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The split common fixed point problem (SCFP) is to find a common fixed point of a family 
of operators in one real Hilbert space, whose image under a bounded linear transformation is a 
common fixed point of another family of operators in the image space. Such problems arise in 
the field of intensity-modulated radiation therapy when one attempts to describe physical dose 
constraints and equivalent uniform dose constraints within a single model. If this problem has 
a solution, many iterative algorithms have been proposed for solving the problem. Then, in this 
research, we will devise new algorithm for solving the split common fixed point problem without 
assuming the existence of a solution of the (SCFP). In the framework of infinite-dimensional 
Hilbert spaces, we will prove the strong convergence theorem for the proposed algorithm and 
deduce many known convergence theorems. Moreover, we present some numerical examples 
to guarantee our result.  

Keywords : Conjugate gradient direction; Convergence analysis; Split common fixed point 
problems  

 

 

 

 

 

 



 
 

Executive Summary  
 

 
 
To begin with, let us describe the split common fixed point problem (SCFP) (also called 

the multiple-sets split feasibility problem (MSFP)) is to find a common fixed point of a finite 
family of operators in one real Hilbert space, whose image under a bounded linear 
transformation is a common fixed point of another family of operators in the image space. That 
is to find a point with the property: 

 
 with  

where  and  are two families of quasi-nonexpansive operators on Hilbert spaces H1 
and H2, respectively, and A is a bounded linear operator. Note that F(T) is the fixed point set of 
operator T. The (SCFP) was introduced by Censor and Segal [1] in Euclidean spaces. Such 
problems arise in the field of intensity-modulated radiation therapy (IMRT) when one attempts 
to describe physical dose constraints and equivalent uniform dose (EUD) constraints within a 
single model, see [2]. The (SCFP) is a generalization of the convex feasibility problem (CFP)and 
of the split feasibility problem (SFP).  

By assuming that the (SCFP) has a solution, the literature one can find many methods 
for solving this problem as well as for its special case. However, it would be difficult to verify 
whether the (SCFP) has a solution or not before executing the conventional algorithms. This 
implies the applications of the conventional algorithms are severely limited. Furthermore, in the 
setting of infinite dimensional space, many iterative algorithms to solving these problems 
guarantee only weak convergence. 

Therefore, the purpose of this project is to modify the algorithms to obtain a strong 
convergence without assuming the existence of a solution to the (SCFP) in the setting of infinite-
dimensional Hilbert spaces. In the framework of infinite-dimensional Hilbert spaces, we will 
prove the strong convergence theorem for the proposed algorithm and deduce many known 
convergence theorems. Moreover, we present some numerical examples to guarantee our 
result. 
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Chapter 1 Introduction

A convex minimization problem, a wide class of significant current mathematical

applications, is to find a minizer x⇤ such that :

f(x⇤) = min f(x) := min
X

i2I

fi(x) subject to x 2 C :=
\

i2I

Ci, (1.0.1)

where fi(i 2 I := {1, 2, . . . , k}) is a convex functional of a real Hilbert space H and

Ci(i 2 I) is nonempty closed and convex subset of H. The constrained term of this

problem is a convex feasibility problem (CFP) formulated as the problem of finding

a point x⇤ 2
T

k

i=1 Ci. Moreover, the well known special case of CFP is the problem

to find a point x⇤ 2 C with Ax⇤ 2 Q if such x exist was call a split feasibility

problem (SFP) introduced in Censor and Elfving [3]. However, we say the SFP that

the inverse problem because it is transformable to find

x⇤ 2 C and x⇤ 2 A�1Q. (1.0.2)

where C and Q are two nonempty closed convex subsets of real Hilbert spaces H1

and H2, respectively, and A : H1 ! H2 is a bounded linear operator. Then, we use

� to denoted the solution set of the (SFP) , i.e.,

� = {x⇤ 2 C : Ax⇤ 2 Q} = C \ A�1Q,

and assume the consistency of (SEP) so that � is closed, convex and nonempty. It is

not hard to see that if C\A�1(Q) 6= ; , then the fixed points of PC(I��A⇤(I�PQ)A)

are exactly solutions of the (SFP) where � > 0 is any positive constant, I is the

identity operator, A⇤ denotes the adjoint of A, and PC and PQ denote the orthogonal

projections onto C and Q, respectively.

The split feasibility problem (SFP) in the setting of finite-dimentional

Hilbert spaces was introduce for modelling invers problem which arise from phase

retrievals and in medical image reconstruction [4]. Since then, a lot of work has

been done on finding a solution of (SFP) and (MSSFP). It has been found that the

(SFP) can also be used to study the intensity-modulated radiation therapy. There
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are many algorithms invented to solve the (SFP), see e.g., [5, 6, 7] and references

therein.

Various algorithms have been invented to solve the (SFP), see e.g., [3,

5, 8] and references therein. The well-known algorithm that solves the (SFP) due

to Byrnes CQ-algorithm [4] that does not involve matrix inverses as follow;

xn+1 = PC(xn + �AT (PQ � I)Axn) (1.0.3)

where � 2 (0, 2/L), with L being the largest eigenvalue of the matrixATA. When the

(SFP) has no solutions, the CQ-algorithm converges to a minimizer of kPQ(Ax) �

Axk over all x 2 C, whenever such a minimizer exists. A block-iterative CQ-

algorithm, called the BICQ-method, is also available in [4], see also Byrne [9].

Recently, He and Zhao [6] introduced a new relaxed CQ algorithm which

the strong convergence is guaranteed in infinite-dimentional Hilbert spaces:

xn+1 = PCn(↵nu+ (1� ↵n)(xn � ⌧nrfn(xn))). (1.0.4)

On the other hand, Kraikaew and Saejung [10] also guarantee the strong

convergence of the following split common fixed point problem which is the gener-

alization of (SEP):

Find x⇤ 2 F (S) with Ax⇤ 2 F (T ), (1.0.5)

where S and T are two of quasi-nonexpansive operators with nonempty fixed point

sets on Hilbert spaces H1 and H2, respectively.

Let us describe the split common fixed point problem (SCFP) (also called the

multiple-sets split feasibility problem (MSFP)) is to find a common fixed point of a

finite family of operators in one real Hilbert space, whose image under a bounded

linear transformation is a common fixed point of another family of operators in the

image space. That is to find a point x⇤ with the property:

x⇤ 2
\

i2I

F (Si) with Ax⇤ 2
\

j2J

F (Tj), (1.0.6)

where {Si} and {Tj} are two families of quasi-nonexpansive operators on Hilbert

spaces H1 and H2, respectively, and A is a bounded linear operator. Note that

F (T ) is the fixed point set of operator T . The (SCFP) was introduced by Censor

and Segal [1] in Euclidean spaces. Such problems arise in the field of intensity-

modulated radiation therapy (IMRT) when one attempts to describe physical dose
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constraints and equivalent uniform dose (EUD) constraints within a single model,

see [2]. The (SCFP) is a generalization of the convex feasibility problem (CFP)and

of the split feasibility problem (SFP).

Consider the multiple-sets split feasibility problem (MSFP) which is

formulated as finding points x⇤ with the property:

x⇤ 2 C :=
\

i2I

Ci such that Ax⇤ 2 Q :=
\

j2J

Qj, (1.0.7)

where Ci and Qj are two nonempty closed convex subsets of real Hilbert spaces H1

and H2, respectively, and A : H1 ! H2 is bounded linear operators. This can serve

as a model for many inverse problems where constraints are imposed on the solutions

in the domain of a linear operator as well as in the operators range. For solving

the (MSSFP), Censor et al [11] propose a projection algorithm that minimizes a

proximity function that measures the distance of a point from all sets. Moreover,

many various methods were proposed for solving it see in [12, 13, 14, 15, 16].

In this research, we consider the split common fixed point problem

(1.0.6) which is the generalization of the multiple-sets split feasibility problem (1.0.7)

in the case Ci = F (Si) and Qj = F (Tj). Very recently, Tang et al [17] proposed new

algorithm that converges strongly to a solution of the (SCFP) for two families of

firmly nonexpansive mappings when the (SCFP) has at least one solution. On the

other hand, Cegielski [18] proved the weak convergence of sequences generated by

the method based on a block-iterative procedure with quasi-nonexpansive operators

satisfying the demi-closedness principle and having a common fixed point.

The main objective of this research project is to devise algorithms for

proving the strong convergence theorem of the split common fixed point problem for

two families of quasi-nonexpansive mappings without having to assume the existence

of a solution of the (SCFP) in the setting of infinite-dimensional Hilbert spaces.

Moreover, we present some numerical examples to guarantee our result.

Purpose of the research The purpose of this research is given below.

1. To devise new algorithms based on conjugate gradient direction for solving

the split common fixed point problem for two families of quasi-nonexpansive

mappings without assuming the existence of a solution of the (SCFP).
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2. To provide su�cient conditions for proving the strong convergence theorem of

the split common fixed point problem.

3. To present numerical results for guarantee our result and for compare previous

known algorithms that solving the split common fixed point problem.

Scope of the researchWe restrict ourselves in the setting of infinite-dimensional

Hilbert spaces.

Methodology

1. Construct new algorithms based on conjugate gradient direction for solving

the split common fixed point problem for two families of quasi-nonexpansive

mappings without assuming the existence of a solution of the (SCFP).

2. Develop or investigate su�cient conditions for proving the strong convergence

theorem of the split common fixed point problem.

3. Present numerical examples for guarantee our result.

4. Compare previous known algorithms that solving the split common fixed point

problem to our algorithm obtained in 7.1.

5. Write research papers for publication in the ISI international journals.

6. Conclude the research project and submit the full report to the granter.



Chapter 2 Mathematical Backgrounds

2.1 Notations, Definitions and Useful Lemmas

Throughout this paper unless otherwise stated, let H1 and H2 be real Hilbert

spaces with inner product h·, ·i and norm k · k. Let C and Q be nonempty closed

convex subsets of H1 and H2, respectively. In this paper, we use Fix(S) to denote

the fixed points set of the mapping S. For each x and y in H1, we recall that a

mapping B : H1 ! H1 is said to be

(i) nonexpansive if

kBx� Byk  kx� yk; (2.1.1)

(ii) monotone, if

hBx� By, x� yi � 0;

(iii) ↵-strongly monotone, if there exists a constant ↵ > 0 such that

hBx� By, x� yi � ↵kx� yk2;

(iv) �-inverse strongly monotone (for short; �-ism), if there exists a constant

� > 0 such that

hBx� By, x� yi � �kBx� Byk2;

(v) firmly nonexpansive, if

hBx� By, x� yi � kBx� Byk2.

Also, we recall that a mapping D on H1 is said to be strongly positive, if there

is a constant ⇠̄ > 0 such that

hDx, xi � ⇠̄kxk2, 8x 2 H1. (2.1.2)

We recall some concepts and results which are needed in sequel. Let H1 be

a Hilbert space and let symbols “ ! ” and “ * ” denote by strong and weak

convergence, respectively. In Hilbert spaces, it is well known that,

k�x+ (1� �)yk2 = �kxk2 + (1� �)kyk2 � �(1� �)kx� yk2,
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for all x, y 2 H1 and � 2 [0, 1].

For any x 2 H1, there exists a unique nearest point in a nonempty closed convex

subset C denoted by PC(x) such that kx � PC(x)k  kx � yk, for all y 2 C. The

mapping PC is called the metric projection of H1 onto C. We know that PC is a

nonexpansive mapping from H1 onto C. The metric projection can be characterised

by PC(x) 2 C and satisfied

hx� y, PCx� PCyi � kPCx� PCyk2, 8x, y 2 H1. (2.1.3)

Moreover,for all x 2 H1 and y 2 C, PCx is characterized by

hx� PC(x), y � PC(x)i  0. (2.1.4)

It is easy to see that (2.1.4) is equivalent to the following inequality:

kx� yk2 � kx� PC(x)k2 + ky � PC(x)k2, (2.1.5)

for all x 2 H1 and y 2 C. For more details, see [42].

Let S : H1 ! H1 be a mapping, Then, we have the following equality:

k(x�y)�(S(x)�S(y))k2 = kx�yk2+kS(x)�S(y)k2�2hx�y, S(x)�S(y)i, 8(x, y) 2 H1⇥H1

(2.1.6)

Further, if S is a nonexpansive operator, we have also that

k(x� y)� (S(x)� S(y))k2 � 2kS(x)� S(y)k2 � 2hx� y, S(x)� S(y)i

= 2hS(x)� S(y), S(x)� S(y)i � 2hx� y, S(x)� S(y)i

= 2h(S(x)� S(y))� (x� y), S(x)� S(y)i. (2.1.7)

Then we obtain that every nonexpansive operator S : H1 ! H1 satisfies the following

inequality

h(x�S(x))�(y�S(y)), S(y)�S(x)i  1

2
k(S(x)�x)�(S(y)�y)k2, 8(x, y) 2 H1⇥H1

(2.1.8)

and therefore, we get

hx� S(x), y � S(x)i  1

2
kS(x)� xk2, 8(x, y) 2 H1 ⇥ Fix(S). (2.1.9)

A mapping T : H1 ! H1 is said to be be averaged mapping if it can be written

as the average of the identity I and a nonexpansive mapping, that is,

T ⌘ (1� ↵)I + ↵S,
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where ↵ 2 (0, 1) and S : H1 ! H1 is nonexpansive. We note that averaged mappings

are nonexpansive. Further, firmly nonexpansive mappings (in particular, projections

on nonempty closed and convex subsets and resolvent operators of maximal mono-

tone operators) are averaged. Some important properties of averaged mappings are

gathered in the following proposition (see [41, 43, 44]).

(i) If T = (1 � ↵)S + ↵V, where S : H1 ! H1 is averaged, V : H1 ! H1 is

nonexpansive and ↵ 2 (0, 1), then T is averaged.

(ii) The composite of finitely many averaged mappings is averaged.

(iii) If the mappings {Ti}Ni=1 are averaged and have a common fixed point, then
T

N

i=1 Fix(Ti) = Fix(T1, T2, . . . , TN).

(iv) If T is ⌧ -ism, then for � > 0, �T is ⌧

�
-ism.

(v) T is averaged if and only if, its complement I � T is ⌧ -ism for some ⌧ > 1
2 .

Lemma 2.1.1. [41] SVIP (2.2.8)-(2.2.9) is equivalent to find x⇤ 2 H1 with x⇤ =

JB1
�

(x⇤) such that

y⇤ = Ax⇤ 2 H2 and y⇤ = JB2
�

(y⇤),

for some � > 0.

Definition 2.1.2. [45] Let H1 be a real Hilbert space and {Si} be an infinite family

of nonexpansive mappings and {⇣i} be a nonnegative real sequence with 0  ⇣i 

1, 8i � 1. For n � 1, define a mapping Wn as follows:
8
>>>>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>>>>:

Un,n+1 = I,

Un,n = ⇣nSnUn,n+1 + (1� ⇣n)I,

Un,n�1 = ⇣n�1Sn�1Un,n + (1� ⇣n�1)I,

...

Un,k = ⇣kSkUn,k+1 + (1� ⇣k)I,

Un,k�1 = ⇣k�1Sk�1Un,k + (1� ⇣k�1)I,

...

Un,2 = ⇣2S2Un,3 + (1� ⇣2)I,

Wn = Un,1 = ⇣1S1Un,2 + (1� ⇣1)I.

(2.1.10)
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Such a mapping Wn is nonexpansive and it is called a W -mapping generated by

Sn, Sn�1, . . . , S1 and ⇣n, ⇣n�1, . . . , ⇣1.

Lemma 2.1.3. [45] Let {Si} be an infinite family of nonexpansive mappings on a

Hilbert space H1 and with
T1

i=1 Fix(Si) 6= ; and {⇣i} be a real sequence such that

0 < ⇣i  1, 8i � 1. Then

(1) Wn is nonexpansive and Fix(Wn) =
T

n

i=1 Fix(Si), for each n � 1;

(2) for each x 2 C and for each positive integer k, the limn!1 Un,kx exists;

(3) the mapping W defined by

Wx := lim
n!1

Wnx = lim
n!1

Un,1x, x 2 H1, (2.1.11)

is a nonexpansive mapping satisfying Fix(W ) =
T1

i=1 Fix(Si) and it is called the

W -mapping generated by S1, S2, . . . and ⇣1, ⇣2, . . ..

Lemma 2.1.4. [47] Let {Si} be an infinite family of nonexpansive mappings on a

Hilbert space H1 and with
T1

i=1 Fix(Si) 6= ; and {⇣i} be a real sequence such that

0 < ⇣i  l  1, 8i � 1 where l is a positive real number. If C is any bounded subset

of H1, then

lim
n!1

sup
x2C

kWx�Wnxk = 0.

Throughout this paper, we always assume that 0 < ⇣i  l < 1, 8i � 1.

Lemma 2.1.5. [49] Let {xn} and {zn} be bounded sequences in a Banach space X

and let {�n} be a sequence in [0, 1] with 0 < lim infn�!1 �n  lim sup
n�!1 �n < 1.

Suppose xn+1 = (1� �n)zn + �nxn for all integers n � 0 and

lim sup
n�!1

(kzn+1 � znk � kxn+1 � xnk)  0.

Then, limn�!1 kzn � xnk = 0.

Lemma 2.1.6. In a real Hilbert space H1, there holds the following inequality

kx+ yk2  kxk2 + 2hy, x+ yi,

for all x, y 2 H1.
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Lemma 2.1.7. [50] Each Hilbert space H1 satisfies the Opial condition that is, for

any sequence {xn} with xn * x, the inequality lim infn�!1 kxn�xk < lim infn�!1 kxn�

yk holds for every y 2 H with y 6= x.

Lemma 2.1.8. [51] Assume that S is nonexpansive self mapping of a closed convex

subset C of a Hilbert space H1. If S has a fixed point, then I�S is demiclosed, i.e.,

whenever {xn} converges weakly to some y, it follows that (I � S)x = y. Here I is

the identity mapping on H1.

Lemma 2.1.9. [28, 29] Assume that {↵n} is a sequence of nonnegative real numbers

such that

↵n+1  (1� �n)↵n + �n, n � 0,

where {�n} is a sequence in (0, 1) and {�n} is a sequence such that

(i)
P1

n=1 �n = 1;

(ii) lim sup
n!1

�n
�n

 0 or
P1

n=1 |�n| < 1.

Then limn�!1 ↵n = 0.

Lemma 2.1.10. [48] Assume D is a strongly positive bounded linear operator on

Hilbert space H1 with coe�cient ⇠̄ > 0 and 0 < ⇢  kDk�1. Then, kI�⇢Dk  1�⇢⇠̄.

2.2 Some Related Theorems

Iterative methods for nonexpansive mappings have recently been applied to solve

convex minimization problems; see, e.g., [19, 20, 21, 22, 25, 26, 27, 28, 29] and the

references therein. A typical problem is to minimize a quadratic function over the

set of the fixed points of a nonexpansive mapping on a real Hilbert space H1;

min
x2Fix(S)

1

2
hDx, xi � h(x), (2.2.1)

where D is a bounded linear operator and h is a potential function for ⇠f (i.e.,

h
0
(x) = ⇠f(x) for x 2 H1).

In 2006, Marino and Xu [22] studied the following iterative scheme; put x1 2 H1

and

xn+1 = (I � ↵nD)Sxn + ↵n⇠f(xn), n � 1, (2.2.2)
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where S is a nonexpansive mapping, f is a contraction mapping with the coe�cient

↵ 2 (0, 1), D is a strongly positive bounded linear self-adjoint operator with the

coe�cient ⇠̄ and ⇠ is a constant such that 0 < ⇠ < ⇠̄

↵
. They proved the sequence {xn}

generated by the above iterative scheme converges strongly to the unique solution

x⇤ of the following variational inequality;

h(D � ⇠f)x⇤, x� x⇤i � 0, 8x 2 Fix(S),

which is the optimality condition for the minimization problem (2.2.1).

Let B : C ! H1 be a nonlinear mapping. The classical variational inequality

problem (VIP) is to find a x⇤ 2 C such that

hBx⇤, y � x⇤i � 0, 8y 2 C. (2.2.3)

The solution set of VIP (2.2.3) is denoted by V I(C,B).

In 2005, Iiduka and Takahashi [23] introduced and proved the theorem for finding

a common element of the set of fixed points of a nonexpansive mapping and the

solution sets of the variational inequality as follows:

Theorem IT. Let C be a closed convex subset of a real Hilbert space H1.

Let B be an ↵-inverse-strongly monotone mapping of C into H1 and let S be a

nonexpansive mapping of C into itself such that Fix(S) \ V I(C,B) 6= ;. Suppose

that x1 = x 2 C and {xn} is given by

xn+1 = ↵nx+ (1� ↵n)SPC(xn � �nBxn),

for every n = 1, 2, . . . , where {↵n} is a sequence in [0, 1) and {�n} is a sequence in

[a, b]. If {↵n} and {�n} are chosen so by {�n} 2 [a, b] for some real numbers a and

b with 0 < a < b < 2↵,

lim
n!1

↵n = 0,
1X

n=1

↵n = 1,
1X

n=1

|↵n+1 � ↵n| < 1, and
1X

n=1

|�n+1 � �n| < 1,

then {xn} converges strongly to PFix(S)\V I(C,B)x.

Further results on this paper are due to Y. Yao and J. C. Yao [24]. More precisely,

they proved the following result.

Theorem YY. Let C be a closed convex subset of a real Hilbert space H1.

Let B be an ↵-inverse-strongly monotone mapping of C into H1 and let S be a
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nonexpansive mapping of C into itself such that Fix(S) \ ⌦ 6= ;, where ⌦ denotes

the set of solutions of a variational inequality for the ↵-inverse-strongly monotone

mapping. Suppose x1 = u 2 C and {xn}, {yn} are given by

8
>>><

>>>:

x1 = u 2 C,

yn = PC(xn � �nBxn),

xn+1 = ↵nu+ �nxn + �nSPC(I � �nB)yn, 8n � 1,

(2.2.4)

where {↵n}, {�n}, {↵n} are three sequences in [0, 1] and {�n} is a sequence in [0, 2a].

If {↵n}, {�n}, {�n} and {�n} are chosen by �n 2 [a, b] for some real numbers a and

b with 0 < a < b < 2↵ and the following hold;

(i) ↵n + �n + �n = 1, 8n � 1;

(ii) limn�!1 ↵n = 0 and
P1

n=1 ↵n = 1;

(iii) 0 < lim infn!1 �n  lim sup
n!1 �n < 1;

(iv) limn!1(�n+1 � �n) = 0.

Then the sequence {xn} defined by the iterative algorithm (2.2.4) converges strongly

to PFix(S)\⌦u.

Recall that a set-valued mapping M : H1 ! 2H1 is called monotone if for all

x, y 2 H1, f 2 Mx and g 2 My imply hx � y, f � gi � 0. A monotone mapping

M : H1 ! 2H1 is maximal if the graph of Graph(M) of M is not properly contained

in the graph of any other monotone mapping. It is known that a monotone mapping

M is maximal if and only if for (x, f) 2 H1 ⇥ H1, hx � y, f � gi � 0 for every

(y, g) 2 Graph(M) implies f 2 Mx.

Let M : H1 ! 2H1 be a multi-valued maximal monotone mapping. For any

positive number � and identity operator I on H1, the single-valued mapping JM

�
:

H1 ! H1 defined by

JM

�
(x) := (I + �M)�1(x), 8x 2 H1,

is called the resolvent operator associated with M . We recall that the resolvent

operator JM

�
is firmly nonexpansive and hence in particular nonexpansive [30].

Let C1, C2, . . . , Cm be nonempty closed convex subsets of a Hilbert space H1.

The well known convex feasibility problem (CFP) is to find x⇤ 2 H1 such that

x⇤ 2 C1 \ C2 \ . . . Cm.
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Convex feasibility problem has received a lot of attention due to its diverse appli-

cations in mathematics, approximation theory, communications, geophysics, control

theory, biomedical engineering. One can refer to [31, 32]. When there are only two

sets and constrains are imposed on the solutions in the domain of a linear operator

as well as in this operator’s ranges, the problem is said to be the split feasibility

problem (SFP) which has the following formula:

x⇤ 2 C such that Ax⇤ 2 Q, (2.2.5)

where C and Q is a nonempty closed convex subset of Hilbert space H1 and H2,

respectively and A : H1 ! H2 is a bounded linear operator. The SFP in fi-

nite dimensional Hilbert spaces was first introduced by Censor and Elfving [33]

in medical image reconstruction. Since then, the SFP has received much attention

due to its applications in signal processing, image reconstruction, with particular

progress in intensity-modulated radiation therapy, approximation theory, control

theory, biomedical engineering, communications, and geophysics. For examples, one

can refer to [33, 34, 35, 36] and related literatures.

Recently, Moudafi [37] introduced the following split monotone variational in-

clusion problem (SMVIP): find x⇤ 2 H1 such that

0 2 f1(x
⇤) + B1(x

⇤), (2.2.6)

and

y⇤ = Ax⇤ 2 H2 solves 0 2 f2(y
⇤) + B2(y

⇤), (2.2.7)

where B1 : H1 ! 2H1 and B2 : H2 ! 2H2 are multi-valued maximal monotone

mappings.

Moudafi [37] introduced an iterative method for solving SMVIP (2.2.6)-(2.2.7),

which can be seen as an important generalization of an iterative method given by

Censor et al. [38] for split variational inequality problem. As Moudafi notes in

[37], SMVIP (2.2.6)-(2.2.7) includes as special cases, the split common fixed point

problem, split variational inequality problem, split zero problem and split feasibility

problem [33, 35, 37, 38] which have already been studied and used in practice as

a model in intensity-modulated radiation therapy treatment, see [33, 35]. This

formalism is also at the core of modeling of many inverse problems arising from
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phase retrieval and other real-world problems; for instance, in sensor networks in

computerized tomography and data compression; see e.g. [32, 39].

If f1 ⌘ 0 and f2 ⌘ 0 then SMVIP (2.2.6)-(2.2.7) reduces to the following the

split variational inclusion problem (SVIP): Find x⇤ 2 H1 such that

0 2 B1(x
⇤), (2.2.8)

and

y⇤ = Ax⇤ 2 H2 solves 0 2 B2(y
⇤). (2.2.9)

When considered separately, (2.2.8) is the variational inclusion problem and we

denoted its solution set by SOLVIP (B1). The SVIP (2.2.8)-(2.2.9) constitutes a

pair of variational inclusion problems which have to be solved so that the image

y⇤ = Ax⇤ under a given bounded linear operator A of the solution x⇤ of SVIP

(2.2.8) in H1 is the solution of the other SVIP (2.2.9) in another space H2, we

denote the solution set of SVIP (2.2.9) by SOLVIP(B2).

The solution set of SVIP (2.2.8)-(2.2.9) is denoted by � = {x⇤ 2 H1 : x⇤ 2

SOLV IP (B1) and Ax⇤ 2 SOLV IP (B2)}.

Very recently, Byrne et al. [40] studied the weak and strong convergence of the

following iterative method for SVIP (2.2.8)-(2.2.9): for given x1 2 H1, compute the

iterative sequence {xn} generated by the following scheme:

xn+1 = JB1
�

(xn + �A⇤(JB2
�

� I)Axn), 8n � 1, 9� > 0.

In 2014, Kazmi and Rizvi [41] introduced and studied an iterative method to

approximate a common solution of SVIP and fixed point problem for a nonexpansive

mapping in real Hilbert spaces.

Theorem KR. Let H1 and H2 be two real Hilbert spaces. Let A : H1 ! H2 be

a bounded linear operator and f : H1 ! H1 be a contraction mapping with constant

↵ 2 (0, 1). Let S : H1 ! H1 be a nonexpansive mapping such that Fix(S) \ � 6= ;.

For a given x0 2 H1 arbitrarily, let the iterative sequence {un} and {xn} be generated

by 8
<

:
un = JB1

�
(xn + �A⇤(JB2

�
� I)Axn);

xn+1 = ↵nf(xn) + (1� ↵n)Sun,
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where � > 0 and � 2 (0, 1
L
), L is the spectral radius of the operator A⇤A and A⇤ is

the adjoint of A and ↵n is a sequence in (0, 1) such that

lim
n!1

↵n = 0,
1X

n=0

↵n = 1, and
1X

n=1

|↵n � ↵n�1| < 1.

Then the sequences {un} and {xn} both converge strongly to z 2 Fix(S)\�, where

z = PFix(S)\�f(z).



Chapter 3 Main Results

Throughout the rest of this paper, we always assume thatD is a strongly positive

bounded linear operator with coe�cient ⇠̄ 2 (0, 1) and 0 < ⇠ < ⇠̄. We consider the

well known general iterative method as follow (see Xu 2003 [53]) with the initial

guess x0 = u 2 C:

xn+1 = (I � ↵nD)Sxn + ↵nu, n � 0, (3.0.1)

where D is a strongly positive bounded linear operator, S is nonexpansive self map-

ping on C ⇢ H and ↵n is so chosen that T = I �↵nD satisfies some conditions (see

[52]). This iterative method converges to the unique solution x⇤ of the variational

inequality

hDx⇤ � ⇠u, x⇤ � xi  0, 8x 2 C,

which is the optimality for minimize a quadratic function of (2.2.1), that is

min
x2Fix(S)

1

2
hDx, xi � h(x),

where h is a potential function for ⇠f (i.e., h
0
(x) = ⇠f(x)) and the contraction

mapping f is replaced by f(x) = u for all x 2 H1 which is mentioned in the

viscosity approximation method (2.2.2).

Also, we develop a new algorithm by mixing the algorithm (2.2.4) and (3.0.1)

for finding a common solution of split variational inclusion of two Hilbert spaces

H1 and H2 which is tool for solve the unique solution to the variational inequalities

(3.1.2) below.

In this section, we first prove a strong conergence result on the general iterative

algorithm for the fixed point problem and the split variational inclusion problem

(SVIP) (2.2.8)-(2.2.9).

3.1 Strong Convergence Theorem

Theorem 3.1.1. Let H1 and H2 be two real Hilbert spaces and A : H1 ! H2 be

a bounded linear operator. Assume that B1 : H1 ! 2H1 and B2 : H2 ! 2H2 are



16

maximal monotone mappings. Let {Si}1i=1 be an infinite family of nonexpansive

mappings from H1 into itself. Let D be a strongly positive bounded linear operator

with coe�cient 0 < ⇠̄ < 1 and 0 < ⇠ < ⇠̄. Assume that ⌦ := (
T1

i=1 Fix(Si))\� 6= ;.

Let x1 2 H1 arbitrarily, let the sequences {yn} and {xn} be generated by
8
<

:
yn = JB1

�
(xn + �A⇤(JB2

�
� I)Axn);

xn+1 = ↵n⇠u+ �nxn + [(1� �n)I � ↵nD]Wnyn, 8n � 1,
(3.1.1)

where u 2 H1 is a fixed element, � > 0 and � 2 (0, 1
L
), L is the spectral radius of the

operator A⇤A and A⇤ is the adjoint of A, {Wn} is the sequence defined by (2.1.10),

{↵n} and {�n} are sequences in [0, 1]. Suppose the control consequences satisfy the

following conditions:

(C1) 0 < a  �n  b < 1, 8n � 1, for some two positive real numbers a and b,

(C2) limn�!1 ↵n = 0 and
P1

n=1 ↵n = 1.

Then {xn} and {yn} converge strongly to a point z 2 ⌦, which is the unique solution

to the variational inequalities

hDz � ⇠u, z � pi  0, 8p 2 ⌦. (3.1.2)

Equivalently, we have P⌦(z �Dz + ⇠u) = z.

Proof. Step 1. First, we will prove that the sequence {xn} is bounded.

By the conditions (C1) and (C2), without loss of generality we may assume

↵n  (1� �n)kDk�1 for all n � 1. By Lemma 2.1.10, we get that

kI � ↵n

1� �n

Dk  1� ↵n

1� �n

⇠̄.

It follows that

k(1� �n)I � ↵nDk  1� �n � ↵n⇠̄. (3.1.3)

Let p 2 ⌦, we have p = JB1
�

p, Ap = JB2
�

(Ap) and Snp = p for all n � 1. We

estimate that

kyn � pk2 = kJB1
�

(xn + �A⇤(JB2
�

� I)Axn)� pk2

= kJB1
�

(xn + �A⇤(JB2
�

� I)Axn)� JB1
�

pk2

 kxn + �A⇤(JB2
�

� I)Axn � pk2

 kxn � pk2 + �
2kA⇤(JB2

�
� I)Axnk2

+2�hxn � p, A⇤(JB2
�

� I)Axni. (3.1.4)
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Thus, we have

kyn � pk2  kxn � pk2 + �
2h(JB2

�
� I)Axn, AA

⇤(JB2
�

� I)Axni

+2�hxn � p, A⇤(JB2
�

� I)Axni. (3.1.5)

Note that

�
2h(JB2

�
� I)Axn, AA

⇤(JB2
�

� I)Axni  L�2h(JB2
�

� I)Axn, (J
B2
�

� I)Axni

= L�2k(JB2
�

� I)Axnk2. (3.1.6)

Consider the term of 2�hxn � p, A⇤(JB2
�

� I)Axni and using (2.1.9), we have

2�hxn � p, A⇤(JB2
�

� I)Axni = 2�hA(xn � p), (JB2
�

� I)Axni

= 2�hA(xn � p) + (JB2
�

� I)Axn � (JB2
�

� I)Axn,

(JB2
�

� I)Axni

= 2�

⇢
hAxn � Ap+ JB2

�
Axn � Axn, (J

B2
�

� I)Axni

�h(JB2
�

� I)Axn, (J
B2
�

� I)Axni
�

= 2�

⇢
hAp� JB2

�
Axn, Axn � JB2

�
Axni � k(JB2

�
� I)Axnk2

�

 2�

⇢
1

2
k(JB2

�
� I)Axnk2 � k(JB2

�
� I)Axnk2

�

= ��k(JB2
�

� I)Axnk2. (3.1.7)

Using (3.1.5), (3.1.6) and (3.1.7), we obtain

kyn � pk2  kxn � pk2 + L�2k(JB2
�

� I)Axnk2 � �k(JB2
�

� I)Axnk2

= kxn � pk2 + �(L� � 1)k(JB2
�

� I)Axnk2. (3.1.8)

Since � 2 (0, 1
L
), we obtain

kyn � pk2  kxn � pk2. (3.1.9)
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We arrive that

kxn+1 � pk = k↵n⇠u+ �nxn + [(1� �n)I � ↵nD]Wnyn � pk

= k↵n⇠u� ↵nDp� �np+ �nxn + [(1� �n)I � ↵nD]Wnyn

+↵nDp+ �np� pk

= k↵n(⇠u�Dp) + �n(xn � p) + ((1� �n)I � ↵nD)Wnyn

�((1� �n)I � ↵nD)pk

 ↵nk⇠u�Dpk+ �nkxn � pk+ k(1� �n)I

�↵nDkkWnyn � pk

 ↵nk⇠u�Dpk+ �nkxn � pk+ (1� �n � ↵n⇠̄)kyn � pk

 ↵nk⇠u�Dpk+ �nkxn � pk+ (1� �n � ↵n⇠̄)kxn � pk

 ↵nk⇠u�Dpk+ (1� ↵n⇠̄)kxn � pk.

By mathematical induction, we obtain

kxn � pk  max

⇢
kx1 � pk, k⇠u�Dpk

⇠̄

�
,

which gives that the sequence {xn} is bounded and also is {yn}. Hence we can

choose a bounded set C ⇢ H1 such that

xn, yn 2 C, 8n � 1. (3.1.10)

Step 2. We will show that limn!1 kxn+1 � xnk = 0.

Setting

vn =
1

1� �n

xn+1 �
�n

1� �n

xn.

Then, we see that

xn+1 = (1� �n)vn + �nxn, 8n � 1, (3.1.11)

and

vn =
1

1� �n

{↵n⇠u+ �nxn + [(1� �n)I � ↵nD]Wnyn}�
�n

1� �n

xn

=
1

1� �n

{↵n⇠u+ �nxn +Wnyn � �nWnyn � ↵nDWnyn}�
�n

1� �n

xn

=
1

1� �n

{↵n(⇠u�DWnyn) + (1� �n)Wnyn}

=
↵n

1� �n

(⇠u�DWnyn) +Wnyn.
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Then,

kvn+1 � vnk =

����
↵n+1

1� �n+1
(⇠u�DWn+1yn+1) +Wn+1yn+1

�[
↵n

1� �n

(⇠u�DWnyn) +Wnyn]

����

 ↵n+1

1� �n+1
k⇠u�DWn+1yn+1k

+
↵n

1� �n

k⇠u�DWnynk+ kWn+1yn+1 �Wnynk. (3.1.12)

Since JB1
�

and JB2
�

both are firmly nonexpansive, they are averaged. For � 2

(0, 1
L
), the mapping (I + �A⇤(JB2

�
� I)A) is averaged, see [37]. It follows from

Proposition 2.1 (ii) that the mapping JB1
�

(I+�A⇤(JB2
�

�I)A) is averaged and hence

nonexpansive. So, we obtain that

kyn+1 � ynk = kJB1
�

(xn+1 + �A⇤(JB2
�

� I)Axn+1)� JB1
�

(xn + �A⇤(JB2
�

� I)Axn)k

= kJB1
�

(I + �A⇤(JB2
�

� I)A)xn+1 � JB1
�

(I + �A⇤(JB2
�

� I)A)xnk

 kxn+1 � xnk. (3.1.13)

On the other hand, one has

kWn+1yn+1 �Wnynk = kWn+1yn+1 �Wyn+1 +Wyn+1 �Wyn +Wyn �Wnynk

 kWn+1yn+1 �Wyn+1k+ kWyn+1 �Wynk+ kWyn �Wnynk

 sup
x2C

{kWn+1x�Wxk+ kWx�Wnxk}+ kyn+1 � ynk,(3.1.14)

where C is the bounded subset of H1 defined by (3.1.10). Substituting (3.1.13) into

(3.1.14), one arrive that

kWn+1yn+1�Wnynk  sup
x2C

{kWn+1x�Wxk+kWx�Wnxk}+kxn+1�xnk. (3.1.15)

From (3.1.12) combine with (3.1.15), one obtains

kvn+1 � vnk � kxn+1 � xnk  ↵n+1

1� �n+1
k⇠u+DWn+1yn+1k+

↵n

1� �n

k⇠u�DWnynk

+sup
x2C

{kWn+1x�Wxk+ kWx�Wnxk}.

It follows from the conditions (C1), (C2) and Lemma 2.1.4 that

lim sup
n!1

(kvn+1 � vnk � kxn+1 � xnk)  0.
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Hence, from Lemma 2.1.5 and (3.1.11), we obtain that

lim
n!1

kvn � xnk = 0. (3.1.16)

From (3.1.11), we have that

kxn+1 � xnk = k(1� �n)vn + �nxn � [(1� �n)xn + �nxn]k = (1� �n)kvn � xnk.

By the condition (C1) and (3.1.16), we get

lim
n!1

kxn+1 � xnk = 0. (3.1.17)

Step 3. We will prove that three sequences {kyn � xnk}, {kWnyn � xnk} and

{kWnyn � ynk} converge to 0.

We set fn = ⇠u�DWnyn, for all n � 1. For any p 2 ⌦ and by Lemma 2.1.6, we

see that,

kxn+1 � pk2 = k↵n⇠u+ �nxn + [(1� �n)I � ↵nD]Wnyn � pk2

= k↵n⇠u+ �nxn +Wnyn � �nWnyn � ↵nDWnyn � pk2

= k↵n(⇠u�DWnyn) + �nxn + (1� �n)Wnyn � pk2

= k↵nfn + �nxn + (1� �n)Wnyn � �np� (1� �n)pk2

= k↵nfn + �n(xn � p) + (1� �n)(Wnyn � p)k2

 k�n(xn � p) + (1� �n)(Wnyn � p)k2 + 2h↵nfn, xn+1 � pi

 �nkxn � pk2 + (1� �n)kWnyn � pk2 � �n(1� �n)kWnyn � xnk2

+2↵nkfnkkxn+1 � pk

 �nkxn � pk2 + (1� �n)kyn � pk2 + 2↵nM
2, (3.1.18)

where M = max{sup
n�1 kfnk, supn�1 kxn � pk}.

Observe that from (3.1.8) substituting into (3.1.18), we get

kxn+1 � pk2  �nkxn � pk2 + (1� �n)[kxn � pk2

+�(L� � 1)k(JB2
�

� I)Axnk2] + 2↵nM
2

= kxn � pk2 � �(1� �n)(1� L�)k(JB2
�

� I)Axnk2 + 2↵nM
2.

Therefore,

�(1� �n)(1� L�)k(JB2
�

� I)Axnk2  kxn � pk2 � kxn+1 � pk2 + 2↵nM
2

 (kxn � pk+ kxn+1 � pk)kxn � xn+1k+ 2↵nM
2,
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and from the condition (C1), (C2), �(1� �n)(1� L�) > 0 and (3.1.17), we get

lim
n!1

k(JB2
�

� I)Axnk = 0. (3.1.19)

Since JB1
�

is firmly nonexpansive mapping and � 2 (0, 1
L
), by the inequalities (3.1.6)

and (3.1.7), then we have

kyn � pk2 = kJB1
�

(xn + �A⇤(JB2
�

� I)Axn)� pk2

= kJB1
�

(xn + �A⇤(JB2
�

� I)Axn)� JB1
�

pk2

 hyn � p, xn + �A⇤(JB2
�

� I)Axn � pi

 1

2
{kyn � pk2 + kxn + �A⇤(JB2

�
� I)Axn � pk2

�k(yn � p)� [xn + �A⇤(JB2
�

� I)Axn � p]k2}

=
1

2
{kyn � pk2 + kxn � pk2 + 2�hxn � p, A⇤(JB2

�
� I)Axni

+�
2kA⇤(JB2

�
� I)Axnk2

�kyn � xn � �A⇤(JB2
�

� I)Axnk2}

 1

2
{kyn � pk2 + kxn � pk2 � �k(JB2

�
� I)Axnk2 + L�2k(JB2

�
� I)Axnk2

�[kyn � xnk2 + �
2kA⇤(JB2

�
� I)Axnk2 � 2�hyn � xn, A

⇤(JB2
�

� I)Axni]}

=
1

2
{kyn � pk2 + kxn � pk2 + �(L� � 1)k(JB2

�
� I)Axnk2

�kyn � xnk2 � �
2kA⇤(JB2

�
� I)Axnk2

+2�hyn � xn, A
⇤(JB2

�
� I)Axni}

 1

2
{kyn � pk2 + kxn � pk2 � kyn � xnk2 + 2�kA(yn � xn)kk(JB2

�
� I)Axnk}.

Hence, we obtain

kyn � pk2  kxn � pk2 � kyn � xnk2 + 2�kA(yn � xn)kk(JB2
�

� I)Axnk. (3.1.20)

Substituting (3.1.20) into (3.1.18), one arrive that

kxn+1 � pk2  �nkxn � pk2 + (1� �n)[kxn � pk2 � kyn � xnk2

+2�kA(yn � xn)kk(JB2
�

� I)Axnk] + 2↵nM
2

= kxn � pk2 � (1� �n)kyn � xnk2

+2�(1� �n)kA(yn � xn)kk(JB2
�

� I)Axnk+ 2↵nM
2.
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So, we get

(1� �n)kyn � xnk2  kxn � pk2 � kxn+1 � pk2

+2�(1� �n)kA(yn � xn)kk(JB2
�

� I)Axnk+ 2↵nM
2

 (kxn � pk+ kxn+1 � pk)kxn � xn+1k

+2�(1� �n)kA(yn � xn)kk(JB2
�

� I)Axnk+ 2↵nM
2.

From the condition (C1), (C2), (3.1.17) and (3.1.19), we obtain that

lim
n!1

kyn � xnk = 0. (3.1.21)

Observe that

kWnyn � xnk  kxn � xn+1k+ kxn+1 �Wnynk

= kxn � xn+1k+ k↵n⇠u+ �nxn + [(1� �n)I � ↵nD]Wnyn �Wnynk

= kxn � xn+1k+ k↵n⇠u+ �nxn +Wnyn � �nWnyn

�↵nDWnyn �Wnynk

= kxn � xn+1k+ k↵n(⇠u�DWnyn) + �n(xn �Wnyn)k

 kxn � xn+1k+ ↵nk⇠u�DWnynk+ �nkxn �Wnynk.

This implies that

(1� �n)kWnyn � xnk  kxn � xn+1k+ ↵nk⇠u�DWnynk.

From the conditions (C1), (C2) and (3.1.17), we get

lim
n!1

kWnyn � xnk = 0. (3.1.22)

Note that

kWnyn � ynk  kWnyn � xnk+ kxn � ynk,

from (3.1.21) and (3.1.22), we get

lim
n!1

kWnyn � ynk = 0. (3.1.23)



23

Step 4. We will show that lim sup
n!1h⇠u � Dz, xn � zi  0, where z = P⌦[(I �

D)z + ⇠u] or z = P⌦(z �Dz + ⇠u).

To see this, we choose a subsequence {xni} of {xn} such that

lim sup
n!1

h⇠u�Dz, xn � zi = lim
i!1

h⇠u�Dz, xni � zi. (3.1.24)

Since {xni} is bounded, there exists a subsequence {xnij
} of {xni} which con-

verges weakly to w. Without loss of generality, we can assume that xni * w. From

(3.1.21), we also see that yni * w.

Next, we will show that w 2 ⌦.

Step 4.1 We will show that w 2 \1
i=1F (Si) = F (W ).

Suppose to the contrary that, w 62 F (W ), i.e., Ww 6= w and by Lemma 2.1.7,

we see that

lim inf
i!1

kyni � wk < lim inf
i!1

kyni �Wwk

 lim inf
i!1

{kyni �Wynik+ kWyni �Wwk}

 lim inf
i!1

{kyni �Wynik+ kyni � wk}. (3.1.25)

On the other hand, we have

kWyn � ynk  kWyn �Wnynk+ kWnyn � ynk  sup
x2C

kWx�Wnxk+ kWnyn � ynk.

By using Lemma 2.1.4 and (3.1.23), we obtain that limn�!1 kWyn�ynk = 0, which

combines with (3.1.25) yields that

lim inf
i!1

kyni � wk < lim inf
i!1

kyni � wk.

Which is a contradiction, so we have w 2 F (W ) = \1
i=1F (Si).

Step 4.2 We will show that w 2 �. Note that yni = JB1
�

(xni+�A⇤(JB2
�

�I)Axni)

can be rewritten as

(xni � yni) + �A⇤(JB2
�

� I)Axni

�
2 B1yni . (3.1.26)

By passing to limit i ! 1 in (3.1.26) and by taking into account (3.1.19) and

(3.1.21) and the fact that the graph of a maximal monotone operator is weakly-

strongly closed, we obtain 0 2 B1(w), i.e., w 2 SOLVIP(B1). Furthermore, since
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{xn} and {yn} have the same asymptotical behavior, {Axni} weakly converges to

Aw. Again, by (3.1.19) and the fact that the resolvent JB2
�

is nonexpansive and

Lemma 2.1.8, we obtain that Aw 2 B2(Aw), i.e., Aw 2 SOLVIP(B2). Thus, w 2 ⌦.

Since z = P⌦(z � Dz + ⇠u) and w 2 ⌦, by (3.1.24) and the property of metric

projection, we get that

lim sup
n!1

h⇠u�Dz, xn � zi = lim
i!1

h⇠u�Dz, xni � zi

= h⇠u�Dz,w � zi

= h(z �Dz + ⇠u)� z, w � zi

 0. (3.1.27)

Step 5. Finally, we will show that xn ! z, as n ! 1. By the inequality (3.1.3),

we have

kxn+1 � zk2 = k↵n⇠u+ �nxn + [(1� �n)I � ↵nD]Wnyn � zk2

= h↵n⇠u+ �nxn + [(1� �n)I � ↵nD]Wnyn � z, xn+1 � zi

= ↵nh⇠u�Dz, xn+1 � zi+ �nhxn � z, xn+1 � zi

+h((1� �n)I � ↵nD)(Wnyn � z), xn+1 � zi

 ↵nh⇠u�Dz, xn+1 � zi+ �nhxn � z, xn+1 � zi

+k((1� �n)I � ↵nD)(Wnyn � z)kkxn+1 � zk

 ↵nh⇠u�Dz, xn+1 � zi+ �nhxn � z, xn+1 � zi

+(1� �n � ↵n⇠̄)kWnyn � zkkxn+1 � zk

 ↵nh⇠u�Dz, xn+1 � zi+ 1

2
�n(kxn � zk2 + kxn+1 � zk2)

+(1� �n � ↵n⇠̄)kyn � zkkxn+1 � zk

 ↵nh⇠u�Dz, xn+1 � zi+ 1

2
�n(kxn � zk2 + kxn+1 � zk2)

+(1� �n � ↵n⇠̄)kxn � zkkxn+1 � zk

 ↵nh⇠u�Dz, xn+1 � zi+ 1

2
�n(kxn � zk2 + kxn+1 � zk2)

+
1

2
(1� �n � ↵n⇠̄)(kxn � zk2 + kxn+1 � zk2)

= ↵nh⇠u�Dz, xn+1 � zi+ 1

2
(1� ↵n⇠̄)(kxn � zk2 + kxn+1 � zk2).
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This implies that

2kxn+1 � zk2  2↵nh⇠u�Dz, xn+1 � zi+ (1� ↵n⇠̄)(kxn � zk2 + kxn+1 � zk2)

= 2↵nh⇠u�Dz, xn+1 � zi+ (1� ↵n⇠̄)kxn � zk2 + (1� ↵n⇠̄)kxn+1 � zk2

 2↵nh⇠u�Dz, xn+1 � zi+ (1� ↵n⇠̄)kxn � zk2 + kxn+1 � zk2,

and so we have

kxn+1 � zk2  2↵nh⇠u�Dz, xn+1 � zi+ (1� ↵n⇠̄)kxn � zk2.

From the condition (C2), (3.1.27) and Lemma 2.1.9, we see that limn�!1 kxn�zk =

0. This completes the proof.

3.2 Corollaries

Corollary 3.2.1. Let H1 and H2 be two real Hilbert spaces and A : H1 ! H2 be

a bounded linear operator. Assume that B1 : H1 ! 2H1 and B2 : H2 ! 2H2 are

maximal monotone mappings. Let {Si}1i=1 be an infinitely family of nonexpansive

mappings from H1 into itself. Assume that ⌦ := (
T1

i=1 Fix(Si)) \ � 6= ;. Let

x1 = u 2 H1 arbitrarily, let the sequences {yn} and {xn} be generated by

8
<

:
yn = JB1

�
(xn + �A⇤(JB2

�
� I)Axn);

xn+1 = ↵nu+ �nxn + (1� �n � ↵n)Wnyn, 8n � 1,
(3.2.1)

where � > 0 and � 2 (0, 1
L
), L is the spectral radius of the operator A⇤A and A⇤

is the adjoint of A, {Wn} is the sequence defined by (2.1.10), {↵n} and {�n} are

sequences in [0, 1]. Suppose the control consequences satisfy the following conditions:

(C1) 0 < a  �n  b < 1, 8n � 1,

(C2) limn�!1 ↵n = 0 and
P1

n=1 ↵n = 1.

Then {xn} and {yn} converge strongly to a point z 2 ⌦, which solves uniquely

solution of the variational inequalities

h(I � u)z, z � pi  0, 8p 2 ⌦. (3.2.2)

Equivalently, we have P⌦u = z.
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Proof. Taking ⇠ = 1 and D = I in Theorem 3.1.1, then the conclusion of Corollary

3.2.1 is obtained.

Corollary 3.2.2. Let H1 and H2 be two real Hilbert spaces and A : H1 ! H2 be

a bounded linear operator. Assume that B1 : H1 ! 2H1 and B2 : H2 ! 2H2 are

maximal monotone mappings. Let S : C ! C be a nonexpansive mapping. Assume

that ⌦ := Fix(S) \ � 6= ;. Let x1 = u 2 C and the sequences {yn} and {xn} be

generated by
8
<

:
yn = JB1

�
(xn + �A⇤(JB2

�
� I)Axn);

xn+1 = ↵nu+ �nxn + (1� �n � ↵n)Syn, 8n � 1,
(3.2.3)

where � > 0 and � 2 (0, 1
L
), L is the spectral radius of the operator A⇤A and A⇤ is

the adjoint of A. If the control consequences satisfying the following:

(C1) 0 < a  �n  b < 1, 8n � 1,

(C2) limn�!1 ↵n = 0 and
P1

n=1 ↵n = 1,

then, {xn} and {yn} converge strongly to a point z 2 ⌦, which solves uniquely

solution of the variational inequalities

h(I � u)z, z � pi  0, 8p 2 ⌦. (3.2.4)

Equivalently, we have P⌦u = z.

Proof. Taking ⇠ = D = 1 and Sn = S for all n � 1 in Theorem 3.1.1, then the

conclusion of Corollary 3.2.3 is obtained.



Chapter 4 Numerical examples

In this section, let us present the following common fixed point optimization al-

gorithm by using W�mapping and discuss some examples to verify the theoretical

results.

Algorithm 4.0.1. (Common fixed point optimization algorithm by using W�mapping)

Step 1. Choose the initial pooint x1 2 H1, the parameters � > 0 and � 2 (0, 1
L
)

and 0 < ⇠ < 1 arbitrarily real numbers. Fixed the element u 2 H1 and let n = 1.

Step 2. Given xn 2 H1 and compute xn+1 2 H1 as follows;

yn = JB1
�

(xn + �A⇤(JB2
�

� I)Axn)

Wn = Un,1 where

8
>>>>>>>>><

>>>>>>>>>:

Un,1 = ⇣1S1Un,2 + (1� ⇣1)I,

Un,2 = ⇣2S2Un,3 + (1� ⇣2)I,
...

Un,n = ⇣nSnUn,n+1 + (1� ⇣n)I,

Un,n+1 = I,

(4.0.1)

xn+1 = ↵n⇠u+ �nxn + (1� �n � ↵n)Wnyn.

Step 3. Put n := n+ 1 and go to step 2.

Example 4.1 For n � 1, letWn : R �! R be a mapping generated by an infinite

family of nonexpansive mapping { 1

2n
} and a nonnegative real sequence { n

n+ 1
}. De-

fine three operators A,B1 and B2 on a real line by Ax = 3x, B1x = 2x and B2x =
3

4
x for all x 2 R. In this example, we set the parameters on algorithm (4.0.1) by

⇠ = 0.5, D = 1, ↵n =
10�3

n
and �n = 0.5 � 1

10n+ 2
for all n 2 N and fix the

element u = 5.

First, we take � = 0.99, � = 0.5 and three initial points randomly generated by

Matlab. In this way, Figure 4.1 indicates the behavior of xn for algorithm (4.0.1)

that converges to the same solution, i.e., 0 2 (\1
i=1Fix(Si)) \ � as a solution of
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Figure 4.3 Behavior of xn for the di↵erent parameters �

this example. Next, we test the e↵ect of the parameter � to rate of convergence by

choosing � = 0.01, 0.3 and 0.7 where the initial point x1 = 30 and the parameter

� = 0.99 are fixed. In this test, it shows by Figure 4.2. Finally, we fixed the initial

point x1 = 40 and the parameter � = 0.1 and choosing the di↵erent parameters

� = 0.99, 0.5 and 0.01. Figure 4.3 indicates the behavior of xn generated by algo-

rithm (4.0.1) with � = 0.01 decreases slowly.

Example 4.2 Define an infinite family of nonexpansive mapping Sn : R3 �! R3

by Sn = { 1

2n
} and a nonnegative real sequence ⇣n = { n

n+ 1
} for all n 2 N. Let

Wn be a mapping generated by {Sn} and {⇣n}. Setting � = 0.01, � = 0.09, ⇠ =

0.2, D = I, A =

2

6664

6 3 1

8 7 5

3 6 2

3

7775
, B1 =

2

6664

3 0 0

0 2 0

0 0 1

3

7775
, B2 =

2

6664

4 0 0

0 5 0

0 0 6

3

7775
, ↵n =

10�3

n
and

�n = 0.5� 1

10n+ 2
for all n 2 N.

Firstly, the experiment used random vector u in R3 and fixed initial vector x1 =

(13,�12, 25). Using algorithm (4.0.1), the test results are reported in Table 1 and

the size of the increment of {xn} and {yn} are presented in Figure 4.4. It’s easy to

see that (0, 0, 0) 2 (\1
i=1Fix(Si)) \ � is a solution of this experiment.

Secondly, we suppose that {xn(j)}mj=1 and {yn(j)}mj=1 are the sequences generated
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Figure 4.5 The values of MS(xn) and MS(yn)
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n xn yn kxnk kynk

1 (13, -12, 25) (5.1998, -11.3381, 20.3501) 30.6268 23.8687

2 (7.4737, -12.7600, 16.8046) (2.9885, -6.8856, 13.6536) 22.3846 15.5809

3 (4.1953, -7.5669, 10.9574) (1.6769, -4.0810, 8.8892) 13.9615 9.9239

4 (2.3823, -4.5946, 7.4465) (0.9514, -2.4760, 6.0316) 9.0684 6.5891

5 (1.3411, -2.7814, 5.0707) (0.5349, -1.4974, 4.1016) 5.9369 4.3990
...

...
...

...
...

20 (0.0000, 0.0003, 0.0078) (0.0000, 0.0001, 0.0094) 0.0078 0.0094

25 (0.0001, 0.0002, 0.0011) (0.0000, 0.0001, 0.0013) 0.0011 0.0013

30 (0.0001, 0.0001, 0.0003) (0.0001, 0.0001, 0.0003) 3.3166e-04 3.3166e-04

35 (0.0000, 0.0000, 0.0000) (0.0000, 0.0000, 0.0000) 0.0000 0.0000

Table 4.1 The convergece of sequences {xn} and {yn}

by {xn} and {yn} in algorithm (4.0.1), respectively. We performed 50 sampling

(m = 50 di↵erent random initial points) and averaged their size of the increment by

using 2-norm. Define the mean size of the increment of {xn(j)}mj=1 and {yn(j)}mj=1

by

MS(xn) :=
1

m

mX

j=1

kxn+1(j)� xn(j)k and MS(yn) :=
1

m

mX

j=1

kyn+1(j)� yn(j)k.

Figure 4.5 shows that the mean size of the increment of {xn} and {yn} converge to

0 which imply that {xn} and {yn} converge to a solution.

Example 4.3 In this example, we replace an infinite family of nonexpansive

mapping Sn in Example 5.2 by

Sn =

2

6664

1/n 0 0

0 1/2n 0

0 0 1/2n+1

3

7775

and others are still the same.

Figure 4.6 and 4.7 plot the behavior of sequences of kxn+1 � xnk, kyn+1 � ynk,

MS(xn) and MS(yn) that converge to 0. This concludes that {xn} and {yn} con-

verge to a solution.
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of nonexpansive mappings and the set of split variational inclusion problem in the
framework Hilbert spaces. Strong convergence theorem of the sequences generated
by the purpose iterative scheme is obtained. In the last section, we present some
computational examples to illustrate the assumptions of the proposed algorithms.

Keywords Split variational inclusion problem · Fixed-point problem · Convex
minimization problems · Nonexpansive mapping · Iterative method

Mathematics Subject Classification (2010) 47H09 · 47H10

1 Introduction

A popular general iterative algorithm method for finding the fixed points of non-
expansive mappings was first proposed by Marino and Xu [30]. They considered a
general iterative method and proved that the sequence generated by the method con-
verges strongly to a unique solution of a certain variational inequality problem which
is the optimality condition for a particular minimization problem. They proved the
convergence of the sequence generated by the proposed method. Viscosity approx-
imation method for finding the fixed points of nonexpansive mappings was first
proposed byMoudafi [28] in 2000. He proved the convergence of the sequence gener-
ated by the proposed method. Yamada [36] introduced the good method the so-called
hybrid steepest-descent method for solving the variational inequality problem and
also studied the convergence of the sequence generated by the proposed method.
In 2010, Tian [37] combined the iterative methods of [28, 30, 36] in order to pro-
pose implicit and explicit schemes for constructing a fixed point of a nonexpansive
mapping defined on a real Hilbert space. He also proved the strong convergence of
these two schemes to a fixed point of under appropriate conditions. Related iterative
methods for solving fixed-point problems, variational inequalities, split variational
inclusion problem, and optimization problems can be found in the references therein.

Throughout this paper, unless otherwise stated, let H1 and H2 be real Hilbert
spaces with inner product ⟨·, ·⟩ and norm ∥ ·∥. Let C andQ be nonempty closed con-
vex subsets of H1 and H2, respectively. In this paper, we use Fix(S) to denote the
fixed points set of the mapping S. For each x and y in H1, we recall that a mapping
B : H1 → H1 is said to be

(i) nonexpansive if
∥Bx − By∥ ≤ ∥x − y∥; (1.1)

(ii) monotone, if
⟨Bx − By, x − y⟩ ≥ 0;

(iii) α-strongly monotone, if there exists a constant α > 0 such that

⟨Bx − By, x − y⟩ ≥ α∥x − y∥2;
(iv) β-inverse-strongly monotone (for short; β-ism), if there exists a constant β > 0

such that
⟨Bx − By, x − y⟩ ≥ β∥Bx − By∥2;
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(v) firmly nonexpansive, if

⟨Bx − By, x − y⟩ ≥ ∥Bx − By∥2.
Also, we recall that a mappingD on H1 is said to be strongly positive, if there is a

constant ξ̄ > 0 such that

⟨Dx, x⟩ ≥ ξ̄∥x∥2, ∀x ∈ H1. (1.2)

Iterative methods for nonexpansive mappings have recently been applied to solve
convex minimization problems; see, e.g., [1–4, 7–11] and the references therein. A
typical problem is to minimize a quadratic function over the set of the fixed points of
a nonexpansive mapping on a real Hilbert space H1;

min
x∈Fix(S)

1
2
⟨Dx, x⟩ − h(x), (1.3)

whereD is a bounded linear operator and h is a potential function for ξf (i.e., h
′
(x) =

ξf (x) for x ∈ H1).
In 2006, Marino and Xu [4] studied the following iterative scheme; put x1 ∈ H1

and

xn+1 = (I − αnD)Sxn + αnξf (xn), n ≥ 1, (1.4)

where S is a nonexpansive mapping, f is a contraction mapping with the coefficient
α ∈ (0, 1), D is a strongly positive bounded linear self-adjoint operator with the
coefficient ξ̄ and ξ is a constant such that 0 < ξ < ξ̄

α . They proved the sequence {xn}
generated by the above iterative scheme converges strongly to the unique solution x∗

of the following variational inequality;

⟨(D − ξf )x∗, x − x∗⟩ ≥ 0, ∀x ∈ Fix(S),

which is the optimality condition for the minimization problem (1.3).
Let B : C → H1 be a nonlinear mapping. The classical variational inequality

problem (VIP) is to find a x∗ ∈ C such that

⟨Bx∗, y − x∗⟩ ≥ 0, ∀y ∈ C. (1.5)

The solution set of VIP (1.5) is denoted by V I (C,B).
In 2005, and Takahashi [5] introduced and proved the theorem for finding a com-

mon element of the set of fixed points of a nonexpansive mapping and the solution
sets of the variational inequality as follows:

Theorem IT Let C be a closed convex subset of a real Hilbert space H1. Let B be
an α-inverse-strongly monotone mapping of C into H1 and let S be a nonexpansive
mapping ofC into itself such that Fix(S)∩V I (C,B) ̸= ∅. Suppose that x1 = x ∈ C

and {xn} is given by

xn+1 = αnx + (1 − αn)SPC(xn − λnBxn),
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for every n = 1, 2, . . . , where {αn} is a sequence in [0, 1) and {λn} is a sequence in
[a, b]. If {αn} and {λn} are chosen so by {λn} ∈ [a, b] for some real numbers a and b
with 0 < a < b < 2α,

lim
n→∞ αn = 0,

∞∑

n=1

αn = ∞,

∞∑

n=1

|αn+1 − αn| < ∞, and
∞∑

n=1

|λn+1 − λn| < ∞,

then {xn} converges strongly to PFix(S)∩V I (C,B)x.
Further results on this paper are due to Yao and Yao [6]. More precisely, they

proved the following result.

Theorem YY Let C be a closed convex subset of a real Hilbert space H1. Let B be
an α-inverse-strongly monotone mapping of C into H1 and let S be a nonexpansive
mapping of C into itself such that Fix(S) ∩ % ̸= ∅, where % denotes the set of
solutions of a variational inequality for the α-inverse-strongly monotone mapping.
Suppose x1 = u ∈ C and {xn}, {yn} are given by

⎧
⎨

⎩

x1 = u ∈ C,

yn = PC(xn − λnBxn),

xn+1 = αnu+ βnxn + γnSPC(I − λnB)yn, ∀n ≥ 1,
(1.6)

where {αn}, {βn}, {αn} are three sequences in [0, 1] and {λn} is a sequence in [0, 2a].
If {αn}, {βn}, {γn} and {λn} are chosen by λn ∈ [a, b] for some real numbers a and b
with 0 < a < b < 2α and the following hold;

(i) αn + βn + γn = 1, ∀n ≥ 1;
(ii) limn−→∞ αn = 0 and

∑∞
n=1 αn = ∞;

(iii) 0 < lim infn→∞ βn ≤ lim supn→∞ βn < 1;
(iv) limn→∞(λn+1 − λn) = 0. Then the sequence {xn} defined by the iterative

algorithm (1.6) converges strongly to PFix(S)∩%u.

Recall that a set-valued mapping M : H1 → 2H1 is called monotone if for all
x, y ∈ H1, f ∈ Mx and g ∈ My imply ⟨x − y, f − g⟩ ≥ 0. A monotone mapping
M : H1 → 2H1 is maximal if the graph of Graph(M) of M is not properly contained
in the graph of any other monotone mapping. It is known that a monotone mapping
M is maximal if and only if for (x, f ) ∈ H1 × H1, ⟨x − y, f − g⟩ ≥ 0 for every
(y, g) ∈ Graph(M) implies f ∈ Mx.

Let M : H1 → 2H1 be a multi-valued maximal monotone mapping. For any
positive number λ and identity operator I on H1, the single-valued mapping JM

λ :
H1 → H1 defined by

JM
λ (x) := (I + λM)−1(x), ∀x ∈ H1,

is called the resolvent operator associated with M . We recall that the resolvent
operator JM

λ is firmly nonexpansive and hence in particular nonexpansive [12].
Let C1, C2, . . . , Cm be nonempty closed convex subsets of a Hilbert space H1.

The well known convex feasibility problem (CFP) is to find x∗ ∈ H1 such that

x∗ ∈ C1 ∩ C2 ∩ . . . Cm.
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Convex feasibility problem has received a lot of attention due to its diverse appli-
cations in mathematics, approximation theory, communications, geophysics, control
theory, biomedical engineering. One can refer to [13, 14]. When there are only two
sets and constrains are imposed on the solutions in the domain of a linear operator as
well as in this operator’s ranges, the problem is said to be the split feasibility problem
(SFP) which has the following formula:

x∗ ∈ C such that Ax∗ ∈ Q, (1.7)

where C and Q is a nonempty closed convex subset of Hilbert space H1 and H2,
respectively and A : H1 → H2 is a bounded linear operator. The SFP in finite
dimensional Hilbert spaces was first introduced by Censor and Elfving [15] in medi-
cal image reconstruction. Since then, the SFP has received much attention due to its
applications in signal processing, image reconstruction, with particular progress in
intensity-modulated radiation therapy, approximation theory, control theory, biomed-
ical engineering, communications, and geophysics. For examples, one can refer to
[15–18] and related literatures.

Recently, Moudafi [19] introduced the following split monotone variational
inclusion problem (SMVIP): find x∗ ∈ H1 such that

0 ∈ f1(x
∗)+ B1(x

∗), (1.8)

and
y∗ = Ax∗ ∈ H2 solves 0 ∈ f2(y

∗)+ B2(y
∗), (1.9)

where B1 : H1 → 2H1 and B2 : H2 → 2H2 are multi-valued maximal monotone
mappings.

Moudafi [19] introduced an iterative method for solving SMVIP (1.8)–(1.9),
which can be seen as an important generalization of an iterative method given by
Censor et al. [20] for split variational inequality problem. As Moudafi notes in [19],
SMVIP (1.8)–(1.9) includes as special cases, the split common fixed-point problem,
split variational inequality problem, split zero problem, and split feasibility problem
[15, 17, 19, 20] which have already been studied and used in practice as a model
in intensity-modulated radiation therapy treatment, see [15, 17]. This formalism is
also at the core of modeling of many inverse problems arising from phase retrieval
and other real-world problems, for instance, in sensor networks in computerized
tomography and data compression; see, e.g., [14, 21].

If f1 ≡ 0 and f2 ≡ 0, then SMVIP (1.8)–(1.9) reduces to the following the split
variational inclusion problem (SVIP): Find x∗ ∈ H1 such that

0 ∈ B1(x
∗), (1.10)

and
y∗ = Ax∗ ∈ H2 solves 0 ∈ B2(y

∗). (1.11)

When considered separately, (1.10) is the variational inclusion problem and we
denoted its solution set by SOLVIP (B1). The SVIP (1.10)–(1.11) constitutes a pair of
variational inclusion problems which have to be solved so that the image y∗ = Ax∗

under a given bounded linear operator A of the solution x∗ of SVIP (1.10) in H1 is
the solution of the other SVIP (1.11) in another space H2, we denote the solution set
of SVIP (1.11) by SOLVIP(B2).
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The solution set of SVIP (1.10)–(1.11) is denoted by ' = {x∗ ∈ H1 : x∗ ∈
SOLV IP (B1) and Ax∗ ∈ SOLV IP (B2)}.

Very recently, Byrne et al. [22] studied the weak and strong convergence of the
following iterative method for SVIP (1.10)–(1.11): for given x1 ∈ H1, compute the
iterative sequence {xn} generated by the following scheme:

xn+1 = J
B1
λ (xn + γA∗(JB2

λ − I )Axn),∀n ≥ 1, ∃λ > 0.

In 2014, Kazmi and Rizvi [23] introduced and studied an iterative method to
approximate a common solution of SVIP and fixed-point problem for a nonexpansive
mapping in real Hilbert spaces.

Theorem KR Let H1 and H2 be two real Hilbert spaces. Let A : H1 → H2 be a
bounded linear operator and f : H1 → H1 be a contraction mapping with constant
α ∈ (0, 1). Let S : H1 → H1 be a nonexpansive mapping such that Fix(S)∩' ̸= ∅.
For a given x0 ∈ H1 arbitrarily, let the iterative sequence {un} and {xn} be generated
by {

un = J
B1
λ (xn + γA∗(JB2

λ − I )Axn);
xn+1 = αnf (xn)+ (1 − αn)Sun,

where λ > 0 and γ ∈ (0, 1
L), L is the spectral radius of the operator A∗A and A∗ is

the adjoint of A and αn is a sequence in (0, 1) such that

lim
n→∞ αn = 0,

∞∑

n=0

αn = ∞, and
∞∑

n=1

|αn − αn−1| < ∞.

Then, the sequences {un} and {xn} both converge strongly to z ∈ Fix(S)∩ ', where
z = PFix(S)∩'f (z).

In this paper, motivated by Marino and Xu [4], Iiduka and Takahashi [5], Y. Yao
and J. C. Yao [6], Moudafi [19], Byrne et al. [22], and Kazmi and Rizvi [23], we intro-
duce an iterative method for finding a common element of the set of common fixed
points of an infinite family of nonexpansive mappings and the set of SVIP (1.10)–
(1.11). Strong convergence theorem is established in the framework of Hilbert spaces.
Finally, the numerical results are presented for confirming the main theorem. More-
over, the last section presents some numerical examples to illustrate the behavior of
the proposed algorithm.

2 Preliminaries

We recall some concepts and results which are needed in sequel. Let H1 be a Hilbert
space and let symbols “ →” and “ ⇀” denote by strong and weak convergence,
respectively. In Hilbert spaces, it is well known that

∥λx + (1 − λ)y∥2 = λ∥x∥2 + (1 − λ)∥y∥2 − λ(1 − λ)∥x − y∥2,
for all x, y ∈ H1 and λ ∈ [0, 1].

For any x ∈ H1, there exists a unique nearest point in a nonempty closed convex
subset C denoted by PC(x) such that ∥x − PC(x)∥ ≤ ∥x − y∥, for all y ∈ C. The
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mapping PC is called the metric projection of H1 onto C. We know that PC is a
nonexpansive mapping from H1 onto C. The metric projection can be characterized
by PC(x) ∈ C and satisfied

⟨x − y, PCx − PCy⟩ ≥ ∥PCx − PCy∥2, ∀x, y ∈ H1. (2.1)

Moreover, for all x ∈ H1 and y ∈ C, PCx is characterized by

⟨x − PC(x), y − PC(x)⟩ ≤ 0. (2.2)

It is easy to see that (2.2) is equivalent to the following inequality:

∥x − y∥2 ≥ ∥x − PC(x)∥2 + ∥y − PC(x)∥2, (2.3)

for all x ∈ H1 and y ∈ C. For more details, see [24].
Let S : H1 → H1 be a mapping, Then, we have the following equality:

∥(x−y)−(S(x)−S(y))∥2 = ∥x−y∥2+∥S(x)−S(y)∥2−2⟨x−y, S(x)−S(y)⟩, ∀(x, y) ∈ H1×H1
(2.4)

Further, if S is a nonexpansive operator, we have also that

∥(x − y) − (S(x) − S(y))∥2 ≥ 2∥S(x) − S(y)∥2 − 2⟨x − y, S(x) − S(y)⟩
= 2⟨S(x) − S(y), S(x) − S(y)⟩ − 2⟨x − y, S(x) − S(y)⟩
= 2⟨(S(x) − S(y)) − (x − y), S(x) − S(y)⟩. (2.5)

Then, we obtain that every nonexpansive operator S : H1 → H1 satisfies the
following inequality

⟨(x−S(x))−(y−S(y)), S(y)−S(x)⟩ ≤ 1
2
∥(S(x)−x)−(S(y)−y)∥2, ∀(x, y) ∈ H1×H1

(2.6)
and therefore, we get

⟨x − S(x), y − S(x)⟩ ≤ 1
2
∥S(x) − x∥2, ∀(x, y) ∈ H1 × Fix(S). (2.7)

A mapping T : H1 → H1 is said to be averaged mapping if it can be written as
the average of the identity I and a nonexpansive mapping, that is,

T ≡ (1 − α)I + αS,

where α ∈ (0, 1) and S : H1 → H1 is nonexpansive. We note that averaged mappings
are nonexpansive. Further, firmly nonexpansive mappings (in particular, projections
on nonempty closed and convex subsets and resolvent operators of maximal mono-
tone operators) are averaged. Some important properties of averaged mappings are
gathered in the following proposition (see [23, 25, 26]).

Proposition 2.1 (i) If T = (1 − α)S + αV, where S : H1 → H1 is averaged,
V : H1 → H1 is nonexpansive and α ∈ (0, 1), then T is averaged.

(ii) The composite of finitely many averaged mappings is averaged.
(iii) If the mappings {Ti}Ni=1 are averaged and have a common fixed point, then⋂N

i=1 Fix(Ti) = Fix(T1, T2, . . . , TN).
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(iv) If T is τ -ism, then for γ > 0, γT is τ
γ -ism.

(v) T is averaged if and only if, its complement I − T is τ -ism for some τ > 1
2 .

Lemma 2.2 ([23]) SVIP (1.10)–(1.11) is equivalent to find x∗ ∈ H1 with x∗ =
J
B1
λ (x∗) such that

y∗ = Ax∗ ∈ H2 and y∗ = J
B2
λ (y∗),

for some λ > 0.

Definition 2.3 ([27]) Let H1 be a real Hilbert space and {Si} be an infinite family
of nonexpansive mappings and {ζi} be a nonnegative real sequence with 0 ≤ ζi ≤
1, ∀i ≥ 1. For n ≥ 1, define a mappingWn as follows:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Un,n+1 = I,

Un,n = ζnSnUn,n+1 + (1 − ζn)I,

Un,n−1 = ζn−1Sn−1Un,n + (1 − ζn−1)I,
...

Un,k = ζkSkUn,k+1 + (1 − ζk)I,

Un,k−1 = ζk−1Sk−1Un,k + (1 − ζk−1)I,
...

Un,2 = ζ2S2Un,3 + (1 − ζ2)I,

Wn = Un,1 = ζ1S1Un,2 + (1 − ζ1)I.

(2.8)

Such a mapping Wn is nonexpansive and it is called a W -mapping generated by
Sn, Sn−1, . . . , S1 and ζn, ζn−1, . . . , ζ1.

Lemma 2.4 ([27]) Let {Si} be an infinite family of nonexpansive mappings on a
Hilbert space H1 and with

⋂∞
i=1 Fix(Si) ̸= ∅ and {ζi} be a real sequence such that

0 < ζi ≤ 1, ∀i ≥ 1. Then

(1) Wn is nonexpansive and Fix(Wn) =
⋂n

i=1 Fix(Si), for each n ≥ 1;
(2) for each x ∈ C and for each positive integer k, the limn→∞ Un,kx exists;
(3) the mappingW defined by

Wx := lim
n→∞Wnx = lim

n→∞Un,1x, x ∈ H1, (2.9)

is a nonexpansive mapping satisfying Fix(W) = ⋂∞
i=1 Fix(Si) and it is called the

W -mapping generated by S1, S2, . . . and ζ1, ζ2, . . ..

Lemma 2.5 ([29]) Let {Si} be an infinite family of nonexpansive mappings on a
Hilbert space H1 and with

⋂∞
i=1 Fix(Si) ̸= ∅ and {ζi} be a real sequence such that

0 < ζi ≤ l ≤ 1, ∀i ≥ 1 where l is a positive real number. If C is any bounded subset
of H1, then

lim
n→∞ sup

x∈C
∥Wx − Wnx∥ = 0.

Throughout this paper, we always assume that 0 < ζi ≤ l < 1, ∀i ≥ 1.
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Lemma 2.6 ([31]) Let {xn} and {zn} be bounded sequences in a Banach spaceX and
let {βn} be a sequence in [0, 1] with 0 < lim infn−→∞ βn ≤ lim supn−→∞ βn < 1.
Suppose xn+1 = (1 − βn)zn + βnxn for all integers n ≥ 0 and

lim sup
n−→∞

(∥zn+1 − zn∥ − ∥xn+1 − xn∥) ≤ 0.

Then, limn−→∞ ∥zn − xn∥ = 0.

Lemma 2.7 In a real Hilbert space H1, there holds the following inequality

∥x + y∥2 ≤ ∥x∥2 + 2⟨y, x + y⟩,
for all x, y ∈ H1.

Lemma 2.8 ([32]) Each Hilbert space H1 satisfies the Opial condition that is,
for any sequence {xn} with xn ⇀ x, the inequality lim infn−→∞ ∥xn − x∥ <

lim infn−→∞ ∥xn − y∥ holds for every y ∈ H with y ̸= x.

Lemma 2.9 ([33]) Assume that S is nonexpansive self mapping of a closed convex
subset C of a Hilbert space H1. If S has a fixed point, then I − S is demiclosed, i.e.,
whenever {xn} converges weakly to some y, it follows that (I − S)x = y. Here I is
the identity mapping on H1.

Lemma 2.10 ([10, 11]) Assume that {αn} is a sequence of nonnegative real numbers
such that

αn+1 ≤ (1 − γn)αn + δn, n ≥ 0,

where {γn} is a sequence in (0, 1) and {δn} is a sequence such that

(i)
∑∞

n=1 γn = ∞;
(ii) lim supn→∞

δn
γn

≤ 0 or
∑∞

n=1 |δn| < ∞.

Then limn−→∞ αn = 0.

Lemma 2.11 [30] Assume D is a strongly positive bounded linear operator on
Hilbert space H1 with coefficient ξ̄ > 0 and 0 < ρ ≤ ∥D∥−1. Then, ∥I − ρD∥ ≤
1 − ρξ̄ .

3 Main result

Throughout the rest of this paper, we always assume that D is a strongly positive
bounded linear operator with coefficient ξ̄ ∈ (0, 1) and 0 < ξ < ξ̄ . We consider the
well-known general iterative method as follows (see Xu 2003 [35]) with the initial
guess x0 = u ∈ C:

xn+1 = (I − αnD)Sxn + αnu, n ≥ 0, (3.1)

where D is a strongly positive bounded linear operator, S is nonexpansive self map-
ping on C ⊂ H and αn is so chosen that T = I −αnD satisfies some conditions (see
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[34]). This iterative method converges to the unique solution x∗ of the variational
inequality

⟨Dx∗ − ξu, x∗ − x⟩ ≤ 0, ∀x ∈ C,

which is the optimality for minimize a quadratic function of (1.3), that is

min
x∈Fix(S)

1
2
⟨Dx, x⟩ − h(x),

where h is a potential function for ξf (i.e., h
′
(x) = ξf (x)) and the contraction

mapping f is replaced by f (x) = u for all x ∈ H1 which is mentioned in the
viscosity approximation method (1.4).

Also, we develop a new algorithm by mixing the algorithm (1.6) and (3.1) for
finding a common solution of split variational inclusion of two Hilbert spacesH1 and
H2 which is a tool for solving the unique solution to the variational inequalities (3.3)
below.

In this section, we first prove a strong convergence result on the general itera-
tive algorithm for the fixed-point problem and the split variational inclusion problem
(SVIP) (1.10)–(1.11).

Theorem 3.1 Let H1 and H2 be two real Hilbert spaces and A : H1 → H2 be
a bounded linear operator. Assume that B1 : H1 → 2H1 and B2 : H2 → 2H2

are maximal monotone mappings. Let {Si}∞i=1 be an infinite family of nonexpansive
mappings from H1 into itself. Let D be a strongly positive bounded linear operator
with coefficient 0 < ξ̄ < 1 and 0 < ξ < ξ̄ . Assume that % := (

⋂∞
i=1 Fix(Si))∩' ̸=

∅. Let x1 ∈ H1 arbitrarily, let the sequences {yn} and {xn} be generated by
{
yn = J

B1
λ (xn + γA∗(JB2

λ − I )Axn);
xn+1 = αnξu+ βnxn + [(1 − βn)I − αnD]Wnyn, ∀n ≥ 1,

(3.2)

where u ∈ H1 is a fixed element, λ > 0 and γ ∈ (0, 1
L), L is the spectral radius of

the operator A∗A and A∗ is the adjoint of A, {Wn} is the sequence defined by (2.8),
{αn} and {βn} are sequences in [0, 1]. Suppose the control consequences satisfy the
following conditions:

(C1) 0 < a ≤ βn ≤ b < 1, ∀n ≥ 1, for some two positive real numbers a and b,
(C2) limn−→∞ αn = 0 and

∑∞
n=1 αn = ∞.

Then {xn} and {yn} converge strongly to a point z ∈ %, which is the unique solution
to the variational inequalities

⟨Dz − ξu, z − p⟩ ≤ 0, ∀p ∈ %. (3.3)

Equivalently, we have P%(z − Dz+ ξu) = z.

Proof Step 1. First, we will prove that the sequence {xn} is bounded.
By the conditions (C1) and (C2), without loss of generality we may assume αn ≤

(1 − βn)∥D∥−1 for all n ≥ 1. By Lemma 2.11, we get that

∥I − αn

1 − βn
D∥ ≤ 1 − αn

1 − βn
ξ̄ .
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It follows that

∥(1 − βn)I − αnD∥ ≤ 1 − βn − αnξ̄ . (3.4)

Let p ∈ %, we have p = J
B1
λ p,Ap = J

B2
λ (Ap) and Snp = p for all n ≥ 1. We

estimate that

∥yn − p∥2 = ∥JB1
λ (xn + γA∗(JB2

λ − I )Axn) − p∥2

= ∥JB1
λ (xn + γA∗(JB2

λ − I )Axn) − J
B1
λ p∥2

≤ ∥xn + γA∗(JB2
λ − I )Axn − p∥2

≤ ∥xn − p∥2 + γ 2∥A∗(JB2
λ − I )Axn∥2 + 2γ ⟨xn − p,A∗(JB2

λ − I )Axn⟩. (3.5)

Thus, we have

∥yn − p∥2 ≤ ∥xn − p∥2 + γ 2⟨(JB2
λ − I )Axn,AA

∗(JB2
λ − I )Axn⟩

+ 2γ ⟨xn − p,A∗(JB2
λ − I )Axn⟩. (3.6)

Note that

γ 2⟨(JB2
λ − I )Axn,AA

∗(JB2
λ − I )Axn⟩ ≤ Lγ 2⟨(JB2

λ − I )Axn, (J
B2
λ − I )Axn⟩

= Lγ 2∥(JB2
λ − I )Axn∥2. (3.7)

Consider the term of 2γ ⟨xn − p,A∗(JB2
λ − I )Axn⟩ and using (2.7), we have

2γ ⟨xn− p,A∗(JB2
λ − I )Axn⟩ = 2γ ⟨A(xn − p), (J

B2
λ − I )Axn⟩

= 2γ ⟨A(xn − p)+ (J
B2
λ − I )Axn − (J

B2
λ − I )Axn, (J

B2
λ − I )Axn⟩

= 2γ
{
⟨Axn − Ap + J

B2
λ Axn− Axn, (J

B2
λ − I )Axn⟩− ⟨(JB2

λ − I )Axn, (J
B2
λ − I )Axn⟩

}

= 2γ
{
⟨Ap − J

B2
λ Axn,Axn − J

B2
λ Axn⟩ − ∥(JB2

λ − I )Axn∥2
}

≤ 2γ
{
1
2

∥(JB2
λ − I )Axn∥2 − ∥(JB2

λ − I )Axn∥2
}

= −γ ∥(JB2
λ − I )Axn∥2. (3.8)

Using (3.6), (3.7), and (3.8), we obtain

∥yn − p∥2 ≤ ∥xn − p∥2 + Lγ 2∥(JB2
λ − I )Axn∥2 − γ ∥(JB2

λ − I )Axn∥2

= ∥xn − p∥2 + γ (Lγ − 1)∥(JB2
λ − I )Axn∥2. (3.9)

Since γ ∈ (0, 1
L), we obtain

∥yn − p∥2 ≤ ∥xn − p∥2. (3.10)
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We arrive that

∥xn+1 − p∥ = ∥αnξu+ βnxn + [(1 − βn)I − αnD]Wnyn − p∥
= ∥αnξu − αnDp − βnp + βnxn + [(1 − βn)I − αnD]Wnyn + αnDp + βnp − p∥
= ∥αn(ξu − Dp)+ βn(xn − p)+ ((1 − βn)I − αnD)Wnyn − ((1 − βn)I − αnD)p∥
≤ αn∥ξu − Dp∥ + βn∥xn − p∥ + ∥(1 − βn)I − αnD∥∥Wnyn − p∥
≤ αn∥ξu − Dp∥ + βn∥xn − p∥ + (1 − βn − αnξ̄)∥yn − p∥
≤ αn∥ξu − Dp∥ + βn∥xn − p∥ + (1 − βn − αnξ̄)∥xn − p∥
≤ αn∥ξu − Dp∥ + (1 − αnξ̄)∥xn − p∥.

By mathematical induction, we obtain

∥xn − p∥ ≤ max
{
∥x1 − p∥, ∥ξu − Dp∥

ξ̄

}
,

which gives that the sequence {xn} is bounded and also is {yn}. Hence, we can choose
a bounded set C ⊂ H1 such that

xn, yn ∈ C, ∀n ≥ 1. (3.11)

Step 2. We will show that limn→∞ ∥xn+1 − xn∥ = 0.

Setting

vn = 1
1 − βn

xn+1 − βn

1 − βn
xn.

Then, we see that

xn+1 = (1 − βn)vn + βnxn, ∀n ≥ 1, (3.12)

and

vn = 1
1 − βn

{αnξu+ βnxn + [(1 − βn)I − αnD]Wnyn} − βn

1 − βn
xn

= 1
1 − βn

{αnξu+ βnxn +Wnyn − βnWnyn − αnDWnyn} − βn

1 − βn
xn

= 1
1 − βn

{αn(ξu − DWnyn)+ (1 − βn)Wnyn}

= αn

1 − βn
(ξu − DWnyn)+Wnyn.

Then,

∥vn+1 − vn∥ =
∥∥∥∥

αn+1

1 − βn+1
(ξu − DWn+1yn+1)+Wn+1yn+1 − [ αn

1 − βn
(ξu − DWnyn)+Wnyn]

∥∥∥∥

≤ αn+1

1 − βn+1
∥ξu − DWn+1yn+1∥ + αn

1 − βn
∥ξu − DWnyn∥ + ∥Wn+1yn+1 − Wnyn∥.

(3.13)
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Since J
B1
λ and J

B2
λ both are firmly nonexpansive, they are averaged. For γ ∈

(0, 1
L), the mapping (I + γA∗(JB2

λ − I )A) is averaged, see [19]. It follows from
Proposition 2.1 (ii) that the mapping JB1

λ (I+γA∗(JB2
λ −I )A) is averaged and hence

nonexpansive. So, we obtain that

∥yn+1 − yn∥ = ∥JB1
λ (xn+1 + γA∗(JB2

λ − I )Axn+1) − J
B1
λ (xn + γA∗(JB2

λ − I )Axn)∥
= ∥JB1

λ (I + γA∗(JB2
λ − I )A)xn+1 − J

B1
λ (I + γA∗(JB2

λ − I )A)xn∥
≤ ∥xn+1 − xn∥. (3.14)

On the other hand, one has

∥Wn+1yn+1 − Wnyn∥ = ∥Wn+1yn+1 − Wyn+1 +Wyn+1 − Wyn +Wyn − Wnyn∥
≤ ∥Wn+1yn+1 − Wyn+1∥ + ∥Wyn+1 − Wyn∥ + ∥Wyn − Wnyn∥
≤ sup

x∈C
{∥Wn+1x − Wx∥ + ∥Wx − Wnx∥} + ∥yn+1 − yn∥, (3.15)

where C is the bounded subset of H1 defined by (3.11). Substituting (3.14) into
(3.15), one arrive that

∥Wn+1yn+1−Wnyn∥ ≤ sup
x∈C

{∥Wn+1x−Wx∥+∥Wx−Wnx∥}+∥xn+1−xn∥. (3.16)

From (3.13) combine with (3.16), one obtains

∥vn+1 − vn∥ − ∥xn+1 − xn∥ ≤ αn+1

1 − βn+1
∥ξu+DWn+1yn+1∥ + αn

1 − βn
∥ξu − DWnyn∥

+ sup
x∈C

{∥Wn+1x − Wx∥ + ∥Wx − Wnx∥}.

It follows from the conditions (C1), (C2), and Lemma 2.5 that

lim sup
n→∞

(∥vn+1 − vn∥ − ∥xn+1 − xn∥) ≤ 0.

Hence, from Lemma 2.6 and (3.12), we obtain that

lim
n→∞ ∥vn − xn∥ = 0. (3.17)

From (3.12), we have that

∥xn+1 − xn∥ = ∥(1 − βn)vn + βnxn − [(1 − βn)xn + βnxn]∥ = (1 − βn)∥vn − xn∥.
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By the condition (C1) and (3.17), we get

lim
n→∞ ∥xn+1 − xn∥ = 0. (3.18)

Step 3. We will prove that three sequences {∥yn − xn∥}, {∥Wnyn − xn∥}, and
{∥Wnyn − yn∥} converge to 0.

We set fn = ξu − DWnyn, for all n ≥ 1. For any p ∈ % and by Lemma 2.7, we
see that

∥xn+1 − p∥2 = ∥αnξu+ βnxn + [(1 − βn)I − αnD]Wnyn − p∥2
= ∥αnξu+ βnxn +Wnyn − βnWnyn − αnDWnyn − p∥2
= ∥αn(ξu − DWnyn)+ βnxn + (1 − βn)Wnyn − p∥2
= ∥αnfn + βnxn + (1 − βn)Wnyn − βnp − (1 − βn)p∥2
= ∥αnfn + βn(xn − p)+ (1 − βn)(Wnyn − p)∥2
≤ ∥βn(xn − p)+ (1 − βn)(Wnyn − p)∥2 + 2⟨αnfn, xn+1 − p⟩
≤ βn∥xn − p∥2 + (1 − βn)∥Wnyn − p∥2 − βn(1 − βn)∥Wnyn

−xn∥2 + 2αn∥fn∥∥xn+1 − p∥
≤ βn∥xn − p∥2 + (1 − βn)∥yn − p∥2 + 2αnM

2, (3.19)

whereM = max{supn≥1 ∥fn∥, supn≥1 ∥xn − p∥}.
Observe that from (3.9) substituting into (3.19), we get

∥xn+1 − p∥2 ≤ βn∥xn − p∥2 + (1 − βn)[∥xn − p∥2 + γ (Lγ − 1)∥(JB2
λ − I )Axn∥2] + 2αnM

2

= ∥xn − p∥2 − γ (1 − βn)(1 − Lγ )∥(JB2
λ − I )Axn∥2 + 2αnM

2.

Therefore,

γ (1 − βn)(1 − Lγ )∥(JB2
λ − I )Axn∥2 ≤ ∥xn − p∥2 − ∥xn+1 − p∥2 + 2αnM

2

≤ (∥xn − p∥ + ∥xn+1 − p∥)∥xn − xn+1∥ + 2αnM
2,

and from the condition (C1), (C2), γ (1 − βn)(1 − Lγ ) > 0, and (3.18), we get

lim
n→∞ ∥(JB2

λ − I )Axn∥ = 0. (3.20)
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Since J
B1
λ is firmly nonexpansive mapping and by using the inequalities (3.8) and

Cauchy-Schwarz inequality, then we have

∥yn − p∥2 = ∥JB1
λ (xn + γA∗(JB2

λ − I )Axn) − p∥2

= ∥JB1
λ (xn + γA∗(JB2

λ − I )Axn) − J
B1
λ p∥2

≤ ⟨yn − p, xn + γA∗(JB2
λ − I )Axn − p⟩

≤ 1
2
{∥yn − p∥2 + ∥xn + γA∗(JB2

λ − I )Axn − p∥2 − ∥

−[xn + γA∗(JB2
λ − I )Axn − p]∥2}

= 1
2
{∥yn − p∥2 + ∥xn − p∥2 + 2γ ⟨xn − p,A∗(JB2

λ − I )Axn⟩

+γ 2∥A∗(JB2
λ − I )Axn∥2 − ∥yn − xn − γA∗(JB2

λ − I )Axn∥2}

≤ 1
2
{∥yn − p∥2 + ∥xn − p∥2 − γ ∥(JB2

λ − I )Axn∥2 + γ 2∥A∗(JB2
λ − I )Axn∥2

−∥yn − xn − γA∗(JB2
λ − I )Axn∥2}

= 1
2
{∥yn − p∥2 + ∥xn − p∥2 − γ ∥(JB2

λ − I )Axn∥2 + γ 2∥A∗(JB2
λ − I )Axn∥2

−∥yn − xn∥2 − γ 2∥A∗(JB2
λ − I )Axn∥2 + 2γ ⟨yn − xn,A

∗(JB2
λ − I )Axn⟩}

≤ 1
2
{∥yn − p∥2 + ∥xn − p∥2 − ∥yn − xn∥2 + 2γ ⟨yn − xn,A

∗(JB2
λ − I )Axn⟩}

= 1
2
{∥yn − p∥2 + ∥xn − p∥2 − ∥yn − xn∥2 + 2γ ⟨A(yn − xn), (J

B2
λ − I )Axn⟩}

≤ 1
2
{∥yn − p∥2 + ∥xn − p∥2 − ∥yn − xn∥2 + 2γ ∥A(yn − xn)∥∥(JB2

λ − I )Axn∥}.

Hence, we obtain

∥yn − p∥2 ≤ ∥xn − p∥2 − ∥yn − xn∥2 + 2γ ∥A(yn − xn)∥∥(JB2
λ − I )Axn∥. (3.21)

Substituting (3.21) into (3.19), one arrive that

∥xn+1 − p∥2 ≤ βn∥xn − p∥2 + (1 − βn)[∥xn − p∥2 − ∥yn − xn∥2

+2γ ∥A(yn − xn)∥∥(JB2
λ − I )Axn∥] + 2αnM

2

= ∥xn − p∥2 − (1 − βn)∥yn − xn∥2

+2γ (1 − βn)∥A(yn − xn)∥∥(JB2
λ − I )Axn∥ + 2αnM

2.

So, we get

(1 − βn)∥yn − xn∥2 ≤ ∥xn − p∥2 − ∥xn+1 − p∥2

+2γ (1 − βn)∥A(yn − xn)∥∥(JB2
λ − I )Axn∥ + 2αnM

2

≤ (∥xn − p∥ + ∥xn+1 − p∥)∥xn − xn+1∥
+2γ (1 − βn)∥A(yn − xn)∥∥(JB2

λ − I )Axn∥ + 2αnM
2.
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From the condition (C1), (C2), (3.18), and (3.20), we obtain that

lim
n→∞ ∥yn − xn∥ = 0. (3.22)

Observe that

∥Wnyn − xn∥ ≤ ∥xn − xn+1∥ + ∥xn+1 − Wnyn∥
= ∥xn − xn+1∥ + ∥αnξu+ βnxn + [(1 − βn)I − αnD]Wnyn − Wnyn∥
= ∥xn − xn+1∥ + ∥αnξu+ βnxn +Wnyn − βnWnyn − αnDWnyn − Wnyn∥
= ∥xn − xn+1∥ + ∥αn(ξu − DWnyn)+ βn(xn − Wnyn)∥
≤ ∥xn − xn+1∥ + αn∥ξu − DWnyn∥ + βn∥xn − Wnyn∥.

This implies that

(1 − βn)∥Wnyn − xn∥ ≤ ∥xn − xn+1∥ + αn∥ξu − DWnyn∥.

From the conditions (C1), (C2), and (3.18), we get

lim
n→∞ ∥Wnyn − xn∥ = 0. (3.23)

Note that

∥Wnyn − yn∥ ≤ ∥Wnyn − xn∥ + ∥xn − yn∥,

from (3.22) and (3.23), we get

lim
n→∞ ∥Wnyn − yn∥ = 0. (3.24)

Step 4. We will show that lim supn→∞⟨ξu−Dz, xn − z⟩ ≤ 0, where z = P%[(I −
D)z+ ξu] or z = P%(z − Dz+ ξu).

To see this, we choose a subsequence {xni } of {xn} such that

lim sup
n→∞

⟨ξu − Dz, xn − z⟩ = lim
i→∞

⟨ξu − Dz, xni − z⟩. (3.25)

Since {xni } is bounded, there exists a subsequence {xnij } of {xni } which converges
weakly to w. Without loss of generality, we can assume that xni ⇀ w. From (3.22),
we also see that yni ⇀ w.

Next, we will show that w ∈ %.
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Step 4.1 We will show that w ∈ ∩∞
i=1F(Si) = F(W).

Suppose to the contrary that, w ̸∈ F(W), i.e., Ww ̸= w and by Lemma 2.8, we
see that

lim inf
i→∞

∥yni − w∥ < lim inf
i→∞

∥yni − Ww∥
≤ lim inf

i→∞
{∥yni − Wyni∥ + ∥Wyni − Ww∥}

≤ lim inf
i→∞

{∥yni − Wyni∥ + ∥yni − w∥}. (3.26)

On the other hand, we have

∥Wyn−yn∥ ≤ ∥Wyn−Wnyn∥+∥Wnyn−yn∥ ≤ sup
x∈C

∥Wx−Wnx∥+∥Wnyn−yn∥.

By using Lemma 2.5 and (3.24), we obtain that limn−→∞ ∥Wyn − yn∥ = 0, which
combines with (3.26) yields that

lim inf
i→∞

∥yni − w∥ < lim inf
i→∞

∥yni − w∥.

Which is a contradiction, so we have w ∈ F(W) = ∩∞
i=1F(Si).

Step 4.2 We will show that w ∈ '. Note that yni = J
B1
λ (xni + γA∗(JB2

λ − I )Axni )

can be rewritten as

(xni − yni )+ γA∗(JB2
λ − I )Axni

λ
∈ B1yni . (3.27)

By passing to limit i → ∞ in (3.27) and by taking into account (3.20) and (3.22) and
the fact that the graph of a maximal monotone operator is weakly-strongly closed,
we obtain 0 ∈ B1(w), i.e., w ∈ SOLVIP(B1). Furthermore, since {xn} and {yn} have
the same asymptotical behavior, {Axni } weakly converges to Aw. Again, by (3.20)
and the fact that the resolvent JB2

λ is nonexpansive and Lemma 2.9, we obtain that
Aw ∈ B2(Aw), i.e., Aw ∈ SOLVIP(B2). Thus, w ∈ %.

Since z = P%(z − Dz + ξu) and w ∈ %, by (3.25) and the property of metric
projection, we get that

lim sup
n→∞

⟨ξu − Dz, xn − z⟩ = lim
i→∞

⟨ξu − Dz, xni − z⟩

= ⟨ξu − Dz,w − z⟩
= ⟨(z − Dz+ ξu) − z,w − z⟩
≤ 0. (3.28)
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Step 5. Finally, we will show that xn → z, as n → ∞. By the inequality (3.4), we
have

∥xn+1 − z∥2 = ∥αnξu+ βnxn + [(1 − βn)I − αnD]Wnyn − z∥2
= ⟨αnξu+ βnxn + [(1 − βn)I − αnD]Wnyn − z, xn+1 − z⟩
= αn⟨ξu − Dz, xn+1 − z⟩ + βn⟨xn − z, xn+1 − z⟩

+⟨((1 − βn)I − αnD)(Wnyn − z), xn+1 − z⟩
≤ αn⟨ξu − Dz, xn+1 − z⟩ + βn⟨xn − z, xn+1 − z⟩

+∥((1 − βn)I − αnD)(Wnyn − z)∥∥xn+1 − z∥
≤ αn⟨ξu − Dz, xn+1 − z⟩ + βn⟨xn − z, xn+1 − z⟩

+(1 − βn − αnξ̄)∥Wnyn − z∥∥xn+1 − z∥

≤ αn⟨ξu − Dz, xn+1 − z⟩ + 1
2
βn(∥xn − z∥2 + ∥xn+1 − z∥2)

+(1 − βn − αnξ̄)∥yn − z∥∥xn+1 − z∥

≤ αn⟨ξu − Dz, xn+1 − z⟩ + 1
2
βn(∥xn − z∥2 + ∥xn+1 − z∥2)

+(1 − βn − αnξ̄)∥xn − z∥∥xn+1 − z∥

≤ αn⟨ξu − Dz, xn+1 − z⟩ + 1
2
βn(∥xn − z∥2 + ∥xn+1 − z∥2)

+1
2
(1 − βn − αnξ̄)(∥xn − z∥2 + ∥xn+1 − z∥2)

= αn⟨ξu − Dz, xn+1 − z⟩ + 1
2
(1 − αnξ̄)(∥xn − z∥2 + ∥xn+1 − z∥2).

This implies that

2∥xn+1 − z∥2 ≤ 2αn⟨ξu − Dz, xn+1 − z⟩ + (1 − αnξ̄)(∥xn − z∥2 + ∥xn+1 − z∥2)
= 2αn⟨ξu − Dz, xn+1 − z⟩ + (1 − αnξ̄)∥xn − z∥2 + (1 − αnξ̄)∥xn+1 − z∥2
≤ 2αn⟨ξu − Dz, xn+1 − z⟩ + (1 − αnξ̄)∥xn − z∥2 + ∥xn+1 − z∥2,

and so we have

∥xn+1 − z∥2 ≤ 2αn⟨ξu − Dz, xn+1 − z⟩ + (1 − αnξ̄)∥xn − z∥2.
From the condition (C2), (3.28), and Lemma 2.10, we see that limn−→∞ ∥xn − z∥ =
0. This completes the proof.

4 Corollaries

Corollary 4.1 Let H1 and H2 be two real Hilbert spaces and A : H1 → H2 be a
bounded linear operator. Assume that B1 : H1 → 2H1 and B2 : H2 → 2H2 are
maximal monotone mappings. Let {Si}∞i=1 be an infinitely family of nonexpansive
mappings from H1 into itself. Assume that % := (

⋂∞
i=1 Fix(Si)) ∩ ' ̸= ∅. Let

x1 = u ∈ H1 arbitrarily, let the sequences {yn} and {xn} be generated by
{
yn = J

B1
λ (xn + γA∗(JB2

λ − I )Axn);
xn+1 = αnu+ βnxn + (1 − βn − αn)Wnyn, ∀n ≥ 1,

(4.1)



Numer Algor

where λ > 0 and γ ∈ (0, 1
L), L is the spectral radius of the operator A∗A and A∗ is

the adjoint of A, {Wn} is the sequence defined by (2.8), {αn} and {βn} are sequences
in [0, 1]. Suppose the control consequences satisfy the following conditions:
(C1) 0 < a ≤ βn ≤ b < 1, ∀n ≥ 1,
(C2) limn−→∞ αn = 0 and

∑∞
n=1 αn = ∞.

Then {xn} and {yn} converge strongly to a point z ∈ %, which solves uniquely solution
of the variational inequalities

⟨(I − u)z, z − p⟩ ≤ 0, ∀p ∈ %. (4.2)

Equivalently, we have P%u = z.

Proof Taking ξ = 1 and D = I in Theorem 3.1, then the conclusion of Corollary
4.1 is obtained.

Corollary 4.2 Let H1 and H2 be two real Hilbert spaces and A : H1 → H2 be a
bounded linear operator. Assume that B1 : H1 → 2H1 and B2 : H2 → 2H2 are
maximal monotone mappings. Let S : C → C be a nonexpansive mapping. Assume
that % := Fix(S) ∩ ' ̸= ∅. Let x1 = u ∈ C and the sequences {yn} and {xn} be
generated by

{
yn = J

B1
λ (xn + γA∗(JB2

λ − I )Axn);
xn+1 = αnu+ βnxn + (1 − βn − αn)Syn, ∀n ≥ 1,

(4.3)

where λ > 0 and γ ∈ (0, 1
L), L is the spectral radius of the operator A∗A and A∗ is

the adjoint of A. If the control consequences satisfying the following:

(C1) 0 < a ≤ βn ≤ b < 1, ∀n ≥ 1,
(C2) limn−→∞ αn = 0 and

∑∞
n=1 αn = ∞,

then, {xn} and {yn} converge strongly to a point z ∈ %, which solves uniquely solution
of the variational inequalities

⟨(I − u)z, z − p⟩ ≤ 0, ∀p ∈ %. (4.4)

Equivalently, we have P%u = z.

Proof Taking ξ = D = 1 and Sn = S for all n ≥ 1 in Theorem 3.1, then the
conclusion of Corollary 4.1 is obtained.

5 Numerical examples

In this section, let us present the following common fixed-point optimization algo-
rithm by using W−mapping and discuss some examples to verify the theoretical
results.
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Algorithm 5.1 (Common fixed-point optimization algorithm by usingW−mapping)
Step 1. Choose the initial point x1 ∈ H1, the parameters λ > 0 and γ ∈ (0, 1

L) and
0 < ξ < 1 arbitrarily real numbers. Fixed the element u ∈ H1 and let n = 1.
Step 2. Given xn ∈ H1 and compute xn+1 ∈ H1 as follows;

yn = J
B1
λ (xn + γA∗(JB2

λ − I )Axn)

Wn = Un,1, where

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

Un,1 = ζ1S1Un,2 + (1 − ζ1)I,

Un,2 = ζ2S2Un,3 + (1 − ζ2)I,
...

Un,n = ζnSnUn,n+1 + (1 − ζn)I,

Un,n+1 = I,

(5.1)

xn+1 = αnξu+ βnxn + (1 − βn − αn)Wnyn.

Step 3. Put n := n+ 1 and go to step 2.

Example 5.1 For n ≥ 1, let Wn : R −→ R be a mapping generated by an infi-

nite family of nonexpansive mapping { 1
2n

} and a nonnegative real sequence { n

n+ 1
}.

Define three operators A,B1, and B2 on a real line by Ax = 3x, B1x =
2x, and B2x = 3

4
x for all x ∈ R. In this example, we set the parameters on

algorithm (5.1) by ξ = 0.5, D = 1, αn = 10−3

n
, and βn = 0.5 − 1

10n+ 2
for all

n ∈ N and fix the element u = 5.
First, we take λ = 0.99, γ = 0.5, and three initial points randomly generated

by Matlab. In this way, Fig. 1 indicates the behavior of xn for algorithm (5.1) that
converges to the same solution, i.e., 0 ∈ (∩∞

i=1Fix(Si))∩' as a solution of this exam-
ple. Next, we test the effect of the parameter γ to rate of convergence by choosing
γ = 0.01, 0.3, and 0.7 where the initial point x1 = 30 and the parameter λ = 0.99
are fixed. In this test, it shows by Fig. 2a. Finally, we fixed the initial point x1 = 40
and the parameter γ = 0.1 and choosing the different parameters λ = 0.99, 0.5,

Number of iterations (n)
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Fig. 1 Behavior of xn for the different initial points
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Fig. 2 Behavior of xn for the different parameters γ and λ

and 0.01. Figure 2b indicates the behavior of xn generated by algorithm (5.1) with
λ = 0.01 decreases slowly.

Example 5.2 Define an infinite family of nonexpansive mapping Sn : R3 −→ R3

by Sn = { 1
2n

} and a nonnegative real sequence ζn = { n

n+ 1
} for all n ∈ N. Let

Wn be a mapping generated by {Sn} and {ζn}. Setting γ = 0.01, λ = 0.09, ξ =

0.2, D = I, A =

⎡

⎣
6 3 1
8 7 5
3 6 2

⎤

⎦, B1 =

⎡

⎣
3 0 0
0 2 0
0 0 1

⎤

⎦, B2 =

⎡

⎣
4 0 0
0 5 0
0 0 6

⎤

⎦, αn = 10−3

n
, and

βn = 0.5 − 1
10n+ 2

for all n ∈ N.

Firstly, the experiment used random vector u in R3 and fixed initial vector x1 =
(13,−12, 25). Using algorithm (5.1), the test results are reported in Table 1 and the
size of the increment of {xn} and {yn} are presented in Fig. 3a. It’s easy to see that
(0, 0, 0) ∈ (∩∞

i=1Fix(Si)) ∩ ' is a solution of this experiment.

Table 1 The convergence of sequences {xn} and {yn}

n xn yn ∥xn∥ ∥yn∥

1 (13,−12, 25) (5.1998,−11.3381, 20.3501) 30.6268 23.8687

2 (7.4737,−12.7600, 16.8046) (2.9885,−6.8856, 13.6536) 22.3846 15.5809

3 (4.1953,−7.5669, 10.9574) (1.6769,−4.0810, 8.8892) 13.9615 9.9239

4 (2.3823,−4.5946, 7.4465) (0.9514,−2.4760, 6.0316) 9.0684 6.5891

5 (1.3411,−2.7814, 5.0707) (0.5349,−1.4974, 4.1016) 5.9369 4.3990
.
.
.

.

.

.
.
.
.

.

.

.
.
.
.

20 (0.0000, 0.0003, 0.0078) (0.0000, 0.0001, 0.0094) 0.0078 0.0094

25 (0.0001, 0.0002, 0.0011) (0.0000, 0.0001, 0.0013) 0.0011 0.0013

30 (0.0001, 0.0001, 0.0003) (0.0001, 0.0001, 0.0003) 3.3166e-04 3.3166e-04

35 (0.0000, 0.0000, 0.0000) (0.0000, 0.0000, 0.0000) 0.0000 0.0000
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Fig. 3 The size of the increment of {xn} and {yn}

Secondly, we suppose that {xn(j)}mj=1 and {yn(j)}mj=1 are the sequences generated
by {xn} and {yn} in algorithm (5.1), respectively. We performed 50 sampling (m = 50
different random initial points) and averaged their size of the increment by using
2-norm. Define the mean size of the increment of {xn(j)}mj=1 and {yn(j)}mj=1 by

MS(xn) :=
1
m

m∑

j=1

∥xn+1(j) − xn(j)∥ and MS(yn) :=
1
m

m∑

j=1

∥yn+1(j) − yn(j)∥.

Figure 3b shows that the mean size of the increment of {xn} and {yn} converge to 0
which imply that {xn} and {yn} converge to a solution.

Example 5.3 In this example, we replace an infinite family of nonexpansive mapping
Sn in Example 5.2 by

Sn =

⎡

⎣
1/n 0 0
0 1/2n 0
0 0 1/2n+1

⎤

⎦

and others are still the same.
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Fig. 4 The size of the increment of {xn} and {yn}
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Figure 4 plots the behavior of sequences of ∥xn+1−xn∥, ∥yn+1−yn∥,MS(xn) and
MS(yn) that converge to 0. This concludes that {xn} and {yn} converge to a solution.
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