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1. ความส าคญัและท่ีมาของปัญหา 
 
Introduction to heat kernels 

Heat equation is an equation describing the dynamical system of the thermal 
conductivity. It represents the change or the transfer of heat across space and time. A 
solution of heat equation can be interpreted as the temperature of the material at future 
time. Heat equation can be solved under the condition that the temperature of the 
material at present time is known i.e. under the present of Initial condition. Since 
solutions of heat equation can be written as an integral of the product of the initial 
temperature of the material and the heat kernel, the behavior of the heat kernel directly 
affects the behavior of the solution of heat equation. 

For composite materials, the heat equation is quite complicated due to the fact 
that transfer rates might be different at different points and different directions. Even in 
non-composite materials, the shape and the thickness of materials also affect the 
transfer rate. Therefore, it is inevitable to study many different heat operators so that 
one would able to understand more about the thermal conductivity.  

 
Introduction to Markov processes 

Markov process is a type of stochastic processes with the assumption that the 
future behavior of the process will only depend on the past through the present value of 
the process. If the present value is x, then the probability that at the future time t, the 
value will change to y is denoted by p(t , x, y ), the so called transition density of Markov 
process. If one were able to compute the transition function, then one would be able to 
do all computations necessary to predict the future behaviors of the process. The 
famous example of this is the Brownian motion which has been extensively studied and 
applied in physics, engineering, biology, economics, finance, insurance, etc. 

However, it is not possible to compute transition functions for all Markov 
processes. When this happens, one is left with two choices, use numerical methods to 
predict local behaviors and use analytical methods to predict global behaviors and 
rough behaviors of the processes. 
 
Markov processes vs. heat kernels 

The transition function of Markov process is nothing but the fundamental 
solution of heat equation. It is proved that on a large class of Markov processes called 
Hunt processes, there is a one-one correspondence between the distributions of Hunt 



processes and Heat operators. Actually, there is a one-one correspondence between 
the following objects: 

1. The distributions of Hunt processes, 
2. Tile transition functions, 
3. The Markov semigroups, 
4. The resolvent semigroups, 
5. The heat operators, 
6. The Dirichlet forms. 

This result leads to the possibility of study Markov processes using analytic approach 
from the study of heat kernel. 
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2. วตัถปุระสงคง์านวิจยั 
The goal of this work is to study the perturbation of heat equations under the 

change of metric / distance function. We particularly interested in the stability of the 
Harnack inequality.  We will use the analytical approach, especially the knowledge and 
techniques developed by Saloff-Coste and Grigor'yan.  Using Sturm's results, this is 
equivalent to proving the doubling property and the Poincare inequality on the quasi-
conformal Dirichlet spaces. 
 
 
3. ระเบียบวิธีวิจยั 

1. Investigate the necessary background knowledge as much as possible. 
2. State the conditions and try to prove the doubling property and Poincare 

inequality under conformal change of metric / distance function. 
3. Send the work to mentors for advice and revising. 
4. Write articles and submit to international journals. 

 
 
4. ผลงานวิจยั 

Denote          a strongly local regular Dirichlet form on         
where   is a locally compact but non-compact, second countable, Hausdorff space and 
  is a Borel measure on  .  Any such          is associated with an energy 
measure, viz., a measure-valued function   with domain            such that 

                
for all          .  The intrinsic distance   associated to          is 
defined by setting  

                                     
for all       .  A basic assumption which we will be assuming throughout this 
work is that the intrinsic distance   is complete and it actually generates the topology of 
 . 
 A closed subset   of   is said to be      -accessible covering radius 
         , where        , if it satisfies the following two 
conditions. 



a. For any     and         , the set        

                                 is 
nonempty. 

b. There is a constant      such that any point in        

                     can be connected to   via a path lying 
entirely in           whenever     and         . 

With these terminologies, we are able to prove the following result (see 
Appendix 6.1). 

Theorem 4.1.  Let           a strongly local regular Dirichlet form on         
and   be an accessible subset of   covering radius          .  Assume that   
is doubling and that the Poincare inequality holds for  -remote balls and 
there are constants        and         such that 

 

                    
                             

              

        

      

 

for all    ,             ,           , and       . 
Then there are constants            such that the (weak) Poincare 
inequality holds for the family of balls 

                                                   
Particulary, the (weak) Poincare inequality holds for  -anchored balls with radius smaller 
than    . 
 If    , then the (weak) Poincare inequality holds for all balls.  Moreover, 
         also satisfies the (parabolic) Harnack inequality and the Gaussian 
estimates in this case. 
 
Next, we consider operator            based on          defined by 

                    
for any          such that the above integration is defined.  We give a mild 
sufficient condition for which the above            can be extended to a Dirichlet 
form called a quasi-conformal Dirichlet form since it changes the intrinsic distance on 
 .  The intrinsic distance    of            can be defined in term of   by 

                             
where the infimum is taken over all path   connecting   and  .  Here,         

         
              

  
  



We are interested to know when the Harnack inequality remains stable under 
the quasi-conformal change of metric.  

Based on Theorem 4.1, we are able to provide a sufficient and necessary 
condition for a large class of quasi-conformal density   (see Appendix 6.2). 

A quasi-conformal Dirichlet form            satisfies (Rh) condition if there 
is a constant      such that                      for all   

     and    . 
A quasi-conformal Dirichlet form            satisfies (WP) condition if 

there is a constant      such that  
 

                    
                             

              

                   

      

 

for all    ,     ,           , and       . 
 
Theorem 4.2.  Let           a strongly local regular Dirichlet form on         
and   be a discrete accessible subset of   covering infinite radius. 
If     is locally integrable with singularity set  , then            is a quasi-
conformal Dirichlet form satisfying the basic assumption. 

 Assume further that   have polynomial growth in the  -normal direction and 
(        satisfies the Harnack inequality. Then,            satisfies the 
Harnack inequality if and only if both (Rh) and (WP) hold. 

 
 
5. สรปุผลและอภิปรายผล 
 Even though we are able to prove the stability of Harnack inequality on quasi-
conforrmal Dirichlt spaces for a large class of quasi-conformal density, there are still 
many improvements we can considered.  One example to combine this result with many 
know results for weighted Dirichlet space and prove the stability of Harnack inequality 
on conformal Dirichlet form.  Another example is to weaken the accessibility 
assumption.  We believe that the accessibility assumption can be weaken to at least the 
case of a finite union of accessible sets.  It would be interesting to see whether this can 
be weaken further. 
 All these require further investigation, however. 
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Abstract

It is shown that the Poincaré inequality holds uniformly for all balls when-
ever it holds for Z-remote balls providing the set Z satisfies some additional
conditions including the condition that Z does not separate the space. The
aims of this paper is to prove similar results without using this assumption.

Keywords:
Anchored Ball, Doubling Measure, Poincaré Inequality, Remote Ball

1. Introduction

In 2005 Grigor’yan and Saloff-Coste [3] proved that if the Poincaré in-
equality holds uniformly for Z-remote balls and for Z-anchored balls in a
geodesic space (X, d), then it holds uniformly for all balls in (X, d). Further-
more, the assumption on Z-anchored balls may be dropped when the subset
Z is a singleton and the space X satisfies the RCA condition with respect
to the subset Z. Three years later, Gyrya and Saloff-Coste [4] (see also [5])
extended the result to the case that Z is the boundary of an inner uniform
domain. However, all of these results rely on the assumption that any pair
of points outside Z can be connected by a path which is relatively far away
from Z, that is, a path γ for which d(γ(t),Z) ≥ δmin(d(γ(0),Z), d(γ(1),Z))
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where δ > 0 is a fixed constant. This assumption does not hold for the real
line. It could also fail for graphs and one dimensional simplexes. It is there-
fore natural to ask whether this assumption can be dropped or be replaced
by other assumptions that would allow the set Z to separate the space. We
show in this work that this is indeed possible.

2. Preliminaries

In this section we shall review concepts used throughout this work. Since
the subject has been progressed in many directions, it would not be possible
to give a complete review here and we apologize for any missing work that is
not mentioned. For more information on the subject, see, e.g., [9, 1, 10, 11,
2, 6].

Henceforth, a topological (metric) space refers to a locally compact but
non-compact, second countable, and Hausdorff (metric) space, a measure
means a Borel measure with full support, and a Dirichlet form means a reg-
ular, strongly local Dirichlet form admitting the carré du champ operator.
Details of these terminologies are given below.

Let (X, d) be a metric space. Denote B(x, r)
df

= {y ∈ X : d(x, y) < r}.
A non-zero measure ν on a metric space is said to be doubling if there is a
constant CD ≥ 1 such that

ν(B(x, 2r)) ≤ CDν(B(x, r))

for all x ∈ X and r > 0. The constant CD is called a doubling constant asso-
ciated to ν. Examples of doubling measures include the Lebesgue measures
on Euclidean spaces and, more generally, volume measures on Riemannian
manifolds with nonnegative Ricci curvature.

Definition 2.1. A Dirichlet form is a pair (E,D(E)) where E is a closed,
symmetric, densely defined bilinear form on the space of square integrable
functions L2(X, ν) with domain D(E) such that for all u ∈ D(E), the function

v
df

= (u ∨ 0) ∧ 1 belongs to D(E) and E(v, v) ≤ E(u, u).

The domain D(E) equipped with the inner product 〈·, ·, 〉L2(X,ν)+E(·, ·) is
a Hilbert space, called a Dirichlet space and its norm is called the Dirichlet
norm on D(E). A Dirichlet form (E,D(E)) is regular if the intersection of its
domain D(E) with Cc(X) is dense in Cc(X) under the uniform metric. Here,
Cc(X) is the space of continuous functions with compact supports in X.
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The energy measure Γ associated to (E,D(E)) is a measure-valued func-
tion with domain D(E) × D(E) such that

´

dΓ(u, v) = E(u, v) for all u, v ∈
D(E). The intrinsic distance d on X is defined using the energy measure by
setting

d(x, y)
df

= sup{|u(x)− u(y)| : u ∈ D(E) ∩ Cc(X) and dΓ(u, u) ≤ dν a.e.}

for all x, y ∈ X. Here dΓ(u, u) ≤ dν a.e. means dΓ(u,u)
dν

≤ 1 a.e. If d is
a complete metric generating the topology of X, then (X, d) is a geodesic
space [13, 7], i.e., any two points in X can be joined by a path with length
exactly equal to the distance between those two points. In fact, we will
assume this is true throughout this work.

Assumption 2.2. The intrinsic distance associated to a Dirichlet form on
L2(X, ν) is a complete metric and it generates the topology of X.

A regular Dirichlet form (E,D(E)) is strongly local if E(u, v) = 0 when-
ever u is constant on a neighborhood of the support of v. It is shown that
strong locality, Leibniz rule, and chain rule are equivalent [12]. Examples of
strongly local Dirichlet forms are those constructed from differential opera-
tors.

A Dirichlet form (E,D(E)) on L2(X, ν) with associated carré du champ
operator Γ is said to satisfy the (weak uniform) Poincaré inequality on a
family F of balls if there are constants k ≥ 1 and CP > 0 such that

inf
ξ∈R

ˆ

B(x,r)

(u− ξ)2dν ≤ CP r
2

ˆ

B(x,kr)

Γ(u, u)dν

for all B(x, r) ∈ F and u ∈ D(E). The constant CP is called a Poincaré
constant and k is called a scaling constant. If k = 1, then (E,D(E)) is
said to satisfy the (uniform) Poincaré inequality on a family F . If F is not
mentioned, then F is assumed to be the family of all balls.

Under the doubling property and Assumption 2.2, the weak Poincaré
inequality and the Poincaré inequality are equivalent [9].

Two more families of balls that will be discussed in this work are the
families of remote balls and of anchored balls. Fix a closed subset Z of X. A
family of Z-remote balls refers to any family Fε

df

= {B(x, r) : r ≤ εd(x,Z)}
where ε ∈ (0, 1) and the family of Z-anchored balls with covering radius
R : Z → (0,∞] refers to the family of balls with center z ∈ Z and radius
r < R(z).

In 2005 Grigorýan and Saloff-Coste [3] proved the following statement.
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Theorem 2.3 ([3, Proposition 4.2]). Let (E,D(E)) be a strongly local, regular
Dirichlet form on L2(X, ν) and Z ( X be closed. Assume that the (weak)
Poincaré inequality holds for Z-remote balls Fε and Z-anchored balls with
covering radius R : Z → (0,∞], that is, there are constants κ0, CP ≥ 1 such
that

inf
ξ∈R

ˆ

B(x,r)

|u− ξ|2dµ ≤ CP r
2

ˆ

B(x,κ0r)

dΓ(u, u)

for all u ∈ D(E) and all ball B(x, r) with either x ∈ Z and r < R(x) or
r < εd(x,Z). Then the (weak) Poincaré inequality holds for the family of
balls

{B(x, r) : ∃z ∈ Z, d(x,Z) = d(x, z) <
1

4
R(z) and r <

ε

4κ0

R(z)}.

Actually, there are two differences between the above theorem and Propo-
sition 4.2 in [3]. First, Proposition 4.2 in [3] stated the result only in Rie-
mannian manifold setting but its proof, however, does not use any specific
manifold assumption. So the proof can be trivially ported to the Dirichlet
form setting. Second, the proof of Proposition 4.2 in [3] is only provided when
R = ∞. However, the same proof can be applied to general R : Z → (0,∞].
Therefore, we will not repeat the proof here.

3. Main Result

The goal of this work is to provide additional conditions for the following
assertion to be true. If the Poincaré inequality holds for remote balls, then
it also holds for all balls. The standard argument is to use chains of balls
to estimate the Poincaré inequality. The difficulty, however, is whether we
can do that without blowing up the estimation. This is guaranteed provided
that the following two conditions are met. First the balls we used in the
estimation must not intersect each other too many times. Second we must
be able to estimate the Poincaré inequality for any anchored ball using that
of remote ball. To fulfill the first condition, we must choose chains of balls
according to paths with specific properties. This can be done by considering
the condition (AC2) given below. To conform with the second condition, any
anchored ball should contain at least one remote ball. This is an implication
of the condition (AC1) given in Definition 3.1. Note that these conditions
are generalizations of the fully accessible condition provided in [3].
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Definition 3.1. Fix 0 < λ < Λ ≤ 1. A closed subset Z of a geodesic space
(X, d) is said to be (λ,Λ)-accessible covering distance R : Z → (0,∞] if

(AC1) the Λ-strip S(z, r) = SΛ(z, r,Z)
df

= {x ∈ X : Λr ≤ d(x,Z) ≤
d(x, z) ≤ r} 6= ∅ for all z ∈ Z and r < R(z), and

(AC2) there is a constant cλ ≥ 1 such that any point in the λ-cone C(z, r) =

Cλ(z, r,Z) defined by C(z, r)
df

=∪0≤q≤rSλ(z, q,Z) can be connected to
z via a path in C(z, cλr).

If Z = {z} is a singleton and for some r0 > 0 the set S(z, r) is connected for
all r > r0, then (X, d) is said to have relatively connected annuli (RCA) with
respect to z.

For example, any singleton is (λ,Λ)-accessible covering distance R = ∞
for all 0 < λ < Λ ≤ 1. In Euclidean space, any proper linear subspace is
(λ,Λ)-accessible covering distance R = ∞ for all 0 < λ < Λ ≤ 1. Any

discrete subset Z is (λ,Λ)-accessible covering distance Rǫ(z)
df

= ǫd(z,Z−{z})
for all 0 < λ < Λ ≤ 1 and ǫ ∈ (0, 1). It is possible, however, for a discrete
subset Z to be (λ,Λ)-accessible covering distance R(z) > d(z,Z−{z}). A

discrete set Z
df

=Zk×{0}n ⊆ Rk×Rn, for example, is (λ,Λ)-accessible covering
distance R = ∞ even though d(z,Z−{z}) = 1 for all z ∈ Z. Any boundary
of an (inner) uniform domain is also (λ,Λ)-accessible inside that domain.

Next is the main theorem of this work.

Theorem 3.2 (Main Theorem). Let (E,D(E)) be a strongly local, regular,
Dirichlet form on L2(X, ν) where the measure ν is doubling. Denote Γ its
associated energy measure. Let also Z ( X be (λ,Λ)-accessible covering
distance R : Z → (0,∞]. Assume that the Poincaré inequality holds for
Z-remote balls and there are constants CP > 0 and δ ∈ (0, 1) such that

 

B(x,δr)

 

B(y,δr)

|f(u)− f(v)|2dν(u)dν(v) ≤ CP r
2

 

B(z,r)

dΓ(f, f) (3.1)

for all z ∈ Z, 0 < r < R(z), x, y ∈ Sλ(z, r), and f ∈ D(E). Then there is a
constant η > 0 such that the (weak) Poincaré inequality holds for Z-anchored
balls with covering radius ηR.

The inequality (3.1) is necessary for linking information related to the
Poincaré inequality between different components of the space. It should
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be intuitively clear why this condition would lead to the uniform Poincaré
inequality for all balls. Nevertheless, showing that this is true is not an
easy task. It should also be noted here that the Poincaré inequality for all
balls also implies the inequality (3.1). Therefore, this condition is actually
neccessary and we do not believe that it can be replaced by any weaker
condition. An interesting question we chould ask instead is whether the
accessibility condition can be replaced by a weaker condition so that the
above result remains true.

Combining the main thoerem with Theorem 2.3, we immediately have
the following corollary.

Corollary 3.3. Let (E,D(E)) be a strongly local, regular, Dirichlet form in
L2(X, ν) where the measure ν is doubling. Denote Γ its associated energy
measure. Let also Z ⊂ X be (λ,Λ)-accessible covering distance R : Z →
(0,∞]. Assume that the Poincaré inequality holds for Z-remote balls and
there are constants CP > 0 and δ ∈ (0, 1) such that the inequality (3.1) holds
for all z ∈ Z, 0 < r < R(z), x, y ∈ Sλ(z, r), and f ∈ D(E).

Then there are constants η1 > η2 > 0 such that the (weak) Poincaré
inequality holds for the family of balls {B(x, r) : ∃z ∈ Z, d(x,Z) = d(x, z) <
η1R(z) and r < η2R(z)}.

When applying to a discrete set Z, we have the following corollary.

Corollary 3.4. Let (E,D(E)) be a strongly local, regular, Dirichlet form in
L2(X, ν) where the measure ν is doubling. Denote Γ its associated energy
measure. Let also Z ⊂ X be such that dZ = infz∈Z d(z,Z−{z}) > 0. Assume
that the Poincaré inequality holds for Z-remote balls and there are constants
CP > 0 and δ ∈ (0, 1) such that the inequality (3.1) holds for any z ∈ Z,
0 < r < dZ, x, y ∈ Sλ(z, r), and f ∈ D(E).

Then there is a constant η > 0 such that the (weak) Poincaré inequality
holds for the family of balls with radius at most ηdZ.

Next we give an example showing that these results are helpful for proving
that the Poicaré inequality holds uniformly for all balls. Here, we present a
case for which it is easy to prove the Poincaré inequality for remote balls and
the inequality (3.1) but not so easy to prove the Poincaré inequality for all
balls. The idea is to consider a weighted Dirichlet space in which the weight
function h is unbounded and is roughly constant on balls remoted to a closed
set Z, that is, there is a constant C > 0 such that supB h ≤ C infB h for any

6



Z-remote ball B. Since the weight function is roughly constant on Z-remote
balls, the Poincaré inequality for Z-remote balls and the inequality (3.1) can
be proved easily. The Poincaré inequality for all balls, on the other hand, is
hard to prove because the function h is unbounded.

A Simple Example

In the following example, let X = Rk ×Rn and Z = Zk ×{0}n. It is easy
to see that Z is (λ, 1)-accessible covering infinite distance for any λ ∈ (0, 1).
Let the Borel measure να,β be defined by

dνα,β(x)
df

= (β + d(x,Z)2)
α
2 dx.

By computation, we can show that

(a) there is a constant C1 = C1(α, β) > 0 such that

1

C1
(β + d(x,Z)2)

α
2 rn+k ≤ να,β(B(x, r)) ≤ C1(β + d(x,Z)2)

α
2 rn+k

for all r ≤ d(x,Z)/2 and x ∈ X,

(b) there is a constant C2 = C2(α, β) > 0 such that

1

C2

(β + r2)
α
2 rn+k ≤ να,β(B(z, r)) ≤ C2(β + r2)

α
2 rn+k

for all z ∈ Z and either r > 0 (in case α ≥ 0) or 0 < r ≤ 1 (in case
α < 0),

(c) if α < 0, there is a constant C3 = C3(α, β) > 0 such that

1

C3

(rk + (β + r2)
α
2 rn+k) ≤ να,β(B(z, r)) ≤ C3(r

k + (β + r2)
α
2 rn+k)

for all r ≥ 1 and z ∈ Z.

This implies να,β satisfies the doubling condition for both Z-remote and Z-
anchored balls as well as the volume comparison condition. By Proposition
4.7 in [3], να,β is doubling for all α > −n. Moreover, there is a constant
C4 > 0 such that

1

C4
(β + r + d(x,Z))αrn+k ≤ να,β(B(x, r)) ≤ C4(β + r + d(x,Z))αrn+k
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for all x ∈ X and r > 0.
Next, consider a heat operator

Lα,β
df

=(β + d(·,Z)2)−α
2

n+k
∑

i=1

∂

∂xi
(β + d(·,Z)2)α

2
∂

∂xi

defined on the space L2(X, να,β). It’s associated Dirichlet form is defined by
the formula

Eα,β(f, g)
df

=

n+k
∑

i=1

ˆ

(β + d(x,Z)2)
α
2
∂f

∂xi
(x)

∂g

∂xi
(x)dx

where its domain is the completion of the set of all smooth functions with
compact supports under the Dirichlet norm and its intrinsic distance is the
Euclidean distance.

The (uniform) Poincaré inequality for the Laplacian immediately im-
plies that (Eα,β ,D(Eα,β)) satisfies all assumptions in Corollary 3.3. Thus,
(Eα,β,D(Eα,β)) satisfies the Poincaré inequality. Moreover, its heat kernel
p : (0,∞)×X ×X → [0,∞) has Gaussian behavior [13], specifically, there
are constants c1, c2, c3, c4 > 0 such that for all t > 0 and x, y ∈ X,

p(t, x, y) ≤ c1e
−c2|x−y|2/t

t
n+k
2 (β +

√
t + d(x,Z))α(β +

√
t+ d(y,Z))α

p(t, x, y) ≥ c3e
−c4|x−y|2/t

t
n+k
2 (β +

√
t + d(x,Z))α(β +

√
t+ d(y,Z))α

.

Note that an analogous analysis can also be done for Z = Rk × {0}n.
Also, both cases are generalizations of examples from [3, 8].

4. Proof of the main result

The proof of the main theorem is based on the following facts.

Theorem 4.1 ([3, Lemma 2.9]). Fixed a doubling measure ν on a geodesic
space (X, d) with doubling constant CD. Then for any x, y ∈ X and 0 < s ≤
r,

ν(B(x, r))

ν(B(y, s))
≤ CD

(r + d(x, y)

s

)log2 CD

.
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Theorem 4.2 ([3, Lemma 2.10]). Let ν be a doubling measure on a geodesic
space (X, d) with doubling constant CD. Then for any 0 < s ≤ r and x ∈ X
with B(x, r) 6= X,

ν(B(x, r))

ν(B(x, s))
≥
(

1 + C−1
D

)−1
(r

s

)log3(1+C−1
D

)

.

Theorem 4.3 ([9, Lemma 5.3.12]). Assume that ν is a doubling measure in
a geodesic space. Then for any s > 0, there exists a constant cs > 0 such that
for any sequence of balls {Bi}∞i=1 and any sequence of nonnegative numbers
{ai}∞i=1,

ˆ

(

∞
∑

i=1

ai1sBi

)2

≤ cs

ˆ

(

∞
∑

i=1

ai1Bi

)2

.

Here sB(x, r)
df

=B(x, sr) for any ball B(x, r) and any s ≥ 0.

Recall that a (strict) ǫ-Whitney covering W of an open set G is a count-
able family of disjoint ballsB(x, r) such that r = ǫd(x,X−G) and ∪B∈W3B =
G. For any z ∈ X−G, denote

Wz
df

= {B ∈ W : 3B∩Cλ(z, R(z)) 6= ∅}.

Theorem 4.4 ([5, Lemma 3.18]). Let (X, d) be a doubling geodesic space,
i.e., (X, d) is a geodesic space admitting doubling measures. For any ǫ < 1/4
and any open subset G of X, there is a strict ǫ-Whitney covering W of G for
which

cb = cb(ǫ)
df
= sup

s≤ 1

10ǫ

sup
x∈X

∑

B∈W

1sB(x) < ∞.

Next, we gather some lemmas that will be useful in the proof of the main
theorem.

Lemma 4.5. Assume ν is a doubling measure with doubling constant CD on a

geodesic space (X, d). Given any ε ∈ (0, 1], define nb = nb(CD, ǫ)
df

=
⌊

CD

(

5
ε

)log2 CD

⌋

,

then any family of disjoint balls B with radius between εr and r, and inter-
secting a fixed ball of radius r has at most nb balls.
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Proof. Assume that B∩B(z, r) 6= ∅ for all B ∈ B. Then B ⊆ B(z, 3r). By
Theorem 4.1,

ν(B(z, 3r))

ν(B(x, s))
≤ CD

(

3r + d(x, z)

s

)log2 CD

≤ CD

(

5

ε

)log2 CD

for any B(x, s) ∈ B. Let n be the cardinality of B. Using the fact that all
balls in B are pairwise disjoint, we have

nν(B(z, 3r)) ≤ CD

(

5

ε

)log2 CD
∑

B∈B

ν(B)

≤ CD

(

5

ε

)log2 CD

ν(B(z, 3r)).

Thus, n ≤ CD

(

5
ε

)log2 CD .

An immediate application of the above lemma is the following result.

Lemma 4.6. Let Z be (λ,Λ)-accessible covering distance R : Z → (0,∞] in a
geodesic space (X, d) admitting a doubling measure ν with doubling constant
CD. Given any ε ∈ (0, 1], there is a constant ns > 1 depends only on
CD, ǫ, ε, λ such that the number of B(x, r) ∈ Wz where z ∈ Z for which
εr0 ≤ r ≤ r0 is at most ns.

Proof. Let B denote the collection of all such B(x, r). For any B = B(x, r) ∈
B, Cλ(z, R(z))∩3B is nonempty. Pick y ∈ Cλ(z, R(z))∩3B. It follows that

d(x, z) ≤ d(x, y) + d(y, z)

≤ 3r + λ−1(d(y, x) + d(x,Z))

≤ (3 + 3λ−1 + λ−1ǫ−1)r0.

This means B(x, r) ⊆ B(z, (4 + 3λ−1 + λ−1ǫ−1)r0). By Lemma 4.5, there
is a constant ns depends only on CD, ǫ, ε, and λ such that the cardinality of
such B is always at most ns.
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Lemma 4.7. Let (X, d) be a doubling geodesic space and Z ⊆ X be (λ,Λ)-
accessible covering distance R : Z → (0,∞]. Then there are constants
nc, c1, c2 ≥ 1 ≥ c3 > 0, depend only on ǫ, λ, cλ, and a doubling constant
CD, such that for any x ∈ Cλ(z, R(z))−{z}, z ∈ Z, there is a sequence of
balls {Bi = B(xi, ri)}∞i=1 ⊆ W with the following properties

(CB1) x ∈ 3B1,

(CB2) 3Bi∩3Bj 6= ∅ if and only if |i− j| = 1,

(CB3) there exists a partition Pk of {Bi}∞i=1, each with at most nc elements
such that

1

c1
ǫkd(x, z) ≤ ri ≤ c1ǫ

kd(x, z)

for all Bi = B(xi, ri) ∈ Pk,

(CB4) 3Bi∩Cλ(z, cλd(x, z)) 6= ∅ for all i,

(CB5) ri ≥ c3d(xi, z) for all i,

(CB6) Bj ⊆ c2Bi for any j > i.

Proof. Denote d(x, z) = r > 0. By assumptions, there is a path γ : [0, 1] →
Cλ(z, cλr) from x to z. Without loss of generality, we can assume that there
is a unique ti > ti−1 with d(γ(ti), z) = ǫir and γ([ti, 1]) ⊂ Sλ(z, cλǫ

ir) for all i.

This can be done by recursively define ti+1
df

= inf{t > ti : γ(t) /∈ Sλ(z, ǫ
ir)}

while replacing the subpath γ|[ti+1,1] with a path connecting γ(ti+1) and z
lying entirely in Cλ(z, cλǫ

i+1r).

For each B = B(y, s) ∈ W such that 3B∩γ([ti, ti+1]) 6= ∅, cλǫ
i+1

1+ǫ
r ≤ s ≤

cλǫ
i

1−ǫ
r. To see this, let w ∈ B∩γ([ti, ti+1]). Then

s = ǫd(y, z)

≤ ǫ (d(y, w) + d(w, z))

≤ ǫs + cλǫ
ir.

Therefore, s ≤ cλǫ
i

1−ǫ
r. The other inequality can be proved similarly. By

Lemma 4.6, there exists nc ≥ 1, independent of i, such that at most nc such
B cover γ([ti, ti+1]).

For each i, choose A1,i ∈ W so that γ(ti) ∈ 3A1,i then choose Aj+1,i

recursively as follows. Let sj+1,i be the last s so that d(γ(s), 3Aj,i) = 0. If
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sj+1,i ≥ ti, we are done. Otherwise, choose Aj+1,i ∈ W such that 3Aj+1,i

contains γ(sj+1,i). This process will be done in at most nc steps since there
are at most nc such balls. Next, if 3Al,i∩3Ak,i 6= ∅ where k < l, replace
the whole finite chain {Aj,i} with {Aj,i}−{Ak+1,i, . . . , Al−1,i}. Repeat the
process until 3Al,i∩3Ak,i 6= ∅ if and only if |l − k| = 1. If 3Al,m∩3Ak,n 6= ∅
where m < n, replace the whole finite chain {Aj,m} with {A1,m, . . . , Al,m},
{Aj,n} with {Aj,n}−{A1,n, . . . , Ak−1,n}, and {Aj,i} with empty set for all i =
m+1, . . . , n− 1. Repeat the process until each Al,m has unique Ak,n, n > m
such that 3Al,m∩3Ak,n 6= ∅. Define Bni+j = Aj,i where ni is the cardinality
of ∪k<i{Aj,k}. Set Pk = {Bi : Bi∩Sλ(z, ǫ

ir) 6= ∅, Bi /∈ ∪i<kPi}. Argue as
before, each Pk has at most nc elements and it satisfies (CB3) with constant
c1 = max(1+ǫ

cλǫ
, cλ
1−ǫ

).

Clearly, 3Bi∩Cλ(z, cλr) 6= ∅. Next, pick y ∈ 3Bi∩Cλ(z, cλr), then

ri =
1

ǫ
d(xi,Z)

≥ 1

ǫ
(d(y,Z)− d(y, xi))

≥ 1

ǫ

(

1

λ
d(y, z)− 3ri

)

which implies

(3 + ǫ)ri ≥ 1

λ
(d(xi, z)− d(xi, y))

≥ 1

λ
(d(xi, z)− 3ri) .

Solving this inequality gives ri ≥ 1
3λ+ǫλ+3

d(xi, z).
For (CB6), the distance from xi to any w ∈ Bj = B(xj, rj), i < j, is at
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most

j
∑

k=i

3rk + rj ≤ 4

j
∑

k=i

rk

≤ 4ncc
2
1

j
∑

k=i

ǫk−iri

≤ 4ncc
2
1ri

∞
∑

k=0

ǫk

≤ 4ncc
2
1ri

(1− ǫ)
.

Let c2 =
4ncc21
(1−ǫ)

and we are done.

Lemma 4.8. For any balls B(x, rx),B(y, ry) such that B(x, 3rx)∩B(y, 3ry)
is nonempty,

(1− 3ǫ)max(rx, ry) ≤ (1 + 3ǫ)min(rx, ry)

where rx = ǫd(x,Z) and ry = ǫd(y,Z).

Proof. Let w ∈ B(x, 3rx)∩B(y, 3ry) and assume, without loss of generality,
that rx ≥ ry. Then

d(x,Z) ≤ d(x, w) + d(w,Z)

≤ d(x, w) + d(w, y) + d(y,Z).

Thus,

rx − ry ≤ ǫ(d(x, w) + d(w, y))

≤ ǫ(3rx + 3ry),

i.e., (1− 3ǫ)rx ≤ (1 + 3ǫ)ry.

Combination of Lemma 4.8 and Theorem 4.1 implies the following lemma.

Lemma 4.9. Let ν be a doubling measure with doubling constant CD. For
any B(x, rx),B(y, ry) ∈ W such that B(x, 3rx)∩B(y, 3ry) is nonempty,

max(ν(B(x, 4rx)), ν(B(y, 4ry))) ≤ CD

(

7 + 21ǫ

1− 3ǫ

)log2 CD

ν(B(x, 4rx)∩B(y, 4ry)).
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Proof. Let z ∈ B(x, 3rx)∩B(y, 3ry) and r = min(rx, ry). Then

B(z, r) ⊆ B(x, 4rx)∩B(y, 4ry) ⊆ B(z,
1 + 3ǫ

1− 3ǫ
(7r)).

Therefore,

max(ν(B(x, 4rx)), ν(B(y, 4ry))) ≤ ν(B(z,
1 + 3ǫ

1− 3ǫ
(7r)))

≤ CD

(

7 + 21ǫ

1− 3ǫ

)log2 CD

ν(B(z, r))

≤ CD

(

7 + 21ǫ

1− 3ǫ

)log2 CD

ν(B(x, rx)∩B(y, ry)).

Now we are in a position to prove the main theorem. Note that, the
statement of Theorem 4.10 given below is different from that of Theorem 3.2
given earlier but they are the same statements. Here, Theorem 4.10 contains
details and labels that will be useful in the proof.

Theorem 4.10. Let (E,D(E)) be a strongly local, regular, Dirichlet form in
L2(X, ν) where the measure ν is doubling with doubling constant CD. Denote
Γ its associated energy measure. Let also Z ⊂ X be (λ,Λ)-accessible covering
distance R : Z → (0,∞]. Assume that,

(PI1) there are constants k ≥ 1, P1 > 0 and ǫ0 ∈ (0, 1] such that for all
f ∈ D(E), x ∈ X−Z, and r ≤ ǫ0d(x,Z),

inf
ξ∈R

ˆ

B(x,r)

|f − ξ|2dν ≤ P1r
2

ˆ

B(x,kr)

dΓ(f, f),

(PI2) there is a constant P2 > 0 such that for any z ∈ Z, 0 < r < R(z),
x, y ∈ Sλ(z, r), and f ∈ D(E)

 

B(x,δr)

 

B(y,δr)

|f(u)− f(v)|2dν(u)dν(v) ≤ P2r
2

 

B(z,r)

dΓ(f, f).

Then there are constants P, κ ≥ 1 ≥ η > 0 such that for all f ∈ D(E), z ∈ Z,
and r < ηR(z),

inf
ξ∈R

ˆ

B(z,r)

|f − ξ|2dν ≤ Pr2
ˆ

B(z,κr)

dΓ(f, f).
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Proof. To simplify the writing, the notation α . β will stand for α ≤ cβ for
some constant c depends only on CD, P1, P2, λ,Λ, ǫ, ǫ0, k.

First choose 0 < ǫ < min( 1
200

, 1
8k
, ǫ0

8
) small enough so that 8ǫ

(1−3ǫ)2
≤ 1

λ
− 1

Λ

and denote W the strict ǫ-Whitney covering of X−Z. Denote also η = 2ǫΛ
1−3ǫ

.
Fixed z ∈ Z and r ∈ (0, ηR(z)). Denote A = {B ∈ W : 3B∩B(z, r) 6= ∅}.
For each A = B(ξA, rA) ∈ A, choose ζA ∈ Z so that d(ξA, ζA) = d(ξA,Z).
Notice that

d(ξA,Z) ≤ d(ξA, z)

≤ 3rA + r

= 3ǫd(ξA,Z) + r,

so d(ξA,Z) ≤ r
1−3ǫ

≤ 2r and rA ≤ ǫr
1−3ǫ

≤ r. This implies

d(z, ζA) ≤ d(z, ξA) + d(ξA, ζA)

≤ 3rA + r + d(ξA,Z)

≤ 2

1− 3ǫ
r,

i.e., ζA ∈ Z∩B(z, 2
1−3ǫ

r).

By assumption, there is xz ∈ SΛ(z,
(1−3ǫ)r
2ǫΛ

) ⊆ CΛ(z, R(z)). For each ζA,

(1− 3ǫ)r

2ǫλ
≥ (1− 3ǫ)r

2ǫ

(

1

Λ
+

4ǫ

(1− 3ǫ)2

)

≥ d(xz, z) + d(z, ζA)

≥ d(xz,Z)

≥ (1− 3ǫ)r

2ǫ

which means xz ∈ Sλ(ζA,
(1−3ǫ)r

2ǫλ
) ⊆ Cλ(ζA, R(ζA)). Therefore, we can choose,

for each ζA, a sequence of remote balls BA = {BA
i = B(xA

i , r
A
i )}∞i=1 ⊆ W

connecting xz and ζA according to Lemma 4.7.
By construction, 3BA

i ∩Cλ(ζA,
cλ(1−3ǫ)r

2ǫλ
) 6= ∅ and rAi ≤ c1

(1−3ǫ)r
2ǫλ

for all i.

Thus, 16BA
i ⊆ B(ζA, (19c1 + 1) cλ(1−3ǫ)r

2ǫλ
) which implies

16BA
i ⊆ B(z,

(

(19c1 + 1)
cλ(1− 3ǫ)

2ǫλ
+

2

1− 3ǫ

)

r)

15



for all i and A. Denote κ =
(

max
(

cλ(19c1+1)(1−3ǫ)
2ǫλ

, 1
ǫ
+ 4k + 3

)

+ 2
1−3ǫ

)

.

Since 8ǫ
(1−3ǫ)2

≤ 1
λ
, (1−3ǫ)r

2ǫλ
≥ 4r

1−3ǫ
≥ rA

ǫ
. Hence, there must be an

iA for which 3BA
iA

intersects Sλ(ζA,
rA
ǫ
). For any xA ∈ 3BA

iA
∩Sλ(ζA,

rA
ǫ
),

B(xA, 3ǫd(xA,Z))∩3BA
iA

6= ∅. By Lemma 4.8, max(rAiA, ǫd(x
A,Z)) ≤

(

1−3ǫ
1+3ǫ

)

min(rAiA, ǫd(x
A,Z)).

But λrA ≤ ǫd(xA,Z) ≤ rA. Thus,
(

λ+3λǫ
1−3ǫ

)

rA ≤ rAiA ≤
(

1−3ǫ
1+3ǫ

)

rA. Particularly,

λrA ≤ rAiA ≤ rA.
Claim that there is a number n0 depends only on CD and ǫ, λ such that for

each B(x, s) ∈ W, there is at most n0 balls A ∈ A such that BA
iA

= B(x, s).
To see this, notice that s ≤ rA ≤ s

λ
and

d(x, ξA) ≤ d(x, ζA) + d(ζA, ξA)

≤ 1

c3
rAiA + d(Z, ξA)

≤ 1

c3
s+ ǫrA

≤
(

1

c3
+

ǫ

λ

)

s

which implies A ⊆ B(x, ( 1
c3

+ ǫ
λ
+ 1

λ
)s). Since all such A are disjoint and

each has radius at least s, we can apply Lemma 4.5 and obtain n0. In fact,
n0 = ⌊CD(5(

1
c3
+ ǫ

λ
+ 1

λ
)log2 CD)⌋.

Denote fB =
ffl

4B
fdν for any ball B and pick any ball W = B(ξW , rW ) ∈

W for which xz ∈ 3W . For any A ∈ A,

|f − fW |2 ≤ 4
[

|f − fA|2 + |fA − fBA
iA

|2 + |fBA
iA

− fBA
1
|2 + |fBA

1
− fW |2

]

.

Therefore,
ˆ

B(z,r)

|f − fW |2dν ≤ 4
∑

A∈A

ˆ

4A

[

|f − fA|2 + |fA − fBA
iA

|2 + |fBA
iA

− fBA
1
|2 + |fBA

1
− fW |2

]

dν.

If we can show that each term is bounded by r2
´

B(z,κr)
dΓ(f, f) upto some

constant, then the result follows.
(I) The first term is bounded easily. For any A ∈ A, 4kA ⊆ B(z, 1+4kǫ

1−3ǫ
r).

This follows from the fact that 3A∩B(z, r) 6= ∅ and rA ≤ ǫr
1−3ǫ

so

d(w, z) < 4krA + 3rA + r

≤ 1 + 4kǫ

1− 3ǫ
r
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for all w ∈ 4A. The assumption (PI1) then implies

∑

A∈A

ˆ

4A

|f − fA|2dν ≤ P1r
2
∑

A∈A

ˆ

4kA

dΓ(f, f)

≤ P1r
2

ˆ

B(z, 1+4kǫ
1−3ǫ

r)

(

∑

A∈A

14kA

)

dΓ(f, f)

≤ cbP1r
2

ˆ

B(z, 1+4kǫ
1−3ǫ

r)

dΓ(f, f)

≤ cbP1r
2

ˆ

B(z,κr)

dΓ(f, f).

For the other terms, we need the following fact. For any U = B(x, s), V =
B(y, t) with s = ǫd(x,Z), t = ǫd(y,Z), and 3U∩3V 6= ∅,

|fU − fV |2 .
min(s, t)2

max(ν(U), ν(V ))

ˆ

4kU∪4kV

dΓ(f, f). (4.1)

Note that the present of maximum and minimum is, actually, not neccessary
since those numbers are roughly the same by Lemma 4.8 and Theorem 4.1.
To prove the above inequality, observe that

ν(4U∩4V )|fU − fV |2 ≤
ˆ

4U∩4V

|f − fU |2 +
ˆ

4U∩4V

|f − fV |2

≤
ˆ

4U

|f − fU |2 +
ˆ

4V

|f − fV |2

≤ P1s
2

ˆ

4kU

dΓ(f, f) + P1t
2

ˆ

4kV

dΓ(f, f)

which gives the inequality (4.1) after applying Lemma 4.8 and Lemma 4.9.
(II) Next, we show that

∑

A∈A

´

4A
|fA − fBA

iA

|2 . r2
´

B(z,κr)
dΓ(f, f). Re-

call that we can pick xA ∈ 3BA
iA
∩Sλ(ζA,

rA
ǫ
). Denote sA = ǫd(xA,Z). Note

that sA, rAiA ∈ [λrA, rA]. Also, 4kA, 4kB(xA, sA) ⊆ B(ζA, (4k + 1
ǫ
)rA) and

4kBA
iA

⊆ B(ζA,
(

1
ǫ
+ 4k + 3

)

rA).

17



The inequality (4.1) implies that

ˆ

4A

|fB(xA,sA) − fBA
iA

|2dν . ν(4A)
r2A

ν(B(xA, sA))

ˆ

4kB(xA,sA)∪4kBA
iA

dΓ(f, f)

≤ CD

(

4rA + d(xA, ξA)

sA

)log2 CD

r2A

ˆ

B(ζA,( 1
ǫ
+4k+3)rA)

dΓ(f, f)

≤ CD

(

4rA + 2rA/ǫ

λrA

)log2 CD

r2A

ˆ

B(ζA,( 1
ǫ
+4k+3)rA)

dΓ(f, f)

≤ CD

(

4ǫ+ 2

ǫλ

)log2 CD

r2A

ˆ

B(ζA,( 1
ǫ
+4k+3)rA)

dΓ(f, f).

By assumption (PI2),

ˆ

4A

|fA − fB(xA,sA)|2dν = ν(4A)|
 

4A

fdν −
 

4B(xA,sA)

fdν|
2

≤ ν(4A)

 

4A

 

4B(xA,sA)

|f(u)− f(v)|2dν(u)dν(v)

≤ ν(4A)C2
D

[(

1

4kǫ

)(

1

4kǫλ

)]log2 CD
 

B(ξA,
rA
kǫ

)

 

B(xA,
rA
kǫ

)

|f(u)− f(v)|2dν(u

≤ P2r
2
A

ˆ

B(ζA,
rA
ǫ
)

dΓ(f, f).

Thus,
ˆ

4A

|fA − fBA
iA

|2 ≤ 2

ˆ

4A

|fB(xA,sA) − fBA
iA

|2dν + 2

ˆ

4A

|fA − fB(xA,sA)|2dν

. r2A

ˆ

B(ζA,( 1

ǫ
+4k+3)rA)

dΓ(f, f) + r2A

ˆ

B(ζA,
rA
ǫ
)

dΓ(f, f)

. r2A

ˆ

B(ζA,( 1

ǫ
+4k+3)rA)

dΓ(f, f).

Denote Ak the set of all those balls in A with radius between r/2k and
r/2k+1. Claim that

∑

A∈Ak
1
B(ζA,( 1

ǫ
+4k+3)rA) can be uniformly bounded.

FixA ∈ Ak. For anyA
′ ∈ Ak such thatB(ζA,

(

1
ǫ
+ 4k + 3

)

rA)∩B(ζA′,
(

1
ǫ
+ 4k + 3

)

rA′) 6=
∅, A′ ⊆ B(ζA,

(

1
ǫ
+ 4k + 3

)

3r
2k
). Since the radius of such A′ is at least r

2k+1 ,
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Lemma 4.5 implies that there can only be at most n1 such A′ where n1

depends only on CD, δ and ǫ. Therefore,
∑

A∈Ak
1
B(ζA,( 1

ǫ
+4k+3)rA) ≤ n1.

Now,

∑

A∈A

ˆ

4A

|fA − fBA
iA

|2dν =
∑

k

∑

A∈Ak

ˆ

4A

|fA − fBA
iA

|2dν

.
∑

k

∑

A∈Ak

( r

2k

)2
ˆ

B(ζA,( 1
ǫ
+4k+3)rA)

Γ(f, f)dν

.
∑

k

( r

2k

)2
ˆ

B(z,κr)

dΓ(f, f)

. r2
ˆ

B(z,κr)

dΓ(f, f).

(III) Next we prove the bound for the third term. By Lemma 4.5, there
must be an n3 ≥ 1, independent of z and r, such that {BA

1 : A ∈ A} =
{D1, . . . , Dn}, ∃n ≤ n3. This follows from the fact that the radius of BA

1

is at least 1−3ǫ
2c1

r while lying inside B(z, κr). Denote Gi
df

=∪BA
1 =Di

BA and

Di
df

= {BA
iA

: A ∈ A, BA
1 = Di}. For each BA

iA
∈ Di, B

A
iA

⊂ c2B
A
j for all

j < iA, and 4BA
j−1 ⊆ 16BA

j by Lemma 4.8. Hence,

|fBA
iA

− fBA
1
|1BA

iA

≤
iA
∑

j=2

|fBA
j
− fBA

j−1
|1BA

iA

.

iA
∑

j=2

rAj

( 1

ν(BA
j )

ˆ

16BA
j

dΓ(f, f)
)1/2

1BA
iA

1c2BA
j

≤
∑

G∈Gi

r
( 1

ν(G)

ˆ

16G

dΓ(f, f)
)1/2

1BA
iA

1c2G.
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It follows that
∑

D∈Di

ˆ

4D

|fD − fDi
|2dν .

∑

D∈Di

ˆ

D

|fD − fDi
|2dν

.

ˆ

∑

D∈Di

(

∑

G∈Gi

r

(

1

ν(G)

ˆ

16G

dΓ(f, f)

)1/2

1D1c2G

)2

1Ddν

. r2
ˆ

(

∑

D∈W

1D

)(

∑

G∈Gi

(

1

ν(G)

ˆ

16G

dΓ(f, f)

)1/2

1c2G

)2

dν

. r2
ˆ

(

∑

G∈Gi

(

1

ν(G)

ˆ

16G

dΓ(f, f)

)1/2

1c2G

)2

dν

. r2
ˆ

(

∑

G∈Gi

(

1

ν(G)

ˆ

16G

dΓ(f, f)

)1/2

1G

)2

dν

where the last inequality follows from Lemma 4.3.
Since balls in Gi are disjoint,

∑

D∈Di

ˆ

4D

|fD − fDi
|2dν . r2

ˆ

∑

G∈Gi

(

1

ν(G)

ˆ

16G

dΓ(f, f)

)

1Gdν

. r2
∑

G∈Gi

(

1

ν(G)

ˆ

16G

dΓ(f, f)

)
ˆ

1Gdν

. r2
ˆ

(

∑

G∈Gi

116G

)

dΓ(f, f)

. r2
ˆ

B(z,κr)

dΓ(f, f).

Now,

∑

A∈A

ˆ

4A

|fBA
iA

− fBA
1
|2 =

n
∑

i=1

∑

D∈Di

ˆ

4D

|fD − fDi
|2dν

≤ n3r
2

ˆ

B(z,κr)

dΓ(f, f)

. r2
ˆ

B(z,κr)

dΓ(f, f).
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(IV) For the last term, we have

∑

A∈A

ˆ

4A

|fBA
1
− fW |2dν =

∑

i

|fDi
− fW |2





∑

BA
1
=Di

ν(4A)





. ν(B(z,
1 + 4ǫ

1− 3ǫ
r))
∑

i

|fDi
− fW |2

.
ν(B(z, 1+4ǫ

1−3ǫ
r))

ν(W )
n3r

2

ˆ

B(z, 1+4ǫ
2ǫΛ

r)

dΓ(f, f)

.

(

1+4ǫ
1−3ǫ

r + (1−3ǫ)
2ǫΛ

r + rW

rW

)log2 CD

r2
ˆ

B(z, 1+4ǫ
2ǫΛ

r)

dΓ(f, f).

Since xz ∈ 3W ,

rW = ǫd(ξW ,Z)

≥ ǫ (d(xz,Z)− d(ξW , xz))

≥ ǫ (d(xz,Z)− 3rW )

and hence

rW ≥ ǫ

1 + 3ǫ
d(xz,Z)

≥
(

ǫ

1 + 3ǫ

)(

1− 3ǫ

2ǫ
r

)

≥ r

4
.

Therefore,

∑

A∈A

ˆ

4A

|fBA
1
− fW |2dν .

(

1+4ǫ
1−3ǫ

r + (1−3ǫ)
2ǫΛ

r
r
4

+ 1

)log2 CD

r2
ˆ

B(z, 1+4ǫ
2ǫΛ

r)

dΓ(f, f)

. r2
ˆ

B(z,κr)

dΓ(f, f).

This completes the proof.
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Harnack Inequality under the Change of Metric∗

Santi Tasena†, Sompong Dhompongsa‡, and Laurent Saloff-Coste§

Abstract

In this work, we give a sufficient and necessary condition in which the
Harnack inequality of the original space would imply that of the quasi-
conformal space. The result can be applied to a large class of function
including those that their singularities separate the space into dijoint con-
nected components.

1 Introduction

One question generally asked regarding a heat equation is whether its solutions
exhibit the same behavior as that of the classical heat equation. For example,
whether the Harnack inequality holds or whether the Harnack inequality of a
heat equation implies that of its variants. Grigory’an and Saloff-Coste[1], for
instance, give a sufficient condition for which the Harnack inequality of the heat
equation on a manifold remains holds on a weighted manifolds (see also [2, 3, 7]).

In this work, we ask a similar question: whether the Harnack inequality is
stable under the conformal metrics. Unlike the weighted manifolds where the
change lies only on the volume measure, the conformal metric changes both the
volume measure and the intrinsic distance.

Given a complete Riemannian manifold (M, g) with dimension n and a con-
formal metric g̃ = e2ωg of g, the volume measure vg̃ of (M, g̃) is related to
the volume measure vg of (M, g) via the formula dvg̃ = enωdvg and the length
Lengthg̃(γ) of a curve γ : [0, 1] → M under (M, g̃) is given by Lengthg̃(γ) =
∫ 1

0
eω(γ(t))|γ′(t)|dt while the length of γ under (M, g) is given by Lengthg(γ) =

∫ 1

0
|γ′(t)|dt. The Laplace-Beltrami operator of (M, g) and (M, g̃) can be written

in terms of local coordinates as
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Mai University, Chiang Mai, 50200 Thailand

‡Department of Mathematics, Faculty of Sciences, Chiang Mai University, Chiang Mai,
50200 Thailand

§Department of Mathematics, Malott Hall, Cornell University, Ithaca, New York, 14853-
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△g = − 1
√

det(g)

∑

i,j

∂

∂xj

(

gij det(g)
∂

∂xi

)

,

△g̃ = − e−nω

√

det(g)

∑

i,j

∂

∂xj

(

e(n−2)ωgij det(g)
∂

∂xi

)

,

respectively. As a result, the associated Dirichlet form Eg̃ of △g̃ can be written
as Eg̃(u, v) =

∫

M
e(n−2)ωg(∇gu,∇gv)dvg whereas Eg(u, v) =

∫

M
g(∇gu,∇gv)dvg.

This situation extends naturally to the setting on Dirichlet spaces. Given
a strongly local regular Dirichlet form (E,D(E)) on L2 (X, ν) with the asso-
ciative carre du champ operator Γ and a function h : X → [0,∞] with mild
conditions, it is possible to construct another strongly local regular Dirichlet
form

(

Eh,D(Eh)
)

on L2 (X, νh) where dνh = hndν such that

Eh(u, v) =

∫

h(n−2)Γ(u, v)dν

whenever defined. We can then ask whether (Eh,D(Eh)) satisfies the Harnack
inequality given that (E,D(E)) does. Note that, on Dirichlet spaces, the func-
tion h does not have to be smooth. It does not even have to be continuous. For
convenience, we will assume h is semi-continuous, however.1

In this work, the authors prove this result for a class of functions with poly-
nomial growth in asymtotically Z-normal direction where Z is its singularity
set. Since this class of functions is dense in the space of weighted doubling
measures[10, Proposition 3.3], this result should be applicable in many situa-
tions. To guarantee that the conformal distance is complete, however, we have
to assume that the singularity set is discrete.

2 Preliminaries

In this work, a (topological) space is assume to be locally compact but non-
compact, second countable and Hausdorff, a measure means a Borel measure
with full support, and a Dirichlet form means a regular, strongly local Dirichlet
form admitting the carré du champ operator.

Let Γ be the carré du champ operator associated to a Dirichlet form (E,D(E))
on L2(X, ν). Denote Dloc(E), the set of all u ∈ L2(X, ν) such that for all rel-
atively compact open set V , we can find uV ∈ D(E) such that u = uV a.e on
V . By strong locality, we may extend the domain of Γ to Dloc(E) by setting
Γ(u, u) = Γ(uV , uV ) on V . Denote also C(X) the space of all continuous func-
tions on X and Cc(X) the space of continuous functions with compact support
on X. The intrinsic distance ρ on X is defined via

ρ(x, y)
df
= sup {|u(x)− u(y)| : u ∈ D(E) ∩ Cc(X) and Γ(u, u) ≤ 1 a.e.}

1It has been proved that weight functions of weighted doubling measures are equivalent to
(lower or upper) semi-continuous functions[10, Theorem 3.6].
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for all x, y ∈ X. A common assumption, which we will assume in this work,
is that ρ is a complete metric and metrises the topology of X. Under this
assumption, (X, ρ) is a geodesic space[8, 4], i.e., any two points in X can be
joined by a curve with length exactly equal to the distance between those two
points. Also,

ρ(x, y) = sup {|u(x)− u(y)| : u ∈ Dloc(E) ∩ C(X) and Γ(u, u) ≤ 1 a.e.}

for all x, y ∈ X.
A non-zero σ-finite measure µ on the metric space (X, ρ) is said to be doubling

if there is a constant CD ≥ 1 such that

µ(B(x, 2r)) ≤ CDµ(B(x, r))

for all x ∈ X and r > 0. Examples of doubling measures include Lebesgue
measure on Euclidean spaces, Haar measures on Lie groups and volume measures
on Riemannian manifolds with nonnegative Ricci curvature. It can be proved
that any doubling measure has full support.

Strong locality and regularity of (E,D(E)) implies that the set of Lipchitz
function with compact support, Lipc(X, ρ), is a subset of D(E) and the set of
Lipchitz function, Lip(X, ρ), is a subset of Dloc(E). Moreover, Γ(u, u) ≤ l2

a.e. for all u ∈ Lip(X, ν) with Lipchitz constant l. Since Lipc(X, ρ) is dense in
Cc(X), proving Lipc(X, ρ) is a subset of a Dirichlet form’s domain also guarantee
its regularity.

It is well-known that there is a one-one correspondence between a Dirichlet
form (E,D(E)) and a heat operator, i.e., a nonpositive, densely defined, self-
adjoint operator (L,D(L)) on L2(X, ν) so that

(DHC1) the domain D(L) of L dense in D(E) under the Dirichlet norm, and

(DHC2) E(u, v) = −⟨u, Lv⟩L2(X,ν) for all u, v ∈ D(L).

With this correspondence, a (local) weak solution u of the heat equation
∂tu = −Lu corresponding to L can be defined. For the details, please see [3].

A Dirichlet form (E,D(E)) associated to a heat operator (L,D(L)) on L2(X, ν)
is said to satisfies (uniform) parabolic Harnack inequality, or PHI for short, if
there exists a constant c ≥ 1 such that for x ∈ X, r > 0 and any nonnegative
weak solution u of the heat equation ∂tu = Lu on (0, r2)×B(x, r),

sup
Q−

u ≤ c inf
Q+

u

where Q− = (r2/4, r2/2) × B(x, r/2), Q+ = (3r2/4, r2) × B(x, r/2), and both
supremum and infimum are computed up to measure zero.

One consequence of PHI is that all solutions of the heat equation have contin-
uous representations. Hence, we may as well assume that they are continuous.
For further information on Harnack inequality, see [5].
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The heat kernel associated to a heat operator L is a function p : (0,∞) ×
X ×X such that

u(t, x) =

∫

u(0, y)p(t, x, y)dν(y) ∀t > 0, X ∈ X

for all solutions u of the heat equation associated to L.
A heat kernel p is said to have Gaussian upper bound if there exist constants

c1, c2 > 0 such that

p(t, x, y) ≤ c1
√

ν(B(x,
√
t))ν(B(y,

√
t))

e−
ρ2(x,y)

c2t

It is is said to have Gaussian lower bound if there exist constants c1, c2 > 0 such
that instead

p(t, x, y) ≥ c1
√

ν(B(x,
√
t))ν(B(y,

√
t))

e−
ρ2(x,y)

c2t

It is said to have Gaussian behavior or Gaussian estimates if it satisfies both
Gaussian upper bound and Gaussian lower bound. A heat operator or a Dirich-
let form is said to have Gaussian behavior if its associated heat kernel exists
and has Gaussian behavior.

It turn out that PHI and Gaussian behavior are equivalent. Moreover, there
are equivalent to doubling property and Poincaré inequality defined below.

A Dirichlet form (E,D(E)) on L2(X, ν) with associated carré du champ
operator Γ is said to satisfies (weak) Poincaré inequality if for some constant
k ≥ 1, there is a constant CP > 0 such that for all x ∈ X, r > 0, and u ∈ D(E),

inf
ξ∈R

∫

B(x,r)

(u− ξ)2dν ≤ CP r
2

∫

B(x,kr)

Γ(u, u)dν

If k = 1, then (E,D(E)) is said to satisfies Poincaré inequality. Under doubling
property, the weak Poincaré inequality and Poincaré inequality are equivalent.

Theorem 2.1 (Sturm 1995). Let (E,D(E)) be a strongly local, regular Dirichlet
form on L2(X, ν). Then the following are equivalent.

(a) (E,D(E)) satisfies parabolic Harnack inequality.

(b) (E,D(E)) has Gaussian behavior.

(c) (E,D(E)) satisfies the Poincaré inequality and ν is doubing.

The strategies used in this work is then to show that the weighted measure is
doubling under the conformal metric and the conformal Dirichlet space satisfies
the Poincaré inequality.

The proof of doubling property shall be based on the volume comparison
condition introduce by Li and Tam[6] using the result of Grigor’yan and Saloff-
Coste[1].
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Let 0 < δ ≤ 1 and A be a closed subset of (X, ρ). A Borel measure ν on
X is said to satisfies δ-volume comparison condition on A for R-small balls2 if
there are constants Cν > 0 and ϵ ∈ (0, 1] such that for any x ∈ X and a ∈ A,

ν(B(a, ρ(a, x))) ≤ Cνν(B(x, ϵδρ(a, x)))

provided that R > ρ(x,A) ≥ δρ(x, a). The Borel measure ν is said to be
doubling for A-remote R-small balls if there is a constant Cν > 0 such that for
any x ∈ X,

ν(B(x, r) ≤ Cνν(B(x,
1

2
r)

provided that r ≤ δρ(x,A) < δR. Lastly, the Borel measure ν is said to be
doubling for A-anchored R-small balls if there is a constant Cν > 0 such that
for any a ∈ A and r > 0,

ν(B(a, r) ≤ Cνν(B(a,
1

2
r)

provided that r < R. If A = X, then we simply say ν is doubling for R-small
balls

It turn out that the specific values of δ and ϵ are unimportant in the definition
of volume comparison condition and doubling property for remote balls – it can
be proved that these results hold for specific δ, ϵ ∈ (0, 1] if and only if the same
result holds for all δ, ϵ ∈ (0, 1]. Moreover, these concepts are related as follow.

Theorem 2.2. [1, Lemma 4.4] Fix a closed subset A of (X, d) and R > 0.
If a Borel measure on (X, d) is doubling for A-remote 4R-small balls and A-
anchored 4R-small balls and it also satisfies volume comparison condition on
A for 4R-small balls, then ν is doubling for Â-anchored R-small balls where
Â = {x ∈ X : d(x,A) ≤ R}.

Note that Grigor’yan and Saloff-Coste[1] only prove the result for R = ∞
but general result can be proved using exactly the same argument.

The proof of the Poincaré inequality will be based on a simple application
of Corollary 3.2 in [9] to the case R = ∞. Henceforth, denote

S(z, r) = Sλ(z, r;Z)
df
= {x ∈ Z : λr ≤ ρ(x,Z) ≤ ρ(x, z) ≤ r},

C(z, r) = Cλ(z, r;Z)
df
= ∪r≤s≥0 S(z, s), and C(z)

df
=C(z,∞) for all z ∈ Z. A

subset Z ⊆ X is said to satisfy λ-skew condition where λ ∈ (0, 1] if Sλ,Z(z, r) ̸= ∅
for all z ∈ Z and r > 0. A subset Z ⊆ X is said to be (λ,Λ)-accessible where
0 < λ < Λ ≤ 1 if Z satisfies Λ-skew condition and there is a constant cΛ ≥ 1
such that all points in Cλ(z, r) can be connected to z via a path in Cλ(z, cλr).

A Dirichlet form (E,D(E)) on L2(X, ν) with associated carré du champ
operator Γ is said to satisfies (weak) Poincaré inequality for Z-remote balls if

2The statement given here is stronger than that defined in [1]. Therefore, it will not effect
the validity of Theorem 2.2.
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for some constants k ≥ 1 ≥ ϵ > 0, there is a constant CP > 0 such that

inf
ξ∈R

∫

B(x,r)

(u− ξ)2dν ≤ CP r
2

∫

B(x,kr)

Γ(u, u)dν

for all x ∈ X, r ≤ ϵρ(x,Z), and u ∈ D(E).

Theorem 2.3. [9, Corollary 3.2] Let Γ be the carré du champ operator as-
sociated to a Dirichlet form (E,D(E)) on L2(X, ν) in which the measure ν is
doubling. Let also Z be an acessible subset of X. Assume that the Poincaré in-
equality holds for Z-remote balls and there are constants CP > 0 and δ ∈ (0, 1)
such that

 

B(x,δr)

 

B(y,δr)

(u(v)− u(w))2dν(v)dν(w) ≤ CP r
2

 

B(z,r)

Γ(u, u)dν (1)

for all x, y ∈ S(z, r) and u ∈ D(E). Then (E,D(E)) satisfies the Poincaré
inequality for all balls.

We end this section by the discussion of polynomial growth functions in the
asymptotically Z-normal direction.

Definition 2.4. Fix δ ∈ (0, 1) and α ≥ β. A function h : X → [0,∞] on
a geodesic space (X, ρ) is said to have (α, β)-polynomial growth in the (δ-
asymptotically) Z-normal direction if there is a constant ch > 0 such that

c−1
h

(

ρ(x,Z)

ρ(y, Z)

)β

≤ h(x)

h(y)
≤ ch

(

ρ(x,Z)

ρ(y, Z)

)α

(2)

for all x, y ∈ C(z) in which ρ(y, z) ≤ ρ(x, z) where z ∈ Z and that h(x) is finite
and nonzero for some x ∈ X.

Note that the exact value of δ is the above definition is not important. It
can be proved that a function has polynomial growth in an δ-asymptotically
Z-normal direction for some δ ∈ (0, 1) if and only if that function has the same
property for all δ ∈ (0, 1). Moreover, α and β remains invariant under this fact
– the only constant changed after δ is ch.

This class of functions might seem to be limited. It is, however, closed
under multiplication, division, finite maximum and minimum, as well as addi-
tion. Moreover, all weighted doubling measure is a limit of weighted doubling
measures with this property[10, Proposition 3.3]. Since doubling property is
a neccessary condition for the Harnack inequality, assuming that a function
satisfies equation 2 should be considered mildly.

3 Main Results

The statement of main reults will be based on the following conditions.
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(Rh) There is a constant Ch > 0 such that ρh(x, z) ≤ Chh(x)ρ(x, z) whenever
x ∈ C(z), z ∈ Z.

(WP) There is a constant P > 0 such that

 

B(x,δr)

 

B(y,δr)

(u(v)−u(w))2dν(v)dν(w) ≤ Pr2h(x)h(y)

 

B(z,r)

h−2Γ(u, u)dν

(3)
for all x, y ∈ S(z, r) and u ∈ D(E).

Further details on these conditions will be given in the next section. It
turn out that both (Rh) and (WP) are neccessary conditions for the Harnack
inequality on (Eh,D(Eh)).

Theorem 3.1 (Main Theorem). Let (E,D(E)) be a strongly local regular Dirich-
let form on L2(X, ν) with the associated carre du champ Γ, and that h−2 is locally
integrable with discrete singulairity. Denote

Eh(u, v)
df
=

∫

h−2Γ(u, v)dν (4)

whenever defined. Then the above formula defined a strongly local regular Dirich-
let form on L2(X, ν).

Assume further that h have polynomial growth in the Z-normal direction
where Z is a discrete accessible subset of X, and (E,D(E)) satisfies Harnack
inequality. Then, (Eh,D(Eh)) satisfies Harnack inequality if and only if both
(Rh) and (WP) hold.

4 Quasi-Conformal Dirichlet Forms

In this section, fixed a Dirichlet form (E,D(E)) on L2(X, ν) and denote Γ its
carré du champ operator. For each measurable function h : X → [0,∞], denote

Eh(u, v)
df
=

∫

h−2Γ(u, v)dν

for all u, v ∈ Dloc(E) whenever defined and denote D(Eh) the set of all u ∈
L2(X, ν) ∩ Dloc(E) such that Eh(u, u) < ∞. The function h will be called the
(quasi-conformal) density of (Eh,D(Eh)).

Definition 4.1. If (Eh,D(Eh)) is a Dirichlet form on L2(X, ν), then it is called
a quasi-conformal Dirichlet form of (E,D(E)). Its associated carré du champ
operator h−2Γ will be denoted by Γh.

We will show in this section that the following condition is sufficient to show
that a function h is a quasi-conformal density.

(LI) the function h−2 is locally integrable.
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The condition (LI) is a necessity. For (Eh,D(Eh)) to be densely defined, h−2

must be locally integrable.

Lemma 4.2. For any function h : X → [0,∞] satisfying (LI), Lipc(X, ρ) ⊆
D(Eh) and hence the set D(Eh) is dense in L2(X, ν).

Proof. Let u ∈ Lipc(X, ρ) with Lipchitz constant l and the support of u is a
subset of some relatively compact open set V . Then

Eh(u, u) =

∫

h−2Γ(u, u)

≤ l2
∫

V

h−2dν

< ∞

Therefore, u ∈ D(Eh).

As a consequence of the above lemma, (Eh,D(Eh)) is a closed symmetric
bilinear form on L2(X, ν). Strong locality of (E,D(E) implies that

Γ((u ∨ 0) ∧ 1, (u ∨ 0) ∧ 1) ≤ Γ(u, u) a.e.

for all u ∈ Dloc(E). Thus, (Eh,D(Eh)) is a Dirichlet form on L2(X, ν). More-
over, strong locality of (Eh,D(Eh)) immediately follows. If we can show that
its intrinsic metric ρh is also complete and metrises the original topology of X,
then Lipc(X, ρh) ⊆ D(Eh) and hence (Eh,D(Eh)) must also be regular.

From now on, to differentiate the ball under ρh from the ball under ρ, we
will use the notation Bh(x, r) for balls under ρh while reserve B(x, r) for balls
under ρ.

Lemma 4.3. For any upper semi-continuous function h : X → [0,∞] satisfying
(LI) and (DS), ρh is a metric metrises the original topology on X−Z. Moreover,

ρh(x, y) = inf

{∫ 1

0

h(γ(t))|γ|′(t)dt : γ is a path connecting x = γ(0), y = γ(1)

}

for all x, y ∈ X.

Proof. Using the fact that any upper semi-continuous function is a monotone
limit of a sequence of continuous functions, we may assume that h is continuous.
Denote

d(x, y) = inf

{∫ 1

0

h(γ(t))|γ|′(t)dt : γ is a path connecting x = γ(0), y = γ(1)

}

for all x, y ∈ X−Z. Since h is finite and nonzero on X−Z, d is a metric on
X−Z.

Let ϵ > 0. For each x ∈ X−Z,

sup
B(x,rx)

h ≤ (1 + ϵ) inf
B(x,rx)

h
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for some rx = rx(ϵ) > 0. This follows from the continuity of h. Denote Mx =
supB(x,rx) h

−1 and mx = infB(x,rx) h
−1. For any y, z ∈ B(x, rx),

{u ∈ D(E) ∩ Cc(X) : Γ(Mxu,Mxu) ≤ 1 a.e.}
=
{

u ∈ D(E) ∩ Cc(X) : M2
xΓ(u, u) ≤ 1 a.e.

}

⊆
{

u ∈ D(E) ∩ Cc(X) : h−2Γ(u, u) ≤ 1 a.e.
}

⊆
{

u ∈ D(E) ∩ Cc(X) : m2
xΓ(u, u) ≤ 1 a.e.

}

= {u ∈ D(E) ∩ Cc(X) : Γ(mxu,mxu) ≤ 1 a.e.}

Thus, 1
Mx

ρ(y, z) ≤ ρh(y, z) ≤ 1
mx

ρ(y, z) ≤ 1+ϵ
Mx

ρ(y, z) for all y, z ∈ B(x, rx).

However, 1
Mx

ρ(y, z) ≤ d(y, z) ≤ 1+ϵ
Mx

ρ(y, z) for all y, z ∈ B(x, rx) too. Therefore,

(1 + ϵ)−1d(y, z) ≤ ρh(y, z) ≤ (1 + ϵ)d(y, z)

for all y, z ∈ B(x, rx). This particularly implies that both ρh and d are metric
metrise the original topology on X−Z.

Next, we show that ρh = d. Let γ : [0, 1] → X be a geodesic such that
γ([0, 1)) ∩ Z = ∅. Then there is a partition 0 = t0 < t1 < . . . of [0, 1) such that
the image of γ on [ti, ti+1] is a subset of some B(x, rx). It follows that

ρh(γ(0), γ(1)) ≤
∑

i

ρh(γ(ti), γ(ti+1))

≤ (1 + ϵ)
∑

i

d(γ(ti), γ(ti+1))

= (1 + ϵ)d(γ(0), γ(1))

Since Z is discrete, this inequality can be extended to all geodesic γ. Letting
ϵ → 0 yields ρh ≤ d.

For the converse inequality, denote dx = d(x, ·) where x ∈ X. For each
y ∈ X−Z and z ∈ B(y, ry)

lim sup
w →z

|dx(z)− dx(w)|
ρ(z, w)

≤ lim sup
w→z

|d(z, w)|
ρ(z, w)

≤ lim sup
w→z

(1 + ϵ)ρ(z, w)

Myρ(z, w)

≤ 1 + ϵ

My

This implies the Lipchitz constant of dx is at most 1+ϵ
My

on B(y, ry). By strong

locality, Γ(dx, dx)(z) ≤ (1+ϵ)2

M2
y

≤ (1 + ϵ)2h2(z) a.e. z ∈ B(y, ry). Therefore,

Γh((1 + ϵ)−1dx, (1 + ϵ)−1dx) ≤ 1 a.e.

By definition of ρh, ρh(x, y) ≥ (1 + ϵ)−1dx(y). Let ϵ → 0 yields ρh ≥ d.
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It is worth mention that the above representation of ρh only depends on h
and ρ with out explicitly involves (E,D(E)). Thus, it is possible to directly
defined (ρh)

1/h via this formula.

Corollary 4.4. For any upper semi-continuous function h : X → [0,∞] satis-
fying (LI) and having discrete singularity,, ρ = (ρh)

1/h on X−Z, i.e.,

ρ(x, y) = inf

{∫ 1

0

1

h(γ(t))
|γ|′h(t)dt : γ is a path connecting x = γ(0), y = γ(1)

}

for all x, y ∈ X−Z.

Lemma 4.5. For any upper semi-continuous function h : X → [0,∞] satisfying
(LI) and having discrete singularity, the set Z is discrete with respected to ρh.
Moreover,

bZ
df
= min

z∈Z
ρh(z, Z − {z}) > 0.

Proof. Let γ : [0, 1] → X be a path connecting two different points in Z. Since
ϵh < 1

2ah, there is t ∈ (0, 1) such that ρ(γ(t), Z) ≥ ϵh. Then
∫ 1

0

h(γ(t)|γ|′(t))dt ≥
∫

{t : ρ(γ(t),S)≥ϵh}
h(γ(t)|γ|′(t))dt ≥ h(ah − 2ϵh).

Thus, bZ ≥ h(ah − 2ϵh) > 0.

Lemma 4.6. For any upper semi-continuous function h : X → [0,∞] satisfying
(LI), and having discrete singularity, its intrinsic metric ρh is a complete metric
on X. Particularly, ρh metrises the original topology on X.

Proof. Let (xk) be a Cauchy sequence in (X, ρh). Denote d = lim infk→∞ ρh(xk, Z).
Case I: d > 0.
Since (xk) is Cauchy, there is a l such that ρh(xl, Z) > 1

2d and ρh(xm, xn) ≤
1
4d for all m,n ≥ l. It follows that ρh(xm, Z) > 1

4d for all m ≥ l. Since

Bh(xl,
1
2d)∩Z = ∅,m df

= infx∈Bh(xl,
1
4d)

h(x) > 0. Now, ρ(xn, xm) ≤ 1
mρh(xm, xn)

for all m,n ≥ l implies (xl) is Cauchy under ρ. Thus, (xk) must converge to a
point x ∈ X−Z under ρ. Since ρh and ρ metrises the same topology on X−Z,
(xk) converge to x under ρh also.

Case II: d = 0.
This means we can construct, recursively, a subsequence (yk) of (xk) such

that ρh(y1, Z) ≤ 1
8bZ and ρh(yk+1, Z) ≤ 1

2ρh(yk, Z) for all k. Since (yk) is
Cauchy, there is a k such that ρh(ym, yn) ≤ 1

8bZ for all m,n ≥ k. Let z ∈
Z be such that ρh(z, yk) = ρh(yk, Z). Then ρh(ym, z) ≤ 1

4bZ which implies
ρh(z, ym) = ρh(ym, Z) for all m ≥ k too. Clearly, (yk) converge to z which
implies (xk) converges as well.

Combining all the above results and we have the following.

Proposition 4.7. For any h : X → [0,∞] satisfies (LI), and having dis-
crete singularity, (Eh,D(Eh)) defined a strongly local regular Dirichlet form on
L2(X, ν). Moreover, its intrinsic metric ρh is complete and metrises the original
topology of X.
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5 Characterization of functions with polynomial
growth on some normal directions

Henceforth, we write f(x) ≲ g(x), or f ≲ g for short, if there is a constant c
independent of x in the common domain of f and g such that f(x) ≤ cg(x),
and write f(x) ∼ g(x), or f ∼ g for short, if f(x) ≲ g(x) and g(x) ≲ f(x).

To simplify the arguments in the rest of this work, we will consider the
implication of assuming functions to have polynomial growth in some normal
direction.

Proposition 5.1. Assume that h : X → [0,∞] has (α, β)-polynomial growth
function in the Z-normal direction. Then there is c = c(β, ch) > 0 such that for
any ϵ ∈ (0, 1/2],

sup
B(x,ϵρ(x,Z))

h ≤ c inf
B(x,ϵρ(x,Z))

h

for all x ∈ X.

Proof. Let y ∈ B(x, ϵρ(x,Z)). Then ρ(y, Z) ≤ ρ(y, x)+ρ(x, Z) ≤ (1+ ϵ)ρ(x,Z)
and ρ(y, Z) ≥ ρ(x,Z)− ρ(x, y) ≥ (1− ϵ)ρ(x,Z). Thus,

c−1
h

(

1− ϵ

1 + ϵ

)β

≤ h(y1)

h(y2)

for all y1, y2 ∈ B(x, ϵρ(x, Z)). Therefore, we may choose c = ch max0<ϵ≤1/2

(

1+ϵ
1−ϵ

)β

=

ch3
β .

Proposition 5.2. Assume that h : X → [0,∞] has (α, β)-polynomial growth
function in the Z-normal direction. Then there is a function ah : [0,∞) →
[0,∞] having (α, β)-polynomial growth function in the {0}-normal direction and
ah(ρ(x,Z)) ∼ h(x).

Proof. Define a(r) = ah(r) = supr≤ρ(x,Z)≤2r h(x). Obviously, a(ρ(·, Z)) ≥ h.
Then use the fact that supr≤ρ(x,Z)≤2r h(x) ≤ 2αch infr≤ρ(x,Z)≤2r h(x) to con-
clude that a(ρ(x, Z)) ≤ 2αchh(x) for all x ∈ X.

For any s, t > 0,

a(s)

a(t)
=

sups≤ρ(x,Z)≤2s h(x)

supt≤ρ(x,Z)≤2t h(x)

≤ ch

(

2s

t

)α

≤ (2αch)
(s

t

)α

.

Similarly, a(s)
a(t) ≥ (2βch)

−1
(

s
t

)β ≥ (2αch)
−1
(

s
t

)β
.

Last, a is not the zero function, otherwise, h would be too. Similarly, a is
not infinite everywhere.
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The combination of the above two propositions particularly implies that

sup
r≤s≤3r

ah(s) ≤ ca inf
r≤s≤3r

ah(s), ∀r > 0

for some fixed constant ca > 0.
The function ah in the above theorem allow us to simplify many arguments

and conditions. For example, the condition (Rh) is equivalent to the following
condition.

(Ra) There is a constant Ca > 0 such that
∫ r

0
ah(t)dt ≤ Caah(r)r for all r ≥ 0.

The proof of this fact will be relying on the following fact.

Lemma 5.3. Assume that h : X → [0,∞] has (α, β)-polynomial growth function

in the Z-normal direction. Then ρh(·, Z) ∼
∫ ρ(·,Z)

0
ah(t)dt.

Proof. For each pair of x ∈ X and z ∈ Z such that ρ(x, z) = ρ(x,Z), let γ be a
normalized geodesic connecting x and z. Then

ρh(x,Z) ≤ ρh(x, z)

≤
∫ 1

0

h(γ(t))|γ|′(t)dt

= ρ(x, z)

∫ 1

0

h(γ(t))dt

≲ ρ(x,Z)

∫ 1

0

ah(ρ(γ(t), Z))dt

= ρ(x,Z)

∫ 1

0

ah(tρ(x,Z))dt

=

∫ ρ(x,Z)

0

ah(t)dt

Next, let γ be instead a ρh-geodesic connecting x and z for which ρh(x, z) =
ρh(x,Z). It follows that ρh(γ(t), z) = ρh(γ(t), Z) for all t as well. Set t0 = 0 and
choose recursively tk+1 to be the first t > tk such that ρ(γ(t), Z) ≥ ρ(γ(tk), Z)/2.

12



Now

ρh(x,Z) =
∞
∑

k=0

∫ tk

tk+1

h(γ(t))|γ|′(t)dt

≳

∞
∑

k=0

h(γ(tk))

∫ tk

tk+1

|γ|′(t)dt

≥
∞
∑

k=0

h(γ(tk))ρ(γ(tk), γ(tk+1))

≳

∞
∑

k=0

ah(ρ(γ(tk), Z))|ρ(γ(tk), Z)− ρ(γ(tk+1, Z))|

∼
∞
∑

k=0

ah(ρ(γ(tk), Z))

∫ ρ(γ(tk),Z)

ρ(γ(tk+1),Z)

dt

∼
∞
∑

k=0

∫ ρ(γ(tk),Z)

ρ(γ(tk+1),Z)

ah(t)dt

=

∫ ρ(x,Z)

0

ah(t)dt

Therefore, ρh(·, Z) ∼
∫ ρ(·,Z)

0
ah(t)dt.

Proposition 5.4. The condition (Rh) is equivalent to the condition (Ra).

Proof. This follows from the fact that ρh(·, Z) ∼
∫ ρ(·,Z)

0
ah(t)dt and h ∼ ah(ρ(·, Z)).

Lemma 5.5. Assume that h : X → [0,∞] has (α, β)-polynomial growth function
in the Z-normal direction. Then there is c1 = c1(ch, β, δZ , Cρ) > 0 and c2 =
c2(ch, β, δZ , Cρ) > 0 such that

ρh(x,Z) ≥ max (c1h(x)ρ(x,Z), c2ah(ρ(x, Z))ρ(x,Z))

for all x ∈ X.

Proof. Let γ be a ρh-geodesic connecting x and z ∈ Z. Then

ρh(x, z) ≥
∫

{γ∈B(x,ρ(x,Z)/2)}
h(γ(t))|γ|′(t)dt

≥ c−1
h 3−βh(x)

∫

{γ∈B(x,ρ(x,Z)/2)}
|γ|′(t)dt

≥ 1

2
c−1
h 3−βh(x)ρ(x,Z)

The rest follows from Proposition 5.2.
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Lemma 5.6. Assume that h : X → [0,∞] has (α, β)-polynomial growth function
in the Z-normal direction and (Rh) holds. There is c = c(δZ , Ch, ch, β) ≥ 1 such
that for any ϵ ∈ (0, 1/2],

Bh(x, ϵc
−1ρh(x,Z)) ⊆ B(x, ϵρ(x,Z)) ⊆ Bh(x, ϵcρh(x,Z))

for all x ∈ X.

Proof. Assume that y ∈ B(x, ϵρ(x,Z)) and γ is a ρ-geodesic connecting x and
y. Then

ρh(x, y) ≤
∫ 1

0

h(γ(t))|γ|′(t)dt

≤ ch3
βh(x)

∫ 1

0

|γ|′(t)dt

≤ ch3
βh(x)ρ(x, y)

≤ ϵch3
βh(x)ρ(x,Z)

≤ ϵChch3
βρh(x,Z).

Next, assume that y /∈ B(x, ϵρ(x, Z)) and γ is a ρh-geodesic connecting x
and y. Then

ρh(x, y) =

∫ 1

0

h(γ(t))|γ|′(t)dt

≥ c−1
h 3−βh(x)

∫

{γ∈B(x,ϵρ(x,Z))}
|γ|′(t)dt

≥ ϵc−1
h 3−βh(x)ρ(x, Z)

≥ ϵC−1
h c−1

h 3−βρh(x,Z).

This completes the proof.

6 Proof of the Main Theorem

First, we verify the neccessity of (Rh) and (Ra).

Lemma 6.1. Let ν be a doulbing measure on a geodesic space (X, ρ). If ν is
also doubling under ρh where h has (α, β)-polynomial growth in the Z-normal
direction, then (Ra) holds.

Proof. Since 0 < ah(t) < ∞ for all t ̸= 0, r 7→
∫ r

0
ah(t)dt is strictly increas-

ing and hence there is an bijection A : [0,
∫∞
0

ah(t)dt) → [0,∞) for which
∫ A(r)

0
ah(t)dt = r for all r ≥ 0. Clearly, A is also increasing.
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Let c ≥ 1 be a constant for which c−1
∫ ρ(·,Z)

0
ah(t)dt ≤ ρh(·, Z) ≤ c

∫ ρ(·,Z)

0
ah(t)dt.

Then A(c−1ρh(·, Z)) ≤ ρ(·, Z) ≤ A(cρh(·, Z)).
Let z ∈ Z, r > 0, and x ∈ S(z,A(r)). Then ρh(x, z) ≤ c′r.(This has to

be proved) Since ν is doubling under ρh, ν(Bh(z, r)) ∼ ν(Bh(x, r)). Using the
fact that ν is doubling under both ρh and ρ together with Lemma 5.6 yields
ν(Bh(z, r)) ∼ ν(B(x,A(r))) ∼ ν(B(z,A(r))). The doubling property of ν under
ρh then implies A(2r) ≤ c1A(r) for some fixed constant c1 > 0 independent of
r and z. Thus,

2r =

∫ A(2r)

0

ah(t)dt

2

∫ A(r)

0

ah(t)dt ≤
∫ c1A(r)

0

ah(t)dt

∫ A(r)

0

ah(t)dt ≤
∫ c1A(r)

A(r)

ah(t)dt

≲ ah(A(r))A(r)

Since A is surjective, (Ra) follows.

Lemma 6.2. Assume that Z is accessible. The there exist constants c1, c2 > 0
such that

ρh(x, z) ≤ c1

∫ c2r

0

ah(t)dt

for all x ∈ S(z, r) where z ∈ Z and r > 0.

Proof. Fix ϵ < 1
10 . By Lemma 4.7 in [9], there is a sequence of balls Bi =

B(xi, ri) such that ri = ϵρ(xi, Z), x ∈ B(x0, 3r0), B(xi, 3ri) ∩B(xi+1, 3ri+1) ̸=
∅, and supk #

{

i : 1
c1
ϵkρ(x, z) ≤ ri ≤ c1ϵ

kρ(x, z)
}

≤ N for some fixed constants

c1, N ≥ 1 > ϵ > 0 independent of x, z, and r. Using these balls, it is possible
to construct a path γ connecting x and z such that there are t0 < t1 < t2 < . . .
for which

(i) γ(ti) ∈ B(xi, 3ri) ∩B(xi+1, 3ri+1), and

(ii) γ|[ti,ti+1] is a geodesic connecting γ(ti) and γ(ti+1)

for all i = 0, 1, 2, . . .. Set t−1 = 0 and Nk =
{

i : 1
c1
ϵkρ(x, z) ≤ ri ≤ c1ϵ

kρ(x, z)
}

.

For t ∈ [ti, ti+1] where i+ 1 ∈ Nk, γ(t) ∈ B(xi+1, ri+1) and hence

ρ(γ(t), Z) ≤ 3ri+1 + ρ(xi+1, Z)

= (3 + ϵ−1)ri+1

≤ (3ϵ+ 1)c1ϵ
k−1ρ(x, z),
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and similarly, ρ(γ(t), Z) ≥ (1−3ϵ)c1ϵ
k−1ρ(x, z). Therefore, ρ(γ(t), Z) ∼ ϵk−1ρ(x, z)

whenever t ∈ [ti, ti+1] and i+ 1 ∈ Nk. It follows that

ρh(x, z) ≤
∫

h(γ(t))|γ|′(t)dt

=
∞
∑

k=0

∑

i∈Nk

∫ ti

ti−1

h(γ(t))|γ|′(t)dt

∼
∞
∑

k=0

∑

i∈Nk

ah(ϵ
k−1ρ(x, z))

∫ ti

ti−1

|γ|′(t)dt

∼
∞
∑

k=0

∑

i∈Nk

ah(ϵ
k−1ρ(x, z))ρ(γ(ti−1), γ(ti))

≤
∞
∑

k=0

∑

i∈Nk

3c1ah(ϵ
k−1ρ(x, z))ϵkρ(x, z)

≤ 3c1Nϵ

1− ϵ

∞
∑

k=0

ah(ϵ
k−1ρ(x, z))ϵk−1(1− ϵ)ρ(x, z)

∼
∞
∑

k=0

∫ ϵk−1ρ(x,z)

ϵkρ(x,z)

ah(t)dt

=

∫ ϵ−1ρ(x,z)

0

ah(t)dt

≤
∫ ϵ−1r

0

ah(t)dt

Theorem 6.3. Let ν be a doulbing measure on a geodesic space (X, ρ) and
Z be an accessible subset of X. If ν is also doubling under ρh where h has
(α, β)-polynomial growth in the Z-normal direction, then (Rh) holds.

Proof. Let x ∈ S(z, r) where z ∈ Z. By Lemma 6.2, there is a constantsc > 0
such that ρh(x, z) ≤

∫ cr

0
ah(t)dt. By Lemma 6.1,

∫ cr

0
ah(t)dt ≲ ah(cr)r ∼

ah(r)r ∼ ah(ρ(x,Z))ρ(x,Z) ∼ h(x)ρ(x,Z). Therefore, ρh(x, z) ≲ h(x)ρ(x,Z).

Lemma 6.4. Let Z be an accessible subset of a geodesic space (X, ρ). Assume
that the function h has (α, β)-polynomial growth in the Z-normal direction and
that (Rh) holds. If Z is accessible under ρ, then it is also accessible under ρh.

Proof. First, we show that Z satisfies the skew condition under ρh. Fix z ∈ Z
and r > 0. By assumption, there is x ∈ X such that Λρ(x, z) ≤ ρ(x,Z) and
Λr ≤ ρ(x,Z) ≤ r. Since (Rh) holds, ρh(x,Z) ∼ ah(r)r ∼

∫ r

0
ah(t). By Lemma

6.2, ρh(x, z) ≲
∫ r

0
ah(t)dt. Therefore,

∫ r

0
ah(t)dt ∼ ρh(x, z) ∼ ρh(x,Z) which

implies the Λ′-skew condition for some constant Λ′ ∈ (0, 1).
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Next, let γ be a path connecting γ(1) ∈ Z and γ(0) ∈ CΛ(z, r) lying in
Cλ(z, cλr). This means λρ(γ(t), z) ≤ ρ(γ(t), Z) for all t. Using the same rea-
soning as in the previous paragraph, there must exists a constant 0 < λ′ < Λ′

such that λ′ρh(γ(t), z) ≤ ρh(γ(t), Z) for all t. Therefore, Z satisfies the (λ′,Λ′)-
accessible condition.

Lemma 6.5. Let Z be an (λ,Λ)-accessible subset of a geodesic space (X, ρ).
Then there exists a constant κ ≥ 1 such that

Cλ(z1, κr) ∩ Cλ(z2, κr) ̸= ∅

whenever ρ(z1, z2) ≤ r.

Proof. Consider x ∈ SΛ(z1, κr). Then

ρ(x, z2) ≥ ρ(x, z1)− ρ(z1, z2)

≥ Λκr − r

= (Λκ− 1)r.

If we choose κ = (Λ − λ)−1, then ρ(x, z2) ≥ λκr which directly implies x ∈
Cλ(z2, r). Particularly, Cλ(z1, κr) ∩ Cλ(z2, κr) ̸= ∅.

Lemma 6.6. Let Z be an accessible subset of a geodesic space (X, ρ). Assume
that the function h has (α, β)-polynomial growth in the Z-normal direction and
that (Rh) holds. Then there is a constant cρ > 0 such that

B(z, c−1
ρ r) ⊆ Bh(z,

∫ r

0

ah(t)dt) ⊆ B(z, cρr)

for all z ∈ Z and r > 0.

Proof. Let x ∈ Bh(z, s) where s =
∫ r

0
ah(t)dt and choose z′ ∈ Z such that

ρh(x, z
′) = ρh(x,Z). Then ρh(z, z

′) ≤ 2s. By the previous lemma, there is
y ∈ X such that λ(Λ − λ)−1s ≤ ρh(y, Z) ≤ ρh(y, z) ≤ (Λ − λ)−1s and λ(Λ −
λ)−1s ≤ ρh(y, Z) ≤ ρh(y, z

′) ≤ (Λ − λ)−1s. Therefore, ρ(y, z) ∼ r ∼ ρ(y, z′).
Similarly, ρ(x, z′) ≲ r. Therefore, ρ(x, z) ≲ r.

The proof for the first subset relation can be done similarly.

Theorem 6.7. Let ν be a doubling measure on a geodesic space (X, ρ) and Z
be an accessible subset of X. Assume that the function h has (α, β)-polynomial
growth in the Z-normal direction. If (Rh) holds, then ν is also doubling under
ρh.

Proof. First, we show that ν is doubling on Z-remote balls with respect to
the distance ρh. Let c = c(δZ , Ch, ch, β) be the constant in Lemma 5.6. Fix
x ∈ X−Z and r < 1

4c
−1ρh(x, Z). Choose ϵ ∈ (0, 1

2 ) such that 2r = ϵc−1ρh(x,Z).
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Then

ν(Bh(x, 2r)) = ν(Bh(x, ϵc
−1ρh(x,Z)))

≤ ν(B(x, ϵρ(x,Z)))

≤ C
2 log2 c+2
D ν(B(x,

ϵc−2

2
ρ(x,Z)))

≤ C
2 log2 c+2
D ν(Bh(x,

ϵc−1

2
ρ(x, Z)))

≤ C
2 log2 c+2
D ν(Bh(x, r))

This shows that ν is doubling on Z-remote balls with constant C
2 log2 c+2
D .

Next, we show that ν satisfies the volume comparison condition with respect
to the distance ρh. Let z ∈ Z and x ∈ X be such that ρh(x, z) ≥ Λρh(x,Z).

Set s =
∫ r

0
ah(t)dt = ρh(x,Z). Then Bh(z, s) ⊆ B(z, cρr) and B(x, ρ(x,Z)

64c ) ⊆
Bh(x, s/64). Since r ∼ ρ(x,Z), we have

ν(Bh(z, s)) ≤ ν(B(z, cρr))

≲ ν(B(z,
r

64c
))

∼ ν(B(z,
ρ(x,Z)

64c
))

≤ ν(Bh(x,
s

64
))

Therefore, ν satisfies the volume comparison condition with respect to the dis-
tance ρh.

Last, combining what we have proved with the fact that Z satisfies the skew
condition to conclude that ν is doubling for all balls.

Proof of Theorem 3.1

First, we show that (Eh,D(Eh)) satisfies the Poincaré inequality for Z-remote
balls under ρh. Let x ∈ X and r = ϵc−1ρh(x,Z) where ϵ ∈ (0, 1/4). Then

inf
ξ∈R

∫

Bh(x,r)

(u− ξ)2dν ≤ inf
ξ∈R

∫

B(x,ϵρ(x,Z))

(u− ξ)2dν

≲ (ϵρ(x,Z))2
∫

B(x,ϵρ(x,Z))

Γ(u, u)dν

≲ (ϵρ(x,Z))2h2(x)

∫

B(x,ϵρ(x,Z))

h−2Γ(u, u)dν

≲ (ϵρh(x,Z))2
∫

Bh(x,ϵcρh(x,Z))

h−2Γ(u, u)dν

≲ r2
∫

Bh(x,ϵcρh(x,Z))

h−2Γ(u, u)dν
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Last, we proof the inequality (1). Let x, y ∈ S(z, r) and u ∈ D(Eh). Let s
be such that

∫ s

0
ah(t)dt = r.

 

Bh(x,δr)

 

Bh(y,δr)

(u(v)− u(w))2dν(v)dν(w) ≲

 

B(x,δs)

 

B(y,δs)

(u(v)− u(w))2dν(v)dν(w)

≲ s2
 

B(z,s)

Γ(u, u)dν

≲ s2a2h(s)

 

B(z,s)

h−2Γ(u, u)dν

≲ r2
 

Bh(z,r)

h−2Γ(u, u)dν
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