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Abstract
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The classical total variation (TV) model has made great successes in image
denoising due to the edge-preservation property of the TV regularization. However, it is
well-know that the TV model suffers from the staircase effects and loss of image details.
In order to overcome these problems, this project presents a new curvature-based model
for image denoising. To find a minimizer of our proposed model, we develop an efficient
numerical algorithm in the split Bregman framework for solving the associated
minimization problem. We experimentally demonstrate the effectiveness and efficiency of

the proposed techniques over existing high-order variational models.
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1. Introduction

Images generated by imaging devices are frequently contaminated by noise during im-
age acquisition and transmission processes. Thus the task of image denoising, consisting of
removing electronic noise, which is a random variation of brightness or color information,
from the image signal, has become a highly desirable and essential pre-processing technique
in several areas of multimedia applications. Especially in medical application, for example,
it has been used routinely to enhance the quality and information content in clinical images
by estimating the original clean image from a recorded noisy image without losing significant
features such as edges and texture details.

Over the last decades, a variety of methods have been developed to deal with the image
denoising problems. Roughly speaking, these denoising methods fall into five categories: 1)
filtering based methods in spatial domain [1, 2, 3, 4] and transformed domain, e.g. wavelet
domain [5, 6, 7]; 2) nonlocal filtering methods [8, 9, 10]; 3) anisotropic diffusion methods
[11, 12]; 4) deep convolution neural network methods [13, 14, 15, 16]; and 5) variational
methods [17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31]. Among these methods,
the variational methods are one of the most powerful techniques to offer high quality of
denoised images. Accordingly, this work focuses on the variational method based on high-
order regularizations.

In the next subsections, we present a variational formulation and review briefly several

existing variational models for image denoising problems.

1.1. Variational formulation

Let © be a bounded domain of R? (a rectangle in practice). We consider the problem of
recovering the original image u : 2 — R from a recorded noisy image z : ) — R. Generally,
most of the noise obtained during acquisition and transmission of the natural images is
assumed to be additive noise (AN). Thus, a recorded noisy image z can be mathematically
modeled with the equation

z=u+n, (1)

where 7 : 2 — R is the zero-mean Gaussian white noise with a given variance o.

It is well known that the problem of recovering u from z by using the AN model (1) is
an ill-posed inverse problem because the solution is very sensitive (unstable) to the noise.
In this case, a widely common procedure in inverse problems is to use a regularization for
computing the approximate solution that is less sensitive to the noise than the naive solution.

From the variational point of view, the task of removing noise can be accomplished by solving



a minimization problem such as
min {7 (u) = Dax(u, 2) +7R(u)} (2)

where Dan(u, 2) = § [o,(u — 2)%dS is the fidelity term, which is derived from the AN model
(1) and used to measure the similarity between the denoised image u and the recorded noisy
image z, R(u) = [o Fr(x,y,u, Diu, Dou, - -+, Dju, - - - )dS2 is the regularization term, which is
used to filter out the noise from the recorded noisy image z as well as to preserve significant
features such as edges and textures of the denoised image u, and vy > 0 is the regularization

parameter which compromises the fidelity term Dan(u, z) and the regularization term R (u).

Note that D;u = [g;ﬁ, gy’f} and fractional derivatives of u may occur in Fg.

1.2. A review of existing high-order variational models

Rudin, Osher, and Fatemi [32] proposed one of the most popular variational models.

Their variational model, also known as the total variation (TV) model, is given by
min {7 (u) = Dan(u, 2) + 7RV (u)} (3)

involving the TV regularization R™V(u) = [, [Vu| dQ. Although TV regularization is effec-
tive in preserving sharp edges while removing unwanted oscillations and noise, it has some
undesired effects. In particular, it transforms smooth signals or signals that are not neces-
sarily piecewise constant into piecewise constants. This phenomenon is known as staircase
effect. From a practical point of view, staircase solutions of (3) fail to satisfy the evaluation
of visual quality, and they can develop false edges that do not exist in the true image. The
main challenge is thus to deal with the staircase effect while preserving image sharpness.

To overcome the drawback of the TV regularization, several high-order regularizations
have been proposed so far in the literature to yield better quality of denoised images. These
high-order regularizations usually involve second-order differential operators in dealing with
the staircase effect because piecewise-vanishing second-order derivatives yield piecewise-linear
solutions that better fit than those by the TV regularization for smooth intensity changes. To
the best of our knowledge, there are two main classes of high-order regularizations for image
denoising problems. The first class combines a second-order regularization with the TV
regularization. The second class employs a second-order regularization in a standalone way.
Below, we present a bird’s eye view of specific variational models involving the high-order
regularizations.

You and Kaveh [17] proposed the total Laplace (TL) model
min { JxN (1) = Dan(u, 2) + YR (u)} (4)
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with the TL regularization R™(u) = [, [AuldQ = [, \/|uas|? + [uyy[2dQ, where Au denotes
the Laplacian operator. Scherzer [18], Lysaker et al. [19], Hinterberger and Scherzer [20],
Bergounioux and Piffet [21] and Lai et al. [22] considered the bounded Hessian (BH) model

min {7 (u) = Dan(u, 2) + YRPH(u) } (5)
with the BH regularization RPH(u) = [, [V2u|dQ, where
V20 — Ugy Uyx
Uzy  Uyy

represents the Hessian matrix of u and |V?u| = \/ u?, +ul, +uz, +uZ, . Chan et al. [23]
introduced the CEP-L? model

min {JCEP’LQ (u1,u2) = Dan(u1,uz,2) + ROEPL? (u1, U2)} (6)

u1,u2

with the CEP-L? regularization RCEP-Lix (u1,u2) = YRV (u1) + %R (uy) where v; > 0
and 2 > 0 are the weighting parameters that balance the first- and second-order derivative
terms. Note that the noisy image z is decomposed into three parts, i.e. z = u; + us + 1 and

the associated fidelity term is given by

_ 1
Dan(u1,ug, 2) = 3 / (z —uy — ug)? dS.
Q

Zheng et al. [24], Wang et al. [25] and Chan et al. [26] considered the TVL model
mm {JTVL = Dan(u, z) + RTVL( )} (7)

with the TVL regularization RTVE(u) = 1 RTV (1) + v2R™ (u). Papafitsoros and Schénlieb
[27] introduced the TVBH model

mln{ TVBH( ) = Dan(u, 2) —l—RTVBH(u)} (8)

with the TVBH regularization RTVEBH(u) = v R™V (u) + 72RBH(u). Chambolle and Lions
[28] proposed the INFCON model

{ TVBH(

min uy, us) = Dan(ur, us, 2) + RV (ug, us)} . 9)

uy,u2

with the INFCON regularization RTVBH (uy,ug) = v RTV (u1) + 12RBY (up) deriving from
an inf-convolution of two convex regularizations. Bredies and et al. [29] proposed the total

generalized variation (TGV) model

min { 716V (w. ) = Dan(u.2) + R™(u.) (10)



with the TGV regularization

R (u, p) = 71 /Q Vu— )| d2+ 7 /Q e(B)] d2,

where €(p) is the symmetrized derivatives defined as

~ D1, +P2
w=| " T
€ = -~
p Py P2, -
2 p2y

Note that the minimum of (11) is taken over all gradients of the deformation field p = (p1, p2)
on image surface 2. Here p, = 0,p; and p, = 9yp; for [ = 1,2. Zhu and Chan [30] proposed

the mean curvature (MC) model
min { T3 (u) = Da(u, 2) + 7RMC(w)} (1)

with the MC regularization RMC(u) = [, [km(u)| dQ where

Vu
rm(u) =V - (7%1 vV

is the mean curvature of image surface ¢(z,y,2) = u(z,y) — z = 0. This model tries to

) (12)

fit the given noisy image surface (z,vy, z(z,y)) with a surface (x,y, u(z,y)) that bears small
magnitude of mean curvature. As demonstrated in [30], the MC model is able to sweep noise
while keeping object edges, and it also ameliorates the staircase effect. More importantly, the
MC model is also capable of preserving image contrasts as well as geometry of object shapes,
especially object corners. Brito-Loeza and Chen [31] proposed the Gaussian curvature (GC)
model

min { 75 (u) = Dan (i, 2) + 7R (u)} (13)

with the GC regularization REC(u) = [, |k (u)| dQ where

UgyUyy — UgyUya (14)

ra(u) = 1+ [Vul2)?

is the Gaussian curvature of image surface ¢(z,y, 2) = u(z,y) — z = 0. This model is able to
preserve image contrast, edges, and corners such as the MC model does.

Non-surprisingly, the choice of the regularization significantly affects the quality of the
denoised image. In particular, the high-order regularizations mentioned above are better than
the TV one in reducing staircase effects and achieving good trade-off between noise removal

and edge preservation. Some comparative results of high-order regularizations can be seen in

33, 34, 31].



1.3. Contribution

The main contribution of this work is to propose a new variational model for image
denoising. Our new model is designed to utilize the favorable denoising properties of the
high-order regularization deriving from the sum of squared principal curvatures of the image
surface. As a result, our variational model is difficult to solve by standard techniques such as
gradient descent methods. To simplify the associated minimization problem, we propose to
use the split Bregman (SB) method. The main idea is to introduce several auxiliary variables
for converting the complex operation into an alternating iterative process by several simple
operations, which are easy to implement and have high computational efficiency. We note
that the new variational model has several advantages. Firstly, it is more effective than
existing high-order variational models mentioned above to remove noise and preserve edge.
Secondly, as we shall demonstrate, our denoising algorithm to be introduced in Section 3 is
able to converge in a reasonable number of iterations. Finally, we found what we expected in
numerical experiments on real noisy images that it is able to deliver visually pleasing results.

The remainder of this report is organized as follows. In Section 2, we introduce a new
curvature-based regularization. Then, our new high-order variational model for image de-
noising proposed. The denoising algorithm using the SB iteration is introduced in Section 3.
Experiments results from synthetic and real images are given in Section 4. In Section 5, the

concluding remarks are drawn.

2. The proposed model

Inspired by the attractive property of the high-order regularizations mentioned in Section
1.2 for dealing with the staircase effects from the noise reduction process, we propose our
new high-order variational model for image denoising as follows.

Let k1 (u) = k1(x,u(x)) and ko(u) = ko(x,u(x)) be the principal curvatures of the image
surface induced by a given image v = u(x) through the mapping (x,u(x)). According to
theory of surfaces, the mean curvature xy;(u) in (12) and the Gaussian curvature kg(u) in

(14) are related to the principal curvatures k1(u) and x1(u) by
rm(u) = k1(u) + k2(u) and kg(u) = k1 (u)k2(u).

Therefore, the sum of the squares of the principal curvatures of the image surface are related



to the mean and Gaussian curvatures as follows.
K1(u) + K3 (u) = (k1(u) + ro(u)® — 261 (u)ro(u)
= rp(u) — 2k (u)

2
B <(1 + ug)uyy — 2UpUylUyy + (1 + uz)ugg;,;) o Uaallyy — Uaylys

(17 Va7 arwupy 0

We note that the authors in [30] use

ot (w) = k1(u) + Ka(u) _ (1+ u%)uyy — 2UpUyUgy + (1 + ug)um
Y 2 2(1 4 |Vul?)3/2 )

justifying the name ‘mean’ curvature. We also note that the sum of the squares of the

principal curvatures of the image surface for the case |[Vu| ~ 0 can be approximated by
k3 (u) + Ka(u) ~ A%y — 2 (Upatiyy — uiy) .

Carefully considering, we have ry(ug) = 0 and kg(ug) = 0 for piecewise constant or
piecewise affine images ug. This motivates us to propose the following functional as the new
regularization

RNewOY () — % /Q (K3 (u) + K3 (u)) dQ2 = % /Q (k31 (w) — 2k (u)) dS. (16)

As can be seen, the kernel of RN denoted by ker (RNVCY) = {u : Q — R|RNV(u) = 0}

is given by
ker (RNEWCV(U)> = {u(x) = Ax+bae. in Q for some A € RV x = (2,y)" €R? be R} :

It follows that RN®VCY shares this attractive property with the MC and GC models in dealing
with different image characteristics such as piecewise constant and piecewise affine images.
We note that RNVCV is related to the bending energy used to measure surface fairing and
the strain energy of a thin elastic plate, which has lots of applications in computer graphics
[35].
In summary, the new high-order variational model with the regularization (16) is then
given by
min {jgﬁwcwu) = Dan(u, 2) + 7RNewCV(u)} . (17)

3. Solution of the proposed model

To find the solution of the new model (17), ones may directly solve the corresponding
Euler-Lagrange (EL) equation, which can be derived similarly as in [36] (see in Appendix A)
and given by

flu,2) +4V -V =0 (18)



subject to the natural boundary conditions

rm(u) =0, (19)

Orm(u) | Ven(u) - Vudu
om0+ [VaPEon (20)
(uxya _Uxx) ‘n =0, (21)
(—tyy, tye) - =0, (22)
((M#P)g)m _(W))x ‘n =0, (23)
((W)ya _(W))y n =0, (24)
4(ul’yuyx - Uxaruyy) al —0. (25)

(1+|Vul?)3  on

Here f(u,z) =(u—2)and V=V 1+ Vyo+ V3+ V,+ Vj, where

B 1 _ Vu-Venm(u)

e e N WeEs o
_ M uayye — Uzattyy) _ Uyy Uzy

M T 7 e (O E (e 7
— Uyz . Uy

V5 - (((1 + |VU‘2)2 )ya( (1 + |vu|2)2)y)

A simple numerical technique for solving the nonlinear and fourth-order partial differential

equation in (18) is to update u using the gradient descent method as follows:
ut:—(f(u,z)—l—’yV-V), (26)

where v = u(x,t) and ¢ € [0,00) is the artificial time variable. However, this technique
requires a small time step and is not efficient because the time step is required to be very
small for stability reasons. One way to solve it effectively is to develop a multigrid method

as in [37]. Here, we consider an alternative approach in a unilevel framework.

3.1. Discretization

In order to provide the numerical algorithm for the proposed variational model (17), the
finite difference discretizations of the first-oder and second-order derivative operators are
required. They are respectively 9;f, 9, 0,7, 9,7, 0, 0, 0,79, , 9, 0,f, and 9, 0, . Note that
we apply periodic boundary condition with these discretizations. It is often used for the
image denoising problem since it is able to allow fast numerical computations.

From now on, we assume ) = [0, M] x [0, N]. Let Q C Q be the discretized image domain

as given by

Q:{(.le,y)GQ’(iﬁ,y):(l’i,yj), wi:ia yj:jv 1§Z§Mand1§]§N)}



For simplicity, each grid point (x;,y;) € Q is denoted by (i, j), where the coordinates x and y
are oriented along columns and rows, respectively. All the variables are defined on these grid
points. Let Q — RM*N he the 2D grayscale image space with size M N. So, the first-order
forward differences of the grayscale image u at grid point (i,j) along x and y directions are

respectively

O ()i = (w)ijr — (w)iy j @)
(u)ivl—(u)i,j if 1 §i§M,j:N

and
(Wit — (w)iy; H1<i<M1<j<N
(g —(wi; Hi=M1<j<N
The first-order backward differences are respectively
(w)ij—(u)ij—1 H1<i<M1<j<N
(w)ij— (whin H1<i<M,j=1
and

(u)ij — (u)i—1y; H1<i<M1<j<N (30)
(u)i,j—(u)MJ ifi:1,1§j§N
For p = (p1,p2) € (RM*N)2 and u € RM*N | the discrete version of the first-order adjoint

divergence operator satisfies

>, —(V-p)u= Y p-(Vu)

1<i<M 1<i<M

1<j<M 1<<M

Therefore, according to the definition of discrete gradient operator

S
0y (u)ig
the discrete divergence is given by
(V-p)ij = 0F (p1)ij + 0y (p2)iy- (31)

The second-order derivative operators of u at grid point (i, j) are given by

(w)in —2(u)ij + (u)ijyr  f1<i<M,j=1
0y 0y (w)ij = 03 0y (W)ij = q (w)ijo1 — 2(w)ij + (w)ijp1 f1<i<M1<j<N (32)
(u)i,j_l -2 u)m- + (U)i,l if 1 S 7 S M,j =N

(
(



(W —2(u)ij + (w)iv1; ifi=1,1<j<N
O 0y (w)ij = 0, 0F (u)i; = (u)z 1= 2u)ij+ (Wip1; fl<i<M1<j<N (33)
(u)l 1,7 — 2u) ( )17]' 1fz:M,1§j§N

(u)m‘+1 — (u)m' — (U)M,j+1 + (U)MJ' ifi=1,1<j<N
U)i1—(U);; — (U + (u i lflzl,:N
0 (e, — | (00 = (s = (0 + J -
(Wijrr = (Wij = (Wi + (w)icyy F1<i<M1<j<N
(w)in = (wij — (Wi-11+ (w)i-1, fl<i<M,j=N
and
)
(Witr; — (wij — (Wipin + (w)y 1< <M,j=1
u); — (u)ij — (u + (u); iti=M,j=1
8;'8;@)1,]- _ (W1, — (w)iyj — (Wi + (Win J . (35)
(w)it1,5 — (Wi — (W)iz1j-1+ (w)ij1 f1<i<M1I<j<N
L (U)Lj — (u)i,j — (U)Lj_l + (u)i,j—l if i = M, 1< j < N
Based on (32) and (33), the discrete Laplace operator is given by
(Au)ij = 0y 05 (w)ij + 0y 0y ()i (36)

3.2. Numerical algorithm based on split Bregman method

Alternating direction method of multipliers (ADMM) has been successfully applied in
the field of image denoising for solving variational models, which require the minimization of
nonlinear and non-differentiable functionals. For instance, the authors in [38] developed the
split Bregman (SB) iteration method to solve the TV model, while the augmented Lagrangian
method (ALM) has been developed for the TV model in [39, 40]. Note that both methods
employ ADMM to minimize their energy functionals and the convergence of ADMM is always
guaranteed. In [39, 40], the authors have proven that the two methods are in fact equivalent.
For applying ADMM to minimize the energy functionals, we refer to [41, 42, 43, 44, 45].

In this subsection, our aim is to show how SB method can be used to solve our proposed
variational model (17). Before starting our discussion on SB method, we note that our

proposed model in (17) can be expressed as

min {DAN(U,Z) + g/QH%A(u)dQ - *y/Q/{(;(u)dQ}. (37)

Introducing the auxiliary variables p = (p1,p2), m = (m1,m2), n = (n1,n2), and ¢ leads to

the following constrained minimization problem:

. vy 2 P1,P2, — P1,P2,
Dan(u,2) + % [ ¢2d0 ol 38
i A Pantues) 3 [ i [ Fele B .
st. p=Vu, m= P m=mn, =V -n. (39)

VIpl*+1



Therefore the solution of the constrained minimization problem (39) can be obtained by
minimizing the following functional

b1,P2, — P1,D2, a0

E(u,q,m,n,p; by, by, bz, by) ZDAN(%Z)‘FW/ q2dQ+’7/
Q Q

2 (14 p? + p3)?
01 2 B2 P 2
2 [ (p—Vu—b dQ+/m——b2 ds)
2 Q( t) 2 Q( VIpPE+1 )

+9i’ (nmb3)2dQ+94/(qV-nb4)2dQ, (40)
2 Ja 2 Ja

where by, ba, bs, by are the Bregman parameters and 61,609, 03,60, are the positive penalty
parameters.

Since all variables u, ¢, m, n, p are very difficult to solve simultaneously, we then separate
the minimization problem of £ into five subproblems and propose an alternating minimization
procedure as shown in Algorithm 1 to approximate the solution. The process is repeated until
one of the following stopping rules is satisfied:

Jut — b

Jlum=0]*

< 5B, (41)
m > &5, (42)

where €8 denotes the predefined small positive number and €52 denotes the maximum iter-

ation of the SB method. Here m represents the index of the current iteration.

Algorithm 1 SB iteration for the proposed model

1) Initialization: set m = 1, choose €52, 5B, 01,60, 05,04 > 0 and by, b, bs, by.

2) Repeat

2.1) Compute (u(m),p(m),m(m), n(m),p(m)) as an approrimate minimizer of the functional £

m—1 m—1 m—1 m—1
D B, b,

in (40) with the Bregman parameter b . ie.,
(™) p(m) g (m) pm) p(m)y
argmin &(u,q, m,n,p; bgmfl),bémflxbém*l%bim*l)). (43)
w,q,m,n,p
2.2) Update Bregman parameters
b™ = ™ 4 Fulm) — plm),
0" = 0" \/\pz?::)\m - m, (44)

b{™ = bV 4 ) — (),

bim) — bz(lmfl) A v n(m) _ q(m)_

until a stopping rule for SB iteration is satisfied.

The five subproblems associated with the minimization of £ in (40) are as follows:

10



u-subproblem. We fix the variables ¢, m, n, p and derive the EL equation respect to w:
u—01Au=G, (45)

where G = 2z 4+ 6,V - (by — p). To solve the linear partial differential equation in (45), we
apply the discrete divergence operator in (31) and the discrete Laplace operator in (36) as

follows
(w)iy — 01 (07 OF (w)ij + 0, 0, (w)ij) = (G)ij (46)

where (G)i,j = (2)i,j—01 (05 ((b11)ij — (P1)ig) + 8y ((br2)ij — (p2)i;))- As periodic boundary
conditions have been imposed on the discrete derivatives in Section 3.1, the discrete Fourier

transform can be directly applied to the both sides of (46)
f{(u)i,j — 61 (8;8;(114)17] + 8;8;(10,7])} = ]:{(G)w} , (47)

where F denotes the discrete Fourier transform. For r € [0, M) and s € [0, N) in the discrete
frequency domain, we have

2mr

(1 s <Cos 27;5 +oos T 2>)f{(u)i,j} — F{@),), (48)

¢

where ¢ € [1, M] and j € [1, N] are the indexes in discrete time domain. Thus a closed-form

solution of u is given by

(upJ::Raﬂ<f‘1{]j“§”“}}>, (49)

where F~1 denotes the discrete inverse Fourier transform. We note that ‘Real’ is the real

part of a complex number and ‘—’ stands for point-wise division of matrices.

q-subproblem. Fixing the variables u, m, n, p leads to the EL equation respect to ¢ as given

by
vq+ 04(q—V -n —by) =0. (50)

As can be seen, the exact solution is given by

04((95 (n1)ij + 0y (n2)ij) + (ba)is)
v+ 04

(@)ij = . (51)

m-subproblem. Fixing the variables u, g, n, p yields the EL equation respect to m as follows:

b
VipPP+1

which can be determined using the closed-form formula

92(’)’71,— —bz) —93(n—m—b3) :()7 (52)

92((%)@;’ + (b2)i,7) + 03((n)i; — (bs)i)

(m)i’j - 0y + 03

11



n-subproblem. By fixing the variables u, ¢, m, p, the EL equation respect to n is given by

(03 — 040 07 ) (n1)ij — 02079, (n2)ij = (h1)iy, (54)
(03 — 040,50, ) (n2)ij — 020, 9, (n1)iy = (ha)iy, (55)
where
(h1)ij = 03(m1 + b31) — 0407 (¢ — ba), (56)
(h2)ij = 03(ma + bsa) — 048 (q — ba). (57)

Taking the DFT with (54) and (55) leads to the following system of linear equations

Ax = Db,
where
F i Fi(h1)ii
A ailr a2 x = {(n1) ,J} b= {(h1) 73} 7
as1  a F{(n2)is} F{(h2)ij}

ay1 = 03 — 204 <c082]7\rrs —1),
alg = —04 <—1—0082]\7Z+\/—71$in2]\7;74> <1—cos2]$9+ﬁsin2]7\?>,
as1 = —04 <—1—cos2]7\;9+ﬁsin2]7\;g> <1—cos2]\7;a+\/jlsin2]\7y>,
age = 03 — 204 (COSQJ\TJT—1>.

For all discrete frequencies, the determinant of the coefficient matrix A is given by

2 2
D = 49?2) — 2030, <cos %S + cos % - 2) , (58)

which is always positive. Thus, the closed-form solution of n; and ns can be expressed as

(n1):; = Real <]_——1 {fmf{(hl)z‘,j}Bawf{(hz)i,j} }) :
(n2)i; = Real <]:—1 {allf{(hz)m‘}Bazlf{(hl)i,j} }) '

p-subproblem. Fixing the variable u, ¢, m, n, the EL equation respect to p is given by (see

Appendix B)

(59)

=V - wy +90p1 + 01(p1 — ugp — b11) + O2(my — Yp1 — bar)(VPpi — ) =0,
=V - wg 4+ Tp2 + 01(p2 — uy — br2) + O2(ma — Pps — baa) (WPp3 — ¢) = 0,

(60)

where w; = (-%,(I%)I), wy = (%,—(pég)z), [ = (p1)zP2)y — (p1)y(P2)z, T2 =

2 .2 _4r _ 1
p1+p2+1aF_T§7w_ﬁ'
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To solve the nonlinear partial differential equation in (60), we develop a semi-implicit

fixed-point iteration method. We start from an initial solution pl% and compute a sequence

of approximate solutions pl!, pl ... pl pl'+1 ... by solving the discrete linear system
(P, = V(Y wiD)ig + 01(9F (w)ig + (b11)iy) + 20 (m1 — bo)i
1 ij = > > ;
V()i + 61 ieQ(w[V])i,j((ml — lIph — b)) (01 )i + 1)
P, = YV - wy")ij + 0109 (w)ij + (b12)i5) + 020 (ma — bao)i s
YT + 01 + 02605 ((m2 = WPIpE) = b ) (W15 (51 +1)
(61)
v _ [lv—1] [ _ [v—1]
until the stopping rule max{ lp_—py H, Iz _—py ”} < P or v > &P is met for a given

o] o3
small threshold € > 0 and the maximum iteration of the FP method e5F.

Now we are at a position to formally present the SB method for our proposed model as

given in Algorithm 2.

Algorithm 2 SB iteration for the proposed model — solve the subproblems of (43)

1) Initialization: set m = 1, choose €35, 55, €X' e5F 0,605, 03,04 > 0 and by, ba, bs, by.

2) Repeat

2.1) Compute u(™ by (49) with ¢, m(m=1) plm=1 and plm-1,
2.2) Compute ¢\ by (51) with u(™) mm=1 nm=1) and ptm-1,
2.3) Compute m(™ by (53) with u(™) ¢(™ n(™=1) and p(m-1),

2.4) Compute n(™) by (59) with u(™) ¢ m(™) and p(m—1).

2.5) Compute p™ by (61) with u(™) ¢ m(™) and n(™),

2.6) Update all Bregman parameters by (44) with u(™), g™ m(™) n(m) and p™).

until a stopping rule for SB iteration is satisfied.

4. Experimental results

In this section, we present a number of numerical experiments to show the performance of
our proposed model (the NewCv model) in comparison with the existing variational models
mentioned in Section 1.2, which are the TV, TL, BH, CEP-L2, TVL, INFCON, TVBH, TGV,
MC and GC models.

We use the SB algorithms of Lu et al. [34] to solve the TV, TL, BH, CEP-L?, TVL,
INFCON, TVBH, TGV, and MC models, while we apply the SB algorithm developed in our
previous work [46] to solve the GC model. All eleven SB algorithms are started with u(®) = 2

and terminated with the same stopping rules as given in (41) and (42), where €}B = 5.5 x107°
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and egB = 1000. For the proposed SB algorithm in Algorithm 2, we apply €/ © = 10~2 and
egP = 10 to stop the iterative procedure in solving p-subproblem. We note that all eleven
SB algorithms consist of regularization and penalty parameters. In each model, we carry out
many experiments with different values of these parameters and we select manually the ones
with the best denoising result.

In total, we apply twelve images to demonstrate the denoising performance of eleven
different models. The test images are 256 x 256 as shown in Figure 1: i) three synthetic
images: (a) “Piecewise constant”, (b) “Piecewise linear”, and (c) “Piecewise smooth”; ii) six
real natural images: (d) “Barbara”, (e) “Boat”, (f) “Cameraman”, (g) “Castle”, (h) “Lena”
and (i) “Peppers”; and iii) three real noisy images: (j) “Abdomen”, (k) “Brain”, (1) “Knee”.

For measuring the denoised image quality, Peak signal-to-noise ratio (PSNR) in decibels

(dB):

2552
PNSR, =10 logm 1/\72 s (62)
2562 Hu - u”

and structure similarity index map (SSIM):

(2u1p2 + C1)(2012 + C2)

SSIM = ,
(1} + p3 + C1)(0% + 03 + ()

(63)

are used to perform effectiveness evaluation for all variational models, where u; and po are
averages of @ and u, respectively, o1 and o9 are variance of @ and u, respectively, and o9 is
the covariance of 4 and uw. The positive constants C; and C5 can be thought of as stabilizing
constants for near-zero denominator values. Here 4 and u denote the denoised image and
the original clean image, respectively. Recall that the higher the PSNR, the better denoised
image has been recovered to match the original clean image. For SSIM in (63), it is a well-
known quality metric used to asses the the conservation of the structural information of the
denoised image. Note that a perfect restoration has SSIM value equal to 1. We refer [47] for
more details in image quality assessment.

Note that in all experiments, each denoising algorithm is performed using MATLAB
R2018a and run on a machine configured with Intel(R) Core(TM) i7 Quad-core 4.2GHz and
32GB of RAM.

4.1. Comparison 1: edge-preservation ability test

In Figure 2, we illustrate the edge-preservation ability of eleven different models on a
noisy image, which is piecewise constant, in the sub-figure (a) through visual inspection.
From the sub-figures (b) to (1), it is clear that our NewCv model preserves the edges of the

strips perfectly. Its denoised results look almost the same as the original clean one in Figure
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1 (a). TV, TGV, MC and GC models also give very good edge-preservation results. Similar
visual effect can be observed on results by INFCON and TVBH models. The denoised images
in the sub-figures (c)-(f) show that applying TL, BH, CEP-L? and TVL can blur the edges
of the objects, where TL model is the worst method for edge preservation. By incorporating
the TV regularization into BH and TL regularizations, TVL and TVBH model can improve
the denoised quality as can see from the sub-figures (f) and (h). However, the edges of the
objects are still smeared by these two models.

In Figure 3, we present the associated residual images z — u for all variational models,
where z is the noisy image in Figure 2 (a) and u represents each corresponding denoised
image in Figure 2. The residual image in the sub-figure (1) contains almost all noise, whereas
the other ten residual images contain more or less structure information of the original image
in Figure 1 (a). This means that some contrast information has been lost in the denoised
images handled by other ten models. Figure 3 illustrates that our NewCv model is the best
in preserving image contrast.

In Figure 4, the plots of the middle slices of the denoised images in Figure 2 are presented.
We can see that the denoised slice curve (black) in the sub-figure (1) almost overlaps with the
original noise free slice curve (red), which demonstrates the preservation of images contrast
as well as corners of NewCv model. Compared with TGV and NewCv models, the other nine

models lead to less pleasant fitting results.

4.2. Comparison 2: smoothness-preservation ability test

In this subsection, we test the smoothness-preservation ability of eleven different models
on the “Piecewise linear” image in Figure 1 (b) and the “Piecewise smooth” in Figures 1 (c).
Both test images are corrupted with Gaussian noise with the noise variance 0.07.

Figure 5 and 7 show the denoised images on the test images by eleven different models.
One can easily see in the sub-figure (1) that our NewCv model produces the denoised results
with the highest values of PSNR and SSIM. Moreover, the plots of the middle slices of the
denoised images as shown in Figures 6 and 8 show that the denoised signal in the sub-figure
(b) by TV model is composed of jagged appearance which is staircase effect. In addition,
the second-order models involving TV regularization, CEP-L?, TVL, INFCON and TVBH
models, deliver staircase artifact in the denoised signals as represented by the sub-figures
(e)-(h), whereas the pure second-order models, TL, BH, TGV and NewCv models, do not
produce unfavorable staircase effect in the denoised signals as shown in the sub-figures (c),
(d), (i) and (1). The staircase artifact can be observed from the sub-figure (j), whereas we see

the oscillation in the smooth region of the denoised signal by GC model. According to Figures
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6 and 8, the visual effects show our NewCv model gives the best smoothness-preservation

result.

4.8. Comparison 3: signal-dependent test

In this subsection we compare the denoising performance of eleven different models in
removing noise with different noise variances. The six real natural images in Figures 1 (d)-(i)
are corrupted with five variance values from 0.01, 0.03, 0.05, 0.07 and 0.1.

Tables 1 - 5 provide the comparative results, which contain the two evaluation metrics
for quantitative comparison of eleven different models on the six real natural images with
the five different noise variances. In order to easily assess these metrics in Tables 1 - 5, we
draw the plots in Figure 9, where each plot in the sub-figures (a) and (b) corresponds to
the average values of the denoised results produced by its corresponding model on different

noise levels. The results in Figure 9 demonstrate that our NewCv model is the most effective

Table 1: Comparison of eleven different models in restoration quality on the six real natural images in Figure

1 (d)-(i), which are distorted by the Gaussian noise with the noise variance 0.01.

PSNR SSIM

Barbara Boat Cameraman Castle Lena Peppers Average | Barbara  Boat  Cameraman Castle Lena  Peppers Average
TV 32.71 32.89 33.26 34.89  35.53 36.04 34.22 0.8997 0.9041 0.9083 0.9437  0.9377  0.9534 0.9245
TL 31.39 31.42 31.22 33.22 3441 34.28 32.66 0.8781 0.8862 0.8905 0.9241  0.9252  0.9446 0.9081
BH 31.68 32.05 31.72 34.15  34.84 35.21 33.27 0.8801 0.8954 0.8922 0.9360  0.9310  0.9497 0.9141
CEP-L? 33.36 33.87 34.16 35.98  36.43 36.89 35.11 0.9103 0.9210 0.9208 0.9512  0.9457  0.9606 0.9349
TVL 33.32 33.63 33.92 35.62  36.24 36.81 34.92 0.9096 0.9161 0.9178 0.9498  0.9445  0.9584 0.9327
INFCON 3432 35.03 35.32 37.02 37.64  37.98 36.22 0.9238  0.9373 0.9335 0.9593  0.9558  0.9655  0.9459
TVBH 34.90 36.08 35.72 37.95  38.52 38.99 37.03 0.9305 0.9497 0.9395 0.9651  0.9624  0.9698 0.952
TGV 42.86 43.59 43.37 4477  45.04 45.00 44.11 0.9861 0.9886 0.9804 0.9889  0.9881 0.9886 0.9868
MC 39.27 40.94 40.46 42.26  42.75 43.29 41.49 0.9719 0.9821 0.9710 0.9836  0.9830  0.9848 0.9794
GC 38.84 38.03 35.95 39.00  40.70 40.11 38.77 0.9619 0.9578 0.9341 0.9573  0.9673  0.9664 0.9575
NewCv 47.18 46.21 45.57 47.42 47.89 47.41 46.95 0.9949 0.9946 0.9906 0.9941 0.9938 0.9936 0.9936

Table 2: Comparison of eleven different models in restoration quality on the six real natural images in Figure

1 (d)-(i), which are distorted by the Gaussian noise with the noise variance 0.03.

PSNR SSIM

Barbara Boat Cameraman Castle Lena Peppers Average | Barbara  Boat  Cameraman Castle Lena  Peppers Average
TV 32.59 32.81 33.22 34.75  35.38 35.73 34.08 0.8972  0.9031 0.9082 0.9408  0.9352  0.9497  0.9224
TL 31.29 31.33 31.15 33.09  34.26 34.07 32.53 0.8757  0.8850 0.8896 0.9218  0.9228  0.9419  0.9061
BH 31.64 32.02 31.70 34.09  34.79 35.10 33.22 0.8796  0.8955 0.8925 0.9355  0.9308  0.9490  0.9138
CEP-L? 33.19 33.70 34.04 35.74  36.17 36.48 34.88 0.9077  0.9196 0.9203 0.9492  0.9430  0.9576  0.9329
TVL 33.14 33.53 33.80 35.46  36.07 36.48 34.75 0.9066  0.9154 0.9167 0.9473 09425  0.9554  0.9306
INFCON  34.22 34.89 35.21 36.83  37.45 37.67 36.05 0.9235  0.9371 0.9339 0.9584  0.9551  0.9644  0.9454
TVBH 34.74 35.88 35.59 37.71 3827 38.62 36.80 0.9299  0.9492 0.9399 0.9643  0.9616  0.9688  0.9523
TGV 37.84 39.06 38.76 39.84  39.95 40.19 39.04 0.9639  0.9624 0.9628 0.9743 09720  0.9752  0.9675
MC 36.25 37.37 37.33 38.89  39.21 39.49 38.09 0.9480  0.9619 0.9532 0.9683  0.9655  0.9703  0.9612
GC 37.21 37.64 36.70 38.71  39.19 38.83 38.16 0.9520  0.9587 0.9412 0.9551  0.9584  0.9595  0.9551
NewCv 39.29 39.36 39.73 40.68 41.14 40.72 40.15 | 0.9722 0.9760 0.9684 0.9750 0.9745 0.9768 0.9738
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Table 3: Comparison of eleven different models in restoration quality on the six real natural images in Figure

1 (d)-(i), which are distorted by the Gaussian noise with the noise variance 0.05.

PSNR SSIM

Barbara Boat Cameraman Castle Lena Peppers Average | Barbara  Boat  Cameraman Castle Lena  Peppers Average
TV 32.39 32.65 33.13 34.53  35.12 35.26 33.84 0.8941 0.9017 0.9084 0.9371  0.9323  0.9451 0.9198
TL 31.39  31.61 31.47 33.20 3416  33.28 32.52 0.8785  0.8937 0.8937 0.9186  0.9194 09321  0.9060
BH 31.58 31.95 31.64 33.98  34.68 34.91 33.12 0.8790 0.8955 0.8929 0.9347  0.9300  0.9478 0.9133
CEP-L? 3291 33.39 33.79 3532  35.72 3587 34.50 0.9043  0.9173 0.9189 0.9453  0.9386  0.9532  0.9296
TVL 32.91 33.27 33.67 35.13  35.72 35.90 34.43 0.9036 0.9129 0.9167 0.9431  0.9390  0.9506 0.9276
INFCON 34.00 34.58 34.93 35.89  36.48 36.65 35.42 0.9226 0.9358 0.9334 0.9527  0.9487  0.9595 0.9421
TVBH 34.40 35.41 35.22 36.22  36.80 37.07 35.85 0.9274 0.9464 0.9385 0.9538  0.9503  0.9604 0.9461
TGV 35.07 35.09 35.03 36.27  37.22 37.19 35.98 0.9381 0.9412 0.9340 0.9534  0.9538  0.9598 0.9467
MC 34.53 3490 35.12 3516  36.12  36.28 35.35 0.9297  0.9378 0.9352 0.9406  0.9401  0.9492  0.9388
GC 34.67 34.72 34.61 35.88  35.93 35.66 35.25 0.9246 0.9300 0.9236 0.9280  0.9211 0.9296 0.9262
NewCv 35.16 35.75 35.87 37.01 37.73 37.22 36.46 0.9351 0.9448 0.9412 0.9550 0.9552 0.9565 0.9480

Table 4: Comparison of eleven different models in restoration quality on the six real natural images in Figure

1 (d)-(i), which are distorted by the Gaussian noise with the noise variance 0.07.

PSNR SSIM

Barbara Boat Cameraman Castle Lena Peppers Average | Barbara  Boat  Cameraman Castle Lena  Peppers Average
vV 32.12 32.40 32.94 34.18 3475 34.66 33.51 0.8907 0.8995 0.9082 0.9319  0.9279  0.9391 0.9162
TL 31.12 31.18 31.01 32.87  34.00 33.73 32.32 0.8724 0.8834 0.8882 0.9182  0.9191 0.9381 0.9032
BH 3147 31.82 31.53 33.77 3448 3451 32.76 0.8779  0.8947 0.8924 0.9325  0.9279 09354  0.9101
CEP-1.2 32.63 33.01 33.58 34.24  34.64 34.61 33.79 0.9007 0.9118 0.9175 0.9327  0.9273  0.9426 0.9221
TVL 32.41 32.75 33.17 34.35  34.65 34.71 33.67 0.8960 0.9062 0.9119 0.9353  0.9278  0.9423 0.9199
INFCON 32.72 33.09 33.65 34.28  34.54 34.42 33.78 0.9032 0.9134 0.9190 0.9359  0.9268  0.9390 0.9229
TVBH 32.95 33.44 33.80 34.43  34.60 34.71 33.99 0.9056 0.9187 0.9209 0.9373  0.9274  0.9423 0.9254
TGV 3291 33.94 34.35 3548 3490 3491 34.41 0.9073  0.9280 0.9235 0.9476  0.9314  0.9450  0.9288
MC 32.79 33.41 33.68 34.90  34.62 34.73 34.02 0.9027 0.9176 0.9084 0.9269  0.9197  0.9320 0.9179
GC 3212 31.90 30.70 33.04 34.67 3333 32.63 0.8952  0.9087 0.9003 0.9085  0.9047 09245  0.9070
NewCv 33.71  34.30 34.71 35.68 35.68 35.67 34.95 0.9157 0.9295 0.9266 0.9413 0.9353 0.9459 0.9324

Table 5: Comparison of eleven different models in restoration quality on the six real natural images in Figure

1 (d)-(i), which are distorted by the Gaussian noise with the noise variance 0.1.

PSNR SSIM

Barbara Boat Cameraman Castle Lena Peppers Average | Barbara  Boat — Cameraman Castle Lena  Peppers Average
TV 29.46 29.20 30.56 30.96  32.54 31.93 30.77 0.8279 0.8202 0.8667 0.8884  0.8953  0.9077 0.8677
TL 29.28 28.91 28.62 30.35 31.73  31.03 29.99 0.8269  0.8288 0.8442 0.8753  0.8790  0.9037  0.8596
BH 29.45 28.96 28.76 30.84 31.91 31.66 30.26 0.8285 0.8234 0.8420 0.8894  0.8853  0.9139 0.8638
CEP-1.2 29.73 29.67 31.27 3145  33.04 31.93 31.18 0.8323 0.8352 0.8810 0.8956  0.9028  0.9123 0.8765
TVL 29.79 29.54 30.83 31.31  33.01 32.09 31.09 0.8364 0.8298 0.8725 0.8950  0.9034  0.9116 0.8748
INFCON 29.88 29.79 31.30 31.64  33.05 32.59 31.38 0.8381 0.8395 0.8826 0.9008  0.9046  0.9246 0.8817
TVBH 29.86 29.56 31.74 3145 33.11 32.74 31.41 0.8366 0.8306 0.8908 0.8990  0.9059  0.9215 0.8807
TGV 29.89 29.73 31.88 31.57 3347 33.00 31.59 0.8397 0.8397 0.8931 0.8987  0.9119  0.9288 0.8853
MC 29.69 29.49 31.61 30.85 33.09 3274 31.24 0.8344  0.8414 0.8784 0.8834  0.8946  0.8978  0.8717
GC 29.28 28.31 29.30 29.41  32.03 30.02 29.72 0.8384 0.8394 0.8221 0.8525  0.8688  0.8861 0.8512
NewCv 30.22 30.12 32.14 33.10 33.72 33.30 32.10 0.8554 0.8614 0.8989 0.9174 0.9116 0.9216 0.8944

for removing noise and preserving structural information with high values for all the quality

metrics.
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4.4. Comparison 4: computational efficiency test

In this experiment, the six real natural images in Figures 1(d)-(i) are used further to eval-
uate the computational efficiency of eleven different models. The test images are corrupted
with the five different noise variances from 0.01, 0.03, 0.05, 0.07 and 0.1.

Table 6 demonstrates computational efficiency of different models on the noisy versions
of the test images with the five different noise levels. In order to clearly compare the data
in Table 6, we draw the bar charts in Figures 10, where each bar in the sub-figures (a)-(c)
corresponds to the average value of the denoised results delivering by its corresponding model
on the noisy test images.

In terms of computation times per iteration, we can see that our NewCv model requires to
solve five sub-problems in each step. Thus, in accordance with our measurements, we expect
that more computation time per iteration is required for the proposed model than those of
the other ten models. As can be seen from the sub-figure (a), our numerical experiments
reflect this expectation.

In terms of total CPU times, the sub-figure (b) illustrates that the SB algorithm of
INFCON model is the slowest method, while that of TV is the fastest method. Moreover,
the SB algorithms of CEP-L?, TVL, INFCON, TVBH, TGV, MC, GC and NewCv models
are slower than those of TL and BH models.

In terms of total iterations, the sub-figure (c) shows that the SB algorithms of CEP-L?
and INFCON take more than 175 iterations to converge, while the other nine algorithms
take less than 100 iterations. It is important to note that our SB algorithm for the proposed

model is slightly better than those of TGV, MC and GC models.

4.5. Comparison 5: real noisy image test

In the last test, in order to further show the denoising performance of our proposed model,
we extend to a real world application, which is clinical image, and compare our NewCv model
against the other eleven models on three real clinical images as shown in Figures 1 (j)-(1).

In Figures 11, 13 and 15 we present the denoised images by applying eleven different
models. For better visualization, we include the corresponding plots of the middle slices of
the denoised images in Figures 12, 14 and 16.

As the clean image is unknown, the denoising performance is evaluated by visual inspec-
tion. First, as expected, one can observe the staircase effect in the denoised results by TV
model as shown in Figures 11 - 16. Next, the denoised images by TL and BH models in the
sub-figures (c) and (d) of Figures 11, 13 and 15 seem to be good in term of visual quality, but

TL and BH models tend to oversmooth certain features, which wipe out important details
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Table 6: Comparison of computational efficiency by eleven different models on the six real natural images in
Figure 1 (d)-(i), which are distorted by the Gaussian noise with five different noise variances fromo0.01, 0.03,

0.05, 0.07 and 0.1.

Noise variance TV TL BH CEP-L? TVL INFCON TVBH TGV MC GC NewCv

Time per iteration (s) 0.0057 0.0050 0.0085  0.0082  0.0070 0.0118 0.0104 0.0144 0.0119 0.0092  0.0212
0.01 Total CPU time (s) 0.2082 0.2871 0.4541  1.4637  0.5508 2.1377 0.7350  0.5277 0.3808 0.3772  0.7420
Total iterations 37 58 54 179 78 181 71 37 32 41 35

Time per iteration (s) 0.0057 0.0048 0.0081  0.0080  0.0068 0.0114 0.0101  0.0130 0.0111 0.0099  0.0199
0.03 Total CPU time (s) 0.1957 0.2824 0.4348  1.4001  0.5355 1.9838 0.7142  0.9540 0.7770 0.8217  0.8557
Total iterations 35 59 54 175 79 176 71 75 70 83 43

Time per iteration (s) 0.0059 0.0051 0.0085  0.0083  0.0071 0.0121 0.0110  0.0135 0.0115 0.0081  0.0199
0.05 Total CPU time (s) 0.1930 0.3149 0.4538  1.4179  0.5691 2.2812 0.7882  0.6365 0.4750 0.7371  1.5366
Total iterations 33 61 54 170 80 187 71 47 41 91 78

Time per iteration (s) 0.0057 0.0047 0.0082  0.0079  0.0067 0.0112 0.0099 0.0118 0.0107 0.0081  0.0214
0.07 Total CPU time (s) 0.1762 0.3038 0.4374  2.0557  1.0614 1.8395 1.4814 1.4568 1.0914 0.9234  2.0758
Total iterations 31 65 54 262 159 165 151 125 102 114 97

Time per iteration (s) 0.0055 0.0047 0.0081  0.0080  0.0069 0.0112 0.0103  0.0120 0.0108 0.0087  0.0201
0.1 Total CPU time (s) 0.2442  0.2762 0.4314  1.2337  0.5283 2.1278 0.5327  1.4183 1.1180 0.9396  2.2310
Total iterations 45 58 53 155 T 190 51 118 110 108 111

of the image structure. Moreover, the sub-figures (e)-(k) of Figures 11, 13 and 15 present a
better performance compared with those shown in the sub-figures (c) and (d). Finally, the
denoised results by our NewCv model shown in Figures 11 - 16, especially in the zoomed
parts, are superior to the other eleven models for preserving edges and reducing the staircase

effect.
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5. Conclusion and future direction

In this work, a new high-order variational model to restore noisy images corrupted by
Gaussian noise was proposed. Based on the good feature of high-order regularization, we
proposed a curvature-based regularization. In order to solve the new model, the split Bregman
algorithm was developed. Compared with some state-of-the-art models, experimental results
revealed that the new model effectively preserves edges and reduces the staircase effect. The

idea from this project can be extended to remove speckle noise from real ultrasound images.

Appendix A — Derivation of the Euler-Lagrange Equation for (17)

Consider the proposed model in (17)
min T3 (u)
where
TRGC (w) = Dan(,2) + Y RY"(w).
In order to compute the first variation of J,y NewCv for w in a direction of v in a test space

V, we will find the first variations of Dan, R1 and Rs respect to u, and apply the sum rule.

The first variation of Dy for u in the direction of v is given by

0Dan(u, z;v)  dDan((u+€v), 2)
ou N de =0

:i{é/ﬂ((u—i—sv)—z)Q dQ}

:1/ 4wt er)— 22| do,

de e=0

)

e=0

= / (u—z)v dS. (64)
Q

Let Ry(u) = 5 [, k3 (u)d and Ro(u) = 1 [, —2kc(u)dS2. Therefore

RNV () = Ry (u) + Ra(u).

j( //<; (u+ev) dQ)

1

2

1

2 e=0

/ dQ
/
V(u+ ev)

e=0
/ \/1+!Vu+z—:v)| )
= J e

Thus, we have

OR1(uw)
ou

N =

e=0

21 (u+ ev)

&‘Q‘

K () f@M(u + ev)) dQ

ds2
e=0

V(u+ ev)
dE V14 |V(u+ev)?

ds2
e=0
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or

OR1(uv) ‘ 1 d .
ou _/QKM(U) (V <\/1+|V(u+5v)])d€v( )

))dQ
e=0

B (g . Vv

_/Q M )<V <\/1+|vu|2)

2 Ol + (ug, + 6”961)2 + (“zz + va2)2]_1/2

e=0
d 1
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* vumzzl a(uxm + vam) %
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/I{ Vui Yom Vom — " ))d2
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After applying the divergence theorem, we get
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Here I(x) = x is the identity transform and P(x) = (x \/1—Y|UV e ) \/j‘uv 7 is the orthogonal

projection onto the normal direction. By using the divergence theorem with the second term,

we have
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Applying the divergence theorem and integrating by parts yields
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Applying the divergence theorem with the last two terms of (67) lead to
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Similarly, we have
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Substituting (68) and (69) into (66) and rearranging the terms yield
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By dropping the boundary terms, a function u minimizing the joint functional 7 Newc"( )

in (17) has to satisfy the following partial differential equation
f(u,z)—l—’yVV:O,
subject to the natural boundary conditions
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Appendix B — Derivation of the Euler-Lagrange Equation for p-subproblem

Here our aim is to derive the Euler-Lagrange equation for p-subproblem.

min £ (p),
D
where
— — p1,P2, — P1,P2, 01 2
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4= m— ——— — by)°dQ,
2 Jo! e
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Let V be a test space. For any perturbation ¢, € V, the first variation of £ for p; in the

direction of ¢ is given by
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Therefore,
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Similarly, the first variation of £ for py in the direction of p3 € V is given by
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Therefore, a function p = (p1, p2) minimizing the energy functional £ for p-subproblem has

to satisfy the following Euler-Lagrange equation

—yV - w1 +Tp1 + 01(p1 — ug — bi1) + O2(ma — Yp1 — bar) (¥Pp — ) =0

, (71)
—V - wa + YLpa + 01(p2 — uy — bia) + Oa(ma — ¥pa — bas) (Y3p3 — ) =0

subject to the natural boundary condition w; - n =0 and wo - n = 0.
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Abstract

Ultrasound imaging technique is one of the most non-invasive, practically harmless to
the human body, accurate, cost effective and real-time techniques in medical diagnosis.
However, ultrasound images suffer from the so-called speckle noise because of the imaging
principle. The speckle noise reduces the quality and visibility of ultrasound images, there-
by decreasing overall reliability of the images and interfering with the clinical diagnosis.
In this paper, we propose a novel variational model under a combination of total variation
regularization and Weberized total variation regularization and prove the existence and
uniqueness of the minimizer for the variational problem. In order to efficiently solve the
associated Euler-Lagrange equation consisting of nonlinear partial differential equation, we
apply a finite difference method and develop several numerical techniques for solving the
resulting discrete system. Numerical experiments on various synthetic and real ultrasound
images not only confirm that our improved model is effective, but also it can provide sig-
nificant improvement over evaluated models. Moreover, they also show that our proposed
multigrid method has great potential applications to medical ultrasound imaging technique
in delivering fast, accurate, and visually pleasing restoration results.

Mathematics subject classification: 68U10, 65F10, 65K10.
Key words: Image restoration, Multigrid method, Speckle noise, Ultrasound image, We-
ber’s law.

1. Introduction

Research in the field of medical imaging has produced several different techniques for clinical
diagnosis such as ultrasound (US), computed tomography (CT), magnetic resonance imaging
(MRI), and so on. Each technique has its own advantages and disadvantages. One may be
more appropriate than other depending on syndrome and/or disease severity. In particular,
US imaging has been considered as one of the most non-invasive, practically harmless to the
human body, portable, accurate, cost effective and real-time techniques for visualizing the
human body’s internal structures (e.g. soft organs such as liver, kidney, spleen, uterus, and
heart) and movements (e.g., blood flowing through vessels and fetal development in pregnant
women). These features not only help the clinicians in almost all stages of patient care: from
disease detection to treatment guidance and monitoring, but also make the US imaging the
most prevalent diagnostic tool in nearly all hospitals around the world.

1) Corresponding author
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Basically, the US imaging is a coherent imaging system. All US images are obtained by using
high-frequency sound waves, inaudible to the human ear. As the sound waves are transmitted
through body tissues, they are partially reflected by the boundary between two tissue structures
back to the US machine in different ways, depending on the difference in acoustic impedance of
the two tissues at the interface. The time-of-flight (TOF) and the energy of the reflected echo
are recorded and transformed into video or photographic images. Note that the measurement of
TOF determines the gray level of each image pixel, whereas the measurement of the echo energy
provides coordinates identification of the analyzed tissues. We also note that US imaging cannot
be used to create the images of bones because they are too dense to penetrate. In addition,
the intestinal tract and normal lung tissue are not easily identified with this medical imaging
technique because air or gas can interfere with the production of the US images.

Due to the coherent nature of the US imaging systems, the quality and visibility of the US
images are limited by the noise, which originates both from physical phenomena underlying
the image acquisition process and imperfections of the US imaging system. The so-called
speckle noise (SN) is found commonly in the US images of the soft organs whose underlying
structures are too small to be resolved by large wavelengths. As pointed out in [42], SN is
a type of the multiplicative noise (MN), which is a random granular appearance that marks
small differences in gray levels and obscures small structures. The SN occurs when there
is large number of scatterers with random phase within the resolution cell of an US beam.
This interfering phenomenon arises when two or more waves traveling to the probe from the
scatterers interfere with each other, constructively or destructively, producing bright and dark
spots. The pattern of the SN depends on the probe characteristics, such as the transducer
(the US device making the sound waves and receiving the echoes) frequency and the distance
from the maximum-pressure point to the transducer. In particular, the SN at high (acoustic)
frequencies is less granular than at low frequencies while, its size rises as the distance of the
probe source increases.

In the literature, various methods have been proposed and studied for SN reduction from US
images. These methods include adaptive filtering [30,37,41,42], wavelet techniques [1,29, 38],
anisotropic diffusion methods [17,62], and variational methods [2,4,32,34-36,45,50]. Among
these SN removal techniques, the variational methods are well-established mathematical theory
to offer superior image restoration quality. However, much improvement on computational
complexity is a major challenge to develop fast, accurate, and stable numerical algorithms for
solving associated variational problems.

In the next section, we present a mathematical framework and briefly introduce a variational
formulation of US image denoising problems.

1.1. Mathematical framework

Let z : © C R? — V C R be an observed noisy image, where (2 is a rectangle of R2. The goal
of image denoising problems is to restore (or recover) the original image v : 2 C R?> -V C R
from the noisy image z. According to the maximum likelihood principle [25], most image
denoising problems involve solving the following variational problem:

Lnelgll {Ta(u) =D(u, z) + aR(u)}, (1.1)

where D(u, z) is the fidelity or data fitting term deriving from the assumption on the distribution
of the noise in the observed noisy image, which is used to penalize the inconsistency between
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the denoised image to be restored and the observed noisy image, R(u) is the regularization
term, which is used to filter out the noise from the observed noisy image as well as to preserve
significant features such as edges and textures of the restored image, o > 0 is the regularization
parameter, which compromises the fidelity term D(u, z) and the regularization term R(u), and
U is a set of admissible functions, which minimizes the energy functional 7. For example, the
classical model by Rudin, Osher, and Fatemi (ROF model) [44] considers the additive noise
(AN) model

z=u+mn (1.2)

and minimizes the total variation (TV) regularization RTV(u) = [, |[Vu|dQ with the fidelity
term DROF (u, z) = 1 [, (u—2)%dS. Here n in (1.2) is the zero-mean Gaussian white noise. Note
that the remarkable advantages of using the TV regularization for image denoising problems
are to allow discontinuities and preserve edges in the restored images.

1.2. A review of variational models for SN removal

The SN model considered in many previous works is given by a multiplicative form [31,34,36]
z = uC, (1.3)

where ( is the MN. Unlike traditionally additive Gaussian noise model in (1.2), the noisy signals
in the recorded US images are much more difficult to be removed, mainly not only because of
the multiplicative nature between the noise and the original image, which is signal correlated,
but also because of the noise distribution, which is generally complicated than that of Gaussian
noise, commonly assumed to be Rayleigh distribution for the recorded US images.

Non-surprisingly, the choice of R(u) is very crucial for restoration results. Different choices
of R(u) lead to different restored images. In the literature, RTV (u) has is commonly used as
the regularization term in several variational models for SN removal, and the main difference
among different variational models only comes from their image fidelity terms. As far as we
know, Rudin, Lions, and Osher [45] proposed firstly the TV based variational model (RLO
model) which contains a nonconvex fidelity term

DREO(y, 2) = al/ iClQ—i—ch/ (E - 1)2dQ
Qu QU
derived from considering ¢ to be Gaussian white noise with mean one and a very small variance,
where o and ag are the weighted parameters. This model is effective to remove the SN to a
certain degree. By using the Gamma-noise assumption on ¢, Aubert and Aujol [2] proposed a
SN removal method (AA model) with the nonconvex fidelity term

DAY (u, z) = /

; (logu + 2) ds)

derived from the maximum a posteriori probability (MAP) estimation. Due to the nonconvexity
of their fidelity terms, the corresponding algorithms may converge slowly and the computed
solutions by some optimization methods are not necessary to be a global solution. To overcome
these drawbacks, Shi and Osher [50] applied the logarithmic transformation with the fidelity
term in the AA model to present their convex SN removal method (SO model) and developed
a nonlinear inverse scale space method for their variational technique. Afterwards, Huang
et al. [32] modified differently the fidelity term in the AA model by using an exponential
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transformation and proposed an alternative minimization technique to solve their (strictly)
convex SN removal model (HNW model). Bioucas-Dias and Figueiredo [4] applied the MAP
estimation method in the logarithm domain to propose a convex SN removal method (BF
model). The advantage of their BF model is that it can be efficiently solved by a fast iteration
algorithm.

In clinical US imaging system, a nonlinear compression algorithm is usually applied before
displaying in order to adjust the large echo dynamic range [54]. This nonlinear compression
totally changes the gray level statistics of the displayed (real) US “on screen”. The authors
in [6,24,29,41,54,56] pointed out that the SN in the real US images can be modeled as corrupted
with the signal-dependent MN of the form

2z =u+Vuc, (1.4)
where ( is the zero-mean Gaussian noise with the standard deviation o2. Based on the SN
model for the real US images as represented by (1.4), the authors in [34,36,40] also proposed
the SN removal methods including the TV regularization for SN reduction from the real US
images. The authors in [40] presented a new SN removal technique (KKWV model) using the
convex fidelity term

DKKWVY () 2) = / (u—2)° Ao
Q u

resulting from (1.4) and developed an anisotropic diffusion method specially designed preserving
and enhancing small vessel structures with a constrained filtering. Afterwards, a rigorous
analysis of the KKWV model was discussed in [36]. The authors of this previous work first
investigated into the existence and uniqueness of the minimizer for the associated variational
problem and derived the existence and uniqueness of the resulting evolution equation. Recently,
the authors in [34] proposed a new convex fidelity term using a generalized Kullback-Leibler
(KL) distance as given by

DY (u, 2) = /

Q

(%logg — % +\/ﬂ) ds2
and applied the variable splitting and Bregman iterative methods developed by [43] in the
logarithm domain to efficiently solve their proposed convex SN removal model (HY model).
Their numerical tests show that the HY model marginally improves over the KKWYV model in
terms of the restoration quality, whereas the numerical algorithm of HY model is much faster
than that of KKWYV model in delivering the same level of restoration quality.

1.3. A review of numerical techniques for SN removal

Classified by the order of its major ingredients, there are two main types of numerical
schemes to compute a numerical solution of the minimization problem (1.1) for a given regu-
larization parameter «. The first is the so-called optimize-discretize approach and the second
is the so-called discretize-optimize approach. On one hand the main idea of the first approach
is to compute the associated Euler-Lagrange equation in the continuous domain and then solve
its discretized version on the corresponding discrete domain by a method of our choices, e.g. a
so-called parabolic and elliptic approach. On the other hand the latter approach aims to dis-
cretize the energy functional J, and then solve the discrete minimization problem by standard
optimization techniques, e.g. steepest descent or Newton-type methods.
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1.3.1. The optimize-discretize approach

For the optimize-discretize approach, the main aim is to solve the associated Euler-Lagrange
(EL) equation, which generally turns out to be a nonlinear PDE

flu,z) + aA(u) =0 (1.5)

subject to the appropriate boundary conditions. In other words, the approach aims to satisfy the
first-order necessary condition for being a local minimizer of the energy functional (1.1). Note
that on one hand the first term f(u, z) (usually nonlinear) is related to the Gateaux derivative
of the fidelity term D. On the other hand, the second term A is the partial differential operator
(linear or nonlinear) resulting from the Géateaux derivative of the regularization term R.

There are various numerical techniques for solving the nonlinear PDE in (1.5). These tech-
niques can be broadly divided into two main categories: the parabolic and elliptic approaches.
A parabolic approach (also known as gradient descent or time marching approach) performs by
introducing the artificial time variable ¢ and then determining the steady state solution of the
nonlinear time-dependent PDE:

dru(t) = f(u(t), 2) + aA(u(t)), (L6)

where u(t) = u(x;t), typically u(0) = z. For example, if f is nonlinear and A is linear, the
semi-implicit scheme for (1.6) can be given by

u(tFH1) — (¢ F))
T

= fu(t™), 2) + aA(u(t™)) (1.7)

where k € Ny and 7 > 0 denotes the time length used to discretize d;u(t); see [2,4,44,45,50].
For an elliptic approach it performs by directly solving the nonlinear PDE (1.5) with a method
of our choice. For example, if both f and A are nonlinear, the fixed-point (FP) iteration of
(1.5) can be defined by

F@ 2) + a A () =0 (1.8)

where both f and A are globally linearized at the current approximation u and v € Ny
denotes the FP step; see [10,11,46-48].

1.3.2. The discretize-optimize approach

In this section, we shall briefly give the main idea of the discretize-optimize approach based in
the Newton-type schemes. To this end, let us first consider the discrete minimization problem
corresponding to (1.1)

gleig{ja(u) =D (u,z) +aR (u)}. (1.9)

The next step is to linearize the discrete energy functional ja around the current approximation
u®) (k € Ng) by the Taylor expansion given by

- ~ 1
Ta@® +5u®) = 7y (u®) + 3D 5u® + 5(5u<k>)THf§>5u<k> (1.10)
and define an (outer) iteration by

wk D =y (8) g () 5 (R) (1.11)
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Here J(JE), Hf;) are the Jacobian and the Hessian of ja at u®, and ¢ > 0 is the line-

search parameter used to guarantee the reduction of Ja in each outer step k. For Newton-type
methods, the perturbation du*) can be determined by
(k) _ _pk) (k)
ou Bjana (1.12)
where B® is an approximation of the inverse Hessian by a method of our choices, e.g., DFP
and BFGS methods.
This paper prefers the first approach. However, no matter which method is used in practical
applications, both approaches should be integrated with a so-called multilevel technique in order

to provide reliable initial guesses, avoid getting in the trap of unwanted minimizers and save
computation times [10-14, 28,46-48].

1.4. Contributions

The main aim of this paper is to propose an improved variational model and its fast solution
for the numerical approximation in removing the SN from real US images. The improved model
includes the combined regularization term for removing the SN. In order to efficiently solve the
associated EL equation, we apply the optimize-discretize approach implemented in a nonlinear
multigrid (NMG) framework as a fast and effective solver. We note that the variational model
and its numerical solutions to be proposed in this work are the improvement of those done
in the previous works by [34, 40, 49] with several advantages. Firstly, the proposed model
is more appropriate than those in [49] for restoring real US images corrupted by the signal-
dependent multiplicative noise as represented in (1.4). Secondly, the proposed model can also
be considered as the generalization of the variational model in the previous work done by [40].
Next, we found what we expected in numerical experiments that our variational model provides
better restoration results than those obtained from [34,40]. Finally, as we shall demonstrate,
our proposed NMG solution to be introduced in Section 2 is fast and efficient in providing
visually pleasing SN reduction from both synthetic and real US images.

This work is organized as follows. In Section 2, we propose the improved variational model,
followed by its numerical solutions for the associated EL equation. In Section 3, experimental
results from synthetic and real US images illustrating the effectiveness of the improved mod-
el and the efficiency of the proposed numerical methods are shown. Section 4 contains the
conclusion of this work.

2. The Improved Variational Model and Its Numerical Solutions

2.1. The improved variational model

As pointed out in [49], all images are eventually to be perceived and interpreted by the
human visual system. Therefore, any ideals in image processing should take into account the
effects of vision psychology and psychophysics, such as that of Weber’s law. The law reveals
the universal influence of the background stimulus v on humans sensitivity to the intensity
increment du, or the so-called JND (just-noticeable-difference), in the perception of both sound
and light. It claims that the so-called Weber’s fraction is a constant, i.e.

ou
= cont. (2.1)
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In the context of visual perception, we note that u stands for the background light intensity
and du the intensity fluctuation, respectively.

To the best of our knowledge, most conventional SN removal models do not take into account
that our visual sensitivity to the local fluctuation du depends on the ambient intensity level w.
That is, models such as the KKWV model given by

min {jOIfKWV(u) = DEEWV (4 2) + o/RTV(u)} , (2.2)
u€eS(Q)

assumes that a local variation, du = 0.02 say, should be treated equally independent of the
background intensity level u, no matter whether it is w = 0.1 or 0.8. But this exactly violates
Weber’s law, according to which, a fluctuation level of du = 0.02 against a background intensity
u = 0.1 is much more significant than the same amount against u = 0.8. In fact it is approxi-
mately equivalent to a level of du = % x 0.02 = 0.16 in the latter situation, a noticeable 60%
increment. This motivates us to integrate the effects of vision phychology and psychophysics
of human’s visual sensitivity for improving the qualiy of the restored US images produced by
the original KKWV model. Note that S(2) = {u € BV(Q),u > 0} and BV(Q) denotes the
bounded variation space, which is the space of functions u € L(Q) such that the following

quantity
[ 1pul= sup{ [ witoanlp € Gj(@:E", ol < 1}
Q Q

is finite, where Du represents the distributional gradient of u. As can be seen BV (Q) is a
Banach space with the norm [[ul| gy () = [o [Dul + [[ull11(q) -

In order to improve KKWV model by the Weberized local variation @ which encodes
the influence of the background intensity u according to Weber’s law (2.1), we add the WTV
regularization

\Y%
RWIV (y) :/ | uldQ
Q u
into the regularization term of the KKWYV model as follows:

RTV'WTV(u):al/Q|Vu|dQ+a2/ W“'dQ, (2.3)

Q u

where a; and «y are the regularization parameters. Therefore, our improved KKWYV model is

given by
min {7500 (u) = DY (u, 2) + RV (u) (2.4)
u€eS () ’
where
g |Du|
S(Q) =que BV(Q),u>0, — <™
Q

denotes the space of admissible functions minimizing the energy functional JXKWV in (2.4),
resulting from the coarea formula; see [27].

We bridge the connection between our improved model jOE(IKO};VV in (2.4) and the original
KKWYV model JEKWV in (2.3) as follows. First, if ¢(u) = a1 + as/u, then (2.3) can be

re-written as

Du «
RIV-WIV () = ¢(u)|Du|=a1/ |Du|+a2/ Du] =/ (a1+—2) |Dul. (2.5)
Q Q Q Q u

u
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which is a combination of RTY and RWTV. This means that jOEKaV;/V gains the benefits of RTY
and RWTY and should have better performance than JXEWV (involving only R™Y) in removing
SN for real US images. Note that on one hand RTV is effective to reduce SN without losing
important features (i.e. edges and contrast), but on the other hand RV is able to distribute
the minimum amount of irregularity adaptively over the image domain according Weber’s law.
Therefore, in the restored real US image, the minimum fluctuation du is allows to be larger on
regions where the background intensity « is higher and human’s visual sensitivity is weaker.
Second, our improved KKWYV model jOEiKaV;’V clearly reduces to the original KKWV model
jOIfKWV when oo = 0.

We note that Total generalized variation (TGV) regularization by [5] is also a potential tool
in removing SN from the real US images. It involves higher-order derivatives of u to deal with
several undesirable side effects, one of which is the staircase effect. However, it does not take
into account the consequences of vision psychology and psychophysics to produce good denoised

US images.

2.2. Mathematical analysis for the improved model

This section aims to investigate the existence and uniqueness of the minimizer to problem
(2.4).
Theorem 2.1 (Existence). Suppose that z € L*(Q) with iIgllf z > 0. Then the variational
problem (2.4) has at least one minimizer 4 in the admissible space S(S2) satisfying
inf z<u<sup =z.
Q Q
Proof. Let us denote that

2
vy=inf z, B=supz, h(s)= (s=2f )
Q 0 S

It is obvious that JEKWV(u) > 0 for all uw € S(€). This implies that JEXXWV(u) has a lower

— aL,a2 s
bound for all u € S(§2). Therefore, we consider a minimizing sequence {u,} C S(Q) for (2.4).
First, we show that v < w,, < . Since z € L*°(2) with igf z > 0, we can choose a sequence

{z,} C C*() such that z, — z in L'(Q) and a.e. in Q as n — oo, and

inf z <z, <sup z.
Q Q

Replacing z in (2.4) by z, yields h(s) is decreasing as s € (0, z,,) and increasing as s € (z,, )
for n € N. Therefore, if A > z,,, we have
(min(s, A) — 2)? - (s —2)?
min(s, A) - s

(2.6)

for x € 2 and n € N. Hence, if we let A = 3, we have

/Q (min(u, 8) —)znf 0 < /Q (=20)"

min(u, 8 u

Letting n — oo in the above inequality and using Lebesgue Convergence Theorem and (2.6)

(min(u, 8) — z)* (u—z)?
/Q Sl in < /Q W= e (2.7)

yield
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By using the results of [39] (see Lemma 1 in Section 4.3) and [49] (see Lemma 1 Section 3.2),
we obtain

/Q|D(min(u,ﬁ))| g/Q|Du|, (2.8)

|D(min(u, 8))| |Du|
/ min(u, 8) /Q T (2.9)

respectively. Combining (2.7)—(2.9) implies that

jKva(min(u,ﬁ)) < jKKWV(u)

1,02 1,02

On the other hand, we get in the same way that

jKKWV(maX(u,ﬂ)) < jKKWV(u)

1,02 1,02

Therefore we can assume without restriction that v < u, < 3.
Next, we prove that there exists u € S(£2) such that

FKKWV
T,

1,02

_KKWV(,U)} .

(u) = min b

veES(Q)

Without loss of generality, we assume that a; = as = 1. As can be seen, the above proof
implies that wu,, is bounded in L'(2). Moreover, by the definition of {u,}, we get that there
exists a constant C' such that

T EWY (un) < C. (2.10)
Since v < u,, < B and h € C[y, f], we get that h(u,) is bounded. Therefore, by using (2.10),
we obtain

|Du,,| < C.
Q

Hence, {u,} is bounded in BV (). By the weak compactness, {u,} has a subsequence, still
denoted by {u,} for simplicity, that converges strongly in L!(Q) to some 4, i.e. u, — @. After
a refinement of the subsequence if necessary, we can assume that

Up(x) = u(z),a.e. x €.

Thus by Lebesgue’s dominated convergence theorem, we obtain
_ 2 2
/ =2 4o = g (=2 g (2.11)
Q U n—o0 [ Uy,

Applying the lower semicontinuity of the total variation term and Fatou’s lemma leads to
|Du| < 1iminf/ | D, |. (2.12)
Q n—oo Jo

The lower semicontinuity of the Weberized total variation term can be obtained by [49] (The-
orem 1 in Section 3.2):
|Dv| <liminf [ |Duvy,|, (2.13)
Q nmee Jo
where v,, = logu,, and v = logu .
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Combining (2.11), (2.12), and (2.13), we have

FKKWV (- e ZKKWYV
jal,ag (u) S hnn_ligfjal,ag (un)'

It is obvious to see that @ € S(£). Due to {u,} is the minimizing sequence, we therefore have

shown that @ is in fact a minimizer of the problem (2.4). O

Unlike the several variational models discussed in Section 1, our improved KKWV model
(2.4) is not convex due to the Weberized TV regularization term. As a result, uniqueness is
no longer a direct product of convexity. To this end, we start with a computational lemma for

the associated EL equation of the variational problem (2.4). Recall that ¢(u) = a1 + as/u in
RTIV-WTV

Lemma 2.1. Let ¢(u) : (0,00) — (0,00) be a C function and

jKKWV(u) — DKKWV(U, Z) 4 RTV—WTV(U)

1,002

then the formal equilibrium EL equation of jofi}g‘;vv(u) is given by
Vu 22
— Vil = 1-—=1]=0 2.14
sV (o) + (1-%) =0, (2.14)
Ju =0. (2.14b)
on |4

where n is the unit outward normal vector on the image boundary OS).

Proof. Applying the standard computation of Calculus of Variation

jKKWV N jKKWV+6jKKWV

1,02 aq,02 ap,02
leads to

2
T = [ (lvalsu+ ol Tavion ) as [ (1- %) suds,
7 Q [Vl Q u

, Vu
$(u) du a
v [ g pnads [ (15 ) e

WASRCEE

plu) Ou / _Z
+ o [Vl 8n5ud5’+ ; 1 3 duds?,

where dS denotes the arc-length element of the boundary. Since v > 0, the EL equation for
JEEWV (4,) can be re-written equivalently as (2.14). O

1,02

Theorem 2.2 (Uniqueness). Assume that aq > 0, as >0 and z > 0 is in L>°(Q), and u is

TEEWV(y). Then u is a unique solution in S(Q).

a minimizer of the energy functional J,\",,
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Proof. Applying ideas in [49,61], let us denote that

1 2 2 2
FI(’LL;Oflua2) - (1— 2_2) _ U z

o(u) u agu? + agu’
Define a new energy function as follow:

Topag (1) = / (IVul + F(u; a1, a2)) dS2. (2.15)
Q

KKWV

As can be seen, (2.14a) is exactly the associated EL equation for jahaz

that

(u). Tt is easy to find

aou? 4 20quz? + g z?

F//(u;a17a2) = (a u2 +a ’LL)Q
1 2

is strictly convex as w > 0. Therefore, the uniqueness of the minimizer follow from the strict
—KKWV
convexity of the energy functional 7, ,, (u). O

2.3. Numerical solutions of the EL equation

In this section, we introduce possible numerical solutions that could be considered for solving
the EL equation (2.14a). To start with, we note that applying Lemma 2.1 with ¢(u) = aq+az/u
yields

—K(u) + _ (u — é) =g, (2.16)

a1U + Qo U

where K(u) = V - (lvv—uul), [Vule = v/|[Vul? +¢ and 0 < € < 1 is a small constant to avoid
division by zero. Here g = 0 on the finest grid for the multigrid setting.

2.3.1. Finite difference discretization
Let (uh)ij = yh (a:li,:zrgj) be the grid function with the uniform grid spacing h = 1/n. Here

the integér n = 1/h is the number of uniform intervals in the x; and x5 coordinate directions.
Each grid point x in the discretized domain Q" is cell-centered and given by

X = (Iliv'er)T =((2i-1)n/2,(2j - 1) h/2)T

for 1 <4,j < n. The partial derivatives in (2.16) are approximated by the standard second-order
finite difference schemes. Therefore, the discrete nonlinear system is given by

K" j + ol (u)i <(Uh)z‘,j - (Zh—ﬁj> = (9")is, (2.17)

(uh)i;

NP (ul); 5
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where

A = = ()i (@) = (55 (i),

(ZM)ig(u")i; = (D1 (w")ij + Da(u");j + 2D3(Uh)i,j) (@")ig,

(EM)i i (@i = Di(u")ij(w")iz1,j + Da(u™)ij(@")ij1 + Da(u")ij(u")ig1; + Da(u™)ij(u")iji1,

Dy (u");; = D(u")i—1,5, Do(u")ij = D(")ij—1, Ds(u")ij = D(u"); ,

Can(uh)ig o’

We note that the approximations in (2.17) need to be adjusted at the image boundary 9€,
using the discrete boundary conditions

(W)in = )iz, (W)im = @W")in1, W= @25 W= W01,

In the following subsections the symbol 'A’ will sometimes drop for simplicity.

2.3.2. Method 1-Fixed-point (FP) method

A FP method is a possible option in solving the EL equations related to the TV minimization;
see e.g. [3,8-11,15,19-23,31,46-48,58]. Before introducing our three proposed FP methods, we
will briefly explain the semi-implicit time marching (SITM) method.

As discussed in Section 1.3.1, the main idea of time marching approaches is to introduce an
artificial time variable ¢ with (2.16) and drive it to a steady state. In order to overcome the
nonlinear terms, we may linearize the associated equation respect to the (k + 1)th time step
using the method of frozen coefficients as well known for variational approaches related to the
TV operator (see e.g. [46-48,58], and obtain the semi-implicit scheme as follows:

. (=),
@) = TR )iy = () = T (™) ((u(k))i,j - (u(k)j]ij ; (2.18)

where

Ku®0); ;= —(1/h?) ((E(k))i,j(u(k+l))i,j - (i(k))i,j(u(kﬂ))i,j) :

(5M)i g (@) = (Dl (@™)ij + Da(u®); 5 + 2D3(U(k))z‘,j) (@),
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(S8 ()i = Di(u®)i g (@)1 4+ Da(u®) (@), 5
+ Da(u™)i ()i 5 + Da(u®), (), 544,

(u(k))i,j = u(w1“$2j7tk), a*(u(k))i,j = 7{11(“,6)1)%]‘_’_&2 and 7 > 0.

Although the above SITM method is simple for numerical implementation, this method is
slow due to strict stability constraints in the time step. Usually 7 ~ O(h?) for the discretize
PDEs like (2.18), which in our case implies that standard time marching methods are practically
of no use for processing large images.

Global fixed-point (GFP) method. For the first FP method, the nonlinear terms 1/|Vul,
a(u) and 1/u represented in (2.16) or D (u), ;, a(u);,; and 1/(u); ; in (2.17) may be linearized
or frozen globally at a previous FP step v. This yields the resulting linearized system

N+ = G|, v=0,1,2,.. (2.19)

where

N[ul] = =V - (reofor) + @ (u!)) and Gu!] = g +

typically ul¥) = z. Classified by its ingredients, we shall name this FP method the global FP
(GFP) method.

As a common way to solve (2.19) for each GFP or outer step v, we use the successive over-
relaxation (SOR) method with the relaxation parameter w € (0,2) as the linear solver and then
the new step at a grid point (z1,,x2,) is given by

() = (1= ) (N GRE ) (2:20)
where
1
N1 — 2.21
( [u ])1,3 (1/h2)(2[y])i,j +a*(u['j])i,j, ( )
v,k a*(u[U])i; (Z)z2 ] 1 =V v k
(G[u[ ’k+1/2]])i,j = (g)i,j + W + ﬁ(E )Lj(u[ +1’k+1/2])i)j, (222)
]

_[V] v k v v k v v k
(E)iy @R, = Dy () (TR 4 Dy () (ul TR

+ DB(U[U]))Z'J' (u[y+1’E])i+1,j + Dg(u[”])i,j(u[”ﬂv’a)i,jﬂ.

Here the superscripts k, k + 1/2, and k + 1 denote the current, intermediate and new approxi-
mations computed by the SOR method, respectively.

We note first that solving the linearized system (2.19) with very high precision is not nec-
essary. The SOR method can perform only a few inner steps to obtain a good approximate
solution. Second, the relaxation parameter w has a strong influence on the convergence speed.
We usually use w > 1, typically w = 1.2, because it results in speeding up the convergence.
Finally, the numerical implementation to compute one iteration of the proposed GFP method
(2.19) based on the SOR method (2.20) can be summarized in Algorithm 1.
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Algorithm 1 (Our Proposed GFP method)

Denote by
U the restored US image
z the noisy US image
g the RHS (right-hand side) term of (2.17)
o1 the regularization parameter of the TV regularization term in (2.3)
Qa2 the regularization parameter of the WTV regularization term in (2.3)
w relaxation parameter (w = 1.2)
maxsor the maximum number of SOR iterations

[u] + GFP (u, z,g, a1, a2, w, Maxsor)

e Use input arguments to compute (N[u])fj1 (2.21) and
the first two terms of (G[u]);,; in (2.22) for all 1 <4,5 <n
e Perform SOR steps for solving (2.19)
— for k =1 : maxsor do
—fori=1:ndo
—for j=1:ndo
— Compute the last term of (Glu])s,; in (2.22)
— Updating (u**1); ; using (2.20)
— end
— end

— end

Local fixed-point (LFP) method. Apart from global linearization, the alternative ap-

proach for solving the nonlinear discrete systems like (2.17) is to use methods using only local
linearization; see, e.g., [3,8-11,23,46,47] and references therein. The main idea is to solve a

single nonlinear equation in the given nonlinear system for a (single) unknown using a numerical

method of nonlinear equations in one variable.

More precisely, consider the corresponding nonlinear equation for the unknowns (u); j_1,

(w)iz1,5, (Wi, (W)it1,4, (w)ij+1 given by (2.17) as follows:
2 () ()i — (s 1 (w); s . @5
(1/h )((E)m (U)w - (E)w (U)m) + a*(u)w (U)w - m = (g)i,j :

Therefore, at the kth iteration a nonlinear GS step is given by

(/B2 (), S R, — (S, )

1 1 (2)3;
o (Wl ) | (W) = ) = (9)
]

(2.23)



An Improved Variational Model for Speckle Noise Removal 215

where

(S5 ) 5 = (D (@) 5+ Dy(ul i), 5 + 2D5 (), ) (@), 5,
—[Ft1] = - = - =
i @Y = Dyl )y + Do (u ) ) 5 0)

+ Dy (Y (@™ g+ @) ).

If the nonlinear terms D, (ulFt1); i a,(uF+1); ; and 1/(ulF+1), ; are simply replaced by
D*(u[’;])iyj, a*(u[’a)i_’j and 1/(u[E])Z—7j, we obtain the so-called Gauss-Seidel-fized point relax-
ation and we shall name this numerical scheme the local FP (LFP) method. As a result, we
found experimentally that this relaxation method is inefficient in leading to fast convergence.
An improvement can be simply obtained by using a few more steps of FP iterations with respect
to the relaxation parameter w # 1 (typically w = 1.3 and maxpp = 2 , where maxpp denotes
the maximum number of FP iterations) as follows:

(@), = (1= w) () ; + w@F ), 5, (2.24)
where

(GLuM]i; + (1/B)(E), 121y, )

@), = (/0D (5); 5 + o () ; (2.25)
(Glul)i; = (9);; + W (2.26)
U)zg
E")s @F2), 5 = D)y @FH),_ 1 + Da(ul) (),
+ Ds(ul); 5 (™)1 + (M) ), (2.27)
(=) 5 = Dy(ulh)i j + Do(ut); 5 + 2D5(ul)); 5. (2.28)

We note that

Dy (u);; = 1
3] T 2 T - 2 ’
\/( (“[V])i,j’(i[kJrl])i—lJ ) + ( e ;(“[k+1])i—1yj ) te
DQ(U[U])lJ = 1 ,
» Z 5 2 Z 2
\/((1b[k])i+1,j71;(u[k+1])i,j—1) +((u[V])i,j*(zy[k‘#l])i,jfl> te
Dy(ull); 5 = !

— 2 = 2 N
((u[k])wl,i*(u["])i,j) +<(“[k])i,j+};(“[ul)i,j> Te

Finally our proposed method for performing one GS iteration with w # 1 (SOR iteration)
can be summarized as given in Algorithm 2.
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Algorithm 2 (Our Proposed LFP method)

Denote by
U the restored US image
z the noisy US image
g the RHS (right-hand side) term of (2.17)
o1 the regularization parameter of the TV regularization term in (2.3)
a2 the regularization parameter of the WTV regularization term in (2.3)
w relaxation parameter (w = 1.3)
maxgp the maximum number of inner FP iterations (maxpp = 2)

[u] + LFP (u, 2,9, a1, @2, w, maxpp)

—fori=1:ndo
—for j=1:ndo
— Set (ul=)i; = (W)
— for v = 0 :maxgp do
— Compute (G[u]);,; using (2.26)
— Compute (i[u])i,j(u[l’])i,j using (2.27)
— Compute (X)), ; using (2.28)
— Compute (@);,; using (2.25)
— Set (ul"*Y)i; = (@),
— end
— Use (u"=%);;, (@),; and (2.24) to compute (v); ;
— end

— end

Combined global-local fixed-point (CGLFP) method. In this section we introduce a
FP scheme combining the GFP and LFP methods. This FP method has two steps as follows.

In the first (outer) step, we apply the GFP method. The nonlinear terms a,(u);; and
1/ (u); ; in (2.17) are linearized globally at a previous FP step, denoted by “+’. This yields

(/W) ()i (w)ig — ()i (w)ig) + aw(u®)ij(w)i; = (G)ij,

where

o (u*)i (2)7
(u*)ig

In the second (inner) step, we apply the LFP method. The resulting nonlinear system is

solved by the nonlinear GS method with a few inner FP steps (2 or 3) and the relaxation
parameter 1 # w € (0,2) (typically, w = 0.9 and maxpp = 2) as given by

(G)ij = gij+ (2.29)

(@l )i = (1= w) ) +w (@), (2.30)
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where
Ik 1 =[v] i .
[R+11y, . . 2 (g R/ 250]N
(w )w = (1/h2)(2[”])ij +Oé*(U*)ij X [(G)w + (1/h )((E )w(u )w)} ) (2'31)
S @2, 5 = Dy ), (@FH), 4 Do) (a1
+ Dy (ul); (™)1 + @) j10), (2.32)
(Z[V])iyj = Dl(u[y])i,j —+ DQ(U[U])Z'J' —+ 2D3(U[U])i7j, (233)
Dy (ul); ; = - L - :
! ((u["])i,j*(z[kﬂl)i—l,j )2+((um)i—l,j+12(u[k+1l)ifl,j)>2+€
Dg(u[”])i,; — _ _ 1 _ ,
! ((u[k])i+1,j—1;(u[k“])iu‘—l)2+((U[V])i,j—(z[kﬂ])z\jfl >2+€
Ds(ul);; = - :
' 1 O % N L0 SO (%) P N
(( Jeay = >> +<< Jsa = ) .

and v = 0,1,2, ... represent the inner FP steps. Here k, k+1/2, and k + 1 denote respectively
the current, intermediate and new approximations computed by the nonlinear GS method. We
shall name this numerical scheme the combined global-local FP (CGLFP) method. Finally our
proposed CGLFP method can be summarized in Algorithm 3.

In order to reduce computational costs of the above three FP methods, they should involve
solution on multiple grids using a so-called coarse-to-fine approach. The advantage of such an
approach is that a good initial solution for the fine grid problem is obtained by solving coarse
grid problems. Since the coarse grid problems can be solved cheaply, it is possible to quickly
find an approximate solution to the fine grid problem; using this approximate solution as an
initial solution, only a few iterations are needed to provide visually pleasing restoration results
on the fine grid.

Suppose that we operate with L levels in total with { = 1 the coarsest level (where the image
size is the smallest) and [ = L the finest level (where the image size is the same as the original
one). Here the size of the coarsest level 1 is chosen as 32 x 32. As a starting point, the standard
coarsening is used in computing the coarse-grid domain Qf by doubling the grid size in each
space direction, i.e. h — 2h = H. In order to transfer grid functions between different levels,
our coarse-to-fine method uses the four-point average operator ufl =1 ,{{ u? for restriction and
the bi-linear interpolation operator uf‘ =1 I’;ufl for prolongation. Here the operators [ ,fl and
I l}ZI are given by

1
(ui")ij = Z[(Uf)%—l,zj—l + (u])2i-1,25 + (U] )2i.25-1 + (u])2i25],

1
(uf)2i,25 = E[9(Uf{)z‘,j +3((ufM)igr, + (ufM)ia) + (Wig1541)],
1
16
1
1—6[9(Uﬁ)i,j +3((u g1 + (uf)ijo1) + (uf)ix15-1)],

1
(u)2i—1,2j-1 = E[9(Uf1)z‘,j + 301 + (uf)io1) + (uf)ic1j-1)],

(uf)2i-1,25 = —=[9(ui")i; + 3((wf )im1j + (ui)ijs1) + (uf)ic141)],

(uf')2i2j-1 =

respectively.
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Algorithm 3 (Our Proposed CGLFP Method)

Denote by
U the restored US image
z the noisy US image
g the RHS (right-hand side) term of (2.17)
o1 the regularization parameter of TV regularization term in (2.3)
Qa2 the regularization parameter of WTV regularization term in (2.3)
w relaxation parameter (w = 0.9)

maxpp the maximum number of inner FP iterations (maxrp = 2)

[u] + CGLFP (u,z,g, a1, @z, w, maxpp)

— Compute a,(u)i,; = and (G);,; using (2.29) for all 1 <i,5 <n

—fori=1:ndo
—forj=1:ndo
— Set (ul"=%);; = (u)i
— for ¥ = 0 :maxrp do
— Compute (i[u])i,j (ul); ; using (2.32)
— Compute (E["])M using (2.35)
— Compute (7);,; using (2.31)
— Set (ul"")i; = (@)
— end
— Use (u"=%);;, (@):; and (2.30) to compute (u); ;
— end
— end

Finally, the whole procedure of Method 1 may be summarized with a recursion step as
follows:

[u"] « CF(u", 2", g", a1, a2, w, maxc, maxg)

1) If Q" = coarsest grid ({Qh| = 32 x 32), solve (2.17) using a FP method as introduced
in Section 2.3.2 with maxc steps and then stop. Else continue with following step.
2) Restriction to the coarse grid:
ufl — Tl 27— THM o' TH g
3) Implement the multi-resolution step on the next coarser grid:
ul « CF(uH7zH7gH7a17o¢27w,maxc7maxF).
4) Interpolation to the next finer grid:
u — Ihuf
5) Solve (2.17) using the FP method in 1) with maxr steps.

2.3.3. Method 2—-Full approximation scheme based nonlinear multigrid (FAS-NMG)
method

The basic idea of a multigrid (MG) method is to solve the problems on a series of coarse grids
and interpolates coarse grid correction back to the fine grids. Performing major computational
work on the coarse grids reduces significantly computation time.



An Improved Variational Model for Speckle Noise Removal 219

One iteration of a standard MG algorithm consists of smoothing high frequency components
of the error using a few steps of a smoother (an iterative relaxation technique, e.g., Jacobi, GS,
and successive over relaxation (SOR) methods), solving an approximation to the smooth error
equation on a coarse grid, interpolating the error correction to the fine grid, and finally adding
the error correction into the current approximation (coarse-grid correction step).

An important aspect of the MG method is that the coarse grid solution can be approximated
by recursively using the MG idea. That is, on the coarse grid, the smoother is performed to
reduce the high frequency component of the errors followed by the projection of a residual
equation on yet a coarser grid, and so on. Thus, the MG method requires a series of problems
to be solved on a hierarchy of grids with different meshsizes. A multigrid V-cycle is the process
that goes from the finest grid down to the coarsest grid and moves back from the coarsest up to
the finest. A V(vq1;12)-cycle is a MG V-cycle algorithm that performs vy steps of the smoother
on each level before projecting the residual back to the coarse grid (pre-smoothing step), and
performs o steps of the smoother after interpolating the coarse grid correction back to the
fine grid (post-smoothing step). For other MG cycling algorithms and more details, we refer
to [7,55,60].

Full approximation scheme based NMG (FAS-NMG) method has become an efficient ap-
proach for solving nonlinear problems; see e.g. [11,12,16,18,20-23,57]. Here we have to solve
the nonlinear PDE (2.17), i.e.

2h)2
—K" ()i + ol ()i <(Uh)z',j _4 )w> = (9")is-

(uh)i,;

Nh'(uh)i,j

Recall that ¢g" = 0 on the finest grid.

Let @" be the current approximation of u” after a few smoothing iterations in a pre-
smoothing step on a fine-grid problem where we denote by u" the exact solution of (2.17).
Then, the algebraic error e’ of the solution is given by e = u" — @". The nonlinear residual
equation is given by

Nh(ﬂh + eh) —Nh(ﬂh) _ gh —Nh(ﬂh) _ Th.

In order to correct the approximated solution @" on the fine grid, one needs to compute the
error e”. However, the computation of e” is prohibitively expensive and cannot be computed
directly on the fine grid. Since high frequency components of the error in the pre-smoothing
step have already been removed by the smoother, we can transfer the following nonlinear system
to the coarse grid as follows:

Nt @" + ey =" + N @") - NP @ + ') = ol + N @") (2.34)
N—————
N (uh) gh NH (uH) gH

where H = 2h is the new cell size H x H and g" # 0 on the coarse grid. After the nonlinear

residual equation on the coarse grid (2.34) has been solved with a method of our choice, the

coarse-grid correction e = uf — @ is then interpolated back to the fine grid e that can

now be used for updating the approximated solution @" of the original system on the fine grid
al,,, = W'+ eh. The last step for a FAS-NMG method is to perform the smoother again to

remove high frequency parts of the interpolated error.
The FAS-NMG components for solving (2.17) are as follows.
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1. The MG smoother is obtained from the FP method discussed in Section 2.3.2; GFP, LFP
or GLFP method.

2. The standard coarsening method is used in the coarse-grid domain Q by doubling the
grid size in each space direction — i.e. h — 2h = H.

3. The intergrid transfer operators are determined by averaging and bilinear interpolation
techniques, for the restriction and interpolation operators denoted respectively by I ,{I and
I Ih{ as represented in the previous section.

4. The discretization coarse grid approximation (DCA) method is applied to compute the
coarse-grid operator of AN (u"), where the EL system is re-discretized directly.

5. SITM method as given by (2.18) is used as the coarsest grid solver for solving the nonlinear
residual equation on the coarsest grid, typically the 4 x 4 grid.

6. The MG cycle is V (v1;va)-cycle for solving the discrete nonlinear system (2.17).

For practical applications our FAS-NMG approach is stopped if the maximum number of
V—cycles ¢; is reached (usually €1 = 20), the relative residual obtained from the EL equation
(2.17) is smaller than a small number g5 > 0 (typically e2 = 107%), the change in two consecutive
steps of PSNR (see the meaning for PSNR in Section 3) is smaller than some €3 > 0 (typically
€3 = 10_2)7 the change in two consecutive steps of Jy, q, is smaller than a small number g4 > 0
(typically e4 = 107%) or the relative difference between two consecutive solutions is smaller
than a small number 5 > 0 (typically e5 = 1073). Finally, the pseudo-code implementation of
our FAS-NMG method can be summarized in Algorithm 4.

2.3.4. Method 3-Split Bregman (SB) iteration

Alternating direction method of multipliers (ADMM) has been successfully applied to minimize
the energy functional involving TV regularization and quadratic or non-quadratic data fitting
term. For example, the authors in [26] used the split Bregman (SM) iteration to solve the ROF
model, while the augmented Lagrangian method (ALM) has been developed for the ROF model
in [52,53]. Note that both SB and ALM employ ADMM to minimize their energy functionals
and the convergence of ADMM is always guaranteed. In [52,53], the authors have proven
that the two methods are in fact equivalent. For applying ADMM to minimize the energy
functionals, we refer to [32-34,51,61].

In this section, our aim is to show how SB method can be used to solve our proposed SN
removal model. Before starting our discussion on SB method, we note that the minimizations

of JEEWV in (2.4) and jKKWV(u) in (2.15) lead to the same EL equation (2.14a); see the proof

aq,0 Qq,02 _
in Theorem 2.2. Instead of solving the minimization of JOEKJZV V directly, we therefore consider
KWV

e =K
the minimization of 7, .,

w = (wy,ws), a Bregman iterative parameter b = (b, b2), and a positive penalty parameter 0

(u). We start by introducing an auxiliary splitting vector variable

to convert J (u) into following form

1,02
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Algorithm 4 (FAS-NMG Algorithm)

Denote the FAS-NMG parameters as follows:

u the restored image

2" the noisy image

gt the RHS (right-hand side) term of (2.17)

o1 the regularization parameter of TV regularization term in (2.3)
Qa2 the regularization parameter of WTV regularization term in (2.3)
w relaxation parameter

maxs the maximum number of iterations using by a smoother

V1 pre-smoothing steps on each level
V2 post-smoothing steps on each level
z the tolerance (? = (e1,€2,€3,€4,¢5) = (20, 1074,1072, 1074, 1073)

uP+ FASNMG (uh,zh,gh,al,az,w,maxs, Vi, V2, ?)

e Select initial guess solution ;. on the finest grid
e Set K =0, (uh)[K] = aihnitiah Eo=ea+1,83=¢e3+1,ea=es+1andés =e5+1
e While (K <e1 AND 3 > e2 AND €3 > e3 AND €4 > ¢4 AND &5 > 65)

» (u")EF  FASCYC((u™)E], 2", g", an, a2, w, maxs, vy, v2)

> o= ||gh —Nh((uh)[KH])||L2(Qh)/||gh _Nh(ﬂihnitial)||L2(Qh)

» &5 = [PSNR(u") 5 — PSNR(u")[®|,  [PSNR is given by (3.1)]

> 54 _ |ng’a2(uh)[K+1] _ ng,ag (uh)[K]l

> &5 = || (u")EH = @) 2 gqny /11 (™) P 2 gqony
» K =K+1
e end

where

[uh} «— FASCYC(u", 2", ¢", a1, az,w, maxs, v1, vs)

o If Q) = coarsest grid (|Q]| =4 x 4), solve (2.17) using (2.18)
and then stop. Else continue with the following steps.
e Pre-smoothing:
For k =1 to v, [uh] — Smoother(uh7zh7gh7a17o¢27w7maxs)
e Restriction to the coarse grid:
ufl — T, 27— TH
e Set the initial solution for the coarse-grid problem:
ol —uf
e Compute the new right-hand side for the coarse-grid problem:
g™ — I (g" = N (") + N (u')
e Implement the FAS-NMG method on the coarse-grid problem:
[uH] +— FASCYC (uH7 :/:H7 gH7 a1, 2, W, maxs, V1, 1/2)
e Add the coarse-grid corrections:
u — a4 1% (uh —ﬂH)
e Post-smoothing:
For k =1 to ve, [uh] — Smoother(uh,zh,gh7a17a27¢u7maxs)
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E(U,w;b):/ |w|dQ+§/(w—Vu—b)2dQ+/F(u;al,ag)dQ. (2.35)
Q Q Q

In order to find the minimizer of (2.35), we use an alternating optimization procedure to
find the optimal values of v and w where the process involves only three main steps.
Step 1. For the first step we fix w and update u by minimizing the following functional

0
E(u;b) = 3 /Q(w — Vu — b)%dQ + /Q F(u; a1, ag)d. (2.36)

This minimization problem can be solved using the associated EL equation

(1) 22

—Au~+ oy (u)u = -0V - (w—b), (2.37)

u

with Neumann boundary conditions. Recall that a, (u) = a1u1+a2.

To solve the nonlinear PDE in (2.37), we apply a coupled outer-inner iteration method
as follows. In the outer iteration, we start from an initial solution ul”! (typically uld = z)
and compute a sequence of approximate solutions u™, ul? ... wM ul+1 ... by solving the
discrete EL equation

Nu[ul*1) = Gu] (2.38)

[v+1] _ o[V HZLz(m /| ul” Hiz(m < €SB.out i met.

We note first that (2.38) is derived from the finite difference approximations in Section
2.3.1 and the GFP method in Section 2.3.2, where the symbols ‘A" and ‘(-); ; are dropped for
simplicity, v denotes the index for the outer iteration step,

until the stopping rule ||u

N[ul] = —£ + a, (ul)),

[v]),2
GluM] = W — 0V (w—b),
u
Lu =6, 5;{11; + 5;25;;%

Vi v =6, v+ 6,02, (v = (v1,12)).

Here £ and V. represent the discrete versions of A (Laplace operator) and V- (divergence
operator), respectively. Second, we note that for each outer step v the discrete linear system
in (2.38) is solved by the preconditioned conjugate gradient (PCG) method as the inner iter-
ation. We stop the inner iterations when the size of the relative residual at the k iteration
HT;CH;(Q) / Hro||ig(m < esp_in- Finally, we note that & (u;b) is convex, which implies that the
corresponding equation (2.38) has a unique solution. By experiments, we find the GFP method
yields an optimal solution by running about ten iterations. That is to say the optimal solution
can be found by the GFP method very efficiently. Thus, Step 1 does not have to be solved
exactly. In all our experiments we take esp_out = €sp_mm = 0.01 to reduce computation time.
Step 2. For the second step we fix v and update w by minimizing the following functional

Ey(w;b) = / lw| dQ + g / (w — Vu — b)%dQ. (2.39)
Q Q

We can obtain its EL as follows

w
— +0(w—-Vu—->b)=0 2.40
Rl ) (2.40)
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which can be solved component wisely through following discrete 2D analytical generalized soft
thresholding equation with the convention that 0/0 =0

W) — max [ 19 (u): L0 VWi + ()i
)iy = max (9w + B)is| = 5.0) g (241

Step 3. For the last step we apply u in Step 1 and w in Step 2 to update the new Bregman
iterative parameter b; see Algorithm 5.
Finally the whole procedure is stopped if the maximum number of iteration 7 is reached

(usually €1 = 1000) and the relative difference between two consecutive solutions is smaller
than a small number e5 > 0 (typically e5 = 1073). Algorithm 5 summarizes SB method.

Algorithm 5 (Split Bregman Method)

Denote by
U the restored US image

z the noisy US image

a1 the regularization parameter of TV regularization term in (2.3)
az  the regularization parameter of WTV regularization term in (2.3)
0 penalty parameter (60 = 1)

£, the tolerance (2] = (e1,¢5))

[u] < SB (u, z, a1, 2, 0, 27)

Ko
|
Sl
Ko
Il
o
)
ot
Il
o
ot
+
—

o Initialize K = 0, ul” = z, w!
e While (K < e1 AND 55 > 55)
» Use w& and b to compute ul®+1 according to (2.38)

B+ and b5 to compute w B+ according to (2.41)
[K+1]

» Use u

» Use !t and w to update Bregman iterative parameter

BUEHL (K] 4 g [KH1] _ g [K+1]

> 5 = ||U[K+1] - U[K])||L2(Qh)/||u[K]||L2(Qh)
» K=K+1

e end

o U= U[K]

We have so far presented three numerical methods for solving our proposed SN removal
model (2.4). So it remains to test and compare the overall performances of these numerical
techniques. Their performances will be tested and reported in the next section.

3. Numerical Results and Discussion

In this section, we carry out numerical experiments from several test cases for both synthetic
and real US images to
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(i) compare the restoration results of the proposed model in (2.4) with the state-of-the-art
models for SN removal in the literature;

(ii) illustrate the overall performances of the three numerical methods discussed in Section 2;
and

(iil) to assess the accuracy and efficiency of our proposed FAS-NMG technique with regard to
parameter changes.

We note first that all numerical algorithms for Methods 1 — 3 were implemented in MATLAB
(version R2011a) and run on an iMac under OS X EI Capitan 10.11.6, at a 4 GHz clock speed
and equipped with an Intel Core i7 and 32 GB of RAM. Second, a peak signal to noise ratio
(PSNR) and a relative error (ReErr) of a restored image are used for the evaluated experiments
by measuring the quality of the restored images or the ability to reduce SN from the given noisy
images. The PSNR and ReErr are defined as follows:

max
PSNR = 20log; | —mouo | 3.1
g10 {m} ( )
2
ReErr = w (3.2)
luoll>

where
N
MSE — EZZ (w)i; — (Uo)i,j)g ’
i=1j=1

ug and w represent respectively the vectors of the original (clean) image up and the restored
image u. Here max,, represents the maximum intensity value that exists in the original image.
(u0)s,; and (u); ; are the sample values of the original image and the restored image at a sample
point (z1,,22,) € Q"

3.1. Comparison with other SN removal models

The standard test images: “ring”, “Lena” and “pepper” are used in this section to compare
the performance between two competing SN removal models in the literature and the one
proposed in Section 2 as part of this paper. The sizes of the three images are all the same which
is 256 x 256 pixels. The noise formation model in (1.4) is being assumed for creating the noisy
versions of the images. The stopping criterion of the SN removal models under consideration is
that the relative difference between the successive iterates of the restored image should satisfy
the following inequality:

Jal 1 — bl

-3
Hu[m] H; <1077 (3.3)
We remark that there are two regularization parameters o1 and as in the proposed model.
In order to reduce the computation time in the search for good regularization parameters, we
fix a; in all the tests, typically ay = 10~%. Therefore, we need only to determine the best
value of asy for their tested values such that the relative error of the restored image u(as) with
respect to the original image wu is the smallest, i.e.,

2
[ulaz) — uoll;

; (3.4)
Ak

is the smallest among all tested values of as.
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3.1.1. Experiments on synthetic images

Fig. 3.1 shows the original test images to be used here for the performance test in removing
SN by various models.

(a) Ring (b) Lena (c) Pepper

Fig. 3.1. The original test images.

In Fig. 3.2, we compare the performance of the proposed model with those by KKWV
and HY models using the test image “ring” degraded with the standard deviation o2 = 10,15

Table 3.1: SN removal models evaluated using PSNR. Test images with the size 256 x 256 corrupted
by the SN generated by (1.4) with the noise standard deviation ¢2 = 10, 15, and 20.

Image o2 PSNR PSNR PSNR
KKWV HY Proposed Model
Ring 10 37.96 38.37 39.30
15 35.06 36.10 37.98
20 31.07 32.22 33.37
Lena 10 25.50 26.10 28.97
15 21.95 23.84 25.82
20 20.30 21.43 23.31
Pepper 10 28.18 30.16 32.02
15 26.90 27.93 29.05
20 24.14 25.52 26.75

Table 3.2: SN removal models evaluated using ReErr. Test images with the size 256 x 256 corrupted
by the SN generated by (1.4) with the noise standard deviation 02 =10, 15, and 20.

Image o2 ReErr  ReErr ReErr
KKWV HY Proposed Model
Ring 10  0.0015 0.0013 0.0011
15 0.0096 0.0053 0.0029
20 0.0581  0.0250 0.0139
Lena 10  0.0145 0.0126 0.0065
15  0.0490 0.0267 0.0143
20 0.0991 0.0374 0.0289
Pepper 10 0.0111  0.0071 0.0046
15 0.0407 0.0224 0.0114
20  0.0836  0.0305 0.0251
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Fig. 3.2. Noisy and restored images (image: ring): ROW 1: image corrupted by SN with the s-
tandard deviation o2 = 10,15 and 20, respectively; ROW 2: images restored using KKWV model
(e = 0.010,0.0125,0.02); ROW 3: images restored using HY model (« = 0.25,0.50,0.75); ROW 4:
images restored using the proposed model (a2 = 0.001, 0.00125, 0.002).

and 20, respectively. The first row in the figure shows the degraded images with different SN
strength. The second row shows the SN removal capability of KKWV model for the noisy
images shown in the first row of the figure. The third row illustrates the performance of HY
model and finally the last row shows the restoration results by the proposed model under various
SN noise strength.

Tables 3.1 and 3.2 show respectively the PSNR and ReErr of the restored ring images
produced by the proposed model and other SN removal models. In this experiment, the ring
image is corrupted by the SN with the noise standard deviation o2 = 10, 15, and 20. As
expected, the restoration results show that as the SN strength increases the PSNR and ReErr of
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Fig. 3.3. Noisy and restored images (image: Lena): ROW 1: image corrupted by SN with the stan-
dard deviation o2 = 10,15 and 20, respectively; ROW 2: images restored using KKWV model (o =
0.02,0.05,0.10); ROW 3: images restored using HY model (o« = 0.30,0.50,0.75); ROW 4: images
restored using the proposed model (a2 = 0.0005, 0.001, 0.002).

the restored images by the proposed model are better than those of other two models considered
here.

Similarly the SN removal capacity of the models considered here is further tested and com-
pared in Figures 3.3—3.4 and Tables 3.1—3.2 for the test images “Lena” and “pepper”. The
performance (in terms of SN reduction) of the proposed model is further well presented in these
results.

Fig. 3.5 shows a one-dimensional profile of the image “ring” (128th column with 256 rows)
treated with other models and the proposed one. The original, noisy and restored images are
shown in the figure with the noise standard deviation o2 = 10,15 and 20. It can be observed
from Fig. 3.5 that all models can be used to remove SN from the noisy images. However, as
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Fig. 3.4. Noisy and restored images (image: pepper): ROW 1: image corrupted by SN with the
standard deviation o2 = 10,15 and 20, respectively; ROW 2: images restored using KKWV model
(a = 0.02,0.05,0.10); ROW 3: images restored using HY model (a = 0.30,0.50,0.75); ROW 4: images
restored using the proposed model (a2 = 0.0005, 0.001, 0.002).

the SN strength increases the proposed model yields better restoration quality for reducing SN.

Fig. 3.6 shows the enlarged portions of the Lena image in the homogeneous of regions.
The first row shows the enlarged portion in the image Lena and its noisy version with the noise
standard deviation o2 = 10 in the selected region. The second row shows the restoration results
by KKWYV and HY models and the proposed model. We can see that while KKWYV and HY
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models produce the undesirable blocky (staircase) images, the proposed model has recovered
the image without causing any staircase effect. This fact is evident from the homogeneous
regions presented in these enlarged images.

— Original

0.8 — Noise

- - -KKWV model
HY model

— Proposed model

I I I
0 50 100 150 200 250
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— Noise
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— Proposed model
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I
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Fig. 3.5. Row profiles plotted for image “ring” in Figs. 3.1—3.2 is selected at the 128th column with
256 rows, for display at (a) o2 = 10; (b) o2 = 15; and (c) o2 = 20.

3.1.2. Experiments on real US images

In this part, we test the performance of the proposed model and compared with other two
models using three real US images, “baby”, “liver” and “kidney”. These real US images from
different medical applications are the same size which is 256 x 256 pixels and corrupted with
unknown SN strength.

The first rows in Figures 3.7—3.9 show the real US images and the restored images by the
proposed model. The last rows in Figures. 3.7—3.9 show the restored images by KKWV and
HY models.

Figures 3.10—3.12 (from top-to-bottom) show the corresponding signal of one column 128
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Table 3.3: Experts evaluation on the restoration quality for the clinical US images as shown in Figs.
3.7-3.9.

Expert Image  Grading on restored results
KKWV HY Proposed Model

Baby

1 Liver
Kidney
Baby

2 Liver
Kidney

W N NW NN W
=R WO W
OU OU O O Ot

Fig. 3.6. Enlarged portions of the image Lena: (a) original image; (b) noisy image with ¢2 = 10;
(c) results by KKWV model (o = 0.02); (d) results by HY model (o = 0.3); and (e) results by the
proposed model (a2 = 0.0005).

(named by the highlight line) and the restored signal by KKWV model, HY model and the
proposed model. The horizontal axis is the pixel along the highlight line and the vertical axis is
the gray value. Digits 1—3 are marked along the highlight line. Here the areas in Digit 1 (the
local changes of intensity) and Digit 2 (the strong reflection points) should be well preserved
and the areas in Digit 3 (the homogeneous regions) should be smoothed in SN reduction. In the
aspect of protection Digit 1, KKWYV and HY models are not successful as the proposed model,
however, all models are able to smooth the homogeneous area in Digit 3. Besides, the gray
value in Digit 2 is 0.95 in the baby image, 0.26 in the liver image and 0.77 in the kidney image
after performing SN reduction with our proposed model, which is the highest (or lowest) and
clearest to the original signal among three models, that is, our proposed model outperforms to
protect the high reflection point in Digit 2. Moreover, it is also be observed through Table 3.3
by two experts grading on the restoration quality of various models for SN reduction from the
real US images. The experts have graded the restored images in the range of [1, 5] of which 1
and 5 are used to represent the poor and best results respectively. It is clear that our proposed
model is the most effective variational model among the three for clinical US images.
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Fig. 3.7. Comparison with different SN removal models on a real US image of a baby. Top row (from
left to right): original image; restored image by proposed model (a2 = 0.0001); bottom row: restored
image by KKWV model (o = 0.01); restored image by HY model (o = 0.1).

Fig. 3.8. Comparison with different SN removal models on a real US image of a human liver. Top row
(from left to right): original image; restored image by proposed model (a2 = 0.0001); bottom row:
restored image by KKWYV model (a = 0.01); restored image by HY model (o = 0.1).

Fig. 3.9. Comparison with different SN removal models on a real US image of a human kidney. Top
row (from left to right): original image; restored image by proposed mode (a2 = 0.0001)]; bottom row:
restored image by KKWV model (a = 0.01); restored image by HY model (a = 0.1).
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Fig. 3.10. Corresponding signals of one column 128 of the baby image as shown in Fig. 3.7. Top row:
recovered signal by KKWYV model; middle row: recovered signal by HY model; bottom row: recovered
by the proposed model.

3.2. Performance tests among Methods 1-3

To illustrate the performance of Methods 1—3, the three test images with the 256 x 256
pixels as shown in Fig. 3.1 are used here and distorted by a SN with 02 = 10. All methods
starts with the same initial solution u[% = z. In this section we will use the same stopping rule
as shown in (3.3).

By experiments we note first that the set of the FP parameters (w, maxgor) = (1.2,2) for
GFP method, (w, maxpp) = (1.3,2) for LFP method, and (w, maxpp) = (0.9,2) for CGLFP
method, is recommended in leading to fast convergence and visually pleasing restoration results
for Method 1. We also note that setting max. = 1000 and maxp = 100 in our coarse-to-fine
framework for the FP methods outperforms other choices of these two parameters in terms of
the quality of the restored images and the amount of run time. Next, we note that applying
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Fig. 3.11. Corresponding signals of one column 128 of the liver image as shown in Fig. 3.8. Top row:
recovered signal by KKWYV model; middle row: recovered signal by HY model; bottom row: recovered
by the proposed model.

this set of the FP parameters with Method 2 leads to convergent MG methods for all different
sizes of images, where 11 = 5 = 7. Finally we note that using simple penalty parameter 6 = 1
in Method 3 usually works out well.

As can be seen, Table 3.4 shows first that GFP method performs slightly better than other
two FP methods in terms of the restoration quality, while as the image size increases GFP
method is much more better than the two other FP methods in terms of the amount of run
time. Thus, GFP method can be viewed as the optimal choice of Methods 1 and 2 in being
the efficient inner FP solver. Second, Method 3 is more efficient than Method 1 in delivering
higher quality of the restoration, while Method 3 is more expensive than Method 1. Third,
Method 3 usually takes less than 13 steps. So, the proposed numerical scheme for Method 3 is
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Fig. 3.12. Corresponding signals of one column 128 of the kidney image as shown in Fig. 3.9. Top row:

recovered signal by KKWYV model; middle row: recovered signal by HY model; bottom row: recovered
by the proposed model.

quite efficient. Next, we can clearly see that Method 2 is the fastest and best way in producing
the good quality of the restored images. In particular, as the image size increases Method 2
is much more efficient than Method 1 and Method 3. So, Method 2 should be recommended
to solve our proposed SN removal model (2.4). Finally, the quality of the restored results by
Methods 1-3 looks slightly different and almost identical in several cases, while the amount
of run time used by these methods is clearly different. Therefore, this implies first that the
different numerical methods for our proposed SM removal model do not significantly influence
on the final image restoration results. Second a MG method like Method 3 has a major impact
on runtime performance compared with that of a non-MG method.
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Table 3.4: Performance tests ... (in seconds).
Image Parameter Method 1 Method 2 Method 3
GFP LFP CGLFP MG-GFP MG-LFP MG-CGLFP SB
N/CPUs/PSNR N/CPUs/PSNR N/CPUs/PSNR | N/CPUs/PSNR N/CPUs/PSNR N/CPUs/PSNR | N/CPUs/PSNR
Ring
)= g | =10"" | 10/0.67/38.46  8/1.07/38.14 10/0.96/38.35 | 4/0.27/39.30  4/0.64/39.28 4/0.51/39.28 10/2.44/39.25
h=y | ax=10"% | 10/2.77/40.12  8/4.38/40.11 10/3.97/40.23 | 4/0.92/41.32  4/2.62/41.32 4/2.09/41.32 9/10.33/40.94
h= 1 [ e=1072 10/11.82/42.05  8/18.66/42.01  10/16.89/42.05 | 3/3.37/43.99  4/11.12/43.99  4/8.89/43.99 9/41.53/42.93
h= ﬁ 10/48.77/45.34  8/77.54/45.32 10/69.67/45.32 | 3/14.78/46.93  4/45.84/46.88 4/36.67/46.88 9/178.65/46.53
h= s 10/202.62/48.02  8/319.14/48.00  10/289.42/48.00 | 3/63.94/49.84 4/190.44/49.79  4/152.35/49.79 | 9/733.47/49.32
Lena
h=sk | ar=10"" |10/0.69/29.12  8/1.10/29.07 10/0.98/29.12 | 2/0.16/29.57  2/0.38/29.41 2/0.28/29.57 12/3.02/29.37
h=c5 | as=5m 10/2.42/20.88  8/4.53/29.75 10/3.43/29.88 | 2/0.49/30.39  2/1.35/30.23 2/1.05/30.34 11/12.11/30.10
h= oy | e=10"2 10/11.04/33.67  8/18.73/33.66  10/16.06/33.66 | 2/2.17/34.31  2/5.53/34.15 2/4.48/34.29 10/46.34/34.03
h= ﬁ 10/45.47/36.10  8/78.60/36.11 10/70.06/36.05 | 2/9.81/37.49 2/22.77/37.33 2/18.59/37.40 10/200.05/37.30
h= ﬁ 10/200.37/39.83  8/321.13/39.80 10/287.83/39.77 | 2/42.63/41.06  2/94.20/40.90 2/75.55/41.02 9/730.65/41.00
Pepper
h=s [a=10"" |10/0.66/32.31  8/1.24/32.20 10/0.91/32.30 | 2/0.16/32.73  2/0.37/32.71 2/0.29/32.70 11/2.73/32.66
=L | ax=5m 10/2.56/33.83  8/4.42/33.81 10/3.94/33.82 | 2/0.48/34.36  2/1.34/34.34 2/1.07/34.30 10/11.55/34.23
h= 1 [ e=10"2 10/11.34/37.66  8/18.85/37.62  10/16.55/37.63 | 2/2.20/38.27  2/5.55/38.15 2/4.44/38.12 10/46.19/38.08
h ﬁ 10/47.98/39.82  8/77.12/39.81 10/69.42/39.82 | 2/9.71/40.46 2/22.74/40.44 2/18.19/40.43 10/198.22/40.39
h= 10/201.18/44.20 8/319.32/44.15  10/288.31/44.14 | 2/42.34/44.61 2/96.31/44.56  2/77.04/44.54 | 10/811.55/44.48

3.3. Further performance test on Method 2

As shown in Table 3.4, GFP method is recommendable as a potential smoother for Method
2 or our FAS-NMG method. Thus, in the following tests we designed our experiments to
investigate its convergence with regard to parameter changes.

3.3.1. Signal—dependent tests

Table 3.5 shows the robustness of our SN removal model and the proposed FAS-NMG method
in Algorithm 4 for different noise levels.

Here we tested our proposed FAS-NMG method with the GFP method u2sing the parame-
ters h = 1/256, ¢ = 1072, vy = v, = 7, w = 1.2, maxsor = 2 and 7 = (20, 107, 1073, 1074,
1073) for all tests on the image ring.

As can be clearly seen, although convergence is slower for noisier images, the PSNR and
ReErr values show that the restored images would come with good quality. Moreover, the
number of MG steps does not increase very much.

Table 3.5: Restoration results for signal—dependent tests of Algorithm 4 (Proposed FAS-NMG method)
with the GFP method for the image ring shown in Fig. 3.1. Note the the regularization parameters
for all tests were well-selected.

o2 1 5 10 15 20

M 4 4 5 5
PSNR 57.19 45.75 39.30 36.11 34.20
ReErr | 1.81 x 1077 | 252 x 107* | 1.11 x 1072 | 2.32 x 1072 | 3.60 x 1073

3.3.2. a1/as—dependent test

Next we evaluate to show how our FAS-NMG method in Algorithm 4 is affected with varying
a = a/as.

To this end, the MG algorithm based on the GFP method was tested on the image ring with
the results shown in Table 3.6. Here the following parameters are used: € = 1072, h = 1/256,
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Table 3.6: Restoration results for a1 /o —dependent tests of Algorithm 4 (Proposed FAS-NMG method)
with the GFP method for the image ring shown in Fig. 3.1. Here “n.c.” means that our proposed MG
method did not converge.

ay 10—7 107 107 107 107 107 10— J10—*[10—7
a9 10—2 10—3 0.5x10—3 0.2x10—3 10—4 0.5x10—4% 0.2x10—4[10—-5[10—6
a 0.01 0.1 0.2 0.5 1 2 5 10 | 100
M 15 4 4 4 3 3 n.c. n.c.|n.c.
PSNR| 28.68 39.30 39.22 34.98 31.38 29.69 * x| *
ReErr{1.28 x 1072|1.11 x 10738.90 x 107%3.00 x 107 3/6.89 x 1073[1.01 x 1072|  x x| %

Table 3.7: Restoration results for e—dependent tests of Algorithm 4 (Proposed FAS-NMG method)
with the GFP method for the image ring shown in Fig. 3.1. Clearly, e = 1072 is enough to remove this

kind of SN with the good PSNR results in a few MG steps.

€ 5x10°* 2.5 x 107! 1071 1072 1073 1074

M 4 4 4 4 5 5
PSNR 38.08 38.40 38.75 39.30 39.51 39.57
ReErr | 1.47x 1072 | 1.37x107% | 1.26 x107% | 1.11x 1072 | 1.05x 1072 | 1.04 x 1072

v =1y =7, w= 1.2 maxsor = 2, 02 = 10 and Z = (20,104, 1073, 10=%, 1073) for all
experiments and & is varied from 0.01 to 100.

As can be seen from Table 3.6, decreasing the values of s leads to the best restoration
result at @ = 0.2. Moreover, we can also see that large & is not needed as small ones give better
results, typically & = 0.1,0.2,0.5,1, and 2. We note that the process to select the optimal
value of @& is a separate but important issue because it is in general unknown a priori and it
significantly affects on the qualities of restored images as well as the MG performance.

3.3.3. e—dependent test

As is well known, the qualities of restoration results and the performance of the MG tech-
niques in solving the nonlinear systems related to the TV regularization method are affected
significantly by the values of e.

Here our aim for this test is to see how the proposed variational model and FAS-NMG
algorithm are affected with varying the values of €. To see this, the MG algorithm based on
the GFP method was tested on the image ring using the following parameters h = 1/256,
ar = 1074, ay = 1073, 072I =10, 11 = v, =7, w = 1.2, maxgor = 2 and 7 = (20, 107,103,
10~*, 1073) for all experiments and e is varied from 10™* to 5 x 107!,

As can be seen, Table 3.7 shows that our FAS-NMG method with GFP method converges
within a few MG steps for € € [1074,5 x 107!]. Theoretically, € should be selected to be very

small as much as possible. However our experimental results indicate that very small € is not

necessary and not recommendable. As clearly shown in Table 3.4, e = 102 is enough to remove
this kind of noise with the good PSNR results. We note GFP method can lead to better MG
convergence for the case € < 1072 when the number of pre- and post-smoothing steps v, and
Vo are increased.

4. Conclusion

The main focus of this work is to present an improved variational model for removing SN
from real US images based on the TV and WTV regularization methods. The existence and
uniqueness of the solution for the improved variational model have also discussed. In order
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to solve the associated EL equation, we have proposed several numerical methods. Numerical
tests confirmed that the model delivers better restoration results than the competing models
and very importantly its MG solution is fast, robust and reliable in providing visually pleasing

restoration results.
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Abstract

The classical total variation (TV) model has made great successes in image denoising due to
the edge-preserving property of the TV regularization. However, it is well known that the TV
model suffers from the staircase effects and the loss of image details. In order to overcome
these problems, we present a new curvature-based model for image denoising. To find a
minimizer of our proposed model, we develop an efficient numerical algorithm in the split
Bregman framework for solving the associated minimization problem. We experimentally
demonstrate the effectiveness and efficiency of the proposed techniques over existing high-

order variational models.

Keywords: Image restoration, mean curvature, Gaussian curvature, high-order
regularization, split Bregman
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1. Introduction

Images generated by imaging devices are frequently contaminated by noise during image
acquisition and transmission processes. Thus the task of image denoising, consisting of
removing electronic noise, which is a random variation of brightness or color information,
from the image signal, has become a highly desirable and essential pre-processing technique
in several areas of multimedia applications. Especially in medical application, for example,
it has been used routinely to enhance the quality and information content in clinical images
by estimating the original clean image from a recorded noisy image without losing significant
features such as edges and texture details.

Over the last decades, a variety of methods have been developed to deal with the image
denoising problems. Roughly speaking, these denoising methods fall into five categories: 1)

filtering based methods in spatial domain [1, 2, 3, 4] and transformed domain, e.g. wavelet
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domain [5, 6, 7]; 2) nonlocal filtering methods [8, 9, 10]; 3) anisotropic diffusion methods
[11, 12]; 4) deep convolution neural network methods [13, 14, 15, 16]; and 5) variational
methods [17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31]. Among these methods, the
variational methods are one of the most powerful techniques to offer high quality of denoised
images. Accordingly, this paper focuses on the variational method based on high-order
regularizations.

In the next subsections, we present a variational formulation and review briefly several

existing variational models for image denoising problems.

1.1. Variational formulation

Let Q be a bounded domain of R? (a rectangle in practice). We consider the problem of
recovering the original image u : {2 — R from a recorded noisy image z : 2 — R. Generally,
most of the noise obtained during acquisition and transmission of the natural images is
assumed to be additive noise (AN). Thus, a recorded noisy image z can be mathematically
modeled with the equation

B (1)

where 7 : {2 — R is the zero-mean Gaussian white noise with a given variance o.

It is well known that the problem of recovering u from z by using the AN model (1) is an
ill-posed inverse problem because the solution is very sensitive (unstable) to the noise. In this
case, a widely common procedure in inverse problems is to use a regularization for computing
the approximate solution that is less sensitive to the noise than the naive solution. From
the variational point of view, the task of removing noise can be accomplished by solving a

minimization problem such as
min{J (u) = Dan(u, 2) + 7R (u)}, (2)

where Dan(u, z) = & [,(u — 2)2d€2 is the fidelity term, which is derived from the AN model
(1) and used to measure the similarity between the denoised image u and the recorded noisy
image z, R(u) = [, Fr(z,y,u, Dyu, Dyu, - - -, D;u, - - - )dS) is the regularization term, which
is used to filter out the noise from the recorded noisy image z as well as to preserve significant
features such as edges and textures of the denoised image u, and v > 0 is the regularization

parameter which compromises the fidelity term Dax(u, 2) and the regularization term R (u).

4T
Note that D;u = [g;, gyﬂ and fractional derivatives of u may occur in Fp.
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1.2. A review of existing high-order variational models

Rudin, Osher, and Fatemi [32] proposed one of the most popular variational models.

Their variational model, also known as the total variation (TV) model, is given by
min {J "V (u) = Dan(u, 2) + YRV (u) }, (3)

involving the TV regularization R™ (u) = [, [Vu| dQ. Although TV regularization is effec-
tive in preserving sharp edges while removing unwanted oscillations and noise, it has some
undesired effects. In particular, it transforms smooth signals or signals that are not neces-
sarily piecewise constant into piecewise constants. This phenomenon is known as staircase
effect. From a practical point of view, staircase solutions of (3) fail to satisfy the evaluation
of visual quality, and they can develop false edges that do not exist in the true image. The
main challenge is thus to deal with the staircase effect while preserving image sharpness.

To overcome the drawback of the TV regularization, several high-order regularizations
have been proposed so far in the literature to yield better quality of denoised images. These
high-order regularizations usually involve second-order differential operators in dealing with
the staircase effect because piecewise-vanishing second-order derivatives yield piecewise-
linear solutions that better fit than those by the TV regularization for smooth intensity
changes. To the best of our knowledge, there are two main classes of high-order regulariza-
tions for image denoising problems. The first class combines a second-order regularization
with the TV regularization. The second class employs a second-order regularization in a
standalone way. Below, we present a bird’s eye view of specific variational models involving
the high-order regularizations.

You and Kaveh [17] proposed the total Laplace (TL) model
min {Jyx (1) = Dan(u, 2) + R (u) } (4)

with the TL regularization R™(u) = [, [Au|dQ = [, \/[tea]? + [tyy]|2dQ, where Au denotes
the Laplacian operator. Scherzer [18], Lysaker et al. [19], Hinterberger and Scherzer [20],
Bergounioux and Piffet [21] and Lai et al. [22] considered the bounded Hessian (BH) model

min { T3\ (u) = Dan(u, z) + 7R (u) } ()
with the BH regularization R (u) = [, |[V?u|dQ, where

Uge Uyz

Vu =

Ugy  Uyy

3



represents the Hessian matrix of u and |V?u| = /u2, +u2, +u2, + u2,. Chan et al. [23]

introduced the CEP-L? model

min {jCEP'LQ (u1,us) = Dan(ur,ug, 2) + ROEP-L? (w1, U2)} (6)

u1,u2

with the CEP-L2 regularization REEPLAN (g, up) = 11 RTY (uy) + 1R (up) where 71 > 0
and v, > 0 are the weighting parameters that balance the first- and second-order derivative
terms. Note that the noisy image z is decomposed into three parts, i.e. z = u; + us + 7 and

the associated fidelity term is given by

1

Dan(u1, ug, 2) = 5/(2 —uy — up)? dSQ.
Q

Zheng et al. [24], Wang et al. [25] and Chan et al. [26] considered the TVL model
min { 74N “(u) = Dan(u, 2) + R™V(u) } (7)

with the TVL regularization RT™VE(u) = v R™Y (u) + 1R ™ (u). Papafitsoros and Schonlieb
[27] introduced the TVBH model

min { TN (1) = Dan(u, 2) + R (u) } (8)

with the TVBH regularization RTVPH(u) = v R™ (u) + %RP¥(u). Chambolle and Lions
[28] proposed the INFCON model

min { TN "M (ur, u) = Dan(u, ug, 2) + RV (ug, up) } - 9)

with the INFCON regularization RTVEH (uy, up) = 1RV (uy) + %RB%(uyp) deriving from
an inf-convolution of two convex regularizations. Bredies and et al. [29] proposed the total

generalized variation (TGV) model
min {TaNY (u, p) = Dan(u, 2) + R™V(u, p) } (10)
with the TGV regularization
RY () = [ [Vu=p)| a2+ 5 [ [e@)] do

where ¢(p) is the symmetrized derivatives defined as

~ D1y +D2,
= o
p)= P1y P2, ~
2 p2y
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Note that the minimum of (11) is taken over all gradients of the deformation field p = (1, p2)
on image surface Q. Here p, = 0,p, and p, = d,p; for [ = 1,2. Zhu and Chan [30] proposed

the mean curvature (MC) model
min { T3\ (u) = Dan(u, 2) + 7R (u) }, (11)

with the MC regularization RMC(u) = [, [km(u)| d© where

Vu
rn(u) =V - (W)

is the mean curvature of image surface ¢(x,y,z) = u(z,y) — 2z = 0. This model tries to

(12)

fit the given noisy image surface (z,y, z(x,y)) with a surface (x,y, u(z,y)) that bears small
magnitude of mean curvature. As demonstrated in [30], the MC model is able to sweep noise
while keeping object edges, and it also ameliorates the staircase effect. More importantly, the
MC model is also capable of preserving image contrasts as well as geometry of object shapes,
especially object corners. Brito-Loeza and Chen [31] proposed the Gaussian curvature (GC)

model
muin {jﬁ\?(u) = Dan(u, 2) + ’yRGC(u)} (13)

with the GC regularization R“(u) = [, |rg(u)| d€ where

UgzUyy — UzyUyz (14)

K = T VP2
is the Gaussian curvature of image surface ¢(x,y, z) = u(z,y) — z = 0. This model is able
to preserve image contrast, edges, and corners such as the MC model does.
Non-surprisingly, the choice of the regularization significantly affects the quality of the
denoised image. In particular, the high-order regularizations mentioned above are better
than the TV one in reducing staircase effects and achieving good trade-off between noise

removal and edge preservation. Some comparative results of high-order regularizations can

be seen in [33, 34, 31].

1.8. Contribution

The main contribution of this paper is to propose a new variational model for image
denoising. Our new model is designed to utilize the favorable denoising properties of the
high-order regularization deriving from the sum of squared principal curvatures of the image
surface. As a result, our variational model is difficult to solve by standard techniques such as
gradient descent methods. To simplify the associated minimization problem, we propose to

use the split Bregman (SB) method. The main idea is to introduce several auxiliary variables

5
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for converting the complex operation into an alternating iterative process by several simple
operations, which are easy to implement and have high computational efficiency. We note
that the new variational model has several advantages. Firstly, it is more effective than
existing high-order variational models mentioned above to remove noise and preserve edge.
Secondly, as we shall demonstrate, our denoising algorithm to be introduced in Section 3 is
able to converge in a reasonable number of iterations. Finally, we found what we expected in
numerical experiments on real noisy images that it is able to deliver visually pleasing results.

The remainder of this paper is organized as follows. In Section 2, we introduce a new
curvature-based regularization. Then, our new high-order variational model for image de-
noising proposed. The denoising algorithm using the SB iteration is introduced in Section
3. Experiments results from synthetic and real images are given in Section 4. In Section 5,

the concluding remarks are drawn.

2. The proposed model

Inspired by the attractive property of the high-order regularizations mentioned in Section
1.2 for dealing with the staircase effects from the noise reduction process, we propose our
new high-order variational model for image denoising as follows.

Let k1(u) = k1(x,u(x)) and ko(u) = Ko(x, u(x)) be the principal curvatures of the image
surface induced by a given image u = u(x) through the mapping (x,u(x)). According to
theory of surfaces, the mean curvature sy (u) in (12) and the Gaussian curvature kg(u) in

(14) are related to the principal curvatures x;(u) and x1(u) by
rm(u) = k1(u) + ko(u) and kg(u) = Ki(u)ke(u).

Therefore, the sum of the squares of the principal curvatures of the image surface are related

to the mean and Gaussian curvatures as follows.

K1 (u) + (1) = (k1(w) + Fa(u)” = 261 (u)rz(u)

— 12, (u) — 2w (u)

_ (14 u2 ) uyy — 2uptiyUay + (1 + U] ) Uy 2 o Uy — UgyUys
(1+|Vul?)3/? (1+|Vul?)?

(15)

We note that the authors in [30] use

ear(a) = k() + ro(u) (14 u?)uy, — 2upu g, + (14 uz)uzx
MA®) = 2 - 2(1 + |Vul?)3/2 ’
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justifying the name ‘mean’ curvature. We also note that the sum of the squares of the

principal curvatures of the image surface for the case |Vu| &~ 0 can be approximated by
R0 + K3() ~ A% — 2 (tgy, — 12,)

Carefully considering, we have ry(ug) = 0 and kg(ug) = 0 for piecewise constant or
piecewise affine images ug. This motivates us to propose the following functional as the new

regularization

RN () = / (K1) + K5(w)) d2 = 5/9 (R(w) — 256 () . (16)

As can be seen, the kernel of RNV denoted by ker (RNVY) = {u: Q — R|RN*"(u) = 0}

is given by
ker (RN (u)) = {u(x) = Ax + b a.e. in Q for some A € R"?, x = (z,y)" € R?, b e R}.

It follows that RNV shares this attractive property with the MC and GC models in dealing
with different image characteristics such as piecewise constant and piecewise affine images.
We note that RNVCV is related to the bending energy used to measure surface fairing and
the strain energy of a thin elastic plate, which has lots of applications in computer graphics
35].
In summary, the new high-order variational model with the regularization (16) is then
given by
HEH {TA (1) = Dan(u, 2) + yRY" ()} . (17)

3. Solution of the proposed model

To find the solution of the new model (17), ones may directly solve the corresponding
Euler-Lagrange (EL) equation, which can be derived similarly as in [36] (see in Appendix
A) and given by

flu,2) +4V -V =0 (18)

subject to the natural boundary conditions

kym(u) =0, (19)

Okm(u)  Vem(uw) - Vudu
 on (1+|Vu2)? on 0 (20)
(Usy, —Uggz) - M =0, (21)
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(_“yyv “y:r) -n =0, (22)

((m)m —(W))x n =0, (23)
((W)y» —(W))y -n =0, (24)

A UgyUyz — Ugzlyy) OU
T _o. P
A+ VPP on " (25)

Here f(u,2) =(u—z) and V=V, + Vo + V3+ V4 V;, where

1 Vu - Vim(u)

Vi=——=Viu(u),Vy = — u,

/Tt [V Mlu) Vs (V1+|Vu)?

AUy Ugyye — U Uyyyy) u u

V _ xy Yyx xx Yyy V — - yy - Yy 2),

s (14 |Vul?)3 Vu, Va=(( (1+\vu|2)2) ’((1+]Vu|2)2))

- Uy o Ugg

V5 — (((1 + |VU|2)2)?J7< (1 n |VU|2)2)y)

A simple numerical technique for solving the nonlinear and fourth-order partial differential

equation in (18) is to update u using the gradient descent method as follows:
utz—(f(U,Z)—i-’yV-V), (26)

where u = u(x,t) and ¢ € [0,00) is the artificial time variable. However, this technique
requires a small time step and is not efficient because the time step is required to be very
small for stability reasons. One way to solve it effectively is to develop a multigrid method

as in [37]. Here, we consider an alternative approach in a unilevel framework.

3.1. Discretization

In order to provide the numerical algorithm for the proposed variational model (17), the
finite difference discretizations of the first-oder and second-order derivative operators are
required. They are respectively 9, 9, 9,f, 0, , 0,05, 070, , 0, 0F, and 9,9, . Note that
we apply periodic boundary condition with these discretizations. It is often used for the
image denoising problem since it is able to allow fast numerical computations.

From now on, we assume €2 = [0, M] x [0, N]. Let Q C Q be the discretized image domain

as given by
Q={(z,y) € Qx,y) = (wi,y5), vi=14, y;=J, 1 <i<Mand1<j<N)}.

For simplicity, each grid point (z;,y;) € Q is denoted by (i, j), where the coordinates = and y
are oriented along columns and rows, respectively. All the variables are defined on these grid

points. Let Q — RM*N be the 2D grayscale image space with size M N. So, the first-order



forward differences of the grayscale image u at grid point (7, j) along = and y directions are

respectively

u ij —
’ (u)i,l — (u>i,j if 1 S 1 S M,j =N

and

(W)ig1; — (u)iy; H1<i<M1<j<N
Wiy — (u)i; fi=M1<j<N

(28)

The first-order backward differences are respectively

a_(u)i’j: ( ),J ( )7] 1 J (29>
(u)i,j_(u)i,N 1f1§z§]\/[,j:1

and

(w)ij — (u)i—1y; if1<i<M1<j<N

9, (u)i; =
’ Wiy — (W, fi=1,1<j<N

(30)

For p = (p1,p2) € (RM*M)2 and u € RM*N the discrete version of the first-order adjoint

divergence operator satisfies

>, —(Vip)ru= Y p-(Vu

1<i<M 1<i<M
1<j<M 1<j<M

Therefore, according to the definition of discrete gradient operator

Iy (u)i
(Vi =1| ’
0y (u)ig
the discrete divergence is given by
(V- p)ij =07 (p1)ij + 0y (p2)is. (31)

The second-order derivative operators of u at grid point (7, j) are given by
(u)i,N — Q(U)Z‘J + (u)i,j—i—l if 1 S 1 S M,] =1

a;a;(“)i,j = aw_&;_(u)i,j = (w)ijo1 —2(w)ij; + (w)ijp f1<i<M1<j<N (32)
(U)i,jfl — Q(U)i’j + (UJ)i,l lf 1 S 1 S M,j =N
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u)i-f—l,j 1f1<Z<M,1S]§N (33)

Ui j+1 — U)iyj — U)M,j-i—l + (U)MJ‘ if i = 1, 1 S] <N

(

i — (Wt + (W, ifi=1,j=N
(
)

z Yy (34)
U)ii+1 — (W)ij — u),;_l,jﬂ -+ (u),;_l,j ifl <z S M,l S] < N
\ ui,l—(u i,j—(u i_171+(u)i_17j 1f1<Z§M,j:N
and
(Wit — (w)ij — (W)ir1,n + (W)in fl1<i<M,j=1
u)r; — (u);; — (u + (u); ifi=M,57=1
oo, — 4 (1 (W = (W + W j -
(W)i1 — (W)ij — (Wit1j-1 + (W)ijo1 H1<i<M1<j<N
\ (U)Lj — (u)i,j — (U)l,j—l + (u)i,j—l if 1 = M, 1< ] S N
Based on (32) and (33), the discrete Laplace operator is given by
(Au)iy = 0,07 (u)iy + 00 (). (36)

3.2. Numerical algorithm based on split Bregman method

Alternating direction method of multipliers (ADMM) has been successfully applied in
the field of image denoising for solving variational models, which require the minimization
of nonlinear and non-differentiable functionals. For instance, the authors in [38] developed
the split Bregman (SB) iteration method to solve the TV model, while the augmented
Lagrangian method (ALM) has been developed for the TV model in [39, 40]. Note that
both methods employ ADMM to minimize their energy functionals and the convergence of
ADMM is always guaranteed. In [39, 40], the authors have proven that the two methods
are in fact equivalent. For applying ADMM to minimize the energy functionals, we refer to
[41, 42, 43, 44, 45].

In this subsection, our aim is to show how SB method can be used to solve our proposed
variational model (17). Before starting our discussion on SB method, we note that our

proposed model in (17) can be expressed as

min {DAN(u, 2+ 1 /Q K2 (1)d — /Q mG(u)dQ}. (37)

Introducing the auxiliary variables p = (p1,p2), m = (my,m2), n = (ny,n2), and ¢ leads to

10



the following constrained minimization problem:

. 0 9 P1,P2, — P1,P2
min < Dan(u, z) + = ds) + / . ~dQ) 5, 38
u,q,m,nvp{ an(u, 2) 2 /Qq K o (1+pi+p3)? } (38)
p

VIpl? +1

Therefore the solution of the constrained minimization problem (39) can be obtained by

st. p=Vu, m= m=mn, g=V - -n. (39)

minimizing the following functional

5(”7 q,m,n,p, b17 b27 b37 b4) = DAN(“a Z) + Z / q2dQ + 7/ plypzz - plszy df
Q Q

2 (1 + p? + p3)?
(91 2 92 p 2
+— [ (p—Vu-2» dQ+—/m———b df
2 Q( 1) 2 Q( Vip)l2+1 2)

+¢9_3 (n—m—b3)2dQ—|—@/(q—v-n—bzl)zdﬁ, (40)
2 Ja 2 Ja

where by, by, bs, by are the Bregman parameters and 64, 60,, 03,0, are the positive penalty
105 parameters.

Since all variables u, ¢, m, m, p are very difficult to solve simultaneously, we then
separate the minimization problem of £ into five subproblems and propose an alternating
minimization procedure as shown in Algorithm 1 to approximate the solution. The process
is repeated until one of the following stopping rules is satisfied:

Ju) — 0

a1

< 5B, (41)
m> &8, (42)

where ;8 denotes the predefined small positive number and €52 denotes the maximum
iteration of the SB method. Here m represents the index of the current iteration.

The five subproblems associated with the minimization of £ in (40) are as follows:
u-subproblem. We fix the variables ¢, m, n, p and derive the EL equation respect to u:
u—0Au =G, (45)

where G = 2+ 6,V - (by — p). To solve the linear partial differential equation in (45), we
apply the discrete divergence operator in (31) and the discrete Laplace operator in (36) as

follows

(w)ij — 01 (0, 0 (w)iy + 8, 0, (u)ij) = (G, (46)

11



Algorithm 1 SB iteration for the proposed model

1) Initialization: set m = 1, choose e%B, egB, 01,02,03,04 > 0 and bq, ba, bs, by.

2) Repeat

2.1) Compute (u(m),p(m),m(m),n(m)7 p(m)) as an approxrimate minimizer of the functional
€ in (40) with the Bregman parameter b(lm_l), bgm_l), , bgm_l), bgm_l), ie.,
(u(m)7p(m)7m(m)7 n(m, p(m))

~
~

argmin &(u,q, m,n, p; bgmfl), bgmfl), b:(gm*l) , bl(lmfl)). (43)

u’q’m7n’p

2.2) Update Bregman parameters

b{™ = bV yylm) — pm),

b(m) — b(mfl) p™ _ (m)7
S - i m
by = by 4 mm) — p(m),

B = (" L v pm) — gm)

\

until a stopping rule for SB iteration is satisfied.

where (G)i,j = (Z)i,j —91 (a;((bll)@j — (pl)ivj) + 8;((1)12)1"]' — (pg)z’])) As periodic boundary
conditions have been imposed on the discrete derivatives in Section 3.1, the discrete Fourier

transform can be directly applied to the both sides of (46)
F )iy =01 (9, 07 (u)iy + 0,0, (w)iy) } = F{(G)ig}, (47)

where F denotes the discrete Fourier transform. For r € [0, M) and s € [0, N) in the discrete
frequency domain, we have
2ms 2mr
<1 — 26, (cos — TS - 2))]—“{(u)”} =F{(G)i,;}, (48)

J/

¢
where 7 € [1, M] and j € [1, N] are the indexes in discrete time domain. Thus a closed-form

solution of u is given by

(u);; = Real (]-"1 {%}) , (49)

where F~1 denotes the discrete inverse Fourier transform. We note that ‘Real’ is the real

no  part of a complex number and ‘—’ stands for point-wise division of matrices.

12



q-subproblem. Fixing the variables u, m, n, p leads to the EL equation respect to q as given

by
vq+04(q—V -n—1by) =0. (50)

As can be seen, the exact solution is given by

04((9; (n1)ij + 9y (n2)ij) + (ba)ij)
v+ 0

(Q)m’ = . (51)

m-subproblem. Fixing the variables u, ¢, n, p yields the EL equation respect to m as follows:

p

VIpPE+1

which can be determined using the closed-form formula

92(m— —bz) —Qg(n—m—bg,) :0, (52)

92((\/ﬁ)m + (b2)ij) + 03((n)i; — (b))

93
92+93 ( )

(m); =

n-subproblem. By fixing the variables u, ¢, m, p, the EL equation respect to n is given by

(03 = 04070, ) (n1)ij — 04050, (n2)iy = ()i, (54)
(93 — 9483_8?;) (TLQ)Z'J — 84(9;_8; (nl)i,j = (hg)i,j, (55)
where
(h1)i; = 03(m1 + bs1) — 040 (¢ — bs), (56)
(hg)i’j = 93(m2 + b32) - 048;(q - b4) (57)

Taking the DFT with (54) and (55) leads to the following system of linear equations

Ax =b,
where
F irj F{(h)i;
A ai; Qa2 x= {<”1) ,J} b= {( 1) ,J} ,
a1 g Fi(na)ij} F{(h2)ij}

2rs
ajp — 93 — 204 <COSW — 1) s
27r . 27r 27s . 2ms
CL12——64<—1—COSW+\/—1SIIlw) (1—COSW+V—181nw),
2ms . 2ms 2mr . 2mr
a9 = —94 <—1 — COS W =+ —1sin W) (1 — COS W + vV —1sin W) s

2
a9 — 93 — 204 (COS% — 1) .

13
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For all discrete frequencies, the determinant of the coefficient matrix A is given by

2 2
D = 03 — 2030, (cos % + cos % - 2) : (58)

which is always positive. Thus, the closed-form solution of n; and ny can be expressed as

<n1)i,j = Real (.F_l {a22]:{(h1)i7j}[—)G12-7:{(h2)i,j} }) :

(n2)i,; = Real (]—“—1 {all}—{(h&)i,j}*a21.7:{(h1)i,j} }) .

(59)

D

p-subproblem. Fixing the variable u, ¢, m, n, the EL equation respect to p is given by (see

Appendix B)

-V - w; +I'p; + 91(171 — Uy — bn) + 92(7”1 —Yp1 — bzl)w?’p% - W =0,

(60)
=V - wy +0py + 01(p2 — uy — bia) 4 O2(ma — pa — byo) (¥VPp3 — ) = 0,

where w; = (—%,%); wr = (%7—%), I = (p1>r(p2>y - (pl)y<p2)x7 Iy = p% +
p+1LT= 9=
To solve the nonlinear partial differential equation in (60), we develop a semi-implicit

fixed-point iteration method. We start from an initial solution pl% and compute a sequence

of approximate solutions pl!l, pl& ... pl pl+1 ... by solving the discrete linear system
(P, = YV -l + 01(0F (Wi + (bur)ig) + O (my — b
1 LV v v )
Y(TP)i 5 + 64 [+]02(W>z-,j<<m1 = WP = b1 )iy ()i (01 )i + 1) (61)
(), = YV - wy )iy + 01095 ()i + (br2)iy) + Ootp(my — )iy
2 LV v v ’
YT g + 01+ G2 (11); 5 ((ma — PPy — ba) (1) 5 (05 )ig + 1)
el 1 e |

until the stopping rule max{21 } < &P or v > §F is met for a given

T S
small threshold €¥ > 0 and the maximum iteration of the FP method 5.
Now we are at a position to formally present the SB method for our proposed model as

given in Algorithm 2.

4. Experimental results

In this section, we present a number of numerical experiments to show the performance of
our proposed model (the NewCv model) in comparison with the existing variational models
mentioned in Section 1.2, which are the TV, TL, BH, CEP-L?, TVL, INFCON, TVBH,
TGV, MC and GC models.

We use the SB algorithms of Lu et al. [34] to solve the TV, TL, BH, CEP-L?, TVL,
INFCON, TVBH, TGV, and MC models, while we apply the SB algorithm developed in our

previous work [46] to solve the GC model. All eleven SB algorithms are started with u(®) = »

14



125

130

135

Algorithm 2 SB iteration for the proposed model — solve the subproblems of (43)

1) Initialization: set m = 1, choose 6§B, (—:gB, efp, Ggp, 01,02,05,04 > 0 and by, ba, bs, by.

2) Repeat

2.1) Compute u(™ by (49) with ¢(™=1, mm=D nm=1 and plm-1),
2.2) Compute ¢ by (51) with (™, mm=1 n(m=1 and plm-1),
2.3) Compute m™ by (53) with u("™), g™ n(m=1) and p(m-1),
2.4) Compute n(™ by (59) with uw(™ (M) (M) and p(m—1),

2.5) Compute p{™ by (61) with u(™, g™ m(™) and n(™.
m)

2.6) Update all Bregman parameters by (44) with uw™ | gm) (M) p(m) and pm).

until a stopping rule for SB iteration is satisfied.

and terminated with the same stopping rules as given in (41) and (42), where {8 = 5.5x107°
and 3% = 1000. For the proposed SB algorithm in Algorithm 2, we apply €{¥ = 10=2 and
e5F = 10 to stop the iterative procedure in solving p-subproblem. We note that all eleven
SB algorithms consist of regularization and penalty parameters. In each model, we carry
out many experiments with different values of these parameters and we select manually the
ones with the best denoising result.

In total, we apply twelve images to demonstrate the denoising performance of eleven
different models. The test images are 256 x 256 as shown in Figure 1: i) three synthetic
images: (a) “Piecewise constant”, (b) “Piecewise linear”, and (c¢) “Piecewise smooth”; ii) six

real natural images: (d) “Barbara”, (e) “Boat”, (f) “Cameraman”, (g) “Castle”, (h) “Lena”

and (i) “Peppers”; and iii) three real noisy images: (j) “Abdomen”; (k) “Brain”, (1) “Knee”.

For measuring the denoised image quality, Peak signal-to-noise ratio (PSNR) in decibels

(dB):

2 2

2562 ||1AL - u”2

and structure similarity index map (SSIM):

(2 p2 + C1) (2012 + Cy)

SSIM =
(i + p3 + Ch)(0f + 03+ Cy)’

(63)

are used to perform effectiveness evaluation for all variational models, where p; and puo are

averages of u and u, respectively, o1 and oy are variance of u and u, respectively, and o5 is

15
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(d) Barbara

) Piecewise constant ) Piecewise linear PIC(CWISC smooth

(g) Castle (h) Lena (i) Peppers (j) Abdomen (k) Brain (1) Knee

Figure 1: Original images: i) three synthetic images (a)-(c); ii) six real natural images (d)-(i); iii)

three real noisy images (j)-(1).

) Noisy image (b) TV (d) BH ) CEP-1? (f) TVL
(PSNR = 28.12, SSIM = 0.7227) (PSNR = 52.70, SSIM = 0.9993) (PSNR = 30.26, SSIM = 0.9447) (PSNR = 33.20, SSIM = 0.9638) (PSNR = 49.81, SSIM = 0.9986) (PSNR = 49.60, SSIM = 0.9988)

) TGV ) MC

g) INFCON (h) TVBH ) NewCv
(PSNR = 51.05, SSIM = 0.9991) (PSNR = 50.85, SSIM = 0.9992) (PSNR = 51.88, SSIM = 0.9993) (PSNR = 51.32, SSIM = 0.9988) (PSNR = 51.79, SSIM = 0.9986) (PSNR = 53.18, SSIM = 0.9993)

Figure 2: Edge-preservation ability test. The “Piecewise constant” image in Figure 1 (a) is distorted
by the Gaussian noise with the noise variance 0.07. (a) Noisy image; (b)-(1) denoised images by

eleven different models.

the covariance of 4 and u. The positive constants C; and C5 can be thought of as stabilizing
1o constants for near-zero denominator values. Here @ and u denote the denoised image and
the original clean image, respectively. Recall that the higher the PSNR, the better denoised
image has been recovered to match the original clean image. For SSIM in (63), it is a well-
known quality metric used to asses the the conservation of the structural information of the
denoised image. Note that a perfect restoration has SSIM value equal to 1. We refer [47] for
us more details in image quality assessment.
Note that in all experiments, each denoising algorithm is performed using MATLAB
R2018a and run on a machine configured with Intel(R) Core(TM) i7 Quad-core 4.2GHz and
32GB of RAM.
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(a) Noisy image f) TVL

(g) INFCON (h) TVBH (i) TGV (j) MC 1) NewCv

Figure 3: Comparison of residual images between the original and denoised images in Figure 2 by

eleven different models.

~Original signal 250 —Original signal —Original signal 250 —Original signal 250 —Original signal —Original signal

200 —Noisy signal 200 —Denoised signal 200 —Denoised signal 200 —Denoised signal 200 —Denoised signal 200 —Denoised signal
150 150 150 150 150 150
100 100 100 100 100 100
50 50 50 50 50 50

0 0 0 0 0
50 100 150 200 250 50 100 150 200 250 50 100 150 200 250 50 100 150 200 250 50 100 150 200 250 50 100 150 200 250

(a) Noisy image (b) TV (c) TL (d) BH (e) CEP-L? (f) TVL
250 —Orlglr,al slg_nal 250 —Orlglr)al slg_nal 250 —Orlglr}al sig_nal 250 —Orlglr}al slg_nal 250 —Orlglr_ml slg_nal 250 —Orlglv_ml slg_nal
200 —Denoised signal —Denoised signal —Denoised signal —Denoised signal —Denoised signal —Denoised signal
150 150 150 150 150 150
100 100 100 100 100 100
50 50 50 50 50 50
50 100 150 200 250 0 50 100 150 200 250 0 50 100 150 200 250 0 50 100 150 200 250 0 50 100 150 200 250 0 50 100 150 200 250
(g) INFCON (h) TVBH (i) TGV () MC (k) GC (1) NewCv

Figure 4: Plots of the middle slices of the denoised images in Figure 2 by eleven different models.

4.1. Comparison 1: edge-preservation ability test

150 In Figure 2, we illustrate the edge-preservation ability of eleven different models on a
noisy image, which is piecewise constant, in the sub-figure (a) through visual inspection.
From the sub-figures (b) to (1), it is clear that our NewCv model preserves the edges of the
strips perfectly. Its denoised results look almost the same as the original clean one in Figure
1 (a). TV, TGV, MC and GC models also give very good edge-preservation results. Similar

155 visual effect can be observed on results by INFCON and TVBH models. The denoised images
in the sub-figures (c)-(f) show that applying TL, BH, CEP-L? and TVL can blur the edges
of the objects, where TL model is the worst method for edge preservation. By incorporating
the TV regularization into BH and TL regularizations, TVL and TVBH model can improve
the denoised quality as can see from the sub-figures (f) and (h). However, the edges of the

10 Objects are still smeared by these two models.

In Figure 3, we present the associated residual images z — u for all variational models,
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(d)

a) Noisy image (b) ) CEP- L’ (f) TVL
(PSNR = 27.43, SSIM = 0.6317) (PSNR = 40.72, SSIM = 0.9675) (PSNR = SSIM = 0.9552) (PSNR = 39.60, SSIM = 0.9824) (PSNR = 41.38, SSIM = 0.9770) (PSNR = 41.34, SSIM = 0.9754)

;) INFCON ) TVBH ) TGV (j) MC (1) NewCv
(PSNR = 41.34, SSIM = 0.9802) (PSNR = 41.99, SSIM = 0.9823) (PSNR = 43.40, SSIM = 0.9874) (PSNR = 42.29, SSIM = 0.9756) (PSNR = 43.04, SSIM = 0.9898) (PSNR = 43.93, SSIM = 0.9865)

Figure 5: Smoothness-preservation ability test. The “Piecewise linear” image in Figure 1 (b) is
distorted by the Gaussian noise with the noise variance 0.07. (a) noisy image; (b)-(1) denoised
images by eleven different models.

300 300 300 300 300 300

—Original signal —Original signal —Original signal —Original signal —Original signal —Original signal
250 —Noisy signal 250 —Denoised signal 250 —Denoised signal 250 —Denoised signal 250 —Denoised signal 250 —Denoised signal
200 200 200 200 200 200
150 150 150 150 150 150
100 100 100 100 100 100

50 50 50 50 50 50

) ) ) ) )
50 100 150 200 250 50 100 150 200 250 50 100 150 200 250 50 100 150 200 250 50 100 150 200 250 50 100 150 200 250

(a) Noisy image (b) TV (c) TL (d) BH (e) CEP-L* (f) TVL
300 300 300 300 300 300
—Original signal —Original signal —Original signal —Original signal —Original signal —Original signal

250 —Denoised signal 250 —Denoised signal 250 —Denoised signal 250 —Denoised signal 250 —Denoised signal 250 —Denoised signal
200 200 200 200 200 200
150 150 150 150 150 150
100 100 100 100 100 100

50 50 50 50 50 50

] 0 [] 0 0
50 100 150 200 250 50 100 150 200 250 50 100 150 200 250 50 100 150 200 250 50 100 150 200 250 50 100 150 200 250

(g) INFCON (h) TVBH (i) TGV () MC (k) GC (1) NewCv

Figure 6: Plots of the middle slices of the denoised images in Figure 5 “Piecewise linear” by eleven

different models.

where z is the noisy image in Figure 2 (a) and u represents each corresponding denoised image
in Figure 2. The residual image in the sub-figure (1) contains almost all noise, whereas the
other ten residual images contain more or less structure information of the original image
in Figure 1 (a). This means that some contrast information has been lost in the denoised
images handled by other ten models. Figure 3 illustrates that our NewCv model is the best
in preserving image contrast.

In Figure 4, the plots of the middle slices of the denoised images in Figure 2 are presented.
We can see that the denoised slice curve (black) in the sub-figure (1) almost overlaps with the
original noise free slice curve (red), which demonstrates the preservation of images contrast
as well as corners of NewCv model. Compared with TGV and NewCv models, the other

nine models lead to less pleasant fitting results.
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(b) (d)

) CEP-L? (f) TVL

a) Noisy image

(PSNR = 27.68, SSIM = 0.7219) (PSNR = 41.24, SSIM = 0.9901) (PSNR = 37.33, SSIM = 0.9857) (PSNR = 39.86, SSIM = 0.9934) (PSNR = 43.03, SSIM = 0.9925) (PSNR = 44.42, SSIM = 0.9926)

;) INFCON ) TVBH ) TGV (j) MC (1) NewCv
(PSNR = 45.08, SSIM = 0.9923) (PSNR = 45.09, SSIM = 0.9931) (PSNR = 45.20, SSIM = 0.9922) (PSNR = 45.18, SSIM = 0.9866) (PSNR = 40.37, SSIM = 0.9808) (PSNR = 45.46, SSIM = 0.9935)

()T

Figure 7: Smoothness-preservation ability test. The “Piecewise smooth” image in Figure 1 (c) is
distorted by the Gaussian noise with the noise variance 0.07. (a) noisy image; (b)-(1) denoised

image by eleven different models.
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200 200 200 200 200 200

150 150 150 150 150 150

100 100 100 100 100 100
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(a) Noisy image (b) TV (c) TL (d) BH (e) CEP-L* (f) TVL
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(g) INFCON (h) TVBH (i) TGV () MC (k) GC (1) NewCv

Figure 8: Plots of the middle slices of the denoised images in Figure 7 “Piecewise smooth” by eleven

different models.

4.2. Comparison 2: smoothness-preservation ability test

In this subsection, we test the smoothness-preservation ability of eleven different models
on the “Piecewise linear” image in Figure 1 (b) and the “Piecewise smooth” in Figures 1 (c).
Both test images are corrupted with Gaussian noise with the noise variance 0.07.

Figure 5 and 7 show the denoised images on the test images by eleven different models.
One can easily see in the sub-figure (1) that our NewCv model produces the denoised results
with the highest values of PSNR and SSIM. Moreover, the plots of the middle slices of the
denoised images as shown in Figures 6 and 8 show that the denoised signal in the sub-figure
(b) by TV model is composed of jagged appearance which is staircase effect. In addition,
the second-order models involving TV regularization, CEP-L?, TVL, INFCON and TVBH

models, deliver staircase artifact in the denoised signals as represented by the sub-figures
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(e)-(h), whereas the pure second-order models, TL, BH, TGV and NewCv models, do not
produce unfavorable staircase effect in the denoised signals as shown in the sub-figures (c),
(d), (i) and (1). The staircase artifact can be observed from the sub-figure (j), whereas we see
the oscillation in the smooth region of the denoised signal by GC model. According to Figures
6 and 8, the visual effects show our NewCv model gives the best smoothness-preservation

result.

4.8. Comparison 3: signal-dependent test

In this subsection we compare the denoising performance of eleven different models in
removing noise with different noise variances. The six real natural images in Figures 1 (d)-(i)
are corrupted with five variance values from 0.01, 0.03, 0.05, 0.07 and 0.1.

Tables 1 - 5 provide the comparative results, which contain the two evaluation metrics

Table 1: Comparison of eleven different models in restoration quality on the six real natural images in Figure

1 (d)-(i), which are distorted by the Gaussian noise with the noise variance 0.01.

PSNR SSIM

Barbara Boat Cameraman Castle Lena Peppers Average | Barbara  Boat  Cameraman Castle  Lena  Peppers Average
vV 3271 32.89 33.26 34.89 3553  36.04 34.22 | 0.8997  0.9041 0.9083 0.9437  0.9377  0.9534  0.9245
TL 31.39  31.42 31.22 3322 3441  34.28 32.66 | 0.8781  0.8862 0.8905 0.9241  0.9252  0.9446  0.9081
BH 31.68  32.05 31.72 3415 3484 3521 3327 | 0.8801  0.8954 0.8922 0.9360  0.9310  0.9497  0.9141
CEP-1? 33.36  33.87 34.16 3598 36.43  36.89 35.11 0.9103  0.9210 0.9208 0.9512  0.9457  0.9606  0.9349
TVL 33.32  33.63 33.92 35.62 3624  36.81 34.92 | 0.9096  0.9161 0.9178 0.9498  0.9445  0.9584  0.9327
INFCON 3432 35.03 35.32 37.02 37.64  37.98 36.22 | 0.9238  0.9373 0.9335 0.9593  0.9558  0.9655  0.9459
TVBH 34.90 36.08 35.72 37.95 38.52 38.99 37.03 0.9305  0.9497 0.9395 0.9651  0.9624  0.9698 0.952
TGV 42.86  43.59 43.37 4477 45.04  45.00 44.11 0.9861  0.9886 0.9804 0.9889  0.9881  0.9886  0.9868
MC 39.27  40.94 40.46 4226 4275 43.29 41.49 | 09719  0.9821 0.9710 0.9836  0.9830  0.9848  0.9794
GC 38.84 38.03 35.95 39.00  40.70 40.11 38.77 0.9619  0.9578 0.9341 0.9573  0.9673  0.9664 0.9575
NewCv 47.18 46.21 45.57 47.42 47.89 47.41 46.95 | 0.9949 0.9946 0.9906 0.9941 0.9938 0.9936 0.9936

Table 2: Comparison of eleven different models in restoration quality on the six real natural images in Figure

1 (d)-(i), which are distorted by the Gaussian noise with the noise variance 0.03.

PSNR SSIM

Barbara Boat Cameraman Castle Lena Peppers Average | Barbara  Boat  Cameraman Castle  Lena  Peppers Average
vV 3259  32.81 33.22 34.75 3538  35.73 34.08 | 0.8972  0.9031 0.9082 0.9408  0.9352  0.9497  0.9224
TL 31.29 31.33 31.15 33.09  34.26 34.07 32.53 0.8757  0.8850 0.8896 0.9218  0.9228  0.9419 0.9061
BH 31.64  32.02 31.70 34.09 3479  35.10 33.22 | 0.8796  0.8955 0.8925 0.9355  0.9308  0.9490  0.9138
CEP-12 33.19  33.70 34.04 35.74  36.17  36.48 34.88 | 0.9077  0.9196 0.9203 0.9492  0.9430  0.9576  0.9329
TVL 33.14 33.53 33.80 3546  36.07 36.48 34.75 0.9066  0.9154 0.9167 0.9473  0.9425  0.9554  0.9306
INFCON 3422  34.89 35.21 36.83 3745  37.67 36.05 | 0.9235 0.9371 0.9339 0.9584  0.9551  0.9644  0.9454
TVBH 34.74  35.88 35.59 3771 3827  38.62 36.80 | 0.9299  0.9492 0.9399 0.9643  0.9616  0.9688  0.9523
TGV 37.84 39.06 38.76 39.84  39.95 40.19 39.04 0.9639  0.9624 0.9628 0.9743  0.9720  0.9752 0.9675
MC 36.25  37.37 37.33 3889 3921  39.49 38.09 | 0.9480  0.9619 0.9532 0.9683  0.9655  0.9703  0.9612
GC 3721 37.64 36.70 3871 3919  38.83 38.16 | 0.9520  0.9587 0.9412 0.9551  0.9584  0.9595  0.9551
NewCv 39.29 39.36 39.73 40.68 41.14 40.72 40.15 | 0.9722 0.9760 0.9684 0.9750 0.9745 0.9768 0.9738
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Table 3: Comparison of eleven different models in restoration quality on the six real natural images in Figure

1 (d)-(i), which are distorted by the Gaussian noise with the noise variance 0.05.

PSNR SSIM
Barbara Boat Cameraman Castle Lena Peppers Average | Barbara  Boat  Cameraman Castle Lena  Peppers Average
TV 3239 32.65 33.13 3453 3512 35.26 33.84 | 0.8941  0.9017 0.9084 0.9371  0.9323  0.9451  0.9198
TL 3139  31.61 31.47 3320 3416  33.28 32.52 | 0.8785  0.8937 0.8937 0.9186  0.9194  0.9321  0.9060
BH 31.58  31.95 31.64 33.98 34.68  34.91 33.12 | 0.8790  0.8955 0.8929 0.9347  0.9300  0.9478  0.9133
CEP-1.2 3291 33.39 33.79 35.32 3572  35.87 34.50 | 0.9043 09173 0.9189 0.9453  0.9386  0.9532  0.9296
TVL 3291 33.27 33.67 3513 35.72  35.90 34.43 | 0.9036  0.9129 0.9167 0.9431  0.9390  0.9506  0.9276

INFCON  34.00  34.58 34.93 35.89  36.48  36.65 35.42 0.9226  0.9358 0.9334 0.9527  0.9487  0.9595  0.9421
TVBH 3440 3541 35.22 36.22  36.80  37.07 35.85 0.9274  0.9464 0.9385 0.9538  0.9503  0.9604  0.9461

TGV 35.07  35.09 35.03 36.27  37.22 3719 35.98 0.9381  0.9412 0.9340 0.9534  0.9538  0.9598  0.9467
MC 3453 34.90 35.12 35.16  36.12  36.28 35.35 0.9297  0.9378 0.9352 0.9406  0.9401  0.9492  0.9388
GC 34.67 3472 34.61 35.88 3593  35.66 35.25 0.9246  0.9300 0.9236 0.9280  0.9211  0.9296  0.9262

NewCv 35.16 35.75 35.87 37.01 37.73 37.22 36.46 | 0.9351 0.9448 0.9412 0.9550 0.9552 0.9565 0.9480

Table 4: Comparison of eleven different models in restoration quality on the six real natural images in Figure

1 (d)-(i), which are distorted by the Gaussian noise with the noise variance 0.07.

PSNR SSIM

Barbara Boat Cameraman Castle Lena Peppers Average | Barbara  Boat  Cameraman Castle Lena  Peppers Average
TV 3212 3240 32.94 34.18 3475 34.66 33.51 0.8907  0.8995 0.9082 0.9319  0.9279  0.9391  0.9162
TL 3112 3118 31.01 32.87 34.00 33.73 32.32 0.8724  0.8834 0.8882 0.9182  0.9191  0.9381  0.9032
BH 3147  31.82 31.53 33.77 3448  34.51 32.76 0.8779  0.8947 0.8924 0.9325  0.9279  0.9354  0.9101
CEP-1.2 32.63  33.01 33.58 34.24  34.64  34.61 33.79 0.9007  0.9118 0.9175 0.9327  0.9273  0.9426  0.9221
TVL 3241 3275 33.17 34.35  34.65  34.71 33.67 0.8960  0.9062 0.9119 0.9353  0.9278  0.9423  0.9199
INFCON 3272 33.09 33.65 34.28 3454  34.42 33.78 0.9032  0.9134 0.9190 0.9359  0.9268  0.9390  0.9229
TVBH 3295 3344 33.80 3443  34.60  34.71 33.99 0.9056  0.9187 0.9209 0.9373  0.9274  0.9423  0.9254
TGV 3291 33.94 34.35 3548  34.90  34.91 34.41 0.9073  0.9280 0.9235 0.9476  0.9314  0.9450  0.9288
MC 32,79 3341 33.68 34.90 34.62  34.73 34.02 0.9027  0.9176 0.9084 0.9269  0.9197  0.9320  0.9179
GC 3212 31.90 30.70 33.04 34.67  33.33 32.63 0.8952  0.9087 0.9003 0.9085 0.9047  0.9245  0.9070
NewCv 33.71  34.30 34.71 35.68 35.68 35.67 34.95 | 0.9157 0.9295 0.9266 0.9413 0.9353 0.9459 0.9324

Table 5: Comparison of eleven different models in restoration quality on the six real natural images in Figure

1 (d)-(i), which are distorted by the Gaussian noise with the noise variance 0.1.

PSNR SSIM

Barbara Boat Cameraman Castle Lena Peppers Average | Barbara  Boat  Cameraman Castle Lena  Peppers Average

vV 29.46 29.20 30.56 30.96 3254 31.93 30.77 0.8279  0.8202 0.8667 0.8884  0.8953  0.9077  0.8677
TL 29.28 28.91 28.62 30.35  31.73  31.03 29.99 0.8269  0.8288 0.8442 0.8753  0.8790  0.9037  0.8596
BH 29.45 28.96 28.76 30.84 3191 31.66 30.26 0.8285  0.8234 0.8420 0.8894  0.8853  0.9139  0.8638
CEP-1.2 29.73 29.67 31.27 3145 33.04 3193 31.18 0.8323  0.8352 0.8810 0.8956  0.9028  0.9123  0.8765
TVL 29.79 29.54 30.83 31.31  33.01 32.09 31.09 0.8364  0.8298 0.8725 0.8950  0.9034 09116  0.8748

INFCON  29.88 29.79 31.30 31.64  33.05  32.59 31.38 0.8381  0.8395 0.8826 0.9008 0.9046  0.9246  0.8817
TVBH 29.86 29.56 31.74 3145  33.11 32.74 31.41 0.8366  0.8306 0.8908 0.8990  0.9059  0.9215  0.8807

TGV 29.89 29.73 31.88 31.57  33.47  33.00 31.59 0.8397  0.8397 0.8931 0.8987  0.9119  0.9288  0.8853
MC 29.69 29.49 31.61 30.85  33.09 3274 31.24 0.8344  0.8414 0.8784 0.8834  0.8946  0.8978  0.8717
GC 29.28 28.31 29.30 2941  32.03  30.02 29.72 0.8384  0.8394 0.8221 0.8525  0.8688  0.8861  0.8512

NewCv 30.22  30.12 32.14 33.10 33.72 33.30 32.10 | 0.8554 0.8614 0.8989 0.9174 0.9116 0.9216 0.8944
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Figure 9: Average denoising results by eleven different models on six real natural images in Figure
1 (d)-(i), which are distorted by the Gaussian noise with five different noise variance (0.01, 0.03,
0.05, 0.07 and 0.1). (a) PSNR (average); (b) SSIM (average).

for quantitative comparison of eleven different models on the six real natural images with
the five different noise variances. In order to easily assess these metrics in Tables 1 - 5, we
draw the plots in Figure 9, where each plot in the sub-figures (a) and (b) corresponds to
the average values of the denoised results produced by its corresponding model on different
noise levels. The results in Figure 9 demonstrate that our NewCv model is the most effective
for removing noise and preserving structural information with high values for all the quality

metrics.

4.4. Comparison 4: computational efficiency test

In this experiment, the six real natural images in Figures 1(d)-(i) are used further to eval-
uate the computational efficiency of eleven different models. The test images are corrupted
with the five different noise variances from 0.01, 0.03, 0.05, 0.07 and 0.1.

Table 6 demonstrates computational efficiency of different models on the noisy versions
of the test images with the five different noise levels. In order to clearly compare the data
in Table 6, we draw the bar charts in Figures 10, where each bar in the sub-figures (a)-(c)
corresponds to the average value of the denoised results delivering by its corresponding model
on the noisy test images.

In terms of computation times per iteration, we can see that our NewCv model requires to
solve five sub-problems in each step. Thus, in accordance with our measurements, we expect
that more computation time per iteration is required for the proposed model than those of
the other ten models. As can be seen from the sub-figure (a), our numerical experiments

reflect this expectation.
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Table 6: Comparison of computational efficiency by eleven different models on the six real natural images in
Figure 1 (d)-(i), which are distorted by the Gaussian noise with five different noise variances from0.01, 0.03,

0.05, 0.07 and 0.1.

Noise variance TV TL BH CEP-L? TVL INFCON TVBH TGV MC GC NewCv
Time per iteration (s) 0.0057 0.0050 0.0085  0.0082  0.0070 0.0118 0.0104 0.0144 0.0119 0.0092  0.0212
0.01 Total CPU time (s) 0.2082 0.2871 0.4541  1.4637  0.5508 2.1377 0.7350  0.5277 0.3808 0.3772  0.7420
Total iterations 37 58 54 179 78 181 71 37 32 41 35
Time per iteration (s) 0.0057 0.0048 0.0081  0.0080  0.0068 0.0114 0.0101  0.0130 0.0111 0.0099  0.0199
0.03 Total CPU time (s) 0.1957 0.2824 0.4348  1.4001  0.5355 1.9838 0.7142  0.9540 0.7770 0.8217  0.8557
Total iterations 35 59 54 175 79 176 71 5 70 83 43
Time per iteration (s) 0.0059 0.0051 0.0085 0.0083  0.0071 0.0121 0.0110  0.0135 0.0115 0.0081  0.0199
0.05 Total CPU time (s) 0.1930 0.3149 0.4538  1.4179  0.5691 2.2812 0.7882 0.6365 0.4750 0.7371  1.5366
Total iterations 33 61 54 170 80 187 71 47 41 91 78

Time per iteration (s) 0.0057 0.0047 0.0082  0.0079  0.0067 0.0112 0.0099 0.0118 0.0107 0.0081  0.0214

0.07 Total CPU time (s) 0.1762 0.3038 0.4374  2.0557 1.0614 1.8395 1.4814  1.4568 1.0914 0.9234  2.0758
Total iterations 31 65 54 262 159 165 151 125 102 114 97
Time per iteration (s) 0.0055 0.0047 0.0081  0.0080  0.0069 0.0112 0.0103  0.0120 0.0108 0.0087  0.0201

0.1 Total CPU time (s) 0.2442 0.2762 0.4314 1.2337  0.5283 2.1278 0.5327 1.4183 1.1180 0.9396  2.2310
Total iterations 45 58 53 155 7 190 51 118 110 108 111

In terms of total CPU times, the sub-figure (b) illustrates that the SB algorithm of
INFCON model is the slowest method, while that of TV is the fastest method. Moreover,
the SB algorithms of CEP-L?, TVL, INFCON, TVBH, TGV, MC, GC and NewCv models
are slower than those of TL and BH models.

In terms of total iterations, the sub-figure (c) shows that the SB algorithms of CEP-L?
and INFCON take more than 175 iterations to converge, while the other nine algorithms
take less than 100 iterations. It is important to note that our SB algorithm for the proposed
model is slightly better than those of TGV, MC and GC models.

Time per iterations in seconds (average) .
0.025 Total CPU times in seconds (average) iteratic
Total iterations (average)

180
002 2
0015
120
100
001 a0
60
0.005 a0
(] | »
O WML BH cepi? ™ INFCONTVBH TGV MG GG Newo .
T GC Newcv v B GG NewCv

CEp-L2 TVL INFCON TVBH TGV MG H CEP-L, TVL INFCON TVBH TGV ~MC

(a) (b) (c)

Figure 10: Bar charts of the experimental data in Table 6 (average denoising results by eleven
different models on the noisy images of the six real natural images in Figure 1 (d)-(i) with five
different noise variance (0.01, 0.03, 0.05, 0.07 and 0.1). (a) Time per iteration in seconds (average);

(b) total CPU times in seconds (average); (c¢) total iterations (average).
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4.5. Comparison 5: real noisy image test

In the last test, in order to further show the denoising performance of our proposed model,
we extend to a real world application, which is clinical image, and compare our NewCv model
against the other eleven models on three real clinical images as shown in Figures 1 (j)-(1).

In Figures 11, 13 and 15 we present the denoised images by applying eleven different
models. For better visualization, we include the corresponding plots of the middle slices of
the denoised images in Figures 12, 14 and 16.

As the clean image is unknown, the denoising performance is evaluated by visual inspec-
tion. First, as expected, one can observe the staircase effect in the denoised results by TV
model as shown in Figures 11 - 16. Next, the denoised images by TL and BH models in the
sub-figures (c) and (d) of Figures 11, 13 and 15 seem to be good in term of visual quality, but
TL and BH models tend to oversmooth certain features, which wipe out important details
of the image structure. Moreover, the sub-figures (e)-(k) of Figures 11, 13 and 15 present a
better performance compared with those shown in the sub-figures (c) and (d). Finally, the
denoised results by our NewCv model shown in Figures 11 - 16, especially in the zoomed
parts, are superior to the other eleven models for preserving edges and reducing the staircase

effect.

(g) INFCON

Figure 11: Comparison of the real “Abdomen” image by using 11 different models.

5. Conclusion

In this paper, a new high-order variational model to restore noisy images corrupted by
Gaussian noise was proposed. Based on the good feature of high-order regularization, we
proposed a curvature-based regularization. In order to solve the new model, the split Breg-

man algorithm was developed. Compared with some state-of-the-art models, experimental
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Figure 13: Comparison of the real “Brain” image by using 11 different models.
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models.

middle slices of the denoised images in Figure 13 “Brain” by eleven different

25



Figure 15: Comparison of the real “Knee” image by using eleven different models.
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Figure 16: Plots of middle slices of the denoised images in Figure 15 “Knee” by eleven different

models.

results revealed that the new model effectively preserves edges and reduces the staircase
effect.
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Appendix A — Derivation of the Euler-Lagrange Equation for (17)

Consider the proposed model in (17)
NeWCv(u)

min Jy
u
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where
TN () = Dan(u, 2) + YR u),

In order to compute the first variation of JNSVCY

N for u in a direction of v in a test space

V), we will find the first variations of DN, R1 and R, respect to u, and apply the sum rule.

The first variation of Day for u in the direction of v is given by

0Dan(u, z;v)  dDan((u +€v), 2)
ou B de 0

:%{%L((uﬂv)—z)? dQ}

= 1/i((u—l—sv)—z)2 s,
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Q
Let Ri(u) = 1 [, w3(w)dQ and Ro(u) = 3 [;, —2k¢(u)dQ. Therefore

2

I

e=0

RNV (1) = Ry (u) + Ra(u).

Thus, we have
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or
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After applying the divergence theorem, we get
IR (u.v) / Vo Vu
—_— = rm(u) (——— — (Vu Vu,n)ds
bu o e YV T e ™

Vv Vu
— km(u), —— — (Vu Vu)dS2
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1 Vu
= /BQ km(u){(————=(1 — (Vuw))Vv, n)ds
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Here I(x) = x is the identity transform and P(x) = (

X - Vu ) Vu
VI1+H VU2’ /14| Vuf?
projection onto the normal direction. By using the divergence theorem with the second term,

is the orthogonal

we have

R (usv) _ /8Q nt(t){————— (1 - P) Vo, m) ds

ou V1+ [Vul?

1
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1
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or

OR1(uw) ' 1 () — Vu - Vim(u) Mo
T T (e

(I-P)Vu,n)ds

1
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1
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For R4, we have
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a2

e=0

s

e=0

Applying the divergence theorem and integrating by parts yields
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Applying the divergence theorem with the last two terms of (67) lead to
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1+ |V(u) 1+ |V(u)?)?
+/Q<(W)mm+<m)mm:v>dﬁ : (68)
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Similarly, we have

_/ 4(“?61?62”?621:1 - uwlxluxzxg)(uxlvxl + Um'Um) 40
Q

(1 +[V(w)?)?

_ . 4(u$1$2u$211 _ul'll'lu.’L'QZQ)
= {/Jv ( 1+ V)P )Vu,v)dS

. 4(u1112uzzz1 uZLrluIQ:EQ) Do 1) ds
/an« At VR Vwenids). (69)

Substituting (68) and (69) into (66) and rearranging the terms yield

) / 1
R u v UIQ ul‘lfﬂz? _ux1x1 ) n dS
5 e T+ IV )|) ( ):m)

~/8Q 1 + |v Uzl <(_U’Izm27 U’Izm1)7 n>d8
u —u
+ XT2T2 o1s T1T2 o 7n Uds
/BQ (14 |V (u)]?)? 7) <(1+|V(u)|2)2) ),m)

TR~ e

o TE R R T wpe

/V 1+|v2 1)| 7 )m,(<1+|v(lul>|2)2)m2)vd9

AUy 2y Uy, — Uayzy Uoay)
+/V-( ““Vu)vdﬂ
A L+ VP

4(Ugyp Uz, — Uzyay Uy )
- —— s Vu,nyuds. 70
/m< 1+ [V(0)P)? ) (70)

+

By dropping the boundary terms, a function « minimizing the joint functional JNVCY(u)

in (17) has to satisfy the following partial differential equation
flu,2) +4V -V =0,
subject to the natural boundary conditions

ruv(u) =0,
_Oku(w) | Vem(u) - Vu du
on (1+|Vul?)? on

:0’

(uxlzw _uﬂclel) n =0,
(_uml‘m uml‘l) n = 0,

uﬂ?QIQ umlxg
(G )= (e, g e =0,

(1+|Vul|?)? (14 |Vul?)?
uxgl‘l u:l?1:t1
71 v 9o\ T2 T\ I~ 9\ T2 : - 07
T vup= (T )=
AUy 2y Ugney — Uiy Uanzy) OU —0
(1+[Vul?)3 on
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WhereV=V1+V2+V3+V4—|—V5,

1 Vu - Viu(u)
Vi=——=Vium(u), Vo= — Vu,
/Tt [V ulu), V- (V1+ [Vul2)3
V — 142 221 1L1 2X2 V — _ 2T2 . 1L2 21)s
s (14 |Vul?)3 Vu, Va=(( (1+ |Vu|2)2) ! (<1 + ]Vu]2)2> )
uazle o ux1x1
Vs = ((W)m( A+ [VuP)? |vu|2)2)$2)

Appendix B — Derivation of the Euler-Lagrange Equation for p-subproblem

Here our aim is to derive the Euler-Lagrange equation for p-subproblem.

min € (p),

p

where

= = b1,.P2, — P1,P2, 01 2
E =& , = — Y 240 + — — Vu — by1)“dQ2
)
2 D by,

“5 L o

p = (p1,p2), m = (m1,ma), by = (b11,b12) and by = (bg1, ba2).
Let V be a test space. For any perturbation ¢; € V, the first variation of € for p; in the

direction of ¢, is given by

0E(p1,p2; 1) dE((p1+ e101), p2)

op1 dey €120
d {_ / (p1 + 81901)xp2y — (p1 +€1901)yD2, a0
Q

da (1 + 2100 +93 + 1)
0
+ 51 ((p1 + £1601) — ug — b11)*dQ2
Q
) +
+2 (my — (p1+e191) . B b21)2dQ
2 Ja Vi t+ep)?+p3+1 e1=0
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Thus, we have

0E (p1, 23 1) _ _,y/ d_(p1+e11)ap2, — (P1+ E101)yD2,
de
Q 1

dS)
dp1 ((p1+e11)? +p3 + 1) £1=0
— | — —u, —b dS
+ 2/, del((pl +e1p1) —u 11) o
0 d +¢
_2/—(777,1— (pl 1;01) 5 — 21)2 dQ,
2 Jo de V(p1+e1p1)? +pi + 1 &1=0
_ / (07 425 + 1)°(np2, — p1,02.) o)
2 (P2 +p3+1)°
p1,P2, — P1,D2, 2 2
7/ - 2(p1 + py + 1)(2p1p1)dQ
o (P+p3+1t T
+91/(p1 — Uy — b1y dQ+92/(m1 - 21)—12 — bgy1) X
Q Q pi+p;+1
2
(—L1P S S
(Vpi+p+1)3  /pi+p+1
Therefore,
5_ . _ _
5]71 Q (p1 +p2+1) Q (pl +p2+]‘)
+81/(p1 — Uy — bll)()ol dQ+92/(m1 — 2]7—12 — le)X
Q Q p;+p5+1
2
(e — )
(Vpi+p5+1)°2  /pi+ps+1
_ ’Y/ Splyp%I;SOlzp% dQ+’}// Fp1901 dQ—l—(gl/(pl — U, _611)901 d0
Q 2 0 Q
+ 92/(m1 —p; — b21)¢3p%801 Q) — 92/(m1 — py — bay )iy d€2,
Q Q
here I' =41 Ty = Ty—p2 4+ 2+ 1 and ¢ — —
where 1= 7z 11 = P1.P2y — P1,P2,5 L2 = 1 +p;+1land ¢ = Nivs
b2, P2,
Let wy, = (—F—%”, F—%) Thus,

/ Vi, - w; dQ) = / %p%;f“p% ds2.
Q Q 2

By Green’s Theorem, we have

/Vgol-wl dQ:/ v1(wy - 1y) ds—/gpl(v-wl) dQQ.
Q 80

Q

Therefore,

/ 801yp21 _29011p2y dQ _/ (wl . nl)gpl ds — /(V . wl)gpl df.
0 I's o0 f
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It follows that

0E(p1, pa;
Do) —7/(V-w1)s01 dﬂ+v/
Q

5 (wy - n)p; ds + ’y/ Ipror dS2
P1 BY) Q

+ 6, / (p1 — gy — b11)p1 dQ+ 92/(m1 —Ypr — b21)2/13pfg01 dQ
Q Q
4+ 92 / w2p1901 dQ — 92/(m1 — bgl)’(ﬁ(pl dQ
Q Q
:7/(Fp1_v'w1>901 dQ+v/
Q d

+ 0y / ((mq — p1 — bor)bpr + )iy dQY — 92/(m1 — b1 )1 dSQ.
0 0

(wy -n)p1 ds + 6, /(pl — Ug — b11)901 s

Q Q

Similarly, the first variation of £ for py in the direction of ¢, € V is given by

5E(p1. po;
M:y/(f‘pg—V'wﬁ(ﬁdQ"i_V/
Q 0

5]92 (w2 . n)<p2 dS -+ 91 /Q(pg — uy — blg)@g ds?

Q

+ 0y / ((mg — bpa — b )ps + 1)1 paipy d2 — 92/(m2 — baa)1hpy d€,
Q Q

Py, DL
3" I3
& for p-subproblem has to satisfy the following Euler-Lagrange equation

where wo = ( ). Therefore, a function p = (py, p2) minimizing the energy functional

-V - w; +I'p; + 91(]?1 — Uy — bn) + 92(7”1 —Ypr — b21)(¢3p% - ¢) =0

, ()
—V - wy 4+ Tp2 + 01(p2 — uy — b1a) + Oa(ma — ¥ps — bao) (VPp3 — ) =0

subject to the natural boundary condition w; - n =0 and ws - . = 0.
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1. Introduction

One of important tasks in image analysis is image registration. Generally speaking, it is
the process of matching two or more images of the same or similar object obtained from dif-
ferent times, perspectives, and /or imaging sensors. This process can be done mathematically
by computing a spatial geometric transformation of deformations (also known as displace-
ment fields) that maps each point in one image onto a corresponding point in the other image
with an optimal or meaningful manner. Image registration has played an important role in
several areas of applications. Especially in medical applications, for example, it has been
used routinely in medical diagnosis, treatment guidance and monitoring for providing com-
plementary information. A good survey of the medical applications can be seen in [1, 2, 3, 4]
and the references therein.

Variational methods for image registration have been actively and extensively studied
and applied in the field of image analysis. The main idea is to find spatial correspon-
dences between two given images, a so-called reference image R : Q@ ¢ R? - V C R
and a so-called template image T : © C R?> — V C R, where the image domain ()
is assumed to be a rectangle. This is usually done by finding an optimal deformation
u: R?2 = R2 u: x—u(x) = (uy(x),us(x))", such that the transformed version of the
template image T, (x) = T'(x + u(x)) and the reference image R are spatially matched, ac-
cording to an image-to-image dissimilarity measure, D (u). Without loss of generality, this
work assumes that Q = [0,1]> C R? and V = [0, 1] for 2D gray intensity images.

If the image intensities of the given images R and 7" are comparable, one may have various
choices for D. Probably the most popular choice for the dissimilarity measure is provided

by the so-called sum of squared differences (SSD)

The registration task is then to solve the minimization problem

min{D (w)}, M)

where w is searched over a set of admissible functions &/ minimizing D. As is well-known, the
minimization of D does not have a unique minimizer and it becomes necessary to impose a
constraint on the solution u via a regularizer R. By modifying (1), the desired deformation

u is a minimizer of the variational problem
min{J, (u) =D (u) + aR (u)} (2)

2
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where o > 0 is a positive constant that compromises the quality of the similarity between
T, and R, measured by D, and the level of penalty for unwanted deformations, measured
by R.

In this work, we focus on the regularizer of the form

2
Riu) = 3 R™ (), R™ () = / V] dx = / i, + it dx
=1

with v, = %

(3)

and v, = %—Zl to ensure that the constructed deformation w is unique and

preserves discontinuities of the deformations. This term is known as the total variation
(TV) regularizer [5, 6, 7]. In contrast to other traditional regularizers generating globally
smooth deformations, e.g. elastic [8], diffusion [9], and curvature regularizers [10, 11], the
TV regularizer is able to produces locally non-smooth deformations, which are required
in matching several moved objects or partially occluded objects in medical applications,
particularly at organ boundaries during the breathing induced organ motion.

In order to get a numerical solution of the variational problem (2), the standard gradient
descent method can be applied. We first embed the associated Euler-Lagrange (EL) equation

of (2) into a dynamic equation and drive it to a steady state. This yields the explicit scheme

as given by

)
uy o’ aV Vol Fi(ul)
— = : — N ;
i Ve + @) +
(4)
U[Zkﬂ] — U[zk] =aV - VU[QM - fz(u[k])
k k ’
S VD2 + ()2 + 5
where fi(ulfl) = (T,uy — R) 0y, T,ywy, k = 0,1,2,... is the time step, 7 > 0 is the step size,

and > 0 is a small real parameter to avoid zero division; see more details in [12, 13, 14].
This numerical scheme is easy to implement, but very slow to converge due to the constraint
of stability conditions in the step size 7. In order to speed up the convergence of (4), we

may linearize nonlinear ‘coefficients’ in the associated system and define the iteration step

as follows:
(k1] (K] [k+1]
wooTm Ly Vi (),
i V2 @iy 1 p
(5)

[k+1] (%] [k+1]
k k

T Vbl + @) + 5
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The idea of the linearized gradient descent (LGD) method in (5) is to linearize and solve
the EL equation via a fixed-point (FP) iteration in a similar way to the so-called Lagged-
diffusivity method [15] or Quasi-Newton scheme [16, 17]. For each iteration, a linear system
needs to be solved. As can be seen, both gradient descent methods in (4) and (5) share
two drawbacks. At first, these gradient descent methods provide only the the approximate

solutions of the original problem (2), since the TV regularizer R (u) in (3) is replaced with

2
Rs(u) = ZREV(UZ), RV (w) = / (V| z dx = / \/ Uiy + Ui, + Bdx, (6)
= Q Q

for avoiding non-differentiability of RTV (u;) and thus approximated to get (4) and (5). On
the second, the choice of § will effect on the computational efficiency of the numerical
methods and the smoothness of the constructed deformations. Larger the £, more efficient
the methods are, whereas more smooth the constructed deformations will be. Therefore
the registration performance in smoothing deformations by these gradient descent methods
is very sensitive to the parameter §. Indeed, there are a few different methods existing
in the literature for solving the associated EL equation of (2). For example, the use of
the nonlinear multigrid (NMG) methods can be found in works of [5, 6, 18, 7]. However,
these existing NMG methods also suffer from difficulties related to the non-differentiability
and non-linearity of R™V (w;). To develop efficient numerical methods for TV-based image
registration is still a challenging task and has been an active research area so far.

Recently, the variable-splitting methods are the well-known techniques in the field of im-
age restoration for solving variational models, which require the minimization of nonlinear
and non-differentiable functionals. To the best of the author’s knowledge, the variable-
splitting methods for TV-based image registration model in (2) are still missing in the liter-
ature. In this paper, the proposed method is based on the so-called augmented Lagrangian
method (ALM). We compare the performance of the proposed ALM with the LGD method
in (5) and the NMG method developed by Chumchob [7]. Numerical results show that our
proposed ALM is more computationally efficient than these existing methods

The rest of this paper is organized as follows. In Section 2, we derive our ALM algorithm
to solve the variational problem (2), following its numerical implementation in Section 3, In
Section 4, numerical comparisons are carried out to confirm the effectiveness of the proposed

ALM. Finally, some concluding remarks are made in Section 5.
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2. The proposed ALM

Before we derive the proposed ALM, we first rewrite (2) as

min{J (u) =D (u) +a) /Q V| dx}. (7)

Next, we introduce an auxiliary variable w = (wy, ws) such that w; = Vu; and reformulate

the minimization problem (7) to the the following constrained minimization problem

min J (u, w), (8)

2
J (u,w) =D (u) —i—ozZ/ lw, | dx,
=1 v
st. w; = Vuy for [ =1,2.

For the minimization of (8), this work proposes to use the ALM and rewrite the constrained
minimization problem (8) into an unconstrained minimization problem. We define the aug-

mented Lagrangian functional for the above constrained minimization as follows

2
0
L(u,w; A, X2) = T (u, w) + E El/|wl—Vul|2dx
=1 < /9

+ lz_: /Q X - (w; — V) dx, (9)

where 61,05 are the positive penalty parameters and A{, Ay are the Lagrange multipliers.
We propose an iterative algorithm to solve the minimization of L (u,w; A, As); see
Algorithm 1. Since w and w are coupled together in the minimization problem (9), it is
very difficult to solve all variables simultaneously. We separate the minimization problem
into two sub-problems and develop an alternating minimization procedure to approximate

the solution. This process is repeated until one of the following stopping rules is satisfied:

RelSSD(™ = D ¢, (13)

max |u§m||>;;n§;|f;”, ||u;m”>;§%’"”} <6 (14)

masef L vy (15)
m m—1 m m—1

ma{ ||)A_§?”g’|| s l;@%” 1y < e, (16)

m > €q, (17)

where €1, €5, €3 and €4 denote the predefined small positive numbers, and €5 is the maximum

iteration. Here m denotes the index of the current iteration.



Algorithm 1 ALM for TV-based image registration

1) Initialization: set m = 0, choose 601,602 > 0 and A&O), )\go)'

2) Repeat

2.1) Compute (w(™ w(™) as an (approximate) minimizer of the augmented Lagrangian

functional with the Lagrange multipliers /\gmfl), /\émfl), ie.,
(™ w™) x~ arg min £(u, w; A(lm_l), )\gm_l)). (10)
u,w
2.2) Update Lagrange multipliers
A = A 1) (™ — vul™), (11)
A = ALY 4 (™ — vug™), (12)

until a stopping rule for ALM method is satisfied.

The two-subproblems are as follows:
u-subproblem. Given w = (wy,w,), A; and A, we search a minimizer u = (u1,us)" of

the minimization problem:
min J (u) (18)
2 g 2
J (u) =D (u)+ Zé/ lw; — Vy|* dx — Z/ YV - Ndx. (19)
=1 Q@ =1 7/

According to the calculus of variation, the solution of wu-subproblem is determined by the

associated EL equation

—b01 Auy + fi(u)
—020uy + fou) =

(20)

g1,

2,

subject to the homogeneous Neumann boundary conditions % = 0, where n denotes the

o unit outward normal vector on the image boundary 09, fi(u) = (T — R)0y,Tu, 1 = —61V -
wl—V~)\l, and [ = 1,2

w-subproblem. Given u, A; and A, the following minimization problem
min J (w), (21)

2 2 2
6
7w) =3 [wldx+ 35 [ o= Vulixe S [wexix @)
1=1 7% =1 < /9 =1 7%
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is solved for w = (wy, ws). Despite the fact that the variables w; and wsy do not decouple
we can still explicitly solve this minimization problem for w using the generalized shrinkage

formula [19]:

a S
wl:max(\Sl\—e—l,O)ﬁ, (23)
with the convection (ﬁ =0), where S; = Vu, — ;‘—; and [ =1, 2.

3. Numerical implementation

In this section, we present the details of how to solve the equation (20) and update the

variables w1, wy, A1, and A, for each iteration.

3.1. Finite difference discretization

In order to discretize the EL equation (20), let

(u?)m = u? (xli’$2j> ) (uh) = ((u ) i, (u2) )T

(wlh;l)ij - wl}?l (xlwx%') ) (wlh:2)i7j - wl’f2 (xlwI?j) )

(wr),; = (@i)igs (Wia)ig)s (91)iy = 91" (w15 22,)
denote the grid functions for [ = 1,2 with the grid spacing h = (hy, ha) = (1/n1,1/ns),
where the integers n; = 1/hy and ny = 1/hy are the number of uniform intervals in the z;

and xy coordinate directions. Each grid point x in the discretized domain §2;, C 2 is given

by x = (21,,@2,)" = ((Qi_Ql)hl, (23‘_21)’12)T for 1 <i<npand1 <7 <ny.

Applying the finite difference approximations with (20), the discrete EL equation at a

grid point (1, zs,) over the discrete domain €, is given by
(
—01 A" ()i + f (u), = (91,

Nf”(;:h)i,j
—0o 0" ()i + fo (u), = (9)ij,

J/

(24)

'
\ NE(uh); 5

with the following notation

0z (W)ig = (W )ig — (ug)im1,5)/ I,
Oy (u)ig = (W) )ivrg — (ug)ig)/ I,
Oy (W)ig = (W )ig — (ug)ij1)/ o,
0, (W) )iy = (0] )ijrn = (u]')i) [ ha
VI )ig = (0, (u))igs 0y (u)i)
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V' (w)ig = 0, (wih)ig + 0, (W),
— A"y = =V" (V"))
—h
= h_f(@)i’j (up)ig — (3)ig(ul)ig),

(D) =2(1+7%), v = hi/hs,
= (u)it1,y + (W)ic1y + V2 (W)iger + 7V (W])igo1,
= flh (u’f,ug)” = (Tzhj - RIL])«T:}HJ - Tzhjlﬂ/ (2h1)),

(uf,uy), = (T — RID((TY = T] 1)/ (2hs)),
TP =T i+ (u})ig, 5+ (uh)iy),

(91)i; = =05 (B1(w]'))i + (M'1)ig) — 05y (Bu(w]y)is + (N'a)ig)-

I
S——"
S
.
—~
g
~3
~
<
<

We note that all finite difference approximations need to be adjusted at the image boundary

0%}, using the approximations of the boundary conditions

(W )in = (W)izs (Wime = (Wima—1, W1y = (u)2g, (W )iy = (U )ny-1,4-

In the following subsections the symbols ‘h’ and ‘(-); ;> will sometimes drop for simplicity.

3.2. Nonlinear multigrid method for solving w-subproblem
The most difficult part of the proposed ALM is the solution of the EL equation for
u-subproblem in (20). This subproblem is nonlinear and impossible to obtain a closed-
form solution. It therefore requires one to approximately solve the corresponding nonlinear
discrete system via some iterative method (e.g, a FP method and a Newton-type method).
As is well-known, the computational costs of iterative methods are too expensive and we are
motivated to develop an efficient numerical method for reducing the computational work.
In this section, we propose a nonlinear multigrid (NMG) method due to Brandt [20]. The
basic idea is to accurate the convergence of some basic iterative method on the finest grid by
relying on the complementary interplay of smoothing and coarse-grid correction principles.
For a more comprehensive treatment of MG methods in the area of image registration, we
refer [18, 21, 11, 22, 23, 7, 24, 25, 26| and references therein.
Let us denote the nonlinear discrete system in (24) using the following notation:
A () = g )
N3 (uh) = g}
h

where u" denotes the exact solution. Let " = (u?,u%)" be an approximate solution of u”

resulting from applying a few iterations of the smoother on a fine-grid €, (pre-smoothing

8
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step). Define the algebraic error as e = u" — w". Therefore, the residual equation is given

by
M@ +e") - N @) =g = N'@") =r] forl=1,2.

To correct w" numerically on €2, e is required to compute, but this computation is con-
siderably and prohibitively expensive on €. Since the smoother in the pre-smoothing step
removes the high frequency component of the error, one can represent the nonlinear system
to the coarse grid 2y as given by

M@ et = e NP @) M ety = N @t) o

e it N ) o
where H is the index for the new cell size H, x Hy with H; > h; and Hy > hy. Next, the
nonlinear residual equation (26) on Q has to be solved by an efficient method (the coarsest

grid solver). The coarse-grid correction e” = w — @ on Qp is then interpolated back

to that on the fine grid e", which can now be used to update u”" on €, by using u”,_, =
u" + e (coarse-grid correction step). Finally, the smoother is again performed with a few
iterations on €, to remove high frequency parts of the interpolated error (post-smoothing
step). This procedure is known as a two-grid cycle, and it can be extended to a MG method
with recursive application.

Below, we provide the technical details for our MG components.

1. The standard coarsening method is used in 2y by doubling the grid spacing in each
space direction — i.e. hy — 2h; = H; for [ =1, 2.

2. The restriction operator I}' and interpolation operators I are used as the intergrid
transfer operators and determined by the averaging and bilinear interpolation tech-
niques — cf. [27, 28, 29, 30, 31| for more details.

3. The discretization coarse grid approzimation method is used to compute the coarse-grid
operators.

4. The coarsest grid solver is the LGD method.

5. The MG cycle is V (vy; v9)-cycle, where vy and v, denote respectively the numbers of
pre- and post-smoothing steps.

6. The MG smoother to be discussed shortly in Section 3.3 is obtained from a coupled

outer-inner iteration method using a relaxation parameter w.

The implementation of the proposed NMG method can be summarized as follows:



u" < NMGCYC(u", gl g, Rh, T" 11,14, 01,02, w, Siter)
1) If Qp = coarsest grid (|Q] =4 x 4), solve (25) using the LGD method and then stop.
Else continue with following step.
2) Pre-smoothing:
For k =1 to vy, [ﬁh} < Smoother(@", gh, gb, R" T" 01,0, w, Siter)
(Siter represents the maximum number of the inner iterations)
3) Restriction to the coarse grid:
ull « rHup, ull « rful, RE « THRM TH « [HTh
4) Set the initial solution for the coarse-grid problem:
[@", @] < [at',w]
5) Compute the new right-hand side for the coarse-grid problem:
gi < I (gt = NP @) + N (@), gb < I (g5 — N (@")) + N3 (@)
6) Implement the NMG method on the coarse-grid problem:
ull + NMGCYC(u, g1, gif, R®  TH vy, 19,01, 02,w, Siter)
7) Add the coarse-grid corrections:
al «ap + Il (Wl —ull), uwl  al + 1% (al - all)
8) Post-smoothing:
For k =1 to vo, [ﬁh} — Smoother(ﬁh,g{l,gg, RM.T" 61,05, w, Siter)
To solve u-subproblem using (25) numerically, the proposed NMG method is stopped if
the maximum number of the MG cycles ¢, is reached or the mean of the relative residuals
1o obtained from the discrete EL equation (25) is smaller than a small prescribed number
€9 > 0.
Finally, the pseudo-code implementation of the proposed NMG method can be given in
Algorithm 2.

Algorithm 2 The NMG algorithm for u-subproblem
u" «— NMG (ﬁh,g{”,gg, RMTh vy 19,01, 00, w, Siter, ?)

1) Initialization: select @ = (e1,e2) ', set K =0, [@"]5] = %" and RelRes = e5 + 1.
2) Repeat

2.1) [@" B+« NMGCYC([@")IE], g, gb, R", T" vy, 19,01, 64, w, Siter).

b NE@PERY)
iy | P=12)

2.2) Compute RelRes = mean{ l
2.3) Set K = K + 1.

until a stopping rule for NMG method is met.

10
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3.3. The MG smoother

Following [18, 21, 11, 22, 23, 7, 24, 25, 26|, the local Fourier analysis can be used to
guarantee that there exists an efficient point-wise smoother within a MG method for solving
the discrete nonlinear system (25). To obtain a high-potential point-wise smoother, this
work proposes a coupled outer-inner iteration method in a FP framework.

Let v denote the index for the outer step. We start the outer iteration by introducing

the iterative scheme as follows

—GlAu[”H] + fi(ul) = gy,
_QQAU[Z/+1 + f2(u[y+1]) = ¢s.

Since this iterative scheme is fully implicit, a linearization procedure of the nonlinear term
fi(u*1) is required. As pointed out in [21, 11, 7, 24, 25, 26], it is appropriate to apply
a global linearization technique with the nonlinear terms f;(u*). Thus, the resulting

approximation is given by

fu Y = @l Ny & il ulh) + 0, fil al ) sul + 8y, il ul ) ouly,

= fl(u1 ,u2 ) + U[V 5u1,,] + 012 (5u[y] (27)
where

on(u!) =y, fituy!, uh") = (0, T(ul)) (0., T(ul)) + (T(ul") = R)(uy0, T (ul")),
o) = 0, fi(ut”, us") = (9, T () (00, T(ul)) + (T () = R) (D, T(ul)).

To obtain a simple and fast iterative scheme, we use the approximations for o;; and oy as

introduced by [32, 11, 33, 34]. Therefore, we have

o11(ul) = (04, Tyin) (0uy Tyir) + (T — R) Oy Tuin)) = (Ouy Toyir) (Ouy Ty
‘722('“ ) (8u2Tu ) (aU2Tu[V]) + (Tu["] - R) (auzmTu[Vl) ~ (amTu[V]) (3 T ) )

ug L ulv

ora(ul”) = gy (u) = 0.

These approximations leads to the following linearized system

—01AU[1V+1] + O'11<U[V})u[1y+1 =ag1 — f1( ) + Jll(u[”])u[ly],

(28)
—HQAU[QV—H] + UQQ(U[V})UEV—’_l = g2 — fg( ) + O'QQ(’[I,[V])U[QV].

Next, we apply the finite difference discretization as discussed in Section 3.1 with (28)

and solve the associated linear system for each outer step v by the Gauss-Seidel (GS) method

11



as the inner iteration. The kth step of the GS method defined at a grid point (zy,, ;) is

then given by

(w1 EH] — () F ] (29)
2,7 2,7 )
where
(91)is — Fi(a)ej + (o (@), (), + (00 /h2)(E), (a2
- (01/h3)(X)i; + (011 (ul)); ;
(/U)i,j+1 = )
(92)i — Fo(u)i; + (o (ul)) 5 (ud) g + (0/13) (D) g (w1
(62/h)(2)i; + (o22(ul)); ;
and

_ v+1\[k+1/2 v+1|\ [k v+1|\[k+1 v+1\ [k v+1]\[k+1
() (uf PIHE = (P T 2L 2

Here the superscripts k, k + 1/2, and k + 1 denote the current, intermediate and new
0 approximations computed by the GS method.
In order to obtain more efficiency, one introduces a relaxation parameter w € (0,2) and

iterates the successive over relaxation (SOR) steps by

(u[y+1})[kj—1} _ (1 . w) (U[V+1])[»k]. + w(v)[k-f-l] (30)

/L?] 17] Z7J

Finally, the implementation of the proposed MG smoother (30) on 2, is summarized in

Algorithm 3.

Algorithm 3 The MG smoother for the proposed NMG algorithm (Algorithm 2)
u" < Smoother(u", gh, g, R"* T" 0,,0,,w, Siter)

1) Use input parameters to compute (v);; for all 1 <i <nj; and 1 < j < na.
2) Perform SOR steps for k =0, 1,2, ..., Siter

2.1) Update (ﬂh)yff” by (30) for all 1 <i < nj and 1 < j < no.

3.4. The closed form expressions for wy, ws, Ay, and As
Based on the formulation (23), we can get the closed form expressions for w; and w, as
given by

(1)1
(814l

(wi);; = max(|(S1)s;] - 9%, 0) (31)

12



where S; = (0 (w)i; — (Al’e—ll)”,éjg(ul)m - (Al’e—i)"’j)T for [ =1,2.

Similarly, based on the formulations in (11) and (12), we may update all the Lagrangian

multipliers by

AP = A+ 01 (w) 5T — ()5, (32)
AFT)is = )5 + Oa((wa) ) — W (ug) 57V, (33)

s 4. Numerical experiments

In this section, we present a number of numerical experiments to

(i) compare the overall performance of the proposed ALM with two related numerical
solutions, which are the LGD method (5) and the NMG method by Chumchob [7];
(ii) assess the accuracy and efficiency of the proposed ALM with regard to parameter

130 changes.

We note first that four registration problems consisting of four real medical images to be

denoted as Problems 1-4 were selected for the experiments, as shown respectively in Figure

1. Second, we used n; = ny = n (i.e. we assume the grid spacing hy = hy = h = 1/n) in all

numerical tests. Third, the bilinear interpolation was employed to compute the transformed

135 template image T, once the deformations are found in all cases. We also note that all

numerical algorithms for the proposed ALM, LGD and NMG methods were started with

ul” = 0 and implemented under MATLAB R2018a and run on a machine configured with
Intel(R) Core(TM) i7 Quad-core 4.2GHz and 32GB of RAM.

4.1. Performance comparison with the other two methods

140 In this test, the performance of three different methods for TV-based image registration
model is compared. We apply the relative SSD (a qualitative measure in the accuracy), time
per iteration (in seconds), total CPU time (in seconds), and total iterations to perform our
evaluation on the four registration problems shown in Figure 1.

For the LGD method, we chose 7 = 107° and 3 = 10~% and implemented a direct solver

s using MATLAB’s \-operator (also known as mldivide operator) for solving each linear
system of equations arising from applying the FP method with the nonlinear discrete EL
system.

For the NMG method, we implemented with the FAS-NMG method of Chumchob [7].

The details of our numerical implementation can be summarized as follows. We solved the

13
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Figure 1: Four registration problems of the real medical images. (left column) Reference images;
(right column) Template images; (top row) Problem 1; (2nd row) Problem 2; (3rd row) Problem 3;
(bottom row) Problem 4.

nonlinear discrete EL system with 3 = 107 in a V-cycle framework, where the coarsest grid
is 4 x 4. The LGD method was used to solve the coarsest problem with 7 = 1072, We used
the standard coarsening method and standard interpolation technique for transferring data
between grids. We applied 15 pre- and 15 post-smoothing steps with a so-called FP-SOR
smoother.

For the proposed ALM, we chose the penalty parameters 6; = 6, = 1/10. We used the
predefined numbers ¢, = 1072, e, = 107, €3 = ¢4 = 107% and e; = 200 with Algorithm 1.
The predefined numbers e, = 20 and 5, = 1075 were applied by the proposed NMG method

14



T (Proposed ALM)

RelSSD = 0.8027 RelSSD = 0.2465 RelSSD = 0.1836

RelSSD = 0.1670 RelSSD = 0.1476

RelSSD = 0.8250 RelSSD = 0.0852 RelSSD = 0.0681

Figure 2: Qualitative comparison of registered images by three different methods on the four reg-
istration problems in Figure 1. (left) Registered images by LGD; (middle) registered images by
NMG; (right) registered images by the proposed ALM. ‘RelSSD’ means the relative SSD defined
in (13) to represent the dissimilarities between R and T,,. Note that the small the value of RelSSD

is, the accurate registered image is obtained.
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in Algorithm 2 to solve u-subproblem. In all registration problems, the proposed NMG
method with the MG smoother in Algorithm 3 was performed with the MG parameters,
11 = vy =5 (5 pre- and 5 post-smoothing steps), w = 1.85 (the relaxation parameter), and
Siter = 2 (2 iterations of SOR steps).

All numerical methods in this test used the same regularization parameter o = 1/50
with the grid spacing h = 1/256. Each method was stopped when the relative solution,

m m—1 m m—1
() ™) ™ )

max{ ey }, was brought below 107 or the number of iterations in-

™17 g™

creases beyond a predefined number. Here we used the predefined numbers m:SP = 200

for the LGD method, m\M% = 50 for the NMG method, and mAM = 200 for the proposed
ALM.

Table 1: Comparison of the relative SSD, time per iteration, total CPU time (s), and total iterations by

three different numerical methods on the four registration problems in Figure 1 with a@ = % and h = ﬁ. *

indicates that maximum number of iterations reached without convergence.

Method Registration problem
1 2 3 4
Relative SSD 0.8027 0.7853  0.7841  0.8250
Time per iteration (s)  0.2467  0.2458  0.2457  0.2463
LGD Total CPU time (s) 49.3423  49.1558 49.1301 49.2524
Total iterations 200* 200" 200" 200"
Relative SSD 0.2465 0.1670  0.0710  0.0852
NMG Time per iteration (s)  0.4941  0.4930  0.4814  0.4914
Total CPU time (s) 24.7045 24.6477 24.0701 24.5724
Total iterations 50* 50" 50* 50*
Relative SSD 0.1836 0.1476 0.0664 0.0681

Time per iteration (s)  0.5970  0.6893  0.7105  0.7138
Total CPU time (s) 28.4776 40.6674 37.6567 38.5466
Total iterations 41 59 53 54

Proposed ALM

From Tables 1, one can see that only the proposed ALM converges, whereas the LGD and
NMG methods are unable to converge in a reasonable number of iterations. As expected, we
have found in this case that the small value of § has a significant effect on the accuracy of
the registered images and the convergence of the LGD and NMG method. Moreover, Figure
2 shows that for each registration problem the proposed ALM yields the best value of the
relative SSD. It is important to note that the smaller the value of the relative SSD is, the
accurate registered image is achieved. This evidence ensures that the registration results by
the proposed ALM are more reliable than the LGD and NMG methods. Particularly, Figure

3 shows that the proposed ALM is computationally efficient than the other two methods

16
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Figure 3: History of the relative SSD by three different methods in solving the four registration

problems in Figure 1.
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Figure 4: Constructed deformations by the proposed ALM for the four registration problems in

Figure 1. Note that multiple motions in the corresponding image and motion discontinuities at the

boundaries of the local regions determined by the constructed deformation can be observed in the

corresponding close-up regions.
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Problem 4.
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Figure 6: The middle slices of the corresponding surfaces of both components of the constructed

deformations shown in Figure 5 by the proposed ALM.

in delivering the high quality of the registered images. The proposed ALM takes only a
few iterations (say b iterations) to drop the relative SSD below 0.20, which means that the
dissimilarities between the reference and registered images have been reduced more than 80%
within the first 5 iterations. This is a remarkable result to conclude that the computational
performance of the proposed ALM in solving TV-based image registration is much more
efficient than those of the other two methods.

In terms of computation times per iteration, we can see that the proposed ALM requires
to solve two sub-problems for 4 and w in each step. Thus, in accordance with our mea-
surements, we expect that more computation time per iteration is required for the proposed
ALM than those of the other two methods. As can be seen from Table 1, our numerical
experiments reflect this expectation.

In terms of total CPU times, Table 1 illustrates the LGD method is the slowest method,
while the NMG method is slightly faster than the proposed ALM. However, both LGD and
NMG method are unable to converge. Thus we can conclude that the LGD and NMG
methods are less computationally efficient than the proposed ALM.

In Figure 4 we present the constructed deformations by the proposed ALM for all reg-
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istration problems. In Figure 5, we show the constructed surfaces of both components of
the deformations in Figure 4. In Figure 6, we present the middle slices of the constructed
surfaces of the components of the deformations in Figure 5. As expected from the use of
TV regularizer, the visual inspection in Figure 4 shows that the proposed ALM delivers the
visually appealing results in preserving the discontinuities of the constructed deformation
as shown in the corresponding close-up regions. We can also see in Figure 4 that the con-
structed deformation yields multiple motions in the image to be registered and the motion
discontinuities can be observed at the boundaries of the local regions. We see further that
the corresponding deformation in each registration problem is neither smooth nor reflecting
a homogeneous motion. For each local region, the motion tends to change smoothly, and
the gradients of the constructed deformation in this area are small. At the boundaries of the
local regions, the gradients of the constructed deformation are large, and the discontinuities
of the constructed deformation can be observed. Moreover, we can see from Figures 5 and 6
that the constructed surfaces of both components of the deformations are non-smooth and
their middle slices are almost piecewise constant for all registration problems.

To summarize we have successfully developed the efficient and effective numerical method
for TV-based image registration model. Our registration results on the real medical appli-
cations shown in Figure 1 demonstrate that the proposed ALM is more computationally
efficient and effective than the other two methods. The most attractive features of our
proposed method is that it is able to produce the high quality of the registered images
in a reasonable number of iterations while it satisfies the requirement in constructing the

deformations by the TV regularizer.

4.2. Performance tests with the regard to parameter changes

We now present numerical results from several test cases, to assess the accuracy and

efficiency of our proposed numerical techniques with the regard to parameter changes.

4.2.1. h-independence test

One of the key properties of MG techniques is that their convergence does not depend
on the number of grid points. Thus, in this test we designed our numerical experiments
to investigate this property with the proposed ALM in Algorithm 1, and to back up our
proposed NMG method in Algorithms 2.

We implemented the proposed ALM with the same regularization parameter a = flo

and the penalty parameters ¢, and 6, as shown in Table 2. In order to stop our proposed
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Table 2: Registration results for Problems 1-4 in Figure 1 by the proposed ALM in Algorithm 1 with a = 55

and different values of grid spacing h. Note that ‘Ratio’ means the ratio of the total CPU times in increasing

both image dimensions by a factor of 2.

Registration Grid spacing (h)
problem Hlﬁ ﬁ Tlﬂ ﬁ
Relative SSD 0.0968 0.0958 0.0951 0.0951
Total iterations 22 22 21 21
1 (0 =0,=1) Total CPU time (s) 22.4489  74.1501 308.4895 1,308.3476
Ratio — 3.3031 4.1603 4.2411
Average MG cycles 6 6 6 6
Relative SSD 0.1028 0.1027 0.1025 0.1002
Total iterations 16 16 15 15
2 (0 =0, =1) Total CPU time (s) 16.1900  58.8500 257.0531 1,117.0938
Ratio — 3.6350 4.3679 4.4294
Average MG cycles 7 7 7 7
Relative SSD 0.0359 0.0359 0.0358 0.0357
Total iterations 36 34 33 33
3 (0, =0,=1) Total CPU time (s) 38.8623 137.9971 577.3338 2,578.2640
Ratio — 3.5509 4.1837 4.4658
Average MG cycles 7 7 7 7
Relative SSD 0.0377 0.0375 0.0374 0.0373
Total iterations 31 31 30 30
4 (0 =0,=1) Total CPU time (s) 30.9928 116.8559 500.9036 2,238.7849
Ratio — 3.7704 4.2865 4.4695
Average MG cycles 6 6 6 6

ALM, we used the same predefined numbers used in Section 4.1. We also used the same MG
parameters to solve u-subproblem as given in the previous section.

In the numerical results shown in Table 2, one can see five quantities: the relative SSD,
the total iterations, the total CPU times (in seconds), the ratio of the total CPU times in
increasing both image dimensions by a factor of 2, and the number of average MG steps
used to solve u-subproblem by Algorithm 2 with different values of grid spacing h.

As expected from a numerical technique using a MG framework, Table 2 shows that
Algorithm 1 not only converges within a few iterations, but it also provides the accurate
registration results because the dissimilarities between the reference and registered images
given have been reduced more than 90% for Problem 1, 89% for Problem 2, and 96% for
Problems 3 and 4. Moreover, the NMG method in Algorithm 2 can reduce the mean of the
relative residuals to e, = 107 within a few MG steps for different values of h. In addition,

we see an increase in the total CPU time by a factor of approximately 4.5 when both image
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Table 3: Registration results for Problems 1-4 in Figure 1 by the proposed ALM in Algorithm 1 with h = ﬁ

and different values of the regularization parameter a.

Registration Regularization parameter (o)
Relative SSD 0.0968 0.1015 0.1080 0.1313 0.2099 0.3466
1 (61 =0,=1) Total iterations 20 21 25 30 33 49
Average MG cycles 6 6 6 6 6 6
Relative SSD 0.1028 0.1028 0.1069 0.1174 0.1675 0.2104
2 (6 =0, =1) Total iterations 16 18 20 27 37 40
Average MG cycles 7 6 6 6 6 6
Relative SSD 0.0359 0.0385 0.0436 0.0536 0.0958 0.2251
3 (6 =0, =1) Total iterations 36 44 49 65 90 125
Average MG cycles 7 7 6 6 5 5
Relative SSD 0.0377 0.0406 0.0449 0.0548 0.0863 0.1909
4 (0 =0,=1%) Total iterations 31 34 49 57 102 139
Average MG cycles 6 6 5 5 5 5

dimensions is increased by a factor of 2. This shows that the proposed ALM has an optimal
efficiency resulting from the NMG method proposed in Algorithm 2, which should be of
order O(Nlog(N)) where N = n?. Then we can conclude that the proposed ALM has no

effect on the convergence for different values of h.

4.2.2. a-dependence test
Next we evaluate to show how our proposed ALM in Algorithm 1 is affected with varying
the regularization parameter a.

To this end, we performed the proposed ALM on the four registration problems in Figure

1

556 and the penalty parameters 0; and 0, as given in Table

1 with the same grid spacing h =
2. Our proposed ALM in Algorithm 1 was stopped with the same predefined numbers used
in Section 4.1. We also applied the same predefined number and MG parameters as shown
in Section 4.1 with Algorithms 2 and 3 to solve u-subproblem.

Table 3 presents the numerical results by the proposed ALM in Algorithm 1 with different
values of the regularization parameter a. It contains three quantities: the relative SSD,
the total iterations, and the number of average MG steps used to solve u-subproblem by
Algorithm 2.

As presented in Table 3, decreasing the values of a has significant effects on the accuracy

of the registered images and the convergence of the proposed ALM in Algorithm 1, whereas

the value of o has only a small effect on the convergence of the proposed NMG method in
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Algorithm 2. We can see that large « is not needed as small ones give better registration

LoL L and &. It is important to note that the process to

results, typically o = 5=, 555, 150> 06

select the optimal value of « is a separate but important issue because it is in general
unknown a priori and it significantly affects on the accuracy of registered images and the

ALM performance.

4.2.3. (64, 05)-dependence test

We now present numerical results from several test cases to evaluate the registration
performance of our proposed ALM with different values of #; and 6-.

We performed the proposed ALM in Algorithm 1 on the four registration problems shown

in Figure 1 using h = 5+ and a = 5%-. The predefined numbers and the MG parameters for

256 250"
Algorithms 1-3 are the same values used in Section 4.1.

We note that we take ; = 6, = 0 in this numerical test to evaluate the performance of the
proposed ALM. Table 4 presents the registration results for the four registration problems
by the proposed ALM in Algorithm 1 with different values of . Three qualities for the
performance tests are the relative SSD, the total iterations, and the number of average MG
steps used to solve u-subproblem by Algorithm 2.

One sees from Table 4 that as 0 is decreased from 10 to 1—10 the dissimilarities between the
given images decrease (the accuracy of the registered image increase), whereas the cost of
the proposed ALM increases. We observe that the smaller 6 is the better the proposed NMG
method performs and an increase in the number of smoothing steps is required to achieve
fast MG convergence for large 6. Next, we see that decreasing the value of 8 leads to the
best registration result at 0 = %0. We see further that large values of 6 are not required as

small ones deliver better registration performance. Typically, § should be between % and %

to give the accurate registration results in a reasonable number of iterations.

5. Concluding remarks

In this paper, we first explained how standard methods solve the TV-based image reg-
istration model. Next, we discussed how we are needed to develop a new method. In order
to efficiently solve the model, we therefore proposed to use augmented Lagrangian method.
We separated the associated minimization problem into two subproblems. As a result, the
first subproblem is a nonlinear problem and impossible to obtain exact solution, whereas

the other one has a closed-form solution. Next, we developed an efficient NMG method to
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Table 4: Registration results for Problems 1-4 in Figure 1 by the proposed ALM in Algorithm 1 with
h =

ﬁ, a = ﬁ and different values of the penalty parameter . Recall that * indicates that maximum

number of MG cycles reached without convergence.

Penalty Registration problem
parameter 1 2 3 4

Relative SSD 0.8128 0.8128 0.4923 0.5056
6 =10 Total iterations 3 3 3 3
Average MG cycles 20* 15 18 18
Relative SSD 0.7721 0.7774 0.4271 0.4401
0=38 Total iterations 3 3 3 3
Average MG cycles 20" 19 15 15
Relative SSD 0.7098 0.7138 0.3476 0.3595
=6 Total iterations 3 3 3 3
Average MG cycles 20* 20* 14 14
Relative SSD 0.6033 0.6029 0.2615 0.2710
0=4 Total iterations 3 3 3 3
Average MG cycles 20* 20* 19 19
Relative SSD 0.1935 0.2048 0.2187 0.2467
0=2 Total iterations 8 7 10 9
Average MG cycles 12 14 20* 20*
Relative SSD 0.0968 0.1028 0.2057 0.2443
=1 Total iterations 20 16 17 19
Average MG cycles 6 7 20* 20*
Relative SSD 0.0693 0.0696 0.0670 0.0441
0= % Total iterations 39 31 25 19
Average MG cycles 5 5 20* 20"
Relative SSD 0.0617 0.0586 0.0359 0.0377
0= i Total iterations 60 44 36 31
Average MG cycles 4 5 7 6
Relative SSD 0.0600 0.0549 0.0338 0.0348
0= é Total iterations 75 60 46 52
Average MG cycles 4 4 5 5
Relative SSD 0.0584 0.0536 0.0328 0.0340
0= % Total iterations 89 100 63 59
Average MG cycles 4 4 5 4
Relative SSD 0.0579 0.0535 0.0326 0.0336
0= Tlo Total iterations 108 191 75 62
Average MG cycles 4 4 4 4

solve the associated discrete nonlinear system. In order to assess the efficiency and effective-
ness of our new method, we tested, using four registration problems of real medical images,
how our new method performs. We found in our first numerical test that the registered

images by different methods are not identical. Therefore, it can be concluded that differ-
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ent numerical algorithms for TV-based image registration model have a significant effect on
the accuracy of registered images. We also found that our new method outperforms the
existing methods. Moreover we found by the performance comparison in this test that our
new method is able to deliver the accurate registration results with the desired properties
of the constructed deformations in a reasonable number of iterations. Next, we found in
the second test that there are no effect on the convergence of the new method for different
numbers of grid points. Moreover, we observed from the third and last tests that the choice
of the regularization and penalty parameters is important for the quality of the registered
images and the computational performance of the new method. The outlines in selecting
these two parameters to obtain the accurate registration results were discussed. Future work

will extend the proposed method to high-order variational models for image registration.
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Abstract

Image denoising is one of the most important tasks of image
restoration. The goal is to remove noises from a given corrupted dig-
ital image for improving the quality and ability of human or machine
vision identifications. Total variation (TV) model, which is a classic
model in image restoration, is well-known for reducing noise and re-
covering sharp edges of an image. However, it suffers form the unde-
sired artifacts, such as the staircase effect. To overcome this drawback,
we focus on the so-called Gaussian curvature (GC) model, which is a
useful tool to remove the staircase effect as well as preserve the sharp
edge. As a result, it leads to a complicated partial differential equa-
tion that is difficult to solve computationally. We therefore develop an
alternating direction method of multiplier (ADMM) to overcome this
situation. Numerical experiments on both synthetic and real images
show that the proposed method outperforms the standard method in

terms of restoration quality.

Mathematics Subject Classification: 62H35, 65N22, 65N55, 74G65, 74G75
Keywords: Gaussian curvature, regularization, Image denoising, Alternating direction method of

multipliers

1 Introduction

Let f : Q C R? — V C R be an observed noisy image, where () is a rectangle of R2.
The goal of image denoising problems is to restore (or recover) the original image u : 2 C

R? — V C R from the noisy image f. According to the maximum likelihood principle [2],
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most image denoising problems involve solving the following variational problem:
min {J,(u) = D(u, f) + aR(u)}, (1.1

where D(u, f) is the fidelity term, which is used to penalize the inconsistency between u and
f, R(u) is the regularization term, which is used to filter out the noise from the observed noisy
image as well as to preserve significant features such as edges and textures of the restored
image, and « > 0 is the regularization parameter, which compromises the fidelity term D(u, z)

and the regularization term R (u).

In many situations, f can be represented by the so-called additive noise (AN) model

f=u+n, (1.2)

where 7 is the zero-mean Gaussian white noise. Rudin, Osher, and Fatemi [4] proposed one of
the most popular variational models in recovering u from the noisy image f. Their variational

model, also known as the total variation (TV) model, is given by
min {J "V (u) = D*(u, f) + aR™ (u) } (1.3)
involving the quadratic fidelity term resulting from the AN model (1.2)

DR (u, 2) = %/Q(u — )2 d (1.4

and the TV regularization
R™(u) = / V| d2. (1.5)
Q

Although R™V is effective in preserving sharp edges while removing unwanted oscillations and
noise, it has some undesired effects. In particular, it transforms smooth signals or signals that
are not necessarily piecewise constant into piecewise constants. This phenomenon is known as
staircase effect. From a practical point of view, staircase solutions of the TV model (1.3) fail
to satisfy the evaluation of visual quality, and they can develop false edges that do not exist in
the true image. The main challenge is thus to deal with the staircase effect while preserving

image sharpness.

To overcome the drawback of the TV regularization, the variational model, which com-
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bines the so-called Gaussian curvature (GC) regularization

R (u) = / |kg(uw)| dQ2 (1.6)
Q
where
UggUyy — Ugy Uy
molW) = =y WPy a7

is the Gaussian curvature of image surface, named the GC model in this paper, was introduced

by Brito-Loeza and Chen [1] as follows
min {ch(u) = DR (u, f) + aRGC(u)} . (1.8)

By the calculus of variations, we obtain the associated Euler-Lagrange (EL) equation as

follows

N3

with the boundary conditions

oy (4|umuw—uzyuw|VU> +V B +V -By+u—f=0 (1.9)

(—Ugy, Uz) -1 =0, (Uyy, —Uyy) - =0, —B;-n=0, —By-n =0, (1.10)

where N' = ) + uy + 1, S = sign(usstlyy — Usyliye), B1 = ((S;/%y)m = (Sj'\“;zy)z),
By = ( (%) , (%) y> , and 2 is the unit outward normal vector on the image boundary.
Y

As can be seen, the EL equation (1.9) is highly nonlinear and of fourth-order with dif-
fusion coefficients yielding anisotropic diffusion. Thus, the above equation is the apparent
difficulty in developing an accurate numerical solver. In our initial tests, using the simple
gradient descent method as numerical solver, this equation showed to be very stiff. To this
end, we develop an efficient numerical approach via the idea of alternating direction method
of multipliers (ADMM). Numerical tests using both synthetic and real images confirm that our

proposed method is accurate and reliable.

The remainder of this paper is organized as follows. In Section 2, we propose our new
numerical method for the GC model. The results of experiments from synthetic and real images

are given in Section 3. In the final Section 4, the concluding remarks are drawn.

2 The proposed numerical method

In literature, ADMM has been successfully applied to minimize the energy functional

involving TV regularization and quadratic or non-quadratic data fitting term. For example, the
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authors in [3] used the split Bregman (SB) iteration to solve the TV model, while the augmented
Lagrangian method (ALM) has been developed for the TV model in [5, 6]. Note that both
SB and ALM employ ADMM to minimize their energy functionals and the convergence of
ADMM is always guaranteed. In [5, 6], the authors have proven that the two methods are in

fact equivalent. In this work, we consider the SB method for the GC model.

2.1 Discretization

Before starting our discussion on the proposed SB method, the finite difference dis-
cretizations of the first-oder and second-order derivative operators are required. They are
respectively 07, 0, , 0, 0, 0; 0, 070, , 0,0, and 9; 0, . Note that we apply periodic

boundary conditions with these discretizations. It is often used for the image denoising problem

since it is able to preserve jumps and image contrasts and allow fast numerical computations.

From now on, we assume {2 = [1, M] x [1, N], where M and N are the positive integers
representing the number of uniform intervals in the 2 and y coordinate directions. Let Q2 C €

be the discretized image domain as given by

Q={(z,y) € Qx,y) = (@i, y;), v =14, y; =J,i=1,2,...,Mandj=1,2,... ,N}.

For simplicity, each grid point (z;, y;) € (2 is denoted by (i, j), where the coordinates = and y
are oriented along columns and rows, respectively. All the variables are defined on these grid
points. Let @ — V = RM*N be the 2D grayscale image space with size M N. So, the first-
order forward differences of the grayscale image v at grid point (4, j) along = and y directions
are respectively

(W)ijp1 — (u);; f1<i<M1<j<N

- o 7 2.1
()i (W)in — (u);; f1<i<M,j=N

and

i — (W), if1<i<M,1<j<N
o+ (u);; = (i1 — (u)iy 1 ? J . 2.2)
(u)Lj — (U)i’j ifi = ]Vf, 1 S] S N
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The first-order backward differences are respectively

i (Wi if1<i<M1<j<N
0 (wyy = { (o T W LS TS AR 23)
(u)i,j—(u)i,N 1f1§7§]\47]:1

and

(u)i,j — (U)@;Lj ifl <14 S ]\/f 1 S j S N

0, (u);; =
()i ()i, — (W, ifi=1,1<j<N

(2.4)

Forp = (p1,p2) € V? and u € V), the discrete version of the first-order adjoint divergence

Y —(Vep)u= Y p-(Vu

1<i<M 1<i<M
1<j<M 1<j<M

operator satisfies

Therefore, according to the definition of discrete gradient operator

(9* )i 5
(Vu)i,j _ x ( L) 2J ,
aj(u)m
the discrete divergence is given by
(V-p)ij =0, (p1)ij + 9, (p2)i;- (2.5)

The second-order derivative operators of u at grid point (i, j) are given by

(U)i,N — Q(U)i’j + (u)i’j+1 if 1 S 7 S ]\/[,] =1
070, )iy = 0,07 (Wij = § (w)ijor — 2(w)iy + (w)ijn f1<i<M1<j<N

(u)ij-1
(2.6)
(U)M,j — Q(U)L]‘ (U)H—l,j lf’L = ]., ]. S j S N
050, (u)ij = 0,0 (u)iy =< (w)iry —2(w)ij + (W)iry; ifl<i<M,1<j<N
(11/)7;,17]' — Q(U)Z'J‘ + (U)l’j ifi = ]\/[, 1 S ] S N

2.7)
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(Wijr — (Wi — (W + (wha;  fi=1,1<j<N
i1 — (W) — 71+ ifi=1,j=N
8;8;(701-?]- _ (w)in — (Wi — (W + (W), - @ J 2.8)
(u),;,jﬂ — (u)m — (’Lb)z;l,]url + (u)ifl,j ifl <1 < ]\/f, 1 < J <N
(u)i,l — (u)i,j — (U)z;l’l + (u)ifl,j ifl <1 S ]\4,] =N
and
(U)H—l,j — (u)i,j — (u)i+l,N + (u)LN if 1 S 7 < ]\4,] =1
= (w); — + (u); ifi=M,j=1
910y, = | (0= (g = @+ @ ifi= M |
(Wit1y — Wiy — (Wirrj—1 + (W)iyor f1<i<M1<j<N
(u)lﬁj — (u)i,j — (U)L]‘,l + (u)i,jfl ifi = ]\/f, 1 <j S N
2.9
Based on (2.6) and (2.7), the discrete Laplace operator is given by

2.2 The proposed numerical algorithm

To solve the GC model (1.8) with the SB method, we introduce the new variable p =

(p1,p2) € V? and reformulate the variational problem in (1.8) as the following constrained
optimization problem
b1,p2, — P1,P2,

o'l
(Ip[>+1)2 }

st. p=Vu. (2.11)

min {DROF(U, f)+ a/

u,p Q

The SB method for the above constrained optimization problem is obtained by minimizing the

following functional

P1,P2, — P1,P2,

£lupib) = D )+ | [P

Q

aQ + g /(p — Vu-—b)2dQ, (2.12)
Q

where b = (by,by) € V? is the Bregman parameter. The functional £ can be minimized
using alternative optimization technique. That is, we solve two subproblems for u and p.

This process is repeated until the following stopping criteria based on the relative error of the
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solution is satisfied:

[
L . (2.13)

)

for predefined small ¢ > 0. The two subproblems of (2.12) are

u-subproblem :  min {DROF(U, )+ g / (p— Vu-— b)QdQ} ,
u 0

b1,P2, — P1,P2,

p-subproblem : min{a /
b ol (pP+1)?

P

dQ—l—H/(p—Vu—b)QdQ}‘
2 Q

Note that the u-subproblem can be efficiently solved by its closed-form solution, while the

solution of the p-subproblem is determined by the associated Euler-Lagrange equation.

u-subproblem. Fixing variables (p; b) yields the Euler-Lagrange equation associated with u

as follows
u—0Au =G, (2.14)

where G = f — 6V - (p — b). To solve the linear partial differential equation in (2.14), we
apply the discrete divergence operator in (2.5) and the discrete Laplace operator in (2.10) as

follows

where (G)i; = (f)ij — 0 (97 ((p1)ij — (b1)ig) + 8, ((p2)ij — (b2)i;)). As periodic boundary
conditions have been imposed on the discrete derivatives in Section 2.1, the discrete Fourier

transform can be directly applied to the both sides of (2.15)
F{(uiy =0 (0, 0f (w)i; + 0,0 (w)is) } = F{(G)ig} (2.16)
where F denotes the discrete Fourier transform. For discrete frequencies r and s, we have

(1 Yy (cos QLNS + coszNﬂ _ 2));{(u)i,j} — F{@), 2.17)

¢

where 7 € [1,M] and j € [1, N] are the indexes in discrete time domain, r € [0, M) and

s € [0, N) are the frequencies in the discrete frequency domain. (2.17) provides us with a
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closed-form solution of u as

(= Reat (2 {FLERH ), 2.18)

where F~! denotes the discrete inverse Fourier transform. ‘Real’ is the real part of a complex

number. ‘— stands for pointwise division of matrices.

p-subproblem. Fixing variables (u; b) yields the Euler-Lagrange equation associated with

p as follows

—aV-wi+afpr+0(pr—u,—b1) =0

, (2.19)
—aV - wy+ afps +0(ps —uy — b)) =0

where w; = (S(gi) ; %), wy = (75(%) ; 521)’) Pr = (P1)e(p2)y — (P1)y(P2)es

B =pi+ps+1,08 = 4';;', S = |§1| To solve the nonlinear partial differential equa-

tion in (2.19), we apply a coupled outer-inner iteration method as follows. In the outer iter-

ation, we start from an initial solution p!” and compute a sequence of approximate solutions

pl, pll ... pl pl+1l ... by solving the discrete system of linear equations

(p[l,hq]). , OZV . w[l’/] —+ 9(uz + bl)

v af+0 7 (2.20)
( [,,+1])' o aV - “’[2"} + G(uy + b)
Pz i af+0

until the stopping rule ||p["+1] — pl¥! ||2/||p[”] ||2 < € or v > & is met for a given threshold

€, > 0 and the maximum iteration €; > 0.

Finally, we update the Bregman iterative parameter by b <— b + Vu — p, which can be
found in Algorithm 2.1.

Algorithm 2.1. Our proposed numerical algorithm for GC model
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T TR"Y Lo = =8

€2

the restored image
the observed noisy image

the regularization parameter

—

p1,p2) the vector valued function related to the gradient of u

—~

b1,by) Bregman iterative parameter
penalty parameter
the given threshold(typically, ¢, = 107%)

the maximum number of iterations (typically, e; = 1000)

[u} < SBGC (U’? f7 a, P, b7 07 €1, E2)

eleterr=1,k=0,p=0,b=0,a0a>0,0 >0andu = f
e While err > ¢; and k£ < &9
— Set u°M =y
— Compute v by (2.18)
— Compute p by (2.20)
— Updating the Bregman iterative parameter bby b <~ b+ Vu — p

__p,0ld
flu—u H12

Tull,

— Compute k = k + 1

— Compute err =

e end

3 Numerical experiments

In this section, we present some numerical experiments to

(i) compare the restoration quality (the accuracy in removing noise) obtained from the pro-

posed method (Algorithm 2.1) and the standard method by [4] in recovering the sharp

edge and removing the staircase effect from a noisy image;

(1) illustrate the performance of our proposed numerical method in removing noise from a

real noisy image.

Figure 1 shows the original test images. The first two columns show the two synthetic

images of 256 x 256 pixels, while the last column shows the real noisy image of 2048 x 2048

pixels. We note first that the noise formation model in (1.2) was used for creating the noisy

versions of the synthetic images with the additive Gaussian noise of variance 0.03. We also
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note that we used peak signal to noise ratio (PSNR) between the original and denoised images
to measure the quality of image restoration; a higher PSNR value indicates the higher quality

of the denoised image (better). PSNR is defined by

2 =2
PSNR = 10 10g<M5;E>, (.1)

where

M N

MSE = 17 D23 (s ).
Here u* and u are the original image and the denoised image, respectively. Next, we note that
the stopping criteria in (2.13) with e = 10~* was used for all numerical tests. We also note
that the model parameters in (2.12), a and 6, for each test were manually selected. Finally we
note that all experiments were performed using Matlab R2016b on MAC OS X platform with
an Intel Core i5 at 2.3GHz and 8GB of RAM.

In Figure 2, we test the edge- and smoothness preservation abilities of the proposed and
standard methods on a piecewise constant image (top row) and a piecewise smooth image
(bottom row), respectively. Note that the one-dimensional profiles (or signals) of the images
in Figure 2 (selected from the 128th row with 256 columns) are shown in the top and bottom

rows of Figures 3.

As expected, the standard method is less efficient than the proposed method in terms of
PSNR and visual inspection for recovering the sharp edges of the denoised images. Moreover,

it is clear from Figure 3 (top row) that the proposed method preserves the corners perfectly.

From Figure 3 (bottom row), one can easily find in the middle column that the denoised
signal by the standard method is composed of jagged appearance which is staircase effect. In
addition, the denoised results shown from the right column by the proposed method does not
produce unfavorable staircase artifact. In terms of PSNR and visual inspection, the proposed
method model is more efficient than the standard method for the smoothness-preservation abil-
ity.

Finally, we test the proposed and standard methods on a real noisy image. As can be seen
from Figures 4 and 5, the proposed method delivers more visually pleasing restoration results
aspect of visual perception and also provides the best tradeoff between noise suppression and

image enhancement for detail preservation.
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(a) (b)

Figure 1: The original test images. Synthetic images of 256 x 256 pixels (the first two columns)
and real noisy images of 2048 x 2048 pixels (the last column).

PSNR= 38.57 PSNR= 58.03 PSNR = 66.79
PSNR=38.86 PSNR=46.18 PSNR = 50.89
Noisy image Standard method Proposed method

Figure 2: Restoration results on the synthetic images in Figure 1 (the first two columns). From
top to bottom: edge-preservation ability test (top row) and smoothness-preservation ability
test (bottom rom). From left to right: noisy images (left column); denoised images by standard
method (middle column); and denoised images by the proposed method (right column).

4 Conclusion

The main focus of this work is to present a numerical method for GC model in remov-
ing noise from digital images. In order to solve the associated variational problem, we have
proposed the SB method. As expected, numerical tests confirmed that the proposed method

delivers more accurate and reliable restoration results than the standard method.
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Figure 3: Corresponding signals of the 128th row from the images in Figure 2. Noisy signals
(left column); denoised signals by the standard method (middle column); denoised signals by
the proposed method (right column).

Noisy image Standard method Proposed method

Figure 4: Restoration results on the real noisy images in Figure 1 (the last column). Real noisy
image (left column); denoised image by the standard method (middle column); and denoised
image by the proposed method (right column).
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Figure 5: Corresponding signals of the 512th row from the images in Figure 4. Real noisy
signal (left column); denoised signal by the standard method (middle column); denoised signal
by the proposed method (right column).
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Abstract: Image restoration is the most fundamental task in image processing. The goal is to remove or reduce
the noise from a given corrupted digital image for improving the quality and ability of human or machine vision
identifications. Total variation (TV) model, which is a classic model in image restoration, is well-known for reducing
noise and recovering sharp edges from a observed noisy image. However, it suffers form the undesired artifacts, such
as the staircase effect. To overcome the drawback of the TV model, this work proposes a hybrid model combining
the TV regularization and the high-order regularization. As a result, the associated minimization problem is not
appropriate to directly solve by some classical algorithms. We therefore develop a new alternating minimization
algorithm. Numerical experiments on both synthetic and real medical images show that the quality of restored
images by the proposed method is better than those by the TV model.

Keywords: Alternating minimization algorithm; total variation; regularization; image restoration
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1 Introduction

Let 2z : 2 C R?2 — V C R be an observed noisy image, where () is a rectangle of R%. The goal of image
denoising problems is to restore (or recover) the original image u : Q C R? — V C R from the noisy image z.
According to the maximum likelihood principle [1], most image denoising problems involve solving the following
variational problem:

min {Jo(u) = D(u, =) + aR(u)} ()

where D(u, z) is the fidelity term, which is used to penalize the inconsistency between u and z, R(u) is the regu-
larization term, which is used to filter out the noise from the observed noisy image as well as to preserve significant
features such as edges and textures of the restored image, and o > 0 is the regularization parameter, which compro-
mises the fidelity term D(u, z) and the regularization term R (u).

In many situations, z can be represented by the so-called additive noise (AN) model

z=u+mn, (2

where 7 is the zero-mean Gaussian white noise. Rudin, Osher, and Fatemi [2] proposed one of the most popular
variational models in recovering u from the noisy image z. Their variational model, also known as the total variation
(TV) model, is given by

min {T™(u) = D*F(u,2) + aR™ (u)} 3)
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involving the quadratic fidelity term resulting from the AN model (2)

DROF(y, 2) = %/Q(u —2)%dQ )

and the TV regularization

R™Y (u / |Vu| dQ. (5)

Although the TV regularization is effective in preserving sharp edges while removing unwanted oscillations
and noise, it has some undesired effects. In particular, it transforms smooth signals or signals that are not necessarily
piecewise constant into piecewise constants. This phenomenon is known as staircase effect. From a practical point
of view, staircase solutions of the TV model (3) fail to satisfy the evaluation of visual quality, and they can develop
false edges that do not exist in the true image. To overcome this kind of deficiency, a popular method is to replace the
TV regularization by a high-order regularization consisting of high-order derivative terms. Particular, the curvature
based regularization schemes are widely studied for overcoming the staircase effects while preserving the edges will
in the restored image [3, 4].

In this paper, inspired by the successful applications of the TV regularization and the curvature based regular-
ization, we propose a new hybrid model, which we call TVTC. This model combines the TV regularization and the
so-called total curvature (TC) based regularization to be a new regularization term instead of the TV regularization
term in the classic TV model (3). Under the framework of the popular split Bregman (SB) method [5], we propose
an efficient iterative algorithm to solve this model. For reconstructing image from noisy image, our experiments
will show that our new method can get restored images with edges and simultaneous smooth regions preserved.
Moreover, compared with the classic TV model, our new method can overcome the staircase effect effectively, get
better numerical result, and get higher visual quality.

The outline of the rest of the paper is as follows. In Section 2 we introduce the TVTC model and proposed an
efficient algorithm based on SB method. Numerical results are given in Section 3. Finally, we conclude this paper
in Section 4.

2 Proposed model and its numerical algorithm

2.1 TVTC model

Let k1 (u) = k1 (u(z,y), z,y) and ka(u) = ka(u(x,y),x,y) be the principal curvatures of the image surface
induced by a given image u. According to theory of surfaces, the mean curvature

fn(u) = V - Vu _ O+ U2 ) Uy — 20Uy tgy + (14 Up gy ©)
M VitV ) (1+ [Vul2)3/2
and the Gaussian curvature
Uz U — UgyUyy
ke (u) = vy yUy %)

(14 |Vul?)?
are related to the principal curvatures %1 (u) and %1 (u) by
km(u) = k1(u) + ko (u) and kg (u) = K1 (u)ka(u).

Therefore, the sum of the squares of the principal curvatures of the image surface are related to the mean and Gaussian
curvatures as follows:

ki (u) + K3 (u) = ( )+ iz (u))® = 21 (u)ra(w)
—2I<;G( )

(k
= Ky
) 2
< + u2)uyy — 2upUyUyy + (1 + uy)uw> Mty = Uaylye

1+ |Vu]?)?2 L+ V)2 ®
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We note that the authors in [3] use

k1 (u) + Ka(u) (14 u2)uyy — 2ugtyuq, + (1 + uZ)um
2 B 2(1 4 |Vul?)3/2 ’

km(u) =

justifying the name ‘mean’ curvature. We also note that ky(ug) = 0 and kg(ug) = 0 for piecewise constant or
piecewise affine images ug. This motivates us to propose the following functional

R™C(u) = % /Q (K7 (u) + K3(u)) dQ = 5/9 (km(u) — 2kg(u)) dQ 9)

to be as our high-order regularization. As can be seen, the kernel of R'¢ denoted by
ker (RT) = {u:Q — R|R™(u) =0}
is given by
ker (R™(u)) = {u(x) = Ax+ ba.e. inQ forsome A € R"? x = (z,9)" € R?, beR}.

It follows that RTC has the attractive property in dealing with different image characteristics such as piecewise
constant and piecewise affine images. We note that R is also known as the total curvature regularization or the
bending energy used to measure surface fairing and related to the strain energy of a thin elastic plate, which has
lots of applications in computer graphics [6]. To the best of our knowledge, this is the first work that uses the total
curvature regularization R for noise removal.

In order to take the advantage of both regularization terms, the new idea arises to incorporate these two regu-
larization terms with the fidelity DROF. As a result, our proposed model comes out as given by

I'IluiIl {jTVTC(u) — DROF(U, Z) + RTVTC(u)} (10)

with the TVTC regularization R™VI(u) = a; R™Y (u) + aaRT(u) where a; > 0 and oy > 0 are the weighting
parameters that balance the TV and TC regularization terms.
By the calculus of variations, we obtain the Euler-Lagrange (EL) equation associated with u as follows

u—z—a1 V- (|§Z|) + V- %VRM(U) - LHM(U)?’VU
1+ |Vl (W)
+ V- (4|U2mu2yj\[—3 U2zyu2ywvu) +V-B,+V-By=0 (11)
with the boundary conditions
Vu-n=0ky(u) -n=0, MVU~n:O L Viy(u)-n=0,

3 b
< 1+ |Vu|2> V14 |Vl

(—Uzy, Uzg) M =0, (Uyy,—Uyz) =0, —B1-n=0, —By-n=0,

oo ((8), (52) ) 2o (), G8),)
z y

and n is the unit outward normal vector on the image boundary.

As can be seen, the Euler-Lagrange equation (11) is a complicated partial differential equation that is difficult
to solve computationally. So, standard numerical algorithms such as time marching methods are not appropriate. To
this end, we shall reformulate the proposed model (10) in SB framework in the next subsection.

where
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2.2 Numerical implementation

Before starting our discussion on the reformulation of the proposed TVTC model in SB framework, the finite
difference discretizations of the first-oder and second-order derivative operators are required. They are respectively
Of, 0y, 0F,0,,0;, 0,050, ,0,0f, and 9} 0,". Note that we apply periodic boundary conditions with these
discretizations. It is often used for the image denoising problem since it is able to preserve jumps and image contrasts
and allow fast numerical computations.

From now on, we assume §2 = [1, M] x [1, N], where M and N are the positive integers representing the
number of uniform intervals in the = and y coordinate directions. Let Q C  be the discretized image domain as
given by

Q={(z,y) € Ux,y) = (s,y;), i =14, y; =jyi=1,2,...,Mandj =1,2,...,N}.

For simplicity, each grid point (z;,y;) € € is denoted by (i, j), where the coordinates x and y are oriented along
columns and rows, respectively. All the variables are defined on these grid points. Let Q — V = RM XN be the 2D
grayscale image space with size M N. So, the first-order forward differences of the grayscale image w at grid point
(i,7) along x and y directions are respectively

o @iger —(w)i; f1<i<M1<j<N
O (Wi = { (W)ig — (w)i; if1<i<M,j=N (12)

and

+ - (u)iJr]’j_('U/)i)j if1§i<M,1§j§N
Oy () { Why o Wy = M1<j<N (13)

The first-order backward differences are respectively

_ o (u)i7j—(u)i7j_1 iflSiSM,l <jSN
O (W)ig = { (g — (Wey  fl<i<Mj=1 (14
and
_ o (u)i,j—(u)i,lyj 1f1<Z§M71§‘]§N
By (Wis { (Wij — (W ifi=1,1<j<N ' (15)
For p = (p1,p2) € V2 and u € V, the discrete version of the first-order adjoint divergence operator satisfies
> ep = Y p()
1<i<M 1<i<M
1<SM 1<5<M
Therefore, according to the definition of discrete gradient operator
0 (u) )
Vu); SIS I
s = ( Gty
the discrete divergence is given by
(V-p)ij =0, (p1)ij + 9, (p2)iy- (16)
The second-order derivative operators of u at grid point (i, j) are given by
(w)i,n —2(u )u+( Jig+1 fl1<i<M,j=1
9705 ()i = 05 07 (w)i; = (Wij—1—2(u ) + (Wijy f1<i<KMI<j<N (17)
(Wij—1—2()i; + (w)in  f1<i<Mj=N
(W)ar; — 2(u )zg+( Jivr; fi=11<j<N
00, (u)ij =0, 0F (u)iy =4 (wi—1,— 2(u) + (u)it1,; Ifl<i<M,1<j<N |, (18)
(W)iz1,; —2(w)i; + ()1, ifi=M1<j;<N



(u)i,j+1 — (U)Z] — (U)M,j+1 —+ (U)M,j if7 = ]., 1 Sj < N
da—y ) (@in = (w)ij — (W + (u)ar ifi=1,j=N
%0y (Wi = (s si1 — Wiy — (Wit ges + (Wior, ifl<i<M1<j<N (19)
()i — (Wi — (W)i-1,1 + (W)i—1; ifl<i<M,j=N
(w)iv1,; — (Wi — (Wit1,n + (W)iN ifl<i<M,j=1
= ()i — - ifi = M,j=1
oo (u);; = (W1, = (w)iy; — (Win + (Win ! ] ‘ 20
y - (u) J (u)i+lg - (u)i,j — ( )i+1j 1+ (u)i,j—l if 1 <1< M,]. <) < N ( )
(w1, — (Wi — (Wh,j—1+ (Wi ifi=M1<j<N

Based on (17) and (18), the discrete Laplace operator is given by
(Au)ij = 0y OF (w)ij + 0, O ()i ;. 21

To reformulate the TVTC model (10) in SB framework, we rewrite the TVTC model in (10) by splitting
variable method as follows:

P1,D2, — P1,D2, }

— 22 dQ
(Ip* +1)?

min {DROF(U, z)+ ay / |p| d2 + cl / q2dQ — ag/
PTG Q 2 Ja Q
stp=Vuym=———n=m and ¢=V n. (22)

p
VIpE+1

According to SB method, the solution of (22) can be obtained by minimizing the following functional

& (u,pym. b1, ba.babi) =D (w2) [ fpld+ P [ a0 - ag [ |Pept Bl g
Q Q ol (p*+1)

th 92/ D 2

+ 2 — Vu — by)2dQ + m— —— — by)2dQ
9 (P 1) 2 Q( PE+1 2)
0 0

+ 2 (n—mfbg)deJri/(q—V~n7b4)2dQ, (23)
2 Jo 2 Ja

where by, bz, bs, by are the Bregman parameters and 61, 0, 03, 04 are the positive penalty parameters. The func-
tional £ can be minimized using an alternating minimization procedure. That is, we solve five subproblems for u,
p, m,n, g and update the Bregman parameters by, ba, bs, by as follows:

_ 0
ulnew) — argmin{DROF(u,Z) + 5 / (P — Vu — by )2 dﬂ} (24)
u Q
[new]:ar min{a / dQ — o / Md(l
p g 1 Q|p| 2 0 (Ip|2 +1)2
_|_91 (p Vaulewl — by old]) Qo+ 2 02 /(m[old] P _bz[old])QdQ (25)
2 2 Jo VIpPE+1
0 [new] 0
m[new] — arg min U2 /(m R S b2[old])2dQ + 73 / (n[old] —m - b3[old])2dQ ’ (26)
T 9 O |p[new]‘2 +1 2 Jq
0- 0 0
nnewl _ argmin {23 / (n — mhev] _ ba[old])QdQ + 54 / (q[old] -V-n-— ld]) dﬂ} (27)
0 Q
0
q[new] _ mm{ 5 / 240 + 24 /(q —V . plev] _ bLOld])2dQ}, (28)
Q
b[lnew] _ blold] + Vu[new] _ p[new]; (29)
[new]
b[Qnew] _ b[201d] + I m[ncw]; (30)
|p[new] ‘2 +1
bgnew] _ bg)ld] + m[new] _ n[new]; (31)

bglnew] _ bglold] +V.- n[new] _ q[new]- (32)
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Note that the u, m, n, g-subproblems can be efficiently solved by their closed-form solution, while the solution of
the p-subproblem is determined by the associated Euler-Lagrange equation.

u-subproblem. Fixing variables (p; by) yields the Euler-Lagrange equation associated with u as follows
u— 60 Au =G, (33)

where G = z + 6,V - (by — p). To solve the linear partial differential equation in (33), we apply the discrete
divergence operator in (16) and the discrete Laplace operator in (21) as follows

(w)ij — 01 (07 05 (w)ij + 0,07 (w)i ) = (G)i (34)
where (G)i; = (2)i; + 61 (95 ((b11)ij — (P1)iy) + 9y ((b12)i; — (p2)i,;))- As periodic boundary conditions
have been imposed on the discrete derivatives, the discrete Fourier transform (DFT) can be directly applied to the
both sides of (34)

F{(u)ij =01 (0705 (u)ij + 0,07 (w)ij) } = F{(G)ij} (35)

where F denotes the discrete Fourier transform. For discrete frequencies r and s, we have

<1 — 26, (cos 2% + cos 2% — 2))./—"{(U)i7j} =F{(G)i,}, (36)

¢

where ¢ € [1,M] and j € [1, N] are the indexes in discrete time domain, € [0, M) and s € [0, N) are the
frequencies in the discrete frequency domain. (36) provides us with the closed-form solution of u as

where F~1 denotes the discrete inverse Fourier transform. ‘Real’ is the real part of a complex number. ‘— stands
for point-wise division of matrices.
g-subproblem. Fixing variables (n; by) yields the Euler-Lagrange equation associated with ¢ as follows:
a2q +04(¢ =V -n —by) =0, (38)
which can be determined using the closed-form formula
04((9; (n1)ij + 0 (n2)ij) + (ba)is)
(9)ij = L ! = (39)

o + 64

m-subproblem. Fixing variables (p, n; ba, bs) yields the Euler-Lagrange equation associated with m as follows:

p

Vipl?+1

which can be determined using the closed-form formula

O2((¥pm)i; + (b2)ij) + 03((n)i; — (b3)i)
02 + 63

Gg(mf 7b2)793(n7m7b3):o, (40)

(41)

(m); =

1

where ¢ =
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n-subproblem. By fixing variables (m, ¢; bs, bs), we have the Euler-Lagrange equation associated with n =
(n1 ng) as given by

(65 = 040770, ) (n1)ij — 04050, (n2)ij = (h)ij, (42)
(03 = 010,70, ) (n2)ij — 020, 0; (m1)ij = (ha)is, @3)
where
(h1)ij = Os(m1 + bs1) — 0487 (¢ — ba), (44)
(ha)ij = Os(ma2 + bs2) — 048 (¢ — ba). (45)

Taking the DFT with (42) and (43) leads to the following system of linear equations
<a11 a12) <»F{(n1)zy}> _ (J:{(hl)i,j}>
ag1  aze) \F{(n2)i;} F{(h2)i;})’

2
a1 = 03 — 20,4 (cos;\;s - 1) ,

2 2 2 2
ajo = —04 <1 fcos% + \/lsin]\72ﬂ> (1 fcos%s + \/1sin]7\rfs> ,

where

2 2 2 2
as1 = —0y <—1 —cos% + \/—1sin]7\rf5> (1 —cos% + \/—1sin1\7> ,

2
a2 = 93 — 2(94 (COS;\Z. — 1) .

. . . . . f(a a .
For all discrete frequencies, the determinant of the coefficient matrix (all a12> is given by
21 Q22

2 2
D =03 — 2030, (cos % + cos % — 2) , (46)

which is always positive. Thus, the closed-form solution of n; and n, can be expressed as

(n1)i; = Real (F~1 azz}'{(hl)i,j}l—)alzf{(h2)i,j}

o - (47)
(ng)w-:Real F-l auf{(hg)q,,g}Dam}'{(hl)w}

p-subproblem. Fixing variables (u,m; by,b2) yields the Euler-Lagrange equation associated with p as follows

{ a1 pr — aaV - wi + aofpr + 01(p1 — ug — b11) + O2(my — ¥pr — bar) (W37 — ) =0

48
a1 ps — oV - wa + aofips + 01 (p2 — uy — b12) + 02(ma — PYpa — bao) (Y3p3 — ) =0 (“48)

where wy = (@2 @2)e) gy, = (1) (1)) g — (P1)a(P2)y — (P1)y(P2)z» B2 = PT + P53 + 1,
B3 B3 B3 B3

8 = %, P = ﬁ To solve the nonlinear partial differential equation in (48), we apply a coupled outer-inner
2

iteration method as follows. In the outer iteration, we start from an initial solution p!°! and compute a sequence of

approximate solutions p!*!, pl! ... pl] pl*+1 ... by solving the discrete system of nonlinear equations using the

following semi-implicit fixed point iteration scheme:

paty aa(V w4 6 (e 4 bu)iy + O (my — bar)i
(pi iy = ./\/'M
1

( [qul])_ (V- w[;})i,j + 01 (uy + bi2)i,j + O21p(ma — baa);i j
2 i = NQ[V]

: (49)
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72

73

74

75

76

7

78

79

80

81

where
N = anpl - g 4 01+ 02071 (my = p)7 — by )yt pl + 1),

NQ[U] = 041'(/)[”] + CYQBM + 601 + 92¢2[V]((m2 — ’L/J[V]p[;] — bzg)’(ﬂ[y]pg’] + 1)

; : oy —p ) Jlpy? —ph
until the stopping rule max { *1—-1 22

]
TG TREn H} < €1 or v > & is met for a given threshold €; > 0 and the
P1 P2

7
maximum iteration €5 > 0.

Our alternating minimization process is repeated until the following stopping rule based on the relative error
of the solution is satisfied:

Hunew . uoldHl22

(50)
[
for predefined small € > 0. Finally, proposed numerical algorithm is summarized in Algorithm 1.

Algorithm 1. Our improved numerical algorithm for TVTC model

U the restored image

z the observed noisy image

a1, Qo the regularization parameters
p,m,n the auxiliary spitting vector variables
q the auxiliary spitting scalar variable

b1,ba, b3, by Bregman iterative parameters

01,02,03,04  the penalty parameters

€1 the given threshold (typically, ¢; = 5.5 x 1075)

€2 the maximum number of iterations (typically, e; = 1000)

[U] + SBTVTC (U, z,01,02,p, M, N, (q, b17 b27 b37 b47 917027 637047 €1, 62)

e Initialization: Set (p, m,n, q;b1,b2,bs,bs) = 0,01, 2,61,02,05,04 >0andu =z
e repeat

— Compute u by (37)

— Compute vector variable p by (49) , m by (41) and n by (47)

— Compute scalar variable ¢ by (39)

— Update by, bo, bs, by by (29) to (32)
e until convergence of u

3 Numerical experiments and discussion

In this section, we carry out numerical experiments from several test cases for both synthetic and real images
to compare the restoration results of the proposed TVTC model with the classic TV model.

I I E |4
(@) (b)

Figure 1: The original test images. Synthetic images of 256 x 256 pixels (the first three columns) and real noisy image of
256 x 256 pixels (the last column).

(d)
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Figure 1 shows the original test images. The first three columns show the three synthetic images of 256 x 256
pixels, while the last column shows the real noisy image of 256 x 256 pixels. We note first that the noise formation
model in (2) was used for creating the noisy versions of the synthetic images with the additive Gaussian noise of
variance 0.07. We also note that we used the peak signal to noise ratio (PSNR) between the original and denoised
images to measure the quality of image restoration; a higher PSNR value indicates the higher quality of the denoised
image (better). PSNR is defined by

2 2
PSNR = 10 log (1\45;5) , (51)

where MSE = 1 Zi\il Z;\;l ((w*);,; — (v);;) . Here u* and w are the original image and the denoised image,
respectively. The model parameters in (23) were manually-selected. Finally, we note that all experiments were
performed using Matlab R2016b on a machine with an Intel Core i5 at 2.3GHz with 8GB of RAM.

PSNR=31.22 PSNR=52.70 PSNR =53.10

PSNR=31.

22 PSNR=42.46 PSNR =43.77
"W v: 1 P I i

LT

PSNR=31.22 PSNR=34.66 PSNR = 35.53
Noisy image TV model Proposed TVTC model

Figure 2: Restoration results on the synthetic images in Figure 1 (the first three columns). From top to bottom: edge-preservation
ability test (top row); smoothness-preservation ability test (middle row); real image test (bottom row). From left to right: noisy
images (left column); denoised images by the TV model (middle column); and denoised images by the proposed TVTC model
(right column).
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Figure 3: Corresponding signals of the 128th row from the images in Figure 2. Noisy signals (left column); denoised signals by
the TV model (middle column); and denoised images by the proposed TVTC model (right column).

Noisy image TV model Proposed TVTC model

Figure 4: Restoration results on the real noisy images in Figure 1 (d). From top to bottom: full image (top row) and enlarged
portions of the MRI “abdomen” image (bottom row); denoised image by the TV model (middle column); and denoised images
by the proposed TVTC model (right column).
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Figure 5: Corresponding signals of the 128th row from the images in Figure 4. Real noisy signal (left column); denoised signal
by the TV model (middle column); denoised signal by the proposed TVTC model (right column).

In Figure 2, we test the edge- and smoothness-preservation abilities of the proposed TVTC model and the TV
model on three noisy images (left column), which are the piecewise constant image (fop row), the piecewise smooth
image (middle row), and the real “pepper” image (bottom row). The second and last columns of Figure 2 show
respectively the restored images by the TV model and the proposed TVTC model. Figure 3 show one-dimensional
profiles (or signals) of the noisy images and restored images in Figure 2 (selected from the 128th row with 256
columns). Figures 4 and 5 show the restoration results in removing real noise from the medical image by the TV
model and the proposed TVTC model.

As expected, the TV model is less efficient than the proposed TVTC model in terms of PSNR. Moreover, it is
clear from Figure 3 (middle and right columns) that the proposed TVTC model is better in recovering the edges.

From Figure 3, one can easily find in the middle columns that the restored signals by the TV model are com-
posed of jagged appearance which is staircase effect. In addition, the restoration results shown from the right column
by the proposed TVTC model does not produce evident staircase artifact. In terms of visual inspection, the proposed
TVTC model is more efficient than the classic TV model for the smoothness-preservation ability.

Finally, we test the performance of the TV model and the proposed TVTC model on the real MRI images,
“abdomen” as shown in Figure 1 (d). As can be seen from Figures 4 and 5, the proposed TVTC model delivers more
visually pleasing restoration results than the TV model.

4 Conclusions

This work proposes an improved variational model combining the TV and TC regularization term in removing
additive noise from digital images. In order to solve the associated variational problem, we have proposed the
efficient numerical algorithm in SB framework. As several, numerical tests confirmed that the proposed method
delivers more accurate and reliable restoration results than the classic TV model.
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