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Abstract

This research has studied the characteristics of electric field and force induced by the field for (1) a

single particle under an applied electric field, (2) an isolated particle in a system of dielectric barrier,

and (3) a system of particles under an external field. Results of the studies may be summarized as

follows:

We have presented the method of images for calculating electric field in two-dimensional
arrangements. The method utilizes multipoles as the images to satisfy boundary conditions.
The images are given for planar or cylindrical boundaries between two dielectrics and for
those between a dielectric and a conductor. We introduce the use of three kinds of
multipole re-expansions, which enables the calculation of images in complicated
arrangements. The method has a clear advantage over using only line charges or line
dipoles when the arrangement under consideration consists of more than two objects. In
addition, the proposed method is also applicable to the estimation of the electric field and
force on a very long particle.

For the level of a single particle, the research is focused on (1) intersecting spherical
particle and (2) spheroid particle. In arrangements of intersecting conducting spheres, the
application of the method of images to the calculation of electric field is presented. The
method is applicable for cases of electrically floating, grounded, or energized conducting
spheres that intersect each other. Examples are given for two grounded intersecting
spheres of equal radii and those of different radii, respectively, under an external uniform
field. The results for the spheres of equal radii agree well with the analytical solutions for
the case of completely overlapped spheres and touching spheres, respectively. For the
spheres of different radii, the numerical results show that the method may also be used
when the degree of intersection is not too high.

For an isolated spheroidal particle with insulating membrane, we have analyzed the
membrane voltage and the polarization factor using a precise model, by which the
membrane has a uniform thickness. The analytical method is based on the harmonic
expansion of the field, to include the condition of the uniform membrane thickness as a
series expansion of the geometrical factor, and to solve the field problem as an interaction
of the harmonic components. The results clarified the effects of the applied model on the
membrane voltage and the polarization factor of the particle.

For an arrangement of a conducting sphere lying on a dielectric solid under a uniform field,
we have applied the analytical method of successively placing three infinite sequences of
point and dipole charges (zero- or first-order multipoles). The electric field is highest at the
contact point. Both the contact-point field and the force increase with the permittivity ratio
of the solid to that of the surrounding medium. The resulting force always attracts the

sphere to the solid. We have given very simple formulae for approximating the contact-



point field and the force which agree with the precise values within a difference of 3% for
permittivity ratios up to 32 and 64, respectively.

In an arrangement consisting of an uncharged conducting sphere and a plane electrode
with a dielectric barrier, the electric field is calculated by using the method of multipole
images using an iterative algorithm proposed for calculating the images of the dielectric
barrier of finite thickness. The calculation results show electric field intensification due to
the presence of the dielectric barrier having higher permittivity than that of the surrounding
medium; however, if the barrier is separated from the conducting sphere by at least the
sphere radius, its influence is negligible. Inside the dielectric barrier, the electric field on the
axis of symmetry becomes more uniform and the average field significantly increases with
decreasing its thickness. For a case where dielectric barrier is sufficiently thin, the electric
field at the contact point and the force on the conducting sphere vary approximately as
power functions of the permittivity ratio.

Studies on the system of particles have been done for an electrorheological (ER) fluid
system by using a multipole model that includes multipolar interactions between particles.
The model uses the multipole re-expansion and the method of images for calculating
electric field and force. The highest order of multipoles and the number of iterations used
in the method of images can be chosen for the accuracy of the force approximation and
the simulation time required. Study of a two-particle configuration shows that the force
does not increase linearly with increasing the order of multipoles and the number of
iterations. We have performed the simulation of a system of 20 and 67 particles, and
compared the formulation of particle chains with that obtained using the dipole model. The

results indicate significant difference when the multipole model is used in simulation.



Executive Summary

This research has studied the characteristics of electric field and force induced by the field for (1) a
single particle under an applied electric field, (2) an isolated particle in a system of dielectric barrier,
and (3) a system of particles under an external field. Results of the studies may be summarized as
follows:

. A novel calculation method based on multipole images has been developed for two
dimensional problems. This method is capable of estimating electric field and force for the
cases of long particles.

o The study of single particle includes the analysis of a) a intersecting spherical particle and
b) a spheroidal particle. For the case of intersecting spheres, the analysis is applicable for
an arbitrary angle of intersection between the spheres. For the case of a spheroidal
particle, we have determined the polarization factor at various frequencies, and
demonstrated the difference obtained by using a precise model for which the insulating
membrane thickness is uniform, independent of azimuth angle.

. For the study of an isolated particle in a system of dielectric barrier, we have applied the
method of images and the method of multipole images to the potential problems in order to
achieve high accuracy of the results. Results of the study illustrate field intensification at a
small gap between the particle and the dielectric barrier or at the contact point between the
particle and the barrier. In addition, we are able to determine simple empirical formulae for
estimating the electric field and force in such systems.

. Simulation of a system of particle under an externally applied electric field has been
performed for an electrorheological (ER) fluid. We have utilized more accurate model
(multipole model) in the calculation of force acting on particles for the simulation. The
simulation results show significant difference compared with those obtained by the
conventional dipole model. The time of chain formulation is shorter, and the appearance of
chains becomes more consistent by the use of the multipole model. Furthermore, we have
also demonstrated that it may be improper to use the MSD as a parameter to indicate the

steady state of chain formation in practice.



1. anudraguaznu1zagnd

luﬂagﬁuﬁmﬂ%\nuammm:ﬁuﬁﬂw‘WﬂugﬂLLuwaoamﬁmﬂag’mﬂmﬂ. eIyl lumit
Ao a o A ' A LA o A A o ' v A
nddnylaun w3asdisanans wIasiuuuulsind eTasnfoudageg (1] (anaidediuaas
aglunauisvasinden 6) luszupawiwlWiusgs Alimadveymeviaiinwiafaimet (filer)
piadnig iNadiudssansuauianelwihsasiagauin leud anwihwladnasealadianaing].
[y A o ' A o o M v & {
ludndhunils dndinsdnngeduaseunmeamuniaaymaaihlaslildadla fasannszuaung
a KX Qs I} v { o o d YA
HAa nzwaumIdsnavgUnallWihusigs.  @edinslddsloningdgdeldiuanuaulaun
luilagiiudnsfianilanife vadlna ER [3, 4] (electrorheological fluid). wadlna ER iuauinlni
wanfaumeawiusmaiiudguanatalugie 1 i 50 lulaswasagnolu. Weilauauwalwin
ﬁmu’mgawalﬁﬁmaﬂm ER  209%a ER 2:NanuniasiwsiNNInat9aunas.  aaunia
fﬁwwazmawaavlmazﬂé'uﬁu;jammau waaaswd Winilaneanld. vanlslumadfuuudss
A A ' A aa a A A @i A o = £
ananilaiaglutisliadiund sofialdiddrdunn.  vaslne ER Suwimansldnulugamnnym
6

lanaadutu  aaad qﬂnmfmuqmmsmﬁauﬁmaaLmuvjuyuﬁ qﬂnmf%’mmnmmﬂ (shock

absorber) (e,

lunslgusloriaymeaamwiunioaumeadiinfldndandudult  dnwuzanddvasawialnihvie
Lmuumgmﬂﬁmmﬁwﬁzyaﬂ'nﬁq@iammmmsnlumﬂ“ﬁmu. fmiumsltanumsinigianaly
Aa & a I o ' A A Al a A A A
wnfifiadulinadadunits muafeunl wsznalilumaaieniiveseuna. lunsdiiauneauin
& A & o wn o £ Y A & @ wa
dudaime’ anwuzaut@vesizglasmvduegiunnsznosasfame’ wazansueaudaniluin
a 6 Y z:l'd v 23 A a o o v
vasflaned. Tuszunniusgsnfimsawiudome aymeawiuniadiivildanumanialunis
awmasgdnisidnildesenuuuly esnnilaldiuusannamnlniy aynadlamainfeun’ly

™ v A & o vV a 1 J v
FUNRBLANLATA VI IALNAA&TNITILNIFIUWATOLLINANIUY WU TTUURWIN b6,

Wasnmalasuudasanuniinvesvedlia ER Lﬁ@mnmiﬁa%mmmumﬂlumaﬂmﬁméﬁﬁu
A o a o ' & ° ' A

Lua"[muauw"tﬂﬂmazm@LLsama”LWWﬁ:mNamgmmm msmmmmLLsaixmnmgmﬂmgmm‘Lu

< A A Ao o o en A ~ ~ o
Folnmaniendanlumsdnunansucauiauadvaslva ER. lummzmaavlmmq@m NNILTHIAIVDI
& & A a X ' JE o a

ami,mﬂuua:muvlﬂlmmmauamﬂvxlﬁw wifaduTEnIaRM AR URTUILANNLATLA
s Wi Rivesayma. wdslegtiu ldlinsdnmasdanuiiugwisnuusfiiianuaunialy
Widg g unue. LL@N’]%LﬁﬂUﬁG%N@Lﬂ%ﬂ’liﬁﬂﬂﬂﬁﬁﬁ]’liM’lm&ﬂ’lﬂﬁﬂi’]d“nidﬂam aoldauinlwia
LUURELENDLYIN.  UBNING mu’i%‘aﬁ%Lﬂi’lzﬁamNVLWWWLLaszuuﬁ’Jmgmﬂﬁﬁaglﬁauﬁmm

la'laRasanfionavesdianlasa.

a wa a ' 1 & 6 ' a
lumafid  anenzgUisveseymalidunsnanlossuyssl  lasawizedabaluszuvauwiu
Iwussgs aymaansazunans Suwiliuiazildifedywluszusnnnit. 8ans veaTand
MILAROUNIDNITUAUINAY (dielectric barrier) uuﬁ’maﬁLﬁfﬂm@Lﬁai’]adﬁ'uvl&ﬂﬁmi,mﬂé'uﬁaﬁ'u

fianlasalasass.



a o

dq‘ U e ' v tdl = tdl 1 & dd‘d g: =) 1
Iuowuu H% amm:mmuwmm“umaumﬂ‘ﬂvl,mﬂumaﬂau ﬂmmmuamumdmaauagumu

q 9

a & Aada o ' £ [ a € o 7
aLNﬂI@Yi@ LLa:mmwwam&mammumnmwaawﬂﬂag1u5:uu. ﬂ’]i’lLﬂi’]iﬂﬂ’]%’)m%ﬁﬁ%’]uvLWWW

° o A oA ° o A A A A A ' .
WRZWLIIEIRIUNTAWANS  Mldenn  wesnninmadfsuudasawin AN uniInIaTosdazning
dnawatnann.  ieldaansndwamdauylniuszussananldadwingr fidvazldaes
aa = A a
FFnshunsanil Ao

ad a aAa [

) FRUNIEIIATIZN

) IR Faa luuddoh 193 55udsenauva e (boundary element method).

lusruaidfaunadaiianzi ;ﬁ%’m:wmmwumﬂﬂmumuﬁnﬁﬁaﬂﬁaﬂwa (the method of
multipole  images) 5‘1%0Lfluﬁ%’ﬁmmmﬁﬁmmaumvl‘vM’]"L@Taammiuﬂ’]gﬂumtﬁﬁgﬂLLuuﬂtyanflu
wuy lisusan. 3%'1,%\1Langﬂﬁwmmwaaummu&iuﬂ’] LLa:ﬁﬁmmmamuvl‘vdﬁmuwa%mﬂﬁﬁ
Fwminnnitsasayne. Sdusihclfinafiavhadinglne ieldmusndmuiaiymidade
azidzauazuduinldlunsdinanoaunia T EH el awuwnnlumIsiuam.

(2
=]

& o Py ao & € . = a Aa
ssdanuiiuuildannanuwidet wdudslonidelulunsfinswnfnsswveseumea  Afidnng
agluguninimalwihatiadnig Serwiiavasine ER . Tunsdlvasszupawinlniiusigs e
dhlaluwg@nssnveseumameldsmnalnin  andudszlozddanisesnuunszuuniuanaunalu

& @ A

6 A g s 1 2 A A 2 rya A 6 2 2{'
gunynlengg Lwaﬂaanuvluvl,@agmﬂmaauﬂvlﬂmz@;‘ﬂﬁmma"ﬁﬁﬁ]mylmtuu uanand  nead

) ea Ada A & o v o dad a A .
ﬂ’]iﬂ§$ﬂqﬂ@ﬂ°ﬁ\1’]u1uizuumaﬂLTN@@\?N“EQ@ GﬁdLﬂuaﬂHmwadm&ﬂﬁﬂ@’m’l ﬂumuwjﬂu?ul,ﬂaaua%.



2. Jandszasa

[

me Fa
Ta39anTIuh

a

o’d' = a LN LY
anUszaadnasANIAN ML UL AYDILITIUAL amuvlwwmumg,mﬂ’lmmﬂ
FEAU AILLG

(n) ﬂsﬂmaaamgmmﬁm (ﬁ%anstﬁm&mﬂagmqmnawnmﬁummﬂmwa AURINITORLLAE
UFAsnszwinsenmald) Aegmeldmnulwihamonenuuusdiane lunsdididvazuivlunsdizas
m&n’mﬁ”hil,ﬂumanau.

() mzﬁmaaagmmﬁm ﬁagluizuumﬁﬂimwﬁwﬁauﬁu LﬂuLLuuﬁﬁ%uauauﬁuag;immha
didnlararivayna éf%aLﬂugﬂLmumaamﬂﬁ@ﬁam%ﬁﬂu (Silent discharge or dielectric barrier
discharge)

() ﬂitﬁma\‘méjuau:mﬂmUlﬁauwvl,wﬁmﬁ’naua lapaz@nmansmzvaInsnaanduld
aunA wsztaanldlunisials



3. HANSANE
a ¢ UK
3.1 nmydenziannailadidwnsonas

Iuﬂizﬁmaqau‘,mﬂﬁ"lmﬂum\mauf: ;ﬁ%ﬂ"l@ﬁLﬂﬁ:ﬁmgmﬂLLuummamT@ﬁu LAZEUNALLLNTSI
G'fmagﬂmﬁmmmﬂﬁﬁmwmﬁ'miTaaﬁ'umsmam‘%amn%aumgmﬂ. wonandt  oldwawis
Sienzdawnliuuusesdd  Seezmansashanldimsudszanamaussndesma e e
aunalianwaiiuurian,

[

a 1 1 ®
3.1.1 TanziawalWiunewnanfiansmzladdwnsonas

mifnsdndlniluszuonsnsudanin  Sanvidylumsldnuiifioidesniy  nmmasunians
INAIVBIBUNNA. "‘J%L%d"?l,mw:ﬁﬁgﬂﬁﬁLauaagiuﬂagﬁu oABRANMINLuRITUURNaULLa
WUUEIWNALLITINAGEG  (geometrical inversion) [1, 2] wIsodumIuUasuuuiaain  (Kelvin
transformation) [3]. 8£1915A@ 3Fmsmanitausaldlditaanslunsdiinssnaunsassdanuin
yuLyiy 180/ (n iludwiwmdn) it wenanndt nisnauamesiienson desfumawiniudn
@ag. WA azﬁmiﬁ%auaﬁ%mﬁme:ﬁﬁm%'umoﬂauﬁé’@ﬁmﬂuguﬁ"ﬂﬂlﬂe] [4 — 9] udms
@‘im’sm@i’aal’ﬁ%uﬁn%’amaaagnmaﬁfuﬁ Mlvmsdwmagutauann udinazRansanlunsdlite g vas
nynaumeldawalwihaeuan.

PR TUINIITITLNAGING  wazinafian1snszaeaading tnaduIasawd AN lunsding ld
Yainsinanatinnaany  aaldandiwinouen.  FNeuelundt  WJumsvenodeannisnle
daue i fniunidlramsinauiagrIviosulany (HuAe lddanuiuias) (10, 11]. 35% &
AMNRINIID I N2 NN NIINIIUY SILUUEIRNAULIVIATHA I ILURILULLART
A oo Aa L A o o g o A = a o ad A
asnaananldldnunsmnanifiswalivinu. sdanwduyalag 6. dewFeufounuisiss
a (‘Jmav w{add’o t:llﬁll’uqu d' ra va A v t:l' v

AenzinliBuiiniavaseunsuatiud AEmiuaueithidudoun iasnnliinsldduiiniannieidas

AuNMIFmImlasasILaatngla.
3.1.1.1 3UuUUNIIATINNILAN

3UN 3111 weasuuumidaiEssrasdiiimsinausesdiniaanuey  laansanaunizediesding

' a & vl o o

MULWILNY z. NITNaNENLaENINavLwlIaaudna1dadn p(0, 0, z,) uaz q(0, 0, z5) Mus1AY
T q U

Ao A . @ \ | & & | a4 a
UaelIANININY a uaz b. 33Elt%’h‘]ii‘lﬁﬂl’]dﬁ;@gl%i]ﬂa’]\‘m\‘]ﬁadL‘Y]’]ﬂ'IJ D=z —Zp- EL‘I/L‘VIHLTWW’Q]'WM’]

q
ad ' a A o & & ade o Ca a 3 a (%
NIUNNIINIANUAD/IA Mﬂﬂﬂ?\lﬁ’nﬂug{uﬂ. ﬂim‘l’l@l']u’]ﬂiﬂﬂa&ﬂ&l@]aaﬂ@% ﬂﬁ']ﬁJWiﬂ'JLﬂi']Z%ﬂl@]ﬂ'Jﬂ

RANNTLALING I@]ﬂmﬁmﬁauvl:umaaﬂi:aqmmmﬁ'uquﬁ.

MrualinsInauuulawm N UnIalENNIMIINauNa.  1ENNI0LEad a1 Ane z; Un§uIaY

AA(19NAN)ITAINIRINTINaNnIged Lwldauaunis



_ D? +(a* -b%)
z,.—zp_T (3.1.1.1)

o a ndyd 1 &)
UaeIAl ¢ vavNnaNTasaaklau

c=yla’—(z;-z,)° (3.1.1.2)

a 1 a‘i" Qs s 6 Aa Ao | o a s % N
miaﬁmmaa’mmﬂ%myaﬂwm (rx,6’x) TN} Wﬂ@'ﬂﬁx‘iﬂall‘ﬂll"i!ﬂ X Lﬂ%'ﬂ(ﬂﬂ’nuﬂ. AILLRAIAIDEN

dufine (7,,0,) wszina (r,,60,) ugh 3.1.1.1. Fnad ddnd Wi lunsdaieeiiansan &
a o dl

&'nwm:mimzmUﬁaummiammumu WNANIIN (QNU%SZ%’]‘]J X-y ) Tﬂdizﬂﬂﬁﬁ’ﬂﬂiﬂﬂalﬁltvlﬁ

S TINUNTANWI DA,

317 3.1.1.1 nwnavdaiadviiny a usz b.

3.1.1.2 5@

Lﬁamaﬂau’lumﬁﬂﬁmmugﬂﬁ 3.1.1.1 sgmulddndlnimeuan ¢° a:ﬁﬂszggﬂmﬁmﬁﬁuﬁ
Avesnssnan. il sun@land Inihmeuanfiansuauanassauunuyu eanANuTUTa%u
YPIFNNNT. ﬂs:qﬁgﬂmﬁmﬁﬁuﬁﬁmzﬁﬂﬁﬁ'ﬂﬂWW’]é’Wﬁ‘maﬁ:uuLﬂﬁ'ymmmvl,ﬂ. 3FmIs I
aznandeluil a%mﬂﬂs:mumimaﬂtﬁmﬂﬁam%ﬁa:ﬂs:qﬂ@ﬂfﬁuﬁﬂﬂwﬂﬁLﬁaaﬁ]’mﬂs:ﬁ;ma”n’f

ST m AN S NN aWSVBITTUL.

N, FUNIVBIANT TNERIVATLNT A 1N

A

Li’]%zL%SJ%']ﬂﬂ’ﬁﬁ‘ﬂ’]‘imqLﬂ‘W’]tﬂixﬁ)‘ o’ UURYT 4 VaInTNaNad I@Elﬂxl.ﬂilﬂix?“llﬂd‘ﬂidﬂﬂlmu.

B

PN v v K PN a a & A v
Wi A LLﬁ@d@?ULﬁuﬂUluEﬂ'ﬂ 3.1.1.2. ‘L]iﬁ! (o2 VBHIVBINIVBININNANUW  NWNITTTWIAIY

Y|

[ o o o { o { o A =
nannadieaiu. - dndlwiufiesn of evdouluglvesdndlnih y) flasnndadlna a9

ﬂi:mmaug@guﬁﬂma p vasnvinay batiu
41_w BAJ
w, =2, —~Pi(cosd,) (3.1.1.3)

: J
J:()l"p




P v
o

da P (uwpwinisessdasouaud /. §unad1 mauaassunisdnd iluiil azldasianusa
6 Yo A o 1 nl' o v a g ;.{’j d'
JagudnavzeinInizang  ualdarfiuuuaaiduniivasdszanliiadndu. luaunsh
S e o A . A ' o ' a o A {

(3.1.1.3) B, \Huda@lwadududl j sed m dwuwis p. fowwasmauamudvasiadlnaluiil
' P < & o { o o o . A & o o { @
uandrnfisnumldidnidas Lﬁalﬂaumimamﬂfl"l,wmagslugﬂmmmu. fndlwiuitesanda
Alwalugumif (3.1.1.3) fdhgit molusinoudeiusaslugun 3.1.1.2. duda meuenninanga

6 o A
AUBLNATN P A a.
U

A

a v d a v { a v {
ludnenunis dndluiuiiiesann o BIRININNIZNLTOUIN q YINTINANUU be (93U 3.1.1.3).

o o ad o o ' P — & ¢
FIARILUNITUY ?lﬂEﬂ‘WWmglugﬂuuumiﬂi:mﬂmwwﬂ MNIDNTINIZAVUUUINELADT LT

A oA
Pq = Z‘an,ﬂqJPj(Cosep) (3.1.1.4)
/:

a & e A a & a Lo o 4 . o
1a (p; LﬂuﬁﬂﬂWWﬂﬂgﬂﬂi:mmmwnmaugﬂ q uae ng Wusnsednsouaud j vasdnd Wi,
andlilit @) Tegdr dwivgelusSnadefusaddugdi 3113, dude molunsinauge

6 o A > ' Ag{ az a & v s A a A 2
g%ﬂﬂﬂ?d q 7 b. ®une 1%“{1% RIYaNBw @ Qﬂl“ﬁLLﬁﬂdﬂﬂmWW’Tﬂﬂ?xmULL‘U‘UL%W']Z‘V] LWE]I'V\

uan@NuAngS Wi v 1ilesanad Iwaluaunii (3.1.1.3).

A

317 3.1.1.2 é’ﬂﬂﬂﬁnﬁam’mﬂi:q o vuuiAd 4 sasansenadudandWiniiosandad lng

A (%
B, ; maapld

U1 3.1.1.3 andlwiiflesnds o vuiuia 4 musonsznouusewnzi seuga q o,



9. MINTLAYAN ﬂWWﬂsaugmguﬁﬂaﬁalwﬂ

ﬁ'ﬂﬂﬂﬁﬂugﬂmaaﬁaﬁiwahaunﬁﬁ' (3.1.1.3) M‘%aiugﬂmiﬂszmmawwzﬁluaumsﬁ (3.1.1.4)
sunsanszangdnlnal muqﬂﬂuﬁﬂmamimzmﬂfé"uvlﬁ. Tuiiil mmazdnaagudnanslndvainis
nszany Ididuwaauuuny z et ilesanifisanedemssumluiiih.  msnszanadnglwilwad
Fududanivdiwio ﬁag’aaumuﬁaﬁﬂﬂﬁ.

1. MInszanedans i uwoudad lwa i uiuuanizi
omInznsuuudt dandlnivasiadlnaluaunsf (3.1.1.3) azgnnszansdrrauaguinandlnl

wazduunvasmanzneduamuaunii (3.1.1.4). dwuald u(0,0,z,) duiagudnanslnivas

mInsznednd Wi, andlniliiasanndadlnasuaui 7 luaunsn (3.1.1.3) sansadowlaiiu

B @
4 pn 4
Wpn=—rr Py (cos8,)=2 0, = ZLM . P (cos®,) (3.1.1.5)
Vp j=0
fuseang L ; vesdnd iy suusty B;n shuaumaaaluil [10, 12]
o z, >z,
y (n+))! B
Ly =(=1)/ n,]], dn+l+1 (3.1.1.6)
uazidle z, <z,
+
=" nnt DY (3.1.1.7)
n']' dn+1+l

Taun d=|z WRIINMINTZAUANG IWHA %’ﬂﬁms@;rﬁwaaﬁ'ﬂﬁlWWWLmﬁ'ﬂi:mﬁéﬁﬁqﬂ

.l
LRI U LLa:maummaau’%nmﬁmmlugﬂﬁ 3.1.1.2. wmwldtaianin minszansdand Wil lntay
'lile 81 u El%iﬂ’]UI%U%L'JmﬁVL&iVLﬁLLSLG”IIuEﬂ.

2. NIN32NBANE A LUULaWzA ﬁqg@guﬁﬂmﬂmj

Ansandandlniduaul 7 vessumI (3.1.1.4) wazlwduniszasgagudnasnmanszang

andiWilmiodn u. minszapdndlwihlndunuiliduunvesdndlnindu (13]

gaén = qn q (cos& )= Z%z ZLM uP (cosd,) (3.1.1.8)
il
A n! n—jrA
= 3.1.1.9
i = e G119
§MSY 2, >z, uae
=(-1)" i M i (3.1.1.10)
b (n-pyr o

WL z, <z,



1Y
o

WRINNNNINTZALANE BT %’ﬁﬁmmm's;jl,iﬂﬁmmﬂwhﬁ'm:ﬂ:mdﬁauﬁqm:wjn U LRZUULLA

maau’%nmﬁu‘smlugﬂﬁ 3.1.1.3.

o o

. AaauveIang A ERIUNTINANNaan Y

]
=

MedtmInsznednd ihnldnanauds  inaumamdaauvasans A1 lwnnsaaE e ME‘U‘Y]

3.1.1.1 1d. Aot o’ uaz o vunvnauniaes ngninfteahlagandWimouen ¢°.

andlnih ¢ maalag mouenninan iunavasmariugau. wude
E, A, B
P=9¢" +y, +y, (3.1.1.11)
da w waz ) dudndlitlugdidadlnatiassn of wez o finsznwseuia p uazaa q
UG q q
o @ A oA s Y [ 4 A a ) & ' a & a
audan.  walildtenladndIniriiugud (fesnaundihdnhnisesdentdn) uads
o 9 & ] fo A 6
azugasunsvasdnd Wi ueniduudazninan  luglvesdaidunnizanoseyaguinaiszaimnsy
NaNLY

FNIUNIINANAS Andwin

E, 4, B
P=0, +v, +0, (3.1.1.12)
WRZENHITUNTINANUS ane bW
E. 4, B
P=0, +o; v, (3.1.1.13)
a B o A & @ wl o A B o A d__ L o
Wa @) wz @ dudndliiluiiesnn o usz o Anszasunulawziseula p wezae q
9q 9q
o @ o ' a & & A ' A
ANUEIAL. Funadr  dndlwimenenlusunianises  Adsuagluglvaininszanamzi
wudeanu. sandWiamsuanidudnditasanzuwnawiinmeuen Eo ludianis z isnale
or =—-z,E - Egr,P(cos6,) (3.1.1.14)
WaE
E _
@q =—24E)—Egr B (cosd,) (3.1.1.15)

~ { o &
‘Iidﬂ‘iz%'lﬁlLﬂW’]zﬁiE]‘Ui]‘@] P 4R U0,

a v o g Y a o Qs Qs a Qgﬂl U . Qs g:
sunddinndasmdaausesang Wi lasdouauvessulscdnddandWi j aan 0 fla N, dann
o a Lo P : A o e
fulszAndand lnih (B;lj ,B,fj ,ng LA Lf,j) Alinmudr  f5waurinnu 4(N+1).
o a L4 . ' A o % & a v = 'Y P
sulszEndi linnudumaiaansndwimldnnmsasszuuaumadids  Sedsznaudiesunsn

1dannszuiumadalui

1. ldNenlvandlwivamsinauiuebe.  wuda WarnAnsonudszanay j n'le

ANMVFNNUT
E 4 B
Ppj TV pjtPp; =0 (3.1.1.16)

UUAIVBINTINANE (r, =a) uaz

E y B _
Pgj TP tVq,; =0 (3.1.1.17)



UUAIVDINTINANLI (r,=0). gt 1 IdRuMII W 2(NV +1) aums nndenly

andlninizes.

ldndlwiifiesnndszagadoiiu Milouaglugddnnu Sowewihiu.  wude
wi=g) usz yp =pb . elildtewlaiuiuass dndlwiudazddasgnnizansay
JOUIAALINU. A9l IMmazaanInduganuriiusasdnd iWiudazaudy 4.
Hawluigazndusumangadmiumanizasifa  nmaldmIinznslwiuuudadlng
'ﬂ w"‘l“’ A o B a o WL “N [V
Wuuuuanziny y 2 seuae q uaeny w2 seuaa p iesandndininaunsodug
p ] q q a
o) usz @) ldlasass. adwlsfionn indanaldi dndlwiazlifidgid &
D<a. Ui 22.1.4 usasanmzfinansznolmives v s g ligdh e g
' a P e & o oa Aa . o Y o A
agmouanuInaiusnlugl. dau dufeni@nidmiunnszanoandlnih fams
o o < a
neznedndiih w uar @) lWinalag saniemelununusnsamsanauum
(w90 u lusi 2.2.1.4). nanmadoanuwiazonldiuddand v’ uaz 0. wasms
a Y a Q q p
a ' Qs [ a A: s k% o o 1 a a . v
naznoand il inaanndugaudszantvesdnd Wi dniuudazauay j uazle
FUMIWIN 2(N +1) SRTUITDURUMATIEUNA2INT.

L OETIITTUUANNTEILEW LALAD L3IENTDA I A RN U TEANTNIRN AN binTud1aanula. a1

NINARDIATWI THLT Lﬂ‘lllud’]%a‘:fﬂﬁ aﬁ‘a‘UWU’j’] ABNTUATZUURNNNILT LﬁuLLUUﬁ’]‘ﬁ’]lej ANNSRA

o et a v tﬂl v tﬂl Y o tdld [ o oA
mmm:uuaumnmmuﬂ@ Luﬂd"ﬂ’]ﬂﬂ’]"ﬂvl,@lﬂ’]@]E]UV]&I‘?]’J’]NLLN%U’]VLNLW HIWa.

371 3.1.1.4 mansznpdnd ity ) Inisensa q 'l
3u.
U

'
v A

v hesange q liagluusauanly

2.
2.



3.1.1.3 @22819N1TATWID
N. NIINANVWIALYINNY

nsfvemsnaNawawhu  (a=b=1) moldawnaliisiiane Eo udediuinams
fumludiit.  m3dwoinlunsdii D=0.001a 85 1.99a. musoinlddaanin sy
NYYINTINANVIALYINAT msﬁwmmmmma@gﬂlﬁdwﬁu MBANNENNNATVBIANS IWHVB
nnaunIEed.  adnalsfiny mlEnsdtlunsamaseuanugneas wazanusansnltlduedisi
dnanalufid Ls‘jamaﬂauﬁz\maaLﬁausﬁauﬁuﬁﬂmaugsﬂ D/a—0. Eﬂ'*?'i 3.1.1.5 uaasend i
anAITMANUUAI T INTINaNTA BRI (3.1.1.11). gﬂﬁﬁuﬁummmmmlumsﬁm’ammaﬁ%ﬁ
dnanalunuwdseil snsutiedes D/a. audugiga N vasdndlwilunsnszanowad vy
35 E%’]‘Iﬁ%"ﬂ“(]ﬂs] ﬂiﬂluﬂwsﬁwuamiugﬂﬁ 3.1.1.5. winaueu N ﬁgaﬁumnﬂﬁﬁmauﬁgnﬁaomﬂ
Fuaunne RELI Ve mauiszuusumndasui ldlwusiug mldondu. §anad dmunsd
ﬂLﬂwﬁmdnawm@wi'lﬁ‘uLﬁam:ﬁﬁauﬁuﬁ'ﬂmaugsrﬁ N @9 swsoltlunsdwnld.
wonind {ITudaldnuaninanasdwiniiuanin B;‘,jz(—l)j“Bf,j ey B;{j:Bﬁij

fATUAUALLINUAN j#1 e D/a—0.

Tudneunits msdwoudsasnin e D dnnin a uat L lnarugue Fasunsasonaldan
@iﬂﬁﬂﬂﬂﬂmﬂﬁwﬁga%ﬂugﬂﬁ 3.1.15 18 D=0.la usz D=0.5a. enuAMALABewTIaDH
Aaanmsldauay N fisia LLa:Lﬁmﬁﬂu%nmmadmigjL°ﬁ’1°?'iLﬁﬂawaué’l’nﬂvxlﬁmé'\‘mﬂmim:mm
I S'Tj'adawa’lﬁmmﬁ’i:uuaumiL%aLﬁuashal,l,ajuﬂ"ﬁgq vldenn. wenanil fmiunneg 61 D lugl

13115 Liw:LﬁumwmmﬂLﬂﬁaumaaﬁmaumﬁgﬂ TRUS NN UBILEUAATDINTINANNIFDS.

gﬂﬁ 3.1.1.6 usasawnlWihuuiisamunanun.  inswsadsldangdi aumMﬁwgaq@ﬁ
6,=0 LLa:amaLﬂu@uﬁﬁLLmLﬁuﬁm:anmaﬂau fmiunnd1zas D. awiavasswmuiWigega
UuAMIINaNanas e D anag (i:ﬁumaamicﬁauﬁmﬁ'uﬁu). wonanit inssdsnaldin e D
i lndgud sunwliing 6, =0 fddnlnd 3E, fufludrnauaisvaanididrimunamdsineld
sw i sdnane. §miunsdii D =2a gﬂms{fﬂﬁmﬁau’mvl,wﬁl'lLﬁ']ﬁ’umrﬁmaaﬁ'sﬁﬁmmauﬁ
fudanussmudeatin  meldmwnulnihsinawe.  nydid auw”tvxlﬁ']qaqﬂuuﬁamanammﬁ‘u
4207E, [14]. amMVLWngaqﬂﬁvlﬁmnmaﬁﬁmm%oLml feaaltlunudsedl  deurindiu

4202E, wia D=1.99a. wanand iwailSouifisunudiaautaddszauniiainnssnasluaning
0 a

=

& dwhiu  (2/3)7°@’E;  mangef]  inldanuamaefouvesdilizgfiss  0.03% 0
D=1.99q.



Normalized potential, V / (Eqa)

0 20 40 60 80 100 120 140 160 180
04 ()

311 3.1.1.5 ANF WA ANA I UREINTINANN LAINNNITANUIDATILAY FIRTUNTINANTWIATINAW.

E/E,

0 L I I TN T BT I

0 20 40 60 80 100 120 140 160 180
0 ()

311 3.1.1.6 g I unEInTInay lunIdAnIsnaunsgaIluwIaLinn.

2. NIINAVVWIAG1INU

;ﬁ%’ﬂ@i’maaaﬁwmmmfﬁ*‘uaaé”;ﬁwmdﬂawm@@mﬁu Wo a=2b lasld N=35. andlnin
ANANNAIWIWNFUNIIN (3.1.1.11) VBRINTINAULBLAZNTINANE LLamaglugﬂﬁ 3.1.1.7 uaz
3.1.1.8 WA,  TreUVaIMINUTauNbtlunsdiwimia D/a=1.2-1.49. mngﬂﬁ'&am 130
mmmLﬁuLLuaIﬁwmaowamﬁwmmiué’nwmnﬁmﬁ'mmﬂﬁulugﬂﬁ 3.1.1.5. aNNAMALARDUVDI
o a AN o A £ A o o o A £ @ g A A o
FADULTILRUN b fidgelu Wa D/a a9ad (IzaumInudaniNuuniin). ﬂﬂﬂwmmamamgﬂm
v o A o ' 3 5 @ A o o o A £ s '
Iduusmagmddndinin 107 &wst D/a>1.2. Weszaumanutauindnuinninfh 15

mmsnﬁwmmi%”’lﬁﬁmauﬁﬁm'}mmuﬁwgﬂﬁ. TunsdinUsaananusNaeas a=>5 3dadlie



N gﬂumsﬁﬁmmmmumsﬁ 3.1.1.5 Wa D/a fddr. uwanannit gﬂﬁ 3.1.1.7 w8y 3.1.1.8 69
1 { { U, 1 1 1 & 1 o o a
LRAITN mmﬂm@Lﬂﬁauﬁ%ﬁmgm’mummauma smﬁmmﬂgam']. gnsuswd Wi uniangs
nay ;ﬁ%’ﬂﬁmwaauLLa:wuiﬂamu"LWWﬁﬁﬁhaﬂmgjﬂuﬁﬁLLméTm:ijﬁaﬁwﬁaaaa F#19A3U

D/a>12 LLﬁ'jwazvl,&i"l,@TLLam;mmé’wﬁ'li’l,uﬁﬁ.

Normalized potential, V / (Eya)

‘12 1 1 1 1 1
10
0 20 40 60 80 100 120 140 160 180

8 ()

317 3.1.1.7 andlwihandrsuufiansnasun lunsdil a=2b.

Normalized potential, V / (Ega)

10'10 1 1 1 1 1
0 20 40 60 80 100 120 140 160 180

6 ()

317 3.1.1.8 dndlwihandrsuufionsenanas Tunsdin a=2b.



[}
o

3.1.2 aRMANIIIUVUATHRWIN

' @
A o [

apmazUnsindnmlulasinsd iuwwundsuawiuaguuiuia dauaasluguf 3.1.2.1(). Mot
o & 4 wa fa Ada as @ '
pa9nIlinuvetaymautufioinmiiide  wadaelizia (1620 lunsdif  indnazauladn
. . & < a { o ¥ ' a uz
polarization FaiduniAaainiamunsaihanltdssanadiawmndnin us wazmsfiawananeves
Tuiawinld.  dasuuduinveseymauunifawiuis  nufagdmiunsdivasauniansanay.
athalafiany ntueumansss audnmndagisluigiu dnezsdszanalasadoiinansss laold
& a Aa o A o & a e X e o '
TURIRWIUIRTRREN 7, waz 7, + dn aanu awmezlianunmw isinave Iuagiudunium
AufIfRIN QUA 3.1.2.1(a). wenand w1 Wagner iU Gimsa wianguinisuau ladanm

d;dldﬂ Adlﬁ:’ 1 & A A a 1 o ol
aii:ﬂﬂﬂ‘ﬂidi‘ﬂ&lN’J%%’J%ﬂ’)’]&lﬂ%’]ﬂ\‘lﬂﬂ@ﬂ&l LL@]ﬂl?ﬁ’Jﬁ‘Y}']\‘i'J\‘ﬁﬁVLWW’] TINANULNBENG [21-25].

+Z +Z

n =mn,surface
M =n,+ on surface

(a) (b)

U7 3.4.21 aNuLANA1IVeIlNARRBILUL (a) WUUANANANTIS FAuwwizasTuialinii uae
{ & a { 4 o o a
(b) HULNTANMUNINVBITUHIAIN TIATINVANBULYDIDUNIATIA.

3.1.2.1 RANNIINILAYIVINDINA

1M TR LABIENINNITHINTIARENTINANLUWING (Prolate spheroid). Wia (77, 6, @)

YDINTIARUNTINANLUWI I FUNUTNURNAATALTEW ausNNITea 1R

x = asinhznsinfcos@
y = asinhnsinfsing (3.1.2.1)
z = acoshncosé
laofinNuia 7= 17, % 1 HBAVBINTIANENTINAUULLUT N FUINATIOUUNY 2. hlfD
2 2 2
z
b_2+)b)_2+_2:1 (3.1.2.2)
c
18
b=asinhn,; c=acoshp, (3.1.2.3)

WAz a=+c*+b’ (3.1.2.4)



v ¥ J € . & a [ a v
ﬂ?ﬂ']ﬂlﬁ']l“ﬁﬂ'ﬂllLﬂﬂx‘lgl%ilﬂﬂqx‘l (Eccentricity; €) Wuwindieas L'i']‘ﬂ:l.“llﬂ%vl.ﬂ?']

Y a
e=,1-|—| =—; 0<e<l (3.1.2.5)
C

wazENNIT (3.1.2.3) ugesleiin

coshzg, =1/e;  sinhp, =./(1/e)’ -1 (3.1.2.6)

faauUeIRuMIANUMTIRITUUANANTIARENTINANLLUT A8 [26]
P, (coshn)| [P, (cos0)

0,,,(coshn) |0, (sin0)
A . & o A A & A A o o
laaf cs Aa cos nia sin, P, uaz O, 1duwariguasdssaisiannis uazsdanasiausau.

cs m (3.1.2.7)

Wenguwsndnziengiuidiaiug uazWengunaaslinziengiui +1 wia -1,

mMalaantwarasdns Ansman
¢ = —z E,,a"P,, (coshn)P,  (cos@)csme (3.1.2.8)

app

andlwihneluiaznionanuas 2UMARINIIONT awlandn

¢aut = app +¢ind

N (3.1.2.9)
= ¢app + ZCan,m (cosh 77)Pm (cos@)csmep
OF
@, = —z 4,,a"P,, (coshn)P,  (cosd)csmp (3.1.2.10)
3.1.2.2 Jewlvzauiaa
fenulrdaniweeniBataulyinny
g*:g+.i:_i(1+ja)r) (3.1.2.11)
Jo Jo
e & uaz p uanmwoanuazamwibh, o Wuanuiidau, S =-1 uas
T=¢lu (3.1.2.12)

LVAAIAT T ILRUWIINEIRTUAINAWNNTIINGT 1B% 87198%DI 50 ms FMIUFIITAZaNY KCL Ay
v 2 a (s:l' Y o ar 0o A & < A :ﬂ' 6 v g;

WUt 1mM.  ANNEIVBINRRN M TERIUNIYNBLANaTWaLITY  nIan s BaNtraaaa s WAk
nnAeienn. asuk lundiue or << 1 wssmmansaszaarassssnwganiide ek la. lu

v A a &) { o v
anaunike aa@;maamemumaaLmﬁLﬂJuaumﬁﬁ Li’]ﬁx‘iﬁ’]&ﬂiﬂﬂﬂaEINE\]“UE]GETJT‘IW%’]VL@].

sundldluniuwraseymaisasatn 7= 7, uazlienunuwitosann. ITUNKANLIURAIBTUA?

yaslalna. moldtewla Sewlvveuwad 7= 7, ife [27-28]



o)

¢0ut o ¢ =

" C_m (3.1.2.13)

/uout Eout = luin Ein
Lm:msé'mhzgm 2N U T Wl ey VTN NWT
da

dr
A z ' = ° ' A ' & A < ' ' A '
Wwa C, Lﬂumm'mmuﬂszgmmwma%ummﬂwuw, o Lﬂum’]wmLLuuﬁJizﬁﬂ@Iwa@mﬁummﬂ

/’lgutEguf - _/'l,'y,Ein (31 214)

& A ad a o o o y a A v
NWBNUWLNNLLIW (NVIVINNOUWAN LLG&E]?J‘V]@]’I%I%) LL@ZK%’]&IVLWW’IU%N’JWEluvLﬂL‘]_]%

" g on g, on

U/} n=mo

I g a A; a ' o
lag g, uduiszdndmasnadia winy

, = a\/sinh2 1, +sin’* @ = a\/cosh2 1, +cos’ @ = c\[1-(cos @/ cosh7y,) (3.1.2.16)
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aaiu dmiudianuiudszy G, a9, mh g, munu&gu 6 nanpanui adasdlUisenszndng

ouauaTNoAng 7 d9nk VaIENMIN (3.1.2.9) uaz (3.1.2.10) udaz LU Asenszniedraun m.
aaa A o v a € a fo o A & O] [l v ° —_

Ujfiseunarit Mliifessuefindauauigedn wiheumeszagmeldmmnnlwihadwaue (n=1)

<3
nana.

° o aa a
fmivlueanfionunuzesuauuilinuyn 0 lasd

C,=¢,/(g,dn) (3.1.2.18)
W &, \dusnmoenzesuuiusn uaz gdn uanuninvesauiusu (1989307 3.1.2.1a)
' ) 6 .3/ . a ' o a1 aaa ' o o A . ad
Amnieed g, wlituny 0 Sndeld wserildlifuisensendnsduau n Neasnu. lunsdii

s’ a IQ o v 1 ¥ a
wuRnfoalas 7= 1, + dn i laumsde luiduass

xz y2 ZZ
2+§+b2+§+c2+§:1 (3.1.2.19)
e
E=2bc-dn (3.1.2.20)
LRZANABIUBLNY x Uaz z LTn
o0.=cdn and S, =bdn (3.1.2.21)

aanu dmivluean lnfienuifvdszaudsanuyy Adenfiazas g, luaun1sf (3.1.2.15) uazm
faauvasruMsIwnTaasawma Inihadiauanswan lagRansan 7 =1 vinsu.
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o= Z S, b (cOs O)csmep (3.1.2.22)

Faeladulssantvosdns v lusunsf (3.1.2.9) uay (3.1.2.10) 1%3U‘1]E]G§Nﬂi:§“n"§ Spm VB9
U329 wasFuLTEans E,, » vosgwy iihaauaniin
" (1/e) S H (1/e
= 0110 5., H.,07e) a'E, (3.1.2.23)
"G, (k,1le) C, G, (k,1/e) "
P (1/e) S P (1/e)P' (1/e
n,m( ) n,m +(K _1) n,m( ) n,m( )anEnm
“ Gn,m(lcﬂ,l/e) ’

C

=K 3.1.2.24
TG0 C, e

WalT W

K, =t ! t,, (3.1.2.25)

P (1/e) =iP; ,,(cosm)
> d77 >

wee Q) (1/e)= di 0, ,(cosn) (3.1.2.26)
n

= =M
G,.(x,1/e)=x,0,,1/e)P (/e)-PF,, (1/e)Q0,,(1/e) (3.1.2.27)
H,, (1/e)=0,,0/e)P,, (1/e)-PF,, 1/e)Q,, (/e (3.1.2.28)

maasuudaseunmaasanuninuiulizg lalwasastuaniuswazuaa @i
do g 09,
d """ on

" (3.1.2.29)

4,,P ,,(/e)P,, (cost)csmp

— :Llin Z
cyfl-(ecos0) m "

3.1.2.4 M3vansnuwmNdines g,

g, uwwniieesigaglumsdwin ssnnidudifouanudunusszniniduausasaniveing

passw I WA, inszainewal ¢/g, lugtues cosOiiu

© -1
! _y 2k 1)"(e cos )™ (3.1.2.30)
\/1—(ecost9)2 iw (2!
amsuffﬁ@i@ﬁ%ﬁmmn’h
—1<cosf<1 and e<l (3.1.2.31)

gUN137 (3.1.2.29) andouldlugiva
do & (2D
= - &Zu(e cos H)Zkz A4, P (1/e)P,  (cos@)csmp (3.1.2.32)
di ¢ & 2! £ Cnmln :
Fa & 2k = ' ¢ a_¢
sunstidinaves (cosd)" Py u(cosf) Tmannnszanowaklndluglvaseunsuaninefing lay

o 6 [
ﬂ?ﬁﬂﬂgmﬁdﬁdﬂ‘ﬁuma‘ﬂﬂdﬂﬁ



n+m n-m+l1

xP (u)= P Uu)+—
n,m( ) 2}’l+1 n—l,m( ) 21/1-‘1—1

P, (3.1.2.33)
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a ' a A ' A
afunadaly lagRansanidn m dmndiag.

lugdvasnedng iazndousunaf (3.1.2.33) laidu

R, () | £, () B, () ] R, () ]
(

B, (%) £, (x) B, () £, ()

x| P () |=[D] P, (x) NP () [=[D P (x)] (31234)

-

P,,(x) P,,(x) P,,(x) P,,(x)
P (x) P (x) P (x) P, (x)
| - I ] ]
laaf
0 1-m 0 0 0]
(m+1) 0 (2—m) 0 0 0
3 3
0 0 0 0
[D,]= 0 0 . 0 . 0 (3.1.2.35)
0 0 0 (n+m) (n—m+1)
(2n+1) (2n+1)
0 0 0 0
0 0 0
aflenwly
[ Som | [P, (cosO)csmyp | A4y, ]
S B, (cos @)csme 4,
[s]=| : |, [P,]= : ,  [a]=] : (3.1.2.36)
Som P, (cosO)csmep 4,,,

g3 (3.1.2.32) azaglugvas

i[s]z A (D ][a] (3.1.2.37)
. dt c
e
- Zk_l)” 2k pr T2k
D?]=) ———¢"P' (1/e)[D 3.1.2.38
[D”] kzz(; 20! e’ P, (1/e)D] ( )

A v A ::y. & a v v . g
wazlaritun P 3iudunsdlvesnsiadonsinanuuuina (prolate spheroid) waz 7 5zym1sasy
WRIUUBILNATNG.



ludnnandts anaunIf (3.1.2.23) 1agle

1
[a] = C_[MP][S] —~[N"T[e] (3.1.2.39)
e [e] dunnieesvesdudszantvesawin Winauan Epm M uaz N7 iwaainduninuss
Gofimndniiu
"o/ H 1/
M; __Gulle) : NI =a" LN (3.1.2.40)
G,,(x,,1/e) G,,.(x,,1/e)

Wounugunsf (3.1.2.39) aslusunisfi (3.1.2.37) azlén

4 6= Ho DI M” 5] - X [D" [N [e] (3.1.2.41)
dt cC, c

& & o o o o A , ¢ a_ ¢ a
RUNIIW Lﬂuﬁuﬂ’ﬁﬂﬂﬂﬁqﬁﬁuﬂ’]u?mﬂqil,ﬂaEJ%LL‘JJQJ@]']NL']a’]TaGLL@]ﬂ$§']§Nauﬂa°ﬂaﬂﬂizﬁlﬂaguu

NWHIVDINNLLTW.

#n3u =1 waz m=0 w38 , Walwaw Wi suenduluuRILEND. Bude
E, . =E, n=1

(3.1.2.42)
E =0, n>lI
FUNIT (3.1.2.41) udle e givihgiﬂuﬁ aznaneiu
d 2 , 3
_Sl — /umlLlour S] _ /umlLlout E‘1 (31243)
dt CCm luin + 2luout /uin + Zluout
%aa@gﬂmLﬂuﬁmaumaamwmhaé'ﬂﬁmmmu V,, 18dn39nassadiivinny
s, 3
V,=——=—cE (-exp[-t/7]) (3.1.2.44)
c, 2
e
1 1
7, =cC, (—+ ) (3.1.2.45)
in 2/uout

faaulunsdlueinIIndenIINaNLLULL (oblate spheroid) Aznansamlaluansusidednu lasd

Nuasdoauaadlunatan 3.1.2.7.

3.1.2.5 Inan Isigswifiasarnawalnlin
sundauwlihmesenddsuudaimunm  uszausaunudoiames expljer] nnaumsi
(3.1.2.41) 17z lein

jals]= %[D" [, M ][] —%[D" 105, N Tle] (3.1.2.46)

m

1aaNATHUK [ LRAINIDVOINTIATUNTINANBUBTI P #IanInasananasuunty O. adnn
mwsmmLLu',wnaaﬂi:ﬁﬂdwammsnmmﬂaum‘lWﬁwmﬂuaﬂvlﬁmuamﬁ
. . -1 . .
[s1=C, ([D'1[x,M']-I7[U]) [D'][x,N'][e]

write

= C,[L][D"][x,N"][e]

(3.1.2.47)
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r=cC, lu, (3.1.2.48)
Iudnenunits sunsh (3.1.2.24) mmm%’@gﬂ"lﬁl,ﬂu
Kl i i
[e]= C—‘[S 1ls]+ (x, =D[T"][e] (3.1.2.49)
dla [c] \waneasvas Gy, S uar T iueinduwinussdefiaandniu
P (1/e P _(1/e)P (1/e
Prolate: S =L T =a" wnll/OF,, (/) (3.1.2.50)
G,,.(x,,1/e) G,,.(x,,1/e)
—1)"j""'P' (jsinh ‘P (jsinhn,)P’ (jsinh
Oblate: S° _ DY n,,,f(‘J 770)’7;0 _ B ?70). n‘,m(J ) (312,51
Gn’m(rc#,] sinh7,) G, (Kﬂ,] sinh7,)

Waunusunsfi (3.1.2.47) adlusunsfi (3.1.2.49) iazle
[e] = (x,[SILID N T+ (x, ~DIT']) €] (3.1.2.52)

NI ENTD MV INA LT UY 8 INTING1LNTINAN b,

v a

a e a dw A o a .nl' AJ a ' d' v 1 Ced 6
Tulavssnuisowaton {3 mnn@mmauiaagﬁl@ha. Tunsdidh 19zRanadn e r itngariud az

o

1{a ? 2(a ?
Qljo(coshn)z—(—] , Qu(coshn)z——(—] (3.1.2.53)
3\r 3\r
.. 1{a ? . 2(a ?
Q,(jsinhp)~———1|,  Q,(jsinhny)=—|— (3.1.2.54)
3\r 3\r
s Tundlalwaasd owlan
Prolate: d! =g7zgoma2Cfo, dr =—§7zeoma2Cfl (3.1.2.55)
0] 4 2 ~O P 8 20
Oblate: d  =——mne aC,, d.=—nme aC (3.1.2.56)
z 3 out 1,0 x 3 out 1,1

v a o = ' a Y
wazlaadsznavlwan s tudanianiiduUsunasvinnu
4 2 i
i A ﬂ.gouta fmCl,m
P =

" %ﬂbzc

Wa m =0 dwmivlalwaluuws z uaz m =1 dnsulvuwd x. 5= 1 uaz f; = 2.

(3.1.2.57)
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Wi 4, u,, sazilinanduusivagiudisdinidang 7 lusunisi (3.1.2.48). wude

t=tr (3.1.2.59)
o LTITUDILUNLLITY
1
vV |=—IS 3.1.2.60
(v,] Cm[ ] ( )
axulasuulasanuaNms
d i i i i
E[Vm]=[D 1« M ][v, ]-[D"][x,N"][e] (3.1.2.61)
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g §
external E, S &kral E
p— -~
- -
prolate /
2
(] <~
5~ HS
Sy Eo
5o g3
~ k
SRS o)
oblate o g &%
o O =<
N < =
b ES
e}
" £
=]

] = ¢ a_ ¢ o
31]7] 3.1.23 ﬂ’]iLﬂﬂEIHLUJQG@]’]NL'Jﬂ']"llﬂ\'iwﬂi'lNnﬂ‘iﬂiuﬂuﬂﬁ“ﬂﬂGLﬁ\‘]@]uLNNLUiu.

3.0

monic
Vn



external E,

external E,

prolate

oblate

gﬂﬁ 3.1.2.4 maddsuudasusiawaniuss  Welszanmasluaanuuianunuvaaaiu skl

AN Gd) 1 . O
o
external E, extesmal £
o3
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prolate
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o o

luszuuing (77, 6, @) VEINTARINTINAVULKIY ANAVIRNFNNUENUANAA TP ToUaNENNNT

AWA

v
a

x = acosh(rn7)sinfcos¢
y = acosh(r7)sinfsin ¢
z = asinh(7)cos &

WaNUED 77 = 77 L UNIIARIBNIINANUUND?

Tasf

LRSS

2 2 2

y zZ
b—2+?+c—2:1

b=acoshn,; c=asinhp,

2 2
a=~b"—-c

a ¥ & 6 < a &
LNBI“E@]’NNLUE’JO%HUT]@'N e \uwiniaas

o v o ¢ ' . P
1379 M ENAITANVFNARTTZATII cosh7y waz sinh7p \Ju

coshzg, =1/e;  sinhp, =./(1/e)’ -1

AAaUTIRNMIIN UM TE RIS UUANa T W

5| Batisinh | [P, (cos0)

= ) ) cs m@
Q,,(jsinhm)| |0, , (sin )

dndlnihmelunaznmouannisadensanauuiiu sunsadsuldlugdves

LRSS

¢out = ¢app + ¢ind
=>.E,,a"j"B,,(jsinhn)P, , (cos O)csmp

+>.C,,.j""0,,.(jsinhn)P,, (cos F)csme

6,=> A,,j"P,,(jsinhn)P,  (cosO)csmp

(3.1.2.62)

(3.1.2.63)

(3.1.2.64)

(3.1.2.65)

(3.1.2.66)

(3.1.2.67)

(3.1.2.68)

(3.1.2.69)

(3.1.2.70)

v ldy A‘ o a . { o v a Q€ s K% { ldl v a
lusumsauundt [nRanadvasiuInanw j wavhldaudszinduasdnd Iwinnnadosiien
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funneanunuinlizlalna o lugtvessiuefindaseum (3.1.2.22) waztszyndld

aumsdanleveua ezl
_ (_])" Qlfz,m (] SIHh 770) Sn,m _ Hn,m (.] SIHh 770) nE

’ Gn,m (Ky’jSIHh 770) Cm Gn,m (K,u’jSIHh 770) ’
RS
(-1)"j"'P,,(jsinhn,) S, ,
nm K - .. -
G, (x,,jsinhn))  C,
sinh7 )P (jsinhn) (3.1.2.72)
P sin
_I_j(K_ _1) n,m(] 770 n"m _] 770 anEnm
! G,,(x,,jsinhn,) ’
e
’ .« . d
P, (jsinhn)=—P  (jsinhn,) (3.1.2.73)
77 n="no
;. d .
0, (jsinhn)=—0, (jsinh7,) (3.1.2.74)
dn n=Mmo
G”m(/(#,jsinhno) =
’ . C . o (3.1.2.75)
x,0,,,(jsinhn )P (jsinhn,) - P, ,(jsinhn,)Q, , (jsinhn,)
H,,(jsinhn,)=
’ . ;o » o (3.1.2.76)
Qn,m (.] Slnh UO)R’I,M (J Slnh UO)_Pn,m (.] Slnh 770)Qn,m (.] Slnh 770)
msmﬁﬂuuﬂmmwnawaaﬂszﬁmummmu anflwldanyaums
da O 8¢m
dt lumgn a l:
T (3.1.2.77)

lu.
= i A, tanhn P’ (jsinhn)P, , (cos@)csmep
cy1—(esin 0)* ; ’ v

A o a £ a A
Warnlszanomasnatiia g, dadu

g, = a\/sinh2 1, +cos’ @ = a\/cosh2 1, +sin’ 0 = \/l (sin@/coshz,)’

tanh 7,

wazananIansznewatlaaai
1 = (2k—1)” Z(2k !

N—(esing)y =2 gy (esin (26!

AI%U FUANIN (3.1.2.77) axdonlaiiu

d 2k-1D!
da ﬂmz((zk)')'( [ _ cos 9])

x Z A, tanhn P! (jsinhn,)P,, (cos&)csmp

( z [1 —cos® 0})1{ (3.1.2.78)

(3.1.2.79)



dq‘d & 1R a a
sumsitiinaizes (cos@)™P,u(cosd) Ssmunsanszaowailviidueunsnzesaniuefindiaridu
6 %
\n0aa9a3 laald
T T2
[D,]=[D; ] (3.1.2.80)
WA
2k — k
Z( ok ¢’* tanh 7, nm(]smhno)LU—D” (3.1.2.81)
k)N
A o oa ' > & A ¢ o &
dadwfiun O wsasiaumstt Iddmiunssadmonssnauuouuiu, usz U wanesndianansol,
A% 1319z 16

—[ =22 [D7J[M][s] -~ [D? )N e] (3.1.2:82)
o M? uaz N¢ L‘ﬂum@ﬁﬂ‘ﬂm’mLLUOﬁﬁﬁ&JW%ﬂL'ﬂu
-/)"Q! (jsinh H_  (jsinh
Mno :( J) Qn,m(] 770) N‘D:an r/,m(-] n 770) (31283)

G, (x,, jsinhn,) ’ " G, (x,, jsinh7,)
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Abstract

This paper presents the method of images for calculating electric field in two-dimensional arrangements. The method utilizes
multipoles as the images to satisfy boundary conditions. The images are given for planar or cylindrical boundaries between two
dielectrics and for those between a dielectric and a conductor. We introduce the use of three kinds of multipole re-expansions, which
enables the calculation of images in complicated arrangements. The method has a clear advantage over using only line charges or line
dipoles when the arrangement under consideration consists of more than two objects. Calculation examples are given to demonstrate the
application of the method. The calculation results show that in an arrangement where the field is highly non-uniform, high accuracy can

be attained by using the method.
© 2006 Elsevier B.V. All rights reserved.

Keywords: Electric field; Method of images; Multipole re-expansion; Complex potential

1. Introduction

Electric field analysis is important in electric insulation
studies and in other applications of dielectric materials. In
many cases, physical arrangements under consideration
may be reduced to two-dimensional (2D) approximations
to simplify the analysis. Two-dimensional arrangements
are also useful in the study of fundamental field behavior.
For example, they are used in the analysis of electric field
intensification at a contact point between a conductor
and a solid dielectric as described, for example, in [1,2].
Usually, for 2D arrangements, it is easy to calculate the
field by using numerical field-calculation techniques such as
the finite element or the boundary element methods.
However, it becomes difficult to attain high accuracy via
numerical methods for an arrangement in which the electric
field is highly non-uniform.

Analytical methods are an alternative for calculating the
electric field where the physical configuration is not very

*Corresponding author.
E-mail address: boonchai.t@chula.ac.th (B. Techaumnat).

0304-3886/$ - see front matter © 2006 Elsevier B.V. All rights reserved.
doi:10.1016/j.elstat.2006.01.004

complicated. It is well known that the analytical method of
images can be applied for arrangements consisting of
simple objects, e.g. planes and cylinders [3,4]. However, the
method is not practical if more than two objects are
involved, as the determination of image positions and
interactions becomes troublesome. Recently, Giordano has
presented an analysis of the electric field in fibrous
materials using multipoles in 2D arrangements [5]. In this
work, the electric potential is expanded as a series of
harmonics. To obtain the coefficients of expansion, the
multipole re-expansion is applied to form a linear system of
equations. This approach is similar to that used in [6,7] for
three-dimensional field analysis.

This paper presents an analytical method based on the
method of images for 2D field calculations. It is similar to
the method that we have proposed for axisymmetrical or
three-dimensional arrangements [8,9]. The multipole re-
expansion simplifies the image-placement scheme when
more than two objects are present in the calculation. In
addition to the principles described in [8,9], we propose the
use of three kinds of potential re-expansions which greatly
extend the application of the method of images. In contrast
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to [5], the method does not require the setting up of a linear
equation system. For a configuration comprising more
than one object, the potential can be solved by repetitively
placing appropriate multipole images until the solution
converges, thus significantly reducing the memory require-
ment when the method is implemented on a computer.

2. Method of multipole images
2.1. Expressing the potential

In our method, a complex plane of z is utilized to
represent a 2D physical space. That is, the real and
imaginary parts of a complex number zy= xy+ iy,
(i = v/—1) represent geometrically the abscissa and ordi-
nate of a point (xg, y,) in the real space. From the complex
function theory [10], we know that real and imaginary
parts of an analytic function @ of z individually satisfy
Laplace’s equation in two dimensions. The function @ is
analytic only if it satisfies the two Cauchy—Riemann
equations:

ORe{®d} Olm{®}
ox 0y

and (1)

ORe(®)  Olm(d}
oy ox

(@)

In this paper, the solution for the potential ¢ is taken as the
real part of an analytic function @, called the complex
potential. The complex potential @ at a point z in the
complex plane may be expressed in the general form of two
infinite series expanded about a point zy = xy + iy, as

O=dp+ Py, 3)
where @ is the potential of multipoles,

®p = Byln(z — zp) + f: B— 4)
n=1 (Z - ZO)

and @, is the potential of Taylor or local expansion,
o0

O =Y Liz—=z)" 5)
n=0

B, and L, are the complex-number potential coefficients to
be determined so as to fulfill the boundary conditions
involved. In Eq. (3), @3, singular at z, is the potential due
to all sources located inside a circle of radius |z — zy| with
center at zy in the complex plane, whereas &, is due to all
sources located outside this circle. The coefficient B, can
also be regarded as the magnitude of an nth-order
multipole located at zy and having its potential singular
at zo. If a line charge with charge density ¢, is located at
(x0, yp) In a medium of permittivity &, for example, then
the charge is presented by a monopole or zero-order
multipole By = —¢q,/2n¢ at zy in the complex plane.

2.2. Re-expansion of the complex potential

This section describes three types of re-expansion of the
potentials in Eqs. (4) and (5). Here we use the term ‘‘re-
expansion” for processes that expand the function @ about
a different center in the form of a multipole potential in
Eq. (4) or a local expansion in Eq. (5). The first two re-
expansions only translate the center of expansion (without
changing the form of expression), whereas the last one
rewrites the multipole potential into the form of local
expansion about a translated center of expansion. Combi-
nation of these types of re-expansion makes possible the
application of the method of multipole images for various
arrangements.

2.2.1. Translation of multipole expansion

Consider an nth-order multipole B, located at zy =
Xo +1y, in a complex plane, as shown in Fig. 1. The
complex potential @ due to this multipole is equal to
ByIn(z — zp) for n =0 and B, /(z — zp)" for n>=1. With the
center of expansion moved to the origin O, we can re-
expand @ for |z| > |z, i.e., outside the circle of radius |zo|
and center O. The potential is expressed as

o
bp, =Y D, (6)
j=n

where C; (j =n,n+1,...) are the multipoles located at O.
That is, ¢, = Colnz and ®¢, = C;/Z for j>1. The new
multipoles, C;, are determined from B, (j=n) as follows
[11,12]:

Forj=0,
Co = B,. (7
Forj>1,
Z B
Ci= -2 ifn=0, (8)
J
-, i — 1)! .
g U= B, if n#0.
O Gomi— i o 0 ©)
iy
B)l
20
» X
o

Fig. 1. Multipole B, at zj in the complex plane.
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2.2.2. Translation of local expansion

Let @;, = L,(z — z)" be an nth-order complex potential
expanded about zj in the form of a local expansion. We can
translate the center of expansion to the origin O and
rewrite @y, as

n

¢Ln = Z de/" (10)
j=0

Dy, = M;Z, (11)

where M; (j = 0,1,...,n) are complex-number coefficients.
Using the polynomial expansion, we obtain the following
relation between the coefficients M; and L, (n>=)):

n!

M; =m (—z0)"7L,. (12)

2.2.3. Conversion from multipole expansion to local
expansion

Consider the same multipole in Fig. 1. We can express
the complex potential @5, in the form of local expansion
with the center at the origin O for |z| <|zg], i.c., inside the
circle of radius |zyg| and center O. The potential is re-

expressed as
o0

Dp, = Z Dy (13)
=0

where M; (j =0,1,...) are the potential coefficients of the
re-expansion. The limit |z| <|zg| of Eq. (13) is based on the
Taylor’s theorem [10]. We can determine M; from B, as
follows [11,12]:

Forj=0,
M() = ll’l(—Z())B() forn = 0, (]4)
Bl‘l
My=—— forn=l. (15)
(=20)
Forj>1,
B
M;=—-=2 forn=0, (16)
Jzy
B, ( — 1)
M]:(—l)n n w fOr n>1 (17)

29— 1)

2.3. Multipole images for fundamental arrangements

This section describes multipole images for fundamental
arrangements that consist of only one object whose
boundary is a plane or a cylinder surface. The images, which
satisfy the boundary conditions on their corresponding
objects, are used in the repetitive procedure for arrangements
composed of two or more objects.

Yo

grounded plane
/ X

>

Yo

Fig. 2. Multipole B, and image B, induced by the ground plane on the
real axis of the complex plane.

2.3.1. Image for a ground plane

Consider a multipole B, located at zo = xy + iy, above a
ground plane on the real axis of a z plane, as shown in
Fig. 2. The condition to be fulfilled is that of zero potential
on the ground plane. This can be done by placing an image
B, of the same order as B, at Zy = xy — iy,. That is, on the
real axis (y = 0) of the z plane,

Re{®p, + Py} = 0. (18)

Because ®@p, and ®p are a logarithm function of z for
n = 0 but a power function for n> 1, we derive the relation
between B, and B, separately for n = 0 and for n>1.

If n=0,

®p, + P = Bo(In py — i) + By(In py + ic), (19)

where (py, —) are the polar coordinates of an arbitrary
point in x on the ground plane when z, is treated as the
origin. That is, z — zy = p, exp(—ia). Because Eq. (18) must
be true for any angle o, we get, from Eq. (19)

86 = _B()) (20)

where Bj is the complex conjugate of By.
If n>1, the equation of the potential on the ground
plane becomes, for any n:

B, . B .
Dp, + Pp = — exp(ina) + — exp(—ina). (21)
n pO po

From the boundary condition in Eq. (18), we obtain
B, cosno. — By;sinno + B:l’, cos no. + B;,,i sinne =0. (22)

Here we denote the real and imaginary parts of any
potential coefficient 4, by A,, and A,;, respectively.
Obviously, Eq. (22) leads to the same relation between
B, and B, as that in Eq. (20). Therefore, we conclude that

B,=—B, forn>0. (23)
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2.3.2. Images for a semi-infinite dielectric solid

Consider the arrangement of Fig. 2, but for the case
where the ground plane is replaced by a semi-infinite
dielectric solid. The permittivities of the dielectric solid and
the surrounding (external) medium are denoted by ¢ and
&g, respectively. Two multipole images, B, at Z, and B at
zo, are used to satisfy the boundary conditions on the
planar dielectric interface at y = 0. In the surrounding
medium, the complex potential @ resulting from the
multipoles B, and B, can be expressed as

D = (an + ¢B;1' (24)
Inside the dielectric solid, the complex potential @ is due
to B:

D= Dy (25)
For this situation, the boundary conditions on the
dielectric interface are the continuities of the real potential

and normal electric flux density. To determine the multi-

pole images, B, and B, we express the boundary

conditions in terms of the complex potentials as
Re{®g} = Re{Pi} (26)

F@Re{(DI} _ ORe{®}

oy 9y
where I' = ¢ /ep defines the permittivity ratio. From the
Cauchy—Riemann equations, we obtain

and

27

00 _olm{®} i6Re{(1')} — ORe{®} +i61m{d5}

0z Oy oy dy oy )’

op .09

— =i 28

oy oz (28)

Using this relation, Eq. (27) may be rewritten as

FoRei% =Rei%. 29)
0z 0z

As in Section 2.3.1, at any point z on the interface, z — zg =
poexp(—iz) and z—Z)=pyexp(ia) =Z—2p. Using
Egs. (26) and (29), we can evaluate B, and B, from B, by

I—1_-

B;z = _F—-i-l By, (30)
2

It should be noted here that the relations above describe
the most general case of a planar interface between two
dielectrics, where ¢ and &g are the permittivities of the
medium on the multipole side and that on the other side of
the interface, respectively.

2.3.3. Images for a grounded conducting cylinder

Consider next a grounded conducting cylinder of radius
R centered at the origin of a complex plane, as shown in
Fig. 3. Let B, be a source multipole located at zy outside
the cylinder (|zg| > R). Using the multipole re-expansion

Fig. 3. Multipole B, and a grounded conducting cylinder. Bj/ G=12,..)
are the images of B, induced by the conducting cylinder.

method, the complex potential due to B, can be rewritten
in the form of a local expansion for |z| <|zyl:

o0
Dy, = Dy, (32)
=0

where M are determined by using Eqs. (14)—(17).

To satisfy the zero-potential condition on the cylinder
surface, an infinite number of multipoles B]’- G=0,1,...)
are inserted at the cylinder center as the images of B,.
Matching the resultant potential to get

Re{®p + Py} =0 (33)

on the surface for each j, we can relate B, to M;. As in the
previous section, we consider B} separately for j =0 and
for j>1.

Forj=0,

B),InR — B),0+ Mo, =0, (34)

where R(cos 0 + 1 sin 0) represents the cylinder surface. It
follows from Eq. (34) that

/ MO
B, = Re{lnR}' (33)
Forj>1,
B exp(—ijo .
Re{#*f‘ MR exp(ij@)} =0. (36)

From Eq. (36), we can conclude that

It is worth noting that the images described in this section
can apply to a conducting sphere on which the net charge is
given. In the most common case where the conductor
possesses no net charge, we obtain B, = 0, and also obtain
the same relation for the other B} as that for the grounded
cylinder in Eq. (37).

An inverse situation should be noted here for a multipole
B, located at z; inside a hollow conducting cylinder of
radius R centered at the origin, |zg| < R, as shown in Fig. 4.
To satisfy the potential condition on the cylinder surface
(Jz| = R), we re-expand the potential of B, about the
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Fig. 4. Source multipole B, located at z; inside a hollow, grounded
conducting cylinder.

cylinder center (z = 0) using the translation of multipole
potential in Eqgs. (7)—(9). Then, @5, can be expressed for
|z[ > |zo] as

o0
by, =Y D, (38)
Jj=n

where C; are the multipoles at the cylinder center. C; can
be determined from B, using Eqgs. (7)—(9). [Note that ®@p is
re-expanded in the form of a multipole potential in Eq. (38)
but in the form of a local expansion in Eq. (32).] The
resultant potential is the sum of @5, and the potential due
to charges induced on the conducting cylinder surface. The
latter can be expressed by a local expression of Eq. (11)
about the cylinder center. Denoting this potential by @y,
we write the resultant potential inside the hollow cylinder
for this case as

D =Pp + i (pM, = i (DC,- + i (DM,> (39)
j=n j=n j=n

where @y, = M 7. To satisfy the zero-potential condition,
we get the following relations:

M0=—ll’1R'CQ (40)
and

C; .
Mj:—R—zjj for j>1. 40

2.3.4. Images for a dielectric cylinder

Consider an arrangement shown in Fig. 5. A dielectric
cylinder having a radius R is centered at the origin of a
complex plane. The source is a multipole B, located at z,
outside the cylinder. We denote the permittivities of the
cylinder and the surrounding medium by g and eg,
respectively. For this arrangement, we separately express
the complex potentials @ in the interior and ®g in the
exterior of the cylinder. The potentials are then determined
to satisfy the following boundary conditions on the
cylinder surface:

Re{®} = Re{Pg}, (42)

ORe{®;} ORe{Pg}
r = .
op op

43)

iy

€

.

Fig. 5. Multipole B, and a dielectric cylinder. Bj’. (G=12,...) are the
images of B, induced by the dielectric cylinder.

The electric field of B, induces polarization in the
dielectric cylinder, resulting in surface monopoles (i.e.,
surface charges in the real space) on the cylinder unless
I' = 1. Hence, the potential inside the cylinder is the sum of
the potential of B, and that of the monopoles. The
resultant potential @; can be written in the form of a local
expansion about the cylinder center

o0
Q=0 = Z P, (44)
=0

where L; (j =0,1,...) are the potential coefficients to be
determined.

Similar to @;, the potential @g also results from the
source multipole B, and the surface charges. We use
multipole images B]’- (j=1,2,...) at the cylinder center to
express the potential in the exterior due to the surface
charges. Therefore, @g is written for |z|> R in the form

o0
O = O, + by = Py, + Y | . (45)
j=0

Re-expanding the multipole potential @, into the form of
Eq. (32), we can rewrite @g for R<|z|<|zo| as

[0}

Gp =) (P, + Pp). (46)

J=0

Note that the limit |z|<|zy| arises from the re-expansion
of @p, to @y, [The solution for |z|>|zy is expressed in
Eq. (45).]

From the boundary conditions in Egs. (42) and (43), it
follows that L; in Eq. (44) and B]/ in Eq. (46) are related to
M; as follows:

Ly = RE{MO}, (47)
B, =0, (48)
and for j>1,
2
Li=——M, 49
] F+] ] ( )
_ =T g
B, = 1 M. (50)
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Note that classical books on electromagnetics (for example,
[3]) usually treat the problem of a line charge and a
dielectric cylinder by placing a line-charge image at the
center of the cylinder and another image at the inversion
point of the source. (If the source is at a distance r from the
cylinder center, the inversion point will be at a distance
R?/r on the straight line connecting the source and the
center.) In our approach, an infinite number of the
multipole images are inserted only at the center of
the cylinder. It can be shown by using the multipole re-
expansion that these two approaches give an equivalent
solution. Because the image position is restricted to the
center of the cylinder, the application of the method of
images to arrangements comprising more than two objects
becomes much simplified.

An inverse situation, where B, is located inside the
cylinder, can also be treated in a manner similar to that of
the previous case. Consider the multipole B, in Fig. 4, but
in this case let have a dielectric permittivity e. After
applying the re-expansion, we obtain its potential in the
form of Eq. (38). The resultant potentials are

¢I=¢Bn+¢M=Z(ch+Z Dy, (51)
Jj=0 Jj=0

inside the cylinder, where @), = M jz’ ; and

Pp=7) b (52)

outside the cylinder, where C} are the multipole images.
The coefficients M; and C} are determined from C; to fit
the boundary conditions as follows:

C, =TI Cy, (53)
My=({I—-1)InR- Cy, (54)
and for j>1,
2r
Cj’. = T+l Cj, (55)
r—-1 ,—
M;= Tl RZJC,. (56)

2.4. Initial expression of complex potential for calculation

Solution by the method of images usually begins with an
initial complex potential that fulfills a boundary condition
on an object in the arrangement under consideration.
For example, the boundary condition may be a constant
potential on a conductor or may be a potential due to an
external uniform electric field. For cases that the arrange-
ment comprises more than one object, field calculation is
performed in an iterative manner after the initial potential
is obtained. This section explains the setting up of the
initial complex potential.

2.4.1. Stressed conducting cylinder

Suppose a conducting cylinder of potential ¢, and radius
Ry is centered at (xp, ;). In the corresponding complex
plane, we can place a zero-order multipole By at zy =
Xo +1y, to yield Re{®p} = ¢, at any point z on the
cylinder surface (|z — zo| = Ry). From Eq. (4), it is obvious
that By can be determined by

b0
By = . 57
"= TRy (57)
The initial potential is then written as
® = By IH(Z — Zo). (58)

2.4.2. Stressed conducting cylinder and a ground plane

Suppose a conducting cylinder of potential ¢, and radius
Ry is centered at (xp,y,) above a ground plane located at
y =0, as shown in Fig. 6. In the corresponding complex
plane, we use images to obtain a complex potential @ that
satisfies two conditions: (1) Re{®} = ¢, at any point z that
|z— 29l = Ry and (2) Re{®} =0 on the real axis. Two
multipole images By and — B are inserted at zg = xo + iy
and Zp, respectively, to fulfill both conditions. The height
yp can be calculated from y, the radius Ry of the cylinder
by [13]

yp=1\/y}— R} (59)

The complex potential due to the two multipoles at a point
zis
Z—Zp

®=Byln—=%. (60)
Z—Zp

From Eq. (60), the two multipoles can be determined from
¢, by

Q)

e/ (-5

By = (61)

Yo
YB

IH

Jo——— - Y

Fig. 6. Electrically stressed conducting cylinder centered above a ground
plane by a distance y,.
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2.4.3. External uniform field

Consider a physical configuration subjected to an
external uniform field. The potential due to the external
field is used as the initial complex potential. If an electric
field E, exists in the downward vertical (—y) direction, for
example, the real potential ¢ E, due to this external field at
any point (x, y) is equal to

bp, = b+ VE,, (62)

where ¢, is the potential at the origin. The corresponding
complex potential @g, at any point z=x+1iy can be
expressed in the form of a local expansion as

bp, = Mo+ Mz, (63)

where My = ¢y and M| = —iE,.

If an external uniform field E, is in the left-to-right,
horizontal (+x) direction, the real potential ¢, at a point
(x,y) is equal to

¢EJ = ¢y — xEx, (64)

and the complex potential @g,  is also in the form of
Eq. (63) with My = ¢, and M| = —E,.

Note that the potentials qSEy in Eq. (62) and ¢, in
Eq. (64) are the well-known solution of Laplaces’s equation
for the uniform fields, whereas the complex potentials @,
and @  are the analytic functions of z having their real
parts identical to ¢ E, and ¢ , respectively.

2.5. Calculation procedure

The method of images begins with the initial complex
potential that satisfies a boundary condition in the arrange-
ment of calculation, as described in Section 2.4. From the
initial potential, we place multipole images for each object in
the arrangement to fulfill the boundary conditions on the
object by using the images described in Section 2.3.
However, for an arrangement composed of more than one
object, each application of the images perturbs the potential
in the arrangement, making the boundary conditions on the
other objects unsatisfied. Thus, the images shall be applied
repetitively until the solution converges. (That is, the
magnitudes of multipole images to be inserted are so small
that their potential is lower than a required error level.)
More details on the repetitive procedure have been described
in [8,9,14]. A similar application of the potential re-
expansions has also been presented for three-dimensional
electric field calculation in [15].

It should be noted here that the presence of an energized
conducting cylinder may introduce a numerical problem in
calculation. This is because the potential due to a multipole
B; (j=1) vanishes as |z] — oo (infinitely far from the
multipole), but that due to a monopole B, becomes
singular. This characteristic leads to numerical instability
when applying the multipole re-expansion and fundamen-
tal solutions during iteration, although the relations are
theoretically correct. Here, noting that |¢pp | consistently
decreases to zero as |z| increases from zero to unity, we

solve this problem by restricting the spatial dimensions of
the calculation arrangement to be smaller than unity. (An
arrangement with larger dimensions can be scaled so as to
conform to this restriction.) However, this approach has a
disadvantage, when it is implemented on a computer, that
the possible order of expansion to be used for the potential
is reduced, as dividing by # [for example, in Egs. (15) and
(16)] for a very small z may give a too large value
(numerical overflow).

3. Calculation examples
3.1. Conducting cylinder in a uniform field

A configuration of an electrically floating, conducting
cylinder of radius R and center z; under a uniform electric
field £y = —iFE, is taken as the first example. We begin with
the calculation with the external potential @£, similar to
that in Eq. (63), V

Py = P, = Mo+ Mi(z — 20), (65)

where M| is the potential at zo and M| = —iE,. Note that
the potential is expanded about z; in Eq. (65). Next,
multipole images B},j =0 and 1, are placed at the cylinder
center to satisfy the boundary condition

Re{®} = constant (66)
on the cylinder surface, where

(D:(DM—‘,-(DB;_

1 1
= Z Dy, + Z (pgf' ©7)
Jj=0 j=0

Because the cylinder is a electrically floating conductor, the
net charge on it must be zero, that is,

By =0. (68)
Making use of Eq. (37), we get
B, = —iR’E,. (69)

Therefore, the solution of the real potential ¢ is expressed
as

2

¢ = Re{®@} = ¢, + (p - %) E,sinf, (70)

where ¢, is the potential at (xo,),), and (p,0) are polar
coordinates when the cylinder center is taken as the origin.
Note that Eq. (70) gives the well known solution of this
arrangement [3].

3.2. Eccentric cylinders

The next example is a capacitor formed by two eccentric
conducting cylinders. The inner cylinder of radius R; is
energized to a potential ¢, whereas the outer cylinder of
radius R, is grounded. Fig. 7 shows the configuration on
the complex plane, in which we take the origin, O, and the
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Fig. 7. Eccentric cylinders of potential difference ¢,,.

point zg, |zo| + R; < R,, as the centers of the outer and inner
cylinders, respectively. Although the solution of this
arrangement can be obtained using the bicylindrical
coordinate system [16], the method presented here is
applicable to general problems consisting of more than
one inner cylinder.

The repetitive procedure for the arrangement of Fig. 7
can be described as follows, in which the superscript @
denotes the step of repetition.

(1) Place initial multipoles B at z, to fit the potential ¢,
on the inner cylinder. From Eq. (4), we have

BV = %o 71

0 lnRi’ ( )
and Bj(l) =0 for j>1. The potential @ between the
cylinders is then expressed by

o0
D=y = Dy, (72)
=0

(2) Translate all the multipoles BV at z, to multipoles C}l)
at O, the center of the outer cylinder. By using Egs.
(6)—(9), we have

0 = o, (73)

where @ ) is the total potential due to all C}l).

(3) Apply the potential @, ) in the form of local expan-
sion about O to match the potential due to each C](-l).
That is, on the outer cylinder,

o=V =@ +d,0 =0, (74)
¢C<_1) + @M(l) =0. (75)
j j

Here &,,0) is the potential due to charges induced on
the outer cylinder. Its coefficients are calculated from
C by using Egs. (40) and (41).

(4) Translate the center of expansion for @, to z.
Denoting the re-expanded expression of @, by @
we have

D0 =@, 00, (76)

M0

N
0.00 0.33 0.67 1.00

Fig. 8. Potential within the eccentric cylinders for R; =0.5R, and
2o = (0.1R,, 0.1R,).

where M'"V is calculated from M® by using Egs. (10)
and (12).

(5) Since @, influences the potential on the inner
cylinder, we place images B® at z; to cancel the
potential @, on the surface. The potential on the
inner cylinder becomes

0=V 4 @y = @ (77)
or
¢M,j(_n + ¢B;2> =0, (78)

where B;Z) is related to M’;l) by Egs. (35) and (37).
(6) Repeat Steps 2-5 until the potential @ converges.

Fig. 8 shows the calculation results for R; = 0.5R, and
zo = (0.2R,,0.2R,). The potential, normalized by ¢,, is
displayed on the gray scale at the bottom of the figure. The
calculation uses up to eighth-order (j =0, 1,...,8) for the
expansion of potential and converges in about 20 steps to
an error level ¢ = 107°% of the potential.

3.3. Multi-core dielectric cylinder under an external field

This example (Fig. 9) represents a simple model for
fibrous materials. In Fig. 9, a dielectric cylinder of radius
Ry is composed of a dielectric of permittivity ¢ and five
cores having radius R.. Four of them are displaced from
the center of the dielectric cylinder by a distance d in both
horizontal and vertical directions, whereas the last core
is located at the center. The cylinder is placed in a
surrounding medium of permittivity ¢g under a vertical,
uniform external field E;. We have calculated this
arrangement for R, = 0.2R;, d = 0.5Ry, and ¢/eg = 4.
Two cases are treated here in which the cores are (a)
dielectrics having permittivity &c = ¢g and (b) conductors.
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Fig. 9. Dielectric cylinder under an external field Ej.
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Fig. 10. Potential in the dielectric cylinder with (a) dielectric cores and
(b) conducting cores. The potential, normalized to E¢Ry, is expressed on
the gray scales in the figures.

We omit the calculation procedure for this arrangement,
as it is principally the same as those for Section 3.2.
However, all the three types of multipole re-expansion
described in Section 2.2 must be used in the calculation.
The calculation results are shown in Fig. 10. The potential,

normalized to EyRy, is expressed on the gray scale at the
bottom. It can be seen from Fig. 10(a) that the electric field
inside the outer cylinder does not significantly deviate from
that of a homogeneous dielectric cylinder, in which the field
is uniform and equal to 0.5E for ¢/eg = 4. On the other
hand, the field in Fig. 10(b) is less intensified in the
dielectric cylinder than that in Fig. 10(a) as we can readily
notice from the potential scale. For both types of the cores,
we use up to 10th-order for the potential expansion and the
solutions converge within eight steps to an error level
e=10"%.

3.4. Dielectric cylinder lying on a ground plane under an
electric field

The last example is an arrangement of a dielectric
cylinder of radius R lying on a ground plane under an
external uniform field Ej in the vertical direction (Fig. 11).
We denote the permittivities of the dielectric cylinder and
the surrounding medium by ¢ and eg, respectively. This
arrangement has been used to investigate the electric field
behavior at the contact point between a solid dielectric and
a conductor [17]. It is also equivalent, with respect to
electric field, to an arrangement of two dielectric cylinders
in contact under Ej. The calculation procedure for this
arrangement begins with

=g =Mz, (79)

where M (11) = iE), as explained in Section 2.4.3.

In the next step, multipoles BV are inserted at the
center of the cylinder. For each j, Bj(l) is calculated from
M;l) with Eqgs. (48) and (50). This step satisfies the
boundary condition on the dielectric interface. According
to Eq. (23), The ground plane also induces multipoles BV,

at the distance R below the plane, as the images of Bj(l).

Next, with Egs. (14)—(17), the potential due to all B is
re-expanded about the cylinder center in the form of local
expansion. The re-expansion gives M@ for the next
iteration. The application of images is repetitively done in
this manner. At the nth iteration, the potential outside the
dielectric cylinder is expressed by

n_ Nj
¢ =P, + Z Z [‘153]@ + ‘I’B,;m] , (80)
ko J

where N; is the highest order of expansion used in the
calculation.

€

|||—

Fig. 11. Dielectric cylinder on a ground plane under an external field Ey.
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Fig. 12. Error of the electric field E. at the contact point.
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Fig. 13. Number of expansion terms required in order that the error of E,
is smaller than 1%.

This arrangement is chosen as an example here because
the analytical solution of the electric field is available. The
electric field E, at the contact point between the cylinder
and the ground plane has been derived by the classical
method of images using only line-dipole images [17]. The
solution of E. in the ¢g-side is

E. €1

Ey e
When ¢;/eg> 1, the electric field near the contact point is
highly non-uniform, thus making it difficult for numerical
field-calculation methods. We use this arrangement to
investigate the accuracy attained by the calculation
method. Fig. 12 shows the error of the field E., compared
with the analytical solution in Eq. (81), in relation to the
permittivity ratio e;/eg when N; = 500. As can be seen
from the figure, we attain the error of the contact-point

81

electric field, E,, smaller than 1% for ¢ /&g up to 64. Fig. 13
shows the minimum order N; of expansion required to
achieve an error of E. smaller than 1% as a function of the
permittivity ratio. We can see that N; increases approxi-
mately asan exponential function with the permittivity
ratio.

4. Conclusions

This paper describes the method of multipole images for
calculating the electric field in two-dimensional arrange-
ments. The method is similar to the classical method of
images, but it uses multipoles of higher order than line or
dipole charges. Three kinds of multipole re-expansion are
utilized to extend the application of the method for more
general arrangements. Calculation examples are given to
demonstrate the use of this method in various arrange-
ments. In addition to the application to fundamental
arrangements, the method can be used for evaluating the
accuracy of results obtained by numerical field-calculation
methods.
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The application of the method of images to the calculation of electric field in arrangements of
intersecting conducting spheres is presented. The multipole re-expansions are utilized to determine
the multipole images and the potential coefficients. The method is applicable for cases of electrically
floating, grounded, or energized conducting spheres that intersect each other. Examples are given for
two grounded intersecting spheres of equal radii and those of different radii, respectively, under an
external uniform field. The results for the spheres of equal radii agree well with the analytical
solutions for the case of completely overlapped spheres and touching spheres, respectively. For the
spheres of different radii, the numerical results show that the method may also be used when the
degree of intersection is not too high. © 2006 American Institute of Physics.

[DOLI: 10.1063/1.2369631]

I. INTRODUCTION

The electrostatics of two intersecting spheres have been
studied in many works related to applications in fusing and
merging particles. The existing analytical solutions based on
the method of images utilize the geometrical inversion'” or
the Kelvin transformation.’ However, these solutions were
restricted to cases in which the spheres must intersect each
other at an angle 7/n (n is an integer) or must have equal
radii. The solutions have also been proposed for an arbitrary
angle of intersectionft_8 but the calculation, involving inte-
grals of infinite series, is complicated even where the spheres
are under a uniform field. Felderhof ef al.’ also derived the
solutions based on integrals for any arbitrary angle of inter-
section.

This paper describes the application of the method of
multipole images using re-expansion techniques to the gen-
eral case of intersecting conducting spheres under an external
potential. The method is extended from the one proposed for
configurations of separated spheres.lo’11 It is more general
than that using the inversion or transformation,l_3 as it can
treat spheres of unequal radii that intersect each other at an
arbitrary angle. Compared with the analysis by Radchik et
al.,*® the method presented in this paper is simpler in that
integrals are not involved directly in the main calculation.

Il. PHYSICAL CONFIGURATION

Figure 1 shows a schematic of two intersecting conduct-
ing spheres lying along the z axis. The lower and the upper
spheres are centered at p(0,0,z,) and q(0,0,z,), and have
radii of a and b, respectively. The separation between the
sphere centers is denoted by D=z,—z,. We consider a case in
which the spheres are grounded at zero potential in this pa-

YElectronic mail: boonchai.t@chula.ac.th

0021-8979/2006/100(11)/114907/5/$23.00

100, 114907-1

per. The case of electrically floating spheres can be treated in
a similar manner with an additional condition of zero net
charge of both spheres.

Let the upper sphere be smaller than or equal to the
lower one. It can be shown that, the coordinate z; on the line
(circle) of intersection between the sphere surfaces is given
by

D>+ (a* - b?)

2D ’ )

Z,'—Zp:

and the radius ¢ of the circle of intersection is determined by

c=\a*-(z;-z,)% )

Note that, in the following sections, symbols (r,, 6,) are used
to denote the first two spherical coordinates when a point X is
treated as the origin. See (r,,6,) and (r,,6,) in Fig. 1, for
example. If the potential is axisymmetrical in the arrange-
ment, the third coordinate (azimuthal angle) shall not be in-
volved in calculation.

FIG. 1. Intersecting spheres of radii a and b.

© 2006 American Institute of Physics
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FIG. 2. Potential due to surface charge o on the surface A is represented by
multipoles B’:J at p.

lll. CALCULATION METHOD

When the spheres in the arrangement of Fig. 1 are sub-
ject to an external potential ¢F, surface charges are induced
on them. The external potential is assumed to be axisym-
metrical. These induced charges deviate the resultant poten-
tial from ¢F. This section describes various mathematical
operations on the potential due to these surface charges that
are necessary for determining the resultant potential.

A. Expression of potentials for the method
of multipole images

For simplicity, let first consider only the surface charge
o on the contour A of the lower sphere, indicated by the
solid line in Fig. 2. (The charge of on the upper sphere,
denoted by contour B, can also be treated in a similar way.)
The potential due to o may be written as the multipole
potential l/ﬁ expanded about the sphere center p as

Pj(cos 6,), (3)

where Pj is the jth-order Legendre polynomial. Note that, in
expressions of a potential, we shall consistently use the sub-
script and superscript to indicate the center of expansion and
the source of potential, respectively. In Eq. (3), B;},j is con-
sidered to be the jth-order multipole moment at p. The defi-
nition of multipole moment here is slightly different from the
conventional definition to simplify the potential expression.
The multipole potential given by Eq. (3) converges in the
shaded open region shown in Fig. 2, i.e., outside the sphere
of center p and radius a.

On the other hand, the potential due to o can also be
expanded about the center q of the upper sphere (see Fig. 3).

FIG. 3. Potential due to surface charge o on A is locally expanded about q.

J. Appl. Phys. 100, 114907 (2006)

The potential is in the form of local or Taylor expansion as
— A j
=3 L riieos 6. )

where (pq is the potential locally expanded about q, and L
is the jth-order potential coefficient. The potential cpq con—
verges in the shaded, closed region shown in Fig. 3, i.e., the
sphere of center q and radius b. The symbol ¢ is used for the
potential locally expanded in order to mark the difference
from the multipole potential ¢ in Eq. (3).

B. Reexpansion of potential

Potential in the form of multipole [Eq. (3)] or local ex-
pression [Eq. (4)] can be further reexpanded about other
points. Here we restrict the re-expansions only to points on
the z axis, as they are sufficient for the solutions in the axi-
symmetrical case. Two kinds of re-expansions involved in
the calculation are described as follows.

1. Multipole-to-local re-expansion

By this kind of re-expansion, the multipole potential in
Eq. (3) is expanded locally about a different point in the form
similar to Eq. (4). Let u(0,0,z,) be the new center of expan-
sion. An nth-order multipole potential of Eq. (3) can be re-
written as

gf‘ = n+lP(cosO) quu] .EL“/” (cos 6,).

p
(5)
LA is related to Bﬁ , by the following equations'*'*:
A
A _ (n+j)! B,
L,j=(- l)J—n T _Ldn+_i+1 for z, >z, (6)
n+j) B
=(- 1)nQ—M for z, < z,, 7)

n ']| dn+j+l

where d=|zu—zp|. After re-expansion, the radius of conver-
gence is equal to the smallest distance between u and the
boundary of the shaded region in Fig. 2. It is obvious that the
re-expansion shall be invalid if u is located in the unshaded
region.

2. Local-to-local re-expansion

Consider an nth-order potential in Eq. (4) and the new
center of expansion at u. This kind of re-expansion expresses
the potential as"

A A
(pq,,—Lq,l wP(cos 6,) E‘Pw ZL r’P (cos 6,),

8)
where
A _ m—jr A
L,;= —(n 0 'j|d L,, forz,>z,, )
and
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n!
( )n—j dn—]LA

for z, < z,. (10)
(n=j)'j g

After re-expansion, the radius of convergence is equal to the
smallest distance between u and the boundary of the shaded
region in Fig. 3.

C. Solutions of the intersecting spheres

We are now in a position to obtain the solutions for the
arrangement of Fig. 1. Considering the surface charges ¢
and o on both spheres induced by an external potential ¢F,
the potential ¢ at any point outside the spheres is the result
of superposition as

="+ Y+l (11)

where W‘ and ¢B are the multipole potentials due to o** and
of expanded about p and q, respectively. To satisfy the zero-
potential condition on both spheres, we express the potential
separately for each sphere as functions expanded about its
center:

b= gof + 1,02 + (pg for the lower sphere (12)
and
¢= gog + <p2 + aﬁg for the upper sphere, (13)

where gog and (p/; are the potentials due to o and ¢ locally
expanded about p and q, respectively. Note that the external
potential is also written in the form of local expansion in
Egs. (12) and (13). If the external potential is due to a uni-
form field E in the z direction and the potential is referenced
to be zero at z=0, for example, then we have

(Pg =- ZpEO - EoerI(COS Hp) (14)

and
¢§:—quO—Eorqu(cos 6,). (15)

which are expanded locally about p and q, respectively.
Suppose we want to obtain the solution of potentials for
the order j from O up to N. Then, the total number of poten-
tial coefficients (Bp j, Bg P Ls ;» and Lf,j) to be determined is
4(N+1). The coefficients can be solved from a linear equa-
tion system, which is constructed by the following two pro-

cedures:

1. Satisfy the potential condition on the spheres. That is,
for each order j, we have relations

G+ U+ ;=0 (16)
on the surface of the lower sphere (r,=a), and
o+ g+ Yy =0 (17)

on the surface of the upper sphere (r,=b). Therefore,
2(N+1) equations are obtained by using Eqgs. (16) and
(17).

2. Equate the pairs of potentials that arise from the same
charges, i.e., z,[/;=<p‘3 and lﬂi:cpﬁ. In order to do so, each
potential pair must be expanded about the same point.
Then we can match the potentials for each order j. A
natural choice seems to be multipole-to-local reexpand-
ing z//; to q and z//; to p because the potentials can be

J. Appl. Phys. 100, 114907 (2006)

FIG. 4. Reexpanding the multipole potential lﬂ;‘ to q does not converge
because q is not in the shaded region.

related directly to <p2 and (pﬁ, respectively. However, we
notice that the potentials may not converge if D<a.
Figure 4 presents a situation where the re-expansion of
1//2 to q fails to converge because q is located outside the
shaded region. Hence, a better alternative is to reexpand
both z,//:, and <p’;‘ to a point in the shaded region of the
upper sphere (e.g., u in Fig. 4). The same is also applied
to the pair of zﬂg and gog. After re-expansion, we can
match the potential coefficients for each j, and obtain
other 2(N+1) equations.

After the linear equations are formed, they can be solved
for the unknown coefficients Bﬁ 7 Bs IS q J and L .. From
our calculation experience, iterative methods are not recom-
mended for solving the linear equations as they may not

yield sufficiently accurate solutions in some cases.

IV. EXAMPLES
A. Spheres of equal radii

The case of two spheres of unit radii (e=b=1) under a
uniform field E|, in the z direction is taken as the first calcu-
lation example. The calculation has been performed for D
=0.001a to 1.99a. It is obvious that, for the spheres of equal
radii, the calculation may be simplified by considering the
vertical symmetry. However, we use this case to investigate
the validity of the method as the spheres become nearly com-
pletely overlapped with D close to zero. Figure 5 shows the
residual potential evaluated on the surface of the upper
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FIG. 5. Residual potential on the sphere surface for different values of D
where a=b.
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FIG. 6. Electric field on the sphere surface for different values of D.

sphere by Eq. (11). The figure confirms the validity of the
proposed method for these values of D. The maximum or-
ders N of the potential expansions used to obtain all the
results in Fig. 5 are equal to 35. Although higher N should
give better accuracy in the potential expansions, we have
found that the linear equation systems are more difficult to
be accurately solved. Note that for a special case in which
equal-sized spheres are almost completely overlapped each
other, i.e., very small D/a, a small N may be used in the
calculation. We have found from the numerical results that
B ;=(-1Y*'B} . and B}, ;=B. ;=0 for odd j# 1 when D/a
— 0, while the geometrical symmetry due to a=b guarantees
that the calculation always gives B) =(~1)/*'BY . On the
other hand, difficulty in numerical computation arises when
D is smaller than a but not close to zero. This can be seen
from the higher residual potentials in Fig. 5 for D=0.1a and
D=0.5a. The numerical errors may be caused by the use of
finite N in the numerical calculation and also by the small
region of convergence of the potentials after re-expansion,
making the accurate solution of the linear equation system
difficult. In addition, every value of D in Fig. 5 exhibits
relatively high residual potential near the position of inter-
section (at the right end of each line).

Figure 6 shows the electric field on the surface of the
upper sphere. As can be seen from the figure, the electric
field is maximal at 6,=0, and decreases to zero at the line of
intersection for all D. The maximum electric field decreases
with decreasing D (increasing the overlapped portion). It
should also be noted that, for D close to zero, the electric
field at 6,=0 approaches 3E,, which is the solution for the
case of a single conducting sphere. For D=2a, the arrange-
ment is identical in electric field to that of a conducting
sphere in contact with a grounded plane under a uniform
field, and the analytical value of the maximum electric field
is 4.207E0.]4 The maximum field obtained from the numeri-
cal calculation is 4.202E,, for D=1.99a. It is also known that
the charge acquired by the conducting sphere in this condi-
tion is equal to %ﬂﬁsazEé.ls With D—2a, we obtain the
amount of charges that agrees well with the analytical solu-
tion. (The difference of the charges is 0.03% when D
=1.99a by N=35.)

B. Spheres of different radii

The arrangement of intersecting spheres of different radii
has been calculated for a=2b by using N=35. The residual

J. Appl. Phys. 100, 114907 (2006)
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FIG. 7. Residual potential on the upper sphere for different values of D,
where a=2b.

potential calculated from Eq. (11) on the upper and the lower
spheres is shown, respectively, in Figs. 7 and 8 for D/a
=1.2-1.49. From the figures we can see the same tendency
as Fig. 5 that the errors are high near the position of inter-
section. For this case, the residual potential consistently be-
comes higher with decreasing D/a, i.e., increasing the de-
gree of intersection. The normalized residual potential
smaller than 10~ can be attained by the method for D/a
=1.2. Note that we cannot obtain results of acceptable accu-
racy for smaller D/a by decreasing N as in the first calcula-
tion example. In the absence of the vertical symmetry a=b, a
large N must be used for the potential expansion in Eq. (5)
when D/a is small. Figures 7 and 8 also show that the error
is greater on the larger (lower) sphere. We have also con-
firmed that the electric field from the calculation decreases
properly to zero at the line of intersection for D/a=1.2,
although the field plot is not shown here.

V. CONCLUSIONS

We have explained the application of the method of mul-
tipole images to the potential problems of intersecting
spheres. The solution is made possible by considering the
convergence of the expressions of potential and by utilizing
appropriate kinds of multipole re-expansion. The multipole
images and potential coefficients are then determined as the
solution of a linear equation system to satisfy the potential
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FIG. 8. Residual potential on the lower sphere for different values of D,
where a=2b.
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condition of the spheres. Numerical results are given for the
spheres of equal radii and those of different radii. Theoreti-
cally, the method can be used for cases of unequal-sized
spheres. The external potential is also arbitrary, although it is
axisymmetrical here. The numerical results in the case of
equal radii have been confirmed that they agree with the case
of completely-overlapped spheres and that of touching
spheres. In the case of unequal radii, the method works well
for slightly-overlapped spheres. For general three-
dimensional cases, the approach described in this paper is
still applicable. However, the expressions of potential and
the re-expansions become more complicated in three dimen-
sions.
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Abstract

The estimation of the membrane voltage and the polarization factor of biological cell provide a
base for the study of bio-manipulation techniques, such as dielectrophoresis, electroporation or
electrofusion. To model a biological cell, an ellipsoidal particle with an insulating membrane is
sometimes employed, but due to the limitation of the confocal nature of the coordinate system, the
membrane thickness is assumed to vary with the position, despite the fact that the lipid bilayer
membrane has a uniform thickness. We in this paper present a method to rigorously treat the
uniform-thickness condition in a system having an axial symmetry. The method is based on the
harmonic expansion of the field, to include the condition of the uniform membrane thickness as a
series expansion of the geometrical factor, and to solve the field problem as an interaction of the
harmonic components. It is identified that the conventional variable thickness model is equivalent to
neglecting the harmonic interactions in the uniform thickness model. Numerical calculations of the
membrane voltage and the polarization factor are made, and it is found that the discrepancy between

our rigorous model and the conventional variable thickness model becomes significant where the

field deformation is large due to the high axial ratio of the ellipsoid.

Key words:

biological cell, ellipsoid, membrane voltage, polarization, harmonic expansion

1
IET Review Copy Only



IET Nanobiotechnology Page 2 of 24

1. Introduction

The electrostatic polarization of a particle having an insulating membrane, as well as the voltage
induced on the membrane, has been studied as a model of biological cells in relation to such
applications for the characterization of cells through impedance analysis, dielectrophoresis,
electrorotation, electroporation or electrofusion [1-5]. In particular, on-chip applications of these
electrokinetic phenomena often require the design of the device and the interpretation of the result
based on a precise estimation of the polarization.

An exact solution for the field problem is known for a spherical particle, however not for an
ellipsoidal particle with a uniform membrane thickness. This is due to the confocal nature of the
coordinate system employed in the analysis. In spheroidal or ellipsoidal coordinate system, the
surface of constant radial parameter, (hereafter denoted as 77) becomes a spheroid or an ellipsoid, so
that the membrane thickness, i.e. the distance between the inner surface 77 = 7 and outer surface 7
= 1o + dn of the membrane varies as depicted in Fig.1 b) for a spheroid having axis lengths b and c.
The ratio of the thinnest to the thickest part is equal to the aspect ratio of the particle b/c, not
precisely representing the biological membrane consisting of a uniform lipid bilayer. Gimsa and
Wachner employed an equivalent circuit approach to tackle this problem [6-7]; however, it was
based on a simplification in exchange for mathematical exactness. There are also numerical
approaches based on integral equations [8-10], but they still have problems in calculation time and
accuracy assessments.

In this paper, we confine our interest to the particles having rotational symmetry, i.e. prolate and
oblate spheroid, and present a new method for a rigorous analysis of the field problem based on the

harmonic expansion, which can provide an exact solution for general 3D external field distributions.
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2. Principle

2.1 Harmonic expansion of the field

We shall first consider the case of a prolate spheroid. The prolate spheroidal coordinate system (7,

0, @) is related to the Cartesian coordinate system by

x=asinh7 sinf cosg
y =asinhzy sindsin@
z=acoshn cosf (1)

The surface 77 = 17, is a prolate spheroid having a rotational symmetry on the z-axis and focal points

at z==a:

x2 y2 Z2

e @
where

b=asinhn, and c¢=acoshz, 3)
and

a=Ac*—b 4)
With the use of the eccentricity of the ellipsoid e

e=\1-(b/c)* =alc (5)

where 0 <e <1, eq.(3) can be rewritten as

coshr, =1/e and sinhz, =+/(1/€)* ~1 (6)

The solution of Laplace equation in the prolate spheroidal coordinate system is [11]

_JP"(coshn)| ) P)"(cos®)
= {Q,'," (coshn)}{QT(cos 6)} csme )

where cs 1s either of cos or sin, italicized functions P"(x) and Q) (u) are the Legendre functions

of the first and the second kind for the argument »>1. The former has the singularity at u = oo,
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while the latter at ¥ = +1, same as in the case the Legendre functions P(x) and Q7(x) for the

argument —1<uy<1.

Under the influence of the externally applied potential

Bopp = —ZEn’m a" P" (coshn)P" (cos @) csmep (8)

the potential outside and inside of the spheroid can be written as

¢0ut = app + ¢ind
= —z E,, a" B (coshn)P, (cos @) csmp + Z C,,. O, (coshn)P"(cos6) csmp )
@, = ZAM P (coshn)P)" (cos &) cs mep (10)

n,m

2.2 Boundary conditions

The complex permittivity ¢ of a medium is defined by

=+ = (14 jwr) (11)

jo jo
where ¢ and u are the permittivity and conductivity, @ the angular frequency, j the imaginary unit,
and gz is the time constant of the medium
T, =¢/u (12)

7, 1s often very short for the medium of biological interest, as short as 50 ns even for ImM KCl
solution (¢ = 13 mS/m, 1/150 of physiological condition). The pulse duration used for
electroporation or electrofusion is far longer than this value, so @wr; <<I holds for the media inside
and outside of cells and the contribution of & in & can be neglected. On the other hand, the
biological membrane is a good insulator, and i makes little contribution to ¢ For simplicity, we

shall use these approximations throughout the paper, as we did in [12-13].
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We further assume that the membrane located at 7 = 7 is infinitesimally thin, and the membrane
charging is modeled by a dipole sheet. Under these assumptions, the boundary conditions to be met
at 7= 1y become [12-13]

¢0ut _¢i :O-/Cm
lLlOu[ Eout = Iuin Ein (13)

and the charging of the membrane is governed by

= How Eout =—Hy, Ein (14)
where C,, is the membrane capacitance per unit area, o is the dipolar charge density on the
membrane (+o on the outer and -o on the inner surface respectively),

Enut Z_L% H Ein Z_L% (15)

g'7 677 n=Mmy g” 877 n=no

g, 1s the geometric coefficient

g, = a\/ sinh® 7, +sin* @ = a\/ cosh® 77, —cos” @ = c\/l —(cos@/coshr,)’ (16)

It should be noted that, from these equations,

1 a ¢out

1
¢out_ in =~ | dt (17)
C Ig,, on

=0

so, for constant C,, & dependence of g, in this equation yields the interaction of the harmonic
components between different degree » in eqgs.(9) and (10), but not that between different order m as
to be explained in the following sections. Even under a uniform external field (» = 1), harmonics
with higher degree are evoked.

For the model where the capacitance varies with € in such a way that
C,=¢,/(g,dn) (18)
where &, is the permittivity of the membrane and g, d7 is the thickness of the membrane (refer to

fig.1 b), the @-dependent factor g, cancels out in €q.(17), and there will be no interaction between
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different ». In this case, the surface defined by 77 = 17 + dn satisfies

2 2 2
2x + 2y + ZZ =1
b"+¢& b +<&E c+ ¢
with
&E=2bcdn

and the thickness on x and z axes respectively becomes

o,=cdn and S, =bdn

Page 6 of 24

(19)

(20)

o2y

Hence, the conventional variable thickness model is equivalent to neglecting g, in eq.(15), and the

solution for a uniform external field is obtained just by considering » = 1 only.

2.3 The solution of the boundary value problem

The solution can be obtained by expanding o in Legendre harmonics as

o= z S, P, (cos@) csmp

(22)

and we have the potential coefficients in eqs.(9) and (10) in terms of the surface charge S, and the

external potential £, ,, as

_ dﬂQ}’?’”(COSh 770) Srl,m _ Hr’rn(COShnO) a}’lE
" GY(k,,coshny) C,  G(k,,coshry) "

x,d, B (coshn,) S, , (x,—1)B"(coshn,)d, P (coshr,) p
= T+ a
"Gk, coshmy) G, Gy (xcosh7,)

where we wrote

K# = /uin //uout

4, Coshigg) =B oshp) 0 coshizg) =07 (cosh)
n

T d
77 n=ny n=my

G (i, cosh ) = i, O (coshgy) d, P (cosh,) — By (cosh ) d,, 07 (coshpy)
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H,(cosh,) =0, (coshy,) d, B (cosh7,) — B (coshz,) d, O;" (cosh 7y, ) (28)

The time evolution of the membrane charge is governed by

do _ i, 1 9¢n Lin ZAn nd, B (cosh7y) P (cosO) csmp  (29)
dt g, on S \/1 (cos@/cosh,)’ wm

2.4 The treatment of g, in series expansion

To solve the interaction between different harmonic degree n, we first expand c/g, in power

series of cos@in such a way that

2k
1 = (2k - 1)”[ cos@}
(30)
\/1 (cos@/cosh,) ;; (2k)!" { coshn,

The series converges because

—1<cosf#<1 and coshn,>1 31

Eq.(29) then becomes

2k
da _ My k-D!( cosé - m
Z ! [ cosh 7, } Z A, .4, B (cosh,) P (cos 0) csmp (32)

This equation contains the components of (cos@)* P”(cos@), which can be re-expanded in

harmonic series using an identity of Legendre function

n—m+l1 m+1

Pl () + () (33)
+

xP"(u)=

Note that this re-expansion yields P"(x) of different degree n but same order m. Hence, we can

confine the following arguments for a fixed m.

In matrix form, eq.(33) is written as
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P () | P () | P () ] Py () ]
le (x) le (x) le (x) le (x)
k
x| P [=[D] [P |, P =[] P ) (34)
P (x) P (x) P (x) P (x)
P (x) P (x) P (x) P (x)
where
0 1-m 0 0 0 0 0
m+l o C-m 0 0 0
3 3
0 0 . 0 0 0
[D1] = 0 0 0 . 0 0 (35)
0 0 n+m 0 n-m+1 0
2n+1 2n+1
0 0 0 0 0
0 0 0 0 0 0
Writing
s, ] _Pg”(cosﬁ) csm(o_ (4, ]
S P (cos @) csmp A
[s]=| - |, [Pu]= - . [a]=| (36)
S P (cos @) csmep A
we have from eq.(32) that
d _ ;uin
E S]—T[Dp:“:a] (37)
where
s —nnhd P"(cosh
(0] 3 QDR (osh) e G9)

= ! cosh nozk
and the superscript P denotes that the quantity is for a prolate spheroid, and T denotes the transpose

of the matrix.

On the other hand, from eq.(23),
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[a] =™ ][s] - [N ][e] (39)

where [e] is an array of the external-field coefficient E, ,,, M’ and N are diagonal matrices whose

components respectively are

d Q" (cosh "
M = ZQn (coshry,) NP 1: (coshz,) (40)
G, (x,,coshn,) G, (x,,cosh7n,)

Substitution of eq.(39) into eq.(37) yields
%[s] =%[DP][MP][s] e[ INe] @1

This equation governs the temporal evolution of each harmonic component of the membrane

charge.

For n=1 and m=0 or 1, and first order external field, i.e.

E,,=E forn=1, E, =0 forn>1 (42)
eq.(41) at the limit of e—0 becomes

d 2 luin /uout S — 3Iuin Iuout E, (43)

5= 1

dt CCm :uin + zluout : :uin + 2luoul

which reduces to the well-known membrane voltage, ¥, , for a spherical cell with the radius ¢
3
v =—=ECE1(1—exp[—t/rl]) (44)

where

Z-I = CCm (Iuir;l + ﬂou;l /2) (45)

The case of an oblate spheroid can be formulated in a similar manner, which is shown in the

appendix.
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2.5 Polarization factor under an a.c. field

Assuming the time variation with exp[j ], we have from eq.(41) that

joo [s]=2ec [ |, M 5] - o [0 i, N ] (46)

where the superscript i is either P (prolate) or O (oblate). Hence, the dipole charge density can be

determined from the external field by

-1

[s]=C,. ([ ][, M' |- 1wz U]} [ ], N'][e] e, [L[D %, N ]le] 47)
where the time constant is

= CCm /luout ‘ (48)

On the other hand, eq.(24) (or (A-9) in the Appendix) can be written as

[c]= ’;_ﬂ[si IIs]+ (x, D[ T ][e] (49)

m

where [c] is an array of C,, S’ and T’ are diagonal matrices whose components respectively are

_ d, P, (coshr,) 7P B (coshn,)d, P," (coshr,) (50)
G (x,

prolate : S’ , T —
cosh7,) G, (x,,coshn,)

el

_ (-1 d, B (jsinhn,) 7O _ J B (jsinhn,)d, P (jsinhz,) 51)
o G, (k,, jsinh7,)

oblate : S°

n

G, (x,, jsinh,)
Substitution of eq.(47) into eq.(49) yields
[e]= (< [ST]E ][0 ][N ]+ (s, —1)[Ti])[e] (52)

This equation gives the multipolar polarization of the ellipsoid.

In this paper, we shall confine our interest to dipolar moments. In this case, at the limit of r— o,

a

2 2
Qf)(coshmzl(—] . o (coshn)z—z(ﬁj (53)
3\r 3\r
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otsimnny=—3( 2], gliisinn=2( <] (54
r 3\r

Therefore, the dipolar moments are

prolate : df :éﬁgmaz Cho, d, =—§7T6‘0uta2 C (55)
oblate:  d? =—§7Z€outa2 Ch . dy :gﬁgomaz oy (56)

The polarization factor per unit volume P! is then given as

. ﬁ72-‘9()utaz fm Cli,m
P=3— (57)
~rzb’c
3

where m = 0 for z-dipole and m = 1 for x-dipole, fo = 1 and f; = 2.

3. Example of numerical calculations

We shall show some numerical solutions of the equation

1L o o ]2 [ e )

cC, c
where 1 is either P (prolate) or O (oblate). Because in most practical cases, i, > tow, W€ normalize
time ¢ with the time constant 7 in eq.(48), i.e.
t=1t,

Then the membrane voltage
v ]=—1s] (59)
m Cm
is governed by

AR L A AR A (60
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Numerical calculations are made for a uniform applied field £ in z- and x-directions, for the case
of R=5, i.e. ¢/b=5 (prolate) and b/c=5 (oblate) and x,~10, taking the harmonic order n up to 1 =
200. With #7,,,, = 200, the error of the series expansion of eq.(30) is less than 0.4%.

Fig.2 shows the time evolution of each harmonic component v, normalized by cEj, from ¢, =0 to
tmax- tmax 1S chosen to cover about 4 7, where 7, is the time constant of nearly exponential growth of
the first harmonic. It is seen that higher harmonic components decay very quickly as 7 is increased,
and come into play only at the beginning of the transient.

Fig.3 shows the time evolution of the membrane voltage V,, (total of harmonic components)
plotted as a function of &, with the time division of #,,,, /20. In Fig.4 is plotted the same quantity
calculated by the variable thickness approximation model, i.e. taking only »=1 in eq.(29). With our
rigorous model, due to the effect of higher harmonics, the membrane voltage builds up rather
quickly at the locations where field becomes stronger (£=0 in prolate spheroid with E., or =n/2 in
oblate spheroid with E,) at the beginning. As time passes, the membrane voltage distribution

approaches sinusoidal shape, and as expected, both models give the same value of steady-state V.

The fact that the higher harmonics come into play at the beginning of the transient suggests that
they should as well affect the polarizability at higher frequencies. Calculated polarization factor
(divided by &) for x,~=10 and R=5 is shown in Fig.5 in comparison to that calculated by variable
thickness model. In fact the shift in spectra is seen (between the thick and thin lines in the figures).
In particular for the case where large field non-uniformity is induced by the existence of the particle
(prolate spheroid with E. or oblate spheroid with E,), the large difference is observed between our
rigorous model and the variable thickness model, which amounts to 2.4 times frequency change in

the case of oblate spheroid with E,

It should be noted that the present method is far faster than numerical methods like that based on

BEM [13], especially for the cases the field is perpendicular to the major axis where the problem is
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3-dimensional.

4. Conclusions

A method for rigorous calculation for the membrane voltage and the polarization factor of an
ellipsoidal particle with an insulating membrane is developed. The method is based on the harmonic
expansion of the field, to include the condition of the uniform membrane thickness as a series
expansion of the geometrical factor, and to solve the field problem as an interaction of the harmonic
components. With the use of the harmonic expansion, the method enables the analysis under
arbitrary external field. It is identified that the conventional variable thickness model is equivalent
to neglecting the harmonic interactions. Numerical calculation of the membrane voltage and the
polarization factors are made, and the discrepancy between our rigorous model and the conventional
variable thickness model becomes eminent where the field deformation is large due to the high axial
ratio of the ellipsoid.

An approximation that the field is dominated by conduction current in the media is employed in
the present analysis, but the method of the series expansion itself does not depend upon the

assumption, and is applicable for the cases where the capacitive current in the media is significant.
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Appendix: Solution for the case of an oblate spheroid

The oblate spheroidal coordinate system (77, 6, ¢) is related to the Cartesian coordinate system by

x=acoshzsiné cos@
y=acoshzsinf sing
z=asinh7 cosd (A-1)

The surface of 77= 1, is an oblate spheroid,

e ~
where

b=acoshr, and c=asinhz,
and

a=A+b*-¢* (A-3)

With the use of the eccentricity of the ellipsoid e

e=\1-(c/b)* =alb (A-4)

where 0 < e < 1, we have the same expressions for coshryy and sinh7, that

coshn, =1/e and sinhn, =/(1/e)* 1

The solution of Laplace equation in the oblate spheroidal coordinate system is

_JP"(jsinhn) | | P"(cos®) ]
$= {Qy’l” (jsinh 77)} {Q: (cos 9)} csme (A-5)

The potentials inside and outside the spheroid respectively are

¢out = ¢app + ¢ind
= —Z E,,a" j" P (jcoshn)P(cos) csmp+ Z Com 7" Q" (jcoshn)P” (cos @) csmp
(A-6)
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.= 4,, j" PI'(jsinhn)P, (cosd) csme (A-7)

In the above equations the powers of j are introduced to make all the coefficients real values.

If we expand o in Legendre harmonics as in eq.(22) and apply the boundary conditions, we have

_ (_])n d;]Q;n (J Sinh 770) Sn,m _ H;:n (.] Sinh 770) anE

n,m . . n,m (A_S)
’ G, (k,,jsinhn)  C, G (x,,jsinhny,) :
n .n+l my . 2 . my . . moy - -
- -D"j" x, dUE? (jsinhn,) S, ,, +](Ky—1)Fj, (]smhi]o.)d,ifﬁq (jsinh7,) ZE.(A9)
, G:ln (Ky’jSIHh 770) Cm G:rn (’(y’jSIHh 770) ’
where
moo d ., . . mo d . ..
d,F"(j Slnhﬂo)=d—nPn (jsinhmp)l , d,0,7(j Slnhﬂo)=d—77Qn (/sinh77) (A-10)
=10 n=ny

G, (x,,jsinhny) = x, Q) (jsinhny) d, B (jsinhr,) = B (jsinh7,) d,0; (jsinhz,) - (A-11)

H,'(jsinhn) =0, (jsinhny) d, " (jsinhr,) = B (jsinhz,) d,0,(jsinh7,) (A-12)

The time evolution of the membrane charge is governed by

d_a =u, L% = Hin z 4, ,, tanhn, d,an”’ (jsinh,) P (cos @) csmep
dt gy 0N |y c\/l—(sin 0/coshn,)* wm
(A-13)
where the geometric coefficient g, in this coordinate system is
g,= a\/ sinh® 7, +cos® @ = a\/ cosh® 77, —sin® @ = . ; \/1— (sin@/coshz,)* (A-14)
anh7,

The expansion of c/g,, is

k k
© _1\n 2 0 _1\n _ 2
1 (2K 1)..( sm2¢9 ] :Z(Zk 1)..[1 cos 9] (A-15)
J1-(sin6/coshy)> 1 (0N \cosh’n, ) £ (20! | cosh’ 7,

so that eq.(A-13) becomes

dO' /uin

—= z A4, , tanhn, d, P (jsinh7,) P (cos ) csmy
dt c\/ 1—(sin@/coshn,)* wm

k
1~ 2k =D 1—cos® @ o .
= E E A tanhn,d P"(jsinhn,)P" (cos@) csm A-16
c o (2k)” Cosh2 770 n,m 770 ntn (.] 770) n( ) ¢ ( )

n,m
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This equation again contains the components of (cosd)** P”(cos@), which can be re-expanded in

Legendre harmonic series as before, i.e. using

[D,]=[p"] (A-17)
and
© (2% —1)!l tanhz, d, P" (jsinh7,)
[DO};( (2k)!)! : %C(jsh%iksm Wiy-p, T (A-18)

where the superscript O denotes that the quantity is for an oblate spheroid and U is the identity

matrix. Then we have

4= 2 [ -4 vl r19

m

where M and N° are diagonal matrices whose components respectively are

_ )" d, 0, (jsinhrp,) o . H™"(jsinhz,)

VS N, =a" — (A-20)
G, (x,,jsinhn,) G, (x,,jsinh7,)

MO

n

For the first order external field and at the limit of e—0, the same expression as eq.(44) results.
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[Figure Captions]

Fig.1 Mathematical modeling of a spheroidal cell. a) Actual cell with a uniform membrane
thickness, b) Confocal modeling with variable thickness.

Fig.2 Time evolution of harmonic components, = 0 t0 #,qy-

Fig.3 Time evolution of the membrane voltage as a function of 6, at t = i/20 #,,, (i = 1 to 20) .

Fig4 Time evolution of the membrane voltage with the variable capacitance model, all
parameters same as that of fig.3.

Fig.5 Dipolar polarization factors for R=5. Thick lines for the present rigorous model, thin lines
for the variable thickness model, solid lines for the real part, and dashed lines for the imaginary

part. The abscissa is the log frequency normalized by 1/7, where 7is given by eq.(48)
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Abstract

This paper presents the analysis of electric field and force on a conducting sphere lying on a dielectric solid under a uniform field.
To achieve high accuracy, we have applied the analytical method of successively placing three infinite sequences of point and dipole
charges (zero- or first-order multipoles). The electric field is highest at the contact point, called the triple junction, where the
conductor, the dielectric solid, and the surrounding medium (gas or vacuum) meet together. Both the contact-point field and
the force increase with the permittivity ratio of the solid to that of the surrounding medium. The resulting force always attracts the
sphere to the solid, in contrast to the repulsive force in the case of a conducting sphere lying on a plane conductor under an external
field. We have given very simple formulae for approximating the contact-point field and the force which agree with the precise values
within a difference of 3% for permittivity ratios up to 32 and 64, respectively.
© 2005 Elsevier B.V. All rights reserved.

Keywords: Conducting sphere; Dielectric solid; Electric field; Force; Method of images

1. Introduction

Electric fields and resulting forces are of particular
importance in many fields of -electrostatics. One
important case concerns the behavior of particles
present under an electric field. In a gas insulated system,
for example, the force induced by an electric field may
lift a foreign conducting particle against the gravita-
tional force, thus possibly affecting the insulation
characteristics of the system. In photocopying, the
electrostatic behavior of toners under an external field
is significant to the overall performance of the process.
Therefore, the electric field distribution and force have
been reported in detail for the case of a conducting
particle lying on a conducting plate under an external
field [1].

*Corresponding author.
E-mail address: boonchai.t@chula.ac.th (B. Techaumnat).

0304-3886/$ - see front matter © 2005 Elsevier B.V. All rights reserved.
doi:10.1016/j.elstat.2005.05.003

On the other hand, the electric field and force have
not been fully investigated for the case of a conducting
particle lying on a dielectric solid. In high-voltage
insulation systems, dielectric solids are always used for
mechanical support and separation. There exist basically
two different cases for such arrangements if we consider
general cases including a conductor not necessarily small
like an electrode:

(1) the conductor is charged to a fixed potential, or
(2) the conductor resides at a floating potential under an
applied field.

For the former case (1), the electric field has been
computed for a spherical conductor at a fixed potential
on a dielectric solid by the method of placing an infinite
number of point charges (images) [2,3]. This arrange-
ment represents a fundamental case for studying the
field behavior at a triple junction where the conductor,



166 B. Techaumnat, T. Takuma | Journal of Electrostatics 64 (2006) 165-175

the dielectric solid, and the surrounding medium (gas or
vacuum) meet together.

This paper presents an analysis of the electric field and
resulting force for case (2) wherein a conducting sphere
lies on a dielectric solid of semi-infinite thickness under
an external (uniform) field. This is the most fundamental
arrangement for considering the electric field and force
acting on a conducting particle lying on a dielectric
solid, such as an insulating spacer or support in gas
insulated systems. We assume that the conducting
sphere is not charged (i.e., has no net charge) here.
However, the analytical method used here can also
treat a general case of a charged, clectrically floating
conductor under an external field. For this case, the
electric field is obtained by a linear superposition of the
field on the uncharged conductor with the external field,
which is treated here, and that on a charged conductor
without the external field.

It is very difficult to obtain high accuracy by any
numerical method for an arrangement with a triple
junction where a rounded conductor meets a dielectric
solid. This is because an infinitesimally narrow gap is
involved and the field is intensified, particularly when
the permittivity of the solid is much greater than that of
the surrounding medium. In order to achieve high
accuracy, we have analyzed the field on the conducting
sphere using the method of images for point and dipole
charges (zero- and first-order multipoles). Although the
image for an arrangement of a dielectric solid and a
point charge has been well known [4], in this paper we
generalize the image for the case of a dielectric solid and
a multipole of any order, e.g., dipole or quadrupole.

2. Arrangement

The calculation arrangement is shown in Fig. 1. We
consider an uncharged conducting sphere of radius R

Fig. 1. A conducting sphere with a radius R lying on a dielectric solid
of semi-infinite thickness under a uniform field E,.

lying on a dielectric solid of permittivity 5. The sphere,
the dielectric solid, and the background medium form a
triple junction at the point q in Fig. 1. We assume that the
sphere radius is much smaller than the thickness of the
dielectric solid that the solid can be treated as semi-
infinite. The conducting sphere and the dielectric solid are
subjected to a uniform electric field Ey in the vertical
direction. The permittivity of the exterior is denoted by
¢g. We have carried out the calculation for 1 <gg/ep < 64.

In the absence of the dielectric solid, the maximum
field is located at the top and the bottom of the
conducting sphere. The dielectric solid further increases
the electric field at the bottom point, q. Therefore, we
are interested in the contact-point electric field E.
(referred to the ep-side) at q, which is the highest field
in this arrangement. The electric field on the &g-side of
the contact point is simply given by ¢gE./és.

3. Calculation method

As already mentioned, we calculate the electric field
distribution by using a method of images that utilizes
point and dipole charges. The calculation is principally
similar to the case of a conducting sphere at a fixed
potential and a dielectric solid [2,3]. However, the
situation is more complicated here because the net
charge on the conducting sphere must remain zero. We
express the potential and electric field in the terms of
zero-order multipoles (i.e., monopoles) By instead of
point charges Q and first-order multipoles B; instead
of point dipoles P in the +z-direction to simplify the
expression. The potential ¢ at any point r due to By or
By located at rp is defined as follows:

By
= 1
¢ [r —rgl M
Bjcost
p=—, )
[r —rgl

where 0 is the angle between r —rg and the dipole
direction. It is clear form Egs. (1) and (2) that the
magnitudes of the multipoles are given by Q = 4neg By
and P = 4negB).

3.1. Images for a multipole and a conducting sphere

Consider a grounded conducting sphere and a zero-
order multipole By located at a distance d from its
center. The zero-potential condition on the sphere can
be satisfied by placing an image B at a distance R?*/d
from the center (Fig. 2(a)). The image magnitude is
related to By by [4]

R
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Fig. 2. Images in a grounded conducting-sphere for a point charge (a) or dipole (b).

For an electrically floating conducting sphere under an
external field, an additional image B; = —B; must be
placed at the sphere center to fulfill the zero-charge
condition while maintaining the equipotential condition
on the sphere.

Images for a grounded conducting sphere and a first-
order multipole B; are shown in Fig. 2 (b). Two images,
B| and B, are required in this case [5]. The images are
related to B by

R\3
B =(=] B 4
= (3) A @
, R
By, = —?Bl. %)
Similarly, an additional image Bj = —B; is needed at

the sphere center for an electrically floating conducting
sphere under an external field. Note that there also exist
images for linear multipoles of higher orders [6].

3.2. Images for a multipole and a dielectric solid

Consider an nth-order multipole B, located at a point
p above a dielectric solid of semi-infinite thickness at a
height d, as shown in Fig. 3. The potential due to this
multipole is expressed by [7]

B,
¢B = rgﬁ Pn(COS Qp): (6)

Fig. 3. An nth-order multipole B, and a dielectric solid.

where r, and 0, are the spherical coordinates in which p
is the origin, and P, is the Legendre function.

Similar to the case of a point charge and a dielectric
solid in [4], we place two multipole images of B, to
satisfy the boundary conditions of potential and electric
field on the dielectric solid. The images are B, at p’ in
Fig. 4(a) and B, at p in Fig. 4(b). By the method of
multipole images, we separately express the resultant
potentials ¢g in the dielectric solid and ¢y in the
surrounding medium as follows:

//

Bl‘l
bs = rﬁﬁ Py(cos Op), (7)
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€

(b)

Fig. 4. Multipole images for the (a) exterior and (b) interior of the dielectric solid.

B/
d)E = ,,_t] Py(cos ep’) + d)Ba 3
r
p/
where 1,y and 0, are defined in the similar manner as r;,
and 0,, respectively.
The boundary conditions on the surface of the
dielectric solid are

bs = e, )

0¢s Odg
&s on EE o’
where 0¢/0n is the normal potential gradient. At any
point on the dielectric interface, we have ry =r, and
0y =m— 0, (see Fig. 4(a)). Noting that P,(cos 0) =
(—1)"Py(cos 0,) and 0¢/0n = cos 00¢ /0r + sin 03¢ /00,
we obtain the following equations from the boundary
conditions.

B, =B, +(-1)"B, (11)

(10)

esB) = ep[B, + (—1)""' B], (12)

From Eqgs. (11) and (12), the magnitudes of B), and B
are related to B, by

B, =(-1)""'KB,, (13)
B, =(1-K)B,. (14)
where K is defined as a function of the permittivities,
&S — EE
= ) 15
Eg + &5 13

Note that 0<K <1 for gg<es<oo. The images de-
scribed in this section can also be utilized in electric field
calculations by the method of multipole images pre-
sented in Refs. [7.8].

3.3. Calculation by the method of images

We calculate the electric field by the method of images
in three main steps that can be briefly explained as
follows.

In the first step, the calculation starts from the
external field E( and the corresponding multipole B(ll), at
the sphere center, that satisfies the boundary conditions
on the sphere surface under Ey. The multipole magni-
tude is related to E, by the equation

B = RE,. (16)

With the dielectric solid present, B(ll) induces its image in
the solid via Eq. (13), which further interacts with the
conducting sphere via Egs. (4) and (5). To simplify the
calculation in this step, we temporarily treat the sphere
as grounded, and also neglect the zero-order multipoles
(point charges), which are to be taken into account later.
We focus only on the first-order multipoles (dipole
charges), and obtain an infinite sequence of dipole
images in the sphere and the dielectric solid. See
Appendix A for the positions and magnitudes of the
first set of images.

In the second step, we treat the point charges induced
as the images of dipole charges with respect to the
conducting sphere in the first step. The sphere is still
treated as if grounded. Each point charge leads to an
infinite sequence of image charges in the sphere and the
dielectric solid. This second set of images is given in
detail in Appendix B.

In the last step, we fulfill the zero-charge condition of
the conducting sphere under an external field. To negate
all the charges previously applied, we place a point
charge at the sphere center. Similar to the second step,
this negating charge results in sequences of images
required to satisfy the conditions of potential and field
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with the existence of the dielectric solid. However, the
insertion of these images differs from the other steps
because, in every repetitive step, we maintain zero net
charge by adding an appropriate image at the sphere
center. Appendix C discusses the third set of images in
more detail.

All the images described in the Appendices can be
grouped by their positions. At each height 7 = R/i (i =
1,2,...) above the surface of the solid diclectric, From
Egs. (A.4), (B.2), and (C.5) in the Appendices, we obtain
the sums (By); and (B)), of the zero-order and first-order
multipoles, respectively, as follows:

(Bo),  K'1[i—1 g 1
B0 - r i\ k|"i-x) sy

(17)

By, (1) ..
=) 19

The functions ax and fx in Eq. (17) originate from
terms in the summation. They are defined as

0<K=ZSk, (19)
k=1
> K/ K 1
= _— = —l 2
=35 I “(1_t)d” (0)

where Sy is a sequence in which Sy = 1.0 and
k=1 k—1
K
Sk = E - 21
SRS S @1)

The magnitudes (By); and (B)), of the zero-order and
first-order multipoles at each s = —R/i (i = 1,2,...) are
simply related to (By); and (B;); by

(By); = —K(Bo);, (22)

(B)); = K(By);. (23)

Finally, the contact-point electric field E. is the sum
of the applied field and the field due to all images.

Ec = EO + Ecl + Ec2 + Ec37 (24)

where E.|, E¢, and E 3 are the fields due to the images
obtained in the first, second, and last steps, respectively.
They are given by Egs. (A.5), (B.4), and (C.7). Thus, we
can write the contact-point electric field E. at q as

E. 14+ K K ok 1
Ze 2 - 1 — el b
Eo +1—1<{ 12K K(l—K){n(l—K) ﬁK]}

(25)

Alternatively, as a function of the permittivities (except
the terms agx and fig), the contact-point electric field can

be expressed as

E. £s &5 — EE (es + ¢E)*
Ze_ 14580, _
Ey * €E { + 2eg K 2¢eg(es — €g)
&s + €g
X [ln T BK] } (206)

4. Results and discussion
4.1. Numerical values of ox and [

The contact-point electric field has been expressed
using ag and S as parameters. Although we cannot
write these parameters in a closed form, Egs. (19) and
(20) converge well if K is not close to unity. This
condition is true for most dielectrics in practical use. For
example, K ranges from 0 to 0.818 for 1<eg/eg<10.
Figs. 5 and 6 provide the values of ax and fy for
calculating the contact-point electric field using Eq. (25)
or (26). Fig. 5 shows the variation of ag for K =0 to
0.999. It can be seen from the figure that ax = 1 at K =
0 and ok decreases with increasing K. The decrease of ax
with K is roughly linear for small K, but becomes
nonlinear at larger K.

On the other hand, it is obvious from Eq. (20) that
px varies from 0 to the Riemann zeta function {(2) for

1.0 e
0.9 F i i
0.8
0.7
x 0.6
3
0.5
0.4

0.3 T
0.2 A

0.1
0.00.1020.30405060.7080.91.0
K

Fig. 5. Variation of ax in Eq. (19) for K =0 to 0.999.

g

0.0
0.00.10.20.30.4050.60.70.8091.0
K

Fig. 6. Variation of fix in Eq. (20) for K =0 to 1.
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Fig. 7. Contact-point electric field as a function of the permittivity
ratio &s/e.

K =0 to 1, where {(2)=)72,(1//*) =n*/6. Fig. 6
shows the variation of fx between K =0 to 1.0.

4.2. Contact-point electric field

Fig. 7 shows the contact-point electric field E. as a
function of the permittivity ratio es/eg. Note that
there exists no gap at the contact point; however, E,
represents the upper bound of electric field in the
small gap near the contact point. On the solid side,
the field is equal to e¢gE./es at q, as already mentioned.
It can be clearly seen from Fig. 7 that the ratio E./Ej
increases as the permittivity ratio increases. The
figure also implies that the field is infinitely high if
&g = 00. In usual electric field distributions, the field of
&g = oo corresponds to that of the conducting solid.
However, in the contact field problems, &5 = o0 is
not equivalent to the conducting solid. The solid has
still no conductivity, so that no charge transfer occurs
between the sphere and the solid. This corresponds to
the situation that an infinitesimally small gap exists
between them.

For comparison, the dotted line in Fig. 7 presents E,
on a conducting sphere at a fixed potential in contact
with a dielectric solid (without the external field). E; on
the sphere is given by [2,3]

EC _ 3 &s &S
E)E)

The charge on the conductor is chosen so that
the magnitude of E. for &g = ¢g is the same as that on
the sphere under E,. That is to say, the magnitude
of E. is equal to 3E,. We can see from Fig. 7 that, for
es>éeg, E. on the conducting sphere at the fixed
potential is higher than that on the sphere under E,.
The difference in E. becomes greater as the permittivity
ratio increases.

Although the contact-point electric field, E., can be
computed from Eq. (25) or (26) by using agx and S, we
obtain the following simple formula, based on curve

Table 1
Comparison of the contact-point electric field with the approximation
by Eq. (28)

&s/eE E./E Difference
(%)
Calculation Eq. (28)
1 3.000 2.996 0.133
2 5.710 5.571 2.435
4 12.94 12.60 2.640
8 33.68 33.26 1.237
16 96.80 97.27 0.478
32 298.2 302.0 1.286
64 964.3 969.2 0.504

fitting, for E.:

C 8S ‘
E . ( \/j]) . ( )

Eq. (28) adequately approximates the contact-point
electric field over the range &5 = eg to 64eg. Table 1
compares the field magnitude approximated by Eq. (28)
with our calculation results. Table 1 shows that the
error by the approximation is smaller than 3% for
permittivity ratios up to 64.

4.3. Force on the conducting sphere

Force on the conducting sphere may be calculated
from the Maxwell stress tensor [9]. Alternatively, it is
possible to determine the force as the sum of forces
acting on the image charges and dipoles in the sphere.
The force F. in the + z-direction is determined by

4n8E Z Z(Bo) (BO)k</ n k>

j=1 k=1

6RK > Z(Bl) (Bl)k(] )

J=1

3
Z Z(Bo) (Bl)kQ ) : (29)

j=1 k=1

From Egs. (17), (18), and (29), we obtain a negative
F. signifying a sphere that is attracted to the dielectric
solid. This force direction is opposite to that on
a conducting sphere in contact with a conducting solid
under an external field, which repels the sphere from
the solid [1,10]. This is because, for the case of the
conducting solid, charges are transferred between
the solid and the sphere. After the charge transfer,
the Coulomb force acting on the sphere changes
its direction from attractive to repulsive. In contrast,
for the case of a dielectric solid, no charge is transferred
between the objects. Thus, the force direction remains
attractive.
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Fig. 8 shows the variation of the force magnitude with
the permittivity ratio &s/eg. To generalize the force F. in
Fig. 8 for any values of ¢g, Ey, and R, F. is normalized
by a factor Fy = SEE%Rz, and thus becomes dimension-
less. The indices j and k required to compute the force in
Eq. (29) increase with increasing &s/¢g. (Up to 850 terms
were used for es/eg = 64.) The force is equal to zero for
&s = g, and becomes stronger with larger &s/ek.

The following formula, obtained by curve fitting, may
be used to roughly approximate the force magnitude:

F c c 0.31
‘ : M.g(—s—l) (—S+1> . (30)
Fy EE EE
1000 T
calc. «© .
Eq. (30) ------ e
— 100 ]
Ty el
LLN . /a"
- 10 e 3
/;(I’ /

SS/SE

Fig. 8. Force on the conducting sphere as a function of the
permittivity ratio ¢s/eg.

Table 2
Comparison of the force on the conducting sphere with the
approximation by Eq. (30)

es/eE F./F, Difference
(%)
Calculation Eq. (30)
2 2.603 2.530 2.791
4 8.880 8.894 0.152
8 24.32 24.90 2.382
16 63.65 64.98 2.095
32 168.5 165.0 2.102
64 461.7 413.6 10.41
1000.0
eg=2eg ——
3 eg=4eg e ]
5 10004 b0 = 32ep -
3
w  10.0k ™. 3
P .
w
~ 1.0F Tl E
R
1.0 15 2.0
(@) d/Rp

171

The force magnitude given by Eq. (30) is presented by
the dotted line in Fig. 8. Table 2 shows the difference
between the forces by the method of images and those
obtained using Eq. (30). It can be seen from the table
that the error is smaller than 3% for permittivity ratios
of 2-32. For ¢g/eg >32, the error in the approximation
is considerably high (e.g., 10.4% at &s/eg = 64); thus,
the force should be directly computed from Eq. (29).

Finally, it is worth noting that we can apply the
method described here to numerically calculate the field
and force even if the sphere is not in contact with
the solid. For example, Fig. 9 presents the maximum
field and force on the conducting sphere having its
center located above the solid surface by a distance d.
Fig. 9(a) shows that the enhancement of the maximum
field above the value 3E, (the field where d/R = oc0)
decreases with increasing d, and is not so significant
when d/R>2. The force also becomes consistently
weaker with increasing d. At sufficiently large d/R, the
force varies with the separation roughly as F ocd ¥,
where k is between 4.0 and 4.2 in Fig. 9(b).

5. Conclusions

This paper presents the analytical solutions of the
electric field and force on a conducting sphere in contact
with a dielectric solid under a uniform field. The solutions
are based on the method of images using point and dipole
charges. Fundamental solutions (images) for a general
case of a multipole and a dielectric solid are also
given here. The contact-point electric field is obtained
as a function of K, where K = (¢s — ¢g)/(es + ¢g). The
numerical results show that the electric field and force
increase with increasing the permittivity of the solid
dielectric. We propose simple formulae based on curve
fitting for estimating the electric field and force. The
errors realized by using the formulae are smaller than
3% for permittivity ratios of solid to surrounding
medium ranging from 1 to 64 for the field and 2 to 32
for the force.

100.0
eg=2eg ——
", €g = 4£E _______
10.0 |, g =32eg -
(=] “
[
w
10F T~ T
0.1 )
10 15 2.0
® d/Rp

Fig. 9. Variation of the field enhancement and force with separation: (a) electric field, (b) force.
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Appendix A. First set of images

This appendix describes the first set of images
mentioned in Section 3.3. The images begin with the
multipole B(ll) in Eq. (16). As the image of B(ll) induced
by the dielectric solid, we insert (B’l)(l) in the solid below
its surface by a distance R. From Eq. (13),

B)" = kB. (A.1)

Next, we apply the images of (B’l)(l) to maintain
the equipotential condition on the conducting sphere
(see Section 3.1). To simplify the calculation procedure,
we treat the sphere as grounded here. The total charge of
the sphere must be set to zero in the final step after all
the point charges have been applied. Because the
distance d" between (B’l)(l) and the center of the sphere
is equal to 2R, Egs. (4) and (5) yield:

3
(B)? = (%) KB, (A.2)
o _ 1>2KBE“
(Bo)” = (2 R (A.3)

at a height 4/ = R/2 above the dielectric solid. Fig. 10
shows the positions of these images.

The multipoles (B;)® and (By)® induce their images
in the dielectric solid, which further interact with
the conducting sphere. However, for the first set of
images, we neglect the further contribution of all
(Bo)? (to be treated as the second set of images), and
focus only on (B))?”, where the superscript (i) denotes
the step of repetition. As a result, the images shown
in Table 3 are obtained from the repetition. Note that
the multipole (B)); at a height R/i for i=1,2,... is

1
slab surface O 4

Fig. 10. Positions of the first set of images corresponding to a first-
order multipole (dipole) B(ll).

expressed by
1.
(B), =K' e (A.4)

At the contact point q in Fig. 1, the electric field E;
due to all B and (B;)? is equal to the sum of the field
due to each image. Accordingly, E.;, which is in the
direction of Ej, can be written as

> [28) 28"
Eq :Z{[h<f>]3+ sy [ = 2E

i=1

I (A.5)

Appendix B. Second set of images

The second set of images includes all the images
corresponding to BE)’) (i=2,3,...) described in Appendix
A. Consider a zero-order multipole By, located at a
height R/m above the solid surface, where m is an
integer and m>=2. The sphere is still considered to be
grounded. Using the proper images described in
Sections 3.1 and 3.2, we obtain the sequence of images
shown in Table 4, where the superscript (j) denotes the
step of repetition. Fig. 11 shows the positions of these
images for j = 1 and 2.

From Table 4, if we focus on a height R/i for
i=2,3,..., the sum (By); of all the images at this
position can be determined as

i
By); = — K" By,,. B.1
(Bo), ng ; om (B.1)

Substituting By = —K"~'/[(m — 1)m*R] (Table 3) for
By, we yield

K1 1
== (1) S

m=2
K=" (i—1

Note that Eq. (B.2) also valids for i = 1 because it gives
(By); = 0 as in Table 3.

The electric field (EC)BOm due to By, and all of its
images is calculated from the formula

(o]
B ; .
(E)g,, = —(1+K) D~ K- lmm +j = 1)
j=1

_ BOm 1+ K K
= - 1_K<m+1_K)m. (B.3)

Let E denote the electric field at q due to all Bg,)n
and (B}, ) for m=2,3,... and j = 1,2,.... Substitut-

Om

ing B(Om) for By, in the first set of images (shown in
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Table 3

Positions and magnitudes of the first set of images in each repetitive step

(0 n/R BY/B" B /B (B)"/B" d"/R
1 1 — 1 K 2
1/2 —(1/27K/R (/27K (1/27K? 3/2
3 1/3 —(1/2)(1/3)*K*/R (1/3°K? (1/3°K3 4/3
; i ;[1/(i — DJ(1/i’KD/R il/i)31<<"*” .(l/i)3K" i+ 1)/i
Table 4
Positions and magnitudes of the second set of images in each repetitive step
(1) h(j)/R B((]l?n/BOm (Bé)m)(/)/BOm d(j)/R
1 1/m 1.0 -K (m+1)/m
1/(m+1) [m/(m+ 1)K —[m/(m+ 1)]K> m+2)/(m+1)
3 1/(m+2) [m/(m + 2)1K> —[m/(m + 2)]K° (m+3)/(m+2)
j i/(m +j—1 im/(m +j— DK .—[m/(m +j— DK im +))/(m+j—1)

4 a?

(D
Th® |= Ry /m

(B ’()m)(Z) °
B ’Om)(l) °

slab surface

Fig. 11. Positions of the images corresponding to a zero-order
multipole By,,.

Table 3) for m=2,3,..., we obtain the following
expression for Ec:

o0

En = Z(EC)BOm

m=2

- 1 1 m—1 2 1 1+K
= 3 { it o) [ ()
X | m-+ K m
1-K
1+ K& K’”+ K K"
m 1—K@m+1Dm)

Because > o x"/m=—In(1-x) and > . x"/

[m(m + 1)] = 1‘7" In(1 —x)+ 1, we can write Ey, in a

simple form:

(1+K)K

Eo=Ey————.
c2 O(I—K)z

(B.4)

It is worth noting that this set of images can also be
used to calculate the electric field in the case of a charged
conducting sphere lying on a dielectric solid (without an
external field). From Table 4, if we take m =1 and
By, = 1, then the sum of the images inside the sphere is
expressed by

(B.5)

for 0< K < 1. Consequently, all the images in Table 4 for
m=1 and By, =1 are the solution for the sphere
having a net charge equal to (4neg/K)In[l/(1 — K)].
These images can be used to obtain the electric field in a
general case of a charged, floating sphere, as mentioned
in Section 1.

Appendix C. Third set of images

All the =zero-order multipoles previously applied
contribute to net charge on the conducting sphere. The
third set of images is inserted to fulfill the zero-charge
condition of the conducting sphere. To neutralize all the
charges applied in Appendix B, we place a zero-order
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Table 5
Image multipoles due to a unit multipole By = 1

(k) Images inside the sphere Images inside the dielectric solid
h=R R/2 R/3 R/4 h=—-R —R/2 —R/3 —R/4
1 1 -K
2 —K/2 K)2 K22 -K?)2
3 —K%/12 —K%/4 K*/3 K3/12 K3/4 -K3/3
4

—K3/24

—K3/24 —K3/6 K3/4

K*/24 K*/24 K*/6 —K*/4

multipole at the sphere center:

00
B =Y B, == Z By, (eR))
m=2 m=2 j=

where B(’) are the images listed in Table 4, and By,
the multlpole that balances all B(’) From B ) ; in Table 3
and Eq. (C.1), we get

o0

m .
BH — 71{]713’"
om Zm—i—j—l .
B(l)l 1 ml
~ x5 T

B can be evaluated from Egs. (C.1) and (C.2):

§ B(l)l m=1 g
BO:Z{RKm(m—l) [l . _]}

m

J
B(l)l o) m—1 y-j
- i) - ,,;lmw—n gl

(C3)

Rearranging the summations of j and m in Eq. (C.3), we
obtain

, BV 1 x K & 1
BO:T?{IH<1—K>_Z[7 2 m(m—l)]}

Jj=1 m=j+1
B 1 L > K
=R K “(ﬁ)‘;]——z :

Then, Bj can be written in a simple form as

, BVl 1
where i is a function of K, g = 2721 K’/j?, as defined
in Eq. (20). '

As explained in Appendix B, Bj leads to another
sequence of images because of the existence of the

dielectric solid. However, for this set of images, we
maintain zero net charge by adding an appropriate image

at the sphere center in every repetitive step. Table 5
summarizes the positions and magnitudes of images for
an initial multipole B; = 1.0 at the sphere center.

In Table 5, the magnitudes of the images inside
the sphere can be expressed by the sequence Sy
defined in Eq. (21). Consider the images at 7= R
in the table. The magnitude of the multipole for
each k is equal to S%. Thus, the sum of the multipoles
at h = R for all k is denoted by ok defined in Eq. (19).
In general, for a height h = R/i (i = 1,2,...)in Table 5, it
can be further concluded that the sum of the multipoles
at this position is equal to ax K*~! /i. Hence, the sum (By);
of all the images at a height R/i is expressed as

Kz -2 B(l) 1
(), = KB [ln(m>—ﬁ,<} (©5)

We can write the electric field E; at q due to all the
multipoles induced by a unit Bj in Table 5 as

g K (1)2
—(1+K) -
27 (&

U+ KN KU+ 1)
R =0

'/
EC3

_ag 1+K
= R2(1 X7 (C.6)

Let Ec; denote the field at q due to Bj. From
Egs. (C.2) and (C.6), we have

Es = Ec3 Z BOm

m=

o 1+ K 1
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ABSTRACT
This paper presents an analysis of the electric field and dielectrophoretic force in an
arrangement consisting of an uncharged conducting sphere and a plane electrode with
a dielectric barrier. The electric field is calculated by using the method of multipole
images using an iterative algorithm proposed for calculating the images of the dielectric
barrier of finite thickness. The calculation results show electric field intensification due
to the presence of the dielectric barrier having higher permittivity, £, than that of the
surrounding medium, &£.; however, if the barrier is separated from the conducting
sphere by at least the sphere radius, its influence is negligible. Inside the dielectric
barrier, the electric field on the axis of symmetry becomes more uniform and the

average field significantly increases with decreasing its thickness. For a case where
dielectric barrier is sufficiently thin, the electric field at the contact point and the force

on the conducting sphere vary approximately as power functions of £, /¢,.

Index Terms — electric fields, force, Laplace equation, spheres, electrostatic

analysis.

1 INTRODUCTION

ELECTRIC field and force on particles are important in
many applications of dielectric materials. In gas insulation
systems, for example, particles tend to be attracted to a stressed
electrode by the force, resulting in field enhancement that may
cause partial discharge or breakdown [1]. The behavior of the field
and the force on a particle decisively depends on whether the
particle is dielectric or conducting. For the dielectric particle, the
electric field and force have been analyzed under various
conditions for  high-voltage insulation equipment or
electrorheological fluid [2-6]. For the conducting particle, most of
the works reported deal with configurations of two particles [7-10]
or those of a particle and a plane electrode [11, 12]. Interaction
between a conducting sphere and a solid dielectric of semi-infinite
thickness [13, 14] or finite thickness [14, 15] has been already
reported. However, the analysis in [14, 15] has considered only the

Manuscript received on 8 March 20035, in final form 30 June 2005.

electric field in the cases where the thickness of the solid dielectric
is larger than or equal to the radius of the sphere.

This paper focuses on an arrangement consisting of an
uncharged conducting sphere and a plane electrode under an
external field where there exists a dielectric barrier preventing
the electrode from making direct contact with the sphere. This
arrangement is a fundamental one for analyzing various
applications. For example, such a dielectric barrier may be
coated on an electrode in gas-insulated switchgear [16,17] or
may be used in experiments on particle motion [18]. A
dielectric barrier also appears as the medium between two
conductors in printing systems. Another example is coated
plate electrodes wused in the application of an
electrorheological fluid with metal particles [19]. The electric
field and force are of interest here because the field is related
to the occurrence of partial discharge, by which the sphere can
acquire charges, and the force may attract the particle to the
electrode, thus having an influence on the particle motion and

1070-9878/06/$20.00 © 2006 IEEE
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indirectly enhancing the field. By numerical field-calculation
methods, an accurate analysis of the electric field and force in
this arrangement is difficult because: (a) the field is highly
non-uniform if the sphere is very close to the electrode, and (b)
significant numerical errors may occur if the dielectric barrier
is very thin. Although a thin dielectric layer may be
approximated by a zero-thickness element in numerical field
calculations, the representation is not valid unless its thickness
is sufficiently small or its permittivity is great enough [20]. In
this work, to attain results of high accuracy, we present an
iterative algorithm for calculating the electric field in the
arrangement by the method of multipole images, an analytical
method. The algorithm has been applied to obtain the electric
field and force for a wider range of the solid-dielectric
thickness than that in [14, 15]. It is suggested here that the
method of multipole images can be easily modified to deal
with the arrangement of sphere-sphere or sphere-plane gaps
used for the breakdown tests of solid dielectrics where the
sphere is not exposed to an external field but stressed to a
fixed voltage [21].

2 ARRANGEMENT OF CALCULATION

Figure 1 shows the physical arrangement considered in this
paper. The arrangement consists of an uncharged conducting
sphere with a radius 7, centered above a grounded plane

electrode by a height #. A dielectric barrier of thickness ¢
exists on the electrode and prevents direct contact between the
sphere and the electrode. The conducting sphere is subjected
to an external uniform field E; in the vertical direction. The
permittivities of the dielectric barrier and the surrounding
medium are denoted by &; and &, respectively. The
representation by the plane electrode should be justified in
most practical cases that the sphere is much smaller than the
plane electrode involved. For generality, the sphere radius and
the external field are taken as unit value. We vary the ratios
t/rp, from 0.001 to 100 and &5/&; from 1 to 10 in the

analysis to clarify their effects on the electric field and the
force on the sphere. For arbitrary values of r,, 4, f,and E,
the field and force can be readily obtained by scaling the
normalized results presented in this paper.

Figure 1. Calculation arrangement.

3 ANALYTICAL METHOD

The method of multipole images [5, 6] is used to calculate
the electric field in the arrangement of Figure 1. The method is
principally the classical method of images [22] using
multipoles of higher orders than point or dipole charges, e.g.
quadrupoles or octopoles. Since the potential due to multipoles
naturally satisfies the Laplace equation, the analytical solutions
are obtained by placing the multipoles to match the boundary
conditions given. The potential, axisymmetrical in the
arrangement, is expanded around the sphere center as the sum
of spherical harmonics. The existence of the dielectric barrier
on the electrode is taken into account by placing multipole
images repetitively, as described in the following sections.

3.1 IMAGES FOR A MULTIPOLE AND A DIELECTRIC
SOLID WITH SEMI-INFINITE THICKNESS

Consider an n th-order multipole B, located at a point p

above a dielectric solid with semi-infinite thickness by a
distance d, as shown in Figure 2. The potential, ¢,, due to

this multipole is expressed by

B
05 = V”Zl P,,(cosﬁp), (D)

P

where (7, , 6,) are the spherical coordinates in which p is the

origin, and P

n

is the Legendre function. Two multipole
images of B, are placed to satisfy the boundary conditions of

potential and electric field on the dielectric interface. The
images are B', at p' in Figure 3(a) and B", at p in Figure
3(b).

Figure 2. Multipole B , and a dielectric solid of semi-infinite thickness.

By the method of images, we express separately the
resultant potentials ¢, inside and ¢, outside the dielectric

solid as follows.

BVI

o5 = n+’; P,(cosb,) )
P
B,

Op = ol P,(cos8,)+ ¢, 3)

o
where (r,,6,) are defined in the similar manner as (r,,6,) .
On the dielectric interface, the potentials ¢; and ¢, must
satisfy the following boundary conditions:

Ps =9 “)
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Figure 3. Multipole images for (a) the exterior and (b) the interior of the
dielectric solid in Figure 2.

B

gSa_n=€E¥ )

where d/0dn is the partial derivative in the direction normal to
the interface. From equations (4) and (5), it can be derived that
B', and B", arerelated to B, by

B',=(-1)""KB, 6)

B" =(1-K)B, (7

where K is defined as a function of the permittivities,

k=5"% @®)
e +&;

Note that 0< K <1 for &, < &g <oo.

3.2 IMAGES FOR A MULTIPOLE AND A GROUNDED
PLANE ELECTRODE WITH A DIELECTRIC BARRIER

Consider an » th-order multipole B, at a point p above a
grounded plane electrode with a dielectric barrier, as shown in
Figure 4. The multipole is separated from the electrode surface
S, by a distance /# and from the dielectric interface S, by a

distance d =h—t, where ¢ is the barrier thickness. In this

case, image multipoles must be iteratively inserted to satisfy
the boundary conditions (4) and (5) on the interface S, and

the zero-potential condition on the surface S, .

Figure 5. First set of images, B', and B",, induced by the dielectric
barrier.
B
_ ] n €
e
+
h

2 $ C,0

Figure 6. Image C r(,l) induced by the plane electrode.

The repetitive procedure is carried out in the following steps
to fulfill the boundary conditions on S, and S, where d"

and h” denote the distances from S, and S, of an image
multipole at the i -th repetition, respectively.

1. Place B', and B", as the images of B, using equations
(6) and (7) for the dielectric barrier (Figure 5) to satisfy the
boundary conditions on the interface S ,. The potentials ¢, in

the exterior and ¢, in the dielectric barrier are expressed by

¢E = ¢B + ¢B' )
= B;jl Pn(cos0p)+%P,, (cosﬁp.) (10)
I"p I"py
Ps = P (11)
Bll
= —=P (cosb,) (12)
B

P
2. Place a multipole C{" at a distance ©"’ =/ inside the

plane electrode as the image of B", with respect to the

electrode surface S, (see Figure 6). C'" is related to B", by

(5]

Cf,l) — (_1)n+l B"n (13)
The potential within the dielectric barrier then becomes
b5 = Py +¢c“> (14)

3. Place C'" and C"" as the images of C" induced by

the surrounding medium to satisfy the boundary conditions
on the dielectric interface S, (Figure 7). Note that the

constant K in this step is equal to (&, —&5)/(€;+&s),

different from that in Step 1, because C{" contributes to the
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Figure 7. Image C,(,U induced by the plane electrode.

potential in the dielectric barrier. The potentials are then
rewritten as

Op = Pp +Pp +¢c"“) (15)
b = Oy +¢c<” +¢c‘<” (16)

4. Because C'"" perturbs the potential in the dielectric
barrier, we insert C'” below the electrode surface S, by
h® =d® +¢ as the image of C'"" with respect to S, , where
c=nmey (17)

5. Repeat Steps 3 and 4 until the potentials ¢, and ¢

converge.
The convergence of the solutions depends on the thickness
¢t and the permittivity ratio £;/&, as the potentials converge

faster for larger ¢ and smaller &;/&;. Note that we may
consider all the multipoles B',, B",, C, C'",and C"" as
a set of the images of B, induced by the plane electrode with
the dielectric barrier.

3.3 CONDUCTING SPHERE AND A GROUNDED
PLANE ELECTRODE WITH A DIELECTRIC BARRIER

The calculation procedure for the arrangement in Figure 1 is
more complicated than that in the previous section because of
the presence of the conducting sphere. The arrangement is
treated as composed of two objects: (1) the sphere and (2) the
plane electrode with the dielectric barrier. Two additional
conditions on the conducting sphere to be fulfilled are that the
potential must be constant and the net charge must be zero.
The calculation begins with an initial multipole B (dipole) at
the sphere center, p, induced by the external field. B satisfies

the boundary conditions on the former object (sphere surface)

in the absence of the latter one. Since the potential ¢,,, due to
the external uniform field can be expressed as
Pory = —Eoh—Eyr, cosb, (18)

we get from the boundary conditions on the sphere that [5]

B, = Eyrp (19)
Using the procedure described in the previous section, we

obtain the set of the images of B that satisfy the conditions on

the surfaces of the dielectric barrier. The first few multipoles
are expressed as follows:

B'|=KE,r; (20)
B", =(1-K)Eyrp Q1)
Y =(1-K)Eyrp (22)
'V =—~(1-K)KEyrp , and (23)
"Y'= (1-K)1+K)Eyrp (24)

In the above expressions, K =(&g — &) /(Eg +€5).
Then, the potentials due to all B' and C" are re-expanded to
p, and the next set of multipoles B is inserted at p to satisfy

the boundary conditions on the sphere surface again. Details of
the multipole re-expansion and the image for a conducting
sphere are described in [5, 6]. Note that, starting from the
second iteration, multipoles of higher degrees ( B,,Bs,...)

appear as a result of the multipole re-expansion. The images
are repetitively applied in this manner until ¢, and ¢,

converge. Figure 8 shows the schematic description of the
calculation process. For all the calculations carried out in this
paper, we use the multipole order up to 400 and the numbers
of repetitions lie between 5 and 110, depending on the
dielectric-barrier thickness and the permittivity ratio. It is
worth noting that, although we treat the uncharged conducting
sphere in this paper, the same calculation process can also be
used for a charged conducting sphere or a dielectric sphere.
Only the determination of B, from M, is different,

depending on the boundary conditions of the sphere.

Begin

Flace 5, induced by Eqatp
Calculate the set of images
5;,87, ¢S el ang o7

Re-expend B, end £ o p,

gt 2o g =

LM, B FlcosBy)

!

Compute 5, from M,
for the next iteration

Mo
Convergence?

Figure 8. Schematic description of the repetitive process.
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4 CALCULATION RESULTS AND
DISCUSSIONS

4.1 ELECTRIC FIELD AND FORCE IN RELATION
TO DISTANCE d

Figure 9 displays the potential distribution near the
conducting sphere for ¢/r, =1.0, d/r, =1.2 and &;/€; =4.
The potential normalized by Er, is represented in grey scale
in the lower horizontal bar. From the equipotential lines, field
intensification is clearly noticeable near the sphere surface.
The field intensification is particularly high in the gap between
the conducting sphere and the dielectric barrier. The maximal
field, located at the point ¢ in Figure 1, is equal to 3E, in the
absence of the grounded plane and the dielectric barrier. With
the grounded plane but without the dielectric barrier (or
&5 /€; =1), the maximal field becomes 3.14E . The presence

of the dielectric barrier having €g/&, >1 further enhances the

maximal electric field, which is equal to 4.44E, in this case.

e

-2.49 -1.66 -0.83 -0.00
Figure 9. Potential distribution for 7 / rp = 1.0, d/ rp = 1.2, and
&l =4.

Figure 10 gives the maximal electric field relative to the
normalized distance, d/r, —1, between the sphere surface and

the dielectric barrier for ¢/, =1 and 0.01. It is clear from the

figure that the influence of the dielectric barrier is negligible
for d/r, 22 . For smaller d/r,, the maximal field increases
with decreasing distance. Increase in the permittivity ratio also
enhances the maximal field. If the distance is sufficiently
small, the field reaches its saturation value depending on
&, /€, . Note that the field varies with the distance even for
£g/€; =1 because of the effect of the plane electrode as
explained already.

Because the arrangement is axisymmetrical, the force acting
on the conducting sphere is in the vertical direction. The
vertical force F, is downward, attracting the sphere to the

electrode. Figure 11 shows F, normalized by F, =&,E;r; /2
as a function of the distance. The force behavior is obviously
similar to that of the maximal field in Figure 10; however, the
force magnitude cannot be estimated from £, because the
electric field is highly non-uniform on the sphere. The force
magnitude is zero where d/r, — oo because the influences of
the dielectric barrier and the plane electrode diminish in this
condition. With decreasing d/r, , the force becomes stronger,

and then approaches to the saturation value corresponding to
d/r,=1.
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Figure 10. Maximal electric field in relation to the distance from the
dielectric barrier for (a) /7, =1.0 and (b) ¢/7, =0.01.

4.2 ELECTRIC FIELD AND FORCE WHEN THE
SPHERE IS IN CONTACT WITH THE BARRIER

4.2.1 ELECTRIC FIELD DISTRIBUTION INSIDE
THE DIELECTRIC BARRIER

Figure 12 shows the normalized potential distribution from
the upper to the lower surface of the dielectric barrier in
contact (d/r, =1) with the conducting sphere for ¢/r, =1,
0.1, and 0.01. Figures 12b and 12c show the enlarged 47Xt
view of the dielectric barrier for d/r,=0.1 and 0.01,
respectively, so that we can more clearly see the distribution.
The contact point ¢ is located at the middle of the upper
boundary. In Figure 12, the potential is minimal at ¢ and
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maximal (zero) on the bottom boundary. We shall focus on the
average electric field along the axis of symmetry, the vertical
line passing c, as it is the shortest path between the sphere and
the grounded plane. From the minimal potentials shown in
Figure 12, it is clear that the average field on this line
increases with decreasing 7.

1a | e vy g — .

1= | ., Cammd oo 1

14 | - 1

= 12+ 1.'\IL 1
=, 1| ]
omr ., -
3 ., ]

ar e 1

a2l ]

=] : =
C.0001 0.001 (@ M o 1

n S

- cafem =4 -

F/Fy

1
o -1
(b)
Figure 11. Attractive force acting on the conducting sphere in relation to the
distance from the dielectric barrier for (a) ¢/7, =1.0 and (b)

t/r, =0.01.

Figure 13 gives the average electric field, £ , on the axis

in the barrier as a function of #/r, for various values of
&; /&, . The figure shows that E_, is close to £.E,/&gfor a
thick dielectric barrier. E,, increases with decreasing ¢/7,.
The increase of £, is slow at large ¢/r,, but becomes much
faster at smaller values of #/r, (less than about ten). For a thin

dielectric barrier, the effect of the permittivity ratio becomes
less significant as the values of E, in Figure 13 for all

&; /€&, are very close to each other (although E, is still
lower for higher &;/&; ). The average field becomes infinitely

high as ¢/r, — 0 ,i.e. in the absence of the barrier.
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Figure 12. Potential distribution inside the dielectric barrier in contact with
the conducting sphere for (a) /7, =1.0, (b) ¢/7r, =0.1, and (c)

t/r,=0.01.
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Figure 13. Average electric field on the axis of symmetry in the dielectric
barrier.
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Figure 14. Field utilization factor calculated on the axis of symmetry in the
dielectric barrier.

Another important parameter in the design of the dielectric
barrier is the field utilization factor, 77, defined as the ratio of

the average field to the maximal field. Figure 14 gives the field
utilization factor in relation to ¢/r, for various values of

&s /&, . The figure shows that, for a same value of ¢/r,, 1 is
smaller for a greater &£;/¢&, ratio. With decreasing ¢/r,, 7
increases and converges to unity as ¢/, — 0. For the range of
&/ &, considered here, 77 is higher than 90% if ¢/r, <0.02.

This means that, within a sufficiently thin dielectric barrier, the
field distribution along the axis of symmetry becomes
approximately uniform.

4.2.2 ELECTRIC FIELD AND FORCE ON THE
CONDUCTING SPHERE

This section discusses the electric field in the &, -side and

the force on the conducting sphere in contact with the
dielectric barrier. A triple junction or a contact point, the point
where three media meet together, is formed at ¢ . Figures 15a
and 15b show the triple-junction field, £, at ¢ (in the &;-

side), and the force F. as functions of ¢/r,. For sufficiently
large ¢/r,, the arrangement approximates to that of a

conducting sphere in contact with a solid dielectric of semi-
infinite thickness. The triple-junction field and the force for
this case depend only on &;/€,, and can be simply

approximated by [13]
1.73

E

< —0.696 L5 +1.32 25)
E, Eg
F 0.31

R IR (R (26)
FO EE SE

In Figure 15, the magnitudes of E, and F, are clearly

enhanced by the effect of the plane electrode when #/7, is

smaller than unity. The figure also implies that, without the
dielectric barrier (¢#/r, —0), both E, and F, become

infinity.
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Figure 15. Contact-point electric field (a) and force (b) as functions of the
thickness of the dielectric barrier.

Figures 16a and 16b show the contact-point field and the
force, respectively, as functions of the permittivity ratio for
t/r,=0.1, 0.01, and 0.001. The field and the force for

t/r, £0.1 vary with the permittivity ratio approximately by
the following relations:

Ec = Ecl [g_SJ
gE
b
Fz = le(g_S]
6‘E

where E,, and F,

where £;/&; =1, a and b are appropriate constants. In the

@7n

(28)

are, respectively, the field and the force

case where the conducting sphere in Figure 1 possesses a fixed
potential ¢, instead of the external field E,, it has been
deduced that a=1 for a very thin dielectric barrier [14].

However, in our results of the uncharged conducting sphere,
the wvalues of a are between 0.88 and 0.95 for

0.001<t/r, <0.1. The values of b are between 0.80 and
0.97 for the same range of #/r,. Because « differs from

unity, it is implied that the electric field in the dielectric barrier
(€&, -side) at the contact point still exhibits small dependence

on the permittivity ratio. The approximations by equations
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Figure 16. Contact-point electric field (a) and force (b) as functions of the
permittivity ratio.

indicates the values of a and b computed by using the
method of least squares.

5 CONCLUSIONS
The electric field and force have been analyzed by the
method of multipole images for an uncharged conducting
sphere on the grounded plane covered with a dielectric barrier
under an external field. The results can be summarized as
follows for the sphere radius r,, barrier thickness ¢, and

separation d .

1. The dielectric barrier mitigates the electric field and force
when compared with those in the absence of the barrier (7=
0). However, the field and force are still enhanced if the
permittivity of the barrier is greater than that of the
surrounding medium.

2. If the separation d > 2r,, the field will approximate to that

on a single sphere without the grounded plane and barrier, and
the force will be very small.

3. Thinner barriers cause higher contact field, which increases
with the barrier permittivity.
4. For a sphere having r, <7, the analysis can be simplified

by treating the barrier as one with semi-infinite thickness.
5. The maximal field and force approximate to power
functions of &5 /&, if r, >10z.
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Abstract

This article presents the simulation of an electrorheological (ER) fluid system by using a multipole model that includes multipolar
interactions between particles. The model uses the multipole re-expansion and the method of images for calculating electric field and
force. The highest order of multipoles (N,,,) and the number of iterations (Nje,) used in the method of images can be chosen for the
accuracy of the force approximation and the simulation time required. Study of a two-particle configuration shows that the force does
not increase linearly with increasing Ny,, and Nj,. The specific case Ny, = 4 and Ny, = 2 is chosen for dynamic simulation. We have
performed the simulation of a system of 20 particles, and compared the formulation of particle chains with that obtained using the dipole
model. The results imply that the response time for the change in viscosity of real-ER fluids is significantly shorter than that predicted by

the dipole model.
© 2007 Elsevier B.V. All rights reserved.

Keywords: Dynamic simulation; Dielectrophoretic force; Multipole; Electrorheological (ER) fluid

1. Introduction

Systems of dielectric particles are used in various
applications. For example, an electrorheological (ER) fluid
is an application that utilizes the dielectrophoretic (DEP)
force on dielectric particles. An ER fluid is a suspension of
fine, insulating particles in a liquid of low dielectric
constant. In the presence of an applied electric field strong
enough for aggregating the particles, the apparent viscosity
of the fluid increases, and the fluid turns to a gel-like phase.
For the typical ER fluid, this transition occurs on the order
of milliseconds and is reversible. Practical devices designed
to use ER fluids include electrically controlled clutches and
shock absorbers.

Computer simulation has become an important tool for
investigating the properties of ER fluid systems. By using
simulations, the complicated effects of physical parameters
that may be simultaneously present in the fluid can be
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considered separately for better understanding. Prior
studies on the dynamics of ER fluids often employ a
dipole model for computing the interparticle force induced
by an electric field [1-4]. However, the force predicted using
the dipole model is significantly smaller than the true force,
especially when the particles are close to each other.
A more accurate model uses an empirical force function
that includes the effects of higher-order multipolar terms
between a pair of particles [5]. A method that considers a
full set of multipolar interactions for a system of multi-
particles has also been proposed in [6]. However, the
method requires setting up and solving a system of linear
equations and is thus not suitable for dynamic simulation if
a large number of particles are involved.

This paper presents the application of a multipole model
to approximate the interparticle force. The method of
multipole images and the multipole re-expansion method
[7] are used to calculate the electric field and the multipole
images. The force is then computed from the multipole
images by using analytical formulae. The main advantage
over the existing dipole models is that multipolar interactions
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Fig. 1. Initial state of the randomly distributed particles.

between all particles are taken into account. In addition,
the accuracy of the force approximation and the time
required for calculation can be varied by choosing the
highest order of the multipoles and the number of
iterations used for the method of images. As an example,
we have performed a dynamic simulation using the
multipole model for a simplified system of an ER fluid,
and we have compared the results to those obtained using
the dipole model.

2. Physical configuration

The system of particles in this study is represented by a
monodisperse suspension of dielectric particles in a host
fluid confined between two L, x L, parallel plate electrodes
at z = 0 and z = L.. The particles have a dielectric constant
&, = 8, mass density p =1 g/em®, and diameter ¢ = 10 um,
and are treated as spheres. The dielectric constant of the
fluid is ¢f = 2. The viscosity 1 of the host fluid is 0.02 Pas.
These simulation parameters describe a real-ER fluid
consisting of alumina particles in silicone oil [2,4,5].
A uniform external field = 3 kV/mm is applied to the fluid
via the parallel electrodes. (This value was reported in [4]
that it can solidify the ER fluid.) The electrode dimensions
are L, =L, =50, L. = 140, and the number of particles
between the electrodes is 20. Note that the dimensions and
the particle number have been chosen in order that a single
chain (not thick columns) could be formed inside the
system when the applied field is sufficiently strong. The
initial state of the ER fluid is shown in Fig. 1, where
the particle positions are random.

3. Methods
3.1. Calculation of DEP force

3.1.1. Point-dipole force

DEP force is the force exerted by a nonuniform electric
field on a polarized but uncharged particle. Consider an
interaction force between particle a at 7, and particle b at
7, as shown in Fig. 2. The dipole model gives the simplest

X

Fig. 2. Coordinate system of the spherical particle pair.

approximation of the DEP force between these two

particles as [1]
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is the induced dipole moment of each particle due to external
field Ey, 7y =7, — 7p, 04 the angle between 7, and the
z-axis, a, = fab/|fub|a dg = ar X ((jr X d:)/|dr X (dr X (jz) 5
and 4. is the unit vector in the z-direction, as shown in Fig. 2.

3.1.2. Multipolar force

As already mentioned, the dipole model does not yield a
good approximation to the DEP force when particles are
close to each other. The reason is that the effects of higher-
order multipoles are not negligible in this case. The DEP
force, including the multipolar effects, on particle a can be
determined by

=de;
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where ¢, 18 the total effective charge density, which is the
equivalent real-charge distribution that generates the same
induced potential as the spherical dielectric particle [8],
appearing on the surface of particle a; S,, the surface area of
the particle, and; (V,)ex, 1S the electrostatic potential on
particle a due to all sources exterior to particle a.

Note that Eq. (2) is expressed in general for any dielectric
particle. In the case of two particles in close proximity, as
in Fig. 2, (Y,)ex: 18 the potential around particle a due to the
externally applied field and the disturbance produced by
particle b. To rewrite Eq. (2) in terms of multipoles, we take
the center of particle ¢ as the origin, and express the
potentials (i,); inside and (i) outside the particle as [7]
(o) =D > Lixr' Py(cos 0)e™, 3)
— A

J=0 k==j
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where (r, 0, @) are the spherical coordinates; L;, M;, and
B the coefficients to be determined, and P;j is the
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The three potential coefficients are not independent of
each other. Rather, L;; and B;, can be determined from
M; . so as to satisfy the boundary conditions of the potential
and field on the particle surface [7]. From Egs. (3) and (4),
the total effective charge density and the exterior potential
on the surface of particle a can be written, respectively as

associated Legendre function normalized by

S 2j+1 :
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Using Egs. (2), (5 and (6), the Cartesian components

of Fgep can be determined from B;; and M;; as follows.
(The superscript dep means “of DEP origin™)
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where B(j) =+/j(j+ 1), and Re[-] and Im[-] designate,
respectively, the real and imaginary parts of a complex
number.

3.1.3. Calculation of the coefficients B;; and M,

Using the method of images, we calculate the coefﬁcients
B;, and M;, in an iterative manner similar to the schemes
reported in [9,10]. The latter are proposed for systems of
plate electrodes. For each particle in the system of N
particles, the calculation procedure may be briefly de-
scribed as follows. (The superscript () is used to indicate
the number of the repetltlon step.)

1. Determine M) .« to present the initial potential Y, due
to the plate electrodes. For our arrangement, if the particle
is at ¢, Y, at pis written as

Wi, = My + MrPo(cos 0), (10)

where Mgo is the potential at ¢ due to £, and Mﬁ()) = E).
2. Compute B(") from M} ) % by Techaumant et al. [7] as
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3. Place the multipole images B;; with respect to both
plate electrodes to satisfy the potentlal conditions on
them. Details of the image placement are explained in
Appendix A.

4. Re-expand all of the images B i ) induced by the plate
electrodes and B('Z of the other N—l particles to ¢. That is,
the external potentlal to which the current particle is
subject in the next step, is

n _
Bix =

Vext = Z Z M(”Jr ) P, g (cos 0)e*?, (12)
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where Mj("“) is obtained from the re-expansions.
5. Repeat Steps 2—4. The potential can then be written in
the final form as

Noy 4 N[ gD
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where Npyp and Njg, are the highest order of multipoles and
the largest number of iterations, respectively.

The accurate value of force can be obtained by using
sufficiently high order Ny, for the multipoles (i.e., j =
0,1,...,Nyp) and carrying out this procedure until the
solutions converge. However, with higher Ny, the calcula-
tion time shall be very long, and not suitable for dynamic
simulations. Here, we use the order Ny, of the multipoles
up to four and perform the image placement (Steps 2—4)
twice (Niter = 2). The contributions of Ny, and Ny, to the
calculation results will be presented later in Section 4.1.
Because the interactions between all particles are in-
cluded in the calculations, we expect the computed force
to be similar to the accurate value calculated by using
Npp = 100.
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3.2. Calculation of particle motion

Let particle a, having mass m, be at 7, in the host fluid at

time 7. The motion of this particle is determined by
2

AR Y R (14
where Fjep is the DEP force as described in Section 3.1,
F ;ep the repulsive force, and F zyd is the hydrodynamic force
on the particle.

The force F :fp is an artificial force applied in simulations
of particles [1-4] to avoid overlapping with the other
particles and with the walls. Details of ;" are explained in
Appendix B. The hydrodynamic force is given for a
spherical particle by Stoke’s equation

m

hyd dr,

D= —3mnd—t". (15)
For typical ER fluids, we can neglect the acceleration
term on the left-hand side of Eq. (14) as the viscosity is

predominant. Substituting (15) into (14), we get

F
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a
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Applying the following scaling factors

2 252
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where o = (e, — &) /(g + 2¢r), we rewrite Eq. (16) in the
dimensionless form as
dfz =deps

Freps
=BT AR (17)

Calculate the electric field on the particles from the |
induced multipole

v

| Calculate the total force F9P+F P |

v

Integrate the equation of motion of all particles
with time step Ar

v

Assign the new positions of particle at a time
t+At

Fig. 3. Procedure for computing the particle position.

The symbol * in Eq. (17) denotes dimensionless
variables. Using Eq. (17), we compute the position of each
particle at time ¢ using the fourth-order Runge-Kutta
algorithm. The procedure for computing the particle
position is shown in Fig. 3. We follow the motion of the
particles to monitor how pairs and chains of the particles
are formed and determine the aggregation time of the first
single chain that spans electrodes by using the dipole and
the multipole models. This is because the formation of
particle chain is directly related to the change in viscosity of
ER fluids.

4. Results
4.1. Force on two touching particles

This section discusses the difference between the force
predicted by the dipole model and that predicted by the
multipole model. We first consider the case of two particles
in contact under an external field E; in the vertical
direction (i.e., two plate electrodes are located so far from
the particles), as in Fig. 4. The angle 6 is measured between
the z-axis and the line jointing two-particle centers (lines
a—b in Fig. 4.). The particles and the host fluid have
dielectric constants &, =8, and & = 2, respectively. The
case 1s considered here, as it is known that the DEP force
becomes maximal when particles are in contact [11]. The
force computed by the multipole model depends on two
main parameters: the number of iterations Nj., and the
maximum order of multipoles Ny,,. To study the effects of
Niter and Ny,,, we compute the multipolar forces on the
particles in Fig. 4 for various Nj., and Ny, with ¢ = 10 um
and Ey = 3kV/mm.

The effect of Nje, is shown in Fig. 5. The horizontal
force Fiori, and vertical force F,e. are calculated by using
Nmp =4 for Nier =2, 3, and 4. Compared to the dipolar
forces and the accurate solutions (computed by Ny,, = 100)
in the figure the multipolar forces vary with 0 similarly to
them. Fjor, and F,e change from the attractive to the
repulsive forces as 6 varies from 0° to 90° (the sign changes
from positive to negative.). Fyori, and Fi increase with
increasing Ny, while Fy,, reaches its peak at 6 = 33° for
all value of Nj, and is repulsively maximum at 6 = 90°.

z
Y b

Oy

(=]

a

Fig. 4. Two touching particles.
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Fig. 5. The effect of Ny, on the forces on the lower particle in Fig. 4 for
Nmp =4 (a) Fhoriz and (b) Fvert-

The force F,. reaches a maximum attractive value when
the particles are aligned in the direction of with Ej. The
maximum magnitudes of Fji, and Fye for Ny, = 2 are
1.45 and 1.66 times the dipolar forces, respectively. For
Nier = 3 and 4, the force magnitudes are slightly higher
than those for Nj,. = 2. Although, the results are not
shown here, we have found that, at higher Nj.., the
multipolar force increases with Ny, by a smaller degree.
In Fig. 6, Fi,o.i, and F,, are calculated by using different
values of Nyp(Nier = 2, constant). From Fig. 6, we can
clearly see the improvement of the force magnitude by
using the multipolar model. For example, the maximum
magnitudes of Fyi, calculated with N, = 3, 4, 5, and 20
are greater than that of the dipolar forces by 1.29, 1.45,
1.55, and 1.65 times, respectively. The increasing rate of
Froriz and Fyer wWith Ny, is smaller at higher value of Nyp,.

4.2. ER fluid simulation
For the ER fluid system in Section 2, the time base,

which is used for normalization in Eqgs. (14) and (16), was
to = 75ms. At t = 0, an external field is turned on and the

a
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Fig. 6. The effect of Ny, on the forces on the lower particle in Fig. 5 for
Niter =2 (a) Fhoriz and (b) Fvert-

particles begin to move. We want to calculate the evolution
of the particle trajectories with Ar* = 8 x 10~ for 50,000
time steps. First, we consider the calculation time required
when various values of Nje and Ny, are used. The
calculation time per time step on a PC with 1.92 GHz CPU
and GNU/Linux operating system is shown in Fig. 7. The
figure shows that, by using Nj,, = 3 and 4, the computation
times are much longer than that by using N, = 2, but the
multipolar forces do not considerably increase (as explained
in the previous section). Because the simulations take
about 15h for N, =4 but 45h for N,,, =5, we choose
Niter = 2 and N, = 4 for the calculations.

The evolution of the particle positions obtained from the
dipole and multipole models are shown in Figs. 8 and 9,
respectively. In Fig. 8(a), at = 30 ms, the particles begin to
form small chains but these are not arranged well in the
direction parallel to the electric field. In Fig. 8(b), at
t = 180 ms, the particles form longer chains and pairs, and
only one particle is isolated. After r = 180 ms, the chains in
Figs. 8(c) and (d) are only slightly different from those in
Fig. 8(b).

For the particles simulated by the multipole model in
Fig. 9, at t = 30 ms, the particles begin to form chains in



A. Limsimarat, B. Techaumnat | Journal of Electrostatics 65 (2007) 672—-679 677

3.5 T T T
Njer=2 ===
51 qor =3 EXXX® N |
- i =4 =3
z
=9
225 ¢+ E
%
Q
g
= 92t i
Z
Q
£
= L i
= 1.5
S
=]
<
= o D950t g
g ! B
= Pe%ede!
3 osose
O ]
0.5 F IRt i
]
bedode!
bedoded
XX}
0 bosede!
3 4 5
Nip

Fig. 7. Calculation time per time step for various values of Nj., and Npp,.
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Fig. 8. The positions of particles at different times simulated by the dipole
model.

a c d
"
L &> >
t =30 ms t =180 ms t =210 ms t =300 ms

Fig. 9. The positions of particles at different times simulated by the
multipole model.

the direction of the field. The chains are more parallel to
the electric field than those by the dipole model in Fig. 8(a).
In Fig. 9(b), the alignment of chains is improved and chains
move close to each other as time increases. In Fig. 9(c),
chains merge together, and a long chain spanning the
electrodes is formed. Note that at this time (¢ = 210 ms)
the particles simulated by the dipole model have just
formed into arranged chains. In Fig. 9(d), the ordering
of chains in the field direction is almost perfect. Thus, the
aggregation time of the particles simulated by the multi-
pole model is much shorter than when the dipole model is
used.

5.00
450
4.00
3.50 1
3.00 | 1
2.50 1
2.00 1
1.50 | 1

multip(')le
dipole

<R*%>

1.00
050 | /.~ 1
0.00 4 1 1 1 1 1

t (ms)

Fig. 10. Mean square displacement of particles simulated by the dipole
and the multipole models.

In addition to the visual inspection of Figs. 8 and 9, we
monitor the mean square displacement (R**) [1,12] to
identify the particle aggregation. The definition of the
square displacement of particle a at time ¢ is

[Ry0) = [x0 = ;) + (0 - y; )
+ [0 = 0] (18)
where x7(?), yi(?), and z}(?) are the position of particle a at

time ¢.
The mean square displacement is determined as

N
(R?) = %Z [R:(1)], (19)
a=1

where N is the number of particles.

The value of (R*?) is plotted against time in Fig. 10. The
figure shows that (R*?) computed via the multipole model
has a rapid change at the initial state, because the particles
begin to form chains and their positions change consider-
ably. After the particles attach to each other, they move
more gradually. At 2~ 175ms, the chains merge together
and rearrange, resulting in rapid change in (R**) again.
After the chains merge and the long chain spans the
electrodes, the transition of particles slows down at
t~250ms. The value of (R*?) in the dipole model
gradually approaches saturation after t~150ms. As the
particles do not span the electrodes, <R*2> is still much
smaller than that of the multipole. These results are
consistent with the visual aggregation of particles in
Figs. 8 and 9.

5. Conclusions

We have presented a multipole model for the simulation
of particle systems, and performed the simulation of a
system of 20 particles with parameters referred to a real-ER
fluid. When the multipole model is used, the force
approximation and the simulation time vary with the



678 A. Limsimarat, B. Techaumnat | Journal of Electrostatics 65 (2007) 672679

number of iterations Ny, and the highest order of
multipoles Ny, Increasing Njier and Ny, does not improve
the multipolar force linearly; rather, the force increases
only slightly at high values of Nj., and Ny,,. The values
Niter =2 and N, =4 are chosen based on the force
approximation and the simulation time. The simulation
results obtained via the multipole model have been
compared to those found using the dipole model. From
the multipole model, the time by which a particle chain
spans the electrodes is about 200 ms. Conversely, using the
dipole model, there is no chain spanning the electrodes
after 300 ms. These results imply that in a real-ER fluid, the
response time for the change in viscosity is significantly
shorter than that predicted by the dipole model.
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Appendix A
Placement of the multipole images

A particle is located between plate electrodes separated
by a distance L. in Fig. Al. Consider a multipole B; at the
center of the particle at a distance 4 above the lower plate
electrode. The multipole images Bj,k with respect to the
plate electrodes are placed in a sequential manner. The
placement is divided into two sequences. The first one is
that Bj,k is placed with respect to the lower electrode prior
to the upper electrode. The second one is that Ej,k is placed
with respect to the upper electrode prior to the lower
electrode. The mth images (m = 1,2,3, etc.) of Bj,k of the
first and the second sequences are denoted by [Bj4] 1y A0d

[Ei,k}z(m)’ respectively. Fig. Al shows an example of

Had, T

—e—
(5]
Il
(=1

h
} [‘éi-‘ ]I(Il +

Fig. Al. Placement of the multipole images with respect to the parallel
plate electrodes.

[Bix],q, and [Bjl,,,. The positions of [Bj],,, and
[Bjk] sy can be determined by

Zimy = (—1)'"{[(m — DL+ L.[(m — 1)%2] + h}, (A.1)

Zoom = (= 1" H{[(m — DL+ [(m%2)L:) + (L. — h)},
(A.2)

where z(,, is the position of [B;] Zam) the position

1(m)>
of [Bjx] sy @nd % is the operator that provides the
remainder after division.
electrode).

In Fig. Al, [Bjak]](l) and [B;] o1y are located at zy) =
—h and (1) = 2L: —h.

The magnitude of B;; that fulfills the potential condi-
tions on the plate electrodes is [7]

(z=0 at the lower plate

Bji = (=1 By (A.3)

Appendix B
Repulsive force

To prevent the particles from overlapping each other and
the electrodes, we use an artificial, short-range repulsive
force between two particles (a and b) [2,4]

FilP = 2F . exp [—100(@— 1.0)}&,, (B.1)

where a, and 7, are shown in Fig. 2, and Fy,,, is taken as
the maximum DEP force determined in the case of two
particles for the number of Nje =2 and Ny, =4, as
shown in Fig. 5. A short-range repulsive force between
particle @ and both electrodes is defined as

J 2Fmax{exp [~ 100 (% ~05)]
—exp {—100(@%2”)— 0.5)} }a (B.2)

The first exponential term on the right-hand side of
Eq. (B.2) is the repulsive force between particle ¢ and the
bottom electrode, and the second term is that between
particle a and the top electrode. The total repulsive force
F fp on particle « is the sum of the force in Eq. (B.2) and
the forces in (B.1) for all the particles b, includes the image
particles.

That is,

N
orep =rep =wall
Fa - § :Fab +Fa >
bb#a

(B.3)

where N is the number of particles.



A. Limsimarat, B. Techaumnat | Journal of Electrostatics 65 (2007) 672679 679

References

[1] DJ. Klingenberg, F. van Swoi, C.F. Zukoski, Dynamics simulation
of electrorheological suspensions, J. Chem. Phys. 91 (1989)
7888-7895.

[2] Y. Enomoto, K. Oba, Simulation of structures and their rheological
properties in electrorheological fluids, Physica A 309 (2002) 15-25.

[3] L. Jian, S. Jiapeng, Simulation of a three-dimensional electrorheo-
logical suspensions, J. Appl. Phys. 79 (1996) 7312-7317.

[4] R. Tao, Q. Jiang, Simulation of structure formation in an
electrorheological fluid, Phys. Rev. Lett. 73 (1994) 205-208.

[5] DJ. Klingenberg, F. van Swoi, C.F. Zukoski, The small shear rate
response of electrorheological suspensions. II. Extension beyond the
point-dipole limit, J. Chem. Phys. 94 (1991) 6170-6178.

[6] HJ.H. Clercx, G. Bossis, Many-body electrostatic interactions in
electrorheological fluids, Phys. Rev. E. 48 (1993) 2721-2738.

[7] B. Techaumnat, B. Eua-arporn, T. Takuma, Calculation of electric
field and dielectrophoretic force on spherical particle in chain,
J. Appl. Phys. 95 (2004) 1586-1593.

[8] M. Washizu, T.B. Jones, Multipolar dielectrophoretic force calcula-
tion, J. Electrostat. 33 (1994) 187-198.

[9] B. Techaumnat, B. Eua-arporn, T. Takuma, Electric field and
dielectrophoretic force on a dielectric particle chain in a parallel-plate
electrode system, J. Phys. D: Appl. Phys. 37 (2004) 3337-3346.

[10] A. Limsimarat, B. Techaumnat, Electric field and force on a dielectric
particle between two diverging plate electrodes, J. Electrostat. 63
(2005) 789-794.

[11] T.B. Jones, Electromechanics of Particles, Cambridge University
Press, New York, 1995.

[12] P. Nakroshis, M. Amoroso, J. Legere, C. Smith, Measuring
Boltzmann’s constant using video microscopy of Brownian motion,
Am. J. Phys. 71 (2003) 568-573.



IET Nanobiotechnology

High-yield electrofusion of biological cells based on field tailoring by

microfabricated structures

Journal:

IET Nanobiotechnology

Manuscript ID:

NBT-2008-0008.R1

Manuscript Type:

Research Paper

Date Submitted by the
Author:

18-Aug-2008

Complete List of Authors:

Techaumnat, Boonchai; Chulalongkorn Univesity, Electrical
Engineering

Washizu, Masao; The University of Tokyo, Department of
Mechanical Engineering

Murat, Gel; The University of Tokyo, Department of Mechanical
Engineering

Oana, Hidehiro; The University of Tokyo, Department of Mechanical
Engineering

Keyword:

CELL MANIPULATION, DIELECTROPHORESIS

& scholarone’

Manuscript Central

IET Review Copy Only




Page 1 of 29

IET Nanobiotechnology

High-yield electrofusion of biological cells based on field

tailoring by microfabricated structures

Boonchai Techaumnat*“’b, Kinya Tsudab, Osamu Kurosawa®, Gel Muratb’d’f, Hidehiro

b.df

Oana bedf

and Masao Washizu

“Electrical Engineering Department, Chulalongkorn University, Phyathai, Pathumwan,
Bangkok 10330, Thailand

bDepartment of Mechanical Engineering, The University of Tokyo, 7-3-1 Hongo,
Bunkyo-ku, Tokyo 113-8656, Japan.

‘Department of Bioengineering, The University of Tokyo.

“Center for Nano-Bio Integration, The University of Tokyo.

*Advance Co., Japan,

/JST, CREST, Japan

Abstract

This paper presents the use of electric-field constriction created by a microfabricated structure to
realize high-yield electrofusion of biological cells. The method uses an orifice on an electrically
insulating wall (orifice plate), whose diameter is as small as that of the cells. Due to the field
constriction created by the orifice, we can induce controlled magnitude of membrane voltage
selectively around the contact point, regardless of the cell size. The field constriction also ensures
1:1 fusion even when more than two cells are forming a chain at the orifice. A device for
electrofusion has been made with a standard SU-8 lithography and PDMS molding, and real-time
observation of the electrofusion process is made. Experiments using plant protoplasts or
mammalian cells show that the process is highly reproducible, and the yield higher than 90% is

achieved.

IET Review Copy Only



IET Nanobiotechnology

High-yield electrofusion of biological cells

I. Introduction

Electrofusion is a process for creating hybrid among different types of cells with the use

of electrical pulses[1]. The process is based on the reversible breakdown of the membrane.

When a cell is placed under the influence of a pulsed external field, electrical charging of
the membrane occurs and the potential difference between inside and outside of the
membrane (hereafter called membrane voltage V,,) develops. When V,, reaches the
breakdown voltage (denoted as V},), which is about 1 V for most biological cells [1-3], the
electrical breakdown of the membrane takes place. If the pulse is moderate and V,,, = V,
the breakdown is reversible; the membrane is locally and temporarily destroyed, but the
lipid bilayer structure is restored spontaneously due to the fluidity of the membrane. Such
a reversible breakdown at the contact point of two cells lead to the reconnection of the

membrane and the cytoplasms are merged, which is the principle of the electrofusion.

Obviously, nothing happens if V,, is too low, and the cells are ruptured permanently if V,,
is too high, and successful fusion is expected in a narrow range of V,,, say =15% of V; [2].
Therefore, a precise control over the magnitude of the induced membrane voltage is an

essential key for a high-yield fusion.

In conventional electrofusion, a mixture of cell suspensions is placed under the influence
of ac field first, and the cells are dielectrophoretically (DEP) aligned to form chains, and
then a high-intensity electric pulse is applied to fuse the cells. However, the process is
essentially low yield due to following reasons:

1) An analytical solution for the membrane voltage, when a stepwise uniform external

field Ey is applied, is given by [1]
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V(1) =53an cos@ [1—exp(-t/7,)] (1)

where 0 is the zenith angle (as in Fig. 2), and 1. is the time constant of membrane
charging which is

7.=aC,( P+ Poi!2) 2)
Its steady-state value V,, i.e. after time ¢ adequately longer than 1. and the membrane

charging is completed, becomes

m

\% (9)=%a E,cos@ 3)

This equation shows that V,, is proportional to the cell radius a, so that for a cell
suspension with size distribution, successful fusion should occur only for the cells
with an appropriate size.

2) For non-spherical cells, V,, depends on their orientation.

3) A prerequisite for the fusion is that more than two cells are in contact. Our analysis
for two contacting cells [4-5] shows that V,, is more than 20% larger at the top or
bottom of the cell chains (6= 180° in Fig. 2) than that the contact point (€= 0°). It is
likely that the membrane at the end of the chain ruptures before fusion occurs.

4) Whereas biological hybrids results in high-yield only when fusion between two cells
is predominant [1], there is no way to guarantee 1:1 fusion by the conventional

procedure based on DEP chain formation in cell suspension.

In the past, a group including some of the authors achieved electrofusion of yeast cells in
a fluid integrated circuit, in which field nonuniformity is utilized to position two cells to
be in contact to each other before applying fusing electric pulse [6-7]. In the current work,
we solve the aforementioned problems by tailoring the field pattern, so that the reversible

breakdown is restricted to occur exclusively at the contact point, thus improving the
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fusion yield. The principle, the device and the experimental results are presented in this

paper.

I1. Principle

Our group has already reported on the electroporation using a field constriction at a
microorifice [8-9]. Unlike other on-chip electroporation methods [10-11], our method
uses radio-frequency modulated pulse [9] with the voltage as low as 1.5V to restrict pore
formation to take place exclusively at the orifice, and hence low-invasive and high-yield

electroporation is achieved.

The electrofusion method presented in this paper is based on a similar principle, as
depicted in Fig. 1. The device consists of an insulator wall, having an orifice which is
comparable to the cells in size, or an array of such orifices, and the electrodes on both
sides. When a voltage is applied between the electrodes, the field lines, being unable to
penetrate through the insulator wall, converge into the orifice opening to create field

constriction there.

First, cells are fed, say of type A on one side and type B on the other side, and the
electrodes are energized with a.c. voltage. Due to the field non-uniformity created by the
constriction, cells are dielectrophoretically moved towards the orifice, forming a cell pair
A-B. This process up to here is identical to what is presented in refs. [6-7], but the
important difference appears when the pulse voltage is applied. Because the orifice
diameter in this work is comparable to that of the cells; most voltage drop occurs around

the orifice, and the membrane breakdown takes place nowhere but in the orifice.
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This situation can be looked into in more detail with an aid of a field analysis using a
model shown in Fig.2. Two cells of radii a and a’ are in contact at the orifice of radius b
on an insulating barrier located at the middle of two electrodes separated by the distance
2h. Because our purpose here is to see the effect of field constriction, we assume an axial
symmetry for simplicity, that the cells are aligned along the center line, despite that this
position is unstable and the cell pair will be dielectrophoretically attached to the barrier as
experimentally observed (to be later shown in Fig. 7). We employ a boundary element
method formulation [4], and calculate the membrane voltage V,, as the function of
position expressed by the zenith angle & (see fig.2), taking the cell radius as a parameter.
For the numerical analysis, a fictitious boundary of radius d is assumed and all electrical
flux is confined within the boundary, but it is chose far enough that it does not affect the
result. As in [4], we solved the temporal evolution of V,, for a stepwise applied voltage,
but in the following part of the paper, we shall confine our interest to its steady-state value,

which is of importance for practical applications.

Figure 3 plots the calculated steady-state voltage V,, normalized by the applied voltage V)
for a case of two equal-sized cells (a = a’). It is seen from the figure that, when the cells
are large enough that the orifice is almost plugged (line a), V,, takes maximum on the
membrane within the orifice (6< 12°), where V,,/Vy~= 1/2, and V,, is very small elsewhere.
Vi Vo = 1/2 means that the applied voltage is borne by the two membranes contacting in
the orifice. This is the effect of field constriction, where the voltage drop is concentrated
in the vicinity of the orifice, and the drop in the medium is negligible. In this case, the
reversible membrane breakdown can be expected to take place only in the orifice by

applying a voltage 2V}, to the electrodes, regardless of the electrode spacing /. This effect
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remains so far as the cells are large enough compared with the orifice, so that the
induction of precisely controlled membrane voltage becomes possible irrespective of the

cell size or electrode position.

As the orifice becomes wider (lines b, ¢ and d in Fig. 3), the peak of V,, broadens, and
V!V there becomes smaller. The electrical current can flow through the gap between the
cells and the insulating barrier in this case, which creates a voltage drop in the medium.
This results in the reduction of the voltage applied to the membrane. Voltage higher than 2
V}, is required for the reversible breakdown, but still in this case V,, is higher at #= 0° than
6= 180°, so the breakdown occurs selectively around the contact point. The magnitude of

Vi, at 8= 0° and 180° becomes the same when the gap is increased to about 1.6a.

The figure also shows the case without orifice by circular dots. V,, is higher at = 180°
than €= 0° by 28%. Therefore, upper and lower ends (&= 180°) of the cell pair are likely
to breakdown first, which we believe is one of the reasons why conventional
cell-suspension based electrofusion is low yield. Note that the membrane potential in this
case depends on the distance & between the electrodes as indicated by equation (3);
however, the distribution of V,, on the cells is independent of /4, provided it is wide

enough.

When cells are dielectrophoretically pulled and made into contact in the orifice as in Fig.
2, they deform slightly. The contact is locally flat, and when the breakdown occurs at a
certain point on one of the membranes, the voltage drop borne by the membrane is added
to the other membrane. It is like breakdown propagation of two series capacitors, and

such a process will lead to the membrane reconnection and the cell fusion.
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Figure 4 presents the case of two different sized cells (a’ = a/2). It is clear that V,, is larger
for the larger cell. The maximum V,,, which does not conform to equation (3), reflects the
different degrees of leak between the cells and the orifice. However, the tendency that V,,
is largest at the contact point is still there. If the membrane of the larger cell breaks down,
it will cause domino-like breakdown of the opposing membrane of the smaller cell,

initiating the fusion.

A particular case of interest is when more than one cell is attached to the orifice. The
effect of the chain length on the membrane voltage is illustrated by using an arrangement
of a 2N-cell chain having N (equal-sized) cells located above and under the orifice,
respectively. The membrane potential on the cells above the orifice is presented for N =1,
2 and 3 in Fig. 5A, in which the first cell is the one closest to the orifice. It is obvious from
the figure that, in the steady-state, 1) maximum membrane voltage V,, occurs in the
orifice (small 6 on the first cell) and V,, is much smaller on other locations or on other
cells, and 2) the maximum V,, virtually unaffected by the number of cells on the chain.
Hence, appropriate magnitude of electric pulse can be readily selected to generate

one-to-one fusion between the two cells at the orifice.

Discontinuities, for example between that at 9=180° of the first cell and that at #=0° of the
second cell, are seen. Its physical interpretation is as follows: because in steady-state
where the membrane charging is completed, no current flows across the membrane, and
the field is zero inside the cell. The potential drop per cell along the symmetry axis is
borne by the membrane at #=0° and 6=180°, and the ratio between these two is determined

by the field non-uniformity. On the first cell, both the field itself and the field
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non-uniformity is large, so large V,, at #=0° results. On the other hand, on the second or
third cell, which is located far from the orifice, field is weaker and more uniform, so that

V., at 6=0° and #=180° are small and more or less equal in magnitude.

For comparison, Fig. 5B gives the membrane voltage on the same cells in the absence of
the orifice plate. V,, maxima is located at the chain end, and changes only slightly with N.
The membrane potential at all the contact points is more or less the same. This would be

the reason why the typical procedure results in many-cell fusion.

II1. Device

For the cell fusion based on the field constriction, we need an orifice with the diameter of
several um, which is within the capability of microfabrication technique based on
photolithography. However, to make the device low cost and make it disposable for each
biological experiment, complex three-dimensional structure is not desirable. Another
design consideration is to facilitate the observation of the fusion process under a short

working distance of high-magnification optical microscopes.

We have the options among a) making an orifice array in a thin film as is done in our
electroporation device, and observe the cell pair from the top, or b) making the orifice on
the side wall, and view the cell pair from the side. In the former design, circular and
smaller orifice can be made easily, but did not provide a good view for observation. Better
observation can be made with the latter design, however, making a circular orifice on the
side-wall in the microchannel requires complex 3D fabrication. In this paper, we made a

compromise by employing the latter design, and use a rectangular orifice, which can be
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made with a single-mask process. This does not precisely represent the model used in the

numerical analysis, but still adequately create the field constriction effect.

The device is shown schematically in Fig. 6. Two channels run horizontally as in Fig. 6A,
which are separated by a wall, that has periodical openings (orifices). The device is
fabricated by single-mask lithography using SU-8 and PDMS (poly-dimethyl siloxane)
molding, so the structure is two dimensional, and the orifices' cross-section is rectangular.

The cover lid has a pair of vacuum-evaporated Al electrodes for energization.

The dimensions of the device are varied for the type of cells to be used for experiments.
Typical values are listed in Table 1. It is worth noting here, owing to the design that gives
a high degree of field constriction in membrane charging, we can use wider electrode gap

than that in the past [6-7] and still achieve cell fusion by smaller applied voltage.

IV. Material and Method

In the following, experimental demonstrations of fusion among the same type of cell are

made. Two type of cells, plant and mammalian, are used.

Plant protoplasts are obtained from the stems of radish sprouts. A solution of 1.5%
cellulase R10, 0.75% macerozyme, 0.6 M mannitol, and 10 mM MES (pH 5.7) is used for
digestion and isolation. After isolation, cells are washed twice with a solution of 0.6 M
mannitol, and the conductivity of cell suspension is controlled to be about 7 mS/m or

lower.
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As a mammalian cell, Jurkat cells (human T cell lymphoblast-like cell line) are used. The
cells are cultured in RPMI 1640 medium supplemented with 10% FBS under 37°C, 5%
CO,, and they were suspended in 0.25M glucose solution for fusion. The conductivity of

the cell suspension is 6 mS/m.

The cells are fed into the device, the electrodes are energized to collect cells into opening
by dielectrophoresis, and radio-frequency (r.f.) modulated pulse voltage is applied for
fusion. Typical electrical parameters are listed in Table II. With the solution conductivity
and the cell size used in experiment, the charging time constant of a single cell under a
uniform field (7. in eq.(2)) is about 20 and 6 ps for the protoplast and lymphoblast,
respectively [3]. (1-pF/cm2 membrane capacitance and 1-S/m inner conductivity are
assumed.) In order to generate positive DEP to attract cells into the orifice, the time
constant of the applied frequency should be shorter than these charging time constant z,
while in order to reach the steady-state V,, they should be longer than 7. Thus,
frequencies above 1 MHz are used for DEP, while those in the range of kHz are applied to
initiate fusion. The reason why the modulated pulse is used is to prevent secondary
breakdown of the membrane [9], and is found to be very effective in preventing the

breakdown at other locations than at the contact point.

V. Results and discussion

Fig. 7 shows a temporal sequence of cell fusion of the plant protoplasts. First two cells,
one about twice larger than the other, are dielectrophoretically made in contact at the
orifice in Fig. 7A. Then, r.f. modulated pulse is applied, by which the cell fusion is

initiated, as shown in Fig. 7B. The voltage for DEP is still there, so the fused cell is
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elongated due to the electrical stress. In fact, such an elongation has been used to confirm
that the membrane is reconnected in our experiments. By removing the voltage, the fused

cell is released from the orifice, and becomes spherical due to surface tension [Fig. 7C].

As is noted previously, if the orifice is ideally plugged by the cells, only2 V, =2 V shall be
sufficient for initiating fusion. However, the orifice of the current device is rectangular
with 60 um-depth, and rather leaky. Because of this, we needed 6 V to induce the fusion
in the figure. Still, the field constriction is found to be effective in selectively breaking
down the contact point. This result confirms our prediction from fig. 3B that the orifice
can be used to initiate fusion between two cells of unequal size. For simple comparison,
we may consider the case of a single cell of 50-um diameter, more or less the size of the
larger cell in Fig. 7. In the absence of the orifice, to initiate the membrane breakdown in
the electrode gap specified in Table 1, a potential difference of 11V must be applied to the
electrodes. (Needless to say that, without the orifice, this voltage still fails to induce cell
fusion between the two cells in Fig. 7 because of higher membrane voltage at the opposite

pole than at the contact-point pole.)

In Fig. 8 is shown the typical case where more than two cells are forming a chain. The
application of the electric field for DEP usually results in chains much longer than two
cells. This is because a cell chain attracts other cells located nearby to its terminals and
the attractive DEP force is stronger when the chain becomes longer. In this case, the chain
is composed of seven cells and bridges the electrode gap. Without the orifice, any of the
contact points can breakdown, and the breakdown is often not limited to one as already
explained in Section 2. However, with the highly concentrated field profile due to the

orifice, we can restrict the breakdown only to the contact in the orifice, and realize
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one-to-one cell fusion. The applied voltage is 6.5V in this case. Compared to that of Fig. 7,
it is clear that the voltage is independent of the number of cells on the chain. This also

conforms to the analysis result in Fig. 5.

Figure 9 is the case of smaller cells. Size of the cells is about a half of those in Fig. 7, so,
if the orifice is absent, the required voltage will be twice higher. However, due to the field
constriction, such size-dependence is alleviated, and the fusion of Fig. 7 is achieved with
a slightly higher voltage (7 V) than that in Fig. 7 (6 V). This radius dependence is not
necessarily in quantitative agreement with the result of Fig. 3. This is rather due to the
limitation of the analysis assuming axial symmetry. The cells in Fig. 7 are
dielectrophoretically positioned at the tip of tapered insulating barrier, where higher
non-field uniformity exists. Still, the result demonstrates the advantage of the use of the
field constriction for a) having less size-dependence, and b) selective breakdown at the

contact point.

Figure 10 shows a temporal sequence of the fusion between human Jurkat cells. The
orifice is rectangular again, but is smaller than in the previous experiments, 8§ um (width)
x 15 um (depth). Since the DEP force acting on a cell is typically proportional to the cubic
of cell size [12] and the Jurkat cell is about 3 times smaller than the protoplast,
comparatively stronger electric field is required to attract the cells to the orifice in Fig.
10(1) and (2), as shown in Table 2. The membrane fusion is observed in (3) after the
application of the electric pulse of 6 V. The cell is released from the orifice ((4) and (5))
and observed for several minutes after the fusion in (6). On average, the magnitude of
applied voltage needed to induce fusion for Jurkat cells is just slightly higher than that for

the protoplasts (see Table 2). Therefore, these results confirm the effectiveness of the
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orifice in field constriction, decreasing the degree of size dependence of V.

In all experiments with plant protoplasts as well as with Jurkat cells, cell fusion took place
so far as the cells can be positioned in the orifice, and the membrane breakdown other
than at the contact point was hardly observed. Including several ten fusion events not
shown here, more than 90% fusion yield was obtained by the device, which is a
significant improvement from the previous work. This is primarily due to the fact that,
until membrane breakdown occurs, we can increase the magnitude of fusing pulses

gradually without damaging cells, provided they are in good condition.

VI. Conclusions

A device has been designed and fabricated for high-yield electrofusion of cells, based on
the use of field constriction at the orifice on an insulating barrier. Experiments performed
on the device show that we can realize one-to-one cell fusion for cells. As the approach
used here is in principle independent of cell size, it can be applied to the practical
problems of fusion between cells of different size. The fusion is highly reproducible and

more than 90% yield has been achieved.
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Table 1. Typical dimensions of the device shown in Fig. 6.

plant human

Cell type of the device
protoplast  lymphoblast

Cell size (um) 20-60° 5-15°
Channel depth, D (um) 60 15
Wall thickness, T (um) 50 30
Orifice width, B (um) 30-40 8-10
Electrode gap, G (um) 400 500

Table 2. Typical electrical parameters for DEP and fusion.

Cell type DEP Fusion
plant protoplast 2MHz, 6-7Vp, Sms,
(20-60um?) 3-6V,  50kHz-modulated
human 5 MHz, 6-10V,, 10ms,

lymphoblast 7.5-10V, 20kHz-modulated

(5-15um®)
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List of Figure Captions

Principle of electrofusion based on the field constriction.

Model used for analyzing membrane voltage in the presence of an orifice.
Membrane voltage V,, induced on the equal-sized cells in contact in an orifice as a
function of position. d is the minimum spacing between the cells and the orifice
wall, w =0.1a, d = 5a and h = 5a where a is the cell radius.

Membrane voltage on the unequal cells, of which the larger and smaller radii are a
and a/2, respectively. Dimensions w, d and A are the same as those used for Fig. 3.
Membrane voltage V,, when N cells (of equal radius) exist on each side of the
orifice: (a) V,, on the first, second and third cells from the orifice and (b) V,, on the
same cells in the absence of the orifice. The analysis uses w =0.1a,d =5a, h=12a
and 6=0.1a.

Structure of the device for electrofusion.

Temporal sequence of electrofusion between two unequal cells (plant protoplasts).
Membrane breakdown on a long cell chain occurs only at the contact point
between two cells at the orifice when electric pulse is applied. As a result, 1:1
fusion is obtained. (a) Chain formed under DEP force. (b) Breakdown at the
contact point by electric pulse.

Fusion between two cells smaller than the orifice. (a) Cells attracted to the orifice
surface by DEP. (b) Breakdown of membrane at the contact point due to electric

pulse. (c) Cell released from the orifice.

10. Fusion of mammalian cells in a temporal sequence from (1) to (6).

IET ReviedTopy Only



IET Nanobiotechnology

Electrode

Insulating

barrier
Cells = i o
4 rf | \1 \a
Electrode

FIG. 1.

52x44mm (300 x 300 DPI)

IET Review Copy Only

Page 18 of 29



Page 19 of 29 IET Nanobiotechnology

Insulating
barrier

i
Y

<
I
&

FIG. 2.

70x78mm (300 x 300 DPI)

IET Review Copy Only



IET Nanobiotechnology

a:6/a = 0.001 ——
bidfa=001 e

d: ofa=1  ~-=--- g
e:d/a=00 o

03F |} .

V. 1V,

120 150
O (degree) from the contact point

FIG. 3.

85x70mm (300 x 300 DPI)

IET Review Copy Only

Page 20 of 29



Page 21 of 29 IET Nanobiotechnology

larger cell: 6/a =0.001 ]

larger cell: 6/a=0.1  --------- 7

larger cell: 6/a =1 —mmeme
smaller cell: 6/a =0.001 g

0.6 — " smaller cell: 8/a =0.1 o E

& - smaller cell: 8/a=1 ° ]
> 05 F : E
~ F : ]
>E 04 r _:

0 30 60 90 120 150 180
O (degree) from the contact point

FIG. 4.

85x70mm (300 x 300 DPI)

IET Review Copy Only



Vo 1V

IET Nanobiotechnology

04 T
=N N=1 o)
[ & N=2 -eemee
L l| N=3 -==mm
03 ¢ | i
} | |
| | ~ I
0.2 r qu cells N
-
v
1 | I
0.1 | | -
é:; | | |
b 180
\Y)
0'0 N bt S Lty o ¢y o i
o Istcell 3rdcell 180

0 (degree) from bottom pole of each cell

84x69mm (300 x 300 DPI)

IET Review Copy Only

FI1G. 5A.

Page 22 of 29



Page 23 of 29

Vo 1V

0.08

0.06

0.04

0.02

0.00

IET Nanobiotechnology

T T
N=1 o
Ne s
N=3 -====
o] J /l
m@b § - ": .r'i
e, B s 2 = i
k J L i | {
% e v .,',." 3 ’_l
% ¢ k ! . ;
s ! : ]
[ oo L
I v g v |
P g t ] Lo
D1 L v
| 5 g |
b 0_ 2ndfell 180 1/
@D | "': | ti
0 1stcell 180 0 3rdcell 180

0 (degree) from bottom pole of each cell

FIG. 5B.

84x68mm (300 x 300 DPI)

IET Review Copy Only



IET Nanobiotechnology

PDM

Center

Channel a’ insulating
R wall
FIG. 6A.

77x56mm (300 x 300 DPI)

IET Review Copy Only

Page 24 of 29



Page 25 of 29

IET Nanobiotechnology

Glass —¢ |<L//Electr0des
)

Channel Ij;l

PDMS

FIG. 6B

75x44mm (300 x 300 DPI)

IET Review Copy Only



IET Nanobiotechnology Page 26 of 29

FI1G. 7B.

96x29mm (264 x 264 DPI)

IET Review Copy Only



Page 27 of 29 IET Nanobiotechnology

63x48mm (264 x 264 DPI)

IET Review Copy Only



IET Nanobiotechnology Page 28 of 29

FIG. 9B.

95x35mm (264 x 264 DPI)

IET Review Copy Only



Page 29 of 29 IET Nanobiotechnology

79x39mm (264 x 264 DPI)

IET Review Copy Only



	RMU4880014_s01
	RMU4880014_s02

