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Abstract 
 Extracting information that is embedded in the propagating acoustic signals 
is important in environmental parameter estimation and geoacoustic inversion. 
Accurately retrieving this information leads us to effectively estimate parameters 
that are of utmost importance in environmental studies, climate monitoring, and 
defense. The most important pattern of the frequency content with time exhibits in 
the dispersion characteristics of the waveguide resulting from the dispersive 
environments. Currently, there is no accurate stochastic model describing the 
ocean acoustics time-series available, consequently, the estimated dispersion 
curves are not precise. This project, hence, has investigated a stochastic 
characterization of ocean acoustics time-series for dispersion tracking with a 
sequential Bayesian filtering framework. An accurate mathematical and statistical 
description of the ocean acoustics signals was developed and it will serve as the 
foundation in dispersion tracking. In addition, the adaptive resampling scheme was 
implemented in the filtering system to further enhance the performance of tracking 
system. Simulation results shown the superiority of the proposed method to the 
conventional technique used in literature. 
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CHAPTER 1

EXECUTIVE SUMMARY

1.1 Introduction to the research problem and its significance

In the last few decades, there has been explosive growth in the research and de-

velopment of numerical and statistical models used as tools in research involving

underwater acoustics. The particular area of interest in underwater acoustics is the

propagation of sound in a shallow ocean environment. The reason, in part, for such

interest is the way that submarines are constructed today. Some submarines, such

as those which transport navy seals, are much smaller than they were years ago.

Their compact size nowadays allows the submarines to maneuver into more shallow

water. Moreover, the submarines are actually designed to be very much quieter than

they were in the past. This, as a result, makes them more difficult to be detected.

The harder these sounds are to detect, the easier it is for these vessels to approach

land, and therefore, travel into shallow water. These sounds, if detected, can be

linked to a sound propagation model for the estimation of source location. Acoustic

signals propagating in the ocean carry information about geometry and environmental

parameters within the propagation medium. Effectively estimate parameters that are

of utmost importance in environmental studies, climate monitoring, and defense just

as described above, can be performed when accurate information from acoustic signals

was extracted.

Motivated by the importance of environmental parameter estimation and geoa-

coustic inversion, the proposal focuses on the use of sequential Bayesian filtering to

obtain accurate estimates of instantaneous frequencies within the acoustic field mea-

sured at an array of hydrophones. We use normal mode modeling for the propagation

of broadband signals in this work. Group velocity is the most important quantity
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describing pulse dispersion in a waveguide. Dispersion depends on the characteristics

of the waveguide that we wish to extract. With this reason, when we obtain accurate

dispersion characteristics, inversion of geoacoustic properties and bottom properties

can be performed. Compressional wave speeds can also be estimated based on the

dispersion behavior of broadband acoustic propagation.

This research project hence proposes a stochastic characterization of ocean

acoustics Time-Series for tracking the dispersion pattern of the received signal. The

goal is to obtain the robust characterization that mathematically and statistically

describes the dispersion curve accurately.

The results from the proposed method show that the frequency estimates using

the developed stochastic and mathematical models are better than the conventional

method, resulting in enhancing the accuracy of the extracted dispersion curves.

1.2 Objective

To achieve accurate stochastic nature and dispersion curve of the ocean acoustic

time-series using the sequential Bayesian filtering framework.

1.3 Research Methodology

The methodology of this work is described as the followings.

1.3.1 Review the literatures

The literature for this work includes parameter estimation in ocean acoustics, math-

ematical and stochastic models of the time-frequency representations of the ocean

acoustic signals, and Bayesian filtering. To be specific, the statistical description of

the signals and noise in the transformed domain must be studied, especially when the

statistical independence property is broken. The closed-form chi-squared probability
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distribution with DOF of two was found to be sufficient to represent the spectrogram

of the ocean acoustic time-series.

1.3.2 Analyze and develop the stochastic models

After the literature reviews, we then developed the appropriate model and analyze

their accuracy mathematically. To begin with, the simplest chi-squared probability

distribution where the noise is considered to be statistically independent for both two

components in the frequency domain will be developed. This model is the starting

point for the investigation of the more accurate model where the noise assumption

is relaxed. As described before, DOF may not be exactly two; we then derived the

accurate model that fits or can capture the desired information where chi-squared

with DOF of two is indeed reasonable. This is not trivial since the acoustic model for

the signal propagating in the ocean must be incorporated with the statistical model

in order to deliver all the required models setting for the PF implementation which

will be discussed in the next step. We needed to be careful in the analysis before the

PF implementation.

1.3.3 Validate the models by implementing the filtering framework

After careful and rigorous analysis from the previous step, a particle filtering frame-

work was developed and used to test the performance of the models to the ocean

acoustic time-series. We firstly implemented the chi-squared distribution model with

DOF two for the PF and perform the filtering to acquire the tracking results which

will be used to compare to the benchmark, conventional MAP estimates, and the

recent results in [12]. Then, the next crucial step is devoted for PF implementation to

achieve better accuracy in which the MSE is reduced compared to the recent works in

literatures. Moreover, we investigated the validity of the model by presenting the slices

of the spectrogram and the corresponding spectrums from resulting mathematical
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model of the acoustic time-series and statistical noise model. If the both models are

accurate, slices of the spectrogram and spectrums should be coincided; and this is for

the validation of the accuracy of the models.

In addition to what we described above, simulations to test the analysis about

the effects of the use of the various window functions has been performed.

The proposed models should be robust to the noise, i.e., we evaluated the

performance of the models for different noise levels. This is what the PF is developed

for; the estimates provided by the PF should still be accurate in low SNRs, and we

performed this evaluation in this project. Finally, noise variance PDFs for different

SNR levels as estimated from PF were displayed to present the tracking performance

of the filter. This is one of the tests that can confirm the model validity and accuracy.

Conventional MAP estimates, the benchmark of the estimation problem was used to

compared to our results. We found that the results from this project were superior.

1.3.4 Analyze and discuss the results

The results from the previous step were analyzed and discussed. We discussed the

performance of the filter where the simplest model is used. Then when the com-

plicated statistical was implemented and performed, the comparison of the tracking

results can be provided. The advantages, disadvantages, findings, or observations

have been discussed.

1.3.5 Draw conclusions and suggestions

After the analysis and discussions, conclusions and suggestions was provided.

1.4 Outputs

The outputs from this project are listed as follows:
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CHAPTER 2

BASIC THEORY

2.1 Introduction

A problem of frequency estimation has always been one of the most important task in

science and engineering applications including physics, signal processing, communica-

tion, and ocean acoustics; see [6, 10, 30, 32,33] for examples. Given a white Gaussian

noise contaminated ocean acoustics time-series, we consider a time-frequency analysis

of such time-series via a short-time Fourier transform (STFT). The goal of this work

is to incorporate the statistical description of the signal in the frequency domain to

a sequential frequency estimation framework, the particle filtering, in particular, to

obtain the posterior PDF of the frequency and its corresponding quantities. The

posterior PDF of these quantities play an important role in environmental inversion

in which the geoacoustics properties of the ocean can be revealed [6, 24,25].

Frequency estimation in ocean acoustics has been as of interest for decades as

seen in literature [5, 6, 22, 35, 36]. The importance of this problem stems from the

fact that most important pattern of the frequency content with time exhibits in the

dispersion characteristics of the waveguide resulting from the dispersive environments.

Therefore, retrieving this information could lead us to effectively estimate parameters

that are of utmost importance in environmental studies [11,20,24,27,28]. This work

implements a PF based on the incorporation of mathematical and statistical models

of the ocean acoustics signal in the frequency domain to construct the likelihood

function and the particle weight calculation for formulating the frequency PDF and,

hence, the dispersion PDF of the signal. We derive an accurate statistical model to

explain the stochastic property of the noisy ocean acoustics time-series and combine it

with a modal representation of the signal in the frequency domain in order to obtain
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more accurate frequency estimates and, therefore, a better dispersion estimates from

the measured data.

2.2 Fundamental of modal mode technique in ocean acoustics

The evolution of the frequency content of an acoustic signal with time plays a key

role as a “footprint” of the propagation medium. This is typically the case with

broadband signals with frequencies of a few hundred Hz propagating from long

distances in underwater environments. The frequency content with time exhibits the

variation pattern as a result of dispersion characteristics of the waveguide, allowing the

estimation of modal arrival times and amplitudes for various modes and frequencies

within each mode.

The ocean acoustics model in the time-frequency space can be considered as a

broadband acoustic signal received at a hydrophone. The acoustic signal received at

a hydrophone in the ocean can be expressed as

p(r, z, zr, t) =
1

2π

∑

n

∫ +∞

−∞
µ(ω

′
)Gn(r, z, zr, ω

′
)exp{i(ω′t− knr −

π

4
)}dω′ . (2.1)

where r represents the distance between source and receiver, z and zr are the source

and receiver depths, respectively, kn stands for the modal wave number, µ is the

source spectrum, ω = 2πf , where f is frequency in Hz and

Gn(r, z, zr, ω) =
i
√
π

ρ(zr)
√

2knr
Ψn(z)Ψn(zr), (2.2)

where Ψn are orthogonal, normalized, depth-dependent functions, and ρ(zr) is the

medium density. To simplify the analysis, we consider now only one mode. The

frequency spectrum of a finite time segment of the signal is given by [22,35]:

Pn(ω, t) =

∫ t+∆t

t−∆t

pn(r, z, zr, t)e
−iωτdτ, (2.3)
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whereas the segment starts and ends at t−∆t and t+ ∆t, respectively. Substituting

the nth term of Eq. (2.1) into Eq. (2.3) and performing integration, we then obtain

Pn(ω, t) =
e−iωt

π

∫ ∞

∞
µ(ω

′
)Gn(r, z, zr, ω

′
)
sin(ω

′ − ω)∆t

ω′ − ω exp{i(ω′t− knr −
π

4
)}dω′ .

(2.4)

We can approximate the above quantity by using stationary phase approximation

technique as explained in [35], then the squared frequency spectrum of a finite time

segment of the signal can be expressed as

|Pn(ω, t)|2 =
π

|k′′n|2
|µ(ωn)Gn(r, z, zr, ωn)|2

∣∣∣sin(ω − ωn)∆t

ω − ωn

∣∣∣
2

, (2.5)

for |ω − ωn| < π
∆t

.

It can be clearly seen that the spectrum expressed in Eq. (2.5) has a peak at

ωn which is called a modal frequency. This observation allows us to formulate a PF

framework for tracking the instantaneous power spectral peaks to identify the modal

frequencies of the acoustic signal, which will be discussed in the next section.

2.3 Sequential Bayesian Filtering

Back to 1960 where the pioneer work in new filtering method named Kalman Filter

(KF) was proposed as reported in [17]. The filter delivers an optimal estimator

according to the minimum mean squared error metric. However, the limitation of the

KF is that the evolution of the unknown parameters is assumed to be in the case of

Gaussian and additive perturbations, the additive Gaussian noise model is considered

in the observed data, and a linear function describing the measurements and state

vector parameters.

It is not a case for most practical systems that the assumptions made for the KFs

are always valid, most systems are nonlinear/non-Gaussian as well as non-additive

noise structure. Variants of the KFs were developed to remedy these problems; the
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extended KF (EKF), unscented Kalman filters (UKFs), and ensemble Kalman filter

(EnKF) are examples of KF variants that were proposed in literature. Nevertheless,

a system with highly nonlinear models and complex noise processes are not easily to

deal with, it requires computational or numerical approaches to formulate the desired

posterior PDFs, and the inferences on the state parameters have to be done numeri-

cally since the closed form PDFs may not be feasible to obtain, these approaches are

particle filtering.

Particle filter (PF), a class of sequential Monte Carlo method, is used for

the estimation of the underlying posterior PDFs of random variables, allowing the

extraction of the desired information from complex noisy observation data becomes

possible. PF, derived from the basic importance sampling (IS) concepts, is a numer-

ical approach proposed to effectively handle nonlinear relations between unknown

parameters and observations, complex noise processes, and unknown as well as the

time-varying dynamical systems [2, 12,13,26,29,34].

2.4 Bayesian Filtering Framework and its conceptual solution

In this section, the fundamentals of sequential Bayesian filtering are recalled and a

construction of particle filtering method is then provided.

2.4.1 State space model

Consider the following nonlinear system:

xn = fn−1(xn−1,vn−1) (2.6)

yn = gn(xn,wn). (2.7)
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where n is time, x ⊆ Rnx is the nx-dimensional state vector, y ⊆ Rny is the ny-

dimensional observation vector, vn−1 denotes nx-dimensional process noise vector,

and wn denotes ny-dimensional measuring process noise vector.

The first state equation describes how the states evolve with time; and the

transition of the states from the consecutive time is followed the nonlinear function

first order process fn as given in Eq. (2.6). The second equation is called the

observation equation relating the observation data to the state vector through a

nonlinear function gn and this equation is given in Eq. (2.7). Both fn−1 and gn

are known in this work. The state and observation noise quantities are declared as vn

and wn, respectively. Functions fn−1 and gn are typically nonlinear and assumed to be

the known multivariate functions. The evolution of the state vector with time is done

via a function fn−1 relating the changes of the state parameters from the previous

time to the current time according to the process noise vn−1. The relationship

between the state vector and the observation vector is described by the measurement

or observation function gn and the measuring process noise. Both process noises can

by additive, multiplicative, or other forms depending on the problem at hands.

In general, let Xn = [x1,x2, . . . ,xn] be a sequence of the unknown state vectors

up to time n, the aim of filtering is to recursively estimate the state vector xn based

on a set of available information from the measurements Yn = [y1,y2, . . . ,yn]. This

problem can be addressed by computing the posterior PDF p(xn|Yn). Assuming that

the initial PDF of the state vector p(x0|y0) = p(x0), the posterior PDF p(xn|Yn) can

be computed recursively using the following two steps: prediction and updating. We

will detail these steps for PF implementation in Section IV.

2.4.2 Bayesian Inference

As discussed, we require two equations describing the state-space model; one ex-

presses the evolution of the state and one connects the relation between states and
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observations. We assume that each observation yn depends solely on the current state

xn, and the observations up to time n are conditionally independent given the states

xn, therefore

p(Yn|Xn) =
n∏

i=1

p(yi|Xn). (2.8)

The states of the model are assumed to change over time according to a first order

Markov process, therefore the current state depends only the state at a previous time

step yielding:

p(Xn) = p(x0)
n∏

i=1

p(xi|xi−1). (2.9)

The goal of the PF is to gather the posterior PDF of the unknown states when

the observed data is available at time step n, p(Xn|Yn), and it can be given as:

p(Xn|Yn) =
p(Yn|Xn)p(x0)

p(Yn)
. (2.10)

From Eqs. (2.8) and (2.9), we can express the posterior distribution p(Xn|Yn)

as

p(Xn|Yn) =
p(x0)

∏n
i=1 p(yi|xi)p(xi|xi−1)

p(Yn)
, (2.11)

where p(x0) is the prior density and we assume it to be a uniform density in this

work, i.e., the chance of the existence of the modal frequencies is assumed to be

equal over the search interval. The observation yn is independent of the states

at all other times and we assume that the observation data up to step n are also

independent. Bayesian framework recursively estimates the marginal PDF p(xn|Yn)

from the previous marginal PDF p(xn−1|Yn). By assuming that the marginal PDF

11



p(xn−1|Yn−1) is available, the prediction of the PDF p(xn|Yn−1) can be computed

from transitional PDF p(xn|xn−1) obtained from the state equation of Eq. (2.6). We

can then rewrite Eq. (2.11) as:

p(Xn|Yn) =
p(yn|xn)p(xn|xn−1)p(Xn−1|Yn−1)

p(yn|Yn−1)
, (2.12)

where

p(yn|Yn−1) =

∫ ∫
p(yn|xn)p(xn|xn−1)

× p(Xn−1|Yn−1)dxn−1dxn.

(2.13)

Moreover, the PDF p(xn|Yn−1) can be expressed as the so called Chapman-Kolmogorov

equation:

p(xn|Yn−1) =

∫
p(xn|xn−1,Yn−1)p(xn−1|Yn−1)dxn−1

=

∫
p(xn|xn−1)p(xn−1|Yn−1)dxn−1. (2.14)

the new estimate of the states at time step n is:

p(xn|Yn) =
p(yn|xn)p(xn|Yn−1)

p(yn|Yn−1)
. (2.15)

Assume that the observation data Yn is available, the likelihood of the state

vector xn is obtained from the density p(yn|xn). Since the posterior PDF of the states

is available according to the sequential update discussed above, the interference can

then be performed using this probability distribution. The estimate function of the

state can be calculated from
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ẑ(xn) = Ep(xn|Yn)[z(xn)|Yn]

=

∫
z(xn)p(xn|Yn)dxn. (2.16)

2.4.3 Particle filtering

Working in a sequential filtering framework, we implement PFs for identifying the

trajectories of the modal frequencies with time of the ocean acoustics signal. It

must be clear that the KF families cannot be applied to our problem because the

relationship between the observed data and the states is highly nonlinear.

For each time step, the PF approximates a probability density of p(xn|xn) by

constructing by a set of random samples with their associated weights as

p(xn|yn) ≈
N∑

i=1

winδ(xn − xin) (2.17)

and

win ∝
p(Xi

n|Yn)

q(Xi
n|Yn)

, (2.18)

where δ is the Dirac delta function, N is the number of particles used in the approx-

imation, and the quantity q(Xi
n|Yn) is the importance density. The accuracy of the

filter, i.e., the performance of the approximated distribution to the true continuous

density increases as the increasing of N [8,29]. In other words,
∑N

i=1w
i
nδ(xn−xin)→

p(xn|yn) as N →∞. Since we assume that our process follows the first order Markov

process, the results from the previous time step n−1 and the importance density can

be chosen that the minimization of the IS errors is achieved, we therefore obtain the

importance weight for each particle as (for full derivation details, please consult [29])

win = p(yn|xin)win−1. (2.19)
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The degradation of the sequential IS (SIS) performance stems from the problem

that the variance of the importance weights always increases monotonically over time.

After running a filtering process for a few iterations, only few particles tend to occupy

high weights but the rest of particles holds the weights that are close to zero. In some

extreme cases, just only one particle is a survival and it holds a unit weight. This

means that the diversity of the particle distribution is not achieved and results in a

failure of the posterior probability distribution representation using this framework.

This problem is called degeneracy. There are improvement algorithms proposed to

overcome degeneracy problem, the wildly use method is called resampling scheme.

The trick is to eliminate small importance weight particles and, on the other hand,

those of the large weights are regenerated. The amount of regeneration depends on

the importance weights of the parent particles. We call the process that combines SIS

and resampling as sequential importance resampling (SIR). The resampling process is

typically performed when the effective number of particles N eff falls below a threshold

as discussed in [12,18]. The effective number of particles is determined as

N eff =
1∑N

i=1(win)2
. (2.20)

Even that the resampling reduces the effects of degeneracy, two new problems

occurs [29]. First, resampling step introduces the limitation of the ability to parallelize

the SIS algorithm because all weights have to be summed during normalization.

Second, the assumption of statistical independence is no longer valid after resampling.

A problem that may arise after resampling is the loss of particle diversity due to all of

the particles are identical breaking down to a noninformative distribution. Therefore,

convergence issues are generated along the process if resampling takes serious loss of

particle diversity. This is well-known as sample impoverishment which is commonly
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exhibited in PF applications. Recently, there are some developments of PFs [13,21,29]

that have been designed to resolve these problems.

2.4.4 Classical Likelihood Formulation

This section offers a consideration of likelihood formulation which is the core of the

PF since the likelihood for each particle is used to form a posterior PDF of the modal

frequency of the signal. We provide the likelihood formulation here in this section just

for from the classical approach used in literature and some modifications according to

our problem. Note that this functions are not accurate as discussed in the previous

section, the correct likelihood formulation will be discussed in the next chapter.

2.4.4.1 Treating model as known amplitude

The length of yk is the range of frequencies of interest. The likelihood for the unknown

frequencies evaluated for a particle given the Gaussian noise assumption is:

p(yk|xk) ∝ exp{− 1

2ξ2
w

‖yk −
M∑

j=1

akj[sinc(f − xkj)]2‖2}. (2.21)

2.4.4.2 Multiple Model Particle Filter

The estimation problem for the multiple model scenario needs careful consideration.

In a noisy environment, the PF favors the model with the highest order because there

is an inherent bias towards large dimensionality. Let’s consider the situation where

we have a time-series with one modal frequency with an amplitude of one. There

are infinite ways to generate combinations of multiple modes with the exact same

modal frequencies and different amplitudes in such a way that their sum is the true

mode. To compensate for this, a penalizing factor is added to the original likelihood

for remedying the typical preference of high-order models. This penalty factor comes

from the prior density on the order. In this work we select uniform priors:
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p(akj) = 1 (2.22)

p(xkj) =
1

L
(2.23)

where L is the length of the Fourier transform that supports the frequency space.

The likelihood function in this case is given by

p(yk|xk) ∝
1

Lrk
exp{− 1

2ξ2
‖yk −

rk∑

j=1

akj[sinc(f − xkj)]2‖2}. (2.24)

The penalizing term 1
Lrk

impacts the value of the likelihood. For small values

of rk, this term has a value associated with a higher probability than that for larger

values of r(k).

2.4.4.3 Treating noise variance as an unknown parameter

The observation equation and the structure of the measurement noise are the same

as discussed in the previous subsections except that the noise variance is now added

to the state vector. The likelihood function in this case is given by:

p(yk|xk, ak, rk) ∝ (
1

σ2
k

)L/2
1

Lrk
exp{− 1

2σ2
k

‖yk −
rk∑

j=1

akj[sinc(f − xkj)]2‖2}. (2.25)

The following non-informative prior for the variance of the additive white Gaussian

noise is employed [1, 7]:

p(σ2) ∝ 1

σ2
. (2.26)

By including the above prior density, the joint posterior density of the unknown

parameters given the observed data is:

p(xk, ak, rk, σ
2
k|yk) ∝

1

σ2
k

1

(2πσ2
k)
L/2

1

Lrk
exp{− 1

2σ2
k

‖yk −
rk∑

j=1

akj[sinc(f − xkj)]2‖2}.

(2.27)
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CHAPTER 3

THE PROPOSED METHOD

3.1 Probability distribution of a noisy time-series

Consider a noisy signal x[n] of length N , which is composed of a deterministic part

s[n] and noise part g[n], i.e., x[n] = s[n] + g[n], where g[n] is assumed to be zero

mean white Gaussian noise with variance σ2. From the assumption, the distribution

of each sample x[n] is

x[n] ∼ N (g[n],C) (3.1)

where N (a, b) is the normal distribution with mean a and variance b, and here C is

the autocorrelation function.

The spectrogram Sx(l, k) at time l and frequency k of signal x[n] obtained from

STFT is calculated from the squared modulus of the STFT as

Sx(l, k) = Xr(l, k)2 +Xim(l, k)2, (3.2)

Xr(l, k) and Xim(l, k) are real and imaginary parts of the STFT and they are com-

puted by

Xr(l, k) =
N∑

n=1

w(n− l)x(n) cos(−2πk
n

L
), (3.3)

and

Xim(l, k) =
N∑

n=1

w(n− l)x(n) sin(−2πk
n

L
), (3.4)

where w(n) is the analysis window with length N .
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From the assumption of the signal model, the signal in the time-domain x[n] is

distributed according to Eq. (3.1). Following the property of the normal distribution

that a linear combination of the Gaussian distributions is also Gaussian distributed.

Since both Xr(l, k) and Xim(l, k) are linear combinations of N Gaussian random

variables with coefficients w(n− l) cos(−2πk n
L

) and w(n− l) sin(−2πk n
L

), respectively,

therefore, these two quantities are Gaussian random variables as well. It can be shown

that the variance of both real and imaginary parts of STFT is σ2/2, the half of the

noise variance of noise part in the time-domain [15].

According to Eq. (3.2), the spectrogram Sx(n, k) is the sum of two squared

Gaussian random variables. It can be shown that Sx(n, k) follows the χ2 distribution

with two degrees of freedom. The degrees of freedom of a χ2 distribution depends

on number of elements in the combination; here we have real and imaginary parts,

squared and added together to generate the spectrogram as previously described.

In general, let us now consider a random variableXi ∼ N (0, σ2
i ), i = 1, . . . , 2, . . . , N ,

X is the sum of the squares of Xi. Let X =
∑N

i=1X
2
i , and it is distributed as a χ2

variable. This distribution can be characterized by three parameters, a χ2 PDF of a

random variable X can be given as:

fX;a,b,c(X) =
1

2b

(x
c

)a−2
4
e−(x+c)/2bIa−2

2
(

√
xc

b
), (3.5)

where In(.) stands for the n-order modified Bessel function of the first kind. The

parameters a, b and c are the degrees of freedom, coefficient of proportionality, and

non-centrality parameter, respectively. Theses parameters will be defined according

to our problem which will be discussed later

In this chapter, we describe the proposed statistical model and the adaptive

resmpling technique used in this project. The likelihood estimation is based on the

stochastic property of the signal which will be explained later. Next, the adaptive
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resampling to enhance the quality of the estimates from the PF will be discussed

subsequently.

3.2 Adaptive Resampling

Even with the resampling step reducing the effects of degeneracy, new problems still

occurs [29]. First, resampling step introduces the limitation of the ability to parallelize

the SIS algorithm because all weights have to be summed during normalization.

Second, the assumption of statistical independence is no longer valid after resampling.

Therefore, convergence issues are generated along the process if resampling takes

a serious loss of particle validity. For some cases, a problem that may arise after

resampling is the loss of particle diversity due to all of the particles being identical as

a result from a replication of those particles with high importance weights, breaking

down to a noninformative distribution. This is well-known as sample impoverishment

which is commonly exhibited when the noise level in the observed data is low.

Recently, there are some developments of PFs [9, 13, 21, 29] that have been designed

to resolve these problems.

In this work we incorporated the adaptive resampling scheme for eliminating the

loss of particle diversity problem. This is one of the main concerns of the conventional

SIR problems. The scheme was introduced in a seismic event tracking application [14]

and it was successfully applied to the PF for frequency estimation using a time-varying

autoregressive model [3]. New particles for the next state are constructed based on the

weights of their parent particles. Number of the offspring particles, mi
k =

⌈
Nwik

⌉
+M ,

is calculated and then the process generates the offspring particles from their parents

N (xik, λ
i
k). M is an integer chosen empirically. Note that

⌈
•
⌉

creates the roundup

to the nearest integer. Amount of new particles also depends on the weights of their

parents and the quantity λik, called fission factor, that is used to control the offsprings

construction. The fission factor of the ith particle can be computed by [14]
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λik =
[
1 + exp

( wik − wk
max
i

wik − wk

)]−1

, (3.6)

where wk represents the mean of the weights at time step k. Then we create new

particles based on the parent particles and the corresponding fission factor as

xjk ∼ N (xik, λ
i
k), (3.7)

where xjk and xik are the offspring the parent particles, respectively.

Eq. (3.6) works as follows: if a parent particle occupies low weight, the higher

fission degree is obtained, dictating the process to create higher quality particles. On

the other hand, if the parent particle has high weight, the lower fission degree acts

as a protector to conserve the high quality parent particle. In summary, the adaptive

resampling process creates a new better set of particles based on the importance

weights of their parent particles, and then propagates this new set into the next time

step.

3.3 Particle filtering implementation

In this work, the dimension of the state is unknown, therefore we need to estimate

number of frequencies present at each time step, resulting in the requirement of

additional state variable. The transition probability matrix is used to dictate the

probabilities of order changes; that is, frequency trajectories may leave or enter at

each step [19] . If at time step n− 1, the signal is composed of mn−1 modes (number

of central frequencies). Then it becomes mn in the next time step n with probability

p(mn = j|mn−1 = i) = πij. It should be noted that the constraint
∑

j πij = 1 must

be satisfied.
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According to Eq. (2.5), we obtain the measurement equation that relates the

observation data yn and frequency particles xnj for the STFT method as follows:

yn =
mn∑

j=1

anj[sinc(f − xnj)]2 + wn. (3.8)

Note that yn is the FT of the acoustic time series: our approach relies on modeling

the signal in the frequency domain at consecutive time slices.

Although we desire to estimate the frequencies of the signal, constructing the

likelihood of the observation data requires a construction of replica of the signal. We,

therefore not only estimate the frequency, but also need to estimate its corresponding

amplitude as well. Since the amplitudes an are unknown, we create a new state vector

containing these unknown quantities and treat it similarly to the unknown frequencies

xnj. Moreover, we also estimate the noise variance since we normally treat it to be

an unknown parameter. To summarize, the state transition equations are given by:

fn = fn−1 + v1,n−1, (3.9)

an = an−1 + v2,n−1, (3.10)

and

σ2
n = σ2

n−1 + v3,n−1. (3.11)

Therefore, frequency particle and amplitude particle can be sampled from the follow-

ing densities:

f in ∼ N (f in−1, σ
2
v1,n

), (3.12)

ain ∼ N (ain−1, σ
2
v2,n

), (3.13)
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and the measurement noise variance particle can be drawn from the density:

σ2,i
w,n ∼ N (σ2,i

w,n−1, ς
2
v3,n

), (3.14)

where σ2
v1,n

and σ2
v2,n

are the frequency and amplitude state perturbation variances,

while ς2
v3,n

is the variance of the state perturbation of measurement noise variance.

After sampling is employed, the likelihood can be computed via the measurement

equation.

The implementation of the method for frequency estimation using particle fil-

tering is from what was developed and presented in previous section. The χ2 behavior

of the data implies a likelihood function that will be used for weight/probablity

calculation for individual particle. The χ2 behavior of the FT shaping the form of

the likelihood is explained as follows. According to Eq. (3.5), the real and imaginary

parts of the FFT are normally distributed with non-zero ’means ’. These ’means ’ are

the corresponding FTs of the signal. Follow the statistical independent property, the

sum of the squares of the real and imaginary parts follows non-central χ2 distribution

with two degrees of freedom. The sum of the squares of the means of the real and

imaginary parts is the non-central parameter.

The above analysis is just for a single point in the frequency domain. For the

complete length of the Fourier transform for a slice of the spectrogram, the non-central

parameter is a vector of length L, which is actually the replica of the squared spectrum

of the signal. The χ2 parameters are as follows: the noncentral parameter is the replica

of the signal in our problem and the number of degrees of freedom is two as discussed

earlier. The coefficient of proportionality is based on the fact that both real and

imaginary parts of the STFT are Gaussian random variables with common variance

σ2/2 [16]. Therefore, the coefficient of proportionality is σ2/2 . Let xn is a state

vector containing fn, an, and mn, from the discussion in Section II, the likelihood

function can be given by:
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l(yn|xn) ∝ 1

Lmn
exp
(−(yn +

∑mn

j=1 anj[sinc(f − xnj)]2)

σ2
w,n

)

I0

[√
< yn,

∑mn

j=1 anj[sinc(f − xnj)]2 >
σ2
w,n/2

]
.

(3.15)

where < •, • > stands for a dot product operator. Please be noted that the term 1
Lmn

is a prior density acting as penalizing term that impacts the value of the likelihood.

For small values of mn, this term has a value associated with a higher probability

than that for larger values of mn.

We can merge all the steps from SIS and resamping step to construct the SIR

algorithm which is the essential of particle filtering approach used in this work. The

SIR algorithm is outlined as follows.

• Initialization Since the PDFs of parameters at n = 0 are not known. Therefore,

to construct the joint PDF of all unknown parameters, the prior densities for

the parameters to be estimated need to be initialized at the beginning of the

filtering process. The initial particles are sampled from these prior PDFs.

Statistical properties of the priors depend on the knowledge about the data

and state variables. In this work, prior densities are drawn from the uniform

distributions depending on the entire support space for each parameter. Using

Bayes theorem, the likelihood must be multiplied by the priors of all unknown

parameters in order to create the joint PDF of the parameters.

• Prediction This stage starts with a set of equal weight particles from the

previous time. The frequency, amplitude, and measurement noise variance

particles from the precedent step are propagated via normal densities prescribed

by the transition densities of Eqs. (3.12)- (3.14), respectively.

• Updating As previously described that the SIS is utilized to the PF at the

prediction step and it needs a transition prior as its importance sampling
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density. Now, the updating process starts with a set of equal weight particles,

win−1 = 1/N . From the measurement equation and the noise in the data

acquisition process, the weight of each particle is computed using the data

(spectrogram slice) just arrived.

• Resample This stage is introduced to remedy the sampling degeneracy. A new

set of particle {xjn, wjn = 1/N}Ni=1 are sampled from an approximated density

p(xn|Yn) computed at the updating stage. Resampling creates new particles

according to the weights of their parent particles win, generating more particles

where the parents have high weights. After resampling, all particles occupy the

same weight.

To decide what frequency is the one that we are seeking for, we select the most

frequent value as a point estimates of elements of frequency state vector, namely, for

a frequency state vector fjn of a modal frequency j at time n is computed as

f̂jn = MAPi(fijn), j = 1, 2, . . . , mn. (3.16)

where MAPi(fijn) represents the mode most frequent value of fijn for mode j at time

step n among all particle i.
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CHAPTER 4

SIMULATION RESULTS

In previous discussions, we described the fundamentals of Bayesian filtering for fre-

quency estimation and the proposed model and also an adaptive resampling scheme to

enhance the quality of the estimates from the PF. This chapter delivers the simulation

results from the filters comprehensively.

4.1 Tracking Results from PF with adaptive resampling

4.1.1 Modal Identification

To test the performance of the AR-PF, we employed the SIR-PF and AR-PF to

the data generated for a realistic underwater medium. Fig. 4.1 displays a noise-

free spectrogram of an ocean acoustics signal calculated from a length of the time-

segment 180 via a short-time Fourier transform with hamming window. A slice of

the spectrogram at time 200 ms is shown in Fig. 4.2. We can see that there are a

few modes that appear at this time slice. It should be noted that we can have up

to six modes but the possibility for this scenario is very low. To justify the number

of modes, the filter allows itself to track model order and the decision is based on

the weights of particles. We assume that the signal contains at least one modal

component and may not exceed six modes. Particle filter initialization is constructed

with a uniform prior for the searching frequency interval of 200-600 Hz, therefore

we initiated the frequency particles with x ∼ U [200, 600], where x ∼ U [a, b] is the

uniform distribution PDF with parameters a and b. Also, the noise variance particles

are initiated according to work reported in [6].

Next we show the modal estimates from the SIR-PF and AR-PF where the

signal is clean, as seen in Fig. 4.3. The number or particles used in this experiment
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Figure 4.1 Spectrogram of an ocean acoustics signal.

Figure 4.2 A slice of the spectrogram at time 200 ms.

was 500 for both filters. The results shown in Fig. 4.3 are the estimated spectrums as

obtained by SIR-PF that is shown with red colour, and by AR-PR as displayed with
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green colour. The modal frequencies (spectral peaks) are calculated from the highest

posterior probability, i.e., the modal frequencies are identified via the maximum a

posterior (MAP) estimator, i.e., the most frequent value of the tracking parameter is

chosen. From the results, the estimated spectrums from both filters coincide nicely

with the squared FT magnitude of the acoustic data. This is not surprising that the

SIR-PF can capture almost all of the useful information embedded in the data since

the noise level is extremely small. For this case AR-PF may not be necessary.

Figure 4.3 A slice of the spectrogram at time 200 ms (solid line) with the
modal spectrum constructed using the MAP estimates for the SIR-PF and AR-PF
superimposed.

We further illustrate the tracking results when the noise level becomes higher.

Noise is assumed to contaminate the signal in the frequency domain and we added

the same amount for all time slices. Since the spectrogram becomes weaker as time

progresses, a single signal-to-noise ratio (SNR) cannot be defined but is decreasing as

time evolves.
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We demonstrated, with number of particles of 1000 for both filters, in Fig. 4.4

that the performance of the AR-PF becomes superior than the SIR-PF when the noise

level is increased. The SIR-PF can estimate the modal frequencies in the spectrogram

only with those modes that occupy high amplitudes. For the frequencies with low

amplitudes, SIR-PF fails to do so but the AR-PF. A zoomed in version of Fig. 4.4

is provided to demonstrates the AR-PF. This evidence is presented in Fig. 4.5 which

obviously presents that a modal frequency of 458 Hz can be captured by the AR-PF

while the SIR-PF cannot track it. The AR-PF, therefore, exhibits an excellent match

between the estimated spectrum and the observed noisy data.

Figure 4.4 A slice of the spectrogram at time 250 ms (solid line) with the
modal spectrum constructed using the MAP estimates for the SIR-PF and AR-PF
superimposed.

Finally, we demonstrated the robustness of the AR-PF where the acoustic signal

was contaminated by a high level of noise, i.e., the SNR is low. Again, the number

of particles used for this test was 5000. The illustrating example of the modal

identification at time slide 250 ms is shown in Fig. 4.6. In Fig. 4.6(a), we show the
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Figure 4.5 Illustration of the ability of AR-PF to capture a mode with modal
frequency of 458 Hz.

original signal and its noisy realization, while the estimates from SIR-PF and AR-PF,

and plot of original signal are presented in 4.6(b). The estimates from SIR-PF are

displayed using red colour, the estimates from AR-PF are indicated by the green

colour, and the black line is the original signal. The estimated spectrum as obtained

from the AR-PF clearly outperforms that from the SIR-PF. For this case, we obviously

observed that the SIR-PF loses its capability to track the modal frequencies effectively

since most peaks of the estimates from the SIR-PF do not match with those of the

original ones. On the other hand, peaks and modal amplitudes are almost similar

to the original signal, therefore, AR-PF offers an estimated spectrum that is closed

to the original signal. Another observation is that the SIR-PF also misses a modal

frequency at 455 Hz, but not with the AR-PF. This demonstration is to emphasize

the robustness capability of the AR-PF.
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Figure 4.6 Original and estimated spectrums at time 250 ms from AR-PF and
SIR-PF for low SNR: (a) original signal (black) and its noisy realization (blue); (b)
original signal (black), estimated spectrum as obtained by the SIR-PF (red), and
estimated spectrum as obtained by the AR-PF (green).

4.1.2 Dispersion Tracking

We now perform the full sequential Bayesian filtering framework to obtain dispersion

curves of the ocean acoustics signal. According to the acoustic model of the propa-

gated signal under the dispersive media discussed in Section 3, we utilized the particle

filtering along with the adaptive resampling scheme to extract the modal frequencies

of the acoustic signal. These frequencies form the dispersion characteristic of the

ocean acoustics property via the dispersion curves that were obtained from the PF.

We showed in Fig. 4.7 the spectrogram of the noisy ocean acoustics signal. It

should be noted that the signal is weaker as time increases, therefore the SNR cannot

be defined as a single SNR for the whole signal but it is decreasing as time evolves. We

set the number of particles for this experiment to 2000 for both filters. The tracking

results from the SIR-PF and AR-PF are shown in Figs. 4.8-4.9. For the first 350 ms,

the tracks from the SIR-PF and AR-PF are not significantly different. However, the
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tracks from AR-PF are better than those from the SIR-PF as clearly seen from the

present of more uncertainty in the tracks from SIR-PF, meaning that the ability to

handle the noise of the SIR-PF is inferior to that of the AR-PF. Moreover, at time

450-475 ms, we observed that the estimates from AR-PF do not deliver ambiguity

but SIR-PF, as seen at the top most tracks.

To get a better justification of the performance of the filters, we compute the

RMS error (RMSE) defined by the L2 norm averaged over K spectrogram slides:

RMSE =

√√√√ 1

K

K∑

k=1

||f′k − f̂
′
k||2 (4.1)

where f
′
k is the vector of true values of the normalized frequencies and f̂

′
k is the vector

containing the normalized frequency estimates at time step k. The RMSE values

from both filters are shown in Table 4.1. Please be noted that the SNR for each case

is the average SNR over all slices since the SNR for each slice varies with time as

mentioned earlier. From the Table, for any SNR levels, the AR-PF provides lower

RMSEs than the SIR-PF. Moreover, the quality of the estimation by the AR-PF is

much better when the SNR levels become lower as seen from much higher RMSEs for

the SIR-PF compared to RMSEs for AR-PF.

Table 4.1 Prediction performance of PF via RMSE with different SNR levels.

Average SNR (dB) RMSE(SIR−PF ) RMSE(AR−PF )

3 0.2122 0.1565

-3 0.2982 0.1855

-7 0.3653 0.2321

-10 0.4592 0.2959
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Figure 4.7 Spectrogram of a noisy ocean acoustics signal.

Figure 4.8 Frequency tracks of a noisy ocean acoustics signal as estimated by the
SIR-PF.

Next, we present the robustness of the proposed filter by considering two dif-

ferent SNRs, the SNRs vs time for the two noise levels are displayed in Fig. 4.10.
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Figure 4.9 Frequency tracks of a noisy ocean acoustics signal as estimated by the
AR-PF.

For the SNR level of Fig. 4.10(a), in Fig. 4.11 we demonstrated how the proposed

filter is robust to the noise. It can be obviously seen that the quality of the frequency

estimates from the AR-PF is much better than those from the SIR-PF, resulting in

an excellent tracking as the dispersion curves can be followed nicer by using AR-PF.

We observed from the tracks from the SIR-PF that the appearance of noisy tracks

is more obvious as the decreasing of the SNR. More evidence to show the robustness

of the proposed filter is also revealed in the tracks from AR-PF shown in Fig. 4.12,

where the noise level for this test is given in Fig. 4.10(b). The frequency estimates

that were obtained from the AR-PF is superior to those obtained from the SIR-PF,

the tracks after 250 ms from the AR-PF is much better since more modes can be

tracked very well while the SIR-PF losses its capability to do so.

We showed in Fig. 4.13(a) the frequency estimates from the SIR-PF, while

in Fig. 4.13(b) the frequency estimates from the AR-PF, the average SNR level

in this case was -7 dB. The quality of the frequency trajectories from AR-PF is
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Figure 4.10 The SNR of a noisy ocean acoustics signal for two different noise levels
as a function of time.

Figure 4.11 Frequency tracks of a noisy ocean acoustics signal with SNR of Fig.
4.10(a) as estimated by: (a) SIR-PF and (b) AR-PF.
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Figure 4.12 Frequency tracks of a noisy ocean acoustics signal with SNR of Fig.
4.10(b) as estimated by: (a) SIR-PF and (b) AR-PF.

maintained better than the ones obtained from the SIR-PF, especially when the

signal becomes weaker, i.e. for noisier situations. Therefore the AR-PF offers a

better estimated dispersion curves than the SIR-PF. To investigate the capability in

capturing the modal frequencies PDFs of the ocean acoustics signal of both filters,

Fig. 4.14 demonstrates the frequency PDFs at time 200 ms obtained from the filters.

At time 200 ms, the signal contains 3 modes: the true values of modal frequencies are

358, 389, and 396 Hz. It is obviously seen that the AR-PF delivers high likelihood

regions to the true values and it can detect all modes, but the SIR-PF can detect only

two modes. Moreover, the AR-PF provides lower uncertainty in frequency estimation,

resulting in a better tracking performance.
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Figure 4.13 Tracking for two filters: (a) SIR-PF and (b) AR-PF. The numbers of
particles was 10,000.

Figure 4.14 The frequency probability density functions for the signal at time 200
ms. (a) The frequency PDFs as obtained by SIR-PF and (b) the frequency PDFs as
obtained by AR-PF.
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4.2 Tracking results using a realistic probability density function of the

spectrogram

In this work, a frequency content between 200-600 Hz generated from a source is

propagating in the ocean and is observed at a hydrophone. The signal was generated

according to the environment that is similar to that of the Gulf of Mexico experiment

[23], the sampling rate was 2000 Hz. The ocean acoustics time-series is shown in Fig.

4.15. The spectrogram of the signal as obtained from the STFT is displayed in Fig.

4.16.

As seen in Fig. 4.16 that the pattern of the dispersion curves of the signal

is obviously seen after 0.3 s, therefore, we process the signal after this time. In

addition, our tracking process assumption is that we are tracking the separated modal

frequencies of the signal, the mentioned starting time is reasonable in this case since

the pattern shows that the modes are quite well separated after this time segment.

For this simulation result, the signal in Fig. 4.16 is used for the tracking process but

the white Gaussian noise was added to the acoustic time-series before the STFT and

spectrogram calculation. The MAP frequency trajectory estimates obtained for the

PDFs as provided by the PF are illustrated in Fig. 4.17 with black dots and they are

superimposed on a segment of the spectrogram.

To illustrate the validity of the model and the performance of the filter, we

show in Fig. 4.18 the spectrogram slice of the signal at a particular time using a

solid line; and displayed using red stars, a MAP replica of the signal obtained from

the filter. We can see that the squared STFT magnitude are coinciding with MAP

replica spectrum; this shows how the mathematical and statistical models made in

this work are successfully combined to estimate the frequency of the ocean acoustics

signal.

We further investigate the robustness of the proposed model to noise by adding

higher level of noise into the original signal. It should be noted that, in our work,
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Figure 4.15 The synthetic ocean acoustics time-series.

Figure 4.16 The spectrogram of synthetic ocean acoustics time-series.
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Figure 4.17 A segment of the spectrogram of synthetic ocean acoustics time-series
to be processed.

Figure 4.18 A spectrogram slice of the synthetic ocean acoustics time-series at a
particular time (solid line) and the replica spectrum constructed using the results
from the PF superimposed (red stars).
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Figure 4.19 Two noisy realization spectrograms of the synthetic ocean acoustics
time-series for two different noise levels.

we cannot define a single signal to noise ratio (SNR) value since the signal becomes

weaker as time progresses due to the attenuation of signal with time. Two noisy

realizations for different SNR levels are shown in Fig. 4.19, where the signal in later

case was contaminated by a higher noise level as we can see from Fig. 4.19(b) that the

spectrogram is noisier, resulting in more uncertainty in the dispersive pattern. The

frequency estimates as obtained by the PF are shown in Figs 4.20-4.21. The quality of

the tracking results from the filter for both cases are quite similar even the noise level

in the measured signal is higher. This could be an evidence of the noise robustness

of the filter which is a result of the proposed accurate statistical characteristic of the

TF representation of the signal.

We provide a tracking result from a severe case where the signal is corrupted by

extreme amount of noise, the spectrogram is shown in Fig. 4.22. The MAP frequency

trajectory estimates obtained from the PF are revealed in Fig. 4.23. Although some

modes are missing in the tracking results, the frequency estimates are fairly satisfied,
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Figure 4.20 Tracking results as provided by the PF; the average SNR is 19.3 dB.

Figure 4.21 Tracking results as provided by the PF; the average SNR is 14.6 dB.
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Figure 4.22 Spectrogram of extreme noisy ocean acoustics time-series; the average
SNR is 5 dB.

and the estimated dispersion is adequate for further processing since a few modes are

nicely traced by the filter and these are sufficient for the inversion for sediment sound

speed profile and other geoacoustics properties [24,25].

Root Mean Squared Error (RMSE) results from the PF implementation are

shown in Fig. 4.24, with stars, diamonds and circles indicating the RMS errors for

the average SNRs 15, 10, and 5 dB, respectively. To compare the performance of

the filter, we perform conventional Maximum a Posteriori (MAP) estimation which

is equivalent to the Maximum Likelihood (ML) estimation since uniform priors are

chosen in our work. It is not surprising that for a small number of particles, the

proposed method delivers high RMSE than that of the MAP estimation. This is

because of a limited number of particles in the processor cannot capture a stochastic

behavior of the signal. However, the errors for all cases significantly decrease as

the increase of the number of particles. More importantly, the PF errors become
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Figure 4.23 Frequency tracks as estimated by the PF for the extreme noisy ocean
acoustics time-series; the average SNR is 5 dB.

dramatically lower than the corresponding conventional MAP errors, illustrating the

superiority of the proposed method to the MAP estimation.
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Figure 4.24 Comparison of PF estimation for different noise levels. Maximum
likelihood estimates are superimposed.
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CHAPTER 5

CONCLUSIONS

5.1 Conclusions

In this work, we developed an approach for sequentially estimating modal frequencies,

amplitudes, number of modes, and noise variance. The main goal was the identifica-

tion of a dispersion pattern of a signal propagating in the ocean. Our technique is a

Monte Carlo method for drawing inferences from state-space models, where the state

of a system evolves with time or space and information about the state is obtained

via noisy observations made at each time step.

A standard approach for frequency estimation was based on the assumption

that the additive white Gaussian noise was assumed to corrupt the original signal

in the frequency domain, which was not accurate. The signal for our FT domain

does not fall in Gaussian error. Therefore, we have to fix this inaccurate setting.

Consequently, the main contribution of this work was the stochastic characterization

derivation of the ocean acoustics time-series. We have derived that the probability

density function of the spectrogram can be written as a form of the noncentral χ2

distribution with two degrees of freedom. We then implemented a PF based on the

accurate model to track the modal frequencies and dispersion curves of the ocean

acoustics signal, the tracking results outperforms the conventional method.

An extra implementation that we have done in this project is devoted to the

improvement on the resampling step, a step that plays a crucial role in PF, by using

the so called adaptive resampling method. The adaptive resampling utilized in this

project creates a new effective set of particles for constructing a posterior PDF of the

tracking parameters including modal frequency, its corresponding amplitude, number
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of modes, and noise variance. The method delivers better tracking results evaluated

via RMSE, as reported in the previous chapter.

In summary, this project have created two new analysis and implementations

of the particle filter to accurately estimate the modal frequencies and dispersion

curves of the ocean acoustics time-series. By using the RMSE metric to evaluate

the performance of the proposed methods, our work has shown its superiority to the

conventional MAP estimator significantly.

5.2 Future Work

There are several aspects of this work that will be addressed and improved by

developing more sophisticated algorithms.

We expect that modal frequency estimation will become more accurate after

the implementation of a smoothing scheme. Specifically, once our filter, which is

a “forward” process moving from one time instant to the next, estimates tracks, a

smoother will be employed to refine the estimates of the frequency PDFs and, thus,

the MAP inference on the modal frequencies.

We will also look for the new transform techniques that can reduce the effect

of the low resolution problem of the STFT approach, TVAR model may be a good

choice to start with.
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ABSTRACT Advanced time series models have been intensively developed and used to predict in financial
data such as foreign exchange data (forex). In this paper, we implement the random compression method
to reduce a large dimensional forex data into much smaller matrix form. Then, Bayesian inferences on
vector autoregression are used to obtain all interesting parameters. Subsequently, the models are able to
perform out-of-sample prediction up to 14 days ahead of forecast. For empirical works, 30 forex pairs are
used in this paper. The results show that Bayesian compressed vector autoregression (BCVAR) and time-
varying BCVAR (TVP-BCVAR) deliver excellent forecasting on AUD-JPY, CAD-CHF, CAD-JPY, EUR-
DKK, EUR-MXN, and EUR-TRY forex datasets according to mean square forecasting error, outperforming
the traditional benchmark Bayesian Autoregression.

INDEX TERMS Bayesian methods, compression algorithms, finance, autoregressive processes, forecasting,
Bayesian model averaging, dymamic model averaging, Kalman filter.

I. INTRODUCTION
Recently, econometricians have been working intensively
on developing tools for forecasting big economic data with
the concerns of dealing with the financial big data which
is available recently. Vector autoregressions (VARs) method
has been a crucial tool in finance and economics since the
seminal work of Sims [1]. Given a large dimension of data
in forecasting process especially in VARs, computational
burden is always one of the main problems. Specifically,
Bayesian VARs which include the method of Markov Chain
Monte Carlo (MCMC) is almost impossible where the num-
ber of predictors is as a scale of hundreds or thousands.
In literatures, number of works concerning about this issue
reported previously that some works successfully tackled this
kind of problem such as [2]–[4], for examples. The curse
of dimensionality usually arises when the number of avail-
able observations is often less than the number of predic-
tors in VARs equations. This is one of the reasons why we

The associate editor coordinating the review of this manuscript and
approving it for publication was Luis Javier Garcia Villalba.

call the method that is dealing with this kind of problem
as ‘‘high dimensional method’’. Econometricians typically
work through prior shrinkage on the parameters in order to
avoid such over-parametrization; the Minnesota prior, for
example, is one among the other famous shrinkage meth-
ods. In addition, another approach such as least absolute
shrinkage and selection operator were proposed, see [5].
There are many sources of literatures where researchers work
with compressing the data instead of parameters; see [6].
Recently, Guhaniyogi and Dunson [7] developed the com-
pressing strategy with a Bayesian regression, where the num-
ber of predictors in model equations is randomly compressed
by introducing a special matrix to perform that task.

The advances of computer and computational Bayesian
approach play an important role in solving sophisticated
financial problems via numerical methods bymeans ofMonte
Carlo simulation, allowing the approximated posterior distri-
bution of the underlying parameters is obtained without diffi-
culty [8], [9]. Compression method has been utilized in many
applications including signal processing, compressed sens-
ing, machine learning, and image processing, etc [10], [11].

VOLUME 7, 2019
2169-3536 
 2019 IEEE. Translations and content mining are permitted for academic research only.

Personal use is also permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.

16777



P. Taveeapiradeecharoen et al.: BCVAR for Financial Time-Series Analysis and Forecasting

The compression is performed with the similar idea to that of
the principal component analysis (PCA). The PCA method
treats the random variable as factor to be the representative
of the variation from large dimensional matrix. It has been
known that the PCA requires computational burden; com-
pression, however, is computationally simpler. From a large
dimensional matrix, we compress it with random algorithm.
In literature, Guhaniyogi and Dunson [7] illustrated an appli-
cation in using compression involving up to 84,363 explana-
tory variables. Among the others see [3] and [12] where
these works adapted dynamic model averaging developed
by Raftery et al. [13], and implemented it to be applicable
in VAR model for forecasting the macroeconomic and daily
forex, respectively. Moreover, Ji et al. [14] presented the
compression method for signal processing in a Bayesian
compressing fashion.

In this work, we propose a random compression method
to reduce a large dimensional forex data into much smaller
matrix. Then the Bayesian model averaging (BMA) approach
is employed to the weight of each random compressed VAR
for achieving the best prediction model.

The rest of the paper is structured as follows. Section II,
a foundation of Bayesian compressed vector autoregression is
presented. Then Section III describes how the BCVAR is for-
mulated for forecasting. In Section IV, we provide the details
of the extension of themethod to the time-varying parameters.
Empirical works including data preparation and forecasting
results are found in Section V. Conclusions are made in
Section VI, and data appendix is provided in Section VII.

II. BAYESIAN COMPRESSED VECTOR AUTOREGRESSION
For better comprehension, the notations that are used in this
work are provied in details in Table 1.

Consider a general form of VAR model,

Yt = BYt−p + εt (1)

where Yt is n × T series of dependent variable matrix of T
observations. B is n × n matrix of VAR parameters that we
wish to estimate, Yt−p are predictors which typically are the
lags of dependent variables with p lags selected according to
the problem at hands. Residual, εt , is normally distributed and
it follows the assumption εt ∼ N (0, �).

For the large size VARmodel, suppose we want to estimate
100 n variables with p = 1, the dimension of the predictors
Yt−1 would be k × T , where k = n × p + 1 in case of
constant term included and k = n× p in case of no intercept,
and B is extremely large and if we need to estimate up to
10, 000 parameters. In this case, the curse of dimensionality
is unavoidable, see literature for instances [15]–[17]. In addi-
tion, the computation can be cumbersome especially when
working with a Markov Chain Monte Carlo method such as
Gibbs-sampling in Bayesian VAR.

The idea of compressed VAR is that we randomly generate
‘‘the projection matrix’’ 8 to compress the predictors in
matrix Yt−p. Instead of fully estimate VARmodel in equation

TABLE 1. Mathematic symbol notations.

(1), we can rewrite the VAR equation as follow:

Yt = Bc(8Yt−1 + εt ) (2)

where8 ism×k matrix withm� k , subject to normalization
88′ = I . We may define Ỹt−1 = 8Yt−1 with the dimension
of m × T . We see that the matrix of predictors in VAR is
relatively small for the uncompressed VAR.

As mentioned above that compression method is done by
treating 8ij as random matrix. It is thus necessary to define
the elements in projection matrix. We adopt [18], the method
of drawing 8ij to this work, where it is sampled from the
following distribution:

Pr(8ij =
1
ϕ
) = ϕ2,

Pr(8ij = 0) = 2(1− ϕ)ϕ,

Pr(8ij = −
1
ϕ
) = (1− ϕ)2, (3)

where ϕ and m are also treated as unknown parameters.
Since we have no prior information about those parameters,
we then initialize 8ij in a fully random fashion 8(r)

ij where
r = 1, . . . ,R denotes number of generations. Specifically,
we follow [7] where ϕ is drawn from U [a, b], a uniform
distribution, where a and b are set to the constant numbers
of slightly above zero and below than one, respectively.
In addition, Guhaniyogi and Dunson [7] suggest to simulate
number of compression matrixm fromU [2log(k),min(T , k)]
distribution. Since we need to find 8(r)

ij that performs the
best on forecasting based on the available data, we therefore
apply Bayesian Model Averaging (BMA) to augment weight
for each random 8

(r)
ij by calculating the marginal likelihood
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for each model and average across the various models in
forecasting exercise.

After defining random projection matrix, we are able to
estimate compressed parameters in VAR (Bc) using typi-
cal natural conjugate prior in Bayesian fashion conditional
on 8(r)

ij . The posterior distribution of interested parameters,
marginal likelihood, and predictive density of the compressed
VAR in equation (2) can be obtained, see [19] for details.
Please note that the compressed VAR approach involves
multiplying both sides of the equation (1) by 8, thus we
also compress the dependent variables. To finish compress-
ing VAR model, we need to define the estimation of error
covariance matrix as well. Koop et al. [20] suggest to work
with a re-parameterized version of the Bayesian compressed
VAR (BCVAR) which allows compression enters into the
error covariance matrix by the following a triangular decom-
position of � as in [21] and [22].

A�A′ = 66 (4)

where A is a lower triangular matrix with ones on the main
diagonal, and 6 is diagonal matrix with σi(i = 1, . . . , n)
on its diagonal. We rewrite A = In + Ã, where Ã is a
lower triangular matrix with zeros on its main diagonal [20].
Rearranging the reduced-form VAR in equation (1), then we
obtain:

Yt = 0Yt−p + Ã(−Yt )+6Et
= 2Zt +6Et (5)

where Zt = [Yt−p,−Yt ]′, 0 = AB, 2 = [0, Ã], and
Et ∼ N (0, In). Due to the lower triangular structure of
Ã, each specific VAR equation includes as follow: if i =
1, i.e., the first equation in BCVAR, predictor Zt would
contain (Yt−p,Yt−p+1, . . . ,Yt−1), if i = 2, i.e., the sec-
ond equation in BCVAR, the predictor matrix contains
(Y ′t−p,Y

′

t−p+1, . . . ,Y
′

t−1,−Y1,t )
′, the third equation includes

(Y ′t−p,Y
′

t−p+1, . . . ,Y
′

t−1,−Y1,t ,−Y2,t )
′.1 In this sense, Koop

et al. [20] exploited the estimation and proved that VAR
estimations can be done equation-by-equation at a time.

Given such above manipulation, we can now rewrite the
compressed version VAR as follow:

Yi,t = 2c
i (8iZ it )+ σiEi,t , (6)

where i = 1, . . . , n.
Now estimating the compressed parameters can be

employed using the MCMC from Bayesian inference.

III. FORECASTING USING BAYESIAN COMPRESSED
VECTOR AUTOREGRESSION
For each estimation of posterior draws of 2c

i and σi, we fol-
low a standard Bayesian method as discussed in [23] for the
prior distribution so called ‘‘seemingly unrelated regression
model’’ (SUR-Model):

2c
i |σ

2
i ∼ N (2c

i , σ
2
i V i) (7)

1Yi,t denotes the i-th element of the vector Yt

σ−2i ∼ G(s−2i , vi) (8)

The quantities 2c
i and V i are unknown parameters. How-

ever we set 2c
i = 0 and V i = 0.5 × I as suggested by

Koop et al. [20]. The prior σ−2i follows Gamma distribution
with mean s−2i and degrees of freedom vi. Once the priors and
Bayesian compressed VAR model specifications have been
defined, the one-step ahead forecasting density is available
in a simple computational effort. Despite that, h−step ahead
predictive densities for h > 1 are not available according to
BCVAR specification in equation (6). To compute predictive
densities for h > 1 according to [20], we convert BCVAR
from equation (6) into triangular VAR in equation (5) and now
the interested parameters become:

2 = [(2c
18

(r)
1 , 0n)

′, (2c
28

(r)
2 , 0n−1)

′,

. . . , (2c
n−18

(r)
n−1, 02)

′, (2c
n8

(r)
n , 0)

′]′ (9)

where 8(r)
i denotes r number of random projection matrices

of equation i-th in BCVAR.After this transformation has been
performed, typical Bayesian VAR inference can be used to
derive h−step ahead predictive densities.

Since we apply up toR random projectionmatrix, i.e.,8(r)
i ,

where r = 1, . . . ,R. Given R models, predictive density
distribution can be obtained using the following specification:

p(Yt+h|Dt ) =
R∑
r=1

exp(−0.59r )∑R
r=1 exp(−0.59r )

p(Yt+h|8(r),Dt ),

(10)

where Dt is the available information at time t , 9r is BICr −
BICmin. The quantity BICr is the Bayesian information crite-
ria of model using 8(r) and BICmin is the minimum value of
BIC across all8(R) models, calculated from ki× ln(T )+T ×
ln( SSET ) , and ki denotes number of predictors in i-th equation
in equation (6), T is number of data observations and SSE is
a sum of square error from equation (6).

Finally we only need to specify the parameter of ϕ (ele-
ments in random projection matrix) and m (the number of
predictors after the compression) as from the distribution
in equation (3). In this work, we draw ϕ from the uniform
U [0.1, 0.8] and m is simulated from discrete distribution of
U [1, 5ln(ki)].

IV. COMPRESSED VAR WITH TIME-VARYING
PARAMETERS
Work in [3] adapted the algorithm that is based on Kalman fil-
ter approach to update the parameter to be time-variant. This
algorithm is efficient in computational perspective. Found
in [21], where all VAR equations are estimated jointly by
using MCMC method. Even after compressing VAR model
as in equation (6), the dimensions of VAR is still large and the
computational burden arises. Therefore it is necessary to per-
form the compressed TVP-VAR via computational Bayesian
perspective [3]. Themodel involves only updating process via
Kalman filter in state-space model which we can rewrite the
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Time-varying compressed VAR (TVP-BCVAR) as follows:

Yi,t = 2c
i,t (8iZi,t )+ σi,tEi,t , (11)

and

2c
i,t = 2

c
i,t−1 + Vi,t (12)

where Vi,t ∼ N (0,3i,t ). Instead of estimating full covariance
matrix 3i,t which can be daunting from the computational
point of view, we avoid this concern by using forgetting
factor. In this sense, the compressed parameters of above
equations follow the random walk.

Below, we briefly describe the Kalman recursions of equa-
tion i-th at a specific time instant. We also refer the reader
to [3] and [24] for further details. Given the information up
to time t − 1, compressed time-varying parameters 2c

i,t at
time t follow 2c

i,t ∼ N (a(r)i,t ,R
(r)
i,t ), where a

(r)
i,t and R(r)i,t are

mean and variance of compressed coefficients of equation
i-th estimated with different random projection matrices8(r)

ij
at time t . The brief version ofKalman recursion can bewritten
as follow:

a(r)i,t = m(r)
i,t−1

R(r)i,t = C (r)
i,t−1 +3

(r)
t (13)

We replace 3(r)
i,t as 3(r)

i,t =
(1−λi,t )
λi,t

C (r)
i,t−1 using forgetting

factors λi,t . Re-arranging equation we have:

R(r)i,t = λ
−1
i,t C

(r)
i,t−1 (14)

The one-step-ahead predictive mean and variance of Yi,t fol-
low a normal distribution with mean f (r)i,t and variance Q(r)

i,t ,
where:

f (r)i,t = (8(r)
i Z (r)

i,t )a
(r)
i,t

Q(r)
i,t = Z (r)

i,t R
(r)
i,t Z

(r)
i,t + σ

(r)
i,t , (15)

here σ 2
i,t = κi,tσ

2
i,t−1 + (1 − κi,t )Ê2

i,t . The updated posterior
distribution for2c

i,t given the information at time t is written
as:

m(r)
i,t = a(r)i,t + A

(r)
i,t e

(r)
i,t

C (r)
i,t = R(r)i,t − A

(r)
i,t A

(r)′

i,t Q
(r)
i,t , (16)

where A(r)i,t is the adaptive coefficient matrix, i,e., A(r)i,t =
R(r)i,t (8

(r)
i Z (r)

i,t )

Q(r)
i,t

. Re-arranging from equations (13) through (16),

we finally have:

2c
i,t = 2

c
i,t−1 +

√
(1− λi,t )var(2c

i,t−1|t−1)

λi,t
ui,t (17)

In this sense, the compressed parameters matrix 2c
i,t fol-

lows a random walk using forgetting factor approximation to
its error scalar, where subscription i and t imply the time-
varying coefficients of equation i at time t . In addition,
var(2i,t−1|t−1)c is a variance from prediction equation of
2c
i,t−1 given information up to time t−1, and ui,t ∼ N (0, 1).

TABLE 2. BCVAR-Mean square forecasting error (MSFE) h = 1, . . . , 7.

Here σ 2
i,t is considered to have similar properties as Expo-

nentially Weighted Moving Average. Ê2
i,t is the squared pre-

diction error at time t calculated from the i-th equation of
VAR, see [3] for more details. The important parameters that
need to be set are λi,t and κi,t , where these parameters control
the degree of time variation in TVP-BCVAR parameters and
also σ 2

i,t . Given the use of the forgetting factor, if we set
λi,t and κi,t to 1, the VAR becomes constant parameter with
no stochastic volatility. Koop et al. [20] developed algorithm
that allows these parameter to be varying over time via the
following formulae:

λi,t = λ+ (1− λ)× exp(−0.5×
Ê2
i,t−1

σ̂ 2
i,t−1

), (18)

and

κi,t = κ + (1− κ)× exp(−0.5× kurt(Êi,t−30:t−1)), (19)

where σ̂ 2
i,t−1 is the variance estimate of time t − 1 and

kurt(Êi,t−30:t−1) is the excess kurtosis of the VAR prediction
error estimated over a month ago (based on our daily data
used, we estimated over 30 observations). λ and κ are set as
the minimum values of optimal forgetting and decay factors.
In this work, we follow [20] where λ and κ were set as
0.98 and 0.94, respectively.

V. EMPIRICAL WORKS
A. DATA AND CONFIGURATIONS
We use the BCVAR to forecast daily forex up to 30 pairs.2

All pairs are transformed to be stationary similar to the sug-
gestion from [20]. There forex spans from 7 FEBRUARY

2For forex pair details such as transformation code before running this
algorithm and source can be seen at VI.
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TABLE 3. BCVAR-Mean square forecasting error (MSFE) h = 8, . . . , 14.

TABLE 4. TVP-BCVAR-Mean square forecasting error (MSFE) h = 1, . . . , 7.

2018 through 2 AUGUST 2018. 70 % of all data observations
are trained and the rest 30 % of the data are used for predic-
tive performance evaluation of each model. We also include
the alternative models which are treated to be one of the
best model to handle large size VAR such as Dynamic Fac-
tor Model (DFM), Minnesota Prior Bayesian VAR (BVAR-
Minn), and Bayesian AR (B-AR).

Four lagged dependent variable is selected, i.e., p = 4.
Forecasting horizon is 14 day-ahead. We measure predicting
performance using Mean square forecasting error (MSFE)

TABLE 5. TVP-BCVAR-Mean square forecasting error (MSFE)
h = 8, . . . , 14.

TABLE 6. Out-of-sample predictive performance of AUD-xxx forex pairs
relative to Bayesian-AR.

and Mean absolute forecasting error (MAFE) relative to AR
using Bayesian inference. MSFE andMAFEwhich are below
one suggesting that the proposed model is able to beat B-AR
benchmark.

The mean square forecasting error of 30 pairs of forex
using Bayesian compressed VAR (BCVAR) and Time-
varying Bayesian compressed VAR (TVP-BCVAR) are
shown in Tables 2-3 and Tables 4-5, respectively. For each
table, three lowest Mean Square Forecasting Error are pre-
sented by boldface. From the results, BCVAR gives the best
forecast for EUR-TRY pair in every forecasting exercise i.e.
(h = 1, 2, . . . , 14) (one-day-ahead through fourteen-day-
ahead prediction). Other forex pairs that are worth to mention
include CAD-JPY, EUR-DKK and EUR-RUB.

It can be observed that the forecasting errors between
different foreign exchange pairs are very different when refer-
ring to the result, some forex pair such as EUR-HUF has
extremely high MSFE relative to others. The possible reason
behind this is that the information that we use as the predictors
in each equations are four lagged dependent variables and
random compressed of other forex pairs. Therefore higher
MSFEmeans that those predictive information is not relevant
to changes in EUR-HUF forex pair. It is obvious that BCVAR
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TABLE 7. Out-of-sample predictive performance of CHF-xxx forex pairs
relative to Bayesian-AR.

TABLE 8. Out-of-sample predictive performance of EUR-xxx forex pairs
relative to Bayesian-AR.

and TVP-BCVAR models predict poorly on EUR-HUF in all
forecasting exercises.

The results from TVP-BCVAR model are similar to the
results from the BCVAR model, where the TVP-BCVAR
model predicts the best mostly on EUR-TRY pairs as seen
in Table 5. Moreover, EUR-CHF, EUR-RUB and CAD-
JPY are honorable mentions in these forex pair lists. It is
thus reasonable to conclude that the advanced time series
model such as BCVAR and TVP-BCVAR are capable of
tracking the movement of those mentioned forex pairs with
the lowest MSFE especially when allowing time-variation in
TVP-BCVAR model, the MSFE is substantially reduced for
every prediction exercises, i.e., h = 1, 2, . . . , 14 as shown
in Tables 4-5.

FIGURE 1. Forecasted value and actual value at h = 1. (a) CAD-JPY.
(b) EUR-DKK. (c) EUR-RUB. (d) EUR-TRY.

In addition, we summarize the MSFE relative to Bayesian
AR with four lags B-AR(4) model. The details are presented
in Tables 6-8. These tables report the ratio between the
MSFE of model i and the MSFE of the benchmark B-AR(1),
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FIGURE 2. Forecasted Value and actual value at h = 3. (a) CAD-JPY.
(b) EUR-DKK. (c) EUR-RUB. (d) EUR-TRY.

computed as

MSFEi,j,h =
t−h∑
τ=t

e2i,j,τ+h/
t−h∑
τ=t

e2bcmk,j,τ+h, (20)

FIGURE 3. Forecasted value and actual Value at h = 7. (a) CAD-JPY.
(b) EUR-DKK. (c) EUR-RUB. (d) EUR-TRY.

where e2i,j,τ+h and e2bcmk,jτ+h are the squared forecasting
errors of variable j at time τ and forecast horizon h modeled
bymodel i and the Benchmarkmodel Bayesian-AR(1)model,
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FIGURE 4. Forecasted value and actual value at h = 14. (a) CAD-JPY.
(b) EUR-DKK. (c) EUR-RUB. (d) EUR-TRY.

respectively.3 Variables t and t denote the start and end of the
out of sample forecasting periods.

3(i ∈ BCVAR,TVP− BCVAR,BVAR−MINN ,BDFM )

According to Tables 7 and 8, we found that the BCVAR
and TVP-BCVAR are not fully suitable to forecast all the
forex pairs. In other words, these methods are based closely
on the information of the predictors. Therefore, it is pos-
sibly because of the predictors included in our model are
not completely informative in prediction the movement of
forex pairs. Nevetheless, we found the huge advantage in
predictive performance on EUR-MXN, EUR-DKKandEUR-
TRY of model BCVAR and TVP-BCVAR relative to tradi-
tional model B-AR. Another empirical result that is worth to
mention is that predictive performance is gained substantially
when using TVP-BCVAR relative to BCVAR to forecast
EUR-TRY. This implies that by allowing the time variation in
the model, it can help to achieve better forecasting this forex
pair, see Table 8. Moreover, for forecasting EUR-DKK exer-
cise, after three-period-ahead prediction (h = 3), the MSE
of BCVFAR and TVP-BCVAR relative to B-AR is tremen-
dously reduced. This means that the EUR-DKK pair is
extremely correlated to the selected predictors. In other
words, other forex pairs rather than EUR-DKK are informa-
tive enough to forecast EUR-DKK pair. This was proved by
the BDFM model result in Table 8 showing that after the
4-days-ahead forecast, the MSFE is decreased dramatically.

We present more results on how BCVAR, TVP-BCVAR
and other models can forecast the selected forex pairs,
we illustrate the accuracy more obviously by showing the
actual value vs. the forecasted values from multiple models
in Figs. 1-4. The predicting exercises are h = 1, 3, 7 and 14.
Forex pairs which are presented in those figures are CAD-
JPY, EUR-DKK, EUR-RUB and EUR-TRY. We selected
these pairs based on the lowest MSFE. According to the
results, it can be concluded that BCVAR, TVP-BCVAR and
other models provide the best forecasting when the hori-
zon of 1. The longer out-of-sample forecast, the higher
of mean square forecasting error. The benchmark model,
i.e., Bayesian AR(4) cannot track the actual movement of
EUR-RUB by using the lag predictors. In other words,
by implementing the forex pair predictors, BCVAR and
TVP-BCVAR, the accuracy is gained considerably.

VI. CONCLUSIONS
We propose multiple the advanced time series models4 to
forecasting forex up to 30 pairs. All forex data range between
7 FEBRUARY 2018 and 2 AUGUST 2018. Each forex
was transformed to be stationary based on Augmented-
Dickey Fuller test (ADF-test), see Table 9 for more details
on transformation code. We found that Bayesian com-
pressed VAR (BCVAR) and time-varying Bayesian com-
pressed VAR (TVP-BCVAR) were able to deliver the best
forecasting on the forex CAD-JPY, EUR-DKK, EUR-RUB
and EUR-TRY by means of Mean Square Forecasting Error
(MSFE). We found the huge advantage on using BCVAR and

4Bayesian compressed VAR (BCVAR), time-varying Bayesian com-
pressed VAR (TVP-BCVAR), Minnesota prior Bayesian VAR (BVAR-
Minn), Bayesian dynamic factor model (BDFM), Bayesian Autoregression
(B-AR)
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TABLE 9. Stationary forex tranformation.

TVP-BCVAR relative to typical Bayesian AR(4) to predict
EUR-DKK for all forecasting exercises h = 1, 2, . . . , 14
(one-day through fourteen-day-ahead forecast).

According to the lowest MSFE in all tables represented
above, for those who are interested in applying Bayesian
compressed VAR model to predict forex pairs, EUR-TRY,
EUR-DKK and CAD-JPY are best forex pairs when forecast-
ing one-day-ahead until five-day-ahead and EUR-TRY, EUR-
RUB and EUR-CHF when forecasting eight-day-ahead until
fourteen-day-ahead. Those predictive performance evalua-
tions can be seen in Table 4 and Table 5. We also suggest that
in order to gain the highest profit from using thesemethodolo-
gies, forecasting EUR-TRY might be the best choice accord-
ing to the empirical results.

DATA APPENDIX
See Table 9.
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The rest of the paper is organized as follows. Section II
describes the concept of time-frequency analysis of the time-
series, and the use of window functions in the analysis. We
briefly introduces a sequential filtering method for frequency
estimation in Section III. Section IV presents simulation results
and discussion. The conclusions can be found in Section V.

II. WINDOW FUNCTIONS

In signal processing, one the signal is to be analyzed in the
frequency domain via the STFT, window function is typically
used in the spectrogram calculation in order to enhance the
quality of the transform. In this work, we focus on the
frequency estimation problem where the Fourier transform
of the time-series is considered for the TF analysis. Four
window functions including Rectangular, Hamming, Hanning,
and Blackman windows are investigated and the functions of
these windows are given in Eqs. (1)-(4), respectively.

wRect[n] = 1, (1)

wHam[n] = 0.54 + 0.46 cos(πn/M), (2)

wHan[n] = 0.5 + 0.5 cos(πn/M), (3)

and

wBlack[n] = 0.42 + 0.5 cos(πn/M) + 0.08 cos(2πn/M), (4)

for 0 ≤ n ≤M − 1.
These windows are chosen based on their usage popularity

for many applications. In frequency estimation using STFT ap-
proach, these windows are typically considered as mentioned
earlier.

Standard Short-Time Fourier Transform is performed in the
work for a TF representation of the signals, the corresponding
squared magnitude of the STFT is expressed by:

SGx = 1

2π
∣ ∫ x(τ)w(τ − t)e−jωτdλ∣2, (5)

where w(t) is the window function.

Abstract—Window functions are typically used in time-
frequency (TF) signal analysis, especially in spectrogram cal-
culation. In frequency estimation problems, most methods for 
solving such tasks rely on the spectrogram-based approach where 
the time-series of the signal is considered in the frequency 
domain via the short-time Fourier transform (STFT). Sequential 
Bayesian filtering h as b een o ne o f t he m ost p owerful methods 
for sequential estimation of time-varying parameters where the 
signal model and observation data are complicated in terms 
of nonliear/non-Gaussian assumptions. The method integrates 
mathematical and statistical properties of the signal in order to 
construct a posterior probability density functions of the inter-
esting parameters. Therefore, when window function is applied 
in STFT, the statistical property of the transformed domain may 
be destroy, resulting in the movement of the frequency estimates 
according to the window type used in spectrogram calculation. 
Therefore, we investigate in this work the effect of windows on 
the accuracy of the sequential Bayesian filtering based frequency 
estimation. Simulation results show that window has some effect 
only when the noise level is high.

Index Terms—Window functions, spectrogram; frequency es-
timation; particle filter; s equential B ayesian fi ltering; signal 
processing

I. INTRODUCTION

Frequency estimation has been one of the most important
tasks in signal processing, ranging from various kinds of
applications [1], [2], [3], [4], [5], [6]. Number of techniques
have been proposed to such problems extensively. We focus in
this work for spectrogram based time-frequency representation
of the signal since it is a conventional approach for most
applications. [5], [7], [8] for instances.

This study is based on the sequential Bayesian filtering
framework, a particle filtering, i n particular. The main reason
that this method was considered is from the nature of the
signals what we are tracking. Since frequency content of
the signal is varied with time, i.e., the number of frequency
components and their strength vary and they are considered
as a function of time. The particle filter ( PF), i s t herefore a
suitable approach too deal with this kind of signal. One may
consider a Kalman filter (KF) as a  choice, but t he limitations
of KF prevent its usability for nonlinear and non-Gaussian
problems, our problem here is also a case that KF cannot
work properly [9], [10], [11].
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III. SEQUENTIAL FILTERING FOR SPECTROGRAM-BASED
FREQUENCY ESTIMATION

In Bayesian filtering, the main goal of this approach is
to obtain the posterior probability density function (pdf) of
the underlying parameters (frequencies for this study). This
is done via a state space model where two equations are
needed for describing the states and observation data. The
first equation is called state transition equation which gives
the relation of the states from the current time to the next
time step by the perturbation noise. This equation is given as:

xn = fn−1(xn−1,vn−1) (6)

yn = gn(xn,wn). (7)

where n is time, xn is a state vector containing the frequency
components and the associated amplitudes of the signal. Vector
yn is the observed data, in this problem yn is the spectrogram.
Both functions fn−1 and gn are known nonlinear functions,
and vn−1 and wn are perturbation and observation noises,
respectively.

In this work, we implemented a multiple model particle
filter (MMPF) to track the frequency trajectories of the signal
since the number of existing frequencies is a function of time.
Based on this kind of filter, it is able to adapt the order (this
reflects the length of the state vector) in such a way that the
particle can adequately capture the stochastic behavior of the
tracking signal. To see the details of the MMPF, especially in
frequency estimation and some other applications, the reader
is invited to consult the works from [12], [13], [14], [15], [16],
[17].

A random sample of parameter values, generated from a set
of initial prior specifications (uniform prior for each parameter
was chosen), is propagated via the standard Bayesian updating
scheme. A combination of the prior with a likelihood is
performed to yield the posterior density for each time slice.
The linkage of one time slice to the next is through the
state Eq. (6) of the sequential model, so that the posterior
distribution for one time slice becomes the prior distribution
for the next time slice. A likelihood for each particle is
computed based on the observation Eq. (7). We follow the
technique presented in [16], the reader is referred to that
paper for details. In this work we investigate the effect of the
window functions to the filtering using PF, where [16] does
not consider this issue.

IV. SIMULATION RESULTS

The spectrogram of the signal considered in this work
is shown in Fig. 1; this spectrogram was computed using
Hamming window. The signal contains multiple components
and each component may appear or exit at any time. Through-
out the paper, the number of particles used for performance
evaluation was 500. We first illustrate the tracking results
from the PF for SNR of 30 dB, the frequency estimates as
provided by the PF where Hamming and Hanning windows
were used in spectrogram computation are shown in Fig. 2

Fig. 1: Spectrogram of the signal to be investigated.

Fig. 2: Frequency estimates as obtained by the PF where the
spectrogram was computed using (a) Hamming window and
(b) Hanning Window. The SNR is 30 dB.

(a) and (b), respectively. Figure 3(a) and (b) display the fre-
quency estimates from the PF where Blackman and rectangular
windows were used in spectrogram computation, respectively.
From the figures, it can be seen that the tracking results
from all tests are almost identical except that the result from
rectangular window. Frequency estimates from the PF where
the rectangular window was used are not clear as compared
to the other windows, and we found that some frequency
components that do really exist are generated by the PF for
the rectangular window case.

Next, we further demonstrate the results from the experi-
ment where the SNR is low, in Fig. 4 we show the spectrogram
of the signal with SNR of 10 dB. The frequency estimates as
provided by the PF from Hamming, Hanning, Blackman, and
rectangular windows are shown in Fig. 5(a) and (b) and Fig.
6(a) and (b), respectively. It can be noticed from the results
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Fig. 3: Frequency estimates as obtained by the PF where the
spectrogram was computed using (a) Blackman window and
(b) Rectangular Window. The SNR is 30 dB.

Fig. 4: Spectrogram of the signal to be investigated, the SNR
is 10 dB.

that the tracks from Hamming and Hanning windows are better
than from Blackman and rectangular windows. In addition,
result from rectangular window is the worse one compared to
the others, this could be a result from its function which does
not provide any contribution to the windowed segment of the
signal.

Finally, we illustrate the effect of the window functions
when we now consider a signal with more frequency compo-
nents and more complex than the precious example. The spec-
trogram of this signal is shown in Fig. 7. Tracking results are
provided in Figs. 8-9. Spectrogram with rectangular window
is the worse one again since it delivers frequency estimates
with the highest errors compared to the other windows used
in spectrogram calculation.

Fig. 5: Frequency estimates as obtained by the PF where the
spectrogram was computed using (a) Hamming window and
(b) Hanning Window. The SNR is 10 dB.

Fig. 6: Frequency estimates as obtained by the PF where the
spectrogram was computed using (a) Blackman window and
(b) Rectangular Window. The SNR is 10 dB.

V. CONCLUSIONS

In this paper, we investigate how window functions affect
the performance of frequency estimation from a sequen-
tial Bayesian filtering approach. Several frequent use win-
dow functions were considered including Hamming, Hanning,
Blackman, and rectangular windows. The investigation was
taken by considering two signal examples with varied SNR.
Simulation results suggested that the tracking results as de-
livered by the PF where the spectrogram was computed with
rectangular window were poor; this could be a result from no
contribution of this window type in spectrogram calculation.
The other windows for spectrogram calculation, allow the
PF to better tracks frequency components of the signal. It
should be noted that even the frequency tracks from any
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Fig. 7: Spectrogram of the signal with more frequency com-
ponents.

Fig. 8: Frequency estimates as obtained by the PF where the
spectrogram Fig. 7 was computed using (a) Hamming window
and (b) Hanning Window. The SNR is 10 dB.

window except from the rectangular window are better, one
the spectrogram calculation with window function has done,
the stochastic property of the TF representation would change.
In this work, based on the acceptable model and its widely
used in literature, we constructed the likelihood function using
Gaussian error model, which was not accurate. If the other
models are used, tracking results would also change, and
rigorous analysis and PF implementation must be performed.
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Abstract

Useful information embedded in the ocean acoustic time-series can be retrieved

from frequency content of the measured time-series. Therefore, frequency esti-

mation in ocean acoustics has long been one of the most important problems in

geoacoustic inversion. A challenging task is to obtain more accurate frequency

content in which the mathematical and stochastic properties are together suit-

ably combined to obtain the required information. This paper, thus, considers

the analysis and simulation of the ocean acoustics time-series in the frequency-

domain where the signal in the time-domain was corrupted by white Gaussian

noise for frequency and dispersion estimation. Via a sequential Bayesian filter-

ing framework, we incorporate a mathematical description of a broadband ocean

acoustics signal propagating through the ocean with statistical property of such

type of noisy signal, the accurate posterior probability density function (PDF)

of frequencies along with their associated amplitudes is eventually obtained. Se-

quential filtering is implemented for frequency and dispersion estimation to test

the performance of the derived model. Although the data are noisy, simulation

results demonstrate a significant advantage of the proposed method.
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Keywords: modal frequency, frequency estimation, dispersion curve,

likelihood, particle filter, ocean acoustics.

1. Introduction

A frequency estimation has always been one of the most important and

challenging problems in science and engineering applications including physics,

signal processing, communication, and ocean acoustics; see [1, 2, 3, 4, 5, 6] for

examples. Given a white Gaussian noise contaminated ocean acoustics time-5

series, we consider a time-frequency analysis of such time-series via a short-time

Fourier transform (STFT). The goal of this work is to incorporate the statistical

description of the signal in the frequency domain to a sequential frequency

estimation framework, the particle filtering, in particular, to obtain the posterior

PDF of the frequency and its corresponding quantities. The posterior PDF of10

these quantities play an important role in environmental inversion in which the

geoacoustics properties of the ocean can be revealed [2, 7, 8].

Back to 1960 where the pioneer work in new filtering method named Kalman

Filter (KF) was proposed as reported in [9]. The filter delivers an optimal

estimator according to the minimum mean squared error metric. However, the15

limitation of the KF is that the evolution of the unknown parameters is assumed

to be in the case of Gaussian and additive perturbations, the additive Gaussian

noise model is considered in the observed data, and a linear function describing

the measurements and state vector parameters.

It is not a case for most practical systems that the assumptions made for20

the KFs are always valid, most systems are nonlinear/non-Gaussian as well

as non-additive noise structure. Variants of the KFs were developed to remedy

these problems; the extended KF (EKF), unscented Kalman filters (UKFs), and

ensemble Kalman filter (EnKF) are examples of KF variants that were proposed

in literature. Nevertheless, a system with highly nonlinear models and complex25

noise processes are not easily to deal with, it requires computational or numerical

approaches to formulate the desired posterior PDFs, and the inferences on the
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state parameters have to be done numerically since the closed form PDFs may

not be feasible to obtain, these approaches are particle filtering.

A Particle filter (PF), a class of sequential Monte Carlo method, is used for30

the estimation of the underlying posterior PDFs of random variables, allowing

the extraction of the desired information from complex noisy observation data

becomes possible. PF, derived from the importance sampling (IS) concept, is a

numerical approach that was proposed to effectively handle nonlinear relations

between unknown parameters and observations, complex noise processes, and35

unknown as well as the time-varying dynamical systems [10, 11, 12, 13, 14, 15].

Frequency estimation in ocean acoustics has long been as of interest for

decades as seen in literature [16, 17, 18, 2, 19]. The importance of this problem

stems from the fact that most important pattern of the frequency content with

time exhibits in the dispersion characteristics of the waveguide resulting from40

the dispersive environments. Therefore, retrieving this information could lead

us to effectively estimate parameters that are of utmost importance in environ-

mental studies [20, 21, 22, 23, 8]. The approach described in [2] assumed that

noise contaminated the signal in the frequency domain, resulting in a Gaussian

form of the likelihood function. Therefore, the likelihood formulation based on45

this assumption is not accurate. In reality, the noise is additive Gaussian in

the time domain, generating complex noise components after Fourier transform

(FT) calculation. The contribution of this work is therefore to construct an

accurate statistical model of the noise after FT calculation and then use the

resulting model for likelihood and particle weight calculation. This work imple-50

ments a PF based on the incorporation of mathematical and accurate statistical

models of the ocean acoustics signal in the frequency domain to construct the

accurate likelihood function and the particle weight calculation for formulating

the frequency PDF and, hence, the dispersion PDF of the signal.

The remainder of this paper is structured as follows. Section II provides a55

time-frequency analysis of a noisy time-series and frequency approximation of

ocean acoustics for our work. Section III presents a foundation of sequential

Bayesian filtering framework and particle filtering used in this work. A PF
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implementation based on the constructed ocean acoustics model and stochastic

property of the signal is presented in Section IV. Section V discusses the tracking60

results of the frequency estimates from particle filter, and Section VI delivers

the conclusions.

2. Time-frequency analysis of Ocean Acoustics time-series

2.1. Probability distribution of a noisy time-series

Consider a noisy signal x[n] of lengthN , which is composed of a deterministic65

part s[n] and noise part g[n], i.e., x[n] = s[n] + g[n], where g[n] is assumed to

be zero mean white Gaussian noise with variance σ2. From the assumption, the

distribution of each sample x[n] is

x[n] ∼ N (g[n],C) (1)

where N (a, b) is the normal distribution with mean a and variance b, and here

C is the autocorrelation function.70

The spectrogram Sx(l, k) at time l and frequency k of signal x[n] obtained

from STFT is calculated from the squared modulus of the STFT as

Sx(l, k) = Xr(l, k)2 +Xim(l, k)2, (2)

Xr(l, k) and Xim(l, k) are real and imaginary parts of the STFT and they are

computed by

Xr(l, k) =

N∑

n=1

w(n− l)x(n) cos(−2πk
n

L
), (3)

and

Xim(l, k) =

N∑

n=1

w(n− l)x(n) sin(−2πk
n

L
), (4)

where w(n) is the analysis window with length N .

From the assumption of the signal model, the signal in the time-domain

x[n] is distributed according to Eq. (1). Following the property of the nor-75

mal distribution that a linear combination of the Gaussian distributions is also
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Gaussian distributed. Since both Xr(l, k) and Xim(l, k) are linear combina-

tions of N Gaussian random variables with coefficients w(n − l) cos(−2πk nL )

and w(n− l) sin(−2πk nL ), respectively, therefore, these two quantities are Gaus-

sian random variables as well. It can be shown that the variance of both real80

and imaginary parts of STFT is σ2/2, the half of the noise variance of noise

part in the time-domain [24].

According to Eq. (2), the spectrogram Sx(n, k) is the sum of two squared

Gaussian random variables. Therefore, Sx(n, k) follows the χ2 distribution with

two degrees of freedom. The degrees of freedom of a χ2 distribution depends85

on number of elements in the combination; here we have real and imaginary

parts, squared and added together to generate the spectrogram as previously

described.

In general, let us now consider a random variable Xi ∼ N (0, σ2
i ), i =

1, . . . , 2, . . . , N , X is the sum of the squares of Xi. Let X =
∑N
i=1X

2
i , and it

is distributed as a χ2 variable. This distribution can be characterized by three

parameters, a χ2 PDF of a random variable X can be given as:

fX;a,b,c(X) =
1

2b

(x
c

) a−2
4

e−(x+c)/2bI a−2
2

(

√
xc

b
), (5)

where In(.) stands for the n-order modified Bessel function of the first kind. The

parameters a, b and c are the degrees of freedom, coefficient of proportionality,90

and non-centrality parameter, respectively. Theses parameters will be defined

according to our problem which will be discussed later in the Section IV.

2.2. Frequency approximation of ocean acoustics signal

According to work in [2], the power spectrum can be given by

|Pn(ω, t)|2 =
π

|k′′n|2
|µ(ωn)Gn(r, z, zr, ωn)|2| sin(ω

′ − ω)∆t

ω′ − ω |2, (6)

for |ω − ωn| < π
∆t .95

Quantity r is the distance between source and receiver, z and zr are the source

and receiver depths, respectively, µ is the source spectrum, Gn(r, z, zr) is a func-
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tion relating to normal mode quantity, kn represents the modal wave number,

ω = 2πf , where f is frequency in Hz.

It is obvious that the power spectrum is approximated by a squared sinc100

pulse, weighted by the squared amplitude of the modal arrival. A linear com-

bination of these pulses can be used to approximate the power spectrum of a

multiple-mode signal, allowing a construction of a replica of the signal in parti-

cle filtering implementation which will be explained later. This approximation

technique is called a modal representation of the a signal which was successfully105

used for broadband acoustic signals propagating in underwater media [16].

3. Bayesian Filtering Framework and its conceptual solution

In this section, the fundamentals of sequential Bayesian filtering are recalled

and a construction of particle filtering method is then provided.

3.1. State space model110

Consider the following nonlinear system:

xn = fn−1(xn−1,vn−1) (7)

yn = gn(xn,wn). (8)

where n is time, x ⊆ Rnx is the nx-dimensional state vector, y ⊆ Rny is the

ny-dimensional observation vector, vn−1 denotes nx-dimensional process noise

vector, and wn denotes ny-dimensional measuring process noise vector.

The first state equation describes how the states evolve with time; and the115

transition of the states from the consecutive time is followed the function of the

first order process fn as given in Eq. (7). The second equation is called the

observation equation relating the observation data to the state vector through a

nonlinear function gn, and this equation is given in Eq. (8). Both fn−1 and gn

are known in this work. The state and observation noise quantities are declared120

as vn−1 and wn, respectively. Functions fn−1 and gn are typically nonlinear
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and assumed to be the multivariate known functions. The evolution of the state

vector with time is done via a function fn−1 relating the changes of the state

parameters from the previous time to the current time according to the process

noise vn−1. The relationship between the state vector and the observation vector125

is described by the measurement or observation function gn and the measuring

process noise wn. Both noises can by additive, multiplicative, or other forms

depending on the problem at hands.

In general, let Xn = [x1,x2, . . . ,xn] be a sequence of the unknown state

vectors up to time n, the aim of filtering is to recursively estimate the state130

vector xn based on a set of available information from the measurements Yn =

[y1,y2, . . . ,yn]. This problem can be addressed by computing the posterior PDF

p(xn|Yn). Assuming that the initial PDF of the state vector p(x0|y0) = p(x0),

the posterior PDF p(xn|Yn) can be computed recursively using the following

two steps: prediction and updating. We will detail these steps for PF imple-135

mentation in Section IV.

3.2. Bayesian Inference

As discussed, we require two equations to describe the state-space model;

one expresses the evolution of the state and one connects the relation between

states and observations. We assume that each observation yn depends solely140

on the current state xn; and the observations up to time n are conditionally

independent given the states xn, therefore

p(Yn|Xn) =
n∏

i=1

p(yi|Xn). (9)

The states of the model are allowed to change over time according to a first

order Markov process, therefore the current state depends only the state at a

previous time step, yielding:145

p(Xn) = p(x0)
n∏

i=1

p(xi|xi−1). (10)
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The goal of the PF is to gather the posterior PDF of the unknown states

when the observed data is available at time step n, p(Xn|Yn), and it can be

given as:

p(Xn|Yn) =
p(Yn|Xn)p(x0)

p(Yn)
. (11)

From Eqs. (9) and (10), we can express the posterior distribution p(Xn|Yn)

as150

p(Xn|Yn) =
p(x0)

∏n
i=1 p(yi|xi)p(xi|xi−1)

p(Yn)
, (12)

where p(x0) is the prior density and we assume it to be a uniform density in

this work, i.e., the chance of the existence of the modal frequencies is assumed

to be equal over the search interval. The observation yn is independent of the

states at all other times and we assume that the observation data up to step

n are also independent. Bayesian framework recursively estimates the marginal155

PDF p(xn|Yn) from the previous marginal PDF p(xn−1|Yn). By assuming

that the marginal PDF p(xn−1|Yn−1) is available, the prediction of the PDF

p(xn|Yn−1) can be computed from transitional PDF p(xn|xn−1) as suggested

by state equation of Eq. (7). We can then rewrite Eq. (12) as:

p(Xn|Yn) =
p(yn|xn)p(xn|xn−1)p(Xn−1|Yn−1)

p(yn|Yn−1)
, (13)

where160

p(yn|Yn−1) =

∫ ∫
p(yn|xn)p(xn|xn−1)

× p(Xn−1|Yn−1)dxn−1dxn.

(14)

Moreover, the PDF p(xn|Yn−1) can be expressed as the so called Chapman-

Kolmogorov equation:

p(xn|Yn−1) =

∫
p(xn|xn−1,Yn−1)p(xn−1|Yn−1)dxn−1

=

∫
p(xn|xn−1)p(xn−1|Yn−1)dxn−1. (15)

8



The new estimate of the states at time step n is:

p(xn|Yn) =
p(yn|xn)p(xn|Yn−1)

p(yn|Yn−1)
. (16)

Assume that the observation data Yn is available, the likelihood of the state

vector xn is obtained from the density p(yn|xn). Since the posterior PDF of

the states is available according to the sequential update discussed above, the165

statistical inference can then be performed using this probability distribution.

The expected value of a function of the state can be calculated from

ẑ(xn) = Ep(xn|Yn)[z(xn)|Yn]

=

∫
z(xn)p(xn|Yn)dxn. (17)

3.3. Particle filtering

Working in a sequential filtering framework, we implement PF for identifying

the trajectories of the modal frequencies of the ocean acoustics signal. It must170

be clear that the KF families cannot be applied to our problem because the

relationship between the observed data and the states is highly nonlinear.

For each time step, the PF approximates a probability density of p(xn|yn)

by constructing by a set of random samples with their associated weights as

p(xn|yn) ≈
N∑

i=1

winδ(xn − xin) (18)

and

win ∝
p(Xi

n|Yn)

q(Xi
n|Yn)

, (19)

where δ is the Dirac delta function, N is the number of particles used in the175

approximation, and the quantity q(Xi
n|Yn) is the importance density. The

accuracy of the filter, i.e., the performance of the approximated distribution to

the true continuous density increases as the increasing of N [25, 11]. In other

words,
∑N
i=1 w

i
nδ(xn − xin) → p(xn|yn) as N → ∞. Since we assume that our

filtering follows the first order Markov process, the results from the previous180
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time step n − 1 and the importance density can be chosen in such a way that

the minimization of the IS errors is achieved, we therefore obtain the importance

weight for each particle as (for full derivation details, please consult [11])

win = p(yn|xin)win−1. (20)

The degradation of the sequential IS (SIS) performance stems from the prob-

lem that the variance of the importance weights always increases monotonically185

over time. After running a filtering process for a few iterations, only few par-

ticles tend to occupy high weights but the rest of particles holds the weights

that are close to zero. In some extreme cases, just only one particle is a survival

and it holds a unit weight. This means that the diversity of the particle distri-

bution is not achieved and this results in a failure of the posterior probability190

distribution representation using this framework. This problem is called de-

generacy. There are improvement algorithms proposed to overcome degeneracy

problem, the wildly used method is called resampling scheme. The trick is to

eliminate small importance weight particles and, on the other hand, those of

the large weights are regenerated. The amount of regeneration depends on the195

importance weights of the parent particles. We call the process that combines

SIS and resampling as sequential importance resampling (SIR). The resampling

process is typically performed when the effective number of particles Neff falls

below a threshold as discussed in [12, 26]. The effective number of particles is

determined as200

Neff =
1

∑N
i=1(win)2

. (21)

Even that the resampling reduces the effects of degeneracy, two new problems

occur [11]. First, resampling step introduces the limitation of the ability to

parallelize the SIS algorithm because all weights have to be summed during

normalization. Second, the assumption of statistical independence is no longer

valid after resampling. A problem that may arise after resampling is the loss205

of particle diversity due to all of the particles are identical, breaking down
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to a noninformative distribution. Therefore, convergence issues are generated

along the process if resampling takes serious loss of particle diversity. This

is well-known as sample impoverishment which is commonly exhibited in PF

applications. Recently, there are developments of PFs [11, 13, 27] that have210

been designed to resolve these problems.

4. Particle filtering implementation

In this work, the dimension of the state is unknown, therefore we need

to estimate number of frequencies present at each time step, resulting in the

requirement of additional state variable. The transition probability matrix is215

used to dictate the probabilities of order changes; that is, frequency trajectories

may leave or enter at each time step [28] . If at time step n − 1, the signal is

composed of mn−1 modes (number of central frequencies). Then it becomes mn

in the next time step n with probability p(mn = j|mn−1 = i) = πij . It should

be noted that the constraint
∑
j πij = 1 must be satisfied.220

According to Eq. (6), we obtain the measurement equation that relates

the observation data yn and frequency particles xnj for the STFT method as

follows:

yn =

mn∑

j=1

anj [sinc(f − xnj)]2 + wn. (22)

Note that yn is the FT of the acoustic time series: our approach relies on

modeling the signal in the frequency domain at consecutive time slices.

Although we desire to estimate the frequencies of the signal, constructing

the likelihood of the observation data requires a construction of replica of the

signal. We, therefore not only estimate the frequency, but also need to estimate

its corresponding amplitude as well. Since the amplitudes an are unknown,

we create a new state vector containing these unknown quantities and treat it

similarly to the unknown frequencies xnj . Moreover, we also estimate the noise

variance since we normally treat it to be an unknown parameter. To summarize,

the state transition equations are given by:

fn = fn−1 + v1,n−1, (23)
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an = an−1 + v2,n−1, (24)

and

σ2
n = σ2

n−1 + v3,n−1. (25)

Therefore, frequency particle and amplitude particle can be sampled from the

following densities:

f in ∼ N (f in−1, σ
2
v1,n−1), (26)

ain ∼ N (ain−1, σ
2
v2,n−1), (27)

and the measurement noise variance particle can be drawn from the density:

σ2,i
w,n ∼ N (σ2,i

w,n−1, ς
2
v3,n−1), (28)

where σ2
v1,n−1 and σ2

v2,n−1 are the frequency and amplitude state perturbation

variances, while ς2v3,n−1 is the variance of the state perturbation of measurement

noise variance. After sampling is employed, the likelihood can be computed via225

the measurement equation.

The implementation of the method for frequency estimation using particle

filtering is from what was developed and presented in previous section. The

χ2 behavior of the data implies a likelihood function that will be used for

weight/probablity calculation for individual particle. The χ2 behavior of the230

FT that shapes the form of the likelihood is explained as follows. According

to Eq. (5), the real and imaginary parts of the FFT are normally distributed

with non-zero ’means’. These ’means’ are the corresponding FTs of the sig-

nal. Follow the statistical independent property, the sum of the squares of both

real and imaginary parts follows non-central χ2 distribution with two degrees of235

freedom. The sum of the squares of the means of the real and imaginary parts

is the non-central parameter.

The above analysis is just for a single point in the frequency domain. For

the complete length of the Fourier transform for a slice of the spectrogram, the
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non-central parameter is a vector of length L, which is actually the replica of the240

squared spectrum of the signal. The χ2 parameters can be declared as follows:

the noncentral parameter is the replica of the signal in our problem, and the

degrees of freedom is two as discussed earlier. The coefficient of proportionality

is based on the fact that both real and imaginary parts of the STFT are Gaussian

random variables with common variance σ2/2 [29]. Therefore, the coefficient245

of proportionality is σ2/2 . Let xn is a state vector containing fn, an, and mn,

from the discussion in Section II, the likelihood function can be given by:

l(yn|xn) ∝ 1

Lmn
exp
(−(yn +

∑mn

j=1 anj [sinc(f − xnj)]2)

σ2
w,n

)

I0

[√
< yn,

∑mn

j=1 anj [sinc(f − xnj)]2 >
σ2
w,n/2

]
.

(29)

where < •, • > stands for a dot product operator. Please be noted that the

term 1
Lmn is a prior density acting as penalizing term that impacts the value of

the likelihood. For small value of mn, this term has a value associated with a250

higher probability than that for larger value of mn.

We can merge all the steps from SIS and resamping step to construct the

SIR algorithm which is the essential of particle filtering approach used in this

work. The SIR algorithm is outlined as follows.

• Initialization Since the PDFs of parameters at n = 0 are not known.255

Therefore, to construct the joint PDF of all unknown parameters, the

prior densities for the parameters to be estimated need to be initialized

at the beginning of the filtering process. The initial particles are sampled

from these prior PDFs. Statistical properties of the priors depend on the

knowledge about the data and state variables. In this work, prior densities260

are drawn from the uniform distributions depending on the entire support

space for each parameter of the distributions. Using Bayes theorem, the

likelihood must be multiplied by the priors of all unknown parameters in

order to create the joint PDF of the parameters.

• Prediction This stage starts with a set of equal weight particles from the265
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previous time. The frequency, amplitude, and measurement noise variance

particles from the precedent step are propagated via normal densities pre-

scribed by the transition densities of Eqs. (26)- (28), respectively.

• Updating As previously described that the SIS is utilized to the PF at

the prediction step and it needs a transition prior to act as its importance270

sampling density. Now, the updating starts with a set of equal weight

particles, win−1 = 1/N . From the measurement equation and the noise in

the data acquisition process, the weight of each particle is computed using

the data (spectrogram slice) just arrived.

• Resample This stage is introduced to remedy the sampling degeneracy.275

A new set of particle
{
xjn, w

j
n = 1/N

}N
i=1

are sampled from an approx-

imated density p(xn|Yn) computed at the updating stage. Resampling

creates new particles according to the weights of their parent particles

win, generating more particles when the parents have high weights; and

the parents with low weights, they will be eliminated. After resampling,280

all particles occupy the same weight.

The block diagram to illustrate the PF framework is shown in Fig.1. To

decide what frequency is the one that we are seeking for, we select the most

frequent value as a point estimates of elements of frequency state vector, namely,

for a frequency state vector fn of a modal frequency j at time n is computed as

f̂jn = MAPi(fijn), j = 1, 2, . . . , mn. (30)

where MAPi(fijn) represents the mode most frequent value of fijn for mode j

at time step n among all particle i.

5. Simulation Results

In this work, a frequency content between 200-600 Hz generated from a285

source is propagating in the ocean and is observed at a hydrophone. The signal

was generated according to the environment that is similar to that of the Gulf
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Figure 1: Block diagram of the framework.

of Mexico experiment [30], the sampling rate was 2000 Hz. The ocean acoustics

time-series is shown in Fig. 2. The spectrogram of the signal as obtained from

the STFT is displayed in Fig. 3.290

As seen in Fig. 3 that the pattern of the dispersion curves of the signal is

obviously seen after 0.3 s, therefore, we process the signal after this time. In

addition, our tracking process assumption is that we are tracking the separated

modal frequencies of the signal, the mentioned starting time is reasonable in

this case since the pattern shows that the modes are quite well separated after295

this time segment. For simulation results in this work, the signal in Fig. 3 is

used for the tracking process but the white Gaussian noise was added to the

acoustic time-series before the STFT and spectrogram calculation. The MAP

frequency trajectory estimates obtained for the PDFs as provided by the PF are

illustrated in Fig. 4 with black dots and they are superimposed on a segment300

of the spectrogram.

To illustrate the validity of the model and the performance of the filter, we

show in Fig. 5 the spectrogram slice of the signal at a particular time using a

solid line; and displayed using red stars, a MAP replica of the signal obtained

from the filter. We can see that the squared STFT magnitude are coinciding305

with MAP replica spectrum; this shows how the mathematical and statistical

models made in this work are successfully combined to estimate the frequency
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Figure 2: The synthetic ocean acoustics time-series.
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Figure 3: The spectrogram of synthetic ocean acoustics time-series.
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Figure 4: A segment of the spectrogram of synthetic ocean acoustics time-series to be pro-

cessed.
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Figure 5: A spectrogram slice of the synthetic ocean acoustics time-series at a particular time

(solid line) and the replica spectrum constructed using the results from the PF superimposed

(red stars).

of the ocean acoustics signal.

We further investigate the robustness of the proposed model to noise by

adding higher level of noise into the original signal. It should be noted that, in310

our work, we cannot define a single signal to noise ratio (SNR) value since the

signal becomes weaker as time progresses due to the attenuation of signal with

time. Two noisy realizations for different SNR levels are shown in Fig. 6, where

the signal in later case was contaminated by a higher noise level as we can see

from Fig. 6(b) that the spectrogram is noisier, resulting in more uncertainty315

in the dispersive pattern. The frequency estimates as obtained by the PF are

shown in Figs 7-8. The quality of the tracking results from the filter for both

cases are quite similar even the noise level in the measured signal is higher in

the later one. This could be an evidence of the noise robustness of the filter
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Figure 6: Two noisy realization spectrograms of the synthetic ocean acoustics time-series for

two different noise levels.

which is a result of the proposed accurate statistical characteristic of the TF320

representation of the signal.

We provide a tracking result from a severe case where the signal is corrupted

by extreme amount of noise, the spectrogram is shown in Fig. 9. The MAP

frequency trajectory estimates obtained from the PF are revealed in Fig. 10.

Although some modes are missing in the tracking results, the frequency esti-325

mates are fairly satisfied, and the estimated dispersion is adequate for further

processing since a few modes are nicely traced by the filter and these are suffi-

cient for the inversion for sediment sound speed profile and other geoacoustics

properties [7, 8].

Root Mean Squared Error (RMSE) results from the PF implementation are330

shown in Fig. 11, with stars, diamonds and circles indicating the RMS errors for

the average SNRs 15, 10, and 5 dB, respectively. To compare the performance
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Figure 7: Tracking results as provided by the PF; the average SNR is 19.3 dB.
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Figure 8: Tracking results as provided by the PF; the average SNR is 14.6 dB.
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Figure 9: Spectrogram of extreme noisy ocean acoustics time-series; the average SNR is 5 dB.
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Figure 10: Frequency tracks as estimated by the PF for the extreme noisy ocean acoustics

time-series; the average SNR is 5 dB.
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Figure 11: Comparison of PF estimation for different noise levels. Maximum likelihood esti-

mates are superimposed.

of the filter, we perform conventional Maximum a Posteriori (MAP) estimation

which is equivalent to the Maximum Likelihood (ML) estimation since uniform

priors are chosen in our work. It is not surprising that for a small number335

of particles, the proposed method delivers high RMSE than that of the MAP

estimation. This is because of a limited number of particles in the processor

cannot capture a stochastic behavior of the signal. However, the errors for all

cases significantly decrease as the increase of the number of particles. More

importantly, the PF errors become dramatically lower than the corresponding340

conventional MAP errors, illustrating the superiority of the proposed method

to the MAP estimation.
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6. Conclusions

Mathematical description of modal frequency of ocean acoustics and an accu-

rate statistical model are integrated to fabricate the particle filtering framework345

for frequency estimation of the ocean acoustics time-series. A time-frequency

analysis was performed via the STFT in order to construct the accurate stochas-

tic characteristic of the signal in the frequency domain. The likelihood function

is in the form of the non-central chi-squared distribution with two degrees of

freedom and this plays the crucial role in weight calculation of the particle.350

Based on the derived likelihood function, a multiple order particle filtering, a

filter that is capable of capturing the time-varying property of the unknown

number of modes of the signal, was developed for the estimation of the modal

frequencies along with their corresponding amplitudes of the ocean acoustics

signal. The results show that filter performs excellent tracking compared to355

the conventional MAP estimate. We also tested the noise robustness capabil-

ity of the filter by providing the tracking results in different noise levels, and

the results illustrated its performance under different noise levels. Finally, we

provide a performance comparison of the proposed method with a conventional

MAP estimator via the RMS errors. As expected, PF errors are significantly360

lower than that from the conventional MAP estimator for almost every cases,

especially when higher number of particles was used.
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Abstract

The goal of this work is to accurately estimate the modal frequencies and dis-

persion curves from a measured ocean acoustics signal. A particle filtering

approach, a class of sequential Monte Carlo methods, is developed for modal

frequency identification and dispersion curves estimation from a time-frequency

representation of ocean acoustics signal. The adaptive resampling algorithm for

enhancing the quality of a set of particles after likelihood calculation is imple-

mented to improve the accuracy of the modal estimates as well as the dispersion

curves of the signal. Results demonstrate the advantages in implementing the

adaptive resampling into the conventional sequential importance sampling par-

ticle filter (SIS-PF) instead of using the sequential importance resampling (SIR)

scheme. The noise robustness of the proposed method is demonstrated through

examples where the realizations of different Signal-to-Noise Ratio (SNR) levels

were used to test the performance of the adaptive resampling method. The re-

sults display the evidences that the adaptive resampling particle filter (AR-PF)

is superior to the SIR-PF. Via root mean square error (RMSE), the AR-PF

delivers smaller errors than those obtained by the SIR-PF for all SNR levels,

emphasizing the benefit in incorporating the adaptive resampling into the PF
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for modal frequency identification and dispersion curves estimation of ocean

acoustics signal.

Keywords: Modal frequency, frequency identification, dispersion curve,

adaptive resampling, particle filter, ocean acoustics.

1. Introduction

The task of signal estimation and detection is one of the most important

areas in signal processing. The problem of frequency estimation has been very

challenging for decades. In ocean acoustics, the signals that propagate in the

medium carry information about the underwater environments. Extracting in-5

formation from these signals allows us to obtain the medium characteristics and,

hence, the system design for environmental study, climate monitoring, and de-

fense applications can be achieved efficiently. The frequency content embedded

in the ocean acoustics time-series is one of the quantities that has been exten-

sively utilized for the ocean acoustics inversion since it occupies the ability to10

exhibit the dispersion characteristic of the ocean acoustics signals. To accom-

plish this task, we worked on the frequency domain via the short time Fourier

transforms (STFTs) to identify the modal frequencies of the ocean acoustics

signal. This is done by constructing the replicas of the original signal and then

formulating the likelihoods to perform Bayesian inference on the modal frequen-15

cies [1, 2].

An appropriate processor framework to handle the noise in such a way that

the impact on the embedded information of interest is minimized can be ob-

tained from the ability in dealing with the characterization of the signal and

that of the noise. This characterization is to capture the stochastic model that20

relates statistical properties of the information and noise effectively. The diffi-

culties, however, can be regarded as the uncertainty of noise identification. In

other words, when the statistical properties of noise are not easily determined,

consequently, the characteristic of the noise may not be justified precisely. As
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for the view of filtering, the accuracy of the estimated parameters of interest25

cannot be satisfied. Simple Bayesian filtering methods may fail to give satisfac-

tory results. Not only does the noise characterization has the capability of the

filtering, most physical systems in practice are classified as nonlinear systems,

thus dictating the complexity of the mathematical models used for describing

the observed data and the interested parameters. These complications have30

brought engineers and scientists to focus on a sophisticated filtering approach

that can deal with these problems effectively.

A Particle filtering framework, a class of sequential Monte Carlo method, is

concerned with the estimation of the underlying posterior probability distribu-

tion of a random data of interest for performing statistical inferences, allowing35

the extraction of the desired information from noisy measurement data. This

kind of filtering framework has started from the Kalman Filter (KF) [3]. It is

the very first well-known filter in sequential Bayesian filtering framework and it

delivers an optimal estimator for the minimum mean squared error goal. The

assumption for the implementation of this filter is that the evolution of the40

unknown parameters is classified in the cases of Gaussian and additive pertur-

bations, the additive Gaussian noise model present in the observed data, and a

linear function describing the measurements and state vector parameters.

Many practical systems in real world problems are nonlinear/non-Gaussian

and non-additive noise systems, therefore, a simple filtering framework can-45

not work with these systems properly. Consequently, the generalizations of the

standard KF filter are required to handle such kind of problems. In literature,

variants of the KFs were proposed and implemented for solving those prob-

lems including extended Kalman filter (EKF) [4, 5, 6], unscented Kalman filters

(UKFs) [7], and ensemble Kalman filter (EnKF) [8]. Unfortunately, a large50

number of problems with highly nonlinear models and complex noise processes

are not easy to deal with, and they require a computational or numerical ap-

proach for the formulation of the desired posterior PDFs and the inferences on

the state parameters. Particle filtering is a powerful framework to deal with

nonlinear filtering developed for such scenarios using stochastic computational55
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techniques for nonlinear/non-Gaussian systems, which comes into the consid-

eration. Some problems in ocean acoustics that the particle filtering approach

was used are reported in the literature [1, 9, 10, 11, 12, 13, 14]. In addition, it

was also used in acoustic source tracking application which can be found from

the work in [15].60

Conventional particle filter is implemented based on the sequential impor-

tance resampling (SIR) algorithm. This formulation usually initiates the sam-

pling impoverishment problem, leading to the situation that the particles suffer

from the loss of their diversity. This stems from the fact that the particle filter-

ing method formulates new samples from a set of discrete random numbers for a65

representation of the continuous probability distribution. For the extreme case,

when SIR recursively performs, only one particle is used to represent a whole

parameter space, thus resulting in a failure of the process. There are develop-

ments of enhancing algorithm in order to remedy this problem as found in the

studies done by [16, 17, 18]. We extended the work in [19] to this study to im-70

prove the performance of the PF for the identification of the modal frequencies

and dispersion curves of the ocean acoustics signals.

The remainder of this paper is structured as follows. Section 2 provides a

short review of particle filtering framework and describes the adaptive resam-

pling scheme. Section 3 presents a mathematical ocean acoustics modelling via75

the time-frequency space of the ocean acoustics signals that were propagated

in the medium. We discuss in Section 4 how the PF formulation based on the

constructed ocean acoustics model can be constructed to identify the modal

frequencies and estimate the dispersion curves. In Section 5, we present the

results of the modal estimates from particle filters; ones from the conventional80

resampling scheme and ones from adaptive resampling method. Section 6 is de-

voted to the dispersion tracking. We show in this section the evidences that the

adaptive resampling method offers better tracking results than the conventional

resampling. Conclusions follow in Section 7.
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2. Particle Filtering with Adaptive Resampling Scheme85

2.1. Sequential Filtering Framework and Particle filter

Working in a sequential filtering framework, we implemented PFs for iden-

tifying the trajectories of the modal frequencies of the ocean acoustics signal

with time. It must be clearly noted here that the KF families cannot be ap-

plied to our problem because the relationship between the observed data and90

the state parameters (modal frequencies) is nonlinear. To utilize the PF frame-

work, let Xk = [x1,x2, . . . ,xk] be the sequence of the unknown state vectors

and Yk = [y1,y2, . . . ,yk] be the set of the observations measured at the first

k time steps. The goal of the method is to gather the posterior PDF of the

unknown state parameters when the observed data is available at time step k,95

p(Xk|Yk), and it can be given as:

p(Xk|Yk) =
p(Yk|Xk)p(X0)

p(Yk)
, (1)

where p(X0) is the prior density and we assume it to be a uniform density in

this work, i.e., the chance of the existence of the modal frequencies is assumed

to be equal over the search interval. The observation yk is independent of the

states at all other times and we assume that the observation data up to step k100

are also independent. To justify the possible states when the data is observed,

we constructed the likelihood function based on the assumption explained above

as p(Yk|Xk) =
∏k
i=1 p(yi|Xk). In addition, the first order Markov process is

considered, incorporating the prior density allows us to rewrite Eq.(1) as:

p(Xk|Yk) =
p(x0)

∏k
i=1 p(yi|xi)p(xi|xi−1)

p(Yk)
. (2)

The construction of the state space model is typically based on two equations105

as follows:

Xk = fk−1(Xk−1,vk−1), (3)

and

Yk = gk(Xk,wk). (4)
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The first one is the state equation that describes how the states evolve with

time. The transition of the states from the consecutive time is followed the

nonlinear function fk−1 under the first order Markov process as given in Eq.

(3). The second equation, Eq.(4), is called the observation equation that de-110

scribes the relation between the observation data and the state vector through

a nonlinear function gk. Both fk and gk are known in this work which will be

discussed later. The state and observation noise quantities are declared as vk

and wk, respectively.

For particle filtering, at each time step, the approximated probability density115

p(xk|yk) is built by the probability mass function (PMF) using a set of random

samples with their associated weights as

p(xk|yk) ≈
N∑

i=1

wikδ(xk − xik) (5)

and

wik ∝
p(Xi

k|Yk)

q(Xi
k|Yk)

, (6)

where δ is the Dirac delta function, and N is the number of particles used

in the approximation. The accuracy of the filter, i.e., the performance of the

approximated distribution to the continuous density, increases as the increasing120

of N [20, 21]. In other words,
∑N
i=1 w

i
kδ(xk − xik)→ p(xk|yk) as N →∞. The

quantity q(Xi
k|Yk) is the importance density. Since we assume that our process

follows the first order Markov process, the results from the previous time step

k − 1 and the importance density can be chosen whereas the minimization of

the IS errors is achieved, we therefore obtain the importance weight for each125

particle as (for full derivation details, please consult [21])

wik = p(yk|xik)wik−1. (7)

One way the SIS performance can be sabotaged is by seeing that the vari-

ance of the importance weights always increases monotonically over time. After

running a filtering process for a few iterations, only few particles tend to oc-

cupy high weights but close to zero for the rest. In some extreme cases, just130
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only one particle is a survival and it holds a unit weight. This means that the

diversity of particle distribution is not achieved and this results in the failure of

the posterior probability distribution representation by using this framework.

This problem is called degeneracy. There has been number of improvements

from the proposed algorithms to overcome the degeneracy problem; the wildly135

use method is called a resampling process, an extra step that is performed after

particle weight calculation. The trick of the resampling is eliminating small im-

portance weight particles and, on the other hand, those of the large weights are

regenerated. The amount of regeneration depends on the importance weights of

the parent particles. We call the process that combines SIS and resampling as140

sequential importance resampling (SIR) [22]. The resampling step is typically

performed when the effective number of particles Neff falls below a threshold

as discussed in [23, 24, 25]. The effective number of particles is determined as

Neff =
1

∑N
i=1(wik)2

. (8)

2.2. Adaptive Resampling

Even with the resampling step reducing the effects of degeneracy, new prob-145

lems still occurs [21]. First, resampling step introduces the limitation of the

ability to parallelize the SIS algorithm because all weights have to be summed

during normalization. Second, the assumption of statistical independence is

no longer valid after resampling. Therefore, convergence issues are generated

along the process if resampling takes a serious loss of particle validity. For some150

cases, a problem that may arise after resampling is the loss of particle diversity

due to all of the particles being identical as a result from a replication of those

particles with high importance weights, breaking down to a noninformative dis-

tribution. This is well-known as sample impoverishment which is commonly

exhibited when the noise level in the observed data is low. Recently, there are155

some developments of PFs [17, 21, 26, 27] that have been designed to resolve

these problems.
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In this work we incorporated the adaptive resampling scheme for eliminating

the loss of particle diversity problem. This is one of the main concerns of the

conventional SIR problems. The scheme was introduced in a seismic event160

tracking application [16] and it was successfully applied to the PF for frequency

estimation using a time-varying autoregressive model [19]. New particles for

the next state are constructed based on the weights of their parent particles.

Number of the offspring particles, mi
k =

⌈
Nwik

⌉
+ M , is calculated and then

the process generates the offspring particles from their parents N (xik, λ
i
k). M is165

an integer chosen empirically. Note that
⌈
•
⌉

creates the roundup to the nearest

integer. Amount of new particles also depends on the weights of their parents

and the quantity λik, called fission factor, that is used to control the offsprings

construction. The fission factor of the ith particle can be computed by [16]

λik =
[
1 + exp

( wik − wk
max
i

wik − wk

)]−1

, (9)

where wk represents the mean of the weights at time step k. Then we create170

new particles based on the parent particles and the corresponding fission factor

as

xjk ∼ N (xik, λ
i
k), (10)

where xjk and xik are the offspring the parent particles, respectively.

Eq. (9) works as follows: if a parent particle occupies low weight, the higher

fission degree is obtained, dictating the process to create higher quality particles.175

On the other hand, if the parent particle has high weight, the lower fission degree

acts as a protector to conserve the high quality parent particle. In summary,

the adaptive resampling process creates a new better set of particles based on

the importance weights of their parent particles, and then propagates this new

set into the next time step.180
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3. Modal Frequency Approach in Time-Frequency Representation of

Ocean Acoustics Model

The evolution of the frequency content of an acoustic signal with time plays

a key role as a “footprint” of the propagation medium. This is typically the

case with broadband signals with frequencies of a few hundred Hz propagating185

from long distances in underwater environments. The frequency content with

time exhibits the variation pattern as a result of dispersion characteristics of

the waveguide, allowing the estimation of modal arrival times and amplitudes

for various modes and frequencies within each mode.

The ocean acoustics model in the time-frequency space can be considered190

as a broadband acoustic signal received at a hydrophone. The acoustic signal

received at a hydrophone in the ocean can be expressed as

p(r, z, zr, t) =
1

2π

∑

n

∫ +∞

−∞
µ(ω

′
)Gn(r, z, zr, ω

′
)exp{i(ω′

t−knr−
π

4
)}dω′

. (11)

where r represents the distance between source and receiver, z and zr are the

source and receiver depths, respectively, kn stands for the modal wave number,

µ is the source spectrum, ω = 2πf , where f is frequency in Hz and

Gn(r, z, zr, ω) =
i
√
π

ρ(zr)
√

2knr
Ψn(z)Ψn(zr), (12)

where Ψn are orthogonal, normalized, depth-dependent functions, and ρ(zr) is

the medium density. To simplify the analysis, we consider now only one mode.

The frequency spectrum of a finite time segment of the signal is given by [28, 29]:195

Pn(ω, t) =

∫ t+∆t

t−∆t

pn(r, z, zr, t)e
−iωτdτ, (13)

whereas the segment starts and ends at t − ∆t and t + ∆t, respectively. Sub-

stituting the nth term of Eq. (11) into Eq. (13) and performing integration, we

then obtain

Pn(ω, t) =
e−iωt

π

∫ ∞

∞
µ(ω

′
)Gn(r, z, zr, ω

′
)
sin(ω

′ − ω)∆t

ω′ − ω exp{i(ω′
t−knr−

π

4
)}dω′

.

(14)
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We can approximate the above quantity by using stationary phase approxima-

tion technique as explained in [29], then the squared frequency spectrum of a

finite time segment of the signal can be expressed as

|Pn(ω, t)|2 =
π

|k′′
n|2
|µ(ωn)Gn(r, z, zr, ωn)|2

∣∣∣ sin(ω − ωn)∆t

ω − ωn

∣∣∣
2

, (15)

for |ω − ωn| < π
∆t .

It can be clearly seen that the spectrum expressed in Eq. (15) has a peak at200

ωn which is called a modal frequency. This observation allows us to formulate a

PF framework for tracking the instantaneous power spectral peaks to identify

the modal frequencies of the acoustic signal, which will be discussed in the next

section.

4. Particle Filtering Formulation for Modal Frequency Identification205

To construct the PF equations, we here use fn for instantaneous modal

frequency instead of ωn. From the above analysis, we can express the observation

equation of Eq. (4) as follows:

yk =

Mk∑

j=1

akj [sinc(f − fkj)]2 + wk. (16)

The quantity fkj is a value containing the modal frequency of mode j at

time step k, and Mk is the order or number of modal frequencies (modes) at

time step k. The observed data yk is the squared magnitude of the Fourier

transform of the acoustics time series, and this model is considered in the fre-

quency domain. For each time step (spectrogram slice), the center of a sinc is a210

position of modal frequency and it evolves with time. By connecting the modal

frequencies at all spectrogram slice, it creates full trajectories of the frequencies,

providing the estimation of a dispersive pattern of the ocean acoustics signal.

The measurement noise wk is assumed here to be an additive, zero mean, and

normally distributed, that is, wk ∼ N (0, σ2
k). It should be noted that even the215

assumption of the noise is Gaussian type but the system is highly nonlinear since

the state and the observed data are related via a nonlinear function. Therefore,
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the PF is considered to be a framework for modal frequency and dispersion

curves tracking in this work.

Number of modal frequencies is varied with time, therefore we also need to220

estimate the number of the modal frequencies for each time slice. To do so

the multiple order particle filter (MMPF) is required [30]. In addition, we also

assumed in this work that the amplitude of each modal frequency and the noise

variance are not known. Therefore, number of modal frequencies along with the

noise variance must also be estimated at every time slices; the strategies to deal225

with this can be found in [1, 31, 32].

For each time step, the predicting frequency at the current step is obtained

from the frequency at the previous time and a small perturbation, vk−1. The

state equation containing those parameters to be estimated is given by

xk = xk−1 + vk−1, (17)

here xk is a vector containing modal frequencies.

For each iteration, once the importance weights of particles are computed

based on the observation equation of Eq. (16) which forms the Gaussian error

model, the full joint posterior PDF for modal frequencies, modal amplitudes,

number of modes, and observation noise variance is [1],

p(xk,ak,Mk, σ
2
k|yk) ∝ 1

σ2
k

1

(2πσ2
k)R/2

1

LMk
exp{− 1

2σ2
k

‖yk−
Mk∑

j=1

akj [sinc(f−xkj)]2‖2}.

(18)

where R is the length of the analysis window of the Fourier transform, ak is a

vector containing modal amplitudes that correspond to the modal frequencies at

time step k, and Mk is the number of modal frequencies at time step k. A prior230

1/LMk acts as a penalization factor that protects the process from favoring a

large order. At this point, the adaptive resampling scheme is then performed in

order to obtain a new efficient set of particles for the next time slice.

The joint posterior PDFs obtained from both sampling methods are identical

by means of the form of equation. However, the approximated PDFs constructed235

from both methods are different since they are formulated from different sets of
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particles. Since a set of particles after resampling using adaptive reasampling

method is better than the SIR method, the approximated PDF from adaptive

resampling PF (AR-PF) also represents joint PDFs that are closer to the true

ones. Simulation results to illustrate this are provided in Section 6.240

5. Modal Identification

To test the performance of the AR-PF, we employed the SIR-PF and AR-PF

to the data generated for a realistic underwater medium. Fig. 1 displays a noise-

free spectrogram of an ocean acoustics signal calculated from a length of the

time-segment 180 via a short-time Fourier transform with hamming window.245

A slice of the spectrogram at time 200 ms is shown in Fig. 2. We can see

that there are a few modes that appear at this time slice. It should be noted

that we can have up to six modes but the possibility for this scenario is very

low. To justify the number of modes, the filter allows itself to track model

order and the decision is based on the weights of particles. We assume that the250

signal contains at least one modal component and may not exceed six modes.

Particle filter initialization is constructed with a uniform prior for the searching

frequency interval of 200-600 Hz, therefore we initiated the frequency particles

with x ∼ U [200, 600], where x ∼ U [a, b] is the uniform distribution PDF with

parameters a and b. Also, the noise variance particles are initiated according to255

work reported in [1].

Next we show the modal estimates from the SIR-PF and AR-PF where the

signal is clean, as seen in Fig. 3. The number or particles used in this experiment

was 500 for both filters. The results shown in Fig. 3 are the estimated spectrums

as obtained by SIR-PF that is shown with red colour, and by AR-PR as displayed260

with green colour. The modal frequencies (spectral peaks) are calculated from

the highest posterior probability, i.e., the modal frequencies are identified via

the maximum a posterior (MAP) estimator, i.e., the most frequent value of

the tracking parameter is chosen. From the results, the estimated spectrums

from both filters coincide nicely with the squared FT magnitude of the acoustic265
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Figure 1: Spectrogram of an ocean acoustics signal.

data. This is not surprising that the SIR-PF can capture almost all of the useful

information embedded in the data since the noise level is extremely small. For

this case AR-PF may not be necessary.

We further illustrate the tracking results when the noise level becomes higher.

Noise is assumed to contaminate the signal in the frequency domain and we270

added the same amount for all time slices. Since the spectrogram becomes

weaker as time progresses, a single signal-to-noise ratio (SNR) cannot be defined

but is decreasing as time evolves.

We demonstrated, with number of particles of 1000 for both filters, in Fig.

4 that the performance of the AR-PF becomes superior than the SIR-PF when275

the noise level is increased. The SIR-PF can estimate the modal frequencies

in the spectrogram only with those modes that occupy high amplitudes. For

the frequencies with low amplitudes, SIR-PF fails to do so but the AR-PF.

A zoomed in version of Fig. 4 is provided to demonstrates the AR-PF. This
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Figure 2: A slice of the spectrogram at time 200 ms.

evidence is presented in Fig. 5 which obviously presents that a modal frequency280

of 458 Hz can be captured by the AR-PF while the SIR-PF cannot track it. The

AR-PF, therefore, exhibits an excellent match between the estimated spectrum

and the observed noisy data.

Finally, we demonstrated the robustness of the AR-PF where the acoustic

signal was contaminated by a high level of noise, i.e., the SNR is low. Again,285

the number of particles used for this test was 5000. The illustrating example

of the modal identification at time slide 250 ms is shown in Fig. 6. In Fig.

6(a), we show the original signal and its noisy realization, while the estimates

from SIR-PF and AR-PF, and plot of original signal are presented in 6(b). The

estimates from SIR-PF are displayed using red colour, the estimates from AR-290

PF are indicated by the green colour, and the black line is the original signal.

The estimated spectrum as obtained from the AR-PF clearly outperforms that

from the SIR-PF. For this case, we obviously observed that the SIR-PF loses
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Figure 3: A slice of the spectrogram at time 200 ms (solid line) with the modal spectrum

constructed using the MAP estimates for the SIR-PF and AR-PF superimposed.

its capability to track the modal frequencies effectively since most peaks of the

estimates from the SIR-PF do not match with those of the original ones. On the295

other hand, peaks and modal amplitudes are almost similar to the original signal,

therefore, AR-PF offers an estimated spectrum that is closed to the original

signal. Another observation is that the SIR-PF also misses a modal frequency

at 455 Hz, but not with the AR-PF. This demonstration is to emphasize the

robustness capability of the AR-PF.300

6. Dispersion Tracking

We now perform the full sequential Bayesian filtering framework to obtain

dispersion curves of the ocean acoustics signal. According to the acoustic model

of the propagated signal under the dispersive media discussed in Section 3,

we utilized the particle filtering along with the adaptive resampling scheme to305
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Figure 4: A slice of the spectrogram at time 250 ms (solid line) with the modal spectrum

constructed using the MAP estimates for the SIR-PF and AR-PF superimposed.

extract the modal frequencies of the acoustic signal. These frequencies form

the dispersion characteristic of the ocean acoustics property via the dispersion

curves that were obtained from the PF.

We showed in Fig. 7 the spectrogram of the noisy ocean acoustics signal. It

should be noted that the signal is weaker as time increases, therefore the SNR310

cannot be defined as a single SNR for the whole signal but it is decreasing as

time evolves. We set the number of particles for this experiment to 2000 for

both filters. The tracking results from the SIR-PF and AR-PF are shown in

Figs. 8-9. For the first 350 ms, the tracks from the SIR-PF and AR-PF are not

significantly different. However, the tracks from AR-PF are better than those315

from the SIR-PF as clearly seen from the present of more uncertainty in the

tracks from SIR-PF, meaning that the ability to handle the noise of the SIR-PF

is inferior to that of the AR-PF. Moreover, at time 450-475 ms, we observed
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Figure 5: Illustration of the ability of AR-PF to capture a mode with modal frequency of 458

Hz.

that the estimates from AR-PF do not deliver ambiguity but SIR-PF, as seen

at the top most tracks.320

To get a better justification of the performance of the filters, we compute

the RMS error (RMSE) defined by the L2 norm averaged over K spectrogram

slides:

RMSE =

√√√√ 1

K

K∑

k=1

||f′k − f̂
′
k||2 (19)

where f
′

k is the vector of true values of the normalized frequencies and f̂
′
k is

the vector containing the normalized frequency estimates at time step k. The325

RMSE values from both filters are shown in Table 1. Please be noted that the

SNR for each case is the average SNR over all slices since the SNR for each slice

varies with time as mentioned earlier. From the Table, for any SNR levels, the
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Figure 6: Original and estimated spectrums at time 250 ms from AR-PF and SIR-PF for low

SNR: (a) original signal (black) and its noisy realization (blue); (b) original signal (black),

estimated spectrum as obtained by the SIR-PF (red), and estimated spectrum as obtained by

the AR-PF (green).

AR-PF provides lower RMSEs than the SIR-PF. Moreover, the quality of the

estimation by the AR-PF is much better when the SNR levels become lower as330

seen from much higher RMSEs for the SIR-PF compared to RMSEs for AR-PF.

Next, we present the robustness of the proposed filter by considering two

different SNRs, the SNRs vs time for the two noise levels are displayed in Fig.

10. For the SNR level of Fig. 10(a), in Fig. 11 we demonstrated how the

proposed filter is robust to the noise. It can be obviously seen that the quality335

of the frequency estimates from the AR-PF is much better than those from

the SIR-PF, resulting in an excellent tracking as the dispersion curves can be

followed nicer by using AR-PF. We observed from the tracks from the SIR-

PF that the appearance of noisy tracks is more obvious as the decreasing of

the SNR. More evidence to show the robustness of the proposed filter is also340
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Table 1: Prediction performance of PF via RMSE with different SNR levels.

Average SNR (dB) RMSE(SIR−PF ) RMSE(AR−PF )

3 0.2122 0.1565

-3 0.2982 0.1855

-7 0.3653 0.2321

-10 0.4592 0.2959

Figure 7: Spectrogram of a noisy ocean acoustics signal.

revealed in the tracks from AR-PF shown in Fig. 12, where the noise level for

this test is given in Fig. 10(b). The frequency estimates that were obtained

from the AR-PF is superior to those obtained from the SIR-PF, the tracks after

250 ms from the AR-PF is much better since more modes can be tracked very

well while the SIR-PF losses its capability to do so.345

We showed in Fig. 13(a) the frequency estimates from the SIR-PF, while
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Figure 8: Frequency tracks of a noisy ocean acoustics signal as estimated by the SIR-PF.

in Fig. 13(b) the frequency estimates from the AR-PF, the average SNR level

in this case was -7 dB. The quality of the frequency trajectories from AR-PF

is maintained better than the ones obtained from the SIR-PF, especially when

the signal becomes weaker, i.e. for noisier situations. Therefore the AR-PF350

offers a better estimated dispersion curves than the SIR-PF. To investigate

the capability in capturing the modal frequencies PDFs of the ocean acoustics

signal of both filters, Fig. 14 demonstrates the frequency PDFs at time 200 ms

obtained from the filters. At time 200 ms, the signal contains 3 modes: the

true values of modal frequencies are 358, 389, and 396 Hz. It is obviously seen355

that the AR-PF delivers high likelihood regions to the true values and it can

detect all modes, but the SIR-PF can detect only two modes. Moreover, the

AR-PF provides lower uncertainty in frequency estimation, resulting in a better

tracking performance.

Finally, we comprehensively validated the adaptive resampling algorithm by360
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Figure 9: Frequency tracks of a noisy ocean acoustics signal as estimated by the AR-PF.

varying the number of particles and average noise levels. Shown in Fig. 15 is

the Monte Carlo RMSE (MCRMSE) over all spectrogram slides K = 600 and

Nr noisy realizations, the MCRMSE is defined by

MCRMSE =

√√√√ 1

KNr

K∑

k=1

||f′k − f̂
′
k||2 (20)

where f
′

k and f̂
′
k are as defined previously, two-hundred realizations were run

for a Monte Carlo performance evaluation, Nr = 200.365

MCRMSEs are plotted against the number of particles, line with squares and

line triangles to represent the MCRMSEs for AR-PF and SIP-PF, respectively.

In the figure, blue lines with marks indicate the errors for average SNR of 3

dB; red lines with marks indicate the errors for average SNR of 3 dB; and

magenta lines with marks indicate the errors for average SNR of -7 dB. With370

the number of particles increasing, the errors are significantly reduced as a result
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Figure 10: The SNR of a noisy ocean acoustics signal for two different noise levels as a function

of time.

from the approximated PDFs that are closer to the true ones, demonstrating

the advantage in using large number particles. In addition, for any SNR levels,

PF provides smaller errors for both resampling methods, but the errors from

the AR-PF are significantly smaller than the errors from SIR-PF, illustrating375

the benefit of implementing the adaptive resampling instead of the conventional

resampling method. These results confirm that the AR-PF can handle the ocean

acoustics signal with a low SNR efficiently.

7. Conclusions

Mathematical and statistical models are integrated to construct the parti-380

cle filtering framework along with an efficient adaptive resampling scheme for

the identification of the modal frequencies and dispersion curves tracking in

the ocean acoustics signal. The broadband acoustic signal propagating in the
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Figure 11: Frequency tracks of a noisy ocean acoustics signal with SNR of Fig. 10(a) as

estimated by: (a) SIR-PF and (b) AR-PF.

medium is considered in the time-frequency representation of the signal via

the STFTs. Each modal frequency is modelled as the squared sinc waveform385

centered at the modal frequency and each time slice allows multiple modes to

appear. The adaptive resampling scheme offers a new better set of particles

that will be used for the next time step, allowing the modal frequencies and

dispersion curves to be extracted more efficiently. The simulation results show

that the AR-PF performs much better than the SIR-PF for all SNR levels. The390

modal frequencies and dispersion curves are successfully tracked using the de-

veloped method and the estimates with AR-PF are substantially better than

the conventional SIR-PF, especially for low SNR. Finally, we illustrated via the

Monte carlo RMSE vs the number of particles that the tracking performance of

the AR-PF was found to be noticeably superior, obtaining much lower errors395

for all SNR levels.
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Figure 12: Frequency tracks of a noisy ocean acoustics signal with SNR of Fig. 10(b) as

estimated by: (a) SIR-PF and (b) AR-PF.
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