w, — z*||”

< I = apA)wy, — |

= |w, —z* — anAwnH2

= |lwn — 2)* = 200 (wy, — ¥, Aw,) + || Aw, || (3.3.17)
= Jlwn — 2*|* + an(2lwn — ||| Awn | + || Awn|?)

= |lwp — &% + dn, (3.3.18)

where d, = o, (2|w, — 2*|||| Aw,|| + |[|Aw,||?). From lim, .. o, = 0 and boundedness, we have

lim,, o d, = 0, there exists N € N such that

Iy — 2*)1? < lwn — 2*||? < |20 — 2*||?,¥n > N, (3.3.19)
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Note that from (3.3.15) and (3.3.18), we have

nr1 —2*||?

It follows that

r(2a —r)||Fa, — Fa;*H2

IANIAN

IN

1Bnu+ (1= ) Tyn — 2*||?

18n(u = 2*) 4+ (1 = Bn) (Tyn — )|

Ballu — &[4+ (1 = Bo) | Tyn — 2|2

Bullu = *[> + (1 = Bu)|lyn — 2| (3.3.20)
Ballu = 2*|1? + [lwn — 2*[1> + an(2]wn — 2*|[[| Awn]| + || Awy %)

lzn — 2*||? + r(r — 2a)||Fz, — F2*||* + A(\ — 2)|| Bu,, — Bx*||?

1Bl — z*|% + dy. (3.3.21)

(26 — \)||Bu,, — Bz*|?

_|_

IA

ln = &*|* = lzngs — 2|

+dp, + Ballu — z*|?

IN

[2nt1 = znll([len — 27 + [|2n — 2™[])

+dn + Ballu — 2%

From lim, o ||Zn+1 — @n|| = 0, limy, 00 o, = 0 and lim, o 5, = 0, we have
lim ||Fz, — Fz*|| =0= lim ||Bu, — Bx"|.
n—oo n—oo

Next, we show that lim, . ||ty — 2, || = 0 = lim,, o ||uy, — wy||. Since S, is a firmly nonexpansive,

we have

lun — 2|

It follows that

IN

IN

| Sy (xy, — rFay) — Sp(x™ — rFx*)H2

(xy, —rFax, — (2" —rFz"),u, — %)

1 * * *

SUlzn —rFa, — (@ —rFa M+ llun — 2|2

—||@p — rFzy — (2F — rFz*) — (u, — x*)||?)

1 * * *
SUlzn —2 12+ lfun — &1 = l|zn — un — r(Fay — Fz*)|?)
1 *

5 Ulzn = 2|2+ flup — 2|* — [Jzn — un®

+2r((Fxy — Fx*), @ — up) — TQHFI'n — Fx*\|2)

l|lun — a:*H2 < |@n — ac*”2 —||zn — un||2 + 2r||Fxzy, — Fx*||||xn — unl|- (3.3.22)
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Since Jg ) is 1—inverse strongly monotone, we have

lwn — "2 = [ ra(tn — ABun) — Jaa(z® — ABa")?

((up, — ABuy,) — (" — ABx™), w, — z*)

S (hn = ABu — (" = ABa) | + o — a° |
—|lwn — ABu,, — (z* — ABz*) — (w,, — x*)||?)

IN

< é(”un = 2[* + wn — *|* ~ lun — wp — AM(Buy, — Ba*)||?)
< %(Ilun = 2[* + wn — & |* = l|un — wal®
+2X((Buy, — Bz*), up — wy) — N?||Bu,, — Bz*||?).
Which implies that
lwn = 2*[* < flun = 272 + lwn — 21 = lun — wal|* + 2A| Bun — Ba*||[[un — wnll.  (3.3.23)

By (3.3.22) and (3.3.23), we have

lwn —2*| <l = 2|1 = llan = unll® + 2| Fzn — Fa*||[|en — unll — [lun — wn]]?

+2\||Buy, — Bx™||||un, — wy|. (3.3.24)
Substituting (3.3.24) into (3.3.17), we have

lyn =27 < llen =212 = e — unl® + 20| Fon — Fa*|||zn — un| — [Jun — wnl|?

+2M||Buy, — Bz")||||un — wpl|| + dn

IN

lzn = 2** = llen = wnll* + 27| Fan — Fa*||[lan = unl| = llun — wal]?

+2|[Buy, — Ba™[|||[un — wyl| + dp. (3.3.25)
Substituting (3.3.25) into (3.3.20), we have

Jenss =22 < Jlan — |2 = 2w — ull® + 20| Py — Fa|[an — ]l = 1 — w,?

+2)||Buy, — Bx*||||un — wy|| + dy.
It follows that

20 = wnll* + un — wal* <Nz — 2 = l2ns1 — 27|° + 2| Fzp — Fa*||[|en — |

2| Bup — Bx* |||t — wol| + dy + Bullu — 2|2

< lznsr = znll(([zn — 2% + l2n — 27|)
+2r||Fx, — Fz*||||zn — |
+2X||Buy, — Bz*|| ||t — wp| + dn + Bnllu — z*||%
From lim, 0 ||Znt1 — 2| = 0 = lim, oo | Fzp, — Fz*|| = 0 = limy,— 00 || Buy, — Bx*|], limy, o0 vy, =

0 = lim,,—. B, and bounded of sequences, we get

lim [Jup, — 2,|| = 0= lim |ju, —w,].
n—oo n—oo
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Step 4 Prove that limsup,,_,..(u — 20,2y, — 20) < 0, where zgp = Ppu. There exists a subsequence
{zn,} of {x,} such that

lim sup(u — 20, zn — 20) = lim (u — 20, Tn, — 20)-
n— o0 1—00

Since {xy,} is bounded, there exists a subsequence {zn, } of {zn,} such that x,, — w. Without loss

of generality, assume that x,,, — w. Consider, for all z,y € H,

|Pp(I — A)z — Pp(I — Ayl < (I - A)z— (- Ay
< |- Allllz -yl
< (A=plz -yl

Hence Pp(I— A) is contraction and has a unique fixed point, say «* € F. That is, 2* = Pp(I— A)(z*).
We next prove that w € EP. By u, = S,(z, — rFx,), we know that

1
O(un,y) + o(y) — w(un) + ;(y — U, Uy — (T — T Fy)) >0, Vy € C.

It follows from (H2) that
1
P(y) = @un) + (Y = tn, un = (¥ = 1F20)) 2 Oy, un), Vy € C.

Hence,

1 Uy, — (Tn, — T Fx,.
(y) = @lun) + —(y = uny, s — (T n)

For t € (0,1] and y € H, let y; =ty + (1 — t)w. From (3.2.24) we have

(e —unis Fye) = (Y — tng, Fye) — 0() + Pun))
Up; — (Tn, —rFaxy,)

_<yt - Unia r > + G(ya Uni)
= <yt - univat - Funi?Funi - F‘Tm> - SO(Qt) + @(um)
Uy, — Ty
_<yt — Unpy, = nz> + @(y7unz)

Since ||un;, — zp,|| — 0, we have ||Fuy, — Fx,,|| — 0. Further, from the inverse strongly monotonicity

Un. —Tn,.:
—i— — 0 and u,, — w weakly, we have

of ¢,
(ye —w, Fyr) > —o(ye) + p(w) + O(y, w), Yy € C. (3.3.27)
From (H1), (H4), and (3.3.27), we also have

0 = Oy, ye) + () — o(ye)

< Oy y) + (1 =)0y, w) +te(y) + (1 — t)p(w) — @(w)

= O, y) + v(y) —e(y)] + (1 = )[O(yr, w) + p(w) — ©(y1)]
< Oy, y) + (y) — e(yn)] + (1 = ) {ye, w, Fye)

< Oy, y) + (y) — o(y)] + (1 — )y, w, Fyr)
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and hence
0 <Oy, y) +o(y) — oY) + (1 —t){y —w, Fyy).

Letting ¢t — 0, we have, for each y € C
O(w,y) +¢(y) — ¢(w) + (y — w, Fw) = 0.
This implies that w € EP.

Next, we show that w € I(B,R). In fact, since B is [-inverse strongly monotone, B is
Lipschitz continuous monotone mapping. It follows from Lemma 2.2.13 that R + B is maximal
monotone. Let (v,g) € G(R+ B) that is, g — Bv € R(v). Again since wy, = Jr(un, — ABuy,),
we have up;, — Aup, € (I + AR)(wy,), that is, (1/X)(un, — wn, — ABuy,) € R(wy,). By virtue of the

maximal monotonicity of R + B, we have

1
—(Up, — Wy, — ABuy,)) >0,

<’U—wni,g—Bv—/\

and so

1
(v—wp,;,9) > (V—wp,;, Bv+ —(up, — wp, — ABuy,)

A
1
= (v —wy,, Bv — Bwy, + Bwy,, — Buy, + X(um — Wy, ))
1
2 <v B wntwm - Buni> + <U - Wn;, X(um - wm)>

It follows from ||u, — wy| — 0, ||Bu, — Bw,|| — 0 and w,, — w that

lim (v —wy,,9) = (v—w,g) > 0.

ni—00
It follows from the maximal monotonicity of B + R that § € (R + B)(w), that is w € I(B, R). Next,
we can show that w € F(T'). Consider,

lyn — 2|1 = |IPc(I — anA)wn — Po(l — anA)z*||?
(I — anA)w, — (I — anA)z™, y, — ™)
ST = an Ay — (7 =AY + o — °|?
= = cnA)wn — (I = anA)a™ = (yn — 2")|?)

IN

< %(Hwn = 2|+ llyn — 271 ~ llwn — yall?
200 (Wp = Yo, Awy — Ayn) — az|| Aw, — Ay, |1?)
< %(Ilwn — 2|2+ llyn — ¥ = llwn — ynll?
20w = yallll Awn — Aynl),
it follows that
i = gall? < lwn = 2 = llyn — 2712 + @lln = yull| Awn — Ayl (3.3.28)

From (3.3.20), we have

Bullw = 21> + (1 = Ba)llyn — ="

Bullu = 2|2 + lyn — 2™

[

IN

IN
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Then, we get
~lyn = 2*II* < Ballu — *|1* = zp41 — 2| (3.3.29)

Replace (3.3.8) and (3.3.29) into (3.3.28), we have

A

lwn = ynl® < Nz =22 + (Buallu = 2*[* = lone — 2*[*)

+an|[wn = ynll[| Awn — Aya||

< lzn — 2% = [lzngn — 22 + Ballu — =¥
Fanl|wn — yn||[|Awn — Ayn||
< Nan — zna||(lzn — 2% + [[2n41 — 27|)

+Bnl|u — x*HQ + anllwn — yn ||| Awn — Aynl|.

From lim,, . [|Zn+1 — Zn|| = 0,lim,, o0 @, = 0,lim,, o0 B, = 0 and boundedness, we obtain

Tim [l — gl = .
Note that
[Tun —unl| < [[Tup — Twn|| + | Twn — Tyn| + | Tyn — o1
Fllonir = znll + lzn — unll
< lun = wnll + [lwn = yull + BulTyn — ull + ||2n41 — 2|

+|Zn — up|| — 0 as n — oo.

From w,, — w and H satisfying Opial’s condition, it is easy to prove that w € F(T'). Therefore,

w € F. It follows that

limsup(u — 20,2, — 20) = lim (u — 2o, Zn, — 20)
= (u—2zp,w—29) <0. (3.3.30)

From (??), we have for any n > N

H/Bnu + (1 - ﬁn)Tyn - ZO||2
= [I(1 = Bu)(Tyn — 20) + Bu(u — 20)||?

[

< (1= B Tyn — 20> + 260 (u — 20, Tni1 — 20)
< (1= B)llyn — 20ll* + 2B (u — 20, Tpi1 — 20)
< (1= Bp)llzn — 20l1® + 280w — 20, Tri1 — 20) (3.3.31)

Since X9° 83, = 00, (3.3.30) and Lemma 2.2.14, we have lim, . ||z, — 20| = 0, we get that {z,}

converges strongly to z9 = Pru. O

Corollary 3.3.2. [38] Let C be a nonempty closed convex subset of a real Hilbert space H. Suppose
that Q := NEPNI(B,R) # 0. Let © : H x C' — R be a bifunction satisfying (H1) — (H4), let F, B

be a-inverse strongly monotone and (-inverse strongly monotone, respectively. Let » > 0 and A > 0
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be two constants such that » < 2o and A < 23. Let A be a strongly positive bounded linear operator
with coefficient 0 < < 1 and R : H — 2¥ be a maximal monotone mapping. Let the sequences

{zn} and {u,} be generated zo = C;

@na + - n'f‘L — Un, Un — n_Fn 20,\7 EC
(un, y) + oY) — o(un) + 1y — Un, up — (T — rFay)) y (3.3.32)

Tpt+l = PC[(I - anA)JR,A(I - )‘B)Un],

where {a,}[0,1] are satisfying: {r,} C (0,00). Assume that the control sequences {«a,} and {3,}
satisfying:

(2) limy— 00, = 0,
(13) X9, = 00,

(i46) limp o (2251) = 1,

Then {z,} converge strongly to z* € {2 which solves the following variational inequality

(Az,y —x) >0, VYyeQ. (3.3.33)

Proof. In Theorem 3.3.1, let 7' =1 and 3, = 0 for all n € N, then, we can obtain Corollary. This
completes the proof. O

3.4 Strong Convergence Theorem by Hybrid Method for Non-Lipschitzian Mapping

this section, we prove strong convergence theorem by hybrid method for asymptotically k-strict

pseudo-contractive mapping in the intermediate sense in Hilbert spaces.

Theorem 3.4.1. Let H be a Hilbert space and let C' be a nonempty closed convex bounded subset of H.
Let T be a uniformly continuous asymptotically k-strict pseudo-contractive mapping in the intermediate
sense of C into itself such that F'(T) # () and let 9 € C. For Cy = C' and x1 = Pg, o, assume that

the control sequence {a,}72  is chosen so that limsup,, . a, <1 —k. Then {z,} generated by

xo € C, Cl = C,xl = PCl (wo)
Yn = QpTy + (1 - Ckn)TnJ}n,

Crni1={2€Cy:|lyn — 2|> < ||on — 2| + [k — an(1 — an)]||n — T2p||? + 0, + e},

\xn-l—l = PC»,H_lx()a ne N7
(3.4.1)

where 60,, = (diamC)?(1 — o)y — 0, (n — o), converges strongly to zg = Prp)o.

Proof. We first show that F/(T') C C, for all n € N, by induction. For any z € F(T) we have
z € C =Cq hence F(T) C Cy. Let F(T) C Cy, for each m € N. For u € F(T) C Cy,.
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By lemma 2.2.1, we have,

Y — qu = |lamTm + (1 — am) T 2m — u”2

| (@ —u) + (1 — am) (T @m — u)H2

amem - u||2 + (1= a)[|[ T — uH2 — am(1 = am)||[Tm — memH2

< amllzm = ul? + (1= )1+ ym)l|2m —ul®
k|| Zm — T2 || + cm] — am(1 — am)||Zm — T ||
= (141 = am)ym)llzm —ul* + (k = an)(1 = am)l|lzm — T"@m|? + cm
< lam = ull? + (1= am)yml|zm — ulf?
+k — am(1 — am)]l|zm — T™2m | + cm
< e = ull? + [k — am(1 = an))l|@m — Tz ||> + 0 + cm (3.4.2)

It follows that u € Cy, 41 and F(T) C Cyy41, hence F(T) C C,, for all n € N. Next, we show that C,
is closed and convex for all n € N. It follows obvious that C'y = C'is closed and convex. Suppose that
Cp, is closed and convex for each m € N. Let z; € Cp, 41 C Cp, with 2; — 2. Since Cy, is closed,
z € Gy and |Jym — 2|12 < |25 — zm||* + [k — am (1 — am)ll|l@m — T™@m ||* + 01 + ¢ Then
lgm = 2I2 = Ny — 25 + 25 — 2
= lym = 2lI° + 127 = 201> + 2(ym — 2j, 2z — 2)
< g — @ml? + k= am(1 = am)][2m — Tz ||? + 0 + cm
Hlzg = 201 + 2llym — 225 = =]
Taking j — oo,
lgm = 212 < 2 = @l + £ = (1 = @) e = Tl + O + .

Hence z € Cy41. Let z,y € Cpyy1 C Gy, with 2 = az + (1 — o)y where « € [0,1]. Since C), is
convex, z € Cp, and ||ym —2z||? < ||z —2m||? + [k — am (1 — am)] |2m — T2 ||2 + 0m + s [[ym —y||? <
ly — zm||? + [k — am (1 — an)ll|zm — T2 ||? + 0 + cm, We have

lym = 21> = llym — (ez + (1 = a)y)|*

le(ym —2) + (1 = @) (ym — y)

llym = z[* + (1 = a)llym — ylI* = a1l = )| Y — ) = (ym — ¥)

I

I

IN

a(llz = zm|? + [k — am(l — am)llem — T"zm|* + O + cm)

+(1 = a)(lly = zmll? + [k — am(l = am)]l@m — T Tml|* + Om + cm)

—a(l—a)lly - z|?

= allz 2|’ + 1 - )y —2ml? - a(l = a)|[(@m —2) = (2n —y)|?
+[k — am (1 — am)][|Zm — T™2m||> + 0 + cm

= |la(zm —2) + (1 = @) (@m = y)* + [k — an(l — an)lzm — Tam|?

+6 + Cm

= lzm — 2> + [k — am(1 = aw)]|zm — T™2m||* + Om + cm.
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Then z € Cp,41, it follows that C,,+1 is closed and convex. Hence C), is closed and convex for all

n € N. This implies that {z,} is well-defined. From z,, = P¢, x(. By Lemma 2.2.15, we have
(xo — xp,xn —y) >0, for all y € Cp,.
Moreover, by the same proof of Theorem 3.1 of [48], we have that

lim ||z, — zpt1]] = 0. (3.4.3)

n—oo

On the other hand, z,4+1 € Cp+1 C C), implies that
19 = Tnril? < o — 2|2 + [k = an(l = an)][an — Tl + 6 + cu, (3.4.4)
By the definition of y,, we have
[yn — 2|l = [lon@n + (1 — an)T"xn — 0|
=1 —an)||[T"xy — xy||.
From (3.4.4), we have

(1- an)2HT"xn - an2 = |lyn — $nH2

||yn — Tp41 + Tn+1 — xn”Q

< lyn — xn—HHQ + |zn1 — :L'nH2
+2/|yn — gl |Tng1 — 2|
< lwn = $n+1H2 + [k — an(l — an)]l|zn — Tnxn”Z

+0n + cn + |71 — xn||2 +2/|yn — Tag1|||zns1 — 4|
= [k —an(l —ap)]llzn — Tnan2
+2(|Zn41 — Toll([|Tnt1 — zoll + [[yn — Tptal])
+0,, + c,.
It follows that
((1—an)2—(k’—an(l—an)))Hxn—T"anQ <2/ znr1—2all(|Znr1 —all F|Yn —Tni1 ) +0n+cp.

Hence
(1 =k —an)[[T"zn — 2ol < 2[|ns1 — 2l (201 — Zall + [Yn — Tatall) + On + cn (3.4.5)

From limsup,_,,, o, < 1 —k, we can chosen € > 0 such that o, <1 — &k — € for large enough n.
From (3.4.3) and (3.4.5), we have
lim || 7"z, — x| = 0. (3.4.6)
n—oo

From (3.4.3), (3.4.6) and Lemma 2.2.16, we have

lim ||Tz, — z,| = 0. (3.4.7)
n—oo
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Since H is reflexive and {z,} is bounded we get that ) # w,(z,). From Lemma 2.2.17, we have
wy(rp) C F(T). By the fact that ||z, — z¢| < [|20 — z0| for all n > 0 where 20 = Pp()(70) and the

weak lower semi-continuity of the norm, we have
lxo — 20| < ||lxo — w| < liminf, o ||zo — 24|
< limsup,, o [[r0 = znll < [lzo0 = 20ll;

for all w € wy,(zy). However, since wy,(x,) C F(T'), we must have w = zg for all w € wy(zy). Thus

ww(zn) = {20} and then z,, — zo. Hence, x,, — 29 = Pr(7) (z9) by
20 — 20l|* = [lzn — 20l + 2(xn — 20, 20 — 20) + |20 — 20]?

< 2(|J20 — @o||* + (@n — 0, 20 — 20)) — 0 as n — oo.

This complete the proof. u

3.5 Strong Convergence Theorem by Hybrid Iterative Scheme for Generalized Equilibrium Problems
and Fixed Point Problems of Strictly Pseudo-Contraction Mappings

In this section, we prove a strong convergence theorem of the hybrid method for strictly pseudo-

contractive mappings in a real Hilbert space.

Theorem 3.5.1. Let C' be a nonempty closed convex subset of a real Hilbert space H. Let F :
C x C — R be a bifunction satisfying (A1)-(A4). Let A be an a-inverse-strongly monotone mapping
of C into H and let B be an [(-inverse-strongly monotone mapping of C' into H, respectively. Let
S : C — C be a k-strictly pseudo-contractive for some 0 < k£ < 1. Defined a mapping S; : C — C
by Sgx = kx + (1 — k)Sz for all x € C. Assume that F := F(S)NVI(C,A) N EP # (. Let the
sequences {x,} and {u,} be generated by

1 = C7

Ch=0C,

Yn = PC(un - )\nAun)

Wy, = BpSkyn + (1 - ﬁn)yna

Zn = anTyn + (1 — ay)Skwn,

3.5.1)

Cryr ={z € Cn: |lzn — 2| <llxn — 2},

\$n+1 = PConl, n>1

where u, = T} (x, — rp,Bxy) and {r,} C (0,00). Assume that the control sequences {a,},{fn} C
[0,1], {\n} C (0,2cx) and {r,} C (0,20) satisfy the following conditions:

(2) kgan>ﬁn§a<la

(1)) 0<b< A\, <c<2aand 0<d<r, <e<23, for some a,b,c,d, e € R.

Then {z,} converge strongly to z, where z = Prxy.



48

Proof. Let p € F since 0 < r, < 23, we have

lun = plI* = T, (20 = raBas) = T, (p — 72 Bp)|1?
< |(@n —rnBwy) — (p— Tan)HQ
< |(zn = p) = ra(Bz, — Bp)|®
< ln = plI* = 2rp(2n — p, Bxy, — Bp) + 12| Bp — Bay||?
< Nl@n = plI* = 2rnB| Bz, — Bpl|* + 77| Bp — Bayl|® (3.5.2)
<z, — pl* (3.5.3)

First we show that F' C C,, for all n € N, we can prove by induction. It is obvious that F' C Cj.
Let p € F, we known that I — A\, A is nonexpansive, for all n € N and from p € VI(C, A) we get
p = Po(p — A\ Ap). 1t follows that

lyn = pI* = [ Po(un — AnAun) — Po(p — AnAp)|?
S H(I - )‘nA)un - (I - AHA)pHQ
< jun — pll* (3.5.4)
Consider,
lwn —pll = [|Bn(Skyn —p) + (1 = Bn)(yn — )|l
< ﬁn”sk’yn_p”+(1_ﬁn)”yn_p”
< ﬁn”yn*pHJr(l*ﬁn)Hyn*pH
= |lyn — 1l
= |lun —pll
= lzn —pll. (3.5.5)
Thus, we have
lzn —pll = llanzy + (1 — an)Spwn — pl|
= [lan(zyn —p) + (1 — o) (Skwn — p)||
< aplln —pll + (1 — o) |Skwn — pl| (3.5.6)
< anllrn = pll + (1= ap)llwn — pl|
< anllrn —pll + (1= an) |z — pll

lzn — pl- (3.5.7)

So, we have p € C,,11 and hence F C (), for all n € N.

Next, we show that (), is closed and convex for all n € N. It follows obvious that C; = C is

closed and convex. Suppose that Cy, is closed and convex for each m € N. Let ¢; € Cpy1 C Oy
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with ¢; — z. Since C,, is closed, z € Cy, and ||z, — ¢;|| < |l¢; — 2 ||. Then

lzm =2l = llzm = ¢ +¢; =2
< lem =l +llej — =]l

(3.5.8)

Taking 7 — oo,

lzm = zl| <z = zm]-

Hence z € Cyq1. Let 2,y € Cpyy C Cp, with 2 = ax + (1 — a)y where « € [0,1]. Since C,, is

convex, z € Cy, and ||z, — || < ||z — 2ml|s |2m — yl| < ||y — 2m ||, we have

lzm = 21* = llzm — (az + (1 = a)y)|

= la(zm — 2) + (1 = a)(zm — )|

= allzm =2l + (1 = a)llzm — vl = al = @)ll(zm — @) = (2 — )|

IN

allzm =2l + (1 = a)llzm — y* — a(l = a)|ly — «|

IN

allzm = al* + (1 = &)llzm — y[* — al = &) |[(zm — 2) = (@m — y)|I*

I?

|Tm — (ax + (1 — a)y)
[ (3.5.9)

Then z € Cpy41, it follows that C,,+1 is closed and convex. Hence C), is closed and convex for all

n € N. This implies that {z,} is well-defined. From z,, = P¢, x1, we have
(x1 — xp,xn —y) >0, for all y € Cp,.
Since F' C C,,, we obtain
(r1 — xp,xp —u) >0 for all uw € F and n € N. (3.5.10)

So, for u € F, we get
0<(x1—p,xpn —u) = (1 — Tn, Tp — 1 + 1 — )
= —(Tp — 21, — 1) + (T1 — Tp, T1 — W)
< —llzn — @1l? + ller — zall |2 — ull.

This implies that

lz1 = @)l < llo1 = @nllller = ull,

hence
lx1 — xn|| < ||lz1 — u|| for all w € F' and n € N. (3.5.11)

From z,, = Pc,x1 and x,41 = Pg, 21 € Cpy1 C Cy, we have

n+1
(x1 — Tpyxy — Tpy1) >0 for all n € N. (3.5.12)

So, for z,11 € C,, we also have, for n € N
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0 <(x1—Xp, Ty, — Tny1) = (T1 — Tp, Ty, — T1 + T1 — Tpy1)

This implies that

and we get

= —(zp — 21,2y — x1) + (T1 — T, T1 — Try1)

< —llwn — 1]l + 21 — allllzr — znaa

e = zall* < llz1 = zallla1 — 2o ]

|lz1 — x| < ||z1 — zp4a]] for all n € N. (3.5.13)

From (3.5.11), we have {z,} is bounded and lim,, o ||z, — x1|| exists. Next, we show that |z, —

Zn+1|| — 0. In fact, from (3.5.12), we note that

|zn — wn—i—lHQ

[(@n — 21) + (1 — 2pp1)]?
[ Tn — 1|2 + 2(zp — 21,21 — Tpt1) + |21 — Tt |2
|20 — z1]|* 4+ 2(xn — 21,21 — Ty + Ty — Tpp1) + |21 — T |2

H:L'n — 1’1H2 - 2<$1 — Tp, L1 — l‘n> - 2<5E1 — Tp,y Tp — 5L'n+1>

o1 — 2 |?
2 2 2
< len — 2|7 = 2l|@n — 21|17 + |21 — Zoga |

= —|lan —21|* + |21 — zppa]®.

Since lim,, .o ||Zn — xo|| exists, we obtain

lim ||z, — Zp4+1]| = 0. (3.5.14)
n—oo
On the other hand, x,+; € Cp+1 C C), imply that
llzn — Tt < |2 — Zpti|| — 0 as n — oo. (3.5.15)
Further, we get
120 = @all < ll2n = ol + [[2n1 — zn-
From (3.5.14) and (3.5.15), we have
lim ||z, — x,|| = 0. (3.5.16)
n—oo

Next, we show that lim,, . ||z, — uy|| = 0. For p € ©. From (3.5.5), (3.5.2) and by (ii), we have

lzn = plI> = llan(zn —p) + (1 = an)(Skwn — p)|®
= anllzn _pH2 + (1 = ap) || Skwn — pH2 —ap(l = ap)|zn — SkwnH2
< anllzn —p)* + (1= an)|lwn — plI* — an(l — o) lz — Spwal* (3.5.17)
< anllzn —pl* + (1 = an)|lun, — pll?
< agllzn —pl* + (1 = an)[l|zn — pl* = 2rnB|| Bxy — Bp|?
+77||Bp — Bay||’] (3.5.18)

l|l2n — p”2 +d(e —2p)|| Bxy — BPH27
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and hence

d(28 — €)|| Bz, — Bp|?

IN

|20 — plI* = |20 — pI|

20 = znll(lzn — pll + 1120 — pI)-

From (3.5.16), we have lim,,_,, || Bx,, — Bp|| = 0. From remark 2.2.18 that for \,, < 23 then [ —r,B

is nonexpansive, for all n € N, T}, is firmly nonexpansive and by using Lemma 2.2.3, we have

|, _pH2 = |7, (vn — rnBxy) = T;, (p — ran)Hz

IN

((#n, = rnBxy) — (p — rnBp), un — p)
(e = raBa) = (p = raBo)” + i —
N~ raBra) — (0 ruBp) — (1~ 1))

1
< Glllwn = pl* + lun = pl* = (@0 = un) = ra(Bay — Bp)|*)

1
= HUlen = pl* + llun = pl* = llzn = ua®

+2rp(Tp — Up, Bz, — Bp) — T?LHan - BpH2).
Thus, we obtain
un = p|I* < l|n — pII” = |20 — unll® + 2rn(zn — un, By, — Bp) — r}|| Bz, — Bp|*.  (3.5.19)

From (3.5.19), we have

lzn —plI* = llom(zn —p) + (1 — o) (Spwn — p)|?
= anllzn = plI* + (1 — )| Skwn — plI> = an(1 — an)|lzn — Spwn |
< anllzn = pl* + (1 = an)lfws — p|® (3.5.20)
< anllen —pl* + (1 — an)|un —pl?
< apllzy, _pH2 + (1 = an)[l|7n — pH2 — [|zn — un||2
421 (2 — U, Bz, — Bp) — r2|| Bz, — Bp|?] (3.5.21)
< o = pl? = (1= an)l|lwn — unl® + 2r, |20 — un || Bz, — Bpll,

it follows that

(1_a)||33n_un||2 < (I_O‘n)HfUn_unH2
< Nlzn = plI* = llzn — plI* + 2rpllzn — unll|| Bz, — Bp|
< Nzn = znll(llzn — pll = llzn — pll)

+2ry, ||xn — upl||| Bxn — Bp||-
Using (3.5.16) and || Bz, — Bp|| — 0, we have

Hm ||zn — || = 0. (3.5.22)

n—oo
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Consider,
lwn —pl* = 180(Skyn — p) + (1 = Ba) (yn — D)7
= BullSkyn —pI* + (1 = Ba)llyn — 2II* = Bu(1 = Ba) |y — Skynll®
< Ballyn _pH2 + (1= Bn)llyn _pH2 — Bn(1 = Bu)llyn — SkynHz

= |lyn — plI* = Bl = Ba)llyn — Skynll®. (3.5.23)

From (3.5.20) and (3.5.23) we also have

lzn = pI? < amllan —pl* + (1 = o) lwy — pl|
< apllzn = plI* + (1 = an)[llyn = pI* = Ba(l = Bu)lyn — Skynll’] (3.5.24)
< anllen =l + (1 = an) |z — plI? = (1 — @) Bu(1 = Ba) [y — Skynl|®
< len = pl* = (1= an)Bu(1 = Ba) lyn — Skunl?,

it follows that

(1 = n)Bn(1 = Ba)llyn — Skyn||2

i — pII* = ll2n — pII?

(1 = a)k(1 = a)llyn — Skyal®

IN

IN

<z = znll(len — 2l + llzn = pl)).-

From (3.5.16), we have
T [|Skyn — yall = 0. (3.5.25)
Next, we show that lim,, . ||un — yn|| = 0. Consider
lyn = plI* = [IPc(un — AnAun) — Po(p — XaAp)|?

1 (un — Ao Aug) = (p = X Ap)||?
= [l(un = p) = An(Au, — Ap)|?
[un = plI* = Auun = p, Aun — Ap) + A2 || Ay, — Ap|?

IN

< lzn — pl* — 2Xna||Au, — Apl||? + A2 Aw,, — Ap||?
= |lzn = plI> + A (An — 20)|| Aup, — Apl|®
< @, = p||* + ble — 2a) || Au, — Apl|*.

From (3.5.24) and (ii), we have

[E* _pH2 < gz, _pH2 + (1 — an)llyn _pH2 — (1= an)Bu(1 = Bu)llyn — SkynH2
< apllzn — plI* + (1 = an)[l|an — pl|* + b(c — 20) || Aup, — Ap|?]
< len = pl* + (1 — an)b(c — 2a) || Auy, — Apl|?,

it follows that

(1 —a)b(2a — ¢)||Auy, — ApH2

IN

(1 — an)b(2a — ¢)||Auy, — ApH2

IN

1z = pII* = ll2n = pI?

< zn = zall(lzn — pll + |20 — pl])-
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From (??), that

lim ||Au, — Ap|| = 0. (3.5.26)
From (3.1.1), we have
yn — pH2 = |[Pe(un — AAup) — Po(p — )\nAp)Hz

IN

((un = AnAun) — (p = AnAp), yn — p)
= S = Andun) = (0= A0 Ap)? + 1~ I
~[(un = AnAun) = (p = XaAp) = (yo — p)II*}
< S lllum = I+ g — Bl = I = ) = (A — D))

1
= S lllun =PI+ llyn =27 = llun = yul* + 220 (un = yn, Aun — Ap)
~ Aol Auy — Ap?},

S0, we obtain
[y = pII* < llun = plI> = llun — Ynll* + 2A0 (un — yn, Auy — Ap) — A2 ||Au, — Ap|®. (3.5.27)
From (3.5.4), (3.5.24), (3.5.27) and (i) we have

[E* *pH2 = ayllz, *pH2 + (1 = an)llyn — pH2 — (I = an)Bn(1 = Bn)llyn — Skyn”2
anllzn = pl* + (1 = an)[lun — plI* = lun — ynl|®
+2X, (Up, — Yn, Au, — Ap) — )\iHAun — Ap||2]

IN

< gl _pH2 + (1 = an)l|zn — pH2 — (1 = an)lun — yn”2
+(1 = an)2Anllun — pl||| Aun — Apl|
< lan = pl? = (1= o) |un — yall® + 220 lltn — yn| | Aun — Apl,

it follows that

IN

I

(1 —a)|lun — yn (1 — an)lug _ynH2

A

|zn _pH2 — |lzn _pH2 + 2| tn — yul|[|Aun, — Apl|

< len = zall(lzn = pll + 120 = pID) + 2An[lun — pll[| Aun — Apll,
From (i), (??) and (3.5.26), we obtain
lim |Jun, — ynl| = 0. (3.5.28)
n—oo
Next, we show that lim,, . || Skun — up|| = 0, consider

[Skun — unll < [[Skun — Skynll + [1Skyn = ynll + lyn — unl]

A

< 2|lyn — unll + 1Skyn — ynll-
From (3.5.28) and (3.5.25) we obtain that

lim || Sgtn — || = 0. (3.5.29)
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Since {uy,, } is bounded, there exists a subsequence {Umj} of {up,} such that Un,;, — w. Without
loss of generality, we can assume that u,, — w. Since C is closed and convex, w € C. Next, we

show that w € F. First, we show that w € VI(C, A). Define,

Av+ Neov, veC,
Ty =
0, véC.

Then, T is maximal monotone. Let (v,u) € G(T). Since u — Av € Ncov and y, € C, we have
(v — Yn,u — Av) > 0. On the other hand, from y,, = Po(u, — Ay Auy,), we have (v — yn, yn — (U —
AnAuy)) > 0, that is,

<U_yn7yn)\_un +Aun> > 0.
n

Therefore, we have

Y

<U - yni7u>

(V= Yn,, Av)
Z <U_yn17AU>_<U_ynz7ynl_unz+Aunz>

An.

— <v — Y, Av — Au,, — y”z_“”z>
An;
Yni — Un,
= <U - yniv A'U - Ayn1> + <U - ynﬂAym - Aunl> - <U - yn“ n)\n>
n;
= <U - yvayTLi - Aum> - <’U — Ynys ynl_unl>7
An,
Since lim,,— . ||yn — un|| = 0 and A is Lipschitz continuous, we obtain
(v—w,u) > 0.

Since T is maximal monotone, we have w € T7'0 and hence w € VI(C, A). Next, we show that
w € EP. It follows by (3.1.3) and (A2) that

1
(an,y - un) + *<3/ — Un, Up — xn> Z F(yvun)

T'n
and hence
Uy, — Ty,
(Btn;, y = Un,;) + (Y — tn,, ——2) > F(y,up,) (3.5.30)
ni
Put y, =ty + (1 — t)w for all ¢ € (0,1] and y € C. Since y € C' and w € C, we have y; € C. So,
from (3.5.22), we have
<yt - Un“BZ/t> - <Z/t - Uni7Byt> =0 Z —<Z/t - u’VZz?anz) - <y - univ un;ﬂ&> + F(yt7uni>

‘i

and hence

<yt - untyt> > <yt - u'ﬂi?Byt> - <yt - um’Bx'sz> - <y — Unys +> + F(ytaum)

Un; —Tn,

= <?/t—unlaByt—BUn)“‘(yt—Um,Bun,—B$n1>_<y—uma T, >+F(ytaunl)

7

Since ||un, — zp,|| — 0, it follows that ||Bu,, — Bxy,| — 0. Further, from monotonicity of B, we get

<yt - uniaByt - Bunl> > 0.
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So, from (A4), we have
<yt —w, Byt) > F(?me)v (3.5.31)

as ¢ — oo. From (Al), (A4) and (3.5.31), we have
0= F(y, yt) <tF(ye,y) + (1 — ) F(ys, w) < tF(ys,y) + (1 — t)(ye — w, By)
< tF(ye,y) + (1 — )t{y — w, Byy)

and hence 0 < F(y,y) + (1 — t)(y — w, By;). Letting ¢t — 0, we have for each y € C, 0 <
F(w,y) + (y — w, Bw). This implies that w € EP. Next, we show that w € F(S). From Lemma
2.2.19, we have F'(Si) = F(S), we may assume that w # Spw, by Opial’s condition, we have

liminf ||u,, —w| < lminf||u,, — Sgw|| = iminf ||(un, — Sktn,) + (Skun, — Skw)]|
1—00 1—00 1—00
= liminf ||Spup, — Spw|| < liminf |ju,, — w]|.
1—00 1—00
This is a contradiction. So, we have w € F(Sy) = F'(S). Therefore w € F.

Finally, we show that z,, — 2, where z = Ppz;. Since z,, = Pc,z; and z € F' C C), we
have

[2n = 21]| < 2 = 2.

It follows from 2’ = Prx; and the lower semicontinuity of the norm that

12" = 21l < llz = || < liminf [lzn, — 21| < limsup [z, — 2] < |27 = .
1—0Q ;

1—0
Thus, we obtain that limg_, ||xn, — 21]] = ||z — 21]] = ||z’ — x1|. Since {zy,} is an arbitrary
subsequence of {x,}, we can conclude that {z,,} converges strongly to z, where z = Prz;. O

Theorem 3.5.2. [61] Let C' be a nonempty closed convex subset of a real Hilbert space H. Let
F : C xC — R be a bifunction satisfying (A1)-(A4). Let A be an a-inverse-strongly monotone
mapping of C into H and let B be an (-inverse-strongly monotone mapping of C' into H, respectively.
Let S : C — C be a k-strictly pseudo-contractive self mapping for some 0 < k < 1. Defined a mapping
Sk : C — C by Sgx = kx + (1 —k)Sz for all x € C. Assume that F := F(S)NVI(C,A)NEP # 0.
Let the sequences {x,} and {u,} be generated by C} = C C H, z1 = Poxo;

x1 € C,

C, =C,

F(tn, y) + (Bon,y — tn) + (Y = tUn, tp — x) >0, Vy € C

Yn = Po(un — AnAup) (3.5.32)
Zn = apty + (1 — ) Skyn,

Cry1 ={2 € Cn: |lzn — 2| <llzn — 21},

Tp41 = PCnJrl‘/'EO? n Z 0

where u, = T, (x, — rp,Bzy,) and {r,} C (0,00). Assume that the control sequences {a,} C
[0,1],{\n} € (0,2cx) and {r,} C (0,20) satisfy the following conditions:



() k<a,<a<l,

(1)) 0<b< A\, <c<2aand 0<d<r, <e< 23, for some a,b,c,d, e € R.

Then {z,} converge strongly to z, where z = Prux.

Proof. If 3, =0 for all n € N, by theorem 3.5.1, we obtain the desired result.
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1. Introduction

Throughout this paper, we always assume that H is a real Hilbert space with inner product {.,.) and norm |.||,
respectively, and C is a nonempty closed convex subset of H. Let F be a bifunction of C x C into R, where R are real numbers.
The equilibrium problem for F : C x C — Ris to find x € C such that

F(x,y) >0 forally € C. (1.1)

The set of solutions of (1.1) is denoted by EP(F). Given a mapping T : C — H,let F(x,y) = (Tx,y — x) forallx, y € C. Then,
z € EP(F) ifand only if (Tz, y — z) > O for ally € C. Numerous problems in physics, optimization, and economics reduce to
find a solution of (2.1) (see [1,2]). In 1997, Combettes and Hirstoaga [2] introduced an iterative scheme of finding the best
approximation to the initial data when EP(F) is nonempty and proved a strong convergence theorem.

Let A : C — H be a mapping. The classical variational inequality, denoted by VI(C, A), is to find x* € C such that

<AX*,U _X*> = 0

forall v € C.The variational inequality has been extensively studied in the literature. See, e.g. [3] and the references therein.
Let B : C — H be a nonlinear mapping. Then, we consider the following generalized equilibrium problem: Find

z € C suchthatF(z,y) + (Bz,y—z) >0, Vy € C. (1.2)

The set of solutions of (1.2) is denoted by GEP, i.e.,
GEP={z € C:F(z,y)+ (Bz,y —z) > 0,Vy e C}. In the case of B = 0, GEP is denoted by EP(F).
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In the case of F = 0, GEP is also denoted by VI(C, A). A mapping A of C into H is called «-inverse-strongly monotone [4]
if there exists a positive real number « such that

(Au — Av, u — v) > a|lAu — Av|)?

for all u, v € C. Recently, Takahashi and Toyoda [5], Yao et al. [6] and Plubtieng and Punpaeng [7] introduced an iterative
method for finding an element of VI(C, A) N F(S), where A : C — H is an a-inverse-strongly monotone mapping.
We recall that, a mapping A : C — H is said to be monotone if

(Au—Av,u—v) >0, forallu,vecC;
A is said to be k-Lipschitz continuous if there exists a positive real number k such that

lAu — Av|| < klju—v|, forallu,veC;

Remark 1.1. It is obvious that any a-inverse-strongly monotone mapping A is monotone and Lipschitz continuous.

It is well known that if A is a strongly monotone and Lipschitz continuous mapping on C, then the variational inequality
problem has a unique solution. How to actually find a solution of the variational inequality problem is one of the most
important topics in the study of the variational inequality problem. The variational inequality has been extensively studied
in the literature. See, e.g., [3,8] and the references therein.

In 1976, Korpelevich [9] introduced the following so-called extragradient method:

Xo=x € C,
Yo = Pc(xp — AAxy), (1.3)
Xnt1 = Pc(Xq — AAyn)

foralln > 0,where & € (0, 1), C is anonempty closed convex subset of R" and A is a monotone and k-Lipschitz continuous

mapping of C into R". He proved that if VI(C, A) is nonempty, then the sequences {x,} and {x,}, generated by (1.3), converge
to the same point z € VI(C, A).

In 2003, Takahashi and Toyoda [5], introduced the following iterative scheme:

X1 = x € C chosen arbitrary, (1.4)

Xni1 = opXn + (1 — an)SPc (Xn — ApAXy), Vn > 1, '

where {a,} is a sequence in (0, 1), and {A,} is a sequence in (0, 2«). They proved that if F(S) N VI(C, A) # (¢, then the
sequence {x,} generated by (1.4) converges weakly to some z € F(S) N VI(C, A). Recently, Zeng and Yao [10] proved the
following iterative scheme:

Xo=x € C,
Yo = Pc(Xn — AnAXy), (1.5)
Xnt1 = opXo + (1 — on)SPc (X; — AzAyy), Vn >0,

where {1, } and {«,} satisfy the following conditions: (i) A,k C (0, 1—48) forsome § € (0, 1) and (ii) &, C (0, 1), Z;’; oy =
00, limy_, s = 0. They proved that the sequence {x,} and {y,} converges strongly to the same point Pgs)nvi(c,)Xo
provided that lim,_, » [|X;+1 — Xa|| = 0.

In 2007, Takahashi et al. [11] introduced the modified Mann iteration method for a family of nonexpansive mappings
{T.}. Let xo € H.For C; = C and uy = Pc, xo, define a sequence {u,} of C as follows:

Cop1 ={z € G 2 llyn — zll < llun —zII}, (16)

{yn = oy + (1 — o) Ty,
Upyq = Pcwxo, nen,

where 0 < o; < a < 1foralln € N. Then we prove that the sequence {u,} converges strongly to zy = Prr)Xo.

In 2008, Bnouhachem et al. [12] introduced the following new extragradient iterative method for finding an element of
F(S) N VI(C, A). Let C be a closed convex subset of a real Hilbert space H, A be «-inverse strongly monotone mapping of C
into H and let S be a nonexpansive mapping of C into itself such that F(S) N VI(C, A) # (. Let the sequences {x,}, {y.} be
given by

Yn = Pc(xn — ApAxy), (1.7)
Xni1 = Buxn + (1 = Bp)S(anu + (1 — ap)Pc(Xq — AyAyy)), Vn>1,

where {a,}, {Bn}, {An} C (0, 1) satisfy some parameters controlling conditions. They proved that the sequence {x,} defined
by (1.7) converges strongly to a common element of F(S) N VI(C, A).

{xl, u € C chosen arbitrary,
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In this paper, motivated and inspired by the results of Bnouhachem et al. [12] and Takahashi et al. [11], we introduce a
new iterative scheme by the hybrid extragradient method, as follows: xo = x € HC; = C, x; = PcXo and let

u, € C,
1
F(up, y) + (Bxp,y — Un) + ?(y_ U, Up —Xy) >0, VyeC
n
Yn :PC(un_knAun); (18)

Zp = anXy + (1 — ap)S(Buxn + (1 — Br)Pc(un — AnAyn)),

Gi1={z€GC:llza —zll < lixn —2zlI},

Xnr1 = Pcn+1X0, neN,
where {o,,}, {8:}, {An} € (0, 1) satisfy some parameters controlling conditions. We will prove that {x,} and {u,} in (1.8)
strongly converge to a common element of the set of fixed points of a nonexpansive mapping, the set of solutions of an
equilibrium problem and the set of solutions of the variational inequality for nonexpansive mappings in a Hilbert space. Our
results extend and improved that the corresponding ones announced by Bnouhachem et al. [12].

2. Preliminaries

Let H be a real Hilbert space with norm || - || and inner product (-, -} and let C be a nonempty closed convex subset of H.
For every point x € H, there exists a unique nearest point in C, denoted by Pcx, such that

Ix — Pex|| < Ix —y|| forally e C.
Pc is called the metric projection of H onto C. It is well known that P is a nonexpansive mapping of H onto C and satisfies

(X =y, Pcx = Pcy) = [|Pcx — Pey|l?, (2.1)
for every x, y € H. Moreover, Pcx is characterized by the following properties: Pcx € C and

(x — Pcx,y — Pcx) <0, (2.2)

Ix =yl = llx — Pcx||* + [ly — Pex|, (2.3)
forallx € H,y € C.Itis easy to see that the following is true:

ueVI(C,A) & u=Pc(u—2Au), X >0. (2.4)

A set-valued mapping T : H — 2" is called monotone if forallx,y € H,f € Txandg € Ty imply (x —y,f —g) > 0.A
monotone mapping T : H — 2/ is maximal if the graph of G(T) of T is not properly contained in the graph of any other
monotone mapping. It is known that a monotone mapping T is maximal if and only if for (x,f) e Hx H, (x—y,f —g) >0
for every (v, g) € G(T) implies f € Tx. Let A be a monotone, mapping of C into H and let Ncv be the normal cone to C at
v € C;ie,
Nev:={weH:(v—u,w) >0, YueC}.
Define
_ JAv+Ncv, veC,
Ty = {((), veC.
Then, T is maximal monotone and 0 € Tv if and only if v € VI(C, A). It is also known that H satisfies Opial’s condition [13],
that is, for any sequence {x,} with x,, — x, the inequality
liminf||x, — x|| < liminf||x,, — y||
n—-o00 n—oo
holds for every y € H withy # x.
The following lemmas will be useful for proving the convergence result of this paper.

Lemma 2.1. Let H be a real Hilbert space. Then for any x, y € H we have

(i) Ix+ylI2 < IxII2 + 2(y, x + )
(ii) lx+yl? = lIx]* + 2{y, x)
(iif) lx£yl? = [Ix]? £ 2{(x y) + llylI?
(iv) llex+ (1 = Oyl? = tlix* + A = Olyl* =t = O)llx — ylI?, Yt € [0, 1].

v

Lemma 2.2 ([14,15]). Let {a,} be a sequence of nonnegative real numbers, satisfying the property,
np1 < (1= yp)ay +by, n>0,

where {y,} C (0, 1), and {b,} is a sequence in R such that:

(i) ZpZiva = 00;
(ii) lim sup,_, o 7:: <0or XX

Then lim,_, o, a, = 0.

Iba| < oo
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To solve the equilibrium problem for a bifunction F : C x C — R, let us assume that F satisfies the following conditions:

(A1) F(x,x) = 0forallx € C;
(A2) F is monotone, i.e, F(x,y) + F(y,x) <Oforallx,y € C;
(A3) foreachx,y,z € C,

limF(tz + (1 - 0xy) <F&xy);

t—

(A4) foreachx € C,y — F(x, y) is convex and lower semicontinuous.
The following lemma appears implicitly in [16].

Lemma 2.3 ([16]). Let C be a nonempty closed convex subset of H and let F be a bifunction of C x C into R satisfying (A1)-(A4).
Let r > 0 and x € H. Then, there exists z € C such that

1
F(z,y)+ -y —z,z—x) >0 forally eC.
r

The following lemma was also given in [2].

Lemma 2.4 ([16,2,17]). Assume that F : C x C — R satisfies (A1)-(A4), and let r > 0 and x € H. Define a mapping
T, : H — C as follows

1
T.(x) =3z€C:F(z,y)+—-(y—2z,z—x) >0, ‘v’yeC}
r

forall z € H. Then, the following hold:

1. T, is single-valued;

2. T, is firmly nonexpansive, i.e., | T,x — T,y||*> < (T,x — T,y, x — y), forany x, y € H;
3. F(T,) = EP(F);

4, EP(F) is closed and convex;

5. | Tex — Tex||? < S;—[(Tsx — Tx, T;x — x), foralls, t > 0and x € H.

3. Strong convergence theorems

In this section, we show a strong convergence theorem to find a common element of the set of fixed points of a
nonexpansive mapping, the set of solutions of an equilibrium problem and the set of solutions of a variational inequality
problem in a Hilbert space by using the hybrid extragradient method.

Theorem 3.1. Let C be a nonempty closed convex subset of a real Hilbert space H. Let F be a bifunction from C x C into R
satisfying (A1)-(A4) and let A be an «-inverse-strongly monotone mapping of C into H and let B be a B-inverse-strongly
monotone mapping of C into H, respectively. Let S be a nonexpansive mapping from C into itself such that F(S)NVI(C, A)NGEP #
(. Let the sequences {x,} and {u,} be generated C; = C C H, X; = PcXo;

u, € C,
1
F(un, ¥) + (BXn, ¥y — Uun) + 7(}/ —Up, Uy —X) 20, VyeC
n
Yn = Pc(un — ApAup), (3.1)

Zn = anXy + (1 — a@n)S(Buxn + (1 — Br)Pc(up — AnAyn)),
Cop1={z€Cytllzn—z| < ll% — 2|},
Xnt1 = Pg, X0, NEN,

where u, = T, (X, — r,Bx,) and {r,} C (0, oo). Assume that the control sequences {a,}, {B8:} C [0, 11, {A,} C (0, 2cx) and
{rn} C (0, 2) satisfy the following conditions:

MH0<a <ap, =< <1,
({i)0<b<i <c<2aand0 <d<r1, <e <28, forsomea,b,c,d, e €R,
(iii) liminf,, o Ap > O and liminf,_, o 1, > 0.

Then {x,} converges strongly to Pr(s)nvi(c,a)nGerXo-

Proof. First we show that F(S) N GEP N VI(C, A) C G, for alln € N U {0}, we can prove by induction. It is obvious that
F(S)NGEPNVI(C, A) C Cy.Letp € F(S) NVI(C, A) N GEP, and let {T;, } be a sequence of mappings defined as in Lemma 2.4.
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Since p € VI(C, A), thenp = Pc(p — ApAp) = T, (p — ryBp) and u, = T;, (x, — ryBx,). From (i), we have
lup — plI*> = ITr, %n — raBXy) — Tp,, (p — 1uBp)|I®

[l Xn — TaBxa) — (p — 1aBp) |12

| (%n — p) + ra(Bp — Bxyp)|I?

< |l%a = pII* = 2ra(%y — p, Bx, — Bp) + 17 [Bp — Bx,1?

< [Ixa — plI* — 2raB1|Bxy — Bpl|* + 17| Bp — Bxa*

< |l%a = pII* + ra(ra — 28)[|Bx, — Bp|?

< llxa — pII*.

Put v, = Pc(u, — AzAy,). From (2.3) and the monotonicity of A, we have

=
=

lon — p||2 < llup — AnAyn _p||2 = llun — AnAyn — vn”2
= lup _p”Z — llun — Un||2 + 22X (Ayn, p — Un)
= luy _p||2 — llun — Un||2 + 2An({(Ayn — Ap, p — ¥n) + (AD, P — Yn) + (AVn, ¥n — n))
< llup — p||2 — llun — Un”2 + 2 (AYn, Yn — n)
= Nl = pI? = lun = Yall* = 2(un = Yn, ¥ = va) = Ilyn = vall* + 200 (AVn, Yn — va)
= llun = pI* = ltn — Yull* = ¥n = vall* 4+ 2(un — 2nAYn — Yn, Un — ).
Moreover, from y, = Pc(u, — AAuy,) and (2.2), we have

(un - )\nAun — Yn, Un _yn> =< 0.
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(3.2)

(3.4)

Since A is a-inverse strongly then A is also k-Lipschitz-continuous (k = al) from (ii) we see that \,, < % it follows that

(Un — AnAYn = Yn, Vo — Yn) = (Un — AnAUy — Y, Un — Yn) + (AnAlly — ApAYn, Uy — Yn)
< {(AnAup — ApAYn, Un — Vi)
< Mnkllun = yall llvn — yall.
So, we have
lvn =PI < lltn = pI* = Ntn = Yall> = lyn = vall* + 22kl ttn — Yull [lvn — Yl
< llun = plI* = g = yaull* = 1yn — vall® + 22K [ty — yull* + [l — yall?

and hence
lon —pll < llun — pll < lixa —pIl.
Setting w, = Bnx, + (1 — Bp)v,. Thus, from (3.7) we have
llwn = plI> = [1Baxa + (1 = Ba)vn — pII?
= B0 —p) + (1 = B (vn — PII?
= Ballxe — plI> + (1 = B llva — PI* = Ba(1 = Bu) %0 — vall®
< Ballxa — pII” + (1 = Bo)llva — pII?
< Ballxa — pII”> + (1 = Bo) %0 — plI?
= [Ix. — pII*.
It follows that,
Iza — pII* = llonxa + (1 — otp)Swy — p|I?

lletn (xn — p) + (1 — o) (Swy — p)||2
o |, _p||2 + (1 — o) ISwy _p||2 — (1 — o)Xy — Swnnz

< ollxn — pI* + (1 — a) |Swy — plI?
< apllxa — plI> + (1 — ) lwy — plI?
< apllxn — pII* + (1 — ) 1% — pII

2
%2 = pII*

(3.10)

(3.11)

(3.12)
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So, we have p € G, and hence
F(S) NVI(C,A) NGEP C C,, foralln € NU {0}. (3.13)

Next, we show that C, is closed and convex for all n € N. It follows obvious that C; = C is closed and conveX. Suppose that G,
is closed and convex for each m € N. Let ¢; € Gyy1 C Gy With ¢; — z. Since Gy, is closed, z € Gy and ||z — ¢l < lI¢j — Xmll.
Then
lzm —zll = llzm — ¢+ ¢ — zl
< lizm = gl + llg; — z||. (3.14)
Taking j — oo,
lzm —zll < llz — xml.
Hencez € Cy41. Letx,y € Cuyq C Cp withz = ax + (1 — «)y where « € [0, 1]. Since Cp, is convex, z € C, and ||z, — X||
< x = xmll, 1zm — Il < Iy — Xm|l, we have
lzm — 21> = llzm — (@x + (1 — )y)|?
= lla(zm — %) + (1 — @) (zm — )|
= allzn — x> + (1 = @)z = yI* — (1 = )| @ — %) — (@ — V)I?
allzm = x> + (1 = &) |zm — yII> — (1 — )|y — x|
allxm = x1* + (1 = )lxm = yI* — (1 = )| (X — %) — &m =PI
[Xm — (@x+ (1 —a))|?
= [lxm — 2|1 (3.15)
Then z € Cp41, it follows that Gy is closed and convex. Hence G, is closed and convex for all n € N. This implies that {x,}
and {u,} are well-defined.

Since F(S) N VI(C, A) N GEP is a nonempty closed convex subset of H, there exists a unique u € F(S) N VI(C, A) N GEP
such that

=
=

U = Prs)nvi(c.A)nEPX0-
From x, = Pc,Xo, we have

(X0 — Xn, %0 —y) = 0,
forally € C,. Since F(S) N VI(C, A) N GEP C C,, we have

(Xo — Xn, Xp — u) >0, (3.16)
forallu € F(S) NVI(C,A) NGEP and n € N. So, for u € F(S) N VI(C, A) N GEP, we have

0 < (Xo — Xn, Xn — U) = (Xo — Xn, Xq — Xo + X0 — U)

= —(Xn — X0, Xn — Xo) + {(Xo — Xn, X0 — U),

— 1% = XolI* + l1%o — Xall llXo — ull. (3.17)

IA

This implies that

X0 — X1 < ll%o — Xall lIxo — ull,
hence

X0 — Xall < |lxo —u|| forallu € F(S) N VI(C,A) NGEPand n € N. (3.18)
From x, = P¢,xp and X, 11 = P, ;%0 € Gyy1 C Gy, we also have

(X0 — Xn, Xn — Xnq1) = 0, (3.19)
for alln € N. So, for x,1 € C;, we have, forn € N

0 < (X0 — X, Xn — Xn1) = (Xo — Xn, Xn — Xo + X0 — Xp41)

= —(Xp — X0, Xp — Xo) + (X0 — Xu, X0 — Xn41),

IA

—[1%n = x0l1> + X0 — Xall X0 — Xas1 - (3.20)

This implies that

2
I

llXo — X411 < llXo — Xall llXo — Xp41ll,
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X0 — Xnll < [IXo — Xnt1]l foralln e N.
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(3.21)

From (3.18) we have {x,} is bounded, and lim,_,  ||X, — Xo|| exists. From (3.7) and (3.10), {u,}, {vs}, and {w,} are also
bounded. Next, we show that ||x, — x,+1|| — 0. In fact, from (3.19) we have

2 2
X0 — Xng1ll® = (X0 — X0) + (X0 — Xnt1) |

2 2
= [lxn — Xoll” + 2(Xn — X0, X0 — Xny1) + X0 — Xns1ll

2 2
= Ix, — xollI“ + 2(Xpn — X0, X0 — Xn + Xy — Xnt1) + X0 — Xnt1 |l

2 2
= [Ixn — Xoll” — 2(x0 — Xn, Xo — Xn) — 2(Xo — Xp, Xn — Xn11) + lIXo — Xp 11|

2 2 2
= 1% — XollI® — 2[1Xa — XollI” + [1Xo — Xn41l

2 2
= —lxn — XolI” + lIXo — Xn411I"

Since lim,,_, o [|X, — Xo|| exists, we have that

lim [[x, — Xp11]| = 0.
n—00

On the other hand, x,,11 € C,41 C C, implies that

lzn = Xn41ll < X0 — Xnsa |-

Hence,

lim ||z, — Xp41l = 0.
n—o00

From x,,1 = Pc,_,Xo, we obtain

X011 — Xoll < 1z — Xo|

forallz € C,y1 and alln € N. Since u € F(S) N VI(C, A) N EP C C,41 we have

Xnt1 — Xoll =< [[u — X0l

alln e NU {0}. Since x,1 € C,, we have

1% — zall < %0 — Xna1ll + 1Xa41 — Zall < 20%0 — Xnaa |l

By (3.23), we obtain

lim X, — zs] = 0.
n—oo

Since
Xn — zZnll = [1Xn — otnXn — (1 — o) Swyll = (1 — o) xXn — Swyll,
it follows by (3.27) that
lim [|x, —Swy| = 0.
n—s00

From (3.8), (3.6), (3.2), we have

lwa = plI* < Bullxa = pI* + (1 = B)llvw = pII* = Bu(1 = B) X — vall?
< Bullxa = pI* + (1 = Bo)llun — pII?

2
llzn — Pl

< ﬁn”xn - p||2 + (1 - ,Bn)[”Xn - p||2 - 2rn<xn — D, an - Bp) + rr?”Bp - an”Z]

= [Ixn — plI* — (1 — Br)2rn (X0 — P, BXy — Bp) + (1 — B)r2||Bp — Bxy ||

=<

%2 — pII* = (1 = Ba)2raB By — Bpll + (1 — Bu)ry[IBp — Bxa?

= % = plI*> = (1 = B)ra2B — o) [Bp — Bxal,
and from (3.11) and (3.29), we obtain

=<
=

apllx, — p”Z + (1 — o) llwy — p”z
anllXn = plI* + (1 = an)lllxa = plI* — (1 = B)ra(2B — 1a) 1Bp — Bxal|’]
”Xn - p||2 - (1 - Oln)(l - ,Bn)rn(zlg - rn)”Bp - an”Z-

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)
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And hence
1
Bp — Bx,||* < % — pII> — llza — pII?
! (1 —an)(1 = BB —1) "
1

%2 = zall (X0 =PIl + llzn = PID- (3.32)

<
T (I =)= B)ra(2B — 1)
From (3.27), liminf, 1, > 0, (i) and (ii), we obtain
lim ||Bp — Bx,|| = 0. (3.33)
n—oo

We note from the proof of Theorem 3.1 [18], that I — r,,B is nonexpansive, for all n € N. Since T;, is firmly nonexpansive and
using Lemma 2.4(2) and (3.2), we have

llun — p”2 = ”Trn (Xn — maBxp) — Trn (p— Tan)||2
< ((Xq — 1uBxn) — (p — 1uBp), up — p)

1
= E(”(Xn - rnBXn) - (p - ran)”z + ”un - p||2 - ”(Xn - rnBXn) - (p - ran) - (un - p)”2)

1
= 5 —plI* + llun — pII* = | (X0 — un) — ra(Bxa — Bp)|I*)

1 2 2 2 2 2
= 5 lxn = plI” + llun = pII™ = %0 = unll® + 2ra (Xn — un. Bxy — Bp) — 1, [|Bxn — Bp|[*).

Thus, we obtain

llun — plI* < %0 — PII* — X0 — tnll® + 27 (X — Un, Bx, — Bp) — r7||Bx, — Bpl|°. (3.34)

From (3.11),(3.9), (3.7) and (3.34) we can calculate
lzn — pII* = anllxa — plI* + (1 — atn)[[wy — plI®
< anllXa = pI? + (1 = an)[Bullxa — pI? + (1 = B)llva — pII*]
< anllxn = pII* + (1 = an) Ballxa — plI> + (1 — aa) (1 — Bo)llun — plI°
< anllxn — pII* + (1 — an) Bullxa — pII?
+ (1= a)(1 = B)lI%n = pII* = [1%n — unll® + 27 (xa — tn, Bxy — Bp) — 17||Bxy — Bp||°]
1% = pII* = (1 = @) (1 = Ba) X0 — tnll> + (1 = 0ta) (1 = Bu)27allxs — Unl| [|Bxa — Bpll, (3.35)
by (i), it follows that
(1= a)(1 = a)|xq — upl> < (1= ) (1 = Bo) X0 — unll®
< % = pII* = llza — PII* + (1 — ) (1 = Bu) 27y lIXn — Unll |Bxy — Bpl|
< %0 — zall(lIxn — pIl + lzn — PI) + (1 — ata) (1 — Bn)2rnllXn — unll |Bxn — Bpll.
From (3.27), (3.33), (i) and the boundedness of {x,} and {u,}, we have

IA

Hm %, — g = 0. (3.36)
n—oo

Since liminf,__, o, r, > 0, we obtain

lim
n—s- 00 n—-oo

Xp — Up . 1
= lim —|x, —u,|| =0. (3.37)
rn rn

Next, we show that lim,,_, », ||u, — ¥»|| = 0. Consider,
[yn = PI* = [IPc(un — AnAln) — Pc(p — AnAp)|?
< 11 (un — AnAty) — (p — 2nAD)|I?
= [[(un — p) — An(Au, — Ap)|1?
= |[un — pII* — An{un — p, Aup — Ap) + A2||Au, — Ap||
< ||%n — plI* — 2Bl Auy — Apll* + A2]|Au, — Ap|®
= [1Xn = pII* + An(hn — 200) || Au, — Ap]|°.

2
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From (3.11), (3.8), (3.7) we have

Iza — PI* < onllxa — PI* 4+ (1 — o) |y — pII?
< onllxa — pIP + (1 — ) [Ballxa — pI* + (1 = B)llvn — pII* = Ba(1 — Ba) X0 — vnl*]
< onllxa — pI> + (1 — ) [Ballxn — pI> 4+ (1 = B)lIxa — PI* — Ba(1 — B l1Xn — vnll*]
< onllxa — pI* + (1 — ) [[1Xn — PII* = Ba(1 = Bu)lIxa — valI*]

= %0 = pII* = (1 = &) Bu(1 = B)llxn — vall?, (3.38)
from (i), it follows that

(1= a)ar(1 — @)% — vall® < (1= ew)Ba(1 = Bu) %0 — vall?
< % — pI*> = llza — pII?
< lxn = zull (%0 — Pl + 1z — pID.
From (3.27) and (ii), we have

lim [|%, — vall = 0. (3.39)
n—oo

For p € F(S) N VI(C, A) N EP, from (3.11), (3.9), (3.7), (3.5) we obtain

Iza — PI* < atnllxa — PI* + (1 — o) lwy — pII?
< onllxa — pI* + (1 — ) [Ballxa — plI* + (1 = Bo)llvn — plI*]
= onllxa — pII* + (1 — o) Bullxn — pII* + (1 — ) (1 — Bo)llva — pII
< anllxa — pI”> + (1 — ) Bullxa =PI + (1 — ) (1 — B)[llun — PI* + A2 — DIt — yall*]

< onllxa — pIP + (1 — o) Bullxa — pI* + (1 — o) (1 — B)[l1%0 — pII*]
+ (1 —an)(1 = B (A2K* — Dluy — yull?
= llxa — plI> + (1 — ) (1 = B) O2K* = DIty — yall*.

Therefore, we have

1 2 2
U, — < Xn — —|lza —
lun = all = G gy ey e —PI — I — Pl
1
= Xn — Zn — Xo —pll — llzn —
0w o @ e = Pl + 2 = PD(xs = pll = lzo = pl)
1
< Xn — Zu|l (X0 — zn —pl)-
= G and o iz Mo~ 2l = pll+ iz = pl)
So, by (3.27) we obtain
lim |u, —yqll = 0. (3.40)
n—o0o
Since ||x, — ¥nll < lIXn — Unll + |tn — ¥nll, from (3.36) and (3.40) we also have
lim ||x, —ya|l = 0. (3.41)
n—o0o
We note that ||y, — vnll < |l¥n — Xall + ||Xn — va||. From (3.39) and (3.41), we obtain
lim |jv, —yanll =0. (3.42)
n—oo
Since
lwn = Xall = |Bnxn + (1 = Bn)vn — Xnll
= (1= B)llvn — xall.
From (3.39), we have
lim |Jw, —xy]| = 0. (3.43)
n—o0o
Note that

ISty — upll < ISty — Swyll + [[Swy — Xall + (1%, — unll
< g — wyll + ISwy — Xall + (%0 — unll
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IA

Ity — Xpll + 11X0 — wall + ISwy — Xull + 11X0 — upll
2|xp — upll + 1% — wyll + ISwy — X4l

From (3.28), (3.36) and (3.43), we obtain
lim ||Su, — u,|| = 0. (3.44)
n—oo

Since {up,} is bounded, there exists a subsequence {unij } of {uy,} such that Uy, = W Without loss of generality, we can
assume that u,, — w. Since C is closed and convex, w € C. We first show that w € EP. It follows by (4.2) and (A2) that

1
(BXn, y — un) + 7()’ — Up, Uy — Xp) > F(y, Uy)

n

and hence
Up; — Xp;
(BXn;, ¥ — Un;) + <y — Up,, r7> > F(y, un,). (3.45)
n;
Puty, =ty+ (1 —t)w forallt € (0, 1]Jand y € C. Thus, we have y; € C. So, from (3.36), we have
Up, — Xy,
O/t - un,-’Byt> - (yf - un,-, BYt> =0 > _O/t - un,-aBXn,-> —\y - uT‘l," ri +F(V7 un,-)
n;

and hence
Up; — Xp;

7> + F(y, un,')
r

nj

(Ve — Up;, By:) > (y: — uni»Byt) -y = un,-yBXnJ - <y — Up;,

Up, — Xp;

= <J’t - uni7By[ _Buﬂi> + (}’t - uanuTli _ani> - <y - uTl,” >+F(V7 un,-)~

nj
Since |[uy; — Xy || — 0, it follows that ||Bu,, — Bx,,|| — 0. Further, from monotonicity of B, we get

(Ve — up,, Bys — Buy,) > 0.
So, from (A4), we have

e —w, Byr) > F(yr, w), (3.46)
asi — oo. From (A1), (A4) and (3.46), we have

0=Fye,y) <tFe,y) + (1= OF e, w) < tFQe, y) + (1 — )y —w, Byy)
tFQye,y) + (1 = 0)t{y — w, By:)

and hence 0 < F(y;,y) + (1 — t)(y — w, By;). Letting t — 0, we have foreachy € C,0 < F(w,y) + (y — w, Bw). This
implies that w € GEP. Next, we show that w € F(S). Assume that w # Sw. From Opial’s condition and ||Suy,, — uy || — 0,
we have

IA

liminf |lu,, — w|| < liminf|ju,, — Sw| = liminf || (u,, — Sun,) + (Sup, — Sw)||
i—00 i—o00 i—o00
= liminf ||Su,, — Sw|| < liminf ||u,, — w].
i—00 =00

This is a contradiction. So, we have w € F(S). Therefore w € F(S) N GEP.
Finally, we can show that w € VI(C, A). Define,

_ JAv+Ncv, veC,
Tv_{& v eC.

Then, T is maximal monotone. Let (v, u) € G(T). Since u — Av € Ncv and v, € C, we have (v — v,;, u — Av) > 0.On the

other hand, from v, = Pc(u; — ApAy,), we have (v — vy, v, — (U — AzAy,)) > 0, and hence, <v — Uy, ””;n”” +Ay,,> > 0.
Therefore, we have

(v — vy, u) > (v — vy, Av)

VUp, — Up;
> (U - Uni,AU) - <U — Un;, % +AYn,>
nj

Up, — Up:
= <U—Uni,AU—Ayni — %>
n;



I. Inchan / Nonlinear Analysis: Hybrid Systems 5 (2011) 467-478 477

Up; — Up;
= <v - UnivAv _Avﬂ,') + ('U - vniaAvn,' _Ayn,~> - <'U — Un;, )\7>
nj

Unl- - un,-
> <v - Un,-vAvni _A.Vni> —\V = Upy;, —/— |-
An;
Since limp_, o ||[vp — Upll = limp—, o0 |vn —Ynll = 0, uy, — p and A is Lipschitz continuous, we obtain that lim,_, o, [|Av, —
Ay,ll = 0and vy, — p. From liminf, o Ay > 0 and lim,_,  [|v, — u,|| = 0, we obtain

(v—2z,u) > 0.

Since T is maximal monotone, we have z € T~'0 and hence z € VI(C, A). Hence, we have z € F(S) N VI(C, A) N GEP. Finally,
we show that x, —> z, where z = Pr(s)nvi(c.a)ep(r)Xo- Since x, = P, %o and z € F(S) N VI(C, A) N GEP C GC,, we have
I, — xoll < llz — Xol|. It follows from z" = Pr(s)nvi(c,ancerXo and the lower semicontinuity of the norm that

2" = xoll < llz — Xoll < liminf[|xy, — Xo[l < limsup [|x,, — xoll < lIz’ — Xoll.
=00 i—> 00

Thus, we obtain that limy_, o [|Xs;, — Xoll = ||z — Xoll = ||z’ — Xo||. Using the Kadec-Klee property of H, we obtain that
lim x, =z =12
i—> 00
Since {xp,} is an arbitrary weakly convergent subsequence of {x,}, we can conclude that {x,} converges strongly to z, where
Z = Prmynwvicc,ancepXo. O

4. Application

Theorem 4.1 ([12]). Let C be a nonempty closed convex subset of a real Hilbert space H. Let A : C — H be a-inverse strongly
monotone of C into H and let S be a nonexpansive mapping from C into itself such that F(S) N VI(C, A) # @. Let {x,}, and {y,}
be sequences generated by

X1,u € C chosen arbitrary,
Yn = Pc(xn — AnAxy), (4.1)
X1 = Buxn + (1 — Bp)S(auXn + (1 — ap)Pc (X — AyAyn)), VYn=>1,

where {ay}, {82} C [0, 1], {1} C (0, 1) satisfy the following condition:
(C1) limp o0 0ty = 0, X2 00y = 00,

(C2) 0 < liminfy oo Bn < limsup,_, o, fn < 1,

(C3) {2} c (r,1—6) forsome 7,8 € (0, 1) and limy_, o6 1y = O.

Then {x,} converges strongly to Pr(s)nvi(c.4)U-

Theorem 4.2. Let C be a nonempty closed convex subset of a real Hilbert space H. Let F be a bifunction from C x C into R
satisfying (A1)-(A4) and let A be an a-inverse-strongly monotone mapping of C into H and let T be a strictly k-pseudocontractive
mapping of C itself. Let S be a nonexpansive mapping from C into itself such that F(S) N GEP # (. Let the sequences {x,} and
{u,} be generated C; = C C H, x; = PcXp;

u, € C,
1
F(up,y) +{I — T)xn, ¥y — un) + 7<y —Up, Uy —X) 20, VyeC
n
Yn = PC(un - )VnAun)s (4-2)

Zp = anXy + (1 — ap)S(Buxn + (1 — Br)Pc(un — AnAyn)),
Cop1={z€Cy:llzn — 2zl < 1% — 2|},
Xnt1 = Pcyy1%0, n €N,

where u, = T, (xn — ra(I — T)x,) and {r,} C (0, oo). Assume that the control sequences {a,}, {8,} C [0, 1], {An} C
(0, 2e), and{r,} C (0, 1 — k) satisfy the following conditions:

(i) 0 <a<oay, Bn<b<1forsomea,bcR,
(ii)0<c =<t <d<a,forsomec,d € R,
(iii) liminf, .o Ay > O and liminf, .o 1, > 0.

Then {x,} converges strongly to Pr(s)ncepXo.

1-k

Proof. A strictly k-pseudocontractive mapping is =

desired result. O

-inverse strongly monotone. So, from Theorem 3.1, we obtain the



478 L. Inchan / Nonlinear Analysis: Hybrid Systems 5 (2011) 467-478

Acknowledgements

The author would like to thank The Thailand Research Fund and the Commission on Higher Education under grant
MRG5380081 for financial support. Moreover, we would like to thank Prof. Dr. Somyot Plubiteng for providing valuable
suggestions and wish to express our gratitude to the referees for a careful reading of the manuscript and helpful suggestions.

References

[1] L.C. Ceng, S. Al-Homidan, Q.H. Ansari, J.C. Yao, An iterative scheme for equilibrium problems and fixed point problems of strict pseudo-contraction
mappings, J. Comput. Appl. Math. (2008) doi:10.1016/j.cam.2008.03.032.
[2] P.L. Combettes, S.A. Hirstoaga, Equilibrium programing using proximal-like algorithms, Math. Program. 78 (1997) 29-41.
[3] J.-C. Yao, O. Chadli, Pseudomonotone complementarity problems and variational inequalities, in: J.P. Crouzeix, N. Haddjissas, S. Schaible (Eds.),
Handbook of Generalized Convexity and Monotonicity, 2005, pp. 501-558.
[4] F.E.Browder, W.V. Petryshyn, Construction of fixed points of nonlinear mappings in Hilbert space, ]. Math. Anal. Appl. 20 (1967) 197-228.
[5] W. Takahashi, M. Toyoda, Weak convergence theorems for nonexpansive mappings and monotone mappings, J. Optim. Theory Appl. 118 (2003)
417-428.
[6] Y. Yao, Y.C. Liou, R. Chen, Convergence theorem for fixed point problems and variational inequality problems, Nonlinear Anal. (2008)
doi:10.1016/j.na.2008.02.094.
[7] S. Plubtieng, R. Punpaeng, A new iterative method for equilibrium problems and fixed point problems of nonexpansive mappings and monotone
mappings, Appl. Math. Comput. 197 (2008) 548-558.
[8] L.C. Zeng, S. Schaible, J.C. Yao, Iterative algorithm for generalized set-valued strongly nonlinear mixed variational-like inequalities, ]. Optim. Theory
Appl. 124 (2005) 725-738.
[9] G.M. Korpelevich, The extragradient method for finding saddle points and other problems, Matecon 12 (1976) 747-756.
[10] L.C. Zeng, ].C. Yao, Strong convergence theorem by an extragradient method for fixed point problems and variational inequality problems, Taiwanese
J. Math. 10 (2006) 1293-1303.
[11] W. Takahashi, Y. Takeuchi, R. Kubota, Strong convergence theorems by hybrid methods for families of nonexpansive mappings in Hilbert spaces,
J. Math. Anal. Appl. 341 (2008) 276-286.
[12] A. Bnouhachem, M. Aslam Noor, Z. Hao, Some new extragradient iterative methods for variational inequalities, Nonlinear Anal. (2008)
doi:10.1016/j.na.2008.02.014.
[13] Z. Opial, Weak convergence of the sequence of successive approximation for nonexpansive mappings, Bull. Amer. Math. Soc. 73 (1967) 591-597.
[14] H.K. Xu, An iterative approach to quadratic optimization, J. Optim. Theory Appl. 116 (2003) 659-678.
[15] H.K. Xu, Viscosity approximation methods for nonexpansive mappings, J. Math. Anal. Appl. 298 (2004) 279-291.
[16] E.Blum, W. Oettli, From optimization and variational inequalities to equilibrium problems, Math. Student 63 (1994) 123-145.
[17] S. Takahashi, W. Takahashi, Strong convergence theorem for a generalized equilibrium problem and a nonexpansive mappings in a Hilbert spaces,
Nonlinear Anal. 69 (2008) 1025-1033.
[18] S.Takahashi, W. Takahashi, Viscosity approximation methods for equilibrium problems and fixed point problems in Hilbert spaces, . Math. Anal. Appl.
331(1)(2007) 506-515.


http://dx.doi.org/doi:10.1016/j.cam.2008.03.032
http://dx.doi.org/doi:10.1016/j.na.2008.02.094
http://dx.doi.org/doi:10.1016/j.na.2008.02.014

Applied Mathematical Sciences, Vol. 5, 2011, no. 72, 3585 - 3606

Extragradient Method for Generalized Mixed
Equilibrium Problems and Fixed Point Problems
of Finite Family of Nonexpansive Mapping
I. Inchan'

Department of Mathematics and Computer, Faculty of Science and Technology
Uttaradit Rajabhat University, 53000, Thailand

Abstract

In this paper, we introduce the extragradient method for finding a common element
of the set of solutions of generalized mixed equilibrium problem, the set of common
fixed point of family of nonexpansive mappings the set of variational inequality for
monotone, Lipschitz continuous mapping in a Hilbert space. Then we prove the strong
convergence of iterative algorithm to a common element of this sets. The result
extend and improve the result of Jian-Wen Peng and Jen-Chih Yao [Strong convergence
theorems of iterative scheme based on the extragradient method for mixed equilibrium
problems and fixed problems, Math. Comp. Modelling, 49(2009) 1816 - 1828.]

Mathematics Subject Classification: 46C05, 47D03, 47TH09, 47H10, 47H20

Keywords: asymptotically k-strict pseudo-contractive mapping in the intermediate
sense; Mann’s iteration method

1 Introduction

Let C be a closed convex subset of a real Hilbert space H. A mapping T of H into
itself is called nonexpansive if ||Tz — Ty|| < |z — y|| for all z,y € H. We denote by
F(T) the set of fixed points of T (i.e.F(T) = {z € H : Tx = z}). Let f : C — C be
a contraction mapping if || f(z) — f(y)|| < allz —y| for a € (0,1) and for all z,y € C.
Let F : C — H be a nonlinear mapping, let ¢ : C — R be a function, and let © be a
bifunction of C' x C' into R. Now we consider the following generalized mixed equilibrium
problem: to find u € C such that

O(u,y) + o(y) — p(u) + (Fu,y —u) >0, Vy € C. (1)

!Corresponding author;
Email addresses: peissara@uru.ac.th (I. Inchan)
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The set of solution of problem (1) is denoted by GMEP(O, ¢).

If F =0, then the generalized mixed equilibrium problem (1) becomes the followsing
mixed equilibrium: to find v € C' such that

O(u,y) + ¢(y) —p(u) = 0,vy € C, (2)

which was considered by Ceng and Yao [10]. If ¢ = 0, then the generalized mixed equilib-
rium problem (1) becomes the following equilibrium: to find u € C such that

which was studied by S. Takahashi and W. Takahashi [19]. If ¢ = 0 and F' = 0, then the
generalized mixed equilibrium problem (1) becomes the following equilibrium problem: to
find u € C such that

O(u,y) >0, Vy € C. (4)

If O(x,y) = 0 for all z,y € C, the generalized mixed equilibrium problem (1) becomes the
following variational inequality problem: to find u € C such that

p(y) —e(u) + (Fu,y —u) 20, Vy € C. (5)

The mixed equilibrium problems include fixed point problems, optimization problems,
variational inequality problems, Nash equilibrium problems, and the equilibrium problems
as special cases; see, for example, [9, 14, 23, 12, 11, 15] Some methods have been proposed
to solve the mixed equilibrium problem and the equilibrium problem. In 1997, Flaim
and Antipen [14] introduced an iterative method of finding the best approximation to the
initial data and proved a strong convergence theorem. Subsequently, S. Takahashi and
W. Takahashi [21] introduced another iterative scheme for finding a common element of
the set of solutions of the equilibrium problem(2) and the set of fixed point points of
a nonexpansive mapping. Furthermore, Yao et al. [22] introduced some new iterative
schemes for finding a common element of the set of solutions of the equilibrium problem
(2) and the set of common fixed points of finitely (infinitely) nonexpansive mappings.
Very recently, Ceng and Yao [10] considered a new iterative scheme for finding a common
element of the set of solutions of the mixed equilibrium problem and the set of common
fixed points of finitely many nonexpansive mappings. Peng and Yao [17] developed a CQ
method. They obtained some strong convergence results for finding a common element of
the set of solutions of the mixed equilibrium problem (1) and the set of the variational
inequality and the set of fixed points of a nonexpansive mapping. Their results extend
and improve the corresponding results in [10, 13, 16, 21].

In 1999, Atsushiba and Takahashi [1] defined the mapping W), as follow:
Ui = MaTi+ (1= Xp1)d,
Un2 = M2ToUpg+ (1= Ayp)l,
Unz = M3T3Uno+ (1= Ay3)l,

Upn-1 = MnN-1IN—1Upn—2+ (1 — Ay n-1)],
Wn = Un,N = )\n,NTNUn,N—l + (1 - )\n,N)Ia (6)
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when {\,;}¥ C [0,1]. This mapping is called the W —mapping generated by 11, Ty, ..., T
and A\ 1, Ap2, ..., Ap,n. In 2000, Takahashi and Shimoji [20] proved that if X is a strictly
convex Banach space, then F(W,,) = ﬂfil F(T;), where 0 < A\p,1 <1 i=1,2,...,N.

In 2009, J. W. Peng and J. C. Yao [18], introduce a new iterative scheme based on the
extragradient method generated by;

r1=x€C

O(un,y) + ¢(y) — (un) + %(y — Un,Un — Tp)) 20, Vyel
Yn = Po(un, — ynAuy)

Tpt1 = QU+ By + (1 — ay — Bn) WaPo(un — Y Ayp).

They proved that under certain appropriate conditions imposed on {a, }, {Bn }, {7} the se-
quences {x, } and {uy, } generated by (7) converges strongly to z = Pox  piryavi(c,aynmep©,0)f (2)
for finding a common element of the set of solutions of a mixed equilibrium problem, the
set of fixed points of a family of finitely nonexpansive mappings and the set of solutions of
the variational inequality for a monotone, Lipschitz continuous mapping in Hilbert spaces.

Let {TZ}ZJ\L ; be a finite family of nonexpansive mappings of C' into itself. For each
n € Nand j=1,2,...,N, let o} = (a]?, ay’, a3”) be such that a}”, ay?, a3” € [0,1] with

a?j + agj + agj = 1. We define mapping S,, : C — C as follow:

Un,O = I

n,1 n,l n,1
Un71 = o TlUn,O + ay Un,O + ag I

n,2 n,2 n,2
Un72 = o TQUnJ + gy Un,l + ag I

3 3 3

Un73 = O/f T3Un72 + Oég Umg + Oég I

n,N—1 n,N—1 n,N—1

Uwn-1 = o Tn_1UpN—2+ ay Un,N—2+ az I
n,N n,N n,N
S, = Un,N = TNUn,Nfl + gy Unnyl + ag I, (8)

In this paper inspired and motivate J. W. Peng and J. C. Yao [18], we introduce an
iterative extragradient method generated by

r1=x€C

O(un,y) + ¢(y) — (un) + %(y = Un,Un — (2 —TF2y)) 20, Vyel
Yn = Po(un, — ynAuy)

Tn1 = O f(Tn) + Bpn + (1 — an — Bn)SnPo(un — YnAyn).

9)

Then we proved that under certain appropriate conditions imposed on {ay, }, {6, }, {7n} the
sequences {z, } and {u, } generated by (9) converges strongly to z = Pon  p(r)nvi(c,4)naMEP©,0)f (2)-
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2 Preliminaries

Let H be a real Hilbert space with inner prduct (-,-) and norm || - ||. Let C be a
nonexpansive closed convex subset of H. Let symbols — and — denote strong and weak
convergence, respectively.

For any x € H, there exists a unique nearest point in C, denoted by Pc(x), such that
|z — Po(z)|| < ||z — yl| for all y € C. The mapping P¢ is called the matrix projection of
H onto C'. We kwon that Py is nonexpansive mapping from H onto C. It is also known
that Po(x) € C and

(z — Po(z), Po(z) —y) =2 0 (10)
for all z € H and y € C. It is easy to see that (10) is equivalent to
lz =yl > llz — Pe(@)l* + |y — Po(x)|? (11)
for all z € H and y € C'. A mapping A of C into H is called monotone if
(r—y, Az — Ay) > 0

for all z,y € C. A mapping A of C into H is called S-inverse-strongly-monotone if there
exists a positive real number « such that

(x —y, Az — Ay) > B|| Az — Ay|?

for all z,y € C. A mapping A : C — H is called k-Lipschitz continuous if there exists a
positive real number « such that

[ Az — Ay|| < kllz =y

for all z,y € C. It is easy to see that if A is S-inverse-strongly-monotone mappings, then A
is monotone and Lipschitz continuous. The converse is not true in general. The class of (-
inverse-strongly-monotone mappings dose not contain some important classes of mappings
even in a finite-dimensional case. For example, if the matrix in the corresponding linear
complementarity problem is positively semidefinite, but not positively definite, then the
mapping A is monotone and Lipschitz continuous, but not a-inverse-strongly-monotone.

Let A be monotone mapping of ¢ into H. In the context of the variational inequality
problem the characterization of projection (10) implies the following:

ueVI(C,A) = u= Pc(u— NAu), A>0,
and

u = Po(u— NAu) for some A >0=u € VI(C,A)

It also known that H satisfies the Opial condition (see [4]), i.e. for any sequence
{z,} C H with z,, — z, the inequality

liminf ||z, — z| < liminf ||z, — y||
n—oo n—oo
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holds for every y € H with = # y.

A set-valued mapping T : H — 2 is called monotone if for all z,y € H, f € T, and
g € T, imply (z—y, f—g) > 0. A monotone mapping T : H — 2 is maximal if graph G(T’)
of T is not properly contained in the graph of any other monotone mapping. It is known
that a monotone mapping 7' is maximal if and only if for (z, f) € Hx H,{(x—y, f —g) >0
for every (y,g) € G(T) implies f € Tx. A be a monotone, k-Lipschitz continuous mapping
of C into H and let Ncwv be normal cone to C at v € C, i.e, Nov={w € H : (v —u,w) >
0, Yu € C}. Define

Av+ Nov if v e C,
Tv =
0 ifveg C.

Then T' is maximal monotone and 0 € T;, if and only if v € VI(C, A) (see [5]).

For solving the mixed equilibrium problem, let us give the give the following assumption
for the bifunction F', ¢ and the set C' :
(Al) F(z,y) =0 forall x € C;
(A2) F is monotone, i.e. F(z,y)+ F(y,z) <0 for any z,y € C,
(A3) for each y € C,z +— F(z,y) is weakly upper semicontinuous;
(A4) for each y € C,y — F(z,y) is convex;
(A5) for each y € C,y — F(z,y) is lower semicontinuous;
(B1) for each x € H and r > 0, there exist a bounded subset D, C C and y, € C such
that for any z € C\ Dy,

F(,0) +0lye) + 1 (v — 2,2 — 2) < (2).

(B2) C is a bounded set.
By similar argument as in the proof of lemma in (see [3]), we have the following result.

Lemma 2.1. Let C be a nonempty closed convexr subset of H. Let F be a bifunction
from C x C to R satisfying (A1)-(A5) and let ¢ : C — R U {+oo} be a proper lower
semicontinuous and convex function. Assume that either (B1) or (B2) holds. For r > 0
and x € H, define a mapping T, : H — C' as follows.

Tie) = {2 € O3 Fla) 4 90) + 1y =22 0) 2 p(a), Ve

for all x € H. Then the following conclusions hold:
(1) For each x € H, T, # (;

(2) T, is single-valued;

(8) T, firmly nonexpansive, i.e, for any x,y € H,

T (2) = T () |” < (Tr(2) — Tr(y), = — y);
(4) Fiz(T,) = MEP(F, ) is closed and convex.

We also need the following lemmas.
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Lemma 2.2. Let H be a real Hilbert space. Then for any x,y € H, we have
(i) o +yl? < llz|? +2(y, 2 + )
(ii) |z +yl* = [|2]* £ 2(z,y) + [lyl*
(iii) [t + (1 = t)y[|> = ]|zl + (1 = ) [yl — t(1 = t)l|l= — yl?, V¢ € [0,1].

Lemma 2.3. (see [6, 7]). Assume that {cu,} is a sequence of nonnegative real numbers
such that

Ap41 < (1 - ’Yn)an + 571

where vy, is a sequence in (0,1) and {9, } is a sequence such that
(1) 22021 = 00;

(i) imsup,, o 0n/n <0 or > 0 |,] < o0.
Then, lim,,_,, o, = 0.

Lemma 2.4. (see [8]) Let {z,,} and {w,} be bounded sequence in a Banach space, let
{Bn} be a sequence of real numbers such that 0 < liminf, o B, < limsup,,_, . G < 1
for all n = 1,2,... Suppose that xni1 = (1 — Bp)wy, + Bpxy for alln = 1,2,... and
limsup,, o (|wn+1 — Wl + [[Tn+1 — xn||) < 0. Then, limy,—o0 ||wyn — 24| = 0.

Lemma 2.5. Let C' be a nonempty closed convex subset of real Hilbert space H and
T :C — C be a k-strictly pseudocontractive mapping. Define a mapping S : C — C by
Sz =0z + (1 —0)Tx for allz € C and 0 € [k,1). Then S is nonexpansive mapping such
that F(S) = F(T).

Definition 2.6. [2] Let C be nonempty convex subset of real Banach space. Let {T;}N
be a finite family of k;-strictly pseudocontractive mappings of C into itself. For each
i =1,2,...,N, we define a mapping S; = &1 + (1 — 0;)T; where §; € [ki,1) consider
mapping K, defined by

Un,nJrl = 1
Un,n ’YnSnUn,n+1 + (1 - ’Yn)Iy
Un,n—l - ’Yn—lSn—lUn,n + (1 - 7n—1)17

Uk = MSUnps1 + (1 =),
Unk—1 = Ye=1Sk—1Unp + (1 —y—1)1,

Una = 725U, 3+ (1 —72)1,
K,=U,1 = mSUn2+1—m)I,

where 1,72, ... are real number such that 0 < vy, < 1.

As regards K, we have the following lemmas which are important for prove our main
results.
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Lemma 2.7. [2] Let C' be a nonempty closed convex subset of a strictly convex Banach
space E. Let S; be nonexpansive mapping of C into itself such that NS F(S; # 0 and
V1,72, .- be real numbers such that 0 < v; < b < 1, for every i = 1,2,.... Then for any
z € C and k € N, the limit lim, . U, exists.

Using Lemma 2.7, one can define the mapping K of C into itself as follows:
Kz := lim Kyz = lim U, z, z¢€C.
n—oo n—oo
Such a mapping K is called the modified K-mapping generated by 11,75, ..., 1,72, ... and
01,02, ...

Lemma 2.8. [2] Let C' be a nonempty closed convex subset of a strictly convex Banach
space E. Let S; be nonexpansive mapping of C into itself such that N2, F(S; # 0 and
Y1,Y2, ... be real numbers such that 0 < ~; < b < 1, for every i = 1,2,.... Then F(K) =

NiZi F(S5)-

Combining Lemma 2.5-2.8, one can get that FI(K) = (2, F(S;) = Niey F(T3).

Lemma 2.9. [2] Let C be a nonempty closed convex subset of a strictly convex Banach
space E. Let S; be nonexpansive mapping of C into itself such that N2, F(S; # 0 and
V1,72, ... be real numbers such that 0 < v; < b < 1, for every ¢ = 1,2,.... If K is any
bounded subset of C, then

lim sup ||K,x — Kz|| = 0.
=0 geK

3 Main Result

In this section, we derive a strong convergence of an iterative algorithm of extragra-
dient viscosity method which solves the problem of finding a common element of the set of
solutions of a generalized mixed equilibrium problem, the set of fixed points of a family of
finitely nonexpansive mappings and the set of the variational inequality for a monotone,
k-Lipschitz continuous mapping in a Hilbert space.

Theorem 3.1. Let C be a nonempty closed conver subset of a real Hilbert space H.
Let © : C x C — R be a bifucntion satisfying (A1)-(A5) and ¢ : C — R U {+oc0} be a
paper lower semicontinuous and convex function. Let F' be a B-inverse strongly monotone
and A be a monotone and k-Lipschitz continuous mapping of C into H. Let {T1,T>,...}
be a family of infinitely k;-strictly pseudocontractive mapping of C into itself, such that
0<% <b<1, for everyi=1,2,... and Q =, F(T;) N\ VI(C,A) NGMEP(F, ) # 0.
Let {S,,} be the S-mapping generated by {11,Ts,... , Tn} and agn),agn), ... ,ag\?). Assume
that either (B1) or (B2) holds, let {z,}, {un} and {yn} be sequences generated by;

r1=z€C

O(un,y) + ¢(y) — (un) + %(y — Un,Un — (2 —7TF2y)) 20, Vyel
Yn = Po(un — ynAuy)

Tnt1 = anf(Tn) + Bnn + (1 — an — Bn)SnPo(un — YnAyn)

(12)
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where f is contraction of C into itself with a € (0,1) and {an}, {Bn} and {y,} are
sequences in (0,1), {r,} C (0,00) are satisfy the following condition:

(l) hmn—>oo O = 0 and ZZO:O Qn = 005

(i) 0 < liminf, o B, < limsup,,_, . Bn < 1;

(i3i) liminf,, oo 7y > 0 and limy, o |71 — | = 0;

(iv) limy, 00 Yn

= O"

(v) 0 <7 < 26;

—a’| = 0 and |

(n+1)j
3

agj\—>0 as n— oo, forall j€{1,2,... ,N}.

Then the sequence {z,} and {u,} generated by (12) converges strongly to zy € 2, where

20 = Paf(z0).

Proof. Put t, = Po(u, — v, Ay,) for every n € N. First, we prove that the sequences
{zn}, {un}, {un}, {tn}, {Axn}, {Aun}, {f(z,)} and {Ay,} are bounded. Let z* € Q and
let {7}, } be a sequences of mapping defined as in Lemma 2.1 the z* = T,(z* — rFz*).
From u,, = T, (z, — rFz,), we have

= 2|

= | T (zp — rFzyn) — Tr(z* — rFa®)|?
< |(zn —rFzy,) — (z* — rFz*)|]?
Iz — a*) = r(Fa, — Fa*)|]?
= |lzn — 2*|)* - 2r(Fx, — Fz*, x, — 2*) + 7*||Fx, — Fz*|?
< Nlap — 2*||* = 2rB||Fx, — F2*||* + v?||Fx,, — Fz*|?
< lwn — 2|+ r(r — 26)|| Fay — Fa*||?
<z — 2¥|2.(since 7 < 28)

From (11) the monotonicity of A and z* € VI(C, A), we have

It — 2%

IN A

[t — YnAyn — 2*|* = [t — YnAyn — tnl|®

l|wn — x*HQ — [Jun — th2 + 290 (AyYn, ° — ty)

tn = 2*[* = [lun — tall” + 290 ((Ayn — Az™, 2% — )
Az, 2" = yn) + (AYn, Yn — tn))

[t — 2*I1° = [t — tll* + 29 (A, yn — tn)

l|n — x*”Q — [Jun — ynH2 — 2(Un — Yn, Yn — tn) — [|yn — tn”2
+2'7n<Aynayn - tn>

Hun - x*”Q - ”Un - ynH2 - Hyn - th2 + 2<un - ’YnAyn — Yn,tn

— Yn)
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Further, from y,, = Po(u, — v, Au,) and A is k-Lipschitz continuous, we have

<un - ’YnAyn — Yn,tpn — yn> = <un - 'YnAun — Yn,tpn — yn> + <'YnAun - ’YnAyny tnyn>
< <'YnAUn - 'YnAyna ty — yn>
< ’YnkHun_ynHth_ynH

So, we have

ltn =2 1* < Nun = 2% = Jun = yall* = lyn — tal® + 2vkllwn — ynlllItn — ynll
<l = 2 = [l = yall® = llyn — tall® + 72k [un = yall® + [1tn — ynll?
= Jlun =" + (yak* = Dllun — ynll?
< lun = 2%, (92k* 1 <0). (15)

From (12), (14) and (15), we have

||33n+1 - -T*H = Hanf(xn) + Bnan + (1 — Opn — ﬂn)sntn - CC*H
< Oéan(LEn) - CC*H + BTLH‘/EH - CC*H + (1 — Op — Bn)HSntn - -T*H
< ol flzn) — 2"+ Bullzn — 27| + (1 — an — Ba)lltn — 27|
< anllf(@n) = F@) + anll f(zn) — 2| + Ballzn — 27|
+(1 — an — Bn)llwn — 2|
< anallzy, — 2| 4 anllf () — 27| + (1 — an) |z, — 27|
— (1= an(l = @)llan — 27| + an(1 - an)i”f(g )_;)“" ”
< max{a, - o7, LT,

Hence {z,} is bounded, we also obtain that {¢,} and {u,} are bounded. From y, =
Po(up — ynAuy,) and the monotonicity and the Lipschitz continuous of A, we have

||yn—:c*||2 = ||Pc(un — ynAuy) — Po(x” _'YnAx*)HQ
< un = ynAuy — (2F = ypAz®)|?
= up — 2¥|]* = 2vn(Au, — A2 u, — ¥ + 2| Au, — Az*|?
<l — 2P+ vkl — 2|

(1 + 72k)lun — 2" (16)

Hence, we obtain that {y,} is bounded, it follows that { Az, }, {Au,}, {Ay,} and {f(z,)}
are bounded. Now we prove that lim,, . ||Zn+1 — 2,|| = 0.
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Consider,

| Po(unt1 — Y1 AYnt1) — Po(un — v Ayn)||

[ (unt1 = Yn+1AYn+1) — (Un — Y AYn) ||

[(tn+1 = Un) = Mn41A4Yn+1 — Ynt1 AYn + Mt1A4Yn + Yo Ayn|

[unt1 = unll + o1 [ Atngr — Aup || + Y1 | Aunll + ol Aun |
[unt1 = unll + Ynt1llunt1 — unll + o1 [[Aunl| + voll Aun |

[unt1 — unll + (29041 + vn) M, (17)

th+1 - tn”

VAN VAN VAR VANRR VA

when M; > sup{k||unt+1 — un|| + ||Auy||}. Since F is [-inverse-strongly monotone and
r < 203, we have for all x,y € C

I = rF)a (I —rF)yl

l(z —y) —r(Fz — Fy)|

lz = y|* — 2r(Fz — Fy,x — y) + r°|| Az — Ay|?
|z — y|I> — 2rB|| Az — Ay||* + r?|| Az — Ayl

2 = y|* + r(r — 26)|| Az — Ay|?

Iz —yll*,

ININ TN

then I — rF is nonexpansive. From u,, = T,(z, — rFx,), we get

[un+1 —unll = T (Tnt1 — 1F2p41) — Tr(2n — rFay)||
< I =rF)ap — (I —rF)ay|
= [[en+1 — @al|- (18)

From (17) and (18), we obtain that

”tn-l—l - th S Hxn-‘rl - an + (2771—&-1 + ’Yn)Ml
= [[Zn+1 — zall + cn, (19)

where ¢, := (2941 + Vo) M. Since lim,, o v, = 0, we have lim,, o ¢, = 0. Next, we
show

lim ||Sp+12n — Spxn|| = 0.
n—oo
For k € {2,3,... ,N}, we have

1,k
n+,x

k k
||Un+1,kxn - Un,kan = HQ?JFL TkUn—i-l,kxn + angl’ n+1,k—1Tn + Q3 n

n,k n,k n,k
—oy" TRUp g—12n — @ Up p—17n — 3 T |

= T (DU jm120 — TiUn 1)

n+1,k n,k
+(a1 - )TkUn,k—lxn

n+1,k n,k n+1,k
o™ = agT ) + oy

+(ay T — YU |

(Un—l—l,k—lxn - Un,k—lxn)
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< a"“’kHUnHk 1xn—Unk 1xn\|+|a"+““ o || T Up 12 |
_Han-i-l K n+1 ko 12l
+ayt! ’kllUn+1,k—1$n - n,k_1xn\|

= (?H’k+a§+1’k)||Un+1,k—1xn— o k—1%n ||
_Han-i-lk e 1an
+|an+1 k n+1 E n,kan

< Un1-azn = Une 1xnu+|a”+““ T2l
Flag ™ - (0 = af T o af* — oG U gran

< NUnt1- 1%— i 1xn\|+|oz"+1k AN TRUp g1 |
+!a”+1 * k(197
+ag™ "“’“\HUM 1an

= [Un+1e- 1~ Unh- 120 + [0 T — P |(IThUn g1zl + | Unk—azal)
Hag ™ — ai (el + [ Tn g-12al) (20)

By (20), we obtain that for each n € N
[Snt12n — Snanll = [[Un+1,8%n — Un NTn|

N
< ||Un+171:cn - Un,lan + Z |a§t+173 _ a?,]
j=2

(175Un,j—12x ||
+17 7‘
+|Un,j—12nll) —|—Z|oz" T — o [(|on ]| + [|Unj—120))
7j=2

N
= Jay ™ = Y| Tian — 2l + ) 10 = a7 (| TjUn 12|
j=2

H|Unj—12])) +Z!a”+ T — | (||n]| + |Unj—1a]))

j=2
From condition (iv) [|of ™ —a/’| - 0 and |4 — aj?| — 0], we obtain
lim ||Sp+12, — Spzy| = 0. (21)
n—oo
Similarly
lim |[Sp+1tn — Sntnl = 0. (22)
n—oo

Let 2y 41 = Bpnxn + (1 — By)2n, then we have

_ Tn4l — ﬁnxn _ anf(mn) + ﬁnxn + (1 — Qp — ﬁn)sntn - ﬁnxn
o= 1—5, B L= P
anf(@n) + (L — an — B)Sntn
1- Bn
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We consider,

_ an+1f($n+1) + (1 — Qp41 — ﬁn+1)5n+ltn+1 O‘nf(SUn) + (1 — Op — ﬂn)Sntn
Zn+l — Zn = - 1-3,

- bn+1
= (Mf(mn_u) — f(l'n)) + Sn-i—ltn—‘rl - Sntn

1- 5n+1

79
1 _ﬁn
On Qn+1
p gy, o dndl
1- ﬂn nn 1- ﬂn+1

n 7%
&(f(xn+l) - SnJrlthrl) + 7(Sntn - O‘nf(xn) + Sn+1tn+1 - Sntn)
1-— ﬂnJrl 1- ﬂn

Sn+ltn+1

Then from (19), we have

«
[2n1 — znll < niﬂ”f(xn+1) — Spitnall + — ”S tn = f(@n)[| + [|Sn1tn+1 — Sptn

1- ﬁn-‘rl 1
o
< 1o @) = Swiatasall+ =5 1Sutn = fl@a)]
1—Bnt1
| Sns1tn1 — Snqatall + [[Sntatn S t |
Ap41
< T @) = Savitarall+ 77 1 () = Sutal
1- ﬁn-‘rl
Htnr1 — tall + [[Sn1tn — satnl]
o
< niﬂ”f(fwrl) - Sn+1tn+1|| + 1 nﬂ ||f(xn) - Snth
n

1= Bnt1
+||Sn+1tn - Snth + Hanrl - .’EnH + Cn.

It follow that

Hf(xn) Sntal|

(0% 1
lzn+1 = 2ol = |Tnt1 — 2|l < niJr”f(%ﬁl) — Sppitnstl| +

1 — Bnt1
+”Sn+1tn - Snth + ¢

From (i), (22) and lim,,—, ¢, = 0, we have

limsup(||zn+1 — 2l — [Tne1 — 2a||) < 0.
n—oo

By Lemma 2.4, we have

lim ||z, — z,|| = 0.
n—oo
Note that
|Zn+1 — Zall = |Bnzn + (1 = Bu)zn — 2all = (1 — Bu)ll2n — o4
Consequently,

lim [|zp41 — 2| = lm (1 — 3,)]|zn — znl] = 0. (23)
n—oo n—oo
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Consider,

[|Sntn — o4 Zn+1 = Zoll + | Tnt1 — Sutall

|Zn+1 = Zoll + anllf(@n) — Zall + Bl Sutn — wall,

IN N

it follows that
(1 = Bu)ISntn — wal| < |[Znt1 — 2nl + anllf(zn) — 24|

and hence

1
[|Sntn — |l < 1 (1zng1 — zull + anllf(2n) — 24]])

- ﬁn
From (i), (#4) and (23), we obtain

nh_)ngo [Sntn — zn|| = 0. (24)
Next, we prove that
lim ||, — upl| = Um |lu, —t,|| = Um |Ju, — ynl| = 0.
n—oo n—oo n—oo
For z* € Q) we obtain that
|21 =[] = llanf (@) + Batn + (1 = an — Bn)Sntn — z*|
< anllf(zn) — 2™ + Ballzn — x*HQ + (1 — an — Bn)||Sntn — x*HQ
< anllf(zn) — 2™ + Ballzn — x*HQ + (1 = an = Ba)lltn — 27|
< anllf(@n) — 2| + Bullwn — 2P + (1 — an — Ba)[lun — 27|
+mk? = 1)Jun — ynll*]
< agllf(@n) = 2|+ Bullwn — 2P + (1 = an — Ba)|zn — ™|

+(1 — OQp — ﬁn)(%%k2 - 1)Hun - yn”27 (25)
it follows that

an [ f(zn) — 2|2 + (A — o) |2 — 2| — [J#nis — 27|

2
Hun - ynH < (1 —ay, — ﬂn)(l _ %2111{;2)
_an(llf(@n) =2 = llzn — 2*|?) | llon — ¥ = [leper — 27|
(1= an — B)(1 — 72k2) (1 —an = Ba)(1 —72k?)
on(7 @) = 212 = llon — a*1?) __ znss — allon = 2°) + Jnss = 1)
- (1 —an — B,)(1 = 72k?) (1= am = Ba)(1 —77k?)

From (i) and (23), we have
lim |lu, — ynl| = 0. (26)
n—oo

By the same argument as in (14), we also have

[tn — 21> < Nlun — 2|1 = lJun = ynll® = llyn — tall® + 290kl tn — ynlllltn — ynll
< lun — x*HQ — [lun — yn”2 — Yy — tn”Q + [Jun — ynH2 + ’Y%kQth - yn”2
[un — 2* |1 + (vak® = 1) = llyn — tal*. (27)
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|Znt1 — 2| = |lanf(zn) + Buzn + (1 — an — Bn)Sntn — x*”Q
< anllf(xn) — 2| + Bullzn — x*”Q + (1 — an — Bn)||Sntn — x*HQ
< an||f(@n) — 2 + Bulln — 2| + (1 — o — B[t — 2|
< apllf(zn) — 2| + Ballzn — 2|7 + (1 — an — Ba) [lun — z*||?
(k= 1)lyn — tal?]
< apllf(zn) — 2| + Ballzn — 2|7 + (1 — an — Ba) |0 — 2|7
+(1 —ap — Bn)(%%k2 = Dllyn — th2
and hence
g — a2 < an(lf(xn) = a*|* = flzn — 2*[?) N |20 — 2*|* = |lTnys — 2*|?
o (1—~2k2) (1—~2k?)
< anlllf(an) — 2 = e —2*1*) | l#ngs — zall(Jon — 2| + e — 2*))
- (1 —~2k?) (1 —12k?) '
From (i) and (23), we obtain
lim ||y, —tn| = 0. (28)
n—oo
Note that
lun = tall < lun = ynll + lyn —tall = 0 as n — ooc. (29)

From A is k-Lipschitz continuous,

we have || Ay, — At,|| = 0. From (12) and (13), we have

|21 =27 = lan(f(zn) = &) + Bu(zn — 2) + (1 = ap — B,) (Sntn — )|
< anll(f(zn) = )P + Ballzn — 2* + (1 — an — Ba)l[Sutn — 2*||?
< anll(f(zn) = )P + Ballzn — 2* + (1 — an — Ba)lltn — 2|7
< anll(f(zn) — x*)HQ +5onn_x*”Q'i‘(l_O‘n_ﬁn)Hun _x*HQ
< anll(f(zn) — )”2 +5onn_x*”Q'i‘(l_O‘n_ﬁn)[Hxn _x*”Q
+r(r = 28)|| Fa, — Fa*||’]
< anl|(f(@n) = 2P+ llen — 2P + (1 = an = Ba)r(r — 26)||Fy, — Fa* ||,

it follows that

(1—ay

From (i) and (23), we get

lim ||[Fx, — Fz*| = 0.
n—oo

= Bu)r(r = 2B) [ Fan — Fa*||? < on|(f(zn) — )| + 2 — 2*|* -

< ap|(f(zn

|lznt1 — 2*||?

)2+ enss = @nll(len — 2| + |2n4r — 2*).

)_

(30)
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Since T, is a firmly nonexpansive for z* € €, we have

ln, — a:*||2 = ||S(zy, — rFzy,) — Sy (™ — rFx*)HZ
< A(xp —rFz, — (2" —rFz*),u, —x¥)
1 * * *
= Slllen —rFa, — (2" —rFz WP+ lun — =%
—||zy — rFz, — (" —rFx*) — (u, — :c*)HZ)
1 * * %
< Slllan -2 12+ llun — 2*|1* = |20 — un — r(Fa, — F2*)|?)
1
< §(||33n - x*HQ + [Jun — x*HQ — [|zn — UnH2 + 2r{(Fx, — Fx*),xn — Up)
—TQHFxn — Fac*HQ)
It follows that
[ — 2% < Jlwn — 2| = ||an — unl® + 27[| Fzn — Fa*|[||2n — unl. (31)
Note that
||$TL+1 - CC*H2 = Han(f(xn) - CC*) + Bn(ﬂjn - CC*) + (1 — Op — Bn)(Sntn - CC*)H2
< anl(f(zn) — x*)HQ + Bnllzn — x*HQ + (1 = an — Bo)||Sntn — x*HQ
< ol (f(@n) — )1 + Ballan — 21> + (1 = an — B)|ll[tn — ¥
< ol (f(@n) — )7 + Bullan — ¥ + (1 — cn — Bl — 2|7
< anll(f(2n) — 2?4 Ballzn — 2% + (1 — a, — Bn)[|Jzn — 277
—l|zn = unll?® + 27| Fap — Fa*|||lzn — uall]
< apl|(f(2n) — x*)H2 + (1 — ap)[|zn — x*H2 — (I = apn = Bn)llzn — un”2

it

(1= an = Bp)ll7n — unH2

follows that

+2r||Fay — Fa*||||z, — uy]|,

< anll(f(@n) = )P+ llon — 2™ = znss — 2"
20| Fan — Fa™||[J2n — unl|
< anll(f(za) = 2 = lznt1 = 2all(lzn — 2 + 201 — 27])

+2r||Fx, — Fz*||||zn — |-

From (i) (23) and (33) , we obtain that

Since

By

|Sntn — un |l

lim |z, — u,| = 0. (32)

[Sntn — Sptnll + [|Sntn — @nll + (20 — uall

<
< lun = tall + 1Sntn — zall + |70 — un |-

(22), (27) and (32), we have

lim [|Spun — upl| = 0. (33)
n—oo
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Consider,
[1Sun — un|l < [|Sun — Spun|| + || Sntn — unl|.

By Lemma (2.9) and (33), we get
lim || Sun — uy| = 0. (34)

Next we show that
lim sup{f (20) — 20, n — 20) < 0,
n—oo
where zg = Pqf(20). To show this inequality, we can choose a sequence {x,,} of {z,}
such that

lim (f(20) — 20, %n, — %) = limsup(f(z0) — 20, Tn — 20)-

1—00 n—oo

Since {zp,} is bounded, there exists a subsequence {xmk} of {xy,} such that T, — W.
Without loss of generality, assume that x,, — w. Consider, for all z,y € H,

1Pp(I = A)z — Pp(I = Ayl < (I = Az — (I = Ayl
< [ =Alllz =yl
< (U =wllz—yl.

Hence Po(I — A) is contraction and has a unique fixed point, say x* € Q. That is,
x* = Po(I — A)(z*). We next prove that w € GM EP. By u,, = S;(z, — rFx,), we know
that
1
G(Unvy) + (P(y) - ()D(un) + ;(y — Up, Up — (xn - TFxn)) > 07 Vy eC.

It follows from (A2) that

1
P(y) = (un) + —(y = tn, tn — (20 = rFan)) 2 Oy, un), Vy € C.
Hence,
1 Up, — (Tn; — 7 Fap,
o) — L) + iy — o, 2T, s oy ) e (35)

For t € (0,1] and y € H, let y; =ty + (1 — t)w. From (35) we have

Up, — (Tn, — 7 Fxy,)

7

We = ung, Fye) = (g — ngs Fye) — () + P(un,) — Y — Un,, )+ O(y, un,)

= <yt — Un;, Fye — Fup,, Fup, — Fxm> - @(yt) +‘P<uni)

M> + Oy, un, ).
T

r

_<yt - uTLZ’7

Since ||un;, — Tn,|| — 0, we have ||Fuy,, — Fz,,| — 0. Further, from the inverse strongly

monotonicity of ¢, =+~ — 0 and wu,, — w weakly, we have

(yr —w, Fy) > —o(y) + o(w) + Oy, w), Yy € C. (36)
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From (Al), (A4), and (36), we also have

0 = O(yt,yt) +o(yt) — o(yr)
< Oy y) + (1 =)0y, w) + te(y) + (1 — t)p(w) — @(yt)
= Oy, y) + o(y) — p(y)] + (1 = )[O(yr, w) + p(w) — @(y1)]
< O y) + o) — o)) + (1 — t){ys, w, Fyr)
< Oy, y) +o(y) —e(y)] + (1 — ) (y, w, Fyr)

and hence

0 <Oy, y) + o) — e(ye) + (1 —t){y —w, Fyy).
Letting t — 0, we have, for each y € C
O(w,y) + ¢(y) — p(w) + (y — w, Fw) > 0.
for all y € C' and hence w € GMEP(F,p).

(b) Now we show that w € VI(C, A). For this purpose, we define a set-valued mapping
T:H — 20 by

Awi + Now, if wy € C,
Tw1 = X
(Z) if w1 ¢ C.

where Now; is the normal cone to C' at w1 € C. We have already mentioned that in this
case the mapping 7 is maximal monotone, and 0 € Tw; if and only if w; € VI(C, A).
Let (wy,9) € G(T). Then Twy = Aw; + New; and hence g — Awy € Now;. So, we have
(wp —t,g — Awy) > 0 for all ¢ € C. On the other hand, from ¢, = Po(u, — 7, Ay,) and
wy € C' we have

<un - ’YnAyn —tp,tn — w1> >0
and hence
(wy — tp, 2= 4 Ay,) >0

Tn
Therefor, we have

(w1 —tn,,9) < (wy —tp,, Awy)

tn, — Up,
S <w1 - tn¢7Aw1> - (wl - tniu e + AyTLZ>
n;
tn, — Unp,
= (w1 —tp,, Awy — Ayy, — T Ty
Y
tn. )
= (wy —ty, Awi — Aty + At — Ay, — "%W fnsy
n;

= (wy —tp,, Awy — Aty,) + (w1 — ty,;, Atn, — Ayn,) — (v — ty,,

tn, —

7

IN

(wy — tp,, Atp, — Ayn,) — (w1 — ty,,
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Hence we obtain (w; —w,g) > 0 as ¢ — oo. Since T' is maximal monotone, we have
w € T710 and hence w € VI(C, A).

(C) We next show that w € F(S) = ﬂzj\il F(T;). Suppose the contrary, w ¢ F(S5).
Since u,, — w and w # Sw, from the Opial’s condition we have

liminf |u,, —w| < liminf |u,, — Sw||
11— 00 71— 00

= liminf ||u,, — Sup,; + Sty — Sw||
o0

11—

< liminf [lup, — Sug, || + || Sun; — Sw]|
1—00

< liminf ||Su,, — Sw||
1—00

<

liminf ||u,, — w||
1—00

which is a contradiction. So, we get w € F(S) = ﬂfil F(T;). This implies w € Q. Therefor,
we have

limsup(f(z0) — 2z0,2n — 20) = lim (f(20) — 20, Zn, — 20) = (f(20) — 20, w — 20) < 0. (37)

n—oo n—oo

Consider,

||$TL+1 - ZOH2 = Hanf(xn) + By + (1 —ap + ﬂn)sntn - ZO||2
Han(f(xn) - ZO) + Bn(JUn - ZO) + (1 —ap + Bn)(Sntn - ZO)||2

< Bn(@n — 20) + (1 — an + Bn) (Sntn — ZO)||2 + 200, (f (%n) — 20, Tn+1 — 20)

< (Bullzn — 2o0ll + (1 — an + Ba) | Sntn — ZOH)2 + 200, (f (zn) — 20, Tnt1 — 20)
+2a0,(f(20) — 20, Tn+1 — 20)

< (Ballzn — 20l + (1 — an + Ba) Itn — Z0H)2 + 2anal|zn — 20|21 — 20|
+2a,(f(20) — 20, Tnt1 — 20)

< Ballen = 20l + (1 = an + Ba) 0 — 20[)* + 24|z — 2ol €041 — 20l
+2a,(f(20) — 20, Tnt1 — 20)

< (1= an)?llzn = 20l)* + anal|lzn = 20/% + 2041 — 20]%)

+20(f(20) — 20, Tnt1 — 20)

then we obtain

(1= ana)llznsr — 20)* < (1= an)® + ana)|zn — 20l* + 20m (f(20) — 20, Tns1 — 20),

it follows that

1—a,)? + oo 20
lngs — 2ol < LZQmlF @y 2 () 2 — 20)
1— a0 1— oo
1 — 20,02 + apa 20,

_ 2

T o f(20) = 20, 41 — 20)
n
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1—-2ap + apo a?
= ————lzn — 2l + 7" lzn — 2o?
1— a,o 1—a,o
2c
+ﬁ<f(20) — 20, Tn+1 — 20)
2(1 — a)ay, s 21 —o)a, . apnM
= 1 -_——_—— J—
1 — apa len = 20l” + 1 — apa {2(1 —a)
1
+ 7 (f(20) — 20, Znt1 — 20)}

(1-a)

< (1=8)||lzn — 20]* + nbn,
when M = sup ||z, — 2|, 0n = % and b, —{20‘1"%) = L )(f(zo)—zo,xn+1—z0>}

From lim,,—,oo o, = 0 and limsup,, . (f(20)—20, Tn+1—20) < 0, we have lim sup,,_, . b, <
0,

and from
(o] o
Zan = 00, implies Zé =00
n=1 n=1
By Lemma 2.3 we have lim,,_, ||z, — z0]| = 0. This complete the proof. a

4 Application

Theorem 4.1. Let C be a nonempty closed conver subset of a real Hilbert space H.
Let F : C x C — R be a bifunction satisfying (A1)-(A5) and ¢ : C — RU {+o0} be a
proper lower semicontinuous and convex function. Let A be a monotone and k-Lipschitz
continuous mapping of C into H. Let {T} Y, be a finite family of nonexpansive mappings
of C into itself with Q := (\'_y F(T;) N VI(C,A) "N MEP(©,¢) # 0. Let W, be the W-
mappings generated by Ty, To, ... , T and A1, An2,s - .- s AN . Assume that either (B1) o
(B2) holds and that v is an arbitrary point in C. Let {zn} C C, {u,} C C and {yn} C C’
be sequences generated by;

r1=x€C

O(un,y) + (y) — o(un) + %(y — Un,Up — Tp) 20, VyeC
Yn = Po(un — ynAuy,)

Tnt1 = U + Bnxn + (1 — ap — Bn) Wi Po(un — Y Ayn)

(38)

for every n = 1,2,..., where {v,},{rn},{an}, {1}, { 2}, ... {an} and {B,} are se-
quences of numbers satisfying the condition:

(l) hmn—>oo Qp = 0 and ZZOZO Qn = 00,

(i) 0 < liminf, o B, < limsup,,_,., On < 1;
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(i4i) liminf,, oo 7 > 0 and lim, o |71 — | = 0;
(iv) limy, 00 v, = 0;

(U) limn_wo ’/\n,i — )‘n—lyi’ =0 f07“ all v = 1,2, ...,N.
Then {z,}, {un} and {y,} converges strongly to w = Pq(v).

Proof. Let F' = 0 and replace S, by W, and f(z) = v for all z € C, we have equation (12)
reduce to (38). From Theorem 3.1, the sequence {z,}, {u,} and {y,} converges strongly
to w = Pq(v). This complete the proof. O

Theorem 4.2. Let C be a nonempty closed conver subset of a real Hilbert space H.
Let © : C x C — R be a bifunction satisfying (A1)-(A5) and ¢ : C — R U {+o0} be a
proper lower semicontinuous and conver function. Let A be a monotone and k-Lipschitz
continuous mapping of C into H. VI(C,A) N GMEP(O,p) # 0. Assume that either
(B1) or (B2) holds and that v is an arbitrary point in C. Let {x,} C C, {uy,} C C and
{yn} C C be sequences generated by;

r1=x€C
O(un, y) + 0 (y) — (tn) + 7=y — Un, up — 2,)) > 0, VyeC

(39)
Yn = Po(un — ynAuy)
Tn+1 = QpU + ﬁnxn + (1 — Op — 5n)PC(un - PYnAyn)
for everyn = 1,2, ..., where {y,},{rn}, {an} and {B,} are sequences of numbers satisfying

the condition in Theorem 3.1. Then {z,}, {un} and {yn} converges strongly to w =
Py ra,c)ynmEP©,p) (V)

Proof. Let A = 0, we have equation (12) reduce to (38). From Theorem 3.1,
the sequence {z,} and {u,} generated by (38) converges strongly to z* € VI(A,C) N
MEP(©, ). This complete the proof. O
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Abstract

The purpose of this work, we present a new iterative algorithm for
finding a common of the set of solutions of a mixed equilibrium problem,
the set of a variational inclusion and the set of fixed point of nonexpan-
sive mapping in a real Hilbert space. Under suitable conditions, some
strong convergence theorems for approximating a common element of
the above three sets are obtained. The results presented in the paper
improve some recent results of Y. C. Liou, [An Iterative Algorithm for
Mixed Equilibrium Problems and Variational Inclusions Approach to
Variational Inequalities, Fixed Point Theory and Applications, Volume
2010, Article ID 564361, 15 pages. doi:10.1155/2010/564361].

Mathematics Subject Classification: 46C05, 47D03, 47H09, 47H10,
47H20

Keywords: mixed equilibrium problem; variational inclusion; maximal
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1 Introduction

Let C' be a closed convex subset of a real Hilbert space H. Let F': C — H
be a nonlinear mapping, let ¢ : C' — R be a function, and let © be a bifunction
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of C' x C''into R. Now we consider the following mixed equilibrium problem:
to find u € C such that

O(u,y) + ¢(y) = p(u) + (Fu,y —u) 2 0, vy € C. (1.1)
The set of solution of problem (1.1) is denoted by EP.

If F =0, then the mixed equilibrium problem (1.1) becomes the followsing
mixed equilibrium: to find v € C' such that

O(u,y) + ¢(y) — p(u) >0,y € C, (1.2)

which was considered by Ceng and Yao [3]. If ¢ = 0, then the mixed equi-
librium problem (1.1) becomes the following equilibrium: to find v € C such
that

which was studied by S. Takahashi and W. Takahashi [16]. If ¢ = 0 and F' = 0,
then the mixed equilibrium problem (1.1) becomes the following problem: to
find u € C such that

O(u,y) >0, Yy € C. (1.4)

If ©(x,y) = 0 for all z,y € C, the mixed equilibrium problem (1.1) becomes
the following variational inequality problem: to find v € C such that

o(y) — p(u) + (Fu,y —u) >0, Yy € C. (1.5)

The mixed equilibrium problems include fixed point problems, optimization
problems, variational inequality problems, Nash equilibrium problems, and the
equilibrium problems as special cases; see, for example, [2, 7, 19, 5, 4, 8] Some
methods have been proposed to solve the mixed equilibrium problem and the
equilibrium problem. In 1997, Flaim and Antipen [7] introduced an iterative
method of finding the best approximation to the initial data and proved a
strong convergence theorem. Subsequently, S. Takahashi and W. Takahashi
[17] introduced another iterative scheme for finding a common element of the
set of solutions of the equilibrium problem(1.2) and the set of fixed point
points of a nonexpansive mapping. Furthermore, Yao et al. [18] introduced
some new iterative schemes for finding a common element of the set of solutions
of the equilibrium problem (1.2) and the set of common fixed points of finitely
(infinitely) nonexpansive mappings. Very recently, Ceng and Yao [3] considered
a new iterative scheme for finding a common element of the set of solutions of
the mixed equilibrium problem and the set of common fixed points of finitely
many nonexpansive mappings. Peng and Yao [12] developed a C'@Q method.
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They obtained some strong convergence results for finding a common element
of the set of solutions of the mixed equilibrium problem (1.1) and the set of the
variational inequality and the set of fixed points of a nonexpansive mapping.
Their results extend and improve the corresponding results in [3, 6, 9, 17].

Recall that a mapping B : C' — C'is said to be -inverse strongly monotone
if there exists a constant 8 > 0 such that (Bx— By, z—vy) > f||Bx— Byl|?, for
all z,y € C. A mapping A is strongly positive on H if there exists a constants
p > 0 such that (Az,z) > pl|x||? for all z € H. Let B: H — H be a single-
valued nonlinear mapping and let R : H — 2 be a set-valued mapping. Now
we concern the following variational inclusion, which is to find a point x € H
such that

0 € B(xz) + R(x), (1.6)

where 6 is the zero vector in H. The set of solution of problem (1.6) is de-
noted by I(B,R). If H = R™, then problem (1.6) becomes the generalized
equation introduced by Robinson [14]. If B = 0, then problem (1.6) becomes
the inclusion problem introduced by Rockafellar [15].

In 2010, Y. C. Liou [11], introduce iterative algorithm generated by for
xo € C the sequence {x,} and {u,} as follows:

G(Umy) + cp(y) - (p(un) + %<y — Up, Up — (xn - TFZEn)> Z 07 Vy € C
Tpt1 = pC[([ - CKnA)JRM\(I — )\B)un],

(1.7)

where {a,,} is a real sequence in [0,1]. Then {xz,} strongly convergent to a
common element of the set of solutions of a mixed equilibrium problem and
the set of a variational inclusion in a real Hilbert space.

Inspired and motivate by the work in this paper, we present an iterative
algorithm for finding a common element of the set of solutions of a mixed
equilibrium problem, the set of variational inclusion and the set of fixed point
of nonexpansive mappings in real Hilbert space.

2 Preliminary

Let H be a real Hilbert space with norm || - || and inner product (-, -) and
let C be a nonempty closed convex subset of H. For every point x € H, there
exists a unique nearest point in C, denoted by Pox, such that

|z — Pox|| < ||z — vyl for all y € C. (2.1)
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Ppg is called the metric projection of H onto C. It is well known that Pg is a
nonexpansive mapping of H onto C' and satisfies

(x —y, Pox — Poy) > ||Pox — Peyl?,
for every x,y € H. Further, for x € H and z* € C,
zt=Po(x) & (r—a"2" —y) >0, Vy € C. (2.2)

A set-valued mapping T : H — 2 is called monotone if, for all z,y € H,
f €Txand g € Ty imply (z—y, f—g) > 0. A monotone mapping 1" : H — 2%
is maximal if its graph G(7') is not properly contained in the graph of any other
monotone mapping. It is known that a monotone mapping 7' is maximal if
and only if for (z, f) € Hx H,(x—y, f—g) > 0 for every (y, g) € G(T) implies
feTx.

Let the set-valued mapping R : H — 2 be maximal monotone. We define
the resolvent operator

Jra(z) = (I + AR)'(z), = € H, (2.3)

where A is a positive number. It is worth mentioning that the resolvent op-
erator Jp ) is single valued, nonexpansive, and 1-inverse strong monotone and
that a solution of problem (1.6) is a fixed point of the operator Jg (I — AB)
for all A > 0, see, for instance, [9].

Throughout this paper, we assume that a bifunction © : C' x C' — R and
a convex function ¢ : C' — R satisfy the following condition:

1) ©(z,x) =0 for all x € C;
2) © is monotone, that is O(z,y) + O(y,x) < 0 for all z,y € C;

(H

(H

(H3) for each y € C,x +— O(x,y) is weakly upper semicontinuous;
(H4) for each z € C,y — O(x,y) is convex and lower semicontinuous;
(H

5) for each x € C and r > 0, there exists a bounded subset D, C C and
Y. € C such that for any z € C\Dx,

1

O(z,1) + () = #(2) + (s — 22— 2) <. 24)

Lemma 2.1. [12] Let C be a nonempty closed convex subset of real Hilbert
space H and let © be a bifunction of C' x C into R and let ¢ : C' — R be a
proper lower semicontinuous and convex function. Forr > 0 anfx € C, define
a mapping S, : C'— C' as follows:

ST(x) = {Z €C: @(Zay) + Sp(y) o (10(2) + %(y —Z2 = 1’> 2 Oavy € C} (25)
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for all x € C. Assume that the condition (H1) — (H5) hold. Then one has the
following results:

(1) for each x € C, S, (x) # 0 and S, is single valued;
(2) S, is firmly nonexpansive, that is, for any z,y € C,
15, (x) = Sr(WII* < (Si(x) = Se(y),z = y); (2.6)

(3) F(Sr) = EP;
(4) EP is closed and convex.

Lemma 2.2. [1] Let R : H — 2" be a maximal monotone mapping and let
B : H — H be a Lipschitz-continuous mapping. Then the mapping (R + B) :
H — 2" is mazimal monotone.

Lemma 2.3. Let H be a real Hilbert space. Then for any x,y € H we have
(i) Nz +yl? < llzl* + 20y, 2 +y)
(ii) Nz £yll* = [z £ 2(z,y) + y]*
(iii) [tz + (1 = t)y[|* = tl||* + (L = Ollyl]* = (1 = t)[l= — y[|*, vt € [0,1].

Lemma 2.4. [10] Let a,,b,, and ¢, be three nonnegative real sequences satis-

Jying
any1 < (1 —=t,)an + b, + ¢,y n >0,

where t, € [0,1) with ¥ t, = +00,b, = o(t,) and X2 ¢, < +oo, then

lim,,_,o a, = 0.

Lemma 2.5. [13] Let C be a closed convex subset of a real Hilbert space H.
Giwvenz € H andy € C. Theny = Pox if and only if there holds the inequality

(r—y,y—2)>0, VzeCl.

The following lemmas will be useful for proving the convergence result of
this paper.

3 Main Results

In this section, we derive a strong convergence of an iterative algorithm
which solves the problem of finding a common element of the set of solutions
of a mixed equilibrium problem, the set of fixed points nonexpansive mapping
of C into itself and the set of the variational inclusion in Hilbert space.
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Theorem 3.1. Let C' be a nonempty closed convex subset of a real Hilbert
space H. Let T : C — C be a nonexpansive mapping such that F = F(T) N
EPNI(B,R) #0. Let © : C x C'— R be a bifunction satisfying (H1) — (H4),
let F, B be a-inverse strongly monotone and (3-inverse strongly monotone, re-
spectively. Let A be a strongly positive bounded linear operator with coefficient
0 <pu<1and R: H — 27 be a mazimal monotone mapping. Let the
sequences {x,} and {u,} be generated xy = C;

G(Umy) + cp(y) - (,O(Un) + %Cy — Up, Up — (xn - TFZEn)> Z 07 Vy € C
Yo = Pel(I = anA)Jpa(l — AB)uy),

Tpy1 = Ppu + (1 - Bn>Tyna n=>0
(3.1)

where {a,}, {6} C [0,1] are satisfying: {r,} C (0,00). Assume that the
control sequences {ay,} and {5,} satisfying:

(2) limy, 00 vy = 0, 39°, cty = 00,

(#0) Timy, o0 B = 0, X328, = 00, 302, |Bnp1 — | < 00,

(i) limy, o (222) = 1,

() 0 <7 <2a,0 <\ <20,
Then {x,} converge strongly to zy = Pru which solves the following variational
mequality

(Az,y —x) >0, VyeF. (3.2)

Proof. Since F' is a-inverse strongly monotone and B is (-inverse strongly
monotone, we have

(I = rF)e— (I —rF)y|* < |z —y|* +r(r — 20)[|[Fz = Fy||*,  (3.3)

I(I = AB)z — (I = AB)y* < [l — ylI* + MA = 28)[| Bz — By (3.4)

It is clear that if 0 < r < 2a and 0 < A < 24, then (I —rF) and (I — AB) are
all nonexpansive. Set w, = Jg(u, — ABu,),n > 0. It follows that

|wn = 2*[| = [[JraA(un — ABuy) — Jra(z® — AB2")|| < |[(un — ABuy) — (2% — AB2™)|| < |lu, — 27|
(3.5)
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By Lemma 2.3, we have u,, = S,(x,, — rFx,) for all n > 0. Then, we have

lwn —2*|> = ||Si(zn — rFz,) — Sy (2" — rFa*)|?
< |z, —rFx,) — (z* —rFa*)|?
< [[(zn —27) _Tn(an_Bl'*)HQ
< |z, —2*? - 2r(Fz, — Fa*, z, — 2*) + || Fa* — Fx,|3.6)
< |lop —2*|)? = 2ra||Fx, — Fo*||* + r?|Fa* — Fa,|?
< Jaw - (37)
Hence,
Jwn — 2| < |Jun — 2" < (|2 — 27 (3.8)

Since A is linear bounded self-adjoint operator on H, then
[A]] = sup{[{Au, u)| : v € H, |Jul| = 1}.
Observe that
(I — apA)u,u) =1 — a,(Au,u) > 1 — ay,||A|| >0,
that is to say I — «a, A is positive operator. It follows that

(I — a,A)|| = sup{|{(I — anA)u,u)|:u e H,|u| =1}
sup{(({ — ap,A)u,u) :u € H, ||lu| =1}
= sup{l — a,(Au,u) :u € H, ||u|| =1}

< 1 —aup.

From (3.1), we deduce that

[y — || [Pel( = anA)w,] — =7

< (I = anA)w, — 2|
= (I — a,A)(w, — %) — a,, Az"||
< | — anAllflwn — 2% + an || Az
< (1= app)llwy, — 27| + a || Az”||
) | Az~|]
= (1 —app)lfwn, — 27| + anp
AT
< (= app)llzn — 27| + anp o
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and

1Bt + (1 = Bn) Ty — ||
= Bn(u —2") + (1 = 5n)(Tyn — 27|

[n 1 — 7]

< Bullu—a*) + (1 - B)|Tyn — 2|
< Bullu—a* + (1= By — 2"
< —r* 1— 1 — ek [ Az”|
< Bullu =) + (1= B = angt)am — ]| + 220,
. . Ax*
< Bumax{u— 2], 20 — 2*], 14Ty
* HAx H
(1= Bo) maxfllu— ], o — o)), 14204
* A
— max{llu— o], o — o, WAy

Therefore, {x,} is bounded. Hence, {u,},{vyn},{Ty.} and {Ay,} are all
bounded.

Step 2 We must show that lim,_ |[|Zn41 — 2,]| = 0. From (3.1), we have

[0t — znll = [[Bau+ (1 = Ba)Tyn — (Bp—rt+ (1 = 1) Tyn-1)||

= (1 = B)(Tyn = Tyn-1) + (1 = B2)Tyn—1 + (Bn — Ba1)u
+(1 = B-1)Tyn-1)|l
(1= B2)(Tyn — Tyn—1) + (Bn — Bo-1)(u — Tyn—1)|

< (1= B)llyn = Yn-1ll + 180 = Ba-alllu = Tyn-1|
S Hyn - ynle + ’ﬂn - anlmu - Tynle' (39>
Note that,
[ = Ynall = [Pe(l — anA)w, — Po(l — an 1 A)wn |
< I = anA)wy — (I — a1 A)wp |
= [[(I —anA)(wn —wp_1) + (I — anA)wp—1 — (I — an_1A)w,_1||
< (1= anp)l|wn — wna || + o — a1 ||| Awp 4 |, (3.10)

and from (I — AB) and (I — rF') are nonexpansive, we have

Hwn - wnflu = HJR,)\(un - )\Bun) - JR,/\(unfl - )\Bunfl)H
< I = AB)uy, — (I — AB)up_1||
s — up—1]]

Sy (2, — rFaxy,) — Sp(xp_1 — rFa,_1)||
I —=rF)t, — (I —rF)x, ||
|zn — Tp1]. (3.11)

VANVAN
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Substituting (3.11) in (3.10), we get
190 = ynall < (1= anp)llzn — znall + lan = ana | Awn |, (3.12)
and substituting (3.12) into (3.9), we get

[2n41 — 2ol < (1= anp) |z = znall + lom — cna || Awn 1|l + [Bn = Bualllu = Tynll,
(3.13)

and we have

n-1, || Awn_1||
1

| + 160 = Bualll = Tyna].

(3.14)

Hxn—&-l - xn” <(1- O‘nM)Hxn - xn—lH + an|1 -

Put ¢, := anp, by := |l — a;—jluw and ¢, := |6, — Bu_1l|lu — Tyn_1]|
from (7), (i), (#i7) and bounded of {||u — T'y,_1||} and by Lemma 2.4, we have
limy, oo ||Tns1 — zn|| = 0.

Step 3 Prove that ||Fx, — Fj- — 0asn — oo,

— 0 and ||Bu,, — By~

Consider
||w, — x*]|2 = ||Jrr(un — ABu,) — Jra(z* — )\Bx*)||2
< |[(I = AB)u, — (I — AB)z*||?
= Jun — 2% + AX(A = 26)|| Bu,, — Ba*||?
= ||z, — x*]|2 +r(r —2a)||Fz, — Fx*]|2
+A(\ —283)||Bu, — Bx*||?, (3.15)
< &, — 2*|]?, ( since 7 < 2a and X < 203). (3.16)
and
lyn — 2% = |Po(I — anA)w, — 2|
< I = anA)wy, — 2*||
= ||w, — 2" — anAwnH2
= |lw, — 2*||* = 20w, — 2%, Aw,) + ay||Aw,|]*  (3.17)
[wn — 2 [|* + o (2]|wy — ||| Awy || + [| Aw,|?)
= flwp — 2" + dn, (3.18)
where d, = a,2||w, — z*|||| Aw,|| + ||Aw,|?). From lim, .. a, = 0 and

boundedness, we have lim,,_ ., d,, = 0, there exists N € N such that

Y = 2" I < llwn — 2*[I* < llon — 27[1%, V0 > N. (3.19)
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Note that from (3.15) and (3.18), we have

|1 — 2"®

It follows that

VAN VANRVAN

1Bpu+ (1 = Ba) Ty, — 2*|?

180 (u = 2*) + (1 = Bu)(Tyn — ) |1?

Ballu = 2|2+ (1 = Bu) | Ty — 2|17

Ballu = 2*[* + (1 = B) |y — "I (3.20)
Ballu — &*[1* + [lwn — 2[|* + i (2]wn — 2| [ Aw || + || Aw,||?)
|zn — 2% + 7(r — 20)||Fx, — Fa*||* + A(A — 283) || Bu,, — Bx*||?
B llu — *||% + d. (3.21)

r(2a —7)||Fz, — Fz*|* 4+ A28 — )| Bu, — Bx*|?

< lon =27 = [laps — 272
+dp, + Bullu — ¥
< zpsr — zall(lzn — 27 + |lzn — 2°[])
+dy, + Bullu — ¥
From lim,,_, [|Zn41 — 2s]| = 0, lim, o a;, = 0 and lim,, ., B, = 0, we have
lim |Fz, — Fz*|| =0 = lim ||Bu, — Bz"|.
n—00 n—00
Next, we show that lim, . ||u, — 2, | = 0 = lim, . ||u, — wy]|. Since S, is a

firmly nonexpansive, we have

e — 2"

It follows that

IN

IN

1S, (zp — 7Fx,) — Sy (2* — rFa*)||?
(xy —rFx, — (" —rFz*),u, —x*)
1
2
—||zp — rFz, — (2% — rF2*) — (u, — 2%)||?)
1
2
= (= 2+ = 2 = [l —

+2r((Fx, — Fx*), z, — u,) — r*||Fx, — Fz*||*)

(|lzn — rFxy — (2% — rFa*)||* + ||un, — 2%

(l2n = 22 + law = "I = 120 = wn — r(Fa, — Fa®)|?)

lun = 2|* < llon — 27° = llon — unll* + 27| F 2y — Fa*[[[l2n — uall. (3.22)
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Since Jp ) is 1—inverse strongly monotone, we have

|w, — 2% = || Jrr(un — ABuy,) — Jpa(z* — ABx*)||?
((up, — ABuy,) — (¥ — ABx™), w,, — z*)

1
- §(||un — ABu,, — (¥ — ABx")|*> + ||w,, — 2*|?

—||up, — ABu,, — (¥ — ABz*) — (w,, — x*)||2)

IN

]' * * *

< S(llun = 2" + llwn = [ = fJun — wn = A(Bun, — Ba")|[")
1 * *

< Sllun =277 + flwn = 27 = [fun — wal|”

+2XM(Bu,, — Bx*), u, — wy) — N?||Bu,, — Bz*||?).
Which implies that

lwn = 27* < flun — 2" + lwn — 2" = [lun — wall* + 2M[ Buy — Ba™|[[[un — wall.

(3.23)
By (3.22) and (3.23), we have
lwn =21 < o = 2|7 = llzn — wall® + 2r[| Frn — Fa* |20 — all = [Jun — wall*
+2\||Buy, — Bx™||||un, — wy|- (3.24)
Substituting (3.24) into (3.17), we have
lyn ="l < Naw — 2" = 2w — ual® + 20| Fan — Fa'||lzn — wall = lun — wa?
+2M|| Buy, — Bx®)||||wn — w|| + dy
< lwn =22 = Nlzn — wnl® + 20| Fa, — Fa*||[Jz,, — || — [lun — w,]”
+2\|| Bu,, — Bx*||||uy — wy|| + dp. (3.25)
Substituting (3.25) into (3.20), we have
1ner = 2" < lwn — 2717 = llwn — wnll* + 20| F2 — Fa*|[[l2n — wnll = [lun — wall®

+2\|| Bu,, — Bx™||||uyn — wy]|| + dp.

It follows that

20 = tn||* + [Jtn —wa|® < an — 27 = ll2nga — 2*|° + 27| Fan — Fa*||[|zn — un|
+2)‘||Bun - Bm*H”un - wn” +dp + ﬁnHu - I*||2
< Nzpr — zall(lzn — 27| + |zna — 27))

+2r||Fx, — Fa* |||z, — w,]
+2\|| Bu,, — Bx*||||un — wy|| + dp + Bnl||lu — x*||2
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From lim,, . [|[Zn41 — Zn|| = 0 = lim, o || Fxp, — Fa*|| = 0 = lim,, . || Bu,, —
Bx*||, lim,, 0 o, = 0 = lim,, o, 3, and bounded of sequences, we get

lim |up, — z,|| =0 = lim ||u, — w,]|.

n—oo n—oo
Step 4 Prove that limsup,, . (u — 20,2, — 20) < 0, where zy = Ppu. There
exists a subsequence {z,,} of {x,} such that

lim sup(u — zq, z,, — 20) = lim (u — 2o, Tp, — 20)-

n—o0 i—00
Since {y,} is bounded, there exists a subsequence {z,, } of {z,,} such that
Zn, — w. Without loss of generality, assume that z,, — w. Consider, for all

'k

T,y € H,

|Pr(I = A)z — Pe(I = A)yl| < (I = A)x— (I - Ayl
< I = Alfllz -yl
< (T=p)llz =yl

Hence Pp(I— A) is contraction and has a unique fixed point, say z* € F'. That
is, z* = Pp(l — A)(z*). We next prove that w € EP. By u,, = S,(x, —rFx,),
we know that

1
@(um y) + Sp(y) - (P(Un) + ;(y — Up, Un — (xn - TFxn» > 07 vy cC.

It follows from (H2) that

1
P(y) = @(tn) + ~{y = ttn, thy = (0 = 7F3)) 2 O(y, ), Vy € C.

Hence,

1 Up, — (Tp, — TFT,,)
ply) = plun) + —{y = tn,,

) > O(y,un,), Yy € C. (3.26)

r

Fort € (0,1] and y € H, let y; = ty + (1 — t)w. From (3.26) we have

<yt — Unp,, Fyt> 2 <yt — Up,, Fyt> - Qp(yt> + gO(unZ)

Up, — (T, — T2y,
_<yt_uni7 ( )> +®(yaum)

= <yt - uanyt - FunuFunz - Fl‘m> - (,O(yt) + (P(unz)

Since ||u,, — xp,|| — 0, we have || Fu,, — Fx,,|| — 0. Further, from the inverse

n;

strongly monotonicity of ¢, % — 0 and u,, — w weakly, we have

(yr —w, Fyr) > —o(y:) + p(w) + O(ys, w), Yy € C. (3.27)
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From (H1), (H4), and (3.27), we also have

0 = G(yt, yt) + W(yt) - ‘P(yt)
< Oy, y) + (1 = 1)O(yr, w) + tp(y) + (1 — t)p(w) — ¢(ye)
= Oy, y) + o(y) — p(y)] + (1 = 1)[O(ys, w) + p(w) — (ys)]
< O, y) +oy) — e(y)] + (1 — ) {ys, w, Fyy)
< Oy, y) + oy) — w(y)] + (1 —t){y, w, Fyy)
and hence

0 <Oy, y) +ly) —vly) + (1 —t){y —w, Fy,).

Letting ¢ — 0, we have, for each y € C'

O(w,y) + ¢(y) — p(w) + (y — w, Fw) > 0.

This implies that w € EP.

Next, we show that w € I(B,R). In fact, since B is (-inverse strongly
monotone, B is Lipschitz continuous monotone mapping. It follows from
Lemma 2.2 that R + B is maximal monotone. Let (v,g) € G(R + B) that
is, g — Bv € R(v). Again since w,, = Jr(tn, — ABuy,), we have u,, — Au,, €
(I + AR)(wy,), that is, (1/A)(un, — wy, — ABuy,,) € R(w,,). By virtue of the
maximal monotonicity of R 4+ B, we have

1
_(um — Wn; — )‘Bum» = 07

— Wn,;, _B_
(U — Wy, g v 3

and so

(v —1wy,,9) > (v—wy,, Bv+ Wy, — ABuy,)

Al
1

= (v— wy,, Bv — Bw,, + Bw,, — Bu,, + X(unZ — wp,))

1

A

= <U_wm?me_Buni>+<v_wm7 (um_wm)>

It follows from ||u,, — wy|| — 0, || Bu, — Bw,|| — 0 and w,, — w that

lim (v — wy,,9) = (v—w,g) > 0.

n;—00

It follows from the maximal monotonicity of B + R that § € (R+ B)(w), that
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is w € I(B, R). Next, we can show that w € F(T'). Consider,
lyn = 2711 = [[Pe — anA)w, — Po(I = an A)x"|)*
< (I - a,Aw, — (I —a,A)z*,y, — ")

1 * *
= (It = and)wn = (I = anA)||* + [lyn — 2"

= = anA)w, — (I = anA)z™ = (Y — x*)HQ)
<1
- 2
200, (W, — Yn, Awn, — Ayp) — O‘iHAwn - AynHQ)
1
5(
+2an [ wn = Yulll| Awn — Ayal|),

(lwn = 2" + llgn — 2”1 = lwn = gl

IN

lwn = 21* + llyn — 2" [I* = llwn = yall®

it follows that
Jwn = yall® < Nlwn — 2*|* = llyn — 2*|1* + anllwn — ynll | Awn — Aynll. (3.28)

From (3.20), we have

[ner = 2"[F < Bullu— 27|+ (1= Bu)llyn — 2|
< Ballu— 2 + llyn — 27|

Then, we get
Ny = 2"|1* < Ballu = 2"|° = llwpsr — 27| (3.29)
Replace (3.8) and (3.29) into (3.28), we have
lwn = yall® < Nlan — 2712+ Ballu — 27 [1* = llwnss — 2%
ta[|wy, =y ||l Awy, — Ay
<l = 2P = g — 2 + Ballu — 27|
ta[|wy, =y ||l Awy, — Ay
< len = znp | (lzn — 2% 4 2 — 7))
+0ullu — 2|1* + anllw, — yall | Awy — Ay, |-
From lim,, .o ||€n11 — 2] = 0,lim,, o o, = 0,1lim,, . 3, = 0 and bounded-

ness, we obtain
lim ||w, —y,| = 0.
n—oo

Note that

[Tun — unl| < | Tup — Twy|| + | Twy = Tynll + 1 TYn — Toga ||
Hlznt1 — 2ol + [lzn — wnl
Hun - wn“ + Hwn - ynH + 5n||Tyn - u|| + Hxn-i-l - xn”

+|zy — upl| — 0 as n — oo.

A
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From u,, = w and H satisfying Opial’s condition, it is easy to prove that
w € F(T). Therefore, w € F. It follows that

limsup(u — 29,2, — 20) = lm (u — 29, ,, — 20)
= (u— 2z, w— 2) <0. (3.30)

From (3.1), we have for any n > N

11 = Ba)(Tyn — 20) + Balu — 20)|”

||37n+1 - 20H2

< (1= Bl Tyn — 20ll* + 28 {u — 20, Tp41 — 20)

< (1=8u)llyn — 20H2 + 280 (u — 20, Tni1 — 20)

< (1= Ba)llwn — 20l” + 260 (u — 20, 201 — 20)  (3.31)
Since X225, = 00, (3.30) and Lemma 2.4, we have lim,, . ||z, — 20]| = 0, we
get that {x,} converges strongly to zg = Pru. O

Corollary 3.2. [11] Let C' be a nonempty closed convez subset of a real Hilbert
space H. Suppose that Q := NEPNI(B,R) # 0. Let ©® : Hx C — R be a
bifunction satisfying (H1) — (H4), let F, B be a-inverse strongly monotone
and (-inverse strongly monotone, respectively. Let r > 0 and X > 0 be two
constants such that r < 2a and A < 2(3. Let A be a strongly positive bounded
linear operator with coefficient 0 < u < 1 and R : H — 2 be a mazimal
monotone mapping. Let the sequences {x,} and {u,} be generated xo = C;

O (tn, y) + @(y) — @(un) + 7Y — tn, uy — (v, —7F2,)) >0, Vy € C
Ln+1 = Pc[(f — OénA)JR’A(] — /\B)un],
(3.32)

where {a,}0, 1] are satisfying: {r,} C (0,00). Assume that the control se-
quences {ay,} and {B,} satisfying:

(7) limy, 00 vy = 0,
(11) X2 0y, = 00,

(vi1) limnﬂoo(o‘;—:l) =1,
Then {x,} converge strongly to x* € Q which solves the following variational
inmequality

(Az,y —z) >0, VyeQ. (3.33)

Proof. In Theorem 3.1, let T'= I and (3, = 0 for all n € N, then, we can
obtain Corollary. This completes the proof. O
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Abstract

We introduce the hybrid method of modified Mann’s iteration for
an asymptotically k-strict pseudo-contractive mapping 71" in the inter-
mediate sense which is necessarily lipschitzian. We establish strong con-
vergence theorem for such method. The result extend and improve the
recent ones announced by Inchan and Nammanee, Inchan and concern
result of Takahashi, Takeuchi and Kubota [Strong convergence theorems
by hybrid methods for families of nonexpansive mappings in Hilbert
space, J. Math. Anal. Appl. 341 (2008), 276-286], and many others.
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Keywords: asymptotically k-strict pseudo-contractive mapping in the in-
termediate sense; Mann’s iteration method

1 Introduction

Let C' be a nonempty subset of a Hilbert space H and T : C' — C a
mapping. Recall the following concepts.

(i) T is nonexpansive if [|Tz — Ty| < ||z — y|| for all z,y € C.
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ii) T" is asymptotically nonexpansive (cf. [4]) if there exists a sequence {k, }
of positive numbers satisfying lim,, .., k, = 1 and [|T"z — T™y|| < ky,||x — y||
for all integers n > 1 and x,y € C.

iii) 7" is uniformly Lipschitzian if there exists a constant L > 0 such that
Tz — T™y|| < L||x — y|| for all integers n > 1 and all z,y € C.

(iv) T is asymptotically nonexpansive in the intermediate sense [2] provided
T is uniformly continuous and

limsup sup (||T"z — T"y|| — ||z — y||) < 0.

n—oo x,ye

It is clear that every nonexpansive mapping is asymptotically nonexpansive
and every asymptotically nonexpansive mapping is uniformly Lipschitzian.

The class of asymptotically nonexpansive mappings in the intermediate
sense was introduced by Bruck, Kuczumow and Reich [2] and iterative methods
for the approximation of fixed points of such types of non-Lipschitzian map-
pings have been studied by Agarwal, O’'Regan and Sahu [1], Bruck, Kuczumow
and Reich [2], Chidume, Shahzad and Zegeye [3], Kim and Kim [9] and many
others.

In 2008, Kim and Xu [11] introduced the concept of asymptotically k-strict
pseudo-contractive mappings in Hilbert space as below:

Definition 1.1. Let C be a nonempty subset of a Hilbert space H. A map-
ping T : C — C 1is said to be an asymptotically k-strict pseudo-contractive
mapping with sequence {7,} if there exist a constant k € [0,1) and a sequence
{Vn} in [0,1) with lim, . v, = 0 such that

1T = T"y[I* < (1 +y0)llz = ylI* + kllo = T2 — (y = T"y)I* (1)

forall z,y € C andn € N.

They studied weak and strong convergence theorems for this class of map-
pings. It is important to note that every asymptotically k-strict pseudo-
contractive mapping with sequence {7, } is a uniformly L-Lipschitzian mapping

with L = sup{w :n € N}

Recently, Sahu et al.[16] introduced the concept of asymptotically k-strict
pseudo-contractive mappings in the intermediate sense which are not neces-
sarily Lipschitzian (see Lemma 2.6 [16]) as below:

Definition 1.2. Let C' be a nonempty subset of a Hilbert space H. A map-
ping T : C'" — C will be called an asymptotically k-strict pseudo-contractive
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mapping in the intermediate sense with sequence {v,} if there exist a constant
k €10,1) and a sequence {~,} in [0,1) with lim,,_o v, = 0 such that

limsup sup (| 7"z —T"y|I* = (1 +a)lle =yl = kllz = " = (y = T"y)I*) < 0.
n—oo  x,ye
(2)

Throughout this paper we assume that

¢n := max{0, supC(IIT”x—T”yHZ—(1+%)le—yll2—kHw—T”:r—(y—T”y)IF)}.
x,ye

Then ¢, > 0 for allm € N, ¢, — 0 as n — oo and (2) reduces to the
relation

17" = T"y|* < L+ )lle =yl +kllo =T — (y = T"y)|P + e (3)
forall z,y € C andn € N

Remark 1.3. If ¢, = 0 for alln € N in (3) then T is an asymptotically
k-strict pseudocontractive mapping with sequence {v,}.

Fixed point iteration processes for nonexpansive mappings and asymptot-
ically nonexpansive mappings in Hilbert spaces and Banach spaces including
Mann and Ishikawa iteration processes have been studied extensively by many
authors to solve nonlinear operator equations as well as variational inequali-
ties: see [5, 13, 17, 20]. However, Mann and Ishikawa iterations processes have
only weak convergence even in Hilbert space: see [10, 20].

Iteration method for finding a fixed point of an asymptotically k-strict
pseudo-contractive mapping 7" is the modified Mann’s iteration method studied
in [12, 18, 19, 21] which generates a sequence {z,} via

Tp4+1 = ApTy + (1 - Oén)Tnxm n 2 07 (4>

where the initial guess zy € C' is arbitrary and the sequence {a,}5°, line in
the interval (0,1).

In 2007, Takahashi, Takeuchi and Kubota [20] introduced the modification
Mann iteration method for a family of nonexpansive mappings {7, }. Let
xog € H. For Cy = C and uy = Pg, ¢, define a sequence {u,} of C' as follows:

Yn = QpUp + (1 - Oén)Tnuna

Unt1 = Pe, %0, n €N,

n+1
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where 0 < «a,, < a < 1 for all n € N. Then they prove that the sequence
{un} converges strongly to 2o = Pr(rzo. In 2008, Kumam [8], introduce an
iterative scheme by a new hybrid method for finding a common element of
the set of fixed points of a nonexpansive mapping, the set of solutions of an
equilibrium problem and the set of solutions of the variational inequality for
a-inverse-strongly monotone mappings in a real Hilbert space.

In 2008, Inchan [6], introduce the modified Mann iteration processes for an
asymptotically nonexpansive mapping. Let C' be a nonempty closed bounded
convex subset of a Hilbert space H, T be an asymptotically nonexpansive
mapping of C' into itself and let zy € C. For C; = C and 1 = Pg,(xg), define
{z,} as follows way:

Yn = QpTp + (1 - Oén)Tnxna
C1n-l—1 = {Z S Cn : ||yn - Z||2 S ||In - Z||2 + Qn}v (6>

Tpt1 :PC Xo, HEN,

n+1

where 6,, = (1 — a,,) (k2 — 1)(diamC)?> — 0 asn — oo and 0 < o, < a < 1 for
all n € N. Then him prove that {x,} converges strongly to zy = Prr)o.

Recently, Inchan and Nammanee [7], introduce the modified Mann iteration
processes for an asymptotically k-strict pseudo-contractive mapping. Let C' be
a nonempty closed convex subset of a Hilbert space H, T be an asymptotically
k-strict pseudo-contractive mapping of C' into itself such that F(T') # 0 and
let zg € C. For Cy = C and x; = Pg, (), define {z,} as follows way:

Yn = QpTy + (1 - Oén)Tn-rny
Co1 ={2 € Cot[lyn — 21> < Ml — 2[” + [k — (1 — @)z — T[> + 0},

Tni1 = Po, .9, n €N,

n+1

(7)
where 6,, = (diamC)?*(1 — a;,)y, — 0 as n — oo and limsup,,_,,, a, < 1 — k.
Then they prove that {z,} converges strongly to zy = Pr(r)o.

Inspired and motivated by these fact, it is the purpose of this paper to
introduce the modified Mann iteration processes for an asymptotically k-strict
pseudo-contractive mapping in the intermediate sense by idear in (7). Let C be
a closed convex subset of a Hilbert space H, T': C' — C' be an asymptotically
k-strictly pseudo-contractive mapping in the intermediate sense and let zq € C.
For Cy = C and xy = Pg, (), define {x,} as follows way:

Yn = QnTy + (1 - &n>Tnxna
Coi1={2€Ch: lyn— 2|I* < |lon — 21> + [k — an(1 — )|l — T2 |1? + 0n + 0}y

Tny1 = Pe, 0, n €N,

n+1

(8)
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where 0,, = (diamC)?*(1 — a,,)y, — 0, (n — 00).

We shall prove that the iteration generated by (8) converges strongly to
20 — P F(T)xo-

2 Preliminary

A point x € C is a fixed point of T" provided Tx = x. Denote by F(T')
the set of fixed points of T'; that is, F(T) = {x € C : Tx = x}. Let H be a
real Hilbert space with norm || - || and inner product (-, -) and let C' be a closed
convex subset of H. For every point x € H, there exists a unique nearest point
in C, denote by Pox, such that

|lx — Pox| < ||z —vyl||, forallyeC.

Ppg is called the metric projection of H onto C. It is well known that Py is a
nonexpansive mapping of H onto C.

We collect some lemmas which will be used in the proof for the main result.

Lemma 2.1. [1}] There holds the identity in a Hilbert space H :
(i) e+ ylI* = lz* + llyl* + 2(z, y), Vo, y € H.

(ii) Az + (1 = Nyll* = Allz][* + (1 = Nyll* = A1 = AN)llz — y||* for all
x,y € H and X\ € [0,1].

Lemma 2.2. [15] Let C be a closed convex subset of a real Hilbert space
H. Gwenx € H andy € C. Then y = Pox if and only if there holds the
inequality

(x—y,y—2) >0, VzeCl.

Lemma 2.3. [16] Let C be a nonempty subset of a Hilbert space H and let
T:C — C a uniformly continuous asymptotically k-strict pseudo-contractive
in the intermediate sense with sequence {7, }. Let {x,} be a sequence in C' such
that ||z, — xpi1| — 0 and ||z, —T"x,|| — 0 as n — oo. Then ||z, —Tz,| — 0
as n — 00.

Lemma 2.4. [16] Let C be a nonempty closed convex subset of Hilbert space
H and T : C — C a continuous asymptotically k-strict pseudo-contractive
mapping in the intermediate sense. Then I — T is demiclosed at zero in the
sense that {x,} is sequence in C' such that z,, = x € C" and limsup,, ., ||z, —
T"z,|| =0, then (I —T)xz = 0.
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3 Main Results

In this section, we prove strong convergence theorem by hybrid method
for asymptotically k-strict pseudo-contractive mapping in the intermediate
sense in Hilbert spaces.

Theorem 3.1. Let H be a Hilbert space and let C' be a nonempty closed
convex bounded subset of H. LetT' be a uniformly continuous asymptotically
k-strict pseudo-contractive mapping in the intermediate sense of C' into itself
such that F(T) # 0 and let xy € C. For Cy = C and x1 = P, xo, assume that
the control sequence {c,}2 | is chosen so that limsup,,_,. o, < 1— k. Then
{xn} generated by (8) converges strongly to zo = Pp(r)xo.

Proof. We first show that F'(T) C C, for all n € N, by induction. For any
z € F(T) we have z € C = C} hence F(T) C C;. Let F(T) C C,, for each
m € N. For u € F(T) C C,,. By lemma 2.1, we have,

[ym —ull® = [lam@m + (1 = ) T2y — ul?
| (@ —u) + (1 = ) (T T — u)H2

= O‘mHIm - u||2 +(1— O‘m)”Tml'm - u||2 - am(l - O‘m)”xm - memH2

< apllem = ull® + (1 = apn)[(1+ ) lom — ol
F kT — T2 ||? + cm] — am (1 — o) || — T™ 2|
= (I+ 1= am)vm)l|Tm — u||2 + (k= am)(1 — am)|2m — memH2 +Cm
<l = ull* + (1 = )yl — ull?
+[k — am(1 — a)]|Zm — T Tm||* + cm
< Nl — ul)? 4+ [k — am(1 — ap)]||Zm — T T ||* + O + Cm (1)

It follows that u € Cy,11 and F(T') C Cpyy1, hence F(T) C C, for all n € N.
Next, we show that C, is closed and convex for all n € N. It follows obvious
that 'y = C'is closed and convex. Suppose that C,, is closed and convex for
each m € N. Let z; € Cp,y1 C G, with 2; — 2. Since (), is closed, z € Cy,
and [lym — 5l* < 2 — 2wl + [k — (1 — aw)||2m — T™ml|* + 0m + cn.
Then
ym = 21* = Nym — 2+ 2j — 2|
= ym — 2l + 12 = 2l + 2(ym — 25,2 — 2)
< zj— 2mll? + [k — am(l = am)l|Tm — T"Zml|* + O + Cm
+llzg = 2l* + 2llym — zll125 — 2.

Taking 7 — oo,

Hym - Z||2 < HZ - meQ + [k —am(1 - O‘m)]me - memH2 + 0 + -
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Hence z € Cpyy. Let 2,y € Cpyr C Cp, with 2 = ax + (1 — a)y where
a € [0,1]. Since C,, is convex, z € C,, and ||y, — z||* < ||z — zn||* + [k —
(1 = )| — T @12 + O+ oy 1Ym — Y112 < |y — 2?4+ [k — (1 —
am))|Tm — T™ @ ||* + Om + cm, we have

[y — (@ + (1 = a)y)[|?

= le(ym —2) + (1 = ) (ym — v)

allym — 2 + (1 = ) lym = ylI* = a(l = ) [[(ym — 2) = (Ym — ¥)

|z — meQ + [k — am (1 — ap)]l|lzm — mem,‘2 + O + Cm)

+(1 —a)(ly — meQ + [k — am(1 — o) llzm — memH2 + O + Cm)

—a(l - a)lly — |

= allr —aznl* + (1 = )y — znll® — a(l = a)|[(wm — ) = (xm —y)
+[k — am(1 — am)]|Zm — T Tm||> + O + cm

= |la(zmn —2) + (1 = a)(@n = yII° + [k = an(l — ap)][[em — T
+0,, + cm

= |lzm — 2|]* + [k — am(l — an)]|Zm — T ||* + O + .

Y — 2|
I”

I

IN

Then z € C),41, it follows that C),,, is closed and convex. Hence C,, is
closed and convex for all n € N. This implies that {x,} is well-defined. From
, = Po,x9. By Lemma 2.2, we have

(xog — xp,xy, —y) >0, for all y € C,.
Moreover, by the same proof of Theorem 3.1 of [7], we have that
il = s = 0. @)
On the other hand, x,,; € C,,1 C C,, implies that

Hyn - xn—&—lHQ < Hxn - xn+1||2 + [k - an(l - O‘n)]Hxn - Tnl'nH2 + 0n + c,
(3)
By the definition of y,, we have
Hyn - xn” = Hanxn + (1 —an)Tx, — xn”

= (1 —ap)||T™x, — z,|.
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From (3), we have

(1 - O‘n)QHTnxn - xn||2 = Hyn - anQ

= Hyn — Tp+l T Tpy1 — anQ

< llyn = ZamaI® + |20 — 2l
2|y — Zpsa | 1201 — zn
< len = 2o+ [k = an(l = an)ll|lon — T, |

+0n + cn + || Tng1 — anQ + 2[[Yyn — Trngar ||| Tni1 — 24l
= [k—an(l—ap)l||lz, - Tnan2
+2)| 2041 — Tnll(|2nt1 — Zall + Y0 — ot l])
+0,, + ¢,,.
It follows that

(1 =an)? = (k = an(l —an)llwn =T 2 lI* < 2l|zn1 — 2ol (201 — 20l +
”yn - xn+1H) + en + Cn.

Hence

(1 =k = an) [ T"xp = 2ol < 20|2nt1 = zall([ 2011 = 2all + [[Yn = Tnsa[l) + 00 + cn.

(4)

From limsup,,_,,, o, < 1 — k, we can chosen € > 0 such that a,, <1 —-Fk —¢
for large enough n. From (2) and (4), we have

lim ||T"z, — z,|| = 0. (5)

n—oo

From (2), (5) and Lemma 2.3, we have

lim | Tx, — z,| =0. (6)

n—oo

Since H is reflexive and {z,,} is bounded we get that () # w,,(x,). From Lemma
2.4, we have wy,(z,) C F(T'). By the fact that ||z, — x¢| < ||z0 — @] for all
n > 0 where 2g = Pr(1) (x0) and the weak lower semi-continuity of the norm,
we have

lzo — 20|l < ||lxo — w|| < liminf, o ||zo — 4|
< limsup,, .« |70 — 2| < [J20 — 20,

for all w € wy,(z,). However, since wy,(z,) C F(T), we must have w = z, for
all w € wy(x,). Thus wy(r,) = {20} and then x, — zy. Hence, x,, — 2o =
P, F(T) (-To) by

|Zn — 20||* = || — 2o ||* + 2(xn — 20, 10 — 20) + ||Z0 — 20]|?
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< 2(||z0 — wol|* + (T — 0, T0 — 20)) — 0 as n — oco.
This complete the proof. a

Using this Theorem 3.1, we have the following corollaries.

Corollary 3.2. [7] Let H be a Hilbert space and let C' be a nonempty closed
convex subset of H. Let T be an asymptotically k-strict pseudo-contractive
mapping of C into itself such that F(T) # 0 and let xy € C. For C; = C
and x1 = P, xq, assume that the control sequence {a,}5°, is chosen so that
limsup, . an, < 1 —k. Then {x,} generated by (7) converges strongly to
20 = Pp(1)o.

Corollary 3.3. [6] Let H be a Hilbert space and let C' be a nonempty closed
conver subset of H. Let T be an asymptotically nonexpansive mapping of C
into itself such that F(T) # 0 and let xy € C. For C; = C and x1 = Pg, o,
defined {x,} as follows;

Yn = QpTp + (1 - &n>Tnxn7
On—H - {Z S On : Hyn - Z||2 S ||xn - Z||2 +0n}’ (7>

Tny1 = Pe, %0, n €N,

n+1
where 0,, = (1 — ay,) (k2 — 1)(diamC)?* — 0 asn — o0 and 0 < o, < a < 1 for
alln € N. Then {x,} generated by (7) converges strongly to zo = Pp .

Corollary 3.4. ([20] Theorem 4.1) Let H be a Hilbert space and C be a
nonempty closed convex subset of H. LetT' be a nonexpansive mapping of C
into H such that F(T) # 0 and let o € H. For Cy = C and u; = P, xy,
define a sequence {u,} of C as follows:

Yn = QpUp + (1 - Oén)TUn,

Cnpr =A{2 € Co: [lyn — 2[| < [Jun — 21}, (8)
uTL+1 = PCn_,_lea ne N,

where 0 < o, < a < 1 for all n € N. Then {u,} converges strongly to
20 — PF(T)-IO-
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Abstract

The purpose of this work is to introduce a hybrid iterative scheme
for finding a common element of the set of a generalized equilibrium
problem, the set of solutions to a variational inequality and the set of
fixed points of a strict pseudo-contraction mappings in a real Hilbert
space. The results obtained in this paper extend and improve the result
of Cho, Qin and Kang [Convergence theorems based on hybrid methods
for generalized equilibrium problems and fixed point problems, Nonlin-
ear Anal. doi:10.1016/j.na.2009.02.106], and many authors.
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1 Introduction

Let H be a real Hilbert space and let C' be a nonempty closed convex

subset of H. A mapping S of C into itself is nonexpansive if ||Sz — Sy|| <
|z —yl|,Vz,y € C. The set of fixed points of S is denoted by F(S). Let F' be
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a bifunction of C' x C into R, where R is the real numbers. The equilibrium
problem for F': C' x C'— R is to find x € C such that

F(z,y) >0 forall yeC. (1)

The set of solutions of (1) is denoted by EP(F). Numerous problems in
physics, optimization, and economics reduce to find a solution of (1). In 1997,
Combettes and Hirstoaga [6] introduced an iterative scheme of finding the
best approximation to the initial data when FP(F') is nonempty and proved
a strong convergence theorem.
Let A: C — H be a mapping. The classical variational inequality, denoted
by VI(C,A), is to find z* € C such that (Az*,v — 2*) > 0 for all v € C.
The variational inequality has been extensively studied in the literature. See,
e.g. [15] and the references therein. Let B : C'— H be a nonlinear mapping.
Then, we consider the following generalized equilibrium problem(GEP): Find
z € C such that
F(z,y)+ (Bz,y —z) > 0,Vy € C (2)

The set of such z € C' is denoted by EP, i.e.,

EP={z€C:F(z,y)+ (Bz,y—z) > 0,Vy € C}.
In the case of B = 0, EP is denoted by EP(F'). In the case of F' =0, EP
is also denoted by VI(C,A). A mapping A of C into H is called a-inverse-
strongly monotone [2] if there exists a positive real number « such that

(Au — Av,u —v) > af|Au — Av|?

for all u,v € C. Recently, Takahashi and Toyoda [11] and Yao et al. [16]
introduced an iterative method for finding an element of VI(C, A) N F(S),
where A : ' — H is an a-inverse-strongly monotone mapping. Let A be a
strongly positive bounded linear operator on H: that is, there exists a constant
7 > 0 with property

(Az,z) >7||z||* for all z € H. (3)

A mapping S : C' — C'is called a k-strict pseudo-contraction mapping if there
exists a constant 0 < k£ < 1 such that

|52 — Syl <l — yl” + k(L — S)a — (I - S)yl. (4)

forall z,y € C. If C is bounded closed convex and S is a nonexpansive mapping
of C into itself, then F'(.S) is nonempty. It is well-known that S is nonexpansive
if and only if S is O-strictly pseudo-contractive. The mapping S is also said to
be pseudo-contractive if £ =1 and S is said to be strongly pseudo-contractive
if there exists a positive constant A € (0,1) such that S — Al is pseudo-
contractive. Clearly, the class of k-strictly pseudo-contractive mappings falls
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into the one between classes of nonexpansive mappings and pseudo-contractive
mappings. We remark also that the class of strongly pseudo-contractive map-
pings is independent of the class of k-strictly pseudo-contractive mappings.

In 1967, Browder and Petryshyn [2] established the first convergence result
for k-strict pseudo-contraction in real Hilbert spaces. They proved weak and
strong convergence theorem by using iteration with a constant control sequence
{a,} = a for all n. Many authors have appeared in the literature on the exis-
tence of solution equilibrium, see also, for example [1, 5, 8, 12] and references
therein. To find an element of EP(F) N F(S), Takahashi and Takahashi [12]
introduced the an iterative scheme for nonexpansive mappings by the hybrid
method in a Hilbert space.

Recently, in 2008, Takahashi and Takahashi [10] introduced a hybrid iter-
ative method for finding a common element of EP and F'(S). They defined
{z,,} in the following way:

u, € C, such that
F(tun, y) + (Bon,y = thn) + 7Y — tn, up — ) >0, Vye O,  (5)
Tpt1 = Bpxn + (1= 5y)S(apu+ (1 — ayuy,)), Vn e N.
where B be an -inverse strongly monotone mapping of C' into H with positive
real number «, and proved strong convergence theorems in the framework of
a Hilbert space, under some suitable conditions on parameters {a,},{3,} and
{\.}.
Very recently, Cho, et al. [4], Ceng et al. [5], Liu [7] and Peng et al.
[9] established an iterative scheme for finding a common element of the set of
solution of an equilibrium problem (1), generalized equilibrium problem (2) and
the set of fixed point of a k-strict pseudo-contraction mapping in the setting
of real Hilbert space. They also studied some weak and strong convergence
theorem for k-strict pseudo-contraction mappings of the sequence generated
by their algorithm.
In 2009, Cho, Qin and Kang [3] introduce the hybrid methods for finding
a common element of F(S)NVI(C,A) N EP. Let S be a k-strict pseudo-
contraction mapping and defined gz = kx(l — k)Sz for all z € C. They
defined {z,} in the following way:

xr1 € C,

Cl = C:

F(un,y) + (Bxn,y — un) + i(y — Up, Uy — Tpy) >0, Yy € C
Yn = Po(un, — A\ Auy,)

Zn = Xy + (1 — @) Sk,

Cor1 ={2 € Cp: [|zn — 2[| < [lzn — 2|},

1, n>1

anrl - Pcn+1

A be an a-inverse-strongly monotone mapping of C' into H and let B be an
[B-inverse-strongly monotone mapping of C' into H, respectively. They proved
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strong convergence theorems in the framework of a Hilbert space, under some
suitable conditions on parameters {a,}, {r,} and {\,}.

In this paper, we extend and improve the result of Cho, Qin and Kang [3].
Then, we obtain the strong convergence theorem for the sequences generated
by these processes. Furthermore, using the theorem we also obtain strong
convergence theorems for finding elements of fixed points, equilibrium problems
and the set of solutions to a variational inequality, respectively.

2 Preliminary

Let H be a real Hilbert space with norm || - || and inner product (-, -) and
let C' be a closed convex subset of H. For every point x € H, there exists a
unique nearest point in C', denote by Pgox, such that

|z — Pox|| < ||z —vyl|, forallyeC.

P¢ is called the metric projection of H onto C. It is well known that P is a
nonexpansive mapping of H onto C' and satisfied

(x —y, Pox — Poy) > ||Pox — Pey| (6)

for every z,y € H. Moreover, Pox is characterized by the following propertied:
Pex € C and
lz = yl* = llo = Pex|* + |ly — Pea|? (7)

for all x € H, y € C'. The following is the property in Hilbert spaces: for any
x,y € H, we have

(0) Nl +yll* < [zl + 2{y, x + y)

(i) e +yl® > =l + 2(y, )

(i) [lz £ yll* = [z = 2z, ) + ly]*

(iv) [tz + (1 = )yl = tllz)* + (1 = )|yl = (1 = ) ]|z — y1?, ¥t € [0,1].

Remark 2.1 We note that if A is a a-inverse-strongly monotone, for all
u,v € C and A\, > 0,

I = AnA)u — (I = A A)]|* I(u = v) = An(Au — Av)|?
|u —v||* = 2\, (u — v, Au — Av)
+ A2 || Au — Av||?

< lu =) + XM — 20a) || Au — Av|*. (8)

So, if A, < 2a, then I — X\, A is a nonexpansive mapping from C to H.

Lemma 2.2 [17] Let T : K — H be a k-strictly pseudo-contraction. De-
fined D : K — H by St = Ax+ (1 —\)Tx for each x € K. Then, as X € [k, 1),
S is a nonexpansive mapping such that F(S) = F(T).
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For solving the equilibrium problem for a bifunction F': C' x C' — R, let
us assume that F' satisfies the following condition:

(Al) F(z,z) =0 for all z € C;

(A2) F is monotone, i.e., F(z,y) + F(y,z) <0 for all z,y € C;

(A3) for each x,y € C, limy_o F(tz+ (1 —t)z,y) < F(z,y);

(A4) for each x € C,y +— F(z,y) is convex and lower semicontinuous.
The following lemma appears implicitly in [1].

Lemma 2.3 [1] Let C be a nonempty closed convex subset of H and let F
be a bifunction of C x C into R satisfying (A1)-(A4). Let r >0 and x € H.
Then, there exists z € C' such that F(z,y)+~(y—z,z—x) >0 for ally e C.

Lemma 2.4 [1, 6, 10] Assume that F' : C' x C — R satisfies (A1)-(A4),
and let r > 0 and x € H. Then,there exists unique z € C' such that F(z,y)+
%(y —z,z—1x) >0 for ally € C. Moreover, let T, be a mapping of H into C
defined by T,(x) = z for all x € H. Then, the following hold:

1.T, s single- valued,

2.T, is firmly nonexpansive, i.c., |T,x — Toy||? < (Trx — Ty, x — y), for
any v,y € H;

3.F(T,) = EP(F);

4.EP(F) is closed and convez;

5.\ Tsx — Tyx||* < S Tow — Tyw, Tyx — x), for all s,t >0 and z € H.

Lemma 2.5 (see [13, 14]) Let {a,} be a sequence of nonnegative real num-
bers, satisfying the property,

Ap+1 S (1 - 7n)an + bna n 2 07

where {v,} C (0,1), and {b,} is a sequence in R such that:
) 5 7 = oo
i) lim sup,,_, :—Z <0 or 3524 |b,| < 0.

Then lim,,_,. a, = 0.

3 Main Results

In this section, we prove a strong convergence theorem of the hybrid
method for strictly pseudo-contractive mappings in a real Hilbert space.

Theorem 3.1 Let C' be a nonempty closed convexr subset of a real Hilbert
space H. Let F' : C' x C — R be a bifunction satisfying (A1)-(A4). Let A
be an «a-inverse-strongly monotone mapping of C' into H and let B be an [3-
inverse-strongly monotone mapping of C' into H, respectively. Let S : C — C
be a k-strictly pseudo-contractive for some 0 < k < 1. Defined a mapping
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S+ C — C by Spr = kx + (1 — k)Sz for all x € C. Assume that F :=
F(S)NVI(C,A)NEP # (. Let the sequences {x,} and {u,} be generated by

1= C:

1= Oa

F un,y)—l- <mey_un> + i<y_umun_-rn> Z 07 vy € C
Zp = QpXy + (]- - an)Skwny

Crp1 ={2€ Cy: ||z — 2|l < |l — 2|},

r1, n>1

=

Q

xn+1 - an_H

where u, = T,, (x, — ro,Bx,) and {r,} C (0,00). Assume that the control
sequences {ay}, {8} C [0,1],{\,} C (0,2c) and {r,} C (0,28) satisfy the
following conditions:

(1) k<o, B <a<,

(1)) 0<b< N\, <c<2aand 0<d<r, <e<20,for somea,b,c,decR.
Then {x,} converge strongly to z, where z = Ppxy.

Proof. Let p € F since 0 < r, < 203, we have

Hun_pH2 = |1}, (zn — rnBxy) —Trn(p—Tan)HQ
< [[(zn —raBxn) — (p— Tan)”2
< ||(In_p) _Tn(an_Bp)HQ
< |lwn = pl* = 2ra {2 — p, Bz, — Bp) + 72|| Bp — B, |*
< |l@n = plI* = 2rB||Bx,, — Bpl||* + 77| Bp — Bx,||*  (10)
<z, —pl*. (11)

First we show that F C (), for all n € N, we can prove by induction. It is
obvious that F' C C}. Let p € F', we known that I — )\, A is nonexpansive, for
all n € N and from p € VI(C, A) we get p = Po(p — A\, Ap). Tt follows that

lyn = plI> = [[Po(un — AnAuy,) — Pe(p — A Ap)|I?
S ||(] - /\nA)un - (I - )‘nA)p||2
< lun —pl*. (12)
Consider,
lwn =2l = 18(Skyn —p) + (1 = B2) (¥ — )|

< BallSkyn — ol + (1 = Ba)llyn — pll
< Bullyn — 2l + (1 = Ba)llyn — pll

= [lyn — 1l

= |lu, —pll

= lzn —pll. (13)
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Thus, we have

[z =2l = llowws + (1 — an)Skw, — pl|
= lom(zn = p) + (1 — an)(Skwn — p)||
< apllzn = pll+ (1 — o) Skwn — p| (14)
< apllzn, —pll + (1 = an)|lw, — pll
< apllen —pll+ (1 — an)|lzn —p

[z — pl. (15)

So, we have p € C, 41 and hence F C C,, for alln € N.

Next, we show that C,, is closed and convex for all n € N. It follows obvious
that C'y = C'is closed and convex. Suppose that C,, is closed and convex for
each m € N. Let ¢; € Cpy1 C C,, with ¢; — 2. Since (), is closed, z € Cy,
and ||z, — ¢;|| < |l¢; — 2 |]. Then

lzm =2l = ll2m = ¢ +¢; ==
< llzm =l +lleg — =] (16)

Taking j — oo, we have |z, — z|| < ||z — z,,||. Hence z € Cypq. Let
z,y € Cpy1 C Cp with 2 = az + (1 — o)y where a € [0,1]. Since C, is
convex, z € Cp, and ||z, — || < | — zlls |2m — Yl < ||y — 2ml|, we have

l2m = (o + (1 = a)y)||*

la(zm — @) + (1 = @) (2 — y)II”

allzm = 2" + (1 = a)lzm — ylI* — a(1 = )| (2 — 7) = (2 — ¥)
allzm — 2l + (1 = a)lzm — ylI* — a(l = a)ly — 2|

aflzm — 2] + (1 - a)|
l2m = (@ + (1 = a)y)

|l — 2%

12m — 2|

IA N

I*

Then z € C),41, it follows that C),;, is closed and convex. Hence C), is
closed and convex for all n € N. This implies that {z,} is well-defined. From
x, = Pg,x1, we have (x; — xz,,z, —y) > 0, for all y € C,,. Since F' C C,,, we
obtain

(x1 — Tp,xp —u) >0 for all u € F and n € N. (18)

So, for u € F', we get
0<(x1—xp,xp —u) = (1 — Tp, Ty — T1 +T1 — )
= —(r, — T1,%, — x1) + (1 — T, x1 — W)
< —llzn — 21 l* + [l — 2l [l — ull.
This implies that ||z — 2,]|* < ||z1 — 2|21 — u]|, hence

|z1 — zn|| < |21 — ul| for all w € F and n € N. (19)

(2w = yl* = a(l = &)l(zm — 2) — (T — )
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From z,, = Po,x; and z,.1 = Po, ., 21 € Cyyq C Cy, we have

n+1
(1 — XTp, Ty, — Tpy1) >0 for all n € N. (20)
So, for x,,1 € C,, we also have, for n € N
0 S <Z’1 — Tpy Tn — xn+1> - <l’1 — Tpy Tpn — 1 + 1 — xn+1>
= —(Tn — 21,2y — 21) + (X1 — Ty, T1 — Tpy1)
< —llzn — 21”4 lo1 = @allllzr — o).
This implies that ||z — 2z,[|? < |21 — zu||[|21 — Tpyt]| and we get

|x1 — zo|| < ||x1 — Zpaa]| for all n € N. (21)
From (19), we have {x,} is bounded and lim, . ||z, — 21| exists. Next, we

show that ||z, — x,11|| — 0. In fact, from (20), we note that

lzn = 20alI* = [l(z0 = 21) + (@1 — Z0i1)|1*

= |lzn — @1 | + 2(zn — 21,21 — Tp1) + |21 — T |)?
= an —@il? + 2(zn — 21,21 — 20 + 20 — Tnga) + |21 = Toga |2
= lzn — 21]|* — 221 — Tp, 21 — 20) — 2(T1 — Ty, Ty — Tg1)
= 2|

lzn = 21l* = 2f|2 — 21 ]* + [la1 — 2 ||®

—llzn = 21 + |21 = 2y |1
Since lim,, . ||z, — z0|| exists, we obtain

lim ||z, — Zp41]| = 0. (22)

n—oo

On the other hand, z,; € C,,1 C C,, imply that
120 = Znga |l < |70 — Tpga|| — 0 as n — oo. (23)

Further, we get ||z, — 2a|| < |20 — Tl + (|20 — 24l
From (22) and (23), we have
lim ||z, — z,|| = 0. (24)

n—oo

Next, we show that lim,, . ||z, — u,|| = 0. For p € ©. From (13), (10) and
by (ii), we have

125 _pH2 = |lan(zn —p) + (1 — an)(Skwn —p)||2
= anllz, = plI* + (1 — an)|[Skwn — plI* — an(l — aw) [z — Spw,|?
< apllzn = plP + (1= an)lwn = plI* = an(l — ag)||2, — Skw,[[25)
< aplla, — p||2 + (1 — an)lun — p||2
< agllzn = plI® + (1= an)[llen = plI* = 2r8|| Ba, — Bp||*

+r3||Bp — Bz, |)?] (26)
= o — plI* + d(e — 28)|| Bz, — Bpl|*,
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and hence
d(26 — e)|| Bz, — Bp|* < |law — plI* = 1z — plI?
= |lzn — 2ll(lzn — pll + 120 — pID).

From (24), we have lim,,_,« || Bx,,— Bp|| = 0. From remark 2.1 that for \, < 203
then I — r, B is nonexpansive, for all n € N, T, is firmly nonexpansive and
by using Lemma 2.4, we have

||un - p”2 = ||Trn(xn - TnBIn) - TT’n(p - T’an)||2

<(xn - Tann) - (p - Tan)’ Up — p>
1
5 l(@n = raBy) = (p — ra Bp) || + [lun — plf?

—[[(@n = rnB2y) = (p — 1 Bp) — (un —p)|*)

IN

1

< Sl = pI” + lun = pI* = (20 = wn) = ru(Bza — Bp)I*)
1

= S(lzn =PI+ lwn = plI* = llon — unll”

Thus, we obtain

Hun_pH2 < ||z, —p”2 — |7y _unHQ"i"an@n_um Bz, — Bp) _TZHan_Bp”Q'
(27)
From (27), we have

lzn = pII* = llom(zn —p) + (1 = @) (Skw, — p)|I”
= apllzn — plI* + (1 — an)[|Skwn — pII° — an(1 — a2 — Spuwn]|®
< apllzn = pl® + (1= ap)|lw, — pl? (28)
< agllen = pl* + (1 = an)|lun — pl®
< O‘nHIn_p”2 (1_O‘n)[||xn_p||2_ Hxn—unH2
+-2r,{xy, — Uy, Bz, — Bp) — r2||Bx, — Bp||?] (29)
<l =l = (1= an)llzn — wnl® + 2rp )20 — wn|| Bz, — Bpll,

it follows that

(1= a)llzn — wal® (1= o) [l — uall*
1z = pII* = ll20 = pII* + 2rull20 — wall| Bxo — Bp|
[z = 2zl (|l2n = pIl = 120 — pI])

+2r, ||z, — ||| Bz, — Bp||.

IA A CIA

Using (24) and || Bz, — Bp|| — 0, we have
lim ||z, — u,|| = 0. (30)

n—oo
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Hwn - pH2 = Hﬁn(skyn - p) + (1 - Bn)(yn - p)H2
= BullSkyn — p”2 + (1= 8u) ||y —p||2 — Bn(L = Bu)llyn — Skyn||2

IN

Y0

Bullyn — pH2 + (1 = Bu)llyn — pH2 — Bn(1 = B)llyn — Sk-ynH2
_p||2_ﬁn(l_ﬁn)”yn_skyn||2v (31>

From (28) and (31) we also have

12 — pII*

VAN VAN VARRVAN

it follows that

(1 - a)k(l - a)Hyn - Sk:ynH2

From (24), we have

an||zn — plI* + (1 — ap)[|wy — pl?
|20 — pH2 + (1 - ay)
)

g = pII* = Ba(1 = Bu)llyn — Skyall’]  (32)

|

[
|z, — p||2 + (1 — an)|lzn — p||2 — (1= an)Bu(1 = Bo)llyn — Sk:ynH2
2 = plI* = (1 = ) Ba(1 = Ba) llyn — Skall?,

< (1= 0ay)Bu(1— ﬁn)Hyn - Sk:ynH2
< Nz = plI? = Iz — plI?
< Nlon = zoll(lzn — pll + (|20 — pl)-

Next, we show that lim, . ||u, — yn|| = 0. Consider

lyn —p|> =

IN

IN

IN

| Po(un — AnAuy,) — Po(p — )\nAp)HQ

[(un — AnAuy) — (p — /\nAp)H2

[(un — p) = An(Auy — Ap)”2

[wn = pII* = Aaun — p, Auy, = Ap) + A2 || Au, — Apl|?
2 = plI* = 2Xna]| A, — Ap[|* + X7 || Au, — Apl|?
20 = plI* + An (Ao — 20) || Ay, — Apl|?

2 = pII* + b(c — 2a)|| Au,, — Ap]|*.

From (32) and (ii), we have

lza =PI < owllzn = pl* + (1= an)llyn — plI* = (1 = @) Ba(1 = Bu)llyn — Skyall”

<
<

it follows that

(1 —a)b(2a — )| Au,, — ApH2

anllzn = plI* + (1 = o) llzn — plI* + b(c — 2a) || Au,, — Apl|’]
= pII* + (1 — )bl — 20) || Auy, — Apll?,

(1 — a,)b(2a — ¢)|| Au,, — Ap)|?
= pII* = ll20 — Pl
[0 = zal[(llzn = pIl + 120 = pI)-

IAIAIA
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From (24), that

Tim || A, — Ap| = 0. (34)
From (6), we have
lyn = pII* = (1P (un = AnAun) = Po(p = AnAp)|*

IN

((un = AnAuy) = (p = AuAp), Yo — D)

(s — M) — (0= M)+ 13—

—[[(tn = AnAun) = (p = AnAp) = (ya — p)II”}

< gl = 0l + o = 2l ~ [t~ ) — An(Au — Ap)|}

1
= S{llun = pl” + llyn =PI = llun = ynl* + 200 {un = Yo, Au — Ap)
—all Auy, — Apl[*},
so, we obtain
[y = II* < lltn = pII* = [[tn = yall? +2X0 (0 — Y, Ay — Ap) — A7 || Aw,, — Ap]*.
(35)
From (12), (32), (35) and (i) we have

Hzn - p”2 = O‘nHIn - p||2 +(1— an)||yn - p||2 - (1- O‘n)ﬁn(l - ﬁn)Hyn - Sk:ynH2

< ol = pl* 4+ (1= an)[llun — plI* = lun — ynll®
+2)\n<un — Yn, Aun - Ap) - )‘iHAun - ApHQ]
< O‘nHIn - p||2 +(1— O‘n)Hxn - p||2 — (11— an)”“ﬂ - yn||2

+(1 = an) 2, ||uy — pl|||Au, — Apl|
< |z, - pH2 — (1 = ap)||un — ynH2 + 2\ |t — yull | Au, — Apl],

it follows that
(1 - O‘ﬂ)”“ﬂ - ynH2

<
<l = pl* = llza = pI* + 2X0llun — ol v — Ap]
< lon = zall([len = pll + 120 = I1) + 220 [lun — plll[Aun — Apl|,

(1= a)llun — yull®

From (i), (24) and (34), we obtain
lim ||u, — y,|| = 0. (36)

n—oo

Next, we show that lim,, . ||Sku, — u,|| = 0, consider
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From (36) and (33) we obtain that
dim [ Syun — un | = 0. (37)

Since {uy,,} is bounded, there exists a subsequence {um]} of {u,,} such
that u,, — w. Without loss of generality, we can assume that u,, — w. Since

C is closed and convex, w € C. Next, we show that w € F. First, we show
that w € VI(C, A). Define,

_J Av+ Nev, veC,

o= e (39)

Then, T is maximal monotone. Let (v,u) € G(T). Since u — Av € Ngv
and y, € C, we have (v — y,,u — Av) > 0. On the other hand, from y, =
Po(u, — ApAuy,), we have (v — ypn, yn — (u, — N\yAuy,)) > 0, that is,

<U — Yn, yn; o + Aun> Z 0.

Therefore, we have

<U - yni: u> 2 <U - ynw AU>

I
<
<
S
N
<
N
<
&
<
&
>
3
S
&
\/

e — Un,
= <U - ynﬁ AU - Ayﬂq) + <U - ynw AyTLZ - Aunz> - <U - ynw %>

i

= <U = Ynis AYni — Aum) - <U — Yni> w>,

Since lim,, . ||y — un|| = 0 and A is Lipschitz continuous, we obtain
(v —w,u)y > 0. (39)

Since T' is maximal monotone, we have w € T'0 and hence w € VI(C, A).
Next, we show that w € EP. It follows by (9) and (A2) that

1

n

and hence

<B='L'nia Yy — um) + <y — Un,, Zi) Z F(ya um) (4())
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Put y, =ty + (1 —t)w for all t € (0,1] and y € C. Since y € C' and w € C, we
have y; € C. So, from (30), we have

<yt_uni7 B:Ut) - <yt_uni7 B:Ut) =02> _<yt_uni7 anz> - <y_unm unzr;nzxnz> +
F(yz, um)
and hence

(ye — Un,s Byt) > <yt — Uny;, Byt) - <yt = Uny;, me> - <y = Un,, %) +
F(yz, um)

= <yt - umaByt - Bunz> + <yt - uniaBum - me> - <y — Unp,, uner_fnz> +
F(yt: um)
Since ||un, — || — 0, it follows that ||Bu,, — Bx,,|| — 0. Further, from
monotonicity of B, we get (y; — un,, By — Bu,,) > 0. So, from (A4), we have

(yy —w, Byy) > F(y, w), (41)

as i — oo. From (A1), (A4) and (41), we have
0= F(ys,y) <tF(ye,y) + (L= ) F(ys, w) < tF(ye,y) + (1 =) (e —w, Byy)
< tF(ys,y) + (1 = 1)ty — w, Byy)
and hence 0 < F(y;,y) + (1 — t){y — w, By;). Letting t — 0, we have for each
yeC,0< F(w,y)+ (y — w, Bw). This implies that w € EP. Next, we show
that w € F(S). From Lemma 2.2, we have F(S;) = F(S), we may assume
that w # Spw, by Opial’s condition, we have

liminf ||u,, —w| < liminf||u,, — Syw|| = liminf || (w,, — Sktn,) + (Sktn, — Skw)]|
= liminf ||Sgu,, — Spw| < liminf ||u,, — w||.
This is a contradiction. So, we have w € F(Sy) = F(S). Therefore w € F.
Finally, we show that =, — z, where z = Ppx;. Since z, = Pg,r; and

z € F C C,, we have ||z, —x1|| < ||z — x1]]. It follows from 2’ = Ppz; and
the lower semicontinuity of the norm that

12" =1 || < [lz=1 ] < liminf [z, —21]] < limsup [lzn, —21|] < [['=21]. (42)

71— 00
Thus, we obtain that lim_ ||z, — 21]| = ||z — 21]| = ||z’ — 21||. Since {z,,}
is an arbitrary subsequence of {z,}, we can conclude that {z,} converges
strongly to z, where z = Ppx;. o

Theorem 3.2 [3] Let C be a nonempty closed convex subset of a real Hilbert
space H. Let F : C' x C' — R be a bifunction satisfying (A1)-(A4). Let A
be an «a-inverse-strongly monotone mapping of C' into H and let B be an [3-
wverse-strongly monotone mapping of C into H, respectively. Let S : C — C
be a k-strictly pseudo-contractive self mapping for some 0 < k < 1. Defined
a mapping Sy : C — C by Spx = kx + (1 — k)Sz for all x € C. Assume
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that F := F(S)NVI(C,A)NEP # (. Let the sequences {x,} and {u,} be
generated by C; = C C H, v1 = Poxg;

x, € C,

C, =0,

F(ttn, y) + (BEn, y = ttn) + 7Y — tn, 4y — 20) >0, Yy € C

Yn = Po(u, — A Auy,) (43)

Zn = QpTp + (1 - an)skynu
Cot1 ={2 € Cp: [|zn — 2[| < [lzn — 2|},
Tg, n >0

anrl - Pcn+1

where u,, = T,, (x, — ro,Bx,) and {r,} C (0,00). Assume that the control
sequences {a, } C [0,1],{\.} C (0,2«) and {r,} C (0,20) satisfy the following
conditions: (i) k < ap, <a <1, (it) 0<b< A\, <c<2aand0<d<r, <
e < 283, for some a,b,c,d,e € R.

Then {x,} converge strongly to z, where z = Ppxy.

Proof. If 5, =0 for all n € N, by Thm 3.1, we obtain the desired result. ¢

Corollary 3.3 [4, Theorem 3.1] Let C' be a nonempty closed convex subset
of a real Hilbert space H. Let F : C' x C'— R be a bifunction satisfying (A1)-
(A4). Let B be an B-inverse-strongly monotone mapping of C' into H. Let
T:C — C be a k-strictly pseudo-contractive self mapping for some 0 < k < 1
such that © :== F(T)NVI(C,A)NEP # (. Let the sequences {x,} and {u,}
be generated by Cy = C' C H, 1 = Poxy;

u, € C,

F(tn,y) + (Btn,y — tn) + (Y — tn, up — ) >0, ¥y € C

Zn = apxy + (1 — @) Suy, (44)
Cor1 ={2 € Cp: [|zn — 2[| < [lzn — 2|},

Tpy1 = Po, 00, 120

where u, = T, (x, —r,Bxy,), S = kx + (1 — k)T for all x € C and {r,} C
(0,00). Assume that the control sequences {a,,} C [0,1] and {r,} C (0,203)
satisfy the following conditions:

() 0<k<a,<a<l,

(i) 0 <d <r, <e<2f, for some a,d,e € R.
Then {x,} converge strongly to z, where z = Pgxy.

Proof. Put A = 0, 8, = 0 for all n € N, and from Lemma 2.2, we have
F(S) = F(T) and Theorem 3.1, we obtain the desired result. o
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4 Applications

In this section, we obtain some strong convergence theorems by applying F' = 0
and 3, =0 for all n € N in Theorem 3.1.

Theorem 4.1 Let C' be a nonempty closed convex subset of a real Hilbert
space H. Let F' : C' x C — R be a bifunction satisfying (A1)-(A4). Let A
be an «a-inverse-strongly monotone mapping of C' into H and let B be an [3-
inverse-strongly monotone mapping of C' into H, respectively. Let S : C' — C
be a nonexpansive mapping such that F = F(S)NVI(C,A)NEP # 0. Let
the sequences {x,} and {u,} be generated by

1 = O,

¢, =C,

F(tn, y) + (Bn,y = tn) + 7=y = Un, up — ) >0, ¥y € C

Yn = Po(un — AnAuy) (45)

Zp = QpTy + (1 - Oén)Syn,
Cot1 ={2 € Cp: [|zn — 2[| < [lzn — 2[[},
1, n>1

anrl = Pcn+1

where u,, = T,, (x, — ro,Bz,) and {r,} C (0,00). Assume that the control
sequences {a, } C [0,1],{\.} C (0,2«) and {r,} C (0,20) satisfy the following
conditions:

(i) k<o, <a<l,

(1)) 0<b< N\, <c<2aand0<d<r,<e<2f, for somea,b,c,d,e €R.
Then {x,} converge strongly to z, where z = Ppxy.

Theorem 4.2 Let C be a nonempty closed convex subset of a real Hilbert
space H. Let A be an a-inverse-strongly monotone mapping of C' into H and
let B be an (-inverse-strongly monotone mapping of C' into H, respectively.
Let S : C — C be a k-strictly pseudo-contractive for some 0 < k < 1. Defined
a mapping Sy : C — C by Spx = kx + (1 — k)Sx for all x € C. Assume that
F:=FS)NVI(C,A)NVI(C,B) # 0. Let the sequences {x,} and {u,} be
generated by C; = C C H, v1 = Poxg and u,, € C;

(BT, y — Up) + =y — Up, Uy, — 1) >0, Yy € C

r

Zn = QpXy + (1 - CVn)‘Skyna (46>
Cor1 ={2 € Cp: [|zn — 2[| < [lzn — 2|},
Tny1 = Po,, %o, 120

where {r,} C (0,00). Assume that the control sequences {a,} C [0,1],{\,} C
(0,2a) and {r,} C (0,20) satisfy the following conditions:
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(1) k<a,<a<l,
(1)) 0<b< N\, <c<2aand0<d<r,<e<2f, for somea,b,c,d,e €R.
Then {x,} converge strongly to z, where z = Ppxg.
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