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Abstract
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One challenge of current robotic systems is the ability to work within the unstructured
environment. To fulfill this requirement, intrinsically the robot must be controlled to perform
tasks with the appropriate impedance behavior. This work concerns with the task space
impedance control of a nonlinear flexible joint robot system. The proposed controller uses
limited information of the angle and the current of the motors to regulate the end point
compliance at the specified set point. In particular, the controller infers the transmitted
torque to the robot from the cascaded flexible joint model and the motor current. This torque
is then fed back to mitigate the effect of the motor inertia from deteriorating the desired
impedance. Motor angles are employed to estimate the stationary robot link angles in real
time. They are then used to constitute the gravity force, aiming at cancelling the robot
gravity force, and the force developed according to the robot desired impedance
characteristics. Asymptotic stability of this controller with the nonlinear flexible joint robot
is guaranteed with additional damping. Simulation and experiments of the proposed control
scheme on a two degrees-of-freedom cable-pulley driven flexible joint robot model are
examined.

Keywords: flexible joint robot; task space impedance control; transmitted torque estimation;
link angle estimation
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Executive Summary

This work develops a task space impedance control of the manipulator driven through
the multi-stage flexible transmission unit. The controller regulates the stiffness and damping
of the end effector at the specified position based on the available feedback signal of the
motor angle and current. Motor angle is used to compute the estimation of the robot link
angle and joint velocity based on the stationary elastic model. These values are employed in
the traditional impedance control law. Optionally, the motor current might be used to
determine the transmitted torque, which helps reducing the motor inertia. It can be shown
that the controller effectively shapes the system potential energy to the one of the desired task
space compliance.

A two degrees-of-freedom cable-pulley driven flexible joint robot as the embodiment
of the manipulator driven through the multiple stages flexible transmission unit is regulated
with the proposed controller. Detailed model of the robot is derived for the purpose of
system simulation. From the experiments, the controlled system yields satisfactory results of
displaying the desired impedance during general task execution. Therefore this practical
controller will be helpful in accomplishing real-world manipulation of the flexible robot
system.
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1. Introduction

Current robotic systems are extending their capability to work in more unstructured and complex
environment. For example, a laparoscopic surgical robotic system such as [1] typically works inside
human abdomen which is packed with vital organs where their precise location and geometry are
not known. Motion of the forceps is controlled and supervised by the skillful surgeon. Nevertheless,
erroneous motion is possible for which the surrounding organs may be injured. Had the forceps be
equipped with proper compliance, severity of the wound can be mitigated. As another example, a
service robot system such as [2] among the others is able to perform general daily tasks e.g. serving
a bottle of beer or frying a pancake. Again, the robot has limited and imprecise information about
the environment it is interacting with. To successfully implement such tasks, the robot must possess
appropriate compliance characteristics.

In the past, many efforts have been carried out in shaping the robot compliance to the desired
values. General impedance control scheme was proposed by [3] and is widely applied. Commonly, the
control laws are devised to achieve the desired impedance behavior especially for the rigid robots [4].
Later, the controllers have been modified to cope with flexible robots where their elastic behavior is
typically viewed as undesirable dynamics that complicates the control problem.

Only few works attempted on controlling the impedance of the flexible joint robots compared to
the regulation and tracking control. According to the simplified model of the flexible joint robot [5],
compliance control with online gravity compensation based on the measurable motor angles and their
derivatives, and the desired robot link angles is applied to a cable-actuated robot [6]. The proposed
control law resembles the PD regulation control with constant gravity compensation [7]. Improvement
of the response may be achieved by feeding back additional (non-collocated) signals, e.g. link angles or
joint torques. Applying the singular perturbation analysis to the flexible robot model, the simplified
tracking impedance controller using the measured joint torques and their derivatives, the robot link
angles and their derivatives, and the desired end effector trajectory is implemented on the DLR-II
arm [8]. Passivity approach has also been used in designing the highly robust and stable impedance
controller with the feedback signals of the joint torques and thier derivatives as well as the motor angles
and their derivatives for the desired robot end effector posture [9]. Sophisticated adaptive impedance
controller based on the function approximation technique (FAT) where the motor dynamics is also
taken into account is proposed [10]. Note that this controller requires the measurement of the robot
link angles and their derivatives, the joint torques, the motor currents, and the external force, which
is presumed to act precisely at the robot end effector.

However, novel manipulators treat their inherent flexibility as a boon, particularly to the tasks
involving uncertainties and shock loads as frequently encountered in general service operation, for
which interaction to the environment are inevitable. Physical spring is intentionally introduced [11]

as the interface between the actuator and the equipped joint of the legged robot, for the main purpose
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of temporarily storing and restoring the impact energy from walking and running. An important
consequence is the lower effective impedance. [12] proposed the micro-macro actuation scheme for
driving the robot. Basically, each joint is driven by two parallel motors. A small motor is installed
at the joint as usual, but the large one is cleverly relocated to the base for which its actuation
is transmitted to the joint via the elastic coupling and the cable drivetrain. With this actuation
approach, the safety and the performance of the robot may be attained simultaneously. In recent
work, physically controllable compliance elements such as the varible stiffness actuator [13], where
a redundant actutator is employed to adjust the effective stiffness of the actuator through some
mechanisms, are designed and applied to the robots. The DLR hand-arm manipulator [14] uses these
advanced actuators and the embedded joint torque sensors, making it capable of adjusting the stiffness
in a passive manner and reacting to the collision force safely.

This paper develops the task space impedance control of a nonlinear flexible joint robot system
whereby only the motor angle and current measurement are available. In section 2, model of the
nonlinear flexible joint robot, including the transmission and motor dynamics is derived. Based on
this model and limited amount of feedback information, task space impedance control is developed
in section 3 to accomplish the desired viscoelastic behavior at the specified set point. A prototypical
two degrees-of-freedom (DOF) cable-pulley driven flexible joint robot with the proposed control law

is simulated in section 4. The results are discussed. Section 5 concludes the study.

2. Modeling of the Nonlinear Flexible-Joint Robot

In the following, a simplified model of the nonlinear flexible joint robot system, in which the
transmission and motor dynamics are included, is derived. First of all, the following assumptions are

made.

Assumption 2.1 Rotors of the motors and of the transmitting elements, e.g. gears or pulleys, are
geometrically symmetric about their rotating axes. This assumption makes the inertia matrix
of the rotor represented in its body-fixed frame having the z-axis coincident with the rotor axis

be a diagonal matrix of the form I = diag(a, a, b).

Assumption 2.2 Relative rotational motion of the rotor with respect to its stator dominates its
rotational kinetic energy. This implies the rotational kinetic energy of the rotor may be deter-
mined simply by T = %Iwuﬂ, where w is the relative angular velocity of the rotor with respect

to the stator and I, is the rotor inertia about its rotational axis r-r.

Assumption 2.3 Elasticity in the system is distributed in the transmission subsystem and concen-

trated at the joints connecting the actuator/transmission subsystem to the rigid link robot.

Assumption 2.4 The reducer in the transmission yields a constant, non-modulated, transmission

ratio matrix. This assumption, which holds for majority of the robot drivetrains, simplifies the



2 MODELING OF THE NONLINEAR FLEXIBLE-JOINT ROBOT 3

drivetrain model development.

2.1. Rigid Robot Model

Assumption 2.3 implies the structural isolation between the robot and the actuator/transmission
subsystems by the joint stiffness. Therefore, system modeling can be completed through (almost)
separate analysis of these subsystems. Lagrangian formulation is the common method used in deriving
the equations of motion of the robot because it yields directly the model in a compact matrix-vector
form suitable for the controller design. The resulting joint space model is well studied, e.g. in [15],

and hence will just be mentioned here;

M (q)i+C(q,4)d+9(q) =Tar + Tear- (1)

With assumption 2.2, the translational and rotational kinetic energy of the rotor are decoupled.
In other words, the former depends on the robot link angle g and link velocity ¢ while the latter
depends solely on the rotor velocity 0. Hence, for convenience, the translational kinetic energy of the
rotors may be incorporated into the rigid robot dynamics Eq. 1.

As a consequence the joint inertia matrix M (q) is determined by
M(q) = Mi(q)+ M. (q)

= Z']lz Ml'LJl’L +Zm7”] ’U’I"J Jgr]( ) (2)

For the n-link robot, M ; is the i*P-link inertia matrix

mlﬂ'Ig 0
My = (3)
0o I

K
of which its mass is m;; and its constant inertia matrix about the body-fixed frame located at the
center of gravity is fo i J 5’71- (q) is the corresponding link Jacobian matrix expressed in its own frame.
For the m-rotors (of the motors or of the drivetrain elements), m,. ; is the mass of the j*"-rotor and
J f,r j () is the translational portion of the rotor Jacobian matrix represented in its body-fixed frame
having the z-axis coincident with the rotor axis. In general, m might not be equal to n. Additionally,
the number of DOF of the robot N may be different from the number of robot linkages n.

C (q, q) is known as the Coriolis/centrifugal matrix where its elements may be calculated directly
from M (q) according to the following relationship;

N
1 8mij 1 8mi;€ 1 8m]k .
iy = E a a5 ) 4
CJ P (2 8qk * 2 8qj 2 8(]1 K ( )

in which m;; is the (¢, j)-element of M (q). The gravity torque vector g (q) is governed by the

gravitational potential energy V; (q);

g0 = (25 (”)T. 5)
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Figure 1: Multi-dimensional bond graph diagram of the transmission system displaying the interconnection between
the lumped elements and the neighboring stages. Causality assignments conform to the cable-pulley elastic model of

Eq. 152.

Vg (@) is contributed by the mass of the links and the rotors according to

Vol(q) == miig"per; (@) = > mr;g" pey, (@), (6)
=1

j=1
where g is the gravitational acceleration vector. pc, ; (q) and pc,. ; (g) are the position vector of the
center of mass of the i*P-link and of the j*"-rotor, respectively. They depend on the robot posture.
Finally, the vector T4, is the actual torque applied at the robot joint by the transmission unit
and the vector T, is the reflected torque at the robot joint caused by the external force F., ;. Their

relation is due to the duality of the static force and velocity mapping as
T
Text = J(‘]) Foyy, (7)

where J (q) is the Jacobian matrix of the frame attached to the point of application of the external

force. J(q) and F'.,; are expressed in the same frame.

2.2. Drivetrain Model

The drivetrain or the transmission system is the mechanism that transmits the power from the
input power source to the remote system which receives the output power. For the robotic system,
the drivetrain typically comprises of several parts as linkages, gears, belts, etc. in delivering the
power. While the power is being transmitted through the mechanism, the power variables, i.e. the
force/torque (effort) and the collocated velocity (flow) are often being modulated to amplify the
output torque or to reduce the output velocity. Nonetheless, ideal transmission would preserve the
power flow at any instant. Unfortunately, the actual system deviates from this ideal line due to the
underlying impedance properties of the parts and matings. Therefore it is important to consider these
dynamical effects to improve the validity of the model for the design of the control system.

Complicated structure of the drivetrain mechanism may be devised to yield the desired output
motion. Nevertheless, it can in general be divided into multiple stages of the sub-transmission con-
necting in tandem. Each stage has the sub-mechanism to transmit the power to the next stage. The

sub-mechanism itself may be constructed from a multitude of machine elements. However they can
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0, 10, 6
lumped elastic elements
in the ;7 stage
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A4
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Figure 2: Signal flow diagram illustrating the elastic elements network of the j*P-stage transmission system according

to Eq. 19 and the subscript notations.

be modeled using only three elemental behaviors of the inertance, the compliance, and the resistance,
in conjunction with the nodes and the transformers. Bond graph technique [16] may be useful in the
modeling process.

The ideal sub-transmission at each stage can be modeled as the transformer (the reducer) con-
necting the inport to the outport. To make the model be more realistic, lumped compliance and
resistance elements should be included to capture the compliant and dissipative characteristics of the
mechanism, as depicted in Fig. 1. At the inport and the outport of each stage, lumped inertance
elements may be connected where the resistance may be introduced as well.

For the j'-stage, if the constant transmission ratio matrix of the reducer T'; is assumed according

to assumption 2.4, the modulated velocity vector ém)j after the reducer would be
O =T;0; 1, (8)

where éj,l is the p-dimensional outport velocity vector of the previous stage. Referring to Figs. 1
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and 2, let the elastic potential energy at the lumped i*"-elastic element in the j*"-stage be
s s
‘/e,ij (0j71,0j) = /ez‘j (Omﬁj - 03) d(Om,j — OJ) = /eij (Tj0j71 — ej)d(TjOjfl — Oj), (9)
0 0

where e;; (T ;01 — ;) is the nonlinear elastic force of the i*P-elastic element in the j*"-stage, which
depends on the generalized coordinates 8;_; and 8;. Hence the total elastic potential energy is merely

the sum of the potential energy of every elastic elements, i.e.

Ve (q,0) :ZVe,j :ZZVe,z‘j- (10)

j=1 j=11i=1
Note that the total number of stages of the transmission system is ¢ and the configuration of each
stage may be described by p-generalized coordinates ;. In turn, the total number of DOF of the
transmission system is pg, including the generalized coordinates at the inport. They are lumped into
the vector 6. It should be mentioned that the outport generalized coordinates, 8, are the generalized
coordinates of the robot, g, corresponding to the input generalized torque 74, applied at the robot
joints.

The gravitational potential energy of the drivetrain is independent of its own generalized coordi-
nates € acknowledging assumption 2.1. It has already been taken care of within the rigid robot model
by V4 (g). On the same assumption, the translational kinetic energy of the drivetrain due mainly to
the mass of the rotors, concentrated at the generalized velocity nodes, is not relevant to 6 and é, and
it has been accounted with the kinetic energy of the rigid robot. Hence only the rotational kinetic

energy 7T, of the rotors are left and it is quite simple thanks to assumption 2.2;
pq pq 1
12
T, = ];Tnk = ; S0R0% (11)

in which by, is the k*™-rotor inertia about its rotational axis and 6y, is its spinning angular velocity.
The equation implies the total number of the rotors be pq, for the rotors of the motors are counted
in as well.

Lagrangian method is applied to derive the drivetrain model. Recall the Lagrangian formulation

)-8 -

where the Lagrangian £ is the difference of the kinetic and the potential energy. Substituting and
evaluating the above formulation, equations of motion for the drivetrain subsystem may be obtained
as

Bl +c (0) +e(@) =T, (13)

T
where 6 = [ 00T 01T e quil } is the vector of generalized coordinates of the drivetrain subsys-

tem, composed of the p-generalized coordinates at each stage, successively arrayed starting from the
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first stage (described by the coordinates o) to the last ¢'"-stage (described by the coordinates 6,_1).

B is the diagonal inertia matrix
B = dlag (b117 bgl, ceey bpl; b12, b22, ey bp2, ceey b1q7 qu, ceey bpq) y (14)

containing the rotational inertia of the rotors about their rotational axes associated with the gener-
alized coordinates. The subscript notation adopted here is the same as of the elastic force depicted
in Fig. 2 that b;; denotes the inertia of the i*®-rotor in the j'"-stage. Hence the first p-elements
correspond to the inertia of the motors. ¢ (0) expresses the major loss at the rotor bearings and is

evaluated by the nonlinear vector function;

C(9> = [ c11 (910) €21 (920) .o Cpl (91)0) C12 (911) C22 (921)
Ciq (él(q*1)> C2q (9.2(%1)) <o Cpg (ép(qfl)) }T’ (15)

where ¢;; (+) is the nonlinear viscous force developed at the bearing of the i*i-rotor in the j*'-stage.
e (0) is the nonlinear vector function expressing the elastic forces according to the elastic potential

energy in Eq. 10;

e(d) = (781/86(3,0)>T

T{el (T100 — 01)
—eq (T100 — 01) + T2Teg (T201 - 02)

—eq-1(Tg-104-2 — 0q—1) + T:}Feq (T'404-1 — 6y)
in which the sub-vector of the nonlinear elastic forces acting at the j'-rotor is
—e;_1(Tj—10;2—6;_1) + T;‘-Fej (T';0;-1 — 0;), involving the relative displacements between its
neighborhoods and the transmission ratios. The nonlinear vector function e; (-) describes the elastic
forces of the p-lumped elastic elements at the j*'-stage.
T is the generalized torque vector associated with the generalized coordinates. Referring to Fig. 1,

it corresponds to the actual torque vector generated by the motors, 7,,, attached to the first stage.

Therefore,
T
On the other end of the drivetrain, the actual output torques
Tar = €q (Tq0q-1—0,), (18)

are transmitted to the robot with the generalized velocity 8, via the network of the elastic elements
in the last stage.
It should be mentioned that if the elastic elements behave linearly, e; (-) may be written explicitly

by the introduction of the stiffness matrix K, i.e.

e (Tj0;-1—0;)=K;(T;0;—1—6;). (19)
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Also, since the drivetrain subsystem itself, i.e. excluding the actuators, is passive, the following

constraint on the elastic force must hold;

8eij 82‘/(:”‘ 82‘/(:”‘ - 8ekj

3br; 00,00, 06,000, 005

(20)

where dy,; is the deformation of the k'I-elastic element in the j*"-stage. For the linear elastic elements,

this implies the symmetric positive definiteness of K.

2.83. Motor Model

Inclusion of the motor electrical dynamics in the controller design can increase the control perfor-
mance at the cost of more complex model. For the series-wound DC motor, dynamical equation of
the armature current may be derived readily by applying the Kirchhoff’s voltage law to the circuit.
From the principle, the equation describing the actual armature current dynamics ¢ of the p-motors

equipped to the transmission inport becomes
Li+ Ri+ K0y = u, (21)

where L, R, and K are the diagonal matrix of lumped inductances, resistances, and the back-emf
constants of the motors respectively. w is the control input vector of the motor voltages. Accordingly,

the generated motor torques are governed by the torque constant matrix K ;
Tm = K 1. (22)

If the SI standard unit system is adopted, K (in Nm/A) will have the same numerical values as K}
(in Vs). Note that the motor mechanical dynamics has already been treated by incorporating it into
the drivetrain model.

In summary, the simplified model of the nonlinear flexible joint robot system according to the
stated assumptions 2.1-2.4 is described by Egs. 1, 13, 22, and 21. This reflects the physical cascaded
connection of the three subsystems; namely the motor, the transmission, and the robot subsystems.

The model will be used to develop the task space impedance controller in the next section.

3. Task Space Impedance Control

Appropriate impedance is an intrinsic key for the robot to perform the task successfully. In this
work, the desirable impedance characteristics will be accomplished purely via the controller design.
This method has the features of cheaper system, less developing time, and easier access to modification.
Due to the artificial impedance modulation, however, it can bring the shortcomings of instability and
hence unsafe system if not properly designed.

Several variations of the impedance controllers are proposed depending on the detailed specification

of the physical systems and the control techniques used. For our system, the assumed rigid robot
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*
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— control law conversion
Eq. (85) or (87) Eq. (83)

Figure 3: Overall diagram of the task space impedance controller.

is propelled by the motors through the flexible transmission subsystem of which the configurations
match the developed model in section 2. Unfortunately, the available feedback signals are limited to
the motor angles and currents only. This is indeed the most common case found in practice. Torque
sensors, measuring the actual torque transmitted to the robot, and their electronics are uncommon for
robotic system. End effector force sensor, which may induce undesirable dynamics especially for the
lightweight robot, is expensive and found to be useless if the external forces are applied at unknown
different locations from the sensor: a typical situation encountered when working in the unstructured
environment. Worse yet, it may cause the system to become unstable if the feedback signal is not
properly handled. The link angles can be measured by installing additional encoders except they
will complicate the robot design. Moreover, for the robot employing some special joints, such as the
compound pitch-roll differentials or the spherical joint, the link angles may not be measurable with
ordinary encoders. Tachometer used to monitor the angular velocity signal is known to be noisy other
than making the system be unwieldy.

Before presenting the task space impedance controller in details, a brief explanation of the control
scheme will be given according to Fig. 3. At any instant, the motor angles 6y and currents ¢ are read.
Desired impedance behavior is specified by the task space constant stiffness matrix K4 according to
the performed task. Based on this desired stiffness and the calculated stationary link angles g, the
suitable positive definite damping matrix D4 will be updated in the manner that the end effector

oscillation is suppressed with the desired rate governed by the tunable damping ratio.
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Set point of the end effector x4 is specified. Now the torque transmitted to the drivetrain unit is
estimated that may be used to shape the motors’ effective inertia. Following the modulated inertia,
the impedance controller is designed using the stationary link angles g, to accomplish the desired task
space compliance. Damping force is added according to the computed task space damping matrix Dy
making the system be asymptotically stable by which the nonmodel-based first order differentiation
filter is employed to approximate the link joint velocity. Next, the required robot joint torque, 7},,
is used to calculate the corresponding output motor torque, (Tm)ZT. Finally, a feedback control law
is designed to regulate the motor input voltage, u, for supplying such output torque. Passivity and

stability analysis of the closed loop system are demonstrated in the last subsection.

3.1. Drivetrain Stationary Model

A difficulty in controlling the flexible joint robot is that the system usually has less amount
of the actuators than the total number of system’s DOF. This kind of system is classified as the
underactuated system [17] and the control problem is not straightforward due basically to indirect
access to control the desired motion. Several control techniques are studied such as the singular
perturbation analysis, the backstepping control design, or the partial feedback linearization technique.
Recently there are interests in designing the controller from the energy consideration. Two equivalent
methods of the interconnection and damping assignment passivity-based control (IDA-PBC) [18] and
the method of controlled Lagrangian [19, 20] design the controllers such that, respectively, the closed
loop system Hamiltonian and Lagrangian match the desired ones. Energy approach takes the physics
of the system into account from the ground-up and hence has proven to provide a robust and stable
control system.

To fully exploit the developed model in section 2 for the controller design, all system states such
as the drivetrain’s rotor angles or the link angles must be measurable. However, they are rarely
available. Nevertheless, tandem structure of the system allows its states to be observable from its
output measurement and the reference model. The control system may then be designed with regard
to these observed states. Unfortunately, sensor placement at the output of some systems are not
possible. This is the case of the compound joint robot, for example.

For such system, the energy cannot be completely shaped because the system states or their
estimate are not available for inferring its present energy. An alleviation is to compute, in an open-
loop fashion, certain states on the assumption of stationary motion. In other words, the robot
operates smoothly at low enough speed that the motion-induced forces, i.e. the inertial and the
Coriolis/centrifugal forces, may be omitted. With this assumption, velocity and acceleration terms in
the equations of motion may be dropped, in which the remaining position-state terms can be solved
algebraically. Stationary model of the transmission subsystem will be developed in this subsection
while the one for the robot is deferred to the next subsection.

Full dynamics of the drivetrain is governed by Eq. 13. If the stationary motion assumption is
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applied, the first two terms on the left of the equation can be dropped. Therefore, the reduced model
may be written as

e(0,) =, (23)

where the subscripted s denotes the stationary value of the variable. Motor angles 8¢ can be read from
their encoders. They may be used to solve for other generalized coordinates of the drivetrain subsystem
successively towards the coordinates of the last ¢'"-stage and of the robot link angles, 0(4—1)s and
045, if the supplied motor torques 7, are known. Nevertheless, the stationary relationship between
them may be derived without the knowledge of motor torques. Consider the set of vector equations

of the intermediate 2" to ¢'"-stages of the elastic model in Eq. 23. They can be expressed as

e (T16p — 015) = T2T€2 (T2015 — 625)
es (T9015s — 0s5) = Ties(T302 — 03,)
(24)

€41 (Tg-10(-2)s = O(g-1)s) = Tyeq(TyBig-1)s — Os)

States of the transmission system may then be written explicitly for the purpose of derivation as

015 - 015 (007 025)
025 = 028 (0187 035)
(25)
Og-1)s = B(g—1)s (0(4—2)5,045)

where the coordinates 6; are abusively used as the vector function name as well. Now 0 ,_;), may
be expressed in terms of 6y (motor angles) and 645 (robot link angles) explicitly. First, substituting
the first vector equation of Eq. 25 into the second one. This will eliminate 61, so the explicit relation
of 05, in terms of @y and 03,

025 = 62, (60, 035)

is obtained. This new vector equation is further substituted into the lower one; the third equation in

this case. It then yields new expression for 03;:
035 = 035 (00, 045) .
Continue the substitution process for the rest, eventually the desired relation
0(g-1)s = O(g-1)s (B0, 045) (26)

is achieved. Therefore, stationary values of the position-states of the drivetrain may be inferred. It
should be mentioned that numerical methods might be necessary to solve Eq. 24 and Eq. 31 (developed

in subsection 3.2) for 6, with the nonlinear elastic force vector functions e; (-) in general.
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Duality of the stationary motion is the stationary torque relationship between 7, and (7g4,),.
With the drivetrain stationary model in Eq. 23, the corresponding 7 to (7q4,), may be derived as
follow. From the structure of 74 in Eq. 18, output torque of the transmission subsystem is the
elastic torque of the ¢'l-stage, e, (-). With the last vector equation in Eq. 24, the elastic torque of
the (¢ — 1)th—stage, €(4—1) (+), may be evaluated readily. Substituting this result into its preceding
equation, elastic torque of the previous stage may be determined. Continue the backward substitution
process for the rest, the stationary output motor torque (7,,), may be solved from the equation of

the 1%t-stage transmission in Eq. 23;
(Tm)s = T,{el (TIOO - 018) ) (27)

indicating the equality of the supplied motor torque and the stepped elastic torque of the 1%'-stage.
Combining these relevant equations altogether, the stationary relationship between the output torque

of the drivetrain and the supplied motor torque becomes

(Tm)s = TlTTg - 'TqT 1TqTeq (qu(q—l)s - 9(15)

= T{T5 - Ti T (Tar),- (28)

This equation will be useful in transforming the required robot stationary joint torque to the associated

stationary output motor torque.

3.2. Stationary Link Angles

In subsection 3.1, the stationary model of the drivetrain is studied where the stationary relations
between the drivetrain coordinates, the motor angles and the robot link angles have been developed.
Nevertheless, there are not enough equations to fully solve for the system coordinates from the motor
angles. In fact, additional p-scalar equations are required which can be obtained from the stationary
model of the robot.

Equation 1 describes the full joint space dynamics of the rigid robot. If the robot is operating at low
enough speed, its inertial and Coriolis/centrifugal forces may be neglected. Under this condition, the
robot undergoes the stationary motion where the torques supplied by the transmission unit balance

the gravity- and the external force-induced torques;
g (0ys) = e (qu(q—l)s - Oqs) + Text- (29)

In this stationary model, the robot generalized coordinates g are replaced with the outport coordinates
0, of the drivetrain unit.
Since the desired task space compliance K4 at the designated end effector set point x4 is to be

achieved, the reflected torques caused by this behavior, under the stationary condition, will be

Text = J (eqs)T Fe;ﬂt =J (eqs)T Kd (f (eqs) - iEd), (30)
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where f (-) is the forward kinematics mapping of the robot. Enforcing such compliance characteristics

to the robot stationary model of Eq. 29, the vector equation
€q (qu(qfl)s - BqS) =g(0q)—J (eqS)T Ki(f(045) —xa) = h(6ys) (31)

displaying the stationary relationship between 6(,_1) and 8, may be formulated. Incorporating with
the set of stationary equations in Eq. 24, calculation of the stationary drivetrain and robot link
coordinates may be performed.

For the purpose of derivation, 8, in Eq. 31 may be written explicitly as
045 = 045 (e(q—l)S) : (32)

According to this result, explicit relationship between the stationary robot link angles and the motor

angles may be derived by employing Eq. 26. After some algebraic manipulation, one would obtain
45 = 645 (00) (33)

of which the stationary robot link angles can be determined directly.

Practically, 8,; may not be solved explicitly as shown in Eq. 32 due to the dependency of the
Jacobian matrix on 8,. Still, Eq. 26 may be substituted into Eq. 31 and the link angles can be
solved numerically. If the inverse of the elastic force vector function e, (-), denoted as e, ' (-), can be

determined analytically, the equation of 8,; may be expressed as

04 = qu(qfl)s - eq_l (h (eqS))

= qu(qfl)s (60,84s) — eq_l (h(84s)), (34)

showing the robot link angles as the implicit function of the motor angles 8y. With this arrangement,
0,5 can now be solved by recursive evaluation.

Furthermore, if the elastic elements behaves linearly, the elastic force functions e; () can be
simplified by using the stiffness matrix K; instead. In that case, Eq. 26 may be written explicitly as
follow. With the linear elasticity assumption and the stationary condition, Eq. 18 may be rewritten
as

To0(g-1)s — s = K, (Tar), - (35)

Next, consider the elastic forces in the preceding stages. Implicit equations of the drivetrain elastic

model in Eq. 24 may be rewritten, in the reverse order, as

To104-2)s —O-1)s = K. 4T (Tar),
Ty 20(-35)s = 0g-2s = K 13Tq\Tq (Tar),
T201,— 0y = K;'TiT] T \TT (r4), (36)

T:00— 61, = K{'TiT; --T! TV (ra),.
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To accomplish the direct relation between the stationary robot link angles and the motor angles,
premultiply the previous equations with the appropriate compound transmission ratios such that the
addition of these modified equations brings the ladder-cancellation of most of the terms on the left

hand side except 845 and 8. The resulting equation becomes

Tqqul - T1600 — eqs = (Tqqul a 'T2) Kfl (Tqqul a 'T2)T
+ (T Ty - Ts) K;l (T Ty - .T3)T 4.

+ (TqTq—l) Kq_712 (TqTq—l)T + TqKz;le:}F + Kq_lj| (Tdr)s :

Let the compound transmission ratio from the j*-stage to the ¢'"-stage, T,T,—1---T;, bedenoted

as T'y;. Then, the above equation may be written in a more clearly and concise manner as
(Tar)s = K1q (Tq100 — 045) , (37)
in which
-1
K, = Tq2K1_1TqTZ + Tq3K2_1TzCzFB +ot Tq(qfl)Kq_—12T:}F(q—l) + TqKq——lthCIF + Kq_l (38)

is the overall effective stiffness of the transmission subsystem. The expression depicts the series
connection of the elastic network of each stage. Note that the compound transmission ratios are
necessary to reflect these stiffnesses to the last ¢'"'-stage. Also, the stationary transmitted torque to
the robot may be determined either from the stiffness of the last stage, Eq. 18, or from the overall
effective stiffness, Eq. 37. Of course, the corresponding deformation would have been different.

Recalling Eq. 35, explicit expression of 6(,_1), in Eq. 26 may now be obtained as
0(g-1)s = Tq_qu_l [K14T 100 + (Kq — Kig) 04s] (39)

where the stiffness (K, — K14) is symmetric positive definite due to the tandem structure of the driv-
etrain. Finally, substituting Eq. 39 into Eq. 34 and performing some reduction, recursive expression

of 84s may be written explicitly for the case of linear elastic elements as
046 =Tp600— K1, h(0). (40)

This equation is the extension of the work in [9] to the multi-stage transmission system from the motors

to the robot. Furthermore, if the elastic elements are nonlinear, the equation will be generalized to

045 = T100 — €1, (h(8,5)), (41)

-1
where e,

() is the overall effective nonlinear deformation function of the transmission subsystem.
Figure 4 graphically illustrates the total compliance of the one-dimensional series-connected nonlinear
springs with the identity transmission ratios.

A question of convergence arises in the numerical evaluation of Eq. 40 or 41. To answer whether

the solution will converge or not, the contraction mapping theorem, which guarantees the existence

and uniqueness of the fixed point, is employed.
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e () /

Figure 4: Total compliance may be determined graphically for the simple case of one-dimensional series-connected

nonlinear springs.
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Definition 1. CONTRACTION MAPPING: Let X be a metric space with d (p, q) the distance between
two points p and ¢. A map P : X — X is called a contraction mapping on X if there exists p € [0,1)
such that

d(P(p),P(q) <pd(p,q), VYpqelX.

Theorem 2. CONTRACTION MAPPING THEOREM: Let X be a non-empty complete metric space
with d (p, q) the distance between two points p and ¢. If P : X — X is a contraction mapping, then

P admits a unique fixed point z* in X, i.e.
P(z*)=z".

Additionally, the fixed point z* can be determined by starting with an arbitrary point zo € X. The
sequence {x,, } where

Tp = P (zp_1)
brings about =, — z*.

Therefore, to conclude that the recursive evaluation of Eq. 40 converges, it is sufficient to show
that the mapping function
P(q) =Tu60— K. 'h(q) (42)

is a contraction mapping. Nevertheless, the distance function must be defined first. If the coordinates
in the vector g all have the same units, it is common to define the distance function with the help of
the inner product or the Euclidean vector norm, i.e.
1/2
d(q1,45) = llay — @2l = | (@1 — )" (a; — q2)}

However, for the general case where the robot possesses both the rotational and the prismatic joints,
units of the coordinates in q are not consistent. Consequently, the above Euclidean distance function
suffers from the coordinate distortion. A remedy to this problem is to define specific vector and matrix
norms by scaling with the robot joint effective stiffness matrix, K4. In effect, it will normalize the
coordinate values to the same scale and unit so the standard Euclidean norm may again be used as
the distance measure.

Arbitrary symmetric positive definite matrix K, may be decomposed into the product of a lower

triangular matrix and its transpose. In other words,
K, =U"'U, (43)
in which U is an upper triangular matrix. This decomposition is known as the Cholesky decomposi-

tion. Accordingly, a new vector norm ||-|| - : R? — R may be defined as

}1/2

lallx = IUqll, = [¢" K14q] ", (44)
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where U is used as the scaling matrix. In turn, the corresponding matrix norm ||-||  : RP*? — RT is

defined via the spectral norm ||-||,. For a matrix A € RP*P, consider

’qTAq‘ — ‘qTUTUfTAUfqu‘

IN

|jo=Tav| Ul

According to the K-norm of the vector in Eq. 44, this motivates the corresponding matrix norm to

be defined as
Al = HU-TAU-1H2 . (45)
which is the largest singular value of the transformed matrix U~7 AU ~*. With these new K-norms

defined, the upper limit of the quadratic term q” Aq may be written as
T 2
la" Aq| < ||Allk llall% -
Consequently, the new distance function, of which the coordinate scaling problem is taken into account,

may be defined thanks to the vector K-norm as

dr (q1,9,) = ||Q1_(I2||K

(46)

1/2
= |U(g,—a)l, = |(a1 — a2)" K14(q; - qQ)} :

Now, requirements for the mapping function in Eq. 42 to be a contraction mapping will be deter-

mined. Applying definition 1 of the contraction mapping to Eq. 42,

[P (g2) — P(a)llx <rllas — aillg (47)

must hold for any q; and g5, with some p € [0,1). Since the mapping P (q), for specific motor angles
0, at g, is related to the value at g, by

P(q,) = P(Q1)+/61;(§q)dq
- Pla)- [ K B

Manipulate the expression to suit Eq. 47 as

gs
_,0h
UPa)-Pla) - - [UK; D
q;
o _on
_ /U—T (Q)U—lqu'
dq
q;

One can thus conclude as follow about the K-norm of the mapping difference;

_70h(q). . _
IU(Pa)-Pa)l, < sw [0 "D jog, g,
VqERP q 2
Oh (q
IPa) - Pla)ly < o O (48)
VqERP q K
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Therefore, the mapping P (q) will be a contraction mapping if

h(q)
oq

sup
VqeERP

| <l - (19)
K
Physically, it means the effective joint stiffness of the transmission must be larger than the joint
stiffness induced by the gravity and the desired compliant forces. This implies the transmission
stiffness is capable of preventing the robot ‘after-the-joint’ motion caused by its own weight and the
position-mismatch induced compliant force. Consequently, the robot structure should be lightweight
enough and the desired end effector stiffness should not be too high, otherwise the effective joint
stiffness must be very stiff. With the condition of Eq. 49 and recalling Eq. 40, the computation
converges to the stationary link angles for any starting iteration value.

The result may be generalized to the nonlinear stiffness case. It can be stated in a similar vein
that the condition for the recursive evaluation of Eq. 41 to converge to the stationary link angles is

h(q) H
0q ||

for which the vector norm and the matrix norm are defined as

sup
VgeRP

<1, (50)

lallx = IUall, (51)

and

Al = HU‘TAU_1H2. (52)

Relevant scaling matrix U is chosen to satisfy

UTU = nf 2%10(010)
vé1,€RP 0014

indicating the deformation-dependent nonlinear effective stiffness of the drivetrain.

3.8. Estimation of the Transmitted Torque

Desired task space impedance behavior has the mechanical analogy of a mass connected to a
parallel spring/damper unit. This simple system is hardly achieved in practice because the unavoidable
dynamics of the robot and the drivetrain intervene in the interaction of the, e.g. simple PD, controller
and the end effector effective mass. Indeed, this is fundamental and any presented control scheme
is devised to ultimately alleviate the problem. Even better, mechanical system should be designed,
in the first place, to possess clean dynamics. Lightweight and stiff structural properties are some
indications of such good system dynamics.

Motor inertia is a parameter that can deteriorate the desired impedance. It is especially important
for the system that employs high transmission ratio since the effective motor inertia at the far end of
the mechanism is the motor inertia amplified by square of the transmission ratio. [21] firstly showed

that the implication of a force feedback controller is to reduce the effective mass of the system. [9]
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applied this means by feeding back the joint torque to reduce the reflected motor inertia. Inertia
reduction also has a merit of reducing the motor frictional torque.

The robot system in this work, and in general, is not equipped with the joint torque sensors or the
accelerometers. Transmitted torques must therefore be estimated. They may be calculated based on
its dynamical equation and the method of variational integrator [22]. In brief, this method numerically
solves the system of differential equations with the principle of energy conservation enforced. The
approach discretizes the system right at the beginning of formulating the Lagrangian and applying
the variational principle, rather than at the system differential equations.

Consider the drivetrain dynamics in Eq. 13. Estimation of the transmitted torques at every stage,
e(0) in Eq. 16, is of interest. Unfortunately, generalized coordinates of all rotor angles, not their
stationary values developed in subsection 3.1 and 3.2, are not available for the integrator equations.
Hence, it is not possible to estimate e (0) for multi-stage drivetrain system. Rather, let us consider

the equations of the first stage of the transmission system which may be written as
Bléo—FCléo—FTl:Tm. (54)

0, is the vector of motor angles that are measurable. B is the diagonal matrix of the motors’ inertia.
Loss in a typical DC motor may be governed by a constant viscous damping coefficient depicted with
the diagonal matrix C'y. T, is the actual torque generated from the electromagnetic induction force,
of which the value can be deduced from the motor current by Eq. 22. The last term 7, represents the
transmitted torque at the inport from the motor to the first stage of the transmission subsystem. Its
value is governed by the elastic network at the first stage according to the first element of the elastic
force vector function in Eq. 16. Here, 71 will be estimated for which it may then be used to modulate
the motor inertia B, as will be explained in subsection 3.5. Note again that knowledge of e (0) is
necessary to modify the whole inertia matrix of the drivetrain, B.

Discrete form of Eq. 54 may be obtained by considering the variation of the discrete integral of
the Lagrangian over a time interval. If 71 is treated as the output torque, mechanical Lagrangian of

the motor system will be due solely to the kinetic energy
. 1. .
c (00,00) - 5955’1&)0.

Integral of the Lagrangian during a sampling period h (called discrete Lagrangian in [22]) may be

approximated as

0 0 0 —0
L (Bok, Oo(rs1),h) = hc( ok + o) Cogktn) Ok)

2 ’ h
1

o (Bok+1) — 90k)T B (Ook+1) — Ook)

Conditions which nullify the variation of £, (-) leads to the equations of motion. In other words,

equations of motion will minimize the integral action. It is shown in [22] that such conditions yield
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the discrete Euler-Lagrange (DEL) formulation. However, the motor mechanical system according to
Eq. 54 is the forced system. Therefore the original DEL formulation must be modified to cope with

the approximated impulse at the k*'-sampling as
D1 L4 (6o, O0(k+1)) + D2La (Oo(k—1y, O0r) + IS (Bop—1y,O0k) + I (Bok, Oo(it1)) = 0. (55)

In this formulation, D1 L4 () and DyL,4(+) are the partial derivative of £4 with respect to the first
and second argument, respectively. I ; () + I, (-) is a two-point quadrature that approximate the
impulse of the external force F (t) at the k'"-sampling:

(tettrt1)/2

Ijir (00(k71)=00k) +1, (00k700(k+1)) ~ / F(f) dg.
(te—1+tK)/2

Specifically,
I; (Bo(k—1),601) = gF (w)
and
I; (Bok, Oo(s1)) = gF (w) |

From Eq. 54, external force of the motor mechanical system is

F(t):Tm—Tl—Cléo.

Oo(k—1)+6 6001 +6
o(k 12) ok and 9o 20(k+1)

Its value at the inter-sampling point may be expressed as

Oo(r— 0 i i Oor, — O
F<7O(k 1;+ Ok) =K. (L 12+2k) —71r — Cy (7% ho(k 1)>

and

o + 60 ] ] (7] -0
F( Ok 20(k+1)) _ K. ('lk +2'lk+1> iy — C ( O(k+1;L Ok) 7

where the backward Euler integration method is employed. Evaluate each term in the forced-DEL

formulation Eq. 55. After the substitution and simplification, the discretized version of Eq. 54,

1
»B1 (Bogk+1) — 200k + Oo(k-1))
1 h h . . .
+§C’1 (Bo(k+1) — Bok—1)) + 3 (Tik + Tigt)) = ZKT (Th—1 + 285 + p11), (56)

is obtained. Consequently, the up-to-date transmitted torque from the motor to the first stage of the

drivetrain, 71(x41), may be estimated.

3.4. Estimation of the Link Joint Velocity

In subsection 3.5, energy dissipation is introduced in the impedance controller by the damping force
which involves the velocity term that typically cannot be directly measured. Therefore, estimation of

the link joint velocity must be utilized. Since the link angles are not avaiable, the observer for their
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velocities cannot be formulated. Rather, the nonmodel-based first order differentiation filter will be
employed to estimate the link joint velocity from the motor angles.

Concretely, for the set point impedance controller proposed in Eq. 79, the velocity related term
¥ is the estimated link joint velocity scaled by the square root of the joint space symmetric damping
matrix;

}1/2

9 =sG(s) |J (eqS)T D (f (04s))J (04s) T 5160, (57)

in which the estimated link angles are obtained from T';; 6y rather than 6, to secure the stability
of the system. s represents the complex argument of the Laplace transform. G (s) is a diagonal
matrix of which its diagonal terms are identical and be a strictly proper and strictly positive real
(SPR) filtering transfer function. The scaling matrix may be computed through the singular value
decomposition (SVD). Namely, the joint space symmetric damping matrix (arguments omitted) may
be expressed as
J'D. =UXU",

for some orthogonal matrix U and a diagonal matrix X containing the singular values of J7 DyJ.
Then the square root of the joint space damping matrix can be computed as

[T D) =UusPUT, (58)

where the elements in the diagonal matrix Y2 are the square root of the paired values in X.
For convenience, this square root matrix will now be denoted as v/ K,. Note that Eq. 57 may be

understood as a filtering of the time derivative of the estimated link angles, i.e.

9 = G (s) VK ,T 160 (59)

From the linear system theory, the above filtering system may be represented in either the input-

output transfer function G (s) form or the minimal realization state space {A, B, C'} form. Hence
for this filtering, one may write

& = Axz+ BVK,T, 6,

9 = Cu, (60)
where G (s) = C (sI — A)”" B and x is the filter states. Furthermore, by recognizing the Kalman-
Yakubovich (KY) lemma [24], since G (s) is a strictly proper and SPR, there exists symmetric positive
definite matrices P and @ such that

ATP+PA = —Q (61)
BTP = cC. (62)
Because the specified constant Cartesian set point x4 is associated with the constant target motor

angles 0yq, Eq. 60 may be written as

& = Az + B\/K,T 160, (63)
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where the error 50 = 0y — 0y is defined. Moreover, let us define a new state vector z such that 2 = x

holds. Explicitly,
z=A"" (:c - B\/KUquéo) . (64)

As a result, the state space representation of the system in Eq. 57, of which the input is now the

tracking error 50, may be written as

2 = Az+BVK,T,6,
9 CAz +CB\/K,T 0. (65)

This form will be helpful in the stability analysis. At the moment, it is in doubt whether the usage
of such velocity estimation in the impedance controller will lead to satisfactory result. Indeed, while
G (s) is SPR, the positive real (PR) and hence the stability of sG (s) in general cannot be concluded.
This issue is deferred to subsection 3.6 where the stability and passivity of the controlled system will

be proven.

3.5. Impedance Controller

In this subsection, impedance controller for controlling the nonlinear flexible joint robot system
using the computed stationary link angles and the estimation of the transmitted torques and link
angular velocities, as described in the previous subsections, will be developed. It is assumed that
the robot system is equipped with a higher-decision making unit which provides the end effector set
point x4 and the task space symmetric positive definite constant stiffness matrix K4 appropriate for
executing a task at hand.

Generally, mechanical impedance consists of three main parameters, i.e. the inertance, the resis-
tance, and the compliance. The objective of the impedance controller is then to modulate the effective
impedance parameters of the system to the desired values. However, it has been shown in [23], for ex-
ample, that adjusting the inertance has a severe drawback of destroying the passivity of the controlled
system. This is a sign indicating that the robot system may become unstable during the interaction
with the passive environment. Consequently, the desired impedance dynamics subject to the external

force applied at the robot end effector, F'¢;¢, is chosen as
A(@)Z + (pu (&) + Do) & + K = Feq. (66)

The equation is written in the task space coordinates «, for which & denotes the coordinate errors
of the end effector frame from the set point values, i.e. & = ¢ — xq. A(z) and p(x, &) are the
transformed inertia and Coriolis/centrifugal matrices in the task space coordinates. They are related

to the parameters in joint space coordinates g by

A(x)=J(q) " M(q)J(g) " (67)
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and
@) =J(@) " (Cla.dq-M@J(@ " J@)I @ (68)

withg = ! (x)and g = J (f_l (:c)) i through the inverse kinematics mapping and its differential
relationship. Note the existence of p (i, &) in the desired impedance dynamics to preserve the passivity
of the system. In essence, natural dynamics of the robot has been exploited.

D, is the task space damping matrix that asymptotically stabilizes the system. Its value will be
designed, according to the current values of A («) and K4, to make the system response be appro-
priately damped with the specified damping ratio. To accomplish this, first, Eq. 66 is approximated
by

A(x)E+ Dy (x) % + K& = Fepr, (69)

where the Coriolis/centrifugal matrix is neglected. Introduce the following linear transformation of

the coordinate errors;
z2=Q(z) 'z (70)

The transformation matrix @ (x), treated constant for a particular stationary point, is the matrix

where its columns are the eigenvectors u; of the generalized eigenproblem
(Kq—wp;A(z))u; =0, (71)

where both A (x) and K, are symmetric positive definite matrices. Premultiplying Eq. 69 with

Q (z)" and writing the equation in the new transformed coordinates lead to
Q@) A@)Q@)2+Q () Da(z)Q(2)2+Q(2) KiQ(x)z=Q ()" Fery.  (72)
The eigenvectors in Q (x) may be normalized such that
Q@) A(x)Q(w) =1 (73)
holds. Consequently, the transformed stiffness matrix will become
Q)" KiQ(x) =% (x). (74)

Diagonoal matrix X (x) is known in vibration terminology [27]| as the spectral matrix containing the
2

square of the natural frequencies w?,, or the generalized eigenvalues of K4 with respect to A (x) of

the generalized eigenproblem Eq. 71. The transformed equation may thus be written as
£+ Q@) Dy(@)Q @) 2+ 2 ()2 =Q ()" Feur. (75)
If the damping matrix is designed to be

Dy(z)=2Q(z) " ¢=(z)*Q(z) ", (76)
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where 3 (m)l/ ? denotes the diagonal matrix of which its diagonal elements are the square root of the
paired values in X (x). The diagonal damping ratio matrix £ is used to adjust the oscillatory behavior
of the response. Through this choice of damping matrix, the transformed equation may finally be
written as

5428 (@) ? 2+ 3 ()2 =Q (@) Feu (77)

as a set of p-decoupled second order linear time invariant differential equations. It is evident that
the response of each decoupled coordinate z; is described by the damping factor & and the natural
frequency wy,; of the i*P-element of X (m)l/z.

In this work, the impedance control problem is constrained to only the constant set point case.
This implies &4 = 0 and &4 = 0. According to the robot dynamics Eq. 1, the desired impedance

dynamics may be achieved with the control law
T =9(@) — J(@)" (K4 + Dai), (78)

where the star-mark is used here to denote the desired torque transmitted to the robot. The actual
one deviates from the desired value due to the uncompensated motor and drivetrain dynamics. Un-
fortunately, the link angles and the end effector coordinates are not measurable directly. Intuitively,
their estimated values shall be used. This results in the modified control law

i = 900) T (04)" Ka(F (0y) ~2a) — [ (0,)" Da(£(0,) 7 0,0)]

]1/2

= h(B4s) — |J(845)" Da(f (845)) T (845)| 0, (79)

where the stationary link angle and the velocity term from Eqs. 41 and 57 are employed. Passivity
and stability of the proposed controller will be given in the next subsection.

Since the robot is actuated indirectly by the motor torques through the flexible transmission
subsystem, desirable torques applied at the robot joints according to Eq. 79 must be mapped to the
space of the motor torques. Due to the lack of the complete system states information, as a result,
degenerated stationary model of the drivetrain system shall be used to compute such motor torques.

In particular, as demonstrated in Eq. 28,
(Tm):ir = T,{Tg T T,zlzllT?;TZT' (80)

As described in subsection 3.3, transmitted torque may be used to improve the system dynamics
so the response from applying the simple control law, which neglects the transmission dynamics, of
Eqgs. 79 and 80 to the actual system will be closer to the one with ideal transmission. Specifically,
negative feedback of the estimated transmitted torque 7; from Eq. 56 may be used to reduce the

motors’ inertia from B to By, by correcting the reference motor torque ("'m):lr to

T = BBy (tw);, + (I - B1By') #1. (81)
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The resulting system dynamics of the first stage of the drivetrain becomes
By,.0y+ B, B7'C10p + 1, = (Tm) g (82)

if the transmitted torque estimation is exact. Effectively, feeding back the transmitted torque will
try to equalize it to the reference motor torque; thus making the motor closer to an ideal torque
source. This will be advantageous to the current controlled motor. In practice, motor inertia cannot
be reduced arbitrarily. Saturation of the motor torque, amplification of the noise, and quantization
errors restrict the lower bound of Bj,.

Lastly, the reference motor torque in Eq. 81 may be attained through the motor torque constant
via the current control mode as in Eq. 22 by which the motor, as a whole, is assumed an ideal effort
source. Hence one may command the motor current directly. However, this may not be realistic
because the motor torque also depends on its velocity as well. Indeed, Eq. 22 holds for the stall
torque only. Moreover, this simple linear relationship does not take the current dynamics of Eq. 21
into consideration. Although the time constant of the electrical system is faster than the coupled-
mechanical one, its dynamics is still be significant if the high performance motion system is the goal.

Regarding with the reference motor torque, reference value of the motor current can be calculated

from

im = K175 (83)

For the voltage control mode, the actual motor current 2 is controlled to track the reference value
indirectly via the motor voltage. According to Eq. 21, one may choose the dynamical behavior of the

current tracking error, e; =t — %,,, to be

where K. is the tunable constant diagonal matrix of the positive gains for the tracking responsiveness.

To this end, the control input vector of the motor voltages must be
w=Li,+ Ri+ K0y — K. (i—1,) (85)

that relies on the exact cancellation of the motor current and angular velocity terms. If this is not

realizable, the following current tracking second-order error dynamics
Lé;+ K.é + K,B]'Kye; =0, (86)

may be chosen instead. Here, K is the constant diagonal matrix of the positive gains to regulate the
damping characteristics and K is the diagonal matrix of the back-emf constants of the motors, as
before. It can be shown that the following control input vector

t
u = Li,, + Ri + K,B]! / (K i — F1es) dt — Ko (i — i) (87)

ti
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shapes the closed loop dynamics to Eq. 86. In the equation, 7.5 is the estimated value of C' 100 + 11

in Eq. 54. It is determined by solving for 7;.4(x+1) in the following equation:
1 h h . . .
EBl (Bo(k+1) — 260k + Ooi—1)) + 5 (T1esk + Ties(et1)) = ZKT (fh—1 + 28k + trq1) - (88)

In summary, captured in Fig. 3, task space impedance controller of a nonlinear flexible-joint robot
system, Eq. 79, is proposed based on the stationary link angles and the velocity term according to
Eq. 41 and Eq. 57, respectively. The controller allows the user to specify the desired compliance
and dissipation characteristics at a set point. Then the appropriate task space damping matrix is
computed by means of the matrix factorization as shown in Eq. 76. From the control law of Eq. 79,
the required motor torque corresponding to the desirable robot joint torque is calculated via Eq. 80.
Additionally, feedback of the estimated transmitted torque from Eq. 56 is employed to relieve the
effect of the unmodeled motor inertia. This results in the corrected reference motor torque of Eq. 81.
Motor current which yields such torque may be calculated from the simple relationship of Eq. 83 if it
is reasonable to model the motor as an ideal torque source. Otherwise, the motor should be controlled
at the voltage level where Eq. 85 provides the voltage control law. If the motor angular velocity is

not available, Eq. 87 should be applied instead.

3.6. Passivity and Stability Analysis

Stability and passivity of the proposed task space impedance control scheme to the nonlinear
flexible-joint robot system will now be analyzed. For this purpose, it is worthy to put an effort
on investigating the underlying energy related to the desirable robot joint torque Eq. 79. From
the observation, the positional dependent function h (64s) is the torque component responsible for
counterbalancing the robot gravity torque and supplying the desired compliance force, through the
network of the flexible transmission elements, under the stationary condition. Therefore, the term
h (0,4s) must be the differential of some potential energy V; (645) that is related to the gravitational
potential energy of the passive robot and elastic potential energy of the transmission subsystems.
Such potential function will be determined.

Note that the function h (q), where the outport generalized coordinates 8, or the robot generalized
coordinates q are the function arguments, is the differential of the potential energy

(z(q) —xa)" Kq(x(q) — xa). (89)

Vila) = Vi (@) - 5

Nevertheless, it will be shown that the function h (6s) is the differential of a different potential energy
function, not V}, (64s), which shall be denoted as V3 (64s). Recall the recusive equation 41 used to

determine the stationary robot link angles from the motor angles. It may be rewritten as

T 180 = 045 + 1, (h(845)) = 11 (Bgs) - (90)
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Consider h (0,;) as the composite function of T';16, and acknowledge the differential of the po-
tential energy. One then can write

aVE (Tq100) _ aVE (eqS)

_ 9045 (T4100)
0 (T 4160) 004, ’

gqszeqs (quaf)) 8 (queo)

h (17 (Tp60)" =

(91)

In the following, % will be determined first. Differentiate Eq. 90 with respect to 6,5, one get

Ol (B4s) dey, (R) Oh (045
—— =J4+ —— oy 2
00, T o o0, (92)
h=h(8,s)
Since ll (0q5 (queo)) = ll (l; ( qleo)) q100,
Ol (045 (T100) _ ; _ Ol (84s) 0845 (Tg160)
0 (T 7100) 00 45 O(Tpnbo) -
Hence,
-1
oer)! (b
aeqs (queo) — + elq ( ) % ah (0118) (93)
0 (T 7100) oh 004,
h=h(8,5)
eqszqu(qugo)
Substituting this expression into Eq. 91, differential of V; (645) may then be determined as
OV (8,:) |y, e (W) Oh (6,:)
=h (0, I — . 4
00, o) | T+ 55 T (54)
h=h(8,s)

It will be integrated to finally obtain V3 (64s). To meet this goal, consider the following differentiation;

0 1 T -1 _ 1 -1 Tah(eqs)
96, 2h(0qs) ey (h(04s))| = 514 (h (04s)) 90,
1 r 9er, (h) Oh (64s)
Tl ®u) =5 00,
h=h(04s)

Performing the inner product with the differential of 8,, and integrating the result yield a scalar

equality of

7 Oery (h) Oh (¢)
/ h(®) —on— X op 1
(845); h=h(¢)
045
oh
0, e} (00,0~ [ et o))" T g, (9
(845);

where (8,), is the stationary link angles that makes h ()" efql (h ()) = 0. Physically, they correspond
to the robot posture which causes no overall effective deformation of the drivetrain. This may happen
during the operation when the compensating gravity torque vector matches the desired compliant
contact force.

Equation 95 indeed relates the stationary potential energy (leftmost term) of the network of the
elastic transmission elements to its co-potential energy (rightmost term) through the well-known Leg-

endre transformation. The equation is written with the stationary link angles 845 as the coordinates
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216, ¥ e (1(6,)

» h(q)

Figure 5: Compliance characteristics of a nonlinear spring displaying the related elastic potential/co-potential energy.

The softening spring can store and restore more potential energy than the linear spring.
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that can be replaced with true link angles g for the elastic potential energy of the physical drivetrain
system. Graphical illustration for the case of one-dimensional nonlinear spring is depicted in Fig. 5.
For the softening nonlinear spring characteristics, such as the behavior of the cable-pulley driven
transmission system, it can be further stated that

045

h(¢)

(845);

r ey, (h) Oh ()

¢

x O 4> Sh(0,)" i) (h(6,0)) (96)

h=h(®)

as it can store and restore more energy than the linear spring.
Integrating Eq. 94 and making use of Eq. 95 leads to
045
Vi (6ue) = Vi (B0c) + 14 (T1260  0,.)" (Tua0—0,0) — [ e (h(9)

(045);

T Oh (¢)
el

-do, (97)

in which the function h (-) is recognized as the differential of the potential function V}, (-) and the
relation in Eq. 41 is substituted. Recalling Eq. 89, V; (04s) of Eq. 97 may thus be interpreted as
the difference of the gravitational plus elastic potential energy of the passive robot/transmission
subsystems and the elastic potential energy of the desired task space compliance, all at the stationary
link angles 0. The controller of Eq. 79 will inject negative of this potential energy into the (closed
loop) system via the negative feedback on the attempt to cancel the original system potential energy
and then shape to the one according to the desired compliance. Alternatively, Eq. 97 may be expressed
in terms of T'410¢ from which 6, is determined. This representation is useful in the stability analysis

as T'41600, not 04, are the system state variables.

3.6.1. Proof of Stability
Model of the nonlinear flexible joint robot system is described by Egs. 1, 13, 22, and 21. Its
controller is governed by Egs. 79, 80, 81, 83, 85, and 87. Additionally, the robot link joint velocity

estimator, Eq. 57, is included. To prove the stability of the closed loop system, consider the following

function;
. : . 1.p . 1.7 ;
V(q,q,e,e,Ei,Z) = gq M(q)q+Vq (q)+§0 BT0+‘/;(q7Tq100)
1 1
+§eiTLei — Vi (T n00) + §2TP2 (98)

consisting of the kinetic and potential energies of the robot, modified drivetrain, motor, and the

negative feedback controller.

V(0. Tua60) = e1y (00— 0)' (00— )~ [ e (n(@)" HPas (o9

is the elastic potential energy of the drivetrain subsystem and V; (T'4100) is the (potential) energy

of the controller Eq. 97 but expressed in terms of T'3;6y. The last term represents the state kinetic
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energy-like function of the velocity estimator unit. P is a symmetric positive definite matrix as
described in subsection 3.4.

It should be mentioned that the potential energy of the drivetrain in Eq. 10 is the same as the
one of Eq. 99. The difference is that the previous is expressed based on the elastic behavior of each
flexible element through the deformation caused by the generalized coordinates of the drivetrain, 0,
and the robot generalized coordinates, q. On the other hand, the potential energy in Eq. 99 is stated
based on the elastic behavior of the overall unit, e, (-), via the effective deformation caused by the
transformed coordinates of the motor angles, T'416p, and q. With this comprehension, the following
expression

Ve (q70)q+ Ve (q,0) 5 0Ve(q,Tq16o) . 0OVe(q,Tq160)

9q 29 0~ oa 1T T ame, L0

holds. This implies

Ve (q,0) . 0V.(q,Tq60) .
0= T,.0 1
96 d(Tg6) ~7° (100)
and
8‘/e (qv 0) _ a‘/e (qv Tq190) ) (101)
oq oq
Explicitly,
T . . T . .
e (T16p — 61) (TIOO - 91) + ey (T201 — 07) (T291 — 92) +
+eg-1 (Tg-104—2 — eq—l)T (T‘J—léq—2 - éq—l) +eq(Tebg—1 — q)T Tqéq—l =
. oei, (0 .
eiq (Tq:160 — a)" T 100+ (T 3100 — a)" 316( ) T ;100 (102)
6=T,00—q
and
e (Tg04-1—q) = ey (Ty100 —q) (103)

after the simplification.

The function V () is a Lyapunov function candidate, i.e. it is a positive definite function and
continuously differentiable in a neighborhood of a particular point. According to Eq. 98, that point
corresponds to the equilibrium point having a specific value of g and 8 but with ¢ = 0, 0= 0,e; =0,
and 2 = 0. The function value will be zero, while at other points the value will be positive. To verify
that V (-) is indeed a Lyapunov function candidate, first, employ Eq. 89 and 97, and rearrange the

expression of Eq. 98 as

1 1.7 . 1 1 1
V() = quM (q) g+ 50 B0+ —el'Le; + §£TP2 + Vi (@) + 3 (x(q) —za)" Kq(x(q) — xq)

oh(9)
el

q
+61q (TQIOO - Oqs + 0(15 - q)T (TZIIOO - Oqs + 0(15 - Q) - /efql (h (¢))T ! d¢
o

K3

045
_Vh (Oqs) — €1q (Tq100 - eqs)T (Tq100 - Oqs) + e;ql (h (¢))T
¢,

oh(9)
el

. dg, (104)
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h(q)

> O

Figure 6: Interpretation of various expressions as the sub-areas of the elastic potential/co-potential energy.

where 05 = 0,5 (T ;160) is implied and the angle ¢, be the link angles that cause no overall effective
deformation of the drivetrain.
Using Taylor’s series, the term e14 (T'q100 — 045 + 045 — q) may be expanded as

8elq (6)

e1q (Tg100 — O0gs + 045 —q) = €14 (T'q100 — O4s) + 96

(0gs—aq)+ ...
5:Tq190—9qs

Hence,

eiq (Tg100 — 0ys + 045 — q)T (Tq100 — 045 +04s — q) =

deiy (0
€1q (queO - eqS)T (Tq100 - 0:15) + (eqs - q)T 316( ) (Tq100 - OqS) +..
5:Tq190—9qs
dei, (6
+e1q (Tq100 — 0qS)T (0qs -q)+ (0gs — Q)T :9#5() (Ogs — q)+... (105)
§=T,100—0,;

This equation has the graphical interpretation of the sum of the total elastic potential and co-potential
energy of the transmission system. For one-dimensional nonlinear spring, it can be depicted in Fig. 6
as the area of the imposed rectangle on the force/deformation curve plotting of e, () with the corner
points of (0, 0) representing the undeformed state and (T160 — ¢, e14 (Tq1680 — ¢)) for the present state
with the deformation 7,0y — q. Considering the terms on the right hand side, the first term depicts
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the sum of the potential and co-potential energy when the robot link angle is at the stationary value
O4s (area Iin Fig. 6). The third term represent area III. Recalling the Taylor’s series expansion, the
second term and its residue is the area II, while the fourth and its residue is the area IV.

Back to Eq. 104, two integral terms can be summed to

q Ogs 04s
- 7 Oh(9) - r Oh (9) - 7 Oh (@)
- [ @) T do+ [ e (@) TP do = [ el o) Tl ds.
b; b; q
Since h (¢) = e1q (T 100 — ¢),
oh (45) _ 861q (6) 0 (queo — ¢) _ 8elq (6)
do a9 §=T'100— ¢ a9 §=T100—
and
erg (h(¢) =Tqbo— =34,
one may write the above integral as the function of the deformation variable d;
Oqs ( ) que()_gqs ( )
1 T Oh (¢ o / r0eiq (6 .
/elq (h(9)) 96 de¢ = o 95 dé. (106)
q T;1600—q

This is the co-potential energy stored in changing from the state T';160¢ — g to the state T';109 — 6 45.
It corresponds to the negative of the area V for the case of one-dimensional nonlinear spring as shown
in Fig. 6.

Arming with such understanding, the Lyapunov function candidate in Eq. 104 may be simplified

to
1 1.7 .1 1 1
V () = §(ITM (q) q+ 50 B,06 + —e;TFLei + §Z'$TP5 + B (:B (q) — :I}d)T K, (:B (q) — :I}d)
T;160—q
Vi (q) = Vi (B46) + / €1y (8)7 - do. (107)
T;100—04s

The last term on the right hand side represents the incremental potential energy from the state

T,100 — 045 to the state T;10¢ — q. This apparently agrees, in the one-dimensional case, with the

remaining area of the big rectangle (I4+II+II114+IV) after subtracting off the area of the small rectangle
(I) and the incremental co-potential energy (V).

For the system of which the elastic elements possess the softening spring characteristics, Eq. 107
may further be written as

1 1.7 . 1 1
V() > §qTM (9)4+56 B0+ ie?Lei + 5z'TPz'
1 T 1 T 861 6
(@ (a) - m0) K@ (@) 20 + 2 0 -9 2220 (g, —g)
2 2 06 |4

+Vi (@) = Vi (B4s) + R (845)" (845 — ) , (108)




3 TASK SPACE IMPEDANCE CONTROL 33

—
—

o
A -~
— ”

€y, () softening spring

—

Info—g -

_ - -
Ielq (5)T -dé y \\\\\\ -

T160—6y y
ne, ) *513“\}}\“

\
x\\\‘ ;(Hi N i‘“’;f} 3

Figure 7: Graphical interpretation of the incremental potential energy and its inequality expression used in Eq. 108.

This fact leads to the positive definiteness of V ().
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in which

8elq (6) — inf 861q (6) < 861q (6) < 8elq ((5)
05 |5 veekr 06— 00 |spenq 00 lsr00-0,

Graphical interpretation of the above inequality caused by the integral term in Eq. 107 is illustrated
in Fig. 7 for the case of one-dimensional effective spring. To show that V (-) is a positive definite

function, the following assumption is necessary.

Assumption 3.1 The Hessian H}, (q) = 8’55;1) = 82%;2(‘1) of the potential function V4, (q) satisfies

the condition

an = suwp [Hy(q)llx <1, (109)
VgeRP

where the matrix K-norm is as defined in subsection 3.2.

This practical assumption is exactly the condition for the recursive evaluation of Eq. 41 to converge

to the stationary link angles. An important consequence of assumption 3.1 is the following property.

Property 3.2 Let o, be the upper bound for the Hessian of V}, (q) as defined in assumption 3.1.

Then the inequality

Vi (@2) ~ Vi (@) + 1 (a)" (a1 — a2)] < Son gy — aullk (10)
holds for all g, g, € RP. See [9] for the proof.
Applying property 3.2 to Eq. 108, one would further obtain
V() > %qTM (@) d+ %éTBTé + LT e, + %z'TPz' + % (@ (q) — 24)" Ka (@ (q) — xa)
#5600~ )" 2 (0 —a) = o 16, al

From the definition of the matrix K-norm in Eq. 52-53,

Belq (5) -1
oL P '
Hence, the inequality may finally be written as
1 1. | 1
V() = 5d"M(@)d+ 5¢9TBT¢9 + el Le, + 5" Pz
1 T 1 2
+5 (@ (@) —xa)" Ka(x(q) —xa) + 5 (1 - an) [0 — qlli -

Recalling assumption 3.1 and recognizing all quadratic terms in the above inequality, it can be con-
cluded that V () > 0.
To determine the equilibrium point where V' (-) = 0, it is evident from the quadratic terms on the

right hand side of Eq. 98 that ¢ = 0, 6 =0, e; =0, and 2 = 0 for each of them to be zero. Referring
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to Eq. 65, £ = 0 yields zero velocity related term 9 = 0. The remaining terms may be rearranged

using Eq. 89 as

Vy(@) + Ve (@, Tn60) — Vi, (T1600) = Vi(q) + Ve(q, Ty160) — V3 (T 160)

+% (x(q) —za)" Ka(z(q)—Ta).

Referring to Eq. 97, the first three terms on the right hand side will add up to zero if the robot
link angles q are equal to the stationary link angles 845. The last term is a quadratic function which

will be zero only when x (q) = x4. This requires

a=q,= " (za). (111)

Consequently, 8, = f! (zq). Since 64 is the function of O¢s via Eq. 41, the motor angles at the

equilibrium point may be determined explicitly as
00 =T, [04s + €7, (R (84)] = Ti'l (8gs) =T 5"y (71 (za)) -
Likewise, the equilibrium rotor angles of the drivetrain at the i*’-stage are
Oli-1)s = Tyi' (045 + €3 (1 (84))] = Tyl (845) = Tyi'Li (£ (wa)) (112)

where Ty; = TyT;—1---T; and e;ql (+) is the effective nonlinear deformation function of the trans-

mission subsystem from the i*"-stage to the last ¢*"-stage. If the elastic elements behave linearly,

ei_ql (h (84s)) may be calculated explicitly as the matrix multiplication K ;qlh (64s) using the corre-

sponding effective stiffness matrix;

_ T _ T
Kig = |ToaK Topn) + T K ooy +
—1

+T - K oTh 1y + T K LN To + K| (113)

Function I; (-), denoting the stationary rotor angles at the i*-stage reflected to the robot link angles,
is introduced merely for convenience. Note that the equilibrium rotor angles at the last stage may be

evaluated by
e(q—l)s = T;1 [Oqs + et;l (h (OqS))} = Tgllq (Oq ) = 1l (f (md))

In the following, it will be shown by the Lyapunov stability theorem and the Lasalle’s invariance
principle [24] that the system equilibrium point (q,(j,@,é,ei,é) = (g,,0,0,,0,0,0), where g, and
6, are according to Eqgs. 111 and 112, is (locally) asymptotically stable. Differentiating the Lyapunov

function candidate Eq. 98 with respect to time results in

. 1 . .. 1 1
V() = S¢"M(9)q+q"M(q)i+6 B.d+elLe, + 5% Pzt 52 PZ

2
. OVe(q,Ty6o), 0Ve(q,Ts 60) OV;, (T 41600)
+ ) — ——"—+- 0.
) a g 1T T 9(Ta0) T 9Ty MO
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Along the trajectory of the closed loop system, the derivative may be written as

V() = %qTM (Q)q+qT (Tar +Teat —C(q,9) 4 — g (q)) + éT (TT ¢ (0) - 6(0))

\T .
rel (—K.e;) + % (Az' + B\/KUqueo) Pi+ %Z'TP (Az' + B\/KUqueo)

oV (q, Ty0y) . IV.(q,T;0
T+ (g, T4160) n (g, T4160)

T.100 —h(0,5) T;16
+g (q) aq q a(queo) q1Y0 ( q) q1Y0;

where
r T
Tr = [ (Tm)y 0F - oF }
and ¢, () are the modified generalized torque vector and the modified dissipative function of the
drivetrain subsystem according to Eq. 82.
Applying the passivity property of the robot [26] and substituting the elastic force/transmitted

torque relationship of Eq. 18, the equation may be simplified to

V() = 6y (Tm)y +6" (—cT (é) - <W>T>

1
4" (eg (ToBy—1 — @) +Tear) — & Kooy + 527 (ATP T PA) P

-7 . OVe(q,Ty60). 0OVe(q,Tq60)
6,7t /K,B'P d 4
+ odq1 z + 6(] q + 6 (queo)

T 100 —h(0,,)" Ty16o.

Since

€; =1, — imr - K;l [(Tm)dr - (Tm)j;r} 3
where %, and %,,, are the actual and reference motor current according to the modulated inertia By,
the actual motor torque is related to the desired one by
(Tm)dr = (Tm)jir +K7'ei
T (h (0,5) — s/Kvﬂ) L K,e,

in which the impedance control law Eqgs. 79 and 80 are substituted. Hence the derivative becomes
. .T . T T . V. (q,0 T
V) = 8Th (h(84) ~ VE,9) + 6, Kre;+6 <—cr (6) - (%) )

1
+4" (e1q (T160 — q) + Tear) — €] Koei + 527 (ATP + PA) P

Ve (q, queo)‘j OVe (q,T4160)
6(] 6(Tq100)

+0,T", VK, BT Pz + T 160 — h (8,5)" Ty 6.

Further, by recalling Egs. 100, 101, the KY lemma Eqs. 61, 62, and noticing some cancellation, the

equation results in
. T . .T T 1 T T
Vv () =-0 c (0) +q Teat — € K e; — 525 QZ + 00 K. e;. (]_]_4)
Since the last term may be written as

R 1 /. T . 1. . 1
0y K e; = -3 (90 - ei) K, (00 _ ei) " 5051{700 +5el Krei, (115)
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the derivative of the Lyapunov function may be rearranged;
. . 1. . 1 /. T . d T .
V) = d"re—327Qi— (80— e:) K- (8o—ei) =D v (6x1)
k=2
1+ 1.7 . .
—el 2K.— K.)ei— 56, (2CT1 (00) - KTGO> . (116)

The expression explicitly shows the transmission damping forces of each stage. For the case of free

motion, 7., = 0. Assume that the dissipative function c, (0) satisfies
T . Pd .
' c, (0) >Y i, >0 Vi
i=1

and

or the transmission subsystem is fully damped. If the diagonal matrix current gain K. is designed

for the fast enough current tracking such that
1
KC > 51{7_7 (].].7)
and the 15%-stage (the motors) has been damped enough that
T N .
0y (2(;,01 (00) - KTOO) >0, (118)

or for the linear damped motors,

1
Crl > §K7'7

where C'1 be the motor constant damping matrix, then it can be concluded that
1% (q,d,@,é,ei,i) <0.

Therefore, Eq. 98 is a Lyapunov function. Applying the Lyapunov stability theorem, the closed
loop system is stable. The stability is generally, however, local due to the local invertibility of the
forward kinematics mapping. Asymptotic stability of the system may be stated through the help of
the Lasalle’s invariance principle. Essentially, if the equilibrium is the only point (in the invariant
set) which makes V (-) = 0, the system is asymptotically stable to the equilibrium point.

Consider Eq. 116. For the time derivative of the Lyapunov function to vanish identically, it is
required that 0= 0,2=0,and e; =0. 6=0and 2=0 imply 6=0and 9= 0, respectively. With

these conditions, closed loop dynamics of the drivetrain unit in Eq. 13 degenerates to

T,{el (T100 - 01) T?;lh (eqS)
—eq (T100 — 01) + Tgeg (T201 - 02) 0

(119)

—€g¢-1 (quleq*Z - Oqfl) + TqTeq (quqfl - ‘I) 0
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Substituting
h (qu) = €4 (qu(q,l)s - 0q5)

into the above equation and manipulating the expressions, one may deduce g = 04 and 0,1 =
0(4—1)s- Moreover, since 6 =0 and 6 = 0, the drivetrain stationary model may be recalled. Compar-
ing Eq. 24 and Eq. 119, the rotor angles subject to 1% (-) = 0 must be such that 8 = 6.

With the above findings, one may rewrite the equations in Eq. 119 pertaining to the first stage of
the drivetrain as

T{el (T1005 — 015) = T:;Fleq (qu(q—l)s — 0(15) .

Under the condition V () =0, =0 implies the values of o5, 615, and 6(,_1)s are unchanged.
Consequently, 84 will be constant, which means the unique values of the link angles g and hence

g =0 and g = 0. Closed loop dynamics of the robot in Eq. 1 thus becomes
g (q) =h (Oqs) =g (0q5> —J (Oqs)T Kd (f (0q5> - md) :

This equation requires, in general, ¢ = 645 and f (045) = x4, or G5 = f ' (xq). In other words,
q = f ' (x4). Furthermore, the rotor angles of the drivetrain at the i*’-stage are determined by
Eq. 112 regarding to the equilibrium condition 6 = 0.

In summary, the system states corresponding to 1% (-) = 0 are the coordinates of the (locally) unique
equilibrium point. Applying the Lassalle’s invariance principle, the closed loop system is (locally)
asymptotically stable to the equilibrium point (q, q,0.0,e;, z) = (q,,0,05,0,0,0), where g, and 6,
are determined by Eqs. 111 and 112. Note that the motor current will converge to the reference value

tm of Eq. 83 and the estimated velocity related term 99 will finally be vanished identically. If the

motor back-emf force cannot be precisely cancelled, the system stability will be indeterminate.

3.6.2. Proof of Passivity

Passivity is an important property for the robot system to perform interaction tasks successfully
since the passive system will respond to the incoming input energy in a stable manner according to the
underlying principle of energy conservation. As a result, the system will be robust to the disturbance

and interact safely with the passive environment.
Definition 3. PASSIVE SYSTEM: [25] The system

&

f (@ u)
h(x,u)

Y

is said to be passive if there exists a continuously differentiable lower bounded function S (), called

the storage function, such that

uy > 5 (@) + c|lull* + 5 |lyl* + p¥ (2).
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Figure 8: Feedback interconnection of three subsystems of the nonlinear flexible-joint robot controlled system interacting

with the passive environment. The system as a whole is passive.

€, 0, and p are nonnegative constants and v (x) : R™ — R is a positive definite function of .
The term pi (x) is called the state dissipation rate. Furthermore, the system is said to be: lossless
if uTy = S (x); input strictly passive if uTy > S (x) + 6||u||2, Je > 0; output strictly passive if
uTy > S (x)+6|yl|*, 36 > 0; state strictly passive if uTy > S (x) + p (x), Ip > 0.

Figure 8 depicts the block diagram of the nonlinear flexible-joint robot controlled system. The
system may be decomposed into three units representing the robot, the drivetrain, and the motor
plus the controller subsystems. They are interconnecting in tandem feedback topology. The whole
system is then coupled to the passive environment which maps the velocity flow @& to the effort torque
—F¢;:. These quantities in the task space are transformed to the joint space as ¢ and —7.,¢ by the
Jacobian matrix. Since the robot moves with the same velocity, the torque acting onto the robot will

then be the reaction torque 7Tez¢.
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Passivity of the robot subsystem Eq. 1 can be shown readily by the storage function

S, (a:0) = 53" M (@)d +, (a), (120)

with V; (g) the gravitational potential function such that |V, (q)| < 3, for some 3 > 0. Hence, S, is
guaranteed to be bounded from below. Its time derivative along the trajectory of the robot dynamics
is

S, = quM(q)qﬂLqTM(q)qug(q)Tq

= ¢ (Tar+ Teat) - (121)

Note that the skew symmetry property of the matrix M (q) — 2C (q, §) is used. From definition 3,
the robot subsystem is hence the lossless system mapping (T4r + Text) — G-

Passivity of the modified drivetrain subsystem Eqs. 13 and 82 may be analyzed with the storage
function

Sur (4.6.8) = 56" B0+ V. (q.6). (122)

of which its derivative along the trajectory of the drivetrain dynamics is

. LT . O0V.(q,0), 0JV.(q,0)
T T o
= 6, (Tm)dr - qTTdr -0 c, (9) . (123)

Equations 16, 18, 102, and 103 have been used to achieve the above expression. Therefore, if the
transmission subsystem is fully damped, it will be the state strictly passive system mapping g — —T g,
at the port connecting the drivetrain to the robot, and (7,,),, — o at the port connecting to the
motor electrical dynamics and the controller.

The last unit, which combines the motor current dynamics plus the controller, is characterized by

the following set of equations:

(Tm)gr = Krir
Li, +Ri, + K,6y = wu
w = Liy, + Ri, + Ky — K. (i — imr)
ime = K7 (Tm)y,
(Tm)zr = TngZT

Th = h(0) — VK

9 = CAz+CBVK,T, 6,

2 = Az+BVK,T,0,

0y = Tqubo—ey, (h(64)), (124)
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for the voltage mode controlled motors. It is assumed that the cancellation of the motor cur-
rent/angular velocity terms in motor dynamics and the estimation of the transmitted torque are

perfect. Thus, passivity of this unit may be assured by the storage function
. 1 1.r 5.
Sme (€i,2,00) = 3€i Le; + 5% Pz —V; (Ty60). (125)

The first two terms show the state kinetic energy-like functions of the current tracking controller
and the velocity estimator unit. The last term is the negative of the potential energy, Eq. 97, of the
proposed impedance control law, 7,., for the negative feedback configuration. Time derivative along

the trajectory of the current tracking and velocity estimator dynamics is thus

: . Lo 1.p_. OVy(Tabo) .
Spe = elLé;+-2"Pz4 _2"Pz - L 2T .0
e; Le +2z z+2z z D (T71600) q1Y0
1 .
= el K.ei—5:7Qz - 6, T, (h (0,5) — \/Km)

1 . .
= —e;TFKcei — §z'TQz' — 00T (Tm) gy >

using the current tracking error dynamics Eq. 84, the KY lemma Eqs. 61-62, and recognizing the
stationary cancellation of the gravity torque and generation of the desired compliance as the negative

of the differential of V; (T ;1600). Furthermore, since
(Tm)dr = (Tm)zr + K e,
the time rate of change of the storage function Sy, (-) may be written as
Sme = —0g (Tm), — €T Koe; — %zTQz 10, K e
Employing the decomposition of the cross term in Eq. 115, the equation becomes
Sme = —6q (Tm)dr—eiTKcei—%iTQi—% (60— ei)T K- (60— e:) +%éOTKTéo+%eiTKTeZ—. (126)

Because the last two terms are always non-negative, passivity and passive mapping 0o — — (Tm) g
of this subsystem solely cannot be concluded. This is due to the current tracking error dynamics.
On the other hand, it implies that the third subsystem will be state strictly passive if the motors are
current-controlled.

Nevertheless, one may combine the drivetrain, motor, and controller subsystems (second and third
units) altogether. Consequently, the storage function of this integral unit may be proposed as the

sum of the storage functions of the subsystems;
Sdr,mc (qaeaéaeia‘é) = Sar () + Sme () (]‘27)

Hence it is obvious that the time derivative will merely be the sum of the derivative of these subsystem

storage functions;

Sdr,mc () = Sdr () + Smc ()
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. . 1
= —¢'T4 — BTCT (0) —el'K.e; — §z'TQz'
1

-3 (éo — ei)T K. (éo — 6i> + %éOTKTéO + %e;Krei' (128)

Under the conditions of Eqs. 117-118 and if the transmission is fully damped, Eq. 128 may be

rearranged as

Sarme (") = —q" Tar — %ETQE - % (éo - ei)T K, (éo - ei) - ééflcrk (ékq)
—%ef 2K, - K.)e; — %éOT (2cT1 (éo) - KTéo) . (129)

Consequently, the state strictly passive mapping ¢ — —74, at the port connecting to the robot of the
integrated drivetrain, motor, and controller subsystems is ensured. As a result, Fig. 8 may be view
as the negative feedback interconnection of two passive systems. Further, it is possible that the robot

is coupled to the passive environment.

Theorem 4. FEEDBACK INTERCONNECTION OF THE SYSTEMS: [25] The negative feedback inter-

connection of two passive systems is passive.

Applying the stated theorem 4, proof of the passivity of the nonlinear flexible-joint robot controlled

system interacting with the passive environment is thus completed.

4. Simulation and Discussions

In this section, a two DOF cable-pulley driven flexible joint robot with the proposed task space
impedance control law in section 3 is studied and simulated. This robot, shown in Fig. 9, is intended
to be a prototype supporting the fundamental study of the cable driven robot which will further be
useful in developing the whole arm of the ongoing service robot project. The prototype is capable
of providing the output motion at the end of the shoulder link in the pitch and yaw directions that
emulates the principal motion performed by the human shoulder. Natural coordinates describing the
position are thus the pitch and yaw angles, denoted as 6, and 6, in turn.

Fig. 10 depicts the winches and pulleys arrangement of the flexible joint robot. Starting from the
input side, the motor axle is coupled to winch#1, which then drives winch#/2 through the wrapped
cables. Winch#2 in turn drives pulley#1 (for right winch) and pulley#2 (for left winch). Together
with pulley#3, these pulleys form the differential mechanism which produces the rotational motion of
the output shoulder link about two mutually perpendicular axes. For the specific pose of the shoulder
compound joint mechanism, the axes of rotation causes the motion of the shoulder link end tip in the
pitch and yaw directions. Note that the differential mechanism in this work is implemented through
the cables and stepped pulleys. Also, the additional pulley#4 is not attached with any cable. Its

purposes are to counter pulley#3 and to strengthen the structure.
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Figure 9: CAD drawing of the prototypical two DOF cable-pulley driven flexible joint robot.

left winch#1

Figure 10: Winches and pulleys arrangement in the drivetrain unit of the flexible joint robot.
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Furthermore, the robot is equipped with the patented pending counterbalancing mechanism [30]
invented to reduce the amount of torque commonly required from the motors to sustain the weight
and hence to improve the safety of the robot. Basically, motion of pulley#1 and pulley#2 are
transmitted via the cable routing to elongate a set of springs. With the appropriate spring stiffness
used, the generated torque can match with the configuration dependent gravitational torque. The
consideration may also be acquired from the viewpoint of maintaining the total potential energy of

the system.

4.1. Modeling of the Robot and Its Drivetrain

Developed framework of the robot and its drivetrain modeling in section 2 is applicable to this
prototype. Furthermore, the technique of bond graph modeling shall be employed in order to promote

more systematic modeling and to gain deeper understanding of the system physics.

4.1.1. Kinematics

Modeling analysis begins with the kinematics of the system. Referring to the pulleys and winches
arrangement of the flexible transmission in Fig. 10, let 6,,, 6., 61, 62, 6, and 6, be the angular
position of the motor, winch, pulley#1, pulley#2, and the pitch and yaw angles of the shoulder link,
respectively. Positive direction of the rotations are defined to be along +X, —X, and 4+ X-axis for
winch#1, winch#2, and pulley#1 and pulley#2. Positive pitch and yaw angles happen along +x and
+y-axis, respectively. Positive direction of each motor, however, depends on the manufacturer as well
as the orientation of the installed axis. For this system, positive turn of the left and right motors
occur about +X and —X-axis. Interconnection between these parts by the cables and structures

poses the following kinematical constraints:

éwlr = _émr éwll = éml

91027" - n27"9w1r éle - n2léw1l
91 = n3réw2r 92 = n3léw2l
. 1 /. . . 17/. .
b= 3 (0+02) 0, = 5 (01— 02). (130)

This particular system is designed such that the transmission ratio at the 2"¢ and the 3'-stage are

all be % According to the notations introduced in subsection 2.2,

-1 0
T, = T, =

0

T3: Tq:T4:

(@)
—
S Wi
O Wi
[ ST

W=
W=

00= b b | Or=01=[ by G| Buo=02=[ o O

ba=bs=[d, 6] b6,=[d, 4, ]
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Kinematics of the robot may be analyzed using the rotation matrix. Referring to Fig. 10, position
vector of the shoulder link end point relative to the origin of {XY Z} described in {zyz} is
T
vz =10 0 -,
for which [, = 315 mm is the shoulder link length from the center of rotation. Besides, the relative

rotation between {zyz} and {XY Z} is described by the rotation matrix
cy 0 Sy
{XYZ}R{IW} = Ry, ly0, = SpSy  Cp  —Sply | - (132)

—CpSy  Sp CpCy
Therefore, position vector & described in the reference frame {XY Z} is

{XYZ}w _ {XYZ}R{zyZ}{myz}w
T
{—losy lospey  —locpey | - (133)

Velocity of the end point may be determined simply from the fact that its motion is the pure
rotation about the origin of the fixed frame {XY Z}. If w is the link angular velocity, the end point
velocity expressed in the moving frame {xyz} is

T

eyzly, —wx x = [ —loéy loépcy 0 ) (134)
Consequently, the Jacobian matrix represented in {xyz} becomes
0 -l
{eyz} j — loe, 0 . (135)
0 0

In addition, the Jacobian matrix expressed in {XY Z} may then be determined as

{XYZ}J — {XYZ}R{MIZ}{wyz}J
0 —locy
= locpey —lospsy | - (136)

lospey  loCpsy

4.1.2. Compliance

After the kinematical analysis, dynamics of the system will then be considered. Since the practical
robot system is too complicated for anyone to comprehend the complete dynamics in a whole single
step, dynamics of each subsystem shall be analyzed separately first. This subsection concentrates on
the compliance behavior of the transmission unit. At the 1'-stage, power from the motor is delivered
to winch#1 via the disk coupling. Thus, the transmission compliance is simply the inverse of the

coupling stiffness. Its stiffness constant of 5700 [N/m] is taken from the data sheet. For the 214
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Figure 11: Simple drive unit and the parameters related to its transmission compliance.

and the 3'9-stage, cable and pulley mechanisms are the root of the flexibilty. The transmission here
is constructed from winding the cable between the powered and the loaded pulleys as schematically
drawn in Fig. 11. This is called the simple drive unit.

Based on the assumption that the cables have been securely wrapped around the pulleys with
proper pretension so the total slippage between the cable and the pulley groove over the circuit is
negligible, the explicit torque-angle deflection equation may be determined [28] as

T, me™ me
0= Fdjin {(em—l —1) (1+GF)—logem_1

m

(137)

This constitutive equation involves several parameters. The cable circuit, with the properties £ and
A for the Young modulus and the effective cross-sectional area, has been pretensioned to T,. m is the
dimensionless torque of the loaded torque M applied at the loaded pulley of radius r,. It is calculated
by

M

=—. 138
m= (138)

Lefr 18 the effective coefficient of friction determined by
-1
1 Ti 1 )
g=|—+— , 139
ue (MTO To :uT‘»; ( )
where the coefficients of friction between the powered/loaded pulleys (radius r; and r,, respectively)

and the cables are u,, and p,,. Finally, the symbol GF stands for the geometric friction number

GF = L’:f’“, (140)
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Table 1: Numerical values of the parameters for the flexible cable-pulley driven drivetrain

Parameters 27d_stage 3'dstage 4*h_stage
pretension, T, 74 [N] 185 [N] 238 [N]
Young modulus, E 200 |GPa] 200 |GPa] 200 |GPa]
cable cross sectional area, A | 1.767 [mm?] | 3.534 [mm?| | 7.069 [mm?|
effective coeff. friction, peg 0.1 0.1 0.1
effective output pulley radius, » | 67.5 [mm] 81.0 [mm)] 63 [mm]
geometric friction number, GF | 45 x 1073 41 x 1073 0

where L is the cable length of the unwrapped portion on each side. This term characterizes the
deflection response of the system to the applied torque. Intuitively from Eq. 137, high value of GF
yields a drive with low and nearly linear stiffness. On the other hand, low GF value will be found in
the transmission system that possesses high stiffness but softening spring characteristics.

Equation 137, expressing the deflected angle 6 as an explicit nonlinear function of the loaded torque
M, is indeed the inverse function of the nonlinear elastic force function e (-) = M (0) for the flexible
joint constructed from the cable-pulley mechanism. Unfortunately, it is not possible to determine the
closed form of M (6) from the deflection equation. Nevertheless, this is not necessary for the proposed
control scheme. It should be mentioned that Eq. 137 is derived with an assumption of GF = 0, which
is valid for the simulated system. Numerical values of the pertinent parameters from the design are
tabulated in Table 1.

Nevertheless, the dimensionless stiffness may be determined from Eq. 137 by evaluating the deriva-

tive of # with respect to m and resolving for its inverse:

dm O\ EApes (em —1)? em—1\ "
(m) de (dm) T, em(em™—m—1) + mem (141)
The stiffness of this simple drive unit, as a function of the applied torque though, is thus
dM  dM dm (em —1)? em—1\ "
K =— = —— = FEAuegr, 1 F— . 142
(m) d9  dm df Hefth <€m (em —m —1) e me™ (142)

As M approaches zero, the stiffness value converges to

2 Ar?
K|y o= lim K ==—"2

Am. 7 (143)

Analysis for the simple drive unit can be extended to the case of the differential drive unit that
is employed in the 4*"-stage of the drivetrain. As a result, the torque-angle deflection equation along
the pitch DOF may be written as

mp /2 mp /2
mpe™r mpe™r
—1)](1+GF)—-log———| . 144
<2(emp/2—1) )( ) Og2(e771p/2_1) ( )

— TO
B EA,UCH’

Op
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In this case, m,, is the dimensionless torque of the loaded torque M,, applied along the pitch direction,
which would induce the counter-tension force in the cable circuit having the effective moment arm of
the pulley radius r about the pitch axis. It is calculated by

M,
mZ,:ﬁ.

(145)
Since the pulleys of the differential drive unit are assembled in a manner that the axes of the input and
output pulleys be perpendicular and their edges are in contact with each other, effectively GF = 0.
In a similar manner, the torque-angle deflection equation along the yaw DOF may be derived as

my /2 my /2
my ey mye"y
1 1+ GF) —log ¢ | 146
(2(emy/2_1) )( ) 0g2(emy/2_1) ( )

0, = To
v EA,U/CH

for the dimensionless torque m,, from the loaded torque M, applied along the yaw direction calculated
by
_ M,
YT,

(147)

Likewise, the stiffness along the pitch and yaw directions may be determined from the above

deflection equations. The results are

2 -1
_dM, (em»/2 — 1) 2 (emr/2 1)
Kp (mp) = dep = 2EA/Leff’l" <emp/2 (emp/2 _ % _ 1) 14+ GF — W (148)

and

K, (m,) = My o p Aper ( (e —1) 1)> (1 +GF — w) . (149)

o, emy/2 (emy/2 - % - mye™y/?

Stiffnesses are maximized when the drive unit bears no load, of which their values are

) 4E Ar?
KP|MP—>O = ]\}:}EO KP = L (150)
and
. 4F Ar?

Because the unwrapped segment of the cables for the differential drive is nearly zero, the stiffness at
this stage can be very high.

The above deformation functions of various elastic elements in the transmission stages may be
grouped into vector functions corresponding to the notations in subsection 2.2 to assist the develop-

ment of the control law. They are

175.44 x 10771,

et (Tw1) =€ (Tu1) =
175.44 x 10767'71,11

[z Mayparew2r Mayrew2r
e [ (P 1) (14 GF) — log 2o

—1 _ -1 _
Cun (Twz) = €2 (Tuz) = [(mer 1) (14 GF) — log e ]

TO
E Apest eMw2l —1 eMw2l —1
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i T, mie™t 1 GF) 1 mie™1
— — EAue (eml ) + 0og eml —
e;' (ta) =e3' (1a) = Ti i e e (152)

| EAper ( ) (14+GF) — log %2 }
[ T, mp emp/? mpemp/2

1 () B |\ 2(emerry — 1) (L GF) —log 5oty

eq Tdr = o /2 ) ,
T, mye Y m,e™y
Bdiiar |\ (emzoy) — 1) (14 GF) —log 5l
where
T T
Twl = { Twlr Twll } Tw2 = [ Tw2r Tw?2l }

T T
Td:{ﬁ 7'2} Ter{Tp Ty:|

are the torque vectors transmitted over the elastic couplings and cable-pulley mechanisms to winch#1,

winch#2, pulley#1, pulley#2, and the pitch and yaw joints of the robot. Also,

Tw2r Tw2l

My2r = roT, M2l = roT,
T1 — _T2
my = roT,y ma = roT,
) — Ty
Mp = 77, My = 77,

are their dimensionless values.

4.1.3. Losses

Loss plays an important role in dynamics response by retarding the output motion, which degrades
the efficiency of the system to a certain extent. On the other hand, it may be a boon to the system
stability. Major losses in this system are found at the cable-pulley matings and at the bearing units.
For the cable-pulley mechanism, variation of the cable tension along the length causes the segments to
undergo elongation and contraction in a cyclic manner. When the pulleys are rotating, cable slippage
will occur at the grooves of the wrapped pulleys. Developing friction will then do the resistive work,
resulting in the lost power. This friction loss may be modeled indirectly through the efficiency of the
power transmission, where the result does not meet the form in Eq. 15. Yet it provides an additional
channel to dissipate the energy, making the system be more strictly passive.

The transmission efficiency may be determined by acknowledging the fact that the power the
powered pulley delivers to the cables must be equal to the power the loaded pulley takes from the
cables. Infinitesimal power dissipation is integrated for the entire wrapping angles to obtain the power
loss at the powered and loaded pulleys. After the evaluation and manipulation, the transmission
efficiency 7 may be written as [2§]

Pout M

=gt =1- (153)

for the simple drive unit at the 24 and the 3"9-stage of the drivetrain. Derivation is extended to the

case of differential drive unit. With pulley#1 and pulley#2 as the input pulleys and pulley#3 as the
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Table 2: Transmission efficiency of the flexible cable-pulley driven drivetrain under the working condition 10 kg rated

load of the robot.

Parameters 20d_stage 3rd_stage 4*h_stage
rated loaded torque, M | 10 [Nm] 30 [Nm] 60 [Nm]
loaded pulley radius, » | 67.5 [mm] 81 [mm)] 45 [mm]

cable diameter, d 1.5 [mm] | 1.5 [mm] (double cables) | 3 [mm]
transmission efficiency, 7 0.99958 0.99948 0.99976

output pulley depicted in Fig. 10, the efficiency may be derived as

Pout_l_ M
P, wrEA’

(154)

where M is the torque transmitted to the load. Note that these equations are determined on the
assumption that the difference of the cable tension forces at both sides of the loaded pulley (low and
high tension) are not significant. This is valid when the load is small.

Assume the robot can bear the rated load of 10 kg. The corresponding rated loaded torque at
each stage may then be calculated using the transpose of the transmission ratio matrices. They are
summarized in Table 2 along with their minimum pulley radius and cable diameters. Hence the
numerical values of the transmission efficiency at each stage may be evaluated, which are tabulated
in the same table. It is observed that the efficiency is very good, which agrees with the well-known
adoption of the cable-pulley mechanism in many high performance motion control systems [1, 31].
Therefore, loss in the cable-pulley mechanism may be safely ignored.

Friction loss at the bearing is typically more significant than the dissipation at the cable-pulley
transmission depending on the quality of the machining and assembly product. Natural complexity
of the friction at the bearing support prevents one to develop purely theoretical equations that are
realistic. Consequently, the proposed friction model used in this simulation will be the combination
of the simple Coulomb’s friction torque when the relative velocity of the mating surfaces is virtually
zero, and the empirical formulation of the frictional torque for the standard sealed deep-grooved ball

bearing [29] when the relative motion occurs. Mathematically,

My = Min, w = 0and Mmin < Min < Mmnax (155)
35812.584 ) £ 0,

where Mi, [Nmm] and H [kW] are the transmitted torque and the transmitted power through the
cable-pulley mechanism, My [Nmm] the developed frictional torque, d [mm| and r [mm] the shaft
diameter and the pulley radius, and n [rpm] the angular velocity of the pulley. My, and My ax limit
the maximum amount of power loss that can occur at the bearing. Their typical values, experimentally

chosen, are My, = —10 [Nmm| and Max = 10 [Nmm)].
According to the design, locations of the bearing support are determined and the appropriate

parameter values are substituted into Eq 155. See the bond graph diagram of the system in Fig. 12.
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Figure 12: Detailed bond graph diagram of the two-DOF cable-pulley driven flexible joint robot controlled system. The diagram displays the interconnection of the controller,
motor, drivetrain, counterbalance, and robot units. In addition, physical system-like couplings of the lumped model of the system components ease the understanding of the

overall dynamics.
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Figure 13: Collection of mechanical parts undergoing the pitching motion.

They all can be arranged into the implicit dissipative vector function ¢ (0) of Eq. 15 where the details
shall be omitted here.

4.1.4. Robot Dynamics

Referring to the Fig. 9 and 10, main parts of the two DOF (pitch and yaw) robot are pulley#3,
pulley#4, and the output shoulder link. As a matter of convenience, the rectangle frame of the
counterbalancing mechanism subject to the pitch motion will be included as well. These components
have compound motion formed by the primitive pitch and yaw motion. Direct application of the
Lagrangian formulation will be performed to derive the robot equations of motion.

Mechanical parts of the robot may be grouped into two collections: one undergoing the pitching
motion solely and the other undergoing the composite pitching and yawing motion. CAD drawings of
these two collections are depicted in Fig. 13 and 14. Their related parameters will thus be subscripted
as ‘p’ and ‘py’, respectively. The reference and moving coordinate frames employed are the same one
as shown in Fig. 10.

For the first collection undergoing the pitch motion, its compound center of gravity (C.G.) may

be approximated to be at

@ o, =00 r, ]’

relative to the origin of {XY Z}, for r., = —28.8 [mm|. Because its motion is the rotation about the

fixed pitch axis with the angular velocity
. T
{myz}wp = [ 6, 0 0 ] ,

the associated kinetic energy may be determined as

1 1 .
T, = 5&;51%% = §Imp9§, (156)
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Figure 14: Collection of mechanical parts undergoing the pitching and yawing motion.

where I, is the pitch-collection inertia matrix of which its inertia about z-z axis is Iy, = 276.0

kg . CIIl2 fI'()Hl the CAD program evaluation. The p()tential energy ma; be derived SiHlpl as
g Y Y Y
Vo = mpg - (’ G)p = —Mpgrz,Sp, (157)

for which m,, = 3.55 [kg| is the mass of this collection and g the vector of gravitational acceleration.
Similarly, the kinetic and potential energy of the pitch/yaw-collection may be derived as follow.

From the geometry, the compound C.G. location may be approximated as
T
{zyz} —
(TG)PZI - |: 00 T zpy ] ’

where ., = —120.2 [mm|. However, its angular velocity are due to both the pitch and yaw motion.

In the body fixed frame, it may thus be written as
. . . T
levzdy, = [ Opcy 0y Opsy } .
Therefore the kinetic energy expression after some simplification may be expressed as
Ty = swhylo,wpy

1 .
= 5 [(Immpy C?ZJ + Izzpy 832/ + QImzpy SyCy) 0%

2
2 (g €y + Ty, ) 690y + 1y, 02 (158)
for which
Immpy Imypy Imzpy
I"py = Iﬂfypy Iyym, Iyzpy

Izzpy Iyzpy Izzpy
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is the inertia matrix of the pitch/yaw-collection. Careful decision on the shape of the parts is made
during the robot design, resulting in the simplified inertia property where the off-diagonal elements
may be neglected. See Fig. 14. Particularly, I,,,, = 932.0 [kg - cm?|, Iy, = 761.5 [kg - cm?|,
I..,, = 2052 |kg-cm?|, and I,y = L., = I,.,, = 0 [kg-cm?]. The potential energy may be
calculated as

Voy = —Mypyg - (TG)py = TMpygTz,, SpCy, (159)

with m,,, = 3.07 [kg] be the mass of this collection.

Furthermore, the counterbalancing mechanism contributes to the robot dynamics by shaping the
robot potential energy with the storing and restoring spring potential energy. The mechanism may
be divided into two components. One is to counter the gravitational potential energy of the pitch-
collection. The other, more complicated, is for accounting that of the pitch/yaw-collection. Concep-
tually, the mechanism is designed so the sum of the gravitational and the spring potential energy
yields a constant value. Unfortunately, actual implementation of this idea makes the cancellation
be imperfect due mainly to the nonzero initial tension of the spring, the cable routing over non-zero
radius idlers, and the traveling limitation hit of the mechanism.

Spring potential energy of the counterbalance may be determined from the area under the force-
deformation curve. Geometric constraint of the mechanism enforces the elongated length of the
springs to be related to the robot configuration through its generalized coordinates ¢, and 60,. Details
shall be omitted and only the results are provided. Potential energy of the counterbalance for the

pitch-collection is

Ve, = 2kph? [1 — sin (9 + %)] +2h,T;, \/2 [1 — sin (9 + ?Zg)] (160)

where the spring stiffness and the mounting distance of the cable-spring at the rectangle frame from

the X-X axis, kp, = 311.88 [N/m] and h, = 40 [mm], are designed based on the perfect gravitational
torque cancellation of the ideal counterbalancing mechanism according to the following relation;

myg |7, |

5 (161)

kphy =

According to the data sheet of the selected spring, initial tension 7}, is 5.10 [N]. The constant angle
of 237 |rad| reflects the safety limit of the mechanism at 65°.
Analogously, potential energy of the counterbalance for the pitch/yaw-collection may be expressed

as

Ve, = hpyh2, (2= s1— s2)+ hyy T, [\/2 A —s1) + 21— s }

= 2kpyhl, (1— spcy)

+hyy T, [\/2 [1—5(6, +6,)] + /21— 5(6, — ay)]} , (162)
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where the spring stiffness and the mounting distance of the cable-spring at pulley#1 and pulley#2
from the X-X axis are designed to have the values of kp, = 426.9 [N/m| and hp, = 60 [mm)],

respectively, based upon the relation

Mpyg |szy |

. (163)

Kpy hﬁy =

Initial tension for this set of springs is 7;,, = 7.94 [N].

One important practical issue is the tension spring and the cable cannot bear the compression
load. In other words, the spring cannot store the energy beyond its unstretched length. Physically,
the spring and the cable get slack and the spring force becomes zero. According to the mechanism
design, it happens at 6, > 65° for the counterbalance of the pitch-collection as it hits the hard limit,
and at #; = 90°/602 = 90° for the counterbalancing springs connected to pulley#1/pulley#2 of the
pitch/yaw-collection as they are at their nominal lengths.

Additionally, the friction force Fy developed at the linear bushing, which bears and provides the
way for the stroke of the spring, should be taken into account. It is modeled simply by a nonlinear

switching function
Py = —sgn(v) F,, v#0 (164)
0 v =0,
where v is the signed velocity of the slider and the constant friction limit value F},, is selected to be
0.5 x 1072 N]. In this regard, the friction force is comparable to an extra initial dynamic tension force
of the spring.
According to the above analysis, Lagrangian of the robot plus its counterbalances may be deter-

mined as

— VC

P py’

L(eqvéq> = Tp+Tpy —Vp—Vpy— Vo

Applying the Lagrangian formulation along the system generalized coordinates 6, and §,,, one would

A (oL oL _
dt \ o4, ) 00,

4oLy _oL _
at\ab, ) o0, — v

where 7, and 7, are the corresponding generalized torques. Evaluating the above formulation with

have

the system Lagrangian, the robot dynamics model may be manipulated into the modified standard

form of Eq. 1 that includes the frictional torque f;

M(q)G+C(q,4)4d+ f+9(q)=Tar + Teat, (165)

M (Q) _ Iﬂmpy 65 + Izzpy 8.724 + Iwmp 0
0 Iyypy
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C (q q) — (Izzpy - Iwmpy) SUCUH!/ (Izzpy - Iwmpy) Sycyép
| (Iya,, — I:2,,) 5y, Cy0p 0
r 2hpsgn(9p)Fm cos(%-{-%) hpysgn(él)chl hpysgn(ég)Fm02
Fo— V/2[1—sin(0,+ 25 )] V2(1=s1) V2(1-s2)
hpysgn(él)chl _ hpysgn(ég)FMCQ
L V2(1-s1) V2(1—s2)
r 2hpsgn(9p)Fm cos(Ger%) hpysgn(éeréy)ch(GerGy) hpysgn(épféy)ch(prag)
+ +

_ \/2[1fsin(0p+21‘%>] \/2[1_5(9p+9y)] \/2[1_5(913_924)]

B hpysgn(éeréy)ch(GerGy) _ hpysgn(épféy)ch(prey)
L V2[1—5(0,+0,)] V2[1=5(0,—0,)]

0,,0
gla) = | @] (166)

| v (0p, 6y)

In this equation, g (q) is the resulting torque vector of the robot gravity torque compensated by
the counterbalancing spring torque. Their components along ¢, and 6, generalized coordinates are
257r) 2h,T;, cos (6, + 2128)
180 25

\/2 1—sm 6‘ + 188)]

257
gp (0p,0y) = —mpgr. c, — 2k, h2 cos <120) cp + 2kp h sin <

hpy T, ¢ (0p + 6y) hpy T, c(0p — 8y)
My GT 5 CpCy — 2k B2 CpCy — py € 0P v py € V0P Y 167
Py 9T 2y, CpCy pytpy CpCy \/21—5(6‘p+9y)] \/21—5(6‘p—6‘y)] (167)
hypyTi,, c c(0,+0,) hypyTi,, c c(6, —0y)
Gy (0p,0y) = mpygrs,, spsy + 2kpyh, sps, — r__Y P (168)

V21 =50, +6,)] +201—50,—6,]
External force F'¢y, caused by the robot interaction with the environment at the end of the shoulder
link, may naturally be described in the task space frame {xyz}. Therefore the reflected torque vector

Text at the robot joints is determined by

Fylocy
—F.l,

Text ={zyz} JT{myZ}Fe;Et = (169)

as can be verified by inspecting the robot geometry directly as well.

4.1.5. Transmission System Dynamics

To complete the dynamics of the drivetrain unit, inertia and dissipation properties must be consid-
ered. As depicted in Fig. 10, rotors of the drivetrain subsystem consist of the motor rotor, winch#1,
winch#2, pulley#1, and pulley#2. Their inertia about the fixed rotating axes are evaluated by the
CAD program and tabulated in Table 3. Note that the inertia of pulley#3 and pulley#4 are already
included into the inertia of the pitch/yaw-collection of the robot.

Recalling the dissipation of the drivetrain at the bearing units discussed in subsection 4.1.3, repre-
sented by Eq. 15and 155, and the elastic force acting at each rotor of the cable-pulley power transmis-
sion subsystem explained in subsection 4.1.2, governed by Eq. 16 and 152, dynamics of the drivetrain
subsystem may thus be determined from Eq. 13.

For this particular system, explicit form of the equations is hardly achieved due to the inversion

problem of the complicated nonlinear deformation function. This, however, does not affect the im-
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Table 3: Rotor inertias in the drivetrain subsystem about their own rotating axis

Rotor Inertia |g - cm?

motor 248
winch#1 344.6
winch#2 16728
pulley#1 48436
pulley#2 48440

Table 4: Some electrical parameters of the DC brushed MAXON®motor model #148877

Parameter Value
inductance 0.33 [mH]
resistance 1.16 Q

back emf const.

60.3 [mV-s]

torque const.

60.3 [mNm/A]

plementation of the presented control law. Besides, the simulation program adopted is 20-sim [32].
It is based on the bond graph modeling language which does not require explicit formulation of the

system differential equations. Therefore, this problem does not affect the simulation process either.

4.1.6. Electrical Dynamics of the Motor

The motors employed in this system are two DC brushed motors of MAXON®model #148877
of which its electrical parameters read off from the data sheet are depicted in Table 4. Accordingly,
electrical dynamics of the motor dictating the relationship between the voltage/armature current and

the torque/angular velocity may be acquired by substituting the parameter values into Eq. 21 and 22.

4.1.7. Complete Model

At this point, dynamics analysis of each subsystem has been completed. Theoretically, a set of
lengthy differential equations describing the change of system states may be formulated. Nevertheless
for some practical system, e.g. this two DOF cable-pulley driven flexible joint robot, the behavior of
some components is governed by a set of complex nonlinear equations. This prevents one to determine
for their inverse functions needed in formulating the equations of motion explicitly. As a result, a
set of implicit differential-algebraic equations (i-DAE) may be formulated. Unfortunately, solving
a system of i-DAE is not so straightforward compared to a typical system of ordinary differential
equations (ODE).

Bond graph technique [16] is an approach in modeling the system. The modeler focuses on de-

scribing the behavior of each subsystem and/or subcomponent first. The complete system is then
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constructed by interconnecting them through the effort and flow constraints corresponding to the
physical connection of the actual components. Thus by this modeling approach, it is not necessary
to know the explicit differential equations of the whole system since the simulation will proceed from
one basic element to the nearby element according to the assigned causality.

In brief, all important dynamical equations of every subsystem as explained in the preceding
subsections are placed into the bond graph basic elements of the power transformation (TF, GY),
the inertance (I), the linear /nonlinear compliance (C), and the nonlinear resistance (R). Dynamics of
the two DOF robot and its gravity are modeled by the customized nonlinear two-port inertance and
compliance elements. Additional work is necessary to rewrite the robot dynamics in the Hamiltonian
framework by which the bond graph modeling language employs. This can be achieved with the help of
the Legendre transformation. Details fall beyond the scope of this paper. Finally, the subsystems are
altogether combined through the power bonds and the effort (0) and flow (1) ports. Complete bond
graph digram drawn by 20-sim, a modeling and simulation program [32] from Controllab Products

B.V., of the two DOF cable-pulley driven flexible joint robot system is shown in Fig. 12.

4.2. Task Space Impedance Control

The proposed task space impedance control law in subsection 3.5 will now be designed for the
two DOF cable-pulley driven flexible joint robot. At any instant, the reachable end effector set point
x4 and the task space constant stiffness matrix K4 are assigned. The following natural form of the

stiffness matrix
b, = | Ko O (170)
0 kay
expressed in the end tip body-fixed frame may be used. kg4, and kg, are the desired stiffnesses along
the = and y-direction. Note the dimension of K, is 2 X 2 because the robot has two DOF, which
physically allows the end point to move only in the plane tangent to the hemispherical surface of the
workspace at the current location.
Desired position x4 is commonly described with respect to a reference frame. Consequently, to

determine the virtual spring force when the stiffness parameters are expressed in the body-fixed frame,

description of the coordinate error & must be changed from the fixed to the moving frame by

{wyz}z — {XYZ}R{TWZ} ({XYZ}:E _{xv2z)} wd) _ (171)
Since the workspace of this robot forms a hemispherical surface of radius /,, reachable end effector
T
set point XY % gy = | 4, Ya  2d must satisfied the constraint

ah+ys+ 25 =12 (172)
With respect to the reference frame orientation in Fig. 10, the z-coordinate must be

zqg = —y\/12 — 2% — 2. (173)
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Recalling the robot kinematics analyzed in subsection 4.1.1 and substituting these terms into Eq. 171,

the coordinate error may be written as

—TaCy — YaSpSy — /12 — 22 — y2cpsy
frvztg — —yacp + /15 — 5 — yasp : (174)
—lo — TSy + yaspcy + /12 — 25 — yicpey

Only its = and y-components are needed since the end effector motion is constrained to lie in the
tangent plane.

At each control sampling, the task space damping matrix D () will be updated. For this purpose,
the generalized eigenproblem of K, and A (x) must be solved first. With this particular two DOF
problem, it is possible to solve analytically for the closed form expressions. Firstly, the task space

inertia matrix may be determined from Eq. 67 and 166 as

T
Alx) = J(@ "M(@)J(@"
_ 0 _ll Izzpy y+IZZpy y+IMp 0 0 lolcy
1 1
L locy 0 0 Iyypy _E 0
[ I
YYpy O
= g X . (175)
0 12c2 (Izzpy Cy +-Iézpy Y +_]éxp)

According to Eq. 71, the generalized eigenproblem is then to solve

1
2 tyypy
ni l2 0

2
Yni
0 kdy _-lgcg (Izzpyc +-Igzpy Iizp)

kdm — W,
u; = 0

for the eigenvalues w,, and the corresponding eigenvectors u. The eigenvalues may be simply deter-

mined and arranged as the spectral matrix:

ka2 0
Iyypy
> (z) = . oy : (176)

0%y

Tnwpy Catlszp, s2+Tox,

Associated normalized eigenvectors satisfying Eq. 73 may thus be written as the columns of the

transformation matrix Q (x);

lO O
Q(z)=| Vi . : (177)
0 cy

V0zapy 1z, 82+,

As a result, the task space damping matrix may be designed according to Eq. 76 as

2Q () " €2 (2)? Q (x) "
26 FirTingy 0
- ot oo (oo o)) |- (178)

0 TTpy "y zzpy S
locy

I)d GB)
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The matrix is positive definite since 6, lies in the range [—Z, Z| for the robot workspace of the
hemispherical surface.

Stationary link angles are used as the estimation for the actual link angles in the task space
impedance control law. They are recursively computed from the measured motor angles and the
elastic model of the transmission subsystem as summarized in Eq. 41. To achieve this, necessary

compound transmission ratios may first be computed as follow;

1 1 1 1
2 2 6 6
T, = Ty =
a 11 @ 11
2 2 6 6
1 1 _ 1 1
18 18 18 18
Tor = 1 1 To = 1 1 (179)
8 T 18 18 T 18

The overall effective nonlinear deformation function of the drivetrain may then be determined from

the generalization of Eq. 38 as

er; (h(8,)) = Tper' (Thh(0,)) +Tuses" (Tih (60,))
+T,e;" (TTh(04)) + €5 (h (840)) (180)

Effectively, the stationary torque transmitted to the robot at the last ¢*P-stage h (04s) is scaled
by the appropriate transmission ratios and substituted into the corresponding deformation vector
function of the elastic network at each stage. Individual deformation according to Eq. 152 is then
scaled to the equivalent motion at the last ¢*"-stage and sum to obtain the total deformation. Finally,
subtracting the total deformation from the rigid motion of the links caused purely by the transmission
kinematics, T'¢160, one would obtain the stationary link angles.

According to the preceding derivations, the expression for the required stationary torque from
the transmission unit which counterbalances the remaining gravity torque and supplies the desired

compliance force may be written as

h(05) = g(05:) = J(04:)" Ku(f (O45) = xa)
[0t
9y (Ops, Oys)
0 locys kaz O —ZaCys — YaSpsSys — /12 — T5 — Y3CpsSys
B 0 kay —Yaps + /= T = Ppa
_ Gp (Ops, Oys) B kaylo (\/ 12 — 23 — y3spsCys — ydcpscus) (181)
Gy (Ops, Oys) Kazlo (wdcys + Yaspssys + /12 — x5 — ydcpssys) ’

where the subscript ‘ps’ and ‘ys’ denote the stationary angle of 6, and 8, respectively. Equations 167
and 168 display the vector g (64s) explicitly. Thus, h (64s) may be computed by evaluating Eq. 181

with the updated values of 8,, and 6,5 at each iteration.
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Figure 15: Surface plot of the 2-norm of the Hessian matrix of V}, (q) over the robot workspace when 4 = y4 = 0 m

and kg = kqy = 1 x 10* N/m.
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It can be shown numerically that the supremum of H 8’5—51‘1) HK over the workspace satisfies Eq. 50.

Particularly, from Eq. 181 where h(q) = | h,(q) hy(q) ] , the Hessian matrix of V}, (¢) depicting

the ideal controller joint stiffness is

oo @ _ | 5@ 5@
nia) = oq ohy (o) Oh
90, q) a—ey(Q)

Its 2-norm is evaluated numerically of which the value over the hemispherical workspace is depicted
in Fig. 15 when the desired set point at the center of the workspace and the nominal stiffness of
kiz = kay = 10 x 103 N/m are chosen. From the surface plot, the minimum norm is 20.65 N-m/rad
which occurs when 6, = £7/2 and 6, = 0 rad or 6, = 0 and 0, = 7 /2 rad, while the maximum
norm is 992.65 N-m/rad occuring when 6, = +60,,.

As discussed earlier, analytical expression for the nonlinear effective stiffness of the drivetrain of
this robot is not possible. Nevertheless, its infimum may be approximated by half of the stiffness at
no load. Stiffness of the elastic transmission at the 15t-stage is the stiffness of the coupling between

the motor and winch#1:

5.7 x 103 0

N - m/rad.
0 5.7 x 103

H
|

Minimum stiffness at the 2°¢ and the 3'd-stage is estimated by half of the stiffness at no load of

Eq. 143, considering from the worst case loading that makes one side of the cable circuit go slack:

BAi 52.97 x 103 0
K, = A | = N - m/rad,
0 dm 0 52.97 x 10°
BAi 139.52 x 10° 0
K; = a2 | = N - m/rad.
0 P 0 139.52 x 103

Similarly, at the last stage of the differential drive, the minimum stiffness is estimated by half of the

stiffness at no load of Egs. 150 and 151:

2EAE 1122.2 x 10° 0
K, = = N - m/rad.
1 2EAr? 3
0o - 2BAC 0 1122.2 10

Consequently, the infimum of the effective stiffness of the transmission system reflected to the last

stage may be determined from Eq. 38 as

Ky, = (TpKi'Th+TeK; Ty +TK;'T) + K, ')
151.36 x 10° 0
= N - m/rad.
0 151.36 x 10°

From the above calculation, it can be concluded that the supremum of the virtual stiffness generated

by the ideal controller (0.99 x 103 N-m/rad) is less than the infimum of the effective stiffness of the
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transmission (151.36 x 103 N-m/rad) by about 150 times. This is due to the high joint stiffness
characteristics of the cable-pulley transmission mechanism. Thus the flexible joint stiffness is large
enough to withstand the robot ‘after-the-joint” motion caused by its own weight and the position-
mismatch compliant force. Furthermore, according to the condition of Eq. 50, iterative calculation of
the stationary link angles is guaranteed to converge to the actual values. Additionally, stability of the
task space impedance control of this system is ensured by the same condition. Note from the Hessian
matrix expression and the convergence condition that the stationary link angle calculation algorithm
still works if the task space stiffness value is set below 1500 x 10* N/m.

Moreover, a separate experiment was conducted to study the convergence rate of stationary link
angles. According to the present system parameters, the determination converges to the stationary
values, under the criteria that the relative error be less than 5 x 107° radian, within 5 iterations
independent of whether the robot is subject to external force or not. Therefore, recursive evaluation
of Eq. 41 converges to the actual stationary link angles as desired within a rapid finite time and so it
may be used in the real-time implementation of the controller.

The task space damping term Dg& is implemented through the joint space damping matrix and
the filtering of the estimated link joint velocity as described in subsection 3.4 and 3.5. For this system,
the stationary joint space symmetric damping matrix is a diagonal matrix. Thus the square root of

the damping matrix can be computed without using SVD as

o 1/2
7(04)" Du (£ (0407 (64)] =
1/2
[ngocys\/ Fay (Lay, €2, + Lz, 52, + IMP)J 0 (152)
1/2
0 (2600 /Fan Ty ]
A strictly proper and SPR filtering transfer function matrix
A 0
G(s)=| ™ (183)
0 A
s+

employing a simple first order low-pass filter is chosen. Its cutoff frequency is selected to be A = 500
rad/s, which is roughly about five times larger than the desired system natural frequency determined
by Eq. 176 with the nominal stiffness value of 10 x 10> N/m. Hence, the estimate of the scaled link
joint velocity 9, Eq. 57, may be obtained, which further will be used to calculate the required torque
77, applied at the robot joints according to Eq. 79.

Since the controller is implemented digitally, the continuous filtering transfer function is discretized
via the Tustin approximation with prewarping (at its cutoff) method. Particularly, at the cutoff
frequency of 500 rad/s and the sampling time of 1 ms, the emulated discrete-time filtered velocity
transfer function is identified as

3983 (z—1)

5G (5)lam s 58 = 5~ 0.5082

(184)



4 SIMULATION AND DISCUSSIONS 64

The corresponding reference motor torque which ideally provides such joint torque may be deter-
mined using Eqs. 80, 81, and 56. With the system parameter values mentioned earlier, the associated

motor torque is determined by

r T
_ —1 1 1
. 2.48 x 1075 0 by, 0 18 1is -
m _ —1 1 1 "
0 2.48 x 1075 0 b} ]| %
10 2.48 x 107° 0 bt 0 A
+ — T1
0 1 0 2.48 x 107° 0 byt
1 | —1.378 x 1076 —1.378 x 1076
= T Tdr
bir | 1378 x 1076  —1.378 x 10~
-5
1_ 2.48bx1i0 0 X
+ 2.48x10°° T (185)
0 1 - 248410~

where by, is the reduced motor’s inertia and 77 is the estimated transmitted torque obtained from

Eq. 56. Specifically, the estimated torque at the k™-sampling (1 kHz) may be calculated as

Fie = —Frw—1) —49.6 (Bor — 200(:—1) + Oo(—2))
B0k — B0
—0.0022 sgn (W) +0.0302 (i, + 2851 + Gx_2) (186)

The amplifier [33] which regulates the DC brushed MAXON®motor provides two major modes
of operations, i.e. the speed and torque control. For the torque control mode, the user can specify
set value that is proportional to the armature current supplied to the motor and thus the torque
generated by the motor. With the typical operating condition at very low speed in the interacting
robotics application, the reference motor torque Eq. 185 may be reasonably acquired through the
current control directly simply by Eq. 83 with the torque constant K, = 60.3 x 1073 Nm/A.

To summarize, the controller is implemented in the 20-sim simulation program at the frequency of
1 kHz according to the typical sampling rate of the acquisition card. At each sampling, the stationary
link angles are determined recursively by Eq. 41 with h (6,5) and efql (h (84s)) computed from Eq. 181
and 180. Required torque at the robot joints is calculated using Eq. 79 with the damping matrix
computed from Eq. 178 and the approximated velocity term by Eqs. 182, 184, and 57. Accordingly,
the corresponding motor torque and the commanded current are determined from Eqgs. 185, 186,
and 83. Zero-order-hold (ZOH) and the current limiter of 10 A are implemented in the simulator

to reflect the finite power supply behavior of the actual motor.

4.8. Simulation

Task space impedance controller designed in the previous subsection is integrated with the de-
veloped model of the two DOF cable-pulley driven flexible joint robot. Figure 12 depicts the signal

interconnection between the system and the controller where the motor current and angle are fed
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Figure 16: Motion response of the end point X/Y-coordinates for a constant set point {XYZ}wd =

[ 0.1207 0.2025 —0.2090 ]T m.

back to the controller for processing the commanded current. In the following, various simulations
are performed to investigate the effect of several control parameters on the system response and to
illustrate the effectiveness of the control law. Since the system is rather stiff, backward differentiation

formula integration method with the step size of 1 ms is used in all simulations.

4.8.1. Constant Set Point

Let the initial position of the robot end point be at the center of its hemispherical workspace, i.e.
(XYZ g (0) = [ 0 0 —0.315 }T m. This corresponds to §, = 0° and 6, = 0°. Desired position
is set to be at {XYZ}:Bd = [ 0.1207 0.2025 —0.2090 }T m by rotating the shoulder link from the
initial posture for 40° about X-axis followed by —30° about Y-axis. This desired set point corresponds
to 0, = 0.7696 rad = 44.095° and 0, = —0.3931 rad = —22.521°.

The task space stiffness matrix, the damping ratio, and the desired motor inertia for this simulation

are selected to be

(oved g 10x10° 0 .
¢ 0 10 x 10° /m,
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€ = 4.0
b, = 200 g-cm? (187)

Figure 16 shows the graph of the measured X /Y-coordinates of the end point. The response reaches
the desired position x4 in 0.5 seconds with no overshoot. Hence with the proposed controller, step
response of the flexible joint robot is reasonably fast yet has no overshoot thanks to a large damping
ratio. It should be noted that the controlled system is not destabilized despite a large magnitude of

the step input (26.63 cm of path distance); only the current is saturated in the transient phase.

4.8.2. Trajectory Tracking

A circular trajectory is generated for the tracking experiment. The starting point is at the right-
most, XY %} x,(0) = | 0.2025 0 —0.2413 ’ m, caused by rotating the shoulder link in the yaw
direction for —40°. Then the trajectory is made by rotating the link around the Z-axis for a complete
round in 6 seconds with a moderate constant speed of 21.2 cm/s. After that, the desired position is
held constant at the starting point for the next 0.5 second. Initial position of the robot end point is
intentionally placed at the center of the workspace to create a large position mismatch (22 cm of path
distance) at the beginning. The controller and its parameters are the same as used in the constant
set point case.

Figure 17 displays the trajectory tracking of the robot along with the reference trajectory. It
is seen that the proposed controller, which is designed for the regulation objective, may be used in
the tracking task that can tolerate with a moderate speed and accuracy. The initial mismatch does
not tamper the tracking performance or destabilize the system. It merely causes the motor current
saturation during large position error. Once the end tip enters its track, the current consumption is
quite low (0.45 A average) thanks to the energy restoration from the augmented counterbalancing

mechanism.

4.8.8. Motor Inertia Reduction

Reduced motor inertia has been adjusted from its nominal value of 200 g - cm? to investigate its
effect to the controlled system. Figure 18 displays the current consumption for regulating the robot
end tip at its initial position using three different values of the effective motor inertia. When the
150g - cm? effective motor inertia (40% reduction) is tuned, the motor current exponentially oscillates
during the transient before settling down to a constant value of 0.381 A. On the other hand, if the
248 ¢ - cm? or the original motor inertia value is used, the current shows a sudden dropping pulse of
0.060 A due to immediate exposition of the gravity force to the robot. Then, the pulse disappears
and the drawn current bounces back to the constant value of 0.345 A with no oscillation. From the
plot, the choice of unmodified inertia yields the cleanest current response.

However, difference of the motion responses of these three cases is imperceptible due to small motor

inertia portion compared to the inertia of the whole drivetrain. Specifically, ||B1]| /|| B]| = 0.088. It
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Figure 18: Current consumption of the regulation task under three different values of the effective motor inertia (150,
200, and 248 g - cm?).

may be concluded that the reduction of a small motor inertia in a small gear ratio system does not
improve the dynamics meaningfully. If the inertia is reduced further, the current will be saturated,
hitting its limits in a bang-bang manner. In turn, the end point motion starts to exhibit the oscillatory
drift from the set value.

Same modulation of the motor inertia is performed when the robot end tip tracks the circular
trajectory in subsection 4.3.2. Comparison of the current consumption for different effective motor
inertia is depicted in Fig. 19. In the tracking case, the lowest value that can be selected is increased
to 170 g - cm? (30% reduction) which would induce moderate oscillation when motion discontinuity
occurs. Percentage of admissible inertia reduction is decreased because larger current is involved in
the tracking motion. Essentially the inertia reduction is equivalent to the increase in control loop
gain. Therefore, too large inertia reduction makes the system become unstable. If the physical motor
inertia value is retained (no inertia reduction), there will be no feedback of the transmitted torque.
Implicitly, natural dynamics of the drivetrain is employed. The original system will draw less energy

and be more stable than the modulated one, on the price of contaminated desired dynamics.
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Figure 19: Current consumption of the circular tracking task under three different values of the effective motor inertia
(170, 200, and 248 g - cm?).
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Figure 20: End tip deflection of the flexible robot with the nominal stiffness value of 10 x 103 N/m and the external

force of 10 N for a set of damping ratios.

4.8.4. Task Space Stiffness and Damping

To verify that the desired task space stiffness is actually achieved, the robot is set at the center of
the workspace and the external force of 10 N is applied in the z and y-direction, respectively. With
the nominal stiffness value of 10 x 103 N /m, the end tip deflection responses are shown in Fig. 20 for a
set of damping ratio of 0.8, 1.0, 2.0, and 4.0. It is observed that in practice larger damping makes the
motion be more sluggish, while the current drawn (not shown) becomes more responsive. Together
with larger stiffness (order of 10 N/m), this can drive the system unstable. In any case of Fig. 20,
eventually the end tip reaches the point corresponding to the deflection of about 1 mm that agrees
with the desired stiffness and the applied force.

Figure 21 and 22 are the deflection plots for the stiffness value of 1 x 10* and 100 x 103 N/m.
Lower stiffness with high damping makes the end tip to deflect slowly and prevents it from reaching
the expected deviation. Subsequently, the environment will feel the robot be stiffer than its actual
value. Deflection of the system with high stiffness and light damping will largely oscillate around
the steady value long before it dies out. On the other hand, if too high damping ratio is selected,

responsive motor current will suppress the deflection aggressively such that the undershoot may be
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Figure 21: End tip deflection of the flexible robot with the stiffness value of 1 x 103 N/m and the external force of 10

N for a set of damping ratios.

detected. If the damping is further increased, it can cause the system to go unstable. With the
stiffness value of 100 x 10® N/m selected, this system will become unstable when the damping ratio
value of 4.0 or higher is used (its response not shown).

It should be mentioned that motor inertia reduction would increase the effective stiffness since it
has the effect of modifying the control torque Eqgs. 79 and 80 to the new one of Eq. 81. Its consequence
is the increase of the control loop gain and thus the resultant stiffness becomes larger than the desired

value. Therefore, motor inertia reduction is not implemented if the exact desired stiffness is of concern.

4.8.5. Application of the External Force

For the last experiment, the external force is applied to the end point while the robot is tracking
the circular trajectory in subsection 4.3.2. Task space stiffness and damping ratio are set to their
nominal values used in subsection 4.3.1. Figure 23 and 24 display the tracking result when the robot
is subject to the 10 N force acting in the X and Y-direction throughout the path, respectively. It is
observed that the end tip follows the reference trajectory closely because of the high stiffness value

and the small magnitude of the applied force. As depicted in the figures, finally the end point deviates
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Figure 22: End tip deflection of the flexible robot with the stiffness value of 100 x 103 N/m and the external force of

10 N for a set of damping ratios. The system will be unstable if the ratio value of 4.0 or higher is used.
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Figure 23: Trajectory tracking with nominal stiffness subject to the 10 N force applied in X-direction.

from the desired location by 0.6 and 0.86 mm in X and Y-direction respectively.
When the end point is at its final position, nominal task space stiffness matrix expressed in the

local frame parallel to the reference frame {XY Z} is determined by [34]

(X2} g, — (v} BT {evz} g, {”Z}R{XYZ}

(XY Z}
kdmcg + kdzsg SpSyCy (kdz — kdz) —cpSycy (kdw — kaz)
SpSyCy (Kds — kdz) kdmsgsz + kdycf) + kdzsf,cz SpCp (—kdmsz + kay — kdchj) ,  (188)

—cpSyCy (kag — kaz)  spcp (—kdzsz + kay — kdzcz) kdzcgsz + kdysg + kdch)cz
where the numerical value of kg, is selected to be 1000 x 103 N /m as the robot cannot move along
the z-direction. For the external force acting along the X and Y-direction, the pitch and yaw angles

T T
corresponding to the final end point position are [ 6, 0, } = [ —0.00059 —0.70053 and

T
0.00357 —0.69809 } rad, respectively. Substituting these values into Eq. 188, the stiffness matrix
represented in {XY Z} are

42138 x 10° —0.0029 x 10> —4.8789 x 10°
XYZYK = | —0.0029 x10° 0.1 x 10° 0.0034 x 10°
48789 x 10°  0.0034 x 10°  5.8862 x 10°
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for the first case, and

41900 x 105 0.0174 x 105 —4.8747 x 10°
XYZYR = | 0.0174%x 105 0.1001 x 10°  —0.0207 x 10°
48747 x 10° —0.0207 x 10°  5.9099 x 10°

for the latter case.

Thus the associated deflections, determined from

Xvzig _AXYZ} gL {XYZ (189)

along the direction of the applied force will be 0.59 and 1.0 mm for each case in order. Hence, actual
deviations agree with the theoretical values. Indeed their values will match if the final constant period
of 0.5 second is prolonged. Additionally, it should be noted that large application of the external force
requires large current to keep the robot end tip in the track. If such current cannot be supplied, the
tracking will fail and the motion will be unstable. For this flexible robot system, the external force of

40 N or more will drive the system unstable.

5. Conclusions

This work presents a task space impedance control of the manipulator driven through the nonlinear
flexible transmission unit. The proposed controller regulates the stiffness and damping of the end
effector at the specified position to the desired values based on the only available feedback signal
information of the motor current and angle. To derive such controller, at first, a mathematical
model of the transmission or drivetrain system built from the multi-stage network of nonlinear elastic
mechanisms is developed. Together with the standard model of the manipulator and the DC motor,
the complete model of the nonlinear flexible-joint manipulator is attained.

Since the feedback of the motor current and angle cannot be used to estimate the remaining system
unobservable states, the traditional impedance control law is modified so that it uses the open-loop
state estimation of the robot link angle and joint velocity as a substitute. They are computed from
the motor angle recursively using the simplified stationary model of the drivetrain and robot system
on the assumption that the robot operates smoothly at low enough speed. It is shown that the torque
from the control law constitutes the potential energy equal to the difference of the gravitational plus
elastic potential energy of the passive robot/transmission subsystems and the elastic potential energy
of the desired task space compliance, all at the stationary link angles. This fact is used to prove the
stability and passivity of the system.

Additionally, the motor current is used to infer the updated transmitted torque to the drivetrain
from the motor. This is achieved with the discretized mechanical model of the motor derived from
the discrete Euler-Lagrange formulation. The estimated transmitted torque then is employed in the

impedance control law to reduce the motor inertia. As a result, the motor dynamics which distorts
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the desired transmitted torque will be attenuated. Effectively the modulated motor behaves closer
to an ideal torque source, and so does the actual robot characteristics to the ideal target impedance.
Implementation of the control law via the current or the voltage control mode of the motor system is
discussed.

An example system of a two DOF cable-pulley driven flexible joint robot is designed and controlled
with the proposed task space impedance controller. The controller exhibits satisfactory results in
standard tasks such as regulation or trajectory tracking with and without the external force applied.
Additional simulation is performed to verify that the specified task space stiffness is indeed achieved.
Effects of the damping ratio value on the motion response is studied. Overly high stiffness and light
damping makes the robot oscillate for a long period before settling down. On the other hand, the
robot moves sluggishly if too low stiffness and high damping are selected. The robot might even be
unable to reach the desired position. Worse yet, excessively large stiffness and damping implemented
digitally causes the system to go unstable.

Experimenting with several reduced motor inertia values to improve the dynamical response in-
dicates that the lightweight mechanical system design at the beginning yields better response than
using the torque or current feedback in shaping the inertia to the desired value later. From the in-
vestigation, it is clear that the proposed controller is capable of regulating the task space impedance
of the practical nonlinear flexible-joint manipulators, which will be of great benefit for accomplishing

the challenging missions.
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Task Space Impedance

Control of the Manipulator
Driven Through the Multistage
Nonlinear Flexible Transmission

This paper addresses the task space impedance control of a robot driven through the mul-
tistage nonlinear flexible transmission. The proposed controller uses limited information
of the angle and the current of the motors to regulate the end point compliance at the
specified set point. In particular, motor angle is employed to estimate the stationary robot
link angle and joint velocity in real time. They are then used to constitute the stationary
force on the attempt to cancel the robot gravity force and to form the task space interact-
ing force according to the desired impedance characteristics. Motor current is used to
infer the transmitted torque to the robot. This torque is fed back to mitigate the effect of
the motor inertia from deteriorating the desired impedance. Asymptotic stability of this
controller with the flexible joint robot is guaranteed with additional damping. Passivity
of the system is also investigated. Simulation and experiments of the proposed control
scheme on a two degrees-of-freedom (DOF) cable-pulley driven flexible joint robot model
are examined. [DOI: 10.1115/1.4028252]
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1 Introduction

Current robotic systems are extending their capability to work
in more unstructured and complex environment, e.g., a laparo-
scopic surgical robotic system [1] or a service robot system [2]
among others. To successfully implement such challenging tasks,
the robot must be controlled to exhibit appropriate impedance
behavior [3]. Many control laws are devised to achieve the desired
impedance behavior especially for the rigid robots [4]. Later, the
controllers have been modified to cope with flexible robots where
their elastic behavior is typically viewed as undesirable dynamics
that complicates the control problem. Only few works attempted
on controlling the impedance of the flexible joint robots compared
to the regulation and tracking control. According to the simplified
model of the flexible joint robot [5], compliance control with
online gravity compensation based on the measurable motor
angles and their derivatives, and the desired robot link angles is
applied to a cable-actuated robot [6]. The proposed control law
resembles the proportional-derivative regulation control with con-
stant gravity compensation [7].

Improvement of the response may be achieved by feeding back
additional (noncollocated) signals, e.g., link angles or joint tor-
ques. Applying the singular perturbation analysis to the flexible
robot model, the simplified tracking impedance controller using
the measured joint torques and their derivatives, the robot link
angles and their derivatives, and the desired end effector trajectory
is implemented on the Deutsches Zentrum fiir Luft-und
Raumfahrt (DLR)-II arm [8]. Passivity approach has also been
used in designing the highly robust and stable impedance control-
ler with the feedback signals of the joint torques and their deriva-
tives as well as the motor angles and their derivatives for the
desired robot end effector posture [9]. Sophisticated adaptive im-
pedance controller based on the function approximation tech-
nique, where the transmission and actuator dynamics are taken
into account, is proposed [10]. Note that this controller requires
the measurement of the robot link angles and their derivatives, the
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joint torques, the motor currents, and the external force, which is
presumed to act precisely at the robot end effector. Since extra
feedback information has been exploited, the system response
using these controllers will be improved in various aspects.

Novel manipulators treat their inherent flexibility as a boon,
particularly to the tasks involving uncertainties and shock loads as
frequently encountered in general service operation, where the
interaction with the environment is inevitable. Physical spring is
intentionally introduced [11] as the interface between the actuator
and the equipped joint of the legged robot, for the main purpose
of temporarily storing and restoring the impact energy from walk-
ing and running. An important consequence is the lower effective
impedance. Reference [12] proposed the micro—macro actuation
scheme for driving the robot. With this actuation approach, the
safety and the performance of the robot may be attained simulta-
neously. In recent work, physically controllable compliance ele-
ments such as the variable stiffness actuators [13], where a
redundant actuator is employed to adjust the effective stiffness of
the actuator through some mechanisms, are designed and applied
to the robots. The DLR hand-arm manipulator [14] uses these
advanced actuators and the embedded joint torque sensors, mak-
ing it capable of adjusting the stiffness in a passive manner and
reacting to the collision force safely. In MEMS research, it is
common to employ the inherently flexible piezo-electric micro-
gripper in assembling the microparts. Appropriate impedance
characteristics of this microrobot may be regulated through the
control system based on the position feedback of the gripper
manipulating point [15].

This research extends the previous work of passive impedance
control [9] to the robot system driven through the multistage non-
linear flexible transmission whereby only the motor angle and cur-
rent measurement are available. The proposed controller
resembles that of Ref. [6] in the way that they regulate the task
space stiffness and damping of the end effector without any non-
collocated signal feeding back. In Ref. [6], the robot link angles
are estimated from the motor angles through the joint stiffness/
gravity equilibrium torque. For the proposed controller, however,
they are estimated from the motor angles using the quasi-static
torque balancing between the gravity and the joint stiffness plus
the desired task space compliance. This ensures the correct
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estimation of the link angles even the robot is interacting with the
environment. Also, the controller does not require the motor
velocity measurement. Rather, the related damping force is
estimated from the motor angle via the nonmodel-based first-order
differentiation filter. Additionally, the motor current is fed back to
suppress the intervening dynamics of the transmission system.
Therefore, the proposed controller is superior to Ref. [6].

The controller of Ref. [8] makes use of the actual robot link
angles and their derivatives to shape the slow dynamics of the
rigid robot, as well as the real transmitted joint torques and their
derivatives to improve the fast dynamics of the flexible joint,
rather than using the quasi-static estimation values as in the pro-
posed controller. In addition, the controller structure of Ref. [8] is
designed for tracking the reference trajectory, not merely for regu-
lating around the set point. Therefore, the tracking performance
with the desired end effector compliance should be better. How-
ever, the stability of the system in Ref. [8] cannot be concluded
because the underlying Tychonov stability theorem requires expo-
nential stability of both the boundary layer and the quasi steady
state systems. Consequently, the use of this singular perturbation
based controller with moderately or highly flexible joint manipu-
lator system may be unacceptable.

The work of Ref. [9] addresses the problem of harmonic gear
driven flexible joint robot in which its drivetrain may be viewed
as a single-stage linear flexible transmission unit. In this paper,
the proposed controller has been generalized to support the case
where the manipulator is driven through the multistage nonlinear
compliant transmission system. Furthermore, realizing the limited
availability of the joint torque sensor in standard manipulators,
this work employs the motor current in estimating the transmitted
torque instead. In both works, the torque feedback is used to
reduce the effective motor inertia thus enhancing the transmission
dynamics. However, Ref. [9] also uses the derivative of torque
feedback that helps attenuating the fluctuating response. There-
fore, the controller of Ref. [9] should yield better result than the
proposed controller on the price of extra torque feedback signal
and its derivative.

The controller in Ref. [10] is designed using the backstepping
technique for the cascaded plants of the robot, the transmission,
and the actuator systems. Similar to Ref. [9], the development is
based on the simplified single-stage linear flexible transmission
unit. However, this impedance controller is much more involved
than others since it takes into account full system dynamics and
adaptively handles the time-varying uncertainties and disturban-
ces. As a result, it requires several feedback signals including the
robot joint torque and the interaction force where the practicality
issue needs to be concerned. Nevertheless, Ref. [10] shows a
promising tracking result in the presence of the constraint wall
that is expected to outperform other controllers. To summarize,
the proposed controller is capable of displaying the desired task
space stiffness and damping for the manipulator driven through
the multistage nonlinear flexible transmission system. Since it
uses only the minimal feedback signals of the motor angle and
current, and the controller formulation does not address the
system robustness, the performance will be degraded for the
demanding tasks such as trajectory tracking with high-speed.
Nevertheless, the closed-loop stability and passivity are guaran-
teed throughout the operations.

The outline of this paper is as follow: In Sec. 2, the system
model consisting of the rigid robot and the multistage transmis-
sion is derived. Based on this model and the widely available
motor angle and current feedback, task space impedance control
yielding the desired viscoelastic behavior at the specified set point
is developed in Sec. 3. Proof of the system passivity and stability
are provided. A prototypical 2DOF cable-pulley driven flexible
joint robot with the proposed control law is simulated in Sec. 4 to
study the motion response subject to the external force and the
effect of the motor inertia reduction. Initial experiments on
the actual apparatus are also performed. Section 5 concludes the
study.
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2 Modeling of the Robot System Driven Through
the Multistage Flexible Transmission Unit

Very few manipulators are driven by the actuators directly.
Typically, some mechanisms must be employed to transmit and
modulate the power, motion, and force, from the actuators to the
input joints of the robot. The transmission mechanism possessing
certain degrees of complex dynamics may have to be inevitably
devised due to some design requirements. Particularly, the multi-
stage flexible drivetrain unit are widely adopted in order to fulfill
the space constraint of the speed reducer and to provide suitable
inherent compliance to the advanced manipulator. In the follow-
ing, a simplified model of the robot system driven through the
multistage nonlinear flexible transmission is derived. Since the
majority of the system flexibility is concentrated in the transmis-
sion unit and at the joints connecting the drivetrain to the rigid
robot, the modeling may be performed through separate analysis
of each subsystem.

2.1 Rigid Robot Model. Joint space model of the rigid robot
is well studied and hence it will just be mentioned here

M(q)q + C(q> q)q + g(q) = Tdr + Text (1)

where M(q) is the joint inertia matrix, C(q,q) is the Coriolis/
centrifugal matrix, and g(q) is the gravitational torque vector. In
most cases, the translational kinetic energy of the rotors in the
transmission unit may be incorporated with that of the manipula-
tor. Therefore, the joint inertia matrix M(q) is determined by

M(q) = "I Mt (g) + > meids (@) 5 (0) (@)
=1 =1

addressing the robot link inertia, M,;, and the rotor mass, m,}.
J0:(q) and Jb, ;(q) are the body-fixed geometric Jacobian matrices
of the link and the rotor, respectively.

C(q,q) is known as the Coriolis/centrifugal matrix where its
elements may be calculated directly from M(q) using the Christof-
fel symbol of the first kind. The gravity torque vector g(q) is gov-
erned by the gravitational potential energy (PE) of the link and the

rotor masses V,(q), i.e., g(q) = (8Vq(q)/8q)T. On the right-hand
side, the vector 74, is the actual torque applied at the robot joint by
the transmission unit and the vector 7.y, is the reflected torque at
the robot joint caused by the external force F.y, i.c.,
Toxt = J (q)TFe,(l through the linear mapping of its analytical Jaco-
bian matrix J(q) of the frame attached to the point of application
of the external force.

2.2 Multistage Flexible Transmission Model. The drive-
train or the transmission system is the mechanism that transmits
the power from the input power source to the remote system
which receives its output power. For the robotic system, the drive-
train typically comprises several parts as linkages, gears, belts,
etc., in delivering the power. While the power is being transmitted
through the mechanism, the power variables are often being
modulated to amplify the output torque or to reduce the output
velocity. Ideal transmission would preserve the power flow at any
instant. Nonetheless, the actual system deviates from this ideal
line due to the underlying dynamics and impedance properties of
the parts and matings. Therefore, it is important to understand the
dynamics of this subsystem in order to improve the validity of the
system model for the design of the controller.

Complicated structure of the drivetrain mechanism may in gen-
eral be divided into multiple stages of the subtransmission con-
necting in tandem. Each stage has the submechanism to transmit
the power to the next stage. The submechanism itself may be con-
structed from a multitude of mechanical elements. However, from
the modeling viewpoint, they can be modeled using only three ele-
mental behaviors of the inertance, the compliance, and the
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resistance, in conjunction with the zero (0) and one (1) nodes and
the transformers. Bond graph technique [16] may be useful in the
modeling process.

The ideal subtransmission at each stage can be modeled as the
network of the transformers (the reducers) connecting the inport
to the outport. To make the model be more realistic, lumped com-
pliance elements should be included to capture the compliant
characteristics of the mechanism, as depicted in Fig. 1. At the
inport and the outport of each stage, lumped inertance elements
may be connected where the resistance may be introduced as well.

For a large class of the transmission systems where the key
elements are the rotors, such as the gear-train or the cable-pulley
circuit, the mechanical advantage or the transmission ratio of the
mechanism in each stage is constant. Hence, the modulated veloc-
ity vector Oy, ; after the jth-stage reducer would be 0,,; = T,0,_,
where 0'j,1 is the p-dimensional outport velocity vector from the
previous stage and 7 is the p x p jth-stage constant transmission
ratio matrix. Referring to the lumped elastic elements of the jth-
stage in Figs. 1 and 2, the elastic PE of the ith-elastic element may
be written as

%)
Veii(0j-1,0)) = JO ¢;j(Om; — 0;)d(0m; — 0)
5
= JO e ()01 — 0;)d(T;0;-1 — 0)) 3

where ¢;; (T_,-O,; 1 — Of) is the nonlinear elastic force of the ith-elas-
tic element in the jth-stage, which depends on the generalized coor-
dinates 0;_; and 0;. Hence, the total elastic PE of the transmission
unit is merely the sum of the PE of every elastic elements, i.e.,

14

Ve(q7 0) = ZVgJ = ZZVE’I/

=1 j=1 =1

“

Note that the total number of stages of the transmission system is
q and the configuration of the jth-stage may be described by the p-
generalized coordinates 0;_. In turn, the total number of DOF of
the transmission system is pg, including the actuator generalized
coordinates 0y at the transmission inport. They are lumped into

T
the vector 0 = [03 o7 - 0371 } . It should be mentioned that

the outport generalized coordinates, 0, are the generalized coor-
dinates of the robot, ¢, corresponding to the generalized torque g4,
applied at the robot joints.

pPxXp
r 1
p j 2 P

9/—1 Tjej-l 0}
lumped elastic elements
in the j " stage
47,0.-9) ¢@6.-0) ¢,76.,-6)

e;(T;0;1-6))

Fig. 2 Signal flow diagram illustrating the network of the elas-
tic elements and the subscript notations of the jth-stage trans-
mission system

Therefore, the kinetic energy of the specific rotor drivetrain may
be simplified to

pq A
Tr = ; Tr‘k = ;Ebkek (5)

in which by, is the kth-rotor inertia about its rotational axis and 0,
is its spinning angular velocity. The rotors of the motors are
counted in here as well.

Lagrangian formulation is applied to derive the drivetrain
model. Equations of motion for the drivetrain subsystem
expressed in its generalized coordinates @ may be determined as

BO+c(0) +e(0) =1 (6)
where B is the diagonal matrix containing the rotor inertias about
their axes of rotation associated with the generalized coordinates.
0(0) is the nonlinear vector function expressing the major loss at
the rotor bearings, which might be modeled as the switching
between the Coulomb’s and the empirical viscous friction models.

e(@) is the nonlinear vector function of the elastic forces
according to the elastic PE in Eq. (4).

Gravitational PE of the rotor drivetrain system is independent aV.(q,0) T
of its own generalized coordinates 0 if the rotors are geometrically e(0) = (;)
symmetric about their rotating axes where the center of masses 90
are located. It has already been taken care of within the rigid robot T Tel (T100 — 0y)
mo@el by V,(q). W1th the same assqmptlon, the translatlonfﬂ ki- —e\(T100 — 0)) + T}ez(Tzﬂl —0,) (@)
netic energy of the drivetrain due mainly to the rotor masses is not _
relevant to 6@ and 6, and it has been accounted with the kinetic :
energy of the rigid robot. Hence only the rotational kinetic energy T
T of the drivetrain is left. Usually, the rotors in the drivetrain sys- —€g-1 (T 4-104-2 — 0471) +Te (T(iofi*l - 04)
tem rotate at much higher speed than the robot angular velocity.

R c:e() R R ce() R R (= :eq(-)

T, H\ H\ IT inport H\ ’T ]I outport IT ﬁ T, to robot
—1E 0 A=A . =1 ——ATF —=A0 =——=A1 == =1 —ATF =10 ——A1 ——
Jleo H/ ILQI u/gj—l Tj érw U U/af IJ/H;H T u Hq

q
1:B, R 1:B, 1:B; R 1:B,, 1:B, R
I"-stage j™—stage ¢"—stage
Fig. 1 Multidimensional bond graph diagram of the transmission system displaying the interconnection of the lumped ele-

ments along the cascading stages. Causality assignments conform to the cable-pulley transmission elastic model eJT’ (-)-
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in which the subvector of the nonlinear elastic forces acting at the
Jjth-rotor is —€j_1| (T,-,10j,2 — 0]',1) + T].Tej (Tjoj',l — Oj), involv-
ing the relative displacements between its neighborhoods and the
transmission ratios. The nonlinear vector function e,(-) describes
the elastic forces of the p-lumped elastic elements at the jth-stage.
If the elastic elements behave linearly, e,(-) may be written explic-
itly by the introduction of the stiffness matrix K, i.e.,
¢(T0;1 = 0;) = K;(T;0;-1 — 6).

7 is the generalized torque vector of the drivetrain associated
with the generalized coordinates. Referring to Fig. 1, it corre-
sponds to the actual torque vector generated by the motors, 7y,
attached to the first stage. Therefore, T = [ra 0" OT}T.
On the other end of the drive train, the actual output torques
4 = eq(T40,—1 — 0,) are transmitted to the robot with the gener-

alized velocity 0, via the network of the elastic elements in the
last stage. In summary, the simplified model of the nonlinear flexi-
ble joint robot system is described by Egs. (1) and (6). The model
will be used to develop the task space impedance controller in
Sec. 3.

3 Task Space Impedance Control

Appropriate impedance is an intrinsic key for the robot to per-
form the task successfully. In this work, the desirable impedance
characteristics will be accomplished purely via the controller
design. For our system, the assumed rigid robot is propelled by
the motors through the multistage flexible transmission unit of
which the configurations match the model in Sec. 2. The system is
an underactuated system [17] and the control problem is not
straightforward due basically to indirect actuation. Worse yet, the
available feedback signals are limited to the motor angles and cur-
rents only. This is indeed the most common case found in prac-
tice. In many systems, sensor placement at the output may not be
possible and the output measurement is not available. Therefore,
the system states cannot be reconstructed and the dynamic model
cannot be fully exploited.

3.1 Stationary Model. An alleviation to this problem is to
compute the system states in an open-loop fashion on the assump-
tion of stationary motion. In other words, the system operates
smoothly at low enough speed that the motion-induced forces,
i.e., the inertial and the Coriolis/centrifugal forces, may be omit-
ted. Hence, the velocity and acceleration terms in the equations of
motion may be dropped, in which the remaining position depend-
ent terms can be solved algebraically.

For the drivetrain, the reduced model may be written as

e(0;) = 14 8)

where the subscript s denotes the stationary value of the variable.
Recalling Eq. (7), the equation may be expanded to

e1(T100 — 0\;) = Ty ex(T0, — 03,)
ex(T2015 — 02,) = TS e3(T3055 — 03,)
)
€1 (Tg-10(-2) — Og-1)5) = T;eq (Ty0-1)s = Ogs)
For the robot, the torque supplied by the transmission unit balance
the gravity and the external forces in its stationary model, i.e.,
8(055) = €4 (Tybg-1)s = Ogs) + Tex (10)
where the robot generalized coordinates g are replaced with the

outport coordinates @, of the drivetrain unit. Since the desired task
space compliance Ky at the designated end effector set point x4 is
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to be achieved, the reflected torques caused by this behavior,
under the stationary condition, will be
T T
Text = J(aqs) Fex = J(Oqs) K4 (f(oqs) - xd) (11)
where f{(-) is the forward kinematics mapping of the robot. There-

fore, the stationary model of the compliance controlled robot
becomes

e (Ty0¢41)s — Oy5) = g(045) — J(OqS)TKd (f(04s) — xa) = h(0,5)
(12)

displaying the stationary relationship between 6(,_;) and 0,.
Stationary robot link angles and multistage drivetrain rotor
angles may be determined from Egs. (9) and (12) with the known
motor angles, although the numerical evaluation is mandatory in
general. If the inverse of the elastic force vector function ej(-), or
the deformation function denoted as ;- (), can be determined

analytically, Egs. (9) and (12) may be rewritten as

T0(1)s — 045 = ¢, (h(0,))
Ty10-2 = 015 = € (T1h(0,))

Tq720(4*3)s - o(qu)s = en;lz (Tquth (0(,‘?))
(13)

To01, — 0o = €3 (1375 - 11 Th(0,))

Ti00— 0y, = ¢! (Tm . TqT_lT}h(qu)>

Direct relationship between the stationary robot link angles and
the motor angles may thus be achieved by premultiplying the
above equations with the suitable compound transmission ratios
such that the addition of these modified equations brings about the
ladder-cancellation of most of the terms on the left-hand side
except 0,5 and 0y. The resulting equation may be written com-
pactly as

Ogs = T100 — i, (h(0)) (14)
in which Ty; = T,T,_ - - - T; denotes the compound transmission
ratio from the jth-stage to the gth-stage and

1) (1(04)) = Toaer (TH(0,) ) + Tipes ' (THh(0,) )
+oot Tq(qfl)e«;—lz (TqT(q—l)h<04S))
+ e (Th(0,)) + ;' (0(0,)) (1)

is the overall effective nonlinear deformation of the multistage
drivetrain unit, here subject to the stationary gravity and compli-
ance forces according to Eq. (12). Therefore, the stationary link
angles may be determined directly by the recursive evaluation of
Eq. (14), of which the convergence issue is discussed in the
Appendix.

Note that duality of the stationary motion is the stationary tor-
que relationship between the motor input torque and the drivetrain
output torque transmitted to the robot. It may be derived readily
from Eq. (9) and adjunct relations of (tn),= TlTel(TIOO —05)
and (t4r),= €, (T0(,—1)s — O4s). The result is

(Tm)y= Ty (Tar), (16)

which will be useful in mapping the robot stationary joint torque
to the associated stationary torque of the motor.
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3.2 Impedance Controller. An impedance control law of the
robot driven through the multistage nonlinear flexible transmis-
sion using the computed stationary robot link angle, link joint ve-
locity, and transmitted torque (to be discussed along with) will
now be developed. It is assumed that the robot system is equipped
with a higher-decision making unit which determines the end
effector set point x4 and the task space symmetric positive definite
constant stiffness matrix Ky appropriate for executing a task at
hand.

The objective of the impedance controller is to modulate the
effective impedance parameters, i.e., the inertance, the resistance,
and the compliance, of the system to the desired values. Neverthe-
less, it has been shown in Ref. [18] that adjusting the inertance
has a severe drawback of destroying the passivity of the controlled
system. This is a sign indicating that the robot system might
become unstable during the interaction with passive environment.
Therefore, the following target impedance dynamics subject to the
external force, F ., applied at the end effector is selected:

A(x)x + (p(x, %) + Dg)X + KgX = Fex 17)
The equation is written in the task space coordinates x, for which
x indicates the coordinate errors of x from the set point values x.
A(x) and u(x, x) are the transformed inertia and Coriolis/centrifu-
gal matrices in the task space coordinates. They are related to the
parameters in joint space coordinates g by

A(x) =J(q) "M(g)J(q)"" (18)

and

ux¥) = J(@) " (Cla.0) - M@(@) @)@ (19

with ¢ = f'(x) and ¢ = J(f ! (x))_l)'c through the inverse kine-
matics mapping and its differential relationship. Note the exis-
tence of u(x,x) in the desired impedance dynamics to preserve
the passivity of the system. In essence, natural dynamics of the
robot has been exploited.

D, is the task space damping matrix that asymptotically stabil-
izes the system. Its value will be designed, according to the
current values of A(x) and Ky, to make the system response be
appropriately damped with the specified damping ratio. To
accomplish this, first, Eq. (17) is approximated by

A(x)X 4+ Dy (x)X + KgX = Fex (20)
where the Coriolis/centrifugal matrix is neglected. Introduce the
linear transformation of the coordinate errors z = Q(x) '%. The
transformation matrix Q(x), treated constant for a partlcular sta-
tionary point, is the matrix of which its columns are the eigenvec-
tors u; of the generalized eigenproblem

(Ka — 02 A)u; = 0 @
Premultiplying Eq. (20) with Q(x)T and writing the equation in
the new transformed coordinates lead to

Q(x) A(x)Q(x)% + Q(x) ' Da(x)Q(x)z + Q(x) ' KeQ(x)z

= Q%) Fex 22)

The eigenvectors in Q(x) may be normalized such that
Q(x)"A(x)Q(x) = I holds. Consequently, the transformed stiff-
ness matrix will become Q(x)"K4Q(x) = X(x), in which the diag-
onal matrix X(x) is known in vibration terminology [19] as the
spectral matrix containing the square of the natural frequencies
@?;, or the generalized eigenvalues of Ky with respect to A(x).
The transformed equation may thus be written as
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£+ Q(x)"Dg(x)Q(x)z + E(x)z = Q(x) Fexy 23)
Hence, the damping matrix may be designed to be
Dy(x) = 20(x) T EX(x)*Q(x) ! 24)

where £(x)"/? denotes the diagonal matrix of which its diagonal
elements are the square root of the paired values in X(x). The di-
agonal damping ratio matrix & is used to adjust the oscillatory
behavior of the response. Through this choice of the damping
matrix, the transformed equation may finally be written

£+ 288(x)" 2 + Z(x)z = Q(x) Fox, (25)
as a set of decoupled second-order linear time invariant differen-
tial equations.

In this work, the impedance control problem is constrained to
only the constant set point case which implies X4 = 0 and ¥4 = 0.
According to the robot dynamics Eq. (1), the desired impedance
dynamics may be achieved with the control law

t, = 8(g) —J(9)" (Ko + Dyx) (26)
where the star-mark is used here to denote the desired torque
transmitted to the robot. The actual one deviates from the desired
value due to the uncompensated motor and drivetrain dynamics.
Unfortunately, the link angles and the end effector coordinates are
not measurable directly. Intuitively, their estimated values shall
be used instead. This results in the modified control law

Tg = g(oqs) _J(OqS)TKd(f( qv) — Xa
- [J( qb) Dd(f qs 045 ]
= 1(0,) — [1(0,)"Da(r (0,))1(0,,)] 0

where the stationary link angle from Eq. (14) is employed. The
last term is the damping torque which is calculated using the
designed damping matrix in Eq. (24) and the link joint velocity
related term 9.

Since the actual link angles are not measurable, the observer for
their velocities cannot be formulated. Rather, the nonmodel-based
first-order differentiation filter will be employed to estimate the
robot link joint velocity from the motor angle. Particularly, the
term 9 is the estimated link joint velocity scaled by the square
root of the joint space symmetric damping matrix

)
9

e

9= 56(5)[1(0,)' Du(r (0,0)7(0,)] 00 @®)

Here, s represents the complex argument of the Laplace trans-
form. G(s) is a diagonal matrix of which its diagonal terms are
identical and be a strictly proper and strictly positive real (SPR)
filtering transfer function. The estimated link angle is acquired
from T, 0y rather than 0, to secure the stability of the system.
The scaling matrix may be computed through the singular value
decomposition. Namely, [JTDdJ}l/ 2 UX'/2U" associated with
the joint space damping matrix JTDyJ = UXUT for a diagonal
matrix X of the singular values of JTDyJ and some orthogonal
matrix U. This square root matrix will be denoted as /K, for con-
venience. At the moment, it is in doubt whether the usage of such
velocity estimation in the impedance controller will lead to satis-
factory result. This issue is deferred to Sec. 3.4 where the stability
and passivity of the controlled system will be proven.

Since the robot is actuated indirectly by the motor through the
flexible transmission subsystem, the motor torque corresponding
to the desirable torque of Eq. (27) applied at the robot joint must
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be determined. Due to the lack of the complete system state infor-
mation, the degenerated stationary model of the drivetrain, Eq.
(16), shall be used to compute such motor torque. In particular

(rm):;r: T:/Fl T;r (29)

3.3 Motor Inertia Reduction via Transmitted Torque Esti-
mation. Desired task space impedance behavior of Eq. (17) is
hardly achieved because of the intervention from the robot and
transmission dynamics that have never been perfectly cancelled,
especially for the present system where most of the states are
unavailable for inferring the dynamics. Motor inertia is a parame-
ter which also deteriorates the desired impedance particularly for
the system with high transmission ratio. Reference [20] firstly
showed that the implication of a force feedback controller is to
reduce the effective mass of the system. Reference [9] applied this
means by feeding back the joint torque to reduce the reflected
motor inertia and frictional torque. The reduced motor inertia sub-
sequently helps improving the response as the transmission
become lighter. Therefore, the simple impedance control law,
neglecting the transmission dynamics, with additional torque feed-
back may be applied to the system yielding the effective imped-
ance closer to the desired one.

Most robot systems are not equipped with the joint torque sen-
sor. Thus, feedback of the transmitted torque may not be avail-
able. Nevertheless, it may be estimated based on the motor
current and angle measurements. Consider the governing equa-
tions of the first stage of the transmission system

B0y + Cysgn(bp) + 11 = 1t (30
where B is the diagonal matrix containing the p-motor inertia.
Loss in the DC motor may be governed by a Coulomb friction
model with the constant diagonal matrix C;. Ty, is the actual tor-
que generated from the electromagnetic induction force, of which
the value can be deduced from the motor current by 1, = K.,
where K, is the motor torque constant matrix. The last term 7, rep-
resents the transmitted torque from the motor to the first stage of
the drivetrain. Its value, which is governed by the elastic network
at the first stage, will be estimated.

The method of variational integrator [21], which discretizes the
system from the beginning of formulating the Lagrangian, may be
applied to determine the energy conserving discrete form of Eq.
(30). After identifying the discrete Lagrangian and external force,
the forced discrete Euler—Lagrange formulation may be evaluated.
The discretized version of Eq. (30) would be

1 h
ZBI (Boges1) — 200k + Oox—1) + §C1 [sgn (0o(s1) — Oo)

h
+sgn(00k — ao(k,l))] + 5 (T[k + 71(k+1))

= K (i + 20 + iy 1)

1 (3D

with the sampling period /. Consequently, the transmitted torque
at the kth-sampling may be estimated by

R N 2
T = —Ty(k=1) — thl (Bok — 28031y + Oo(x—2))
— Cy [sgn(0oc — Oog—1)) + sgn(Bou—1) — Oo—2))]

1
+ =K (i + 20y + i 2)

5 (32)

Negative feedback of 7; may thus be used to reduce the motor
inertia from B, to B, by correcting the reference motor torque

(Tm):;r to

i, = BB, (tm) 5+ (I — B1B},' )%y (33)
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The resulting system dynamics of the first stage of the drivetrain
becomes

By,00 + B1,B'C10y + t1 = (), (34)
if the transmitted torque estimation is exact. Effectively, the trans-
mitted torque and the reference motor torque are brought closer to
each other, thus making the motor behave closer to an ideal torque
source. This will be advantageous to the current controlled motor.
In practice, motor inertia cannot be reduced arbitrarily. Saturation
of the motor torque, amplification of the noise, and quantization
errors restrict the lower bound of B,..

Reference motor current corresponding to the motor torque of

Eq. (33) may be calculated from
in=K 't (35)

If the motor is current controlled, this value may be used as the
reference signal to the control unit by which the motor is thought
of as an ideal effort source. However, this might be unrealistic
because the actual DC motor current and hence torque depend on
its rotational speed as well according to the electrical dynamics

Li+Ri+ Ky = u (36)
where L, R, and K, are the diagonal matrix of lumped inductan-
ces, resistances, and the back-emf constants of the motors, respec-
tively. u is the vector of the motor voltages.

The resolution is to account for its dynamics in controlling the
motor current. According to Eq. (36), the current will thus be con-
trolled to track the reference value indirectly via the motor volt-
age. One may choose the desired current tracking error, e; =i — i,
dynamics to be

Lé; +Ke =0 (37)
where K. is the tunable constant diagonal matrix of the positive
gains for the tracking responsiveness. To this end, the control
input vector of the motor voltage must be determined as

u = Liy, + Ri + Koy — K. (i — i) (38)
that relies on the exact cancellation of the motor current and angu-
lar velocity terms.

If the above scheme cannot be realized, the following tracking
error dynamics:

Lé; + Kcé; + KvB'Kye; = 0 (39)
may be chosen instead. Here, K. is the positive constant diagonal

matrix to regulate the damping characteristics. It can be shown
that the following control input vector:

!
u = Liy, + Ri + KB J (Kpim — E1es)dt — Ko (i — i)

1

(40)

shapes the closed-loop current tracking error dynamics to Eq.
(39). In the equation, 7j, is the estimated value of
Clsgn(ﬂo) + 1 in Eq. (30) which may be determined from the
discretized equation similar to Eq. (31).

In summary, captured in Fig. 3, task space impedance controller
of a nonlinear flexible joint robot system, Eq. (27), is proposed
based on the stationary link angles and the velocity term according
to Egs. (14) and (28), respectively. The controller allows the user
to specify the desired compliance and dissipation characteristics at
a set point. Then the appropriate task space damping matrix is com-
puted by means of the matrix factorization as shown in Eq. (24).
From the control law of Eq. (27), the required motor torque
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*
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current tracking L, torque=> current
— control law conversion
Eq. (37) or (39) Eq. (34)
Fig.3 Overall diagram of the task space impedance controller
corresponding to the desirable robot joint torque is calculated via
Eq. (29). Additionally, feedback of the estimated transmitted torque ol (T 4100)
from Eq. (32) is employed to relieve the effect of the unmodeled O(T 100)
motor inertia. This results in the corrected reference motor torque 1 .
of Eq. (33). Reference motor current which yields such torque may D~ (h) (0
be commanded according to the simple relationship of Eq. (35) if it I+ 1q ( 113)
is reasonable to model the motor as an ideal torque source. oh | (6,) 0045
Otherwise, the motor should be controlled at the voltage level - 04s=1;" (T0100)

where Eq. (38) provides the voltage control law. If the motor angu-
lar velocity is not available, Eq. (40) should be applied instead.

3.4 Passivity and Stability Analysis. Stability and passivity
of the proposed task space impedance controller connected to the
robot system driven through the multistage nonlinear flexible
transmission will now be analyzed. First, the underlying energy
related to the desirable robot joint torque Eq. (27) will be investi-
gated. Positional dependent function h(0qs) is the torque compo-
nent responsible for counterbalancing the robot gravity torque and
supplying the desired compliant force under the stationary condi-
tion through the network of flexible transmission elements. There-
fore, h(ﬂqs) must be the differential of some PE V; (Oqs) related to
the gravitational PE of the robot, the PE of the end effector
desired compliant behavior, and the elastic PE of the multistage
flexible transmission subsystem. Note that the function h(q) is the
differential of the PE

1

Vi(a) = Ve(g) = 5 (f(9) — xa) Ka(f(g) — x0)

41
Equation (14) may be rewritten as 100 = 0, + efql (h(04)) =
L (qu) or 0, = l,’1 (qu 00). Therefore, one can write

T_9Vi (045)

~1
h(ll_l(Tqﬂ')o)) = xiall (T4100)

(42)

00,45 Oqs=17" (T4100) O(qug())
Since
on(0,) _, de W] om(0,) (I (Ta0))
00‘1& Oh h:h(ﬂq,&) aoqs O(Ttil 00)
_ 0L (0y) oIy (Tyn0o) _
D0y 045=L;" (T;100) O(quo())

Journal of Dynamic Systems, Measurement, and Control

Substituting this expression into Eq. (42), differential of V;(6,)
may thus be determined as

Viloy) | o] oo,
———=h(0y) |[I+—F— (43)
00, (6) on | () 00,5
Consider the following differentiation:
0 _ _ Oh (0,
50 100 ei) (1(0,) | =1, (8(0))" a(a;i )
Oei ! (h) Oh(0,
L
h=h(0,,) a

Performing the inner product with the differential of 0, and inte-
grating the result yield a scalar quantity of

0 de;) (h .
[ o™l MOy ao,)er (n(0,)
(0), h=h(¢)
B 0o 1 1 Oh(¢) ]
| o O L o (4

where  (0,), is the stationary link angles that make
h(~)Te[q (h()) =0 corresponding to the robot posture which

causes no overall effective deformation of the drivetrain. Equation
(44) indeed relates the elastic PE (leftmost term) of the network of
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the flexible transmission elements to its co-PE (rightmost term)
through the well-known Legendre transformation.
Integrating Eq. (43) and making use of Eq. (44) leads to

Vﬁ(oqs) =V (0(,5) + elq(TqIOO - qu)T(TqIBO - 0,15)

_ J% e T Oh(¢)

0) 1 (h()) — = - d¢ (45)

¢

in which h(-) is recognized as the differential of V,,(-) and Eq. (14)
is substituted. Therefore, the underlying PE of 1}, i.e., V,;(Oqs), is
the difference of the gravitational plus elastic PE of the passive
robot/transmission subsystems and the elastic PE of the desired
task space compliance, all at the stationary link angles.

Regarding with the estimation of the link joint velocity in the
control law, Eq. (28) may be understood as a filtering of the time
derivative of the estimated link angles, i.e., ¥ = G(s)vK,T;10p.
From the linear system theory, this may be represented in the min-
imal realization state space {A, B, C'} form

¥ = Ax + BVK,T,10,

Y =Cx (46)

where G(s) = C(sI —A)"'B and x is the filter states. Furthermore
by the Kalman—Yakubovich (KY) lemma [22], since G(s) is a
strictly proper and SPR, there exists symmetric positive definite
matrices P and Q such that

ATP+PA=—-Q
B'P=C

“47)
(48)

Define the error 6y = 6y — 0y; where 0y, is the constant target
motor angles associated with the specified constant Cartesian set
point x4. With the new state vector z such that Z = x, state space
representation of the velocity estimator system where the input is
the regulating error 0y may be expressed as

z=Az+ B\/KquléO

- (49)

9= CAz + CB\/K‘;T,” 00

3.4.1 Proof of Stability. To prove the stability of the closed-
loop system, consider the following function:

A . 1
V(q.4,0,0,¢;.,2) = EqTM(q)q +Ve(@) +50 B0+ Ve(g, Tg100)

1 L.
+ EeiTLef — V/;(T,” 0()) + EZTPZ (50)

comprising the KE and PE of the robot, modified drivetrain,
motor, and the negative feedback controller

Ve(q,Tq100) = e14(Tg100 — q)T(quao -q)

[ oy ag

(5D
qi (9(]5

is the elastic PE of the drivetrain and V; (quﬂo) denotes V;; (qu)
expressed in terms of the system states T';; 0. The last term repre-
sents the KE-like function of the velocity estimator unit of which
P is the symmetric positive definite matrix as described in
Egs. (47) and (48).

The function V (-) is a Lyapunov candidate function, i.e., it is a
positive definite function and continuously differentiable in a
neighborhood of the equilibrium point. To verify this, substitute

021001-8 / Vol. 137, FEBRUARY 2015

Egs. (41), (45), and (51) into Eq. (50) and rearrange the
equation as

1 1. | 1
V() =54"M(g)q + EOTB,-O +eiLei+ 52 Pit Vi(q)
1
+5 (F(9) = x4) Ka(f(9) — xa)

+ €y (Tq100 - aq.r + Gqs - q)T(Tq100 - Oq.r + oqx - q)

4 0

[ edmor ) a

= Vi(04s) — €1(Tg100 — OqS)T(TqIOO — 04)
O0s Oh(¢

o] e 5 ag

(52)
0, = ll_1 (quﬂo) is implied and the angles ¢; be the link angles

that cause no overall effective deformation of the drivetrain.
Using Taylor’s series, the following expansion of

elq (Tq100 - oqs + qu - q)T(TqIOO - 0q: + qu - q)
= e1(Ty100 = 055)" (T100 — 6,,)

ey, (8
(0, - q)T%() (T80 —0,) + ...
0=T,100—0,
+e1(Tg100 — 045)" (04 — q)
ey, (6
+ (0, — q)TL() (Ops—q) + ... (53)
90 0=T100—04

may be deduced. The equation has the graphical interpretation of
the sum of the total elastic PE and co-PE of the transmission sys-
tem. Figure 4 depicts the related area/energy of each term for one-
dimensional spring. The area I-IV correspond to the first, second
and its residue, third, and fourth and its residue terms on the right-
hand side. Moreover, with h(¢) = e14(T;100 — ), two integral
terms in Eq. (52) may be summed and rewritten as the function of
the deformation variable &

O _ Oh(¢) Tabo=0ss 1 Dey,(d)
Yh(o)T . d :J ST g5 (54
L i ) 5 ap= | e (54)

This is the co-PE stored in changing from T, 0y —¢q to
T,100 — 04, corresponding to the negative of the shaded area V
shown in Fig. 4.

With Egs. (53) and (54), Eq. (52) may be simplified to

de,,(5)
h(q) 26 5=T,,0,-6
1~ elq (.)
6elq(5)
T (aqs - q)+ e
51,1000,

Fig. 4 Interpretation of each term in Eq. (53) as the sub areas
of the elastic potential/co-PE
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1 | 1
V() =5d"M(@)i+ E()TB,.() +5elLe+ 58P

+ % (f(g) — xa)"Ka(f(q) — xa) + Vi(g)

T,100—q T
= Vi(0g5) +J eig(0)" - do (55)

T100—0,

The last term on the right-hand side represents the incremental PE
from Ty10p — 04 to T4 0y — g. For the system in which the elastic
elements possess the softening-spring characteristics such as the
cable-pulley driven transmission, Eq. (55) may further be
arranged as

1 .T . 1.1 . 1 T 1 T
3> = Z . —e'Le; +—
V() > 54 M(q)q+20 B,0—0—2e,Le, +21 Pz
1
+5fa) -~ xa) ' Ka(f(q) — xa)
1 T@elq(é)
—+ Vh(q) -V (0,15) + h(()qs)T(qu — q) (56)
where
Belq(()&) — inf Oelq(é) S Belq(é)
00 |5 veeRr 00 00 5=T,100—q
< de4(0)
90 0=T4100—04;

To show that V' () is a positive definite function, the following
assumption is necessary.

Assumption 3.1.

The Hessian Hj(q) = (0h(q)/0q) = (0°Vi(q)/0q*) of the
potential function V,(q) satisfies the condition

= sup [Hy(g)]l< 1 57)

YgeR?

where the matrix K-norm is as defined in the Appendix.

This practical assumption is exactly the condition for the recur-
sive evaluation of Eq. (14) to converge to the stationary link
angles. An important consequence of Assumption 3.1 is the fol-
lowing property.

Property 3.2.

Let oy, be the upper bound for the Hessian of V,(q) as defined in
assumption 3.1. Then the inequality

1
Vilao) = Vilar) + 1) (@1 — @) < 5oullar —@allc - (58)

holds for all q,,q, € R? (see Ref. [9] for the proof).

Applying Property 3.2 and ||(8e1,,(5))/35’6* HK= 1 to Eq. (56),
one would obtain
IS (- S S
N> =q'M ~0'B.0+-e'Le;+~:"P
V() 254 (q)q+20 0+2e, ei+52 Pz
1 T 1 2
£ 507(a) —xa)"Kalf () —x0) 3 (1 = )| 0 — a3
(59)

Recalling Assumption 3.1 and recognizing all quadratic terms in
the above inequality, it can be concluded that V (-) > 0.

To determine the equilibrium point where V (-) =0, it is required
that g = 0,0 = 0, ¢;=0, and z = 0 for the quadratic terms of Eq.
(50) to be zero. The remaining terms may be rearranged to show
that ¢ = 0, = f ~!(x4) nullifies them. From Eq. (14), the motor
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angle at the equilibrium will be 0y = 0, = T;]ll 1 (f -1 (xd)). Like-
wise, the equilibrium rotor angle of the drivetrain at the ith-stage is
0(,‘_1) :0(,'_1)5 :T;ill,' 071 (xd)), where l,‘ (0(/5) =0qs+e;11 (h (qu))
denotes the stationary rotor angle at the ith-stage reflected to the
robot link angle and e,-:ll(~) is the effective nonlinear deformation
function of the transmission subsystem from the ith-stage to the
last gth-stage. Note that the equilibrium rotor angle at the last
stage i O(g_1) =01 =T, 'I,(f ' (xa)) where I,(0,5)=04
+e; ! (h(04)).

Lyapunov stability theorem and Lasalle’s invariance principle
[22] will now be applied to show that the system equilibrium point
(q7 q,0, B,ei,z') = (¢,,0,0,,0,0,0) is (locally) asymptotically
stable. Differentiating Eq. (50) along the closed-loop system
trajectory results in

V() =54 M(@)q + 4" (tar + 7w — C(4,4)d — 8(9))
+0" (z, — ¢ (0) — e(0)) + eF (—K.e;)
1 : 1 .
+3 (Az+BVKT100) Pi+52"P(Ai + BVK.T,100)
T. ave (11, quot)) . 8‘/9 (q7 Tq190)
+ +
g(9)'q g T T a0

quoO
— h(0,) ' T,160

where 7, = [ (tn)y, 07 OT]T and ¢,(-) are the modified
generalized torque vector and the modified dissipative function of
the drivetrain subsystem according to Eq. (34). Applying the
passivity property of the robot [23], the KY lemma, and recogniz-
ing 74 = €4 (quqfl - 0!1)’ (Tm) o= TL (h<0q5> - \/I-(\_ﬁ) + K-e;,
((8Ve(q,0))/90)0 = ((3V.(g,T100))/d(T4100))T 4100, and (V.
(4,0))/9g = (V.(q,T4100))/0q), the derivative may be simpli-
fied to

V() = =0 e, (0) + 4o — e Kees — 52702 + OKee

Quadratic factorization of the last term and explicit presentation
of the damping power loss at each transmission stage rearrange
the equation to

V() =" Text — %i.TQz' - % (00 — €)' K- (00 — &)

9. .7 . 1 T
> 0, en(0c1) - 5¢ (2K —K-)e;
k=2

1. . .
— 20, (2¢,1 (60) — K-6)

> (60)

It is practical that the drivetrain is fully damped, i.e.,
0.Tc,4 (0) > S oc,-(?iz, o; > 0 and ¢,(0) = 0. If the matrix gain K,
is designed to be fast enough for current tracking such that
K. > (1/2)K, and the first-stage (the motors) has been damped

enough that 0'5 (2¢1 (00) - Kréo) > 0, then it can be concluded
for the case of free motion that

V(‘quy 07 év e[,Z.) <0

Therefore, Eq. (50) is a Lyapunov function. From the Lyapunov
stability theorem, the closed-loop system is stable. The stability is
generally, however, local due to the local invertibility of the for-
ward kinematics mapping. In addition, it can be shown that the
equilibrium point is the only point (in the invariant set) which
makes V(-) = 0. Through the help of the Lasalle’s invariance
principle, the system is asymptotically stable to the equilibrium
point. Note that the motor current will converge to the reference
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value i,, of Eq. (35) and the estimated velocity related term 9 will
finally be vanished identically.

3.4.2 Proof of Passivity. Passivity is an important property
for the robot system to perform interaction tasks successfully
since the passive system will respond to the incoming input
energy in a stable manner according to the underlying principle of
energy conservation. As a result, the system will be robust to the
disturbance and interact safely with the passive environment.

Figure 5 depicts the block diagram of the multistage nonlinear
flexible transmission driven robot controlled system, which may
be decomposed into three units representing the robot, the drive-
train, and the motor plus the controller subsystems. They are inter-
connecting in tandem feedback topology. The whole system is
then coupled to the passive environment mapping the velocity
flow x to the action force effort —F.,,. Since the robot moves with
the same velocity, the torque acting onto the robot will then be the
reaction torque Tey;.

Passivity of the robot subsystem can be shown readily by the
lower bounded storage function

N N
$i(4:4) = 54" M(a)d + V() (61)

with |Vg (q)| < f, for some > 0. Its time derivative along the tra-
jectory of the robot dynamics is S; = q'T(‘rdr + Tex). Hence, the
robot subsystem is the lossless system mapping (g, + Tex) — §.
Passivity of the modified drivetrain subsystem may be analyzed
with the storage function

1. .
Sur(q,0,0) =~ 0" B0+ V,(g,0) (62)

2

of which its derivative along the trajectory of the drivetrain

dynamics is Sg = ég(rm)dr—zfrd, —éTc,(é). Therefore, if the

transmission subsystem is fully damped, it will be the state strictly
passive system mapping ¢ — — T4, at the port connecting the driv-
etrain to the robot, and (ty, )y, — 00 at the port connecting to the
motor electrical dynamics and the controller.

Pertaining equations of the motor current dynamics plus the
controller are displayed in Fig. 5. With the comprehension in the
underlying energy previously analyzed, one may select the fol-
lowing storage function:

1 1
Sme(€i,2,00) = ~ e Le; + zz'TP:z — Vi(T100) (63)

2

Time derivative along the trajectory of the current tracking and
velocity estimator dynamics after some additional manipulation is
thus

. .T 1 R . 1, . T .
Sme = =0y (tm)y,—€) K €; — EzTQz -5 (60— e;) K. (00 — ;)
1.t . 1
+ EOOKTBO + Eel-TKTe,-

Because the last two terms are always non-negative, passivity
and passive mapping 6y — — (tm), of this subsystem solely can-
not be concluded. Nevertheless, one may combine the drivetrain,
motor, and controller subsystems (second and third units) alto-
gether. Consequently, the storage function of this integral unit
may be proposed as the sum of the storage functions of the
subsystems

Saeme (4,0, 0, €:,2) = Sar(-) + Sme (") (64)

The time derivative will merely be the sum of the derivative of
these subsystem storage functions

robot system

rdr+Texr q
@ Mg+Cq+g=1,+7,,
drivetrain + motor + controller system
_ )
@ * Tar drivetrain system !
+ .. .
B,G+C,(6)+e0)=7,
| 0, -
- Text :
motor current dynamics i
(rm )dr =Kriv' u= Ll:mr +Ri, + Kbgo -k, (ir - imr)
| Li +Ri +K,0,=u i, =K'(,),
- (7»1 )dr
impedance controller
| ) =13 t= 42+ BRL,0,
gl ae)-Jks 0, =1,0,-el0i6,) J
9=CAz+CBK,T,6, |
b o]
environment

-k

ext

Fig. 5 Feedback interconnection of three subsystems of the nonlinear flexible
joint robot controlled system interacting with the passive environment. The system

as a whole is passive.
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. . . . 1. .
Sdr,mc(‘) = Sdr(‘) + Smc(‘) = 7qTTdr - *ZTQZ
1,.
_E(Go_ei) o—e, Zek e ( 0k 1)
1 .T . .
—3¢ e/ (2K, — K,)e; — 500 (2¢,1(00) — K.0p)  (65)
Under the conditions of K. > (1/2)K, and 0; (2c,1 (90) — KTO'O)

> 0, and fully damped transmission system, the state strictly pas-
sive mapping ¢ +— — tg4; at the port connecting to the robot of the
integrated drivetrain, motor, and controller subsystems is ensured.
As a result, Fig. 5 may be viewed as the negative feedback inter-
connection of two passive systems. Further, it is possible that the
robot is coupled to the passive environment.

Theorem 3.3.

FEEDBACK INTERCONNECTION OF THE SYSTEMS: [24] The negative
feedback interconnection of two passive systems is passive.

Applying the stated Theorem 3.3, proof of the passivity of the
multistage nonlinear flexible transmission driven robot controlled
system interacting with the passive environment is thus
completed.

4 Simulation, Experiments, and Discussions

In this section, a 2DOF cable-pulley driven flexible joint robot
with the developed task space impedance control law in Sec. 3 is
studied. The system has been constructed as a prototype support-
ing the fundamental study of the cable-pulley driven robot which
will further be useful in developing the whole arm of the ongoing
service robot project. As depicted in Fig. 6, the rigid robot is
driven through the multistage nonlinear flexible cable-pulley
transmission unit. Its shoulder link is capable of moving along the
pitch and yaw directions emulating the principal motion per-
formed by the human shoulder.

Figure 7 illustrates the winches and pulleys arrangement of the
four-stage transmission subsystem. Two motors are used to drive
the system symmetrically along the left and right segregating
paths. Motor axle is coupled to winch#1, which then drives
winch#2 through the properly wrapped cables. It in turn drives
pulley#1 and pulley#2. With pulley#3 and the cable circuits, these
pulleys form the differential mechanism producing the pitching
and yawing motion of the output shoulder link. It is the place
where two transmission paths meet. Additional pulley#4 is not
attached with any cable and its purposes are to counter pulley#3
and to strengthen the structure.

According to the manipulator design, output motion of the sys-
tem is not measurable as there is no any motion sensor directly

Fig. 6 A 2DOF multistage cable-pulley driven flexible joint
robot. In the figure, the proof mass of 1.0 kg is placed at the link
end tip with a vernier height gauge used to measure the posi-
tion in Y-direction.
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Fig. 7 Winches and pulleys arrangement in the drivetrain unit
of the flexible joint robot. Relevant coordinate frames are
shown. Left winch#1 is occluded.

equipped to the robot linkage. Rather, collocated sensors of the
motor encoders are used to deduce the stationary pitch and yaw
output motion 0, following Eq. (14). It is observed from the
experiment that they may well be used as the estimation of
the actual robot motion if it performs smoothly at low speed. The
actual end tip motion might also be acquired through the dedi-
cated separate sensor such as the optical tracking system. In the
meantime, a simpler means of employing the vernier height gauge
(0.02mm of resolution) to measure only the static Y-position of
the robot end tip is adopted. See Fig. 6 for the system setup.

Task space impedance control law is applied to this system
with the specified task space stiffness matrix WKy = diag
(kavs kay) and the damping ratio ¢. Accordingly, the damping
matrix of Eq. (24) may be expressed

28, [kad,y,, 0

lo
Dq(f(0,)) =
d(f( q)) 25 kdy( XXpy y +]zzpysy + L )
0
locy
(66)
as a function of the robot joint angles 6, = [0, 0,]". In the sim-

ulation, the nominal stiffness and damping values are set to
10 x 10*N/m and 4.0, while for the real system the typical values
are tuned to 500 N/m and 0.6. These lower values are in accord-
ance with the passivity limitation, i.e., energy generation, cursed
by the sampling rate and quantization of the sampled-data control
system [25]. Stiffer robot may be achieved if the system is imple-
mented with faster sampling rate and higher resolution. Unmod-
eled dynamics degrades the expected performance as well. Also, a
simple first-order low-pass filter of G(s) = 4/(s + 4) is employed
in filtering the estimated link joint velocity. The cutoff frequency
A is selected to be 500rad/s in the simulation, while it has been
reduced to just 65 rad/s in the real system. This is to avoid picking
up the signal with frequency higher than 10 Hz that is too fast for
the typical robot motion. Motor current safety limit is set to 3.5 A.

In the simulation, the designed controller is performed in
MaTLAB® connected to 20-sim® [26]. This simulator program is
employed to model the whole system in details using the bond
graph modeling framework. Since the system is quite stiff, the
adaptive backward differentiation formula integration method
with the step size of 1 ms is used in all simulations. For the real
system, the controller and the supporting processes are pro-
grammed entirely in C# language. The controller is implemented
with the rate of 1 kHz. At each sampling, 0, is determined recur-
sively where the value is further used to compute other terms of g,
J, f, Dq, and ¢ for which Tustin approximation is employed to

FEBRUARY 2015, Vol. 137 / 021001-11

Downloaded From: http://dynamicsystems.asmedigitalcollection.asme.or g/ on 09/13/2014 Terms of Use: http://asme.org/terms



discretize sG(s). 7, is also updated by the motor current and angle.
These variables are thus prepared for calculating the robot control
signal as delineated in Fig. 3. It should be mentioned that this fully
damped system satisfies the Assumption 3.1. Hence, the conver-
gence of 0, and the system stability/passivity are assured. Figure
8 depicts the signal interconnection between the system and the
controller where the motor current and angle are fed back to the
controller unit for processing the commanded current. In the fol-
lowing, some simulation and experiments are performed to inves-
tigate the effect of several control parameters on the system
response and to illustrate the effectiveness of the proposed control
law.

4.1 Task Space Stiffness and Damping. To verify that the
desired task space stiffness is actually achieved, the robot is regu-
lated at the center of the workspace and the external force of 10N
is applied in the X- and Y-direction, respectively. For the simula-
tion, the end tip deflection responses using the nominal stiffness
value of 10 x 10° N/m are shown in Fig. 9 for a set of different
damping ratios. It is observed that larger damping makes the
motion be more sluggish. For a wide range of damping ratios, the
end tip eventually reaches the point corresponding to the deflec-
tion of about 1 mm that agrees with the desired stiffness and the
applied force.

For the actual system, the proof mass of 1.0kg is placed at the
far end of the robot shoulder link to realize the constant external
force in the negative Y-direction as shown in Fig. 6. The default
stiffness of 500 N/m and a set of moderate damping ratios are set
to perform the experiment. Figure 10 depicts its estimated deflec-
tion responses. It can be seen that with the use of low damping
value, the response exhibits an overshoot before settling down to
the static deflection value. On the other hand, too high damping
makes the end tip to deflect slowly and prevents it from reaching
the expected deviation. Hence, the environment may feel the robot
be stiffer than its actual value. Note that the effective stiffness is
higher than the set value due to the friction in the mechanism.
Simulation result under the same conditions is displayed along
with. Qualitatively, the response of the real system agrees with
that of the simulated one. The desired task space stiffness and
damping characteristics is therefore accomplished.

|
|
|
| |
left motor

commanded
current

right motor
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current

|

|
At~ <>p i ﬁeﬁ{ — <:>;1 —0 ﬁ(3&1 — A >
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As the currently available method for cross-checking, the ver-
nier height gauge is applied to acquire the actual static end tip
deflection from the position measurement before and after apply-
ing the weight. The actual deflections are 17.54, 17.38, and
16.26 mm for the damping ratio of 0.2, 0.6, and 1.0 in turn, while
the estimated deflections as seen from Fig. 10 are 16.76, 16.71,
and 15.01 mm under the default stiffness and 1.0kg load. Hence
the estimation error (less than 2 mm for the 315 mm-long robot, or
1% of the robot size) is small enough for the service robot per-
forming daily tasks and therefore the stationary position may
legitimately be used as the replacement for the actual value.

4.2 Tracking Response Subject to External Force. A circu-
lar trajectory is generated for the tracking simulation. The starting
point is at the right of the robot caused by rotating the shoulder
link in the yaw direction for—40 deg from the center of the hemi-
spherical workspace. Then the trajectory is made by rotating the
link around the Z-axis for a complete round in 6s. Finally, the
desired position is held constant at the starting point for 0.5s.
Task space stiffness and damping ratio are set to their nominal
values while the intrinsic motor inertia value is unchanged. Figure
11 displays the tracking result when the robot is subject to the
10N force acting in the X- and Y-direction throughout the path,
respectively. It is seen that the proposed controller, which is
designed for the regulation objective, may be used in the tracking
task as well. The end tip follows the reference trajectory closely
because of the high stiffness value compared to the magnitude of
the applied force. As depicted in the figure, finally the end point
deviates from the desired location by 0.6 and 0.86 mm along the
X- and Y-direction for each case in turn.

When the end point is at its final position, nominal task space
stiffness matrix expressed in the local frame parallel to the refer-
ence frame {XYZ} is determined by [27]

{XYZ}Kd _{wyz} R’{Xyz} {XyZ}KLgX}YZ}R{XYZ} (67)

where the numerical value of kg, is selected to be 1000 x 10°N/m
as the robot cannot move along the z-direction. The associated
deflections, determined from

Y

>
Sy

drivetrain +
counterbalance

fily 7

| |

Fig. 8 Detailed bond graph diagram of the 2DOF cable-pulley driven flexible joint robot controlled system. The diagram dis-
plays the interconnection of the controller, motor, drivetrain, counterbalance, and robot units. In addition, physical systemlike
couplings of the lumped model of the system components ease the understanding of the overall dynamics.
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Fig. 9 Simulation of the flexible robot end tip deflection with the nominal stiffness value of
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Fig. 10 Deflection responses of the real (left) and simulated (right) robot end tip under 1.0 kg

proof mass with the stiffness value of 500 N/m

X1zt 02} g UXYZVF (68)
along the direction of the applied force will be 0.59 and 1.0 mm
for each case in order. Hence, actual deviations agree with the the-
oretical values. Therefore, the desired end effector stiffness is
achieved. It should be noted that large application of the external
force requires large current to keep the robot end tip staying in the
track. If such current cannot be supplied, the tracking will fail and
the motion will be unstable. For the typical limit =10 A of the
motor supply current, the external force of 40 N or more will drive
the system unstable.

Similar experiment is implemented with the real system. The
reference trajectory starts from the center point of the robot work-
space. Then it moves leftward by executing the yaw rotation for
40deg in 3's and idles for 2s. Next, the trajectory completes the
clockwise circular path around the Z-axis in 20s. After that, it
idles for 2's before traveling rightward back to the starting point
and finally staying there for 2 s. Tracking result of the real system
with the attached 1.0kg deadweight is depicted in Fig. 12.
Because of much weaker stiffness value of 500 N/m, the actual
motion clearly deviates more from the reference path. At the end
of the tracking, the tip departs from the workspace center by
—17.6mm along the Y-direction. This agrees with the static
deflection in Sec. 4.1. The tracking performance, indicating the
deflection during the motion, may be computed from the average

of the integral of absolute error I = (1/N) Y20 [l — xal,- Its
value is 16.8 mm while for the simulated system using the same
control parameters this error would be 18.0mm. The

Journal of Dynamic Systems, Measurement, and Control

corresponding plot is shown alongside. Therefore, with the
proposed controller, the flexible robot system is capable of dis-
playing the desired impedance behavior during the general task
execution.

4.3 Motor Inertia Reduction. Nominal reduced motor iner-
tia value is adjusted to investigate its effect to the controlled sys-
tem. In the experiment, the stiffness of 500 N/m and the damping
ratio of 0.6 are used in both the simulated and the real system.
First, the robot end tip is regulated at the center of the workspace,
which is also its initial position. Three different values of the
effective motor inertia are set. Figure 13 displays the current con-
sumption in case of the simulation. When the 150 g cm? effective
motor inertia (40% reduction) is tuned, the motor current expo-
nentially oscillates during the transient before settling down to a
constant value of 0.346 A. On the other hand, if the 248 g cm? or
the original motor inertia value is used, the current reaches the
final value in a first-order system fashion with fast time constant
of 11 ms. From the graph, the choice of unmodified inertia yields
the cleanest response. However, difference in the motion
responses of these three cases is imperceptible due to small motor
inertia portion compared to the inertia of the whole drivetrain. It
may be concluded that the reduction of a small motor inertia in a
small gear ratio system does not improve the dynamics meaning-
fully. If the inertia is reduced further, the current will be satu-
rated, hitting its limits in a bang—bang manner. In turn, the end
point motion starts to exhibit the oscillatory drift from the set
value. Current consumption of the real system is shown in
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Fig. 12 Circular path tracking with the stiffness of 500 N/m under the 10 N force applied along
the Y-direction for the real (left) and simulated (right) system

Fig. 14. The result is qualitatively similar; the lower value the
effective motor inertia be, the more oscillatory response the motor
current is.

Same modulation of the motor inertia is performed when the
robot end tip tracks the circular trajectory in Sec. 4.2 with no load.
Comparison of the current consumption during the course for dif-
ferent effective motor inertias is depicted in Figs. 15 and 16 for
the simulated and real system, respectively. The real system draws
larger and more noisy current than the simulated one accountable

left motor current (A)

02k ......... Baveenans - FE— ....... _

0.1

0 001 002 003 004 005
time (s)

to the model parameter mismatch and unmodeled dynamics. As
observed in the regulation case, the modulated inertia value draws
more aggressive and fluctuating current than the natural one. In
the tracking case, the lowest motor inertia value that can be
reduced is increased to 170 g cm? (30% reduction). Percentage of
admissible inertia reduction is decreased because larger current is
involved in the tracking motion. The real system becomes unsta-
ble by exhibiting the oscillatory tracking when the inertia value of
150 g cm? is used. Essentially the inertia reduction is equivalent to

right motor current {A)

0 001 002 003 004 005
time (s)

Fig. 13 Current consumption of the simulated system for the regulation task under three dif-
ferent values of the effective motor inertia (150, 200, and 248 g cm*®)
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left motor current (A)

15 ,

o
n

=
n

right motor current {(A)
o

'
-t

15 ; ;

time (s)

Fig. 16 Current consumption of the real system for the circular tracking task under three dif-
ferent values of the effective motor inertia (170, 200, and 248 g cm?)

the increase in control loop gain. Therefore, too large inertia
reduction makes the system become unstable. If the physical
motor inertia value is retained (no inertia reduction), there will be
no feedback of the transmitted torque. Implicitly, natural dynam-
ics of the drivetrain is employed. The original system will draw

Journal of Dynamic Systems, Measurement, and Control

less energy and be more stable than the modulated one, on the
price of contaminated desired dynamics. This is evident from the
reduction in the tracking error of the real system from 6.7 to 5.4
and to 4.6 mm correspondin§ to the motor inertia value of 248
(original), 200, and 170 g cm”.
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5 Conclusions

This work develops a task space impedance control of the ma-
nipulator driven through the generally multiple stages of the non-
linear softening-spring flexible transmission unit, such as the
embodiment of the belt-pulley or cable-pulley transmission. The
proposed controller regulates the stiffness and damping of the end
effector at the specified position to the desired values based on the
only available feedback signal of the motor current and angle.
Robot link angle and joint velocity in the traditional impedance
control law are substituted by the estimated values computed from
the motor angle recursively using the stationary model of the driv-
etrain and robot system. Furthermore, estimation of the transmit-
ted torque from the motor current is fed back to reduce the motor
inertia. Effectively, the motor dynamics distorting the desired
transmitted torque is attenuated. Thus, the actual robot character-
istics behave closer to the ideal target impedance. Implementation
of the control law via the current or the voltage mode of the motor
system is discussed. Thorough passivity and stability analysis of
the controlled system are presented, in companion with a couple
of realistic assumptions. The proofs yield an insight in the under-
lying energy of the controller that attempts to shape the system PE
to the one corresponding to the desired task space compliance.

The controller is applied to a system of 2DOF cable-pulley
driven flexible joint robot. It exhibits satisfactory results in stand-
ard tasks including trajectory tracking subject to externally
applied force. The end effector stiffness matches the desired value
in the simulation while the friction force contributes to the higher
value in the actual system. Experimenting with several reduced
motor inertia values to improve the system dynamics suggests that
good practice in mechanical system design at the beginning is
preferable to using the torque or current feedback in shaping the
inertia to the desired value later. This is to preserve the stability
margin of the controlled system.

Overall, the proposed controller is capable of regulating the
task space impedance of the manipulator driven through the multi-
stage, constant transmission ratio matrix, nonlinear flexible trans-
mission unit. Examples of applicable systems range from the
traditional robots driven through stages of geartrains, flexible
belts, or cable-pulley, to novel robots actuated by arrays of piezo-
electric or polymer actuators, from which their structures are also
created. It is impractical for these systems to gain access to the
feedback signals apart from the actuators. This research has dem-
onstrated that the desired impedance may be accomplished using
merely the actuator motion and current signals together with the
appropriate flexible transmission model. This controller may
further be incorporated with the higher-level control system to
accomplish the advanced manipulation tasks in general.
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Appendix: Convergence of the Stationary Link Angles
Calculation

To determine whether the numerical evaluation of 0, in Eq.
(14) converges or not, the contraction mapping theorem [24],
which guarantees the existence and uniqueness of the fixed point,
is employed. Accordingly, to conclude that the recursive evalua-
tion of Eq. (14) converges, it is sufficient to show that the map-
ping function

P(q) = Ty100 — ¢, (h(q)) (A1)

is a contraction mapping.
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The distance function

dx(q,,92) = llg) — ‘IzHKZ U(q, - ‘Iz)“z

T 1/2
= @~ 0)"K1(01 —02)] (A2)
is defined based on the robot joint effective stiffness matrix K-
weighted vector norm ||q| = ||Uq|l, where K, =U'U
= vgn]g ) (De14(0)/08) is the minimum deformation-dependent

cRR

nonlinear effective stiffness of the drivetrain. The corresponding
matrix norm is defined as ||A|[|,= ||UTAU™! Hz
The mapping P(q) is a contraction mapping if

1P(g2) — P(q1)llx< plla: — @ llx (A3)
holds for any ¢; and ¢, with some p € [0, 1). Since the mapping

P(q), for specific motor angles 0y, at ¢, is related to the value at ¢,
by

 OP(q)
P(q,) =P(q,) + J —%dq
: q aq
% Dey, (1) oh(q)
=P q,) — J q o % —dq
(41) , or le—h(q) 9
Manipulate the expression to suit Eq. (A3) as
2 Oy, (1) Oh(q)
oe(a) - Pal = |- [ 0= M) 4y

q =h(q 5

<

L))
[ U—T ah(q) U—lqu
Ja, dq

2

using the fact that the positive definite load-dependent compliance
matrix (Je;,'(t)/0t) <K, =U'U"". The inequality may be
elaborated further so that
Oh(q)
P~ Plalis s | %8 Jo-ale o
VgeRP q ||k

Consequently, the recursive evaluation of 0, in Eq. (14) will con-
verge to the stationary link angles for any starting iteration value
if

sup
YgeRP

(A5)

Oh(q)
o A

Physically, the condition requires the robot joint effective stiff-
ness, or the effective stiffness of the drivetrain, to be larger than
the joint stiffness induced by the gravity and the desired compliant
forces. This implies the transmission stiffness is capable of pre-
venting the robot “after-the-joint” motion caused by its own
weight and the position-mismatch induced compliant force.
Hence, the robot structure should be lightweight enough and the
desired end effector stiffness should not be set too high, otherwise
the effective joint stiffness must be very stiff.
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Abstract This work is concerned with the task space
impedance control of a robot driven through a multi-stage
nonlinear flexible transmission system. Specifically, a two
degrees-of-freedom cable pulley-driven flexible-joint robot
is considered.  Realistic modelling of the system is
developed within the bond graph modelling framework.
The model captures the nonlinear compliance behaviour
of the multi-stage cable pulley transmission system,
the spring effect of the augmented counterbalancing
mechanism, the major loss throughout the system
elements, and the typical inertial dynamics of the robot.
Next, a task space impedance controller based on limited
information about the angle and the current of the motors
is designed. The motor current is used to infer the
transmitted torque, by which the motor inertia may be
modulated. The motor angle is employed to estimate
the stationary distal robot link angle and the robot joint
velocity. They are used in the controller to generate the
desired damping force and to shape the potential energy of
the flexible joint robot system to the desired configuration.
Simulation and experimental results of the controlled
system signify the competency of the proposed control
law.

Keywords Cable Pulley-driven Robot, Multi-stage Flexible
Transmission System, Task Space Impedance Control

1. Introduction

Impedance plays an important role in the performance
of tasks by manipulators that require interaction with the
environment [1]. For example, a laparoscopic surgical
robotic system, such as [2], typically works inside the
human abdomen, packed with vital organs of which
their precise location and geometry are not known. The
motion of the forceps is controlled and supervised by
a skilful surgeon. Nevertheless, erroneous motion is
possible, as a result of which the surrounding organs
may be injured. If the forceps are equipped with proper
compliance, the severity of wounds can be mitigated.
As another example, a service robot system, such as [3],
among the others, is able to perform general daily
tasks. It is inevitable that such a robot has limited and
imprecise information about the environment it interacts
with. To successfully implement tasks, the robot must
possess appropriate compliance characteristics. A specific
impedance model implemented through the mass, spring
and damping parameters is popular among the more
general functions between the motion and force variables.
This representation is intuitive to the human operator and
it may be used to shape the behaviour of wheeled inverted
pendulum vehicles for better riding experiences [4].
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Many efforts have been made in shaping robot compliance
to the desired values. However, only a few works have
attempted to control the impedance of flexible joint robots.
[5] presented a simplified model of a flexible joint robot
on which most of the proposed controllers, such as [6]
and [7], are based. A tracking impedance controller for the
DLR-II arm [8] was proposed using singular perturbation
analysis. In contrast, [9] applied a passivity analysis
to design a robust and stable impedance control law.
Recently, an adaptive impedance controller based on the
function approximation technique (FAT) [10] was applied
to a flexible joint robot system with motor dynamics
included. Impedance behaviour may also be acquired
indirectly through admittance control by generating the
reference motion from the interaction force error. This
idea is applied using an adaptive fuzzy control technique
to manipulate the non-rigid environment of the multiple
mobile manipulators [11].

The contribution of this research is a passive task
space impedance controller for a flexible joint robot
system driven through multi-stage nonlinear flexible
transmission based only on the motor angle signal. Motor
current feedback may optionally be used to improve the
system response time. In particular, an embodiment of
a prototypical two degrees-of-freedom (DOF) cable
pulley-driven flexible joint robot is investigated.
Section 2 develops the detailed model of the robot,
its counterbalance and its flexible drivetrain subsystems.
A model of the complete system is then obtained
by integrating these together using the bond graph
framework. Based on this model and the available
feedback signals of the motor current and angle, in
section 3 a task space impedance controller is designed
to accomplish the desired viscoelastic behaviour at the
specified set point. The stability of the closed-loop system
is proven. In order to validate the effectiveness of the
control law, various simulations and experiments of
the system are conducted and the results are discussed
accordingly in section 4. Finally, section 5 concludes the
study.

2. System Modelling

A two-DOF cable pulley-driven flexible joint robot, shown
in Figure 1, is constructed as a prototype serving as a
fundamental study of the multi-stage cable pulley-driven
robot class, which will further be employed in developing
the entire arm of our ongoing service robot project. It
comprises three subsystems, namely a rigid robot, a
flexible transmission and a counterbalance. The robot
shoulder link is capable of moving in the pitch and yaw
directions, emulating the principal motion performed by
the human shoulder. Generalized coordinates describing
the position of its end-tip may naturally be chosen as the
pitch and yaw angles, denoted as 6, and 0y, respectively.

Figure 2 depicts the winch and pulley arrangement of
the robot’s multi-stage transmission subsystem. Starting
from the input side, the motor axle is coupled to winch#1,
which then drives winch#2 through the wrapped cables.
Winch#2 in turn drives pulley#1 (for the right winch) and
pulley#2 (for the left winch). Together with pulley#3, these
pulleys form the differential mechanism which produces

Int J Adv Robot Syst, 2014, 11:118 | doi: 10.5772/58697

Figure 1. A two-DOF multi-stage cable pulley-driven flexible
joint robot

Figure 2. Winch and pulley arrangement in the drivetrain unit
of the flexible joint robot. Left winch#1 is occluded.

the rotational motion of the output shoulder link around
two mutually perpendicular axes, causing the motion of
the shoulder link end-tip in the pitch and yaw directions.
A differential mechanism is implemented in this work
through the cables and stepped pulleys. In addition,
the additional pulley#4 is not attached to any cable -
its purpose is to counter pulley#3 and to strengthen the
structure.

Furthermore, the robot is equipped with a patented
(pending) counterbalancing mechanism [12], invented to
reduce the amount of torque commonly supplied by
the motors to sustain weight and, hence, to improve
the safety of the robot.  Basically, the motions of
pulley#1 and pulley#2 are transmitted via the cable
routing to elongate a set of springs. With an appropriate
spring stiffness selected, the generated torque can
match the configuration-dependent gravitational torque.
Such considerations may apply from the viewpoint of
maintaining the total potential energy of the system.

2.1. The Robot System

Referring to Figure 2, the position vector of the shoulder
link end-point relative to the origin of {XYZ} described
in {xyz} is We = [00 -1, ] T for which I, is the
shoulder link length measured from the centre of rotation.
Besides, the relative rotation between {xyz} and {XYZ} is
described by the r(?t?tion matrix {XYZ% Ry xyz} = Ry0,Ry,p,-
Therefore, the position vector r described in the reference
frame {XYZ} is:



{XYZ},,, _{Xyz} R{x {xyz},’,

yz}

T

= [ —losy lospey —locpey | . 1)
For the spherical configuration of the robot, the velocity of
the end point may be determined simply from the fact that
its motion comprises pure rotation around the origin of the
fixed frame {XYZ}. If w is the link angular velocity, the
end-point velocity expressed in the moving frame {xyz} is
ly, = wxr = [ —lo8y lofycy 0] . Consequently, the
Jacobian matrix represented in {xyz} becomes:

0 —I,
vz = [locy 0 ] . )
0 0

The main moving parts of the robot are pulley#3, pulley#4
and the output shoulder link. For convenience, the
rectangular frame of the counterbalancing mechanism
subject to the pitch motion will be included as well.
These components may be grouped into two categories:
one undergoing pitching motion alone, and the other
undergoing a composite pitching and yawing motion.
CAD drawings of these two collections are depicted in
Figure 3. Their related parameters will thus be subscripted
s ‘p’ and ‘py’, respectively. The reference and moving
coordinate frames employed are the same as those shown
in Figure 2.

For the first collection undergoing pitching motion, its
compound centre of gravity (C.G.) is evaluated by the
CAD program to be at {xyz} ("”G)p = [007,, ]T relative
to the origin of {XYZ}. Because its motion is a rotation
around the fixed pitch axis with the angular velocity

; T
vz, = [6,00]",
be determined as:

the associated kinetic energy may

1

TP 2 “p

1 .
Ixx,, 9%}/ (3)

Iopwp >

where Iop is the pitch-collection inertia matrix, with the
inertia around the x-x axis denoted by Lix,- The potential
energy may be derived simply as:

Vp = —mpg - (TG)p = —Mpgrz,Sp, (4)

for which m, is the mass of this collection and g is the
vector of gravitational acceleration.

Similarly, the kinetic and potential energy of the
pitch/yaw collection may be derived as follows. From the
geometry, the compound C.G. location is at {¥z} (76)py =

[0072,] T However, its angular velocity is due to both
the pitch and yaw motions. In the body’s fixed frame, this
may be written as (¥} w,, = [8,c, 6, épsy}T. Therefore,
the kinetic energy expression, with some simplification,
may be expressed as:

17
pr = Ewl’y‘[opywpl/
1

=3 [(IxxpyCi + Izzpysﬁ) 02 + I-Wwéﬂ ) ®)

for which the careful design of the shape of the parts
makes the off-diagonal elements of the inertia matrix I,
negligible. In other words, L, = diag (Ixxw, Lyy,,s IZZW).
The potential energy may be calculated as:

Voy = =mpyg - (vG)py = —Mpy&Tz,,SpCy, (6)
with my, denoting the mass of this collection. The
parameter values of the robot are summarized in Table 1.

2.2. The Counterbalance System

The counterbalancing mechanism contributes to the robot
dynamics by maintaining the constant potential energy
of the augmented system. The mechanism may be
divided into two parts. Figure 4 illustrates a part of the
mechanism [12] where the cable (20) is routed through
the set of idlers (21-24) to convey the tension force from
the spring (12) to the stud (18) embedded in pulley#2.
The generated torque will counter the gravitational torque
of the pitch/yaw collection. The other simple part of
the mechanism accounts for the pitch-collection. Note
that, due to the (generally) non-zero initial tension of
the spring, the cable routing over non-zero radius idlers
and the travelling limitation hit of the mechanism, the
compensator departs from theory. Nevertheless, the
current consumption of the motor in holding the robot
statically is reduced dramatically; the current is now
bounded within the band of £0.1 [A] as compared with
the average value of 1.5 [A], when there is no assistance
from the counterbalance.

The force and induced moment produced by the
mechanism may be analysed indirectly via the spring
potential energy of the counterbalance. The cabling of the
mechanism enforces the elongated length of the springs in
relation to the robot configuration through its generalized
coordinates 6, and 6. For the springs accounting for the
gravity force of the pitch and pitch/yaw collection, their
elongations 6, and J,y are:

5, = 2hp\/2 {1 sin (ep + 215875)} %)
Spy = hpy [ 2[1—5(0p+6y)]
2[1—s (6, ey)}} ®)

where hy and hp, are the shortest distance of the cable
terminal at the rectangular frame and at pulley#1/#2
measured from the X-X axis, respectively. The constant
angle of 21% [rad] reflects the safety limit of the
mechanism at 65°. Consequently, the potential energy
of the counterbalance for the pitch- and pitch/yaw
collection may be determined from the area under the

force-elongation linear relationship:
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Figure 3. (left) Collection of mechanical parts undergoing pitching motion. (right) Collection
and yawing motion.

of mechanical parts undergoing pitching

| robot parameter [ value
shoulder link length, I, 0.315 [m]
z-coordinate of the C.G. of the pitch-collection, 1z, —0.0288 [m]

pitch-collection inertia about C.G. along x-x axis, I xx,

276.0 [kg - cm?]

mas of the pitch-collection, mp

355 [kg]

z-coordinate of the C.G. of the pitch/yaw collection, "2,

—0.1202 [m]

pitch/yaw collection inertia about C.G. along x-x axis, Ixxw

932.0 [kg - cm?]

pitch/yaw collection inertia about C.G. along y-y axis, Iyy,,

761.5 [kg - cm?]

pitch/yaw collection inertia about C.G. along z-z axis, Lz,

205.2 [kg - cm?]

mass of the pitch/yaw collection, 1y

3.07 [kg]

Table 1. Robot parameter values

251
n (0 + 555
+2hyT;, \/2 {1 sin (9,; + 21587(:)}

\szzgﬂ%Alf%%)+hWﬂW[ 215 (0, +6,)]

2
Ve, = 2k,h [1

©)

+ zﬁ—q%—%ﬂy 10)
in which T; and T;,  are the respective spring initial
tensions, and kj, and kjy are the spring stiffnesses designed
based on the perfect gravitational torque cancellation of
the ideal counterbalancing mechanism:

into account to provide for realistic simulation. It is
modelled simply by a nonlinear switching function:
—sgn (0) F, © # 0
Fr = { 0, v=0, (13)

where v is the signed velocity of the slider and Fy, is the
constant sliding friction limit value. In this regard, the
friction force is comparable to the extra initial dynamic
tension force of the spring. Table 2 collects all the
parameter values of the counterbalancing mechanism.
According to the above energy analysis, the Lagrangian of
the robot plus its counterbalances may be determined as:
L (q, ) = Tp + pr pr ch

~Ve,, (19

where ¢ = [0, Gy]T denotes the vector of the robot’s

ky = M g;’z,, (11) generalized coordinates. Applying and evaluating the
2hyp Lagrangian formulation along g, the robot dynamics may
[ Mpy8rz,, (12) be manipulated into the modified standard form of its joint
Py — Zh%y space model, which includes the frictional torque f:
Additionally, the friction force Fr developed at the linear M(q)4+C(a,9)q+f+9(a) =T+ Text, (15)
bushing, guiding the stroke of the spring, should be taken with:
M (q) = [Ty, 5 + Loz, S5+ Lux, O ]
L 0 IWW
Cl(q,q) = Izzpy - Ix’fpy Sycyéy (IZZW - Ixxpy) Sycygl”
L Lexyy — Lzzy, Sycyép 0
Zh,,sgn( )Fm cos(9 +2]580 ) hpysgn(9p+9y)ch(9p+9y) hpysgn(épféy)ch(G,,fGy)
Flad) V2-sin(6,455)] V2[1-s(6,+6,)] V2[1-s(6,-6,)] (16)
! pysgn(0p+0y ) Fnc(0p+6y)  hpysgn(6p—0y ) Fuc (6,0, )
i V201-5(6,+6,)] V2[1-5(0,-6,)]
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In Eq. 15, g(q) is the resulting torque vector of the
robot gravity torque compensated by the counterbalancing

257 257
— 2 2
gp (@) = —mpgrz,cp — 2kph;, cos ( 180) cp + 2kphy, sin (7180 ) sp—

hpy T, c (0p + 6y)

spring torque. Their components along the generalized
coordinates 0, and 0y are:

2hy T;, cos (9;7 + %)

¢2ﬁ—gn@p+%%ﬂ

hpy T, c (0 — 6y)

17)

2
—Mpy8Tz,,CpCy — 2kpyhp,cpcy —

V254 0,)] 2015 (8, 6,)]

lpy Ty, ¢ (8p + 6y) hpy Ty, ¢ (8p — By)

tpy

2
gy (@) = mpygrz, spsy + kayhpyspsy -

The external force caused by the robot interacting with the
environment at the end of the shoulder link may naturally
be described in the task space frame as vz p ., =

[Fx Fy] T Therefore, the torque vector T,y reflected to the
robot’s generalized coordinates is determined by:

Text =z} ]T{xyz}Fext = [ZE,II:?CZy} ’ (19)
xto

as can also be verified by inspecting the robot geometry
directly. Finally, 74 is the actuated generalized torque
vector from the transmission unit.

2.3. The Transmission System

The pulley and winch arrangement of the multi-stage
flexible transmission is illustrated in Figure 2. It can be
seen that the drivetrain is designed to have four stages for
compactness. In the 1%t-stage, the motor is connected to
winch#1 via the disk coupling. For the 2"4- and 3"-stages,
the transmission is realized by the wound cables around
winch#1-winch#2 and winch#2-pulley#1/2 respectively.
The 4"-stage connects the drivetrain unit to the robot via
the cable pulley differential mechanism.

Let 0, 0w, 01, 62, 8, and 6y be the angular positions of the
motor, winch, pulley#1, pulley#2 and the pitch and yaw
angles of the shoulder link, respectively. The structural
interconnection between these parts by the cables poses

Figure 4. Counterbalancing mechanism for the pitch/yaw
collection of the robot [12]. The shortest distance of the cable
terminal at pulley#2 measured from the X-X axis, h pys 18 depicted.

P50 10)] 20-5(6,-6)]

(18)

the following kinematic constraints:

Ow1r = —Omr 0wt = O
Owar = 12,01, Ouwor = 1210411

0 = 1310421

. 1 . .
by=5(01-02).  (20)

91 = 13,00,
9}7 = 5 (91 + 92)

This particular system is designed such that the
transmission ratio, #n, at the 2"- and 3rd—stages are
all 1.

3

Since the mechanism employs the cables as the means for
transmitting power, its inherent compliance characteristics
should be taken into account. Assuming the cables have
been securely wrapped around the pulleys with proper
pretension, such that the total slippage between the cable
and the pulley groove over the circuit is negligible, the
explicit torque-angle deflection equation of a stiff simple
cable pulley drive unit may be determined [13] as:

T me™ me™

where the cable, with a Young modulus E and an effective
cross-sectional area A, has been pre-tensioned to T,. m =
% is the dimensionless torque of the loaded torque M
applied at the loaded pulley of radius r. y. is the effective

coefficient of friction. Finally, GF = @ is the geometric

friction number in which L is the cable length of the
unwrapped portion on each side. The current drivetrain
is designed so that it possesses a low GF value, indicating
stiff but softening spring transmission characteristics.
Equation 21 governs the compliance behaviour for the
27d_ and 3'd-stages. The numerical values of the pertinent
parameters from the design are tabulated in Table 3.

The compliance analysis in [13] can be extended to handle
the cable pulley differential mechanism at the 4t-stage
of the drivetrain. As a result, the torque-angle deflection
equation along the pitch or yaw DOF may be expressed as:

me™/2
—-1)(1+GF
<z(em/2_1) >( + )
me™/?2
710g72(em/271) .

T,
9 =
EApest

(22)
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counterbalance parameter [ value
spring stiffness for the
pitch collection counterbalance, k, 311.88 [N/m]
distance between the cable terminal for the 0.04 [m]
pitch collection counterbalance and the X-X axis, hy ’
spring initial tension for the 5.10 [N]
pitch collection counterbalance, T;, ’
spring stiffness for the
pitch/yaw collection counterbalance, kpy 4269 [N/m|]
distance between the cable terminal for the 0.06 [m]
pitch/yaw collection counterbalance and the X-X axis, hpy ’
spring initial tension for the 794 N]
pitch/yaw collection counterbalance, T; , '
sliding friction limit, F, 0.005 [N]

Table 2. Parameter values of the counterbalancing mechanism

’ parameter \ 2"d_stage \ 3"dstage \ 4P _stage ‘
pretension, T, 74 [N] 185 [N] 238 [N]
Young modulus, E 200 [GPa] | 200 [GPa] | 200 [GPa]
cable cross-sectional area, A |1.767 [mm?]|3.534 [mm?][7.069 [mmZ]
effective coeff. friction, yqg 0.1 0.1 0.1
loaded pulley radius, r 67.5 [mm] | 81.0[mm] | 63 [mm]
geometric friction number, GF 0.045 0.041 0

Table 3. Numerical values of the parameters for the flexible cable pulley-driven transmission system

In this case, m is the dimensionless torque of the loaded
torque M applied along the pitch or yaw directions.
Since there is no unwrapped segment of the cable for the
differential drive unit, effectively GF = 0. For the 15t-stage,
the transmission compliance is simply the inverse of the
coupling constant stiffness value of 5700 [N/m] from the
data sheet.

Major loss in transmission happens at the bearing units.
The complexity of the friction phenomenon at the support
leads us to propose a friction model as a combination of
the simple Coulomb’s friction torque when the relative
velocity of the mating surfaces is virtually zero, and
the empirical formulation of the frictional torque for the
standard sealed deep-grooved ball bearing [14] when
relative motion occurs. Mathematically:

M. — {sat(Min), w =0 and My, < sat (Min) < Mmax
F 7358125 £ 0,

(23)
where Mj, [Nmm] and H [kW] are the torque and the
power transmitted through the cable pulley mechanism,
M [Nmm)] is the developed frictional torque, d [mm] r
[mm] is the shaft diameter and the pulley radius, and n
[rpm] is the angular velocity of the pulley. My, and
Mmax limit the maximum amount of power loss that can
occur at the bearing. Their typical values, experimentally
chosen, are Myin = —10 [Nmm] and Mpax = 10 [Nmm)].
Table 4 depicts the designed values of the shaft diameter
and pulley radius. Moreover, see the bond graph diagram
of the system in Figure 5 for the location of the bearing
losses in the transmission system.

The inertias of the rotational parts in the transmission
unit are summarized in Table 5. Hence, the complete
dynamics of the drivetrain may now be determined by
combining the inertial, the dissipating and the elastic
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torques according to the system’s kinematic configuration,
together with the externally applied torque of the motors.
Unfortunately, the explicit form of the equations for
motion is barely achieved due to the inversion problem
of the complicated nonlinear deformation functions in
Egs. 21 and 22. This, however, does not affect the
simulation or the control law implementation.

2.4. The Complete System

A realistic model of the two-DOF multi-stage cable
pulley-driven flexible joint robot which captures its
important behaviours may be acquired through the
bond graph technique [15]. With this approach, the
system model is constructed by identifying the governing
equations of the subsystems, comprising the bond
graph basic elements of one-port inertance, compliance,
resistance and two-port transformer and gyrator.

Nevertheless, the robot dynamics are modelled using the
customized nonlinear two-port inertance and compliance
elements. In particular, the equation of motion Eq. 15 is
expressed in the Hamiltonian form with the generalized
] T

coordinates ¢ = [0, 6, and generalized momentum

p=ppryl T as the system state variables:

6y = P
' Ixchi + IZZWS; + Ixxn
. Py
9y = i
YYpy

Pp = Mp&Tz,Cp + Mpy8Tz,,CpCy + Text,
(Izzm/ B Ixxm/) SyCy >
) ) 2Fp
(Ixxpycy + Lz, 55 + Ixxp>

—Mpy8Tz,,SpSy + Text,-

Py =

(24)



l parameter [winch#l[winch#Z[pulley#l and #2[pitch[yaw‘
shaft diameter, d 17 17 25 30 | 20
pulley radius, r | 22.5 27 45 63 | 63

Table 4. Shaft diameter and pulley radius values in [mm] at each rotor-bearing support

All of these elements are then combined through the
power bonds and the effort/flow ports. The complete
bond graph diagram is given in Figure 5.

3. Task Space Impedance Control
3.1. The Controller

A task space impedance control for the robot driven
through a multi-stage nonlinear flexible transmission
system has been developed in [16]. The controller uses
the available feedback information of merely the motor
current and angles, which is frequently encountered in
practice. In particular, if the desired task space compliance
and dissipative damping ratio, K; and ¢, are specified
accompanied with a set point x;, the control law:

= BB, T} |g(a) ~ ] (a)" Ky (£ (@) — @a)
T 1/2
~(1@)" Da(f @) (@) o)

+ (I - BlBl;1> # (25)
computes the motor reference torque 7,; that imposes
such behaviour at the robot end-effector. In the

equation, for conciseness, T} is the transmission ratio

matrix of the jM-stage reducer in the drivetrain and Ty
denotes the compound transmission ratio T;T;—1 - - - T}
f(-) is the forward kinematics mapping of the robot.
The specified damping ratio determines the task space
damping matrix Dy (-), which asymptotically stabilizes
the system. Furthermore, the controller utilizes the motor
current ¢ feedback to estimate the torque transmitted to the
drivetrain, 71, which can then be used to reduce the motor
inertia from B to By,.

The controller is based on the estimated stationary robot
link angles gs. They are determined recursively from the
motor angles 6y by:

eiil (T) = quefl (Tq27'> +Tq3e£1 (qur) 4o

-1 T
+Th5-1)85-2 (qu—l)T)

+Tye ) (T]7) + e () (26)
qs = Tq190 - 61_q1 (g (QS)
(@) Kq (f (a5) = @a)) - @7)

\ rotor \inertia value [g - cmz]\
motor 248
winch#1 344.6
winch#2 16728
pulley#1 and #2 48440

Table 5. Inertia of the rotational parts in the drivetrain around
their own fixed rotating axes

efql (-) is the overall effective nonlinear deformation
function of the transmission unit contributed by the
deformation e;l (-) of each stage. The estimated link
joint velocity scaled by the square root of the joint space
symmetric damping matrix, 9, is then computed as:

T 1/2
9=5G(5) [/ (a)" Da (£ (2)] ()]~ Tpubo.  (8)

The argument s represents the complex argument of the
Laplace transform. G (s) is a diagonal matrix of a strictly
proper and strictly positive real filtering transfer function.
A simple first-order low-pass filter of G (s) = 5_%\ may be
employed.

The estimated transmitted torque may be achieved by
discretizing the motor equation of motion with the
variational integrator method [17], which guarantees the
energy conservation at every sampling. As a result, the
transmitted torque at the k''-sampling with the sampling
period I may be estimated sequentially by:

. 2
~Fik-1) ~ 1z B (90k —260p(k-1) + 90(k—z))

- [Sgn (00k - 90(1&1))

+sgn (90(k—1) - 90(k—2)>}

Fix =

1 . . .
+5 K (i + 281 +4k-2),

5 (29)

where B, Cy and K. are the diagonal matrix of the
motor inertias, frictional torques and torque constants.
It should be mentioned that this controller is valid only
for a practical system with a transmission stiff enough to
withstand the robot’s “after-the-joint” motion, caused by its
own weight and the position-mismatch compliant force.

For this two-DOF cable pulley-driven flexible joint robot,
Eq. 26 is tailored to:

eiql () = quefl (qu‘r> + Tq3.‘351 (Tq§7'>
+qu§1 <TqT7') + e;l (1), (30)

with the following compound transmission ratios:

11 11
Tq:{i 21} TLﬁZ{i_ﬂ

2 6 6

1 1 1 1
p= B8] T TE

1 18

18

The individual deformations at each stage are determined
from the coupling stiffness and the cable pulley
compliance relationship of Egs. 21 and 22:
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Figure 5. Detailed bond graph diagram of the two-DOF cable pulley-driven flexible joint robot-controlled system. The diagram displays the interconnection of the controller, motor, drivetrain,
counterbalance and robot subsystems. The physical system-like couplings of the lumped model of the system’s components ease the understanding of the overall dynamics.

Int J Adv Robot Syst, 2014, 11:118 | doi: 10.5772/58697

8



57 —1) (1+ GF) — log 53

e (1) = [175.44 x 10074,
1AW 175.44 x 1077,
L wll
[T, Mygpe™ 02 q
—1 _ | EApert eMuw2r —1
€5 (Tw2) = T, Magpr€"w2! 1
| EApest Ml =1
[T, [(mem
-1 _ | EApest [\ €M -1
€3 (Td) - TDe I
| EApest |
B T, [ mpemp/z
el (ry) = | Her N2 1)
q r T, myemy/z
EApert | \ 2(e™/2-1)

where:

T
Tw2 = [Tw2‘/ Tle]

Tir = [Tp Ty}T

T

Twl = [Twlr Twll]
T

T4 — [Tl Tz}

are the torque vectors transmitted over the elastic
couplings and cable pulley mechanisms to winch#l,
winch#2, pulley#1, pulley#2 and the pitch and yaw joints
of the robot. Also:

— _ Twor — _ Twol
m = i m =
WA ) 0 w2l = T,)
" (rTo), "2 (rTo),
- b
Mp = T, "y = 0T,

are their dimensionless values.

For this system with the desired task space stiffness matrix
ik, = diag (kdxrkdy> and the damping ratio (,
the damping matrix may be determined by solving the
eigenproblem of the desired impedance dynamics at the
end-effector. The result is:

25\/ kdxlyypy 0
1(7
Dy (f (as)) = 27 ww(Ixx;,yc%/s+Izzws§s+1xx,,)
Locys

(32)
as a function of the stationary robot joint angle 68ys
computed from Eq. 27.

The designed controller is integrated with the developed
model of the two-DOF cable pulley-driven flexible joint
robot.  Figure 5 depicts the signal interconnection
between the system and the controller, where the motor
current and angle are fed back to the controller unit
to process the commanded current. The controller is
digitally implemented at a frequency of 1 kHz. For
the simulation, the controller computation is done in
MATLAB® connected to the 20-sim® [18]. This simulation
program is based on the bond graph modelling language,
which does not require the explicit formulation of
the complete system’s differential equations. At each
sampling, gs is determined recursively by Eq. 27, whereby
the value is further used to update other terms of g, |, f,
Dj; and 9. All of these terms and the estimated transmitted
torque 7, are used to compute the motor reference

(1 + GF) o log m%?,emer

eMw2r —1

(1+ GF) — log g™

eMw2l —1

—1) (1+ GF) — log <™

oM —1

@1

o —1
np /2

1 (1+GF)_10g2(’ZZ:T1)

, my /2 4

torque by Eq. 25. Tustin approximating discretization
method is used to obtain the discrete equivalent of the
continuous transfer function sG (s). For the real system,
the controller and the peripheral tasks are programmed in
C#. Typical control parameters used in the simulations and
experiments are depicted in Table 6.

3.2. Stability of the Closed-loop System

Proposition. The task space impedance control law Egq. 25
asymptotically stabilizes the robot system Eq. 15 driven through
the multi-stage nonlinear flexible transmission unit to the
desired set point x.

Proof. Before proving the stability of the closed-loop
system, let us consider the estimated link joint velocity of
Eq. 28. It may be viewed as the stable linear filtering of the
time derivative of the estimated link angles T} 6y. Hence,
this velocity estimator might be represented in the minimal
realization state space { A, B, C'} form:

& = Az + BVK,T,;16)

9 = Caz, (33)

where /K, denotes the square root of the joint space
damping matrix JTD,J, G (s) = C (sI — A)_1 B, and =
denotes the filter states. Applying the Kalman-Yakubovich
(KY) lemma [19], since G (s) is a strictly proper and
strictly positive real (SPR) transfer function, there exist
symmetric positive definite matrices P and Q such that
ATP+PA=-Qand BTP =C.

Define the new state vector z such that 2 = .
Furthermore, define the motor set point error 6y = 6y —
6y; where 6); denotes the constant target motor angles
according to the desired constant Cartesian set point ;.
Then, Eq. 28 or Eq. 33 might be expressed in terms of the
new state z:

2= Az + BVK,T;16
¥ = CAz + CBVK, Ty 6, (34)

where the input is now the regulation error 6.

T
Let6 = [GOT or ... 0;1 ] be the vector of the g-stages of
the transmission system generalized coordinates in which
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| parameter | simulation [experiment |
cut-off frequency of low-pass filter, A| 500 [rad/s] | 65 [rad/s]
desired stiffness, k, 10000 [N/m]| 500 [N/m]
desired damping ratio, { 1.0 0.6
reduced motor inertia, by, 200 [g - cm?] [248 [g- cm?]

Table 6. Nominal control parameters adopted in the simulations and experiments

the rotor angles are naturally adopted. Note that 6y is
the vector of the motor angles. Consider the following

function of the closed-loop system states [q, g, 6, 6, Z] T.
1. , 1.
V()= 54d"M(q)q+Vy(q) + 50" B:b
1
+Ve (@, Tp6o) — Vi, (T 6o) + EzTPz' (35)

consisting of the kinetic energy (KE) and potential energy
(PE) of the robot, the KE of the reduced inertia drivetrain
according to its dynamics (rotor inertia matrix B, and
vector of dissipating and elastic torques ¢, (6) and e (6)
subject to the input torque vector 7;):

B0 +c, () +e(0) =, (36)
the elastic PE of the drivetrain:
Ve (Qr quGO) = €yq (Tq190 - Q)T (Tq100 - Q)
q
_ oh
- / er (h(9))" % -dg, (37)
qi

the negative PE of the controller:
1
Vi (QS) = Vg (CIs) ) (.f (CIs) - md)TKd (f (QS) - md)

+e1q (T 6o — Qs)T (T,160 — gs)
g

- [ et
(as);

(38)

and the KE-like function of the velocity estimator unit.
According to Eq. 27, gs is indeed the function of T 6o.
Hence, in Eq. 35, V; (-) may be explicitly written as the
function of the system state 8. h (¢) = e, (T;160 — ¢)
is the elastic torque from the drivetrain transmitted to the
robot joint. Assuming that the system operates smoothly
at alow enough speed, this torque quasi-statically balances
the gravity and the desired task space compliance force,
namely:

h(gs) = €1iq (Tq190 - (Is)

=g(qs) — I (as)" Ky (f (g5) —za). (39)

It can be shown that the function V (-) is a Lyapunov
candidate function if the transmission unit is moderately
stiff [16]. At the equilibrium, V (-) = 0. From Eq. 35, this
requires ¢ = 0, 6 =0, and z = 0. The remaining terms
may be rearranged to show that ¢ = g5 = f ! (x,)
nullifies them. The corresponding values of the
equilibrium rotor angles 6; may be determined from
the quasi-static equilibrium conditions of the transmission
system.

The above equilibrium point (g,4,0,6,2) =
(gs,0,05,0,0) is indeed (locally) asymptotically stable.
Differentiating Eq. 35 along the closed-loop system
trajectory with further manipulation yields:

V()= %qTM (@ d+4d" (T4 + Text = C(q,4) 4~ 9 (q) + 0" (1 — ¢, (8) — e (6))

N\T .
+% <A7; + B\/Kquleo) Pz + %ZTP (Az + B\/Kquleo)

- Ve (q'queo) .

Ve (q,T;160)

Tp60 — h (gs)" Tp16o,

+g(q)"d 34

T
T
where 7, = [(T;; (h(gs) - \/Km?)) o’ ... OT} is the

generalized input torque vector of the modified drivetrain
Eq. 36. Applying the passivity property of the robot, the
KY lemma and recognizing:

Tir = eq (Ty0g-1 — @) = ey (Tpbo — q)

Ve (q,T;160)
W@T) _of, (100 )
V. (q,0)\ "
e(6) = (%)
Ve(q,0), _ Vel(aTnb) .,
BY?) - 2 (queo) q1Y0/,

10 IntJ Adv Robot Syst, 2014, 11:118 | doi: 10.5772/58697

0 (Tq190)

the derivative may be simplified to:

V()= 07 (6) - 35TQx +d . (40)
The realistic transmission system is fully damped, making
07c, (6) > YM 6?2 > 0,a; > 0and ¢, (0) = 0.
Therefore, in the free motion case, it can be concluded that
V (-) £ 0and V () denote the Lyapunov function. Given
the Lyapunov stability theorem, the closed-loop system is
then locally stable. Since this equilibrium point is the only
point which makes V (-) = 0, the closed-loop system is
asymptotically stable at the equilibrium point thanks to the
Lasalle’s invariance principle. O



0.25 : T T
o2k ......... ........ .........
E 05t L SR .........
= : : :
o : :
b d : : :
3 o1k prees ........ .........
oosk.--f . ......... ........ .........
0 . H ! ]
0 0.2 0.4 & 0.8 1
time (s)

Y-coord (m)

0.25 : : :

02p e e
ok f. ......... SR .........
O k.. ......... ........ .........

DDE_ ....... ......... . ........ .- .........

0.4 0.6
time (s)

Figure 6. Motion response of the end point X/Y-coordinates for a constant set point simulation
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4. Simulations and Experiments

In what follows, various simulations and experiments
are performed to investigate the effect of several control

parameters on the system response and to illustrate the
effectiveness of the control law. Since the system is
rather stiff, an adaptive backward differentiation formula
integration method with a step size of 1 [ms] is used in
all simulations. In the real system, due to the discrete
implementation of the controller and the unmodelled
dynamics, the achievable desired stiffness and damping
ratio are reduced to the values shown in Table 6.
Additionally, the motor current has been limited to 3.5 [A]
for safety reasons.

4.1. Constant Set Point

Let the initial position of the robot end-point be at the
centre of its hemispherical workspace, i.e., {(XY%} g (0) =
[00 —0.315}T [m]. This corresponds to 6, = 0° and
8y = 0°. The desired position is set to be at (XYZ g, =

[0.1207 0.2025 —0.2090} T [m], caused by rotating the
shoulder link from the initial posture for 40° around the
X-axis followed by —30° around the Y-axis. The nominal
values of the task space stiffness matrix, the damping ratio
and the desired motor inertia are used. Figure 6 shows the
simulation result of the measured X/Y-coordinates at the
end-point. The response reaches the desired position
in 0.5 [sec] with no overshoot thanks to a large damping
ratio. It should be noted that the controlled system is
not destabilized despite the magnitude of the step input
(0.2663 [m] of path distance); only the current is saturated
in the transient phase.

4.2. Trajectory-tracking

A circular trajectory is generated for the free-tracking
simulation. ~ The starting point is at the rightmost,

(X¥Zhg,(0) = [0.20250 —0.2413]T [m], caused by
rotating the shoulder link in the yaw direction for —40°.
Next, the trajectory is made by rotating the link around the
Z-axis for a complete rotation in 6 [sec] with a moderate
constant speed of 0.212 [m/s]. Finally, the desired position
is held constant at the starting point for 0.5 [sec]. The initial
position of the robot end-point is intentionally placed at
the centre of the workspace to create a large position
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mismatch (0.22 [m] of path distance) at the beginning. The
controller and its parameters are the same as used in the
constant set point case.

Figure 7 displays the trajectory-tracking of the robot
along with the reference trajectory. It can be seen that
the proposed controller - which was designed for the
regulation objective - may well be used in the tracking task,
since it can tolerate a moderate speed and accuracy. The
initial mismatch does not effect the tracking performance
or destabilize the system. It merely causes current
saturation of the motor during a large position error.
Once the end-tip enters its track, the current consumption
is quite low (0.45 [A] average) thanks to the energy
restoration from the truly passive control of the augmented
counterbalancing mechanism.

A similar experiment is implemented with the real system.
The reference trajectory, which may be divided into three
parts, starts from the centre point of the robot workspace.
Then, it moves leftwards by executing the yaw rotation
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for 40° in 3 [sec] and idles for 2 [sec]. Next, the trajectory
completes the clockwise circular path around the Z-axis in
20 [sec] with a speed of 0.0636 [m/s]. Afterwards, it idles
for the next 2 [sec] before reversing the motion of the first
part; travelling rightwards back to the starting point and
staying there for 2 [sec]. The total time spent is thus 32
[sec].

Figure 8 displayed the estimated stationary path of the
robot end-tip and its reference. It is seen that the
actual robot motion tracks the desired trajectory faithfully.
The average of the integral of the absolute error I =
% Z,I(\IZO ||k — x4, may be used as an indication of the
tracking-error, of which its value is 0.0065 [m]. This error
might further be reduced by fine tuning the task space
stiffness and damping parameters. The average current
consumption is found to be 0.59 and 0.65 [A] for the right
and left motors. The peak values are 0.99 and 1.41 [A]
respectively.
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Figure 9. Simulation of the robot end-tip deflection with the nominal stiffness value subject to the external force of 10 [N] for a set of

damping ratios
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Figure 12. Robot setup for experiments with varying end-tip
stiffnesses and damping values

. actual actual | predicted | friction
compliance deflection | stiffness | deflection | force
parameters [m] [N/m] [m] [N]

k=500, =0.2| 0.01738 565 0.0196 1.13
k=500, =0.6| 0.01754 560 0.0196 1.05
k=500, =1.0| 0.01626 603 0.0196 1.67
k=300, =0.6| 0.02738 358 0.0325 1.59
k=800, =0.6| 0.01154 850 0.0122 0.58

Table 7. Static deflection of the robot end point subject to 1.0
[kg] deadweight with different compliance behaviours

4.3. Task Space Stiffness and Damping

To verify that the desired task space stiffness is actually
achieved, the robot is set at the centre of the workspace
and an external force of 10 [N] is applied in the X- and
Y-directions, respectively. For the simulation, the end-tip
deflection responses using the nominal stiffness value are
shown in Figure 9 for a set of damping ratios of 0.8, 1.0, 2.0
and 4.0. It is observed that, in practice, increased damping
makes the motion more sluggish, while the current drawn
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Figure 13. Actual responses of the robot end tip deflection

subject to 1.0 [kg] deadweight

(not shown) becomes more responsive. Together with a
larger stiffness (order of 10° [N/m)]), this can make the
system unstable. In any case of Figure 9, eventually, the
end-tip reaches the point corresponding to a deflection of
about 1 mm, which agrees with the desired stiffness and
the applied force.

Figure 10 and 11 show the deflection plots for stiffness
values of 1000 and 100,000 [N/m]. A lower stiffness
with high damping causes the end-tip to deflect slowly
and prevents it from reaching the expected deviation.
Subsequently, the environment will feel the robot become
stiffer than its actual value. The deflection of the system
with high stiffness and light damping will largely oscillate
around the steady value long before it dies out. On
the other hand, if too high a damping ratio is selected,
the responsive motor current will suppress the deflection
aggressively such that the undershoot may be detected. If
the damping is further increased, it can cause the system
to become unstable.
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For the actual system, a proof mass of 1.0 [kg] is placed
at the end of the robot shoulder link to realize a constant
external force in the negative Y-direction, as illustrated in
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Figure 12. A set of stiffness and damping ratio values, as
depicted in Table 7, are tuned to perform the experiment.
Figure 13 depicts the estimated end-tip deflections with
different impedances. The responses of the real system
agree with the simulation results. The static position of
the robot end-tip is measured by a vernier height gauge
(0.02 [mm)] of resolution) before and after applying the
weight to obtain the actual deflection value, as recorded in
Table 7. Using the commanded stiffness and the estimated
stationary pitch and yaw angles, the predicted deflection
may be determined from Eqs. 41 and 42. It is observed
that the actual deflection is less than the predicted value.
This is due to the friction in the mechanism, which causes
the effective stiffness to be higher than the desired value.

It should be mentioned that motor inertia reduction will
increase the effective stiffness, since it has the effect of
increasing the control loop gain and thus the resultant
stiffness becomes larger than the desired value. Therefore,
motor inertia reduction should not be implemented if the
exact desired stiffness is of concern.

4.4. Application of an External Force

For the last experiment, an external force is applied to the
end point while the robot is tracking the same trajectory
as in subsection 4.2. The task space stiffness and damping
ratio are set to their nominal values. Figure 14 displays the
tracking simulation result when the robot is subject to the
10 [N] force acting in the X- and Y-directions throughout
the circular path. It was observed that the end-tip follows
the reference trajectory closely because of the high stiffness
value compared to the magnitude of the applied force. As
depicted in the figure, ultimately the end-point deviates
from the desired location by 0.6 and 0.86 [mm] along the
X-and Y-directions respectively.

When the end-point is at its final position, the nominal task
space stiffness matrix expressed in the local frame parallel
to the reference frame {XYZ} is determined by:

PO Ky = WEIRYyy ) WY K PV IR (kv 7y (41)



where the numerical value of ky, is set to 1000 x 10°
[N/m], as the robot cannot move along the z-direction.
The associated deflections, determined by:

XYz} 5 _ {xyz}Kd—l {xyz}F, (42)

along the direction of the applied force will be 0.59
and 1.0 [mm] for each case in turn. Hence, the actual
deviations agree with the theoretical values with only a
slight mismatch because of friction. Therefore, the desired
end-effector stiffness is achieved.

The tracking result of the real system with a constant force
in a negative Y-direction supplied by the attached 1.0 [kg]
deadweight is depicted in Figure 15. Due to a weaker
nominal stiffness value, the actual motion deviates more
from the reference path. Following tracking, the end-point
departs from the workspace centre by —0.0176 [m] along
the Y-direction while the predicted value is —0.0196 [m].
This agrees with the result in the previous subsection. The
tracking performance via the average of the integral of
absolute error is 0.0168 [m], which is approximately 2.5
times larger than that of the free-tracking case. The current
consumption during the course is plotted in Figure 16.
The average values are 2.05 and 1.87 [A] for the right and
left motors respectively. From the graph, both motors are
saturated for a short period during tracking. It should be
noted that the controller exhibits robustness in relation to
the unmodelled inertia of the deadweight.

5. Conclusions

A prototypical system of a two-DOF cable pulley-driven
flexible joint robot is designed and analysed. Important
characteristics of the system components are modelled
using the Lagrangian energy method. They are organized
and integrated using the bond graph modelling technique
to accomplish a realistic model of the whole system. A
task space impedance controller for a robot driven through
a multi-stage nonlinear flexible transmission system is
proposed. This regulates the stiffness and damping of
the end-effector at the specified position in accordance
with the desired values based on just the motor current
and angle feedback. The stability of the overall system is
proven.

From the simulation, the controller exhibits satisfactory
results for standard tasks, such as regulation or
trajectory-tracking, both with and without the application
of external force. An additional simulation is performed
to verify that the specified task space stiffness is indeed
achieved. The effects of the damping ratio value on the
motion response are studied. Overly high stiffness and
light damping cause the robot to oscillate significantly
before settling down. On the other hand, the robot moves
sluggishly if too low stiffness and high damping are
selected. Experiments with the real system further ensure
the simulation results. From the investigation, it is evident
that the proposed controller is capable of regulating the
task space impedance of the manipulator coupling with
a multi-stage nonlinear flexible transmission unit in a
stable and robust manner. This development will be of
great benefit to advanced manipulators in accomplishing
challenging missions amidst complex environments.
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Abstract

A task space impedance control law of the manipulator driven through the multi-stage flexible
transmission unit is proposed. The controller utilizes the limited, yet mostly found in practice, information
of the motor angle and current readouts only. With the elastic model of transmission system, motor
current may be used to infer the transmitted torque to the robot. At the same time, its joint angle and
joint velocity will be estimated via the stream of motor angle values. Altogether, they are used in the
controller to generate the desired damping force and to shape the potential energy of the flexible joint
robot system to the desired one. Experimental results are presented to validate the theoretical work.

Keywords: task space impedance control, flexible transmission, flexible joint robot, cable-pulley

driven robot

1. Introduction

Appropriate impedance has an important role
for the manipulators to successfully perform the
tasks which require close interaction with the
environment [1]. A famous Da Vinci® surgical
robotic system [2] or most of the advanced
robotic arms such as [3-5] employ the impedance
control strategy in dealing with the imperfect
information about the environment. An
impedance model after the discrete mass-spring-
damper system is popular among the more
general functions between the motion and force
variables.

There are many works reported about
shaping the robot compliance to the desired
values. However, only few works have attempted

to control the impedance of the flexible joint

robots. Reference [6] presented a simplified
model of the flexible joint robot on which most of
the proposed controllers are based. Early works
such as [7] used a simple PD controller to tune
the stiffness and damping behavior. The online
gravity compensation was proposed instead of
the constant set-point gravity compensation [8].

A tracking impedance controller based on
singular perturbation analysis for the flexible DLR-
Il arm was proposed [9]. Later, a robust and
stable impedance controller design using the
passivity analysis was reported [10]. Recently, an
adaptive impedance controller based on the
function approximation technique (FAT) was
applied to a flexible joint robot system with motor
dynamics included [11]. However the controller

requires measurement of the interaction force
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other than the position and velocity of both the

motors and the robot joints.

Fig. 1 A two-DOF multi-stage cable pulley-driven

flexible joint robot

This research proposes a passive task space
impedance controller for a flexible joint robot
system driven through multi-stage nonlinear
flexible transmission. A distinct feature is that it
uses only the motor angle signal to regulate the
stiffness and damping characteristics at the end
effector. Motor current feedback may optionally
be used to improve the system response time.
The controller is implemented on a prototypical
two DOFs cable-pulley driven flexible joint robot.
The article is organized as follow. Section 2
describes the robot and develops its detailed
model. Section 3 presents the task space
impedance controller which enforces the desired
viscoelastic behavior at the specified set point.
The effectiveness of the controller is shown
through several experiments in section 4. Finally,

the conclusion is provided in section 5.

2. System Modeling
A two-DOF cable pulley-driven flexible joint
robot, shown in Fig. 1, is constructed as a

prototype to study the shoulder joint design of the

whole arm for the ongoing service robot project.
It comprises three mechanical subsystems; a rigid
robot, a flexible transmission, and a
counterbalance. The robot shoulder link is
capable of moving in the pitch and yaw directions
emulating the principle motion performed by the
human shoulder. Hence the pitch and yaw
angles, 6, and 6,, may be selected as the
generalized coordinates describing the position of
its end-tip. Figure 2 depicts the winch and pulley
arrangement of the robot's  multi-stage
transmission subsystem conveying the motors’
rotational motion to the pitch and yaw motion of

the output shoulder link.

Fig. 2 Winch and pulley arrangement of the

transmission unit for the flexible joint robot

Position vector of the shoulder link end-point
relative to the origin of {XYZ} described in {xyz}
is D=0 0 —,]7, where I, is the
shoulder link length. It may also be described in
{XYZ} as

W = | —locpey]". (1)

The end-point velocity may then be determined

—losy  lospcy

readily as
{xyz} : : T
ve = [—1o0y loBpc, O], )

which implies the Jacobian matrix
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0 -l
bvsly = [locy 0 ] 3)
0 0

Moving parts of the robot are pulley#3,
pulley#4, and the shoulder link. They may be
grouped into two categories for those undergoing
pitching motion alone and the others undergoing
a composite pitching and yawing motion. The
associated kinetic and gravitational potential
energy of each collection is determined.
Furthermore, the elastic potential energy of the
counterbalancing spring [12] has been accounted
to form the Lagrangian of the whole system

L(q,q) =Ty +Tpy = Vp = Vpy = Vop. (4
Detailed expression of each term is reported in
[13]. Evaluating the Lagrangian formulation along
the generalized coordinates q, dynamical model
of the robot may be obtained in the following
form:

M(q) +C(q.9) +f +9(q@) =t4r + 7. (5)
The model includes the frictional torque f and
explicitly splits the interaction torque on the robot
by the environment, 7., from the actuated torque
by the transmission unit, 74,

Flexibility of the transmission system might be
governed by the torque-angle (m — 8) deflection
equation of the simple cable-pulley unit [13];

g=To (’”em ~1)(1+GF) - log mem]. (6)

- EAu L\e™m-1 em—1

This basic model is further elaborated to handle
the flexibilty of the differential unit [13].
Recognizing the cascading interconnection of the
cable-pulley units, the overall flexibility may be
obtained by adding these compliances together.
Moreover, the significant frictional torque
developed at the bearings have been taken into
consideration as well. With the knowledge of

these sub-models, the realistic model of the robot

may be derived using the bond graph modeling
technique [14]. The complete bond graph

diagram is depicted in Fig. 3.

Fig. 4 Robot with the 1.0 kg proof mass attached

3. Task Space Impedance Control

The proposed impedance controller will
modulate the robot end effector impedance to
achieve the following task space impedance
dynamics;

AQOX + (u(x, %) + D)X + Ky = E,, (7)
where x is the task space coordinates and X the
coordinate errors of x from the set point x4;. D4
and K, are the desired task space damping and
stiffness. According to the robot dynamics Eq. 5,
the desired impedance dynamics may be
achieved with the control law

Tar = 9(@) —J (@7 (KaX + Dgx),  (8)
where the star-mark denotes the desired value
deviating from the actual one due to the
uncompensated motor and drivetrain dynamics.

Unfortunately, the link angles and the end
effector coordinates are not measurable. Rather,
the estimated stationary value of the link angles
qs and the end effector coordinates f(qs) shall
This results in the modified

be used instead.

control law [13]
Tar = 9(Qqs) _](QS)TKd (f(qs) — xq)

TSME-ICoME

ASEAN AND BEYOND
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= [J@)™Da(f (@) (@]? 9, (9)

in which g5 are determined recursively from the

measured motor angles 6, through the quasi-
static model of the drivetrain by
qs = Tq1600 — e14 (9(qs)

—J (@) Ka(f(@5) — xa)). (10)

is the nonlinear

overall effective

erq ()
deformation function of the transmission unit, T,
is its compound transmission ratio, and f(-)
denotes the forward kinematics mapping of the

robot. The term

1

9 = sG()[J(a5)"Da(f ()] (@5)]? Tgr60 (1)
represents the estimation of the filtered link joint
velocity scaled by the square root of the joint
space symmetric damping matrix.

Due to the lack of the complete system state
information, the motor torque corresponding to
the desirable torque may be computed by

(tm)ar = Tq1 Tar- (12)
Furthermore, if the value of the transmitted torque
from the drivetrain to the robot 7, is available,
the following motor torque
Tm = B1Bi (Tm)gr + (I = ByBi;) 11 (13)
will effectively reduce the motor torque inertia
from By to By, in addition to modulating the end
effector impedance. If the torque measurement is
not available, the value may be estimated from
the motor angle and current measurement.
Passivity and stability of the closed loop system
comprised of Eq. 5, 9, 10, 11, 12, and 13 have

been shown in [15].

4. Experiments
Various experiments have been conducted to
investigate the effect of the control parameters on
the system response and to illustrate the

effectiveness of the control law. Due to the

17-19th December 2014, The Empress, Chiang Mai

discrete implementation of the controller and the
unmodeled dynamics, the achievable desired
stiffness and damping ratio are 500 N/m and 0.6
using the simple low-pass filter G(s) = 5 for
S+65
the robot joint velocity estimation. Moreover, the
motor current has been limited to 3.5 A for safety

reason.

0.005

]

-0.005

-0.01

Y-deflection (m)

0.015

0.02

0 0.z 0.4 06 0.8 1
time (s)

Fig. 5 Deflection of the robot end tip subject to
1.0 kg proof mass with the stiffness of 500 N/m

4.1 Task Space Stiffness and Damping

To verify that the desired task space stiffness
is actually achieved, the robot is regulated using
the proposed controller and the proof mass of 1.0
kg is placed at the end of the shoulder link to
realize a constant external force in the negative
Y -direction, as shown in Fig. 4. The default
stiffness with a family of damping ratios are set to
perform the experiment. Figure 5 depicts the
estimated deflection responses. The behavior
conforms to that of a typical mass-spring-damper
system. From the graph, the environment may
feel the robot be stiffer than the actual value
when too high damping is tuned. Note the actual
end tip static deflection is measured by the
vernier height gauge. The values are closed to
the estimated one with small error bound of £1.25

mm for the 315 mm link length. Hence the

TSME-ICoME
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stationary position estimation can practically be

used as the replacement for the actual value.

actual
— — —reference ||

0.05

Y-coord {m)
_

-0.05

0.2 0.1 0 0.1 0.z
#-coord (m)

Fig. 6 Free motion tracking of a circular path

4.2 Trajectory Tracking

Although the controller is synthesized to
handle for only the regulation task, the following
experiment demonstrates that it also works quite
well for the tracking task with moderate speed. A
circular path of 20.25 cm is generated for the
robot to follow with the constant speed of 6.36
cm/s; thus the tracking is completed in 20
seconds. Figure 6 displays the tracking of the
robot against the reference path. It is seen that
the actual robot motion is capable of tracking the
desired trajectory faithfully. The average of the
integral of the absolute error (ITAE) is used to
measure the tracking error quantitatively. The
value is 6.5 mm, which might further be reduced
by fine tuning the task space stiffness and
damping parameters.

Practically with this controller, the flexible
robot system is capable of displaying the desired
impedance behavior during the tracking motion as
well. Previous circular path is commanded to the
robot with the 1.0 kg proof mass attached to the
end. Tracking result is depicted in Fig. 7.

According to relatively weak stiffness of 500 N/m

17-19th December 2014, The Empress, Chiang Mai

against the constant 10 N load, apparent
deviation from the reference path is observed.
Tracking error degrades to 16.8 mm. At the end
of the tracking, the end effector departs from the
reference by 17.6 mm while the ideal value is
19.6 mm. Hence the controlled robot exhibits the
desired impedance characteristics during the

general motion.

actual

015r
0.1

0.05

Y-coord ()

-0.05
L1
015

0.2

#-coord (m)
Fig. 7 Circular path tracking subject to 1.0 kg

proof mass with the stiffness of 500 N/m

5. Conclusions

This work develops a task space impedance
control of the manipulator driven through the
multi-stage flexible transmission unit. The
controller regulates the stiffness and damping of
the end effector at the specified position based on
the available feedback signal of the motor angle
and current. Motor angle is used to compute the
estimation of the robot link angle and joint velocity
based on the stationary elastic model. These
values are employed in the traditional impedance
control law. Optionally, the motor current might
be used to determine the transmitted torque,
which helps reducing the motor inertia. It can be
shown that the controller effectively shapes the
system potential energy to the one of the desired

task space compliance.

TSME-ICoME
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A two DOF cable-pulley driven flexible joint
robot as the embodiment of the manipulator
driven through the multiple stages flexible
transmission unit is regulated with the proposed
controller. Detailed model of the robot is derived
for the purpose of system simulation. From the
experiments, the controlled system vyields
satisfactory results of displaying the desired
impedance during general task execution.
Therefore this practical controller will be helpful in
accomplishing real-world manipulation of the

flexible robot system.
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Abstract

An aspect in the design and analysis of a four degrees-of-freedom (DOF) anthropomorphic arm is

described in this paper. Major parts of the arm, which is affixed to the trunk, are the three DOF shoulder

joint, the upper arm, the one DOF elbow joint, and the lower arm. Inspired by the anatomy of the human

arm, kinematic structure of the robot arm may be designed with the joint arrangement of yaw-pitch-roll-

pitch (YPRP) or roll-pitch-roll-pitch (RPRP).

Accordingly, the kinematic manipulability and the kinematic

isotropy indices are employed as one guideline in designing the arm structure that is most suitable for the

prescribed task. Furthermore, these indices suggest the optimal ratio of the arm’s link lengths.

Keywords: anthropomorphic arm, kinematic Isotropy, kinematic manipulability

1. Introduction

Current usage of the robots has been
gradually shifted from the industrial to the service
sector. Regarding to the statistical data from the
IFR: “In 2011, about 2.5 million service robots for
personal and domestic use were sold, 15% more
than in 2010. The value of sales increased by
19% to US$636 million“, Moreover, IFR has
estimated that service robots for personal use
could be sold 15.6 million units in 2012-2015 [1].
Although Thailand in today is still far from the
practical demand of the service robots, mainly
because of the rather inexpensive labor payment.
Nevertheless, the percentage of the aging people
in the country is increasing. By 2030, the number
of the elderly is expected to be at 25% of the
country population [2]. Therefore, it is foreseen
that Thailand is turning toward the shortage of the

working class and high wages very soon. The

situation will eventually lead to the use of the
service robots in general daily tasks.

Service robots are designed to perform daily
tasks for human. Therefore the robot arm should
be designed based on the human arm, both the
size and the structural configuration.

Section 2 describes two types of the
anthropomorphic arms, i.e. the yaw-pitch-roll-pitch
(YPRP) and the roll-pitch-roll-pitch (RPRP) joint
configurations.  Accordingly in section 3, two
indices of the manipulability index and the inverse
condition number index are evaluated on each
type of arm. These indices are related to the end
effector mobility which show how well the arm
can perform the various tasks of daily service. In
the following section, MATLAB script files are
written to determine the best indices based on the

proposed indices. Additionally, the best arm
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configuration and its optimal length ratios can be

drawn. Lastly, section 5 concludes the study.

2. Arm Configuration

This research describes an aspect in the
kinematical design and analysis of a four-degree-
of-freedom (DOF) anthropomorphic structured
service robot arm. Anthropomorphic arm has the
structure which resembles that of the human arm.
Major components of the human arm, in order
from top to bottom, are the shoulder, the upper
arm, the elbow, the lower arm, the wrist and the
hand. This preliminary investigation focuses on
the gross motion of the arm. Hence the wrist and
the hand will be excluded, resulting in a four-DOF
arm. The shoulder joint is simplified to a
compound three-DOF joint implemented by a
revolute joint and a differential cable-pulley
mechanism. For the elbow joint, it is accounted

by a simple revolute joint.
Three DOF  shoulder be

joint  may

implemented in several ways, of which two
arrangements are studied as follow.

2.1 Yaw-Pitch-Roll-Pitch (YPRP)

YPRP is the arm in which the first three
revolute joints, arranged in yaw-pitch-roll (YPR)
direction, replicate the shoulder joint motion and
the last revolute joint for the elbow one. Fig. 1
illustrates the conceptual YPRP arm. The arm of
the PR2 robot from Willow Garage [3] is an

example that employs this kinematical structure.

Fig. 1 YPRP-arm configuration

f INROva
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2.2, Roll-Pitch-Roll-Pitch (RPRP)

RPRP is the arm in which the first three
revolute joints, arranged in roll-pitch-roll (RPR)
direction, replicate the shoulder joint motion and
the last revolute joint for the elbow one. Fig. 2
illustrates the conceptual RPRP arm. Several
robots such as the ASIMO humanoid robot from
Honda [4] are this

designed  with joint

arrangement.

Fig. 2 RPRP-arm configuration

3. Mobility Evaluation
Robot arm may be evaluated by several
criteria such as capable payload, precision,

repeatability, manipulability, and kinematic
isotropy. As a consequence, which index will be
used for depends on a particular employment of
the robot.

the arm is

Since to be designed for

performing the general household tasks, e.g.
writing, picking and placing an object, or house
cleaning, it should have ability to move in any
direction equally well. This is quite difficult to
realize, however. By observation, human tends
to maintain the motion in the horizontal plane
rather than to change the height level during the
task execution. Thus, it is preferable for the arm
to easily move in the horizontal direction more
others. the robot
[3]

indices shall be used to evaluate such desired

than in Accordingly,

manipulability and kinematic isotropy [6]

capability. In brief, the manipulability index
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describes the ability of the arm to move in each
direction. Closely related, the kinematic isotropy
indicates the ability of the arm to move in
arbitrary direction equally well.

Evaluation of both indices require
computing the singular values of the robot
Jacobian matrix. This can be achieved by the
singular value decomposition (SVD). Because
the elements in the 3x4 Jacobian matrix are
rather complex, it is not possible to solve for the
singular values in closed form. Thus, numerical
method will be used to determine the singular
values. Specifically, the MATLAB scripts are
written to evaluate both indices at samples of the
points in the robot workspace. Details of the
algorithm are explained in section 4.

Generally, the SVD decomposed any
matrix ] into the multiplication of three matrices,
ie.

] =UzVT, (1)
where the matrix U contain the eigenvectors
corresponding to the singular values that are

placed in the matrix X along its diagonal elements
0.0 00
2=[00,00{
0 0030
sorting in the descending order.

Singular values of the Jacobian matrix
indicate the mobility along the principal directions
of the rotated ellipsoid corresponding to the
eigenvectors. These two quantities may be used
to construct the ellipsoid which represent the
manipulability of the end effector at a particular
point. Image of the ellipsoid is good for qualitative
comparison. Several indices which reflect

different characteristics of the robot motion are

proposed. Two commonly used indices are

B e e, g 1+ A
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1. Robot manipulability (v ) is defined as
W=0,0,03, )
representing the volume of the ellipsoid. Thus it
reflects the overall mobility of the end effector.
2. Inverse condition number (ICN) is defined
as
icn = ﬁ, 3)
0y
this index indicates the roundness of the ellipsoid.
In effect, the closer the value to one (from below),
the closer the ellipsoid become the sphere,
showing the ability of the end effector to move in

any direction equally well.

4. Analysis and Evaluation

4.1 Manipulability

Manipulability and inverse condition number
may be used as the criteria in selecting the
appropriate joint arrangement of the robot arm.
Both indices will be evaluated at various arm
postures throughout the workspace. This is
achieved by varying the joint angles at every 15°-
step and determine the indices according to the

changing Jacobian matrix. Following is the

pseudo-code of such calculation.

Define all link length
for t1 = limit-:15deg:limit+
for t2 = limit-:15deg:limit+
for t3 = limit-:15deg:limit+
for t4 = limit-
:15deg: limit+
Calculate Jacobian(J)
Calculate SVD(J)
Calculate W
Calculate Icn
Draw Arm
Label Indexes
Save the picture
End
End
End
End
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Fig. 3 Example Result

After that, the SVD is performed to determine
its singular values and the eigenvectors. The
manipulability and the inverse condition number
indices are calculated along with. The arm
posture is drawn as well. The algorithm reruns at
the new joint angles varying by 15° step for the
entire workspace. An example of the arm posture
along with its indices and joint angle values is

shown in Fig. 3.

From the analysis, it is seen that the mobility
of both RPRP and YPRP are very similar.
Therefore, the average values of the indices for
both arms over their workspace are determined.
Average values of w for the YPRP and RPRP are
0.6731 and 0.6733, while the averages of Icn are
0.3852 and 0.3683, respectively.

YPR
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Fig. 4 Histogram of YPRP-arm four joint angles that provide both indices bigger than

60% of its maximum at various posture
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Fig. 5 Histogram of RPRP-arm four joint angles that provide both indices bigger than

60% of its maximum at various posture

Hence it is difficult to decide which arm
configuration will be more agile. To resolve the
problem, a detailed analysis in determining the
set of the joint angles which produce the index
values greater than 60% of the maximum has
been performed. Histogram charts are depicted
in Fig. 4-5. to show the frequency of such joint
angles

From the graph, frequency of 0, is equally
spread over its range. Hence the angle of the
first joint has no effect to both indices. However,
for the YPRP arm to possess good mobility, 6,
should fall in the range of about 75° to 105°, while
65 be around 0° and 180°. Good mobility for the
RPRP, on the other hand, will occur when 6, is
about 90° and 8; falls in the range of about 75° to
105°. For the angle 6,, the histogram shows that
it is highly concentrated around 45° to 60° for both
arms.

Therefore the elbow angle 6, is the most

influential parameter among the joint angles.

According to the above results, it cant
conclude which arm will perform better. Most of
the take perform by the service robot have the
end-effector motion executed in the horizontal
plane, e.g. household work or the table-top work.
By the serial configuration of the arm, the first
joint will make the end-effector move with the
longest range, due to the longest length from joint
to end effector. For the RPRP, the first joint axis
is in the horizontal direction hence the rotation
from this joint will cause the end-effector to move
mainly in the vertical plane. On the other hand,
that first joint of YPRP lies in the vertical direction.
Therefore, its rotation will make the end-effector
to move in the horizontal plane corresponding to

the major plane of many service tasks. (Fig. 6-7)

Fig. 6 Motion range of RPRP

when the first joint is actuated
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Fig. 7 Motion range of RPRP

when the first joint is actuated

4.2 Arm length ratio

After the arm configuration of YPRP is
chosen, it is then necessary to determine the
appropriate lengths for the shoulder, the upper
arm, and the forearm section. Partially, they are
constrained by the desirable workspace.
Additionally, they should be designed to provide
the arm with good mobility. For the latter purpose,
previous indicators as the manipulability and

inverse condition number indices may be used.

Fig. 8 YPRP-arm

showing the symbolic

I lengths of each segment

§

L

7

In the following, the arm length ratio (Fig. 8)
of h:1;:1,, that provides the highest overall index
values, will be determined. Here, the
representative index for the whole workspace is

chosen to be the average of the sum of the index

16-18 October 2013, Pattaya, Chonburi : 20 1 3

at every point in the workspace. A MATLAB script
has been written to determine such values.

The script starts by assigning the length
ratios of the arm segments h, |,, and |,, with |,
preset to be 1. Next the actual lengths of h’, I’
and |,’, according to these ratios are determined
from the constraint that the total length of the arm
is 0.6m. With the arm lengths completely
specified, the algorithm runs at discrete locations
of the end effector throughout the workspace.

For each position, the inverse kinematics is
performed to determine the corresponding joint
angles. Since the robot is redundant, the first
joint angle 6, will be assigned to be a value
varying from 0 to Tt at 15° step. In addition, the
robot Jacobian is determined and the SVD is
performed. Thus, the manipulability and the
inverse condition number may then be calculated.
These values are compared to determine the
peak. Also, they are summed over the
workspace to obtain their average values. The
whole calculation is repeated for a new arm
segment ratios. For visualization purpose, both
index values are plotted on the surface over the

range of h and |, in Fig. 9-10.

Fig. 9 Index W against h and I,
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5. Conclusion
Mobility study of the RPRP and YPRP arm
configurations does not yield the conclusive result

of which arm performs better. However, the

T YPRP arm structure can produce the gross

07

0 g4 05 " motion in the horizontal plane by the first joint

rotation. Therefore, the YPRP arm configuration is

Fig. 10 Index Icn against h and I, employed in designing the arm for general service
tasks.

From Fig. 9-10 the increase in h affect the Appropriate lengths for the shoulder, the
index values, making them decrease by a small upper arm, and the forearm section are designed
value. However the change of |, influence the based on the maximization of the mobility indices
index value significantly. At I, = 0.66 the value of throughout the workspace. From the analysis,
W is maximized to 0.90335 while Icn index is the appropriate ratio is 0:1:0.7.

0.37227, and at I, = 0.71, the value of Icn is In  summary, this work presents the
maximized to 0.37289 while W index is dropped kinematical design of the general-purpose service
0.90064. The result show that both index values robot arm. The YPRP configuration is selected
are nearly the same in either case. Therefore, it and the arm consists of two main joints: the
may be concluded that the round-off arm length shoulder and the elbow joint. The complex
ratio of 0:1:0.7 will optimize the mobility of the shoulder joint is kinematically equivalent to the
manipulator. three consecutive revolute joints arranged in the
yaw-pitch-roll configuration. The elbow joint is

simply a revolute joint connecting the upper arm

and the forearm. The arm length ratio for the

C shoulder to the upper arm to the forearm of

/ 0:1:0.7 yields superior mobility than other designs.
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Abstract

This is an ongoing work on the two-degree of freedom cable driven compound joint system.
Construction of the prototype has been completed and currently the work on controlling this system has
just begun. Here some preliminary results are reported. Namely, a simple Proportional-Derivative (PD)
controller on the individual motor is designed and tuned based on the motor’'s model solely. Then, this
same controller is applied to drive the compound joint system according to the desired motion. The
resulting response from even such this ssmple controller is quite satisfactory, not surprisingly thanks to
the well-designed of the system dynamics. Overal, the closed loop system is passively stable and hence
can interact with the passive environment safely. Friction in the system induces the constant offset of the
tracking task, however. For this purpose, two strategies, the supervisory correction command and the
drift error correction control law, have been proposed. The latter approach leads to the Proportional-
Integra-Derivative (PID) controller. A friendly graphical user interface (GUI) has been developed along
with; allowing the user to specify his/her desired motion intuitively.
Keywords: PD controller, PID controller, GUI for motion control, cable driven robot

1. Introduction

Prior work of the author [1-3] reported the
anaysis and design of a two-degree of freedom
(DOF) cable driven compound joint system. Itis
intended to be a study prototype of a cable-driven
robotic system, in particular the anthropomorphic
arm. At present, the prototype was constructed,
as shown in Fig. 1. The system possesses two
DOF, hence making the output linkage able to
trave in the pitching and yawing directions. This
motion grossly mimics the major rotations of the
human shoulder joint. The travel range is
approximately +65° for each, hence with the
output link length of 315 mm covering the
working area of approximately 3,700 cm?.
Further details of the robot specifications are
stated in [2, 3].

Preliminary work on control of the robot has
been addressed in this work. Specificaly, a
simple controller on each motor is designed and
tuned based on its model solely. Then these
servo motors are equipped to the robot and used
to drive the system according to the desired
motion. In other words, the robot dynamicsis not
taken into consideration.

Section 2 explained the design of a simple
Proportional-Derivative (PD) controller for the
motor  unit. Together with the gravity
compensator, they form the simple controller for
the robot. Modifications of this controller to

solve the constant offset problem of the tracking
task are presented in section 3, where the
experimental verifications are shown along with.
Development of a friendly graphical user
interface (GUI) is mentioned in section 4.
Finally, discussion of this preliminary work and
future research direction are given in section 5.

Fig. 1: Photo of the two DOF cable driven
compound joint system

2. Simple Control of the Robot
2.1 Model of the DC motor
Motor may be viewed as the instrument
which transforms the electrical power into the
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mechanical power. Here the inertia effects and
losses in both domains will be considered in its
modeling. Referring to the DC motor schematic
diagram in Fig. 2, R, and [, are the lumped
resistance and inductance in the armature coil and
R,, and I, are the mechanical viscous friction
and inertia of the rotor. k is the motor torque
constant. If the motor is operated under current
mode, its dynamics is governed by the following
equation

1,0 +R,,0 = ki (1)
where i is the supplied current to the motor and 6
istherotor angle.

i I

Im

Fig. 2: Schematic diagram of the DC motor

2.2 A simple PD controller
The following PD control law

i =—[Rn6 +K4(0 - 6)] )
is proposed. Using this controller, the closed
loop system equation becomes

1,0 +R;0 +K; (0 —6,) =0 (3)
where Ry = R,, + R,, is the desired damping
value and K; the desired dtiffness. It can be
easily shown that this closed loop motor system
has the globally asymptotically stable equilibrium
pointat & = 6, and = 0.

From the motor's data sheet, I, = 13.8 X
10°kg-m? , R, =4.14x 1073 Nm~-s/rad ,
and k = 60.3 x 1073 Nm/A. If the value of R,
and K; are selected to be 1 x 1073 Nm - s/rad
and 1.43 x 10~! Nm/rad, the closed loop motor
system theoretically behaves according to the
following second order linear ODE:

13.8x 1070 + 4.14 x 10736
+1.43 x1071(8 - 6,) = 0. (4)
Hence the closed loop system has the
characteristics of w, = 16.2Hz and { = 1.83,
indicating afast enough and well damped system.

The designed controller is implemented
digitally on a desktop computer with Intel®
Core™ 2 Quad processor. The control loop runs
at the average speed of 1 kHz. For a given set
point value, the cycloidal curve is used to
generate a transitional profile which has smooth
velocity to prevent the control saturation. If the
set point A is required to be reached within T
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seconds, the motion profile 8 during0 <t < T is
described by

. 2m
A Sin——t

T
2.3 Gravity torque and compensation

Mass and inertia of the robot’s parts account
for the gravity force, which, in turn, induces the
gravity torque. A convenient way to derive such
term is to determine it from the potential energy.
Referring to the parameters and bond graph
model of the system [2, 3], the total potentia
energy V. of the robot can be written as

V. = —mygr, s, —Mpy, gr,, SpCy, (6)
where m,, and m,,,, are the aggregated mass of
the parts that undergo the pure pitching motion
and the compound pitching and yawing motion,
respectively. 1, and 1, &e the distance of the

compound center of gravity of the parts that
undergo the pure pitching motion and the
compound pitching and yawing motion, measured
from the center point of rotation.

Gravity torque may be compensated by the
motor torque.  This, however, requires the
suitable motor sizing, otherwise motor saturation
will happen. Additionally, this approach assumes
proper operation of the motors. Violation might
occur due to the power blackout or the
malfunction of the control system. The robot
motion will then be overruled by the gravity
effect, which may cause the accident that cannot
be compromised for the service robots.

Therefore, this robot is equipped with the
patented pending spring-based counter-balancing
mechanism [4]. This mechanism theoreticaly
generates the torque, based on the current posture
of the robot, which is oppositely equal to the
gravity torque. As a result, no motor torque is
required for the gravity compensation and hence
the rabot isinherently safe.

Unfortunately, mechanical compensation of
the gravity torque is not perfect as desired. This
is due mainly to the mismatch between the
designed spring dtiffness and the actua one
obtained from the available off-the-shelf spring.
Therefore, a small motor torque is needed in
addition to completely cancel the gravity torque.
Thistorgue is associated with the potential energy
1, that makes the total potentia of the system be
constant. Mathematicaly,

Vo = =V, =V, (7)
where V. is the potential energy of the counter-
balancing mechanism.  Development of the
required motor torque expression is rather lengthy
and shall be excluded from the paper. With this
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gravity compensation system, the PD controller
will be responsible for the tracking of the desired
motion solely.

2.4 Simple control of therobot

Two of the controlled motors, as described in
section 2.2, and the gravity compensation system
are now used for positioning control of the robot.
As for the initial work, the controlled motors
acting as the servo motors, are equipped to the
robot. Then, the inverse kinematics will be
performed to transform the coordinates of the set
point specified in the task space (pitch and yaw
angles, 6, and 6,) to the coordinates in the joint
space (two motor angles, 6,4, and 6,4, ).
Particularly,

0W1l _ 9 -9 Gp

9w1r] B [9 9 ] [Gy]’ ®)
provided the initial angles are al reset to zero.
These motor angles set point are regarded as the
desired angle 6, for the motor controller. In
other words, the robot dynamics is not taken into
consideration.

Figure 3 displays the response of the
controlled system to a sequence of pitch and yaw
set points; that is, (0° 0°), (10° 0°), (20°0°),
(10°,0°) , (0°,0°) , (—=10°0° , (—20°0°) ,
(—=10°,0°) , (0°0°) , (0°10°) , (0°20°) ,
(0°,10°) , (0°,0°) , (0°—10°) , (0°—20°) ,
(0°,—10°) , and (0°0°) are given to the
controller manually with enough settle time
interval for each of them. It is observed that the
response tracks the reference quite well, but with
the exception of constant steady state error (less
than 2°) due to some imperfect cancellation of the
gravity torque and the underestimated stiction in
the system. Overal, the closed loop system is
passively stable and hence can interact with the
environment safely.
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Fig. 3: Response of the robot motion
to a sequence of pitch and yaw set points
under asimple PD controller
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3. Controller M odification

Simple PD controller does not respond to the
zero-order steady state error. To correct this
problem, two strategies are proposed.

3.1 Supervisory correction command

For the previous controller, single cycloidal
step is used to generate the desired motion profile.
However, fraction of the associated supplied
energy must be given to the compliance and
resistance effects of the gravity and friction.
Therefore, the available energy to drive the robot
is less than what has been expected, which causes
the mismatch between the actual and the desired
position. A simple notion of providing extra
amount of energy to bring the robot to the desired
position should solve this problem.

The scheme for the first approach is as follow.
After the cycloidal motion profile is supplied for
a certain time where the system may be assumed
to be in the equilibrium, a supervisory program
monitors the position error. The mismatch will
then be used as a new relative set point A to
generate an additional cycloidal step. In other
words, a high level of the controller is employed
to generate appropriate command to the low level
controller. The use of such a simple strategy can
be found in biological livings. Blind people use
haptic queue to help manipulating the objects
successfully, for example.

T =
—— piteh set value
|~~~ pitch response |

%)
i
1

]
r"‘ :

Fig. 4: Response of the robot motion
using the smple PD controller
and the simple supervisory controller

Figure 4 shows the response of the system
under the simple PD controller with the adjunct
supervisory controller.  In this experiment,
parameter T of the motion profile has been set to
2 seconds, which is the same as the update time
of the supervisory controller. Position error of
the robot becomes zero after one or two
corrective pulse. Again, since the controller and
the robot are passive systems, therefore the
interconnecting closed loop is also passive system.
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3.2 Drift error correction control law

The second approach continually monitors
the position error, which is then used to modify
the original control law for the purpose of zero
steady state error [5].

Let d(t) = 0(t) — 6,(t) denotes the tracking
error. Therefore the original tracking PD control
law @i may be written as

i =—R,d—K,d. (9)
This control law must be corrected by Au(t),
resulting in anew control law

u(t) = a(t) + Au(t). (10)
At steady state, Eq. (9) rgduces to
dt) = — %) (12)

The control value at steady state should be
unchanged, i.e. u(t) = 0. Differentiating Eq.
(11) and applying this fact result in the following
relation;

d(e) =20, (12)
d
For the error d(t) to be zero asymptotically,
Au(t) = —AK,d(t) (13)

should be applied. Integrating Eg. (13) to obtain
the corrective term as

Au(t) = AKy [, (8 — O)dr.  (14)
Therefore the modified controller is

u=Ry,(0,—6)+K;(04 —6)

+ Ky [5 (84 — 0)dx, (15)
which is actually a PID controller that employs
the integrator to provide the constant control
input in solving the steady state error problem.
Nevertheless, it should be mentioned that the PID
controller itself is not passive, which makes the
closed loop less stable than the PD one.

¥ 20 =~ pitch response ||
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Fig. 5: Response of the robot motion
using the PID controller

Previous experiment is now re-executed with
the PID controller. With the value of the integral
gain of 1.43 x 10~! Nm/rad - s, the response of
the system is depicted in Fig. 5. Without the
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external interacting force to the robot, the
response is cleaner and faster compared to using
the supervisory correction command.

4. GUI for the Motion Command

A friendly graphical user interface (GUI) has
been developed to alow the user in specifying
his’her desired motion intuitively. Since the end
effector of the robot, i.e. the end tip of the output
linkage, is constrained to be on the spherical
surface, the user should be allowed to specify the
robot motion only on the virtual spherical surface
aswell. For this reason, a spherical workspaceis
drawn on the two dimensional monitor, as shown
in Fig. 6. This picture corresponds to the front
view of the robot.

i T

Xvalue: -70.875

pitch (globe) : -25.5343 pitch (obot) : 255343

Yvalue:  -1323 yaw (globe) :  -14.3548 yaw fobot):  -13.0028

Zvalue: 276944

Fig. 6: A snapshot of the GUI
for specifying the desired motion to the robot

The user indicates the desired motion by
moving the mouse over the workspace. The
program will then caculate the corresponding
pitch and yaw angles of the differential joint from
the x and y coordinates of the cursor as followed.
Consider Fig. 7 which shows the top, front, and
right side view of the workspace with its
reference frame. With the known output link
length, r, the z coordinate of the end effector will

be
zZ =12 —x%—y2 (16)
Pitch angle of the robot may now be
calculated ssmply by
6, =tan™" (). (17)
To caculate the yaw angle, it must be viewed
along the y, axis, which is moving according to
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the changing pitch angle. See Fig. 7. Inthisview,
the output link will always be seen as atrue line.
Therefore, the yaw angle can be calculated by
6, =sin"* (). (18)
Additionally, the latitudinal and longitudinal
curves of the current position are drawn in the
GUI to provide the visual appearance of moving
over the spherical surface. These curves can be
constructed from the associated latitude and
longitude angles, which, referring to Fig. 7, may
be calculated from the coordinates of the point as

0, = tan~! e) (19)

Blong = tan™" (). (20)
Updated numerical values of these three
coordinates are displayed in the bottom of the
interface.

longimde

Fig. 7: Geometry for coordinate transformation
of the robot

An experiment of the robot tracking task
using the PID and the gravity compensation
controller with the reference trgjectory specified
in rea time from the user through the developed
GUI is performed. Protocol of this experiment
are as followed. The robot starts from rest at the
middle point of the workspace. The user then
moves the cursor horizontally to the right until
the limiting brown circle is reached. The GUI
will prevent any cursor movement that exceeds
the limit. In effect, this is the soft limit of the
robot.

After that, the user manipulates the cursor in
the manner that it tracks the boundary of the limit
in the counterclockwise direction for one round.
Next the user moves the cursor horizontaly to the
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left until the limit is reached again, at the left
hand side for this time. In turn, the user
manipulates the cursor in the manner that it tracks
the boundary of the limit in the clockwise
direction for one round. Finally the user moves
the cursor horizontally to the right until it reaches
the home position.

Plots of the reference and the response in the
robot's pitch and yaw coordinates are depicted in
Fig. 8. Tracking result is satisfactory for such a
simple controller. An observable tracking delay
of about 0.5 second is due to the tracking velocity
limit set indirectly via the settling time of the
updated point-to-point motion.

pitch sagle

Fig. 8: Tracking response of the robot
using the PID controller and gravity compensator

5. Discussions and Conclusions

In this paper, preliminary control of a two
DOF cable driven robot using a simple PD and
PID control laws are presented. Gravity
compensation is conducted mainly by the
counter-balancing mechanism. The remainder is
taken care by the motor effort. Overal response
of the system isfairly good. The robot can follow
the specified trgjectory closely.

The developed control law is based solely on
the motor's dynamics. In particular, knowledge
of the robot dynamics has not been exploited in
designing the controller. This simplification will
adversely affect the response of more demanding
tasks. Since the power from the motors is
transmitted mechanically through the cables and
pulleys that inherently possess the compliance
characteristics [1, 2], the robot naturaly will
exhibit a degree of vibration in its motion. This
phenomenon may be evident during rapid
movement, which causes the overshoot and the
recurring oscillation. Worse yet, ignorance of
flexibility in the robot may result in the unstable
system.
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Therefore in the next phase, a rigorous
investigation on designing the controller based on
the flexible robot model will be pursued.
Moreover, since the robot is intended to perform
collaborative tasks with humans, the controller
should be designed based on the interaction
control framework. Topics on determining the
suitable impedance, the utilization of the inherent
joint flexibility, and the impedance alteration are
among our interest.
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Background

Impedance plays a vital role for the manipulators to successfully perform
the tasks which requires close interaction with the environment [1-5].
Only few works of impedance control have been attempted on the
flexible joint robots. For example, a simple PD controller was used to
tune the stiffness and damping parameters [6], and the online gravity
compensation was proposed to reduce the error caused by the constant
set-point gravity controller [7]. Sophisticated methods are employed on
the design of the tracking impedance controllers such as the singular
perturbation analysis [8], robust passivity analysis [9], and the adaptive
techniques [10]. However, these controllers require measurements of
the robot joint position, velocity, and interaction force, of which they are
usually not available in common systems.

This research therefore proposes a passive impedance controller for the
flexible joint robot system. The controller requires only the motor angle
to regulate the stiffness and damping characteristics at the end effector.
Moreover, the development is generalized so it can be applied to the
robot driven through multi-stage nonlinear flexible transmission system.
Additionally, motor current feedback may be used to improve the system
response time. Detailed information are reported in [11-13].

System modeling

shoulder lin}
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e

The figure depicts a 2-DOF pitch-yaw cable-pulley driven flexible joint
robot as a platform for the study. Dynamics of the rigid robot system is
developed in the joint space governed by

M(q)+C(g,q)+ f +9(q) =174 +7..

Flexibility of the transmission system may be derived from the torque-
angle deflection equation of the simple cable-pulley unit [12].
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Task Space Impedance Control

The proposed controller will modulate the robot end effector impedance
to the following task space impedance dynamics

AX)X +|u(x, X)+ D, X + K, x = F,

where X is the coordinate error. According to the system dynamics, the
control law is

rh = 9(0,) - 3(0,)" Ky (F(a,)~%,)—[3(a,)" Dy (a) | 9

In which d. IS the stationary value of the link angle determined from

Ys :queo _el_ql(g(qs) —J (qs)T Kd (f (qs) o Xd),

and 9 the estimation of the filtered and scaled link joint velocity;

9=5G(8)|3(q,)" DyI(a) L To16.

The figure depicts an experimental result in which the robot tracks a
circular path with the 1.0 kg proof mass attached. Actual tracking
deviates from the reference path according to the applied load and the
desired end effector stiffness of 500 N/m.
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