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ABSTRACT

In this report, we present various results related to the problem of find-
ing a fixed point of Bregman monotone optimization algorithms in Banach
spaces. We introduce and study many iteration schemes for various kinds of
mappings, including nonexpansive mappings, quasi-nonexpansive mappings, rel-
atively nonexpansive mappings, strongly relatively nonexpansive mappings, and
Bregman strongly nonexpansive mappings in Banach spaces and Hilbert spaces.
We also prove several weak and strong convergence theorems of each iteration.
Our results improve and unify the corresponding known results studied by many
authors. Moreover, we correct some misleading results appeared in the litera-
ture. Finally, we apply them to the solution of equilibrium problems and the

problem of finding a zero of a maximal monotone operator.

Keywords: Bregman strongly nonexpansive mapping, strongly relatively non-
expansive mapping, relatively nonexpansive mapping, nonexpansive mapping,
equilibrium problem, maximal monotone operator, weak and strong convergence
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CHAPTER 1
EXECUTIVE SUMMARY

Let C' be a nonempty set and 7' : C' — C be a mapping. A fized point
of a mapping 7' is a point which is invariant under 7', that is, if x is a fixed
point of T', then x = T'x. The set of all fixed points of T is called the fized-point
set of T and denoted by F(T'). The presence or absence of a fixed point is
an intrinsic property of 7. One of the most celebrated result was proved by
Banach in 1922. The Banach fixed point theorem appeared in explicit form in
Banach’s thesis where it was used to establish the existence of a solution for an
integral equation. Since then it has become an important tool in many branches
of mathematics and other applications.

The following are among the most basic questions asked in the study of

a given mapping 7.

(1) What additional assumptions must be added regarding the structure of
the space and/or restrictions on 7" to assure the existence of at least one

fixed point?
(2) What is the structure of the fixed-point set of 77

(3) If F(T') # @, then how can we approximate an element of F'(7)?

The study of this project is concerned about question (3).
Let C' be a subset of a Banach space X. A mapping T : C' — C' is said
to be nonexpansive if

[Tz — Tyl < ||z —y|

for all z,y € C'. We know that every contraction is nonexpansive. Many prob-
lems in nonlinear analysis can be reformulated as a problem of finding a fixed
point of a (quasi-)nonexpansive mapping in a Hilbert space. To extend this the-
ory to a Banach space, we encounter some difficulties because many of useful
examples of nonexpansive mappings in Hilbert spaces are no longer nonexpan-

sive in Banach spaces. There are several ways to overcome these difficulties.



One of them is to use the Lyapunov functional instead of the norm. In 2004,
Matsushita and Takahashi studied and investigated the the weak and strong
convergence theorems for relatively nonexpansive mappings (coincides with the
one in the usual sense in a Hilbert space) in Banach spaces which were first in-
troduced by Butnariu et al. Several articles have appeared providing methods
for approximating fixed points of relatively nonexpansive mappings.

In 1967, Bregman discovered an elegant and effective technique for the
using of the so-called Bregman distance function in the process of designing and
analyzing feasibility and optimization algorithm and so on. The method of cyclic
Bregman projections produces a sequence converging to a solution of the convex
feasibility problem. In 1997, Albert and Butnariu investigated the method of
cyclic Bregman projections in a reflexive Banach space. They proved that the
method of cyclic Bregman projections produces a sequence weakly converging to
a solution of the convex feasibility proble and norm convergence under additional
conditions on the convex sets. In 2004, Lee and Park studied quasi-Bregman
firmly nonexpansive mappings and the weak convergence theorem of a Bergman
projection method for finding an asymptotic fixed point of a quasi-Bregman
firmly nonexpansive mapping in a reflexive Banach space. In 2010, Reich and
Sabach studied the existence and approximation of fixed points of a Bregman
firmly (strongly) nonexpansive mapping in reflexive Banach spaces.

A purpose of this research is to introduce and study a new iterative al-
gorithm to find a fixed point of a Bregman (strongly) nonexpansive mapping in
a reflexive Banach space. Moreover, we prove several weak and strong conver-
gence theorems of such schemes under some suitable assumptions. Finally, we

modify these methods in order to solve the equilibrium problem.



CHAPTER 11
MAIN RESULTS

2.1 Convergence theorems for relatively nonexpansive

mappings

Let E be a smooth Banach space and let E* be the dual of E. In 1996,
Alber considered the following functional ¢ : E X E — [0, 00) defined by

o(z,y) = ||z|” — 2(z, Jy) + [ly||”

forall z,y € E. A mapping T : C' — E is relatively nonexpansive if the following

properties are satisfied:
(R1) F(T) # @, where F(T') denotes the fixed points set of T’;
(R2) ¢(p, Tx) < @(p,z) for all p € F(T) and x € C;

(R3) I — T is demi-closed at zero, that is, whenever a sequence {z,} in C
converges weakly to p and {z,, — Tz, } converges strongly to 0, it follows

that p € F(T).

Let C be a nonempty closed convex subset of E. Let F' : C x C — R be a

bifunction. The equiltbrium problem is to find x € C such that
F(x,y) >0 forallyeC. (2.1.1)

The set of solutions of (2.5.1) is denoted by EP(F'). For solving the equilibrium

problem, we usually assume
(Al) F(z,z) =0 for all z € C

(A2) F is monotone, i.e. F(z,y)+ F(y,x) < 0,for all z,y € C;



(A3) for all z,y,z € C, limsup,_,, F(tz + (1 — t)z,y) < F(z,y);

(A4) for all x € C, F(xz,-) is convex and lower semicontinuous.

The equilibrium problems include fixed point problems, optimization problems,
variational inequality problems and Nash equilibrium problems as special cases.
Some methods have been proposed to solve the equilibrium problems. In 2005,
Combettes and Hirstoaga introduced an iterative scheme of finding the best
approximation to the initial data when E'P(F’) is nonempty and they also proved
a strong convergence theorem. In 2011, the author and Saejung [Appl. Math.
Comput. 217 (2011) 6577-6586.] modified Halpern and Mann’s iterations for
finding a fixed point of a relatively nonexpansive mapping in a Banach space as

follows: © € F,z; € C' and
Tpi1 = Hod YanJo + BuJo, +ymJTe,), n=12,..., (2.1.2)

where {a, }, {8, } and {7, } are appropriate sequences in [0, 1] with o, +8,+7, =
1 and they proved that {z,} converges strongly to Ilp)x.

The purpose of this work is to present a strong convergence theorem of a
new modified Halpern-Mann iterative scheme to find a common element of the
set of fixed points of a relatively nonexpansive mapping and the set of common
solutions to a system of equilibrium problems in a uniformly convex real Banach

space which is also uniformly smooth as follows:

Theorem 2.1.1 Let E be a uniformly convexr and uniformly smooth Banach
space, C' be a nonempty closed convex subset of E, {F;}1, be a finite family of
bifunctions of C' x C into R satisfying conditions (A1)-(A4) and S : C — FE
be a relatively nonexpansive mapping such that Q@ := F(S) N (N, EP(F;)) #
. Let {Tfln T, be a finite family of the resolvents of F; with positive real
sequences {r;,} such that iminf, ,r;,, >0 for all i =1,2,...,m. Let {z,}

be a sequence generated by x,x1 € £ and

Tpi1 = J Yoz + B, +%JST£:?”T£$T”7 TR ) (n>1) (2.1.3)

T1,n

where {an}, {Bn} and {7y} are sequences in [0,1] satisfying the following con-

ditions:



(i) an+ Bn+m=1;

(if) limy,_e cn = 0;

(iii) D7, oy = 00;

(iv) liminf, . Bn(1 — 5,) > 0.
Then {x,} converges strongly to Ilgx.

We also prove a strong convergence theorem for finding an element of the
set of solutions to a system of equilibrium problems in a uniformly convex and
uniformly smooth Banach space. In Hilbert spaces, if S is quasi-nonexpansive
such that I — S is demiclosed at zero, then S is relatively nonexpansive. So, we
also present strong convergence theorem for quasi-nonexpansive mappings in a

Hilbert space.

2.2 Convergence theorems for strongly relatively nonex-

pansive mappings

We say that a relatively nonexpansive mapping 7' : C' — E is strongly
relatively nonexpansive if whenever {z,} is a bounded sequence in C' such that
o(p,x,) — o(p, Tx,) — 0 for some p € F(T) it follows that o(Tx,,z,) —
0. Another well-known family of mappings is the class of firmly nonexpansive

mappings, where a mapping 7' : C' — E is called firmly nonexpansive type if
(T, Ty) + ¢(Ty,Tx) + o(Tz, ) + ¢(Ty,y) < e(Tz,y) + ¢(Ty, x)

for all x,y € C'. 1t is easy to see that if T" is firmly nonexpansive type with I —7T
is demi-closed at zero, then it is strongly relatively nonexpansive. Furthermore,
there is a mapping which is strongly relatively nonexpansive but is not firmly

nonexpansive type as the following example shows.

Example 2.2.1 Let E be a smooth, strictly convex, and reflexive Banach space



and let T': E — E be a mapping defined by

0 ifxz=0

(%sinﬁ)m if x #0.

Ty =

The purpose of this work is to prove for a class of strongly relatively
nonexpansive mappings that only Conditions (C1) and (C2) are sufficient for
the strong convergence theorem of Halpern’s iterations to a fixed point of T
without the assumption of the nonempty interior of the fixed point set of T" as

follows:

Theorem 2.2.2 Let C' be a nonempty, closed and convex subset of a uniformly
convez and smooth Banach space E and let T : C' — E be a strongly relatively
nonezpansive mapping. Let {x,} be a sequence in C defined by u € E,x, € C
and

Tny1 = Hod HapJu+ (1 — a,)JTx,),n=1,2,3, ..., (2.2.1)

where {a,} is a sequence in (0,1) satisfying
( C1) lim, o vy, = 0;

(C2) >0l om = o0.

Then {x,} converges strongly to Ilpryu.

Consequently, a strong convergence theorem for a relatively nonexpan-
sive mapping is deduced and a correction for Theorem 4.1 of Zhang et al. [Com-

put. Math. Appl. 61 (2011) 262-276] is presented.

Theorem 2.2.3 Let C' be a nonempty, closed and convex subset of a uniformly
convex and uniformly smooth Banach space E and let T : C' — E be a relatively
nonezpansive mapping. Let {x,} be a sequence in C defined by (2.2.1), where
{an} is a sequence in (0,1) satisfying Y -, o, < 0o. If the interior of F(T') is

nonempty, then {x,} converges strongly to z, where z = limy, o Hpir)@y.

Using a concept of duality theorems, we obtain an analogue result for

a strongly generalized nonexpansive mapping. Moreover, two corresponding



strong convergence theorems for a firmly nonexpansive type mapping and a
firmly generalized nonexpansive type mapping are deduced. Finally, we dis-
cuss two strong convergence theorems concerning two types of resolvents of a

maximal monotone operator in a Banach space.

2.3 Convergence theorems for Bregman strongly nonex-

pansive mappings

We first recall some definitions.

Definition 2.3.1 The function Dy : dom f x int(dom f) — [0, 400) is defined
by
Dy, x) = f(y) = f(z) = (V[(x),y — ),

is called the Bregman distance with respect to f.

Remark 2.3.2 The Bregman distance has the three point identity: for any

x € dom f and y, z € int(dom f),

Dy(w,y) + Dy(y, 2) = Dy(,2) = (Vf(2) = V(y), x = y); (2.3.1)

Definition 2.3.3 The Bregman projection of x € int(dom f) onto the nonempty
closed and convex set C' C dom f is the necessarily unique vector Projé(x) eC
satisfying

D (Projl(z),z) = inf{Ds(y,z) : y € C}.

Remark 2.3.4 From the definition of Bregman distance above, we have the

following.

(i) If X is a Hilbert space and f(z) = ||z|?, then the Bregman projection

Projé(x) is reduced to the metric projection of x onto C.

(ii) If X is a smooth Banach space and f(x) = ||z]|?, then the Bregman
projection Projk(z) is reduced to the generalized projection Ilgx which

defined by

II — mi .
e(lex, ) gggsO(y,w)

where ¢(y,z) = |ly||* — 2(Jz,y) + ||z



We next list significant types of nonexpansivity with respect to the Breg-

man distance.

Definition 2.3.5 Let C' be a nonempty, closed and convex subset of int(dom f).

We say that a mapping 7" : C' — int(dom f) with F(T') # @ is
(i) Bregman nonexpansive if
Dy(Tz,Ty) < Dy(z,y)
for all z,y € C;
(ii) quasi-Bregman nonexpansive if
Dy(p, Tx) < Dy(p, x)
forall z € C' and p € F(T);
(iii) Bregman firmly nonexpansive if

D¢(Tx,Ty) + Dy(Ty,Tx) + Dy(Tx,x) + Ds(Ty,y)

for all =,y € C, or equivalently,

(Vi(Tx) = Vf(Ty),Te —Ty) < (Vf(x) = Vf(y), Tz —Ty);

(iv) quasi-Bregman firmly nonezpansive if
Dy(p,Tx) + Dy(Tx,2) < Ds(p, v)
for all z € C' and p € F(T),
(v) Bregman strongly nonezpansive if

Dy(p, Tw) < Dy(p, )

(2.3.2)

(2.3.3)

(2.3.4)

(2.3.5)

(2.3.6)

(2.3.7)

for all x € C and p € F(T), and if whenever {z,} C C is bounded,

p € F(T), and
Dy(p;xn) = Dy(p, Txn) = 0,
it follows that
D¢(Txp, x,) — 0.



From the definitions of mappings above, we have the following properties.

Proposition 2.3.6 Let f : X — (—o0,+00| be a Legendre function. Let C
be a nonempty, closed and convex subset of int(dom f) and T : C — C be a

mapping. Then:

(i) If T is a Bregman nonexpansive mapping, then T is quasi-Bregman non-

expansive.

(ii) If T is a Bregman firmly nonexpansive mapping, then T is quasi-Bregman

firmly nonexpansive.

(i) If T is a quasi-Bregman firmly nonexpansive mapping, then T is Bregman

strongly nonexpansive.

(iv) If T is a quasi-Bregman nonexpansive mapping, then F(T) is closed and

COnver.

(v) If f is bounded, uniformly Fréchet differentiable and totally convexr on
bounded subset of X and T is Bregman firmly nonezpansive, then F(T) =
F(T).

We now present the weak and strong convergence theorems for new ieter-

ation.

Proposition 2.3.7 Let X be a reflevive Banach space and f : X — R be a
Legendre function which is uniformly Fréchet differentiable and totally convex
on bounded subsets of X. Let C' be a nonempty, closed and convex subset of X
and let T be a quasi-Bregman nonezpansive mapping of C into itself. Let {x,}

be a sequence defined by x1 € C' and
Tot1 = Projl V(e V () + (1 — )V f(Tz,)), n>1, (2.3.8)

where {a,,} is a sequence in [0,1]. Then {x,} is bounded and {Projé(T) (xn)}
converges strongly to a fixed point of T.
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Theorem 2.3.8 Let X be a reflexive Banach space and f : X — R be a Legendre
function which is uniformly Fréchet differentiable and totally conver on bounded
subsets of X. Let C' be a nonempty, closed and convezr subset of X and let T
be a Bregman strongly nonexpansive mapping of C' into itself such that F(T) =
F(T) # @. Suppose that {an,} is a sequence in [0,1] such that limsup, . o, <
1. If V[ is weakly sequentially continuous, then the sequence {x,} defined by

(2.3.8) converges weakly to u € F(T'), where u = lim,,_, . Proj?m ().

Theorem 2.3.9 Let X be a reflexive Banach space and f : X — R be a
Legendre function which is uniformly Fréchet differentiable and totally convex
on bounded subsets of X. Let C be a nonempty, closed and convex subset of
X and let T be a Bregman strongly nonexpansive mapping of C into itself such
that F(T) = F(T) # @. Suppose that {ay} is a sequence in [0,1] such that
limsup,, ., a, < 1. Ifint(F(T)) # &, then the sequence {x,} defined by (2.3.8)

converges strongly to u € F(T'), where u = lim,,_, Projj;(T)(xn).

Consequently, three convergence theorems for a relatively (quasi-) nonex-
pansive mapping are deduced and then apply them to the solution of equilibrium

problem. Various special cases are discussed.

2.4 Deduced theorems in Hilbert spaces

In Hilbert spaces, if T" is nonexpansive or quasi-nonexpansive such that
I—T isdemiclosed at zero, then T'is relatively nonexpansive and then is Bregman

nonexpansive. We obtain the following results.

Theorem 2.4.1 Let H be a Hilbert space, C' be a nonempty closed convex
subset of H, {F;}™, be a finite family of a bifunction of C' x C" into R satisfying
conditions (A1)-(A4) and S : C — FE be a quasi-nonerpansive mapping such
that I — S is demiclosed at zero and Q := F(S)N (N2, EP(F;)) # &. Let
{TrFln M, be a finite family of the resolvents of F; with real sequences {r;,}
such that Uminf, . 7r;,, > 0 for all i = 1,2,...,m. Let {z,} be a sequence

generated by x,x; € H and

Fo pFom— F
xn+1 = Cknx + ﬁn-rn + fYnSTrmynT 1 AR TTlTn'rn (TL 2 1) (2.4.1)

Tm—1,n"
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where {a,}, {Bn} and {y,} are sequences in [0,1] satisfying the following con-

ditions:
(i) an+ Bn+m=1;
(ii) limp_eo p = 0;
(iii) D07, oy = 00;
(iv) liminf, . B.(1 — 5,) > 0.
Then {x,} converges strongly to Pqx.

Recently, In 2014, Sakurai and liduka introduced the Halpern algorithm
based on steepest descent method for solving an example of a fixed point prob-
lem and they can formulate novel fixed point algorithm by using conjugate
gradient method, which can accelerate steepest descent method and the num-
ber of iterations is less than steepest descent method. They present strong
convergence theorem of their algorithm for finding a fixed point of a nonexpan-
sive mapping in Hilbert space as follows: let {z,,} be a sequence in H defined
by zg € H, € (0,1], A > 0, dy = (T (20) — xo) and

;

dnt1 = %(T(l’n) — Zn) + P,

Yn = Tp + Ay, (2.4.2)

\wn-‘rl = pOopTo + (]- - /Lan)yn-

for each n > 0, where {a,}>* C (0,1) and {5,}22, C [0,00). Then (z,)>2,
generated by (2.4.2) converges strongly to Pp(ry(20). The purpose of this work
is to introduce the implicit midpoint rule based on conjugate gradient method

for finding a fixed point of a nonexpansive mapping.
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Step 0. Choose A > 0, and zy € H arbitrarily,
and set ()5, C (0,1), (8,)5, C [0, 00).
Compute dy = 5(T'(x9) — o).

Step 1. Given z,,d, € H, compute x,,1, d,.1 € H as follows:
Tn4+1 = pTo + (1 - an) (T (Lgnﬂ) + )\ﬂndn) y

= 4 (T (55552) = (3252)) +

Put n =n+ 1, and go to Step 1.
We present the strong convergence theorems in a Hilbert space of this

method. Setting certain parameters, as a consequence, strong convergence the-
orems for finding a fixed point of a nonexpansive mapping which studied in are
deduced. Finally, we give some examples to support our main results.

In the other hand, let C' be a non-empty subset of a Hilbert space H and
T : C — C be a mapping. An attractive point of T is a point x in H such that

Ty —z|| < |ly —z|| foralyeC. (2.4.3)

The set of all attractive points of T' is denoted by A(T"). The purpose of this
work to introduce an algorithm to accelerate the Halpern algorithm by using

the conjugate gradient method.

Theorem 2.4.2 Let C' be a non-empty subset of a Hilbert space H and T : C' —
C' be a nonexpansive mapping with A(T) # &. Let (x,)5, be the acceleration
of the Halpern algorithm generated by z¢ € C,dy € C' and

(

dn+1 - é(Txn - xn) + ﬁnd’m

Yn = Tp+ adyiq, (2.4.4)

| Tn+1 = pano + (1 — pewy,)Yn,

where € (0,1], a0 > 0, ()52 C (0,1) and (8,)22, C [0,00). Suppose that
(C1) limy, oo oy = 0,

(C2) Z;"Lo Qp = OO,

(C3) 2onio lmsr — | < o0,

(C4) B, < a2 forallmn >0,
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(C5) (Txp, — )02, is bounded.
Then (x,)32 defined by (2.4.4) converges strongly to x* = Pa(r)xo.

Setting some certain parameters, the such algorithm is deduced to the
Halpern algorithm. Consequence, the strong convergence theorem of accelera-
tion of the Halpern algorithm for finding an attractive point of a nonexpansive
mapping in Hilbert space is presented. When domain of a nonexpansive map-
ping is whole space, the attractive point set and the fixed point set are coincides
and then strong convergence theorem for finding to a fixed point of a nonex-
pansive mapping is shown. Finally, we give some example to support our main

results.

2.5 Applications

2.5.1 Equilibrium problems

Let C' be a nonempty, closed and convex subset of X. Let g: C' xC — R

be a bifunction that satisfies the following conditions:
(A1) g(xz,x) =0 for all x € C;
(A2) g is monotone, i.e., g(x,y) + g(y,z) < 0,for all z,y € C;
(A3) for all x,y,z € C,
limsup g(tz + (1 — t)z,y) < g(z,9);
t—0

(A4) for all x € C, g(z,-) is convex and lower semicontinuous.

The equilibrium problem of g is to find = € C such that
g(x,y) >0 forallyeC. (2.5.1)

The set of solutions of (2.5.1) is denoted by EP(g). Set

Resfgc(x) ={ze€C:9(z,y)+ (Vf(z) =V f(x),y—2) >0Vy € C}.

The following two lemmas give several properties of these resolvents.
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Lemma 2.5.1 Let f : X — (—o00,4+00] be a Legendre function. Let C be
a closed and convex subset of X. If the bifunction g : C x C — R satisfies
conditions (A1)-(A4). Then, the followings hold:

(i) Res) is single-valued;

(ii) Resg is a Bregman firmly nonexpansive mapping (is also Bregman strongly

nonerpansive);
(iii) F(Res!) = EP(g).

Theorem 2.5.2 Let X be a reflexive Banach space and f : X — R be a Legendre
function which is bounded, uniformly Fréchet differentiable and totally convex on
bounded subset of X. Let C' be a nonempty, closed and convex subset of X and
let g : CxC — R be a bifunction satisfies conditions (A1)-(A4) and EP(g) # &.
Suppose that {a,} is a sequence in [0, 1] such that limsup,,_,. o, < 1. Let {z,}

be a sequence defined by v, € C' and
Tn+1 = PI‘Ojé Vf*(Oéan<CCn) + (1 - Ofn)vf(ReSg l’n)), n Z L.
Then:

(i) If V[ is weakly sequentially continuous, then {x,} converges weakly to

u € EP(g), where u =lim,_, ProjéP(g) (Zn).

(ii) If int(EP(g)) # @, then {x,} converges strongly to u € EP(g), where

w=lim,_, Projgp(g) ().

2.5.2 Maximal Monotone Operators

Let E be a reflexive, strictly convex and smooth Banach space and let
A C E x E* be a set-valued mapping with range R(A) = {z* € E* : z* € Az}
and domain D(A) = {x € £ : Ax # @}. Then the mapping A is said to be
monotone if (x — y,x* — y*) > 0 whenever (x,z%), (y,y*) € A. Tt is also said
to be mazximal monotone if A is monotone and there is no monotone operator
from F into E* whose graph properly contains the graph of A. It is known that

if AC E x E* is maximal monotone, then A0 is closed and convex.
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Theorem 2.5.3 Let E be a reflexive, strictly conver and smooth Banach space

and let A C E x E* be a monotone operator. Then A is maximal monotone if

and only if R(J +rA) = E* for all r > 0.

Using We obtain that for every » > 0 and = € F, there exists a unique
x, € D(A) such that
Jx € Jx, +rAx,.

The single valued mapping J. : E — D(A) by J.x = x,., that is, J, = (J +
rA)~1J is called the resolvent of A. We know that A~'0 = F(J,) for all r > 0.

We prove a strong convergence theorem for resolvents of maximal monotone

operators in a Banach space.

Theorem 2.5.4 Let E be a uniformly convex Banach space whose norm 1is
uniformly Gateaux differentiable and let A C E x E* be a mazimal monotone
operator. Let J, be the resolvent of A, where r > 0. Let {x,} be a sequence
defined by u,x1 € E and

Toi1 = J HanJu+ (1 — o) J Joxy),

where {a, } is a sequence in (0,1) satisfying Conditions (C1) and (C2). If A~10

is nonempty, then {x,} converges strongly to 11 4-1gu.

If F is reflexive, strictly convex and smooth and B C E*x E(= E* x E*")
is a maximal monotone operator, then R(J~!'+rB) = E for all r > 0. Thus, if

r > 0 and x € F, then there exists z € E such that
v=J"'Jzx) € J N J2) +rB(Jz) = 2 + rBJz.

It follows from the strict convexities of ¥ and E* that such a point z is unique.

Thus we can define the generalized resolvent @, of B by
Qrx=z2=(I+rBJ) 'z

We also prove a strong convergence theorem for generalized resolvents of maxi-

mal monotone operators in a Banach space.
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Theorem 2.5.5 Let E be a uniformly convexr and uniformly smooth Banach
space and let B C E* x E be a mazimal monotone operator. Let @), be the
generalized resolvent of B, where r > 0. Let {x,} be a sequence defined by
u,r1 € E and

Tni1 = @t + (1 — 0y,) QT
where {a, } is a sequence in (0,1) satisfying Conditions (C1) and (C2). If B~10
is nonempty, then {x,} converges strongly to R(pj-1ou, where Rp-1o is the

unique sunny generalized nonexpansive retraction from E onto (BJ)™0.

Remark 2.5.6 In Theorem 2.5.5, we present a strong convergence theorem for
the generalized resolvent with a new control condition. This is complementary

to Ibaraki and Takahashi’s result.
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A new modified Halpern-Mann type iterative method is constructed. Strong convergence of the
scheme to a common element of the set of fixed points of a relatively nonexpansive mapping and
the set of common solutions to a system of equilibrium problems in a uniformly convex real Banach
space which is also uniformly smooth is proved. The results presented in this work improve on the
corresponding ones announced by many others.

1. Introduction

Throughout this paper, we denote by N and R the sets of positive integers and real numbers,
respectively. Let E be a Banach space, E* the dual space of E, and C a nonempty closed convex
subset of E. Let F : C x C — R be a bifunction. The equilibrium problem is to find x € C such
that

F(x,y) >0 VyeC. (1.1)

The set of solutions of (1.1) is denoted by EP(F). The equilibrium problems include fixed
point problems, optimization problems, variational inequality problems, and Nash equilib-
rium problems as special cases. Some methods have been proposed to solve the equilibrium
problems (see, e.g., [1, 2]). In 2005, Combettes and Hirstoaga [3] introduced an iterative
scheme of finding the best approximation to the initial data when EP(F) is nonempty, and
they also proved a strong convergence theorem.
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Let E be a smooth Banach space and | the normalized duality mapping from E to E*.
Alber [4] considered the following functional ¢ : E x E — [0, o) defined by

o(x,y) = x> -2(x, Jy) + |ly|I> (x,y €E). (1.2)

Using this functional, Matsushita and Takahashi [5, 6] studied and investigated the following
mappings in Banach spaces. A mapping S : C — E is relatively nonexpansive if the following
properties are satisfied:

(R1) F(S)+#0,
(R2) ¢(p,Sx) < o(p,x) forallp € F(S) and x € C,
(R3) F(S) = F(5),

where F(S) and F(S) denote the set of fixed points of S and the set of asymptotic fixed points
of S, respectively. It is known that S satisfies condition (R3) if and only if I — S is demiclosed
at zero, where I is the identity mapping; that is, whenever a sequence {x,} in C converges
weakly to p and {x, - Sx,} converges strongly to 0, it follows that p € F(S). In a Hilbert space
H, the duality mapping ] is an identity mapping and ¢(x,y) = |lx — y|* for all x,y € H.
Hence, if S : C — H is nonexpansive (ie. ||Sx — Sy|| < |lx —y| for all x,y € C),
then it is relatively nonexpansive. Several articles have appeared providing methods for
approximating fixed points of relatively nonexpansive mappings (see, e.g., [5-19] and the
references therein). Matsushita and Takahashi [5] introduced the following iteration: a
sequence {x,} defined by

Xpe1 =] Hanx, + (1 - a,)JSx,) n=1,2,..., (1.3)

where x; € Cis arbitrary, {a,} is an appropriate sequence in [0, 1], S is a relatively nonexpan-
sive mapping, and I'lc denotes the generalized projection from E onto a closed convex subset
C of E. They proved that the sequence {x,} converges weakly to a fixed point of T. Moreover,
Matsushita and Takahashi [6] proposed the following modification of iteration (1.3):

x1 € C is arbitrary,

Yn = ]_1 (anJxn + (1 - an) JSxy),
Cu={z€C:¢9(z,yn) <o(z,xn)}, (1.4)
Qn={zeC:{(xp—2z Jx1 - Jx,) >0},

Xnt+1 = chﬂanll n= 1/2/ ey

and proved that the sequence {x,} converges strongly to Ilr(s)x;. The iteration (1.4) is called
the hybrid method. To generate the iterative sequence, we use the generalized metric projection
onto C,,NQ, for n € N. It always exists, because each C,NQ,, is nonempty, closed, and convex.
However, in a practical case, it is not easy to be calculated. In particular, as n becomes larger,
the shape of C,, N Q, becomes more complicate, and the projection will take much more time
to be calculated.
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In order to overcome this difficulty, Nilsrakoo and Saejung [15] modified Halpern and
Mann’s iterations for finding a fixed point of a relatively nonexpansive mapping in a Banach
space as follows: x € E, x; € C and

Xns1 = e N (an]x + Pu)Xn + yuJSxn), n=12,..., (1.5)

where {a,}, {B.}, and {y,} are appropriate sequences in [0, 1] with a,, + B, + 7, = 1, and they
proved that {x,} converges strongly to I'l(s)x.

Many authors studied the problems of finding a common element of the set of fixed
points for a mapping and the set of common solutions to a system of equilibrium problems
in the setting of Hilbert space and uniformly smooth and uniformly convex Banach space,
respectively (see, e.g., [20-33] and the references therein). In a Hilbert space H, S. Takahashi
and W. Takahashi [34] introduced the iteration as follows: sequence {x, } generated by x, x; €
C,

u, € C such that F(u,,y) + rl(y —Up, Uy —Xx,) 20, VYyeC,
. (1.6)

Xp1 =ayx+ (1 —-a,)Su,, n=12,...,

where {a,} is an appropriate sequence in [0, 1], S is nonexpansive, and {r, } is an appropriate
positive real sequence. They proved that {x,} converges strongly to an element in F(S) N
EP(F). In 2009, Takahashi and Zembayashi [30] proposed the iteration in a uniformly smooth
and uniformly convex Banach space as follows: a sequence {x,} generated by u; € E,

x, € C such that F(x,,y) + %(y— Xn, JXn — Jun) >0, VyeC,
n (1.7)

Upil = ]_1(an]xn+ 1-a,)JSx,), n=1,2,...,

where S is relatively nonexpansive, {a,} is an appropriate sequence in [0,1], and {r,} is an
appropriate positive real sequence. They proved that if J is weakly sequentially continuous,
then {x,} converges weakly to an element in F(S) N EP(F). Consequently, there are many
results presented strong convergence theorems for finding a common element of the set of
fixed points for a mapping and the set of common solutions to a system of equilibrium
problems by using the hybrid method. However, Nilsrakoo [35] introduced the Halpern-
Mann iteration guaranteeing the strong convergence as follows: x € C, u; € E and

1
x, €C suchthatF(xn,y)+r—(y—xn,]xn—]un>20, Vy eC,

Yo = TIe] (@ x + (1 - ) Jxa), (18)
un+1 :]_1<ﬂn]xn+(1_ﬂn)]s]/n)/ n:1/2/"'/
and proved that {u,} and {x,} converge strongly to ITrs)nep(r)X.

Motivated by Nilsrakoo and Saejung [15] and Nilsrakoo [35], we present a strong
convergence theorem of a new modified Halpern-Mann iterative scheme to find a common
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element of the set of fixed points of a relatively nonexpansive mapping and the set of common
solutions to a system of equilibrium problems in a uniformly convex real Banach space
which is also uniformly smooth. The results in this work improve on the corresponding ones
announced by many others.

2. Preliminaries

We collect together some definitions and preliminaries which are needed in this paper. We say
that a Banach space E is strictly convex if the following implication holds for x,y € E:

, X+
Il =yl =1, xzy imply |2 <1 e

It is also said to be uniformly convex if for any € > 0, there exists 6 > 0 such that
) X+
Il =Nyl =1 |lx-yll>e 1mplyHTyH <1-6. (22)

It is known that if E is a uniformly convex Banach space, then E is reflexive and strictly
convex. We say that E is uniformly smooth if the dual space E* of E is uniformly convex. A
Banach space E is smooth if the limit lim; o ((||x+ty||—||x||) /t) exists for all norm one elements
x and y in E. It is not hard to show that if E is reflexive, then E is smooth if and only if E* is
strictly convex.

Let E be a smooth Banach space. The function ¢ : E x E — R (see [4]) is defined by

o(x,y) = IIxI* - 2(x, Jy) + |ly|* (xy€E), (2.3)
where the duality mapping | : E — E* is given by
(x,Jx) = |xI” = |Jx|* (x € E). (24)
It is obvious from the definition of the function ¢ that

(lxll = NlwID* < o (xy) < (=l + [y [)? (2.5)

o(x,y) =@(x,z) +p(z,y) +2{x -z, ]z - Jy), (2.6)

for all x,y, z € E. Moreover,

¢ <x, J™! <ZM%>> < D Nigp(x,yi), (2.7)
i=1 i=1

forall A; € [0,1] with 3}, \; =1 and x,y; € E.
The following lemma is an analogue of Xu’s inequality [36, Theorem 2] with respect
to ¢.
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Lemma 2.1 (see [15, Lemma 2.2]). Let E be a uniformly smooth Banach space and r > 0. Then,

there exists a continuous, strictly increasing, and convex function g : [0,2r] — [0, o) such that
g(0) =0and

o(x T (Wy + (1-1)J2)) < dp(x,y) + (1= Np(x,2) - A1 - Vg (|| Jy - J=

),  (2.8)

forallA e [0,1], x e Eandy,z€ B, :={z € E : ||z|| <r}.

It is also easy to see that if {x,} and {y,} are bounded sequences of a smooth Banach
space E, then x, — y, — 0 implies that ¢(x,, y,) — 0.

Lemma 2.2 (see [37, Proposition 2]). Let E be a uniformly convex and smooth Banach space, and
let {x,} and {y,} be two sequences of E such that {x,} or {y,} is bounded. If ¢(x,, y») — O, then
Xn—Yn — 0.

Remark 2.3. For any bounded sequences {x,} and {y,} in a uniformly convex and uniformly

smooth Banach space E, we have

¢(xn,Yn) —0 &= x,-yy — 0 & Jx, - Jy, — 0. (2.9)

Let C be a nonempty closed convex subset of a reflexive, strictly convex, and smooth
Banach space E. It is known that [4, 37] for any x € E, there exists a unique point x € C such
that

9(X,x) = ming(y, x). (2.10)

Following Alber [4], we denote such an element X by Ilcx. The mapping Il is called the
generalized projection from E onto C. It is easy to see that in a Hilbert space, the mapping I'lc
coincides with the metric projection Pc. Concerning the generalized projection, the followings
are well known.

Lemma 2.4 (see [37, Propositions 4 and 5]). Let C be a nonempty closed convex subset of a
reflexive, strictly convex, and smooth Banach space E, x € E and X € C. Then,

(a) X =Tlcx ifand only if (y — x, Jx = Jx) <0 forall y € C,
(b) ¢(y,Tcx) + ¢(Iex, x) < ¢(y, x) forall y € C.

Remark 2.5. The generalized projection mapping Ilc above is relatively nonexpansive and
F(Ilc) =C.

Let E be a reflexive, strictly convex, and smooth Banach space. The duality mapping

J* from E* onto E** = E coincides with the inverse of the duality mapping J from E onto E*;
thatis, J* = J~'. We make use of the following mapping V : E x E* — R studied in Alber [4]:

V(x,x%) = [lx]* = 2(x, x*) + ||x*|, (2.11)
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for all x € E and x* € E*. Obviously, V(x,x*) = ¢(x,J}(x*)) for all x € E and x* € E*. We
know the following lemma (see [4] and [38, Lemma 3.2]).

Lemma 2.6. Let E be a reflexive, strictly convex, and smooth Banach space, and let V be as in (2.11).
Then

V(x,x*)+2<]‘1(x*) —x,y*> <V(x,x*+y"), (2.12)

forall x € E and x*,y* € E*.

Lemma 2.7 (see [39, Lemma 2.1]). Let {a,} be a sequence of nonnegative real numbers. Suppose
that

ap+1 < (1 - Yn)an + Yn6n (213)

for all n € N, where the sequences {y,} in (0,1) and {6,} in R satisfy conditions: lim, _, »y, = 0,
St Yn = o0, and limsup, 6, <0. Then lim, _ a, = 0.

Lemma 2.8 (see [40, Lemma 3.1]). Let {a,} be a sequence of real numbers such that there exists a
subsequence {n;} of {n} such that a,, < a,,.1 foralli € N. Then, there exists a nondecreasing sequence
{mi} € N such that mi — oo and the following properties are satisfied by all (sufficiently large)
numbers k € N:

amk S amk+l/ ag S amk+1‘ (214)

In fact, my = max{j < k:aj <aj.}.
For solving the equilibrium problem, we usually assume that a bifunction F : CxC —
R satisfies the following conditions (see, e.g., [1, 3, 30]):
(A1) F(x,x) =0forallx € C,
(A2) F is monotone, thatis, F(x,y) + F(y,x) <0, forall x,y € C,
(A3) forall x,y,z € C,limsup,_,,F(tz+ (1 -t)x,y) < F(x,y),
(A4) forall x € C, F(x,-) is convex and lower semicontinuous.
The following lemma is a result which appeared in Blum and Oettli [1, Corollary 1].
Lemma 2.9 (see [1, Corollary 1]). Let C be a closed convex subset of a smooth, strictly convex, and

reflexive Banach space E. Let F : C x C — R be a bifunction satisfying conditions (A1)—(A4), and let
r > 0and x € E. Then, there exists z € C such that

F(z/y)+%<y—z,fz—]x>zo Yy eC. (2.15)

The following lemma gives a characterization of a solution of an equilibrium problem.

Lemma 2.10 (see [30, Lemma 2.8]). Let C be a nonempty closed convex subset of a reflexive, strictly
convex, and uniformly smooth Banach space E. Let F : C x C — R be a bifunction satisfying
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conditions (A1)—(A4). For r > 0, define a mapping TF : E — C so-called the resolvent of F as follows:
TH(x) = {z €eC:F(z,y)+ %(y—z,]z—]x) >0Vy e C}, (2.16)

forall x € E. Then, the followings hold:
(i) T, is single-valued,

(ii) T; is a firmly nonexpansive-type mapping [11], that is, for all x,y € E

(TFx =Ty, JTFx - JTfy ) < (TFx =Ty, Jx - Jy), (2.17)

(iii) for all x € E and p € EP(F),

o(p,TFx) < (2 T x) +9(TFx,x) <o (p,x), (2.18)

(iv) F(T}) = EP(F),

(v) EP(F) is closed and convex.

Remark 2.11. Some well-known examples of resolvents of bifunctions satisfying conditions
(A1)-(A4) are presented in [3, Lemma 2.15].

Lemma 2.12 (see [8, Lemma 2.3]). Let C be a nonempty closed convex subset of a Banach space E,
F a bifunction from C x C — R satisfying conditions (A1)—(A4), and z € C. Then, z € EP(F) if and
only if F(y,z) <0 forall y € C.

Lemma 2.13 (see [6], Proposition 2.4). Let C be a nonempty closed convex subset of a strictly
convex and smooth Banach space E and S : C — E a relatively nonexpansive mapping. Then F(S) is
closed and convex.

3. Main Results

In this section, we introduce a modified Halpern-Mann type iteration without using the gen-
eralized metric projection and prove a strong convergence theorem for finding a common ele-
ment of the set of fixed points of a relatively nonexpansive mapping and the set of solutions
to a system of equilibrium problems in a uniformly convex and uniformly smooth Banach
space.

Theorem 3.1. Let E a uniformly convex and uniformly smooth Banach space, C a nonempty closed
convex subset of E, { F;}i2; be a finite family of a bifunction of C x C into R satisfying conditions (A1)-
(A4),and S : C — E a relatively nonexpansive mapping such that Q := F(S) n (N, EP(F;)) #0.
Let {Tﬁ; V1, be a finite family of the resolvents of F; with positive real sequences {t;,} such that
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liminf, i, >0 foralli=1,2,...,m. Let {x,} be a sequence generated by x,x, € E and

et = J7 (@2 B + Y STEL TR+ T x)  (n2 1), (3.1)
where {a,}, {Bn}, and {y,} are sequences in [0, 1] satisfying the following conditions:
D an+Pn+yn=1

) a
(ii) limy, — oaxn = 0,
(i) 3552, a = oo,
(iv) liminf, _, B, (1 - B,) > 0.

Then, {x,} converges strongly to Ilgx.

Proof. For each n > 1, setting

=TT T x,,  (k=1,2,...,m),

Tk~ Tkln
m
Zn>.

We can see that z& = TF" k=1, Since Q is nonempty, closed, and convex, we put X = Igx. By
Lemma 2.10(iii), we get

(3.2)

V=] < il i+ 2

(3.3)
< (P(ir xn) - Z‘P(ZZ/ ZZ_1>/
k=1
where z, = x,,. This together with (2.7) gives
) = g m
(x Yn) = )+1_ (P(x/szn)
- V) o m (3.4)
<
<37 _anq)(x,xn) . anq)(x,zn )

< (P(il Xn).
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By Lemma 2.6, we obtain

P Xn) = V (&, J 1)
S V(E, Ju = an(Jx = J9) = 2(%00 = &, -, (Jx = J5))
= (% (@] %+ (1= @) Tyn) ) + 20 (Xns1 — %, Jx = J%) (3.5)
< (X, %) + (1 — an) (X, Yn) + 20, (xp1 — X, Jx = JX)
< (1= ) p(E, %) + 2000 (X1 — %, Jx — J ).

Next, we show that {x,} is bounded. We consider

O 1) < (%, )7 (@nJx + o) xn + 1aJSZ1) )

= (%, ] (@] x + (1 - @) Jyn)

- - 3.6
< anp(X,x) + (1= an) (X, yn) G0
< “n‘P(f/ x) + (1 - an)(P(jc\r xn)
< max{p(%,x), 9(%, ) }.

By induction, we have
(X, xpe1) < max{p(X,x),p(X,x1)}, (3.7)

for all n > 1. This implies that {x,} is bounded, and so are {x,}, {u.}, {y.}, {z]'}, and {Sz]'}.
Let g : [0,2r] — [0,00) be a function satisfying the properties of Lemma 2.1, where r =
sup{||lxnll, ISz : n > 1}. It follows from (3.3) that

~ ﬁn ~ Yn = m pnYn m
9(X,yn) < = an‘f’(x’x") + m‘l’(xr Szy) - mg(ﬂfxn = JSzll)
<: fnanq,(fc,xn) - r"an(p(g, zp) - if%i)zg(ﬂfxn —7Sz"|) (3.8)
- i < k k- PrYn m
<o) - 2 dp(aha) - g s - 1=,

The rest of the proof will be divided into two cases.

Case 1. Suppose that there exists ny € N such that {¢(X, x,)},.,, is nonincreasing. In this
situation, {¢(X, x,,)} is then convergent. Then,

P(X, Xn) = @(X, Xns1) — 0. (3.9)
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Notice that
@(%, xp11) < (X, %) + (1 - an) (X, yn).
From condition (ii),

(P(5E, X)) — (p()?, yn) = (X, xn) — (X, Xp11) + (/)(55, Xpi1) — ‘P(k\r yn)
< QX %) = Q(X, Xne1) + an (9(X, %) — (%, yn)) — 0.

It follows from (3.8) that

,n k k-1 ,BnYn m
E oz, 2z, )+ ———— x, — JSz'||) — 0.
1-a, p < > (1 n)zg(”] ”)

By the assumptions (i), (ii), and (iv),

o(zk21) =0 (k=12...,m),  g(lJx.-JSzZ]) —0.

By Remark 2.3, we get
zﬁ —zﬁ‘l —0 (k=1,2,...,m).
From g is continuous strictly increasing with g(0) = 0, we have
z — Szt — 0, ¢(x,, Szy') — 0.

Consequently,

n

Yn my _ Yn m
¢(xn,Yn) < T (xn, Xn) + . an(p(xn, Sz = 7o an(p(xn, Sz — 0,

O (Yn, Xni1) < A (Yn, x) + (1= 20)9(Yn, Yn) = autp(Yn, x) — 0.
This implies that

Xni1 — Xp — 0.

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

Since {x,} is bounded and E is reflexive, we choose a subsequence {x;,} of {x,} such that

Xp; — W and

limsup(x, — %, Jx — J%) = lim <xn]. ~% Jx - ]£> = (w-%, Jx - J%).
]—>OO

n—oo

(3.18)
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Letk=1,2,...,mbe fixed. Then, z,’;j —wasj — oo. From liminf,_, 7%, > 0 and (3.14), we
have

1
lim — || Jzk - Jzk | = 0. (3.19)
"—>00Tk,n
Then,
1
k L, ok 7ok okl
Fi (zn,y> + o <y ze, Jzn — Jzy, > >0, VyeC (3.20)
Replacing n by n;, we have from (A2) that
1 -
Fon <y - zﬁj,]zﬁj - ]z’r‘ll_ 1> > —F) (zﬁj,y) > Fi (y, zﬁj), Vy e C. (3.21)
Letting j — oo, we have from (3.19) and (A4) that
Fi(y,w) <0, VyeC. (3.22)

From Lemma 2.12, we have w € EP(Fy). Since S satisfies condition (R3) and z!I' - Sz — 0,
we have w € F(S). It follows that w € Q. By Lemma 2.4(a), we immediately obtain that

limsup(x,41 — X, Jx — JX) =limsup(x, - X, Jx - JX) = (w - X, Jx - Jx) <0. (3.23)

n—oo n—oo

It follows from Lemma 2.7 and (3.5) that ¢(X, x,) — 0. Then, x, — X.

Case 2. Suppose that there exists a subsequence {#;} of {n} such that
(P(5C\/ lei) < (P(k\/ xni+1)l (324)

for all i € N. Then, by Lemma 2.8, there exists a nondecreasing sequence of positive integer
numbers {¢;} such that £; — oo,

(p(fc, Xg].> < (p()?, Xg].+1>, (X, xj) < (p(J?, xgj+1>, (3.25)

for all sufficiently large numbers j. We may assume without loss of generality that a,, > 0 for
all sufficiently large numbers j. Since

9(%,x01) < agp(®,) + (1-a)9(%,ve,), (3.26)
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we obtain

o(550) ~0(5.90) = (2 5%) - 9(520) 05 x00) o5 )

(3.27)
<ag (9 %) - p(%,4)) — 0.
It follows from (3.8) that
1f—24§;w<z’z/z’zfl> ¥ ﬁg (< - 1528]) —o0. (3.28)
Using the same proof of Case 1, we also obtain
li?LS£p<ng+1 -X,Jx- ]J?> <0. (3.29)
From (3.5), we have
q)(y?, xg].+1> < <1 - zxgj>(p(3?, Xg]) +2a, <ng+1 -X, Jx - ]3?>. (3.30)
Since (X, Xgl.) <o, ng+1), we have
g, p(X, Xa) < <p<a?, xe,.) - <p<5c, xe,-+1> +2ay, <xe]-+1 - X, Jx - ]9?>
(3.31)
< 2ay, <Xe]»+1 -x,Jx - ]3?>-
In particular, since ag > 0, we get
P(F, Xm,) < 2<xgj+1 ~% Jx - ]3?>. (3.32)
It follows from (3.29) that ¢ (X, x¢;) — 0. This together with (3.30) gives
o(% x1) — 0. (333)

But ¢ (X, xj) < ¢(x, xg].+1) for all sufficiently large numbers j, we conclude that x; — X.
From the two cases, we can conclude that {x,} converges strongly to X and the proof
is finished. O

Settingm =1, F; = F =0, and 11, = r,, in Theorem 3.1, we have the following.

Corollary 3.2. Let E be a uniformly convex and uniformly smooth Banach space, C a nonempty closed
convex subset of E, F a bifunction of C x C into R satisfying conditions (A1)-(A4),and S : C — E
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be a relatively nonexpansive mapping such that F(S) NEP(F) #0. Let T/ be the resolvent of F with a
positive real sequence {r,} such that liminf, _, ,r,, > 0. Let {x,,} be a sequence generated by x,x1 € E
and

Xn+l = ]_1 (an]x + ﬂn]xn + Yn]STrI:,xn> (1’[ > 1)/ (334)

where {a,}, (B}, and {y,} are sequences in [0, 1] satisfying the following conditions:

(1 cxn+ﬁn+}’n51/
(i) lim, _ a, =0,
(iii) > ooq @y = o0,
(iv) iminf, , B, (1 — Bn) > 0.

Then, {x,} converges strongly to Il (synep(F)X.
Setting F; = 0 and 71, = 1 in Corollary 3.2, we have the following result.

Corollary 3.3. Let E be a uniformly convex and uniformly smooth Banach space, C a nonempty closed
convex subset of E, and S : C — E a relatively nonexpansive mapping such that F(S) #0. Let {x,}
be a sequence generated by x, x1 € E and

Xn+l = ]_1 (an]x + ﬂn]xn + Yn]SHan) (11 > 1)/ (3-35)

where {a,}, {Bn}, and {y,} are sequences in [0, 1] satisfying the following conditions:
D an+Pn+yn=1
(ii) limy, _ pa, =0,
(i) 321 an = o,
(iv) liminf, _, B, (1 - B,) > 0.

Then {x,} converges strongly to I s)x.

Next, we prove a strong convergence theorem for finding an element of the set of
solutions to a system of equilibrium problems in a uniformly convex and uniformly smooth
Banach space.

Theorem 3.4. Let E be a uniformly convex and uniformly smooth Banach space, C a nonempty closed
convex subset of E, {F;}i~y a finite family of a bifunction of C x C into R satisfying conditions (A1)
(A4), and NI", EP(F;) #(. Let {Tr}j’n Vity be a finite family of the resolvents of F; with positive real se-
quences {r;,} such that liminf, _, .r;, > 0 foralli =1,2,...,m. Let {x,} be a sequence generated
by x,x1 € Eand

w1 = J7 (o + BuJn + R TEn TR0 TH ) (n21), (3.36)

where {a,}, {Bn}, and {y,} are sequences in [0, 1] satisfying the following conditions:
(1) an"‘ﬂn"‘YnEl/

(i) lim, _ ea, =0,
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(iii) > an = oo,

(iv) liminf, _, B, (1 = B,) > 0 or liminf, _, . B, = 0.

Then, {xy} converges strongly to Tl gp(r,)x.

Proof. For each n > 1, setting

k _ mFk pFka F _
z, =T T Tl xe, (k=1,2,...,m),

. (3.37)

2.
I

Since ﬂ?ilEP(Fi) is nonempty, closed, and convex, we put x = HnglEp(H)x. Using the same
proof of Theorem 3.1 when S is the identity operator, we can see that

_ ol _Pn
Yn=17] (1_an]xn+1

2 = R LR« k k-1
(%, yn) S (X, xn) = 1= anéw(zn, 27, (3.38)
P(X, xp41) < (1 —an)p(X, x,) + 20, (X1 — X, Jx — JX). (3.39)

The rest of the proof will be divided into two cases.

Case 1. Suppose that there exists ny € N such that {¢(X, x,)},.,, is non-increasing. In this
situation, {¢ (X, x,)} is then convergent. Then,
(X, xn) — (X, Xp41) — 0. (3.40)
Notice that
P(X, xpa1) < (X, %) + (1 = an) (X, Yn). (3.41)

From condition (ii),

(X, x0) = (X, Yn) = (X, Xu) = Q(X, Xn11) + P(X, Xn1) = @(X, Yn)

(3.42)
< (X, xn) = (X, Xni1) + an (9(X, %) = (X, yn)) — 0.
It follows from (3.38) that
Yn < k k-1
o 2e(Eat) —o 643)

By the assumptions (i), (ii), and (iv),

o(zh21) —0 (k=12...,m), (3.44)
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By Remark 2.3, we get
2kl 0 (k=1,2,...,m). (3.45)
Consequently,
n Yn my _ Yn 0 m
(P(x"’ Yn < 1-— a, (P(xn, xn) + 1— an(P(xm Zy ) - 1- an‘p<zn/ Zn) — 0, (346)

P (Yn Xns1) < Anp(Yn, ) + (1= ) 9(Yn, Yn) = anp(Yn, x) — 0.
This implies that

Xps1 — X — 0. (3.47)

Since {x,} is bounded and E is reflexive, we choose a subsequence {x;,} of {x,} such that
Xp;, — W and

lim sup(x, — %, Jx — J%) = jllrg<xnj —% Jx - ]a?> = (w-%, Jx— J%). (3.48)

n— oo

Letk =1,2,...,mbe fixed. Then, z’,‘l]_ —wasj — oo. From liminf, 7%, > 0 and (3.14), we
have

1
lim — || 2k — j2k- | = 0. (3.49)
n—>oork,n
Then,
1
k _ ok 7ok _ 7 k-1
Fe(zh,y) + ™~ (y-zhJz-Jz1) 20, wyeC (3.50)
Replacing n by n;, we have from (A2) that
o <y -z, )z - JZ’,‘,,.‘1> > —F (z;.,y) > Fi (y, Z’,i,.>, vy eC. (3.51)
Letting j — oo, we have from (3.49) and (A4) that
Fr(y,w) <0, VyeC. (3.52)

From Lemma 2.12, we have w € EP(Fi). By Lemma 2.4(a), we immediately obtain that

limsup(x, — X, Jx — JX) =limsup(x, - X, Jx - JX) = (w - X, Jx - Jx) <0. (3.53)

n— oo n— oo

It follows from Lemma 2.7 and (3.39) that ¢(X, x,) — 0. Then, x,, — X.
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Case 2. Suppose that there exists a subsequence {#;} of {n} such that
(P(J/C\, xni) < (P(f, xni+1)l (354)

for all i € N. Using the same proof of Case 2 in Theorem 3.1, we also conclude that x; — X.
From the two cases, we can conclude that {x,} converges strongly to x. O

Finally, we give two explicit examples validating the assumptions in Theorem 3.1 as
follows.

Example 3.5 (Optimization). Let E be a uniformly convex and uniformly smooth Banach space, C
a nonempty bounded closed convex subset of E, and f : C — R a lower semicontinuous and convex
functional. For instance, let E =R, C = [0,1] and f : [0,1] — R be defined dy

0, if x=0,1;
flx) = { . (3.55)
xlogx +(1-x)log(1-x), if x€(0,1).

Then f is lower semicontinuous and convex. For eachi =1,2,...,m,let F; : Cx C — R be
defined by Fi(x,y) := f(y)—f(x) forall x,y € C.Itis known [1, 11] that F; satisfies conditions
(Al1)—(A4), and EP(F;) #0. Let S = Ilc. Then, S is relatively nonexpansive of E into C (see
[5,6]) and F(S) = C. Then, Q := F(S) n (N2, EP(F;)) = EP(F;) # 0. Applying Theorem 3.1, we
conclude that the sequence defined by (3.1) converges strongly to Ilgx.

Example 3.6 (The convex feasibility problem). Let E be a real Hilbert space, let C1,Cs, ..., C,y, be
nonempty closed convex subsets of E satisfying C := N",C;#0 (e.g., C1 = Cy=--- = Cp, = C#£0).
Let {F;}iZ; be a finite family of bifunctions of E x E into R defined by

Fi(x,y) = %(y— x,x—Pcx) Vx,y€E, (3.56)

where Pc, is a metric projection from E onto C;. It is known [3, Lemma 2.15(iv)] that F;
satisfies conditions (A1)-(A4) and EP(F;) = C;. Let S = Pc. Then, S is relatively nonexpansive
of E into C (see [5, 6]) and then Q := F(S) n (N, EP(F;)) = C #@. Applying Theorem 3.1, we
conclude that the sequence defined by (3.1) converges strongly to Ilgx.

4. Deduced Theorems in Hilbert Spaces

In Hilbert spaces, if S is quasi-nonexpansive such that I — S is demiclosed at zero, then S is
relatively nonexpansive. We obtain the following result.

Theorem 4.1. Let H be a Hilbert space, C a nonempty closed convex subset of H, {F;}}"; a finite
family of a bifunction of C x C into R satisfying conditions (A1)—(A4), and S : C — E a quasi-
nonexpansive mapping such that I — S is demiclosed at zero and Q := F(S) N (N, EP(F;)) # 0. Let



Abstract and Applied Analysis 17
{T,i Vi, be a finite family of the resolvents of F; with real sequences {ti,} such that iminf,_, 7i, > 0

foralli=1,2,...,m. Let {x,} be a sequence generated by x,x, € H and

Xn+1 = OnX + Py + YnSTr Trm'"lln, ., Thx, (n>1), (4.1)

mn Tin

where {a,}, {Pn}, and {y, } are sequences in [0, 1] satisfying the following conditions:

(1) an+ﬂn+Yn51/
(i) limy, e, =0,
(iii) >y ay = oo,

(iv) liminf,_ oofn(1 = Bn) > 0.

Then {x,} converges strongly to Pgox.
Applying Theorem 4.1 and using the technique in [41], we have the following result.

Theorem 4.2. Let H be a Hilbert space, C a nonempty closed convex subset of H, f a contraction of
H into itself (i.e., there is a € (0,1) such that ||f (x) — f(y)|| < allx — y|| forall x,y € H), {F;}[4
a finite family of a bifunction of C x C into R satisfying conditions (A1)—-(A4),and S : C — E be
a nonexpansive mapping such that Q := F(S) 0 (N, EP(F;)) #. Let {T,i; V2, be a finite family of
the resolvents of F; with real sequences {r;,} such that liminf,_, i, > 0foralli=1,2,...,m. Let
{x} be a sequence generated by x,x, € H and

Xna1 = Anf (Xn) + PuXn + Vu ST Timl o TH x,,  (n21), (4.2)

Ymn Tin

where {a,}, {Pn}, and {y,} are sequences in [0, 1] satisfying the following conditions:
(i) an+Pn+ya=1,
(i) limy, _ pa, =0,
(ifi) 352 @y = oo,
(iv) liminf, , B, (1 = B,) > 0.

Then, {x,} converges strongly to z such that z = Pg f (z).

Proof. We note that Pq f is contraction. By Banach contraction principle, let z be the fixed point
of Pof and {y,} a sequence generated by y; = x; € H and

Yns1 = Anf(2) + PuYn + Yu ST T STy, (n21). (4.3)
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Using Theorem 4.1, we have y, — z = Pgf(z). Since S and Tri"n(k = 1,2,...,m) are
nonexpansive,

[Yni1 = xnsa || < @nll fGen) = f R+ Bullyn = xal

+Yn STrmnTrwjnlln . ~ITrF1;]/n STrmnTrmmlln . Trfln
< apalx, - z|| + (ﬁn"'yn)”yn_n"” (4.4)

< ana(||lxn =yl + |ym = 2|1) + (Bu +v2) |20 = |

- (= (1= a) -l + a1 - ) (12 21 )

Applying Lemma 2.7, y, — x, — Oand so x, — z = Pof(z). O
Settingm =1, F1 = F =0, and 11, = r,, in Theorem 4.1, we have the following.

Corollary 4.3. Let H be a Hilbert space, C a nonempty closed convex subset of H, F a bifunction of
C x C into R satisfying conditions (A1)—(A4), and S : C — E a quasi-nonexpansive mapping such
that I — S is demiclosed at zero and F(S) NEP(F) # (. Let Té be the resolvent of F with a positive real
sequence {1y} such that liminf, _, 7, > 0. Let {x,} be a sequence generated by x,x1 € H and

Xp+l = AnX + PuXpy + YnST,ixn (n>1), (4.5)

where {a,}, {Bn}, and {y,} are sequences in [0, 1] satisfying the following conditions:
D an+Pn+ym=1

(ii) lim, _ pa, =0,

(iii) X2 ay = oo,

(iv) liminf, _, B, (1 - B,) > 0.
Then, {x,} converges strongly to Pr(s)ngp(r)X.
Corollary 4.4. Let H be a Hilbert space, C a nonempty closed convex subset of H, f a contraction
of H into itself, F a bifunction of C x C into R satisfying conditions (A1)-(A4),and S : C — E

a nonexpansive mapping such that F(S) NEP(F) #@. Let T} be the resolvent of F with a positive real
sequence {r,} such that liminf, _, 1, > 0. Let {x,} be a sequence generated by x,x, € H and

Xn+1 = Onf (Xn) + PnXn + YnSTanxn (n>1), (4.6)

where {a,}, (B}, and {y,} are sequences in [0, 1] satisfying the following conditions:
(1 an+ﬂn+yn51,
(ii) lim, —, oy, = 0,
(i) Sy a0 = o0,
(iv) liminf, ., B, (1 = B,) > 0.

Then, {x,} converges strongly to z such that z = Prs)ngp(r) f (2).
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Remark 4.5. Corollary 4.4 improves and extends [42, Theorem 5]. More precisely, the condi-
tions lim,, _, o, (1,41 — 1) = oo are removed.

Setting F = 0 and r,, = 1 in Corollary 4.3, we have the following.

Corollary 4.6. Let H be a Hilbert space, C a nonempty closed convex subset of H,and S : C — E
a quasi-nonexpansive mapping such that I — S is demiclosed at zero and F(S)#@. Let {x,} be a
sequence generated by x,x1 € H and

Xn+l = ApX + ﬂnxn + YnSPan (11 > 1)/ (4-7)

where {a,}, {Bn}, and {y,} are sequences in [0, 1] satisfying the following conditions:
(i) lxn"‘ﬂn"‘}’n—l
(i) lim, — a, =0,
(iii) >y ay = oo,
(iv) liminf, _, B, (1 - B,) > 0.
Then, {x,} converges strongly to Pr(s)x.

Applying Theorem 3.4, we have the following result.

Theorem 4.7. Let H be a Hilbert space, C a nonempty closed convex subset of H, {F;}"; a finite
family of a bifunction of C x C into R satisfying conditions (A1)—(A4), and NI, EP(F;) #(. Let

{T,l.,E ‘Y1, be a finite family of the resolvents of F; with positive real sequences {r;,} such that
liminf, 7, >0foralli=1,2,...,m. Let {x,} be a sequence generated by x,x1 € H and

Xp+1 = OnX + Puxy + }fnT TEma ,T,Fl}nxn (n>1), (4.8)

Ymn = VYm-1,n” *

where {a,}, {Bn}, and {y,} are sequences in [0, 1] satisfying the following conditions:
D an+Pn+yn=1
(ii) lim, . pa, =0,
(iii) >oq ay = 00,8
(iv) liminf, _, B (1 — Bn) > 0 or liminf, _, ., = 0.

Then {x,} converges strongly to Pnr gp(r,)X.

Settingm =1, F; = F =0, r,, = 1y, and f, = 0 in Theorem 4.4, we have the following
result.

Corollary 4.8 (see [35, Corollary 4.4]). Let H be a Hilbert space, C a nonempty closed convex
subset of H, F a bifunction of C x C into R satisfying conditions (A1)-(A4), and EP(F) #0. Let
T,fl the resolvent of F with a positive real sequence {r,} such that liminf, _, .1, > 0. Let {x,} be
a sequence generated by x, x1 € H and

Xps1 = ApX + (1 — an)Tanxn (n>1), (4.9)
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where {a,} is a sequence in [0, 1] satisfying the following conditions:
(i) limy, — ay, =0,
(i) 32 an = oo,

Then, {x,} converges strongly to Pap(r)x.
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1. Introduction

Many problems in nonlinear analysis can be reformulated as a problem of finding a fixed point of a nonexpansive mapping
of a closed and convex subset of a Banach space E (thatis, |[Tx — Ty|| < |[x—y|| forallx, y € C).In 1953, Mann [1] introduced
the following iterative method: a sequence {x,} defined by x; € C and

Xnp1 = opXp + (1 —a)Txy, n=1,2,3,..., (1.1)

where {«,} is a sequence in [0, 1]. It is known that under appropriate conditions the sequence {x,} converges only weakly
to a fixed point of T. However, even in a Hilbert space, Mann iteration may fail to converge strongly; for example, see [2].

Several attempts to construct the iteration method guaranteeing the strong convergence have been made. For example,
Halpern [3] proposed the following so-called Halpern iteration: x; = x € C and

Xnt1 =X+ (1 —oap)Txy,, n=1,2,3,..., (1.2)
where {«,} is a sequence in (0, 1) satisfying

(C1) limo,gﬁoc o, = 0;
(C2) Y 2y = 00;
(C3) liMpoo =22 = 1or Y o, latn — otnp1| < 0.

o1

Another approach was proposed by Bauschke and Combettes [4]. More precisely, their algorithm is defined by
x1 € C is arbitrary,
Yn = anXp + (1 — ap)Tx,,
G={zeC:lyn—2zll < llxn —zll},
Qn = {Z eC: (Xn_27X1 _Xn> > O}a
Xn41 :PcannX1, n= 1,2,3,...,
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where lim sup,_, ., &, < 1and Px denotes the metric projection from a Hilbert space H onto a closed and convex subset K
of H. It should be noted here that the iteration above works only in Hilbert space setting. To extend this iteration to a Banach
space, a relatively nonexpansive mapping [5-7] was introduced. Before we give its definition, we recall some notations. The
strong and weak convergences of a sequence {x,} in a Banach space E to an element x € E are denoted by x, — x and
X, — X, respectively. Let E be a smooth Banach space and let E* be the dual of E. Denote by (-, -) the pairing between E and
E*.Let ] be the normalized duality mapping from E to E*. Alber [8] considered the following functional ¢ : E x E — [0, 00)
defined by

@, y) = Xl = 2(x, Jy) + lIylI?

for all x, y € E. Using this functional, Matsushita and Takahashi [5-7,9] studied and investigated the following mappings in
Banach spaces. Suppose that C is a subset of a smooth Banach space E. A mapping T : C — E is relatively nonexpansive if the
following properties are satisfied:

(R1) F(T) # @, where F(T) denotes the fixed points set of T;
(R2) ¢(p, Tx) < ¢(p,x) forallp € F(T) and x € C;
(R3) I — T is demi-closed at zero, that is, whenever a sequence {x,} in C converges weakly to p and {x, — Tx,} converges
strongly to 0, it follows that p € F(T).

In a Hilbert space H, the duality mapping] is the identity mapping and ¢ (x, y) = |lx—y||? forallx, y € H.Hence,ifT : C — H
is a nonexpansive mapping of a nonempty, closed and convex subset C of H, then it is relatively nonexpansive.

There are many methods for approximating fixed points of relatively nonexpansive mappings (see, e.g., [5-7,10-21]). In
2004, Matsushita and Takahashi [5] studied the Mann-type iteration for a relatively nonexpansive mapping defined by

x1 € C s arbitrary,

Xnr = 1)~ @nftn + (1 —an)Txn), n=1,2,3,...,

where lim inf;_, o, @, (1 — o) > 0, the interior of F(T) is nonempty and I7¢ denotes the generalized projection from E onto
C. Moreover, they proposed the following analogue of the Bauschke and Combettes algorithm:

x1 € C s arbitrary,

Yu =] anfxn + (1 = an)]Txy),

Gi={z€C:pzy) <z x)}

Q= {Z eC: (Xn —z,Jx _]Xn> > O}’

Xpt1 = g%, n=1,2,3,...,

where limsup,_, ., op < 1.
Recently, Zhang et al. [21] modify Halpern’s iteration for finding fixed point of relatively nonexpansive mappings in the
following result.

Theorem 1.1 (Cf. [21, Theorem 4.1]). Let C be a nonempty, closed and convex subset of a uniformly convex and uniformly smooth
Banach space E and let T : C — C be a relatively nonexpansive mapping. Let {x,} be a sequence in C defined by x; € C and

Xni1 = Ic) Notfxy + (1 — a)JTxy), n=1,2,3,...,

where {«,} is a sequence in [0, 1] such that lim,_, o &, = 0. If the interior of F(T) is nonempty, then {x,} converges strongly to
a fixed point of T.

Careful reading of the proof of Theorem 1.1, leads to the fact that the inequality (4.5) is not correct. Indeed, the
assumptions, for each u € F(T),

(U, Xnp1) < (U, x1) + (1 — an)e(u, Txn),
lim,_, o oy = 0and ¢(u, Tx,;) < ¢(u, x,) are not enough to guarantee that
P, Xnt1) < (U, Xn).

Consequently, the inequalities (4.10)-(4.15) are also not correct. Moreover, we know that the interior of the singleton
fixed point set of T is empty and there are many relatively nonexpansive mappings whose fixed point sets are singleton.

We say that a relatively nonexpansive mapping T : C — E is strongly relatively nonexpansive [9,22] if whenever {x,} is a
bounded sequence in C such that ¢(p, x,) — ¢(p, Tx,) — 0 for some p € F(T) it follows that ¢(Tx,, x,) — 0. Note that the
notion of a strongly nonexpansive mapping with respect to the norm was first introduced and studied in [23] (see also [24]).

Example 1.2 (Cf. [25,26]). Let E be a smooth, strictly convex, and reflexive Banach space and let C be a nonempty, closed
and convex subset of E. Let T : C — E be a relatively nonexpansive mapping. Suppose that there exists x > 0 such that

@, Tx) + k@(Tx, %) < (p, X)
forallp € F(T) and x € C. Then T is a strongly nonexpansive mapping.
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Many authors studied weak and strong convergence theorems of strongly relatively nonexpansive mappings (see, for
instance, [10,12,19,25-30] and the references therein).

Another well-known family of mappings is the class of firmly nonexpansive mappings, where a mapping T : C — E is
called firmly nonexpansive type [27] if

o(Tx, Ty) + @(Ty, Tx) + o(Tx, x) + ¢(Ty, ¥) < (1%, y) + ¢(Ty, X)

for all x,y € C. See [19,27-31] for more information on firmly nonexpansive type mappings. It is easy to see that if T is
firmly nonexpansive type with I — T is demi-closed at zero, then it is strongly relatively nonexpansive. Furthermore, there is
a mapping which is strongly relatively nonexpansive but is not firmly nonexpansive type as the following example shows.

Example 1.3. Let E be a smooth, strictly convex, and reflexive Banach space and let T : E — E be a mapping defined by

0 ifx=20

fe= (2 in ) ifx # 0
—SIn— 11X 1Ux .
3 |Ixll

Then F(T) = {0}. We observe that
(Tx, %) (4 >||||2 (2' 1)<J>+||||2
Q(IX, X)) = *Sln —_— Sin X, |X X
9 [Ix]] 3 [Ix]]
2 1\?
= (1 — Zsin ) Ix1?
3 |Ixll
2\? 25
1T+ X2 = = x>
( 3> lIxIl 3 [Ix]]

0. T%) (4'2 1)n 12 < g2
00, Tx) = [ = sin> — | Ix]I> < =|Ix
5™ I 9

5
2 2
= |[X]|” — = ||X

IA

Then

1
< ¢(0,x) — g(p(Tx, x)

for all x € E. This implies that T is relatively nonexpansive and

1<p(Tx, x) < ¢(0,x) — (0, Tx)

for all x € E. It follows that ¢(Tx,, x,) — 0 whenever {x,} is a bounded sequence such that ¢ (0, x,) — ¢ (0, Tx,) — 0. That
is, T is strongly relatively nonexpansive. Let xo € S be fixed. Put x = fxo andy = —xo Then Tx = ixo and Ty = xo
It follows that

(% Ty) = 16 4x] 4 ), 16 _ 256 _ Iy, 0
U =g 37" 97 "° 8ir2  sigz LUV

Consequently,

256 4 100
8172 9?2 81m?
4 612

972 81x?
4

4
> — + —— = p(Tx, y) + ¢o(Ty, x).
922 T 312 = ¢ ¥) + oIy, %)

o(Tx, Ty) + @(Ty, TX) + ¢(Tx, x) + @(Ty, y)

Hence, T is not firmly nonexpansive type.

The purpose of this paper is to prove for a class of strongly relatively nonexpansive mappings that only Conditions
(C1) and (C2) are sufficient for the strong convergence theorem of Halpern’s iterations to a fixed point of T without the
assumption of the nonempty interior of the fixed point set of T. Consequently, a strong convergence theorem for a relatively
nonexpansive mapping is deduced and a correction for [21, Theorem 4.1] is presented. Using a concept of duality theorems
(see, for instance, [32,33]), we obtain an analogue result for a strongly generalized nonexpansive mapping. Moreover,
two corresponding strong convergence theorems for a firmly nonexpansive type mapping [27] and a firmly generalized
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nonexpansive type mapping [34] are deduced. Finally, we discuss two strong convergence theorems concerning two types
of resolvents of a maximal monotone operator in a Banach space.

2. Preliminaries

We present several definitions and preliminaries which are needed in this paper. We say that a Banach space E is strictly
convex if the following implication holds for any x, y € E:

Xty

Il =llyll=1 and x#yimply <1

We say that E is uniformly convex if for any ¢ > 0, there exists § > 0 such that
x+y

I =1llyll=1 and |[x—y[l > ¢eimply | —| <1-34.

It is known that if E is a uniformly convex Banach space, then E is reflexive and strictly convex.
Let S¢ denote the unit sphere of E, that is, Sg ;= {x € E : ||x|| = 1}. The norm || - || of E is said to be Gdteaux differentiable
if
i lIx + tyll — Il
im——
t—0 t
exists for each x, y € Sg. In this case, E is said to be smooth. The norm of E is said to be uniformly Gateaux differentiable (resp.
Fréchet differentiable) if for each y € Sg (resp. for each x € Sg) the limit (2.1) is attained uniformly for any x € Sg (resp.
uniformly for any y € Sg). The norm of E is said to be uniformly Fréchet differentiable (and E is called uniformly smooth) if the
limit (2.1) is attained uniformly for any x, y € Sg. This is well-known that

2.1)

(1) if E is reflexive, then E is smooth if and only if E* is strictly convex;
(2) E is uniformly smooth if and only if E* is uniformly convex.

The value of x* € E* atx € E is denoted by (x, x*). The duality mapping J : E — 2" is defined by
=" e X (x, %) = [IXII” = [IX]*).
We also know the following properties (see, e.g., [35] for details):

(a) J(x) # o foreachx € E.

(b) If E is smooth, then J is single valued.

(c) IfE is strictly convex, then J(x) N J(y) = @ for all x # y.

(d) IfE has a uniformly Gateaux differentiable norm, then is uniformly norm-to-weak* continuous on each bounded subset
of E.

(e) If E has a Fréchet differentiable norm, then J is norm-to-norm continuous.

(f) If E is uniformly smooth, then ] is uniformly norm-to-norm continuous on each bounded subset of E.

(g) IfE is a Hilbert space, then J is the identity operator.

Let E be a smooth Banach space. The function ¢ : E x E — R (see [8]) is defined by

o(x,y) = x> — 2(x. Jy) + IyI*.
It is obvious from the definition of the function ¢ that

Uxll = yD* < ek, y) < dIxll + llyl)?
and

¢ (¢J7T Oy + (1= 1)) < hpx,y) + (1 = D (X, 2) (22)
forallA € [0, 1]and x, y, z € E.Itis also easy to check that if {x,} and {y,} are bounded sequences of a smooth Banach space
E, then x, — y, — 0 implies that ¢(x,, y,) — 0.

Lemma 2.1 (Cf. [36, Proposition 2]). Let E be a uniformly convex and smooth Banach space and let {x,} and {y,} be two sequences
of E such that {x,} or {y,} is bounded. If ¢(x,,y,) — O, thenx, —y, — 0.

Remark 2.2. For any bounded sequences {x,} and {y,} in a uniformly convex and uniformly smooth Banach space E, we
have

@Xn, Yn) = 0= X —yn = 0 &= Jx, — Jyn, — 0.

Let C be a nonempty, closed and convex subset of a reflexive, strictly convex and smooth Banach space E. It is known
that [8,36] for any x € E there exists a unique pointX € C such that

@(X,x) = ming(y, x).
yeC
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Following Alber [8], we denote such an element X by ITcx. The mapping I1c is called the generalized projection from E onto
C.Itis easy to see that, in a Hilbert space, the mapping Il coincides with the metric projection Pc.

Lemma 2.3 (Cf. [36, Propositions 4 and 5]). Let C be a nonempty, closed and convex subset of a reflexive, strictly convex and
smooth Banach space E, x € E and’X € C. Then

(@) X = Mcxifand only if (y — X, Jx —JX) < Oforally € C;
(b) @y, Icx) + @(I1cx, x) < ¢(y,x) forally € C.
Remark 2.4. The generalized projection mapping /1 above is relatively nonexpansive and F(/1¢) = C.

Let E be a reflexive, strictly convex and smooth Banach space. The duality mapping J* from E* onto E** = E coincides
with the inverse of the duality mapping J from E onto E*, thatis,J* = J~'. We will use the following mapping V : E xE* — R
studied in [8]:

V(x x*) = [IX]1* = 206, x%) 4 [IX]|? (2.3)
for all x € E and x* € E*. Obviously, V (x, x*) = ¢(x, ]~ '(x*)) for all x € E and x* € E*.
Lemma 2.5 (Cf. [8] and [37, Lemma 3.2]). Let E be a reflexive, strictly convex and smooth Banach space. Then

Vxx) +2(7 () — x,yF) < V(X" +y5)
forallx € E and x*, y* € E*.

Lemma 2.6 (Cf. [38, Lemma 2.1]). Let {a,} be a sequence of nonnegative real numbers. Suppose that
Any1 < (1 = ya)@n + Vabi
foralln € N, where the sequences {y,} in (0, 1) and {8,} in R satisfy the following conditions: lim,_, », ¥, = 0, Z;’il Yy = 00

and lim sup,,_, o, 8, < 0. Then lim,_, , a, = 0

Lemma 2.7 (Cf. [39, Lemma 3.1]). Let {a,} be a sequence of real numbers such that there exists a subsequence {n;} of {n} such
that a,, < ap41 foralli € N. Then there exists a nondecreasing sequence {m,} C N such that my — oo and the following
properties are satisfied by all (sufficiently large) numbers k € N:

Uy < Ay and - ag < Apyq1-

In fact, my = max{j < k: a; < aj;1}.

Lemma 2.8 (Cf. [40, Lemma 1]). Suppose that {a,} and {b,} are sequences of nonnegative real numbers such that
ap1 < ap+by,, n=1,2,3,....

If Y02 by < 00, then limy_. o, ay exists.

3. Strongly relatively nonexpansive mappings

In this section, we use Halpern’s idea [3] for finding fixed point of strongly relatively nonexpansive mappings in a
uniformly convex and smooth Banach space.

A mapping T : C — E is said to be relatively quasi-nonexpansive [15] if it satisfies only (R1) and (R2). In a Hilbert space
H, the duality mapping J is the identity mapping and ¢(x, y) = ||x — y||*> for all x, y € H. Hence, if T : C — H is relatively
quasi-nonexpansive, then it is quasi-nonexpansive, that is, ||p — Tx|| < ||p — x| forallp € F(T) and x € C. In the sequel, we
shall need the following lemmas.

Lemma 3.1 (Cf. [15, Lemma 2.5]). Let C be a nonempty, closed and convex subset of a strictly convex and smooth Banach space
Eandlet T : C — E be arelatively quasi-nonexpansive mapping. Then F(T) is closed and convex.

Lemma 3.2. Let C be a nonempty, closed and convex subset of a uniformly convex and smooth Banach space E,T : C — E
be a relatively nonexpansive mapping, x € E andX = ITpx. Suppose that {x,} and {y,} are bounded sequences such that
©(Txy, Xp) — 0and @ (Tx,, yn) — 0. Then

limsup(y, — X, Jx — JX) < 0.

n—oo

Proof. From the uniform convexity of E and Lemma 2.1,

Tx, —x, —> 0 and y, —x, — 0.
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From property (R3) of the mapping T, we choose a subsequence {x,,} of {x,} such thatx,, — y € F(T) and

limsup(y, — X, Jx — JX) = limsup(x, — X, Jx — JX) = lim (x,, — X, Jx — JX).
n—oo 1— 00

n—oo

From Lemma 2.3(a), we immediately obtain that
limsup(y, =X, Jx = JX) = (y =X, Jx = Jx) <0. O

n—oo
Using the technique in [16,39], we obtain the following theorem.

Theorem 3.3. Let C be anonempty, closed and convex subset of a uniformly convex and smooth Banach space E andletT : C — E
be a strongly relatively nonexpansive mapping. Let {x,} be a sequence in C defined by u € E, x; € C and

Xnp1 = Tc] " (aJu+ (1 — an)JTxy), n=1,2,3,..., (3.1)
where {a,} is a sequence in (0, 1) satisfying

(C1) limy, o0 0ty = 0;
(C2) Y02, oty = 00.

Then {x,} converges strongly to ITru.

Proof. Let
Yu =] Nowu + (1 — an)]Txy).

Then x,,1 = Icy,. Since F(T) is nonempty, closed and convex, we put
U = Hpyu.

We first show that {x,} is bounded. From Remark 2.4 and (2.2), we have

@ (U, Xnt1) < @(U, yn)
< anp(T,u) + (1 — o) (T, Txn)
< an@(U, u) + (1 — o) (U, Xp)
< max{p(u, u), p(U, x,)}.

By induction, we have

@(U, Xn1) < max{p(U, u), o(U, x1)}
for all n € N. This implies that {x,} is bounded and so is the sequence {Tx,}. From Condition (C1) and (2.2), we obtain
O (Txp, yn) < ane(Txy, u) + (1 — ap)@(Txy, Txp) = ane(Txy, u) — 0. (3.2)
From Remark 2.4, Lemma 2.5 and (2.2), we have
@(U, Xn41) < (U, yn) = V (U, Jyn)
V(U Jyn — an(u —JU)) = 2(yn — U, —o(Ju — J 1))
= V(U e/l + (1 — on)JTxa) + 200 (yn — U, Ju — J )
= (U] (U + (1 — an)JTxn)) + 2000 (yn — U, Ju — J U)
(U, W) + (1 — an)p (U, Txn) + 200 (yn — U, Ju — JU)
(1 — an)e(T, x,) + 20,y — U, Ju —JU), (3.3)

IA

IATA

foralln € N.

The rest of the proof will be divided into two parts.

Case 1. Suppose that there exists ng € N such that {¢(1, x,)}
convergent. Then

r?ino is nonincreasing. In this situation, {¢ (1, x,)} is then

@(aa Xn) — g{)(ﬁ, Xny1) — 0. (34)
Notice that

Qo(ﬁa Xnp1) < anw(ﬁ» u) +(1— Oln)QD(ﬁ, Txn).
It follows from (3.4) and Condition (C1) that

(P(ﬁa Xn) - (p(TL TXTI) = (p(ﬁ! Xn) - go(av Xn+1) + (p(ﬁv Xn—H) - ‘p(ﬂ, Txn)
@(U, X0) — (U, Xp11) + i (9(U, u) — (U, Txy)) — O.

IA
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Since T is strongly relatively nonexpansive,
@ (Txp, x,) — 0.
It follows from (3.2) and Lemma 3.2 that

limsup(y, — 4, Ju —Ju) <0.
n—oo

Hence the conclusion follows from Lemmas 2.6 and 2.1, and (3.3).
Case 2. Suppose that there exists a subsequence {n;} of {n} such that

(p(ﬁ, Xn) < @(ﬁ» Xni+1)

foralli € N. Then, by Lemma 2.7, there exists a nondecreasing sequence {m;} C N such that m; — oo,
@ (U, Xm,) < (U, Xm1)  and  @(U, xi) < @(U, Xy11)

for all k € N. This together with Condition (C1) gives
@ (U, Xm) — @(U, Ttmy) = @(U, X)) — @(U, Ximy1) + @(U, Xmy1) — @ (U, Tim,)

O, ((p('ﬁ, u) — o(u, Txmk)) — 0.

IA

This implies that
©(TXpmy,, Xy, ) —> 0.
It now follows from (3.2) and Lemma 3.2 that

limsup(ym, — U, Ju —Ju) <O0. (3.5)

k— o0

From (3.3), we have

(U Xmes1) < (1= ) (U, Xmy) + 20y (Yim — U, Ju — JU). (3.6)
Since ¢ (U, Xm,) < @(U, Xm,+1), We have

U@ (U, Xm) < (U, X)) — @(U, Xm41) + 20, Yy, — U Ju — JU)

< 20, (Ym, — U, Ju —JU).

In particular, since ap, > 0, we get

@ (U, X)) < 2(Ym, — U, Ju—J ).
It follows from (3.5) that ¢ (11, Xm,) — 0.This together with (3.6) gives

(U, Xm1) = 0.

But ¢ (U, x¢) < @(U, Xpm,+1) for all k € N, we conclude that x, — 1.
This implies that x, — U and the proof is complete. O

Remark 3.4. The result [41, Corollary 8] is a special case of our result.

Lemma 3.5 (Cf. [12, Lemmas 3.1 and 3.2]). Let C be a nonempty, closed and convex subset of a uniformly convex and uniformly
smooth Banach space E. Let T : C — E be a relatively nonexpansive mapping. Let U be the mapping defined by
U=J""GJ + (1 =D,
where A € (0, 1), then U : C — E is strongly relatively nonexpansive and F(U) = F(T).
Applying Theorem 3.3 and Lemma 3.5, we have the following result.
Theorem 3.6 (Cf.[16, Corollary 5]). Let C be a nonempty, closed and convex subset of a uniformly convex and uniformly smooth

Banach space E and let T : C — E be a relatively nonexpansive mapping. Let {x,} be a sequence in C defined by u € E,x; € C
and

X1 = TTcJ " (omfu + (1 — o) (W + (1 — 2)JTxy))

foralln € N, where {«a,} is a sequence in (0, 1) satisfying Conditions (C1) and (C2), and A € (0, 1). Then {x,} converges strongly
to HF(T) u.

Remark 3.7. In Theorems 3.3 and 3.6, the condition of the nonempty interior of fixed point set of T is not needed.
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We next prove a strong convergence theorem of our iteration in the presence of another condition and give the revised
version of Theorem 1.1.

Theorem 3.8. Let C be a nonempty, closed and convex subset of a uniformly convex and uniformly smooth Banach space E and let
T : C — E be a relatively nonexpansive mapping. Let {x,} be a sequence in C defined by (3.1), where {«,} is a sequence in (0, 1)
satisfying Zﬁil an < oo. If the interior of F(T) is nonempty, then {x,} converges strongly to z, where z = limy_, o ITr(1)Xp.

Proof. We show only that {Jx,} is a Cauchy sequence. To this end, we revise inequalities (4.5) and (4.15) in the proof of [21,
Theorem 4.1] as follows: for each w € F(T),

P(w, Xny1) < @(w, Xp) + an@(w, X1),
and there existp € F(T), h € E with ||h|| < 1andr > O such thatp + rh € F(T) and

1 @(p + rh, X1) T
U = Piall = 5P, Xm) — (. 3) + ————= 3 et

i=m

for each m < n, respectively. Since Z,f,“;] o < oo from Lemma 2.8, we have lim,,_, o, ¢(w, X,) exists and so {Jx,} is a Cauchy
sequence. The rest of the proof is similar to the proof of [21, Theorem 4.1], so it is left for the reader to verify. O

From Theorem 3.3, we apply the result for finding fixed point of a firmly nonexpansive type mapping. Since firmly
nonexpansive type mappings in a uniformly convex Banach space E whose norm is uniformly Gateaux differentiable are
strongly relatively nonexpansive [27, Theorem 5.2], we have the following results.

Theorem 3.9. Let C be a nonempty, closed and convex subset of a uniformly convex Banach space E whose norm is uniformly
Gdteaux differentiable. Let T : C — E be a firmly nonexpansive type mapping such that F(T) is nonempty. Suppose that {«,} is
a sequence in (0, 1) satisfying Conditions (C1) and (C2). Then the sequence {x,} defined by (3.1) converges strongly to ITgru.

Theorem 3.10. Let C be a nonempty, closed and convex subset of a uniformly convex and uniformly smooth Banach space E.
Let T : C — E be a firmly nonexpansive type mapping such that F(T) is nonempty. Suppose that {«,} is a sequence in (0, 1)
satisfying Zﬁ; on < oo. If the interior of F(T) is nonempty, then the sequence {x,} defined by (3.1) converges strongly to z,
where z = limy_, oo ITr(1)Xp.

4. Strongly generalized nonexpansive mappings

Let C be a subset of a smooth Banach space E. In 2007, Ibaraki and Takahashi [42] introduced the following mapping. A
mapping T : C — E is generalized nonexpansive if the following properties are satisfied:

(G1) F(T) # o;
(G2) ¢(Tx,p) < @(x,p) forallx € Cand p € F(T).

A generalized nonexpansive mapping T : C — E is strongly generalized nonexpansive [16] if whenever {x,} is a bounded
sequence in C such that ¢(x,, p) — ¢(Tx,, p) — 0 for some p € F(T) it follows that ¢(x,, Tx,) — 0. A mapping T : C — E

satisfies property (G3) if whenever {x,} is a sequence in C such that Jx, A JpandJx, —JTx, — 0itfollowsthatp € F(T).Here

X denotes the weak* convergence in the dual space. A mapping R : E — C is said to be a sunny generalized nonexpansive
retraction if the following properties are satisfied:

(1) Ris generalized nonexpansive;
(2) R(Rx + t(x — Rx)) = Rxforallx € Eand t > O;
(3) Rx =xforallx € C.

A nonempty subset C of E is said to be a sunny generalized nonexpansive retract (resp. generalized nonexpansive retract) of E if
there exists a sunny generalized nonexpansive retraction (resp. generalized nonexpansive retraction) of E onto C (see [42]
for more details). We know the following result.

Lemma 4.1 (Cf. [43, Theorem 3.3]). Let C be a nonempty and closed subset of a reflexive, strictly convex and smooth Banach
space E. Then the following are equivalent:

(i) Cis a sunny generalized nonexpansive retract of E;
(ii) C is a generalized nonexpansive retract of E;
(iii) JC is closed and convex.

In this case, the sunny generalized nonexpansive retraction from E onto C is given by | *117]Cj, where ITjc is the generalized
projection from E* onto JC.

In 2007, Ibaraki and Takahashi [44] proved that the sequence {x,} defined by (1.1) converges weakly to a fixed point of a
generalized nonexpansive mapping T.



4664 W. Nilsrakoo / Computers and Mathematics with Applications 62 (2011) 4656-4666
Let C be a nonempty subset of a smooth, strictly convex and reflexive Banach space E and let T : C — E be a mapping.
We define the duality T* : JC — E* of T by (see [32])
T*x* = JTJ~'x* forallx* € JC.
The following duality theorem is proved in [33, Theorem 20].
Lemma 4.2. Let C be a nonempty subset of a reflexive, strictly convex and smooth Banach space E. Let T : C — E be a strongly

generalized nonexpansive mapping with property (G3) and let T* : JC — E* be the duality of T. Then T* is strongly relatively
nonexpansive and F(T*) = JF(T).

Theorem 4.3. Let C be a nonempty, closed and sunny generalized nonexpansive retract of a uniformly smooth Banach space
E whose dual space has a Fréchet differentiable norm. Let T : C — E be a strongly generalized nonexpansive mapping with
property (G3). Let {x,} be a sequence in C defined by u € E, x; € C and

Xnt1 = Re(aqu + (1 — ap) Txy), (4.1)

where {a,} is a sequence in (0, 1) satisfying Conditions (C1) and (C2). Then {x,} converges strongly to Rrru, where Rgry is the
unique sunny generalized nonexpansive retraction from E onto F(T).

Proof. Suppose that T* : JC — E* is the duality of T. From Lemma 4.2, T* is strongly relatively nonexpansive and F(T*) =
JF(T). Let X} = Jx, and u* = Ju. Using (4.1) and R¢ =]*1HJc], we obtain

Xioy = M) (o) "0 + (1 — )] ' T*XY)
= Iic)* " (e u* + (1 — an)]*T*X})
for all n € N. Applying Theorem 3.3 gives x* — ITrr+)u*. Since J~! is norm-to-norm continuous,

X =J7'% = ] o =]~ My (u) = Regryu. O
If the mapping T in Theorem 4.3 is a self mapping, then we have the following corollary.

Corollary 4.4. Let C be a nonempty, closed, convex and sunny generalized nonexpansive retract of a uniformly smooth Banach
space E whose dual space has a Fréchet differentiable norm. Let T : C — C be a strongly generalized nonexpansive mapping with
property (G3). Let {x,} be a sequence in C defined by u, x; € C and

Xnp1 = ol + (1 — o) Txp,
where {a,} is a sequence in (0, 1) satisfying Conditions (C1) and (C2). Then {x,} converges strongly to Rpru.

Let C be a nonempty subset of a smooth Banach space E. Recall that a mapping T : C — E is firmly generalized non-
expansive type [34] if

o(Tx, Ty) + o(Ty, Tx) + ¢ (X, Tx) + 0¥, Ty) < ¢(x, Ty) + ¢(y, Tx)

for all x,y € C. It is not hard to show that the duality of a firmly generalized nonexpansive type mapping is firmly
nonexpansive type. As a consequence of Theorem 3.9, we have the following result.

Theorem 4.5. Let C be a nonempty, closed and sunny generalized nonexpansive retract of a uniformly convex and uniformly
smooth Banach space E. Let T : C — E be a firmly generalized nonexpansive type mapping with F (T) is nonempty. Suppose that
{an} is a sequence in (0, 1) satisfying Conditions (C1) and (C2). Then the sequence {x,} defined by (4.1) converges strongly to
RF(T) u.

5. Maximal monotone operators

Let E be a reflexive, strictly convex and smooth Banach space and let A C E x E* be a set-valued mapping with range
R(A) = {x* € E* : x* € Ax} and domain D(A) = {x € E : Ax # @}. Then the mapping A is said to be monotone if
(x —y,x* —y*) > 0 whenever (x, x*), (y,y*) € A.ltis also said to be maximal monotone if A is monotone and there is no
monotone operator from E into E* whose graph properly contains the graph of A. It is known that if A C E x E* is maximal
monotone, then A~'0 is closed and convex.

Theorem 5.1 (Cf. [45]). Let E be a reflexive, strictly convex and smooth Banach space and let A C E x E* be a monotone operator.
Then A is maximal monotone if and only if R(J + rA) = E* forallr > 0.

Using Theorem 5.1, we obtain that for every r > 0 and x € E, there exists a unique x, € D(A) such that
Jx € Jx, + rAx,.
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The single valued mapping J, : E — D(A) by J;x = x,, thatis, J, = (J + rA)~YJ is called the resolvent of A. We know that
A~10 = F(J,) forallr > 0 (see [27,28,37] for more details).

Theorem 5.2 (Cf. [27, Lemma 2.3]). Let E be a reflexive, strictly convex and smooth Banach space and let A C E x E* be a
maximal monotone operator. Let J, be the resolvent of A, wherer > 0.If A~'0 is nonempty, then J, is firmly nonexpansive type.

Using this result and Theorem 3.9, we prove a strong convergence theorem for resolvents of maximal monotone operators
in a Banach space.

Theorem 5.3. Let E be a uniformly convex Banach space whose norm is uniformly Gdteaux differentiable and let A C E x E* be
a maximal monotone operator. Let J, be the resolvent of A, wherer > 0. Let {x,} be a sequence defined by u, x; € E and

Xn+1 =]71(anlu + (1 — an)fiXn),

where {a,) is a sequence in (0, 1) satisfying Conditions (C1) and (C2). If A~10 is nonempty, then {x,} converges strongly to
I,

From Theorem 5.1, if E is reflexive, strictly convex and smooth and B C E* x E(=E* x E**) is a maximal monotone
operator, then R(J~! +rB) = E forall r > 0. Thus, if r > 0 and x € E, then there exists z € E such that

x=J7'(x) €] '(Jz) + B(Jz) = z + rBJz.

It follows from the strict convexities of E and E* that such a point z is unique. Thus we can define the generalized resolvent
Q; of Bby

Ox=z=(1+rB) 'x

For more details, see [42,46].

Lemma 5.4 (Cf. [34, Lemma 3.5]). Let E be a reflexive, strictly convex Banach space whose dual space has a uniformly Gateaux
differentiable norm and let B C E* x E be a maximal monotone operator. Let Q, be the generalized resolvent of B, wherer > 0.
If B~10 is nonempty, then Q; is firmly generalized nonexpansive.

Using this result and Theorem 4.5, we prove a strong convergence theorem for generalized resolvents of maximal
monotone operators in a Banach space.

Theorem 5.5. Let E be a uniformly convex and uniformly smooth Banach space and let B C E* x E be a maximal monotone
operator. Let Q, be the generalized resolvent of B, wherer > 0. Let {x,} be a sequence defined by u, x; € E and

Xpy1 = gl + (] - an)Qer

where {a,) is a sequence in (0, 1) satisfying Conditions (C1) and (C2). If B~10 is nonempty, then {x,} converges strongly to
Rg)-10l, Where R g1 is the unique sunny generalized nonexpansive retraction from E onto (BJ )~ 1o.

Remark 5.6. In Theorem 5.5, we present a strong convergence theorem for the generalized resolvent with a new control
condition. This is complementary to Ibaraki and Takahashi’s result [46, Theorem 4.2].
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CONVERGENCE THEOREMS FOR BREGMAN STRONGLY
NONEXPANSIVE OPERATORS IN REFLEXIVE BANACH
SPACES
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ABSTRACT. In this paper, we deal with weak and strong convergence
theorems for Bregman strongly nonexpansive operators in reflexive Ba-
nach spaces and then apply them to the solution of equilibrium problem.
Various special cases are discussed.

1. INTRODUCTION

Many problems in nonlinear analysis can be reformulated as a problem of
finding a fixed point of a (quasi-)nonexpansive mapping in a Hilbert space. To
extend this theory to a Banach space, we encounter some difficulties because
many of useful examples of nonexpansive mappings in Hilbert spaces are no
longer nonexpansive in Banach spaces. There are several ways to overcome
these difficulties. One of them is to use the Lyapunov functional (see [1]) in-
stead of the norm. Matsushita and Takahashi [24, 25] studied and investigated
the the weak and strong convergence theorems for relatively nonexpansive map-
pings (coincides with the one in the usual sense in a Hilbert space) in Banach
spaces which were first introduced by Butnariu et al. [15]. Several articles
have appeared providing methods for approximating fixed points of relatively
nonexpansive mappings (see, e.g., [3,4,11,18,21-32,34,40,41]).

In 1967, Brégman [12] discovered an elegant and effective technique for the
using of the so-called Bregman distance function (see, Section 2, Definition
2.1) in the process of designing and analyzing feasibility and optimization algo-
rithm and so on (see, e.g., [2,5-8,12,14,16,17,20,33,35-39] and the references
therein). The method of cyclic Bregman projections produces a sequence con-
verging to a solution of the convex feasibility problem (see, e.g., [2,5,12,16,17]).
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Albert and Butnariu 2] investigated the method of cyclic Bregman projections |
in a reflexive Banach space. They proved that the method of cyclic Bregman
projections produces a sequence weakly converging to a solution of the con-

vex feasibility proble and norm convergence under additional conditions on the
convex sets. In 2004, Lee and Park [33] studied quasi-Bregman firmly nonex-
pansive mappings (see, Section 2, Definition 2.10) and the weak convergence
theorem of a Bergman projection method for finding an asymptotic fixed point
of a quasi-Bregman firmly nonexpansive mapping in a reflexive Banach space.

Recently, Reich and Sabach [37-39] studied the existence and approximation of _

fixed points of a Bregman firmly (strongly) nonexpansive mapping (see, Section
2, Definition 2.10) in reflexive Banach spaces.

Inspired and motivated by the works, we introduce the Mann-type iterative
algorithm to find a fixed point of a Bregman strongly nonexpansive mapping
in a reflexive Banach space and then the weak and strong convergence theo-
rems are proved under some suitable assumptions. Moreover, we modify these
methods in order to solve the equilibrium problem. The main results in this
paper extend, and improve the corresponding results in the literature.

2. PRELIMINARIES

Throughout this paper, without other specifications,we denote by R the set
of real numbers. Let X be a real reflexive Banach space with the dual space
X*. The norm and the dual pair between X* and X are denoted by || - ||
and (-, -), respectively. Let f : X — (—o00,+00] be a proper convex and lower
semicontinuous and f* : X* — (—o0,+o0|] be a Fenchel conjugate of f. We
denote by dom f and int(dom f) the set {z € X : f(z) < co} and the interior
of the domain of f, respectively. For any = € int(dom f) and y € X, the
right-hand derivative of f at x in the direction y defined by

[z +ty) - f(z)
: :

(2.1) folzy) = o

The function f is said to be Gdteaur differentiable at z if the limit as t —
0 in (2.1) exists for any y. In this case, f°(z,y) coincides with Vf(z), the
value of the gradient of f at z. The function f is called Gdteauz differentiable
if it is Gdteaux differentiable for everywhere. The function f is said to be
Fréchet differentiable at z if this limit is attained uniformly for [|y|| = 1. We
say f is uniformly Fréchet differentiable on a subset C' of X if the limit is
attained uniformly for z € C and ||y|| = 1. From now on, we assume that the
function f is a proper convex, lower semicontinuous and Gateaux differentiable
on int(dom f).
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Legendre function f is defined in [6]. From [6], if X is a réflexive Banach
space, then f is Legendre if and only if it satisfies the following conditions:

(L1) int(dom f) is nonempty, f is Gateaux differentiable on int(dom f), and

dom V f = int(dom f);
(L2) int(dom f*) is nonempty, f* is Géteaux differentiable on int(dom f*),
and dom V f* = int(dom f*).

Since X is reflexive, we know that (8f)~! = 8f* see, e.g., [10]. This, by

(L1) and (L2), implies
vf=(vf
ran Vf = dom vV f* = int(dom f*)
and
ran Vf* = dom v f = int(dom f).

By [10, Theorem 5.4], conditions (L1) and (L2) also yield that the functions f
and f* are strictly convex on the interior of their respective domains. Several
interesting examples of Legendre functions are presented in [6] and [10]. Among
them are the functions 2| - || with s € (1,700), where the Banach space X is
smooth and strictly convex and, in particular, a Hilbert space.

We first recall some definitions and lemmas which are needed in our main
results.
Definition 2.1 ([7,12]). The function Dy : dom f x int(dom f) — [0, +00) is
defined by

Dy(y,x) = f(y) — f(z) = (Vf(2),y — =),

is called the Bregman distance with respect to f.
Remark 2.2 ([7,37]). The Bregman distance has the three point identity: for
any = € dom f and y, z € int(dom f),

(2.2) D¢ (z,y) + D (v, 2) — Ds(x,2) = (Vf(2) = VF(y), T — );
From the definition of Bregman distance above, we have the following lemma.

Lemma 2.3. Let f be a Legendre function. Then, for all z € int(dom f),
y,z €dom f and « € [0,1],

Dy(z, Vf*(aVf(y) + (1 — a)Vf(2))) < aDy(z,y) + (1 — &) Ds(z, 2).
Definition 2.4 ([13] (see also [14])). The function f is called:

(i) totally convez at a point « € int(dom f) if its modulus of total convexity
at z, that is, the function v : int(dom f) x [0, +00) — [0, +00), defined
by

vy(@,1) = inf{Dy (y,2) : y € dom 1, |}z — yl| = £},

is positive whenever ¢ > 0;
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(ii) totally convez when it is totally convex at every point z € int(dom f);

(iii) totally convex on bounded sets if v¢(B,t) is positive for any nonempty
bounded subset B of X and ¢t > 0, where the modulus of total convexity
of the function f on the set B is the function defined by

v¢(B,t) := inf{vs(z,t) : € BNint(dom f)}.

The next proposition turns out to be very useful in the proof of the main
results.

Proposition 2.5 ([35]). If z € int(dom f), then the function f is totally
convez at z if and only if for any bounded sequence {y,} C dom f,

(2.3) D¢(yn,z) 20 = |lyn—2z| —0.

Proposition 2.6 ([2,33,35]). Let f: X — (—o0,+o0] be a Legendre function
which is uniformly Fréchet differentiable and totally convex on bounded subsets
of X. Then: ) i
(i) f is uniformly continuous on bounded sets;
(i) f is coercive i.e., imyz|— 400 f(z)/||Z|| = +00;
(iii) the modulus of convezity py : [0,4+00) — [0,4+00) of f, defined by

pp(t) = inf{ afle) il = "‘)ig’)_‘a’;(““(l — W) .4 € (0,1), |z — v =t} ;

is strictly convez, ug(0) =0 and
us(le —9ll) < Dyp(z,y) Vo, € int(dom f).

Definition 2.7 ([12]). The Bregman projection of x € int(dom f) onto the
nonempty closed and convex set C C dom f is the necessarily unique vector
Projé(m) € C satisfying

Dy (ProjL(z),z) = inf{Dy(y,z) : y € C}.

Remark 2.8 ([7,39]). (i) If X is a Hilbert space and f(z) = ||z|?, then
the Bregman projection Proj’é(m) is reduced to the metric projection
of z onto C.
(ii) If X is a smooth Banach space and f(z) = ||z||, then the Bregman
projection Projf(z) is reduced to the generalized projection Ilcz (see,
e.g., [1]) which defined by

IT = min .
e(Icz, x) grgccp(y,x)

where ¢(y, z) = ||y|> — 2(Jz,y) +||z||? and J is the normalized duality
mapping from X to X™*.
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Similarly to the rietric (generalized) projection, Bregman projections with
respect to totally convex and differentiable functions have variational charac-
terizations.

Lemma 2.9 ([35]). Let f: X — (—o00,+00] be a Gateauz differentiable and
totally convezr on int(dom f). Let z € int(dom f) and C' C int(dom f) be
a nonempty closed conver set. If T € C, then the following statements are
equivalent

(@) z= Projé(:r),'

(ii) the vector T is the unique solution of the variational inequality:
(Vf(z) - Vi@),T—y) 20,Vy € C;

(ii) the vector T is the unique solution of the inequality:

Df(y75)+Df(E)z) = Df(y,iE), Yye C.

The strong and weak convergences of a sequence {z,} in a Banach space X
to an element z € X are denoted by z, — = and z,, — z, respectively. Let C
be a nonempty subset of a Banach space X, and let T': C — X be a nonlinear
mapping. We denote the set of fixed points of T by F(T). A point w € C is
called an asymptotic fized point of T (see, e.g., [1]) if C contains a sequence
{z,} which converges weakly to w such that z, — Tz, — 0. We denote the
set of asymptotic fixed points of T' by ﬁ(T) We next list significant types of
nonexpansivity with respect to the Bregman distance.

Definition 2.10 (see [37]). Let C be a nonempty, closed and convex subset of
int(dom f). We say that a mapping T": C? — int(dom f) with F(T') # @ is
(i) Bregman nonezpansive if
(24) Dy(Tz,Ty) < Dy(z,y)
for all z,y € C;
(ii) quasi-Bregman nonezpansive if
(25) Dy (p,Tz) < Dy(p,z)
for all z € C and p € F(T);
(iii) Bregman firmly nonezpansive if
D§(Tz,Ty) + D§(Ty,Tz) + Dy (Tz,z) + D¢ (Ty,y)
(26) < Dy(T'n,y) + Dy(Ty,2),
for all z,y € C, or equivalently,

(2.7) (Vf(Tz) - Vf(Ty), Tz — Ty) < (Vf(z) — Vf (), Tz - Ty);
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iv) quasi-Bregman firmly nosezpansive if
(iv)
(2.8) D¢(p, Tz) + D¢(Tz,z) < Df(p, )

for all z € C and p € F(T),
(v) Bregman strongly nonezpansive if

(2.9) D¢(p,Tz) < D¢(p, )

for all z € C and p € F(T), and if whenever {z,} C C is bounded,
p € F(T), and

Df(pymn) =g Df<pr$n) — 0,

it follows that
D§(Tzn,zn) = 0.

From the definitions of mappings above, we have the following properties.

Proposition 2.11 ([37-39]). Let f : X — (—o0,+00] be a Legendre function.
Let C be a nonempty, closed and conver subset of int(dom f) and T : C — C
be a mapping. Then:

(i) If T is a Bregman nonezpansive mapping, then T is quasi-Bregman
nonezrpansive.

(ii) If T is a Bregman firmly nonexpansive mapping, then T is quasi-
Bregman firmly nonexpansive.

(i) If T is a quasi-Bregman firmly nonezpansive mapping, then T is Breg-
man strongly nonezpansive.

(iv) If T is a quasi-Bregman nonezpansive mapping, then F(T') is closed
and convez.

(v) If f s bounded, uniformly Fréchet differentiable and totally convez
on bounded subset of X and T is Bregman firmly nonezpansive, then
F(T) = F(T).

3. MAIN RESULTS

In this section, we present the weak and strong convergence theorems of the
iterative scheme (3.1). To this end, we need the following proposition.

Proposition 3.1. Let X be a reflezive Banach space and f : X — R be a
Legendre function which is uniformly Fréchet differentiable and totally convex
on bounded subsets of X. Let C be a nonempty, closed and convex subset of X
and let T be a quasi-Bregman nonezpansive mapping of C into itself. Let {z,}
be a sequence defined by x1 € C and

(31)  @mir = Projh Vf* (anf(zn) + (1 — 0n)VF(T2a), 21,
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where {an} is a sequence in [0,1]. Then {z,} is bounded and {Proji.(T)(:cn)}
converges strongly to a fized point of T.

Proof. Let p € F(T). From Lemmas 2.3 and 2.9, we have
Df(p, wn-{—l) < Df(pa Vf*(Oanf(.’En) = (1 B an)Vf(Ta:n))
< anDg(p,z0n) + (1 — an)Ds(p, Tzy)
(3~2) < Df(p, Tn)-

Hence, lim, ;oo D;(p,T,) exists and, in particular, {Ds(p,z,)} is bounded.
This implies that {z,} is bounded. Also {T'z,} is bounded. Let u, =

Proj{:(T) (zn). Then, we get
Dy (tn,ZTn+1) < Dy(tn,zn)
and
Df(un+1,Znt1) < Dp(tn, Tnsr) — B (tty; Y1)
< Dg(un,Tn) — Dy (un, tn41)
2 D ¢(thyyn)-
It follows that limp_,co Dy (un,,) exists. Moreover, we get
D (tn, tnt1) < Dy (tn, Tn) — Dy (Unt1, Tnt1)-
By induction, we have
D (un,um) < Dy (un,Tn) — D (tm, Tm)
for all m > n € N. From Proposition 2.6, we get
pf ([t — unl]) < Dy (tn,um) < Dg(tin, Tn) — D (um, Tm)-

Then the properties of uf yield that {u,} is a Cauchy sequence. Since X is

complete and F(T) is closed, {u,} converges strongly to some point in F(T).
a

Corollary 3.2 ( [24, Proposition 3.1]). Let X be a uniformly conver and uni-
formly smooth Banach space, let C be a nonempty, closed and convez subset of
X and let T be a relatively quasi-nonezpansive mapping of C into itself; that
is, F(T) # @ and p(p,Tz) < p(p,z) for allp € F(T) and z € C. Let {z,} be
a sequence defined by z; € C and

(3.3) Tny1 = Hod YanJTn + (1 — an)JTz,), n2>1,

where {an} is a sequence in [0,1]. Then {Ilg)(zn)} converges strongly to a
fized point of T

Now, we present a weak convergence theorem.
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Theorem 3.3. Let X be a reflexive Banach space and f : X — R be a Legendre
function which is uniformly Fréchet differentiable and totally convez on bounded
subsets of X. Let C be a nonempty, closed and conver subset of X and let T
be a Bregman strongly nonezpansive mapping of C into itself such that F(T) =
F (T") # @. Suppose that {a,} is a sequence in [0,1] such that limsup,,_,., on <
1. If Vf is weakly sequentially continuous, then the sequence {z,} defined by
(3.1) converges weakly to u € F(T), where u = lim, Projlf;.(T) {Zn):

Proof. Let p € F(T). From (3.2), we get lim,_,oc Df(p, zn) exists and so

(1 =3 an)(Df(p, xn) - Df(p) T:L'n)) < Df(pr mn) - Df(p, xn+1) -+ 0.
Since limsup,,_,, an < 1, we get

Df(p, :Z:n) = Df(p, T.’En) — 0.
Since 7' is Bregmam strongly nonexpansive,
. D§(T%n,zs) = 0
and hence
[Tz — zn|| — O. :
This implies that if there exists a subsequence {z,,} of {z,} such that z,, = v
for some v, then by F(T) = F(T), v € F(T).
Let u, = Projj;(T) (zn). Then, we get
- (34) (Vi(@n) = Vf(un),un — 2) 20
for all z € F(T). Let {z,,} be a subsequence of {z,} such that z,, — v. Then
v € F(T). From (3.4), we have
<Vf($m) - vf(uﬂi)au‘ni '_ ’U) 2> 0.

By Theorem 3.1, there is u € F(T) such that u, — u. Since Vf is weakly
sequentially continuous and letting ¢ — oo, we get

(3.5) (Vf(v) = Vf(u),u—v) 2 0.
Since V f is monotone, we have
(3.6) (Vi) — Vf(u),v—u)>0.

It follows from (3.5) and (3.6) that

(Vi) = Vf(u),v—u) =0.
From (2.2), we get Dy(u,v) = 0. Since f is totally convex and Proposition 2.5,
we get u = v. Therefore, {z,} converges weakly to u = limp oo Proj;(T)(xn).
This completes the proof.
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Corollary 3.4. Let X be a uniformly convezr and uniformly smooth Banach
space, let C be a nonempty, closed and convex subset of X and let T be a
strongly relatively nonezpansive mapping of C into itself. Suppose that {an} is
o sequence in [0,1] such that imsup,,_,., an < 1. If J is weakly sequentially
continuous, then the sequence {zn} defined by (3.3) converges weakly to u €
F(T), where u = limp 00 I1p(7) (@)

Next, we also consider the strong convergence of (3.1).

Theorem 3.5. Let X be a reflexive Banach space and f : X — R be a Legendre
function which is uniformly Fréchet differentiable and totally convex on bounded
subsets of X. Let C be a nonempty, closed and conver subset of X and let T
be a Bregman strongly nonezpansive mapping of C into itself such that F(T) =
F(T) # 2. Suppose that {an} is a sequence in [0, 1] such that limsup,, o, 0 <
1. Ifint(F(T)) # 9, then the sequence {zn} defined by (3.1) converges strongly
tou € F(T), where u = limp_400 Proj{,(T) (@n)s
Proof. Since int(F(T)) # @, there exist p € F(T) and r > 0 such that
p+rhe F(T)

whenever k|| < 1. By (2.2), we have
(3.7
Df($n+1>$n) St <Vf((1:n) - vf(zn—i—l)a Tn+1 — u) = Df(u) wn) - Df(u;xn+1)

for all u € F(T). We also have
(Vf(@n) = Vf(@n+1), Tnt1 — P)
(3.8) = (Vf(Zn) = Vf(Zn+1), Tnt1 — P+ 7h)) + (Y f(2n) — Vf(@nt1), h)-
From (3.2) and p+ rh € F(T'), we get
D¢(p+rh,Tnt1) < Df(p+ rh,z0).
It follows from (3.7) that
D§(Tnt1,%n) + (Vf(2n) = Vf(Zn41), Tns1 — (P+TR)) 2 0.
r{Vf(zn) — Vf(Tn+1), Tnsy1 — ) = 0.

From (3.7) and (3.8), we have

r(Vf(2n) = Vf(Tns1),B) < Df(@nt1,Zn) + (VF(2n) = Vf (Tnt1), Tnt1 —P)

= Dy(p,Tn) — D5 (p, Tnt1)

and hence

(VF(@2) = VF@ns1)s B) < 2(Ds(0,24) — D0, Tn11)).

<[ |
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Since h with ||h|| < 1 is arbitrary, we have

195 (2n) = VS (@nso)ll < ~(Ds(,70) = Dy (o, 2ns2)).

So, if m > n, then

m—1
1Vf(zn) = Vf(zm)ll < Z V£ (z:) = v f(zig1)ll
m—1
<= 3 (Do) - Dylr,00))

We know that {D¢(p, z,)} converges. This implies that {V f(z,)} is a Cauchy
sequence. Since X* is complete, we have {V f(z,)} converges strongly to some
z* € X*. Since Vf is bijective, there is z € X such that V f(z) = z*. It follows
that '

Tn =V (V(zn)) = V' (Vf(z)) =z.

As in the proof of Theorem 3.2, we also have ||z, — T'z,| — 0. So, we get
u € F(T) with u = lim,_, Projfv(T) (zn): _ . O
Corollary 3.6. Let X be a uniformly conver and uniformly smooth Banach
space, let C be a nonempty, closed and convex subset of X and let T be a
strongly relatively nonezpansive mapping of C into itself. Suppose that {an}
is a sequence in [0,1] such that limsup,,_,., an < 1. Ifint(F(T)) # @, then
the sequence {z,} defined by (3.3) converges strongly to u € F(T), where u =
limy, 0 HF(T) (xn)

4. EQUILIBRIUM PROBLEMS

Let C be a nonempty, closed and convex subset of X. Let g : C x C — R be
a bifunction that satisfies the following conditions (see, for instance, [9,19,37]):

(A1) g(z,z) =0 for all z € C;
(A2) g is monotone, i.e., g(z,y) + g(y,z) < 0,for all z,y € C;
(A3) for all z,y,z € C,

limsup g(tz + (1 - t),y) < g(=,y);
t—0
(A4) for all z € C, g(z,-) is convex and lower semicontinuous.
The equilibrium problem of g is to find z € C such that
(4.1) g(z,y) >0 forallyeC.
The set of solutions of (4.1) is denoted by EP(g). Set
Resg(m) ={z2€C:9(z,y)+ (Vf(z) = Vf(z),y—2) >0 Vy € C}.

T —_— g

oo bt
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The following two lemmas give several properties of these resolvents.

Lemma 4.1 ([37, Lemma 1]). Let f : X — (—o00,4+00] be a coercive and
Géteauz differentiable function. Let C be a closed and convex subset of X. If the
bifunction g : C x C — R satisfies conditions (A1)-(A4), then dom(Resg) =X

Lemma 4.2 ( [37, Lemma 2]). Let f : X — (—o0, +00] be a Legendre function.
Let C be a closed and convexr subset of X. If the bifunction g : C x C — R
satisfies conditions (A1)-(A4). Then, the followings hold:

() Resg is single-valued; :

(ii) Resg is a Bregman firmly nonezpansive mapping (is also Bregman

strongly nonezpansive);
(iii) F(Resf) = EP(g).

From Theorems 3.2 and 3.5, we have the following result.

Theorem 4.3. Let X be a reflexive Banach space and f : X — R be a Le-
gendre function which is bounded, uniformly Fréchet differentiable and totally
conver on bounded subset of X. Let C' be a nonempty, closed and convez
subset of X and let g : C x C — R be a bifunction satisfies conditions (A1)-
(A4) and EP(g) # @. Suppose that {an} is a sequence in [0,1] such that
limsup,,_, oo 0n < 1. Let {zn} be a sequence defined by =1 € C and

Tnt1 = Projl V*(anV f(zn) + (1 — ozn)Vf(Resi,c Ta)), m>1.
Then:
(i) If Vf is weakly sequentially continuous, then {z,} converges weakly to
u € EP(g), where u = limp o0 Projgp(g)(a:n).
(i) If int(EP(g)) # @, then {z,} converges strongly to u € EP(g), where
u=limn s Projgp(g) (zn):
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Abstract

The purpose of this paper is to introduce the implicit midpoint
rule based on conjugate gradient method for finding a fixed point of a
nonexpansive mapping. We present the strong convergence theorems
in a Hilbert space of this method. Setting certain parameters, as a con-
sequence, strong convergence theorems for finding a fixed point of a
nonexpansive mapping which studied in [16] are deduced. Finally, we

give some examples to support our main results.

Mathematics Subject Classification: 47H09, 47H10
KeyWOI'dS: convergence theorem, fixed point, Halpern algorithm, implicit midpoint rule, nonex-

pansive mapping

1 Introduction

Let H be a real Hilbert space with an inner product (-, -) and a norm || - ||. A mapping
T : H — H is said to be nonexpansive if for any x,y € H
I7(2) = T < 1 — y]
We denote by Fix(7') the set of all fixed points of 7.
The convergence theorems of nonexpansive mappings have been considered by many

researchers in recent years. In 1967, Halpern [7] introduced an explicit iteration for finding a

*Corresponding author
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fixed point of a nonexpansive mapping 7" of a Hilbert space H, which is called the Halpern
algorithm, xy € H and
Tpy1 = o + (1 — o) T () (1.1)

for each n > 0, where ()52, C (0, 1) satisfying (C1) lim «, = 0, (C2) Z o, = oo and
n—0o0

n=0

(C3) Z |tn 1 — 0| < 00. Then (z,,);2, generated by (1.1) converges strongly to Prix(r) (o),
n=0
where Prix(r) is the metric projection from H onto Fix(T').

In 2014, Sakurai and Iiduka [14] introduced the Halpern algorithm based on steepest de-
scent method for solving an example of a fixed point problem and they can formulate novel
fixed point algorithm by using conjugate gradient method, which can accelerate steepest de-
scent method and the number of iterations is less than steepest descent method. They present
strong convergence theorem of their algorithm for finding a fixed point of a nonexpansive map-

ping in Hilbert space as follows: let (x,,)3° , be a sequence in H defined by zo € H, 11 € (0, 1],
1
A > 0, do = X(T(l’o) — 3,’,'0) and

1
dn+1 = X(T(Tn) - zn) + /Bndny
Yn = Tp + Adn+17 (12)

Tp1 = HORTo + (1 - Han)ghr

for each n > 0, where ()22, C (0,1) and (8,)52, C [0, 00). Suppose that (C1)-(C3),
(C4) B, < a2 and (C5) (T(w,) — )52, is bounded. Then (z,,)°, generated by (1.2) con-
verges strongly to Prix(7) (o), where Prix(r) is the metric projection from H onto Fix(T"). Many
researchers have studied the conjugate gradient method such as [5,6,8,9, 11].

Recently, Xu, Alghamdi and Shahzad [16] introduced the implicit algorithm for finding

a fixed point of a nonexpansive mapping 7', which is called the implicit midpoint rule, o € H

and

Tpt1 = Qplo + (1 - an)T <%> (13)
for each n > 0, where (a,)7%, C (0, 1) satisfying (C1), (C2) and (C3') either
Z |1 — @] < 0o or lim @+l _ 1 Then ()52, generated by (1.3) converges strongly

n—oo C}fn
n=0
to Prix(ry(2o), where Prix(r) is the metric projection from H onto Fix(7T'). Moreover, many
researchers have studied the implicit midpoint rule such as [1,3,4,12,17].
In this paper, we have implemented the concept of implicit midpoint rule in [14]. We will

modify the implicit midpoint rule with conjugate gradient method for finding a fixed point. We

—
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also present the strong convergence theorem of a nonexpansive mapping in a Hilbert space of
our algorithm. Moreover, setting certain parameters in our algorithm can deduce the conver-
gence theorems which is studied in [16]. Finally, we give some examples to support our main

results.

2 Preliminaries

Throughout this paper, let H be a Hilbert space with an inner product (-, -) and a norm
Il - |l. Let z € H. A sequence ()5, in H is said to
(i) converges strongly to x, denoted by x,, — z, if li_)m ||z, — z|| = 0;
(ii) converges weakly to x, denoted by z,, — =, if lir:l <C.:n, y) = (x,y) forally € H.
It is well known that H is a Hilbert space if and only i}z;h bounded sequence (z,,)5>, of H
has a weakly convergent subsequence (z,, )5, of (z,,)52, (see [15]).
A mapping T : H — H is said to be a contraction if there exists a real number r with

0 < r < 1 such that

T () = T()]| < rlle -yl
forall z,y € H. A function f : H — R is said to be convex if, for any x,y € H and for any
A€ 0,1],

fQz+(1=Ny) < Af(2)+ (1 =N [f(y)

A mapping g : H — H is said to be monotone if

(@ —y.g(x) —gy) =0
forall z,y € H. A function f : H — R is said to be Fréchet-differentiable at v € H if there
exists y € H such that

f(@+h) = f(x) + y, h) +o(l[Al]),

where 1% @ = 0. The element y is called a gradient of f at x and is denoted by v f(z)
[2, Definition 1.1.11]. A mapping A : H — H is said to be Lipschitz continuous with L > 0
(L-Lipschitz continuous) if

|A(z) = A(y)l| < Lz — |
forall x,y € H. Let C be a nonempty closed convex subset of H. Then for each point x € H,
there corresponds a unique point 2 in C such that

lz — &l = inf llo — yll.

We call a mapping defined by Po(x) = &, the metric projection of H onto C' (see [15]).

Lemma 2.1. [15]. Let H be a Hilbert space and let C' be a nonempty closed convex subset of
H. Letx € H. Then

(i) the projection P is nonexpansive with Fix(P¢) = C.

—
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(ii) & = Po(x) if and only if (x — &,y — Z) < 0 forall y € C.

Theorem 2.2. [15, Theorem 5.4.4: Opial’s Theorem]. Let H be a Hilbert space and
(xn)32, C H converges weakly to x € H, then liminf||z, — z|| < liminf||z, — y|| for all
n—oo n—oo

y € H withx # .

Lemma 2.3. [15]. Let H be a Hilbert space and let T : H — H be a nonexpansive mapping.

Then Fix(T) is closed and convex.

Lemma 2.4. [14, Proposition 2.2]. Let (an)o>y, (bn)osy, (cn)osy and (@), be sequences of

nonnegatzve real numbers with anH < (1 = ap)ay + @by, + ¢, for each n > 0. Suppose that

Zan—oo limsupb, =0, anchn<oo Then lim a, = 0.

n—00
n=0 n—0o n=0

3 Main Results

First, we introduce the implicit midpoint rule based on conjugate gradient method for
finding a fixed point of a nonexpansive mapping.

Sakurai and liduka [14] can formulate novel algorithm by using conjugate gradient
method which is acceleration steepest descent method. This make their algorithm performs
better than the Halpern algorithm. Accordingly, we will modify algorithm (1.3) by using the
concept of [14] as follows: let f : H — R be convex, continuously Fréchet differentiable func-
tional. Suppose that the gradient of f, denoted by </ f, is Lipschitz continuous with a constant
L > 0and define 77/ : H — H by

TV =1-)v/, G.1)

where A € (0,2/L] and [ : H — H stands for the identity mapping. We will show that
algorithm (1.3) is based on the steepest descent method [13, Subchapter 3.3] to minimize f

over H. Since T” is nonexpansive (see, [10, Proposition 2.3]) and
j . .
Fix(1T7) = argmlnf ={z*eH: f(z*) = min f(@)}.

Thus algorithm (1.3) with T’ = Tf can be expressed as follows:

A =~ f(@n),
Yo =T(3,) =&, + M, (3.2)

Tp+1 = Qplo + (1 - an)yn (TL 2 0)7

—
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- Ty + Tyt .. . . .
where Z,, = —s This implies that (3.2) uses the steepest descent direction [13, Sub-
chapter 3.3]. The steepest descent direction of f at T, is dfl’le b—_ v f(&,), and so (3.2)

is based on the steepest descent method. We will use conjugate gradient method [13, Chapter
5] to accelerate steepest descent method. The conjugate gradient direction of f at %, is
dPCEP = =g f(#n) + BudlCYP for all n > 0, where )" = — < f(&) and
(8n)2, C (0,00). This together with (3.1) and (3.2) gives

1
Ay = (T () = &) + B 0. (33)
We replace &/, = — 7 f(i,) and &, = % in (3.2) with d/C%" defined by (3.3), we

get

1  (Tn T T+ T :
,CGD n n+1 n n+1 ;
e =5 () - () ) ¢ e
Tpn + Tp41 Ty + Tp41
o () () 64

Tnt1 = apxo+ (1 — an)yn (n>0).

We replace y,, and df;fIGD from (3.4) in x,,11, we get

Tp41 = o + (]- - an) Tf %) + )\Bndn> ’
,CG 1 L, + LTn+1 Ty + Tpg
d£+1 b = X Tf 2 + - 2 + + /Bndn (n 2 O)

We can formulate an algorithm for finding a fixed point as follows:

Algorithm 3.1. The implicit midpoint rule based on conjugate gradient method:
Step 0.  Choose A > 0, and 2y € H arbitrarily, and set (o, )o2, C (0,1), (8n)22, C [0, 00).

1
Compute dy = X(T(xo) — Zo).
Step 1. Given x,,d, € H, compute x,,. 1, d,.; € H as follows:

Zn + Znyr + /\Bndn) ,

1 Ty + Tpt1 Ty + Tyt
dn =T - ’rLd’IL'

Putn =n + 1, and go to Step 1.

Tpp1 =apxo+ (1 —ay) (T

If we set 8, = 0 for all n > 0, then Algorithm 3.1 reduces to the implicit midpoint rule
defined by (1.3).

Next, we propose the following lemma showing that Algorithm 3.1 is well-defined.

—
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Lemma 3.1. The implicit midpoint rule based on conjugate gradient method defined by Algo-
rithm 3.1 is well-defined.

Proof. Fixed A > 0 and 2y € H, set ()2, C (0,1), (Bn)o2, C [0,00), for each fixed
Zn,d, € H and the mapping S,, : H — H is defined by

Sn(x) = anzo + (1 — ay) (T (?) + Aﬂndn>

forall x € H. For each x,y € H, we obtain

() = anzo + (1 — an) (T <’”"; x) + )\ﬁndn>

and

Suly) = o + (1 - ay,) (T (‘E; y) + Aﬁndn) .

Then, the nonexpansivity of 7" implies that

I15:60) = Sulo)ll = |1 = e (2252 - (1= e (2572
() ()

Ty + T T +

’( 2 >_( Zy)H

1
= S —anle—yl.

=(1-ay)

S (1 _an)

1
This implies that S,, is a contraction with coefficient 5(1 — ay) € [0,1). So, there exists a

unique fixed point of S,,, say x,,1 € H, such that S,,(z,41) = T»41. That s,

It follows that d,,.1 is computed. This means that ()52, and (d,,)s>, are well-defined. This

completes the proof. O

We assume the conditions to support the Algorithm 3.1 as follows:

Assumption 3.1. The sequences (a,,)o%, (Bn)o and (z,,)02, satisfy

—
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€ lim a, =0, (€2) > a, =,
n=0
(C3) either Z |ani1 — @) < 0o or lim Ontl _ 1, (C4 B, <a?,
n—0o0 an

(C5h (T <I" +2x"+1) — <$" Jr;"“)) is bounded.

Next, we give some helpful lemmas for proving the main theorems.

Lemma 3.2. Suppose that Algorithm 3.1 satisfies Assumption 3.1. Then ()5 and (dy,)0,

are bounded.

Proof. By (C1) and (C4), we obtain that lim 3, = 0. Accordingly, there exists no > 0 such
n—oo

1
that 3, < 5 for all n > ny. By (C5), there exists M, > 0 such that

() - ()=

for all n > 0. Define M; = max{\|d0||7 lldalls Nl dalls s [l dng || s Mo}. So M; < oco. Assume

that ||d,, || < M; for n > ny. By the definition of (d,,);>, and the triangle inequality, we get

1 Tp + T Ty + Tp
el < 5 7 (2252 ) = (2522) |+ il < o

By mathematical induction, we get ||d,|| < M; for all n > 0 and hence (d,,);°, is bounded.

By the definition of (z,,);°, and the nonexpansivity of T', for all z € Fix(7) and n > 0,

Zns1 — ||

an(zo — ) + (1 = o) (T (%) - l) + (1 = an)A3udy

’T <%) . xH 4 (1= an)ABulldo

1
1—ay) ||z, — 2| + 5(1 — ) |Tns1 — || + (1 — ) AM; B,

< ap|lzo — x|+ (1 — )

1
< aonO - ‘TH + 5(

It follows from (C4) and o, < 1 (n > 0) that

20471 2an
lenir — o] < (1 - ) e — o + ( ) (Il — o + AML).

1+« 1+«

Induction guarantees that, for all z € Fix(7") and n > 0,

lzn — 2| < |lzo — || + AM;.

—
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This means that (z,,)5, is bounded. This completes the proof. O
Lemma 3.3. Let (x,,);2, be generated by Algorithm 3.1 with the Assumption 3.1. Then
() lim ||zpe1 — x|l =0,
n—oo
(i) lm ||z, — T(z,)|| = 0,
n—oo
(iii) limsup <.r0 — 2T <w> 4 NBpdyy — r> <0, where 2* = Pryry(0)-
n—oo

Proof. (i) Since o, < |1 — @] + a1 and o, < 1 forall n > 0, we get

appy +ap < apy + an(lani — anl + angn) < (Qnpt + )i + anps — agl. (3.5)

Tp + Tpt1

Since (z,,)5°, is bounded and (C5"), this implies that (T < 5

) ) is bounded, there
exists My > 0 such that "=

() s

For all n > 0, by the nonexpansivity of T, (3.6), (1 — a,) < 1 (n > 0), ||d,|| < M; and (C4),

we obtain

||1‘n+1 - an

(G — 170 + (1 — ) <T (%) _7 (%))

+(an—1 - an)T <$"%m> + (1 - an)/\/@ndn - (1 - an—l)/\ﬁn—ldn—l

<(—anllr (%) 7 (%) H + (1= an)M\Balldal
Tp—1 1+ Tn
+ (1 - anfl))\ﬁnfludnfl” + |Of" - an71| (”IOH + HT <#> H)
Tp + T Tp—1+ Tp
S (l—an) < 9 +1> - < 12 >H+/\M1 (ﬁn+ﬁn—1)

+ lan = ana| (lzol| + Ma)
1 1
< 5(1 — o) ||Tn1 — Tall + 5(1 = ag) [|2n — @]l + AM; (O‘i + 0‘271)

+ lan = anaf ([zoll + Ma).

—
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By (3.5), we obtain

1 1
l2ni1 — 2l < 5(1 — ap) [|Tnp1 — 2| + 5(1 —ap) |2y — zp ]|
+ |ag, — 1| (|zoll + Mz) + AMy (i + ap_1)tn + |t — 1))

1 1
= 5(1 — ) [[Tng1 — 2|l + 5(1 —ap) |y — 2pa|| + Ma|a, — oy,

+ )\Ml (an + anfl)ana

where M; = ||xo|| + Mz + AM; < co. This implies that

20, 200,
lmir — 2] < (1 - ) n = ncal| + ( ) (M, (0, + a1)

1+ a, 14+ ay
2M;sla, —
2Msom — o] G7)
1+a,
From Condition (C3"), we divide it into 2 cases as follows:
Case 1: Z |1 — @] < 00. Setting
n=1
2M;s|a, — a1 B 20,
n — [|[In — In— 7bn:>\M n n-1)y Cn = — d n — .
a |zn — Zn-1] 1o + an-1), ¢ Lo, and & o,

Then (3.7) becomes a,, 11 < (1 — @y )a, + @nb, + c,. This together with (C1), (C2), (C3') and
Lemma 2.4 gives

lim ||z, — z,-1]| = 0.
n—0o0

an+1

Case 2: lim
n—00  (lp

= 1. Setting

Mg 20571
n = ||In — Ln— ~bn:)\M n n— | — Up—-1], n:[)andin: .
a |Tn — Tp_1]|s 1o + 1) + - |ay, — a1, ¢ a i
Since lim Qnil _ and C1, we get lim —3|an — a,—1| = 0. Then (3.7) becomes
n—oo (Y.

n—00  (y, n

a1 < (1 — &p)an + @nby, + ¢,. This together with (C1), (C2), (C3") and Lemma 2.4 gives
lim ||z, — z,-1]| = 0.
n—oo

From case 1 and case 2, this implies that

lim [|z,11 — @,/ = 0.
n—00

—
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(ii) By the definition of (z,,)52, (C4) and (3.6), we obtain that

Tp41 =T (7In +2-Tn+1) H

pTo + (]. — an) <T (f” +2$n+1> + )\ﬂndn> -T (73’;” +25(3n+1> H

Ty + Tp
< (haall+ |1 (2222 ) + - apsalan

< ag(|Jzol + M) + AMior.

This together with (C1) gives

lim
n—oo

2

Zor =T (M) H —0. (3.8)

Since 7' is nonexpansive, we get

[ = T(za)ll < 20 = Zngall +

o () () e

— (%) H N

Ty — T (LL +2x"+1) H .

This together with Lemma 3.3 (i) and (3.8) gives

Tpt1 — Tn

< llon = @l + ;

3
S 5”171 - xn+1|| +

lim ||z, — T(z,)|| = 0.

n—oo

(iii) Let " = Prixr)(20) and z, =T %) + ABnd, foralln > 0.
Since | T Tn t Tnv1 and (d,,),-_, are bounded, this implies that (z,),- , and
2 0 n n
({xo — 2%, 2, — 27)) 5, are bounded. From the limit superior of ((xg — 2*, z, — 2*)),—,, there

exists subsequence (z,, )i, of (z,)ae, such that

n=0

limsup({zy — z*, z, — 2*) = lim (zg — 2%, 2z,, — x").
n—00 k—o0

. ~ . . .
Moreover, since (z, )32 is bounded, there exists subsequence (z, )2, of (2, )32, converges

weakly to some point § € H. We obtain

limsup({zg — &*, z, — 2*) = lim (xg — 2%, 2, — &) = (xo — ", § — x¥). 3.9
n—oo0 100 ‘

—
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By the triangle inequality, (C4) and ||d,,|| < M; (n > 0), we obtain

Tn +
o — 2l < HT (—) -

5 + |Tps1 — 2al| + AM1Q2,

this together with Lemma 3.3 (i), (ii) and (C1), we obtain that lim ||z,, — x,|| = 0. It follows
n—oo

that (zy,, )2, converges weakly to §j € H. Next, we will show that § € Fix(T'). Assume that

7 ¢ Fix(T). i.e., § # T(§). By Theorem 2.2, Lemma 3.3 (ii) and the nonexpansivity of T, we

obtain

liminf [z, — gl <liminfllz,, —7T(5)]
i—00 i i—00 i

< liminf(||z,,
1—00 v

= liminf(|T'(zy, ) —

1—»00

= T(xn )+ 1T (zn,,) = T@))
T@)l

< liminf [, — 9],
1—00

which is contradiction. Thus § € Fix(T). By (3.9), Lemma 2.3 (iii) and 2" = Prix(1)(0), we

get
limsup(zg — 2%, 2, — 2¥) = (xg — 2%, — 2*) < 0.
n—o0
This completes the proof. O

Now, we are in a position to prove the main theorem.

Theorem 3.4. Let ()5, be generated by Algorithm 3.1 with the Assumption 3.1. Then

(#n)ney converges strongly to Priy) (o).

Proof. Let 2" = Prix(r)(20). Since the inequality ||z + y||* < 2(y,z + y) (z,y € H), the
Schwarz inequality, the triangle inequality, (C4) and o, < 1, we obtain that

HT <In +1‘7L+1> + /\ﬂndn _ $*

2
<|r (%) 2| +2:8, <dn,T (%) T ABudy — x>

? Tp + Tpt1 *
F 28l (|7 () 2

2

2

Tp + Tpt1 *
—_— — X
2

T, —x* Tpi1 — T°
<
< () (=)

1 . 1 x
5 llen = "I + 5 s — 2| + Maa,

<

+A6n||dn|\)

2
+ 202 My (My + [|2*]| + AM;)

A

—
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where My = 2\M; (M + ||z*|| + AM;) < co. We obtain

ap(xg —2%) + (1 — ay) (T (%) + \Bnd, — x*)

T (%) 4 ABud,, — 2

+ 20, (1 — ay) <z0 — ", T <%> + \Bnd, — x*> ,

2

12 — 2** =
2

= apflwo — 2" |* + (1 - o)’

and so
2

’T (%) + Audy, — 2

+ 2a,, <x0 —az* T <7xn +2I"+1> + \Bnd, — J:*>

< a2fla — 2+ 5(1 = ) 7 = 27+ 5 (1= ) 7 = 2*|

+ M4a3l + 2a, <.r0 — T <w> + A\Bpd, — T*> .

a1 —2*|* < agllzo — 2™ * + (1 — a)

2

Thus

[

QOén 2 20[7, 2
—( 1+an) iz = 27| +(1+an) (anllzo = 271F)

271 n /TL
(=2 Mo+ 2z — o= 7 (E225) L ag.d,— 2 M), 3.10)
1+ a, 2

Setting
Ay = ||zn — x*HQ, by = ap||lzo—2*||*+Myor, +2 ’<x0 -z T (%) + NBudyy — m*>’

200,
1+a,

< (1 — an)a, + @b, + ¢,. Using Lemma 2.4, we get

¢, =0and a,, =

Thus (3.10) becomes a1
lim ||z, — z*||* = 0. and so
n—oo

lim ||z, —z*|| = 0.

n—oo
This means that (x,, ), converges strongly to z*. This completes the proof. O
Next, if we set §,, = 0 for all n > 0, then Algorithm 3.1 reduces to the implicit midpoint

rule defined by (1.3) as the following corollary. This means that Theorem 3.4 is generalization

—
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of the convergence analysis of the implicit midpoint rule.

Corollary 3.5. Let (z,,);2, be generated by the implicit midpoint rule Suppose that (C1)

Ant1 -1

T}Lngo a, =0, (C2) Za" = 00, and (C3') either Z |atpi1 — @] < 00 or lim

n—0oo
n=0 n=0

Then (,)ney converges strongly to Priyr) (o).

Proof. Setting 8, = 0 for all n > 0, the Algorithm 3.1 reduces to the implicit midpoint
rule. Next, we will show that (C4) and (C5’) hold. Since 3, = 0 for all n > 0, we obtain
B. < 2. Thus (C4)holds. For each 2 € Fix(T) and n > 0, by the nonexpansivity of 7 and

the triangle inequality, we get

o)+ =) (1 (25222) )|

[Zn+1 — 2| =
Ty + Ty

< ap ||mo — 2| + (1 — ) %—J;H
1 1

< ag flzo — 2l + 51 = an) flan — 2] + (1 = aw) [@nrs — 2|

Thus
2a, 2a,
fowes =l < (1= oY o = ol () =l @)

We will show that ||z,, — z|| < ||zg — z|| for all n > 0. Obviously, ||z¢ — z|| < ||zo — ]|

Assume that ||z, — z|| < ||z — z|| for n > 0. By (3.11), we get

2a 2a
e =l < (1= T o = ol + (20 ) oo =l < flw = ]

By mathematical induction, we get ||z, — || < ||xo — || for all n > 0. This implies that

()52, is bounded. Moreover, for all z € Fix(T') and n > 0 by the triangle inequality and the
nonexpansivity of 7', we obtain

T l'n"'l'n-%—l _ xn+$n+1 S T l‘n"'l'n-%—l —x T — xn+$n+1
2 2 2 2
() ol o (=52) -]
2
Tp — X Tpt1 —
=2
[(=52)+ (=5=)]

< 2||zo — z||.

+

This implies that (T <$" +2x"+1> - (x" +2x"+1 )) is bounded. Thus (C5’) holds.
n=0

—
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By Theorem 3.4, we obtain that (x,, )5, converges strongly to Prix(7)(%0)- O

4 Numerical Results
The purpose of this section is give two numerical examples supporting Theorem 3.4.

Example 4.1. Let R be the set of real numbers with the usual inner productand let 7 : R — R
be a mapping defined by T'(x) = cos(z) for all z € R. Then T is a nonexpansive mapping.

B S
105(n + 2) " (105(n + 2))2
(n > 0). Itis easy to show that (a, )2, and (3,)52, satisfy the Conditions, (C1), (C2), (C3")

and (C4). Weset A\ = 1, 19 = 7, dy = —1 — wand ||T'(2,,) — x,|| < 107° for large enough n.

Let (x,,);2, be generated by Algorithm 3.1 with o, =

We rewrite Algorithm 3.1 as follows:

Tnt1 = 105(20+ 2" <10;(()1;(_7:—?—)2; 1) <T (xn +2$n+1) i (105(57:L 2))2) 7

Ty + Tyt Ty + Tpt dn
—(r - .
o ( ( 2 > ( 2 )) T 10w 2)

4.1)

We can show that (C5') holds, since | T'(z,,) — || < 107° for large enough n, we get
(T(zn) — 4)5, is bounded. Since (T'(x,));>, is bounded. So ()2, is bounded. This

implies that <%> is bounded. Thus <T (xn +2x"+1) — <I" +;"+1>> is
n=0 n—=0

bounded. Therefore (C5’) holds. We used the MATLAB to solve Algorithm 4.1. We present

the number of iterations in numerical results for the Halpern algorithm, HP-CGM, the implicit
midpoint rule and Algorithm 3.1 in Figure 1. The results of Figure 1 show that the number of
iterations for the Halpern algorithm, HP-CGM, the implicit midpoint rule and Algorithm 3.1
satisfy || T'(z,,) — 2,|| < 107% and we found that the least number of iterations to approximate
a fixed point of 7" is Algorithm 3.1. Moreover, we found that (z,,)5°, generated by Algorithm
3.1 approximates a fixed point of 7" which is 0.739085.

Example 4.2. Let R? be the usual space. Let 7 : R? — R? be a mapping defined by

e (o (57 = (25

for all (x,,29) € R% By |sin(z)| < |z| for all z € R and trigonometric properties, we

obtain that T" is a nonexpansive mapping. Let (x,,);°, be generated by Algorithm 3.1 with
1 T [e.e] o0
ay, = ECE) and 3, = (CE)E (n > 0). Itis easy to show that (a,)22 ; and (5,)52,

—
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—8— The Halpern algorithm

HP-CGM
—8— The implicit midpoint rule
—®— Algorithm 3.1

1T bl

1 | | | .

15 20 25 30 35
The number of iterations

Figure 1: The number of iterations in numerical results which are satisfying
| T(x,) — x,|| < 1075 for the Halpern algorithm, HP-CGM, the implicit midpoint rule and
Algorithm 3.1

satisfy the Conditions, (C1), (C2), (C3') and (C4). We set A = 1, xo = (x0,%0) = (0,0),
dy = (0,1) and ||T(x,) — x|l < 1075 for large enough n. We rewrite Algorithm 3.1 as

follows:

X0 i 105(n + 2) -1 T Xn + Xn+1 + dn
Xn = = 5 ’
T 105(n + 2) 10°(n + 2) 2 (10°(n + 2))? (4.2)

Xpn + Xt Xp + Xnt1 d,
—(r _ .
I ( < 2 ) ( 2 ) T 1+ 2)

We can show that (C5') holds. Since ||T'(x,,) — %, ||z < 107 for large enough n, we get

T(x,) — %,)°2 is bounded. Since cos?(z) + sin’(z) = 1 forall z € R, this implies that
n=0 p
T(x5))o>, is bounded, this implies that (x,,)>>, is bounded, we also get In T 2l is

n=0 n=0 g )

bounded. Thus (T (= +2X”“) - <X" +2X"+1 is bounded. Therefore (C5') holds.
n=0

We used the MATLAB to solve Algorithm 4.2. We present the number of iterations in numer-

n=0

ical results for the Halpern algorithm, HP-CGM, the implicit midpoint rule and Algorithm 3.1
in Figure 2. The results of Figure 4.2 show that the number of iterations for the Halpern algo-
rithm, HP-CGM, the implicit midpoint rule and Algorithm 3.1 satisfy ||T(x,,) — x,[|2 < 107°
and we found that the least number of iterations to approximate a fixed point of 7" is Algorithm
3.1. Moreover, we found that (x,,)o°, generated by Algorithm 3.1 approximates a fixed point

of T" which is (0.831021, 0.556240).

—
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—@- e Halpern algoritim
HP-CGM
—®— The inyplicit midpoint rule
- Algorithm 3.1

08

n' ol
o
]

ITCx s L

04

02

— ! (R | 1 QV—Q—I
o 1 2 3 4 5 6 7 8 9 1"

The number of iterations

Figure 2: The number of iterations in numerical results which is satisfying
| T(xn) — %n|la < 107° for the Halpern algorithm, HP-CGM, the implicit midpoint rule and
Algorithm 3.1

This paper presented the implicit midpoint rule based on conjugate gradient method for
finding a fixed point of a nonexpansive mapping in a Hilbert space and its strong convergence
to a fixed point of a nonexpansive mapping under certain assumptions. Moreover, the implicit
midpoint rule based on conjugate gradient method can reduces to the implicit midpoint rule
when 3, = 0 for all n > 0. We gave examples to support the convergence theorem. We
compared the number of iterations for the Halpern algorithm, HP-CGM, the implicit midpoint
rule and the implicit midpoint rule based on conjugate gradient method. The results showed
that the least number of iterations to approximate a fixed point were the implicit midpoint rule

based on conjugate gradient method.
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Abstract

The purpose of this paper is to introduce an algorithm to accel-
erate the Halpern algorithm by using the conjugate gradient method.
Setting some certain parameters, the such algorithm is deduced to the
Halpern algorithm. Consequently, the strong convergence theorem of
acceleration of the Halpern algorithm for finding an attractive point of a
nonexpansive mapping in Hilbert space is presented. When the domain
of a nonexpansive mapping is the whole space, the attractive point set
and the fixed point set coincide and then the strong convergence theo-
rem for finding to a fixed point of a nonexpansive mapping is shown.

Finally, we give an example to support our main results.

Mathematics Subject Classification: 47H10, 47H09, 47H05
Keywords: attractive point, conjugate gradient method, fixed point, nonexpansive mapping,

Halpern algorithm

1 Introduction

Let H be a real Hilbert space with an inner product (-, -) and a norm || - || and let C be a

nonempty subset of H. A mapping T : C' — H is said to be nonexpansive if
[Tz —Ty|| < |l -yl forallz,ye C.

We denote by F'(7') the set of all fixed points of T'. If C' is bounded closed convex and 7" is a
nonexpansive mapping of C' into itself, then F'(T") is non-empty (see [2]). We write z,, — =

(zn, — x, resp.) if (z,)°, converges strongly (weakly, resp.) to .

*Corresponding author
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The problem of finding a fixed point of nonexpansive mappings has been widely inves-
tigated by many authors. In 1992, Wittmann [12] proved the following strong convergence

theorem of Halpern’s type [5] in Hilbert space as follows:

Theorem 1.1. [12] Let C be a non-empty closed convex subset of a Hilbert space H. Let T be
a nonexpansive mapping of C into itself with F(T) # 0. For any zy € C, define a sequence
()52 in C by

Tpt1 = anZo + (1 — )Tz, foralln >0, (1.1)

where (a,)22, C (0,1) satisfies

(C1) limy, o0 v, = 0;
(C2) 30 g om = 003

(C3) 30 ol — o] < 0.
Then x,, = Pp(ryxo, where Pp(ry is the metric projection from H onto F(T).

Let C be a non-empty subset of a Hilbert space H and 7' : C' — C be a mapping. An

attractive point of 7" is a point x in H such that
[Ty — 2|l < |ly — | forally e C. (1.2)

The set of all attractive points of 7" is denoted by A(7"). In 2012, Akashi and Takahashi [1]
used the concept of attractive points of a nonexpansive mapping to obtain a strong convergence

of Halpern’s iteration in a subset of a Hilbert space as follows:

Theorem 1.2. [1, Theorem 3.5] Let C' be a non-empty subset a Hilbert space H. Let T be a
nonexpansive mapping from C' into itselt with A(T') # & and let (x,)°, be a sequence in C

defined by (1.1) satisfying (C1)-(C3). Then x, — Py)o.

In 2014, Sakurai and liduka [9] presented an algorithm to accelerate the Halpern algo-
rithm in a Hilbert space of a nonexpansive mapping to search for a fixed point using the ideas

of conjugate gradient methods that can accelerate the steepest descent method as follows:

Theorem 1.3. [9, Theorem 3.1] Let H be a Hilbert space and let'T' : H — H be a nonex-
pansive mapping with F(T) # @. Let (x,)2, be a sequence in H defined by xy € C,dy =
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1
—(Txg — x0) and
«
dn+1 = é(Tzn - Tn) + ﬂndvu
Un =Ty + adn+17 (13)
Tp+1l = HOnTo + (1 - ,Uan)yn7

where p € (0,1],a > 0, (n)22 C (0,1) and (5,)52, C [0, 00). Suppose that (C1)-(C3),

(C4) B, < a2 foralln >0, and

(C5) (T(mp) — xn)52 is bounded.
Then x,, — Pp(r)To.

Many researchers have been studied the conjugate gradient method such as [3,4,6-8].

In this paper, we mainly consider an algorithm to accelerate the Halpern algorithm in a
Hilbert space to search for an attractive point of a nonexpansive mapping by using conjugate
gradient methods. We also present the strong convergence theorem for finding of a fixed point

of a nonexpansive mapping. Finally, we give the example to support our main results.

2 Preliminaries

Let H be a real Hilbert space. Then

lz = ylI* = lll* = lyl* = 2z -y, ) 2.1

and

Az + (1= Nyll* = Al + (1 = Nyl = A1 = Dz -yl 22)

forall z,y € H and A € [0, 1]. Let (z,)5°, be asequence in H and z € H.

(i) (xn)S2, converges strongly to x, denoted by x,, — z, if ||z, — z|| = 0;

(ii) (zn)52, converges weakly to z, denoted by z,, — =, if (z,,,y) — (z,y) forally € H.

It’s well known that if 2, — z, then z,, — x. Let C' be a non-empty closed convex subset of

H. Then, for any = € H, there exists the nearest point Pz in C' such that

|z — Pex|| < ||z —y|| forally e C.
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Such a mapping P is called the metric projection of H onto C. We know that Py is nonex-

pansive. Furthermore, we get the following theorem.
Theorem 2.1. [11, Theorem 4.1.2] Let C be a non-empty closed convex subset of a Hilbert

space H. Then & = Pox if and only if (x — &,y — &) < 0 forally € C.

Let C be a non-empty subset of a Hilbert space H. For a mapping 7" of C into H, we
denote by F'(T') the set of all fixed points of T and by A(T) the set of all attractive points of
T, ie.,

() F(T)={ze€C:x=Tx};
(i) A(T) ={z e H:||Ty— x| <lly—=|, Vy € C}.

Lemma 2.2. [10, Lemma 2.3] Let H be a Hilbert space and let C' be a non-empty subset of H.
Let T be a mapping from C' into itself with A(T) # &. Then A(T) is a closed convex subset
of H.

Lemma 2.3. [11, Theorem 6.1.3] Let H be a Hilbert space. Let T : H — H be a nonexpansive
mapping with F(T) # @. Then F(T') is a closed convex subset of H.

To prove our main result, we need the following lemma.
Lemma 2.4. [9, Proposition 2.2] Let (a,,)22,, (0,)22,, (€,)22, and (&), be sequences of
nonnegative real numbers with

tp1 < (1 —ay)an + anb, + ¢,

Jor each n > 0. Suppose that Y - &, = oo, limsup, , b, < 0, and Y oo ¢, < 00

Then lim,,_,, a,, = 0.

3 Main results

In this section, using the method introduced by Sakurai and liduka [9], we obtain a strong

convergence theorem for finding an attractive point of a nonexpansive mapping.

Theorem 3.1. Let C be a non-empty subset of a Hilbert space H and T : C — C be a non-
expansive mapping with A(T) # @. Let (x,,)52, be the acceleration of the Halpern algorithm
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generated by xy € C,dy € C' and

dn-H = é(Tln - ‘Tn) + ﬁndm
UYn = Tp+ adyyy, 3.1

Tpt1 = POnZo + (1 - :U’an)yn7
where € (0,1],a > 0, ()52 C (0,1) and (8,)52, C [0, 00). Suppose that

(C1) lim,, o iy =0,
(C2) X2 o =00,
(C3) 320 s — anl < oo,
(C4) B, < foralln >0,

n

(C3) (Txy — x,)52 is bounded.
Then ()52 defined by (3.1) converges strongly to * = Pa(r%o.

Proof. We first show that (d,,)0%, (2,)02, and (y,)>2, are bounded. From (C1) and (C4),
we have that lim,,_,., 5, = 0. So, there exists ny > 0 such that 5, < % for all n > nyg.
From (C5), there exists My > 0 such that ||Tz,, — z,|| < M, for all n > 0. Define M; =
max {||d;|| , 2My : 0 < i < ng}. Suppose that ||d,,|| < M; for n > no. Then

1
HdnJrIH = a(Txn - xn) + ﬂndn

1

< 5 ITwn = @l + Ba lldall
M, 1

<=+ oM
« 2

< M.

By mathematic induction, we get ||d,,|| < M; for all n > 0. Therefore, (d,,)5>, is bounded.
Notice that, for all z € A(T) and n > 0,

lyn — 2|l = [[T2n + aBudy — |
<N Tw, — x| + By || da|
< ||$n - IH + C“Mlb)n‘ (32)
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It follows from (C4) and «,, < 1 that

a1 — 2| = |lpan(zo — 2) + (1 — pow) (yn — @) ||
< pan||ro — | + (1 — povy) [[yn — 2|
< pagllzo — x| + (1 — paw)([|zn — 2| + aMiBy)

< (1= pow)|lwn — x| + pow|lwo — 2| + aMas,

CMMl
< (= o = o+ i (o ] + 22

Let My = [|lzg — x| + . By mathematical induction, we get || x,, — x[| < M, and hence
()82, is bounded. This together with (3.2) gives (y,,)22, is bounded.

n=0

We next will show that lim,, o ||Z,11 — #,|] = 0. From the nonexpansivity of T,

ld.|| < M; and (C4), we obtain

lyns1 = ynll = [(T2ni1 — Twn) + a(Buirdnis — Budyn)||
SNTzpsr — Taal + a(Butalldnsa|l + Balldnll)

< znsr — @l + O‘Ml(ai+1 +ap). (3-3)
Since o, < |41 — an| + apgr and o, < 1 for all n > 0, we have that

2 2 2
Apy1 T og <o+ Oé"|()é"+1 - an‘ + QnQnp1

< (an+1 + an)an+1 + |an+1 - an|~
This together with (3.3) gives
Yni1 = Ynll < |Tns1 — ol + My ((Qngs + an)ongs + | — aal) -

Since

Hxn+1 - In“
= [|(1 = ) (Yn = Yn—1) + ptln — an-1) (2o — Yn1)|l
< (1= pan)|lyn = Yol + plon — ana|([|zoll + 1yn-1l)

< (1 = pan)|lYn — Ynall + Ms|aw, — n1],
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we get

lZn1 — @l

S (1 - ,uan)(Hxn - xnfln + aMl((arL + anfl)an + ‘Oé" - an71|)) + M3|an - a'nfl‘

aM.
< (1= pa)||wn = T + 7%% + ) e, 4 (@M + Ms)|ay, — a, ],

where Mz = sup {u(||zol| + [|ynll) : 7 > 0} < co. Setting

O[Ml

ap = ||Tn — Tp1ll, bn = (an 4+ an-1), cn = (aMy + M3)|a, — ay,—1] and &, = pay,.

Then
Qp41 S (1 - dn)an + dnbn + Cn.

From (C1) and (C3), we have lim,,_,, &, = 0, limsup,,_, b, = 0 and ZZO:O ¢, < 0o. From

Lemma 2.4, we get lim,, o |2, — Tn_1|| = 0, L., im0 || 1 — @0]| = 0.

We will show that lim,,_, ||z, — Tz,|| = 0. From (Cl1), we get

”:E?H»l - yn” = /LOZnHIO - ynH — 0.

It follows that
1y — 2ull < llyn = Tnga || + |0 41 — 20]] = 0.
and
1
dn+1ll = =llgn — 2al — 0.
(0%
Therefore,

1Tz, — z0l| = a(||dns1 = Budnll) < a(lldnsi1ll + Bulldall) — 0.

We now will show that

limsup(xo — 2",y — 2*) <0, where 2" := Py)x).
n—0o0
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Let 2* := Pyr)xo. By Theorem 2.1, we get
(o —a*,y —a*) <0 forally € A(T). 3.4

Since (y,)32, is bounded, we obtain that ({(zg — z*,y, — z*))7> is bounded. There exists a

subsequence (Y, )72, of (¥,)52, such that

: * * : * *
limsup({zg — =", y,, — z*) = lim (zg — =", y,, — z").
n—o00 k—00

Since (yn, )7, is bounded, there exists a subsequence (yn, )%, of (yn, )72, such thaty,, — g

for some § € H and then

limsup(zg — 2%, y, — ") = klim (xo — %, Yn,, — ")
—00

n—o00

= il_iglo(zo =", Yy, — 27

= <3.','0 - Z'*7:lj - ‘T*>
We have from lim,,_, || ¥ — z,|| = 0 and Yni, = 4 that Ty, = y. Lety € C. Then

limsup ||z, — Ty| < limsup (Hxnkl =T, || + | T2ny, — Tyl|)
1—00

1—00

= lim ||z,, — Ty, || +limsup ||Tz,, — Tyl
1—>00 4 B i—00 4

= limsup | Tz, — Ty

1—00

< limsup ||z, —y.
1—00

Hence

limsup ||z, — Ty||* <limsup ||z, —y|* (3.5)
i ! i—00 !

1—00

Notice that

20, = TY* = || (2, —9) + (y = Ty)II?
= ||xnkZ - yH2 + ”y - Ty”2 + 2<‘r"kl —Y%Y— Ty>‘ (36)
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Since Ty, — 7, we get

lim 2z, —y,y —Ty) =2(y —y,y — Ty). (3.7

i—>00

From (3.6) and (3.7), we get

limsup ||z, — Ty||* = limsup ||z, —ylI* + ly = Tyl + 2(5 — v,y — Ty)

100 1—00

It follows from (3.5) that
ly = Tyl* +2(5 — y,y — Ty) < 0.
This implies that
ly = Tyl> + (15 = Tyll* = 15 =yl = ly = TylI*) <0
and hence

19— Tyl* = lg — ylI*> <o0.

So, we get

19 =Tyl < 9 —yll

for all y € C. Therefore § € A(T). From (3.4), this implies that

limsup(zg — 2%, y, — 2*) = (xg — ",y — 2*) < 0.
n—oo

That is, limsup,,_, . (zo — *,y,, — 2*) < 0.

We finally will show that ||z, — z*|| — 0. Since (d,,)>2, and (y,)5°, are bounded, let
My = sup {{y, — x*,d,) : n > 0}. Then

[yn = 2| = [[(Tan — 2*) + aBudal?
S HTx" - .7}*”2 + 2<yn - ﬂf*7 aﬁndn>
< flwn = 27|1* + 2007, (Y — 2, dn)

< lwn — 2 + 2aMya?.
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It follows from (1 — pay,) < 1 that

1 = 2 = [lnan(zo — 27) + (1 = pova) (g — )1

= pPapllwo — |7 + (1 = po)?[lyn — ="
+ 2ua, (1 — po){ ®g — %y, — 2*)

< prapllwe — 2|7 + (1= po)([lon — 27|* + 2aMaar)
+ 2p0, (1 — pop){ ®g — %y, — %)

< (1= paw) ||z — 27| + 2aMaad, + pag||zwo — |

+ 2ﬂan(1 - ,LLCEn)< To — x*vyn —a* >

2aMyay,
= (1= )z = [ (pranfzo = a*[* + == Dy
+ (21 = ) (0 — &, g — &) i (3:8)
Setting
an = [Jzn — "]
2ac My,

bn:panﬂxo—x*H?—&— + (2(1 — pay)(xo — 2, yp — 27,

cn, =0, and &,, = pa,.

From (3.8), we get

any1 < (1 — &y)an + anby, + ¢y

From (C1), we have lim,,_,o &, = 0, limsup,,_, b, = 0and Y - ¢, < co. Using Lemma
2.4, we get

|z — 2*|| = 0.
This means that ()32, converges strongly to 2*, where 2* = Pu(mzo. This completes the

proof. L

Remark 3.2. As in Theorem 3.1, we can see that (z,,)7°, converges strongly to z*, where
x* € A(T) and ||a* — xo|| = inf{||z — a0l : z € F(T)}. Indeed, by using ||Tz,, — x,|| — 0
and T is continuous, we get z* = T'z*. That is, z* € F/(T). Moreover, since z* = Py ()T
and F(T') C A(T), we get

|la* — zo|| < ||z — x| forall z € F(T)
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and so

" = zo| = inf{[|z — zo|| : 2 € F(T)}.
Lemma 3.3. Let H be a Hilbert space and let T : H — H be a nonexpansive mapping with
F(T) # @. Then A(T) = F(T).
Proof. Letp € F(T). Since T is nonexpansive, we get
1Ty = pll = Ty = Tp| <ly —pl, forally € H.
Hence F/(T') C A(T'). On the other hand, let z € A(T'). Then

Ty —z|| < |ly —z|| forally € H.

Since z € A(T) C H. Then ||[Tx — z|| < |[xr — z|| = 0.Hence Tx = z andsox € F(T).
Therefore, A(T) = F(T). This completes the proof. O

Using Theorem 3.1 and Lemma 3.3, we get the following corollary.

Corollary 3.4. [9, Theorem 3.1] Let H be a Hilbert space H and T : H — H be a nonex-
pansive mapping with F(T) # @. Let (x,)22, be the acceleration of the Halpern algorithm
generated by (3.1) satisfying (C1)-(C5). Then ()32, converges strongly to x* = Pp(p)xo.

Setting &y, = pa, and B, = 0 for all n > 0, the sequence (z,,)22, defined by (3.1)
deduces to the Halpern algorithm and then the following corollary is presented. This means

that Theorem 3.1 is a generalization of the convergence analysis of the Halpern algorithm.

Corollary 3.5. [1, Theorem 3.5] Let H be a Hilbert space H andT : C' — C be a nonexpansive
mapping with A(T) # @. Let (x,)°, be the Halpern algorithm generated by (1.1) satisfying
(C1)-(C3). Then (x,)22, converges strongly to x* = P)o.

Finally, we give an example to support Theorem 3.1.

Example 3.6. Let R be the real space. Let C' = Q. be the set of all nonnegative rational

numbers. Let 7' : C' — C be a mapping defined by: Tz = %, forall z € C. Then T is

a nonexpansive mapping of C' into itself with A(T") # @. Let(z,,)7°, be defined by (3.1) with

a=1,u=10"5 20€C, dy € C, o, =
n

+1andﬁn=(

n+ 1)’
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for all n > 0. Then (x,)52 is in C defined by

J ( Tp+2 ) n 1 J
n = 5o o\ In T o YUny
o 32z, + 1) (n+1)2
T, +2 1
n = dn), 39
¥ 320t 1) T (3:9)
(10‘5) +(1 10‘5)( Ty + 2 N 1 a)
T, = |—— )z - n)-
i n+1/)7° n+1/'32x, +1)  (n+1)?

It can be observed that (v, )22, and (5,,)22, satisfy the conditions (C1)-(C4). Now, we set the
condition (C5) by || Tz, — x,|| < 1075, that is, (T'z,, — )52, is bounded.

1
Ifxg =1and dy = 3’ then the sequence (x,,)%%, defined by (3.9) can be calculated in
the Table 1 as follows:

Table 1: The acceleration of the Halpern algorithm

n T |z, —

zn+1||

|70 — T,

NNk W= O

1.0000000000
0.6666700000
0.2976219473
0.4390945033
0.4417238694
0.4322435203
0.4345745082
0.4342164383

0.3333300000
0.3690480527
0.1414725560
0.0026293661
0.0094803491
0.0023309879
0.0003580699
0.0000492684

0.2857182313
0.1824764158
0.0062139475
0.0095866034
0.0025934201
0.0004064301
0.0000541687
0.0000092118

Then (z,)5°, approximates an attractive point of 7' which is 0.4342.
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