
 

 
 
 
 
 
 
 
 
 
      รายงานวิจยัฉบบัสมบรูณ์ 
 
 
 
โครงการ  ฟงักช์นัสมสณัฐานของไดกราฟเคยเ์ลยข์องกึ่งกรุปคลฟิฟอรด์และของกึง่กรุปเชงิเดยีว 
                 บรบิรูณ์ 
 
 
 
 
 
 

 
 

 
      โดย  นายสายญั ปันมา 
 
 
 
 
 
 
 
       มิ.ย. 2556 

       



 

                        สญัญาเลขท่ี MRG5480245 
 
 
      รายงานวิจยัฉบบัสมบรูณ์ 
 
 

โครงการ  ฟงักช์นัสมสณัฐานของไดกราฟเคยเ์ลยข์องกึ่งกรุปคลฟิฟอรด์และของกึง่กรุปเชงิเดยีว 
                 บรบิรูณ์ 

 
 
 
 
 
 
 
 
 
     ผูวิ้จยั                สงักดั 
              นายสายญั ปนัมา          มหาวทิยาลยัเชยีงใหม ่
 
 
 
 
 
 
 
 
 
 
 
  สนบัสนุนโดยส านกังานคณะกรรมการการอุดมศกึษา ส านกังานกองทุนสนับสนุนการวจิยั 
      และมหาวทิยาลยัเชยีงใหม่ 
  (ความเหน็ในรายงานนี้เป็นของผูว้จิยั สกอ. และ สกว. ไมจ่ าเป็นตอ้งเหน็ดว้ยเสมอไป) 
                



 

บทคดัย่อ 
 
รหสัโครงการ :  MRG5480245  
 
ช่ือโครงการ : ฟงักช์นัสมสณัฐานของไดกราฟเคยเ์ลยข์องกึง่กรปุคลฟิฟอรด์และของกึง่กรปุเชงิเดยีวบรบิรูณ์
  
 
ช่ือนักวิจยั : นายสายญั ปนัมา  
 
อีเมลล ์: panmayan@yahoo.com     
 
ระยะเวลาโครงการ : 2 ปี   
 
บทคดัย่อ:  ให ้ S  เป็นกึง่กรุป และ A S  และให ้ ),( ASCay  เป็นไดกราฟเคยเ์ลยข์อง S  ทีส่อดคลอ้งกบั 
A  จะเรยีก ),( ASCay ว่า ซไีอกราฟ (CI-graph) ถา้ ส าหรบัทุก ๆ ST   ซึง่ ),(),( TSCayASCay   
แลว้ ( )A T   ส าหรบับาง )(SAut  ในงานวจิยัน้ีเราไดห้ากึง่กรุปคลฟิฟอรด์ และกึง่กรปุเชงิเดยีว
บรบิูรณ์ทีไ่ดกราฟเคยเ์ลยเ์ป็นซไีอกราฟ  
 
 
ค าหลกั:  ไดกราฟเคยเ์ลย ์, กึง่กรปุคลฟิฟอรด์, กึง่กรปุเชงิเดยีวบรบิรูณ์, กรปุเชงิตัง้ฉาก, ซไีอกราฟ 



 

 
       Abstract  
 
Project Code : MRG5480245 
 
Project Title : On isomorphisms of Cayley digraphs of Clifford semigroups and of completely simple  
                    semigroups 

     Investigator : Mr. Sayan Panma 
E-mail Address : panmayan@yahoo.com    
Project Period : 2 years 

 
 

Abstract:  Let S  be a semigroup, A S  and ),( ASCay  the Cayley digraph of S  with respect 
to A . The digraph ),( ASCay  is called a CI-graph of S  if, for any ST  , ),(),( TSCayASCay   
implies ( )A T   for some )(SAut . In this research, we determine the Clifford semigroups and  
Completely simple semigroups which their Cayley digraphs are CI-graphs.  
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1. ความส าคญัและท่ีมาของปัญหา 
  การศกึษาเกีย่วกบัไดกราฟเคยเ์ลย ์(Cayley digraph) และ กราฟเคยเ์ลย(์Cayley graph) มมีาแลว้ 
กว่า 130 ปี  ผูท้ีใ่หน้ิยามและเริม่ศกึษาเป็นคนแรกคอื Prof. Arthur Cayley  ในปี ค.ศ. 1878 โดยเริม่แรก 
ไดน้ิยาม ไดกราฟเคยเ์ลย ์และกราฟเคยเ์ลย ์มาจากกรปุดงันี้ 
ให ้G  เป็นกรุป และ A G  ไดกราฟเคยเ์ลยข์องG ทีส่อดคลอ้งกบั A  คอื ไดกราฟ (directed graph) ที่
มีG  เป็น เซตของจดุ (vertex set) และ {( , ) | , }E g ga g G a A   เป็น เซตของเสน้ (edge set) จะเขยีน
แทน ไดกราฟเคยเ์ลยข์องG ทีส่อดคลอ้งกบั A  ดว้ยสญัลกัษณ์ ( , )Cay G A  และจะเรยีก ( , )Cay G A  
สัน้ ๆ ว่า ไดกราฟเคยเ์ลย ์ของกรปุ G  และ ถา้ 1 1{ | }A A a a A    แลว้จะเรยีก ( , )Cay G A  ว่า กราฟ
เคยเ์ลยข์องกรปุ G   
  จากนัน้ไดม้กีารน าไดกราฟเคยเ์ลยข์องกรปุและกราฟเคยเ์ลยข์องกรปุ ไปศกึษาอยา่งกวา้งขวาง เช่น 
ศกึษาลกัษณะเฉพาะของไดกราฟทีเ่ป็นไดกราฟเคยเ์ลยข์องกรปุ  ศกึษาลกัษณะเฉพาะของกราฟทีเ่ป็นกราฟ
เคยเ์ลยข์องกรปุ  ศกึษาลกัษณะของคลาสของ digraph endomorphism ของไดกราฟเคยเ์ลยข์องกรุปทัง้หมด  
ศกึษาลกัษณะของคลาสของ graph endomorphism ของกราฟเคยเ์ลยข์องกรปุทัง้หมด ศกึษาลกัษณะของ
คลาสของ digraph automorphism ของไดกราฟเคยเ์ลยข์องกรปุทัง้หมด และศกึษาลกัษณะของคลาสของ 
graph automorphism ของกราฟเคยเ์ลยข์องกรปุทัง้หมด เป็นตน้ 
  ต่อมาไดม้ผีูใ้หค้วามสนใจอยา่งแพรห่ลาย และน ากราฟเคยเ์ลย์ของไปประยกุตใ์ชใ้นหลายแขนงวชิา 
เช่น Biology, Chemistry, Physics, Computer science 
 อาทเิช่น  “ Simulations between cellular automata on cayley graphs” 
            “ Quantum expanders from any classical Cayley graph expander” 
    “ Quantum walks on Cayley graphs” 
  เนื่องจากไดกราฟเคยเ์ลยข์องกรปุมกีารศกึษาอย่างแพรห่ลายแลว้จงึมผีูส้นใจทีจ่ะขยายการศกึษาไป
บนไดกราฟเคยเ์ลยข์องกึง่กรปุ ซึง่นิยามของไดกราฟเคยเ์ลยข์องกึง่กรุป จะนิยามเช่นเดยีวกนักบันิยามของ  
ไดกราฟเคยเ์ลยข์องกรปุ เพยีงแต่เปลีย่นพชีคณติจากกรปุ G  ไปเป็นกึง่กรปุ S  แทน 
   ไดกราฟเคยเ์ลยข์องกึง่กรปุไดถู้กน าไปศกึษาอย่างกวา้งขวางดไูดจ้าก [1],[4-5],[11-12],[14-16] 
ซึง่การศกึษาในเอกสารอ้างองิเหล่านี้ส่วนใหญ่ไดข้ยายผลการศกึษามาจากไดกราฟเคยเ์ลยข์องกรปุ 
     ดว้ยเหตุนี้ผูว้จิยัจงึสนใจทีจ่ะขยายงานวจิยัทีม่ผีูท้ าใวบ้นไดกราฟเคยเ์ลยข์องกรุป ไปสู่ไดกราฟเคยเ์ลย์ 
ของกึง่กรปุ ซึง่เรือ่งทีผู่ว้จิยัสนใจคอื ปญัหาการสมสณัฐานของไดกราฟเคยเ์ลยข์องกึง่กรปุ นัน่คอื ปญัหาทีว่่า  
เมือ่ไหรท่ีไ่ดกราฟเคยเ์ลยข์องกึง่กรปุจะเป็น ซไีอกราฟ (CI-graph) โดยที ่ซไีอกราฟมนีิยามดงันี้ 
จะเรยีก ( , )Cay S A  ว่า ซไีอกราฟ ถา้ทุกๆ T S ซึง่ ( , ) ( , )Cay S A Cay S T  ม ี ( )Aut S  ซึง่ 

( )A T   
  ส าหรบัปญัหาการสมสณัฐานของไดกราฟเคยเ์ลยข์องกรปุ ไดม้ผีูศ้กึษาไวแ้ลว้ดงัน้ี 
ในปี ค.ศ.1998  Prof. Cai Heng Li [7] ไดส้นใจปญัหาการสมสณัฐานของไดกราฟเคยเ์ลยข์องกรปุทีเ่ป็นได
กราฟต่อเนื่อง โดยไดห้ากรุป G  ทีทุ่กๆ ไดกราฟเคยเ์ลยข์อง G  เป็น CI-graph ของ G  
  จากนัน้ในปี ค.ศ. 2001 Prof. Cai Heng Li และ Prof. Sanming Zhou [8] ไดศ้กึษาปญัหาการสม
สณัฐานของไดกราฟเคยเ์ลยข์องกรปุทีเ่ป็นไดกราฟเคยเ์ลยเ์ลก็สุดเฉพาะกลุ่ม (minimal Cayley graph)   



 

โดยที ่ไดกราฟเคยเ์ลยเ์ลก็สุดเฉพาะกลุ่ม มนีิยามดงันี้ จะเรยีก ( , )Cay S A  ว่า ไดกราฟเคยเ์ลยเ์ลก็สุดเฉพาะ
กลุ่มถา้ ( , )Cay S A เป็นไดกราฟเชื่อมโยงและ ( , \{ })Cay S A a เป็นไดกราฟไมเ่ชื่อมโยงทุก a A  
Prof. Cai Heng Li และ Prof. Sanming Zhou ไดใ้หล้กัษณะเฉพาะของกรุปสลบัที่ G ทีทุ่กไดกราฟเคยเ์ลย์
เลก็สุดเฉพาะกลุ่ม เป็น CI-graph ของ G  
  ในปี ค.ศ. 2002 Prof. Cai Heng Li [9] ไดร้วบรวมทฤษฎทีีเ่กีย่วกบัปญัหาการสมสณัฐานของได
กราฟเคยเ์ลยข์องกรปุทัง้หมด ซึง่ผูว้จิยัไดข้อ้สงัเกตว่าปญัหาการสมสณัฐานของไดกราฟเคยเ์ลยข์องกึง่กรปุ
ยงัไมไ่ดม้กีารศกึษาดงันัน้ผูว้จิยัจงึสนใจทีจ่ะศกึษาปญัหาการสมสณัฐานของไดกราฟเคยเ์ลยข์องกึง่กรุป 
  เน่ืองจากกึง่กรปุสามารถจ าแนกไดห้ลายชนิด และ เพื่อทีจ่ะท าใหส้ามารถเชื่อมโยงปญัหาการสม
สณัฐานของไดกราฟเคยเ์ลยข์องกรปุ ไปสู่ปญัหาการสมสณัฐานของไดกราฟเคยเ์ลยข์องกึง่กรปุได ้ผูว้จิยัจงึ
ไดส้นใจกึง่กรปุทีน่ิยามมาจากกรปุ กึง่กรปุดงักล่าวคอื กึง่กรปุคลฟิฟอรด์ (Clifford semigroup) และ กึง่กรปุ
เชงิเดยีวบรบิรูณ์ (completely simple semigroup) ซึง่มนีิยามดงันี้ 
  ให ้Y เป็น กึง่แลตทซิ(semilattice) และ { | }G Y  เป็นวงศข์องกรปุ และทุกๆ , Y    และ 
  มฟีงักช์นัสาทสิสณัฐาน , :f G G     ซึง่ 
 (1) ส าหรบัทุกๆ Y แลว้ , Gf id

     ( Gid

คอืฟงักช์นัเอกลกัษณ์บน G ) และ 

 (2) ส าหรบัทุกๆ , , Y    ซึง่      แลว้ , , ,f f f       
ก าหนด 

Y

S G



 และการด าเนินการบน S ดงันี้ 

 ส าหรบั x G  และ y G  แลว้ , ,( ) ( )xy f x f y     
สามารถพสิูจน์ไดไ้มย่ากว่า S  กบัการด าเนินการขา้งต้นเป็นกึง่กรปุ 
จะเรยีกกึง่กรุปน้ีว่า กึง่กรปุคลฟิฟอรด์ หรอืเรยีกอกีอยา่งหนึ่งว่า กึง่แลตทซิอย่างเขม้ของกรปุ (strong 
semilattice of groups) เขยีนแทนดว้ยสญัลกัษณ์ ,[ : , ]Y G f     
  ในปี ค.ศ. 2006  ผูว้จิยั Prof. U. Knauer   Prof.  N. Na Chiangmai และ Prof. Sr. Arworn [14] 
ไดใ้หล้กัษณะเฉพาะของไดกราฟเคยเ์ลยข์องกึง่กรปุคลฟิฟอรด์ 
ขอ้สงัเกต 1.  ถา้ กึง่แลตทซิ Y มสีมาชกิเพยีงตวัเดยีว แลว้กึ่งกรปุคลฟิฟอรด์จะเป็นกรปุ  
  ให ้G เป็น กรปุ, I และ  เป็นเซตทีไ่มเ่ป็นเซตว่าง 

และ
   ipP  เป็น I  เมทรกิซ ์ซึง่ ip G   ทุก i I   และ ทุก   

ให ้ },,|),,{(   IiGgigIGS     
และนิยามการด าเนินการบน S  ดงันี้  ),,(),,)(,,(   ihgpjhig j  
สามารถพสิูจน์ไดไ้มอ่ยากว่า S  เป็นเซมกิรุปภายใตก้ารด าเนินการขา้งต้น 
จะเรยีกกึง่กรุปน้ีว่า กึง่กรปุเชงิเดยีวบรบิรูณ์ เขยีนแทนดว้ยสญัลกัษณ์ ( , , ; )G I P   
  ในปี ค.ศ. 2006  ผูว้จิยั J. Meksawang และ Prof. U. Knauer  [10] ไดใ้หล้กัษณะเฉพาะของได
กราฟเคยเ์ลยข์องกึง่กรปุเชงิเดยีวบรบิูรณ์    
ขอ้สงัเกต 2. ถา้ I  และ   ต่างมสีมาชกิเพยีงตวัเดยีวและ P เป็นเมทรกิซท์ีส่มาชกิทุกเป็นสมาชกิ
เอกลกัษณ์ใน G  แลว้กึง่กรปุเชงิเดยีวบรบิรูณ์จะเป็นกรปุ  
 



 

  ให ้ S เป็นกึง่กรปุ  
1. จะเรยีก S ว่ากึง่กรปุศูนยข์วา (right zero semigroup) ถา้ xy y  ทุก ๆ ,x y S  ส าหรบักึง่กรปุศูนย ์ 
    ขวาทีม่สีมาชกิ n  ตวั เราจะเขยีนแทนดว้ย 

n
R   

2. จะเรยีก S ว่ากึง่กรปุศูนยซ์า้ย (left zero semigroup) ถา้ xy x  ทุก ๆ ,x y S  ส าหรบักึง่กรปุศูนย ์
    ซา้ยทีม่สีมาชกิ n  ตวั เราจะเขยีนแทนดว้ย 

n
L  

3. จะเรยีก S ว่ากรปุขวา (right group) ถา้ S เป็นผลคณูคารท์เีซยีน (Cartesian product) ของกรปุและกึง่ 
    กรปุศูนยข์วา 
4. จะเรยีก S ว่ากรปุซา้ย (left group) ถา้ S เป็นผลคณูคารท์เีซยีนของกรุปและกึง่กรุปศูนยซ์า้ย 
5. จะเรยีก S ว่ากรปุเชงิตัง้ฉาก (rectangular group) ถา้ S เป็นผลคณูคารท์เีซยีนของกรปุและกึง่กรปุศูนย ์
    ขวาและกึง่กรปุศูนยซ์า้ย  
ขอ้สงัเกต 3.  ให ้ ( , , ; )S G I P   เป็นกึง่กรุปเชงิเดยีวบรบิรูณ์ 
3.1 ถา้ P  เป็นเมทรกิซท์ีส่มาชกิทุกเป็นสมาชกิเอกลกัษณ์ใน G  แลว้จะไดว้่า S  เป็นกรุปเชงิตัง้ฉาก 
3.2 ถา้ I  มสีมาชกิเพยีงตวัเดยีวและ P เป็นเมทรกิซท์ีส่มาชกิทุกเป็นสมาชกิเอกลกัษณ์ใน G  แลว้จะไดว้่า   
     S  เป็นกรปุขวา 
3.2 ถา้   มสีมาชกิเพยีงตวัเดยีวและ P เป็นเมทรกิซท์ีส่มาชกิทุกเป็นสมาชกิเอกลกัษณ์ใน G  แลว้จะไดว้่า   
     S  เป็นกรปุซา้ย 
  โดยนิยามของกึง่กรุปคลฟิฟอรด์ และกึง่กรปุเชงิเดยีวบรบิรูณ์ จะไดว้่ากึง่กรุปทัง้สองไมส่ามารถ
เปรยีบเทยีบกนัได ้และยงัไดอ้กีว่ากรปุเป็นทัง้กึ่งกรปุคลฟิฟอรด์และกึง่กรปุเชงิเดยีวบรบิรูณ์ ซึง่เราสามารถ
วาดแผนภาพไดด้งันี้ 
 
  กึง่กรปุเชงิเดยีวบรบิรูณ์                  กึง่กรปุคลฟิฟอรด์ 
 
         กรปุเชงิตัง้ฉาก 
 
  กรปุขวา            กรปุซา้ย 
 
 
 
 
                   กรปุ 
  จะเหน็ว่ากึง่กรุปทัง้สองชนิดนิยามมาจากกรปุ และจากขอ้สงัเกต 1 และ 2 เรารูว้่าเมื่อไหรท่ีท่ ัง้สอง
กึง่กรปุดงักล่าวจะเป็นกรปุ ดงันัน้เราจงึสามารถทีจ่ะขยายทฤษฎทีีเ่กีย่วกบัปญัหาการสมสณัฐานของไดกราฟ
เคยเ์ลยข์องกรปุ ไปสู่ปญัหาการสมสณัฐานของไดกราฟเคยเ์ลยข์องกึง่กรปุได้ 
  ผูว้จิยัจงึสนใจทีจ่ะศกึษา 
1. ลกัษณะของไดกราฟเคยเ์ลยข์องกึง่กรปุคลฟิฟอรด์ทีเ่ป็น ซไีอกราฟ 



 

2. ลกัษณะของไดกราฟเคยเ์ลยข์องกึง่กรปุเชงิเดยีวบรบิรูณ์ทีเ่ป็น ซไีอกราฟ  
  องคค์วามรูใ้หม่ทีไ่ดจ้ะท าใหท้ราบค าตอบของปญัหาการสมสณัฐานของไดกราฟเคยเ์ลยข์องกึง่กรปุ
ซึง่ยงัไมม่ผีูไ้ม่มผีูน้ าไปศกึษา 
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                2.  วตัถปุระสงคง์านวิจยั   
2.1. หาลกัษณะของไดกราฟเคยเ์ลยข์องกึง่กรปุคลฟิฟอรด์ทีเ่ป็น ซไีอกราฟ 
2.2. หาลกัษณะของไดกราฟเคยเ์ลยข์องกึง่กรปุเชงิเดยีวบรบิรูณ์ทีเ่ป็น ซไีอกราฟ 
 



 

3. ระเบียบวิธีวิจยั 
ปีท่ี 1 
1.  รวบรวมความรูพ้ืน้ฐานและงานวจิยัทีเ่กี่ยวขอ้งเกีย่วกบัไดกราฟเคลเ์ลย ์และกึง่กรปุคลฟิฟอรด์  
     และกึง่กรปุเชงิเดยีวบรบิรูณ์  
2.  หาลกัษณะของไดกราฟเคยเ์ลยข์องกึง่กรปุคลฟิฟอรด์ทีเ่ป็น ซไีอกราฟ 
3.  ส่งผลงานใหน้กัวจิยัทีป่รกึษาตรวจสอบและขอค าแนะน าเพื่อน ามาปรบัปรงุงานวจิยั 
4.  จดัพมิพ ์และส่งงานวจิยัใหว้ารสารทางคณติศาสตรพ์จิารณาเพื่อตพีมิพ ์ 
ปีท่ี 2 
1.  หาลกัษณะของไดกราฟเคยเ์ลยข์องกึง่กรปุเชงิเดยีวบรบิูรณ์ทีเ่ป็น ซไีอกราฟ 
2.  ส่งผลงานใหน้กัวจิยัทีป่รกึษาตรวจสอบและขอค าแนะน าเพื่อน ามาปรบัปรงุงานวจิยั 
3.  จดัพมิพ ์และส่งงานวจิยัใหว้ารสารทางคณติศาสตรพ์จิารณาเพื่อตพีมิพ ์ 
 

4. ผลการวิจยั 
 

4.1.  ลกัษณะของไดกราฟเคยเ์ลยข์องก่ึงกรปุคลิฟฟอรด์ท่ีเป็นซีไอกราฟ 
 

  ให ้Y เป็นกึง่แลตทซิ จะเรยีก Y ว่า โซ ่(chain) ถา้ ส าหรบัทุก ๆ , Y    ไดว้่า    หรอื 
   
ให ้G  และ H  เป็นกรปุ และ f  เป็นฟงักช์นัสาทสิสณัฐานจาก G  ไป H  จะเรยีก f ว่า การส่งศูนย ์ 
(zero-mapping) ถา้ ( ) { }Hf G e  โดยที ่ He  เป็นสมาชกิเอกลกัษณ์ใน H   
  ทฤษฎบีทต่อไปนี้เราไดห้ากึ่งกรปุคลฟิฟอรด์ทีทุ่ก ๆ ไดกราฟเคยเ์ลยเ์ป็น ซไีอกราฟ 
เราเรยีกกึง่กรุปดงักล่าวว่า ซไีอกึง่กรปุ (CI-semigroup) 
 
ทฤษฎีบท 1 (Theorem 14 เอกสารภาคผนวก 6.1) ให ้ ,[ : , ]S Y G f    เป็นกึง่กรปุคลฟิฟอรด์ จะไดว้่า 
ถา้ Y เป็นโซ่ และ G  เป็นกรปุวฏัจกัรทีม่ขีนาดเป็นจ านวนเฉพาะ p  ทุก ๆ Y  และ ,f   เป็นการส่ง
ศูนย ์ทุก ๆ , Y    แลว้ S  เป็น ซไีอกึง่กรปุ 
 
ทฤษฎีบท 2 (Corollary 15 เอกสารภาคผนวก 6.1) ให ้ ,[ : , ]S Y G f    เป็นกึง่กรปุคลฟิฟอรด์ จะไดว้่า 
ถา้ Y เป็นโซ่ และ G  เป็นกรปุวฏัจกัรทีม่ขีนาดเป็นจ านวนเฉพาะ p  ทุก ๆ Y  และ p p   ทุก ๆ 

, Y    แลว้ S  เป็น ซไีอกึง่กรปุ 
 
  เนื่องจากกึง่กรปุคลฟิฟอรด์ไมจ่ าเป็นตอ้งเป็นซไีอกึง่กรุป ดงันัน้เราจงึหาลกัษณะของไดกราฟเคย์
เลยข์องกึง่กรปุคลฟิฟอรด์ทีเ่ป็นซไีอกราฟ ทฤษฎบีทต่อไปไดใ้หล้กัษณะของไดกราฟเคยเ์ลยข์องกึง่กรปุ 
คลฟิฟอรด์ทีเ่ป็นซไีอกราฟ 
 



 

ทฤษฎีบท 3 (Theorem 16 เอกสารภาคผนวก 6.1) ให ้ ,[ : , ]S Y G f    เป็นกึง่กรปุคลฟิฟอรด์ จะไดว้่า 
ถา้ Y เป็นโซ่ และ G  เป็นกรปุวฏัจกัรทีม่ขีนาดเป็นจ านวนเฉพาะ p  ทุก ๆ Y  และ A G  บาง 

Y  แลว้ ( , )Cay S A  เป็น ซไีอกราฟ 
 
  ให ้m Y  จะเรยีก m  ว่า สมาชกิมากทีสุ่ด(maximum element) ใน Y  ถา้ m   ทุก ๆ Y  
ทฤษฎบีทต่อไปไดใ้หล้กัษณะของไดกราฟเคยเ์ลยข์องกึ่งกรปุคลฟิฟอรด์ทีเ่ป็นซไีอกราฟ โดยใชส้มบตัขิอง
สมาชกิมากทีสุ่ดใน Y  
 
ทฤษฎีบท 4 (Theorem 17 เอกสารภาคผนวก 6.1) ให ้ ,[ : , ]S Y G f   เป็นกึง่กรปุคลฟิฟอรด์ และ m
เป็นสมาชกิมากทึสุ่ดใน Y  จะไดว้่า  ถา้ G เป็นกรปุวฏัจกัรทีม่ขีนาดเป็นจ านวนเฉพาะ p  ทุก ๆ Y

และ mA G แลว้ S  เป็น ซไีอกราฟ  
 
4.2.  ลกัษณะของไดกราฟเคยเ์ลยข์องก่ึงกรปุเชิงเดียวบริบูรณ์ท่ีเป็นซีไอกราฟ 
 
  ในหวัขอ้นี้เราสนใจทีจ่ะหาลกัษณะของไดกราฟเคยเ์ลยข์องกึง่กรปุเชงิเดยีวบรบิรูณ์ทีเ่ป็นซไีอกราฟ 
แต่เนื่องจากกึง่กรปุเชงิเดยีวบรบิูรณ์มอียูห่ลายชนิด และเป็นการยากทีจ่ะลกัษณะของไดกราฟเคยเ์ลยข์องกึง่
กรปุเชงิเดยีวบรบิูรณ์ใด ๆ ทีเ่ป็นซไีอกราฟ ดงันัน้ผูว้จิยัจงึไดเ้ลอืกกรปุซา้ยและกรุปขวาและกรปุเชงิตัง้ฉาก
ซึง่ทัง้สามต่างเป็นกึง่กรปุเชงิเดยีวบรบิูรณ์ 
  ทฤษฎบีทต่อไปไดใ้หล้กัษณะของไดกราฟเคยเ์ลยข์องกรปุซา้ยทีเ่ป็นซไีอกราฟ โดยขึน้อยูก่บัความ
เป็นซไีอกราฟของไดกราฟเคยเ์ลยข์องกรปุ และจ านวนสมาชกิของกึง่กรุปศูนยซ์า้ย 
 
ทฤษฎีบท 5 (Theorem 3.2 เอกสารภาคผนวก 6.2) ให ้ nS G L   เป็นกรปุซา้ย และ A S  จะไดว้่า 

( , )Cay S A เป็นซไีอกราฟ กต่็อเมือ่ 1n   และ 1( , ( ))Cay G p A  เป็นซไีอกราฟ โดยที ่

1( ) { | ( , ) }p A g g l A   
 
  ทฤษฎบีทต่อไปไดใ้หล้กัษณะของไดกราฟเคยเ์ลยข์องกรปุขวาทีเ่ป็นซไีอกราฟ โดยไดแ้สดงว่า 
ทุกไดกราฟเคยเ์ลย์ ( , )Cay S A  ของกรุปขวาซึง่เซต A  ทีม่สีมาชกิเพยีงตวัเดยีว เป็น ซไีอกราฟ 
 
ทฤษฎีบท 6 (Theorem 3.5 เอกสารภาคผนวก 6.2) ให ้ nS G R   เป็นกรปุขวา โดยที ่G  เป็นกรปุวฏั
จกัร และ 1 2{ , ,..., }n nR r r r  จะไดว้่า ( ,{( , )})iCay S a r  เป็น ซไีอกราฟ ทุก ๆ ( , )ia r S  
 
  ทฤษฎบีทต่อไปไดใ้หล้กัษณะของไดกราฟเคยเ์ลยข์องกรปุขวาทีเ่ป็นซไีอกราฟ โดยไดแ้สดงว่า 
ไดกราฟเคยเ์ลย์ ( , )Cay S A  ของกรปุขวาซึง่เซต { }iA G r   บาง i nr R  เป็น ซไีอกราฟ เมือ่ ไดกราฟ
เคยเ์ลยข์องกรปุ G  เป็น ซไีอกราฟ 
 



 

ทฤษฎีบท 7 (Theorem 3.7 เอกสารภาคผนวก 6.2) ให ้ nS G R   เป็นกรปุขวา โดยที ่

1 2{ , ,..., }n nR r r r   และให ้ { }iA G r   บาง i nr R  จะไดว้่า ( , )Cay S A เป็นซไีอกราฟ กต่็อเมือ่ 

1( , ( ))Cay G p A  เป็นซไีอกราฟ โดยที ่ 1( ) { | ( , ) }p A g g r A   
 
  จากทีก่ล่าวไวข้า้งตน้ว่ากึง่กรปุเชงิเดยีวบรบิูรณ์มอียูห่ลายชนิด ผูว้จิยัจงึไดเ้ลอืกกรุปเชงิตัง้ฉากเพื่อ
น ามาศกึษา เนื่องจากเรารูว้่ากรปุเชงิตัง้ฉากเป็นกึง่กรุปเชงิเดยีวบรบิรูณ์ชนิดหนึ่ง  และเรายงัรูอ้กีว่ากรุปซา้ย
และกรปุขวาทีเ่ราศกึษาไปขา้งตน้ต่างกเ็ป็นกรปุเชงิตัง้ฉากดว้ย แต่ก่อนทีเ่ราจะหาลกัษณะของไดกราฟเคย์
เลยข์องกรปุเชงิตัง้ฉากทีเ่ป็นซไีอกราฟได ้เราจะตอ้งทราบเงือ่นไขของการสมสณัฐานกนัของไดกราฟเคย์
เลยข์องกรปุเชงิตัง้ฉากก่อน ดงันัน้ ผูว้จิยัจงึไดห้าเงือ่นไขของการสมสณัฐานกนัของไดกราฟเคยเ์ลยข์องกรปุ
เชงิตัง้ฉาก ไดท้ฤษฎบีทดงันี้ 
  ให ้ S  เป็นกึง่กรปุ และ A S  ก าหนดสญัลกัษณ์ A  คอื กึง่กรปุยอ่ยของ S  ทีก่่อก าเนิดโดย A  
 
ทฤษฎีบท 8 (Theorem 4.5 เอกสารภาคผนวก 6.3) ให ้ n nS G L R    เป็นกรปุเชงิตัง้ฉาก  
และ ,A B S  จะไดว้่า ( , ) ( , )Cay S A Cay S B  กต่็อเมือ่ ( ' , ') ( ' , ')Cay A A Cay B B  โดยที ่   
 ' {( , ) | ( , , ) }A g r g l r A   และ ' {( , ) | ( , , ) }B h t h l t B   
    

5. สรปุผลและอภิปรายผล 
 
5.1. ลกัษณะของไดกราฟเคยเ์ลยข์องก่ึงกรปุคลิฟฟอรด์ท่ีเป็นซีไอกราฟ 

 
 โดยทฤษฎบีท 1-4 จะไดล้กัษณะของไดกราฟเคยเ์ลยข์องกึง่กรปุคลฟิฟอรด์ทีเ่ป็นซไีอกราฟ ดงันี้ 
 ให ้ ,[ : , ]S Y G f   เป็นกึง่กรปุคลฟิฟอรด์ และ A S   
   จะไดว้่า ( , )Cay S A เป็นซไีอกราฟ  ถา้ 

(i) Y เป็นโซ่ และ G  เป็นกรปุวฏัจกัรทีม่ขีนาดเป็นจ านวนเฉพาะ p  ทุก ๆ Y  และ ,f   เป็น
การส่งศูนย ์ทุก ๆ , Y     หรอื 

(ii) Y เป็นโซ่ และ G  เป็นกรปุวฏัจกัรทีม่ขีนาดเป็นจ านวนเฉพาะ p  ทุก ๆ Y  และ p p   
ทุก ๆ , Y    หรอื 

(iii) Y เป็นโซ่ และ G  เป็นกรปุวฏัจกัรทีม่ขีนาดเป็นจ านวนเฉพาะ p  ทุก ๆ Y  และ A G  
บาง Y  หรอื 

(iv) G เป็นกรุปวฏัจกัรทีม่ขีนาดเป็นจ านวนเฉพาะ p  ทุก ๆ Y และ mA G  โดยที ่m เป็นสมาชกิ
มากทึสุ่ดใน Y  
 

  แต่ลกัษณะเหล่านี้ไมไ่ดเ้ป็นเงือ่นไขทีเ่พยีงพอของการเป็นซไีอกราฟของไดกราฟเคยเ์ลยข์องกึง่ 
    กรปุคลฟิฟอรด์ เนื่องจากกรุป G  ไมจ่ าเป็นตอ้งเป็นกรปุวฏัจกัรทีม่ขีนาดเป็นจ านวนเฉพาะ ทุก ๆ Y   
 และไมจ่ าเป็นตอ้งเป็นกรุปวฏัจกัร ทุก ๆ Y ดว้ย ดงันัน้จงึมปีญัหาเปิดส าหรบัเรือ่งน้ีอกีเป็นจ านวนมาก 



 

 ซึง่ผูว้จิยัจะไดท้ าการศกึษาต่อไป 
 
5.2.  ลกัษณะของไดกราฟเคยเ์ลยข์องก่ึงกรปุเชิงเดียวบริบูรณ์ท่ีเป็นซีไอกราฟ 
 
 โดยทฤษฎบีท 5 เราไดล้กัษณะของไดกราฟเคยเ์ลยข์องกรปุซา้ยทีเ่ป็นซไีอกราฟ ดงันี้ 
 ให ้ nS G L   เป็นกรุปซา้ย และ A S  จะไดว้่า  
 ( , )Cay S A เป็นซไีอกราฟ กต่็อเมือ่ 1n   และ 1( , ( ))Cay G p A  เป็นซไีอกราฟ 
 
  จะเหน็ว่าทฤษฎบีทนี้เราสามารถบอกลกัษณะเฉพาะของของไดกราฟเคยเ์ลยข์องกรปุซา้ยทีเ่ป็นซไีอ  
   กราฟ แต่ยงัคงตอ้งอาศยัความเป็นซไีอกราฟของไดกราฟเคยเ์ลยข์องกรปุอยู่ 
 
 โดยทฤษฎบีท 6 และ 7  เราไดล้กัษณะของไดกราฟเคยเ์ลยข์องกรปุขวาทีเ่ป็นซไีอกราฟ ดงันี้ 
   ให ้ nS G R   เป็นกรุปขวา โดยที ่ 1 2{ , ,..., }n nR r r r   และให ้ A S   
   จะไดว้่า ( , )Cay S A เป็นซไีอกราฟ ถา้  

(i) G  เป็นกรปุวฏัจกัร และ A  มสีมาชกิ 1 ตวั หรอื  
(ii) { }iA G r   บาง i nr R   และ 1( , ( ))Cay G p A  เป็นซไีอกราฟ  

 
แต่ลกัษณะขา้งตน้ยงัไมเ่พยีงพอของการเป็นซไีอกราฟของไดกราฟเคยเ์ลยข์องกรปุขวา 

  เนื่องจาก กรุป G  ไมจ่ าเป็นตอ้งเป็นกรุปวฏัจกัร และ A  ไมจ่ าเป็นตอ้งมสีมาชกิ 1 ตวั และ  
 A  ไมจ่ าเป็นตอ้งเป็นเซตยอ่ยของ { }iG r  บาง i nr R   ดงันัน้จงึมปีญัหาเปิดส าหรบัเรือ่งนี้อยู่ซึง่ผูว้จิยั 
 จะไดท้ าการศกึษาต่อไป  
 
 โดยทฤษฎบีท 8 เราไดเ้งือ่นไขของการสมสณัฐานกนัของไดกราฟเคยเ์ลยข์องกรปุเชงิตัง้ฉาก ดงันี้  

 ให ้ n nS G L R    เป็นกรปุเชงิตัง้ฉาก และ ,A B S จะไดว้่า 
   ( , ) ( , )Cay S A Cay S B  กต่็อเมือ่ ( ' , ') ( ' , ')Cay A A Cay B B  โดยที ่   
   ' {( , ) | ( , , ) }A g r g l r A   และ ' {( , ) | ( , , ) }B h t h l t B   
 

 ทฤษฎบีทน้ีไดใ้หเ้งือ่นไขทีจ่ าเป็นและเพยีงพอของการสมสณัฐานกนัของไดกราฟเคยเ์ลยข์องกรปุ
เชงิตัง้ฉาก ซึง่จะเป็นเครือ่งมอืในการศกึษาลกัษณะของไดกราฟเคยเ์ลยข์องกรปุเชงิตัง้ฉากทีเ่ป็นซไีอกราฟ 
ต่อไป 
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ON CAYLEY ISOMORPHISMS OF CLIFFORD SEMIGROUPS
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Abstract: In this paper, we investigate the problem about determining for
which Cayley graphs of a given Clifford semigroup are CI-graphs. We give
sufficient conditions for Cayley graphs of Clifford semigroups to be CI-graphs
and for Clifford semigroups to be CI-semigroups.
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1. Introduction

Let S be a semigroup and let A be a subset of S. The Cayley graph Cay(S,A)
of S relative to A is defined as the graph with the vertex set S and the arc set
E(Cay(S,A)) consisting of those ordered pairs (x, y) such that xa = y for some
a ∈ A. Clearly, if A is an empty set, then Cay(S,A) is an empty graph.

Arthur Cayley (1821-1895) introduced Cayley graphs of groups in 1878.
One of the first investigations on Cayley graphs of algebraic structures can be
found in Maschke’s Theorem from 1896 about groups of genus zero, that is,
groups which possess a generating system such that the Cayley graph is planar,
see [17].
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Cayley graphs of groups have been extensively studied and many interesting
results have been obtained, see for examples [1], [2], [3], [5], [7], [8], [9], [10], and
[11]. The Cayley graphs of semigroups have been considered by many authors.
Many new interesting results on Cayley graphs of semigroups have appeared in
various journals recently, see for examples [3], [4], [5], [6], [12], and [13]. In the
investigation of the Cayley graphs of semigroups, the first of all interesting is
finding the analogous of natural conditions which have been used in the group
case.

A Cayley graph Cay(S,A) is called a CI-graph of S, CI stands for Cayley
Isomorphism, if whenever B is a subset of S which Cay(S,A) ∼= Cay(S,B),
there exists an automorphism σ of S such that σ(A) = B. A semigroup S is
called a CI-semigroup if all of its Cayley graphs are CI-graphs. The family of
cyclic groups Zp, where p is prime, is the first known infinite family of CI-groups,
see [11].

Necessary and sufficient conditions have been found for Cayley graphs of
groups to be CI-graphs and for groups to be CI-groups, see for examples [9], [10],
and [11]. After that it is natural to investigate Cayley graphs for semigroups
which are unions of groups. A Clifford semigroup is such a union of groups. Here
we investigate the conditions for Cayley graphs of Clifford semigroups enjoy the
property of being CI-graphs and the conditions for Clifford semigroups enjoy
the property of being CI-semigroups.

2. Basic Definitions and Results

All sets in this paper are assumed to be finite. Let S be a semigroup. The set
C(S) = {c ∈ S | cs = sc for all s ∈ S} is called the center of S. The set of
all idempotents of S is denoted by E(S). An element s ∈ S is called a regular
element if sxs = s for some x ∈ S. One calls S a regular semigroup if all of its
elements are regular. A regular semigroup S is called a Clifford semigroup if
E(S) ⊆ C(S), i.e. idempotents of S commute with all elements of S.

If (Y,≤) is a nonempty partially ordered set such that the meet a ∧ b of a
and b exists for every a, b in Y , then we say that (Y,≤) is a (lower) semilattice.
A semilattice Y is called a chain if, for all x, y ∈ Y , x ≤ y or y ≤ x. Suppose
that we have a semilattice Y and a set of groups Gα indexed by Y , and for all
β ≤ α in Y , there exists a group homomorphism fα,β : Gα → Gβ such that
fα,α = idGα is the identity mapping and for all α, β, γ with γ ≤ β ≤ α, we
have fβ,γfα,β = fα,γ where the multiplication on S =

⋃

α∈Y Gα is defined, for
x ∈ Gα, y ∈ Gβ , by xy = fα,α∧β(x)fβ,α∧β(y). It is easy to check that S is a
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semigroup, and called a strong semilattice of groups. We write S = [Y ;Gα, fα,β].
In 1941, A. H. Clifford proved that a semigroup is a Cilfford semigroup if and
only if it is a strong semilattice of groups, see [16]. In the sequel, we will mainly
use the term Cilfford semigroup instead of strong semilattice of groups.

The following proposition describes all automorphisms on Clifford semi-
groups [Y ;Gα, fα,β].

Proposition 1. [15] Let S = [Y ;Gα, fα,β] be a Clifford semigroup. Let

η : Y → Y be an automorphism, for each α ∈ Y , let χα : Gα → Gη(α) be an

isomorphism, and assume that for any β ≤ α, the diagram

Gα Gη(α)

Gβ Gη(β)

✲χα

❄

fα,β

❄

fη(α),η(β)

✲χβ

commutes. Define a mapping χ on S by χ(a) = χα(a) if a ∈ Gα. Then χ
is an automorphism on S. Conversely, every automorphism on S can be so

constructed.

Let (V1, E1) and (V2, E2) be digraphs. A mapping ϕ : V1 → V2 is called a
(digraph) homomorphism if (u, v) ∈ E1 implies (ϕ(u), ϕ(v))
∈ E2, i.e. ϕ preserves arcs. We write ϕ : (V1, E1) → (V2, E2). A (digraph)
homomorphism ϕ : (V,E) → (V,E) is called an (digraph) endomorphism. If
ϕ : (V1, E1) → (V2, E2) is a bijective (digraph) homomorphism and ϕ−1 is
also a (digraph) homomorphism, then ϕ is called an (digraph) isomorphism, we
write (V1, E1) ∼= (V2, E2) and say that (V1, E1) and (V2, E2) are isomorphic. An
(digraph) isomorphism ϕ : (V,E) → (V,E) is called an (digraph) automorphism.

The following lemmas describe the structure of Cayley graphs of a given
Clifford semigroup.

Lemma 2. [14] Let S = [Y ;Gα, fα,β] be a Clifford semigroup and A ⊆ S.
Let x′α ∈ Gα, y′β ∈ Gβ . If (x′α, y

′
β) is an arc in Cay(S,A), then β ≤ α and for

each xα ∈ Gα, there exists yβ ∈ Gβ such that (xα, yβ) is an arc in Cay(S,A).

Lemma 3. [14] Let Y be a chain, S = [Y ;Gα, fα,β] a Clifford semigroup

and A ⊆ S. Then

1. the Cayley graph Cay(S,A) contains |Y | disjoint induced subdigraphs

(Gα, Eα), α ∈ Y where (Gα, Eα) ∼= Cay(Gα, Aα) and Aα = {fγ,α(a) | a ∈
A ∩Gγ , α ≤ γ}, α ∈ Y .
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2. for α 6= β, xα ∈ Gα, yβ ∈ Gβ , (xα, yβ) is an arc in the Cayley graph

Cay(S,A) if and only if β < α and yβ = fα,β(xα)a for some a ∈ A ∩Gβ.

By Lemma 3(1) and the definition of an induced subdigraph, for each x ∈
Gα, |Aα| is the number of s in Gα such that (s, x) is an arc in Cay(S,A).
Let (V,E) be a digraph. Recall that a directed cycle of order n in (V,E) is
a sequence of vertices (x1, x2, ...., xn, x1) in V such that (x1, x2), ..., (xn−1, xn),
(xn, x1) ∈ E. Denote the identity element of a group Gα by eα.

Now we prove several preparatory lemmas about the Cayley graphs of Clif-
ford semigroups.

Lemma 4. Let S = [Y ;Gα, fα,β] be a Clifford semigroup and A ⊆ S. If

(x1, x2, ..., xn, x1) is a directed cycle of order n in Cay(S,A), then x1, x2, ..., xn ∈
Gα for some α ∈ Y such that |Gα| ≥ n. Moreover, Aα \ {eα} 6= ∅ where

Aα = {fγ,α(a) | a ∈ A ∩Gγ , γ ≥ α}.

Proof. Suppose that xi ∈ Gαi
for all i = 1, ..., n. By Lemma 2, α1 ≥ α2 ≥

... ≥ αn ≥ α1, that is, α1 = α2 = ... = αn. Thus x1, x2, ..., xn ∈ Gα1 . It follows
immediately that |Gα1 | ≥ n. By Lemma 3(1), (x1, x2, ..., xn, x1) is a directed
cycle of order n in Cay(Gα1 , Aα1). Then there exists a ∈ Aα1 such that x1a = x2
by the definition. Since x1 6= x2, a 6= eα1 . Hence Aα1 \ {eα1} 6= ∅.

Given two groups Gα and Gβ , the group homomorphism f : Gα → Gβ such
that f(g) = eβ for all g ∈ Gα is called a zero-mapping.

Let S = [Y ;Gα, fα,β] be a Clifford semigroup, A ⊆ S and ρ ∈ Y . Then we
put

Aρ = {fγ,ρ(a) | a ∈ A ∩Gγ , γ ≥ ρ}

Yρ = {γ ∈ Y | γ > ρ}

Y 0
ρ = {γ ∈ Yρ | fγ,ρ : Gγ → Gρ is a zero-mapping}

Y 1
ρ = {γ ∈ Yρ | fγ,ρ : Gγ → Gρ is an isomorphism}.

The indegree
−→
d (x) of a vertex x of a digraph D is the number of vertices

of D that end in x.

Lemma 5. Let S = [Y ;Gα, fα,β] be a Clifford semigroup and A ⊆ S. If

Y is a chain and all groups Gα are cyclic groups of order prime pα, then, for
all x ∈ Gα,

−→
d (x) =

{

|Aα|+ |Y 1
α ||A ∩Gα|+

∑

γ∈Y 0
α
|Gγ |, if x ∈ A

|Aα|+ |Y 1
α ||A ∩Gα|, if x /∈ A.
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Proof. Let x ∈ Gα. By the definition,
−→
d (x) is the number of s in S such

that (s, x) is an arc in Cay(S,A). By Lemma 2, we get that all those s must

belong to Gγ for some γ ≥ α. We denote by
−→
d∗(x),

−→
d1(x),

−→
d0(x) the number of s

in Gα,
⋃

γ∈Y 1
α
Gγ ,

⋃

γ∈Y 0
α
Gγ , respectively such that (s, x) is an arc in Cay(S,A).

Since {α} ∪ Y 1
α ∪ Y 0

α = {γ | γ ≥ α} and {α}, Y 1
α , Y 0

α are pairwise disjoint,
−→
d (x) =

−→
d∗(x) +

−→
d1(x) +

−→
d0(x). Let γ ∈ Y . Consider 3 cases:

Case1. γ = α. By Lemma 3(1),
−→
d∗(x) = |Aα|.

Case2. γ ∈ Y 1
α . Then γ > α and fγ,α is an isomorphism. Let s ∈ Gγ . By

Lemma 3(2), we get that (s, x) is an arc in Cay(S,A) if and only if x = fγ,α(s)a
for some a ∈ A ∩ Gα. Hence (s, x) is an arc in Cay(S,A) if and only if s =
f−1
γ,α(x)f

−1
γ,α(a

−1) = f−1
γ,α(xa

−1). Then the number of those s in Gγ is |A ∩ Gα|.

Therefore,
−→
d1(x) = |Y 1

α ||A ∩Gα|.
Case3. γ ∈ Y 0

α . Then γ > α and fγ,α is a zero-mapping. Let s ∈ Gγ .
By Lemma 3(2), we get that (s, x) is an arc in Cay(S,A) if and only if x =
fγ,α(s)a = eαa = a for some a ∈ A ∩ Gα. Therefore, for x ∈ Gα, (s, x) is an
arc in Cay(S,A) if and only if x ∈ A. Then

−→
d0(x) =

{∑

γ∈Y 0
α
|Gγ |, if x ∈ A

0, if x /∈ A.

For the Clifford semigroup S = [Y ;Gα, fα,β] which Y is a chain, all groups
Gα are cyclic groups of order prime pα and all group homomorphisms fα,β are
zero-mappings, we have Y 0

α = Yα and Y 1
α = ∅ for all α ∈ Y .

Lemma 6. Let S = [Y ;Gα, fα,β] be a Clifford semigroup where Y is

a chain, all groups Gα are cyclic groups of order prime pα and all group ho-

momorphisms fα,β are zero-mappings. Let A,B ⊆ S and g : Cay(S,A) →
Cay(S,B) be a graph isomorphism. Then g(Gα) = Gα for all α ∈ Y such that

(A ∩Gα) \ {eα} 6= ∅.

Proof. Suppose that (A ∩Gα) \ {eα} 6= ∅. Let x ∈ Gα and a ∈ (A ∩Gα) \
{eα}, then (x, xa, xa2, ..., xapα = x) is a directed cycle of order pα = |Gα| in
Cay(S,A) and (g(x), g(xa), g(xa2), ..., g(x)) is also a directed cycle of order pα
in Cay(S,B). By Lemma 4, we have g(x), g(xa), g(xa2), ..., g(xa(pα−1)) ∈ Gγ

for some γ ∈ Y such that |Gγ | = pγ ≥ pα and there exists b ∈ Bγ \ {eγ} = (B ∩
Gγ) \ {eγ}. Thus (g(x), g(x)b, g(x)b2 , ..., g(x)bpγ = g(x)) is a directed cycle of
order pγ = |Gγ | in Cay(S,B) and (g−1(g(x)) = x, g−1(g(x)b), g−1(g(x)b2), ..., x)
is also a directed cycle of order pγ in Cay(S,A). Since x ∈ Gα, by Lemma 4,
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x, g−1(g(x)b), g−1(g(x)b2), ...
, g−1(g(x)b(pγ−1)) ∈ Gα and pγ ≤ |Gα| = pα ≤ pγ , that is, pα = pγ . Now
we have g(Gα) = Gγ . Hence the induced subdigraph with vertex set Gα

in Cay(S,A) is isomorphic to the induced subdigraph with vertex set Gγ in
Cay(S,B). By Lemma 3(1), we get that Cay(Gα, Aα) ∼= Cay(Gγ , Bγ) and
thus |Aα| = |Bγ |. Next we will show that α = γ. If α 6= γ, let we as-

sume that α < γ. By Lemma 5, in Cay(S,A),
−→
d (a) = |Aα| +

∑

ρ∈Yα
|Gρ| =

|Aα|+
∑

α<ρ<γ |Gρ|+
∣
∣Gγ |+

∑

ρ∈Yγ
|Gρ| ≥ |Aα|+ |Gγ |+

∑

ρ∈Yγ
|Gρ| > |Aα|+

∑

ρ∈Yγ
|Gρ| = |Bγ | +

∑

ρ∈Yγ
|Gρ|. By Lemma 5 again, in Cay(S,B), we have

|Bγ | +
∑

ρ∈Yγ
|Gρ| ≥

−→
d (w) for all w ∈ Gγ . Then

−→
d (a) >

−→
d (w) for all

w ∈ Gγ , this contradicts our assumption that Cay(S,A) ∼= Cay(S,B). There-
fore, α = γ.

Lemma 7. Let S = [Y ;Gα, fα,β] be a Clifford semigroup where Y is a

chain, all groups Gα are cyclic groups of order prime pα and all group homomor-

phisms fα,β are zero-mappings. Let A,B ⊆ S and Cay(S,A) ∼= Cay(S,B), then
Cay(Gα, A∩Gα) ∼= Cay(Gα, B∩Gα) for all α ∈ Y such that (A∩Gα)\{eα} 6= ∅.

Proof. Let g : Cay(S,A) → Cay(S,B) be a graph isomorphism. Sup-
pose that (A ∩ Gα) \ {eα} 6= ∅. By Lemma 6, g(Gα) = Gα. We obtain
that Cay(Gα, Aα) ∼= Cay(Gα, Bα) and |Aα| = |Bα|. It follows easily that
Cay(Gα, Aα \ {eα}) ∼= Cay(Gα, Bα \ {eα}). Since all group homomorphisms
fα,β are zero-mappings, Aα \ {eα} = (A ∩ Gα) \ {eα} and Bα \ {eα} = (B ∩
Gα) \ {eα}. Thus Cay(Gα, (A ∩ Gα) \ {eα}) ∼= Cay(Gα, (B ∩ Gα) \ {eα}) and
hence |(A∩Gα)\{eα}| = |(B∩Gα)\{eα}|. If α is not the maximum of Y , then
∑

ρ∈Yα
|Gρ| 6= 0. Let m = |Aα| = |Bα| and n = |Aα|+

∑

ρ∈Yα
|Gρ|, then m 6= n.

By Lemma 5, for all x ∈ Gα \A,
−→
d (x) = m and for all x ∈ A∩Gα,

−→
d (x) = n.

The increasing sequence of indegree of all elements in Gα in Cay(S,A) is

(

|Gα|−|(A∩Gα)\{eα}|−1 terms
︷ ︸︸ ︷
m,m, ...,m ,

−→
d (eα),

|(A∩Gα)\{eα}| terms
︷ ︸︸ ︷
n, n, ..., n )

and the increasing sequence of indegree of all elements in Gα in Cay(S,B) is

(

|Gα|−|(B∩Gα)\{eα}|−1 terms
︷ ︸︸ ︷
m,m, ...,m ,

−→
d (eα),

|(B∩Gα)\{eα}| terms
︷ ︸︸ ︷
n, n, ..., n ).

Since |(A∩Gα)\{eα}| = |(B∩Gα)\{eα}| andm 6= n, indegree of eα in Cay(S,A)
and in Cay(S,B) must be equal. Thus eα ∈ A∩Gα if and only if eα ∈ B ∩Gα.
Hence Cay(Gα, A ∩ Gα) ∼= Cay(Gα, B ∩ Gα). If α is the maximum of Y , then
Aα = A∩Gα and Bα = B∩Gα. Hence Cay(Gα, A∩Gα) ∼= Cay(Gα, B∩Gα).
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Lemma 8. Let S = [Y ;Gα, fα,β] be a Clifford semigroup where Y is a

chain, all groups Gα are cyclic groups of order prime pα and all group homo-

morphisms fα,β are zero-mappings. Let A,B ⊆ S and Cay(S,A) ∼= Cay(S,B),
then Cay(Gα, A∩Gα) ∼= Cay(Gα, B ∩Gα) for all α ∈ Y such that A∩Gα 6= ∅.

Proof. Let g : Cay(S,A) → Cay(S,B) be a graph isomorphism. Suppose
that A ∩Gα 6= ∅, we need to prove only 2 cases:

Case1. (A∩Gα)\{eα} 6= ∅. By Lemma 7, Cay(Gα, A∩Gα) ∼= Cay(Gα, B∩
Gα).

Case2. A∩Gα = {eα}. Clearly, Aα = {eα}. If α is the maximum element of
Y , then (s, seα = s) is a loop in Cay(S,A) for all s ∈ S. It follows immediately
that every vertex in Cay(S,B) has a loop. By Lemma 3(1), eδ ∈ Bδ for all
δ ∈ Y . Suppose that Bα = B ∩ Gα 6= {eα}, then (B ∩ Gα) \ {eα} 6= ∅ and
|B ∩ Gα| > 1. By Lemma 7, Cay(Gα, A ∩ Gα) ∼= Cay(Gα, B ∩ Gα). Thus
|A∩Gα| = |B ∩Gα| > 1 = |{eα}|, a contradiction. Hence B ∩Gα = {eα}, that
is, Cay(Gα, A ∩Gα) ∼= Cay(Gα, B ∩ Gα). If α is not the maximum element of

Y , then Yα 6= ∅ and thus
∑

ρ∈Yα
|Gρ| 6= 0. By Lemma 5, in Cay(S,A),

−→
d (eα) =

1+
∑

ρ∈Yα
|Gρ| and

−→
d (x) = 1 for all x ∈ Gα \ {eα}. Thus g(eα) ∈ B ∩Gδ ⊆ Bδ

for some δ ∈ Y such that
∑

ρ∈Yα
|Gρ| =

∑

ρ∈Yδ
|Gρ| and |Bδ| = 1. Hence α = δ

and {g(eα)} = B ∩ Gα = Bα. Since A ∩ Gα = {eα}, (eα, eα) is a loop in
Cay(S,A). Obviously, (g(eα), g(eα)) is a loop in Cay(S,B). Thus eα ∈ Bα,
that is, {eα} = {g(eα)} = B ∩ Gα = Bα. Therefore, Cay(Gα, A ∩ Gα) ∼=
Cay(Gα, B ∩Gα).

From now on, NH
0 denotes the number of vertices u in a digraph H such

that
−→
d (u) = 0. Clearly, for two given digraphs H and T , if H ∼= T , then

NH
0 = NT

0 .

The next lemma is proved on the Clifford semigroup S = [Y ;Gα,
fα,β] which Y is a semilattice.

Lemma 9. Let S = [Y ;Gα, fα,β] be a Clifford semigroup, ω the minimum

element of Y. If A ⊆ Gω and Cay(S,A) ∼= Cay(S,B), then B ⊆ Gω and

Cay(Gω, A) ∼= Cay(Gω, B).

Proof. Let g : Cay(S,A) → Cay(S,B) be a graph isomorphism. If A = ∅,
then Cay(S,A) is an empty graph. Obviously, Cay(S,B) is also an empty graph,
that is, B = ∅ ⊆ Gω. Hence Cay(Gω, A) ∼= Cay(Gω , B). Let A 6= ∅. Then for all

s ∈ S and a ∈ A, sa ∈ Gω. Thus in Cay(S,A),
−→
d (s) = 0 for all s ∈ S \Gω. By

Lemma 5,
−→
d (x) ≥ |Aω| = |A| > 0 for all x ∈ Gω. Hence N

Cay(S,A)
0 = |S \Gω|.

Suppose that B * Gω. Then there exists b ∈ B ∩ Gβ for some β > ω. Then
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Bα 6= ∅ for all α ≤ β. By Lemma 5 again,
−→
d (x) ≥ |Bα| > 0 for all x ∈ Gα, α ≤

β. Hence N
Cay(S,B)
0 ≤ |S \

⋃

α≤β Gα| ≤ |S \ {Gβ , Gω}| < |S \Gω| = N
Cay(S,A)
0 ,

this contradicts our assumption that Cay(S,A) ∼= Cay(S,B). Now we claim

that B ⊆ Gω. As in Cay(S,A), we can see that , in Cay(S,B),
−→
d (s) = 0 for

all s ∈ S \Gω and
−→
d (x) ≥ |Aω| = |A| > 0 for all x ∈ Gω, so g(Gω) = Gω. By

Lemma 3(1), Cay(Gω, A) ∼= Cay(Gω, B).

Let S = [Y ;Gα, fα,β] be a Clifford semigroup, A ⊆ S and x, y ∈ Gα, z ∈
Gγ , α 6= γ. Suppose that (x, y) and (z, y) are arcs in Cay(S,A). By Lemma
3(1), (x, y) is an arc in Cay(Gα, Aα). Then there exists a ∈ Aα such that
y = xa. If a = eα, then y = x and thus (x, y) is a loop. If a 6= eα, then
(x, xa = y, xa2, ..., xa|a| = x) is a directed cycle of order |a| in Cay(S,A). Thus
(x, y) is either a loop or an arc which is contained in a directed cycle. It is easily
seen that y 6= z, so (z, y) is not a loop. By Lemma 4, (z, y) is not contained in
any directed cycles. By Lemma 3(2), γ > α, that is, γ ∈ Yα. Let us denote by
−→
d ∗∗(y) the number of vertices in

⋃

ρ∈Yα
Gρ that end in y and N

∗∗Cay(S,A)
6=0 the

number of vertices u in Cay(S,A) that
−→
d ∗∗(u) 6= 0.

Given two subsetsA,B of S. Clearly, for a graph isomorphism g : Cay(S,A) →

Cay(S,B), it is not only
−→
d (y) =

−→
d (g(y)), but also

−→
d ∗∗(y) =

−→
d ∗∗(g(y)). More-

over, N
∗∗Cay(S,A)
6=0 = N

∗∗Cay(S,B)
6=0 .

Analysis similar to the proof of Lemma 5 shows that the following lemma
is hold.

Lemma 10. Let S = [Y ;Gα, fα,β] be a Clifford semigroup and A ⊆ S. If
Y is a chain and all groups Gα are cyclic groups of order prime pα, then, for
all x ∈ Gα,

−→
d ∗∗(x) =

{

|Y 1
α ||A ∩Gα|+

∑

γ∈Y 0
α
|Gγ |, if x ∈ A

|Y 1
α ||A ∩Gα|, if x /∈ A.

Let S = [Y ;Gα, fα,β] be a Clifford semigroup which there exists the max-
imum element π in a semilattice Y . Let A ⊆ Gπ and ρ < π. Suppose that
fπ,ρ is a zero-mapping, then Aρ = {eρ}. Thus the arc set E(Cay(Gρ, Aρ)) =
{(x, x)|x ∈ Gρ}. Suppose that fπ,ρ is an isomorphism. Define a mapping
Πρ : Cay(Gπ, A) → Cay(Gρ, Aρ) by Πρ(x) = fπ,ρ(x) for all x ∈ Gπ. It is clear
that Πρ is a bijective. Let (x, y) be an arc in Cay(Gπ, A), then there exists
a ∈ A such that y = xa. Since fπ,ρ is an isomorphism, Πρ(y) = Πρ(xa) =
fπ,ρ(xa) = fπ,ρ(x)fπ,ρ(a) = Πρ(x)Πρ(a). Becauce Πρ(a) = fπ,ρ(a) ∈ Aρ,
(Πρ(x),Πρ(y)) is an arc in Cay(Gρ, Aρ). Let (z, w) be an arc in Cay(Gρ, Aρ),
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then there exists aρ ∈ Aρ = fπ,ρ(A) such that w = zaρ. Since fπ,ρ is an isomor-
phism, there exists unique aπ ∈ A such that fπ,ρ(aπ) = aρ. Thus Π−1

ρ (w) =
Π−1

ρ (zaρ) = f−1
π,ρ(zaρ) = f−1

π,ρ(z)f
−1
π,ρ(aρ) = Π−1

ρ (z)aπ. Hence (Π−1
ρ (z),Π−1

ρ (w))
is an arc in Cay(Gπ, A). Therefore, Πρ is a graph isomorphism. We thus get
Cay(Gπ, A) ∼= Cay(Gρ, Aρ) for all ρ < π such that fπ,ρ is an isomorphism.

Lemma 11. Let S = [Y ;Gα, fα,β] be a Clifford semigroup, π the maxi-

mum element of Y. If A ⊆ Gπ and Cay(S,A) ∼= Cay(S,B), then B ⊆ Gπ and

Cay(Gπ, A) ∼= Cay(Gπ, B).

Proof. Let g : Cay(S,A) → Cay(S,B) be a graph isomorphism. Since π
be the maximum element of Y, Y 1

π = Y 0
π = ∅. If A ⊆ Gπ, then A ∩ Gα = ∅

for all α < π. By Lemma 10, in Cay(S,A),
−→
d ∗∗(x) = |Y 1

α ||A ∩ Gα| = 0

for all x ∈ Gα, α < π and
−→
d ∗∗(x) ≤ |Y 1

π ||A ∩ Gπ| +
∑

γ∈Y 0
π
|Gγ | = 0 for all

x ∈ Gπ. Thus
−→
d ∗∗(x) = 0 for all x ∈ Cay(S,A). We must have

−→
d ∗∗(x) = 0

for all x ∈ Cay(S,B). Suppose that B * Gπ, so there exists b ∈ B ∩ Gβ for
some β < π. We have fπ,β(eπ)b = eβb = b. By Lemma 3(2), (eπ, b) is an

arc in Cay(S,B), that is,
−→
d ∗∗(b) 6= 0, this contradicts our assumption that

Cay(S,A) ∼= Cay(S,B). Thus B ⊆ Gπ.

Now we want to show that Cay(Gπ, A) ∼= Cay(Gπ, B). If A = {eπ}, then
Aα = {eα} for all α ∈ Y . Thus the arc set E(Cay(S,A))
= {(x, x)|x ∈ S}. Of course, E(Cay(S,B)) = {(x, x)|x ∈ S}. Hence B =
{eπ}. Therefore, Cay(Gπ, A) ∼= Cay(Gπ, B). If A \ {eπ} 6= ∅, then there exists
a ∈ A \ {eπ}. Let x ∈ Gπ, then (x, xa, xa2, ..., xapπ = x) is a directed cycle
of order pπ = |Gπ| in Cay(S,A). Obviously, g(x) /∈ Gα where fπ,α is a zero-
mapping. We have (g(x), g(xa), g(xa2), ..., g(x)) is also directed cycle of order
pπ in Cay(S,B). By Lemma 4, g(x), g(xa), g(xa2), ..., g(xa(pπ−1)) ∈ Gγ for some
γ ∈ Y such that |Gγ | = pγ ≥ pπ. If pγ 6= pπ, then fπ,γ is a zero-mapping. Thus
g(Gπ) ⊆ Gρ for some Gρ such that |Gρ| = pρ = pπ and fπ,ρ is an isomorphism.
Hence g(Gπ) = Gρ for some Gρ such that fπ,ρ is an isomorphism, that is,
Cay(Gπ, A) ∼= Cay(Gρ, Bρ) ∼= Cay(Gπ, B).

Lemma 12. Let S = [Y ;Gα, fα,β] be a Clifford semigroup where Y is a

chain, all groups Gα are cyclic groups of order prime pα. If A ⊆ Gρ for some

ρ ∈ Y and Cay(S,A) ∼= Cay(S,B), then B ⊆ Gρ and Cay(Gρ, A) ∼= CayGρ, B).

Proof. Let Cay(S,A) ∼= Cay(S,B). If A = ∅, then Cay(S,A) is an empty
graph. Obviously, Cay(S,B) is also an empty graph and B = ∅ ⊆ Gρ. If ρ is
the maximum element of Y , then, by Lemma 11, B ⊆ Gρ and Cay(Gρ, A) ∼=
CayGρ, B). Let A 6= ∅ and ρ is not the maximum element of Y . We claim that
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A ∩ Gα = ∅ for all α 6= ρ, Aα 6= ∅ for all α ≤ ρ and Aα = ∅ for all α > ρ. By

Lemma 5, in Cay(S,A),
−→
d (x) ≥ |Aα| > 0 for all x ∈ Gα, α ≤ ρ and

−→
d (y) =

|Aγ | + |Y 1
γ ||A ∩ Gγ | = 0 for all y ∈ Gγ , γ > ρ. Thus N

Cay(S,A)
0 =

∑

γ∈Yρ
|Gγ |.

By Lemma 10, in Cay(S,A),
−→
d ∗∗(y) = |Y 1

γ ||A ∩Gγ | = 0 for all y ∈ Gγ , γ 6= ρ,

that is, N
∗∗Cay(S,A)
6=0 ≤ |Gρ|. Moreover,

−→
d ∗∗(x) ≤ |Y 1

ρ ||A| +
∑

γ∈Y 0
ρ
|Gγ | for all

x ∈ Gρ. Thus

in Cay(S,A),
−→
d ∗∗(s) ≤ |Y 1

ρ ||A|+
∑

γ∈Y 0
ρ

|Gγ | for all s ∈ S. (1)

If B * Gρ, then we need to consider 4 cases:

Case1. There exists b ∈ B∩Gβ for some β > ρ. then Bα 6= ∅ for all α ≤ β.

By Lemma 5, in Cay(S,B),
−→
d (x) ≥ |Bα| > 0 for all x ∈ Gα, α ≤ β. Thus

N
Cay(S,B)
0 ≤

∑

α>β |Gα| <
∑

α>β |Gα| + |Gβ | ≤
∑

α∈Yρ
|Gα| = N

Cay(S,A)
0 , this

contradicts our assumption that Cay(S,A) ∼= Cay(S,B).

Case2. B ∩ Gρ = ∅. By case1, B ∩ Gγ = ∅ for all γ > ρ. Let x ∈
Gγ for some γ ≥ ρ and b ∈ B ∩ Gα, then α < ρ and xb ∈ Gα. Thus, in

Cay(S,B),
−→
d (x) = 0 for all x ∈

⋃

γ≥ρGγ, that is, N
Cay(S,B)
0 ≥

∑

γ≥ρ |Gγ | =
∑

γ∈Yρ
|Gγ |+ |Gρ| >

∑

γ∈Yρ
|Gγ | = N

Cay(S,A)
0 , this contradicts our assumption

that Cay(S,A) ∼= Cay(S,B).

Case3. There exists b ∈ B ∩ Gβ for some β < ρ where fρ,β is a zero-
mapping. Then fα,β is s zero-mapping for all α ∈ Yρ, that is, (Yρ ∪ {ρ}) ⊆

Y 0
β . By Lemma 10, in Cay(S,B),

−→
d ∗∗(b) = |Y 1

β ||B ∩ Gβ | +
∑

γ∈Y 0
β
|Gγ | ≥

∑

γ∈Y 0
β
|Gγ | ≥

∑

γ∈Yρ
|Gγ |+ |Gρ| >

∑

γ∈Yρ
|Gγ | =

∑

γ∈Y 1
ρ
|Gγ |+

∑

γ∈Y 0
ρ
|Gγ | =

|Y 1
ρ ||Gρ| +

∑

γ∈Y 0
ρ
|Gγ | ≥ |Y 1

ρ ||A| +
∑

γ∈Y 0
ρ
|Gγ |. By (1), we have

−→
d ∗∗(b) 6=

−→
d ∗∗(s) for all s in Cay(S,A), this contradicts our assumption that Cay(S,A) ∼=
Cay(S,B).

Case4. There exists b ∈ B ∩ Gβ for some β < ρ where fρ,β is an iso-
morphism. Obviously, B ∩ Gβ 6= ∅, Y 1

β 6= ∅ and |Gβ | = |Gρ|. We have

Y 0
ρ ⊆ Y 0

β , Y
1
ρ ⊆ Y 1

β and fα,β is an isomorphism for all β < α ≤ ρ. Thus Y 0
ρ = Y 0

β

and (Y 1
ρ ∪{ρ}) ⊆ Y 1

β By Lemma 10, in Cay(S,B),
−→
d ∗∗(x) ≥ |Y 1

β ||B∩Gβ | > 0 for
all x ∈ Gβ . By case2, there exists b1 ∈ B∩Gρ. There exists eγ ∈ Gγ , γ > ρ such

that (eγ , eγb1 = fγ,ρ(eγ)b1 = eρb1 = b1) is an arc in Cay(S,B), so
−→
d ∗∗(b1) 6= 0.

Hence N
∗∗Cay(S,B)
6=0 ≥ |Gβ |+1 > |Gβ | = |Gρ| ≥ N

∗∗Cay(S,A)
6=0 , this contradicts our

assumption that Cay(S,A) ∼= Cay(S,B).
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These 4 cases give B ⊆ Gρ. As in Cay(S,A), Lemma 5 gives, in Cay(S,B),
−→
d (x) ≥ |Bα| > 0 for all x ∈ Gα, α ≤ ρ and

−→
d (y) = |Bγ |+ |Y 1

γ ||B ∩Gγ | = 0 for
all y ∈ Gγ , γ > ρ. Thus g(

⋃

α≤ρ Gα) =
⋃

α≤ρGα, that is, Cay(
⋃

α≤ρ Gα, A) ∼=
Cay(

⋃

α≤ρGα, B). Since ρ is a maximum element of {α|α ≤ ρ}, analysis similar
to that in the proof of Theorem 11 shows that Cay(Gρ, A) ∼= CayGρ, B).

3. Main Results

We first give an example of a Cayley graph of a Clifford semigroup which is not
a CI-graph and that Clifford semigroup is also not a CI-semigroup.

Example 13. Let Y be a semilattice {α, β, γ} such that α ∧ β = α ∧
γ = β ∧ γ = γ. Let Gα = Z2 = {0α, 1α}, Gβ = Z3 = {0β, 1β, 2β}, Gγ =
Z5 = {0γ , 1γ , 2γ , 3γ , 4γ} and let fα,γ , fβ,γ be zero-mappings, i.e. fα,γ(Gα) =
fβ,γ(Gβ) = {0γ}. Then S = [Y ;Gα, fα,β] is a Clifford semigroup (see Figure 1).

Gα = Z2

❅
❅
❅
❅❅

Gβ = Z3

�
�

�
��

Gγ = Z5

fβ,γfα,γ

Figure 1: S = [Y ;Gα, fα,β]

Consider two subsets A = {1α, 1β} and B = {1α, 1β, 0γ} of S. Then
Cay(S,A) = Cay(S,B) (see Figure 2).
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✒ ✑
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0̄γ
1̄γ 2̄γ 3̄γ 4̄γ

0̄α 1̄α 0̄β 1̄β 2̄β

Figure 2: Cay(S,A) = Cay(S,B)
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Since |A| 6= |B|, there is no σ ∈ Aut(S) such that σ(A) = B. Therefore,
Cay(S,A) and Cay(S,B) are not CI-graphs, and S is not a CI-semigroup.

Here we investigate the conditions for Clifford semigroups enjoy the prop-
erty of being CI-semigroups.

Theorem 14. Let S = [Y ;Gα, fα,β] be a Clifford semigroup. If Y is a

chain, all groups Gα are cyclic groups of order prime pα and all group homo-

morphisms fα,β are zero-mappings, then S is a CI-semigroup.

Proof. Let A ⊆ S. Suppose that Cay(S,A) ∼= Cay(S,B). By Lemma 8,
Cay(Gα, A ∩ Gα) ∼= Cay(Gα, B ∩ Gα) for all α ∈ Y such that A ∩ Gα 6= ∅.
Since Gα = Zpα is a CI-group for all α ∈ Y , there exists gα ∈ Aut(Gα) such
that gα(A ∩ Gα) = B ∩ Gα for all α ∈ Y such that A ∩ Gα 6= ∅. Now we
will construct an automorphism on S as Proposition 1. Let η : Y → Y be an
identity mapping idY and for each α ∈ Y , let

χα =

{

gα, if A ∩Gα 6= ∅

idGα , otherwise.

Define a mapping χ on S by χ(x) = χα(x) if x ∈ Gα. Clearly, χ(A) = B. To
show that χ ∈ Aut(S), it is sufficient to show that fα,βχα = χβfα,β. Let x ∈ Gα.
Hence fα,βχα(x) = fα,β(χα(x)) = eβ and χβfα,β(x) = χβ(eβ) = eβ .

Corollary 15. Let S = [Y ;Gα, fα,β] be a Clifford semigroup. If Y is a

chain, all groups Gα are different cyclic groups of order prime pα, then S is a

CI-semigroup.

Proof. Since all groups Gα are different cyclic groups of order prime pα,
all group homomorphisms fα,β are zero-mappings. By Theorem 14, S is a
CI-semigroup.

Now we investigate the conditions for Cayley graphs of Clifford semigroups
enjoy the property of being CI-graphs.

Theorem 16. Let S = [Y ;Gα, fα,β] be a Clifford semigroup. If Y is a

chain, all groups Gα are cyclic groups of order prime pα and A ⊆ Gρ for some

ρ ∈ Y , then Cay(S,A) is a CI-graph.

Proof. Let A ⊆ Gρ ⊆ S. Suppose that Cay(S,A) ∼= Cay(S,B). By Lemma
12, B ⊆ Gρ and Cay(Gρ, A) ∼= Cay(Gρ, B). Since Gρ = Zpρ is a CI-group, there
exists gρ ∈ Aut(Gρ) s.t. gρ(A) = B. Now we will construct an automorphism
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on S as Proposition 1. Let η : Y → Y be the identity mapping idY and for
each α ∈ Y , let

χα(x) =







fρ,αgρf
−1
ρ,α(x), if α ≤ ρ and fρ,α is an isomorphism

f−1
α,ρgρfα,ρ(x), if ρ < α and fα,ρ is an isomorphism

x, otherwise.

Define a mapping χ on S by χ(x) = χα(x) if x ∈ Gα. To show that χ ∈ Aut(S),
it is sufficient to show that fα,βχα = χβfα,β. Let x ∈ Gα. If α = β, then it is
easily seen that fα,βχα(x) = χβfα,β(x). If β < α and fα,β is a zero-mapping,
then fα,βχα(x) = eβ and χβfα,β(x) = χβ(eβ) = eβ . For β < α and fα,β is an
isomorphism, we need to prove 5 cases:

Case1. β < α ≤ ρ and fρ,α is an isomorphism. Then fρ,β is an isomor-
phism. Thus fα,βχα(x) = fα,βfρ,αgρf

−1
ρ,α(x) = fρ,βgρf

−1
ρ,α(x) and χβfα,β(x) =

fρ,βgρf
−1
ρ,βfα,β(x) = fρ,βgρf

−1
ρ,α(x).

Case2. β < α ≤ ρ and fρ,α is a zero-mapping. Then fρ,β is a zero-mapping.
Thusfα,βχα(x) = fα,β(x) and χβfα,β(x) = fα,β(x).

Case3. ρ < β < α and fβ,ρ is an isomorphism. Then fα,ρ is an isomor-
phism. Thusfα,βχα(x) = fα,βf

−1
α,ρgρfα,ρ(x) = f−1

β,ρgρfα,ρ(x) and χβfα,β(x) =

f−1
β,ρgρfβ,ρfα,β(x) = f−1

β,ρgρfα,ρ(x).

Case4. ρ < β < α and fβ,ρ is a zero-mapping. Then fα,ρ is a zero-mapping.
Thus fα,βχα(x) = fα,β(x) and χβfα,β(x) = fα,β(x).

Case5. β ≤ ρ ≤ α. Then fα,ρ and fρ,β are isomorphisms. Thusfα,βχα(x) =
fα,βf

−1
α,ρgρfα,ρ(x) = fρ,βgρfα,ρ(x) and χβfα,β(x) = fρ,βgρf

−1
ρ,βfα,β(x) = fρ,βgρ

fα,ρ(x).

Theorem 17. Let S = [Y ;Gα, fα,β] be a Clifford semigroup, ω the min-

imum element of Y. If all groups Gα are cyclic groups of order prime pα and

A ⊆ Gω, then Cay(S,A) is a CI-graph.

Proof. Let A ⊆ Gω and Cay(S,A) ∼= Cay(S,B). By Lemma 9, B ⊆ Gω and
Cay(Gω, A) ∼= Cay(Gω, B). Since Gω = Zpω is a CI-group, then there exists
gω ∈ Aut(Gω) such that gω(A) = B. Now we will construct an automorphism
on S as Proposition 1. Let η : Y → Y be an identity mapping idY and for each
α ∈ Y , let

χα(x) =

{

f−1
α,ωgωfα,ω(x), if fα,ω is an isomorphism

x, otherwise.
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Define a mapping χ on S by χ(x) = χα(x) if x ∈ Gω. To show that χ ∈ Aut(S),
it is sufficient to show that fα,βχα = χβfα,β. Let x ∈ Gα. If α = β, then it is
easily seen that fα,βχα(x) = χβfα,β(x). If β < α and fα,β is a zero-mapping,
then fα,βχα(x) = eβ and χβfα,β(x) = χβ(eβ) = eβ . For the other cases that
β < α and fα,β is an isomorphism see case3 and case4 in Theorem 16, with ρ
replaced by ω.

Theorem 18. Let S = [Y ;Gα, fα,β] be a Clifford semigroup, π the max-

imum element of Y. If all group Gα are cyclic groups of order prime pα and

A ⊆ Gπ, then Cay(S,A) is a CI-graph.

Proof. Let A ⊆ Gπ and Cay(S,A) ∼= Cay(S,B). By Lemma 11, B ⊆ Gπ

and Cay(Gπ, A) ∼= Cay(Gπ, B). Since Gπ = Zpπ is a CI-group, there exists
gπ ∈ Aut(Gπ) such that gπ(A) = B. Now we will construct an automorphism
on S as Proposition 1. Let η : Y → Y be an identity mapping idY and for each
α ∈ Y , let

χα(x) =

{

fπ,αgπf
−1
π,α(x), if fπ,α is an isomorphism

x, otherwise.

Define a mapping χ on S by χ(x) = χα(x) if x ∈ Gα. To show that χ ∈ Aut(S),
it is sufficient to show that fα,βχα = χβfα,β. Let x ∈ Gα. If α = β, then it is
easily seen that fα,βχα(x) = χβfα,β(x). If β < α and fα,β is a zero-mapping,
then fα,βχα(x) = eβ and χβfα,β(x) = χβ(eβ) = eβ . For the other cases that
β < α and fα,β is an isomorphism see case1 and case2 in Theorem 16, with ρ
replaced by π.
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Abstract: In this paper, we investigate the characterization of CI-graphs on
Cayley digraphs of left groups. We also determine which Cayley digraphs of
right groups with given connection sets are CI-graphs.
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1. Introduction

Let S be a semigroup and A a subset of S. The Cayley digraph Cay(S,A) of
S relative to a connection set A is defined as the graph with the vertex set S
and the arc set E(Cay(S,A)) consisting of those ordered pairs (x, y) such that
xa = y for some a ∈ A. Clearly, if A is an empty set, then Cay(S,A) is an
empty graph.

Arthur Cayley (1821-1895) introduced Cayley graphs of groups in 1878.
One of the first investigations on Cayley graphs of algebraic structures can be
found in Maschke’s Theorem from 1896 about groups of genus zero, that is,
groups which possess a generating system such that the Cayley graph is planar.

Cayley graphs of groups have been extensively studied and many interesting
results have been obtained, see for examples [1], [8], [9], [10], [11], and [17]. The
Cayley graphs of semigroups have been considered by many authors. Many
new interesting results on Cayley graphs of semigroups have recently appeared
in various journals, see for examples [3], [4], [5], [6], [7], [8], [13], [14], [15], and
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[16]. In the investigation of the Cayley graphs of semigroups, it is first of all
interesting to find the analogous of natural conditions which have been used in
the group case.

A Cayley digraph Cay(S,A) is called a CI-graph of a semigroup S, CI stands
for Cayley Isomorphism, if whenever B is a subset of S for which Cay(S,A) ∼=
Cay(S,B), there exists an automorphism σ of S such that σ(A) = B. A
semigroup S is called a CI-semigroup if all of its Cayley digraphs are CI-graphs.

Necessary and sufficient conditions have been found for Cayley graphs of
groups to be CI-graphs and for groups to be CI-groups, see for examples [9],
[10], [11], and [12]. Such a problem is called Cayley isomorphism. Here we shall
investigate this problem on left and right groups which both of them are the
cartesian product between a group and a semigroup. Graphs considered in this
paper are directed graphs. The terminology and notation which related to our
paper will be defined in the next section.

2. Basic Definitions and Results

Let (V1, E1) and (V2, E2) be digraphs. A mapping ϕ : V1 → V2 is called a digraph
homomorphism if u, v ∈ E1 implies ((ϕ(u)), (ϕ(v))) ∈ E2, i.e. ϕ preserves arcs.
We write ϕ : (V1, E1) → (V2, E2). A digraph homomorphism ϕ : (V,E) →
(V,E) is called a digraph endomorphism. If ϕ : (V1, E1) → (V2, E2) is a bijective
digraph homomorphism and ϕ−1 is also a digraph homomorphism, then ϕ is
called a digraph isomorphism. A digraph isomorphism ϕ : (V,E) → (V,E) is
called a digraph automorphism.

A digraph (V,E) is called a semigroup (group) digraph or digraph of a
semigroup (group) if there exists a semigroup (group) S and a connection set
A ⊆ S such that (V,E) is isomorphic to the Cayley graph Cay(S,A).

A semigroup S is called a left (right) zero semigroup if, for any x, y ∈ S,
xy = x (xy = y).

A semigroup S is called a left (right) group if S = G × Ln (S = G × Rn)
where G is a group and Ln (Rn) is an n-element left (right) zero semigroup.
Then the operation on a left group S is defined by (g, l)(g′, l′) = (gg′, l) for
g, g′ ∈ G and l, l′ ∈ Ln. Similarly, the operation on a right group S is defined
by (g, r)(g′, r′) = (gg′, r′) for g, g′ ∈ G and r, r′ ∈ Rn.

Now we recall some lemmas and theorems which are needed in the sequel.

Theorem 2.1. [11] A cyclic group G is called a 2-DCI-group, that is, all
Cayley digraphs of G of valency at most 2 are CI-graphs.

The following lemmas give the structure of the Cayley digraphs of left groups
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and right groups, respectively. From now on, pi denotes the projection map on
the ith coordinate of an ordered pair.

Let (V1, E1), (V2, E2), ..., (Vn, En) be graphs and Vi ∩ Vj = ∅ for all i 6= j.

The disjoint union of (V1, E1), (V2, E2), ..., (Vn, En) is defined as ˙⋃n

i=1(Vi, Ei) :=
(V1 ∪ V2 ∪ ... ∪ Vn, E1 ∪ E2 ∪ ... ∪En).

Lemma 2.2. [16] Let S = G × Ln be a left group and A ⊆ S. Then the

following conditions hold:

1. for each i ∈ {1, 2, ..., n},
Cay(G× {li}, p1(A)× {li}) ∼= Cay(G, p1(A))

2. Cay(S,A) = ˙⋃n

i=1Cay(G× {li}, p1(A)× {li}).

Lemma 2.3. [16] Let S = G × Rn be a right group and A ⊆ S. If

A ⊆ G× {ri} where i ∈ {1, 2, ..., n}, then Cay(G× {ri}, A) ∼= Cay(G, p1(A)).

The next lemma shows the condition when any two Cayley digraphs of a
given right group with a one-element connection set are isomorphic.

Lemma 2.4. [12] Let S = G×Rn be a right group, and (g, r), (g′, r′) ∈ S
where g, g′ ∈ G and r, r′ ∈ Rn. Then Cay(S, {(g, r)})
∼= Cay(S, {(g′, r′)}) if and only if |g| = |g′|.

3. Main Results

This section is divided into two parts. We first characterize CI-graphs of left
groups. We will end the section by introducing about CI-graphs of right groups
which the connection set is a subset of G×{ri} where {ri} is a singleton subset
of the n-element right zero semigroup Rn.

3.1. CI-Graphs of Left Groups

We start with the lemma that will be used in Theorem 3.2. The condition for
two Cayley digraphs of an arbitrary left group which can be isomorphic will be
given.

Lemma 3.1. Let S = G × Ln be a left group and A,B ⊆ S. Then

Cay(S,A) ∼= Cay(S,B) if and only if Cay(G, p1(A)) ∼= Cay(G, p1(B)).

Proof. (=⇒) Let Cay(S,A) ∼= Cay(S,B) and i ∈ {1, 2, ..., n}. By Lemma

2.2, we have ˙⋃n

i=1Cay(G×{li}, p1(A)×{li}) ∼= ˙⋃n

i=1Cay(G×{li}, p1(B)×{li})
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and Cay(G, p1(A)) ∼= Cay(G×{li}, p1(A)×{li}) ∼= Cay(G×{li}, p1(B)×{li}) ∼=
Cay(G, p1(B)) as required.

(⇐=) Let Cay(G, p1(A)) ∼= Cay(G, p1(B)). Then Cay(G × {li}, p1(A) ×
{li}) ∼= Cay(G × {li}, p1(B) × {li}) for all i ∈ {1, 2, ..., n} by Lemma 2.2 (1).

Therefore ˙⋃n

i=1Cay(G × {li}, p1(A) × {li}) ∼= ˙⋃n

i=1Cay(G × {li}, p1(B)× {li}).
Thus we get Cay(S,A) ∼= Cay(S,B) by Lemma 2.2 (2).

The next result characterizes the CI-graphs of left groups.

Theorem 3.2. Let S = G×Ln be a left group and A ⊆ S. Then Cay(S,A)
is a CI-graph if and only if n = 1 and Cay(G, p1(A)) is a CI-graph.

Proof. (=⇒) Let ∅ 6= A ⊆ G × Ln and let Cay(S,A) be a CI-graph and
n 6= 1. We start the proof by choosing an element (g, li) ∈ A to consider. Since
n 6= 1, so n ≥ 2. Then there exists k ∈ {1, 2, ..., n} such that k 6= i and lk ∈ Ln.
We will consider the following two cases:

Case 1: if there exists (g, lk) ∈ A, consider B = A \ {(g, lk)}. We will
see that p1(A) = p1(B) and Cay(G, p1(A)) ∼= Cay(G, p1(B)). Thus we have
Cay(S,A) ∼= Cay(S,B) by Lemma 3.1, but |A| 6= |B|. So it is easy to see that
there is no any functions f ∈ Aut(S) such that f(A) = B which satisfy the
definition of CI-graph.

Case 2: if (g, lk) /∈ A, consider B = A ∪ {(g, lk)}. Similarly to the case 1,
Cay(S,A) ∼= Cay(S,B), but we can’t find any functions f ∈ Aut(S) such that
f(A) = B since |A| 6= |B|. It contradicts the assumption by these two cases.
Therefore n = 1.

Next, we will show that Cay(G, p1(A)) is a CI-graph. Suppose that

Cay(G, p1(A)) ∼= Cay(G,X).

Take B = X × {l1}, then p1(B) = X. By Lemma 3.1, we get Cay(S,A) ∼=
Cay(S,B). Since Cay(S,A) is a CI-graph, there exists α ∈ Aut(S) such that
α(A) = B. Define f : G → G by g 7→ p1(α(g, l1)). Since α ∈ Aut(G × L1), we
have f is bijective. Therefore f is a group homomorphism since f(g1)f(g2) =
p1(α(g1, l1))p1(α(g2, l1)) = p1(α(g1, l1)α(g2, l1)) = p1(α(g1g2, l1)) = f(g1g2) for
g1, g2 ∈ G. Moreover, f(p1(A)) = p1(α(A)) = p1(B) = X. Hence f ∈ Aut(G)
and f(p1(A)) = p1(B) = X. Thus Cay(G, p1(A)) is a CI-graph.

(⇐=) Let Cay(G, p1(A)) be a CI-graph. Let n = 1. Suppose that Cay(G×
L1, A) ∼= Cay(G × L1, B). So, by Lemma 3.1, we have Cay(G, p1(A)) ∼=
Cay(G, p1(B)). Since Cay(G, p1(A)) is a CI-graph, there exists α ∈ Aut(G) such
that α(p1(A)) = p1(B). Then we define β : G× {l1} → G × {l1} by β(g, l1) =
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(α(g), l1). Since α ∈ Aut(G), it is easy to see that β is also bijective. Therefore
β is a group homomorphism since β(g1, l1)β(g2, l1) = (α(g1), l1)(α(g2), l1) =
(α(g1)α(g2), l1) = (α(g1g2), l1) = β(g1g2, l1) = β((g1, l1)(g2, l1)) for (g1, l1), (g2, l1)
∈ G × {l1}. In addition, β(A) = β(p1(A) × {l1}) = α(p1(A)) × {l1} =
p1(B)× {l1} = B. Hence Cay(S,A) is a CI-graph.

The next example shows that if n ≥ 2, then Cay(S,A) is not a CI-graph.

Example 1. Let S = Z5 × L2. Consider A = {(1, l1), (1, l2)} and B =
{(1, l1)}.

r r r r r r r r r r✲ ✲ ✲ ✲ ✲ ✲ ✲ ✲

✤ ✜
❄

✤ ✜
❄

(0, l1) (1, l1) (2, l1) (3, l1) (4, l1) (0, l2) (1, l2) (2, l2) (3, l2) (4, l2)

Figure 1: Cay(S,A) ∼= Cay(S,B)

By the definition of a Cayley digraph, we have Cay(S,A) ∼= Cay(S,B), see
Figure 1. Since |A| 6= |B|, then we can’t find any automorphisms f in S such
that f(A) = B.

3.2. CI-Graphs of Right Groups

The next lemma will be useful for the proof of Lemma 3.4. We mention about

the degree of vertices of right groups. Let
−→
d (u) denote the in-degree of an

arbitrary vertex u of a given right group S.

Lemma 3.3. Let S = G × Rn be a right group and A ⊆ S. Let i ∈

{1, 2, ..., n}. Then A ∩ (G × {ri}) = ∅ if and only if
−→
d (u) = 0 for all u ∈

(G× {ri}).

Proof. Let i ∈ {1, 2, ..., n}.
(=⇒) Assume that A ∩ (G × {ri}) = ∅. Suppose that there exists u ∈

(G× {ri}) such that
−→
d (u) 6= 0. Hence there exists an element a ∈ A such that

xa = u for some x ∈ S. Since S is a right group, we have a ∈ (G×{ri}). Then

a ∈ A∩ (G×{ri}), contrary to A∩ (G× {ri}) = ∅. Therefore
−→
d (u) = 0 for all

u ∈ (G× {ri}).

(⇐=) Let u, v ∈ (G×{ri}) and
−→
d (u) = 0,

−→
d (v) = 0. Suppose that A∩(G×

{ri}) 6= ∅. So there exists an element a ∈ A∩(G×{ri}) such that (u, v) is an arc

in Cay(S,A), and then
−→
d (v) 6= 0, a contradiction. Hence A∩(G×{ri}) = ∅.
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The following lemma gives the conditions when any two Cayley digraphs
of an arbitrary right group which each of its connection set is a subset of the
cartesian product of a group G and a singleton subset of the n-element right
zero semigroup Rn. Throughout the proof, NH

0 denotes the number of vertices

u in a graph H such that
−→
d (u) = 0.

Lemma 3.4. Let S = G × Rn be a right group. Let A ⊆ G × {ri}
where i ∈ {1, 2, ..., n}. Then Cay(S,A) ∼= Cay(S,B) if and only if the following

conditions hold:

1. B ⊆ G× {rj} for some j ∈ {1, 2, ..., n},

2. there exists a graph isomorphism

f : Cay(G× {ri}, A) → Cay(G× {rj}, B)

such that ((g, rk), (g
′, ri)) ∈ E(Cay(S,A)) if and only if

(f(g, rk), f(g
′, ri)) ∈ E(Cay(S,B)) for any k ∈ {1, 2, ..., n}.

Proof. (=⇒) Let Cay(S,A) ∼= Cay(S,B).
1. Suppose that B * G × {rj} for all j ∈ {1, 2, ..., n}. Then |{j|B ∩

(G × {rj}) = ∅}| 6= |{j|A ∩ (G × {rj}) = ∅}|. By Lemma 3.3, N
Cay(S,B)
0 =

|{j|B ∩ (G × {rj}) = ∅}||G| and N
Cay(S,A)
0 = |{j|A ∩ (G × {rj}) = ∅}||G|.

Therefore N
Cay(S,A)
0 6= N

Cay(S,B)
0 , which contradicts Cay(S,A) ∼= Cay(S,B).

Then B ⊆ G× {rj} for some j ∈ {1, 2, ..., n}.
2. Since Cay(S,A) ∼= Cay(S,B), there exists a graph isomorphism s :

Cay(S,A) → Cay(S,B). Next, we can define t : Cay(G × {ri}, A) → Cay(G ×
{rj}, B) as the restriction of s to G × {ri}, i.e. t = s|G×{ri} by Lemma 3.3.
It is obvious that t is also a graph isomorphism by the definition of s. There-
fore Cay(G × {ri}, A) ∼= Cay(G × {rj}, B). The statement ((g, rk), (g

′, ri)) ∈
E(Cay(S,A)) if and only if (t(g, rk), t(g

′, ri)) ∈ E(Cay(S,B)) for any k ∈
{1, 2, ..., n} is also true by the assumption.

(⇐=) We define ϕ : Cay(S,A) → Cay(S,B) by

ϕ(g, r) =







(p1f(g, ri), rj), if r = ri

(p1f(g, ri), ri), if r = rj

(p1f(g, ri), r), otherwise.

By the assumption, it is obviously concluded that ϕ is a graph isomorphism
from Cay(S,A) to Cay(S,B). Therefore Cay(S,A) ∼= Cay(S,B).
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Now we introduce the theorem about being CI-graphs of any right groups
with a one-element connection set. Theorem 2.1 will be helpful in the proof.

Theorem 3.5. Let S = G × Rn be a right group where G is a cyclic

group and Rn is an n-element right zero semigroup. Let (a, ri) ∈ S where

i ∈ {1, 2, ..., n}. Then Cay(S, {(a, ri)}) is a CI-graph.

Proof. Suppose that Cay(S, {(a, ri)}) ∼= Cay(S, {(b, rj)}) where (b, rj) ∈ S
for some j ∈ {1, 2, ..., n}. By Theorem 2.1, we know that Cay(G, {a}) is a
CI-graph. So for all b ∈ G such that Cay(G, {b}) ∼= Cay(G, {a}), there exists
α ∈ Aut(G) such that α(a) = b. Then we define t : S → S by

t(g, r) =







(α(g), rj), if r = ri

(α(g), ri), if r = rj

(α(g), r), otherwise.

It is obvious that t is bijective. Let (g, r), (g′, r′) ∈ S. Since S is a right
group, there are only 3 cases to be considered depend on r′.

Case 1: r′ = ri. Then t((g, r)(g′, ri)) = t(gg′, ri) = (α(gg′), rj) and

t(g, r)t(g′, ri) = (p1(t(g, r))α(g
′), rj) = (α(g)α(g′), rj) = (α(gg′), rj).

Case 2: r′ = rj . Then t((g, r)(g′, rj)) = t(gg′, rj) = (α(gg′), ri) and

t(g, r)t(g′, rj) = (p1(t(g, r))α(g
′), ri) = (α(g)α(g′), ri) = (α(gg′), ri).

Case 3: r′ 6= ri 6= rj. Then t((g, r)(g′, r′)) = t(gg′, r′)
= (α(gg′), r′) and

t(g, r)t(g′, r′) = (p1(t(g, r))α(g
′), r′) = (α(g)α(g′), r′) = (α(gg′), r′).

Thus we have t is a semigroup homomorphism. Since t ∈ Aut(S) and
t(a, ri) = (α(a), rj) = (b, rj), Cay(S, {(a, ri)}) is a CI-graph.

The following lemma is similar to Lemma 3.1. We give the condition for
two Cayley digraphs of a right group can be isomorphic. The connection set
which will be considered is a subset of the cartesian product of a group G and
a one-element subset of the right zero semigroup Rn.

Lemma 3.6. Let S = G × Rn be a right group, A ⊆ G × {ri} where

i ∈ {1, 2, ..., n}, and B ⊆ S. Then Cay(S,A) ∼= Cay(S,B) if and only if

Cay(G, p1(A)) ∼= Cay(G, p1(B)).
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Proof. Let i ∈ {1, 2, ..., n} and A ⊆ G× {ri}.
(=⇒) Let Cay(S,A) ∼= Cay(S,B). By Lemma 3.4, there exists j ∈ {1, 2, ..., n}

such that B ⊆ G× {rj} and Cay(G× {ri}, A)
∼= Cay(G× {rj}, B). Therefore, by Lemma 2.3, we have Cay(G, p1(A))
∼= Cay(G, p1(B)).

(⇐=) Let Cay(G, p1(A)) ∼= Cay(G, p1(B)). Then there exists ϕ : Cay(G,
p1(A)) → Cay(G, p1(B)) which is a digraph isomorphism. We define f :
Cay(S,A) → Cay(S,B) by

f(g, r) =







(ϕ(g), rj), if r = ri,

(ϕ(g), ri), if r = rj ,

(ϕ(g), r), otherwise.

It is obvious that f is bijective. Let (g, ra), (g
′, rb) ∈ Cay(S,A) and ((g, ra),

(g′, rb)) ∈ E(Cay(S,A)). There exists (a, ri) ∈ A such that (g′, rb) = (g, ra)(a, ri).
Then g′ = ga and rb = ri. Hence (g, g′) ∈ E(Cay(G, p1(A))) and f(g′, rb) =
f(g′, ri) = (ϕ(g′), rj). Thus we have (ϕ(g), ϕ(g′)) ∈ E(Cay(G, p1(B))) by the
assumption. Then there exists b ∈ p1(B) such that ϕ(g′) = ϕ(g)b. Since

f(g′, rb) = (ϕ(g′), rj) = (ϕ(g)b, rj) = (ϕ(g), ra)(b, rj)

= f(g, ra)(b, rj), (f(g, ra), f(g
′, rb)) ∈ E(Cay(S,B)),

where (b, rj) ∈ B. Thus we have f preserves arcs, and then f−1 preserves arcs
can prove in the same way. Therefore Cay(S,A) ∼= Cay(S,B).

Here we come to our main theorem of the right group. The preceding lemma
will be used in the proof.

Theorem 3.7. Let S = G×Rn be a right group and A ⊆ G×{ri} where

i ∈ {1, 2, ..., n}. Then Cay(S,A) is a CI-graph if and only if Cay(G, p1(A)) is a
CI-graph.

Proof. Let i ∈ {1, 2, ..., n}.
(=⇒) Let Cay(S,A) be a CI-graph. Suppose that Cay(G, p1(A))

∼= Cay(G,B). Take X = B × {rj} for some j ∈ {1, 2, ..., n}. By Lemma
3.6, we get Cay(S,A) ∼= Cay(S,X). So there exists f ∈ Aut(S) such that
f(A) = X. Define ϕ : G → G by g 7→ p1(f(g, ri)). Clearly, ϕ is bijective. Then
ϕ is also a group homomorphism since ϕ(g1)ϕ(g2) = p1(f(g1, ri))p1(f(g2, ri)) =
p1(f(g1, ri)f(g2, ri)) = p1f(g1g2, ri) = ϕ(g1g2). Let t ∈ ϕ(p1(A)), i.e. t =
p1(f(x, ri)) for some (x, ri) ∈ A. Then t ∈ p1(f(A)) = p1(X) = B. Conversely,
let t ∈ B = p1(X), i.e. t = p1(t, rj). Since f(A) = X, there exists (h, ri) ∈
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A such that f(h, ri) = (t, rj) and thus t = p1(f(h, ri)) ∈ ϕ(p1(A)). Hence
ϕ(p1(A)) = B. Therefore Cay(G, p1(A)) is a CI-graph.

(⇐=) Let Cay(G, p1(A)) be a CI-graph. Suppose that Cay(S,A)
∼= Cay(S,B). By Lemma 3.6, we have Cay(G, p1(A)) ∼= Cay(G, p1(B)) where
B ⊆ G × {rj} for some j ∈ {1, 2, ..., n}. Then there exists f ∈ Aut(G) such
that f(p1(A)) = p1(B). Define ϕ : S → S by

ϕ(g, r) =







(f(g), rj), if r = ri

(f(g), ri), if r = rj

(f(g), r), otherwise.

It is easy to check that ϕ is bijective. About to prove that ϕ is a semigroup
homomorphism is similar to Theorem 3.5. Next, we will prove that ϕ(A) = B.
Let t ∈ ϕ(A) = ϕ(p1(A) × {ri}). Then t = ϕ(x, ri) for some x ∈ p1(A). So
t = (f(x), rj) ∈ B. Therefore ϕ(A) ⊆ B. Conversely, let t ∈ B. Suppose that
t = (g, rj) for some g ∈ G. Since f(p1(A)) = p1(B), there exists h ∈ p1(A),
i.e. (h, ri) ∈ A such that f(h) = g. Hence t = (f(h), rj) = ϕ(h, ri) ∈ ϕ(A).
Therefore B ⊆ ϕ(A). So we can conclude that Cay(S,A) is a CI-graph.

We now show another example which can be concluded by Theorem 3.7.

Example 2. Let G = Z9 and S = Z9 ×Rn. Consider A = {1, 4, 6, 7} and
B = {1, 3, 4, 7}.

Define β : Cay(G,A) → Cay(G,B) by 0 7→ 6, 1 7→ 1, 2 7→ 2, 3 7→ 3, 4 7→
7, 5 7→ 8, 6 7→ 0, 7 7→ 4 and 8 7→ 5. We have Cay(G,A) ∼= Cay(G,B), but
there is no Cayley isomorphisms mapping A to B, that is, Cay(G,A) is not a
CI-graph. Therefore, by Theorem 3.7, we can conclude that Cay(S,A × {ri})
is not a CI-graph for all i ∈ {1, 2, ..., n}.
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ISOMORPHISM CONDITIONS FOR CAYLEY GRAPHS OF

RECTANGULAR GROUPS

S. PANMA, SR. ARWORN, AND J. MEKSAWANG

Abstract. A semigroup S is called rectangular group if S is a cartesian prod-
uct of a group and left zero and right zero semigroup. This paper we introduce
the conditions for Cayley graphs of rectangular groups are isomorphic.

1. Preliminaries

One of the first investigations on Cayley graphs of algebraic structures can be
found in Maschke’s Theorem from 1896 about groups of genus zero, that is, groups
G which possess a generating system A such that the Cayley graph Cay(G,A) is
planar, see for example [19]. In [18] Cayley graphs which represent groups are de-
scribed. The result for groups originates from [18] and is meanwhile folklore, see
for example [2]. After this it is natural to investigate Cayley graphs for semigroups
which are unions of groups, so-called completely regular semigroups, see for ex-
ample [14]. In [1],[10] and [11] Cayley graphs which represent completely regular
semigroups with are right(left) groups, rectangular group and finite simple semi-
groups, respectively are characterized. We now introduce the conditions for Cayley
graphs of rectangular groups are isomorphic.

All sets in this paper are assume to be finite. An element z of a semigroup S
is a left(right) zero of S if zs = z(sz = z) for all s ∈ S, z is a zero of S if it is
both a left and right zero of S. A semigroup all of whose elements are left(right)
zeros is a left(right) zero semigroup. A direct product of a group and a left(right)
zero semigroup is called a left(right) group. A direct product of a left zero and a
right zero semigroup is called a rectangular band. A rectangular groups is a direct
product of a group and a rectangular band.

Let (V1, E1) and (V2, E2) be digraphs. A mapping ϕ : V1 → V2 is called a
digraph homomorphism if (u, v) ∈ E1 implies (ϕ(u), ϕ(v)) ∈ E2, i.e. ϕ preserves
arcs. We write ϕ : (V1, E1) → (V2, E2). A digraph homomorphism ϕ : (V,E) →
(V,E) is called a digraph endomorphism. If ϕ : (V1, E1) → (V2, E2) is a bijective
digraph homomorphism and ϕ−1 is also a digraph homomorphism, then ϕ is called
a digraph isomorphism. If a digraph isomorphism ϕ : (V1, E1) → (V2, E2) exists,
then the graphs are called isomorphic and we write (V1, E1) ∼= (V2, E2). A digraph
isomorphism ϕ : (V,E) → (V,E) is called a digraph automorphism.

Let S be a semigroup and A ⊆ S. We define the Cayley graph Cay(S,A) as
follows: S is the vertex set and (u, v), u, v ∈ S, is an arc in Cay(S,A) if there
exists an element a ∈ A such that v = ua. The set A is called the connection set of
Cay(S,A).

Key words and phrases. Cayley graph, digraph, rectangular band, right group, rectangular
group.
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A digraph (V,E) is called a semigroup digraph or digraph of a semigroup if there
exists a semigroup S and a connection set A ⊆ S such that (V,E) is isomorphic to
the Cayley graph Cay(S,A).

A subdigraph F of a digraph G is called a strong subdigraph of G if and only if
whenever u and v are vertices of F and (u, v) is an arc in G, then (u, v) is an arc
in F as well.

2. Cayley Graphs of Rectangular Band

We consider a isomorphism of Cayley graphs of rectangular bands in this section.
By the definition of right zero semigroup, we get the following lemma.

Lemma 2.1. Let v ∈ V (Cay(Rn, A)) where Rn is right zero semigroup, and let
A ⊆ Rn. Then

(1)
−→
d (v) = |Rn| if and only if v ∈ A;

(2)
−→
d (v) = 0 if and only if v 6∈ A.

From above lemma, we have the following theorem.

Theorem 2.2. Let Rn be a right zero semigroup and A,B ⊆ Rn. Then
Cay(Rn, A) ∼= Cay(Rn, B) if and only if |A| = |B|.

Since a rectangular band S = Lm×Rn isomorphic to the finite simple semigroup
M(G, I,Λ, P ), where G = {e} is the trivial group, m = |I | and n = |Λ|. By Lemma
2 in [12] , we have the following lemma.

Lemma 2.3. Let S = Lm × Rn be a rectangular band, Lm = {l1, l2 . . . , lm} a
left zero semigroup, Rn = {r1, r2 . . . , rn} a right zero semigroup, and A ⊆ S. Then
Cay(S,A) is the disjoint union of m isomorphic strong subdigraphs Cay({li} ×
Rn, {li} × p2(A)) for i ∈ {1, 2, . . . ,m}.

Theorem 2.4. Let S = Lm × Rn be a rectangular band and A,B ⊆ S. Then
Cay(S,A) ∼= Cay(S,B) if and only if |p2(A)| = |p2(B)|.

Proof. (⇒) Let Cay(S,A) ∼= Cay(S,B). By Lemma 2.3, we get Cay(S,A) ∼=
∪̇
m
i=1Cay({li}×Rn, {li}×p2(A)) ∼= ∪̇

m
i=1Cay({li}×Rn, {li}×p2(B)) ∼= Cay(S,B).

Then Cay({li}×Rn, {li}×p2(A)) ∼= Cay({li}×Rn, {li}×p2(B)) and thus Cay(Rn,
p2(A)) ∼= Cay(Rn, p2(B)). By Theorem 2.2, we get |p2(A)| = |p2(B)|.

(⇐) Let |p2(A)| = |p2(B)|. By Theorem 2.2, we get Cay(Rn, p2(A)) ∼= Cay(Rn,
p2(B)). Then ∪̇

m
i=1Cay({li}×Rn, {li}×p2(A)) ∼= ∪̇

m
i=1Cay({li}×Rn, {li}×p2(B)).

By Theorem 2.3, we get Cay(S,A) ∼= Cay(S,B). �

3. Cayley Graphs of Right Groups

In this section, we introduce the condition for Cayley graphs of a given right
group are isomorphic.

By the definition of a right group we get the following lemma.

Lemma 3.1. Let S = G × Rn be a right group where G is a group, Rn =
{r1, r2, . . . , rn} a right zero semigroup, and A a nonempty subset of S. Then, for
g, g′ ∈ G and r, r′ ∈ Rn, ((g, r), (g

′, r′)) is an arc in Cay(S,A) if and only if there
exists (a, r′) ∈ A such that g′ = ga and ((g, r′), (g′, r′)) is an arc in Cay(S,A).
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The next result gives some description for cayley graphs of right groups.

Theorem 3.2. Let S = G × Rn be a right group where G is a group and Rn =
{r1, r2, . . . , rn} a right zero semigroup. Let A be a nonempty subset of S,
G/〈p1(A)〉 = {g1〈p1(A)〉 , g2〈p1(A)〉, . . . , gw〈p1(A)〉} a set of distinct left coset of
〈p1(A)〉 in G , and (gi〈p1(A)〉 × p2(A) , Ei) a strong subdigraph of Cay(S ,A).
Then Cay(S,A) = ∪̇

w
i=1(gi〈p1(A)〉 × p2(A), Ei) ∪ (S,EA), where EA = {((s, t),

(u, v)) | t 6∈ p2(A), ((s, v), (u, v)) ∈ Ei for all i}.

Proof. We define f : Cay(S,A) → ∪̇
w
i=1(gi〈p1(A)〉 × p2(A), Ei) ∪ (S,EAi

) by
the identity mapping. Since S = ∪̇

w
i=1(gi〈p1(A)〉 × p2(A))∪ S, f is a bijection.

We will prove that f and f−1 are homomorphisms. Let ((g, r), (g′, r′)) be an arc
in Cay(S,A). By Lemma 3.1, there exists (a, r′) ∈ A and g′ = ga. Hence g′ ∈
gk1

〈p1(A)〉, g ∈ gk2
〈p1(A)〉 for some k1, k2 ∈ I. We need only consider two cases:

(case1) If r ∈ p2(A), then (g, r), (g′, r′) ∈ ∪̇
w
i=1(gi〈p1(A)〉 × p2(A)). Since

∪̇
w
i=1(gi〈p1(A)〉×p2(A), Ei) is a strong subdigraph of Cay(S,A), ((g, r),

(g′, r′)) is an arc in ∪̇
w
i=1(gi〈p1(A)〉 × p2(A), Ei). Therefore ((g, r),

(g′, r′)) = (f(g, r), f(g′, r′)) is an arc in ∪̇
w
i=1(gi〈p1(A)〉 × p2(A), Ei) ∪

(S,EA).
(case2) If r 6∈ p2(A), then ((g, r′), (g′, r′)) is also an arc in Cay(S,A) by

Lemma 3.1 and ((g, r), (g′, r′)) is an arc in Cay(S,A). This implied
that ((g, r′), (g′, r′)) ∈ Ei. Then ((g, r), (g′, r′)) ∈ EA. Hence ((g, r),
(g′, r′)) = (f(g, r), f(g′, r′)) is an arc in ∪̇

w
i=1(gi〈p1(A)〉 × p2(A), Ei) ∪

(S,EA).

Therefore f is a homomorphism.
Let (f(g, r), f(g′, r′)) be an arc in ∪̇

w
i=1(gi〈p1(A)〉 × p2(A), Ei) ∪ (S,EA). We

consider two cases.

(case1) If (f(g, r), f(g′, r′)) is an arc in ∪̇
w
i=1(gi〈p1(A)〉 × p2(A), Ei), then it

is an arc in Cay(S,A) because ∪̇
w
i=1(gi〈p1(A)〉 × p2(A), Ei) is strong

subdigraph of Cay(S,A).
(case2) If (f(g, r), f(g′, r′)) is an arc in (S,EA), then ((g, r), (g′, r′)) ∈ EA.

We get that ((g, r′), (g′, r′)) ∈ Ei for some i ∈ I and this implied that
((g, r′), (g′, r′)) is an arc in Cay(S,A). By Lemma 3.1, we have ((g, r),
(g′, r′)) is also an arc in Cay(S,A).

Then f−1 is a homomorphism. Hence we prove that Cay(S,A) =
∪̇
w
i=1(gi〈p1(A)〉 × p2(A), Ei) ∪ (S,EA). �

By Lemma 3.1 and the definition of EA in Theorem 3.2 we have the next lemma.

Lemma 3.3. Let S = G × Rn be a right group where G is a group, Rn =
{r1, r2, . . . , rn} a right zero semigroup. Let A be a nonempty subset of S, (gi〈p1(A)〉×
p2(A) , Ei) a strong subdigraph of Cay(S ,A) and r′ ∈ Rn \ p2(A). If ((u, r), (v, r))
is an arc in ∪̇j∈I(gj〈p1(A)〉 × p2(A), Ej), then ((u, r′), (v, r)) ∈ EA.

Theorem 3.4. Let S = G × Rn be a right group where G is a group, Rn =
{r1, r2, . . . , rn} a right zero semigroup. Let A be a nonempty subset of S,
G/〈p1(A)〉 = {g1〈p1(A)〉 , g2〈p1(A)〉, . . . , gw〈p1(A)〉} the set of distinct left coset
of 〈p1(A)〉 in G and (gi〈p1(A)〉 × p2(A) , Ei) a strong subdigraph of Cay(S ,A).
Then (gi〈p1(A)〉 × p2(A), Ei) ∼= Cay(〈A〉, A) for i = 1, 2, ..., w.
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Proof. We define f : (gi〈p1(A)〉×p2(A), Ei) → Cay(〈A〉, A) by (gia, r) 7→ (a, r)
for all a ∈ 〈p1(A)〉 and r ∈ p2(A). Clearly, f is a bijection. We will prove that f
and f−1 are homomorphisms.

For (gia, r), (gia
′, r′) ∈ gi〈p1(A)〉 × p2(A), let ((gia, r), (gia

′, r′)) be an arc in
(gi〈p1(A)〉 × p2(A), Ei). Since (gi〈p1(A)〉 × p2(A), Ei) is a strong subdigraph of
Cay(S,A), ((gia, r

′), (gia
′, r′)) is an arc in Cay(S,A). There exist (a′′, r′) ∈ A

such that gia
′ = giaa

′′ so a′ = aa′′. Since f(gia
′, r′) = (a′, r′) = (aa′′, r′) =

(a, r)(a′′, r′) = f(gia, r)(a
′′, r′), (f(gia, r), f(gia

′, r′)) is an arc in Cay(〈A〉, A).
Therefore f is a homomorphism.

Let (f(gia, r), f(gia
′, r′)) is an arc in Cay(〈A〉, A). Then there exist (a′′, r′′) ∈

A such that f(gia
′, r′) = f(gia, r)(a

′′, r′′). Therefore (a′, r′) = (a, r)(a′′, r′′) =
(aa′′, r′′), a′ = aa′′ and r′ = r′′. Hence (gia

′, r′) = (giaa
′′, r′′) = (gia, r) (a′′, r′′),

so ((gia, r), (gia
′, r′)) is an arc in Cay(S,A). Since (gia, r), (gia

′, r′) ∈ gi〈p1(A)〉 ×
p2(A) and (gi〈p1(A)〉 × p2(A), Ei) is a strong subdigraph of Cay(S,A), then
((gia, r), (gia

′, r′)) is an arc in (gi〈p1(A)〉 × p2(A), Ei). Therefore f−1 is a homo-
morphism. This mean that (gi〈p1(A)〉 × p2(A), Ei) ∼= Cay(〈A〉, A). �

Lemma 3.5. Let S = G × Rn be a right group where G is a group and Rn =
{r1, r2, . . . , rn} a right zero semigroup. Let A be a nonempty subset of S,
G/〈p1(A)〉 = {g1〈p1(A)〉 g2〈p1(A)〉, . . . , gw〈p1(A)〉} the set of distinct left coset of
〈p1(A)〉 in G and (gi〈p1(A)〉 × p2(A), Ei) a strong subdigraph of Cay(S,A). Then

for all v ∈ V (Cay(S,A)),
−→
d (v) 6= 0 if and only if v ∈ ∪̇

w
i=1

(

gi〈p1(A)〉
)

× p2(A).

Proof. (⇒) Let v = (g1, r1) ∈ S and
−→
d (v) 6= 0. Then there exist u = (g2, r2) ∈ S

such that (u, v) is an arc in Cay(S,A). Hence there exist a = (g′, r′) ∈ A such that
v = ua. Therefore (g1, r1) = (g2, r2)(g

′, r′) = (g2g
′, r′), we have r1 = r′ ∈ p2(A).

Since g1 ∈ G = ∪̇
w
i=1

(

gi〈p1(A)〉
)

, then v = (g1, r1) ∈ ∪̇
w
i=1

(

gi〈p1(A)〉
)

× p2(A).

(⇐) Let v = (g1, r) ∈ ∪̇
w
i=1

(

gi〈p1(A)〉
)

×p2(A), we get that g1 ∈ G and r ∈ p2(A).
We need consider the two cases.

(case1) If v ∈ A, since G is a group ,then there exist identity e of G such that
(e, r) ∈ S and (e, r)(g1, r) = (eg1, r) = (g1, r) = v. Hence there is an

edge from (e, r) to v. Therefore
−→
d (v) 6= 0.

(case2) If v 6∈ A, then there exists (g2, r) ∈ A for some g2 ∈ G. Because G
is a group and g1, g2 ∈ G, this implies that g−1

2 ∈ G and g1g
−1
2 ∈ G.

Then we have (g1g
−1
2 , r) ∈ S. Since (g1g

−1
2 , r)(g2, r) = (g1g

−1
2 g2, r) =

(g1, r) = v, there exist an arc from (g1g
−1
2 , r) to v. Therefore

−→
d (v) 6= 0.

�

Lemma 3.6. Let S = G × Rn be a right group where G is a group, Rn =
{r1, r2, . . . , rn} a right zero semigroup, and let A and B be nonempty subsets of S.
If ∪̇

w
i∈I(gi〈p1(A)〉 × p2(A), Ei) ∪ (S,EA) ∼= ∪̇

w
j∈I(gj〈p1(B)〉 × p2(B), Ej) ∪ (S,EB),

then ∪̇
w
i∈I (gi〈p1(A)〉 × p2(A), Ei) ∼= ∪̇

w
j∈I (gj〈p1(B)〉 × p2(B), Ej).

Proof. Let ∪̇
w
i∈I(gi〈p1(A)〉 × p2(A), Ei) ∪ (S,EA) ∼= ∪̇

w
j∈I(gj〈p1(B)〉 × p2(B),

Ej) ∪ (S,EB). Then there exists an isomorphism f : ∪̇
w
i∈I (gi〈p1(A)〉 × p2(A), Ei) ∪

(S,EA) → ∪̇
w
j∈I(gj〈p1(B)〉 × p2(B), Ej) ∪ (S,EB). By Lemma 3.5, we get that

|∪̇
w
i∈I

(

gi〈p1(A)〉
)

× p2(A)| = |∪̇
w
j∈I

(

gj〈p1(B)〉
)

× p2(B)| and we have

f(∪̇
w
i∈I

(

gi〈p1(A)〉
)

×p2(A)) = ∪̇
w
j∈I

(

gj〈p1(B)〉
)

×p2(B). Since f is an isomorphism,

the restrictions of f on ∪̇
w
i∈I

(

gi〈p1(A)〉
)

× p2(A) is an isomorphism from ∪̇
w
i∈I



ISOMORPHISM CONDITIONS FOR CAYLEY GRAPHS OF RECTANGULAR GROUPS 5

(gi〈p1(A)〉×p2(A), Ei) to ∪̇
w
j∈I (gj〈p1(B)〉×p2(B), Ej). Therefore ∪̇

w
i∈I (gi〈p1(A)〉×

p2(A), Ei) ∼= ∪̇
w
j∈I(gj〈p1(B)〉 × p2(B), Ej). �

Lemma 3.7. Let S = G × Rn be a right group, A and B nonempty subsets of S.
If Cay(S,A) ∼= Cay(S,B), then

∣

∣p2(A)
∣

∣ =
∣

∣p2(B)
∣

∣.

Proof. Let Cay(S,A) ∼= Cay(S,B). By Lemma 3.5, we get that
∣

∣∪̇i∈Igi〈p1(A)〉×

p2(A)
∣

∣ =
∣

∣∪̇j∈Igj〈p1(B)〉 × p2(B)
∣

∣ for all gi, gj ∈ G. Since ∪̇i∈Igi〈p1(A)〉 = G =

∪̇j∈Igj〈p1(B)〉,
∣

∣G×p2(A)
∣

∣ =
∣

∣G×p2(B)
∣

∣. Therefore
∣

∣G
∣

∣×
∣

∣p2(A)
∣

∣ =
∣

∣G
∣

∣×
∣

∣p2(B)
∣

∣.

Hence
∣

∣p2(A)
∣

∣ =
∣

∣p2(B)
∣

∣. �

By Theorem 4 in [12], we have the next lemma.

Lemma 3.8. Let S = G×Rn be right group and let (g, λ), (h, β) ∈ S where g, h ∈ G
and λ, β ∈ Rn. Then Cay(S, {(g, λ)}) ∼= Cay(S, {(h, β)} if and only if |g| = |h|.

Theorem 3.9. Let S = G×Rn be a right group, A and B nonempty subsets of S.
Let Ar := {v ∈ 〈p1(A)〉 × {r}

∣

∣r ∈ p2(A)}, Br := {v ∈ 〈p1(B)〉 × {r}
∣

∣r ∈ p2(B)},

Â := {Âr

∣

∣Âr = A∩Ar} and B̂ := {B̂r

∣

∣B̂r = B∩Br}. If Cay(〈A〉, A) ∼= Cay(〈B〉, B)

then
∣

∣Â
∣

∣ =
∣

∣B̂
∣

∣ and
∣

∣〈p1(A)〉
∣

∣ =
∣

∣〈p1(B)〉
∣

∣.

Proof. Let Cay(〈A〉, A) ∼= Cay(〈B〉, B). By Lemma 3.7, we have
∣

∣p2(A)
∣

∣ =
∣

∣p2(B)
∣

∣ and then
∣

∣Â
∣

∣ =
∣

∣B̂
∣

∣. Since Cay(〈A〉, A) ∼= Cay(〈B〉, B) ,
∣

∣〈A〉
∣

∣ =
∣

∣〈B〉
∣

∣.
Therefore

∣

∣〈p1(A)〉 × 〈p2(A)〉
∣

∣ =
∣

∣〈p1(B)〉 × 〈p2(B)〉
∣

∣

∣

∣〈p1(A)〉
∣

∣×
∣

∣〈p2(A)〉
∣

∣ =
∣

∣〈p1(B)〉
∣

∣ ×
∣

∣〈p2(B)〉
∣

∣

∣

∣〈p1(A)〉
∣

∣ ×
∣

∣p2(A)
∣

∣ =
∣

∣〈p1(B)〉
∣

∣ ×
∣

∣p2(B)
∣

∣

∣

∣〈p1(A)〉
∣

∣ =
∣

∣〈p1(B)〉
∣

∣.

�

Theorem 3.10. Let S = G× Rn be a right group, A and B nonempty subsets of
S. Let Ar := {v ∈ 〈p1(A)〉 × {r}

∣

∣r ∈ p2(A)}, Br := {v ∈ 〈p1(B)〉 × {r}
∣

∣r ∈ p2(B)},

Â := {Âr

∣

∣Âr = A ∩ Ar} and B̂ := {B̂r

∣

∣B̂r = B ∩ Br}. Then Cay(〈A〉, A) ∼=
Cay(〈B〉, B) if the following conditions hold

(1)
∣

∣Â
∣

∣ =
∣

∣B̂
∣

∣ and
∣

∣〈p1(A)〉
∣

∣ =
∣

∣〈p1(B)〉
∣

∣;

(2) There exists a bijection f : Â → B̂ such that
∣

∣Âr

∣

∣ =
∣

∣f(Âr)
∣

∣ for all Âr ∈ Â;

(3) For each Âr ∈ Â, there exists a bijection h : Âr → f(Âr) such that
∣

∣p1(a)
∣

∣ =
∣

∣p1(h(a))
∣

∣ for all a ∈ Âr.

Proof. By (1) we get that
∣

∣〈A〉
∣

∣ =
∣

∣〈B〉
∣

∣. By Lemma 3.8 and (3), we get

that Cay(〈A〉, {a}) ∼= Cay(〈B〉, {h(a)}) for all a ∈ Âr. Then Cay(〈A〉, Âr) =

⊕a∈Âr
Cay(〈A〉, {a}) ∼= ⊕a∈Âr

Cay(〈B〉, {h(a)}) = Cay(〈B〉, h(Âr)).

By (2), we get that Cay(〈A〉, Âr) ∼= Cay(〈B〉, f(Âr)) for all Âr ∈ Â. Then

⊕
Âr∈ÂCay

(

〈A〉, Âr

)

∼= ⊕
Âr∈ÂCay

(

〈B〉, f(Âr)
)

Cay
(

〈A〉,∪
Âr∈ÂÂr

)

∼= Cay
(

〈B〉,∪
Âr∈Âf(Âr)

)

Cay
(

〈A〉, A
)

∼= Cay
(

〈B〉, B
)

.

�
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Theorem 3.11. Let S = G × Rn be a right group where G is a group, Rn =
{r1, r2, . . . , rn} a right zero semigroup, and let A and B be nonempty subsets of S.
Then Cay(S,A) ∼= Cay(S,B) if and only if Cay(〈A〉, A) ∼= Cay(〈B〉, B).

Proof. (⇒) Let Cay(S,A) ∼= Cay(S,B), then there exists an isomorphism
f : Cay(S,A) → Cay(S,B). It then follows by Theorem 3.2 that ∪̇

w
i∈I (gi〈p1(A)〉 ×

p2(A), Ei)∪(S,EA) ∼= ∪̇
w
j∈I(gj〈p1(B)〉×p2(B), Ej)∪(S,EB). By Lemma 3.6, we get

∪̇
w
i∈I (gi〈p1(A)〉×p2(A), Ei) ∼= ∪̇

w
j∈I(gj〈p1(B)〉×p2(B), Ej). Therefore (gi〈p1(A)〉×

p2(A), Ei) ∼= (gj〈p1(B)〉 × p2(B), Ej). By Theorem 3.4, we get Cay(〈A〉, A) ∼=
Cay(〈B〉, B).

(⇐) Let Cay(〈A〉, A) ∼= Cay(〈B〉, B). By Theorem 3.4, we get ∪̇
w
i∈I (gi〈p1(A)〉 ×

p2(A), Ei) ∼= ∪̇
w
j∈I (gj〈p1(B)〉 × p2(B), Ej). Then there exist an isomorphism f :

∪̇
w
i∈I(gi 〈p1(A)〉×p2(A), Ei) → ∪̇

w
j∈I (gj〈p1(B)〉×p2(B), Ej). Then |∪̇

w
i∈I(gi 〈p1(A)〉×

p2(A)| = |∪̇
w
j∈I (gj〈p1(B)〉 × p2(B)|. Since ∪̇

w
i∈Igi〈p1(A)〉 = G = ∪̇

w
j∈Igj〈p1(B)〉,

∣

∣G × p2(A)
∣

∣ =
∣

∣G × p2(B)
∣

∣. Therefore
∣

∣G
∣

∣ ×
∣

∣p2(A)
∣

∣ =
∣

∣G
∣

∣ ×
∣

∣p2(B)
∣

∣ and thus
∣

∣p2(A)
∣

∣ =
∣

∣p2(B)
∣

∣. Suppose that Rn \ p2(A) = {q1, q2, . . . , qm} and Rn \ p2(B) =

{q′1, q
′

2, . . . , q
′

m}. Let r ∈ p2(A). Define T : ∪̇
w
i∈I(gi〈p1(A)〉 × p2(A), Ei)∪ (S,EA) →

∪̇
w
j∈I (gj〈p1(B)〉 × p2(B), Ej) ∪ (S,EB) by

T (s, rl) =

{

f(s, rl) if rl ∈ p2(A)
(p1(f(s, r)), q

′

k) if rl = qk for some qk ∈ Rn \ p2(A)

Clearly, T is well defined and bijective. We will prove that T and T−1 are homo-
morphisms.

Assume that ((x, rc), (y, rd)) is an arc in ∪̇i∈I(gi〈p1(A)〉× p2(A), Ei) ∪ (S,EA).
Then (y, rd) = (x, rc)(a, rt) for some (a, rt) ∈ A. Hence (y, rd) = (xa, r) and thus
rd = rf ∈ p2(A) and y = xa. We need only consider 2 cases:

(case1) rc ∈ p2(A). Then
(

T (x, rc), T (y, rd)
)

=
(

f(x, rc), f(y, rd)
)

is an arc in

∪̇
w
j∈I (gj〈p1(B)〉 × p2(B), Ej) ∪ (S,EB) since f is an isomorphism.

(case2) rc ∈ Rn \ p2(A). Then rc = qk for some k ∈ {1, 2, . . . , n}. Hence
((x, rc), (y, rd)) ∈ EA. Then ((x, rd), (y, rd)) is an arc in
∪̇i∈I(gi〈p1(A)〉 × p2(A), Ei). By Lemma 3.1, ((x, r), (y, rd)) is also an
arc in ∪̇i∈I(gi〈p1(A)〉×p2(A), Ei), it follows that (f(x, r), f(y, rd)) is an
arc in ∪̇j∈I (gj〈p1(B)〉×p2(B), Ej). Let f(x, r) = (x′, r′) and f(y, rd) =
(y′, r′d). Therefore

(

(x′, r′), (y′, r′d)
)

is an arc in ∪̇j∈I (gj〈p1(B)〉 ×

p2(B), Ej) and thus
(

(x′, r′d), (y
′, r′d)

)

is also an arc in

∪̇j∈I (gj〈p1(B)〉 × p2(B), Ej). By Lemma 3.3, ((x′, q′k), (y
′, r′d)) ∈ EB .

This mean (T (x, rc), T (y, rd)) =
(

(p1(f(s, r)), q
′

k), (y
′, r′d)

)

∈ EB .

Hence (T (x, rc), T (y, rd)) is an arc in ∪̇
w
j∈I(gj〈p1(B)〉 × p2(B), Ej) ∪

(S,EB).

Then we prove that T is a homomorphism.
Assume that (T (x, rc), T (y, rd)) is an arc in ∪̇

w
j∈I (gj〈p1(B)〉 × p2(B), Ej) ∪

(S,EB), we have (T (x, rc), T (y, rd)) ∈ E(S,EB). Let T (y, rd) = f(y, rd) = (y′, r′d).
Then ((p1(f(x, r)), q

′

k), (y
′, r′d)) ∈ E(S,EB) and so ((p1(f(x, r)), r

′

d), (y
′, r′d)) is

an arc in ∪̇
w
j∈I (gj〈p1(B)〉 × p2(B), Ej). Hence there exists (b, r′d) ∈ B such that
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(y′, r′d) = (p1(f(x, r)), r
′

d)(b, r
′

d). Then

f(y, rd) = (x′, r′d)(b, r
′

d)

= (x′b, r′d)

= (x′, r′)(b, r′d)

= f(x, r)(b, r′d).

This means that (f(x, r), f(y, rd)) is an arc in ∪̇
w
j∈I(gj〈p1(B)〉×p2(B), Ej). Then

((x, r), (y, rd)) is an arc in ∪̇
w
i∈I(gi〈p1(A)〉×p2(A), Ei). Therefore ((x, rc), (y, rd)) ∈

EA and it is also an arc in ∪̇
w
i∈I(gi〈p1(A)〉 × p2(A), Ei) ∪ (S,EA). Thus T−1 is a

homomorphism. Hence ∪̇
w
i∈I (gi〈p1(A)〉 × p2(A), Ei) ∪ (S,EA) ∼= ∪̇

w
j∈I (gj〈p1(B)〉 ×

p2(B), Ej) ∪ (S,EB). By Theorem 3.2, we have Cay(S,A) ∼= Cay(S,B). �

Example 1. Let S = Z4 × R2 be a right group, A,B ⊆ S where Z4 = {0̄, 1̄, 2̄, 3̄},
R2 = {r1, r2} and A = {(0̄, r1), (1̄, r1), (2̄, r1), (1̄, r2)}, B = {(3̄, r1), (0̄, r2), (2̄, r2),
(3̄, r2)}.

We have Â = {Âr1 , Âr2}, B̂ = {B̂r1 , B̂r2} and |Â| = |B̂|. Since 〈p1(A)〉 =
{0̄, 1̄, 2̄, 3̄} = 〈p1(B)〉, |〈p1(A)〉| = |〈p1(B)〉| makes condition (1) in Theorem 3.10
satisfied.

We have Âr1 = {(0̄, r1), (1̄, r1), (2̄, r1)}, Âr2 = {(1̄, r2)} and B̂r1 = {(3̄, r1)},

B̂r2 = {(0̄, r2), (2̄, r2), (3̄, r2)}. Then |Âr1 | = 3 = |B̂r2 | and |Âr2 | = 1 = |B̂r1 |. There

exists a bijective function f from Â to B̂ such that f(Âr1) = B̂r2 and f(Âr2) = B̂r1

makes condition (2) in Theorem 3.10 satisfied.
Moreover, there are bijective functions

h1 : Âr1 → B̂r2 such that h1(0̄, r1) = (0̄, r2)

h1(1̄, r1) = (3̄, r2)

h1(2̄, r1) = (2̄, r2)

and h2 : Âr2 → B̂r1 such that h2(1̄, r2) = (3̄, r1)

makes condition (3) in Theorem 3.10 satisfied and it follows that Cay(〈A〉, A) ∼=
Cay(〈B〉, B). By Theorem 3.11, we get that Cay(S,A) ∼= Cay(S,B). See Fig. 1
and Fig. 2.
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Fig. 1. Cay(S,A) Fig. 2. Cay(S,B)
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4. Cayley Graphs of Rectangular Groups

By [12], we have the conditions for two Cayley graphs of rectangular group
Cay(S, {a}) and Cay(S, {b}) being isomorphic.

Theorem 4.1. Let S = G × Ln × Rm be a rectangular group, a = (g1, l1, r1),
b = (g2, l2, r2) ∈ S. Then Cay(S, {a}) ∼= Cay(S, {b}) if and only if |g1| = |g2|.

Lemma 4.2. Let S = G×Ln×Rm be a rectangular group, A nonempty subset of S,
and (g1, l1, r1), (g2, l2, r2) ∈ S. Then

(

(g1, l1, r1), (g2, l2, r2)
)

is an arc in Cay(S,A)
if and only if there exists (a, l, r2) ∈ A such that g2 = g1a and l1 = l2.

Proof. (⇒) Let
(

(g1, l1, r1), (g2, l2, r2)
)

is an arc in Cay(S,A). Then there
is (a, l, r) ∈ A such that (g2, l2, r2) = (g1, l1, r1)(a, l, r) = (g1a, l1, r). We have
g2 = g1a, l2 = l1 and r2 = r1.

(⇐) Let (a, l, r2) ∈ A, g2 = g1a and l1 = l2. Thus (g1, l1, r1)(a, l, r2) =
(g1a, l1, r2) = (g2, l2, r2). Therefore

(

(g1, l1, r1), (g2, l2, r2)
)

is an arc in Cay(S,A).
�

Next, we describe the Cayley graph of rectangular group.

Lemma 4.3. Let S = G × Ln × Rm be a rectangular group, A nonempty subset
of S. Then Cay(S,A) is the disjoint union of n isomorphic strong subdigraphs
(G× {li} ×Rm, Ei) for i = 1, 2, ..., n.

Proof. For i = 1, 2, ..., n, let Vi := G × {li} × Rm and Ei := E
(

Cay(S,A)
)

∩

(Vi × Vi). Hence (Vi, Ei) is a strong subdigraph of Cay(S,A) and S = ∪̇
n
i=1Vi.

Since Ei ⊆ E
(

Cay(S,A)
)

, ∪̇
n
i=1Ei ⊆ E

(

Cay(S,A)
)

. Let
(

(g, lj , r), (g
′, lk, r

′)
)

∈
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E(Cay(S,A). By Lemma 4.2, lj = lk and thus
(

(g, lj , r), (g
′, lk, r

′)
)

∈ Ek. Then
(

(g, lj , r), (g
′, lk, r

′)
)

∈ ∪̇
n
i=1Ei. Hence E

(

Cay(S,A)
)

⊆ ∪̇
n
i=1Ei and so

E
(

Cay(S,A)
)

= ∪̇
n
i=1Ei. Therefore Cay(S,A) = ∪̇

n
i=1(Vi, Ei).

We show that (Vi, Ei), i = 1, 2, ..., n, are isomorphic. Let p, q ∈ {1, 2, ..., n},
p 6= q, define f : (Vp, Ep) → (Vq , Eq) by f

(

(g, lp, r)
)

= (g, lq , r). Since |Vp| = |Vq |,

f is a bijection. To prove that f and f−1 are digraph homomorphisms. Let
(g, lp, r), (g

′, lp, r
′) ∈ Vp and

(

(g, lp, r), (g
′, p, r′)

)

∈ Ep. Since Ep ⊆ E(Cay(S,

A)),
(

(g, lp, r), (g
′, lp, r

′)
)

is an arc in Cay(S,A). By Lemma 4.2, there exists
(a, l, r′′) ∈ A such that g′ = ga, r′ = r′′, and thus (g′, lq, r

′) = (ga, lq, r
′′) = (g, lq, r)

(a, l, r′′). Then
(

(g, lq , r), (g
′, lq, r

′)
)

is an arc in Cay(S,A). It follows that
(

(g, lq, r),

(g′, lq, r
′)
)

∈ Eq . This shows that f is a digraph homomorphism. Similarly, f−1 is
a digraph homomorphism. Hence f is a digraph isomorphism. �

Lemma 4.4. Let S = G × Ln × Rm be a rectangular group. Let A be nonempty
subset of S, G/〈p1(A)〉 = {g1〈p1(A)〉 , g2〈p1(A)〉, . . . , gw〈p1(A)〉} the set of distinct
left coset of 〈p1(A)〉 in G, and (gk〈p1(A)〉 × {li} ×Rm, Eik) a strong subdigraph of
Cay(S ,A). Then the following conditions hold:

(1) (G× {li} ×Rm, Ei) = ∪̇
w
k=1(gk〈p1(A)〉 × {li} ×Rm, Eik);

(2) (gk〈p1(A)〉×{li}×Rm, Eik) = Cay(gk〈p1(A)〉×{li}×Rm, Ai) where Ai =
{(g, li, r)|(g, l, r) ∈ A for all l ∈ Ln}.

Proof. (1) We define f : (G × {li} × Rm, Ei) → ∪̇
w
k=1(gk〈p1(A)〉 × {li} ×

Rm, Eik) by identity mapping. Since G = ∪̇
w
k=1gk〈p1(A)〉, G × {li} × Rm =

∪̇
w
k=1(gk〈p1(A)〉×{li}×Rm) it follows that f is a bijection. We will prove that f and

f−1 are homomorphisms. Let
(

(g, li, r), (g
′, li, r

′)
)

∈ Ei. By Lemma 4.2, there exists
(a, l, r′) ∈ A such that g′ = ga. Hence g ∈ gp〈p1(A)〉, g

′ ∈ gq〈p1(A)〉 for some p, q ∈
{1, 2, ..., w}.We get that (g, , li, r), (g

′, li, r
′) ∈ ∪̇

w
k=1(gk〈p1(A)〉×{li}×Rm). Because

∪̇
w
k=1(gk〈p1(A)〉 × {li}×Rm, Eik) is the union of strong subdigraph of Cay(S,A)

therefore
(

(g, , li, r), (g
′, li, r

′)
)

is an arc in ∪̇
w
k=1(gk〈p1(A)〉 × {li} × Rm, Eik).

This show that f is a digraph homomorphism. Similarly, f−1 is a digraph homo-
morphism. Hence f is a digraph isomorphism.

(2) We define h : (gk〈p1(A)〉 × {li} × Rm, Eik) → Cay(gk〈p1(A)〉 × {li} ×
Rm, Ai) by identity mapping. Clearly, h is a bijection. We will prove that h
and h−1 are homomorphisms. Let

(

(g, li, r), (g
′, li, r

′)
)

∈ Eik. By Lemma 4.2,

there exists (a, l, r′) ∈ A such that g′ = ga. We get that (a, li, r
′) ∈ Ai and then

(g′, li, r
′) = (ga, li, r

′) = (g, li, r
′)(a, li, r

′) it follows that
(

(g, li, r), (g
′, li, r

′)
)

is an

arc in Cay(gk〈p1(A)〉 × {li} × Rm, Ai). This show that h is a digraph homomor-
phism. Let

(

(g, li, r), (g
′, li, r

′)
)

is an arc in Cay(gk〈p1(A)〉 × {li} × Rm, Ai). By

Lemma 4.2, there exists (a, li, r
′) ∈ Ai such that g′ = ga. We get that (a, j, r′) ∈ A

for some j ∈ Ln. Then (g′, li, r
′) = (ga, li, r

′) = (g, li, r
′)(a, j, r′) it follows that

(

(g, li, r), (g
′, li, r

′)
)

is an arc in Cay(S,A). Since (gk〈p1(A)〉 × {li} × Rm, Eik) is

the strong subdigraph of Cay(S,A),
(

(g, li, r), (g
′, li, r

′)
)

is an arc in (gk〈p1(A)〉 ×

{li} × Rm, Eik). This show that h−1 is a digraph homomorphism. Hence h is a
digraph isomorphism. �

Since right groups are some kinds of rectangular groups, we get a condition
for Cayley graphs of rectangular groups are isomorphic.
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Theorem 4.5. Let S = G×Ln×Rm be a rectangular group, A,B nonempty subsets
of S. Then Cay(S,A) ∼= Cay(S,B) if and only if Cay(〈A′〉, A′) ∼= Cay(〈B′〉, B′)
where A′ = {(g, r) | (g, l, r) ∈ A} and B′ = {(g′, r′) | (g′, l′, r′) ∈ B}.

Proof. Let (G×{li}×Rm, EA
i ), A

k
i = (gk〈p1(A)〉× {li}×Rm, Eik) be a strong

subdigraphs of Cay(S,A) and (G×{li}×Rm, EB
i ), Bt

i = (gt〈p1(B)〉×{li}×Rm, Eit)
be a strong subdigraphs of Cay(S,B). By Lemma 4.3 and Lemma 4.4(1), we have
Cay(S,A) ∼= Cay(S,B)

⇔ Cay(G× Ln ×Rm, A) ∼= Cay(G× Ln ×Rm, B)
⇔ ∪̇

n
i=1(G× {li} ×Rm, EA

i )
∼= ∪̇

n
i=1(G× {li} ×Rm, EB

i )
⇔ ∪̇

n
i=1∪̇

w
k=1A

k
i
∼= ∪̇

n
i=1∪̇

p
t=1B

t
i

Since Ak
i and Bt

i are connected subdigraphs, w = p. Then Ak
i

∼= Bt
i . Let

DA
k = (gk〈p1(A)〉 × p2(A

′), Ek) and DB
t = (gt〈p1(B)〉 × p2(B

′), Et) be a strong
subdigraphs of Cay(gk〈p1(A)〉×Rm, A′) and Cay(gt〈p1(B)〉×Rm, B′) respectively,
and let Ai = {(g, li, r)| (g, l, r) ∈ A}, Bi = {(g, li, r)| (g, l, r) ∈ B}. By Lemma
4.4(2) and Theorem 3.2, we have

Cay(gk〈p1(A)〉 × {li} ×Rm, Ai) ∼= Cay(gt〈p1(B)〉 × {li} ×Rm, Bi)
⇔ Cay(gk〈p1(A)〉 ×Rm, A′) ∼= Cay(gt〈p1(B)〉 ×Rm, B′)
⇔ ∪̇

w
k=1D

A
k ∪ (gk〈p1(A)〉 ×Rm, EA′) ∼= ∪̇

p
t=1D

B
t ∪ (gt〈p1(B)〉 ×Rm, EB′)

By Lemma 3.6 and Theorem 3.4, we have ∪̇
w
k=1D

A
k

∼= ∪̇
p
t=1D

B
t ⇔ DA

k
∼= DB

t ⇔
Cay(〈A′〉, A′) ∼= Cay(〈B′〉, B′). �

Example 2. Let S = Z4 × L2 × R2 be a rectangular group, A,B ⊆ S where
Z4 = {0̄, 1̄, 2̄, 3̄} , L3 = {l1, l2}, R2 = {r1, r2} and A = {(0̄, l1, r1), (1̄, l2, r1),
(2̄, l2, r1), (1̄, l2, r2)}, B = {(3̄, l1, r1), (0̄, l1, r2), (2̄, l2, r2), (3̄, l2, r2)}.

We have A
′

= {(0̄, r1), (1̄, r1), (2̄, r1), (1̄, r2)} and B
′

= {(3̄, r1), (0̄, r2), (2̄, r2),

(3̄, r2)}. By Example 1, Cay(〈A
′

〉, A
′

) ∼= Cay(〈B
′

〉, B
′

) therefore Cay(S,A) ∼=
Cay(S,B). See Fig.3 and Fig.4.

Fig. 3. Cay(S,A)
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Fig. 4. Cay(S,B)
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