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บทคดัย่อ 

 
 

 ในรายงานน้ี ได้นําเสนอผลลัพธ์ที่หลากหลายในปัญหาการหาจุดตรึงของระเบียบวิธีทําซ้ํา

สําหรบัการประมาณค่าเหมาะสมของลําดบัทางเดยีวของเบริ์กแมนในปรภูิมบิานาค เราได้แนะนําและ

ศกึษาระเบยีบวธิทีําซ้ําต่าง ๆ สําหรบัการส่งที่ประกอบไปด้วยการส่งแบบไม่ขยาย  การส่งแบบกึ่งไม่

ขยาย การส่งแบบไม่ขยายสมัพทัธ์ การส่งแบบไม่ขยายสมัพทัธ์แบบเข้ม และการส่งแบบไม่ขยาย

สมัพทัธข์องเบริก์แมน  ในปรภูิมบิานาคและปรภูิมฮิลิเบริต์ เราไดพ้สิูจน์ทฤษฎบีทการลู่เขา้ทัง้แบบอ่อน

และแบบเขม้สําหรบัแต่ละระเบยีบวธิทีําซ้ําอกีดว้ย ผลลพัธท์ีไ่ดเ้ป็นการพฒันาและครอบคลุ่มผลงานของ

นักคณิตศาสตร์จํานวนมาก นอกจากน้ีเรายงัได้แก้ไขผลงานที่คลุมเครอืขอลผลงานที่มมีาก่อนหน้าน้ี  

สุดทา้ยยงัไดป้ระยุกตใ์ชง้านระเบยีบวธิทีําซ้ําดงักล่าวในการหาคาํตอบร่วมของปัญหาการหาจุดตรงึของ

การส่งแบบไม่ขยายสมัพทัธ์กบัปัญหาดุลยภาพและปัญหาการหาจุดศูนย์ของตวัดําเนินการทางเดียว

แบบแมกซมิลัอกีดว้ย    

 

คาํสําคัญ: การสง่แบบไม่ขยายสมัพทัธข์องเบริก์แมน  การสง่แบบไม่ขยายสมัพทัธแ์บบเขม้ การสง่แบบ

ไม่ขยายสมัพทัธ ์การสง่แบบไม่ขยาย  ปัญหาดุลยภาพ ตวัดาํเนินการทางเดยีวแบบแมกซมิลั ทฤษฎบีท

การลู่เขา้แบบอ่อนและแบบเขม้ 
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ABSTRACT

In this report, we present various results related to the problem of find-

ing a fixed point of Bregman monotone optimization algorithms in Banach

spaces. We introduce and study many iteration schemes for various kinds of

mappings, including nonexpansive mappings, quasi-nonexpansive mappings, rel-

atively nonexpansive mappings, strongly relatively nonexpansive mappings, and

Bregman strongly nonexpansive mappings in Banach spaces and Hilbert spaces.

We also prove several weak and strong convergence theorems of each iteration.

Our results improve and unify the corresponding known results studied by many

authors. Moreover, we correct some misleading results appeared in the litera-

ture. Finally, we apply them to the solution of equilibrium problems and the

problem of finding a zero of a maximal monotone operator.

Keywords: Bregman strongly nonexpansive mapping, strongly relatively non-

expansive mapping, relatively nonexpansive mapping, nonexpansive mapping,

equilibrium problem, maximal monotone operator, weak and strong convergence

theroems
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CHAPTER I

EXECUTIVE SUMMARY

Let C be a nonempty set and T : C → C be a mapping. A fixed point

of a mapping T is a point which is invariant under T , that is, if x is a fixed

point of T , then x = Tx. The set of all fixed points of T is called the fixed-point

set of T and denoted by F (T ). The presence or absence of a fixed point is

an intrinsic property of T . One of the most celebrated result was proved by

Banach in 1922. The Banach fixed point theorem appeared in explicit form in

Banach’s thesis where it was used to establish the existence of a solution for an

integral equation. Since then it has become an important tool in many branches

of mathematics and other applications.

The following are among the most basic questions asked in the study of

a given mapping T .

(1) What additional assumptions must be added regarding the structure of

the space and/or restrictions on T to assure the existence of at least one

fixed point?

(2) What is the structure of the fixed-point set of T?

(3) If F (T ) ̸= ∅, then how can we approximate an element of F (T )?

The study of this project is concerned about question (3).

Let C be a subset of a Banach space X. A mapping T : C → C is said

to be nonexpansive if

∥Tx− Ty∥ ≤ ∥x− y∥

for all x, y ∈ C. We know that every contraction is nonexpansive. Many prob-

lems in nonlinear analysis can be reformulated as a problem of finding a fixed

point of a (quasi-)nonexpansive mapping in a Hilbert space. To extend this the-

ory to a Banach space, we encounter some difficulties because many of useful

examples of nonexpansive mappings in Hilbert spaces are no longer nonexpan-

sive in Banach spaces. There are several ways to overcome these difficulties.
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One of them is to use the Lyapunov functional instead of the norm. In 2004,

Matsushita and Takahashi studied and investigated the the weak and strong

convergence theorems for relatively nonexpansive mappings (coincides with the

one in the usual sense in a Hilbert space) in Banach spaces which were first in-

troduced by Butnariu et al. Several articles have appeared providing methods

for approximating fixed points of relatively nonexpansive mappings.

In 1967, Brègman discovered an elegant and effective technique for the

using of the so-called Bregman distance function in the process of designing and

analyzing feasibility and optimization algorithm and so on. The method of cyclic

Bregman projections produces a sequence converging to a solution of the convex

feasibility problem. In 1997, Albert and Butnariu investigated the method of

cyclic Bregman projections in a reflexive Banach space. They proved that the

method of cyclic Bregman projections produces a sequence weakly converging to

a solution of the convex feasibility proble and norm convergence under additional

conditions on the convex sets. In 2004, Lee and Park studied quasi-Bregman

firmly nonexpansive mappings and the weak convergence theorem of a Bergman

projection method for finding an asymptotic fixed point of a quasi-Bregman

firmly nonexpansive mapping in a reflexive Banach space. In 2010, Reich and

Sabach studied the existence and approximation of fixed points of a Bregman

firmly (strongly) nonexpansive mapping in reflexive Banach spaces.

A purpose of this research is to introduce and study a new iterative al-

gorithm to find a fixed point of a Bregman (strongly) nonexpansive mapping in

a reflexive Banach space. Moreover, we prove several weak and strong conver-

gence theorems of such schemes under some suitable assumptions. Finally, we

modify these methods in order to solve the equilibrium problem.



CHAPTER II

MAIN RESULTS

2.1 Convergence theorems for relatively nonexpansive

mappings

Let E be a smooth Banach space and let E∗ be the dual of E. In 1996,

Alber considered the following functional φ : E × E → [0,∞) defined by

φ(x, y) = ∥x∥2 − 2⟨x, Jy⟩+ ∥y∥2

for all x, y ∈ E. A mapping T : C → E is relatively nonexpansive if the following

properties are satisfied:

(R1) F (T ) ̸= ∅, where F (T ) denotes the fixed points set of T ;

(R2) φ(p, Tx) ≤ φ(p, x) for all p ∈ F (T ) and x ∈ C;

(R3) I − T is demi-closed at zero, that is, whenever a sequence {xn} in C

converges weakly to p and {xn − Txn} converges strongly to 0, it follows

that p ∈ F (T ).

Let C be a nonempty closed convex subset of E. Let F : C × C → R be a

bifunction. The equilibrium problem is to find x ∈ C such that

F (x, y) ≥ 0 for all y ∈ C. (2.1.1)

The set of solutions of (2.5.1) is denoted by EP (F ). For solving the equilibrium

problem, we usually assume

(A1) F (x, x) = 0 for all x ∈ C;

(A2) F is monotone, i.e. F (x, y) + F (y, x) ≤ 0, for all x, y ∈ C;
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(A3) for all x, y, z ∈ C, lim supt→0 F (tz + (1− t)x, y) ≤ F (x, y);

(A4) for all x ∈ C, F (x, ·) is convex and lower semicontinuous.

The equilibrium problems include fixed point problems, optimization problems,

variational inequality problems and Nash equilibrium problems as special cases.

Some methods have been proposed to solve the equilibrium problems. In 2005,

Combettes and Hirstoaga introduced an iterative scheme of finding the best

approximation to the initial data when EP (F ) is nonempty and they also proved

a strong convergence theorem. In 2011, the author and Saejung [Appl. Math.

Comput. 217 (2011) 6577–6586.] modified Halpern and Mann’s iterations for

finding a fixed point of a relatively nonexpansive mapping in a Banach space as

follows: x ∈ E, x1 ∈ C and

xn+1 = ΠCJ
−1(αnJx+ βnJxn + γnJTxn), n = 1, 2, . . . , (2.1.2)

where {αn}, {βn} and {γn} are appropriate sequences in [0, 1] with αn+βn+γn ≡

1 and they proved that {xn} converges strongly to ΠF (T )x.

The purpose of this work is to present a strong convergence theorem of a

new modified Halpern-Mann iterative scheme to find a common element of the

set of fixed points of a relatively nonexpansive mapping and the set of common

solutions to a system of equilibrium problems in a uniformly convex real Banach

space which is also uniformly smooth as follows:

Theorem 2.1.1 Let E be a uniformly convex and uniformly smooth Banach

space, C be a nonempty closed convex subset of E, {Fi}mi=1 be a finite family of

bifunctions of C × C into R satisfying conditions (A1)-(A4) and S : C → E

be a relatively nonexpansive mapping such that Ω := F (S) ∩ (∩m
i=1EP (Fi)) ̸=

∅. Let {T Fi
ri,n

}mi=1 be a finite family of the resolvents of Fi with positive real

sequences {ri,n} such that lim infn→∞ ri,n > 0 for all i = 1, 2, . . . ,m. Let {xn}

be a sequence generated by x, x1 ∈ E and

xn+1 = J−1(αnJx+ βnJxn + γnJST
Fm
rm,n

T Fm−1
rm−1,n

, · · ·T F1
r1,n

xn) (n ≥ 1) (2.1.3)

where {αn}, {βn} and {γn} are sequences in [0, 1] satisfying the following con-

ditions:
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(i) αn + βn + γn ≡ 1;

(ii) limn→∞ αn = 0;

(iii)
∑∞

n=1 αn = ∞;

(iv) lim infn→∞ βn(1− βn) > 0.

Then {xn} converges strongly to ΠΩx.

We also prove a strong convergence theorem for finding an element of the

set of solutions to a system of equilibrium problems in a uniformly convex and

uniformly smooth Banach space. In Hilbert spaces, if S is quasi-nonexpansive

such that I −S is demiclosed at zero, then S is relatively nonexpansive. So, we

also present strong convergence theorem for quasi-nonexpansive mappings in a

Hilbert space.

2.2 Convergence theorems for strongly relatively nonex-

pansive mappings

We say that a relatively nonexpansive mapping T : C → E is strongly

relatively nonexpansive if whenever {xn} is a bounded sequence in C such that

φ(p, xn) − φ(p, Txn) → 0 for some p ∈ F (T ) it follows that φ(Txn, xn) →

0. Another well-known family of mappings is the class of firmly nonexpansive

mappings, where a mapping T : C → E is called firmly nonexpansive type if

φ(Tx, Ty) + φ(Ty, Tx) + φ(Tx, x) + φ(Ty, y) ≤ φ(Tx, y) + φ(Ty, x)

for all x, y ∈ C. It is easy to see that if T is firmly nonexpansive type with I−T

is demi-closed at zero, then it is strongly relatively nonexpansive. Furthermore,

there is a mapping which is strongly relatively nonexpansive but is not firmly

nonexpansive type as the following example shows.

Example 2.2.1 Let E be a smooth, strictly convex, and reflexive Banach space
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and let T : E → E be a mapping defined by

Tx =

0 if x = 0(
2
3
sin 1

∥x∥

)
x if x ̸= 0.

The purpose of this work is to prove for a class of strongly relatively

nonexpansive mappings that only Conditions (C1) and (C2) are sufficient for

the strong convergence theorem of Halpern’s iterations to a fixed point of T

without the assumption of the nonempty interior of the fixed point set of T as

follows:

Theorem 2.2.2 Let C be a nonempty, closed and convex subset of a uniformly

convex and smooth Banach space E and let T : C → E be a strongly relatively

nonexpansive mapping. Let {xn} be a sequence in C defined by u ∈ E, x1 ∈ C

and

xn+1 = ΠCJ
−1(αnJu+ (1− αn)JTxn), n = 1, 2, 3, . . . , (2.2.1)

where {αn} is a sequence in (0, 1) satisfying

( C1) limn→∞ αn = 0;

( C2)
∑∞

n=1 αn = ∞.

Then {xn} converges strongly to ΠF (T )u.

Consequently, a strong convergence theorem for a relatively nonexpan-

sive mapping is deduced and a correction for Theorem 4.1 of Zhang et al. [Com-

put. Math. Appl. 61 (2011) 262-276] is presented.

Theorem 2.2.3 Let C be a nonempty, closed and convex subset of a uniformly

convex and uniformly smooth Banach space E and let T : C → E be a relatively

nonexpansive mapping. Let {xn} be a sequence in C defined by (2.2.1), where

{αn} is a sequence in (0, 1) satisfying
∑∞

n=1 αn < ∞. If the interior of F (T ) is

nonempty, then {xn} converges strongly to z, where z = limn→∞ΠF (T )xn.

Using a concept of duality theorems, we obtain an analogue result for

a strongly generalized nonexpansive mapping. Moreover, two corresponding
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strong convergence theorems for a firmly nonexpansive type mapping and a

firmly generalized nonexpansive type mapping are deduced. Finally, we dis-

cuss two strong convergence theorems concerning two types of resolvents of a

maximal monotone operator in a Banach space.

2.3 Convergence theorems for Bregman strongly nonex-

pansive mappings

We first recall some definitions.

Definition 2.3.1 The function Df : dom f × int(dom f) → [0,+∞) is defined

by

Df (y, x) = f(y)− f(x)− ⟨▽f(x), y − x⟩,

is called the Bregman distance with respect to f .

Remark 2.3.2 The Bregman distance has the three point identity: for any

x ∈ dom f and y, z ∈ int(dom f),

Df (x, y) +Df (y, z)−Df (x, z) = ⟨▽f(z)− ▽f(y), x− y⟩; (2.3.1)

Definition 2.3.3 The Bregman projection of x ∈ int(dom f) onto the nonempty

closed and convex set C ⊆ dom f is the necessarily unique vector ProjfC(x) ∈ C

satisfying

Df (Proj
f
C(x), x) = inf{Df (y, x) : y ∈ C}.

Remark 2.3.4 From the definition of Bregman distance above, we have the

following.

(i) If X is a Hilbert space and f(x) = ∥x∥2, then the Bregman projection

ProjfC(x) is reduced to the metric projection of x onto C.

(ii) If X is a smooth Banach space and f(x) = ∥x∥2, then the Bregman

projection ProjfC(x) is reduced to the generalized projection ΠCx which

defined by

φ(ΠCx, x) = min
y∈C

φ(y, x).

where φ(y, x) = ∥y∥2 − 2⟨Jx, y⟩+ ∥x∥2.
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We next list significant types of nonexpansivity with respect to the Breg-

man distance.

Definition 2.3.5 Let C be a nonempty, closed and convex subset of int(dom f).

We say that a mapping T : C → int(dom f) with F (T ) ̸= ∅ is

(i) Bregman nonexpansive if

Df (Tx, Ty) ≤ Df (x, y) (2.3.2)

for all x, y ∈ C;

(ii) quasi-Bregman nonexpansive if

Df (p, Tx) ≤ Df (p, x) (2.3.3)

for all x ∈ C and p ∈ F (T );

(iii) Bregman firmly nonexpansive if

Df (Tx, Ty) +Df (Ty, Tx) +Df (Tx, x) +Df (Ty, y)

≤ Df (Tx, y) +Df (Ty, x), (2.3.4)

for all x, y ∈ C, or equivalently,

⟨▽f(Tx)− ▽f(Ty), Tx− Ty⟩ ≤ ⟨▽f(x)− ▽f(y), Tx− Ty⟩; (2.3.5)

(iv) quasi-Bregman firmly nonexpansive if

Df (p, Tx) +Df (Tx, x) ≤ Df (p, x) (2.3.6)

for all x ∈ C and p ∈ F (T ),

(v) Bregman strongly nonexpansive if

Df (p, Tx) ≤ Df (p, x) (2.3.7)

for all x ∈ C and p ∈ F (T ), and if whenever {xn} ⊂ C is bounded,

p ∈ F (T ), and

Df (p, xn)−Df (p, Txn) → 0,

it follows that

Df (Txn, xn) → 0.
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From the definitions of mappings above, we have the following properties.

Proposition 2.3.6 Let f : X → (−∞,+∞] be a Legendre function. Let C

be a nonempty, closed and convex subset of int(dom f) and T : C → C be a

mapping. Then:

(i) If T is a Bregman nonexpansive mapping, then T is quasi-Bregman non-

expansive.

(ii) If T is a Bregman firmly nonexpansive mapping, then T is quasi-Bregman

firmly nonexpansive.

(iii) If T is a quasi-Bregman firmly nonexpansive mapping, then T is Bregman

strongly nonexpansive.

(iv) If T is a quasi-Bregman nonexpansive mapping, then F (T ) is closed and

convex.

(v) If f is bounded, uniformly Fréchet differentiable and totally convex on

bounded subset of X and T is Bregman firmly nonexpansive, then F (T ) =

F̂ (T ).

We now present the weak and strong convergence theorems for new ieter-

ation.

Proposition 2.3.7 Let X be a reflexive Banach space and f : X → R be a

Legendre function which is uniformly Fréchet differentiable and totally convex

on bounded subsets of X. Let C be a nonempty, closed and convex subset of X

and let T be a quasi-Bregman nonexpansive mapping of C into itself. Let {xn}

be a sequence defined by x1 ∈ C and

xn+1 = ProjfC ▽f ∗(αn▽f(xn) + (1− αn)▽f(Txn)), n ≥ 1, (2.3.8)

where {αn} is a sequence in [0, 1]. Then {xn} is bounded and {ProjfF (T )(xn)}

converges strongly to a fixed point of T .
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Theorem 2.3.8 Let X be a reflexive Banach space and f : X → R be a Legendre

function which is uniformly Fréchet differentiable and totally convex on bounded

subsets of X. Let C be a nonempty, closed and convex subset of X and let T

be a Bregman strongly nonexpansive mapping of C into itself such that F (T ) =

F̂ (T ) ̸= ∅. Suppose that {αn} is a sequence in [0, 1] such that lim supn→∞ αn <

1. If ▽f is weakly sequentially continuous, then the sequence {xn} defined by

(2.3.8) converges weakly to u ∈ F (T ), where u = limn→∞ ProjfF (T )(xn).

Theorem 2.3.9 Let X be a reflexive Banach space and f : X → R be a

Legendre function which is uniformly Fréchet differentiable and totally convex

on bounded subsets of X. Let C be a nonempty, closed and convex subset of

X and let T be a Bregman strongly nonexpansive mapping of C into itself such

that F (T ) = F̂ (T ) ̸= ∅. Suppose that {αn} is a sequence in [0, 1] such that

lim supn→∞ αn < 1. If int(F (T )) ̸= ∅, then the sequence {xn} defined by (2.3.8)

converges strongly to u ∈ F (T ), where u = limn→∞ ProjfF (T )(xn).

Consequently, three convergence theorems for a relatively (quasi-) nonex-

pansive mapping are deduced and then apply them to the solution of equilibrium

problem. Various special cases are discussed.

2.4 Deduced theorems in Hilbert spaces

In Hilbert spaces, if T is nonexpansive or quasi-nonexpansive such that

I−T isdemiclosed at zero, then T is relatively nonexpansive and then is Bregman

nonexpansive. We obtain the following results.

Theorem 2.4.1 Let H be a Hilbert space, C be a nonempty closed convex

subset of H, {Fi}mi=1 be a finite family of a bifunction of C×C into R satisfying

conditions (A1)-(A4) and S : C → E be a quasi-nonexpansive mapping such

that I − S is demiclosed at zero and Ω := F (S) ∩ (∩m
i=1EP (Fi)) ̸= ∅. Let

{T Fi
ri,n

}mi=1 be a finite family of the resolvents of Fi with real sequences {ri,n}

such that lim infn→∞ ri,n > 0 for all i = 1, 2, . . . ,m. Let {xn} be a sequence

generated by x, x1 ∈ H and

xn+1 = αnx+ βnxn + γnST
Fm
rm,n

T Fm−1
rm−1,n

, · · ·T F1
r1,n

xn (n ≥ 1) (2.4.1)
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where {αn}, {βn} and {γn} are sequences in [0, 1] satisfying the following con-

ditions:

(i) αn + βn + γn ≡ 1;

(ii) limn→∞ αn = 0;

(iii)
∑∞

n=1 αn = ∞;

(iv) lim infn→∞ βn(1− βn) > 0.

Then {xn} converges strongly to PΩx.

Recently, In 2014, Sakurai and Iiduka introduced the Halpern algorithm

based on steepest descent method for solving an example of a fixed point prob-

lem and they can formulate novel fixed point algorithm by using conjugate

gradient method, which can accelerate steepest descent method and the num-

ber of iterations is less than steepest descent method. They present strong

convergence theorem of their algorithm for finding a fixed point of a nonexpan-

sive mapping in Hilbert space as follows: let {xn} be a sequence in H defined

by x0 ∈ H, µ ∈ (0, 1], λ > 0, d0 =
1
λ
(T (x0)− x0) and

dn+1 =
1
λ
(T (xn)− xn) + βndn,

yn = xn + λdn+1,

xn+1 = µαnx0 + (1− µαn)yn.

(2.4.2)

for each n ≥ 0, where {αn}∞ ⊂ (0, 1) and {βn}∞n=0 ⊂ [0,∞). Then (xn)
∞
n=0

generated by (2.4.2) converges strongly to PF (T )(x0). The purpose of this work

is to introduce the implicit midpoint rule based on conjugate gradient method

for finding a fixed point of a nonexpansive mapping.



12

Step 0. Choose λ > 0, and x0 ∈ H arbitrarily,

and set (αn)
∞
n=0 ⊂ (0, 1), (βn)

∞
n=0 ⊂ [0,∞).

Compute d0 =
1
λ
(T (x0)− x0).

Step 1. Given xn, dn ∈ H, compute xn+1, dn+1 ∈ H as follows:xn+1 = αnx0 + (1− αn)
(
T
(
xn+xn+1

2

)
+ λβndn

)
,

dn+1 =
1
λ

(
T
(
xn+xn+1

2

)
−
(
xn+xn+1

2

))
+ βndn.

Put n = n+ 1, and go to Step 1.

We present the strong convergence theorems in a Hilbert space of this

method. Setting certain parameters, as a consequence, strong convergence the-

orems for finding a fixed point of a nonexpansive mapping which studied in are

deduced. Finally, we give some examples to support our main results.

In the other hand, let C be a non-empty subset of a Hilbert space H and

T : C → C be a mapping. An attractive point of T is a point x in H such that

∥Ty − x∥ ≤ ∥y − x∥ for all y ∈ C. (2.4.3)

The set of all attractive points of T is denoted by A(T ). The purpose of this

work to introduce an algorithm to accelerate the Halpern algorithm by using

the conjugate gradient method.

Theorem 2.4.2 Let C be a non-empty subset of a Hilbert space H and T : C →

C be a nonexpansive mapping with A(T ) ̸= ∅. Let (xn)
∞
n=0 be the acceleration

of the Halpern algorithm generated by x0 ∈ C, d0 ∈ C and
dn+1 = 1

α
(Txn − xn) + βndn,

yn = xn + αdn+1,

xn+1 = µαnx0 + (1− µαn)yn,

(2.4.4)

where µ ∈ (0, 1], α > 0, (αn)
∞
n=0 ⊂ (0, 1) and (βn)

∞
n=0 ⊂ [0,∞). Suppose that

(C1) limn→∞ αn = 0,

(C2)
∑∞

n=0 αn = ∞,

(C3)
∑∞

n=0 |αn+1 − αn| < ∞,

(C4) βn ≤ α2
n for all n ≥ 0,
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(C5) (Txn − xn)
∞
n=0 is bounded.

Then (xn)
∞
n=0 defined by (2.4.4) converges strongly to x∗ = PA(T )x0.

Setting some certain parameters, the such algorithm is deduced to the

Halpern algorithm. Consequence, the strong convergence theorem of accelera-

tion of the Halpern algorithm for finding an attractive point of a nonexpansive

mapping in Hilbert space is presented. When domain of a nonexpansive map-

ping is whole space, the attractive point set and the fixed point set are coincides

and then strong convergence theorem for finding to a fixed point of a nonex-

pansive mapping is shown. Finally, we give some example to support our main

results.

2.5 Applications

2.5.1 Equilibrium problems

Let C be a nonempty, closed and convex subset of X. Let g : C×C → R

be a bifunction that satisfies the following conditions:

(A1) g(x, x) = 0 for all x ∈ C;

(A2) g is monotone, i.e., g(x, y) + g(y, x) ≤ 0, for all x, y ∈ C;

(A3) for all x, y, z ∈ C,

lim sup
t→0

g(tz + (1− t)x, y) ≤ g(x, y);

(A4) for all x ∈ C, g(x, ·) is convex and lower semicontinuous.

The equilibrium problem of g is to find x ∈ C such that

g(x, y) ≥ 0 for all y ∈ C. (2.5.1)

The set of solutions of (2.5.1) is denoted by EP (g). Set

Resfg (x) := {z ∈ C : g(z, y) + ⟨∇f(z)−∇f(x), y − z⟩ ≥ 0 ∀y ∈ C}.

The following two lemmas give several properties of these resolvents.
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Lemma 2.5.1 Let f : X → (−∞,+∞] be a Legendre function. Let C be

a closed and convex subset of X. If the bifunction g : C × C → R satisfies

conditions (A1)-(A4). Then, the followings hold:

(i) Resfg is single-valued;

(ii) Resfg is a Bregman firmly nonexpansive mapping (is also Bregman strongly

nonexpansive);

(iii) F (Resfg ) = EP (g).

Theorem 2.5.2 Let X be a reflexive Banach space and f : X → R be a Legendre

function which is bounded, uniformly Fréchet differentiable and totally convex on

bounded subset of X. Let C be a nonempty, closed and convex subset of X and

let g : C×C → R be a bifunction satisfies conditions (A1)-(A4) and EP (g) ̸= ∅.

Suppose that {αn} is a sequence in [0, 1] such that lim supn→∞ αn < 1. Let {xn}

be a sequence defined by x1 ∈ C and

xn+1 = ProjfC ▽f ∗(αn▽f(xn) + (1− αn)▽f(Resfg xn)), n ≥ 1.

Then:

(i) If ▽f is weakly sequentially continuous, then {xn} converges weakly to

u ∈ EP (g), where u = limn→∞ ProjfEP (g)(xn).

(ii) If int(EP (g)) ̸= ∅, then {xn} converges strongly to u ∈ EP (g), where

u = limn→∞ ProjfEP (g)(xn).

2.5.2 Maximal Monotone Operators

Let E be a reflexive, strictly convex and smooth Banach space and let

A ⊂ E × E∗ be a set-valued mapping with range R(A) = {x∗ ∈ E∗ : x∗ ∈ Ax}

and domain D(A) = {x ∈ E : Ax ̸= ∅}. Then the mapping A is said to be

monotone if ⟨x − y, x∗ − y∗⟩ ≥ 0 whenever (x, x∗), (y, y∗) ∈ A. It is also said

to be maximal monotone if A is monotone and there is no monotone operator

from E into E∗ whose graph properly contains the graph of A. It is known that

if A ⊂ E × E∗ is maximal monotone, then A−10 is closed and convex.
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Theorem 2.5.3 Let E be a reflexive, strictly convex and smooth Banach space

and let A ⊂ E × E∗ be a monotone operator. Then A is maximal monotone if

and only if R(J + rA) = E∗ for all r > 0.

Using We obtain that for every r > 0 and x ∈ E, there exists a unique

xr ∈ D(A) such that

Jx ∈ Jxr + rAxr.

The single valued mapping Jr : E → D(A) by Jrx = xr, that is, Jr = (J +

rA)−1J is called the resolvent of A. We know that A−10 = F (Jr) for all r > 0.

We prove a strong convergence theorem for resolvents of maximal monotone

operators in a Banach space.

Theorem 2.5.4 Let E be a uniformly convex Banach space whose norm is

uniformly Gâteaux differentiable and let A ⊂ E × E∗ be a maximal monotone

operator. Let Jr be the resolvent of A, where r > 0. Let {xn} be a sequence

defined by u, x1 ∈ E and

xn+1 = J−1(αnJu+ (1− αn)JJrxn),

where {αn} is a sequence in (0, 1) satisfying Conditions (C1) and (C2). If A−10

is nonempty, then {xn} converges strongly to ΠA−10u.

If E is reflexive, strictly convex and smooth and B ⊂ E∗×E(= E∗×E∗∗)

is a maximal monotone operator, then R(J−1 + rB) = E for all r > 0. Thus, if

r > 0 and x ∈ E, then there exists z ∈ E such that

x = J−1(Jx) ∈ J−1(Jz) + rB(Jz) = z + rBJz.

It follows from the strict convexities of E and E∗ that such a point z is unique.

Thus we can define the generalized resolvent Qr of B by

Qrx = z = (I + rBJ)−1x.

We also prove a strong convergence theorem for generalized resolvents of maxi-

mal monotone operators in a Banach space.
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Theorem 2.5.5 Let E be a uniformly convex and uniformly smooth Banach

space and let B ⊂ E∗ × E be a maximal monotone operator. Let Qr be the

generalized resolvent of B, where r > 0. Let {xn} be a sequence defined by

u, x1 ∈ E and

xn+1 = αnu+ (1− αn)Qrxn,

where {αn} is a sequence in (0, 1) satisfying Conditions (C1) and (C2). If B−10

is nonempty, then {xn} converges strongly to R(BJ)−10u, where R(BJ)−10 is the

unique sunny generalized nonexpansive retraction from E onto (BJ)−10.

Remark 2.5.6 In Theorem 2.5.5, we present a strong convergence theorem for

the generalized resolvent with a new control condition. This is complementary

to Ibaraki and Takahashi’s result.
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A new modified Halpern-Mann type iterative method is constructed. Strong convergence of the
scheme to a common element of the set of fixed points of a relatively nonexpansive mapping and
the set of common solutions to a system of equilibrium problems in a uniformly convex real Banach
space which is also uniformly smooth is proved. The results presented in this work improve on the
corresponding ones announced by many others.

1. Introduction

Throughout this paper, we denote by N and R the sets of positive integers and real numbers,
respectively. Let E be a Banach space, E∗ the dual space of E, andC a nonempty closed convex
subset of E. Let F : C × C → R be a bifunction. The equilibrium problem is to find x ∈ C such
that

F
(
x, y
) ≥ 0 ∀y ∈ C. (1.1)

The set of solutions of (1.1) is denoted by EP(F). The equilibrium problems include fixed
point problems, optimization problems, variational inequality problems, and Nash equilib-
rium problems as special cases. Some methods have been proposed to solve the equilibrium
problems (see, e.g., [1, 2]). In 2005, Combettes and Hirstoaga [3] introduced an iterative
scheme of finding the best approximation to the initial data when EP(F) is nonempty, and
they also proved a strong convergence theorem.
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Let E be a smooth Banach space and J the normalized duality mapping from E to E∗.
Alber [4] considered the following functional ϕ : E × E → [0,∞) defined by

ϕ
(
x, y
)
= ‖x‖2 − 2

〈
x, Jy

〉
+
∥
∥y
∥
∥2 (

x, y ∈ E
)
. (1.2)

Using this functional, Matsushita and Takahashi [5, 6] studied and investigated the following
mappings in Banach spaces. A mapping S : C → E is relatively nonexpansive if the following
properties are satisfied:

(R1) F(S)/= ∅,
(R2) ϕ(p, Sx) ≤ ϕ(p, x) for all p ∈ F(S) and x ∈ C,

(R3) F(S) = F̂(S),

where F(S) and F̂(S) denote the set of fixed points of S and the set of asymptotic fixed points
of S, respectively. It is known that S satisfies condition (R3) if and only if I − S is demiclosed
at zero, where I is the identity mapping; that is, whenever a sequence {xn} in C converges
weakly to p and {xn−Sxn} converges strongly to 0, it follows that p ∈ F(S). In a Hilbert space
H, the duality mapping J is an identity mapping and ϕ(x, y) = ‖x − y‖2 for all x, y ∈ H.
Hence, if S : C → H is nonexpansive (i.e., ‖Sx − Sy‖ ≤ ‖x − y‖ for all x, y ∈ C),
then it is relatively nonexpansive. Several articles have appeared providing methods for
approximating fixed points of relatively nonexpansive mappings (see, e.g., [5–19] and the
references therein). Matsushita and Takahashi [5] introduced the following iteration: a
sequence {xn} defined by

xn+1 = ΠCJ
−1(αnJxn + (1 − αn)JSxn) n = 1, 2, . . . , (1.3)

where x1 ∈ C is arbitrary, {αn} is an appropriate sequence in [0, 1], S is a relatively nonexpan-
sive mapping, andΠC denotes the generalized projection from E onto a closed convex subset
C of E. They proved that the sequence {xn} converges weakly to a fixed point of T . Moreover,
Matsushita and Takahashi [6] proposed the following modification of iteration (1.3):

x1 ∈ C is arbitrary,

yn = J−1(αnJxn + (1 − αn)JSxn),

Cn =
{
z ∈ C : ϕ

(
z, yn

) ≤ ϕ(z, xn)
}
,

Qn = {z ∈ C : 〈xn − z, Jx1 − Jxn〉 ≥ 0},
xn+1 = ΠCn∩Qnx1, n = 1, 2, . . . ,

(1.4)

and proved that the sequence {xn} converges strongly to ΠF(S)x1. The iteration (1.4) is called
the hybrid method. To generate the iterative sequence, we use the generalized metric projection
ontoCn∩Qn for n ∈ N. It always exists, because eachCn∩Qn is nonempty, closed, and convex.
However, in a practical case, it is not easy to be calculated. In particular, as n becomes larger,
the shape of Cn ∩Qn becomes more complicate, and the projection will take much more time
to be calculated.
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In order to overcome this difficulty, Nilsrakoo and Saejung [15]modified Halpern and
Mann’s iterations for finding a fixed point of a relatively nonexpansive mapping in a Banach
space as follows: x ∈ E, x1 ∈ C and

xn+1 = ΠCJ
−1(αnJx + βnJxn + γnJSxn

)
, n = 1, 2, . . . , (1.5)

where {αn}, {βn}, and {γn} are appropriate sequences in [0, 1] with αn + βn + γn ≡ 1, and they
proved that {xn} converges strongly to ΠF(S)x.

Many authors studied the problems of finding a common element of the set of fixed
points for a mapping and the set of common solutions to a system of equilibrium problems
in the setting of Hilbert space and uniformly smooth and uniformly convex Banach space,
respectively (see, e.g., [20–33] and the references therein). In a Hilbert space H, S. Takahashi
andW. Takahashi [34] introduced the iteration as follows: sequence {xn} generated by x, x1 ∈
C,

un ∈ C such that F
(
un, y

)
+

1
rn

〈
y − un, un − xn

〉 ≥ 0, ∀y ∈ C,

xn+1 = αnx + (1 − αn)Sun, n = 1, 2, . . . ,

(1.6)

where {αn} is an appropriate sequence in [0, 1], S is nonexpansive, and {rn} is an appropriate
positive real sequence. They proved that {xn} converges strongly to an element in F(S) ∩
EP(F). In 2009, Takahashi and Zembayashi [30] proposed the iteration in a uniformly smooth
and uniformly convex Banach space as follows: a sequence {xn} generated by u1 ∈ E,

xn ∈ C such that F
(
xn, y

)
+

1
rn

〈
y − xn, Jxn − Jun

〉 ≥ 0, ∀y ∈ C,

un+1 = J−1(αnJxn + (1 − αn)JSxn), n = 1, 2, . . . ,

(1.7)

where S is relatively nonexpansive, {αn} is an appropriate sequence in [0, 1], and {rn} is an
appropriate positive real sequence. They proved that if J is weakly sequentially continuous,
then {xn} converges weakly to an element in F(S) ∩ EP(F). Consequently, there are many
results presented strong convergence theorems for finding a common element of the set of
fixed points for a mapping and the set of common solutions to a system of equilibrium
problems by using the hybrid method. However, Nilsrakoo [35] introduced the Halpern-
Mann iteration guaranteeing the strong convergence as follows: x ∈ C, u1 ∈ E and

xn ∈ C such that F
(
xn, y

)
+

1
rn

〈
y − xn, Jxn − Jun

〉 ≥ 0, ∀y ∈ C,

yn = ΠCJ
−1(αnJx + (1 − αn)Jxn),

un+1 = J−1
(
βnJxn +

(
1 − βn

)
JSyn

)
, n = 1, 2, . . . ,

(1.8)

and proved that {un} and {xn} converge strongly toΠF(S)∩EP(F)x.
Motivated by Nilsrakoo and Saejung [15] and Nilsrakoo [35], we present a strong

convergence theorem of a new modified Halpern-Mann iterative scheme to find a common
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element of the set of fixed points of a relatively nonexpansivemapping and the set of common
solutions to a system of equilibrium problems in a uniformly convex real Banach space
which is also uniformly smooth. The results in this work improve on the corresponding ones
announced by many others.

2. Preliminaries

We collect together some definitions and preliminaries which are needed in this paper.We say
that a Banach space E is strictly convex if the following implication holds for x, y ∈ E:

‖x‖ =
∥
∥y
∥
∥ = 1, x /=y imply

∥
∥
∥
∥
x + y

2

∥
∥
∥
∥ < 1. (2.1)

It is also said to be uniformly convex if for any ε > 0, there exists δ > 0 such that

‖x‖ =
∥∥y
∥∥ = 1,

∥∥x − y
∥∥ ≥ ε imply

∥∥∥∥
x + y

2

∥∥∥∥ ≤ 1 − δ. (2.2)

It is known that if E is a uniformly convex Banach space, then E is reflexive and strictly
convex. We say that E is uniformly smooth if the dual space E∗ of E is uniformly convex. A
Banach space E is smooth if the limit limt→ 0((‖x+ty‖−‖x‖)/t) exists for all norm one elements
x and y in E. It is not hard to show that if E is reflexive, then E is smooth if and only if E∗ is
strictly convex.

Let E be a smooth Banach space. The function ϕ : E × E → R (see [4]) is defined by

ϕ
(
x, y
)
= ‖x‖2 − 2

〈
x, Jy

〉
+
∥∥y
∥∥2 (

x, y ∈ E
)
, (2.3)

where the duality mapping J : E → E∗ is given by

〈x, Jx〉 = ‖x‖2 = ‖Jx‖2 (x ∈ E). (2.4)

It is obvious from the definition of the function ϕ that

(‖x‖ − ∥∥y∥∥)2 ≤ ϕ
(
x, y
) ≤ (‖x‖ + ∥∥y∥∥)2, (2.5)

ϕ
(
x, y
)
= ϕ(x, z) + ϕ

(
z, y
)
+ 2
〈
x − z, Jz − Jy

〉
, (2.6)

for all x, y, z ∈ E. Moreover,

ϕ

(

x, J−1
(

n∑

i=1

λiJyi

))

≤
n∑

i=1

λiϕ
(
x, yi

)
, (2.7)

for all λi ∈ [0, 1] with
∑n

i=1 λi = 1 and x, yi ∈ E.
The following lemma is an analogue of Xu’s inequality [36, Theorem 2] with respect

to ϕ.
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Lemma 2.1 (see [15, Lemma 2.2]). Let E be a uniformly smooth Banach space and r > 0. Then,
there exists a continuous, strictly increasing, and convex function g : [0, 2r] → [0,∞) such that
g(0) = 0 and

ϕ
(
x, J−1

(
λJy + (1 − λ)Jz

)) ≤ λϕ
(
x, y
)
+ (1 − λ)ϕ(x, z) − λ(1 − λ)g

(∥∥Jy − Jz
∥
∥), (2.8)

for all λ ∈ [0, 1], x ∈ E and y, z ∈ Br := {z ∈ E : ‖z‖ ≤ r}.

It is also easy to see that if {xn} and {yn} are bounded sequences of a smooth Banach
space E, then xn − yn → 0 implies that ϕ(xn, yn) → 0.

Lemma 2.2 (see [37, Proposition 2]). Let E be a uniformly convex and smooth Banach space, and
let {xn} and {yn} be two sequences of E such that {xn} or {yn} is bounded. If ϕ(xn, yn) → 0, then
xn − yn → 0.

Remark 2.3. For any bounded sequences {xn} and {yn} in a uniformly convex and uniformly
smooth Banach space E, we have

ϕ
(
xn, yn

) −→ 0 ⇐⇒ xn − yn −→ 0 ⇐⇒ Jxn − Jyn −→ 0. (2.9)

Let C be a nonempty closed convex subset of a reflexive, strictly convex, and smooth
Banach space E. It is known that [4, 37] for any x ∈ E, there exists a unique point x̂ ∈ C such
that

ϕ(x̂, x) = min
y∈C

ϕ
(
y, x
)
. (2.10)

Following Alber [4], we denote such an element x̂ by ΠCx. The mapping ΠC is called the
generalized projection from E onto C. It is easy to see that in a Hilbert space, the mapping ΠC

coincides with themetric projection PC. Concerning the generalized projection, the followings
are well known.

Lemma 2.4 (see [37, Propositions 4 and 5]). Let C be a nonempty closed convex subset of a
reflexive, strictly convex, and smooth Banach space E, x ∈ E and x̂ ∈ C. Then,

(a) x̂ = ΠCx if and only if 〈y − x̂, Jx − Jx̂〉 ≤ 0 for all y ∈ C,

(b) ϕ(y,ΠCx) + ϕ(ΠCx, x) ≤ ϕ(y, x) for all y ∈ C.

Remark 2.5. The generalized projection mapping ΠC above is relatively nonexpansive and
F(ΠC) = C.

Let E be a reflexive, strictly convex, and smooth Banach space. The duality mapping
J∗ from E∗ onto E∗∗ = E coincides with the inverse of the duality mapping J from E onto E∗;
that is, J∗ = J−1. We make use of the following mapping V : E ×E∗ → R studied in Alber [4]:

V (x, x∗) = ‖x‖2 − 2〈x, x∗〉 + ‖x∗‖2, (2.11)
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for all x ∈ E and x∗ ∈ E∗. Obviously, V (x, x∗) = ϕ(x, J−1(x∗)) for all x ∈ E and x∗ ∈ E∗. We
know the following lemma (see [4] and [38, Lemma 3.2]).

Lemma 2.6. Let E be a reflexive, strictly convex, and smooth Banach space, and let V be as in (2.11).
Then

V (x, x∗) + 2
〈
J−1(x∗) − x, y∗

〉
≤ V
(
x, x∗ + y∗), (2.12)

for all x ∈ E and x∗, y∗ ∈ E∗.

Lemma 2.7 (see [39, Lemma 2.1]). Let {an} be a sequence of nonnegative real numbers. Suppose
that

an+1 ≤
(
1 − γn

)
an + γnδn (2.13)

for all n ∈ N, where the sequences {γn} in (0, 1) and {δn} in R satisfy conditions: limn→∞γn = 0,∑∞
n=1 γn = ∞, and lim supn→∞δn ≤ 0. Then limn→∞an = 0.

Lemma 2.8 (see [40, Lemma 3.1]). Let {an} be a sequence of real numbers such that there exists a
subsequence {ni} of {n} such that ani < ani+1 for all i ∈ N. Then, there exists a nondecreasing sequence
{mk} ⊂ N such that mk → ∞ and the following properties are satisfied by all (sufficiently large)
numbers k ∈ N:

amk ≤ amk+1, ak ≤ amk+1. (2.14)

In fact,mk = max{j ≤ k : aj < aj+1}.

For solving the equilibrium problem, we usually assume that a bifunction F : C×C →
R satisfies the following conditions (see, e.g., [1, 3, 30]):

(A1) F(x, x) = 0 for all x ∈ C,

(A2) F is monotone, that is, F(x, y) + F(y, x) ≤ 0, for all x, y ∈ C,

(A3) for all x, y, z ∈ C, lim supt→ 0F(tz + (1 − t)x, y) ≤ F(x, y),

(A4) for all x ∈ C, F(x, ·) is convex and lower semicontinuous.

The following lemma is a result which appeared in Blum and Oettli [1, Corollary 1].

Lemma 2.9 (see [1, Corollary 1]). Let C be a closed convex subset of a smooth, strictly convex, and
reflexive Banach space E. Let F : C ×C → R be a bifunction satisfying conditions (A1)–(A4), and let
r > 0 and x ∈ E. Then, there exists z ∈ C such that

F
(
z, y
)
+
1
r

〈
y − z, Jz − Jx

〉 ≥ 0 ∀y ∈ C. (2.15)

The following lemma gives a characterization of a solution of an equilibrium problem.

Lemma 2.10 (see [30, Lemma 2.8]). LetC be a nonempty closed convex subset of a reflexive, strictly
convex, and uniformly smooth Banach space E. Let F : C × C → R be a bifunction satisfying
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conditions (A1)–(A4). For r > 0, define a mapping TF
r : E → C so-called the resolvent of F as follows:

TF
r (x) =

{
z ∈ C : F

(
z, y
)
+
1
r

〈
y − z, Jz − Jx

〉 ≥ 0 ∀y ∈ C

}
, (2.16)

for all x ∈ E. Then, the followings hold:

(i) Tr is single-valued,

(ii) Tr is a firmly nonexpansive-type mapping [11], that is, for all x, y ∈ E

〈
TF
r x − TF

r y, JT
F
r x − JTF

r y
〉
≤
〈
TF
r x − TF

r y, Jx − Jy
〉
, (2.17)

(iii) for all x ∈ E and p ∈ EP(F),

ϕ
(
p, TF

r x
)
≤ ϕ
(
z, TF

r x
)
+ ϕ
(
TF
r x, x

)
≤ ϕ
(
p, x
)
, (2.18)

(iv) F(TF
r ) = EP(F),

(v) EP(F) is closed and convex.

Remark 2.11. Some well-known examples of resolvents of bifunctions satisfying conditions
(A1)–(A4) are presented in [3, Lemma 2.15].

Lemma 2.12 (see [8, Lemma 2.3]). Let C be a nonempty closed convex subset of a Banach space E,
F a bifunction from C ×C → R satisfying conditions (A1)–(A4), and z ∈ C. Then, z ∈ EP(F) if and
only if F(y, z) ≤ 0 for all y ∈ C.

Lemma 2.13 (see [6], Proposition 2.4). Let C be a nonempty closed convex subset of a strictly
convex and smooth Banach space E and S : C → E a relatively nonexpansive mapping. Then F(S) is
closed and convex.

3. Main Results

In this section, we introduce a modified Halpern-Mann type iteration without using the gen-
eralized metric projection and prove a strong convergence theorem for finding a common ele-
ment of the set of fixed points of a relatively nonexpansive mapping and the set of solutions
to a system of equilibrium problems in a uniformly convex and uniformly smooth Banach
space.

Theorem 3.1. Let E a uniformly convex and uniformly smooth Banach space, C a nonempty closed
convex subset of E, {Fi}mi=1 be a finite family of a bifunction of C×C into R satisfying conditions (A1)–
(A4), and S : C → E a relatively nonexpansive mapping such that Ω := F(S) ∩ (∩m

i=1EP(Fi))/= ∅.
Let {TFi

ri,n}mi=1 be a finite family of the resolvents of Fi with positive real sequences {ri,n} such that
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lim infn→∞ri,n > 0 for all i = 1, 2, . . . , m. Let {xn} be a sequence generated by x, x1 ∈ E and

xn+1 = J−1
(
αnJx + βnJxn + γnJST

Fm
rm,n

TFm−1
rm−1,n , · · · TF1

r1,nxn

)
(n ≥ 1), (3.1)

where {αn}, {βn}, and {γn} are sequences in [0, 1] satisfying the following conditions:

(i) αn + βn + γn ≡ 1,

(ii) limn→∞αn = 0,

(iii)
∑∞

n=1 αn = ∞,

(iv) lim infn→∞βn(1 − βn) > 0.

Then, {xn} converges strongly toΠΩx.

Proof. For each n ≥ 1, setting

zkn = TFk
rk,nT

Fk−1
rk1,n · · · TF1

r1,nxn, (k = 1, 2, . . . , m),

yn = J−1
(

βn
1 − αn

Jxn +
γn

1 − αn
JSzmn

)
.

(3.2)

We can see that zkn = TFk

k,nz
k−1
n . Since Ω is nonempty, closed, and convex, we put x̂ = ΠΩx. By

Lemma 2.10(iii), we get

ϕ(x̂, zmn ) ≤ ϕ
(
x̂, zm−1

n

)
− ϕ
(
zmn , z

m−1
n

)

≤ ϕ
(
x̂, zm−2

n

)
− ϕ
(
zm−1
n , zm−2

n

)
− ϕ
(
zmn , z

m−1
n

)

...

≤ ϕ(x̂, xn) −
m∑

k=1

ϕ
(
zkn, z

k−1
n

)
,

(3.3)

where z0n = xn. This together with (2.7) gives

ϕ
(
x̂, yn

) ≤ βn
1 − αn

ϕ(x̂, xn) +
γn

1 − αn
ϕ(x̂, Szmn )

≤ βn
1 − αn

ϕ(x̂, xn) +
γn

1 − αn
ϕ(x̂, zmn )

≤ ϕ(x̂, xn).

(3.4)
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By Lemma 2.6, we obtain

ϕ(x̂, xn+1) = V (x̂, Jxn+1)

≤ V (x̂, Jxn+1 − αn(Jx − Jx̂)) − 2〈xn+1 − x̂,−αn(Jx − Jx̂)〉

= ϕ
(
x̂, J−1

(
αnJx̂ + (1 − αn)Jyn

))
+ 2αn〈xn+1 − x̂, Jx − Jx̂〉

≤ αnϕ(x̂, x̂) + (1 − αn)ϕ
(
x̂, yn

)
+ 2αn〈xn+1 − x̂, Jx − Jx̂〉

≤ (1 − αn)ϕ(x̂, xn) + 2αn〈xn+1 − x̂, Jx − Jx̂〉.

(3.5)

Next, we show that {xn} is bounded. We consider

ϕ(x̂, xn+1) ≤ ϕ
(
x̂, J−1

(
αnJx + βnJxn + γnJSz

m
n

))

= ϕ
(
x̂, J−1(αnJx + (1 − αn)Jyn

)

≤ αnϕ(x̂, x) + (1 − αn)ϕ
(
x̂, yn

)

≤ αnϕ(x̂, x) + (1 − αn)ϕ(x̂, xn)

≤ max
{
ϕ(x̂, x), ϕ(x̂, xn)

}
.

(3.6)

By induction, we have

ϕ(x̂, xn+1) ≤ max
{
ϕ(x̂, x), ϕ(x̂, x1)

}
, (3.7)

for all n ≥ 1. This implies that {xn} is bounded, and so are {xn}, {un}, {yn}, {zmn }, and {Szmn }.
Let g : [0, 2r] → [0,∞) be a function satisfying the properties of Lemma 2.1, where r =
sup{‖xn‖, ‖Szmn ‖ : n ≥ 1}. It follows from (3.3) that

ϕ
(
x̂, yn

) ≤ βn
1 − αn

ϕ(x̂, xn) +
γn

1 − αn
ϕ(x̂, Szmn ) −

βnγn

(1 − αn)2
g(‖Jxn − JSzmn ‖)

≤ βn
1 − αn

ϕ(x̂, xn) +
γn

1 − αn
ϕ(x̂, zmn ) −

βnγn

(1 − αn)2
g(‖Jxn − JSzmn ‖)

≤ ϕ(x̂, xn) −
γn

1 − αn

m∑

k=1

ϕ
(
zkn, z

k−1
n

)
− βnγn

(1 − αn)2
g(‖Jxn − JSzmn ‖).

(3.8)

The rest of the proof will be divided into two cases.

Case 1. Suppose that there exists n0 ∈ N such that {ϕ(x̂, xn)}∞n=n0
is nonincreasing. In this

situation, {ϕ(x̂, xn)} is then convergent. Then,

ϕ(x̂, xn) − ϕ(x̂, xn+1) −→ 0. (3.9)
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Notice that

ϕ(x̂, xn+1) ≤ αnϕ(x̂, x) + (1 − αn)ϕ
(
x̂, yn

)
. (3.10)

From condition (ii),

ϕ(x̂, xn) − ϕ
(
x̂, yn

)
= ϕ(x̂, xn) − ϕ(x̂, xn+1) + ϕ(x̂, xn+1) − ϕ

(
x̂, yn

)

≤ ϕ(x̂, xn) − ϕ(x̂, xn+1) + αn

(
ϕ(x̂, x) − ϕ

(
x̂, yn

)) −→ 0.
(3.11)

It follows from (3.8) that

γn
1 − αn

m∑

k=1

ϕ
(
zkn, z

k−1
n

)
+

βnγn

(1 − αn)2
g(‖Jxn − JSzmn ‖) −→ 0. (3.12)

By the assumptions (i), (ii), and (iv),

ϕ
(
zkn, z

k−1
n

)
−→ 0 (k = 1, 2, . . . , m), g(‖Jxn − JSzmn ‖) −→ 0. (3.13)

By Remark 2.3, we get

zkn − zk−1n −→ 0 (k = 1, 2, . . . , m). (3.14)

From g is continuous strictly increasing with g(0) = 0, we have

zmn − Szmn −→ 0, ϕ(xn, Sz
m
n ) −→ 0. (3.15)

Consequently,

ϕ
(
xn, yn

) ≤ βn
1 − αn

ϕ(xn, xn) +
γn

1 − αn
ϕ(xn, Sz

m
n ) =

γn
1 − αn

ϕ(xn, Sz
m
n ) −→ 0,

ϕ
(
yn, xn+1

) ≤ αnϕ
(
yn, x

)
+ (1 − αn)ϕ

(
yn, yn

)
= αnϕ

(
yn, x

) −→ 0.

(3.16)

This implies that

xn+1 − xn −→ 0. (3.17)

Since {xn} is bounded and E is reflexive, we choose a subsequence {xnj} of {xn} such that
xnj ⇀ w and

lim sup
n→∞

〈xn − x̂, Jx − Jx̂〉 = lim
j→∞

〈
xnj − x̂, Jx − Jx̂

〉
= 〈w − x̂, Jx − Jx̂〉. (3.18)
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Let k = 1, 2, . . . , m be fixed. Then, zknj
⇀ w as j → ∞. From lim infn→∞rk,n > 0 and (3.14), we

have

lim
n→∞

1
rk,n

∥
∥
∥Jzkn − Jzk−1n

∥
∥
∥ = 0. (3.19)

Then,

Fk

(
zkn, y

)
+

1
rk,n

〈
y − zkn, Jz

k
n − Jzk−1n

〉
≥ 0, ∀y ∈ C. (3.20)

Replacing n by nj , we have from (A2) that

1
rk,nj

〈
y − zknj

, Jzknj
− Jzk−1nj

〉
≥ −Fk

(
zknj

, y
)
≥ Fk

(
y, zknj

)
, ∀y ∈ C. (3.21)

Letting j → ∞, we have from (3.19) and (A4) that

Fk

(
y,w

) ≤ 0, ∀y ∈ C. (3.22)

From Lemma 2.12, we have w ∈ EP(Fk). Since S satisfies condition (R3) and zmn − Szmn → 0,
we have w ∈ F(S). It follows that w ∈ Ω. By Lemma 2.4(a), we immediately obtain that

lim sup
n→∞

〈xn+1 − x̂, Jx − Jx̂〉 = lim sup
n→∞

〈xn − x̂, Jx − Jx̂〉 = 〈w − x̂, Jx − Jx̂〉 ≤ 0. (3.23)

It follows from Lemma 2.7 and (3.5) that ϕ(x̂, xn) → 0. Then, xn → x̂.

Case 2. Suppose that there exists a subsequence {ni} of {n} such that

ϕ(x̂, xni) < ϕ(x̂, xni+1), (3.24)

for all i ∈ N. Then, by Lemma 2.8, there exists a nondecreasing sequence of positive integer
numbers {
j} such that 
j → ∞,

ϕ
(
x̂, x
j

)
≤ ϕ
(
x̂, x
j+1

)
, ϕ

(
x̂, xj

) ≤ ϕ
(
x̂, x
j+1

)
, (3.25)

for all sufficiently large numbers j. We may assume without loss of generality that α
j > 0 for
all sufficiently large numbers j. Since

ϕ
(
x̂, x
j+1

)
≤ α
jϕ(x̂, x) +

(
1 − α
j

)
ϕ
(
x̂, y
j

)
, (3.26)
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we obtain

ϕ
(
x̂, x
j

)
− ϕ
(
x̂, y
j

)
= ϕ
(
x̂, x
j

)
− ϕ
(
x̂, x
j+1

)
+ ϕ
(
x̂, x
j+1

)
− ϕ
(
x̂, y
j

)

≤ α
j

(
ϕ(x̂, x) − ϕ

(
x̂, y
j

))
−→ 0.

(3.27)

It follows from (3.8) that

γ
j
1 − α
j

m∑

k=1

ϕ
(
zk
j , z

k−1

j

)
+

β
j γ
j
(
1 − α
j

)2 g
(∥∥
∥Jx
j − JSzm
j

∥
∥
∥
)
−→ 0. (3.28)

Using the same proof of Case 1, we also obtain

lim sup
j→∞

〈
x
j+1 − x̂, Jx − Jx̂

〉
≤ 0. (3.29)

From (3.5), we have

ϕ
(
x̂, x
j+1

)
≤
(
1 − α
j

)
ϕ
(
x̂, x
j

)
+ 2α
j

〈
x
j+1 − x̂, Jx − Jx̂

〉
. (3.30)

Since ϕ(x̂, x
j ) ≤ ϕ(x̂, x
j+1), we have

α
jϕ(x̂, xα) ≤ ϕ
(
x̂, x
j

)
− ϕ
(
x̂, x
j+1

)
+ 2α
j

〈
x
j+1 − x̂, Jx − Jx̂

〉

≤ 2α
j

〈
x
j+1 − x̂, Jx − Jx̂

〉
.

(3.31)

In particular, since α
j > 0, we get

ϕ(x̂, xmk) ≤ 2
〈
x
j+1 − x̂, Jx − Jx̂

〉
. (3.32)

It follows from (3.29) that ϕ(x̂, x
j ) → 0. This together with (3.30) gives

ϕ
(
x̂, x
j+1

)
−→ 0. (3.33)

But ϕ(x̂, xj) ≤ ϕ(x̂, x
j+1) for all sufficiently large numbers j, we conclude that xj → x̂.
From the two cases, we can conclude that {xn} converges strongly to x̂ and the proof

is finished.

Setting m = 1, F1 = F ≡ 0, and r1,n ≡ rn in Theorem 3.1, we have the following.

Corollary 3.2. Let E be a uniformly convex and uniformly smooth Banach space,C a nonempty closed
convex subset of E, F a bifunction of C × C into R satisfying conditions (A1)–(A4), and S : C → E
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be a relatively nonexpansive mapping such that F(S) ∩ EP(F)/= ∅. Let TF
rn be the resolvent of F with a

positive real sequence {rn} such that lim infn→∞rn > 0. Let {xn} be a sequence generated by x, x1 ∈ E
and

xn+1 = J−1
(
αnJx + βnJxn + γnJST

F
rnxn

)
(n ≥ 1), (3.34)

where {αn}, {βn}, and {γn} are sequences in [0, 1] satisfying the following conditions:

(i) αn + βn + γn ≡ 1,

(ii) limn→∞αn = 0,

(iii)
∑∞

n=1 αn = ∞,

(iv) lim infn→∞βn(1 − βn) > 0.

Then, {xn} converges strongly toΠF(S)∩EP(F)x.

Setting F1 ≡ 0 and r1,n ≡ 1 in Corollary 3.2, we have the following result.

Corollary 3.3. Let E be a uniformly convex and uniformly smooth Banach space,C a nonempty closed
convex subset of E, and S : C → E a relatively nonexpansive mapping such that F(S)/= ∅. Let {xn}
be a sequence generated by x, x1 ∈ E and

xn+1 = J−1
(
αnJx + βnJxn + γnJSΠCxn

)
(n ≥ 1), (3.35)

where {αn}, {βn}, and {γn} are sequences in [0, 1] satisfying the following conditions:

(i) αn + βn + γn ≡ 1,

(ii) limn→∞αn = 0,

(iii)
∑∞

n=1 αn = ∞,

(iv) lim infn→∞βn(1 − βn) > 0.

Then {xn} converges strongly toΠF(S)x.

Next, we prove a strong convergence theorem for finding an element of the set of
solutions to a system of equilibrium problems in a uniformly convex and uniformly smooth
Banach space.

Theorem 3.4. Let E be a uniformly convex and uniformly smooth Banach space,C a nonempty closed
convex subset of E, {Fi}mi=1 a finite family of a bifunction of C × C into R satisfying conditions (A1)–
(A4), and ∩m

i=1EP(Fi)/= ∅. Let {TFi
ri,n}mi=1 be a finite family of the resolvents of Fi with positive real se-

quences {ri,n} such that lim infn→∞ri,n > 0 for all i = 1, 2, . . . , m. Let {xn} be a sequence generated
by x, x1 ∈ E and

xn+1 = J−1
(
αnJx + βnJxn + γnJT

Fm
rm,n

TFm−1
rm−1,n , . . . , T

F1
r1,nxn

)
(n ≥ 1), (3.36)

where {αn}, {βn}, and {γn} are sequences in [0, 1] satisfying the following conditions:

(i) αn + βn + γn ≡ 1,

(ii) limn→∞αn = 0,
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(iii)
∑∞

n=1 αn = ∞,

(iv) lim infn→∞βn(1 − βn) > 0 or lim infn→∞βn = 0.

Then, {xn} converges strongly toΠ∩m
i=1EP(Fi)x.

Proof. For each n ≥ 1, setting

zkn = TFk
rk,nT

Fk−1
rk1,n · · · TF1

r1,nxn, (k = 1, 2, . . . , m),

yn = J−1
(

βn
1 − αn

Jxn +
γn

1 − αn
Jzmn

)
.

(3.37)

Since ∩m
i=1EP(Fi) is nonempty, closed, and convex, we put x̂ = Π∩m

i=1EP(Fi)x. Using the same
proof of Theorem 3.1 when S is the identity operator, we can see that

ϕ
(
x̂, yn

) ≤ ϕ(x̂, xn) −
γn

1 − αn

m∑

k=1

ϕ
(
zkn, z

k−1
n

)
, (3.38)

ϕ(x̂, xn+1) ≤ (1 − αn)ϕ(x̂, xn) + 2αn〈xn+1 − x̂, Jx − Jx̂〉. (3.39)

The rest of the proof will be divided into two cases.

Case 1. Suppose that there exists n0 ∈ N such that {ϕ(x̂, xn)}∞n=n0
is non-increasing. In this

situation, {ϕ(x̂, xn)} is then convergent. Then,

ϕ(x̂, xn) − ϕ(x̂, xn+1) −→ 0. (3.40)

Notice that

ϕ(x̂, xn+1) ≤ αnϕ(x̂, x) + (1 − αn)ϕ
(
x̂, yn

)
. (3.41)

From condition (ii),

ϕ(x̂, xn) − ϕ
(
x̂, yn

)
= ϕ(x̂, xn) − ϕ(x̂, xn+1) + ϕ(x̂, xn+1) − ϕ

(
x̂, yn

)

≤ ϕ(x̂, xn) − ϕ(x̂, xn+1) + αn

(
ϕ(x̂, x) − ϕ

(
x̂, yn

)) −→ 0.
(3.42)

It follows from (3.38) that

γn
1 − αn

m∑

k=1

ϕ
(
zkn, z

k−1
n

)
−→ 0. (3.43)

By the assumptions (i), (ii), and (iv),

ϕ
(
zkn, z

k−1
n

)
−→ 0 (k = 1, 2, . . . , m). (3.44)
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By Remark 2.3, we get

zkn − zk−1n −→ 0 (k = 1, 2, . . . , m). (3.45)

Consequently,

ϕ
(
xn, yn

) ≤ βn
1 − αn

ϕ(xn, xn) +
γn

1 − αn
ϕ(xn, z

m
n ) =

γn
1 − αn

ϕ
(
z0n, z

m
n

)
−→ 0,

ϕ
(
yn, xn+1

) ≤ αnϕ
(
yn, x

)
+ (1 − αn)ϕ

(
yn, yn

)
= αnϕ

(
yn, x

) −→ 0.

(3.46)

This implies that

xn+1 − xn −→ 0. (3.47)

Since {xn} is bounded and E is reflexive, we choose a subsequence {xnj} of {xn} such that
xnj ⇀ w and

lim sup
n→∞

〈xn − x̂, Jx − Jx̂〉 = lim
j→∞

〈
xnj − x̂, Jx − Jx̂

〉
= 〈w − x̂, Jx − Jx̂〉. (3.48)

Let k = 1, 2, . . . , m be fixed. Then, zknj
⇀ w as j → ∞. From lim infn→∞rk,n > 0 and (3.14), we

have

lim
n→∞

1
rk,n

∥∥∥Jzkn − Jzk−1n

∥∥∥ = 0. (3.49)

Then,

Fk

(
zkn, y

)
+

1
rk,n

〈
y − zkn, Jz

k
n − Jzk−1n

〉
≥ 0, ∀y ∈ C. (3.50)

Replacing n by nj , we have from (A2) that

1
rk,nj

〈
y − zknj

, Jzknj
− Jzk−1nj

〉
≥ −Fk

(
zknj

, y
)
≥ Fk

(
y, zknj

)
, ∀y ∈ C. (3.51)

Letting j → ∞, we have from (3.49) and (A4) that

Fk

(
y,w

) ≤ 0, ∀y ∈ C. (3.52)

From Lemma 2.12, we have w ∈ EP(Fk). By Lemma 2.4(a), we immediately obtain that

lim sup
n→∞

〈xn+1 − x̂, Jx − Jx̂〉 = lim sup
n→∞

〈xn − x̂, Jx − Jx̂〉 = 〈w − x̂, Jx − Jx̂〉 ≤ 0. (3.53)

It follows from Lemma 2.7 and (3.39) that ϕ(x̂, xn) → 0. Then, xn → x̂.
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Case 2. Suppose that there exists a subsequence {ni} of {n} such that

ϕ(x̂, xni) < ϕ(x̂, xni+1), (3.54)

for all i ∈ N. Using the same proof of Case 2 in Theorem 3.1, we also conclude that xj → x̂.
From the two cases, we can conclude that {xn} converges strongly to x̂.

Finally, we give two explicit examples validating the assumptions in Theorem 3.1 as
follows.

Example 3.5 (Optimization). Let E be a uniformly convex and uniformly smooth Banach space, C
a nonempty bounded closed convex subset of E, and f : C → R a lower semicontinuous and convex
functional. For instance, let E = R, C = [0, 1] and f : [0, 1] → R be defined dy

f(x) =

⎧
⎨

⎩

0, if x = 0, 1;

x logx + (1 − x) log(1 − x), if x ∈ (0, 1).
(3.55)

Then f is lower semicontinuous and convex. For each i = 1, 2, . . . , m, let Fi : C × C → R be
defined by Fi(x, y) := f(y)−f(x) for all x, y ∈ C. It is known [1, 11] that Fi satisfies conditions
(A1)–(A4), and EP(Fi)/= ∅. Let S = ΠC. Then, S is relatively nonexpansive of E into C (see
[5, 6]) and F(S) = C. Then, Ω := F(S) ∩ (∩m

i=1EP(Fi)) = EP(Fi)/= ∅. Applying Theorem 3.1, we
conclude that the sequence defined by (3.1) converges strongly to ΠΩx.

Example 3.6 (The convex feasibility problem). Let E be a real Hilbert space, let C1, C2, . . . , Cm be
nonempty closed convex subsets of E satisfying C := ∩m

i=1Ci /= ∅ (e.g., C1 = C2 = · · · = Cm = C/= ∅).
Let {Fi}mi=1 be a finite family of bifunctions of E × E into R defined by

Fi

(
x, y
)
=

1
2
〈y − x, x − PCix〉 ∀x, y ∈ E, (3.56)

where PCi is a metric projection from E onto Ci. It is known [3, Lemma 2.15(iv)] that Fi

satisfies conditions (A1)–(A4) and EP(Fi) = Ci. Let S = PC. Then, S is relatively nonexpansive
of E into C (see [5, 6]) and then Ω := F(S) ∩ (∩m

i=1EP(Fi)) = C/= ∅. Applying Theorem 3.1, we
conclude that the sequence defined by (3.1) converges strongly to ΠΩx.

4. Deduced Theorems in Hilbert Spaces

In Hilbert spaces, if S is quasi-nonexpansive such that I − S is demiclosed at zero, then S is
relatively nonexpansive. We obtain the following result.

Theorem 4.1. Let H be a Hilbert space, C a nonempty closed convex subset of H, {Fi}mi=1 a finite
family of a bifunction of C × C into R satisfying conditions (A1)–(A4), and S : C → E a quasi-
nonexpansive mapping such that I − S is demiclosed at zero and Ω := F(S) ∩ (∩m

i=1EP(Fi))/= ∅. Let
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{TFi
ri,n}mi=1 be a finite family of the resolvents of Fi with real sequences {ri,n} such that lim infn→∞ri,n > 0

for all i = 1, 2, . . . , m. Let {xn} be a sequence generated by x, x1 ∈ H and

xn+1 = αnx + βnxn + γnST
Fm
rm,n

TFm−1
rm−1,n , . . . , T

F1
r1,nxn (n ≥ 1), (4.1)

where {αn}, {βn}, and {γn} are sequences in [0, 1] satisfying the following conditions:

(i) αn + βn + γn ≡ 1,

(ii) limn→∞αn = 0,

(iii)
∑∞

n=1 αn = ∞,

(iv) lim infn→∞βn(1 − βn) > 0.

Then {xn} converges strongly to PΩx.

Applying Theorem 4.1 and using the technique in [41], we have the following result.

Theorem 4.2. Let H be a Hilbert space, C a nonempty closed convex subset of H, f a contraction of
H into itself (i.e., there is a ∈ (0, 1) such that ‖f(x) − f(y)‖ ≤ a‖x − y‖ for all x, y ∈ H), {Fi}mi=1
a finite family of a bifunction of C × C into R satisfying conditions (A1)–(A4), and S : C → E be
a nonexpansive mapping such that Ω := F(S) ∩ (∩m

i=1EP(Fi))/= ∅. Let {TFi
ri,n}mi=1 be a finite family of

the resolvents of Fi with real sequences {ri,n} such that lim infn→∞ri,n > 0 for all i = 1, 2, . . . , m. Let
{xn} be a sequence generated by x, x1 ∈ H and

xn+1 = αnf(xn) + βnxn + γnST
Fm
rm,n

TFm−1
rm−1,n , . . . , T

F1
r1,nxn, (n ≥ 1), (4.2)

where {αn}, {βn}, and {γn} are sequences in [0, 1] satisfying the following conditions:

(i) αn + βn + γn ≡ 1,

(ii) limn→∞αn = 0,

(iii)
∑∞

n=1 αn = ∞,

(iv) lim infn→∞βn(1 − βn) > 0.

Then, {xn} converges strongly to z such that z = PΩf(z).

Proof. Wenote that PΩf is contraction. By Banach contraction principle, let z be the fixed point
of PΩf and {yn} a sequence generated by y1 = x1 ∈ H and

yn+1 = αnf(z) + βnyn + γnST
Fm
rm,n

TFm−1
rm−1,n , . . . , T

F1
r1,nyn, (n ≥ 1). (4.3)
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Using Theorem 4.1, we have yn → z = PΩf(z). Since S and TFk
rk,n(k = 1, 2, . . . , m) are

nonexpansive,

∥
∥yn+1 − xn+1

∥
∥ ≤ αn

∥
∥f(xn) − f(z)

∥
∥ + βn

∥
∥yn − xn

∥
∥

+ γn
∥
∥
∥STFm

rm,n
TFm−1
rm−1,n , . . . , T

F1
r1,nyn − STFm

rm,n
TFm−1
rm−1,n , . . . , T

F1
r1,nxn

∥
∥
∥

≤ αna‖xn − z‖ + (βn + γn
)∥∥yn − nn

∥
∥

≤ αna
(∥∥xn − yn

∥
∥ +
∥
∥yn − z

∥
∥) +

(
βn + γn

)∥∥xn − yn

∥
∥

= (1 − αn(1 − a))
∥
∥yn − xn

∥
∥ + αn(1 − a)

(
a

1 − a

∥
∥yn − z

∥
∥
)
.

(4.4)

Applying Lemma 2.7, yn − xn → 0 and so xn → z = PΩf(z).

Setting m = 1, F1 = F ≡ 0, and r1,n ≡ rn in Theorem 4.1, we have the following.

Corollary 4.3. Let H be a Hilbert space, C a nonempty closed convex subset of H, F a bifunction of
C × C into R satisfying conditions (A1)–(A4), and S : C → E a quasi-nonexpansive mapping such
that I −S is demiclosed at zero and F(S)∩EP(F)/= ∅. Let TF

rn be the resolvent of F with a positive real
sequence {rn} such that lim infn→∞rn > 0. Let {xn} be a sequence generated by x, x1 ∈ H and

xn+1 = αnx + βnxn + γnST
F
rnxn (n ≥ 1), (4.5)

where {αn}, {βn}, and {γn} are sequences in [0, 1] satisfying the following conditions:

(i) αn + βn + γn ≡ 1,

(ii) limn→∞αn = 0,

(iii)
∑∞

n=1 αn = ∞,

(iv) lim infn→∞βn(1 − βn) > 0.

Then, {xn} converges strongly to PF(S)∩EP(F)x.

Corollary 4.4. Let H be a Hilbert space, C a nonempty closed convex subset of H, f a contraction
of H into itself, F a bifunction of C × C into R satisfying conditions (A1)–(A4), and S : C → E
a nonexpansive mapping such that F(S) ∩ EP(F)/= ∅. Let TF

rn be the resolvent of F with a positive real
sequence {rn} such that lim infn→∞rn > 0. Let {xn} be a sequence generated by x, x1 ∈ H and

xn+1 = αnf(xn) + βnxn + γnST
F
rnxn (n ≥ 1), (4.6)

where {αn}, {βn}, and {γn} are sequences in [0, 1] satisfying the following conditions:

(i) αn + βn + γn ≡ 1,

(ii) limn→∞αn = 0,

(iii)
∑∞

n=1 αn = ∞,

(iv) lim infn→∞βn(1 − βn) > 0.

Then, {xn} converges strongly to z such that z = PF(S)∩EP(F)f(z).
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Remark 4.5. Corollary 4.4 improves and extends [42, Theorem 5]. More precisely, the condi-
tions limn→∞(rn+1 − rn) = ∞ are removed.

Setting F ≡ 0 and rn ≡ 1 in Corollary 4.3, we have the following.

Corollary 4.6. Let H be a Hilbert space, C a nonempty closed convex subset of H, and S : C → E
a quasi-nonexpansive mapping such that I − S is demiclosed at zero and F(S)/= ∅. Let {xn} be a
sequence generated by x, x1 ∈ H and

xn+1 = αnx + βnxn + γnSPCxn (n ≥ 1), (4.7)

where {αn}, {βn}, and {γn} are sequences in [0, 1] satisfying the following conditions:

(i) αn + βn + γn ≡ 1,

(ii) limn→∞αn = 0,

(iii)
∑∞

n=1 αn = ∞,

(iv) lim infn→∞βn(1 − βn) > 0.

Then, {xn} converges strongly to PF(S)x.

Applying Theorem 3.4, we have the following result.

Theorem 4.7. Let H be a Hilbert space, C a nonempty closed convex subset of H, {Fi}mi=1 a finite
family of a bifunction of C × C into R satisfying conditions (A1)–(A4), and ∩m

i=1EP(Fi)/= ∅. Let
{TFi

ri,n}mi=1 be a finite family of the resolvents of Fi with positive real sequences {ri,n} such that
lim infn→∞ri,n > 0 for all i = 1, 2, . . . , m. Let {xn} be a sequence generated by x, x1 ∈ H and

xn+1 = αnx + βnxn + γnT
Fm
rm,n

TFm−1
rm−1,n , . . . , T

F1
r1,nxn (n ≥ 1), (4.8)

where {αn}, {βn}, and {γn} are sequences in [0, 1] satisfying the following conditions:

(i) αn + βn + γn ≡ 1,

(ii) limn→∞αn = 0,

(iii)
∑∞

n=1 αn = ∞,s

(iv) lim infn→∞βn(1 − βn) > 0 or lim infn→∞βn = 0.

Then {xn} converges strongly to P∩m
i=1EP(Fi)x.

Setting m = 1, F1 = F ≡ 0, r1,n ≡ rn, and βn ≡ 0 in Theorem 4.4, we have the following
result.

Corollary 4.8 (see [35, Corollary 4.4]). Let H be a Hilbert space, C a nonempty closed convex
subset of H, F a bifunction of C × C into R satisfying conditions (A1)–(A4), and EP(F)/= ∅. Let
TF
rn the resolvent of F with a positive real sequence {rn} such that lim infn→∞rn > 0. Let {xn} be

a sequence generated by x, x1 ∈ H and

xn+1 = αnx + (1 − αn)TF
rnxn (n ≥ 1), (4.9)
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where {αn} is a sequence in [0, 1] satisfying the following conditions:

(i) limn→∞αn = 0,

(ii)
∑∞

n=1 αn = ∞,

Then, {xn} converges strongly to PEP(F)x.
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a b s t r a c t

In this paper, we note that the main convergence theorem in Zhang et al. (2011) [21] is
incorrect and we prove a correction. We also modify Halpern’s iteration for finding a fixed
point of a strongly relatively nonexpansive mapping in a Banach space. Consequently, two
strong convergence theorems for a relatively nonexpansive mapping and for a mapping
of firmly nonexpansive type are deduced. Using the concept of duality theorems, we
obtain analogue results for strongly generalized nonexpansivemappings and formappings
of firmly generalized nonexpansive type. In addition, we study two strong convergence
theorems concerning two types of resolvents of a maximal monotone operator in a Banach
space.

© 2011 Elsevier Ltd. All rights reserved.

1. Introduction

Manyproblems in nonlinear analysis can be reformulated as a problemof finding a fixed point of a nonexpansivemapping
of a closed and convex subset of a Banach space E (that is, ∥Tx−Ty∥ ≤ ∥x−y∥ for all x, y ∈ C). In 1953, Mann [1] introduced
the following iterative method: a sequence {xn} defined by x1 ∈ C and

xn+1 = αnxn + (1 − αn)Txn, n = 1, 2, 3, . . . , (1.1)
where {αn} is a sequence in [0, 1]. It is known that under appropriate conditions the sequence {xn} converges only weakly
to a fixed point of T . However, even in a Hilbert space, Mann iteration may fail to converge strongly; for example, see [2].

Several attempts to construct the iteration method guaranteeing the strong convergence have been made. For example,
Halpern [3] proposed the following so-called Halpern iteration: x1 = x ∈ C and

xn+1 = αnx + (1 − αn)Txn, n = 1, 2, 3, . . . , (1.2)
where {αn} is a sequence in (0, 1) satisfying
(C1) limn→∞ αn = 0;
(C2)


∞

n=1 αn = ∞;
(C3) limn→∞

αn
αn+1

= 1 or


∞

n=1 |αn − αn+1| < ∞.

Another approach was proposed by Bauschke and Combettes [4]. More precisely, their algorithm is defined by
x1 ∈ C is arbitrary,
yn = αnxn + (1 − αn)Txn,
Cn = {z ∈ C : ∥yn − z∥ ≤ ∥xn − z∥},
Qn = {z ∈ C : ⟨xn − z, x1 − xn⟩ ≥ 0},
xn+1 = PCn∩Qnx1, n = 1, 2, 3, . . . ,

E-mail address: nilsrakoo@hotmail.com.

0898-1221/$ – see front matter© 2011 Elsevier Ltd. All rights reserved.
doi:10.1016/j.camwa.2011.10.051

http://dx.doi.org/10.1016/j.camwa.2011.10.051
http://www.elsevier.com/locate/camwa
http://www.elsevier.com/locate/camwa
mailto:nilsrakoo@hotmail.com
http://dx.doi.org/10.1016/j.camwa.2011.10.051


W. Nilsrakoo / Computers and Mathematics with Applications 62 (2011) 4656–4666 4657

where lim supn→∞ αn < 1 and PK denotes the metric projection from a Hilbert space H onto a closed and convex subset K
ofH . It should be noted here that the iteration above works only in Hilbert space setting. To extend this iteration to a Banach
space, a relatively nonexpansive mapping [5–7] was introduced. Before we give its definition, we recall some notations. The
strong and weak convergences of a sequence {xn} in a Banach space E to an element x ∈ E are denoted by xn → x and
xn ⇀ x, respectively. Let E be a smooth Banach space and let E∗ be the dual of E. Denote by ⟨·, ·⟩ the pairing between E and
E∗. Let J be the normalized duality mapping from E to E∗. Alber [8] considered the following functional ϕ : E × E → [0, ∞)
defined by

ϕ(x, y) = ∥x∥2
− 2⟨x, Jy⟩ + ∥y∥2

for all x, y ∈ E. Using this functional, Matsushita and Takahashi [5–7,9] studied and investigated the following mappings in
Banach spaces. Suppose that C is a subset of a smooth Banach space E. A mapping T : C → E is relatively nonexpansive if the
following properties are satisfied:

(R1) F(T ) ≠ ∅, where F(T ) denotes the fixed points set of T ;
(R2) ϕ(p, Tx) ≤ ϕ(p, x) for all p ∈ F(T ) and x ∈ C;
(R3) I − T is demi-closed at zero, that is, whenever a sequence {xn} in C converges weakly to p and {xn − Txn} converges

strongly to 0, it follows that p ∈ F(T ).

In aHilbert spaceH , the dualitymapping J is the identitymapping andϕ(x, y) = ∥x−y∥2 for all x, y ∈ H . Hence, if T : C → H
is a nonexpansive mapping of a nonempty, closed and convex subset C of H , then it is relatively nonexpansive.

There are many methods for approximating fixed points of relatively nonexpansive mappings (see, e.g., [5–7,10–21]). In
2004, Matsushita and Takahashi [5] studied the Mann-type iteration for a relatively nonexpansive mapping defined by

x1 ∈ C is arbitrary,
xn+1 = ΠC J−1(αnJxn + (1 − αn)JTxn), n = 1, 2, 3, . . . ,

where lim infn→∞ αn(1− αn) > 0, the interior of F(T ) is nonempty and ΠC denotes the generalized projection from E onto
C . Moreover, they proposed the following analogue of the Bauschke and Combettes algorithm:

x1 ∈ C is arbitrary,
yn = J−1(αnJxn + (1 − αn)JTxn),
Cn = {z ∈ C : ϕ(z, yn) ≤ ϕ(z, xn)},
Qn = {z ∈ C : ⟨xn − z, Jx1 − Jxn⟩ ≥ 0},
xn+1 = ΠCn∩Qnx1, n = 1, 2, 3, . . . ,

where lim supn→∞ αn < 1.
Recently, Zhang et al. [21] modify Halpern’s iteration for finding fixed point of relatively nonexpansive mappings in the

following result.

Theorem 1.1 (Cf. [21, Theorem 4.1]). Let C be a nonempty, closed and convex subset of a uniformly convex and uniformly smooth
Banach space E and let T : C → C be a relatively nonexpansive mapping. Let {xn} be a sequence in C defined by x1 ∈ C and

xn+1 = ΠC J−1(αnJx1 + (1 − αn)JTxn), n = 1, 2, 3, . . . ,

where {αn} is a sequence in [0, 1] such that limn→∞ αn = 0. If the interior of F(T ) is nonempty, then {xn} converges strongly to
a fixed point of T .

Careful reading of the proof of Theorem 1.1, leads to the fact that the inequality (4.5) is not correct. Indeed, the
assumptions, for each u ∈ F(T ),

ϕ(u, xn+1) ≤ αnϕ(u, x1) + (1 − αn)ϕ(u, Txn),

limn→∞ αn = 0 and ϕ(u, Txn) ≤ ϕ(u, xn) are not enough to guarantee that

ϕ(u, xn+1) ≤ ϕ(u, xn).

Consequently, the inequalities (4.10)–(4.15) are also not correct. Moreover, we know that the interior of the singleton
fixed point set of T is empty and there are many relatively nonexpansive mappings whose fixed point sets are singleton.

We say that a relatively nonexpansive mapping T : C → E is strongly relatively nonexpansive [9,22] if whenever {xn} is a
bounded sequence in C such that ϕ(p, xn) − ϕ(p, Txn) → 0 for some p ∈ F(T ) it follows that ϕ(Txn, xn) → 0. Note that the
notion of a strongly nonexpansivemapping with respect to the normwas first introduced and studied in [23] (see also [24]).

Example 1.2 (Cf. [25,26]). Let E be a smooth, strictly convex, and reflexive Banach space and let C be a nonempty, closed
and convex subset of E. Let T : C → E be a relatively nonexpansive mapping. Suppose that there exists κ > 0 such that

ϕ(p, Tx) + κϕ(Tx, x) ≤ ϕ(p, x)

for all p ∈ F(T ) and x ∈ C . Then T is a strongly nonexpansive mapping.
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Many authors studied weak and strong convergence theorems of strongly relatively nonexpansive mappings (see, for
instance, [10,12,19,25–30] and the references therein).

Another well-known family of mappings is the class of firmly nonexpansive mappings, where a mapping T : C → E is
called firmly nonexpansive type [27] if

ϕ(Tx, Ty) + ϕ(Ty, Tx) + ϕ(Tx, x) + ϕ(Ty, y) ≤ ϕ(Tx, y) + ϕ(Ty, x)

for all x, y ∈ C . See [19,27–31] for more information on firmly nonexpansive type mappings. It is easy to see that if T is
firmly nonexpansive typewith I−T is demi-closed at zero, then it is strongly relatively nonexpansive. Furthermore, there is
a mapping which is strongly relatively nonexpansive but is not firmly nonexpansive type as the following example shows.

Example 1.3. Let E be a smooth, strictly convex, and reflexive Banach space and let T : E → E be a mapping defined by

Tx =


0 if x = 0
2
3
sin

1
∥x∥


x if x ≠ 0.

Then F(T ) = {0}. We observe that

ϕ(Tx, x) =


4
9
sin2 1

∥x∥


∥x∥2

− 2

2
3
sin2 1

∥x∥


⟨x, Jx⟩ + ∥x∥2

=


1 −

2
3
sin

1
∥x∥

2

∥x∥2

≤


1 +

2
3

2

∥x∥2
=

25
9

∥x∥2.

Then

ϕ(0, Tx) =


4
9
sin2 1

∥x∥


∥x∥2

≤
4
9
∥x∥2

= ∥x∥2
−

5
9
∥x∥2

≤ ϕ(0, x) −
1
5
ϕ(Tx, x)

for all x ∈ E. This implies that T is relatively nonexpansive and

1
5
ϕ(Tx, x) ≤ ϕ(0, x) − ϕ(0, Tx)

for all x ∈ E. It follows that ϕ(Txn, xn) → 0 whenever {xn} is a bounded sequence such that ϕ(0, xn) − ϕ(0, Txn) → 0. That
is, T is strongly relatively nonexpansive. Let x0 ∈ SE be fixed. Put x =

2
π
x0 and y =

2
3π x0. Then Tx =

4
3π x0 and Ty = −

4
9π x0.

It follows that

ϕ(Tx, Ty) =
16
9π2

− 2


4
3π

x0, J


−
4
9π

x0


+

16
81π2

=
256
81π2

= ϕ(Ty, Tx).

Consequently,

ϕ(Tx, Ty) + ϕ(Ty, Tx) + ϕ(Tx, x) + ϕ(Ty, y) = 2
256
81π2

+
4

9π2
+

100
81π2

=
4

9π2
+

612
81π2

>
4

9π2
+

484
81π2

= ϕ(Tx, y) + ϕ(Ty, x).

Hence, T is not firmly nonexpansive type.

The purpose of this paper is to prove for a class of strongly relatively nonexpansive mappings that only Conditions
(C1) and (C2) are sufficient for the strong convergence theorem of Halpern’s iterations to a fixed point of T without the
assumption of the nonempty interior of the fixed point set of T . Consequently, a strong convergence theorem for a relatively
nonexpansive mapping is deduced and a correction for [21, Theorem 4.1] is presented. Using a concept of duality theorems
(see, for instance, [32,33]), we obtain an analogue result for a strongly generalized nonexpansive mapping. Moreover,
two corresponding strong convergence theorems for a firmly nonexpansive type mapping [27] and a firmly generalized
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nonexpansive type mapping [34] are deduced. Finally, we discuss two strong convergence theorems concerning two types
of resolvents of a maximal monotone operator in a Banach space.

2. Preliminaries

We present several definitions and preliminaries which are needed in this paper. We say that a Banach space E is strictly
convex if the following implication holds for any x, y ∈ E:

∥x∥ = ∥y∥ = 1 and x ≠ y imply
x + y

2

 < 1.

We say that E is uniformly convex if for any ε > 0, there exists δ > 0 such that

∥x∥ = ∥y∥ = 1 and ∥x − y∥ ≥ ε imply
x + y

2

 ≤ 1 − δ.

It is known that if E is a uniformly convex Banach space, then E is reflexive and strictly convex.
Let SE denote the unit sphere of E, that is, SE := {x ∈ E : ∥x∥ = 1}. The norm ∥ · ∥ of E is said to be Gâteaux differentiable

if

lim
t→0

∥x + ty∥ − ∥x∥
t

(2.1)

exists for each x, y ∈ SE . In this case, E is said to be smooth. The norm of E is said to be uniformly Gâteaux differentiable (resp.
Fréchet differentiable) if for each y ∈ SE (resp. for each x ∈ SE) the limit (2.1) is attained uniformly for any x ∈ SE (resp.
uniformly for any y ∈ SE). The norm of E is said to be uniformly Fréchet differentiable (and E is called uniformly smooth) if the
limit (2.1) is attained uniformly for any x, y ∈ SE . This is well-known that
(1) if E is reflexive, then E is smooth if and only if E∗ is strictly convex;
(2) E is uniformly smooth if and only if E∗ is uniformly convex.

The value of x∗
∈ E∗ at x ∈ E is denoted by ⟨x, x∗

⟩. The duality mapping J : E → 2E∗

is defined by

Jx = {x∗
∈ E∗

: ⟨x, x∗
⟩ = ∥x∥2

= ∥x∗
∥
2
}.

We also know the following properties (see, e.g., [35] for details):
(a) J(x) ≠ ∅ for each x ∈ E.
(b) If E is smooth, then J is single valued.
(c) If E is strictly convex, then J(x) ∩ J(y) = ∅ for all x ≠ y.
(d) If E has a uniformly Gâteaux differentiable norm, then J is uniformly norm-to-weak∗ continuous on each bounded subset

of E.
(e) If E has a Fréchet differentiable norm, then J is norm-to-norm continuous.
(f) If E is uniformly smooth, then J is uniformly norm-to-norm continuous on each bounded subset of E.
(g) If E is a Hilbert space, then J is the identity operator.

Let E be a smooth Banach space. The function ϕ : E × E → R (see [8]) is defined by

ϕ(x, y) = ∥x∥2
− 2⟨x, Jy⟩ + ∥y∥2.

It is obvious from the definition of the function ϕ that

(∥x∥ − ∥y∥)2 ≤ ϕ(x, y) ≤ (∥x∥ + ∥y∥)2

and

ϕ

x, J−1 (λJy + (1 − λ)Jz)


≤ λϕ(x, y) + (1 − λ)ϕ(x, z) (2.2)

for all λ ∈ [0, 1] and x, y, z ∈ E. It is also easy to check that if {xn} and {yn} are bounded sequences of a smooth Banach space
E, then xn − yn → 0 implies that ϕ(xn, yn) → 0.

Lemma 2.1 (Cf. [36, Proposition 2]). Let E be a uniformly convex and smooth Banach space and let {xn} and {yn} be two sequences
of E such that {xn} or {yn} is bounded. If ϕ(xn, yn) → 0, then xn − yn → 0.

Remark 2.2. For any bounded sequences {xn} and {yn} in a uniformly convex and uniformly smooth Banach space E, we
have

ϕ(xn, yn) → 0 ⇐⇒ xn − yn → 0 ⇐⇒ Jxn − Jyn → 0.

Let C be a nonempty, closed and convex subset of a reflexive, strictly convex and smooth Banach space E. It is known
that [8,36] for any x ∈ E there exists a unique pointx ∈ C such that

ϕ(x, x) = min
y∈C

ϕ(y, x).
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Following Alber [8], we denote such an elementx by ΠCx. The mapping ΠC is called the generalized projection from E onto
C . It is easy to see that, in a Hilbert space, the mapping ΠC coincides with the metric projection PC .

Lemma 2.3 (Cf. [36, Propositions 4 and 5]). Let C be a nonempty, closed and convex subset of a reflexive, strictly convex and
smooth Banach space E, x ∈ E andx ∈ C. Then

(a) x = ΠCx if and only if ⟨y −x, Jx − Jx⟩ ≤ 0 for all y ∈ C;
(b) ϕ(y, ΠCx) + ϕ(ΠCx, x) ≤ ϕ(y, x) for all y ∈ C.

Remark 2.4. The generalized projection mapping ΠC above is relatively nonexpansive and F(ΠC ) = C .

Let E be a reflexive, strictly convex and smooth Banach space. The duality mapping J∗ from E∗ onto E∗∗
= E coincides

with the inverse of the dualitymapping J from E onto E∗, that is, J∗ = J−1.Wewill use the followingmapping V : E×E∗
→ R

studied in [8]:

V (x, x∗) = ∥x∥2
− 2⟨x, x∗

⟩ + ∥x∗
∥
2 (2.3)

for all x ∈ E and x∗
∈ E∗. Obviously, V (x, x∗) = ϕ(x, J−1(x∗)) for all x ∈ E and x∗

∈ E∗.

Lemma 2.5 (Cf. [8] and [37, Lemma 3.2]). Let E be a reflexive, strictly convex and smooth Banach space. Then

V (x, x∗) + 2⟨J−1(x∗) − x, y∗
⟩ ≤ V (x, x∗

+ y∗)

for all x ∈ E and x∗, y∗
∈ E∗.

Lemma 2.6 (Cf. [38, Lemma 2.1]). Let {an} be a sequence of nonnegative real numbers. Suppose that

an+1 ≤ (1 − γn)an + γnδn

for all n ∈ N, where the sequences {γn} in (0, 1) and {δn} in R satisfy the following conditions: limn→∞ γn = 0,


∞

n=1 γn = ∞

and lim supn→∞ δn ≤ 0. Then limn→∞ an = 0.

Lemma 2.7 (Cf. [39, Lemma 3.1]). Let {an} be a sequence of real numbers such that there exists a subsequence {ni} of {n} such
that ani < ani+1 for all i ∈ N. Then there exists a nondecreasing sequence {mk} ⊂ N such that mk → ∞ and the following
properties are satisfied by all (sufficiently large) numbers k ∈ N:

amk ≤ amk+1 and ak ≤ amk+1.

In fact, mk = max{j ≤ k : aj < aj+1}.

Lemma 2.8 (Cf. [40, Lemma 1]). Suppose that {an} and {bn} are sequences of nonnegative real numbers such that

an+1 ≤ an + bn, n = 1, 2, 3, . . . .

If


∞

n=1 bn < ∞, then limn→∞ an exists.

3. Strongly relatively nonexpansive mappings

In this section, we use Halpern’s idea [3] for finding fixed point of strongly relatively nonexpansive mappings in a
uniformly convex and smooth Banach space.

A mapping T : C → E is said to be relatively quasi-nonexpansive [15] if it satisfies only (R1) and (R2). In a Hilbert space
H , the duality mapping J is the identity mapping and ϕ(x, y) = ∥x − y∥2 for all x, y ∈ H . Hence, if T : C → H is relatively
quasi-nonexpansive, then it is quasi-nonexpansive, that is, ∥p− Tx∥ ≤ ∥p− x∥ for all p ∈ F(T ) and x ∈ C . In the sequel, we
shall need the following lemmas.

Lemma 3.1 (Cf. [15, Lemma 2.5]). Let C be a nonempty, closed and convex subset of a strictly convex and smooth Banach space
E and let T : C → E be a relatively quasi-nonexpansive mapping. Then F(T ) is closed and convex.

Lemma 3.2. Let C be a nonempty, closed and convex subset of a uniformly convex and smooth Banach space E, T : C → E
be a relatively nonexpansive mapping, x ∈ E andx = ΠF(T )x. Suppose that {xn} and {yn} are bounded sequences such that
ϕ(Txn, xn) → 0 and ϕ(Txn, yn) → 0. Then

lim sup
n→∞

⟨yn −x, Jx − Jx⟩ ≤ 0.

Proof. From the uniform convexity of E and Lemma 2.1,

Txn − xn → 0 and yn − xn → 0.



W. Nilsrakoo / Computers and Mathematics with Applications 62 (2011) 4656–4666 4661

From property (R3) of the mapping T , we choose a subsequence {xni} of {xn} such that xni ⇀ y ∈ F(T ) and

lim sup
n→∞

⟨yn −x, Jx − Jx⟩ = lim sup
n→∞

⟨xn −x, Jx − Jx⟩ = lim
i→∞

⟨xni −x, Jx − Jx⟩.
From Lemma 2.3(a), we immediately obtain that

lim sup
n→∞

⟨yn −x, Jx − Jx⟩ = ⟨y −x, Jx − Jx⟩ ≤ 0. �

Using the technique in [16,39], we obtain the following theorem.

Theorem 3.3. Let C be a nonempty, closed and convex subset of a uniformly convex and smooth Banach space E and let T : C → E
be a strongly relatively nonexpansive mapping. Let {xn} be a sequence in C defined by u ∈ E, x1 ∈ C and

xn+1 = ΠC J−1(αnJu + (1 − αn)JTxn), n = 1, 2, 3, . . . , (3.1)

where {αn} is a sequence in (0, 1) satisfying

(C1) limn→∞ αn = 0;
(C2)


∞

n=1 αn = ∞.

Then {xn} converges strongly to ΠF(T )u.

Proof. Let

yn ≡ J−1(αnJu + (1 − αn)JTxn).

Then xn+1 ≡ ΠCyn. Since F(T ) is nonempty, closed and convex, we putu = ΠF(T )u.

We first show that {xn} is bounded. From Remark 2.4 and (2.2), we have

ϕ(u, xn+1) ≤ ϕ(u, yn)
≤ αnϕ(u, u) + (1 − αn)ϕ(u, Txn)
≤ αnϕ(u, u) + (1 − αn)ϕ(u, xn)
≤ max{ϕ(u, u), ϕ(u, xn)}.

By induction, we have

ϕ(u, xn+1) ≤ max{ϕ(u, u), ϕ(u, x1)}
for all n ∈ N. This implies that {xn} is bounded and so is the sequence {Txn}. From Condition (C1) and (2.2), we obtain

ϕ(Txn, yn) ≤ αnϕ(Txn, u) + (1 − αn)ϕ(Txn, Txn) = αnϕ(Txn, u) → 0. (3.2)

From Remark 2.4, Lemma 2.5 and (2.2), we have

ϕ(u, xn+1) ≤ ϕ(u, yn) = V (u, Jyn)
≤ V (u, Jyn − αn(Ju − Ju )) − 2⟨yn −u, −αn(Ju − Ju )⟩

= V (u, αnJu + (1 − αn)JTxn) + 2αn⟨yn −u, Ju − Ju ⟩

= ϕ(u, J−1(αnJu + (1 − αn)JTxn)) + 2αn⟨yn −u, Ju − Ju ⟩

≤ αnϕ(u,u) + (1 − αn)ϕ(u, Txn) + 2αn⟨yn −u, Ju − Ju ⟩

≤ (1 − αn)ϕ(u, xn) + 2αn⟨yn −u, Ju − Ju ⟩, (3.3)

for all n ∈ N.
The rest of the proof will be divided into two parts.
Case 1. Suppose that there exists n0 ∈ N such that {ϕ(u, xn)}∞n=n0 is nonincreasing. In this situation, {ϕ(u, xn)} is then

convergent. Then

ϕ(u, xn) − ϕ(u, xn+1) → 0. (3.4)

Notice that

ϕ(u, xn+1) ≤ αnϕ(u, u) + (1 − αn)ϕ(u, Txn).
It follows from (3.4) and Condition (C1) that

ϕ(u, xn) − ϕ(u, Txn) = ϕ(u, xn) − ϕ(u, xn+1) + ϕ(u, xn+1) − ϕ(u, Txn)
≤ ϕ(u, xn) − ϕ(u, xn+1) + αn (ϕ(u, u) − ϕ(u, Txn)) → 0.
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Since T is strongly relatively nonexpansive,

ϕ(Txn, xn) → 0.

It follows from (3.2) and Lemma 3.2 that

lim sup
n→∞

⟨yn −u, Ju − Ju ⟩ ≤ 0.

Hence the conclusion follows from Lemmas 2.6 and 2.1, and (3.3).
Case 2. Suppose that there exists a subsequence {ni} of {n} such that

ϕ(u, xni) < ϕ(u, xni+1)

for all i ∈ N. Then, by Lemma 2.7, there exists a nondecreasing sequence {mk} ⊂ N such thatmk → ∞,

ϕ(u, xmk) ≤ ϕ(u, xmk+1) and ϕ(u, xk) ≤ ϕ(u, xmk+1)

for all k ∈ N. This together with Condition (C1) gives

ϕ(u, xmk) − ϕ(u, Txmk) = ϕ(u, xmk) − ϕ(u, xmk+1) + ϕ(u, xmk+1) − ϕ(u, Txmk)

≤ αmk


ϕ(u, u) − ϕ(u, Txmk)


→ 0.

This implies that

ϕ(Txmk , xmk) → 0.

It now follows from (3.2) and Lemma 3.2 that

lim sup
k→∞

⟨ymk −u, Ju − Ju ⟩ ≤ 0. (3.5)

From (3.3), we have

ϕ(u, xmk+1) ≤ (1 − αmk)ϕ(u, xmk) + 2αmk⟨ymk −u, Ju − Ju ⟩. (3.6)

Since ϕ(u, xmk) ≤ ϕ(u, xmk+1), we have

αmkϕ(u, xmk) ≤ ϕ(u, xmk) − ϕ(u, xmk+1) + 2αmk⟨ymk −u, Ju − Ju ⟩

≤ 2αmk⟨ymk −u, Ju − Ju ⟩.

In particular, since αmk > 0, we get

ϕ(u, xmk) ≤ 2⟨ymk −u, Ju − Ju ⟩.

It follows from (3.5) that ϕ(u, xmk) → 0. This together with (3.6) gives

ϕ(u, xmk+1) → 0.

But ϕ(u, xk) ≤ ϕ(u, xmk+1) for all k ∈ N, we conclude that xk →u.
This implies that xn →u and the proof is complete. �

Remark 3.4. The result [41, Corollary 8] is a special case of our result.

Lemma 3.5 (Cf. [12, Lemmas 3.1 and 3.2]). Let C be a nonempty, closed and convex subset of a uniformly convex and uniformly
smooth Banach space E. Let T : C → E be a relatively nonexpansive mapping. Let U be the mapping defined by

U = J−1(λJ + (1 − λ)JT ),

where λ ∈ (0, 1), then U : C → E is strongly relatively nonexpansive and F(U) = F(T ).

Applying Theorem 3.3 and Lemma 3.5, we have the following result.

Theorem 3.6 (Cf. [16, Corollary 5]). Let C be a nonempty, closed and convex subset of a uniformly convex and uniformly smooth
Banach space E and let T : C → E be a relatively nonexpansive mapping. Let {xn} be a sequence in C defined by u ∈ E, x1 ∈ C
and

xn+1 = ΠC J−1(αnJu + (1 − αn)(λJxn + (1 − λ)JTxn))

for all n ∈ N, where {αn} is a sequence in (0, 1) satisfying Conditions (C1) and (C2), and λ ∈ (0, 1). Then {xn} converges strongly
to ΠF(T )u.

Remark 3.7. In Theorems 3.3 and 3.6, the condition of the nonempty interior of fixed point set of T is not needed.
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We next prove a strong convergence theorem of our iteration in the presence of another condition and give the revised
version of Theorem 1.1.

Theorem 3.8. Let C be a nonempty, closed and convex subset of a uniformly convex and uniformly smooth Banach space E and let
T : C → E be a relatively nonexpansive mapping. Let {xn} be a sequence in C defined by (3.1), where {αn} is a sequence in (0, 1)
satisfying


∞

n=1 αn < ∞. If the interior of F(T ) is nonempty, then {xn} converges strongly to z, where z = limn→∞ ΠF(T )xn.

Proof. We show only that {Jxn} is a Cauchy sequence. To this end, we revise inequalities (4.5) and (4.15) in the proof of [21,
Theorem 4.1] as follows: for each w ∈ F(T ),

ϕ(w, xn+1) ≤ ϕ(w, xn) + αnϕ(w, x1),

and there exist p ∈ F(T ), h ∈ E with ∥h∥ ≤ 1 and r > 0 such that p + rh ∈ F(T ) and

∥Jxm − Jxn∥ ≤
1
2r

(ϕ(p, xm) − ϕ(p, xn)) +
ϕ(p + rh, x1)

r

n−1
i=m

αi,

for eachm < n, respectively. Since


∞

n=1 αn < ∞ from Lemma 2.8, we have limn→∞ ϕ(w, xn) exists and so {Jxn} is a Cauchy
sequence. The rest of the proof is similar to the proof of [21, Theorem 4.1], so it is left for the reader to verify. �

From Theorem 3.3, we apply the result for finding fixed point of a firmly nonexpansive type mapping. Since firmly
nonexpansive type mappings in a uniformly convex Banach space E whose norm is uniformly Gâteaux differentiable are
strongly relatively nonexpansive [27, Theorem 5.2], we have the following results.

Theorem 3.9. Let C be a nonempty, closed and convex subset of a uniformly convex Banach space E whose norm is uniformly
Gâteaux differentiable. Let T : C → E be a firmly nonexpansive type mapping such that F(T ) is nonempty. Suppose that {αn} is
a sequence in (0, 1) satisfying Conditions (C1) and (C2). Then the sequence {xn} defined by (3.1) converges strongly to ΠF(T )u.

Theorem 3.10. Let C be a nonempty, closed and convex subset of a uniformly convex and uniformly smooth Banach space E.
Let T : C → E be a firmly nonexpansive type mapping such that F(T ) is nonempty. Suppose that {αn} is a sequence in (0, 1)
satisfying


∞

n=1 αn < ∞. If the interior of F(T ) is nonempty, then the sequence {xn} defined by (3.1) converges strongly to z,
where z = limn→∞ ΠF(T )xn.

4. Strongly generalized nonexpansive mappings

Let C be a subset of a smooth Banach space E. In 2007, Ibaraki and Takahashi [42] introduced the following mapping. A
mapping T : C → E is generalized nonexpansive if the following properties are satisfied:

(G1) F(T ) ≠ ∅;
(G2) ϕ(Tx, p) ≤ ϕ(x, p) for all x ∈ C and p ∈ F(T ).

A generalized nonexpansive mapping T : C → E is strongly generalized nonexpansive [16] if whenever {xn} is a bounded
sequence in C such that ϕ(xn, p) − ϕ(Txn, p) → 0 for some p ∈ F(T ) it follows that ϕ(xn, Txn) → 0. A mapping T : C → E
satisfies property (G3) if whenever {xn} is a sequence in C such that Jxn

∗

⇀ Jp and Jxn−JTxn → 0 it follows that p ∈ F(T ). Here
∗

⇀ denotes the weak∗ convergence in the dual space. A mapping R : E → C is said to be a sunny generalized nonexpansive
retraction if the following properties are satisfied:

(1) R is generalized nonexpansive;
(2) R(Rx + t(x − Rx)) = Rx for all x ∈ E and t ≥ 0;
(3) Rx = x for all x ∈ C .

A nonempty subset C of E is said to be a sunny generalized nonexpansive retract (resp. generalized nonexpansive retract) of E if
there exists a sunny generalized nonexpansive retraction (resp. generalized nonexpansive retraction) of E onto C (see [42]
for more details). We know the following result.

Lemma 4.1 (Cf. [43, Theorem 3.3]). Let C be a nonempty and closed subset of a reflexive, strictly convex and smooth Banach
space E. Then the following are equivalent:

(i) C is a sunny generalized nonexpansive retract of E;
(ii) C is a generalized nonexpansive retract of E;
(iii) JC is closed and convex.

In this case, the sunny generalized nonexpansive retraction from E onto C is given by J−1ΠJC J , where ΠJC is the generalized
projection from E∗ onto JC.

In 2007, Ibaraki and Takahashi [44] proved that the sequence {xn} defined by (1.1) convergesweakly to a fixed point of a
generalized nonexpansive mapping T .
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Let C be a nonempty subset of a smooth, strictly convex and reflexive Banach space E and let T : C → E be a mapping.
We define the duality T ∗

: JC → E∗ of T by (see [32])

T ∗x∗
= JTJ−1x∗ for all x∗

∈ JC .

The following duality theorem is proved in [33, Theorem 20].

Lemma 4.2. Let C be a nonempty subset of a reflexive, strictly convex and smooth Banach space E. Let T : C → E be a strongly
generalized nonexpansive mapping with property (G3) and let T ∗

: JC → E∗ be the duality of T . Then T ∗ is strongly relatively
nonexpansive and F(T ∗) = JF(T ).

Theorem 4.3. Let C be a nonempty, closed and sunny generalized nonexpansive retract of a uniformly smooth Banach space
E whose dual space has a Fréchet differentiable norm. Let T : C → E be a strongly generalized nonexpansive mapping with
property (G3). Let {xn} be a sequence in C defined by u ∈ E, x1 ∈ C and

xn+1 = RC (αnu + (1 − αn)Txn), (4.1)

where {αn} is a sequence in (0, 1) satisfying Conditions (C1) and (C2). Then {xn} converges strongly to RF(T )u, where RF(T ) is the
unique sunny generalized nonexpansive retraction from E onto F(T ).

Proof. Suppose that T ∗
: JC → E∗ is the duality of T . From Lemma 4.2, T ∗ is strongly relatively nonexpansive and F(T ∗) =

JF(T ). Let x∗
n ≡ Jxn and u∗

= Ju. Using (4.1) and RC = J−1ΠJC J , we obtain

x∗

n+1 = ΠJC J(αnJ−1u∗
+ (1 − αn)J−1T ∗x∗

n)

= ΠJC J∗
−1 

αnJ∗u∗
+ (1 − αn)J∗T ∗x∗

n


for all n ∈ N. Applying Theorem 3.3 gives x∗

n → ΠF(T∗)u∗. Since J−1 is norm-to-norm continuous,

xn = J−1x∗

n → J−1ΠF(T∗)u∗
= J−1ΠJF(T )(Ju) = RF(T )u. �

If the mapping T in Theorem 4.3 is a self mapping, then we have the following corollary.

Corollary 4.4. Let C be a nonempty, closed, convex and sunny generalized nonexpansive retract of a uniformly smooth Banach
space E whose dual space has a Fréchet differentiable norm. Let T : C → C be a strongly generalized nonexpansive mapping with
property (G3). Let {xn} be a sequence in C defined by u, x1 ∈ C and

xn+1 = αnu + (1 − αn)Txn,

where {αn} is a sequence in (0, 1) satisfying Conditions (C1) and (C2). Then {xn} converges strongly to RF(T )u.

Let C be a nonempty subset of a smooth Banach space E. Recall that a mapping T : C → E is firmly generalized non-
expansive type [34] if

ϕ(Tx, Ty) + ϕ(Ty, Tx) + ϕ(x, Tx) + ϕ(y, Ty) ≤ ϕ(x, Ty) + ϕ(y, Tx)

for all x, y ∈ C . It is not hard to show that the duality of a firmly generalized nonexpansive type mapping is firmly
nonexpansive type. As a consequence of Theorem 3.9, we have the following result.

Theorem 4.5. Let C be a nonempty, closed and sunny generalized nonexpansive retract of a uniformly convex and uniformly
smooth Banach space E. Let T : C → E be a firmly generalized nonexpansive type mapping with F(T ) is nonempty. Suppose that
{αn} is a sequence in (0, 1) satisfying Conditions (C1) and (C2). Then the sequence {xn} defined by (4.1) converges strongly to
RF(T )u.

5. Maximal monotone operators

Let E be a reflexive, strictly convex and smooth Banach space and let A ⊂ E × E∗ be a set-valued mapping with range
R(A) = {x∗

∈ E∗
: x∗

∈ Ax} and domain D(A) = {x ∈ E : Ax ≠ ∅}. Then the mapping A is said to be monotone if
⟨x − y, x∗

− y∗
⟩ ≥ 0 whenever (x, x∗), (y, y∗) ∈ A. It is also said to be maximal monotone if A is monotone and there is no

monotone operator from E into E∗ whose graph properly contains the graph of A. It is known that if A ⊂ E × E∗ is maximal
monotone, then A−10 is closed and convex.

Theorem 5.1 (Cf. [45]). Let E be a reflexive, strictly convex and smooth Banach space and let A ⊂ E×E∗ be amonotone operator.
Then A is maximal monotone if and only if R(J + rA) = E∗ for all r > 0.

Using Theorem 5.1, we obtain that for every r > 0 and x ∈ E, there exists a unique xr ∈ D(A) such that

Jx ∈ Jxr + rAxr .
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The single valued mapping Jr : E → D(A) by Jrx = xr , that is, Jr = (J + rA)−1J is called the resolvent of A. We know that
A−10 = F(Jr) for all r > 0 (see [27,28,37] for more details).

Theorem 5.2 (Cf. [27, Lemma 2.3]). Let E be a reflexive, strictly convex and smooth Banach space and let A ⊂ E × E∗ be a
maximal monotone operator. Let Jr be the resolvent of A, where r > 0. If A−10 is nonempty, then Jr is firmly nonexpansive type.

Using this result and Theorem3.9,weprove a strong convergence theorem for resolvents ofmaximalmonotone operators
in a Banach space.

Theorem 5.3. Let E be a uniformly convex Banach space whose norm is uniformly Gâteaux differentiable and let A ⊂ E × E∗ be
a maximal monotone operator. Let Jr be the resolvent of A, where r > 0. Let {xn} be a sequence defined by u, x1 ∈ E and

xn+1 = J−1(αnJu + (1 − αn)JJrxn),

where {αn} is a sequence in (0, 1) satisfying Conditions (C1) and (C2). If A−10 is nonempty, then {xn} converges strongly to
ΠA−10u.

From Theorem 5.1, if E is reflexive, strictly convex and smooth and B ⊂ E∗
× E(=E∗

× E∗∗) is a maximal monotone
operator, then R(J−1

+ rB) = E for all r > 0. Thus, if r > 0 and x ∈ E, then there exists z ∈ E such that

x = J−1(Jx) ∈ J−1(Jz) + rB(Jz) = z + rBJz.

It follows from the strict convexities of E and E∗ that such a point z is unique. Thus we can define the generalized resolvent
Qr of B by

Qrx = z = (I + rBJ)−1x.

For more details, see [42,46].

Lemma 5.4 (Cf. [34, Lemma 3.5]). Let E be a reflexive, strictly convex Banach space whose dual space has a uniformly Gâteaux
differentiable norm and let B ⊂ E∗

× E be a maximal monotone operator. Let Qr be the generalized resolvent of B, where r > 0.
If B−10 is nonempty, then Qr is firmly generalized nonexpansive.

Using this result and Theorem 4.5, we prove a strong convergence theorem for generalized resolvents of maximal
monotone operators in a Banach space.

Theorem 5.5. Let E be a uniformly convex and uniformly smooth Banach space and let B ⊂ E∗
× E be a maximal monotone

operator. Let Qr be the generalized resolvent of B, where r > 0. Let {xn} be a sequence defined by u, x1 ∈ E and

xn+1 = αnu + (1 − αn)Qrxn,

where {αn} is a sequence in (0, 1) satisfying Conditions (C1) and (C2). If B−10 is nonempty, then {xn} converges strongly to
R(BJ)−10u, where R(BJ)−10 is the unique sunny generalized nonexpansive retraction from E onto (BJ)−10.

Remark 5.6. In Theorem 5.5, we present a strong convergence theorem for the generalized resolvent with a new control
condition. This is complementary to Ibaraki and Takahashi’s result [46, Theorem 4.2].
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Abstract

The purpose of this paper is to introduce the implicit midpoint

rule based on conjugate gradient method for finding a fixed point of a

nonexpansive mapping. We present the strong convergence theorems

in a Hilbert space of this method. Setting certain parameters, as a con-

sequence, strong convergence theorems for finding a fixed point of a

nonexpansive mapping which studied in [16] are deduced. Finally, we

give some examples to support our main results.
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Keywords: convergence theorem, fixed point, Halpern algorithm, implicit midpoint rule, nonex-

pansive mapping

1 Introduction

Let H be a real Hilbert space with an inner product ⟨·, ·⟩ and a norm ∥ · ∥. A mapping

T : H → H is said to be nonexpansive if for any x, y ∈ H

∥T (x)− T (y)∥ ≤ ∥x− y∥
We denote by Fix(T ) the set of all fixed points of T .

The convergence theorems of nonexpansive mappings have been considered by many

researchers in recent years. In 1967, Halpern [7] introduced an explicit iteration for finding a
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fixed point of a nonexpansive mapping T of a Hilbert space H , which is called the Halpern

algorithm, x0 ∈ H and

xn+1 = αnx0 + (1− αn)T (xn) (1.1)

for each n ≥ 0, where (αn)
∞
n=0 ⊂ (0, 1) satisfying (C1) lim

n→∞
αn = 0, (C2)

∞∑
n=0

αn = ∞ and

(C3)
∞∑
n=0

|αn+1−αn| < ∞. Then (xn)
∞
n=0 generated by (1.1) converges strongly to PFix(T )(x0),

where PFix(T ) is the metric projection from H onto Fix(T ).

In 2014, Sakurai and Iiduka [14] introduced the Halpern algorithm based on steepest de-

scent method for solving an example of a fixed point problem and they can formulate novel

fixed point algorithm by using conjugate gradient method, which can accelerate steepest de-

scent method and the number of iterations is less than steepest descent method. They present

strong convergence theorem of their algorithm for finding a fixed point of a nonexpansive map-

ping in Hilbert space as follows: let (xn)
∞
n=0 be a sequence inH defined by x0 ∈ H , µ ∈ (0, 1],

λ > 0, d0 =
1

λ
(T (x0)− x0) and


dn+1 =

1

λ
(T (xn)− xn) + βndn,

yn = xn + λdn+1,

xn+1 = µαnx0 + (1− µαn)yn.

(1.2)

for each n ≥ 0, where (αn)
∞
n=0 ⊂ (0, 1) and (βn)

∞
n=0 ⊂ [0,∞). Suppose that (C1)-(C3),

(C4) βn ≤ α2
n and (C5) (T (xn) − xn)

∞
n=0 is bounded. Then (xn)

∞
n=0 generated by (1.2) con-

verges strongly toPFix(T )(x0), wherePFix(T ) is themetric projection fromH onto Fix(T ). Many

researchers have studied the conjugate gradient method such as [5, 6, 8, 9, 11].

Recently, Xu, Alghamdi and Shahzad [16] introduced the implicit algorithm for finding

a fixed point of a nonexpansive mapping T , which is called the implicit midpoint rule, x0 ∈ H

and

xn+1 = αnx0 + (1− αn)T

(
xn + xn+1

2

)
(1.3)

for each n ≥ 0, where (αn)
∞
n=0 ⊂ (0, 1) satisfying (C1), (C2) and (C3′) either

∞∑
n=0

|αn+1 − αn| < ∞ or lim
n→∞

αn+1

αn

= 1. Then (xn)
∞
n=0 generated by (1.3) converges strongly

to PFix(T )(x0), where PFix(T ) is the metric projection from H onto Fix(T ). Moreover, many

researchers have studied the implicit midpoint rule such as [1, 3, 4, 12, 17].

In this paper, we have implemented the concept of implicit midpoint rule in [14]. We will

modify the implicit midpoint rule with conjugate gradient method for finding a fixed point. We
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also present the strong convergence theorem of a nonexpansive mapping in a Hilbert space of

our algorithm. Moreover, setting certain parameters in our algorithm can deduce the conver-

gence theorems which is studied in [16]. Finally, we give some examples to support our main

results.

2 Preliminaries

Throughout this paper, let H be a Hilbert space with an inner product ⟨·, ·⟩ and a norm

∥ · ∥. Let x ∈ H . A sequence (xn)
∞
n=0 in H is said to

(i) converges strongly to x, denoted by xn → x, if lim
n→∞

||xn − x|| = 0;

(ii) converges weakly to x, denoted by xn ⇀ x, if lim
n→∞

⟨xn, y⟩ = ⟨x, y⟩ for all y ∈ H .

It is well known that H is a Hilbert space if and only if each bounded sequence (xn)
∞
n=0 of H

has a weakly convergent subsequence (xnk
)∞k=0 of (xn)

∞
n=0 (see [15]).

A mapping T : H → H is said to be a contraction if there exists a real number r with

0 ≤ r < 1 such that

||T (x)− T (y)|| ≤ r||x− y||
for all x, y ∈ H . A function f : H → R is said to be convex if, for any x, y ∈ H and for any

λ ∈ [0, 1],

f(λx+ (1− λ)y) ≤ λf(x) + (1− λ)f(y).

A mapping g : H → H is said to be monotone if

⟨x− y, g(x)− g(y)⟩ ≥ 0

for all x, y ∈ H . A function f : H → R is said to be Fréchet-differentiable at x ∈ H if there

exists y ∈ H such that

f(x+ h) = f(x) + ⟨y, h⟩+ o(||h||),
where lim

t→0

o(t)

t
= 0. The element y is called a gradient of f at x and is denoted by ▽f(x)

[2, Definition 1.1.11]. A mapping A : H → H is said to be Lipschitz continuous with L > 0

(L-Lipschitz continuous) if

||A(x)− A(y)|| ≤ L||x− y||
for all x, y ∈ H . Let C be a nonempty closed convex subset ofH . Then for each point x ∈ H ,

there corresponds a unique point x̂ in C such that

∥x− x̂∥ = inf
y∈C

∥x− y∥.
We call a mapping defined by PC(x) = x̂, the metric projection of H onto C (see [15]).

Lemma 2.1. [15]. Let H be a Hilbert space and let C be a nonempty closed convex subset of

H . Let x ∈ H . Then

(i) the projection PC is nonexpansive with Fix(PC) = C.
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(ii) x̂ = PC(x) if and only if ⟨x− x̂, y − x̂⟩ ≤ 0 for all y ∈ C.

Theorem 2.2. [15, Theorem 5.4.4: Opial’s Theorem]. Let H be a Hilbert space and

(xn)
∞
n=0 ⊂ H converges weakly to x ∈ H , then lim inf

n→∞
||xn − x|| < lim inf

n→∞
||xn − y|| for all

y ∈ H with x ̸= y.

Lemma 2.3. [15]. Let H be a Hilbert space and let T : H → H be a nonexpansive mapping.

Then Fix(T ) is closed and convex.

Lemma 2.4. [14, Proposition 2.2]. Let (an)∞n=0, (bn)∞n=0, (cn)∞n=0 and (ᾱn)
∞
n=0 be sequences of

nonnegative real numbers with an+1 ≤ (1− ᾱn)an + ᾱnbn + cn for each n ≥ 0. Suppose that
∞∑
n=0

ᾱn = ∞, lim sup
n→∞

bn = 0, and
∞∑
n=0

cn < ∞. Then lim
n→∞

an = 0.

3 Main Results

First, we introduce the implicit midpoint rule based on conjugate gradient method for

finding a fixed point of a nonexpansive mapping.

Sakurai and Iiduka [14] can formulate novel algorithm by using conjugate gradient

method which is acceleration steepest descent method. This make their algorithm performs

better than the Halpern algorithm. Accordingly, we will modify algorithm (1.3) by using the

concept of [14] as follows: let f : H → R be convex, continuously Fréchet differentiable func-

tional. Suppose that the gradient of f , denoted by▽f , is Lipschitz continuous with a constant

L > 0 and define T f : H → H by

T f = I − λ▽ f, (3.1)

where λ ∈ (0, 2/L] and I : H → H stands for the identity mapping. We will show that

algorithm (1.3) is based on the steepest descent method [13, Subchapter 3.3] to minimize f

over H . Since T f is nonexpansive (see, [10, Proposition 2.3]) and

Fix(T f ) = argmin
x∈H

f(x) =
{
x∗ ∈ H : f(x∗) = min

x∈H
f(x)

}
.

Thus algorithm (1.3) with T = T f can be expressed as follows:
dfn+1 = −▽ f(x̃n),

yn = T f (x̃n) = x̃n + λdfn+1,

xn+1 = αnx0 + (1− αn)yn (n ≥ 0),

(3.2)

APAM 2020
Annual Pure and Applied

Mathematics Conference 2020

( 190 )



where x̃n =
xn + xn+1

2
. This implies that (3.2) uses the steepest descent direction [13, Sub-

chapter 3.3]. The steepest descent direction of f at x̃n is df,SDD
n+1 = − ▽ f(x̃n), and so (3.2)

is based on the steepest descent method. We will use conjugate gradient method [13, Chapter

5] to accelerate steepest descent method. The conjugate gradient direction of f at x̃n is

df,CGD
n+1 = − ▽ f(x̃n) + βnd

f,CGD
n for all n ≥ 0, where df,CGD

0 = − ▽ f(x̃0) and

(βn)
∞
n=0 ⊂ (0,∞). This together with (3.1) and (3.2) gives

df,CGD
n+1 =

1

λ
(T f (x̃n)− x̃n) + βnd

f,CGD
n . (3.3)

We replace dfn+1 = −▽ f(x̃n) and x̃n =
xn + xn+1

2
in (3.2) with df,CGD

n+1 defined by (3.3), we

get 
df,CGD
n+1 =

1

λ

(
T f

(
xn + xn+1

2

)
−

(
xn + xn+1

2

))
+ βnd

f,CGD
n .

yn = T f

(
xn + xn+1

2

)
=

(
xn + xn+1

2

)
+ λdfn+1,

xn+1 = αnx0 + (1− αn)yn (n ≥ 0).

(3.4)

We replace yn and df,CGD
n+1 from (3.4) in xn+1, we get

xn+1 = αnx0 + (1− αn)

(
T f

(
xn + xn+1

2

)
+ λβndn

)
,

df,CGD
n+1 =

1

λ

(
T f

(
xn + xn+1

2

)
−

(
xn + xn+1

2

))
+ βndn (n ≥ 0).

We can formulate an algorithm for finding a fixed point as follows:

Algorithm 3.1. The implicit midpoint rule based on conjugate gradient method:
Step 0. Choose λ > 0, and x0 ∈ H arbitrarily, and set (αn)

∞
n=0 ⊂ (0, 1), (βn)

∞
n=0 ⊂ [0,∞).

Compute d0 =
1

λ
(T (x0)− x0).

Step 1. Given xn, dn ∈ H , compute xn+1, dn+1 ∈ H as follows:
xn+1 = αnx0 + (1− αn)

(
T

(
xn + xn+1

2

)
+ λβndn

)
,

dn+1 =
1

λ

(
T

(
xn + xn+1

2

)
−

(
xn + xn+1

2

))
+ βndn.

Put n = n+ 1, and go to Step 1.

If we set βn = 0 for all n ≥ 0, then Algorithm 3.1 reduces to the implicit midpoint rule

defined by (1.3).

Next, we propose the following lemma showing that Algorithm 3.1 is well-defined.
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Lemma 3.1. The implicit midpoint rule based on conjugate gradient method defined by Algo-

rithm 3.1 is well-defined.

Proof. Fixed λ > 0 and x0 ∈ H , set (αn)
∞
n=0 ⊂ (0, 1), (βn)

∞
n=0 ⊂ [0,∞), for each fixed

xn, dn ∈ H and the mapping Sn : H → H is defined by

Sn(x) = αnx0 + (1− αn)

(
T

(
xn + x

2

)
+ λβndn

)
for all x ∈ H . For each x, y ∈ H , we obtain

Sn(x) = αnx0 + (1− αn)

(
T

(
xn + x

2

)
+ λβndn

)
and

Sn(y) = αnx0 + (1− αn)

(
T

(
xn + y

2

)
+ λβndn

)
.

Then, the nonexpansivity of T implies that

||Sn(x)− Sn(y)|| =
∥∥∥∥(1− αn)T

(
xn + x

2

)
− (1− αn)T

(
xn + y

2

)∥∥∥∥
= (1− αn)

∥∥∥∥T (
xn + x

2

)
− T

(
xn + y

2

)∥∥∥∥
≤ (1− αn)

∥∥∥∥(xn + x

2

)
−

(
xn + y

2

)∥∥∥∥
=

1

2
(1− αn)∥x− y∥.

This implies that Sn is a contraction with coefficient
1

2
(1 − αn) ∈ [0, 1). So, there exists a

unique fixed point of Sn, say xn+1 ∈ H , such that Sn(xn+1) = xn+1. That is,

xn+1 = αnx0 + (1− αn)

(
T

(
xn + xn+1

2

)
+ λβndn

)
.

It follows that dn+1 is computed. This means that (xn)
∞
n=0 and (dn)∞n=0 are well-defined. This

completes the proof.

We assume the conditions to support the Algorithm 3.1 as follows:

Assumption 3.1. The sequences (αn)
∞
n=0, (βn)

∞
n=0 and (xn)

∞
n=0 satisfy
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(C1) lim
n→∞

αn = 0, (C2)
∞∑
n=0

αn = ∞,

(C3′) either
∞∑
n=0

|αn+1 − αn| < ∞ or lim
n→∞

αn+1

αn

= 1, (C4) βn ≤ α2
n,

(C5′)
(
T

(
xn + xn+1

2

)
−

(
xn + xn+1

2

))
is bounded.

Next, we give some helpful lemmas for proving the main theorems.

Lemma 3.2. Suppose that Algorithm 3.1 satisfies Assumption 3.1. Then (xn)
∞
n=0 and (dn)

∞
n=0

are bounded.

Proof. By (C1) and (C4), we obtain that lim
n→∞

βn = 0. Accordingly, there exists n0 ≥ 0 such

that βn ≤ 1

2
for all n ≥ n0. By (C5′), there existsM0 > 0 such that∥∥∥∥T (

xn + xn+1

2

)
−

(
xn + xn+1

2

)∥∥∥∥ ≤ M0

for all n ≥ 0. Define M1 = max
{
∥d0∥, ∥d1∥, ∥d2∥, ..., ∥dn0∥,

2

λ
M0

}
. So M1 < ∞. Assume

that ∥dn∥ ≤ M1 for n ≥ n0. By the definition of (dn)∞n=0 and the triangle inequality, we get

∥dn+1∥ ≤ 1

λ

∥∥∥∥T (
xn + xn+1

2

)
−

(
xn + xn+1

2

)∥∥∥∥+ βn ∥dn∥ ≤ M1.

By mathematical induction, we get ∥dn∥ ≤ M1 for all n ≥ 0 and hence (dn)∞n=0 is bounded.

By the definition of (xn)
∞
n=0 and the nonexpansivity of T , for all x ∈ Fix(T ) and n ≥ 0,

∥xn+1 − x∥

=

∥∥∥∥αn(x0 − x) + (1− αn)

(
T

(
xn + xn+1

2

)
− x

)
+ (1− αn)λβndn

∥∥∥∥
≤ αn∥x0 − x∥+ (1− αn)

∥∥∥∥T (
xn + xn+1

2

)
− x

∥∥∥∥+ (1− αn)λβn∥dn∥

≤ αn∥x0 − x∥+ 1

2
(1− αn) ∥xn − x∥+ 1

2
(1− αn) ∥xn+1 − x∥+ (1− αn)λM1βn.

It follows from (C4) and αn < 1 (n ≥ 0) that

∥xn+1 − x∥ ≤
(
1− 2αn

1 + αn

)
∥xn − x∥+

(
2αn

1 + αn

)
(∥x0 − x∥+ λM1) .

Induction guarantees that, for all x ∈ Fix(T ) and n ≥ 0,

∥xn − x∥ ≤ ∥x0 − x∥+ λM1.
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This means that (xn)
∞
n=0 is bounded. This completes the proof.

Lemma 3.3. Let (xn)
∞
n=0 be generated by Algorithm 3.1 with the Assumption 3.1. Then

(i) lim
n→∞

||xn+1 − xn|| = 0;

(ii) lim
n→∞

||xn − T (xn)|| = 0;

(iii) lim sup
n→∞

⟨
x0 − x∗, T

(
xn + xn+1

2

)
+ λβndn − x∗

⟩
≤ 0, where x∗ = PFix(T )(x0).

Proof. (i) Since αn ≤ |αn+1 − αn|+ αn+1 and αn < 1 for all n ≥ 0, we get

α2
n+1 + α2

n ≤ α2
n+1 + αn(|αn+1 − αn|+ αn+1) ≤ (αn+1 + αn)αn+1 + |αn+1 − αn|. (3.5)

Since (xn)
∞
n=0 is bounded and (C5′), this implies that

(
T

(
xn + xn+1

2

))∞

n=0

is bounded, there

existsM2 > 0 such that ∥∥∥∥T (
xn + xn+1

2

)∥∥∥∥ ≤ M2. (3.6)

For all n > 0, by the nonexpansivity of T , (3.6), (1− αn) < 1 (n > 0), ∥dn∥ ≤ M1 and (C4),

we obtain

∥xn+1 − xn∥

=

∥∥∥∥(αn − αn−1)x0 + (1− αn)

(
T

(
xn + xn+1

2

)
− T

(
xn−1 + xn

2

))
+(αn−1 − αn)T

(
xn−1 + xn

2

)
+ (1− αn)λβndn − (1− αn−1)λβn−1dn−1

∥∥∥∥
≤ (1− αn)

∥∥∥∥T (
xn + xn+1

2

)
− T

(
xn−1 + xn

2

)∥∥∥∥+ (1− αn)λβn∥dn∥

+ (1− αn−1)λβn−1∥dn−1∥+ |αn − αn−1|
(
∥x0∥+

∥∥∥∥T (
xn−1 + xn

2

)∥∥∥∥)
≤ (1− αn)

∥∥∥∥(xn + xn+1

2

)
−

(
xn−1 + xn

2

)∥∥∥∥+ λM1 (βn + βn−1)

+ |αn − αn−1| (∥x0∥+M2)

≤ 1

2
(1− αn) ∥xn+1 − xn∥+

1

2
(1− αn) ∥xn − xn−1∥+ λM1

(
α2
n + α2

n−1

)
+ |αn − αn−1| (∥x0∥+M2) .
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By (3.5), we obtain

∥xn+1 − xn∥ ≤ 1

2
(1− αn) ∥xn+1 − xn∥+

1

2
(1− αn) ∥xn − xn−1∥

+ |αn − αn−1| (∥x0∥+M2) + λM1 ((αn + αn−1)αn + |αn − αn−1|)

=
1

2
(1− αn) ∥xn+1 − xn∥+

1

2
(1− αn) ∥xn − xn−1∥+M3|αn − αn−1|

+ λM1(αn + αn−1)αn,

whereM3 = ∥x0∥+M2 + λM1 < ∞. This implies that

∥xn+1 − xn∥ ≤
(
1− 2αn

1 + αn

)
∥xn − xn−1∥+

(
2αn

1 + αn

)
(λM1(αn + αn−1))

+
2M3|αn − αn−1|

1 + αn

. (3.7)

From Condition (C3′), we divide it into 2 cases as follows:

Case 1:
∞∑
n=1

|αn+1 − αn| < ∞. Setting

an = ∥xn − xn−1∥, bn = λM1(αn + αn−1), cn =
2M3|αn − αn−1|

1 + αn

and ᾱn =
2αn

1 + αn

.

Then (3.7) becomes an+1 ≤ (1− ᾱn)an + ᾱnbn + cn. This together with (C1), (C2), (C3′) and

Lemma 2.4 gives

lim
n→∞

∥xn − xn−1∥ = 0.

Case 2: lim
n→∞

αn+1

αn

= 1. Setting

an = ∥xn − xn−1∥, bn = λM1(αn + αn−1) +
M3

αn

|αn − αn−1|, cn = 0 and ᾱn =
2αn

1 + αn

.

Since lim
n→∞

αn+1

αn

= 1 and C1, we get lim
n→∞

M3

αn

|αn − αn−1| = 0. Then (3.7) becomes

an+1 ≤ (1− ᾱn)an + ᾱnbn + cn. This together with (C1), (C2), (C3′) and Lemma 2.4 gives

lim
n→∞

∥xn − xn−1∥ = 0.

From case 1 and case 2, this implies that

lim
n→∞

∥xn+1 − xn∥ = 0.
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(ii) By the definition of (xn)
∞
n=0, (C4) and (3.6), we obtain that∥∥∥∥xn+1 −T

(
xn + xn+1

2

)∥∥∥∥
=

∥∥∥∥αnx0 + (1− αn)

(
T

(
xn + xn+1

2

)
+ λβndn

)
− T

(
xn + xn+1

2

)∥∥∥∥
≤ αn

(
∥x0∥+

∥∥∥∥T (
xn + xn+1

2

)∥∥∥∥)+ (1− αn)λβn∥dn∥

≤ αn(∥x0∥+M2) + λM1α
2
n.

This together with (C1) gives

lim
n→∞

∥∥∥∥xn+1 − T

(
xn + xn+1

2

)∥∥∥∥ = 0. (3.8)

Since T is nonexpansive, we get

∥xn − T (xn)∥ ≤ ∥xn − xn+1∥+
∥∥∥∥xn+1 − T

(
xn + xn+1

2

)∥∥∥∥+

∥∥∥∥T (
xn + xn+1

2

)
− T (xn)

∥∥∥∥
≤ ∥xn − xn+1∥+

∥∥∥∥xn+1 − T

(
xn + xn+1

2

)∥∥∥∥+

∥∥∥∥xn+1 − xn

2

∥∥∥∥
≤ 3

2
∥xn − xn+1∥+

∥∥∥∥xn+1 − T

(
xn + xn+1

2

)∥∥∥∥ .
This together with Lemma 3.3 (i) and (3.8) gives

lim
n→∞

∥xn − T (xn)∥ = 0.

(iii) Let x∗ = PFix(T )(x0) and zn = T

(
xn + xn+1

2

)
+ λβndn for all n ≥ 0.

Since
(
T

(
xn + xn+1

2

))∞

n=0

and (dn)∞n=0 are bounded, this implies that (zn)
∞
n=0 and

(⟨x0 − x∗, zn − x∗⟩)∞n=0 are bounded. From the limit superior of (⟨x0 − x∗, zn − x∗⟩)∞n=0, there

exists subsequence (znk
)∞k=0 of (zn)∞n=0 such that

lim sup
n→∞

⟨x0 − x∗, zn − x∗⟩ = lim
k→∞

⟨x0 − x∗, znk
− x∗⟩.

Moreover, since (znk
)∞k=0 is bounded, there exists subsequence (znki

)∞i=0 of (znk
)∞k=0 converges

weakly to some point ŷ ∈ H . We obtain

lim sup
n→∞

⟨x0 − x∗, zn − x∗⟩ = lim
i→∞

⟨x0 − x∗, znki
− x∗⟩ = ⟨x0 − x∗, ŷ − x∗⟩. (3.9)

APAM 2020
Annual Pure and Applied

Mathematics Conference 2020

( 196 )



By the triangle inequality, (C4) and ∥dn∥ ≤ M1 (n ≥ 0), we obtain

∥zn − xn∥ ≤
∥∥∥∥T (

xn + xn+1

2

)
− xn+1

∥∥∥∥+ ∥xn+1 − xn∥+ λM1α
2
n,

this together with Lemma 3.3 (i), (ii) and (C1), we obtain that lim
n→∞

∥zn − xn∥ = 0. It follows

that (xnki
)∞i=0 converges weakly to ŷ ∈ H . Next, we will show that ŷ ∈ Fix(T ). Assume that

ŷ /∈ Fix(T ). i.e., ŷ ̸= T (ŷ). By Theorem 2.2, Lemma 3.3 (ii) and the nonexpansivity of T , we

obtain

lim inf
i→∞

∥xnki
− ŷ∥ < lim inf

i→∞
∥xnki

− T (ŷ)∥

≤ lim inf
i→∞

(∥xnki
− T (xnki

)∥+ ∥T (xnki
)− T (ŷ)∥)

= lim inf
i→∞

∥T (xnki
)− T (ŷ)∥

≤ lim inf
i→∞

∥xnki
− ŷ∥,

which is contradiction. Thus ŷ ∈ Fix(T ). By (3.9), Lemma 2.3 (iii) andx∗ = PFix(T )(x0), we

get

lim sup
n→∞

⟨x0 − x∗, zn − x∗⟩ = ⟨x0 − x∗, ŷ − x∗⟩ ≤ 0.

This completes the proof.

Now, we are in a position to prove the main theorem.

Theorem 3.4. Let (xn)
∞
n=0 be generated by Algorithm 3.1 with the Assumption 3.1. Then

(xn)
∞
n=0 converges strongly to PFix(T )(x0).

Proof. Let x∗ = PFix(T )(x0). Since the inequality ∥x + y∥2 ≤ 2⟨y, x + y⟩ (x, y ∈ H), the

Schwarz inequality, the triangle inequality, (C4) and αn < 1, we obtain that∥∥∥∥T (
xn + xn+1

2

)
+ λβndn − x∗

∥∥∥∥2

≤
∥∥∥∥T (

xn + xn+1

2

)
− x∗

∥∥∥∥2

+ 2λβn

⟨
dn, T

(
xn + xn+1

2

)
+ λβndn − x∗

⟩
≤

∥∥∥∥xn + xn+1

2
− x∗

∥∥∥∥2

+ 2λβn∥dn∥
(∥∥∥∥T (

xn + xn+1

2

)
− x∗

∥∥∥∥+ λβn∥dn∥
)

≤
∥∥∥∥(xn − x∗

2

)
+

(
xn+1 − x∗

2

)∥∥∥∥2

+ 2λα2
nM1 (M2 + ∥x∗∥+ λM1)

≤ 1

2
∥xn − x∗∥2 + 1

2
∥xn+1 − x∗∥2 +M4α

2
n,
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whereM4 = 2λM1 (M2 + ∥x∗∥+ λM1) < ∞. We obtain

∥xn+1 − x∗∥2 =
∥∥∥∥αn(x0 − x∗) + (1− αn)

(
T

(
xn + xn+1

2

)
+ λβndn − x∗

)∥∥∥∥2

= α2
n∥x0 − x∗∥2 + (1− αn)

2

∥∥∥∥T (
xn + xn+1

2

)
+ λβndn − x∗

∥∥∥∥2

+ 2αn(1− αn)

⟨
x0 − x∗, T

(
xn + xn+1

2

)
+ λβndn − x∗

⟩
,

and so

∥xn+1 − x∗∥2 ≤ α2
n∥x0 − x∗∥2 + (1− αn)

∥∥∥∥T (
xn + xn+1

2

)
+ λβndn − x∗

∥∥∥∥2

+ 2αn

⟨
x0 − x∗, T

(
xn + xn+1

2

)
+ λβndn − x∗

⟩
≤ α2

n∥x0 − x∗∥2 + 1

2
(1− αn) ∥xn − x∗∥2 + 1

2
(1− αn) ∥xn+1 − x∗∥2

+M4α
2
n + 2αn

⟨
x0 − x∗, T

(
xn + xn+1

2

)
+ λβndn − x∗

⟩
.

Thus

∥xn+1 − x∗∥2

≤
(
1− 2αn

1 + αn

)
∥xn − x∗∥2 +

(
2αn

1 + αn

)(
αn∥x0 − x∗∥2

)
+

(
2αn

1 + αn

)(
M4αn + 2

∣∣∣∣⟨x0 − x∗, T

(
xn + xn+1

2

)
+ λβndn − x∗

⟩∣∣∣∣) . (3.10)

Setting

an = ∥xn − x∗∥2 , bn = αn∥x0−x∗∥2+M4αn+2

∣∣∣∣⟨x0 − x∗, T

(
xn + xn+1

2

)
+ λβndn − x∗

⟩∣∣∣∣
cn = 0 and ᾱn =

2αn

1 + αn

.

Thus (3.10) becomes an+1 ≤ (1 − ᾱn)an + ᾱnbn + cn. Using Lemma 2.4, we get

lim
n→∞

∥xn − x∗∥2 = 0. and so

lim
n→∞

∥xn − x∗∥ = 0.

This means that (xn)
∞
n=0 converges strongly to x∗. This completes the proof.

Next, if we set βn = 0 for all n ≥ 0, then Algorithm 3.1 reduces to the implicit midpoint

rule defined by (1.3) as the following corollary. This means that Theorem 3.4 is generalization
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of the convergence analysis of the implicit midpoint rule.

Corollary 3.5. Let (xn)
∞
n=0 be generated by the implicit midpoint rule Suppose that (C1)

lim
n→∞

αn = 0, (C2)
∞∑
n=0

αn = ∞, and (C3′) either
∞∑
n=0

|αn+1 − αn| < ∞ or lim
n→∞

αn+1

αn

= 1.

Then (xn)
∞
n=0 converges strongly to PFix(T )(x0).

Proof. Setting βn = 0 for all n ≥ 0, the Algorithm 3.1 reduces to the implicit midpoint

rule. Next, we will show that (C4) and (C5′) hold. Since βn = 0 for all n ≥ 0, we obtain

βn ≤ α2
n. Thus (C4) holds. For each x ∈ Fix(T ) and n ≥ 0, by the nonexpansivity of T and

the triangle inequality, we get

∥xn+1 − x∥ =

∥∥∥∥αn(x0 − x) + (1− αn)

(
T

(
xn + xn+1

2

)
− x

)∥∥∥∥
≤ αn ∥x0 − x∥+ (1− αn)

∥∥∥∥xn + xn+1

2
− x

∥∥∥∥
≤ αn ∥x0 − x∥+ 1

2
(1− αn) ∥xn − x∥+ 1

2
(1− αn) ∥xn+1 − x∥ .

Thus

∥xn+1 − x∥ ≤
(
1− 2αn

1 + αn

)
∥xn − x∥+

(
2αn

1 + αn

)
∥x0 − x∥ . (3.11)

We will show that ∥xn − x∥ ≤ ∥x0 − x∥ for all n ≥ 0. Obviously, ∥x0 − x∥ ≤ ∥x0 − x∥.
Assume that ∥xn − x∥ ≤ ∥x0 − x∥ for n ≥ 0. By (3.11), we get

∥xn+1 − x∥ ≤
(
1− 2αn

1 + αn

)
∥xn − x∥+

(
2αn

1 + αn

)
∥x0 − x∥ ≤ ∥x0 − x∥ .

By mathematical induction, we get ∥xn − x∥ ≤ ∥x0 − x∥ for all n ≥ 0. This implies that

(xn)
∞
n=0 is bounded. Moreover, for all x ∈ Fix(T ) and n ≥ 0 by the triangle inequality and the

nonexpansivity of T , we obtain∥∥∥∥T (
xn + xn+1

2

)
−

(
xn + xn+1

2

)∥∥∥∥ ≤
∥∥∥∥T (

xn + xn+1

2

)
− x

∥∥∥∥+

∥∥∥∥x−
(
xn + xn+1

2

)∥∥∥∥
≤

∥∥∥∥(xn + xn+1

2

)
− x

∥∥∥∥+

∥∥∥∥(xn + xn+1

2

)
− x

∥∥∥∥
= 2

∥∥∥∥(xn − x

2

)
+

(
xn+1 − x

2

)∥∥∥∥
≤ 2∥x0 − x∥.

This implies that
(
T

(
xn + xn+1

2

)
−

(
xn + xn+1

2

))∞

n=0

is bounded. Thus (C5′) holds.
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By Theorem 3.4, we obtain that (xn)
∞
n=0 converges strongly to PFix(T )(x0).

4 Numerical Results

The purpose of this section is give two numerical examples supporting Theorem 3.4.

Example 4.1. Let R be the set of real numbers with the usual inner product and let T : R → R

be a mapping defined by T (x) = cos(x) for all x ∈ R. Then T is a nonexpansive mapping.

Let (xn)
∞
n=0 be generated by Algorithm 3.1 with αn =

1

105(n+ 2)
and βn =

1

(105(n+ 2))2

(n ≥ 0). It is easy to show that (αn)
∞
n=0 and (βn)

∞
n=0 satisfy the Conditions, (C1), (C2), (C3′)

and (C4). We set λ = 1, x0 = π, d0 = −1− π and ∥T (xn)− xn∥ ≤ 10−6 for large enough n.

We rewrite Algorithm 3.1 as follows:
xn+1 =

x0

105(n+ 2)
+

(
105(n+ 2)− 1

105(n+ 2)

)(
T

(
xn + xn+1

2

)
+

dn
(105(n+ 2))2

)
,

dn+1 =

(
T

(
xn + xn+1

2

)
−

(
xn + xn+1

2

))
+

dn
(105(n+ 2))2

.

(4.1)

We can show that (C5′) holds, since ∥T (xn) − xn∥ ≤ 10−6 for large enough n, we get

(T (xn) − xn)
∞
n=0 is bounded. Since (T (xn))

∞
n=0 is bounded. So (xn)

∞
n=0 is bounded. This

implies that
(
xn + xn+1

2

)∞

n=0

is bounded. Thus
(
T

(
xn + xn+1

2

)
−

(
xn + xn+1

2

))∞

n=0

is

bounded. Therefore (C5′) holds. We used the MATLAB to solve Algorithm 4.1. We present

the number of iterations in numerical results for the Halpern algorithm, HP-CGM, the implicit

midpoint rule and Algorithm 3.1 in Figure 1. The results of Figure 1 show that the number of

iterations for the Halpern algorithm, HP-CGM, the implicit midpoint rule and Algorithm 3.1

satisfy ∥T (xn)− xn∥ ≤ 10−6 and we found that the least number of iterations to approximate

a fixed point of T is Algorithm 3.1. Moreover, we found that (xn)
∞
n=0 generated by Algorithm

3.1 approximates a fixed point of T which is 0.739085.

Example 4.2. Let R2 be the usual space. Let T : R2 → R2 be a mapping defined by

T (x1, x2) =

(
sin

(
x1 + x2√

2

)
, cos

(
x1 + x2√

2

))

for all (x1, x2) ∈ R2. By | sin(x)| ≤ |x| for all x ∈ R and trigonometric properties, we

obtain that T is a nonexpansive mapping. Let (xn)
∞
n=0 be generated by Algorithm 3.1 with

αn =
1

105(n+ 2)
and βn =

1

(105(n+ 2))2
(n ≥ 0). It is easy to show that (αn)

∞
n=0 and (βn)

∞
n=0
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Figure 1: The number of iterations in numerical results which are satisfying
∥T (xn) − xn∥ ≤ 10−6 for the Halpern algorithm, HP-CGM, the implicit midpoint rule and
Algorithm 3.1

satisfy the Conditions, (C1), (C2), (C3′) and (C4). We set λ = 1, x0 = (x0, y0) = (0, 0),

d0 = (0, 1) and ∥T (xn) − xn∥2 ≤ 10−6 for large enough n. We rewrite Algorithm 3.1 as

follows:
xn+1 =

x0

105(n+ 2)
+

(
105(n+ 2)− 1

105(n+ 2)

)(
T

(
xn + xn+1

2

)
+

dn
(105(n+ 2))2

)
,

dn+1 =

(
T

(
xn + xn+1

2

)
−

(
xn + xn+1

2

))
+

dn
(105(n+ 2))2

.
(4.2)

We can show that (C5′) holds. Since ||T (xn)− xn∥2 ≤ 10−6 for large enough n, we get

(T (xn) − xn)
∞
n=0 is bounded. Since cos2(x) + sin2(x) = 1 for all x ∈ R, this implies that

(T (xn))
∞
n=0 is bounded, this implies that (xn)

∞
n=0 is bounded, we also get

(
xn + xn+1

2

)∞

n=0

is

bounded. Thus
(
T

(
xn + xn+1

2

)
−

(
xn + xn+1

2

))∞

n=0

is bounded. Therefore (C5′) holds.

We used the MATLAB to solve Algorithm 4.2. We present the number of iterations in numer-

ical results for the Halpern algorithm, HP-CGM, the implicit midpoint rule and Algorithm 3.1

in Figure 2. The results of Figure 4.2 show that the number of iterations for the Halpern algo-

rithm, HP-CGM, the implicit midpoint rule and Algorithm 3.1 satisfy ∥T (xn)− xn∥2 ≤ 10−6

and we found that the least number of iterations to approximate a fixed point of T is Algorithm

3.1. Moreover, we found that (xn)
∞
n=0 generated by Algorithm 3.1 approximates a fixed point

of T which is (0.831021, 0.556240).
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Figure 2: The number of iterations in numerical results which is satisfying
∥T (xn) − xn∥2 ≤ 10−6 for the Halpern algorithm, HP-CGM, the implicit midpoint rule and
Algorithm 3.1

This paper presented the implicit midpoint rule based on conjugate gradient method for

finding a fixed point of a nonexpansive mapping in a Hilbert space and its strong convergence

to a fixed point of a nonexpansive mapping under certain assumptions. Moreover, the implicit

midpoint rule based on conjugate gradient method can reduces to the implicit midpoint rule

when βn = 0 for all n ≥ 0. We gave examples to support the convergence theorem. We

compared the number of iterations for the Halpern algorithm, HP-CGM, the implicit midpoint

rule and the implicit midpoint rule based on conjugate gradient method. The results showed

that the least number of iterations to approximate a fixed point were the implicit midpoint rule

based on conjugate gradient method.
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Abstract

The purpose of this paper is to introduce an algorithm to accel-

erate the Halpern algorithm by using the conjugate gradient method.

Setting some certain parameters, the such algorithm is deduced to the

Halpern algorithm. Consequently, the strong convergence theorem of

acceleration of the Halpern algorithm for finding an attractive point of a

nonexpansive mapping in Hilbert space is presented. When the domain

of a nonexpansive mapping is the whole space, the attractive point set

and the fixed point set coincide and then the strong convergence theo-

rem for finding to a fixed point of a nonexpansive mapping is shown.

Finally, we give an example to support our main results.

Mathematics Subject Classification: 47H10, 47H09, 47H05
Keywords: attractive point, conjugate gradient method, fixed point, nonexpansive mapping,

Halpern algorithm

1 Introduction

Let H be a real Hilbert space with an inner product ⟨·, ·⟩ and a norm ∥ · ∥ and let C be a

nonempty subset of H . A mapping T : C → H is said to be nonexpansive if

∥Tx− Ty∥ ≤ ∥x− y∥ for all x, y ∈ C.

We denote by F (T ) the set of all fixed points of T . If C is bounded closed convex and T is a

nonexpansive mapping of C into itself, then F (T ) is non-empty (see [2]). We write xn → x

(xn ⇀ x, resp.) if (xn)
∞
n=0 converges strongly (weakly, resp.) to x.
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The problem of finding a fixed point of nonexpansive mappings has been widely inves-

tigated by many authors. In 1992, Wittmann [12] proved the following strong convergence

theorem of Halpern’s type [5] in Hilbert space as follows:

Theorem 1.1. [12] Let C be a non-empty closed convex subset of a Hilbert spaceH . Let T be

a nonexpansive mapping of C into itself with F (T ) ̸= ∅. For any x0 ∈ C, define a sequence

(xn)
∞
n=0 in C by

xn+1 = αnx0 + (1− αn)Txn for all n ≥ 0, (1.1)

where (αn)
∞
n=0 ⊂ (0, 1) satisfies

(C1) limn→∞ αn = 0;

(C2)
∑∞

n=0 αn = ∞;

(C3)
∑∞

n=0 |αn+1 − αn| < ∞.

Then xn → PF (T )x0, where PF (T ) is the metric projection from H onto F (T ).

Let C be a non-empty subset of a Hilbert space H and T : C → C be a mapping. An

attractive point of T is a point x in H such that

∥Ty − x∥ ≤ ∥y − x∥ for all y ∈ C. (1.2)

The set of all attractive points of T is denoted by A(T ). In 2012, Akashi and Takahashi [1]

used the concept of attractive points of a nonexpansive mapping to obtain a strong convergence

of Halpern’s iteration in a subset of a Hilbert space as follows:

Theorem 1.2. [1, Theorem 3.5] Let C be a non-empty subset a Hilbert space H . Let T be a

nonexpansive mapping from C into itselt with A(T ) ̸= ∅ and let (xn)
∞
n=0 be a sequence in C

defined by (1.1) satisfying (C1)-(C3). Then xn → PA(T )x0.

In 2014, Sakurai and liduka [9] presented an algorithm to accelerate the Halpern algo-

rithm in a Hilbert space of a nonexpansive mapping to search for a fixed point using the ideas

of conjugate gradient methods that can accelerate the steepest descent method as follows:

Theorem 1.3. [9, Theorem 3.1] Let H be a Hilbert space and let T : H → H be a nonex-

pansive mapping with F (T ) ̸= ∅. Let (xn)
∞
n=0 be a sequence in H defined by x0 ∈ C, d0 =
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1

α
(Tx0 − x0) and 

dn+1 = 1
α
(Txn − xn) + βndn,

yn = xn + αdn+1,

xn+1 = µαnx0 + (1− µαn)yn,

(1.3)

where µ ∈ (0, 1], α > 0, (αn)
∞
n=0 ⊂ (0, 1) and (βn)

∞
n=0 ⊂ [0,∞). Suppose that (C1)-(C3),

(C4) βn ≤ α2
n for all n ≥ 0, and

(C5) (T (xn)− xn)
∞
n=0 is bounded.

Then xn → PF (T )x0.

Many researchers have been studied the conjugate gradient method such as [3, 4, 6–8].

In this paper, we mainly consider an algorithm to accelerate the Halpern algorithm in a

Hilbert space to search for an attractive point of a nonexpansive mapping by using conjugate

gradient methods. We also present the strong convergence theorem for finding of a fixed point

of a nonexpansive mapping. Finally, we give the example to support our main results.

2 Preliminaries

Let H be a real Hilbert space. Then

∥x− y∥2 = ∥x∥2 − ∥y∥2 − 2⟨x− y, y⟩ (2.1)

and

∥λx+ (1− λ)y∥2 = λ∥x∥2 + (1− λ)∥y∥2 − λ(1− λ)∥x− y∥2 (2.2)

for all x, y ∈ H and λ ∈ [0, 1]. Let (xn)
∞
n=0 be a sequence in H and x ∈ H .

(i) (xn)
∞
n=0 converges strongly to x, denoted by xn → x, if ||xn − x|| → 0;

(ii) (xn)
∞
n=0 converges weakly to x, denoted by xn ⇀ x, if ⟨xn, y⟩ → ⟨x, y⟩ for all y ∈ H .

It’s well known that if xn → x, then xn ⇀ x. Let C be a non-empty closed convex subset of

H . Then, for any x ∈ H , there exists the nearest point PCx in C such that

∥x− PCx∥ ≤ ∥x− y∥ for all y ∈ C.
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Such a mapping PC is called the metric projection of H onto C. We know that PC is nonex-

pansive. Furthermore, we get the following theorem.

Theorem 2.1. [11, Theorem 4.1.2] Let C be a non-empty closed convex subset of a Hilbert

space H . Then x̂ = PCx if and only if ⟨x− x̂, y − x̂⟩ ≤ 0 for all y ∈ C.

Let C be a non-empty subset of a Hilbert space H . For a mapping T of C into H , we

denote by F (T ) the set of all fixed points of T and by A(T ) the set of all attractive points of

T , i.e.,

(i) F (T ) = {x ∈ C : x = Tx} ;

(ii) A(T ) = {x ∈ H : ∥Ty − x∥ ≤ ∥y − x∥, ∀y ∈ C} .

Lemma 2.2. [10, Lemma 2.3] LetH be a Hilbert space and let C be a non-empty subset ofH .

Let T be a mapping from C into itself with A(T ) ̸= ∅. Then A(T ) is a closed convex subset

of H .

Lemma 2.3. [11, Theorem 6.1.3] LetH be a Hilbert space. Let T : H → H be a nonexpansive

mapping with F (T ) ̸= ∅. Then F (T ) is a closed convex subset of H .

To prove our main result, we need the following lemma.

Lemma 2.4. [9, Proposition 2.2] Let (an)∞n=0, (bn)∞n=0, (cn)∞n=0 and (α̃n)
∞
n=0 be sequences of

nonnegative real numbers with

an+1 ≤ (1− α̃n)an + α̃nbn + cn

for each n ≥ 0. Suppose that
∑∞

n=0 α̃n = ∞, lim supn→∞ bn ≤ 0, and
∑∞

n=0 cn < ∞.

Then limn→∞ an = 0.

3 Main results

In this section, using the method introduced by Sakurai and Iiduka [9], we obtain a strong

convergence theorem for finding an attractive point of a nonexpansive mapping.

Theorem 3.1. Let C be a non-empty subset of a Hilbert space H and T : C → C be a non-

expansive mapping with A(T ) ̸= ∅. Let (xn)
∞
n=0 be the acceleration of the Halpern algorithm
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generated by x0 ∈ C, d0 ∈ C and
dn+1 = 1

α
(Txn − xn) + βndn,

yn = xn + αdn+1,

xn+1 = µαnx0 + (1− µαn)yn,

(3.1)

where µ ∈ (0, 1], α > 0, (αn)
∞
n=0 ⊂ (0, 1) and (βn)

∞
n=0 ⊂ [0,∞). Suppose that

(C1) limn→∞ αn = 0,

(C2)
∑∞

n=0 αn = ∞,

(C3)
∑∞

n=0 |αn+1 − αn| < ∞,

(C4) βn ≤ α2
n for all n ≥ 0,

(C5) (Txn − xn)
∞
n=0 is bounded.

Then (xn)
∞
n=0 defined by (3.1) converges strongly to x∗ = PA(T )x0.

Proof. We first show that (dn)∞n=0, (xn)
∞
n=0 and (yn)

∞
n=0 are bounded. From (C1) and (C4),

we have that limn→∞ βn = 0. So, there exists n0 ≥ 0 such that βn ≤ 1
2
for all n ≥ n0.

From (C5), there exists M0 ≥ 0 such that ∥Txn − xn∥ ≤ M0 for all n ≥ 0. Define M1 =

max
{
∥di∥ , 2

α
M0 : 0 ≤ i ≤ n0

}
. Suppose that ∥dn∥ ≤ M1 for n ≥ n0. Then

∥dn+1∥ =

∥∥∥∥ 1α(Txn − xn) + βndn

∥∥∥∥
≤ 1

α
∥Txn − xn∥+ βn ∥dn∥

≤ M0

α
+

1

2
M1

≤ M1.

By mathematic induction, we get ∥dn∥ ≤ M1 for all n ≥ 0. Therefore, (dn)∞n=1 is bounded.

Notice that, for all x ∈ A(T ) and n ≥ 0,

∥yn − x∥ = ∥Txn + αβndn − x∥

≤ ∥Txn − x∥+ αβn ∥dn∥

≤ ∥xn − x∥+ αM1βn. (3.2)
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It follows from (C4) and αn ≤ 1 that

∥xn+1 − x∥ = ∥µαn(x0 − x) + (1− µαn)(yn − x)∥

≤ µαn∥x0 − x∥+ (1− µαn)∥yn − x∥

≤ µαn∥x0 − x∥+ (1− µαn)(∥xn − x∥+ αM1βn)

≤ (1− µαn)∥xn − x∥+ µαn∥x0 − x∥+ αM1α
2
n

≤ (1− µαn)∥xn − x∥+ µαn

(
∥x0 − x∥+ αM1

µ

)
.

Let M2 = ∥x0 − x∥ + αM1

µ
. By mathematical induction, we get ∥ xn − x∥ ≤ M2 and hence

(xn)
∞
n=0 is bounded. This together with (3.2) gives (yn)∞n=0 is bounded.

We next will show that limn→∞ ||xn+1 − xn|| = 0. From the nonexpansivity of T ,

∥dn∥ ≤ M1 and (C4), we obtain

∥yn+1 − yn∥ = ∥(Txn+1 − Txn) + α(βn+1dn+1 − βndn)∥

≤ ∥Txn+1 − Txn∥+ α(βn+1∥dn+1∥+ βn∥dn∥)

≤ ∥xn+1 − xn∥+ αM1(α
2
n+1 + α2

n). (3.3)

Since αn ≤ |αn+1 − αn|+ αn+1 and αn < 1 for all n ≥ 0, we have that

α2
n+1 + α2

n ≤ α2
n+1 + αn|αn+1 − αn|+ αnαn+1

≤ (αn+1 + αn)αn+1 + |αn+1 − αn|.

This together with (3.3) gives

∥yn+1 − yn∥ ≤ ∥xn+1 − xn∥+ αM1 ((αn+1 + αn)αn+1 + |αn+1 − αn|) .

Since

∥xn+1 − xn∥

= ∥(1− µαn)(yn − yn−1) + µ(αn − αn−1)(x0 − yn−1)∥

≤ (1− µαn)∥yn − yn−1∥+ µ|αn − αn−1|(∥x0∥+ ∥yn−1∥)

≤ (1− µαn)∥yn − yn−1∥+M3|αn − αn−1|,
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we get

∥xn+1 − xn∥

≤ (1− µαn)(∥xn − xn−1∥+ αM1((αn + αn−1)αn + |αn − αn−1|)) +M3|αn − αn−1|

≤ (1− µαn)∥xn − xn−1∥+
αM1

µ
(αn + αn−1)µαn + (αM1 +M3)|αn − αn−1|,

whereM3 = sup {µ(∥x0∥+ ∥yn∥) : n ≥ 0} < ∞. Setting

an = ∥xn − xn−1∥, bn =
αM1

µ
(αn + αn−1), cn = (αM1 +M3)|αn − αn−1| and α̃n = µαn.

Then

an+1 ≤ (1− α̃n)an + α̃nbn + cn.

From (C1) and (C3), we have limn→∞ α̃n = 0, lim supn→∞ bn = 0 and
∑∞

n=0 cn < ∞. From

Lemma 2.4, we get limn→∞ ∥xn − xn−1∥ = 0, i.e., limn→∞ ∥xn+1 − xn∥ = 0.

We will show that limn→∞ ∥xn − Txn∥ = 0. From (C1), we get

∥xn+1 − yn∥ = µαn∥x0 − yn∥ → 0.

It follows that

∥yn − xn∥ ≤ ∥yn − xn+1∥+ ∥xn+1 − xn∥ → 0.

and

∥dn+1∥ =
1

α
∥yn − xn∥ → 0.

Therefore,

∥Txn − xn∥ = α(∥dn+1 − βndn∥) ≤ α(∥dn+1∥+ βn∥dn∥) → 0.

We now will show that

lim sup
n→∞

⟨x0 − x∗, yn − x∗⟩ ≤ 0, where x∗ := PA(T )x).
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Let x∗ := PA(T )x0. By Theorem 2.1, we get

⟨x0 − x∗, y − x∗⟩ ≤ 0 for all y ∈ A(T ). (3.4)

Since (yn)∞n=0 is bounded, we obtain that (⟨x0 − x∗, yn − x∗⟩)∞n=0 is bounded. There exists a

subsequence (ynk
)∞k=0 of (yn)∞n=0 such that

lim sup
n→∞

⟨x0 − x∗, yn − x∗⟩ = lim
k→∞

⟨x0 − x∗, ynk
− x∗⟩.

Since (ynk
)∞k=0 is bounded, there exists a subsequence (ynki

)∞i=0 of (ynk
)∞k=0 such that ynki

⇀ ŷ

for some ŷ ∈ H and then

lim sup
n→∞

⟨x0 − x∗, yn − x∗⟩ = lim
k→∞

⟨x0 − x∗, ynk
− x∗⟩

= lim
i→∞

⟨x0 − x∗, ynki
− x∗⟩

= ⟨x0 − x∗, ŷ − x∗⟩.

We have from limn→∞ ∥ yn − xn∥ = 0 and ynki
⇀ ŷ that xnki

⇀ ŷ. Let y ∈ C. Then

lim sup
i→∞

∥xnki
− Ty∥ ≤ lim sup

i→∞

(
∥xnki

− Txnki
∥+ ∥Txnki

− Ty∥
)

= lim
i→∞

∥xnki
− Txnki

∥+ lim sup
i→∞

∥Txnki
− Ty∥

= lim sup
i→∞

∥Txnki
− Ty∥

≤ lim sup
i→∞

∥xnki
− y∥.

Hence

lim sup
i→∞

∥xnki
− Ty∥2 ≤ lim sup

i→∞
∥xnki

− y∥2. (3.5)

Notice that

∥xnki
− Ty∥2 = ∥

(
xnki

− y
)
+
(
y − Ty

)
∥2

= ∥xnki
− y∥2 + ∥y − Ty∥2 + 2⟨xnki

− y, y − Ty⟩. (3.6)
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Since xnki
⇀ ŷ, we get

lim
i→∞

2⟨xnki
− y, y − Ty⟩ = 2⟨ŷ − y, y − Ty⟩. (3.7)

From (3.6) and (3.7), we get

lim sup
i→∞

∥xnki
− Ty∥2 = lim sup

i→∞
∥xnki

− y∥2 + ∥y − Ty∥2 + 2⟨ŷ − y, y − Ty⟩

It follows from (3.5) that

∥y − Ty∥2 + 2⟨ŷ − y, y − Ty⟩ ≤ 0.

This implies that

∥y − Ty∥2 +
(
∥ŷ − Ty∥2 − ∥ŷ − y∥2 − ∥y − Ty∥2

)
≤ 0

and hence

∥ŷ − Ty∥2 − ∥ŷ − y∥2 ≤ 0.

So, we get

∥ŷ − Ty∥ ≤ ∥ŷ − y∥

for all y ∈ C. Therefore ŷ ∈ A(T ). From (3.4), this implies that

lim sup
n→∞

⟨x0 − x∗, yn − x∗⟩ = ⟨x0 − x∗, ŷ − x∗⟩ ≤ 0.

That is, lim supn→∞⟨x0 − x∗, yn − x∗⟩ ≤ 0.

We finally will show that ||xn − x∗|| → 0. Since (dn)∞n=0 and (yn)
∞
n=0 are bounded, let

M4 = sup {⟨yn − x∗, dn⟩ : n ≥ 0}. Then

∥yn − x∗∥2 = ∥(Txn − x∗) + αβndn∥2

≤ ∥Txn − x∗∥2 + 2⟨yn − x∗, αβndn⟩

≤ ∥xn − x∗∥2 + 2αα2
n⟨yn − x∗, dn⟩

≤ ∥xn − x∗∥2 + 2αM4α
2
n.
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It follows from (1− µαn) < 1 that

∥xn+1 − x∗∥2 = ∥µαn(x0 − x∗) + (1− µαn)(yn − x∗)∥2

= µ2α2
n∥x0 − x∗∥2 + (1− µαn)

2∥yn − x∗∥2

+ 2µαn(1− µαn)⟨ x0 − x∗, yn − x∗ ⟩

≤ µ2α2
n∥x0 − x∗∥2 + (1− µαn)

2(∥xn − x∗∥2 + 2αM4α
2
n)

+ 2µαn(1− µαn)⟨ x0 − x∗, yn − x∗ ⟩

≤ (1− µαn)∥xn − x∗∥2 + 2αM4α
2
n + µ2α2

n∥x0 − x∗∥2

+ 2µαn(1− µαn)⟨ x0 − x∗, yn − x∗ ⟩

= (1− µαn)∥xn − x∗∥2 +
(
µαn∥x0 − x∗∥2 + 2αM4αn

µ

)
µαn

+ (2(1− µαn)⟨x0 − x∗, yn − x∗⟩)µαn. (3.8)

Setting

an = ||xn − x∗||2,

bn = µαn||x0 − x∗||2 + 2αM4αn

µ
+ (2(1− µαn)⟨x0 − x∗, yn − x∗⟩,

cn = 0, and α̃n = µαn.

From (3.8), we get

an+1 ≤ (1− α̃n)an + α̃nbn + cn.

From (C1), we have limn→∞ α̃n = 0, lim supn→∞ bn = 0 and
∑∞

n=0 cn < ∞. Using Lemma

2.4, we get

∥xn − x∗∥ → 0.

This means that (xn)
∞
n=0 converges strongly to x∗, where x∗ = PA(T )x0. This completes the

proof.

Remark 3.2. As in Theorem 3.1, we can see that (xn)
∞
n=0 converges strongly to x∗, where

x∗ ∈ A(T ) and ∥x∗ − x0∥ = inf {∥z − x0∥ : z ∈ F (T )}. Indeed, by using ∥Txn − xn∥ → 0

and T is continuous, we get x∗ = Tx∗. That is, x∗ ∈ F (T ). Moreover, since x∗ = PA(T )x0

and F (T ) ⊂ A(T ), we get

∥x∗ − x0∥ ≤ ∥z − x0∥ for all z ∈ F (T )
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and so

∥x∗ − x0∥ = inf {∥z − x0∥ : z ∈ F (T )} .

Lemma 3.3. Let H be a Hilbert space and let T : H → H be a nonexpansive mapping with

F (T ) ̸= ∅. Then A(T ) = F (T ).

Proof. Let p ∈ F (T ). Since T is nonexpansive, we get

∥Ty − p∥ = ∥Ty − Tp∥ ≤ ∥y − p∥, for all y ∈ H .

Hence F (T ) ⊆ A(T ). On the other hand, let x ∈ A(T ). Then

∥Ty − x∥ ≤ ∥y − x∥ for all y ∈ H.

Since x ∈ A(T ) ⊆ H . Then ∥Tx − x∥ ≤ ∥x − x∥ = 0.Hence Tx = x and so x ∈ F (T ).

Therefore, A(T ) = F (T ). This completes the proof.

Using Theorem 3.1 and Lemma 3.3, we get the following corollary.

Corollary 3.4. [9, Theorem 3.1] Let H be a Hilbert space H and T : H → H be a nonex-

pansive mapping with F (T ) ̸= ∅. Let (xn)
∞
n=0 be the acceleration of the Halpern algorithm

generated by (3.1) satisfying (C1)-(C5). Then (xn)
∞
n=0 converges strongly to x∗ = PF (T )x0.

Setting ᾱn = µαn and βn = 0 for all n ⩾ 0, the sequence (xn)
∞
n=0 defined by (3.1)

deduces to the Halpern algorithm and then the following corollary is presented. This means

that Theorem 3.1 is a generalization of the convergence analysis of the Halpern algorithm.

Corollary 3.5. [1, Theorem 3.5]LetH be aHilbert spaceH andT : C → C be a nonexpansive

mapping with A(T ) ̸= ∅. Let (xn)
∞
n=0 be the Halpern algorithm generated by (1.1) satisfying

(C1)-(C3). Then (xn)
∞
n=0 converges strongly to x∗ = PA(T )x0.

Finally, we give an example to support Theorem 3.1.

Example 3.6. Let R be the real space. Let C = Q+ be the set of all nonnegative rational

numbers. Let T : C → C be a mapping defined by: Tx = x+2
3(2x+1)

, for all x ∈ C. Then T is

a nonexpansive mapping of C into itself with A(T ) ̸= ∅. Let(xn)
∞
n=0 be defined by (3.1) with

α = 1, µ = 10−5, x0 ∈ C, d0 ∈ C, αn =
1

n+ 1
and βn =

1

(n+ 1)2
,
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for all n ≥ 0. Then (xn)
∞
n=0 is in C defined by

dn+1 =
( xn + 2

3(2xn + 1)
− xn

)
+

1

(n+ 1)2
dn,

yn =
xn + 2

3(2xn + 1)
+

1

(n+ 1)2
dn),

xn+1 =
( 10−5

n+ 1

)
x0 +

(
1− 10−5

n+ 1

)
(

xn + 2

3(2xn + 1)
+

1

(n+ 1)2
dn).

(3.9)

It can be observed that (αn)
∞
n=0 and (βn)

∞
n=0 satisfy the conditions (C1)-(C4). Now, we set the

condition (C5) by ∥Txn − xn∥ ≤ 10−5, that is, (Txn − xn)
∞
n=0 is bounded.

If x0 = 1 and d0 =
1

3
, then the sequence (xn)

∞
n=0 defined by (3.9) can be calculated in

the Table 1 as follows:

Table 1: The acceleration of the Halpern algorithm
n xn ||xn − xn+1|| ||xn − Txn||

0 1.0000000000 0.3333300000 0.2857182313
1 0.6666700000 0.3690480527 0.1824764158
2 0.2976219473 0.1414725560 0.0062139475
3 0.4390945033 0.0026293661 0.0095866034
4 0.4417238694 0.0094803491 0.0025934201
5 0.4322435203 0.0023309879 0.0004064301
6 0.4345745082 0.0003580699 0.0000541687
7 0.4342164383 0.0000492684 0.0000092118

Then (xn)
∞
n=0 approximates an attractive point of T which is 0.4342.
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