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Abstract

This research has studied the characteristics of electric field and force induced by the field for (1) a

single particle under an applied electric field, (2) an isolated particle in a system of dielectric barrier,

and (3) a system of particles under an external field. Results of the studies may be summarized as

follows:

We have presented the method of images for calculating electric field in two-dimensional
arrangements. The method utilizes multipoles as the images to satisfy boundary conditions.
The images are given for planar or cylindrical boundaries between two dielectrics and for
those between a dielectric and a conductor. We introduce the use of three kinds of
multipole re-expansions, which enables the calculation of images in complicated
arrangements. The method has a clear advantage over using only line charges or line
dipoles when the arrangement under consideration consists of more than two objects. In
addition, the proposed method is also applicable to the estimation of the electric field and
force on a very long particle.

For the level of a single particle, the research is focused on (1) intersecting spherical
particle and (2) spheroid particle. In arrangements of intersecting conducting spheres, the
application of the method of images to the calculation of electric field is presented. The
method is applicable for cases of electrically floating, grounded, or energized conducting
spheres that intersect each other. Examples are given for two grounded intersecting
spheres of equal radii and those of different radii, respectively, under an external uniform
field. The results for the spheres of equal radii agree well with the analytical solutions for
the case of completely overlapped spheres and touching spheres, respectively. For the
spheres of different radii, the numerical results show that the method may also be used
when the degree of intersection is not too high.

For an isolated spheroidal particle with insulating membrane, we have analyzed the
membrane voltage and the polarization factor using a precise model, by which the
membrane has a uniform thickness. The analytical method is based on the harmonic
expansion of the field, to include the condition of the uniform membrane thickness as a
series expansion of the geometrical factor, and to solve the field problem as an interaction
of the harmonic components. The results clarified the effects of the applied model on the
membrane voltage and the polarization factor of the particle.

For an arrangement of a conducting sphere lying on a dielectric solid under a uniform field,
we have applied the analytical method of successively placing three infinite sequences of
point and dipole charges (zero- or first-order multipoles). The electric field is highest at the
contact point. Both the contact-point field and the force increase with the permittivity ratio
of the solid to that of the surrounding medium. The resulting force always attracts the

sphere to the solid. We have given very simple formulae for approximating the contact-



point field and the force which agree with the precise values within a difference of 3% for
permittivity ratios up to 32 and 64, respectively.

In an arrangement consisting of an uncharged conducting sphere and a plane electrode
with a dielectric barrier, the electric field is calculated by using the method of multipole
images using an iterative algorithm proposed for calculating the images of the dielectric
barrier of finite thickness. The calculation results show electric field intensification due to
the presence of the dielectric barrier having higher permittivity than that of the surrounding
medium; however, if the barrier is separated from the conducting sphere by at least the
sphere radius, its influence is negligible. Inside the dielectric barrier, the electric field on the
axis of symmetry becomes more uniform and the average field significantly increases with
decreasing its thickness. For a case where dielectric barrier is sufficiently thin, the electric
field at the contact point and the force on the conducting sphere vary approximately as
power functions of the permittivity ratio.

Studies on the system of particles have been done for an electrorheological (ER) fluid
system by using a multipole model that includes multipolar interactions between particles.
The model uses the multipole re-expansion and the method of images for calculating
electric field and force. The highest order of multipoles and the number of iterations used
in the method of images can be chosen for the accuracy of the force approximation and
the simulation time required. Study of a two-particle configuration shows that the force
does not increase linearly with increasing the order of multipoles and the number of
iterations. We have performed the simulation of a system of 20 and 67 particles, and
compared the formulation of particle chains with that obtained using the dipole model. The

results indicate significant difference when the multipole model is used in simulation.



Executive Summary

This research has studied the characteristics of electric field and force induced by the field for (1) a
single particle under an applied electric field, (2) an isolated particle in a system of dielectric barrier,
and (3) a system of particles under an external field. Results of the studies may be summarized as
follows:

. A novel calculation method based on multipole images has been developed for two
dimensional problems. This method is capable of estimating electric field and force for the
cases of long particles.

o The study of single particle includes the analysis of a) a intersecting spherical particle and
b) a spheroidal particle. For the case of intersecting spheres, the analysis is applicable for
an arbitrary angle of intersection between the spheres. For the case of a spheroidal
particle, we have determined the polarization factor at various frequencies, and
demonstrated the difference obtained by using a precise model for which the insulating
membrane thickness is uniform, independent of azimuth angle.

. For the study of an isolated particle in a system of dielectric barrier, we have applied the
method of images and the method of multipole images to the potential problems in order to
achieve high accuracy of the results. Results of the study illustrate field intensification at a
small gap between the particle and the dielectric barrier or at the contact point between the
particle and the barrier. In addition, we are able to determine simple empirical formulae for
estimating the electric field and force in such systems.

. Simulation of a system of particle under an externally applied electric field has been
performed for an electrorheological (ER) fluid. We have utilized more accurate model
(multipole model) in the calculation of force acting on particles for the simulation. The
simulation results show significant difference compared with those obtained by the
conventional dipole model. The time of chain formulation is shorter, and the appearance of
chains becomes more consistent by the use of the multipole model. Furthermore, we have
also demonstrated that it may be improper to use the MSD as a parameter to indicate the

steady state of chain formation in practice.
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, = a\/sinh2 1, +sin’* @ = a\/cosh2 1, +cos’ @ = c\[1-(cos @/ cosh7y,) (3.1.2.16)
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aaiu dmiudianuiudszy G, a9, mh g, munu&gu 6 nanpanui adasdlUisenszndng

ouauaTNoAng 7 d9nk VaIENMIN (3.1.2.9) uaz (3.1.2.10) udaz LU Asenszniedraun m.
aaa A o v a € a fo o A & O] [l v ° —_

Ujfiseunarit Mliifessuefindauauigedn wiheumeszagmeldmmnnlwihadwaue (n=1)

<3
nana.

° o aa a
fmivlueanfionunuzesuauuilinuyn 0 lasd

C,=¢,/(g,dn) (3.1.2.18)
W &, \dusnmoenzesuuiusn uaz gdn uanuninvesauiusu (1989307 3.1.2.1a)
' ) 6 .3/ . a ' o a1 aaa ' o o A . ad
Amnieed g, wlituny 0 Sndeld wserildlifuisensendnsduau n Neasnu. lunsdii

s’ a IQ o v 1 ¥ a
wuRnfoalas 7= 1, + dn i laumsde luiduass

xz y2 ZZ
2+§+b2+§+c2+§:1 (3.1.2.19)
e
E=2bc-dn (3.1.2.20)
LRZANABIUBLNY x Uaz z LTn
o0.=cdn and S, =bdn (3.1.2.21)

aanu dmivluean lnfienuifvdszaudsanuyy Adenfiazas g, luaun1sf (3.1.2.15) uazm
faauvasruMsIwnTaasawma Inihadiauanswan lagRansan 7 =1 vinsu.
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o= Z S, b (cOs O)csmep (3.1.2.22)

Faeladulssantvosdns v lusunsf (3.1.2.9) uay (3.1.2.10) 1%3U‘1]E]G§Nﬂi:§“n"§ Spm VB9
U329 wasFuLTEans E,, » vosgwy iihaauaniin
" (1/e) S H (1/e
= 0110 5., H.,07e) a'E, (3.1.2.23)
"G, (k,1le) C, G, (k,1/e) "
P (1/e) S P (1/e)P' (1/e
n,m( ) n,m +(K _1) n,m( ) n,m( )anEnm
“ Gn,m(lcﬂ,l/e) ’

C

=K 3.1.2.24
TG0 C, e

WalT W

K, =t ! t,, (3.1.2.25)

P (1/e) =iP; ,,(cosm)
> d77 >

wee Q) (1/e)= di 0, ,(cosn) (3.1.2.26)
n

= =M
G,.(x,1/e)=x,0,,1/e)P (/e)-PF,, (1/e)Q0,,(1/e) (3.1.2.27)
H,, (1/e)=0,,0/e)P,, (1/e)-PF,, 1/e)Q,, (/e (3.1.2.28)

maasuudaseunmaasanuninuiulizg lalwasastuaniuswazuaa @i
do g 09,
d """ on

" (3.1.2.29)

4,,P ,,(/e)P,, (cost)csmp

— :Llin Z
cyfl-(ecos0) m "

3.1.2.4 M3vansnuwmNdines g,

g, uwwniieesigaglumsdwin ssnnidudifouanudunusszniniduausasaniveing

passw I WA, inszainewal ¢/g, lugtues cosOiiu

© -1
! _y 2k 1)"(e cos )™ (3.1.2.30)
\/1—(ecost9)2 iw (2!
amsuffﬁ@i@ﬁ%ﬁmmn’h
—1<cosf<1 and e<l (3.1.2.31)

gUN137 (3.1.2.29) andouldlugiva
do & (2D
= - &Zu(e cos H)Zkz A4, P (1/e)P,  (cos@)csmp (3.1.2.32)
di ¢ & 2! £ Cnmln :
Fa & 2k = ' ¢ a_¢
sunstidinaves (cosd)" Py u(cosf) Tmannnszanowaklndluglvaseunsuaninefing lay

o 6 [
ﬂ?ﬁﬂﬂgmﬁdﬁdﬂ‘ﬁuma‘ﬂﬂdﬂﬁ



n+m n-m+l1

xP (u)= P Uu)+—
n,m( ) 2}’l+1 n—l,m( ) 21/1-‘1—1

P, (3.1.2.33)
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a ' a A ' A
afunadaly lagRansanidn m dmndiag.

lugdvasnedng iazndousunaf (3.1.2.33) laidu

R, () | £, () B, () ] R, () ]
(

B, (%) £, (x) B, () £, ()

x| P () |=[D] P, (x) NP () [=[D P (x)] (31234)

-

P,,(x) P,,(x) P,,(x) P,,(x)
P (x) P (x) P (x) P, (x)
| - I ] ]
laaf
0 1-m 0 0 0]
(m+1) 0 (2—m) 0 0 0
3 3
0 0 0 0
[D,]= 0 0 . 0 . 0 (3.1.2.35)
0 0 0 (n+m) (n—m+1)
(2n+1) (2n+1)
0 0 0 0
0 0 0
aflenwly
[ Som | [P, (cosO)csmyp | A4y, ]
S B, (cos @)csme 4,
[s]=| : |, [P,]= : ,  [a]=] : (3.1.2.36)
Som P, (cosO)csmep 4,,,

g3 (3.1.2.32) azaglugvas

i[s]z A (D ][a] (3.1.2.37)
. dt c
e
- Zk_l)” 2k pr T2k
D?]=) ———¢"P' (1/e)[D 3.1.2.38
[D”] kzz(; 20! e’ P, (1/e)D] ( )

A v A ::y. & a v v . g
wazlaritun P 3iudunsdlvesnsiadonsinanuuuina (prolate spheroid) waz 7 5zym1sasy
WRIUUBILNATNG.



ludnnandts anaunIf (3.1.2.23) 1agle

1
[a] = C_[MP][S] —~[N"T[e] (3.1.2.39)
e [e] dunnieesvesdudszantvesawin Winauan Epm M uaz N7 iwaainduninuss
Gofimndniiu
"o/ H 1/
M; __Gulle) : NI =a" LN (3.1.2.40)
G,,(x,,1/e) G,,.(x,,1/e)

Wounugunsf (3.1.2.39) aslusunisfi (3.1.2.37) azlén

4 6= Ho DI M” 5] - X [D" [N [e] (3.1.2.41)
dt cC, c

& & o o o o A , ¢ a_ ¢ a
RUNIIW Lﬂuﬁuﬂ’ﬁﬂﬂﬂﬁqﬁﬁuﬂ’]u?mﬂqil,ﬂaEJ%LL‘JJQJ@]']NL']a’]TaGLL@]ﬂ$§']§Nauﬂa°ﬂaﬂﬂizﬁlﬂaguu

NWHIVDINNLLTW.

#n3u =1 waz m=0 w38 , Walwaw Wi suenduluuRILEND. Bude
E, . =E, n=1

(3.1.2.42)
E =0, n>lI
FUNIT (3.1.2.41) udle e givihgiﬂuﬁ aznaneiu
d 2 , 3
_Sl — /umlLlour S] _ /umlLlout E‘1 (31243)
dt CCm luin + 2luout /uin + Zluout
%aa@gﬂmLﬂuﬁmaumaamwmhaé'ﬂﬁmmmu V,, 18dn39nassadiivinny
s, 3
V,=——=—cE (-exp[-t/7]) (3.1.2.44)
c, 2
e
1 1
7, =cC, (—+ ) (3.1.2.45)
in 2/uout

faaulunsdlueinIIndenIINaNLLULL (oblate spheroid) Aznansamlaluansusidednu lasd

Nuasdoauaadlunatan 3.1.2.7.

3.1.2.5 Inan Isigswifiasarnawalnlin
sundauwlihmesenddsuudaimunm  uszausaunudoiames expljer] nnaumsi
(3.1.2.41) 17z lein

jals]= %[D" [, M ][] —%[D" 105, N Tle] (3.1.2.46)

m

1aaNATHUK [ LRAINIDVOINTIATUNTINANBUBTI P #IanInasananasuunty O. adnn
mwsmmLLu',wnaaﬂi:ﬁﬂdwammsnmmﬂaum‘lWﬁwmﬂuaﬂvlﬁmuamﬁ
. . -1 . .
[s1=C, ([D'1[x,M']-I7[U]) [D'][x,N'][e]

write

= C,[L][D"][x,N"][e]

(3.1.2.47)
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r=cC, lu, (3.1.2.48)
Iudnenunits sunsh (3.1.2.24) mmm%’@gﬂ"lﬁl,ﬂu
Kl i i
[e]= C—‘[S 1ls]+ (x, =D[T"][e] (3.1.2.49)
dla [c] \waneasvas Gy, S uar T iueinduwinussdefiaandniu
P (1/e P _(1/e)P (1/e
Prolate: S =L T =a" wnll/OF,, (/) (3.1.2.50)
G,,.(x,,1/e) G,,.(x,,1/e)
—1)"j""'P' (jsinh ‘P (jsinhn,)P’ (jsinh
Oblate: S° _ DY n,,,f(‘J 770)’7;0 _ B ?70). n‘,m(J ) (312,51
Gn’m(rc#,] sinh7,) G, (Kﬂ,] sinh7,)

Waunusunsfi (3.1.2.47) adlusunsfi (3.1.2.49) iazle
[e] = (x,[SILID N T+ (x, ~DIT']) €] (3.1.2.52)

NI ENTD MV INA LT UY 8 INTING1LNTINAN b,

v a

a e a dw A o a .nl' AJ a ' d' v 1 Ced 6
Tulavssnuisowaton {3 mnn@mmauiaagﬁl@ha. Tunsdidh 19zRanadn e r itngariud az

o

1{a ? 2(a ?
Qljo(coshn)z—(—] , Qu(coshn)z——(—] (3.1.2.53)
3\r 3\r
.. 1{a ? . 2(a ?
Q,(jsinhp)~———1|,  Q,(jsinhny)=—|— (3.1.2.54)
3\r 3\r
s Tundlalwaasd owlan
Prolate: d! =g7zgoma2Cfo, dr =—§7zeoma2Cfl (3.1.2.55)
0] 4 2 ~O P 8 20
Oblate: d  =——mne aC,, d.=—nme aC (3.1.2.56)
z 3 out 1,0 x 3 out 1,1

v a o = ' a Y
wazlaadsznavlwan s tudanianiiduUsunasvinnu
4 2 i
i A ﬂ.gouta fmCl,m
P =

" %ﬂbzc

Wa m =0 dwmivlalwaluuws z uaz m =1 dnsulvuwd x. 5= 1 uaz f; = 2.

(3.1.2.57)
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t=tr (3.1.2.59)
o LTITUDILUNLLITY
1
vV |=—IS 3.1.2.60
(v,] Cm[ ] ( )
axulasuulasanuaNms
d i i i i
E[Vm]=[D 1« M ][v, ]-[D"][x,N"][e] (3.1.2.61)
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external E,

external E,

prolate

oblate

gﬂﬁ 3.1.2.4 maddsuudasusiawaniuss  Welszanmasluaanuuianunuvaaaiu skl

AN Gd) 1 . O
o
external E, extesmal £
o3
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1.5 ; t
with variable
thickness
prolate
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o o

luszuuing (77, 6, @) VEINTARINTINAVULKIY ANAVIRNFNNUENUANAA TP ToUaNENNNT

AWA

v
a

x = acosh(rn7)sinfcos¢
y = acosh(r7)sinfsin ¢
z = asinh(7)cos &

WaNUED 77 = 77 L UNIIARIBNIINANUUND?

Tasf

LRSS

2 2 2

y zZ
b—2+?+c—2:1

b=acoshn,; c=asinhp,

2 2
a=~b"—-c

a ¥ & 6 < a &
LNBI“E@]’NNLUE’JO%HUT]@'N e \uwiniaas

o v o ¢ ' . P
1379 M ENAITANVFNARTTZATII cosh7y waz sinh7p \Ju

coshzg, =1/e;  sinhp, =./(1/e)’ -1

AAaUTIRNMIIN UM TE RIS UUANa T W

5| Batisinh | [P, (cos0)

= ) ) cs m@
Q,,(jsinhm)| |0, , (sin )

dndlnihmelunaznmouannisadensanauuiiu sunsadsuldlugdves

LRSS

¢out = ¢app + ¢ind
=>.E,,a"j"B,,(jsinhn)P, , (cos O)csmp

+>.C,,.j""0,,.(jsinhn)P,, (cos F)csme

6,=> A,,j"P,,(jsinhn)P,  (cosO)csmp

(3.1.2.62)

(3.1.2.63)

(3.1.2.64)

(3.1.2.65)

(3.1.2.66)

(3.1.2.67)

(3.1.2.68)

(3.1.2.69)

(3.1.2.70)

v ldy A‘ o a . { o v a Q€ s K% { ldl v a
lusumsauundt [nRanadvasiuInanw j wavhldaudszinduasdnd Iwinnnadosiien
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funneanunuinlizlalna o lugtvessiuefindaseum (3.1.2.22) waztszyndld

aumsdanleveua ezl
_ (_])" Qlfz,m (] SIHh 770) Sn,m _ Hn,m (.] SIHh 770) nE

’ Gn,m (Ky’jSIHh 770) Cm Gn,m (K,u’jSIHh 770) ’
RS
(-1)"j"'P,,(jsinhn,) S, ,
nm K - .. -
G, (x,,jsinhn))  C,
sinh7 )P (jsinhn) (3.1.2.72)
P sin
_I_j(K_ _1) n,m(] 770 n"m _] 770 anEnm
! G,,(x,,jsinhn,) ’
e
’ .« . d
P, (jsinhn)=—P  (jsinhn,) (3.1.2.73)
77 n="no
;. d .
0, (jsinhn)=—0, (jsinh7,) (3.1.2.74)
dn n=Mmo
G”m(/(#,jsinhno) =
’ . C . o (3.1.2.75)
x,0,,,(jsinhn )P (jsinhn,) - P, ,(jsinhn,)Q, , (jsinhn,)
H,,(jsinhn,)=
’ . ;o » o (3.1.2.76)
Qn,m (.] Slnh UO)R’I,M (J Slnh UO)_Pn,m (.] Slnh 770)Qn,m (.] Slnh 770)
msmﬁﬂuuﬂmmwnawaaﬂszﬁmummmu anflwldanyaums
da O 8¢m
dt lumgn a l:
T (3.1.2.77)

lu.
= i A, tanhn P’ (jsinhn)P, , (cos@)csmep
cy1—(esin 0)* ; ’ v

A o a £ a A
Warnlszanomasnatiia g, dadu

g, = a\/sinh2 1, +cos’ @ = a\/cosh2 1, +sin’ 0 = \/l (sin@/coshz,)’

tanh 7,

wazananIansznewatlaaai
1 = (2k—1)” Z(2k !

N—(esing)y =2 gy (esin (26!

AI%U FUANIN (3.1.2.77) axdonlaiiu

d 2k-1D!
da ﬂmz((zk)')'( [ _ cos 9])

x Z A, tanhn P! (jsinhn,)P,, (cos&)csmp

( z [1 —cos® 0})1{ (3.1.2.78)

(3.1.2.79)



dq‘d & 1R a a
sumsitiinaizes (cos@)™P,u(cosd) Ssmunsanszaowailviidueunsnzesaniuefindiaridu
6 %
\n0aa9a3 laald
T T2
[D,]=[D; ] (3.1.2.80)
WA
2k — k
Z( ok ¢’* tanh 7, nm(]smhno)LU—D” (3.1.2.81)
k)N
A o oa ' > & A ¢ o &
dadwfiun O wsasiaumstt Iddmiunssadmonssnauuouuiu, usz U wanesndianansol,
A% 1319z 16

—[ =22 [D7J[M][s] -~ [D? )N e] (3.1.2:82)
o M? uaz N¢ L‘ﬂum@ﬁﬂ‘ﬂm’mLLUOﬁﬁﬁ&JW%ﬂL'ﬂu
-/)"Q! (jsinh H_  (jsinh
Mno :( J) Qn,m(] 770) N‘D:an r/,m(-] n 770) (31283)

G, (x,, jsinhn,) ’ " G, (x,, jsinh7,)
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Abstract

This paper presents the method of images for calculating electric field in two-dimensional arrangements. The method utilizes
multipoles as the images to satisfy boundary conditions. The images are given for planar or cylindrical boundaries between two
dielectrics and for those between a dielectric and a conductor. We introduce the use of three kinds of multipole re-expansions, which
enables the calculation of images in complicated arrangements. The method has a clear advantage over using only line charges or line
dipoles when the arrangement under consideration consists of more than two objects. Calculation examples are given to demonstrate the
application of the method. The calculation results show that in an arrangement where the field is highly non-uniform, high accuracy can

be attained by using the method.
© 2006 Elsevier B.V. All rights reserved.

Keywords: Electric field; Method of images; Multipole re-expansion; Complex potential

1. Introduction

Electric field analysis is important in electric insulation
studies and in other applications of dielectric materials. In
many cases, physical arrangements under consideration
may be reduced to two-dimensional (2D) approximations
to simplify the analysis. Two-dimensional arrangements
are also useful in the study of fundamental field behavior.
For example, they are used in the analysis of electric field
intensification at a contact point between a conductor
and a solid dielectric as described, for example, in [1,2].
Usually, for 2D arrangements, it is easy to calculate the
field by using numerical field-calculation techniques such as
the finite element or the boundary element methods.
However, it becomes difficult to attain high accuracy via
numerical methods for an arrangement in which the electric
field is highly non-uniform.

Analytical methods are an alternative for calculating the
electric field where the physical configuration is not very

*Corresponding author.
E-mail address: boonchai.t@chula.ac.th (B. Techaumnat).

0304-3886/$ - see front matter © 2006 Elsevier B.V. All rights reserved.
doi:10.1016/j.elstat.2006.01.004

complicated. It is well known that the analytical method of
images can be applied for arrangements consisting of
simple objects, e.g. planes and cylinders [3,4]. However, the
method is not practical if more than two objects are
involved, as the determination of image positions and
interactions becomes troublesome. Recently, Giordano has
presented an analysis of the electric field in fibrous
materials using multipoles in 2D arrangements [5]. In this
work, the electric potential is expanded as a series of
harmonics. To obtain the coefficients of expansion, the
multipole re-expansion is applied to form a linear system of
equations. This approach is similar to that used in [6,7] for
three-dimensional field analysis.

This paper presents an analytical method based on the
method of images for 2D field calculations. It is similar to
the method that we have proposed for axisymmetrical or
three-dimensional arrangements [8,9]. The multipole re-
expansion simplifies the image-placement scheme when
more than two objects are present in the calculation. In
addition to the principles described in [8,9], we propose the
use of three kinds of potential re-expansions which greatly
extend the application of the method of images. In contrast
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to [5], the method does not require the setting up of a linear
equation system. For a configuration comprising more
than one object, the potential can be solved by repetitively
placing appropriate multipole images until the solution
converges, thus significantly reducing the memory require-
ment when the method is implemented on a computer.

2. Method of multipole images
2.1. Expressing the potential

In our method, a complex plane of z is utilized to
represent a 2D physical space. That is, the real and
imaginary parts of a complex number zy= xy+ iy,
(i = v/—1) represent geometrically the abscissa and ordi-
nate of a point (xg, y,) in the real space. From the complex
function theory [10], we know that real and imaginary
parts of an analytic function @ of z individually satisfy
Laplace’s equation in two dimensions. The function @ is
analytic only if it satisfies the two Cauchy—Riemann
equations:

ORe{®d} Olm{®}
ox 0y

and (1)

ORe(®)  Olm(d}
oy ox

(@)

In this paper, the solution for the potential ¢ is taken as the
real part of an analytic function @, called the complex
potential. The complex potential @ at a point z in the
complex plane may be expressed in the general form of two
infinite series expanded about a point zy = xy + iy, as

O=dp+ Py, 3)
where @ is the potential of multipoles,

®p = Byln(z — zp) + f: B— 4)
n=1 (Z - ZO)

and @, is the potential of Taylor or local expansion,
o0

O =Y Liz—=z)" 5)
n=0

B, and L, are the complex-number potential coefficients to
be determined so as to fulfill the boundary conditions
involved. In Eq. (3), @3, singular at z, is the potential due
to all sources located inside a circle of radius |z — zy| with
center at zy in the complex plane, whereas &, is due to all
sources located outside this circle. The coefficient B, can
also be regarded as the magnitude of an nth-order
multipole located at zy and having its potential singular
at zo. If a line charge with charge density ¢, is located at
(x0, yp) In a medium of permittivity &, for example, then
the charge is presented by a monopole or zero-order
multipole By = —¢q,/2n¢ at zy in the complex plane.

2.2. Re-expansion of the complex potential

This section describes three types of re-expansion of the
potentials in Eqs. (4) and (5). Here we use the term ‘‘re-
expansion” for processes that expand the function @ about
a different center in the form of a multipole potential in
Eq. (4) or a local expansion in Eq. (5). The first two re-
expansions only translate the center of expansion (without
changing the form of expression), whereas the last one
rewrites the multipole potential into the form of local
expansion about a translated center of expansion. Combi-
nation of these types of re-expansion makes possible the
application of the method of multipole images for various
arrangements.

2.2.1. Translation of multipole expansion

Consider an nth-order multipole B, located at zy =
Xo +1y, in a complex plane, as shown in Fig. 1. The
complex potential @ due to this multipole is equal to
ByIn(z — zp) for n =0 and B, /(z — zp)" for n>=1. With the
center of expansion moved to the origin O, we can re-
expand @ for |z| > |z, i.e., outside the circle of radius |zo|
and center O. The potential is expressed as

o
bp, =Y D, (6)
j=n

where C; (j =n,n+1,...) are the multipoles located at O.
That is, ¢, = Colnz and ®¢, = C;/Z for j>1. The new
multipoles, C;, are determined from B, (j=n) as follows
[11,12]:

Forj=0,
Co = B,. (7
Forj>1,
Z B
Ci= -2 ifn=0, (8)
J
-, i — 1)! .
g U= B, if n#0.
O Gomi— i o 0 ©)
iy
B)l
20
» X
o

Fig. 1. Multipole B, at zj in the complex plane.
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2.2.2. Translation of local expansion

Let @;, = L,(z — z)" be an nth-order complex potential
expanded about zj in the form of a local expansion. We can
translate the center of expansion to the origin O and
rewrite @y, as

n

¢Ln = Z de/" (10)
j=0

Dy, = M;Z, (11)

where M; (j = 0,1,...,n) are complex-number coefficients.
Using the polynomial expansion, we obtain the following
relation between the coefficients M; and L, (n>=)):

n!

M; =m (—z0)"7L,. (12)

2.2.3. Conversion from multipole expansion to local
expansion

Consider the same multipole in Fig. 1. We can express
the complex potential @5, in the form of local expansion
with the center at the origin O for |z| <|zg], i.c., inside the
circle of radius |zyg| and center O. The potential is re-

expressed as
o0

Dp, = Z Dy (13)
=0

where M; (j =0,1,...) are the potential coefficients of the
re-expansion. The limit |z| <|zg| of Eq. (13) is based on the
Taylor’s theorem [10]. We can determine M; from B, as
follows [11,12]:

Forj=0,
M() = ll’l(—Z())B() forn = 0, (]4)
Bl‘l
My=—— forn=l. (15)
(=20)
Forj>1,
B
M;=—-=2 forn=0, (16)
Jzy
B, ( — 1)
M]:(—l)n n w fOr n>1 (17)

29— 1)

2.3. Multipole images for fundamental arrangements

This section describes multipole images for fundamental
arrangements that consist of only one object whose
boundary is a plane or a cylinder surface. The images, which
satisfy the boundary conditions on their corresponding
objects, are used in the repetitive procedure for arrangements
composed of two or more objects.

Yo

grounded plane
/ X

>

Yo

Fig. 2. Multipole B, and image B, induced by the ground plane on the
real axis of the complex plane.

2.3.1. Image for a ground plane

Consider a multipole B, located at zo = xy + iy, above a
ground plane on the real axis of a z plane, as shown in
Fig. 2. The condition to be fulfilled is that of zero potential
on the ground plane. This can be done by placing an image
B, of the same order as B, at Zy = xy — iy,. That is, on the
real axis (y = 0) of the z plane,

Re{®p, + Py} = 0. (18)

Because ®@p, and ®p are a logarithm function of z for
n = 0 but a power function for n> 1, we derive the relation
between B, and B, separately for n = 0 and for n>1.

If n=0,

®p, + P = Bo(In py — i) + By(In py + ic), (19)

where (py, —) are the polar coordinates of an arbitrary
point in x on the ground plane when z, is treated as the
origin. That is, z — zy = p, exp(—ia). Because Eq. (18) must
be true for any angle o, we get, from Eq. (19)

86 = _B()) (20)

where Bj is the complex conjugate of By.
If n>1, the equation of the potential on the ground
plane becomes, for any n:

B, . B .
Dp, + Pp = — exp(ina) + — exp(—ina). (21)
n pO po

From the boundary condition in Eq. (18), we obtain
B, cosno. — By;sinno + B:l’, cos no. + B;,,i sinne =0. (22)

Here we denote the real and imaginary parts of any
potential coefficient 4, by A,, and A,;, respectively.
Obviously, Eq. (22) leads to the same relation between
B, and B, as that in Eq. (20). Therefore, we conclude that

B,=—B, forn>0. (23)
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2.3.2. Images for a semi-infinite dielectric solid

Consider the arrangement of Fig. 2, but for the case
where the ground plane is replaced by a semi-infinite
dielectric solid. The permittivities of the dielectric solid and
the surrounding (external) medium are denoted by ¢ and
&g, respectively. Two multipole images, B, at Z, and B at
zo, are used to satisfy the boundary conditions on the
planar dielectric interface at y = 0. In the surrounding
medium, the complex potential @ resulting from the
multipoles B, and B, can be expressed as

D = (an + ¢B;1' (24)
Inside the dielectric solid, the complex potential @ is due
to B:

D= Dy (25)
For this situation, the boundary conditions on the
dielectric interface are the continuities of the real potential

and normal electric flux density. To determine the multi-

pole images, B, and B, we express the boundary

conditions in terms of the complex potentials as
Re{®g} = Re{Pi} (26)

F@Re{(DI} _ ORe{®}

oy 9y
where I' = ¢ /ep defines the permittivity ratio. From the
Cauchy—Riemann equations, we obtain

and

27

00 _olm{®} i6Re{(1')} — ORe{®} +i61m{d5}

0z Oy oy dy oy )’

op .09

— =i 28

oy oz (28)

Using this relation, Eq. (27) may be rewritten as

FoRei% =Rei%. 29)
0z 0z

As in Section 2.3.1, at any point z on the interface, z — zg =
poexp(—iz) and z—Z)=pyexp(ia) =Z—2p. Using
Egs. (26) and (29), we can evaluate B, and B, from B, by

I—1_-

B;z = _F—-i-l By, (30)
2

It should be noted here that the relations above describe
the most general case of a planar interface between two
dielectrics, where ¢ and &g are the permittivities of the
medium on the multipole side and that on the other side of
the interface, respectively.

2.3.3. Images for a grounded conducting cylinder

Consider next a grounded conducting cylinder of radius
R centered at the origin of a complex plane, as shown in
Fig. 3. Let B, be a source multipole located at zy outside
the cylinder (|zg| > R). Using the multipole re-expansion

Fig. 3. Multipole B, and a grounded conducting cylinder. Bj/ G=12,..)
are the images of B, induced by the conducting cylinder.

method, the complex potential due to B, can be rewritten
in the form of a local expansion for |z| <|zyl:

o0
Dy, = Dy, (32)
=0

where M are determined by using Eqs. (14)—(17).

To satisfy the zero-potential condition on the cylinder
surface, an infinite number of multipoles B]’- G=0,1,...)
are inserted at the cylinder center as the images of B,.
Matching the resultant potential to get

Re{®p + Py} =0 (33)

on the surface for each j, we can relate B, to M;. As in the
previous section, we consider B} separately for j =0 and
for j>1.

Forj=0,

B),InR — B),0+ Mo, =0, (34)

where R(cos 0 + 1 sin 0) represents the cylinder surface. It
follows from Eq. (34) that

/ MO
B, = Re{lnR}' (33)
Forj>1,
B exp(—ijo .
Re{#*f‘ MR exp(ij@)} =0. (36)

From Eq. (36), we can conclude that

It is worth noting that the images described in this section
can apply to a conducting sphere on which the net charge is
given. In the most common case where the conductor
possesses no net charge, we obtain B, = 0, and also obtain
the same relation for the other B} as that for the grounded
cylinder in Eq. (37).

An inverse situation should be noted here for a multipole
B, located at z; inside a hollow conducting cylinder of
radius R centered at the origin, |zg| < R, as shown in Fig. 4.
To satisfy the potential condition on the cylinder surface
(Jz| = R), we re-expand the potential of B, about the
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Fig. 4. Source multipole B, located at z; inside a hollow, grounded
conducting cylinder.

cylinder center (z = 0) using the translation of multipole
potential in Eqgs. (7)—(9). Then, @5, can be expressed for
|z[ > |zo] as

o0
by, =Y D, (38)
Jj=n

where C; are the multipoles at the cylinder center. C; can
be determined from B, using Eqgs. (7)—(9). [Note that ®@p is
re-expanded in the form of a multipole potential in Eq. (38)
but in the form of a local expansion in Eq. (32).] The
resultant potential is the sum of @5, and the potential due
to charges induced on the conducting cylinder surface. The
latter can be expressed by a local expression of Eq. (11)
about the cylinder center. Denoting this potential by @y,
we write the resultant potential inside the hollow cylinder
for this case as

D =Pp + i (pM, = i (DC,- + i (DM,> (39)
j=n j=n j=n

where @y, = M 7. To satisfy the zero-potential condition,
we get the following relations:

M0=—ll’1R'CQ (40)
and

C; .
Mj:—R—zjj for j>1. 40

2.3.4. Images for a dielectric cylinder

Consider an arrangement shown in Fig. 5. A dielectric
cylinder having a radius R is centered at the origin of a
complex plane. The source is a multipole B, located at z,
outside the cylinder. We denote the permittivities of the
cylinder and the surrounding medium by g and eg,
respectively. For this arrangement, we separately express
the complex potentials @ in the interior and ®g in the
exterior of the cylinder. The potentials are then determined
to satisfy the following boundary conditions on the
cylinder surface:

Re{®} = Re{Pg}, (42)

ORe{®;} ORe{Pg}
r = .
op op

43)

iy

€

.

Fig. 5. Multipole B, and a dielectric cylinder. Bj’. (G=12,...) are the
images of B, induced by the dielectric cylinder.

The electric field of B, induces polarization in the
dielectric cylinder, resulting in surface monopoles (i.e.,
surface charges in the real space) on the cylinder unless
I' = 1. Hence, the potential inside the cylinder is the sum of
the potential of B, and that of the monopoles. The
resultant potential @; can be written in the form of a local
expansion about the cylinder center

o0
Q=0 = Z P, (44)
=0

where L; (j =0,1,...) are the potential coefficients to be
determined.

Similar to @;, the potential @g also results from the
source multipole B, and the surface charges. We use
multipole images B]’- (j=1,2,...) at the cylinder center to
express the potential in the exterior due to the surface
charges. Therefore, @g is written for |z|> R in the form

o0
O = O, + by = Py, + Y | . (45)
j=0

Re-expanding the multipole potential @, into the form of
Eq. (32), we can rewrite @g for R<|z|<|zo| as

[0}

Gp =) (P, + Pp). (46)

J=0

Note that the limit |z|<|zy| arises from the re-expansion
of @p, to @y, [The solution for |z|>|zy is expressed in
Eq. (45).]

From the boundary conditions in Egs. (42) and (43), it
follows that L; in Eq. (44) and B]/ in Eq. (46) are related to
M; as follows:

Ly = RE{MO}, (47)
B, =0, (48)
and for j>1,
2
Li=——M, 49
] F+] ] ( )
_ =T g
B, = 1 M. (50)
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Note that classical books on electromagnetics (for example,
[3]) usually treat the problem of a line charge and a
dielectric cylinder by placing a line-charge image at the
center of the cylinder and another image at the inversion
point of the source. (If the source is at a distance r from the
cylinder center, the inversion point will be at a distance
R?/r on the straight line connecting the source and the
center.) In our approach, an infinite number of the
multipole images are inserted only at the center of
the cylinder. It can be shown by using the multipole re-
expansion that these two approaches give an equivalent
solution. Because the image position is restricted to the
center of the cylinder, the application of the method of
images to arrangements comprising more than two objects
becomes much simplified.

An inverse situation, where B, is located inside the
cylinder, can also be treated in a manner similar to that of
the previous case. Consider the multipole B, in Fig. 4, but
in this case let have a dielectric permittivity e. After
applying the re-expansion, we obtain its potential in the
form of Eq. (38). The resultant potentials are

¢I=¢Bn+¢M=Z(ch+Z Dy, (51)
Jj=0 Jj=0

inside the cylinder, where @), = M jz’ ; and

Pp=7) b (52)

outside the cylinder, where C} are the multipole images.
The coefficients M; and C} are determined from C; to fit
the boundary conditions as follows:

C, =TI Cy, (53)
My=({I—-1)InR- Cy, (54)
and for j>1,
2r
Cj’. = T+l Cj, (55)
r—-1 ,—
M;= Tl RZJC,. (56)

2.4. Initial expression of complex potential for calculation

Solution by the method of images usually begins with an
initial complex potential that fulfills a boundary condition
on an object in the arrangement under consideration.
For example, the boundary condition may be a constant
potential on a conductor or may be a potential due to an
external uniform electric field. For cases that the arrange-
ment comprises more than one object, field calculation is
performed in an iterative manner after the initial potential
is obtained. This section explains the setting up of the
initial complex potential.

2.4.1. Stressed conducting cylinder

Suppose a conducting cylinder of potential ¢, and radius
Ry is centered at (xp, ;). In the corresponding complex
plane, we can place a zero-order multipole By at zy =
Xo +1y, to yield Re{®p} = ¢, at any point z on the
cylinder surface (|z — zo| = Ry). From Eq. (4), it is obvious
that By can be determined by

b0
By = . 57
"= TRy (57)
The initial potential is then written as
® = By IH(Z — Zo). (58)

2.4.2. Stressed conducting cylinder and a ground plane

Suppose a conducting cylinder of potential ¢, and radius
Ry is centered at (xp,y,) above a ground plane located at
y =0, as shown in Fig. 6. In the corresponding complex
plane, we use images to obtain a complex potential @ that
satisfies two conditions: (1) Re{®} = ¢, at any point z that
|z— 29l = Ry and (2) Re{®} =0 on the real axis. Two
multipole images By and — B are inserted at zg = xo + iy
and Zp, respectively, to fulfill both conditions. The height
yp can be calculated from y, the radius Ry of the cylinder
by [13]

yp=1\/y}— R} (59)

The complex potential due to the two multipoles at a point
zis
Z—Zp

®=Byln—=%. (60)
Z—Zp

From Eq. (60), the two multipoles can be determined from
¢, by

Q)

e/ (-5

By = (61)

Yo
YB

IH

Jo——— - Y

Fig. 6. Electrically stressed conducting cylinder centered above a ground
plane by a distance y,.
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2.4.3. External uniform field

Consider a physical configuration subjected to an
external uniform field. The potential due to the external
field is used as the initial complex potential. If an electric
field E, exists in the downward vertical (—y) direction, for
example, the real potential ¢ E, due to this external field at
any point (x, y) is equal to

bp, = b+ VE,, (62)

where ¢, is the potential at the origin. The corresponding
complex potential @g, at any point z=x+1iy can be
expressed in the form of a local expansion as

bp, = Mo+ Mz, (63)

where My = ¢y and M| = —iE,.

If an external uniform field E, is in the left-to-right,
horizontal (+x) direction, the real potential ¢, at a point
(x,y) is equal to

¢EJ = ¢y — xEx, (64)

and the complex potential @g,  is also in the form of
Eq. (63) with My = ¢, and M| = —E,.

Note that the potentials qSEy in Eq. (62) and ¢, in
Eq. (64) are the well-known solution of Laplaces’s equation
for the uniform fields, whereas the complex potentials @,
and @  are the analytic functions of z having their real
parts identical to ¢ E, and ¢ , respectively.

2.5. Calculation procedure

The method of images begins with the initial complex
potential that satisfies a boundary condition in the arrange-
ment of calculation, as described in Section 2.4. From the
initial potential, we place multipole images for each object in
the arrangement to fulfill the boundary conditions on the
object by using the images described in Section 2.3.
However, for an arrangement composed of more than one
object, each application of the images perturbs the potential
in the arrangement, making the boundary conditions on the
other objects unsatisfied. Thus, the images shall be applied
repetitively until the solution converges. (That is, the
magnitudes of multipole images to be inserted are so small
that their potential is lower than a required error level.)
More details on the repetitive procedure have been described
in [8,9,14]. A similar application of the potential re-
expansions has also been presented for three-dimensional
electric field calculation in [15].

It should be noted here that the presence of an energized
conducting cylinder may introduce a numerical problem in
calculation. This is because the potential due to a multipole
B; (j=1) vanishes as |z] — oo (infinitely far from the
multipole), but that due to a monopole B, becomes
singular. This characteristic leads to numerical instability
when applying the multipole re-expansion and fundamen-
tal solutions during iteration, although the relations are
theoretically correct. Here, noting that |¢pp | consistently
decreases to zero as |z| increases from zero to unity, we

solve this problem by restricting the spatial dimensions of
the calculation arrangement to be smaller than unity. (An
arrangement with larger dimensions can be scaled so as to
conform to this restriction.) However, this approach has a
disadvantage, when it is implemented on a computer, that
the possible order of expansion to be used for the potential
is reduced, as dividing by # [for example, in Egs. (15) and
(16)] for a very small z may give a too large value
(numerical overflow).

3. Calculation examples
3.1. Conducting cylinder in a uniform field

A configuration of an electrically floating, conducting
cylinder of radius R and center z; under a uniform electric
field £y = —iFE, is taken as the first example. We begin with
the calculation with the external potential @£, similar to
that in Eq. (63), V

Py = P, = Mo+ Mi(z — 20), (65)

where M| is the potential at zo and M| = —iE,. Note that
the potential is expanded about z; in Eq. (65). Next,
multipole images B},j =0 and 1, are placed at the cylinder
center to satisfy the boundary condition

Re{®} = constant (66)
on the cylinder surface, where

(D:(DM—‘,-(DB;_

1 1
= Z Dy, + Z (pgf' ©7)
Jj=0 j=0

Because the cylinder is a electrically floating conductor, the
net charge on it must be zero, that is,

By =0. (68)
Making use of Eq. (37), we get
B, = —iR’E,. (69)

Therefore, the solution of the real potential ¢ is expressed
as

2

¢ = Re{®@} = ¢, + (p - %) E,sinf, (70)

where ¢, is the potential at (xo,),), and (p,0) are polar
coordinates when the cylinder center is taken as the origin.
Note that Eq. (70) gives the well known solution of this
arrangement [3].

3.2. Eccentric cylinders

The next example is a capacitor formed by two eccentric
conducting cylinders. The inner cylinder of radius R; is
energized to a potential ¢, whereas the outer cylinder of
radius R, is grounded. Fig. 7 shows the configuration on
the complex plane, in which we take the origin, O, and the
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Fig. 7. Eccentric cylinders of potential difference ¢,,.

point zg, |zo| + R; < R,, as the centers of the outer and inner
cylinders, respectively. Although the solution of this
arrangement can be obtained using the bicylindrical
coordinate system [16], the method presented here is
applicable to general problems consisting of more than
one inner cylinder.

The repetitive procedure for the arrangement of Fig. 7
can be described as follows, in which the superscript @
denotes the step of repetition.

(1) Place initial multipoles B at z, to fit the potential ¢,
on the inner cylinder. From Eq. (4), we have

BV = %o 71

0 lnRi’ ( )
and Bj(l) =0 for j>1. The potential @ between the
cylinders is then expressed by

o0
D=y = Dy, (72)
=0

(2) Translate all the multipoles BV at z, to multipoles C}l)
at O, the center of the outer cylinder. By using Egs.
(6)—(9), we have

0 = o, (73)

where @ ) is the total potential due to all C}l).

(3) Apply the potential @, ) in the form of local expan-
sion about O to match the potential due to each C](-l).
That is, on the outer cylinder,

o=V =@ +d,0 =0, (74)
¢C<_1) + @M(l) =0. (75)
j j

Here &,,0) is the potential due to charges induced on
the outer cylinder. Its coefficients are calculated from
C by using Egs. (40) and (41).

(4) Translate the center of expansion for @, to z.
Denoting the re-expanded expression of @, by @
we have

D0 =@, 00, (76)

M0

N
0.00 0.33 0.67 1.00

Fig. 8. Potential within the eccentric cylinders for R; =0.5R, and
2o = (0.1R,, 0.1R,).

where M'"V is calculated from M® by using Egs. (10)
and (12).

(5) Since @, influences the potential on the inner
cylinder, we place images B® at z; to cancel the
potential @, on the surface. The potential on the
inner cylinder becomes

0=V 4 @y = @ (77)
or
¢M,j(_n + ¢B;2> =0, (78)

where B;Z) is related to M’;l) by Egs. (35) and (37).
(6) Repeat Steps 2-5 until the potential @ converges.

Fig. 8 shows the calculation results for R; = 0.5R, and
zo = (0.2R,,0.2R,). The potential, normalized by ¢,, is
displayed on the gray scale at the bottom of the figure. The
calculation uses up to eighth-order (j =0, 1,...,8) for the
expansion of potential and converges in about 20 steps to
an error level ¢ = 107°% of the potential.

3.3. Multi-core dielectric cylinder under an external field

This example (Fig. 9) represents a simple model for
fibrous materials. In Fig. 9, a dielectric cylinder of radius
Ry is composed of a dielectric of permittivity ¢ and five
cores having radius R.. Four of them are displaced from
the center of the dielectric cylinder by a distance d in both
horizontal and vertical directions, whereas the last core
is located at the center. The cylinder is placed in a
surrounding medium of permittivity ¢g under a vertical,
uniform external field E;. We have calculated this
arrangement for R, = 0.2R;, d = 0.5Ry, and ¢/eg = 4.
Two cases are treated here in which the cores are (a)
dielectrics having permittivity &c = ¢g and (b) conductors.
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Fig. 9. Dielectric cylinder under an external field Ej.
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Fig. 10. Potential in the dielectric cylinder with (a) dielectric cores and
(b) conducting cores. The potential, normalized to E¢Ry, is expressed on
the gray scales in the figures.

We omit the calculation procedure for this arrangement,
as it is principally the same as those for Section 3.2.
However, all the three types of multipole re-expansion
described in Section 2.2 must be used in the calculation.
The calculation results are shown in Fig. 10. The potential,

normalized to EyRy, is expressed on the gray scale at the
bottom. It can be seen from Fig. 10(a) that the electric field
inside the outer cylinder does not significantly deviate from
that of a homogeneous dielectric cylinder, in which the field
is uniform and equal to 0.5E for ¢/eg = 4. On the other
hand, the field in Fig. 10(b) is less intensified in the
dielectric cylinder than that in Fig. 10(a) as we can readily
notice from the potential scale. For both types of the cores,
we use up to 10th-order for the potential expansion and the
solutions converge within eight steps to an error level
e=10"%.

3.4. Dielectric cylinder lying on a ground plane under an
electric field

The last example is an arrangement of a dielectric
cylinder of radius R lying on a ground plane under an
external uniform field Ej in the vertical direction (Fig. 11).
We denote the permittivities of the dielectric cylinder and
the surrounding medium by ¢ and eg, respectively. This
arrangement has been used to investigate the electric field
behavior at the contact point between a solid dielectric and
a conductor [17]. It is also equivalent, with respect to
electric field, to an arrangement of two dielectric cylinders
in contact under Ej. The calculation procedure for this
arrangement begins with

=g =Mz, (79)

where M (11) = iE), as explained in Section 2.4.3.

In the next step, multipoles BV are inserted at the
center of the cylinder. For each j, Bj(l) is calculated from
M;l) with Eqgs. (48) and (50). This step satisfies the
boundary condition on the dielectric interface. According
to Eq. (23), The ground plane also induces multipoles BV,

at the distance R below the plane, as the images of Bj(l).

Next, with Egs. (14)—(17), the potential due to all B is
re-expanded about the cylinder center in the form of local
expansion. The re-expansion gives M@ for the next
iteration. The application of images is repetitively done in
this manner. At the nth iteration, the potential outside the
dielectric cylinder is expressed by

n_ Nj
¢ =P, + Z Z [‘153]@ + ‘I’B,;m] , (80)
ko J

where N; is the highest order of expansion used in the
calculation.
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Fig. 11. Dielectric cylinder on a ground plane under an external field Ey.



