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The purpose of this research was establish some characterizations of the
classical rings through the class of generalized of injective modules. Our maim results,
among any others, are list as follow:

1. Avring R is right noetherian if and only if every 2-generated right R-module is a
direct sum of a projective module and a module that is either CS or noetherian.

2. Aring R is right artinian if and only if every 2-generated right R-module is either
quasi-continuous or finite length.

3. A simple ring R is right noetherian if and only it every cyclic singular right R-module
is either a CS-module or a noetherian module.

4. Let R be a prime ring. If every proper cyclic right R-module is a direct sum of a
quasi-injective module and a finitely cogenerated module, then R is either
semisimple artinian or right Ore domain.

5. A prime ring R is right noetherian if and only if every cyclic right R-module is a
direct sum of a quasi-injective module and a noetherian module.

6. A ring R is semiperfect if every cyclic right R-module is a direct sum of a
continuous module and a semiperfect module.

7. Arring R is right noetherian if and only if every countably generated right R-module
is a direct sum of a continuous module and a locally noetherian module.

8. Arring R is right artinian if and only if every countably generated right R-module is
a direct sum of a continuous module and a locally artinian module.

9. Arring R is right artinian if every countably generated right R-module is a direct
sum of a quasi-continuous module and a semisimple module.

10. Aring R is right artinian if every right R-module is a direct sum of a CS-module

and a semisimple module.

Keywords : Noétherlan rings, Artinian rings, Injective modules, Continuous

modules, CS-modules
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1) Conditions for a rings to be noetherian and artinian
Abstract. Let M be a finitely generated module. It is shown that M is noetherian if
and only if every finitely generated module in 6[M] is a direct sum of a projective
module and a module Q, where Q is either CS or noetherian. Consequently, (i) a ring R
is right noetherian if and only if every 2-generated right R-module is a direct sum of a
projective module and a module that is either CS or noetherian, and (ii) a ring R is
right artinian if and only if every 2-generated right R-module is either quasi-continuous r

finite length.(aTwasidualumenuan 1)



2) On simple noetherian rings

Abstract. A module M is called a CS-module (or extending module ) if every
submodule of M$ is essential in a direct summand of M. It is shown that (i) a simple
ring R is right noetherian if and only if every cyclic singular right R-module is either a
CS-module or a noetherian module, (ii) over a prime ring R if every proper cyclic right
R-module is a direct sum of a quasi-injective module and a finitely cogenerated module,
then R is either semisimple artinian or right Ore domain, and (iii) a prime ring R is right
noetherian if and only if every cyclic right R-module is a direct sum of a quasi-injective

module and a noetherian module. (AT1AzIBHAIUAIAKUIN 2)

3) Rings with many direct summands

Abstract. It is shown that (i) a ring R is semiperfect if every cyclic right R-
module is a direct sum of a continuous module and a semiperfect module, (ii) a ring R
is right noetherian if and only if every countably generated right R-module is a direct
sum of a continuous module and a locally noetherian module, (iii} a ring R is right
artinian if and only if every countably generated right R-module is a direct sum of a
continuous module and a locally artinian module,(iv) a ring R is right artinian if every
countably generated right R-module is a direct sum of a quasi-continuous module and a
semisimple module, and (v) a ring R is artinian if every right R-module is a direct sum
of a CS-module and a semisimple module. (gﬂﬂﬂ:tﬁﬂﬂ‘lun'muu‘m 3)

4) A generalization of continuous modules and their application to QF-
rings

Abstract. A ring R is called quasi-Frobenius, briefly QF, if R is right or left
artinian and right or left self-injective. In this note we study the new class of modules
which generalize the concept of continuous (quasi-continuous) modules, that is, ec-
continuous (ec-quasi-continuous) modules. We prove the decomposition theorems for
ec-quasi-continuous modules, and we aiso give a sufficient condition for ec-continuous
to be continuous. Moreover, we give a characterization of QF-rings with the injectivity

condition replaced by ec-continuity. (@T1DAIBAlLNIAKKIN 4)

5) Modules charaterized by their proper cyclic subfactors
Abstract. For a finitely generated self-projective right R-module M, we show that if
every proper cyclic subfactor of M is a direct sum of a CS-module and a module of

finite uniform dimension, or a direct sum of an M-projective module and a module Q,
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where Q is either CS or noetherian, then every factor module of M has finite uniform
dimension. Consequently, (i) a ring R is right noetherian if and only if every proper
cyclic right R-module is a direct sum of a projective module and a module Q, where Q
is either injective or noetherian, and (ii) a ring R is right noetherian if and only if every
proper finitely generated right R-module is a direct sum of a projective moduile and a

module Q, where Q is either CS or noetherian. (g731 pazidualumanwan 5)
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ABSTRACT

Let M be a finitely generated module. It is shown that M is
noetherian iff every finitely generated module in o[M] is a
direct sum of a projective module and a module Q, where Q is
either CS or noetherian.

A module M is called a CS-module (or an extending module [1]) if every
submodule of M is essential in a direct summand of M. The study of rings
over which finitely generated right modules are CS was initiated by Huynh,
Rizvi and Yousif [2]. They were shown that such rings must be right noe-
therian. On the other hand, Huynh showed in [3] that a ring R is right
noetherian if and only if every cyclic right R-module is injective or a direct
sum of a projective module and a noetherian module.

In this note we consider some properties of 2-generated modules in
Mod-R which make R to be right noetherian or right artinian. For the basic

definitions and properties of rings, modules and categories we refer to
Wisbauer [4).

*Corresponding author. E-mail: somyotp@nu.ac.th
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Lemma 1. If Ug (resp. Sr) is a uniform (resp. simple) right R-module such
that U® S is CS, then S is (U/Soc(U) )-injective.

Proof: See [5]. 0

Lemma 2. Ler My be a finitely generated module such that M /Soc(M) is
noetherian. If for any direct summand N of M and for any submodule
H C Soc(N), N/H is a direct sum of a projective module and a module of finite
uniform dimension, then M is noetherian.

Proof. Using the same argument presented in the last part of the proof of
[6, Theorem 1]. O

Lemma 3. Ler Mz be a finitely generared module. If every finitely generated
module in ¢[M] is either CS or noetherian, then M is noetherian.

Proof. By [1, Corollary 9.4], every factor module of M has finite uniform
dimension. If M is not noetherian, then M must be CS. Hence there is a non-
noetherian uniform direct summand U of M. It implies that U is finitely
generated, U/Soc(U) is also non-noetherian, and every factor module of
U has finite uniform dimension. For any simple module S € ¢[M], S U
is CS because it is finitely generated and non-noetherian. By Lemma 1,
S is U/Soc(U)-injective. This shows that U/Soc(U) is a V-module,
Hence U/Soc(U) is noetherian by [7], a contradiction. Thus M must be
noetherian. O

A module M is said to satisfy the condition (*) if every finitely gen-
erated module in g[M] is a direct sum of a projective module and a moduie
Q, where Q is either CS or noetherian. .

The condition (*) was first considered in [8] for cyclic modules in
Mod-R, where “CS™ is replaced by “injective”.

Theorem 4. If M is a finitely generated module satisfying (*), then M is
noetherian.

Proof. Let E be an essential submodule of M, then N = M/E is a singular
module. It implies that each finitely generated module in ¢[N] is either CS or
noetherian. Hence N is noetherian by Lemma 3. Thus M/Soc(M) is noe-
therian by [1, 5.15(1)).

Next, if K is a direct summand of M and N be a submodule of Soc(KX),
then by hypothesis, X/N is a direct sum of a projective module P and a
module Q, where Q is noetherian or CS. Clearly, Q is finitely generated, and
Q/Soc(Q) is noetherian. Hence, Soc(Q) must have finite length also in case
Q being CS (see.[1, 9.1]). We have shown that, in any case, the uniform
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dimension of @ is finite. Now applying Lemma 2 we get that M is
noetherian. O

From the proofs of Lemma 3 and Theorem 4 we see that, if we put
Mgz = R, then Lemma 3 and Theorem 4 remain true for R even if we make

the same assumption only on 2-generated right R-modules. That means we
obtain the following.

Corollary 5. A ring R is right noetherian if and only if every 2-generated
right R-module is a direct sum of a projective module and a module thar is
either CS or noetherian.

We remark that if we assume the same only for cyclic right R-modules
then the situation is much more complicated, and we don’t know yet if R is
right noetherian or not. It was shown in [8] by Huynh-Rizvi, that a ring R 1s
right noetherian iff every cyclic right R-module is a direct sum of a projective
module and a module that is either injective or noetherian.

Corollary 6. A ring R is right artinian if and only if every 2-generated right
R-module is either quasi-continuous or of finite length.

Proof. One direction is clear. Now consider R with every 2-generated right
R-module quasi-continuous or of finite length. By Corollary 5, R is right
noetherian. If R is not right artinian, then (R @ R), is quasi-continuous.
Hence R is right self-injective. Then, it is known that R is right (and left)
artinian, a contradiction. Hence R must be right artinian. O

Proposition 7. Let R be a ring such that every 2-generated right R-module is
a direc: sum of a projective module and a quasi-continuous module. If R/J is
von Neumann regular, then R is a right artinian ring with J* = 0. where J is the
Jacobson radical of R.

Proof. From the assumption it follows that every singular 2-generated
right R-module is quasi-continuous. Hence by [9], R/Soc(Rg) is right SI
with J2 = 0. Moreover, by Corollary 5, R is right noetherian. As R/J is von
Neumann regular, R is semiprimary. Thus R is right artinian, as desired.

B
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ABSTRACT. It is shown that (i) a ring R is semiperfect if every cyclic
right R-module is a direct sum of a continuous module and a semiperfect
module. (ii) a ring R is right noetherian if and only if every countably
generated right R-module is a direct sum of a continuous module and a
locally noetherian module, (iii) a ring R is right artinian if and only if
every countably generated right R-module is a direct sum of a continuous
module and a locally artinian module, (iv) a ring R is right artinian if
every countably generated right R-module is a direct sum of a quasi-
continuous module and a semisiinple module, and (v) a ring R is artinian
if every right R-module is a direct sum of a CS-module and a semisimple
module.

1. INTRODUCTION

A module Af is called a CS-module (or an extending module [6]) if ev-
ery submodule of Af is essential in a direct summand of M. CS-modules
generalize quasi-continuous modules. which in turn generalize continuous,
quasi-injective and injective modules, in this order (see example [11]). It
was proved by Jain and Mohamed [10] that a ring R is semiperfect if every
cyclic right R-module is a continuous module. The study of rings, via de-
composition properties of cyclic or finitely generated modules, was originally
initiated by P. F. Smith in [14]. A famous theorem of Chatters stated that a
ring R is right noetherian if and only if every cyclic right R-module is a direct
sum of a projective module and a noetherian module (see (2, Theorem 3]).
Moreover, Dung and Smith showed in [5, Theorem 7 and Theorem 11] that
a ring R is right and left artinian, right and left serial with J(R)? = 0 if
and only if every right R-module is a CS-module, and if and only if every
cyclic right R-module is a direct sum of an injective module and a semisim-
Ple module. On the other hand, it was shown in [6, 20.9] that there is a
non-right noetherian ring R for which every cyclic right R-module is a direct
sum of an injective module and a noetherian module. However, we notice
that a ring R is right noetherian if and only if every right R-module is a

direct sum of an injective module and a locally noetherian module (see [6,
9.15]). '

1991 Mathematics Subject Classification. Primary 16P40, Secondary 16D40, 16D50,
16D70.

Key words and phrases. Semiperfect rings, Noetherian rings and Artinian rings.
Supported by Thailand Research Fund under grant PDF/91/2544.
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In this paper, we consider the related properties in more general settings.
First, we shows that a ring R is scmiperfect if every cyclic right R-module
is a direct sum of a continuous module and a semiperfect module. Further
we proves that (i) a ring R is right noetherian if and only if every count-
ably generated right R-module is a direct sum of a continuous module and
a locally noetherian module. (ii) a ring R is right artinian if and only if
every countably generated right R-module is a direct sum of a continuous
module and a locally artinian module. (iii) a ring R is right artinian if every
countably generated right R-mnodule is a direct sum of a quasi-continuous
module and a semisimple mmodule. and (iv) a ring R is artinian if every right
R-module is a direct sum of a CS-module and a semisimple mmodule.

2. PRELIMINARIES

Throughout this paper we consider associative rings R with identity and
unitary right R-modules. For a module A we denote by Soc(M) and E(M)
the socle and the injective hull of M. respectively. If M = Soc(M), then M
is called a semisimple module. A right R-module M is called semiperfect if
it is a projective module and every its homomorphic image has a projective
cover.

We will refer to Anderson and Fuller [1], Dung, Huynh, Smith and Wis-
bauer [6] and Wisbauer [15] for undefined notions used in the text, and also
for basic facts concerning CS-modules, noetherian rings and artinian rings.
We begin with the following lemmas.

Lemma 1 ([3, Theorem 1.24]). Let R be a prime right Goldie ring and

assume that the socle Soc(Rgr) of R is non-zero, then R is semisimple ar-
tinian.

Lemma 2 ([9, Lemma 1]). Let R be a semiprime right Goldife ring. If. every
uniform right ideal of R is countably L-CS, then R is semisimple artinian.

Lemma 3. Let R be a ring which every cyclic right R-module is a direct sum
of a projective module and a CS-module. Then every cyclic right R-module
has finite uniform dimension.

Proof. Let X be a cyclic right R-module. We first aim to show that
X/Soc(X) has finite uniform dimension. Let E be an essential submod-
ule of X, and set M = X /E. Let o[M] denote the full subcategory of
Mod-R whose ob jects are submodules of M -generated modules. By our as-
sumption, every cyclic module in o[M] is CS. Hence, M has finite uniform
dimension by [6, Corollary 9.4]. Therefore, by [6, Lemma 5.14], X/ Soc(X)
has finite uniform dimension.
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Now we shall use an argument in [13. Theorem 1, p. 160] to show that
Soc(X} is finitely generated. Assume on the contrary that Soc{X) is infin-
itely generated. Then we may write Soc{.X) = H, & H,. where H, and H-
are infinite direct sums of simple modules. By hypothesis. we have X/H| =
P, ® Q) where P, is a projective module and @) is a CS-module. Let Q, be
the inverse image of Q) in X. Then clearly P, ~ X/Q,. and Q,/H, (being
isomorphic to @) is a CS-module. Since P is projective. X = Q, © Q> for
some submodule Q2 of X. Then Soc(X) = Soc(Q;) & Soc(Q-).

Observe that, because @,/ Soc(@Q;) has finite uniform dimension by the
above argument, and ), is a finitely generated CS-module. it follows from
[6, Lemma 9.1] that Soc{Q,) is finitely generated. Hence Q;. and so Q,/H];.
has finite uniform dimension. Since H; =~ Soc(X)/H, has infinite uniform
dimension, it follows that X/H, has infinite uniform dimension. Therefore.
this clearly implies that Soc(Q>) is infinitely generated since Q2 ~ P, has
infinite uniform dimension but Q»/ Soc(Q-) has finite uniform dimension.
Note that

X/ Soc(X) = (Q1/Soc(Q1)) & (Q2/ Soc(Q2)).
where Q; # Soc(Q;) and Q2 # Soc(Q;). Hence, X/Soc(X) has uniform
dimension at least 2. Applying the same arguments to the module Q2. and
continuing the process in a similar manner. an obvious induction shows that
X/ Soc(X) has infinite uniform dimension. a contradiction. This shows that
Soc(X) is finitely generated, and therefore X has finite uniform dimension,
completing our proof. 0

3. THE MAIN RESULTS
We start our investigation by proving the following result.

Theorem 4. Let R be a ring. If every cyclic right R-modul_e i5 a fiz'rect sum
of a continuous module and a semiperfect module, then R is semiperfect.

Proof. Note that every semiperfect module is projective. By our assum.ptign,
we see that every cyclic right R-module is a direct sum of a projective
module and a continuous module. Hence, by Lemma 3, R has finite uniform
dimension. Therefore

R=(C1®--- &Cm)®(5),

where each C; are continuous indecomposable and S is semiperfect. No-
tice that each C; has a local endomorphism ring. Since each C; is finitely
generated self-projective, it follows by [15, 41.4] that each C; is local and
Rad(C;) « C;. Moreover, it follows by [15, 42.5] that S = 51 & - -- & Sh,
where each §; is local and Rad(S) <« S. Hence R is a direct sum of local
modules and Rad(R) <« R. Therefore R is semiperfect by [15, 42.6]. 0
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Corollary 5. A ring R is semiperfect if every cyclic right R-module is a
direct sum of a continuous module and a module of finite length.

Proof. It follows [6, Corollary 9.4] that R has finite uniformm dimension.
Then as done in the proof of Theoremn 4, we get R is semiperfect since every
indecomposable module of finite length has a local endomorphism ring. O

Lemma 6. If R'™) is guasi-continuous. then R is QF.

Proof. First we observe that R(™) @ R s isomorphic to R(™), Since
R is quasi-continuous. it follows that R{™) is self-injective. This implies
that R™) is injective and hence. by {7. Proposition 20.3A], R is Z-injective.
Therefore R is a QF-ring by [6, 18.1]. O

We are now in position to prove our main results.

Theorem 7. A ring R is noetherian if and only if every countably gener-
ated right R-module is a direct sum of a continuous module and a locally
noetherian module.

Proof. The necessity is clear since every right module over a noetherian ring
is locally noetherian. Conversely, we first observe that Rg = C © N, where
C is continuous and N is noetherian. By [6, Corollary 9.4], it follows that
Rz has finite uniform dimension. Hence

Rp = (6P Ca) @ (D Np),

acl 3eJ
where each C, is indecomposable continuous and each N is indecomposable
noetherian. Without loss of generality we clearly may assume that each_C,_,
is non-noetherian. Set R = R/N = (P,¢c; Co)- We aim to show that R is
noetherian. By our assumption, we obtain that

where ¢ is continuous and N is locally noetherian. Since R(P') =
@oe: Co'™) and each C, has a local endomorphism ring,“it follows by the
Azumaya theorem that every non-zero direct summand of R{(®} has an inde-
composable direct summand K which is isomorphic to some C, € {C, | @ €
I} If N # 0, then there exists C‘,y (= {Ca | a € I} which is isomorphic to a
direct summand of N. Hence C, is noetherian since it is finitely generated,
a contradiction. Then N = 0 and hence R(¥) is a continuous module. It
follows by Lemma 6 that R(™) is a QF-ring and hence it is right noetherian.
Therefore R is right noetherian, as desired. O

As a consequence of Theorem 7 we obtain the following characterization
of artinian rings.
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Corollary 8. A ring R is right artinian if and only if every countably gen-

erated module is a direct sum of a continuous module and a locally artinian
module.

Proof. The necessity is clear since every right module over an artinian ring
is locally artinian. Conversely. we first see that Rg = C @ A, where C
is continuous and A is artinian. Without loss of generally we may write
C = @;-, C.. where each C; is an indecomposable continuous non-artinian
module. By using an argument similar to that of the proof of Theorem 7
we can verify that R/4 is a QF-ring. Therefore R is right artinian. O

Lemma 9. Let R be a prime right noetherian ring. If every countably
generated right R-module is a direct sum of a CS-module and a semisimple
module. then R is semisimple artinian.

Proof. If Soc(Rg) # 0, then it follows by Lemnma 1 that R is semisimple
artinian. We now suppose that Soc(Rr) = 0. Let U” be any uniformn right
ideal of R. By our assumption. U™ = C & S. where C is CS and S is
semisimple. Since Soc(UM} = 0. it follows that U is countably £-CS. This
implies that every uniform right ideal of R is countably L-CS. Hence R is
semisimple artinian by Lemma 2. which is a contradiction to our assumption.
Therefore R is right semisimple artinian. completing our proof. O

Theorem 10. A ring R is right artinian if every countably generated .right
R-module is a direct sum of a quasi-continuous module and a semisimple
module.

Proof. We first show that R is right noetherian. Without loss of generality
we may assume that R is quasi-continuous and R = € ,¢; Ca. where eaf:h Ca
is an indecomposable non-simple quasi-continuous module. For convenience,

we Wwrite _
Q=rM=€PcC,.
vel

where each C,, is isomorphic to some C, in {Co | @ € I}. By assurfu-)tlon,
D,ecr C, = RY) = C @ S where C is a CS-module and § is a semisimple
module. Since every quasi-injective module has the exchange property, it
follows that evel‘ Cy,=S5S®(Der, c,) f01: so-me I'p CT. Asstn'n-e I'pCT.
Then S = 616(1‘\1‘ o) C, and hence each C, is simple, a contradiction. Thus
S = 0 and therefore R is right countably Z-CS. _ . .

For any a € I, we see that C, ®Co = Q& S) where Q is quasi-continuous
and S) is semisimple. If S; # 0, Co = 51 by the exch.ange pro-perty-of S,
a contradiction. Hence S; = 0 and therefore C, & C, is a qua.srcontmuoqs
module for each o € I. It follows by [11. Theorem 2.1.3] th_at. each C, is
qQuasi-injective and hence each C, has a local endomorphism ring. Therefore
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R is a semiperfect ring. By (8. Theorem 1]. we obtain that R is right =-CS
and hence R has ACC on right annihilators by [4. Corollary 2.9]. It implies
by [12, Lemma 3] that every CS right R-module is a direct sum of uniform
submodules. Therefore R is right noetherian by [12. Theorem 4].

Next, we aim to show that R is right artinian. Assumne on contrary that
R is not right artinian. Then. by (7. 18.34B]. there exist a prime ideal P of
R such that R/P is not right artinian. Put R = R/P. Hence R is a prime
right noetherian ring such that cvery countably generated right module over
factor ring R is a direct sum of a CS module and a semisimple module. It
follows by Lemma 9 that R is right artinian. a contradiction. Therefore R
is right artinian. completing our proof. O

Corollary 11. A4 ring R is right artinian if every right R-module i+ a direct
sum of a CS-module and a semisimple module.

Proof. Using the same argument presented in the proof of Theorem 10. [0
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