
            
 

      
 
 
 

รายงานวจิัยฉบับสมบูรณ 
 

โครงการการหาขอบเขตของตัวประกอบวัตถุเทาสําหรับหลุมดํา
แบบ Reissner - Nordstrom และ Schwarzschild - Tangherlini 

 
 
 

โดย ผศ.ดร. เพชรอาภา บญุเสริม 
 
 
 
 

2 มิถุนายน 2558 
 
 



 
 

สัญญาเลขที่ MRG5680171 
 
 

รายงานวจิัยฉบับสมบูรณ 
 
 

โครงการการหาขอบเขตของตัวประกอบวัตถุเทาสําหรับหลุมดํา
แบบ Reissner - Nordstrom และ Schwarzschild - Tangherlini 

 
 

ผูวิจัย ผศ.ดร. เพชรอาภา บุญเสริม 
สังกัดภาควิชาคณิตศาสตรและวิทยาการคอมพิวเตอร 

คณะวิทยาศาสตร จุฬาลงกรณมหาวิทยาลัย 
 
 

      สนบัสนนุโดยสํานักงานกองทนุสนบัสนุนการวิจัย 
 

(ความเห็นในรายงานนี้เปนของผูวิจัย  
สกว.ไมจําเปนตองเห็นดวยเสมอไป) 

 

 



1 
 

 
                           เอกสารแนบหมายเลข 2 

รูปแบบ Abstract (บทคัดยอ) 
 
Project Code : MRG5680171 
(รหัสโครงการ) 
 
Project Title :  การหาขอบเขตของตัวประกอบวตัถุเทาสําหรับหลมุดําแบบ Reissner – 
  Nordstrom  และ Schwarzschild - Tangherlini 
(ชื่อโครงการ) 
 
Investigator : ผศ.ดร. เพชรอาภา บุญเสริม จุฬาลงกรณมหาวิทยาลยั 
(ชื่อนักวิจัย) 
 
E-mail Address : Petarpa.Boonserm@gmail.com 
 
Project Period : 2 ป 
(ระยะเวลาโครงการ) 
 
บทคัดยอ 
 หลุมดําสามารถแผรังสีไดซึง่เรียกวารังสฮีอวกิง ผูสังเกตซึ่งอยูไกลออกไปจากหลุมดําจะ
สังเกตเห็นวารังสีฮอวกิง ณ บริเวณนั้นแตกตางจากรังสีฮอวกิง ณ บริเวณใกล ๆ ขอบฟาเหตกุารณของ
หลุมดํา นี่เปนเพราะวารังสีฮอวกิงตองเดินทางผานกาลอวกาศที่โคงงอซึ่งเปนผลมาจากหลุมดํา เรา
สามารถบอกคาความแตกตางนั้นไดดวยปริมาณที่เรียกวา “ตัวประกอบวตัถเุทา” ในโครงการวิจัยน้ี ได
คํานวณหาคาขอบเขตแมนตรงของตวัประกอบวตัถเุทาของหลุมดําที่ไมหมุน โดยเฉพาะหลมุดําเรส
เนอร-นอรดสตรอมและหลมุดําเรสเนอร-นอรดสตรอม-เดอซิทเตอร คาขอบเขตแมนตรงเหลาน้ีสามารถ
หาไดโดยใชเทคนิคของเมทริกซการสงผานชนิด 2 2  ผลลัพธบงชีว้าประจุของหลมุดําทําหนาที่เปน
เสมือนกําแพงที่ก้ันรังสีฮอวกิงไดอยางมีประสิทธิภาพ ผลลัพธยังบงชี้ดวยวามิติของกาลอวกาศสามารถ
ก้ันรังสีฮอวกิงได นอกจากนี้คาคงที่จักรวาลสามารถเพ่ิมอัตราการแผรงัสีฮอวกิงจากหลุมดําได 
 
Abstract 
 Semiclassical black holes emit radiation called the Hawking radiation. Such radiation, as 
seen by an asymptotic observer far outside the black hole, differs from the original radiation 
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near the horizon of the black hole by a redshift factor and the so-called ‘greybody factor’. In this 
project, we concentrate on the greybody factor. Various bounds for the greybody factors of non-
rotating black holes are obtained, with major focus on the charged Reissner - Nordstrom  and 
the Schwarzschild - Tangherlini black holes. These bounds can be derived using a 2 2  
transfer matrix formalism. It has been found that the charges of black holes act as efficient 
barriers. Furthermore, adding extra dimensions to spacetime can shield the Hawking radiation. 
Finally, the cosmological constant has also been found to increase the emission rate of the 
Hawking radiation. 
 
Keywords : greybody factors, Hawking radiation, rigorous bound, Reissner – 
(คําหลัก)    Nordstrom black hole, Schwarzschild – Tangherlini black hole 
 
 
วัตถุประสงค 
 1) To calculate the greybody factors for the four-dimensional Reissner- Nordstrom  black 
holes, the Schwarzschild - Tangherlini black holes, the charged dilatonic black holes in (2 + 1) 
dimensions, and the charged dilatonic black holes in (3 + 1) dimensions. 
 2) To investigate what factors have an effect on the greybody factors. 
 3) To compare the 2 2  transfer matrix method with the WKB approximation and the 
matching techniques. 
 4) To apply the approach to other black holes. 
 
วิธีดําเนินงานวิจัย 
1) Derivation of the Schrodinger -like equation and the extraction of potential from the 
equation, for each type of black hole. 
 A static and spherically symmetric black hole in d dimensions can be described by 

    2 2 2 2 2
2

1
( )

( ) dds A r dt ddr r
B r

,                                 (1) 

where 2
2dd  is the metric on (d – 2)-sphere and is given by 

               2 2 2 2 2 2 2 2 2 2
2 1 1 2 1 2 3 1 3 2sin sin sin sin sind d dd dd d d .    (2) 

We are interested in a massless uncharged scalar field emitted from this black hole. The 
equation of motion of this scalar field on the black hole background is 

 
     


1

0gg
g

.                                     (3) 
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By separating variables 
     

( 2 ) /2( , , ) ( ) ( )i t d
mt r e r r Y ,                                  (4) 

we obtain the Schrodinger -like equation governing the modes, which is given by 
      


 

2
2

2
*

( )
( ) ( ) 0

r
V r r

d
dr

,                                    (5) 

where r* is the standard “tortoise coordinate” given by 

* 1

( ) ( )

dr

dr A r B r
                                                (6) 

and V(r) is the potential produced by the black hole 




  
    

  ( 4)/2
2 ( 2) /2

( 3) ( ) ( 2) ( ) ( ) d
( ) ( ) ( )

2 d
d

d

d A r d A r B r
V r r A r B r

r r r
.              (7) 

Its shape depends on the type of black hole. Black holes can be classified into four different 
types. The first is the uncharged, non-rotating black hole called the Schwarzschild black hole, 
which is the simplest type of black hole. The second is the Reissner- Nordstrom  black hole, 
which is a charged, non-rotating black hole. The third is the Kerr black hole, which is an 
uncharged, rotating black hole. The last type of black hole is the Kerr-Newman black hole, 
which is a charged, rotating black hole. Here is a summary of the different types of black holes 
[15]. 
 

 
 
If a Schwarzschild black hole is surrounded by matter, it becomes a dirty black hole. In higher 
dimensions, the generalization of the Schwarzschild black holes to d dimensions is referred to 
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as Schwarzschild-Tangherlini black holes. Similarly, the generalization of the Kerr-Newman 
black holes to (4 + n) dimensions is called as the Myers-Perry black holes. Moreover, there are 
black holes which are considered as the solutions to the low-energy string theory. Each of 
these black holes is associated with a dilaton field called the charged dilatonic black hole. In 
this project, we will study them in both (2 + 1) and (3 + 1) dimensions. 
 
2) Calculation of the bounds on the greybody factors of the black holes using the 2 2  
transfer matrix techniques. 
 A greybody factor is a transmission probability of Hawking radiation to penetrate a 
potential barrier produced by a black hole. It is an important quantity which helps us understand 
the quantum nature of a black hole. Properties of greybody factors depend on the type of black 
hole. In this project, greybody factors are calculated using rigorous bounds developed by the 
2 2  transfer matrices. We start by rewriting the second order differential equation 

      
2

2
2

*

( )
( ) ( ) 0

r
V r r

d
dr

 

as two first order differential equations in the 2 2  transfer matrix form 
 
 

    
         

0

2
0 0* 0*

0

/ /( ) / 0

kd
k kk r kdr

, 

where 

 2
*

2( ) ( )k V rr  and   *

*

( )dk r

dr
. 

Using the inequality for real numbers 
 2 2 2 | |x y xy , 

we can obtain the rigorous bounds on the greybody factors [16] 

 



    
 
 


22 2 2

2
*

( ')
sech

2

h V h
T dr

h
,                           (8) 

where V is a potential barrier produced by a black hole,   is a frequency of Hawking radiation, 
and h is any positive function which will be chosen to optimize the bounds. Calculating the 
greybody factor using this technique is relatively more precise than other methods such as the 
matching techniques. Moreover, the rigorous bounds are powerful in providing the qualitative 
understanding of black holes. 
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3) Analytical determination of what variables the results depend on. 
 From the above formula, we can see that the rigorous bounds on the greybody factors 
mainly depend on V, a potential barrier produced by a black hole. To analyze the results, we 
will set the values of some parameters such as GM and   so that the bounds are functions of 
just one variable. They can, therefore, be plotted using a program such as MAPLE for the 
analytical computation of the results. In general, the rigorous bounds on the greybody factors 
depend on the black hole mass, the black hole charge, and the black hole angular momentum 
as well as the wave frequency and the spacetime dimension. This means that black hole 
characteristics themselves determine what values of the rigorous bounds on the greybody 
factors should be. 
 
4) Comparison of results from the 2 2  transfer matrices with results obtained from the 
WKB approximation and the matching techniques. 
 Using the WKB approximation, the approximate greybody factor is given by [1] 

    

2
exp Im ( )

b

a
T p x dx , 

where 
 ( ) 2 [ ( )]p x m E V x . 

The matching techniques are a composition of the approximation methods for finding the 
solutions to the Schrodinger -like equation. First, we find the solutions near the black hole, 
which are called near solutions, by approximating the relevant parameters in order to make the 

Schrodinger -like equation simple enough for us to solve it. Second, we find the solutions at the 
point of infinity by approximating the relevant parameters to obtain the far solutions. Last, we 
relate the near solutions to the far solutions using the appropriate boundary conditions. 
Consequently, the approximate greybody factors can be obtained. We will compare the results 
of the greybody factors acquired using the 2 2  transfer matrices with results from the WKB 
approximation and the matching techniques. 
 
5) The application of the 2 2  transfer matrix techniques with other black holes. 
 We will apply the bounds on the greybody factors from the 2 2  transfer matrix to 
various types of black holes such as the four-dimensional Reissner- Nordstrom  black holes (the 
charged, non-rotating black holes), the Schwarzschild - Tangherlini black holes (the non-rotating 
black holes in d dimensions), the charged dilatonic black holes (the black holes associated with 
the dilaton fields) in (2 + 1) and (3 + 1) dimensions, the dirty black holes, and the Myers-Perry 
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black holes (the charged rotating black holes in (4 + n) dimensions). The Myers-Perry black 
holes are important in that they are the simplest of the higher-dimensional rotating black holes. 
In addition, there is a new phenomenon, called superradiance, occurring in the Myers-Perry 
black holes, which can never arise in non-rotating black holes. Superradiance is a phenomenon 
by which the reflected wave is larger in its amplitude than the incident wave [14]. 
 
ผลการทดลอง 
 In this section, we will show you how we can obtain the bounds on the greybody factors 
for various types of black holes by the methodology mentioned above. We will analyze the 
factors which affect the bounds on the greybody factors and compare those bounds with the 
approximate greybody factors obtained from the WKB approximation and the matching 
techniques. Application with various types of black holes are as follows; 
 
1. Reissner- Nordstrom  black holes 
 The Reissner- Nordstrom  metric is given by [1] 

     2 2 1 2 2 2ds dt dr r d , 
where     2 2 2 2sind d d  and 

 
   

2 2

2

2
1

G Q PGM

r r
. 

Here M is the black hole mass, Q is the total electric charge, and P is the total magnetic 
charge. In this case, from equation (1) we find that 

  ( ) ( ) ( )A r B r r  and d = 4. 
From equation (5), the Schrodinger -like equation is given by 

      
2

2
2

*

( ) 0
d

V r
dr

. 

From equation (6), the tortoise coordinate is given by 


*

1
dr dr . 

From equation (7), the potential produced by the Reissner- Nordstrom  black hole is given by 
    

 
 

2

1
( ) rV r

r r
. 

where   is the angular momentum. 
 From equation (8), the bounds on the greybody factors are given by 
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 2
2

11 2
sech

2 3( )
         

  GM A
T

GM A GM A
, 

where 

 2 2 2 2 2A G M G Q P   . 

The bounds on the greybody factors versus A are plotted for different angular momenta as 
shown in Figure 1. 
 

 
Figure 1. Dependence of the bounds on the greybody factors on A. 

 
Based on the value of A, a decrease in A corresponds to an increase in the magnitude of the 
charge. The graph shows that when the magnitude of the charge increases, the bounds on the 
greybody factors decrease. That is, the charge is an effective barrier in resisting the tunneling 
of uncharged scalar particles [2-7]. Moreover, the bound is smaller in higher angular momenta. 
 If the energy from the potential barrier is higher than the particle’s energy, we can use 
the WKB approximation to calculate the greybody factor 

    

 

22 2 2
WKB

2 2 2 2

2
exp 2 ( )

2

.

T G M M G M G Q P

M G M G Q P

              
 



 

  

The asymptotic greybody factor for large  , obtained from the matching techniques, is given 
by [8-10] 



 




 
1

2 3 I

e
T
e e

, 
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where 

 
 2 2 4 2 4

8

1 / 2 5 / 16

M

Q GM Q G M
 and 




    


2
2 2 2

2 2 2

2
I

GM G M GQ

G M GQ
. 

The bound on the greybody factor compared with the asymptotic greybody factor for large   is 
shown on the graph in Figure 2. 
 

 
Figure 2. Comparison of the bound on the greybody factor and the asymptotic greybody factor. 
 
The graph shows that the result from the 2 2  transfer matrix is close to the asymptotic result 
for large  s. Moreover, the bound on the greybody factor provides a true lower bound. 
 
2. Schwarzschild - Tangherlini black holes in d dimensions 
 The Schwarzschild-Tangherlini metric in d dimensions is given by [1] 

    
2

2 2 2 2
2( )

( ) d

dr
ds f r dt r d

f r
, 

where 


   
 

3
0( ) 1

dr
f r

r
. 

Here, the Schwarzschild radius r0 in d dimensions is given by 





 0

2

16

( 2) d

GM
r

d
 and 

 

( 1)/2

2

2

( 1) / 2

d

d d

 

 
 

, 

where M is the black hole mass. In this case, from equation (1) we find that 
  (( ) )( )A r B r f r . 
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From equation (5), the Schrodinger -like equation is given by 
      
2

2
2

*

( ) 0
d

V r
dr

. 

From equation (6), the tortoise coordinate is given by 

* ( )

1

f
d

r
r dr . 

From equation (7), the potential produced by the Schwarzschild-Tangherlini metric in d 
dimensions is given by 

    
     

2

2 2

( 2)( 4) ( ) ( 2) ( ) ( ) ( )
( ) 3

4 2
rd d f r d f r f r f r

V r d
r r r

. 

From equation (8), the bounds on the greybody factors are given by 

 2

0

( 2)( 3) 4 3
sech

8

d d d
T

r
     

  
 

 
. 

The bounds on the greybody factors versus M are plotted for different spacetime dimensions as 
shown in Figure 3. 
 

 
Figure 3. Dependence of the bound on the greybody factor on the black hole mass in various 

spacetime dimensions. 
 
The graph shows that when the black hole mass increases, the bounds on the greybody factors 
also increase. However, for the same mass, the bound on the greybody factor is less in higher 
dimensions [11]. 
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3. Charged dilatonic black holes in (2 + 1) dimensions 
 The charged dilatonic black holes in (2 + 1) dimensions is given by [1] 

   
2

2 2 2 2 24
( )

( )

r
ds f r dt dr r d

f r
, 

where 
    2 2( ) 2 8 8f r Mr r Q . 

Here, M is the black hole mass, Q is the total electric charge, and   is the cosmological 
constant. In this case, from equation (1) we find that 

 
2

( )
( ) ( ), ( ) ,

4

f r
A r f r B r

r
 and d = 3. 

From equation (5), the Schrodinger -like equation is given by 
      
2

2
2

*

( ) 0
d

V r
dr

. 

From equation (6), the tortoise coordinate is given by 

*

2

( )

r
dr dr

f r
. 

From equation (7), the potential produced by the charged dilatonic black holes in (2 + 1) 
dimensions is given by 

             
 

2 4
2 2 2 2 2 2

2 3

5 1 1 6
( ) (8 6 ) 14 2 (4 8 )

8

M Q
V r m m r m M MQ m Q

r r r
. 

From equation (8), the bounds on the greybody factors are given by 



 



        
 

 
      

       
    

2 2 2
2

2 2

2 2 2 2 2

2 2

2 2 2

368 (4 3) 644 2576 115 368
sech

60 64

5 64 5 16 64
ln

8 16 64

23 (3 2 4 )
.

15

m m M Q M m M
T

M Q

M Q M m M M Q

M M Q

Q Q M m

 

The bound on the greybody factor versus Q is plotted as shown in Figure 4. 
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Figure 4. Dependence of the bound on the greybody factor on the charge of the dilatonic black 

holes in (2 + 1) dimensions. 
 
The graph shows that when the charge increases, the bound on the greybody factor decreases. 
This result is similar to the Reissner- Nordstrom  black hole's result; that is, the charge behaves 
as an effective barrier in resisting the tunneling of uncharged scalar particles. 
 The bound on the greybody factor versus the cosmological constant is plotted as shown 
in Figure 5. 
 

 
Figure 5. Dependence of the bound on the greybody factor on the cosmological constant for the 

charged dilatonic black holes in (2 + 1) dimensions. 
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The graph shows that when the value of the cosmological constant increases, the bound on the 
greybody factor also increases. That is, the cosmological constant renders the gravitational 
potential produced by the black hole transparent. 
 The approximate greybody factor obtained from the matching techniques is given by 
[12] 

     

     

 

 

 

 

       
                 

       
                

2 2 2 2

2 2

2 2 2 2

2 2

8 ( ) 8
cosh 1 cosh 1

4 2 4 4 ( ) 2 4
1

8 ( ) 8
cosh 1 cosh 1

4 2 4 4 ( ) 2 4

m r r m
r r

T
m r r m

r r

, 

where 


  




2 264

8

M M Q
r . 

The bound on the greybody factor compared with the approximate greybody factor is shown on 
the graph in Figure 6. 
 

 
Figure 6. Comparison of the bound on the greybody factor and the approximate greybody 

factor. 
 
The graph shows that when the energy of an emitted particle increases, the greybody factor 
also increases. It can be seen that the result derived from the 2 2  transfer matrices is 
relatively more accurate when compared with the approximate result. Note that the methods of 
2 2  transfer matrices used to obtain the lower bound are comparatively less complex than 
the methods used to obtain the approximate result. 
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4. Charged dilatonic black holes in (3 + 1) dimensions 
 The charged dilatonic black holes in (3 + 1) dimensions is given by [1] 

    2 2 2 2 21
( ) ( )

( )
ds f r dt dr R r d

f r
, 

where 

      
 

2 2( ) 1   and  ( ) 1
r r

f r R r r
r r

. 

For the black hole mass M and the total electric charge Q, r+ and r- are given by 

  
2

2   and  
Q

r M r
M

. 

In this case, from equation (1) we find that 
 ( ) ( ) ( )A r B r f r  and d = 4. 

The equation of motion for the radial part is given by 

            

 2
2

2 2

11 ( )
( ) ( ) ( ) 0

( ) ( ) ( )

d du r
R r f r u r

R r dr dr f r R r
. 

From equation (6), the tortoise coordinate is given by 

*

1

( )
dr dr

f r
. 

From equation (7), the potential produced by the charged dilatonic black holes in (3 + 1) 
dimensions is given by 

 

 

2

1 ( )
( )

( )

f r
V r

R r
. 

From equation (8), the bounds on the greybody factors are given by 

       

       

2 2

2 2

1 / 1 /2 2 2

2
1 / 1 /2 2 2

4 2 2

2 2

M Q M Q

M Q M Q

M M Q
T

M M Q

 

 

 

 



    

   

   
. 

The bound on the greybody factor versus Q is plotted as shown in Figure 7. 
 



14 
 

 
Figure 7. Dependence of the bound on the greybody factor on the charge of the dilatonic black 

holes in (3 + 1) dimensions. 
 
The graph shows that when the charge increases, the bound on the greybody factor decreases. 
This result is similar to the Reissner- Nordstrom  and the (2 + 1) dimensional charged dilatonic 
black holes’ results; that is, the charge behaves as an effective barrier in resisting the tunneling 
of uncharged scalar particles. The rigorous bounds presented here only work for certain 
potentials. Such potentials have to satisfy  ( )V V . 
 
5. Dirty black holes 
 A general static spherically symmetric spacetime for a dirty black hole is given by [13] 

        
  

2
2 2 ( ) 2 2 22 ( ) d

1
1 2 ( ) /

r m r r
ds e dt r

m r
d

r r
, 

where  ( )r  is related to the distribution of matter and m(r) is the total mass within the radius r 
from center of a black hole. In this case, from equation (1) we find that 

       
2 ( ) 2 ( ) 2 ( )

( ) 1 ,  ( ) 1r m r m r
A r e B r

r r
 and d = 4. 

From equation (5), the Schrodinger -like equation is given by 
      
2

2
2

*

( ) 0
d

V r
dr

. 

From equation (6), the tortoise coordinate is given by 




    

1
( )* 2 ( )

1rdr m r
e

dr r
. 
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From equation (7), the potential produced by the Reissner- Nordstrom  black hole is given by 

                

2
2 ( )

2 3

2 ( ) ( 1) 2(1 ) ( )
( ) 1 4(1 ) ( )

 r
r

m r S m r
V r e S p

r r r
, 

where   is the matter density, pr is the radial pressure, and S is the spin of a particle which 
runs from integers 0 to 2. 
 From equation (8), the bounds on the greybody factors are given by 


      

  

2
2 1 1

sech ( 1)
2 2

 
H

S
T

r
, 

where rH = 2m(rH). The bound on the greybody factor depends on the frequency wave  , the 
angular momentum  , the spin S, and the horizon radius rH which is related to the contribution 
of matter. 
 
6. Myers-Perry black holes in (4 + n) dimensions 
 A Myers-Perry black hole in (4 + n) dimensions is given by [14] 

    






       

 
 

2 2 2 2 2 2 2 2 2 2
1

2 2 2

( ) sin ( sin )

co ,s

n

n

ds dt dr d r a d dt a d
r

r d
 

where 
       2 2 2 2 2

1
, cos

n
r a r a

r
, 

and 2
nd  is the line-element on the unit n-sphere Sn. We choose coordinates so that 

        


      12 2 2 2 2 2 2 2 2

1 1 2 1 2 3 1
sin sin sin sin

n

n i ni
d d dd d . 

The black hole mass MBH and the angular momentum J are defined as follows 








 

( 3) /2( 2) 2

16 [( 3) / 2]

n

BH

n
M

G n
 and 


2

2 BH

a
J M
n

. 

In this case, the Schrodinger -like equation is given by 

      


 

2
2

2
*

( ) ( ) 0j m
j m j m

d R
m V r R

dr
, 

where 

 
2 2

( )
a

r
a r

. 

The tortoise coordinate is given by 
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




2 2

* ( )

r a
dr dr

r
. 

The potential produced by the Myers-Perry black holes in (4 + n) dimensions is given by 

 






     
    

  
    



2

2 2 22 2

2

2 2 2 2 2

( ) ( 1) ( 2) ( ) ( )
( )

4 2

3 ( ) [ ( )]
.

( )

j m

r j j n a n n r n r
V r

r r rr a

r r r r

r a r a

 

From equation (8), the bounds on the greybody factors are given by 

2
*

2
* *

*

2 low
* * *

*

2 high
* *

1 1
sech ln(1 / ) for

2 2

1 1
sech ln(1 / ) for

2 2 (1 / )

1 1
sech ln( / 1) for 2

2 2 ( / 1)

1 1
sech ln( / 1) for 2

2 2

0

0

j m
H

j m
H

j m m
H

j m m
H

m m I m
r

m m I m m
r m m

T

m m I J m m m
r m m

m m I J m m
r









  
   

 
 
      
 
      

 
 

    
 






















, 

where rH is the horizon radius,   2 2
* /Hm a r a , and 

 


   


       

   
  

 





2

2 2

2 2 2

2 12 2

(2 3)
( 1)

8 4( )

2 1
( 1) ( ) arctan

2

( ) 2 4
1, , , .

8 2 2

j m
H

H
j m

H

H

H H

n n a
I j j n

r a

n r a
j j n a

a r

n r a n n a
F

r r

 

The case where  *m m  is called the non-superradiance mode and the case where  *m m  is 
called the superradiance mode. Superradiance is a phenomenon by which the reflected wave is 
larger in its amplitude than the incident wave. This phenomenon can arise for rotating black 
holes only, such as the Myers-Perry black hole. 
 The bound on the greybody factor versus the wave frequency for a spin zero angular 
momentum mode is plotted for five (n = 1) and six (n = 2) dimensions as shown in Figure 8. 
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Figure 8. Dependence of the bound on the greybody factor on the wave frequency in five (n = 

1) and six (n = 2) dimensions 
 
The graph shows that when the wave frequency increases, the bounds on the greybody factors 
increase to their maximum and then decrease. Moreover, the bound on the greybody factor is 
lower in higher dimensions. 
 The bound on the greybody factor versus the angular momentum of the Myers-Perry 
black hole is plotted as shown in Figure 9. 
 

 
Figure 9. Dependence of the bound on the greybody factor on the angular momentum. 
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The graph shows that the bound on the greybody factor decreases as the angular momentum 
of the black hole increases. 
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สรุปและวจิารณผลการทดลอง 
 In this project, we obtain valuable knowledge from developing mathematical techniques 
to calculate the rigorous bounds on the greybody factors. These bounds are derived for the 
four-dimensional Reissner - Nordstrom  black holes, the higher dimensional Schwarzschild - 
Tangherlini black holes, the charged dilatonic black holes in (2 + 1) dimensions, the charged 
dilatonic black holes in (3 + 1) dimensions, the dirty black holes, and the Myers-Perry black 
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holes. We gain understanding of the key factors that affect the greybody factors. These key 
factors are summarized as follows; 
 For the Reissner- Nordstrom  black holes, when the magnitude of the charges increases, 
the bound on the greybody factor decreases. That is, the charges are an effective barrier in 
resisting the tunneling of uncharged scalar particles. 
 For the d-dimensional Schwarzschild - Tangherlini black holes, the bound on the 
greybody factor is lesser in higher dimensions. 
 For the charged dilatonic black holes in (2 + 1) dimensions, when the charges increase, 
the bound on the greybody factor decreases. This result is similar to the Reissner- Nordstrom  
black hole's result; that is, the charges behave as an effective barrier in resisting the tunneling 
of uncharged scalar particles. Moreover, when the value of the cosmological constant 
increases, the bound on the greybody factor increases as well. That is, the cosmological 
constant renders the gravitational potential produced by the black hole transparent. 
 For charged dilatonic black holes in (3 + 1) dimensions, when the charges increase, the 
bound on the greybody factor decreases. This result is also similar to the Reissner- Nordstrom  
black hole's and the (2 + 1) dimensional charged dilatonic black hole's result. That is, the 
charges behave as an effective barrier in resisting the tunneling of the uncharged scalar 
particles. 
 For dirty black holes, the bound on the greybody factor depends on the frequency wave, 
the angular momentum, the spin, and the horizon radius which is related to the contribution of 
matter. Choosing the appropriate functions  ( )r  and m(r) can generate considerably more 
specific results. 
 For the Myers-Perry black holes in (4 + n) dimensions, we have established certain 
rigorous bounds on the greybody factors (mode dependent transmission probabilities). There 
are possibilities for the emergence of superradiance. Superradiance is a phenomenon by which 
the reflected wave is larger in its amplitude than the incident wave. The condition under which 
superradiance occurs entails the wave frequency being lesser than the rotation rate of a given 
black hole. We have also obtained (mutatis mutandis) certain rigorous bounds on the emission 
rates for the superradiant modes. In the absence of exact results, (the relevant differential 
equations seem highly resistant to explicit analytic solution), quantitative bounds along these 
lines seem to be the best attainable solutions. 
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ขอเสนอแนะสําหรับงานวจิัยในอนาคต 
 We can choose another form of the function h(r) to obtain better bounds. The 
generalization of a particle with other spins such as a fermion is also interesting. Moreover, we 
can apply the methods used in this project to other black holes or even other systems. 
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In Euclidean space there is a trivial upper bound on the maximum length of a
compound “walk” built up of variable-length jumps, and a considerably less trivial
lower bound on its minimum length. The existence of this non-trivial lower bound
is intimately connected to the triangle inequalities, and the more general “polygon
inequalities.” Moving beyond Euclidean space, when a modified version of these
bounds is applied in “rapidity space” they provide upper and lower bounds on the
relativistic composition of velocities. Similarly, when applied to “transfer matrices”
these bounds place constraints either (in a scattering context) on transmission and
reflection coefficients or (in a parametric excitation context) on particle production.
Physically these are very different contexts, but mathematically there are intimate
relations between these superficially very distinct systems. C© 2013 AIP Publishing
LLC. [http://dx.doi.org/10.1063/1.4820146]

I. BACKGROUND

One is often confronted with physical or mathematical situations where some complicated
process can be built up by compounding (that is, chaining together) a number of simpler but not
necessarily equal individual steps. Examples (by no means an exhaustive list) include compounding a
series of variable-length jumps in physical space, the relativistic composition of multiple velocities,
and the composition of transfer matrices for scattering from multiple distinct (non-overlapping)
barriers.

An interesting and pragmatically useful question is whether information concerning the indi-
vidual steps can be used to place useful bounds on the overall compound process. Herein, we present
examples of several such phenomena. From a purely technical perspective, this discussion is largely
based on the analysis of compound scattering processes presented in Ref. 1, but the applications will
be completely different:

1. There is a simplification of the upper and lower bounds of that article to variable-length
compound jumps in ordinary Euclidean physical space.

2. There is a modification of the upper and lower bounds of that article to the special relativistic
composition of velocities.

Mathematically, the intimate relationship between the Euclidean translations, special relativistic
boosts, and quantum scattering is due to the fact that both the Lorentz group and group of transfer
matrices are Lie groups, with closely related though not identical Lie algebras. Specifically, the
Lorentz group can be represented by SO(3, 1), which is locally isomorphic to SL(2,C), whereas the
set of transfer matrices form a representation of SU(1, 1), which is locally isomorphic to SL(2,R).
See, for example, the recent review article2 and references therein. (For other relevant background
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material see, for instance, Refs. 3–8 on composition of velocities in special relativity and Refs. 9–18
on quantum scattering.)

It is the structural similarity between the Lie algebras of SL(2,C) and SL(2,R), and the
relation between velocities and rapidities, versus the relation between transmission probabilities
and Bogoliubov coefficients, that underlies the close mathematical similarities between Euclidean
translations, relativistic composition of velocities, and the compounding of transfer matrices. For
instance, an arbitrary boost can always, up to a three-dimensional rotation R, be written as

B = R exp

⎛
⎜⎜⎝ξ

⎡
⎢⎢⎣

0 1 0 0
1 0 0 0
0 0 0 0
0 0 0 0

⎤
⎥⎥⎦
⎞
⎟⎟⎠ R−1, (1)

with the speed being related to the rapidity by v = tanh ξ . In counterpoint, an arbitrary transfer
matrix can always be written in the form1

T =
[

α β∗

β α∗

]
=
[

cosh � eiφ sinh � e−iψ

sinh � eiψ cosh � e−iφ

]
. (2)

It is then easy to see that

T =
[

ei(φ−ψ)/2 0
0 e−i(φ−ψ)/2

]
exp

(
�

[
0 1
1 0

])[
ei(φ+ψ)/2 0

0 e−i(φ+ψ)/2

]
, (3)

with the reflection probability being given by
√

R = |r | = tanh �. (See, for instance, Ref. 1) Fur-
thermore, the appropriate subspaces of the Lie algebras of both of these Lie groups can be mapped
homeomorphically (and even monotonically) to the Euclidean translations, which ultimately under-
lies the close connection to compound jumps in ordinary Euclidean space. Indeed, working with
the Euclidean space formulation in some sense “trivializes” the bounds and makes clear the close
connection between the lower bound and the triangle inequalities (or more generally the polygon
inequalities).

II. VARIABLE LENGTH RANDOM WALKS IN PHYSICAL SPACE

Suppose we have a compound “walk” in physical where the individual step sizes (“jumps”) are
fixed but variable, �1, �2, �3, ..., �n, but the directions ni are arbitrary. What if anything can we say
about upper and lower bounds on the net displacement

x12···n =
n∑

i=i

ni �i ?. (4)

Consider the two step case

x12 = n1 �1 + n2 �2, (5)

then it is elementary that

|�1 − �2| ≤ |x12| ≤ �1 + �2. (6)

Furthermore, it is also clear that for n steps

|x12···n| ≤ M12···n ≡
n∑

i=1

�i . (7)

But can one place a lower bound on |x12···n|? Yes, by a straightforward modification (and simplifi-
cation) of the analysis of Ref. 1, for a three-step walk we assert (and shall soon prove)

|x123| ≥ max{�1 − �2 − �3, �2 − �3 − �1, �3 − �1 − �2, 0}. (8)
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More generally, for an n-step walk we assert (and shall soon prove)

|x12···n| ≥ max

⎧⎨
⎩�i −

∑
j �=i

� j , 0

⎫⎬
⎭ , (9)

or equivalently

|x12···n| ≥ max

⎧⎨
⎩2�i −

n∑
j=1

� j , 0

⎫⎬
⎭ . (10)

We can also write this as

|x12···n| ≥ m12···n ≡ max {2�i − M12···n, 0} . (11)

(So, as is reasonably common notation, we use M to denote the maximum, and m to denote the
minimum.)

III. TRIANGLE AND POLYGON INEQUALITIES

To first see why these lower bounds have any hope of working, it is useful to consider the triangle
inequalities.

A. 3 steps

A key observation is this: The 3-step lower bound is non-trivial if and only if the three step-
lengths, �1, �2, and �3, violate the triangle inequalities. To see this, recall that for a three-step
compound walk in physical space we asserted

|x123| ≥ max {�1 − �2 − �3, �2 − �3 − �1, �3 − �1 − �2, 0} . (12)

Why this odd combination? This is related to the triangle inequalities in a quite elementary manner.
If �1, �2, and �3 are the lengths of the sides of a physical triangle in Euclidean space, then they must
satisfy the triangle inequalities: The length of any one side of the triangle must be less than or equal
to the sum of the lengths of the other two sides. That is,

�1 ≤ �2 + �3; �2 ≤ �3 + �1; �3 ≤ �1 + �2. (13)

This implies

�1 − �2 − �3 ≤ 0; �2 − �3 − �1 ≤ 0; �3 − �1 − �2 ≤ 0. (14)

Therefore, in this situation

max{�1 − �2 − �3, �2 − �3 − �1, �3 − �1 − �2, 0} = 0. (15)

That is, if the quantities �1, �2, and �3 are the lengths of the sides of a physical triangle in Euclidean
space, then there is no constraint on |x123| apart from the trivial one: |x123| ≥ 0. Therefore, the lower
bound on |x123| is non-trivial if and only if �1, �2, and �3 cannot be interpreted as the lengths of the
sides of a physical triangle in Euclidean space. Furthermore, if the triangle inequalities are violated,
then the non-trivial lower bound specifies the extent to which the 3 edges of the “would-be triangle”
fail to close.

B. n steps

Generalizing the above observation: For n steps the lower bound is non-trivial if and only if the
polygon inequalities are violated. To see this, observe that for an n-step random walk the lengths
�i can be interpreted as the physical lengths of an n-sided polygon if and only if all n polygon
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inequalities are satisfied

∀i �i ≤
∑
j �=i

� j . (16)

These polygon inequalities are the natural generalization of the triangle inequalities. They can be built
up iteratively by subdividing any polygon into triangles, and then applying the triangle inequalities
step-by-step. That is,

∀i �i −
∑
j �=i

� j ≤ 0. (17)

But then

max

⎧⎨
⎩�i −

∑
j �=i

� j , 0

⎫⎬
⎭ = 0. (18)

So if the lengths �i can be interpreted as the physical lengths of an n-sided polygon, then there is no
constraint on |x12···n| apart from the trivial one: |x12···n| ≥ 0. Therefore, the lower bound on |x12···n|
is non-trivial if and only if the �i cannot be interpreted as the lengths of the sides of a physical
n-sided polygon in Euclidean space. Furthermore, if the polygon inequalities are violated, then the
non-trivial lower bound specifies the extent to which the n edges of the “would-be polygon” fail to
close.

These observations, though mathematically rather straightforward, and possibly even trivial,
make it much clearer why the lower bounds take the form they do, why there is any realistic hope
of obtaining any non-trivial lower bound, and also why there is no realistic hope of a lower bound
more stringent than the one we have enunciated.

IV. PROOF OF THE LOWER BOUND

Start by defining the sums (j ∈ {1, 2, 3, . . . , n}),

M123··· j =
j∑

i=1

�i . (19)

Then it is elementary that

|x123··· j | ≤ M123··· j (20)

for all j ∈ {1, 2, 3, . . . , n}.

A. Iterative version of the lower bound

Now take

m1 = �1, (21)

and, for j ∈ {1, 2, 3, . . . , n − 1}, iteratively define the quantities m123···(j + 1) by

m123···( j+1) = (� j+1 − M123··· j ) H (� j+1 − M123··· j )

+(m123··· j − � j+1) H (m123··· j − � j+1), (22)

where H( · ) is the Heaviside step function. We can equivalently re-write this iterative definition as

m123···( j+1) = max
{
� j+1 − M123··· j , m123··· j − � j+1, 0

}
. (23)

Theorem: By iterating the 2-step bounds, one has

∀n : m123···n ≤ |x12···n| ≤ M123···n. (24)
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Proof by Induction: When we iterate the definitions for M123···j and m123···j, then the first two times
we obtain

M1 = �1; m1 = �1; (25)

M12 = �1 + �2; m12 = |�1 − �2|. (26)

Thus the claimed theorem is certainly true for n = 2. Now apply mathematical induction: Assume
that at each stage the interval [m123···j, M123···j] characterizes the highest possible and lowest possible
values of |x12··· j |. Applying the 2-step bound to the pair |x12··· j | and �j + 1 leads trivially to |x12···( j+1)|
being bounded from above by

M123···( j+1) = M123··· j + � j+1, (27)

and less trivially to being bounded from below by

m123···( j+1) = max
{
� j+1 − M123... j , m123··· j − � j+1, 0

}
. (28)

This completes the inductive step. That is,

|x12...( j+1)| ∈ [m123···( j+1), M123···( j+1)], (29)

as claimed.
However, these bounds are currently defined in a relatively messy iterative manner. Can this be

usefully simplified? Can we make the bounds explicit?

B. Symmetry properties for the lower bound

When we iterate the definitions of M123···j and m123···j, a third time we see

M123 = �1 + �2 + �3; m123 = max{�3 − (�1 + �2), |�1 − �2| − �3, 0}. (30)

We can further simplify this by rewriting m123 as

m123 = max{�1 − �2 − �3, �2 − �3 − �1, �3 − �1 − �2, 0}. (31)

Note that this form of m123 is manifestly symmetric under arbitrary permutations of the labels 123.
One suspects that there is a good reason for this. In fact there is.

Theorem: The quantity m123···j(�i) is a totally symmetric function of the j parameters �i, where
i ∈ {1, 2, 3, ···, j}.

Proof: By inspection the result is true for m1, m12, and m123. But this argument now generalizes.
In fact, the easiest way of completing the argument is to provide an explicit formula, which we shall
do in Sec. IV C.

C. Non-iterative formula for the lower bound

Theorem:

∀n : m123···n = max
i∈{1,2,...n}

{2�i − M123···n, 0} = max
i∈{1,2,...n}

⎧⎨
⎩�i −

n∑
k=1,k �=i

�k, 0

⎫⎬
⎭ . (32)

Proof by Induction: We have already seen that the iterative definition of m123···j can be written as

m123···( j+1) = max{� j+1 − M123··· j , m123··· j − � j+1, 0}, (33)

which we can also rewrite as

m123···( j+1) = max{2� j+1 − M123···( j+1), m123··· j − � j+1, 0}. (34)
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Now apply induction. The assertion of the theorem is certainly true for n = 1 and n = 2, and has
even been explicitly verified for n = 3. Now assume it holds up to some j, then

m123···( j+1) = max{2� j+1 − M123···( j+1), m123··· j − � j+1, 0}

= max

{
2� j+1 − M123···( j+1), max

i∈{1,2,... j}
{2�i − M123··· j , 0} − � j+1, 0

}

= max

{
2� j+1 − M123···( j+1), max

i∈{1,2,... j}
{2�i − M123···( j+1), 0}, 0

}

= max
i∈{1,2,... j,( j+1)}

{2�i − M123···( j+1), 0}. (35)

This proves the inductive step. Consequently,

∀n : m123···n = max
i∈{1,2,...n}

{2�i − M123···n, 0}, (36)

as claimed.
To simplify the formalism even further, let us now define

�peak = max
i∈{1,2,...n}

�i . (37)

(We shall use the subscript “peak” for the maximum of the individual �i’s; the words “max” and
“min” will be reserved for bounds on the n-fold composition of the �i.) Then we can simply write

∀n : m123···n = max{2�peak − M123···n, 0}. (38)

This is perhaps the simplest way of presenting the lower bound.

V. RELATIVISTIC COMPOSITION OF VELOCITIES

Let us now apply the Euclidean space result derived above to a more subtle situation; the
relativistic composition of velocities. (For general background see Refs. 3–8.)

A. Collinear velocities

When it comes to the relativistic composition of velocities the key thing is to note that for a pair
of collinear (parallel or anti-parallel) velocities we have

v12 = v1 + v2

1 + v1v2
, (39)

which implies

| |v1| − |v2| |
1 − |v1||v2| ≤ |v12| ≤ |v1| + |v2|

1 + |v1||v2| . (40)

If we work with the (non-negative) rapidities ζ i defined by

|vi | = tanh ζi , (41)

then

tanh |ζ1 − ζ2| ≤ |v12| ≤ tanh(ζ1 + ζ2). (42)

That is

tanh |ζ1 − ζ2| ≤ tanh(ζ12) ≤ tanh(ζ1 + ζ2), (43)

which implies

|ζ1 − ζ2| ≤ ζ12 ≤ ζ1 + ζ2. (44)
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It is this version that is closest in spirit to the Euclidean result, and this version that is more likely
to lead to a suitable constraint on the composition of n relative velocities. We could also write the
2-velocity constraint as

tanh

∣∣∣∣ tanh−1 |v1| − tanh−1 |v2|
∣∣∣∣ ≤ |v12| ≤ tanh

(
tanh−1 |v1| + tanh−1 |v2|

)
. (45)

B. Non-collinear velocities

If the velocities are not collinear, there is a more complicated rule for combining velocities


v12 = 
v1 ⊕ 
v2. (46)

Fortunately, we will not need to be explicit about the details. (For more details see, for instance,
almost any medium-level technical book on special relativity,3, 4 or for example, Refs. 5–8.) If we
further define a rapidity vector


ζ = {
tanh−1 |v|} v̂, (47)

there will be an analogous vectorial composition rule in rapidity space


ζ12 = 
ζ1 � 
ζ2. (48)

Fortunately, we do not need the full power of the non-collinear composition rule, we only need to
know the simple result obtained by looking at the extreme case of collinear (parallel/anti-parallel)
motion ∣∣∣ |
ζ1| − |
ζ2|

∣∣∣ ≤ |
ζ1 � 
ζ2| ≤ |
ζ1| + |
ζ2|. (49)

That is, ∣∣∣ |
ζ1| − |
ζ2|
∣∣∣ ≤ |
ζ12| ≤ |
ζ1| + |
ζ2|. (50)

So even for non-collinear motion, we still have

|ζ1 − ζ2| ≤ ζ12 ≤ ζ1 + ζ2. (51)

We can now immediately apply the bound we have already derived for compound walks in physical
Euclidean space.

C. Bounds on the composition of velocities

1. Upper bounds

For n velocities the upper bound is straightforward, we just iterate the two-step result to obtain

ζ12···n ≤
n∑

i=1

ζi , (52)

whence

|v12···n| ≤ tanh

[
n∑

i=1

ζi

]
. (53)

We can also write this as

|v12···n| ≤ tanh

[
n∑

i=1

tanh−1 |vi |
]

. (54)
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Here are some explicit special cases obtained by straightforward manipulation of hyperbolic trig
identities. Relativistically combining three velocities, one has

|v123| ≤ |v1| + |v2| + |v3| + |v1||v2||v3|
1 + |v1||v2| + |v2||v3| + |v3||v1| . (55)

Similarly, relativistically combining four velocities, one has

|v1234| ≤ |v1| + |v2| + |v3| + |v4| + |v1||v2||v3| + |v2||v3||v4| + |v3||v4||v1| + |v4||v1||v2|
1 + |v1||v2| + |v2||v3| + |v3||v4| + |v4||v1| + |v1||v3| + |v2||v4| + |v1||v2||v3||v4| . (56)

If one additionally knows that all velocities are collinear, then instead of bounds one has the related
equalities

v123 = v1 + v2 + v3 + v1v2v3

1 + v1v2 + v2v3 + v3v1
(57)

and

v1234 = v1 + v2 + v3 + v4 + v1v2v3 + v2v3v4 + v3v4v1 + v4v1v2

1 + v1v2 + v2v3 + v3v4 + v4v1 + v1v3 + v2v4 + v1v2v3v4
. (58)

(There does not seem to be any more pleasant reformulation of these results, and in the completely
general n-velocity case the general the “tanh” formula above seems to be the best one can do.)

2. Lower bounds

Obtaining an explicit lower bound is again a lot trickier than the upper bound. When relativis-
tically combining three velocities then, (because of the monotonicity of the tanh function), one has

|v123| ≥ tanh

[
max {ζ1 − ζ2 − ζ3, ζ2 − ζ3 − ζ1, ζ3 − ζ1 − ζ2, 0}

]
. (59)

When relativistically combining n velocities the best one can do is this

|v12···n| ≥ tanh

⎡
⎣max

⎧⎨
⎩ζi −

∑
j �=i

ζ j , 0

⎫⎬
⎭
⎤
⎦ . (60)

We can also write this as

|v12···n| ≥ tanh

⎡
⎣max

⎧⎨
⎩2ζi −

n∑
j=1

ζ j , 0

⎫⎬
⎭
⎤
⎦ . (61)

Now defining

M12···n ≡ tanh

⎡
⎣ n∑

j=1

ζ j

⎤
⎦ , (62)

and

vpeak = max
i

{|vi |}, (63)

and setting

m12···n ≡ tanh

[
max

{
2 tanh−1 vpeak − tanh−1 M12···n, 0

}]
, (64)

we can also write this as

m12···n ≤ |v12···n| ≤ M12···n. (65)

So there certainly are quite non-trivial constraints, one can place on the relativistic combination of
velocities, but they are a little less obvious than one might at first suspect.
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VI. SCATTERING

Compound scattering processes were extensively discussed in Ref. 1. (For additional back-
ground see Refs. 2, 12–18; for various explicit bounds on transmission and reflection probabilities
for scattering processes see Refs. 19–27; for a survey of exact results see Ref. 28.) Rather than
unnecessarily repeating the results of Ref. 1, we shall herein content ourselves with a few explicit
comments regarding 2-barrier, 3-barrier, and 4-barrier systems. The key point is that for the trans-
fer matrix as represented in Eqs. (2) and (3) the reflection probability is

√
R = tanh(�), and that

composing transfer matrices corresponds to composing Euclidean jumps of length |�|, see Ref. 1.
Specifically, for two non-overlapping barriers the transmission and reflection probabilities are

bounded by

T1T2{
1 + √

1 − T1
√

1 − T2
}2 ≤ T12 ≤ T1T2{

1 − √
1 − T1

√
1 − T2

}2 (66)

and { √
R1 − √

R2

1 − √
R1

√
R2

}2

≤ R12 ≤
{ √

R1 + √
R2

1 + √
R1

√
R2

}2

. (67)

For three non-overlapping barriers, the results of Ref. 1, combined with a little work using hyperbolic
trigonometric identities, lead to

T123 ≥ T1T2T3{
1 + √

(1 − T2)(1 − T3) + √
(1 − T3)(1 − T1) + √

(1 − T1)(1 − T2)
}2 (68)

and

R123 ≤
{√

R1 R2 R3 + √
R1 + √

R2 + √
R3

1 + √
R2 R3 + √

R3 R1 + √
R1 R2

}2

. (69)

For four non-overlapping barriers, a completely analogous calculation straightforwardly yields

T1234 ≥ T1T2T3T4{
1 + ∑

i< j

√
(1 − Ti )(1 − Tj ) + √

(1 − T1)(1 − T2)(1 − T3)(1 − T4)
}2 (70)

and

R1234 ≤
{√

R1 + √
R2 R3 R4 + (cyclic permutations)

1 + ∑
i< j

√
Ri R j + √

R1 R2 R3 R4

}2

. (71)

That is, explicitly,

R1234 ≤ (72){√
R1 + √

R2 + √
R3 + √

R4 + √
R2 R3 R4 + √

R3 R4 R1 + √
R4 R1 R2 + √

R1 R2 R3

1 + ∑
i< j

√
Ri R j + √

R1 R2 R3 R4

}2

.

Upper bounds on T, and lower bounds on R, are less algebraically tractable, (at least in explicit
closed form), and we refer the reader to Ref. 1 for more details.

VII. PARAMETRIC EXCITATIONS

By working in the temporal rather than spatial domain, particle scattering processes can be
re-phrased in terms of particle production via parametric excitation. (See Ref. 1 for details). In this
context, the net particle production due to two non-overlapping excitation events is bounded by{√

N1(N2 + 1) −
√

N2(N1 + 1)
}2

≤ N12 ≤
{√

N1(N2 + 1) +
√

N2(N1 + 1)
}2

. (73)
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For three non-overlapping excitation events, one obtains

N123 ≤
{√

N1(1 + N2)(1 + N3) +
√

N2(1 + N3)(1 + N1)

+
√

N3(1 + N1)(1 + N2) +
√

N1 N2 N3

}2
. (74)

For four non-overlapping excitation events a straightforward (but rather tedious) calculation yields

N1234 ≤
{√

N1(1 + N2)(1 + N3)(1 + N4) +
√

N1 N2 N3(1 + N4)

+ (cyclic permutations)
}2

. (75)

Further “explicit” algebraic formulae would be rather unwieldy, and for all practical purposes one
is better off using the somewhat less “explicit” formulae in presented terms of hyperbolic functions
in Ref. 1. Similarly lower bounds on N are less algebraically tractable, (at least in explicit closed
form), and we again refer the reader to Ref. 1 for more details.

VIII. DISCUSSION

That particle scattering in the spatial domain is mathematically intimately related to particle
production in the temporal domain is a very standard result, ultimately going back to the relationship
between scattering and transmission amplitudes and the Bogoliubov coefficients. (See, for instance,
Refs. 1,2,13, and 28 for more details on this specific point.) The intimate mathematical relationship
between particle scattering and relativistic composition of velocities is less well-known, but is
quite standard. The SO(3, 1) Lorentz group is locally isomorphic to SL(2,C), while the group of
transfer matrices SU(1, 1) is locally isomorphic to SL(2,R). Ultimately, it is the fact that their Lie
algebras are both isomorphic to Euclidean space that ties the three problems (physical Euclidean
space, relativistic composition of velocities, and composition of scattering processes) together. The
overall result of the current article is to rigorously establish several clearly motivated and robust
mathematical bounds on these three closely inter-related physical problems.
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1 Introduction

The spacetime geometry of a black hole, in the region that interpolates between the horizon

and spatial infinity, (the domain of outer communication), generically acts as a potential

barrier that partially reflects both ingoing and outgoing excitations. (See for instance [1–4].)

In the case of outgoing excitations (Hawking quanta) the resulting transmission probabili-

ties are called “greybody factors”. Calculation of these greybody factors, when practical, is

based on analyzing the excitations in terms of a Regge-Wheeler equation, (or closely related

variant thereof, such as the Zerilli or Teukolsky equations), which in the non-super-radiant

case reduces the problem to a one-dimensional barrier-penetration problem.

Even then, finding exact solutions is mostly impractical, and one typically resorts

either to making semi-analytic or numerical estimates, or to deriving rigorous analytic

bounds. Indeed, rigorous bounds have already been established for the greybody factors

of the Schwarzschild [5] and Riessner-Nordström [6, 7] black holes, and more generally for

arbitrary static spherically symmetric asymptotically flat black holes [8]. Some preliminary

work on the Kerr-Newman spacetime is presented in reference [9]. Some of the new issues
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raised in dealing with rotating black holes are purely technical — the specific form of the

metric is much more complicated. But there are new conceptual issues to deal with as well

— the presence of super-radiant modes now adding extra conceptual overhead.

The technique we are using to derive rigorous bounds on the greybody factors is a tech-

nique of general applicability to bounding transmission probabilities for one-dimensional

barrier penetration problems. First developed in reference [10], this quite general technique

has subsequently been extended in several different ways [11–14], before then being specifi-

cally applied to the analysis of black-hole greybody factors in references [5–9]. In the current

article we shall analyze bounds on the greybody factors for scalar field excitations on the

Kerr-Newman geometry in some detail, first for the zero-angular-momentum m = 0 mode,

secondly for generic non-super-radiant modes, and finally for the super-radiant modes.

2 Radial Teukolsky equation for scalar fields

The radial Teukolsky equation for scalar field excitations on the Kerr-Newman space-

time is discussed in references [15],1 [16],2 and [17]. The radial Teukolsky equation is

considerably more complicated than the Regge-Wheeler equation for scalar field excitations

on non-rotating spacetimes [15].3 Particularly useful recent references are [18–20], though

a wealth of other relevant material is also available [21–24]. The scalar field excitations

are described by the curved-spacetime Klein-Gordon equation, which is in this context the

spin-zero case of the Teukolsky master equation; the radial Teukolsky equation for scalar

fields then corresponds to the radial part of this Klein-Gordon equation. (Nomenclature is

not entirely consistent in this field, but this seems to be the consensus.)

Begin by writing the Kerr-Newman geometry in the form [25, 26]

ds2 = −∆

Σ

(

dt− a sin2 θ dφ
)2

+
sin2 θ

Σ

[

a dt− (r2 + a2) dφ
]2

+
Σ

∆
dr2 +Σ dθ2, (2.1)

where

∆ = r2 − 2Mr + a2 +Q2 = (r − r+)(r − r−); Σ = r2 + a2 cos2 θ. (2.2)

Here M is the mass of the black hole, J = Ma is its angular momentum, and Q is its

charge. The quantities r± denote the locations of the inner and outer horizons. Setting

Q → 0 gives the Kerr spacetime [27–29].4 Now consider a massless electrically neutral

minimally coupled scalar field. (Adding mass and electric charge to the scalar field is not

intrinsically difficult [18], but is somewhat tedious, so we shall not do so for now.)

1See especially page 128.
2See especially pages 114–115.
3See especially pages 89–90. There they make it clear, just after (4.2.7), that while the phrase “Regge-

Wheeler equation” originally applied only to (axial) gravitational perturbations of the Schwarzschild geom-

etry, it is now customary to apply that phrase also to the perturbations of a scalar field. More generally

this terminology is now commonly applied to all manner of perturbations on generic spherically symmetric

spacetimes where separation of variables leads to similar-looking equations.
4Reference [29] is published as a chapter in reference [28].

– 2 –



J
H
E
P
0
3
(
2
0
1
4
)
1
1
3

2.1 Spheroidal harmonics

It is a standard result, see Carter [30], that one can then use separation of variables to

consider field modes of the form

Ψ(r, θ, φ, t) =
Rℓm(r)Sℓm(θ) exp(−iωt+ imφ)√

r2 + a2
. (2.3)

It is now a standard but quite tedious computation to verify that the “spheroidal har-

monics” Sℓm(θ) eimφ generalize the usual “spherical harmonics” Yℓm(θ, φ), and satisfy the

differential equation:

{

1

sin θ

d

dθ

[

sin θ
d

dθ

]

− a2ω2 sin2 θ − m2

sin2 θ
+ 2maω + λℓm(aω)

}

Sℓm(θ) = 0. (2.4)

(See for instance [31] pp 26–27.) Note this differential equation is independent of M and Q,

though it does indirectly depend on the angular momentum via the dimensionless combi-

nation aω = (J/M)ω. Here the separation constant λℓm(aω) generalizes the usual quantity

ℓ(ℓ+ 1) occurring for spherical harmonics, and in fact in the slow-rotation limit we have

λℓm(aω) = ℓ(ℓ+ 1)− 2maω + {Hℓ+1,m −Hℓm} (aω)2 +O[(aω)3], (2.5)

with

Hℓm =
2ℓ(ℓ2 −m2)

4ℓ2 − 1
. (2.6)

Some useful background references are [32–35]. Note that since the differential operator

is negative definite we automatically have the constraint that λℓm(aω) + 2maω ≥ 0. (To

establish this, simply multiply the differential equation by sin2 θ Sℓm(θ), and integrate by

parts.) In fact, re-writing the differential equation as

{

1

sin θ

d

dθ

[

sin θ
d

dθ

]

−
(

aω sin θ − m

sin θ

)2
+ λℓm(aω)

}

Sℓm(θ) = 0, (2.7)

we can also see that λℓm(aω) ≥ 0, an observation that will prove to be useful in the calcu-

lation below. Furthermore, the differential equation for the Sℓm(θ) can be explicitly solved

in terms of the confluent Heun functions. Unfortunately, this observation is less useful than

one might hope, simply because despite valiant efforts not enough is yet known about the

mathematical properties of Heun functions [36–39].

2.2 Effective potential

With these preliminaries out of the way, it is now straightforward to write down the Teukol-

sky equation for the radial modes [18]

{

d2

dr2∗
− Uℓm(r)

}

Rℓm(r) = 0. (2.8)

Here we use the “tortoise coordinate” defined by

dr∗ =
r2 + a2

∆
dr =

r2 + a2

(r − r+)(r − r−)
dr. (2.9)

– 3 –
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Explicitly

r∗ = r +
a2 + r2+
r+ − r−

ln(r − r+)−
a2 + r2−
r+ − r−

ln(r − r−). (2.10)

Thus r∗ runs from +∞ at spatial infinity to −∞ at the outer horizon, located at r = r+.

This region, the “domain of outer communication”, is the only part of the spacetime

geometry relevant for current purposes. The “effective potential” Uℓm(r) is:

Uℓm(r) =
∆

(r2 + a2)2

(

λℓm(aω) +
(r∆)′

r2 + a2
− 3r2∆

(r2 + a2)2

)

−
(

ω − ma

r2 + a2

)2

. (2.11)

For calculational purpose it is now useful to define quantities

̟ =
a

a2 + r2
, and more specifically, Ω+ =

a

a2 + r2+
. (2.12)

Here̟(r) is (perhaps somewhat vaguely) related to frame dragging, while Ω+ is the angular

velocity of the event horizon. We can now write

Uℓm(r) = Vℓm(r)− (ω −m̟)2 , (2.13)

with

Vℓm(r) =
∆

(r2 + a2)2
{λℓm(aω) +WMQJ(r)} . (2.14)

Here we have separated out the quantity

WMQJ(r) =
(r∆)′

r2 + a2
− 3r2∆

(r2 + a2)2
, (2.15)

which depends only on the spacetime geometry, not on the multipole (ℓm) under con-

sideration. This definition of Vℓm(r) is now as close as possible to our earlier usage in

references [5–8], and to the general (non-relativistic quantum mechanical) analyses of ref-

erences [10–14]. If one switches off rotation, a → 0, then this radial Teukolsky equation

reduces to the Regge-Wheeler equation [15? –17].

2.3 Positivity properties

We have already seen that the separation constant λℓm(aω) is positive. More subtly the

quantity WMQJ(r) is also positive. (This result depends implicitly on the Einstein equa-

tions and the resulting special properties of the Kerr-Newman spacetime.)

To check the positivity of WMQJ(r), we write

∆ = (r − r+)(r − r−); r+ + r− = 2M ; r+r− = a2 +Q2. (2.16)

In particular note that

0 ≤ a2

r+
≤ r− ≤ r+, and 0 ≤ Q2

r+
≤ r− ≤ r+. (2.17)

Furthermore

a ≤ M ; |Q| ≤ M. (2.18)

– 4 –
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Now consider

(r∆)′ = [r(r − r+)(r − r−)]
′

= (r − r+)(r − r−) + r(r − r+) + r(r − r−)

= 3r2 − 2r(r+ + r−) + r+r−. (2.19)

Then

WMQJ(r) ∝ (r∆)′(r2 + a2)− 3r2∆

= (3r2 − 2r(r+ + r−) + r+r−)(r
2 + a2)− 3r2(r − r+)(r − r−)

= [0]r4 + [−2(r+ + r−) + 3(r+ + r−)]r
3 + [3a2 + r+r− − 3r+r−]r

2

+[−2a2(r+ + r−)]r + [a2r+r−]r
0

= (r+ + r−)r
3 + [3a2 − 2r+r−]r

2 − 2a2(r+ + r−)r + a2r+r−

= r2(rr+ + rr− − 2r+r−) + a2r(2r − r+ − r−) + a2∆

≥ 0. (2.20)

Here in the penultimate line all three terms are manifestly positive outside the outer horizon

(for r ≥ r+).

Furthermore limr→∞WMQJ = 0 and WMQJ(r+) = r+(r+ − r−)/(r
2
+ + a2). Thence we

see that Vℓm → 0 both at the outer horizon r+ and at spatial infinity.

2.4 Super-radiance

It is the trailing term in the effective potential, the (ω −m̟)2 term, that is responsible

for the qualitatively new phenomenon of super-radiance, which never occurs in ordinary

non-relativistic quantum mechanics. The reason for this is that the Schrödinger equation

is first-order in time derivatives, so the effective potential for Schrödinger-like barrier-

penetration problems is generically of the form

U(r) = V (r)− ω. (2.21)

In contrast, for problems based on the Klein-Gordon equation (second-order in time deriva-

tives) the qualitative structure of the effective potential is

U(r) = V (r)− (ω −m̟)2. (2.22)

We shall soon see that it is when the quantity ω − m̟ changes sign that the possibility

of super-radiance arises. (See for instance the general discussion by Richartz et al [40].)

In the current set-up super-radiance is related to the rotation of the black hole, but if the

scalar field additionally carries electric charge there is another contribution to ̟ coming

from the electrostatic potential, and so a separate route to super-radiance [18, 40].

While the Dirac equation, being first-order in both space and time, might seem to side-

step this phenomenon, it is a standard result that iterating the Dirac differential operator

twice produces a Klein-Gordon-like differential equation. In terms of the Dirac matrices

we have:

/D
2
= 2(∇− iqA)2 + qFab [γ

a, γb]. (2.23)

– 5 –
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So, once one factors out the spinorial components, and concentrates attention on the

second-order differential equation for the amplitude of the Dirac field, even the Klein

paradox for charged relativistic fermions can be put into this framework. It is the trailing

(ω−m̟)2 term, and more specifically the change in sign of ω−m̟, that is the harbinger

of super-radiance. Indeed, assuming ̟ is monotonic (which it certainly is in the situations

we shall be interested in) let us define the quantity m∗ = ω/Ω+. Then:

• the modes m < m∗ are not super-radiant;

• the modes m ≥ m∗ are super-radiant.

We shall soon see much more detail regarding the super-radiance phenomenon in the sub-

sequent discussion.

3 Non-super-radiant modes (m < m∗)

It is convenient to split the discussion of the non-super-radiant modes into three sub-cases:

• m = 0, zero-angular-momentum modes;

• m < 0, negative-angular-momentum modes;

• m ∈ (0,m∗), low-lying positive-angular-momentum modes.

3.1 Zero-angular-momentum modes (m = 0)

This sub-case is both particularly simple, and is in many ways a guiding template for all

the other cases. Some preliminary work on these zero-angular-momentum modes in the

Kerr-Newman spacetime is presented in reference [9]. We note that from reference [10] pp.

427–428 we have the very generic bound:

Tℓm ≥ sech2

{

∫ +∞

−∞

√

[h′(r)]2 + [Uℓm(r) + h(r)2]2

2h(r)
dr∗

}

; ∀h(r) > 0. (3.1)

Note that we need h(r) > 0 everywhere in order for this bound to hold. Suppose we set

m = 0, then

Uℓ,m=0(r) = −ω2 +
∆

(r2 + a2)2
[λℓ,m=0 +WMQJ(r)] . (3.2)

Now choose h(r) = ω > 0, and change the integration variable from dr∗ to dr, so that

Tℓ,m=0 ≥ sech2
{

1

2ω

∫ +∞

r+

∣

∣

∣

∣

1

(r2 + a2)
[λℓ,m=0 +WMQJ(r)]

∣

∣

∣

∣

dr

}

. (3.3)

(This corresponds to the Case I bound of reference [10].) As long as λℓm and WMQJ(r)

are always positive (and we have already checked that above) we can dispense with the

absolute value symbols and write

Tℓ,m=0 ≥ sech2
{

1

2ω

∫ +∞

r+

1

(r2 + a2)
[λℓ,m=0 +WMQJ(r)] dr

}

. (3.4)

This now decouples the problem to considering two integrals, each of which can be explicitly

evaluated in closed form.
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First integral: we note that

∫ +∞

r+

λℓ,m=0

(r2 + a2)
dr = λℓ,m=0(aω)

arctan(a/r+)

a
. (3.5)

This quantity is independent of M and Q.

Second integral: when it comes to evaluating the integral involving WMQJ it is best to

define the dimensionless quantity

KMQJ = r+

∫ +∞

r+

WMQJ

(r2 + a2)
dr = r+

∫ +∞

r+

1

(r2 + a2)

(

(r∆)′

r2 + a2
− 3r2∆

(r2 + a2)2

)

dr. (3.6)

To evaluate this the best trick is to integrate by parts:

KMQJ = r+

∫ +∞

r+

(

−(r∆)[(r2 + a2)−2]′ − 3r2∆

(r2 + a2)3

)

dr. (3.7)

(Note that the boundary terms vanish.) This then equals:

KMQJ = r+

∫ +∞

r+

(

(4− 3)r2∆

(r2 + a2)3

)

dr = r+

∫ +∞

r+

(

r2∆

(r2 + a2)3

)

dr. (3.8)

So finally

KMQJ =
r+
8

(r2+ + a2)(3a2 + r+r−) arctan(a/r+) + a(a2[r+ − 2r−]− r2+r−)

a3(r2+ + a2)
. (3.9)

This dimensionless quantity is independent of the parameters characterizing the scalar

mode (ℓ,m, ω), and depends only on the parameters characterizing the spacetime geometry

(a, r+, r−), which in turn implicitly depend only on (M,Q, J).

Consistency check: if you look carefully this quantity KMQJ does have a finite limit

as a → 0, as it should do to be consistent with the physics of the Reissner-Nordström

spacetime. (The limit is a little tricky.) We can recast KMQJ as

KMQJ =
3

8

arctan(a/r+)

a/r+
+

r2+r−
8

([r2+ + a2] arctan(a/r+)− ar+)

a3(r2+ + a2)
+

1

8

r+(3a+ r+ − 2r−)

r2+ + a2
,

(3.10)

with limit

→ 3

8
+

1

12

r−
r+

+
1

8

r+ − 2r−
r+

=
1

24

9r+ + 2r− + 3r+ − 6r−
r+

=
3r+ − r−

6r+
. (3.11)

Final result: collecting terms, we can write the bound on the transmission probability

as

Tℓ,m=0 ≥ sech2
[

Iℓ,m=0

2r+ω

]

, (3.12)

with

Iℓ,m=0 = λℓ,m=0(aω)
arctan(a/r+)

a/r+
+KMQJ . (3.13)
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This cleanly separates out the mode dependence (ℓm) from the purely geometrical piece

KMQJ . Note Iℓ,m=0 is now a dimensionless number that depends only dimensionless ratios

such as a/r+ and r−/r+, and implicitly (via λℓ,m=0) on ℓ and aω. In view of the known

slow rotation expansion for λℓ,m=0(aω) we know that

Iℓ,m=0(ω → 0) = ℓ(ℓ+ 1)
arctan(a/r+)

a/r+
+KMQJ . (3.14)

So at low frequencies the transmission bound is dominated by the 1/ω pole in the argument

of the hyperbolic secant function. If we wish to be very explicit we can write

Iℓ,m=0 =

(

λℓ,m=0(aω) +
3

8

)

arctan(a/r+)

a/r+
(3.15)

+
r+r−
8

r+([r
2
+ + a2] arctan(a/r+)− ar+)

a3(r2+ + a2)
+

1

8

r+(3a+ r+ − 2r−)

r2+ + a2
.

There are certainly other ways of re-writing this quantity, but this version is sufficient for

exhibiting key aspects of the physics.

3.2 Non-zero-angular-momentum modes (m 6= 0)

What if anything can we do once m 6= 0? Recall the basic result

Tℓm ≥ sech2

{

∫ +∞

−∞

√

[h′(r)]2 + [Uℓm(r) + h(r)2]2

2h(r)
dr∗

}

; ∀h(r) > 0. (3.16)

Now by the triangle inequality we certainly have

Tℓm ≥ sech2
{

1

2

∫ +∞

−∞

∣

∣

∣

∣

h′

h

∣

∣

∣

∣

dr∗ +
1

2

∫ +∞

−∞

|Uℓm(r) + h(r)2|
2h(r)

dr∗

}

; ∀h(r) > 0. (3.17)

We are now free to pick h(r) so that it is monotone, h′(r) > 0 or h′(r) < 0. Then subject

to this condition

Tℓm ≥ sech2
{

1

2

∣

∣

∣

∣

ln

[

h(∞)

h(−∞)

]
∣

∣

∣

∣

+
1

2

∫ +∞

−∞

|Uℓm(r) + h(r)2|
2h(r)

dr∗

}

; ∀h(r) > 0. (3.18)

Apply this general result to our specific situation

Uℓm(r) = Vℓm − (ω −m̟)2 , (3.19)

by choosing

h(r) = ω −m̟. (3.20)

(This construction is now as close as one can get to the Case I bound of reference [10].)

Note this choice for h(r) is, since ̟ = a/(a2+ r2), always monotonic as a function of r. In

contrast, (remember that ω > 0 and a > 0), we see that this h(r) is positive throughout the

domain of outer communication if and only if ω > mΩ+, which is completely equivalent

to m < ω/Ω+, or m < m∗. This is easily recognized as the quite standard condition that

the mode does not suffer from super-radiant instability. Let us now see where we can go

with this.
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3.2.1 Negative-angular-momentum modes (m < 0)

First note that in this situation, for the specific function h(r) chosen above, we have

h(∞)

h(−∞)
=

ω

ω −mΩ+
=

1

1−mΩ+/ω
< 1. (3.21)

Then
1

2

∣

∣

∣

∣

ln

[

h(∞)

h(−∞)

]∣

∣

∣

∣

=
1

2
ln(1−mΩ+/ω). (3.22)

Also in this case we have ω −mΩ+ > h(r) > ω, so

∫ +∞

−∞

|Uℓm(r) + h(r)2|
2h(r)

dr∗ =

∫ +∞

−∞

|Vℓm|
2h(r)

dr∗ <

∫ +∞

−∞

Vℓm

2ω
dr∗. (3.23)

Then

Tℓ,m<0 ≥ sech2
{

1

2
ln(1−mΩ+/ω) +

∫ +∞

−∞

Vℓ,m<0

2ω
dr∗

}

. (3.24)

But that last integral is almost identical to that we performed for m = 0, the only change

being the replacement λℓ,m=0 → λℓ,m<0. Therefore

Tℓ,m<0 ≥ sech2
{

1

2
ln(1−mΩ+/ω) +

Iℓ,m<0

2r+ ω

}

, (3.25)

where in comparison we previously had

Tℓ,m=0 ≥ sech2
{

Iℓ,m=0

2r+ω

}

. (3.26)

Explicitly

Iℓm = λℓm(aω)
arctan(a/r+)

a/r+
+KMQJ , (3.27)

and

Tℓ,m<0 ≥ sech2











1

2
ln(1−mΩ+/ω) +

λℓm(aω)
arctan(a/r+)

a/r+
+KMQJ

2r+ ω











. (3.28)

Note that for m < 0 we have −m ≤ ℓ, so we could also write the weaker (but perhaps

slightly simpler) bound

Tℓ,m<0 ≥ sech2
{

1

2
ln(1 + ℓΩ+/ω) +

Iℓ,m<0

2r+ ω

}

. (3.29)

3.2.2 Low-lying positive-angular-momentum modes (m ∈ (0,m∗))

For this situation we first note that

h(∞)

h(−∞)
=

ω

ω −mΩ+
=

1

1−mΩ+/ω
> 1. (3.30)
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Then we see
1

2

∣

∣

∣

∣

ln

[

h(∞)

h(−∞)

]
∣

∣

∣

∣

= −1

2
ln(1−mΩ+/ω). (3.31)

Also, in this case ω −mΩ+ < h(r) < ω, so

∫ +∞

−∞

|Uℓm(r) + h(r)2|
2h(r)

dr∗ =

∫ +∞

−∞

|Vℓ,m>0|
2h(r)

dr∗ <

∫ +∞

−∞

Vℓ,m>0

2(ω −mΩ+)
dr∗. (3.32)

Then

Tℓ,m>0 ≥ sech2
{

−1

2
ln(1−mΩ+/ω) +

1

2

∫ +∞

−∞

|Vℓ,m>0|
(ω − Ω+)

dr∗

}

. (3.33)

But that remaining integral is qualitatively the same as that which we performed for the

m = 0 and m < 0 cases, therefore

Tℓ,m>0 ≥ sech2
{

−1

2
ln(1−mΩ+/ω) +

Iℓ,m>0

2r+(ω −mΩ+)

}

, (3.34)

where in comparison

Tℓ,m=0 ≥ sech2
{

Iℓ,m=0

2r+ ω

}

. (3.35)

Explicitly

Iℓm = λℓm(aω)
arctan(a/r+)

a/r+
+KMQJ , (3.36)

and

Tℓ,m>0 ≥ sech2











−1

2
ln(1−mΩ+/ω) +

λℓm(aω)
arctan(a/r+)

a/r+
+KMQJ

2r+(ω −mΩ+)











. (3.37)

Note that for m > 0 we have m ≤ ℓ, so we could also write the weaker (but perhaps slightly

simpler) bound

Tℓ,m>0 ≥ sech2
{

−1

2
ln(1− ℓΩ+/ω) +

Iℓm
2r+(ω − ℓΩ+)

}

. (3.38)

3.3 Summary (non-super-radiant modes)

Define

Iℓm = λℓm(aω)
arctan(a/r+)

a/r+
+KMQJ , (3.39)

where

KMQJ =
r+
8

(r2+ + a2)(3a2 + r+r−) arctan(a/r+) + a(a2[r+ − 2r−]− r2+r−)

a3(r2+ + a2)
. (3.40)

Then for the non-super-radiant modes

Tℓ,m≤0 ≥ sech2
{

1

2
ln(1−mΩ+/ω) +

Iℓ,m≤0

2r+ ω

}

, (3.41)
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and

Tℓ,m∈(0,m∗) ≥ sech2
{

−1

2
ln(1−mΩ+/ω) +

Iℓ,m>0

2r+(ω −mΩ+)

}

. (3.42)

These bounds can also be written as

Tℓ,m≤0 ≥ sech2
{

1

2
ln(1−m/m∗) +

Iℓ,m≤0

2r+ ω

}

, (3.43)

and

Tℓ,m∈(0,m∗) ≥ sech2
{

−1

2
ln(1−m/m∗) +

Iℓ,m>0

2r+ ω (1−m/m∗)

}

. (3.44)

These are the best general bounds we have been able to establish for the non-super-radiant

modes.

4 Super-radiant modes (m ≥ m∗)

For the super-radiant modes we must be more careful. Inspection of the original derivation

in reference [10] shows that fundamentally the analysis works by placing bounds on the

Bogoliubov coefficients:

|α| ≤ cosh

∮

ϑ dr; |β| ≤ sinh

∮

ϑ dr, (4.1)

where

Θ =

∮

ϑ dr =

∫ +∞

−∞

√

[h′(r)]2 + [Uℓm(r) + h(r)2]2

2h(r)
dr∗; ∀h(r) > 0. (4.2)

In the non-super-radiant case these constraints on the Bogoliubov coefficients quickly and

directly lead to a bound on the transmission coefficient T = |α|−2. In counterpoint, in the

super-radiant case the Bogoliubov coefficients also have an additional physical interpreta-

tion: the near-horizon quantum vacuum state now contains a nontrivial density of quanta

when viewed from the region near spatial infinity [40]. The number of quanta per unit

length in each mode is n = k |β|2, corresponding to an emission rate

Γ = ω |β|2. (4.3)

Explicitly, the emission rate in each specific mode is bounded by

Γℓm(ω) ≤ ω sinh2Θ, (4.4)

where

Θ =

∫ +∞

−∞

√

[h′(r)]2 + [Uℓm(r) + h(r)2]2

2h(r)
dr∗; ∀h(r) > 0. (4.5)

The net result is that one is still interested in the same integral, but now under different

conditions, and with an additional physical interpretation. To be more explicit about this,

note that

Θ =

∫ +∞

−∞

√

[h′(r)]2 + [Vℓm(r)− (ω −m̟(r))2 + h(r)2]2

2h(r)
dr∗; ∀h(r) > 0. (4.6)
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The art comes now in choosing a specific h(r) to in some sense optimize the bound, (either

by making it a particularly tight bound, or by making it a particularly simple bound), sub-

ject now to the condition that ω−m̟(r) is assumed to change sign at some finite value of r,

and subject to the condition that one wants the integral to be finite, (implying in particular

that the integrand should vanish both on the outer horizon and at spatial infinity).

Now the triangle inequality implies (∀h(r) > 0) that

Θ ≤ 1

2

∫ +∞

−∞

|h′(r)|
h(r)

dr∗ +

∫ +∞

−∞

|Vℓm(r)− (ω −m̟(r))2 + h(r)2|
2h(r)

dr∗. (4.7)

Additionally we know that Vℓm → 0 at both the outer horizon and spatial infinity, so to

keep the integral finite we need both h(∞)2 = ω2 and h(r+)
2 = (ω − mΩ+)

2. Based on

this observation, it is now a good strategy to again use the triangle inequality to split the

integral as follows

Θ ≤ 1

2

∫ +∞

−∞

|h′(r)|
h(r)

dr∗ +

∫ +∞

−∞

Vℓm(r)

2h(r)
dr∗ +

∫ +∞

−∞

|h(r)2 − (ω −m̟(r))2|
2h(r)

dr∗. (4.8)

Now split the super-radiant modes into two sub-cases depending on the relative sizes of ω2

and (ω −mΩ+)
2. But note that in the super-radiant regime ω2 = (ω −mΩ+)

2 when m =

2ω/Ω+ = 2m∗. This suggests splitting the super-radiant regime into two distinct sub-cases:

• m ∈ [m∗, 2m∗).

• m ∈ [2m∗,∞).

4.1 Low-lying super-radiant modes (m ∈ [m∗, 2m∗))

In this region we have ω2 > (ω −mΩ+)
2 and so we could take:

h(r) = max

{

ω − ma

(a2 + r2)
,mΩ+ − ω

}

. (4.9)

This quantity is positive and monotone decreasing as we move from spatial infinity to the

horizon, and becomes a flat horizontal line near the horizon. Note that by construction

h(r) ≥ mΩ+ − ω everywhere. First, from the definition of h(r), in this situation we have

∫ +∞

−∞

|h′(r)|
h(r)

dr∗ = | lnh(r)|∞r+ = ln

(

ω

mΩ+ − ω

)

= − ln(m/m∗ − 1). (4.10)

Second
∫ +∞

−∞

Vℓm(r)

2h(r)
dr∗ ≤

∫ +∞

−∞

Vℓm(r)

2(mΩ+ − ω)
=

Iℓm
2(mΩ+ − ω)

=
Iℓm

2ω(m/m∗ − 1)
, (4.11)

where the Iℓm integral is the same quantity we have considered several times before. Finally,

the remaining integral to be performed is

J low
m =

∫ +∞

−∞

h(r)2 − (ω −m̟(r))2

2h(r)
dr∗, (4.12)
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with the integrand being both independent of ℓ, and carefully chosen to be zero over much

of the relevant range. Indeed, unwrapping all of the definitions, we are interested in

J low
m =

∫ r0

r+

(ω −mΩ+)
2 − (ω −m̟(r))2

2(mΩ+ − ω)

r2 + a2

∆
dr. (4.13)

The upper limit of integration r0 is defined by

m[Ω+ + a/(a2 + r20)] = 2ω, (4.14)

that is, by

r20 − r2+ =
2(m−m∗)

2m∗ −m
(r2+ + a2). (4.15)

Explicitly

r0 =

√

r2+ +
2(m−m∗)

2m∗ −m
(r2+ + a2). (4.16)

Note r0 > r+ for m ∈ [m∗, 2m∗). Then

J low
m =

m

2(ω − Ω+)

∫ r0

r+

(Ω+ −̟)(2ω −m̟(r)−mΩ+)
r2 + a2

∆
dr. (4.17)

But over the relevant domain 0 ≤ (2ω −m̟(r)−mΩ+ ≤ 2(ω −mΩ+), therefore

J low
m ≤ m

∫ r0

r+

(Ω+ −̟)
r2 + a2

∆
dr. (4.18)

The remaining integral is now simple and manifestly finite.

J low
m ≤ m

∫ r0

r+

(Ω+ −̟)
r2 + a2

∆
dr =

ma

r2+ + a2

∫ r0

r+

r − r+
r − r−

dr . (4.19)

(In fact we could have evaluated J low
m exactly, but given the other approximations being

made in deriving the bounds, there is no real point in doing so.) Assembling the pieces we

have:

Tℓ,m∈[m∗,2m∗) ≥ sech2
{

−1

2
ln(m/m∗ − 1) +

Iℓ,m∈[m∗,2m∗)

2r+ω (m/m∗ − 1)
+ J low

m

}

. (4.20)

Furthermore:

Γℓ,m∈[m∗,2m∗) ≤ ω sinh2
{

−1

2
ln(m/m∗ − 1) +

Iℓ,m∈[m∗,2m∗)

2r+ω (m/m∗ − 1)
+ J low

m

}

. (4.21)

4.2 Highly super-radiant modes (m ≥ 2m∗)

In this region we have (ω −mΩ+)
2 > ω2 and so we could take:

h(r) = max

{

ma

(a2 + r2)
− ω, ω

}

. (4.22)
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This is now both positive and monotone decreasing as we move from the horizon to spatial

infinity, and becomes a flat horizontal line near spatial infinity. Note h(r) ≥ ω everywhere.

First, from the definition of h(r), in this situation we have

∫ +∞

−∞

|h′(r)|
h(r)

dr∗ = | lnh(r)|∞r+ = ln

(

mΩ+ − ω

ω

)

= ln(m/m∗ − 1). (4.23)

Second
∫ +∞

−∞

Vℓm(r)

2h(r)
dr∗ ≤

∫ +∞

−∞

Vℓm(r)

2ω
=

Iℓm
2ω

, (4.24)

where the Iℓm integral is the same quantity we have considered before. Finally, the remain-

ing integral is

Jhigh
m =

∫ +∞

−∞

h(r)2 − (ω −m̟(r))2

2h(r)
dr∗, (4.25)

with the integrand being zero over much of the relevant range. Indeed we are now interested

in

Jhigh
m =

∫ ∞

r0

ω2 − (ω −m̟(r))2

2ω

r2 + a2

∆
dr . (4.26)

The lower limit of integration r0 is now defined by ma/(a2 + r20) = 2ω, that is, by

r0 = a

√

m

2ωa
− 1. (4.27)

Note that since m ≥ 2m∗ we have

r0 ≥ a

√

m∗

ωa
− 1 = a

√

a2 + r2+
a2

− 1 = r+, (4.28)

so we are safely outside (or possibly just on) the outer horizon. If m > 2m∗ then r0 > r+
and the integrand is manifestly finite over the entire range of interest, while falling of

asymptotically as 1/r2, so the integral Jhigh
m is finite. If m = 2m∗ so r0 = r+, then both the

numerator and denominator of the integrand to zero at the outer horizon, though the ratio is

finite. So the integrand again remains finite over the entire range of interest, while falling of

asymptotically as 1/r2, so the integral Jhigh
m is again finite. (In fact we can evaluate J low

m ex-

actly, but the result is algebraically messy, and given the other approximations being made

in deriving the bounds, there is no real point in doing so.) Assembling the pieces we have:

Tℓ,m≥2m∗
≥ sech2

{

1

2
ln(m/m∗ − 1) +

Iℓ,m≥2m∗

2r+ω
+ Jhigh

m

}

. (4.29)

Furthermore:

Γℓ,m≥2m∗
≤ ω sinh2

{

1

2
ln(m/m∗ − 1) +

Iℓ,m≥2m∗

2r+ω
+ Jhigh

m

}

. (4.30)
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4.3 Summary (super-radiant modes)

Pulling the results for the low-lying and highly super-radiant modes together we see that

for the transmission probabilities we have:

Tℓ,m∈[m∗,2m∗) ≥ sech2
{

−1

2
ln(m/m∗ − 1) +

Iℓ,m∈[m∗,2m∗)

2r+ω (m/m∗ − 1)
+ J low

m

}

. (4.31)

Tℓ,m≥2m∗
≥ sech2

{

1

2
ln(m/m∗ − 1) +

Iℓ,m≥2m∗

2r+ω
+ Jhigh

m

}

. (4.32)

Furthermore for the super-radiant emission rates we have:

Γℓ,m∈[m∗,2m∗) ≤ ω sinh2
{

−1

2
ln(m/m∗ − 1) +

Iℓ,m∈[m∗,2m∗)

2r+ω (m/m∗ − 1)
+ J low

m

}

. (4.33)

Γℓ,m≥2m∗
≤ ω sinh2

{

1

2
ln(m/m∗ − 1) +

Iℓ,m≥2m∗

2r+ω
+ Jhigh

m

}

. (4.34)

5 Discussion

The net result of this article is to establish certain rigorous bounds on the greybody factors

(mode dependent transmission probabilities) for scalar fields on Kerr-Newman black holes.

As a side effect, we have also obtained certain rigorous bounds on the emission rates for the

super-radiant modes. An interesting feature of these bounds is the ubiquity of the basic

quantity Iℓ,m which itself is simply linear in the spheroidal harmonic eigenvalue λℓm(aω).

(Recall that λℓm(aω) → ℓ(ℓ+1) as rotation is switched off, a → 0.) This seems to indicate

that it is the use of separable spheroidal coordinates that is in many ways more crucial

than the specific form of the metric components.

We do not claim that these bounds are in any sense optimal. (Except, perhaps, in the

restricted sense that these seem to be the easiest bounds to establish.) It is quite possible

that making different choices at various stages of the analysis could lead to tighter bounds,

but there are no really obvious routes to guaranteeing tighter bounds. Possible routes to

explore might include the “Case II” bounds of reference [10], the Miller-Good version of

the bounds presented in reference [11], or the general considerations of [12–14]. In a rather

different direction, since transmission probabilities are intimately related to quasi-normal

modes, it may prove useful to adapt the formalism and techniques of [41–44].

More prosaically, there would be in principle no obstruction to adding mass and charge

to the scalar field, (see for instance the Teukolsky/Regge-Wheeler analysis in reference [18]),

but the results are likely to be algebraically messy. Other possibilities to explore might

include the behaviour of spin-1/2, spin-1, and spin-2 fields, or the consideration of other

interesting spacetime geometries.
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Semiclassical black holes emit radiation called Hawking radiation. Such radiation, as seen
by an asymptotic observer far outside the black hole, differs from the original radiation
near the horizon of the black hole by a redshift factor and the so-called “greybody
factor.” In this paper, we concentrate on the greybody factor; various bounds for the
greybody factors of non-rotaging black holes are obtained, concentrating primarily on
charged Reissner–Nordström (RN) and RN–de Sitter black holes. These bounds can be
derived using a 2 × 2 transfer matrix formalism. It is found that the charges of black
holes act as efficient barriers. Furthermore, adding extra dimensions to spacetime can
shield Hawking radiation. Finally, it is also found that the cosmological constant can
increase the emission rate of Hawking radiation.

Keywords: Hawking radiation; greybody factor; bounding; Reissner–Nordström black
holes; charged dilatonic black holes.

PACS Number(s): 04.50.Gh, 04.60.−m, 04.70.Dy, 04.20−q, 02.40.−k

1. Introduction

Classically, a black hole is associated with the concept that anything which enters
the gravitational field of a black hole cannot escape. In 1974, Stephen Hawking,

∗Corresponding author.
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however, showed that semi-classically a black hole could indeed emit quantum radi-
ation, an effect which became known as Hawking radiation.1 This effect was derived
by studying quantum field theory in a black hole background. In the context of
quantum field theory, creation and annihilation of particles are possible. If pair
production occurs near a black hole horizon, one can picture Hawking radiation as
one of the particles from pair production falling in, with the other moving away
from the black hole. An observer outside the black hole would see this particle as
Hawking radiation. But according to general relativity, a black hole curves space-
time around it. This nontrivial spacetime behaves as gravitational potential under
which particles move. Some of them are reflected back into the black hole and oth-
ers are transmitted out of the black hole. Therefore, Hawking radiation seen by an
observer far outside the black hole differs from radiation which has not yet been
scattered by the gravitational potential. This difference can be measured by the
so-called “greybody factor.”

There has been a number of studies devoted to calculating these greybody fac-
tors. Some used the WKB approximation to calculate the greybody factors of the
four-dimensional Schwarzschild and Reissner–Nordström (RN) black holes.2–4 Some
solved the wave equation in a black hole background by various approximations.5–7

However, there is a rather different analytic technique to derive rigorous bounds on
the greybody factors.8–10 By using this method, bounds on the greybody factors
of the four-dimensional Schwarzschild black holes was obtained in Ref. 11. In this
paper, we extend the analysis and derive rigorous bounds for the greybody fac-
tors of the four-dimensional RN black holes, the higher-dimensional Schwarzschild–
Tangherlini black holes, the charged dilatonic black holes in (2+1) dimensions, and
the charged dilatonic black holes in (3 + 1) dimensions.

2. The RN Black Holes

The RN metric is given by

ds2 = −∆dt2 + ∆−1dr2 + r2dΩ2, (1)

where dΩ2 = dθ2 + sin2 θdφ2 and

∆ = 1 − 2GM
r

+
G(Q2 + P 2)

r2
. (2)

The Schrödinger-like equation governing the modes is given by

d2ψ

dr2∗
+ [ω2 − V (r)]ψ = 0, (3)

where r∗ is the standard “tortoise coordinate”

dr∗ =
1
∆
dr (4)

and

V (r) =
l(l + 1)∆

r2
+

∆∂r∆
r

. (5)

1350058-2

In
t. 

J.
 M

od
. P

hy
s.

 D
 2

01
3.

22
. D

ow
nl

oa
de

d 
fr

om
 w

w
w

.w
or

ld
sc

ie
nt

if
ic

.c
om

by
 C

H
U

L
A

L
O

N
G

K
O

R
N

 U
N

IV
E

R
SI

T
Y

 o
n 

05
/2

7/
15

. F
or

 p
er

so
na

l u
se

 o
nl

y.



2nd Reading

June 10, 2013 16:2 WSPC/S0218-2718 142-IJMPD 1350058

Greybody Factors for Non-Rotating Black Holes

l = 1
l = 3
l = 2
l = 0

–0.05

0

0.05

0.1

V

10 20 30 40 50 60
r

Fig. 1. The RN potential with Q = 1 and M = 2 in different angular momenta.

We can see the structure of the RN potential with Q = 1 and M = 2 from
Fig. 1.

Using the analysis of Refs. 8–10, lower bounds on the transmission probabilities
are given by

T ≥ sech2

(∫ ∞

−∞
ϑdr∗

)
, (6)

where

ϑ =

√
(h′)2 + (ω2 − V − h2)2

2h
, (7)

for some positive function h. We set h = ω, then

T ≥ sech2

(
1
2ω

∫ ∞

−∞
Vdr∗

)

= sech2

[
1
2ω

{
l(l + 1)
GM +A

+
GM + 2A

3(GM +A)2

}]
, (8)

where

A2 ≡ G2M2 −G(Q2 + P 2). (9)

If the black holes have no electric charges or magnetic charges, it is found that
A = GM and the above bound is reduced to

T ≥ sech2

[
2l(l+ 1) + 1

8GMω

]
, (10)

which is exactly the bound for the Schwarzschild black holes emitting spinless par-
ticles.11 From Fig. 2, the graph is plotted by setting GM = 2 and ω = 2. The point
A = 2 corresponds to the uncharged RN black hole (which is the Schwarzschild
black hole). The point A < 2 describes the effects of charges on the bound of the
greybody factor. Based on the value of A, the decrease in A corresponds to the
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A

Fig. 2. Dependence of the bound of the greybody factor on the RN black hole charges in different
angular momenta.

increase in the magnitude of the charges. The graph shows that when the magni-
tude of the charges increase, the bound of the greybody factor decreases. That is,
the charges are good barriers to resist tunneling of uncharged scalar particles.12–17

Moreover, the transmission coefficients is smaller in higher angular momenta.
By using the WKB approximation, the approximate transmission coefficient is

given by4

T ≈ TWKB = exp

[
−2

�
Im
∫ b

a

p(x)dx

]
, (11)

where

p(x) =
√

2m[E − V (x)]. (12)

We find that

TWKB = exp
[
−2π

�

{
2Gω

(
M − ω

2

)
− (M − ω)

√
G2(M − ω)2 −G(Q2 + P 2)

+M
√
G2M2 −G(Q2 + P 2)

}]
. (13)

Derivation of this equation is given in Appendix A. Another WKB formula devel-
oped by Konoplya and Zhidenko can be found in Ref. 18. The bound of the grey-
body factor of the RN black hole from the 2 × 2 transfer matrix compared with
one obtained from the WKB approximation is shown in Fig. 3. Now turning to an
asymptotic analysis inspired by studies of quasi-normal modes, the approximate
transmission coefficient for large ω is given by19–21

T ≈ Tasymptotic =
eβω − 1

eβω + 2 + 3e−βIω
, (14)
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T 2x2
T wkb
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T
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omega

Fig. 3. Comparison of the greybody factor bound of the RN black hole from the 2 × 2 transfer
matrix and the WKB approximation.

where

β =
8πM

1 +
Q2

2GM2
+

5Q4

16G2M4

,

βI = −2π[GM −
√
G2M2 −GQ2]2√

G2M2 −GQ2
.

(15)

The greybody factors obtained from the 2 × 2 transfer matrix formalism (Eq. (8))
are compared with the asymptotic result (Eq. (14)) on the graph shown in Fig. 4.

T 2x2
T asymptotic

0.9

0.92

0.94

0.96

0.98

1

T

2 4 6 8 10
omega

Fig. 4. Comparison of the greybody factor bound of the RN black hole from the 2 × 2 transfer
matrix and the asymptotic result.
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The graph shows that the result from the 2 × 2 transfer matrix is close to the
asymptotic result at large ω. Moreover, the 2× 2 transfer matrix gives a true lower
bound.

3. The Schwarzschild–Tangherlini Black Holes

The Schwarzschild–Tangherlini metric in d dimensions is given by7

ds2 = −
[
1 −

(
r0
r

)d−3
]
dt2 +

[
1 −

(
r0
r

)d−3
]−1

dr2 + r2dΩ2
d−2, (16)

where the Schwarzschild radius r0 in d dimensions is given by

r0 =
16πGM

(d− 2)Ωd−2
, (17)

with

Ωd−2 =
2π(d−1)/2

Γ
(
d− 1

2

) . (18)

The black holes in d > 4 dimensions with Gauss–Bonnet (GB) correction term can
be found in Ref. 22. The Schrödinger-like equation is given by[

d2

dr2∗
+ ω2 − V (r)

]
r(d−2)/2ϕ = 0, (19)

where

dr∗ =
1

f(r)
dr (20)

and

V (r) =
(d− 2)(d− 4)

4
f2(r)
r2

+
(d− 2)

2
f(r)∂rf(r)

r
+ l(l+ d− 3)

f(r)
r2

, (21)

with

f(r) = 1 −
(r0
r

)d−3

. (22)

From Fig. 5, the Schwarzschild–Tangherlini potential is plotted with l = 1 and
GM = 1 in various dimensions.

The lower bound on the transmission probability for h = ω is

T ≥ sech2

(
1

2ω

∫ ∞

−∞
Vdr∗

)

= sech2

[
1
2ω

∫ ∞

r0

{
(d− 2)(d− 4)

4
f(r)
r2

+
(d− 2)

2
∂rf(r)
r

+
l(l + d− 3)

r2

}
dr

]

= sech2

[
(d− 2)(d− 3) + 4l(l+ d− 3)

8ωr0

]
. (23)
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d = 5
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d = 4

0
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V

2 3 4 5 6 7 8 9 10
r

Fig. 5. The higher-dimensional potential with l = 1 and GM = 1 in various dimensions.

If d = 4, this bound is reduced to

T ≥ sech2

[
2l(l+ 1) + 1

8GMω

]
, (24)

which is, again, exactly the bound for the four-dimensional Schwarzschild black
holes emitting spinless particles. Figure 6 shows the plot between the transmission
coefficients and the black hole mass in various dimensions. The graph is plotted
by setting l = 1 and ω = 2. The line d = 4 corresponds to the four-dimensional
Schwarzschild black hole. The graph shows that when the black hole mass increases,
the bound of the greybody factor also increases. However, for the same mass, the
bound of the greybody factor is less in higher dimensions.23

d = 5
d = 7
d = 6
d = 4

0

0.2

0.4

0.6

0.8

1

T

2 3 4 5 6 7 8 9 10
M

Fig. 6. Dependence of the greybody factor bound on the black hole mass in various dimensions.
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4. The Charged Dilatonic Black Holes in (2 + 1) Dimensions

The charged dilatonic metric in (2 + 1) dimensions is given by5

ds2 = −f(r)dt2 +
4r2

f(r)
dr2 + r2dθ2, (25)

where

f(r) = −2Mr + 8Λr2 + 8Q2. (26)

For M > 8Q
√

Λ, this spacetime describes a black hole with two event horizons

r± =
M ±

√
M2 − 64Q2Λ
8Λ

. (27)

The Schrödinger-like equation is given by[
d2

dr2∗
+ ω2 − V (r)

]
u(r) = 0, (28)

where

dr∗ =
2r
f(r)

dr (29)

and

V (r) = −(8m2Λ + 6mΛ) + 14Λ2r +
(

5M2

8
+ 2m2M

)
1
r

− (4MQ2 + 8m2Q2)
1
r2

+
6Q4

r3
. (30)

We are only interested in r between r− and r+. The (2 + 1) charged dilatonic
potential is plotted with m = 1, Λ = 0.1, Q = 1 and M = 10 as shown in Fig. 7.
The coordinate r∗ can explicitly be written as

r∗ =
1

4Λ(r+ − r−)
[r+ ln |r − r+| − r− ln |r − r−|], (31)

when r → r+, r∗ → −∞ and when r → r−, r∗ → ∞. The lower bound on the
transmission probability for h = ω is

T ≥ sech2

[
1

2ω

∫ ∞

−∞
Vdr∗

]

= sech2

[
1
2ω

∫ r−

r+

{
−(8m2Λ + 6mΛ) + 14Λ2r +

(
5M2

8
+ 2m2M

)
1
r

− (4MQ2 + 8m2Q2)
1
r2

+
6Q4

r3

}
2r
f(r)

dr

]
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Fig. 7. The (2 + 1) charged dilatonic potential with m = 1, Λ = 0.1, Q = 1 and M = 10.

= sech2

[
−368Λm(4m+ 3) + 644MΛ− 2576Q2Λ + 115M2 + 368m2M

60ω
√
M2 − 64Q2Λ

− 5
√
M2 − 64Q2Λ

8ω
+

5M + 16m2

16ω
ln

(
M +

√
M2 − 64Q2Λ

M −
√
M2 − 64Q2Λ

)

− 23Q2(3Q2 − 2M − 4m2)
15ωΛ

]
. (32)

The approximate transmission coefficient is given by5

T ≈ 1 −
cosh

"
πω

4Λ
− π

2

r
ω2 − 8m2Λ

4Λ2
− 1

#
cosh

"
πω(r+ + r−)

4Λ(r+ − r−)
− π

2

r
ω2 − 8m2Λ

4Λ2
− 1

#

cosh

"
πω

4Λ
+

π

2

r
ω2 − 8m2Λ

4Λ2
− 1

#
cosh

"
πω(r+ + r−)

4Λ(r+ − r−)
+

π

2

r
ω2 − 8m2Λ

4Λ2
− 1

# .

(33)

Figure 8 shows the greybody factors of the charged dilatonic black holes in (2 + 1)
dimensions obtained from the 2×2 transfer matrices (Eq. (32)) and from5 (Eq. (33)).
The graph is plotted by setting m = 1, M = 10, Q = 1 and Λ = 0.1. The graph
shows that when the energies of the emitted particles increase, the greybody factors
also increase. It can be seen that the result derived from the 2×2 transfer matrices
is quite accurate when compared with the approximate result. Note that the 2× 2
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Fig. 8. Dependence of the greybody factor bound on the energies of the particles emitted from
the uncharged dilatonic black holes in (2 + 1) dimensions.

transfer matrices used to obtain the lower bound (32) are relatively less complex
than the methods used to obtain the approximate result in Eq. (33).

Figure 9 shows the effect of the charges on the bound of the greybody factor.
The graph is plotted by setting m = 1, M = 10, ω = 1000 and Λ = 0.1. The graph
shows that when the charges increase, the bound of the greybody factor decreases.

0.6

0.7

0.8

0.9

1

T

0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

Q

Fig. 9. Dependence of the greybody factor bound on the charges for the charged dilatonic black
holes in (2 + 1) dimensions.

1350058-10

In
t. 

J.
 M

od
. P

hy
s.

 D
 2

01
3.

22
. D

ow
nl

oa
de

d 
fr

om
 w

w
w

.w
or

ld
sc

ie
nt

if
ic

.c
om

by
 C

H
U

L
A

L
O

N
G

K
O

R
N

 U
N

IV
E

R
SI

T
Y

 o
n 

05
/2

7/
15

. F
or

 p
er

so
na

l u
se

 o
nl

y.



2nd Reading

June 10, 2013 16:2 WSPC/S0218-2718 142-IJMPD 1350058

Greybody Factors for Non-Rotating Black Holes

0.88

0.9

0.92

0.94

0.96

0.98

T

0.2 0.4 0.6 0.8 1
Lambda

Fig. 10. Dependence of the greybody factor bound on the cosmological constant for the charged
dilatonic black holes in (2 + 1) dimensions.

This result is similar to the RN black hole’s result; that is, the charges behave as
good barriers to resist tunneling of uncharged scalar particles.

Figure 10 shows the effect of the cosmological constant on the bound of the
greybody factor. The graph is plotted by setting m = 1, M = 10, ω = 1000 and
Q = 1. The graph shows that when the value of the cosmological constant increases,
the transmission coefficient also increases. That is, the cosmological constant makes
the gravitational potential produced by the black hole transparent.

5. The Charged Dilatonic Black Holes in (3 + 1) Dimensions

The charged dilatonic metric in (3 + 1) dimensions is given by6

ds2 = −f(r)dt2 +
1

f(r)
dr2 +R2(r)dΩ2, (34)

where

f(r) = 1 − r+
r

and R2(r) = r2
(
1 − r−

r

)
, (35)

with

r+ = 2M and r− =
Q2

M
. (36)

The equation of motion for the radial part is given by

1
R2(r)

d

dr

[
R2(r)f(r)

du(r)
dr

]
+
[
ω2

f(r)
− l(l + 1)

R2(r)

]
u(r) = 0. (37)
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Fig. 11. The (3 + 1) charged dilatonic potential with l = 1, Q = 1 and M = 10.

Let

dr∗ =
1

f(r)
dr, (38)

then
d2u(r)
dr2∗

+
(r − r+)(2r − r−)

r2(r − r−)
du(r)
dr∗

+
[
ω2 − l(l + 1)f(r)

R2(r)

]
u(r) = 0. (39)

The potential is given by

V (r) =
l(l+ 1)f(r)
R2(r)

. (40)

The (3 + 1) charged dilatonic potential is plotted with l = 1, Q = 1 and M = 10
as shown in Fig. 11. The lower bound on the transmission probability for h = ω is

T ≥ sech2

[
1

2ω

∫ ∞

−∞

l(l + 1)f(r)
R2(r)

dr∗

]
= sech2

[
1
2ω

∫ ∞

r+

l(l+ 1)
R2(r)

dr

]

=
4(2M2)l(l+1)M/ωQ2

(2M2 −Q2)l(l+1)M/ωQ2

[(2M2)l(l+1)M/ωQ2 + (2M2 −Q2)l(l+1)M/ωQ2 ]2
.

Figure 12 shows the effect of the charges on the bound of the greybody factor. The
graph is plotted by setting M = 10, ω = 2 and l = 1. The graph shows that when
the charges increase, the bound of the greybody factor decreases. This result is also
similar to the RN black hole’s and the (2 + 1) dimensional charged dilatonic black
hole’s result. That is, the charges behave as good barriers to resist the tunneling of
the uncharged scalar particles.
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Fig. 12. Dependence of the greybody factor bound on the charges for the charged dilatonic black
holes in (3 + 1) dimensions.

6. Conclusion

The rigorous bounds presented in this paper only work for some potentials. Such
potentials have to satisfy V (±∞) → V±∞. In this paper, the bounds have been
applied to various types of black holes.

For the four-dimensional RN black holes, the charges act as a good barrier. This
can also occur for the charged dilatonic black holes, both in (2 + 1) and (3 + 1)
dimensions. For the Schwarzschild–Tangherlini black holes, a number of dimensions
can shield Hawking radiation.
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Appendix A. Greybody Factor from the WKB Approximation;
Derivation of Eq. (13)

By using the WKB method, the approximate transmission coefficient is given by4

T ≈ TWKB = exp

[
−2

�
Im
∫ b

a

p(x)dx

]
, (A.1)

where

p(x) =
√

2m[E − V (x)]. (A.2)

In particular, we want to compute ∫ rout

rin

prdr.

The radial momentum can be written as an integral∫ rout

rin

prdr =
∫ rout

rin

∫ pr

0

dp′rdr. (A.3)

From the Hamilton equation
dH
dpr

= ṙ, (A.4)

the above integral becomes∫ rout

rin

prdr =
∫ rout

rin

∫ M−ω

M

dH

ṙ
dr. (A.5)

We change the variable H to ω′∫ rout

rin

prdr = −
∫ rout

rin

∫ ω

0

dω′

ṙ
dr. (A.6)

We have to know ṙ. Starting from the RN metric in Eq. (1)

ds2 = −∆dt2RN + ∆−1dr2 + r2dΩ2, (A.7)

we shift the RN time tRN by a function of r to avoid the singularities

tRN = t+ f(r),

dtRN = dt+ f ′(r)dr,

dt2RN = dt2 + 2f ′(r)dtdr + [f ′(r)]2dr2.

Therefore,

ds2 = −∆dt2 − 2∆f ′(r)dtdr − ∆[f ′(r)]2dr2 + ∆−1dr2 + r2dΩ2. (A.8)

We choose f(r) such that the coefficient of dr2 is equal to one

∆f ′(r) = ±
√

2GM
r

− G(Q2 + P 2)
r2

= ±
√

1 − ∆. (A.9)
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Putting it in Eq. (A.8), the new metric can be written as

ds2 = −∆dt2 + 2
√

1 − ∆dtdr + dr2 + r2dΩ2. (A.10)

The radial null geodesics can be found by

0 = ds2 = −∆dt2 + 2
√

1 − ∆dtdr + dr2, (A.11)

leading to

ṙ =

{
1 −

√
1 − ∆,

−1 −
√

1 − ∆.
(A.12)

Therefore, integral (A.6) becomes∫ rout

rin

prdr = −
∫ rout

rin

∫ ω

0

r

r − x
dω′dr, (A.13)

where

x =
√

2G(M − ω′)r −G(Q2 + P 2). (A.14)

Thus, dx = −(Gr/x)dω′ and we obtain∫ rout

rin

prdr =
∫ rout

rin

∫ √
2G(M−ω)r−G(Q2+P 2)

√
2GMr−G(Q2+P 2)

r

r − x

x

Gr
dxdr

= πi
[
2Gω

(
M − ω

2

)
− (M − ω)

√
G2(M − ω)2 −G(Q2 + P 2)

+M
√
G2M2 −G(Q2 + P 2)

]
. (A.15)

Therefore, from Eq. (A.1)

T ≈ TWKB

= exp
[
−2π

�

{
2Gω

(
M − ω

2

)
− (M − ω)

√
G2(M − ω)2 −G(Q2 + P 2)

+ M
√
G2M2 −G(Q2 + P 2)

}]
. (A.16)
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The theoretical foundations of the phenomenon known as superradiance still continue to attract
considerable attention. Despite many valiant attempts at pedagogically clear presentations, the effect
nevertheless still continues to generate some significant confusion. Part of the confusion arises from the fact
that superradiance in a quantum field theory context is not the same as superradiance (superfluorescence) in
some condensed matter contexts; part of the confusion arises from traditional but sometimes awkward
normalization conventions, and part is due to sometimes unnecessary confusion between fluxes and
probabilities. We shall argue that the key point underlying the effect is flux conservation (and, in the
presence of dissipation, a controlled amount of flux nonconservation), and that attempting to phrase things
in terms of reflection and transmission probabilities only works in the absence of superradiance. To help
clarify the situation we present a simple exactly solvable toy model exhibiting both superradiance and
damping.

DOI: 10.1103/PhysRevD.90.064013 PACS numbers: 04.70.Dy, 04.40.-b, 47.35.Rs, 98.80.Qc

I. INTRODUCTION

The phenomenon of quantum field theory (QFT)-
induced superradiance has a long and quite tortuous history.
Key high points are the articles by Zeldovich [1] and
Manogue [2], and the more recent work by Richartz et al.
[3,4]. There are close connections with the so-called “Klein
paradox” for relativistic fermions [2,5–7], and also some
significant differences. Specific applications to black hole
physics include the issues explored in Refs. [3,4,8–17]. In
our own research, when dealing with black hole greybody
factors, we have had to deal with superradiance for Kerr,
Kerr-Newman, and Myers-Perry black holes, see [18,19]
and a related conference article [20].

Despite all efforts, the superradiance effect nevertheless
still continues to generate significant confusion. Part of the
confusion is purely linguistic—arising from the fact that
superradiance in a traditional QFT context is not the same
as superradiance (superfluorescence; Dicke superradiance)
in traditional condensed matter contexts [21]. Part of the
confusion arises from the use of utterly traditional and
standard but sometimes awkward normalization conven-
tions [2,22]. Part of the confusion is due to sometimes

neglecting the necessary distinction between fluxes and
probabilities.
Extending and modifying the analysis of Richartz et al.

[3], we shall argue that the key point underlying the effect is
flux conservation (and, in the presence of dissipation, a
controlled amount of flux nonconservation). We shall see
that attempting to phrase things in terms of reflection and
transmission probabilities only works in the absence of
superradiance.
To illustrate and clarify the situation we shall present a

particularly simple and exactly solvable toy model, one
which explicitly exhibits both superradiance and damping.
While our own interest in these issues was strongly
influenced by research into black hole physics, it should
be emphasized that the underlying issues and related
phenomena are much more general.

II. SUPERRADIANCE: BACKGROUND

One key observation is to note that superradiance
never occurs when one is dealing with the Schrödinger
equation, and at a minimum requires something like the
Klein-Gordon equation [18,19]. For instance, in any
axially symmetric stationary background, once one applies
separation of variables ψðx; tÞ ¼ ψðr; θÞe−iωte−imφ to a
neutral scalar field [23,24], the Klein-Gordon equation
becomes
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Δ2ψðr; θÞ ¼ ½Vðr; θÞ − ðω −mϖðr; θÞÞ2�ψðr; θÞ: ð1Þ

It is the trailing term in the effective potential, the
ðω −mϖÞ2 term, that is responsible for the qualitatively
new phenomenon of superradiance, which never occurs in
ordinary nonrelativistic quantum mechanics.
The reason for this is that the Schrödinger equation is

first order in time derivatives, so the effective potential for
Schrödinger-like barrier-penetration problems is generi-
cally of the simple form

UðrÞ ¼ VðrÞ − ω: ð2Þ

In contrast, for problems based on the Klein-Gordon
equation (second order in time derivatives) the qualitative
structure of the effective potential is

UðrÞ ¼ VðrÞ − ðω −mϖÞ2: ð3Þ

Similar phenomena occur for charged particles where
one has a ðω − qΦÞ2 contribution to the effective potential.
We shall soon see that it is when the quantity ω −mϖ (or
more generally, the quantity ω −mϖ − qΦ) changes sign
that the possibility of superradiance arises. (See for instance
the general discussion by Richartz et al. [3,4].) For our
purposes in Refs. [18,19] superradiance is related to the
rotation of the black hole [25,26], but if the scalar field
additionally carries electric charge there is a separate route
to superradiance [2,27–29].
While the Dirac equation, being first order in both space

and time, might seem to completely sidestep this phe-
nomenon, it is a standard result that iterating the Dirac
differential operator twice produces a Klein-Gordon-like
differential equation. In terms of the Dirac matrices we
have

D2 ¼ 2ð∇ − iqAÞ2 þ qFab½γa; γb�: ð4Þ

So, once one factors out the spinorial components, and
concentrates attention on the second-order differential
equation for the amplitude of the Dirac field, even the
Klein paradox for charged relativistic fermions can be put
into a closely related (though distinct) framework [2]. It is
the trailing ðω −mϖ − qΦÞ2 term in the effective potential,
and more specifically the change in sign of ω −mϖ − qΦ,
that is now the harbinger of the so-called “Klein paradox.”
(Which, of course, is not really a paradox [2,5–7].)

III. SUPERRADIANCE: FLUXES

We shall argue that in the long run it is best to phrase
things in terms of relative fluxes rather than probabilities.
For a unit incoming flux, consider the equation

Freflected þ Ftransmitted ¼ 1 − Fdissipated: ð5Þ

As long as there is some flux conservation law, as for the
Klein-Gordon equation, we can always say this, with these
signs. [Dissipation can be dealt with by giving the potential
Vðr; θÞ an imaginary contribution, see the discussion
below.] In some cases this general result simplifies, and
we can reduce this statement about fluxes to a statement
about probabilities.
For example:
(1) If there is no dissipation (Fdissipated ¼ 0), and if the

transmitted flux is non-negative (Ftransmitted ≥ 0),
then we can simply set R ← Freflected and
T ← Ftransmitted, and reinterpret these (relative)
fluxes as probabilities with

Rþ T ¼ 1: ð6Þ

(2) If there is some dissipation (Fdissipated > 0), and if the
transmitted flux is non-negative (Ftransmitted ≥ 0),
then we can set R ← Freflected and T ← Ftransmitted
and PD ← Fdissipated, and then reinterpret these
(relative) fluxes as probabilities with PD now being
the probability of decay:

Rþ T þ PD ¼ 1: ð7Þ

(3) In contrast, if Ftransmitted < 0, then we cannot phrase
things in terms of probabilities that add up to 1. We
have to work in terms of fluxes. In particular in this
superradiant regime we have

Ftransmitted ¼ −jtj2 ≤ 0: ð8Þ

Note the sign. It is the possibility of negative transmitted
flux that lies at the heart of superradiance; in this situation:

Freflected ¼ 1 − Ftransmitted − Fdissipated

¼ 1þ jFtransmittedj − Fdissipated: ð9Þ

The reflected flux can then easily become over unity.

IV. SUPERRADIANCE: TOY MODEL

To see how this all works in detail, it is best to choose a
highly idealized but exactly solvable model. Working in
1þ 1 dimensions, consider the partial differential equation

½−ð∂t − iϖðxÞÞ2 þ c2∂2
x − VðxÞ�ψðt; xÞ ¼ 0: ð10Þ

For simplicity we are working with a massless particle (e.g.
photon), as this cuts to the heart of the matter. Adding
particle rest masses is not particularly difficult (see e.g.
Manogue [2]), but adds technical complications that are not
central to the issues we wish to discuss.
Taking ψðt; xÞ ¼ e−iωtψðxÞ this is now equivalent to

considering the ordinary differential equation (ODE)

PETARPA BOONSERM, TRITOS NGAMPITIPAN, AND MATT VISSER PHYSICAL REVIEW D 90, 064013 (2014)

064013-2



c2∂2
xψðxÞ ¼ ½VðxÞ − ðω −ϖðxÞÞ2�ψðxÞ: ð11Þ

Setting ϖðxÞ → 0 then yields a “Schrödinger-like”
equation, with no possibility of superradiance, whereas
ϖðxÞ ≠ 0 is essential for superradiance.

Let us now brutally simplify the problem (in the interests
of making it analytically solvable), by setting VðxÞ → 0
and taking

ϖðxÞ ¼ ΩsignðxÞ: ð12Þ

This toy model is a tractable stand-in for generic situations
where ϖðxÞ satisfies boundary conditions ϖð�∞Þ ¼ �Ω.
We also take units where c → 1. Then we are interested in

∂2
xψðxÞ ¼ −ðω −ΩsignðxÞÞ2ψðxÞ: ð13Þ

We shall soon see that for jωj > jΩj we obtain ordinary
scattering, with no superradiance; whereas for jωj < jΩjwe
obtain superradiance, plus spontaneous emission.
Now for x ≠ 0 this ODE has solutions of the form

ψðt; xÞ ¼ e−iðωt−k�xÞ; k2� ¼ ðω ∓ ΩÞ2: ð14Þ

But which root should we take? As is standard, let us
consider the group velocity

vg ¼
∂ω
∂k� ¼ 1

∂k�=∂ω ¼ 1

ðω ∓ ΩÞ=k�
¼ k�

ω ∓ Ω
: ð15Þ

So for the mode with positive group velocity we must have
signðk�Þ ¼ signðω ∓ ΩÞ, whence

k� ¼ signðω ∓ ΩÞjω ∓ Ωj ¼ ω ∓ Ω; vg ¼ þ1:

ð16Þ

This is valid for all ω, positive or negative. Furthermore

kþk− ¼ ω2 −Ω2; signðkþk−Þ ¼ signðω2 − Ω2Þ:
ð17Þ

Note in contrast that for the phase velocity

v�p ¼ ω

ω ∓ Ω
: ð18Þ

This easily flips sign in some regions, in fact:

signðv�p Þ ¼ signðωÞsignðω ∓ ΩÞ: ð19Þ

Now consider something incoming from the left, and for
the time being don’t worry about the normalization.
Matching across the origin we have

eik−x þ re−ik−x ↔ teikþx: ð20Þ

From continuity of the wave function and its derivative we
have

1þ r ¼ t; k−ð1 − rÞ ¼ kþt: ð21Þ
Therefore

k−ð1 − rÞ ¼ kþð1þ rÞ; ð22Þ

implying

r ¼ −
kþ − k−
kþ þ k−

¼ −
ðω − ΩÞ − ðωþ ΩÞ
ðω −ΩÞ þ ðωþ ΩÞ ¼ þΩ

ω
: ð23Þ

This is valid for allω, and normalization independent (since
the reflected mode automatically has the same normaliza-
tion as the incoming mode). The reflected flux (more
precisely, the ratio of reflected to incident flux) is thus

Freflected ¼ jrj2 ¼ Ω2

ω2
: ð24Þ

However, if we want to fully understand transmitted flux,
we need to normalize properly.
Now consider something incoming from the left, and

normalize relativistically:

eik−xffiffiffiffiffiffiffiffiffiffi
2jk−j

p : ð25Þ

The
ffiffiffi
2

p
is standard for the relativistic Klein-Gordon

equation, to make the flux simple. One must remember
to include both ψ�ð−i∂xÞψ and its hermitian conjugate
when calculating the flux. (For odd historical reasons, for
the nonrelativistic Schrödinger equation people do not put
the

ffiffiffi
2

p
in the normalization of the modes, they instead put

an explicit 1
2
in the definition of the current.) With this

normalization we now have (note that this new amplitude
“t” will be different from the previous one)

eik−xffiffiffiffiffiffiffiffiffiffi
2jk−j

p þ r
e−ik−xffiffiffiffiffiffiffiffiffiffi
2jk−j

p ↔ t
eikþxffiffiffiffiffiffiffiffiffiffiffi
2jkþj

p : ð26Þ

From continuity of wave function and derivative we have

1þ rffiffiffiffiffiffiffiffiffiffi
2jk−j

p ¼ tffiffiffiffiffiffiffiffiffiffiffi
2jkþj

p ;
k−ffiffiffiffiffiffiffiffiffiffi
2jk−j

p ð1− rÞ¼ kþffiffiffiffiffiffiffiffiffiffiffi
2jkþj

p t: ð27Þ

So we still have

k−ð1 − rÞ ¼ kþð1þ rÞ; ð28Þ
implying

r ¼ −
kþ − k−
kþ þ k−

¼ −
ðω − ΩÞ − ðωþ ΩÞ
ðω −ΩÞ þ ðωþ ΩÞ ¼ þΩ

ω
: ð29Þ
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Consequently, as before,

Freflected ¼ jrj2 ¼ Ω2

ω2
: ð30Þ

But now, for the transmission amplitude we have

t ¼
ffiffiffiffiffiffiffiffi
jkþj
jk−j

s �
1þΩ

ω

�
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jω −Ωj
jωþ Ωj

s �
ωþ Ω
ω

�
: ð31Þ

— If jωj > jΩj (the usual situation), then we see

t ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
ω −Ω
ωþ Ω

r �
ωþΩ
ω

�
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2 − Ω2

p

ω
¼ signðωÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

Ω2

ω2

s
;

ð32Þ

and so

jtj2 ¼ 1 −
Ω2

ω2
≥ 0; Freflected þ jtj2 ¼ 1: ð33Þ

So in the usual situation we can meaningfully write

Ftransmitted ¼ jtj2 ≥ 0: ð34Þ

— However, if jωj < jΩj (the superradiant case), then

t ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−
ðω − ΩÞ
ðωþΩÞ

s �
ωþ Ω
ω

�

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ω2 − ω2

p

ω

¼ signðωÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ω2

ω2
− 1

s
; ð35Þ

and so in this situation

jtj2 ¼ Ω2

ω2
− 1; Freflected − jtj2 ¼ 1: ð36Þ

Note the sign flip in the flux conservation law. In the
superradiant situation we must write

Ftransmitted ¼ −jtj2 ≤ 0: ð37Þ

To get a deeper understanding of where the minus sign
came from, note that the flux for a “properly normalized”
state is

ðfluxÞ ¼
�

eik�xffiffiffiffiffiffiffiffiffiffiffi
2jk�j

p ���
−i∂x

�
eik�xffiffiffiffiffiffiffiffiffiffiffi
2jk�j

p ��
þ ðconjugateÞ:

ð38Þ

But then

ðfluxÞ ¼ k�
jk�j

¼ signðk�Þ ¼ signðω ∓ ΩÞ: ð39Þ

So the flux may not be in the direction one naively expects.
We can summarize the situation by saying that in both cases

Ftransmitted ¼ signðkþk−Þjtj2 ¼ 1 −
Ω2

ω2
: ð40Þ

This formula is now equally valid for both normal and
superradiant regimes, and for particles incoming from
either the left or the right, and easily leads one to verify
that in this situation (that is, with no dissipation)

Freflected þ Ftransmitted ¼ 1: ð41Þ

We could also write this more explicitly as

jrj2 þ signðkþk−Þjtj2 ¼ 1: ð42Þ
This is manifestly not conservation of probability; but is the
perhaps more interesting statement that we have conserva-
tion of flux. In particular, we see that superradiance can be
adequately understood using first quantization.
Warning: Because of the way some authors (specifically

Manogue [2], and Richartz et al. [3,4], and even textbook
presentations such as Messiah [22]) choose to normalize
the transmission amplitude, their key result is instead

jrj2 þ k−
kþ

jtj2 ¼ 1: ð43Þ

This is not physically different, but is perhaps a little less
transparent.

V. SPONTANEOUS EMISSION

To understand spontaneous emission we need to bring in
some foundational ideas from second quantization. The key
point in second quantization is to understand the vacuum
state; choosing a vacuum state amounts to (what is called)
choosing the division between “positive and negative
frequencies,” an issue which is now just a little more subtle
than one might at first expect. Recall that k� ¼ ω ∓ Ω, and
that the unit flux modes are singular at k� ¼ 0 (that is at
ω ¼ Ω in the right-hand half line, and at ω ¼ −Ω in the
left-hand half line).
This observation now leads us, on the two half lines, to

identify “particle modes” as

expð−i½ωt− ½ω∓Ω�xÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2jω∓Ωjp ; ω>�Ω; ðfluxÞ¼þ1; ð44Þ

expð−i½ωtþ½ω∓Ω�xÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2jω∓Ωjp ; ω>�Ω; ðfluxÞ¼−1; ð45Þ
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and to identify “vacuum modes” as

expð−i½ωt− ½ω∓Ω�xÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2jω∓Ωjp ; ω<�Ω; ðfluxÞ¼−1; ð46Þ

expð−i½ωtþ½ω∓Ω�xÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2jω∓Ωjp ; ω<�Ω; ðfluxÞ¼þ1: ð47Þ

Once these modes have been identified, the rest of the
analysis is relatively prosaic.
— For ω > jΩj we are dealing with particle modes on

both sides of the barrier; the usual scattering rules apply,
regardless of the direction the particle is initially moving in.
— For ω < −jΩj we are dealing with vacuum modes on

both sides of the barrier; this situation is not physically
relevant for our current purposes, regardless of which
direction the particle is initially moving in.
— For ω ∈ ð−jΩj;þjΩjÞ, then on one side of the barrier

you are dealing with particle modes and on the other side
with vacuummodes, this is the tricky situation. Suppose for
definiteness Ω > 0 is positive, and ω ∈ ð−Ω;þΩÞ, then in
the left-hand half-space we are dealing with particle modes,
and in the right-hand half-space we are dealing with
vacuum modes.
For particles incident from the left we have already done

the calculation and found superradiance. In the right-hand
half space we have a right-moving vacuum mode carrying a
leftward flux. But what happens if a left-moving vacuum
mode comes from the right and hits the barrier? It may
partially reflect to a right-moving vacuum mode, but
partially transmit to form a left-moving particle mode in
the left-hand half-space. This is spontaneous emission. Let
us do the relevant calculation. We now have

t
expð−i½ωtþ k−x�Þffiffiffiffiffiffiffiffiffiffi

2jk−j
p ↔

expð−i½ωtþ kþx�Þffiffiffiffiffiffiffiffiffiffiffi
2jkþj

p
þ r

expð−i½ωt − kþx�Þffiffiffiffiffiffiffiffiffiffiffi
2jkþj

p : ð48Þ

Continuity of wave function and derivatives now implies

tffiffiffiffiffiffiffiffiffiffi
2jk−j

p ¼ 1þ rffiffiffiffiffiffiffiffiffiffiffi
2jkþj

p ;
tk−ffiffiffiffiffiffiffiffiffiffi
2jk−j

p ¼ ð1 − rÞkþffiffiffiffiffiffiffiffiffiffiffi
2jkþj

p : ð49Þ

Note several strategic sign flips compared to the previous
calculation. We now have

ð1þ rÞk− ¼ ð1 − rÞkþ; ð50Þ

so that

r ¼ kþ − k−
kþ þ k−

¼ ðω −ΩÞ − ðωþ ΩÞ
ðω − ΩÞ þ ðωþΩÞ ¼ −

Ω
ω
: ð51Þ

Similarly

t ¼
ffiffiffiffiffiffiffiffi
jk−j
jkþj

s �
1 −

Ω
ω

�
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
Ωþ ω

Ω − ω

r �
ω −Ω
ω

�
ð52Þ

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ω2 − ω2

p

ω
¼ signðωÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ω2

ω2
− 1

s
: ð53Þ

Since the amplitude t is associated with a left-moving
particle in the left half line, the flux in the left-hand half
line is

ðfluxÞ ¼ −jtj2 ¼ −
�
Ω2

ω2
− 1

�
< 0: ð54Þ

The flux is leftward. Particles are being emitted by the
barrier and escaping to the left. (Vacuum modes from the
right are escaping from the barrier and moving to the left,
the region in which they become particle modes.)
Unfortunately this flux is dimensionless, it is a relative
flux—the ratio of the flux of left-moving particle modes on
the left half line to the flux of left-moving vacuum modes
on the right half line.
To convert this to an absolute flux we note that the “unit

flux” condition corresponds to

d2N
dtdω

¼ 1: ð55Þ

That is, one particle per unit time per unit frequency. Then
the absolute spontaneous emission rate of left-moving
particles is

d2N
dtdω

¼
�
Ω2

ω2
− 1

�
; ω2 ≤ Ω2: ð56Þ

Note spontaneous emission occurs only within the super-
radiant regime.

VI. CONSISTENCY CHECK

Note that for the specific toy model we have considered,
the amplitudes t and r are infinite at ω ¼ 0. An observation
along these lines is hidden in Manogue’s article [2], buried
in appendix 1, near the top of page 278.
Ultimately this infinity is a kinematic singularity due to

the fact that kþðω ¼ 0Þ ¼ −k−ðω ¼ 0Þ. More generally we
could consider a “shifted” effective potential by taking

ϖðxÞ ¼ Ω̄þ ΔsignðxÞ: ð57Þ

Then whenever one encounters�Ω it would be replaced by
Ω� ¼ Ω̄� Δ. It is easy to see that one now has

k� ¼ ω ∓ Ω� ¼ ðω − Ω̄Þ � Δ; ð58Þ
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and that now kþk− ¼ ðω − Ω̄Þ2 − Δ2. Redoing the
remainder of the relevant calculations one now finds

jrj2 ¼ Δ2

ðω − Ω̄Þ2 ; jtj2 ¼
����1 − Δ2

ðω − Ω̄Þ2
����: ð59Þ

Note one still has

jrj2 þ signðkþk−Þjtj2 ¼ 1: ð60Þ

The kinematic infinity has now moved, from ω ¼ 0 to
ω ¼ Ω̄, but the basic form of the flux conservation law is
unaltered. The stability of the flux conservation law under
the introduction of and shifts in Ω̄ is encouraging.
Indeed, the basic form of the flux conservation law

cannot depend on the particular toy model, which was
adopted only for simplicity of presentation. As long as
well-defined asymptotic states exist in the infinite left and
infinite right (so ϖð�∞Þ must be well defined and finite),
then the form of the relevant second-order ODE guarantees
the existence of a transfer matrix [30,31], and also permits
(with a suitable change in normalization) a Wronskian
analysis along the lines of Richartz et al. [3].

VII. ADDING DISSIPATION

We had earlier alluded to the fact that dissipation can be
modeled by adding an imaginary contribution to the
potential. Let us now see how this works in practice. Set
VðxÞ → iΓδðxÞ so that we are now interested in the ODE

∂2
xψðxÞ ¼ ½iΓδðxÞ − ðω −ΩsignðxÞÞ2�ψðxÞ: ð61Þ

For an imaginary delta-function potential the scattering
calculation is an easy modification of the quite standard
calculation for a real delta-function potential. The key point
is that while the wave function is still continuous at the
origin, there will now be a discontinuity in the derivative at
the origin:

∂xψð0þÞ − ∂xψð0−Þ ¼ iΓψð0Þ: ð62Þ

A. Dissipation in Schrödinger-like situations

If we (temporarily) set Ω → 0, thereby (temporarily)
banishing even the possibility of superradiance, we will be
in a Schrödinger-like situation with damping. Then match-
ing wave functions at the origin

expðþikxÞ þ r expð−ikxÞ ↔ t expðþikxÞ; ð63Þ
leads to

1þ r ¼ t; ½kð1 − rÞ − kt� ¼ Γt; ð64Þ

or equivalently (since now k� ¼ k ¼ ω under the current
hypotheses),

1þ r ¼ t; ½ωð1 − rÞ − ωt� ¼ Γt: ð65Þ

Thence 2ωð1 − tÞ ¼ Γt and we have

t ¼ ω

ωþ 1
2
Γ
: ð66Þ

Note that ω is intrinsically positive, and under normal
conditions Γ ≥ 0. The transmission probability is

T ¼ jtj2 ¼ ω2

ðωþ 1
2
ΓÞ2 ∈ ½0; 1�: ð67Þ

For the reflection amplitude we now obtain

r ¼ t − 1 ¼ −
1
2
Γ

ωþ 1
2
Γ
: ð68Þ

Then for the reflection probability we have

R ¼ jrj2 ¼
1
4
Γ2

ðωþ 1
2
ΓÞ2 ∈ ½0; 1�: ð69Þ

But now T þ R ≠ 1 and in fact

T þ R ¼ 1 −
ωΓ

ðωþ 1
2
ΓÞ2 : ð70Þ

So the decay probability is identified as

PD ¼ ωΓ
ðωþ 1

2
ΓÞ2 ∈ ½0; 1�: ð71Þ

This can be viewed as the probability of absorption by the
barrier. Note that

PD ¼ ΓT
ω

: ð72Þ

Dissipation can actually be negative (antidissipation) when-
ever Γ < 0 (this occurs in nonstandard situations where the
imaginary part of the potential is negative). This observa-
tion is compatible with the results of the Wronskian-based
analysis of Richartz et al. [3].

B. Dissipation and superradiance

Now let us turn Ω back on, taking Ω ≠ 0, and see how
dissipation interacts with superradiance, and the mere
possibility of having superradiance. From what we have
previously seen, it is now important to focus on fluxes, not
probabilities. In first-quantized formalism with the unit
flux normalization we wish to match the wave functions
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eik−xffiffiffiffiffiffiffiffiffiffi
2jk−j

p þ r
e−ik−xffiffiffiffiffiffiffiffiffiffi
2jk−j

p ↔ t
eikþxffiffiffiffiffiffiffiffiffiffiffi
2jkþj

p : ð73Þ

From continuity of the wave function, and discontinuity of
the derivative, we have

1þ rffiffiffiffiffiffiffiffiffiffi
2jk−j

p ¼ tffiffiffiffiffiffiffiffiffiffiffi
2jkþj

p ; ð74Þ

and

k−ffiffiffiffiffiffiffiffiffiffi
2jk−j

p ð1 − rÞ − kþffiffiffiffiffiffiffiffiffiffiffi
2jkþj

p t ¼ Γffiffiffiffiffiffiffiffiffiffiffi
2jkþj

p t: ð75Þ

So we now have

k−ð1 − rÞ − kþð1þ rÞ ¼ Γð1þ rÞ; ð76Þ

implying

r ¼ −
kþ − k− þ Γ
kþ þ k− þ Γ

¼ −
ðω −ΩÞ − ðωþ ΩÞ þ Γ
ðω − ΩÞ þ ðωþΩÞ þ Γ

: ð77Þ

Consequently,

r ¼ Ω − 1
2
Γ

ωþ 1
2
Γ
; Freflected ¼ jrj2 ¼ ðΩ − 1

2
ΓÞ2

ðωþ 1
2
ΓÞ2 : ð78Þ

But now for the transmission amplitude we have

t ¼
ffiffiffiffiffiffiffiffi
jkþj
jk−j

s �
1þ Ω − 1

2
Γ

ωþ 1
2
Γ

�
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jω − Ωj
jωþΩj

s �
ωþ Ω
ωþ 1

2
Γ

�
:

ð79Þ

— If jωj > jΩj (the nonsuperradiant situation), then

t ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
ω −Ω
ωþ Ω

r �
ωþ Ω
ωþ 1

2
Γ

�
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2 −Ω2

p

ωþ 1
2
Γ

; ð80Þ

and so

jtj2 ¼ ω2 − Ω2

ðωþ 1
2
ΓÞ2 ≥ 0: ð81Þ

In this nonsuperradiant case we can meaningfully write

Ftransmitted ¼ jtj2 ¼ ω2 −Ω2

ðωþ 1
2
ΓÞ2 ≥ 0: ð82Þ

But now, due to dissipation, Ftransmitted þ Freflected ≠ 1, and
we in fact have

Fdissipated ¼ 1 − Ftransmitted − Freflected

¼ 1 −
ω2 −Ω2

ðωþ 1
2
ΓÞ2 −

ðΩ − 1
2
ΓÞ2

ðωþ 1
2
ΓÞ2

¼ ðΩþ ωÞΓ
ðωþ 1

2
ΓÞ2 : ð83Þ

— In contrast, in the superradiant case, jωj < jΩj, a few
key signs flip. We now have

t ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−
ðω − ΩÞ
ðωþΩÞ

s �
ωþΩ
ωþ 1

2
Γ

�
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ω2 − ω2

p

ωþ 1
2
Γ

; ð84Þ

and so in this situation

jtj2 ¼ Ω2 − ω2

ðωþ 1
2
ΓÞ2 ≥ 0: ð85Þ

In this superradiant situation we must write

Ftransmitted ¼ −jtj2 ≤ 0: ð86Þ

— In either situation, be it superradiant or normal, we
have

Ftransmitted ¼
ω2 −Ω2

ðωþ 1
2
ΓÞ2 ¼ signðkþk−Þjtj2: ð87Þ

The transmitted flux can be either positive or negative.
Furthermore, in either situation, be it superradiant or
normal, we now see

Fdissipated ¼
ðΩþ ωÞΓ
ðωþ 1

2
ΓÞ2 : ð88Þ

Note that

Fdissipated ¼
ΓFtransmitted

ω − Ω
: ð89Þ

So again dissipation can actually be negative (antidissipa-
tion), if Γ < 0. (That is, if the imaginary part of the
potential is negative.) This is again compatible with the
Wronskian-based analysis of Richartz et al. [3].
Finally we have

Ftransmitted þ Freflected þ Fdissipated ¼ 1: ð90Þ

This formula is now equally valid for both normal and
superradiant regimes, and for particles incoming from
either the left or the right. This is manifestly not con-
servation of probability; but is the perhaps more interesting
statement that we have conservation of flux. In particular,
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we see that superradiance can be adequately understood
using first quantization.

C. Dissipation and spontaneous emission

Spontaneous emission must again be analyzed using
some of the foundational ideas from second quantization.
Fortunately most of the calculation can be easily carried
over (with minor modifications) from the dissipation-free
case. Then absolute spontaneous emission rate of particles
per unit time per unit frequency is

d2N
dtdω

¼ Ω2 − ω2

ðωþ 1
2
ΓÞ2 ; ω2 ≤ Ω2: ð91Þ

Note spontaneous emission occurs only within the
superradiant regime.

VIII. DISCUSSION

So in all relevant situations (without dissipation), with
the normalizations of this article we have

Freflected þ Ftransmitted ¼ 1; ð92Þ

which we can also cast as

jrj2 þ signðkþk−Þjtj2 ¼ 1: ð93Þ
This is a very clean and convincing result, which clearly
summarizes many of the most important situations. In the
presence of dissipation we must instead write

Freflected þ Ftransmitted ¼ 1 − Fdissipated: ð94Þ

For our particular toy model

∂2
xψðxÞ ¼ ½iΓδðxÞ − ðω −ΩsignðxÞÞ2�ψðxÞ; ð95Þ

we were able to explicitly evaluate

Freflected ¼
ðΩ − 1

2
ΓÞ2

ðωþ 1
2
ΓÞ2 ; Ftransmitted ¼

ω2 −Ω2

ðωþ 1
2
ΓÞ2 ;

ð96Þ
and

Fdissipated ¼
ðΩþ ωÞΓ
ðωþ 1

2
ΓÞ2 : ð97Þ

If the last two quantities are non-negative (the first is
automatically so), then these fluxes can be reinterpreted
in terms of probabilities: R, T, and PD, for reflection,
transmission, and decay, respectively. That is

Rþ T þ PD ¼ 1: ð98Þ
However, if either of the last two quantities is negative
(either due to superradiance or antidamping), then the
formulation in terms of fluxes is more fundamental, and
discussion of probabilities should be completely avoided.
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So-called ‘‘dirty’’ black holes are those surrounded by nonzero stress energy, rather than vacuum. The

presence of the nonzero stress energy modifies key features of the black hole, such as the surface gravity,

Regge-Wheeler equation, linear stability, and greybody factors in a rather nontrivial way. Working within

the inverse-Cowling approximation, (effectively the test-field limit), we shall present general forms for the

Regge-Wheeler equation for linearized spin 0, spin 1, and axial spin 2 perturbations on an arbitrary static

spherically symmetric background spacetime. Using very general features of the background spacetime,

(in particular the classical energy conditions for the stress energy surrounding the black hole), we extract

several interesting and robust bounds on the behavior of such systems, including rigorous bounds on the

greybody factors for dirty black holes.
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I. INTRODUCTION

The ‘‘cleanest’’ black holes to work with are undoubt-
edly the Schwarzschild and Reissner-Nordström black
holes. However, real physical black holes are typically
surrounded by matter or fields of various types, and so
are embedded in an environment of nonzero stress energy.
A good model for such systems is a generic static spheri-
cally symmetric spacetime with a Killing horizon. These
are the so-called ‘‘dirty’’ black holes [1–3]. Without any
loss of generality, the metric can then be put in the form

ds2 ¼ "e"2!ðrÞ
!
1" 2mðrÞ

r

"
dt2 þ dr2

1" 2mðrÞ=rþ r2d!2:

(1)

The Einstein equations imply

m0 ¼ 4"#r2; !0 ¼ " 4"ð#þ prÞr
1" 2mðrÞ=r : (2)

We shall assume the existence of a black hole horizon such
that 2mðrHÞ ¼ rH. Furthermore, for simplicity we assume
asymptotic flatness, so that mð1Þ is finite, and we can
choose !ð1Þ ¼ 0. [Asymptotically de Sitter spacetimes
have an additional cosmological horizon 2mðrCÞ ¼ rC,
where we can choose !ðrCÞ ¼ 0; asymptotically anti-
de Sitter spacetimes exhibit extra technical complications.]

For an asymptotically flat dirty black hole the surface
gravity can easily be extracted from a straightforward
calculation [1]:

$ ¼ e"!ðrHÞ

2rH
½1" 2m0ðrHÞ': (3)

We shall now seek to say as much as we can about these
dirty black holes, without making any particular commit-
ment as to the specific equation of state or other but the
most general features of the surrounding matter.

II. CLASSICAL ENERGY CONDITIONS

While the classical energy conditions are now known to
not be fundamental physics [4], (they are typically violated
by semiclassical quantum effects [5–11]), they are never-
theless a good first approximation when dealing with bulk
matter and/or classical field configurations. In particular
for the weak and null energy conditions we have

WEC ) # ( 0 ) mðrHÞ ) mðrÞ ) mð1Þ; (4)

NEC ) #þ pr ( 0 ) !ðrHÞ ( !ðrÞ ( 0: (5)

Note the weak energy condition (WEC) implies the null
energy condition (NEC), so the WEC implies that $ )
1=ð2rHÞ, independent of the specific nature of the matter
surrounding the black hole [1]. It is this sort of model-
independent result that we shall now extend first to the
Regge-Wheeler equation, and subsequently to explicit
bounds on the greybody factors.
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III. REGGE-WHEELER EQUATION

Define a generalized tortoise coordinate r* by

dr*
dr

¼ eþ!ðrÞ
!
1" 2mðrÞ

r

""1
: (6)

Then the spacetime metric can be written as

ds2 ¼ e"2!ðrÞ
!
1" 2mðrÞ

r

"
f"dt2 þ dr2*gþ r2d!2; (7)

where r is now implicitly viewed as a function of r*.

A. Spin zero

For a minimally coupled spin zero massless scalar
field it is now a simple exercise to show that linearized
perturbations are governed by a simple variant of the
Regge-Wheeler equation

!
d2

dr2*
þ!2 " Vðr*Þ

"
c ¼ 0; (8)

where now

Vðr*Þ ¼ e"2!ðrÞ
!
1" 2mðrÞ

r

"
‘ð‘þ 1Þ

r2
þ 1

r

d2r

dr2*
: (9)

If one is considering a scalar field coupled to gravitywith no
other matter present then this result is known to be correct
with the provision that !ðrÞ and mðrÞ be set to values
consistent with a background solution of the coupled
gravity-scalar equations, which in view of the ‘‘no hair’’
theorems implies the background is Schwarzschild. When
other nontrivial matter is present the result quoted above
holds only within a variant of the inverse-Cowling approxi-
mation (wherein fluctuations of the matter fields and space-
time geometry are assumed negligible compared to
fluctuations in the scalar field of interest; see Samuelsson
and Andersson [12] for relevant discussion). This can alter-
natively be rephrased as saying that we are considering
linearized scalar perturbations in the test-field limit.

Application of the Einstein equations (to the background
geometry) now yields

1

r

d2r

dr2*
¼ e"2!ðrÞ

!
1" 2mðrÞ

r

"!
2mðrÞ
r3

" 4"ð#"prÞ
"
; (10)

whence

Vðr*Þ ¼ e"2!ðrÞ
!
1" 2mðrÞ

r

"

+
!
‘ð‘þ 1Þ

r2
þ 2mðrÞ

r3
" 4"ð#" prÞ

"
: (11)

This is clearly consistent with, and a significant general-
ization of, the standard Schwarzschild result.

B. Spin one

For the spin one Maxwell field a straightforward
calculation yields

Vðr*Þ ¼ e"2!ðrÞ
!
1" 2mðrÞ

r

"
‘ð‘þ 1Þ

r2
: (12)

The correctness of this result may easily be verified
a posteriori by noting that, due to the conformal invariance
of the Maxwell equations in 3þ 1 dimensions, the physics
can depend only on the ratio e"2!ð1" 2m=rÞ=r2.
Comparison with the known Schwarzschild result then
fixes the proportionality constant.
If one is considering a Maxwell field coupled to gravity

with no other matter present then this result is known to be
correct with the provision that !ðrÞ and mðrÞ be set to
values consistent with a background solution of the
coupled Einstein-Maxwell equations, which in view of
the no hair theorems implies the background is Reissner-
Nordström. When other nontrivial matter is present the
result quoted above holds only within a variant of the
inverse-Cowling approximation (wherein fluctuations of
the matter fields and spacetime geometry are assumed
negligible compared to fluctuations in the Maxwell field).
This can be rephrased as saying that we are considering
linearized Maxwell perturbations in the test-field limit.

C. Spin two axial

For the case of spin two axial perturbations the calcu-
lation is somewhat tedious. For perfect fluid stars (rather
than black holes) there is general agreement that [13–15]

Vðr*Þ ¼ e"2!ðrÞ
!
1" 2mðrÞ

r

"

+
!
‘ð‘þ 1Þ

r2
" 6mðrÞ

r3
þ 4"ð#" pÞ

"
: (13)

Here p is the isotropic pressure; p ¼ pr ¼ pt for perfect
fluids. For the specific case of boson stars, (with their
intrinsically anisotropic stresses), there is a very similar
result involving the radial pressure pr [16]:

Vðr*Þ ¼ e"2!ðrÞ
!
1" 2mðrÞ

r

"

+
!
‘ð‘þ 1Þ

r2
" 6mðrÞ

r3
þ 4"ð#" prÞ

"
: (14)

Furthermore, for generic stars supported by anisotropic
stress, and subject to the inverse-Cowling approximation,
(wherein fluctuations of the matter fields are assumed
negligible compared to fluctuations in the spacetime
geometry), Samuelsson and Andersson have argued that
the above potential (14) retains its validity [12].
Note that applying the Einstein equations to the back-

ground geometry we can rewrite (14) as
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Vðr*Þ¼e"2!ðrÞ
!
1"2mðrÞ

r

"!
‘ð‘þ1Þ

r2
"4mðrÞ

r3

"
"1

r

d2r

dr2*
:

(15)

Formally there is no obstruction to now applying this
result to other situations such as wormholes or dirty
black holes. (The traversable wormhole calculations of
S.-W. Kim [17–19] likewise implicitly apply a version of
the inverse-Cowling approximation, and provide another
consistency check on the above.)

D. Spins zero, one, and two

Now collecting all these results, we can for S 2 f0; 1; 2g
write the Regge-Wheeler potential in a unified form as

Vðr*Þ ¼ e"2!ðrÞ
!
1" 2mðrÞ

r

"!
‘ð‘þ 1Þ

r2
" SðS" 1Þ2mðrÞ

r3

"

þ 1" S

r

d2r

dr2*
: (16)

Equivalently:

Vðr*Þ ¼ e"2!ðrÞ
!
1" 2mðrÞ

r

"!
‘ð‘þ 1Þ

r2

þ ð1" S2Þ2mðrÞ
r3

" ð1" SÞ4"ð#" prÞ
"
: (17)

We now have a very general version of the Regge-Wheeler
potential simultaneously applicable (within the inverse-
Cowling approximation) to minimally coupled massless
scalars, Maxwell fields, and axial perturbations of the
spacetime geometry—for arbitrary static spherically sym-
metric spacetimes—and so in particular applicable to
(static spherically symmetric) dirty black holes.

IV. STABILITY CONSIDERATIONS

It is well known that spacetime is linearly stable
against oscillations of this type (working within the
inverse-Cowling approximation) if and only if the Regge-
Wheeler equation has no ‘‘negative energy’’ bound states,
(which would correspond to pure imaginary eigenfrequen-
cies). A sufficient condition for stability is Vðr*Þ ( 0.
(Thus stability is automatic for S ¼ 1, and will need a little
further thought for S ¼ 0 and S ¼ 2.) Furthermore, in view
of Simon’s theorem on the existence of bound states [20],
a necessary condition for stability is

Rþ1
"1 Vðr*Þdr* ( 0.

This same integral also appears in a rather different
context—it controls one of the very general and simple
lower bounds one can place on the greybody factors [21].
For this reason we will merge the stability discussion with
that below.

V. TRANSMISSION BOUNDS

For one-dimensional potential scattering there are a
number of very general and robust bounds that can be

placed on the transmission and reflection probabilities
[22]. Further developments in generic contexts can be
found in [23–26]. For specific applications to black hole
greybody factors see [21], and further developments in
[27,28]. Among the various bounds one can develop, two
particularly simple ones stand out. Firstly [21,22],

Tð!Þ ( sech2
#
1

2!

Z þ1

"1
Vðr*Þdr*

$
: (18)

Secondly, for any (possibly even rather crude) upper bound
on the Regge-Wheeler potential of the form

8r* Vðr*Þ ) V* ) !2; (19)

we have [21]

Tð!Þ ( 1" V2
*

ð2!2 " V*Þ2
( 1" V2

*
!4 : (20)

The second bound is the more constraining at ultrahigh
frequencies, while the first bound continues to hold for
arbitrarily low frequencies.
We make no particular claim that these bounds are in

any sense optimal, but they are certainly robust, and make
absolutely minimal assumptions regarding the form of the
Regge-Wheeler potential (and so implicitly make abso-
lutely minimal assumptions regarding the nature of the
stress-energy tensor surrounding the black hole).

A. Exponential bound

Consider the integral
Rþ1
"1 Vðr*Þdr*. This can be

bounded in the following manner: Observe

Vðr*Þdr* ¼ e"!ðrÞ
!
‘ð‘þ 1Þ

r2
" SðS" 1Þ2mðrÞ

r3

"
dr

þ ð1" SÞ
r

d

dr

!
e"!ðrÞ

%
1" 2mðrÞ

r

&"
dr; (21)

which, (temporarily suppressing the argument r), equals

e"!

!
‘ð‘þ 1Þ

r2
" SðS" 1Þ2m

r3
þ ð1" SÞ

r2

%
1" 2m

r

&"
dr

þ ð1" SÞ d
dr

!
1

r
e"!

%
1" 2m

r

&"
dr: (22)

Then, in view of assumed boundary conditions at rH and at
spatial infinity, the total derivative term drops out of the
integral so we have (still an exact result)

Z 1

rH

e"!

r2

!
‘ð‘þ 1Þ þ ð1" SÞ " ðS" 1Þ2 2m

r

"
dr: (23)

We shall now bound this integral from above and below.
On the one hand, merely from the definition of horizon,

we must have 2mðrÞ=r < 1 for r > rH. Therefore
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Z þ1

"1
Vðr*Þdr*>

Z 1

rH

e"!ðrÞ

r2
½‘ð‘þ1ÞþSð1"SÞ'dr: (24)

But the relevant multipole indices ‘ satisfy ‘ ( S, so

Z þ1

"1
Vðr*Þdr* > 2S

Z 1

rH

e"!ðrÞ

r2
dr ( 0: (25)

Thus the necessary condition for linearized stability is
always satisfied. (Under the stated conditions, without
additional assumptions, we cannot guarantee linearized
instability no matter how weird our matter content is.)

On the other hand, the WEC implies # ( 0, so 2mðrÞ (
2mðrHÞ ¼ rH, and we see that the integral is bounded
above by

Z 1

rH

e"!ðrÞ

r2

!
‘ð‘þ 1Þ þ ð1" SÞ " ðS" 1Þ2 rH

r

"
dr: (26)

But the NEC implies !ðrÞ ( 0 and so e"!ðrÞ ) 1.
Checking that, (because ‘ ( S), the integrand remains
positive we see the integral is bounded above by

Z 1

rH

1

r2

!
‘ð‘þ 1Þ þ ð1" SÞ " ðS" 1Þ2 rH

r

"
dr: (27)

But this integral can now be performed explicitly, so

Z þ1

"1
Vðr*Þdr* )

1

rH

!
‘ð‘þ 1Þ þ ð1" SÞ " ðS" 1Þ2

2

"
:

(28)

That is

Z þ1

"1
Vðr*Þdr* )

1

rH

!
‘ð‘þ 1Þ þ 1" S2

2

"
: (29)

Hence

Tð!Þ ( sech2
#

1

2!rH

!
‘ð‘þ 1Þ þ 1" S2

2

"$
: (30)

We thus have a largely model-independent bound on the
greybody factor, valid for all frequencies, with minimal
assumptions regarding the material external to the black
hole. We need to know the black hole radius rH, to know
that the exterior matter satisfies the WEC, and know the
multipole of interest and spin of the field, but that’s all.

B. Polynomial bound

For the polynomial bound one needs to place an upper
bound on the Regge-Wheeler potential itself, not just its
integral. For S ¼ 1 it is elementary that Vðr*Þ ( 0 and
(applying the NEC and WEC) that Vðr*Þ ) ‘ð‘þ 1Þ=r2H.
For S ¼ 0 and S ¼ 2 the calculation is less elementary.
If we assume the DEC then

DEC ) 0 ) #" pr ) 2#; (31)

and consequently (10) implies

1

r

d2r

dr2*
) e"2!ðrÞ

!
1" 2mðrÞ

r

"
2m

r3
) 1

r2H
: (32)

More subtly

1

r

d2r

dr2*
( "e"2!ðrÞ

!
1" 2mðrÞ

r

"
2

r

%
mðrÞ
r

&0
: (33)

If we now make the additional assumption that one has
ðmðrÞ=rÞ0 ) 0, (which is not unreasonable but certainly
nontrivial), then

0 ) 1

r

d2r

dr2*
) 1

r2H
: (34)

Then for S ¼ 0

0 ) Vðr*Þ )
‘ð‘þ 1Þ þ 1

r2H
; (35)

while for S ¼ 2

0 ) Vðr*Þ )
‘ð‘þ 1Þ " 2

r2H
: (36)

Collecting these three results for S 2 f0; 1; 2g, we have

0 ) Vðr*Þ )
‘ð‘þ 1Þ þ 1

2 ð1" SÞð2þ SÞ
r2H

: (37)

So under these conditions we are guaranteed linearized
stability within the inverse-Cowling approximation, and
we have the explicit bound

Tð!Þ ( 1" f‘ð‘þ 1Þ þ 1
2 ð1" SÞð2þ SÞg2
r4H!

4 : (38)

Again we have a very general and robust bound based on
minimal input assumptions.

VI. DISCUSSION

As always with generic results there is a trade-off between
generality and specificity. In this article we have attempted
to be as general as possible, using only relatively weak
constraints on the spacetime geometry to still extract very
general and useful information regarding linear stability and
the greybody factors. Of course, any explicit choice for the
functions!ðrÞ andmðrÞ will, at least in principle, allow one
to extract much more specific results. Additionally it is
conceivable that the general techniques of [21–28] could be
further extended to obtain more stringent bounds.
Furthermore, the results of this article can be viewed as

placing bounds on the behavior of the Regge-Wheeler
operator (which would generically be part of any perturba-
tion scheme that seeks to go beyond the inverse-Cowling
approximation). A specific choice of matter model would
in certain situations allow one to move beyond the inverse-
Cowling approximation, but at the cost of massive
complications due to possible couplings between various
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perturbative sectors, and with consequent massive loss of
generality. Finally, an extension to spin two polar pertur-
bations described by a generalized Zerilli-type equation is
in principle certainly possible (see for instance [19]), but is
mathematically somewhat messier.
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The Myers–Perry black holes are higher-dimensional generalizations of the usual
(3 + 1)-dimensional rotating Kerr black hole. They are of considerable interest in
Kaluza–Klein models, specifically within the context of brane-world versions thereof.
In the present article, we shall consider the greybody factors associated with scalar
field excitations of the Myers–Perry spacetimes, and develop some rigorous bounds
on these greybody factors. These bounds are of relevance for characterizing both the
higher-dimensional Hawking radiation, and the super-radiance, that is expected for
these spacetimes. C© 2014 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4901127]

I. INTRODUCTION

Greybody factors modulate the absorption cross-sections of classical black holes, and alter
the closely related Hawking emission1, 2 probabilities of semi-classical black holes.3–6 Physically,
the incoming or outgoing wave back-scatters off the gravitational field surrounding the black hole,
leading to a non-trivial transmission coefficient. In the case of Hawking radiation, this modifies the
naı̈ve Planckian spectrum by multiplying it with a frequency-dependent greybody factor. Explicitly
evaluating these greybody factors is typically an impossible task, even for the simple case of the
Schwarzschild black hole.7 In view of this difficulty, techniques for placing analytic bounds on the
greybody factors have now become of some interest.7–11 (Alternatively, one might seek to extract
qualitative or numerical information.12–14)

The bounds developed in Refs. 7–11 apply to various black holes (Schwarzschild, Reissner–
Nordström, Kerr, Kerr–Newman, etc.), and are all based on a very general technique for bounding
one-dimensional barrier penetration probabilities; a technique that was first developed in Ref. 15,
with later formal developments to be found in Refs. 16–19, and additional related discussion in
Refs. 20–23. In the current article, we shall apply the same sort of formalism to the Myers–Perry
rotating black holes in (3 + 1 + n) dimensions.24, 25 The Myers–Perry black holes are particularly
important in that they are the simplest of the higher-dimensional rotating black holes, being of
particular interest in both Kaluza–Klein scenarios and in brane-world scenarios.

We first describe the Myers-Perry spacetime,24, 25 setting up the relevant Teukolsky equation for
scalar field excitations.26 An important part of the technical analysis is the fact that we can place
positivity constraints on both the separation constant and on the effective potential; without such
positivity constraints progress would be severely limited. We then analyze both the greybody factors
and (when relevant) super-radiant emission as a function of the angular momentum quantum number
m. While zero angular momentum (m = 0) serves as a good template for the other cases, there are
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some significant differences to take into account. After completing the analysis and summarizing
the general case, we specialize to (3+1) dimensions to verify compatibility with the usual Kerr black
hole, and also consider the specific (3+1+1) five-dimensional case which is perhaps most relevant
to brane-world models. We conclude with a brief discussion of the significance of our results.

II. TEUKOLSKY EQUATION FOR SCALAR FIELDS

In setting up the formalism, it is best to first focus on the geometry of the specific spacetimes
under consideration, and then analyse the technical steps involved in separation of variables, leading
up to the development of the Teukolsky equation for scalar field excitations. With this in hand, one
can then proceed to examination of the effective potential. For some general background on black
hole perturbation theory, see Refs. 27–34.

A. Myers–Perry spacetime

The Myers–Perry geometry (with only one of the angular momentum parameters being non-
zero) is described by the metric24, 25

ds2 = −dt2 + �

�
dr2 + � dθ2 + (r2 + a2) sin2 θ dϕ2

+ μ

rn−1�
(dt − a sin2 θ dϕ)2 + r2 cos2 θ d�2

n. (1)

Here,

� = r2 + a2 − μ

rn−1
, � = r2 + a2 cos2 θ, (2)

and d�2
n is the line-element on the unit n-sphere Sn. We choose coordinates so that

d�2
n = dθ2

1 + sin2 θ1 dθ2
2 + sin2 θ1 sin2 θ2 dθ2

3 + · · · +
(∏n−1

i=1
sin2 θi

)
dθ2

n , (3)

whence recursively

d�2
n(θ1, . . . , θn) = dθ2

1 + sin2 θ1 d�2
n−1(θ2, . . . , θn). (4)

(Several other coordinate conventions on the n-sphere are also relatively common.) This Myers–
Perry spacetime has 4 + n dimensions, 4 of them “usual” and n “extra.” This is sometimes phrased
as 3 + 1 + n dimensions (meaning 3 of space, 1 of time, and n “extra” Kaluza–Klein dimensions).
The black hole mass MBH, and angular momentum J, are defined as follows:

MBH = (n + 2) An+2

16πG
μ, J = 2a

n + 2
MBH . (5)

Here, G denotes the gravitational constant in the (4 + n)-dimensional space-time, and the quantity
An + 2 = 2π (n + 3)/2/�[(n + 3)/2] is the area of a (n + 2)-dimensional unit sphere. The location of
the black hole horizon rH is the solution of �(rH) = 0, such that μ = rn−1

H (r2
H + a2) is satisfied.

• In the specific case of n = 0, this spacetime reduces to the standard Kerr black hole, with the
usual inner and outer horizons.

• In the specific case of n = 1, we have μ = r2
H + a2, so then rH =

√
μ − a2, and the horizon

exists only when a <
√

μ; in fact, the horizon shrinks to zero area in the extreme limit a → √
μ.

So the case n = 1 is somewhat different from n > 1.
• On the other hand, in the case of n ≥ 2, for μ > 0 a unique positive solution for rH always

exists for all a. Indeed, rH ∈ (0, μ1/(n + 1)].
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B. Separation of variables

In this article, we will focus on scalar field emission from the Myers–Perry black hole. The
relevant excitations can be described by the Klein–Gordon equation

∂μ

(√−g gμν ∂ν�
) = 0. (6)

Here, the metric determinant factorizes nicely into 4-dimensional and n-dimensional pieces. Specif-
ically, with conventions as in Eq. (3), we have

√−g = (� sin θ ) × (rn cosn θ
)×

(
n−1∏
i=1

sinn−i θi

)
, (7)

with the trailing factor arising from the unit n-sphere.
Similar to the Kerr–Newman black hole in four dimensions, the Myers–Perry solution enjoys

a hidden symmetry due to the existence of a Killing–Yano tensor.35 In view of this, we can use the
separation of variables ansatz36, 37

�(t, r, θ, ϕ, θ1, . . . , θn) = e−iωt eimϕ R̃ j
m(r ) S
m(θ ) Y jn(θ1, . . . , θn). (8)

Here, the Yjn(θ1, . . . , θn) are the quite standard hyper-spherical harmonics defined on the unit
n-sphere, which satisfy the differential equation38

�Sn Y jn(θ1, . . . , θn) + j( j + n − 1)Y jn = 0. (9)

The important observation is that for the n-sphere the Laplacian eigenvalues are − j(j + n − 1).
In 4 dimensions (n → 0), these hyperspherical harmonics reduce to trivial constants (and j → 0). In
5 dimensions (n → 1), they are simply sines and cosines. If one wishes an explicit rendition of the
Laplacian on the n-sphere then, with coordinates as in Eq. (3), we have

n∑
k=1

1∏n−1
i=1 sinn−i θi

∂θk

[(
n−1∏
i=1

sinn−i θi

)
∂θk Y jn∏k−1

i=1 sin2 θi

]
+ j( j + n − 1)Y jn = 0. (10)

We mention in passing that when you choose coordinates to write the n-sphere metric recursively,
as in Eq. (4), then the Laplacian can also be expressed recursively

�Sn X = 1

sinn−1 θ1

∂

∂θ1

(
sinn−1 θ1

∂ X

∂θ1

)
+ 1

sin2 θ1
�Sn−1 X. (11)

In contrast to the hyper-spherical harmonics defined on the hyper-sphere Sn, the spheroidal
harmonics S
m(θ ) eimϕ are defined on the two angular variables associated with the “usual” 4-
dimensional part of the spacetime. They are the appropriate generalization of the standard spherical
harmonics Y
m(θ , φ). The spheroidal harmonics satisfy the differential equation12{

1

sin θ cosn θ

d

dθ

[
sin θ cosn θ

d

dθ

]
−
(
ωa sin θ − m

sin θ

)2
− j( j + n − 1)

cos2 θ
+ λ j
m

}
S
m(θ ) = 0.

(12)

Note that going to 4 dimensions corresponds to setting n → 0 and setting j → 0, in which case
this differential equation reduces to that for the Kerr (or Kerr–Newman) geometry as given in
Ref. 11. These spheroidal harmonics are very closely related both to the Heun functions,39–42 and to
the hyper-spherical harmonics.38, 43

The separation constant λj
m in this spheroidal differential equation is positive. To see this let
us define a new variable by du = sin θ cos nθ dθ , then

d

dθ
= du

dθ

d

du
= sin θ cosn θ

d

du
. (13)

Therefore,

1

sin θ cosn θ

d

dθ

[
sin θ cosn θ

dS(θ )

dθ

]
= d

du

[(
sin θ cosn θ

)2 dS(θ )

du

]
. (14)
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Then the angular equation (12) for the spheroidal harmonics becomes

d

du

[(
sin θ cosn θ

)2 dS(θ )

du

]
=
[(

ωa sin θ − m

sin θ

)2
+ j( j + n − 1)

cos2 θ
− λ j
m

]
S(θ ). (15)

Multiplying the above equation by S(θ ) and integrating both sides over u yields∫
S(θ )

d

du

[(
sin θ cosn θ

)2 dS(θ )

du

]
du

=
∫ [(

ωa sin θ − m

sin θ

)2
+ j( j + n − 1)

cos2 θ
− λ j
m

]
S2(θ ) du. (16)

Integrate the left hand side by parts, using periodicity to discard boundary terms, and then rearrange
to obtain

λ j
m

∫
S2(θ ) du =

∫ [(
ωa sin θ − m

sin θ

)2
+ j( j + n − 1)

cos2 θ

]
S2(θ ) du

+
∫ [(

sin θ cosn θ
)2 (dS(θ )

du

)2
]

du. (17)

Now the right hand side of this equation is manifestly positive, as is the factor
∫

S2 du on the left
hand side. Therefore, the separation constant λj
m is guaranteed to be positive.

C. Effective potential

We now construct the effective potential, starting from the radial part of the variable-separated
Klein–Gordon equation.12–14 We have{

1

rn

d

dr

[
rn�

d

dr

]
+ [(r2 + a2)ω − ma]2

�
− j( j + n − 1)a2

r2
− λ j
m

}
R̃ j
m(r ) = 0. (18)

Let us now define a new radial mode function

R̃ j
m(r ) = r− n
2 R j
m(r )√
r2 + a2

. (19)

It is now a quite standard calculation to show that the radial Teukolsky equation (the Regge–Wheeler-
like equation governing the radial modes), is given by Refs. 12–14{

d2

dr2∗
− U j
m(r )

}
R j
m(r ) = 0, (20)

where r∗ is the standard “tortoise coordinate”

dr∗ = r2 + a2

�(r )
dr. (21)

Note that the tortoise coordinates can be expressed as

r∗ =
∫ r

rH

r2 + a2

�(r )
dr ∼ An ln(r − rH ) + Bn(r ), (22)

where the exact expressions for the coefficients An and functions Bn(r) depend on the number of
extra dimensions n. However, we can quite generally observe that as r → rH we have r∗ → − ∞,
and as r → ∞ we have r∗ → ∞. So the region r > rH outside the black hole, (the domain of outer
communication), maps into the entire real line − ∞ ≤ r∗ ≤ + ∞ in terms of the tortoise coordinate.
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The Teukolsky potential (sometimes called the Regge–Wheeler–Teukolsky potential), is now
seen to be

U j
m(r ) = �(r )(
r2 + a2

)2
[
λ j
m + j( j + n − 1)a2

r2
+ n(n − 2)�(r )

4r2
+ n�′(r )

2r

− 3r2�(r )

(r2 + a2)2
+ [r�(r )]′

r2 + a2

]
−
(

ω − ma

r2 + a2

)2

. (23)

Note that for j = n = 0 this reduces to the Teukolsky potential for the ordinary Kerr black hole in 4
dimensional space-time. (See Ref. 11.) For purposes of calculation, we now define quantities

� (r ) = a

a2 + r2
, (24)

and more specifically

�H = a

a2 + r2
H

. (25)

Here, � (r) is related to frame dragging, while �H is the “angular velocity” of the event horizon.11

We can now re-express the Teukolsky potential as

U j
m(r ) = Vj
m(r ) − (ω − m� )2, (26)

with

Vj
m(r ) = �(r )(
r2 + a2

)2
[
λ j
m + j( j + n − 1)a2

r2

+n(n − 2)�(r )

4r2
+ n�′(r )

2r
− 3r2�(r )

(r2 + a2)2
+ [r�(r )]′

r2 + a2

]
. (27)

D. Positivity properties

To show positivity of Vj
m(r ), we start by noting that �(r) > 0 outside the horizon (that is for r
> rH). This is standard for n = 0, and trivial for n = 1. For n ≥ 1, we generically re-express �(r) as

�(r ) = r2 + a2 − r1−nμ

= r2 + a2 − (r/rH )1−n (r2
H + a2)

≥ (r2
H + a2)

(
1 − (rH/r )n−1

)
. (28)

Since r ≥ rH, we can see that �(r) ≥ 0 for n ≥ 1. Using this result, we make the following
observations. First, for n ≥ 1 we have

[r�(r )]′

r2 + a2
− 3r2�(r )

(r2 + a2)2
∝ [r�(r )]′(r2 + a2) − 3r2�(r )

= a2(r2 + a2) + μ

rn−1

[
(n + 1)r2 + (n − 2)a2

]
= a2�(r ) + μ

rn−1

[
(n + 1)r2 + (n − 1)a2

]
≥ 0. (29)

Note that the equivalent result for n = 0 was already derived in Ref. 11 for the Kerr–Newman
spacetime. Second, for n ≥ 0, we also have

n(n − 2)�(r )

4r2
+ n�′(r )

2r
∝ n{(n − 2)�(r ) + 2r�′(r )}

= n{(n + 2)r2 + (n − 2)a2 + nμr1−n}. (30)
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Now for n ≥ 2 this quantity is certainly positive. For n = 0, this quantity is identically zero. For
n = 1, this quantity reduces to 3r2 − a2 + μ = 3r2 − r2

H ≥ 0 (provided the horizon exists). In all
situations, the relevant quantity is non-negative. Thus, by now combining these results with the fact
that λj
m > 0, and the fact that both n ≥ 0 and j ≥ 0, we can conclude that Vj
m(r ) is always positive
for all values of j, 
, m, and r.

E. Super-radiance

Now note that the effective potential is

U j
m(r ) = Vj
m(r ) − (ω − m� )2; Vj
m(r ) ≥ 0. (31)

However, the quantity ω − m� can under suitable circumstances change sign. This is the harbinger
of super-radiance. Some rather general analyses can be found in Refs. 44 and 45, while a specific
analysis closely related to the current situation can be found in Ref. 11. The key point is that super-
radiance is a phenomenon in which the reflected wave is larger in its amplitude than the incident
wave. From mathematical point of view, super-radiance is a phenomenon in which |r| > 1, where r
is the reflection coefficient. Super-radiance will occur once ω − m� changes sign in the domain of
outer communication which, given the asymptotic behaviour of � , occurs whenever 0 < ω < m�H,
that is, m > m∗ ≡ ω/�H. Once super-radiance occurs, the bound on the greybody factor becomes a
bound on the spontaneous emission amplitude. A detailed discussion of this particular issue can be
found in Ref. 11.

III. ANALYTIC BOUND FOR SCALAR TRANSMISSION

From Ref. 15 (see also Refs. 16–19 for further developments and applications), we have the
extremely general result that

Tj
m ≥ sech2

(∫ ∞

−∞
ϑ dr∗

)
, (32)

where

ϑ =
√

[h′(r∗)]2 + [U j
m(r∗) + h2(r∗)
]2

2h(r∗)
, (33)

for any positive function h(r∗). Equivalently,

ϑ =
√

[h′(r∗)]2 + [Vj
m(r∗) − (ω − m� )2 + h2(r∗)
]2

2h(r∗)
. (34)

We shall now use the positivity properties of λj
m and Vj
m , together with the super-radiant/non-
super-radiant distinction, to systematically analyse this bound in various cases. In particular

• The modes m < m∗ ≡ ω/�H are not super-radiant.
• The modes m ≥ m∗ ≡ ω/�H are super-radiant.

In situations where super-radiance occurs, in addition to the greybody factor Tj
m, there is a
closely related spontaneous emission rate which satisfies the bound11

� j
m ≤ ω sinh2

(∫ ∞

−∞
ϑ dr∗

)
. (35)

IV. NON-SUPER-RADIANT MODES (m < m∗)

It is convenient to split the discussion of non-super-radiant modes into three sub-cases:
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• m = 0 zero-angular-momentum modes: This is the most fundamental case, and most straightfor-
ward case to analyze. This case provides a useful template for the more complicated situations.

• m 
= 0 nonzero-angular-momentum modes: These are most conveniently further split into two
sub-cases

– m < 0 negative-angular-momentum modes.
– m ∈ (0, m∗) low-lying positive-angular-momentum modes.

A. Zero angular momentum modes (m = 0)

We choose h̃(r∗) = ω > 0 and m = 0, then

U j
,m=0(r ) = �(r )(
r2 + a2

)2
[
λ j
,m=0 + j( j + n − 1)a2

r2
+ n(n − 2)�(r )

4r2

+n�′(r )

2r
− 3r2�(r )

(r2 + a2)2
+ [r�(r )]′

r2 + a2

]
− ω2. (36)

Then

T ≥ sech2

(
1

2ω

∫ ∞

−∞
|V | dr∗

)

= sech2

(
1

2ω

∫ ∞

rh

|V (r )| r2 + a2

�(r )
dr

)

= sech2

[
1

2ω

∫ ∞

rh

∣∣∣∣ 1

r2 + a2

{
λ j
,m=0 + j( j + n − 1)a2

r2
+ n(n − 2)�(r )

4r2

− 3r2�(r )

(r2 + a2)2
+ n�′(r )

2r
+ [r�(r )]′

r2 + a2

}∣∣∣∣ dr

]
. (37)

For n ≥ 1 and r ≥ rH, in view of the positivity properties of the separation constant and effective
potential, we can replace

∫ |···| dr → |∫ ···dr|. Therefore,

T ≥ sech2

∣∣∣∣ 1

2ω

∫ ∞

rh

1

r2 + a2

{
λ j
,m=0 + j( j + n − 1)a2

r2
+ n(n − 2)�(r )

4r2

− 3r2�(r )

(r2 + a2)2
+ n�′(r )

2r
+ [r�(r )]′

r2 + a2

}
dr

∣∣∣∣ . (38)

We would like to integrate this equation term by term. Start by considering the first term∫ ∞

rH

λ j
,m=0

r2 + a2
dr = λ j
,m=0

a
arctan

r

a

∣∣∣∣
∞

rH

= λ j
,m=0

a
arctan

a

rH
. (39)

For the last two integrals, we can show that they can be simplified as follows:∫ ∞

rH

1

r2 + a2

[
− 3r2�(r )

(r2 + a2)2
+ [r�(r )]′

r2 + a2

]
dr =

∫ ∞

rH

r2�(r )

(r2 + a2)3
dr. (40)

This can be explicitly integrated (for instance, by using Mathematica) and we arrive at∫ ∞

rH

r2�(r )

(r2 + a2)3
dr = n

8rH
− n(n − 2)(r2

H + a2)

8(n + 2)r3
H

2 F1

(
1,

n + 2

2
,

n + 4

2
,− a2

r2
H

)

− a2

4rH (r2
H + a2)

+ 1

2a
arctan

a

rH
. (41)

Here, 2F1(z1, z2, z3, z4) is the hypergeometric function. Let us now consider the j-dependent integral∫ ∞

rH

j( j + n − 1)a2

r2(r2 + a2)
dr = j( j + n − 1)

rH
− j( j + n − 1)

a
arctan

a

rH
. (42)
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We can also integrate the n-dependent terms as∫ ∞

rH

1

r2 + a2

[
n(n − 2)�(r )

4r2
+ n�′(r )

2r

]
dr = n2(r2

H + a2)

4(n + 2)r3
H

2 F1

(
1,

n + 2

2
,

n + 4

2
,− a2

r2
H

)

+ n(n − 2)

4rH
+ n

a
arctan

a

rH
. (43)

Finally, combining the results from Eqs. (39), (41)–(43), we obtain

Tj
,m=0 ≥ sech2

∣∣∣∣ 1

2ωrH
I j
,m=0

∣∣∣∣ , (44)

where we define

I j
,m=0 = n(2n − 3)

8
+ j( j + n − 1) + a2

4(r2
H + a2)

+
(

2n + 1

2
− j( j + n − 1) + λ j
,m=0

)
rH

a
arctan

a

rH

+n(r2
H + a2)

8r2
H

2 F1

(
1,

n + 2

2
,

n + 4

2
,− a2

r2
H

)
. (45)

For a consistency check, consider the limit a → 0 (with both n = 0 and j = 0),

lim
a→0

I j=0,
,m=0 = lim
a→0

[
− a2

4(r2
H + a2)

+
(

1

2
+ λ j=0,
,m=0

)
rH

a
arctan

a

rH

]

= 1

2
+ λ j=0,
,m=0. (46)

This is the same result as for the Kerr black hole (the Kerr–Newman black hole for Q = 0), as is to
be expected.

B. Non-zero angular momentum mode (m �= 0)

From the basic inequality, we have

Tjlm ≥ sech2

⎡
⎣∫ ∞

−∞

√
[h̃′(r∗)]2 + [Ũ j
m(r∗) + h̃2(r∗)

]2
2h̃(r∗)

dr∗

⎤
⎦ , (47)

for all h̃(r∗) > 0. By now using the triangle inequality

|a| + |b| ≥
√

a2 + b2, (48)

we have

Tjlm ≥ sech2

[∫ ∞

−∞

∣∣h̃′(r∗)
∣∣+ ∣∣Ũ j
m(r∗) + h̃2(r∗)

∣∣
2h̃(r∗)

dr∗

]

≥ sech2

[∫ ∞

−∞

∣∣h̃′(r∗)
∣∣

2h̃(r∗)
dr∗ +

∫ ∞

−∞

∣∣Ũ j
m(r∗) + h̃2(r∗)
∣∣

2h̃(r∗)
dr∗

]
. (49)

Provided that h̃′(r∗) is monotone, we have

∫ ∞

−∞

|h̃′(r∗)|
2h̃(r∗)

dr∗ =

⎧⎪⎨
⎪⎩

1
2 ln h̃(∞)

h̃(−∞)
for h̃′(r∗) > 0;

− 1
2 ln h̃(∞)

h̃(−∞)
for h̃′(r∗) < 0.

(50)
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Let us now rewrite the potential as

U j
m = Vj
,m − (ω − m � (r ))2 . (51)

This form of potential is exactly the same as for the 4-dimensional Kerr–Newman black hole, and
thus we simply choose

h̃(r∗) = h(r ) = ω − m� (r ). (52)

Note that this choice for h(r) is always monotonic as a function of r. However, we can see that h(r) is
positive if and only if ω > m�H. This condition is satisfied for m < ω/�H, (that is, m < m∗), where
the mode does not suffer from super-radiant instability.

1. Negative-angular-momentum modes (m < 0)

Note that in this case, for h(r) defined in Eq. (52),

h̃(∞)

h̃(−∞)
= h(∞)

h(rH )
= ω

ω − m�H
= 1

1 − m�H/ω
< 1. (53)

Then

1

2

∣∣∣∣ln
[

h̃(∞)

h̃(−∞)

]∣∣∣∣ = 1

2
ln(1 − m�H/ω). (54)

Note also that in this case we have ω − m�H > h(r) > ω, so∫ ∞

−∞

|U j
m + h2(r )|
2h(r )

dr∗ =
∫ ∞

−∞

|Vj
m |
2h(r )

dr∗ <

∫ ∞

−∞

Vj
m

2ω
dr∗. (55)

Then

Tj
,m<0 ≥ sech2

{
1

2
ln(1 − m�H/ω) +

∫ ∞

−∞

Vj
,m<0

2ω
dr∗

}
, (56)

≥ sech2

{
1

2
ln(1 − m/m∗) + 1

2ωrH
I j
,m<0

}
. (57)

It is easy to see that this result is very similar to the result we have for m = 0, with the replacement
λj
, m = 0 → λj
, m < 0. We can write down Ij
m explicitly as

I j
m = n(2n − 3)

8
+ j( j + n − 1) + a2

4(r2
H + a2)

+
(

2n + 1

2
− j( j + n − 1) + λ j
m(aω)

)
rH

a
arctan

a

rH

+n(r2
H + a2)

8r2
H

2 F1

(
1,

n + 2

2
,

n + 4

2
,− a2

r2
H

)
. (58)

2. Low-lying positive-angular-momentum modes (m ∈ (0, m∗))

Recall that for m∗ > m > 0, h(r) is positive and monotonic as a function of r, for this situation
we first consider

h̃(∞)

h̃(−∞)
= h(∞)

h(rH )
= ω

ω − m�H
= 1

1 − m�H/ω
> 1. (59)

Then, we have

1

2

∣∣∣∣ln
[

h̃(∞)

h̃(−∞)

]∣∣∣∣ = −1

2
ln(1 − m�H/ω). (60)

 This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to  IP:

161.200.126.39 On: Fri, 14 Nov 2014 06:14:43



112502-10 Boonserm et al. J. Math. Phys. 55, 112502 (2014)

Note also that in this case we have ω − m�H < h(r) < ω, so∫ ∞

−∞

|U j
m + h2(r )|
2h(r )

dr∗ =
∫ ∞

−∞

|Vj
,m>0|
2h(r )

dr∗ <

∫ ∞

−∞

Vj
,m>0

2(ω − m�H )
dr∗. (61)

Then, we arrive at the result

Tj
,m>0 ≥ sech2

{
−1

2
ln(1 − m�H/ω) +

∫ ∞

−∞

Vj
,m>0

2(ω − m�H )
dr∗

}
, (62)

≥ sech2

{
−1

2
ln(1 − m/m∗) + 1

2rHω(1 − m/m∗)
I j
,m>0

}
, (63)

where Ij
, m > 0 is defined by Eq. (58).

V. SUPER-RADIANT MODES (m ≥ m∗)

It is a good strategy to split the super-radiant modes into two sub-classes depending on the
relative sizes of ω2 and (ω − m�H)2. Note that ω2 = (ω − m�H)2 when m = 2ω/�H = 2m∗. This
suggests that it might be useful to split the super-radiant modes as follows:

• m ∈ [m∗, 2m∗).
• m ∈ [2m∗, ∞).

A. Low-lying super-radiant modes (m ∈ [m∗, 2m∗))

In this region, we have ω2 > (ω − m�H)2 and we choose

h(r ) = max {ω − m� (r ), m�H − ω} . (64)

We can see that h(r) > 0 and monotone decreasing as we move from spatial infinity to the horizon,
and become a flat horizontal line near the horizon. Note that h(r) ≥ m�H − ω everywhere. By using
h(r) as defined in Eq. (64), we have∫ ∞

−∞

|h′(r )|
h(r )

dr∗ = | ln h(r )|∞rH
= ln

(
ω

m�H − ω

)
= − ln(m/m∗ − 1). (65)

It is now straightforward to show that∫ ∞

−∞

Vj
m

2h(r )
dr∗ ≤

∫ ∞

−∞

Vj
m

2(m�H − ω)
dr ′

∗ = I j
m

2(m�H − ω)rH
= I j
m

2ω(m/m∗ − 1)rH
, (66)

where Ij
m is defined in Eq. (58). The last integral we need to perform is

J low
m =

∫ ∞

−∞

h(r )2 − (ω − m� (r ))2

2h(r )
dr∗. (67)

Note that with our choice of h(r), the integrand in above integral is zero over much of the relevant
range. To be more precise, we are interested only in

J low
m =

∫ r0

rH

(ω − m�H )2 − (ω − m� (r ))2

2(m�H − ω)

r2 + a2

�
dr. (68)

The upper limit of integration r0 is defined by the condition

m [�H + � (r0)] = 2ω, (69)

or we can write down r0 explicitly as

r0 =
√

r2
H + 2(m − m∗)

2m∗ − m
(r2

H + a2). (70)
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Notice that the upper limit r0 > rH for m ∈ [m∗, 2m∗). Then

J low
m = m

2(m�H − ω)

∫ r0

rH

(�H − � (r )) (m� (r ) + m�H − 2ω)
r2 + a2

�
dr. (71)

However, for the relevant domain of integration we have

0 ≤ (m� (r ) + m�H − 2ω) ≤ 2(m�H − ω). (72)

Then we can conclude that

J low
m ≤ m

∫ r0

rH

(�H − � (r ))
r2 + a2

�
dr = m�H

∫ r0

rH

rn−1(r − rH )(r + rH )

rn−1(r2 + a2) − rn−1
H (r2

H + a2)
dr. (73)

This integral is finite, and one can evaluate it exactly for each value of n. (The integrand is in fact
finite as r → rH by the l’Hôpital rule.) By now combining all these results, we have

Tj
,m∈[m∗,2m∗) ≥ sech2

{
−1

2
ln(m/m∗ − 1) + I j
,m∈[m∗,2m∗)

2rHω(m/m∗ − 1)
+ J low

m

}
. (74)

B. Highly super-radiant modes (m ≥ 2m∗)

In this region, we have (ω − m�H)2 > ω2, so we can choose

h(r ) = max {m� (r ) − ω,ω} . (75)

It is not difficult to see that h(r) is both positive and monotone decreasing as we move from the
horizon to spatial infinity. Note also that h(r) ≥ ω for the relevant domain. By using Eq. (75), we
have ∫ ∞

−∞

|h′(r )|
h(r )

dr∗ = | ln h(r )|∞rH
= ln

(
m�H − ω

ω

)
= ln(m/m∗ − 1). (76)

We also obtain ∫ ∞

−∞

Vj
m

2h(r )
dr∗ ≤

∫ ∞

−∞

Vj
m

2ω
dr∗ = I j
m

2ωrH
, (77)

where Ij
m is defined in Eq. (58) as for the previous cases. Finally, we are left with the integral

J high
m =

∫ ∞

−∞

h(r )2 − (ω − m� (r ))2

2h(r )
dr∗. (78)

Again the integrand is zero over much of the domain of integration. That is, we are only interested
in

J high
m =

∫ ∞

r0

ω2 − (ω − m� (r ))2

2ω

r2 + a2

�
dr. (79)

Here, the lower bound of integration, r0, is now defined by

m� (r0) = 2ω, (80)

implying

r0 = a

√
m

2ωa
− 1. (81)

Recall that m ≥ 2m∗ in this region, we have

r0 ≥ a

√
m∗
ωa

− 1 = a

√
r2

H + a2

a2
− 1 = rH . (82)
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The integral J high
m is finite. (In fact, the integrand is finite as r → r0, and falls of as 1/r2 as r → ∞.)

After assembling all results we have, we finally obtain

Tj
,m≥2m∗ ≥ sech2

{
1

2
ln(m/m∗ − 1) + I j
,m≥2m∗

2rHω
+ J high

m

}
. (83)

VI. SUMMARY OF THE GENERAL CASE

Collecting the results for the low-lying and highly super-radiant modes, together with the
non-super-radiant modes, we have the following bounds for the transmission probabilities:

Tj
m ≥

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

sech2
{

1
2 ln(1 − m/m∗) + 1

2rH ω
I j
m

}
for m < 0;

sech2
{

1
2rH ω

I j
m

}
for m = 0;

sech2
{
− 1

2 ln(1 − m/m∗) + 1
2rH ω(1−m/m∗) I j
m

}
for 0 < m < m∗;

sech2
{
− 1

2 ln(m/m∗ − 1) + 1
2rH ω(m/m∗−1) I j
m + J low

m

}
for m∗ ≤ m < 2m∗;

sech2
{

1
2 ln(m/m∗ − 1) + 1

2rH ω
I j
m + J high

m

}
for m ≥ 2m∗.

(84)

Here, m∗ is the “critical” azimuthal angular momentum defined by m∗ = ω/�H, while the quantity
Ij
m is defined in Eq. (58).

VII. FOUR-DIMENSIONAL CASE n = 0

When n = 0 the Myers–Perry spacetime reduces to the usual Kerr spacetime. Furthermore,
the separation constant and effective potential reduce to those discussed in Ref. 11. Ultimately, the
bounds on the greybody factors reduce (as they should) to those of Ref. 11.

VIII. FIVE-DIMENSIONAL CASE n = 1

Let us now take a look at a special case with only one extra dimension n = 1. These are
the (3+1+1)-dimensional [five-dimensional] Myers–Perry black holes. In this case, we have the
simplification

� → r2 + a2 − μ. (85)

A brief computation, starting from Eq. (58), now yields

I n=1
j
m =

(
3

8a�H
− 1

8
+ j2 − a�H

4

)
+
(

3

2
− j2 − 3

8a�H
+ λ j
m

)
rH

a
arctan

(
a

rH

)
. (86)

Interestingly, J low
m has a very simple bound in five-dimensional space-time. For n = 1, we have

J low
m

∣∣∣
n=1

≤ m�H (r0 − rH ) = ω
m

m∗
(r0 − rH ). (87)

Let us now consider J high
m ; this also takes a simpler form in five-dimensional space-time

J high
m

∣∣
n=1 =

∫ ∞

r0

ma

2ω

[
2ω − m� (r )

(r − rH )(r + rH )

]
dr. (88)

For the relevant domain of integration, 2ω > m� (r), then we can conclude that

J high
m

∣∣
n=1 ≤ ma

∫ ∞

r0

1

(r − rH )(r + rH )
dr = ma

rH
ln

√
r0 + rH

r0 − rH
. (89)
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Collecting results, we finally deduce a quite explicit bound for scalar emission from five-dimensional
simply rotating Myers–Perry black holes. The bound is given by

T (n=1)
j
m ≥

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

sech2
{

1
2 ln(1 − m/m∗) + 1

2rH ω
I n=1

j
m

}
for m < 0;

sech2
{

1
2rH ω

I n=1
j
m

}
for m = 0;

sech2
{
− 1

2 ln(1 − m/m∗) + 1
2rH ω(1−m/m∗) I n=1

j
m

}
for 0 < m < m∗;

sech2
{
− 1

2 ln(m/m∗ − 1) + 1
2rH ω(m/m∗−1) I n=1

j
m + ω m
m∗

(r0 − rH )
}

for m∗ ≤ m < 2m∗;

sech2
{

1
2 ln(m/m∗ − 1) + 1

2rH ω
I n=1

j
m + ma
rH

ln
√

r0+rH
r0−rH

}
for m ≥ 2m∗.

(90)
Here, I n=1

j
m is as given in Eq. (86).

IX. DISCUSSION

In this article, we have established certain rigorous bounds on the greybody factors (mode
dependent transmission probabilities) for the Myers–Perry black holes. We have also obtained
(mutatis mutandis) certain rigorous bounds on the emission rates for the super-radiant modes. In the
absence of exact results (the relevant differential equations seem highly resistant to explicit analytic
solution), quantitative bounds along these lines seem to be the best one can do.
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A dilaton is a theoretical particle, which results from the Plank mass raised to a dynamical field. In
this paper, the rigorous bounds on the transmission probabilities for charged black holes, coupled
to a dilaton field in various dimensions, are calculated. The results show that in the absence of the
cosmological constant, the black holes in (2 + 1) dimensions have only one event horizon. Moreover,
the charges of the black holes can increase the transmission probabilities. However, for the black
holes in (3 + 1) dimensions, the charges of the black holes can filter Hawking radiation.

KEYWORDS: dilaton, transmission probability, (2 + 1) dimensions, (3 + 1) dimensions

1. Introduction

According to Stephen Hawking, black holes can emit radiation, which became known as Hawking
radiation [1]. This phenomenon was predicted by the quantum field theory in curved spacetime. The
gravitational potential surrounding the black hole can modify Hawking radiation. Therefore, Hawking
radiation is not considered as blackbody radiation because some of the radiation is reflected back into
the black hole and the rest is transmitted to the spatial infinity. The transmission probability is of
interest because it is a characteristic property of black hole, which depends only on mass, angular
momentum, and charge of the black hole. In this paper, the rigorous bounds on the transmission
probabilities for the charged dilatonic black holes in (2 + 1) and (3 + 1) dimensions are derived.

2. The Charged Dilatonic Black Holes in (2 + 1) Dimensions

The charged dilatonic metric in (2 + 1) dimensions is given by [2, 3]

ds2 = − f (r)dt2 +
4r2

f (r)
dr2 + r2dθ2, (1)

where
f (r) = −2Mr + 8Λr2 + 8Q2. (2)

For M > 8Q
√
Λ, this spacetime describes a black hole with two event horizons

r± =
M ±

√
M2 − 64Q2Λ

8Λ
. (3)

We are only interested in Λ = 0. In this case, the black hole has only one event horizon located at

rh =
4Q2

M
. (4)
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The Schrödinger-like equation is given by[
d2

dr2
∗
+ ω2 − V(r)

]
u(r) = 0, (5)

where
dr∗ =

2r
f (r)

dr (6)

and

V(r) =
(
5M2

8
+ 2m2M

)
1
r
−

(
4MQ2 + 8m2Q2

) 1
r2 +

6Q4

r3 . (7)

The (2 + 1) charged dilatonic potential is plotted with m = 1 and M = 2 for Q = 1, 2 as shown in
Fig. 1. It can be seen that the potential for Q = 2 is higher than that of Q = 1. The coordinate r∗ can
explicitly be written as

r∗ = −
rh

M
ln |r − rh| −

r
M
. (8)

When r → rh, r∗ → ∞ and when r → ∞, r∗ → −∞. The general and robust bounds on the trans-
mission probability can be found in [4]. They are applied to generic systems [5–7] and black hole
greybody factors [3, 8]. The lower bounds on the transmission probabilities are given by [4, 8–10]

T ≥ sech2
(∫ ∞

−∞
ϑdr∗

)
, (9)

where

ϑ =

√
(h′)2 +

(
ω2 − V − h2)2

2h
, (10)

for some positive function h. We set h = ω, then

T ≥ sech2
[

1
2ω

∫ ∞

−∞
Vdr∗

]
= sech2

[
1

2ω

∫ rh

∞

{(
5M2

8
+ 2m2M

)
1
r
−

(
4MQ2 + 8m2Q2

) 1
r2 +

6Q4

r3

}
2r
f (r)

dr
]

= sech2
[(

5M + 16m2

16ω

)
ln

∣∣∣∣∣rmax − rh

rmin

∣∣∣∣∣ − 3M
16ω

]
. (11)

Q = 2
Q = 1

 

0.1

0.2

0.3

0.4

0.5

V

20 40 60 80 100
r

Fig. 1. The (2 + 1) charged dilatonic potential with m = 1 and M = 2 for Q = 1, 2.
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where rmin − rh → 0 and rmax >> rh. The dependence of the transmission probability on the energy
of an emitted particle is plotted with m = 1, M = 2 and Q = 1, 2 as shown in Fig. 2. The dependence
of the transmission probability on the charges of the black hole is plotted with m = 1, M = 2 and
ω = 30. as shown in Fig. 3. Both the graphs show that the transmission probability increases with Q.

3. The Charged Dilatonic Black Holes in (3 + 1) Dimensions

The charged dilatonic metric in (3 + 1) dimensions is given by [3, 11]

ds2 = − f (r)dt2 +
1

f (r)
dr2 + R2(r)dΩ2, (12)

where
f (r) = 1 − r+

r
and R2(r) = r2

(
1 − r−

r

)
, (13)

with

r+ = 2M and r− =
Q2

M
. (14)

By the coordinate transformation

r =
r− +

√
4R2 + r2

−

2
, (15)

Q = 2
Q = 1
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1

T
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Fig. 2. The transmission probability versus the energy of an emitted particle with m = 1, M = 2 and Q = 1, 2.

0.76

0.78

0.8

0.82

0.84

0.86

0.88

0.9

T

0.2 0.4 0.6 0.8 1

Q

Fig. 3. The transmission probability versus the charges of the black hole with m = 1, M = 2 and ω = 30.
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the metric (12) can be rewritten as

ds2 = −F(R)dt2 +
1

F(R)H2(R)
dR2 + R2dΩ2, (16)

where
F(R) = 1 − 2r+

r− +
√

4R2 + r2
−

(17)

and

H(R) =
4R2

4R2 + r2
−
. (18)

Introducing the tortoise coordinate

dR∗ =
dR

F(R)H(R)
, (19)

the equation of motion is given by

∂2U
∂t2 −

∂2U
∂R2
∗
+ V(R) = 0, (20)

where

V(R) = F(R)
[
H(R)

R
d

dR
(F(R)H(R)) +

l(l + 1)
R2

]
. (21)

The (3 + 1) charged dilatonic potential is plotted with l = 0, r+ = 4, and r− = 0.5 as shown in Fig.
4. If r− = 0, we obtain R = r, and the (3 + 1) charged dilatonic potential V(R) is reduced to the
Schwarzschild potential [12]

Vsch(r) =
(
1 − r+

r

) [ l(l + 1)
r2 +

r+
r3

]
. (22)

The comparison between the (3 + 1) charged dilatonic potential and the Schwarzschild potential is
shown in Fig. 5. The lower bound on the transmission probability for l = 0 is

T ≥ sech2
[

1
2ω

∫ ∞

−∞
V(R)dR∗

]

0.003

0.004

0.005

0.006

V

4 5 6 7 8 9 10

R

Fig. 4. The (3 + 1) charged dilatonic potential with l = 0, r+ = 4, and r− = 0.5.
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= sech2
[

1
2ω

∫ ∞

√
r+(r+−r−)

1
R

d
dR

(F(R)H(R))dR
]

= sech2
[
r− − r+
2ωr2

−
ln

∣∣∣∣∣ r+
r+ − r−

∣∣∣∣∣ + 1
2ωr−

]
, (23)

for r− , 0. If r− = 0, the transmission probability for l = 0 becomes

T ≥ sech2
(

1
4ωr+

)
, (24)

which is the transmission probability for the Schwarzschild black hole [12]. The transmission prob-
ability is plotted with r+ = 4 and r− = 2, 0.5, 0 as shown in Fig. 6. The graph shows that the trans-
mission probability decreases as r− increases. This indicates that the charges behave as good barriers
to resist the tunneling of the uncharged scalar particles. This is in agreement with [3] as it should be
because in this paper, we have just rewritten the metric in terms of the new variable R instead of r.

4. Conclusion

In this paper, we have calculated the rigorous bounds on the transmission probabilities for the
charged dilatonic black holes in (2 + 1) and (3 + 1) dimensions. For the charged dilatonic black holes
in (2 + 1) dimensions, we are only interested in the absence of the cosmological constant. The results

V Schwarzschild
V 3+1
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0.002

0.003

0.004

0.005

0.006

0.007

V

4 5 6 7 8 9 10
R

Fig. 5. The comparison between the (3 + 1) charged dilatonic potential and the Schwarzschild potential with
l = 0, r+ = 4, and r− = 0.5.
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Fig. 6. The transmission probability versus the energy of an emitted particle with r+ = 4 and r− = 2, 0.5, 0.
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show that the black hole has only one event horizon instead of two event horizons as in the case of
the presence of the cosmological constant. The results also show that the transmission probability
increases with the charge of the black holes. This result contrasts with the case of the presence of the
cosmological constant.

For the charged dilatonic black holes in (3 + 1) dimensions, we have transformed the coordinates
to rewrite the metric in terms of the new variables. The results show that the charges act as a good
barrier.
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Abstract. Black hole greybody factors carry some quantum black hole information. Studying greybody factors may lead 
to understanding the quantum nature of black holes. However, solving for exact greybody factors in many black hole 
systems is impossible. One way to deal with this problem is to place some rigorous analytic bounds on the greybody 
factors. In this paper, we calculate rigorous bounds on the greybody factors for spin zero hawking radiation for non-zero-
angular momentum mode from the Kerr-Newman black holes. 

Keywords: greybody factors, Kerr-Newman black holes, rigorous bounds. 
PACS: 04.70.Dy, 04.62.+v, 04.70.Bw 

INTRODUCTION 

Classically, a black hole can absorb everything entering it even light. However, this picture was changed when 
we took into account quantum effects. In 1974, Stephen Hawking discovered that a black hole could indeed emit 
radiation. This radiation became known as “Hawking radiation” [1]. Some black hole information is contained in the 
greybody factor. Therefore, understanding the greybody factors may lead to understanding the universe. However, 
in most systems, solving the equation for the greybody factors is very complicated. Instead of finding exact 
solutions, we place some rigorous analytic bound on the greybody factors. In this paper, we calculate rigorous 
bounds on the greybody factors for spin zero hawking radiation for non-zero-angular momentum mode from the 
Kerr-Newman black holes. 

KERR-NEWMAN BLACK HOLE 

The Kerr-Newman metric is given by [2, 3] 

+ ,
22 22 2 2 2 2 2sind d sin d d ( ) d d d ,s t a a t r a rττ ι ι τΓ ς ≅ 0 0 . 0 . . . ς ς ς Γ

 (1)

where 
2 2 2 2 2 22 ( )( ); sin .r Mr a Q r r r r r a τ. 0Γ ≅ 0 . . ≅ 0 0 ς ≅ .  (2)

Here a  is the angular momentum per unit mass of the black holes, M  is the black hole mass, Q  is the black hole 
electric charge, r0  is the inner event horizon, and r.  is the outer event horizon. The horizon radii are given by 

2 2 2r M M a Q≥ ≅ ≥ 0 0 . (3) 
In this work, we are interested in scalar excitation to the Kerr-Newman black holes. The equation of motion takes 
the form 

2

2
*

d ( ) ( ) 0
d m mU r R r
r

0 ≅( ) 0m ( )((m ( )U ( )m ( )U ( )U ( )mm ( ) (4)

where the tortoise coordinate *r  is defined by 
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2 2 2 2

*d d d
( )( )

r a r ar r r
r r r r. 0

. .
≅ ≅

Γ 0 0
 (5) 

and the effective potential ( )mU r( )mU (m  is given by 

 
22

2 2 2 2 2 2 2 2 2 2

( ) 3( ) ( ) .
( ) ( )m m

r r maU r a
r a r a r a r a

ο ζ ζ
⁄ Γ Γ Γ  ≅ . 0 0 0   . . . .  ( 2 2 2m ( ) 2 2 2( 2 2 22 2 2U ( ) 2 2 2m ( ) 2 2 22 2 2 222) 2(

)2 2) 222  (6) 

Here 
 2

1,( ) ( 1) 2 ( )( )m m ma ma H H aο ζ ζ ζ.≅ . 0 . 0, )( )m m m1,( ) ( ) ( 1,ο ( )( ))1m ( ) ( ) () ( )) ( )() 11) ( ) () ( 1) 2 () ( 1) 2 ( 1( 1) 2( 1) 2( 1) 2( )( )( 1) 2( )( 1) 21) , (7) 
where  is the angular momentum quantum number, m  is the azimuthal quantum number, ζ  is the energy of an 
emitted particle, and mH mH  is given by [4] 

 
2 2

2

2 ( ) .
4 1m

mH 0
≅

0mH ≅
2 2( )2 2

2 .
12  (8) 

We can write 
 + ,2( ) ( ) ,m mU r V r mζ ψ≅ 0 0+( ) +m m( )U ( ) ( ) +m ( ) ( )(( ) +  (9) 
where 

 2 2

a
a r

ψ ≅
.

 (10) 

and 

 
2

2 2 2 2 2 2 2 2

( ) 3( ) ( ) .
( ) ( )m m

r rV r a
r a r a r a

ο ζ
⁄ Γ Γ Γ

≅ . 0 . . . ( 2 2 2m ( ) 2 2 2( 2 2 22 2 2V ( ) 2 2 2m ( ) 2 2 22 2 2 22) 2)(
)2 2) 222  (11) 

 

RIGOROUS BOUNDS ON GREYBODY FACTORS 

Because of impossibility of finding exact solutions, we calculate the rigorous bounds on the greybody factors 
instead. These bounds can be found in [5]. They are applied to generic systems in [6-8] and to black hole greybody 
factors [9, 10]. These bounds are given by [11, 12] 

 + ,2
*sech ,T drΜ

♣

0♣
∝ ⌡  (12) 

where 

 
2 2 2[ ( )] [ ( ) ( ) ]

.
2 ( )

mh r U r h r
h r

Μ
⁄ . .

≅
( )m ( )( )

 (13) 

Using the triangle inequality, we obtain 

 
2

2
*

| ( ) ( ) |1 ( ) 1sech ln
2 ( ) 2 2 ( )

m
m

U r h rhT dr
h h r

♣

0♣

.♣
∝ .

0 ♣
 

 

⌡
( )m ( )( )( )

smT sm s  (14) 

Here, ( )h r  is any positive function. In this work, we choose ( )h r mζ ψ≅ 0 . Therefore, 

 2
*

1 ( )sech ln
2 2

.
( )

m
m

VhT dr
h ζ

♣

0♣

♣
∝ .

0♣
 
 
 

⌡
V
*dr*

mV V
dmV

smT sm s  (15) 

We are interested in the non-zero-angular-momentum modes ( 0m ≈ ). We shall divide the non-zero-angular-
momentum modes into two cases: negative-angular-momentum modes 0m ?  and low-lying positive-angular-
momentum modes (0, / )m ζ .∠ Ζ . 

Negative-Angular-Momentum Modes 

In this case, we obtain 
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 2
, 0

arctan( / )( )
/1sech ln(1 / ) ,

2 2

m MQJ

m

a ra K
a rT
r

ο ζ
ζ

ζ

.

.
? .

.

.∫ ∫∫ ∫∝ . Ζ .
∫ ∫
∫ ∫

ο ((m (ο m (

, 0T 0 ∝ / ))/ )/ )/ ))/ )/ ))  (16) 

where 

 2 2

a
a r.

.

Ζ ≅
.

 (17) 

and 

 
2 2 2 2 2

3 2 2

( )(3 )arctan( / ) ( [ 2 ] ) .
8 ( )MQJ
r r a a r r a r a a r r r rK

a r a
. . . 0 . . 0 . 0

.

. . . 0 0
≅

.
 (18) 

 

 
FIGURE 1. The bounds on the greybody factors as a function of ζ  with 2, 2, 2, 1a Q m≅ ≅ ≅ ≅ 02,2  and 3M ≅ . 

 
 

 
FIGURE 2. The bounds on the greybody factors as a function of a  with 1, 2, 2, 1Q mζ ≅ ≅ ≅ ≅ 02,22  and 3M ≅ . 
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FIGURE 3. The bounds on the greybody factors as a function of Q  with 1, 2, 2, 1a mζ ≅ ≅ ≅ ≅ 02,2,2  and 3M ≅ . 

 
Fig. 1 shows the rigorous bound on the greybody factors as a function of frequency. We can see that the bound 
increases with increasing frequency until it reaches the maximum and after that it decreases with increasing 
frequency. Fig. 2 shows the rigorous bound on the greybody factors as a function of angular momentum. The graph 
indicates that the bound decreases when the angular momentum increases. Fig. 3 shows the rigorous bound on the 
greybody factors as a function of electric charge. The graph states that the bound decreases with increasing the 
electric charge. 

Low-Lying Positive-Angular-Momentum Modes 

In this case, we obtain 

 2
, 0

arctan( / )( )
/1sech ln(1 / )

2 2 ( )

m MQJ

m

a ra K
a rT

r m

ο ζ
ζ

ζ

.

.
Α .

. .

.∫ ∫∫ ∫∝ 0 0 Ζ .
0 Ζ∫ ∫

∫ ∫

ο ((m (ο m (

, 0T 0 ∝ / ))/ ) ./ ))/ ))  (19) 

 

 
FIGURE 4. The bounds on the greybody factors as a function of ζ  with 0.2, 0.21, 2, 1a Q m≅ ≅ ≅ ≅m2,2  and 0.3M ≅ . 
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FIGURE 5. The bounds on the greybody factors as a function of a  with 1, 0.21, 2, 1Q mζ ≅ ≅ ≅ ≅2,22  and 0.3M ≅ . 

 

 
FIGURE 6. The bounds on the greybody factors as a function of Q  with 1, 0.2, 2, 1a mζ ≅ ≅ ≅ ≅2,2,2  and 0.3M ≅ . 

 
Fig. 4 shows the rigorous bound on the greybody factors as a function of frequency. Unlike the negative-angular-
momentum modes, we can see that the bound increases with increasing frequency. Fig. 5 shows the rigorous bound 
on the greybody factors as a function of angular momentum. The graph indicates that the bound decreases when the 
angular momentum increases. Fig. 6 shows the rigorous bound on the greybody factors as a function of electric 
charge. The graph states that the bound decreases with increasing the electric charge. 

 

CONCLUSIONS 

In this paper, we have obtained the rigorous bounds on the greybody factors for spin zero Hawking radiation 
from the Kerr-Newman black holes. The results show that the bounds increase with increasing frequency but with 
decreasing angular momentum and electric charge. 
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 
Abstract—When taking into account the quantum effects, a 

black hole can emit the so-called Hawking radiation. This 
Hawking radiation propagates in a curved spacetime due to the 
presence of a black hole. In this paper, the Myers-Perry black 
hole is considered, which is an uncharged, rotating black hole 
occurring in higher dimensions. Scalar Hawking radiation 
emitted from the Myers-Perry black hole is studied. The 
rigorous bounds on the greybody factors for massless scalar 
field of negative-angular-momentum modes are also derived. 
 

Index Terms—Greybody factor, hawking radiation, 
myers-perry black hole, rigorous bound. 
 

I. INTRODUCTION 
The existence of black holes has been predicted by 

Einstein's general theory of relativity. The first solutions of 
the Einstein's field equation were discovered by Karl 
Schwarzschild. His solutions predicted the presence of 
Schwarzschild black holes, which are the uncharged, 
non-rotating black holes. The second type of black hole was 
obtained by solving the Einstein's field equation in 
conjunction with Maxwell's equation. This was done by Hans 
Reissner and Gunnar Nordstrom . Their solutions represented 
the Reissner- Nordstrom  black holes, which are the charged, 
non-rotating black holes. The third set of solutions of the 
Einstein's field equation was discovered by Roy Kerr [1]. His 
solutions described the Kerr black holes, which are the 
uncharged, rotating black holes. The Kerr solutions were 
generalized to higher dimensions by Myers and Perry [2], [3]. 
Their results led to the prediction of Myers-Perry black holes, 
which are the uncharged, rotating black holes in higher 
dimensions. 

When studying the quantum effects of black holes, 
Stephen Hawking showed that black holes can emit thermal 
radiation which became known as Hawking radiation [4]. 
The curvature of spacetime due to the presence of a black 
hole acts as the gravitational potential barrier. The scattering 
of Hawking radiation from this potential can be viewed as 
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one-dimensional scattering problem in quantum mechanics. 
The term ‘greybody factor’ can be defined as the 
transmission probability. 

In this paper, the rigorous bounds on the greybody factors 
for massless scalar field of negative-angular-momentum 
modes emitted from a Myers-Perry black hole will be 
derived. 

 

II. MYERS-PERRY SPACETIME 
The Myers-Perry spacetime can be described by the metric 

[2], [3], [5] 
 

2 2 2 2 2 2 2 2( )sinds dt dr d r a d  

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     and 2 2 2cosr a    .          (2) 

 
Here 2

nd  is the metric on the unit n-sphere nS  which is 
given by 
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n i ni
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The solutions of ( ) 0r   provide the location of the 

black hole event horizons. In this paper, we focus on 
massless scalar field emitted from the Myers-Perry black hole. 
The equation of motion of this scalar field can be described 
by the Klein-Gordon equation 

 

  0g g      ,                         (4) 
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This Klein-Gordon equation governs how the scalar field 

  propagates in the Myers-Perry background. We use the 
separation of variables in this form 
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where ( ) im

mS e   are the spheroidal harmonics and 

1( , , )jn nY    are the hyper-spherical harmonics. The 

spheroidal harmonics satisfy 
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while the hyper-spherical harmonics satisfy 
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where  nS

 is the Laplacian. Then, the radial Teukolsky 

equation is obtained [6]-[8] 
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where the tortoise coordinate 

*r  is defined by 
 

2 2

*
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r a
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r


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
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The relationship between the tortoise coordinate and the 

ordinary coordinate is plotted as shown in Fig. 1. 

 
Fig. 1. Tortoise coordinate as a function of ordinary coordinate. 

 
 

Here the Teukolsky potential ( )j mU r  is given by [5] 
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This Teukolsky potential can be expressed in another form 

as 
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The potential ( )j mV r  is plotted as shown in Fig. 2 for five 

and six dimensions which correspond to n = 1 and n = 2, 
respectively. 

 
 

Fig. 2. The potential ( )j mV r  for n = 1 and n = 2. 
 

III. RIGOROUS BOUNDS ON GREYBODY FACTORS 
We can model the scattering of the massless scalar field 

from the Teukolsky potential as one-dimensional scattering 
problem in quantum mechanics. The term ‘greybody factor’ 
in black hole systems can be defined as the ‘transmission 
probability’. In general situations, finding exact greybody 
factors is difficult due to complicated potentials. Therefore, 
in this paper, some rigorous bounds will be placed on 
greybody factors. These bounds were first developed in [9]. 
Their further developments can be found in [10]-[13] and 
their applications can be found in [14]-[19]. For the radial 
Teukolsky equation in (9), the rigorous bounds on the 
greybody factors are given by 
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for any positive functions 

*( )h r . In this paper, we choose 
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where m < 0. In this case, we obtain 
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and rH is the event horizon radius Since    Hm  

( )h r , we have an inequality 
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Using (14), we can write 
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Using (10), we can change the variable 

*r  to r 
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The above equation can be simplified to 
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Here the hypergeometric function 2F1(a, b, c, z) is defined 

by 
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The bounds on the greybody factors are plotted as shown 

in Fig. 3. 
 

 
 

Fig. 3. The bounds on the greybody factors for n = 1 and n = 2. 
 
In the limit 0a  and  0n j , the quantity 

0j mI  

reduces to 
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2
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which is the result for the Schwarzschild black hole [14]. 

 

IV. CONCLUSION 
In this paper, the rigorous bounds on the greybody factors 

for massless scalar field of negative-angular-momentum 
modes emitted from the Myers-Perry black hole have been 
established. To obtain these bounds, the appropriate function 
h(r*) has been chosen. The number of dimensions of 
spacetime, the angular momentum of the black holes, and the 
mass of the black hole have been determined to have effects 
on these bounds. Note that for n = 0, these bounds reduce to 
bounds for Kerr black holes. For outlook, we can choose 
other forms of h(r*) in order to derive better bounds. 
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 
Abstract—For a usual occurrence of wave scattering, the 

amplitude of the reflected wave is less than that of the incident 
wave because the incident wave loses energy to the reflective 
obstacle. However, for the so-called superradiance phenomenon, 
the amplitude of the reflected wave is more than that of the 
incident wave since the incident wave extracts energy from the 
reflective obstacle. In this paper, a simple toy model of 
superradiance is presented. The results show that for the case of 
superradiance, we derive a conservation of flux instead of the 
conservation of probability. 
 

Index Terms—Conservation, flux, probability, 
superradiance. 
 

I. INTRODUCTION 
The phenomena of scattering can be described by the 

interaction of wave with a reflective physical obstacle. In a 
general situation, the incident wave loses some of its energy 
to the obstacle, resulting in the amplitude of the reflected 
wave being less than that of the incident wave. However, in 
some systems, the incident wave gains energy from the 
obstacle instead of losing energy. Therefore, the amplitude of 
the reflected wave becomes greater than that of the incident 
wave. This unusual phenomenon is called superradiance. 
Matters of superradiance in literature can be found in 
[1]-[20]. 

Despite a long scientific history, superradiance still 
generates some degree of confusion. Part of the confusion 
comes from a lack of understanding of the differences 
between fluxes and probabilities. In this paper, a simple toy 
model of superradiance is presented to clarify the concept. 

 

II. SUPERRADIANCE 
In non-relativistic quantum mechanics, superradiance does 

not take place [21]. To see this, consider the Schrodinger  
equation 
 

2
2( , ) ( , ) ( ) ( , )

2
t xi x t x t V x x t

m
       .        (1) 

 
Assuming the solution 
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/( , ) ( )i tx t e x  ,                          (2) 
 

The Schrodinger  equation becomes 
 

2
2 ( ) [ ( ) ] ( )

2
x x V x x

m
    .                  (3) 

 
On the other hand, in the relativistic regime we have the 

Klein-Gordon equation 
 

2 2( ( )) ( ) ( , ) 0t xi x V x t x        
.          (4) 

 
For a neutral scalar field, we assume the solution 

 
( , ) ( )i tx t e x  .                            (5) 

 
The Klein-Gordon equation becomes 

 
2 2( ) [ ( ) { ( )} ] ( )x x V x x x       .              (6) 

 
In this case, superradiance can occur. We see that the term 

2[ ( )]x   is responsible for superradiance. For a charged 
scalar field, we obtain 
 

2 2( ) [ ( ) { ( ) ( )} ] ( )x x V x x q x x         ,     (7) 
 
where q is the charge of the scalar field. The term 

2[ ( ) ( )]x q x     is also responsible for superradiance. 
 

III. FLUXES IN SUPERRADIANCE PHENOMENON 
In ordinary phenomena of wave scattering, we are familiar 

with the term ‘probability’ through both ‘reflection 
probability’ and ‘transmission probability’. For a more 
general situation, including the case of superradiance, it is 
preferable to calculate the quantities in terms of fluxes rather 
than probabilities. The general conservation law can be 
described by 

 
reflected transmitted dissipated1F F F   .                (8) 

 
In this paper, we are interested in cases of non-dissipation, 

where 
dissipated 0F  . The general cases, including dissipation, 

can be found in [21]. In ordinary cases, if the transmitted flux 
is non-negative 

transmitted 0F  , it can be reduced to 
transmission probability 

transmittedF T . Moreover, the 
reflected flux also reduces to reflection probability 
reflectedF R . Therefore (8) becomes 
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1R T  .                                   (9) 
 
This is the familiar conservation law of probabilities. On 

the other hand, in the case of superradiance, we have 
transmitted 0F  . It cannot be interpreted as the transmission 

probability. Thus, in any situation, we should work with 
quantities in terms of fluxes rather than probabilities. 

 

IV. TOY MODEL FOR SUPERRADIANCE 
Consider the Klein-Gordon equation in 1+1 dimensions 
 

2 2 2( ( )) ( ) ( , ) 0t xi x c V x t x         
.        (10) 

 
Assuming the solution ( , ) ( )i tt x e x  , we obtain 
 

2 2 2( ) [ ( ) { ( )} ] ( )xc x V x x x       .         (11) 
 
Now, we simplify the problem by letting ( ) 0V x   and 

taking 
 

( ) sign( )x x  ,                            (12) 
 

where   is a constant. Moreover, we set 1c  . Therefore, 
(11) becomes 

 
2 2( ) [ sign( )] ( )x x x x     .               (13) 

 
The solutions to (13) are given by 
 

for
for

0
( )

0

ik x ik x

ik x

e e xr
x

te x


 




 

 


,             (14) 

 
where r is the reflection amplitude, t is the transmission 
amplitude, and 

 
2 2( )k 

  .                             (15) 

 
Note that 
 

2 2k k 
 

  .                            (16) 
 
Thus, we obtain 
 

2 2sign sign( ) ( )k k 
 

  .              (17) 
 
Assuming that wave moves from left to right and crosses 

the border at the origin, we have 
 

ik x ik x ik xe re te  
 š .                        (18) 

 
The continuity of the wave function leads to 
 

1 r t  .                                  (19) 
The continuity of the derivative of the wave function leads 

to 
 

(1 )k r k t
 

  .                            (20) 
 
Solving the equations, we obtain 
 

1 (1 )
k

r r
k




   .                           (21) 

 
Rearranging it gives 
 

( ) ( )

( ) ( )

k k
r

k k

 

  
 

 

    
     

   
.      (22) 

 
Since the reflection amplitude is normalization 

independent, the result is valid. The reflected flux is given by 
 

2
2

reflected 2
| |F r




  .                          (23) 

 
However, the transmission amplitude depends on the 

normalization. For the relativistic Klein-Gordon equation, 
the normalization factor is 

 

2| |

ik xe

k





.                                  (24) 

 
Therefore, the normalized solutions to (13) are given by 
 

for

for

0
2| | 2| |

( )

0
2| |

ik x ik x

ik x

e e
x

k k
x

e
x

k

r

t


 





 












 



.       (25) 

 
The continuity of the wave function leads to 
 

1

2| | 2| |

r t

k k
 


 .                          (26) 

 
The continuity of the derivative of the wave function leads 

to 

(1 )
2| | 2| |

k k
r t

k k
 

 

  .                   (27) 

Solving the equations, we obtain 

1 1

2| | 2| |

kr r

kk k


 

 
 .                      (28) 

Rearranging it gives 
 

( ) ( )

( ) ( )

k k
r

k k

 

  
 

 

    
     

   
.      (29) 

Substituting in (26), we obtain 
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| | | |
1

| | | |

k
t

k

 

  




     
     

   
.        (27) 

The reflected flux is given by 

2
2

reflected 2
| |F r




  .                         (28) 

If | | | |   , we have 

2 2

t
  

  

   
    

 

2

2
sign( ) 1




  .                                  (29) 

Therefore, the transmitted flux is given by 
2

2

2
| | 1 0t




   .                          (30) 

We see that 
2

reflected | | 1F t  .                           (31) 

In this case, we can write 
2

transmitted | | 0F t  .                          (32) 

On the other hand, if | | | |   , we have 

2 2( )

( )
t

  

  

    
   

  
 

2

2
sign( ) 1




  .                                   (33) 

The transmitted flux is given by 
2

2

2
| | 1t




  .                             (34) 

We see that 
2

reflected | | 1F t  .                            (35) 

In this case, we can write 
2

transmitted | | 0F t   .                        (36) 

We summarize both the cases by 
2

2
transmitted 2

sign( )| | 1F k k t


 


   .            (37) 

Thus, we can write 

reflected transmitted 1F F  .                       (38) 

Using (17), this can be rewritten as 
2 2| | sign( )| | 1r k k t

 
  .                    (39) 

Explicitly, this is not a conservation of probability, but 

rather, a conservation of flux. 
 

V. CONCLUSION 
Superradiance is a phenomenon of scattering in which the 

amplitude of the reflected wave is more than that of the 
incident wave because the incident wave extracts energy 
from the reflective obstacle. In this paper, a simple toy model 
of superradiance has been presented. In the case of 
superradiance, we have achieved the conservation of flux 
instead of the conservation of probability. The concept of 
conservation of probability is only valid in the absence of 
superradiance. So, in any situation (both with and without 
superradiance) we can write the conservation of flux 

reflected transmitted 1F F                         (40) 

if there is no dissipation. This can be rewritten as 
2 2| | sign( )| | 1r k k t

 
  .                    (41) 
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ABSTRACT

From the quantum point of view, black holes are unstable and emit so-

called Hawking radiation. Speci�cally, the Myers-Perry black holes are

generalized rotating Kerr black holes in higher-dimensions, popular in

both Kaluza-Klein and braneworld scenarios, which might in principle

be detected through their Hawking radiation. One speci�c black hole

characteristic is the greybody factor, de�ned in terms of the transmis-

sion probability of Hawking radiation back-scattered from the black hole

gravitational potential barrier. In this paper, some rigorous bounds on

the greybody factor for spin-zero Hawking radiation emitted in the zero-

angular-momentum mode from the Myers-Perry black holes are calcu-

lated. This calculation serves as a template for other angular momentum

modes.
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Spin-Zero Hawking Radiation: Bounds on the Zero-Angular-Momentum Mode Emission
from Myers-Perry Black Holes

1. Introduction

Classically anything and everything, even light, which enters a black hole
cannot escape. As a consequence, no one can (directly) see the black hole.
However from the quantum point of view, black holes are unstable and emit
so-called Hawking radiation, see ref. (Hawking (1975)). When Hawking radia-
tion propagates in the black hole spacetime, it is modi�ed by the curvature of
spacetime resulting from that black hole. In particular, when Hawking radia-
tion is back scattered from the black hole gravitational potential barrier, only
the transmitted radiation can be observed from spatial in�nity. This modi�ed
Hawking radiation, therefore, can be thought of as greybody radiation. The
quantity known as the greybody factor is de�ned in terms of the transmission
probability.

In this paper some rigorous bounds are calculated for the greybody factors
for spin-zero Hawking radiation, emitted in the zero-angular-momentum mode
from Myers-Perry black holes.

2. Myers-Perry Black Holes

The Myers-Perry black holes are the generalization of four-dimensional Kerr
black holes to (4 + n) dimensions. The (4 + n)-dimensional Myers-Perry black
holes can be described by the (4 + n)-dimensional Myers-Perry metric (Myers
et al. (1986)), (Emparan et al. (2008))

ds2 = −dt2+
Σ

∆
dr2+Σdθ2+(r2+a2) sin2 θdφ2+

µ

rn−1Σ
(dt−a sin2 θdφ)2+r2 cos2 θdΩ2

n,

(1)
where

∆ = r2 + a2 − µ

rn−1
,Σ = r2 + a2 cos2 θ, (2)

and dΩ2
n is the metric on n-sphere which is given by

dΩ2
n = dθ21 + sin2 θ1dθ

2
2 + sin2 θ1 sin2 θ2dθ

2
3 + . . .+

(
n−1∏
i=1

sin2 θi

)
dθ2n. (3)

Here µ is a free parameter that determines the mass and angular momentum
of the black hole. In particular, the mass and angular momentum of the black
hole are de�ned by

MBH =
(n+ 2)An+2

16πG
µ and J =

2a

n+ 2
MBH, (4)

Malaysian Journal of Mathematical Sciences 3
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where An+2 is the area of an (n+ 2)-dimensional unit sphere which is given by

An+2 =
2π(n+3)/2

Γ[(n+ 3)/2]
. (5)

The event horizon is located at rH which can be found from ∆(rH) = 0. We
are interested in spin zero (scalar �eld) Hawking radiation emitted from Myers-
Perry black holes. The equation of motion for scalar �elds on the Myers-Perry
black hole background takes the form

∂µ
(√
−ggµν∂νΦ

)
= 0. (6)

By separation of variables,

Φ(t, r, θ, φ, θ1, . . . , θn) = e−iωteimφR̃j`m(r)S`m(θ)Yjn(θ1, . . . , θn), (7)

the radial equation is given by (Boonserm et al. (2014b))[
d2

dr2∗
− Uj`m(r)

]
Rj`m(r) = 0. (8)

Here r∗ is the tortoise coordinate given by

dr∗ =
r2 + a2

∆(r)
dr. (9)

This can explicitly be expressed as

r∗ =

∫ r

rH

r2 + a2

∆(r)
dr ∼ An ln(r − rH) +Bn(r). (10)

The quantity Uj`m(r) is the Teukolsky potential given by

Uj`m(r) =
∆(r)

(r2 + a2)
2

[
λj`m +

j(j + n− 1)a2

r2
+
n(n− 2)∆(r)

4r2
+
n∆′(r)

2r

− 3r2∆(r)

(r2 + a2)
2 +

(r∆(r))′

r2 + a2

]
−
(
ω − ma

r2 + a2

)2

. (11)

Here λj`m is the separation constant. In this work, we are interested in the
zero-angular-momentum mode (m = 0). Therefore, the Teukolsky potential
becomes

Uj`,m=0(r) =
∆(r)

(r2 + a2)
2

[
λj`,m=0 +

j(j + n− 1)a2

r2
+
n(n− 2)∆(r)

4r2

+
n∆′(r)

2r
− 3r2∆(r)

(r2 + a2)
2 +

(r∆(r))′

r2 + a2

]
− ω2. (12)

4 Malaysian Journal of Mathematical Sciences
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We can rewrite the Teukolsky potential as

Uj`,m=0(r) = Vj`,m=0(r)− ω2, (13)

where

Vj`,m=0(r) =
∆(r)

(r2 + a2)
2

[
λj`,m=0 +

j(j + n− 1)a2

r2
+
n(n− 2)∆(r)

4r2

+
n∆′(r)

2r
− 3r2∆(r)

(r2 + a2)
2 +

(r∆(r))′

r2 + a2

]
. (14)

Figures 1 and 2 shows the potential Vj`,m=0(r) in �ve (n = 1) and six (n = 2)
dimensions.

0
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Figure 1: The Myers-Perry potential for n = 1.

3. Rigorous Bounds on Greybody Factors

In general, the exact greybody factors are impossible to obtain even for the
Schwarzschild black hole, which is by far the simplest case. Thus, it is of interest
to develop new methods in calculating the greybody factors. One of them is to
place some rigorous bounds on the greybody factors. The relevant bounds were
�rst developed in Visser (1999). They were further developed in Boonserm et
al. (2008a), Boonserm et al. (2009), Boonserm (2009), Boonserm et al. (2010a)
and Boonserm et al. (2010b). These bounds have been speci�cally applied to
black hole systems (Boonserm et al. (2008b), Ngampitipan et al. (2013a),
Ngampitipan et al. (2013b), Boonserm et al. (2013) and Boonserm et al.
(2014a)). General and robust bounds on the greybody factors are given by

Malaysian Journal of Mathematical Sciences 5
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Figure 2: The Myers-Perry potential for n = 2.

(Visser (1999), Boonserm et al. (2008a) and Boonserm et al. (2009))

Tj`m ≥ sech2
(∫ ∞
−∞

ϑdr∗

)
, (15)

where

ϑ =

√
[h′(r∗)]2 + [Uj`m(r∗) + h2(r∗)]

2

2h(r∗)
. (16)

and h(r∗) is any positive function. We choose h(r∗) = ω and consider the
m = 0 case. Then,

T ≥ sech2
[

1

2ω

∫ ∞
rH

∣∣∣∣ 1

r2 + a2

{
λj`,m=0 +

j(j + n− 1)a2

r2
+
n(n− 2)∆(r)

4r2

+
n∆′(r)

2r
− 3r2∆(r)

(r2 + a2)
2 +

(r∆(r))′

r2 + a2

}∣∣∣∣∣ dr
]
. (17)

We can show that the argument of the absolute value is positive for r > rH.
Thus, we can write

T ≥ sech2
[

1

2ω

∫ ∞
rH

1

r2 + a2

{
λj`,m=0 +

j(j + n− 1)a2

r2
+
n(n− 2)∆(r)

4r2

+
n∆′(r)

2r
− 3r2∆(r)

(r2 + a2)
2 +

(r∆(r))′

r2 + a2

}
dr

]
. (18)

Performing the �rst integral, we obtain∫ ∞
rH

λj`,m=0

r2 + a2
dr =

λj`,m=0

a
arctan

r

a

∣∣∣∣∞
rH

=
λj`,m=0

a
arctan

a

rH
. (19)

6 Malaysian Journal of Mathematical Sciences
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By integrating by parts, we can show that∫ ∞
rH

1

r2 + a2

[
− 3r2∆(r)

(r2 + a2)
2 +

(r∆(r))′

r2 + a2

]
dr =

∫ ∞
rH

r2∆(r)

(r2 + a2)
3 dr. (20)

This integral can be explicitly performed and gives∫ ∞
rH

r2∆(r)

(r2 + a2)
3 dr =

n

8rH
−
n(n− 2)

(
r2H + a2

)
8(n+ 2)r3H

2F1

(
1,
n+ 2

2
,
n+ 4

2
,− a

2

r2H

)
− a2

4rH (r2H + a2)
+

1

2a
arctan

a

rH
. (21)

Here 2F1 (z1, z2, z3, z4) is the hypergeometric function. The j-dependent inte-
gral yields∫ ∞

rH

j(j + n− 1)a2

r2 (r2 + a2)
dr =

j(j + n− 1)

rH
− j(j + n− 1)

a
arctan

a

rH
. (22)

Calculating the n-dependent integral, we obtain∫ ∞
rH

1

r2 + a2

[
n(n− 2)∆(r)

4r2
+
n∆′(r)

2r

]
dr =

n2
(
r2H + a2

)
4(n+ 2)r3H

2F1

(
1,
n+ 2

2
,
n+ 4

2
,− a

2

r2H

)
+
n(n− 2)

4rH
+
n

a
arctan

a

rH
. (23)

Collecting all the results, we obtain

Tj`,m=0 ≥ sech2
∣∣∣∣ 1

2ωrH
Ij`,m=0

∣∣∣∣ . (24)

Here

Ij`,m=0 =
n(2n− 3)

8
+ j(j + n− 1) +

n
(
r2H + a2

)
8r2H

2F1

(
1,
n+ 2

2
,
n+ 4

2
,− a

2

r2H

)
+

a2

4 (r2H + a2)
+

[
2n+ 1

2
− j(j + n− 1) + λj`,m=0

]
rH
a

arctan
a

rH
.(25)

In the limit a→ 0, n = 0 and j = 0, we obtain

lim
a→0

Ij=0,`,m=0 = lim
a→0

[
− a2

4 (r2H + a2)
+

(
1

2
+ λj=0,`,m=0

)
rH
a

arctan
a

rH

]
=

1

2
+λj=0,`,m=0.

(26)
Figures 3 and 4 show the bounds on the greybody factors as a function of ω
in �ve (n = 1) and six (n = 2) dimensions, respectively. Figures 5 and 6 show
the bounds on the greybody factors as a function of the black hole angular
momentum in �ve (n = 1) and six (n = 2) dimensions, respectively.

Malaysian Journal of Mathematical Sciences 7
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Figure 3: The bounds on the greybody factors as a function of ω for n = 1.

4. Conclusion

In this paper, we have obtained rigorous bounds on the greybody factors
for spin-zero Hawking radiation emitted in the zero-angular-momentum mode
from the Myers-Perry black holes. Qualitatively, the bounds seem to decrease
in higher dimensions. In �ve dimensions corresponding to n = 1, the bounds
decrease when increasing the black hole angular momentum. In six dimensions
corresponding to n = 2, the bounds increase to reach the maximum and start
to decrease when increasing the black hole angular momentum.
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Figure 4: The bounds on the greybody factors as a function of ω for n = 2.
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Figure 5: The bounds on the greybody factors as a function of the black hole angular momentum
for n = 1.
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การหาขอบเขตล่างของความน่าจะเป็นของการส่งผ่านในปัญหาการกระเจิงทาง
ควอนตัมใน 1 มิต ิ

Lower bounds on transmission probabilities in one-dimensional 
quantum scattering problems 

ไตรทศ งามปิติพันธ์1* และ เพชรอาภา บุญเสริม2 
 

บทคัดย่อ 
 
 กลศาสตร์ควอนตมัเป็นทฤษฎีที่ใช้อธิบายพลศาสตร์ของอนุภาคขนาดเล็ก ๆ เช่น อะตอมหรือโมเลกุล เป็นต้น ใน
บทความนีส้นใจศึกษากลศาสตร์ควอนตัมในส่วนท่ีเป็นกลศาสตร์คลืน่ของชเรอดิงเงอร์ สมการศูนย์กลางของกลศาสตร์คลื่นนี้คือ
สมการชเรอดิงเงอร์ โดยการแกส้มการนี้ ท าให้สามารถอธิบายพลศาสตร์ของระบบทางควอนตัมได ้ นอกจากน้ียังได้ศึกษาปัญหา
การกระเจิงทางควอนตัมใน 1 มติิ ค านวณหาฟังก์ชันคลื่นโดยการหาผลเฉลยแม่นตรงของสมการชเรอดิงเงอร์ในกรณีของพลังงาน
ศักย์แบบฟังก์ชันเดลต้าและพลังงานศักย์แบบสี่เหลี่ยมมุมฉาก และน าฟังก์ชันคลื่นที่ได้มาค านวณหาความน่าจะเป็นของการส่งผ่าน
และการสะท้อน รวมทั้งน าเสนอการหาขอบเขตล่างของความน่าจะเป็นของการส่งผ่าน และน ามาประยุกต์ใช้ในปัญหาพลังงานศักย์
แบบฟังก์ชันเดลต้าและพลังงานศกัย์แบบสี่เหลี่ยมมุมฉาก ผลลัพธ์ที่ได้บ่งช้ีว่าความน่าจะเป็นของการส่งผ่านท่ีหาจากผลเฉลยแม่น
ตรงของฟังก์ชันคลื่นมีความสอดคล้องกับขอบเขตล่างของความน่าจะเป็นของการส่งผา่น 

 
Abstract 

 
 Quantum mechanics is the theory that describes dynamics of small objects such as atom and 
molecule. In this paper, Schrodinger’s wave mechanics, a part of quantum mechanics, is studied. The central 
equation of this wave mechanics is the Schrodinger’s equation. Solving this equation, quantum system 
dynamics can be described. In this work, the quantum scattering problem in one dimension is studied. Wave 
functions are obtained by exactly solving the Schrodinger’s equation in case of the delta function potential 
and the rectangular potential. The transmission and reflection probabilities are calculated from the obtained 
wave functions. Lower bounds on the transmission probabilities are presented. Finally, the lower bounds on 
the transmission probabilities are applied to the delta function potential and the rectangular potential 
problems. The results show that the exact transmission probabilities satisfy the lower bounds on the 
transmission probabilities. 
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1. บทน า 
 ในช่วงปลายศตวรรษท่ี 19 ความรู้ทางฟิสิกส์ประกอบไปด้วยวิชาหลัก ๆ คือ กลศาสตร์แบบดั้งเดิม แม่เหล็กไฟฟ้า และ 
อุณหพลศาสตร์ กลศาสตร์แบบดั้งเดิมใช้ท านายการเคลื่อนที่ของวัตถุตั้งแต่วัตถุบนโลกจนกระทั่งวัตถุในเอกภพ แม่เหล็กไฟฟ้าใช้
อธิบายสนามและคลื่นแม่เหล็กไฟฟ้า และอุณหพลศาสตร์ใช้อธิบายความร้อน งาน พลังงาน อุณหภูมิ และเครื่องยนต์ ทั้งหมดนีร้วม
เรียกว่าฟิสิกส์แบบดั้งเดิม ความส าเร็จของฟิสิกส์แบบดั้งเดมิท าให้นักฟิสิกส์หลาย ๆ คนเช่ือกันว่าฟิสิกส์สามารถอธิบาย
ปรากฏการณ์ธรรมชาตไิด้ทั้งหมด อย่างไรก็ตามในช่วงต้นศตวรรษที่ 20 ได้ค้นพบปรากฏการณบ์างอย่างที่ฟิสิกส์แบบดั้งเดมิไม่
สามารถอธิบายได้ เช่น พฤติกรรมของค่าความจุความร้อนต่อโมลแบบปริมาตรคงท่ีของก๊าซไฮโดรเจน เมื่ออุณหภูมิมีคา่ตั้งแต่ต่ า
มากจนกระทั่งสูงมาก เป็นต้น ในปีค.ศ. 1905 อัลเบิร์ต ไอน์สไตน์ได้เสนอทฤษฎสีัมพัทธภาพพิเศษและได้แสดงให้เห็นว่ากลศาสตร์
แบบดั้งเดิมของนิวตันใช้ไมไ่ดเ้มื่อความเร็วของอนุภาคสูงมาก (นั่นคอืเมื่อความเร็วของอนุภาคใกล้เคียงกับความเร็วแสง) นอกจากน้ี
ฟิสิกส์แบบดั้งเดิมยังไมส่ามารถอธิบายปรากฏการณ์ของอนุภาคขนาดเล็ก เช่น ปัญหาการแผ่รังสีของวัตถุด า ปรากฏการณ์โฟโตอิ
เล็กทริก เป็นต้น ในปคี.ศ. 1900 แม็ก พลังค์ได้น าเสนอแนวคิดควอมตัมของพลังงานซึ่งมีใจความว่า การแลกเปลี่ยนพลังงาน
ระหว่างคลื่นแม่เหล็กไฟฟ้ากับสสารจะเกดิขึ้นไดเ้มื่อพลังงานท่ีแลกเปลี่ยนนั้นมีค่าเป็นจ านวนเต็มคณูกับ hf เท่านั้น โดยที่ h 
เรียกว่าค่าคงที่ของพลังค์ และ f คือความถี่ของคลื่น และเรียกพลังงานท่ีไม่ต่อเนื่องนี้ว่าควอนตมั จากแนวคิดนี้ท าให้สามารถ
อธิบายปัญหาการแผร่ังสีของวัตถุด าไดส้ าเร็จ ในปคี.ศ. 1905 ไอน์สไตนไ์ด้น าแนวคิดของพลังค์มาอธิบายปรากฏการณ์โฟโตอิเลก็ 
ทริก ไอน์สไตนไ์ด้เสนอว่าแสงประกอบด้วยอนุภาคเล็ก ๆ ที่เรยีกว่าโฟตอน โดยที่โฟตอนแตล่ะตัวมีพลังงานเท่ากับ hf ท าให้
สามารถอธิบายปรากฏการณ์โฟโตอิเล็กทริกได้ส าเร็จ ในปคี.ศ. 1913 นีลส์ บอร์ ได้น าเสนอแบบจ าลองอะตอมของไฮโดรเจน และ
อธิบายว่าการแลกเปลี่ยนพลังงานระหว่างอะตอมกับคลื่นแม่เหล็กไฟฟ้าจะเกิดขึ้นได้เมื่อพลังงานท่ีแลกเปลี่ยนนั้นมคี่าเป็นจ านวน
เต็มคณูกับ hf เท่านั้น ท าให้เขาสามารถอธิบายการทดลองได้ อยา่งไรก็ตามแนวคิดของบอร์ยังไม่มทีฤษฎีที่น ามารองรับ ในปคี.ศ. 
1923 หลุยส์ เดอบรอยล์ได้น าเสนอว่าไมเ่พียงแต่คลื่นท่ีสามารถประพฤติตัวเป็นอนุภาคได้ แต่อนภุาคก็สามารถประพฤติตัวเป็น
คลื่นได้เช่นกัน ในปคี.ศ. 1925 ทฤษฎีที่เชื่อมโยงผลการทดลองเข้ากับแนวคิดของบอร์ก็ได้ถือก าเนดิขึ้น ทฤษฎีนี้เรียกว่ากลศาสตร์
ควอนตัม ตามประวัติศาสตร์ มีผูว้างรากฐานของกลศาสตร์ควอนตมัไว้สองแนวทาง แนวทางแรกเรียกว่ากลศาสตร์เมทริกซ์ โดย
เวอร์เนอร์ ไฮเซนเบริ์กเป็นผู้ให้ก าเนิดกลศาสตร์เมทริกซ์นี้ในปีค.ศ. 1925 ซึ่งได้แทนปริมาณทางพลศาสตร์เช่น ต าแหน่งของ
อนุภาค พลังงาน โมเมนตัม เป็นต้น ในรูปของเมทริกซ์ ท าให้ไดป้ญัหาค่าไอเกนซึ่งสามารถอธิบายพลศาสตร์ของระบบขนาดเล็ก ๆ 
ได้ แนวทางที่สองเรียกว่ากลศาสตร์คลื่น โดยเออร์วิน ชเรอดิงเงอรเ์ป็นผู้ให้ก าเนดิกลศาสตร์คลื่นนี้ในปีค.ศ. 1926 ซึ่งพัฒนาทฤษฎี
นี้มาจากแนวคิดของเดอบรอยล ์ ทฤษฎีนี้อธิบายพลศาสตร์ของอนุภาคที่มีขนาดเล็ก ๆ ด้วยคลื่นในรูปของสมการคลื่น สมการนี้
เรียกว่าสมการชเรอดิงเงอร์ซึ่งเป็นสมการเชิงอนุพันธ์ ค าตอบของสมการนีจ้ะใหค้่าพลังงานของอนุภาคและฟังก์ชันคลื่นของระบบ 
ในปคี.ศ. 1927 แม็ก บอร์น ได้น าเสนอว่า ก าลังสองของขนาดของฟังก์ชันคลื่นซึ่งเป็นค าตอบของสมการชเรอดิงเงอร์จะแสดงถึง
ความน่าจะเป็นที่จะพบอนุภาค ภายหลังชเรอดิงเงอร์สามารถพิสูจน์ได้ว่ากลศาสตร์เมทริกซ์ของไฮเซนเบิร์กและกลศาสตร์คลื่น
ของชเรอดิงเงอร์มีความสมมลูกัน (Zettili, 2009) 



 โดยสรุป กลศาสตรค์วอนตัมเปน็ทฤษฎีที่ใช้อธิบายปรากฏการณข์องอนุภาคขนาดเล็กท่ีมองไม่เห็นด้วยตาเปล่า เช่น 
อนุภาคในระดบัโมเลกลุหรืออะตอม เป็นต้น กลศาสตร์ควอนตัมเปน็รากฐานของฟิสิกส์ของของแข็ง เลเซอร์ สารกึ่งตัวน า ตัวน า
ยิ่งยวด พลาสมา นอกจากน้ี กลศาสตรค์วอนตัมยังเป็นรากฐานของเคมีและชีววิทยาด้วย 
 ปัญหาการกระเจิงทางควอนตัมใน 1 มิติเป็นการน าสมการชเรอดงิเงอร์มาอธิบายปัญหาการกระเจิงใน 1 มิติ การ
ประยุกต์ใช้สมการชเรอดิงเงอร์เช่นนี้ช่วยให้สามารถเปรียบเทียบความแตกต่างระหว่างปรากฏการณ์แบบดั้งเดิมและแบบควอนตัม
ได้ ปญัหาการกระเจิงเกิดขึ้นเมือ่ฟลักซ์ของอนุภาค (กลุ่มของอนุภาคที่มีมวลและความเร็วเท่ากัน) วิ่งจากบริเวณหนึ่งไปยังอีก
บริเวณหนึ่งที่มีพลังงานศกัย์ต่างกนัโดยที่ค่าพลังงานศักย์นั้นน้อยกวา่ค่าพลังงานรวมของแต่ละอนุภาค ในปรากฏการณ์แบบดั้งเดมิ 
อนุภาคจะทะลุผ่านท้ังหมด ไมม่ีอนุภาคตัวใดสะท้อนกลับมาเลย อย่างไรก็ตาม ในปรากฏการณ์แบบควอนตัม จะมีอนุภาคบางส่วน
สะท้อนกลับมาได้ ถึงแม้ว่าพลังงานรวมของอนุภาคเหล่านั้นจะมากกว่าพลังงานศักย์ก็ตาม ในทางตรงกันข้าม ถ้า ฟลักซ์ของอนุภาค
วิ่งจากบริเวณหนึ่งท่ีค่าพลังงานศักย์น้อยกว่าค่าพลังงานรวมไปยังอีกบริเวณหนึ่งที่ค่าพลังงานศักย์มากกว่าค่าพลังงานรวม อนุภาค
จะสะท้อนกลับท้ังหมดในกรณีของปรากฏการณ์แบบดั้งเดิม อย่างไรก็ตาม ในปรากฏการณ์แบบควอนตัม อนุภาคบางส่วนจะทะลุ
ผ่านได้ ปรากฏการณ์เช่นนี้เรียกว่าปรากฏการณ์ขดุอุโมงค์ (เพชรอาภา, 2556) การศึกษาหรือการท าความเข้าใจปรากฏการณ์ทาง
ควอนตัมในลักษณะเช่นนี้ล้วนแล้วแต่เกี่ยวข้องกับการค านวณค่าความน่าจะเป็นของการส่งผ่านและค่าความน่าจะเป็นของการ
สะท้อนท้ังสิ้น 
 ในปัญหาการกระเจิงทางควอนตัมใน 1 มิติ พลังงานศักย์จะมีค่าแตกต่างกันไปในแต่ละระบบ โดยในบางระบบ พลังงาน
ศักย์มีรูปแบบไม่ซับซ้อน สามารถค านวณหาผลเฉลยแม่นตรงของความน่าจะเป็นของการส่งผ่านได้ อย่างไรก็ตาม ในบางระบบ 
พลังศักย์มีรูปแบบซับซ้อนมากจนกระทั่งไมส่ามารถหาผลเฉลยแม่นตรงของความน่าจะเป็นของการสง่ผ่านได้ ในกรณีเช่นนี้ อาจ
ต้องหาค าตอบเชิงตัวเลขหรือค าตอบแบบประมาณ ในกรณีทีไ่ม่ต้องการความแม่นย าเชิงตัวเลข Visser (1999) ได้น าเสนอการหา
ขอบเขตล่างของความน่าจะเป็นของการส่งผ่านในปัญหาการกระเจงิทางควอนตัมใน 1 มิติ วิธีการนี้จะช่วยในการท าความเข้าใจ
ระบบในเชิงคุณภาพได้ ในบทความนี้ จะน าวิธีการดังกล่าวมาประยุกต์ใช้กับปัญหาพลังงานศักย์แบบฟังก์ชันเดลต้าและพลังงาน
ศักย์แบบสี่เหลี่ยมมุมฉากซึ่งมีผลเฉลยแม่นตรง 
 
2. การหาฟังก์ชันคลื่นในปัญหา 1 มิต ิ
 ในบทความนี้ เราสนใจศึกษากลศาสตรค์ลื่นของชเรอดิงเงอร์ พลศาสตร์ของอนุภาคทีม่ีขนาดเล็ก ๆ สามารถอธิบายได้
ด้วยสมการชเรอดิงเงอร ์

2 2

2

( ) ( ) ( ) ( )
2

d x
V x x E x

m dx


                                                (2.1) 

โดยที่ ( )x  คือฟังก์ชันคลื่น V(x) คือพลังงานศักย ์E คือพลังงานรวมของอนุภาค และ m คือมวลของอนุภาค พจน์แรกอธิบาย

พลังงานจลน์ของอนุภาค พจน์ที่สองอธิบายพลังงานศักย์ และพจน์ที่สามอธิบายพลังงานรวมของอนุภาค เราสามารถเขียนสมการ 
ชเรอดิงเงอร์ใหม่ได้ดังนี ้(เพชรอาภา, 2556) 
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ในการแก้สมการเพื่อหาฟังก์ชันคลืน่ เราจ าเป็นต้องทราบค่าพลังงานศักย์ ในบทความนี้ได้เลือกศกึษาพลังงานศักย์แบบฟังก์ชัน
เดลต้าและพลังงานศักย์แบบสี่เหลีย่มมุมฉาก 
2.1 พลังงานศักย์แบบฟังก์ชันเดลต้า 



 พลังงานศักย์แบบฟังก์ชันเดลต้ามรีูปแบบดังนี ้
( ) ( )V x x                                                              (2.3) 

โดยที่   คือค่าคงที่บวกและ ( )x  คือฟังก์ชันเดลต้าซึ่งนิยามโดย 
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กราฟของฟังก์ชันเดลต้าแสดงในรปูท่ี 1 
 

 
รูปที่ 1 ฟังก์ชันเดลต้า 

 
พิจารณากรณี 0E   เรานิยามปริมาณตา่ง ๆ ดังนี้ 
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สมการชเรอดิงเงอร์คือ 
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ค าตอบของสมการนีค้ือ 
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ฟังก์ชันคลื่นมีความต่อเนื่องที่ 0x   ดังนั้น 1 2(0) (0)   นั่นคือ 

A B C                                                                 (2.9) 
เนื่องจากพลังงานศักย์มีค่าเป็นอนนัต์ที่ 0x   ดังนั้นอนุพันธ์ของฟังก์ชันคลื่นจึงไมต่่อเนื่องที่จุดนี้ นั่นคือ 
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x x
c

 

  

                                                 (2.10) 

โดยที่ 0c   เราสามารถหาค่า c ได้โดยการเขียนสมการ (2.6) ใหม่ดังน้ี 



2
2

02

d ( ) ( ) 2 ( ) ( )
d

x
k x k x x

x


                                                (2.11) 

อินทิเกรตสมการข้างต้นทั้งสองข้างจาก   ถึง  
2

2
02

d ( ) d ( )d 2 ( ) ( )d
d

x
x k x x k x x x

x


  

  

                                     (2.12) 

ดังนั้น 

2
0

d ( ) ( )d 2 (0)
d

x
k x x k

x


 

 

                                             (2.13) 

ให้ 0  จะได ้

0
0 0

d ( ) d ( ) 2 (0)
d dx x

x x
k

x x

 


  

                                            (2.14) 

แทนสมการ (2.8) ลงในสมการ (2.14) จะได ้

02 ( )ikC ikA ikB k A B                                                   (2.15) 

เราสามารถแก้สมการ (2.9) และสมการ (2.15) เพื่อได้ค่า B และ C ในรูปของ A  

0

0

k A
B

ik k



 และ 

0

ikA
C

ik k



                                                (2.16) 

ความน่าจะเป็นของการส่งผ่านและการสะท้อนมีค่าดังนี ้
2

C
T

A
  และ 

2
B

R
A

                                                     (2.17) 

ดังนั้น 
2

2 2
0

k
T

k k



 และ 

2
0

2 2
0

k
R

k k



                                              (2.18) 

ผลลัพธ์นี้เป็นไปตามกฎอนุรักษ์ความน่าจะเป็นท่ีกล่าวไว้ว่า T + R = 1  
2.2 พลังงานศักย์แบบสี่เหลี่ยมมมุฉาก 
 พลังงานศักย์แบบสี่เหลี่ยมมุมฉากมีรูปแบบดังนี ้

0(
0

)
V

V x


 


  เมื่อ
เมื่อ

  
| |
| |
x a

x a




                                                 (2.19) 

กราฟของพลังงานศักย์แบบสี่เหลีย่มมุมฉากแสดงในรูปที่ 2 
 



 
รูปที ่2 พลังงานศักย์แบบสี่เหลี่ยมมุมฉาก 

 
พิจารณากรณี 0 0E V   เรานิยามปริมาณตา่ง ๆ ดังนี้ 

2
2

2mE
k   2 0

2

2 ( )m E V
q


  และ 2 2 20

0 2

2mV
k k q                              (2.20) 

สมการชเรอดิงเงอร์คือ 
2

2 2

d ( ) 2 [ ( )] ( ) 0
d

x m
E V x x

x


                                               (2.21) 

เมื่อ | |x a  จะได ้
2

2
2

d ( ) ( ) 0
d

x
q x

x


                                                       (2.22) 

เมื่อ | |x a  จะได ้
2

2
2

d ( ) ( ) 0
d

x
k x

x


                                                       (2.23) 

ค าตอบของสมการเหลา่นี้คือ 

1

2

3

( )
( )
( )

( )

ikx ikx

iqx iqx

ikx

x

x

x

Ae Be

x Ce De

Ee

















 

 








  
เมื่อ
เมื่อ
เมื่อ

  
x a

a x a

x a

 

  



                               (2.24) 

ฟังก์ชันคลื่นมีความต่อเนื่องที่ x a   ดังนั้น 1 2( ) ( )a a     นั่นคือ 
ika ika iqa iqaAe Be Ce De                                                  (2.25) 

ฟังก์ชันคลื่นยังมีความต่อเนื่องที่ x a  ดังนั้น 2 3( ) ( )a a   นั่นคือ 
ika iqa iqaEe Ce De                                                       (2.26) 

เนื่องจากพลังงานศักย์มีค่าอันตะ ดังนั้นอนุพันธ์ของฟังก์ชันคลื่นมีความต่อเนื่องที่จุดเหล่านี้เช่นกัน ที่ x a   จะได ้

ika ika iqa iqaq q
Ae Be Ce De

k k

                                                (2.27) 

ที่ x a  จะได ้

ika iqa iqaq q
Ee Ce De

k k

                                                    (2.28) 



เราสามารถแก้สมการ (2.25)-(2.28) เพื่อได้ค่า B และ E ในรูปของ A  

  2 2 2 2
2

2 2 2 2( ) ( )

iqa iqa

ika

iqa iqa

k q e eB
e

A k q e k q e







 


  
 และ 

2

2 2 2 2

4
( ) ( )

ika

iqa iqa

E kqe

A k q e k q e




 

  
          (2.29) 

ความน่าจะเป็นของการส่งผ่านและการสะท้อนมีค่าดังนี ้
2 2 2

2 2 4 2
0

4
4 sin (2 )

E k q
T

A k q k qa
 


 และ 

2 4 2
0

2 2 4 2
0

sin (2 )
4 sin (2 )

k qaB
R

A k q k qa
 


               (2.30) 

ผลลัพธ์นี้เป็นไปตามกฎอนุรักษ์ความน่าจะเป็นท่ีกล่าวไว้ว่า T + R = 1  
 ส าหรับพลังงานศักย์ท่ีมีรูปแบบท่ีซับซ้อนมากขึ้น การแก้สมการหาผลเฉลยแม่นตรงอาจไมส่ามารถท าได้ จึงต้องอาศัย
เทคนิคการประมาณมาช่วยในการหาค่าความน่าจะเป็นของการส่งผา่นและการสะท้อน เพชรอาภา (2556) ได้น าเสนอเทคนิคการ
ประมาณค่าแบบดับเบลิยูเคบีมาชว่ยในการหาค่าเหล่านั้นในกรณีทีพ่ลังงานศักย์มีค่ามากกว่าพลังงานรวม  ( )V x E  ใน

บทความนี้จะน าเสนออีกเทคนิคหนึ่งซึ่งช่วยในการค านวณความน่าจะเป็นของการส่งผา่นและการสะทอ้นในกรณีที่พลังงานรวมมคี่า

มากกว่าพลังงานศักย์  ( )E V x  นั่นคือการหาขอบเขตล่างของความน่าจะเปน็ของการส่งผ่าน 

 
3. การหาขอบเขตล่างของความน่าจะเป็นของการส่งผ่าน 
 ในหัวข้อน้ี เป็นการน าเสนอเนื้อหาส่วนหน่ึงของบทความ (Visser, 1999; Boonserm and Visser, 2008; Boonserm, 
2009) ซึ่งเกี่ยวกับการหาขอบเขตล่างของความน่าจะเป็นของการส่งผ่าน พิจารณาสมการชเรอดิงเงอรใ์น 1 มิติ 

2
2

2

d ( ) ( ) ( ) 0
d

x
k x x

x


                                                      (3.1) 

โดยที ่

2
2

2( ) [ ( )]m
k x E V x                                                        (3.2) 

และ V(x) คือพลังงานศักย์ท่ีลู่เข้าสู่ค่าคงท่ีเมื่อ x มีค่าเป็นบวกอนันต์หรือลบอนันต ์
( )V x V                                                           (3.3) 

ค าตอบของสมการ (3.1) ที่ต าแหน่งระยะอนันต์คือ 

( )

ik x ik x

ik x

e e

k k
x

e

k

 



 





 







   





  
เมื่อ

เมื่อ
  

x

x





                               (3.4) 

โดยที ่

2 ( )m E V
k 




                                                        (3.5) 

ความน่าจะเป็นของการสะท้อนและการส่งผ่านมีค่าดังนี้คือ 



2

R



  และ 

21
T


                                                       (3.6) 

โดยใช้กฎการอนรุักษ์ความน่าจะเป็น (T + R = 1) จะได ้
2 2| | | | 1                                                               (3.7) 

ที่ต าแหน่งใด ๆ ท่ีไม่ใช่ระยะอนันต์ เราสมมติค าตอบในรูป 
( ) ( )

( ) ( ) ( )
( ) ( )

i x i xe e
x a x b x

x x

 


 



 
 

                                            (3.8) 

โดยที่ ( ) 0x   และ ( )x  เป็นจ านวนจริง a(x) และ b(x) เป็นจ านวนเชิงซ้อน ค าตอบนี้ต้องลู่เข้าสู่ค าตอบในสมการ (3.4) 

เมื่อ x มีค่าเป็นบวกอนันต์หรือลบอนันต์ นั่นคือ 
( ) ( ) ( ) 1 ( ) ( ) 0x k a x a x b x b x  
             (3.9) 

ในท านองเดียวกัน อนุพันธ์ของฟังก์ชันคลื่นในสมการ (3.8) ต้องลู่เขา้สู่อนุพันธ์ของฟังก์ชันคลื่นในสมการ (3.4) เมื่อ x มีค่าเป็นบวก
อนันต์หรือลบอนันต์ ดังนั้นจึงมีเงือ่นไขเกจ 

( ) ( )d ( ) d ( ) 0
d d( ) ( )

i x i xa x b x
e e

x xx x

 

 


   

    
       

                                   (3.10) 

ดังนั้นอนุพันธ์ของฟังก์ชันคลื่นในสมการ (3.8) มีค่าดังนี้ 

( ) ( )d ( ) ( ) ( ) ( )
d

i x i xx
i x a x e b x e

x

 
                                           (3.11) 

น าสมการ (3.11) มาค านวณอนุพันธ์อันดับสองไดเ้ป็น 
2 2

( ) ( ) ( ) ( )
2

2
( ) ( ) ( ) ( )

d ( ) [ ( )] 2 ( ) d ( ) ( )( ) ( ) ( )
d d( ) ( ) ( )

[ ( )] 2 ( ) d ( ) ( )( ) ( ) ( )
d( ) ( ) ( )

i x i x i x i x

i x i x i x i x

x x i x a x x
a x e b x e e i b x e

x xx x x

x i x b x x
a x e b x e e i a x e

xx x x

   

   

   

  

  

  

 

 

  
       

  
     




  

(3.12) 

เปรียบเทยีบสมการข้างต้นกับสมการ (3.1) จะได ้

  

  

2 ( ) 2 2 2 ( )

2 ( ) 2 2 2 ( )

d ( ) 1 ( ) ( ) ( ) ( ) ( ) ( )
d 2 ( )

d ( ) 1 ( ) ( ) ( ) ( ) ( ) ( )
d 2 ( )

i x i x

i x i x

a x
x b x e i k x x a x b x e

x x

b x
x a x e i k x x b x a x e

x x

 

 

 


 


     








    


         (3.13) 

ส าหรับจ านวนเชิงซ้อนใด ๆ 
*

*d | ( ) | 1 d ( ) d ( )( ) ( )
d 2 | ( ) | d d
a x a x a x

a x a x
x a x x x

 
  

 
                                (3.14) 

จากสมการ (3.13) จะได ้

 

  

* 2 ( ) * 2 ( )

2 2 * 2 ( ) * 2 ( )

d | ( ) | 1 1 ( ) ( ) ( ) ( ) ( )
d 2 | ( ) | 2 ( )

( ) ( ) ( ) ( ) ( ) ( )

i x i x

i x i x

a x
x a x b x e a x b x e

x a x x

i k x x a x b x e a x b x e

 

 










  


  






            (3.15) 



จัดรูปใหมจ่ะได ้

  2 2 * 2 ( )d | ( ) | 1 1 Re ( ) ( ) ( ) ( ) ( )
d 2 | ( ) | 2 ( )

i xa x
x i k x x a x b x e

x a x x

 


    
 

           (3.16) 

จากอสมการรูปสามเหลี่ยมส าหรับจ านวนเชิงซ้อนใด ๆ 
Re( ) | || |AB A B                                                         (3.17) 

จะได ้
d | ( ) | ( ) | ( ) |

d
a x

x b x
x

                                                     (3.18) 

โดยที ่
22 2 2[ ( )] ( ) { ( )}

( )
2 | ( ) |

x k x x
x

x

 




    



                                       (3.19) 

เรานิยามฟังก์ชันใหม่ซึ่งมีค่าบวกเสมอดังน้ี ( ) | ( ) |h x x  ดังนั้น 
22 2 2[ ( )] ( ) ( )

( )
2 ( )

h x k x h x
x

h x


    
                                          (3.20) 

จากสมการ (3.7) จะได ้
2 2| ( ) | | ( ) | 1a x b x                                                        (3.21) 

ดังนั้น 

2d | ( ) | ( ) ( ) 1
d
a x

x a x
x

                                                   (3.22) 

อินทิเกรตอสมการข้างต้นจะได ้

1cosh | ( ) | ( )d
i

f

i

f
x

x

x

x

a x x x                                                    (3.23) 

ใช้เงื่อนไขในสมการ (3.9) เมื่อ ix   และ 
fx   จะได ้

1cosh | | ( )dx x 






                                                      (3.24) 

ดังนั้น 

| | cosh ( )dx x 




 
  

 
                                                     (3.25) 

จากสมการ (3.6) เราจะได ้

2sech ( )dT x x




 
  

 
                                                      (3.26) 

อินทิกรัลด้านขวามือของอสมการ (3.26) คือค่าต่ าสุดที่เป็นไปไดข้องค่าความน่าจะเป็นของการส่งผ่าน ดังนั้นอสมการนี้จึงให้ค่า
ขอบเขตล่างของความน่าจะเป็นของการส่งผ่าน 



 
4. การประยุกต์ใช้เทคนิคในการหาฟังก์ชันคลืน่ในพลังงานศักย์แบบต่าง ๆ 
4.1 พลังงานศักย์แบบฟังก์ชันเดลต้า 
 จากอสมการ (3.26) ขอบเขตล่างของความน่าจะเป็นของการส่งผ่านส าหรับพลังงานศักย์แบบฟังก์ชันเดลต้ามีค่า 

22 2 2
02

[ ( )] 2 ( ) ( )
sech d

2 ( )

h x k k x h x
T x

h x





 
      


 
  

                              (4.1) 

เลือก ( )h x k  ดังนั้น 

 
2

02 2 2 20 0 0
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(4.2) 
เมื่อน าผลเฉลยแม่นตรงที่ไดจ้ากสมการ (2.17) มาเปรียบเทียบกับขอบเขตล่างในอสมการ (4.2) นี้ ได้ผลลัพธ์ดังแสดงในรูปที่ 3 
 

 
รูปที่ 3 กราฟแสดงการเปรียบเทียบความน่าจะเป็นของการส่งผา่นท่ีเป็นผลเฉลยแม่นตรงกับขอบเขตลา่งในกรณีพลังงานศักย์แบบ

ฟังก์ชันเดลต้า 
 
กราฟนี้ได้แสดงว่าผลเฉลยแม่นตรง (2.17) มีค่ามากกว่าค่าขอบเขตล่างที่ปรากฏในอสมการ (4.2) นั่นคืออสมการ (3.26) เป็นจริง 
นอกจากน้ี รูปที่ 3 ได้แสดงว่า ในกรณีของผลเฉลยแม่นตรง ความสัมพันธ์ระหว่างความน่าจะเป็นของการส่งผ่านและค่าพลังงาน
ของอนุภาคเหมือนกันกับในกรณีของค่าขอบเขตล่าง นั่นคือ ความน่าจะเป็นของการส่งผ่านมีคา่มากขึ้นเมื่อพลังงานของอนุภาคมี
ค่ามากขึ้น ดังนั้น อสมการ (4.2) สามารถใช้อธิบายคณุสมบตัิเชิงคุณภาพของการกระเจิงของอนุภาคในพลังงานศักย์แบบฟังก์ชัน
เดลต้าได ้
4.2 พลังงานศักย์แบบสี่เหลี่ยมมมุฉาก 
 จากอสมการ (3.26) ขอบเขตล่างของความน่าจะเป็นของการส่งผ่านส าหรับพลังงานศักย์แบบสีเ่หลีย่มมุมฉากมคี่า 
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เลือก ( )h x k  ดังนั้น 
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เมื่อน าผลเฉลยแม่นตรงที่ไดจ้ากสมการ (2.29) มาเปรียบเทียบกับขอบเขตล่างในอสมการ (4.4) นี้ ได้ผลลัพธ์ดังแสดงในรูปที่ 4 
 

 
รูปที่ 4 กราฟแสดงการเปรียบเทียบความน่าจะเป็นของการส่งผา่นท่ีเป็นผลเฉลยแม่นตรงกับขอบเขตลา่งในกรณีพลังงานศักย์แบบ

สี่เหลี่ยมมมุฉาก 
 
กราฟนี้ได้แสดงว่าผลเฉลยแม่นตรง (2.29) มีค่ามากกว่าค่าขอบเขตล่างที่ปรากฏในอสมการ (4.4) นั่นคืออสมการ (3.26) เป็นจริง 
นอกจากน้ี รูปที่ 4 ได้แสดงว่า ในกรณีของผลเฉลยแม่นตรง ความสัมพันธ์ระหว่างความน่าจะเป็นของการส่งผ่านและค่าพลังงาน
ของอนุภาคเหมือนกันกับในกรณีของค่าขอบเขตล่าง นั่นคือ ความน่าจะเป็นของการส่งผ่านมีคา่มากขึ้นเมื่อพลังงานของอนุภาคมี
ค่ามากขึ้น ดังนั้น อสมการ (4.4) สามารถใช้อธิบายคณุสมบัติเชิงคณุภาพของการกระเจิงของอนุภาคในพลังงานศักย์แบบสี่เหลี่ยม
มุมฉากได ้
 
5. บทสรุป 
 กลศาสตร์ควอนตมัสามารถใช้อธิบายปรากฏการณ์ของอนุภาคขนาดเล็ก ๆ ได้ เช่น อะตอม โมเลกลุ เป็นต้น ในขณะที่
ฟิสิกส์แบบดั้งเดิมไมส่ามารถอธิบายได้ รากฐานของกลศาสตร์ควอนตัมมสีองแบบคือ กลศาสตร์เมทริกซ์และกลศาสตรค์ลื่น ใน



บทความนี้ได้ศึกษากลศาสตร์คลื่นซึ่งพิจารณาว่าอนภุาคประพฤติตัวเป็นคลื่นตามสมมติฐานของเดอบรอยส์ สมการที่ใช้อธิบายคลื่น
ดังกล่าวคือสมการชเรอดิงเงอร ์
 นอกจากน้ียังได้แสดงการหาฟังก์ชันคลื่นในปัญหา 1 มิติโดยการหาผลเฉลยแม่นตรงของสมการชเรอดิงเงอร์ในกรณี
พลังงานศักย์แบบฟังก์ชันเดลต้าและพลังงานศักย์แบบสี่เหลี่ยมมุมฉาก และน ามาค านวณหาความน่าจะเป็นของการส่งผ่านและการ
สะท้อน นอกจากนั้นยังได้น าเสนอการหาขอบเขตล่างของความน่าจะเป็นของการส่งผ่านและน ามาประยุกต์ใช้ในปัญหาพลังงาน
ศักย์แบบฟังก์ชันเดลต้าและพลังงานศักย์แบบสี่เหลี่ยมมุมฉาก พบว่าความน่าจะเป็นของการส่งผา่นท่ีหาจากผลเฉลยแม่นตรงของ
ฟังก์ชันคลื่นมีความสอดคล้องกับขอบเขตล่างของความน่าจะเป็นของการส่งผ่าน 
 ขอบเขตล่างของความน่าจะเป็นของการส่งผ่าน สามารถน ามาใช้อธิบายคุณสมบตัิเชิงคุณภาพของปรากฏการณ์การ
กระเจิงต่าง ๆ ในกลศาสตร์ควอนตัม โดยเฉพาะอย่างยิ่ง ในปญัหาทีไ่ม่สามารถหาผลเฉลยแม่นตรงได ้
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