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Abstract
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Project Title: Powers of some one-sided multivariate tests with unknown population
covariance matrix
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For a multivariate normal population, Kudo (1963), Shorack (1967) and Perlman (1969)
derived the likelihood ratio tests of the null hypothesis that the mean vector is zero with a
one-sided alternative for a known covariance matrix, for a covariance matrix that is known
up fo a multiplicative constant and for an unknown covariance matrix, respectively.
Because these tests may be tedious to use, Tang, Gnecco and Geller (1989) developed
approximate likelinood ratio tests and Follmann (1996) proposed one-sided modifications of
the usuai omnibus chi-squared test and Hotelling's T2 test. Also, we consider a
modification of Follmann's test, which acjusts for possibly unequal variances. Boyett and
Shuster (1977) proposed a nonparametric one-sided test, and we use their technique to
develop nonparametric versions of Perlman’s test, Follmann's iest, the new test and the
Tang-Gnecco-Geller test. Following Chongcharoen, Singh and Wright (2002), who
considered known and partially xnown covariance matrices, we study the powers of these
one-sided tests for an unknown covariance matrix using Monte Carlo techniques and make

recommendations concerning their use.

Keywords: one-sided multivariate test, ivionte Carlo techniques



Powers'of some one-sided multivariate tests with
unknown population covariance matrix

1. Introduction

Suppose one uses a matched-pair design to compare the multivariate responses of two
treatments. If the responses are p dimensional and 8 = ( 6, 0, ..., 6p)" is the difference,
treatment one minus treatment two, of the mean responses, then one may test the null
hypothesis, Hp: 8; = 0, =...= 0, =0, to determine if there is a difference in the two
treatmenis. Furthermore, if cne believes that for each coordinate, the mean responses for
treatment one are at least as large as those for treatment two, then the alternative can be

constrained by H;: 6, 20 fori=1,2, ..., p.

Based on a random sample from the normal distribution with mean 0 and covanance
matrix V, Kudo (1963), Shorack (1967) and Perlman (1969) derived the likelihood ratio
test of Hy versus H; — Hg for the cases in which V is known, known up to a
multiplicative constant and completely unknown, respectively. Because the likelihood
ratio tests with restricted alternatives are complicated to use, Tang, Gnecco and Geller
(1989) proposed an approximate likelthood ratio test, and Follmann (1996) proposed one-
sided modifications of the usual xl and Hotelling’s T2 tests of Hg versus ~ Hp that are
easier to implement. Using exact computations and Monte Carlo methods,
Chongcharoen, Singh and Wright (1998) compared the performance of Kudo’s test,
Follmann’s test, a new test, which is a modification of Follmann’s test, the permutation
test of Boyett and Shuster and the Tang-Gnecco-Geller test for a known covariance
matnx, and for a partially known covariance matrix, they compared the powers of these
tests with Kudo’s test replaced by Shorack’s test.

Because situations with a completely unknown covariance matrix occur frequently in
practice, it is important to study that case, too. In his Ph.D. dissertation, Chongcharoen
studied the power of these one-sided tests for unknown covariance matrices with equal
variances. Those results are summarized here, and unequal variances urc considered, as
well as tests obtained by combining the Boyett-Shuster technique with Follmann’s test,
the new test, Perlman’s test and the Tang-Gnecco-Geller test.

Throughout this paper, we suppose that X, Xz, ..., X, is a random sampie from a p-
dimensional multivariate normal distribution with unknown mean 8 = ( 0y, 0,, ..., Bp)
and unknown positive definite covariance matrix V. We consider testing the null
hypothesis Hg: © =0 versus H, - H, where H,: 0 € Qpand Q, = {x:x,20 fori=1,2, ...,
p} is the p-dimensional nonnegative orthant. The sample mean and covariance are

%= 3K nas, = $ 0T

i=1 n i=1 n

and it is well known that S, is positive definite with probability one.
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The hypotheses Hp and H, also arise in the one-way analysis of variance when the means
are known to satisfy an order restriction. For observations which come from k normal
populations whose means are known to satisfy a simple ordering, i.e. Hg: s
1 <., <Ny, Bartholomew (1959a, 1959b, 1961) derived the likelihood ratio test of (L=p.=
..=lg with the alternative restricted by H, for the cases of known variances and
variances known up to a multiplicative constant. Suppose the observations are Yj; for
j=12,...,n; and1=1, 2, ..., k, and the sample means are ?l,?l,...,?k. With known
variances, 62,0;, ...., 0., Kudo (1963) noted that for p=k-1, Xi= Yij, — Y; fori=1,
2, ...p. X =X, Xz, ..., Xp) and 6 = E(X), the hypotheses on u are equivalent to Hy
and H; above, and Bartholomew’s and Kudo’s tests are equivalent. With w; = ni/o,” for

1=1, 2, ..., k, the correlation matnx for X satisfies
Hf'l'\t'i_'_’) .
o . = — = fori=1,2,..,p -1
L \/(Wi+“'i+l) Ovipl + wit2)
(1.1)
and p;j =0 for|i — jl=2.
If the weights are equal, i.e. wi=w>=...=w\, the correlation matrix in (1.1) is denoted by
Rs.
Also, Bartholomew considered an arbitrary partial order restriction, which tncludes the
simple tree order, Le. HT:_p.l <uy;forj = 2,3, ..., k. Forthis ordering, one takes
differences, Xi= Y1 - Y. fori=l1, 2, ..., p, and with p=k-1 and w; as above, the
correlation matrix of X = (X, X, ..., Xp)’ satisfies
Wy Wi
bi,j = bl Pyl forl<i=# j< p. (1.2)
(wiy1+w )(1v'j+1 +w1)
If the weights are equal, i.e. wi=w;,=...=wy, the correlation matrix in (1.2) is denoted by
Rr.

We compare the powers of the proposed tests for several correlation matrices including
RS and R'r.

2. Perlman’s Test

Perlman (1969) showed that the likelikood ratio test (LRT) of Hgversus H; — Hp rejects
Ry for large value of
~ X's!X
1+(X-XYShX-X"’

(2.1)

where X’ is_thc restrictgi maximum likelihood estimate of 8 under H,. In particular, X’
minimizes (X -0)’ S} (X-0) subject to @ & £, and can be computed using a quadratic



programming routine such as QPROG in IMSL. The null hypothesis distribution of U is
given by the following: for any real numbert,

2
PW 2= 3 QU.PV) P(X;/ Ximp 2 1). (2.2)
j=0

where x;:‘ is a chi-squared random variable with q degrees of freedom (x% = 0) and x;

and xﬁ_p are independent. The weights Q(Q, p; V),j =0.,1, ..., p, are called level

probabilities, are nonnegative, sum to one and can be computed using the FORTRAN
programs by Bohrer and Chow (1978) and Sun (1988) for p < 10. Perlman (1969)
obtained the maximum of (2.2) over all positive definite V. However, using this
maximum makes the test too conservative. Following Lei et al. (1995), we approximate
Q@, p; V) by using Sy in place of V.

3. Follmann’s Test

For V completely unknown, Follmann (1996) used the unbiased sample covanance,
S=n S, /(n-1),in place of V. Then Follman’s statistics are

—_— ~ —_— p —_—
FF = nX'S"'X and > X, G3.1)
j=1

With F ., the F-distribution with degrees of freedom p and n-p, under Hp,

F-ax§'xX -8 bpp

.a-p*
n—p p.oa-p

cf. Anderson (1984). Follmann’s test rejects Hy if

. . (n=Dp e
F>——F,,,, and ij >0,

n“p j=1

where Fagpn-p is the 1-20™ quantile of the central F-distribution with p and n-p degrees
of freedom. After his Theorem 2.1, Follmann (1996) noted that the significance level of
this test is ¢, ‘

4. The New Test

For V known, Chongcharoen, Singh and Wright (2002) proposed a new test, which is

Follmann’s test applied to Z; =y~1/2 X;. However, Chongcharoen and Wright (2002)
recommend Follmann’s test applied to

Wi=BXi whereBz.i = 1/ Vj; andBlj =0forlsi=#j< p.



When V is completely unknown, consider a known positive definite pxp matrix A and
n=A0. Follmann’s test of n = O versus 1} = 0 is based on AX; ~ N(1,AVA"). Now

E(AX,.—AX)(AX,.—AX) CASA”

n._.

i=1

Follmann’s statistics based on AX are

n(ARY (ASAN " (AT =nX'§7 X~ L8ZDPE ang i (AX);.
j=1

n—p p.n-p

If one replaces A with B where 3”.1. =1/ \/SA,',- and Bij =0Oforl <7 # j < p,thenthe

new test in this setting 1s based on

S_ oralg oo
G°=nX’S" Xand ¥ (BX)j. | (4.1)
J=1

and Hj is rejected with approximate significance level o if

_ P _
GS > (—% Fagpnp and 3 (BX)j > 0 .
- g

The significance level is approximate because this choice of A depends on the data. We
investigate the accuracy of this approximation by Monte Carlo techniques in section 11.

5. An Approximate Likelihood Ratio Test

Tang, Gnecco and Geller (1989) proposed an approximate likelihood ratio test for V
known. With

—— p -
Z =vn V"X~ NWnv™0,DandT= Y (Z, 0)*,

=1

where Z; v 0 denotes the maximum of Z; and 0, Hp is rejected if T is too large. The null
hypothesis distribution of this test statistic is given for any real number t by

P(T>1t) = zp:(cg’/zp)P(xf > 1),

j=0
where CY denotes the number of combinations of p things taken j at a time. They gave
the critical values of the test for p up to 10 in their paper.



When V is completély unknown, they suggested that one could simply replace V by S in
the covariance known case. However, in the Monte Carlo study it was found that with
their critical values, the significance levels of this test can be quite large. For instance,
with p=3 and a target level of a = .05, the estimated significance level for this test with
V=Rs i5 0.242 for n = 6 and 0.086 for n = 20, and the corresponding values for V=R are
0.259 for n = 6 and 0.085 for n = 20. This version of the Tang-Gnecco-Geller test is not
considered further.

For V known, the Tang-Gnecco-Geller test 1s Kudo's test applied te VX, and for V

unknown, they propose replacing V by S. Because, as was noted above, the significance
levels of this test are too large fer small and moderate n, we consider applying Perlman’s
test to Y; = S2X; and treating S as a known positive definite matrix. Of course,

1 W
Sy = X (Y; - Y)(Yi — Y)Y n=1,Y minimizes(¥Y — n) (¥ — n)subjectton € _Qp
i=1
which implies that

7. —F vo v
- = . N dU = — p—s = . 51
j j oY anady, G-

Because as Tang, Gnecco and Geller noted, Q(j,p;[)= Cf /2P under Hy for real t,

p
P(Uy2n0 3 (Cf/Zp)P[Fj’,z_pZt(n—p)/j]. (5.2)
i=0

From the Monte Carlo study of the power of this version of the Tang-Gnecco-Geller test
for the covariance matrices corresponding to the simple order and the simple tree order
with p =3 and a target level of significance of .05, it was found that for small sample
sizes, n, Uy has significance levels substantially smaller than the target level. For instance
with V=Vy, it is 0.0316 for n =6, and for V=V, it is 0.0175 for n =6. With S in the place
of S, the results are not any better. Also, for alternatives (0,0,c) with ¢>0 and n=6, its
powers are less than those of the other tests considered for both the simple and simple tree
orders. For the simple tree order and small n, its performance is extremely poor.

Bec_:ause of the performance of this version of the Tang-Gnecco-Geller test, we return to
their suggestion, but attempt to find a better approximation to the null distribution for

small n. As Tang, Gnecco and Geller (1989) suggested, let Z = +/nS$™* X and

. p

T = ¥ max(Z;0)*. (5.3)
i=1

Under the null hypothesis,

77 =X §' X~ opp .
n—p PP



and combining this result with the null hypothesis distribution given in Tang, et al.
(1989), suggests the following approximation: under Hg for any real number t,

* P (n—p) _
P(T 200 S (Cp/?.p)P[F- . 21——] (5.4)
j=o TP (-

The accuracy of this approximation is studied in subsection 11.

6. Nonparametric One-Sided Tests in Multivariate Analysis

Boyett and Shuster (1977) proposed a nonparametric multivanate one-sided test. For a
matched pair design, X is the difference, treatrment minus placebo, fori1=1,2, ..., n. We
consider the null hypothesis that the responses for the treatment and placebo are
interchangeable, which means that 6 =0, where 8 = E(X,), provided this mean exists. [t
the treatment is believed to have mean responses at least as large as the placebo, one may
want to test Hy versus H-Hy, where these hypotheses are defined as in section 1.

Let
E, = {(ClX; ----- c,X):c =1lor— 1}_

Under the null hypothesis that treatment and placebo are equivatent, conditionally on the
set By, Xy= (X[, X%,---, X)) has a uniform distribution over E;. Let

2
e e = - T <
X=(X,.X,....X,)and (§;)" = ¥ . =12 ...p
i=10-
then the t statistic corresponding to the j™ component is given by
VX,
t, = ————tee (6.1)
(57?2 n X7
L

and tmax (Xg)=max {t;, tz, ..., t;}. Fory € E, let tmax (y) be calculated as above and

1 if Umax (y) 2 tmax (Xd)

J(y)=+ .
g {O if tmax (y) < Umax (Xd ).

then the significance level for this randomized test is

o= 3 M (62)
yeE; 2"

7. Boyett — Shuster- Perlman Test



_ This test is a combination of the Boyett-Shuster technique and Perlman’s test obtained by
simply replacing the t statistic with Perlman’s statustic. Let X,. X5, ..., X, X4 and E, be
defined as in section 6. Thus, Perlman’s statistic 1s

X#¥SUX*
1+ (X - X%)'STHX - X#)

Bs(P) (Xd) — (7.1

where X is the restricted maximum likelihood estimate of 6 under H;. For y € E;, let
BS® (v) be calculated as BS® (Xy), and let

1if BS®(y) = BSP(X,)
Jp(y) = p p
0if BS®™ (y) < BS''(Xy).

The significance level for this randomized test is

a = 3 Te(y) (7.2)

8. Boyett — Shuster — Follmann Test

With X, X5, ..., X,. X4 and E, be defined as in sections 6 and 7, Follmann’s statistic may
be written as :

.’j>0}

1

where I denotes the indicator function. Fory € E,, let BS® (y) be calculated as BS®
{X4) above, and let

BSF) (x,) = ni’é"il(

i Mo
-

r

1if BT (y) =2BsT (X )
Te(y) =i y) d

0if BS® (y)<BSHFEN(X ).
Thcrefore, the significance level for this randomized test is

Je(y)
yEE] 2“

o =

9. Boyett — Shuster — New Test

With X, X3, ..., Xa, X4 and E, defined as in the last three sections, the statistic for the
new test may be written



ps(M) (Xg)=nXS$7IR p . _ :
L > (BX)j>0
=1

Fory € E;. let BS(N’(y) be calculated as BS‘N’(Xd) and

1if BS™ (y)=2BS™M (X )
In(y)= N N
0if BS® (y)<BS™W (X ).

The significance level o can be computed as in the last three tests.

10. Boyett — Shuster — Tang - Gnecco — Geller Test

We use the T~ statistic from the Tang — Gnecco — Geller test in place of the t statistic in
the Boyett — Shuster test. Hence, the test statistic for this test i1s

p
BS'” (Xg) = 3 max(Z;, 0)°
j=1

where Z = J/n S7Y2X. Withy € E; and

. [rif BS™ (y)2BS™ (Xy)
T = : (T (T)
0if BS'"'(y)<BS" (X4,

the significance leve!l o can be computed as for the four tests above.

11. Power Comparisons

For p=3 and 6, the performances of these nine tests are studied by Monte Carlo
techniques for multivariate normal distributions and Rs and R, that is for the simple
order and the simple tree order correlations with equal weights and k =4 and 7 (p = k-1)
as well as some other forms of correlation structures. Recall, Rg and Rt are given in (1.1)
and (1.2), respeciively. Also, we consider several variance patterns including increasing
variances, decreasing variances, V-shaped variances and inverted V-shaped variances.

We discuss the relationship between symumetry properties of the power functions and
variance patterns below.

In addition to the correlation matrices in (1.1) and (1.2), which we denote by Rpiand Ry »,
we also consider the following correlation matrices R = [PijToxp:

Ra3 (Re3) with Pij = -0.4 (-0.1) for 1<} Z2i<p,

R3‘4 with Piz2=p23=-04 and Pi3 = 0.4,

R35 with 912 = p23 = 0.4 and P13 =-04, and

Re.a with p12=p1a=pas=p26=p35=P36=Pas=pas=-0.4 and the other p;=0.4 fori #].



Let a be a positive constant, [x] the largest integer less than and equal to x and o, the

standard deviation of the jth component of X, i.e. \J(ij), forj=1,2,..., p. The form for
increasing variances 1s

o;=1+a(-1)
with a=p for p=3 and 6, the form for V-shaped vaniances is

1
o, =1+a([i’jil}—j)rorj <

— -—

prLl . ptl
undO'j = l+a([7}+j-p-l)forj > 5=

with a=3 for p=3 and a=5 for p=06, and the form for inverted V-shaped variances is

and Gj=1+a(p—j)f0rj>pT+l

O‘j:l+a(j—l)forjsp:l

with a=4 for p=3 and a=5 for p=6. We obtain the covariances from the relation

Wij = 010 P4 for 1<i.j<p.

The power functions of the tests considered here have the following symmetry property:
the power at (u,V) is the same as at (Pu.PVP’) where P is a pxp permutation matrnx.
Thus, the variance patterns considered here provide information about other patterns.
Even if one pattern is a permmutation of another pattern, such as the V-shaped and inverted
V-shaped patterns with p=6, which are described above, considering the second pattern
may give information about correlation structures or mean vectors that were not
considered with the first. However, to save some space, decreasing variance patterns are
not discussed.

Also, all of the tests excepi Follmann’s test and the Tang-Gnecco-Geller test are scale
invariant in the following sense: if A=diag(a, a, ..., ap) with a;>0 for 1<i<p, then the
power function at (i, V) is the same as at (AW, AVA’). Thus, considenng unequal
variances, provides information about the power of these tests for equal variances at the
new altemnatives, A, by taking a;=1/0;.

For fixed dimension p, we constrained the ratio of maximum variance to minimum
vanance to be the same for each pattemn of variances considered. We consider mean
vectors of the form, 6 = cv with ¢ a constant and v a vector. We refer to the vectorv as a
direction and choose ¢ so that the usual F test has power equal to 0.70 provided v = 0.
For example, for p = 3 we corsider directions (0,0,0), (0,0,1). (0,1,0), (1,0,0) (0,1,1),
(1,0,1), (1,1,0) and (1,1,1). We used 10,000 iterations and recorded the proportion of
rejections for these tests. All of these tests are conducted using the level of significance
a = .05. The proportion of rejections for Perlman’s test, Follmann’s test, the new test,
the Tang-Gnecco-Geller test, the Boyett Shuster test, the Boyett-Shuster-Perlman test, the

Boyett-Shuster-Follmann test, the Boyett-Shuster-New test and the Boyett-Shuster-Tang-
Gnecco-Geller test are denoted by

T p T g7 A T g 7 pop » EBSF »EBSN » and 7 o .Tespectively.
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“The results of the pco\ver computations are given in Tables 1-36. For all nine tests, every
V and n considered with both p =3 and p=6, the Monte Carlo power estimates at the null
hypothesis are close to 0.05. The maximum difference is 0.005 and the Monte Carlo
power estimates of the non-null powers of Hotelling’s T? were between 0.6901 and
0.7183. Before considering the four variance pattemns, we note the following:

With n>20, for both p=3 and 6, every variance pattern and every correlation
matrix considered, the power of the Boyett-Shuster test was less than 0.7 (the
power of Hotelling’s T~, which is an omnibus test) for some alternative
considered here. There are some apparent exceptions. For instance, with
inverted V-shaped variances, p=6, R¢ 2, and n=20, the minimum power of the
Boyett-Shuster test given in the table is 0.738. However, because this test is scale
invariant, alternatives considered for the case of equal variances, p=6, R¢.2 and
n=20 also provide alternatives for inverted V-shaped vanances, and some of
those alternatives had power as low as 0.€62. The same is true of the other
apparent exceptions. Thus, we do not consider the Boyett-Shuster test further for
n>20.

For the case of equal variances, Follmann’s test tends to have slightly larger
powers than the new test. In particular, the differences, 7 g —7p , for p=3 and

p=6, each correlation matrix and each sample size, range from -0.003 to 0.016,
their median is O and their mean is 0.0014. Thus, if the vanances are equal, then
the loss in power due to using the new test in place of Follmann’s test is not large.
On the other hand, the same difference for all the cases considered here ranges
from —0.313 to 0.117, has median -0.047 and mean -0.074. One might like to
determine when Follmann’s test is preferred over the new test. However, the
largest difference in these powers, 0.117, occurs for p=6, Rg¢ 2, increasing
variances, n=20 and p=c(0,0,0,0,0,1), but for the same p, V, n and p=c(1,1,1,1,1,
1), the difference is —0.130. So, in this case, the choice between these two tests
depends on the mean vector. Hence, if one is concerned that the varitances may be
unequal, we recommend the new test. We do not consider Follmann’s test
further.

For every p, V and alternative considered with n>20, Perlman’s test and its
Boyett-Shuster version, i.e. the Boyett-Shuster-Perlman test, have esseutially the
same powers. The same is true of Follmann’s test, the new test, and the Tang-
Gnecco-Geller test. In particular, for all such cases,

002 <, — 7 . — 7 ., =7 R — 7 < 0.012
P Bsp ' F BSF' N BSN T BST

and these differences have median and mean about —-0.001. While the Boyett-
Shuster versions are more complicated to use, they should be considered if the
normality assumption were in question. For p=3 and n=6, using the Boyett-
Shuster version of these tests could result in a significant loss in power for some
directions. The loss is more severc for Perlman'’s test und the Tang-Gnecco-
Geller test and ranges from 0.003 to 0.129 with median and mean about 0.065.
For Follmann’s test and the new test, the loss ranges from 0.003 to 0.058 with
median and mean about 0.05. For p=6 and n=10, these losses are not as severe,
possibly because n is larger. For p=6 and n=10, the typical loss if one uses the
Boyett-Shuster-Perlman test in place of the Perlman test is about 0.02, and in the

cases of Follmann’s test, the new test and the Tang-Gnecco-Geller test, the
typical loss is less than 0.01.
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Equal variances: With p=3 and 6 and the various correlation matrices considered,
Tables 1-9 give the power estimates for the nine tests in the case of equal variances. In
comparing two tests, we are looking for one that performs well over the entire alternative
region. So we consider the minimum of the powers over the alternatives considered. If
the minimum powers for two tests are close, then we consider their average powers. The
tables give minimum and average powers. The results are summarized below.
Only Perlman’s test has power greater than Hotelling’s T~ for every p, V, n and every
direction considered.
For small n, i.e. n=6 if p=3 and n=10 if p=6, the Boyett-Shuster test is preferred for
the simple tree correlation matrix (R3> and Rg2), and in fact that is true for all
vanance patterns. Thus, for small n, we recommend the Boyett-Shuster test if all of
the correlations seem to be positive. For Ri1, Rg.1,R33 and Rg 3, the Tang-Gnecco-
Geller test 1s preferred. Hence, for small n, we recommend the Tang-Gnecco-Geller
test if none of the correlations seem to be positive. For R334, R3s and Rg 4, the new test
is preferred. Therefore, for small n and a mixture of positive and negative
correlations, we recommend the new test.
For moderate n (n=20) and p=3, we recommend Perlman’s test. Perlman test and the
Tang-Gnecco-Geller test have similar powers for R3 > and R34 and Perlman’s test is
preferred for R31,R33 and Rss. In fact, for Rj 5, the power of the Tang-Gnecco-Geller
test is less than Hotelling’s T? for some alternatives considered. For n=20 and p=6,
Perlman test and the Tang-Gnecco-Geller test have similar powers for Rg ), The Tang-
Gnecco-Geller test is preferred for R¢ > and Re 3, and Perlman’s test is preferred for
Rea4. As with p=3, for R 4. the power of the Tang-Gnecco-Geller test is less than
Hotelling’s T? for some alternatives considered. Thus, for p=6 and n=20, we
recommend the Tang-Gnecco-Geller test if the nori-zero correlations are of the same
sign and Perlman’s test if their signs are mixed. For p=6, n=30 and equal variances,
the power estimates for these tests were obtained. For n=20, Perlman’s test is
preferred except for R¢ 3, and in that case, the Tang-Gnecco-Geller test has slightly
larger minimum power, but Perlman’s test has slighly larger average power. Hence,
for p=6 and n=30, we recommend Periman’s test.
For large n, we recommend Perlman’s test. It is the preferred test except for for Re 3,
and as with n=30, the Tang-Gnecco-Geller test has slightly larger minimum power,
but Perlman’s test has slighly larger average pover.

Unequal variances: For p=3 and 6 and the varicus correlation matrices and variance

patterns considered, Tables 10-36 give the power estimates for the nine tests. We now

attemnpt to summarize these results for the cases with unequal variances.
For small n (n=6 for p=3 and n=10 for p=6), as with equal variances, the Boyett
Shuster test is preferred for the simple tree correlation matrices (R3 2 and Rg ). For
the cases with no positive correlations (Raj, R33, Re,1 and Rg.2), the Tang-Gnecco-
Geiler test is preferred. Actually, for Rg 3 it appears from the tables for increasing
variances, V-shaped variances and inverted V-shaped variances that the Boyett-
Shuster test has larger minimum power than the Tang-Gnecco-Geller test. However,
because the powers of the Boyett-Shuster test and the new test are scale invariant, the
a]te.rnatives for the case of equal variances can be transformed to alternatives for these
vaniance patterns. Thus, when these alternatives are included, the minimum powers
for the Boyett-Shuster test and the new test are 0.798 and 0.864, respectively. So the
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new test would be preferred over the Boyett-Shuster test for this correlation matrix.
Furthermore, for this correlation matrix and all four variance patterns, the Tang-
Gnecco-Geller test has slightly better powers than the new test. For Ri 4, R3s and Rg 4,
we recommend the new test. For Rg 4, Perlman’s test has similar powers, but it is
more complicated to use. Also, for R34, it appears in the tables for increasing, V-
shaped and inverted V-shaped vanances that the Boyett-Shuster test would be
preferred. But, as above, when the alternatives derived from the case of equal
variances are included, the minimum powers for the Boyett-Shuster test und the new
test are 0.854 and 0.876. For that reason, we also have recommended the new test for
Rs4. Thus, as in the case of equal variances and small sample sizes, we recommend
the Boyett-Shuster test if all the correlations are positive, the Tang-Gnecco-Geller test
if there are no positive correlations and the new test if the are both positive and
negative correlations.

For moderate n (n=20) and p=3, we recommend Perlman’s test. One could use the
Tang-Gnecco-Geller test for R3, and Rj 4, but it is desirable to be able to recommend
one test for all covariance matrices. For p=6, Perlman’s test is preferred for Re i1, Re.2
and Rg 4, and in fact, Perlman’s test is the only one with minimum power greater than
that of Hotelling’s T~ for Re4. For Re>, it appears from the table for inverted V-
shaped variances that the Tang-Gnecco-Geller test is preferred. However, all of these
tests are permutation invariant, and including the alternatives for V-shaped variances,
the minimum powers for the Tang-Gnecco-Geller test and Perlman’s test are 0.663
and 0.736, respectively. For Rg 3, the Tang-Gnecco-Geller test is preferred for all of
the variance patterns considered. Thus, for moderate n and possibly unequal
variances, we recommend Perlman’s test except for larger p (p=6) and all correlations
negative, and in the latter case, we recommend the Tang-Gnecco-Geller test. It
should be noted that for equal variances, the Tang-Gnecco-Geller test performed at
least as well as Perlman’s test for Rg; and Rg.2, but for unequal vanances, Perlman’s
test 1s preferred for these two correlation matrices. Also, based on the power
estimates for p=6 with equal variances, we conjecture that Perlman’s test could be
used for all covariance matrices with n=30.

As in the case of equal variances, for large n, we recommend Perlman’s test. For Rg 3,
the Tang-Gnecco-Geller test has powers like Perlman’s test and could be used with no
loss in power. For Rg> and inverted V-shaped variances, it appears that the Tang-
Gnecco-Geller test would be preferred to Perlman’s test. However, if one includes
the alternatives derived from V-shaped variances, the minimum powers of the Tang-
Gnecco-Geller test and Perlman’s test are 0.627 and 0.735, respectively.

In summary, Perlman’s test has the best overall powers of the nine tests. If nis large (n
=100), we recommend Perlman’s test. If n is moderate (n=20), we recommend Perlman’s
test except for p=6 with all non-zero correlations of the same sign. For moderate n, p=6
and all correlations negative, we recommend the Tang-Gnecco-Geller test. For moderate
n, p=6 and all other covariance matrices, we recommend the Tang-Gnecco-Geller test if
the variances are nearly equal and Perlman’s test if the variances are not equal. If n is
small, we recommend the Boyett-Shuster test when V has all correlations positive, the
Tang-Gnecco-Geller test when V has no positive correlations and the new test when V
has negative and positive correlations.
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Table 1: Numernical compansons for power of the tests for simple order with equal weights, p =

3,n =6
Direct C Perl [Foll |ONew [New [Tang [BS BSP SF |OBSNBSN [BST

(0,0,0) 0.000 | 0.053| 0.051] 0.049 0.050 0.050/ 0.046 0.050 0.047 0.047 0.047] 0.048
(1,1,1) 0.747 | 0.930 0.890 0.890y 0.89() 0.905 0.577| 0.817| 0.838 0.838| 0.837| 0.85
1(1.0,1) 1.182 | 0.9001 0.889 0.888| 0.8839 0.902 0.775| 0.801| 0.83¢9 0.836| 0.836 0.840G
(0,1,1) 1.008 | 0.904 0.890 0.889 0.889 0.903 0.662 0.80§ 0.843 0.842 0.842 0.847
1(1,1,0) 1.008 | 0.900 0.881| 0.880 0.880) 0.895| 0.667 0.803 0.83(0y 0.829 0.829 0.843
(1,0,0) 1.930 | 0.856| 0.880 0.869 0.87§| 0.886/ 0.894 0.792| 0.830y 0.819| 0.82§ 0.830
(0,1,0) 1.671 | 0.872] 0.888 0.884 0.884 0.89§| 0.819 0.79]| 0.83¢ 0.832 0.832 0.840
(0,0,1) 1.930 | 0.864 0.892 0.381| 0.89(% 0.896G 0.898| 0.805 0.836 0.826| 0.834 0.840
Min. 0.836| 0.880 0.869 0.878 0.886 0.577| 0.791| 0.830 0.819 0.828 0.830
Average 0.889 0.887] 0.883] 0.880 0.898 0.756{ 0.802] 0.83¢6 0.832 0.834] 0.842

| Table 2: Numerical comparisons for power of the tests for simple order with equal weights, p =

3,n=20

Direct 1| ¢ | Perl | Foll |[ONew| New | Tang| BS [BSP [BSF |OBSNI[BSN [BST
(0,0.0) 00.048 | 0.049 0.048 0.04% 0.05 0.051| 0.048 0.051| 0.05 0.051| 0.049
(1,1,1) 0.2350.885 | 0.807| 0.807| 0.807 0.85 0.369 0.889 0.806 0.81| 0.808| 0.848
(1,0,1) 0.3720.874 | 0.812 0.812 0.812/ 0.851| 0.511| 0.876 0.811| 0.813| 0.814/ 0.851
(0,1,1) 0.3170.87 | 0.812] 0.813 0.811| 0.846] 0.424{ 0.878 0.812 0.81]| 0.812] 0.843
(1,1,0) 0.3170.867 | 0.811 0.811] 0.81| 0.848 0.426| 0.873| 0.809 0.809 0.81| 0.844
(1,0,0) 0.60710.843 | 0.818 0.815| 0.816 0.845| 0.694 0.848| 0.818 0.814| 0.817 0.842)
(0,1,0) 0.52610.845 | 0.806 0.809 0.802 0.842| 0.564{ 0.849 0.804 0.811| 0.803| 0.839
(0,0,1) 0.6070.841 | 0.817 0.814] 0.815| 0.841| 0.687 0.844{ 0.816 0.817 0.816 0.83
Min. .841 | 0.806 0.807 0.802 0.841| 0.369 0.844] 0.804 0.809 0.803 0.838
Average 0.861| 0.812 0.812] 0.810 0.846| 0.525/ 0.865 0.811] 0.812 0.811| 0.84
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Table 3: Numerical comparisons for power of the tests for simple order with equal weights, p =

3, n= 100

) Direct c Perl |Foll |[ONew| New | Tang| BS | BSP | BSF [OBSN| BSN | BST
(0,0,0) O 0.049 0.047 0.046 0.047] 0.048| 0.053| 0.051| 0.047 0.047 0.049| 0.049
(1,1,1) 0.096 0.88 0.803| 0.803| 0.802 0.849 0.346] 0.884 0.804] 0.803| 0.801| 0.847

| (1,0,1) 0.151) 0.87| 0.801] .0.801| 0.802] 0.844] 0.479 0.866] 0.804 0.802| 0.804 0.841
(0,1,1) 0.129 0.868| 0.802/ 0.803| 0.802] 0.84f 0.4 0.871] 0.804 0.804 0.803| 0.837
(1,1,0) 0.129{ 0.868| 0.799 0.8 0.799 0.843| 0.403| 0.871| 0.799 0.803| 0.799 0.84
(1,0,0) 0 .247| 0.838] 0.798] 0.797 0.797) 0.828| 0.643| 0.838| 0.797 0.797| 0.797| 0.826
(0,1,0) 0.214{ 0.851| 0.797| 0.803| 0.79¢ 0.837 0.53| 0.851]| 0.79¢ 0.806| 0.795 0.83
{0,0,1) 0.247| 0.841] 0.803| 0.802] 0.803| 0.832] 0.652 0.842 0.806| 0.805| 0.804{ 0.831
Min. 0.838| 0.797 0.797] 0.796 0.828 0.346 0.838| 0.796 0.797 0.795| 0.826
Average 0.859 0.800 0.801] 0.8000 0.839 0.493| 0.86( 0.801| 0.803| 0.8000 0.837

Table 4: Numernical comparisons for power of the tests for simple tree order with equal weights,

p=3,n=6
Direct c Perl | Foll |[ONew| New | Tang| BS | BSP | BSF [OBSN| BSN | BST
(0,0,0) o 0.048 0.05| 0.05] 0.05 0.049 0.048 0.045| 0.045 0.045 0.45) 0.046
(1,1,1) 1.93( 0.8261 0.83 0.88 0.83 0.895 0.995 0.723] 0.83 0.83 0.83 0.84
(1,0,1) 1.671] 0.797| 0.886 0.873| 0.885| 0.849 0.938 0.732 0.838 0.825| 0.837| 0.784
0,1,1) 1.671] 0.8 0.887 0.873 0.886/ 0.85 0.935 0.732] 0.83§ 0.822] 0.835| 0.789
(1,1,0) 1.671| 0.797| 0.884] 0.868 0.883| 0.848 0.94{ 0.728| 0.829 0.814) 0.828 0.783
{(1'0'0) 1.93] 0.763| 0.858| 0.784] 0.847] 0.835 0.898| 0.72¢ 0.814{ 0.741] 0.803| 0.772
16,1,0) 1.93 0.768| 0.867| 0.792| 0.859 0.842| 0.901| 0.725 0.815 0.742} 0.804] 0.771
0,0,1) 1.93( 0.774) 0.868 0.793| 0.855| 0.844] 0.904] 0.735 0.814 0.741| 0.802 0.786
Min. 0.763| 0.858 0.784] 0.847| 0.835 0.898 0.723 0.814f 0.741 0.802 0.771
{Average 0.789] 0.876| 0.838 0.870 0.852] 0.9301 0.729 0.825) 0.788| 0.820 0.789



Table 5: Numerical comparisons for power of the tests for simple tree order with equal weights,

p = 3,n =20

Direct c Per! | Foll |[ONew| New | Tang| BS H BSP | BSF [OBSN|BSN | BST
(0,0,0) 0 0.047| 0.049 0.049 0.049 0.049 0.049 0.05 0..  0.051] 0.051 0.05
(1,1,1) 0.607| 0.814) 0.819 0.819 0.819 0.8¢ 0.901| 0.802| 0.822 0.817 0.819 0.863
(1,0,1) 0.526/ 0.779 0.79¢] 0.793| 0.795 0.774 0.731| 0.782 0.§ 0.791] 0.793 0.7§
(0,1,1) 0.526 0.773{ 0.792 0.791 0.792 0.771 0.734 0.73834+ 0.79¢ 0.789 0.794 0.775
(1,1,0) 0.526{ 0.783| 0.802] 0.796 0.8 0.777| 0.733| 0.79 0.803| 0.796 0.801| 0.783
(1,0,0) 0.607| 0.755| 0.717| 0.707 0.715| 0.752  0.7| 0.76§| 0.72] 0.709| 0.716 0.75§
(0,1,0) 0.607| 0.76 0.722] 0.714 0.722 0.753]| 0.683| 0.7635| 0.725| 0.716| 0.722 0.761
(0,0,1) 0.607| 0.761]| 0.719 0.712] 0.719 0.751| 0.688 0.767| 0.719 0.709| 0.719 0.754
Min. 0.755| 0.717 0.707| 0.715 0.751] 0.685| 0.765] 0.719 0.709 0.716 0.754
Average 0.775| 0.767] 0.762 0.766 0.777| 0.739 0.780 0.769 0.761| 0.766| 0.782

Table 6: Numerical comparisons for power of the tests for simple tree order with equal weights,
p=3n= 100

Direct C Perl | Foll |ONew| New | Tang| BS | BSP | BSF |[OBSN| BSN BST
(0,0,0) O 0.049 0.047, 0.047) 0.048 0.048 0.051] 0.049 0.04§ 0.047 0.049" 0.05
(1,1,1) 0.247/ 0.803] 0.8 0.8 0.8 0.843 0.872 0.80§ 0.801 0.8| 0.801| 0.84¢6
1,0,1) 0.214] 0.781| 0.781| 0.781| 0.781] 0.754; 0.688 0.7§ 0.782 0.782| 0.782 0.757
(0.1,1) 0.214 0.779 0.779 0.779 0.779 0.753| 0.694 0.781| 0.78 0.779 0.7§ 0.755
(1,1,0) 0.214{ 0.773| 0.776| 0.776 0.777| 0.751] 0.685 0.772) 0.776 0.776{ 0.777| 0.754
(1,0,0) 0.247] 0.752] 0.68 0.683| 0.682 0.725 0.648 0.7¢ 0.682 0.681| 0.683| 0.726
(0,1,0) 0.247] 0.752) 0.68| 0.681] 0.679 0.724! 0.653| 0.761] 0.682 0.681| 0.681| 0.726
(0,0,1) 0.247] 0.7¢ 0.683| 0.683| 0.683| 0.733| 0.649 0.758 0.637 0.684 0.683( 0.735
Min. 0.752] 0.6§ 0.681| 0.679 0.724 0.648 0.758 0.682 0.681| 0.681| 0.726
Average 0.771] 0.740| 0.740 0.74Q 0.755 0.69§ 0.774 0.741] 0.7401 0.741] 0.757
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Table 7: Numerical comparisons for power of the tests when V ¢ =[vjjlpxp, vij = | fori=} and v;; =

-dfori#) withp=3,; n=26

Direct c Perl | Foll |[ONew| New | Tang| BS | BSP | BSF |OBSN!/ BSN | BST
(0,0,0) O 0.055| 6.051) 0.05 0.051] 0.05] 0.048] 0.05| 0.047 0.048 0.047 0.048
(1.1,1) 0.61] 0.944 0.891| 0.891| 0.891| 0.907 0.439 0.844] 0.839 (.838| 0.838 0.849
(1.0,1) 0.884 0.9190 0.89 0.89 0.889 0.905 0.552 0.827| 0.839 0.83§| 0.838 0.85
(0.1,1) 0.284] 0.92) 0.89 0.889 0.88S 0.904 0.557| 0.828 0.842] 0.841| 0.84] 0.85
(1.1,0) 0.884] 0.924f 0.889 0.88§| 0.888 0.903| 0.561| 0.825| 0.838 0.837 0.837 0.848
(1.0,0) 1.615 0.882] 0.884 0.88 0.882 0.890 0.781| 0.813| 0.832 0.82§ 0.829 0.83
(0.1,0) 1.615/ 0.886 0.89 0.885| 0.887] 0.902 0.793| 0.811] 0.834 0.829 0.831| 0.84
(0.0,1) 1.615| 0.881| 0.892] 0.887 0.888 0.9 0.781] 0.815]| 0.83¢ 0.831]| 0.832 0.547
Min. 0.881| 0.884% 0.8§ 0.882 0.89¢ 0.439 0.811] 0.832 0.828 0.829 0.839
Average 0.908] 0.889 0.887| 0.888 0.902 0.638| 0.823]| 0.837 0.835]| 0.835| 0.846

Table 8: Numerical comparisons for power of the tests when V o =[vjjlpxp, vij = 1 fori=j and v;; =
-d4for 1#) with p=3; n = 20

Direct ¢ | Perl | Foll |ONew| New | Tang| BS | BSP | BSF |[OBSN[BSN | BST
(0.0,0) o 0.05] 0.049 0.048 0.049 0.051 0.0531 0.049 0.05] 0.03] 0.052] 0.05
(1.1,1) 0.192 0.898 0.813] 0.813] 0.813 0.855] 0.283] 0.899 0.811] 0.815] 0.813/ 0.854
(10,1) 0 278] 0.888] 0.817] 0.817] 0.816 0.855| 0.346] 0.892 0.31¢ 0.818 0.81¢| 0.853
0,1,1) 0.278/ 0.885/ 0.816 0.816 0.816 0.851| 0.343] 0.89 0.814] 0.815] 0.815| 0.852
(1,1,0) 0.278] 0.885] 0.808] 0.507] 0.807] 0.849( 0.344] 0.885/ 0.807 0.81] 0.807/ 0.848
(1,0,0) 0.508 0.859 0.812] 0.81] 0.81] 0.847] 0.537 0.866 0.811] 0.814] 0.811| 0.843
(0,1,0) 0.508] 0.858] 0.807 0.806] 0.805 0.844] 0532 0.86] 0.806 0.807] 0.806] 0.84
(0,0,1) 0.508| 0863 0.818 0.817] 0.814 0.849 0.539 0.864] 0.815 0.818] 0.817 0.847
Min. 0.858] 0.307] 0.805 0.805 0.844 0.283 0.86 0.806 0.807] 0.806 0.84
Average 0.877] 0.813| 0.812] 0.812 0.850 0.418' 0.879 0.811] 0.814] 0.812| 0.848
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Table 9: Numerical comparisons for power of the tests when V ¢ =[Vjj]p«p, vij = 1 fori=j and v;j =

-4fori#) with p =3 ; n = 100
Direct C Perl | Foll |ONew| New [ Tang| BS | BSP | BSF |OBSN| BSN | BST
(0,0,0) O 0.049| 0.047) 0.047| 0.04¢ 0.047| 0.05/ 0.051] 0.049 0.049| 0.047| 0.048
(1,1,1) 0.078 0.891| 0.803] 0.803| 0.803| 0.848 0.266 0.896) 0.806 0.801| 0.803| 0.845
(1,0,1) 0.113] 0.8§] 0.805 0.805| 0.805| 0.845| 0.325/ 0.882 0.808 0.803| 0.806] 0.841
(0,1,1) 0.113| 0.882 0.804; 0.804 0.804 0.843) 0.325| 0.885| 0.805 0.802 0.802 0.843
(1,1,0) 0.113| 0.883| 0.801| 0.801| 0.801| 0.845| 0.335| 0.886/ 0.804 0.801| 0.802 0.846
(1,0,0) 0.207| 0.859 0.802 0.802 0.802 0.83§ 0.493| 0.8621 0.802 0.799| 0.804] 0.843
(0,1,0) 0.207) 0.863| 0.804{ 0.804] 0.804{ 0.842f 0.5/ 0.86 0.809 0.803| 0.804] 0.844
0,0,1) 0.207| 0.861| 0.805 0.805 0.804] 0.84{ 0.498 0.862 0.808 0.805| 0.806{ 0.844
in. 0.859 0.801| 0.801| 0.801| 0.838 0.266{ 0.836 0.802 0.799 0.802 0.841
Average 0.874] 0.803| 0.803| 0.803| 0.843| 0.392] 0.876{ 0.80¢6 0.802] 0.804 0.844

Table 10: Numerical comparisons for power of the tests when V ¢ =[vjjlpxp. vij = 1 for i=j and vy

=vy3= -4, viz=.4 withp=3,; n=6

Direct C Perl | Foll |[ONew| New | Tang| BS | BSP | BSF OBSN| BSN | BST
(G,0,0) 0 0.052] 0.05 0.048 0.048 0.05| 0.047 0.046 0.046 0.045| 0.C44] 0.04
(1,1,1) 1.098 0.889 0.881| 0.881| 0.881| 0.898| 0.855| 0.771| 0.833| 0.533| 0.833]| 0.844
(1,0,1) 1.737 0.857| 0.885] 0.883( 0.885 0.89¢ 0.959 0.754] 0.831] 0.829] 0.831! 0.33
(0,1,1) 1.295| 0.869 0.892] (.89 0.891| 0.894] 0.859 0.774] 0.839 0.837| 0.838| 0.836
(1,1,0) 1.295| 0.862) 0.883 0.879 0.881 0.886 0.854{ 0.765| 0.828 0.825| 0.827| 0.827
(1,0,0) 2.076] 0.819 0.883| 0.838 0.878| 0.865 0.929 0.773| 0.828 0.786| 0.824] 0.805
(0,1,0) 2.076 0.832] 0.883| 0.875| 0.876 0.888| 0.938| 0.767 0.833| 0.825| 0.827 0.832
(0,0, 2.076] 0.827 0.891| 0.848| 0.888 0.874) 0.935| 0.782 0.835 0.793| 0.833| 0.816
Min, 0.819 0.881] 0.83% 0.870 £.865| 0.854 0.754 0.828 0.786 0.824 0.80
Average 0.851] 0.885 0.871] 0.8563 0.886 0.904 0.769 0832 0.818| 0.830f 0.828
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Table 11: Numerical comparnisons for power of the tests when V ¢ =[vjjloxp, vij = 1 fori=j and vy

=vyi3= -4, viz=.4 with p =3 n =20

[ Direct c Perl | Foll |ONew| New | Tang | BS | BSP | BSF [OBSN| BSN | BST
(0,0,0) 0 0.049 0.049 0.048 0.049 0.049 0.052] 0.048 0.05 0.05 0.05 0.05
(1,1,1) 0.346 0.8597 0.81] 0.81] 0.81 0.853| 0.609 0.859 0.81] 0.808| 0.811f 0.853
(1.0,1) 0.547) 0.838| 0.814] 0.813| 0.814] 0.852] 0.771| 0.835| 0.815| 0.313] 0.81¢ 0.854
(0,1,1) 0.407 0.831] 0.809, 0.81| 0.808 0.82§ 0.619 0.841| 0.805| 0.807| 0.807 0.831
(1,1,0) 0.407| 0.842 0.814) 0.815/ 0.813 0.84 0.62] 0.837 0.813| 0.815| 0.815| 0.84
1,0,0) 0.653| 0.808| 0.803| 0.788| 0.799 0.837| 0.755| 0.815| 0.801] 0.786 0.§ 0.81
(0,1,0) 0.653] 0.822] 0.801] 0.81 0.798 0.84 0.755 0.817| 0.803| 0.808 0.801] 0.841
(0,0,1) 0.653| 0.803| 0.803| 0.79 0.8 0.804 0.751| 0.808§ 0.803] 0.787, 0.§ 0.804
Min. 0.503 0.801] 0.78§ 0.79§ 0.804 0.609 0.80§ 0.801 0.78¢ 0.8 0.804
Average 0.829 0.808| 0.805| 0.804 0.832] 0.697 0.830 0.807] 0.803| 0.807] 0.833

Table 12: Numerical comparisons for power of the tests when V ¢ =[v;j]pxp, vij = 1 fori=] and vy

=vi3= -4, viz =4 with p=3; n= 100

Direct c Perl | Foll |ONew| New | Tang| BS | BSP | BSF [OBSN| BSN | BST
{0,0,0) 0 0.03] 0.047| 0.046 0.047 0.048 0.05 0.048 0.04§ 0.048 0.047 0.049
(1,1,1) 0.141| 0.85¢ 0.803| 0.803! 0.803| 0.848| 0.57¢ 0.859 0.802 0.804] 0.803| 0.849
- K1,0,1) 0.222] 0.835| 0.801| 0.801| 0.801| 0.839 0.733| 0.831| 0.802 0.806 0.803| 0.84
-K0,1,1) 0.166 0.84 0.799 0.803| 0.798 0.828| 0.589 0.841| 0.799 0.805 0.8 0.827
- K1,1,0) 0.166 0.832] 0.792] 0.796 0.792] 0.822] 0.587| 0.832 0.791] 0.798 0.792 0.822
(1,0, 0.266( 0.795 0.778 0.772 0.777] 0.782] 0.71] 0.804| 0.778 0.775) 0.778| 0.783
(0,1,0) 0.266 0.814] 0.778 0.795| 0.778 0.825| 0.722] 0.822 0.778 0.797 0.78 0.825
(0,0,1) 0.266 0.805| 0.783| 0.774{ 0.782] 0.79 0.711| 0.80¢ 0.785| 0.777| 0.783| 0.792
Min. 0.795| 0.778 0.772 0.777 0.782 0.576 0.804 0.77§ 0.775 0.77§ 0.783
Average 0.825| 0.791| 0.792 0.790 0.819 0.661| 0.828| 0.791| 0.795| 0.791| 0.820



Table 13: Numerical comparisons for power of the tests when V o =[ v, vij = | fori=j and vy,
=vi3= 4, vz =-4 withp=3,; n=6

Direct c Perl | Foll |ONew| New | Tang| BS | BSP | BSF [OBSN| BSN | BST
(0,0,0) O 0.05/ 0.049 0.05 0.051] 0.05 0.047] 0.046{ 0.045/ 0.047 0.047| 0.047
(1,1,1) 1.251 0.864| 0.887 0.887 0.887) 0.903| 0.91 0.759 0.836/ 0.836 0.836 0.848
(1,0,1) 0.884 0.839 0.879 0.884 0.872 0.857 0.56/ 0.777) 0.833 0.838 0.825 0.8
(0,1.1) 1.977] 0.826| 0.884) 0.879 0.884) 0.888 0.984 0.736 0.832] 0.827 0.832 0.829
(1,1,0) 1.977 0.822) 0.883| 0.878 0.883| 0.886 0.986/ 0.735 0.83 0.825 0.83) 0.825
(1,0,0) 1.615) 0.802] 0.87 0.868 0.854 0.852] 0.783' 0.753 0.819 0.817 0.803[ 0.795
(0,1,0) 1.615| 0.778 0.874 0.559 0.861| 0.797| 0.772) 0.747 0.823 0.518 0.81] 0.713
(0,0,1) 1.615| 0.808 0.874{ 0.874) 0.858 0.86) 0.783| 0.754) 0.819 0.819) 0.80¢; 0.802
Min. 0.778 0.87 0.559 0.854 0.797] 0.56; 0.735 0.819 0.518 0.803 0.713
Average 0.8200 0.879 0.833] 0.871| 0.863] 0.825] 0.752] 0.827 0.783]| 0.820 0.802

Table 14: Numerical comparisons for power of the tests when V o =[Vijlpe, Vi = | fori=j and vi»

=vy3= 4, vi3 =-4 with p=3; n =20

Direct c Per! | Foll |ONew| New | Tang| BS | BSP | BSF /OBSN| BSN | BST
(0,0,0) O 0.049] 0.05 0.049 0.05 0.049{ 0.048 0.049 0.053| 0.052| 0.051] 0.048
(1,1,1) 0.394] 0.828 0.81| 0.811| 0.81| 0.846 0.661| 0.837 0.818 0.812 0.811| 0.844
(1,6,1) 0.278 0.806{ 0.74, 0.793| 0.739 0.771| 0.348 0.817| 0.74¢ 0.8 0.745 0.768
0,1,1) 0.622] 0.807| 0.815| 0.814 0.815| 0.837| 0.863 0.81| 0.824; 0.815/ 0.817| 0.832
(1,1,0) 0.622] 0.808/ 0.82 0.818 0.82 0.836 0.86G6 0.81] 0.827 0.82 0.819 0.834
(1,0,0) 0.508 0.781] 0.724 0.779 0.721| 0.773| 0.541] 0.798 0.73| 0.782 0.722 0.768
(0,1,0) 0.508 0.771] 0.727] 0.548 0.723] 0.677] 0.518] 0.774 0.734] 0.552] 0.728] 0.677
(0,0,1) 0.508 0.782( 0.73| 0.786 0.728 0.776 0.533| 0.793| 0.725 0.787 0.728 0.777
Min. 0.771] 0.724 0.548 0.721| 0.677| 0.348| 0.774 0.725 0.552| 0.722] 0.67~
Average 0.798| 0.767 0.764] 0.765| 0.788 0.619 0.806 0.772 0.767 0.767| 0.786




Table 15: Numerical comparisons for power of the tests when V g =[Vijl,«p, vij = | fori=j and vy,
=vi3= 4, viz=-4 with p=3: n = 100

r Direct C Perl | Foll |ONew| New | Tang| BS | BSP | BSF OBSN| BSN | BST
(0,0,0) 0 0.048 0.0409| 0.04¢ 0.046 0.046 0.051] 0.048 0.048 0.048 0.047 0.048‘
(L,1,1) 0.16 0.827 0.799 0.801| 0.799 0.838 0.623| 0.831] 0.801| 0.805 0.8 0.841
(1,0,1) 0.113] 0.805/ 0.71§| 0.778 0.71§ 0.754f 0.324 0.802 0.719 0.781] 0.72 0.756
(0,1,1) 0.253| 0.504| 0.801 0.8 0.801] 0.823| 0.829 0.80§| 0.803 0.804 0.803| 0.824
(1,1,0) 0.253 0.8 0.797) 0.796¢ 0.797 0.821| 0.825 0.803| 0.79¢ 0.79§ 0.79¢ 0.821
(1,0,0) 0.207 0.789| 0.702| 0.767] 0.7 0.756{ 0.493| 0.783| 0.703] 0.77, 0.702 0.757
(0,1,0) 0.207] 0.76] 0.697 0.546¢ 0.695 0.645 0.484 0.77 0.696 0.547| 0.696¢ 0.646
(0,0,1) 0.207 0.786] 0.701| 0.765] 0.7/ 0.75§ 0.492 0.784 0.702 0.767 0.7, 0.76
Min. 0.76] 0.697 0.546 0.695 0.645 0.324 0.77] 0.69¢ 0.547 0.696| 0.646
Average 0.796 0.745 0.750 0.744 0.771] 0.581 0.797 0.746 0.753| 0.745; 0.772

Table 16: Numerical comparisons for power of the tests for simple order with equal weights
when p =6 and n = 10

Direct C Perl | Foll |ONew| New | Tang| BS | BSP | BSF [OBSN| BSN | BST

(0,0,0,0.0,0) 0 0.051| 0.049 0.049 0.05 0.052{ 0.053| 0.049 0.052 0.052] 0.05 0.053
(1,1,1,1,1,1) | 0.273| 0.954| 0.866| 0.866{ 0.86¢ 0.91| 0.268 0.912 0.864; 0.87| 0.859 0.91
(0,1,1,1,1,1) | 0.302 0.948 0.866 0.866 0.866 0.907 0.27] 0.904 0.865 0.871| 0.861| 0.908
0,0,1,1,1,1) 0.364{ 0.936 0.865| 0.865| 0.865 0.905 0.308| 0.892| 0.862 0.869| 0.8 0.901
(0,0,0,1,1,1) | 0.485 0.916 0.865| 0.864 0.865| 0.903| 0.398 0.879 0.865 0.872 0.863| 0.899
(0,0,0,0,1,1) 0.75] 0.89 0.873] 0.856) 0.873| 0.902 0.622] 0.864 0.872 0.868| 0.869 0.898
(0,0,0,0,0,1) 1.56{ 0 849 0.869 0.842| 0.869 0.893) 0.959 0.84f 0.868 0.846| 0.864 0.885
Min. 0.849 0.863] 0.842 0.865 0.893] 0.268| 0.84 0.862 0.846{ 0.859 0.885

Average 0.916| 0.867] 0.862 0.867 0.903] 0.471]| 0.882 0.866 0.866| 0.863 0.900




Table 17: Numerical comparisons for power of the tests for simple order with equal weights
» when p =6 and n = 20

' Direct ¢ Perl | Foll |ONew| New | Tang| BS | BSP | BSF OBSN| BSN | BST
(0,0,0,0,0,0) (O 0.052] 0.05 0.051] 0.048 0.053| 0.051 0.048 0.05 0.051] 0.049 0.05
(1,1,1,1,1,1) | 0.123] 0.94 0.821 0.821| 0.821| 0.89§ 0.179 0.935| 0.825| 0.818| 0.823| 0.893
0,1.1,1,1,1) | 0.136/ 0.934 0.82] 0.821| 0.81§ 0.89¢ 0.175 0.928| 0.823 0.819 0.819 0.89
(0,0,1,1,1,1) | 0.164] 0.926{ 0.823 0.824; 0.821| 0.893| 0.189 0.923| 0.82¢| 0.821 0.822 0.888
(0,0,0,1,1,1) | 0.219 0.915] 0.824; 0.824{ 0.822 0.887 0.224 0.91 0.827 0.823 0.824 0.883
(0,0,0,0,1,1) | 0.337, 0.9/ 0.829 0.828 0.82§ 0.886| 0.349 0.897 0.831| 0.824) 0.829 0.88
(0,0,0,0,0,1) | 0.702 0.873| 0.835 0.826 0.834 0.883| 0.715 0.866{ 0.83¢ 0.823| 0.835 0.878
Min. 0.873| 0.82 0.821] 0.818 0.883| 0.175| 0.866 0.823 0.818 0.819 0.875
Average 0.915| 0.825] 0.824] 0.824 0.§91] 0.303| 0.91( 0.828 0.821] 0.825] 0.885
Table 18: Numerical comparisons for power of the tests for simple order with equal weights
when p = 6 and n = 100
Direct ¢ | Perl | Foll [ONew| New [ Tang| BS | BSP | BSF |OBSN| BSN | BST |
(0,0,0,0,0,0) 0 0.051/ 0.051] 0.05) 0.052] 0.054] 0.053| 0.051| 0.053| 0.052 0.053| 0.053
(1,1,1,1,1,1) [ 0.04¢ €.935 0.8097 0.81 0.809 0.892 0.153| 0.929 0.811] 0.809| 0.809 0.892
(0.1.1,1,1,1) | 0.051] 0.93 0.81| 0.812{ 0.809 0.886/ 0.15/ 0.931] 0.812) 0.811] 0.81] 0.888
(0,0,1,1,1,1) | 0.062 0.923| 0.807| 0.81| G.809 0.882f 0.167 0.924 0.80§ 0.81| 0.807 0.881
(0,0,0,1.1,1) | 0.082 0.914] 0.804 0.807| 0.804 0.874 0.192 0.914 0.80¢{ 0.804) 0.803| 0.875
(0,0,0,0,1,1) | 0.127) 0.9| 0.803| 0.805| 0.803| 0.866 0.284] 0.901] 0.805| 0.805| 0.804 0.867
(0,0,0,0,0,1) | 0.263] 0.874 0.797] 0.793| 0.797| 0.849 0.6 0.876( 0.799 0.795| 0.796; 0.849
Min. 0.874) 0.797] 0.793 0.797] 0.849 0.15 0.87€¢ 0.799 0.795 0.796; 0.849
verage 0.913| 0.805| 0.806 0.805| 0.875 0.25§ 0.913] 0.807 0.806 0.805 0.875
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Table 19: Numerical comparisons for power of the tests for simple tree order with equal weights

when p = 6 and n = 10
Direct c Perl | Foll |ONew| New | Tang BS | BSP | BSF [OBSN{ BSN | BST
(0,0,0,0,0,0) 0O 0.051] 0.051] 0.049 0.051] 0.03] 0.052 0.051| 0.051] 0.051] 0.052 0.053
(1,1,1,1,1,1) 1.56{ 0.809 0.874; 0.874] 0.874 0.914] 0.999 0.765| 0.864| 0.86§ 0.87 0.926
0,1,1,1,1,1) | 1.209 0.788| 0.873 0.871| 0.873 0.848 0.987 0.764] 0.864 0.868| 0.867 0.855
(0,0,1,1,1,1) | 1.103[ 0.787 0.863 0.854 0.865 0.819 0.956 0.761] 0.859 0.846| 0.862 0.825
(0,0,0,1,1,1) | 1.103] 0.752] 0.862] 0.827 0.8¢ 0.808 0.926{ 0.748 0.863| 0.817| 0.854; 0.811
(0,0,0,0,1,1) | 1.209 0.733] 0.822] 0.761] 0.82 0.807 0.928 0.736 0.826 0.755| 0.819 0.813
(0,0,0,0,0,1) 1.56{ 0.7241 0.75| 0.681] 0.745) 0.821] 0.964 0.733| 0.753| 0.675 0.74 0.828
Min. 0.724 0.75 0.681| 0.745 0.807) 0.926 0.733 0.753 0.675 0.74] 0.811
verage 0.766| 0.841| 0.811] 0.840 0.836 0.9601 0.751] 0.838 0.805 0.835] 0.843

Table 20: Numerical comparisons for power of the tests for simple tree order with equal weights
when p = 6 and n = 20

Direct C Perl | Foll |ONew| New | Tang| BS | BSP | BSF [OBSN| BSN | BST
(0,0,0,0,0,0) O 0.047] 0.049 0.049 0.048 0.047 0.047| 0.05| 0.047 0.05] 0.049 0.051
(1,1,1,1,1,1) | 0.702 0.812] 0.827| 0.827| 0.827| 0.904; 0.974 0.802 0.824 0.831] 0.827 0.913
0,1,i,1,1,1) | 0.544] 0.788] 0.822] 0.821] 0.822 0.811| 0.842 0.789] 0.82 0.823| 0.824] 0.824
0,0,1,1,1,1) | 0.497| 0.767| 0.8C4{ 0.799 0.804] 0.771] 0.729 0.771f 0.801] 0.8 0.805| 0.784
(0,0,0,1,1,1) | 0.497| 0.74%9 0.766] 0.759 0.767| 0.749 0.668 0.765 0.77| 0.757 0.77| 0.762
(0,0,0,0,1,1) | 0.544{ 0.741| 0.71] 0.697 0.709 0.748 0.662 0.753| 0.71) 0.693] 0.71] 0.76
(0,0,0,0,0,1) | 0.702 0.736 0.628 0.62] 0.63| 0.771] 0.738 0.75 0.627| 0.618 0.629 0.782
Min. 0.736 0.628 0.62] 0.63] 0.748 0.662 0.75 0.027 0.618| 0.629] 0.762
Average 0.766| 0.760 0.754] 0.760 0.792] 0.769 0.772 0.759 0.754{ 0.761] 0.804




Table 21: Numerical comparisons for power of the tests for simple tree order with equal weights
- when p=6 and n=100

Direct C Perl | Foll |ONew| New | Tang| BS | BSP | BSF [GBSN| BSN | BST
(0,0,0,0,0,0) 0 0.053| 0.052| 0.052 0.052| 0.051| 0.049 0.052 0.054 0.053| 0.053| 0.052
(1,1,1,1,1,1) | 0.263] 0.81| 0.805| 0.805 0.805| 0.889 0.92§| 0.816{ 0.80G 0.804 0.805 0.89
(0,1,1,1,1,1) | 0.204 0.792| 0.805 0.805| 0.805| 0.788| 0.739 0.778 0.805 0.804 0.803 0.793
(0,0,1,1,1,1) | 0.18¢ 0.776 0.774 0.773| 0.774 0.741| 0.623| 0.779 0.775 0.773| 0.772 0.744
(0,0,0,1,1,1) | 0.186 0.759| 0.724f 0.723| 0.724 0.714] 0.565| 0.756] 0.72¢ 0.7206| 0.725| 0.718
(0,0,0,0,1,1) | 0.204] 0.747| 0.661| 0.662 0.664 0.709] 0.55§ 0.75 0.664 0.665| 0.665 0.714
(0,0,0,0,0,1) | 0.263| 0.735] 0.578| 0.578 0.577 0.717) 0.623) 0.739 0.5§ 0.58| 0.57§ 0.722
Min. 0.735 0.578 0.578 0.577 0.709 0.558| 0.739% 0.5 0.58 0.578] 0.714

verage 0.7700 0.725) 0.724] 0.725 0.7604 0.673| 0.77Q 0.726 0.725] 0.725 0.764]

Table 22: Numerical comparisons for power of the tests when V = [vjj] pxp, Vij =1 for i=j, v =-.1
for i#} with p =6 and n=10

Direct c Perl | Foll |ONew| New | Tang | BS BSP ! BSF |[OBSN| BSN | BST
(0,0,0,0,0,0) (O 0.053| 0.05| 0.051] 0.051; 0.052 0.052 0.051] 0.05] 0.054{ 0.022 0.051
(1,1,1,1,1,1) 0.59 0.923] 0.869 0.8369 0.869 0.911| 0.798 0.857 0.847 0.865| 0.862 0.902
(0,1,1,1,1,1) | 0.678 0.911| 0.871] 0.871] 0.8371| 0.909 0.842 0.849 0.85 0.868 0.867| 0.903
(0,0,1,1,1,1) | 0.799 0.892| 0.864] 0.864] 0.864] 0.904 0.89 0.835] 0.845| 0.863| 0.859 0.895
(0,0,0,1,1,1) | 0.978| 0.868| 0.867| 0.865| 0.867| 0.899 0.938 0.823 0.848 0.864] 0.863 0.89
(0,0,0,0,1,1) 1.281] 0.84{ 0.868 0.86 0.868 0.89 0.979 0.813| 0.851| 0.858| 0.864{ 0.878
(0,0,0,0,G,1) 1.956( 0.806| 0.869 0.83] 0.867] 0.885 0.997| 0.796| 0.849 0.828| 0.862 0.871
ivIin. 0.806 0.864] 0.83 0.364 0.885 0.798] 0.796 0.845 0.828] 0.859 0.871
Average 0.873| 0.868 0.860( 0.868 0.900] 0.907] 0.829 0.848 0.858 0.863 0.890
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Table 23: Numerical comparisons for power of the tests when V=[vjj] pxp, vij =1 for i=j, v =-.1

" for i#j with p=6 and n=20

Direct c Perl | Foll |ONew| New | Tang| BS | BSP | BSF [OBSN| BSN | BST
(0,0,0,0,0,0) 0O 0.05 0.05 0.05 0.05 0.051] 0.051f 0.05 0.049 0.05/ 0.051| 0.052
(1,1,1,1,1,1) | 0.266( 0.918 0.823| 0.823| 0.823| 0.899 0.502 0.907| 0.822 (.827| 0.823 0.901
0,1,1,1,1,1) | 0.305 0.905| 0.821| 0.821] 0.821] 0.894) 0.534{ 0.897 0.823| 0.823| 0.823| 0.897
(0,0,1,1,1,1) 0.36{ 0.891| 0.825| 0.825| (.825| 0.891| 0.597 0.888| 0.827 0.83| 0.826| 0.894
(0,0,0,1,1,1) 0.44) 0.874{ 0.825| 0.824] 0.825 0.885 0.672] 0.872 0.824 0.824| 0.824] 0.88
(0,0,0,0,1,1) | 0.576; 0.852| 0.829 0.826{ 0.828| 0.874{ 0.777| 0.851| 0.827 0.828 0.826{ 0.878
(0,0,0,0,0,1) 0.88] 0.828| 0.827 0.811| 0.823 0.87| 0.902 0.824) 0.826{ 0.814] 0.825 0.871
Min. 0.828 0.821| 0.811] 0.821] 0.87 0.502| 0.824, 0.822 0.814| 0.823| 0.871
Average 0.878| 0.825| 0.822 0.824 0.886 0.664] 0.873| 0.825 0.824] 0.825| 0.888
Table 24: Numerical comparisons for power of the tests when V= [vjj] pxp, vij= 1 for i=j, v;; =
-1 fori#j withp = 6 and n = 100

Direct I ¢ Perl | Foll |ONew| New | Tang| BS | BSP | BSF |OBSN| BSN | BST
(0,0,0,0,0,0) 0 0.0521 0.05] 0.049 0.05 0.052] 0.051| 0.051] 0.051] 0.05] 0.051| 0.051
(1,1,1,1,1,1) 0.1 0.916 0.81| 0.81] 0.81] 0.893| 0.414{ 0.911) 0.81 0.811] 0.811] 0.891
(0,1,1,1,1,1) | 0.114{ 0.908 0.812 0.812 0.812] 0.89 0.448 0.903| 0.812] 0.815 0.812 0.891
(0,0,1,1,1,1) | 0.135[ 0.894{ 0.812] 0.812 0.812 0.88| 0.495 0.892 0.813| 0.813| 0.812| 0.882
(0,0,0,1,1,1) | 0.165] 0.881| 0.809 0.809 0.809 0.872 0.566 0.875| 0.812 0.81| 0.812 0.872
(0,0,0,0,1,1) | 0.216 0.861| 0.803| 0.802 0.802 0.863| 0.668| 0.866| 0.806 0.801| G.802 0.862
(0,0,0,0,0,1) 0.33] 0.829 0.782| 0.779 0.781] 0.834] 0.817| 0.823] 0.783 0.782| 0.782] 0.834
Min. 0.829( 0.782] 0.779 0.781] 0.834 0.414 0.823 0.783 0.762 0.782 0.834
Average 0.882] 0.805/ 0.804] 0.804] 0.872] 0.568 0.878| 0.80¢ 0.805| 0.805| 0.87




Table 25: Numerical comparisons for power of the tests when V = [vjj] o, vij = 1 for i=j, viz =

Vig = Vas = Vg = Vis = V3g = V45 = V46 = -.4 and the rest of vij= 4 withp = 6and n = 10
™ Direct o Perl | Foll [ONew| New | Tang| BS | BSP | BSF |[OBSN| BSN | BST
(0,0,0,0,0,0) 0 0.053| 0.051] 0.05 0.051] 0.051| 0.048| 0.051 0.053| 0.047| 0.051] 0.052
(1,1,1,1,1,1) 0.718 0.887| 0.874 0.874{ 0.874 0.912| 0.894] 0.82§| 0.87¢ 0.856 0.87| 0.913
(0,1,1,1,1,1) 0.348 0.861| 0.862 0.859 0.8 0.815/ 0.316 0.83§ 0.859 0.839 0.855| 0.80
(0,0,1,1,1,1) 0.273] 0.824{ 0.8121 0.791| 0.808 0.76{ 0.191] 0.813]| 0.813| 0.788| 0.804 0.753
0,0,0,1,1,1) 0.708 0.832 0.867 0.865 0.86¢ 0.843| 0.695| 0.802 0.867 0.861 0.861 0.837
(0,0,0,0,1,1) 0.501| 0.808| 0.803| 0.792) 0.794] 0.754{ 0.285 0.797 0.802 0.788 0.791] 0.75
(0,0,0,0,0,1) 0.914 0.772 0.7841 0.759 0.772] 0.777 0.548) 0.76§ 0.784 0.757| 0.767| 0.771
in. 0.7721 0.784 0.759 0.772 0.754] 0.191| 0.768 0.784| 0.757| 0.767| 0.75
Average 0.831] 0.834] 0.823| 0.829 0.810 0.488| 0.80§| 0.834 0.815| 0.825| 0.805| -

Table 26: Numerical comparisons for power of the tests when V = [vj;] pup, vij =1 for 1=, viz =

Via = Va5 = Vi = V35 = V36 = V45 = V4 = -.4 and the restof v;; = .4 with p = 6 and
n =20

Direct c Perl | Foll |ONew| New | Tang| BS | BSP | BSF |OBSN| BSN | BST
(0,0,0,0,0,0) 0 0.047| 0.048 0.048 0.047 0.05/ 0.051] 0.05 0.05] 0.049! 0.048 0.047
(1,1,1,1,1,1) | 0.323( 0.881| 0.821| 0.821| 0.821] 0.899 0.603| 0.865| 0.827] 0.823| 0.823] 0.9
(C,1,1,1,1,1) | 0.157| 0.846 0.775| 0.785| 0.772 0.751 0.2 0.8561 0.777| 0.786{ 0.775 0.754
(0,0,1,1,1,1) | 0.123] 0.819 0.695 0.704| 0.692 0.684{ 0.131| 0.822 0.695| 0.706| 0.695| 0.688
0,0,0,1,1,1) | 0.319 0.83| 0.804 0.81¢ 0.801 0.8 0.405| 0.837 0.805 0.818| 0.803| 0.803
(0,0,0,0,1,1) | 0.225] 0.808| 0.676| 0.705| 0.676 0.673| 0.167| 0.817| 0.67¢ 0.706| 0.678 0.675
(0,0,0,0,0,1) | 0411 0.79 0.664 0.693| 0.661| 0.706 0.286| 0.793| 0.663| 0.692| 0.66 0.707
Min. 0.79 0.664i 0.693| 0.661| 0.673| 0.131{ 0.7931 0.663| 0.692| 0.64 0.675
Average 0.829 0.739 0.754] 0.737 0.752] 0.299 0.832 0.741] 0.755| 0.739 0.755




Table 27: Numerical comparisons for power of the tests when V = [v;;] pxp, Vi; =1 fori=j, viz = vy

= Vp5 = V26 = V35 = V36 = Vis = V46 = -.4 and the rest of vj; = .4 with p=6 and n =100

Direct c Perl | Foll |ONew| New | Tang| BS | BSP | BSF |[OBSN{ BSN | BST
(0,0,0,0,0,0) 0 0.051] 0.051| 0.051] 0.051| 0.052] 0.048| 0.054] 0.052] 0.052] 0.052] 0.053
(1,1,1,1,1,1) | 0.121] 0.877| 0.802) 0.802 0.802 0.887 0.499 0.877| 0.8 0.802 0.803 0.889
(0,1,1,1,1,1) | 0.059 0.839 0.736 0.753 0.73G 0.713 0.171] 0.847 0.738| 0.751| 0.737] 0.714
(0,0,1,1,1,1) | 0.046 0.819 0.646 0.662 0.64¢G 0.63| 0.124 0.812| 0.647 0.662| 0.648| 0.634]
(0,0,0,1,1,1) 0.12) 0.833 0.769 0.791] 0.77 0.768 0.331]| 0.832 0.769 0.791 0.771] 0.77
(0,0,0,0,1,1) | 0.085 0.8l 0.62§ 0.661] 0.628 0.624 0.143| 0.817| 0.63| 0.662] 0.63| 0.626
(0,0,0,0,0,1) | 0.154 0.79| 0.603| 0.637 0.605 0.642 0.235 0.789 0.603| 0.639 0.605| 0.645
Min. 0.79 0.603| 0.637| 0.605| 0.624 0.124] 0.789 0.603| 0.639| 0.605 0.626
Average 0.828| 0.697 0.718 0.698 0.711] 0.251] 0.829 0.698 0.718 0.699 0.713

Table 28: Numerical comparisons for power of the tests for the simple order correlation and
increasing covariance structure at a =2 with p=3and n=6

,Firect C [Perl |Foll |[ONew[New [Tang | BS BSP [BSF |OBSN[BSN [BST
(0,0,0) 0.053] 0.054] 0.05/ 0.05 0.05 0.046( 0.05 0.051] 0.047| 0.047 0.048
(1,1,1) 1.417) 0.921| 0.882] 0.885| 0.886 0.899 0.733] 0.82 0.831] 0.834 0.834 0.842
(1.0,1) 1.782 0.8921 0.87| 0.882| 0.883| 0.894 0.86 0.807| 0.81§ 0.829 0.83| 0.837
(0,1,1) 3.666| 0.903] 0.892/ 0.89% 0.891] 0.905 0.67 0.809 0.839 0.837| 0.838 0.848
(1,1,0) 1.529 0.898| 0.855| 0.881| 0.881] 0.896{ 0.774] 0.81| 0.803| 0.828| 0.828 0.836
(1,0,0) 1.93| 0.836] 0.771] 0.876 0.878 0.886{ 0.894 0.792 0.72¢6| 0.826| 0.82§ 0.833
(0,1,0) 5.014] 9.872 0.887| 0.882 0.884 0.897 0.819 0.791) 0.835 0.83] 0.832] 0.843
(0,0,1) 9.649 0.864 0.892] 0.87' 0.89 0.892 0.898 0.805| 0.83¢ 0.815| 0.834] 0.836
Min. 0.856 0.771] 0.87] 0.878 0.88¢ 0.67| 0.791] 0.726/ 0.815| 0.82§ 0.83
Average 0.887| 0.864 0.881| 0.885 0.896 0.807 0.805 0.813| 0.828| 0.832] 0.839




. Table 29: Numerical comparisons for power of the tests for the simple order correlation and
increasing covariance structure at a =2 with p=3 and n =20

irect c erl [Foll New[New | Tang |BS [BSP [BSF [OBSNBSN [BST
(0,0,0) 0.048 0.049 0.049 0.049 0.051| 0.051| 0.048 0.05 0.05 0.051 0.05
(1.1,1) 0.446 0.877) 0.764] 0.812 0.813| 0.845| 0.491| 0.882 0.765 0.808| 0.815| 0.841
(1,0,1) 0.561| 0.863( 0.736{ 0.814) 0.81¢ 0.846 0.628| 0.859 0.738 0.813 0.819 G.841
(0,1,1) 1.154{ 0.867| 0.809 0.812| 0.81| 0.845 0.431 0.875/ 0.812 0.808| 0.809 C.841
(1,1,0) 0.481] 0.865 0.705 0.811] 0.8121 0.84; 0.533| 0.868 0.707| 0.808| 0.815 0.834

1,0,0) 0.607 0.843 0.621) 0.81| 0.816 0.833| 0.694{ 0.848 0.622] 0.808| 0.817 0.827
(0,1,0) 1.578 0.845 0.784] 0.809 0.802 0.842] 0.564] 0.849 0.787 0.805| 0.803| 0.836
(0,0,1) 3.037| 0.841f 0.819 0.81¢ 0.815 0.845 0.687 0.844{ 0.823| 0.811| 0.81¢ 0.839
Min. 0.841]| 0.621| 0.809 0.802 0.833; 0.431 0.844f 0.622 0.805 0.803 0.827
Average 0.857| 0.748] 0.812] 0.812{ 0.842 0.575 0.861] 0.751] 0.809 0.813| 0.83
Table 30: Numerical comparisons for power of the tests for the simple order correlation and
_Increasing covariance structure at a =2 with p=3 and n = 100

Direct ¢ |Perl [Foll [ONew[New [Tang BS |BSP [BSF OBSNBSN [BST
(0,0,0) 0O 0.049 0.049 0.046 0.047 0.048 0.053| 0.051] 0.05 0.047| 0.049 0.049
(1,1,1) 0.181 0.87/ 0.738 0.8 0.801] 0.838 0.46/ 0.874 0.739 0.8 0.8 0.837
(1,0,1) 0.228 0.857 0.702 0.796| 0.798 0.829 0.588 0.854{ 0.704 0.799 0.801| 0.829
0,1,1) 0.469 0.869 0.799 0.805( 0.802| 0.84¢ 0.411| 0.872 0.802 0.805| 0.803| 0.846
(1,1,0) 0.196 0.861[ 0.674 0.798 0.798 0.828| 0.499 0.865| 0.674| 0.799 0.799 0.528§
(1,0,0) 0.247| 0.838 0.59 0.791] 0.797 0.815| 0.643| 0.838 0.591| 0.792 0.797| 0.215
(0,1,0) 0.642 0.851| 0.764 0.804 0.796 0.838 0.53] 0.851] 0.769 0.804 0.795| J.838
(0,0,1) 1.235] 0.841| 0.805 0.804] 0.803( 0.839 0.652 0.842 0.807] 0.806( 0.804; 0.839
Min. 0.838 0.59 0.791| 0.796 0.815 0.411| 0.838 0.591 0.792 0.795| 0.815
Average 0.855| 0.725 0.800) 0.799 0.833| 0.5401 0.857| 0.727] 0.801] 0.800y 0.833
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Tables 31: Numerical comparisons for power of the tests for the simple tree order correlation
, and increasing covariance structure at a =2 with p=3 and n=6
Direct C erl [Foll New [New [Tang [BS SP [BSF |OBSNIBSN |[BST
(0,0,0) O 0.048] 0.05( 0.05] 0.05] 0.049 0.048| 0.045| 0.04¢6 0.046 0.045| 0.048
(1,1,1) 2.227) 0.831] 0.871] 0.883| 0.883| 0.895| 0.969 0.754{ 0.821| 0.832 0.832 0.838
(1,0,1) 2.027 0.797) 0.797 0.87¢ 0.37) 0.873| 0.925| 0.744 0.75¢ 0.83| 0.825| 0.821
{0,1,1) 5.909 0.8 0.883| 0.735| 0.882 0.779 0.938 0.733 0.834] 0.689| 0.832 0.694
(1,1,0) 2.047| 0.795| 0.796{ 0.877| 0.874 0.878 0.934 0.736/ 0.7521 0.828 0.825 0.82
(1,0,0) 1.93| 0.763| 0.649 0.869 0.847 0.872| 0.898| 0.726¢{ 0.616¢ 0.825| 0.803| 0.819
(0,1,0) 5.789 0.768| 0.862{ 0.701| 0.85¢ 0.824] 0.901| 0.725 0.81 0.653| 0.804) 0.747
0,0,1) 9.649 0.774) 0.891] 0.55| 0.855| 0.767] 0.904 0.735| 0.835 0.509 0.802 0.681
Min. 0.763 0.649 0.55) 0.847 0.767 0.898 0.725| 0.61¢6 0.509| 0.802| 0.681
Average 0.7901 0.821| 0.784] 0.867| 0.841| 0.924] 0.736{ 0.775 0.738 0.81§ 0.774
Tables 32: Numerical comparisons for power of the tests for the simple tree order correlation
and increasing covariance structure at a =2 with p =3 and n =20
Direct ¢ [Perl [Foll New [New [Tang [BS |[BSP [BSF [OBSNBSN [BST
(0,0,0) 0 0.047 0.048 0.048 0.049 0.048 0.049 0.05) 0.049 0.049| 0.051] 0.048
(1,1,1) 0.701{ 0.798| 0.738| 0.811| 0.799 0.843 0.818 0.804 0.74 0.814 0.802 0.845
(1,0,1) 0.638 0.773] 0.639 0.793) 0.75¢ 0.81] 0.731| 0.776 0.642 0.797| 0.76/ 0.813
0,1,1) 1.86 0.78 0.808 0.74{ 0.793] 0.716| 0.749 0.788 0.81 0.7421 0.794{ 0.717
(1,1,0) 0.6441 0.775] 0.639 0.802] 0.77| 0.819 0.743| 0.784 0.638| 0.803| 0.772| 0.8!
(1,0,0) 0.607| 0.755| 0.524] 0.777| 0.715 0.802 0.7 0.768| 0.52¢6 0.78 0.71¢ 0.802
 (0,1,0) 1.8220 0.76 0.714] 0.682 0.722] 0.74] 0.685 0.765| 0.714{ 0.683| 0.722 0.743
X0.0,1) 3.037| 0.761| 0.793[ 0.577| 0.719 0.683] 0.69 0.768 0.793| 0.576| 0.719 0.688
'Mm 0.755| 0.524] 0.577| 0.715| 0.683| 0.685 0.765| 0.526( 0.576| 0.716 0.683
erverage 0.772] 0.694] 0.740 0.753| 0.773] 0.731] 0.779 0.695 0.742| 0.755 0.775
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Tables 33: Numerical comparisons for power of the tests for the simple tree order correlation
and increasing covariance structure at a = 2 with p=3 and n = 100

irect ¢ [Perl [Foll |ONew|[New [Tang |BS SP |BSF OBSN[BSN [BST
(0,0,0) 0 0.049 0.048| 0.048| 0.048 0.048 0.051) 0.049 0.049 0.05| 0.049 0.04
- (L,1,1) 0.285] 0.789 0.705/ 0.794 0.777 0.817 0.785| 0.797 0.707, 0.795 0.777 0.81§
(1,0,1) 0.259 0.764] 0.615 0.77) 0.73 0.783] 0.698| 0.776! 0.616/ 0.772 0.732] 0.784
(0,1,1) 0.7561 0.773| 0.788 0.725| 0.768 0.691| 0.708| 0.776{ 0.78¢ 0.726| 0.77 0.694
(1,1,0) 0.262 0.77| 0.615] 0.78 0.74§| 0.796{ 0.705 0.771| 0.617 0.783 0.749 0.796
(1,0,0) 0.247 0.752| 0.506 0.751| 0.682] 0.77 0.648 0.76{ 0.506 0.751] 0.683 0.771
0,1,0) 0.741 0.7521 0.677] 0.66 0.679 0.709 0.653| 0.761] 0.682 0.662| 0.681] 0.711
(0,0,1) 1.235] 0.76/ 0.772] 0.578| 0.683| 0.667| 0.649 0.758| 0.774 0.58| 0.683| 0.66
Min. 0.752] 0.506 0.578] 0.679 0.667 0.649 0.758 0.506 0.58| 0.681] 0.669
Averase 0.766 0.668 0.723 0.724] 0.748 0.692] 0.771] 0.670 0.724 0.725 0.74

Tables 34: Numerical comparisons for power of the tests when correlation matrix R = [rij]pxp, T
=-4 fori#j] and increasing covariance structure ata=2with p=3andn=6

irect ¢ [Perl [Foll [ONew|[New [Tang | BS [BSP [BSF OBSNBSN [BST
(0,0,0) 0 0.055( 0.053 0.051] 0.051] 0.05/ 0.048] 0.05 0.051] 0.049 0.047 0.04
(1,1,1) 1.156| 0.935| 0.875 0.888| 0.888 0.903| 0.565| 0.84| 0.824 0.837 0.837 0.845
(1,0,1) 1.412 0.91 0.848| 0.883] 0.883| 0.898| 0.691 0.831] 0.801) 0.834| 0.834 0.844
(0,1,1) 3.296 0.919 0.89 0.888| 0.888 0.905] 0.58 0.828 0.841 0.839 0.839 0.854
(1,1,0) 1.295] 0.922] 0.84] 0.886| 0.887| 0.901| 0.645| 0.836 0.792) 0.835| 0.836; 0.844
1 (1,0,0) 1.615( 0.882) 0.737 0.881| 0.882 0.892 0.7381| 0.813| 0.693| 0.828 0 829 0.836
1(0,1,0) 4.844) 0.886] 0.889 0.884! 0.887| 0.901| 0.793( 0.811| 0.833| 0.829 0.831| 0.844
k‘ (0,0,1) 8.073] 0.881| 0.892] 0.885| 0.888 0.9 0.781| 0.815 0.83¢ 0.829] 0.832] 0.846
\Min. 0.881( 0.737 0.881] 0.882 0.892] 0.565 0.811] 0.693 0.828 0.829| 0.836
‘j‘Average 0.905| 0.853] 0.885| 0.886 0.900 0.691) 0.825 0.803| 0.833| 0.834 0.845




Tables 35: Numencal comparisons for power of the tests when correlation matrix R = [1,,]pxp, T,
=-4 fori+#j and increasing covaliance structure ata=2 with p=3andn =20

irect c erl [Foll ONew[New Tang | BS [BSP [BSF IOBSNBSN [BST
(0,0,0) 0f 0.05 0.051] 0.048 0.049 0.05 0.053[ 0.049 0.053| 6.051] 0.052] 0.049
(1.1.1) 0.364] 0.889] 0.726[ 0.809 0.81] 0.843] 0.361] 0.893] 0.729 0.81] 0.811] 0.842
(1,0,1) 0.445] 0.877 0.687 0.808 0.81] 0.838] 0.451 0.88 0.639 0.81] 0.81] 0.834
0,1.1) 1.037] 0.885 0.807| 0.813 0.812 0.852 0.361] 0.89 0.811] 0.81] 0.814] 0.848
(1,1,0) 0.407 0.88 0.672) 0.808] 0.81] 0.839 0.408| 0.882 0.675 0.81| 0.813] 0.836
(1,0,0) 0.508] 0.859) 0.588] 0.806] 0.81] 0.832 0.537] 0.86€] 0.589 0.808| 0.811] 0.829
(0,1,0) 1.525 0.858] 0.779 0.806 0.803] 0.842 0.532] 0.86 0.784 0.808 0.806 0.838
(0,0,1) 2.541/ 0.863 0.818| 0.818] 0.816 0.851| 0.539 0.864] 0.82 0.816 0.817] 0.84§

in. 0.858] 0.588 0.806 0.803 0.832] 0.361] 0.86 0.589 0.808 0.806 0.829
Average 0.873 0.725 0.810 0.810 0.843| 0.456 0.877 0.728 0.810{ 0.812] 0.839

Tables 36: Numerical comparisons for power of the tests when correlation matrix R = [rij]pp. Ti)
=-4 fori#j and increasing covanance structure ata=2with p=3 andn =100

irect ¢ [Perl [Foll |ONew[New [Tang [BS SP [BSF OBSN[BSN [BST
(0.0.0) 0 0.049 0.05 0.048] 0.04¢] 0.048] 0.05 0.051] 0.051] 0047 0.047 0.05
(1,1,1) 0.148) 0.884] 0.701] 0.802( 0.803 0.836| 0.341] 0.888| 0.703| 0.801| 0.804 0.841
(1,0.1) 0.i81] 0.872] 0.66 0.798 0.8 0.8311 0.424] 0.868| 0.663 C.799 0.803 0.834|
(0,1,1) 0.422] 0.88 0.793 0.803 0.803 0.846 0.337] 0.884] 0.798 0.802] 0.803] 0.85
(1,1,0) 0.166 0.875 0.642 0.799 0.801] 0.831] 0.382 0.877| 0.644{ 0.799| 0.802] 0.834
(1,0,0) 0.207] 0.859] 0.564] 0.797 0.802] 0.82] 0.493| 0.862] 0.566 0.796 0.804] 0.824
(0,1,0) 0.62] 0.863] 0.762] 0.804] 0.804 0.838 0.5 0.86 0.765 0.804] 0.804] 0.842)
(0,0,1) 1.033] 0.861| 0.804] 0.803| 0.804] 0.843 0.498| 0.862 0.807| 0.806 0.806 0.847
Min. 0.859 ¢.564] 0.797 0.8 0.82] 0.337] 0.86/ 0.566{ 0.796¢ 0.802 0.824
Average 0.27i| 0.704 0.801] 0.802 0.835] 0.425 0.872] 0.707] 0.801] 0.804 0.83%
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Tables 37: Numerical comparisons for power of the tests when correlation matrix R = (] p<ps
nz=rx=-4, nz=.4 and increasing covariance structure ata=2with p=3and n=6

Direct. ¢ |Perl [Foll lONew[New [Tang [BS SP [BSF BSNFSN BST

(0,0,0) 0 0.052 0.05] 0.049 0.048 0.05 0.047] 0.046 0.047, 0.047| 0.044 0.045
(1,1,1) 1.845| 0.888| 0.881] 0.883 0.883 0.899 0.903 0.792] 0.832 0.834] 0.834 0.841
(1,0,1) 2.158] 0.86] 0.869 0.88 0.882 0.893] 0.948 0.787] 0.81¢ 0.827 0.829 0.837
0,1,1) 74.772] 0.866] 0.89 0.876 0.839 0.884] 0.87 0.774] 0.835 0.821] 0.834] 0.824
(1,1,0) 1.82] 0.867| 0.857] 0.885] 0.885 0.892| 0.889] 0.788] 0.803 0.832] 0.8323] 0.834
(1,0,0) 2.076 0.819] 0.75 0.872] 0.878| 0.882 0.929 0.773] 0.705 0.818] 0.824 0.822
(0,1,0) 6.228 0.832] 0.883] 0.868| 0.87¢ 0.88¢ 0.938 0.763| 0.833] 0.819 0.827] 0.832
(0,0.1) 10.38 0.827] 0.892] 0.765] 0.888 0.838 0.935 0.782] 0.836 0.713] 0.833[ 0.762
Min. N/A | 0.819 0.75 0.765 0.876 0.838 0.87 0.763] 0.705 0.713 0.824] 0.762)
Average 0.851| 0.860| 0.861| 0.883| 0.882] 0.916 0.7801 0.809 0.809| 0.831| 0.822

Tables 38: Numerical comparisons for power of the tests when correlation matrix R = [rjj]pxp. 112
=13 =-4,n3=.4 and increasing covariance structure at 2 =2 withp=3 and n =20

irect. c |Perl [Foll |ONew[New [Tang [BS SP [BSF |OBSN[BSN [BST
(0,0,0) 0 0.048 0.05 0.049 0.048 0.048 0.052/ 0.04§ 005 0.051] 0.05 0.05]
(1,1,1) 0.581| 0.849 0.78 0.819 0.81§ 0.847 0.697 0.849 0.777 0.817| 0.82f 0.84§
(1,0,1) 0.679 0.831] 0.737] 0.814] 0.816 0.841] 0.78 0.831| 0.734] 0.31| 0.816 0.83¢
(0,1,1) 1.502 0.833] 0.805 0.803] 0.8 0.83 0.639 0.835) 0.799 0.802 0.802] 0.832
(1,1,0) 0.573] 0.832] 0.703] 0.813] 0.81] 0.833 0.681| 0.834| 0.701| 0.81] 0.811| 0.834
(1,0,0) 0.653] 0.808] 0.598 0.798 0.799 0.821| 0.755 0.815 0.597| 0.798| 0.8} 0.821
(0,1,0) 1.96) 0.822] 0.792] 0.81] 0.798 0.841] 0.755| 0.817] 0.79 0.807| 0.801] 0.843
(0,0,1) 3.267] 0.803 0.818 0.77] 0.8 0.779 0.751] 0.808 0.813 0.767 0.802 0.78
Min. N/A | 0.803| 0.598 0.77] 0.798 0.779 0.639 0.808 0.597| 0.767, 0.8 0.78
Average 0.823) 0.748 0.804] 0.806 0.827] 0.723) 0.827] 0.744] 0.802] 0.807 0.82
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Tables 39: Numerical comparisons for power of the tests when correlation matrix R = [15i]pxp. T12
=3 =-4,r5=.4 and Increasing covanance structure ata =2 with p=3 andn = 100

irect. C Perl [Foll [ONew [New ang | BS SP BSF BSNIBSN [BST
(0,0,0) 0 0.05 0.047| 0.046 0.047 0.048 0.05 0.04§] 0.048 0.047| 047 0.05
(1,1,1) 0.236 0.837| 0.747 0.79¢ 0.794 0.832 0.663| 0.844 0.749 0.796 0.795 0.832
(1,0,1) 0.27¢] 0.815| 0.704 0.791] 0.792] 0.815| 0.747 0.82 0.705 0.793| 0.791 0.818
0,1.1) 0.611( 0.838 0.804 0.804] 0.799 0.831| 0.609 0.842 0.807 0.806| 0.799 0.831
(1,1,0) 0.233] 0.822) 0.674 0.796 0.792 0.815| 0.635 0.825| 0.675 0.793] 0.79 0.816
(1,0,0) 0.266] 0.795 0.573] 0.778 0.777 0.793  0.71] 0.804 0.574 0.77§ 0.778| 0.794
(0,1,0) 0.797 0.8141 0.768| 0.796 0.778 0.827| 0.722| 0.822 0.769 0.796| 0.7§ 0.82
(0,0.1) 1.329 0.805| 0.803| 0.763 0.782] 0.77/ 0.711 0.806¢ 0.80§ 0.763| 0.783 0.77

in. N/A | 0.795 0.573| 0.763 0.777) 0.77 0.609 0.804 0.574 0.763 0.778 0.77
Average 0.818] 0.725] 0.789 0.788 0.812] 0.685 0.823] 0.727] 0.789 0.788 0.813

Tables 40: Numerical comparisons for power of the tests when correlation matrix R = [rjj]pxp, N2
=r3=.4,r3;=-4 and increasing covariance structurc ata=2withp=3and n=6

Direct. c [Perl [Foll New[New Tang |[BS |[BSP [BSF |OBSN[BSN [BST
(0,0,0) 0 0.05| 0.051] 0.051]| 0.051] 0.05 0.047| 0.046/ 0.047 0.048 0.047 0.049
1,1,1) 1.717 0.857| 0.857| 0.88| 0.879 0.892 0.856 0.777| 0.80§ 0.83]| 0.829 0.842
1,0,1) 1.412] 0.825| 0.756 0.88 0.861| 0.873( 0.693| 0.771] 0.714] 0.832 0.814{ 0.821
0,1,1) 6.473| 0.829] 0.885 0.803| 0.885| 0.845 0.97) 0.745| 0.834{ 0.753| 0.834] 0.775
(1,1,0) 1.977] 0.827| 0.822 0.883| 0.882 0.892] 0.92 0.75¢{ 0.771] 0.829 0.829 0.83§
(1,0,0) 1.615[ 0.801| 0.643| 0.88 0.854| 0.873| 0.783| 0.753| 0.606 0.828| 0.803| 0.322
(0,1,0) 4.844{ 0.778| 0.861| 0.441| 0.861] 0.728 0.772 3.747, 0.81| 0.407| 0.81] 0.62
(0,0,1) 8.073( 0.808 0.89 0.862 0.858 0.862 0.783| 0.754{ 0.835 0.808| 0.80¢ 0.804
in, IN/JA | 0.778 0.643| 0.441| 0.854] 0.728 0.693] 0.745| 0.606¢ 0.407| 0.803! 0.624
Average 0.818 0.816 0.804 0.869 0.852 0.825 0.758 0.76§ 0.755| 0.518 0.789
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Tables 41: Numerical compansons for power of the tests when correlation matrix R = [rjj)pxp. 12

=13 =.4, 13 =-.4 and increasing covarnance structure at a = 2 with p =3 and n =20
irect. c Perl [Foll ONew[New [Tang | BS [BSP [BSF |(OBSNIBSN |BST
(0,0,0) O 0.049) 0.047| 0.048 0.03 0.049 0.052 0.051]| 0.047| 0.049 0.051| 0.04
(1,1,1) 0.54{ 0.816 0.708| 0.80§ 0.795 0.833 0.621| 0.829 0.705 0.307 0.798 0.835
(1,0,1) 0.445( 0.795| 0.598 0.792 0.734 0.8 0.453] 0.796 0.597| 0.79| 0.734 0.801
(0,1,1) 2.037) 0.81] 0.821 0.79¢{ 0.81§| 0.793] 0.821 0.812 0.815] 0.792 0.819 0.796
(1,1,0) 0.622 0.799| 0.654{ 0.805 0.794 0.827| 0.722] 0.813 0.651) 0.803 0.795 0.83
(1,0.0) 0.508| 0.781] 0.51§ 0.783| 0.721| 0.797 0.537| 0.79 0.517 0.781| 0.722 0.8
(0,1,0) 1.525] 0.771] 0.696| 0.474 0.723| 0.611| 0.526 0.775 0.695 0.476| 0.728 0.61
(0,0,1) 2.541) 0.782| 0.788] 0.798| 0.728 0.783| 0.54] 0.79 0.782 0.794{ 0.728 0.786
in. IN/A | 0.771] 0.518 0.474 0.721] 0.611] 0.453 0.775] 0.517 0.476| 0.722] 0.616
Average 0.793| 0.683| 0.751) 0.759 0.778 0.603| 0.801) 0.680 0.749 0.761| 0.781

Tables 42: Numerical comparisons for power of the tests when correlation matrix R = [1jj]pxp, 12

=I'_1_3=-4 » 113

-.4 and increasing covanance structure at a = 2 with p=3 and n = 100

irect. c Perl [Foll ONew New [Tang |ES SP SF [BSN SN [BST
(0,0,0) 0 0.048| 0.048 0.047 0.046l 0.045 0.055| 0.055| 0.049 0.049| 0.047| 0.04
(1,1,1) 0.220 0.813] 0.683| 0.797| 0.778 0.82 0.573 0.817| 0.683| 0.797 0.77§ 0.82
(1,0,1) 0.181] 0.798] 0.575| 0.782 0.712 0.788| 0.421] 0.797 0.57 0.78] 0.713| 0.789
(0,1,1) 0.829 0.799 0.797| 0.776 0.795] 0.772] 0.784] 0.812 0.798 0.777 0.796( 0.771
(1,1,0) 0.253] 0.799 0.63| 0.792] 0.776 0.813 0.681] 0.8 0.632 0.793| 0.775 0.815
(1,0,0) 0.207] 0.789 0.501| 0.772] 0.7 0.781] 0.495| 0.781] 0.502 0.773] 0.702 0.734
(0,1,0) 0.62) 0.76| 0.673 0.482 0.695| 0.583l 0.475| 0.763| 0.673| 0.482| 0.696 0.584
(0,0,1) 1.033| 0.786| 0.763] 0.781] 0.7 0.768| 0.496{ 0.784 0.766 0.782] 0.7 0.76
Min. IN/A 0.761 0.501] 0.482 0.695| 0.583| 0.421] 0.763 0.502 0.482| 0.696/ (.584
Average 0.792] 0.6600 0.740 0.737] 0.761] 0.561] 0.793| 0.661| 0.741] 0.737| 0.762
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Table 43: Numerical comparisons for power of the tests for the simple order correlation and
. increasing covariance structure at a =2 withp=6 andn =10

rDirect c Perl | Foll |ONew| New | Tang| BS | BSP  BSF [OBSN| BSN | BST
0,0,0,0,0,0) 00.051|0.049 0.051| 0.05 |0.053]0.053|0.049| 0.05 |0.051| 0.05 | 0.05
k1,1,1,1,1,1) | 0.905/0.939|0.853| 0.87 | 0.87 [0.907|0.588|0.905|0.849|0.866 |0.866|0.901
(0,1,1,1,1,1) | 1.643/0.945| 0.87 | 0.87 | 0.87 [0.909|0.315|0.902/0.867|0.867 |0.867|0.904
(0,0,1,1,1,1) 2.55/0.9340.862|0.861 |0.862(0.903|0.317|0.892|0.858|0.857|0.857|0.896
0,0,0,1,1,1) | 4.08200.914|0.865|0.864 |0.864|0.899|0.393|0.876|0.859|0.856 |0.859| 0.89
(0,0,0,0,1,1) | 7.301{0.889|0.871|0.859| 0.87 |0.894(0.607|0.863  0.868|0.856 |0.868|0.884
(0,0,0,0,0,1) | 17.17/0.849|0.869|0.833|0.869|0.881[0.959| 0.84 [0.864|0.5828 |0.864|0.869
Min. 0.849 0.853 0.833 0.862 0.881| 0.315| 0.84 0.849 0.828 0.857 0.869
verage 0.912] 0.865| 0.860 0.868 0.899 0.530 0.880| 0.861| 0.855| 0.864| 0.891

Table 44: Numerical comparisons for power of the tests for the simple order correlation and
increasing covariance structure at a =2 withp=6 and n =20

Direct c Perl | Foll |[ONew| New | Tang| BS | BSP | BSF OBSN| BSN | BST
(0,0,0,0,0,0) 00.052(0.048| 0.05 |0.048|0.052|0.051|0.048|0.048 | 0.051 |0.049|0.051
(1,1,1,1,2,1) |0.407|0.928| 0.75 | 0.821|0.821|0.891|0.334|0.924/0.757|0.828 | 0.824|0.888
(0,1,1,1,1,1) |0.73910.928|0.807(0.821 |0.818|0.895|0.189(0.923/0.807|0.827|0.821|0.894
(0,0,1,1,1,1) |1.148(0.924(0.821|0.825|0.821|0.896(0.187|0.921 0.824|0.833 [0.822]0.892
0,0,0,1,1,1) |1.837|0.915|0.823|0.824| 0.82 |0.893|0.221| 0.91 |0.825|0.829 |10.822| 0.89
0,0,0,0,1,1) |3.287|0.898| 0.83 [0.829|0.828|0.887|0.342|0.899|0.831|0.833 0.827|0.887
(0,0,0,0,0,1) [7.726|0.873|0.836|0.828 |0.834|0.885(0.715(0.874|0.837|0.831 |0.835|0.882
Min. 0.873l 0.75 0.821] 0.818 0.885| 0.187| 0.874 0.757] 0.827| 0.821| 0.882
Average 0.911] 0.811) 0.825 0.824] 0.891| 0.331| 0.909 0.814] 0.830 0.825| 0.889
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Table 45: Numerical comparisons for power of the tests for the simple order correlation and
. increasing covariance structure at a =2 with p=6 and n = 100

Direct c Perl | Foll [ONew| New [ Tang| BS | BSP | BSF |[OBSN| BSN | BST
0,0,0,0,0,0) 010.051| 0.05 | 0.05 [0.052]0.052 0.053]0.051 |0.053  0.051 [0.053|0.053
(1,1,1,1,1,1) | 0.153/0.923(0.705| 0.81 |0.809|0.876|0.266|0.922/0.705|0.811| 0.81 |0.878
0,1,1,1,1,1) | 0.277/0.925]| 0.78 |0.812]0.808|0.887(0.163]0.926| 0.78 |0.812|0.809| 0.89
0,0,1,1,1,1) | 0.431/0.9210.799| 0.8§8]1 |0.805|0.886|0.166|0.922|0.802/0.814 |0.806|0.887

- 0,0,0,1,1,1) | 0.6890.913|0.805(0.808|0.803 0.884|0.189|0.913]0.806|0.809 |0.804|0.8584
0,0,0,0,1,1) 1.233/0.901 |0.805|0.806 |0.802 1 0.875|0.279]0.901 | 0.806| 0.808 | 0.805|0.876
0,0,0,0,0,1) [ 2.8980.87410.799/0.796|0.797/0.857 0.6 (0.877]0.802|0.798 0.796 | 0.859
Min. 0.874f 0.7035 0.796 0.797| 0.857 0.163| 0.877 0.705 0.79§ 0.796 0.859
Average 0.910 0.782 0.807 0.804 0.878 0.277] 0.910 0.784 0.809] 0.805 0.87%

Table 46: Numerical comparisons for power of the tests for the simple tree order correlation and
increasing covanance structure ata =2 withp=6andn =10

Direct C Perl | Foll |ONew| New | Tang| BS | BSP | BSF /OBSN BSN | BST
(0,0,0,0,0,0) 00.051|0.051|0.048|0.0510.051(0.052/0.051|0.051|0.049 0.052|0.051
(1,1,1,1,1.1) 1.74210.788 |0.766 | 0.867 |0.855| 0.9 [0.988/0.784|0.762|0.863 | 0.85 |0.898
(0,1,1,1,1,1) | 5.047/0.785]|0.865|0.801 |0.86610.802 (0.989|0.771|0.864 0.8 |0.864 0.805
(0,0,1,1.1,i) | 7.353{0.764(0.868[0.621 |0.865]0.635|0.967|0.755[0.866|0.619 |0.863 | 0.684
(0,0,0,1,1,1) 9.3200.751(0.87110.478  0.859|0.637(0.941|0.747|0.865|0.473 |0.852|0.636
(0,0,0,0,1,1) 11.8810.732|0.861|0.403 |0.821|0.651[0.931 0.734|0.856|0.401 [0.816|0.647
(0,0,0,0,0,1) 17.1710.724|0.845|0.389 (0.745[0.713]0.964 |0.733| 0.84 |0.387| 0.74 | 0.709
Min. 0.724] 0.76€¢ 0.389 0.745 0.637| 0.931| 0.733| 0.762] 0.387] 0.74] 0.636
Average 0.757 0.846 0.593] 0.835| 0.731] 0.963] 0.754 0.842 0.591] 0.831| 0.73




