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Abstract

We generalize the notions of tensor product for operators and Tracy-Singh
product for matrices to the Tracy-Singh product for operators acting on the direct sum of
Hilbert spaces. This kind of operator product is compatible with algebraic operations and
order relations. The Tracy-Singh product of two operators such that each its block is
nonzero is compact if and only if both factors are compact. We provide upper and
lower bounds for certain Schatten p-norms of the Tracy-Singh product of operators. It
turns out that this product is continuous with respect to the topologies on norm ideals of
compact operators, trace class operators, and Hilbert-Schmidt class oper ators. Thus
this product preserves such classes of operators. We also investigate relationship
between Tracy-Singh products and another classes of operators. We show that the
normality, hyponormality, paranormality, and operators of class-A type are preserved by
Tracy-Singh products. are also preserved under Tracy-Singh products. Moreover, we
obtain necessary and sufficient conditions for the Tracy-Singh product of two operators

to be normal, quasinormal, (co)isometry, and unitary.

Keywords : tensor product; Tracy-Singh product; Hilbert space operator; operator

inequality; compact operator



Executive Summary

We propose a natural definition of the Tracy-Singh product for bounded linear

operators acting on the direct sum of Hilbert spaces. Then, we investigate the following:
® algebraic properties
® order properties
® analytic properties
® structural-preserving properties

® relations to various kinds of geometric means.
Our results generalize the results known so far in the literature for both Tracy-Singh
products of matrices and tensor products of operators. Moreover, we obtain new
properties.

In summary, the Tracy-Singh product for Hilbert space operators is compatible
with algebraic operations and order relations. The Tracy-Singh product of two operators
such that each its block is nonzero is compact if and only if both factors are compact.
We provide upper and lower bounds for certain Schatten p-norms of the Tracy-Singh
product of operators. It turns out that this product is continuous with respect to the
topologies on norm ideals of compact operators, trace class operators, and Hilbert-
Schmidt class oper ators. Thus this product preserves such classes of operators. We
also investigate relationship between Tracy-Singh products and another classes of
operators. We show that the normality, hyponormality, paranormality, and operators of
class-A type are preserved by Tracy-Singh products. are also preserved under Tracy-
Singh products. Moreover, we obtain necessary and sufficient conditions for the Tracy-

Singh product of two operators to be normal, quasinormal, (co)isometry, and unitary.
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Chapter 1

Introduction

1.1 Research motivation

In scientific computing, we consider a matrix to be a two-dimensional array
for stacking data. A processing of such data can be performed using matrix
products. One of extremely useful matrix products is the Kronecker product.
For any complex matrices A € M,,,(C) and B € M, ,(C), the Kronecker
product of A and B is given by the block matrix

A®B = [aijB]ij € Minpng(C)-
Equivalently, A ® B is the unique complex matrix of order mp x nq satisfying
(A® B)(z®y) = Az ® By (1.1)

for all x € C* and y € CY4 This matrix product has wide applications
in mathematics, computer science, statistics, physics, system theory, signal
processing, and related fields. See [2, 5, 6, 12] for more information.

Kronecker product was generalized to the Tracy-Singh product of parti-
tioned matrices by Tracy and Singh [10]. Let A = [A;;] € M,,,(C) be a
partitioned matrix with A;; of order m; x n; as the (¢, j)th submatrix where
d>imi =mand > .n; = n. Let B = [By] € M,,(C) be a partitioned
matrix with By, of order py x ¢ as the (k,{)th submatrix where >, pr = p
and ), ¢ = ¢. The Tracy-Singh product of A and B is defined by



where each block A;; ® By, is of order mypy x n;q;. This kind of matrix
product has several attractive properties in algebraic, order, and analytic
points of views; see, e.g., [3, 8, 9, 10]. The Tracy-Singh product can be
applied widely in statistics, econometrics and related fields; see, e.g., [9, 10].

As a natural generalization of a complex matrix, we consider a bounded
linear operator between complex Hilbert spaces. The tensor product of
Hilbert space operators can be viewed as an extension of the Kronecker
product of complex matrices. Using the universal mapping property in the
monoidal category of Hilbert spaces, the tensor product of A € B(#H,H') and
B € B(K,K’) is the unique bounded linear operator from H ® K into H' @ K’
such that for all x € H and y € IC,

(A® B)(z®y) = Az ® By. (1.2)
A fundamental property of tensor product is the mixed product property:
(A® B)(C® D) = AC ® BD. (1.3)

The theory of tensor product of operators has been continuously developed
in the literature; see, e.g., [4, 11].

From the previous discussion, it is natural to extend the notion of tensor
product for operators to the “Tracy-Singh product”of operators. We shall
propose a natural definition of such operator product. It turns out that this
product is compatible with algebraic operations and order relations for op-
erators. One of the most attractive properties, the mixed product property,
also holds for Tracy-Singh products. It follows that this product preserves
attractive properties of operators, such as being invertible, Hermitian, uni-
tary, positive, and normal. Our results generalize the results known so far in
the literature for both Tracy-Singh products of matrices and tensor products
of operators.

1.2 Objectives and scopes

In this research, we develop theory of Hilbert space operators as follows.

1. Provide a natural definition of the Tracy-Singh product for operators
on a Hilbert space.

2. Investigate algebraic, order, structure, and analytic properties for this
product.



All Hilbert spaces considered here are complex Hilbert spaces. All operators
considered here are bounded linear operators.

1.3 Research methodology

1.

Review literature results about Kronecker products and Tracy-Singh
products of matrices.

Review literature results about tensor products of Hilbert space oper-
ators.

Give a natural definition of Tracy-Singh product for operators acting
on a Hilbert space.

Investigate the following algebraic-order properties of Tracy-Singh prod-
uct:

. Bilinearity

I1. Compatibility with usual product, power, adjoint, direct sum

ITII. Compatibility with ordinary inverses, left /right inverses, general-
ized inverses

IV. Positivity and strict positivity preserving
V. Monotonicity with respect to operator orderings
VI. Certain inequalities
Investigate the following structural properties of Tracy-Singh product:
Hermitian, unitary, isometry, co-isometry, partial isometry, idempo-

tent, involuntary, projection, nilpotent, hyponormal, cohyponormal,
semihyponormal, quasihyponormal, semi-quasihyponormal, posinormal

Investigate the following analytic properties of Tracy-Singh product:

I. Lower/upper bounds for operator norm of the Tracy-Singh prod-
uct.

IT. Continuity and convergence with respect to the operator norm
topology



ITI. A necessary and sufficient condition for compactness of the Tracy-
Singh product

IV. Lower/upper bounds for trace norm of the Tracy-Singh product.

V. Continuity and convergence with respect to the trace norm topol-
ogy
VI. Lower/upper bounds for Hilbert-Schmidt norm of the Tracy-Singh
product.

VII. Continuity and convergence with respect to the Hilbert-Schmidt
norm topology.

VIII. Functions of operators.
7. In 4)-6), we use MatLab for computing Kronecker products, Tracy-

Singh products, norms, Moore-Penrose inverses, ranks, eigenvalues,
matrix decompositions, functions of matrices.



Chapter 2

Algebraic and Order Properties
of Tracy-Singh Products for
Operator Matrices

In this chapter, we generalize the tensor product for operators to the Tracy-
Singh product for operator matrices acting on the direct sum of Hilbert
spaces. This kind of operator product is compatible with algebraic operations
and order relations for operators. It follows that this product preserves many
structure properties of operators.

2.1 Defining the Tracy-Singh products for op-
erators

In this section, we introduce the Tracy-Singh product of operators on a
Hilbert space. Then we will show that this product is compatible with ad-
dition, scalar multiplication, adjoint operation, usual multiplication, power,
and direct sum of operator inverses.

Throughout this paper, let H, H', K and K’ be complex Hilbert spaces.
When X and Y are Hilbert spaces, denote by B(X,)) the Banach space of
bounded linear operators from X" into ), and abbreviate B(X, X') to B(X).



The projection theorem for Hilbert spaces allows us to decompose

n m q p
H=00PH H=PH. £K=PkK K=K
j=1 i=1 =1 k=1

where each H;, H;, K;, K}, are Hilbert spaces. Such decompositions are fixed
throughout the paper. For each j = 1,...,n, let E; be the canonical embed-
ding from H; into H, defined by

Z; —> (O,...,O,Q’)j,O,...,O).

Similarly, let F; be the canonical embedding from K; into K for each [ =
1,...,q. Foreachi=1,...,mand k=1,...,p, let P/ : H' — H; and @}, :
K' — K. be the orthogonal projections. Thus, each operator A € B(H,H')
and B € B(K,K’) can be expressed uniquely as operator matrices

A = [A4y]7%, and B = [Buly,

where A;; = P/AE; and By = Q) BF) for each 7,7, k, 1.

Definition 2.1. Let A = [A;];"2, € B(H,H') and B = [Buly_, € B(K,K')
be operator matrices defined as above. We define the Tracy-Singh product of
A and B to be the operator matrix

AR B = [[A; ® Bul,] (2.1)

]
n q m p
which is a bounded linear operator from @ @ H;, @K, to @ @ H, K.

j=1 I=1 i=1 k=1

Note that if both A and B are 1 x 1 block operator matrices i.e. m =n =
p = q = 1, then their Tracy-Singh product A X B is just the tensor product
A® B.

Next, we shall show that the Tracy-Singh product of two linear maps
induced by two matrices is just the linear map induced by the Tracy-Singh
product of these matrices. Recall that for each A € M,,,(C) and B €

M, ,(C), the induced maps

Ly:C"—=C" o+ Az and Lp:C?— CP, y— By

are bounded linear operators. Using the universal mapping property, we
identify C" @ C? with C™ = M, ,(C) together with the canonical bilinear
map (z,y) — v ®y for each (z,y) € C" x CI. It is similar for C™ ® CP.

8



Lemma 2.2. For each A € M,, ,(C) and B € M, ,(C), we have

Proof. For any x®y € C"® CY, we obtain from the mixed product property
of the Kronecker product (1.1) that

(La® Lp)(x®y) = La(r) ® Lp(y)

= (A®B)(z®y) = Ligplr@y).
Thus, by the uniqueness of tensor product, Ly ® L = L 4 p. O

Proposition 2.3. For any complex matrices A = [A;j] and B = [By| parti-
tioned in block-matriz forms, we have

LaRLg = L,gp (2.3)

Proof. Recall that the (i, j)th block of the matrix representation of L4 is the
matrix A;;. It follows from Lemma 5.4 that

LA&LB = HLAU ®LBkl]kl]ij = [[LAij@Bkl]kl]ij = LA@B'

]

2.2 Tracy-Singh products and algebraic op-
erations for operators

The next proposition shows that the Tracy-Singh product is compatible with
the addition, the scalar multiplication and the adjoint operation of operators.

Proposition 2.4. Let A € B(H,H') and B,C € B(K,K') be operator ma-
trices, and let « € C. Then

(@A)X B = a(AXB) = AX (aB), (2.4)
(AXB)" = A*X B”, (2.5)
AR (B+C) = AKB+ AXC, (2.6)
(B+C)XKA =BXRA+CKA. (2.7)



Proof. Since each (4, j)th block of oA is given by (aA);; = aA;;, we get

(0414) XB = “(OzAZ]) & Bkl]kl] = [[Of(A” ® Bkl)]kl] ij = O./(A X B)

]
Similarly, AX (aB) = a(AX B). Since A* = [A]

]i]ij and B* = [Bl*k]kl for all
1,7, k,l, we obtain

(ARB)" = [[A;® Bulyy), = [[Aji ® Bl*k}kl} = AEB

The proofs of (2.6) and (2.7) are done by using the fact that (B + C)y =
By + Cyy for all k, [ together with the left/right distributivity of the tensor
product over the addition. O

Properties (2.4), (2.6) and (2.7) say that the map (A,B) — AKX B is
bilinear.

Proposition 2.5. Let A = [A;;] € B(H,H') and let B € B(K,K') be operator

matrices. Then

AH&B AlngB

Aa.XB --- A,.XB

That is, the (i,7)th block of AKX B is just A;; ¥ B, regardless of how to
partition B.

Proof. 1t follows directly from the definition of the Tracy-Singh product. [J

Remark 2.6. It is not true in general that the (k,l1)th block of AKX B is
AN By.

When H = H; @ Hs and K = K @ Ko, the direct sum of A; € B(H, Kq)
and Ay € B(Ha, K2) is defined to be the operator

A 0

A1 d Ay = {O A,

} € B(H,K).

The next result gives a relation between the direct sum and the Tracy-Singh
product.

10



Proposition 2.7. The Tracy-Singh product is right distributive over the di-
rect sum of operators. That is, for any operator matrices A, B and C, we
have

(A B)XC = (AKC)® (BXC). (2.8)
Proof. 1t follows from Proposition 2.5 that

ARC 0RC]  [ARC 0
ORC BRC|~ | 0 BRC

- (ARC)® (BRO). 0

(A B)RC = [

It is not true in general that the Tracy-Singh product is left distributive
over the direct sum of operators.

The next theorem shows that the Tracy-Singh product is compatible with
the ordinary product of operators. This fundamental property, called the
mixed product property, will be used many times in later discussions.

Theorem 2.1. Let H, H',H",K,K' and K" be complex Hilbert spaces. Let
A = [Aylit € B, R, C = [Cylij—, € B(H,H'), B = [Bulp_, €
B(K',K") and D = [Dy]i;—, € B(K,K') be operator matrices partitioned so
that they are compatible with the decompositions of the corresponding Hilbert

spaces. Then
(AXKB)(CX D) = ACX BD. (2.9)

Proof. Using block multiplication of operators and the mixed product prop-
erty of the tensor product (1.3), we have

(AR B)(CR D) = [[A;® Bkl]lej [[Ci @ D’“l]kl}ij

[ n q
— ZZ(AW ®Bk,8)(cocj ®Dﬁl)
| La=1 B=1 kld 45
T
= [ ID°D (AiCaj ® BigDy)
i La=1 g=1 Kl 45
- ‘
= | AiCoj| R |> BisDg
La=1 ij p=1 Kl
— ACK BD. U

11



Corollary 2.8. For any operator matrices A € B(H) and B € B(K), we
have

(AKB)" = AKX B" (2.10)
for any r € N.

In the rest of section, we investigate structure properties of operators
under taking Tracy-Singh products. Recall that an operator T' € B(H)
is said to be involutary if T? = I, idempotent if T? = T, an isometry if
T*T = 1, a partial isometry if the restriction of T" to a closed subspace is an
isometry, or equivalently, TT*T = T.

Corollary 2.9. Let A € B(H) and B € B(K). If both A and B satisfy one of
the following properties, then the same property holds for AKX B: Hermitian,
unitary, isometry, co-isometry, partial isometry, idempotent, involutary, pro-
jection.

Proof. Applying Theorem 2.1 and Proposition 2.4, we get the results. O]

If A and B are skew-Hermitian operators, then A X B is Hermitian.
Recall that an operator T' € B(H) is said to be nilpotent if there is a positive
integer k such that 7% = 0. The smallest such integer k is called the degree
of nilpotency of T. If A € B(H) and B € B(K) are nilpotent operators with
degrees of nilpotency r and s, respectively, then AX B is also nilpotent with
degree of nilpotency not exceed min{r, s}.

2.3 Tracy-Singh products and operator inverses

Next, we discuss the invertibility of the Tracy-Singh product of operators.
Recall that an operator A € B(H,K) is said to be regular if there is an
operator A~ € B(K, H) such that AA~A = A. The operator A~ is called an
inner inverse of A. An operator X € B(K,H) is said to be an outer inverse
of Aif XAX = X.

Proposition 2.10. Let A € B(H,H') and B € B(K,K’).

(1) If A and B are left invertible with left inverses A and B respectively,
then AX B 1is left invertible and AKX B 1is its left inverse.

12



(i1) If A and B are right invertible with right inverses A and B respectively,
then AX B is right invertible and AX B is its right inverse.

(111) If A and B are regular with inner inverses A~ and B~ respectively,
then AR B is reqular with A~ X B~ as its inner inverse.

(iv) If A and B have A~ and B~ as their outer inverses respectively, then
AN B has A~ X B~ as its outer inverse.

Proof. 1t follows from Theorem 2.1 and the facts that Iy X [y, = Iygy for
any Hilbert spaces X and ). O

As a consequence of (i) and (ii) in Proposition 2.10, we obtain the follow-
ing result.

Corollary 2.11. Let A € B(H) and B € B(K). If A and B are invertible,
then AX B is invertible and

(ARB)™! = A7'®R B (2.11)

Next, we consider a kind of operator inverse, called Moore-Penrose in-
verse. Recall that a Moore-Penrose inverse of A € B(H,K) is an operator
Al € B(K,H) satisfying the following Penrose conditions ([7])

(i) AT is an inner inverse of A ;

(ii) AT is an outer inverse of A ;

(iii) AAT is Hermitian ;

(iv)

It is well known that the following statements are equivalent for A € B(H, K)
(see e.g. [1]):

(i) a Moore-Penrose inverse of A exists ;

At A is Hermitian.

(ii) a Moore-Penrose inverse of A is unique ;
(ili) the range of A is closed.

Theorem 2.2. Let A € B(H,H') and B € B(KC,K'). If A and B have closed
ranges, then
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1. the range of AX B is closed ;
2. (AR B)I = ATX BT.

Proof. Since the ranges of A and B are closed, the Moore-Penrose inverses
A" and B exist and are unique. Making use of Theorem 2.1 and Proposition
2.4, we can verify that AT X BT satisfies the following Penrose equations:

(i) (AR B)(A'RBNYAKRB)=AXB

(iii

1)
(i) (AT BY)(AR B)(AK B) = At K B!
iii)
(iv) ((AT X B")(AX B ) = (ATX BN (AKX B).

(
(AR B)(A'X BY))" = (AR B)(A' X BY)
)

Hence, a Moore-Penrose inverse of AX B exists and it is uniquely determined
by AT X Bf. It follows that AX B has a closed range. m

The results in this section indicate that the Tracy-Singh product is com-
patible with various kinds of operator inverses.

2.4 Tracy-Singh products and operator or-
derings

Now, we focus on order properties of Tracy-Singh products related to alge-
braic properties.

Theorem 2.3. Let A € B(H) and B € B(K).
(i) If A,B >0, then AXB > 0.
(i) If A,B >0, then AKX B > 0.
Proof. Assume A, B > 0. Using Theorem 2.1 and property (2.5), we obtain
ARB = ASARBiBE = (Abmpi) (aimBY)
_ (A%xgé)* (43mB%) >0

Consider the case A, B > 0. We have immediately by (i) that AK B > 0.
By Corollary 2.11, AKX B is invertible. This implies that AX B > 0. ]
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The next result provides the monotonicity of Tracy-Singh product.
Corollary 2.12. Let Ay, Ay € B(H) and By, By € B(K).
(1) If Ay > Ay > 0 and By > By > 0, then Ay X B; > Ay X Bs.
(ii) If Ay > Ay > 0 and By > By > 0, then Ay X By > Ay X Bs.

Proof. Suppose that A; > Ay, > 0 and By > By > 0. Applying Proposition
2.4 and Theorem 2.3 yields

AIXB — A3 X By = A\X B — A X B, + A, X B, — A, X By
— (A — A) R By + A, R (B — By)
> 0.

The proof of (ii) is similar to that of (i). O
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Chapter 3

Analytic Properties of
Tracy-Singh Products for
Operator Matrices

In this chapter, we show that the Tracy-Singh product of Hilbert space oper-
ators is continuous with respect to the operator-norm topology. The Tracy-
Singh product of two nonzero operators is compact if and only if both fac-
tors are compact. We provide upper and lower bounds for certain Schatten
p-norms of the Tracy-Singh product of operators. It turns out that this prod-
uct is continuous with respect to the topologies on norm ideals of compact
operators, trace class operators, and Hilbert-Schmidt class operators. Thus
the Tracy-Singh product preserves such classes of operators.

3.1 Introduction

In matrix theory, one of useful matrix products is the Kronecker product.
Recall that the Kronecker product of two complex matrices A € M,,,(C)
and B € M, ,(C) is given by the block matrix

A®B = [aijB]ij - Mmp,nq<c)-
This matrix product was generalized to the Tracy-Singh product by Tracy

and Singh [3]. Let A = [A;;] € M,,,(C) be a partitioned matrix with A;;
as the (4, j)th submatrix. Let B = [By| € M, ,(C) be a partitioned matrix
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with By as the (k,[l)th submatrix. The Tracy-Singh product of A and B is
defined by

AXB = [[Aij ®Bkl:|kl:|ij € Minp.ng(C).

This kind of matrix product has several attractive properties and can be
applied widely in statistics, econometrics and related fields; see e.g., [3, 5, 8,
9, 10].

The tensor product of Hilbert space operators is a natural extension of
the Kronecker product to infinite-dimensional setting. Theory of Hilbert
tensor product has been continuously investigated in the literature; see, e.g.,
(14, 4, 11]. Tt is well known that the tensor product is continuous with
respect to the operator-norm topology. Moreover, on the norm ideals of
compact operators generated by Schatten p-norm for p = 1,2, co, the tensor
product are also continuous. Recently, the tensor product for operators was
generalized to the Tracy-Singh product for operator matrices acting on the
direct sum of Hilbert spaces in [15]. This kind of operator product satisfies
certain pleasing algebraic and order properties.

In this chapter, we discuss continuity, convergence, and compactness of
the Tracy-Singh product for operators in the operator-norm topology. Then
we obtain relations between Tracy-Singh product and certain analytic func-
tions. We also investigate the Tracy-Singh product on norm ideals of compact
operators generated by certain Schatten p-norms. In fact, this product is
continuous with respect to the Schatten p-norm for p = 1,2, co. Estimations
by such norms for Tracy-Singh products are provided. It follows that trace
class operators and Hilbert-Schmidt class operators are preserved under this
product.

3.2 Reviews of Tracy-Singh products for op-
erator matrices

Throughout, let H, H', K and K’ be complex Hilbert spaces . When X and
Y are Hilbert spaces, denote by B(X,Y") the Banach space of bounded linear
operators from X into Y, and abbreviate B(X, X) to B(X).

In order to define the Tracy-Singh product, we have to fix the decompo-
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sitions of Hilbert spaces, namely,

n m q p
Hn=EPH, "=FPH L£=kKk K=K
j=1 i=1 =1 k=1

where each H;, H;, K;, K} are Hilbert spaces. For each j = 1,...,n and
=1,...,¢,let B; : H; = H and F; : K; — K be the canonical embeddings.
For each i = 1,...,m and k = 1,...,p, let P/ and @} be the orthogonal

projections. Thus, each operator A € B(H,H') and B in B(K,K’) can be
expressed uniquely as operator matrices

A= [Ayl", and B = [Bulpl,

ij=1
where A;; = P/AE; : H; — H, and By = Q,BF, : K, — Kj, for each
1,7, k,l. We define the Tracy-Singh product of A and B to be a bounded
linear operator from @71, H; ® K; to @72, H; ® K}, represented in the
block-matrix form as follows:

AR B = [[Aij @ Bul,,]..-

v

When m = n = p = ¢ = 1, the Tracy-Singh product A X B becomes the
tensor product A ® B.

Lemma 3.1 ([15]). Fundamental properties of the Tracy-Singh product for
operators are listed below (provided that each term is well-defined):

1. The map (A, B) — AX B is bilinear.

2. Compatibility with adjoints: (AX B)* = A*X B*.

3. Mized-product property: (AX B)(CX D) = ACX BD.

4. Compatibility with powers: (AKX B)" = A" X B" for any r € N.
5

. Compatibility with inverses: if A and B are invertible, then AX B 1is
invertible with (AX B)™! = A"'XK B~%.

S

Positivity: if A>0 and B >0, then AKB > 0.
7. Strictly positivity: if A >0 and B > 0, then AKX B > 0.

8. If A and B are partial isometries, then so is AX B. Recall that an
operator T' is a partial isometry if and only if the restriction of T to a
closed subspace is an isometry.
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3.3 Analytic properties of the Tracy-Singh prod-
uct

In this section, we establish some analytic properties of the Tracy-Singh
product involving operator norms. These properties involve continuity, con-
vergence, norm estimates, and certain analytic functions. We denote the
operator norm by || - ||co-

In order to discuss the continuity of the Tracy-Singh product, recall the
following bounds for the operator norm of operator matrices.

Lemma 3.2 ([13]). Let A= [Ay]"", € B(H) be an operator matriz. Then

n2 Y Al < AR < Y0 14yl (3.1)

i,j=1 t,j=1

Lemma 3.3. Let A = [Ay];L, € B(H) be an operator matriz and let (A,);2,
be a sequence in B(H) where A, = [AV]"", for each r € N. Then A, — A

ij lij=1
if and only if AZ(-;-) — A forall i,7=1,...,n.

Proof. Tt is a direct consequence of Lemma 3.2. O

The next theorem explains that the Tracy-Singh product is (jointly) con-
tinuous with respect to the topology induced by the operator norm.

Theorem 3.1. Let A = [A;;] € B(H) and B = [By] € B(K) be opera-
tor matrices, and let (A,)~, and (B,))2, be sequences in B(H) and B(K),
respectively. If A, — A and B, — B, then A,X B, - AX B.

Proof. Suppose that A, — A and B, — B. By Lemma 3.3, we have Ag) —

A;; and B,(J) — By, for each 1, 7, k, . Since the tensor product is continuous,
we have

for each ¢, 7, k,[. It follows that A, X B, - AX B by Lemma 3.3. m

The next theorem provides upper/lower bounds for the operator norm of
the Tracy-Singh product.
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Theorem 3.2. For any operator matrices A = [A;;]2", € B(H) and B =

[Auliiz, € B(K), we have

4=

1
g 1AllelBlloo < AR Blloo < g Alloo]| Blloo- (3.2)

Proof. Tt follows from Lemma 3.2 that

BB < 3304y © Bulle = 3 I Bl
%,J ]
- (Z||Aij||zo)(z||3kln§o) < (ng)*llA]1% 1 B2
i k,l

We also have

AR BIZ > (ng) > > 14 @ Bul = (ng) > > 1 Ail%1Bull%
kl 1,3 kl 1,3
(314612 ) (DIBul) = (o)A B2,
ij k,l

Hence, we obtain the bound (3.2). O
Theorem 3.3. Let A € B(H).

(1) If f is an analytic function on a region containing the spectra of A and
IX A, then
FUXRA) = IK f(A). (3.3)

(11) If f is an analytic function on a region containing the spectra of A and
AN I, then
fART) = f(A)K I, (3.4)

Proof. (i) Since f is analytic on spectra of A and I X A, we have the Taylor
series expansion

It follows that

f(A ZQTAT and  f(I K A) ZaJ&A

r=0
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Making use of the bilinearity of Tracy-Singh product and Theorem 3.1 yields

fURA) = iar(I&Ar) - i([&a,flr}

r=0

= IR A" = IR f(A).
r=0

Similarly, we obtain the assertion (ii). O

Theorem 3.4. Let A € B(H) and B € B(K) be positive operators. For any
a > 0, we have
(AR B)® = A°K B, (3.5)

Proof. First, note that A X B is positive by property (6) of Lemma 3.1. It
follows from the property (4) in Lemma 3.1 that for any r, s € N,

(A*RB:)" = AARB" = (ARB),

and thus (AX B)s = As X B5. Now, for a > 0, there is a sequence (g,)
of positive rational numbers such that ¢, — «. It follows from the previous
claim and the continuity of Tracy-Singh product (Theorem 3.1) that

(AR B)* = lim (AR B)™ = lim A™ X B

n—00 n—00
= lim A X lim B = A*X B“. ]
n—00 n—00

Corollary 3.4. Let A € B(H) and B € B(K) be strictly positive operators.
For any real number o, we have

(AR B)* = A K B, (3.6)

Proof. Note that A X B is strictly positive by property (7) of Lemma 3.1.
For a < 0, it follows from Theorem 3.4 and the property (5) in Lemma 3.1
that

(ARB)* = [(ARB) '™ = (A 'RBH™
= (AHY ™R (B = A°R B~ O

Corollary 3.5. Let A€ B(H,H') and B € B(IC,K'). Then
|AX B| = |A| X |B]. (3.7)
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Proof. Applying Lemma 3.1 and property (3.5), we get

AR B| = (AR B)*(AR B)]z = [(A* X B*)(AK B)|:
— (A"ARB*B): = (A*A)2 X (B*B)z = |A|K|B|. O
Recall the polar decomposition theorem: for any A € B(H,K), there

exists a partial isometry U such that A = U|A|. The next result is a polar
decomposition for the Tracy-Singh product of operators.

Corollary 3.6. Let A € B(H,H') and B € B(K,K'). If A = U|A| and
B = V|B| are polar decompositions of A and B, respectively, then a polar
decomposition of AX B is given by

AXB = (URV)|AK B|. (3.8)

Proof. Let U and V' be partial isometries such that A = U|A| and B = V|B].
It follows from Lemma 3.1(3) and Corollary 3.5 that

ARB = UA|RV|B| = (URV)(JA|K|B|) = (UK V)|AK B|.

Note that U X V' is also a partial isometry, according to property (8) in
Lemma 3.1. Hence, the decomposition (3.8) is a polar one. H

3.4 Tracy-Singh products on norm ideals of
compact operators

In this section, we investigate the Tracy-Singh product on norm ideals of
B(H). Recall that any proper ideal of B(#) is contained in the ideal S, of
compact operators. For any compact operator A € B(H), let (s;(A))52, be
the sequence of decreasingly-ordered singular values of A (i.e. eigenvalues of
|A|). For each 1 < p < oo, the Schatten p-norm of A is defined by

o 1/p
[All, = (ZS?(J‘D) :

i=1

If ||A]|, is finite, we say that A is a Schatten p-class operator. The Schatten
oo-norm is just the operator norm. For each 1 < p < oo, let S, be the
Schatten p-class operators . In particular, S; and S are the trace class
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and the Hilbert-Schmidt class, respectively. Each Schatten p-norm induces
a norm ideal of B(H) and this ideal is closed under the topology generated
by this norm.

Lemma 3.7. Let A = [A;;] € B(H) be an operator matriz. Then A is
compact if and only if A;; is compact for all i, j.

Proof. If A is compact, then A;; = P/AFE; is also compact for each ¢, j due
to the fact that S is an ideal of B(H). Conversely, suppose that A;; is
compact for all 7,7. Recall that a bounded linear operator is compact if
and only if it maps a bounded sequence into a sequence having a convergent
subsequence. Let (z,)2, be a bounded sequence in H = €P;_; H;. Write

T, = [:L',(ﬂl) @ xfnn)]T € @;_, H; for each r € N. Consider

A o A 2t Anat? 4+ Alnxg“n)
Az, = : S ; = :
For each [ = 1,2,...,n, since (x 5)) ° . is bounded, the sequence (AZ]:L‘T )2
has a convergent subsequence, namely, (AU:UT,C) )72 ;. Hence,
A11$q(nk) -+ Alnfﬂ(n)
Az + +A 2!
nldrg nn rk
is a desired convergent subsequence of (Az,)%2;. [
Lemma 3.8 ([13]). Let A = [Ay]]"_, be an operator matriz in the Schatten
p-class.
(1) For1 < p <2, we have
o 1AglE < Al < P2y Ayl (3.9)
i,j=1 i,j=1
(11) For 2 < p < oo, we have
nP Yy Al < Al < D 1Ayl (3.10)
i,j=1 hj=1
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Lemma 3.9. Let 1 < p < co. An operator matric A = [A;;] € B(H) is a
Schatten p-class operator if and only if A;; is a Schatten p-class operator for
all v, 7.

Proof. This is a direct consequence of the norm estimations in Lemma 3.8.

[
Lemma 3.10. Let 1 < p < oo. Let A = [A;5]i5L, be an operator matriz in
the class S, and let (A,))~, be a sequence in S, where A, = [AZ)Lgl for

each r € N. Then A, — A in S, if and only if Ag) — Ajj in S, for all
ij=1,....n

Proof. Lemma 3.9 assures that A;; and Ag) belong to S, for any i,j =
1,...,nand r € N. Consider the case 1 < p < 2. Suppose that A, — A in
S,. For any fixed i, j € {1,...,n}, we have from the estimation (3.9) that

1A — Al < DT IAY — Ayl2 < |14, — Al

i,j=1

Hence, Ag) — A;; in S,. Conversely, suppose Ag) — A;; in S, for each i, j.
Lemma 3.8 implies that

14, — AJ2 < nP72 " [lA — A2
ij=1
Hence, A, —+ Ain §,. The case 2 < p < oo and the case p = oo are done by
using the norm estimations (3.10) and (3.1), respectively. O

Next, we discuss compactness of Tracy-Singh product of operators.

Lemma 3.11 ([11]). Let A € B(H) and B € B(K) be nonzero operators.
Then A ® B is compact if and only if both A and B are compact.

Theorem 3.5. Let A € B(H) and B € B(K) be nonzero operator matrices.
Then AX B is compact if and only if both A and B are compact.

Proof. Write A = [A;j] and B = [By]. For sufficiency, suppose that A and
B are compact. By Lemma 3.7, we deduce that A;; and By are compact
for all 4, j, k,{. It follows from Lemma 3.11 that A;; ® By is compact for all
1,J,k,l. Lemma 3.7 ensures the compactness of AKX B. For necessity part,
reverse the previous procedure. 0
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The following theorem supplies bounds for Schatten 1-norm of the Tracy-
Singh product of operators.

Theorem 3.6. For any nonzero compact operator A = [Ay]", € B(H) and
[Akl] _, € B(K), we have

1
gl Al Bl < AR Bl < nall Al Bl (3.11)

Hence, AR B is trace-class if and only if both A and B are trace-class.

Proof. Suppose that both A and B are nonzero and compact. Then the
operator AKX B is compact by Theorem 3.5. It follows from the norm bound
(3.9) that

AR B[} < (ng)*> ) 145 @ Bullt = (n)* > > 14511 Bull?
kl ij kb g
ng)* (3145 18) (UBulR) < (I ARIBIE.
i, k1l

We also have

48 Bl > 33 Ay @ Bl = 323 A 1Bl
- (Zqu-ml)(ZuBmHl) > (ng) Al B
i k,l

Hence, we obtain the bound (3.11). O

Theorem 3.7. For any nonzero compact operator matrices A € B(H) and
B € B(K), we have

AR Blla = [[All2 | Bll2- (3.12)

Hence, AR B is a Hilbert-Schmidt operator if and only if both A and B are
Hilbert-Schmidt operators.

Proof. Since both A and B are nonzero and compact, the operator AX B is
compact by Theorem 3.5. Write A = [A;;] and B = [By]. Then by Lemma
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3.8(ii), we have

IARBIE = Y 3 Ay @ Bull = > 1451311 Bull3
k.l

i,j kl iJ

= (X 14u13) (X 1Bul3) = 141813
ij K,

Hence, we get the multiplicative property (3.12). ]

The final result asserts that the Tracy-Singh product is continuous with
respect to the topology induced by the Schatten p-norm for each p € {1,2, c0}.

Theorem 3.8. Letp € {1,2,00}. If a sequence (A,)2, converges to A and a

r=1
sequence (B,)2, converges to B in the norm ideal S,, then A, X B, converges

to AX B in S,.

Proof. Write A = [A;;] and B = [By]. In the viewpoint of Lemma 3.10, it
suffices to show that Ag) ® B,(;l") — A;j ® By in S, for all 4,7,k,1. Since
A, — A and B, — B in §,, we have by Lemma 3.10 that Ag) — A;; and
B = By for all i, j, k, . Tt follows that

1AY ® By — Ay @ Bull, = |AY @ B — AY @ By + A ® By — Ai; ® Bull,
< A @ (B — Bu)llp + I(AS) — Ayj) ® Bull,
= A1, 1B = Buallo + 1A — Ally | Buall,
= [[Aill, - 0+ 0 [[Bull, = 0.

Hence, AY) ® By} — Aij ® By, in S, for all 4, j, k. L. O
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Chapter 4

Tracy-Singh Products and
Classes of Operators

In this chapter, we investigate relationship between Tracy-Singh products
and certain classes of Hilbert space operators. We show that the normal-
ity, hyponormality, paranormality of operators are preserved by Tracy-Singh
products. Operators of class-B(H) type are also preserved under Tracy-
Singh products. Moreover, we obtain necessary and sufficient conditions
for the Tracy-Singh product of two operators to be normal, quasinormal,
(co)isometry, and unitary.

4.1 Introduction

Tensor product of bounded linear operators plays a crucial role in functional
analysis and operator theory. Many algebraic-order-analytic properties of
operators are preserved under taking tensor products, but by no means all
of them. Importance results on tensor product involving certain classes of
operators (e.g. positive, unitary, normal, compact) have been noticed by
many mathematicians from the beginning of the theory to nowadays (e.g.
[37]). In the last two decades, the concepts of normality, hyponormality,
and paranormality have been introduced and investigated by many authors,
see e.g., [20, 28, 36]. Relations between tensor products and class-A type
operators also have received much attention, e.g., [25, 26, 27, 34, 35]. See
more information about classes of operators in the monograph [22].
Recently, the notion of tensor product was extended to the Tracy-Singh
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product for Hilbert space operators in [49]. It was shown that compactness,
positivity and strict-positivity of operators are preserved under Tracy-Singh
products [49, 50].

In this paper, we investigate relationship between Tracy-Singh products
and certain classes of operators. We divide such classes into three categories.
The first category consists of nilpotent, (skew)-Hermitian, (co)isometry, and
unitary operators. The second one contains operator normality, hyponor-
mality, and paranormality. The last one is the class-A type operators, which
includes class B(#H)(k), class B(H), quasi-class (B(#), k), quasi-class B(H),
x-class B(H), quasi-*-class B(H), and quasi-*-class (B(#), k) operators. We
will show that the mentioned properties of operators are preserved under
taking Tracy-Singh products. Moreover, we obtain necessary and sufficient
conditions for the Tracy-Singh product of two operators to be normal, quasi-
normal, (co)isometry, and unitary operators.

The paper is structured as follows. The next section supplies some prereq-
uisites about the tensor product and the Tracy-Singh product of operators.
Next, we discuss relationship between Tracy-Singh products and the nor-
mality, hyponormality, and paranormality of operators. Then we consider
Tracy-Singh products and certain properties of operators—being nilpotent,
(skew)-Hermitian, (co)isometry, and unitary. The last section deals with
class A type operators.

4.2 Preliminaries

In what follows, H and IC denote complex separable Hilbert spaces. When X
and Y are Hilbert spaces, denote by B(X,Y’) the Banach space of bounded
linear operators from X into Y, equipped with the operator norm |-|| and
abbreviate B(X, X) to B(X). For Hermitian operators A and B on the same
Hilbert space, we use the notation A > B to mean that A — B is a positive
operator.

In order to define the Tracy-Singh product, we have to fix the orthogonal
decompositions of Hilbert spaces, namely,

H=EPMH K= é/cl
=1

i=1

where all H;’s and K;’s are Hilbert spaces. Any operator A € B(#H) and
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B € B(K) thus can be expressed uniquely as operator matrices

A = [A4]NT and B = [Bulil,

ij=1

where A;; € B(H;,H;) and By € B(K;,Ky) for each i,7,k,I. Then the
Tracy-Singh product of A and B is defined to be

AR B = [[A; ® Bul,,] (4.1)

i’

which is a bounded linear operator from @Tkil H;, ® K, into itself. Note
that when m = n = 1, the Tracy-Singh product A X B reduces to the tensor
product A ® B.

Lemma 4.1 ([49]). Algebraic and order properties of the Tracy-Singh product
for operators are listed here (provided that every operation is well-defined):

1. The map (A, B) — AKX B is bilinear.

2. Compatibility with adjoints: (AKX B)* = A*X B*.

3. Compatibility with ordinary products: (AX B)(C X D) = ACX BD.
4. Compatibility with powers: (AKX B)" = A" X B" for any r € N.

5. Compatibility with inverses: if A and B are invertible, then AX B is
invertible with (AX B)™' = A1 X B~L.

6. Positivity: if A>0 and B >0, then AK B > 0.
7. Monotonicity: if Ay > By and Ay > Bs, then Ay X Ay > B1 K Bs.

Lemma 4.2 ([49]). Let A= [A;;] € B(H) and B € B(K) be operator matri-
ces. Then each (i,j)-block of AR B is A;; X B.

Analytic properties of the Tracy-Singh product for operators are listed
below.

Lemma 4.3 ([50]). Let A = [Ay];%", € B(H) and B = [Bul,;-, € B(K).

Then we have

1
) —AlIBIl < IAR B|| < mn|All||B].
() —IAlIBI < | I < mn| Al B]
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(ii) |[AX B| = |A| X |B|, here the absolute value of A is defined by |A| =
(A*A)z.

(i1i) If A and B are positive operators, then (AKX B)* = A* X B® for any
nonnegative real .

Lemma 4.4. Let A € B(H) and B € B(K).
(i) The condition AR B =0 holds if and only if A=0 or B =0.
(1) f AKB=AXC and A#0, then B=C.

(i) If BRA=CKXA and A+#0, then B = C.

Proof. From the norm estimation in Lemma 4.3(i), one can deduce property
(). Properties (ii) and (iii) follow from (i) and the bilinearity of Tracy-Singh
product in Lemma 4.1. O

Lemma 4.5 ([36]). Let A,C € B(H) and B, D € B(K) be nonzero operators.
Then A® B = C®D if and only if there exists « € C\ {0} such that C = oA
and D = a™'B.

Proposition 4.6. Let A = [Ay];50,C = [Cyl]iZ € B(H) and B =
[Bulii=1; D = [Dulii=, € B(K) be operator matrices such that A, By, Ci;
and Dy are monzero operators for all i,7 = 1,...,m and k,l = 1,...,n.
Then AR B = C ® D if and only if there exists a € C\ {0} such that
C=aA and D =a 'B.

Proof. If C' = aA and D = a™'B for some a € C\ {0}, then by Lemma 4.1,
CRD=(ad)X(a'B)=aa '(AX B) = AK B.

Assume that AKX B = ¢ X D. By using Lemma 4.2, we get A;; X B =
Ci; ®D for all i,j = 1,...,m. For any fixed i,j € {1,...,m}, we have
A @By = Ci; ® Dy for all k,l =1,...,n. Foreachi,j € {1,...,m} and
k,l € {1,...,n}, by applying Lemma 4.5, there exists a;;x € C\ {0} such
that Cj; = o mAi; and Dy = ai_j}lekl. For any fixed i,5 € {1,...,m}, we
have Cj; = a;jmA;; for all k;1 = 1,...,n. This implies that a;;11 = --- =

Qijnn = yj. For any fixed k,l € {1,...,n}, we have Dy = Oéflekz for all
t,7 =1,...,m. It follows that aq; = -+ = aym = a. Thus C;; = aA;; and
Dy =a 'By foralli,j=1,...,mand k,l = 1,...,n. Therefore C = aA
and D = o~ !'B. O]

30



Recall that the commutator of A and B in B(#) is defined by
[A,B] = AB — BA.
Proposition 4.7. Let A,C € B(H) and B,D € B(K).
(1) If [A,C] >0 and [B,D] >0, then [AR B,CX D] > 0.
(i) If [A,C] <0 and [B,D] <0, then [AK B,C K D] < 0.
(iii) If [A,C|] =0 and [B,D]=0, then [AX B,CX D] = 0.

Proof. (i) Since AC' > CA and BD > DB, we have ACX BD > CAX DB
by Lemma 4.1. Then

[ARXB,CR D] = ACRBD - CAX DB > 0.

The assertion (ii) follows from (i) and the fact that —[X, Y] = [Y, X] for any
operators X and Y. The assertion (iii) follows from (i) and (ii). O

4.3 Tracy-Singh products and operator nor-
mality

In this section, we discuss normality of Tracy-Singh products of operators.
The contents can be divided into three parts. The first part deals with general
properties of normality, the second one concerns hyponormality, and the last
one consists of paranormality.

4.3.1 Normality

Recall the following types of operator normality; see e.g. [22, Chapter 2] and
[32] for more details.

Definition 4.8. An operator T' € B(H) is said to be
e normal if [T*,T] =0 ;
e binormal if [T*T,TT*| =0,

e quasinormal if [T, T*T] =0 ;
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e posinormal if T'T™* = T* PT for some positive operator P.

Stochel [36] showed that for non-zero A € B(H) and B € B(K), the

tensor product A ® B is normal (resp. quasinormal) if and only if A and B
are normal (resp. quasinormal). Now, we will extend this result to the case
of Tracy-Singh products.
Theorem 4.1. Let A = [A;]"", € B(H) and B = B2, € B(K) be
operator matrices such that A;; and By are nonzero operators for all i,j =
1L,...omand k,l=1,...,n. Then AX B is normal if and only if so are A
and B.

Proof. If A and B are normal, then by Lemma 4.1 and Proposition 4.7 we
have

(AR B)*, AR B] = [A*"®RB*, AR B] = [A*, A|K[B*,B] = 0,

i.e., AKX B is also normal. Conversely, suppose that A X B is normal. Note
that

AARBB = (ARNB)*(ARB) = (ARB)(AR B)* = AA*R BB*.

By Proposition 4.6, there exists o € C\ {0} such that AA* = aA*A and
BB* = o 'B*B. Since AA* and A*A are positive, we have o > 0. Then

IAI* = A4 = [laA®All = ofl A7,
IBII* = IIBB*|| = lla™'B*B| = o || B|*.
We arrive at a = 1, meaning that both A and B are normal. O]

Theorem 4.2. Let A = [Ay]7", € B(H) and B = B2, € B(K) be
operator matrices such that A;; and By are nonzero operators for all i,j =
1,....omand k,l = 1,...,n. Then AX B is quasinormal if and only if so

are A and B.

Proof. Assume that A and B are quasinormal. Since [A, A*A] = 0 and
B, B*B] = 0, we have

AR B,(ARB)"(AKB)] = [ANB,A*"AK B*B] = 0.
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Hence, AKX B is quasinormal. Suppose that AKX B is quasinormal. Note that

AA*AXR BB*B = (AKX B)(AX B)*(AX B)
= (AX B)* (AKX B)?
= A*A*X B*B>.

Then there exists a € C\ {0} such that A*A? = ¢ AA*A and B*B? =
a~'BB*B. This in turn implies that

(A2)*A2 — A*(A*AQ) — (I(A*A)2,
(BQ>*BQ — B*(B*BQ) — O(il(B*B)Q.
Since (A%)*A? and a(A*A)? are positive, we conclude o > 0. We have
alAlI* = all(A"APP = (A% A% = |42 < [A]*

and, similarly, a=!||B||* < ||B]|*. This forces o = 1 and, thus, both A and B
are quasinormal. O

Proposition 4.9. Let A € B(H) and B € B(K). If both A and B satisfy one
of the following properties, then the same property holds for AKX B: binormal,
posinormal.

Proof. The assertion for binormality follows from Lemma 4.1 and Proposition
4.7. Now, suppose that AA* = A*PA and BB* = B*()B for some positive
operators P and (). By Lemma 4.1, we get

(AN B)(AR B)* = AA*RBB* = A"PAR B*QB
— (AN B)*(PRQ)(AKR B).

According to Lemma 4.1, P X () is positive. Therefore AKX B is posinormal.
]

4.3.2 Hyponormality

Recall the following hyponormal structures of operators; see e.g. [16, 19, 28]
and [22, Chapter 2] for more information.

Definition 4.10. Let p > 0 be a constant. An operator T € B(#) is said to
be
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hyponormal if [T*,T] is positive ;

e p-hyponormal if (T*T)P > (TT*)P ;

e quasihyponormal if T*[T*,T|T is positive ;

e p-quasihyponormal it T*(T*TWT = T*(TT*)PT ;
e cohyponormal if T* is hyponormal ;

e log-hyponormal if T is invertible and log(T*T) > log(TT™).
Definition 4.11. Let T € B(#) have the polar decomposition 7' = U|T|

where U is a unitary operator. The Aluthge transformation of T is defined
by
T = |T|2U|T|z.
Then T is said to be
o w-hyponormal if |T| > |T| > |T*| ;

1
e iw-hyponormal if T is invertible and |T| > (|T|%U|T|%U*|T\%> ’,

Theorem 4.3. Let A € B(H), B € B(K), and let p > 0 be a constant. If both
A and B satisfy one of the following properties, then the same property holds
for AR B: hyponormal, p-hyponormal, cohyponormal, quasihyponormal, p-
quasthyponormal.

Proof. The assertions for hyponormality and cohyponormality follow from
Lemma 4.1 and Proposition 4.7. The assertion for p-hyponormality is done
by applying Lemmas 4.1 and 4.3. Now, suppose that A and B are quasihy-
ponormal. By Lemma 4.1, we obtain
(AXKB)"[(AK B)", AKX B] (AX B)
= (A"XB")((A" X B*)(AX B) - (AX B)(A*X B"))(AX B)
= (A" XB)(A*"XB") AKX B)(AXKB) — (A*X B*)(AX B)(A*X B*)(AX B)
= A"A"AAX B*"B*BB — A"AA*AX B*BB*B.
Since A*A*AA — A*AA*A = A*[A*, A]A > 0 and B*B*BB — B*BB*B =
B*[B*, B|B > 0, we have by Lemma 4.1 that

A*A*AAX B*B*BB — A*AA*AX B*BB*B > 0.
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Hence, (AKX B)* [(AXK B)*, AKX B] (AX B) > 0. This means that AX B is
quasihyponormal.

Assume that A and B are p-quasihyponormal. Lemmas 4.1 and 4.3 to-
gether imply that

(AK B)* (AR B)*(AK B))’ (AK B)
= (A"XB") (A"AR B*B)’ (AKX B)
— A*"(A"APAR B*(B*B)’B
> A*(AA*VPAR B*(BB*)'B
— (A B)* (AA* K BB*)" (AKX B)
— (AR B)" (AR B)(AR B)")" (AR B).

This show that AKX B is p-quasihyponormal. n

Kim [28] investigated the tensor product of log-hyponormal (reps. w-
hyponormal, iw-hyponormal) operators. Now, we consider the case of Tracy-
Singh products.

Lemma 4.12 ([21]). Let S and T be positive invertible operators. Then
1
logT" > log S if and only if T? > (TgSpT%)2 for all p > 0.

Theorem 4.4. Let A € B(H) and B € B(K) be positive invertible operators.
If A and B are log-hyponormal, then AX B is also log-hyponormal.

Proof. Assume that A and B are log-hyponormal operators. Since A and B
are invertible, Lemma 4.1 implies that A X B is invertible. Using Lemmas
4.1 and 4.3, we obtain that for any p > 0,

[(AXB)*(AK B)J?
— (A*AX B*B)
= (A"A)"X (B"B)?
[(A"A)E(AA"P (A" A)8)2 @ [(B*B)$ (BB")(B*B)%]2
(A" )%(Az‘l*)”(A*A)g X (B*B)%(BB*)"(B*B)%|z
[(A*AR B*B)? (AA* K BB*)P (A*AK B*B)%|:
(AR B)* (AR B))* (AR B)(AR B))* (AR B)"(AK B))*]>.
By Lemma 4.12, we have log(AX B)*(AX B) > log(AX B)(AX B)*. This
means that AX B is log-hyponormal. ]

p
2
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Lemma 4.13 ([16]). An operator T € B(H) is w-hyponormal if and only if
1 1
T > (ITEIT|T) ) and |77 < (1773 TIT7) )

Theorem 4.5. Let A € B(H) and B € B(K). If A and B are w-hyponormal,
then AX B is also w-hyponormal.

Proof. Assume that A and B are w-hyponormal. By applying Lemmas 4.1
and 4.3, we have

AR B| = [A|®|B
>(mﬁmmm%5®QBMBmm%5
CERPEEEEEEDE
:=KMP&B!NMW@BW(Mﬁ@Bﬁﬂ;
(|A®B| (AR B)*||AR B[ )
Similarly, we get
(AmBy| = o] 1
< (lplanag) s (1801818 )°
= (1aettiagat 2 3 Bl
= (4w i) (Aim B) (147 @ )
~ (IA® By HAR Bl(AR B[

By Lemma 4.13, the operator AKX B is w-hyponormal. O

Corollary 4.14. Let A € B(H) and B € B(K) be invertible operators. If A
and B are iw-hyponormal, then AX B is also iw-hyponormal.

Proof. 1t follows from Lemma 4.1, Proposition 4.5 and the fact that every
1w-hyponormal operator is w-hyponormal and every invertible w-hyponormal
operator is iw-hyponormal ([28]). O
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4.3.3 Paranormality

Consider the following paranormality of operators; see [17, 18, 29, 33].

Definition 4.15. Let M > 1 be a constant. An operator T' € B(H) is said
to be

o M-paranormal if M*T**T? — 2aT*T + o?I > 0 for all a > 0 ;
e paranormal if T*2T? — 2aT*T + oI > 0 for all a > 0 ;

o M*-paranormal if M?>T*?>T? —2aTT* 4+ o*I > 0forall a >0 ;
o x-paranormal if T**T? — 2aTT* + o*I > 0 for all a > 0.

Recall that an operator 7' € B(H) is an isometry if 7*T = I; it is called
an involution if T? = I.

Proposition 4.16. Let A € B(H), X € B(K) and let M > 1 be a constant.
If X is an isometry and A is M -paranormal (resp. paranormal), then AKX
and X W A are M-paranormal (resp. paranormal).

Proof. Assume that A is M-paranormal and X is an isometry. It follows
that for any a > 0 we have

M (AR X)) (AR X)? —20(ARX)* (AR X) + o*(IX )
= MPAPA? R X X? — 204" AR X*X + TR [
M2PAPA? KT — 20A*ART + o*IR T
= (M?APA? —20A"A+ )R ]
> 0.

Thus AKX is M-paranormal. Similarly, the operator XX A is M-paranormal.
The case of paranormality is just the case of M-paranormality when M =
1. O

Proposition 4.17. Let A € B(H), X € B(K) and let M > 1 be a con-
stant. If X is a self-adjoint involution and A is an M*-paranormal (resp.
x-paranormal) operator, then AKX X and X X A are M-paranormal (resp.
x-paranormal).

Proof. The proof is similar to that of Proposition 4.16. m
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Ando [17] showed that for any paranormal operator A, the tensor products
A®I and I ® A are paranormal. The next result is an extension of this fact
to the case of Tracy-Singh products.

Corollary 4.18. Let A € B(H) and let M > 1 be a constant. If A satisfies
one of the following properties, then the same property hold for AX I and
I X A: paranormal, M -paranormal, x-paranormal, M*-paranormal.

4.4 Tracy-Singh products and operators of
type nilpotent, Hermitian, and isometry

In this section, we discuss relationship between Tracy-Singh products and
certain classes of operators, namely, nilpotent operators, (skew)-Hermitian
operators, (co)isometry operators, and unitary operators. Recall that an
operator T' € B(H) is said to be nilpotent if T* = 0 for some natural number
k.

Proposition 4.19. Let A € B(H) and B € B(K). Then AX B is nilpotent
if and only if A or B is nilpotent.

Proof. 1t follows directly from Lemmas 4.1 and 4.4. ]

Recall that an operator T' € B(#) is Hermitian if 7% = T, and T is
skew-Hermitian if 7% = —T. It follows from Lemma 4.1 that the Tracy-
Singh product of Hermitian operators is also Hermitian. The Tracy-Singh
product of two skew-Hermitian operators is Hermitian. The Tracy-Singh
product between a Hermitian operator and a skew-Hermitian operator is
skew-Hermitian.

Proposition 4.20. Let A € B(H) and B € B(K) be nonzero operators.

1. Assume A X B is Hermitian. Then A is Hermitian (resp. skew-
Hermitian) if and only if B is Hermitian (resp. skew-Hermitian).

2. Assume AN B is skew-Hermitian. Then A is Hermitian (resp. skew-
Hermitian) if and only if B is skew-Hermitian (resp. Hermitian).

Proof. 1t follows directly from Lemmas 4.1 and 4.4. O]
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Recall that an operator T € B(H) is a coisometry if T77* = I. A unitary
operator is an operator which is both an isometry and a coisometry. Stochel
[36] gave a necessary and sufficient condition for A ® B to be an isometry
(resp. a coisometry, unitary). Now, we will extend this result to the case of
Tracy-Singh products.

Proposition 4.21. Let A = [A;]]}7, € B(H) and B = [BulL, € B(K)
be operator matrices such that A;; and By are nonzero operators for all

i,y =1,...,mand k,l = 1,...,n. Then AX B is an isometry (resp. a
coisometry) if and only if so are aA and o' B for some a € C\ {0}.

Proof. If aA and ™' B are isometries, then by Lemma 4.1,
(AR B)*(AX B) = A"AX B*B

= (aA)* (@A) X (o 'B)*(a™'B)

=IXI.
Suppose that A K B is an isometry. Then A*AKX B*B = [ K I. Thus, by
Proposition 4.6, there exists 5 € C\ {0} such that BA*A =TI and f~'B*B =
I. Setting o = /B, we obtain (aA)*(aA) = I and (e 'B)*(a™'B) = I.
Hence aA and o~ !B are isometries. The proof for the case of coisometry is
similar to that of isometry. m

Theorem 4.6. Let A = [A;]"", € B(H) and B = B2, € B(K) be

ij=1
operator matrices such that A;; and By are nonzero operators for all i,j =
1,....mand k,l=1,...,n. Then AR B is unitary if and only if so are a A

and o' B for some o € C\ {0}.
Proof. If A and a~!B are unitary, then Lemma 4.1 implies
(ARB) (AR B) = A*AX B*B = (aA) (aA) X (o 'B)*(a™'B) = I.

Similarly, we have (A X B)(AX B)* = I. Conversely, suppose that A X B
is unitary. We know that A X B is both an isometry and a coisometry. By
Proposition 4.21, there exist o, 3 € C\ {0} such that a4 and a™'B are
isometries, and 8A and 8! B are coisometries. We have (aA)*(ad) =1 =

(BA)(BA)* and
(@™'B)(a™'B) = I = (87'B)(B~'B)".

Since A X B is normal, so are A and B (Theorem 4.1). Then o?AA* =
a?A*A = B?AA* and o 2BB* = o ?B*B = [B72BB*. Since o, 8 > 0, it
comes to the conclusion that o = . Hence aA and o~ !B are unitary. [
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4.5 Tracy-Singh products and class-A type
operators

The following classes of operators bring attention to operator theorists; see
more information in [23, 24, 26, 27, 35].

Definition 4.22. Let £ € N. An operator 7' € B(H) is said to be
e class B(H) if |T?| > |T|? ;
o class B(H)(k) if (T*|TPP*T)™ > |72 ;
o quasi-class B(H) if T*|T*|T > T*|T|*T ;
e quasi-class (B(H), k) if T**|T?|T* > T*|T|°T* ;
o x-class B(H) if |[T? > |T*|*;
o quasi-x-class B(H) if T*|T?|T > T*|T*|*T ;
o quasi-x-class (B(H), k) if T**|T?|T* > T**|T*|*T*.

The next theorem shows that such classes of operators are preserved under
Tracy-Singh products.

Theorem 4.7. Let A € B(H), B € B(K), and let k € N. If both A and
B satisfy one of the following properties, then the same property holds for
AN B: class B(H)(k), class B(H), quasi-class (B(H), k), quasi-class B(H),
x-class B(H), quasi-x-class B(H), quasi-x-class (B(H), k).

Proof. Assume that A and B are class B(H)(k). By Lemmas 4.1 and 4.3,
we get
(AR B) AR B(ABBFT = [(A"RB") (|41 B BI*) (A8 B)] ™
— (A'|AP*AR B*|B*B)
= (AA[*A)FT R (BB B)F
> [APR|Bf
= |AX BJ*.
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Hence AX B is a class B(#H)(k) operator. Now, assume that A and B are
quasi-class B(H)(k). Applying Lemmas 4.1 and 4.3, we get

(AR B |[(AR BR|(AR B)* = (A" @ B*)(|4% B |B%))(4* B BY)
= (A" R B™)(|AP R |B*)(A" & BY)
= (AKX B)*|AX B|*(AX B)".
Hence, AKX B is a quasi-class B(H)(k) operator. The proof for class B(H)
(resp. quasi-class B(#)) is done by replacing & = 1 in the case of class
B(H)(k) (resp. quasi-class (B(#),k)). The proof for the case of quasi *-
class (B(H),k) is similar to that of quasi-class (B(H),k). Similarly, the

proof for x-class B(H) (resp. quasi-x-class A) is done by replacing & = 0
(resp. k = 1) in the case of quasi-x-class (B(H), k). O
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Chapter 5

Tracy-Singh Products and
Geometric Means for Positive
Operators

In this chapter, we investigate relationship between metric/spectral /Sagae-
Tanabe geometric means for several positive operators and Tracy-Singh prod-
ucts in terms of identities and inequalities. In particular, we obtain various
generalizations of arithmetic-geometric-harmonic means inequality and its
reverse. Moreover, we introduce the weighted Sagae-Tanabe spectral geo-
metric mean for several positive operators and deduce its properties related
to Tracy-Singh products.

5.1 Introduction

It is well known that the tensor product (or Kronecker product) plays a
fundamental role in linear algebra, functional analysis and related fields.
Nowadays, theory of tensor products of operators is still developing, see [55]
for instance. Recently, the authors of [49] introduced the Tracy-Singh prod-
uct of operators which generalizes both tensor products of operators and
Tracy-Singh products of complex matrices [54].

On the other hand, geometric means of positive definite matrices arise
naturally in several areas of pure and applied mathematics. There are at
least two types of geometric means. The first one is the metric geometric
mean, introduced by Ando [40]. Recall that the set of n-by-n positive definite
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matrices is a Riemannian manifold, in which the Riemannian metric between
two matrices A and B is given by

§(A,B) = |log A2 BA™||5,

here, ||-||2 denotes the Frobenius norm. The metric geometric mean A#B is
indeed the unique metric midpoint of the geodesic line containing A and B
(see, e.g., [46]). The second one is the spectral geometric mean f, introduced
by Fiedler and Pték [43]. In fact, the square of AjB is similar to the prod-
uct AB, and in particular, its eigenvalues coincide with the positive square
roots of the eigenvalues of AB. See more information about metric/spectral
geometric means in [41, 47] and [42, Chapters 4 and 6].

These two kinds of geometric means can be extended to multiple matrices
by iterative processes, see e.g. [45]). Another such iterative geometric mean
is the Sagae-Tanabe geometric mean, introduced in [52]. One of the most in-
teresting properties of geometric means is the arithmetic-geometric-harmonic
means (AM-GM-HM) inequalities. Indeed, the AM-GM-HM inequality con-
cerning the metric geometric mean was established in [41]. Another version
concerning the Sagae-Tanabe geometric mean were discussed in [52, 38].

The Kronecker product of matrices turns out to be compatible with the
metric geometric mean in the sense that

(A#B) @ (C#D) = (A C)#(B® D) (5.1)

for positive semidefinite matrices A, B, C, D of appropriate sizes (see [41]). Of
course, the similar result for the spectral geometric mean is also true ([45]).
Mooreover, Kilicman and Al Zhour [45] discussed relations between Tracy-
Singh products and metric geometric means, spectral geometric means, and
Sagae-Tanabe geometric means of several positive definite matrices.

In this paper, we develop further theory for geometric means of Hilbert
space operators. We investigate relationship between metric/spectral /Sagae-
Tanabe geometric means and Tracy-Singh products in terms of operator iden-
tities and inequalities. In particular, we obtain various generalizations of the
property (5.1) and the AM-GM-HM inequality and its reverse. Moreover,
we introduce the weighted Sagae-Tanabe spectral geometric mean for several
positive operators and deduce its properties related to Tracy-Singh products.

This paper is organized as follows. Section 4.2 consists of prerequisites on
Tracy-Singh and Khatri-Rao products for Hilbert space operators. In Section
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5.3, we establish certain identities and inequalities between metric geomet-
ric means and Tracy-Singh products of several positive operators. Sections
5.4 and 5.5 deal with spectral geometric means and Sagae-Tanabe metric
geometric means, respectively. In Section 5.6, we define the weighted Sagae-
Tanabe spectral geometric mean for several positive operators and prove
certain results related to Tracy-Singh products.

5.2 Preliminaries

Throughout this paper, let H and K be complex separable Hilbert spaces.
When X and Y are Hilbert spaces, denote by B(X,Y") the Banach space of
bounded linear operators from X into Y, and abbreviate B(X, X) to B(X).
For Hermitian operators A, B € B(H), the notation A > B means that A—B
is a positive operator, while A > 0 indicates that A is positive and invertible.

5.2.1 Tracy-Singh products of operators

The projection theorem for Hilbert spaces allows us to decompose

H=EPH K= é/ck
; =1

where all H; and K are Hilbert spaces. Each operator A € B(H) and
B € B(K) thus can be expressed uniquely as operator matrices
A = [Aij]mnn and B = [Blcl]z:lnzl

1,j=1

where A;; € B(H,;,H;) and By € B(K;, ) for each i,j = 1,...,m and
k.l=1,...,n.

Definition 5.1. Let A = [A;];7", € B(H) and B = [Buly,L, € B(K) be
operator matrices defined as above. The Tracy-Singh product of A and B is
defined to be the operator matrix

AR B = [[A; @ Bul,,] (5.2)

ij

which is a bounded linear operator from @Tkil H; ® K into itself.
Note that if m = n = 1, the Tracy-Singh product A X B reduces to the

tensor product A ® B.
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Lemma 5.2 ([49, 50]). Let A,C € B(H) and B,D € B(K) be compatible
operator matrices.

(i) The Tracy-Singh product is compatible with the usual product in the
sense that

(AR B)(CK D) = ACK BD.

(ii) If A, B >0, then (AK B)* = AKX B® for any real number c.
(i) If A,B >0, then AX B > 0.
(w) If A,B >0, then AKX B > 0.

(v) fA>2C>0and B>D >0, then AXB > CXD.

5.2.2 Compatibility of Khatri-Rao products with alge-
braic operations

The notion of Khstri-Rao product for operators was introduced in [48]. We
now recall the materials on that paper.

From now on, fix the following orthogonal decompositions of Hilbert
spaces:

H = é%j, H = é?‘l;, K = é;le, K = élq (5.3)
=1 =1 3=1 i=1

That is, we fix how to partition any operator matrix in B(#, H') and B(/C, £').
We now extend the Khatri-Rao product of matrices ([56]) to that of operators
on a Hilbert space.

Definition 5.3. Let A = [4;]")") € B(H,H') and B = [By]])", € B(K,K')
be operators partitioned into matrices according to the decomposition (5.3).
We define the Khatri-Rao product of A and B to be the bounded linear
operator from 7_, H; ® K; to @2, H;@K] represented by the block-matrix

ig=1"
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If both A and B are 1 x 1 block operator matrices, then A B is A® B.
When H; = K; = C and H); = K} = C for all 4, j, the Khatri-Rao product is
the Hadamard product of complex matrices.

Note that if m = 1, then A0 B = A® B. We set &;:1141‘ =A =
[J_, A;. For 7 € N — {1} and a finite number of operator matrices A; €
B(H;) (i=1,...,r), denote

X4 = (AARA)R---KA,_)KA,
=1

[[]4 = (AT A)E---0A_) DA,
=1

Next we shall show that the Khatri-Rao product of two linear maps in-
duced by matrices is just the linear map induced by the Khatri-Rao product
of these matrices. Recall that, for each A € M,,,(C) and B € M, ,(C), the
induced maps

Ly:C"—C", x+— Az, and Lp:C?— CP, y— By,

are bounded linear operators. We identify C" @ C? with C"? together with
the canonical bilinear map (z,y) — = ®y for each (z,y) € C* x Cq.

Lemma 5.4. For any A € M,,,(C) and B € M, ,(C), we have

Proof. Recall that the Kronecker product of matrices has the following prop-
erty (see, e.g., [12]):

(A®B)(C®D) = AC® BD

provided that all matrix products are well-defined. It follows that for any
r € C"and y € CY,

(La® Lp)(z ®y) = La(z) ® Lp(y) = La(z) ® Lp(y)
= Ar®By = (A® B)(r®y)
= (A®@B)(zr®y) = Lagplr®y).

The uniqueness of tensor products implies that Ly ® L = L ¢ p. O
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Proposition 5.5. For any complex matrices A = [A;;] and B = [B;;| parti-
tioned in block-matriz form, we have

LaBLg = L,y (5.6)

Proof. Recall that the (i, 7)th block of the matrix representation of L, is

Ly, By Lemma 5.4, we obtain Ly Ly = [La, ® Lp, ], = |Lay o] =
ij

L,gp ]

The next result states that the Khatri-Rao product is bilinear and com-
patible with the adjoint operation.

Proposition 5.6. Let A € B(H,H') and B,C € B(K,K') be operator ma-
trices, and let « € C. Then

(AD B)* = A*[ B, (5.7)
AQD(B+C) = AEB+ ALEC, (5.8)
(B+C)OA = BEA+COEA, (5.9)

(¢A)E B = a(AEB) = AL (aB). (5.10)

Proof. Since A* = [A;J y and B* = [B;‘Z-]ij, we obtain

The fact that (B+C);; = B;;+ C;; for all ¢, j together with the left distribu-
tivity of the tensor product over the addition imply

AT (B+C) = [A; ® (Bij + Cij)l,;
= [(4i; ® By) + (4i; ® Cyj)],;
= AOB+AQQC.

Similarly, we obtain the property (5.9). Since (aA);; = aA;; for all 4, j, we
get

(@A) B = [(ad;j) ® Byjl.. = [a(A; B Byj),

ij

= o(AQB).

ij

Similarly, AG (aB) = a(AH B). O
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By property (5.7), the selfadjointness of operators is closed under taking
Khatri-Rao products, i.e., if A and B are selfadjoint, then so is AL B. The
next proposition shows that in order to compute the Khatri-Rao of operator
matrices, we can freely merges the partition of each operator.

Proposition 5.7. Let A = [Ay]""", € B(H,H') and B = [By];}", €
B(KC,K) be operator matrices represented according to the decomposition
(5.3). We merge the partition of A to be A = [Akl]:jzl where r, s are given
natural numbers such that r < m and s < n. Here, each operator A* is
of my x ny block in which the (g, h)th block of A* is the (u,v)th block of A,
where
9, k=1
u = , my = m,
{Zf__llmi—l—g, k> 1 ; ‘
h, =1 ®
v = , n; = n.
(ST
Similarly, we repartition B = [Bkl};’jzl where each operator B is of my, xn,
block in which the (g, h)th block of B* is the (u,v)th block of B. Then
All B Bll . Als B Bls
AOB = [A"OBY] | = : :
Arl B Brl . Ars ] B"s
That is, each (k,1)th block of AT B is just A¥ [ B*.

Proof. Write AL B = [C’kq:j:l where C* is my, x n; block operator matrix

such that the (g, h)th block of C* is the (u,v)th block of A B. We know
that the (u,v)th block of A B is Ay, ® Byy. Then

[ AL®By - Aip, @ By,
cll = : - :
Amll ® Bm11 e Amlnl & Bm1n1
[ All e A1n1 Bll T B1n1
o T = R
Am11 e Am1n1 Bm11 e Bm1n1
— 14-111 D Bll.

Similarly, we have C* = A¥ I B¥ forallk =1,...,rand [ =1,...,s. [
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Recall that the direct sum of A; € B(H;, H.), i = 1,...,n, is defined to
be the operator matrix

Ay 0 0
0 A 0
Ald--® A4, = : :
0 0 An

The next result shows that the Khatri-Rao product is compatible with the
direct sum of operators.

Proposition 5.8. For each i = 1,...,n, let A; € B(H;,H,) and B; €
B(ICi, ) be compatible operator matrices. Then

<EB Ai> [ (EB B,-) = P B). (5.11)
i=1 i=1 i=1
Proof. 1t follows directly from Proposition 5.7. m

In summary, the Khatri-Rao product is compatible with fundamental
algebraic operations for operators.

5.2.3 The Khatri-Rao product as a generalization of
the Hadamard product
In this section, we explain how the Khatri-Rao product can be viewed as
a generalization of the Hadamard product. To do this, we construct two
isometries which identify which blocks of the Tracy-Singh product we need
to get the Khatri-Rao product.
Fix a countable orthonormal basis £ for H. Recall that the Hadamard

product of A and B in B(H) is defined to be the operator A ® B in B(H)
such that

((A© Ble,e) = (Ae,e)(Be,e)
for all e € £. More explicitly, it was shown in [67] that

AGB = U (A® B)U (5.12)
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where U : H — H ® H is the isometry defined by Ue = e ® e for all e € £.
When H = C™ and & is the standard ordered basis of C", the Hadamard
product of two matrices reduces to the entrywise product (?7).

We now extend selection matrices in [61] to selection operators. Fix an
ordered 4-tuple (H,H', K, K') of Hilbert spaces endowed with decompositions
(5.3). For each r = 1,...,m, consider the operator matrix

é%;@olq — é%;e@lc;,
=1

i=1

E, = |E)]

m
g,h=1 ‘

where E;Z) is the identity operator if ¢ = h = r and the others are zero
operators. Similarly, for s = 1,...,n, we define the operator matrix

n

F, = [F;Z)Lh:1  PH; 0K~ PH K,
’ J:l

Jj=1

where F! g(,i) is the identity operator if ¢ = h = s and the others are zero
operators. Now construct

E Fy
Zy = | ¢ and Zy = | 1 |. (5.13)

E,., F,
We call Z; and Z, selection operators associated with the ordered tuple
(H,H',K,K'). Notice that Z; depends only on the ordered tuple (H', K')
and how we decomposed H' and K'. The operator Z, depends on (#, K) and

how we decomposed H and K. For instance, an ordered tuple (H,H', IC,K’)
with decompositions

H=HPH PHz, H = HdH, K=K dKa®K3, K = K| DK,

has the following selection operators:

= |0& [H2®’C2 ©0

7 = {fﬂaw 0
0@ 0D ek,

Iy, 0D 0
:| 3 ZQ
0® Iyex,

In the case of H = H’ and K = K’, the construction (5.13) gives

71 = Ty = 7. (5.14)
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If (Z1, Z,) is the ordered pair of selection operators associated with the or-
dered tuple (H, H', K, K') with decompositions given by (5.3), then (Zs, Z) is
the ordered pair of selection operators associated with the ordered collection
(H',H,K', K) with the same decompositions.

Lemma 5.9. Let Zy and Zy be selection operators defined by (5.13). Then
fori=1,2,

(1) Z:Z; =1, i.e., Z; is an isometry,
(ii) 0< Z:ZF < 1.

Proof. A direct computation shows that Z77; = I and Z;Z, = I. We know
that E;E} is an m X m block operator matrix which consists only of zero and
identity operators. More precisely, the (i,7)th block of E;Ef is the identity
operator and E;E7 = 0 for ¢ # j. Then

E\E: EE} --- EE, EE 0 - 0
gz — | PR R BE 0 ks e 0
EnE! EnE} - EnE" 0 0 .- E.E

Since ;B < I foralli=1,...,m, we have Z,Z} < [. Similarly, Z,Z; <
I. O

Next we relate the Khatri-Rao and the Tracy-Singh product of operators.

Theorem 5.1. For any operator matrices A € B(H,H') and B € B(K,K'),
we have

ABB = Z:(AX B)Z,, (5.15)

where Zy and Zy are the selection operators defined by (5.13). If H = H'
and K =K', A€ B(H) and B € B(K), then

ABB = Z*(AK B)Z, (5.16)

where Z is the selection operator defined by (5.14).
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Proof. Let B(i) denote the ith column of B for i = 1,...,n. Then we have

(A RB - ALRB| [R
Z{(ARB)Z, = [Ef - E] : : :

Am®B - A, KB| |F,
[ (AL X B)F, +...+ (A, X B)F,
(A W B)Fy + ... + (A0 © B)F,
[ Ay X B(1) - Ay, X B(n)

= [Eik E;z] :
| A ®B(1) - Ay, K B(n)

An®Bu - A ® By,
= AN0B.
If H="H"and K =K', then Z; = Z5 and (5.15) becomes (5.16). O

We mention that Theorem 5.1 is an extension of both [61, Theorem 3]
and the result (5.12) in [67].

Remark 5.10. If we partition A and B into row operator matrices, we have
ABOB = (AKX B)Z,.

If both A and B are column operator matrices, then
ABOB = Z{(AX B).

Comparing (5.12) and (5.16), Theorem 5.1 shows that the Khatri-Rao
product can be regarded as a generalization of the Hadamard product.

Recall that a map ® between two C*-algebras is said to be positive if ®
preserves positive elements. The map & is unital if ® preserves the multi-
plicative identity.

Corollary 5.11. There is a unital positive linear map

=1

1,j=1

such that (AKX B) = AL B for any A € B(H) and B € B(K).
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Proof. Define ®(X) = Z*XZ, where Z is the selection operator defined by
(5.16) in Theorem 5.1. The map & is clearly linear and positive. The map
® is unital since Z is an isometry (Lemma 5.9). O

Corollary 5.11 provides a natural way to deriving operator inequalities
concerning Khatri-Rao products from existing inequalities for Tracy-Singh
products.

The next result extends [68, Corollary 3| to the case of Khatri-Rao and
Tracy-Singh products of operators.

Corollary 5.12. Let A=A, ®--- DA, and B= B, D---P B, be operators
in B(H) and B(K), respectively. Then

Z* (AR B) = (AQ B)Z*,
(AR B)Z = Z(AGB).

Proof. Using the fact that E;Ef X = X; = XEEf and B, ;X =0 = XE;E}
if © # 7, where X = X; & --- & X,,, we compute

(E\Er -0 ARB --- 0
ZZ*(ARB) = | + .. : " :
0 - E.E* 0o - A,XB
(E\Ef (ALK B) --- 0 |
0 ... E,E*(A,XB)
(A, X BYE\E? --- 0 |
0 .-« (A, X B)E,E*
(A/XB - 0 E\Ef -+ 0
0 - A,XB 0 .- E.E*
— (AR B)ZZ*.

By applying Theorem 5.1, we get
Z'(AXRB) = 7" 27" (AR B) = Z* (AR B)ZZ* = (AL B)Z".
Similarly, (AR B)Z = Z(AQ B). O
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5.2.4 Positivity and monotonicity of Khatri-Rao prod-
ucts
In this subsection, we shows that the Khatri-Rao product preserves positivity

and strict positivity. It follows that operator orderings are preserved under
Khatri-Rao products.

Theorem 5.2. Let A € B(H) and B € B(K) be operator matrices. If A >0
and B > 0, then AL1B > 0.

Proof. Tt follows from the positivity of the Tracy-Singh product (Lemma ?7)
and Theorem 5.1. O

The next result provides the monotonicity of Khatri-Rao product which
is an extension of [61, Theorem 5] to the case of operators.

Corollary 5.13. Let Ay, Ay € B(H) and By, By € B(K). If Ay > Ay > 0
and B1 2 BQ > 0, then A1 ] Bl 2 A2 E]BQ

Proof. Applying Proposition 5.6 and Theorem 5.2 yields

(AlE]Bl)—<A2|:|B2> == AlDBl—AQDBl+AQDBl—A2BBQ
(A — A) By + Ay [ (B — Bs)
0.

WV

Thus A1 ] Bl 2 A2 [ BQ. ]

Now, we will develop the result of [61, Theorem 6] to the case of Khatri-
Rao product of operators.

Theorem 5.3. Let A € B(H) and B € B(K) be operator matrices. If A > 0
and B > 0, then A1 B > 0.

Proof. The strictly positivity of A and the spectral theorem imply the exis-
tence of an increasing sequence (H,,)>, of closed subspaces of H such that
for each n € N,

)
n=1

1
A > —||z]|?
(Az, a) > =]

for each z € H,. Let P, be the orthogonal projection onto H, for each
n € N. There are similar subspaces K,, and orthogonal projections @),, for the
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operator B. Then for each n € N, we have A > (1/n)P, and B > (1/n)Q,
and hence

1
AEB > S P,0Q,
n

by Corollary 5.13. Since the union of the subspaces H, in H and of the
subspaces K, in K is dense, it follows that for any z € ‘H ® I, there is an
m € N for which ((P,, & @)z, z) > 0. Hence

1
m?

(AEB)z, 2) > —((PnEQn)z 2) > 0.

This shows that AL B > 0. O

Corollary 5.14. Let Ay, Ay € B(H) and By, By, € B(K). If Ay > Ay > 0
and By > By > 0, then A1 1 By > A [ Bs.

Proof. The proof is similar to that of Corollary 5.13. Instead of Theorem
5.2, we apply Theorem 5.3. O

Finally, we mention that by using the results in this paper, we can develop
further operator identities/inequalities parallel to matrix results for Khatri-
Rao products.

Lemma 5.15 ([51]). Let r € N—{1}. There exists an isometry Z such that

|jAl- S (& AZ-> Z (5.17)

for any A; € B(H;),i=1,...,r.

5.3 Metric geometric mean

In this section, we establish certain operator identities and inequalities in-
volving metric geometric means and Tracy-Singh products. First of all, we
recall some background about metric geometric means.

The metric geometric mean for matrices/operators was firstly defined by
Ando [40]:

A# B = AV ATV2BATYH2AY2 A B > 0. (5.18)
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This formula comes from two natural requirements. First, it should coincide
with the usual geometric mean for positive real numbers: A# B = (AB)'/?
provided that AB = BA. The second condition is the congruent invariance

T*(A# B)T = (T*AT) # (T*BT)

for any invertible T' € B(#H). Now, consider positive invertible operators A
and B in B(H) and let w € [0,1]. The w-weighted geometric mean of A and
B is defined by

A#U,B _ A1/2(A71/2BA71/2)wA1/2.

For arbitrary positive operators A and B, we define the w-weighted geometric
mean of A and B to be

A#,B = lim (A+el)#,(B+¢l).
e—0t
Here, the limit is taken in the strong-operator topology. For briefly, we write
A#B for A#l/gB

Theorem 5.4. Let Ay, Ay, By and By be positive operators in B(H) and
w € [0,1]. Then

(A1#wA2) K (Bi#uB2) = (A1 K By)#,(A2 K By), (5.19)
(A1#,A2) O (B1#,Bs) < (A1 By)#w(Ax H By). (5.20)

Proof. First, consider the case A, Ay, By, By > 0. By using Lemma 5.2, we
get

(A1 X By)#4,(As X By)
- (Al & Bl)1/2 [(Al & Bl)_1/2(A2 & Bg)(Al & Bl)_l/ﬂw (Al IE B1)1/2

A1/2 X Bl/2> <A—1/2A A1—1/2)“’ X <Bl_1/szBl_1/2)w] (A}/2 X B11/2>
A2 <A—1/2A A—1/2> Ai/z} X [31/2 (Bl—l/QBZBl—l/2>wBi/2}
= (A1#uA2) X (B1#,B2).

(

= (AR B) [(A7 a4 & (578,87 | (412 L)
(
4
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Ando’s result [41] states that if ® is a positive linear map, then for all A, B >
0,

S( At B) < D(A)#,(B). (521)
By applying Lemma 5.15 and inequality (5.21), we have
(A1#wA2) C] (31#w32) =7 [(Al#wAQ) X (Bl#wB2)] Z
Z (A1 X Ag)#.,(As X By)] Z

< [Z°(A; R By) Z)#,[2%(As K By) Z]
= (A1 1 B1)#w (A2 U By).

For arbitrary Ay, As, By, Bs > 0, perturb each of them with eI and then take
limit as ¢ — 0F. O

Corollary 5.16. Let r € N and w € [0,1]. For each 1 <i <r, let A;, B; €
B(H) be positive operators. Then

X(A#.B;) = (& Ai) H#uw (& BZ-> : (5.22)
i=1 i=1 i=1
Proof. The proof is by induction on r. O

In [45], Kilicman and Al Zhour invesigated weighted metric geometric
means of any finite number of positive definite matrices. Now, we will extend
this geometric mean to the case of finite number of positive operators.

Definition 5.17. Let r € N — {1}. For each 1 < i < r, let A; € B(H)
be a positive operator. Let «; € [0,1] for each 1 < i < r — 1 and denote
a=(ag,...,a,_1). We define

Gay (A1, Ag) = Ay #4, Ar.
Now continue recurrently, setting
Ga(Ar, ... A) = Go,_(Ga(Ay, ..., Av), Ay)
where & = (aq,...,a,_2). We call G,(Ay,..., A,) the iterative a-weighted

metric geometric mean of Aq, ..., A,.
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The next two results asserts the compatibility between Tracy-Singh prod-
ucts and iterative weighted metric geometric means.

Theorem 5.5. Let r € N—{1}. For each 1 <i <, let A;, B; € B(H) be
positive operators. Let o; € [0,1] for each 1 < i <r—1. Then

Gu(A R By,..., A, ®B,) = Gu(A1,...,A)RGu(By,...,B,)  (5.23)

Proof. We use induction on r. By continuity, we may assume that A;, B; > 0
forall e =1,...,r. When r = 2, we have by Proposition 5.4 that
Go(A1 X By, Ay R By) = (A2 X By)fa(A1 X By)
= (AQ#QA].) X <B2#aBl)
- goz(Ala AQ) IX ga(-Bl) BQ)
where o € [0, 1]. This gives the claim when r = 2. Suppose that the property

(5.23) holds for r —1 (r > 3). Let a = (v, ..., 0,—1) and & = (aq, ..., q—2)
where «; € [0,1] for any 1 <7 < r — 1. Using Theorem 5.4, we have

Gou(A1 R By,..., A, KB,

- gar—l (gd A X By, ... 7A'r—1 X B’r—l)a A, Br)
— G (Ga(Ar,. . A )R Ga(By, ..., Brr), A K B,)

= gozr71 (gd Aly ce ,Ar—l)vAr) D gOé'r—l (g&(Bh te 7BT_1)’BT)
— ga(Al,...,Ar)xga(Bla"'vBr)‘ D

Corollary 5.18. Letr e N—{1} ands € N. Foreach1 <i<r, 1 <j<s,
let A;; € B(H) be a positive operator. Let o; € [0, 1] for each 1 < i <r —1.
Then

G (g Ay, X AW-> = X Ga(Ays - .-, Ary). (5.24)
j=1 j=1 j=1
The Thompson metric [53] on the open convex cone of positive invertible
operators is defined for each A, B > 0 by
d(A,B) = max{log M(A/B),log M(B/A)},

where M(A/B) = inf{\ > 0: A < AB}. The diameter of {A;,..., A, } with
respect to the Thompson metric d is defined by

A(Ag, .. A) = max{d(A4;,A;) 1 1 <i,5 <7}
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Lemma 5.19. Let r € N—{1}. Let A; for each 1 <i < r and B be positive
invertible operators on H. Let o; € [0,1] for each 1 <i<r—1. Then

d(Ga(A1,...,A),B) < A(Ay,..., A, B). (5.25)
Proof. See [38, Proposition 3.1]. O
The next result is a generalization of inequality (5.25).

Proposition 5.20. Let r € N— {1} and s € N. For each 1 <i<r, 1<
J < s, let Aij, Bj € B(H) be positive invertible operators. Let a; € [0,1] for
each 1 <i<r—1. Then

d (& Gol(Asjy .., Arp), xBJ) <A <g Ay, XA XK Bj) .
j=1 j=1 j=1 j=1 7j=1
(5.26)

Proof. This proposition follows from Lemma 5.19 and Corollary 5.18. O]

5.4 Spectral geometric mean

Recall that for positive definite matrices A and B of the same size, its spectral
geometric mean [43] is defined by

AtB = (AT'#B): A(A"'#B):.

Now, let A and B be positive invertible operators in B(#) and w € [0, 1].
The w-weighted spectral geometric mean of A and B is defined by

Ab,B = (A'"#B)YA(A™'#B)v.

For arbitrary positive operators A and B, we define the w-weighted spectral
geometric mean of A and B to be

At,B = lim (A+el)h, (B +¢l).

e—0t

Theorem 5.6. Let Ay, Ay, By and By be positive operators in B(H). Then

(A1 B B) (A2 B By) = (AifAz) K (Bt Ba). (5.27)
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Proof. By continuity, we may assume that A, Ay, By, By > 0. It follows from
Lemma 5.2 and Proposition 5.4 that

(A1RB))b,(A; K By)

(41 X By) 1# Ay X By)]" (A1 X By) [(A1 K By) '#(As K B)]”

(AR B! AQ&BQ)] (A1 R By) [(A7' B By H#(Ax K By)]”

[(AT'#A) R (BT #B,)] " (A1 R By) [(A7'#As) W (B ' #B,)]”

= [(A7'#4,)" X ( [ #DB2)"] (A1 R By) [(A7 ' #A2)" B (B #B,)"]

(AT #A2)" AL(AT #A2)"] B [(By ' #B2)" Bi(By ' #B2)" |
(A1§wA2) K (BiiwBs). O

Corollary 5.21. Let r € N — {1} and w € [0,1]. For each 1 < i < r, let
A;, B; € B(H) be positive operators. Then

) (@) e

Proof. The proof is by induction on r. We have that the property (5.28)
holds for » = 2 by Lemma 5.6. Suppose that the property (5.28) holds for
r—1 (r > 3). By using Lemma 5.6, we get

(29+) (832) - ﬁ@)m

In [45], Kilicman and Al Zhour studied weighted spectral geometric means
of any finite number of positive definite matrices and proved several prop-
erties related to Tracy-Singh products. Now, we will extend this geometric
mean to the case of any finite number of positive operators.
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Definition 5.22. Let r € N — {1}. For each 1 < i < r, let A; € B(H) be
positive operators. Let a; € [0,1] for each 1 < i < r — 1. We define

Gh(Ar, Ag) = Aila, Aa.
Now continue recurrently, setting for each r > 3,
GP(Ar,...,A) = GF (GP(AL,..., A1), A)

where & = (aq,...,a,-2). We call GP(Ay,..., A,) the iterated a-weighted
spectral geometric mean of Ay, ..., A,.

From Definition 5.22, we can rewrite (5.28) in Corollary 5.21 to be

T

gy (& Y Bi> = X|6(Ai By)
=1 =1

i=1
where o = w.

Corollary 5.23. Let r € N — {1}. Let A; and B; be compatible positive
operators in B(H) for each i =1,...,r. Then

GP(A K B,,..., A KB, = GPA,....,A,)RG?B,...,B,). (5.29)

Proof. The proof is by induction on r. By Theorem 5.6, we have that the
property (5.29) is true for r = 2. Suppose that the property (5.29) is true
for r — 1. By Theorem 5.6, we obtain
GP(AK By,...,A. X B,)

= Gr (GX(ANDB,...,A_1XB,_),A XB,)

- gjf_l (ggp(Al, e ,Arfl) X’ ggp(Bl, e ,BTfl), Ar IX Br)

= g2€_1 (ggp(Ala SR >Ar71)7 Ar) X gi€_1 (ggp(Bla BRI Brfl)a Br)

= GP(Ay, ..., A ) RGP (By,...,B,). O
Corollary 5.24. Let r € N— {1} and s € N. Let A;; € B(H) be a positive
invertible operator for eachi=1,...,r, j=1,...,s. Then
GP (& Ay, X Am) = X G (Ay, ..., Ay). (5.30)
j=1 j=1 j=1
Proof. The proof is by induction on s. O
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5.5 Sagae-Tanabe metric geometric mean

Let r € N—{1}. For each 1 < i < r, let A; € B(H) be a positive invertible
operator. Let t = (t1,...,t.) where t; € [0,1] for each 1 < i < r and
>oi_y t; = 1. The weighted arithmetic and harmonic means of Ay, ..., A, are

defined by

B(H)i(Ar,... . A) = ) A,
i=1

r -1
Ht(Al, e Ar) - (Z t1A11> .
i=1

Sagae and Tanabe [52] proposed weighted geometric means of severable pos-
itive definite matrices as follows.

Definition 5.25. Let A and B be positive invertible operators in B(#) and
let v = (vy,v9) where vy, vy € [0,1] and vy + vy = 1. We define

Gu(A,B) = A#.B

where o = 1 —vy. Let € N— {1}, For each 1 < i < r, let A; € B(H) be
a positive invertible operator. Let t = (t4,...,t,) where t; € [0,1] for each
I1<i<rand )  t;=1 Foreachl<i<r—1,let

1+1

a; = 1- (tiH/th).

The Sagae-Tanabe weighted geometric mean of Ay, ..., A, is defined by
gt(Al, cee Ar) == gar_l(gf(Alv s 7Ar71)7 AT‘)

where Gj(Aq,...,A,—1) is the Sagae-Tanabe weighted geometric mean of
Ay, ... A1 with weighted ¢ = (t1,...,t,_1) where t; = t;/ Z;;i t; for each
1 <i<r—1. Note that

Gi(Ar, ..., A) = Gu(Ar,..., A)

where G,(A;q,...,A,) is the weighted metric geometric mean of Ay,..., A,
in Definition 5.17 with weight o = (a1, ..., a,_1).
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r1<j<s,

Theorem 5.7. Let r € N— {1} and s € N. For each 1 <i <
= (tl,...,t,,) where

let A;; € B(H) be a positive invertible operator. Let t
t; €10,1] for each 1 <i<r and > ,_ t;=1. Then

G (& Alj,...,gArj> &gt (Aij, .oy Arj) (5.31)
j=1 j=1

Proof. Let a; = 1 — (tiy1/ Z” t;) for each 1 < ¢ < r — 1 and denote
a=(ag,...,a,_1). By Deﬁmtlon 5.25, we have

G(An X Ay, ..., A R A) = Go(An KA, ... A X B,y).
Applying Theorem 5.5, we obtain
Go(A11 W Ay, ..., A R B,y) = Gol(Arr, ..., An) K Go(Aga, ..., A).
This implies that
Gi(A1 R Agg, .. AR A) = Gi(Arg, .., An) KG(Ass, ..., Ar).
We get the result by using induction on s. O

Lemma 5.26. Let r € N — {1}. For each 1 < i < r, let A; € B(H) be
a positive invertible operator and let t = (ty,...,t,) where t; € [0,1] for
i=1,...,rand Y, _,t;=1. Then

Hi(Ar, ... An) < Gi(Ay, .. A) < B(H)(Ag, ... A). (5.32)
Proof. See [38, Proposition 2.4]. O

We extend [45, Theorem 4.6] to AM-GM-HM inequalities involving Tracy-
Singh product of positive invertible operators as in the next two results.

Corollary 5.27. Letr € N— {1} and s € N. For each 1 <i1<r,1<j<s,
let A;; € B(H) be a positive invertible operator and let t = (ty,...,t.) where
t; €10,1] fori=1,...,r and Y ;_,t; =1. Then

&HtAlj,... ) ggt<&A1j,...,@Arj) X BH)(Ayy, ..., Ary).
j=1 i=1

Jj=1
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Proof. Lemma 5.26 tells us that
Hi(Arj, .., Ary) < Ge(Ayj, .. Ar) < B(H)(Ayy -0, Ary)

for each 1 < j < s. By using Lemma 5.2, we get
X He(Avy, . Ag) < X Ge (Ao Ary) < X BH)(Ay, .., Ary).
j=1 j=1

Applying Theorem 5.7, we obtain

|X| Gi(Arj, .., Arj) = G (lzl Agjy e, IXI Am)
j=1 j=1 j=1

and the inequality (5.33) follows. O

Corollary 5.28. Let r e N— {1} and s € N. For each 1 <i<r,1<j<s,
let A;; € B(H) be a positive invertible operator and let t = (ty,...,t,) where
t; €10,1) fori=1,...,r and Y ._,t; =1. Then

H, (&Alj,...,lelm) < X Gi(Ay, ..., Ary) < B(H): (&AU,...,&AM).
j=1 J=1 J=1 J=1 J=1
(5.34)

Proof. Tt follows directly from the AM-GM-HM inequality (5.32) and Theo-
rem 5.7. [l

We now turn to the AM-GM-HM inequality involving Khatri-Rao prod-
ucts.

1< j<s, r>=2) be compatible

Corollary 5.29. Let A;; e B(H) (1 <i <,
= (t1,...,t.) where t; € [0,1] for

positive invertible operators and let t
i=1,...,rand Y _ t;=1. Then

DHt(A1j>---,Arj) < Dgt(A1j>--'aArj> < B(H): (DAU’-“’DAM)-
j=1 j=1 J=1 7=1
(5.35)
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Proof. We have by Lemmas 5.15 and 5.26 that

[ He(Ay, .. Ay) = Z (& Ht(Alja"-vArj)> z
j=1 =t
< z* (& gt(Alj77AT]>> Z
j=1

= D gt(A1j7 s 7A7‘j)'
j=1

Using Lemma 5.15, we get

B(H)t <® Al]v?@‘Am)
= Zt (D AZ-]) = B(H), <|jAU,...,|jAm->.

Applying Lemma 5.15 and Corollary 5.28, we obtain

IZIQt(Alj,...,ATj) =7 <& gt<AljaaA7"])> A
j=1 J=1
B(H), (@ Ay, |Z|Am~>
j=1 J=1
= B(H) (D Alj,...,DAW»). O
j=1 j=1

The next result is a generalization of Lemma 5.19.

zZ* Z

= /"

< 7 A

Proposition 5.30. Let A;; and B; (1 < i <r, 1 < j<s, r2>2) be
compatible positive invertible operators and let t = (ty,...,t.) where t; €

65



0,1) fori=1,...,r and Y ,_,t; =1. Then

d (x gt(Alj, Ce 7ATj)7 & B]) < A <& Alja Ceey & Arj7 & B]> .
j=1 j=1 j=1 j=1 j=1
(5.36)
Proof. The desire result follows from Lemma 5.19 and Corollary 5.18. O

For h,x > 1, the (generalized) Specht ratio is defined by

(hx _ l)hm(hﬁ—l)_l
elog h*

Sp(x) = for h# 1 and Si(z) = 1.

We denote Si,(1) by Sj,. See [38, 67] for more information. The next result is
a reverse version of AM-GM-HM inequality involving Tracy-Singh products
via Specht ratio.

< j < s, = 2) be compatible

Proposition 5.31. Let A;; (1 <i<r 1 S
= (t1,...,t.) where t; € [0,1] for

positive invertible operators and let t
i=1,....,rand > ;_ t;=1. Then

B(H) <|X|A1j,...,X|Am-> < St (x gt(Alj,...,Am-)> (5.37)
j=1 j=1 j=1

where h = e®®j=14150 81 Ars)

Proof. By using Lemma 5.19 and Corollary 5.18, we get the result. [

Lemma 5.32. Let A; € B(H) (1 < @ < r,r = 2) be positive invertible
operators and t; (1 < i < 1) be real numbers such that t; > 0,t; <0 (2 <i <
r) and Y ;_,t; =1. Then

B(%)t(Ah‘"vAT) < gt(Ala---;Ar)~ (538)
If SN ATV >0, then
Gi(A1,...,A) < HilAr,..., A). (5.39)

Proof. The proof is similar to the case of matrices, given in [39, Theorem
2.1]. O
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We now obtain reverse AM-GM-HM inequalities involving Tracy-Singh
products as follows.

Theorem 5.8. Let A;; e B(H) (1<i<r
positive invertible operators and t; (1 < i
t1>0,t;,<0(2<i<r)and > t; =1

|X|B )i(Aj, ..., A, <|X|A1j,...,|i|,4rj>. (5.40)

If He(Ayj,...,A) >0 forallj=1,...,s, then

G (& AU,...,@AM> < DX H(Ayy, - Ay, (5.41)
j=1 j=1 j=1

Proof. Tt follows from Lemma 5.32 that

1<j<s, r>2) be compatible
< r) be real numbers such that
Then

7

A(Ayj, o A) < Gi(Auy, - A) < Ho(Ayy, .o Ay)

for each j =1,...,s. Since A;(Ayj,...,A,j) > 0forall j=1,...,s, we have
by Lemmas 5.2 and 5.32 that

G <g,41j,...,@,4m-> = X6 (A, ... Ay &B WAy, Ay
j=1 j=1 j=1

Since Hi(Ayj, ..., Ar;) >0forall j=1,...,s, we obtain by Lemma 5.2 that

& Ht(Alja . 7A7"j) > 0.
j=1

The proof is complete by applying Lemma 5.32 and Corollary 5.7. [

Theorem 5.9. Let A;; e B(H) (1<i<r, 1<j<s, r>2) be compatible
positive invertible operators and t; (1 < i < 7“) be real numbers such that
t1>0,t; <0 (2<i<r)and ) . t;=1. Then

H), (@Alj,...,&Arj> < X Gi(Ay.. .o Ar). (5.42)
j=1 j=1 j=1
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If H, (szl Ay R A,.j) >0, then

X Gi(Ay,. .. A) < He <& Ay, g/xm) . (5.43)
j=1 j=1 j=1

Proof. By applying Lemma 5.32 and Corollary 5.7, we get the results. [

Corollary 5.33. Let A;; € B(H) (1 < i < r
compatible positive invertible operators and t; (1
such thatty > 0,t; <0 (2<i<r)and Y t;=

H): (DAlj"">DATj> < Dgt(Aljw“ rj) IZIHt (Ayj.os A
j=1 j=1 Jj=1

(5.44)

, 1< j< s, r > 2) be
< i < r) be real numbers
1. Then

Proof. This result is a direct consequence of Theorem 5.9 and Lemmas 5.15
and 5.26. ]

5.6 Sagae-Tanabe spectral geometric mean

We introduce the following definition:

Definition 5.34. Let r € N — {1}. For each 1 < i < r, let A; € B(H)

be a positive invertible operator. Let ¢t = (t1,...,t,) where ¢; € [0,1] for
ecach 1 <i<rand Y t; =1 Leta =1-— (Hl/zwrl t;) for each
1 <i < r—1. The Sagae-Tanabe spectral geometric mean of Ay, ... A, s
defined by

GP(Ay, ..., A) = GP(Ay, ... A)
where o = (v, ..., 7).

Proposition 5.35. Let A; and B; (1 < i < r,r > 2) be compatible positive
operators in B(H) and let t = (t1,...,t.) where t; € [0,1] fori=1,...,r—1
and > . t;=1. Then

P(ARB,..., A BB) = G¥(A,...,A)RG*(By,...,B,) (545)

0 (X%&&) = &Q (4, By). (5.46)
=1 =1
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Proof. Let a; = 1 — (t,+1/23111 t;) for each 1 < i < r — 1 and denote

a = (aq,...,a,_1). By Definition 5.34, we have

fp<A1|XB1,...,ATIEBT) :gzp(Al&Bl,...,ATIXBr)
i (& 4. X Bi) — g <g 4. X B,) .
1=1 1=1 1=1 1=1

By Corollary 5.23, we get (5.45). Applying Corollary 5.21, we obtain (5.46).
0

1<j<s, r>=2) be compatible

Corollary 5.36. Let A;; e B(H) (1 <i<r,
= (t1,...,t.) where t; € [0,1] for

positive invertible operators and let t
i=1,...,r—=1and Y t;=1. Then

P (g Alj,...,gArj) = X6 (Ay, ..., Ayy). (5.47)
j=1 j=1 j=1

Proof. From (5.45), we have
G AN Agg, . A W A) = GP(An, . An) RGP (A2), ..., A).

We obtain (5.47) by induction on s. O
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Chapter 6

Refinements and Reverses of
Operator Callebaut Inequality
Involving Tracy-Singh Products
and Khatri-Rao Products

In this chapter, we establish certain refinements and reverses of Callebaut-
type inequality for bounded continuous fields of Hilbert space operators,
parametrized by a locally compact Hausdorff space equipped with a finite
Radon measure. These inequalities involve Tracy-Singh products, Khatri-
Rao products and weighted geometric means. In addition, we obtain integral
Callebaut-type inequalities for tensor products and Hadamard products. Our
results extend Callebaut-type inequalities for real numbers, matrices and
operators.

6.1 Introduction

In mathematics, the Cauchy-Schwarz inequality is an important inequality
which can be applied in many fields, e.g. operator theory, linear algebra,
analysis, probability and statistics (see [71, 74, 77, 80, 86]). This inequality
states that for vectors (ai,...,ax) and (by,...,b) of real numbers, we have

(szl:aibi>2 < (écf) (Z;zﬂ) (6.1)
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In 1965, Callebaut [73] published a refinement of the Cauchy-Schwarz in-
equality (6.1). For each a € [0, 1] and for any tuples z = (z1,...,2;) and y =
(41, -.,yx) of positive real numbers, let us denote Z¥(z,y) = S5 | zitai,
where fi, is the a-weighted geometric mean. For either 0 < § < a < % or
% < a < B < 1, the classical Callebaut inequality [73] can be stated as

2
(If/2([)’},y)) < Ig(l‘,y>'zf_a($,y> < Ig(xay)l’f—ﬂ(xvy) < I(I]C(x7y) I{C(l’,y)
(6.2)

There have been several investigations and generalizations on the Calle-
baut inequality; see [69, 70, 76, 79, 87] and references therein. Hiai and
Zhan [76] gave a matrix analog of the Callebaut inequality (6.2) by consid-
ering the convexity of a certain norm function. The paper [79] presented a
matrix version of (6.2) involving the tensor product,the Hadamard product
and weighted geometric means. Operator versions of (6.2) associated with a
Kubo-Ando mean and an interpolational path were also established in that
paper. Wada [87] provided a simple form of (6.2) for positive operators in-
volving an operator mean its dual.. Some refinements and reverses of (6.2) for
operators concerning the Hadamard product and weighted geometric means
were presented in [69, 70]. In [85], the authors establish integral versions of
the Callebaut inequality and its refinements for bounded continuous fields
of Hilbert space operators concerning the Tracy-Singh product, Khatri-Rao
product and weighted geometric means.

In this paper, we investigate refinements and reverses of the operator
Callebaut inequalities for bounded continuous fields of positive operators
parametrized by a locally compact Hausdorff space endowed with a finite
Radon measure. Such integral inequalities involves Tracy-Singh products,
Khatri-Rao products, tensor products, Hadamard products and weighted
geometric means. In particular, our results are refinements and reverses of
Callebaut-type inequalities obtained in the previous works [73, 79, 85].

This paper is organized as follows. In Section 6.2, we give preliminaries on
operator products and Bochner integration of continuous fields of operators
on a locally compact Housdorff space. In Section 6.3, we provide certain
refinements of integral Callebaut inequalities for bounded continuous fields of
operators involving some kind of operator products and weighted geometric
means. Some reversed Callebaut-type inequalities for bounded continuous
fields of operators are presented in Section 6.4. The conclusion is given in
the last section.
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6.2 Preliminaries

Throughout this paper, let H be a complex Hilbert space. When X and Y
are Hilbert spaces, denote by B(X,)) the Banach space of bounded linear
operators from X" into ), and abbreviate B(X, X') to B(X'). For self-adjoint
operators A, B € B(X), the notation A > B means that A — B is a positive
operator. The set of all positive invertible operators on X is denoted by
B(X)™".

The projection theorem for Hilbert spaces allows us to decompose H =
., H; where all H; are Hilbert spaces. For each ¢ = 1,...,n, let P; be
the natural projection from H onto H; and F; the canonical embedding from
H; into H. Note that P’ = E;. Each operator A € B(#) can be uniquely
determined by an operator matrix

A = [AyliL

i,j=1"

where A;; € B(H;, H;) is defined by A;; = BAE; for each 4,5 =1,...,n.

6.2.1 Operator products

Recall that tensor product of A, B € B(#) is a unique bounded linear oper-
ator from H ® H into itself such that for all z,y € H,

(A® B)(z ®y) = Ar ® By.

Fix a countable orthonormal basis [E on H. Recall that the Hadamard prod-
uct of A, B € B(H) is defined to be bounded linear operator A ® B from #H
into itself such that for all e € E,

(A® B)e,e) = (Ae)(Be,e).
Following [75], the Hadamard product can be expressed as
A®B = U'(A® B)U, (6.3)

where U : H — H ® H is the isometry defined by Ue = e®e for alle € £. In
the case of matrices, the Hadamard product of A = [a;];";L, and B = [b;;];72,
is A® B = [a;;b;;] which is a principal submatrix of the Kronecker (tensor)

product A ® B = [a;;B];; (see [78] for more information).
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Definition 6.1. Let A = [A;];;L, and B = [By;];’;_, be operator matrices
in B(#). The Tracy-Singh product of A and B is defined to be the operator

matrix

which is a bounded linear operator from @@;"" | H; ® H; into itself. The

bl
,j=1

Khatri-Rao product of A and B is defined to be the operator matrix

AEB = [A;® By (6.5)

i,J
which is a bounded linear operator from @?:1 H; ® H; into itself.

Lemma 6.2 ([81, 82]). Let A, B,C,D € B(H).

~

. (AKX B) = (0A) X B = AX (aB) for any a € C.

)
. (A+B)R(C+D)=ARB+ARD+BRC+ BKD.

2 )

3. (AX B)* = A* X B*.

L IfA>C>0and B>D>0, then ARNB > CRD > 0.

5. (AR B)(CR D) = ACK BD.

6. If A,B € B(H)", then (AX B)* = A*X B* for any a € R.

Lemma 6.3 ([84]). There is a unital positive linear map

@:B(ééﬂmﬂj) = B(é%i@@?{i) (6.6)
i=1 j=1 i=1

such that (AKX B) = AL B for any A, B € B(H).

6.2.2 Bochner integration

Let Q be a locally compact Hausdorff space endowed with a finite Radon
measure z. A family (A;),.q, of operators in B(#) is said to be a continuous
field if the parametrization t — A; is norm-continuous on €. If, in addition,
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the function t — || A;|| is Lebesgue integrable on €, then we can form the
Bochner integral [, Aydu(t) as a unique element in B(#) such that

T( /Q Aﬂp(t)) _ /Q T (A) dp(?) (6.7)

for every T in the dual of B(H). A field (A;),.q is said to be bounded if
there is a positive constant M such that ||A:]| < M for all ¢ € Q. In par-
ticular, every bounded continuous field of operators on (2 is always Bochner
integrable.

Lemma 6.4 ([83]). Let (Ay),cq, be a bounded continuous field of operators in
B(H). Then for any X € B(H), we have

(/QAtd“(t)) WX = /Q(At@X)du(t)- (6.8)

6.3 Refined Callebaut-type inequalities for op-
erators

From now on, let 2 be a locally compact Hausdorff space endowed with a
finite Radon measure pu.

Lemma 6.5 ([70]). Let x,y > 0 and r € (0,1). Then

YT+ Ty 4 2p (VE = Vi) a (2 oy - 2yt - 20tyt) < oty

where p = min{r,1 —r} and ¢ = min{2p, 1 — 2p}.

Lemma 6.6. Let A, B € B(H)" and either 0 < < a <t orl<a<p<
1. Then

APRBYP + AP R B
> AR B 4 A ) B 4 5<Aﬂ RBP4 AR B — 243 X B%)
+ n(Aﬁ KB+ AR B+ 247 K B? — 24" KB — 24" K BV>,
(6.10)

where v = #, o= 5’8__172 and n = min{d, 1 — 0}.
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Proof. If we replace y by 7! and r by 1_7“ in (6.9), then we get

x“+x’“+2p(x+x’1—2)+q<x+x’1+2—2x% —2:1:’%) < z4a
(6.11)

1—u 1+4u

where p = min { 5%, = } and ¢ = min{2p, 1 — 2p}. Consider v, w € R such
that v < w. Applying the functional calculus on the spectrum of AKX B with
u:= 2 in (6.11), then we get

ARB™™ + A" X BY

w—v

>A’”&B‘”+A‘”IEB”+( >(A“’&B‘W+A‘U’&Bw—21&1)

+n(A"RB "+ A RBY—2IKI—-242 KB 2 —24 2 K B?),
(6.12)

where 7 = min {¥=2 21 Multiplying both sides of (6.12) by Az R B we
reach

A1+w X Blfw _i_Alfw X Bl+w

2 A1+v X Bl—v +A1—v X Bl-‘,-v + ( w _11/}2> (A1+w X Bl—w + Al—w X Bl+w . 2A X B)
w —_—
+n (AP RBTY 4+ AR B 4+ 2AKB - 24" KB — 24" W BTy,

(6.13)

Replacing v,w, A, B by 2a — 1,28 — 1, A2, B2, respectively, in (6.13), we
obtain the result. O]

For any bounded continuous fields & = (Xy),., and W = (W), of
operators in B(H), we set

F(X) = /Q WX, Wadp(1).

For any bounded continuous field X = (X;),., of operators in B(#)* and

a € [0,1], we set X* = (X}),cq-
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Lemma 6.7. Let X = (X)weq and W = (Wy)eq be bounded continuous
fields of operators in B(H)" and B(H), respectively. If either 0 < f < a < %
0r%<a<ﬁ<1, then
Fw(X7) B8 Fp(X7) 4 F(X17) ) Fy (X7)

> Fw(X)* B Fp(X17%) + Py (X170 R Fy(x)

46 [fw(xﬁ) R Fon(X1) 1+ Fpp (X1P) R Fyp(X7) — 2F (X

N|=

)‘Z]-;’:W<X%)]
)

D=
[N

[ Fw(X) B Fo(X17) + Fp(X17) B B (27) + 2By (X ) B Fo (X

() B F(X170) — 2B (1) B (A7)
(6.14)

where v = 222§ = =2 4nd p = min{s, 1 — 6}.

Proof. By using Lemmas 6.2 and 6.4, and Fubini’s theorem for Bochner
integrals [72], we get

Fn(X)* ® Fip (X1 = / W AW, du(t) X / WX W du(s)
Q Q
_ / / (W7 XEW,) B (WX W,) du(t)us)
QQ

_ //QQ(Wt 5 W) (X R X10) (W, BW,) dp(t)us).
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We have by applying Lemma 6.6 that
Fn(X7) B Fyp(X'F) + Fp(X7) B Fyp(X7)
- / / (W, B W,)* (Xf X X%+ xR Xf) (W, R W,) du(t)u(s)
QQ
> // (W, R W,)" [Xf‘ R X1o 4 X1 )Xo 4 5<Xf KX 4+ X PR XP
“ 1 1 1 1 1 1
99X/ Xg) n n(Xf K X2 X P RXP foXI K X2 - 2X) R X
_ 92X TR Xg)} (W, R W,) du(t)u(s)

= Fl(X)" B (A1) + F (X R Fip(x")
+ 6| F(X) B B (X1F) + Fp(X1) B Fp(X7) — 2By (X4) B Fyp(X3)

)

NI

1| Fon(X7) B B (X1 7) 4+ F( ) B F (%) + 2y (%) B Fo(X
— 2F(X7) B Fip(X17) — 2Fyy (X177 K fw(w)] . O

For two continuous fields A = (A;)iecq, B = (Bj)ieq of operators in B(H)™
and any « € [0, 1], we set

T.(AB) = /Q Ao Bidu(t).

Here, f, denotes the a-weighted geometric mean of operators X and Y in

B(H)" which is defined as
Xt,Y = X3(X 3y X 3)"Xz.

=

In particular,

(AB) = [ Adu(t). T(AB) = [ Bu(o).

Consider bounded continuous fields A = (A;)icq and B = (By)eq of
operators in B(#)". From the result in [85], the integral Callebaut inequality
statesthatforeither0<ﬁ<a<%or%éagﬁgl,

271 )5(A, B) X Ty /5(A,B) < Zo(A,B)RTZi_o(A,B) + Zi_o(A,B) XI,(A, B)
< Zp(A,B)XZi_5(A,B) + Zi_5(A,B) K Zz(A, B)

< To(A,B) XTI (A, B) + T (A, B) K Zy(A, B).

(6.15)
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Now, we provide a refinement of the integral Callebaut inequality (6.15)
and as a consequence give an operator Callebaut type inequality for Khatri-
Rao products.

Theorem 6.1. Let A = (A;)icq and B = (By)ieq be two bounded continuous
fields of operators in B(H)*. If either 0 < f < a < % or % <a<p<l,
then
Zs(A,B) XTI, _5(A,B)+Ii_5(A,B) X Zz(A,B)

> To(AB) XTI (A B)+ 711 (A B)XZ, (A B)

) {Iﬁ(A, B)RT,_s(A,B) + Ti_s(A B) R I(A, B) — 2T, o( A, B) R T, ;5( A, B)
+ 1| Zo(A BY R T, _5(A, B) + Tys(A, B) R Ty(A, B) + 2T 2(A, B) B T, (A, B)

— 9T (A, B)RT,_ (A B) — 2T, (A B) K L, (A, B)|,
(6.16)

where v = #, o= /65__172 and n = min{d, 1 — d}.

Proof. Setting X; = A;%BtA;% and W, = At% for all ¢ € ), we have that for
any a € [0, 1],
1,01 _1ya 1
Fp(X%) = / A? (At 2B, A, ) A2du(t) = / AtaBidu(t) = To(A,B).
Q 0

By using Lemma 6.7, we obtain the result. O]

Corollary 6.8. Let A = (Ay)icq and B = (By)eq be two bounded continuous
fields of operators in B(H)*. If either 0 < f < a < % or % <a<p<l,
then

Iﬁ(A7 B) DIl*ﬁ(‘/l? B) +Il*5("47 B) DIﬁ(“‘L B)
> T,(AB) BT (A B) + I1_o(A,B) I, (A, B)

46 [zﬁ(A, B) O T_4(A, B) + Ti_s(A, B) D T5(A, B) — 2T, jo(A, B) D T, o(A, B)
ty [zﬁm, B) D Ty_s(A, B) + Ti_s(A, B) D T4(A, B) + 2T o(A, B) 1 Ty 1o (A, B)

— 9T (A, B) DTy (A B) — 27, (A B) B L, (A, B)|,
(6.17)

where v = #, d = 5’8__172 and n = min{d,1 — 0}
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Proof. We have that for any a € [0, 1],
@ (Ia(A7 B) IE Ilfa(AJ B)) == Ia(Au B) D Il,a(A, 6)7

where ® is the linear map defined in Lemma 6.3. The proof is done by using
Theorem 6.1 and the fact that the map & is a positive unital linear map. [

The next result is an integral inequality involving tensor products which
is a special case of Theorem 6.1 when n = 1. More precisely we obtain an
integral inequality involving Hadamard products as a consequence.

Corollary 6.9. Let A = (Ay)ieq and B = (By)ieq be two bounded continuous
fields of operators in B(H)". If either 0 < f <a <3 ors<a<f<1,
then

T5(A, B) @ Ty_s(A, B) + Ti_s(A, B) @ Ts(A, B)
> T.(A,B) @ T1_o(A,B) + Ti_o(A, B) © To (A, B)

4o [zﬂ(A, B) @ Ti_s(A, B) + Ti_s(A, B) @ Ts(A, B) — 2T, ;o(A, B) @ T, oA, B)
+ [Iﬁut, B)® T (A, B) + T1_s(A, B) @ Ts(A, B) + 2T 5( A, B) @ Ty 5( A, B)

—27.(A,B) @ I,_(A,B) — 2Z;_,(A,B) ® Z,(A, B) |,
(6.18)

where vy = =22 0 = 55__172 and n = min{d,1 — 0}

Corollary 6.10. Let A = (Ay)ieq and B = (By)icq be two bounded continu-
ous fields of operators in B(H)". If either 0 < f<a <3 ors <a<pB<]1,
then
Zs(A,B) ©Zi_5(A,B) + I1_5(A, B) © Zs(A, B)

> T,(AB) O _o(AB)+Z1_o(A,B) ©Z,(A,B)

4o [15(,4, B) O Ti_s(A, B) + Ti_s(A, B) © Ts(A, B) — 2T, ;o(A, B) © T, oA, B)
+1n [Ig(A, B) ®I_5(A,B) + 11_5(A,B) © Is(A, B) + 21, )2(A, B) © I, /5(A, B)
— 9T (A, B) O T (A, B) — 2T, (A, B) © Z,(A, B)|.

(6.19)

where v = #, d = 5’8_;172 and n = min{d,1 — 0}
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Proof. Using the fact that the Hadamard product is expressed as the defor-
mation of the tensor product via the isometry U defined in (6.3), we get the
result. O

Remark 6.11. When we set Q ={1,...,k} equiped with the counting mea-
sure, we have that Z,(A,B) = Y .| AitaB;. From previous theorem and
previous corollaries, we obtain discrete versions of refined Callebaut-type in-
equalities for Tracy-Singh products, Khatri-Rao products, tensor products and
Hadamard products, respectively.

Remark 6.12. For a particular case of Theorem 6.1 when H = C" and
Q={1,...,k} equiped with the counting measure, we get a matriz inequality
concerning Tracy-Singh products. In the same way, we get matriz versions
of (6.17) -(6.19) for Khatri-Rao products, Kronecker products and Hadamard
products, respectively. Matriz versions of Kronecker products and Hadamard
products are refinements of matriz Callebaut inequalities in [79, Theorem 3.4
and Corollary 3.5].

In the next corollary, we give a refined Callebaut-type inequality for real
numbers.

Corollary 6.13. Let © = (24)ieq and y = (Yi)ieq be two fields of positive
real numbers. If either 0 < f < a < % 07’% <a< p <1, then

Ty(w,y) - Tipley) > Lalw,y) - Tioaley) + 8| Zo(a,y) - Tiosle,y) = (Lia(any))’]

+1 [Iﬁ(w, Y) - Ti_g(w,y) + (Tijalz,y)) = 2Z,(2,y) - T, (x, y)} ,

where v = #, o= 5’8__172 and n = min{d, 1 — 0}.

Proof. Putting A; = a1 and By = [ for all t € € in Theorem 6.1, we
obtain the result. O

We mention that if 2 is the finite set {1,. .., k} equiped with the counting
measure, we get a discrete version of (6.20) which is a refinement of the
classical Callebaut inequality (6.2).
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6.4 Reversed Callebaut-type inequalities for
operators

In this section, we present reversed inequalities of Callebaut-type inequalities.

Lemma 6.14 ([88]). Let z,y > 0 and r € (0,1).
z+y < 27y + 2Ty T+ 2s(Vr — Vy)? — ¢ <3c +y+ 2Ty — 2piyi — 2x%y%> :

where p = min{r, 1 —r}, ¢ = min{2p, 1 — 2p} and s = max{r,1 —r}.

Lemma 6.15. Let A, B € B(H)" and either 0 < f < a < % 07“% < a<
B8 < 1. Then

APRB'™ + AP R BP
< AR B 4 AR B 1 (2 - §) (Aﬁ KB'F 4 AP R B — 243 B%)

_p (Aﬁ X BY? 4 AP R BP 1 243 R B: — 247K B — 2417 ) B“*) ,
(6.20)

where v = 28§ = L= 4nd n = min{s,1 — §}.
Proof. In Lemma 6.14, we have by replacing y with 2~! that
s+l < 2T 4 p 2wt —2) — gl 42— 2077 — 223).

Let u € (0,1]. Taking r = 5%, we obtain
v+t < '+t + (1+u) (a7t —2) —q(w+$_1+2—2x%—2x_%>.

Consider real numbers v, w such that £ € (0, 1]. Using the functional calculus
on the spectrum of AX B and Lemma 6.2, and putting u = =, we get

AYRB™" + A" K B"
SARBT+ATRE + (14 ) (A"RB™ + AR B” - 2[R )
w
—n(A"RB ™+ A"RBY+2IKI—-2A* KB 2 —2472 K B2).
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Multiplying both sides by A2 K B2 and applying Lemma 6.2, we have
AR BT 4 AT R BT
< AR B 4 AU R B 4 (1 + %) (A" ® B 4 ALY K B — 24K B)
—n (AR BT + AR B + 2AK B — 2AMTE R B'TE — 2472 M B2
where v = min {%, 1-— %} We reach the result by replace v, w, A, B with
200 — 1,20 — 1, A%, B%, respectively. n

Lemma 6.16. Let X = (X;)ieq and W = (Wy)ieq be bounded continuous
fields of operators in B(H)" and B(H), respectively. If either 0 < 8 < o < 5
0r%<o¢<ﬁ<1, then

Fn (X8R Fp (X)) + Fp (X7 R Fp(XF)
< Fw(X7) W Fp(X17%) 4+ Fp(X17%) K Fy(X)
+(2-0) [fw()cﬁ) ) Fpp(X1) + Fip(X10) ) Fip (%) — 2P (X3) K Fop (X

N

)

- W[fw(xﬁ) X (A1) 4+ Fp(X170) ) Fopy (A7) + 2Py (X2) B Fpy(X'2)

— 2P (A7) R Fip(X177) = 2Fp (X177 K Fyy (A7) ]
(6.21)

where v = #, d= /8/3_—172 and n = min{d, 1 — d}.

Proof. The proof is similar to that of Lemma 6.7. Instead of using Lemma
6.6, we apply Lemma 6.15.
O

The next theorem is a reverse of the second inequality of (6.15) involving
Tracy-Singh products. As a consequence, we get a reversed Callebaut-type
inequality for Khatri-Rao products by using the unital positive linear map
® in Lemma 6.3. For the case n = 1, this theorem reduces to the reversed
Callebaut-type inequality for tensor products and consequently applies to
Hadamard products.

Theorem 6.2. Let A = (A;)icq and B = (By)ieq be two bounded continuous
fields of operators in B(H)*. If either 0 < f < a < % or % <a<p<l,

82



then
Zs(A,B)R T, 5(A,B) + T, 5(A B) X Is( A B)
< To(A,B)RTy_o( A, B) + Ti_o(A, B) R T, (A, B)
+ (2= 0)[Zs(A, B) R Iy _5(A, B) + Zi_5(A, B) K Z3(A, B) — 2Ly /5(A, B) R Iy 5( A, B)]
—[Z5(A, BYR T, 3(A, B) +Ti_s(A,B) R IZs(A, B) + 2Z, j5(A, B) R T, )5 (A, B)
— 27, (A, B) X T,_,(A,B) — 27, (A, B) K Z,(A, B)],

(6.22)
where v = #, §= 55_7172 and n = min{d, 1 — 0}.
Proof. The proof is similar to that of Theorem 6.1. Instead of using Lemma
6.7, we apply Lemma 6.16. O

Corollary 6.17. Let A = (Ay)ieq and B = (By)ieq be two bounded continu-
ous fields of operators in B(H)". If either 0 < f < a < % or% <a<pf<1,
then
Ts(A,B) O Ii_5(A,B) + Ii_5(A,B) D Zs(A, B)
< Zo(A,B) BTy o(AB)+ 71 _o(AB) DI, (A, B)
+ (2= 0)[Zs(A, B) D Zi_5(A, B) + Zi_5(A, B) D Z3(A, B) — 2Ly /2(A, B) D Ly 5( A, B)]
—n[Zs(A, B) O Ti_5(A, B) + Ti_5(A, B) D Zs(A, B) + 27, )2 (A, B) D Iy (A, B)
— 27, (A, B) B T,_,(A,B) — 27, (A, B) O Z,(A, B)],
(6.23)
where y = 28§ = L= 4nd p = min{J,1 — 8}.

Corollary 6.18. Let A = (Ay)ieq and B = (By)icq be two bounded continu-
ous fields of operators in B(H)". If either 0 < f<a <3 or3 <a< <1,
then
Iﬁ(Aa B) ® Il—ﬁ(A7 B) + Il—B(A7 B) ® Iﬁ<A7 B)
g Ia(Aa B) 0y Ilfa(-/éh B) + Ilfoz<~’47 B) & Ia(Aa B)
+ (2 - 5) [Iﬁ(A7 B) ® Il*ﬁ(Av B) + Il*ﬁ(Aa B) ® Iﬁ(Aa B) - 211/2("47 B) ® 11/2(“47 B)]
—-n [Iﬁ(A7 B) ® Il*ﬁ(Av B) + Il*ﬁ(Aa B) ® Iﬁ(Aa B) + 211/2(*’47 B) ® 11/2("47 B)
B QI’Y(A’ B) ® Il*’Y(Au B) - 21.1*7(“47 B) ® I’Y(-A7 B)} )
(6.24)

1+28 5 =

where v = =5

5’8_;172 and n = min{d,1 — d}.
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Corollary 6.19. Let A = (Ay)icq and B = (By)icq be two bounded continu-
ous fields of operators in B(H)". If either 0 < f<a< i ori<a<p<l,
then
Zs(A,B) ©Zy_5(A,B) + I,_5(A, B) © Zs(A, B)
< Zo(AB) O _o(AB)+Z1_ (A, B) ©Z,(A,B)
+(2-9) [Ig(A, B) ©Ti_3(A,B) + T1_3(A,B) © Ig(A, B) — 21 )2( A, B) © L 5( A, B)]
—0[Z5(A, B) © Tr_s(A, B) + Ti_s(A, B) © Ts(A, B) + 2Ty o(A, B) © T o( A, B)
—27,(A,B) ©Z1_+(A,B) — 2Z,_,(A,B) © Z,(A, B)},
(6.25)
where v = #, o= /36—_172 and n = min{d, 1 — d}.
Remark 6.20. From previous results, we obtain discrete versions of re-
versed Callebaut-type inequalities for Tracy-Singh products, Khatri-Rao prod-
ucts, tensor products and Hadamard products, respectively, by setting ) =
{1,...,k} equiped with the counting measure. For a particular case, when
H = C", we get matriz versions of (6.22)-(6.25). Matriz versions of Kro-

necker products and Hadamard products are reverses of matriz Callebaut in-
equalities in [79, Theorem 3.4 and Corollary 3.5].

The following corollary is a reverse of the integral Callebaut inequality for
real numbers. In particular, when € is the finite set {1,...,k} equiped with

the counting measure, we get a reversed inequality of the second inequality
of (6.2).

Corollary 6.21. Let © = (24)icq and y = (Yi)ieq be two fields of positive
real numbers. If either 0 < f < a < % or% <a< f <1, then

Ts(2,y) - Thp(z,y) < La(z,y) Ticalw,y) + (2 0)[Ts(z,y) - Ti_p(z,y) — (Taj2(z,y))’]
—[Zs(x,y) - Tip(x,y) + (Tijale, )’ — 2L, (2,9) - Tiy(2,9)],

where v = 122§ = ;{__172 and n = min{d, 1 —d}.

6.5 Conclusion

We establish certain refinements and reverses of Callebaut-type inequalities
for bounded continuous fields of operators which are parametrized by a lo-
cally compact Hausdorff space ) equipped with a finite Radon measure.
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These inequalities involve Tracy-Singh products, Khatri-Rao products, ten-
sor products, Hadamard products and weighted geometric means. When () is
a finite space equipped with the counting measure, such integral inequalities
reduce to discrete inequalities. Our results include matrix results concerning
the Tracy-Singh product, the Khatri-Rao product, the Kronecker product,
and the Hadamard product. In particular, we get a refinement and a reverse
of the classical Callebaut inequality for real numbers.
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Abstract
We generalize the tensor product for operators to the Tracy-Singh
product for operator matrices acting on the direct sum of Hilbert spaces.
This kind of operator product is compatible with algebraic operations and
order relations for operators. It follows that this product preserves many
structure properties of operators.
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1 Introduction

In scientific computing, we consider a matrix to be a two-dimensional array
for stacking data. A processing of such data can be performed using matrix
products. One of extremely useful matrix products is the Kronecker product.
For any complex matrices A € M,, ,(C) and B € M, ,(C), the Kronecker
product of A and B is given by the block matrix

A®B = [a’ijB]z’j € Minp,ng(C).
Equivalently, A& B is the unique complex matrix of order mp x nq satisfying
(A®B)(z®y) = Az ® By (1)

for all z € C™ and y € C?. This matrix product has wide applications in math-
ematics, computer science, statistics, physics, system theory, signal processing,
and related fields. See [2, 5, 6, 12] for more information.

*Corresponding author. Email: pattrawut.ch@kmitl.ac.th
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Kronecker product was generalized to the Tracy-Singh product of partitioned
matrices by Tracy and Singh [10]. Let A = [A;;] € M, »,(C) be a partitioned
matrix with A;; of order m; x n; as the (4, j)th submatrix where >, m; = m
and »;n; =n. Let B = [By] € M, 4(C) be a partitioned matrix with By of
order py X ¢ as the (k,I)th submatrix where ), pr = p and >, ¢, = ¢q. The
Tracy-Singh product of A and B is defined by

where each block A;; ® By is of order m;pi x n;q;. This kind of matrix prod-
uct has several attractive properties in algebraic, order, and analytic points of
views; see, e.g., [3, 8, 9, 10]. The Tracy-Singh product can be applied widely in
statistics, econometrics and related fields; see, e.g., [9, 10].

As a natural generalization of a complex matrix, we consider a bounded
linear operator between complex Hilbert spaces. The tensor product of Hilbert
space operators can be viewed as an extension of the Kronecker product of com-
plex matrices. Using the universal mapping property in the monoidal category
of Hilbert spaces, the tensor product of A € B(H,H’) and B € B(K,K’) is the
unique bounded linear operator from H ® K into H' ® K’ such that for all x € H
and y € IC,

(A® B)(r®y) = Az ® By. (2)
A fundamental property of tensor product is the mixed product property:
(A® B)(C® D) = AC® BD. (3)

The theory of tensor product of operators has been continuously developed in
the literature; see, e.g., [4, 11].

From the previous discussion, it is natural to extend the notion of tensor
product for operators to the “Tracy-Singh product”of operators. We shall pro-
pose a natural definition of such operator product. It turns out that this product
is compatible with algebraic operations and order relations for operators. One
of the most attractive properties, the mixed product property, also holds for
Tracy-Singh products. It follows that this product preserves attractive prop-
erties of operators, such as being invertible, Hermitian, unitary, positive, and
normal. Our results generalize the results known so far in the literature for both
Tracy-Singh products of matrices and tensor products of operators.

This paper is organized as follows. In section 2, we introduce the Tracy-
Singh product for operator matrices and deduce its algebraic properties. In
section 3, we show that the Tracy-Singh product is compatible with various
kinds of operator inverses. We investigate the relationship between Tracy-Singh
products and operator orderings in Section 4.
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2 Tracy-Singh products and algebraic operations
for operators

In this section, we introduce the Tracy-Singh product of operators on a Hilbert
space. Then we will show that this product is compatible with addition, scalar
multiplication, adjoint operation, usual multiplication, power, and direct sum
of operator inverses.

Throughout this paper, let H, H’, K and K’ be complex Hilbert spaces.
When X and ) are Hilbert spaces, denote by B(X,)) the Banach space of
bounded linear operators from X into Y, and abbreviate B(X, X) to B(X).

The projection theorem for Hilbert spaces allows us to decompose

m

n q p
Hn=PHn, H-=FpH, £=K, K=K
j=1 i=1 =1 k=1

where each #H;,H}, K, KC), are Hilbert spaces. Such decompositions are fixed
throughout the paper. For each j = 1,...,n, let E; be the canonical embedding
from H; into H, defined by

T — (0,...,0,.%]'70,...70).
Similarly, let F; be the canonical embedding from KC; into K foreach I =1,...,q.
Foreachi=1,...,mand k=1,...,p, let P/ : H' — H} and Q}, : K' = K}, be

the orthogonal projections. Thus, each operator A € B(H,H') and B € B(K,K')
can be expressed uniquely as operator matrices

A = [A4]752, and B = [Bulpi,

where A;; = P/AE; and By = Q) BF; for each i, j,k, L.
Definition 1. Let A = [A;]i"}", € B(H,H') and B = [Bul}{_, € B(K,K')

be operator matrices defined as above. We define the Tracy-Singh product of A
and B to be the operator matriz

AX B = [[A” X Bkl}kl] ij (4)

n q m p
which is a bounded linear operator from @ @ H; @K to @ @H; ® K.
j=11=1 i=1 k=1

Note that if both A and B are 1 x 1 block operator matrices i.e. m =n =
p = q = 1, then their Tracy-Singh product A X B is just the tensor product
A®B.

Next, we shall show that the Tracy-Singh product of two linear maps induced
by two matrices is just the linear map induced by the Tracy-Singh product of
these matrices. Recall that for each A € M,, ,(C) and B € M, ,(C), the induced
maps

Ly:C"—-C™, z— Az and Lp:C?!— CP, y— By
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are bounded linear operators. Using the universal mapping property, we identify
C" @ C? with C"? = M, ,(C) together with the canonical bilinear map (z,y) —
r®y for each (z,y) € C" x CY. It is similar for C™ @ CP.

Lemma 2. For each A € My, »,(C) and B € M, ,(C), we have
La®Lp :LA®B' (5)

Proof. For any z @y € C" @ CY, we obtain from the mixed product property of
the Kronecker product (1) that

(La®Lp)(z®y) = La(x)® Lp(y) = La(z)® Lp(y)
= Ar®By = (A®B)(z®y)
= (A®B)(z®y) = Lygplr®y).
Thus, by the uniqueness of tensor product, La ® Lp = L ¢ p- O

Proposition 3. For any complex matrices A = [A;;] and B = [By;] partitioned
in block-matrixz forms, we have

LaX¥Lp = L,gg- (6)
Proof. Recall that the (7, j)th block of the matrix representation of L4 is the

matrix A;;. It follows from Lemma 2 that

LyWLp = H:LA’ij®LBklj|kJij = HLAU@B’”}MLJ* = LA@B'

The next proposition shows that the Tracy-Singh product is compatible with
the addition, the scalar multiplication and the adjoint operation of operators.

Proposition 4. Let A € B(H,H') and B,C € B(K,K’) be operator matrices,
and let o € C. Then

(0tA)® B = a(AKB) = AX (aB), (7)
(AR B)* = A* KB, (8)
AR (B+C) = ARB+ AKC, 9)
(B+C)XA =BXA+CKA. (10)

Proof. Since each (7, j)th block of aA is given by (ad);; = ad;;, we get
(@A) KB = [[(ady) ® Bkl}kl]ij = [la(4; ® Bkl)]kl]ij = (AN B).

Similarly, A X (aB) = a(AX B). Since A* = [A
1,7, k,l, we obtain

]ij and B* = [Bl*k:]kl for all

*
7t

(AR B)" = [[Aji @ Buly,],; = [[AZ‘ ®Bl*l~c]kz]ij - ATRE
The proofs of (9) and (10) are done by using the fact that (B+C); = Bgi+ Cri

for all &, together with the left/right distributivity of the tensor product over
the addition. O
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Properties (7), (9) and (10) say that the map (A4, B) — AKX B is bilinear.

Proposition 5. Let A = [A;;] € B(H,H') and let B € B(K,K') be operator
matrices. Then

Ay ®B -+ A,XB

AmlleB Amn|X|B

That is, the (i, j)th block of AR B is just A;; X B, regardless of how to partition
B.

Proof. Tt follows directly from the definition of the Tracy-Singh product. O
Remark 6. It is not true in general that the (k,1)th block of AR B is AX By;.

When H = H1 @ He and K = K1 & Ko, the direct sum of A; € B(H1, K1)
and A € B(Ho, Kso) is defined to be the operator

A O

A @A = {0 A,

} € B(H,K).

The next result gives a relation between the direct sum and the Tracy-Singh
product.

Proposition 7. The Tracy-Singh product is right distributive over the direct
sum of operators. That is, for any operator matrices A, B and C, we have

(A8B)RC = (ARC)& (BRC). (11)

Proof. 1t follows from Proposition 5 that

(A@mgc::F@C O@C]:[A&C 0}

0KC BRC 0 BNC
= (ARC)a (BRO). O

It is not true in general that the Tracy-Singh product is left distributive over
the direct sum of operators.

The next theorem shows that the Tracy-Singh product is compatible with
the ordinary product of operators. This fundamental property, called the mized
product property, will be used many times in later discussions.

Theorem 8. Let H,H',H",KC,K" and K" be complex Hilbert spaces. Let A =
[AilisZy € B, "), C = [Cy]i iy € B(H,H'), B = [Bulpi_, € B(K',K")
and D = [Dy]{j_, € B(K,K') be operator matrices partitioned so that they are
compatible with the decompositions of the corresponding Hilbert spaces. Then

(AR B)(CK D) = AC K BD. (12)
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Proof. Using block multiplication of operators and the mixed product property
of the tensor product (3), we have

(ARB)(CKRD) = [[4; ® Bkl]klhj [[Ci; ® Dkl]kl}”

S
= 33 (A ® Big) (€ © D)
L La=1 A=t kid 45
S
= Z Z(Aiacaj & BkﬁDﬁl)
L L=t p=1 kid 5
o .
= ZAmcaj X ZBkﬁDm
La=1 ij p=1 Kl
= ACKX BD. O

Corollary 9. For any operator matrices A € B(H) and B € B(K), we have
(AKB)" = ATK B" (13)
for any r € N.

In the rest of section, we investigate structure properties of operators under
taking Tracy-Singh products. Recall that an operator T € B(#) is said to
be involutary if T? = I, idempotent if T? = T, an isometry if T*T = I, a
partial isometry if the restriction of T' to a closed subspace is an isometry, or
equivalently, TT*T =T.

Corollary 10. Let A € B(H) and B € B(K). If both A and B satisfy one of the
following properties, then the same property holds for AXB: Hermitian, unitary,
isometry, co-isometry, partial isometry, idempotent, involutary, projection.

Proof. Applying Theorem 8 and Proposition 4, we get the results. O

If A and B are skew-Hermitian operators, then A X B is Hermitian. Recall
that an operator T' € B(H) is said to be nilpotent if there is a positive integer k
such that T% = 0. The smallest such integer k is called the degree of nilpotency
of T. If A € B(H) and B € B(K) are nilpotent operators with degrees of
nilpotency r and s, respectively, then A X B is also nilpotent with degree of
nilpotency not exceed min{r, s}.

3 Tracy-Singh products and operator inverses

Next, we discuss the invertibility of the Tracy-Singh product of operators. Recall
that an operator A € B(H,K) is said to be regular if there is an operator
A~ € B(K,H) such that AA~A = A. The operator A~ is called an inner
inverse of A. An operator X € B(KC,H) is said to be an outer inverse of A if
XAX = X.
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Proposition 11. Let A € B(H,H') and B € B(K,K’).

(i) If A and B are left invertible with left inverses A and B respectively, then
AKX B is left invertible and AX B is its left inverse.

(ii) If A and B are right invertible with right inverses A and B respectively,
then AX B is right invertible and AX B 1is its right inverse.

(ii) If A and B are regular with inner inverses A~ and B~ respectively, then
AR B is reqgular with A~ X B~ as its inner inverse.

(iv) If A and B have A~ and B~ as their outer inverses respectively, then
AN B has A~ X B~ as its outer inverse.

Proof. It follows from Theorem 8 and the facts that Iy X Iy = Iygy for any
Hilbert spaces X and ). O

As a consequence of (i) and (ii) in Proposition 11, we obtain the following
result.

Corollary 12. Let A € B(H) and B € B(K). If A and B are invertible, then
AKX B is invertible and

(ARB)™ = A7'R B (14)

Next, we consider a kind of operator inverse, called Moore-Penrose inverse.
Recall that a Moore-Penrose inverse of A € B(H,K) is an operator AT €

B(K, H) satisfying the following Penrose conditions ([7])
(i) A" is an inner inverse of A ;

(ii) A is an outer inverse of A ;

(iii) AAT is Hermitian ;

(iv) ATA is Hermitian.

It is well known that the following statements are equivalent for A € B(H, K)
(see e.g. [1]):

(i) a Moore-Penrose inverse of A exists ;
(ii) a Moore-Penrose inverse of A is unique ;
(iii) the range of A is closed.

Theorem 13. Let A € B(H,H') and B € B(K,K'). If A and B have closed
ranges, then

1. the range of AR B is closed ;
2. (AR B)I = AT X BT,
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Proof. Since the ranges of A and B are closed, the Moore-Penrose inverses Af
and B' exist and are unique. Making use of Theorem 8 and Proposition 4, we
can verify that AT X BT satisfies the following Penrose equations:

(i) (ANB)(AT®B') (AKX B)= AKX B

(i) (A'X BT (AX B)(ATX B') = AT X Bt
(iii) (AR B)(A'®R BY))" = (AR B)(Af ¥ Bf)
(iv) (A'®BT)(ARB))" = (A" X B")(AK B).

Hence, a Moore-Penrose inverse of A X B exists and it is uniquely determined
by AT X Bf. It follows that AX B has a closed range. O

The results in this section indicate that the Tracy-Singh product is compat-
ible with various kinds of operator inverses.

4 Tracy-Singh products and operator orderings
Now, we focus on order properties of Tracy-Singh products related to algebraic
properties.
Theorem 14. Let A € B(H) and B € B(K).

(i) If A,B >0, then AKB > 0.

(i) If A;B >0, then AK B > 0.
Proof. Assume A, B > 0. Using Theorem 8 and property (8), we obtain

AXB = A’ A’ R BB} = (A% XB%) (A% gB%)
= (A%&B%>*(A%&B%) > 0.

Consider the case A, B > 0. We have immediately by (i) that AX B > 0. By
Corollary 12, AKX B is invertible. This implies that A X B > 0. O

The next result provides the monotonicity of Tracy-Singh product.

Corollary 15. Let A, Ay € B(H) and B1, By € B(K).

(i) If Ay > Ay >0 and By 2 By >0, then A; X By > A X Bs.

(ii) If Ay > As >0 and By > By > 0, then A; X B; > A X Bs.
Proof. Suppose that A; > As > 0 and B; > By > 0. Applying Proposition 4
and Theorem 14 yields

AR B — A3 X By, = Ai1XB; — A3 X B + As X By — A3 X By

(A1 — A2) X By + Ay X (By — Bo)
> 0.

The proof of (ii) is similar to that of (i). O
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Abstract

We show that the Tracy-Singh product of Hilbert space operators is
continuous with respect to the operator-norm topology. The Tracy-Singh
product of two nonzero operators is compact if and only if both factors
are compact. We provide upper and lower bounds for certain Schatten
p-norms of the Tracy-Singh product of operators. It turns out that this
product is continuous with respect to the topologies on norm ideals of
compact operators, trace class operators, and Hilbert-Schmidt class oper-
ators. Thus the Tracy-Singh product preserves such classes of operators.
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1 Introduction

In matrix theory, one of useful matrix products is the Kronecker product. Recall
that the Kronecker product of two complex matrices A € M, ,(C) and B €
M, ,(C) is given by the block matrix

A®B = [aijB]ij S Mmp,nq(c)'

This matrix product was generalized to the Tracy-Singh product by Tracy and
Singh [3]. Let A = [A;;] € M,,»(C) be a partitioned matrix with A;; as the
(4,7)th submatrix. Let B = [By] € M, 4(C) be a partitioned matrix with By
as the (k,1)th submatrix. The Tracy-Singh product of A and B is defined by

AXB = HAZ‘]‘QA@Bkl]lej € Minp,ng(C).

*Corresponding author. Email: pattrawut.ch@kmitl.ac.th
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This kind of matrix product has several attractive properties and can be applied
widely in statistics, econometrics and related fields; see e.g., [3, 5, 7, 8, 9.

The tensor product of Hilbert space operators is a natural extension of the
Kronecker product to infinite-dimensional setting. Theory of Hilbert tensor
product has been continuously investigated in the literature; see, e.g., [2, 4, 10].
It is well known that the tensor product is continuous with respect to the
operator-norm topology. Moreover, on the norm ideals of compact operators
generated by Schatten p-norm for p = 1,2, 00, the tensor product are also
continuous. Recently, the tensor product for operators was generalized to the
Tracy-Singh product for operator matrices acting on the direct sum of Hilbert
spaces in [6]. This kind of operator product satisfies certain pleasing algebraic
and order properties.

In this paper, we discuss continuity, convergence, and compactness of the
Tracy-Singh product for operators in the operator-norm topology. Then we ob-
tain relations between Tracy-Singh product and certain analytic functions. We
also investigate the Tracy-Singh product on norm ideals of compact operators
generated by certain Schatten p-norms. In fact, this product is continuous with
respect to the Schatten p-norm for p = 1,2, 0c0. Estimations by such norms for
Tracy-Singh products are provided. It follows that trace class operators and
Hilbert-Schmidt class operators are preserved under this product.

This paper is organized as follows. In section 2, we give preliminaries on
Tracy-Singh products for operators on a Hilbert space. In section 3, we establish
analytic properties of the Tracy-Singh product in the operator-norm topology.
We investigate the Tracy-Singh product on the norm ideals of compact operators
generated by certain Schatten p-norms in Section 4.

2 Preliminaries on Tracy-Singh products for op-
erator matrices

Throughout, let H, H', K and K’ be complex Hilbert spaces . When X and
Y are Hilbert spaces, denote by B(X,Y") the Banach space of bounded linear
operators from X into Y, and abbreviate B(X, X) to B(X).

In order to define the Tracy-Singh product, we have to fix the decompositions
of Hilbert spaces, namely,

n m q p
H=EPH, " =PHn, K=dK K =K
j=1 i=1 =1 k=1

where each H;, M}, K;, K}, are Hilbert spaces. For each j = 1,...,n and | =
1,...,q, let E; : H; — H and F} : K; — K be the canonical embeddings. For
eachi=1,...,mand k=1,...,p, let P/ and @}, be the orthogonal projections.
Thus, each operator A € B(H,H') and B in B(K,K’) can be expressed uniquely
as operator matrices

A= [Ay]J%, and B = [Bulpi,

4,5=1 )
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where A;; = P/AE; : H; — M and By = Q},BF; : K; — Kj, for each 4,75, k, L.
We define the Tracy-Singh product of A and B to be a bounded linear operator
from @?le Hj @K to @)%, Hj® K, represented in the block-matrix form
as follows:

AX B = [[AZJ ® Bkl]kl] i

When m =n = p = g = 1, the Tracy-Singh product A X B becomes the tensor
product A ® B.

Lemma 1 ([6]). Fundamental properties of the Tracy-Singh product for opera-
tors are listed below (provided that each term is well-defined):

1. The map (A, B) — AKX B is bilinear-

2. Compatibility with adjoints: (AX B)* = A* K B*.

3. Mized-product property: (AKX B)(C X D) = ACX BD.

4. Compatibility with powers: (AKX B)" = A" X B" for any r € N.
5

. Compatibility with inverses: if A and B are invertible, then A X B is
invertible with (AKX B)™! = A"1X B~L.

D

. Positivity: if A>0 and B >0, then AKX B > 0.
7. Strictly positivity: if A >0 and B > 0, then AKX B > 0.

8. If A and B are partial isometries, then so is AXB. Recall that an operator
T is a partial isometry if and only if the restriction of T to a closed
subspace is an isometry.

3 Analytic properties of the Tracy-Singh prod-
uct

In this section, we establish some analytic properties of the Tracy-Singh product
involving operator norms. These properties involve continuity, convergence,
norm estimates, and certain analytic functions. We denote the operator norm
by ||+ c.

In order to discuss the continuity of the Tracy-Singh product, recall the
following bounds for the operator norm of operator matrices.

Lemma 2 ([1]). Let A= [Ay];"", € B(H) be an operator matriz. Then

Y lAG1E < AR < Y 14515 (1)

i,j=1 i,5=1
Lemma 3. Let A = [Ay]L, € B(H) be an operator matriz and let (A)72,
be a sequence in B(H) where A, = [AZ(-;)]T-L’-" for each v € N. Then A, — A if

7,7=1
and only if Al(»;) — Ay forall i,j=1,...,n.
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Proof. 1t is a direct consequence of Lemma 2. O

The next theorem explains that the Tracy-Singh product is (jointly) contin-
uous with respect to the topology induced by the operator norm.

Theorem 4. Let A = [A;;] € B(H) and B = [By] € B(K) be operator matrices,
and let (A,))2, and (B,),2, be sequences in B(H) and B(K), respectively. If
A, —> A and B, — B, then A, X B, - AX B.

Proof. Suppose that A, — A and B, — B. By Lemma 3, we have A(-;) — Ajj

and B,(J) — By, for each i, 7, k,l. Since the tensor product is continuous, we
have
AD @B — Ay ® By

for each i, j, k,[. It follows that A, X B, - AKX B by Lemma 3. O

The next theorem provides upper/lower bounds for the operator norm of the
Tracy-Singh product.

Theorem 5. For any operator matrices A = [Azj]zljnzl € B(H) and B =
[Aw]iio, € B(K), we have

1
Fq||A||m||B||w < [AR Blloo < ngllAllso | Bloo- (2)

Proof. Tt follows from Lemma 2 that

AR BIZ, < > > 1A @ Bl = D0 1A% 1Bl

k,l 1,3 k,l 1,5

= (14l ) (IBul%) < () A% 1B
,J k,l

We also have

AR B[Z, > (ng) > > [14i; ® BulZe = (ng) "> > 11Ai 11211 Brll%

k,l i3 k, 4,J
= (n0) (Y145l ) (D IBulZ) > (na) 2 Al B
ij Kl
Hence, we obtain the bound (2). O

Theorem 6. Let A € B(H).

(i) If f is an analytic function on a region containing the spectra of A and
IX A, then
JUBA) = IR f(A). 3)

(i1) If f is an analytic function on a region containing the spectra of A and
AKX I, then
J(ARI) = f(AKI. (4)
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Proof. (i) Since f is analytic on spectra of A and I X A, we have the Taylor
series expansion

~Sa
r=0
It follows that

f(A ZQTAT and f(IRA) ZarlﬁA

r=0

Making use of the bilinearity of Tracy-Singh product and Theorem 4 yields

oo (o)
fURA) =) 0, (IRA") = Y (IKa,A")
r=0 r=0
= IR o, A" = IR f(A).
r=0
Similarly, we obtain the assertion (ii). O

Theorem 7. Let A € B(H) and B € B(K) be positive operators. For any o > 0,
we have
(AR B)® = A°K B°. (5)

Proof. First, note that AKX B is positive by property (6) of Lemma 1. It follows
from the property (4) in Lemma 1 that for any r, s € N|

(Angf)s = A"XB" = (AKB)",

and thus (AX B)s = A% X B. Now, for a > 0, there is a sequence (g,) of
positive rational numbers such that g, — a. It follows from the previous claim
and the continuity of Tracy-Singh product (Theorem 4) that

(AR B)* = lim (AR B)%* = lim A% K B

n—00 n—00
= lim A" X lim B™ = A*X B“. O
n—00 n—00

Corollary 8. Let A € B(H) and B € B(K) be strictly positive operators. For
any real number o, we have

(AR B)* = A*K B°. (6)

Proof. Note that AKX B is strictly positive by property (7) of Lemma 1. For
a < 0, it follows from Theorem 7 and the property (5) in Lemma 1 that

(AR B)* = [(ARB)™ 1|7 = (A"'rR B~ 1)~
= (AH™R(BH™™ = AKX B°. O

669 Arnon Ploymukda et al 665-674



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO.4, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

Analytic Properties of Tracy-Singh Products for Operator Matrices

Corollary 9. Let A€ B(H,H') and B € B(K,K'). Then
AR B| = |A|X|B]. (7)
Proof. Applying Lemma 1 and property (5), we get

(AR B)"(ARB)]* = [(A"XB")(AK B)]>
= (A*ARB*B)? = (A*A)? K(B*B)? = |A|X|B|. O

AR B|

Recall the polar decomposition theorem: for any A € B(H, K), there exists a
partial isometry U such that A = U|A|. The next result is a polar decomposition
for the Tracy-Singh product of operators.

Corollary 10. Let A € B(H,H') and B € B(K,K'). If A= U|A| and B = V|B|
are polar decompositions of A and B, respectively, then a polar decomposition
of AR B is given by

AXB = (URV)|AX B|. (8)

Proof. Let U and V be partial isometries such that A = U|A| and B = V|B].
It follows from Lemma 1(3) and Corollary 9 that

ARB = UJA|RV|B| = (URV)(JA|R|B|) = (URV)|AR B|.

Note that UKV is also a partial isometry, according to property (8) in Lemma
1. Hence, the decomposition (8) is a polar one. O

4 Tracy-Singh products on norm ideals of com-
pact operators

In this section, we investigate the Tracy-Singh product on norm ideals of B(H).
Recall that any proper ideal of B(#) is contained in the ideal So, of compact
operators. For any compact operator A € B(H), let (s,(A))$2, be the sequence
of decreasingly-ordered singular values of A (i.e. eigenvalues of |A|). For each
1 < p < oo, the Schatten p-norm of A is defined by

o 1/Z)
w%—<2£w>.
=1

If ||A]|, is finite, we say that A is a Schatten p-class operator. The Schatten
oo-norm is just the operator norm. For each 1 < p < o0, let S, be the Schatten
p-class operators . In particular, §; and Sy are the trace class and the Hilbert-
Schmidt class, respectively. Each Schatten p-norm induces a norm ideal of B(#)
and this ideal is closed under the topology generated by this norm.

Lemma 11. Let A = [A;;] € B(H) be an operator matriz. Then A is compact
if and only if A;; is compact for all i,j.

670 Arnon Ploymukda et al 665-674



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO.4, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

A. Ploymukda, P. Chansangiam, Wicharn Lewkeeratiyutkul

Proof. If A is compact, then A;; = P/AE; is also compact for each 4, j due to
the fact that S is an ideal of B(H). Conversely, suppose that A;; is compact for
all 4, 7. Recall that a bounded linear operator is compact if and only if it maps a
bounded sequence into a sequence having a convergent subsequence. Let (z,)22
be a bounded sequence in H = 69?:1 H;. Write z, = [x&l) x£~2) x&”)]T IS
@._, H; for each r € N. Consider

A o Ay 2 Az 4+ A
Ave= |0 ] = s
For each | = 1,2,...,n, since (:cg))f’;l is bounded, the sequence (Aij:cgl))f,il
has a convergent subsequence, namely, (Aijxﬁﬁ?),g“;l. Hence,
Az + -+ Al
is a desired convergent subsequence of (Ax,)%2 ;. O
Lemma 12 ([1]). Let A = [Ay];", be an operator matriz in the Schatten
0=
p-class.
(i) For 1< p <2, we have
Do IAlE < Al < o772 Y Ayl (9)
i,j=1 ,j=1
(ii) For 2 < p < oo, we have
n n
nPEN Al < AN < Y 1Ayl (10)
ij=1 i,j=1

Lemma 13. Let 1 < p < oco. An operator matric A = [A;j] € B(H) is a
Schatten p-class operator if and only if A;; is a Schatten p-class operator for all
i,]-

Proof. This is a direct consequence of the norm estimations in Lemma 12. [

Lemma 14. Let 1 < p < oo. Let A = [Ay]]jL, be an operator matriz in

the class S, and let (A,);—, be a sequence in S, where A, = [Agg)rn . for
1,)=

each v € N. Then A, — A in S, if and only if AZ(-;) — Ai; in S, for all
,j=1,...,n.
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Proof. Lemma 13 assures that A;; and AE;-) belong to S, for any 4,5 =1,...,n
and r € N. Consider the case 1 < p < 2. Suppose that A, — A in S,. For any
fixed 4,7 € {1,...,n}, we have from the estimation (9) that

1AL — Ayl < ST IAD - Ayl < 1A - A2

ij=1

Hence, AE;) — A;; in Sp. Conversely, suppose AZ(-;) — A;; in S, for each i, 7.
Lemma 12 implies that

1A, — AJ2 < o772 37 A0 — a2,

4,j=1

Hence, A, -+ A in S,. The case 2 < p < oo and the case p = co are done by
using the norm estimations (10) and (1), respectively. O

Next, we discuss compactness of Tracy-Singh product of operators.

Lemma 15 ([10]). Let A € B(H) and B € B(K) be nonzero operators. Then
A ® B is compact if and only if both A and B are compact.

Theorem 16. Let A € B(H) and B € B(K) be nonzero operator matrices.
Then AX B is compact if and only if both A and B are compact.

Proof. Write A = [A;;] and B = [By,]. For sufficiency, suppose that A and B
are compact. By Lemma 11, we deduce that A;; and By, are compact for all
i,7,k,1. It follows from Lemma 15 that A;; ® By is compact for all 4,5, k,[.
Lemma 11 ensures the compactness of A X B. For necessity part, reverse the
previous procedure. O

The following theorem supplies bounds for Schatten 1-norm of the Tracy-
Singh product of operators.

Theorem 17. For any nonzero compact operator A = [A;];7L, € B(H) and
B = [Apl{i, € B(K), we have

1

g1 AlIBI < AR Bl < nall Al [ Bl (11)

Hence, AX B is trace-class if and only if both A and B are trace-class.

Proof. Suppose that both A and B are nonzero and compact. Then the operator
AX B is compact by Theorem 16. It follows from the norm bound (9) that

AR B[} < (ng)* ) 14 @ Bull? = (n@)* > IIAs117 1 Bull?

k,l i, kil i

= () (1143 12) (UBul3) < () AIIBIE.
i.j Kl
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We also have

IARBIF > D> Ay @ Buli = > 1Al I1Buli

kl i,j k,l iy
= (SC14B) (0Bul) > () 2 ARIBIE.
i k,l
Hence, we obtain the bound (11). O

Theorem 18. For any nonzero compact operator matrices A € B(H) and B €
B(K), we have

AR Bllz = [[All2 B2 (12)

Hence, AX B is a Hilbert-Schmidt operator if and only if both A and B are
Hilbert-Schmidt operators.

Proof. Since both A and B are nonzero and compact, the operator A X B is
compact by Theorem 16. Write A = [A;;] and B = [By]. Then by Lemma
12(ii), we have

AR B[ = > > 145 @Bullz = > 114513 1 Bull3
ki, k,l i,
= (3 14503) (X 1Bul3) = 1413 1813
ij k.l
Hence, we get the multiplicative property (12). O

The final result asserts that the Tracy-Singh product is continuous with
respect to the topology induced by the Schatten p-norm for each p € {1,2, c0}.

Theorem 19. Let p € {1,2,00}. If a sequence (A,)32, converges to A and a
sequence (B,)22, converges to B in the norm ideal S, then A, K B, converges
to AX B in S,.

Proof. Write A = [A;;] and B = [By;]. In the viewpoint of Lemma 14, it suffices
to show that AZ(-;) ® B,(J) — A;; @ By in S, for all 4, j, k,l. Since A, — A and
B, — B in §,, we have by Lemma 14 that AE;) — A;; and B,g) — By, for all
1,7, k, 1. Tt follows that

HA(T ® By, — Ay ® Bull, HA(T ® B — Al(-;) @ By + AE;-) ® B — Aij ® Brallp
< 1AY @ (B = Bu)lly + (A5 — Aij) ® Bull,
= A1, 1B = Buallp + 1A — Allp 1Bl
— [[Aijllp -0+ 0 || Brill, = 0.

Hence, A\’ ® B\ — A;; ® Bjy in S, for all i, j, k, L. O
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Abstract

We investigate relationship between Tracy-Singh products and certain
classes of Hilbert space operators. We show that the normality, hyponor-
mality, paranormality of operators are preserved by Tracy-Singh products.
Operators of class-A type are also preserved under Tracy-Singh products.
Moreover, we obtain necessary and sufficient conditions for the Tracy-
Singh product of two operators to be normal, quasinormal, (co)isometry,
and unitary.

Keywords: Tracy-Singh product, tensor product, normality, class A operator
Mathematics Subject Classifications 2010: 47A05, 47A80, 47B20, 47B47.

1 Introduction

Tensor product of bounded linear operators plays a crucial role in functional
analysis and operator theory. Many algebraic-order-analytic properties of oper-
ators are preserved under taking tensor products, but by no means all of them.
Importance results on tensor product involving certain classes of operators (e.g.
positive, unitary, normal, compact) have been noticed by many mathematicians
from the beginning of the theory to nowadays (e.g. [22]). In the last two decades,
the concepts of normality, hyponormality, and paranormality have been intro-
duced and investigated by many authors, see e.g., [5, 13, 21]. Relations between
tensor products and class-A type operators also have received much attention,
e.g., [10, 11, 12, 19, 20]. See more information about classes of operators in the
monograph [7].

Recently, the notion of tensor product was extended to the Tracy-Singh
product for Hilbert space operators in [15]. It was shown that compactness,

*Corresponding author. Email: pattrawut.ch@kmitl.ac.th
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positivity and strict-positivity of operators are preserved under Tracy-Singh
products [15, 16].

In this paper, we investigate relationship between Tracy-Singh products and
certain classes of operators. We divide such classes into three categories. The
first category consists of nilpotent, (skew)-Hermitian, (co)isometry, and unitary
operators. The second one contains operator normality, hyponormality, and
paranormality. The last one is the class-A type operators, which includes class
A(k), class A, quasi-class (A, k), quasi-class A, x-class A, quasi-*-class A, and
quasi-#-class (A, k) operators. We will show that the mentioned properties
of operators are preserved under taking Tracy-Singh products. Moreover, we
obtain necessary and sufficient conditions for the Tracy-Singh product of two
operators to be normal, quasinormal, (co)isometry, and unitary operators.

The paper is structured as follows. The next section supplies some pre-
requisites about the tensor product and the Tracy-Singh product of operators.
Next, we discuss relationship between Tracy-Singh products and the normality,
hyponormality, and paranormality of operators. Then we consider Tracy-Singh
products and certain properties of operators—being nilpotent, (skew)-Hermitian,
(co)isometry, and unitary. The last section deals with class A type operators.

2 Preliminaries

In what follows, H and K denote complex separable Hilbert spaces. When X
and Y are Hilbert spaces, denote by B(X,Y") the Banach space of bounded linear
operators from X into Y, equipped with the operator norm ||-|| and abbreviate
B(X,X) to B(X). For Hermitian operators A and B on the same Hilbert space,
we use the notation A > B to mean that A — B is a positive operator.

In order to define the Tracy-Singh product, we have to fix the orthogonal
decompositions of Hilbert spaces, namely,

m n

H=@H, K=K
=1

i=1

where all H;’s and Ky’s are Hilbert spaces. Any operator A € B(H) and B €
B(K) thus can be expressed uniquely as operator matrices

A = [Ayl77L and B = [Bulgi,

where A;; € B(H;,H;) and By € B(K;,Ky) for each ¢, j, k,I. Then the Tracy-
Singh product of A and B is defined to be

AR B = [[Ay ® Buly,],; (1)
which is a bounded linear operator from @Tkzl H; ® K, into itself. Note that

when m = n = 1, the Tracy-Singh product AX B reduces to the tensor product
A® B.
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Lemma 1 ([15]). Algebraic and order properties of the Tracy-Singh product for
operators are listed here (provided that every operation is well-defined):

1. The map (A,B) — AKX B is bilinear.

2. Compatibility with adjoints: (AX B)* = A* K B*.

3. Compatibility with ordinary products: (AXK B)(C X D) = ACX BD.
4. Compatibility with powers: (AKX B)" = A" X B" for any r € N.
)

. Compatibility with inverses: if A and B are invertible, then AX B is
invertible with (AR B)™! = A=l X B~1L.

6. Positivity: if A>0 and B >0, then AKX B > 0.
7. Monotonicity: if A1 > By and Ay > By, then A1 X Ay > B1 K Bs.

Lemma 2 ([15]). Let A = [A;;] € B(H) and B € B(K) be operator matrices.
Then each (4, j)-block of AR B is A;; X B.

Analytic properties of the Tracy-Singh product for operators are listed below.
Lemma 3 ([16]). Let A = [Ay]]%") € B(H) and B = [Bu]y", € B(K). Then

1,j=1
we have

1
) —|AllIB|l < |[ARB| < mn|Al||B].
() —IAllIBI < | I < mn|AlllB]

(ii) |ARB| = |A|R|B|, here the absolute value of A is defined by |A| = (A*A)=.

(iii) If A and B are positive operators, then (AKX B)* = A* X B for any
nonnegative real c.

Lemma 4. Let A € B(H) and B € B(K).
(i) The condition AR B =0 holds if and only if A=0 or B=0.
(i) f ARB=AKC and A#0, then B=C.

(i) f BRA=CXA and A#0, then B=C.

Proof. From the norm estimation in Lemma 3(i), one can deduce property (i).
Properties (ii) and (iii) follow from (i) and the bilinearity of Tracy-Singh product
in Lemma 1. O

Lemma 5 ([21]). Let A,C € B(H) and B,D € B(K) be nonzero operators.
Then A® B =C ® D if and only if there exists o € C\ {0} such that C = oA
and D = o~ ! B.

Proposition 6. Let A = [A;][",,C = [Cyli", € B(H) and B = [Buli)L,, D =
(D, € B(K) be operator matrices such that A;j, By, Ci; and Dy are
nonzero operators for alli,j=1,...,mandk,l=1,...,n. Then AKB = CXD

if and only if there exists o € C \ {0} such that C = aA and D = o ' B.
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Proof. If C = aA and D = a1 B for some « € C\ {0}, then by Lemma 1,
CXRD=(aA)®(a'B)=aa (AR B) = AKX B.

Assume that AKNB = CXD. By using Lemma 2, we get 4;;iXB = C;; XD for all
i,j =1,...,m. For any fixed ¢,j € {1,...,m}, we have A;; ® By = Ci; ® Dy,
for all k,1 = 1,...,n. For each i,5 € {1,...,m} and k,l € {1,...,n}, by
applying Lemma 5, there exists a;j 1 € C\ {0} such that Cj; = a4 A;; and

Dy = a;j}lekl. For any fixed 4,5 € {1,...,m}, we have Cj; = ayj; uA;; for
all k,l = 1,...,n. This implies that o;;11 = -+ = ayjnn = ;. For any
fixed k,1 € {1,...,n}, we have Dy = a;; By for all i,j = 1,...,m. It follows
that a7 = -+ = aupm = a@. Thus C,‘j = O(Aij and Dy = Oé_lBkl for all
i,j=1,...,mand k,l =1,...,n. Therefore C = oA and D = o~ 'B. O

Recall that the commutator of A and B in B(H) is defined by
[A,B] = AB — BA.
Proposition 7. Let A,C € B(H) and B,D € B(K).
(i) If [A,C] >0 and [B,D] >0, then [AR B,CX D] >0
(ii) If [A,C] <0 and [B,D] <0, then [AK B,C® D] < 0.
(iii) If [A,C] =0 and [B,D] =0, then [AK B,C K D] =0.

Proof. (i) Since AC > CA and BD > DB, we have ACX BD > CAX DB by
Lemma 1. Then

[AXKB,CX D] = ACKBD -CAXDB > 0.

The assertion (ii) follows from (i) and the fact that —[X,Y] = [Y, X] for any
operators X and Y. The assertion (iii) follows from (i) and (ii). O

3 Tracy-Singh products and operator normality

In this section, we discuss normality of Tracy-Singh products of operators. The
contents can be divided into three parts. The first part deals with general
properties of normality, the second one concerns hyponormality, and the last
one consists of paranormality.

3.1 Normality

Recall the following types of operator normality; see e.g. [7, Chapter 2] and [17]
for more details.

Definition 8. An operator T € B(H) is said to be

e normal if [T*,T] =0 ;
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e binormal if [T*T,TT*| =0 ;
e quasinormal if [T, T*T] =0 ;
e posinormal if TT* = T*PT for some positive operator P.

Stochel [21] showed that for non-zero A € B(H) and B € B(K), the tensor
product A® B is normal (resp. quasinormal) if and only if A and B are normal
(resp. quasinormal). Now, we will extend this result to the case of Tracy-Singh

products.
Theorem 9. Let A = [A;]]%") € B(H) and B = By, € B(K) be operator
matrices such that A;; and By are nonzero operators for alli,j =1,...,m and

k,l=1,...,n. Then AKX B is normal if and only if so are A and B.

Proof. If A and B are normal, then by Lemma 1 and Proposition 7 we have
(AKX B)",AXB] = [A*"KB*, AKX B] = [A*, A]X[B*,B] = 0,
i.e., AKX B is also normal. Conversely, suppose that AX B is normal. Note that
A*AX B*B = (ARB)"(AXB) = (AXKB)(AKB)* = AA*X BB*.

By Proposition 6, there exists o € C\ {0} such that AA* = aA*A and BB* =
a !B*B. Since AA* and A*A are positive, we have o > 0. Then

IA]* = A4 = [laA™A] = ol A]?,
IBII* = |BB*|| = |la™'B*B| = a7||B|.
We arrive at a = 1, meaning that both A and B are normal. O

Theorem 10. Let A = [A;;];";") € B(H) and B = [By;,~, € B(K) be operator

ij=1
matrices such that A;; and By, are nonzero operators for alli,j =1,...,m and
k,l=1,...,n. Then AX B is quasinormal if and only if so are A and B.

Proof. Assume that A and B are quasinormal. Since [4, A*A] = 0and [B, B*B] =
0, we have

[AXB,(AKB)* (AR B)] = [AKB,A*AK B*B] = 0.
Hence, A X B is quasinormal. Suppose that A X B is quasinormal. Note that
AA*AX BB*B = (AR B)(AK B)*(AK B)
= (AN B)*(AX B)?
= A*A’X B*B*.

Then there exists o € C\{0} such that A*A? = «AA*Aand B*B? = o ' BB*B.
This in turn implies that

=
=
I

A*(A*A?) = a(A*A)
(B*)*B? = B*(B*B?*) = o '(B*B)>.
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Since (A?)*A? and a(A*A)? are positive, we conclude a > 0. We have
alAI* = al(A"AP|]P = (4% A% = 4% < [A]*

and, similarly, a~!||B||* < ||B||*. This forces a = 1 and, thus, both A and B
are quasinormal. O

Proposition 11. Let A € B(H) and B € B(K). If both A and B satisfy one
of the following properties, then the same property holds for AR B: binormal,
posinormal.

Proof. The assertion for binormality follows from Lemma 1 and Proposition 7.
Now, suppose that AA* = A*PA and BB* = B*@Q B for some positive operators
P and . By Lemma 1, we get

(AR B)(AR B)* = AA*X BB* = A*PAX B*QB

— (AR B)*(PRQ)(AR B).

According to Lemma 1, P X @ is positive. Therefore A X B is posinormal. [

3.2 Hyponormality

Recall the following hyponormal structures of operators; see e.g. [1, 4, 13] and
[7, Chapter 2] for more information.

Definition 12. Let p > 0 be a constant. An operator T € B(H) is said to be
e hyponormal if [T*,T] is positive ;
e p-hyponormal if (T*T)? > (TT*)?P ;
e quasihyponormal if T*[T*, T|T is positive ;
e p-quasihyponormal if T*(T*T)PT > T*(TT*)PT ;
e cohyponormal if T* is hyponormal ;
e log-hyponormal if T' is invertible and log(T*T') > log(TT™).

Definition 13. Let T € B(H) have the polar decomposition T = U|T| where U
s a unitary operator. The Aluthge transformation of T' is defined by

T = |T|>U|T|>.
Then T s said to be

e w-hyponormal if |T| > |T| > |T*| ;

1
e jw-hyponormal if T is invertible and |T| > (|T|%U|T|%U*\T|é> °
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Theorem 14. Let A € B(H), B € B(K), and let p > 0 be a constant. If
both A and B satisfy one of the following properties, then the same property
holds for AR B: hyponormal, p-hyponormal, cohyponormal, quasihyponormal,
p-quasthyponormal.

Proof. The assertions for hyponormality and cohyponormality follow from Lemma
1 and Proposition 7. The assertion for p-hyponormality is done by applying
Lemmas 1 and 3. Now, suppose that A and B are quasihyponormal. By Lemma
1, we obtain

(AXB)"[([AXK B)*,AK B] (AKX B)
= (A*XB*)((A*XB")(AXB) - (AX B)(A*X B*))(AX B)
= (A*XB*)(A* K B*)(AX B)(AKB) — (A* K B*)(AK B)(A* K B*)(AK B)
= A*A*YAAX B*B*BB — A*AA*AX B*BB*B.
Since A*A*AA — A*AA*A = A*[A*  A]A > 0 and B*B*BB — B*BB*B =
B*[B*, B]|B > 0, we have by Lemma 1 that

A*A*AAX B*B*BB — A*AA*AX B*BB*B > 0.

Hence, (AKX B)* (AR B)*, AKX B] (AKX B) > 0. This means that AX B is
quasihyponormal.

Assume that A and B are p-quasihyponormal. Lemmas 1 and 3 together
imply that

(AX B)* (AR B)*(AX B))” (AR B)
= (A*®B*)(A*AR B*B)’ (AR B)
= A*(A*AY AR B*(B*B)"B
A*(AA* AR B*(BB*)*B
= (ANB)* (AA* R BB*)’ (AR B)
= (AN B)* (AR B)(AR B)*)? (AR B).

WV

This show that A X B is p-quasihyponormal. O

Kim [13] investigated the tensor product of log-hyponormal (reps. w-hyponormal,
iw-hyponormal) operators. Now, we consider the case of Tracy-Singh products.

Lemma 15 ([6]). Let S and T be positive invertible operators. Then logT >
1
log S if and only if TP > (Tg SI’T%) * for allp > 0.

Theorem 16. Let A € B(H) and B € B(K) be positive invertible operators. If
A and B are log-hyponormal, then AX B is also log-hyponormal.

Proof. Assume that A and B are log-hyponormal operators. Since A and B are
invertible, Lemma 1 implies that A X B is invertible. Using Lemmas 1 and 3,
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we obtain that for any p > 0,
[(AXB)*(AK B)J
= (A*ARX B*B)?

A*A)P R (B*B)”

(A*A)B(AA")P(A"A)%)2 R ((B*B)8(BB*)"(B*B)*]?
(A*A)B(AA*)P(A*A)% ¥ (B*B)8(BB*)"(B*B)%]*
(A*AX B*B)® (AA* K BB*)” (A*AR B*B)*%|2
(ARB)*(AR B))? (AR B)(AR B)*)* (AR B)*(AR B))*]2.

WV

(
(
[
[
[
[

By Lemma 15, we have log(AX B)*(AX B) > log(AX B)(AX B)*. This means
that AKX B is log-hyponormal. O

Lemma 17 ([1]). An operator T € B(H) is w-hyponormal if and only if |T| >
1 1

(I B reT)})* and (17| < (jr (777 )

Theorem 18. Let A € B(H) and B € B(K). If A and B are w-hyponormal,

then AX B is also w-hyponormal.

Proof. Assume that A and B are w-hyponormal. By applying Lemmas 1 and
3, we have

|AX B| |A| X |B]

OAWAWMQ%&OBEBWBﬁf

WV

MIMW&2®WIWHB\)

1
2

(
(141 ®1BIF) (4% 1B*)) (141} =B}
QAxm|A®BHM&B|f

Similarly, we get

(AR B)*

= || B

< (lalaan )" m (1B BB )
1

= (1413141471 =B BIB" 1)

1
2

= [(ar =B 1}) (41w B) (1471 m1B*)F)]

=

= (Iam By lAR BI(AR BY'|})

By Lemma 17, the operator A X B is w-hyponormal. U
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Corollary 19. Let A € B(H) and B € B(K) be invertible operators. If A and
B are iw-hyponormal, then AX B is also iw-hyponormal.

Proof. 1t follows from Lemma 1, Proposition 18 and the fact that every iw-
hyponormal operator is w-hyponormal and every invertible w-hyponormal op-
erator is sw-hyponormal ([13]). O

3.3 Paranormality
Consider the following paranormality of operators; see [2, 3, 14, 18].
Definition 20. Let M > 1 be a constant. An operator T € B(H) is said to be
e M-paranormal if M2T*2T? — 2aT*T + oI > 0 for all « >0 ;
e paranormal if T*2T? — 2aT*T 4+ a2l > 0 foralla >0 ;
o M*-paranormal if M2T*2T? —2aTT* 4+ oI > 0 foralla >0 ;
e s-paranormal if T*2T? — 2oTT* 4+ o?I > 0 for all a > 0.

Recall that an operator T' € B(H) is an isometry if T*T = I; it is called an
involution if 72 = I.

Proposition 21. Let A € B(H), X € B(K) and let M > 1 be a constant. If
X is an isometry and A is M-paranormal (resp. paranormal), then AR X and
X X A are M-paranormal (resp. paranormal).

Proof. Assume that A is M-paranormal and X is an isometry. It follows that
for any a > 0 we have

M?* (AR X)?(AR X)? = 20(AR X)) (AR X) + *(IR )
= M?APA’RX*?X? - 204" AR X*X + o’ IR T
= M?A®A*RT - 20A*ART +a’IR ]
= (M?AA? - 20A* A+’ K]
= 0.
Thus AK X is M-paranormal. Similarly, the operator X X A is M-paranormal.

The case of paranormality is just the case of M-paranormality when M = 1. [

Proposition 22. Let A € B(H), X € B(K) and let M > 1 be a constant. If X
is a self-adjoint involution and A is an M*-paranormal (resp. *-paranormal)
operator, then AR X and X K A are M -paranormal (resp. x-paranormal).

Proof. The proof is similar to that of Proposition 21. O
Ando [2] showed that for any paranormal operator A, the tensor products

A® I and I ® A are paranormal. The next result is an extension of this fact to
the case of Tracy-Singh products.

Corollary 23. Let A € B(H) and let M > 1 be a constant. If A satisfies one
of the following properties, then the same property hold for AR I and I X A:
paranormal, M -paranormal, *-paranormal, M™*-paranormal.
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4 Tracy-Singh products and operators of type
nilpotent, Hermitian, and isometry

In this section, we discuss relationship between Tracy-Singh products and cer-
tain classes of operators, namely, nilpotent operators, (skew)-Hermitian oper-
ators, (co)isometry operators, and unitary operators. Recall that an operator
T € B(H) is said to be nilpotent if 7% = 0 for some natural number .

Proposition 24. Let A € B(H) and B € B(K). Then AR B is nilpotent if and
only if A or B is nilpotent.

Proof. 1t follows directly from Lemmas 1 and 4. O

Recall that an operator T € B(H) is Hermitian if 7* = T, and T is skew-
Hermitian if T* = —T. It follows from Lemma 1 that the Tracy-Singh product
of Hermitian operators is also Hermitian. The Tracy-Singh product of two
skew-Hermitian operators is Hermitian. The Tracy-Singh product between a
Hermitian operator and a skew-Hermitian operator is skew-Hermitian.

Proposition 25. Let A € B(H) and B € B(K) be nonzero operators.

1. Assume AR B is Hermitian. Then A is Hermitian (resp. skew-Hermitian)
if and only if B is Hermitian (resp. skew-Hermitian).

2. Assume AR B is skew-Hermitian. Then A is Hermitian (resp. skew-
Hermitian) if and only if B is skew-Hermitian (resp. Hermitian).

Proof. It follows directly from Lemmas 1 and 4. O

Recall that an operator T € B(H) is a coisometry if T7* = I. A unitary
operator is an operator which is both an isometry and a coisometry. Stochel [21]
gave a necessary and sufficient condition for A ® B to be an isometry (resp. a
coisometry, unitary). Now, we will extend this result to the case of Tracy-Singh
products.

Proposition 26. Let A = [A;]]%" € B(H) and B = [BrlyL, € B(K) be
operator matrices such that A;; and By are nonzero operators for all i,j =
1,....mand k, 1 =1,...,n. Then AR B is an isometry (resp. a coisometry) if

and only if so are aA and o= B for some a € C\ {0}.
Proof. If aA and o' B are isometries, then by Lemma 1,
(AXB) (AN B) = A*"AR B*B
= (aA)*(aA) X (e 'B)*(a"'B)
=IKXI.

Suppose that A X B is an isometry. Then A*AX B*B = I X I. Thus, by
Proposition 6, there exists 3 € C\ {0} such that BA*A =T and 3~'B*B = I.
Setting a = /B, we obtain (aA)*(aA) = I and (o 'B)*(a~!B) = I. Hence
aA and a1 B are isometries. The proof for the case of coisometry is similar to
that of isometry. O
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Theorem 27. Let A = [A;;];";") € B(H) and B = [By;,~, € B(K) be operator
matrices such that A;; and By are nonzero operators for alli,j =1,...,m and
k,l=1,...,n. Then AR B is unitary if and only if so are «A and a ' B for
some o € C\ {0}.

Proof. If aA and o~ !B are unitary, then Lemma 1 implies
(AR B)* (AR B) = A*YARB*B = (aA)* (@A) R (o 'B)*(a™'B) = I.

Similarly, we have (A X B)(A X B)* = I. Conversely, suppose that A X B
is unitary. We know that A X B is both an isometry and a coisometry. By
Proposition 26, there exist a, 3 € C\ {0} such that A and a~! B are isometries,
and BA and 37! B are coisometries. We have (aA)*(ad) =1 = (BA)(BA)* and

(@7'B)*(a™'B) = I = (7'B)(67'B)".

Since AKX B is normal, so are A and B (Theorem 9). Then a?AA* = o?A*A =
B2AA* and o 2BB* = o 2B*B = ~2BB*. Since a, 8 > 0, it comes to the
conclusion that o = 3. Hence aA and o' B are unitary. O

5 Tracy-Singh products and class-A type oper-
ators

The following classes of operators bring attention to operator theorists; see more
information in [8, 9, 11, 12, 20].

Definition 28. Let k € N. An operator T € B(H) is said to be
e class A if |T?| > |T|? ;
o class A(k) if (T*|T]2*T) ™7 > |T)? ;
e quasi-class A if T*|T?|T > T*|T|*T ;
e quasi-class (A, k) if T**|T?|T% > T**|T|°T* ;
o s-class A if [T? > |T*|? ;
e quasi-+-class A if T*|T?|T > T*|T*|*T ;
e quasi-x-class (A, k) if T*F|T?|Tk > T**|T*]2T*.

The next theorem shows that such classes of operators are preserved under
Tracy-Singh products.

Theorem 29. Let A € B(H), B € B(K), and let k € N. If both A and B
satisfy one of the following properties, then the same property holds for AKX B:
class A(k), class A, quasi-class (A, k), quasi-class A, x-class A, quasi-x-class

A, quasi-x-class (A, k).
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Proof. Assume that A and B are class A(k). By Lemmas 1 and 3, we get

(ARB) AR B AR BT = [(A4BB") (AR [B*) (AR B)] ™
= (A*|AP* AR B*| B[ B) ™

(4| AP A) 7T & (B | B B)

A= )| B

= |[AXR B]%.

WV

Hence AK B is a class A(k) operator. Now, assume that A and B are quasi-class
A(k). Applying Lemmas 1 and 3, we get

(AX B)*|(AR B)?|(AR Bk = (A" K B*)(]A% X |B?|)(A* K B*)
Ak*|A2‘Ak IXBk*|BZ|Bk

AM*| A2 AF ) B¥*|B|2B*

(A" ® BM)(|A? ) |B*)(A* ® BY)
= (AN B)*|AX B|?(AR B)*.

Vol

Hence, AX B is a quasi-class A(k) operator. The proof for class A (resp. quasi-
class A) is done by replacing k = 1 in the case of class A(k) (resp. quasi-class
(A, k)). The proof for the case of quasi *-class (A, k) is similar to that of quasi-
class (A, k). Similarly, the proof for #-class A (resp. quasi-*-class A) is done by
replacing k = 0 (resp. k = 1) in the case of quasi-*-class (A, k). O
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1. Introduction

It is well known that the tensor product (or Kronecker product) plays a fundamental role in
linear algebra, functional analysis and related fields. Nowadays, theory of tensor products
of operators is still developing, see [[18] for instance. Recently, the authors of [[12]] introduced
the Tracy-Singh product of operators which generalizes both tensor products of operators and
Tracy-Singh products of complex matrices [[17].

On the other hand, geometric means of positive definite matrices arise naturally in several
areas of pure and applied mathematics. There are at least two types of geometric means.
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The first one is the metric geometric mean, introduced by Ando [3]. Recall that the set of n-by-n
positive definite matrices is a Riemannian manifold, in which the Riemannian metric between
two matrices A and B is given by

8(A,B) = llogA"2BA 2|5,

here, ||-|l2 denotes the Frobenius norm. The metric geometric mean A#B is indeed the unique
metric midpoint of the geodesic line containing A and B (see, e.g., [9]). The second one is the
spectral geometric mean f, introduced by Fiedler and Ptak [6]. In fact, the square of AhB is
similar to the product AB, and in particular, its eigenvalues coincide with the positive square
roots of the eigenvalues of AB. See more information about metric/spectral geometric means in
[4,10] and [5, Chapters 4 and 6].

These two kinds of geometric means can be extended to multiple matrices by iterative
processes, see e.g. [8]. Another such iterative geometric mean is the Sagae-Tanabe geometric
mean, introduced in [15]. One of the most interesting properties of geometric means is the
arithmetic-geometric-harmonic means (AM-GM-HM) inequalities. Indeed, the AM-GM-HM
inequality concerning the metric geometric mean was established in [4]. Another version
concerning the Sagae-Tanabe geometric mean were discussed in [1,15].

The Kronecker product of matrices turns out to be compatible with the metric geometric
mean in the sense that

(A#B)e (C#D)=(A® C)#(B®D) (1D

for positive semidefinite matrices A,B,C,D of appropriate sizes (see [4]]). Of course, the similar
result for the spectral geometric mean is also true ([8]). Moreover, Kilicman and Al-Zhour
[8] discussed relations between Tracy-Singh products and metric geometric means, spectral
geometric means, and Sagae-Tanabe geometric means of several positive definite matrices.

In this paper, we develop further theory for geometric means of Hilbert space operators. We
investigate relationship between metric/spectral/Sagae-Tanabe geometric means and Tracy-
Singh products in terms of operator identities and inequalities. In particular, we obtain various
generalizations of the property (1) and the AM-GM-HM inequality and its reverse. Moreover,
we introduce the weighted Sagae-Tanabe spectral geometric mean for several positive operators
and deduce its properties related to Tracy-Singh products.

This paper is organized as follows. Section [2| consists of prerequisites on Tracy-Singh and
Khatri-Rao products for Hilbert space operators. In Section (3, we establish certain identities
and inequalities between metric geometric means and Tracy-Singh products of several positive
operators. Sections 4] and [5| deal with spectral geometric means and Sagae-Tanabe metric
geometric means, respectively. In Section [6] we define the weighted Sagae-Tanabe spectral
geometric mean for several positive operators and prove certain results related to Tracy-Singh
products.
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2. Preliminaries on Tracy-Singh and Khatri-Rao Products
for Operators
Throughout this paper, let H and K be complex separable Hilbert spaces. When X and Y are
Hilbert spaces, denote by B(X,Y) the Banach space of bounded linear operators from X into
Y, and abbreviate B(X,X) to B(X). For Hermitian operators A,B € B(H), the notation A > B
means that A — B is a positive operator, while A > 0 indicates that A is positive and invertible.
The projection theorem for Hilbert spaces allows us to decompose

m n
H=PH; K=PK
=1 =1

where all H; and K; are Hilbert spaces. Each operator A € B(H) and B € B(K) thus can be

expressed uniquely as operator matrices
A=[Ay]]7 and B=[Bpyly),
where A;; € B(H;,H;) and By; € B(K;,Kg) foreach i,j=1,...,m and k,l=1,...,n.

Definition 1. Let A =[A;;17", € B(H) and B =[By,],"_; € B(K) be operator matrices defined

1,j=1
as above. The Tracy-Singh product of A and B is defined to be the operator matrix
AXB =[[Aij®Bply],;, (2)

which is a bounded linear operator from @7;" H; ®Kj into itself.
Note that if m = n =1, the Tracy-Singh product A X B reduces to the tensor product A ® B.

Lemma 1 ([12,(13]). Let A,C € B(H) and B,D € B(KK) be compatible operator matrices.

(i) The Tracy-Singh product is compatible with the usual product in the sense that
(AXB)YCXD)=ACKXBD.

(1) If A,B >0, then (AXB)* = A*X B for any real number a.

(iii) If A,B >0, then AXB > 0.

(iv) If A,B>0, then AXB > 0.

W) IfFA>C>0and B>=D >0, then AXKB>CKXD.

The notion of Khstri-Rao product for operators was introduced in [[11].
Definition 2. Let A = [A;;]]"", € B(H) and B = [B;;]]”; € B(K) be operator matrices. The
Khatri-Rao product of A and B is defined to be
AllB= [Aij®Bij]lele1 (3)

as a bounded linear operator from @;* ; H; ® K; into itself.

Note thatif m =1, then ADB=A®B. Weset B_;A;=A;=[]_;A;. ForreN—{l} and a
finite number of operator matrices A; € B(H;) (i = 1,...,r), denote

r r
XA =((A1XA)YK---KA,_ DKRA,, [JA;=(A10A)E---DA, LA,
i=1 i=1
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Lemma 2 ([14]]). Let r € N—{1}. There exists an isometry Z such that
r r
(A =z* XA
i=1 i=1

forany A; e BH;), i=1,...,r.

zZ 4)

3. Metric Geometric Mean

In this section, we establish certain operator identities and inequalities involving metric
geometric means and Tracy-Singh products. First of all, we recall some background about
metric geometric means.

The metric geometric mean for matrices/operators was firstly defined by Ando [3]:

A#B = A1/2(A_1/ZBA_1/2)1/2A1/2, A,B > 0. (5)

This formula comes from two natural requirements. First, it should coincide with the usual
geometric mean for positive real numbers: A #B = (AB)Y2 provided that AB = BA. The second
condition is the congruent invariance

T*(A#B)T =(T*AT)#(T*BT)

for any invertible T' € B(H). Now, consider positive invertible operators A and B in B(H) and let
w €[0,1]. The w-weighted geometric mean of A and B is defined by

A#wB :AI/Z(A_1/2BA_1/2)wA1/2.

For arbitrary positive operators A and B, we define the w-weighted geometric mean of A and B
to be

A#,B = liI(I)l (A+eD)#,(B+el).
e—0*

Here, the limit is taken in the strong-operator topology. For briefly, we write A#B for A#,9B.

Theorem 1. Let A1,A9,B1 and By be positive operators in B(H) and w € [0,1]. Then
(Aq#,A9) X (B1#,B2) = (A1 X B1)#,(As X By), (6)
(A1#,A2)1(B1#,B2) < (A1 B)#,(A2[1By). (7

Proof. First, consider the case A1,A9,B1,B2> 0. By using Lemmal I} we get
(A1 B B1)#y(As K By) = (A1 MB1)"2 (A1 KB (A2 MB)( A1 KBy 2] (A1 KBy

_ (Ai/Z &B%&) [(AIM &Bil/z) (Ay X Bs) (AII/Z &Bim)]w (Ai/Z @Bi&)
_ (A}/Z @Bi/z) [(AIWAQAIW) X (BI1/2B2BIU2)]“’ (A%/z @Bi/z)

_ (Ai/Q @Bi/z) [(Afl/zAzAIm)w X (BIUZBzBIl/z)w] (Ai/z @Bi/z)

_ [Aim (AIl/zAzAIUZ)wA%/Z] X [31/2 (BII/2BZBII/Z)LUB%/2]

= (A1#,A2) X (B1#,Bs).

Ando’s result [4] states that if ®@ is a positive linear map, then for all A,B >0,
O(A#,B) < D(A)#,D(B). (8)
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By applying Lemma [2] and inequality (8), we have
(A1#,A2)(B1#,B2) = Z™ [(A1#,A2) X (B1#,B2)1Z
=Z"[(A1 XA)#,(A2XBy)1Z
<[Z*(A1XB1)Z#,[Z" (A2 X Bo)Z]
=(A1B1)#,(A2[[1By).
For arbitrary A1,A9,B1,Bs > 0, perturb each of them with &I and then take limit as e — 0. [J

Corollary 1. Let r e N and w €[0,1]. For each 1<i<r, let A;,B; € B(H) be positive operators.

Then
r r r
X(A#,B;) = |X|Ai)#w X Bi|. 9)
i=1 i=1 i=1
Proof. The proofis by induction on r. O

In [8], Kilicman and Al-Zhour invesigated weighted metric geometric means of any finite
number of positive definite matrices. Now, we will extend this geometric mean to the case of
finite number of positive operators.

Definition 3. Let r € N—{1}. For each 1 <i < r, let A; € B(H) be a positive operator. Let
a; €[0,1] for each 1 <i <r-1 and denote a = (a1,...,a,_1). We define

Ga,(A1,A2)=Ag #4, Ay
Now continue recurrently, setting
Sa(A1,..,Ar) = Ga, 1(Ga(A1,...,Ar-1),Ap)

where @ =(aq,...,a,-2). We call G,(A1,...,A,) the iterative a-weighted metric geometric mean
of Aq,...,A,.

The next two results asserts the compatibility between Tracy-Singh products and iterative
weighted metric geometric means.

Theorem 2. Let r € N—{1}. For each 1 <i <r, let A;,B; € B(H) be positive operators. Let
a; €[0,1] foreach 1 <i<r—1. Then
Ga(A1XBy,...,A.XB,)=5G4A1,...,A, )X G,(B1,...,B;) (10)
Proof. We use induction on r. By continuity, we may assume that A;,B; >0 foralli=1,...,r.
When r =2, we have by Proposition |1|that
Ga(A1XB1,A3XBy) =(As X Bg)#,(A1XB1)
=(Ag#, A1) X (Bo#,B1)
=5Ga(A1,A2)XG4(B1,Bs)

where a € [0,1]. This gives the claim when r = 2. Suppose that the property holds for
r—1(r>3). Let a =(ay,...,a,—1) and @ =(a1,...,a,_2) where a; €[0,1] forany 1 <i <r-1.
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Using Theorem [I, we have
Ga(A1XBy,...,A; XB,) =G4, ,(Ga(A1XBy,...,A,-1XB,_1),A,XB,)
=94,.,(Ga(A1,..., A, 1)X¥G4(By,...,B,-1),A,KB,)
=94,.,(Ga(A1,...,Ar1),A)X G, (Sa(By,...,B,-1),B;)
=Gu(Ay,...,A))NG.(By,...,B,). O

Corollary 2. Let r e N—{1} and seN. Foreach 1<i<r, 1< j<s, let A;; € B(H) be a positive
operator. Let a; €[0,1] for each 1 <i<r—1. Then

S S S
Sa(&Alj,...,&Aﬁ):&SQ(AU,...,AU). (11)
j=1 j=1 j=1
The Thompson metric [16] on the open convex cone of positive invertible operators is defined
for each A,B >0 by
d(A,B) =max{logM(A/B),log M(B/A)},

where M(A/B) =inf{A > 0: A < AB}. The diameter of {A4,...,A,} with respect to the Thompson
metric d is defined by

A(Aq,...,Ay)=max{d(A;,A;):1<i,j<r}

Lemma 3. Let r e N—{1}. Let A; for each 1 <i <r and B be positive invertible operators on H.
Let a; €[0,1] for each 1 <i<r—1. Then

d(ga(Aly"'yAr)yB)gA(A]_,"'yAryB)- (12)
Proof. See [1, Proposition 3.1]. O

The next result is a generalization of inequality (12).

Proposition 1. Let r e N—{1} and s € \. For each 1<i<r, 1<j<s, let A;;,B; € B(H) be
positive invertible operators. Let a; € [0,1] for each 1 <i<r—1. Then

S S S S S
d|XGa(A1js...,A:),XBj| <A X A1, DA, X Bj | (13)
j=1 j=1 j=1 =1 j=1
Proof. This proposition follows from Lemma |3|and Corollary O

4. Spectral Geometric Mean

Recall that for positive definite matrices A and B of the same size, its spectral geometric mean
[6] is defined by

AfB = (A"4#B)2A(A"14B)z,
Now, let A and B be positive invertible operators in B(H) and w € [0, 1]. The w-weighted spectral
geometric mean of A and B is defined by

Af,B=(A"#B)YA(A™#B)¥.
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For arbitrary positive operators A and B, we define the w-weighted spectral geometric mean of
A and B to be

AnyB = lim (A+ D)ty (B +el).
=0+

Theorem 3. Let A1,A9,B1 and By be positive operators in B(H). Then
(A1 X B (A2 X Bg) = (A1, A2) X (B1l,Ba). (14)
Proof. By continuity, we may assume that A{,A9,B1,Bs > 0. It follows from Lemma (1| and
Proposition [I] that
(A1XB1)h,(A2 X Bg) = [(A1XB1) #(A2 X By)]|” (A1 K B1) [(A1 X B1) #(A2 K By)]
= [(A7'RB{HY#(A3 X By)]" (A1 X B1) [(AT KB H#(A3 K By)|”
= [(A]'#A2) X (B #B2)]|” (A1 X B1) [(A]'#A2) K (B #By)]”
= [(A]'#A2)" (B #B2)”| (A1 X By) [(A]'#A2)" K(B #B2)" ]
= [(A] #A2)" A1(AT #A2)" | K [(B]'#B2)” B1(B] ' #B3)" |
=(A1h,A2) X (B1h,B2). O

Corollary 3. Let r e N— {1} and w € [0,1]. For each 1 <i <r, let A;,B; € B(H) be positive
operators. Then

&Ai) hw | DX B;
i=1 i-1

Proof. The proofis by induction on . We have that the property holds for r = 2 by Lemma
Suppose that the property holds for r —1 (r > 3). By using Lemma [3] we get

= X|(A;bwBi). (15)
i=1

(gAi)ﬂw gBi = [(E!;Ai)&Ar]hw %Bi)&Br

[

r-1
= (lE(ALthl)) X (Arthr)

i=1

= X|(AitwB)). O
=1

In [8], Kilicman and Al-Zhour studied weighted spectral geometric means of any finite
number of positive definite matrices and proved several properties related to Tracy-Singh
products. Now, we will extend this geometric mean to the case of any finite number of positive
operators.

Definition 4. Let r e N—{1}. For each 1 <i < r, let A; € B(H) be positive operators. Let a; € [0, 1]
for each 1 <i <r-1. We define

Gl (A1,A9) = Ailia, As.
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Now continue recurrently, setting for each r > 3,
S (A1,...,A) =54 (5T (A4,...,A,-1),A;)

ar-1
where @ = (a1,...,a,_9). We call G3P(A1,...,A,) the iterated a-weighted spectral geometric mean
of Aq,...,A,.

From Definition 4] we can rewrite in Corollary [3]to be
r r r
ol (leAiallei) =X S (A;,B))
i=1  i=1 i=1
where a =w.

Corollary 4. Let r e N—{1}. Let A; and B; be compatible positive operators in B(H) for each
i=1,...,r. Then

S (A1XBy,...,A,MB,) =G (A1,...,A)) RG] (By,...,B,). (16)
Proof. The proof is by induction on . By Theorem |3, we have that the property is true for
r = 2. Suppose that the property is true for r — 1. By Theorem [3] we obtain
5o (A1®By,...,A,®B,) =G, (57 (A1XBy,...,A;1 ¥B,1),A, K B, )

ar-1
=5 (SP(Ay,...,Ar-)RGF(By,...,Br-1),A, X B,)
=GP (S°P(Ay1,...,Ar1),A,) XSSP (G (By,...,B,-1),B;)
=G (A1,...,A)KGYL By,...,B,). u

Corollary 5. Let r e N—{1} and s € N. Let A;; € B(H) be a positive invertible operator for each
i=1,...,r, j=1,...,s. Then

S S S
o IEAlj,---a|X|Arj):lzlgfxp(Alj,---,Arj)- amn
j=1 J=1 J=1
Proof. The proof is by induction on s. O

5. Sagae-Tanabe Metric Geometric Mean

Let r e N—{1}. Foreach 1 <i <r,let A; € B(H) be a positive invertible operator. Let ¢ = (¢1,...,¢,)
where ¢; €[0,1] for each 1<i<rand };_,¢; = 1. The weighted arithmetic and harmonic means
of Aq,...,A, are defined by

-1
‘At(Ala-"aAr): ZtiAi’ g—ft(Alr"?Ar): (ZtlAl_l) .
i=1 i=1

Sagae and Tanabe [|15]] proposed weighted geometric means of severable positive definite
matrices as follows.

Definition 5. Let A and B be positive invertible operators in B(H) and let v = (v1,v2) where
v1, v2 €[0,1] and vy +ve = 1. We define

9.,(A,B)=A#,B
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where @ = 1—vy. Let r e N—{1}. For each 1 <i <r,let A; € B(H) be a positive invertible operator.
Let ¢t = (¢1,...,t,) where t; €[0,1]foreach 1<i<rand Y’ ,¢;=1.Foreach1<i<r-1,let

1+1
a; = 1—(ti+1/ztj).
j=1
The Sagae-Tanabe weighted geometric mean of Aq,...,A, is defined by
9t(A1, e >Ar) = gar_l(SZ(Al, L) 7Ar—1)7Ar)

where G3(Aq,...,A,_1) is the Sagae-Tanabe weighted geometric mean of Aq,...,A,_; with
weighted 7 = (¢1,...,£,_1) where £; = ti/Z;;l t; for each 1 <i <r-1. Note that

9t(A1" . -,Ar) = ga(A]." .. :Ar)

where G,(A1,...,A,) is the weighted metric geometric mean of Aq,...,A, in Definition |3| with
weight a = (a1,...,a,-1).

Theorem 4. Let r e N—{1} and s€N. Foreach 1<i<r, 1<j<s, let A;; € B(H) be a positive
invertible operator. Let t =(t1,...,t,) where t; €[0,1] for each 1 <i <r and Zle t; =1. Then

S¢

&Alj"",gArj):&St(Alj"-wArj)' (18)
j=1 j=1

j=1
Proof. Let a; =1 —(ti+1/Zj.j t;) for each 1 <i <r-1 and denote a = (ay,...,a,_1).
By Definition [5] we have
Gi(A11XA,..., A1 XA =G,(A11 XA y,...,A,;KB,)).
Applying Theorem [2| we obtain
Ga(A11 X Aqg,...,A;;XB,j) = Ga(A11,...,Ar1) K Ga(Arg,...,Ar).
This implies that
Gi(A11 X Ags,..., A1 XA 9) = G(Aqy,..., A1) K Gi(Ag, ..., Are).
We get the result by using induction on s. O
Lemma 4. Let r e N—{1}. For each 1 <i<r, let A; € B(H) be a positive invertible operator and
let t =(t1,...,t,) where t;€[0,1] fori=1,...,rand }’_,t; =1. Then
Hi(A1,...,Ar) < Gu(Ag,...,Ap) < AAg,..., Ap). (19)

Proof. See [1, Proposition 2.4]. O

We extend [8, Theorem 4.6] to AM-GM-HM inequalities involving Tracy-Singh product of
positive invertible operators as in the next two results.

Corollary 6. Let r e N—{1} and s€N. Foreach 1 <i<r,1<j<s, let A;j € B(H) be a positive
invertible operator and let t =(t1,...,t;) where t;€[0,1]fori=1,...,rand Y. _;t;=1. Then

S
X H(Ayj,..., Ar) < G
j=1

S S S
&Alj’---,lerj)<|E-At(A1j,---7Arj)- (20)
j=1 j=1 j=1
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Proof. Lemma [4] tells us that
HAyj,...,Ar ) < G¢(Arj,..., Arj) SAUA4j,..., Arj)
for each 1 < j <s. By using Lemmal[l] we get
S S S
X H(A1, ..., Ar) <XGe (A1), .., Arj) S X AAL), ..., Ar)).
Jj=1 j=1 j=1
Applying Theorem [4], we obtain

X Gi(A1j,..., Arj)) =G (lX’Alj,---,@Arj)

J=1 J=1 =
and the inequality follows. O

Corollary 7. Let r e N—{1} and s €N. Foreach 1 <i<r,1<j<s, let A;j € B(H) be a positive
invertible operator and let t = (t1,...,t,) where t; €[0,1] for i=1,...,r and Z;Zl ti=1. Then

S S S S S
%t(&Alj,.--,IXlArj) <X GiAqj,... Ar)) <A DX ALy, XA (21
j=1 J=1 J=1 J=1 J=1
Proof. It follows directly from the AM-GM-HM inequality and Theorem O

We now turn to the AM-GM-HM inequality involving Khatri-Rao products.

Corollary 8. Let A;; € BH) 1 <i<r, 1< j<s, r>2) be compatible positive invertible
operators and let t =(t1,...,t,) where t; €[0,1]for i=1,...,r and Zgzlti =1. Then

S S S S
EJ—Ct(Alj,...,Arj)gDSt(Alj,...,Arj)gflt(BAlj,...,DArj). (22)
j=1 j=1 j=1 j=1
Proof. We have by Lemmas [2| and [4] that
S S
(1% AL,..., A = 2" X KA L., A | Z
j=1 j=1
S
<Z* &&(Alj,---,Arj))Z
j=1
S
:Dgt(Alj,...,Arj).
j=1

Using Lemma [2] we get

At(ﬁAlj,...,QA,j)]z:z* [

Z*

J=1 J=1

=1 j=1
s
:At(DAljy ,DAr])
j=1 j=1
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Applying Lemma [2| and Corollary [7, we obtain

S
[]G:(Ayy,..., A )=Z" Z

=1

S
X GiAyj,..., AL
j=1

<Z" Z

S S
At(gAlj,...,&Arj
J=1 =1

s s
:-At(DAlj,---yIZIArj)- L]
j=1

J=1
The next result is a generalization of Lemma

Proposition 2. Let A;j and B; (1<i<r, 1< j<s, r>2)be compatible positive invertible
operators and let t = (t1,...,t,) where t;€[0,1]1for i=1,...,rand Y. _;t;=1. Then

S S S S S
d &St(Alj,...,Arj),&Bj) <A (lXIAle"’lEArj?lXIBj) . (23)
j=1 J=1 J=1 J=1 J=1
Proof. The desire result follows from Lemma [3|and Corollary [2| O

For h,x > 1, the (generalized) Specht ratio is defined by

h*—1 hx(h’“—l)_1
Sh(x):( ) for A #1 and Si(x)=1.
elogh*
We denote S (1) by Sj,. See [1,|7] for more information. The next result is a reverse version of

AM-GM-HM inequality involving Tracy-Singh products via Specht ratio.

Proposition 3. Let A;; (1<i<r, 1<j<s, r=>2)be compatible positive invertible operators
and let t =(t1,...,t;) where t; €[0,1]fori=1,...,rand Y. _;t;=1. Then

S S s
At (®A1j’ e &A’J') <8 IX 9t(A1j,---,Arj)) (24)
J=1 j=1 j=1
where h = eA@qulj’-"ﬂjﬂArj).
Proof. By using Lemma [3|and Corollary 2, we get the result. 0

Lemma 5. Let A; € B(H) (1 <i <r,r > 2) be positive invertible operators and t; (1 <i <r) be
real numbers such that t1>0,t; <0(2<i<r)and ¥;_,t; =1 Then

A(Aq,...,A) < Gi(Ag,...,A)p). (25)
Ify: 4 tiAi_1 >0, then

Gi(Aq,...,A;) <HH(Aq,...,A,). (26)
Proof. The proof'is similar to the case of matrices, given in [2, Theorem 2.1]. O

We now obtain reverse AM-GM-HM inequalities involving Tracy-Singh products as follows.

Theorem 5. Let A;; € B(H) (1< i <r, 1< j<s, r>2) be compatible positive invertible operators
and t; (1<i<r) be real numbers such that t1>0,t; <0 2<i<r)and X7 ;t;=1.
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Then

@At(Alj,---,Arj)éSt(IZIAlj,---,&Arj). (27)
j=1

j=1 j=1
If Hi(Aqj,...,A;;))>0forall j=1,...,s, then

S S
9t(|EA1j,---aX|Arj
-1

J=1 Jj=

S
<X H(A, ..., Ar)). (28)
j=1

Proof. It follows from Lemma [5] that
AiAqj,.. . Ar) <G (Avjy..., Arj) SH(Aqj,..., Arj)

for each j=1,...,s. Since Ay(Ayj,...,A;j) >0 forall j=1,...,s, we have by Lemmas 1| and [5|
that

Gt (&AU,---JXlArj) =X15:(A1j,..., Arj) = X AlAL, ..., Ar)).
j=1 j=1

j=1 j=1
Since H;(Ay;,...,A,;)>0forall j=1,...,s, we obtain by Lemmathat

s
&ﬂ‘ft(Alj,...,Arj) > 0.
Jj=1

The proof is complete by applying Lemma [5|and Corollary O

Theorem 6. Let A;j € B(H) (1< i <r, 1< j<s, r>2) be compatible positive invertible operators
and t; (1 <i<r)bereal numbers such that t1>0,t; <02 <i<r)and Z;zl ti=1. Then

S S S
At(gAlj,...,gA,j) <XISuAL,..., Ar). (29)

j=1 j=1 j=1
If 9, (R, Arjy.., Ry Ars) > 0, then

&Alj,...,lzlArj). (30)
j=1

S
& 9t(A1j7' . '7A7‘S) < j{t
j=1 j=1

Proof. By applying Lemma [5|and Corollary [4] we get the results. O

Corollary 9.Let A;; € BH) A1 <i<r, 1< j<s, r>2) be compatible positive invertible
operators and t; (1 <i <r) be real numbers such that t1 >0,t; <02 <i<r)and Z;zl t; = 1.
Then

S S S S
Ay (DAlj,---,DArj) <[]GeAsj,. ., Ar) <[] Hi(Agj,. .. Arj). (31)
j=1 j=1 j=1 j=1
Proof. This result is a direct consequence of Theorem [6|and Lemmas 2| and O

6. Sagae-Tanabe Spectral Geometric Mean

We introduce the following definition:

Definition 6. Let r e N—{1}. For each 1 <i <r, let A; € B(H) be a positive invertible operator.

Let t =(t1,...,t,) where t;€[0,1] foreach 1<i<rand }’_;¢;=1.Let a; = 1—(ti+1/2§.zll t;)
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for each 1 <i <r—1. The Sagae-Tanabe spectral geometric mean of A1,...,A, is defined by
Sjp(Aly e ,Ar) = 9'{5'1p(A1’ s ,Ar)
where a =(aq,...,a,-1).

Proposition 4. Let A; and B; (1 <1 <r,r > 2) be compatible positive operators in B(H) and let
t=(t1,...,t;) where t;€[0,1]1fori=1,...,r—1land ¥’ _;t;=1 Then

9;P(A1XBy,...,A,MB,) = §;"(Ay1,...,A,) NG (By,...,B,) (32)
r r r

:p (&Ai,&Bi) :lzlgip(Ai,Bi). (33)
=1 =1 =1

Proof. Let a; = 1—(ti+1/Z§.ill t;) for each 1 <i <r-1and denote a =(aq,...,ar_1). By Definition
[6, we have

9:p(A1 XBi,...,A,XB,) =G (A1 XBy,...,A,XB,)
i’ (&Ai,&Bi) =5 (|X|Ai, IXIBi)-
i=1  i=1 i=1  i=1
By Corollary (4] we get (32). Applying Corollary 3| we obtain (33). O

Corollary 10. Let A;; € B(H) 1 <i<r, 1< j<s, r=2) be compatible positive invertible
operators and let t = (t1,...,t;) where t; €[0,1] for i=1,...,r—1and };_;t;=1. Then

jp(gAlj,...,ﬁA,j)=®9§P(A1j,...,A,j). (34)
j=1 j=1 j=1
Proof. From (32), we have
GP(A11 X Aqg,...,Ar1 KA 9) = GP(A11,...,Ar )R GP(A2),...,A9).
We obtain by induction on s. O

7. Conclusion

Several relations between metric/spectral/Sagae-Tanabe geometric means for several positive
operators and Tracy-Singh products are established in terms of identities and inequalities. In
particular, we obtain noncommutative arithmetic-geometric-harmonic means inequalities and
their reverses. Moreover, we define the weighted Sagae-Tanabe spectral geometric mean for
several positive operators and deduce its properties related to Tracy-Singh products.
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1. Introduction

In mathematics, the Cauchy-Schwarz inequality is an important inequality which can be applied
in many fields, e.g. operator theory, linear algebra, analysis, probability and statistics. This
inequality states that for vectors (a1,...,az) and (b1,...,b%) of real numbers, we have


http://dx.doi.org/10.26713/cma.v9i4.1096

2 Refinements and Reverses of Operator Callebaut Inequality ... : A. Ploymukda and P. Chansangiam

In 1965, Callebaut [4] published a refinement of the Cauchy-Schwarz inequality (I). For each
a €[0,1] and for any tuples x = (x1,...,xz) and y = (y1,...,¥) of positive real numbers, let us

k
denote Jﬁ(x, y) = 2 x;#qyi, where {4 is the a-weighted geometric mean. For either 0 < f < a < %

=1

or % < a < B <1, the classical Callebaut inequality [4] can be stated as

k 2 _ gk k k k k k
(P85, 2) < The - Th_ o, 9) < T, )5 p(,9) < T, ) Thte, . (@)

There have been several investigations and generalizations on the Callebaut inequality; see
[1,[2,/6,/7,13] and references therein. Hiai and Zhan [6] gave a matrix analogue of the Callebaut
inequality (2) by considering the convexity of a certain norm function. The paper [7] presented
a matrix version of associated to the tensor product, the Hadamard product, weighted
geometric means and a Kubo-Ando mean. Wada [[13]] provided a simple form of (2) for positive
operators involving an operator mean and its dual. Some refinements and reverses of (2) for
operators concerning the Hadamard product and weighted geometric means were presented
in [1,2]. Recently in [12]], the authors established integral versions of the Callebaut inequality
and its refinements for bounded continuous fields of Hilbert space operators concerning the
Tracy-Singh product, the Khatri-Rao product and weighted geometric means.

In this paper, we investigate refinements and reverses of the operator Callebaut inequalities
for bounded continuous fields of positive operators parametrized by a locally compact Hausdorff
space endowed with a finite Radon measure. Such integral inequalities involves Tracy-Singh
products, Khatri-Rao products, tensor products, Hadamard products and weighted geometric
means. In particular, our results are refinements and reverses of Callebaut-type inequalities
obtained in the previous works [4,7,(12].

This paper is organized as follows. In Section [2, we give preliminaries on operator products
and Bochner integration of continuous fields of operators on a locally compact Hausdorff space.
In Section [3] we provide certain refinements of integral Callebaut inequalities for bounded
continuous fields of operators involving some kind of operator products and weighted geometric
means. Some reversed Callebaut-type inequalities for bounded continuous fields of operators
are presented in Section |4l The conclusion is given in the last section.

2. Preliminaries

Throughout this paper, let H be a complex Hilbert space. When X and Y are Hilbert spaces,
denote by B(X,Y) the Banach space of bounded linear operators from X into Y, and abbreviate
B(X, X) to B(X). For self-adjoint operators A,B € B(X), the notation A > B means that A — B is
a positive operator. The set of all positive invertible operators on X is denoted by B(X)*.

The projection theorem for Hilbert spaces allows us to decompose
n
H = PH; (3)
i=1
where all H; are Hilbert spaces. For each i =1,...,n, let P; be the natural projection from H

onto H; and E; the canonical embedding from H; into H. Note that P/ = E;. Each operator

Communications in Mathematics and Applications, Vol. 9, No. 4, pp. , 2018
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A €‘B(H) can be uniquely determined by an operator matrix

A= [AylL,

where A;; € B(H;,H;) is defined by A;j = P;AE foreach i,j=1,...,n.

2.1 Operator Products
Recall that the tensor product of A,B € B(H) is a unique bounded linear operator from H® H
into itself such that for all x,y e H,

(A®B)(x®y)=Ax®By.
Fix a countable orthonormal basis E on H. Recall that the Hadamard product of A,B € B(H) is
defined to be bounded linear operator A ® B from H into itself such that for all e € E,

(Ao B)e,e) = (Ae,e){Be,e).
Following [5]], the Hadamard product can be expressed as

AoB =U"(A®B)U, (4)

where U :H — H®H is the isometry defined by Ue = e ®e for all e € E. In the case of matrices,
the Hadamard product of A = [a; j]?}'nzl and B = [b; j]?’jn:l reduces to the entrywise product
A0©B =[a;;b;;], which is a principal submatrix of the Kronecker (tensor) product A®B = [a;;B];;.

Definition 1. Let A =[A;;1}"_, and B =[B;;I}’; be operator matrices in B(H). The Tracy-
Singh product of A and B is defined to be the operator matrix

ARB = [[Ai;©Buly],, 5)
which is a bounded linear operator from ré; H; ® H; into itself. The Khatri-Rao product of A
and B is defined to be the operator matri;(’]:l

ALIB = [Aij®Bij]i,j (6)

n
which is a bounded linear operator from @ H; ® H; into itself.
i=1

Lemma 1 ([8,9). Let A,B,C,D € B(H).
(1) a(AXB)=(aA)XB=AX(aB) for any a €C.
2) A+B)X(C+D)=AXB+AXD+BNXC+BXD.
(3) (AXB)*=A*XB*. C
4) IfFA>C>0and B> L <D > 0.
(5) (AXB)(CKXD) = ACKX
(6) If A,B € B(H)*, then (4 ny a €R.

Lemma 2 ([11]]). There is a 4 ap
n n
@:%(@@Hi®ﬂ'ﬂjJ and %(®Hi®HiJ @)
i=1j=1 i=1
such that ®(AXB)=ALIB for any A,B € B(H).
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4 Refinements and Reverses of Operator Callebaut Inequality ... : A. Ploymukda and P. Chansangiam

2.2 Bochner Integration

Let Q) be a locally compact Hausdorff space endowed with a finite Radon measure p. A family
(Ap)seq of operators in B(H) is said to be a continuous field if the parametrization ¢ — A; is
norm-continuous on Q. If, in addition, the function ¢ — ||A;| is Lebesgue integrable on (2, then
we can form the Bochner integral [, A;du(t) as a unique element in B(H) such that

ﬂfAﬂmﬂ:memwm ®)
Q Q

for every T in the dual of B(H). A field (A;);cq is said to be bounded if there is a positive
constant M such that ||A;|| < M for all ¢ € Q. In particular, every bounded continuous field of
operators on (Q is always Bochner integrable.

Lemma 3 ([10]). Let (Ay)iecq be a bounded continuous field of operators in B(H). Then for any
X €B(H), we have

(fAAMM@X:j%&@Xmmn ©)
Q Q

3. Refined Callebaut-type Inequalities for Operators

In this section, we establish certain refined Callebaut-type inequalities for continuous fields of
Hilbert space operators defined on a locally compact Hausdorff space 2 endowed with a finite
Radon measure pu.

We start with recalling some auxiliary inequalities.

Lemma 4 ([2]). Let x,y >0 and r € (0,1). Then
Syl 2Ty +2p (Vax— \/5)2 +q (2\/xy+x+y—2x%y% —Zx%y%) < x+y, (10)
where p =min{r,1—-r} and ¢ =min{2p,1-2p}.

Lemma 5. Decompose H as in (3). Let A,B € B(H)*. If either 0 < < a< % or
then

g<a<p<l,

APRBIP L AP R BP
> A“RB"+ AT KB +6(APRB P + A" PR BP — 243 xB%)
+n(Aﬁ MBI P+ AT PRBF + 242 R B2 - 2AY KB — 24177 XIBY), (11)

where y = 1+42ﬁ, 0= ﬁﬁ__172 and n =min{d,1-0}.

Proof. If we replace y by x~! and r by I_T” in (10), then we get

x“+x"+2p (x+x_1—2)+q(x+x_1+2—2x% —2x_%) <x+al (12)

where p =min{15%, 1%} and ¢ = min{2p,1-2p}. Consider v,w € R such that v < w. Applying
the functional calculus on the spectrum of AXB with u := 2 in (12), then we get
AYKB™Y+A Y XBY

w—v

> A"MB +A KB+ (——|(AYRB ™ + AWK B" - 21 K1)

w
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L0

w —w —w w = =
+77(A MB™" +A " MBY ~Tplease correct "-"to "+" P

NS

). (13)

where n=min {¥-2 L1 Multiplying both sides
A1+w IXBl w Al W&Bl-‘—w

2 A1+U®Bl v Al U&Blﬂj (

w -

~2AKB)

w —

+n (A1+w KBl % 4 AU RBIW 1 2A KB - 2418 MBI % — 2415 WBL*Y )
Now, we have only to replace v,w,A,B by 2a - 1,2 — 1,A%,B%, respectively. O

Definition 2. For any bounded continuous fields X = (X;);eq and W = (W), of operators in
B(H), we set

Fw(X) = fQWt*XtWtdu(t).
For any bounded continuous field X = (X;),cq of operators in B(H)* and « € [0,1], we set
X = (X7 req-

Lemma 6. Decompose H as in (3). Let X = (X;)ieq and W = (Wy)seq be bounded continuous fields
of operators in B(H)" and B(H), respectively. If either 0 < < a < % or % <a< B, then

Fro(XPY R Fyp(XX1P) + Frp(X1P) R Fyp(F)
> Fo(0)% K Fp(X1Y) + Fro(X%) X Fpp(XY)
+ 5[9W(fxﬁ)®sfw(xl-ﬁ)+:¥w(x1-ﬁ)@:¥w(xﬁ) — 2F (X 2) K Fyp(X2)
4] T BT (X + Fyp(X PR Ty (0F) + 2T39(XH R Typ(X)
— 2F (X R Fp(XTT) = 2F (X R Frp (X |, (14)
where y = 8, 5 = 5% and n = min{5,1-6).

Proof. By using Lemmas|[I]and [3] and Fubini’s theorem for Bochner integrals [3], we get
Fyp(X0)* K Frp(X1) = f W ASW,du(t) X f WX W, du(s)
Q

f f W, XIW,) X (WXL W) dut)us)

_ f R (X RX]) (W, KW, du(u(s),
We have by applying Lemma [5| that
Fo(OF) K Frp (X1 P) + Frg (X PYR F(2CP)

fom(Wt@Ws)* (XfIEXgl_ﬁ+th'ﬁ&Xf)(Wt®Ws)du(t)u(s)
1 1
> [ ovemwy [xemxie cxiemxe olxfmatt s xi P mxt-exbexl)
Q

1 1 _ _
en(XP X P e X PRXD c2XFRXE - 2X] WX, T - 2X, KX )| (W, KW,) dut)us)
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6 Refinements and Reverses of Operator Callebaut Inequality ... : A. Ploymukda and P. Chansangiam

= T (0% B Frp(X1™%) + T4 K Frp(XY)
+ 6] Fy (X0 B Fyo (X1 P) + Fyy(XCP) B Frg(00F) — 25F0(X3) B Fry(CF)
+1[ TR Frp0LP) + Fig(XC PR Fop(XP) + 2Fp(XH K Fp ()
—2F (XY Frp(X17) — 2F 19 (X R Fpp(XT)|. O

Recall that, for each a €[0,1], the a-weighted geometric mean of operators X,Y € B(H)" is
defined as

1 -1 _liay 1
Xt,Y = X?(X 2YX 3)°X3.

Definition 3. For two continuous fields A = (A);cq,B = (| must be "B-script" )" and any
a €[0,1], we set must be "A-script”
Jo(A,B) = |
Ja

In particular, we have
Jo(A,B) = fQAtd,u(t), J1(A,B) = fQBtd,u(t).
Consider bounded continuous fields A = (A;);eq and B = (B;);cq of operators in B(H)". An
integral Callebaut inequality [12] states that for either 0 < < a < % or % <a<pB<1, wehave
271/9(A, B)XT1/0(A, B) < Jo(A,B)YXT1-a(A,B) +T1-4(A, B)XT4(A, B)
Jp(A, BYXIT1_p(A, B)+T1_p(A, B)XIp(A,B)
Jo(A, B)XIT1(A,B) +J1(A, B)X To(A, B). (15)

Now, we provide a refinement of the integral Callebaut inequality and as a consequence

<
<

give an operator Callebaut type inequality for Khatri-Rao products.

Theorem 1. Decompose H as in (). Let A =(As)icq and B = (By)icq be two bounded continuous
fields of operators in B(H)*. If either 0 < < a< % or % <a<P<1, then

Jﬁ(.A, 'B) X Jl_ﬁ(ﬂ, B) + 31_[3(./4, B) D Jﬁ(ﬂ, 3)
2 ja(A,B) &jl—a(A,'B) + jl—d(‘A7B) &ja(-A,‘B)
+0 [jﬁ(-A,B) XJ1-p(A, B)+T1-p(A, B)KIT5(A, B) - 2]1/2(A, B) X T 1/0(A, B)
+1|Tp(A, BYRILp(A, B) + 91 p(A, BYRI (A, B) + 201(A, B) R T15(A, B)

~20,(A, B)RT1 (A, B) ~ 201(A, BYRI(A,B)), (16)

where y = 1+42ﬁ, 0= ﬁﬁ__172 and 1 =min{§,1-5}.

_1 _1 1
Proof. Setting X;=A,*B;A,* and W; = A} for all t € Q, we have that for any a €[0,1],
1, _1 _Lya 1
Fr(X) = fQ A7(A%B.A?) A7 du) = fQ AoBrd () = To(A, B).

By using Lemma [6], we obtain the result. O
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Corollary 1. Decompose H as in (3). Let A = (Ap)ieq and B = (By)ieq be two bounded continuous
fields of operators in B(H)*. If either 0 < < a < % or % <a<P<1, then

Jﬁ(f[, 3) ] 31_’3(./4, B) + 31_/3(./4,3) ] Jﬁ(ﬂ, B)
> J(J!(J47B) E]jl—a(-A,'B) + Jl—a(-A,B) DJ(X(‘A73)
+6[Ip(A, BYDIL5(A, B) + 91 p(A, BT (A, B) — 201(A, B) 1T 15(A, B)
19504, BY T3 p(A, B) + I p(A, BYIIp(A, B) + 2T 15(A, B) I Ty5(A, B)

—27,(A, B)DT1 (A, B)—2];_,(A,B) DI, (A,B)|, 17

1+2ﬁ 5 —

where y = 5 and 1 =min{6,1 - 6}.

ﬁ 1/
Proof. Let © be the linear map described in Lemma [2. We have that for any a €[0,1],
DJgA,B)XT1_o(A,B)) = oA, B)1T1_o (A, B).

The proof is done by using Theorem [1| and the fact that the map ® is a positive unital linear
map. O

The next result is an integral inequality involving tensor products which is a special case of
Theorem [Ilwhen n =1.

Corollary 2. Let H be a Hilbert space (not decomposed as in (3)). Let A = (At)teg and B =(B)ieq
be two bounded continuous fields of operators in B(H)*. If either 0 < f< a < 2 or 5 < a<pf<],
then

Ip(A, B) &1 p(A, B)+ 91 p(A,B)®T4(A, B)
2 ja'(-A,B) ® jl—a(ﬂ, B) + jl—lx(-«Ay B) ® ja(A, AB)
+6 [Jﬁ(a‘l,B) ®J1-p(A, B) +T1-p(A,B) ® Ip(A, B) = 2]1/2(A, B) ® J1/2(A, B)
+n [Jﬁ(A, B)®J1-p(A, B)+T1-p(A, B)®I(A, B) +2]1/2(A, B) ® J1/2(A, B)

~27,(A,B)®T1_y(A,B) - 2T, (A,B)®I,(A,B)|, (18)

1+28 _ PB-a
7, 0= B—172

where y = and 1 =min{d,1 - 6}.

As a consequence, we obtain the following integral inequality concerning Hadamard
products.

Corollary 3. Let H be a Hilbert space. Let A = (As)eq and B (Bp)ieq be two bounded
continuous fields of operators in B(H)*. If either 0 < < a < 2 or > < a <P <1, then
Jp(A,B)oT1_p(A,B)
> Jo(A,B)0J1_o(A,B)+d Jﬁ(fl,%)®Jl_ﬁ(A,B)—Jl/g(A,%)@Jl/g(A,B)]
+n|J5(A, 3)®Jl_ﬁ(A,‘B)+31/2(A,B)@Jl/z(.A,B)—%Y(A,B)@Jl_Y(A,B)], (19)
where y = 228 Zﬁ ,0= ﬁﬁ ~7 and n=min{§,1-6}.
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Proof. Using the fact that the Hadamard product is expressed as the deformation of the tensor
product via the isometry U defined in (4), we get the result. O

Remark 1. When we set Q ={1,...,k} equipped with the counting measure, we have that
k
Ja(A,B) = ‘Z AiflaB;i. From previous theorem and previous corollaries, we obtain discrete

1=
versions of refined Callebaut-type inequalities for Tracy-Singh products, Khatri-Rao products,
tensor products and Hadamard products, respectively.

Remark 2. For a particular case of Theorem |1|when H=C" and Q ={1,...,k} equipped with
the counting measure, we get a matrix inequality concerning Tracy-Singh products. In the
same way, we get matrix versions of (17)-(19) for Khatri-Rao products, Kronecker products and
Hadamard products, respectively. The matrix versions of Kronecker products and Hadamard
products are refinements of matrix Callebaut inequalities in [[7, Theorem 3.4 and Corollary 3.5].

In the next corollary, we get a refined Callebaut-type inequality for real numbers.

Corollary 4. Let x = (x¢);cq and y = (y)ieq be two fields of positive real numbers. If either

O<ﬁ<a<%or%<a<ﬁ<1,then

Tp06,9) - T1-p(2,9) > Ta@,)-91-a(x,)+ 6| Ip(x, ) T1-p(x, )~ (Ju2,9))° |

#1950, 30 T1-p, )+ (I1206, )7 = 27y, 9)- 91y (5,9) |,

where y = 1+42ﬁ, o= ﬁﬁ__l% and 1 =min{5,1-5}.

Proof. Putting A; =x,I and B; = y,I for all ¢t € Q in Theorem (1, we obtain the result. O

We mention that if Q is the finite set {1,..., %} equiped with the counting measure, we get a
discrete version of which is a refinement of the classical Callebaut inequality (2).

4. Reversed Callebaut-type Inequalities for Operators

In this section, we present reversed inequalities of Callebaut-type inequalities. We begin with
recalling the following scalar inequality.

Lemma 7 ([14]). Let x,y > 0 and r €(0,1).
x+y < xl_ryr+xry1_r+23(\/9_c—\/y)z—q(x+y+2\/xy—2x%y§ —2x§y%),
where p =min{r,1-r}, ¢ =min{2p,1-2p} and s =max{r,1-r}.

This lemma is used to derive the following operator inequality.

Lemma 8. Decompose H as in (3). Let A,B € B(H)* and either 0 < f< a< % or % <a<p<1l.
Then

APRBIP + AP BA
< A“RBI 4+ AY KB 4+ (2-6) (Aﬁ XB P+ AT PRBP _9A3 &B%)

Commaunications in Mathematics and Applications, Vol. 9, No. 4, pp. , 2018
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~n(APRBFP+ AT PRBS + 243 KBE - 24T MB' T 241 TRBY),  (20)

where y = 1+2ﬁ ,0= ﬁﬁ —7 and 1 =min{§,1-6}.
Proof. In Lemma |7, we have by replacing y with x~! that
-1 1-2r , ,2r-1 -1 -1 -1 1
x+x " < x +x +2s(x+x " —-2)—qlx+x " +2-2x"2—2x2).
Let u € (0,1]. Taking r = , we obtain

x+x b < atpa? +(1+u)(x+x_1—2] - (x+x_1+2—2x% —2x_%).
Consider real numbers v,w such that ;- €(0,1]. Using the functional calculus on the spectrum
of AXB and Lemmal(l} and putting u = J, we get

AYRB™ + A~% X BY
< A'NB+A KB+ (1+%) (A*RB™ +A ™ KB - 2] K1)
—n (Aw KB +A“XBY+2IK]-2A% XB~% —2A"% xB%).
Multiplying both sides by A3 XB? and applying Lemma (1, we have
AP RBITY 4 ATV KB
< AW RBIY 4 ATV R BT (1 + %) (AM*RBI 4 AT% KB _ 24 K B)
—n (A1+w KB+ AWK BIW L 9AKB - 24178 MB1-F —241°% &B“%) ,

where y =min{Z,1- 2} We reach the result by replace v,w,A,B with 2a-1,2f— 1,A% B3,
respectively. O

Lemma 9. Decompose H as in (3). Let X = (X{)ieq and W = (Wy)seq be bounded continuous fields
of operators in B(H)" and B(H), respectively. If either 0 < f < a < % or % <a <P, then
Fro(XPYR Fro(XL Py + Frp(0 YR Fr(XCF)
< Fw@XH R T + Fp(X9) R Fp(X%)

+(2 — & must be "X-scriptAfalpha}", [1P)X Fp(XF) - szw(x%)x grw(fx%)
(no "t")
—1| Ty R Fro(X0P) + 2F(X2) R Fr(X2)
— 2F (X R Frp(X17T) = 2F (XK ffw(:m], 1)

where y—ﬂ o= ﬁﬁ 75 and n=min{,1 -6}

Proof. The proof is similar to that of Lemma [6] Instead of using Lemma [5|, we apply
Lemma [8 O

The next theorem is a reverse of the second inequality of involving Tracy-Singh products.
As a consequence, we get a reversed Callebaut-type inequality for Khatri-Rao products by using
the unital positive linear map ® in Lemma
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Theorem 2. Decompose H as in @). Let A = (A;)ieq and B = (B;)eq be two bounded continuous
fields of operators in B(H)*. If either 0 < < a< % or % <a<P<1, then

Ip(A, BYRT1_p(A, B)+T1_p(A, BYR I (A, B)
< JgA,BYXT1_o(A,B)+T1-_(A,B)X T, (A,B)
+(2-8)[Ip(A, B)RKT;_ (A, B)+I1_p(A, BYRKI5(A, B) — 2T1/2(A, B) R Ty j2(A, B)]
—n[Tp(A, BYRIT1_p(A, B) +T1_ (A, BYRI5(A, B) + 2T 1/2(A, B) K Ty9(A, B)
—20,(A, B)XJ1_y (A, B) - 2J1_ (A, B)R I, (A, B)],
where y = 1+42ﬁ, o= ﬁﬁ__l‘fg and 1 =min{d,1 - 6}.

Proof. The proof is similar to that of Theorem Instead of using Lemma [6, we apply
Lemma 9] O

Corollary 5. Under the same hypothesis and notation as in Theorem (), we have
Jp(A, BYHT1_p(A, B)+T1_p(A, B)Ip(A,B)
< Jg(A,B)EHT1_o(A,B)+T1_o(A,B)[IT (A, B)
+(2-08)[Tp(A, B)LI1_p(A, B) + T1_p(A, BY DT (A, B) — 2T1/2(A, B) 1 T1/9(A, B)|
—n[Ip(A, B)EDT1_(A, B) + T1-p(A, B) LTI (A, B) + 2T1/9(A, B) [T 1/2(A, B)
— 27, (A, B)DI1_ (A, B) - 271 (A, B) LT (A, B)].

For the case n =1 (i.e. H is not decomposed), Theorem [2|reduces to the reversed Callebaut-
type inequality for tensor products and consequently applies to Hadamard products as follows.

Corollary 6. Under the same hypothesis and notation as in Theorem [2|except that the Hilbert
space H is not decomposed, we have

T5(A, BY®T1_p(A, B)+T1_p(A, B) ® T5(A, B)
< JA,B)®T1_o(A,B)+T1_o(A,B)® (A, B)
+©2-0)[T5(A, BY®T1_p(A, B)+T1_5(A, B ® T5(A, B) — 2T15(A, B) ® T1/(A, B)]
—n[Tp(A, B)@T1-p(A, B) +I1_p(A, B) @ Ig(A, B) + 2T 1/2(A, B) ® T1/2(A, B)
—20,(A, B)®T1_y(A, B) — 201_ (A, B)® T, (A, B)],
T5(A, B) 0 T1_s(A, B)
< Ja(A, B)0T1_o(A, B)+(2-08)[Is(A, B)0T1_p(A, B) - T1a(A, B) 0 J12(A, B)]
n[I5(A,B) 0T (A, B) + Tya(A, B)© T4, B) — 27, (A, B) o T (A, B)].

Remark 3. From previous results, we obtain discrete versions of reversed Callebaut-type
inequalities for Tracy-Singh products, Khatri-Rao products, tensor products and Hadamard
products, respectively, by setting Q2 = {1,...,k} equiped with the counting measure. Matrix
analogues of our results can be obtained particularly by setting H = C". Such matrix results of
Kronecker products and Hadamard products are reverses of the matrix Callebaut inequalities
in [7, Theorem 3.4 and Corollary 3.5].
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The following corollary is a reverse of the integral Callebaut inequality for real numbers.
In particular, when Q is the finite set {1,...,%k} equiped with the counting measure, we get a
reversed inequality of the second inequality of (2).

Corollary 7. Let x = (x¢)ieq and y = (y)icq be two fields of positive real numbers. If either
O<ﬁ<a<%or%<a<ﬁ<1, then
I, )-T1-p(, ) < Jalx, ) T1-alx, y) + (2= 8) [T p(x, ¥) - T1_p(x, ) — (Jl/z(x,y))z]
- T] [jﬁ(x’ 3’) : jl—ﬁ(xyy) + (jl/Q(x’ y))2 - 23}/(95,3’) * jl—y(x’ y)] )

where y = —=, 6:ﬁ—_172 and n =min{6,1 - 6}.

5. Conclusion

We establish certain refinements and reverses of Callebaut-type inequalities for bounded
continuous fields of operators which are parametrized by a locally compact Hausdorff space
Q equipped with a finite Radon measure. These inequalities involve Tracy-Singh products,
Khatri-Rao products, tensor products, Hadamard products and weighted geometric means.
When Q is a finite space equipped with the counting measure, such integral inequalities reduce
to discrete inequalities. Our results include matrix results concerning the Tracy-Singh product,
the Khatri-Rao product, the Kronecker product, and the Hadamard product. In particular, we
get a refinement and a reverse of the classical Callebaut inequality for real numbers.
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