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The split common fixed point problem (SCFP) is to find a common fixed point of a family
of operators in one real Hilbert space, whose image under a bounded linear transformation is a
common fixed point of another family of operators in the image space. Such problems arise in
the field of intensity-modulated radiation therapy when one attempts to describe physical dose
constraints and equivalent uniform dose constraints within a single model. If this problem has
a solution, many iterative algorithms have been proposed for solving the problem. Then, in this
research, we will devise new algorithm for solving the split common fixed point problem without
assuming the existence of a solution of the (SCFP). In the framework of infinite-dimensional
Hilbert spaces, we will prove the strong convergence theorem for the proposed algorithm and
deduce many known convergence theorems. Moreover, we present some numerical examples

to guarantee our result.
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Executive Summary

To begin with, let us describe the split common fixed point problem (SCFP) (also called
the multiple-sets split feasibility problem (MSFP)) is to find a common fixed point of a finite
family of operators in one real Hilbert space, whose image under a bounded linear
transformation is a common fixed point of another family of operators in the image space. That

is to find a point x~ with the property:

x" e NF(S,) with Ax"e NF(T,)

iel el V)

where {Si} and {Tj} are two families of quasi-nonexpansive operators on Hilbert spaces H;
and H,, respectively, and A is a bounded linear operator. Note that F(T) is the fixed point set of
operator T. The (SCFP) was introduced by Censor and Segal [1] in Euclidean spaces. Such
problems arise in the field of intensity-modulated radiation therapy (IMRT) when one attempts
to describe physical dose constraints and equivalent uniform dose (EUD) constraints within a
single model, see [2]. The (SCFP) is a generalization of the convex feasibility problem (CFP)and
of the split feasibility problem (SFP).

By assuming that the (SCFP) has a solution, the literature one can find many methods
for solving this problem as well as for its special case. However, it would be difficult to verify
whether the (SCFP) has a solution or not before executing the conventional algorithms. This
implies the applications of the conventional algorithms are severely limited. Furthermore, in the
setting of infinite dimensional space, many iterative algorithms to solving these problems
guarantee only weak convergence.

Therefore, the purpose of this project is to modify the algorithms to obtain a strong
convergence without assuming the existence of a solution to the (SCFP) in the setting of infinite-
dimensional Hilbert spaces. In the framework of infinite-dimensional Hilbert spaces, we will
prove the strong convergence theorem for the proposed algorithm and deduce many known
convergence theorems. Moreover, we present some numerical examples to guarantee our

result.
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Chapter 1 Introduction

A convex minimization problem, a wide class of significant current mathematical
applications, is to find a minizer z* such that :

f(z") = min f(z) := miani(a:) subject to z € C = ﬂC’i, (1.0.1)

iel iel

where f;(i € I :=={1,2,...,k}) is a convex functional of a real Hilbert space H and

C;(i € I) is nonempty closed and convex subset of H. The constrained term of this

problem is a convex feasibility problem (CFP) formulated as the problem of finding

a point x* € ﬂle C;. Moreover, the well known special case of CFP is the problem

to find a point x* € C with Ax* € @ if such x exist was call a split feasibility

problem (SFP) introduced in Censor and Elfving [3]. However, we say the SFP that

the inverse problem because it is transformable to find
v*€C and 2" € A7'Q. (1.0.2)

where C' and () are two nonempty closed convex subsets of real Hilbert spaces H;
and Hy, respectively, and A : H; — Hs is a bounded linear operator. Then, we use

I" to denoted the solution set of the (SFP) | i.e.,
I={z"cC: A" cQ}=CnNA'Q,

and assume the consistency of (SEP) so that I' is closed, convex and nonempty. It is
not hard to see that if CNA™Y(Q) # 0, then the fixed points of Po(I—yA*(I—Pg)A)
are exactly solutions of the (SFP) where v > 0 is any positive constant, I is the
identity operator, A* denotes the adjoint of A, and P and P denote the orthogonal
projections onto C' and (), respectively.

The split feasibility problem (SFP) in the setting of finite-dimentional
Hilbert spaces was introduce for modelling invers problem which arise from phase
retrievals and in medical image reconstruction [4]. Since then, a lot of work has
been done on finding a solution of (SFP) and (MSSFP). It has been found that the
(SFP) can also be used to study the intensity-modulated radiation therapy. There



are many algorithms invented to solve the (SFP), see e.g., [5, 6, 7] and references
therein.

Various algorithms have been invented to solve the (SFP), see e.g., [3,
5, 8] and references therein. The well-known algorithm that solves the (SFP) due

to Byrnes CQ-algorithm [4] that does not involve matrix inverses as follow;
Tni1 = Po(x, +vA" (Py — I)Axy,) (1.0.3)

where v € (0,2/L), with L being the largest eigenvalue of the matrix AT A. When the
(SFP) has no solutions, the CQ-algorithm converges to a minimizer of ||Pg(Az) —
Az| over all x € C, whenever such a minimizer exists. A block-iterative CQ-
algorithm, called the BICQ-method, is also available in [4], see also Byrne [9].
Recently, He and Zhao [6] introduced a new relaxed CQ algorithm which

the strong convergence is guaranteed in infinite-dimentional Hilbert spaces:
Tnt1 = Po, (au+ (1 — ap) (2, — 1.V fru(2)))- (1.0.4)

On the other hand, Kraikaew and Saejung [10] also guarantee the strong
convergence of the following split common fixed point problem which is the gener-
alization of (SEP):

Find 2" € F(S) with Az" € F(T), (1.0.5)

where S and T are two of quasi-nonexpansive operators with nonempty fixed point
sets on Hilbert spaces H; and Hs, respectively.

Let us describe the split common fixed point problem (SCFP) (also called the
multiple-sets split feasibility problem (MSFP)) is to find a common fixed point of a
finite family of operators in one real Hilbert space, whose image under a bounded
linear transformation is a common fixed point of another family of operators in the
image space. That is to find a point * with the property:

v €(F(S) with Az* € () F(T)), (1.0.6)

iel jeJ
where {S;} and {7}} are two families of quasi-nonexpansive operators on Hilbert
spaces Hq, and H,, respectively, and A is a bounded linear operator. Note that
F(T) is the fixed point set of operator 7. The (SCFP) was introduced by Censor
and Segal [1] in Euclidean spaces. Such problems arise in the field of intensity-

modulated radiation therapy (IMRT) when one attempts to describe physical dose



constraints and equivalent uniform dose (EUD) constraints within a single model,
see [2]. The (SCFP) is a generalization of the convex feasibility problem (CFP)and
of the split feasibility problem (SFP).

Consider the multiple-sets split feasibility problem (MSFP) which is

formulated as finding points x* with the property:

e C = ﬂCZ- such that Az* € Q := m Qj, (1.0.7)
iel jeJ

where C; and ); are two nonempty closed convex subsets of real Hilbert spaces H;
and Hsy, respectively, and A : H; — Hy is bounded linear operators. This can serve
as a model for many inverse problems where constraints are imposed on the solutions
in the domain of a linear operator as well as in the operators range. For solving
the (MSSFP), Censor et al [11] propose a projection algorithm that minimizes a
proximity function that measures the distance of a point from all sets. Moreover,
many various methods were proposed for solving it see in [12, 13, 14, 15, 16].

In this research, we consider the split common fixed point problem
(1.0.6) which is the generalization of the multiple-sets split feasibility problem (1.0.7)
in the case C; = F(5;) and ); = F(T}). Very recently, Tang et al [17] proposed new
algorithm that converges strongly to a solution of the (SCFP) for two families of
firmly nonexpansive mappings when the (SCFP) has at least one solution. On the
other hand, Cegielski [18] proved the weak convergence of sequences generated by
the method based on a block-iterative procedure with quasi-nonexpansive operators
satisfying the demi-closedness principle and having a common fixed point.

The main objective of this research project is to devise algorithms for
proving the strong convergence theorem of the split common fixed point problem for
two families of quasi-nonexpansive mappings without having to assume the existence
of a solution of the (SCFP) in the setting of infinite-dimensional Hilbert spaces.
Moreover, we present some numerical examples to guarantee our result.

Purpose of the research The purpose of this research is given below.

1. To devise new algorithms based on conjugate gradient direction for solving
the split common fixed point problem for two families of quasi-nonexpansive

mappings without assuming the existence of a solution of the (SCFP).



2. To provide sufficient conditions for proving the strong convergence theorem of

the split common fixed point problem.

3. To present numerical results for guarantee our result and for compare previous

known algorithms that solving the split common fixed point problem.

Scope of the research We restrict ourselves in the setting of infinite-dimensional
Hilbert spaces.
Methodology

1. Construct new algorithms based on conjugate gradient direction for solving
the split common fixed point problem for two families of quasi-nonexpansive

mappings without assuming the existence of a solution of the (SCFP).

2. Develop or investigate sufficient conditions for proving the strong convergence

theorem of the split common fixed point problem.
3. Present numerical examples for guarantee our result.

4. Compare previous known algorithms that solving the split common fixed point

problem to our algorithm obtained in 7.1.
5. Write research papers for publication in the ISI international journals.

6. Conclude the research project and submit the full report to the granter.



Chapter 2 Mathematical Backgrounds

2.1 Notations, Definitions and Useful Lemmas

Throughout this paper unless otherwise stated, let H; and Hs be real Hilbert
spaces with inner product (-,-) and norm || - ||. Let C' and @ be nonempty closed
convex subsets of H; and Hj, respectively. In this paper, we use Fiz(S) to denote
the fixed points set of the mapping S. For each x and y in H;, we recall that a
mapping B : H; — H; is said to be

(i) nonezpansive if

1Bz — Byl < |lz —yll; (2.1.1)

(ii) monotone, if

(Bx — By,x —y) > 0;
(ili) a-strongly monotone, if there exists a constant a > 0 such that
(Br — By, x —y) > oflz — y||*

(iv) [-inverse strongly monotone (for short; [-ism), if there exists a constant
B > 0 such that
(Bx — By,x —y) > || Bz — By||*

(v) firmly nonexpansive, if
(Bz — By,x —y) > ||Bx — Byl*.

Also, we recall that a mapping D on H; is said to be strongly positive, if there

is a constant & > 0 such that
(Dx,x) > £||z||*, Vo € Hy. (2.1.2)

We recall some concepts and results which are needed in sequel. Let H; be
a Hilbert space and let symbols “ — 7 and “ — ” denote by strong and weak

convergence, respectively. In Hilbert spaces, it is well known that,

1Az + (1= Nyll* = Mll® + (1 = Vllyll* = A1 = Nz =yl



for all z,y € Hy and A € [0, 1].

For any x € H,, there exists a unique nearest point in a nonempty closed convex
subset C' denoted by Pc(z) such that ||z — Po(z)|| < ||z — y|, for all y € C. The
mapping P¢ is called the metric projection of H; onto C. We know that P is a
nonexpansive mapping from H; onto C. The metric projection can be characterised

by Po(x) € C and satisfied
(x — vy, Pox — Ppy) > ||Pox — Poyl|?, Yo,y € Hy. (2.1.3)
Moreover,for all x € Hy and y € C', Pox is characterized by
(x — Po(x),y — Po(z)) <0. (2.1.4)
It is easy to see that (2.1.4) is equivalent to the following inequality:
lz = ylI* > [lz = Pe(x)|* + lly — Pe (@), (2.1.5)

for all z € H; and y € C. For more details, see [42].

Let S : Hi — H; be a mapping, Then, we have the following equality:

[(z—y)=(S(x)=SW)II* = llz—y|*+]S(x)=S(y)|*~2(x—y, S(x)=S(y)),Y(z,y) € HixH,
(2.1.6)

Further, if S is a nonexpansive operator, we have also that

Iz —y) = (S(x) =SW)HI* = 2/IS(x) = SW)I* - 2(z —y, S(z) — S(y))
= 2(5(x) = S(y), S(x) = S(y)) —2(z —y, S(x) = S(y))
= 2(S(x) = S) —(@—y),5@) = S). (217

Then we obtain that every nonexpansive operator S : H; — H; satisfies the following

inequality
(z=5(x))=(y=5(y)), S(y)=5(x)) < %H(S(iv)—x)—(S(y)—y)HW(x,y) € HyxH,
(2.1.8)
and therefore, we get
(x = S(z),y — S(z)) < %”S(l‘) — x|’ ¥(z,y) € Hy x Fiz(S). (2.1.9)

A mapping T : H; — H; is said to be be averaged mapping if it can be written

as the average of the identity I and a nonexpansive mapping, that is,

T=(1-a)l+asS,



where a € (0,1) and S : H; — H; is nonexpansive. We note that averaged mappings
are nonexpansive. Further, firmly nonexpansive mappings (in particular, projections
on nonempty closed and convex subsets and resolvent operators of maximal mono-
tone operators) are averaged. Some important properties of averaged mappings are

gathered in the following proposition (see [41, 43, 44]).

i) BT = (1 —«a)S+ aV, where S : Hy — H, is averaged, V : H] — H; is

nonexpansive and « € (0, 1), then T is averaged.
(ii) The composite of finitely many averaged mappings is averaged.

(iii) If the mappings {T;}Y, are averaged and have a common fixed point, then

NY, Fiz(T;) = Fiz(Ty, Ty, . . ., Tw).
(iv) If T is 7-ism, then for v > 0,77 is Z-ism.
(v) T is averaged if and only if, its complement I — 7" is 7-ism for some 7 > %

Lemma 2.1.1. [f1] SVIP (2.2.8)-(2.2.9) is equivalent to find z* € Hy with x* =
JP(x*) such that

y* = Ax* € Hy and y* = J2*(y"),
for some A > 0.

Definition 2.1.2. [45] Let H; be a real Hilbert space and {.S;} be an infinite family
of nonexpansive mappings and {(;} be a nonnegative real sequence with 0 < (; <

1,Vi > 1. For n > 1, define a mapping W,, as follows:

Un,nJrl = [7
Un,n - CnSnUn,n—i-l + (]- - Cn)]7

Un,n—l = Cn—lSn—lUn,n + (1 - Cn—l)la

Unji = GSkUn k1 + (1 — ), (2.1.10)

Uni—1 = Coo1Sk-1Upni + (1 — Goo1)1,

Una = (25U, 3+ (1 — ),

\Wn = Up1 = <151Un,2 + (1 - Cl)[



Such a mapping W,, is nonexpansive and it is called a W-mapping generated by

Sna Snfla ey Sl and Cn7<n717 s 7C1-

Lemma 2.1.3. [45] Let {S;} be an infinite family of nonexpansive mappings on a
Hilbert space Hy and with (\;=, Fiz(S;) # 0 and {¢;} be a real sequence such that
0<G<1, Vi >1. Then

(1) W, is nonexpansive and Fix(W,) = (i, Fiz(S;), for each n > 1;
(2) for each x € C' and for each positive integer k, the lim,_,o U, xx exists;
(8) the mapping W defined by

Wz = lim W,z = lim U, 2, =€ Hy, (2.1.11)

n—o0 n—o0

is a nonezpansive mapping satisfying Fiz(W) = (.2, Fiz(S;) and it is called the
W -mapping generated by Sy,Ss,... and (1, (o, . . ..

Lemma 2.1.4. [47] Let {S;} be an infinite family of nonexpansive mappings on a
Hilbert space Hy and with (\;=, Fixz(S;) # 0 and {¢;} be a real sequence such that
0< (G <UL, Vi>1 wherel is a positive real number. If C' is any bounded subset
of Hy, then

lim sup ||Wx — W,z| = 0.

n—oo zeC

Throughout this paper, we always assume that 0 < (; <1 < 1,Vi > 1.

Lemma 2.1.5. [}9] Let {x,} and {z,} be bounded sequences in a Banach space X
and let {5,} be a sequence in [0,1] with 0 < liminf, ., B, < limsup,_ . 5, < 1.

Suppose Tpi1 = (1 — Bn)zn + Bnty for all integers n > 0 and
limsup (|21 — 2l — s — za) < 0.
n—oo
Then, lim,, ., ||z, — .|| = 0.
Lemma 2.1.6. In a real Hilbert space Hy, there holds the following inequality

e+ yl* < flel* + 2{y, = + ),

for all x,y € Hj.



Lemma 2.1.7. [50] Each Hilbert space Hy satisfies the Opial condition that is, for
any sequence {x,} with x, — x, the inequality liminf, o ||z,—z| < liminf, . ||z,—

y|| holds for every y € H with y # .

Lemma 2.1.8. [51] Assume that S is nonexpansive self mapping of a closed convex
subset C' of a Hilbert space Hy. If S has a fized point, then I — S is demiclosed, i.e.,
whenever {z,} converges weakly to some y, it follows that (I — S)x =vy. Here I is

the identity mapping on H.

Lemma 2.1.9. /28, 29] Assume that {c,} is a sequence of nonnegative real numbers
such that

Apt1 S (1 - ’Yn)an + 6n7 n Z 07

where {v,} is a sequence in (0,1) and {d,} is a sequence such that

(1) Y one1 Yn = 00
(i1) limsup,, ., j‘y—z <0 ord 2 ]0n < oo.
Then lim,,__, o, = O.

Lemma 2.1.10. [48] Assume D is a strongly positive bounded linear operator on

Hilbert space Hy with coefficient £ > 0 and 0 < p < ||D||7*. Then, |I—pD|| < 1—p€.

2.2 Some Related Theorems

Iterative methods for nonexpansive mappings have recently been applied to solve
convex minimization problems; see, e.g., [19, 20, 21, 22, 25, 26, 27, 28, 29] and the
references therein. A typical problem is to minimize a quadratic function over the
set of the fixed points of a nonexpansive mapping on a real Hilbert space Hy;

1
in_—(Dx,z) - 2.2.1
,in 5Dz, x) = hlz), (2:2.1)

where D is a bounded linear operator and h is a potential function for £f (i.e.,
W (z) = Ef(x) for x € Hy).
In 2006, Marino and Xu [22] studied the following iterative scheme; put z; € H;

and
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where S is a nonexpansive mapping, f is a contraction mapping with the coefficient
a € (0,1), D is a strongly positive bounded linear self-adjoint operator with the
coefficient € and € is a constant such that 0 < ¢ < g They proved the sequence {x,}
generated by the above iterative scheme converges strongly to the unique solution

x* of the following variational inequality;
(D—=¢&f)x*x—a*) >0, Vo e Fix(9),

which is the optimality condition for the minimization problem (2.2.1).
Let B : C' — H; be a nonlinear mapping. The classical variational inequality

problem (VIP) is to find a z* € C' such that
(Bx*,y —a*) > 0,Vy € C. (2.2.3)

The solution set of VIP (2.2.3) is denoted by VI(C, B).

In 2005, Tiduka and Takahashi [23] introduced and proved the theorem for finding
a common element of the set of fixed points of a nonexpansive mapping and the
solution sets of the variational inequality as follows:

Theorem IT. Let C' be a closed convex subset of a real Hilbert space H;.
Let B be an a-inverse-strongly monotone mapping of C' into H; and let S be a
nonexpansive mapping of C' into itself such that Fiz(S) N VI(C, B) # (). Suppose

that 1 = € C and {z,} is given by
Tpt1 = apx + (1 — o) SPo(x, — A\ Bxy,),

for every n = 1,2,..., where {a,} is a sequence in [0,1) and {\,} is a sequence in
la,b]. If {a,,} and {\,} are chosen so by {\,} € [a,b] for some real numbers a and

b with 0 < a < b < 2a,

n—oo

o0 oo o0
lim o, =0, E Q, = 00, E |41 — ap| < 00, and E | Ant1 — An| < o0,
n=1

n=1 n=1
then {x,} converges strongly to Ppiz(s)nvi(c,p)T-
Further results on this paper are due to Y. Yao and J. C. Yao [24]. More precisely,
they proved the following result.
Theorem YY. Let C be a closed convex subset of a real Hilbert space H;.

Let B be an a-inverse-strongly monotone mapping of C' into H; and let S be a
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nonexpansive mapping of C' into itself such that Fixz(S) N Q # (), where Q denotes
the set of solutions of a variational inequality for the a-inverse-strongly monotone

mapping. Suppose r; = u € C and {z,}, {y,} are given by

1 =u € C,
Yn = Po(zn — A\ By), (2.2.4)
Tpt1 = ot + By + VSPo(l — Ny B)y,, Vn > 1,

where {a, }, {fn}, {an} are three sequences in [0, 1] and {A,} is a sequence in [0, 2a].
If {a,}, {Bn}, {7} and {\,} are chosen by A, € [a,b] for some real numbers a and
b with 0 < a < b < 2a and the following hold;

(i) ap + Bn+m =1,Vn > 1,

(ii) lim, ooy, = 0 and Y 07 | v, = 00;

(iii) 0 < liminf,, o B, < limsup,,_,o, Bn < 1;

(iv) limy, oo (Ani1 — Ap) = 0.

Then the sequence {z, } defined by the iterative algorithm (2.2.4) converges strongly
to Priz(s)nal-

Recall that a set-valued mapping M : H; — 2t is called monotone if for all
x,y € Hi,f € Mz and g € My imply (x —y, f — g) > 0. A monotone mapping
M : Hy — 211 is mazimal if the graph of Graph(M) of M is not properly contained
in the graph of any other monotone mapping. It is known that a monotone mapping
M is maximal if and only if for (z,f) € Hy x Hy,(zx —y,f — g) > 0 for every
(y,9) € Graph(M) implies f € M.

Let M : H; — 281 be a multi-valued maximal monotone mapping. For any
positive number A and identity operator I on Hj, the single-valued mapping JM :

H, — H, defined by
JM(x) = (I + M)~ (x),Yo € H,

is called the resolvent operator associated with M . We recall that the resolvent
operator J{/ is firmly nonexpansive and hence in particular nonexpansive [30].

Let Cy,C,,...,C,, be nonempty closed convex subsets of a Hilbert space Hj.
The well known convex feasibility problem (CFP) is to find z* € H; such that

x*EClﬂCQHCm
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Convex feasibility problem has received a lot of attention due to its diverse appli-
cations in mathematics, approximation theory, communications, geophysics, control
theory, biomedical engineering. One can refer to [31, 32]. When there are only two
sets and constrains are imposed on the solutions in the domain of a linear operator
as well as in this operator’s ranges, the problem is said to be the split feasibility

problem (SFP) which has the following formula:
" € C' such that Az™ € Q, (2.2.5)

where C' and @) is a nonempty closed convex subset of Hilbert space H; and Ho,
respectively and A : H; — H, is a bounded linear operator. The SFP in fi-
nite dimensional Hilbert spaces was first introduced by Censor and Elfving [33]
in medical image reconstruction. Since then, the SFP has received much attention
due to its applications in signal processing, image reconstruction, with particular
progress in intensity-modulated radiation therapy, approximation theory, control
theory, biomedical engineering, communications, and geophysics. For examples, one
can refer to [33, 34, 35, 36] and related literatures.

Recently, Moudafi [37] introduced the following split monotone variational in-

clusion problem (SMVIP): find 2* € H; such that
0 € fi(z") + By(z"), (2.2.6)

and

y* = Ax* € Hy solves 0 € fo(y*) + Ba(y"), (2.2.7)

where By : Hy — 2 and B, : Hy, — 272 are multi-valued maximal monotone
mappings.

Moudafi [37] introduced an iterative method for solving SMVIP (2.2.6)-(2.2.7),
which can be seen as an important generalization of an iterative method given by
Censor et al. [38] for split variational inequality problem. As Moudafi notes in
[37], SMVIP (2.2.6)-(2.2.7) includes as special cases, the split common fixed point
problem, split variational inequality problem, split zero problem and split feasibility
problem [33, 35, 37, 38] which have already been studied and used in practice as
a model in intensity-modulated radiation therapy treatment, see [33, 35]. This

formalism is also at the core of modeling of many inverse problems arising from
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phase retrieval and other real-world problems; for instance, in sensor networks in
computerized tomography and data compression; see e.g. [32, 39)].

If fi =0 and fo = 0 then SMVIP (2.2.6)-(2.2.7) reduces to the following the
split variational inclusion problem (SVIP): Find x* € H; such that

0€ Bi(z), (2.2.8)

and

y* = Az* € Hy solves 0 € By(y™). (2.2.9)

When considered separately, (2.2.8) is the variational inclusion problem and we
denoted its solution set by SOLVIP (B;). The SVIP (2.2.8)-(2.2.9) constitutes a
pair of variational inclusion problems which have to be solved so that the image
y* = Ax* under a given bounded linear operator A of the solution z* of SVIP
(2.2.8) in H; is the solution of the other SVIP (2.2.9) in another space H,, we
denote the solution set of SVIP (2.2.9) by SOLVIP(Bsy).

The solution set of SVIP (2.2.8)-(2.2.9) is denoted by I' = {2* € H; : z* €
SOLVIP(B;) and Az* € SOLVIP(B,)}.

Very recently, Byrne et al. [40] studied the weak and strong convergence of the
following iterative method for SVIP (2.2.8)-(2.2.9): for given z; € H;, compute the

iterative sequence {z,} generated by the following scheme:
Tp1 = SO (@, + YA (JP? — 1) Az,), Y0 > 1, 3\ > 0.

In 2014, Kazmi and Rizvi [41] introduced and studied an iterative method to
approximate a common solution of SVIP and fixed point problem for a nonexpansive
mapping in real Hilbert spaces.

Theorem KR. Let H; and Hs be two real Hilbert spaces. Let A : H; — H, be
a bounded linear operator and f : H; — H; be a contraction mapping with constant
a € (0,1). Let S : Hi — H; be a nonexpansive mapping such that Fix(S)NT # (.
For a given zy € H; arbitrarily, let the iterative sequence {u,} and {x,} be generated
by

Un = I3 (2 + YA (I = D) Az,);
Tnp1 = O f(2n) + (1 — an) Sy,
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where A > 0 and v € (0, %), L is the spectral radius of the operator A*A and A* is

the adjoint of A and «, is a sequence in (0, 1) such that

nh_g)locyn =0, Zoan = 0o, and Zl |, — apq| < 0.
Then the sequences {u,} and {x,} both converge strongly to z € Fiz(S)NT, where
2 = Ppis)nrf(2).



Chapter 3 Main Results

Throughout the rest of this paper, we always assume that D is a strongly positive
bounded linear operator with coefficient £ € (0,1) and 0 < ¢ < €. We consider the
well known general iterative method as follow (see Xu 2003 [53]) with the initial
guess g =u € C-

Tpi1 = (I —a,D)Sz, + anu, n >0, (3.0.1)

where D is a strongly positive bounded linear operator, S is nonexpansive self map-
ping on C' C H and a, is so chosen that T' = I — «,, D satisfies some conditions (see
[52]). This iterative method converges to the unique solution z* of the variational
inequality

(Dz* — Cu,x* — ) <0, VxeCl,

which is the optimality for minimize a quadratic function of (2.2.1), that is
min 1(D:E,yc) — h(x),
z€Fiz(S) 2
where h is a potential function for &f (ie., h'(z) = £f(z)) and the contraction
mapping f is replaced by f(z) = w for all x € H; which is mentioned in the
viscosity approximation method (2.2.2).

Also, we develop a new algorithm by mixing the algorithm (2.2.4) and (3.0.1)
for finding a common solution of split variational inclusion of two Hilbert spaces
H, and H, which is tool for solve the unique solution to the variational inequalities
(3.1.2) below.

In this section, we first prove a strong conergence result on the general iterative
algorithm for the fixed point problem and the split variational inclusion problem

(SVIP) (2.2.8)-(2.2.9).

3.1 Strong Convergence Theorem

Theorem 3.1.1. Let Hy and Hy be two real Hilbert spaces and A : Hy — Hy be

a bounded linear operator. Assume that By : Hy — 2™ and By : Hy — 22 are
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mazximal monotone mappings. Let {S;}5°, be an infinite family of nonexpansive
mappings from Hy into itself. Let D be a strongly positive bounded linear operator
with coefficient 0 < £ <1 and 0 < £ < £. Assume that Q == (oo, Fiz(S:))NT # 0.
Let x1 € Hy arbitrarily, let the sequences {y,} and {x,} be generated by
Yo = J (0 + YA (TP — 1) A,);
Tni1 = apéu+ Bur, + [(1 = B — an D)Wy, Vn > 1,

(3.1.1)

where u € Hy is a fived element, X\ > 0 and v € (0, %), L is the spectral radius of the
operator A*A and A* is the adjoint of A, {W,} is the sequence defined by (2.1.10),
{an} and {B,} are sequences in [0, 1]. Suppose the control consequences satisfy the

following conditions:

(C1) 0<a<p,<b<1,VYn>1, for some two positive real numbers a and b,
(C2) lim,, oo vy, =0 and Y07 oy = 00.

Then {x,} and {y,} converge strongly to a point z € 2, which is the unique solution

to the variational inequalities
(Dz —&u,z—p) <0, Vpeq. (3.1.2)
FEquivalently, we have Po(z — Dz + &u) = z.

Proof. Step 1. First, we will prove that the sequence {x,} is bounded.
By the conditions (C1) and (C2), without loss of generality we may assume

an, < (1= B,)||D|7* for all n > 1. By Lemma 2.1.10, we get that

Qo Qay,
D||<1-— .
1_Bn H_ 1_5n€

11—
It follows that
11 = B = aD| €1 = — an. (3.1.3)
Let p € Q, we have p = JP'p, Ap = J*(Ap) and S,p = p for all n > 1. We
estimate that
lyn = pI* = I (20 + ¥ A (I = D Az,) = p||?
= I3 (@ + A (3 = D Aw) = Il
< o +yA (32 = DAz, — p|?
<l = pl? +APIAN(IRE = DAz,

+2v(w, — p, A*(JP? — 1) Ax,,). (3.1.4)
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Thus, we have

lyn = pI* <l = pI* + (12 = 1) Az, AA (12 = T) Azy)

+2v(x, — p, A*(JP2 — 1) Ax,,). (3.1.5)
Note that

VH(JP2 — ) Az, AA(JP? — DAz, < Ly*(JP — Az, (JP> — 1) Az,)
= LP(J = 1) Aw,|*. (3.1.6)

Consider the term of 2y(x, — p, A*(JP> — I)Az,) and using (2.1.9), we have

2y(wn — p, A*(J32 — DAz,) = 29(A(zy — p), (Jy2 — [)Azy)
= 29(A(z, —p) + (JP? — DAz, — (JP> — I) Az,
(TP — 1) As,)
= 27{<Awn — Ap + JfQAa:n — Az, (sz — I Az,)

—{(J2 = D) Az, (J7* — I)A:r;n>}
= 27{(Ap — JfQAxn,Axn — JEQAxn> — H(J)]\32 — I)A:z:n||2}

1
< 2{FI0P - DAm P - 12 - Do}

= (I = 1) A (3.1.7)
Using (3.1.5), (3.1.6) and (3.1.7), we obtain

lyn = pII* < Nl =PI + LA?[I(J3? = D Aza|* = Y[ (1% — T) Az )*

=z = pl® +2(Ly = DI(J2 = D) Az, | (3.1.8)
Since v € (0, 1), we obtain

1y — 2l < [z — DI (3.1.9)



We arrive that

201 —pll =

|lanéu + Bran +
= ”O‘nfu -

+a, Dp + Bp — p|

= ||an(§u - Dp) + ﬁn(xn - p)
—=((1 = Ba)I = cn D)p|

anDp - ﬁnp + ann +

18

(1= Bu)] — an DIWyyn — p|

(1= Bu)] = an DWWy,

(1= Bu) = an D)Wy,

< aglléu — Dpll + Bulln — pll + [1(1 = Ba)1
—an D[[|[Wayn — pll
< an”ﬁ“ - Dp“ + BRHmn _pH + (1 - ﬂn - ang)Hyn _pH
< aglléu = Dpll + Bullzn — pll + (1 = B — and) ||z — p|
< aglléu = Dpll + (1 = anf) ||z — pll.
By mathematical induction, we obtain
§u— Dp
o = pl < max { e g, S22 220,

which gives that the sequence {z,} is bounded and also is {y,}. Hence we can

choose a bounded set C C H; such that

T,y € C, Yn > 1. (3.1.10)
Step 2. We will show that lim,, o ||€,1 — z,|| = 0.
Setting
1 B
Up = mxnﬂ - 1— Bnﬂin
Then, we see that
Tpr1 = (1 = Bo)vn + Bun,¥n > 1, (3.1.11)
and
L fanut Bun + (1= B, — anDWoy} —
L fnbut furn + W DWyya} —
1
1 ﬁ {O‘n(fu - DWnyn> (1—5) nyn}

(5“ - DWnyn) + Wnyn
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Then,
ay,
anﬂ - UnH = Hl—H(fU - DWn+1yn+1) + Whs1Yns

- ﬁnJrl

[1 By (£u DWnyn) + Wnyn]

a?’b

< ﬁ”fu - DWn+13/n+1||
- Mn+1

+

6 [§u — DWoynll + (IWni1ynsr — Waynll. (3.1.12)

Since Jf ' and Jf 2 both are firmly nonexpansive, they are averaged. For v €
(0,1), the mapping (I + vA*(J{* — I)A) is averaged, see [37]. It follows from
Proposition 2.1 (ii) that the mapping J* (I +~vA*(J* —I)A) is averaged and hence

nonexpansive. So, we obtain that

lynser = yall = NI (@ner + 9 A (I = D Azir) = I (@ + 7 A (IR = 1) Azy)|
= [T Ay A (TP = DAz — T+ A (L = 1) A)zy|

On the other hand, one has

||Wn+1yn+1 - WnynH = ||Wn+1yn+1 — Wyt + Wy — Wy, + Wy, — WnynH

IN

”Wn—&-lyn—i—l - Wyn-l—l“ + ||Wyn+1 - Wyn” + ||Wyn - WnynH
< Sug{HWon = Wal| + [Wa — Waz|[} + [[yne1 — yal(3.1.14)
S

where C' is the bounded subset of H; defined by (3.1.10). Substituting (3.1.13) into
(3.1.14), one arrive that

[Wat1Yn41—Waynl| < Sug{HWon—WwH + W —=Waz|[} + 2041 —2all. (3.1.15)
xre

From (3.1.12) combine with (3.1.15), one obtains

On41

1- 5n+ Bn
+sug{HWn+1x — Wzl + [|[Wzx — an||}
xe

|I£U+DWn+1yn+1|| + ||§u_DWnyn||

an—f—l - Un” - Hxn-&-l - an

It follows from the conditions (C1), (C2) and Lemma 2.1.4 that

lim sup(||vn41 — Vn|| = [[Zne1 — 24]]) <0
n—oo
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Hence, from Lemma 2.1.5 and (3.1.11), we obtain that
lim ||v, — 2,| = 0. (3.1.16)
n—oo
From (3.1.11), we have that
[#n11 = @all = [(1 = Bp)vn + Bazn — [(1 = Bn)zn + Buzalll = (1 = Ba)llvn — n-
By the condition (C1) and (3.1.16), we get
lim ||zp41 — 2, = 0. (3.1.17)
n—o0

Step 3. We will prove that three sequences {||y, — z,||}, {||Wnyn — x|} and
{{IWhyn — ynl|} converge to 0.

We set f,, = &u— DW,y,, for all n > 1. For any p € 2 and by Lemma 2.1.6, we
see that,

[2nir —pI* = llewu+ Buzn + [(1 = Ba)I — an D)Wy — plI?
= [lan€u + Buwn + Watn — BuWoyn — an DWoy, — pl|?
= Jlan(€u = DWoyn) + Buen + (1 = B) Wy — p||?
= lnfn+ Butn + (1 = B0)Wayn — Bup — (1 = B,)pl|”
lltn fo + Bu(@n = p) + (1= o) (Wayn — p)|I?

< NBulzn =) + (1= Ba)(Wayn = p)II* + 2 fo, i1 — p)

< Bullzn = pII* + (1 = B Wayn — plI* = Ba(l = Ba) [Wayn — zall?
+2an | fullllznsr = pll

< Ballzn = plI* + (1 = Ba)llyn — pII* + 20, M, (3.1.18)

where M = maX{SUanl | fall, SUpP,,>1 |zn — pll}-

Observe that from (3.1.8) substituting into (3.1.18), we get

lznss =2l < Ballza = plI* + (1 = Ba)lllzn — pII”
+y(Ly = DI = 1) Awa|*] + 200, M7

= lzn = p? = 7(1 = Bu) (1 = LNI(J = I) Az | + 200, M.
Therefore,

YL = B)(1 = IV = DAzl < = plP — s — o> + 20,04

IA

IN

(lzn = pll + llZn1 = PID 20 — Zosa ]| + 200 M7,
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and from the condition (C1), (C2), v(1 — 8,)(1 — Ly) > 0 and (3.1.17), we get

lim |[(J7? — I)Az,| = 0. (3.1.19)

n—oo

Since J* is firmly nonexpansive mapping and y € (0, %), by the inequalities (3.1.6)
and (3.1.7), then we have

o= pl* = [P (o + A" — 1) A —

2 (A (I 1) A) = I

(Yn — o + A (J2 = 1) Az, — p)

Sl = I+ 2+ 74T — 1) Az, — ]

o~ ) — Lo+ 74" — 1) Az, — ]|}

Al — I+l — 9l + 2(z — p, A — 1) A,

2| AT (I = 1) A

VAN

IN

My = @0 = YAT(JR” — 1) Aza?}

%{Ilyn = pl* A+l = pI* = AN = DAz |® + Ly* | (1% = 1) Az
~[llyn = zall® + V1A (IR = DAza]* = 29(yn — 0, A*(J® = 1) Ay)]}
= %{Ilyn = pl* + |z = plI* +(Ly = DI = 1) Az

—llym = zll? = VNA(IY2 = 1) Az |®

IN

+2’7<yn — T, A*<J52 - [>Axn>}

< %{Hyn = pl* + llzn = pl* = 1y — zall® + 29[| Alyn — 2a) (I3 — I) Az}
Hence, we obtain
g = 21 < Nl = 2l = 1y — zall® + 29[ Alyn — 2a) [1(J3> — 1) Azy]|. (3.1.20)
Substituting (3.1.20) into (3.1.18), one arrive that

1zner =l < Ballzn —plI* + (1 = Ba)lllzn — pII* = [y — 2all®
+29| Alyn — 2) [1(J3* = 1) Ay ][] + 20, M
= Jzw = pl* = (1= Ba)lyn — @al®

+29(1 = Bu) [ Ay — ) II1(J3* — 1) Az | + 200, M2,



So, we get
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(L= B)llyn —@all* < llww = 2l* = 2 — pll?

+27(1 = Bo)[|A(yn — xn)””(*])j\% — I)Az,|| + 200, M
< (lzn = pll + llzne1 = pID 20 — ot ]

+27(1 = Ba) [ Ay — )l (1% = T) Aza| + 20, M.

From the condition (C1), (C2), (3.1.17) and (3.1.19), we obtain that

Observe that

||Wnyn - xn” S

<

This implies that

lim ||y, — || = 0. (3.1.21)
n—oo

[0 — ol + | T041 — Wayanll

[0 — Zngall + lom€u + Bazn + [(1 = Ba) ] — an DIWoyn — Wyl
|20 — Zpia | + lanéu + Bawn + Woyn — 8. Wayn

— 0, DWWy — Wt ||

20 = Tnga |l + llom(§u — DWoyn) + Bu(wn — Waya)||

Hxn - xn-&-lH + O‘anu - DWnyn” + 671”%1 - WnynH

(1= B)IWaiyn — 20| < |7 — Zpya || + anl|u — DWoy,||.

From the conditions (C1), (C2) and (3.1.17), we get

Note that

lim (|[Wyyn — x,| = 0. (3.1.22)
n—o0

HWnyn - ynH < HWnyn - an + Hxn - ynHa

from (3.1.21) and (3.1.22), we get

lim ||[Woyn — yal| = 0. (3.1.23)
n—oo
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Step 4. We will show that limsup,,_,. (§éu — Dz, z,, — z) < 0, where z = Py[(I —
D)z + &u] or z = Po(z — Dz + &u).

To see this, we choose a subsequence {x,,} of {z,} such that

limsup(§u — Dz, x,, — z) = lim (§u — Dz, x,, — 2). (3.1.24)

n—s00 i—00
Since {x,,} is bounded, there exists a subsequence {xnj} of {z,,} which con-
verges weakly to w. Without loss of generality, we can assume that z,,, — w. From
(3.1.21), we also see that y,,, — w.
Next, we will show that w € €.
Step 4.1 We will show that w € N2, F(S;) = F(W).
Suppose to the contrary that, w ¢ F(W), i.e., Ww # w and by Lemma 2.1.7,

we see that

liminf [|y,, —wl| < liminf [|ly,, — Ww]|
1— 00 71— 00

< liminf{{ly,, — Wy || + [Wyn, = Wwll}

1—00
On the other hand, we have
WY = ynll < NIWyn — Waynll + [Wayn — yall < sup Wz — W]l + [Wayn — ynl|-
S

By using Lemma 2.1.4 and (3.1.23), we obtain that lim,, . ||Wy, — y,|| = 0, which
combines with (3.1.25) yields that

liminf ||y, — w{| <lim inf [|y,, —w].
1—00 71— 00

Which is a contradiction, so we have w € F(W) = N2, F(S5;).
Step 4.2 We will show that w € T'. Note that y,,, = J2' (x,, +yA*(J2 — 1) Az,,)

can be rewritten as

(xni B ynz) + IYA*(J){% — I)Al’nl
A

By passing to limit ¢ — oo in (3.1.26) and by taking into account (3.1.19) and
(3.1.21) and the fact that the graph of a maximal monotone operator is weakly-

strongly closed, we obtain 0 € Bj(w), i.e., w € SOLVIP(B;). Furthermore, since
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{z,} and {y,} have the same asymptotical behavior, {Az,,} weakly converges to

Aw. Again, by (3.1.19) and the fact that the resolvent .J;> is nonexpansive and
Lemma 2.1.8, we obtain that Aw € By(Aw), i.e., Aw € SOLVIP(By). Thus, w € €.

Since z = Po(z — Dz + €u) and w € €2, by (3.1.24) and the property of metric

projection, we get that

limsup(¢u — Dz,z,, — z) = lim{€u— Dz, z,, — z)

n—o0

1—00

= (¢u—Dz,w—2)
= ((z—=Dz+¢&u)—z,w—2)

< 0

(3.1.27)

Step 5. Finally, we will show that x, — z, as n — oo. By the inequality (3.1.3),

we have

|1 — 2II*

VAN

IN

IN

IN

IN

et By + (1= BT — 0, DI W, — 2|
(anéu+ Bpxy + [(1 = Bo)I — a DIWyyn — 2, 2p01 — 2)
an{éu — Dz, Tpy1 — 2) + BplTn — 2, Tps1 — 2)

H(( = BT = D) (Wi — 2), 01— 2)
an(u — Dz, xn1 — 2) + Bo{2yn — 2,Tn1 — 2)

I = B — 0uD) (Wi — 2751 — =]

an(éu— Dz, xpy1 — 2) + BTy — 2, Tps1 — 2)

1= B — I Wag — 2l 2 — 2]

0l — D2, T = 2) + 2Balll7 — 2l + nis — 2%
H1= B = 0l = 27 — =]

0l — D2, s — 2+ g 6nln — 2% + s — 21
HU= B = @)l — 2l

0l — D2, T — 2) + gBalll7 — 2l + nis — 2

1 _
+5 (1= B = anl)(lon = 2I° + llznss — =)

1 _
(8t — Dz, i1 — 2) + 5 (1 = an)([l2n — 217 + [|2nss — 21

2
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This implies that
20zt — 2l < 200{€u— Dz, wnpr — 2) + (1= and)(llon — 2l + [lonsr — 2[*)

= 20‘71(5“ — Dz, xppy —2) + (1 — O‘ng)”xn - Z||2 +(1— ang)”xn-&-l - Z”2

< 20, (6u — Dz, g — 2) + (1 — anf)||zn — 2|1* + || Tng1 — 2|7,
and so we have
i1 = 2[I* < 200(€u — Dz, @ns1 — 2) + (1 = ) [Jon — 2.
From the condition (C2), (3.1.27) and Lemma 2.1.9, we see that lim, ., ||z, —z| =

0. This completes the proof. O

3.2 Corollaries

Corollary 3.2.1. Let Hy and Hs be two real Hilbert spaces and A : Hy — Hy be
a bounded linear operator. Assume that By : Hy — 2" and By : Hy — 22 are

mazximal monotone mappings. Let {S;}32, be an infinitely family of nonexpansive
mappings from Hy into itself. Assume that Q = (2, Fiz(S;)) N T # 0. Let

x1 = u € Hy arbitrarily, let the sequences {y,} and {x,} be generated by

Yp = Jfl(xn + WA*(JEQ — I)Az,);

(3.2.1)
Tna1 = ot + Buxy + (1 = By — an)Wayn, Vn > 1,

where A\ > 0 and v € (0, %),L 18 the spectral radius of the operator A*A and A*

is the adjoint of A, {W,} is the sequence defined by (2.1.10), {c,} and {5,} are

sequences in [0, 1]. Suppose the control consequences satisfy the following conditions:
(C1) 0<a<pB,<b<1,Vn>1,
(C2) lim,, ooy, =0 and Y7 o, = 00.

Then {x,} and {y,} converge strongly to a point z € Q, which solves uniquely

solution of the variational inequalities
(I —u)z,z—p)y <0, VpeAqQ. (3.2.2)

Equivalently, we have Pou = z.
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Proof. Taking ¢ =1 and D = I in Theorem 3.1.1, then the conclusion of Corollary
3.2.1 is obtained. O

Corollary 3.2.2. Let Hy and Hy be two real Hilbert spaces and A : Hy — Hy be
a bounded linear operator. Assume that By : Hy — 2"t and By : Hy — 22 are

maximal monotone mappings. Let S : C'— C' be a nonexpansive mapping. Assume
that Q = Fiz(S)NT # 0. Let v1 = u € C and the sequences {y,} and {z,} be
generated by

Yp = Jfl(:vn ~|—7A*(Jf’?2 — I)Ax,);

(3.2.3)
Tpt1 = QplU + ﬂnl'n + (1 - Bn - Oén)Synyvn > 17

where A > 0 and v € (0, %), L is the spectral radius of the operator A*A and A* is
the adjoint of A. If the control consequences satisfying the following:

(C1) 0<a<pB,<b<1,Vn>1,

(C2) lim,, oo, =0 and Y7 o, = 00,

then, {z,} and {y,} converge strongly to a point z € S, which solves uniquely

solution of the variational inequalities
(I —u)z,z—p)y <0, VpeAqQ. (3.2.4)
Equivalently, we have Pou = z.

Proof. Taking ¢ = D = 1 and 5, = S for all n > 1 in Theorem 3.1.1, then the

conclusion of Corollary 3.2.3 is obtained. [



Chapter 4 Numerical examples

In this section, let us present the following common fixed point optimization al-
gorithm by using W —mapping and discuss some examples to verify the theoretical

results.

Algorithm 4.0.1. (Common fized point optimization algorithm by using W —mapping)
Step 1. Choose the initial pooint x1 € Hy, the parameters A > 0 and v € (0, %)
and 0 < & < 1 arbitrarily real numbers. Fixed the element uw € Hy and let n = 1.

Step 2. Given z,, € Hy and compute x,,1 € Hy as follows;

Yo = IV (2 + YA (2 — 1) Axy,)

Upi=GS5Una+ (1 —G)I,
Upo = (SoU, 3+ (1 — &),
| 2=0S5Un3+ ( C2) (4.0.1)

W, =U,1 where

Un,n = CnSnUn,n—l—l + (]- - Cn)lv
L Un,n—i—l = I;

Tpt+1 = anéu + ﬁnxn + (1 - 5n - an)Wnyn

Step 3. Putn:=n-+1 and go to step 2.

Example 4.1 Forn > 1, let W,, : R — R be a mapping generated by an infinite

n }. De-
n+1

fine three operators A, By and B, on areal line by Ax = 3z, Byx =2x and Bsx =

1
family of nonexpansive mapping {2—n} and a nonnegative real sequence {

3
2% for all x € R. In this example, we set the parameters on algorithm (4.0.1) by

1073

E=05 D=1 ap = for all n € N and fix the

and 3, = 0.5 —

10n + 2
element u = 5.

First, we take A = 0.99, v = 0.5 and three initial points randomly generated by
Matlab. In this way, Figure 4.1 indicates the behavior of z,, for algorithm (4.0.1)

that converges to the same solution, i.e., 0 € (N2, Fiz(S;)) NI as a solution of
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Figure 4.3 Behavior of x,, for the different parameters A

this example. Next, we test the effect of the parameter v to rate of convergence by
choosing v = 0.01, 0.3 and 0.7 where the initial point ; = 30 and the parameter
A = 0.99 are fixed. In this test, it shows by Figure 4.2. Finally, we fixed the initial
point z; = 40 and the parameter v = 0.1 and choosing the different parameters
A =0.99, 0.5 and 0.01. Figure 4.3 indicates the behavior of z, generated by algo-
rithm (4.0.1) with A = 0.01 decreases slowly.

Example 4.2 Define an infinite family of nonexpansive mapping S, : R? — R3
1

by S, = {2—} and a nonnegative real sequence ¢, = {%} for all n € N. Let
n n

W, be a mapping generated by {S,} and {(,}. Setting v = 0.01, A = 0.09, £ =
6 3 1 300 4 0 0

1073
02, D=1, A= |8 7 5|, B1=10 2 0|,B2=10 5 0|, ap, = and
n
3 6 2 0 01 0 0 6
1
B =0.5 for all n € N.

" 10n + 2

Firstly, the experiment used random vector u in R? and fixed initial vector z; =
(13, —12,25). Using algorithm (4.0.1), the test results are reported in Table 1 and
the size of the increment of {x,} and {y,} are presented in Figure 4.4. It’s easy to

see that (0,0,0) € (N2, Fixz(S;)) N T is a solution of this experiment.

Secondly, we suppose that {x,(j) }7=; and {y,(j)}7L, are the sequences generated
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n Tn Yn [l 19l

1 (13, -12, 25) (5.1998, -11.3381, 20.3501) | 30.6268 | 23.8687
2 | (7.4737, -12.7600, 16.8046) | (2.9885, -6.8856, 13.6536) | 22.3846 | 15.5809
3 | (4.1953, -7.5669, 10.9574) | (1.6769, -4.0810, 8.8892) | 13.9615 | 9.9239
4 | (2.3823,-4.5946, 7.4465) | (0.9514, -2.4760, 6.0316) | 9.0684 6.5891

5 | (1.3411,-2.7814, 5.0707) | (0.5349, -1.4974, 4.1016) | 5.9369 4.3990
20 | (0.0000, 0.0003, 0.0078) | (0.0000, 0.0001, 0.0094) 0.0078 0.0094
25 | (0.0001, 0.0002, 0.0011) | (0.0000, 0.0001, 0.0013) 0.0011 0.0013
30 | (0.0001, 0.0001, 0.0003) | (0.0001, 0.0001, 0.0003) | 3.3166e-04 | 3.3166e-04
35 | (0.0000, 0.0000, 0.0000) | (0.0000, 0.0000, 0.0000) 0.0000 0.0000

Table 4.1 The convergece of sequences {z,} and {y,}

by {z,} and {y,} in algorithm (4.0.1), respectively.

We performed 50 sampling

(m = 50 different random initial points) and averaged their size of the increment by

using 2-norm. Define the mean size of the increment of {z,(j)}72, and {y.(j)} 7

by

M) = = 3 omea(i) -

J=1

1 « .
2a(j)|| and MS(y,) ':EZ Y1 () = 4n(9)]-

Figure 4.5 shows that the mean size of the increment of {x,} and {y,} converge to

0 which imply that {z,} and {y,} converge to a solution.

Example 4.3 In this example, we replace an infinite family of nonexpansive

mapping S,, in Example 5.2 by

I/n 0 0
Sp=10 1/2 0
0 0 1/27!

and others are still the same.

- an, ”yn—i-l - yn”’

MS(x,) and MS(y,) that converge to 0. This concludes that {z,} and {y,} con-

Figure 4.6 and 4.7 plot the behavior of sequences of ||z,1

verge to a solution.
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of nonexpansive mappings and the set of split variational inclusion problem in the
framework Hilbert spaces. Strong convergence theorem of the sequences generated
by the purpose iterative scheme is obtained. In the last section, we present some
computational examples to illustrate the assumptions of the proposed algorithms.

Keywords Split variational inclusion problem - Fixed-point problem - Convex
minimization problems - Nonexpansive mapping - Iterative method

Mathematics Subject Classification (2010) 47H09 - 47H10

1 Introduction

A popular general iterative algorithm method for finding the fixed points of non-
expansive mappings was first proposed by Marino and Xu [30]. They considered a
general iterative method and proved that the sequence generated by the method con-
verges strongly to a unique solution of a certain variational inequality problem which
is the optimality condition for a particular minimization problem. They proved the
convergence of the sequence generated by the proposed method. Viscosity approx-
imation method for finding the fixed points of nonexpansive mappings was first
proposed by Moudafi [28] in 2000. He proved the convergence of the sequence gener-
ated by the proposed method. Yamada [36] introduced the good method the so-called
hybrid steepest-descent method for solving the variational inequality problem and
also studied the convergence of the sequence generated by the proposed method.
In 2010, Tian [37] combined the iterative methods of [28, 30, 36] in order to pro-
pose implicit and explicit schemes for constructing a fixed point of a nonexpansive
mapping defined on a real Hilbert space. He also proved the strong convergence of
these two schemes to a fixed point of under appropriate conditions. Related iterative
methods for solving fixed-point problems, variational inequalities, split variational
inclusion problem, and optimization problems can be found in the references therein.

Throughout this paper, unless otherwise stated, let H; and H, be real Hilbert
spaces with inner product (-, -) and norm || - ||. Let C and Q be nonempty closed con-
vex subsets of H; and H, respectively. In this paper, we use Fix(S) to denote the
fixed points set of the mapping S. For each x and y in Hj, we recall that a mapping
B : H — H is said to be

(1) nonexpansive if
[Bx — Byl < llx =yl (1.1)

(i1) monotone, if
(Bx —By,x —y) = 0;
(iii) a-strongly monotone, if there exists a constant & > 0 such that
(Bx — By, x —y) = alx — ylI*;

(iv) B-inverse-strongly monotone (for short; B-ism), if there exists a constant § > 0
such that
(Bx — By, x —y) = Bl Bx — Byll*;

@ Springer
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(v) firmly nonexpansive, if
(Bx — By, x —y) = | Bx — By|”.

Also, we recall that a mapping D on H) is said to be strongly positive, if there is a
constant £ > 0 such that

(Dx, x) > &|x||>,Vx € Hj. (1.2)

Iterative methods for nonexpansive mappings have recently been applied to solve
convex minimization problems; see, e.g., [[-4, 7-11] and the references therein. A
typical problem is to minimize a quadratic function over the set of the fixed points of
a nonexpansive mapping on a real Hilbert space Hy;

1

min —(Dx, x) — h(x), (1.3)
xeFix(S) 2
where D is a bounded linear operator and # is a potential function for £ f (i.e., h(x) =
Ef(x) for x € Hy).

In 2006, Marino and Xu [4] studied the following iterative scheme; put x; € Hj
and

Xpp1 = —ayD)Sxy + 06 f (xp), n>1, (1.4

where S is a nonexpansive mapping, f is a contraction mapping with the coefficient
a € (0,1), D is a strongly positive bounded linear self-adjoint operator with the
coefficient & and & is a constant such that 0 < & < (% They proved the sequence {x;,}
generated by the above iterative scheme converges strongly to the unique solution x*
of the following variational inequality;

(D—Ef)x*,x —x*) >0, Vx e Fix(S),

which is the optimality condition for the minimization problem (1.3).
Let B : C — H; be a nonlinear mapping. The classical variational inequality
problem (VIP) is to find a x* € C such that

(Bx*,y —x*) >0,Vy € C. (1.5)

The solution set of VIP (1.5) is denoted by VI(C, B).

In 2005, and Takahashi [5] introduced and proved the theorem for finding a com-
mon element of the set of fixed points of a nonexpansive mapping and the solution
sets of the variational inequality as follows:

Theorem IT Let C be a closed convex subset of a real Hilbert space H;. Let B be
an «-inverse-strongly monotone mapping of C into H; and let S be a nonexpansive
mapping of C into itself such that Fix(S)NVI(C, B) # (. Suppose thatx; = x € C
and {x,} is given by

Xp41 = opX + (1 — 0y)SPe(xp — Ay Bxy),
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foreveryn = 1,2, ..., where {&,} is a sequence in [0, 1) and {A,} is a sequence in
[a, b]. If {&,,} and {A,} are chosen so by {A,} € [a, b] for some real numbers a and b
with0 <a < b < 2«,

o0 o o0
lim o, =0, E o = 00, E lotp+1 — | < 00, and E [Ant1 — Anl < 00,
n—oo

n=1 n=1 n=1

then {x,} converges strongly to Prix(s)nvi(c,B)X.
Further results on this paper are due to Yao and Yao [6]. More precisely, they
proved the following result.

Theorem YY Let C be a closed convex subset of a real Hilbert space H;. Let B be
an o-inverse-strongly monotone mapping of C into H; and let S be a nonexpansive
mapping of C into itself such that Fix(S) N Q # ¥, where Q2 denotes the set of
solutions of a variational inequality for the «-inverse-strongly monotone mapping.
Suppose x;1 = u € C and {x,}, {y,} are given by

x1=ueC,
Yn = Pc(xy — Ay Bxp), (1.6)
Xnt1 = ot + Buxn + YuSPc — Ay B)yy, Vn > 1,

where {a,}, {B,}, {on} are three sequences in [0, 1] and {1, } is a sequence in [0, 2a].
If {an}, {Bn}, {yn} and {X,;} are chosen by A,, € [a, b] for some real numbers a and b
with 0 < a < b < 2« and the following hold;

) an+Bnt+vn=1Vn=>1;
(i) limy—ocan =0and ) o2, oy = 00;
(i) 0 < liminf,— o0 B < limsup,_, o, Bn < I;
(iv) limy—oo(Apgr1 — An) = 0. Then the sequence {x,} defined by the iterative
algorithm (1.6) converges strongly to Pr;y(s)nQl-

Recall that a set-valued mapping M : H; — 2 is called monotone if for all
x,y € H,f € Mxand g € My imply (x — y, f — g) > 0. A monotone mapping
M : Hy — 21 is maximal if the graph of Graph(M) of M is not properly contained
in the graph of any other monotone mapping. It is known that a monotone mapping
M is maximal if and only if for (x, f) € Hy x Hy, {(x —y, f — g) = 0 for every
(v, &) € Graph(M) implies f € Mx.

Let M : H — 2 be a multi-valued maximal monotone mapping. For any
positive number A and identity operator / on Hj, the single-valued mapping JAM :
Hy — Hj defined by

IM(x) = (I +2M)"(x), Vx € Hy,

is called the resolvent operator associated with M . We recall that the resolvent
operator J)f” is firmly nonexpansive and hence in particular nonexpansive [12].

Let Cy, Ca, ..., C, be nonempty closed convex subsets of a Hilbert space H.
The well known convex feasibility problem (CFP) is to find x* € H; such that

x*€C10C2ﬁ...Cm.
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Convex feasibility problem has received a lot of attention due to its diverse appli-
cations in mathematics, approximation theory, communications, geophysics, control
theory, biomedical engineering. One can refer to [13, 14]. When there are only two
sets and constrains are imposed on the solutions in the domain of a linear operator as
well as in this operator’s ranges, the problem is said to be the split feasibility problem
(SFP) which has the following formula:

x* € C suchthat Ax* € Q, 1.7

where C and Q is a nonempty closed convex subset of Hilbert space H; and H,
respectively and A : H;y — H, is a bounded linear operator. The SFP in finite
dimensional Hilbert spaces was first introduced by Censor and Elfving [15] in medi-
cal image reconstruction. Since then, the SFP has received much attention due to its
applications in signal processing, image reconstruction, with particular progress in
intensity-modulated radiation therapy, approximation theory, control theory, biomed-
ical engineering, communications, and geophysics. For examples, one can refer to
[15-18] and related literatures.

Recently, Moudafi [19] introduced the following split monotone variational
inclusion problem (SMVIP): find x* € H| such that

0 fi(x™) + Bi(x"), (1.8)
and
y* = Ax™ € Hp solves 0 € f,(y*) + B2(y™), (1.9)
where By : Hi — 29 and B, : Hy — 22 are multi-valued maximal monotone
mappings.

Moudafi [19] introduced an iterative method for solving SMVIP (1.8)-(1.9),
which can be seen as an important generalization of an iterative method given by
Censor et al. [20] for split variational inequality problem. As Moudafi notes in [19],
SMVIP (1.8)—(1.9) includes as special cases, the split common fixed-point problem,
split variational inequality problem, split zero problem, and split feasibility problem
[15, 17, 19, 20] which have already been studied and used in practice as a model
in intensity-modulated radiation therapy treatment, see [15, 17]. This formalism is
also at the core of modeling of many inverse problems arising from phase retrieval
and other real-world problems, for instance, in sensor networks in computerized
tomography and data compression; see, e.g., [14, 21].

If fi =0and f; = 0, then SMVIP (1.8)—(1.9) reduces to the following the split
variational inclusion problem (SVIP): Find x* € H| such that

0 € B (x¥), (1.10)

and
v* = Ax™ € Hj solves 0 € Ba(y™). (1.11)

When considered separately, (1.10) is the variational inclusion problem and we
denoted its solution set by SOLVIP (By). The SVIP (1.10)—(1.11) constitutes a pair of
variational inclusion problems which have to be solved so that the image y* = Ax*
under a given bounded linear operator A of the solution x* of SVIP (1.10) in H is
the solution of the other SVIP (1.11) in another space H», we denote the solution set
of SVIP (1.11) by SOLVIP(B,).
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The solution set of SVIP (1.10)—(1.11) is denoted by I' = {x* € H; : x* €
SOLVIP(B;)and Ax* € SOLVIP(By)}.

Very recently, Byrne et al. [22] studied the weak and strong convergence of the
following iterative method for SVIP (1.10)—(1.11): for given x; € Hj, compute the
iterative sequence {x,} generated by the following scheme:

X1 = I @ + Y A*I2 = DAx,), V0 > 1, 3 > 0.

In 2014, Kazmi and Rizvi [23] introduced and studied an iterative method to
approximate a common solution of SVIP and fixed-point problem for a nonexpansive
mapping in real Hilbert spaces.

Theorem KR Let H; and H> be two real Hilbert spaces. Let A : H; — Hj be a
bounded linear operator and f : H; — H; be a contraction mapping with constant
a € (0,1).Let S : H — Hj be a nonexpansive mapping such that Fix(S)NT # @.
For a given xo € Hj arbitrarily, let the iterative sequence {u,} and {x,} be generated
by
{ g = I o+ Y A (2 = DAX);
Xnt+1 = o f(xn) + (1 — o) Sy,

where A > O and y € (0, %), L is the spectral radius of the operator A*A and A* is
the adjoint of A and «,, is a sequence in (0, 1) such that

o o
nlglgoozn =0, Zoen =00, and Z lo, — ap—1] < o0.
n=0 n=1
Then, the sequences {u,} and {x,} both converge strongly to z € Fix(S) N I", where
z = Prixs)nr f(2).

In this paper, motivated by Marino and Xu [4], liduka and Takahashi [5], Y. Yao
and J. C. Yao [6], Moudafi [19], Byrne et al. [22], and Kazmi and Rizvi [23], we intro-
duce an iterative method for finding a common element of the set of common fixed
points of an infinite family of nonexpansive mappings and the set of SVIP (1.10)-
(1.11). Strong convergence theorem is established in the framework of Hilbert spaces.
Finally, the numerical results are presented for confirming the main theorem. More-
over, the last section presents some numerical examples to illustrate the behavior of
the proposed algorithm.

2 Preliminaries

We recall some concepts and results which are needed in sequel. Let H; be a Hilbert
space and let symbols “ —” and “ —” denote by strong and weak convergence,
respectively. In Hilbert spaces, it is well known that

2+ (1= DyIP = Allel® + (1= D yIP =2 = 0)lx = I,

forall x, y € Hy and A € [0, 1].
For any x € Hj, there exists a unique nearest point in a nonempty closed convex
subset C denoted by Pc(x) such that ||x — Pc(x)|| < |lx — y||, forall y € C. The
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mapping Pc is called the metric projection of H; onto C. We know that Pc is a
nonexpansive mapping from Hj onto C. The metric projection can be characterized
by Pc(x) € C and satisfied

(x =y, Pcx = Pcy) = | Pex — Peyl®, Vx,y € Hi. @1
Moreover, for all x € Hy and y € C, Pcx is characterized by
(x = Pc(x),y — Pc(x)) = 0. (2.2)
It is easy to see that (2.2) is equivalent to the following inequality:
Ix = ¥I? = llx = Pc@I* + Iy = Pe@)I%, 23)

for all x € Hy and y € C. For more details, see [24].
Let S : Hl — Hj be a mapping, Then, we have the following equality:

1= =(SE@)=SEGNI* = =y P+ IS =S I*=2(x—y, Sx)=S(), V(x, y) € H1(>§IZ)1

Further, if S is a nonexpansive operator, we have also that

10 = y) = (SG) = SGDIP = 201S(x) = SO = 2(x — y, S&) — S()
= 2(S(x) = S(y), S&x) = S() = 2(x —y, S(x) = S()
= 2((S(x) = S(») — (x = y), S(x) = S(y)). (2:5)

Then, we obtain that every nonexpansive operator S : H; — H; satisfies the
following inequality

1
((x=8x)—=(—=S»), S(y)—Sx)) < §II(S(X)—x)—(S(y)—y)|I2,V(x, y) € Hi xH;
(2.6)
and therefore, we get

(x =8,y =8SW) = %IIS(X) —x|*.V(x, y) € Hi x Fix(S). 2.7

A mapping T : Hi — Hj is said to be averaged mapping if it can be written as
the average of the identity / and a nonexpansive mapping, that is,

T=((1-a)!+asS,

wherea € (0,1) and S : H; — H; is nonexpansive. We note that averaged mappings
are nonexpansive. Further, firmly nonexpansive mappings (in particular, projections
on nonempty closed and convex subsets and resolvent operators of maximal mono-
tone operators) are averaged. Some important properties of averaged mappings are
gathered in the following proposition (see [23, 25, 26]).

Proposition 2.1 (i) IfT = (1 —a)S + aV, where S : H — H| is averaged,
V : Hi — Hj is nonexpansive and a € (0, 1), then T is averaged.

(ii)  The composite of finitely many averaged mappings is averaged.

(iii)  If the mappings {Ti}lN: | are averaged and have a common fixed point, then
NN, Fix(T;) = Fix(Ty, T, ..., Ty).
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(iv) IfT is t-ism, then fory > 0,yT is %—ism.

. . [P . . 1
(v) T isaveraged if and only if, its complement I — T is T-ism for some T > 5.

Lemma 2.2 ([23]) SVIP (1.10)—(1.11) is equivalent to find x* € H; with x* =
Jf‘ (x*) such that
y*=Ax* € H, and y* = sz(y*),

for some A > Q.

Definition 2.3 ([27]) Let H; be a real Hilbert space and {S;} be an infinite family
of nonexpansive mappings and {¢;} be a nonnegative real sequence with 0 < ¢; <
1,Vi > 1. For n > 1, define a mapping W, as follows:

Un,n+l - I,
Un,n - é—nSnUn,n—H + (1 - é-n)la
Un,n—l = {n—lSn—lUn,n + (1 - gn—l)la

Unk = GSkUn g1 + (1 — g1, (2.8)
Unik—1=C—1Sk—1Up i + (A = G-I,

Uno=085U,3+ 1 —0)l,
Wy =Up1 =08S1Up2 + (1 =)

Such a mapping W, is nonexpansive and it is called a W-mapping generated by
Snv Sn—l» MR Sl and é‘nv é‘n—ls MR} ;1

Lemma 2.4 ([27]) Let {S;} be an infinite family of nonexpansive mappings on a
Hilbert space Hy and with ﬂil Fix(S;) # @ and {¢;} be a real sequence such that
0<¢ <1,VYi=>1 Then

(1) W, is nonexpansive and Fix(W,) = (i_; Fix(S;), for eachn > 1;
(2) foreach x € C and for each positive integer k, the lim,_, o Uy, kX exists;
(3) the mapping W defined by

Wx = lim W,x = lim U, 1x, x € H, 2.9)
n— 0o

n—oo

is a nonexpansive mapping satisfying Fix(W) = (72, Fix(S;) and it is called the
W-mapping generated by Sy, Sa, ... and ¢y, &2, . . ..

Lemma 2.5 ([29]) Let {S;} be an infinite family of nonexpansive mappings on a
Hilbert space Hy and with ﬂ?il Fix(S;) # @ and {¢;} be a real sequence such that
0< ¢ <1 <1, Vi>1wherelis a positive real number. If C is any bounded subset
of Hy, then

lim sup |[Wx — W,x|| =0.

n%ooxec

Throughout this paper, we always assume that 0 < ¢ <1 < 1,Vi > 1.
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Lemma 2.6 ([31]) Let {x,} and {z,} be bounded sequences in a Banach space X and
let {Bn} be a sequence in [0, 1] with 0 < liminf, . B, < limsup,_, Bn < L
Suppose x,+1 = (1 — Bn)zn + Buxy for all integers n > 0 and

limsup(llzn4+1 — zull = IXn41 — %01 < 0.
n—soo
Then, limy— o0 [|2n — Xull = O.

Lemma 2.7 In a real Hilbert space H\, there holds the following inequality
b 4+ y1% < lel® + 2y, x + ),
forall x,y € Hj.

Lemma 2.8 ([32]) Each Hilbert space H) satisfies the Opial condition that is,
for any sequence {x,} with x, — x, the inequality liminf, __,  ||x, — x| <
liminf,,—  ||x, — Y|l holds for every y € H with y # x.

Lemma 2.9 ([33]) Assume that S is nonexpansive self mapping of a closed convex
subset C of a Hilbert space H\. If S has a fixed point, then I — S is demiclosed, i.e.,
whenever {x,} converges weakly to some y, it follows that (I — S)x = y. Here I is
the identity mapping on Hj.

Lemma 2.10 ([10, 11]) Assume that {«,} is a sequence of nonnegative real numbers
such that

apy1 < (1 =y, +8,, n>0,
where {y,} is a sequence in (0, 1) and {6,,} is a sequence such that
(i) 2521 vn = 00

(ii) limsup,_, o 3 Sn 2 <0 0r Y n2 18a] < oo,

Then lim,, ., o o, = 0.

Lemma 2.11 [30] Assume D is a strongly positive bounded linear operator on
Hilbert space Hy with coefficient £ > 0 and 0 < p < ||D||"\. Then, |I — pD| <

1 — pé.

3 Main result

Throughout the rest of this paper, we always assume that D is a strongly positive
bounded linear operator with coefficient £ € (0, 1) and 0 < & < £. We consider the
well-known general iterative method as follows (see Xu 2003 [35]) with the initial
guessxo =u € C:

Xnt1 = — oy D)Sxy + oqu, n >0, 3.1

where D is a strongly positive bounded linear operator, S is nonexpansive self map-
pingon C C H and ¢y, is so chosen that T = I — «,, D satisfies some conditions (see
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[34]). This iterative method converges to the unique solution x* of the variational
inequality
(Dx* —&u,x* —x) <0, Vx e C,

which is the optimality for minimize a quadratic function of (1.3), that is

1
xerlglilz?(S) 2(Dx, x) —h(x),
where h is a potential function for £f (i.e., h/(x) = £f(x)) and the contraction
mapping f is replaced by f(x) = u for all x € H; which is mentioned in the
viscosity approximation method (1.4).

Also, we develop a new algorithm by mixing the algorithm (1.6) and (3.1) for
finding a common solution of split variational inclusion of two Hilbert spaces H; and
H; which is a tool for solving the unique solution to the variational inequalities (3.3)
below.

In this section, we first prove a strong convergence result on the general itera-
tive algorithm for the fixed-point problem and the split variational inclusion problem
(SVIP) (1.10)—(1.11).

Theorem 3.1 Let H; and Hjy be two real Hilbert spaces and A : Hy — H, be
a bounded linear operator. Assume that By : H — 21 and B, © H, — 22
are maximal monotone mappings. Let {S;}7°, be an infinite family of nonexpansive
mappings from Hy into itself. Let D be a strongly positive bounded linear operator
with coefficient 0 < é_‘ <land0 < £ < é_‘.Assume that Q = (ﬂ;’il Fix($))NT #
@. Let x1 € Hy arbitrarily, let the sequences {y,} and {x,} be generated by

{ Yo = I o 4+ v A* (I = D Ax,);

3.2)
Xnt1 = an&u + Buxp + [(1 — B — oy DIW, yn, Yo > 1, (

where u € Hj is a fixed element, A > 0 and y € (0, %), L is the spectral radius of
the operator A*A and A* is the adjoint of A, {W,} is the sequence defined by (2.8),
{an} and {B,} are sequences in [0, 1]. Suppose the control consequences satisfy the
following conditions:

(Cl) O<a<pB,<b<1,Vn > 1, for some two positive real numbers a and b,
(C2) limy_ ooy =0andy 02 oy = 00.

Then {x,} and {y,} converge strongly to a point 7 € 2, which is the unique solution
to the variational inequalities

(Dz —éu,z—p) <0, VpeQ. 3.3)
Equivalently, we have Po(z — Dz + &u) = z.

Proof Step 1. First, we will prove that the sequence {x,} is bounded.
By the conditions (C1) and (C2), without loss of generality we may assume o, <

(1 — B)IID||~" foralln > 1. By Lemma 2.11, we get that
T _pl<i-—"_E

III—1
_IBn 1_,3n
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It follows that
(1 =B —ayD| <1 — By — k. (3.4)

Let p € Q, we have p = Jflp, Ap = sz(Ap) and S,p = pforalln > 1. We
estimate that
1,2 (e + Y A* (2 — DAx) — I
172 o + y A* (I = DAx,) — 12 p)?
I + y A (I = DAx, — pl?
%0 — pI? + 1A% (2 = DA 2 + 2y (v — p, AL — DAx,).(3.5)

lyn — pII?

A

IA

Thus, we have

lyn — I < % — pI? + v — DAx,, AA* (I — 1) Axy)
+ 27 (00 — p, A (I — D Axy). (3.6)

Note that

Y UL = DAxy, AA*(J}2 = 1) Axy)

IA

LyX((J22 = DAx,, (2 = DAxy)
= Ly (J2 — D Ax, |2 (3.7)

Consider the term of 2y (x,, — p, A*(J)f?2 — I)Ax,) and using (2.7), we have

2y (an— p. A* U2 — DAx,) = 2y

LB
< 2y{§uuf- = DAx I = 10 - 1>Aan2]

= vl - DA% (3.8)

Using (3.6), (3.7), and (3.8), we obtain

A

lyn = > < N0 = pI? + LY U2 = DA = v IR = D Ax, |2
I, — pI? + y(Ly — DI — DA, 3.9)

Since y € (0, %), we obtain

lyn — PI* < llxa — pII*. (3.10)

@ Springer



Numer Algor

We arrive that

lan§u + Buxn + (1 = Bu)] — an DIWnyn — pll

landu — onDp — Bup + Buxn + [(1 — Bu) I — an DIWyyn + 0nDp + Bup — pli
lan(Eu — Dp) + Bu(xn — p) + (1 = Bu) I — an DYWyyn — (1 = Bu)I — ey D) pl|
anllu — Dpll + Bullxn — pll + 11 = B — an DI Wayn — pll

apll§u — Dpll + Bullxy — pll + (1 = B _ané)”)’n =l

anll§u — Dpll + Bullxn — pll + (1 = By — @n)llxn — pll

anll§u — Dpll + (1 — @y xs — pll.

xn+1 — pll

INIA TN TA

By mathematical induction, we obtain
I §u — Dpl| }
, —E ,

which gives that the sequence {x,} is bounded and also is {y, }. Hence, we can choose
a bounded set C C H; such that

X, — pll < max { lxi —p

Xn,Yn € C, Vn > 1. (3.11)
Step 2. We will show that lim,,_, ¢ ||X;4+1 — x| = 0.
Setting
n 1—,3,, n+1 l_ﬁn ne
Then, we see that
Xp41 = (1 = B)vy + Buxy, Vo > 1, (3.12)
and
1 Bn
Up = {an&u + Buxn + [(1 — B — 0y DIW, 3} — Xn
I- IBn 1- ﬂn
1 p
= {anéu + Buxn + Wyyn — BaWyyn — oy DWy vy} — - Xn
1- IBn 1- ,Bn
1
= 1—8 {anGu — DWyyu) + (1 — B) Wyyn)
— Pn
(273
= (Eu — DWyyn) + Wayn.
1- :Bn
Then,
Api1 On
lvns1 — vl = Hi(su — DWut1Yn+1) + Wakryn+1 — [ (u— DWyyn) + Wyynl
1- .Bn-%—l 11— ﬂn
Opt1 On
< ———su—DWppiynsrll + lEu — DWyynll + Wt 1 Yn+1 — Waynll.
1= Buti L= Bn

(3.13)
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Since Jf ! and Jf 2 both are firmly nonexpansive, they are averaged. For y €
O, %), the mapping (I + )/A”‘(J)\B2 — I)A) is averaged, see [19]. It follows from

Proposition 2.1 (ii) that the mapping J f LI +yA*(J f 2 —1)A) is averaged and hence
nonexpansive. So, we obtain that

Iyntt = yall = 2 Gt + ¥ A* (2 = DAxpi1) — I (00 + y A (U2 = DA
= 1P +y A P = DAx = IP U +y AT — DAY,
< [Xng1 = Xall. (3.14)

On the other hand, one has

IWht1ynse1 — Waynll IWit1yne1 — Wynt1 + Wyner — Wyn + Wy — Wl

< AWat1Yn+1 — Wyntill + IWyns1 — Wynll + Wy — Waynl|l
< sup{|Wypt1x — Wx | + [Wx — Wyux I} + [[¥n+1 — ull, (3.15)
xeC

where C is the bounded subset of H; defined by (3.11). Substituting (3.14) into
(3.15), one arrive that

[Wat1Yns1=Waynll = sup{|Wap1x = Wxl[|+[[Wx —Wyox |} + X041 —2all. (3.16)

xeC

From (3.13) combine with (3.16), one obtains

o 1 o,
1ons1 = Vall = xng1 = Xnll < ——[lEu + DWar1yusill + ——|6u — DW,yall
1- ,BnJrl 1-— ﬁn
+ sup{[|Wp+1x — Wx|| + [|[Wx — Wyx]|}.
xeC
It follows from the conditions (C1), (C2), and Lemma 2.5 that
limsup(lvp+1 — vall = lxp+1 — xull) < 0.
n—oo
Hence, from Lemma 2.6 and (3.12), we obtain that
lim v, — x,]| = 0. (3.17)
n—oo

From (3.12), we have that

X1 = X1l = [I(L = B)vn + Buxn — [(A = Bu)Xn + Bpxulll = (1 = Bu)l[vn — Xl
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By the condition (C1) and (3.17), we get

lim [|xps1 — x|l = O. (3.18)
n—oo

Step 3. We will prove that three sequences {||y, — x,|l}, {IWnyn — xxll}, and
{IWyuyn — yall} converge to 0.

We set f, = &u — DW,y,, foralln > 1. For any p € Q2 and by Lemma 2.7, we
see that

|xnt1 — PI* = llan&u + Buxn + [(1 — B — aty DIWy vy — plI?
= llanéu + Buxn + WuYn — BnWayn — an DWyyn — plI*
= llan(Eu — DWyyn) + Buxn + (1 — B) Wayn — plI?
= llatn fu + Buxn + (1 = B)Wayn — Bup — (1 = B)plI*
letn fr + Bu(en — ) + (1 = B)(Way — p)II?
< 1B Gin — ) + (1= B Wy v — PI* + 2(ctn frs Xns1 — P)
< Ballxn — pII* + (1 = B Wayn — plI* = Ba(L = B Wy
—xn 1?4 20|l ful 141 — P
< Bullxa — pI> + (1 = B)llyn — pI* + 20 M?, (3.19)

A

where M = max{sup,,~ || full, sup,>1 llxn — pIl}.
Observe that from (3.9) substituting into (3.19), we get

I%n+1 = I < Ballxn — pI? + (1 = Bllxn — plI* + y(Ly — DI = DAx, |12 + 20, M?
I, — plI> =y (1 = B)(1 = LI = D Ax, |1 + 20, M2

Therefore,

A

y(1 =B = LI = DA 2 < llx = plI* = a1 — pII? + 20, M?
(lxn = pll+ X1 — PIDIXn — Xpg1 | + 200, M2,

IA

and from the condition (C1), (C2), y (1 — B,)(1 — Ly) > 0, and (3.18), we get

lim || (J> = 1) Ax,| = 0. (3.20)
n— oo
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Since Jf ! is firmly nonexpansive mapping and by using the inequalities (3.8) and
Cauchy-Schwarz inequality, then we have

lyn — plI* =

IAN

IA

IA

IA

12 G + y A* (I — D Axy) — pl?

12 o+ y AR = DAxy) — 3P p)?

(Yn = poxn + YA (2 — DA, — p)

%{Hyn = pI? + llxn + y A (I = DAx, — pl? |

—[x + y A2 = DAx, — plI*)

%{Hyn — pIP + llxa — pIP + 2y (0 — p, AU — D Axy)

FHA* I = DA =y — 30 — y A = D Ax )

S0 = I+ = pI? = VI — DAx P + 1A% — DAx
~llyn = xn — y AR = DAx, 1)

%{Hyn — pI? + 0 = pI? = I = DAx P + y2IA* (2 = DAx, |12
Ny = xl® = Y2UA* (L = DAx P + 29 (3 — 20, AL = D Ax))

1 B
Sy = PIP = pI2 = llyn = 2al + 2y (3 = 0, A" = DAX))

1
5y = PIZ 1260 = pI% =y — xal® 4+ 2¢ (AG — ), (J2 = DAx,))

1 2 2 2 By
E{I\yn—Pll +lxn — pI” = llyn — xall* + 2y 1A — x) 137 — D Ax|}-

Hence, we obtain

lyn = PI? < 1xn = PI* = Iy — xall?> + 2V 1A — x) I (I = DAx, |l (3:21)

Substituting (3.21) into (3.19), one arrive that

%01 — PII> < Bullxa — pI> 4+ (A = B lxn — plI* — llyn — xal?

So, we get

27 A — x) (22 = D) Axy 1] + 200, M?
= |lxp — plI* = (1 = B)llyw — xall?
2y (1 = BIIAG — x) (T2 = D Axy || 4 20, M2

(1= B llyn = xal* < X0 — pI* = %41 — pII?

12y (1 = BIAGR — x) (2 = D Axy || + 20, M?
< (1xn = Il + xns1 — PIDIxn = Xt |
27 (1 = B A — x)II(J? = D Ax, || + 20, M2

@ Springer



Numer Algor

From the condition (C1), (C2), (3.18), and (3.20), we obtain that

lim vy — x| = 0. (3.22)
n—o00
Observe that
IWayn — xull < %0 — Xpt1ll + 1xn41 — Waynll
= |lxp — xpt1ll + llanéu + Buxy + [(1 — Bu)] — oy DIWyyn — Wy ynll
= llxp — xpg1ll + llanéu + Buxn + Wuyn — BaWayn — an DWyyn — Wy yall
= |lxp — xXnt1ll + llen(Eu — DWyyn) + Ba(xn — Wayn)ll
< xn = xpp1ll +anllfu — DWyynll + Bullxn — Wyl

This implies that
A = BNWayn = xull = llXn — Xps1ll + @nll§u — DWyynll.
From the conditions (C1), (C2), and (3.18), we get
JHm ([ W vy — 2|l = 0. (3.23)
Note that
IWayn = yull < IWayn — X0l + X0 = yaull,

from (3.22) and (3.23), we get

lim ||Wy,y, — yull = 0. (3.24)
n—>00

Step 4. We will show that limsup,,_, . (§u — Dz, x, —z) <0, where z = Pql[(I —
D)z +&u]orz = Po(z — Dz + &u).

To see this, we choose a subsequence {x,;} of {x,} such that

limsup(§u — Dz, x, — z) = lim (§u — Dz, x,;, — 2). (3.25)

n—o00 1—>0

Since {x;;} is bounded, there exists a subsequence {xni, } of {x,,} which converges

weakly to w. Without loss of generality, we can assume that x,, — w. From (3.22),
we also see that y,, — w.
Next, we will show that w € €.
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Step 4.1 We will show that w € N2 F(S;) = F(W).

Suppose to the contrary that, w ¢ F (W), i.e., Ww # w and by Lemma 2.8, we
see that

A

liminf ||y,, — w| < liminf [y, — Ww|
1—> 00 1—> 00

IA

liminf{[|y,, — Wyp [l + [Wyn, — Wwll}
11— 00

IA

tim inf{] o, — Wy | + llyn; = wll}. (3.26)
11—
On the other hand, we have

IWyn = yull < MIWyn = Wuynll + 1 Wayn — yull < sup [Wx — Wyx || + Wy yn — yull-

xeC

By using Lemma 2.5 and (3.24), we obtain that lim,—,  |[Wy, — y,|| = 0, which
combines with (3.26) yields that

liminf ||y,, — w| < liminf |[y,, — w].
1—> 00 1—> 00

Which is a contradiction, so we have w € F(W) = ﬂ?il F(S)).

Step 4.2 We will show that w € I'. Note that y,, = J)\Bl (Xp; + )/A*(Jf2 —1)Axy,)
can be rewritten as

oy — ) + Y A* (I — D Axy,
Py

€ Blyl’ll'- (327)

By passing to limiti — oo in (3.27) and by taking into account (3.20) and (3.22) and
the fact that the graph of a maximal monotone operator is weakly-strongly closed,
we obtain 0 € By(w), i.e., w € SOLVIP(By). Furthermore, since {x,} and {y,} have
the same asymptotical behavior, {Ax,,} weakly converges to Aw. Again, by (3.20)
and the fact that the resolvent Jf % is nonexpansive and Lemma 2.9, we obtain that
Aw € By(Aw), i.e., Aw € SOLVIP(B,). Thus, w € Q.

Since z = Pq(z — Dz 4+ &u) and w € Q, by (3.25) and the property of metric
projection, we get that

limsup(§u — Dz, x, — z) = lim (§u — Dz, x5, — 2)
n—>oo 1—> 00

= (¢u—Dz,w—2)
={(z—Dz+&u)—z,w —12)
0. (3.28)

IA
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Step 5. Finally, we will show that x,, — z, as n — oo. By the inequality (3.4), we
have

lXn41 — ZHZ = llan§u + Bnxn + [(1 — Bu)I — oy DIWy yy — Z”z

(anéu + Buxy + (A = B — oy, DIW,y, — 2z, Xn+1 — Z)
= ap(§u — Dz, xpy1 — 2) + Bulxn — 2, Xnt1 — 2)

(1 = B — anDYWnyn — 2), Xnt1 — 2)

a(fu — Dz, xy41 — ) + Bulxn — 2, Xn+1 — Z)

(L = B — an DYWyyn — Dl xXn41 — 2l

tn(§u — Dz, Xpy1 — 2) + Bu(Xn — 2, Xn1 — 2)

+(1 = Bn — ané)”Wnyn = zlllxn41 — zll

IA

IA

IA

1
{§u = D2, Xyt = 2) + 2 Ba(lln — 2 + lxn1 — 2%

+(1 = B — ) llyn — zlllxnt1 — 2l

IA

1
(§u = Dz, X1 = 2) + 2 Bulln = 2l + g1 — zl®)

+(1 =By — ané)”xn = zlllxn+1 — 2l

IA

1
(gt = D2, Xyt = 2) + 3 Ba(lln — 2 + lxn1 — 2%

1 _
+5 (1= B — enB) (v — 2 + It — zlI%)

1 _
= @y {fu = Dz, X1 = 2) + 5 (1= ) (lxn = 2 + X1 — zl1P).

This implies that

A

2xnt1 — zlI? < 20n(Eu — Dz, X1 — 2) + (1 — @) (1xn — 201> + 1xXn1 — 201
20 (Eu — Dz, xpp1 — 2) + (1 — &) l1xn — 20> + (1 — 0 E) |xnp1 — 2zl
20y (Eu — Dz, xpp1 — 2) + (1 — ) 1xn — 2l + 2041 — 2%

IA

and so we have
%041 — 21> < 200 (Ett — Dz, X1 — 2) + (1 — @) |x, — 2|1

From the condition (C2), (3.28), and Lemma 2.10, we see that lim,,_, o, ||X;, — z|| =
0. This completes the proof. O

4 Corollaries

Corollary 4.1 Let Hy and H, be two real Hilbert spaces and A : H — Hj be a
bounded linear operator. Assume that By : Hy — 281 and B, © Hy — 282 are
maximal monotone mappings. Let {S;}7°, be an infinitely family of nonexpansive
mappings from H into itself. Assume that Q@ = (72 Fix(S;)) N T # @. Let
X1 = u € Hy arbitrarily, let the sequences {y,} and {x,} be generated by

{ Yo = I (0 + y A* (I — 1) Axy);

“.1)
X1 = optt + Bpxp + (1 — By — o)) Wyyy, Vi > 1,
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where . > 0 and y € (0, %), L is the spectral radius of the operator A*A and A* is
the adjoint of A, {W,} is the sequence defined by (2.8), {a,} and {B,} are sequences
in [0, 1]. Suppose the control consequences satisfy the following conditions:

(Cl) O0<a<pB,<b<l1,Vn=>1,
(C2) lim, ooy, =0andyy ;2 oy = 00.

Then {x,} and {y,} converge strongly to a point z € 2, which solves uniquely solution
of the variational inequalities

(I —-uwz,z—p) <0, VpeQ. 4.2)

Equivalently, we have Pqou = z.

Proof Taking £ = 1 and D = [ in Theorem 3.1, then the conclusion of Corollary
4.1 is obtained. 0

Corollary 4.2 Let Hy and H, be two real Hilbert spaces and A : Hl — Hj be a
bounded linear operator. Assume that By : Hy — 25 gnd By © Hy — 282 are
maximal monotone mappings. Let S : C — C be a nonexpansive mapping. Assume
that Q := Fix(S)NT # @. Let x1 = u € C and the sequences {y,} and {x,} be
generated by

{ yu = I 0o + y A* (I — D Axy):; 4.3)
Xnt1 = optt + Bpxy + (1 — By — 0y) Sy, Vi > 1,

where .. > Q0 and y € (0, %), L is the spectral radius of the operator A*A and A* is
the adjoint of A. If the control consequences satisfying the following:

(CI) O<a<pp<b<l,Vn=>l,
(C2) limy_ ooy =0andy 02 oy = 00,

then, {x,} and {y, } converge strongly to a point 7 € 2, which solves uniquely solution
of the variational inequalities

(I —uwz,z—p)<0, VpeQ. (4.4)

Equivalently, we have Pqou = z.

Proof Taking &€ = D = 1 and S, = S for all n > 1 in Theorem 3.1, then the
conclusion of Corollary 4.1 is obtained. [
5 Numerical examples

In this section, let us present the following common fixed-point optimization algo-

rithm by using W —mapping and discuss some examples to verify the theoretical
results.
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Algorithm 5.1 (Common fixed-point optimization algorithm by using W —mapping)
Step 1. Choose the initial point x; € Hj, the parameters A > 0 and y € (0, %) and
0 < & < 1 arbitrarily real numbers. Fixed the element # € H; and letn = 1.

Step 2. Given x,, € Hy and compute x,,| € H; as follows;

yn = I o+ y A* P — D AXy)
Un,l = ;lSIUn,Z + (1 - ;1)1,
Un2=05U,3+ 0 —-0)1,

5.1
W, = U,,1, where -1

Un,n = é‘nSnUn,n—H + (1 - ;n)l,
Un,nJr] = I,

Xpg1 = opéu+ Bpxy + (1 — By — ) Wy yn.
Step3. Putn :=n+ 1 and go to step 2.

Example 5.1 Forn > 1,let W, : R — R be a mapping generated by an infi-

. . 1)
Define three operators A, Bj, and By on a real line by Ax = 3x, Bix =

1
nite family of nonexpansive mapping { 2_”} and a nonnegative real sequence {

2x, and Byx = Zx for all x € R. In this example, we set the parameters on

-3
for all

,and B, = 0.5 —

1
algorithm (5.1) by £ =05, D =1, o, =

n € N and fix the element u = 5.

First, we take A = 0.99, y = 0.5, and three initial points randomly generated
by Matlab. In this way, Fig. 1 indicates the behavior of x, for algorithm (5.1) that
converges to the same solution, i.e., 0 € (ﬂ?il Fix(S;))NT as a solution of this exam-
ple. Next, we test the effect of the parameter y to rate of convergence by choosing
y = 0.01, 0.3, and 0.7 where the initial point x; = 30 and the parameter A = 0.99
are fixed. In this test, it shows by Fig. 2a. Finally, we fixed the initial point x; = 40
and the parameter y = 0.1 and choosing the different parameters A = 0.99, 0.5,

10n +2

50

1st initial point
2nd initial point |
3rd initial point

40

30+

20+

x,-Values

0O 2 4 6 8 10 12 14 16 18 20 22 2425
Number of iterations (n)

Fig. 1 Behavior of x,, for the different initial points
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30
lamda = 0.99
lamda =050 | |

N
o

lamda = 0.01

X,-Values
o o o
o o o
T T
x,-Values

o
T

% 2 4 6 8 10 1z 14 16 18 20 22 2425 %0 5 10 15 20 25 30 35 40 45 0
Number of iterations (n) Number of iterations (n)
(a) the different parameters (b) the different parametersA

Fig. 2 Behavior of x, for the different parameters y and A

and 0.01. Figure 2b indicates the behavior of x, generated by algorithm (5.1) with
A = 0.01 decreases slowly.

Example 5.2 Define an infinite family of nonexpansive mapping S, : R? — R3
1 n

by S, = {2—} and a nonnegative real sequence &, = {—1} for all n € N. Let
n n

W, be a mapping generated by {S,} and {¢,}. Setting y = 0.01, A = 0.09, & =

631 300 400 10-3
02, D=I1,A=|875|,Bi=|020|,B=|0501, 00 = , and
362 001 006

1
— foralln € N.
10n +2

Bn=0.5—

Firstly, the experiment used random vector # in R? and fixed initial vector x| =
(13, —12, 25). Using algorithm (5.1), the test results are reported in Table 1 and the
size of the increment of {x,} and {y,} are presented in Fig. 3a. It’s easy to see that
(0,0,0) € (N2, Fix(S;)) N T is a solution of this experiment.

Table 1 The convergence of sequences {x, } and {y,}

Xn Yn llxn | (A

1 (13, —12,25) (5.1998, —11.3381, 20.3501) 30.6268 23.8687

2 (7.4737, —12.7600, 16.8046) (2.9885, —6.8856, 13.6536) 22.3846 15.5809

3 (4.1953, —7.5669, 10.9574) (1.6769, —4.0810, 8.8892) 13.9615 9.9239

4 (2.3823, —4.5946, 7.4465) (0.9514, —2.4760, 6.0316) 9.0684 6.5891

5 (1.3411, —2.7814, 5.0707) (0.5349, —1.4974, 4.1016) 5.9369 4.3990

20 (0.0000, 0.0003, 0.0078) (0.0000, 0.0001, 0.0094) 0.0078 0.0094

25 (0.0001, 0.0002, 0.0011) (0.0000, 0.0001, 0.0013) 0.0011 0.0013

30 (0.0001, 0.0001, 0.0003) (0.0001, 0.0001, 0.0003) 3.3166e-04 3.3166e-04
35 (0.0000, 0.0000, 0.0000) (0.0000, 0.0000, 0.0000) 0.0000 0.0000
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N ] ook
e 1 osl
. x
£ 1 5.
L 1 8 .|
2 g .
Tl m w e w w m % wm w T
Number of iterations (n) Number of iterations (n)
10 T T T T T T T T T 7 T T T T T T T T T
= o
M 7 >
= T st
> ef B e
- =
= c .t
e m w e % w m % W w I I )
Number of iterations (n) Number of iterations (n)
(a) The values of || zns+1 — @n|| and ||yn+1 — Ynl| (b) The values of MS(zn) and MS(yn)

Fig. 3 The size of the increment of {x,} and {y,}

Secondly, we suppose that {x;, ( J)}’" 1 and {yx( ])};”_1 are the sequences generated

by {x,} and {y,} in algorithm (5.1), respectlvely We performed 50 sampling (m = 50
different random initial points) and averaged their size of the increment by using

2-norm. Define the mean size of the increment of {x, (j)}"" oy and {y,(j )}Zf’zl b

MS(xy) = Z||xn+1(n—xn<f>|| and MS(y,) := Z||yn+1(1)—yn(1>||
j=1 =1

Figure 3b shows that the mean size of the increment of {xn} and {y,} converge to 0
which imply that {x,} and {y,} converge to a solution.

Example 5.3 In this example, we replace an infinite family of nonexpansive mapping
S, in Example 5.2 by
1/n0 O
S,=10 1/2"0
0 o0 1/2nt!
and others are still the same.

12 T T T T T T T T T 12 T T T T T T T T T
10 == 1
<
= o D
* &
R— % 6f
T b
B -
&
3
s 2 ot
R N N R R T R
Number of iterations (n) Number of iterations (n)
2 14
=
_ er T
N il
RIS =
T = et
& : .
sh § °f
S et
s w s % m @ s = R T N R
Number of iterations (n) Number of iterations (n)
(a) The values of ||zns1 — n| and [[yns1 — ynl| (b) The values of MS(zn) and MS(yn)

Fig. 4 The size of the increment of {x,} and {y,}
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Figure 4 plots the behavior of sequences of || x,+1—xull, | Vnt+1—Ynll, M S(x,) and
M S(yy,) that converge to 0. This concludes that {x,} and {y,} converge to a solution.
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