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The purpose of this research was establish some characterizations of the
classical rings through the class of generalized of injective modules. Our maim results,
among any others, are list as follow:

1. Avring R is right noetherian if and only if every 2-generated right R-module is a
direct sum of a projective module and a module that is either CS or noetherian.

2. Aring R is right artinian if and only if every 2-generated right R-module is either
quasi-continuous or finite length.

3. A simple ring R is right noetherian if and only it every cyclic singular right R-module
is either a CS-module or a noetherian module.

4. Let R be a prime ring. If every proper cyclic right R-module is a direct sum of a
quasi-injective module and a finitely cogenerated module, then R is either
semisimple artinian or right Ore domain.

5. A prime ring R is right noetherian if and only if every cyclic right R-module is a
direct sum of a quasi-injective module and a noetherian module.

6. A ring R is semiperfect if every cyclic right R-module is a direct sum of a
continuous module and a semiperfect module.

7. Arring R is right noetherian if and only if every countably generated right R-module
is a direct sum of a continuous module and a locally noetherian module.

8. Arring R is right artinian if and only if every countably generated right R-module is
a direct sum of a continuous module and a locally artinian module.

9. Arring R is right artinian if every countably generated right R-module is a direct
sum of a quasi-continuous module and a semisimple module.

10. Aring R is right artinian if every right R-module is a direct sum of a CS-module

and a semisimple module.

Keywords : Noétherlan rings, Artinian rings, Injective modules, Continuous

modules, CS-modules
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1) Conditions for a rings to be noetherian and artinian
Abstract. Let M be a finitely generated module. It is shown that M is noetherian if
and only if every finitely generated module in 6[M] is a direct sum of a projective
module and a module Q, where Q is either CS or noetherian. Consequently, (i) a ring R
is right noetherian if and only if every 2-generated right R-module is a direct sum of a
projective module and a module that is either CS or noetherian, and (ii) a ring R is
right artinian if and only if every 2-generated right R-module is either quasi-continuous r

finite length.(aTwasidualumenuan 1)



2) On simple noetherian rings

Abstract. A module M is called a CS-module (or extending module ) if every
submodule of M$ is essential in a direct summand of M. It is shown that (i) a simple
ring R is right noetherian if and only if every cyclic singular right R-module is either a
CS-module or a noetherian module, (ii) over a prime ring R if every proper cyclic right
R-module is a direct sum of a quasi-injective module and a finitely cogenerated module,
then R is either semisimple artinian or right Ore domain, and (iii) a prime ring R is right
noetherian if and only if every cyclic right R-module is a direct sum of a quasi-injective

module and a noetherian module. (AT1AzIBHAIUAIAKUIN 2)

3) Rings with many direct summands

Abstract. It is shown that (i) a ring R is semiperfect if every cyclic right R-
module is a direct sum of a continuous module and a semiperfect module, (ii) a ring R
is right noetherian if and only if every countably generated right R-module is a direct
sum of a continuous module and a locally noetherian module, (iii} a ring R is right
artinian if and only if every countably generated right R-module is a direct sum of a
continuous module and a locally artinian module,(iv) a ring R is right artinian if every
countably generated right R-module is a direct sum of a quasi-continuous module and a
semisimple module, and (v) a ring R is artinian if every right R-module is a direct sum
of a CS-module and a semisimple module. (gﬂﬂﬂ:tﬁﬂﬂ‘lun'muu‘m 3)

4) A generalization of continuous modules and their application to QF-
rings

Abstract. A ring R is called quasi-Frobenius, briefly QF, if R is right or left
artinian and right or left self-injective. In this note we study the new class of modules
which generalize the concept of continuous (quasi-continuous) modules, that is, ec-
continuous (ec-quasi-continuous) modules. We prove the decomposition theorems for
ec-quasi-continuous modules, and we aiso give a sufficient condition for ec-continuous
to be continuous. Moreover, we give a characterization of QF-rings with the injectivity

condition replaced by ec-continuity. (@T1DAIBAlLNIAKKIN 4)

5) Modules charaterized by their proper cyclic subfactors
Abstract. For a finitely generated self-projective right R-module M, we show that if
every proper cyclic subfactor of M is a direct sum of a CS-module and a module of

finite uniform dimension, or a direct sum of an M-projective module and a module Q,
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where Q is either CS or noetherian, then every factor module of M has finite uniform
dimension. Consequently, (i) a ring R is right noetherian if and only if every proper
cyclic right R-module is a direct sum of a projective module and a module Q, where Q
is either injective or noetherian, and (ii) a ring R is right noetherian if and only if every
proper finitely generated right R-module is a direct sum of a projective moduile and a

module Q, where Q is either CS or noetherian. (g731 pazidualumanwan 5)
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ABSTRACT

Let M be a finitely generated module. It is shown that M is
noetherian iff every finitely generated module in o[M] is a
direct sum of a projective module and a module Q, where Q is
either CS or noetherian.

A module M is called a CS-module (or an extending module [1]) if every
submodule of M is essential in a direct summand of M. The study of rings
over which finitely generated right modules are CS was initiated by Huynh,
Rizvi and Yousif [2]. They were shown that such rings must be right noe-
therian. On the other hand, Huynh showed in [3] that a ring R is right
noetherian if and only if every cyclic right R-module is injective or a direct
sum of a projective module and a noetherian module.

In this note we consider some properties of 2-generated modules in
Mod-R which make R to be right noetherian or right artinian. For the basic

definitions and properties of rings, modules and categories we refer to
Wisbauer [4).

*Corresponding author. E-mail: somyotp@nu.ac.th
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Lemma 1. If Ug (resp. Sr) is a uniform (resp. simple) right R-module such
that U® S is CS, then S is (U/Soc(U) )-injective.

Proof: See [5]. 0

Lemma 2. Ler My be a finitely generated module such that M /Soc(M) is
noetherian. If for any direct summand N of M and for any submodule
H C Soc(N), N/H is a direct sum of a projective module and a module of finite
uniform dimension, then M is noetherian.

Proof. Using the same argument presented in the last part of the proof of
[6, Theorem 1]. O

Lemma 3. Ler Mz be a finitely generared module. If every finitely generated
module in ¢[M] is either CS or noetherian, then M is noetherian.

Proof. By [1, Corollary 9.4], every factor module of M has finite uniform
dimension. If M is not noetherian, then M must be CS. Hence there is a non-
noetherian uniform direct summand U of M. It implies that U is finitely
generated, U/Soc(U) is also non-noetherian, and every factor module of
U has finite uniform dimension. For any simple module S € ¢[M], S U
is CS because it is finitely generated and non-noetherian. By Lemma 1,
S is U/Soc(U)-injective. This shows that U/Soc(U) is a V-module,
Hence U/Soc(U) is noetherian by [7], a contradiction. Thus M must be
noetherian. O

A module M is said to satisfy the condition (*) if every finitely gen-
erated module in g[M] is a direct sum of a projective module and a moduie
Q, where Q is either CS or noetherian. .

The condition (*) was first considered in [8] for cyclic modules in
Mod-R, where “CS™ is replaced by “injective”.

Theorem 4. If M is a finitely generated module satisfying (*), then M is
noetherian.

Proof. Let E be an essential submodule of M, then N = M/E is a singular
module. It implies that each finitely generated module in ¢[N] is either CS or
noetherian. Hence N is noetherian by Lemma 3. Thus M/Soc(M) is noe-
therian by [1, 5.15(1)).

Next, if K is a direct summand of M and N be a submodule of Soc(KX),
then by hypothesis, X/N is a direct sum of a projective module P and a
module Q, where Q is noetherian or CS. Clearly, Q is finitely generated, and
Q/Soc(Q) is noetherian. Hence, Soc(Q) must have finite length also in case
Q being CS (see.[1, 9.1]). We have shown that, in any case, the uniform
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dimension of @ is finite. Now applying Lemma 2 we get that M is
noetherian. O

From the proofs of Lemma 3 and Theorem 4 we see that, if we put
Mgz = R, then Lemma 3 and Theorem 4 remain true for R even if we make

the same assumption only on 2-generated right R-modules. That means we
obtain the following.

Corollary 5. A ring R is right noetherian if and only if every 2-generated
right R-module is a direct sum of a projective module and a module thar is
either CS or noetherian.

We remark that if we assume the same only for cyclic right R-modules
then the situation is much more complicated, and we don’t know yet if R is
right noetherian or not. It was shown in [8] by Huynh-Rizvi, that a ring R 1s
right noetherian iff every cyclic right R-module is a direct sum of a projective
module and a module that is either injective or noetherian.

Corollary 6. A ring R is right artinian if and only if every 2-generated right
R-module is either quasi-continuous or of finite length.

Proof. One direction is clear. Now consider R with every 2-generated right
R-module quasi-continuous or of finite length. By Corollary 5, R is right
noetherian. If R is not right artinian, then (R @ R), is quasi-continuous.
Hence R is right self-injective. Then, it is known that R is right (and left)
artinian, a contradiction. Hence R must be right artinian. O

Proposition 7. Let R be a ring such that every 2-generated right R-module is
a direc: sum of a projective module and a quasi-continuous module. If R/J is
von Neumann regular, then R is a right artinian ring with J* = 0. where J is the
Jacobson radical of R.

Proof. From the assumption it follows that every singular 2-generated
right R-module is quasi-continuous. Hence by [9], R/Soc(Rg) is right SI
with J2 = 0. Moreover, by Corollary 5, R is right noetherian. As R/J is von
Neumann regular, R is semiprimary. Thus R is right artinian, as desired.

B
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ABSTRACT. It is shown that (i) a ring R is semiperfect if every cyclic
right R-module is a direct sum of a continuous module and a semiperfect
module. (ii) a ring R is right noetherian if and only if every countably
generated right R-module is a direct sum of a continuous module and a
locally noetherian module, (iii) a ring R is right artinian if and only if
every countably generated right R-module is a direct sum of a continuous
module and a locally artinian module, (iv) a ring R is right artinian if
every countably generated right R-module is a direct sum of a quasi-
continuous module and a semisiinple module, and (v) a ring R is artinian
if every right R-module is a direct sum of a CS-module and a semisimple
module.

1. INTRODUCTION

A module Af is called a CS-module (or an extending module [6]) if ev-
ery submodule of Af is essential in a direct summand of M. CS-modules
generalize quasi-continuous modules. which in turn generalize continuous,
quasi-injective and injective modules, in this order (see example [11]). It
was proved by Jain and Mohamed [10] that a ring R is semiperfect if every
cyclic right R-module is a continuous module. The study of rings, via de-
composition properties of cyclic or finitely generated modules, was originally
initiated by P. F. Smith in [14]. A famous theorem of Chatters stated that a
ring R is right noetherian if and only if every cyclic right R-module is a direct
sum of a projective module and a noetherian module (see (2, Theorem 3]).
Moreover, Dung and Smith showed in [5, Theorem 7 and Theorem 11] that
a ring R is right and left artinian, right and left serial with J(R)? = 0 if
and only if every right R-module is a CS-module, and if and only if every
cyclic right R-module is a direct sum of an injective module and a semisim-
Ple module. On the other hand, it was shown in [6, 20.9] that there is a
non-right noetherian ring R for which every cyclic right R-module is a direct
sum of an injective module and a noetherian module. However, we notice
that a ring R is right noetherian if and only if every right R-module is a

direct sum of an injective module and a locally noetherian module (see [6,
9.15]). '

1991 Mathematics Subject Classification. Primary 16P40, Secondary 16D40, 16D50,
16D70.

Key words and phrases. Semiperfect rings, Noetherian rings and Artinian rings.
Supported by Thailand Research Fund under grant PDF/91/2544.
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In this paper, we consider the related properties in more general settings.
First, we shows that a ring R is scmiperfect if every cyclic right R-module
is a direct sum of a continuous module and a semiperfect module. Further
we proves that (i) a ring R is right noetherian if and only if every count-
ably generated right R-module is a direct sum of a continuous module and
a locally noetherian module. (ii) a ring R is right artinian if and only if
every countably generated right R-module is a direct sum of a continuous
module and a locally artinian module. (iii) a ring R is right artinian if every
countably generated right R-mnodule is a direct sum of a quasi-continuous
module and a semisimple mmodule. and (iv) a ring R is artinian if every right
R-module is a direct sum of a CS-module and a semisimple mmodule.

2. PRELIMINARIES

Throughout this paper we consider associative rings R with identity and
unitary right R-modules. For a module A we denote by Soc(M) and E(M)
the socle and the injective hull of M. respectively. If M = Soc(M), then M
is called a semisimple module. A right R-module M is called semiperfect if
it is a projective module and every its homomorphic image has a projective
cover.

We will refer to Anderson and Fuller [1], Dung, Huynh, Smith and Wis-
bauer [6] and Wisbauer [15] for undefined notions used in the text, and also
for basic facts concerning CS-modules, noetherian rings and artinian rings.
We begin with the following lemmas.

Lemma 1 ([3, Theorem 1.24]). Let R be a prime right Goldie ring and

assume that the socle Soc(Rgr) of R is non-zero, then R is semisimple ar-
tinian.

Lemma 2 ([9, Lemma 1]). Let R be a semiprime right Goldife ring. If. every
uniform right ideal of R is countably L-CS, then R is semisimple artinian.

Lemma 3. Let R be a ring which every cyclic right R-module is a direct sum
of a projective module and a CS-module. Then every cyclic right R-module
has finite uniform dimension.

Proof. Let X be a cyclic right R-module. We first aim to show that
X/Soc(X) has finite uniform dimension. Let E be an essential submod-
ule of X, and set M = X /E. Let o[M] denote the full subcategory of
Mod-R whose ob jects are submodules of M -generated modules. By our as-
sumption, every cyclic module in o[M] is CS. Hence, M has finite uniform
dimension by [6, Corollary 9.4]. Therefore, by [6, Lemma 5.14], X/ Soc(X)
has finite uniform dimension.
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Now we shall use an argument in [13. Theorem 1, p. 160] to show that
Soc(X} is finitely generated. Assume on the contrary that Soc{X) is infin-
itely generated. Then we may write Soc{.X) = H, & H,. where H, and H-
are infinite direct sums of simple modules. By hypothesis. we have X/H| =
P, ® Q) where P, is a projective module and @) is a CS-module. Let Q, be
the inverse image of Q) in X. Then clearly P, ~ X/Q,. and Q,/H, (being
isomorphic to @) is a CS-module. Since P is projective. X = Q, © Q> for
some submodule Q2 of X. Then Soc(X) = Soc(Q;) & Soc(Q-).

Observe that, because @,/ Soc(@Q;) has finite uniform dimension by the
above argument, and ), is a finitely generated CS-module. it follows from
[6, Lemma 9.1] that Soc{Q,) is finitely generated. Hence Q;. and so Q,/H];.
has finite uniform dimension. Since H; =~ Soc(X)/H, has infinite uniform
dimension, it follows that X/H, has infinite uniform dimension. Therefore.
this clearly implies that Soc(Q>) is infinitely generated since Q2 ~ P, has
infinite uniform dimension but Q»/ Soc(Q-) has finite uniform dimension.
Note that

X/ Soc(X) = (Q1/Soc(Q1)) & (Q2/ Soc(Q2)).
where Q; # Soc(Q;) and Q2 # Soc(Q;). Hence, X/Soc(X) has uniform
dimension at least 2. Applying the same arguments to the module Q2. and
continuing the process in a similar manner. an obvious induction shows that
X/ Soc(X) has infinite uniform dimension. a contradiction. This shows that
Soc(X) is finitely generated, and therefore X has finite uniform dimension,
completing our proof. 0

3. THE MAIN RESULTS
We start our investigation by proving the following result.

Theorem 4. Let R be a ring. If every cyclic right R-modul_e i5 a fiz'rect sum
of a continuous module and a semiperfect module, then R is semiperfect.

Proof. Note that every semiperfect module is projective. By our assum.ptign,
we see that every cyclic right R-module is a direct sum of a projective
module and a continuous module. Hence, by Lemma 3, R has finite uniform
dimension. Therefore

R=(C1®--- &Cm)®(5),

where each C; are continuous indecomposable and S is semiperfect. No-
tice that each C; has a local endomorphism ring. Since each C; is finitely
generated self-projective, it follows by [15, 41.4] that each C; is local and
Rad(C;) « C;. Moreover, it follows by [15, 42.5] that S = 51 & - -- & Sh,
where each §; is local and Rad(S) <« S. Hence R is a direct sum of local
modules and Rad(R) <« R. Therefore R is semiperfect by [15, 42.6]. 0
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Corollary 5. A ring R is semiperfect if every cyclic right R-module is a
direct sum of a continuous module and a module of finite length.

Proof. It follows [6, Corollary 9.4] that R has finite uniformm dimension.
Then as done in the proof of Theoremn 4, we get R is semiperfect since every
indecomposable module of finite length has a local endomorphism ring. O

Lemma 6. If R'™) is guasi-continuous. then R is QF.

Proof. First we observe that R(™) @ R s isomorphic to R(™), Since
R is quasi-continuous. it follows that R{™) is self-injective. This implies
that R™) is injective and hence. by {7. Proposition 20.3A], R is Z-injective.
Therefore R is a QF-ring by [6, 18.1]. O

We are now in position to prove our main results.

Theorem 7. A ring R is noetherian if and only if every countably gener-
ated right R-module is a direct sum of a continuous module and a locally
noetherian module.

Proof. The necessity is clear since every right module over a noetherian ring
is locally noetherian. Conversely, we first observe that Rg = C © N, where
C is continuous and N is noetherian. By [6, Corollary 9.4], it follows that
Rz has finite uniform dimension. Hence

Rp = (6P Ca) @ (D Np),

acl 3eJ
where each C, is indecomposable continuous and each N is indecomposable
noetherian. Without loss of generality we clearly may assume that each_C,_,
is non-noetherian. Set R = R/N = (P,¢c; Co)- We aim to show that R is
noetherian. By our assumption, we obtain that

where ¢ is continuous and N is locally noetherian. Since R(P') =
@oe: Co'™) and each C, has a local endomorphism ring,“it follows by the
Azumaya theorem that every non-zero direct summand of R{(®} has an inde-
composable direct summand K which is isomorphic to some C, € {C, | @ €
I} If N # 0, then there exists C‘,y (= {Ca | a € I} which is isomorphic to a
direct summand of N. Hence C, is noetherian since it is finitely generated,
a contradiction. Then N = 0 and hence R(¥) is a continuous module. It
follows by Lemma 6 that R(™) is a QF-ring and hence it is right noetherian.
Therefore R is right noetherian, as desired. O

As a consequence of Theorem 7 we obtain the following characterization
of artinian rings.
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Corollary 8. A ring R is right artinian if and only if every countably gen-

erated module is a direct sum of a continuous module and a locally artinian
module.

Proof. The necessity is clear since every right module over an artinian ring
is locally artinian. Conversely. we first see that Rg = C @ A, where C
is continuous and A is artinian. Without loss of generally we may write
C = @;-, C.. where each C; is an indecomposable continuous non-artinian
module. By using an argument similar to that of the proof of Theorem 7
we can verify that R/4 is a QF-ring. Therefore R is right artinian. O

Lemma 9. Let R be a prime right noetherian ring. If every countably
generated right R-module is a direct sum of a CS-module and a semisimple
module. then R is semisimple artinian.

Proof. If Soc(Rg) # 0, then it follows by Lemnma 1 that R is semisimple
artinian. We now suppose that Soc(Rr) = 0. Let U” be any uniformn right
ideal of R. By our assumption. U™ = C & S. where C is CS and S is
semisimple. Since Soc(UM} = 0. it follows that U is countably £-CS. This
implies that every uniform right ideal of R is countably L-CS. Hence R is
semisimple artinian by Lemma 2. which is a contradiction to our assumption.
Therefore R is right semisimple artinian. completing our proof. O

Theorem 10. A ring R is right artinian if every countably generated .right
R-module is a direct sum of a quasi-continuous module and a semisimple
module.

Proof. We first show that R is right noetherian. Without loss of generality
we may assume that R is quasi-continuous and R = € ,¢; Ca. where eaf:h Ca
is an indecomposable non-simple quasi-continuous module. For convenience,

we Wwrite _
Q=rM=€PcC,.
vel

where each C,, is isomorphic to some C, in {Co | @ € I}. By assurfu-)tlon,
D,ecr C, = RY) = C @ S where C is a CS-module and § is a semisimple
module. Since every quasi-injective module has the exchange property, it
follows that evel‘ Cy,=S5S®(Der, c,) f01: so-me I'p CT. Asstn'n-e I'pCT.
Then S = 616(1‘\1‘ o) C, and hence each C, is simple, a contradiction. Thus
S = 0 and therefore R is right countably Z-CS. _ . .

For any a € I, we see that C, ®Co = Q& S) where Q is quasi-continuous
and S) is semisimple. If S; # 0, Co = 51 by the exch.ange pro-perty-of S,
a contradiction. Hence S; = 0 and therefore C, & C, is a qua.srcontmuoqs
module for each o € I. It follows by [11. Theorem 2.1.3] th_at. each C, is
qQuasi-injective and hence each C, has a local endomorphism ring. Therefore



NMAnwINn 2/8

34 S. PLUBTIENG

R is a semiperfect ring. By (8. Theorem 1]. we obtain that R is right =-CS
and hence R has ACC on right annihilators by [4. Corollary 2.9]. It implies
by [12, Lemma 3] that every CS right R-module is a direct sum of uniform
submodules. Therefore R is right noetherian by [12. Theorem 4].

Next, we aim to show that R is right artinian. Assumne on contrary that
R is not right artinian. Then. by (7. 18.34B]. there exist a prime ideal P of
R such that R/P is not right artinian. Put R = R/P. Hence R is a prime
right noetherian ring such that cvery countably generated right module over
factor ring R is a direct sum of a CS module and a semisimple module. It
follows by Lemma 9 that R is right artinian. a contradiction. Therefore R
is right artinian. completing our proof. O

Corollary 11. A4 ring R is right artinian if every right R-module i+ a direct
sum of a CS-module and a semisimple module.

Proof. Using the same argument presented in the proof of Theorem 10. [0
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Abstract. A module A is called a CS-module (or extending module [5)) if every
submodule of M is essential in a direct summand of Af. It is shown that (i) a
simple ring R is right noetherian if and only if every cyclic singular right R-module
is either a CS-module or a noetherian module; (ii) for a prime ring R, if every
Proper cyclic right R-module is a direct sum of a quasi-injective module and a
finitely cogenerated module, then R is either semisimple artinian or a right Ore
domain; and (iii) a prime ring R is right noetherian if and only if every cyclic right
R-module is a direct sum of a quasi-injective module and a noetherian module.
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1 Introduction

The class of simple noetherian rings is a topic of considerable interest in ring
theory and has been extensively studied by many authors (see, for example,
2,3, 10]). From a theorem of Osofsky and Smith [14], it follows that if every
cyclic right module over a ring R is CS, then every cyclic right R-module
has. finite uniform dimension. However, in general, such a ring need not
be right noetherian. Furthermore, Huynh, Jain, and Lopez-Permouth [10]
considered the problem when a simple ring is noetherian, ar.1d proved that
_a%mple ring R is right noetherian if every cyclic singular right R-module
18 CS.

Rings over which proper cyclics are injective (called PCI—rfngs) have
been studied by many authors, including Cozzens, Damiano, Faith, Boyle,

“Supported by the Thailand Research Fund.
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Goodearl, and others. According to Cozzens and Faith [3, Theorem 6.13), it
is proved that a right PCl-ring is either semisimple or a right semihereditary
simple domain. In [4], Damiano showed that a right PCl-ring is either
semisimple, or a simple right noetherian, right hereditary, right Ore V-
domain. A ring R is called a right PCQI-ring if every proper cyclic right
R-module is quasi-injective. It is known that a right PCQI-ring is either
semiperfect or prime (see, for example, [13]). It is shown in [10] that a
prime PCQI-ring is either artinian or a right Ore domain. Consequently,
they proved that a simple PCQI-ring is either artinian or a right noetherian
hereditary domain. On the other hand, Huynh and Dung [7] proved that a
ring R is right artinian if and only if every cyclic right R-module is a direct
sum of an injective module and a finitely cogenerated module.

In this paper, we follow this investigation and aim to show a similar
result under weaker sufficient conditions. First, we show that a simple ring
R is right noetherian if and only if every cyclic singular right R-module is
either a CS-module or a noetherian module; and a prime ring R is either
semisimple artinian or a right Ore domain if every proper cyclic right R-
module is a direct sum of a quasi-injective module and a finitely cogenerated
module. Finally, we prove that a prime ring R is right noetherian if and only
if every cyclic right R-module is a direct sum of a quasi-injective module
and a noetherian module; and a prime ring R is right noetherian if and only

if every 2-generated right R-module is a direct sum of a continuous module
and a noetherian module.

2 Preliminaries

Throughout this paper, we consider associative rings R with identity and
unitary right R-modules. For a module M, we denote by Soc(M) and
E(M) the socle and the injective hull of M, respectively. If M = Soc(M),
then M is called a semisimple module. For a ring R and z € R, we set
TrR(z) = {@ € R|za = 0}. The set

Z(RR) = {z € R|rr(z) is essential in Re}

is an ideal of R, called the right singular ideal of R. In case Z (R r) =0, R
is called right non-singular. For a module M, the Krull dimension of M is
defined in [6].

We will refer to [1, 5] for undefined notions used in the f:ext,.and also
for basic facts concerning CS-modules, simple rings, noether.lan rings, and
artinian rings. We record here some known results which will be used re-
Peatedly in the sequel.

Lemma 2.1. [15, Proposition 4,3] Let U be a unifor‘m mght R-module and

S a simple right R-module such that U ® S is CS. Then S is U /Soc(U)-
injective.
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Lemma 2.2. [8, Corollary 4] For a right ideal A of a semiprime right
Goldie ring R, the following conditions are equivalent:

(1) Ar is semisimple.

(2) Ag is quasi-injective.

(3) Agr is injective.

3 The Main Results

We start our investigation by proving the following result. The proof below
is inspired by some ideas in the proof of [10, Theorem A).

Theorem 3.1. A simple ring R is right noetherian if and only if every

cyclic singular right R-module is either a CS-module or a noetherian mod-
ule.

Proof. If Soc(Rg) # 0, then R = Soc(Rg), and we are done. Hence, we
consider the case Soc(Rgr) = 0. Let M = R/E, where E is an essential
right ideal of R. Then by hypothesis and by [5, Corollary 9.4], Af has finite
uniform dimension. By [5, Lemma 5.14], R/Soc(Rgr), and hence, R has
finite uniform dimension. This implies that R is right Goldie.

Assume there is an essential right ideal E C R such that M = R/FE is not
noetherian. Note that each factor of M has finite uniform dimension. Let
S be a singular simple module. Then by [10, Lemma 3.1], S & M is cyclic.
By hypothesis, S @& M must be CS. Hence, by Lemma 2.1, S is M/Soc(M)-
injective. Therefore, A /Soc(M) is a V-module. By [12], M /Soc(M) is
noetherian, hence M is noetherian, a contradiction. Therefore, for each
essential right ideal £ C R, R/FE is noetherian. By [5, 5.15], R/Soc(Rgr)

is right noetherian. But Soc(Rgr) = 0. Thus, R is right noetherian, as
desired. O

From Theorem 3.1, we immediately obtain the following.

Corollary 3.2. A simple ring R is right noetherian if and only if every
proper cyclic right R-module is a direct sum of a projective module and a
module Q, where Q is either a CS-module or a noetherian module.

'Praof. It follows by Theorem 3.1 since every cyclic singular right R-module
Is proper cyclic. O

Proposition 3.3. Let R be a ring such that every proper cyclic right
R-module is a direct sum of a CS-module and a module of finite uniform
dimension, or a direct sum of a projective module and a noetherian module.
Then every cyclic right R-module has finite uniform dimension.

Proof. Let X be a cyclic right R-module and E an essential submodule of
X. Clearly, X/E # Rp. Moreover, we see that any cyclic subfactors of X /E
cannot contain any projective submodule and so they are not isomorphic
to Rp. Hence, by assumption, they are either a direct sum of a CS-module
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and a module of finite uniform dimension, or noetherian. Therefore, by [5,
Corollary 9.4], X/E has finite uniform dimension. Hence, X/Soc(XRr) has
finite uniform dimension by [5, Lemma 5.14]. To finish the proof, it suffices
to show that Soc(X) is finitely generated. Assume on the contrary that
Soc(X) is infinitely generated. Then we may write Soc(X) = W ®V, where
W and V are infinite direct sums of simple modules. Since W cannot be a
direct summand of X, it follows that X/W is not projective. In particular,
X/W # Rr. Now we can apply the same argument preceding in the proof
of [9, Theorem 2.10] to arrive at a contradiction. Hence, Soc(X) must be

of finite length, and so X has finite uniform dimension, completing the
proof. O

We are now in a position to prove the main result.

Theorem 3.4. Let R be a prime ring. If every proper cyclic right R-
module is a direct sum of a quasi-injective module and a finitely cogenerated
module, then R is either semisimple artinian or a right Ore domain.

Proof. Assume on the contrary that Z(Rgr) # 0. Since R is prime, this im-
plies that Soc(Rg) = 0. Therefore, by hypothesis, for any 0 # = € Z(Rg),
zR is quasi-injective. Thus, the argument in the proof of [10, Theorem 2.2]
can be applied to get a contradiction. Hence, R is right non-singular.
Next, by [5, Corollary 9.4], R has finite right uniform dimension. Hence,
R is right Goldie. On the other hand, by hypothesis, the right R-module
RR contains an essential submodule E = § @ T, where S is semisimple
and T is quasi-injective. By Lemma 2.2, both S and T are quasi-injective.
. Therefore, E is injective. Thus, R = E, and so R is semisimple artinian. O

In [8, Proposition 8], Huynh, Dung, and Smith proved that a semiprime
ring R is right noetherian if every cyclic right R-module is a direct sum of
an injective module and a noetherian module. A question arises naturally
whether or not the same statement holds if “injective” is replace by “quasi-
injective”. Using [10, Theorem 2.2, we can answer the question positively
in the case of prime rings.

Proposition 3.5. A prime ring R is right noetherian if and only if every
cyclic right R-module is a direct sum of a quasi-injective module and a
noetherian module.

Proof. Let R be a ring such that every cyclic right R-module is a direct
sum of a quasi-injective module and a noetherian module. We first prove
that R is right non-singular. By [5, Corollary 9.4], Rp has finite uniform
dimension. Assume on the contrary that the right singular ideal Z (R) of
R is non-zero. If every cyclic submodule of Z (R) is quasi-injective, then
the argument in the proof of [10, Theorem 2.2] will produce a contradiction
to the primeness of R. Hence, by hypothesis, Z (R) contains a cyclic non-
Zero noetherian submodule N. Moreover, N has Krull dimension. Then we
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can apply an argument presented in [8] to arrive at another contradiction.
Thus, Z(R) =0, i.e., R is right non-singular. Now Rz = Q & M, where Q
is quasi-injective a.nd M is noetherian. By Lemma 2.2, Qg is semisimple.
Thus, R is right noetherian. 0O

It is unknown if Proposition 3.5 holds true for semiprime rings. But we
know that, in general, Proposition 3.5 is incorrect for non-semiprime rings.
See an example in [11].

Proposition 3.6. A prime ring R is right noetherian if and only if every
2-generated right R-module is a direct sum of a continuous module and a
noetherian module.

Proof. One direction is clear. Conversely, let R be a ring such that each
2-generated right module is a direct sum of a continuous module and a
noetherian module. By [5, Corollary 9.4], R has finite uniform dimension.
Assume the right singular ideal Z(R) is non-zero. If Z(R) contains a non-
zero cyclic noetherian submodule C, then as done in the proof of Proposition
3.5, we get a contradiction. Hence, each cyclic submodule of Z{R) must
be continuous and contains no non-zero noetherian submodules. Let 0 #
zR C Z(R) be a uniform module. Since R & xR does not contain non-zero
noetherian submodules, it must be continuous by the hypothesis. Hence, R
is quasi-injective. Now again by an argument in the proof of [10 Theorem
2.2|, we obtain a contradiction. Hence, Z(R) = 0, i.e., R is right non-
singular. .
Assume R is not right noethrian. Then by using the hypothesis, we can
prove that R contains a cyclic uniform right ideal U that is not noetherian.
Hence, U @ U = D @ N, where D is continuous and N is noetherian. If
N # 0, then either (U,0) or (0,U) embeds in N because either of them has
zero intersection with D. This is a contradiction. Hence, N =0 and so U
is quasi-injective. By Lemma 2.2, U is semsimple (of finite length), contra-
dicting the assumption about U. Thus, R must be right noetherian. D
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ABSTRACT. A ring R is called quasi-Frobenius, briefly QF, if R is right or left artinian
and right or left self-injective. In this note we study the new class of modules which gen-
eralize the concept of continuous (quasi-continuous) modules, that is, ec-continuous {ec-
quasi-continuous) modules. We prove the decomposition theorems for ec-quasi-continuous
modules, and we also give a sufficient condition for ec-continuous to be continuous. More-
over, we give a characterization of QF-rings with the injectivity condition replaced by
ec-continuity.

1. Introduction

A well-known result of Faith [6] asserts that a right self-injective rings with
ACC on right or left annihilators is @QF. On the other hand, it is shown in Clark
and Huynh [4] that a right self-injective semiperfect ring R is QF if and only if
every uniform submodule of any projective right R-module is contained in a finitely
generated submodule. In Camillo and Yousif [3], motivated by a result of Faith [6]
on self-injective rings, it was shown that a two-sided continuous ring with ACC on
left annihilators is QF. Moreover, it was shown in Nicholson and Yousif [9] that a
two-sided quasi continuous ring with DC'C on essential left ideals is QF.

In this paper we introduce some new notions which generalize the concept
of continuous modules (rings) and quasi-continuous modules (rings) (that is, ec-
continuous modules (rings) and ec-quasi-continuous modules(rings), respectively).
We prove that a right ec-continuous module Mg is a direct sum of uniform modules
if one of the following holds: (i) R satisfies ACC on right ideals of the form rg(m),
for all m € M, or (ii) M has ACC (or DCC) on essential submodules and Soc(M)
is essential in a direct summand of M.

Moreover, we will consider the following property for a given ring R;
(*) Every uniform submodule of R(") is contained in a finitely generated sub-

Received August 1, 2002.
2000 Mathematics Subject Classification: 16L.60, 16P20, 16P40, 16D50.

Key words and phrases: continuous modules, artinian rings and noetherian rings.
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‘module.
(++) (eR)® is a CS-module for each primitive idempotent e € R.

We also show that a right ec-continuous semiperfect ring R is QF if and only if
R satisfies the conditions (*) and (**). Finally, we prove that a right ec-continuous
ring R which satisfies (**) is QF if one of the following holds: (i) R has ACC on
right annihilators, or (ii) Soc(R) is essential in a direct summand of R and R has
ACC (or DCC') on essential right ideals.

2. Definitions and preliminaries

Throughout this paper all rings are associative with identity and all modules
are unitary right R-modules. Consider the following conditions on a module AMg:

(C1) Every submodule of M is essential in a direct summand of M.

(C2) Every submodule isomorphic to a direct summand of M is itself a direct
summand.

(C3) If M, and M, are direct summands of M with M; NM, = 0, then M; & M>
is a direct summand of M.

The module M is called continuous if it satisfies conditions (C1) and (C2),
quasi-continuous if it satisfies (C1) and (C3), and a CS-module (or extending mod-
ule) if it satisfies condition (C1) only. Recall that a module which has a cyclic
essential submodule is said to be essentially cyclic. A right R-module M is called
ec-CS if it satisfies the condition:

(C1’) Every essentially cyclic submodule of M is essential in a direct summand
of M (see [12)).

The module M is called ec-continuous if it satisfies condition (C1’) and (C2),
and en ec-quasi-continuous module if it satisfies conditions (C1’) and (C3). A ring R

i8 called right ec-continuous (ec-quasi-continuous) if the module Rp is ec-continuous
(ec-quasi continuous). :

~ Aring R is called right finitely continuous if any finitely generated right ideal
18 essential in a direct summand and satisfying the condition (C2) (see [2]). In [14],
Utumi proved that left PF rings are right finitely continuous. We notice that if A, B
and C are submodules of a non-singular right R-module M with A C®** C C® M

and A C** B, then B is contained in C (see, for example, [11, Remark 1, p.693]).
Hence left nonsingular PF-rings are right ec-continuous. ‘

Lemma 1. A right R-module M has (C1’) if and only if every closed essentially
cyclic submodule of M is a direct summand of M.

Proof. The necessity is clear. For the sufficiency, let N be an essentially cyclic
submodule of M. By Zorn’s lemma, N has a maximal essential extension L in M.
Clearly L is closed and essentially cyclic, hence it is a direct summand. »;

Lemma 2. Let M be an ec-continuous right R-module. Then
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(1) every direct summand of M is also ec-continuous, and

(2) if M is indecomposable then the endomorphism ring End(M) is local.

Proof. (1) This is clear by Lemma 1 and the modular law.

(2) It is immediate since every indecomposable ec-continuous module
is continuous. O

Lemma 3. Let M be an ec-quasi continuous right R-module. If M has an in-
decomposable decomposition M = @ye1Mqo, then that decomposition complements
direct summands.

Proof. See in (8, Theorem 2.22 (1)= (2)]. 0O

3. On the ec-quasi continuous modules

Next, we have the decomposition theorems for an ec-quasi-continuous mod-
ule with chain conditions. In this result, we replace the conditions (C1) in [10,
Lemma 3| by the conditions (C1’) and (C3). For any m € Mpg,Tr(m) will denote
{r € R|mr= 0}.

Proposition 4. Let Mg be an ec-quasi continuous module and R satisfies ACC

on right ideals of the form rg(m), m € M. Then M is a direct sum of uniform
modules.

Proof. First, we show that M contain a maximal local direct summand N =
@aecrNa, with N, uniform for each a € I. Let m be a non-zero element of M such
that rr(m) is maximal in {rr(m) | 0 # m € M}. There exists a direct summand
K of M such that mR C*®* K. Suppose that K is not indecomposable. Then
there exist non-zero submodules K; and K3 of K such that K = K; & K,. Since
me K=K,® Kz,m =m; +mg for some m; € K; (i =1,2). If m; = 0 then
m = my € Ky, and mRN K; = 0 giving K; = 0, a contradiction. Thus m; # 0.
Clearly rg(m) C rgr(m;). Hence rg(m) = rr(m;), by the choice of m. Similarly
my # 0, and rr(m) = rr(ma). Because m; # 0 there exist r;,r7, € R such that
0 ¥ miry = mry = (m; + ma)r, = miras + mara. Thus mars = 0, and hence
r2 € rr(m2)\rr(m), a contradiction. Thus, because K is ec-CS, K is uniform. By
Zorn’s Lemma M contain a maximal local direct summand N = @,¢; N, where N,
is an uniform submodule of M for each o € I. Claim that N C®%* M. Assume that
there exists a non-zero element m € M such that mRNN = 0. Let 0 # y € M such
that 7g(y) is maximal in the set of the form {rg(m) | 0 # m € M and mRNN = 0}.
Note that yR C*** N’ for some N’ C® M. By the above argument N’ is a uniform
module. Then by the condition (C3), N @ N’ is a local direct summand, a con-
tradiction to the choice of N. Hence N C*** M and by [5, Lemma 8.1], we have
N = M. Therefore M is a direct sum of uniform modules. a

. Now, we extend Theorem 25.6 in [1] for self-injective rings to ec-quasi continuous
rings.
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orollary 5. For a ring R the following statements are equivalent:
(2) R is right noetherian;

(b) Every ec-quasi continuous right R-module is a direct sum of indecomposable
modules;

(¢} Every ec-quasi continuous right R-module has a decomposition that comple-
ments mazimal direct summands.

Proposition 6. Let M be a finitely generated ec-quasi continuous module with
Soc{M) essential in a direct summand of M. If M has ACC (or DCC) on essential
mbmodules then M is a direct sum of uniform modules. '

Proof. It follows from (5, Theorem 5.15], that M/Soc(M) is noetherian (or artinian,
respectively). Hence M/Soc(M) has finite uniform dimension and so it has ACC
on direct summands. Let S = Soc(M). Then M = M, & M,, where S C*** M,.

We now show that S is finitely generated, which would imply that M has finite
wmiformn dimension. Assume on the contrary that S is infinitely generated. Then
we may write S = @§2,S5;, where each S; is a simple module. Since M; is ec-quasi-
continuous, there are submodules N,;, Ny, ..., Np, ... of M such that S; C*** N, and
®f; NV; is a direct summand of M, for each n > 1. Clearly M, is finitely generated
and so S; # N; for infinite many i. For all ¢ > 1, set K; = N; whenever N; # S;.
By [5, Lemma 18.4), (K1 + S)/S ® (K2 + S)/S & ... is a direct sum of submodules
of M,/S and @_,(K; + S)/S is a direct summand of M;/S for each n > 1. By
ACC on direct summands, this process must stop. Hence there exists a natural
:mmber m such that Kn,4; C S, and therefore Kpm4; = Sm4; for all j > 1, which
I8 & contradiction. This implies that § is finitely generated and hence M, has finite
uniform dimension. Therefore M is a finite direct sum of uniform modules. 0

Pl‘fbposition 7. Let M = @acnM, be an ec-continuous module where each M, is
uniform. Then the following condition are equivalent:

(2) every uniform submodule of M¥ is essential in a direct summand of MY ;
(b) MY is quasi-injective.
froof. (b)=> (a) is trivial. '
(a)= (b) Assume (a). It follows by Lemma 2 that each M, is continuous and
(M,) is local. For convenience we write

Q = MN = e‘rEPQ‘rv

where each Q. is isomorphic to some M, in the set {M,/a € N}. We notice further
that, for any a, 8 € Q, every monomorphism from Qo to Qp is an isomorphism.
Hence, by (5, Corollary 8.9], we obtain that Dr_{a,} Qo is Qa,-injective for all
@y € I'. Observe that Qqo, ® Qa, is a direct summand of Q @ Q which is isomorphic
to Q. Hence every uniform submodule of Qoo PQo, is essential in a direct summand
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of Qoo ®Qa,- By [5, Corollary 8.9], Qq, is Qa,-injective. Hence Q is a quasi-injective
module, as desired. O

Proposition 8. Let M be an ec-continuous right R-module. If M has finite uniform
dimension then M is continuous.

Proof. By hypothesis, we obtain that
M=M®e&..&M,

, where each M; is uniformn ec-continuous. It follows by Lemma 2 that each M;
is continuous and hence End(M;j) is local. Note that, for any i # j, M; & M; is
ec-continuous. This implies that every uniform submordule of M; ® M; is essential
in a direct summand of M; & M;. We note that every monomorphism from M;
to M; is an isomorphism. Hence M; is Mj-injective by [5, Corollary 8.9] and so
Gix;jM; is M;-injective. Therefore, by [8, Theorem 2.13 and Theorem 3.16], M is
continuous. The proof of proposition is complete. a

4. Application: quasi-Frobenius rings
First we obtain a condition for ec-continuous ring to be self-injective.

Lemma 9. Let R be a right ec-continuous semiperfect ring. Then R is right con-
tinuous. In addition, if R satisfies the condition (»x) then R is self-injective.

Proof. By [1, Theorem 27.6], there is a complete set of orthogonal primitive idem-
potents {ey, -.., ¢,} in R such that

R=e R®... e, R,

where each End(e; R) is a local ring. Note that each e; R is indecomposable and hence
is uniform by (C1’). Clearly, e;R ~ f(e;R) C e;R for any i # j in I and every
monomorphism f from e;R to e;R. By (C2), f(e;R) must be a direct summand of
R and also of e;R. Hence f(e;R) = e; R and therefore f is an isomorphism. Since
Rg is a C'S module, by [5, Corollary 8.9], ®;cse; R is e;, R-injective for every i, € I,
where J = I\{i,}. By Lemma 2, each e; R is continuous. This implies that R is
continuous (see, for example, (8, Theorem 3.16]). Then, by previous argument, every
monomorphism from e;, R to itself is an isomorphism. Since e;_ Rg) =e; Rde; Ris
CS, e; R is e;, R-injective by [5, Corollary 8.9]. This implies that R is e; R-injective
for all i, € I. Hence R is self-injective. O

We now extend a result of Clark and Huynh [4, Theorem 1] for a right self-
injective ring to an ec-continuous ring.

Theorem 10. For a ring R the following statements are equivalent:
(a) R is QF;

(b) R is a right ec-continuous semiperfect ring satisfying (») and (»=+);
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(c) R is a right ec-continuous semiperfect ring satisfying (*) and Rg') is a CS-
module for each natural number n € IN.

Proof. (a) = (b) This is clear by Clark and Huynh [4, Theorem 1].

(b) = (c) Assume (b). By Lemma 9, R is a right self-injective and hence Rg')

is an injective module for each n € IN. Therefore Rg‘) is a CS-module for each
n € IN.

{c) = (a) Assume (c). There is a complete set of orthogonal primitive idempo-
tents {e1, ..., €} in R such that R = ¢;R® ... ® en R, and each endomorphism
ring End(e; R) is local. Since e; is primitive, e; R is indecomposable. By Lermnma 9,
Rp is continuous and hence each e; R is 2 uniform continuous module. Note that

R ~ (eaR)\M ... & (enR)™.

We write RS{‘” in the form R%N) = @acala, where each I, is isomorphic to some
e;R in {e;R,...,e,R} and A is an index set. Now we shall use an argument in
the proof of Clark and Huynh [4, Lemma 5(i)] to show that every closed uniform
submodule of R(™) is essential in a direct summand of R(™). Let V be a closed
uniform submodule of R™. Then, by (*), there exists a finite subset F of A such
that V C @aerlo- Since RE is a CS-module by our assumption, it follows that

@®aerl, must be also CS. Hence V is a direct summand of @,erlo and also of
RN

Now, it follows by Proposition 7 that R(®V) is self- injective. Hence R is a £-CS .

module by [5, Corollary 11.13). Therefore, by [4, Theorem 1], R is a QF ring. Thus
our proof is complete. Q

Next, we improved the results of Camillo and Yousif [3, Theorem 1] for a two-

sided continuous ring and Faith [6, Theorem 2] for a self-injective ring to a one
sided ec-continuous ring.

Proposition 11. A ring R is QF if and only if R is a right ec-continuous ring
which satisfies (¥x) and has ACC on right annihilators.

Proof. By Proposition 4, R is a direct sum of indecomposable modules. Then, there
exists a complete set of orthogonal primitive idempotents {e;, ..., e,} such that
R=e R®...®e, R. Clearly each ¢; R is indecomposable ec-continuous. By Lemma
2 each of endomorphism End(e;R) ~ e;Re; is local. Hence, by [1, Theorem 27.6],

R is semiperfect and so it is self-injective, by Lemma 9. Therefore, by Faith [6,
Corollary 4], R is a QF ring. a

Proposition 12. Let R be an ec-continuous ring with Soc(R) essential in a direct

summand of R. If R satisfies (*x) and has ACC on essential right ideals then R is
QF.

Proof. By Proposition 6, R is a direct sum of uniform modules. Thus, there is a
complete set of orthogonal primitive idempotents {e;, ..., €s} in R such that R =



NMAHWIN 4/9

A Generalization of Continuous Modules and Their Application to QF-rings 17

eaR® ... ® enR. By Lemma 2, we note that each endomorphism ring End(e; R) =~
e;Re; is a local ring. Hence R is a semiperfect ring and it implies that Rp is
self-injective. Therefore R is QF. -

Finally, we improve Nicholson and Yousif’s result [9, Corollary 2] for a two sided
quasi-continuous ring to a one sided quasi-continuous rings.

Proposition 13. A ring R is QF if and only if R is a right gquasi-continuous ring
which satisfies (xx) and has DCC on essential right ideals.

Proof. The necessity is clear. Suppose that Rz is quasi-continuous ring satisfying
(#+) and has DCC on essential right ideals. It follows by [5, Theorem 18.5] that Ry
is artinian and hence it is semiprimary by [1, Theorem 15.20]. Then, by [9, Lemma
6], R is right continuous. It follows by Lemma 9 that R is self-injective and hence,
by [5, Corollary 18.13], R is a QF-ring. 0O

We conclude the paper with some remarks.

Remark. _
(a) The results in this paper remain true (with similar arguments) if the condi-
tion “(*%)” is replaced by the weaker condition that “every uniform submodules of

(eR)®) is essential in a direct summand of (eR)(?), for each primitive idempotent
eER".

(b) In Theorem 10, we can replace the condition “R is semiperfect” by the con-
dition “R has finite Goldie dimension”.

Acknowledgements. I would like to express my thanks to Professor Sompong

Dhompongsa for drawing my attention to the subject and for many useful discus-
sions.
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Abstract

For a finitely generated self-projective right R-module M, we show
that if every proper cyclic subfactor of M is a direct sum of a CS-
module and a module of finite uniform dimension, or a direct sum of
an M-projective module and a module ¢, where @ is either CS or
noetherian, then every factor module of M has finite uniform dimension.
Consequently, (i) a ring R is right noetherian if and only if every proper
cyclic right R-module is a direct sum of a projective module and a
module Q, where @ is either injective or noetherian, and (ii) a ring R
is right noetherian if and only if every proper finitely generated right

R-module is a direct sum of a projective module and a module @, where
Q is either CS or noetherian.

1. Introduction

The study of noetherian rings, via decomposition properties of cyclic or finitely
generated modules, was initiated by P.F. Smith in [13]. On the other hand, A.
Chatters state that a ring R is right noetherian if and only if every cyclic right
R-module is a direct sum of a projective module and a noetherian module [2].
Later on, Osofsky and Smith proved in [11] that a ring R is right noetherian
and hereditary if every cyclic right R-module is a direct sum of a projective
module and an injective module. It was shown futher by Huynh and Rizvi
(see [9]) that a ring R is right noetherian if and only if every cyclic right R-
module is a direct sum of a projective module and a module Q, where Q is
either injective or noetherian. Rings over which proper cyclics are injective

2000 Mathematics Subject Classification : 16K20, 16P20, 16P40
E{eywords : Noetherian modules and proper cyclic subfactors.
Supported by The Thailand Research Fund under grant PDF/91/2544.
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have been studied by many authors, including J.H. Cozzens, R.F. Damiano,
C. Faith, and others (see [3],[4] and [6]).

In this paper, we use module-theoretic methods to consider the related
properties in more general setting. We first show that for a finitely generated
self-projective right R-module M, if every proper cyclic subfactor of M is a
direct sum of a CS-module and a module of finite uniform dimension, or a
direct sum of an M-projective module and a module @, where @ is either CS
or noetherian, then every factor module of M has finite uniform dimension.
Consequently, a ring R is right noetherian if and only if every proper cyclic
right R-module is a direct sum of a projective module and a module @, where Q
is either injective or noetherian. We also show that a ring R is right noetherian
if and only if every proper finitely generated right R-module is a direct sum of
a projective module and a module Q, where @ is either CS or noetherian.

Throughout this paper, all rings R are associative rings with identity and
all modules are unitary right R-modules. For a module M we denote by o[M]
and Soc(M) the full subcategory of Mod-R, whose objects are submodules of
M-generated modules, and the socle of M, respectively. If M = Soc(M), then
M is called a semisimple module. A submodule of a factor module of M is
called subfactor of M. A cyclic subfactor of M which is not isomorphic to M
is called proper cyclic subfactor of M. A cyclic right R module C is called a
proper cyclic right R-module if C % Rg. A finitely generated right R-module
X is called proper if X is not isomorphic to Rg.

The reader is referred to Anderson-Fuller [1] and Wisbauer [15] for un-
defined notions, and basic facts concerning injective modules, CS-modules,
singular module, noetherian modules and noetherian rings. For the sake of
convenience, we cite the following results which will be used in the sequel.

Lemma 1 [14, Proposition 4.3). Let U be a uniform right R-module and S
a sitmple right R-module such that U® S is CS then S is (U/Soc(U) )-injective.

Lemma 2 (7, p.254]. A ring R is right noetherian if and only if every
cyclic right R-module is injective or a direct sum of a projective module and a
noetherian module.
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2. Main Results

We consider the following two conditions for a proper factor module C of a
right R-module M:

(¥) C is a direct sum of a CS-module and a module of finite uniform
dimension;

(**) C is a direct sum of an M-projective module and a module Q, where
Q is either a CS-module or a noetherian module.

The condition (**) was first considered in [9] for cyclic modules in Mod-R,
where “CS” is replaced by “injective”.

The following is our main result:

Theorem 3. Let M be a finitely generated self-projective right R-module.
Assume that every proper cyclic subfactor of M satisfies (*) or (¥*). Then
every factor module of M has finite uniform dimension.

Proof. Let X be a factor module of M and let E be an essential submodule
of X. Then, clearly, X/FE is M-singular and hence X/E % Mg since M is self-
projective. Moreover, we see that any cyclic subfactor of X/E can not contain
any non-zero M-projective submodule and so they are not isomorphic to Mg.
Hence, by assumption, X/FE is a direct sum of a CS-module and a module of
finite uniform dimension or X/E is noetherian. Therefore, by [5, Corollary
9.4], we see that X/E has finite uniform dimension. Hence X/Soc(XR) has
finite uniform dimension by [5, Lemma 5.14].

To finish our proof it suffices to show that Soc(X) is finitely generated.
Assume on contrary that Soc(X) is infinitely generated. Then we may write
Soc(X) = W @V, where W and V are infinite direct sums of simple modules.

Since W can not be a direct summand of X, it follows that X/W % Mgz. By
hypothesis, we have

(1)
X/W=QoF,
where Q is CS and F has finite uniform dimension.

3
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By using the same argument to the module Q, we see that Q/Soc(Q) has
finite uniform dimension. If Soc(Q) is infinitely generated, then, by {5, Lemma
9.1], @/Soc(Q) has infinite uniform dimension, a contradiction. Hence Soc(Q)
and therefore X/W has finite uniform dimension. This contradicts X/W has
infinite uniform dimension. Therefore the decompoéition (1) is not possible
and we have

()
X/W =P &Q,

where P, is a projective module and @Q,;(# 0) is either a CS-module or a
noetherian module. Let Q; be the inverse image of @; in X. Then clearly
P, ~ X/Q,, and Q,/W (being isomorphic to @) is either a CS-module or a
noetherian module. Since P, is projective, X = @, @ @ for some submodule
Q2 of X. Then Soc(X) = Soc(Q,) ® Soc(Qz). Note that @, is a finitely
generated right R-module. Thus by the argument as above, Q;/Soc(Q;) has
finite uniform dimension. If @, is CS then, by [5, Lemma 9.1], Soc(Q) is
finitely generated. This implies that @Q;, and so Q;/W, has finite uniform
dimension. Hence, in any case, Q,, and so Q;/W, has finite uniform dimension.
Therefore, Soc(Q3) is clearly infinitely generated since Q; ~ P, has infinite
uniform dimension but Q;/Soc(Q2) has finite uniform dimension.

Because W C @, and W is an infinite direct sum of simple modules, @,
has an infinitely generated socle. Note that

X/So0c(X) = (@1/Soc(@1)) @ (Q2/50c(Q2)),

where Q; # Soc(Q,) and Q2 # Soc(Q2). Hence, X/Soc(X) has uniform
dimension at least 2. Applying the same arguments to the module @, and
continue the process in a similar manner, an obvious induction shows that
X/Soc(X) has infinite uniform dimension, which is a contradiction to the
fact that X/Soc(X) has finite uniform dimension. This shows that Soc(X)
is finitely generated and so X has finite uniform dimension. Therefore every
factor module of M has finite uniform dimension. O

Theorem 3 gives immediately the following result.

Corollary 4. Let R be a ring which every proper cyclic right R-module is a
direct sum of a CS-module and a module of finite uniform dimension , or a

4
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direct sum of a projective module and a module Q, where Q is either CS or
noetherian. Then every cyclic right R-module has finite uniform dimension.

As an application, we have the following corollary.

Corollary 5. A ring R is right noetherian if and only if every proper cyclic
right R-module is a direct sum of a projective module end a module Q, where
Q is either injective or noetherian.

Proof. Let E be an essential right ideal of R. Then R/E is clearly singular
and R/E % Rgp. Moreover, every cyclic right (R/E)-module can not contain
any projective submodule and so they are not isomorphic to Rg. By hypoth-
esis, they are either an injective module or a noetherian module. Hence, by
Lemma 2, R/FE is right noetherian and therefore R/Soc(Rp) is right noethe-
rian by [5, 5.15]. By Corollary 4, R has finite uniform dimension and hence
Soc(Rp) is finitely generated. Therefore R is right noetherian as desried. 0O

Proposition 8. Let M be a finitely generated self-projective right R-module.
If every proper cyclic subfactor of M is a direct sum of a projective and a
noetherian module then M is a noetherian module.

Proof. Let E be an essential submodule of M. Then M/E is M-singular
and M/E # M. By hypothesis, M/E is noetherian so that M/Soc(M) is
noetherian by [5, 5.15]. Moreover, by Theorem 3, M has finite uniform dimen-
sion so that Soc(M) is finitely generated. Hence M is notherian. o

Proposition 7. Let M be a cyclic self-projective right R-module . If every
proper cyclic subfactor of M is a direct sum of a projective module and an
M -injective module then M is a noetherian module.

Proof. Let E be an essentail submodule of M. Then M /E is M-singular
and M/E % Mp. This implies that every cyclic subfactor of [M/E] is a
proper cyclic subfactor of M. By hypothesis, it is M-injective and so M/E
is a semisimple module. Consequently, by [5, 5.15], M/Soc(M) is noetherian.
Moreover, M has finite uniform dimension by Theoerem 3 and hence Soc(M)
is a finitely generated right R-module. This shows that M is noetherian. O

Corollary 8 If every proper cyclic right R-module is a direct sum of a projec-
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tive module and an injective module then R is right noetherian and hereditary.

Proof. By Proposition 7, R is clearly right noetherian. Let L be an
injective right R-module and N C L. Then, there is an injective hull E(N) of
N in L such that L = E(N) & K for some injective submodule K of L. By
our assumption we see that every cyclic singular right R-module is an injective
module. Since L/N ~ ((E(N)/N)@® K), it follows by [11, Corollary 5] that the
singular module E(N)/N is injective. This implies that L/N is also injective.
Hence R is right hereditary by [5, 3.9]. O

It was proved in [12, Theorem 1] that a ring R is noetherian if every finitely
generated right R-module is a direct sum of a projective module and a CS-
module. We consider below a similar question for proper finitely generated
modules using Theorem 3.

Lemma 9. A ring R is right noetherian if every proper finitely generated right
R-module is either CS or noetherian.

Proof. By Theorem 3, every factor module of Rr has finite uniform di-
mension. In particular, Ry has finite uniform dimension and hence it is a finite
direct sum of uniform modules. Assume that Ry is not noetherian. Then R
must be CS. Hence there exists a (uniform) direct summand U of R which is
not noetherian. Clearly, U is a CS-module and U/Soc(U) has finite uniform
dimension.

We claim that U/Soc(U) is a V-module. Suppose that S is a simple right
R-module. Note that S @ U is not noetherian and by our assumption, S ® U
must be CS. Then, by Lemma 1, S is (U/Soc(U))-injective. This shows that
U/Soc(U) is a V-module. If Soc(U) = 0 then U is a V-module. By [8, Lemma
2], U is noetherian, a contradiction. Hence Soc(l/) # 0 and so Soc(U/) is an
.essential submodule of U. By the argument as above we obtain that U/Soc(U)
 has finite uniform dimension. Hence, by [8, Lemma 2], U/Soc(U) is noetherian
and therefore U is noetherian since Soc(U) is simple. This contradict U is not
noetherian. Thus, M is a noetherian module, completing our proof. O

Proposition 10. A ring R is right noetherian if and only if every proper
fintely generated right R-module is a direct sum of a projective module and a
module QQ, where Q is either CS or noetherian.

6
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Proof. We first show that R/Soc(R) is noetherian. Let E be an essential
right ideal of R. Set N = R/E. Then Npg is a singular module. Clearly,
every finitely generated module in o[N] can not contain nonzero projective
submodules. By our assumption, every finitely generated right R-module in
o[N] is either CS or noetherian. Then, by Lemma 9, N is noetherian and
hence R has ACC on essential submodules. This shows that R/Soc(Rp) is
noetherian by [5, 5.15(1)]. Moreover, by Theorem 3, Rp has finite uniform
dimension. Hence Soc(M) is finitely generated and therefore M is noetherian
as desired. O
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