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One challenge of current robotic systems is the ability to work within the unstructured 
environment.  To fulfill this requirement, intrinsically the robot must be controlled to perform 
tasks with the appropriate impedance behavior.  This work concerns with the task space 
impedance control of a nonlinear flexible joint robot system.  The proposed controller uses 
limited information of the angle and the current of the motors to regulate the end point 
compliance at the specified set point.  In particular, the controller infers the transmitted 
torque to the robot from the cascaded flexible joint model and the motor current.  This torque 
is then fed back to mitigate the effect of the motor inertia from deteriorating the desired 
impedance.  Motor angles are employed to estimate the stationary robot link angles in real 
time.  They are then used to constitute the gravity force, aiming at cancelling the robot 
gravity force, and the force developed according to the robot desired impedance 
characteristics.  Asymptotic stability of this controller with the nonlinear flexible joint robot 
is guaranteed with additional damping.  Simulation and experiments of the proposed control 
scheme on a two degrees-of-freedom cable-pulley driven flexible joint robot model are 
examined. 
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ความทาทายประการหน่ึงสาํหรับระบบหุนยนตในปจจุบันไดแกการท่ีหุนยนตสามารถในการทํางานในสภาพแวดลอม

ท่ีมิไดมีการตระเตรียมไวลวงหนา  เพ่ือใหการทํางานลุลวงไปไดดวยดี คาอิมพีแดนซของหุนยนตจะตองไดรับการควบคุมอยาง

เหมาะสม  โครงการวิจัยน้ีจึงไดทําการศึกษาการควบคมุอิมพีแดนซในปริภูมิการทํางานของระบบหุนยนตท่ีขอตอมีความ

ยืดหยุนแบบไมเชิงเสน  ตัวควบคมุท่ีนําเสนอใชขอมูลปอนกลบัท่ีจํากัดไดแก มมุและกระแสของมอเตอรขับในการควบคุมคา

อิมพีแดนซ ณ จุดทํางาน  ทอรกท่ีสงใหกับหุนยนตสามารถคํานวณไดจากกระแสของมอเตอรและแบบจําลองของหุนยนตท่ี

คํานึงถึงความยืดหยุน  คาท่ีคํานวณไดจะนํามาใชในการลดความเฉ่ือยของมอเตอรขับท่ีรบกวนการควบคุมอิมพีแดนซใหได

คาท่ีเหมาะสม  สวนมุมของมอเตอรน้ันจะถูกใชเพ่ือประมาณคาของมุมและความเร็วของขอตอหุนยนต ซึ่งจะนําไปใชในการ

ชดเชยคาแรงโนมถวงและปรับคาอิมพีแดนซของหุนยนตใหเปนไปดงัตองการ  ความหนวงเพ่ิมเตมิในระบบชวยกํากับ

เสถียรภาพแบบเชิงเสนกํากับของระบบควบคมุ  ตัวควบคุมท่ีพัฒนาข้ึนไดรับการยืนยันดวยการจําลองและการทดลองการ

ทํางานจริงของตัวควบคุมกับหุนยนตท่ีมีจํานวนองศาเสรีเทากับสอง ซึ่งขอตอมีความยืดหยุนและขับเคลื่อนผานระบบสงกําลัง

ดวยรอกและเคเบิล 

 

คําหลกั  ระบบหุนยนตท่ีขอตอมีความยืดหยุน การควบคุมอิมพีแดนซในปริภูมิการทํางาน การประมาณคาทอรกท่ีสงผาน การ

ประมาณคามุมของขอตอหุนยนต 
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Executive Summary 

 
This work develops a task space impedance control of the manipulator driven through 

the multi-stage flexible transmission unit.  The controller regulates the stiffness and damping 
of the end effector at the specified position based on the available feedback signal of the 
motor angle and current.  Motor angle is used to compute the estimation of the robot link 
angle and joint velocity based on the stationary elastic model.  These values are employed in 
the traditional impedance control law.  Optionally, the motor current might be used to 
determine the transmitted torque, which helps reducing the motor inertia.  It can be shown 
that the controller effectively shapes the system potential energy to the one of the desired task 
space compliance. 

A two degrees-of-freedom cable-pulley driven flexible joint robot as the embodiment 
of the manipulator driven through the multiple stages flexible transmission unit is regulated 
with the proposed controller.  Detailed model of the robot is derived for the purpose of 
system simulation.  From the experiments, the controlled system yields satisfactory results of 
displaying the desired impedance during general task execution.  Therefore this practical 
controller will be helpful in accomplishing real-world manipulation of the flexible robot 
system. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



1 INTRODUCTION 11. Introdu
tionCurrent roboti
 systems are extending their 
apability to work in more unstru
tured and 
omplexenvironment. For example, a laparos
opi
 surgi
al roboti
 system su
h as [1℄ typi
ally works insidehuman abdomen whi
h is pa
ked with vital organs where their pre
ise lo
ation and geometry arenot known. Motion of the for
eps is 
ontrolled and supervised by the skillful surgeon. Nevertheless,erroneous motion is possible for whi
h the surrounding organs may be injured. Had the for
eps beequipped with proper 
omplian
e, severity of the wound 
an be mitigated. As another example, aservi
e robot system su
h as [2℄ among the others is able to perform general daily tasks e.g. servinga bottle of beer or frying a pan
ake. Again, the robot has limited and impre
ise information aboutthe environment it is intera
ting with. To su

essfully implement su
h tasks, the robot must possessappropriate 
omplian
e 
hara
teristi
s.In the past, many e�orts have been 
arried out in shaping the robot 
omplian
e to the desiredvalues. General impedan
e 
ontrol s
heme was proposed by [3℄ and is widely applied. Commonly, the
ontrol laws are devised to a
hieve the desired impedan
e behavior espe
ially for the rigid robots [4℄.Later, the 
ontrollers have been modi�ed to 
ope with �exible robots where their elasti
 behavior istypi
ally viewed as undesirable dynami
s that 
ompli
ates the 
ontrol problem.Only few works attempted on 
ontrolling the impedan
e of the �exible joint robots 
ompared tothe regulation and tra
king 
ontrol. A

ording to the simpli�ed model of the �exible joint robot [5℄,
omplian
e 
ontrol with online gravity 
ompensation based on the measurable motor angles and theirderivatives, and the desired robot link angles is applied to a 
able-a
tuated robot [6℄. The proposed
ontrol law resembles the PD regulation 
ontrol with 
onstant gravity 
ompensation [7℄. Improvementof the response may be a
hieved by feeding ba
k additional (non-
ollo
ated) signals, e.g. link angles orjoint torques. Applying the singular perturbation analysis to the �exible robot model, the simpli�edtra
king impedan
e 
ontroller using the measured joint torques and their derivatives, the robot linkangles and their derivatives, and the desired end e�e
tor traje
tory is implemented on the DLR-IIarm [8℄. Passivity approa
h has also been used in designing the highly robust and stable impedan
e
ontroller with the feedba
k signals of the joint torques and thier derivatives as well as the motor anglesand their derivatives for the desired robot end e�e
tor posture [9℄. Sophisti
ated adaptive impedan
e
ontroller based on the fun
tion approximation te
hnique (FAT) where the motor dynami
s is alsotaken into a

ount is proposed [10℄. Note that this 
ontroller requires the measurement of the robotlink angles and their derivatives, the joint torques, the motor 
urrents, and the external for
e, whi
his presumed to a
t pre
isely at the robot end e�e
tor.However, novel manipulators treat their inherent �exibility as a boon, parti
ularly to the tasksinvolving un
ertainties and sho
k loads as frequently en
ountered in general servi
e operation, forwhi
h intera
tion to the environment are inevitable. Physi
al spring is intentionally introdu
ed [11℄as the interfa
e between the a
tuator and the equipped joint of the legged robot, for the main purpose



2 MODELING OF THE NONLINEAR FLEXIBLE-JOINT ROBOT 2of temporarily storing and restoring the impa
t energy from walking and running. An important
onsequen
e is the lower e�e
tive impedan
e. [12℄ proposed the mi
ro-ma
ro a
tuation s
heme fordriving the robot. Basi
ally, ea
h joint is driven by two parallel motors. A small motor is installedat the joint as usual, but the large one is 
leverly relo
ated to the base for whi
h its a
tuationis transmitted to the joint via the elasti
 
oupling and the 
able drivetrain. With this a
tuationapproa
h, the safety and the performan
e of the robot may be attained simultaneously. In re
entwork, physi
ally 
ontrollable 
omplian
e elements su
h as the varible sti�ness a
tuator [13℄, wherea redundant a
tutator is employed to adjust the e�e
tive sti�ness of the a
tuator through someme
hanisms, are designed and applied to the robots. The DLR hand-arm manipulator [14℄ uses theseadvan
ed a
tuators and the embedded joint torque sensors, making it 
apable of adjusting the sti�nessin a passive manner and rea
ting to the 
ollision for
e safely.This paper develops the task spa
e impedan
e 
ontrol of a nonlinear �exible joint robot systemwhereby only the motor angle and 
urrent measurement are available. In se
tion 2, model of thenonlinear �exible joint robot, in
luding the transmission and motor dynami
s is derived. Based onthis model and limited amount of feedba
k information, task spa
e impedan
e 
ontrol is developedin se
tion 3 to a

omplish the desired vis
oelasti
 behavior at the spe
i�ed set point. A prototypi
altwo degrees-of-freedom (DOF) 
able-pulley driven �exible joint robot with the proposed 
ontrol lawis simulated in se
tion 4. The results are dis
ussed. Se
tion 5 
on
ludes the study.2. Modeling of the Nonlinear Flexible-Joint RobotIn the following, a simpli�ed model of the nonlinear �exible joint robot system, in whi
h thetransmission and motor dynami
s are in
luded, is derived. First of all, the following assumptions aremade.Assumption 2.1 Rotors of the motors and of the transmitting elements, e.g. gears or pulleys, aregeometri
ally symmetri
 about their rotating axes. This assumption makes the inertia matrixof the rotor represented in its body-�xed frame having the z-axis 
oin
ident with the rotor axisbe a diagonal matrix of the form I = diag(a, a, b).Assumption 2.2 Relative rotational motion of the rotor with respe
t to its stator dominates itsrotational kineti
 energy. This implies the rotational kineti
 energy of the rotor may be deter-mined simply by T = 1
2Irrω

2, where ω is the relative angular velo
ity of the rotor with respe
tto the stator and Irr is the rotor inertia about its rotational axis r-r.Assumption 2.3 Elasti
ity in the system is distributed in the transmission subsystem and 
on
en-trated at the joints 
onne
ting the a
tuator/transmission subsystem to the rigid link robot.Assumption 2.4 The redu
er in the transmission yields a 
onstant, non-modulated, transmissionratio matrix. This assumption, whi
h holds for majority of the robot drivetrains, simpli�es the



2 MODELING OF THE NONLINEAR FLEXIBLE-JOINT ROBOT 3drivetrain model development.2.1. Rigid Robot ModelAssumption 2.3 implies the stru
tural isolation between the robot and the a
tuator/transmissionsubsystems by the joint sti�ness. Therefore, system modeling 
an be 
ompleted through (almost)separate analysis of these subsystems. Lagrangian formulation is the 
ommon method used in derivingthe equations of motion of the robot be
ause it yields dire
tly the model in a 
ompa
t matrix-ve
torform suitable for the 
ontroller design. The resulting joint spa
e model is well studied, e.g. in [15℄,and hen
e will just be mentioned here;
M (q) q̈ + C (q, q̇) q̇ + g (q) = τ dr + τ ext. (1)With assumption 2.2, the translational and rotational kineti
 energy of the rotor are de
oupled.In other words, the former depends on the robot link angle q and link velo
ity q̇ while the latterdepends solely on the rotor velo
ity θ̇. Hen
e, for 
onvenien
e, the translational kineti
 energy of therotors may be in
orporated into the rigid robot dynami
s Eq. 1.As a 
onsequen
e the joint inertia matrix M (q) is determined by

M (q) = M l (q) + M vr (q)

=

n
∑

i=1

Jb
l,i (q)

T Ml,iJ
b
l,i (q) +

m
∑

j=1

mr,jJ
b
vr,j (q)

T
Jb

vr,j (q) . (2)For the n-link robot, Ml,i is the ith-link inertia matrix
Ml,i =





ml,iI3 0

0 Ib
l,i



 (3)of whi
h its mass is ml,i and its 
onstant inertia matrix about the body-�xed frame lo
ated at the
enter of gravity is Ib
l,i. Jb

l,i (q) is the 
orresponding link Ja
obian matrix expressed in its own frame.For the m-rotors (of the motors or of the drivetrain elements), mr,j is the mass of the jth-rotor and
Jb

vr,j (q) is the translational portion of the rotor Ja
obian matrix represented in its body-�xed framehaving the z-axis 
oin
ident with the rotor axis. In general, m might not be equal to n. Additionally,the number of DOF of the robot N may be di�erent from the number of robot linkages n.
C (q, q̇) is known as the Coriolis/
entrifugal matrix where its elements may be 
al
ulated dire
tlyfrom M (q) a

ording to the following relationship;

cij =

N
∑

k=1

(

1

2

∂mij

∂qk
+

1

2

∂mik

∂qj
− 1

2

∂mjk

∂qi

)

q̇k, (4)in whi
h mij is the (i, j)-element of M (q). The gravity torque ve
tor g (q) is governed by thegravitational potential energy Vg (q);
g (q) =

(

∂Vg (q)

∂q

)T

. (5)
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Figure 1: Multi-dimensional bond graph diagram of the transmission system displaying the inter
onne
tion betweenthe lumped elements and the neighboring stages. Causality assignments 
onform to the 
able-pulley elasti
 model ofEq. 152.
Vg (q) is 
ontributed by the mass of the links and the rotors a

ording to

Vg (q) = −
n
∑

i=1

ml,ig
T pCl,i (q) −

m
∑

j=1

mr,jg
T pCr,j (q) , (6)where g is the gravitational a

eleration ve
tor. pCl,i (q) and pCr,j (q) are the position ve
tor of the
enter of mass of the ith-link and of the jth-rotor, respe
tively. They depend on the robot posture.Finally, the ve
tor τ dr is the a
tual torque applied at the robot joint by the transmission unitand the ve
tor τ ext is the re�e
ted torque at the robot joint 
aused by the external for
e F ext. Theirrelation is due to the duality of the stati
 for
e and velo
ity mapping as

τ ext = J (q)T
F ext, (7)where J (q) is the Ja
obian matrix of the frame atta
hed to the point of appli
ation of the externalfor
e. J (q) and F ext are expressed in the same frame.2.2. Drivetrain ModelThe drivetrain or the transmission system is the me
hanism that transmits the power from theinput power sour
e to the remote system whi
h re
eives the output power. For the roboti
 system,the drivetrain typi
ally 
omprises of several parts as linkages, gears, belts, et
. in delivering thepower. While the power is being transmitted through the me
hanism, the power variables, i.e. thefor
e/torque (e�ort) and the 
ollo
ated velo
ity (�ow) are often being modulated to amplify theoutput torque or to redu
e the output velo
ity. Nonetheless, ideal transmission would preserve thepower �ow at any instant. Unfortunately, the a
tual system deviates from this ideal line due to theunderlying impedan
e properties of the parts and matings. Therefore it is important to 
onsider thesedynami
al e�e
ts to improve the validity of the model for the design of the 
ontrol system.Compli
ated stru
ture of the drivetrain me
hanism may be devised to yield the desired outputmotion. Nevertheless, it 
an in general be divided into multiple stages of the sub-transmission 
on-ne
ting in tandem. Ea
h stage has the sub-me
hanism to transmit the power to the next stage. Thesub-me
hanism itself may be 
onstru
ted from a multitude of ma
hine elements. However they 
an
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Figure 2: Signal �ow diagram illustrating the elasti
 elements network of the jth-stage transmission system a

ordingto Eq. 19 and the subs
ript notations.be modeled using only three elemental behaviors of the inertan
e, the 
omplian
e, and the resistan
e,in 
onjun
tion with the nodes and the transformers. Bond graph te
hnique [16℄ may be useful in themodeling pro
ess.The ideal sub-transmission at ea
h stage 
an be modeled as the transformer (the redu
er) 
on-ne
ting the inport to the outport. To make the model be more realisti
, lumped 
omplian
e andresistan
e elements should be in
luded to 
apture the 
ompliant and dissipative 
hara
teristi
s of theme
hanism, as depi
ted in Fig. 1. At the inport and the outport of ea
h stage, lumped inertan
eelements may be 
onne
ted where the resistan
e may be introdu
ed as well.For the jth-stage, if the 
onstant transmission ratio matrix of the redu
er T j is assumed a

ordingto assumption 2.4, the modulated velo
ity ve
tor θ̇m,j after the redu
er would be
θ̇m,j = T j θ̇j−1, (8)where θ̇j−1 is the p-dimensional outport velo
ity ve
tor of the previous stage. Referring to Figs. 1



2 MODELING OF THE NONLINEAR FLEXIBLE-JOINT ROBOT 6and 2, let the elasti
 potential energy at the lumped ith-elasti
 element in the jth-stage be
Ve,ij (θj−1,θj) =

δ�
0

eij (θm,j − θj) d (θm,j − θj) =

δ�
0

eij (T jθj−1 − θj) d (T jθj−1 − θj) , (9)where eij (T jθj−1 − θj) is the nonlinear elasti
 for
e of the ith-elasti
 element in the jth-stage, whi
hdepends on the generalized 
oordinates θj−1 and θj . Hen
e the total elasti
 potential energy is merelythe sum of the potential energy of every elasti
 elements, i.e.
Ve (q,θ) =

q
∑

j=1

Ve,j =

q
∑

j=1

p
∑

i=1

Ve,ij . (10)Note that the total number of stages of the transmission system is q and the 
on�guration of ea
hstage may be des
ribed by p-generalized 
oordinates θj . In turn, the total number of DOF of thetransmission system is pq, in
luding the generalized 
oordinates at the inport. They are lumped intothe ve
tor θ. It should be mentioned that the outport generalized 
oordinates, θq, are the generalized
oordinates of the robot, q, 
orresponding to the input generalized torque τ dr applied at the robotjoints.The gravitational potential energy of the drivetrain is independent of its own generalized 
oordi-nates θ a
knowledging assumption 2.1. It has already been taken 
are of within the rigid robot modelby Vg (q). On the same assumption, the translational kineti
 energy of the drivetrain due mainly tothe mass of the rotors, 
on
entrated at the generalized velo
ity nodes, is not relevant to θ and θ̇, andit has been a

ounted with the kineti
 energy of the rigid robot. Hen
e only the rotational kineti
energy Tr of the rotors are left and it is quite simple thanks to assumption 2.2;
Tr =

pq
∑

k=1

Tr,k =

pq
∑

k=1

1

2
bkθ̇

2
k, (11)in whi
h bk is the kth-rotor inertia about its rotational axis and θ̇k is its spinning angular velo
ity.The equation implies the total number of the rotors be pq, for the rotors of the motors are 
ountedin as well.Lagrangian method is applied to derive the drivetrain model. Re
all the Lagrangian formulation

d

dt

(

∂L
∂θ̇

)T

−
(

∂L
∂θ

)T

= τ , (12)where the Lagrangian L is the di�eren
e of the kineti
 and the potential energy. Substituting andevaluating the above formulation, equations of motion for the drivetrain subsystem may be obtainedas
Bθ̈ + c

(

θ̇
)

+ e (θ) = τ , (13)where θ =
[

θT
0 θT

1 · · · θT
q−1

]T is the ve
tor of generalized 
oordinates of the drivetrain subsys-tem, 
omposed of the p-generalized 
oordinates at ea
h stage, su

essively arrayed starting from the



2 MODELING OF THE NONLINEAR FLEXIBLE-JOINT ROBOT 7�rst stage (des
ribed by the 
oordinates θ0) to the last qth-stage (des
ribed by the 
oordinates θq−1).
B is the diagonal inertia matrix

B = diag (b11, b21, . . . , bp1, b12, b22, . . . , bp2, . . . , b1q, b2q, . . . , bpq) , (14)
ontaining the rotational inertia of the rotors about their rotational axes asso
iated with the gener-alized 
oordinates. The subs
ript notation adopted here is the same as of the elasti
 for
e depi
tedin Fig. 2 that bij denotes the inertia of the ith-rotor in the jth-stage. Hen
e the �rst p-elements
orrespond to the inertia of the motors. c
(

θ̇
) expresses the major loss at the rotor bearings and isevaluated by the nonlinear ve
tor fun
tion;

c
(

θ̇
)

=
[

c11

(

θ̇10

)

c21

(

θ̇20

)

. . . cp1

(

θ̇p0

)

c12

(

θ̇11

)

c22

(

θ̇21

)

. . .

. . . c1q

(

θ̇1(q−1)

)

c2q

(

θ̇2(q−1)

)

. . . cpq

(

θ̇p(q−1)

)
]T

, (15)where cij (·) is the nonlinear vis
ous for
e developed at the bearing of the ith-rotor in the jth-stage.
e (θ) is the nonlinear ve
tor fun
tion expressing the elasti
 for
es a

ording to the elasti
 potentialenergy in Eq. 10;

e (θ) =

(

∂Ve (q,θ)

∂θ

)T

=

















T T
1 e1 (T 1θ0 − θ1)

−e1 (T 1θ0 − θ1) + T T
2 e2 (T 2θ1 − θ2)...

−eq−1 (T q−1θq−2 − θq−1) + T T
q eq (T qθq−1 − θq)

















, (16)in whi
h the sub-ve
tor of the nonlinear elasti
 for
es a
ting at the jth-rotor is
−ej−1 (T j−1θj−2 − θj−1) + T T

j ej (T jθj−1 − θj), involving the relative displa
ements between itsneighborhoods and the transmission ratios. The nonlinear ve
tor fun
tion ej (·) des
ribes the elasti
for
es of the p-lumped elasti
 elements at the jth-stage.
τ is the generalized torque ve
tor asso
iated with the generalized 
oordinates. Referring to Fig. 1,it 
orresponds to the a
tual torque ve
tor generated by the motors, τm, atta
hed to the �rst stage.Therefore,

τ =
[

τT
m 0

T · · · 0
T
]T

. (17)On the other end of the drivetrain, the a
tual output torques
τ dr = eq (T qθq−1 − θq) , (18)are transmitted to the robot with the generalized velo
ity θ̇q via the network of the elasti
 elementsin the last stage.It should be mentioned that if the elasti
 elements behave linearly, ej (·) may be written expli
itlyby the introdu
tion of the sti�ness matrix Kj , i.e.

ej (T jθj−1 − θj) = Kj (T jθj−1 − θj) . (19)



3 TASK SPACE IMPEDANCE CONTROL 8Also, sin
e the drivetrain subsystem itself, i.e. ex
luding the a
tuators, is passive, the following
onstraint on the elasti
 for
e must hold;
∂eij

∂δkj
=

∂2Ve,j

∂δkj∂δij
=

∂2Ve,j

∂δij∂δkj
=
∂ekj

∂δij
, (20)where δkj is the deformation of the kth-elasti
 element in the jth-stage. For the linear elasti
 elements,this implies the symmetri
 positive de�niteness of Kj .2.3. Motor ModelIn
lusion of the motor ele
tri
al dynami
s in the 
ontroller design 
an in
rease the 
ontrol perfor-man
e at the 
ost of more 
omplex model. For the series-wound DC motor, dynami
al equation ofthe armature 
urrent may be derived readily by applying the Kir
hho�'s voltage law to the 
ir
uit.From the prin
iple, the equation des
ribing the a
tual armature 
urrent dynami
s i of the p-motorsequipped to the transmission inport be
omes

Li̇ + Ri + Kbθ̇0 = u, (21)where L, R, and Kb are the diagonal matrix of lumped indu
tan
es, resistan
es, and the ba
k-emf
onstants of the motors respe
tively. u is the 
ontrol input ve
tor of the motor voltages. A

ordingly,the generated motor torques are governed by the torque 
onstant matrix Kτ ;
τm = Kτ i. (22)If the SI standard unit system is adopted, Kτ (in Nm/A) will have the same numeri
al values as Kb(in Vs). Note that the motor me
hani
al dynami
s has already been treated by in
orporating it intothe drivetrain model.In summary, the simpli�ed model of the nonlinear �exible joint robot system a

ording to thestated assumptions 2.1-2.4 is des
ribed by Eqs. 1, 13, 22, and 21. This re�e
ts the physi
al 
as
aded
onne
tion of the three subsystems; namely the motor, the transmission, and the robot subsystems.The model will be used to develop the task spa
e impedan
e 
ontroller in the next se
tion.3. Task Spa
e Impedan
e ControlAppropriate impedan
e is an intrinsi
 key for the robot to perform the task su

essfully. In thiswork, the desirable impedan
e 
hara
teristi
s will be a

omplished purely via the 
ontroller design.This method has the features of 
heaper system, less developing time, and easier a

ess to modi�
ation.Due to the arti�
ial impedan
e modulation, however, it 
an bring the short
omings of instability andhen
e unsafe system if not properly designed.Several variations of the impedan
e 
ontrollers are proposed depending on the detailed spe
i�
ationof the physi
al systems and the 
ontrol te
hniques used. For our system, the assumed rigid robot
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Figure 3: Overall diagram of the task spa
e impedan
e 
ontroller.is propelled by the motors through the �exible transmission subsystem of whi
h the 
on�gurationsmat
h the developed model in se
tion 2. Unfortunately, the available feedba
k signals are limited tothe motor angles and 
urrents only. This is indeed the most 
ommon 
ase found in pra
ti
e. Torquesensors, measuring the a
tual torque transmitted to the robot, and their ele
troni
s are un
ommon forroboti
 system. End e�e
tor for
e sensor, whi
h may indu
e undesirable dynami
s espe
ially for thelightweight robot, is expensive and found to be useless if the external for
es are applied at unknowndi�erent lo
ations from the sensor: a typi
al situation en
ountered when working in the unstru
turedenvironment. Worse yet, it may 
ause the system to be
ome unstable if the feedba
k signal is notproperly handled. The link angles 
an be measured by installing additional en
oders ex
ept theywill 
ompli
ate the robot design. Moreover, for the robot employing some spe
ial joints, su
h as the
ompound pit
h-roll di�erentials or the spheri
al joint, the link angles may not be measurable withordinary en
oders. Ta
hometer used to monitor the angular velo
ity signal is known to be noisy otherthan making the system be unwieldy.Before presenting the task spa
e impedan
e 
ontroller in details, a brief explanation of the 
ontrols
heme will be given a

ording to Fig. 3. At any instant, the motor angles θ0 and 
urrents i are read.Desired impedan
e behavior is spe
i�ed by the task spa
e 
onstant sti�ness matrix Kd a

ording tothe performed task. Based on this desired sti�ness and the 
al
ulated stationary link angles qs, thesuitable positive de�nite damping matrix Dd will be updated in the manner that the end e�e
toros
illation is suppressed with the desired rate governed by the tunable damping ratio.



3 TASK SPACE IMPEDANCE CONTROL 10Set point of the end e�e
tor xd is spe
i�ed. Now the torque transmitted to the drivetrain unit isestimated that may be used to shape the motors' e�e
tive inertia. Following the modulated inertia,the impedan
e 
ontroller is designed using the stationary link angles qs to a

omplish the desired taskspa
e 
omplian
e. Damping for
e is added a

ording to the 
omputed task spa
e damping matrix Ddmaking the system be asymptoti
ally stable by whi
h the nonmodel-based �rst order di�erentiation�lter is employed to approximate the link joint velo
ity. Next, the required robot joint torque, τ ∗
dr,is used to 
al
ulate the 
orresponding output motor torque, (τm)

∗
dr. Finally, a feedba
k 
ontrol lawis designed to regulate the motor input voltage, u, for supplying su
h output torque. Passivity andstability analysis of the 
losed loop system are demonstrated in the last subse
tion.3.1. Drivetrain Stationary ModelA di�
ulty in 
ontrolling the �exible joint robot is that the system usually has less amountof the a
tuators than the total number of system's DOF. This kind of system is 
lassi�ed as theundera
tuated system [17℄ and the 
ontrol problem is not straightforward due basi
ally to indire
ta

ess to 
ontrol the desired motion. Several 
ontrol te
hniques are studied su
h as the singularperturbation analysis, the ba
kstepping 
ontrol design, or the partial feedba
k linearization te
hnique.Re
ently there are interests in designing the 
ontroller from the energy 
onsideration. Two equivalentmethods of the inter
onne
tion and damping assignment passivity-based 
ontrol (IDA-PBC) [18℄ andthe method of 
ontrolled Lagrangian [19, 20℄ design the 
ontrollers su
h that, respe
tively, the 
losedloop system Hamiltonian and Lagrangian mat
h the desired ones. Energy approa
h takes the physi
sof the system into a

ount from the ground-up and hen
e has proven to provide a robust and stable
ontrol system.To fully exploit the developed model in se
tion 2 for the 
ontroller design, all system states su
has the drivetrain's rotor angles or the link angles must be measurable. However, they are rarelyavailable. Nevertheless, tandem stru
ture of the system allows its states to be observable from itsoutput measurement and the referen
e model. The 
ontrol system may then be designed with regardto these observed states. Unfortunately, sensor pla
ement at the output of some systems are notpossible. This is the 
ase of the 
ompound joint robot, for example.For su
h system, the energy 
annot be 
ompletely shaped be
ause the system states or theirestimate are not available for inferring its present energy. An alleviation is to 
ompute, in an open-loop fashion, 
ertain states on the assumption of stationary motion. In other words, the robotoperates smoothly at low enough speed that the motion-indu
ed for
es, i.e. the inertial and theCoriolis/
entrifugal for
es, may be omitted. With this assumption, velo
ity and a

eleration terms inthe equations of motion may be dropped, in whi
h the remaining position-state terms 
an be solvedalgebrai
ally. Stationary model of the transmission subsystem will be developed in this subse
tionwhile the one for the robot is deferred to the next subse
tion.Full dynami
s of the drivetrain is governed by Eq. 13. If the stationary motion assumption is



3 TASK SPACE IMPEDANCE CONTROL 11applied, the �rst two terms on the left of the equation 
an be dropped. Therefore, the redu
ed modelmay be written as
e (θs) = τ , (23)where the subs
ripted s denotes the stationary value of the variable. Motor angles θ0 
an be read fromtheir en
oders. They may be used to solve for other generalized 
oordinates of the drivetrain subsystemsu

essively towards the 
oordinates of the last qth-stage and of the robot link angles, θ(q−1)s and

θqs, if the supplied motor torques τm are known. Nevertheless, the stationary relationship betweenthem may be derived without the knowledge of motor torques. Consider the set of ve
tor equationsof the intermediate 2nd to qth-stages of the elasti
 model in Eq. 23. They 
an be expressed as
e1 (T 1θ0 − θ1s) = T T

2 e2 (T 2θ1s − θ2s)

e2 (T 2θ1s − θ2s) = T T
3 e3 (T 3θ2s − θ3s)... (24)

eq−1

(

T q−1θ(q−2)s − θ(q−1)s

)

= T T
q eq

(

T qθ(q−1)s − θqs

)

.States of the transmission system may then be written expli
itly for the purpose of derivation as
θ1s = θ1s (θ0,θ2s)

θ2s = θ2s (θ1s,θ3s)... (25)
θ(q−1)s = θ(q−1)s

(

θ(q−2)s,θqs

)

,where the 
oordinates θj are abusively used as the ve
tor fun
tion name as well. Now θ(q−1)s maybe expressed in terms of θ0 (motor angles) and θqs (robot link angles) expli
itly. First, substitutingthe �rst ve
tor equation of Eq. 25 into the se
ond one. This will eliminate θ1s so the expli
it relationof θ2s in terms of θ0 and θ3s

θ2s = θ2s (θ0,θ3s)is obtained. This new ve
tor equation is further substituted into the lower one; the third equation inthis 
ase. It then yields new expression for θ3s:
θ3s = θ3s (θ0,θ4s) .Continue the substitution pro
ess for the rest, eventually the desired relation

θ(q−1)s = θ(q−1)s (θ0,θqs) (26)is a
hieved. Therefore, stationary values of the position-states of the drivetrain may be inferred. Itshould be mentioned that numeri
al methods might be ne
essary to solve Eq. 24 and Eq. 31 (developedin subse
tion 3.2) for θjs with the nonlinear elasti
 for
e ve
tor fun
tions ej (·) in general.



3 TASK SPACE IMPEDANCE CONTROL 12Duality of the stationary motion is the stationary torque relationship between τ s and (τ dr)s.With the drivetrain stationary model in Eq. 23, the 
orresponding τ s to (τ dr)s may be derived asfollow. From the stru
ture of τ dr in Eq. 18, output torque of the transmission subsystem is theelasti
 torque of the qth-stage, eq (·). With the last ve
tor equation in Eq. 24, the elasti
 torque ofthe (q − 1)
th-stage, e(q−1) (·), may be evaluated readily. Substituting this result into its pre
edingequation, elasti
 torque of the previous stage may be determined. Continue the ba
kward substitutionpro
ess for the rest, the stationary output motor torque (τm)s may be solved from the equation ofthe 1st-stage transmission in Eq. 23;

(τm)s = T T
1 e1 (T 1θ0 − θ1s) , (27)indi
ating the equality of the supplied motor torque and the stepped elasti
 torque of the 1st-stage.Combining these relevant equations altogether, the stationary relationship between the output torqueof the drivetrain and the supplied motor torque be
omes

(τm)s = T T
1 T T

2 · · ·T T
q−1T

T
q eq

(

T qθ(q−1)s − θqs

)

= T T
1 T T

2 · · ·T T
q−1T

T
q (τ dr)s . (28)This equation will be useful in transforming the required robot stationary joint torque to the asso
iatedstationary output motor torque.3.2. Stationary Link AnglesIn subse
tion 3.1, the stationary model of the drivetrain is studied where the stationary relationsbetween the drivetrain 
oordinates, the motor angles and the robot link angles have been developed.Nevertheless, there are not enough equations to fully solve for the system 
oordinates from the motorangles. In fa
t, additional p-s
alar equations are required whi
h 
an be obtained from the stationarymodel of the robot.Equation 1 des
ribes the full joint spa
e dynami
s of the rigid robot. If the robot is operating at lowenough speed, its inertial and Coriolis/
entrifugal for
es may be negle
ted. Under this 
ondition, therobot undergoes the stationary motion where the torques supplied by the transmission unit balan
ethe gravity- and the external for
e-indu
ed torques;

g (θqs) = eq

(

T qθ(q−1)s − θqs

)

+ τ ext. (29)In this stationary model, the robot generalized 
oordinates q are repla
ed with the outport 
oordinates
θq of the drivetrain unit.Sin
e the desired task spa
e 
omplian
e Kd at the designated end e�e
tor set point xd is to bea
hieved, the re�e
ted torques 
aused by this behavior, under the stationary 
ondition, will be

τ ext = J (θqs)
T

F ext = J (θqs)
T

Kd (f (θqs) − xd) , (30)



3 TASK SPACE IMPEDANCE CONTROL 13where f (·) is the forward kinemati
s mapping of the robot. Enfor
ing su
h 
omplian
e 
hara
teristi
sto the robot stationary model of Eq. 29, the ve
tor equation
eq

(

T qθ(q−1)s − θqs

)

= g (θqs) − J (θqs)
T

Kd (f (θqs) − xd) = h (θqs) (31)displaying the stationary relationship between θ(q−1) and θq may be formulated. In
orporating withthe set of stationary equations in Eq. 24, 
al
ulation of the stationary drivetrain and robot link
oordinates may be performed.For the purpose of derivation, θqs in Eq. 31 may be written expli
itly as
θqs = θqs

(

θ(q−1)s

)

. (32)A

ording to this result, expli
it relationship between the stationary robot link angles and the motorangles may be derived by employing Eq. 26. After some algebrai
 manipulation, one would obtain
θqs = θqs (θ0) , (33)of whi
h the stationary robot link angles 
an be determined dire
tly.Pra
ti
ally, θqs may not be solved expli
itly as shown in Eq. 32 due to the dependen
y of theJa
obian matrix on θqs. Still, Eq. 26 may be substituted into Eq. 31 and the link angles 
an besolved numeri
ally. If the inverse of the elasti
 for
e ve
tor fun
tion eq (·), denoted as e−1

q (·), 
an bedetermined analyti
ally, the equation of θqs may be expressed as
θqs = T qθ(q−1)s − e−1

q (h (θqs))

= T qθ(q−1)s (θ0,θqs) − e−1
q (h (θqs)) , (34)showing the robot link angles as the impli
it fun
tion of the motor angles θ0. With this arrangement,

θqs 
an now be solved by re
ursive evaluation.Furthermore, if the elasti
 elements behaves linearly, the elasti
 for
e fun
tions ej (·) 
an besimpli�ed by using the sti�ness matrix Kj instead. In that 
ase, Eq. 26 may be written expli
itly asfollow. With the linear elasti
ity assumption and the stationary 
ondition, Eq. 18 may be rewrittenas
T qθ(q−1)s − θqs = K−1

q (τ dr)s . (35)Next, 
onsider the elasti
 for
es in the pre
eding stages. Impli
it equations of the drivetrain elasti
model in Eq. 24 may be rewritten, in the reverse order, as
T q−1θ(q−2)s − θ(q−1)s = K−1

q−1T
T
q (τ dr)s

T q−2θ(q−3)s − θ(q−2)s = K−1
q−2T

T
q−1T

T
q (τ dr)s...

T 2θ1s − θ2s = K−1
2 T T

3 T T
4 · · ·T T

q−1T
T
q (τ dr)s (36)

T 1θ0 − θ1s = K−1
1 T T

2 T T
3 · · ·T T

q−1T
T
q (τ dr)s .
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omplish the dire
t relation between the stationary robot link angles and the motor angles,premultiply the previous equations with the appropriate 
ompound transmission ratios su
h that theaddition of these modi�ed equations brings the ladder-
an
ellation of most of the terms on the lefthand side ex
ept θqs and θ0. The resulting equation be
omes
T qT q−1 · · ·T 1θ0 − θqs =

[

(T qT q−1 · · ·T 2)K−1
1 (T qT q−1 · · ·T 2)

T

+ (T qT q−1 · · ·T 3)K−1
2 (T qT q−1 · · ·T 3)

T
+ · · ·

+ (T qT q−1)K−1
q−2 (T qT q−1)

T
+ T qK

−1
q−1T

T
q + K−1

q

]

(τ dr)s .Let the 
ompound transmission ratio from the jth-stage to the qth-stage, T qT q−1 · · ·T j , be denotedas T qj . Then, the above equation may be written in a more 
learly and 
on
ise manner as
(τ dr)s = K1q (T q1θ0 − θqs) , (37)in whi
h

K1q =
[

T q2K
−1
1 T T

q2 + T q3K
−1
2 T T

q3 + · · · + T q(q−1)K
−1
q−2T

T
q(q−1) + T qK

−1
q−1T

T
q + K−1

q

]−1 (38)is the overall e�e
tive sti�ness of the transmission subsystem. The expression depi
ts the series
onne
tion of the elasti
 network of ea
h stage. Note that the 
ompound transmission ratios arene
essary to re�e
t these sti�nesses to the last qth-stage. Also, the stationary transmitted torque tothe robot may be determined either from the sti�ness of the last stage, Eq. 18, or from the overalle�e
tive sti�ness, Eq. 37. Of 
ourse, the 
orresponding deformation would have been di�erent.Re
alling Eq. 35, expli
it expression of θ(q−1)s in Eq. 26 may now be obtained as
θ(q−1)s = T−1

q K−1
q [K1qT q1θ0 + (Kq − K1q)θqs] , (39)where the sti�ness (Kq − K1q) is symmetri
 positive de�nite due to the tandem stru
ture of the driv-etrain. Finally, substituting Eq. 39 into Eq. 34 and performing some redu
tion, re
ursive expressionof θqs may be written expli
itly for the 
ase of linear elasti
 elements as

θqs = T q1θ0 − K−1
1q h (θqs) . (40)This equation is the extension of the work in [9℄ to the multi-stage transmission system from the motorsto the robot. Furthermore, if the elasti
 elements are nonlinear, the equation will be generalized to

θqs = T q1θ0 − e−1
1q (h (θqs)) , (41)where e−1

1q (·) is the overall e�e
tive nonlinear deformation fun
tion of the transmission subsystem.Figure 4 graphi
ally illustrates the total 
omplian
e of the one-dimensional series-
onne
ted nonlinearsprings with the identity transmission ratios.A question of 
onvergen
e arises in the numeri
al evaluation of Eq. 40 or 41. To answer whetherthe solution will 
onverge or not, the 
ontra
tion mapping theorem, whi
h guarantees the existen
eand uniqueness of the �xed point, is employed.
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Figure 4: Total 
omplian
e may be determined graphi
ally for the simple 
ase of one-dimensional series-
onne
tednonlinear springs.
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tion Mapping: Let X be a metri
 spa
e with d (p, q) the distan
e betweentwo points p and q. A map P : X → X is 
alled a 
ontra
tion mapping on X if there exists ρ ∈ [0, 1)su
h that
d (P (p) , P (q)) ≤ ρd (p, q) , ∀p, q ∈ X.Theorem 2. Contra
tion Mapping Theorem: Let X be a non-empty 
omplete metri
 spa
ewith d (p, q) the distan
e between two points p and q. If P : X → X is a 
ontra
tion mapping, then

P admits a unique �xed point x∗ in X , i.e.
P (x∗) = x∗.Additionally, the �xed point x∗ 
an be determined by starting with an arbitrary point x0 ∈ X . Thesequen
e {xn} where
xn = P (xn−1)brings about xn → x∗.Therefore, to 
on
lude that the re
ursive evaluation of Eq. 40 
onverges, it is su�
ient to showthat the mapping fun
tion

P (q) = T q1θ0 − K−1
1q h (q) (42)is a 
ontra
tion mapping. Nevertheless, the distan
e fun
tion must be de�ned �rst. If the 
oordinatesin the ve
tor q all have the same units, it is 
ommon to de�ne the distan
e fun
tion with the help ofthe inner produ
t or the Eu
lidean ve
tor norm, i.e.

d (q1, q2) = ‖q1 − q2‖2 =
[

(q1 − q2)
T (q1 − q2)

]1/2

.However, for the general 
ase where the robot possesses both the rotational and the prismati
 joints,units of the 
oordinates in q are not 
onsistent. Consequently, the above Eu
lidean distan
e fun
tionsu�ers from the 
oordinate distortion. A remedy to this problem is to de�ne spe
i�
 ve
tor and matrixnorms by s
aling with the robot joint e�e
tive sti�ness matrix, K1q. In e�e
t, it will normalize the
oordinate values to the same s
ale and unit so the standard Eu
lidean norm may again be used asthe distan
e measure.Arbitrary symmetri
 positive de�nite matrix K1q may be de
omposed into the produ
t of a lowertriangular matrix and its transpose. In other words,
K1q = UT U , (43)in whi
h U is an upper triangular matrix. This de
omposition is known as the Cholesky de
omposi-tion. A

ordingly, a new ve
tor norm ‖·‖K : R

p → R
+ may be de�ned as

‖q‖K = ‖Uq‖2 =
[

qT K1qq
]1/2

, (44)
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aling matrix. In turn, the 
orresponding matrix norm ‖·‖K : R
p×p → R

+ isde�ned via the spe
tral norm ‖·‖2. For a matrix A ∈ R
p×p, 
onsider

∣

∣qT Aq
∣

∣ =
∣

∣

∣qT UT U−T AU−1Uq
∣

∣

∣

≤
∥

∥

∥
U−T AU−1

∥

∥

∥

2
‖Uq‖2

2 .A

ording to the K-norm of the ve
tor in Eq. 44, this motivates the 
orresponding matrix norm tobe de�ned as
‖A‖K =

∥

∥

∥U
−T AU−1

∥

∥

∥

2
. (45)whi
h is the largest singular value of the transformed matrix U−T AU−1. With these new K-normsde�ned, the upper limit of the quadrati
 term qT Aq may be written as

∣

∣qT Aq
∣

∣ ≤ ‖A‖K ‖q‖2
K .Consequently, the new distan
e fun
tion, of whi
h the 
oordinate s
aling problem is taken into a

ount,may be de�ned thanks to the ve
tor K-norm as

dK (q1, q2) = ‖q1 − q2‖K

= ‖U (q1 − q2)‖2 =
[

(q1 − q2)
T

K1q (q1 − q2)
]1/2

. (46)Now, requirements for the mapping fun
tion in Eq. 42 to be a 
ontra
tion mapping will be deter-mined. Applying de�nition 1 of the 
ontra
tion mapping to Eq. 42,
‖P (q2) − P (q1)‖K ≤ ρ ‖q2 − q1‖K (47)must hold for any q1 and q2, with some ρ ∈ [0, 1). Sin
e the mapping P (q), for spe
i�
 motor angles

θ0, at q2 is related to the value at q1 by
P (q2) = P (q1) +

q2�
q1

∂P (q)

∂q
dq

= P (q1) −
q2�

q1

K−1
1q

∂h (q)

∂q
dq.Manipulate the expression to suit Eq. 47 as

U (P (q2) − P (q1)) = −
q2�

q1

UK−1
1q

∂h (q)

∂q
dq

= −
q2�

q1

U−T ∂h (q)

∂q
U−1dUq.One 
an thus 
on
lude as follow about the K-norm of the mapping di�eren
e;

‖U (P (q2) − P (q1))‖2 ≤ sup
∀q∈Rp

∥

∥

∥

∥

U−T ∂h (q)

∂q
U−1

∥

∥

∥

∥

2

‖U (q2 − q1)‖2 ,

‖P (q2) − P (q1)‖K ≤ sup
∀q∈Rp

∥

∥

∥

∥

∂h (q)

∂q

∥

∥

∥

∥

K

‖q2 − q1‖K . (48)



3 TASK SPACE IMPEDANCE CONTROL 18Therefore, the mapping P (q) will be a 
ontra
tion mapping if
sup

∀q∈Rp

∥

∥

∥

∥

∂h (q)

∂q

∥

∥

∥

∥

K

< ‖K1q‖K = 1. (49)Physi
ally, it means the e�e
tive joint sti�ness of the transmission must be larger than the jointsti�ness indu
ed by the gravity and the desired 
ompliant for
es. This implies the transmissionsti�ness is 
apable of preventing the robot `after-the-joint' motion 
aused by its own weight and theposition-mismat
h indu
ed 
ompliant for
e. Consequently, the robot stru
ture should be lightweightenough and the desired end e�e
tor sti�ness should not be too high, otherwise the e�e
tive jointsti�ness must be very sti�. With the 
ondition of Eq. 49 and re
alling Eq. 40, the 
omputation
onverges to the stationary link angles for any starting iteration value.The result may be generalized to the nonlinear sti�ness 
ase. It 
an be stated in a similar veinthat the 
ondition for the re
ursive evaluation of Eq. 41 to 
onverge to the stationary link angles is
sup

∀q∈Rp

∥

∥

∥

∥

∂h (q)

∂q

∥

∥

∥

∥

K

< 1, (50)for whi
h the ve
tor norm and the matrix norm are de�ned as
‖q‖K = ‖Uq‖2 (51)and

‖A‖K =
∥

∥

∥U
−T AU−1

∥

∥

∥

2
. (52)Relevant s
aling matrix U is 
hosen to satisfy

UT U = inf
∀δ1q∈Rp

∂e1q (δ1q)

∂δ1q
, (53)indi
ating the deformation-dependent nonlinear e�e
tive sti�ness of the drivetrain.3.3. Estimation of the Transmitted TorqueDesired task spa
e impedan
e behavior has the me
hani
al analogy of a mass 
onne
ted to aparallel spring/damper unit. This simple system is hardly a
hieved in pra
ti
e be
ause the unavoidabledynami
s of the robot and the drivetrain intervene in the intera
tion of the, e.g. simple PD, 
ontrollerand the end e�e
tor e�e
tive mass. Indeed, this is fundamental and any presented 
ontrol s
hemeis devised to ultimately alleviate the problem. Even better, me
hani
al system should be designed,in the �rst pla
e, to possess 
lean dynami
s. Lightweight and sti� stru
tural properties are someindi
ations of su
h good system dynami
s.Motor inertia is a parameter that 
an deteriorate the desired impedan
e. It is espe
ially importantfor the system that employs high transmission ratio sin
e the e�e
tive motor inertia at the far end ofthe me
hanism is the motor inertia ampli�ed by square of the transmission ratio. [21℄ �rstly showedthat the impli
ation of a for
e feedba
k 
ontroller is to redu
e the e�e
tive mass of the system. [9℄



3 TASK SPACE IMPEDANCE CONTROL 19applied this means by feeding ba
k the joint torque to redu
e the re�e
ted motor inertia. Inertiaredu
tion also has a merit of redu
ing the motor fri
tional torque.The robot system in this work, and in general, is not equipped with the joint torque sensors or thea

elerometers. Transmitted torques must therefore be estimated. They may be 
al
ulated based onits dynami
al equation and the method of variational integrator [22℄. In brief, this method numeri
allysolves the system of di�erential equations with the prin
iple of energy 
onservation enfor
ed. Theapproa
h dis
retizes the system right at the beginning of formulating the Lagrangian and applyingthe variational prin
iple, rather than at the system di�erential equations.Consider the drivetrain dynami
s in Eq. 13. Estimation of the transmitted torques at every stage,
e (θ) in Eq. 16, is of interest. Unfortunately, generalized 
oordinates of all rotor angles, not theirstationary values developed in subse
tion 3.1 and 3.2, are not available for the integrator equations.Hen
e, it is not possible to estimate e (θ) for multi-stage drivetrain system. Rather, let us 
onsiderthe equations of the �rst stage of the transmission system whi
h may be written as

B1θ̈0 + C1θ̇0 + τ 1 = τm. (54)
θ0 is the ve
tor of motor angles that are measurable. B1 is the diagonal matrix of the motors' inertia.Loss in a typi
al DC motor may be governed by a 
onstant vis
ous damping 
oe�
ient depi
ted withthe diagonal matrix C1. τm is the a
tual torque generated from the ele
tromagneti
 indu
tion for
e,of whi
h the value 
an be dedu
ed from the motor 
urrent by Eq. 22. The last term τ 1 represents thetransmitted torque at the inport from the motor to the �rst stage of the transmission subsystem. Itsvalue is governed by the elasti
 network at the �rst stage a

ording to the �rst element of the elasti
for
e ve
tor fun
tion in Eq. 16. Here, τ 1 will be estimated for whi
h it may then be used to modulatethe motor inertia B1, as will be explained in subse
tion 3.5. Note again that knowledge of e (θ) isne
essary to modify the whole inertia matrix of the drivetrain, B.Dis
rete form of Eq. 54 may be obtained by 
onsidering the variation of the dis
rete integral ofthe Lagrangian over a time interval. If τ 1 is treated as the output torque, me
hani
al Lagrangian ofthe motor system will be due solely to the kineti
 energy

L
(

θ0, θ̇0

)

=
1

2
θ̇

T

0 B1θ̇0.Integral of the Lagrangian during a sampling period h (
alled dis
rete Lagrangian in [22℄) may beapproximated as
Ld

(

θ0k,θ0(k+1), h
)

= hL
(

θ0k + θ0(k+1)

2
,
θ0(k+1) − θ0k

h

)

=
1

2h

(

θ0(k+1) − θ0k

)T
B1

(

θ0(k+1) − θ0k

)Conditions whi
h nullify the variation of Ld (·) leads to the equations of motion. In other words,equations of motion will minimize the integral a
tion. It is shown in [22℄ that su
h 
onditions yield
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rete Euler-Lagrange (DEL) formulation. However, the motor me
hani
al system a

ording toEq. 54 is the for
ed system. Therefore the original DEL formulation must be modi�ed to 
ope withthe approximated impulse at the kth-sampling as
D1Ld

(

θ0k,θ0(k+1)

)

+ D2Ld

(

θ0(k−1),θ0k

)

+ I+
d

(

θ0(k−1),θ0k

)

+ I−
d

(

θ0k,θ0(k+1)

)

= 0. (55)In this formulation, D1Ld (·) and D2Ld (·) are the partial derivative of Ld with respe
t to the �rstand se
ond argument, respe
tively. I+
d (·) + I−

d (·) is a two-point quadrature that approximate theimpulse of the external for
e F (t) at the kth-sampling:
I+

d

(

θ0(k−1),θ0k

)

+ I−
d

(

θ0k,θ0(k+1)

)

≈
(tk+tk+1)/2�

(tk−1+tk)/2

F (ξ) dξ.Spe
i�
ally,
I+

d

(

θ0(k−1),θ0k

)

=
h

2
F

(

θ0(k−1) + θ0k

2

)and
I−

d

(

θ0k,θ0(k+1)

)

=
h

2
F

(

θ0k + θ0(k+1)

2

)

.From Eq. 54, external for
e of the motor me
hani
al system is
F (t) = τm − τ 1 − C1θ̇0.Its value at the inter-sampling point θ0(k−1)+θ0k

2 and θ0k+θ0(k+1)

2 may be expressed as
F

(

θ0(k−1) + θ0k

2

)

= Kτ

(

ik−1 + ik

2

)

− τ 1k − C1

(

θ0k − θ0(k−1)

h

)and
F

(

θ0k + θ0(k+1)

2

)

= Kτ

(

ik + ik+1

2

)

− τ 1(k+1) − C1

(

θ0(k+1) − θ0k

h

)

,where the ba
kward Euler integration method is employed. Evaluate ea
h term in the for
ed-DELformulation Eq. 55. After the substitution and simpli�
ation, the dis
retized version of Eq. 54,
1

h
B1

(

θ0(k+1) − 2θ0k + θ0(k−1)

)

+
1

2
C1

(

θ0(k+1) − θ0(k−1)

)

+
h

2

(

τ 1k + τ 1(k+1)

)

=
h

4
Kτ (ik−1 + 2ik + ik+1) , (56)is obtained. Consequently, the up-to-date transmitted torque from the motor to the �rst stage of thedrivetrain, τ 1(k+1), may be estimated.3.4. Estimation of the Link Joint Velo
ityIn subse
tion 3.5, energy dissipation is introdu
ed in the impedan
e 
ontroller by the damping for
ewhi
h involves the velo
ity term that typi
ally 
annot be dire
tly measured. Therefore, estimation ofthe link joint velo
ity must be utilized. Sin
e the link angles are not avaiable, the observer for their
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ities 
annot be formulated. Rather, the nonmodel-based �rst order di�erentiation �lter will beemployed to estimate the link joint velo
ity from the motor angles.Con
retely, for the set point impedan
e 
ontroller proposed in Eq. 79, the velo
ity related term
ϑ is the estimated link joint velo
ity s
aled by the square root of the joint spa
e symmetri
 dampingmatrix;

ϑ = sG (s)
[

J (θqs)
T

Dd (f (θqs)) J (θqs)
]1/2

T q1θ0, (57)in whi
h the estimated link angles are obtained from T q1θ0 rather than θqs to se
ure the stabilityof the system. s represents the 
omplex argument of the Lapla
e transform. G (s) is a diagonalmatrix of whi
h its diagonal terms are identi
al and be a stri
tly proper and stri
tly positive real(SPR) �ltering transfer fun
tion. The s
aling matrix may be 
omputed through the singular valuede
omposition (SVD). Namely, the joint spa
e symmetri
 damping matrix (arguments omitted) maybe expressed as
JT DdJ = UΣUT ,for some orthogonal matrix U and a diagonal matrix Σ 
ontaining the singular values of JT DdJ .Then the square root of the joint spa
e damping matrix 
an be 
omputed as

[

JT DdJ
]1/2

= UΣ
1/2UT , (58)where the elements in the diagonal matrix Σ

1/2 are the square root of the paired values in Σ .For 
onvenien
e, this square root matrix will now be denoted as √
Kv. Note that Eq. 57 may beunderstood as a �ltering of the time derivative of the estimated link angles, i.e.

ϑ = G (s)
√

KvT q1θ̇0. (59)From the linear system theory, the above �ltering system may be represented in either the input-output transfer fun
tion G (s) form or the minimal realization state spa
e {A, B, C} form. Hen
efor this �ltering, one may write
ẋ = Ax + B

√

KvT q1θ̇0

ϑ = Cx, (60)where G (s) = C (sI − A)−1
B and x is the �lter states. Furthermore, by re
ognizing the Kalman-Yakubovi
h (KY) lemma [24℄, sin
e G (s) is a stri
tly proper and SPR, there exists symmetri
 positivede�nite matri
es P and Q su
h that

AT P + PA = −Q (61)
BT P = C. (62)Be
ause the spe
i�ed 
onstant Cartesian set point xd is asso
iated with the 
onstant target motorangles θ0d, Eq. 60 may be written as

ẋ = Ax + B
√

KvT q1
˙̃
θ0, (63)



3 TASK SPACE IMPEDANCE CONTROL 22where the error θ̃0 = θ0−θ0d is de�ned. Moreover, let us de�ne a new state ve
tor z su
h that ż = xholds. Expli
itly,
z = A−1

(

x − B
√

KvT q1θ̃0

)

. (64)As a result, the state spa
e representation of the system in Eq. 57, of whi
h the input is now thetra
king error θ̃0, may be written as
ż = Az + B

√

KvT q1θ̃0

ϑ = CAz + CB
√

KvT q1θ̃0. (65)This form will be helpful in the stability analysis. At the moment, it is in doubt whether the usageof su
h velo
ity estimation in the impedan
e 
ontroller will lead to satisfa
tory result. Indeed, while
G (s) is SPR, the positive real (PR) and hen
e the stability of sG (s) in general 
annot be 
on
luded.This issue is deferred to subse
tion 3.6 where the stability and passivity of the 
ontrolled system willbe proven.3.5. Impedan
e ControllerIn this subse
tion, impedan
e 
ontroller for 
ontrolling the nonlinear �exible joint robot systemusing the 
omputed stationary link angles and the estimation of the transmitted torques and linkangular velo
ities, as des
ribed in the previous subse
tions, will be developed. It is assumed thatthe robot system is equipped with a higher-de
ision making unit whi
h provides the end e�e
tor setpoint xd and the task spa
e symmetri
 positive de�nite 
onstant sti�ness matrix Kd appropriate forexe
uting a task at hand.Generally, me
hani
al impedan
e 
onsists of three main parameters, i.e. the inertan
e, the resis-tan
e, and the 
omplian
e. The obje
tive of the impedan
e 
ontroller is then to modulate the e�e
tiveimpedan
e parameters of the system to the desired values. However, it has been shown in [23℄, for ex-ample, that adjusting the inertan
e has a severe drawba
k of destroying the passivity of the 
ontrolledsystem. This is a sign indi
ating that the robot system may be
ome unstable during the intera
tionwith the passive environment. Consequently, the desired impedan
e dynami
s subje
t to the externalfor
e applied at the robot end e�e
tor, F ext, is 
hosen as

Λ (x) ¨̃x + (µ (x, ẋ) + Dd) ˙̃x + Kdx̃ = F ext. (66)The equation is written in the task spa
e 
oordinates x, for whi
h x̃ denotes the 
oordinate errorsof the end e�e
tor frame from the set point values, i.e. x̃ = x − xd. Λ (x) and µ (x, ẋ) are thetransformed inertia and Coriolis/
entrifugal matri
es in the task spa
e 
oordinates. They are relatedto the parameters in joint spa
e 
oordinates q by
Λ (x) = J (q)

−T
M (q)J (q)

−1 (67)
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µ (x, ẋ) = J (q)−T

(

C (q, q̇) − M (q)J (q)−1 J̇ (q)
)

J (q)−1 (68)with q = f−1 (x) and q̇ = J
(

f−1 (x)
)−1

ẋ through the inverse kinemati
s mapping and its di�erentialrelationship. Note the existen
e of µ (x, ẋ) in the desired impedan
e dynami
s to preserve the passivityof the system. In essen
e, natural dynami
s of the robot has been exploited.
Dd is the task spa
e damping matrix that asymptoti
ally stabilizes the system. Its value will bedesigned, a

ording to the 
urrent values of Λ (x) and Kd, to make the system response be appro-priately damped with the spe
i�ed damping ratio. To a

omplish this, �rst, Eq. 66 is approximatedby

Λ (x) ¨̃x + Dd (x) ˙̃x + Kdx̃ = F ext, (69)where the Coriolis/
entrifugal matrix is negle
ted. Introdu
e the following linear transformation ofthe 
oordinate errors;
z = Q (x)

−1
x̃. (70)The transformation matrix Q (x), treated 
onstant for a parti
ular stationary point, is the matrixwhere its 
olumns are the eigenve
tors ui of the generalized eigenproblem

(

Kd − ω2
niΛ (x)

)

ui = 0, (71)where both Λ (x) and Kd are symmetri
 positive de�nite matri
es. Premultiplying Eq. 69 with
Q (x)

T and writing the equation in the new transformed 
oordinates lead to
Q (x)T

Λ (x)Q (x) z̈ + Q (x)T
Dd (x) Q (x) ż + Q (x)T

KdQ (x)z = Q (x)T
F ext. (72)The eigenve
tors in Q (x) may be normalized su
h that

Q (x)T
Λ (x)Q (x) = I (73)holds. Consequently, the transformed sti�ness matrix will be
ome

Q (x)
T

KdQ (x) = Σ (x) . (74)Diagonoal matrix Σ (x) is known in vibration terminology [27℄ as the spe
tral matrix 
ontaining thesquare of the natural frequen
ies ω2
ni, or the generalized eigenvalues of Kd with respe
t to Λ (x) ofthe generalized eigenproblem Eq. 71. The transformed equation may thus be written as

z̈ + Q (x)
T

Dd (x)Q (x) ż + Σ (x)z = Q (x)
T

F ext. (75)If the damping matrix is designed to be
Dd (x) = 2Q (x)

−T
ξΣ (x)

1/2
Q (x)

−1
, (76)



3 TASK SPACE IMPEDANCE CONTROL 24where Σ (x)
1/2 denotes the diagonal matrix of whi
h its diagonal elements are the square root of thepaired values in Σ (x). The diagonal damping ratio matrix ξ is used to adjust the os
illatory behaviorof the response. Through this 
hoi
e of damping matrix, the transformed equation may �nally bewritten as

z̈ + 2ξΣ (x)
1/2

ż + Σ (x)z = Q (x)
T

F ext (77)as a set of p-de
oupled se
ond order linear time invariant di�erential equations. It is evident thatthe response of ea
h de
oupled 
oordinate zi is des
ribed by the damping fa
tor ξi and the naturalfrequen
y ωni of the ith-element of Σ (x)
1/2.In this work, the impedan
e 
ontrol problem is 
onstrained to only the 
onstant set point 
ase.This implies ẋd = 0 and ẍd = 0. A

ording to the robot dynami
s Eq. 1, the desired impedan
edynami
s may be a
hieved with the 
ontrol law

τ ∗
dr = g (q) − J (q)

T
(Kdx̃ + Ddẋ) , (78)where the star-mark is used here to denote the desired torque transmitted to the robot. The a
tualone deviates from the desired value due to the un
ompensated motor and drivetrain dynami
s. Un-fortunately, the link angles and the end e�e
tor 
oordinates are not measurable dire
tly. Intuitively,their estimated values shall be used. This results in the modi�ed 
ontrol law

τ ∗
dr = g (θqs) − J (θqs)

T
Kd (f (θqs) − xd) −

[

J (θqs)
T

Dd (f (θqs)) J (θqs)
]1/2

ϑ

= h (θqs) −
[

J (θqs)
T

Dd (f (θqs))J (θqs)
]1/2

ϑ, (79)where the stationary link angle and the velo
ity term from Eqs. 41 and 57 are employed. Passivityand stability of the proposed 
ontroller will be given in the next subse
tion.Sin
e the robot is a
tuated indire
tly by the motor torques through the �exible transmissionsubsystem, desirable torques applied at the robot joints a

ording to Eq. 79 must be mapped to thespa
e of the motor torques. Due to the la
k of the 
omplete system states information, as a result,degenerated stationary model of the drivetrain system shall be used to 
ompute su
h motor torques.In parti
ular, as demonstrated in Eq. 28,
(τm)∗dr = T T

1 T T
2 · · ·T T

q−1T
T
q τ ∗

dr. (80)As des
ribed in subse
tion 3.3, transmitted torque may be used to improve the system dynami
sso the response from applying the simple 
ontrol law, whi
h negle
ts the transmission dynami
s, ofEqs. 79 and 80 to the a
tual system will be 
loser to the one with ideal transmission. Spe
i�
ally,negative feedba
k of the estimated transmitted torque τ̂ 1 from Eq. 56 may be used to redu
e themotors' inertia from B1 to B1r by 
orre
ting the referen
e motor torque (τm)
∗
dr to

τ ∗
m = B1B

−1
1r (τm)

∗
dr +

(

I − B1B
−1
1r

)

τ̂ 1. (81)



3 TASK SPACE IMPEDANCE CONTROL 25The resulting system dynami
s of the �rst stage of the drivetrain be
omes
B1rθ̈0 + B1rB

−1
1 C1θ̇0 + τ 1 = (τm)∗dr , (82)if the transmitted torque estimation is exa
t. E�e
tively, feeding ba
k the transmitted torque willtry to equalize it to the referen
e motor torque; thus making the motor 
loser to an ideal torquesour
e. This will be advantageous to the 
urrent 
ontrolled motor. In pra
ti
e, motor inertia 
annotbe redu
ed arbitrarily. Saturation of the motor torque, ampli�
ation of the noise, and quantizationerrors restri
t the lower bound of B1r.Lastly, the referen
e motor torque in Eq. 81 may be attained through the motor torque 
onstantvia the 
urrent 
ontrol mode as in Eq. 22 by whi
h the motor, as a whole, is assumed an ideal e�ortsour
e. Hen
e one may 
ommand the motor 
urrent dire
tly. However, this may not be realisti
be
ause the motor torque also depends on its velo
ity as well. Indeed, Eq. 22 holds for the stalltorque only. Moreover, this simple linear relationship does not take the 
urrent dynami
s of Eq. 21into 
onsideration. Although the time 
onstant of the ele
tri
al system is faster than the 
oupled-me
hani
al one, its dynami
s is still be signi�
ant if the high performan
e motion system is the goal.Regarding with the referen
e motor torque, referen
e value of the motor 
urrent 
an be 
al
ulatedfrom

im = K−1
τ τ ∗

m. (83)For the voltage 
ontrol mode, the a
tual motor 
urrent i is 
ontrolled to tra
k the referen
e valueindire
tly via the motor voltage. A

ording to Eq. 21, one may 
hoose the dynami
al behavior of the
urrent tra
king error, ei = i − im, to be
Lėi + Kcei = 0 (84)where Kc is the tunable 
onstant diagonal matrix of the positive gains for the tra
king responsiveness.To this end, the 
ontrol input ve
tor of the motor voltages must be

u = Li̇m + Ri + Kbθ̇0 − Kc (i − im) (85)that relies on the exa
t 
an
ellation of the motor 
urrent and angular velo
ity terms. If this is notrealizable, the following 
urrent tra
king se
ond-order error dynami
s
Lëi + Kcėi + KbB

−1
1 Kbei = 0, (86)may be 
hosen instead. Here, Kc is the 
onstant diagonal matrix of the positive gains to regulate thedamping 
hara
teristi
s and Kb is the diagonal matrix of the ba
k-emf 
onstants of the motors, asbefore. It 
an be shown that the following 
ontrol input ve
tor

u = Li̇m + Ri + KbB
−1
1

t�
ti

(Kbim − τ̂ 1cs) dt− Kc (i − im) (87)
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losed loop dynami
s to Eq. 86. In the equation, τ̂ 1cs is the estimated value of C1θ̇0 + τ 1in Eq. 54. It is determined by solving for τ 1cs(k+1) in the following equation:
1

h
B1

(

θ0(k+1) − 2θ0k + θ0(k−1)

)

+
h

2

(

τ 1csk + τ 1cs(k+1)

)

=
h

4
Kτ (ik−1 + 2ik + ik+1) . (88)In summary, 
aptured in Fig. 3, task spa
e impedan
e 
ontroller of a nonlinear �exible-joint robotsystem, Eq. 79, is proposed based on the stationary link angles and the velo
ity term a

ording toEq. 41 and Eq. 57, respe
tively. The 
ontroller allows the user to spe
ify the desired 
omplian
eand dissipation 
hara
teristi
s at a set point. Then the appropriate task spa
e damping matrix is
omputed by means of the matrix fa
torization as shown in Eq. 76. From the 
ontrol law of Eq. 79,the required motor torque 
orresponding to the desirable robot joint torque is 
al
ulated via Eq. 80.Additionally, feedba
k of the estimated transmitted torque from Eq. 56 is employed to relieve thee�e
t of the unmodeled motor inertia. This results in the 
orre
ted referen
e motor torque of Eq. 81.Motor 
urrent whi
h yields su
h torque may be 
al
ulated from the simple relationship of Eq. 83 if itis reasonable to model the motor as an ideal torque sour
e. Otherwise, the motor should be 
ontrolledat the voltage level where Eq. 85 provides the voltage 
ontrol law. If the motor angular velo
ity isnot available, Eq. 87 should be applied instead.3.6. Passivity and Stability AnalysisStability and passivity of the proposed task spa
e impedan
e 
ontrol s
heme to the nonlinear�exible-joint robot system will now be analyzed. For this purpose, it is worthy to put an e�orton investigating the underlying energy related to the desirable robot joint torque Eq. 79. Fromthe observation, the positional dependent fun
tion h (θqs) is the torque 
omponent responsible for
ounterbalan
ing the robot gravity torque and supplying the desired 
omplian
e for
e, through thenetwork of the �exible transmission elements, under the stationary 
ondition. Therefore, the term

h (θqs) must be the di�erential of some potential energy Vh̄ (θqs) that is related to the gravitationalpotential energy of the passive robot and elasti
 potential energy of the transmission subsystems.Su
h potential fun
tion will be determined.Note that the fun
tion h (q), where the outport generalized 
oordinates θq or the robot generalized
oordinates q are the fun
tion arguments, is the di�erential of the potential energy
Vh (q) = Vg (q) − 1

2
(x (q) − xd)

T
Kd (x (q) − xd) . (89)Nevertheless, it will be shown that the fun
tion h (θqs) is the di�erential of a di�erent potential energyfun
tion, not Vh (θqs), whi
h shall be denoted as Vh̄ (θqs). Re
all the re
usive equation 41 used todetermine the stationary robot link angles from the motor angles. It may be rewritten as

T q1θ0 = θqs + e−1
1q (h (θqs)) = l1 (θqs) . (90)
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omposite fun
tion of T q1θ0 and a
knowledge the di�erential of the po-tential energy. One then 
an write
h
(

l−1
1 (T q1θ0)

)T
=
∂Vh̄ (T q1θ0)

∂ (T q1θ0)
=
∂Vh̄ (θqs)

∂θqs

∣

∣

∣

∣

θqs=θqs(T q1θ0)

× ∂θqs (T q1θ0)

∂ (T q1θ0)
. (91)In the following, ∂θqs(T q1θ0)

∂(T q1θ0) will be determined �rst. Di�erentiate Eq. 90 with respe
t to θqs, one get
∂l1 (θqs)

∂θqs
= I +

∂e−1
1q (h)

∂h

∣

∣

∣

∣

∣

h=h(θqs)

× ∂h (θqs)

∂θqs
. (92)Sin
e l1 (θqs (T q1θ0)) = l1

(

l−1
1 (T q1θ0)

)

= T q1θ0,
∂l1 (θqs (T q1θ0))

∂ (T q1θ0)
= I =

∂l1 (θqs)

∂θqs
× ∂θqs (T q1θ0)

∂ (T q1θ0)
.Hen
e,

∂θqs (T q1θ0)

∂ (T q1θ0)
=



I +
∂e−1

1q (h)

∂h

∣

∣

∣

∣

∣

h=h(θqs)

× ∂h (θqs)

∂θqs





−1
∣

∣

∣

∣

∣

∣

∣

θqs=θqs(T q1θ0)

. (93)Substituting this expression into Eq. 91, di�erential of Vh̄ (θqs) may then be determined as
∂Vh̄ (θqs)

∂θqs
= h (θqs)

T



I +
∂e−1

1q (h)

∂h

∣

∣

∣

∣

∣

h=h(θqs)

× ∂h (θqs)

∂θqs



 . (94)It will be integrated to �nally obtain Vh̄ (θqs). To meet this goal, 
onsider the following di�erentiation;
∂

∂θqs

[

1

2
h (θqs)

T
e−1

1q (h (θqs))

]

=
1

2
e−1

1q (h (θqs))
T ∂h (θqs)

∂θqs

+
1

2
h (θqs)

T ∂e−1
1q (h)

∂h

∣

∣

∣

∣

∣

h=h(θqs)

× ∂h (θqs)

∂θqs
.Performing the inner produ
t with the di�erential of θqs and integrating the result yield a s
alarequality of

θqs�
(θqs)i

h (φ)
T ∂e−1

1q (h)

∂h

∣

∣

∣

∣

∣

h=h(φ)

× ∂h (φ)

∂φ
· dφ

= h (θqs)
T

e−1
1q (h (θqs)) −

θqs�
(θqs)i

e−1
1q (h (φ))

T ∂h (φ)

∂φ
· dφ, (95)where (θqs)i is the stationary link angles that makes h (·)T

e−1
1q (h (·)) = 0. Physi
ally, they 
orrespondto the robot posture whi
h 
auses no overall e�e
tive deformation of the drivetrain. This may happenduring the operation when the 
ompensating gravity torque ve
tor mat
hes the desired 
ompliant
onta
t for
e.Equation 95 indeed relates the stationary potential energy (leftmost term) of the network of theelasti
 transmission elements to its 
o-potential energy (rightmost term) through the well-known Leg-endre transformation. The equation is written with the stationary link angles θqs as the 
oordinates
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Figure 5: Complian
e 
hara
teristi
s of a nonlinear spring displaying the related elasti
 potential/
o-potential energy.The softening spring 
an store and restore more potential energy than the linear spring.
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an be repla
ed with true link angles q for the elasti
 potential energy of the physi
al drivetrainsystem. Graphi
al illustration for the 
ase of one-dimensional nonlinear spring is depi
ted in Fig. 5.For the softening nonlinear spring 
hara
teristi
s, su
h as the behavior of the 
able-pulley driventransmission system, it 
an be further stated that
θqs�

(θqs)
i

h (φ)T ∂e−1
1q (h)

∂h

∣

∣

∣

∣

∣

h=h(φ)

× ∂h (φ)

∂φ
· dφ >

1

2
h (θqs)

T
e−1

1q (h (θqs)) (96)as it 
an store and restore more energy than the linear spring.Integrating Eq. 94 and making use of Eq. 95 leads to
Vh̄ (θqs) = Vh (θqs) + e1q (T q1θ0 − θqs)

T
(T q1θ0 − θqs) −

θqs�
(θqs)i

e−1
1q (h (φ))

T ∂h (φ)

∂φ
· dφ, (97)in whi
h the fun
tion h (·) is re
ognized as the di�erential of the potential fun
tion Vh (·) and therelation in Eq. 41 is substituted. Re
alling Eq. 89, Vh̄ (θqs) of Eq. 97 may thus be interpreted asthe di�eren
e of the gravitational plus elasti
 potential energy of the passive robot/transmissionsubsystems and the elasti
 potential energy of the desired task spa
e 
omplian
e, all at the stationarylink angles θqs. The 
ontroller of Eq. 79 will inje
t negative of this potential energy into the (
losedloop) system via the negative feedba
k on the attempt to 
an
el the original system potential energyand then shape to the one a

ording to the desired 
omplian
e. Alternatively, Eq. 97 may be expressedin terms of T q1θ0 from whi
h θqs is determined. This representation is useful in the stability analysisas T q1θ0, not θqs, are the system state variables.3.6.1. Proof of StabilityModel of the nonlinear �exible joint robot system is des
ribed by Eqs. 1, 13, 22, and 21. Its
ontroller is governed by Eqs. 79, 80, 81, 83, 85, and 87. Additionally, the robot link joint velo
ityestimator, Eq. 57, is in
luded. To prove the stability of the 
losed loop system, 
onsider the followingfun
tion;

V
(

q, q̇,θ, θ̇, ei, ż
)

=
1

2
q̇T M (q) q̇ + Vg (q) +

1

2
θ̇

T
Brθ̇ + Ve (q,T q1θ0)

+
1

2
eT

i Lei − Vh̄ (T q1θ0) +
1

2
żT P ż (98)
onsisting of the kineti
 and potential energies of the robot, modi�ed drivetrain, motor, and thenegative feedba
k 
ontroller.

Ve (q,T q1θ0) = e1q (T q1θ0 − q)
T

(T q1θ0 − q) −
q�

qi

e−1
1q (h (φ))

T ∂h (φ)

∂φ
· dφ (99)is the elasti
 potential energy of the drivetrain subsystem and Vh̄ (T q1θ0) is the (potential) energyof the 
ontroller Eq. 97 but expressed in terms of T q1θ0. The last term represents the state kineti
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tion of the velo
ity estimator unit. P is a symmetri
 positive de�nite matrix asdes
ribed in subse
tion 3.4.It should be mentioned that the potential energy of the drivetrain in Eq. 10 is the same as theone of Eq. 99. The di�eren
e is that the previous is expressed based on the elasti
 behavior of ea
h�exible element through the deformation 
aused by the generalized 
oordinates of the drivetrain, θ,and the robot generalized 
oordinates, q. On the other hand, the potential energy in Eq. 99 is statedbased on the elasti
 behavior of the overall unit, e1q (·), via the e�e
tive deformation 
aused by thetransformed 
oordinates of the motor angles, T q1θ0, and q. With this 
omprehension, the followingexpression
∂Ve (q,θ)

∂q
q̇ +

∂Ve (q,θ)

∂θ
θ̇ =

∂Ve (q,T q1θ0)

∂q
q̇ +

∂Ve (q,T q1θ0)

∂ (T q1θ0)
T q1θ̇0holds. This implies

∂Ve (q,θ)

∂θ
θ̇ =

∂Ve (q,T q1θ0)

∂ (T q1θ0)
T q1θ̇0 (100)and

∂Ve (q,θ)

∂q
=
∂Ve (q,T q1θ0)

∂q
. (101)Expli
itly,

e1 (T 1θ0 − θ1)
T
(

T 1θ̇0 − θ̇1

)

+ e2 (T 2θ1 − θ2)
T
(

T 2θ̇1 − θ̇2

)

+ · · ·

+eq−1 (T q−1θq−2 − θq−1)
T
(

T q−1θ̇q−2 − θ̇q−1

)

+ eq (T qθq−1 − q)
T

T qθ̇q−1 =

e1q (T q1θ0 − q)
T

T q1θ̇0 + (T q1θ0 − q)
T ∂e1q (δ)

∂δ

∣

∣

∣

∣

δ=T q1θ0−q

T q1θ̇0 (102)and
eq (T qθq−1 − q) = e1q (T q1θ0 − q) (103)after the simpli�
ation.The fun
tion V (·) is a Lyapunov fun
tion 
andidate, i.e. it is a positive de�nite fun
tion and
ontinuously di�erentiable in a neighborhood of a parti
ular point. A

ording to Eq. 98, that point
orresponds to the equilibrium point having a spe
i�
 value of q and θ but with q̇ = 0, θ̇ = 0, ei = 0,and ż = 0. The fun
tion value will be zero, while at other points the value will be positive. To verifythat V (·) is indeed a Lyapunov fun
tion 
andidate, �rst, employ Eq. 89 and 97, and rearrange theexpression of Eq. 98 as

V (·) =
1

2
q̇T M (q) q̇ +

1

2
θ̇

T
Brθ̇ +

1

2
eT

i Lei +
1

2
żT P ż + Vh (q) +

1

2
(x (q) − xd)

T
Kd (x (q) − xd)

+e1q (T q1θ0 − θqs + θqs − q)
T

(T q1θ0 − θqs + θqs − q) −
q�

φi

e−1
1q (h (φ))

T ∂h (φ)

∂φ
· dφ

−Vh (θqs) − e1q (T q1θ0 − θqs)
T

(T q1θ0 − θqs) +

θqs�
φi

e−1
1q (h (φ))

T ∂h (φ)

∂φ
· dφ, (104)
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Figure 6: Interpretation of various expressions as the sub-areas of the elasti
 potential/
o-potential energy.where θqs = θqs (T q1θ0) is implied and the angle φi be the link angles that 
ause no overall e�e
tivedeformation of the drivetrain.Using Taylor's series, the term e1q (T q1θ0 − θqs + θqs − q) may be expanded as
e1q (T q1θ0 − θqs + θqs − q) = e1q (T q1θ0 − θqs) +

∂e1q (δ)

∂δ

∣

∣

∣

∣

δ=T q1θ0−θqs

(θqs − q) + . . .Hen
e,
e1q (T q1θ0 − θqs + θqs − q)T (T q1θ0 − θqs + θqs − q) =

e1q (T q1θ0 − θqs)
T

(T q1θ0 − θqs) + (θqs − q)
T ∂e1q (δ)

∂δ

∣

∣

∣

∣

δ=T q1θ0−θqs

(T q1θ0 − θqs) + . . .

+e1q (T q1θ0 − θqs)
T

(θqs − q) + (θqs − q)
T ∂e1q (δ)

∂δ

∣

∣

∣

∣

δ=T q1θ0−θqs

(θqs − q) + . . . (105)This equation has the graphi
al interpretation of the sum of the total elasti
 potential and 
o-potentialenergy of the transmission system. For one-dimensional nonlinear spring, it 
an be depi
ted in Fig. 6as the area of the imposed re
tangle on the for
e/deformation 
urve plotting of e1q (·) with the 
ornerpoints of (0, 0) representing the undeformed state and (Tq1θ0 − q, e1q (Tq1θ0 − q)) for the present statewith the deformation Tq1θ0 − q. Considering the terms on the right hand side, the �rst term depi
ts
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o-potential energy when the robot link angle is at the stationary value
θqs (area I in Fig. 6). The third term represent area III. Re
alling the Taylor's series expansion, these
ond term and its residue is the area II, while the fourth and its residue is the area IV.Ba
k to Eq. 104, two integral terms 
an be summed to

−
q�

φi

e−1
1q (h (φ))

T ∂h (φ)

∂φ
· dφ +

θqs�
φi

e−1
1q (h (φ))

T ∂h (φ)

∂φ
· dφ =

θqs�
q

e−1
1q (h (φ))

T ∂h (φ)

∂φ
· dφ.Sin
e h (φ) = e1q (T q1θ0 − φ),

∂h (φ)

∂φ
=
∂e1q (δ)

∂δ

∣

∣

∣

∣

δ=T q1θ0−φ

∂ (T q1θ0 − φ)

∂φ
= − ∂e1q (δ)

∂δ

∣

∣

∣

∣

δ=T q1θ0−φand
e−1

1q (h (φ)) = T q1θ0 − φ = δ,one may write the above integral as the fun
tion of the deformation variable δ;
θqs�
q

e−1
1q (h (φ))

T ∂h (φ)

∂φ
· dφ =

T q1θ0−θqs�
T q1θ0−q

δT ∂e1q (δ)

∂δ
· dδ. (106)This is the 
o-potential energy stored in 
hanging from the state T q1θ0 − q to the state T q1θ0 − θqs.It 
orresponds to the negative of the area V for the 
ase of one-dimensional nonlinear spring as shownin Fig. 6.Arming with su
h understanding, the Lyapunov fun
tion 
andidate in Eq. 104 may be simpli�edto

V (·) =
1

2
q̇T M (q) q̇ +

1

2
θ̇

T
Brθ̇ +

1

2
eT

i Lei +
1

2
żT P ż +

1

2
(x (q) − xd)

T
Kd (x (q) − xd)

+Vh (q) − Vh (θqs) +

T q1θ0−q�
T q1θ0−θqs

e1q (δ)
T · dδ. (107)The last term on the right hand side represents the in
remental potential energy from the state

T q1θ0 − θqs to the state T q1θ0 − q. This apparently agrees, in the one-dimensional 
ase, with theremaining area of the big re
tangle (I+II+III+IV) after subtra
ting o� the area of the small re
tangle(I) and the in
remental 
o-potential energy (V).For the system of whi
h the elasti
 elements possess the softening spring 
hara
teristi
s, Eq. 107may further be written as
V (·) ≥ 1

2
q̇T M (q) q̇ +

1

2
θ̇

T
Brθ̇ +

1

2
eT

i Lei +
1

2
żT P ż

+
1

2
(x (q) − xd)

T
Kd (x (q) − xd) +

1

2
(θqs − q)

T ∂e1q (δ)

∂δ

∣

∣

∣

∣

δ∗

(θqs − q)

+Vh (q) − Vh (θqs) + h (θqs)
T (θqs − q) , (108)
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Figure 7: Graphi
al interpretation of the in
remental potential energy and its inequality expression used in Eq. 108.This fa
t leads to the positive de�niteness of V (·).
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h
∂e1q (δ)

∂δ

∣

∣

∣

∣

δ∗

= inf
∀δ∈Rp

∂e1q (δ)

∂δ
≤ ∂e1q (δ)

∂δ

∣

∣

∣

∣

δ=T q1θ0−q

≤ ∂e1q (δ)

∂δ

∣

∣

∣

∣

δ=T q1θ0−θqs

.Graphi
al interpretation of the above inequality 
aused by the integral term in Eq. 107 is illustratedin Fig. 7 for the 
ase of one-dimensional e�e
tive spring. To show that V (·) is a positive de�nitefun
tion, the following assumption is ne
essary.Assumption 3.1 The Hessian Hh (q) = ∂h(q)
∂q

= ∂2Vh(q)
∂q2 of the potential fun
tion Vh (q) satis�esthe 
ondition

αh ≡ sup
∀q∈Rp

‖Hh (q)‖K < 1, (109)where the matrix K-norm is as de�ned in subse
tion 3.2.This pra
ti
al assumption is exa
tly the 
ondition for the re
ursive evaluation of Eq. 41 to 
onvergeto the stationary link angles. An important 
onsequen
e of assumption 3.1 is the following property.Property 3.2 Let αh be the upper bound for the Hessian of Vh (q) as de�ned in assumption 3.1.Then the inequality
∣

∣

∣Vh (q2) − Vh (q1) + h (q1)
T

(q1 − q2)
∣

∣

∣ ≤ 1

2
αh ‖q1 − q2‖2

K (110)holds for all q1, q2 ∈ R
p. See [9℄ for the proof.Applying property 3.2 to Eq. 108, one would further obtain

V (·) ≥ 1

2
q̇T M (q) q̇ +

1

2
θ̇

T
Brθ̇ +

1

2
eT

i Lei +
1

2
żT P ż +

1

2
(x (q) − xd)

T
Kd (x (q) − xd)

+
1

2
(θqs − q)

T ∂e1q (δ)

∂δ

∣

∣

∣

∣

δ∗

(θqs − q) − 1

2
αh ‖θqs − q‖2

K .From the de�nition of the matrix K-norm in Eq. 52-53,
∥

∥

∥

∥

∂e1q (δ)

∂δ

∣

∣

∣

∣

δ∗

∥

∥

∥

∥

K

= 1.Hen
e, the inequality may �nally be written as
V (·) ≥ 1

2
q̇T M (q) q̇ +

1

2
θ̇

T
Brθ̇ +

1

2
eT

i Lei +
1

2
żT P ż

+
1

2
(x (q) − xd)

T
Kd (x (q) − xd) +

1

2
(1 − αh) ‖θqs − q‖2

K .Re
alling assumption 3.1 and re
ognizing all quadrati
 terms in the above inequality, it 
an be 
on-
luded that V (·) ≥ 0.To determine the equilibrium point where V (·) ≡ 0, it is evident from the quadrati
 terms on theright hand side of Eq. 98 that q̇ = 0, θ̇ = 0, ei = 0, and ż = 0 for ea
h of them to be zero. Referring



3 TASK SPACE IMPEDANCE CONTROL 35to Eq. 65, ż = 0 yields zero velo
ity related term ϑ = 0. The remaining terms may be rearrangedusing Eq. 89 as
Vg (q) + Ve (q,T q1θ0) − Vh̄ (T q1θ0) = Vh (q) + Ve (q,T q1θ0) − Vh̄ (T q1θ0)

+
1

2
(x (q) − xd)

T
Kd (x (q) − xd) .Referring to Eq. 97, the �rst three terms on the right hand side will add up to zero if the robotlink angles q are equal to the stationary link angles θqs. The last term is a quadrati
 fun
tion whi
hwill be zero only when x (q) = xd. This requires

q = qs = f−1 (xd) . (111)Consequently, θqs = f−1 (xd). Sin
e θqs is the fun
tion of θ0s via Eq. 41, the motor angles at theequilibrium point may be determined expli
itly as
θ0s = T−1

q1

[

θqs + e−1
1q (h (θqs))

]

= T−1
q1 l1 (θqs) = T−1

q1 l1
(

f−1 (xd)
)

.Likewise, the equilibrium rotor angles of the drivetrain at the ith-stage are
θ(i−1)s = T−1

qi

[

θqs + e−1
iq (h (θqs))

]

= T−1
qi li (θqs) = T−1

qi li
(

f−1 (xd)
)

, (112)where T qi = T qT q−1 · · ·T i and e−1
iq (·) is the e�e
tive nonlinear deformation fun
tion of the trans-mission subsystem from the ith-stage to the last qth-stage. If the elasti
 elements behave linearly,

e−1
iq (h (θqs)) may be 
al
ulated expli
itly as the matrix multipli
ation K−1

iq h (θqs) using the 
orre-sponding e�e
tive sti�ness matrix;
Kiq =

[

T q(i+1)K
−1
i T T

q(i+1) + T q(i+2)K
−1
i+1T

T
q(i+2) + · · ·

+T q(q−1)K
−1
q−2T

T
q(q−1) + T qK

−1
q−1T

T
q + K−1

q

]−1

. (113)Fun
tion li (·), denoting the stationary rotor angles at the ith-stage re�e
ted to the robot link angles,is introdu
ed merely for 
onvenien
e. Note that the equilibrium rotor angles at the last stage may beevaluated by
θ(q−1)s = T−1

q

[

θqs + e−1
q (h (θqs))

]

= T−1
q lq (θqs) = T−1

q lq
(

f−1 (xd)
)

.In the following, it will be shown by the Lyapunov stability theorem and the Lasalle's invarian
eprin
iple [24℄ that the system equilibrium point (q, q̇,θ, θ̇, ei, ż
)

= (qs,0,θs,0,0,0), where qs and
θs are a

ording to Eqs. 111 and 112, is (lo
ally) asymptoti
ally stable. Di�erentiating the Lyapunovfun
tion 
andidate Eq. 98 with respe
t to time results in

V̇ (·) =
1

2
q̇T Ṁ (q) q̇ + q̇T M (q) q̈ + θ̇

T
Brθ̈ + eT

i Lėi +
1

2
z̈T P ż +

1

2
żT P z̈

+g (q)
T

q̇ +
∂Ve (q,T q1θ0)

∂q
q̇ +

∂Ve (q,T q1θ0)

∂ (T q1θ0)
T q1θ̇0 −

∂Vh̄ (T q1θ0)

∂ (T q1θ0)
T q1θ̇0.
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tory of the 
losed loop system, the derivative may be written as
V̇ (·) =

1

2
q̇T Ṁ (q) q̇ + q̇T (τ dr + τ ext − C (q, q̇) q̇ − g (q)) + θ̇

T
(

τ r − cr

(

θ̇
)

− e (θ)
)

+eT
i (−Kcei) +

1

2

(

Aż + B
√

KvT q1θ̇0

)T

P ż +
1

2
żT P

(

Aż + B
√

KvT q1θ̇0

)

+g (q)
T

q̇ +
∂Ve (q,T q1θ0)

∂q
q̇ +

∂Ve (q,T q1θ0)

∂ (T q1θ0)
T q1θ̇0 − h (θqs)

T
T q1θ̇0,where

τ r =
[

(τm)T
dr 0

T · · · 0
T
]Tand cr (·) are the modi�ed generalized torque ve
tor and the modi�ed dissipative fun
tion of thedrivetrain subsystem a

ording to Eq. 82.Applying the passivity property of the robot [26℄ and substituting the elasti
 for
e/transmittedtorque relationship of Eq. 18, the equation may be simpli�ed to

V̇ (·) = θ̇
T

0 (τm)dr + θ̇
T

(

−cr

(

θ̇
)

−
(

∂Ve (q,θ)

∂θ

)T
)

+q̇T (eq (T qθq−1 − q) + τ ext) − eT
i Kcei +

1

2
żT
(

AT P + PA
)

ż

+θ̇
T

0 T T
q1

√

KvBT P ż +
∂Ve (q,T q1θ0)

∂q
q̇ +

∂Ve (q,T q1θ0)

∂ (T q1θ0)
T q1θ̇0 − h (θqs)

T
T q1θ̇0.Sin
e

ei = ir − imr = K−1
τ

[

(τm)dr − (τm)
∗
dr

]

,where ir and imr are the a
tual and referen
e motor 
urrent a

ording to the modulated inertia B1r,the a
tual motor torque is related to the desired one by
(τm)dr = (τm)

∗
dr + Kτei

= T T
q1

(

h (θqs) −
√

Kvϑ
)

+ Kτei,in whi
h the impedan
e 
ontrol law Eqs. 79 and 80 are substituted. Hen
e the derivative be
omes
V̇ (·) = θ̇

T

0 T T
q1

(

h (θqs) −
√

Kvϑ
)

+ θ̇
T

0 Kτei + θ̇
T

(

−cr

(

θ̇
)

−
(

∂Ve (q,θ)

∂θ

)T
)

+q̇T (e1q (T q1θ0 − q) + τ ext) − eT
i Kcei +

1

2
żT
(

AT P + PA
)

ż

+θ̇
T

0 T T
q1

√

KvBT P ż +
∂Ve (q,T q1θ0)

∂q
q̇ +

∂Ve (q,T q1θ0)

∂ (T q1θ0)
T q1θ̇0 − h (θqs)

T
T q1θ̇0.Further, by re
alling Eqs. 100, 101, the KY lemma Eqs. 61, 62, and noti
ing some 
an
ellation, theequation results in

V̇ (·) = −θ̇
T
cr

(

θ̇
)

+ q̇T τ ext − eT
i Kcei −

1

2
żT Qż + θ̇

T

0 Kτei. (114)Sin
e the last term may be written as
θ̇

T

0 Kτei = −1

2

(

θ̇0 − ei

)T

Kτ

(

θ̇0 − ei

)

+
1

2
θ̇

T

0 Kτ θ̇0 +
1

2
eT

i Kτei, (115)
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tion may be rearranged;
V̇ (·) = q̇T τ ext −

1

2
żT Qż − 1

2

(

θ̇0 − ei

)T

Kτ

(

θ̇0 − ei

)

−
q
∑

k=2

θ̇
T

k−1crk

(

θ̇k−1

)

−1

2
eT

i (2Kc − Kτ )ei −
1

2
θ̇

T

0

(

2cr1

(

θ̇0

)

− Kτ θ̇0

)

. (116)The expression expli
itly shows the transmission damping for
es of ea
h stage. For the 
ase of freemotion, τ ext = 0. Assume that the dissipative fun
tion cr

(

θ̇
) satis�es

θ̇
T
cr

(

θ̇
)

≥
pq
∑

i=1

αiθ̇
2
i , αi > 0 ∀iand

cr (0) = 0,or the transmission subsystem is fully damped. If the diagonal matrix 
urrent gain Kc is designedfor the fast enough 
urrent tra
king su
h that
Kc >

1

2
Kτ , (117)and the 1st-stage (the motors) has been damped enough that

θ̇
T

0

(

2cr1

(

θ̇0

)

− Kτ θ̇0

)

> 0, (118)or for the linear damped motors,
Cr1 >

1

2
Kτ ,where Cr1 be the motor 
onstant damping matrix, then it 
an be 
on
luded that

V̇
(

q, q̇,θ, θ̇, ei, ż
)

≤ 0.Therefore, Eq. 98 is a Lyapunov fun
tion. Applying the Lyapunov stability theorem, the 
losedloop system is stable. The stability is generally, however, lo
al due to the lo
al invertibility of theforward kinemati
s mapping. Asymptoti
 stability of the system may be stated through the help ofthe Lasalle's invarian
e prin
iple. Essentially, if the equilibrium is the only point (in the invariantset) whi
h makes V̇ (·) ≡ 0, the system is asymptoti
ally stable to the equilibrium point.Consider Eq. 116. For the time derivative of the Lyapunov fun
tion to vanish identi
ally, it isrequired that θ̇ ≡ 0, ż ≡ 0, and ei ≡ 0. θ̇ ≡ 0 and ż ≡ 0 imply θ̈ = 0 and ϑ ≡ 0, respe
tively. Withthese 
onditions, 
losed loop dynami
s of the drivetrain unit in Eq. 13 degenerates to
















T T
1 e1 (T 1θ0 − θ1)

−e1 (T 1θ0 − θ1) + T T
2 e2 (T 2θ1 − θ2)...

−eq−1 (T q−1θq−2 − θq−1) + T T
q eq (T qθq−1 − q)

















=

















T T
q1h (θqs)

0...
0

















. (119)
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h (θqs) = eq

(

T qθ(q−1)s − θqs

)into the above equation and manipulating the expressions, one may dedu
e q = θqs and θq−1 =

θ(q−1)s. Moreover, sin
e θ̇ ≡ 0 and θ̈ = 0, the drivetrain stationary model may be re
alled. Compar-ing Eq. 24 and Eq. 119, the rotor angles subje
t to V̇ (·) ≡ 0 must be su
h that θ = θs.With the above �ndings, one may rewrite the equations in Eq. 119 pertaining to the �rst stage ofthe drivetrain as
T T

1 e1 (T 1θ0s − θ1s) = T T
q1eq

(

T qθ(q−1)s − θqs

)

.Under the 
ondition V̇ (·) ≡ 0, θ̇ ≡ 0 implies the values of θ0s, θ1s, and θ(q−1)s are un
hanged.Consequently, θqs will be 
onstant, whi
h means the unique values of the link angles q and hen
e
q̇ ≡ 0 and q̈ = 0. Closed loop dynami
s of the robot in Eq. 1 thus be
omes

g (q) = h (θqs) = g (θqs) − J (θqs)
T

Kd (f (θqs) − xd) .This equation requires, in general, q = θqs and f (θqs) = xd, or θqs = f−1 (xd). In other words,
q = f−1 (xd). Furthermore, the rotor angles of the drivetrain at the ith-stage are determined byEq. 112 regarding to the equilibrium 
ondition θ̇ ≡ 0.In summary, the system states 
orresponding to V̇ (·) ≡ 0 are the 
oordinates of the (lo
ally) uniqueequilibrium point. Applying the Lassalle's invarian
e prin
iple, the 
losed loop system is (lo
ally)asymptoti
ally stable to the equilibrium point (q, q̇,θ, θ̇, ei, ż

)

= (qs,0,θs,0,0,0), where qs and θsare determined by Eqs. 111 and 112. Note that the motor 
urrent will 
onverge to the referen
e value
im of Eq. 83 and the estimated velo
ity related term ϑ will �nally be vanished identi
ally. If themotor ba
k-emf for
e 
annot be pre
isely 
an
elled, the system stability will be indeterminate.3.6.2. Proof of PassivityPassivity is an important property for the robot system to perform intera
tion tasks su

essfullysin
e the passive system will respond to the in
oming input energy in a stable manner a

ording to theunderlying prin
iple of energy 
onservation. As a result, the system will be robust to the disturban
eand intera
t safely with the passive environment.De�nition 3. Passive System: [25℄ The system

ẋ = f (x,u)

y = h (x,u)is said to be passive if there exists a 
ontinuously di�erentiable lower bounded fun
tion S (x), 
alledthe storage fun
tion, su
h that
uT y ≥ Ṡ (x) + ǫ ‖u‖2

+ δ ‖y‖2
+ ρψ (x) .
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Figure 8: Feedba
k inter
onne
tion of three subsystems of the nonlinear �exible-joint robot 
ontrolled system intera
tingwith the passive environment. The system as a whole is passive.
ǫ, δ, and ρ are nonnegative 
onstants and ψ (x) : R

m → R is a positive de�nite fun
tion of x.The term ρψ (x) is 
alled the state dissipation rate. Furthermore, the system is said to be: losslessif uT y = Ṡ (x); input stri
tly passive if uT y ≥ Ṡ (x) + ǫ ‖u‖2
, ∃ǫ > 0; output stri
tly passive if

uT y ≥ Ṡ (x) + δ ‖y‖2 , ∃δ > 0; state stri
tly passive if uT y ≥ Ṡ (x) + ρψ (x) , ∃ρ > 0.Figure 8 depi
ts the blo
k diagram of the nonlinear �exible-joint robot 
ontrolled system. Thesystem may be de
omposed into three units representing the robot, the drivetrain, and the motorplus the 
ontroller subsystems. They are inter
onne
ting in tandem feedba
k topology. The wholesystem is then 
oupled to the passive environment whi
h maps the velo
ity �ow ẋ to the e�ort torque
−F ext. These quantities in the task spa
e are transformed to the joint spa
e as q̇ and −τ ext by theJa
obian matrix. Sin
e the robot moves with the same velo
ity, the torque a
ting onto the robot willthen be the rea
tion torque τ ext.



3 TASK SPACE IMPEDANCE CONTROL 40Passivity of the robot subsystem Eq. 1 
an be shown readily by the storage fun
tion
Sr (q, q̇) =

1

2
q̇T M (q) q̇ + Vg (q) , (120)with Vg (q) the gravitational potential fun
tion su
h that |Vg (q)| < β, for some β > 0. Hen
e, Sr isguaranteed to be bounded from below. Its time derivative along the traje
tory of the robot dynami
sis

Ṡr =
1

2
q̇T Ṁ (q) q̇ + q̇T M (q) q̈ + g (q)

T
q̇

= q̇T (τ dr + τ ext) . (121)Note that the skew symmetry property of the matrix Ṁ (q) − 2C (q, q̇) is used. From de�nition 3,the robot subsystem is hen
e the lossless system mapping (τ dr + τ ext) 7→ q̇.Passivity of the modi�ed drivetrain subsystem Eqs. 13 and 82 may be analyzed with the storagefun
tion
Sdr

(

q,θ, θ̇
)

=
1

2
θ̇

T
Brθ̇ + Ve (q,θ) , (122)of whi
h its derivative along the traje
tory of the drivetrain dynami
s is

Ṡdr = θ̇
T
Brθ̈ +

∂Ve (q,θ)

∂q
q̇ +

∂Ve (q,θ)

∂θ
θ̇

= θ̇
T

0 (τm)dr − q̇T τ dr − θ̇
T
cr

(

θ̇
)

. (123)Equations 16, 18, 102, and 103 have been used to a
hieve the above expression. Therefore, if thetransmission subsystem is fully damped, it will be the state stri
tly passive system mapping q̇ 7→ −τ drat the port 
onne
ting the drivetrain to the robot, and (τm)dr 7→ θ̇0 at the port 
onne
ting to themotor ele
tri
al dynami
s and the 
ontroller.The last unit, whi
h 
ombines the motor 
urrent dynami
s plus the 
ontroller, is 
hara
terized bythe following set of equations:
(τm)dr = Kτ ir

Li̇r + Rir + Kbθ̇0 = u

u = Li̇mr + Rir + Kbθ̇0 − Kc (ir − imr)

imr = K−1
τ (τm)

∗
dr

(τm)
∗
dr = T T

q1τ
∗
dr

τ ∗
dr = h (θqs) −

√

Kvϑ

ϑ = CAz + CB
√

KvT q1θ̃0

ż = Az + B
√

KvT q1θ̃0

θqs = T q1θ0 − e−1
1q (h (θqs)) , (124)
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ontrolled motors. It is assumed that the 
an
ellation of the motor 
ur-rent/angular velo
ity terms in motor dynami
s and the estimation of the transmitted torque areperfe
t. Thus, passivity of this unit may be assured by the storage fun
tion
Smc (ei, ż,θ0) =

1

2
eT

i Lei +
1

2
żT P ż − Vh̄ (T q1θ0) . (125)The �rst two terms show the state kineti
 energy-like fun
tions of the 
urrent tra
king 
ontrollerand the velo
ity estimator unit. The last term is the negative of the potential energy, Eq. 97, of theproposed impedan
e 
ontrol law, τ ∗

dr, for the negative feedba
k 
on�guration. Time derivative alongthe traje
tory of the 
urrent tra
king and velo
ity estimator dynami
s is thus
Ṡmc = eT

i Lėi +
1

2
z̈T P ż +

1

2
żT P z̈ − ∂Vh̄ (T q1θ0)

∂ (T q1θ0)
T q1θ̇0

= −eT
i Kcei −

1

2
żT Qż − θ̇

T

0 T T
q1

(

h (θqs) −
√

Kvϑ
)

= −eT
i Kcei −

1

2
żT Qż − θ̇

T

0 (τm)∗dr ,using the 
urrent tra
king error dynami
s Eq. 84, the KY lemma Eqs. 61-62, and re
ognizing thestationary 
an
ellation of the gravity torque and generation of the desired 
omplian
e as the negativeof the di�erential of Vh̄ (T q1θ0). Furthermore, sin
e
(τm)dr = (τm)

∗
dr + Kτei,the time rate of 
hange of the storage fun
tion Smc (·) may be written as

Ṡmc = −θ̇
T

0 (τm)dr − eT
i Kcei −

1

2
żT Qż + θ̇

T

0 Kτei.Employing the de
omposition of the 
ross term in Eq. 115, the equation be
omes
Ṡmc = −θ̇

T

0 (τm)dr−eT
i Kcei−

1

2
żT Qż− 1

2

(

θ̇0 − ei

)T

Kτ

(

θ̇0 − ei

)

+
1

2
θ̇

T

0 Kτ θ̇0+
1

2
eT

i Kτei. (126)Be
ause the last two terms are always non-negative, passivity and passive mapping θ̇0 7→ − (τm)drof this subsystem solely 
annot be 
on
luded. This is due to the 
urrent tra
king error dynami
s.On the other hand, it implies that the third subsystem will be state stri
tly passive if the motors are
urrent-
ontrolled.Nevertheless, one may 
ombine the drivetrain, motor, and 
ontroller subsystems (se
ond and thirdunits) altogether. Consequently, the storage fun
tion of this integral unit may be proposed as thesum of the storage fun
tions of the subsystems;
Sdr,mc

(

q,θ, θ̇, ei, ż
)

= Sdr (·) + Smc (·) . (127)Hen
e it is obvious that the time derivative will merely be the sum of the derivative of these subsystemstorage fun
tions;
Ṡdr,mc (·) = Ṡdr (·) + Ṡmc (·)



4 SIMULATION AND DISCUSSIONS 42
= −q̇T τ dr − θ̇

T
cr

(

θ̇
)

− eT
i Kcei −

1

2
żT Qż

−1

2

(

θ̇0 − ei

)T

Kτ

(

θ̇0 − ei

)

+
1

2
θ̇

T

0 Kτ θ̇0 +
1

2
eT

i Kτei. (128)Under the 
onditions of Eqs. 117-118 and if the transmission is fully damped, Eq. 128 may berearranged as
Ṡdr,mc (·) = −q̇T τ dr −

1

2
żT Qż − 1

2

(

θ̇0 − ei

)T

Kτ

(

θ̇0 − ei

)

−
q
∑

k=2

θ̇
T

k−1crk

(

θ̇k−1

)

−1

2
eT

i (2Kc − Kτ ) ei −
1

2
θ̇

T

0

(

2cr1

(

θ̇0

)

− Kτ θ̇0

)

. (129)Consequently, the state stri
tly passive mapping q̇ 7→ −τ dr at the port 
onne
ting to the robot of theintegrated drivetrain, motor, and 
ontroller subsystems is ensured. As a result, Fig. 8 may be viewas the negative feedba
k inter
onne
tion of two passive systems. Further, it is possible that the robotis 
oupled to the passive environment.Theorem 4. Feedba
k Inter
onne
tion of the Systems: [25℄ The negative feedba
k inter-
onne
tion of two passive systems is passive.Applying the stated theorem 4, proof of the passivity of the nonlinear �exible-joint robot 
ontrolledsystem intera
ting with the passive environment is thus 
ompleted.4. Simulation and Dis
ussionsIn this se
tion, a two DOF 
able-pulley driven �exible joint robot with the proposed task spa
eimpedan
e 
ontrol law in se
tion 3 is studied and simulated. This robot, shown in Fig. 9, is intendedto be a prototype supporting the fundamental study of the 
able driven robot whi
h will further beuseful in developing the whole arm of the ongoing servi
e robot proje
t. The prototype is 
apableof providing the output motion at the end of the shoulder link in the pit
h and yaw dire
tions thatemulates the prin
ipal motion performed by the human shoulder. Natural 
oordinates des
ribing theposition are thus the pit
h and yaw angles, denoted as θp and θy in turn.Fig. 10 depi
ts the win
hes and pulleys arrangement of the �exible joint robot. Starting from theinput side, the motor axle is 
oupled to win
h#1, whi
h then drives win
h#2 through the wrapped
ables. Win
h#2 in turn drives pulley#1 (for right win
h) and pulley#2 (for left win
h). Togetherwith pulley#3, these pulleys form the di�erential me
hanism whi
h produ
es the rotational motion ofthe output shoulder link about two mutually perpendi
ular axes. For the spe
i�
 pose of the shoulder
ompound joint me
hanism, the axes of rotation 
auses the motion of the shoulder link end tip in thepit
h and yaw dire
tions. Note that the di�erential me
hanism in this work is implemented throughthe 
ables and stepped pulleys. Also, the additional pulley#4 is not atta
hed with any 
able. Itspurposes are to 
ounter pulley#3 and to strengthen the stru
ture.
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Figure 9: CAD drawing of the prototypi
al two DOF 
able-pulley driven �exible joint robot.

Figure 10: Win
hes and pulleys arrangement in the drivetrain unit of the �exible joint robot.



4 SIMULATION AND DISCUSSIONS 44Furthermore, the robot is equipped with the patented pending 
ounterbalan
ing me
hanism [30℄invented to redu
e the amount of torque 
ommonly required from the motors to sustain the weightand hen
e to improve the safety of the robot. Basi
ally, motion of pulley#1 and pulley#2 aretransmitted via the 
able routing to elongate a set of springs. With the appropriate spring sti�nessused, the generated torque 
an mat
h with the 
on�guration dependent gravitational torque. The
onsideration may also be a
quired from the viewpoint of maintaining the total potential energy ofthe system.4.1. Modeling of the Robot and Its DrivetrainDeveloped framework of the robot and its drivetrain modeling in se
tion 2 is appli
able to thisprototype. Furthermore, the te
hnique of bond graph modeling shall be employed in order to promotemore systemati
 modeling and to gain deeper understanding of the system physi
s.4.1.1. Kinemati
sModeling analysis begins with the kinemati
s of the system. Referring to the pulleys and win
hesarrangement of the �exible transmission in Fig. 10, let θm, θw, θ1, θ2, θp, and θy be the angularposition of the motor, win
h, pulley#1, pulley#2, and the pit
h and yaw angles of the shoulder link,respe
tively. Positive dire
tion of the rotations are de�ned to be along +X , −X , and +X-axis forwin
h#1, win
h#2, and pulley#1 and pulley#2. Positive pit
h and yaw angles happen along +x and
+y-axis, respe
tively. Positive dire
tion of ea
h motor, however, depends on the manufa
turer as wellas the orientation of the installed axis. For this system, positive turn of the left and right motorso

ur about +X and −X-axis. Inter
onne
tion between these parts by the 
ables and stru
turesposes the following kinemati
al 
onstraints:

θ̇w1r = −θ̇mr θ̇w1l = θ̇ml

θ̇w2r = n2r θ̇w1r θ̇w2l = n2lθ̇w1l

θ̇1 = n3r θ̇w2r θ̇2 = n3lθ̇w2l

θ̇p =
1

2

(

θ̇1 + θ̇2

)

θ̇y =
1

2

(

θ̇1 − θ̇2

)

. (130)This parti
ular system is designed su
h that the transmission ratio at the 2nd and the 3rd-stage areall be 1
3 . A

ording to the notations introdu
ed in subse
tion 2.2,

T 1 =





−1 0

0 1



 T 2 =





1
3 0

0 1
3



 T 3 =





1
3 0

0 1
3



 T q = T 4 =





1
2

1
2

1
2 − 1

2



 , (131)where
θ̇0 =

[

θ̇mr θ̇ml

]T

θ̇w1 = θ̇1 =
[

θ̇w1r θ̇w1l

]T

θ̇w2 = θ̇2 =
[

θ̇w2r θ̇w2l

]T

θ̇d = θ̇3 =
[

θ̇1 θ̇2

]T

θ̇q =
[

θ̇p θ̇y

]T

.
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s of the robot may be analyzed using the rotation matrix. Referring to Fig. 10, positionve
tor of the shoulder link end point relative to the origin of {XY Z} des
ribed in {xyz} is
{xyz}x =

[

0 0 −lo
]Tfor whi
h lo = 315 mm is the shoulder link length from the 
enter of rotation. Besides, the relativerotation between {xyz} and {XYZ} is des
ribed by the rotation matrix

{XY Z}R{xyz} = Rx,θpRy,θy =











cy 0 sy

spsy cp −spcy

−cpsy sp cpcy











. (132)Therefore, position ve
tor x des
ribed in the referen
e frame {XY Z} is
{XY Z}x = {XY Z}R{xyz}

{xyz}x

=
[

−losy lospcy −locpcy
]T

. (133)Velo
ity of the end point may be determined simply from the fa
t that its motion is the purerotation about the origin of the �xed frame {XY Z}. If ω is the link angular velo
ity, the end pointvelo
ity expressed in the moving frame {xyz} is
{xyz}ve = ω × x =

[

−loθ̇y loθ̇pcy 0
]T

. (134)Consequently, the Ja
obian matrix represented in {xyz} be
omes
{xyz}J =











0 −lo
locy 0

0 0











. (135)In addition, the Ja
obian matrix expressed in {XY Z} may then be determined as
{XY Z}J = {XY Z}R{xyz}

{xyz}J

=











0 −locy
locpcy −lospsy

lospcy locpsy











. (136)4.1.2. Complian
eAfter the kinemati
al analysis, dynami
s of the system will then be 
onsidered. Sin
e the pra
ti
alrobot system is too 
ompli
ated for anyone to 
omprehend the 
omplete dynami
s in a whole singlestep, dynami
s of ea
h subsystem shall be analyzed separately �rst. This subse
tion 
on
entrates onthe 
omplian
e behavior of the transmission unit. At the 1st-stage, power from the motor is deliveredto win
h#1 via the disk 
oupling. Thus, the transmission 
omplian
e is simply the inverse of the
oupling sti�ness. Its sti�ness 
onstant of 5700 [N/m℄ is taken from the data sheet. For the 2nd
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Figure 11: Simple drive unit and the parameters related to its transmission 
omplian
e.and the 3rd-stage, 
able and pulley me
hanisms are the root of the �exibilty. The transmission hereis 
onstru
ted from winding the 
able between the powered and the loaded pulleys as s
hemati
allydrawn in Fig. 11. This is 
alled the simple drive unit.Based on the assumption that the 
ables have been se
urely wrapped around the pulleys withproper pretension so the total slippage between the 
able and the pulley groove over the 
ir
uit isnegligible, the expli
it torque-angle de�e
tion equation may be determined [28℄ as
θ =

To

EAµeff

[(

mem

em − 1
− 1

)

(1 +GF ) − log
mem

em − 1

]

. (137)This 
onstitutive equation involves several parameters. The 
able 
ir
uit, with the properties E and
A for the Young modulus and the e�e
tive 
ross-se
tional area, has been pretensioned to To. m is thedimensionless torque of the loaded torqueM applied at the loaded pulley of radius ro. It is 
al
ulatedby

m =
M

roTo
. (138)

µeff is the e�e
tive 
oe�
ient of fri
tion determined by
µeff =

(

1

µro

+
ri
ro

1

µri

)−1

, (139)where the 
oe�
ients of fri
tion between the powered/loaded pulleys (radius ri and ro, respe
tively)and the 
ables are µri and µro . Finally, the symbol GF stands for the geometri
 fri
tion number
GF =

Lµeff

r
, (140)
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al values of the parameters for the �exible 
able-pulley driven drivetrainParameters 2nd-stage 3rd-stage 4th-stagepretension, To 74 [N℄ 185 [N℄ 238 [N℄Young modulus, E 200 [GPa℄ 200 [GPa℄ 200 [GPa℄
able 
ross se
tional area, A 1.767 [mm2℄ 3.534 [mm2℄ 7.069 [mm2℄e�e
tive 
oe�. fri
tion, µeff 0.1 0.1 0.1e�e
tive output pulley radius, r 67.5 [mm℄ 81.0 [mm℄ 63 [mm℄geometri
 fri
tion number, GF 45 × 10−3 41 × 10−3 0where L is the 
able length of the unwrapped portion on ea
h side. This term 
hara
terizes thede�e
tion response of the system to the applied torque. Intuitively from Eq. 137, high value of GFyields a drive with low and nearly linear sti�ness. On the other hand, low GF value will be found inthe transmission system that possesses high sti�ness but softening spring 
hara
teristi
s.Equation 137, expressing the de�e
ted angle θ as an expli
it nonlinear fun
tion of the loaded torque
M , is indeed the inverse fun
tion of the nonlinear elasti
 for
e fun
tion e (·) = M (θ) for the �exiblejoint 
onstru
ted from the 
able-pulley me
hanism. Unfortunately, it is not possible to determine the
losed form ofM (θ) from the de�e
tion equation. Nevertheless, this is not ne
essary for the proposed
ontrol s
heme. It should be mentioned that Eq. 137 is derived with an assumption of GF ≈ 0, whi
his valid for the simulated system. Numeri
al values of the pertinent parameters from the design aretabulated in Table 1.Nevertheless, the dimensionless sti�ness may be determined from Eq. 137 by evaluating the deriva-tive of θ with respe
t to m and resolving for its inverse:

k (m) =
dm

dθ
=

(

dθ

dm

)−1

=
EAµeff

To

(

(em − 1)
2

em (em −m− 1)

)

(

1 +GF − em − 1

mem

)−1

. (141)The sti�ness of this simple drive unit, as a fun
tion of the applied torque though, is thus
K (m) =

dM

dθ
=
dM

dm

dm

dθ
= EAµeffro

(

(em − 1)
2

em (em −m− 1)

)

(

1 +GF − em − 1

mem

)−1

. (142)As M approa
hes zero, the sti�ness value 
onverges to
K|M→0 = lim

M→0
K =

2EAr2o
L

. (143)Analysis for the simple drive unit 
an be extended to the 
ase of the di�erential drive unit thatis employed in the 4th-stage of the drivetrain. As a result, the torque-angle de�e
tion equation alongthe pit
h DOF may be written as
θp =

To

EAµeff

[(

mpe
mp/2

2
(

emp/2 − 1
) − 1

)

(1 +GF ) − log
mpe

mp/2

2
(

emp/2 − 1
)

]

. (144)
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ase, mp is the dimensionless torque of the loaded torqueMp applied along the pit
h dire
tion,whi
h would indu
e the 
ounter-tension for
e in the 
able 
ir
uit having the e�e
tive moment arm ofthe pulley radius r about the pit
h axis. It is 
al
ulated by
mp =

Mp

rTo
. (145)Sin
e the pulleys of the di�erential drive unit are assembled in a manner that the axes of the input andoutput pulleys be perpendi
ular and their edges are in 
onta
t with ea
h other, e�e
tively GF = 0.In a similar manner, the torque-angle de�e
tion equation along the yaw DOF may be derived as

θy =
To

EAµeff

[(

mye
my/2

2
(

emy/2 − 1
) − 1

)

(1 +GF ) − log
mye

my/2

2
(

emy/2 − 1
)

]

, (146)for the dimensionless torque my from the loaded torqueMy applied along the yaw dire
tion 
al
ulatedby
my =

My

rTo
. (147)Likewise, the sti�ness along the pit
h and yaw dire
tions may be determined from the abovede�e
tion equations. The results are

Kp (mp) =
dMp

dθp
= 2EAµeffr

(

(

emp/2 − 1
)2

emp/2
(

emp/2 − mp

2 − 1
)

)(

1 +GF − 2
(

emp/2 − 1
)

mpemp/2

)−1 (148)and
Ky (my) =

dMy

dθy
= 2EAµeffr

(

(

emy/2 − 1
)2

emy/2
(

emy/2 − my

2 − 1
)

)(

1 +GF − 2
(

emy/2 − 1
)

myemy/2

)−1

. (149)Sti�nesses are maximized when the drive unit bears no load, of whi
h their values are
Kp|Mp→0 = lim

Mp→0
Kp =

4EAr2

L
(150)and

Ky|My→0 = lim
My→0

Ky =
4EAr2

L
. (151)Be
ause the unwrapped segment of the 
ables for the di�erential drive is nearly zero, the sti�ness atthis stage 
an be very high.The above deformation fun
tions of various elasti
 elements in the transmission stages may begrouped into ve
tor fun
tions 
orresponding to the notations in subse
tion 2.2 to assist the develop-ment of the 
ontrol law. They are

e−1
w1 (τw1) = e−1

1 (τw1) =





175.44× 10−6τw1r

175.44× 10−6τw1l





e−1
w2 (τw2) = e−1

2 (τw2) =





To

EAµeff

[(

mw2remw2r

emw2r−1 − 1
)

(1 +GF ) − log mw2remw2r

emw2r−1

]

To

EAµeff

[(

mw2le
mw2l

emw2l−1 − 1
)

(1 +GF ) − log mw2le
mw2l

emw2l−1

]




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e−1

d (τ d) = e−1
3 (τ d) =





To

EAµeff

[(

m1em1

em1−1 − 1
)

(1 +GF ) − log m1em1

em1−1

]

To

EAµeff

[(

m2em2

em2−1 − 1
)

(1 +GF ) − log m2em2

em2−1

]



 (152)
e−1

q (τ dr) =









To

EAµeff

[(

mpemp/2

2(emp/2−1)
− 1

)

(1 +GF ) − log
mpemp/2

2(emp/2−1)

]

To

EAµeff

[(

myemy/2

2(emy/2−1)
− 1

)

(1 +GF ) − log
myemy/2

2(emy/2−1)

]









,where
τw1 =

[

τw1r τw1l

]T

τw2 =
[

τw2r τw2l

]T

τ d =
[

τ1 τ2

]T

τ dr =
[

τp τy

]Tare the torque ve
tors transmitted over the elasti
 
ouplings and 
able-pulley me
hanisms to win
h#1,win
h#2, pulley#1, pulley#2, and the pit
h and yaw joints of the robot. Also,
mw2r = τw2r

roTo
mw2l = τw2l

roTo

m1 = τ1

roTo
m2 = τ2

roTo

mp =
τp

rTo
my =

τy

rToare their dimensionless values.4.1.3. LossesLoss plays an important role in dynami
s response by retarding the output motion, whi
h degradesthe e�
ien
y of the system to a 
ertain extent. On the other hand, it may be a boon to the systemstability. Major losses in this system are found at the 
able-pulley matings and at the bearing units.For the 
able-pulley me
hanism, variation of the 
able tension along the length 
auses the segments toundergo elongation and 
ontra
tion in a 
y
li
 manner. When the pulleys are rotating, 
able slippagewill o

ur at the grooves of the wrapped pulleys. Developing fri
tion will then do the resistive work,resulting in the lost power. This fri
tion loss may be modeled indire
tly through the e�
ien
y of thepower transmission, where the result does not meet the form in Eq. 15. Yet it provides an additional
hannel to dissipate the energy, making the system be more stri
tly passive.The transmission e�
ien
y may be determined by a
knowledging the fa
t that the power thepowered pulley delivers to the 
ables must be equal to the power the loaded pulley takes from the
ables. In�nitesimal power dissipation is integrated for the entire wrapping angles to obtain the powerloss at the powered and loaded pulleys. After the evaluation and manipulation, the transmissione�
ien
y η may be written as [28℄
η =

Pout

Pin
= 1 − M

rEA
, (153)for the simple drive unit at the 2nd and the 3rd-stage of the drivetrain. Derivation is extended to the
ase of di�erential drive unit. With pulley#1 and pulley#2 as the input pulleys and pulley#3 as the
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ien
y of the �exible 
able-pulley driven drivetrain under the working 
ondition 10 kg ratedload of the robot. Parameters 2nd-stage 3rd-stage 4th-stagerated loaded torque, M 10 [Nm℄ 30 [Nm℄ 60 [Nm℄loaded pulley radius, r 67.5 [mm℄ 81 [mm℄ 45 [mm℄
able diameter, d 1.5 [mm℄ 1.5 [mm℄ (double 
ables) 3 [mm℄transmission e�
ien
y, η 0.99958 0.99948 0.99976output pulley depi
ted in Fig. 10, the e�
ien
y may be derived as
η =

Pout

Pin
= 1 − M

2rEA
, (154)where M is the torque transmitted to the load. Note that these equations are determined on theassumption that the di�eren
e of the 
able tension for
es at both sides of the loaded pulley (low andhigh tension) are not signi�
ant. This is valid when the load is small.Assume the robot 
an bear the rated load of 10 kg. The 
orresponding rated loaded torque atea
h stage may then be 
al
ulated using the transpose of the transmission ratio matri
es. They aresummarized in Table 2 along with their minimum pulley radius and 
able diameters. Hen
e thenumeri
al values of the transmission e�
ien
y at ea
h stage may be evaluated, whi
h are tabulatedin the same table. It is observed that the e�
ien
y is very good, whi
h agrees with the well-knownadoption of the 
able-pulley me
hanism in many high performan
e motion 
ontrol systems [1, 31℄.Therefore, loss in the 
able-pulley me
hanism may be safely ignored.Fri
tion loss at the bearing is typi
ally more signi�
ant than the dissipation at the 
able-pulleytransmission depending on the quality of the ma
hining and assembly produ
t. Natural 
omplexityof the fri
tion at the bearing support prevents one to develop purely theoreti
al equations that arerealisti
. Consequently, the proposed fri
tion model used in this simulation will be the 
ombinationof the simple Coulomb's fri
tion torque when the relative velo
ity of the mating surfa
es is virtuallyzero, and the empiri
al formulation of the fri
tional torque for the standard sealed deep-grooved ballbearing [29℄ when the relative motion o

urs. Mathemati
ally,

Mf =







Min, ω = 0 and Mmin ≤Min ≤Mmax

35812.5Hd
nr , ω 6= 0,

(155)where Min [Nmm℄ and H [kW℄ are the transmitted torque and the transmitted power through the
able-pulley me
hanism, Mf [Nmm℄ the developed fri
tional torque, d [mm℄ and r [mm℄ the shaftdiameter and the pulley radius, and n [rpm℄ the angular velo
ity of the pulley. Mmin and Mmax limitthe maximum amount of power loss that 
an o

ur at the bearing. Their typi
al values, experimentally
hosen, are Mmin = −10 [Nmm℄ and Mmax = 10 [Nmm℄.A

ording to the design, lo
ations of the bearing support are determined and the appropriateparameter values are substituted into Eq 155. See the bond graph diagram of the system in Fig. 12.
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Figure 12: Detailed bond graph diagram of the two-DOF 
able-pulley driven �exible joint robot 
ontrolled system. The diagram displays the inter
onne
tion of the 
ontroller,motor, drivetrain, 
ounterbalan
e, and robot units. In addition, physi
al system-like 
ouplings of the lumped model of the system 
omponents ease the understanding of theoverall dynami
s.
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Figure 13: Colle
tion of me
hani
al parts undergoing the pit
hing motion.They all 
an be arranged into the impli
it dissipative ve
tor fun
tion c
(

θ̇
) of Eq. 15 where the detailsshall be omitted here.4.1.4. Robot Dynami
sReferring to the Fig. 9 and 10, main parts of the two DOF (pit
h and yaw) robot are pulley#3,pulley#4, and the output shoulder link. As a matter of 
onvenien
e, the re
tangle frame of the
ounterbalan
ing me
hanism subje
t to the pit
h motion will be in
luded as well. These 
omponentshave 
ompound motion formed by the primitive pit
h and yaw motion. Dire
t appli
ation of theLagrangian formulation will be performed to derive the robot equations of motion.Me
hani
al parts of the robot may be grouped into two 
olle
tions: one undergoing the pit
hingmotion solely and the other undergoing the 
omposite pit
hing and yawing motion. CAD drawings ofthese two 
olle
tions are depi
ted in Fig. 13 and 14. Their related parameters will thus be subs
riptedas `p' and `py', respe
tively. The referen
e and moving 
oordinate frames employed are the same oneas shown in Fig. 10.For the �rst 
olle
tion undergoing the pit
h motion, its 
ompound 
enter of gravity (C.G.) maybe approximated to be at

{xyz} (rG)p =
[

0 0 rzp

]Trelative to the origin of {XY Z}, for rzp = −28.8 [mm℄. Be
ause its motion is the rotation about the�xed pit
h axis with the angular velo
ity
{xyz}ωp =

[

θ̇p 0 0
]T

,the asso
iated kineti
 energy may be determined as
Tp =

1

2
ωT

p Iopωp =
1

2
Ixxp θ̇

2
p, (156)
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Figure 14: Colle
tion of me
hani
al parts undergoing the pit
hing and yawing motion.where Iop is the pit
h-
olle
tion inertia matrix of whi
h its inertia about x-x axis is Ixxp = 276.0[kg · cm2℄ from the CAD program evaluation. The potential energy may be derived simply as
Vp = −mpg · (rG)p = −mpgrzpsp, (157)for whi
h mp = 3.55 [kg℄ is the mass of this 
olle
tion and g the ve
tor of gravitational a

eleration.Similarly, the kineti
 and potential energy of the pit
h/yaw-
olle
tion may be derived as follow.From the geometry, the 
ompound C.G. lo
ation may be approximated as
{xyz} (rG)py =

[

0 0 rzpy

]T

,where rzpy = −120.2 [mm℄. However, its angular velo
ity are due to both the pit
h and yaw motion.In the body �xed frame, it may thus be written as
{xyz}ωpy =

[

θ̇pcy θ̇y θ̇psy

]T

.Therefore the kineti
 energy expression after some simpli�
ation may be expressed as
Tpy =

1

2
ωT

pyIopyωpy

=
1

2

[

(

Ixxpyc
2
y + Izzpys

2
y + 2Ixzpysycy

)

θ̇2p

+2
(

Ixypycy + Iyzpysy

)

θ̇pθ̇y + Iyypy θ̇
2
y

]

, (158)for whi
h
Iopy =











Ixxpy Ixypy Ixzpy

Ixypy Iyypy Iyzpy

Ixzpy Iyzpy Izzpy













4 SIMULATION AND DISCUSSIONS 54is the inertia matrix of the pit
h/yaw-
olle
tion. Careful de
ision on the shape of the parts is madeduring the robot design, resulting in the simpli�ed inertia property where the o�-diagonal elementsmay be negle
ted. See Fig. 14. Parti
ularly, Ixxpy = 932.0 [kg · cm2℄, Iyypy = 761.5 [kg · cm2℄,
Izzpy = 205.2 [kg · cm2℄, and Ixypy = Ixzpy = Iyzpy = 0 [kg · cm2℄. The potential energy may be
al
ulated as

Vpy = −mpyg · (rG)py = −mpygrzpyspcy, (159)with mpy = 3.07 [kg℄ be the mass of this 
olle
tion.Furthermore, the 
ounterbalan
ing me
hanism 
ontributes to the robot dynami
s by shaping therobot potential energy with the storing and restoring spring potential energy. The me
hanism maybe divided into two 
omponents. One is to 
ounter the gravitational potential energy of the pit
h-
olle
tion. The other, more 
ompli
ated, is for a

ounting that of the pit
h/yaw-
olle
tion. Con
ep-tually, the me
hanism is designed so the sum of the gravitational and the spring potential energyyields a 
onstant value. Unfortunately, a
tual implementation of this idea makes the 
an
ellationbe imperfe
t due mainly to the nonzero initial tension of the spring, the 
able routing over non-zeroradius idlers, and the traveling limitation hit of the me
hanism.Spring potential energy of the 
ounterbalan
e may be determined from the area under the for
e-deformation 
urve. Geometri
 
onstraint of the me
hanism enfor
es the elongated length of thesprings to be related to the robot 
on�guration through its generalized 
oordinates θp and θy. Detailsshall be omitted and only the results are provided. Potential energy of the 
ounterbalan
e for thepit
h-
olle
tion is
VCp = 2kph

2
p

[

1 − sin

(

θp +
25π

180

)]

+ 2hpTip

√

2

[

1 − sin

(

θp +
25π

180

)]

, (160)where the spring sti�ness and the mounting distan
e of the 
able-spring at the re
tangle frame fromthe X-X axis, kp = 311.88 [N/m℄ and hp = 40 [mm℄, are designed based on the perfe
t gravitationaltorque 
an
ellation of the ideal 
ounterbalan
ing me
hanism a

ording to the following relation;
kph

2
p =

mpg
∣

∣rzp

∣

∣

2
. (161)A

ording to the data sheet of the sele
ted spring, initial tension Tip is 5.10 [N℄. The 
onstant angleof 25π

180 [rad℄ re�e
ts the safety limit of the me
hanism at 65◦.Analogously, potential energy of the 
ounterbalan
e for the pit
h/yaw-
olle
tion may be expressedas
VCpy = kpyh

2
py (2 − s1 − s2) + hpyTipy

[

√

2 (1 − s1) +
√

2 (1 − s2)
]

= 2kpyh
2
py (1 − spcy)

+hpyTipy

[

√

2 [1 − s (θp + θy)] +
√

2 [1 − s (θp − θy)]

]

, (162)



4 SIMULATION AND DISCUSSIONS 55where the spring sti�ness and the mounting distan
e of the 
able-spring at pulley#1 and pulley#2from the X-X axis are designed to have the values of kpy = 426.9 [N/m℄ and hpy = 60 [mm℄,respe
tively, based upon the relation
kpyh

2
py =

mpyg
∣

∣rzpy

∣

∣

2
. (163)Initial tension for this set of springs is Tipy = 7.94 [N℄.One important pra
ti
al issue is the tension spring and the 
able 
annot bear the 
ompressionload. In other words, the spring 
annot store the energy beyond its unstret
hed length. Physi
ally,the spring and the 
able get sla
k and the spring for
e be
omes zero. A

ording to the me
hanismdesign, it happens at θp ≥ 65◦ for the 
ounterbalan
e of the pit
h-
olle
tion as it hits the hard limit,and at θ1 = 90◦/θ2 = 90◦ for the 
ounterbalan
ing springs 
onne
ted to pulley#1/pulley#2 of thepit
h/yaw-
olle
tion as they are at their nominal lengths.Additionally, the fri
tion for
e Ff developed at the linear bushing, whi
h bears and provides theway for the stroke of the spring, should be taken into a

ount. It is modeled simply by a nonlinearswit
hing fun
tion

Ff =







−sgn (v)Fm, v 6= 0

0 v = 0,
(164)where v is the signed velo
ity of the slider and the 
onstant fri
tion limit value Fm is sele
ted to be

0.5×10−2 [N℄. In this regard, the fri
tion for
e is 
omparable to an extra initial dynami
 tension for
eof the spring.A

ording to the above analysis, Lagrangian of the robot plus its 
ounterbalan
es may be deter-mined as
L
(

θq, θ̇q

)

= Tp + Tpy − Vp − Vpy − VCp − VCpy .Applying the Lagrangian formulation along the system generalized 
oordinates θp and θy, one wouldhave
d

dt

(

∂L

∂θ̇p

)

− ∂L

∂θp
= τp

d

dt

(

∂L

∂θ̇y

)

− ∂L

∂θy
= τy,where τp and τy are the 
orresponding generalized torques. Evaluating the above formulation withthe system Lagrangian, the robot dynami
s model may be manipulated into the modi�ed standardform of Eq. 1 that in
ludes the fri
tional torque f ;

M (q) q̈ + C (q, q̇) q̇ + f + g (q) = τ dr + τ ext, (165)with
M (q) =





Ixxpyc
2
y + Izzpys

2
y + Ixxp 0

0 Iyypy







4 SIMULATION AND DISCUSSIONS 56
C (q, q̇) =





(

Izzpy − Ixxpy

)

sycy θ̇y

(

Izzpy − Ixxpy

)

sycy θ̇p
(

Ixxpy − Izzpy

)

sycy θ̇p 0





f =







2hpsgn(θ̇p)Fm cos(θp+ 25π
180 )

q

2[1−sin(θp+ 25π
180 )]

+
hpysgn(θ̇1)Fmc1√

2(1−s1)
+

hpysgn(θ̇2)Fmc2√
2(1−s2)

hpysgn(θ̇1)Fmc1√
2(1−s1)

− hpysgn(θ̇2)Fmc2√
2(1−s2)







=







2hpsgn(θ̇p)Fm cos(θp+ 25π
180 )

q

2[1−sin(θp+ 25π
180 )]

+
hpysgn(θ̇p+θ̇y)Fmc(θp+θy)√

2[1−s(θp+θy)]
+

hpysgn(θ̇p−θ̇y)Fmc(θp−θy)√
2[1−s(θp−θy)]

hpysgn(θ̇p+θ̇y)Fmc(θp+θy)√
2[1−s(θp+θy)]

− hpysgn(θ̇p−θ̇y)Fmc(θp−θy)√
2[1−s(θp−θy)]







g (q) =





gp (θp, θy)

gy (θp, θy)



 . (166)In this equation, g (q) is the resulting torque ve
tor of the robot gravity torque 
ompensated bythe 
ounterbalan
ing spring torque. Their 
omponents along θp and θy generalized 
oordinates are
gp (θp, θy) = −mpgrzpcp − 2kph

2
p cos

(

25π

180

)

cp + 2kph
2
p sin

(

25π

180

)

sp − 2hpTip cos
(

θp + 25π
180

)

√

2
[

1 − sin
(

θp + 25π
180

)]

−mpygrzpycpcy − 2kpyh
2
pycpcy − hpyTipyc (θp + θy)

√

2 [1 − s (θp + θy)]
− hpyTipyc (θp − θy)
√

2 [1 − s (θp − θy)]
(167)

gy (θp, θy) = mpygrzpyspsy + 2kpyh
2
pyspsy − hpyTipyc (θp + θy)

√

2 [1 − s (θp + θy)]
+

hpyTipyc (θp − θy)
√

2 [1 − s (θp − θy)]
. (168)External for
e F ext, 
aused by the robot intera
tion with the environment at the end of the shoulderlink, may naturally be des
ribed in the task spa
e frame {xyz}. Therefore the re�e
ted torque ve
tor

τ ext at the robot joints is determined by
τ ext ={xyz} JT{xyz}F ext =





Fylocy

−Fxlo



 , (169)as 
an be veri�ed by inspe
ting the robot geometry dire
tly as well.4.1.5. Transmission System Dynami
sTo 
omplete the dynami
s of the drivetrain unit, inertia and dissipation properties must be 
onsid-ered. As depi
ted in Fig. 10, rotors of the drivetrain subsystem 
onsist of the motor rotor, win
h#1,win
h#2, pulley#1, and pulley#2. Their inertia about the �xed rotating axes are evaluated by theCAD program and tabulated in Table 3. Note that the inertia of pulley#3 and pulley#4 are alreadyin
luded into the inertia of the pit
h/yaw-
olle
tion of the robot.Re
alling the dissipation of the drivetrain at the bearing units dis
ussed in subse
tion 4.1.3, repre-sented by Eq. 15and 155, and the elasti
 for
e a
ting at ea
h rotor of the 
able-pulley power transmis-sion subsystem explained in subse
tion 4.1.2, governed by Eq. 16 and 152, dynami
s of the drivetrainsubsystem may thus be determined from Eq. 13.For this parti
ular system, expli
it form of the equations is hardly a
hieved due to the inversionproblem of the 
ompli
ated nonlinear deformation fun
tion. This, however, does not a�e
t the im-



4 SIMULATION AND DISCUSSIONS 57Table 3: Rotor inertias in the drivetrain subsystem about their own rotating axisRotor Inertia [g · cm2℄motor 248win
h#1 344.6win
h#2 16728pulley#1 48436pulley#2 48440Table 4: Some ele
tri
al parameters of the DC brushed MAXON®motor model #148877Parameter Valueindu
tan
e 0.33 [mH℄resistan
e 1.16 Wba
k emf 
onst. 60.3 [mV-s℄torque 
onst. 60.3 [mNm/A℄plementation of the presented 
ontrol law. Besides, the simulation program adopted is 20-sim [32℄.It is based on the bond graph modeling language whi
h does not require expli
it formulation of thesystem di�erential equations. Therefore, this problem does not a�e
t the simulation pro
ess either.4.1.6. Ele
tri
al Dynami
s of the MotorThe motors employed in this system are two DC brushed motors of MAXON®model #148877of whi
h its ele
tri
al parameters read o� from the data sheet are depi
ted in Table 4. A

ordingly,ele
tri
al dynami
s of the motor di
tating the relationship between the voltage/armature 
urrent andthe torque/angular velo
ity may be a
quired by substituting the parameter values into Eq. 21 and 22.4.1.7. Complete ModelAt this point, dynami
s analysis of ea
h subsystem has been 
ompleted. Theoreti
ally, a set oflengthy di�erential equations des
ribing the 
hange of system states may be formulated. Neverthelessfor some pra
ti
al system, e.g. this two DOF 
able-pulley driven �exible joint robot, the behavior ofsome 
omponents is governed by a set of 
omplex nonlinear equations. This prevents one to determinefor their inverse fun
tions needed in formulating the equations of motion expli
itly. As a result, aset of impli
it di�erential-algebrai
 equations (i-DAE) may be formulated. Unfortunately, solvinga system of i-DAE is not so straightforward 
ompared to a typi
al system of ordinary di�erentialequations (ODE).Bond graph te
hnique [16℄ is an approa
h in modeling the system. The modeler fo
uses on de-s
ribing the behavior of ea
h subsystem and/or sub
omponent �rst. The 
omplete system is then
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onstru
ted by inter
onne
ting them through the e�ort and �ow 
onstraints 
orresponding to thephysi
al 
onne
tion of the a
tual 
omponents. Thus by this modeling approa
h, it is not ne
essaryto know the expli
it di�erential equations of the whole system sin
e the simulation will pro
eed fromone basi
 element to the nearby element a

ording to the assigned 
ausality.In brief, all important dynami
al equations of every subsystem as explained in the pre
edingsubse
tions are pla
ed into the bond graph basi
 elements of the power transformation (TF, GY),the inertan
e (I), the linear/nonlinear 
omplian
e (C), and the nonlinear resistan
e (R). Dynami
s ofthe two DOF robot and its gravity are modeled by the 
ustomized nonlinear two-port inertan
e and
omplian
e elements. Additional work is ne
essary to rewrite the robot dynami
s in the Hamiltonianframework by whi
h the bond graph modeling language employs. This 
an be a
hieved with the help ofthe Legendre transformation. Details fall beyond the s
ope of this paper. Finally, the subsystems arealtogether 
ombined through the power bonds and the e�ort (0) and �ow (1) ports. Complete bondgraph digram drawn by 20-sim, a modeling and simulation program [32℄ from Controllab Produ
tsB.V., of the two DOF 
able-pulley driven �exible joint robot system is shown in Fig. 12.4.2. Task Spa
e Impedan
e ControlThe proposed task spa
e impedan
e 
ontrol law in subse
tion 3.5 will now be designed for thetwo DOF 
able-pulley driven �exible joint robot. At any instant, the rea
hable end e�e
tor set point
xd and the task spa
e 
onstant sti�ness matrix Kd are assigned. The following natural form of thesti�ness matrix

{xyz}Kd =





kdx 0

0 kdy



 (170)expressed in the end tip body-�xed frame may be used. kdx and kdy are the desired sti�nesses alongthe x and y-dire
tion. Note the dimension of Kd is 2 × 2 be
ause the robot has two DOF, whi
hphysi
ally allows the end point to move only in the plane tangent to the hemispheri
al surfa
e of theworkspa
e at the 
urrent lo
ation.Desired position xd is 
ommonly des
ribed with respe
t to a referen
e frame. Consequently, todetermine the virtual spring for
e when the sti�ness parameters are expressed in the body-�xed frame,des
ription of the 
oordinate error x̃ must be 
hanged from the �xed to the moving frame by
{xyz}x̃ = {XY Z}RT

{xyz}

(

{XY Z}x −{XY Z} xd

)

. (171)Sin
e the workspa
e of this robot forms a hemispheri
al surfa
e of radius lo, rea
hable end e�e
torset point {XY Z}xd =
[

xd yd zd

]T must satis�ed the 
onstraint
x2

d + y2
d + z2

d = l2o. (172)With respe
t to the referen
e frame orientation in Fig. 10, the z-
oordinate must be
zd = −

√

l2o − x2
d − y2

d. (173)
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alling the robot kinemati
s analyzed in subse
tion 4.1.1 and substituting these terms into Eq. 171,the 
oordinate error may be written as
{xyz}x̃ =











−xdcy − ydspsy −
√

l2o − x2
d − y2

dcpsy

−ydcp +
√

l2o − x2
d − y2

dsp

−lo − xdsy + ydspcy +
√

l2o − x2
d − y2

dcpcy











. (174)Only its x and y-
omponents are needed sin
e the end e�e
tor motion is 
onstrained to lie in thetangent plane.At ea
h 
ontrol sampling, the task spa
e damping matrix Dd (x) will be updated. For this purpose,the generalized eigenproblem of Kd and Λ (x) must be solved �rst. With this parti
ular two DOFproblem, it is possible to solve analyti
ally for the 
losed form expressions. Firstly, the task spa
einertia matrix may be determined from Eq. 67 and 166 as
Λ (x) = J (q)−T

M (q)J (q)−1

=





0 − 1
lo

1
locy

0









Ixxpyc
2
y + Izzpys

2
y + Ixxp 0

0 Iyypy









0 1
locy

− 1
lo

0





=





Iyypy

l2o
0

0 1
l2oc2

y

(

Ixxpyc
2
y + Izzpys

2
y + Ixxp

)



 . (175)A

ording to Eq. 71, the generalized eigenproblem is then to solve




kdx − ω2
ni

Iyypy

l2o
0

0 kdy − ω2
ni

l2oc2
y

(

Ixxpyc
2
y + Izzpys

2
y + Ixxp

)



ui = 0for the eigenvalues ωn and the 
orresponding eigenve
tors u. The eigenvalues may be simply deter-mined and arranged as the spe
tral matrix:
Σ (x) =





kdxl2o
Iyypy

0

0
kdyl2oc2

y

Ixxpy c2
y+Izzpy s2

y+Ixxp



 . (176)Asso
iated normalized eigenve
tors satisfying Eq. 73 may thus be written as the 
olumns of thetransformation matrix Q (x);
Q (x) =







lo√
Iyypy

0

0
locy√

Ixxpy c2
y+Izzpy s2

y+Ixxp






. (177)As a result, the task spa
e damping matrix may be designed a

ording to Eq. 76 as

Dd (x) = 2Q (x)
−T

ξΣ (x)
1/2

Q (x)
−1

=







2ξ
√

kdxIyypy

lo
0

0
2ξ

q

kdy(Ixxpy c2
y+Izzpy s2

y+Ixxp)
locy






. (178)



4 SIMULATION AND DISCUSSIONS 60The matrix is positive de�nite sin
e θy lies in the range [−π
2 ,

π
2

] for the robot workspa
e of thehemispheri
al surfa
e.Stationary link angles are used as the estimation for the a
tual link angles in the task spa
eimpedan
e 
ontrol law. They are re
ursively 
omputed from the measured motor angles and theelasti
 model of the transmission subsystem as summarized in Eq. 41. To a
hieve this, ne
essary
ompound transmission ratios may �rst be 
omputed as follow;
T q =





1
2

1
2

1
2 − 1

2



 T q3 =





1
6

1
6

1
6 − 1

6





T q2 =





1
18

1
18

1
18 − 1

18



 T q1 =





− 1
18

1
18

− 1
18 − 1

18



 . (179)The overall e�e
tive nonlinear deformation fun
tion of the drivetrain may then be determined fromthe generalization of Eq. 38 as
e−1

1q (h (θqs)) = T q2e
−1
1

(

T T
q2h (θqs)

)

+ T q3e
−1
2

(

T T
q3h (θqs)

)

+T qe
−1
3

(

T T
q h (θqs)

)

+ e−1
q (h (θqs)) . (180)E�e
tively, the stationary torque transmitted to the robot at the last qth-stage h (θqs) is s
aledby the appropriate transmission ratios and substituted into the 
orresponding deformation ve
torfun
tion of the elasti
 network at ea
h stage. Individual deformation a

ording to Eq. 152 is thens
aled to the equivalent motion at the last qth-stage and sum to obtain the total deformation. Finally,subtra
ting the total deformation from the rigid motion of the links 
aused purely by the transmissionkinemati
s, T q1θ0, one would obtain the stationary link angles.A

ording to the pre
eding derivations, the expression for the required stationary torque fromthe transmission unit whi
h 
ounterbalan
es the remaining gravity torque and supplies the desired
omplian
e for
e may be written as

h (θqs) = g (θqs) − J (θqs)
T

Kd (f (θqs) − xd)

=





gp (θps, θys)

gy (θps, θys)





−





0 locys

−lo 0









kdx 0

0 kdy









−xdcys − ydspssys −
√

l2o − x2
d − y2

dcpssys

−ydcps +
√

l2o − x2
d − y2

dsps





=





gp (θps, θys)

gy (θps, θys)



−





kdylo

(

√

l2o − x2
d − y2

dspscys − ydcpscys

)

kdxlo

(

xdcys + ydspssys +
√

l2o − x2
d − y2

dcpssys

)



 , (181)where the subs
ript `ps' and `ys' denote the stationary angle of θp and θy, respe
tively. Equations 167and 168 display the ve
tor g (θqs) expli
itly. Thus, h (θqs) may be 
omputed by evaluating Eq. 181with the updated values of θps and θys at ea
h iteration.
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Figure 15: Surfa
e plot of the 2-norm of the Hessian matrix of Vh (q) over the robot workspa
e when xd = yd = 0 mand kdx = kdy = 1 × 104 N/m.
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an be shown numeri
ally that the supremum of ∥∥
∥

∂h(q)
∂q

∥

∥

∥

K
over the workspa
e satis�es Eq. 50.Parti
ularly, from Eq. 181 where h (q) =

[

hp (q) hy (q)
]T , the Hessian matrix of Vh (q) depi
tingthe ideal 
ontroller joint sti�ness is

Hh (q) =
∂h (q)

∂q
=





∂hp

∂θp
(q)

∂hp

∂θy
(q)

∂hy

∂θp
(q)

∂hy

∂θy
(q)



 .Its 2-norm is evaluated numeri
ally of whi
h the value over the hemispheri
al workspa
e is depi
tedin Fig. 15 when the desired set point at the 
enter of the workspa
e and the nominal sti�ness of
kdx = kdy = 10 × 103 N/m are 
hosen. From the surfa
e plot, the minimum norm is 20.65 N-m/radwhi
h o

urs when θp = ±π/2 and θy = 0 rad or θp = 0 and θy = ±π/2 rad, while the maximumnorm is 992.65 N-m/rad o

uring when θp = ±θy.As dis
ussed earlier, analyti
al expression for the nonlinear e�e
tive sti�ness of the drivetrain ofthis robot is not possible. Nevertheless, its in�mum may be approximated by half of the sti�ness atno load. Sti�ness of the elasti
 transmission at the 1st-stage is the sti�ness of the 
oupling betweenthe motor and win
h#1:

K1 =





5.7 × 103 0

0 5.7 × 103



 N · m/rad.Minimum sti�ness at the 2nd and the 3rd-stage is estimated by half of the sti�ness at no load ofEq. 143, 
onsidering from the worst 
ase loading that makes one side of the 
able 
ir
uit go sla
k:
K2 =





EAr2
o

L 0

0
EAr2

o

L



 =





52.97 × 103 0

0 52.97× 103



 N · m/rad,

K3 =





EAr2
o

L 0

0
EAr2

o

L



 =





139.52× 103 0

0 139.52× 103



 N · m/rad.Similarly, at the last stage of the di�erential drive, the minimum sti�ness is estimated by half of thesti�ness at no load of Eqs. 150 and 151:
Kq =





2EAr2

L 0

0 2EAr2

L



 =





1122.2× 103 0

0 1122.2× 103



 N · m/rad.Consequently, the in�mum of the e�e
tive sti�ness of the transmission system re�e
ted to the laststage may be determined from Eq. 38 as
K1q =

(

T q2K
−1
1 T T

q2 + T q3K
−1
2 T T

q3 + T qK
−1
3 T T

q + K−1
q

)−1

=





151.36× 103 0

0 151.36× 103



 N · m/rad.From the above 
al
ulation, it 
an be 
on
luded that the supremum of the virtual sti�ness generatedby the ideal 
ontroller (0.99 × 103 N-m/rad) is less than the in�mum of the e�e
tive sti�ness of the



4 SIMULATION AND DISCUSSIONS 63transmission (151.36 × 103 N-m/rad) by about 150 times. This is due to the high joint sti�ness
hara
teristi
s of the 
able-pulley transmission me
hanism. Thus the �exible joint sti�ness is largeenough to withstand the robot `after-the-joint' motion 
aused by its own weight and the position-mismat
h 
ompliant for
e. Furthermore, a

ording to the 
ondition of Eq. 50, iterative 
al
ulation ofthe stationary link angles is guaranteed to 
onverge to the a
tual values. Additionally, stability of thetask spa
e impedan
e 
ontrol of this system is ensured by the same 
ondition. Note from the Hessianmatrix expression and the 
onvergen
e 
ondition that the stationary link angle 
al
ulation algorithmstill works if the task spa
e sti�ness value is set below 1500 × 103 N/m.Moreover, a separate experiment was 
ondu
ted to study the 
onvergen
e rate of stationary linkangles. A

ording to the present system parameters, the determination 
onverges to the stationaryvalues, under the 
riteria that the relative error be less than 5 × 10−5 radian, within 5 iterationsindependent of whether the robot is subje
t to external for
e or not. Therefore, re
ursive evaluationof Eq. 41 
onverges to the a
tual stationary link angles as desired within a rapid �nite time and so itmay be used in the real-time implementation of the 
ontroller.The task spa
e damping term Ddẋ is implemented through the joint spa
e damping matrix andthe �ltering of the estimated link joint velo
ity as des
ribed in subse
tion 3.4 and 3.5. For this system,the stationary joint spa
e symmetri
 damping matrix is a diagonal matrix. Thus the square root ofthe damping matrix 
an be 
omputed without using SVD as
[

J (θqs)
T

Dd (f (θqs))J (θqs)
]1/2

=





[

2ξlocys

√

kdy

(

Ixxpyc
2
ys + Izzpys

2
ys + Ixxp

)

]1/2

0

0
[

2ξlo
√

kdxIyypy

]1/2



 . (182)A stri
tly proper and SPR �ltering transfer fun
tion matrix
G (s) =





λ
s+λ 0

0 λ
s+λ



 (183)employing a simple �rst order low-pass �lter is 
hosen. Its 
uto� frequen
y is sele
ted to be λ = 500rad/s, whi
h is roughly about �ve times larger than the desired system natural frequen
y determinedby Eq. 176 with the nominal sti�ness value of 10 × 103 N/m. Hen
e, the estimate of the s
aled linkjoint velo
ity ϑ, Eq. 57, may be obtained, whi
h further will be used to 
al
ulate the required torque
τ ∗

dr applied at the robot joints a

ording to Eq. 79.Sin
e the 
ontroller is implemented digitally, the 
ontinuous �ltering transfer fun
tion is dis
retizedvia the Tustin approximation with prewarping (at its 
uto�) method. Parti
ularly, at the 
uto�frequen
y of 500 rad/s and the sampling time of 1 ms, the emulated dis
rete-time �ltered velo
itytransfer fun
tion is identi�ed as
sG (s)|s= ωc

tan(ωcTs/2)
z−1
z+1

=
398.3 (z − 1)

z − 0.5932
. (184)
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orresponding referen
e motor torque whi
h ideally provides su
h joint torque may be deter-mined using Eqs. 80, 81, and 56. With the system parameter values mentioned earlier, the asso
iatedmotor torque is determined by
τ ∗

m =





2.48 × 10−5 0

0 2.48 × 10−5









b−1
1r 0

0 b−1
1r









− 1
18

1
18

− 1
18 − 1

18





T

τ ∗
dr

+









1 0

0 1



−





2.48 × 10−5 0

0 2.48 × 10−5









b−1
1r 0

0 b−1
1r







 τ̂ 1

=
1

b1r





−1.378× 10−6 −1.378× 10−6

1.378 × 10−6 −1.378× 10−6



 τ ∗
dr

+





1 − 2.48×10−5

b1r
0

0 1 − 2.48×10−5

b1r



 τ̂ 1, (185)where b1r is the redu
ed motor's inertia and τ̂ 1 is the estimated transmitted torque obtained fromEq. 56. Spe
i�
ally, the estimated torque at the kth-sampling (1 kHz) may be 
al
ulated as
τ̂ 1k = −τ̂ 1(k−1) − 49.6

(

θ0k − 2θ0(k−1) + θ0(k−2)

)

−0.0022 sgn

(

θ0k − θ0(k−2)

2h

)

+ 0.0302 (ik + 2ik−1 + ik−2) . (186)The ampli�er [33℄ whi
h regulates the DC brushed MAXON®motor provides two major modesof operations, i.e. the speed and torque 
ontrol. For the torque 
ontrol mode, the user 
an spe
ifyset value that is proportional to the armature 
urrent supplied to the motor and thus the torquegenerated by the motor. With the typi
al operating 
ondition at very low speed in the intera
tingroboti
s appli
ation, the referen
e motor torque Eq. 185 may be reasonably a
quired through the
urrent 
ontrol dire
tly simply by Eq. 83 with the torque 
onstant Kτ = 60.3 × 10−3 Nm/A.To summarize, the 
ontroller is implemented in the 20-sim simulation program at the frequen
y of
1 kHz a

ording to the typi
al sampling rate of the a
quisition 
ard. At ea
h sampling, the stationarylink angles are determined re
ursively by Eq. 41 with h (θqs) and e−1

1q (h (θqs)) 
omputed from Eq. 181and 180. Required torque at the robot joints is 
al
ulated using Eq. 79 with the damping matrix
omputed from Eq. 178 and the approximated velo
ity term by Eqs. 182, 184, and 57. A

ordingly,the 
orresponding motor torque and the 
ommanded 
urrent are determined from Eqs. 185, 186,and 83. Zero-order-hold (ZOH) and the 
urrent limiter of ±10 A are implemented in the simulatorto re�e
t the �nite power supply behavior of the a
tual motor.4.3. SimulationTask spa
e impedan
e 
ontroller designed in the previous subse
tion is integrated with the de-veloped model of the two DOF 
able-pulley driven �exible joint robot. Figure 12 depi
ts the signalinter
onne
tion between the system and the 
ontroller where the motor 
urrent and angle are fed
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Figure 16: Motion response of the end point X/Y -
oordinates for a 
onstant set point {XY Z}xd =
h

0.1207 0.2025 −0.2090
iT m.ba
k to the 
ontroller for pro
essing the 
ommanded 
urrent. In the following, various simulationsare performed to investigate the e�e
t of several 
ontrol parameters on the system response and toillustrate the e�e
tiveness of the 
ontrol law. Sin
e the system is rather sti�, ba
kward di�erentiationformula integration method with the step size of 1 ms is used in all simulations.4.3.1. Constant Set PointLet the initial position of the robot end point be at the 
enter of its hemispheri
al workspa
e, i.e.

{XY Z}x (0) =
[

0 0 −0.315
]T m. This 
orresponds to θp = 0◦ and θy = 0◦. Desired positionis set to be at {XY Z}xd =

[

0.1207 0.2025 −0.2090
]T m by rotating the shoulder link from theinitial posture for 40◦ aboutX-axis followed by −30◦ about Y -axis. This desired set point 
orrespondsto θp = 0.7696 rad = 44.095◦ and θy = −0.3931 rad = −22.521◦.The task spa
e sti�ness matrix, the damping ratio, and the desired motor inertia for this simulationare sele
ted to be

{xyz}Kd =





10 × 103 0

0 10 × 103



 N/m,
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ξ = 4.0

b1r = 200 g · cm2. (187)Figure 16 shows the graph of the measured X/Y -
oordinates of the end point. The response rea
hesthe desired position xd in 0.5 se
onds with no overshoot. Hen
e with the proposed 
ontroller, stepresponse of the �exible joint robot is reasonably fast yet has no overshoot thanks to a large dampingratio. It should be noted that the 
ontrolled system is not destabilized despite a large magnitude ofthe step input (26.63 
m of path distan
e); only the 
urrent is saturated in the transient phase.4.3.2. Traje
tory Tra
kingA 
ir
ular traje
tory is generated for the tra
king experiment. The starting point is at the right-most, {XY Z}xd (0) =
[

0.2025 0 −0.2413
]T m, 
aused by rotating the shoulder link in the yawdire
tion for −40◦. Then the traje
tory is made by rotating the link around the Z-axis for a 
ompleteround in 6 se
onds with a moderate 
onstant speed of 21.2 
m/s. After that, the desired position isheld 
onstant at the starting point for the next 0.5 se
ond. Initial position of the robot end point isintentionally pla
ed at the 
enter of the workspa
e to 
reate a large position mismat
h (22 
m of pathdistan
e) at the beginning. The 
ontroller and its parameters are the same as used in the 
onstantset point 
ase.Figure 17 displays the traje
tory tra
king of the robot along with the referen
e traje
tory. Itis seen that the proposed 
ontroller, whi
h is designed for the regulation obje
tive, may be used inthe tra
king task that 
an tolerate with a moderate speed and a

ura
y. The initial mismat
h doesnot tamper the tra
king performan
e or destabilize the system. It merely 
auses the motor 
urrentsaturation during large position error. On
e the end tip enters its tra
k, the 
urrent 
onsumption isquite low (0.45 A average) thanks to the energy restoration from the augmented 
ounterbalan
ingme
hanism.4.3.3. Motor Inertia Redu
tionRedu
ed motor inertia has been adjusted from its nominal value of 200 g · cm2 to investigate itse�e
t to the 
ontrolled system. Figure 18 displays the 
urrent 
onsumption for regulating the robotend tip at its initial position using three di�erent values of the e�e
tive motor inertia. When the

150g · cm2 e�e
tive motor inertia (40% redu
tion) is tuned, the motor 
urrent exponentially os
illatesduring the transient before settling down to a 
onstant value of 0.381 A. On the other hand, if the
248 g · cm2 or the original motor inertia value is used, the 
urrent shows a sudden dropping pulse of
0.060 A due to immediate exposition of the gravity for
e to the robot. Then, the pulse disappearsand the drawn 
urrent boun
es ba
k to the 
onstant value of 0.345 A with no os
illation. From theplot, the 
hoi
e of unmodi�ed inertia yields the 
leanest 
urrent response.However, di�eren
e of the motion responses of these three 
ases is imper
eptible due to small motorinertia portion 
ompared to the inertia of the whole drivetrain. Spe
i�
ally, ‖B1‖ / ‖B‖ = 0.088. It
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Figure 17: Traje
tory tra
king of the robot with initial posiiton mismat
h.
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Figure 18: Current 
onsumption of the regulation task under three di�erent values of the e�e
tive motor inertia (150,
200, and 248 g · cm2).may be 
on
luded that the redu
tion of a small motor inertia in a small gear ratio system does notimprove the dynami
s meaningfully. If the inertia is redu
ed further, the 
urrent will be saturated,hitting its limits in a bang-bang manner. In turn, the end point motion starts to exhibit the os
illatorydrift from the set value.Same modulation of the motor inertia is performed when the robot end tip tra
ks the 
ir
ulartraje
tory in subse
tion 4.3.2. Comparison of the 
urrent 
onsumption for di�erent e�e
tive motorinertia is depi
ted in Fig. 19. In the tra
king 
ase, the lowest value that 
an be sele
ted is in
reasedto 170 g · cm2 (30% redu
tion) whi
h would indu
e moderate os
illation when motion dis
ontinuityo

urs. Per
entage of admissible inertia redu
tion is de
reased be
ause larger 
urrent is involved inthe tra
king motion. Essentially the inertia redu
tion is equivalent to the in
rease in 
ontrol loopgain. Therefore, too large inertia redu
tion makes the system be
ome unstable. If the physi
al motorinertia value is retained (no inertia redu
tion), there will be no feedba
k of the transmitted torque.Impli
itly, natural dynami
s of the drivetrain is employed. The original system will draw less energyand be more stable than the modulated one, on the pri
e of 
ontaminated desired dynami
s.
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Figure 19: Current 
onsumption of the 
ir
ular tra
king task under three di�erent values of the e�e
tive motor inertia(170, 200, and 248 g · cm2).
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Figure 20: End tip de�e
tion of the �exible robot with the nominal sti�ness value of 10 × 103 N/m and the externalfor
e of 10 N for a set of damping ratios.4.3.4. Task Spa
e Sti�ness and DampingTo verify that the desired task spa
e sti�ness is a
tually a
hieved, the robot is set at the 
enter ofthe workspa
e and the external for
e of 10 N is applied in the x and y-dire
tion, respe
tively. Withthe nominal sti�ness value of 10×103 N/m, the end tip de�e
tion responses are shown in Fig. 20 for aset of damping ratio of 0.8, 1.0, 2.0, and 4.0. It is observed that in pra
ti
e larger damping makes themotion be more sluggish, while the 
urrent drawn (not shown) be
omes more responsive. Togetherwith larger sti�ness (order of 105 N/m), this 
an drive the system unstable. In any 
ase of Fig. 20,eventually the end tip rea
hes the point 
orresponding to the de�e
tion of about 1 mm that agreeswith the desired sti�ness and the applied for
e.Figure 21 and 22 are the de�e
tion plots for the sti�ness value of 1 × 103 and 100 × 103 N/m.Lower sti�ness with high damping makes the end tip to de�e
t slowly and prevents it from rea
hingthe expe
ted deviation. Subsequently, the environment will feel the robot be sti�er than its a
tualvalue. De�e
tion of the system with high sti�ness and light damping will largely os
illate aroundthe steady value long before it dies out. On the other hand, if too high damping ratio is sele
ted,responsive motor 
urrent will suppress the de�e
tion aggressively su
h that the undershoot may be
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Figure 21: End tip de�e
tion of the �exible robot with the sti�ness value of 1 × 103 N/m and the external for
e of 10N for a set of damping ratios.dete
ted. If the damping is further in
reased, it 
an 
ause the system to go unstable. With thesti�ness value of 100 × 103 N/m sele
ted, this system will be
ome unstable when the damping ratiovalue of 4.0 or higher is used (its response not shown).It should be mentioned that motor inertia redu
tion would in
rease the e�e
tive sti�ness sin
e ithas the e�e
t of modifying the 
ontrol torque Eqs. 79 and 80 to the new one of Eq. 81. Its 
onsequen
eis the in
rease of the 
ontrol loop gain and thus the resultant sti�ness be
omes larger than the desiredvalue. Therefore, motor inertia redu
tion is not implemented if the exa
t desired sti�ness is of 
on
ern.4.3.5. Appli
ation of the External For
eFor the last experiment, the external for
e is applied to the end point while the robot is tra
kingthe 
ir
ular traje
tory in subse
tion 4.3.2. Task spa
e sti�ness and damping ratio are set to theirnominal values used in subse
tion 4.3.1. Figure 23 and 24 display the tra
king result when the robotis subje
t to the 10 N for
e a
ting in the X and Y -dire
tion throughout the path, respe
tively. It isobserved that the end tip follows the referen
e traje
tory 
losely be
ause of the high sti�ness valueand the small magnitude of the applied for
e. As depi
ted in the �gures, �nally the end point deviates
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Figure 22: End tip de�e
tion of the �exible robot with the sti�ness value of 100 × 103 N/m and the external for
e of
10 N for a set of damping ratios. The system will be unstable if the ratio value of 4.0 or higher is used.
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Figure 23: Traje
tory tra
king with nominal sti�ness subje
t to the 10 N for
e applied in X-dire
tion.from the desired lo
ation by 0.6 and 0.86 mm in X and Y -dire
tion respe
tively.When the end point is at its �nal position, nominal task spa
e sti�ness matrix expressed in thelo
al frame parallel to the referen
e frame {XY Z} is determined by [34℄
{XY Z}Kd = {xyz}RT

{XY Z}
{xyz}Kd

{xyz}R{XY Z}

=











kdxc
2
y + kdzs

2
y spsycy (kdx − kdz) −cpsycy (kdx − kdz)

spsycy (kdx − kdz) kdxs
2
ps

2
y + kdyc

2
p + kdzs

2
pc

2
y spcp

(

−kdxs
2
y + kdy − kdzc

2
y

)

−cpsycy (kdx − kdz) spcp
(

−kdxs
2
y + kdy − kdzc

2
y

)

kdxc
2
ps

2
y + kdys

2
p + kdzc

2
pc

2
y











, (188)where the numeri
al value of kdz is sele
ted to be 1000 × 103 N/m as the robot 
annot move alongthe z-dire
tion. For the external for
e a
ting along the X and Y -dire
tion, the pit
h and yaw angles
orresponding to the �nal end point position are [ θp θy

]T

=
[

−0.00059 −0.70053
]T and

[

0.00357 −0.69809
]T rad, respe
tively. Substituting these values into Eq. 188, the sti�ness matrixrepresented in {XY Z} are

{XY Z}Kd =











4.2138× 105 −0.0029× 105 −4.8789× 105

−0.0029× 105 0.1 × 105 0.0034× 105

−4.8789× 105 0.0034× 105 5.8862× 105










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Figure 24: Traje
tory tra
king with nominal sti�ness subje
t to the 10 N for
e applied in Y -dire
tion.
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ase, and
{XY Z}Kd =











4.1900× 105 0.0174× 105 −4.8747× 105

0.0174× 105 0.1001× 105 −0.0207× 105

−4.8747× 105 −0.0207× 105 5.9099× 105









for the latter 
ase.Thus the asso
iated de�e
tions, determined from
{XY Z}δ = {XY Z}K−1

d
{XY Z}F , (189)along the dire
tion of the applied for
e will be 0.59 and 1.0 mm for ea
h 
ase in order. Hen
e, a
tualdeviations agree with the theoreti
al values. Indeed their values will mat
h if the �nal 
onstant periodof 0.5 se
ond is prolonged. Additionally, it should be noted that large appli
ation of the external for
erequires large 
urrent to keep the robot end tip in the tra
k. If su
h 
urrent 
annot be supplied, thetra
king will fail and the motion will be unstable. For this �exible robot system, the external for
e of

40 N or more will drive the system unstable.5. Con
lusionsThis work presents a task spa
e impedan
e 
ontrol of the manipulator driven through the nonlinear�exible transmission unit. The proposed 
ontroller regulates the sti�ness and damping of the ende�e
tor at the spe
i�ed position to the desired values based on the only available feedba
k signalinformation of the motor 
urrent and angle. To derive su
h 
ontroller, at �rst, a mathemati
almodel of the transmission or drivetrain system built from the multi-stage network of nonlinear elasti
me
hanisms is developed. Together with the standard model of the manipulator and the DC motor,the 
omplete model of the nonlinear �exible-joint manipulator is attained.Sin
e the feedba
k of the motor 
urrent and angle 
annot be used to estimate the remaining systemunobservable states, the traditional impedan
e 
ontrol law is modi�ed so that it uses the open-loopstate estimation of the robot link angle and joint velo
ity as a substitute. They are 
omputed fromthe motor angle re
ursively using the simpli�ed stationary model of the drivetrain and robot systemon the assumption that the robot operates smoothly at low enough speed. It is shown that the torquefrom the 
ontrol law 
onstitutes the potential energy equal to the di�eren
e of the gravitational pluselasti
 potential energy of the passive robot/transmission subsystems and the elasti
 potential energyof the desired task spa
e 
omplian
e, all at the stationary link angles. This fa
t is used to prove thestability and passivity of the system.Additionally, the motor 
urrent is used to infer the updated transmitted torque to the drivetrainfrom the motor. This is a
hieved with the dis
retized me
hani
al model of the motor derived fromthe dis
rete Euler-Lagrange formulation. The estimated transmitted torque then is employed in theimpedan
e 
ontrol law to redu
e the motor inertia. As a result, the motor dynami
s whi
h distorts
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Task Space Impedance
Control of the Manipulator
Driven Through the Multistage
Nonlinear Flexible Transmission
This paper addresses the task space impedance control of a robot driven through the mul-
tistage nonlinear flexible transmission. The proposed controller uses limited information
of the angle and the current of the motors to regulate the end point compliance at the
specified set point. In particular, motor angle is employed to estimate the stationary robot
link angle and joint velocity in real time. They are then used to constitute the stationary
force on the attempt to cancel the robot gravity force and to form the task space interact-
ing force according to the desired impedance characteristics. Motor current is used to
infer the transmitted torque to the robot. This torque is fed back to mitigate the effect of
the motor inertia from deteriorating the desired impedance. Asymptotic stability of this
controller with the flexible joint robot is guaranteed with additional damping. Passivity
of the system is also investigated. Simulation and experiments of the proposed control
scheme on a two degrees-of-freedom (DOF) cable-pulley driven flexible joint robot model
are examined. [DOI: 10.1115/1.4028252]

1 Introduction

Current robotic systems are extending their capability to work
in more unstructured and complex environment, e.g., a laparo-
scopic surgical robotic system [1] or a service robot system [2]
among others. To successfully implement such challenging tasks,
the robot must be controlled to exhibit appropriate impedance
behavior [3]. Many control laws are devised to achieve the desired
impedance behavior especially for the rigid robots [4]. Later, the
controllers have been modified to cope with flexible robots where
their elastic behavior is typically viewed as undesirable dynamics
that complicates the control problem. Only few works attempted
on controlling the impedance of the flexible joint robots compared
to the regulation and tracking control. According to the simplified
model of the flexible joint robot [5], compliance control with
online gravity compensation based on the measurable motor
angles and their derivatives, and the desired robot link angles is
applied to a cable-actuated robot [6]. The proposed control law
resembles the proportional-derivative regulation control with con-
stant gravity compensation [7].

Improvement of the response may be achieved by feeding back
additional (noncollocated) signals, e.g., link angles or joint tor-
ques. Applying the singular perturbation analysis to the flexible
robot model, the simplified tracking impedance controller using
the measured joint torques and their derivatives, the robot link
angles and their derivatives, and the desired end effector trajectory
is implemented on the Deutsches Zentrum f€ur Luft-und
Raumfahrt (DLR)-II arm [8]. Passivity approach has also been
used in designing the highly robust and stable impedance control-
ler with the feedback signals of the joint torques and their deriva-
tives as well as the motor angles and their derivatives for the
desired robot end effector posture [9]. Sophisticated adaptive im-
pedance controller based on the function approximation tech-
nique, where the transmission and actuator dynamics are taken
into account, is proposed [10]. Note that this controller requires
the measurement of the robot link angles and their derivatives, the

joint torques, the motor currents, and the external force, which is
presumed to act precisely at the robot end effector. Since extra
feedback information has been exploited, the system response
using these controllers will be improved in various aspects.

Novel manipulators treat their inherent flexibility as a boon,
particularly to the tasks involving uncertainties and shock loads as
frequently encountered in general service operation, where the
interaction with the environment is inevitable. Physical spring is
intentionally introduced [11] as the interface between the actuator
and the equipped joint of the legged robot, for the main purpose
of temporarily storing and restoring the impact energy from walk-
ing and running. An important consequence is the lower effective
impedance. Reference [12] proposed the micro–macro actuation
scheme for driving the robot. With this actuation approach, the
safety and the performance of the robot may be attained simulta-
neously. In recent work, physically controllable compliance ele-
ments such as the variable stiffness actuators [13], where a
redundant actuator is employed to adjust the effective stiffness of
the actuator through some mechanisms, are designed and applied
to the robots. The DLR hand-arm manipulator [14] uses these
advanced actuators and the embedded joint torque sensors, mak-
ing it capable of adjusting the stiffness in a passive manner and
reacting to the collision force safely. In MEMS research, it is
common to employ the inherently flexible piezo-electric micro-
gripper in assembling the microparts. Appropriate impedance
characteristics of this microrobot may be regulated through the
control system based on the position feedback of the gripper
manipulating point [15].

This research extends the previous work of passive impedance
control [9] to the robot system driven through the multistage non-
linear flexible transmission whereby only the motor angle and cur-
rent measurement are available. The proposed controller
resembles that of Ref. [6] in the way that they regulate the task
space stiffness and damping of the end effector without any non-
collocated signal feeding back. In Ref. [6], the robot link angles
are estimated from the motor angles through the joint stiffness/
gravity equilibrium torque. For the proposed controller, however,
they are estimated from the motor angles using the quasi-static
torque balancing between the gravity and the joint stiffness plus
the desired task space compliance. This ensures the correct
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estimation of the link angles even the robot is interacting with the
environment. Also, the controller does not require the motor
velocity measurement. Rather, the related damping force is
estimated from the motor angle via the nonmodel-based first-order
differentiation filter. Additionally, the motor current is fed back to
suppress the intervening dynamics of the transmission system.
Therefore, the proposed controller is superior to Ref. [6].

The controller of Ref. [8] makes use of the actual robot link
angles and their derivatives to shape the slow dynamics of the
rigid robot, as well as the real transmitted joint torques and their
derivatives to improve the fast dynamics of the flexible joint,
rather than using the quasi-static estimation values as in the pro-
posed controller. In addition, the controller structure of Ref. [8] is
designed for tracking the reference trajectory, not merely for regu-
lating around the set point. Therefore, the tracking performance
with the desired end effector compliance should be better. How-
ever, the stability of the system in Ref. [8] cannot be concluded
because the underlying Tychonov stability theorem requires expo-
nential stability of both the boundary layer and the quasi steady
state systems. Consequently, the use of this singular perturbation
based controller with moderately or highly flexible joint manipu-
lator system may be unacceptable.

The work of Ref. [9] addresses the problem of harmonic gear
driven flexible joint robot in which its drivetrain may be viewed
as a single-stage linear flexible transmission unit. In this paper,
the proposed controller has been generalized to support the case
where the manipulator is driven through the multistage nonlinear
compliant transmission system. Furthermore, realizing the limited
availability of the joint torque sensor in standard manipulators,
this work employs the motor current in estimating the transmitted
torque instead. In both works, the torque feedback is used to
reduce the effective motor inertia thus enhancing the transmission
dynamics. However, Ref. [9] also uses the derivative of torque
feedback that helps attenuating the fluctuating response. There-
fore, the controller of Ref. [9] should yield better result than the
proposed controller on the price of extra torque feedback signal
and its derivative.

The controller in Ref. [10] is designed using the backstepping
technique for the cascaded plants of the robot, the transmission,
and the actuator systems. Similar to Ref. [9], the development is
based on the simplified single-stage linear flexible transmission
unit. However, this impedance controller is much more involved
than others since it takes into account full system dynamics and
adaptively handles the time-varying uncertainties and disturban-
ces. As a result, it requires several feedback signals including the
robot joint torque and the interaction force where the practicality
issue needs to be concerned. Nevertheless, Ref. [10] shows a
promising tracking result in the presence of the constraint wall
that is expected to outperform other controllers. To summarize,
the proposed controller is capable of displaying the desired task
space stiffness and damping for the manipulator driven through
the multistage nonlinear flexible transmission system. Since it
uses only the minimal feedback signals of the motor angle and
current, and the controller formulation does not address the
system robustness, the performance will be degraded for the
demanding tasks such as trajectory tracking with high-speed.
Nevertheless, the closed-loop stability and passivity are guaran-
teed throughout the operations.

The outline of this paper is as follow: In Sec. 2, the system
model consisting of the rigid robot and the multistage transmis-
sion is derived. Based on this model and the widely available
motor angle and current feedback, task space impedance control
yielding the desired viscoelastic behavior at the specified set point
is developed in Sec. 3. Proof of the system passivity and stability
are provided. A prototypical 2DOF cable-pulley driven flexible
joint robot with the proposed control law is simulated in Sec. 4 to
study the motion response subject to the external force and the
effect of the motor inertia reduction. Initial experiments on
the actual apparatus are also performed. Section 5 concludes the
study.

2 Modeling of the Robot System Driven Through

the Multistage Flexible Transmission Unit

Very few manipulators are driven by the actuators directly.
Typically, some mechanisms must be employed to transmit and
modulate the power, motion, and force, from the actuators to the
input joints of the robot. The transmission mechanism possessing
certain degrees of complex dynamics may have to be inevitably
devised due to some design requirements. Particularly, the multi-
stage flexible drivetrain unit are widely adopted in order to fulfill
the space constraint of the speed reducer and to provide suitable
inherent compliance to the advanced manipulator. In the follow-
ing, a simplified model of the robot system driven through the
multistage nonlinear flexible transmission is derived. Since the
majority of the system flexibility is concentrated in the transmis-
sion unit and at the joints connecting the drivetrain to the rigid
robot, the modeling may be performed through separate analysis
of each subsystem.

2.1 Rigid Robot Model. Joint space model of the rigid robot
is well studied and hence it will just be mentioned here

M qð Þ€qþ C q; _qð Þ _qþ g qð Þ ¼ sdr þ sext (1)

where M(q) is the joint inertia matrix, C q; _qð Þ is the Coriolis/
centrifugal matrix, and g(q) is the gravitational torque vector. In
most cases, the translational kinetic energy of the rotors in the
transmission unit may be incorporated with that of the manipula-
tor. Therefore, the joint inertia matrix M(q) is determined by

M qð Þ ¼
Xn

i¼1

Jb
l;i qð ÞTMl;iJ

b
l;i qð Þ þ

Xm

j¼1

mr;jJ
b
vr;j qð ÞTJb

vr;j qð Þ (2)

addressing the robot link inertia, Ml;i, and the rotor mass, mr,j.

Jb
l;i qð Þ and Jb

vr;j qð Þ are the body-fixed geometric Jacobian matrices

of the link and the rotor, respectively.
C q; _qð Þ is known as the Coriolis/centrifugal matrix where its

elements may be calculated directly from M(q) using the Christof-
fel symbol of the first kind. The gravity torque vector g(q) is gov-
erned by the gravitational potential energy (PE) of the link and the

rotor masses Vg(q), i.e., g qð Þ ¼ @Vg qð Þ=@q
� �T

. On the right-hand

side, the vector sdr is the actual torque applied at the robot joint by
the transmission unit and the vector sext is the reflected torque at
the robot joint caused by the external force Fext, i.e.,

sext ¼ J qð ÞTFext through the linear mapping of its analytical Jaco-
bian matrix J(q) of the frame attached to the point of application
of the external force.

2.2 Multistage Flexible Transmission Model. The drive-
train or the transmission system is the mechanism that transmits
the power from the input power source to the remote system
which receives its output power. For the robotic system, the drive-
train typically comprises several parts as linkages, gears, belts,
etc., in delivering the power. While the power is being transmitted
through the mechanism, the power variables are often being
modulated to amplify the output torque or to reduce the output
velocity. Ideal transmission would preserve the power flow at any
instant. Nonetheless, the actual system deviates from this ideal
line due to the underlying dynamics and impedance properties of
the parts and matings. Therefore, it is important to understand the
dynamics of this subsystem in order to improve the validity of the
system model for the design of the controller.

Complicated structure of the drivetrain mechanism may in gen-
eral be divided into multiple stages of the subtransmission con-
necting in tandem. Each stage has the submechanism to transmit
the power to the next stage. The submechanism itself may be con-
structed from a multitude of mechanical elements. However, from
the modeling viewpoint, they can be modeled using only three ele-
mental behaviors of the inertance, the compliance, and the
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resistance, in conjunction with the zero (0) and one (1) nodes and
the transformers. Bond graph technique [16] may be useful in the
modeling process.

The ideal subtransmission at each stage can be modeled as the
network of the transformers (the reducers) connecting the inport
to the outport. To make the model be more realistic, lumped com-
pliance elements should be included to capture the compliant
characteristics of the mechanism, as depicted in Fig. 1. At the
inport and the outport of each stage, lumped inertance elements
may be connected where the resistance may be introduced as well.

For a large class of the transmission systems where the key
elements are the rotors, such as the gear-train or the cable-pulley
circuit, the mechanical advantage or the transmission ratio of the
mechanism in each stage is constant. Hence, the modulated veloc-

ity vector _hm;j after the jth-stage reducer would be _hm;j ¼ Tj
_hj�1,

where _hj�1 is the p-dimensional outport velocity vector from the
previous stage and Tj is the p� p jth-stage constant transmission
ratio matrix. Referring to the lumped elastic elements of the jth-
stage in Figs. 1 and 2, the elastic PE of the ith-elastic element may
be written as

Ve;ij hj�1; hj

� �
¼
ðd

0

eij hm;j � hj

� �
d hm;j � hj

� �

¼
ðd

0

eij Tjhj�1 � hj

� �
d Tjhj�1 � hj

� �
(3)

where eij Tjhj�1 � hj

� �
is the nonlinear elastic force of the ith-elas-

tic element in the jth-stage, which depends on the generalized coor-
dinates hj�1 and hj. Hence, the total elastic PE of the transmission
unit is merely the sum of the PE of every elastic elements, i.e.,

Ve q; hð Þ ¼
Xq

j¼1

Ve;j ¼
Xq

j¼1

Xp

i¼1

Ve;ij (4)

Note that the total number of stages of the transmission system is
q and the configuration of the jth-stage may be described by the p-
generalized coordinates hj�1. In turn, the total number of DOF of
the transmission system is pq, including the actuator generalized
coordinates h0 at the transmission inport. They are lumped into

the vector h ¼ hT
0 hT

1 � � � hT
q�1

h iT

. It should be mentioned that

the outport generalized coordinates, hq, are the generalized coor-
dinates of the robot, q, corresponding to the generalized torque sdr

applied at the robot joints.
Gravitational PE of the rotor drivetrain system is independent

of its own generalized coordinates h if the rotors are geometrically
symmetric about their rotating axes where the center of masses
are located. It has already been taken care of within the rigid robot
model by Vg qð Þ. With the same assumption, the translational ki-
netic energy of the drivetrain due mainly to the rotor masses is not
relevant to h and _h, and it has been accounted with the kinetic
energy of the rigid robot. Hence only the rotational kinetic energy
Tr of the drivetrain is left. Usually, the rotors in the drivetrain sys-
tem rotate at much higher speed than the robot angular velocity.

Therefore, the kinetic energy of the specific rotor drivetrain may
be simplified to

Tr ¼
Xpq

k¼1

Tr;k ¼
Xpq

k¼1

1

2
bk

_h2
k (5)

in which bk is the kth-rotor inertia about its rotational axis and _hk

is its spinning angular velocity. The rotors of the motors are
counted in here as well.

Lagrangian formulation is applied to derive the drivetrain
model. Equations of motion for the drivetrain subsystem
expressed in its generalized coordinates h may be determined as

B€hþ c _h
� �
þ e hð Þ ¼ s (6)

where B is the diagonal matrix containing the rotor inertias about
their axes of rotation associated with the generalized coordinates.
c _h
� �

is the nonlinear vector function expressing the major loss at
the rotor bearings, which might be modeled as the switching
between the Coulomb’s and the empirical viscous friction models.

e hð Þ is the nonlinear vector function of the elastic forces
according to the elastic PE in Eq. (4).

e hð Þ ¼ @Ve q; hð Þ
@h

� �T

¼

TT
1 e1 T1h0 � h1ð Þ

�e1 T1h0 � h1ð Þ þ TT
2 e2 T2h1 � h2ð Þ

..

.

�eq�1 Tq�1hq�2 � hq�1

� �
þ TT

q eq Tqhq�1 � hq

� �

2
666664

3
777775

(7)

Fig. 1 Multidimensional bond graph diagram of the transmission system displaying the interconnection of the lumped ele-
ments along the cascading stages. Causality assignments conform to the cable-pulley transmission elastic model e�1

j �ð Þ.

Fig. 2 Signal flow diagram illustrating the network of the elas-
tic elements and the subscript notations of the jth-stage trans-
mission system
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in which the subvector of the nonlinear elastic forces acting at the

jth-rotor is �ej�1 Tj�1hj�2 � hj�1

� �
þ TT

j ej Tjhj�1 � hj

� �
, involv-

ing the relative displacements between its neighborhoods and the
transmission ratios. The nonlinear vector function ej(�) describes
the elastic forces of the p-lumped elastic elements at the jth-stage.
If the elastic elements behave linearly, ej(�) may be written explic-
itly by the introduction of the stiffness matrix Kj, i.e.,

ej Tjhj�1 � hj

� �
¼ Kj Tjhj�1 � hj

� �
.

s is the generalized torque vector of the drivetrain associated
with the generalized coordinates. Referring to Fig. 1, it corre-
sponds to the actual torque vector generated by the motors, sm,

attached to the first stage. Therefore, s ¼ s T
m 0T � � � 0T

� �T
.

On the other end of the drive train, the actual output torques

sdr ¼ eq Tqhq�1 � hq

� �
are transmitted to the robot with the gener-

alized velocity _hq via the network of the elastic elements in the
last stage. In summary, the simplified model of the nonlinear flexi-
ble joint robot system is described by Eqs. (1) and (6). The model
will be used to develop the task space impedance controller in
Sec. 3.

3 Task Space Impedance Control

Appropriate impedance is an intrinsic key for the robot to per-
form the task successfully. In this work, the desirable impedance
characteristics will be accomplished purely via the controller
design. For our system, the assumed rigid robot is propelled by
the motors through the multistage flexible transmission unit of
which the configurations match the model in Sec. 2. The system is
an underactuated system [17] and the control problem is not
straightforward due basically to indirect actuation. Worse yet, the
available feedback signals are limited to the motor angles and cur-
rents only. This is indeed the most common case found in prac-
tice. In many systems, sensor placement at the output may not be
possible and the output measurement is not available. Therefore,
the system states cannot be reconstructed and the dynamic model
cannot be fully exploited.

3.1 Stationary Model. An alleviation to this problem is to
compute the system states in an open-loop fashion on the assump-
tion of stationary motion. In other words, the system operates
smoothly at low enough speed that the motion-induced forces,
i.e., the inertial and the Coriolis/centrifugal forces, may be omit-
ted. Hence, the velocity and acceleration terms in the equations of
motion may be dropped, in which the remaining position depend-
ent terms can be solved algebraically.

For the drivetrain, the reduced model may be written as

e hsð Þ ¼ ss (8)

where the subscript s denotes the stationary value of the variable.
Recalling Eq. (7), the equation may be expanded to

e1 T1h0 � h1sð Þ ¼ TT
2 e2 T2h1s � h2sð Þ

e2 T2h1s � h2sð Þ ¼ TT
3 e3 T3h2s � h3sð Þ

..

.

eq�1 Tq�1h q�2ð Þs � h q�1ð Þs
� �

¼ TT
q eq Tqh q�1ð Þs � hqs

� �
(9)

For the robot, the torque supplied by the transmission unit balance
the gravity and the external forces in its stationary model, i.e.,

g hqs

� �
¼ eq Tqh q�1ð Þs � hqs

� �
þ sext (10)

where the robot generalized coordinates q are replaced with the
outport coordinates hq of the drivetrain unit. Since the desired task
space compliance Kd at the designated end effector set point xd is

to be achieved, the reflected torques caused by this behavior,
under the stationary condition, will be

sext ¼ J hqs

� �T
Fext ¼ J hqs

� �T
Kd f hqs

� �
� xd

� �
(11)

where f(�) is the forward kinematics mapping of the robot. There-
fore, the stationary model of the compliance controlled robot
becomes

eq Tqh q�1ð Þs � hqs

� �
¼ g hqs

� �
� J hqs

� �T
Kd f hqs

� �
� xd

� �
¼ h hqs

� �
(12)

displaying the stationary relationship between h q�1ð Þ and hq.
Stationary robot link angles and multistage drivetrain rotor

angles may be determined from Eqs. (9) and (12) with the known
motor angles, although the numerical evaluation is mandatory in
general. If the inverse of the elastic force vector function ej(�), or

the deformation function denoted as e�1
j �ð Þ, can be determined

analytically, Eqs. (9) and (12) may be rewritten as

Tqh q�1ð Þs � hqs ¼ e�1
q h hqs

� �� �
Tq�1h q�2ð Þs � h q�1ð Þs ¼ e�1

q�1 TT
q h hqs

� �� 	

Tq�2h q�3ð Þs � h q�2ð Þs ¼ e�1
q�2 TT

q�1TT
q h hqs

� �� 	

..

.

T2h1s � h2s ¼ e�1
2 TT

3 TT
4 � � �TT

q�1TT
q h hqs

� �� 	

T1h0 � h1s ¼ e�1
1 TT

2 TT
3 � � �TT

q�1TT
q h hqs

� �� 	

(13)

Direct relationship between the stationary robot link angles and
the motor angles may thus be achieved by premultiplying the
above equations with the suitable compound transmission ratios
such that the addition of these modified equations brings about the
ladder-cancellation of most of the terms on the left-hand side
except hqs and h0. The resulting equation may be written com-
pactly as

hqs ¼ Tq1h0 � e�1
1q h hqs

� �� �
(14)

in which Tqj ¼ TqTq�1 � � �Tj denotes the compound transmission
ratio from the jth-stage to the qth-stage and

e�1
1q h hqs

� �� �
¼ Tq2e�1

1 TT
q2h hqs

� �� 	
þ Tq3e�1

2 TT
q3h hqs

� �� 	

þ � � � þ Tq q�1ð Þe
�1
q�2 TT

q q�1ð Þh hqs

� �� 	

þ Tqe�1
q�1 TT

q h hqs

� �� 	
þ e�1

q h hqs

� �� �
(15)

is the overall effective nonlinear deformation of the multistage
drivetrain unit, here subject to the stationary gravity and compli-
ance forces according to Eq. (12). Therefore, the stationary link
angles may be determined directly by the recursive evaluation of
Eq. (14), of which the convergence issue is discussed in the
Appendix.

Note that duality of the stationary motion is the stationary tor-
que relationship between the motor input torque and the drivetrain
output torque transmitted to the robot. It may be derived readily
from Eq. (9) and adjunct relations of smð Þs¼ TT

1 e1 T1h0 � h1sð Þ
and sdrð Þs¼ eq Tqh q�1ð Þs � hqs

� �
. The result is

smð Þs¼ TT
q1 sdrð Þs (16)

which will be useful in mapping the robot stationary joint torque
to the associated stationary torque of the motor.
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3.2 Impedance Controller. An impedance control law of the
robot driven through the multistage nonlinear flexible transmis-
sion using the computed stationary robot link angle, link joint ve-
locity, and transmitted torque (to be discussed along with) will
now be developed. It is assumed that the robot system is equipped
with a higher-decision making unit which determines the end
effector set point xd and the task space symmetric positive definite
constant stiffness matrix Kd appropriate for executing a task at
hand.

The objective of the impedance controller is to modulate the
effective impedance parameters, i.e., the inertance, the resistance,
and the compliance, of the system to the desired values. Neverthe-
less, it has been shown in Ref. [18] that adjusting the inertance
has a severe drawback of destroying the passivity of the controlled
system. This is a sign indicating that the robot system might
become unstable during the interaction with passive environment.
Therefore, the following target impedance dynamics subject to the
external force, Fext, applied at the end effector is selected:

K xð Þ€~xþ l x; _xð Þ þ Ddð Þ _~xþ Kd ~x ¼ Fext (17)

The equation is written in the task space coordinates x, for which
~x indicates the coordinate errors of x from the set point values xd.
K xð Þ and l x; _xð Þ are the transformed inertia and Coriolis/centrifu-
gal matrices in the task space coordinates. They are related to the
parameters in joint space coordinates q by

K xð Þ ¼ J qð Þ�TM qð ÞJ qð Þ�1
(18)

and

l x; _xð Þ ¼ J qð Þ�T C q; _qð Þ �M qð ÞJ qð Þ�1 _J qð Þ
� 	

J qð Þ�1
(19)

with q ¼ f�1 xð Þ and _q ¼ J f�1 xð Þ
� ��1

_x through the inverse kine-
matics mapping and its differential relationship. Note the exis-
tence of l x; _xð Þ in the desired impedance dynamics to preserve
the passivity of the system. In essence, natural dynamics of the
robot has been exploited.

Dd is the task space damping matrix that asymptotically stabil-
izes the system. Its value will be designed, according to the
current values of K xð Þ and Kd, to make the system response be
appropriately damped with the specified damping ratio. To
accomplish this, first, Eq. (17) is approximated by

K xð Þ€~xþ Dd xð Þ _~xþ Kd ~x ¼ Fext (20)

where the Coriolis/centrifugal matrix is neglected. Introduce the
linear transformation of the coordinate errors z ¼ Q xð Þ�1 ~x. The
transformation matrix Q(x), treated constant for a particular sta-
tionary point, is the matrix of which its columns are the eigenvec-
tors ui of the generalized eigenproblem

Kd � x2
niK xð Þ

� �
ui ¼ 0 (21)

Premultiplying Eq. (20) with Q(x)T and writing the equation in
the new transformed coordinates lead to

Q xð ÞTK xð ÞQ xð Þ€zþ Q xð ÞTDd xð ÞQ xð Þ _zþ Q xð ÞTKdQ xð Þz
¼ Q xð ÞTFext (22)

The eigenvectors in Q(x) may be normalized such that

Q xð ÞTK xð ÞQ xð Þ ¼ I holds. Consequently, the transformed stiff-

ness matrix will become Q xð ÞTKdQ xð Þ ¼ R xð Þ, in which the diag-
onal matrix R xð Þ is known in vibration terminology [19] as the
spectral matrix containing the square of the natural frequencies

x2
ni, or the generalized eigenvalues of Kd with respect to K xð Þ.

The transformed equation may thus be written as

€zþ Q xð ÞTDd xð ÞQ xð Þ _zþ R xð Þz ¼ Q xð ÞTFext (23)

Hence, the damping matrix may be designed to be

Dd xð Þ ¼ 2Q xð Þ�T
nR xð Þ1=2Q xð Þ�1

(24)

where R xð Þ1=2
denotes the diagonal matrix of which its diagonal

elements are the square root of the paired values in R xð Þ. The di-
agonal damping ratio matrix n is used to adjust the oscillatory
behavior of the response. Through this choice of the damping
matrix, the transformed equation may finally be written

€zþ 2nR xð Þ1=2 _zþ R xð Þz ¼ Q xð ÞTFext (25)

as a set of decoupled second-order linear time invariant differen-
tial equations.

In this work, the impedance control problem is constrained to
only the constant set point case which implies _xd ¼ 0 and €xd ¼ 0.
According to the robot dynamics Eq. (1), the desired impedance
dynamics may be achieved with the control law

s�dr ¼ g qð Þ � J qð ÞT Kd ~xþ Dd _xð Þ (26)

where the star-mark is used here to denote the desired torque
transmitted to the robot. The actual one deviates from the desired
value due to the uncompensated motor and drivetrain dynamics.
Unfortunately, the link angles and the end effector coordinates are
not measurable directly. Intuitively, their estimated values shall
be used instead. This results in the modified control law

s�dr ¼ g hqs

� �
� J hqs

� �T
Kd f hqs

� �
� xd

� �
� J hqs

� �T
Dd f hqs

� �� �
J hqs

� �h i1=2

#

¼ h hqs

� �
� J hqs

� �T
Dd f hqs

� �� �
J hqs

� �h i1=2

# (27)

where the stationary link angle from Eq. (14) is employed. The
last term is the damping torque which is calculated using the
designed damping matrix in Eq. (24) and the link joint velocity
related term #.

Since the actual link angles are not measurable, the observer for
their velocities cannot be formulated. Rather, the nonmodel-based
first-order differentiation filter will be employed to estimate the
robot link joint velocity from the motor angle. Particularly, the
term # is the estimated link joint velocity scaled by the square
root of the joint space symmetric damping matrix

# ¼ sG sð Þ J hqs

� �T
Dd f hqs

� �� �
J hqs

� �h i1=2

Tq1h0 (28)

Here, s represents the complex argument of the Laplace trans-
form. G(s) is a diagonal matrix of which its diagonal terms are
identical and be a strictly proper and strictly positive real (SPR)
filtering transfer function. The estimated link angle is acquired
from Tq1h0 rather than hqs to secure the stability of the system.
The scaling matrix may be computed through the singular value

decomposition. Namely, JTDdJ
� �1=2¼ UR1=2UT associated with

the joint space damping matrix JTDdJ ¼ URUT for a diagonal

matrix R of the singular values of JTDdJ and some orthogonal

matrix U. This square root matrix will be denoted as
ffiffiffiffiffiffi
Kv
p

for con-
venience. At the moment, it is in doubt whether the usage of such
velocity estimation in the impedance controller will lead to satis-
factory result. This issue is deferred to Sec. 3.4 where the stability
and passivity of the controlled system will be proven.

Since the robot is actuated indirectly by the motor through the
flexible transmission subsystem, the motor torque corresponding
to the desirable torque of Eq. (27) applied at the robot joint must
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be determined. Due to the lack of the complete system state infor-
mation, the degenerated stationary model of the drivetrain, Eq.
(16), shall be used to compute such motor torque. In particular

smð Þ�dr¼ TT
q1s
�
dr (29)

3.3 Motor Inertia Reduction via Transmitted Torque Esti-
mation. Desired task space impedance behavior of Eq. (17) is
hardly achieved because of the intervention from the robot and
transmission dynamics that have never been perfectly cancelled,
especially for the present system where most of the states are
unavailable for inferring the dynamics. Motor inertia is a parame-
ter which also deteriorates the desired impedance particularly for
the system with high transmission ratio. Reference [20] firstly
showed that the implication of a force feedback controller is to
reduce the effective mass of the system. Reference [9] applied this
means by feeding back the joint torque to reduce the reflected
motor inertia and frictional torque. The reduced motor inertia sub-
sequently helps improving the response as the transmission
become lighter. Therefore, the simple impedance control law,
neglecting the transmission dynamics, with additional torque feed-
back may be applied to the system yielding the effective imped-
ance closer to the desired one.

Most robot systems are not equipped with the joint torque sen-
sor. Thus, feedback of the transmitted torque may not be avail-
able. Nevertheless, it may be estimated based on the motor
current and angle measurements. Consider the governing equa-
tions of the first stage of the transmission system

B1
€h0 þ C1sgn _h0

� �
þ s1 ¼ sm (30)

where B1 is the diagonal matrix containing the p-motor inertia.
Loss in the DC motor may be governed by a Coulomb friction
model with the constant diagonal matrix C1. sm is the actual tor-
que generated from the electromagnetic induction force, of which
the value can be deduced from the motor current by sm ¼ Ksi,
where Ks is the motor torque constant matrix. The last term s1 rep-
resents the transmitted torque from the motor to the first stage of
the drivetrain. Its value, which is governed by the elastic network
at the first stage, will be estimated.

The method of variational integrator [21], which discretizes the
system from the beginning of formulating the Lagrangian, may be
applied to determine the energy conserving discrete form of Eq.
(30). After identifying the discrete Lagrangian and external force,
the forced discrete Euler–Lagrange formulation may be evaluated.
The discretized version of Eq. (30) would be

1

h
B1 h0 kþ1ð Þ � 2h0k þ h0 k�1ð Þ
� �

þ h

2
C1 sgn h0 kþ1ð Þ � h0k

� ��

þ sgn h0k � h0 k�1ð Þ
� ��

þ h

2
s1k þ s1 kþ1ð Þ
� �

¼ h

4
Ks ik�1 þ 2ik þ ikþ1ð Þ (31)

with the sampling period h. Consequently, the transmitted torque
at the kth-sampling may be estimated by

ŝ1k ¼ �ŝ1 k�1ð Þ �
2

h2
B1 h0k � 2h0 k�1ð Þ þ h0 k�2ð Þ
� �

� C1 sgn h0k � h0 k�1ð Þ
� �

þ sgn h0 k�1ð Þ � h0 k�2ð Þ
� �� �

þ 1

2
Ks ik þ 2ik�1 þ ik�2ð Þ (32)

Negative feedback of ŝ1 may thus be used to reduce the motor
inertia from B1 to B1r by correcting the reference motor torque
smð Þ�dr to

s�m ¼ B1B�1
1r smð Þ�drþ I � B1B�1

1r

� �
ŝ1 (33)

The resulting system dynamics of the first stage of the drivetrain
becomes

B1r
€h0 þ B1rB

�1
1 C1

_h0 þ s1 ¼ smð Þ�dr (34)

if the transmitted torque estimation is exact. Effectively, the trans-
mitted torque and the reference motor torque are brought closer to
each other, thus making the motor behave closer to an ideal torque
source. This will be advantageous to the current controlled motor.
In practice, motor inertia cannot be reduced arbitrarily. Saturation
of the motor torque, amplification of the noise, and quantization
errors restrict the lower bound of B1r.

Reference motor current corresponding to the motor torque of
Eq. (33) may be calculated from

im ¼ K�1
s s�m (35)

If the motor is current controlled, this value may be used as the
reference signal to the control unit by which the motor is thought
of as an ideal effort source. However, this might be unrealistic
because the actual DC motor current and hence torque depend on
its rotational speed as well according to the electrical dynamics

L _iþ Riþ Kb
_h0 ¼ u (36)

where L, R, and Kb are the diagonal matrix of lumped inductan-
ces, resistances, and the back-emf constants of the motors, respec-
tively. u is the vector of the motor voltages.

The resolution is to account for its dynamics in controlling the
motor current. According to Eq. (36), the current will thus be con-
trolled to track the reference value indirectly via the motor volt-
age. One may choose the desired current tracking error, ei¼ i – im,
dynamics to be

L _ei þ Kcei ¼ 0 (37)

where Kc is the tunable constant diagonal matrix of the positive
gains for the tracking responsiveness. To this end, the control
input vector of the motor voltage must be determined as

u ¼ L _im þ Riþ Kb
_h0 � Kc i� imð Þ (38)

that relies on the exact cancellation of the motor current and angu-
lar velocity terms.

If the above scheme cannot be realized, the following tracking
error dynamics:

L€ei þ Kc _ei þ KbB�1
1 Kbei ¼ 0 (39)

may be chosen instead. Here, Kc is the positive constant diagonal
matrix to regulate the damping characteristics. It can be shown
that the following control input vector:

u ¼ L _im þ Riþ KbB�1
1

ðt

ti

Kbim � ŝ1csð Þdt� Kc i� imð Þ (40)

shapes the closed-loop current tracking error dynamics to Eq.
(39). In the equation, ŝ1cs is the estimated value of
C1sgn _h0

� �
þ s1 in Eq. (30) which may be determined from the

discretized equation similar to Eq. (31).
In summary, captured in Fig. 3, task space impedance controller

of a nonlinear flexible joint robot system, Eq. (27), is proposed
based on the stationary link angles and the velocity term according
to Eqs. (14) and (28), respectively. The controller allows the user
to specify the desired compliance and dissipation characteristics at
a set point. Then the appropriate task space damping matrix is com-
puted by means of the matrix factorization as shown in Eq. (24).
From the control law of Eq. (27), the required motor torque
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corresponding to the desirable robot joint torque is calculated via
Eq. (29). Additionally, feedback of the estimated transmitted torque
from Eq. (32) is employed to relieve the effect of the unmodeled
motor inertia. This results in the corrected reference motor torque
of Eq. (33). Reference motor current which yields such torque may
be commanded according to the simple relationship of Eq. (35) if it
is reasonable to model the motor as an ideal torque source.
Otherwise, the motor should be controlled at the voltage level
where Eq. (38) provides the voltage control law. If the motor angu-
lar velocity is not available, Eq. (40) should be applied instead.

3.4 Passivity and Stability Analysis. Stability and passivity
of the proposed task space impedance controller connected to the
robot system driven through the multistage nonlinear flexible
transmission will now be analyzed. First, the underlying energy
related to the desirable robot joint torque Eq. (27) will be investi-

gated. Positional dependent function h hqs

� �
is the torque compo-

nent responsible for counterbalancing the robot gravity torque and
supplying the desired compliant force under the stationary condi-
tion through the network of flexible transmission elements. There-

fore, h hqs

� �
must be the differential of some PE V�h hqs

� �
related to

the gravitational PE of the robot, the PE of the end effector
desired compliant behavior, and the elastic PE of the multistage
flexible transmission subsystem. Note that the function h(q) is the
differential of the PE

Vh qð Þ ¼ Vg qð Þ � 1

2
f qð Þ � xdð ÞTKd f qð Þ � xdð Þ (41)

Equation (14) may be rewritten as Tq1h0 ¼ hqs þ e�1
1q h hqs

� �� �
¼

l1 hqs

� �
or hqs ¼ l�1

1 Tq1h0

� �
. Therefore, one can write

h l�1
1 Tq1h0

� �� �T¼
@V�h hqs

� �
@hqs

����
hqs¼l�1

1 Tq1h0ð Þ
�
@l�1

1 Tq1h0

� �
@ Tq1h0

� � (42)

Since

@l1 hqs

� �
@hqs

¼ I þ
@e�1

1q hð Þ
@h

�����
h¼h hqsð Þ

�
@h hqs

� �
@hqs

and
@l1 l�1

1 Tq1h0

� �� �
@ Tq1h0

� �

¼
@l1 hqs

� �
@hqs

����
hqs¼l�1

1 Tq1h0ð Þ
�
@l�1

1 Tq1h0

� �
@ Tq1h0

� � ¼ I

@l�1
1 Tq1h0

� �
@ Tq1h0

� �

¼ I þ
@e�1

1q hð Þ
@h

�����
h¼h hqsð Þ

�
@h hqs

� �
@hqs

2
4

3
5
������
hqs¼l�1

1 Tq1h0ð Þ

8><
>:

9>=
>;
�1

Substituting this expression into Eq. (42), differential of V�h hqs

� �
may thus be determined as

@V�h hqs

� �
@hqs

¼ h hqs

� �T
I þ

@e�1
1q hð Þ
@h

�����
h¼h hqsð Þ

�
@h hqs

� �
@hqs

2
4

3
5 (43)

Consider the following differentiation:

@

@hqs
h hqs

� �T
e�1

1q h hqs

� �� �h i
¼ e�1

1q h hqs

� �� �T@h hqs

� �
@hqs

þh hqs

� �T@e�1
1q hð Þ
@h

�����
h¼h hqsð Þ

�
@h hqs

� �
@hqs

Performing the inner product with the differential of hqs and inte-
grating the result yield a scalar quantity of

ðhqs

hqsð Þi
h /ð ÞT

@e�1
1q hð Þ
@h

�����
h¼h /ð Þ

� @h /ð Þ
@/

� d/ ¼ h hqs

� �T
e�1

1q h hqs

� �� �

�
ðhqs

hqsð Þi
e�1

1q h /ð Þð ÞT @h /ð Þ
@/

� d/ (44)

where hqs

� �
i

is the stationary link angles that make

h �ð ÞTe�1
1q h �ð Þð Þ ¼ 0 corresponding to the robot posture which

causes no overall effective deformation of the drivetrain. Equation
(44) indeed relates the elastic PE (leftmost term) of the network of

Fig. 3 Overall diagram of the task space impedance controller
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the flexible transmission elements to its co-PE (rightmost term)
through the well-known Legendre transformation.

Integrating Eq. (43) and making use of Eq. (44) leads to

V�h hqs

� �
¼ Vh hqs

� �
þ e1q Tq1h0 � hqs

� �T
Tq1h0 � hqs

� �

�
ðhqs

hqsð Þi
e�1

1q h /ð Þð ÞT @h /ð Þ
@/

� d/ (45)

in which h �ð Þ is recognized as the differential of Vh(�) and Eq. (14)

is substituted. Therefore, the underlying PE of s�dr, i.e., V�h hqs

� �
, is

the difference of the gravitational plus elastic PE of the passive
robot/transmission subsystems and the elastic PE of the desired
task space compliance, all at the stationary link angles.

Regarding with the estimation of the link joint velocity in the
control law, Eq. (28) may be understood as a filtering of the time
derivative of the estimated link angles, i.e., # ¼ G sð Þ

ffiffiffiffiffiffi
Kv

p
Tq1

_h0.
From the linear system theory, this may be represented in the min-
imal realization state space {A, B, C} form

_x ¼ Axþ B
ffiffiffiffiffiffi
Kv

p
Tq1

_h0

# ¼ Cx (46)

where G sð Þ ¼ C sI � Að Þ�1B and x is the filter states. Furthermore
by the Kalman–Yakubovich (KY) lemma [22], since G(s) is a
strictly proper and SPR, there exists symmetric positive definite
matrices P and Q such that

ATPþ PA ¼ �Q (47)

BTP ¼ C (48)

Define the error ~h0 ¼ h0 � h0d where h0d is the constant target
motor angles associated with the specified constant Cartesian set
point xd. With the new state vector z such that _z ¼ x, state space
representation of the velocity estimator system where the input is
the regulating error ~h0 may be expressed as

_z ¼ Azþ B
ffiffiffiffiffiffi
Kv

p
Tq1

~h0

# ¼ CAzþ CB
ffiffiffiffiffiffi
Kv

p
Tq1

~h0

(49)

3.4.1 Proof of Stability. To prove the stability of the closed-
loop system, consider the following function:

V q; _q; h; _h; ei; _z
� �

¼ 1

2
_qTM qð Þ _qþ Vg qð Þ þ 1

2
_h
T
Br

_hþ Ve q;Tq1h0

� �

þ 1

2
eT

i Lei � V�h Tq1h0

� �
þ 1

2
_zTP _z (50)

comprising the KE and PE of the robot, modified drivetrain,
motor, and the negative feedback controller

Ve q;Tq1h0

� �
¼ e1q Tq1h0 � q

� �T
Tq1h0 � q
� �

�
ðq

qi

e�1
1q h /ð Þð ÞT @h /ð Þ

@/
� d/ (51)

is the elastic PE of the drivetrain and V�h Tq1h0

� �
denotes V�h hqs

� �
expressed in terms of the system states Tq1h0. The last term repre-
sents the KE-like function of the velocity estimator unit of which
P is the symmetric positive definite matrix as described in
Eqs. (47) and (48).

The function V (�) is a Lyapunov candidate function, i.e., it is a
positive definite function and continuously differentiable in a
neighborhood of the equilibrium point. To verify this, substitute

Eqs. (41), (45), and (51) into Eq. (50) and rearrange the
equation as

V �ð Þ ¼ 1

2
_qTM qð Þ _qþ 1

2
_h
T
Br

_hþ 1

2
eT

i Lei þ
1

2
_zTP _zþ Vh qð Þ

þ 1

2
f qð Þ � xdð ÞTKd f qð Þ � xdð Þ

þ e1q Tq1h0 � hqs þ hqs � q
� �T

Tq1h0 � hqs þ hqs � q
� �

�
ðq

/i

e�1
1q h /ð Þð ÞT @h /ð Þ

@/
� d/

� Vh hqs

� �
� e1q Tq1h0 � hqs

� �T
Tq1h0 � hqs

� �

þ
ðhqs

/i

e�1
1q h /ð Þð ÞT @h /ð Þ

@/
� d/

(52)

hqs ¼ l�1
1 Tq1h0

� �
is implied and the angles /i be the link angles

that cause no overall effective deformation of the drivetrain.
Using Taylor’s series, the following expansion of

e1q Tq1h0 � hqs þ hqs � q
� �T

Tq1h0 � hqs þ hqs � q
� �

¼ e1q Tq1h0 � hqs

� �T
Tq1h0 � hqs

� �

þ hqs � q
� �T@e1q dð Þ

@d

����
d¼Tq1h0�hqs

Tq1h0 � hqs

� �
þ…

þ e1q Tq1h0 � hqs

� �T
hqs � q
� �

þ hqs � q
� �T@e1q dð Þ

@d

����
d¼Tq1h0�hqs

hqs � q
� �

þ… (53)

may be deduced. The equation has the graphical interpretation of
the sum of the total elastic PE and co-PE of the transmission sys-
tem. Figure 4 depicts the related area/energy of each term for one-
dimensional spring. The area I-IV correspond to the first, second
and its residue, third, and fourth and its residue terms on the right-
hand side. Moreover, with h /ð Þ ¼ e1q Tq1h0 � /

� �
, two integral

terms in Eq. (52) may be summed and rewritten as the function of
the deformation variable d

ðhqs

q

e�1
1q h /ð Þð ÞT @h /ð Þ

@/
� d/ ¼

ðTq1h0�hqs

Tq1h0�q

dT @e1q dð Þ
@d

� dd (54)

This is the co-PE stored in changing from Tq1h0 � q to
Tq1h0 � hqs, corresponding to the negative of the shaded area V
shown in Fig. 4.

With Eqs. (53) and (54), Eq. (52) may be simplified to

Fig. 4 Interpretation of each term in Eq. (53) as the sub areas
of the elastic potential/co-PE
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V �ð Þ ¼ 1

2
_qTM qð Þ _qþ 1

2
_h
T
Br

_hþ 1

2
eT

i Lei þ
1

2
_zTP _z

þ 1

2
f qð Þ � xdð ÞTKd f qð Þ � xdð Þ þ Vh qð Þ

� Vh hqs

� �
þ
ðTq1h0�q

Tq1h0�hqs

e1q dð ÞT � dd (55)

The last term on the right-hand side represents the incremental PE
from Tq1h0 � hqs to Tq1h0 � q. For the system in which the elastic
elements possess the softening-spring characteristics such as the
cable-pulley driven transmission, Eq. (55) may further be
arranged as

V �ð Þ � 1

2
_qTM qð Þ _qþ 1

2
_h
T
Br

_hþ 1

2
eT

i Lei þ
1

2
_zTP _z

þ 1

2
f qð Þ � xdð ÞTKd f qð Þ � xdð Þ

þ 1

2
hqs � q
� �T@e1q dð Þ

@d

����
d�

hqs � q
� �

þ Vh qð Þ � Vh hqs

� �
þ h hqs

� �T
hqs � q
� �

(56)

where

@e1q hdð Þ
@d

����
d�
¼ inf
8d2Rp

@e1q dð Þ
@d

� @e1q dð Þ
@d

����
d¼Tq1h0�q

� @e1q dð Þ
@d

����
d¼Tq1h0�hqs

To show that V (�) is a positive definite function, the following
assumption is necessary.

Assumption 3.1.
The Hessian Hh qð Þ ¼ ð@h qð Þ=@qÞ ¼ ð@2Vh qð Þ=@q2Þ of the

potential function Vh(q) satisfies the condition

ah � sup
8q2Rp

Hh qð Þk kK< 1 (57)

where the matrix K-norm is as defined in the Appendix.
This practical assumption is exactly the condition for the recur-

sive evaluation of Eq. (14) to converge to the stationary link
angles. An important consequence of Assumption 3.1 is the fol-
lowing property.

Property 3.2.
Let ah be the upper bound for the Hessian of Vh(q) as defined in

assumption 3.1. Then the inequality

Vh q2ð Þ � Vh q1ð Þ þ h q1ð ÞT q1 � q2ð Þ
�� �� � 1

2
ah q1 � q2k k2

K (58)

holds for all q1; q2 2 Rp (see Ref. [9] for the proof).
Applying Property 3.2 and ð@e1q dð ÞÞ=@d

��
d�

�� ��
K
¼ 1 to Eq. (56),

one would obtain

V �ð Þ � 1

2
_qTM qð Þ _qþ 1

2
_h
T
Br

_hþ 1

2
eT

i Lei þ
1

2
_zTP _z

þ 1

2
f qð Þ � xdð ÞTKd f qð Þ � xdð Þ þ 1

2
1� ahð Þ hqs � q

�� ��2

K

(59)

Recalling Assumption 3.1 and recognizing all quadratic terms in
the above inequality, it can be concluded that V (�)� 0.

To determine the equilibrium point where V (�)� 0, it is required

that _q ¼ 0; _h ¼ 0, ei¼ 0, and _z ¼ 0 for the quadratic terms of Eq.
(50) to be zero. The remaining terms may be rearranged to show

that q ¼ hqs ¼ f�1 xdð Þ nullifies them. From Eq. (14), the motor

angle at the equilibrium will be h0 ¼ h0s ¼ T�1
q1 l1 f�1 xdð Þ

� �
. Like-

wise, the equilibrium rotor angle of the drivetrain at the ith-stage is

h i�1ð Þ ¼h i�1ð Þs¼T�1
qi li f�1 xdð Þ
� �

, where li hqs

� �
¼hqsþe�1

iq h hqs

� �� �
denotes the stationary rotor angle at the ith-stage reflected to the

robot link angle and e�1
iq �ð Þ is the effective nonlinear deformation

function of the transmission subsystem from the ith-stage to the
last qth-stage. Note that the equilibrium rotor angle at the last

stage is h q�1ð Þ ¼h q�1ð Þs¼T�1
q lq f�1 xdð Þ

� �
where lq hqs

� �
¼hqs

þ e�1
q h hqs

� �� �
.

Lyapunov stability theorem and Lasalle’s invariance principle
[22] will now be applied to show that the system equilibrium point
q; _q; h; _h; ei; _z
� �

¼ qs; 0; hs; 0; 0; 0ð Þ is (locally) asymptotically
stable. Differentiating Eq. (50) along the closed-loop system
trajectory results in

_V �ð Þ ¼ 1

2
_qT _M qð Þ _qþ _qT sdr þ sext � C q; _qð Þ _q� g qð Þð Þ

þ _h
T

sr � cr
_h
� �
� e hð Þ

� �
þ eT

i �Kceið Þ

þ 1

2
A _zþ B

ffiffiffiffiffiffi
Kv

p
Tq1

_h0

� �T
P _zþ 1

2
_zTP A _zþ B

ffiffiffiffiffiffi
Kv

p
Tq1

_h0

� �

þ g qð ÞT _qþ
@Ve q;Tq1h0

� �
@q

_qþ
@Ve q;Tq1h0

� �
@ Tq1h0

� � Tq1
_h0

� h hqs

� �T
Tq1

_h0

where sr ¼ smð ÞTdr 0T � � � 0T
� �T

and cr �ð Þ are the modified

generalized torque vector and the modified dissipative function of
the drivetrain subsystem according to Eq. (34). Applying the
passivity property of the robot [23], the KY lemma, and recogniz-

ing sdr ¼ eq Tqhq�1 � hq

� �
, smð Þdr¼ TT

q1 h hqs

� �
�

ffiffiffiffiffiffi
Kv

p
#

� �
þ Ksei,

ðð@Ve q; hð ÞÞ=@hÞ _h ¼ ðð@Ve q;Tq1h0

� �
Þ=@ Tq1h0

� �
ÞTq1

_h0, and ð@Ve

q; hð ÞÞ=@q ¼ @Ve q;Tq1h0

� �
Þ=@q

� �
, the derivative may be simpli-

fied to

_V �ð Þ ¼ � _h
T
cr

_h
� �
þ _qTsext � eT

i Kcei �
1

2
_zTQ _zþ _h

T

0 Ksei

Quadratic factorization of the last term and explicit presentation
of the damping power loss at each transmission stage rearrange
the equation to

_V �ð Þ ¼ _qTsext �
1

2
_zTQ _z� 1

2
_h0 � ei

� �T
Ks

_h0 � ei

� �

�
Xq

k¼2

_h
T

k�1crk
_hk�1

� �
� 1

2
eT

i 2Kc � Ksð Þei

� 1

2
_h
T

0 2cr1
_h0

� �
� Ks

_h0

� �
(60)

It is practical that the drivetrain is fully damped, i.e.,

_h
T
cr

_h
� �
�
Ppq

i¼1 ai
_h2
i ; ai > 0 and cr 0ð Þ ¼ 0. If the matrix gain Kc

is designed to be fast enough for current tracking such that
Kc > 1=2ð ÞKs and the first-stage (the motors) has been damped

enough that _h
T

0 2cr1
_h0

� �
� Ks

_h0

� �
> 0, then it can be concluded

for the case of free motion that

_V q; _q; h; _h; ei; _z
� �

� 0

Therefore, Eq. (50) is a Lyapunov function. From the Lyapunov
stability theorem, the closed-loop system is stable. The stability is
generally, however, local due to the local invertibility of the for-
ward kinematics mapping. In addition, it can be shown that the
equilibrium point is the only point (in the invariant set) which
makes _V �ð Þ � 0. Through the help of the Lasalle’s invariance
principle, the system is asymptotically stable to the equilibrium
point. Note that the motor current will converge to the reference
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value im of Eq. (35) and the estimated velocity related term # will
finally be vanished identically.

3.4.2 Proof of Passivity. Passivity is an important property
for the robot system to perform interaction tasks successfully
since the passive system will respond to the incoming input
energy in a stable manner according to the underlying principle of
energy conservation. As a result, the system will be robust to the
disturbance and interact safely with the passive environment.

Figure 5 depicts the block diagram of the multistage nonlinear
flexible transmission driven robot controlled system, which may
be decomposed into three units representing the robot, the drive-
train, and the motor plus the controller subsystems. They are inter-
connecting in tandem feedback topology. The whole system is
then coupled to the passive environment mapping the velocity
flow _x to the action force effort �Fext. Since the robot moves with
the same velocity, the torque acting onto the robot will then be the
reaction torque sext.

Passivity of the robot subsystem can be shown readily by the
lower bounded storage function

Sr q; _qð Þ ¼ 1

2
_qTM qð Þ _qþ Vg qð Þ (61)

with Vg qð Þ
�� �� < b, for some b> 0. Its time derivative along the tra-

jectory of the robot dynamics is _Sr ¼ _qT sdr þ sextð Þ. Hence, the
robot subsystem is the lossless system mapping sdr þ sextð Þ 7! _q.
Passivity of the modified drivetrain subsystem may be analyzed
with the storage function

Sdr q; h; _h
� �

¼ 1

2
_h
T
Br

_hþ Ve q; hð Þ (62)

of which its derivative along the trajectory of the drivetrain

dynamics is _Sdr ¼ _h
T

0 smð Þdr� _qTsdr � _h
T
cr

_h
� �

. Therefore, if the

transmission subsystem is fully damped, it will be the state strictly
passive system mapping _q 7! � sdr at the port connecting the driv-

etrain to the robot, and smð Þdr 7! _h0 at the port connecting to the
motor electrical dynamics and the controller.

Pertaining equations of the motor current dynamics plus the
controller are displayed in Fig. 5. With the comprehension in the
underlying energy previously analyzed, one may select the fol-
lowing storage function:

Smc ei; _z; h0ð Þ ¼ 1

2
eT

i Lei þ
1

2
_zTP _z� V�h Tq1h0

� �
(63)

Time derivative along the trajectory of the current tracking and
velocity estimator dynamics after some additional manipulation is
thus

_Smc ¼ � _h
T

0 smð Þdr�eT
i Kcei �

1

2
_zTQ _z� 1

2
_h0 � ei

� �T
Ks

_h0 � ei

� �

þ 1

2
_h
T

0 Ks
_h0 þ

1

2
eT

i Ksei

Because the last two terms are always non-negative, passivity
and passive mapping _h0 7! � smð Þdr of this subsystem solely can-
not be concluded. Nevertheless, one may combine the drivetrain,
motor, and controller subsystems (second and third units) alto-
gether. Consequently, the storage function of this integral unit
may be proposed as the sum of the storage functions of the
subsystems

Sdr;mc q; h; _h; ei; _z
� �

¼ Sdr �ð Þ þ Smc �ð Þ (64)

The time derivative will merely be the sum of the derivative of
these subsystem storage functions

Fig. 5 Feedback interconnection of three subsystems of the nonlinear flexible
joint robot controlled system interacting with the passive environment. The system
as a whole is passive.
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_Sdr;mc �ð Þ ¼ _Sdr �ð Þ þ _Smc �ð Þ ¼ � _qTsdr �
1

2
_zTQ _z

� 1

2
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� �T
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� �
�
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2
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i 2Kc � Ksð Þei �
1
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T

0 2cr1
_h0

� �
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_h0

� �
(65)

Under the conditions of Kc > 1=2ð ÞKs and _h
T

0 2cr1
_h0

� �
� Ks

_h0

� �
> 0, and fully damped transmission system, the state strictly pas-
sive mapping _q 7! � sdr at the port connecting to the robot of the
integrated drivetrain, motor, and controller subsystems is ensured.
As a result, Fig. 5 may be viewed as the negative feedback inter-
connection of two passive systems. Further, it is possible that the
robot is coupled to the passive environment.

Theorem 3.3.
FEEDBACK INTERCONNECTION OF THE SYSTEMS: [24] The negative

feedback interconnection of two passive systems is passive.
Applying the stated Theorem 3.3, proof of the passivity of the

multistage nonlinear flexible transmission driven robot controlled
system interacting with the passive environment is thus
completed.

4 Simulation, Experiments, and Discussions

In this section, a 2DOF cable-pulley driven flexible joint robot
with the developed task space impedance control law in Sec. 3 is
studied. The system has been constructed as a prototype support-
ing the fundamental study of the cable-pulley driven robot which
will further be useful in developing the whole arm of the ongoing
service robot project. As depicted in Fig. 6, the rigid robot is
driven through the multistage nonlinear flexible cable-pulley
transmission unit. Its shoulder link is capable of moving along the
pitch and yaw directions emulating the principal motion per-
formed by the human shoulder.

Figure 7 illustrates the winches and pulleys arrangement of the
four-stage transmission subsystem. Two motors are used to drive
the system symmetrically along the left and right segregating
paths. Motor axle is coupled to winch#1, which then drives
winch#2 through the properly wrapped cables. It in turn drives
pulley#1 and pulley#2. With pulley#3 and the cable circuits, these
pulleys form the differential mechanism producing the pitching
and yawing motion of the output shoulder link. It is the place
where two transmission paths meet. Additional pulley#4 is not
attached with any cable and its purposes are to counter pulley#3
and to strengthen the structure.

According to the manipulator design, output motion of the sys-
tem is not measurable as there is no any motion sensor directly

equipped to the robot linkage. Rather, collocated sensors of the
motor encoders are used to deduce the stationary pitch and yaw
output motion hqs following Eq. (14). It is observed from the
experiment that they may well be used as the estimation of
the actual robot motion if it performs smoothly at low speed. The
actual end tip motion might also be acquired through the dedi-
cated separate sensor such as the optical tracking system. In the
meantime, a simpler means of employing the vernier height gauge
(0.02 mm of resolution) to measure only the static Y-position of
the robot end tip is adopted. See Fig. 6 for the system setup.

Task space impedance control law is applied to this system
with the specified task space stiffness matrix xyzf gKd ¼ diag
kdx; kdy

� �
and the damping ratio n. Accordingly, the damping

matrix of Eq. (24) may be expressed

Dd f hq

� �� �
¼

2n
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kdxIyypy

p
lo

0

0

2n

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kdy Ixxpy

c2
y þ Izzpy

s2
y þ Ixxp

� 	r

locy

2
666664

3
777775

(66)

as a function of the robot joint angles hq ¼ hp hy½ 	T. In the sim-
ulation, the nominal stiffness and damping values are set to
10� 103 N/m and 4.0, while for the real system the typical values
are tuned to 500 N/m and 0.6. These lower values are in accord-
ance with the passivity limitation, i.e., energy generation, cursed
by the sampling rate and quantization of the sampled-data control
system [25]. Stiffer robot may be achieved if the system is imple-
mented with faster sampling rate and higher resolution. Unmod-
eled dynamics degrades the expected performance as well. Also, a
simple first-order low-pass filter of G sð Þ ¼ k= sþ kð Þ is employed
in filtering the estimated link joint velocity. The cutoff frequency
k is selected to be 500 rad/s in the simulation, while it has been
reduced to just 65 rad/s in the real system. This is to avoid picking
up the signal with frequency higher than 10 Hz that is too fast for
the typical robot motion. Motor current safety limit is set to 3.5 A.

In the simulation, the designed controller is performed in
MATLAB

VR

connected to 20-sim# [26]. This simulator program is
employed to model the whole system in details using the bond
graph modeling framework. Since the system is quite stiff, the
adaptive backward differentiation formula integration method
with the step size of 1 ms is used in all simulations. For the real
system, the controller and the supporting processes are pro-
grammed entirely in C# language. The controller is implemented
with the rate of 1 kHz. At each sampling, hqs is determined recur-
sively where the value is further used to compute other terms of g,
J, f, Dd, and # for which Tustin approximation is employed to

Fig. 6 A 2DOF multistage cable-pulley driven flexible joint
robot. In the figure, the proof mass of 1.0 kg is placed at the link
end tip with a vernier height gauge used to measure the posi-
tion in Y-direction.

Fig. 7 Winches and pulleys arrangement in the drivetrain unit
of the flexible joint robot. Relevant coordinate frames are
shown. Left winch#1 is occluded.
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discretize sG(s). ŝ1 is also updated by the motor current and angle.
These variables are thus prepared for calculating the robot control
signal as delineated in Fig. 3. It should be mentioned that this fully
damped system satisfies the Assumption 3.1. Hence, the conver-
gence of hqs and the system stability/passivity are assured. Figure
8 depicts the signal interconnection between the system and the
controller where the motor current and angle are fed back to the
controller unit for processing the commanded current. In the fol-
lowing, some simulation and experiments are performed to inves-
tigate the effect of several control parameters on the system
response and to illustrate the effectiveness of the proposed control
law.

4.1 Task Space Stiffness and Damping. To verify that the
desired task space stiffness is actually achieved, the robot is regu-
lated at the center of the workspace and the external force of 10 N
is applied in the X- and Y-direction, respectively. For the simula-
tion, the end tip deflection responses using the nominal stiffness
value of 10� 103 N/m are shown in Fig. 9 for a set of different
damping ratios. It is observed that larger damping makes the
motion be more sluggish. For a wide range of damping ratios, the
end tip eventually reaches the point corresponding to the deflec-
tion of about 1 mm that agrees with the desired stiffness and the
applied force.

For the actual system, the proof mass of 1.0 kg is placed at the
far end of the robot shoulder link to realize the constant external
force in the negative Y-direction as shown in Fig. 6. The default
stiffness of 500 N/m and a set of moderate damping ratios are set
to perform the experiment. Figure 10 depicts its estimated deflec-
tion responses. It can be seen that with the use of low damping
value, the response exhibits an overshoot before settling down to
the static deflection value. On the other hand, too high damping
makes the end tip to deflect slowly and prevents it from reaching
the expected deviation. Hence, the environment may feel the robot
be stiffer than its actual value. Note that the effective stiffness is
higher than the set value due to the friction in the mechanism.
Simulation result under the same conditions is displayed along
with. Qualitatively, the response of the real system agrees with
that of the simulated one. The desired task space stiffness and
damping characteristics is therefore accomplished.

As the currently available method for cross-checking, the ver-
nier height gauge is applied to acquire the actual static end tip
deflection from the position measurement before and after apply-
ing the weight. The actual deflections are 17.54, 17.38, and
16.26 mm for the damping ratio of 0.2, 0.6, and 1.0 in turn, while
the estimated deflections as seen from Fig. 10 are 16.76, 16.71,
and 15.01 mm under the default stiffness and 1.0 kg load. Hence
the estimation error (less than 2 mm for the 315 mm-long robot, or
1% of the robot size) is small enough for the service robot per-
forming daily tasks and therefore the stationary position may
legitimately be used as the replacement for the actual value.

4.2 Tracking Response Subject to External Force. A circu-
lar trajectory is generated for the tracking simulation. The starting
point is at the right of the robot caused by rotating the shoulder
link in the yaw direction for�40 deg from the center of the hemi-
spherical workspace. Then the trajectory is made by rotating the
link around the Z-axis for a complete round in 6 s. Finally, the
desired position is held constant at the starting point for 0.5 s.
Task space stiffness and damping ratio are set to their nominal
values while the intrinsic motor inertia value is unchanged. Figure
11 displays the tracking result when the robot is subject to the
10 N force acting in the X- and Y-direction throughout the path,
respectively. It is seen that the proposed controller, which is
designed for the regulation objective, may be used in the tracking
task as well. The end tip follows the reference trajectory closely
because of the high stiffness value compared to the magnitude of
the applied force. As depicted in the figure, finally the end point
deviates from the desired location by 0.6 and 0.86 mm along the
X- and Y-direction for each case in turn.

When the end point is at its final position, nominal task space
stiffness matrix expressed in the local frame parallel to the refer-
ence frame {XYZ} is determined by [27]

XYZf gKd ¼ xyzf g RT
XYZf g xyzf gK xyzf g

d R XYZf g (67)

where the numerical value of kdz is selected to be 1000� 103 N/m
as the robot cannot move along the z-direction. The associated
deflections, determined from

Fig. 8 Detailed bond graph diagram of the 2DOF cable-pulley driven flexible joint robot controlled system. The diagram dis-
plays the interconnection of the controller, motor, drivetrain, counterbalance, and robot units. In addition, physical systemlike
couplings of the lumped model of the system components ease the understanding of the overall dynamics.
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XYZf gd ¼ XYZf g K�1
d XYZf gF (68)

along the direction of the applied force will be 0.59 and 1.0 mm
for each case in order. Hence, actual deviations agree with the the-
oretical values. Therefore, the desired end effector stiffness is
achieved. It should be noted that large application of the external
force requires large current to keep the robot end tip staying in the
track. If such current cannot be supplied, the tracking will fail and
the motion will be unstable. For the typical limit 610 A of the
motor supply current, the external force of 40 N or more will drive
the system unstable.

Similar experiment is implemented with the real system. The
reference trajectory starts from the center point of the robot work-
space. Then it moves leftward by executing the yaw rotation for
40 deg in 3 s and idles for 2 s. Next, the trajectory completes the
clockwise circular path around the Z-axis in 20 s. After that, it
idles for 2 s before traveling rightward back to the starting point
and finally staying there for 2 s. Tracking result of the real system
with the attached 1.0 kg deadweight is depicted in Fig. 12.
Because of much weaker stiffness value of 500 N/m, the actual
motion clearly deviates more from the reference path. At the end
of the tracking, the tip departs from the workspace center by
�17.6 mm along the Y-direction. This agrees with the static
deflection in Sec. 4.1. The tracking performance, indicating the
deflection during the motion, may be computed from the average

of the integral of absolute error I ¼ ð1=NÞ
PN

k¼0 xk � xdkk k2. Its
value is 16.8 mm while for the simulated system using the same
control parameters this error would be 18.0 mm. The

corresponding plot is shown alongside. Therefore, with the
proposed controller, the flexible robot system is capable of dis-
playing the desired impedance behavior during the general task
execution.

4.3 Motor Inertia Reduction. Nominal reduced motor iner-
tia value is adjusted to investigate its effect to the controlled sys-
tem. In the experiment, the stiffness of 500 N/m and the damping
ratio of 0.6 are used in both the simulated and the real system.
First, the robot end tip is regulated at the center of the workspace,
which is also its initial position. Three different values of the
effective motor inertia are set. Figure 13 displays the current con-
sumption in case of the simulation. When the 150 g cm2 effective
motor inertia (40% reduction) is tuned, the motor current expo-
nentially oscillates during the transient before settling down to a
constant value of 0.346 A. On the other hand, if the 248 g cm2 or
the original motor inertia value is used, the current reaches the
final value in a first-order system fashion with fast time constant
of 11 ms. From the graph, the choice of unmodified inertia yields
the cleanest response. However, difference in the motion
responses of these three cases is imperceptible due to small motor
inertia portion compared to the inertia of the whole drivetrain. It
may be concluded that the reduction of a small motor inertia in a
small gear ratio system does not improve the dynamics meaning-
fully. If the inertia is reduced further, the current will be satu-
rated, hitting its limits in a bang–bang manner. In turn, the end
point motion starts to exhibit the oscillatory drift from the set
value. Current consumption of the real system is shown in

Fig. 9 Simulation of the flexible robot end tip deflection with the nominal stiffness value of
10 3 103 N/m and a set of damping ratios subject to 10 N force in the X- and Y-direction,
respectively

Fig. 10 Deflection responses of the real (left) and simulated (right) robot end tip under 1.0 kg
proof mass with the stiffness value of 500 N/m
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Fig. 14. The result is qualitatively similar; the lower value the
effective motor inertia be, the more oscillatory response the motor
current is.

Same modulation of the motor inertia is performed when the
robot end tip tracks the circular trajectory in Sec. 4.2 with no load.
Comparison of the current consumption during the course for dif-
ferent effective motor inertias is depicted in Figs. 15 and 16 for
the simulated and real system, respectively. The real system draws
larger and more noisy current than the simulated one accountable

to the model parameter mismatch and unmodeled dynamics. As
observed in the regulation case, the modulated inertia value draws
more aggressive and fluctuating current than the natural one. In
the tracking case, the lowest motor inertia value that can be
reduced is increased to 170 g cm2 (30% reduction). Percentage of
admissible inertia reduction is decreased because larger current is
involved in the tracking motion. The real system becomes unsta-
ble by exhibiting the oscillatory tracking when the inertia value of
150 g cm2 is used. Essentially the inertia reduction is equivalent to

Fig. 12 Circular path tracking with the stiffness of 500 N/m under the 10 N force applied along
the Y-direction for the real (left) and simulated (right) system

Fig. 13 Current consumption of the simulated system for the regulation task under three dif-
ferent values of the effective motor inertia (150, 200, and 248 g cm2)

Fig. 11 Tracking simulation with the stiffness of 10 3 103 N/m subject to the 10 N force applied
along the X- (left) and Y- (right) direction

021001-14 / Vol. 137, FEBRUARY 2015 Transactions of the ASME

Downloaded From: http://dynamicsystems.asmedigitalcollection.asme.org/ on 09/13/2014 Terms of Use: http://asme.org/terms



the increase in control loop gain. Therefore, too large inertia
reduction makes the system become unstable. If the physical
motor inertia value is retained (no inertia reduction), there will be
no feedback of the transmitted torque. Implicitly, natural dynam-
ics of the drivetrain is employed. The original system will draw

less energy and be more stable than the modulated one, on the
price of contaminated desired dynamics. This is evident from the
reduction in the tracking error of the real system from 6.7 to 5.4
and to 4.6 mm corresponding to the motor inertia value of 248
(original), 200, and 170 g cm2.

Fig. 15 Current consumption of the simulated system for the circular tracking task under
three different values of the effective motor inertia (170, 200, and 248 g cm2)

Fig. 16 Current consumption of the real system for the circular tracking task under three dif-
ferent values of the effective motor inertia (170, 200, and 248 g cm2)

Fig. 14 Current consumption of the real system for the regulation task under three different
values of the effective motor inertia (150, 200, and 248 g cm2)
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5 Conclusions

This work develops a task space impedance control of the ma-
nipulator driven through the generally multiple stages of the non-
linear softening-spring flexible transmission unit, such as the
embodiment of the belt-pulley or cable-pulley transmission. The
proposed controller regulates the stiffness and damping of the end
effector at the specified position to the desired values based on the
only available feedback signal of the motor current and angle.
Robot link angle and joint velocity in the traditional impedance
control law are substituted by the estimated values computed from
the motor angle recursively using the stationary model of the driv-
etrain and robot system. Furthermore, estimation of the transmit-
ted torque from the motor current is fed back to reduce the motor
inertia. Effectively, the motor dynamics distorting the desired
transmitted torque is attenuated. Thus, the actual robot character-
istics behave closer to the ideal target impedance. Implementation
of the control law via the current or the voltage mode of the motor
system is discussed. Thorough passivity and stability analysis of
the controlled system are presented, in companion with a couple
of realistic assumptions. The proofs yield an insight in the under-
lying energy of the controller that attempts to shape the system PE
to the one corresponding to the desired task space compliance.

The controller is applied to a system of 2DOF cable-pulley
driven flexible joint robot. It exhibits satisfactory results in stand-
ard tasks including trajectory tracking subject to externally
applied force. The end effector stiffness matches the desired value
in the simulation while the friction force contributes to the higher
value in the actual system. Experimenting with several reduced
motor inertia values to improve the system dynamics suggests that
good practice in mechanical system design at the beginning is
preferable to using the torque or current feedback in shaping the
inertia to the desired value later. This is to preserve the stability
margin of the controlled system.

Overall, the proposed controller is capable of regulating the
task space impedance of the manipulator driven through the multi-
stage, constant transmission ratio matrix, nonlinear flexible trans-
mission unit. Examples of applicable systems range from the
traditional robots driven through stages of geartrains, flexible
belts, or cable-pulley, to novel robots actuated by arrays of piezo-
electric or polymer actuators, from which their structures are also
created. It is impractical for these systems to gain access to the
feedback signals apart from the actuators. This research has dem-
onstrated that the desired impedance may be accomplished using
merely the actuator motion and current signals together with the
appropriate flexible transmission model. This controller may
further be incorporated with the higher-level control system to
accomplish the advanced manipulation tasks in general.

Acknowledgment

The author is grateful for valuable comments from the
reviewers. This work was generously supported by the grants
from the Ratchadaphiseksomphot Endowment Fund of Chulalong-
korn University (No. RES560530224-AS), the Thailand Research
Fund (Nos. MRG5580227 and MSD56I0018), the ISUZU
Research Foundation, and Department of Mechanical Engineer-
ing, Chulalongkorn University.

Appendix: Convergence of the Stationary Link Angles

Calculation

To determine whether the numerical evaluation of hqs in Eq.
(14) converges or not, the contraction mapping theorem [24],
which guarantees the existence and uniqueness of the fixed point,
is employed. Accordingly, to conclude that the recursive evalua-
tion of Eq. (14) converges, it is sufficient to show that the map-
ping function

P qð Þ ¼ Tq1h0 � e�1
1q h qð Þð Þ (A1)

is a contraction mapping.

The distance function

dK q1; q2ð Þ ¼ q1 � q2k kK¼ U q1 � q2ð Þk k2

¼ q1 � q2ð ÞTK1q q1 � q2ð Þ
h i1=2

(A2)

is defined based on the robot joint effective stiffness matrix K1q-

weighted vector norm qk kK¼ Uqk k2 where K1q ¼ UTU

¼ inf
8d2Rp

@e1q dð Þ=@dÞ
�

is the minimum deformation-dependent

nonlinear effective stiffness of the drivetrain. The corresponding

matrix norm is defined as Ak kK¼ U�TAU�1
�� ��

2
.

The mapping P(q) is a contraction mapping if

P q2ð Þ � P q1ð Þk kK� q q2 � q1k kK (A3)

holds for any q1 and q2, with some q � [0, 1). Since the mapping
P(q), for specific motor angles h0, at q2 is related to the value at q1

by

P q2ð Þ ¼ P q1ð Þ þ
ðq2

q1

@P qð Þ
@q

dq

¼ P q1ð Þ �
ðq2

q1

@e�1
1q sð Þ
@s

js¼h qð Þ�
@h qð Þ
@q

dq

Manipulate the expression to suit Eq. (A3) as

U P q2ð Þ � P q1ð Þð Þk k2 ¼ �
ðq2

q1

U
@e�1

1q sð Þ
@s

�����
s¼h qð Þ

� @h qð Þ
@q

dq

������
������

2

�
ðq2

q1

U�T @h qð Þ
@q

U�1dUq

�����
�����

2

using the fact that the positive definite load-dependent compliance

matrix ð@e�1
1q sð Þ=@sÞ � K�1

1q ¼ U�1U�T . The inequality may be

elaborated further so that

P q2ð Þ � P q1ð Þk kK� sup
8q2Rp

@h qð Þ
@q

����
����

K

q2 � q1k kK (A4)

Consequently, the recursive evaluation of hqs in Eq. (14) will con-
verge to the stationary link angles for any starting iteration value
if

sup
8q2Rp

@h qð Þ
@q

����
����

K

< 1 ¼ K1q

�� ��
K

(A5)

Physically, the condition requires the robot joint effective stiff-
ness, or the effective stiffness of the drivetrain, to be larger than
the joint stiffness induced by the gravity and the desired compliant
forces. This implies the transmission stiffness is capable of pre-
venting the robot “after-the-joint” motion caused by its own
weight and the position-mismatch induced compliant force.
Hence, the robot structure should be lightweight enough and the
desired end effector stiffness should not be set too high, otherwise
the effective joint stiffness must be very stiff.
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Modelling and Control of a
Multi-stage Cable Pulley-driven
Flexible-joint Robot System

immediate
�

Abstract This work is concerned with the task space
impedance control of a robot driven through a multi-stage
nonlinear flexible transmission system. Specifically, a two
degrees-of-freedom cable pulley-driven flexible-joint robot
is considered. Realistic modelling of the system is
developed within the bond graph modelling framework.
The model captures the nonlinear compliance behaviour
of the multi-stage cable pulley transmission system,
the spring effect of the augmented counterbalancing
mechanism, the major loss throughout the system
elements, and the typical inertial dynamics of the robot.
Next, a task space impedance controller based on limited
information about the angle and the current of the motors
is designed. The motor current is used to infer the
transmitted torque, by which the motor inertia may be
modulated. The motor angle is employed to estimate
the stationary distal robot link angle and the robot joint
velocity. They are used in the controller to generate the
desired damping force and to shape the potential energy of
the flexible joint robot system to the desired configuration.
Simulation and experimental results of the controlled
system signify the competency of the proposed control
law.

Keywords Cable Pulley-driven Robot, Multi-stage Flexible
Transmission System, Task Space Impedance Control

1. Introduction

Impedance plays an important role in the performance
of tasks by manipulators that require interaction with the
environment [1]. For example, a laparoscopic surgical
robotic system, such as [2], typically works inside the
human abdomen, packed with vital organs of which
their precise location and geometry are not known. The
motion of the forceps is controlled and supervised by
a skilful surgeon. Nevertheless, erroneous motion is
possible, as a result of which the surrounding organs
may be injured. If the forceps are equipped with proper
compliance, the severity of wounds can be mitigated.
As another example, a service robot system, such as [3],
among the others, is able to perform general daily
tasks. It is inevitable that such a robot has limited and
imprecise information about the environment it interacts
with. To successfully implement tasks, the robot must
possess appropriate compliance characteristics. A specific
impedance model implemented through the mass, spring
and damping parameters is popular among the more
general functions between the motion and force variables.
This representation is intuitive to the human operator and
it may be used to shape the behaviour of wheeled inverted
pendulum vehicles for better riding experiences [4].
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Many efforts have been made in shaping robot compliance
to the desired values. However, only a few works have
attempted to control the impedance of flexible joint robots.
[5] presented a simplified model of a flexible joint robot
on which most of the proposed controllers, such as [6]
and [7], are based. A tracking impedance controller for the
DLR-II arm [8] was proposed using singular perturbation
analysis. In contrast, [9] applied a passivity analysis
to design a robust and stable impedance control law.
Recently, an adaptive impedance controller based on the
function approximation technique (FAT) [10] was applied
to a flexible joint robot system with motor dynamics
included. Impedance behaviour may also be acquired
indirectly through admittance control by generating the
reference motion from the interaction force error. This
idea is applied using an adaptive fuzzy control technique
to manipulate the non-rigid environment of the multiple
mobile manipulators [11].

The contribution of this research is a passive task
space impedance controller for a flexible joint robot
system driven through multi-stage nonlinear flexible
transmission based only on the motor angle signal. Motor
current feedback may optionally be used to improve the
system response time. In particular, an embodiment of
a prototypical two degrees-of-freedom (DOF) cable
pulley-driven flexible joint robot is investigated.
Section 2 develops the detailed model of the robot,
its counterbalance and its flexible drivetrain subsystems.
A model of the complete system is then obtained
by integrating these together using the bond graph
framework. Based on this model and the available
feedback signals of the motor current and angle, in
section 3 a task space impedance controller is designed
to accomplish the desired viscoelastic behaviour at the
specified set point. The stability of the closed-loop system
is proven. In order to validate the effectiveness of the
control law, various simulations and experiments of
the system are conducted and the results are discussed
accordingly in section 4. Finally, section 5 concludes the
study.

2. System Modelling

A two-DOF cable pulley-driven flexible joint robot, shown
in Figure 1, is constructed as a prototype serving as a
fundamental study of the multi-stage cable pulley-driven
robot class, which will further be employed in developing
the entire arm of our ongoing service robot project. It
comprises three subsystems, namely a rigid robot, a
flexible transmission and a counterbalance. The robot
shoulder link is capable of moving in the pitch and yaw
directions, emulating the principal motion performed by
the human shoulder. Generalized coordinates describing
the position of its end-tip may naturally be chosen as the
pitch and yaw angles, denoted as θp and θy respectively.

Figure 2 depicts the winch and pulley arrangement of
the robot’s multi-stage transmission subsystem. Starting
from the input side, the motor axle is coupled to winch#1,
which then drives winch#2 through the wrapped cables.
Winch#2 in turn drives pulley#1 (for the right winch) and
pulley#2 (for the left winch). Together with pulley#3, these
pulleys form the differential mechanism which produces

Figure 1. A two-DOF multi-stage cable pulley-driven flexible
joint robot

Figure 2. Winch and pulley arrangement in the drivetrain unit
of the flexible joint robot. Left winch#1 is occluded.

the rotational motion of the output shoulder link around
two mutually perpendicular axes, causing the motion of
the shoulder link end-tip in the pitch and yaw directions.
A differential mechanism is implemented in this work
through the cables and stepped pulleys. In addition,
the additional pulley#4 is not attached to any cable -
its purpose is to counter pulley#3 and to strengthen the
structure.

Furthermore, the robot is equipped with a patented
(pending) counterbalancing mechanism [12], invented to
reduce the amount of torque commonly supplied by
the motors to sustain weight and, hence, to improve
the safety of the robot. Basically, the motions of
pulley#1 and pulley#2 are transmitted via the cable
routing to elongate a set of springs. With an appropriate
spring stiffness selected, the generated torque can
match the configuration-dependent gravitational torque.
Such considerations may apply from the viewpoint of
maintaining the total potential energy of the system.

2.1. The Robot System

Referring to Figure 2, the position vector of the shoulder
link end-point relative to the origin of {XYZ} described
in {xyz} is {xyz}r =

[

0 0 −lo
]T , for which lo is the

shoulder link length measured from the centre of rotation.
Besides, the relative rotation between {xyz} and {XYZ} is
described by the rotation matrix {XYZ}R{xyz} = Rx,θp Ry,θy .
Therefore, the position vector r described in the reference
frame {XYZ} is:
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{XYZ}r ={XYZ} R{xyz}
{xyz}r

=
[
−losy lospcy −locpcy

]T . (1)

For the spherical configuration of the robot, the velocity of
the end point may be determined simply from the fact that
its motion comprises pure rotation around the origin of the
fixed frame {XYZ}. If ω is the link angular velocity, the
end-point velocity expressed in the moving frame {xyz} is
{xyz}ve = ω × r =

[
−lo θ̇y lo θ̇pcy 0

]T . Consequently, the
Jacobian matrix represented in {xyz} becomes:

{xyz} J =




0 −lo
locy 0

0 0


 . (2)

The main moving parts of the robot are pulley#3, pulley#4
and the output shoulder link. For convenience, the
rectangular frame of the counterbalancing mechanism
subject to the pitch motion will be included as well.
These components may be grouped into two categories:
one undergoing pitching motion alone, and the other
undergoing a composite pitching and yawing motion.
CAD drawings of these two collections are depicted in
Figure 3. Their related parameters will thus be subscripted
as ‘p’ and ‘py’, respectively. The reference and moving
coordinate frames employed are the same as those shown
in Figure 2.

For the first collection undergoing pitching motion, its
compound centre of gravity (C.G.) is evaluated by the
CAD program to be at {xyz} (rG)p =

[
0 0 rzp

]T relative
to the origin of {XYZ}. Because its motion is a rotation
around the fixed pitch axis with the angular velocity
{xyz}ωp =

[
θ̇p 0 0

]T , the associated kinetic energy may
be determined as:

Tp =
1
2
ωT

p Iopωp =
1
2

Ixxp θ̇2
p, (3)

where Iop is the pitch-collection inertia matrix, with the
inertia around the x-x axis denoted by Ixxp . The potential
energy may be derived simply as:

Vp = −mpg · (rG)p = −mpgrzp sp, (4)

for which mp is the mass of this collection and g is the
vector of gravitational acceleration.

Similarly, the kinetic and potential energy of the
pitch/yaw collection may be derived as follows. From the
geometry, the compound C.G. location is at {xyz} (rG)py =
[

0 0 rzpy

]T . However, its angular velocity is due to both
the pitch and yaw motions. In the body’s fixed frame, this
may be written as {xyz}ωpy =

[
θ̇pcy θ̇y θ̇psy

]T . Therefore,
the kinetic energy expression, with some simplification,
may be expressed as:

Tpy =
1
2
ωT

pyIopyωpy

=
1
2

[(
Ixxpy c2

y + Izzpy s2
y

)
θ̇2

p + Iyypy θ̇2
y

]
, (5)

for which the careful design of the shape of the parts
makes the off-diagonal elements of the inertia matrix Iopy

negligible. In other words, Iopy = diag
(

Ixxpy , Iyypy , Izzpy

)
.

The potential energy may be calculated as:

Vpy = −mpyg · (rG)py = −mpygrzpy spcy, (6)

with mpy denoting the mass of this collection. The
parameter values of the robot are summarized in Table 1.

2.2. The Counterbalance System

The counterbalancing mechanism contributes to the robot
dynamics by maintaining the constant potential energy
of the augmented system. The mechanism may be
divided into two parts. Figure 4 illustrates a part of the
mechanism [12] where the cable (20) is routed through
the set of idlers (21-24) to convey the tension force from
the spring (12) to the stud (18) embedded in pulley#2.
The generated torque will counter the gravitational torque
of the pitch/yaw collection. The other simple part of
the mechanism accounts for the pitch-collection. Note
that, due to the (generally) non-zero initial tension of
the spring, the cable routing over non-zero radius idlers
and the travelling limitation hit of the mechanism, the
compensator departs from theory. Nevertheless, the
current consumption of the motor in holding the robot
statically is reduced dramatically; the current is now
bounded within the band of ±0.1 [A] as compared with
the average value of 1.5 [A], when there is no assistance
from the counterbalance.

The force and induced moment produced by the
mechanism may be analysed indirectly via the spring
potential energy of the counterbalance. The cabling of the
mechanism enforces the elongated length of the springs in
relation to the robot configuration through its generalized
coordinates θp and θy. For the springs accounting for the
gravity force of the pitch and pitch/yaw collection, their
elongations δp and δpy are:

δp = 2hp

√
2
[

1 − sin
(

θp +
25π

180

)]
(7)

δpy = hpy

[√
2
[
1 − s

(
θp + θy

)]

+
√

2
[
1 − s

(
θp − θy

)]]
, (8)

where hp and hpy are the shortest distance of the cable
terminal at the rectangular frame and at pulley#1/#2
measured from the X-X axis, respectively. The constant
angle of 25π

180 [rad] reflects the safety limit of the
mechanism at 65◦. Consequently, the potential energy
of the counterbalance for the pitch- and pitch/yaw
collection may be determined from the area under the
force-elongation linear relationship:
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Figure 3. (left) Collection of mechanical parts undergoing pitching motion. (right) Collection of mechanical parts undergoing pitching
and yawing motion.

robot parameter value

shoulder link length, lo 0.315 [m]
z-coordinate of the C.G. of the pitch-collection, rzp −0.0288 [m]

pitch-collection inertia about C.G. along x-x axis, Ixxp 276.0 [kg · cm2]
mas of the pitch-collection, mp 3.55 [kg]

z-coordinate of the C.G. of the pitch/yaw collection, rzpy −0.1202 [m]
pitch/yaw collection inertia about C.G. along x-x axis, Ixxpy 932.0 [kg · cm2]
pitch/yaw collection inertia about C.G. along y-y axis, Iyypy 761.5 [kg · cm2]
pitch/yaw collection inertia about C.G. along z-z axis, Izzpy 205.2 [kg · cm2]

mass of the pitch/yaw collection, mpy 3.07 [kg]

Table 1. Robot parameter values

VCp = 2kph2
p

[
1 − sin

(
θp +

25π

180

)]

+2hpTip

√
2
[

1 − sin
(

θp +
25π

180

)]
(9)

VCpy = 2kpyh2
py

(
1 − spcy

)
+ hpyTipy

[√
2
[
1 − s

(
θp + θy

)]

+
√

2
[
1 − s

(
θp − θy

)]]
, (10)

in which Tip and Tipy are the respective spring initial
tensions, and kp and kpy are the spring stiffnesses designed
based on the perfect gravitational torque cancellation of
the ideal counterbalancing mechanism:

kp =
mpgrzp

2h2
p

(11)

kpy =
mpygrzpy

2h2
py

. (12)

Additionally, the friction force Ff developed at the linear
bushing, guiding the stroke of the spring, should be taken

into account to provide for realistic simulation. It is
modelled simply by a nonlinear switching function:

Ff =

{
−sgn (v) Fm, v �= 0
0, v = 0, (13)

where v is the signed velocity of the slider and Fm is the
constant sliding friction limit value. In this regard, the
friction force is comparable to the extra initial dynamic
tension force of the spring. Table 2 collects all the
parameter values of the counterbalancing mechanism.
According to the above energy analysis, the Lagrangian of
the robot plus its counterbalances may be determined as:

L (q, q̇) = Tp + Tpy − Vp − Vpy − VCp − VCpy , (14)

where q =
[

θp θy
]T denotes the vector of the robot’s

generalized coordinates. Applying and evaluating the
Lagrangian formulation along q, the robot dynamics may
be manipulated into the modified standard form of its joint
space model, which includes the frictional torque f :

M (q) q̈ +C (q, q̇) q̇ + f + g (q) = τdr + τext, (15)

with:

M (q) =

[
Ixxpy c2

y + Izzpy s2
y + Ixxp 0

0 Iyypy

]

C (q, q̇) =



(

Izzpy − Ixxpy

)
sycy θ̇y

(
Izzpy − Ixxpy

)
sycy θ̇p(

Ixxpy − Izzpy

)
sycy θ̇p 0




f (q, q̇) =




2hpsgn(θ̇p)Fm cos(θp+
25π
180 )√

2[1−sin(θp+
25π
180 )]

+
hpysgn(θ̇p+θ̇y)Fmc(θp+θy)√

2[1−s(θp+θy)]
+

hpysgn(θ̇p−θ̇y)Fmc(θp−θy)√
2[1−s(θp−θy)]

hpysgn(θ̇p+θ̇y)Fmc(θp+θy)√
2[1−s(θp+θy)]

− hpysgn(θ̇p−θ̇y)Fmc(θp−θy)√
2[1−s(θp−θy)]


 . (16)
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In Eq. 15, g (q) is the resulting torque vector of the
robot gravity torque compensated by the counterbalancing

spring torque. Their components along the generalized
coordinates θp and θy are:

gp (q) = −mpgrzp cp − 2kph2
p cos

(

25π

180

)

cp + 2kph2
p sin

(

25π

180

)

sp −
2hpTip cos

(

θp +
25π
180

)

√

2
[

1 − sin
(

θp +
25π
180

)]

−mpygrzpy cpcy − 2kpyh2
pycpcy −

hpyTipy c
(

θp + θy
)

√

2
[

1 − s
(

θp + θy
)]

−
hpyTipy c

(

θp − θy
)

√

2
[

1 − s
(

θp − θy
)]

(17)

gy (q) = mpygrzpy spsy + 2kpyh2
pyspsy −

hpyTipy c
(

θp + θy
)

√

2
[

1 − s
(

θp + θy
)]

+
hpyTipy c

(

θp − θy
)

√

2
[

1 − s
(

θp − θy
)]

. (18)

The external force caused by the robot interacting with the
environment at the end of the shoulder link may naturally
be described in the task space frame as {xyz}Fext =
[

Fx Fy
]T . Therefore, the torque vector τext reflected to the

robot’s generalized coordinates is determined by:

τext =
{xyz} JT{xyz}Fext =

[

Fylocy
−Fxlo

]

, (19)

as can also be verified by inspecting the robot geometry
directly. Finally, τdr is the actuated generalized torque
vector from the transmission unit.

2.3. The Transmission System

The pulley and winch arrangement of the multi-stage
flexible transmission is illustrated in Figure 2. It can be
seen that the drivetrain is designed to have four stages for
compactness. In the 1st-stage, the motor is connected to
winch#1 via the disk coupling. For the 2nd- and 3rd-stages,
the transmission is realized by the wound cables around
winch#1-winch#2 and winch#2-pulley#1/2 respectively.
The 4th-stage connects the drivetrain unit to the robot via
the cable pulley differential mechanism.

Let θm, θw, θ1, θ2, θp and θy be the angular positions of the
motor, winch, pulley#1, pulley#2 and the pitch and yaw
angles of the shoulder link, respectively. The structural
interconnection between these parts by the cables poses

Figure 4. Counterbalancing mechanism for the pitch/yaw
collection of the robot [12]. The shortest distance of the cable
terminal at pulley#2 measured from the X-X axis, hpy, is depicted.

the following kinematic constraints:

θ̇w1r = −θ̇mr θ̇w1l = θ̇ml

θ̇w2r = n2r θ̇w1r θ̇w2l = n2l θ̇w1l

θ̇1 = n3r θ̇w2r θ̇2 = n3l θ̇w2l

θ̇p =
1
2

(

θ̇1 + θ̇2
)

θ̇y =
1
2

(

θ̇1 − θ̇2
)

. (20)

This particular system is designed such that the
transmission ratio, n, at the 2nd- and 3rd-stages are
all 1

3 .

Since the mechanism employs the cables as the means for
transmitting power, its inherent compliance characteristics
should be taken into account. Assuming the cables have
been securely wrapped around the pulleys with proper
pretension, such that the total slippage between the cable
and the pulley groove over the circuit is negligible, the
explicit torque-angle deflection equation of a stiff simple
cable pulley drive unit may be determined [13] as:

θ =
To

EAµeff

[(

mem

em − 1
− 1

)

(1 + GF)− log
mem

em − 1

]

(21)

where the cable, with a Young modulus E and an effective
cross-sectional area A, has been pre-tensioned to To. m =
M
rTo

is the dimensionless torque of the loaded torque M
applied at the loaded pulley of radius r. µeff is the effective
coefficient of friction. Finally, GF =

Lµeff
r is the geometric

friction number in which L is the cable length of the
unwrapped portion on each side. The current drivetrain
is designed so that it possesses a low GF value, indicating
stiff but softening spring transmission characteristics.
Equation 21 governs the compliance behaviour for the
2nd- and 3rd-stages. The numerical values of the pertinent
parameters from the design are tabulated in Table 3.

The compliance analysis in [13] can be extended to handle
the cable pulley differential mechanism at the 4th-stage
of the drivetrain. As a result, the torque-angle deflection
equation along the pitch or yaw DOF may be expressed as:

θ =
To

EAµeff

[(

mem/2

2
(

em/2 − 1
) − 1

)

(1 + GF)

− log
mem/2

2
(

em/2 − 1
)

]

. (22)

Phongsaen Pitakwatchara: Modelling and Control of the Multi-stage Cable Pulley-driven Flexible-joint Robot 5



counterbalance parameter value

spring stiffness for the
pitch collection counterbalance, kp

311.88 [N/m]

distance between the cable terminal for the
pitch collection counterbalance and the X-X axis, hp

0.04 [m]

spring initial tension for the
pitch collection counterbalance, Tip

5.10 [N]

spring stiffness for the
pitch/yaw collection counterbalance, kpy

426.9 [N/m]

distance between the cable terminal for the
pitch/yaw collection counterbalance and the X-X axis, hpy

0.06 [m]

spring initial tension for the
pitch/yaw collection counterbalance, Tipy

7.94 [N]

sliding friction limit, Fm 0.005 [N]

Table 2. Parameter values of the counterbalancing mechanism

parameter 2nd-stage 3rd-stage 4th-stage

pretension, To 74 [N] 185 [N] 238 [N]
Young modulus, E 200 [GPa] 200 [GPa] 200 [GPa]

cable cross-sectional area, A 1.767 [mm2] 3.534 [mm2] 7.069 [mm2]
effective coeff. friction, µeff 0.1 0.1 0.1

loaded pulley radius, r 67.5 [mm] 81.0 [mm] 63 [mm]
geometric friction number, GF 0.045 0.041 0

Table 3. Numerical values of the parameters for the flexible cable pulley-driven transmission system

In this case, m is the dimensionless torque of the loaded
torque M applied along the pitch or yaw directions.
Since there is no unwrapped segment of the cable for the
differential drive unit, effectively GF = 0. For the 1st-stage,
the transmission compliance is simply the inverse of the
coupling constant stiffness value of 5700 [N/m] from the
data sheet.

Major loss in transmission happens at the bearing units.
The complexity of the friction phenomenon at the support
leads us to propose a friction model as a combination of
the simple Coulomb’s friction torque when the relative
velocity of the mating surfaces is virtually zero, and
the empirical formulation of the frictional torque for the
standard sealed deep-grooved ball bearing [14] when
relative motion occurs. Mathematically:

Mf =

{

sat (Min) , ω = 0 and Mmin ≤ sat (Min) ≤ Mmax
35812.5 Hd

nr , ω �= 0,
(23)

where Min [Nmm] and H [kW] are the torque and the
power transmitted through the cable pulley mechanism,
Mf [Nmm] is the developed frictional torque, d [mm] r
[mm] is the shaft diameter and the pulley radius, and n
[rpm] is the angular velocity of the pulley. Mmin and
Mmax limit the maximum amount of power loss that can
occur at the bearing. Their typical values, experimentally
chosen, are Mmin = −10 [Nmm] and Mmax = 10 [Nmm].
Table 4 depicts the designed values of the shaft diameter
and pulley radius. Moreover, see the bond graph diagram
of the system in Figure 5 for the location of the bearing
losses in the transmission system.

The inertias of the rotational parts in the transmission
unit are summarized in Table 5. Hence, the complete
dynamics of the drivetrain may now be determined by
combining the inertial, the dissipating and the elastic

torques according to the system’s kinematic configuration,
together with the externally applied torque of the motors.
Unfortunately, the explicit form of the equations for
motion is barely achieved due to the inversion problem
of the complicated nonlinear deformation functions in
Eqs. 21 and 22. This, however, does not affect the
simulation or the control law implementation.

2.4. The Complete System

A realistic model of the two-DOF multi-stage cable
pulley-driven flexible joint robot which captures its
important behaviours may be acquired through the
bond graph technique [15]. With this approach, the
system model is constructed by identifying the governing
equations of the subsystems, comprising the bond
graph basic elements of one-port inertance, compliance,
resistance and two-port transformer and gyrator.

Nevertheless, the robot dynamics are modelled using the
customized nonlinear two-port inertance and compliance
elements. In particular, the equation of motion Eq. 15 is
expressed in the Hamiltonian form with the generalized
coordinates q =

[

θp θy
]T and generalized momentum

p =
[

pp py
]T as the system state variables:

θ̇p =
pp

Ixxpy c2
y + Izzpy s2

y + Ixxp

θ̇y =
py

Iyypy

ṗp = mpgrzp cp + mpygrzpy cpcy + τextp

ṗy =

(

Izzpy − Ixxpy

)

sycy
(

Ixxpy c2
y + Izzpy s2

y + Ixxp

)2 p2
p

−mpygrzpy spsy + τexty . (24)
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parameter winch#1 winch#2 pulley#1 and #2 pitch yaw

shaft diameter, d 17 17 25 30 20
pulley radius, r 22.5 27 45 63 63

Table 4. Shaft diameter and pulley radius values in [mm] at each rotor-bearing support

All of these elements are then combined through the
power bonds and the effort/flow ports. The complete
bond graph diagram is given in Figure 5.

3. Task Space Impedance Control

3.1. The Controller

A task space impedance control for the robot driven
through a multi-stage nonlinear flexible transmission
system has been developed in [16]. The controller uses
the available feedback information of merely the motor
current and angles, which is frequently encountered in
practice. In particular, if the desired task space compliance
and dissipative damping ratio, Kd and ζ, are specified
accompanied with a set point xd, the control law:

τ ∗
m = B1B

−1
1r T T

q1

[

g (qs)− J (qs)
T Kd (f (qs)− xd)

−
(

J (qs)
T Dd (f (qs)) J (qs)

)1/2
ϑ

]

+
(

I −B1B
−1
1r

)

τ̂1 (25)

computes the motor reference torque τ ∗
m that imposes

such behaviour at the robot end-effector. In the
equation, for conciseness, Tj is the transmission ratio
matrix of the jth-stage reducer in the drivetrain and Tqj
denotes the compound transmission ratio TqTq−1 · · ·Tj.
f (·) is the forward kinematics mapping of the robot.
The specified damping ratio determines the task space
damping matrix Dd (·), which asymptotically stabilizes
the system. Furthermore, the controller utilizes the motor
current i feedback to estimate the torque transmitted to the
drivetrain, τ̂1, which can then be used to reduce the motor
inertia from B1 to B1r.

The controller is based on the estimated stationary robot
link angles qs. They are determined recursively from the
motor angles θ0 by:

e−1
1q (τ ) = Tq2e

−1
1

(

T T
q2τ

)

+ Tq3e
−1
2

(

T T
q3τ

)

+ . . .

+ Tq(q−1)e
−1
q−2

(

T T
q(q−1)τ

)

+ Tqe
−1
q−1

(

T T
q τ

)

+ e−1
q (τ ) (26)

qs = Tq1θ0 − e−1
1q (g (qs)

−J (qs)
T Kd (f (qs)− xd)

)

. (27)

rotor inertia value [g · cm2]

motor 248
winch#1 344.6
winch#2 16728

pulley#1 and #2 48440

Table 5. Inertia of the rotational parts in the drivetrain around
their own fixed rotating axes

e−1
1q (·) is the overall effective nonlinear deformation

function of the transmission unit contributed by the
deformation e−1

j (·) of each stage. The estimated link
joint velocity scaled by the square root of the joint space
symmetric damping matrix, ϑ, is then computed as:

ϑ = sG (s)
[

J (qs)
T Dd (f (qs)) J (qs)

]1/2
Tq1θ0. (28)

The argument s represents the complex argument of the
Laplace transform. G (s) is a diagonal matrix of a strictly
proper and strictly positive real filtering transfer function.
A simple first-order low-pass filter of G (s) = λ

s+λ may be
employed.

The estimated transmitted torque may be achieved by
discretizing the motor equation of motion with the
variational integrator method [17], which guarantees the
energy conservation at every sampling. As a result, the
transmitted torque at the kth-sampling with the sampling
period h may be estimated sequentially by:

τ̂1k = −τ̂1(k−1) −
2
h2 B1

(

θ0k − 2θ0(k−1) + θ0(k−2)

)

−C1

[

sgn
(

θ0k − θ0(k−1)

)

+sgn
(

θ0(k−1) − θ0(k−2)

)]

+
1
2
Kτ (ik + 2ik−1 + ik−2) , (29)

where B1, C1 and Kτ are the diagonal matrix of the
motor inertias, frictional torques and torque constants.
It should be mentioned that this controller is valid only
for a practical system with a transmission stiff enough to
withstand the robot’s ’after-the-joint’ motion, caused by its
own weight and the position-mismatch compliant force.

For this two-DOF cable pulley-driven flexible joint robot,
Eq. 26 is tailored to:

e−1
1q (τ ) = Tq2e

−1
1

(

T T
q2τ

)

+ Tq3e
−1
2

(

T T
q3τ

)

+Tqe
−1
3

(

T T
q τ

)

+ e−1
q (τ ) , (30)

with the following compound transmission ratios:

Tq =

[ 1
2

1
2

1
2 − 1

2

]

Tq3 =

[ 1
6

1
6

1
6 − 1

6

]

Tq2 =

[ 1
18

1
18

1
18 − 1

18

]

Tq1 =

[

− 1
18

1
18

− 1
18 − 1

18

]

.

The individual deformations at each stage are determined
from the coupling stiffness and the cable pulley
compliance relationship of Eqs. 21 and 22:
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e−1
1 (τw1) =

[
175.44 × 10−6τw1r
175.44 × 10−6τw1l

]

e−1
2 (τw2) =




To
EAµeff

[(
mw2remw2r

emw2r−1 − 1
)
(1 + GF)− log mw2remw2r

emw2r−1

]

To
EAµeff

[(
mw2l emw2l

emw2l −1 − 1
)
(1 + GF)− log mw2l emw2l

emw2l −1

]



e−1
3 (τd) =




To
EAµeff

[(
m1em1

em1−1 − 1
)
(1 + GF)− log m1em1

em1−1

]

To
EAµeff

[(
m2em2

em2−1 − 1
)
(1 + GF)− log m2em2

em2−1

]

 (31)

e−1
q (τdr) =




To
EAµeff

[(
mpemp/2

2(emp/2−1)
− 1

)
(1 + GF)− log mpemp/2

2(emp/2−1)

]

To
EAµeff

[(
myemy/2

2(emy/2−1)
− 1

)
(1 + GF)− log myemy/2

2(emy/2−1)

]


 ,

where:

τw1 =
[

τw1r τw1l
]T

τw2 =
[

τw2r τw2l
]T

τd =
[

τ1 τ2
]T

τdr =
[

τp τy
]T

are the torque vectors transmitted over the elastic
couplings and cable pulley mechanisms to winch#1,
winch#2, pulley#1, pulley#2 and the pitch and yaw joints
of the robot. Also:

mw2r =
τw2r

(rTo)w2r
mw2l =

τw2l
(rTo)w2l

m1 = τ1
(rTo)1

m2 = τ2
(rTo)2

mp =
τp

(rTo)p
my =

τy

(rTo)y

are their dimensionless values.

For this system with the desired task space stiffness matrix
{xyz}Kd = diag

(
kdx, kdy

)
and the damping ratio ζ,

the damping matrix may be determined by solving the
eigenproblem of the desired impedance dynamics at the
end-effector. The result is:

Dd (f (qs)) =




2ζ
√

kdx Iyypy
lo

0

0
2ζ

√
kdy(Ixxpy c2

ys+Izzpy s2
ys+Ixxp )

locys




(32)
as a function of the stationary robot joint angle θys
computed from Eq. 27.

The designed controller is integrated with the developed
model of the two-DOF cable pulley-driven flexible joint
robot. Figure 5 depicts the signal interconnection
between the system and the controller, where the motor
current and angle are fed back to the controller unit
to process the commanded current. The controller is
digitally implemented at a frequency of 1 kHz. For
the simulation, the controller computation is done in
MATLAB® connected to the 20-sim© [18]. This simulation
program is based on the bond graph modelling language,
which does not require the explicit formulation of
the complete system’s differential equations. At each
sampling, qs is determined recursively by Eq. 27, whereby
the value is further used to update other terms of g, J, f ,
Dd and ϑ. All of these terms and the estimated transmitted
torque τ̂1 are used to compute the motor reference

torque by Eq. 25. Tustin approximating discretization
method is used to obtain the discrete equivalent of the
continuous transfer function sG (s). For the real system,
the controller and the peripheral tasks are programmed in
C#. Typical control parameters used in the simulations and
experiments are depicted in Table 6.

3.2. Stability of the Closed-loop System

Proposition. The task space impedance control law Eq. 25
asymptotically stabilizes the robot system Eq. 15 driven through
the multi-stage nonlinear flexible transmission unit to the
desired set point xd.

Proof. Before proving the stability of the closed-loop
system, let us consider the estimated link joint velocity of
Eq. 28. It may be viewed as the stable linear filtering of the
time derivative of the estimated link angles Tq1θ̇0. Hence,
this velocity estimator might be represented in the minimal
realization state space {A,B,C} form:

ẋ = Ax+B
√
KvTq1θ̇0

ϑ = Cx, (33)

where
√
Kv denotes the square root of the joint space

damping matrix JTDd J, G (s) = C (sI −A)−1 B, and x
denotes the filter states. Applying the Kalman-Yakubovich
(KY) lemma [19], since G (s) is a strictly proper and
strictly positive real (SPR) transfer function, there exist
symmetric positive definite matrices P and Q such that
ATP +PA = −Q and BTP = C.

Define the new state vector z such that ż = x.
Furthermore, define the motor set point error θ̃0 = θ0 −
θ0d where θ0d denotes the constant target motor angles
according to the desired constant Cartesian set point xd.
Then, Eq. 28 or Eq. 33 might be expressed in terms of the
new state z:

ż = Az +B
√
KvTq1θ̃0

ϑ = CAz +CB
√
KvTq1θ̃0, (34)

where the input is now the regulation error θ̃0.

Let θ =
[
θT

0 θT
1 · · · θT

q−1

]T
be the vector of the q-stages of

the transmission system generalized coordinates in which
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parameter simulation experiment

cut-off frequency of low-pass filter, λ 500 [rad/s] 65 [rad/s]
desired stiffness, kd 10000 [N/m] 500 [N/m]

desired damping ratio, ζ 1.0 0.6
reduced motor inertia, b1r 200 [g · cm2] 248 [g · cm2]

Table 6. Nominal control parameters adopted in the simulations and experiments

the rotor angles are naturally adopted. Note that θ0 is
the vector of the motor angles. Consider the following
function of the closed-loop system states

[

q, q̇,θ, θ̇, ż
]T :

V (·) = 1
2
q̇TM (q) q̇ + Vg (q) +

1
2
θ̇TBrθ̇

+Ve
(

q,Tq1θ0
)

− Vh̄
(

Tq1θ0
)

+
1
2
żTP ż (35)

consisting of the kinetic energy (KE) and potential energy
(PE) of the robot, the KE of the reduced inertia drivetrain
according to its dynamics (rotor inertia matrix Br and
vector of dissipating and elastic torques cr

(

θ̇
)

and e (θ)
subject to the input torque vector τr):

Brθ̈+ cr
(

θ̇
)

+ e (θ) = τr, (36)

the elastic PE of the drivetrain:

Ve
(

q,Tq1θ0
)

= e1q
(

Tq1θ0 − q
)T (

Tq1θ0 − q
)

−
q̂

qi

e−1
1q (h (φ))T ∂h (φ)

∂φ
· dφ, (37)

the negative PE of the controller:

Vh̄ (qs) = Vg (qs)−
1
2
(f (qs)− xd)

T Kd (f (qs)− xd)

+e1q
(

Tq1θ0 − qs
)T (

Tq1θ0 − qs
)

−
qsˆ

(qs)i

e−1
1q (h (φ))T ∂h (φ)

∂φ
· dφ, (38)

and the KE-like function of the velocity estimator unit.
According to Eq. 27, qs is indeed the function of Tq1θ0.
Hence, in Eq. 35, Vh̄ (·) may be explicitly written as the
function of the system state θ0. h (φ) = e1q

(

Tq1θ0 −φ
)

is the elastic torque from the drivetrain transmitted to the
robot joint. Assuming that the system operates smoothly
at a low enough speed, this torque quasi-statically balances
the gravity and the desired task space compliance force,
namely:

h (qs) = e1q
(

Tq1θ0 − qs
)

= g (qs)− J (qs)
T Kd (f (qs)− xd) . (39)

It can be shown that the function V (·) is a Lyapunov
candidate function if the transmission unit is moderately
stiff [16]. At the equilibrium, V (·) = 0. From Eq. 35, this
requires q̇ = 0, θ̇ = 0, and ż = 0. The remaining terms
may be rearranged to show that q = qs = f−1 (xd)
nullifies them. The corresponding values of the
equilibrium rotor angles θs may be determined from
the quasi-static equilibrium conditions of the transmission
system.

The above equilibrium point
(

q, q̇,θ, θ̇, ż
)

=
(qs,0,θs,0,0) is indeed (locally) asymptotically stable.
Differentiating Eq. 35 along the closed-loop system
trajectory with further manipulation yields:

V̇ (·) = 1
2
q̇TṀ (q) q̇ + q̇T (τdr + τext −C (q, q̇) q̇ − g (q)) + θ̇T (

τr − cr
(

θ̇
)

− e (θ)
)

+
1
2

(

Aż +B
√
KvTq1θ̇0

)T
P ż +

1
2
żTP

(

Aż +B
√
KvTq1θ̇0

)

+g (q)T q̇ +
∂Ve

(

q,Tq1θ0
)

∂q
q̇ +

∂Ve
(

q,Tq1θ0
)

∂
(

Tq1θ0
) Tq1θ̇0 − h (qs)

T Tq1θ̇0,

where τr =

[

(

T T
q1

(

h (qs)−
√
Kvϑ

)

)T
0T · · · 0T

]T
is the

generalized input torque vector of the modified drivetrain
Eq. 36. Applying the passivity property of the robot, the
KY lemma and recognizing:

τdr = eq
(

Tqθq−1 − q
)

= e1q
(

Tq1θ0 − q
)

∂Ve
(

q,Tq1θ0
)

∂q
= −eT

1q
(

Tq1θ0 − q
)

e (θ) =

(

∂Ve (q,θ)
∂θ

)T

∂Ve (q,θ)
∂θ

θ̇ =
∂Ve

(

q,Tq1θ0
)

∂
(

Tq1θ0
) Tq1θ̇0,

the derivative may be simplified to:

V̇ (·) = −θ̇Tcr
(

θ̇
)

− 1
2
żTQż + q̇Tτext. (40)

The realistic transmission system is fully damped, making
θ̇Tcr

(

θ̇
)

≥ ∑
pq
i=1 αi θ̇

2
i ≥ 0, αi > 0 and cr (0) = 0.

Therefore, in the free motion case, it can be concluded that
V̇ (·) ≤ 0 and V (·) denote the Lyapunov function. Given
the Lyapunov stability theorem, the closed-loop system is
then locally stable. Since this equilibrium point is the only
point which makes V̇ (·) ≡ 0, the closed-loop system is
asymptotically stable at the equilibrium point thanks to the
Lasalle’s invariance principle.
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Figure 6. Motion response of the end point X/Y-coordinates for a constant set point simulation

Figure 7. Simulated trajectory-tracking of the robot with initial
position mismatch

Figure 8. Circular trajectory-tracking of the real system under no
external force

4. Simulations and Experiments

In what follows, various simulations and experiments
are performed to investigate the effect of several control

parameters on the system response and to illustrate the
effectiveness of the control law. Since the system is
rather stiff, an adaptive backward differentiation formula
integration method with a step size of 1 [ms] is used in
all simulations. In the real system, due to the discrete
implementation of the controller and the unmodelled
dynamics, the achievable desired stiffness and damping
ratio are reduced to the values shown in Table 6.
Additionally, the motor current has been limited to 3.5 [A]
for safety reasons.

4.1. Constant Set Point

Let the initial position of the robot end-point be at the
centre of its hemispherical workspace, i.e., {XYZ}x (0) =
[

0 0 −0.315
]T [m]. This corresponds to θp = 0◦ and

θy = 0◦. The desired position is set to be at {XYZ}xd =
[

0.1207 0.2025 −0.2090
]T [m], caused by rotating the

shoulder link from the initial posture for 40◦ around the
X-axis followed by −30◦ around the Y-axis. The nominal
values of the task space stiffness matrix, the damping ratio
and the desired motor inertia are used. Figure 6 shows the
simulation result of the measured X/Y-coordinates at the
end-point. The response reaches the desired position xd
in 0.5 [sec] with no overshoot thanks to a large damping
ratio. It should be noted that the controlled system is
not destabilized despite the magnitude of the step input
(0.2663 [m] of path distance); only the current is saturated
in the transient phase.

4.2. Trajectory-tracking

A circular trajectory is generated for the free-tracking
simulation. The starting point is at the rightmost,
{XYZ}xd (0) =

[

0.2025 0 −0.2413
]T [m], caused by

rotating the shoulder link in the yaw direction for −40◦.
Next, the trajectory is made by rotating the link around the
Z-axis for a complete rotation in 6 [sec] with a moderate
constant speed of 0.212 [m/s]. Finally, the desired position
is held constant at the starting point for 0.5 [sec]. The initial
position of the robot end-point is intentionally placed at
the centre of the workspace to create a large position
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mismatch (0.22 [m] of path distance) at the beginning. The
controller and its parameters are the same as used in the
constant set point case.

Figure 7 displays the trajectory-tracking of the robot
along with the reference trajectory. It can be seen that
the proposed controller - which was designed for the
regulation objective - may well be used in the tracking task,
since it can tolerate a moderate speed and accuracy. The
initial mismatch does not effect the tracking performance
or destabilize the system. It merely causes current
saturation of the motor during a large position error.
Once the end-tip enters its track, the current consumption
is quite low (0.45 [A] average) thanks to the energy
restoration from the truly passive control of the augmented
counterbalancing mechanism.

A similar experiment is implemented with the real system.
The reference trajectory, which may be divided into three
parts, starts from the centre point of the robot workspace.
Then, it moves leftwards by executing the yaw rotation

for 40◦ in 3 [sec] and idles for 2 [sec]. Next, the trajectory
completes the clockwise circular path around the Z-axis in
20 [sec] with a speed of 0.0636 [m/s]. Afterwards, it idles
for the next 2 [sec] before reversing the motion of the first
part; travelling rightwards back to the starting point and
staying there for 2 [sec]. The total time spent is thus 32
[sec].

Figure 8 displayed the estimated stationary path of the
robot end-tip and its reference. It is seen that the
actual robot motion tracks the desired trajectory faithfully.
The average of the integral of the absolute error I =
1
N ∑N

k=0 ‖xk − xdk‖2 may be used as an indication of the
tracking-error, of which its value is 0.0065 [m]. This error
might further be reduced by fine tuning the task space
stiffness and damping parameters. The average current
consumption is found to be 0.59 and 0.65 [A] for the right
and left motors. The peak values are 0.99 and 1.41 [A]
respectively.

Figure 9. Simulation of the robot end-tip deflection with the nominal stiffness value subject to the external force of 10 [N] for a set of
damping ratios

Figure 10. Simulation of the robot end-tip deflection with a stiffness value of 1000 [N/m] subject to an external force of 10 [N] for a set
of damping ratios
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Figure 11. Simulation of the robot end-tip deflection with a stiffness value of 100, 000 [N/m] subject to an external force of 10 [N] for a
set of damping ratios. The system will be unstable if a ratio value of 4.0 or higher is used.

Figure 12. Robot setup for experiments with varying end-tip
stiffnesses and damping values

compliance
parameters

actual
deflection

[m]

actual
stiffness
[N/m]

predicted
deflection

[m]

friction
force
[N]

k = 500, ζ = 0.2 0.01738 565 0.0196 1.13
k = 500, ζ = 0.6 0.01754 560 0.0196 1.05
k = 500, ζ = 1.0 0.01626 603 0.0196 1.67
k = 300, ζ = 0.6 0.02738 358 0.0325 1.59
k = 800, ζ = 0.6 0.01154 850 0.0122 0.58

Table 7. Static deflection of the robot end point subject to 1.0
[kg] deadweight with different compliance behaviours

4.3. Task Space Stiffness and Damping

To verify that the desired task space stiffness is actually
achieved, the robot is set at the centre of the workspace
and an external force of 10 [N] is applied in the X- and
Y-directions, respectively. For the simulation, the end-tip
deflection responses using the nominal stiffness value are
shown in Figure 9 for a set of damping ratios of 0.8, 1.0, 2.0
and 4.0. It is observed that, in practice, increased damping
makes the motion more sluggish, while the current drawn

Figure 13. Actual responses of the robot end tip deflection
subject to 1.0 [kg] deadweight

(not shown) becomes more responsive. Together with a
larger stiffness (order of 105 [N/m]), this can make the
system unstable. In any case of Figure 9, eventually, the
end-tip reaches the point corresponding to a deflection of
about 1 mm, which agrees with the desired stiffness and
the applied force.

Figure 10 and 11 show the deflection plots for stiffness
values of 1000 and 100, 000 [N/m]. A lower stiffness
with high damping causes the end-tip to deflect slowly
and prevents it from reaching the expected deviation.
Subsequently, the environment will feel the robot become
stiffer than its actual value. The deflection of the system
with high stiffness and light damping will largely oscillate
around the steady value long before it dies out. On
the other hand, if too high a damping ratio is selected,
the responsive motor current will suppress the deflection
aggressively such that the undershoot may be detected. If
the damping is further increased, it can cause the system
to become unstable.
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Figure 14. Tracking simulation with nominal stiffness subject to a 10 [N] force applied along the X- (left) and Y- (right) directions

Figure 15. Trajectory-tracking of the real system subject to 1.0
[kg] deadweight at the end-tip

Figure 16. Motor current consumption during circular
path-tracking subject to 1.0 [kg] deadweight

For the actual system, a proof mass of 1.0 [kg] is placed
at the end of the robot shoulder link to realize a constant
external force in the negative Y-direction, as illustrated in

Figure 12. A set of stiffness and damping ratio values, as
depicted in Table 7, are tuned to perform the experiment.
Figure 13 depicts the estimated end-tip deflections with
different impedances. The responses of the real system
agree with the simulation results. The static position of
the robot end-tip is measured by a vernier height gauge
(0.02 [mm] of resolution) before and after applying the
weight to obtain the actual deflection value, as recorded in
Table 7. Using the commanded stiffness and the estimated
stationary pitch and yaw angles, the predicted deflection
may be determined from Eqs. 41 and 42. It is observed
that the actual deflection is less than the predicted value.
This is due to the friction in the mechanism, which causes
the effective stiffness to be higher than the desired value.

It should be mentioned that motor inertia reduction will
increase the effective stiffness, since it has the effect of
increasing the control loop gain and thus the resultant
stiffness becomes larger than the desired value. Therefore,
motor inertia reduction should not be implemented if the
exact desired stiffness is of concern.

4.4. Application of an External Force

For the last experiment, an external force is applied to the
end point while the robot is tracking the same trajectory
as in subsection 4.2. The task space stiffness and damping
ratio are set to their nominal values. Figure 14 displays the
tracking simulation result when the robot is subject to the
10 [N] force acting in the X- and Y-directions throughout
the circular path. It was observed that the end-tip follows
the reference trajectory closely because of the high stiffness
value compared to the magnitude of the applied force. As
depicted in the figure, ultimately the end-point deviates
from the desired location by 0.6 and 0.86 [mm] along the
X- and Y-directions respectively.

When the end-point is at its final position, the nominal task
space stiffness matrix expressed in the local frame parallel
to the reference frame {XYZ} is determined by:

{XYZ}Kd = {xyz}RT
{XYZ}

{xyz}Kd
{xyz}R{XYZ} (41)
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where the numerical value of kdz is set to 1000 × 103

[N/m], as the robot cannot move along the z-direction.
The associated deflections, determined by:

{XYZ}δ = {XYZ}K−1
d

{XYZ}F , (42)

along the direction of the applied force will be 0.59
and 1.0 [mm] for each case in turn. Hence, the actual
deviations agree with the theoretical values with only a
slight mismatch because of friction. Therefore, the desired
end-effector stiffness is achieved.

The tracking result of the real system with a constant force
in a negative Y-direction supplied by the attached 1.0 [kg]
deadweight is depicted in Figure 15. Due to a weaker
nominal stiffness value, the actual motion deviates more
from the reference path. Following tracking, the end-point
departs from the workspace centre by −0.0176 [m] along
the Y-direction while the predicted value is −0.0196 [m].
This agrees with the result in the previous subsection. The
tracking performance via the average of the integral of
absolute error is 0.0168 [m], which is approximately 2.5
times larger than that of the free-tracking case. The current
consumption during the course is plotted in Figure 16.
The average values are 2.05 and 1.87 [A] for the right and
left motors respectively. From the graph, both motors are
saturated for a short period during tracking. It should be
noted that the controller exhibits robustness in relation to
the unmodelled inertia of the deadweight.

5. Conclusions

A prototypical system of a two-DOF cable pulley-driven
flexible joint robot is designed and analysed. Important
characteristics of the system components are modelled
using the Lagrangian energy method. They are organized
and integrated using the bond graph modelling technique
to accomplish a realistic model of the whole system. A
task space impedance controller for a robot driven through
a multi-stage nonlinear flexible transmission system is
proposed. This regulates the stiffness and damping of
the end-effector at the specified position in accordance
with the desired values based on just the motor current
and angle feedback. The stability of the overall system is
proven.

From the simulation, the controller exhibits satisfactory
results for standard tasks, such as regulation or
trajectory-tracking, both with and without the application
of external force. An additional simulation is performed
to verify that the specified task space stiffness is indeed
achieved. The effects of the damping ratio value on the
motion response are studied. Overly high stiffness and
light damping cause the robot to oscillate significantly
before settling down. On the other hand, the robot moves
sluggishly if too low stiffness and high damping are
selected. Experiments with the real system further ensure
the simulation results. From the investigation, it is evident
that the proposed controller is capable of regulating the
task space impedance of the manipulator coupling with
a multi-stage nonlinear flexible transmission unit in a
stable and robust manner. This development will be of
great benefit to advanced manipulators in accomplishing
challenging missions amidst complex environments.
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Abstract 

A task space impedance control law of the manipulator driven through the multi-stage flexible 

transmission unit is proposed.  The controller utilizes the limited, yet mostly found in practice, information 

of the motor angle and current readouts only.  With the elastic model of transmission system, motor 

current may be used to infer the transmitted torque to the robot.  At the same time, its joint angle and 

joint velocity will be estimated via the stream of motor angle values.  Altogether, they are used in the 

controller to generate the desired damping force and to shape the potential energy of the flexible joint 

robot system to the desired one.  Experimental results are presented to validate the theoretical work.  

Keywords: task space impedance control, flexible transmission, flexible joint robot, cable-pulley 

driven robot  

 

1. Introduction 

Appropriate impedance has an important role 

for the manipulators to successfully perform the 

tasks which require close interaction with the 

environment [1].  A famous Da Vinci®

There are many works reported about 

shaping the robot compliance to the desired 

values.  However, only few works have attempted 

to control the impedance of the flexible joint 

robots.  Reference [6] presented a simplified 

model of the flexible joint robot on which most of 

the proposed controllers are based.  Early works 

such as [7] used a simple PD controller to tune 

the stiffness and damping behavior.  The online 

gravity compensation was proposed instead of 

the constant set-point gravity compensation [8]. 

 surgical 

robotic system [2] or most of the advanced 

robotic arms such as [3-5] employ the impedance 

control strategy in dealing with the imperfect 

information about the environment.  An 

impedance model after the discrete mass-spring-

damper system is popular among the more 

general functions between the motion and force 

variables. 

A tracking impedance controller based on 

singular perturbation analysis for the flexible DLR-

II arm was proposed [9].  Later, a robust and 

stable impedance controller design using the 

passivity analysis was reported [10].  Recently, an 

adaptive impedance controller based on the 

function approximation technique (FAT) was 

applied to a flexible joint robot system with motor 

dynamics included [11].  However the controller 

requires measurement of the interaction force 
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other than the position and velocity of both the 

motors and the robot joints. 

 

 
Fig. 1  A two-DOF multi-stage cable pulley-driven 

flexible joint robot 

This research proposes a passive task space 

impedance controller for a flexible joint robot 

system driven through multi-stage nonlinear 

flexible transmission.  A distinct feature is that it 

uses only the motor angle signal to regulate the 

stiffness and damping characteristics at the end 

effector.  Motor current feedback may optionally 

be used to improve the system response time.  

The controller is implemented on a prototypical 

two DOFs cable-pulley driven flexible joint robot.  

The article is organized as follow.  Section 2 

describes the robot and develops its detailed 

model.  Section 3 presents the task space 

impedance controller which enforces the desired 

viscoelastic behavior at the specified set point.  

The effectiveness of the controller is shown 

through several experiments in section 4.  Finally, 

the conclusion is provided in section 5. 

 

2. System Modeling 

A two-DOF cable pulley-driven flexible joint 

robot, shown in Fig. 1, is constructed as a 

prototype to study the shoulder joint design of the 

whole arm for the ongoing service robot project.  

It comprises three mechanical subsystems; a rigid 

robot, a flexible transmission, and a 

counterbalance.  The robot shoulder link is 

capable of moving in the pitch and yaw directions 

emulating the principle motion performed by the 

human shoulder.  Hence the pitch and yaw 

angles, 𝜃𝑝 and 𝜃𝑦, may be selected as the 

generalized coordinates describing the position of 

its end-tip.  Figure 2 depicts the winch and pulley 

arrangement of the robot’s multi-stage 

transmission subsystem conveying the motors’ 

rotational motion to the pitch and yaw motion of 

the output shoulder link. 

 

 
Fig. 2  Winch and pulley arrangement of the 

transmission unit for the flexible joint robot 

 

Position vector of the shoulder link end-point 

relative to the origin of {𝑋𝑌𝑍} described in {𝑥𝑦𝑧} 

is 𝑟{𝑥𝑦𝑧} = [0 0 −𝑙0]𝑇, where 𝑙0 is the 

shoulder link length.  It may also be described in 

{𝑋𝑌𝑍} as 

       𝑟{𝑋𝑌𝑍} = [−𝑙0𝑠𝑦 𝑙0𝑠𝑝𝑐𝑦 −𝑙0𝑐𝑝𝑐𝑦]𝑇. (1) 

The end-point velocity may then be determined 

readily as 

             𝑣𝑒
{𝑥𝑦𝑧} = �−𝑙0𝜃̇𝑦 𝑙0𝜃̇𝑝𝑐𝑦 0�

𝑇
, (2) 

which implies the Jacobian matrix 
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                      𝐽{𝑥𝑦𝑧} = �

0 −𝑙0
𝑙0𝑐𝑦 0

0 0
�. (3) 

 

Moving parts of the robot are pulley#3, 

pulley#4, and the shoulder link.  They may be 

grouped into two categories for those undergoing 

pitching motion alone and the others undergoing 

a composite pitching and yawing motion.  The 

associated kinetic and gravitational potential 

energy of each collection is determined.  

Furthermore, the elastic potential energy of the 

counterbalancing spring [12] has been accounted 

to form the Lagrangian of the whole system 

          𝐿(𝑞, 𝑞̇) = 𝑇𝑝 + 𝑇𝑝𝑦 − 𝑉𝑝 − 𝑉𝑝𝑦 − 𝑉𝑠𝑝. (4) 

Detailed expression of each term is reported in 

[13].  Evaluating the Lagrangian formulation along 

the generalized coordinates 𝑞 , dynamical model 

of the robot may be obtained in the following 

form: 

      𝑀(𝑞) + 𝐶(𝑞, 𝑞̇) + 𝑓 + 𝑔(𝑞) = 𝜏𝑑𝑟 + 𝜏𝑒. (5) 

The model includes the frictional torque 𝑓  and 

explicitly splits the interaction torque on the robot 

by the environment, 𝜏𝑒, from the actuated torque 

by the transmission unit, 𝜏𝑑𝑟. 

Flexibility of the transmission system might be 

governed by the torque-angle (𝑚− 𝜃) deflection 

equation of the simple cable-pulley unit [13]; 

 𝜃 = 𝑇0
𝐸𝐴𝜇

��𝑚𝑒𝑚

𝑒𝑚−1
− 1� (1 + 𝐺𝐹) − log 𝑚𝑒𝑚

𝑒𝑚−1
�. (6) 

This basic model is further elaborated to handle 

the flexibility of the differential unit [13].  

Recognizing the cascading interconnection of the 

cable-pulley units, the overall flexibility may be 

obtained by adding these compliances together.  

Moreover, the significant frictional torque 

developed at the bearings have been taken into 

consideration as well.  With the knowledge of 

these sub-models, the realistic model of the robot 

may be derived using the bond graph modeling 

technique [14].  The complete bond graph 

diagram is depicted in Fig. 3. 

 

 
Fig. 4  Robot with the 1.0 kg proof mass attached 

 

3. Task Space Impedance Control 

The proposed impedance controller will 

modulate the robot end effector impedance to 

achieve the following task space impedance 

dynamics; 

        Λ(𝑥)𝑥�̈ + (𝜇(𝑥, 𝑥̇) + 𝐷𝑑)𝑥�̇ + 𝐾𝑑𝑥� = 𝐹𝑒, (7) 

where 𝑥 is the task space coordinates and 𝑥� the 

coordinate errors of 𝑥 from the set point 𝑥𝑑 .  𝐷𝑑 

and 𝐾𝑑 are the desired task space damping and 

stiffness.  According to the robot dynamics Eq. 5, 

the desired impedance dynamics may be 

achieved with the control law 

           𝜏𝑑𝑟∗ = 𝑔(𝑞) − 𝐽(𝑞)𝑇(𝐾𝑑𝑥� + 𝐷𝑑𝑥̇), (8) 

where the star-mark denotes the desired value 

deviating from the actual one due to the 

uncompensated motor and drivetrain dynamics. 

Unfortunately, the link angles and the end 

effector coordinates are not measurable.  Rather, 

the estimated stationary value of the link angles 

𝑞𝑠  and the end effector coordinates 𝑓(𝑞𝑠)  shall 

be used instead.  This results in the modified 

control law [13] 
𝜏𝑑𝑟∗ = 𝑔(𝑞𝑠) − 𝐽(𝑞𝑠)𝑇𝐾𝑑(𝑓(𝑞𝑠) − 𝑥𝑑) 
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                      − �𝐽(𝑞𝑠)𝑇𝐷𝑑�𝑓(𝑞𝑠)�𝐽(𝑞𝑠)�

1
2 𝜗, (9) 

in which 𝑞𝑠  are determined recursively from the 

measured motor angles 𝜃0  through the quasi-

static model of the drivetrain by 
            𝑞𝑠 = 𝑇𝑞1𝜃0 − 𝑒1𝑞−1(𝑔(𝑞𝑠)� 
                     �−𝐽(𝑞𝑠)𝑇𝐾𝑑(𝑓(𝑞𝑠) − 𝑥𝑑)�.         (10) 

𝑒1𝑞−1(∙)  is the overall effective nonlinear 

deformation function of the transmission unit, 𝑇𝑞1 

is its compound transmission ratio, and 𝑓(∙) 

denotes the forward kinematics mapping of the 

robot.  The term 

  𝜗 = 𝑠𝐺(𝑠)�𝐽(𝑞𝑠)𝑇𝐷𝑑�𝑓(𝑞𝑠)�𝐽(𝑞𝑠)�
1
2 𝑇𝑞1𝜃0  (11) 

represents the estimation of the filtered link joint 

velocity scaled by the square root of the joint 

space symmetric damping matrix. 

Due to the lack of the complete system state 

information, the motor torque corresponding to 

the desirable torque may be computed by 

                         (𝜏𝑚)𝑑𝑟∗ = 𝑇𝑞1𝑇  𝜏𝑑𝑟∗ .                  (12) 

Furthermore, if the value of the transmitted torque 

from the drivetrain to the robot  𝜏1  is available, 

the following motor torque 

      𝜏𝑚∗ = 𝐵1𝐵1𝑟−1(𝜏𝑚)𝑑𝑟∗ + (𝐼 − 𝐵1𝐵1𝑟−1) 𝜏1     (13) 

will effectively reduce the motor torque inertia 

from 𝐵1 to 𝐵1𝑟 in addition to modulating the end 

effector impedance.  If the torque measurement is 

not available, the value may be estimated from 

the motor angle and current measurement.  

Passivity and stability of the closed loop system 

comprised of Eq. 5, 9, 10, 11, 12, and 13 have 

been shown in [15].  

 

4. Experiments 

Various experiments have been conducted to 

investigate the effect of the control parameters on 

the system response and to illustrate the 

effectiveness of the control law.  Due to the 

discrete implementation of the controller and the 

unmodeled dynamics, the achievable desired 

stiffness and damping ratio are 500 N/m and 0.6 

using the simple low-pass filter 𝐺(𝑠) = 65
𝑠+65

 for 

the robot joint velocity estimation.  Moreover, the 

motor current has been limited to 3.5 A for safety 

reason. 

 
Fig. 5  Deflection of the robot end tip subject to 

1.0 kg proof mass with the stiffness of 500 N/m 

 

4.1 Task Space Stiffness and Damping  

To verify that the desired task space stiffness 

is actually achieved, the robot is regulated using 

the proposed controller and the proof mass of 1.0 

kg is placed at the end of the shoulder link to 

realize a constant external force in the negative 

𝑌 -direction, as shown in Fig. 4.  The default 

stiffness with a family of damping ratios are set to 

perform the experiment.  Figure 5 depicts the 

estimated deflection responses.  The behavior 

conforms to that of a typical mass-spring-damper 

system.  From the graph, the environment may 

feel the robot be stiffer than the actual value 

when too high damping is tuned.  Note the actual 

end tip static deflection is measured by the 

vernier height gauge.  The values are closed to 

the estimated one with small error bound of ±1.25 

mm for the 315 mm link length.  Hence the 
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stationary position estimation can practically be 

used as the replacement for the actual value. 

 
Fig. 6  Free motion tracking of a circular path 

 

4.2 Trajectory Tracking  

Although the controller is synthesized to 

handle for only the regulation task, the following 

experiment demonstrates that it also works quite 

well for the tracking task with moderate speed.  A 

circular path of 20.25 cm is generated for the 

robot to follow with the constant speed of 6.36 

cm/s; thus the tracking is completed in 20 

seconds.  Figure 6 displays the tracking of the 

robot against the reference path.  It is seen that 

the actual robot motion is capable of tracking the 

desired trajectory faithfully.  The average of the 

integral of the absolute error (ITAE) is used to 

measure the tracking error quantitatively.  The 

value is 6.5 mm, which might further be reduced 

by fine tuning the task space stiffness and 

damping parameters. 

Practically with this controller, the flexible 

robot system is capable of displaying the desired 

impedance behavior during the tracking motion as 

well.  Previous circular path is commanded to the 

robot with the 1.0 kg proof mass attached to the 

end.  Tracking result is depicted in Fig. 7.  

According to relatively weak stiffness of 500 N/m 

against the constant 10 N load, apparent 

deviation from the reference path is observed.  

Tracking error degrades to 16.8 mm.  At the end 

of the tracking, the end effector departs from the 

reference by 17.6 mm while the ideal value is 

19.6 mm.  Hence the controlled robot exhibits the 

desired impedance characteristics during the 

general motion. 

 
Fig. 7  Circular path tracking subject to 1.0 kg 

proof mass with the stiffness of 500 N/m 

 

5. Conclusions 

This work develops a task space impedance 

control of the manipulator driven through the 

multi-stage flexible transmission unit.  The 

controller regulates the stiffness and damping of 

the end effector at the specified position based on 

the available feedback signal of the motor angle 

and current.  Motor angle is used to compute the 

estimation of the robot link angle and joint velocity 

based on the stationary elastic model.  These 

values are employed in the traditional impedance 

control law.  Optionally, the motor current might 

be used to determine the transmitted torque, 

which helps reducing the motor inertia.  It can be 

shown that the controller effectively shapes the 

system potential energy to the one of the desired 

task space compliance. 
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A two DOF cable-pulley driven flexible joint 

robot as the embodiment of the manipulator 

driven through the multiple stages flexible 

transmission unit is regulated with the proposed 

controller.  Detailed model of the robot is derived 

for the purpose of system simulation.  From the 

experiments, the controlled system yields 

satisfactory results of displaying the desired 

impedance during general task execution.  

Therefore this practical controller will be helpful in 

accomplishing real-world manipulation of the 

flexible robot system. 
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Fig. 3  Complete bond graph diagram of the two-DOF 

cable pulley-driven flexible joint robot controlled system 
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Abstract 

An aspect in the design and analysis of a four degrees-of-freedom (DOF) anthropomorphic arm is 

described in this paper.  Major parts of the arm, which is affixed to the trunk, are the three DOF shoulder 

joint, the upper arm, the one DOF elbow joint, and the lower arm.  Inspired by the anatomy of the human 

arm, kinematic structure of the robot arm may be designed with the joint arrangement of yaw-pitch-roll-

pitch (YPRP) or roll-pitch-roll-pitch (RPRP).  Accordingly, the kinematic manipulability and the kinematic 

isotropy indices are employed as one guideline in designing the arm structure that is most suitable for the 

prescribed task.  Furthermore, these indices suggest the optimal ratio of the arm’s link lengths. 

 Keywords: anthropomorphic arm, kinematic Isotropy, kinematic manipulability 

 

1. Introduction 

Current usage of the robots has been 

gradually shifted from the industrial to the service 

sector. Regarding to the statistical data from the 

IFR: “In 2011, about 2.5 million service robots for 

personal and domestic use were sold, 15% more 

than in 2010. The value of sales increased by 

19% to US$636 million“, Moreover, IFR has 

estimated that service robots for personal use 

could be sold 15.6 million units in 2012-2015 [1].  

Although Thailand in today is still far from the 

practical demand of the service robots, mainly 

because of the rather inexpensive labor payment.  

Nevertheless, the percentage of the aging people 

in the country is increasing.  By 2030, the number 

of the elderly is expected to be at 25% of the 

country population [2]. Therefore, it is foreseen 

that Thailand is turning toward the shortage of the 

working class and high wages very soon. The 

situation will eventually lead to the use of the 

service robots in general daily tasks. 

Service robots are designed to perform daily 

tasks for human.  Therefore the robot arm should 

be designed based on the human arm, both the 

size and the structural configuration. 

Section 2 describes two types of the 

anthropomorphic arms, i.e. the yaw-pitch-roll-pitch 

(YPRP) and the roll-pitch-roll-pitch (RPRP) joint 

configurations.  Accordingly in section 3, two 

indices of the manipulability index and the inverse 

condition number index are evaluated on each 

type of arm.  These indices are related to the end 

effector mobility which show how well the arm 

can perform the various tasks of daily service.  In 

the following section, MATLAB script files are 

written to determine the best indices based on the 

proposed indices.  Additionally, the best arm 

mailto:phongsaen.p@chula.ac.th�
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configuration and its optimal length ratios can be 

drawn.  Lastly, section 5 concludes the study. 

 

2. Arm Configuration 

This research describes an aspect in the 

kinematical design and analysis of a four-degree-

of-freedom (DOF) anthropomorphic structured 

service robot arm. Anthropomorphic arm has the 

structure which resembles that of the human arm. 

Major components of the human arm, in order 

from top to bottom, are the shoulder, the upper 

arm, the elbow, the lower arm, the wrist and the 

hand. This preliminary investigation focuses on 

the gross motion of the arm.  Hence the wrist and 

the hand will be excluded, resulting in a four-DOF 

arm. The shoulder joint is simplified to a 

compound three-DOF joint implemented by a 

revolute joint and a differential cable-pulley 

mechanism.  For the elbow joint, it is accounted 

by a simple revolute joint. 

Three DOF shoulder joint may be 

implemented in several ways, of which two 

arrangements are studied as follow. 

2.1 Yaw-Pitch-Roll-Pitch (YPRP) 

YPRP is the arm in which the first three 

revolute joints, arranged in yaw-pitch-roll (YPR) 

direction, replicate the shoulder joint motion and 

the last revolute joint for the elbow one. Fig. 1 

illustrates the conceptual YPRP arm.  The arm of 

the PR2 robot from Willow Garage [3] is an 

example that employs this kinematical structure.  

 
Fig. 1 YPRP-arm configuration 

2.2. Roll-Pitch-Roll-Pitch (RPRP) 

RPRP is the arm in which the first three 

revolute joints, arranged in roll-pitch-roll (RPR) 

direction, replicate the shoulder joint motion and 

the last revolute joint for the elbow one. Fig. 2 

illustrates the conceptual RPRP arm.  Several 

robots such as the ASIMO humanoid robot from 

Honda [4] are designed with this joint 

arrangement. 

 
Fig. 2 RPRP-arm configuration 

3. Mobility Evaluation 

Robot arm may be evaluated by several 

criteria such as capable payload, precision, 

repeatability, manipulability, and kinematic 

isotropy.  As a consequence, which index will be 

used for depends on a particular employment of 

the robot.   

Since the arm is to be designed for 

performing the general household tasks, e.g. 

writing, picking and placing an object, or house 

cleaning, it should have ability to move in any 

direction equally well.  This is quite difficult to 

realize, however.  By observation, human tends 

to maintain the motion in the horizontal plane 

rather than to change the height level during the 

task execution.  Thus, it is preferable for the arm 

to easily move in the horizontal direction more 

than in others.  Accordingly, the robot 

manipulability [5] and kinematic isotropy [6] 

indices shall be used to evaluate such desired 

capability.  In brief, the manipulability index 
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describes the ability of the arm to move in each 

direction.  Closely related, the kinematic isotropy 

indicates the ability of the arm to move in 

arbitrary direction equally well.  

Evaluation of both indices require 

computing the singular values of the robot 

Jacobian matrix.  This can be achieved by the 

singular value decomposition (SVD).  Because 

the elements in the 3x4 Jacobian matrix are 

rather complex, it is not possible to solve for the 

singular values in closed form.  Thus, numerical 

method will be used to determine the singular 

values. Specifically, the MATLAB scripts are 

written to evaluate both indices at samples of the 

points in the robot workspace. Details of the 

algorithm are explained in section 4.  

Generally, the SVD decomposed any 

matrix J  into the multiplication of three matrices, 

i.e. 

      J = UΣVT ,               (1) 

where the matrix U  contain the eigenvectors 

corresponding to the singular values that are 

placed in the matrix Σ along its diagonal elements 

Σ = �
σ1
0
0

0
σ2
0

0
0
σ3

0
0
0
�, 

sorting in the descending order. 

 Singular values of the Jacobian matrix 

indicate the mobility along the principal directions 

of the rotated ellipsoid corresponding to the 

eigenvectors. These two quantities may be used 

to construct the ellipsoid which represent the 

manipulability of the end effector at a particular 

point. Image of the ellipsoid is good for qualitative 

comparison.  Several indices which reflect 

different characteristics of the robot motion are 

proposed. Two commonly used indices are 

1. Robot manipulability ( w ) is defined as  

     321 σσσ=w ,         (2) 

representing the volume of the ellipsoid. Thus it 

reflects the overall mobility of the end effector. 

2. Inverse condition number ( icn ) is defined 

as  

        
1

3

σ
σ

=icn ,                  (3) 

this index indicates the roundness of the ellipsoid.  

In effect, the closer the value to one (from below), 

the closer the ellipsoid become the sphere, 

showing the ability of the end effector to move in 

any direction equally well. 

 

4. Analysis and Evaluation 

4.1 Manipulability 

Manipulability and inverse condition number 

may be used as the criteria in selecting the 

appropriate joint arrangement of the robot arm.  

Both indices will be evaluated at various arm 

postures throughout the workspace.  This is 

achieved by varying the joint angles at every 15°-

step and determine the indices according to the 

changing Jacobian matrix.  Following is the 

pseudo-code of such calculation.  
 
Define all link length 
for t1 = limit-:15deg:limit+  

for t2 = limit-:15deg:limit+  
for t3 = limit-:15deg:limit+  

for t4 = limit-
:15deg:limit+ 

Calculate Jacobian(J) 
Calculate SVD(J) 
Calculate W   
Calculate Icn 
Draw Arm 
Label Indexes 
Save the picture 

End 
End 

End 
End 
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0 15 30 45 60 75 90 105 120 135 150 165 180 
t1 7.69 7.69 7.69 7.69 7.69 7.69 7.69 7.69 7.69 7.69 7.69 7.69 7.69 
t2 4.84 4.84 3.81 7.96 9.69 12.11 13.49 12.11 9.69 7.96 3.81 4.84 4.84 
t3 11.07 11.07 8.65 5.88 5.54 5.54 4.50 5.54 5.54 5.88 8.65 11.07 11.07 
t4 0.00 0.00 20.42 44.64 34.95 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 
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After that, the SVD is performed to determine 

its singular values and the eigenvectors. The 

manipulability and the inverse condition number 

indices are calculated along with.  The arm 

posture is drawn as well. The algorithm reruns at 

the new joint angles varying by 15° step for the 

entire workspace. An example of the arm posture 

along with its indices and joint angle values is 

shown in Fig. 3.   

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

From the analysis, it is seen that the mobility 

of both RPRP and YPRP are very similar. 

Therefore, the average values of the indices for 

both arms over their workspace are determined.  

Average values of w for the YPRP and RPRP are 

0.6731 and 0.6733, while the averages of Icn are 

0.3852 and 0.3683, respectively.  

  

Fig. 4 Histogram of YPRP-arm four joint angles that provide both indices bigger than 

60% of its maximum at various posture 

Fig. 3 Example Result 
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Fig. 5 Histogram of RPRP-arm four joint angles that provide both indices bigger than 

60% of its maximum at various posture 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Hence it is difficult to decide which arm 

configuration will be more agile. To resolve the 

problem, a detailed analysis in determining the 

set of the joint angles which produce the index 

values greater than 60% of the maximum has 

been performed.  Histogram charts are depicted 

in Fig. 4-5. to show the frequency of such joint 

angles 

From the graph, frequency of θ1  is equally 

spread over its range.  Hence the angle of the 

first joint has no effect to both indices.  However, 

for the YPRP arm to possess good mobility, θ2 

should fall in the range of about 75° to 105°, while 

θ3 be around 0° and 180°.  Good mobility for the 

RPRP, on the other hand, will occur when θ2  is 

about 90° and θ3 falls in the range of about 75° to 

105°.  For the angle θ4, the histogram shows that 

it is highly concentrated around 45° to 60° for both 

arms.  Therefore the elbow angle θ4 is the most 

influential parameter among the joint angles. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

According to the above results, it can’t 

conclude which arm will perform better. Most of 

the take perform by the service robot have the 

end-effector motion executed in the horizontal 

plane, e.g. household work or the table-top work. 

By the serial configuration of the arm, the first 

joint will make the end-effector move with the 

longest range, due to the longest length from joint 

to end effector. For the RPRP, the first joint axis 

is in the horizontal direction hence the rotation 

from this joint will cause the end-effector to move 

mainly in the vertical plane. On the other hand, 

that first joint of YPRP lies in the vertical direction. 

Therefore, its rotation will make the end-effector 

to move in the horizontal plane corresponding to 

the major plane of many service tasks. (Fig. 6-7)  

 
` 

0 15 30 45 60 75 90 105 120 135 150 165 180 
t1 7.69 7.69 7.69 7.69 7.69 7.69 7.69 7.69 7.69 7.69 7.69 7.69 7.69 
t2 7.69 7.69 7.42 7.42 7.69 7.97 8.24 7.97 7.69 7.42 7.42 7.69 7.69 
t3 3.85 4.12 5.22 7.97 9.07 12.64 14.29 12.64 9.07 7.97 5.22 4.12 3.85 
t4 0.00 0.00 16.21 39.29 37.09 7.42 0.00 0.00 0.00 0.00 0.00 0.00 0.00 
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Fig. 6 Motion range of RPRP  

when the first joint is actuated 
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Fig. 8 YPRP-arm  

showing the symbolic  

lengths of each segment 

 
 

 

 

4.2 Arm length ratio 

After the arm configuration of YPRP is 

chosen, it is then necessary to determine the 

appropriate lengths for the shoulder, the upper 

arm, and the forearm section.  Partially, they are 

constrained by the desirable workspace.  

Additionally, they should be designed to provide 

the arm with good mobility.  For the latter purpose, 

previous indicators as the manipulability and 

inverse condition number indices may be used.  

 

 

 

 

 

 

 

 

 

 

In the following, the arm length ratio (Fig. 8) 

of h: l1: l2, that provides the highest overall index 

values, will be determined.  Here, the 

representative index for the whole workspace is 

chosen to be the average of the sum of the index 

at every point in the workspace. A MATLAB script 

has been written to determine such values.   

The script starts by assigning the length 

ratios of the arm segments h, l1, and l2, with l1 

preset to be 1.  Next the actual lengths of h’, l1’ 

and l2’, according to these ratios are determined 

from the constraint that the total length of the arm 

is 0.6m. With the arm lengths completely 

specified, the algorithm runs at discrete locations 

of the end effector throughout the workspace.  

For each position, the inverse kinematics is 

performed to determine the corresponding joint 

angles.  Since the robot is redundant, the first 

joint angle θ1 will be assigned to be a value 

varying from 0 to π at 15° step. In addition, the 

robot Jacobian is determined and the SVD is 

performed. Thus, the manipulability and the 

inverse condition number may then be calculated. 

These values are compared to determine the 

peak.  Also, they are summed over the 

workspace to obtain their average values.  The 

whole calculation is repeated for a new arm 

segment ratios. For visualization purpose, both 

index values are plotted on the surface over the 

range of h and l2 in Fig. 9-10. 

 

 
 

 

 

 

Fig. 7 Motion range of RPRP  

when the first joint is actuated 

Fig. 9 Index W against h and l2  
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From Fig. 9-10 the increase in h affect the 

index values, making them decrease by a small 

value. However the change of l2 influence the 

index value significantly. At l2 = 0.66 the value of 

W is maximized to 0.90335 while Icn index is 

0.37227, and at l2 = 0.71, the value of Icn is 

maximized to 0.37289 while W index is dropped 

0.90064. The result show that both index values 

are nearly the same in either case. Therefore, it 

may be concluded that the round-off arm length 

ratio of 0:1:0.7 will optimize the mobility of the 

manipulator. 

 
Fig. 8 YPRP-arm viewed from the side, drawn 

with the actual length ratios. 

 

 

5. Conclusion 

Mobility study of the RPRP and YPRP arm 

configurations does not yield the conclusive result 

of which arm performs better.  However, the 

YPRP arm structure can produce the gross 

motion in the horizontal plane by the first joint 

rotation. Therefore, the YPRP arm configuration is 

employed in designing the arm for general service 

tasks.  

Appropriate lengths for the shoulder, the 

upper arm, and the forearm section are designed 

based on the maximization of the mobility indices 

throughout the workspace.  From the analysis, 

the appropriate ratio is 0:1:0.7. 

In summary, this work presents the 

kinematical design of the general-purpose service 

robot arm.  The YPRP configuration is selected 

and the arm consists of two main joints: the 

shoulder and the elbow joint.  The complex 

shoulder joint is kinematically equivalent to the 

three consecutive revolute joints arranged in the 

yaw-pitch-roll configuration.  The elbow joint is 

simply a revolute joint connecting the upper arm 

and the forearm. The arm length ratio for the 

shoulder to the upper arm to the forearm of 

0:1:0.7 yields superior mobility than other designs.   
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Abstract 

This is an ongoing work on the two-degree of freedom cable driven compound joint system.  
Construction of the prototype has been completed and currently the work on controlling this system has 
just begun.  Here some preliminary results are reported.  Namely, a simple Proportional-Derivative (PD) 
controller on the individual motor is designed and tuned based on the motor’s model solely.  Then, this 
same controller is applied to drive the compound joint system according to the desired motion.  The 
resulting response from even such this simple controller is quite satisfactory, not surprisingly thanks to 
the well-designed of the system dynamics.  Overall, the closed loop system is passively stable and hence 
can interact with the passive environment safely.  Friction in the system induces the constant offset of the 
tracking task, however.  For this purpose, two strategies, the supervisory correction command and the 
drift error correction control law, have been proposed.  The latter approach leads to the Proportional-
Integral-Derivative (PID) controller.  A friendly graphical user interface (GUI) has been developed along 
with; allowing the user to specify his/her desired motion intuitively. 
Keywords: PD controller, PID controller, GUI for motion control, cable driven robot  
 

1. Introduction 
Prior work of the author [1-3] reported the 

analysis and design of a two-degree of freedom 
(DOF) cable driven compound joint system.  It is 
intended to be a study prototype of a cable-driven 
robotic system, in particular the anthropomorphic 
arm.  At present, the prototype was constructed, 
as shown in Fig. 1.  The system possesses two 
DOF, hence making the output linkage able to 
travel in the pitching and yawing directions.  This 
motion grossly mimics the major rotations of the 
human shoulder joint.  The travel range is 
approximately ±65° for each, hence with the 
output link length of 315 mm covering the 
working area of approximately 3,700 cm2.  
Further details of the robot specifications are 
stated in [2, 3]. 

Preliminary work on control of the robot has 
been addressed in this work.  Specifically, a 
simple controller on each motor is designed and 
tuned based on its model solely.  Then these 
servo motors are equipped to the robot and used 
to drive the system according to the desired 
motion.  In other words, the robot dynamics is not 
taken into consideration. 

Section 2 explained the design of a simple 
Proportional-Derivative (PD) controller for the 
motor unit.  Together with the gravity 
compensator, they form the simple controller for 
the robot.  Modifications of this controller to 

solve the constant offset problem of the tracking 
task are presented in section 3, where the 
experimental verifications are shown along with.  
Development of a friendly graphical user 
interface (GUI) is mentioned in section 4.  
Finally, discussion of this preliminary work and 
future research direction are given in section 5. 
 

 
 

Fig. 1: Photo of the two DOF cable driven 
compound joint system 

 
2. Simple Control of the Robot 

2.1 Model of the DC motor 
Motor may be viewed as the instrument 

which transforms the electrical power into the 
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mechanical power.  Here the inertia effects and 
losses in both domains will be considered in its 
modeling.  Referring to the DC motor schematic 
diagram in Fig. 2, 𝑅𝑅𝑒𝑒  and 𝐼𝐼𝑒𝑒  are the lumped 
resistance and inductance in the armature coil and 
𝑅𝑅𝑚𝑚  and 𝐼𝐼𝑚𝑚  are the mechanical viscous friction 
and inertia of the rotor.  𝜅𝜅  is the motor torque 
constant.  If the motor is operated under current 
mode, its dynamics is governed by the following 
equation 

  𝐼𝐼𝑚𝑚 𝜃̈𝜃 + 𝑅𝑅𝑚𝑚𝜃̇𝜃 = 𝜅𝜅𝜅𝜅           (1) 
where 𝑖𝑖 is the supplied current to the motor and 𝜃𝜃 
is the rotor angle. 
 

 
 

Fig. 2: Schematic diagram of the DC motor 

 
2.2 A simple PD controller 

The following PD control law 
 𝑖𝑖 = − 1

𝜅𝜅
�𝑅𝑅𝑚𝑚′ 𝜃̇𝜃 + 𝐾𝐾𝑑𝑑(𝜃𝜃 − 𝜃𝜃𝑑𝑑)�           (2) 

is proposed.  Using this controller, the closed 
loop system equation becomes 

 𝐼𝐼𝑚𝑚 𝜃̈𝜃 + 𝑅𝑅𝑑𝑑𝜃̇𝜃 + 𝐾𝐾𝑑𝑑(𝜃𝜃 − 𝜃𝜃𝑑𝑑) = 0           (3) 
where 𝑅𝑅𝑑𝑑 = 𝑅𝑅𝑚𝑚 + 𝑅𝑅𝑚𝑚′  is the desired damping 
value and 𝐾𝐾𝑑𝑑  the desired stiffness.  It can be 
easily shown that this closed loop motor system 
has the globally asymptotically stable equilibrium 
point at 𝜃𝜃 = 𝜃𝜃𝑑𝑑  and 𝜃̇𝜃 = 0. 

From the motor's data sheet, 𝐼𝐼𝑚𝑚 = 13.8 ×
10−6 kg ∙ m2 , 𝑅𝑅𝑚𝑚 = 4.14 × 10−3 Nm ∙ s/rad , 
and 𝜅𝜅 = 60.3 × 10−3 Nm/A.  If the value of 𝑅𝑅𝑚𝑚′  
and 𝐾𝐾𝑑𝑑  are selected to be 1 × 10−3 Nm ∙ s/rad 
and 1.43 × 10−1 Nm/rad, the closed loop motor 
system theoretically behaves according to the 
following second order linear ODE: 
           13.8 × 10−6𝜃̈𝜃 + 4.14 × 10−3𝜃̇𝜃 
                  +1.43 × 10−1(𝜃𝜃 − 𝜃𝜃𝑑𝑑) = 0.           (4) 
Hence the closed loop system has the 
characteristics of 𝜔𝜔𝑛𝑛 = 16.2 Hz  and 𝜁𝜁 = 1.83 , 
indicating a fast enough and well damped system. 

The designed controller is implemented 
digitally on a desktop computer with Intel® 
Core™ 2 Quad processor.  The control loop runs 
at the average speed of 1 kHz.  For a given set 
point value, the cycloidal curve is used to 
generate a transitional profile which has smooth 
velocity to prevent the control saturation.  If the 
set point 𝐴𝐴  is required to be reached within 𝑇𝑇 

seconds, the motion profile 𝜃𝜃 during 0 ≤ 𝑡𝑡 ≤ 𝑇𝑇 is 
described by 

               𝜃𝜃 = 𝐴𝐴
𝑇𝑇
�𝑡𝑡 −

sin2𝜋𝜋
𝑇𝑇 𝑡𝑡

2𝜋𝜋
𝑇𝑇

�.                      (5) 

2.3 Gravity torque and compensation 
Mass and inertia of the robot’s parts account 

for the gravity force, which, in turn, induces the 
gravity torque.  A convenient way to derive such 
term is to determine it from the potential energy.  
Referring to the parameters and bond graph 
model of the system [2, 3], the total potential 
energy 𝑉𝑉𝑟𝑟  of the robot can be written as 

  𝑉𝑉𝑟𝑟 = −𝑚𝑚𝑝𝑝𝑔𝑔𝑟𝑟𝑧𝑧𝑝𝑝 𝑠𝑠𝑝𝑝 − 𝑚𝑚𝑝𝑝𝑝𝑝 𝑔𝑔𝑟𝑟𝑧𝑧𝑝𝑝𝑝𝑝 𝑠𝑠𝑝𝑝𝑐𝑐𝑦𝑦 ,          (6) 
where 𝑚𝑚𝑝𝑝  and 𝑚𝑚𝑝𝑝𝑝𝑝  are the aggregated mass of 
the parts that undergo the pure pitching motion 
and the compound pitching and yawing motion, 
respectively.  𝑟𝑟𝑧𝑧𝑝𝑝  and 𝑟𝑟𝑧𝑧𝑝𝑝𝑝𝑝  are the distance of the 
compound center of gravity of the parts that 
undergo the pure pitching motion and the 
compound pitching and yawing motion, measured 
from the center point of rotation. 

Gravity torque may be compensated by the 
motor torque.  This, however, requires the 
suitable motor sizing, otherwise motor saturation 
will happen.  Additionally, this approach assumes 
proper operation of the motors.  Violation might 
occur due to the power blackout or the 
malfunction of the control system.  The robot 
motion will then be overruled by the gravity 
effect, which may cause the accident that cannot 
be compromised for the service robots. 

Therefore, this robot is equipped with the 
patented pending spring-based counter-balancing 
mechanism [4].  This mechanism theoretically 
generates the torque, based on the current posture 
of the robot, which is oppositely equal to the 
gravity torque.  As a result, no motor torque is 
required for the gravity compensation and hence 
the robot is inherently safe. 

Unfortunately, mechanical compensation of 
the gravity torque is not perfect as desired.  This 
is due mainly to the mismatch between the 
designed spring stiffness and the actual one 
obtained from the available off-the-shelf spring.  
Therefore, a small motor torque is needed in 
addition to completely cancel the gravity torque.  
This torque is associated with the potential energy 
𝑉𝑉𝑚𝑚  that makes the total potential of the system be 
constant.  Mathematically, 

                      𝑉𝑉𝑚𝑚 = −𝑉𝑉𝑟𝑟 − 𝑉𝑉𝑐𝑐 ,                      (7) 
where 𝑉𝑉𝑐𝑐  is the potential energy of the counter-
balancing mechanism.  Development of the 
required motor torque expression is rather lengthy 
and shall be excluded from the paper.  With this 
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gravity compensation system, the PD controller 
will be responsible for the tracking of the desired 
motion solely. 
 
2.4 Simple control of the robot 

Two of the controlled motors, as described in 
section 2.2, and the gravity compensation system 
are now used for positioning control of the robot.  
As for the initial work, the controlled motors 
acting as the servo motors, are equipped to the 
robot.  Then, the inverse kinematics will be 
performed to transform the coordinates of the set 
point specified in the task space (pitch and yaw 
angles, 𝜃𝜃𝑝𝑝  and 𝜃𝜃𝑦𝑦 ) to the coordinates in the joint 
space (two motor angles, 𝜃𝜃𝑤𝑤1𝑙𝑙  and 𝜃𝜃𝑤𝑤1𝑟𝑟 ).  
Particularly, 

        �
𝜃𝜃𝑤𝑤1𝑙𝑙
𝜃𝜃𝑤𝑤1𝑟𝑟

� = �9 −9
9 9 � �

𝜃𝜃𝑝𝑝
𝜃𝜃𝑦𝑦
�,                      (8) 

provided the initial angles are all reset to zero.  
These motor angles set point are regarded as the 
desired angle 𝜃𝜃𝑑𝑑  for the motor controller.  In 
other words, the robot dynamics is not taken into 
consideration. 

Figure 3 displays the response of the 
controlled system to a sequence of pitch and yaw 
set points; that is, (0°, 0°) , (10°, 0°) , (20°, 0°) , 
(10°, 0°) , (0°, 0°) , (−10°, 0°) , (−20°, 0°) , 
(−10°, 0°) , (0°, 0°) , (0°, 10°) , (0°, 20°) , 
(0°, 10°) , (0°, 0°) , (0°,−10°) , (0°,−20°) , 
(0°,−10°) , and (0°, 0°)  are given to the 
controller manually with enough settle time 
interval for each of them.  It is observed that the 
response tracks the reference quite well, but with 
the exception of constant steady state error (less 
than 2°) due to some imperfect cancellation of the 
gravity torque and the underestimated stiction in 
the system.  Overall, the closed loop system is 
passively stable and hence can interact with the 
environment safely. 

 

 
 

Fig. 3: Response of the robot motion 
to a sequence of pitch and yaw set points 

under a simple PD controller 

3. Controller Modification 
Simple PD controller does not respond to the 

zero-order steady state error.  To correct this 
problem, two strategies are proposed. 
3.1 Supervisory correction command 

For the previous controller, single cycloidal 
step is used to generate the desired motion profile.  
However, fraction of the associated supplied 
energy must be given to the compliance and 
resistance effects of the gravity and friction.  
Therefore, the available energy to drive the robot 
is less than what has been expected, which causes 
the mismatch between the actual and the desired 
position.  A simple notion of providing extra 
amount of energy to bring the robot to the desired 
position should solve this problem. 

The scheme for the first approach is as follow.  
After the cycloidal motion profile is supplied for 
a certain time where the system may be assumed 
to be in the equilibrium, a supervisory program 
monitors the position error.  The mismatch will 
then be used as a new relative set point 𝐴𝐴  to 
generate an additional cycloidal step.  In other 
words, a high level of the controller is employed 
to generate appropriate command to the low level 
controller.  The use of such a simple strategy can 
be found in biological livings.  Blind people use 
haptic queue to help manipulating the objects 
successfully, for example. 
 

 
 

Fig. 4: Response of the robot motion 
using the simple PD controller 

and the simple supervisory controller 
 
Figure 4 shows the response of the system 

under the simple PD controller with the adjunct 
supervisory controller.  In this experiment, 
parameter 𝑇𝑇 of the motion profile has been set to 
2 seconds, which is the same as the update time 
of the supervisory controller.  Position error of 
the robot becomes zero after one or two 
corrective pulse.  Again, since the controller and 
the robot are passive systems, therefore the 
interconnecting closed loop is also passive system. 
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3.2 Drift error correction control law 
The second approach continually monitors 

the position error, which is then used to modify 
the original control law for the purpose of zero 
steady state error [5]. 

Let 𝑑𝑑(𝑡𝑡) = 𝜃𝜃(𝑡𝑡) − 𝜃𝜃𝑑𝑑(𝑡𝑡) denotes the tracking 
error.  Therefore the original tracking PD control 
law 𝑢𝑢�  may be written as 

  𝑢𝑢� = −𝑅𝑅𝑚𝑚′ 𝑑̇𝑑 − 𝐾𝐾𝑑𝑑𝑑𝑑.           (9) 
This control law must be corrected by ∆𝑢𝑢(𝑡𝑡) , 
resulting in a new control law 
                      𝑢𝑢(𝑡𝑡) = 𝑢𝑢�(𝑡𝑡) + ∆𝑢𝑢(𝑡𝑡).         (10) 

At steady state, Eq. (9) reduces to 
                      𝑑𝑑(𝑡𝑡) = − 𝑢𝑢�(𝑡𝑡)

𝐾𝐾𝑑𝑑
.                  (11) 

The control value at steady state should be 
unchanged, i.e. 𝑢̇𝑢(𝑡𝑡) = 0 .  Differentiating Eq. 
(11) and applying this fact result in the following 
relation; 

                      𝑑̇𝑑(𝑡𝑡) = ∆𝑢̇𝑢(𝑡𝑡)
𝐾𝐾𝑑𝑑

.                  (12) 
For the error 𝑑𝑑(𝑡𝑡) to be zero asymptotically, 
  ∆𝑢̇𝑢(𝑡𝑡) = −𝜆𝜆𝐾𝐾𝑑𝑑𝑑𝑑(𝑡𝑡)         (13) 

should be applied.  Integrating Eq. (13) to obtain 
the corrective term as 
                   Δ𝑢𝑢(𝑡𝑡) = 𝜆𝜆𝐾𝐾𝑑𝑑 ∫ (𝜃𝜃𝑑𝑑 − 𝜃𝜃)𝑑𝑑𝑑𝑑𝑡𝑡

0 .         (14) 
Therefore the modified controller is 
           𝑢𝑢 = 𝑅𝑅𝑚𝑚′ �𝜃̇𝜃𝑑𝑑 − 𝜃̇𝜃� + 𝐾𝐾𝑑𝑑(𝜃𝜃𝑑𝑑 − 𝜃𝜃)               
                    + 𝜆𝜆𝐾𝐾𝑑𝑑 ∫ (𝜃𝜃𝑑𝑑 − 𝜃𝜃)𝑑𝑑𝑑𝑑𝑡𝑡

0 ,         (15) 
which is actually a PID controller that employs 
the integrator to provide the constant control 
input in solving the steady state error problem.  
Nevertheless, it should be mentioned that the PID 
controller itself is not passive, which makes the 
closed loop less stable than the PD one. 
 

 
 

Fig. 5: Response of the robot motion 
using the PID controller 

 
Previous experiment is now re-executed with 

the PID controller.  With the value of the integral 
gain of 1.43 × 10−1 Nm/rad ∙ s, the response of 
the system is depicted in Fig. 5.  Without the 

external interacting force to the robot, the 
response is cleaner and faster compared to using 
the supervisory correction command. 

 
4. GUI for the Motion Command 

A friendly graphical user interface (GUI) has 
been developed to allow the user in specifying 
his/her desired motion intuitively.  Since the end 
effector of the robot, i.e. the end tip of the output 
linkage, is constrained to be on the spherical 
surface, the user should be allowed to specify the 
robot motion only on the virtual spherical surface 
as well.  For this reason, a spherical workspace is 
drawn on the two dimensional monitor, as shown 
in Fig. 6.  This picture corresponds to the front 
view of the robot. 

 

 
 

Fig. 6: A snapshot of the GUI 
for specifying the desired motion to the robot 

 
The user indicates the desired motion by 

moving the mouse over the workspace.  The 
program will then calculate the corresponding 
pitch and yaw angles of the differential joint from 
the 𝑥𝑥 and 𝑦𝑦 coordinates of the cursor as followed.  
Consider Fig. 7 which shows the top, front, and 
right side view of the workspace with its 
reference frame.  With the known output link 
length, 𝑟𝑟, the 𝑧𝑧 coordinate of the end effector will 
be 
                      𝑧𝑧 = �𝑟𝑟2 − 𝑥𝑥2 − 𝑦𝑦2.         (16) 

Pitch angle of the robot may now be 
calculated simply by 
                         𝜃𝜃𝑝𝑝 = tan−1 �𝑦𝑦

𝑧𝑧
�.                (17) 

To calculate the yaw angle, it must be viewed 
along the 𝑦𝑦𝑟𝑟  axis, which is moving according to 
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the changing pitch angle.  See Fig. 7.  In this view, 
the output link will always be seen as a true line.  
Therefore, the yaw angle can be calculated by 
                         𝜃𝜃𝑦𝑦 = sin−1 �𝑥𝑥

𝑟𝑟
�.                (18) 

Additionally, the latitudinal and longitudinal 
curves of the current position are drawn in the 
GUI to provide the visual appearance of moving 
over the spherical surface.  These curves can be 
constructed from the associated latitude and 
longitude angles, which, referring to Fig. 7, may 
be calculated from the coordinates of the point as 
                           𝜃𝜃𝑙𝑙𝑙𝑙𝑡𝑡 = tan−1 �𝑦𝑦

𝑧𝑧
�,            (19) 

                         𝜃𝜃𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙 = tan−1 �𝑥𝑥
𝑧𝑧
�.               (20) 

Updated numerical values of these three 
coordinates are displayed in the bottom of the 
interface. 
 

 
 

Fig. 7: Geometry for coordinate transformation 
of the robot 

 
An experiment of the robot tracking task 

using the PID and the gravity compensation 
controller with the reference trajectory specified 
in real time from the user through the developed 
GUI is performed.  Protocol of this experiment 
are as followed.  The robot starts from rest at the 
middle point of the workspace.  The user then 
moves the cursor horizontally to the right until 
the limiting brown circle is reached.  The GUI 
will prevent any cursor movement that exceeds 
the limit.  In effect, this is the soft limit of the 
robot. 

After that, the user manipulates the cursor in 
the manner that it tracks the boundary of the limit 
in the counterclockwise direction for one round.  
Next the user moves the cursor horizontally to the 

left until the limit is reached again, at the left 
hand side for this time.  In turn, the user 
manipulates the cursor in the manner that it tracks 
the boundary of the limit in the clockwise 
direction for one round.  Finally the user moves 
the cursor horizontally to the right until it reaches 
the home position. 

Plots of the reference and the response in the 
robot's pitch and yaw coordinates are depicted in 
Fig. 8.  Tracking result is satisfactory for such a 
simple controller.  An observable tracking delay 
of about 0.5 second is due to the tracking velocity 
limit set indirectly via the settling time of the 
updated point-to-point motion. 
 

 
 

Fig. 8: Tracking response of the robot 
using the PID controller and gravity compensator 

 
5. Discussions and Conclusions 

In this paper, preliminary control of a two 
DOF cable driven robot using a simple PD and 
PID control laws are presented.  Gravity 
compensation is conducted mainly by the 
counter-balancing mechanism.  The remainder is 
taken care by the motor effort.  Overall response 
of the system is fairly good.  The robot can follow 
the specified trajectory closely. 

The developed control law is based solely on 
the motor's dynamics.  In particular, knowledge 
of the robot dynamics has not been exploited in 
designing the controller.  This simplification will 
adversely affect the response of more demanding 
tasks.  Since the power from the motors is 
transmitted mechanically through the cables and 
pulleys that inherently possess the compliance 
characteristics [1, 2], the robot naturally will 
exhibit a degree of vibration in its motion.  This 
phenomenon may be evident during rapid 
movement, which causes the overshoot and the 
recurring oscillation.  Worse yet, ignorance of 
flexibility in the robot may result in the unstable 
system. 
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Therefore in the next phase, a rigorous 
investigation on designing the controller based on 
the flexible robot model will be pursued.  
Moreover, since the robot is intended to perform 
collaborative tasks with humans, the controller 
should be designed based on the interaction 
control framework.  Topics on determining the 
suitable impedance, the utilization of the inherent 
joint flexibility, and the impedance alteration are 
among our interest. 
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BackgroundBackgroundg
Impedance plays a vital role for the manipulators to successfully perform p p y p y p
the tasks which requires close interaction with the environment [1-5].  q [ ]
Only few works of impedance control have been attempted on the y p p
flexible joint robots.  For example, a simple PD controller was used to j p p
tune the stiffness and damping parameters [6], and the online gravity p g p [ ] g y
compensation was proposed to reduce the error caused by the constant p p p y
set-point gravity controller [7].  Sophisticated methods are employed on p g y [ ] p p y
the design of the tracking impedance controllers such as the singular g g p g
perturbation analysis [8], robust passivity analysis [9], and the adaptive p y [ ] p y y [ ] p
techniques [10].  However, these controllers require measurements of q [ ] q
the robot joint position, velocity, and interaction force, of which they are j p y y
usually not available in common systems.y y

ObjectivesObjectives

This research therefore proposes a passive impedance controller for the p p p p
flexible joint robot system.  The controller requires only the motor angle j y q y g
to regulate the stiffness and damping characteristics at the end effector.  g p g
Moreover, the development is generalized so it can be applied to the , p g pp
robot driven through multi-stage nonlinear flexible transmission system.  g g y
Additionally, motor current feedback may be used to improve the system y, y p y
response time.  Detailed information are reported in [11-13].p p [ ]

System modelingSystem modeling

Th fi d i t 2 DOF it h bl ll d i fl ibl j i tThe figure depicts a 2-DOF pitch-yaw cable-pulley driven flexible joint 
b t l tf f th t d D i f th i id b t t irobot as a platform for the study.  Dynamics of the rigid robot system is 

d l d i th j i t d bdeveloped in the joint space governed by
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Flexibility of the transmission system may be derived from the torqueFlexibility of the transmission system may be derived from the torque-
angle deflection equation of the simple cable pulley unit [12]angle deflection equation of the simple cable-pulley unit [12].
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Control of the Multi-StageControl of the Multi Stage
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Task Space Impedance ControllerTask Space Impedance Controllerp p

The proposed controller will modulate the robot end effector impedanceThe proposed controller will modulate the robot end effector impedance 
to the following task space impedance dynamicsto the following task space impedance dynamics
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where       is the coordinate error.  According to the system dynamics, the x~ g y y ,
control law is 
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in which       is the stationary value of the link angle determined fromsq
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and the estimation of the filtered and scaled link joint velocity;and      the estimation of the filtered and scaled link joint velocity;

 1 )()()( 2
1

 T TqJDqJssG   .)()()( 01
2  qsds TqJDqJssG

Experiments & ResultsExperiments & Results
The figure depicts an experimental result in which the robot tracks aThe figure depicts an experimental result in which the robot tracks a 
circular path with the 1 0 kg proof mass attached Actual trackingcircular path with the 1.0 kg proof mass attached.  Actual tracking 
deviates from the reference path according to the applied load and thedeviates from the reference path according to the applied load and the 
desired end effector stiffness of 500 N/mdesired end effector stiffness of 500 N/m.
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