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ABSTRACT 

In future high areal density magnetic recording systems including Bit patterned 
media recording (BPMR), the prominent challenges to be addressed are two-dimensional 
(2-D) interference: Inter-symbol interference (ISI) and Inter-track interference (ITI) due to 
narrow the bit pitch and the track pitch, the media noise due to the size and position 
fluctuation, and track mis-registration (TMR) due to the misalignment of the head and 
the media. Without tackling them properly, they can severely impact on the 
performance of the read channel of magnetic recording systems. In the literature, read 
channels utilizing multi-head multi-track (MHMT) recording technology have been 
proposed to solve those problems because it can effectively tackle the 2-D interference 
and other impairments by processing multiple readback signals.  However, most of 
proposed read channel system avoided full-fledged multi-track joint detection 
technique because of its impractically high complexity even though it is the most 
effective technique to combat 2-D interference in other areas such as image processing 
multi-input multi-output (MIMO) wireless communication. 

Therefore, the aim of this research project is to design a novel advanced joint 
signal processing scheme with low complexity for multi-head multi-track recording 
system that can tackle the prominent problems in BPMR and other high density 
magnetic recording systems. In the project, various configurations of MHMT recording 
channel of BPMR systems are investigated and the trade-off between the performance 
and the complexity of the systems are made. Then, a low complexity multi-track joint 
detector is developed with the help of 2-D generalized partial response (GPR) 
equalization to recovery the recorded bits from the detecting tracks as well as from the 
sidetracks. Moreover, noise predictive Viterbi detectors for MHMT read channel of BPMR 
systems are studied and the project proposed a noise prediction technique based on 
the recorded noise information at the consecutive states along the surviving path 
leading to the current states. Finally, we proposed a TMR estimation technique with the 
terms of the coefficients of GPR target which is designed based on minimum mean 
squared error (MMSE) techniques.   
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Chapter 1  
Introduction 

1.1 Background and Problem Statements 
In current Information age, people and their surrounding environments such as home, 

vehicles, pets, plants etc., are generating, processing and utilizing more and more data for their 
daily lives. Moreover, various emerging technologies such as Block Chain, IoT, Smart 
communities, Big Data etc. are data-intensive technologies and are integrating into many 
business areas. As a result of that, the demand for the data storage is growing in every hour, 
every day, every month.  Nowadays, the two main data storage technologies are hard disk drive 
(HDD) which is based on magnetic recording technology, and solid-state drive (SSD) which based 
on integrated circuit technology. SSD is faster, more durable and need less energy; however, 
HDD is suitable for storing huge amount data because the cost per gigabyte (GB) or terabyte (TB) 
of HDD is still significantly lower than that of SSD. Therefore, HHD is still popular until now. In 
order to meet the rapid growing demand of the data storage, the research centers and the 
industries of HDDs are advancing to achieve higher areal density (storage capacity) with higher 
speed to meet the rapid growing demand of data storage,  

In HDD or magnetic storage recording technology, bit patterned media recording (BPMR) 
technology, heat-assisted magnetic recording (HAMR) technology, microwave-assisted magnetic 
recording (MAMR) and two-dimensional magnetic recording (TDMR) have been proposed as the 
next generation ultra-high areal density. Recently, two leading HHD companies announced that 
they are launching over 10 TB HHDs which is more 2 Terabit per inch squared (2 Tb/in2) with 
HAMR technology and MAMR technology respectively. In next decade, the areal density is 
planned to increase up to 10 Tb/in2 by combining two or three technologies. However, there 
are many challenges to be addressed in those technologies. Among them, the most prominent 
challenge is that its readback signal is corrupted by two-dimensional (2-D) interference: inter-
symbol interference (ISI) and inter-track interference (ITI) because the spacing between adjacent 
islands at both along-track direction and cross-track direction are getting comparably narrower 
than the head’s width [1],[2].  
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In a conventional magnetic recording channel, its readback signal is corrupted by ISI so 
that it can be equalized with a 1-D equalizer into a 1-D partial response (PR) target/generalized 
partial response (GPR) target and thereafter, a 1-D detector can be applied to recover the 
recorded bit. However, employing the 1-D detector is inappropriate for the 2-D interference 
channel of high areal density recording systems like BPMR because it cannot efficiently mitigate 
the ITI effect [3]. With a multi-head array or a single head with synchronized buffer memory, the 
multi-track joint, so called joint track, equalization techniques in conjunction with a pseudo 2-D 
or symbol-based detector are proposed in [3]-[5]; however, the aim of such detector is just to 
recover the recorded bit from a single track even though the equalizer needs to process 
multiple readback signals concurrently to shape the signal from the detecting track according to 
its 2-D GPR target. When compared to the conventional single-track 1-D equalization, this multi-
track joint equalization technique does not significantly enrich the performance of detector in 
terms of Bit error rate (BER) because the minimum mean squared error (MMSE) criteria in this 
equalization does not help to enhance the desired a posteriori probability (APP) computation 
for estimating the recorded bit sequence in the 2-D detection technique [3],[4]. Alternatively, 
authors in [6] proposed a zero-ITI forcing multi-track joint equalization technique where ITI 
effects are completely eliminated from the readback signal of the detecting track, thereby using 
a 1-D detector. In conjunction with the multi-track joint equalizations, various techniques of 
using multiple 1-D detectors or simplified 2-D detectors with the help of iterative processing 
were investigated doing the trade-off between performance gain and complexity in [3], [7]-[9].  

To tackle 2-D interference problem, multi-head multi-track (MHMT) recording technology 
using a multi-track joint detection technique has attracted many attentions recently [10]-[13] 
because processing the multiple readback signals from the same track or multiple adjacent 
tracks is viable to mitigate the ITI effectively in equalization and detection processes. Moreover, 
it can enhance the signal to noise ratio (SNR) and the signal to interference ratio (SIR) of the 
readback signal [11]. In [10], the researchers proved that such multi-track joint detection 
technique can achieve better performance by processing higher number of tracks jointly. Since 
its computational complexity can grow exponentially with the number of tracks/readback 
signals, it is infeasible to implement practically a multi-track joint detector for the MHMT 
recording technology. To address the penalty of high complexity challenge, we need to design 
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a multi-track joint detection technique with practicable complexity without paying the 
significant performance loss. In this project, it is important notice that the “multi-head multi-
track (MHMT) recording technology” means that the system employs an array of multiple read 
sensors to generate the multiple readback signals from the same track and/or multiple adjacent 
tracks and the “multi-track joint detector” means the detector processing of the multiple 
signals/tracks together. 

Besides the 2-D interference, the data recovery system of BPMR experiences with the 
impacts of the media noise and track mis-registration (TMR). In fabrication process, lithographic 
techniques are unable to fabricate uniformly island arrays over large areas, and the resulting 
island arrays have a large variation in island geometry. The size and position variations of the 
islands generate the media noise in the readback signal [14], [15]. The TMR is happened due to 
the misalignment of the head from the track center while the data sequences are writing or 
reading on the media. At the readback channel side, the impact of TMR can provoke severer ITI 
effect since the track pitch is very narrow in BPMR [16]. In MHMT channel, the output signals 
from 2-D equalizers are corrupted by the correlated/colored noise, and the performance of 
multi-track joint detector is not optimal due to it. Finally, these impairments can severely and 
cumulatively degrade the overall system’s performance; thus, they need to be considered 
carefully in the design of the read channel system for the high areal density recording systems.  

In the literature, noise predictive detector is proposed to compensate the performance 
deficiency due to the colored noise [27-29]. Noise predictions for multi-track read channels are 
also studied in [30-31].  In a noise predictive detector, a linear noise predictor using finite 
impulse response (FIR) filter is employed to predict the current noise sample in terms of the 
most recent noise samples, and then, the predicted noise sample is used to correct the noise 
information in the branch metric calculation. In MHMT system, TMR information can be 
predicted based on the readback signals during the equalizer designing and the performance 
improvement of system with the help of the TMR prediction was shown. Exploiting the MHMT 
recording technology, equalizer processing multiple readback signals can handle the media 
noise and TMR impairments effectively while the detector processing the multiple readback 
signals from the difference adjacent tracks can tackle the 2-D interference [11]. Therefore, we 
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can enhance the performance degradation of MHMT recording system due to the reduced 
complexity multi-track joint detection with the predictive information of the residual and media 
noise and TMR impairments, 

The research project aims to design a novel advanced joint signal processing scheme 
with low complexity for multi-head multi-track (MHMT) recording systems to combat the system 
impairments such as the 2-D interference, the media noise and TMR in BPMR as well as other 
high density magnetic recordings. Firstly, the project investigates various configurations of MHMT 
read channels of BPMR system doing trade-offs between performance and complexity for multi-
track joint detectors including various reduced complexity methods for detector. For simplicity, 
we developed a readback channel model of the MHMT recording system for BPMR with using 
two heads to detect two tracks first and thereafter tried to detector more tracks. Then, we 
devised a multi-track joint detection technique with practicable low complexity level in 
conjunction with the help of 2-D joint GPR equalization for BPMR’s MHMT read channels. The 
project also studied various noise predictive detectors for magnetic recording systems and 
proposed a noise prediction technique for multi-track joint detectors for MHMT reach channels 
that can addressed the colored noise problem as well as other noises such as mis-equalization 
and media noise. In the proposed technique, the noise prediction is done with the recorded 
noise samples along the surviving path without extending the trellis or computational 
complexity. Finally, a TMR estimation techniques is designed using the coefficients of 2-D GPR at 
equalizer designing process. Applying the estimated information and the noise prediction into 
the proposed detector, it is expected to improve the data recovery from the 2-D interference 
channel, but also in recovering the performance degradation.  

 

1.2 Project Objective 
1. To study multi-head multi-track (MHMT) read channels of BPMR system with inter-symbol 

interference (ISI) and inter-track interference (ITI) and the characteristics of media noise 
and Track-misregistration (TMR).   
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2. To study equalization and detection systems of MHMT read channels of BPMR system 
and other high areal density magnetic recording system. 

3. To design and develop a novel multi-track joint detection technique with practicable 
complexity level for the MHMT recording system of BPMR and other high areal density 
recording systems 

4. To design and develop a noise prediction technique for and a TMR estimation technique 
based on processing the multiple readback signals and they are intended to integrate 
into the proposed detection technique to improve the performance. 

5. To evaluate the performance of proposed techniques comparing with the conventional 
multi-track joint detection technique and other techniques from the literature. 

 

1.3 Project Scope 
 The proposed techniques in this project are evaluated mostly for MHMT read channels 
of BPMR system because the main objective of the project is to tackle 2-D interference problem 
which is one the most dominant problems in all future high areal density recording systems.    
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Chapter 2  
Literature Review 

BPMR is one of the candidates for future ultrahigh density magnetic storage beyond 1 
Tbit/in2 [1]. In conventional storage, the aerial density is increased by reducing the bit cell; 
hence, fewer magnetic particles are contained, causing lower response and the instability of the 
magnetic field, known as “superparamagnetic effect”. In BPMR, each bit is recorded on an 
ordered array of highly uniform islands on a track of the magnetic film and each recorded bit is 
represented by a single-domain magnetic island and each island includes a single magnetic grain 
to achieve high density and stability as shown in Fig. 1. Moreover, the non-magnetic boundaries 
between two adjacent islands can reduce the transition noise problem, which is one of the 
serious noises in the continues magnetic media. In BPMR, the distances between islands in 
along-track and cross-track directions can be reduced to achieve the ultra-high aerial density. 
And as the read head senses the magnetization, the resulting readback signal is corrupted by a 
two-dimensional (2-D) interference that consists of inter-symbol interference (ISI) and inter-track 
interference (ITI) [2]-[8],[12], which is one of the main limitations for BPMR since it degrades the 
performance of the data recovery channel.  

 

Fig.1. Comparison between conventional continuous domain recording and BPMR system. 
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Fig. 2.  The discrete-time channel model of typical BPMR recording system. 

2.1 Readback Channel Model 
A typical discrete-time channel model of BPMR recording system is illustrated in Fig. 2. In 

this model, the data bit at time k along the lth track, xk,l , is recorded on the BPMR media. The 
obtained BPMR readback signal rk,l is expressed as 

                         
,, , , , , k lk l k l k l n m k n l mn m

nr y n h x − − += + =   (2) 

where hn,m’s  are the 2D channel response coefficients and nk,l is assumed to be additive white 
Gaussian noise (AWGN) [4]. Similar to [4], we assume that a read head detects the signal mainly 
from the track under it and some fractions from the above and below tracks as illustrated in Fig. 
3. Without the TMR, a discrete-time 3x3 symmetric channel response matrix H [4], [6], in the 
form of  

                                
1, 1 , 1 1, 1

1, , 1,

1, 1 , 1 1, 1

k l k l k l

k l k l k l

k l k l k l

h h h

h h h

h h h

− − − + −

− +

− + + + +

 
 

=  
 
 

H , (3) 

 

where hm,n’s are the channel coefficients. The coefficients of the channel matrix in (2) and (3) 
can be generated by sampling the 2-D Gaussian pulse response at the integer multiples of the 
bit period and the track period [14]. The 2-D channel response coefficients hm,n of BPMR system 
is generated by sampling the 2-D Gaussian pulse response at the integer multiples of the bit 
period Tx and the track pitch Tz, i.e., 

 
2 2

,

1
exp ,

2 PW PW

x z
m n

x z

nT mT
h A

c c

      
 = − +    
     

 (4) 
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where A is the maximum amplitude of the pulse response. PWx and PWz are the location of the 
islands and the width of the pulse response at it half maximum (PW50) in the along-track and 
cross-track directions, and c = 1/2.3458 is a constant [14]. 

MR read head

Adjacent track

Adjacent track

Main track

down-track

cross-track

Head’s effective area

 
Fig. 3. The read head affective area over the 3x3 bit islands. 

 

2.2 Realistic BPMR channel Model 
Since the media noise is the prominent noise in BPMR system, it needs to consider the 

media noise in the channel model. To integrate the media noise, the pulse response is 
modified to include the island size and position fluctuation [16]. Therefore, the 2-D Gaussian 
pulse response with the media noise for the BPM media in this study is  

 ( )
( ) ( )

2 2

1
( , ) exp

2

x z
A

x PWx z PWz

x z
P x z A

c PW c PW

     +  + = +  − +       +  +       

 (5) 

where A is the amplitude of the pulse response, x, z,  A is the amplitude fluctuation, x and y 
are the location fluctuation, and PWx and PWz  are the PW50 fluctuations. The fluctuations of 
location and size are modeled as the Gaussian processes with the standard deviation which is 
defined as the percentage of the bit period.  

 

Fig. 4. TMR phenomenon in a BPMR system. 
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Moreover, TMR needs also to be considered in the channel model. Similar to [16], the 
channel response coefficients hm,n’s are generated by sampling the pulse response of the 
isolated island from (5) at the integer multiples of the bit period and track pitch, i.e.,  

 ( ), ,     , ,0,   m n x zh P mT nT m n L Lt= − − − −  (6) 

where P(tx,ty) is the 2-D Gaussian pulse response, Tx  and Tz are  the bit period and the track 
pitch, and t is the head offset or the distance between the center of the head and the center 
of the island track as shown in Fig. 4. Without TMR, the value of t is zero, giving a symmetric 
channel matrix. With TMR, however, the channel matrix in (3), will be asymmetric. The sign of t 
is relative to the direction of the head offset. In here, we assume the sign is positive for the 
upward offset, but it is negative, otherwise. The TMR level is defined as  

( )% 100.
z

TMR
T

t
=   (7) 

Channel

H

nk,0

F
Viterbi
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nk,-1
nk,1
rk,-1

rk,1

xk,0

 

Fig. 5.  Block diagram of 2-D Equalization in BPMR system. 

 

2.3 Two-dimensional (2-D) Equalization  

Since the readback channel is unknown in the magnetic recording system, therefore, the 
readback signal is usually equalized with the equalizer based on the desired target. In the 
conventional magnetic recording system, a 1-D partial response (PR) equalizer is applied with 
the fixed constant PR target. However, the performance of PR equalizer does not performance 
well with high areal density recording system. Alternatively, the equalizer with a generalized 
partial response (GPR) is proposed to use in the future magnetic technology like BPMR. 
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Figure 5 illustrates the model of the equalization for BPMR. In the equalization system, 
at the input of a 2-D equalizer F, three adjacent readback signals {rk,-1}, {rk,0} and {rk,1} are 
required to generate a single output {zk,0} since it includes the contribution of the adjacent 
tracks. Similarly, three input data sequences {xk,-1}, {xk,0} and {xk,1} are fed to the 2-D generalized 
partial response (GPR) target G to give the desired output {dk,0}. Define matrix F with the size of 
3 x (2N + 1) and the matrix G with the size of 3x3 as 

 
1 , 1 0, 1 , 1

0 ,0 0,0 ,0

1 ,1 0,1 ,1

N N

N N

N N

f f f

f f f

f f f

− − − − −

−

−

  
  

= =   
     

f

F f

f

, (8) 

 
1 1, 1 0, 1 1, 1

0 1,0 0,0 1,0

1 1,1 0,1 1,1

g g g

g g g

g g g

− − − − −

−

−

  
  

= =   
     

g

G g

g

. (9) 

In Fig. 5, the error signal ek is the difference between the equalizer output signal zk,0 and 
the desired signal dk,0. In order to design the equalizer coefficients using the minimum-mean 
squared error (MMSE) method, the mean-squared error (MSE) can be computed by 

 ( )  ( )  ( ) ( )( ) 
222

,0 ,0 , , , ,k k k k l k l k l k lE e E z d E r f x g= − =  −   (10) 

where E{.} is the expectation and l{-1, 0, 1} and * is the convolution function. After expanding 
the righthand side, it becomes 

  
, ,

2

, , , , , , ,( ) 2
k l k l

r rx x

k k l k l k l k l k l k l k lE e f R f f R g g R g=   −   +     (11) 

where Rr
k,l = E{ri,jri-k,j-l} and Rx

k,l = E{xi,jxi-k,j-l} are the auto-correlations of the readback signals and 
the recorded bits from all three tracks, respectively, and Rrx

k,l= E{ri,jxi-k,j-l} is the cross-correlation 
between the readback signal and the recorded bits. To compute the solution of MSE in (11), it is 
convenient to use the coefficient matrix and the target matrix in the vector forms [18] so that 

the matrices F and G are rearranged into the column vectors as  1 0 1

T

−=f f f f  and 

 1 0 1

T

−=g g g g . Using those vectors, the MSE in (11) can be redefined as 

 ( ) 2 2T T T

r rx xE e k = − +f R f f R g g R g  (12) 
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where Rr = [rkrkT] is an auto-correlation matrix of Rr
k,l with the size of 3(2N + 1) x 3(2N + 1),  Rrx = 

[rkxk
T] is the cross-correlation of Rrx

k,l with the size of 3(2N+1) x 9 and R x= [xkxk
T] is an auto-

correlation of Rx
k,l with the size of 9 x 9. The recorded bits vector xk and the readback signal 

vector rk are 1,1 ,1 0,0 , 1 1, 1... ...
T

k k k k kx x x x x+ − − − =  x  and ,1 1,1 0,0 1,1 ,1... ...
T

k k N k N k N k Nr r r r r+ + − − + − =  r . 
From [4], [6], to achieve the minimum MSE, the equalizer coefficients in f for a given fixed target 
g, can be obtained by   

 1 .r rx

−=f R R g  (13) 

 

5.6 Two-dimensional (2-D) or Symbol-based Detection 

Like a communications channel, the magnetic recording system uses the optimum 
detection method for the data recovery system. The optimum detection method is based on 
the maximum-likelihood criterion for detecting sequence of symbols; also known as maximum-
likelihood sequence detection (MLSD). It minimizes the probability of error for a received bit 
sequence [19]. An efficient algorithm for implementing MLSD is the Viterbi algorithm (VA). 
Burkhardt [20] proposed an optimal symbol-based Viterbi detector to apply in the high density 
data storage media of magnetic or optical. In the paper, the author predicted that, in the high 
areal density of future storage media, the read-back signal is corrupted by not only ISI and but 
also by ITI from the adjacent tracks when both linear density and track density are increased. To 
address this problem, a Viterbi detection method was proposed for the 2-D interference 
channels of the high density magnetic recording systems and in this method, the trellis is 
constructed by incorporating both ISI and ITI of the channel so that the detector can mitigate 
both of them. As a result of the high number of states and branches in the trellis, the decoding 
complexity is too high to implement in the real applications. However, we can consider as a 
baseline system for the single-track processing.  
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2.3.1 Symbol-based Trellis Design  
In here, the 2-D interference channel is viewed as a 1-D equivalent interference channel 

by considering a non-binary symbol data or a column-wise recorded data bits from the adjacent 
tracks together. Since the input to the system is a symbol sequence, the trellis in here is 
constructed based on the non-binary symbol. Note that we explain the detector on the read-
back channel of the BPMR system because we focus only in the BPM system in this work. 

In the case of the 2-D BPMR channels, the read-back signal includes the contribution of 
the bit islands from the main track (the reading track) together with the interference from the 
bit islands on the two adjacent tracks and as illustrated in Fig. 3. Therefore, the read-back signal 
from the kth recorded bit island at the lth track, rk,l is modeled as 

 
1 1

, , , , , ,

1 1

k l m n k m l m k l k l k l

m n

r h x n y n+ +

=− =−

= + = +    (14) 

where hm,n is the channel coefficients of a 2-D channel, xk,l is the recorded bit on the island, and 
yk,l is the noiseless read-back signal, and nk,l is a AWGN noise. From (14) the BPMR channel has 
three input sequences, represents the recording data to the three adjacent tracks {l-1, l, l+1} 
but it outputs a single read-back signal from the lth track. Therefore, for the input side, the 
triplet of bits or a triplet bits (xk,l-l, xk,l, xk,l+1) from the three adjacent tracks at time k are 
considered together as a symbol vector xk = [xk,l-l, xk,l, xk,l+1]T. Since the recorded data sequences 
for all tracks are the binary data with {-1, 1}, the symbol xk has 23 = 8 alphabets. 

 

 

Fig. 6. Current state Sk (bold line) and next state Sk+1 (dashed line) 
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Fig. 7.  Non-binary symbols state transition diagram of the 2-D interference BPM channel 

Considering, a BPMR discrete domain of 2-D channel matrix from (3) or a 2-D GPR target 
matrix from (6), the 3x3 channel matrix can be considered as a row vector with the two symbol-
based ISI and each symbol-based ISI is a column vector, including the ISI and two ITI. we can 
build a symbol-based trellis structure for the detector. In the trellis, the current state Sk is 
defined with the two symbols: xk and xk-1 and the next state Sk+1 is defined with the two 
symbols: xk+1 and xk as illustrated in Fig. 6. Since each symbol xk has 8 possible outcomes, there 
are 64 possible states at each time k in the trellis and each state has 8 outgoing branches, each 
branch is related to one of the possible input symbols. According to the Markov process, the 
transition from the current state Sk to the next state Sk+1 at time k+1 depends on the current 
input and the current state. A state transition diagram for the symbol-based trellis is shown in 
Fig. 7. According to this trellis, there are 64 x 8 = 512 branches in each transition. Therefore, the 
complexity of trellis might be too high to employ in practical application.  

 

2.3.2 Viterbi Algorithm for Detector 
The maximum likelihood sequence detection (MLSD), in particular Viterbi algorithm can 

be applied on the above trellis to recover the recorded input data from the BPMR media. The 
detection algorithm is considered based on the symbol input data and the symbol-based trellis; 
hence, the detector produces the estimated symbol sequence which is composed of triple bits. 
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However, the goal of the detector is to recover the recorded data on the main track so that the 
detector generates only the estimated bit sequence {xk,l} from the main track.  

After receiving the length N of the read back signal rk,l  from the main track, the MLSD 

detector selects the estimated input symbol sequence X ̂ = {x ̂1…. x̂N} by maximizing a likelihood 
function which is defined as 

 ( )ˆ arg max .p=
X

X r X   (15) 

In (11), p(r|X) is the conditional probability density function (pdf), r = { r1, r2 …. rN, } is the read-
back signal sequence from the main track at the input of the detector and X = {x1…. xN} is the 
input symbol sequence. According to the trellis from Fig. 6, the input symbol sequence X has 
the one-to-one relationship with a sequence of the state transitions ξ   = {1…. N},  a state 

transition k is defined as the transition of the current state Sk  (xk, xk-1) at time k and the next 

state Sk+1  (xk+1, xk) at time k+1. To estimate the input symbol sequence, the detector estimate 
the state transition sequence by maximizing the likelihood function of the state transition 
sequence ξ , i.e., 

 ( )ˆ arg max .p


=X r ξ   (16) 

According to the trellis, each of the state transitions generates an output, also known as the 
noiseless read-back signal yk  and they have a one-to-one relationship. From (14), the received 
read-back signal rk is equal to the signal of yk plus the noise. If we assume that the noise 
components {nk} are statistically independent, the read-back signal rk are statistically 
independent random variable. Thereafter, the likelihood function of the state transition 
sequence ξ , ( ) ,p r ξ  from (16) can also be expressed as 

 ( ) ( ) ( )
1 1

.

N N

k k k k

k k

p p r p r y
= =

= = r ξ   (17) 

In here, the conditional probability density function ( )k kp r y  can be computed as 

 ( )
( )

2

22

1
exp ,

22

k k

k k

r y
p r y



 −
= − 

 
 

  (18) 
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where 2 is the variance of the noise. For simplicity, the detector uses the log-likelihood 
function (logarithm of the likelihood function) and we have 

 ( ) ( ) ( )
2

2
1

1
ln ln 2 .

2 2

N

k k

k

N
p r y

 =

= − − −r ξ   (19) 

According to (19), the maximum of ( )ln p r ξ in MLSD is equivalent to the minimizing the 

Euclidean distance ( )
2

1

,
N

k k

k

r y
=

−  also known as the path metric in the Viterbi algorithm. The 

Viterbi detector estimates the input symbol sequence based on the minimum Euclidean 
distance or the path metric through the trellis sequence, i.e.,  

 ( )
1

N

k k

k

M r y

=

= −   (20) 

After recovering the whole sequence of the input symbols, the detector extracts the estimated 
recorded bit sequence from the output symbol sequence.  In this detection scheme, the 
complexity in the 2-D Viterbi detector will increase exponentially with the number of ITI and ISI 
taps in the channel.  Therefore, this 2-D Viterbi detector is infeasible to implement in hardware 
due to excessive complexity.  
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Chapter 3  
Joint Signal Processing Scheme for Multi-head Multi-track Read Channel 

3.1 Multi-track Joint Viterbi Detector for Multi-head Multi-track Read Channel 
 Normally, the Multi-head multi-track read channel system aims to mitigate the ITI effects 
on the readback signals by processing the signals from the side tracks so as to estimate the 
recorded data on the detecting tracks effectively. Most of earlier proposed MHMT systems 
usually do not attempt to recover the data from the side tracks because it is assumed that the 
readback signals do not contain enough contributions of side tracks to be recovered. In contrast, 
the researchers in [26] proposed an iterative multi-track detection concatenated with multiple 
decoders to recover the data from the side tracks also by processing just the signals from the 
detecting tracks and proved that the proposed system can estimate the data on the side tracks 
with a reasonable reliability. While the areal density of BPMR is increased further in the future, 
the intensity of ITI effect on the readback signal will be higher. Therefore, instead of attempting 
to mitigate the ITI, employing a robust 2-D data recovery system such as the multi-track joint 2-
D detector can estimate the data on the side tracks from the readback signals while estimating 
the data on the detecting track so that the throughput capacity of MHMT can be increased and 
the estimated data from the side tracks can be used in further process.    
 In this work, we aim to study the performance of a multi-track joint 2-D Viterbi detector 
in conjunction with the multi-track 2-D equalization for estimating the recorded data on the side 
tracks for the high areal density of BPMR system. In the system, the equalized signals from the 
detecting tracks are processed by the detector for estimating the data on the detecting tracks 
and the side tracks concurrently. Since the indistinguishable symbols, due to the symmetric ITI 
effects, can degrade the performance of the detector, we propose to set the head offsets into 
the direction of the side track in the design of multi-head array. Moreover, it can increase the 
contribution from the side track on the readback signals. Then, we investigate the performance 
changes by that adjusting the head offset positions. The simulation results show that the data 
recovery performance of the side tracks can be improved without significant losing the 
performance of the detecting tracks at the optimal head offset positions.   
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3.1.1 Four-head four-track Equalization and Detection 
 In this work, we consider a four-head four-track (4H4T) read channel of the BPMR system 
with an array of four heads as shown in Fig.8. In the system, an array with four heads detects 

the bit islands on four adjacent tracks, l  {1, 2, 3, 4} concurrently as depicted in Fig.8, and 
then generates four readback signals, i.e., r1,k, r2,k, r3,k and r4,k.  
 

 
 

Fig. 8. The model of 4H4T BPMR channel with multi-track 2-D equalization and a multi-track 
joint 2-D detector. 

  
Fig. 9. The configuration of four heads (a) without head offset. (b) with head offset according to 

the direction of arrows. 

 The configurations of the head array with and without the head offset are shown in Fig. 
9. In Fig. 9(a) the center of each head is aligned with that of the tracks when the value of toff is 
zero. In this work, we propose to shift the heads on the tracks 1 and 2 into upward direction 
and the heads on the tracks 3 and 4 are in downward direction by the value of toff as illustrated 
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the arrows in Fig. 9(b).  It results higher ITI from the side tracks, but less from other detecting 
track onto the signals r2,k and r3,k. The negative value of toff means the reverse offset movement 
of heads so that the readback signals will have more ITI from other detecting track but less 
from the side tracks. 
 In the system, the readback signals are sent to respective 2-D equalizers as depicted in 
Fig. 8. The Equalizer I generates the equalized signal d2,k by processing the signals, r1,k, r2,k and 
r3,k, and the Equalizer II generates d3,k by processing the signals, r2,k, r3,k and r4,k. Thereafter, two 
equalized signals are fed to a multi-track joint 2-D detector to generate the estimated recorded 
data sequences, {â1,k}, {â2,k}, {â3,k}and {â4,k}. In here, notice that even though all readback signals 
are fed into the two equalizers, only the equalized readback signals, d2,k and d3,k are processed 
by the detector and the signals, r1,k and r4,k are just utilized to equalize the r2,k and r3,k according 
to the 2-D generalized partial response (GPR) targets. Thus, the tracks, 2 and 3 are described as 
the detecting tracks and the tracks, 1 and 4 as the side tracks hereafter. For the detector, a full-
fledged trellis is designed embedding the data bits on all four tracks (including the detecting 
tracks and the side tracks) to be estimated. Since the detector processes only two equalized 
signals the error rate in the sequences, {â1,k}and {â4,k} are expected to be higher than that of the 
sequences {â2,k}and {â2,k}. However, we investigate the performance changes of each estimated 
sequences by adjusting different head offset positions and search the optimal positions.  
 

3.1.2 Multi-track 2-D Equalizer and 2-D GPR Target Approach 
 In order to control the ITI effects on each readback signal, we consider two 2-D 
equalizers with the size of 3 x (2L +1) together with two 2-D GPR targets with the size of 3×3. 
The equalizer matrix FI and the GPR target matrix GI are defined as 
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and 
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where I  {I, II} is the index of the equalizer and the target. Each pair of 2-D equalizer FI and 2-D 

target GI, are designed based on MMSE technique using the respective error sequence el,k, l  {2, 
3} is expressed by, 

 
  ( )   

22
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   
   

     (23) 

where E{.} is the expectation and el,k is the error signal.  
 

3.1.3 Multi-track Joint 2-D Detector 
 In this work, a multi-track joint 2-D detector uses a full-fledged 2-D trellis constructed by 
considering the input bits from all four consecutive tracks (two detecting tacks and two side 
tracks) to be estimated. Therefore, in the trellis, each input symbol is defined as ak = {a1,k, a2,k, 
a3,k , a4,k} and then each state is composed by two symbols based on the given 2-D GPR targets.  
As a result, the 2-D trellis contains 24x2 = 256 states and 24 = 16 incoming or outgoing branches 
at each state. Considering the log-likelihood method, the computation of branch metric for 
each transition of the trellis can be simplified as 

 2 2

2, 2 3, 3( ) ( ) ( ) ,k k k k kd z d z  (24) 

where dl,k and zl(k) are the equalized signal and target output of l  {2, 3} tracks, and k  
represents the state transition between the current state Sk at time k and the next state Sk+1 at 
time k+1. For branch metric in (7), each of target outputs is computed with the coefficients of 
the respective GPR target I and II. Using the Viterbi algorithm, the detector finally generates the 
estimated recorded bit sequences {â1,k}, {â2,k}, {â3,k}  and {â4,k} by processing using the two 
equalized signals d2,k and d3,k that contain the significant ITI contributions from tracks 1 and 4.  
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3.1.4 Numerical Evaluation  
 Firstly, we observe the changes of the main ITI coefficients in the channel matrix by the 
head on the track 2 for the different head offset position which is defined as the ratio of head 
offset position to the track pitch, i.e., toff /Tz in  Table I. The value of the upper ITI coefficients 
will rise and the value of the lower ITI coefficients will fall when the value of ratio is changed 
from the negative values to the positive values. The changes of the ITI coefficients in the 
matrices generated by the heads on the tracks 1 will be in the same manner but those on the 
tracks 3 and 4 will generate inversely as they are offset in opposite direction.  

Table.1. The ITI Contributions Vs. Head Offset 
Head Offset 
(toff /Tz) 

ITI coefficients [h-2,0, h-1,0, h0,0, 
h1,0, h2,0] 

-0.15 [0.015, 0.305, 1, 0.527, 0.045] 
-0.10 [0.018, 0.334, 1, 0.481, 0.037] 
-0.05 [0.021, 0.365, 1, 0.439, 0.031] 

0 [0.026, 0.401, 1, 0.401, 0.026] 
0.05 [0.031, 0.439, 1, 0.365, 0.021] 
0.10 [0.037, 0.481, 1, 0.334, 0.018] 
0.15 [0.045, 0.527, 1, 0.305, 0.015] 

 

 Then we investigate the data estimating performances of the 4H4T system using a multi-
track joint 2-D detector from the detecting tracks, i.e., the track 2 and 3, and from the side 
tracks, i.e., the track 1 and 4 at the SNR level of 18 dB for various head offset values and the 
simulation results are shown in Fig. 10. According to the results, the detector can improve the 
performance of estimating the data on the side tracks without significantly affecting on the 
estimating data on the detecting tracks when the upper two heads are offset away from the 
lower two heads because the detecting signals, r2,k and r3,k contain the more contributions from 
the side tracks 1 and 4. After the ratio value of 0.08, their performance starts to decline again 
because of the significant performance degrading of the detecting tracks. Therefore, we assume 
the optimal performance of data estimating from all four tracks is achieved when each pair of 
heads are shifted away from another pair by about 0.08Tz.  
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Fig. 10. Performance of estimating the data on the detecting tracks 2 & 3 and the side tracks 1 & 

4 based on different head offset values at SNR 18dB. 

 

Fig. 11. The performance of estimating the data on the detecting tracks and the side tracks with 
and without the optimal head offset positions. 

 Finally, the bit error rate (BER) performance of the 4H4T system with no head offset and 
with the head offset position at 0.08Tz are compared in Fig. 11. In Figure, the performance of 
the data estimation from the detecting tracks and the side tracks are plotted separately. For the 
detecting tracks, the performance of the system with the head offset is insignificantly degraded 
compared to that of the system without the head offset because of the higher ITI effects. 
However, in contrast, the performance of the data estimating form the side tracks by the system 
with head offset is better than the system with no head offset. The former can provide the 
performance gain about 0.8dB at BER 10-4. This performance gain is achieved by the higher 
contributions from the side tracks as well as the asymmetric GPR targets which are designed 
using the MMSE methods for the asymmetric channel matrix.  
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3.2 Reduced Complexity Multi-track Joint Viterbi Detector for MHMT Channel 
 In this paper, we propose a multi-track joint Viterbi detector using a reduced complexity 
trellis to recover the recorded data bits from the detecting tracks as well as the sidetracks for 
the high areal density BPMR with multi-head multi-track (MHMT) systems, particularly a four-
head four track (4H4T) system. In the system, the 2-D equalizers equalize the readback signals 
to 2-D generalized partial response (GPR) targets in which some ITI coefficients are set to zero 
in order to reduce the number of states in the trellis. The equalizers and targets are 
concurrently designed by minimizing the mean squared error (MSE). The parallel branches are 
incorporated into the trellis to estimate the data on sidetracks. With anticipation that each 
readback signal contains the substantial contributions from the sidetracks, the proposed system 
can generate the estimated data from the sidetracks with the acceptable reliabilities. Moreover, 
we propose a two-head four-track (2H4T) system using the proposed detector. Although it 
receives the signals from two detecting tracks only, the data on sidetracks can be estimated. 
 

3.2.1 Two MHMT channels (4H4T and 2H4T) 
 To estimate the recorded bits from the detecting tracks, most MHMT systems need the 
readback signals from both the detecting tracks and the sidetracks because the equalization 
system utilizes the sidetrack’s signals to control the ITI effects on the readback signals. 
Therefore, the number of the estimating tracks by the MHMT systems is usually fewer than 
the number of tracks needed by the equalization. In contrast, we consider two MHMT systems: 
4H4T system and 2H4T system, in this work. In both systems, we employ a multi-track 
joint equalization method to equalize the readback signals to the GPR targets with the ITI 
constraints. 
  

 
Fig. 12. The models of BPMRs 4H4T channel with the multi-track joint equalization and the 

proposed multi-track joint detector 
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 The 4H4T system that receives the signals from the four tracks and generates the 
estimates of those four tracks is shown in Fig. 12. In this system, four readers sense the 
readback signals, rl;k, from four consecutive tracks: the two detecting tracks, i.e., the track 2 and 
the track 3, and the two sidetracks, i.e., the track 1 and the track 4. Assuming that each 
readback signal is affected by the ITI effects from the two adjacent tracks above and two tracks 
below the middle track, the signal, r2;k, has the contributions mainly from the bit on the track 2, 
a2,k, as well as partially from the bits on the tracks 1 and 3, a1,k and a3,k  (insignificantly from the 
tracks 0 and 4). Similarly, the readback signal, r3,k, contains the contributions from the bits on 
the tracks 2, 3 and 4, i.e., a2,k, a3,k and a4,k. In here, it is important to note that the signals from 
the sidetracks are used only in the equalizers, not in the detector. The 2-D equalizer F1 
equalizes the signal r2,k according to the 2-D GPR target G1 using the signals r1,k and r3,k as its 
sidetracks and then generates the equalized signal d2,k. Similarly, the 2-D equalizer F2 generates 
the equalized signal d3,k by processing the signals, r2,k, r3,k and r4,k. Thereafter, the multi-track joint 
detector recovers the recorded data bits from all four tracks, from 1 to 4, by processing these 
two equalized signals. 

 
Fig. 13. The models of BPMRs 2H4T channel with the multi-track joint equalization and the 

proposed multi-track joint detector 
 As a simplified MHMT system, we also devise a 2H4T system that receives the signals 
from two tracks and estimates the recorded bits on four tracks as illustrated in Fig. 13. In the 
system, the equalizers receive the readback signals r2,k and r3,k from the two readers but no 
signals from the sidetracks. Since the equalizers equalize the readback signals r2,k and r3,k 
according the respective 2-D GPR target that intends to include the ITI coefficients of the 
sidetracks, i.e., the track 1 or the track 4 as to be discussed in the next section, the equalizers 
still need the third input signal that include the information of the recorded bits on the 
sidetrack 1 or 4. Therefore, we generate a new signal sequence which is the difference between 
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two readback signals, i.e., r2,k and r3,k and it is fed to both equalizers to help the equalizing 
process in this 2H4T system. Then, the multi-track joint detector estimates the recorded bits 
from all four tracks. 
 

3.2.2 Multi-track Joint Equalizer and 2-D GPR target Design for Reduced Complexity Trellis 
 In both above systems, we employ two multi-track joint equalizers (21) to equalize the 
respective readback signals according to the 2-D GPR targets (22). For the proposed detector, we 
impose the constraints on the targets. Particularly, the coefficients of g-1,-1 and g-1,1 in G1 and g1,-1 
and g1,1 in G2 are set to zero (to reduce the complexity of trellis) and the coefficient g0,0 in both 
targets to 1.  By minimizing the MSE in (23), each pair of the equalizer and the target can be 
obtained from 

 ( )
1

,T

I a ra r ra I I

−

= −g R R R R E λ   (24) 

 1 ,I r ra I

−=f R R g  (25) 

where g ̅I = [g-1, g0, g1]T and  f ̅I = [f-1, f0, f1]T are the column vectors by rearranging the matrices in 
(3) and (4), Rr is an auto-correlation matrix of the readback signal sequences from the three 
tracks involved, Ra is an auto-correlation matrix of  the recorded bit sequences on the three 
tracks involved, and Rra is the cross-correlation matrix of the readback signal sequences and the 
recorded bit sequences. In (6), λI is a vector containing the Lagrange multipliers, i.e., 

 ( )( )
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I I a ra r ra I I

−
−

= −λ E R R R R E c  (26) 

where EI and cI are  the vectors to impose the above constraints of GI  so that EI g̅I = cI. We set 

E1 and E2 to  

1 0 0 0 0 0 0 0 0 1 0 0 0 0

0 0 1 0 0 0 0 ,  0 0 0 0 1 0 0

0 0 0 0 1 0 0 0 0 0 0 0 0 1

T T

   
   
   
         

and c1 and c2 to [0 0 1]T and [1 0 0]T. 
 

3.2.3 Multi-track Joint Detector with Reduced Complexity Trellis 
 In this work, we develop a multi-track joint 2-D detector with a reduced complexity 
trellis to recover the recorded bits from all of four tracks, i.e., from the tracks 1, an 4. Firstly, a 
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input symbol for the trellis is defined with the bits from the detecting tracks, i.e., a2,k and a3,k. 
Based on the dimension of GPR targets, a state of the trellis is defined by two input symbols. As 
a result, the proposed trellis consists of 22x2 = 16 states and 4 possible next states from each 
state. The recorded bits from the side tracks, i.e., a1,k-1 and a4,k-1, are integrated into the trellis as 
the parallel branches in the  state transition. With all the possible combinations of (a1,k-1, a4,k-1) 

 {(-1,-1), (-1,1), (1,-1), (1,1)}, there are four parallel branches at each state transition, resulting 
to 16 outgoing branches from each state. The state transition diagram is shown in Fig. 14.  

 

Fig. 14. The reduced complexity trellis for the multi-track joint detector. 

Given that only AWGN noise is in the channel, the computation of the branch metric using the 
log-likelihood method for each parallel branch at each state transition of the trellis can be 
simplified as 

 2 2

2, 2 3, 3( ) ( ) ( ) ,k k k k kz d z d  (27) 

where zl,k and dl(k) are the equalized signal and the desired signal with l  {2, 3}, and k  
represents the state transition between the current state Sk at time k and the next state Sk+1 at 
time k+1. With the coefficients of two GPR targets and the values of a1,k-1 and a4,k-1 of the given 
parallel branches, the desired signals are calculated as 
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 While the Viterbi algorithm is finding the survivor path for each state at every state 
transition k, it computes the path metric for all parallel branches, and then selects the state 
transition which includes the parallel branch with the minimum path metric as a survivor. Thus, 
for each state at every state transition, the system needs to store the survivor state transition, 
its selected parallel branch and its path metric. After achieving the path with the minimum 
metric along the received signal sequence, â2,k and â3,k from the detecting tracks are generated 
based on the survivor state transition along the path, and â1,k and â4,k from the sidetracks are 
generated based on the selected parallel branch.  
 

3.2.4 Numerical Results 
 For performance comparison, we consider a multi-track joint detector with the full-
fledged trellis for the 4H4T system which has 256 states and 16 branches at each state. In the 
numerical simulations, we compute the bit error rates (BERs) of the detecting tracks based on 
the sequences â2,k and â3,k together and similarly the BERs of the sidetracks based on the 
sequences â1,k and â4,k. The performance comparison of the proposed detector in the 4H4T 
system and the 2H4T system to the full-fledged detector of the 4H4T system is shown in Fig. 
15. For the estimated data from the sidetracks, the performance of the proposed detector is 
very close to that of the full-fledged detector in the 4H4T system; however, both detectors of 
the 4H4T systems are slightly inferior to the proposed detector of 2H4T system until about SNR 
= 18.3 dB and thereafter, significantly outperform to the 2H4T system. For the estimated data 
from the detecting tracks, the performance of the proposed detectors in the 2H4T system is 
progressively worse than that of both detectors in the 4H4T system because the 2H4T system 
receives only two readback signals. It is easy to notice that this shortfall in the 2H4T system 
affects the data estimated from the sidetracks. 
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Fig. 15. Performance comparison of 4H4T system and 2H4T system using the proposed detector 
and the full-fledged detector for the BPMR system at the areal density 4 Tb/in2. 

 

Fig. 16. The SNR required by the proposed and full-fledged detectors in the 4H4T systems to 
achieve BER = 10-5 for the range of areal density. 

The SNRs (dB) required by the proposed and full-fledged detectors in the 4H4T systems to 
achieve BER = 10-5 at the areal densities from 3 Tb/in2 to 6 Tb/in2 are studied in Fig. 16. The 
proposed detector can perform as well as the full-fledged detector. From 4.5 Tb/in2, the 
performance of detecting tracks and sidetracks are very comparable due to the high ITI levels in 
the channel. 
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3.3 Noise Predictive Multi-track Joint Viterbi Detector 
 In MHMT channel, the output signals from 2-D equalizers are corrupted by the 
correlated/colored noise, and the performance of multi-track joint detector is not optimal due 
to it. In the literature, noise predictive detector is proposed to compensate the performance 
deficiency due to the colored noise [27-29]. Noise predictions for multi-track read channels are 
also studied in [30-31].  In a noise predictive detector, a linear noise predictor using finite 
impulse response (FIR) filter is employed to predict the current noise sample in terms of the 
most recent noise samples, and then, the predicted noise sample is used to correct the noise 
information in the branch metric calculation. Normally, the performance of linear noise 
predictor can be enhanced by increasing the number taps in filter, but it needs to extend the 
trellis structure or the feedback memory in the detector. However, integrating the noise 
prediction process into the multi-track joint detector can increase the computational 
complexity or more vulnerable to have propagation error. Alternatively, the noise predictor 
using infinite impulse response (IIR) filter is studied in [27]. In this work, we develop a noise 
predictive multi-track joint detector using FIR predictor and IIR predictor for multi-track BPMR 
read channel. Then, we study the performance of multi-track joint detector using predictors 
comparing with that of multi-track detectors without predictor for various areal densities of 
BPMR system.  

 

Fig. 17. The readback channel model of BPMR system. 
 

3.3.1 Noise Predictive Viterbi Detector 
 In the read channel as shown in Fig. 17, the equalized signal sample zl,k for l = 0 is 

 
1 1
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where yl,k  is the noiseless channel output signal sample and fi,j is the coefficient of 2-D 
equalizer F. According to the second term in (30), the equalizer correlates the additive noise of 
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the received signals, and then the resulted noise becomes the colored noise which degrades 
the performance of Viterbi detector. However, this performance inferiority can be alleviated by 
integrating a noise predictor into the detector.  In the noise predictor, the noise sample l,k is 
defined as the difference or error sample between the equalized readback signal sample, zl,k   
and the desired output sample, dl,k , i.e., 

 , , , ,l k l k l kz d = −  (31)  

where dl,k is computed with the coefficients gn,m of the GPR target G. It is important to notice 
that the noise sample l,k in (31) includes not only a correlated noise but also the residual 
interference due to mis-equalization.  Since the noise sample is correlated with the neighboring 
samples due to the equalizer, the current noise sample can be predicted based on the past 
noise samples [27].  

 

3.3.2 Noise Prediction Filter 
 In a linear predictor model, the predicted current noise sample can be defined as, 

 , ,

1

ˆ ,
K

l k i l k i

i

p  −

=

=  (31) 

where l,k is a previous noise sample at time delay i from (30), pi is the coefficient of the linear 
noise prediction FIR filter, and K is the length of the filter. To design the filter, the mean 
squared error (MSE) of the noise prediction error is defined as 
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The optimal coefficients of prediction filter pi can be found by minimizing the mean squared 
error in (32) and as the solution of the normal equation [28]. Let p = [p1, p2, ..., pK]T be a 
column vector of the coefficients of the noise prediction filter  and then it is expressed as,  

 1 , 

−=p R r  (32) 

Where r = E[l,k] and R = E[T] are an autocorrelation vector and an autocorrelation 
matrix of the noise samples sequence  = [l,k-1,…, l,k-K]T respectively. 
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 Alternatively, the noise sample can be predicted using an IIR filter. The IIR filter can 
provide the performance improvement without increasing the number of filter taps. Therefore, 
we also consider the IIR filter for noise prediction in this study. For IIR noise prediction, the 
predicted noise sample is written as a recursive equation, i.e., 

 , , ,

1 1

ˆ ˆ( ) ,
K K

l k j j l k j j l k j

j j

     − −

= =

= + −   (33)  

where j and βj are the zero-pole parameters of the IIR filer, and K is the length of the filter.  
The zero-pole parameters in (33) can be calculated from the autocorrelation function of noise 
sample sequence as described in [27].  

 

3.3.3 Noise Prediction based on stored value on Surviving Path 
With the predicted noise sample, the branch metric of the Viterbi detector for a state transition 
at time k is modified as, 

 ( ) ( )
2

1 , 1 ,
ˆ, , ,m n m n

k k l k k k l kS S z d S S − −
 = − −
   (34)  

where Sk-1
m and Sk

n  are the previous mth state and the current nth state at time k for m, n   
{1, 2, ..., Ms},  dk(Sk-1

m, Sk
n ) is the target output sample generated with the input bits of the 

branch and the bits defined in the state Sk-1
m, and Ms is the total number of states in the trellis. 

Based on (30) and (33), the predicted noise sample is computed with the previous noise 

samples, i.e., l,k-i for  i {1, ..., K}, and the previous noise sample computation consequently 
requires a number of past input bits from three tracks, but they are beyond the input bits of the 
state Sk-1

m  of the given trellis. Therefore, in the conventional technique, the trellis is redesigned 
based on the effective target Gf(D)= G(D)[1-P(D)] to attain the previous noise samples, and the 
noise whitening filter, [1 - P(D)] is added before the detector. However, this technique is not 
appropriate for the Viterbi detector of the 2-D interference channel because the complexity can 
lead into impractically high.  
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Fig. 18. The hypothetical surviving paths with stored noise samples for the 

proposed noise prediction technique. 

 In the proposed technique, the past noise samples are stored along the surviving paths 
for the noise prediction so that it doesn't need to extend the trellis. In particular, the Viterbi 
algorithm computes l,k which is the difference between the equalized signal sample zl,k and 
the desired output sample dk(Sk-1

m, Sk
n) of the state transition for the branch metric at time k in 

(34). In the proposed technique, this computed l,k is stored as the noise sample associated to 
that Sk

n state, i.e., (Sk
n) for the future noise prediction if its respective branch is selected as a 

part of the surviving path. Since the surviving path includes the sequence of most likely past 
states leading to the current state, those noise samples are most reliable information to predict 
the current noise. For the branch metric calculation at each transition, it is assumed that the 
prediction algorithm can access the stored information along the surviving path in depth of the 
length of the predictor. With the previous noise samples stored along the surviving path leading 
to the current state Sk

n, the branch metric equation in (34) is rewritten as, 
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 For an example of a Viterbi detector the noise predictor of length K = 2, the system will 
read back two previous stages along the surviving path. The trellis with the hypothetical paths 
that stores the noise samples for this example is demonstrated in Fig. 18. When the branch 
metric of the transition from the previous state Sk-1

4 to the current state Sk
3  at time k is 
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computed, the predicted noise sample is estimated with the previous noise samples along the 
surviving path leading the current state through the previous state (the bold lines in Fig. 18), i.e., 
(Sk-1

4)  from the time k-1, and (Sk-2
3) from the time k-2 . For other branch metric calculations, 

the current noise samples are predicted with the past noise samples along their respective 
surviving paths. Finally, the current noise sample  (Sk

3) = zl,k - dk(Sk-1
4, Sk

3)  is stored at the state 
Sk

3 for further noise prediction if that branch is selected as a part of surviving path. Since the 
information along the surviving path are the most reliable, it is expected that the predicted 
noise samples based on them are also most reliable and enhance the performance of Viterbi 
detector.  
  The proposed noise prediction technique needs one extra storage for each state, and $ 
K $ more multiplications and additions for predicting the noise sample at each branch metric 
computation than the detector without noise predictor. As a result, the complexity increment 
of the proposed noise prediction technique is significantly less than the noise prediction by 
extending the trellis. However, this noise prediction technique needs a precaution for error 
propagation because the past noise samples are computed with the tentative estimates based 
on the most likelihood or on the surviving path. 

 

Fig. 19, the autocorrelation of the noise samples sequence {l,k}. 

3.3.4 Simulation Result and Discussion 
 In this work, the 2-D channel response matrices with the size of 5x3 at the areal 
densities of 3 Tbits/in2 and 4 Tbits/in2  are generated and employed for evaluating the proposed 
noise prediction. Firstly we study the autocorrelation function of the noise samples sequence $ 
{l,k} in (31)  for the BPMR readback channel model. The autocorrelation function of the noise 
samples sequence of the BPMR channel at 4 Tbits/in2 is shown in Fig. 19. It is obviously that the 
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noise samples sequence is correlated. Especially, the non-zero coefficients at first lags are the 
most significant and other coefficients are not as obvious as the coefficients of the first lags. 
Therefore, we employ the FIR noise predictor with only one tap and the IIR noise predictor with 
single-pole to avoid the error propagation problem. The coefficients of FIR noise prediction filter 
are computed with the autocorrelation functions of noise samples using (32) and the 
coefficients of IIR filter are computed like [27] using a known training sequence. 

 

(a)       (b) 
Fig. 20. Performance comparison of the Viterbi detectors with and without various noise 

prediction techniques for BPMR system with (a) 3 Tbit/in2 and (b) 4 Tbit/in2 

 The bit error rate (BER) performances of the Viterbi detectors with the proposed 
prediction technique are compared to that of the detectors without noise predictor and with 
the conventional noise predictor that employs a extended trellis. The performance comparison 
of the detectors for the BPMR system of 3 Tbits/in2 is shown in Fig. 20(a). All detectors with 
noise predictor provide better performance than the detector without noise predictor. The 
performance of the proposed noise prediction with FIR filter is not significant from that of 
conventional predictor, although the proposed noise prediction with IIR filter provides the best 
performance gain. At the areal density of 4 Tbits/in2, the detectors with the proposed noise 
prediction perform significantly better than others as depicted in Fig. 20(b).  The detector with 
IIR predictor achieves the performance gain about 0.5 dB and the detector with FIR predictor 
about 0.4 dB over the detector with no noise predictor.  In both areal densities, the noise 
prediction technique with extending trellis is inferior to the proposed techniques.  
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3.4 Track Mis-registration Estimation  
 By processing the multiple readback signals from the array of heads, TMR level can be 
predicted in the two-dimensional (2-D) joint equalization [31]. In [32], the head offset is 
computed based on the detector’s output data sequences on the main track for the system 
with a single head and a 2x2 channel matrix by considering that the read head covers two 
tracks. The presence of TMR detection for a 3x3 channel matrix of BPMR system was proposed 
based on the observation of the 2-D target-shaping equalizer in [17], but it also still needs 
multiple readback signals from the adjacent tracks. However, this proposed method detects 
only the presence of TMR. In [24],[25], the TMR’s level estimation method was proposed using 
the estimated SNR value and the average energy of the readback signal at the expense of 
intensive computing. We propose a simple TMR estimation method using the coefficients of a 2-
D generalized partial response (GPR) target for a BPMR system.  In the model, a 1-D equalizer 
and a 2-D GPR target are designed by a minimum mean squared error (MMSE) technique. Since 
the coefficients of both equalizer and target are computed optimally according to the channel, 
we can assume that the 2-D target, especially its side track coefficients, acquire the TMR 
information from the channel. Thereafter, the proposed method uses the coefficients of the 
resulted 2D GPR target to estimate the level of TMR. The relationship between the TMR and the 
coefficients is studied and then the TMR estimation equation is formulated with the help of a 
polynomial curve fitting technique.  
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Fig.21. Block diagram of bit patterned media recording system. 

 The model of BPMR system with a TMR estimation method is shown in Figure 21. In the 
model, the three recording sequences, i.e., {xk,-1}, {xk,0} and {xk,1} from the three adjacent tracks 
are sent to the 2-D BPMR channel. However, the sequence {xk,0} from the main track is 
considered as the data sequence to be recovered and other two sequences from the adjacent 
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tracks are just for ITI effects in this work. The channel coefficients are generated by sampling a 
isolated island’s pulse response at the integer multiples of the bit period and track pitch, i.e.,  

 ( ), , ( )m n x zh P mT nT t= − − +   (36) 

where P(x, y) is the 2-D Gaussian pulse response, Tx is the bit period, Tz is the track pitch and 
the t is the head offset or the distance between the center of the head and the center of the 
track as shown in Figure 22. In this paper, the TMR level is defined as  

 ( )% 100.
z

TMR
T

t
=   (37) 

When the system has no TMR impairment, the value of t is zero, giving a symmetric ITI effects 
(the same coefficients at the top and bottom rows) in the channel matrix from (37). With TMR, 
however, ITI will be asymmetric and the severity of ITI is depending on the value of t. The sign 
of t is positive for the upward offset, otherwise it is negative.  
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Fig. 22. The TMR effect in a BPMR system. 

 At the channel output, the readback signal sequence from the main track, {rk,0}, from the 
channel is equalized with a 1-D equalizer f to generate the equalized readback signal sequences 
{zk,0} which is then processed by a detector integrated with TMR alleviation system will be 
considered in the further study. Firstly, the equalizer f with the size of 1 x (2N +1) and the 2-D 
PR target matrix G, both are designed with MMSE technique, are defined as 
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3.4.1 TMR Estimation Technique 

When the BPMR system is experiencing with the TMR impairment, the asymmetric ITI effects 
are formed in the channel. It means the coefficients in the top and bottom rows of channel 
matrix H become asymmetric. To detect the presence of TMR, [17] defined a ratio   by the 
value of those channel coefficients. While the value of ratio  varies according to the value of 
TMR level, the presence of TMR is detected by observing it. However, in practice, the values of 
the channel coefficients are unknown during the data recovery process; hence, the estimated 
values of the channel’s coefficients are proposed to use with the high complexity of the 
computing.  

 We propose a simple TMR level estimating process using the coefficients of the GPR 
target matrix G instead of the estimated channel coefficients. During the MMSE technique, the 
optimal 2-D GPR target and its 1-D equalizer are designed to match with the 2-D BPMR channel. 
Since the equalizer is a 1-D vector, the optimization technique computes the coefficients at the 
top row and bottom row of 2-D GPR target matrix until they are very close to those of the 
channel matrix. Therefore, when the channel poses with the TMR impairment, the value 
difference between the coefficients in those two rows in the target matrix are significantly 
obvious according to the severity of TMR. However, their values will be very close if there is no 
TMR.  Based on this assumption, it is possible to retrieve the level of TMR or the head offset 
from the coefficients of the target G.  
 In Here, a new ratio  is defined using the two center coefficients, g0,1 from the top row 
and,  g0,-1 from bottom row of the target matrix (39), i.e., 

 0,1 0, 1

0,1 0, 1

g g

g g
 −

−

−
=

+
         (40) 

Similar to the ratio  in [17], the value of ratio  varies depending on the severity of the actual 
TMR level. Without TMR, it is very close to zero. When the TMR is happened, the TMR level and 
the offset direction can be estimated by observing its value. TMR is upward if    > 0, otherwise, 
it is downward.  
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Fig.23. The values of ratio  at various level TMR in %. 

 To study the relationship between the value of ratio  and the value of TMR, the values 
of ratio   are firstly computed at various TMR levels including both upward and downward 
directions. In Fig. 3, the values of ratio   is plotted with the different TMR levels and compared 

with the values of ratio   which is computed by the coefficients of the actual channel matrix 
H. According to Fig. 23, it is obviously noticed that the curves of  and  are almost identical 
over the various TMR levels and both of them are almost linear. Hence, it is proved that the 
TMR level can be estimated by observing the curve of . Using on the data set of the 
computed values of  and their respective TMR level, a polynomial equation is modelled 
utilizing the polynomial curve fitting technique. According to empirical results, there is no 
accuracy improvement after 2nd order; therefore, a 2nd degree polynomial equation is used to 
estimate the TMR level, i.e.,  

 2

1 2 3estTMR c c c = + +             (41) 

where c1,  c2 and c3 are the coefficients of the 2nd degree polynomial question generated by the 
polynomial curve fitting technique.  Finally, the proposed method can estimate the TMR level 
with the value of  which is computed with the two coefficients of the target G. 

3.4.2 Simulation Result  
 

The error percentage in the estimated TMR values from the proposed method is shown in 
Fig. 24. In here, the error percentage is calculated with the value of estimated TMR level and 
that of the actual TMR level, i.e., 
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According to the results, the proposed method can estimate the TMR level accurately with 
small errors. From Figure 4, the error percentage is getting less while the TMR level is 
approaching to 20%, but the largest error percentage occurs at low TMR level range because 
the low TMR level has no significant effect on the channel. However, the proposed method can 
estimate the TMR level more accurately when TMR is getting more significant in the channel. In  

 

Fig. 24. The percentage of error of the estimated values from the proposed method. 
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Chapter 4  
Conclusion 

In this research project, we proposed a novel advanced joint signal processing scheme 
for the multi-head multi-track (MHMT) read channels to combat the system impairments such 
as the 2-D interference, the media noise and TMR in BPMR systems. Firstly, we investigated 
various configurations of MHMT recording systems and various trade-offs between performance 
and complexity for multi-track joint detection techniques including various reduced complexity 
methods for detector. For simplicity, readback channel models of the MHMT read channels with 
using two heads to detect two tracks and four tracks are developed for BPMR systems. We 
assume that the ITI contributions of the side tracks onto the readback signals are getting higher 
in the higher areal density of magnetic recording system, thus, it is expected that the robust 
detector with the help of multi-track signal processing can enable to estimate the recorded 
data from the side tracks by processing the signal from the detecting tracks. Therefore, we 
studied the performance of the recorded data estimation from the detecting tracks as well as 
the side tracks using a 4H4T BPMR system with multi-track 2-D equalization and a multi-track 
joint 2-D Viterbi detector. Employing a high complexity trellis, the system can estimate the data 
on the detecting tracks and the side tracks well by processing the readback signals from 
detecting tracks when the heads are offset optimally. There is a performance gap between the 
side tracks and the detecting tracks; however, it can be narrowed by further processing with the 
error control coding such as LDPC code in the system. Then, a multi-track joint detection 
technique with practicable low complexity level is devised with the help of equalization and 
MHMT recording technology. 

 In this project, we also developed noise predictive Viterbi detectors with low 
complexity for the 2-D interference channel of high areal density BPMR system. To avoid the 
high complexity, we proposed a noise prediction technique in which the current noise sample is 
estimated using the past noise samples sequence that stored along the surviving path. For noise 
prediction filter, we consider one filter tap for FIR filter and a single-pole for IIR filter to 
minimize the error propagation. The simulation results show that the detectors with proposed 
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noise prediction technique can provide the performance gain over the detectors without noise 
predictor and with the conventional noise predictor by extending the trellis. Finally, a TMR 
estimation technique is designed based on the coefficients of MMSE GPR targets and the 
performance of the proposed TMR estimation is compared with the conventional methods. 

As a further study, we are developing on a patterned depend noise predictive detector 
using the proposed noise prediction technique.  Moreover, we will integrate the propose TMR 
estimation technique into the low complexity multi-track joint detector to compensate the 
performance loss.  
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For the high areal density bit patterned media recording (BPMR) systems, various multi-track equalization and detection techniques
were proposed to mitigate the inter-track interference (ITI) so as to recover recorded data from the detecting tracks efficiently, but
most works rarely aim to recover the recorded data on the sidetracks concurrently. As anticipation of that the readback signal has
the intense contributions from the sidetracks due to high areal density, in this paper, we attempt to estimate the recorded data from
the sidetracks as well as the detecting tracks by a multi-track joint detector that processes multi-track readback signals jointly in
a single detector. To avoid the high complexity, which is the main shortfall in realizing the multi-track joint detector, we propose
to employ a multi-track joint detector with a reduced complexity trellis for multi-head multi-track systems, in particular, four-head
four-track (4H4T) BPMR system. To reduce the number of states in the trellis, the signals are equalized to 2-D generalized partial
response targets whose cornered ITI coefficients are set to zero. The parallel branches are also incorporated in the trellis to estimate
the data on the sidetracks. Moreover, we propose a two-head four-track (2H4T) system which generates the estimates of the recorded
data on the four tracks by processing the signals from only two tracks. According to the simulation results, the proposed detector
performs well on the data estimation of the detecting tracks as well as the sidetracks in both 4H4T and 2H4T systems.

Index Terms— Bit-patterned media recording (BPMR), equalization, multi-head multi-track (MHMT), multi-track joint detector.

I. INTRODUCTION

INTER-TRACK interference (ITI) is one of the dominant
challenges to be tackled in the ultra-high areal density

magnetic recording systems such as bit patterned media
recording (BPMR) system. In BPMR, each information bit
is recorded on an isolated magnetic island which is composed
of a single grain (or a few islands) so as to overcome the
superparamagnetic limit [1]. However, increasing the areal
density will inevitably lead to the narrow bit periods and
track pitches, thereby resulting in more severe inter-symbol
interference (ISI) and ITI effects in the readback signals.
The ITI effects can severely degrade the performance of a
conventional single track equalization and detection which
are devised to handle the ISI alone. In overcoming the ITI
obstacles in the high areal density magnetic recording systems,
the advantages of multi-head multi-track (MHMT) systems
with array readers are discussed in [2]–[6]. In those MHMT
systems, the multi-track joint equalizer usually handles the
ITI effects on the readback signals with the aid of the signals
from the sidetracks before sending to a 2-D detector. Instead
of the single-track detector, multi-track detection approaches
were also proposed to mitigate the ITI by exchanging the ITI
information between the multiple detectors and the decoders
in [7] and [8]. The schemes achieve the performance gains
by processing the ITI information from other detectors or the
decoders.
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Multi-track joint detectors have recently attracted much
attention in the literature for combating the ITI problems
[9]–[13]. Unlike single-track detectors, this detector processes
multi-track signals jointly and estimates the recorded bits on
multiple tracks using the array readers; hence, the ITI effects
among the detecting tracks can be internally handled using a
combined trellis which is constructed by integrating all tracks
involved including the sidetracks. Zheng et al. [9] investigated
the performance of multi-track joint detector and showed that
the higher performance gains can be achieved by processing
more readback signals concurrently. However, the complex-
ity of this detector is prohibitively high for implementation
even for the small number of tracks involved. To reduce
the complexity, Fan et al. [11] proposed a reduced-state
sequence estimation and analyzed its performance with differ-
ent configurations of MHMT. In [12], the complexity reduction
was attempted with the help of the 1-D equalizers and 2-D
generalized partial response (GPR) targets. This proposed
method considers the readback signals from the detecting
tracks only after mitigating the ITI from the sidetracks by the
equalizers.

Conventionally, most MHMT systems aim to control or mit-
igate the ITI effects using the multi-track joint equalization
and detector, but most works rarely attempt to recover the
recorded data on the sidetracks while processing the readback
signals because of the assumption that the contributions from
the sidetracks are too small to be recovered. However, we can
anticipate that the ITI contributions from the sidetracks on the
readback signals become more intense when the areal density
of BPMR continues to increase. Therefore, it is possible to
recover the recorded data on the sidetracks using a robust
multi-track joint detector and utilize those estimates in the
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Fig. 1. Models of BPMR’s MHMT system with the multi-track joint equalization and the proposed multi-track joint detector. (a) 4H4T system. (b) 2H4T
system.

further decoding process so that the throughput of the MHMT
system can be increased [14]. However, the complexity of
the detector is needed to reduce the practically implementable
levels.

Therefore, in this paper, we propose a multi-track joint
detector using a reduced complexity trellis to recover the
recorded data bits from the detecting tracks as well as the
sidetracks for the high areal density BPMR with MHMT
systems, particularly a four-head four-track (4H4T) system.
In this system, the 2-D equalizers equalize the readback signals
to 2-D GPR targets in which some ITI coefficients are set to
zero in order to reduce the number of states in the trellis. The
equalizers and targets are concurrently designed by minimizing
the mean squared error (MSE) similar to [3], [6], and [15]. The
parallel branches are incorporated into the trellis to estimate
the data on sidetracks. With anticipation that each readback
signal contains the substantial contributions from the side-
tracks, the proposed system can generate the estimated data
from the sidetracks with the acceptable reliabilities. Moreover,
we propose a two-head four-track (2H4T) system using the
proposed detector. Although it receives the signals from two
detecting tracks only, the data on sidetracks can be estimated.

II. BPMRS CHANNEL MODEL

In this paper, we consider a channel model of BPMR system
from [13]. The readback signal rl,k from the kth magnetic
island along the lth track is expressed as

rl,k =
M∑

m=−M

N∑

n=−N

h(m, n)al−m,k−n + ωl,k (1)

where al,k ∈ {−1, 1} is the recorded bit from the kth island
along the lth track, h(m, n)s are the coefficients of a discrete-
time 2-D Gaussian pulse channel response, 2M + 1 and
2N + 1 are the number of coefficients in the channel, and ωl,k

is an additive white Gaussian noise (AWGN) with a standard
deviation σl . The discrete-time 2-D Gaussian pulse response
in [13] is generated by

h(m, n) = Aexp

[
−a

(
nTx

PW50x

)2

− b

(
mTz

PW50z

)2
]

(2)

where A is the amplitude of the pulse response, Tx and Tz

are the bit period and the track pitch, respectively, and PW50x
and PW50z are the widths of the pulse response at its half
maximum (PW50) in the along-track and the across-track

directions. Then, a and b are the fitting parameters related
to the geometry of the magnetic bit island and the magnetic
reader.

III. MULTI-HEAD MULTI-TRACK SYSTEM

To estimate the recorded bits from the detecting tracks,
most MHMT systems need the readback signals from both
the detecting tracks and the sidetracks because the equalization
system utilizes the sidetrack’s signals to control the ITI effects
on the readback signals. Therefore, the number of estimating
tracks by the MHMT systems is usually fewer than the
number of tracks needed by the equalization. In contrast,
we consider two MHMT systems: 4H4T system and 2H4T
system, in this paper. In both systems, we employ a multi-track
joint equalization method to equalize the readback signals to
the GPR targets with the ITI constraints.

The 4H4T system that receives the signals from the four
tracks and generates the estimates of those four tracks is shown
in Fig. 1(a). In this system, four readers sense the readback
signals, rl,k , from four consecutive tracks: the two detecting
tracks, i.e., track 2 and track 3, and the two sidetracks,
i.e., track 1 and track 4. Assuming that each readback signal
is affected by the ITI effects from the two adjacent tracks
above and two tracks below the middle track, the signal,
r2,k , has the contributions mainly from the bit on track 2,
a2,k , as well as partially from the bits on tracks 1 and 3,
a1,k and a3,k (insignificantly from tracks 0 and 4). Similarly,
the readback signal, r3,k , contains the contributions from the
bits on tracks 2, 3, and 4, i.e., a2,k , a3,k , and a4,k . In here,
it is important to note that the signals from the sidetracks
are used only in the equalizers, not in the detector. The 2-D
equalizer F1 equalizes the signal r2,k according to the 2-D
GPR target G1 using the signals r1,k and r3,k as its sidetracks
and then generates the equalized signal d2,k . Similarly, the 2-D
equalizer F2 generates the equalized signal d3,k by processing
the signals, r2,k , r3,k , and r4,k . Thereafter, the multi-track joint
detector recovers the recorded data bits from all four tracks,
from 1 to 4, by processing these two equalized signals.

As a simplified MHMT system, we also devise a 2H4T
system that receives the signals from two tracks and estimates
the recorded bits on four tracks, as illustrated in Fig. 1(b).
In the system, the equalizers receive the readback signals
r2,k and r3,k from the two readers but no signals from the
sidetracks. Since the equalizers equalize the readback signals
r2,k and r3,k according to the respective 2-D GPR target
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that intends to include the ITI coefficients of the sidetracks,
i.e., track 1 or track 4 as to be discussed in Section IV,
the equalizers still need the third input signal that include
the information of the recorded bits on the sidetrack 1 or 4.
Therefore, we generate a new signal sequence which is the
difference between two readback signals, i.e., r2,k and r3,k , and
it is fed to both equalizers to help the equalizing process in this
2H4T system. Then, the multi-track joint detector estimates the
recorded bits from all four tracks.

IV. MULTI-TRACK JOINT EQUALIZATION

In both MHMT systems, we employ two multi-track joint
equalizers with a size of 3×(2L+1) to equalize the respective
readback signals according to the 2-D GPR targets with a size
of 3 × 3. The equalizer matrix FI and the GPR target matrix
GI are defined as

FI =
⎡

⎣
f−1
f0
f1

⎤

⎦ =
⎡

⎣
f−1,−L · · · f−1,0 · · · f−1,L

f0,−L · · · f0,0 · · · f0,L

f1,−L · · · f1,0 · · · f1,L

⎤

⎦ (3)

and

GI =
⎡

⎣
g−1
g0
g1

⎤

⎦ =
⎡

⎣
g−1,−1 g−1,0 g−1,1
g0,−1 g0,0 g0,1
g1,−1 g1,0 g1,1

⎤

⎦ (4)

where I ∈ {1, 2} is the index of the equalizer and the target
related to the detecting tracks (tracks 2 and 3), respectively.
For the proposed detector, we impose the constraints on the
targets. Particularly, the coefficients of g−1,−1 and g−1,1 in G1,
and g1,−1 and g1,1 in G2 are set to 0 (to reduce the complexity
of trellis) and coefficient g0,0 in both targets to 1. Each pair of
2-D equalizer FI and 2-D target GI are designed by
minimizing the MSE. The MSE is expressed with the error
sequence el,k , i.e.,

E
{
e2

l,k

} = E
{
(zl,k − dl,k)

2}, where l ∈ {2, 3}

= E

{(
1∑

m=−1

L∑

n=−L

fm,nrl+m,k−n

−
1∑

m=−1

1∑

n=−1

gm,nal+m,k−n

)2
⎫
⎬

⎭ (5)

where E{·} is the expectation, zl,k is the equalized signal
sequence, and dl,k is the desired signal sequence or the output
of the target. fm,n and gm,n represent the coefficients of the
equalizer FI in (3) and the target GI in (4). By minimizing
the MSE in (5), similar to [3], [6], and [15], each pair of the
equalizer and the target can be obtained from

ḡI = (
Ra − RT

raRrRra
)−1EIλI (6)

f̄I = R−1
r RraḡI (7)

where ḡI = [g−1, g0, g1]T and f̄I = [f−1, f0, f1]T are the
column vectors by rearranging the matrices in (3) and (4),
Rr and Ra are the auto-correlation matrices of the readback
signal sequences and the recorded bit sequences on the three
tracks involved, respectively, and Rra is a cross correlation

Fig. 2. Reduced complexity trellis for the multi-track joint detector.

matrix of the readback signal sequences and the recorded bit
sequences. λI is a vector with the Lagrange multipliers, i.e.,

λI = [
ET

I

(
Ra − RT

raRrRra
)−1]−1cI (8)

where EI and cI are the vectors which impose the above
constraints of GI so that EI ḡI = cI .

V. MULTI-TRACK JOINT DETECTOR WITH REDUCED

COMPLEXITY TRELLIS

In this paper, we propose a multi-track joint 2-D detector
using a reduced complexity trellis that can recover the recorded
bits from the detecting tracks and sidetracks by processing
two equalized signals from the detecting tracks 2 and 3. For
the trellis structure, an input symbol consists of the bits from
the detecting tracks, i.e., a2,k and a3,k . Since there are two
delay taps in the GPR targets in (4), there are 4 × 4 = 16
states in the trellis. Given two bits in each input symbol, each
state is connected to next four states at each state transition.
The recorded bits from sidetracks are integrated into the trellis
as parallel branches, as shown in Fig. 2. As discussed in
Section IV, the cornered ITI coefficients in the targets are
set to zero; hence, only the recorded bits from the side-
tracks are considered. With all the possible combinations of
(a1,k−1, a4,k−1) ∈ {(−1,−1), (−1, 1), (1,−1), (1, 1)}, there
are four parallel branches at each state transition. In this paper,
we consider only AWGN noise in the channel. Thus, using the
log-likelihood method in [16], the computation of the branch
metric for each parallel branch at each state transition can be
simplified as

μ(ξk) = (z2,k − d2(ξk))
2 + (z3,k − d3(ξk))

2 (9)

where zl,k and d(ξk) are the equalized signal and the desired
signal with l ∈ {2, 3}, and ξk represents the state transition
between the current state Sk at time k and the next state Sk+1
at time k + 1. With the coefficients of two GPR targets and
the values of a1,k−1 and a4,k−1 of the given parallel branches,
the desired signals are calculated as

d2(ξk) =
1∑

m=0

1∑

n=−1

gm,na2+m,k−n + g−1,0a1,k−1 (10)
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Fig. 3. Performance comparison of 4H4T system and 2H4T system using
the proposed detector and the full-fledged detector for the BPMR system at
the areal density of 4 Tb/in2.

and

d3(ξk) =
0∑

m=−1

1∑

n=−1

gm,na3+m,k−n + g1,0a4,k−1. (11)

While the Viterbi algorithm finds the survivor path for each
state at every state transition ξk , it computes the path metrics
for all parallel branches, and then selects the state transition
which includes the parallel branch with the minimum path
metric as a survivor. Thus, for each state at every state transi-
tion, the system needs to store the survivor state transition, its
selected parallel branch and its path metric. After achieving
the path with the minimum metric along the received signal
sequence, the estimated recorded bits â2,k and â3,k from the
detecting tracks are generated based on the survivor state
transition along the path, and the estimated recorded bits
â1,k and â4,k from the sidetracks are generated based on the
selected parallel branch.

VI. SIMULATION RESULTS AND DISCUSSION

In this paper, we consider a BPMR system with the areal
density of 4 Tb/in2 from [13], where the ITI effect is sig-
nificantly severe so that the proposed detector is expected to
be able to estimate the sidetrack’s data. The size of islands
is 7 nm × 7 nm, and the configuration of the reader is
21 nm × 21 nm × 3 nm. Both the bit period and the track
pitch are 12.7 nm, and other parameters in (2) are A = 1,
a = 0.35, b = 0.4, PW50x = 4.2 nm, and PW50z = 8.4 nm.
Setting M = 2 and N = 1, the 2-D channel response matrix
with a size of 5 × 3 is

H =

⎡

⎢⎢⎢⎢⎣

0.001 0.026 0.001
0.016 0.401 0.016
0.041 1 0.041
0.016 0.401 0.016
0.001 0.026 0.001

⎤

⎥⎥⎥⎥⎦
. (12)

From (12), the intermediate adjacent ITI coefficients are
obviously higher than the ISI coefficients. The SNR is defined
as SNR = 10log10(1/σ 2

l ) where σ 2
l is the variance. The

equalizers with a size of 3 × 11 (by setting L = 5)
and the targets are designed using the MMSE technique at
SNR = 18 dB.

For performance comparison, we consider a multi-track
joint detector with the full-fledged trellis from [9] for the 4H4T

Fig. 4. SNR required by the proposed and full-fledged detectors in the 4H4T
systems to achieve BER = 10−5 for the range of areal density.

system. In this trellis, the state is defined with the data bits
from the detecting tracks and the sidetracks together, resulting
in 256 states and 16 branches at each state. In the numerical
simulations, we compute the bit error rates (BERs) of the
detecting tracks with the sequences â2,k and â3,k together
and, similarly, the BERs of the sidetracks with the sequences
â1,k and â4,k . The performance comparison of the proposed
detector in the 4H4T system and the 2H4T system to the
full-fledged detector of the 4H4T system is shown in Fig. 3.
For the estimated data from the detecting tracks and the
sidetracks, the performances of proposed detector and the full-
fledged detector in the 4H4T system are comparable. However,
the full-fledged detector outperforms the proposed detector
for the detecting tracks at high SNR levels. The performance
of 2H4T system using the proposed detector is significantly
inferior to the 4H4T systems, particularly, at high SNR levels
because the 2H4T system receives only two readback signals.
For the sidetrack’s data estimation, the 2H4T system performs
similar to the 4H4T systems until SNR = 18.3 dB. The
SNRs (dB) required by the proposed and full-fledged detectors
in the 4H4T systems to achieve BER = 10−5 at the areal
densities from 3 to 6 Tb/in2 are studied in Fig. 4. The proposed
detector can perform as well as the full-fledged detector. From
4.5 Tb/in2, the performance of detecting tracks and sidetracks
are very comparable due to the high ITI levels in the channel.

VII. CONCLUSION

In this paper, we propose a multi-track joint detector using
a reduced complexity trellis to recover the recorded data
bits on both the detecting tracks and the sidetracks with the
help of multi-track joint equalization technique for the high
areal density BPMR system. In the trellis, the recorded bits
on the sidetracks are integrated as the parallel branches at
each state transition. When each readback signal contains the
substantial contributions from the sidetracks, the proposed
system can generate the estimated data from the sidetracks
with the acceptable reliabilities. The simulation results show
that the proposed detector with the 4H4T system can recover
the data from the sidetracks as well as the detecting tracks.
There is a performance gap between the data estimation from
the detecting tracks and the sidetracks, but it can be reduced
further by error correction codes. These detected data on the
sidetracks can be used in detecting the track during the next
scan using an iterative process. Moreover, we devised and
studied the proposed detector with the 2H4T system as a
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simplified MHMT. The results show that there is a possibility
to recover the data from the sidetracks with the proposed
detector with some penalty even though the equalization
system receives only the readback signals from the detecting
tracks alone.
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Abstract—In this paper, we study the performance of Viterbi
detector embedded with noise predictor for the 2-D interference
channel of high areal density bit patterned media recording
(BPMR) systems. The received signal at the input of detector
is corrupted by the colored/correlated noise due to the partial
response equalizer, and thus the noise whitening with noise
predictor is required to improve the detector’s performance.
The noise predictor estimates the current noise sample based
on the past noise samples using a noise prediction filter. The
noise predictor is normally incorporated into the detector by
extending the trellis, but it is impractical for the high complexity
detector for the 2-D interference channels. Therefore, we design
a detector embedded by a noise prediction technique without
extending the trellis. In the proposed technique, the most likely
noise samples are stored along the surviving path of the trellis
when the branch metrics at state are computed and the survivor
branch is selected in Viterbi algorithm. The proposed technique
requires less number of memory and arithmetic operations at
each state of the trellis compared to conventional technique. We
consider both finite impulse response (FIR) filter and infinite
impulse response (IIR) filter for the noise prediction filter. The
simulation results show that the proposed noise prediction can
improve the performance of detector, especially for the high areal
density at 4 Tbit/in2.

Index Terms—Bit-pattened media recording, 2-D interference
channel, noise prediction, Viterbi detector.

I. INTRODUCTION

Bit patterned media recording (BPMR) technology is one
of the candidates for future high-density magnetic recording
storages to fulfill the exponential growth of big data generated
by human and machines. In BPMR technology, the special
magnetic media is fabricated with magnetic islands to record
the information bits [1]. Each magnetic island is theoretically
composed by a single grain to overcome the superparamag-
netic limit and it is isolated by non-magnetic region to mitigate
the nonlinear media noise. The superparamagnetic limit and
the nonlinear media noise are the critical barriers for the
conventional magnetic technologies to increase the recording
density further. However, the readback signal from the BPMR
media is corrupted by a two-dimensional (2-D) interference:
inter-symbol interference (ISI) and inter-track interference
(ITI) because of the narrow spacings between the recording
bits and the tracks. In [2]–[4], 2-D generalized partial response

978-1-5386-7512-0/19/$31.00 @2019 IEEE

(GPR) equalizations using 1-D/2-D detectors were proposed to
tackle the 2-D interference channel. Both maximum likelihood
(ML) or Viterbi detector and maximum a Posteriori (MAP)
detector are optimal for the channel corrupted by additive
white Gaussian noise (AWGN) [5]. However, the performance
of those detectors degrades to be suboptimal when the channel
suffers the colored/correlated noise. When the data recovery
system of magnetic recording employs a 2-D equalizer to
shape the readback signal according to the 2-D GPR target
before the detector, it correlates the corrupted AWGN noise
to be a colored noise.

Therefore, it is required to whiten the noise before the
detector for the performance improvement. In [6]–[8], the
noise whitening techniques using a linear noise predictor were
proposed for 1-D channel detector. In the techniques, the
current noise sample is predicted from the past noise samples
using a noise prediction filter (i.e. finite impulse response
(FIR) filer or infinite impulse response (IIR) filter), and then
the predicted noise sample is utilized in the branch metric
calculation of the Viterbi algorithm. Conventionally, the noise
predictor is incorporated by extending the trellis for the noise
prediction with more possible input bits [7], [9], but it is
impractical for the detector of the 2-D channel because of the
high complexity. The noise prediction can also be done using
the stored estimates of input bit along the surviving path like
[8], [10] or of the feedback from the detector and the decoder
in [11]. Even though these techniques do not need to extend
the trellis, they are vulnerable to the error propagation because
the prediction is based on the estimated information.

In this paper, we investigate the performance of Viterbi
detectors embedded with a noise predictor for the 2-D interfer-
ence channel of high areal density BPMR system. We propose
a noise predictor that uses a prediction technique based on the
recorded noise sample sequence along the surviving path of the
trellis. During finding the surviving path in Viterbi algorithm,
the error samples between the received signal sample and the
desired output sample are computed for the branch metric
calculation of all branch transitions toward the current state.
If one of the branch transitions is selected as a part of the
surviving path, the proposed technique stores the computed
error sample as a estimated noise simple at the respective
state for the noise prediction in further states. We consider
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Fig. 1. The readback channel model of BPMR system.

a FIR filter as well as an IIR filter as a prediction filter in
the study. Finally the detectors employed the proposed noise
prediction are compared against the detectors with and without
the noise predictor using extended trellis. The simulation result
shows that the proposed noise techniques can provide the
performance gain, especially for the BPMR system 4 Tbit/in2.

The rest of the paper is organized as follows. In Section
II, we briefly describe a BPMR readback channel model.
Section III explains the detector with noise predictor, the noise
prediction filters and the proposed noise prediction technique.
Simulation results are discussed in Section IV. Finally, Section
V concludes this papers.

II. BPMR’S READBACK CHANNEL MODEL

A block diagram of the BPMR’s readback channel model is
shown in Fig. 1. In the model, al,k ∈ {−1, 1} is the recorded
bit on the kth bit island along the lth track. Without consider-
ing write errors and media noise, the BPMR’s readback signal
from the kth bit island along the lth track is defined as

rl,k =

M∑
m=−M

N∑
n=−N

hm,nal−m,k−n + nl,k, (1)

where hm,n is the coefficient of a discrete 2-D channel
response, m and n represent the indices of the bit islands in the
along-track direction and the across-track direction, and nl,k is
an additive white Gaussian noise (AWGN). The coefficients of
the discrete channel response, hm,n’s are normally generated
by sampling the isolated island’s pulse response at the integer
multiples of the bit period Tx and the track pitch Tz , i.e.,

hm,n = Aexp

{
−1

2

[(
anTx
PWx

)2

+

(
bmTz
PWz

)2
]}

, (2)

where A is the peak amplitude of the pulse response, PWx and
PWz are the widths of the pulse response at its half maximum
(PW50), and the notation a and b are the fitting parameters
related to the head/media geometry. In this study, both a and
b are set to 2

√
2 ln(2) . In the readback channel model, we

assumed that three readback signal sequences {r−1,k}, {r0,k}
and {r1,k} from the tracks l ∈ {−1, 0, 1} are received at the
input of data recovery system. In the system, a 2-D equalizer F
equalizes the readback signal sequence {r0,k} from the main
track l = 0 according to the 2-D GPR target G with the help
of sidetrack sequences, {r−1,k} and {r1,k}. The equalized
signal sequence,{z0,k} is then processed by a Viterbi detector
embedded with noise predictor. Both equalizer F and GPR

target G are simultaneously designed by a minimum mean
squared error (MMSE) technique which minimizes the mean
squared error (MSE) between the equalized signal sequence
{z0,k} and the desired output sequence {d0,k} which is the
output of the target.

III. VITERBI DETECTOR WITH NOISE PREDICTOR

In the data recovery system, the equalized signal sample
z0,k can be expressed as

z0,k =

1∑
i=−1

L∑
j=−L

fi,jy−i,k−j +

1∑
i=−1

L∑
j=−L

fi,jn−i,k−j , (3)

where yl,k is the noiseless channel output signal sample and
fi,j is the coefficient of 2-D equalizer F. According to the
second term in (3), the equalizer will correlate the additive
noise of the received signals, and then the resulted noise
becomes the colored noise that degrades the performance of
Viterbi detector. However, this performance inferiority can be
alleviated by integrating a noise predictor into the detector.
In the noise predictor, the noise sample ω0,k is defined as
the difference or error sample between the equalized readback
signal sample, z0,k and the desired output sample, d0,k , i.e.

ω0,k = z0,k − d0,k, (4)

where d0,k =
∑

Mg

∑
Ng
gm,na−m,k−n is computed with the

coefficients gm,n’s of the GPR target G with size Mg×Ng . It
is important to notice that the noise sample ω0,k in (4) includes
not only a correlated noise but also the residual interference
due to mis-equalization. Since the noise sample is correlated
with the neighboring samples due to the equalizer, the current
noise sample can be predicted based on the past noise samples
[6].

A. Noise Prediction Filter

In a linear predictor model, the predicted current noise
sample can be defined as,

ω̂0,k =

K∑
i=1

piω0,k−i, (5)

where ω0,k−i is a previous noise sample at time delay i from
(4), pi is the coefficient of the linear noise prediction FIR filter
P (D), and K is the length of the filter. To design the filter,
the mean squared error (MSE) of the noise prediction error is
defined as

E
[
||ω0,k − ω̂0,k||2

]
= E

∣∣∣∣∣
∣∣∣∣∣ω0,k −

K∑
i=1

piω0,k−i

∣∣∣∣∣
∣∣∣∣∣
2
 . (6)

The optimal coefficients of prediction filter pi can be found
by minimizing the mean squared error in (6). Let p =
[p1, p2, ..., pK ]T be a column vector of the coefficients of the
noise prediction filter and then it can be expressed

p = R−1
ωωrωω, (7)
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where rωω = E[ω0,kω] and Rωω = E[ωωT ] are an auto-
correlation vector and an autocorrelation matrix of the noise
samples sequence ω = [ω0,k−1, ..., ω0,k−K ]T respectively.

Alternatively, the noise sample can be predicted using an IIR
filter. The IIR filter can provide the performance improvement
without increasing the number of filter taps. Therefore, we
also consider the IIR filter for noise prediction in this study.
For IIR noise prediction, the predicted noise sample is written
as a recursive equation, i.e.,

ω̂0,k =

K∑
j=1

(αj + βj)ω0,k−j −
K∑
j=1

αjω̂0,k−j , (8)

where αjand βj are the zero-pole parameters of the IIR filer
and K is the length of the filter. The zero-pole parameters
in (8) can be calculated from the autocorrelation function of
noise sample sequence as described in [7].

B. Proposed Noise Prediction

With the predicted noise sample, the branch metric of the
Viterbi detector for a state transition at time k is modified as,

λ
(
Sm
k−1, S

n
k

)
=
[
z0,k − dk

(
Sm
k−1, S

n
k

)
− ω̂0,k

]2
, (9)

where Sm
k−1 and Sn

k are the previous mth state and the current
nth state at time k for m,n ∈ {1, 2, ...,Ms}, dk

(
Sm
k−1, S

n
k

)
is the target output sample generated with the input bits of
the branch and the bits defined in the state Sm

k−1, and Ms is
the total number of states in the trellis. Based on (5) and (8),
the predicted noise sample ω̂0,k is computed with the previous
noise samples, ω0,k−i’s for i ∈ {1, ...,K}, and the previous
noise sample computation consequently requires a number of
past input bits from three tracks, but they are beyond the input
bits of the state Sm

k−1 of the given trellis. Therefore, in the
conventional technique, the trellis is redesigned based on the
effective target Gf (D) = G(D)[1−P (D)] to attain the previ-
ous noise samples, and the noise whitening filter, [1− P (D)]
is added before the detector. However, this technique is not
appropriate for the Viterbi detector of the 2-D interference
channel because of the high complexity.

In this work, we propose to use a technique that stores
the past noise samples along the surviving path leading to
the current state for the noise prediction so that it doesn’t
need to extend the trellis. In particular, the Viterbi algorithm
computes ω0,k which is the difference between the equalized
signal sample z0,k and the desired output sample dk(Sm

k−1, S
n
k )

of the state transition for the branch metric computation at time
k. In the proposed technique, this computed ω0,k is stored as
the noise sample associated to that Sn

k state, i.e. ω(Sn
k ) for the

future noise prediction if the respective branch is selected as
a part of the surviving path. Since the surviving path include
the sequence of most likely past states leading to the current
state, those noise sample are most reliable information to
predict the current noise. For the branch metric calculation
at each transition, it is assumed that the prediction algorithm
can access the stored information along the surviving path in
depth of the length of the predictor. With the previous noise

Fig. 2. The hypothetical surviving paths with stored noise samples for the
proposed noise prediction technique.

samples stored along the surviving path leading to the current
state Sn

k , the branch metric equation in (9) is rewritten as

λ
(
Sm
k−1, S

n
k

)
=

[
z0,k − dk

(
Sm
k−1, S

n
k

)
−

K∑
i=1

piω(S
m
k−i)

]2
.

(10)
For an example of a Viterbi detector the noise predictor of

length K = 2, the system will read back two previous stages
along the surviving path. The trellis with the hypothetical paths
that stores the noise samples for this example is demonstrated
in Fig. 2. When the branch metric of the transition from
the previous state S4

k−1 to the current state S3
k at time k

is computed, the predicted noise sample is estimated with
the previous noise samples along the surviving path leading
the current state through the previous state (the bold lines
in Fig. 2), i.e., ω(S4

k−1) from the time k − 1, and ω(S3
k−2)

from the time k − 2. For other branch metric calculations,
the current noise samples are predicted with the past noise
samples along their respective surviving paths. Finally, the
current noise sample ω(S3

k) = z0,k − dk(S4
k−1, S

3
k) is stored

at the state S3
k for further noise prediction if that branch is

selected as a part of surviving path. Since the information
along the surviving path are the most reliable, it is expected
that the predicted noise sample based on them are also most
reliable and enhance the performance of Viterbi detector.

The proposed noise prediction technique needs one extra
storage for each state, and K more multiplications and addi-
tions for predicting the noise sample at each branch metric
computation than the detector without noise predictor. As a
result, the complexity increment of the proposed noise predic-
tion technique is significantly less than the noise prediction
by extending the trellis in [7]. However, this noise prediction
technique needs a precaution for error propagation because the
past noise samples are computed with the tentative estimates
of input bits based on the most likelihood or surviving path.
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Fig. 3. The autocorrelation of the noise sample ω0,k .

IV. SIMULATION RESULT AND DISCUSSION

In this work, we consider the BPMR systems of two high
areal densities, 3 Tbits/in2 and 4 Tbits/in2 by setting the
respective pairs of bit period and track pitch. The along-
track PW50 and across-track PW50 are considered with 19.4
nm and 24.8 nm respectively and each data sequences sector
contains 4096 bits. The signal-to-noise ratio (SNR) is defined
as 20log10(Vp/σk) where Vp = 1 is the peak value of the
readback signal and σkis the standard deviation of AWGN.
The 2-D target G with size of 3x3 and the 2-D equalizer F
with 3x11 are designed with the BPMR channel at the SNR
level 22 dB. The 2-D channel response matrices with the size
of 5x3 generated by (2) at the areal densities 3 Tbits/in2 and
4 Tbits/in2 are

H3 =


0.004 0.021 0.004
0.078 0.379 0.078
0.205 1 0.205
0.078 0.379 0.078
0.004 0.021 0.004

 , (11)

H4 =


0.017 0.055 0.017
0.147 0.483 0.147
0.305 1 0.305
0.147 0.483 0.147
0.017 0.055 0.017

 . (12)

Firstly we study the autocorrelation function of the noise
samples sequence {ω0,k} in (4) for the BPMR readback
channel model. The autocorrelation function of the samples
sequence of the BPMR channel at 4 Tbit/in2 is shown in Fig.
3. It is obviously that the noise sample sequence is correlated,
and the non-zero coefficients at first lag are the most significant
and other coefficients are not as obvious as the coefficients of
the first lags. Therefore, we employ the FIR noise predictor
with only one tap and the IIR noise predictor with single-pole
to avoid the error propagation problem. The coefficients of FIR
noise prediction filter are computed with the autocorrelation
functions of errors samples using (7) and the coefficients of IIR
filter are computed like [7] using a known training sequence.

The bit error rate (BER) performances of the Viterbi de-
tectors embedded with the proposed prediction technique are
compared to that of the detectors without noise predictor

Fig. 4. Performance of the Viterbi detectors with and without various noise
prediction techniques for BPMR system with 3 Tbit/in2.

Fig. 5. Performance of the Viterbi detectors with and without various noise
prediction techniques for BPMR system with 4 Tbit/in2.

and with the conventional noise predictor that employs a
extended trellis. The performance of detectors for the BPMR
system of 3 Tbits/in2 is shown in Fig. 4. All detectors with
noise predictor provide better performance than the detector
without noise predictor. The performance of the proposed
noise predictor with FIR filter is not significant from that of
conventional predictor, although the IIR predictor provides the
best performance gain. At the areal density in 4 Tbits/in2,
the proposed noise predictions performs significantly better
than others as depicted in Fig.5. The predictor with IIR
filter achieves the performance gain about 0.5 dB and the
predictor with FIR about 0.4 dB over the detector with no
noise predictor. In both areal densities, the noise prediction
technique with extending trellis is inferior to the proposed
techniques in the 2-D interference channel of BPMR system.
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V. CONCLUSION

In this paper, we study the performance of two Viterbi
detectors with noise predictor for the 2-D interference channel
of high areal density BPMR system. To avoid the high
complexity, we propose a noise detection technique in which
the current noise sample is estimated using the past noise
sample sequence that stored along the surviving path. For noise
prediction filter, we consider one filter tap for FIR filter and
a single-pole fir IIR filter to minimize the error propagation.
The simulation results show that the detectors with proposed
noise techniques can provide the performance gain over the
detector without noise predictor and with the noise prediction
by extending the trellis.
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