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Abstract
Project Code : MRG 6080139

Project Title : Some Results in Critical Graphs with Respect to Connected Domination and Double

Domination

Investigator : Pawaton Kaemawichanurat, King Mongkut’s University of Technology Thonburi
E-mail Address : pawaton.kae@kmutt.ac.th

Project Period : 1 April 2017 - 31 March 2019

Objectives :

1. Find the upper bound of the number of cut vertices of k-Y-critical graphs for k = 5.

2. Fork = 5, study the properties of the k-Y -critical graphs having the number of cut vertices equal
or closed to the upper bound.

3. Solve the realizable problem to find the existence of k-Y-critical graphs, for k > 5, of prescribe
the number of cut vertices.

4. Fork = 5, determine whether or not every k-Y-critical graph having the number of cut vertices

equal to the upper bound contains a perfect matching.
Methodology :

1. Study all related works not only in connected domination concept but also study on various
types of domination numbers.

2. Fork = 5, we proceed the research as the followings : Construct a number of k-Y-critical graphs
having as many cut vertices as possible. Establish the upper bound of the number of cut vertices.
We can use some results from another types of domination critical graphs to guideline. Then
investigate the properties of all k-Y-critical graphs achieving the upper bound. Try to characterize
these graphs if possible.

3. Find a collection of k-Y-critical graphs containing cut vertices. Try to construct such graphs
having a different number of cut vertices from 0 to the upper bounds.

4.  Study related works on matching theory and use this knowledge to determine the matching
properties of k-Y-critical graphs having the number of cut vertices equal or closed to the upper

bound.



Output :

1. We prove that the upper bound of the number of cut vertices of k-Y-critical graphs for k = 5 is at
most k — 2. The proof of which is established in Chapter 3. We further characterized such graphs
having k — 3 and k - 2 cut vertices. We provide the characterizations in Chapter 4.

2. We construct k-Y-critical graphs with prescribed cut vertices at the end of Chapter 4.

3. According to the characterizations, we can established matching properties of k-Ycritical graphs
with k = 3 and k - 2 cut vertices at the end of Chapter 4.

4. When we review related works in domination critical graphs, we can prove some new results in
critical graphs but on another type of domination number which is called double domination. We
can get one publication beside our main purpose but still under sponsorship by TRF. We put this
work in Chapter 5. Further, we change the name of our project from “Connected Domination
Critical Graphs” to be “Some Results in Critical Graphs with Respect to Connected Domination

and Double Domination” which is more general and appropriate to the contents of this report.

Keywords : domination;cut vertex;critical
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CHAPTER 1

Introduction and Background

1.1 Notations

All graphs in this paper are finite, undirected and simple (no loops or multiple edges).
For a graph G, let V(G) denote the set of all vertices of G and let E(G) denote the set
of all edges of G. The complement G of G is the graph having the same set of vertices
as G but the edge e is in E(G) if and only if e ¢ E(G). For S C V(G), G[S] denotes
the subgraph of G induced by S. The open neighborhood Ng(v) of a vertex v in G is
{u € V(G) : uv € E(G)}. Further, the closed neighborhood Ng|v] of a vertex v in G is
Ng(v)U{v}. For subsets X and Y of V(G), Ny(X) is the set {y € Y : yx € E(G) for
some x € X }. For a subgraph H of G, we use Ny (H) instead of Ny(V(H)) and we use
Np(X) instead of Ny gy (X). If X = {x}, we use Ny (x) instead of Ny ({x}). The degree
deg(x) of a vertex x in G is |[Ng(x)|. When no ambiguity occur, we write N(x) and
N(X) instead of Ng(x) and Ng(X), respectively. An end vertex is a vertex of degree
one and a support vertex is the vertex which is adjacent to an end vertex.

We let @(G) to denote the number of components of G. A cut set S is a vertex
subset for which @(G — S) > ®(G). The connectivity k is the minimum cardinality of
acut set. A graph G is [-connected if ¥ > [. Moreover, if S = {v}, then v is called a cut
vertex if G — v is not connected. The number of cut vertices of G is denoted by §(G).
A block B of a graph G is a maximal connected subgraph such that B has no cut vertex.
An end block of G is a block containing exactly one cut vertex of G. For a connected

graph G, a bridge xy of G is an edge such that G — xy is not connected.

An independent set is a set of pairwise non-adjacent vertices. A graph G is bipartite
if there exists a bipartition X and ¥ of V(G) such that X and Y are independent sets.
A complete bipartite graph K, ,, is a bipartite graph with the partite sets X and ¥ such
that |X| = m and |Y| = n containing all edges joining the vertices between X and Y.
A star K, is a complete bipartite graph when m = 1, in particular if n = 3, a star

K 3 is called a claw. The support vertex of a star is called the center. For integers
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51,852,583 > 1, let uy,ug,...;ug 4 1;v1,V2,...,V5,+1 and wy,wo,...,wg, 41 be three disjoint
paths of length 51,5, and s3, respectively. A net Ny, , ¢, 1s constructed by adding edges
Ug,+1Vsy+1,Vsy+1Ws34+1 and wg, 1ug, 1. For a family of graphs .%, a graph G is said
to be .# -free if there is no induced subgraph of G isomorphic to H for all H € .#. A
Hamiltonian path(cycle) is a path(cycle) containing all vertices of the graph. A graph
G is Hamiltonian if G contains a Hamiltonian cycle. The distance d(u,v) between
vertices u and v of G is the length of a shortest (u,v)-path in G. The diameter of G

diam(G) is the maximum distance of any two vertices of G.

For a finite sequence of graphs Gy,...,G; for [ > 2, the joins G{V ---V Gy is the
graph consisting of the disjoint union of Gy,...,G; and each vertex in G; is joined
to all vertices in G4 for 1 <i<I—1 by edges. If V(G;) = {x}, then we simply
write GV ---V Gi—1VxV Git1 V---V G;. Moreover, for a subgraph H of G, the join
G1V g G, 1s the graph consisting of the disjoint union of G; and G> and edges that join

each vertex in G to each vertex in H.

For subsets D and X of V(G), D dominates X if every vertex in X is either in
D or adjacent to a vertex in D. If D dominates X, then we write D > X. We also
write a = X when D = {a} and D > x when X = {x}. Moreover, if X = V(G), then
D is a dominating set of G and we write D >~ G instead of D > V(G). A connected
dominating set of a graph G is a dominating set D of G such that G[D] is connected.
If D is a connected dominating set of G, we then write D >, G. A smallest connected
dominating set is called a y.-set. The cardinality of a 7y,.-set is called the connected
domination number of G and is denoted by 7.(G). Moreover, we say that D doubly
dominates X if [Np[X]| > 2 for all x € X. We write D >, X if D doubly dominates
X. Moreover, if X = V(G), then D is a double dominating set of G. A smallest double
dominating set of G is called a yx»-set of G. The double domination number of G is

the cardinality of a y,»-set of G and is denoted by Vx> (G).

A graph G is said to be k-Y,-critical if ¥.(G) = k and ¥.(G + uv) < k for any pair
of non-adjacent vertices # and v of G. Similarly, a graph G 1is said to be k double
domination critical, or k-yyy-critical, if V42(G) = k and (G + uv) < k for all uv ¢
E(G). On the other hand, a graph G is said to be double domination edge addition
stable, or k-y},-stable, if ¥,2(G) = k and y(G +uv) = k for all uv ¢ E(G) and a graph
G is said to be double domination edge removal stable, or k-7, ,-stable, if 7.»(G) =k
and Y(G —uv) = k for all uv € E(G). A graph which is either k-¥;!,-stable or k-y, ,-

stable is called double domination stable.
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1.2 Background

1.2.1 Connected Domination

For related results on k-},-critical graphs, Chen et al. [6] completely characterized
these graphs when 1 <k < 2.

Theorem 1.1. [6] A graph G is 1-y.-critical if and only if G is a complete graph.
Moreover, a graph G is 2-Y.-critical if and only if G = UleKl,n,- where | > 2 and
ni>1foralll <i<l.

By Theorem 1.1, we observe that a k-},-critical graph does not contain a cut vertex
when 1 <k <2,

Observation 1.2.1. Let G be a k-7,-critical graph with 1 < k < 2. Then G has no cut

vertex.

For k > 3, there is no complete characterization of these graphs so far. However, there
are some structural characterizations of k-7,-critical graphs when 3 < k <4 by focusing
on the maximum number of cut vertices of the graphs. Ananchuen [1] proved that the

number of cut vertices of a 3-y,-critical graph does not exceed one.

Theorem 1.2. [1] Let G be a 3-v.-critical graph. Then G contains at most one cut

vertex.

In our previous work in [12], we established the maximum number of cut vertices that

4-7y,-critical graphs can have.

Theorem 1.3. [12] Let G be a 4-Yy,-critical graph. Then G contains at most two cut

vertices.

By these results, we generalize that, for kK > 5, every k-7,-critical graph contains at

most k — 2 cut vertices. The proof of this theorem is given in Chapter 3.

1.2.2 Double Domination

This project also focuses on the Hamiltonicity of double domination critical graphs
and double domination stable graphs. It is worth noting that there are some results
concerning Hamiltonicities of critical graph with respect to other types of domination
numbers. For example, see [2,8,9, 13,15, 17, 18,21, 25,27]. For related results in
k-7y«o-critical graphs, Thacker [20] first studied these graphs. He characterized 3-7 -

critical graphs and 4-y.,-critical graphs with maximum diameter. It is easy to see that
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2-y«»-critical graphs are complete graphs of order at least two. When k = 4, Wang and
Kang [22] showed that G is factor-critical if G is a connected 4-Y,>-critical Kj 4-free
graph of odd order with minimum degree two. Wang and Shan [23] showed further
that if the order is even and at least six then the connected 4-7y.,-critical K 4-free
graph has a perfect matching except one family of graphs. Moreover, if G is a 2-
connected 4-7,,-critical claw-free of even order with minimum degree three or G is a
3-connected 4-yy;-critical Kj 4-free of even order with minimum degree four, then G
is bi-critical. Recently, Wang et al. [24] established that if a graph G is a 3-connected
4-vy,o-critical claw-free graph of odd order with minimum degree at least four, then G
is 3-factor-critical except one family of graphs. All the related results have not been
done when k£ > 5. In double domination stable graphs, we introduce a new concept
in k-y;r ,-stable graphs and investigate their Hamiltonian property in this paper. For k-
Y.,-stable graphs, Chellali and Haynes [5] established fundamental properties of these

graphs. All our reults related to double domination are given in Chapter 5.



CHAPTER 2

Preliminaries

In this chapter, we give a number of results that we use of in establishing our works.

2.1 Hamitonicities

We begin with a result of Chvatal [7] which is a well known property of a Hamiltonian

graph.
Proposition 2.1. [7] If G is a Hamiltonian graph, then % > 1 for every cut set
SCV(G).

In the following, we introduce the technique in Ryjacek [16] so called local com-
pletion to study Hamiltonian properties of claw-free graphs. Let G be a claw-free
graph. A vertex x in G is eligible if G|Ng(x)] is connected and non-complete. Further,
let G, be the graph such that V(G,) = V(G) and E(Gy) = E(G) U {uv : for a pair of
non-adjacent vertices u,v € Ng(x)}. Then, we repeat this process until there is no eligi-
ble vertex in the graph. That is, we will have a finite sequence of graphs Gy, G1, ..., Gy,
such that G = Gy and, for 1 <i < ng, we have G; = (G;_1), where y is an eligible
vertex of G;_1. The process finishes at G,, which contains no eligible vertex. Here
Gy, is the closure of G and is denoted by c/ (G). Brousek et al. [3] use this operation
to establish the Hamiltonicities of {Kj 3,Nj, s, s, }-free graphs. Before we state this

theorem, we need to provide some classes of graphs from [3].

The Class 77

Let Z,...,Zs be complete graphs of order at least three. For 1 <i < 3, let ¢;,z; be
two different vertices of Z;. Moreover, let ¢},q5,q5 be three different vertices of Z4
and z}, 25,25 be three different vertices of Zs. A graph in this class is constructed from
Z,,...,Zs by identifying ¢} with ¢; and z} with z; for 1 <i < 3. A graph in this class is
given Figure 2.1(a).

The Class .75
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Let c1,c2,c3,c1 and d1,d>,d3,d; be two disjoint triangles. We also let 77 and 7, be
two complete graphs of order at least three and 73 a complete graph of order at least
two. Let ¢}, d! be two different vertices of 7; for 1 <i < 2 and let ¢}, r be two different
vertices of 73. A graph in this class is obtained by identifying ¢} with ¢; and d! with d;
for 1 <i <2 and identifying ¢} with ¢3 and adding an edge rds. A graph in this class

is illustrated by Figure 2.1(b).
The Class 7743

Let hy,hy,...,he,h1 be a cycle of six vertices and K a complete graph of order at
least three. Let s and s’ be two different vertices of K. We define a graph G in the class
2 by adding edges shy,she,s'hs,s'hy. A graph in this class is illustrated by Figure
2.1(c).

Figure 2.1(a) : The Class 57 Figure 2.1(b) : The Class 7%

h6 . hy
S

hS . . h2
/

hy 3 h3

Figure 2.1(c) : The Class J%

Let P = py,p2,p3,P' = p},ph, ps and P” = p'l, pJj. p% be three paths of length two. The
graph P 3 3 is constructed from P,P’ and P” by adding edges so that {p;, p,p}} and
{p3,P5, P4} form two complete graphs of order three. Brousek et al. [3] proved :

Theorem 2.1. [3] Let G be a 2-connected {K; 3,N1 22,N\ 1 3}-free graph. Then either
G is Hamiltonian, or G is isomorphic to P33 3 or cl(G) € 764 U 56U 4.

Recently, Xiong et al. [26] established this following theorem.

Theorem 2.2. [26] Let G be a 3-connected {K 3, Ny, s, 5, }-free graph. If s1+s2+s3 <
9 and s; > 1, then G is Hamiltonian.
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2.2 Connected Domination

In this section, we state a number of results in connected domination that we make use
of in establishing our theorems. At the end of this section, we also prove some crucial
results which will be used to settle the maximum number of cut vertices of k-y,-critical
graphs in Chapter 3. We begin with a result of Chartrand and Oellermann [4] which

gives the relationship between the numbers of end blocks and cut vertices.
Lemma 2.1. (see [4], Page 24) Let G be a connected graph with at least one cut vertex.
Then G has at least two end blocks.

In [6], Chen et al. established fundamental properties of k-7,-critical graphs.

Lemma 2.2. [6] Let G be a k-7,-critical graph and let x and y be a pair of non-adjacent
vertices of G. Further, let Dy, be a Y.-set of G+ xy. Then

(1) k=2< |Dy| <k—1,
(2) Doy {2y} # 0 and

(3) if {x} = {x,y} N Dy,, then N;(y) N Dy, = 0.

In [13], we further observed some structure 2.of the subgraph of G (not G+ xy) induced

by Dy,. For completeness, we provide the proof.

Observation 2.2.1. If {x,y} C D,y, then G|D,y| consists of 2 components and each of

which contains exactly one vertex of {x,y}.

Proof. If G[D,,] is connected, then Dy, is a connected dominating set of G. It follows
by Lemma 2.2(1) that %.(G) < k — 1, contradiction. Thus G[Dyy| is not connected. As
(G+xy)[Dyy] is connected and xy is the only one edge which is added to G, it follows
that xy is a bridge of (G + xy)[Dyy]. Therefore, G|D,,| has exactly 2 components and
each of which contains exactly one vertex of {x,y}. This completes the proof. ]

When k£ > 3, Ananchuen [1] established structures of k-7y,-critical graphs with a cut

vertex.

Lemma 2.3. [1] For k > 3, let G be a k-Y,-critical graph with a cut vertex c and let D

be a connected dominating set. Then

(1) G — c contains exactly two components,



2.3 Double Domination 8
(2) if Cy and Cy are the components of G — c, then G[Nc,(c)| and G[Nc,(c)| are
complete and

(3) ceD.

In our previous work in [12], we established the diameter of k-7,-critical graphs.

Lemma 2.4. [12] Let G be a k-v,-critical graph. Then diam(G) < k

2.3 Double Domination

We conclude this chapter by giving some results on double domination. Thacker [20]

established some observations of this parameter.

Observation 2.3.1. [20] For k > 2, let G be a k-7y.-critical graph. Moreover, for a

pair of non-adjacent vertices u and v of G, we let D, be a Y«z-set of G+ uv. Then
Dy, N{u,v} # 0.

The following proposition is a special case of a result of Thacker [20] by restricting

the original result to connected graphs.

Proposition 2.2. [20] For any connected graph G, let u and v be a pair of non-adjacent
vertices of G. Then

Yx2(G) =2 < Y2(G+uv) < 1<2(G).

The following result, from [5], gives the double domination number of a graph when

any edge is removed.

Observation 2.3.2. [20] For a graph G and edge uv € E(G) such that G — uv have no
isolated vertex, Vx2(G) < ¥x2(G —uv).



CHAPTER 3

Connected Domination Critical Graphs

with Many Cut Vertices

This chapter, we prove that every k-7,-critical graphs when k > 3 has at most k —2 cut
vertices. In Sections 3.1 and 3.2, we may need to establish related results that we use

to prove our main theorem. Our main theorem of this chapter is proved in Section 3.3.

3.1 Forbidden Subgraphs

We start this section by establishing a forbidden subgraph of k-7,-critical graphs when

k > 3 which is Lemma 3.2. We also need to prove the following lemma.

Lemma 3.1. Let G be a k-y,-critical graph and let x and y be a pair of non-adjacent
vertices of G such that |Dx, N {x,y}| = 1. Then, for a pair of vertices a and b in D,,,
we have that N(a) ¢ N|b].

Proof. Suppose to the contrary that N(a) C N[b] for some a,b € Dy,.
Claim : Dy, — {a} > a.

As |DyyN{x,y}| = 1, we must have G[Dy,] is connected. Because N(a) C N[b] and
b € D,y, it follows that G[Dy, — {a}] is connected. We next show that D, — {a} > a.
As G[D,y] is connected, a must be adjacent to a vertex in D,,. That is Dy, — {a} > a.
Therefore D,y — {a} >, a. This settles the claim.

Since |Dyy, N {x,y}| = 1, we may assume without loss of generality that {x} =
Dy, N{x,y}. We distinguish 2 cases.

Casel: a#x.
Because N(a) C N[b] and b € D, it follows that Dy, — {a} > V(G +xy) — {a}.
Thus, by the claim, we have Dy, — {a} >, G +xy. This contradicts the minimality of

D,y. So Case 1 cannot occur.
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Case2:a=x.

As N(a) C N[b], we must have Dy, — {a} = V(G +xy) — {y,a}. By the claim,
Dy, — {a} >, V(G) — {y}. Because G is connected, it follows that N(y) # 0. Let
z€ N(y). By Lemma 2.2(3), z ¢ Dyy. As Dy, >, G+xy, we must have that z is adjacent
to a vertex in Dy,. If za ¢ E(G), then (Dy, — {a}) U{z} . G. Lemma 2.2(1) implies
that |(Dy, — {a}) U{z}| < k—1 contradicting the minimality of ¥.(G). Therefore,
za € E(G). As N(a) C N[b], we must have zb € E(G). Since b € Dy,, it follows that
(Dyy —{a}) U{z} >¢ G. Similarly, |(Dy, —{a})U{z}| < k—1, a contradiction. So
Case 2 cannot occur and this completes the proof. [

We are ready to provide the construction of a forbidden subgraph of k-7,-critical
graphs. For a connected graph G, let X, Y, X and Y} be disjoint vertex subsets of V(G).
We, further, let Z= X UX; UY UY; and Z = V(G) — Z. The induced subgraph G[Z] is
called a bad subgraph it

(i) x1 » X UX| for any vertex x| € X1,
(ii) N[x] C X UX; for any vertex x € X,
(iii) y1 > Y UY] for any vertex y; € Y7 and

(iv) N[y C YUY, for any vertex y € Y.

Figure 3.1 illustrates our set up.

x (a>r) Osa o)y

xi( =) ( =~ ¥y,
C., e 7 & .,)

Figure 3.1 : The induced subgraph G[Z]

Observe that G[X;] and G[Y1] are complete subgraphs. Further, if Z = @, then there
exists an edge x;y; where x; € Xjand y; € Y] because G is connected. Thus {x1,y;} >
G. This implies that }.(G) < 2. Therefore, if .(G) > 3, then Z # 0. The next lemma
gives that every k-7,-critical graph has no bad subgraph as an induced subgraph.

Lemma 3.2. For k > 3, let G be a k-Y,-critical graph. Then G does not contain a bad
subgraph as an induced subgraph.
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Proof. Suppose to the contrary that G contains G[Z] as a bad subgraph. Let x € X and
y €Y. Consider G +xy. Lemma 2.2(2) implies that Dy, N {x,y} # 0.

We first show that {x,y} C D,,. Suppose to the contrary that D, N {x,y}| = 1.
Without loss of generality let {x} = Dy, N {x,y}. Since x is not adjacent to any vertex
in Y}, in order to dominate Y}, Dy N (V(G) — X) # 0. Because N[x] C X UX;, by the
connectedness of (G +xy)[Dyy], Dy NX; # 0. Let x; € Dy NX;. Thus N(x) C N|xy]
contradicting Lemma 3.1. Hence {x,y} C D,,.

By Observation 2.2.1, G[D,y| has exactly two components H; and H, containing x

and y, respectively. Let
U= N(Hl) —V(Hl) and U, = N(Hz) — V(Hz).

Thus V(G) = Uy UU, UV (H;) UV (H,) because Dy, = V(H ) UV (H,) and Dy, >
G + xy. We next establish the following claim.

Claim : For a vertex u € V(H,)UUy, if (V(H;)U{u})NX; # 0, then V(H; —x) U
{u} =, Uy U{x}. Similarly, for a vertex v € V(H,) UU,, if (V(Hy)U{v})NY; # 0,
then V(Hy —y)U{v} =, U U{y}.

Suppose that there exists x| € (V(H;)U{u})NX;. By Property (i) of bad subgraph,
x1 = X UX;. Hence, N[x|] C N[x;]. Clearly, G[V (H;) U{u}] is connected. Since x| €
V(H; —x)U{u}, it follows that G|V (H; —x) U {u}] is connected. As N[x] C N[x;], we
must have V(H| —x) U{u} >, x. Thus, it remains to show that V(H; —x) U{u} > Uj.
Let w € U;. So, w is adjacent to a vertex of H;. If wx ¢ E(G), then w is adjacent to a
vertex of H] —x. But, if wx € E(G), then wx; € E(G). These imply that w is adjacent to
avertex in V(H; —x)U{u}. So V(H; —x)U{u} > U;. Therefore, V(H; —x) U{u} =,
Uy U{x}. We can show that if (V(Hy)U{v})NY; #0, then V(Hy —y)U{v} >, U U{y}

by the similar arguments. This settles the claim.

We note by the claim that u can be a vertex in H;. Thus if V(H;) NX; # 0, then
V(H, —x) »c Uy U{x}. Clearly Z # 0 because k > 3. To dominate Z, we have Dy, N
(ZUX; UY;) # 0 because N[x] C X UX; and N[y] C Y UY;. Thus, by the connectedness
of Hy and H,, V(H;) NX; # 0 or V(H,) NY; # 0. Suppose without loss of generality
that V(H;) N X # 0. By applying the claim, we have that

V(H) —x) = Uy U{x}. (3.1.1)

Casel: U NU, #0.
Thus there is a vertex v € V(G) — (V(H;) UV (H,)) such that v is adjacent to a
vertex of H; and a vertex of Hp. Thatis G|V (H;)U{v} UV (H,)] is connected.
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We next show that (V(H) U{v})NY; # 0. Suppose that (V(H,)U{v})NY; = 0.
By the connectedness of H, V(H;) C Y because y € Y. Moreover, v € Y because v is
adjacent to a vertex of Hy. So, Property (iv) implies that N[v] C Y UY]. As v is adjacent
to a vertex of Hj, we must have that V(H;) N (Y UY;) # 0. By the connectedness of
Hy, V(H;)NY; # 0. Property (iii) yields that there exists a vertex of H; adjacent
to a vertex of H,. So H; and H, are the same component, a contradiction. Hence
(V(Hy)U{v})NY; # 0. By the claim, we have that

V(Hy —y)U{v} = U2 U {y}. (3.1.2)

Since V(G) = U UU> UV (H) UV (Ha), by (3.1.1) and (3.1.2), V(H; —x) UV (H —
y)U{v} >, G. Hence

(Dyy —{x,y})U{v} =V(H; —x) UV(Hy —y) U{v} >, G.

Lemma 2.2(1) yields that |(Dy, — {x,y}) U{v}| < k—1 contradicting %.(G) = k. So

Case 1 cannot occur.

Case2: U NU,=0.
Since G is connected, there exist vertices u and v in V(G) — (V(H;) UV (Hy)) such
that u € Uy,v € U, and uv € E(G). Therefore G[V (H;) U {u,v} UV (H,)] is connected.

We will show that (V(H;)U{u})NX; # 0 and (V(H2) U{v})NY; # 0. Suppose to
the contrary that (V(H;)U{u})NX; =0. So V(H;)U{u} C X by the connectedness of
G[V(H;)U{u}]. Since H| and H, are different components, by Property (i), V(H2) N
X) = 0. Thus v € X; because uv € E(G) and N[u| C X UX,. This implies by Property
(i) that v = Hj, in particular v € U;. Thus v € U; NU,. This contradicts U} NU, = 0.
Hence, (V(H;)U{u})NX; # 0. By the same arguments, we have (V(H,)U{v})NY; #
0.

Hence, by the claim, we have that V(H; —x)U{u} >, U U{x} and V(H, —y) U
{v} = U, U{y}. AsV(G)=UUU,UV(H)UV(H,), we must have that (Dy, —
{x,y}) U{u,v} >, G. Lemma 2.2(1) gives that |(Dy, — {x,y}) U{u,v}| <k—1 con-
tradicting .(G) = k. So Case 2 cannot occur. Therefore G does not contain a bad

subgraph as an induced subgraph. This completes the proof. [

By applying Lemma 3.2, we easily establish the maximum number of end vertices

of k-y.-critical graphs.
Corollary 3.1.1. [19] For k > 3, every k-7,-critical graph has at most one end vertex.

Proof. Suppose to the contrary that G has x and y as two end vertices. Let x; and y; be

the support vertices adjacent to x and y, respectively. Thus x; and y; are cut vertices.
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Since Y.(G) > 3, V(G) — {x,x1,y,y1} # 0. Thus, Lemma 2.3(1) implies that x| # y;.
Choose X = {x1 },Y1 = {y1},X = {x} and Y = {y}. Clearly G[X; UY; UX UY]is a
bad subgraph contradicting Lemma 3.2. Hence, G has at most one end vertex and this

completes the proof. 0

It is worth noting that very recently Taylor and van der Merwe [19] proved Corol-
lary 3.1.1 as well. They proved the corollary with contrapositive but did not apply the
concept of a bad subgraph in their proof.

3.2 The Characterizations of Some End Blocks

In this section, we provide characterizations of some blocks of k-y,-critical graphs. For

a connected graph G, we let
</ (G) be the set of all cut vertices of G and
B(G) be the family of all blocks of G.

When no ambiguity can occur, we use B to denote B(G). We first show that for a
connected graph G and a pair of non-adjacent vertices x and y of G, &/ (G) = &/ (G +
xy) if x and y are in the same block of G.

Lemma 3.3. For a connected graph G, let B be a block of G and x,y € V (B) such that
xy & E(G). Then </ (G) = o/ (G + xy).

Proof. Since G is a subgraph of G +xy, &7 (G +xy) C o/ (G). Suppose there exists ¢
such that ¢ € &7/ (G) but ¢ ¢ &7 (G + xy). Thus (G +xy) — ¢ is connected. Let C be the
component of G — ¢ containing vertices of V(B) — {c} and C’ be a component of G — ¢
which is not C. Further, let a € N¢r(c) and b € N¢(c). Since c¢ is a cut vertex of G, there
is only one path a,c,b from a to b. But ¢ is not a cut vertex in G +xy. This implies
that G — ¢ has a path P = py, p2,...,X,Y,..., p, from b to a where b = py,a = p,,x = p;
and y = p;;| forsome 1 <i<r—1andr > 2. We see that P must contain an edge
xy and ¢ ¢ {p1,p2,...,pr}. Since C and C’ are the two different components of G — c,
by the connectedness of the path P, {py,p2,...,pi} CV(C) and {pi+1,...,pr} CV(C).
Sox € V(C) and y € V(C') contradicting x and y are in the same block. Therefore
2 (G) C o/ (G +xy) and thus, &7 (G) = o/ (G + xy). This completes the proof. O

For a k-7,-critical graph G with a cut vertex, let B be an end block of G containing
non-adjacent vertices x and y. Clearly, V(B +xy) = V(B).

Lemma 3.4. Let B be a block of G and x,y € V(B) such that xy ¢ E(G). Then DN/ =
Dyy N, in particular, DN o/ (B') = DyyN o/ (B') for all B' € B(G +uv).
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Proof. We first show that DN« C Dy,N4/. Letc € DN/. By Lemma 3.3, ¢ €
</ (G +xy). By the connectedness of (G +xy)[Dyy|, ¢ € Dyy. Thus DN.o/ C DyyN ot
We now show that D,y,N.e/ C DN /. Letc € Dy,N /. Thatis c € &/. Lemma 2.3(3)
yields that c € D. So ¢ € DN« and thus, D, N/ C DN <7, as required.

In view of Lemma 3.3, V(B') N </ (G +xy) = V(B') N« for all B € B(G +uv).
Because DN &/ = Dy, N7, it follows that

DN (B)=DNaNV(B')=DyNNV(B')=DyN(B).

This completes the proof. ]

As we see in Lemma 3.3, if the two end vertices of the adding edge are in the same
block, then the set of all cut vertices is still the same. For non-adjacent vertices x and y
of the block B, the following lemma gives the number of vertices of a y,-set of G+ xy
in B.

Lemma 3.5. For all x,y € V(B) such that xy ¢ E(G), |DyyNV(B)| < |DNV(B)|.

Proof. We first establish the following claim.

Claim : For all block B’ which is not B, |DNV(B')| < |D,, NV (B')].

Suppose to the contrary that [DNV(B')| > |Dyy,NV(B')|. Lemma 3.4 gives that
DN/ (B') = DyyN</(B'). Because x,y ¢ V(B'), G[(D—V(B'))U (DxyNV(B))] is
connected. Moreover, (D —V (B')) U (Dy,NV(B')) > G. This implies that

k=|D|=|(D-V(B))U(DNV(B'))|=|D-V(B)|+|DNV(B)
> |D—V(B)|+|DynV (B
=[(D-V(B'))U(DyNV(B))],

contradicting the minimality of D. Thus establishing the claim.

We now prove Lemma 3.5. Suppose to the contrary that [D,, NV (B)| > |[DNV(B)|.
Lemma 3.4 yields that DN .« = D,y N /. Clearly D = Ug.3(DNV(B)) and Dy, =
UBes (G-ay) Py N V(B)). Lemma 2.3(1) yields, further, that each cut vertex is con-
tained in exactly two blocks. Thus each cut vertex is counted twice in ¥ 5.3 (DN
V(B))| and Y 5eB(G+xy) | (Dxy NV(B))|. Therefore, |D| =Zz.5|DNV(B)| — || and
Z5en(Gtay) [Py NV (B)| = |7 (G + xy)| = |Dxy|. We note by Lemma 3.3 that |.</| =
|7 (G +xy)|. By the claim and the assumption that |D,, NV (B)| > |IDNV(B)

, We



3.2 The Characterizations of Some End Blocks 15

have

k=|D| =Xgeu|DNV(B)| - ||
=[DNV(B)|+Zge_(5|DNV(B)| - ||
<|D,NV(B)] +Z§€%_{B}|DOV(§)\ — || (by the assumption)
< Dy NV (B)| + Zge(G4ry)— (5} Py NV (B)| — || (by the claim)
= L5e(Gay) Dy NV (B)| = |/ (G +xy)| = Dy

This contradicts Lemma 2.2(1). Thus |D,, NV (B)| < [DNV(B)| and this completes
the proof. 0

Corollary 3.2.1. For all block B of G and x,y € V(B) such that xy ¢ E(G), |(Dx, N
V(B)) —<| <|(DNV(B)) — <.

Proof. In view of Lemma 3.4, DNV(B)N« = DyyNV(B)N /. Lemma 3.5 then
implies that

(DyNV(B)) = | = |Dy NV (B)| = [Dxy NV (B) N |
<|DNV(B)|—|DNV(B)N|
=|(DNV(B)) - |

and this completes the proof. [
We now introduce four classes of graphs such that some graph in these classes is
an end block of a k-7y,-critical graph. For vertices c¢,z; and z,, we let
HBo ={cV K, :foranintegert; > 1},
#B1 ={cVK,Vz :foraninteger r, > 1} and
1 ={cVK, VK,V z: for integers 3,14 > 1}.

For a block B € %yU %1 U %, 1, we call ¢, the head of B. Before we construct the
next class, it is worth to introduce graph T which occurs in the characterization of k-7,-
critical graphs with a maximum number of cut vertices. For positive integers [ > 2,r
and n;, we let .¥ = Ulel(l n; and

S or
T = .
{ S UK,.

Then, for 1 <i <1, we let sg,s’i,sg, ...,sﬁli be the vertices of a star K ,, centered at sf).
We, further, let S = UL_ {s,s},..., s, } and 8" = UL_ {s)}, moreover, let S = V (K, ) if
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T=.UK,and S" =0 if T =.7. We note that

- 2 or
T=¢ _
{ S VK.

That is, T can be obtained by removing the edges in the stars of . from a complete
graph on SU S’ US”. Throughout this paper, we are, in fact, using the complement of
T. We are ready to define the next class. Recall that, for graphs G| and G, such that
G, has H as a subgraph, the join G; V gG; is the graph constructed from the disjoint

union of G| and G, by joining each vertex in G to each vertex in H with an edge.
PBhro ={c VT[S}T : for positive integers [ > 2, r and n;}.

We note by the construction that, in 7', every vertex in S is adjacent to exactly |S' U
S”| —1 vertices in §'US”. A graph in this class is illustrated by Figure 3.2. According
to the figure, an oval denotes a complete subgraph, double lines between subgraphs
denote joining every vertex of one subgraph to every vertex of the other subgraph and

a dash line denotes a removed edge.

-

S/

—®

NEIRY

o

S//

(g oy

Figure 3.2 : A graph G in the class % »

It is worth noting that, for an end block B of a k-y,-critical graph having D as a },-
set, the number of vertices in DNV (B) can be as large as k. We will give an example
by using the graph 7. For an integer k > 5, let K, , ..., K, _, be k—3 copies of complete
graphs with ny,...,n;_3 > 2 and let a; and a; be two isolated vertices. It is not difficult

to see that the graph

aq \/az\/Knl \/"‘\/Knk73 \/T[S]T

is a k-7-critical graph havingR=a> VK, V---VK,, , VT[S]T as an end block. Clearly,
IDOV(R)| =k.
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In the following, we characterize an end block B such that [DNV (B)| < 3. Let ¢ be
the cut vertex of G in B and H be the component of G — ¢ such that G[V (H)U{c}] = B.
We further let

W :NH<C),
W' ={w eV(H)-W:wwe E(G) for some w € W} and
W" = V(H) — (WUW').

Note that W' or W” can be empty. Since ¢ € V(B), we have that [ DNV (H)| =i if and
only if [DNV(B)| =i+ 1foralli > 0. Thus, |[DNV(B)| > 1.

Lemma 3.6. Let G be a k-y,-critical graph with a 7.-set D and let B be an end block
of G. If I DNV (B)| =1, then B € .

Proof. In view of Lemma 2.3(2), G[W] is complete. Lemma 2.3(3) gives, further, that
DNV (B)={c}. Since D = B and |(DNV(B)) —{c}| = 0, it follows that W/ UW" =0
and ¢ > W. So B € %. This completes the proof. 0

Lemma 3.7. Let G be a k-Y,-critical graph with a 7.-set D and let B be an end block
of G. If I DNV (B)| =2, then B € 4.

Proof. Let {y} = (DNV(B)) —{c}. By the connectedness of G[D|, y € W. Thus
W"=0and V(H) =W UW'. Suppose that there exist u,v € V(H) such that uv ¢ V(G).
Consider G 4 uv. Lemma 2.2(2) gives that D, N {u,v} # 0. Lemma 3.3 gives also that
¢ € Dy,. Hence, |D,, NV (B+ uv)| > 2 contradicting Lemma 3.5. Thus G[W UW']
is complete. Let z; € W. Consider G + cz;. Since [DNV(B)| = 2, by Lemma 3.5,
|Dez, NV (B+cz1)| < 1. Lemmas 2.3(3) and 3.3 yield that ¢ € D;,. So |D¢;, "V (H)| =
0. This implies that ¢ = B+ cz;. Since {z1} = Ngjcz, (¢) "W/, W = {z1}. So B € %,
and this completes the proof. [

Lemma 3.8. Let G be a k-Y,-critical graph with a 7,-set D and let B be an end block
of G. Suppose that DNV (B)| =3. Then B€ %1 if W' # 0 and B € %5, if W' = 0.
Consequently, B € %, 1U % ».

Proof. Suppose that [DNV (B)| = 3. Lemma 2.3(2) implies that G[W] is complete. We

first establish the following claim.
Claim : For any non-adjacent vertices u,v € WUW'UW”, we have ¢ € D,,, "V (B+uv)
and |Dy,, "W N {u,v}| = 1.

Lemma 3.5 implies that |D,, NV (B+uv)| < 2. In view of Lemmas 2.3(3) and
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3.3, c € Dy NV(B+uv). Thus |D,, N{u,v} < 1. Lemma 2.2(2) then gives that
|Dyy N {u,v} =1. So |Dy, "W N {u,v}| = 1 because (G + uv)[D,,] is connected. This
settles the claim.

Suppose there exist u,v € W UW” such that uv ¢ E(G). Consider G+ uv. By
the claim |D,, "W N {u,v}| = 1 contradicting W N {u,v} = 0. Thus G[W UW"] is

complete.

We first consider the case when W” # 0. Let w € W and z, € W”. Consider
G +wzp. By the claim, Dy,,, "V (B+wzz) = {c,w}. Since {z2} = W' N Ng1yz, (W), it
follows that W” = {z,}. Suppose there exists w' € W’ such that ww' ¢ E(G). Consider
G +ww'. By the claim, D,,,, "V (B+ww') = {c,w}. Thus D,,,, does not dominate z,
a contradiction. Therefore G[W UW'] is complete and B € %, ;.

We finally consider the case when W’ = (. We will show that, for all w € W,
INw:(w)| = |W| = 1. If w>= W', then (D—V(H))U{w} =.G. But |(D—-V(H))U
{w}| = k— 1 contradicting ¥.(G) = k. Thus [Ny (w)| < [W'| — 1. If w is not adjacent
to x,y in W/, then consider G 4 wx. By the claim, D,,, "V (B+ wx) = {c,w}. Clearly
D, does not dominate y, a contradiction. Hence, [Ny (w)| = [W'| —1 forallw € W.
We now have that G[W UW’| is the complement of disjoint union of isolated vertices
in W and stars whose centers are in W’ and all of end vertices are in W. It remains
to show that there are at least two stars in G[W UW']. Suppose to the contrary that, in
G[W UW'], there is exactly one star centered at w’. Because [Ny (w)| = [W'| — 1 for
all w € W, w' is not adjacent to any vertex in W. So w' € W” contradicting W" = 0.

Hence, there are at least two stars in G[W UW’]. This completes the proof. [

3.3 The Upper Bound of The Number of Cut Vertices

In this section, we establish the maximum number of cut vertices of k-7,-critical graph-
s. In view of Observation 1.2.1, it suffices to restrict our attention to the case k > 3.

We begin this section by showing that G does not have two end blocks in %y U % .

Lemma 3.9. For k > 3, let G be a k-Y.-critical graph. Then G contains at most one
end block B such that B € %y A;.

Proof. Suppose to the contrary that there exist two different end blocks U and R which
are, respectively, in the classes %; and #; where {i, j} C {0, 1}. Let u be the cut vertex
of GinU. If U € Ay, then U = uV K;, for some integer t; > 1. If U € %, then there
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exist an integer 7, > 1 and a vertex z; of U such that U = uV K;, V z;. Then, we choose

[ irues,
") V) if Uea,

and we choose

) V(K,) if Ue %y and
B {Z]} if U € A.

Clearly, U contains X and X; which satisfy the Properties (i) and (if) respectively.

We now consider R. Let r be the cut vertex of Gin R. If R € %, then R =rV Kt{
for some integer ti > 1. But, if R € %, then there exist an integer té > 1 and a vertex
wi of R such that R=rV Kz§ Vwi. Then, we choose

L[ irRes,
" Viky) if Re B,

and we choose
_{ V(K;) if RE % and

{Wl} if R e %.

Clearly, R contains Y and ¥; which satisfy the Properties (i) and (ii) respectively.

We observe that XY and Y; are pairwise disjoint because U and R are different
blocks. Suppose that Y1 NX; # 0. By the choice of X; and V1, if X; = V(K,,) or
Y = V(Kté), then Y1 N X; = @ because U and R are different end blocks, contradicting
the assumption that ¥; N X; # 0. Hence, X; = {u} and ¥; = {r}. This implies that
u = r, moreover, U and R are both in %. Thus u > U and u > R. Lemma 2.3(1) yields
that G —u has U —u and R — u as the two components. We have that G = K, VuV Ky
Clearly, u . G contradicting %.(G) > 3. Hence, Y] N X; = 0. So, G contains a bad
subgraph contradicting Lemma 3.2. This completes the proof. 0

In the following, for a block B of G, we let
o/ (B) =V(B)N(G).
We also let

¢(G) =14(G)

. §(B) =|</(B)| and
80(G) = max{{(B) : B is a block of G}.

When no ambiguity can occur, we abbreviate {y(G) to {y. Clearly, {p < {(G). In the
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following lemma, we establish the existence of {; end blocks.

Lemma 3.10. For any k-y,.-critical graph G, let By be a block of G containing §y cut

vertices 1,2, ...,c¢,. Then there exist mutually disjoint end blocks By,By, .., Bg,.

Proof. In view of Lemma 2.3(1), G — ¢; has only two components for 1 < i < {.
Let C; be the component of G — ¢; that does not contain any vertex of By. If graph

G[{ci} UV(C;)] does not contain any cut vertex, then G[{c;} UV (C;)] is an end block
and we let B; = G[{c;} UV (C;)]. If graph G[{c;} UV (C;)] contains a cut vertex, then,
by Lemma 2.1, G[{c¢;} UV (C;)] has at least two end blocks. Therefore, at least one end
block of G[{c;} UV(C;)] does not contain ¢; and we let B; be this end block. In both
cases of the choice, B; is an end block of G. Obviously, By,Bs,.., By, are mutually
disjoint and this completes the proof. [

Lemma 3.11. For k > 3, let G be a k-y.-critical graph with a 7 -set D and let B, B>, ...,
By, be the end blocks of G from Lemma 3.10. Moreover, for 1 <i < Co, we let
xj € &/ (G)NV(B;). Then at least Gy — 1 of the end blocks B\, Ba, ..., B, satisfy |(DN

V(B)) ~{x} > 2.

Proof. Lemma 3.9 gives that at least o — 1 blocks of {B;|1 <i < {y} are not in %;
where j € {0, 1}. Without loss of generality let By, By, ..y Bg,—1 be such blocks. Hence

((DOV(Bi)) = {xi}] > 2
for 1 <i < {y— 1 and this completes the proof. U

We next let o = o/ (G) — o/ (Bo) and { = |<7|. That is, < is the set of cut vertices

which are not in By. Clearly,

£(G) =+ . (3.3.1)

Recall that, for 1 <i < {j, C; is the component of G — ¢; which does not contain any

vertex of By. We also let
Jo=min{|DNV(C;)|: forall 1 <i<{y}.
The following theorem gives the relationship of Co,z, Jo and k.

Theorem 3.1. For k >3, let G be a k-y.-critical graph. Then 3y —2+ + jo < k.

Proof. Lemma 2.3(3) yields that .7 (G) C D. For each end block B; of G which is a
consequent of Lemma 3.10, 1 <i < {y, letx; € &7 (G) NV (B;). Clearly (DNV(B})) —
{x1},(DNV(B2)) — {x2},....,(DNV(Bg,)) — {xg,} and <7/ (G) are pairwise disjoint.
These imply that
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£0 [(DNV(By)) — {x:} + £ (G) <k (332)

In view of Lemma 3.11, at least {y — 1 end blocks of Bj,B>, ...;Bg, are not in
PBoU %, . Without loss of generality let By, By, ..., By, 1 be such blocks. So 2 < (DN
V(B;)) — {xi}| for 1 <i < {y— 1. Therefore

28— 1) <2 (DAY (B) — {6} (333)
By the minimality of j,
0< jo < (DNV(Bg)) — g} (334
Therefore

36 —2+jo+C=2(8—1)+jo+C+&
<0 N DAV(BY)) - {xi} + jo+ E(G) (by (33.1) and (33.3))

<E2 |(DNV(B) —{x}|+{(G) (by (3.3.4))
<k (by (33.2)),

as required. [

Theorem 3.1 implies the following corollary.
Corollary 3.3.1. For k > 3, let G be a k-7, -critical graph. Then { < L%j

Proof. Theorem 3.1 implies that 3¢y < k+2— — jo. As £, jo > 0, we must have that

o < L%J

and this completes the proof. [
Note that Theorem 3.1 together with {(G) = { + &, give
28 <k—¢(G)— jo+2. (33.5)

We are now ready to establish our first main theorem.

Theorem 3.2. For k > 5, let G be a k-Y.-critical graph with {(G) cut vertices. Then
$(G) <k-2
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Proof. Suppose to the contrary that |27 (G)| > k—2. Lemma 2.3(3) gives that |.<7 (G)| <
k. Thus either |/ (G)| =k or |« (G)| = k— 1, in particular, k — {(G) < 1. This implies
by Equation 3.3.5 that

200 <k—C(G)—jo+2<3.
Therefore

S <1

If £(G) > 2, then we always have a block containing more than one cut vertex.
Thus {y > 2, a contradiction. Therefore {(G) < 1. As k— {(G) < 1, we must have
that

k<2

contradicting k > 3. Hence {(G) < k — 2 and this completes the proof. O

3.4 Discussion

In this section, we discuss the related result on an another type of domination critical
graphs. For a graph G, a vertex subset D of G is a total dominating set of G if every
vertex of G is adjacent to a vertex in D. The minimum cardinality of a total dominating
set of G is called the total domination number of G and is denoted by % (G). A graph
G is said to be k-y-critical if % (G) = k and % (G + uv) < k for any pair of non-adjacent
vertices u and v of G. For k = 3, it was pointed out by Ananchuen in [1] that a graph
G is 3-y-critical if and only if G is 3-y.-critical. In [14], the authors established the

similar result when k = 4. Therefore:

Theorem 3.3. ( [1] and [14]) For k € {3,4}, a connected graph G is k-y;-critical if
and only if G is k-y,-critical.

For related results on k-7;-critical graphs, Hattingh et al. [10] established the upper
bound of the number of end vertices of k-};-critical graphs. They proved that:

Theorem 3.4. [10] For k > 5, every k-7;-critical graph has at most k —2 end vertices.

They, further, established the existence of k-y-critical graphs with prescribe end ver-

tices according to the bound from Theorem 3.4.

Theorem 3.5. [10] For integers k > 3 and 0 < h < k — 2 except only the case when

k =4 and h =2, there exists a k-Y,-critical graph with h end vertices.
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Hence, by Corollary 3.1.1 and Theorem 3.3, we can conclude that there is no 4--

critical graph with two end vertices. This fulfills Theorem 3.5 that :

Corollary 3.4.1. For integers kK > 3 and 0 < h < k— 2, there exists a k-};-critical graph
with £ end vertices if and only if k # 4 or h # 2.



CHAPTER 4

The Characterizations

In this chapter, our main results are the characterizations of k-y.-critical graphs when
{(G) € {k—3,k—3}. When there is no danger of confusion, we write { for {(G).

4.1 The Critical Graphs with {(G) =k—2

We first give the construction of k-7,-critical graphs with k — 2 cut vertices.

The class .7

Let B be a graph in the class %, » containing c,S,S’ and S” which are defined by
the same as in %, ». We, further, let P,_» = x1,x2,...,X;—2 be a path of order k —2. A
graph G in the class .7 is constructed from the graphs B and P,_; by joining x;_» to c.
A graph G in the class .% is illustrated by Figure 4.1.

Be #(2,2)

Figure 4.1 : A graph G in the class .%

Lemma 4.1. Let G be a graph in the class .7, then G is a k-Y,-critical graph with k —?2

cut vertices.

Proof. Clearly G has x,x3,...,x;_» and ¢ as kK — 2 cut vertices. We observe that
{x2,%3, ..., Xk_2,¢,51,50 } =¢ G. Therefore y.(G) < k.

Let D be a y,-set of G. If x; ¢ D, then x; € D to dominate x;. If x; € D, thenx, € D
because G[D] is connected. In both cases, x, € D.

24
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We consider the case DNS” # 0. As x, € D, by the connectedness of G|[D], we
must have {x3,x4,...,X¢_2,¢,y} € D where y € DN S’. Thus ¥.(G) = |D| > k and thus
%(G) =k.

We now consider the case DNS” = 0. To dominate B, [DN (SUS’)| > 2. Similarly,

by the connectedness of G[D], we have {x3,x4,...,x_2,¢} C D and thus %.(G) > k.
Therefore 7.(G) = k.

We establish the criticality. Let u# and v be two non-adjacent vertices of G and
S =SUS' US”. We first consider the case {u,v} C S;. Thus {u,v} = {s;,sg} for
some i € {1,2,...,|.|} and j € {1,2,...,n;}. Clearly {xz,xg,,...,c,si-} = G+ uv and
Ye(G+uv) <k-—1.

We now consider the case [{u,v}NS;| = 1. If {u,v} = {c,s} for some s € S}, then
s ¢ 8" and, clearly, {c,s} > S;. Thus {x2,x3,...,¢,s1} ¢ G+ uv. Therefore v.(G+
uv) <k—1.Letv € S). Since |.| > 2, there exists v/ € §' — {v} such that {v,v'} > S|.
Suppose that u € {x,x3,...,x¢_2}. Thus {x2,x3,...,u, ..,x;_2,v,V'} = G+ uv. Hence
Ye(G+uv) <k—1. If u = xy, then {x3,x4,...,%,...,xX4_2,v,V'} =¢ G+ uv and thus,
Ye(G+uv) <k—1.

We finally consider the case |{u,v} NS;| = 0. Therefore {u,v} C {x1,x2,...,X¢_2,
c}. We may let ¢ = x;_;. Thus u =x; and v = x; for some #,j € {1,2,....,k—1}.
Without loss of generality let i < j. Clearly i+2 < j. Hence

I
{30, X3, e X0, X2, Xig 3y o Xy o Xp— 1, 81,80 } ¢ G4 uv

where 1 <1 #1' <|¥|. So %.(G+uv) <k—1. Thus G is a k-Y,-critical graph and this
completes the proof. O

Let
% (k, ) : the class of k-7.-critical graphs containing § cut vertices.

Lemma 4.2. Let G € % (k,{) where § € {k—3,k—2}. Then G has only two end

blocks and another blocks contain two cut vertices.

Proof. Clearly { > k— 3. We have by Equation 3.3.5 that
2hg <k—C—jo+2<k—(k—3)—jo+2<5.

That is §y < % Lemma 2.3(1) implies that G has only two end blocks and another
blocks contain 2 cut vertices. This completes the proof. [

Lemmad.3. Let G € % (k,h) where § € {k—3,k—2} and B be a block of G containing

two cut vertices ¢ and ¢, moreover, (D —%€ NV (B)) = 0. Then B = cc'.
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Proof. We prove for the case when { = k — 2 and thus, the case when k = { — 3 can
be proved by similar arguments. Suppose that { = k — 2. Lemma 4.2 implies that
G has only two end blocks, By,Bj_1 say, and another blocks Bj,B3,...,B;_ which
contain two cut vertices. Without loss of generality let ¢; € V(B}),cx_2 € V(Bir_1)
and ¢;_1,¢; € V(B;) for 2 < i < k —2(see Figure 4.2).

B B, Bj Bi_» B4

Figure 4.2 : The structure of G

We consider the case i =k —2. Let z € V(By_1) — {cr_2}. Suppose there exists
u€V(Br_2)—{cr_3,ck_2}. Consider G+uz. We see that ¢;_3 is a cut vertex of G+ uz.
Lemma 2.3(3) implies that c;_3 € Dy;. If [Dy; N (USZ7V(B;))| < k—2, then (Dy: N
(Uf.:fV(Bi))) U{cr—2} >=¢ G contradicting ¥.(G) = k. Hence |D,; N (Uf;fV(B,-))] >
k—1. Lemma 2.2(2) yields also that {u,z} ND,; # 0. So |D,.| > k contradicting
Lemma 2.2(1). Hence, V(By_2) = {cr_3,¢cx—2}-

We now consider the case 2 < i < k— 3. Suppose to the contrary that B =V (B;) —
{ci—1,ci} # 0. We see that Ng[d] C B.U{ci_1,c;} foralld € B!, ¢; = B!,c;_| > B, and
G[{ci,ci—1}] is complete. We see also that Ng[b] C (V(Bi—1) — {cr—1}) U{ck_o} for
all b € V(By_1) and G[{cr_»}] is complete.

Choose
X = {Ck+2},X = V(Bk_l) - {Ck_l},Y = B; and Y = {Ci,Cifl}.

Clearly X,X;,Y and Y; form a bad subgraph. This contradicts Lemma 3.2. Hence,
Bf =0 for all 2 < i < k— 3. This completes the proof. O]

The following theorem gives the characterization of the graphs in the class 2 (k,k —
2).

Theorem 4.1. % (k,k—2) = 7.

Proof. Lemma 4.4 implies that .# C % (k,k —2). It is sufficient to show that a k-
Ye-critical graph with k — 2 cut vertices is in .%. Let ¢ = {c1,c2,...,cxk—2} be a set
of cut vertices of G. Lemma 4.2 implies that G has only two end blocks, By,Bj_1

say, and another blocks B», B3, ...,B;_» which contain two cut vertices. Without loss



4.2 The Critical Graphs with {(G) =k —3 27

of generality let ¢; € V(B}),cx_2 € V(Bx_1) and ¢;—1,¢; € V(B;) for 2 <i < k—2.
Lemma 2.3(3) yields that 4’ C D. As || = k—2, we must have |D — %’| = 2. Lemma
3.9 yields also that (D —% )N (V(B1) UV (Bx_1)) # 0. Without loss of generality let
y1 € (D—F)UV(Br_1).
Claim1: [(D—%)NV(Bx_1)| =2.

Suppose that |(D — %) NV (Bx—1)| = 1. Therefore |(D—%)NV(B;)| < 1 contra-
dicting Lemma 3.9 thus establishing Claim 1.

As § = k—2, by Claim 1, we must have DNV (B;) = {c;_1,¢;} for2<i<k—2
and DNV (B;) = {c1}. Therefore

{c,-_l,ci} = B;and c; = Bj.

Letz € V(By) —{c1}. Clearly d(cy,z) = 1.
Claim2: B;,_; € %272.

By Claim 1, there exists w € V(By_1) — {cx—2} such that d(w,cx_») > 2. Thus

d(z,w) >d(z,c1)+d(c1,¢c2) + ... +d(cp_a,w) >k

Lemma 2.4 gives that d(z,w) < k. Hence d(w',c;_5) <2 forallw' € V(By_1) —{ck_2}.
By Lemma 3.8, By_, € %, > and thus establishing Claim 2.

Lemma 4.3 implies that, for all i € {2,3,....k — 2}, V(B;) = {c¢i—1,¢i}. More-

over, in view of Claims 1 and 2, it suffices to show that V(B;) = {c;,z}. Consid-
er G+ cpz. Since ¢ is a cut vertex of G+ 2z, ¢ € D); by Lemma 2.3(3). If
|De,. N (UZ3V(By))| < k—2, then (Dey N (US3V(By))) U{c1} =¢ G contradicting
%-(G) = k. Therefore | D¢,; N (UX=7V (B;))| = k— 1 by Lemma 2.2(1). Thus ¢,z ¢ De,..
We have V(B;) = {c1,z} and this completes the proof. O

4.2 The Critical Graphs with {(G) =k—3

In this subsection, we characterize k-7, -critical graphs with k — 3 cut vertices. Firstly,
we give construction of two classes of such graphs. Let
i=(i1,02,...,0k_3)

be a k — 3 tuples such that iy, iy, ...,ix_3 € {0,1} and Z’]‘;?ij = 1 (there is exactly one
1€{1,2,....k—3} such thati; =1 and iy =0 forall I’ € {1,2,....k—3} — {I}).

The class gl(il,iz,...,ik,ﬁ
For a k — 3 tuples i = (0,0,...,i;,...,0) where i; = 1 and iy =0 for 1 <i; #ip <

k—2, a graph G in the class ¢ji can be constructed from paths cg,cy,...,c;_1 and
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C15Cl415---,Ck—4, @ copy of a complete graph K, and a block B € %, > by adding edges
according the join operations :

e ;1 VK, V¢ and

e Cp_4VcC
where c is the head of B. Examples of graphs in this case are illustrated by Figures 4.3
and 4.4.

Further, for a k — 3 tuples i = (0,0,...,1) where iy_3 =1 and iy =0 for 1 <iy <
k —2, a graph G in the class ¢)i can be constructed from paths cy,cy,...,cx_4, a cOpy

of a complete graph K, , and a block B € %, , by adding edges according the join

k—3
operation :

e ¢k 4VK, Ve

where c is the head of B. Example of a graph in this case is illustrated by Figures 4.5.

:Km | :
|

Be %272

Figure 4.3 : A graph G in the class %(1,0,0,...,0)

.—.—. e “en
o C1 Cl—1 Cy Ck—4 C
Kn, l ‘ ‘

Be %,

Figure 4.4 : A graph G in the class % (0,0, ...,i; = 1,0,...,0)

c 1 Ck—4

C
Ky, | ‘ |
Bec %,

Figure 4.5 : A graph G in the class %,(0,0,...,1)
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Lemma 4.4. Let G be a graph in the class 4 (iy,i2,...,ix_3), then G is a k-7 -critical
graph with k — 3 cut vertices.

Proof. Clearly G has cy,c,...,cx—4 and c as the k — 3 cut vertices. Observe that, for
any i = (iy,ip,...,,ix_3), a graph G € 9ji has the path P = cg,cy,...,¢;_1,d,C[, ..., Ck_4,C
from ¢q to ¢ where a € V(Kj,,). To prove all cases of i, we may relabel the path P to
be xi,...,xx_1. Hence, cy = x1,c1 = x2,...Cck_4 = x;_ and ¢ = x;_1. We see that
{x2,%3, e Xk—2,%k—1,51, 54 } =¢ G. Therefore y.(G) < k.

Let D be a y.-set of G. If x| ¢ D, then, to dominate x, x, € D . If x; € D, then
xp € D since G[D] is connected. In both cases, x; € D.

Suppose that DN S” = 0. Because B € %, to dominate B, [DN (SUS’)| > 2.
By the connectedness of G[D], we have {x3,x4,...,x¢_2,x,—1} C D. Thus %.(G) > k
implying that ¥.(G) = k. Hence, suppose that DNS” # 0. Since x; € D and G[D] is
connected, it follows that {x3,x4,...,x¢_2, Xx_1,y} € D where y € DNS. Thus 7.(G) =
|D| > k implying that %,.(G) = k.

Now, we will establish the criticality. Let u and v be a pair of non-adjacent vertices
of G and let §1 = SUS US". We first assume that [{u,v} NS;| = 0. Therefore {u,v} C
{x1,X2, ..., %2, x¢—1}. Thus u = x; and v = x; for some 7, j € {1,2,...,k— 1}. Without
loss of generality let i < j. Clearly i +2 < j. We see that

1 2
{%2,X3, e X X2, Xig 35 e Xy oo Xk 1,87, 85} ¢ G+ uv.
So % (G+uv) <k—1.

Hence, we assume that |[{u,v}NS;| = 1. If {u,v} = {x;_1,s} for some s € Sy,
then s ¢ S and, clearly, {x;_1,s} > Si. Thus {xp,x3,...,x¢—1,51} >¢ G+ uv. Therefore
Y(G+uv) <k—1. Let v € S;. Since || > 2, there exists V' € § — {v} such that
{v,V'} =¢ S1. Suppose that u € {x2,x3,...,x,_2}. Thus {x2,x3,...,u, ..., X _2,V,V'} =
G +uv. Hence ¥.(G+uv) < k—1. If u = xy, then {x3,x4,....,%2,v,V'} =c G+ uv
implying that ¥.(G +uv) <k—1.

Finally, we assume that {u,v} C . Thus {u,v} = {5, s} forsome i € {1,2,...,[.”[}
and j € {1,2,...,m;}. Clearly {xz,xg,...,xk_l,slj} =c G+uv and ¥.(G+uv) <k-—1.
Thus G is a k-7,-critical graph and this completes the proof. 0

We will construct another class of k-7,.-critical graphs with k — 3 cut vertices. Be-

fore giving the construction, we introduce the class of end blocks.

The class %;
An end block B € %; has b as the head. Let Np(b) = A and B = G[V(B) — {b}].

Moreover, B has the following properties
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(1) Every vertex v € V(B), there exists a y.-set D,, of B of size 3 such that v € D,,.

(2) For every non-adjacent vertices x and y of B, there exists a y.-set ny of B+ xy
such that D, N {x,y} # 0, |DZ | =2 and D% NA # 0.

It is worth noting that D,, in the property (1) satisfies D, NA # 0. We now ready to

give the construction.

The class % (k) for k > 5
A graph G in this class can be constructed from a path cg,cy,...,cr_4 and an end
block B € %3 with the head b by adding the edge c;_4b. For the sake of convenience,

we may relabel b as c;_3.

Lemma 4.5. Let G be a graph in the class % (k). Then G is a k-Y.-critical graph with

k — 3 cut vertices.

Proof. Choose v € V(B). By (1), there exists a y.-set D, such that |D,| =3 and D, N
A # (. Thus {Cl,CZ, ...,Ck,4,ck,3} UD, >, G. Therefore YC(G) <k.

Let D be a 7y.-set of G. As cy,c2,...,cx—3 are cut vertices, by Lemma 2.3(3),
c1,¢2,...,ck—3 € D. Let v € V(B)ND. Observe that V(B) N D is a connected domi-
nating set of B containing v. By (1) and the minimality od D,, |V(B)ND| > |D,| = 3.
So 7:(G) > k and this implies that .(G) = k.

We will prove the criticality. Let u and v be non-adjacent vertices of G. Suppose
first that co € {u,v}, co =u say. If v € {ca,¢3,...,ck_3}, then {c2,¢3,...,cx_3} UD, >,
G+uv. If v € V(B), then, by (1), there exists a y.-set D, of size 3 of B such that v € D,
and AND, # 0. So {cp,c¢3,....,ck—3} UD,, =, G+ uv. These imply that ¥.(G +uv) <
%e(G).

We then suppose that co ¢ {u,v}. If {u,v} C {cy,ca,...,ck_3}, then there exists i
and j such that ¢; = u and ¢; = v. Without loss of generality leti < j. Clearly, i+2 < j.
So {c1,¢2,...,¢i,Ci+2,Cit3y oy Ck—3} UDy = GHuv. If [{u,v} N{c1,ca,...,cr3} =1,
then {cy,...,¢i,...,ck—a} UD, = G +uv. Finally, if {u,v} C V(B), then, by (2), there
exists a ¥.-set DB, such that DB N {u,v} # 0, |DE| =2 and DE,NA # 0. Thus
{c1,¢2, .., ¢k 3} UDB, =, G+ uv. This implies that v.(G + uv) < 7.(G). Clearly,
c1,¢2,..,cr—3 are the k — 3 cut vertices of G. This completes the proof. O

In the following, we let G € % (k,k — 3) having a ¥.-set D. In view of Lemma 4.2,
G has only two end blocks and another blocks contain two cut vertices. Thus, we let
B and Bj._, be the two end blocks and another blocks B;, B3, ..., By_3 contain two cut
vertices. Without loss of generality let ¢c; € V/(By),cxk—3 € V(By—2) and ¢;—_,¢; € V(B;)
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for 2 <i <k—3. Moreover, let C; =V (B;) — «/ forall 1 <i<k—2. Let D' be a y.-set
of G such that D' # D, by the minimality of k, we have |V (B;) \D| = |V (B;) N D'| for

all i. Thus, we can let

H(b1,by,b3,...,by_») : the class of a graph G € 2 (k,k — 3) such that
V(C))ND| = b; for 1 < i< k—2.

Lemma 4.6. For a y.-set of G, either |[V(Cy)ND| > 2 or |V(Cy_2) N D| > 2.

Proof. Suppose to the contrary that |V (C;)ND| < 1 and |V (Cy_») N D| < 1. Lemmas
3.6 and 3.7 imply that By, By, € %o U H,. This contradicts Lemma 3.9. Thus either
|V(C1)ND| >2or |V(Cy_2) ND| > 2 and this completes the proof. O

By Lemma 4.6, we may suppose without loss of generality that |V (Cy_2) ND| >
|V(C1)ND].

Lemma 4.7. Z(k,k —3) = 7(0,0,0,...,3) U (b1,bs, .., by_3,2) where b; = 1 for
some 1 <i<k—3andb;=0foralll <j#i<k-3.

Proof. By the definition, .7(0,0,0,...,3) U (by,b, ...,by_3,2) C % (k,k—3).
Conversely, let G € 2 (k,k — 3). Thus, by Lemma 4.2, G has only two end blocks

B and Bj;_; and another blocks Bj, B3, ...,B;_, contain two cut vertices. Moreover,
c1 €V(By),ck—3 € V(Bi—1) and ¢;_1,¢; € V(B;) for 2 < i < k—3. In view of Lemma
2.3(3), ¢1,¢2y -y ck—3 €D. So |D— 7| =3. Thus, |V(C;))ND| <3 forallie {1,k—2}.
Recall that |V (Cy_»)ND| > [V(C;) N D|. Lemma 4.6 implies that either |V (Cy_2) N
D| =3 or |V(Cr_2)ND| =2. Thatis G € 5(0,0,0,...,3) U (by,by,...,br_3,2).
This completes the proof. 0

By Lemma 4.7, to characterize a graph G in the class 2 (k,k — 3), it suffices to
consider when G is either in 2#(0,0,0,...,3) or S (by,by,...,br_3,2). We first con-
sider the case when G € J7(by,ba, ..., by_3,2). Let ¢; and ¢;4 be vertices and K, a
copy of a complete graph.

Lemma 4.8. Let G € 57 (by,by,...,by_3,2) with a block B; containing two cut vertices
ci—1 and c;i and b; = 1. Then B; = ¢;_1 V Ky, V ¢; where n; > 2.

Proof. As G € 5 (by,by,...,br_3,2) and b; = 1 for some 1 <i < k— 3, we must have
bj=0forall 1 < j#i<k—3. Because B; contains two cut vertices, i > 1. Therefore,
b1 = 0. Lemma 3.6 then implies that

By =K, V.
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Let B' = B; — ¢;_1 — ¢;. We first show that B" is complete. Let x and y be non-adjacent
vertices of B'. Consider G +xy. Lemma 2.2(2) implies that [Dy, N {x,y}| > 1. As
x,y € V(B'), we must have |Dy, N (V(B;)N.e/)| > 1 contradicting Corollary 3.2.1. So

B’ is complete.

We will show that ¢;_jc; ¢ E(G). Hence, we may assume to the contrary that
Ci_1C; € E(G) We let

X1 = NB,-({Ci—bCi}) and
X=V(B)-X.
Since |D N (V(B;) — {ci-1,ci})| = 1, it follows that X # 0. Because B’ is complete,

G[X; UX] is complete. In fact, X and X satisfy (i) and (i) of bad subgraphs. We then
let

Y1 ={c1} and

Y =V(Ky,).

Thus G has X,X,Y and Y; as a bad subgraph. This contradicts Lemma 3.2. Hence,
ci—1ci ¢ E(G).

We finally show that Np,(c;) = Np,(c;—1) = V(B'). We may assume to the con-
trary that there exists a vertex u of B’ which is not adjacent to ¢; 1. Consider G +
uci_1. Corollary 3.2.1 gives that |D,., , NV (B’)| = 0. Lemma 3.3 gives further that
{ci—1,¢ci} € Dy, ,. Since c¢;—i¢; ¢ E(G), it follows that (G +uc;_1)[Dye, ,] is not con-
nected, a contradiction. Hence, Np,(c;—1) = V(B') and, similarly, Np,(c;) = V(B').
Since B; is a block, n; > 2 and this completes the proof. O]

Theorem 4.2. For k > 4, 7€ (by,b,...,by_3,2) =% (i1,12,...,ix—3) where bj = i; for
all 1< j<k—3.

Proof. Let bj = i; for all 1 < j < k—3. In views of Lemma 4.5, we have that
G (i1,12,...,ix_3) C I (b1,by,...,b;_3,2). Thus, it suffces to show that 7 (by,b,, ...,
bi—3,2) C Y (i1,iny..eyif_3)-

We will show that By, € %, ,. Clearly, by is either O or 1. If by = 0, then Lemma

3.6 implies that By = K, V c;. But if by = 1, then Lemma 3.7 implies that B; =
coV Ky, Vci. Thus, we let

¥ — {a1} if by =0 and
') VK if b =1
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and
X:{ V(Ky,) if by =0 and
{co} if bi=1.
Since by_p = 2, by Lemma 3.8, By_» € %, 1U%r5. If By_y € %1, then By =
ck—3 V Ky, V Ky, V 22 where z; is given at the definition of %, ;. We then let

Y1 =V(Ky,) and Y = {z,}
Clearly, G has a bad subgraph, contradicting Lemma 3.2. Thus By_, € %> 5.

We now consider the case when by = 1. Thus b, = b3 =... = by_3 =0. By Lemma
3.7, By € %, implying that By = ¢ V Ky, V c1. Further, Lemma 4.3 implies also that
Bi=cj_cifor2 <i<k-3.Thus G € ¥4(1,0,...,0).

We finally consider the case when by = 0. Thus b; =1 for some 2 < j <k—3
and b; = 0 for 2 < j' # j < k—3. Similarly, By = c;._jcy for all j' by Lemma 4.3.
Moreover, Lemma 4.8 yields that B; = ¢ V Kp; V. We will show that B} = cqc;.
We let a be a vertex in V(By) — {c1,c2} if j = 2. Then, we let

a if j=2 and
X =
cy if j>2.

Consider G + cox. Since ¢ is a cut vertex of G+ cox, ¢z € D¢y by Lemma 2.3(3). That
is x € D¢yx When j > 2. When j =2, by Lemma 4.8, xc; € E(G). Since ¢3 € Dy,
by Lemma 2.2(3), x € Dy In both cases, x € Deyr. If [Deyx N (USZFV(B)))| < k-2,
then (Dgyx N (Uf.‘;%V(Bi))) U{c1} >¢ G contradicting ¥.(G) = k. Therefore |Dyx N
(Uf.‘:_ZZV(Bi))| =k — 1 by Lemma 2.2(1). Thus ¢y,co ¢ D, implying that B; = coc;.
So G € %(0,0,...,i; =1,...,0). This completes the proof. O

Theorem 4.3. For k > 4, 57(0,0,...,0,3) = %(k).

Proof. By Lemma 4.5, % (k) C 57(0,0,...,3). Thus, it is sufficient to show that
(0,0,...,3) C%(k).

As b; =0 for all 2 <i < k—3, by Lemma 4.3, B; = ¢;_jc;. By Lemma 3.6 and

similar arguments in Theorem 4.2, we have that B; = coc;.

We will show that B;_, satisfies (1). Let D’ be a y.-set of By_,. Suppose that
|D'| < 2. To dominate c;_3, we have D'NA # 0. Thus, {c1,....,c;_3}UD’ =, G. But
{c1y...,ck—3} UD'| = k— 1 contradicting the minimality of k. Therefore, to prove that
By, satisfies (1), it suffices to give a 7y.-set of size 3 of B;_, containing a chosen
vertex from Bj_,. For a vertex v of By_,, consider G + cov. Lemma 2.2(2) implies
that {co,v} N D¢, # 0. Lemma 2.2(1) implies also that |D,,,| < k — 1. We first show
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that {co} # D¢y N {co,v}. Suppose to the contrary that {co} = D, N{co,v}. Since
(G +uv)[D,,] is connected there exists w € V(B;_5) which is adjacent to v. Because
D¢yv =c G+ cov, wis adjacent to a vertex of Dy, NV (Bg_2 —v). So

(Dyy —{co}) U{w} = G.
This contradicts the minimality of k. Thus, {co} # D¢,y N{co,v}. Therefore {co,v} C
D¢,y or {v} = D, N{co, v}

Case 1: {co,v} C D¢y
Let

i=max{l < j<k—3:G[{co,c1,c2,...,cj} N D¢,y is connected }.

We first consider the case when i = k— 3. Thus {cy,c2,...,¢ck—3} C Deyyp. As [Dey| <
k—1and {cp,v} C Dy, we must have

D¢y = {co,c1, ..., ck—3,v}.
So v = V(Br_2) — A and N4(v) = 0, otherwise {ci,...,ck_3,w,v} =, G where w €
N4 (v), contradicting the minimality of k. Let u € Np, ,(v) such that u is adjacent to a
vertex a in A. Thus {v,u,a} >, Bx_, and so By_ satisfies (1).

We now consider the case when i = k—4. Let D}, , = D¢y, NV (By_»). Clearly,
v e D, Since {co,c1,...,ck—4} C D¢y and |Deyy| < k— 1, it follows that | Dy, | < 2.
If |D,,,| = 1, then D, = {v} implying that v - By_», in particular, v = A. Thus,
{c1y.esck—3,w,v} = G where w € Ny (v) contradicting the minimality of D. Hence,
we let D, , = {v,v'}. Since D¢y =c G+ cov, D, =c By_». Hence, for a vertex a in A,

D, ,U{a} =¢ By_2. Therefore, By satisfies (1).

We now consider the case when i = k—5. Thus {co,ci,....,ck—5} € D¢y S0

ID.. ,| <3and, D). ,NA # 0 to dominate c;_3. So, By_» satisfies (1).

/ /

cov cov
We finally consider the case when i < k — 6. To dominate c;;,, we have that

¢i+3 € Deyy. By the connectedness of (G + cov)[Deg]s {¢it3,---,ck—3} € D,y Thus,

{C(),C],...,Ci} U {ci+37 ...,Ck_3} UDICOV - DC()V implying that
k=4+1Dg| = (i+ 1)+ ((k=3) = (i+3)+ 1)+ Dy, | <k —1.

Therefore, | Dy, ,| < 3. To dominate ¢;_3, D/, NA # 0. Thus By, satisfies (1) and this

-
completes the proof of Case 1.
Case 2 : {v} =D, N{co,v}

To dominate ¢y, we have that c; € D,,. By the connectedness of (G + cov)[De,v],
{c2,¢3,..., cx—3} € D¢y and Dy, NA # 0. As |Deyy| < k— 1, we must have |De,, —
{ca,¢3,...,ck—3}] < 3. So By satisfies (1). This completes the proof of Case 2.
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We finally show that B;_; satisfies (2). Let x and y be non-adjacent vertices of
By_». Lemma 2.2(2) implies that {x,y} N Dy, # 0. Lemma 2.2(1) implies also that
|Dyy| < k—1. To dominate cp, we have that ¢ € Dy,. Let Dﬁ?y = Dy, N V(Bi_»).
By the connectedness of (G + xy)[Dy,], ny NA # 0 and {c1,c2,....,ck—3} € Dyy. As
|Dyy| < k—1, we must have [DZ | = [Dyy NV (By_2)| = |Dyy — {c1,02,...;c03} < 2.
Hence, B;_; satisfies (2). Therefore B;_, € %s3. This completes the proof. ]

We conclude this paper by the following theorem.
Theorem 4.4. For an integer k > 4, % (k,k —3) =4, (i1,12, ..., ix—3) U4 (k).

Proof. In view of Lemma 4.7, % (k,k—3) = 5#(0,0,0,...,3) U (b1, b3,...,b_3,2)
where b; = 1 forsome 1 <i<k—3andb;=0forall I < j#i<k—3. Moreover, The-
orems 4.2 and 4.3 imply that 2 (k,k —3) = 4 (i1, 12, ..., ik—3) U% (k). This completes
the proof. 0

4.3 Discussion

According to our Objectives 3 and 4, we would like to give a short proofs to answer
these purposes. For realizability of k-y,-critical graphs with { cut vertices when 0 <
{ <k—2, we may use the characterization of the class .%. If G € .%, then G is obtained
by joining the vertex x;_, of the path xq,x2,...,x;_» to ¢, the head of a block B € %, .
For the sake of convenience, we relabel ¢ to be x;_1.

For fixing h € {0,1,...,k — 3}, a k-}.-critical graphs with { = h cut vertices is
obtained by replacing the vertices x3 , ..., Xx—1 by completes cliques K, ,,..., Ky,
respectively where n; > 2 for all 24+ h <i < k— 1 and, adding edges between x;,, to

every vertex in K, every vertex between Knj and Knj o for2+h < j<k-—2,and

2+h?
every vertex between K, | and the subset S of B. It can be observed that the resulting

graph is k-7-critical graph with { = h cut vertices. This answers Objective 3. That is:
Theorem 4.5. For an integer k > 5, % (k,{) # 0 forall 0 < { <k—2.

For the matching property of k-7,.-critical graphs with k — 2 cut vertices, by the
characterization of G in the class .7, it is easy to observe that the block B has a Hamil-
tonian path PP containing ¢ as one of the two end vertices. The readers are encouraged
to find this such Hamiltonian path of B. Thus, x1,X», ...,xx_2,cPP is a Hamiltonian path
of G. Therefore, when G has even order, we can find a perfect matching of G from the

Hamiltonian path. That is:

Theorem 4.6. For an integer k > 5, if G is a k-Y,-critical graph with k — 2 cut vertices,
then G has a perfect matching.
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Moreover, when G is in the class ¢i, we can prove that G has a perfect matching
by similar arguments as that of Theorem 4.6. When G € % (k), the problem turns out
to be challenge as we cannot use a similar idea as above discussion. However, it would
be a stronger result to find a Hamiltonian path of G € % (k) instead of just finding a
perfect matching. Hence, we do not only ask if every G in the class % (k) contains a
perfect matching but we also ask whether or not every G in the class % (k) contains a
Hamiltonian path. We conclude this chapter with the following problem which will be

a part of our next project under sponsorship of Thailand Research Fund 2019.

For k > 4, does every k-y,-critical graph with kK — 3 cut vertices contain a Hamilto-
nian path?



CHAPTER 5

Hamiltonicity of Double Domination
Critical and Stable Graphs

5.1 Double Domination Critical Graphs

In this section, we use the claw-free property to determine when 2-connected k-7 -
critical claw-free graphs are Hamiltonian. First of all, we give a construction of k-7y-

critical graphs when k > 4 which are non-Hamiltonian.

The class Z(k)

Fork >4,let A= {a;b;: 1 <i<k—1} beasetof k— 1 independent edges and let
x be an isolated vertex. A graph G in the class Z(k) is constructed by :

e joining x to every vertex in V(A) and

e adding edges so that by, by, ...,b;_; form a clique.

A graph G in this class is illustrated by Figure 5.1.

a1 ag—1

b(y )| u)bkq

Figure 5.1 : A graph in the class Z(k).

37
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Lemma 5.1. For an integer k > 4, if G € P(k), then G is a 2-connected k-Yx-critical

non-Hamiltonian graph.

Proof. We first show that yy»(G) = k. Obviously, {x,aj,az,...,ar_1} =2 G. By the
minimality of yy2(G), we have Yy2(G) < k. It remains to show that y,»(G) > k. Let
D be a yx»-set of G. To doubly dominate {a;}, we must have |{x,a;,b;} ND| > 2.
Similarly, to doubly dominate {a,as,...,a;_1}, we have DN {a;,b;}| > 1 for all 2 <
i <k—1. Thus |D| > k. This implies that y,»(G) = k.

We next establish the criticality. Let u and v be a pair of non-adjacent vertices
of G. As x is adjacent to every vertex, we must have that x ¢ {u,v}. Thus {u,v} C
{a1,b1,a2,by,...,ax_1,b;_1}. By the construction, at least one of u and v is not in
{b1,b3,....,bx_1}. Without loss of generality let u = a; and v € {ay,b,}. Clearly,
{x,v,a3,a4,...,ax_2,bx_1} =<2 G+uv. Thatis .2(G+uv) < k—1 < ¥2(G). This
establishes the criticality and hence, G is k-7, ;-critical graph.

We finally show that G is non-Hamiltonian. Suppose to the contrary that G is
Hamiltonian. Observe that Ng(a;) = {x,b;}. Thus, G is Hamiltonian if and only if
G — a; has a Hamiltonian path P from x to by. Since Ng_, (a2) = {x,b>}, it follows
that the path x,az,b; is a subgraph of P. Similarly, as Ng_4, (a3) = {x,b3}, we must
have that the path x,a3, b3 is a subgraph of P. Thus b3,a3,x,a,,b; is a subgraph of P.
This contradicts x is one of the two end vertices of P. Therefore, G is non-Hamiltonian.
This completes the proof. 0

In the following, we recall the classes 771, 7% and 773 and the graph P; 3 3 from the
previous section. We give an observation for the lower bound of the double domination
numbers of graphs in these classes.

Observation 5.1.1. Let G be a 2-connected claw-free graph. If c/(G) € 541 U 76U 74
or G is isomorphic to P33 3, then Y2 (G) > 6.

Proof. We first consider the case when cl(G) € 74 U % U 4. Let D be a yy»-set of
cl(G). In view of Proposition 2.2, it suffices to show that .2 (c/(G)) > 6. Suppose
first that ¢/(G) € 7. Since |V(Z;)| > 3, there exist vertices s; € V(Z;) — {qgi,zi} for
all i € {1,2,3}. To doubly dominate {s;,s2,s3}, we have that |[DNV(Z;)| > 2. Thus
¥x2(cl(G)) = D] = 6.

We now suppose that cI(G) € . Because |V (T;)| > 3, there exist vertices r; €
V(T;) — {ci,d;} for all i € {1,2}. To doubly dominate {r,r,r,}, we have that [DN
V(T;)| > 2and IDN(V(T3)U{d3})| > 2. Thus yx2(cl(G)) = |D| > 6.
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We now suppose that c/(G) € 743. Because |V (K)| > 3, there exists a vertex s €
V(K) —{s,s'}. To doubly dominate {s” hy,hs}, we have that [ DNV (K)| > 2,|DN
{hl,hz,h3}| > 2 and |Dﬁ {h4,h5,h6}| > 2. Thus %Q(Cl(G)) = |D| > 6.

We finally consider the case when G is isomorphic to P333. Let D' be a yy2-set
of G. To doubly dominate {p,, p}, p5 }, we have that D'V (P)| >2,|D'NV(P")| > 2
and |D' NV (P")| > 2. Thus ¥«2(G) = |D'| > 6. This completes the proof. O

We next establish the following lemma concerning the minimum number of ver-

tices of a double dominating set when some independent set is given.

Lemma 5.2. Let G be a claw-free graph, I be an independent set and X be a set of
vertices such that X >y, 1. If there exists a vertex in X — I adjacent to at most one
vertex in I, then |I| + 1 < |X]|.

Proof. Letw be a vertex in X —I which is adjacent to at most one vertex in /. Moreover,
weletly =XNI,L=1-1 and X' =X — (I U{w}). Clearly, |X| = |X'| +|[;| + 1 and
[I| = |I1| + || Let H be a subgraph of G such that V(H) = X'U{w}UIl and E(H) =
{uv € E(G) :u € X’U{w} and v € I}. Clearly, H is bipartite with the bipartition sets
X'U{w} and I. Since X > I, every vertex in I; is adjacent to at least one vertex in
X" U{w}. Moreover, every vertex in I, is adjacent to at least two vertices in X' U{w}.
Thus, degy(v) > 1 for all v € I} and degy (v) > 2 for all v € I,. This gives the degree

sum of vertices in / as the following:

L]+ 2| < Zyerdegn (v). (5.L.1)

Because G is claw-free, every vertex in X' is adjacent to at most two vertices in 1.
Therefore degy (1) < 2 for all u € X'. Since w is adjacent to at most one vertex in 7, it
follows that

Sexiowydeg (1) < 2|X'|+ 1. (5.1.2)

Because H is bipartite, Xyesdegn (v) = Lyexuqwydegn (u). By (5.1.1) and (5.1.2),
we have |I1| +2|l| < 2|X’|+ 1. Hence,

I I 1. |n
=1+ 1) < (2 + P < ey Dy B <=1
This completes the proof. [

We are now ready to establish our main theorems. We recall a net Ny, , ¢, from the

first section.
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Theorem 5.1. Let G be a 2-connected k-7 ,-critical claw-free graph. If 2 < k <5,

then G is Hamiltonian.

Proof. We first show that G is {K 35 N17272,N17173}—free. Suppose to the contrary that
G contains Nj 5 or Ny 3 as an induced subgraph. We first consider the case when
G contains Nj 5> as an induced subgraph. Consider G +viwy. By Observation 2.3.1,
|Dy,w, N {vi,w1}| > 1. Suppose that |D,,,, N {vi,w;}| = 1. By symmetry, we let
wy € Dy,,,. Because D,,,, is a double dominating set, w; is adjacent to a vertex
in D, w say. Clearly, {u;,v2,w;,w3} is an independent set. By claw-freeness,
w is adjacent to at most one vertex in {u,v2,w3}. Let X = D, ,,, — {w1}. Clearly,
X =2 {u1,v2,w3} and X contains w. In view of Lemma 5.2, |X| > 4. This implies
that |D,,,,,| > 5 contradicting the criticality of G. Suppose that {vi,w;} C D, . Let
X" =Dy, —{w1}. Thus X’ =2 {us,v2,w3} and X’ contains v; which is adjacent to
at most one vertex in {u1,v>,w3}. This implies by Lemma 5.2 that |X'| > 4. Hence,
|Dy,w,| > 5 contradicting the criticality of G. Therefore, G does not contains Nj 7> as

an induced subgraph.

We now consider the case when G contains Ny ;3 as an induced subgraph. Con-
sider G +u1v;. By Observation 2.3.1, |D,,,, N {u1,v1}| > 1. Suppose that |D,,,, N
{u1,v1}| = 1. By symmetry, we let u; € Dy,y,. As Dy,y, is a double dominating set,
we must have that u; is adjacent to a vertex u in D,,,,,. Clearly, {u;,vo, w1, w3} is an in-
dependent set. Since G is claw-free, u is adjacent to at most one vertex in {vy, wi, w3 }.
LetY =Dy, —{u1}. Clearly, Y 2 {v2,w;,w3} and Y contains u. In view of Lemma
5.2, |Y| > 4. Thus |D,,,,| > 5 contradicting the criticality of G. We then suppose that
{ur,vi} C Dy,y,. Let Y =Dy, — {u1}. Thus Y’ =5 {va, w1, w3} and Y’ contains v,
which is adjacent to at most one vertex in {vo,w;,ws}. This implies by Lemma 5.2
that |Y’| > 4. Hence,
not contains Nj ; 3 as an induced subgraph. Hence, G is {K| 3,N; 22,N; | 3 }-free.

Dy,y, | > 5 contradicting the criticality of G. Therefore, G does

Because Y.2(G) < 5, by Observation 5.1.1, G is not isomorphic to P;33 and
cl(G) ¢ 74 U U 4. In view of Theorem 2.1, G is Hamiltonian. This completes
the proof. [

We can see that a graph G in the class (k) when 4 < k < 5 is non-Hamiltonian.
Thus the condition claw-free in Theorem 5.1 is necessary. Moreover, when k = 4, the
graph in the class Z(k) is K| 4-free. Hence, the condition claw-free is best possible for
k = 4. We conclude this section with the following theorem which shows that a graph

k-7yxo-critical when 6 < k < 7 is Hamiltonian if it is 3-connected and claw-free.

Theorem 5.2. For an integer2 < k <7, let G be a 3-connected k-Yx>-critical claw-free
graph. Then G is Hamiltonian.
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Proof. We will show that G is N33 3-free. Suppose to the contrary that G contain-
s N333 as an induced subgraph. Consider G + uv;. Observation 2.3.1 yields that,
|Dy,v, N{u1,vi}| > 1. Suppose first that |D,,,,,, N {u1,v;}| = 1. By symmetry, we may
let u; € Dy,y,. Itis easy to see that {u;,u3,v2,v4,wi,w3} is an independent set. As
D,,y, is a double dominating set, we must have that u; is adjacent to a vertex u in
Dy,y,. Since G is claw-free, u is adjacent to at most one vertex in {u3,vz,v4,wi, w3 }.
Let X = Dy, — {u1}. Clearly, X >y2 {u3,v2,v4,w;,w3} and X contains u. Lemma
5.2 implies that |X| > 6. Thus |D,,,,| > 7 contradicting the criticality of G. We then
suppose that {u,vi} C Dy,y,. Let X' = Dy, — {u1 }. Thus X' =2 {u3,v2,va, w1, w3}
and X’ contains v; which is adjacent to at most one vertex in {u3,vz,v4,wi,ws}. This
implies by Lemma 5.2 that |X’| > 6. Hence,
G. Therefore, G does not contains N3 3 3 as an induced subgraph. Theorem 2.2 implies

Dy,v,| > 7 contradicting the criticality of

that G is Hamiltonian. This completes the proof. U

We see that the graphs in the class Z(k) when 6 < k < 7 are non-Hamiltonian.

Thus, the condition claw-free together with 3-connected is necessary in Theorem 5.2.

5.2 Double Domination Stable Graphs

In this section, we use the claw-free property to determine when 2-connected k—yiz—
stable claw-free graphs and 2-connected k-Y, ,-stable claw-free graphs are Hamiltoni-
an. We first establish the following lemma concerning the minimum number of vertices
of a double dominating set when some independent set is given. The proof of which is

similar to Lemma 5.2. For completeness, we provide the proof.

Lemma 5.3. Let G be a claw-free graph, I be an independent set and X be a set of
vertices such that X > 1. Then |I| < |X]|.

Proof. Letly =XNI,L=1—1 and X' =X —I,. Clearly, |X| = |X'| + |I;| and |I| =
|I1|+|L|. Let H be a subgraph of G such that V(H) = X'Ul and E(H) = {uv € E(G) :
u€ X' and v € I}. Clearly, H is bipartite with the bipartition sets X’ and 1. Since
X =2 I, every vertex in I is adjacent to at least one vertex in X’ and, every vertex
in I, is adjacent to at least two vertices in X’. Thus, deggy(v) > 1 for all v € I and

degy(v) > 2 for all v € I. This gives the degree sum of vertices in I as the following:
L] +2|L| < Eyerdegn (v). (5.2.1)

Because G is claw-free, every vertex in X’ is adjacent to at most two vertices in 1.
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Therefore degy (u) < 2 for all u € X'. Thus,
Yuexrdegy () <2|X'| =2|X|—-2|h]. (5.2.2)

Because H is bipartite, X,cjdegy(v) = X cxdegy(u). By (5.2.1) and (5.2.2), we
have |I1| +2|L| < 2|X|—2|I;|. Hence,

= L]+ [k <3|h/2+ R < [X].
This completes the proof. ]

By Lemma 5.3 and Theorems 2.1 and 2.2, we easily establish the following corol-

laries.

Corollary 5.2.1. Let G be a 2-connected claw-free graph with »(G) < 3. Then G is

Hamiltonian.

Proof. By Observation 5.1.1, cl(G) ¢ 74 U7 U 73 and G is not isomorphic to P53 3.
Thus, by Theorem 2.1, it suffices to show that G is {N; 22,Nj 1 3 }-free. Suppose to the
contrary that G contains Nj 7 as an induced subgraph. Clearly, {u,vi,v3,wz} is an
independent set of four vertices. Lemma 5.3 yields that 4 < y,,(G) < 3, a contradic-
tion. Thus, G is Ny, >-free. We can prove that G is Nj ;3 by the same arguments.
Thus, by Theorem 2.1, G is Hamiltonian. O

Corollary 5.2.2. Let G be a 3-connected claw-free graph with »(G) < 5. Then G is

Hamiltonian.

Proof. By Theorem 2.2, it suffices to show that G is N3 3 3-free. Suppose to the con-
trary that G contains N3 3 3 as an induced subgraph. Clearly, {u;,u3,vi,v3,wi, w3} is
an independent set of six vertices. Lemma 5.3 gives that 6 < y.»(G) < 5, a contradic-

tion. Thus, G is N3 3 3-free. By Theorem 2.2, G is Hamiltonian. L]

5.2.1 k-y),-Stable Claw-Free Graphs

In this subsection, we study Hamiltonian property of k—yiz—stable claw-free graphs.
Although all 2-y,,-critical graphs of order at leat three are Hamiltonian because they
are complete graphs, this is not always true for 2—y;r2-stable graphs. That is there
exist 2-y;r2-stable graphs which are non-Hamiltonian. We first give a construction of

k—y;“ ,-stable graphs when k > 2 which are non-Hamiltonian.

The class . (k)

For k > 2, let K be a complete graph of order k with the vertices x1,x»,...,x; and
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for 1 <i# j<k, weletay jy,by j,cqijy be3- (é) isolated vertices. The graph G in
this class is obtained from K} and all the 3 - (12‘) isolated vertices by adding the edges
agi jyXps byi jyxp,cqijpxp for all 1 <i# j <k and for all p € {i,j}. The following
lemma establishes the properties of the graphs in the class . (k).

Lemma 5.4. For an integer k > 2, if G € /" (k), then G is a 2-connected k-Y;,-stable

non-Hamiltonian graph.

Proof. Clearly, G is 2-connected. Moreover, it is easy to see that G is k—y;rz—stable
when k = 2. Hence, we assume that k > 3. We first show that y,»(G) = k. Obviously,
V(Ky) =x2 G. By the minimality of y.2(G), we have y.2(G) < k. Let D be a yx»-
set of G. So, |D| < k. We will show that V(K;) C D. Suppose to the contrary that
{x1,x2,...,xx} ¢ D. Without loss of generality, let x; ¢ D. To doubly dominate A; =
{a{lvj},b{u},c{l’j} : 1 < j <k}, we must have that A} C D. Since k > 3, it follows
that k > |D| > |A;| = 3k — 3 > k, a contradiction. Thus V(K;) C D and |D| > k. This
implies that y,»(G) = k.

We next establish the stability. Let # and v be a pair of non-adjacent vertices of G
and let Dy, be a yx2-set of G+ uv. Because V (K) >y, , G+uv, it follows that |D,,| <
|V (K)| = k. Tt suffice to show that |D,,,| > k. By the construction, [{u,v} NV (K)| < 1.
We first consider the case when |[{u,v} NV (K})| = 1. Without loss of generality let
u=x; and v=ay, 3). Suppose that there exists x; ¢ D,. If i # {1,2,3}, then, to doubly
dominate A; = {ay; j1,by; jy,cqijy - 1 < j<kand j# i}, we must have that A; C Dy,.
This implies that |D,,| > 3k — 3 > k contradicting |D,,,| < k. Thus, i € {1,2,3}. To
doubly dominate A; — {ay, 3} }, we must have that (A; — {a>3}}) € Duy. This implies
that k > |D,,,| > 3k —4 > k, a contradiction. Thus, V(K}) C D,,. This implies that
D] > k.

We now consider the case when |{u,v} NV (K})| = 0. Similarly, suppose that there
exists x; ¢ D,,,. To doubly dominate A; — {u,v}, we must have that (A; — {u,v}) C Dy,,.
This implies that k > |D,,| > (3k —3) — 2 > k, a contradiction. Thus, V(K;) C D,,,.
This implies that [Dy,| > k. This establishes the stability and hence, G is k-y;,-stable
graph.

We finally show that G is non-Hamiltonian. Clearly, V(K}) is a cut set of G such
that G — V (K} ) has 3 - (’5) isolated vertices as the components. Thus, w(lc‘;/_(—l‘i"()]‘(k)) <1
By Proposition 2.1, G is non-Hamiltonian. This completes the proof. [

In views of Lemma 5.4, there exist 2-connected k—}/iz—stable graphs which are non-
Hamiltonian for all £k > 2. However, by using Corollaries 5.2.1 and 5.2.2, we easily

obtain that all 2-connected k—j/;r ,-stable graphs are Hamiltonian when & is small. The
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proof are omitted as the class of 2-connected k—y;r ,-stable graphs is a subclass of graphs
with .2(G) = k.

Corollary 5.2.3. Let G be a 2-connected k—yiz—stable claw-free graph. If 2 < k <3,

then G is Hamiltonian.

Corollary 5.2.4. For an integer 2 < k < 5, let G be a 3-connected k—}/;rz—stable claw-

free graph. Then G is Hamiltonian.

Observe that a graph G € .7 (2) is Kj 4-free. Hence, the condition claw-free in
Corollaries 5.2.1 and 5.2.3 is best possible when k = 2. For a graph G € .7 (3), it
is easy to see that the graph G’ = G — c1py —bpsy—cp3y —bpzy—cpay s 3—y§2—
stable K 4-free graph. Hence, the condition claw-free in Corollaries 5.2.1 and 5.2.3 is

best possible when k = 3.

5.2.2 k-y,_,-Stable Claw-Free Graphs

First of all, we give a construction of k-y, ,-stable graphs when k > 2 which are non-

Hamiltonian.

The class .77~ (k)

For k > 2, we let K»; be a complete graph of order 2k with the vertices x1,y1,x2, 2,
X,y and for 1 <i# j <k, weletay jy,by iy, ¢y dyijyreqi ) be 5 (%) isolated
vertices. The graph G in this class is obtained from Kj; and all the 5 - (]2‘) isolated
vertices by joining the vertices x;, and y, to ay; jy,bg; . cqijys dyijyseqi ) forall 1 <
i # j <kand forall p € {i, j}. The following lemma establishes the properties of the
graphs in the class .7~ (k).

Lemma 5.5. For an integer k > 2, if G € .7~ (k), then G is a 2-connected k-7, ,-stable

non-Hamiltonian graph.

Proof. Clearly, G is 2-connected. Moreover, it is easy to see that G is k-y, ,-stable
when k = 2. Hence, we assume that k > 3. We first show that y,»(G) = k. Since
{x1,x2,...,xk } >x2 G, it follows that ¥»(G) < k. It remains to show that y.2(G) > k.
Let D be a yx»-set of G. By the minimality of D, we have |D| < k. If [{x;,y;} ND| > 1
for all 1 <i <k, then |D| > k as required. We may suppose that there exists i €
{1,2,...,k} such that {x;,y;} N D = 0. To doubly dominate A; = {ay; j1,byi j1>Cfij}>
diijyeqijy - 1 < j<kand j+# i}, we must have that [D N {ay; j1,bgi > cgijn iy
egij1,xj,yjt| >2forall 1 < j<kand j# i Thisimplies thatk > |D|>2(k—1) >k,
a contradiction. Thus, yx2(G) = |D| > k. Therefore yy»(G) = k.
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We next establish the stability. Let u and v be a pair of adjacent vertices of G.
By Observation 2.3.2, we have ¥.2(G —uv) > k. Hence, it suffices to show that
there exists a Yxp-set of G —uv containing k vertices. Clearly, [{u,v} NV (K )| >
1. We first suppose that |[{u,v} NV (Ky)| = 1. Without loss of generality let u €
V(K ). Ifu € {x1,x2,....,x¢}, then {y1,y2,...,yk} =x2 G—uv. If u € {y1,y2,.., Yk }»
then {x;,x2,...,x¢} > «2 G—uv. Hence, we now suppose that u,v € V (Ky;). We consid-
er the case when {u,v} = {x;,y;} forsome i, j € {1,2,...,k}. Clearly {x;,x2, ...,x¢ } > x2
G —uv. We now consider the case when {u,v} = {x;,x;}. Thus, {y1,y2,....,yx} > x2
G —uv. Similarly, {x,x2,...,x¢} >=x2 G —uv when {u,v} = {y;,y;}. Therefore, G is
k-7, ,-stable graph.

We finally show that G is non-Hamiltonian. Clearly, V(K ) is a cut set of G such

V(&)
s we-viky < L

By Proposition 2.1, G is non-Hamiltonian. This completes the proof. 0

that G — V (Ka;) has 5- () isolated vertices as the components. Thus

We next establish the following theorems.

Theorem 5.3. Let G be a 2-connected k-7, ,-stable claw-free graph. If 2 < k < 4, then

G is Hamiltonian.

Proof. We first show that G is {Nl’z_‘z,NLLg}—free. Suppose to the contrary that G
contains N1 or Ni 13 as an induced subgraph. We first consider the case when G
contains Nj 7 7 as an induced subgraph. Consider G — v v,. By stability of G, ¥x2(G —
viva) = k. Clearly, {u;,vy,v2,wi,w3} is an independent set of G — v{v, containing 5
vertices. Lemma 5.3 implies that 4 > v,>(G — viv;) > 5, a contradiction. Thus, G is

N17272-free.

We now consider the case when G contains Ny 1 3 as an induced subgraph. Consider
G — ujuy. By stability of G, vx2(G — ujup) = k. Clearly, {uy,uz,vi,wi, w3} is an
independent set of G —uu; containing 5 vertices. Lemma 5.3 implies that 4 > v,» (G —
viv2) > 5, a contradiction. Thus, G is Ny j 3-free. Hence, G is {Kj 3,Ni 2.2, N1 1 3 }-free.

Because ¥x2(G) < 4, by Observation 5.1.1, G is not isomorphic to P33 and
cl(G) ¢ 74 U % U 73. In view of Theorem 2.1, G is Hamiltonian. This completes
the proof. [

Theorem 5.4. Let G be a 3-connected k-7, ,-stable claw-free graph. If 2 < k < 6, then

G is Hamiltonian.

Proof. We will show that G is N3 3 3-free. Suppose to the contrary that G contains
N33 3 as an induced subgraph. Consider G — uju,. By stability of G, ¥x2(G — upuy) =



5.3 Discussion 46

k. We see that {uy,up,us,v1,v3,wi,ws} is an independent set of G — uju, containing
7 vertices. By Lemma 5.3, 6 > v,2(G — viv2) > 7, a contradiction. Therefore, G does
not contain N3 3 3 as an induced subgraph. Theorem 2.2 implies that G is Hamiltonian.
This completes the proof. 0

5.3 Discussion

On double domination critical graphs. For 6 < k <7, we have seen neither 2-connected
k-7y«p-critical claw-free graphs which are non-Hamiltonian nor 3-connected k-7 -
critical graphs which are non-Hamiltonian. Hence, the questions that arise are, for
an integer 6 < k <7,

is every 2-connected k-Yy;-critical claw-free graph Hamiltonian?
and

is every 3-connected k-Yy-critical graph Hamiltonian?

On double domination stable graphs. We have seen neither 2-connected k—yiz—
stable claw-free graphs which are non-Hamiltonian for 4 < k < 5 nor 2-connected
k-7, ,-stable graphs which are non-Hamiltonian for 5 < k < 6. Hence, the questions
that arise are, for4 < k <35,

is every 2-connected k-, ,-stable claw-free graph Hamiltonian?
and, for 5 <k <6,

is every 2-connected k-7, ,-stable claw-free graph Hamiltonian?



CHAPTER 6

Outputs and Publications

This research has 3 manuscripts as the output. Our manuscript entitled Connected
Domination Critical Graphs with Cut Vertices is accepted by the journal Discussiones
Mathematicae Graph Theory which is in Quartile 3 in Web of Science and has Im-
pact Factor 0.302. Now, we are preparing to submit another work which is the result

concerning the characterization of k-y,-critical graphs having k — 3 cut vertices.

Further, when we reviewed related results in domination critical graphs, we have
got an idea and proved some results related to critical graphs but with different dom-
ination number. That is we established Hamiltonian property of double domination
critical graphs. So, this work is also considered a part of our project that we have done
under Thailand Research Fund sponsorship. The title of work is Hamiltonicities of
Double Domination Critical and Stable Claw-Free Graphs. This work is also accepted
by the journal Discussiones Mathematicae Graph Theory. The content of this part is

given in Chapter 5. So, the following are our publications and conference presentation.

1. Publications

¢ P. Kaemawichanurat. “Hamiltonicities of Double Domination Critical and Sta-

ble Claw-Free Graphs”, accepted by Discussiones Mathematicae Graph Theory.

e P. Kaemawichanurat and N. Ananchuen. “Connected Domination Critical Graph-

s with Cut Vertices”, accepted by Discussiones Mathematicae Graph Theory.

e P. Kaemawichanurat. “The Characterization of k-7,-Critical Graphs with k — 3

Cut Vertices”, in preparation.
2. Conference Presentations

e Connected Domination Critical Graphs with Cut Vertices, 7th Polish Combina-
torial Conference(7PCC), Bedlewo, Poland, 2018.

e Connected Domination Critical Graphs with Cut Vertices, TRF-OHEC Annual
Congress 2019, Phetchaburi, Thailand, 2019.
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Abstract

A graph G with the double domination number y42(G) = k is said to be
k-vyxo-critical if yx2(G + uv) < k for any uv ¢ E(G). On the other hand,
a graph G with vy2(G) = k is said to be k-yf,-stable if vy2(G + wv) = k
for any uv ¢ E(G) and is said to be k-v; 4-stable if v42(G — uv) = k for
any uwv € E(G). The problem of interest is to determine whether or not
2-connected k-7« o-critical graphs are Hamiltonian. In this paper, for k > 4,
we provide a 2-connected k--yyxo-critical graph which is non-Hamiltonian. We
prove that all 2-connected k-yyxo-critical claw-free graphs are Hamiltonian
when 2 < k < 5. We show that the condition claw-free when k£ = 4 is best
possible. We further show that every 3-connected k-vyxso-critical claw-free
graph is Hamiltonian when 2 < k£ < 7. We also investigate Hamiltonian
properties of k:—v;rQ—stable graphs and k-7 ,-stable graphs.

Keywords: double domination, critical, stable, Hamiltonian.

2010 Mathematics Subject Classification: 05C69, 05C45.

1. INTRODUCTION

All graphs in this paper are connected and simple (i.e., no loops or multiple
edges). We let G denote a finite graph with vertex set V(G) and edge set E(G).
For a vertex subset S of G, (S) denotes the subgraph of G induced by S. The
neighborhood N¢g(z) of a vertex x in G is the set of vertices of G which are adjacent
to x. The degree degq(v) of a vertex v in G is |[Ng(v)|. For a vertex subset X and a
vertex y of G, we let Nx[y] = (Ng(y)NX)U{y}. For a graph G, w(G) denotes the
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number of components of G. A cut set S is a vertex subset for which w(G —95) >
w(@). The connectivity k is the minimum cardinality of a cut set. A graph G is
l-connected if k > [. An independent set is a set of pairwise non-adjacent vertices.
A graph G is bipartite if there exists a bipartition X and Y of V(G) such that X
and Y are independent sets. A complete bipartite graph K,, , is a bipartite graph
with the partite sets X and Y such that |X| = m and |Y| = n containing all
edges joining the vertices between X and Y. A star K1, is a complete bipartite
graph when m = 1, in particular if n = 3, a star K1 3 is called a claw. For integers
51,82,83 > 1, let ug, ua, ..., uUs;41; V1,02, ..., Vsp4+1 and Wy, Wa, . .., Wsy41 be three
disjoint paths of length si, so and s3, respectively. A net N, s, s, is constructed
by adding edges g, +1Vsy+41; Vsy+1Ws3+1 aNd Wgy11Us,+1. For a family of graphs
F, a graph G is said to be F-free if there is no induced subgraph of GG isomorphic
to H for all H € F.

For vertex subsets X and Y of G, we say that X doubly dominates Y if
INx[y]] > 2 for all y € Y. We write X >,9 Y if X doubly dominates Y.
Moreover, if Y = V(G), then X is a double dominating set of G. A smallest
double dominating set of G is called a vx2-set of G. The double domination
number of G is the cardinality of a 7yx2-set of G and is denoted by vx2(G). A
graph G is said to be k double domination critical, or k-yxo-critical, if v«2(G) = k
and v(G + uv) < k for all uwv ¢ E(G). On the other hand, a graph G is said
to be double domination edge addition stable, or k- ,-stable, if yx2(G) = k and
Y(G + wv) =k for all uwv ¢ E(G) and a graph G is said to be double domination
edge removal stable, or k-y, ,-stable, if yx2(G) = k and v(G — wv) = k for all
wv € E(G). A graph which is either k—’yi}—stable or k-7, ,-stable is called double
domination stable.

This paper focuses on the Hamiltonicity of double domination critical graphs
and double domination stable graphs. It is worth noting that there are some
results concerning Hamiltonicities of critical graph with respect to other types of
domination numbers. For example, see [1,5,6,8-11,13,17,19]. For related results
in k-yxo-critical graphs, Thacker [12] first studied these graphs. He characterized
3-yxo-critical graphs and 4-yyo-critical graphs with maximum diameter. It is
easy to see that 2-y.o-critical graphs are complete graphs of order at least two.
When k& = 4, Wang and Kang [14] showed that G is factor-critical if G is a
connected 4-yyo-critical K 4-free graph of odd order with minimum degree two.
Wang and Shan [15] showed further that if the order is even and at least six then
the connected 4-7xo-critical Ky 4-free graph has a perfect matching except one
family of graphs. Moreover, if GG is a 2-connected 4-7yyo-critical claw-free of even
order with minimum degree three or G is a 3-connected 4-7yyo-critical Ky 4-free
of even order with minimum degree four, then G is bi-critical. Recently, Wang
et al. [16] established that if a graph G is a 3-connected 4-vyyo-critical claw-free
graph of odd order with minimum degree at least four, then G is 3-factor-critical
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except one family of graphs. All the related results have not been done when
k > 5. In double domination stable graphs, we introduce a new concept in k-
’y':Q—stable graphs and investigate their Hamiltonian property in this paper. For
k-~ o-stable graphs, Chellali and Haynes [4] established fundamental properties
of these graphs.

In this paper, we proceed as follows. In Section 2, we provide some results
that we use in our proofs. In Section 3, for £ > 4, we give a construction of
a 2-connected k-vyxo-critical graph which is non-Hamiltonian. We prove that 2-
connected k-vyxo-critical claw-free graphs are Hamiltonian when 2 < k < 5. By
the construction, we have that the condition claw-free is sharp when k = 4. We
show further that every 3-connected k-yxo-critical claw-free graph is Hamiltonian
when 2 < k < 7. In Section 4, for k > 2, we give constructions of a class of k-
7;“2—stable non-Hamiltonian graphs and a class of k-7, ,-stable non-Hamiltonian
graphs. We prove that 2-connected k:—’y;rQ-stable claw-free graphs are Hamiltonian
when 2 < k < 3. We also prove that 3-connected k—’y;rQ—stable claw-free graphs
are Hamiltonian when 2 < k& < 5. For k-7, ,-stable graphs, we prove that 2-
connected k-7, ,-stable claw-free graphs are Hamiltonian when 2 < k < 4. We
also prove that 3-connected k-7, ,-stable claw-free graphs are Hamiltonian when
2<k<6.

2. PRELIMINARIES

In this section, we state a number of results from the literature that we make
use of in our work. We begin with a result of Chvatal [3] which is a well known
property of a Hamiltonian graph.

Proposition 1 [3]. If G is a Hamiltonian graph, then w(gs—'S) > 1 for every cut

set S CV(G).

In the following, we introduce the technique in Ryjacek [7] so called local
completion to study Hamiltonian properties of claw-free graphs. Let G be a claw-
free graph. A vertex z in G is eligible if (Ng(z)) is connected and non-complete.
Further, let G be the graph such that V(G,) = V(G) and E(G;) = E(G)U{uv :
for a pair of non-adjacent vertices u,v € Ng(z)}. Then, we repeat this process
until there is no eligible vertex in the graph. That is, we will have a finite
sequence of graphs Gy, G, ...,Gp, such that G = Gy and, for 1 < i < ng, we
have G; = (G;—1)y where y is an eligible vertex of Gj_1. The process finishes at
G, which contains no eligible vertex. Here G, is the closure of G' and is denoted
by cl(G). Brousek et al. [2] use this operation to establish the Hamiltonicities
of {K13, Ng, 5,55 }-free graphs. Before we state this theorem, we need to provide
some classes of graphs from [2].
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The Class H1. Let Z1,...,Z5 be complete graphs of order at least three. For
1 <1 <3, let ¢, 2 be two different vertices of Z;. Moreover, let ¢}, g5, ¢4 be three
different vertices of Z4 and 2}, 25, 2% be three different vertices of Zs. A graph in
this class is constructed from Zi, ..., Zs by identifying ¢, with ¢; and 2] with z;
for 1 <1i < 3. A graph in this class is given in Figure 1(a).

The Class H2. Let c1,co,c3,c1 and dy,do,ds,d; be two disjoint triangles. We
also let T7 and 75 be two complete graphs of order at least three and T3 a complete
graph of order at least two. Let ¢}, d, be two different vertices of T; for 1 <i <2
and let ¢§,r be two different vertices of T3. A graph in this class is obtained by
identifying ¢} with ¢; and d} with d; for 1 < i < 2 and identifying ¢4 with c3 and
adding an edge rds. A graph in this class is illustrated by Figure 1(b).

The Class Hs. Let hi, ho, ..., hg, h1 be a cycle of six vertices and K a complete
graph of order at least three. Let s and s’ be two different vertices of K. We
define a graph G in the class H3 by adding edges shq, shg, s'hs, s'hy. A graph in
this class is illustrated by Figure 1(c).

Figure 1(a). The Class H;. Figure 1(b). The Class Ha.
he P hl
S
hs > ¢ ho
ha j/ ha

Figure 1(c). The Class Hs.

Let P = p1,p2,p3, P’ = pl,ph,ps and P" = pf,pl, p§ be three paths of length
two. The graph P33 3 is constructed from P, P’ and P” by adding edges so that
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{p1, 0}, P} and {ps, ph, p4} form two complete graphs of order three. Brousek et
al. [2] proved the following.

Theorem 2 [2]. Let G be a 2-connected {Ki 3, N122, N1,13}-free graph. Then
either G is Hamiltonian, or G is isomorphic to Ps 33 or cl(G) € Hi U Ha U Hs.

Recently, Xiong et al. [18] established the following theorem.

Theorem 3 [18]. Let G be a 3-connected { K13, Ns, 5,55 }-free graph. If s1+so+
s3 <9 and s; > 1, then G is Hamiltonian.

We conclude this section by giving some results on double domination.
Thacker [12] established some observations of this parameter.

Observation 4 [12]. For k > 2, let G be a k-yxo-critical graph. Moreover, for
a pair of non-adjacent vertices u and v of G, we let Dy, be a vx2-set of G + uv.

Then Dy, N {u,v} # 0.

The following proposition is a special case of a result of Thacker [12] by restricting
the original result to connected graphs.

Proposition 5 [12]. For any connected graph G, let uw and v be a pair of non-
adjacent vertices of G. Then

Yx2(G) = 2 < yx2(G + uv) < vx2(G).

The following result, from [4], gives the double domination number of a graph
when any edge is removed.

Observation 6 [12]. For a graph G and edge uv € E(G) such that G — uv have
no isolated vertex, vx2(G) < vx2(G — uv).

3. DOUBLE DOMINATION CRITICAL GRAPHS

In this section, we use the claw-free property to determine when 2-connected k-
vxo-critical claw-free graphs are Hamiltonian. First of all, we give a construction
of k-yxo-critical graphs when k > 4 which are non-Hamiltonian.

The class D(k). For k > 4, let A = {a;b; : 1 <i < k—1} be aset of k—1
independent edges and let x be an isolated vertex. A graph G in the class D(k)
is constructed by:

e joining x to every vertex in V(A), and

e adding edges so that by, bs,...,br_1 form a clique.
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A graph G in this class is illustrated by Figure 2.

a1 -1

b1G/ | \Dbk—l

Figure 2. A graph in the class D(k).

Lemma 7. For an integer k > 4, if G € D(k), then G is a 2-connected k-yx2-
critical non-Hamiltonian graph.

Proof. We first show that v«2(G) = k. Obviously, {z,a1,as2,...,a5_1} =x2 G.
By the minimality of vx2(G), we have vx2(G) < k. It remains to show that
vx2(G) > k. Let D be a yxa-set of G. To doubly dominate {a;}, we must
have [{z,a1,b1} N D| > 2. Similarly, to doubly dominate {as,as,...,ax_1}, we
have |D N {ai,b;}| > 1 for all 2 < i < k —1. Thus |D| > k. This implies that
’7><2(G) = k.

We next establish the criticality. Let w and v be a pair of non-adjacent
vertices of G. As x is adjacent to every vertex, we must have that = ¢ {u,v}.
Thus {u,v} C {a1,b1,a2,ba,...,a5_1,bk—1}. By the construction, at least one
of u and v is not in {by,be,...,bx_1}. Without loss of generality let u = a;
and v € {ag,ba}. Clearly, {z,v,as3,a4,...,a5-2,bk—1} >x2 G + uwv. That is
Yx2(G 4+ uv) < k —1 < yx2(G). This establishes the criticality and hence, G is a
k-yx2-critical graph.

We finally show that G is non-Hamiltonian. Suppose to the contrary that G is
Hamiltonian. Observe that Ng(a1) = {x,b1}. Thus, G is Hamiltonian if and only
if G—aj has a Hamiltonian path P from x to b;. Since Ng_q, (a2) = {z, b2}, it fol-
lows that the path x, a9, bs is a subgraph of P. Similarly, as Ng_q, (a3) = {z, b3},
we must have that the path z, a3, bs is a subgraph of P. Thus b3, as, z, as,bs is a
subgraph of P. This contradicts « is one of the two end vertices of P. Therefore,
G is non-Hamiltonian. This completes the proof. [

In the following, we recall the classes Hi,H2 and H3z and the graph Ps33
from the previous section. We give an observation for the lower bound of the
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double domination numbers of graphs in these classes.

Observation 8. Let G be a 2-connected claw-free graph. If cl(G) € HiUH2UHs3
or G is isomorphic to P33 3, then vyx2(G) > 6.

Proof. We first consider the case when cl(G) € Hi UHa U Hs. Let D be a yxo-
set of cl(G). In view of Proposition 5, it suffices to show that vyy2(cl(G)) > 6.
Suppose first that cl(G) € Hi. Since |V(Z;)| > 3, there exist vertices s; €
V(Zi) —{qi, z} for alli € {1,2,3}. To doubly dominate {si, s2, 3}, we have that
DAV(Z)| > 2. Thus 1a(el(G)) = D] > 6.

We now suppose that cl(G) € Ha. Because |V (T;)| > 3, there exist vertices
ri € V(T;) — {ci,d;} for all ¢ € {1,2}. To doubly dominate {r,r1,r2}, we have
that [DNV(T;)| > 2 and |D N (V(T3) U{ds})| > 2. Thus vx2(cl(G)) = |D| > 6.

We now suppose that cl(G) € Hsz. Because |V (K)| > 3, there exists a vertex
s" € V(K)—{s,s'}. To doubly dominate {s”, hg, hs}, we have that |DNV (K)| >
2, |D N {hl,hg,hg}’ > 2 and |D N {h4,h5,h6}’ > 2. Thus "}/XQ(CZ(G)) = ‘D| > 6.

We finally consider the case when G is isomorphic to P333. Let D' be a
vyx2-set of G. To doubly dominate {pa,ph,p3}, we have that |D' NV (P)| >
2,|D'NV(P)| > 2 and |[D'NV(P")] > 2. Thus yx2(G) = |D’| > 6. This
completes the proof. ]

We next establish the following lemma concerning the minimum number of
vertices of a double dominating set when some independent set is given.

Lemma 9. Let G be a claw-free graph, I be an independent set and X be a set
of vertices such that X =xo I. If there exists a vertex in X — I adjacent to at
most one vertex in I, then |I| +1 < |X]|.

Proof. Let w be a vertex in X — I which is adjacent to at most one vertex in
I. Moreover, we let [y = X NI, Io =1—1; and X' = X — (I; U{w}). Clearly,
|X| = |X'| 4+ |I1] + 1 and |I| = |I1]| + |I2]. Let H be a subgraph of G such that
V(H) = X'U{w}UI and E(H) = {uv € E(G) : v € X' U{w} and v € I}.
Clearly, H is bipartite with the bipartition sets X’ U{w} and I. Since X =2 I,
every vertex in I; is adjacent to at least one vertex in X’ U{w}. Moreover, every
vertex in I is adjacent to at least two vertices in X’ U {w}. Thus, degy(v) > 1
for all v € I1 and degy;(v) > 2 for all v € I5. This gives the degree sum of vertices
in I as the following

(1) (1] + 2| I2| < Everdegp(v).

Because G is claw-free, every vertex in X’ is adjacent to at most two vertices
in I. Therefore degy(u) < 2 for all u € X’. Since w is adjacent to at most one
vertex in I, it follows that

(2) Suexrufwy degp (1) < 21X+ 1.
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Because H is bipartite, Y,y degy (v) = Xyex/uqw) degy(u). By (1) and (2),
we have |I1]| + 2|I2| < 2|X’| 4+ 1. Hence,

11| |11] oo, 1 |11]
Il=|I Ll <22 41 e 1xX + = Lt}
|| |1+|2|_(2+|2+2_ | y+2+2

< | X'+ |L]+1=[X]
This completes the proof. [

We are now ready to establish our main theorems. We recall a net N, s, s,
from the first section.

Theorem 10. Let G be a 2-connected k-yxa-critical claw-free graph. If 2 < k <
5, then G is Hamiltonian.

Proof. We first show that G'is { K 3, N1,2,2, N1 13}-free. Suppose to the contrary
that G contains Ny292 or Ni13 as an induced subgraph. We first consider the
case when G contains Nj22 as an induced subgraph. Consider G + viw;. By
Observation 4, | Dy, N {v1,w1}| > 1. Suppose that [Dy,q, N {vi,wi}| = 1. By
symmetry, we let wy € D, q,. Because Dy, is a double dominating set, wy is
adjacent to a vertex in Dy, , w say. Clearly, {uy,ve, w1, ws} is an independent
set. By claw-freeness, w is adjacent to at most one vertex in {uy, vy, ws}. Let X =
Dy, wy —{w1}. Clearly, X >y9 {u1,v2,ws} and X contains w. In view of Lemma 9,
|X| > 4. This implies that | Dy, ., | > 5 contradicting the criticality of G. Suppose
that {v1, w1} C Dyjw,. Let X' = Dy — {w1}. Thus X' >y {u1, v, w3} and X’
contains v; which is adjacent to at most one vertex in {uy,ve, ws}. This implies
by Lemma 9 that |X’| > 4. Hence, | Dy, | > 5 contradicting the criticality of G.
Therefore, G does not contains N 22 as an induced subgraph.

We now consider the case when G contains Ny 13 as an induced subgraph.
Consider G + ujv;. By Observation 4, |Dy,y, N {u1,v1}| > 1. Suppose that
|Dyyv, N {u1,v1}| = 1. By symmetry, we let w3 € Dy, As Dy,y, is a double
dominating set, we must have that u; is adjacent to a vertex u in D,,,,,. Clearly,
{u1,v9, w1, w3} is an independent set. Since G is claw-free, u is adjacent to
at most one vertex in {vg,wi,w3}. Let Y = Dy, — {w1}. Clearly, ¥ >,»
{v2, w1, w3} and Y contains u. In view of Lemma 9, |Y| > 4. Thus |Dy,.,| > 5
contradicting the criticality of G. We then suppose that {uy,v1} C Dy,.,. Let
Y' = Dy,v,—{u1}. Thus Y’ =9 {vg, w1, w3} and Y’ contains v, which is adjacent
to at most one vertex in {vy, w1, ws}. This implies by Lemma 9 that |Y’/| > 4.
Hence, |Dy,y,| > 5 contradicting the criticality of G. Therefore, G does not
contain Nj ;3 as an induced subgraph. Hence, G is {K 3, N1 2.2, N1,1,3}-free.

Because yx2(G) < 5, by Observation 8, G is not isomorphic to Ps33 and
cl(G) ¢ H1UHaUHs. In view of Theorem 2, G is Hamiltonian. This completes
the proof. [
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We can see that a graph G in the class D(k) when 4 < k < 5 is non-
Hamiltonian. Thus the condition claw-free in Theorem 10 is necessary. Moreover,
when k = 4, the graph in the class D(k) is K 4-free. Hence, the condition claw-
free is best possible for & = 4. We conclude this section with the following
theorem which shows that a graph k-v«o-critical when 6 < k < 7 is Hamiltonian
if it is 3-connected and claw-free.

Theorem 11. For an integer 2 < k < 7, let G be a 3-connected k-yxo-critical
claw-free graph. Then G is Hamiltonian.

Proof. We will show that G is Nj333-free. Suppose to the contrary that G
contains N3 33 as an induced subgraph. Consider G +ujv1. Observation 4 yields
that | Dy, N {ui,v1}| > 1. Suppose first that [Dy,y, N {ui,v1}| = 1. By sym-
metry, we may let u; € Dy, . It is easy to see that {ui,us, v, vy, wy, w3} is an
independent set. As D,,,, is a double dominating set, we must have that u; is
adjacent to a vertex w in D,,,,. Since G is claw-free, u is adjacent to at most
one vertex in {ug, ve,vq, w1, ws}. Let X = Dy 4, — {u1}. Clearly, X >o {us,ve,
vg, w1, w3} and X contains u. Lemma 9 implies that |X| > 6. Thus |Dy,y,| > 7
contradicting the criticality of G. We then suppose that {uj,v1} C Dy, . Let
X' = Dyyv, — {ur}. Thus X' =9 {us,ve,vs4, wi, w3} and X' contains v; which
is adjacent to at most one vertex in {us, vy, v4, w1, w3}. This implies by Lemma
9 that | X'| > 6. Hence, |Dy,q,| > 7 contradicting the criticality of G. Therefore,
G does not contain V333 as an induced subgraph. Theorem 3 implies that G is
Hamiltonian. This completes the proof. |

We see that the graphs in the class D(k) when 6 < k < 7 are non-Hamil-
tonian. Thus, the condition claw-free together with 3-connected is necessary in
Theorem 11.

4. DOUBLE DOMINATION STABLE GRAPHS

In this section, we use the claw-free property to determine when 2-connected
k—fyifstable claw-free graphs and 2-connected k-v, ,-stable claw-free graphs are
Hamiltonian. We first establish the following lemma concerning the minimum
number of vertices of a double dominating set when some independent set is
given. The proof of which is similar to Lemma 9. For completeness, we provide
the proof.

Lemma 12. Let G be a claw-free graph, I be an independent set and X be a set
of vertices such that X >xo I. Then |I| <|X]|.

Proof. Let 1 = X NI, I[s=1—1; and X' = X — I. Clearly, |X| = |X'| + |11
and |I| = |I1]| + |I2]. Let H be a subgraph of G such that V(H) = X’ U I and
E(H) = {uv € E(G) : w € X" and v € I}. Clearly, H is bipartite with the
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bipartition sets X’ and I. Since X =5 I, every vertex in I; is adjacent to at
least one vertex in X’ and, every vertex in I is adjacent to at least two vertices
in X’. Thus, degy(v) > 1 for all v € I; and degy(v) > 2 for all v € I5. This
gives the degree sum of vertices in I as the following

(3) (11| + 2|12] < Xver degy(v).

Because G is claw-free, every vertex in X’ is adjacent to at most two vertices
in I. Therefore degy(u) < 2 for all u € X’. Thus,

(4) Suexr degy(u) < 2|1 X'| = 2| X| — 2|1

Because H is bipartite, X,cr degy(v) = Yyexr degy(u). By (3) and (4), we
have |I1| + 2|12 < 2|X| — 2|1;|. Hence,

(| = ] + L2 < 3|L[/2 4[| <[X].

This completes the proof. [

By Lemma 12 and Theorems 2 and 3, we easily establish the following corol-
laries.

Corollary 13. Let G be a 2-connected claw-free graph with yx2(G) < 3. Then
G is Hamiltonian.

Proof. By Observation 8, cl(G) ¢ Hi U Ho U H3 and G is not isomorphic to
P333. Thus, by Theorem 2, it suffices to show that G is {Nj 22, Ny 3}-free.
Suppose to the contrary that G contains Ny 22 as an induced subgraph. Clearly,
{u1,v1,v3, w2} is an independent set of four vertices. Lemma 12 yields that
4 < v42(G) < 3, a contradiction. Thus, G is Ny 22-free. We can prove that G is
Nj 1 3-free by the same arguments. Thus, by Theorem 2, G'is Hamiltonian. =

Corollary 14. Let G be a 3-connected claw-free graph with yx2(G) < 5. Then
G is Hamiltonian.

Proof. By Theorem 3, it suffices to show that G is N33 3-free. Suppose to the
contrary that G contains N3 33 as an induced subgraph. Clearly, {u1,us,v1,vs,
wiy,ws} is an independent set of six vertices. Lemma 12 gives that 6 < vx2(G) <
5, a contradiction. Thus, G is N33 3-free. By Theorem 3, G is Hamiltonian. m

4.1. k-'y;tz-stable claw-free graphs

In this subsection, we study Hamiltonian property of k‘-fy;rQ-stable claw-free
graphs. Although all 2-y4s-critical graphs of order at least three are Hamiltonian
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because they are complete graphs, this is not always true for 2—7?2—stable graphs.
That is there exist 2-v],-stable graphs which are non-Hamiltonian. We first give
a construction of k—’yiz—stable graphs when k > 2 which are non-Hamiltonian.

The class ST (k). For k > 2, let K}, be a complete graph of order k with the
vertices 1, g, ...,z and for 1 <1 # j < k, we let ay; 1, b 53, ¢fi 5y be 3 (g)
isolated vertices. The graph G in this class is obtained from Kj and all the 3- (g)
isolated vertices by adding the edges ay; jy@p, bg; j1Tp, cqi jyzp for all 1 <i £ j <k
and for all p € {7, j}. The following lemma establishes the properties of the graphs
in the class St (k).

Lemma 15. For an integer k > 2, if G € ST(k), then G is a 2-connected k-y},-
stable non-Hamiltonian graph.

Proof. Clearly, G is 2-connected. Moreover, it is easy to see that G is k-y},-
stable when k£ = 2. Hence, we assume that £ > 3. We first show that yx2(G) = k.
Obviously, V(Kj) =x2 G. By the minimality of vx2(G), we have vx2(G) < k.
Let D be a yxo-set of G. So, |D| < k. We will show that V(Kj) C D. Suppose
to the contrary that {z1,zs,..., 25} € D. Without loss of generality, let z; ¢ D.
To doubly dominate A; = {a{m},b{l,j},c{l,j} 1<y < k}, we must have that
A1 C D. Since k > 3, it follows that k > |D| > |A1| = 3k—3 > k, a contradiction.
Thus V(K}) C D and |D| > k. This implies that yx2(G) = k.

We next establish the stability. Let v and v be a pair of non-adjacent vertices
of G and let Dy, be a yx2-set of G 4+ uv. Because V(K}) >, G+ uv, it follows
that |Dy,| < |V(K%)| = k. It suffice to show that |Dy,| > k. By the construction,
H{u,v} NV (Ky)| < 1. We first consider the case when |[{u,v} N V(Ky)| = 1.
Without loss of generality let u = z1 and v = agy 3. Suppose that there exists
x; & Dyy. It i # {1,2,3}, then, to doubly dominate A; = {a{m},b{i,j},c”’j} :
1<j<kandj# z'}, we must have that A; C D,,. This implies that |D,,| >
3k — 3 > k contradicting |D,,| < k. Thus, i € {1,2,3}. To doubly dominate
A; — {a{2,3}}, we must have that (Ai — {a{zjg}}) C Dyy. This implies that
k > |Dyy| > 3k — 4 > k, a contradiction. Thus, V(K}) C D,,. This implies that
Dyl > k.

We now consider the case when [{u,v} N V(K})| = 0. Similarly, suppose
that there exists x; ¢ Dy,. To doubly dominate A; — {u,v}, we must have
that (4; — {u,v}) C Dy,. This implies that k > |Dy,| > (3k —3) —2 > k, a
contradiction. Thus, V(K}) C D,,. This implies that |D,,,| > k. This establishes
the stability and hence, G is a k—’yIQ—stable graph.

We finally show that G is non-Hamiltonian. Clearly, V(K}) is a cut set of
G such that G — V(K}) has 3 - (’2“) isolated vertices as the components. Thus,
% < 1. By Proposition 1, G is non-Hamiltonian. This completes the
proof. [
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By Lemma 15, there exist 2-connected k—’y;}—stable graphs which are non-
Hamiltonian for all £k > 2. However, by using Corollaries 13 and 14, we easily
obtain that all 2-connected k—’y;rQ—stable graphs are Hamiltonian when k is small.
The proofs are omitted as the class of 2-connected k—’y;rQ—stable graphs is a sub-
class of graphs with yx2(G) = k.

Corollary 16. Let G be a 2-connected k:—fyiz—stable claw-free graph. If2 < k <3,
then G is Hamiltonian.

Corollary 17. For an integer 2 < k < 5, let G be a 3-connected k-’y;rQ-stable
claw-free graph. Then G is Hamiltonian.

Observe that a graph G € S1(2) is K1 4-free. Hence, the condition claw-free
in Corollaries 13 and 16 is best possible when k = 2. For a graph G € ST (3),
it is easy to see that the graph G/ = G — cr1,2) — by — cq13y — bp23y — 2.3
is 3—7';2—stable K1 4-free graph. Hence, the condition claw-free in Corollaries 13
and 16 is best possible when k& = 3.

4.2. k-, ,-stable claw-free graphs

We first give a construction of k-7, ,-stable graphs when k£ > 2 which are non-
Hamiltonian.

The class S~ (k). For k > 2, we let Ko, be a complete graph of order 2k with the
vertices 1,y1,%2,Y2, .-, Tk, Yp and for 1 <@ # j < k, we let ayg; jy, b4 51, Cfi s
dyiys €45 be 5 - (’5) isolated vertices. The graph G in this class is obtained

from Ky and all the 5 - (g) isolated vertices by joining the vertices x;, and y, to
a{@j},b{i,j},c{i,j}, d{z,]},e{%]} for all 1 <4 75 j < k and for all p € {2,]} The
following lemma establishes the properties of the graphs in the class S™(k).

Lemma 18. For an integer k > 2, if G € S~ (k), then G is a 2-connected k-y, 5-
stable non-Hamiltonian graph.

Proof. Clearly, G is 2-connected. Moreover, it is easy to see that G is k-7, -
stable when k£ = 2. Hence, we assume that £ > 3. We first show that yx2(G) = k.
Since {1, x9,...,xk} =x2 G, it follows that vx2(G) < k. It remains to show that
vx2(G) > k. Let D be a yx2-set of G. By the minimality of D, we have |D| < k.
If {zi,y;} N D|>1forall 1 <i <k, then |D| > k as required. We may suppose
that there exists ¢ € {1,2,...,k} such that {z;,y;} N D = (). To doubly dominate
A; = {a{m},b{m-},C{i7j},d{i,j},e{i7j} 1< j<kandj# i}, we must have that
‘D N {a{m}, b{@j}, Cli gt d{i,j}7 e{l-7j},xj,yj}‘ >2foralll <j<kandj#i. This
implies that k > |D| > 2(k — 1) > k, a contradiction. Thus, yx2(G) = |D| > k.
Therefore yx2(G) = k.
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We next establish the stability. Let u and v be a pair of adjacent vertices of G.
By Observation 6, we have vyx2(G —uv) > k. Hence, it suffices to show that there
exists a yxo-set of G — uv containing k vertices. Clearly, [{u,v} NV (Kq)| >
1. We first suppose that [{u,v} NV (Ka)| = 1. Without loss of generality
let w € V(Ko). If u € {x1,22,...,21}, then {y1,y2,..., 9} =x2 G —uv. If
u € {y1,Y2,...,Yr}, then {z1,z9,..., 2} =x2 G — uv. Hence, we now suppose
that u,v € V(Ky,). We consider the case when {u,v} = {z;,y;} for some
i,7 € {1,2,...,k}. Clearly {z1,z2,...,21} =x2 G —uv. We now consider the
case when {u,v} = {x;,x;}. Thus, {y1,v2,...,Yx} >x2 G — wv. Similarly,
{z1,29,..., 21} >x2 G —uv when {u,v} = {y;,y;}. Therefore, G is k-, ,-stable
graph.

We finally show that G is non-Hamiltonian. Clearly, V(Ky) is a cut set of
G such that G — V(Ky) has 5 - (g) isolated vertices as the components. Thus,
% < 1. By Proposition 1, GG is non-Hamiltonian. This completes the
proof. [

We next establish the following theorems.

Theorem 19. Let G be a 2-connected k-, 5-stable claw-free graph. If 2 < k < 4,
then G is Hamiltonian.

Proof. We first show that G is {1 2,2, N1 1 3}-free. Suppose to the contrary that
G contains Ny22 or Nii3 as an induced subgraph. We first consider the case
when G contains Ny 22 as an induced subgraph. Consider G' — viv2. By stability
of G, vx2(G — vivg) = k. Clearly, {u1,v1,v2, w1, ws} is an independent set of
G — vyvy containing 5 vertices. Lemma 12 implies that 4 > v,o(G — viv2) > 5, a
contradiction. Thus, G is Ny 2 o-free.

We now consider the case when G contains Ny 13 as an induced subgraph.
Consider G —ujug. By stability of G, vx2(G —ujug) = k. Clearly, {u1, ua, v1, w1,
ws} is an independent set of G' — ujug containing 5 vertices. Lemma 12 implies
that 4 > v42(G — v1v2) > 5, a contradiction. Thus, G is Ny 1 3-free. Hence, G is
{Kl,g,N1,272,N171,3}—free.

Because yx2(G) < 4, by Observation 8, G is not isomorphic to P;33 and
cl(G) ¢ H1UHaUHs. In view of Theorem 2, G is Hamiltonian. This completes
the proof. [

Theorem 20. Let G be a 3-connected k-, 5-stable claw-free graph. If2 < k <6,
then G is Hamiltonian.

Proof. We will show that G is Nj333-free. Suppose to the contrary that G
contains N3 33 as an induced subgraph. Consider G' — ujug. By stability of G,
Yx2(G — ujug) = k. We see that {ui,us,uq,v1,v3, w1, ws} is an independent
set of G — ujug containing 7 vertices. By Lemma 12, 6 > vx2o(G — ujug) > 7,
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a contradiction. Therefore, G does not contain N333 as an induced subgraph.
Theorem 3 implies that G is Hamiltonian. This completes the proof. [

5. DISCUSSION

On double domination critical graphs. For 6 < k£ < 7, we have seen neither
2-connected k-yxo-critical claw-free graphs which are non-Hamiltonian nor 3-
connected k-7yyo-critical graphs which are non-Hamiltonian. Hence, the questions
that arise are, for an integer 6 < k < 7, is every 2-connected k-yyxo-critical claw-
free graph Hamiltonian? and is every 3-connected k-7yxo-critical graph Hamilto-
nian?

On double domination stable graphs. We have seen neither 2-connected
k—'yiz—stable claw-free graphs which are non-Hamiltonian for 4 < k < 5 nor 2-
connected k-7, o-stable graphs which are non-Hamiltonian for 5 < k < 6. Hence,
the questions that arise are, for 4 < k < 5, is every 2-connected k—’yi}—stable claw-
free graph Hamiltonian? and, for 5 < k < 6, is every 2-connected k-v,,-stable
claw-free graph Hamiltonian?
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Abstract

A graph G is said to be k-v.-critical if the connected domination number
of G, v.(G), is k and ~.(G + uwv) < k for any pair of non-adjacent vertices
uw and v of G. Let G be a k-v.-critical graph and ((G) the number of cut
vertices of G. It was proved, in [1, 6], that, for 3 < k < 4, every k-v.-critical
graph satisfies ((G) < k — 2. In this paper, we generalize that every k-7.-
critical graph satisfies ((G) < k — 2 for all k > 5. We also characterize all
k-v.-critical graphs when ((G) is achieving the upper bound.

Keywords: connected domination, critical.
2010 Mathematics Subject Classification: 05C69.

1. INTRODUCTION

All graphs in this paper are finite, undirected and simple (no loops or multiple
edges). For a graph G, let V(G) denote the set of all vertices of G and let
E(G) denote the set of all edges of G. The complement G of G is the graph
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having the same set of vertices as G but the edge e is in F(G) if and only if
e ¢ E(G). For S C V(G), G[S] denotes the subgraph of G induced by S. The
open neighborhood Ng(v) of a vertex v in G is {u € V(G) : wv € E(G)}. Further,
the closed neighborhood Nglv] of a vertex v in G is Ng(v) U {v}. For subsets X
and Y of V(G), Ny(X) is the set {y € Y : yz € E(G) for some x € X}. For
a subgraph H of G, we use Ny (H) instead of Ny (V(H)) and we use Ng(X)
instead of Ny (g (X). If X = {}, we use Ny (z) instead of Ny ({z}). The degree
deg(z) of a vertex x in G is |[Ng(x)|. When no ambiguity occur, we write N (x)
and N(X) instead of Ng(z) and Ng(X), respectively. An end vertez is a vertex
of degree one and a support verter is the vertex which is adjacent to an end
vertex. A star Ki, is a graph of order n + 1 containing one support vertex and
n end vertices. The support vertex of a star is called the center. For a connected
graph G, a vertex v of GG is called a cut vertexr if G — v is not connected. The
number of cut vertices of G is denoted by ((G). A block B of a graph G is a
maximal connected subgraph such that B has no cut vertex. An end block of G
is a block containing exactly one cut vertex of G. The distance d(u,v) between
vertices u and v of G is the length of a shortest (u, v)-path in G. The diameter of
G diam(G) is the maximum distance of any two vertices of G. For a connected
graph G, a bridge zy of G is an edge such that G — xy is not connected.

For a finite sequence of graphs G1,...,G) for | > 2, the joins Gy V---V G} is
the graph consisting of the disjoint union of Gy, ..., G; and each vertex in G; is
joined to all vertices in G;41 for 1 <i <[—1 by edges. If V(G;) = {z}, then we
simply write Gy V ---V Gi—1 Vx V Giy1 V ---V G;. Moreover, for a subgraph H
of Go, the join G1V gGy is the graph consisting of the disjoint union of G; and
G2 and edges that join each vertex in GG to each vertex in H.

For subsets D and X of V(G), D dominates X if every vertex in X is either
in D or adjacent to a vertex in D. If D dominates X, then we write D > X.
We also write @ = X when D = {a} and D > z when X = {x}. Moreover,
if X = V(G), then D is a dominating set of G and we write D > G instead
of D = V(G). A connected dominating set of a graph G is a dominating set
D of G such that G[D] is connected. If D is a connected dominating set of G,
we then write D >, G. A smallest connected dominating set is called a ~.-set.
The cardinality of a ~.-set is called the connected domination number of G and
is denoted by ~.(G). A graph G is said to be k-~.-critical if v.(G) = k and
Ye(G + uwv) < k for any pair of non-adjacent vertices u and v of G.

For related results on k-+.-critical graphs, Chen et al. [3] completely charac-
terized these graphs when 1 < k < 2.

Theorem 1 [3]. A graph G is 1-y.-critical if and only if G is a complete graph.
Moreover, a graph G is 2-y.-critical if and only if G = U§:1 K1y, where l > 2
andn; > 1 forall 1 <i<|I.
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By Theorem 1, we observe that a k-~ -critical graph does not contain a cut vertex
when 1 < k < 2.

Observation 2. Let G be a k-y.-critical graph with 1 < k < 2. Then G has no
cut vertex.

For k > 3, there is no complete characterization of these graphs so far. However,
there are some structural characterizations of k-v.-critical graphs when 3 < k < 4
by focusing on the maximum number of cut vertices of the graphs. Ananchuen
[1] proved that the number of cut vertices of a 3-7.-critical graph does not exceed
one.

Theorem 3 [1]. Let G be a 3-y.-critical graph. Then G contains at most one
cut vertex.

In our previous work in [6], we established the maximum number of cut vertices
that 4-~.-critical graphs can have.

Theorem 4 [6]. Let G be a 4-y.-critical graph. Then G contains at most two
cut vertices.

By these results, we naturally, ask for £ > 5, whether every k-~ -critical graph
contains at most k — 2 cut vertices. It turns out affirmatively as we shall see in
the following theorem.

Theorem 5. For k > 5, let G be a k-y.-critical graph with ((G) cut vertices.
Then ((G) <k —2.

The proof of this theorem is presented in Section 4. In this paper, we also
characterize all k-v.-critical graphs when the number of cut vertices is achieving
the upper bound.

For the outline of this paper, we provide related results and prove that there
exists a forbidden subgraph of k-v.-critical graphs in Section 2. In Section 3, we
characterize some end blocks of G. We then use the results from Sections 2 and 3
to establish the upper bound of the number of cut vertices of k-~ -critical graphs
in Section 4. We also characterize all k-v.-critical graphs when ((G) = k — 2 in
Section 5. Finally, we discuss our result with some related result in another type
of domination critical graphs in Section 6.

2. RELATED RESULTS

In this section, we state a number of results that we make use of in establishing
our theorems. At the end of this section, we also prove some crucial results which
will be used to settle the maximum number of cut vertices of k-v.-critical graphs
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in Section 4. We begin with a result of Chartrand and Oellermann [2] which gives
the relationship between the numbers of end blocks and cut vertices.

Lemma 6 (see [2], page 24). Let G be a connected graph with at least one cut
vertex. Then G has at least two end blocks.

In [3], Chen et al. established fundamental properties of k-v.-critical graphs.

Lemma 7 [3]. Let G be a k-y.-critical graph and let x and y be a pair of non-
adjacent vertices of G. Further, let Dy, be a ~y.-set of G+ xy. Then

(1) k=2 < |Dyyl <k —1,
(2) Da:y N {x,y} 7é Q), and
(3) if {x} = {x,y} N Dy, then Ng(y) N Dy = 0.

In [5], we further observed some structure of the subgraph of G (not G + zy)
induced by D,,. For completeness, we provide the proof.

Observation 8. If{z,y} C Dy, then G[Dyy] consists of 2 components and each
of which contains exactly one vertex of {x,y}.

Proof. If G[D,,] is connected, then D,, is a connected dominating set of G. It
follows by Lemma 7(1) that 7.(G) < k — 1, contradiction. Thus G[D,,] is not
connected. As (G + xy)[Dyy| is connected and zy is the only one edge which is
added to G, it follows that zy is a bridge of (G +xy)[Dgy]. Therefore, G[D,,] has
exactly 2 components and each of which contains exactly one vertex of {z,y}.
This completes the proof. [

When k& > 3, Ananchuen [1] established structures of k-v.-critical graphs
with a cut vertex.

Lemma 9 [1|. For k > 3, let G be a k-y.-critical graph with a cut vertex ¢ and
let D be a connected dominating set. Then

(1) G — ¢ contains exactly two components,

(2) if Cy1 and Cy are the components of G — ¢, then G[N¢, (c)] and G[N¢,(c)]
are complete and

(3) ce D.
In our previous work in [6], we established the diameter of k-v.-critical graphs.
Lemma 10 [6]. Let G be a k-y.-critical graph. Then diam(G) < k.

We conclude this section by establishing a forbidden subgraph of k-v.-critical
graphs when k£ > 3 in Lemma 12. We also need to prove the following lemma.
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Lemma 11. Let G be a k-v.-critical graph and let x and y be a pair of non-
adjacent vertices of G such that |Dyy N {x,y}| = 1. Then, for a pair of vertices
a and b in Dgy, we have that N(a) € Nb].

Proof. Suppose to the contrary that N(a) C N[b] for some a,b € Dy,y.

Claim. D,, — {a} > a.

Proof. As |Dyy N {z,y}| = 1, we must have G[Dy,| is connected. Because
N(a) € N[b] and b € Dyy, it follows that G[D,, — {a}] is connected. We next
show that Dy, —{a} > a. As G[Dy,] is connected, a must be adjacent to a vertex
in Dgy. That is Dy, — {a} > a. Therefore Dy, — {a} >, a. This settles the
claim. 0

Since |Dgy N {z,y}| = 1, we may assume without loss of generality that
{z} = Dyy N {x,y}. We distinguish two cases.

Case 1. a # x. Because N(a) C N[b] and b € Dy, it follows that Dy, —{a} >
V(G + zy) — {a}. Thus, by the claim, we have D,, — {a} >, G + zy. This
contradicts the minimality of D,,. So Case 1 cannot occur.

Case 2. a = x. As N(a) C NJ[b], we must have Dy —{a} > V(G+zy)—{y,a}.
By the claim, Dy, — {a} . V(G) — {y}. Because G is connected, it follows that
N(y) #0. Let z € N(y). By Lemma 7(3), z ¢ Dyy. As Dyy =, G + zy, we must
have that z is adjacent to a vertex in Dyy. If za ¢ E(G), then (Dzy—{a})U{z} >
G. Lemma 7(1) implies that |(Dyy — {a}) U {z}| < k — 1 contradicting the
minimality of 7.(G). Therefore, za € E(G). As N(a) C N[b], we must have
zb € E(G). Since b € Dy, it follows that (D, — {a}) U {2} >, G. Similarly,
|(Dgy — {a}) U{z}| < k —1, a contradiction. So Case 2 cannot occur and this
completes the proof. ]

We are ready to provide the construction of a forbidden subgraph of k-7,.-
critical graphs. For a connected graph G, let X,Y, X7 and Y7 be disjoint vertex
subsets of V(G). We, further, let Z =X UX;UY UY; and Z =V (G) — Z. The
induced subgraph G[Z] is called a bad subgraph if

(i) 1 = X U X, for any vertex 1 € X,
(ii) N[z] € X U X, for any vertex x € X,
(iii) y1 > Y UY] for any vertex y; € Y7, and
(iv) N[y CY UY; for any vertex y € Y.

Figure 1 illustrates our set up.

Observe that G[X;] and G[Y;] are complete subgraphs. Further, if Z = (), then
there exists an edge x1y; where z1 € Xjand y; € Y7 because G is connected.
Thus {z1,y1} = G. This implies that v.(G) < 2. Therefore, if 7.(G) > 3, then
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Z # (). The next lemma gives that every k-7.-critical graph has no bad subgraph
as an induced subgraph.

x (Ao Usp o)y

L

x( =) )y
C . ez b e )

Figure 1. The induced subgraph G[Z].

Lemma 12. For k > 3, let G be a k-v.-critical graph. Then G does not contain
a bad subgraph as an induced subgraph.

Proof. Suppose to the contrary that G' contains G[Z] as a bad subgraph. Let
z € X and y € Y. Consider G + zy. Lemma 7(2) implies that D, N {x,y} # 0.

We first show that {z,y} C D,,. Suppose to the contrary that |Dg, N
{z,y}| = 1. Without loss of generality let {x} = D, N {z,y}. Since z is not
adjacent to any vertex in Y7, in order to dominate Y1, Dy N (V(G) — X) # 0.
Because N[z] € X U X, by the connectedness of (G + zy)[Dgy], Dzy N X1 # 0.
Let 21 € Dgyy N Xy, Thus N(x) C N[zq] contradicting Lemma 11. Hence {z,y}
- -Dacy-

By Observation 8, G[D,,] has exactly two components H; and Hs containing
x and y, respectively. Let

U1 = N(Hl) - V(Hl) and U2 = N(HQ) - V(HQ)

Thus V(G) = Uy UUy UV (Hy) UV (Hs) because Dyy = V(Hy) U V(Hz) and
Dgyy =c G+ xy. We next establish the following claim.

Claim. For a vertex u € V/(Hy)UUy, if (V(H;)U{u})NX; # 0, then V(H; —2)U
{u} =, UyU{z}. Similarly, for a vertex v € V(Hz2)UUs, if (V(H2)U{v})NY; # 0,
then V(Hy —y) U{v} =, U U {y}.

Proof. Suppose that there exists 1 € (V(H1) U {u}) N X;. By Property (i) of
bad subgraph, z; = X U X;. Hence, N[z| C N[z1]. Clearly, G[V(H1) U {u}]
is connected. Since x; € V(H; — ) U {u}, it follows that G[V(H; — z) U {u}]
is connected. As N[z] C N[x;], we must have V(H; — x) U{u} >, x. Thus, it
remains to show that V(H; —x) U {u} > U;. Let w € U;. So, w is adjacent to
a vertex of Hy. If wr ¢ E(G), then w is adjacent to a vertex of Hy — x. But,
if we € E(G), then wzy € E(G). These imply that w is adjacent to a vertex in
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V(Hi—z)U{u}. So V(H;—z)U{u} > Uy. Therefore, V(H;—z)U{u} =, UyU{z}.
We can show that if (V(Hz) U{v})NY; # 0, then V(Hy —y) U {v} =, U U {y}
by the similar arguments. This settles the claim. 0

We note by the claim that u can be a vertex in Hy. Thus if V(Hy) N Xq # 0,
then V(H; — x) =, Uy U {z}. Clearly Z # ) because k > 3. To dominate Z, we
have Dy, N (Z U X1 UY7) # 0 because N[z] € X UX; and N[y] C Y UY;. Thus,
by the connectedness of Hy and Hs, V(H1)N Xy # 0 or V(H2)NY; # (). Suppose
without loss of generality that V(H;) N X3 # 0. By applying the claim, we have
that

(1) V(H1 — a;) c U1 U {1‘}

Case 1. Uy NUy # (. Thus there is a vertex v € V(G) — (V(Hy) UV (Hs))
such that v is adjacent to a vertex of H; and a vertex of Hy. That is G[V (H;)U
{v} UV (Hz2)] is connected.

We next show that (V(Hz) U{v})NY1 # 0. Suppose that (V(Hz) U {v})N
Y1 = (). By the connectedness of Hy, V(H3) C Y because y € Y. Moreover, v € Y
because v is adjacent to a vertex of Hs. So, Property (iv) implies that N[v] C
Y UY]. Aswis adjacent to a vertex of Hy, we must have that V (H;)N(YUY7) # 0.
By the connectedness of Hy, V (H;)NY; # (). Property (iii) yields that there exists
a vertex of Hq adjacent to a vertex of Hy. So H1 and H» are the same component,
a contradiction. Hence (V(Hz) U {v}) NY; # 0. By the claim, we have that

(2) V(Hz —y)U{v} e U2 U {y}.

Since V(G) =U; U0y U V(Hl) U V(HQ), by (1) and (2), V(H1 — ac) U V(HQ —
y) U{v} >. G. Hence

(Day = {z,y}) Uv} = V(H —2) UV (Hz —y) U{v} = G.

Lemma 7(1) yields that |(Dgy — {z,y}) U{v}| < k — 1 contradicting 7.(G) = k.
So Case 1 cannot occur.

Case 2. Uy NUs = 0. Since G is connected, there exist vertices u and v in
V(G) — (V(H1) UV(Hsy)) such that u € Uy,v € Uy and uv € E(G). Therefore
G[V(Hi) U{u,v} UV (Hz)] is connected.

We will show that (V(Hy) U{u}) N Xy # 0 and (V(Hz2) U {v}) NYy # 0.
Suppose to the contrary that (V(Hy) U {u})NX; =0. So V(H;)U{u} € X by
the connectedness of G[V (H1)U{u}]. Since H; and Hy are different components,
by Property (i), V(Hz2) N X1 = 0. Thus v € X1 because uwv € E(G) and Nu] C
X U X;. This implies by Property (i) that v > Hj, in particular v € U;. Thus
v € Uy NUs. This contradicts U; N Uy = (). Hence, (V(Hy)U{u}) N X1 # 0. By
the same arguments, we have (V(Hz) U {v})NY; # 0.
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Hence, by the claim, we have that V(H; —x)U{u} >, Uy U{z} and V(Hy —
y)U{v} = UsU{y}. As V(G) =U; UU UV (H;) UV (Hs), we must have that
(Dgy—{z,y})U{u,v} =, G. Lemma 7(1) gives that |(Dgyy—{z,y})U{u,v}| < k-1
contradicting 7.(G) = k. So Case 2 cannot occur. Therefore G does not contain
a bad subgraph as an induced subgraph. This completes the proof. [

By applying Lemma 12, we easily establish the maximum number of end
vertices of k-v.-critical graphs.

Corollary 13 [8]. For k > 3, every k-y.-critical graph has at most one end
vertex.

Proof. Suppose to the contrary that G has x and y as two end vertices. Let x;
and y; be the support vertices adjacent to x and y, respectively. Thus x; and
y1 are cut vertices. Since v.(G) > 3, V(G) — {z,z1,y,11} # 0. Thus, Lemma
9(1) implies that z1 # y1. Choose X1 ={z1},Y1 ={n1},X = {z} and Y = {y}.
Clearly G[X; UY; U X UY] is a bad subgraph contradicting Lemma 12. Hence,
G has at most one end vertex and this completes the proof. [

It is worth noting that very recently Taylor and van der Merwe [8] proved
Corollary 13 as well. They proved the corollary with contrapositive but did not
apply the concept of a bad subgraph in their proof.

3. THE CHARACTERIZATIONS OF SOME END BLOCKS

In this section, we provide characterizations of some blocks of k-v.-critical graphs.
For a connected graph G, we let A(G) be the set of all cut vertices of G.

We first show that for a connected graph G and a pair of non-adjacent vertices
x and y of G, A(G) = A(G + zy) if z and y are in the same block of G.

Lemma 14. For a connected graph G, let B be a block of G and x,y € V(B)
such that xy ¢ E(G). Then A(G) = A(G + zy).

Proof. Since G is a subgraph of G+zy, A(G+xy) C A(G). Suppose there exists
csuch that ¢ € A(G) but ¢ ¢ A(G+zy). Thus (G+zy)—cis connected. Let C be
the component of G — ¢ containing vertices of V(B) —{c} and C’ be a component
of G — ¢ which is not C. Further, let a € Ner(c) and b € N¢(c). Since ¢ is a cut
vertex of GG, there is only one path a,c,b from a to b. But c¢ is not a cut vertex
in G + xy. This implies that G — ¢ has a path P = p1,p2,...,2,y,...,pr from b
to a where b =p1,a = pr,x = p; and y = p;41 for some 1 < ¢ <r—1and r > 2.
We see that P must contain an edge zy and ¢ ¢ {p1,p2,...,pr}. Since C and C’
are the two different components of G — ¢, by the connectedness of the path P,
{p1,p2,--.,pi} CV(C) and {pit1,...,pr} S V(C"). So z € V(C) and y € V(C")
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contradicting = and y are in the same block. Therefore A(G) C A(G + zy) and
thus, A(G) = A(G + zy). This completes the proof. |

For a k-v.-critical graph G with a cut vertex, let B be an end block of G
containing non-adjacent vertices z and y. Clearly, V(B + zy) = V(B).

Lemma 15. For an integer k > 3, let G be a k-v.-critical graph with a ~y.-set
D and let B be an end block of G. For all x,y € V(B) such that xy ¢ E(G),
|Dyy NV (B +zy)| < |DNV(B)].

Proof. Let ¢ be the cut vertex of G such that A(G) NV (B) = {c}. Note that

D—V(B) and DNV (B) are disjoint as well as Dy, —V (B +zy) and Dy, NV (B+
xy). We first establish the following claim.

Claim. |D,, — V(B + ay)| > |D — V(B)|.

Proof. Suppose to the contrary that |D,, — V(B + xy)| < |D — V(B)|. Clearly,
|Dyy — V(B + xy)| = |Dgy — V(B)|. Thus |Dyy — V(B)| < |D — V(B)|. We will
show that (Dg, — V(B)) U (D NV(B)) =. G. Firstly, we show that G[(D
V(B)) U (D NV(B))] is connected. As Dy, is a 7e-set of G + xy, we must
have that (G + xy)[Dy,] is connected. Since zy € E(B + zy), we have that
G[(Dzy — V(B + zy)) U {c}] is connected. Hence, G[(Dzy — V(B)) U {c}] is
connected. Clearly, G[D N V(B)] is connected. Moreover, ¢ € D NV (B) by
Lemma 9(3). Thus G[(D,y — V(B)) U (D NV(B))] is connected.

)

We next show that (D, —V(B))U(DNV(B)) = G. Because Dyy >, G+zy
and xy € E(B + xy), it follows that (Dyy — V(B)) U {c} = V(G) — V(B). It is
easy to see that DN V(B) > V(B). So (Dgy — V(B))U(DNV(B)) = G. This
implies that (Dg, — V(B))U(DNV(B)) ~. G. But

[(Day = V(B)) U(DNV(B))| < [(Dey = V(B))| + [(DNV(B))]
<[(D=V(B)|+|(DNV(B))
=[(D=V(B)U(DNV(B))| =D,
contradicting the minimality of D. Therefore |Dy, — V(B + zy)| > |D — V(B)]
and this settles the claim. 0O

We are now ready to prove this lemma. Suppose to the contrary that |Dg, N
V(B +zy)| > |[DNV(B)|. Thus
|Day| = [(Day — V(B + 2zy)) U (Day N V(B + zy))|
[(Day = V(B +2y))| + [(Day N V(B + 2))|
(D -V (B))| + |(Dzy NV(B+2y))| (by the claim)
I(
I(

(A\VARAVS

D—=V(B))[+[(DNV(B))|
D—-V(B))U(DnV(B))| = |D],
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contradicting Lemma 7(1). Therefore, |D,, NV (B +zy)| < |DNV(B)| and this
completes the proof. n

We now introduce four classes of graphs such that some graph in these classes
is an end block of a k-v.-critical graph. For vertices ¢, z; and 2o, we let
By = {cV Ky, : for an integer t; > 1},
By ={cV Ky, V z; : for an integer to > 1}, and
B2y = {cV K, V Ky, V 29 : for integers t3,t4 > 1}.
Before we construct the next class, it is worth to introduce a graph T which

occurs in the characterization of k-v.-critical graphs with a maximum number of
cut vertices. For positive integers [ > 2,r and n;, we let S = Uézl Ky p, and

T=S or
T=SUK,.
Then, for 1 <i <[, we let 86, S’i, sé, R sf% be the vertices of a star K1 ,,, centered

at sf. We, fuﬁher, let S :Qﬁzl {sﬁ,sé, e ,sf%_} and S’ = Ué:l {86}, moreover,
let " =V(K,)if T=SUK, and S” =0 if T = S. We note that

NS

=S or

=SVK,.

That is, T can be obtained by removing the edges in the stars of S from a
complete graph on SUS"US”. Throughout this paper, we are, in fact, using the
complement of T. We are ready to define the next class. Recall that, for graphs
(G1 and G2 such that G has H as a subgraph, the join G1 V gG2 is the graph

constructed from the disjoint union of G; and G5 by joining each vertex in Gy to
each vertex in H with an edge.

Bao = {c Y T[S]T : for positive integers I > 2,7 and nz}

We note by the construction that, in T, every vertex in S is adjacent to exactly
|S”US”| — 1 vertices in S” U S”. A graph in this class is illustrated in Figure 2.
According to the figure, an owval denotes a complete subgraph, double lines be-
tween subgraphs denote joining every vertex of one subgraph to every vertex of
the other subgraph and a dash line denotes a removed edge.

It is worth noting that, for an end block B of a k-~ -critical graph having D
as a y.-set, the number of vertices in DNV (B) can be as large as k. We will give
an example by using the graph T. For an integer k > 5, let K, ... , Ky, 5 be
k — 3 copies of complete graphs with ny,...,nt_3 > 2 and let a; and as be two
isolated vertices. It is not difficult to see that the graph
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apVasVEKp V- VEKy \/T[S]T

is a k-ry.-critical graph having R = aoVK,, V---VK,, , \/T[S}T as an end block.
Clearly, |[DNV(R)| = k.

_ @
~
Sl

-
—~

o

Y,
S//

(g oy

Figure 2. A graph G in the class Ba o.

In the following, we characterize an end block B such that |[D NV(B)| < 3.
Let ¢ be the cut vertex of G in B and H be the component of G — ¢ such that
G[V(H) U {c}] = B. We further let

W = NH(C),

W' ={w e V(H) - W :w'w € E(G) for some w € W} and

W"=V(H)— (WUW’).
Note that W’ or W” can be empty. Since ¢ € V(B), we have that [DNV (H)| =i
if and only if [ DNV(B)| =i+ 1 for all i > 0. Thus, |[DNV(B)| > 1.

Lemma 16. Let G be a k-vy.-critical graph with a v.-set D and let B be an end
block of G. If | DNV (B)| =1, then B € By.

Proof. In view of Lemma 9(2), G[W] is complete. Lemma 9(3) gives, further,
that DN V(B) = {c}. Since D = B and [(DNV(B)) — {c}| = 0, it follows that
W/'UW” =0 and ¢ = W. So B € By. This completes the proof. |

Lemma 17. Let G be a k-vy.-critical graph with a v.-set D and let B be an end
block of G. If | DNV (B)| =2, then B € By.

Proof. Let {y} = (DNV(B))— {c}. By the connectedness of G[D], y € W.
Thus W” = 0 and V(H) = W UW'. Suppose that there exist u,v € V(H) such
that uv ¢ V(G). Consider G + wv. Lemma 7(2) gives that Dy, N {u,v} # 0.
Lemma 14 gives also that ¢ € D,,. Hence, |Dy, N V(B + uv)| > 2 contradicting
Lemma 15. Thus G[W U W'] is complete. Let z; € W'. Consider G + cz;. Since
|DNV(B)| =2, by Lemma 15, |D.;, N V(B + ¢z1)| < 1. Lemmas 9(3) and 14
yield that ¢ € D.,,. So |Dc,, NV (H)| = 0. This implies that ¢ = B + cz;. Since
{21} = Ngyeny () NW', W = {21}. So B € By and this completes the proof. =
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Lemma 18. Let G be a k-y.-critical graph with a v.-set D and let B be an end
block of G. Suppose that |DNV (B)| =3. Then B € By if W' # 0 and B € Ba 2
if W" = 0. Consequently, B € By1 U Bas.

Proof. Suppose that |[DNV(B)| = 3. Lemma 9(2) implies that G[IW] is complete.
We first establish the following claim.

Claim. For any non-adjacent vertices u,v € WU W' UW" we have ¢ € Dy, N
V(B +wv) and |Dy,y "W N {u,v}| = 1.

Proof. Lemma 15 implies that |D,, N V(B + uv)| < 2. In view of Lemmas 9(3)
and 14, ¢ € Dy, NV(B 4 uv). Thus [Dy, N {u,v}| < 1. Lemma 7(2) then gives
that |Dyy N {u,v}| = 1. So |Dyy N W N {u,v}| = 1 because (G + uv)[Dyy) is
connected. This settles the claim. 0

Suppose there exist u,v € W/ U W” such that uv ¢ E(G). Consider G +
uwv. By the claim |Dy, N W N {u,v}| = 1 contradicting W N {u,v} = (). Thus
GIW'UW"] is complete.

We first consider the case when W” # (). Let w € W and 2o € W”. Consider
G + wzy. By the claim, Dy, N V(B + wz) = {c,w}. Since {z2} = W'N
NGtwz, (w), it follows that W” = {z2}. Suppose there exists w’ € W’ such that
ww' ¢ E(G). Consider G+ww'. By the claim, D, NV (B4+ww’) = {¢, w}. Thus
Dy does not dominate 29, a contradiction. Therefore G[W U W'] is complete
and B € By ;.

We finally consider the case when W” = (). We will show that, for all
w e W, |[Ny/(w)] = [W/|—=1. If w = W', then (D — V(H)) U {w} =, G.
But |(D — V(H)) U{w}| = k — 1 contradicting 7.(G) = k. Thus |Ny(w)| <
|[W'| — 1. If w is not adjacent to x,y in W', then consider G + wx. By the claim,
Dye N V(B +wz) = {c,w}. Clearly D, does not dominate y, a contradiction.
Hence, | Ny (w)| = [W’| — 1 for all w € W. We now have that G[W U W’] is the
complement of disjoint union of isolated vertices in W' and stars whose centers
are in W’ and all of end vertices are in W. It remains to show that there are at
least two stars in G[W UW']. Suppose to the contrary that, in G[W UW’], there

is exactly one star centered at w’. Because | Ny (w)| = |[W'|—1 for all w € W, v’
is not adjacent to any vertex in W. So w’ € W” contradicting W” = (). Hence,
there are at least two stars in G[W U W’]. This completes the proof. |

4. THE UPPER BOUND OF THE NUMBER OF CUT VERTICES

In this section, we establish the maximum number of cut vertices of k-v.-critical
graphs. In view of Observation 2, it suffices to restrict our attention to the case
k > 3. We begin this section by showing that G does not have two end blocks in
By U B;.
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Lemma 19. For k > 3, let G be a k-y.-critical graph. Then G contains at most
one end block B such that B € By U B;.

Proof. Suppose to the contrary that there exist two different end blocks U and
R which are, respectively, in the classes B; and B; where {i,5} € {0,1}. Let u
be the cut vertex of G'in U. If U € By, then U = uV K, for some integer ¢; > 1.
If U € By, then there exist an integer to > 1 and a vertex z; of U such that
U=uV Ky, V 2. Then, we choose

Y, — {u} it U € By,
Y7 V(Ky,) if U e By,

and we choose
Y V(Ky) if U € By,
{21} it U € B.

Clearly, U contains X and X; which satisfy the Properties (i) and (ii), respec-
tively.

We now consider R. Let r be the cut vertex of G in R. If R € By, then
R=rv thl for some integer ] > 1. But, if R € Bj, then there exist an integer
th > 1 and a vertex w; of R such that R =1V Kté V wi. Then, we choose

v {7 if R e By,
P VIKy) if Re By,

and we choose
v — V(Kt/l) if R € By,
{wl} if Re€ Bs.

Clearly, R contains Y and Y7 which satisfy the Properties (i) and (ii), respectively.

We observe that X,Y and Y; are pairwise disjoint because U and R are
different blocks. Suppose that Y1 N X; # (. By the choice of X; and Y7, if
X1 =V(Ky,) or Y1 = V(Ky), then Y1 N Xy = 0 because U and R are different
end blocks, contradicting the assumption that Y1 N X7 # . Hence, X1 = {u}
and Y7 = {r}. This implies that u = r, moreover, U and R are both in By. Thus
u > U and u = R. Lemma 9(1) yields that G — u has U — v and R — u as the
two components. We have that G = Ky, VuV Ky Clearly, u >, G contradicting
7.(G) > 3. Hence, Y1 N X1 = 0. So, G contains a bad subgraph contradicting
Lemma 12. This completes the proof. [

In the following, for a block B of G, we let

A(B) = V(B) N A(G).
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We also let
((G) = |A(G)],¢(B) = [A(B)| and

Co(G) = max {((B) : B is a block of G}.

When no ambiguity can occur, we abbreviate (y(G) to (y. Clearly, {p < ((G). In
the following lemma, we establish the existence of (3 end blocks.

Lemma 20. For any k-y.-critical graph G, let By be a block of G contain-
ing Co cut vertices ci1,ca,...,c¢,. Then there exist mutually disjoint end blocks
By, Bs, ..., Bg.

Proof. In view of Lemma 9(1), G — ¢; has only two components for 1 < i < (.
Let C; be the component of G — ¢; that does not contain any vertex of By. If
graph G[{c;} UV(C;)] does not contain any cut vertex, then G[{c;} UV (C})] is
an end block and we let B; = G[{¢;} UV (C;)]. If graph G[{c;} UV (C;)] contains
a cut vertex, then, by Lemma 6, G[{c;} U V(C;)] has at least two end blocks.
Therefore, at least one end block of G[{¢;} U V(C;)] does not contain ¢; and we
let B; be this end block. In both cases of the choice, B; is an end block of G.
Obviously, By, Ba, ..., B¢, are mutually disjoint and this completes the proof. =

Lemma 21. For k > 3, let G be a k-vy.-critical graph with a v.-set D and let
By, Bs, ..., B, be the end blocks of G' from Lemma 20. Moreover, for 1 < i < (o,
we let x; € A(G) NV (B;). Then at least (o — 1 of the end blocks By, Ba, ..., B,
satisfy |(DNV(B;)) — {zi}| > 2.

Proof. Lemma 19 gives that at least (y — 1 blocks of {B;|1 < i < (p} are not
in B; where j € {0,1}. Without loss of generality let By, Bo,. .., B¢,—1 be such
blocks. Hence

(DNV(By)) — {xi}] = 2
for 1 <14 < (p — 1 and this completes the proof. [

We next let A = A(G) — A(Bp) and ¢ = | A|. That is, A is the set of cut vertices
which are not in By. Clearly,

(3) ¢(G) = ¢+ o

Recall that, for 1 <14 < (g, C; is the component of G — ¢; which does not contain
any vertex of By. We also let

jo = min{\D NV(C;)|:forall 1 <i< Co}.
The following theorem gives the relationship of (g, (, jo and k.

Theorem 22. For k > 3, let G be a k-y.-critical graph. Then 3(o—2+C+jo < k.
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Proof. Lemma 9(3) yields that A(G) C D. For each end block B; of G which
is a consequent of Lemma 20, 1 < i < (p, let ; € A(G) N V(B;). Clearly
(DNV(By)) —{z1},(DNV(B2)) —{xa}, ..., (DNV(Bg)) — {x¢ } and A(G) are
pairwise disjoint. These imply that

o
(4) Z (DNV(By)) = {zi}| + ((G) < k.

In view of Lemma 21, at least (p — 1 end blocks of By, B, ..., B¢, are not
in By U By. Without loss of generality let By, Ba, ..., B¢,—1 be such blocks. So
2<|[(DNV(B;)) — {xi}| for 1 <i < (p— 1. Therefore

Co—1

(5) 20— 1) < Y [(DNV(B)) —{ai}].
i=1

By the minimality of jo,

(6) 0<jo < ‘(D N V(BCO)) - {xCOH‘

Therefore
3C0 =2+ jo+¢=2(¢o— 1) +jo+ ¢+ Co
Co—1
< Z (D NV(B;)) — {z:i}| +jo + ¢(G) (by (3) and (5))
:1
<D IDNV(Bi) = {zi}| +¢(G) (by (6))
i=1
<k (by (4)),
as required. [
Theorem 22 implies the following corollary.
Corollary 23. For k > 3, let G be a k-y.-critical graph. Then (y < L%J

Proof. Theorem 22 implies that 3¢y < k+2—C —jo. As (, jo > 0, we must have
that

G < L%J

and this completes the proof. [
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Note that Theorem 22 together with ¢(G) = ¢ + (o give
(7) 200 <k —¢(G) = jo + 2.
We are now ready to establish Theorem 5. For completeness, we recall the state-
ment of this theorem.
Theorem 5. For k > 3, let G be a k-y.-critical graph with ((G) cut vertices.
Then ((G) < k — 2.

Proof. Suppose to the contrary that |A(G)| > k — 2. Lemma 9(3) gives that
|A(G)| < k. Thus either |A(G)| = k or |A(G)| = k—1, in particular, k—((G) < 1.
This implies by (7) that

200 <k —=C¢(G) —jo+2<3.
Therefore
G <1

If ((G) > 2, then we always have a block containing more than one cut
vertex. Thus (p > 2, a contradiction. Therefore ((G) < 1. As k — ((G) <1, we
must have that

k<2,
contradicting k > 3. Hence ((G) < k — 2 and this completes the proof. ]

5. CHARACTERIZATIONS

In this section, we characterize all k-v.-critical graphs G when ((G) = k —2. We
first give the construction of a k-v.-critical graph with & — 2 cut vertices.

The class F (k)

Let B be a graph in the class By 2 containing ¢, S, S’ and S” which are defined in
Ba2. We, further, let P,_; = 20, 21, ..., 2,2 be a path of order k — 1. A graph GG
in the class F(k) is constructed from the graphs B and Py_; by identifying z_o
with ¢. A graph G in the class F(k) is illustrated in Figure 3.

B € Bap

Figure 3. A graph G in the class F(k).
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Lemma 24. Let G € F(k). Then G is a k-yc-critical graph with k — 2 cut
vertices.

Proof. Clearly, 21, 29,...,2r_9 are the k — 2 cut vertices of G. We observe that
{zl, 29,.. .,zk_g,s%,s%} > G. Therefore .(G) < k.

We next show that ~v.(G) > k. Let D be a ~.-set of G. Since z; is a cut
vertex, by the connectedness of G[D], z; € D. We first suppose that D N.S” # ().
As z; € D, by the connectedness of G[D], we must have {22, 23, ..., 2k—2,y} C D
where y € DN S. Thus 7.(G) = |D| > k and ~.(G) = k. We now suppose that
DNS" = 0. To dominate B, |[DN(SUS’)| > 2. Similarly, by the connectedness of
G[D], we have {29, 23,...,2k_2} C D and thus v.(G) > k. Therefore v.(G) = k.

We next establish the criticality. Let u and v be two non-adjacent vertices
of G and S; = SUS US”. We first consider the case when {u,v} C Sj.
Thus {u,v} = {sé-,s%} for some ¢ € {1,2,...,l} and j € {1,2,...,n;}. Clearly
{z1,22,. .., 2k_2, s;} ¢ G+ uv and v.(G +uwv) <k —1.

We now consider the case when |[{u,v} NS;| = 1. Without loss of generality
let {v} = {u,v} N S1. If u = 2,9, then v ¢ S. So {zx_2,v} > S1. Thus
{z1,22,...,2k—2,v} =¢ G + uv. Therefore v.(G + wv) < k — 1. Since | > 2,
there exists v/ € S — {v} such that {v,v'} >, S1. Then, if u € {21, 29,..., 23},
we have {21,22,...,u,...,2k_3,0,0'} =. G +wv. Hence 7.(G +uwv) < k —1. If
u = 29, then {29, 23,...,2k_2,0,v'} =. G+ uv and thus, v.(G + uwv) < k — 1.

We finally consider the case when [{u,v}NS;| = 0. Therefore {u,v} C {zp, 21,
...y 24—2}. Thus v = z; and v = z; for some i # j € {0,1,2,...,k —2}. Without
loss of generality let ¢ < j. Clearly i + 2 < j. Hence

({z1,. -, 262} — {zi1}) U {s1, 82} =c G + uv.

S0 Y.(G +uv) < k — 1. Thus G is a k-vy.-critical graph and this completes the
proof. [

Let Z(k,() be the class of k-v.-critical graphs containing ¢ cut vertices. As the
graphs in these class have been characterized in [1] and [6] when 3 < k < 4, we
turn attention to the case when k > 5.

Lemma 25. For k > 5, let G € Z(k,() where ¢ € {k — 3,k —2}. Then G has
only two end blocks and the remaining blocks contain two cut vertices.

Proof. Clearly ((G) > k — 3. We have by (7) that
200<k—=C(G)—jo+2<k—(k=3)—jo+2<5.

That is {p < 2. Lemma 9(1) implies that G has only two end blocks and the
other blocks contain two cut vertices. This completes the proof. [
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In view of Lemma 25, hereafter, G has exactly two end blocks, R, Ri_1 say,
and the other blocks Ro, Rs, ..., Rp_s which contain two cut vertices. Without
loss of generality let z1 € V(Ry1),2x—2 € V(Ri—1) and z;_1,2; € V(R;) for 2 <
i < k —2 (see Figure 4).

Lemma 26. For k > 5, let G € Z(k,k — 2) and Ry, Rx_1 be two end blocks.
Then (DNV(Ry)) —{z1}|=2 or [(DNV(Rg_1)) — {zk—2}| = 2.

Ry Ry R3 Ry_2 Ry
m @

Figure 4. The structure of G € Z(k, () where ¢ € {k — 3,k — 2}.

Proof. Lemma 9(3) yields that A(G) C D. ¢((G) = k — 2, we must have
|D — A(G)| = 2. Clearly (D — A(G)) N (V ( )U V(Rg-1)) # 0, otherwise
Ry, Ri_1 € By contradicting Lemma 19.

Without loss of generality let [(DNV (Ry))—{z1} < [(DNV(Rp—1))—{zr—2}|-
Suppose to the contrary that |(D NV (Rk_1)) — {zk—2}| = 1. Thus Ry, Rx—1 €
By U By contradicting Lemma 19. Hence |(D NV (Rk—1)) — {zk—2}| = 2 and this
completes the proof. [

Lemma 27. Fork > 5, let G € Z(k,k—2) and Ry, R3, ..., Ri_2 be blocks which
contain two cut vertices such that z;_1,z; € V(R;) for 2 <i <k —2. Then

{zi—1,2i} =c Ry  for 2<i<k—1,in particular, zi—1z; € E(G).

Proof. As ((G) = k—2, by Lemma 26, we must have DNV (R;) = {z;_1, z;} for
2 < i <k — 2. Therefore

{zi—1, 2z} =¢ Ri.

Clearly, z;—12; € E(G) and this completes the proof. [

Lemma 28. For k > 5, let G € Z(k,k —2) and R; be a block of G containing
two cut vertices z;—1 and z; for 2 <i <k —2. Then V(R;) = {zi-1,%}-

Proof. By Lemma 26, [(DNV(Ry1))—{z1}| =2o0r [(DNV(Rk-1)) —{zk—2}| = 2.
Without loss of generality let (DN V(Rg—_1)) — {zk—2}| = 2. Since |[DNA(G)| =
E—=2,/(DNV(R1)) — {21} =0 and thus, Lemma 16 gives that Ry € By.

We consider the case when ¢ = 2. Let z € V(R1) —{z1}. Suppose there exists
u € V(Rg) — {#1,22}. Consider G +uz. We see that z3 is a cut vertex of G + uz.
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Lemma 9(2) implies that zo € D,,. If |Dy; — V(R1)| < k — 2, then, by Lemma
27, (Dyz — V(R1))U{z1} > G contradicting 7.(G) = k. Hence, by Lemma 7(1),
|Dy. — V(R1)| = k— 1. Since u ¢ V(R;), by Lemma 7(2), {u} = Dy, N {u, z}.
Lemma 27 implies that (Dy, —{u})U{z1} >=c G. But |(Dy, —{u})U{z1}| = k-1
contradicting v.(G) = k. Hence, V(R3) = {21, 22}.

We consider the case when 3 < ¢ < k — 2. Suppose to the contrary that
R, =V(R;) — {zi—1,z} # 0. Lemma 27 gives that {z_1,2;} = R, and z,_1% €
E(G). 1If there exists a vertex ¥ € R} which is not adjacent to z; for some
J € {i,i — 1}, then b'z9;_1_; € E(G). Note that V,z; € Ng,(22i-1—j). Thus
G[Ng,(22i—1—;)] is not a complete graph contradicting Lemma 9(2). Therefore,
zi = R} and z;_; > R;,. We now have that z; > V(R;),zi—1 > V(R;) and
N[V] € R, U{zi_1, %} for all ¥ € R,. Moreover, we have that z; > R; and
N[b] CV(Ry) for all b € V(R;). Choose

X1 = {Zl},X = V(Rl) - {Zl},Y = R; and Yl = {zi,zi_l}.

Clearly X, X1,Y and Y7 form a bad subgraph. This contradicts Lemma 12.
Hence, R, = () for all 2 <i < k — 3. This completes the proof. |

The following theorem gives the characterization of the graphs in the class
Z(k,k—2).

Theorem 29. For k > 5, we have that Z(k,k — 2) = F(k).

Proof. Lemma 24 implies that F(k) C Z(k, k—2). It suffices to show that a k-7,
critical graph with k£—2 cut vertices is in F (k). Let G be a k-7 -critical graph with
k — 2 cut vertices. Lemma 25 implies that G has only two end blocks, Ry, Rp_1
say, and the other blocks R, R3,..., Rp_o which contain two cut vertices. Let
21 € V(Rl),zk,Q S V(kal) and z;,_1,%2 € V(Rl) for 2 < 4 < k—2. Thus
A(G) = {#1,22,...,2k—2}. Lemma 26 implies that (D NV (R1)) — {z1}| =2 or
((DNV(Rk-1)) — {2zk—2}| = 2. Without loss of generality let

(DN V(Rk-1)) — {zx—2}] = 2.

Thus [(DNV(R1)) — {#z1}|] = 0. By Lemma 16, R; € By. Clearly, z1 > Rj.
As ((G) = k — 2, we must have D NV (R;) = {zi—1,2i} for 2 < i < k —2 and
DNV(Ry) ={z}. By Lemma 27,

{zi—1,2i} =c Ri.

Let z9 € V(R1) — {z1}. Clearly d(z1,20) = 1. The following claim character-
izes Ri_1.

Claim. R,_; € 3272.
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Proof. Since |(DNV(Rk—1)) — {zk—2}| = 2, there exists w € V(Rg_1) — {zx—2}
such that d(w, zg_2) > 2. Thus

d(zp,w) > d(z0,21) + d(z1, 22) + - - + d(2—2,w) > k.

Lemma 10 gives that d(zp, w) = k. Hence d(zg_2,w’') < 2 for all w’ € V(Rg_1) —
{zk—2}. So Ri—1 ¢ Ba1. By Lemma 18, Ry_o € By and thus establishing the
claim. -

Lemma 28 implies that, for all i € {2,3,...,k — 2}, V(R;) = {zi—1,2i}. So
far, it remains to show that V(R;) = {z1,20}. Consider G + z2z9. Since 22 is a
cut vertex of G + 2220, 22 € D,,,, by the connectedness of (G + 2220)[D2,z,]. We
note by Lemma 27 that 2129 € E(G). Then, if |D,,,, — V(R1)| < k — 2, we have
that (D, — V(R1))U{z1} > G contradicting 7.(G) = k. Therefore, by Lemma
7(1), |Dzyz — V(R1)| = k— 1. Thus {22} = {22, 20} N D, ., and this implies that
29 > Ry in G + 2z229. Since V(R1) N NGtzy2(22) = {20}, V(R1) = {21, 20} and
this completes the proof. [

6. DISCUSSION

In this section, we discuss the related result on an another type of domination
critical graphs. For a graph G, a vertex subset D of G is a total dominating set
of G if every vertex of G is adjacent to a vertex in D. The minimum cardinality
of a total dominating set of GG is called the total domination number of G and
is denoted by v(G). A graph G is said to be k-v;-critical if v(G) = k and
(G + uwv) < k for any pair of non-adjacent vertices u and v of G. For k = 3, it
was pointed out by Ananchuen in [1] that a graph G is 3-y;-critical if and only
if G is 3-7.-critical. In [7], the authors established the similar result when & = 4.
Therefore we have the following result.

Theorem 30 ([1] and [7]). For k € {3,4}, a connected graph G is k-y:-critical
if and only if G is k-y.-critical.

For related results on k-7y;-critical graphs, Hattingh et al. [4] established the
upper bound of the number of end vertices of k-v;-critical graphs. They proved
the following.

Theorem 31 [4]. For k > 5, every k-yi-critical graph has at most k — 2 end
vertices.

They, further, established the existence of k-v;-critical graphs with prescribe end
vertices according to the bound from Theorem 31.
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Theorem 32 [4]. For integers k > 3 and 0 < h < k — 2 except only the case
when k =4 and h = 2, there exists a k-ys-critical graph with h end vertices.

Hence, by Corollary 13 and Theorem 30, we can conclude that there is no 4-v;-
critical graph with two end vertices. This fulfills Theorem 32 in the following
way.

Corollary 33. For integers k> 3 and 0 < h < k — 2, there exists a k-y-critical
graph with h end vertices if and only if k # 4 or h # 2.
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