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Abstract

Project Code: =~ RMU4980013

Project Title: Dark Energy and Cosmological Dynamics

Principle investigator:
Dr. Burin Gumjudpai
The Tah Poe Academia Institute for Theoretical Physics & Cosmology
Department of Physics, Naresuan University

E-mail address: buring@nu.ac.th

Project Period: 3 years (20 July 2006 - 5 August 2009)

We consider various models of dark energy and study them in cosmological aspects of dynamics,
mathematical alternatives and modeling from obeservational data. The first part consider string inspired
cosmology on a solitary D3 brane moving in the background of a ring of branes located on a circle of
radius R. The motion of the D3 brane transverse to the plane of the ring gives rise to a radion field which
can be mapped to a massive non-BPS Born-Infeld type field with a cosh potential. For certain bounds
of the brane tension we find an inflationary phase is possible, with the string scale relatively close to the
Planck scale. The relevant perturbations and spectral indices are all well within the expected observational
bounds. The evolution of the universe eventually comes to be dominated by dark energy, which we show
is a late time attractor of the model. However we also find that the equation of state is time dependent,
and will lead to late time quintessence.

Next scenario, a dynamical system of phantom scalar field under exponential potential in background
of loop quantum cosmology is investigated. In our analysis, there is neither stable node nor repeller
unstable node but only two saddle points, hence no Big Rip singularity. Physical solutions always possess
potential energy greater than magnitude of the negative kinetic energy. We found that the universe bounces
after accelerating even in the domination of the phantom field. After bouncing, the universe finally enters
oscillatory regime. We also study this system when phantom scalar field dark energy under exponential
potential is coupled to barotropic dark matter fluid.

We investigate non-linear Schrodinger-type (NLS) formulation of cosmology. This is a mathematical
alternative to the Friedmann formulation. We set up the procedure of transforming the Friedmann
formulation to the NLS formulation. We also reports all usages and disadvantage of the NLS in the
cases of power-law expansion, de-Sitter expansion and phantom expansion. We extend the formulation
to include phantom field case and we have found that Schrodinger wave function in this formulation is
generally non-normalizable. We also find exact solutions for the scalar field in various cases and analyzing
the effective equation of state for these three cases. In the phantom expansion case, we found that, in
a non-flat universe, there is no fixed weg value for the phantom divide. In a non-flat universe, even
weg > —1, the expansion can be phantom. Moreover, in open universe, phantom expansion can happen

even with weg > 0. We also study NLS-formulation of slow-roll approximation, acceleration condition,

v



WKB approximation and Big Rip singularity. We reexpress all slow-roll parameters, slow-roll conditions
and acceleration condition in NLS form. WKB approximation in the NLS formulation is also discussed
when simplifying to linear case. Most of the Schrodinger potentials in NLS formulation are very slowly-
varying, hence WKB approximation is valid in the ranges. In the NLS form of Big Rip singularity, two
quantities are infinity in stead of three. We also found that approaching the Big Rip, wegr — —1 + 2/3¢,
(¢ < 0) which is the same as effective phantom equation of state in the flat case.

Since the DBI scalar field can describe non-Gaussianity found in the CMB. We investigate the phase
space of a quintessence theory governed by a generalised version of the DBI action, using a combination
of numeric and analytic methods. The additional degrees of freedom lead to a vastly richer phase space
structure, where the field covers the full equation of state parameter space; —1 < w < 1. We find
many non-trivial solution curves to the equations of motion which indicate that DBI quintessence is an
interesting candidate for a viable k-essence model.

Last part of the project is to determine potential function of a canonical scalar field in FLRW universe
in presence of barotropic perfect fluid expanding with power-law. The combined WMAP5+BAO+SN
dataset and WMAPS dataset are used here to determine the value of the potential. The datasets suggest
slightly closed universe. If the universe is closed, the exponents of the power-law cosmology are ¢ = 1.01
(WMAPS dataset) and ¢ = 0.985 (combined dataset). The lower limits of a( (closed geometry) are
5.1 x 1026 for WMAP5 dataset and 9.85 x 1026 for the combined dataset. The domination of the power-
law term over the curvature and barotropic density terms is characterised by the inflection of the potential

curve. This happens when the universe is 5.3 Gyr old for both datasets.

Keywords: Dark energy theory, dynamical system, scalar field cosmology, non-linear Schrodinger-type

equation, power-law expansion, de-Sitter expansion, phantom expansion
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unii 1
Introduction

Recently, present accelerating expansion of the universe has been confirmed with observations via cosmic
microwave background anisotropies [1, 2], large scale galaxy surveys [3] and type Ia supernovae [4, 5].
However, the problem is that the acceleration can not be understood in standard cosmology. This motivates
many groups of cosmologists to find out the answers. Proposals to explain this acceleration made till
today could be, in general, categorized into three ways of approach [6]. In the first approach, in order
to achieve acceleration, we need some form of scalar fluid so called dark energy with equation of state
p = wp where w < —1/3. Various types of model in this category have been proposed and classified
(for a recent review see Ref. [132, 8]). The other two ways are that accelerating expansion is an effect of
backreaction of cosmological perturbations [9] or late acceleration is an effect of modification in action
of general relativity. This modified gravity approach includes braneworld models (for review, see [10]).
Till today there has not yet been true satisfied explanation of the present acceleration expansion.
Considering dark energy models, a previous first year WMAP data analysis combined with 2dF galaxy
survey and SN-Ia data and even a previous SN-Ia analysis alone favor w < —1 than cosmological constant
or quintessence [11, 12]. Precise observational data analysis (combining CMB, Hubble Space Telescope,
type Ia Supernovae and 2dF datasets) allows equation of state p = wp with constant w value between
-1.38 and -0.82 at the 95 % of confident level [13]. The recent WMAP three year results combined
with Supernova Legacy Survey (SNLS) data when assuming flat universe yields —1.06 < w < —0.90.
However without assumption of flat universe but only combined WMAP, large scale structure and supernova
data implies strong constraint, w = —1.0670 %3 [14]. While assuming flat universe, the first result
from ESSENCE Supernova Survey Ia combined with SuperNova Legacy Survey Ia gives a constraint of
w = —1.07 £ 0.09 [15]. Interpretation of various data brings about a possibility that dark energy could
be in a form of phantom field-a fluid with w < —1 (which violates dominant energy condition, p > |p|)
rather than quintessence field [16, 17, 18]. The phantom equation of state p < —p can be attained by

negative kinetic energy term of the phantom field. However there are some types of braneworld model



[19] as well as Brans-Dicke scalar-tensor theory [20] and gravitational theory with higher derivatives of
scalar field [21] that can also yield phantom energy. There has been investigation on dynamical properties
of the phantom field in the standard FRW background with exponential and inverse-power law potentials
by [22, 23, 24, 25] and with other forms of potential by [26, 27, 25]. These studies describe fates of the
phantom dominated universe with different steepness of the potentials.

A problem for phantom field dark energy in standard FRW cosmology is that it leads to singularity.
Fluid with w less than -1 can end up with future singularity so called the Big Rip [28] which is
of type I singularity according to classification by [30, 29]. The Big Rip singularity corresponds to
a — o0,p — oo and |p| — oo at finite time ¢ — ¢, in future. Choosing particular class of potential
for phantom field enables us to avoid future singularity. However, the avoidance does not cover general
classes of potential [26]. In addition, alternative model, in which two scalar fields appear with inverse
power-law and exponential potentials, can as well avoid the Big Rip singularity [31]. The higher-order
string curvature correction terms can also show possibility that the Big-Rip singularity can be absent [32].

In this report, our circa is to investigate dark energy and its dynamics in various models motivated by
string theory. Situations depend on the set-up system relevant to observational data. The second chapter
consider a situation where geometrical properties of objects in string theory give rise to a tachyon field
which plays a role of dark energy [33]. Then with the phantom favor of observation recently, we study
the dynamics of the canonical phantom field with aim to solve the Big Rip singularity problem [34]. It
is also interesting to consider when the phantom field is coupled to dark matter [35]. Exact solution of
the scalar field is hard to solve. Maybe exploring the scalar field cosmology in alternative mathematical
context could reveal some sense of mathematical manipulation to the scalar field solution. This bought us
to study the non=linear Schrodinger-type formulation [36, 37, 38, 39] and this is reviewed by the author
in [40]. Lately, the string-inspired kinetic term called DBI is believed to responsible for non=Gaussianity
in the Cosmic Microwave Background (CMB). We investigate a very generalised class of DBI action
which renders DBI scalar field playing a role of quintessence dark energy [41]. At the end of this report,
we discuss about the situation that the universe had been undergoing power-law expansion caused by a
single canonical scalar field. The potential of this scalar field is determined using the latest CMB data
[42].



UNHN 2

Dark energy from geometrical tachyon

in string theory

It was recently suggested that the rolling open string tachyon, inspired by a class of string theories, can
have important cosmological implications. The decay of a non-BPS D3-brane filling four dimensional
space time leads to a pressureless dust phase which we identify with the closed string vacuum. The
rolling tachyon has an interesting equation of state whose parameter ranges from 0 to —1. It was therefore
thought to be a candidate of inflation and dark matter, or a model of transient dark energy [43]. However
if we rigorously stick to string theory, the effective tachyon potential contains no free parameter. A
viable inflationary scenario should lead to enough number of e—folding, and the correct level of density
perturbations. The latter requires a free parameter in the effective potential which could be tuned to
give rise to an adequate amount of primordial density perturbations. One also requires an adjustable free
parameter in the effective potential to account for the late time acceleration.

Recently a time dependent configuration in a string theory was investigated and was shown to have
interesting cosmological application [54]. In this scenario a BPS D3-brane is placed in the background of
several coincident, static N .S5-branes which are extremely heavy compared to the D3-brane and form an
infinite throat in the space time. This system is inherently non-supersymmetric because the two different
kinds of branes preserve different halves of the bulk supersymmetries. As a result the D3 brane can be
regarded as a probe of the warped background and is gravitationally attracted toward the IV .S5-branes.
Furthermore there exists an exact conformal field theory description of this background where the number
of five-branes determines the level of the WZW current algebra [55], which allows for exact string based
calculations. Despite the fact that the string coupling diverges as we approach the fivebranes, it was shown
that we can trust our effective Dirac-Born-Infeld (DBI) action to late times in the evolution provided that
the energy of the probe brane is sufficiently high. In any event, as the probe D3-brane approaches

the background branes the spatial components of the energy-momentum tensor tend to zero in exactly



the same way as in the effective action description of the open string tachyon. Thus it was anticipated
that the dynamics of branes in these backgrounds had remarkably similar properties to rolling tachyon
solutions. This relationship was further developed by Kutasov who showed that it was possible to mimic
the open string tachyon potential by considering brane motion in a specific kind of 10D geometry. In
order to do this one must take the action of the BPS probe brane in the gravitational background and
map it to a non-trivial scalar field solution described by the non-BPS action [44]. The new field is
essentially a holographic field living on the world-volume of the brane, but encodes all the physics of the
bulk background. This is known as the geometrical tachyon construction. Another particularly interesting
solution considered the background branes distributed around a ring of radius R, which was analysed in
ref [57, 58], and whose geometry is described by a coset model [56], again potentially opening the way
for an exact string calculation.

It seems natural to enquire as to whether these geometrical tachyon solutions have any relevance for
cosmology, since they neatly avoid the problems associated with open string tachyon inflation [46] by
having a significantly different mass scale. This change in scale is due to the motion of the probe brane in
a gravitationally warped background, provided by the branes in the bulk geometry. In essence, this is an
alternative formulation of the simple Randall-Sundrum model [74]. More recently, flux compactification
has opened up the possibility of realising these models in a purely four-dimensional string theory context
[51]. The fluxes form a throat which is glued onto a compact manifold in the UV end of the geometry.
The warp factor in the metric has explicit dependence on the fluxes, and so provides us with a varying
energy scale. The recent approaches to brane cosmology [49] are based on the motion of D3-branes in
these compactifications. Typically we find D3-branes located at some point in the IR end of the throat,
which provide a potential for a solitary probe brane, with the inflaton being the inter-brane distance. In
this context we can obtain slow roll inflation, and also the so-called DBI inflation [52], which relies
heavily on the red-shifting of energy scales. However flux compactification models have an unacceptably
large number of vacua, characterised by the string landscape. They are also low energy models, where
the string scale is significantly lower than the Planck scale and so there is no attempt to deal with the
initial singularity. In addition, we require multiple throats attached to the compact manifold where the
standard model is supposed to live, however there is no explanation for the decoupling of the inflaton
sector. These problems need to be addressed if we are to fully understand early universe cosmology in
a string theory context. The alternative approach is to consider cosmology in the full ten dimensional
string theory. Although these models are plagued by their own problems there is a definite sense of where
the standard model is assumed to live, and a natural realisation of inflation. Furthermore we can invoke
a Brandenberger-Vafa type mechanism to explain the origin of our D3-brane, arising from the mutual
cascade annihilation of a gas of D9-D9-branes [79].

An alternative approach is compactify our theory on a compact manifold, where some mechanism

is employed to stabilise the various moduli fields. This will naturally induce an Einstein-Hilbert term



into the four dimensional action [72]. However this is a highly non-trivial problem whose precise details
remain unknown. Despite being unable to embed this into String Theory, we can still learn a great deal
about the physics of the model - as emphasised by recent works [60].

A specific case of interest has been to study inflation in the ring solution ref [61]. Due to the unusual
nature of the harmonic function we find decoupled scalar modes, one transverse to the ring plane and
the other inside the ring. The cosmology of modes inside the ring have been studied in ref [59]. In
this note we will consider the situation in which the D3-brane moves in the transverse direction to the
ring. Performing the tachyon map in this instance yields a cosh type potential implying that the resulting
scalar field in the dual picture is massive. It is interesting that in this setting we do not have to worry
about the continuity condition around the ring. And unlike the longitudinal motion, we have an analytic
expression for the effective potential every where in the transverse directions. We study the cosmological
application of the resulting scenario and show that the model leads to an ever accelerating universe. We
study the autonomous form of field evolution equation in the presence of matter and radiation and show
that the de-Sitter solution is a late time attractor of the model. We also demonstrate the viability of the
geometrical tachyon for dark energy in the setting under consideration, arising in a natural way due to the
non-linearity of the DBI action. In the next section we will introduce the string theory inspired model,
and discuss how we an relate it to four dimensional cosmology. In section III we will consider the more
phenomenological aspects of our model by comparing our results with experimental observation. Section
IV shows how we have a natural realisation of reheating in our model, whilst section V discusses the final
stage of dark energy domination. Our model predicts that the equation of state parameter will tend to
w ~ —1, but on even larger timescales we expect it to increase toward zero as in models of quintessence

[83]. We will conclude with some remarks and a discussion of possible future directions.

2.1 Geometrical scalar field and coupling to gravity.

We begin with the string frame CHS solution for £ parallel, static N.S5 branes in type IIB String Theory
[62, 63]. The metric is given by:

ds* = ndatda’ + F(a")de™dz™, @.1)

where y is the dilaton field define as e>(Xx~X0) = F(z™), and there exists the three form field strength

of the NS B-field H,,,, = 04¢. Here F(z™) is the harmonic function describing the position

_egrmp
of branes. For a large number of branes we can consider the throat approximation, which amounts to
dropping the factor of unity in the function. Inherently we are decoupling Minkowski space time from

the theory, and therefore only interested in the region around the INS5-branes. The harmonic function is



given by:
" k1% sinh(ky)
2Rp sinh(ky) (cosh(ky) — cos(k0))
k1% sinh(ky)

= 2.2
2Rp sinh(ky) (cosh(ky) — cos(kf))’ 22)
where p, 6 parameterise polar coordinates in the ring plane, and the factor y is given by:
R2 +p2
h = —. 23
cosh(y) AT (2.3)

We put a probe D3 brane at the centre of NS5 branes, as mention in the introduction this brane will
move toward the circumference due to gravitational interaction if it shifted a little from the centre keeping
the brane in the plane of the ring; the cosmology in this case is described elsewhere. We consider the
case where the probe brane lies in the centre of the ring but shifted a little from the plane. In this case the
probe brane shows transverse motion. Note that because of the form of the DBI action, the configuration
here is actually S-dual to the D5-brane ring solution. The only difference is the shift of k — 2gsk in the
harmonic function. The physics however are very different as we know that F'-strings cannot end on the
N Sbh-branes, but can end on the Db5-branes. This implies that in the case of the D5-brane ring we can
have additional open string tachyonic modes once the probe brane starts to resolve distances of order of
the string scale. The cosmological implications for this extra field were discussed in [60].

For the brane at the center (p = 0) moving transverse to the ring (p = 0), the harmonic function is

given by:

k2
Fo) = Jmyos 2.4)

and the DBI action for the probe brane can be written in the following form, in static gauge

S = —73/d4§\/F*1 — o2 (2.5)

The tachyon map in this instance arises via field redefinition. We define the following scalar field, which

has dimensions of length

P(0) = / VFdo, (2.6)

which maps the BPS action to a form commonly used in the non-BPS case [44]

S=- / AV (p)\/1 - ¢2, 2.7)

where V' (¢) is the potential for the scalar field which describes the changing tension of the D-brane.



From the above mapping we get the solution of field as:

| V@

o / o2
—  Jk2arcsinh (<
= klZarcsinh (R) (2.8)
-

V(ig) = 7%

3R )
= h . 2.9
N (W) 29

Clearly we see that ¢ — o0 as 0 — Fo00, and that at the minimum of the potential we have ¢ = 0

¢(0)

I. The potential of the field suggests that the mass is given by 1/kl2, corresponding to a massive scalar
fluctuation. One may ask if there is a known string mode exhibiting this profile. In fact the fluctuations
of a massive scalar were computed in [71] using a similar approach to the construction of the open string
tachyon mode in boundary conformal field theory [43]. This field was then used in ref. [50, 73] as a
candidate for the inflaton living on a D3-brane in the KKLT scenario ref. [76]. The potential for the
scalar is known to fourth order and was been assumed to be exponential in profile, although globally it
may be hyperbolic.

In order to discuss the cosmological evolution of our scalar field we need to couple our effective
action to four dimensional Einstein gravity. There are several ways we can accomplish this. Firstly we
can consider the Mirage Cosmology scenario [75]. This requires us to re-write the induced metric on the
D3-brane world-volume in a Friedmann-Robertson-Walker (FRW) form. The universe will automatically
be flat, or closed if we imagine the D-brane to be spherical. The problem here is that there is no
natural way to couple gravity to the brane action and therefore we must insert it by hand, however the
cosmological dynamics are expected to be reliable virtually all the way to the string scale. The second
option is a slight modification of the first. We imagine that the bulk is infinite in extent, and that the
D3-brane is again coupled to gravity through some unknown mechanism. However rather than writing the
induced metric in FRW form, we switch to the holographic theory. Now, the tachyon mapping in this case
is only concerned with time-dependent quantities, and in particular only with the temporal component of
the Minkowski metric. Therefore we choose to include a scale factor component in the spatial directions.
This means that we have a cosmological coupling for the holographic scalar field, and the universe lives
on the D3-brane world-volume. The final approach would be to compactify the theory down to four
dimensions. In order to do this we need to truncate the background to ensure the space is compact [51].
In our case the ring can naturally impose a cut-off in the planar direction, however we must still impose
some constraint in the transverse direction to the ring plane. Our solution simplifies somewhat if we can

consider the R — 0 limit, or equivalently the o > 1 limit, as the background will appear point like.

'We must bear in mind that our approximation of the harmonic function prevents us from taking the o — oo limit.



Smoothly gluing the truncated space to a proper compact manifold will now automatically include an
Einstein-Hilbert term in the effective action [72]. However, although we now have a natural coupling to
gravity, the compactification itself is far from trivial as we also need to wrap two of the world-volume
directions of the IN.S5-branes on a compact cycle. In order to proceed we must first uplift the full solution
to M-theory 2, where we now have a ring of M5-branes magnetically charged under the three-form Cia).
Compactification demands that the magnetic directions of the three-form are wrapped on toroidal cycles,
which is further complicated by the ring geometry and will generally result in large corrections to the
potential once reduced down to four-dimensions. So, although we have a natural gravitational coupling we
may have large corrections to the theory. The complete description of this compactification is interesting,
but well beyond the scope of this note and should be tackled as a future problem. However we could
also assume a large volume toroidal compactification, where again all the relevant moduli have been
stabilised. Provided we introduce some ’sink’ for the five-brane charge, located at the some distant point
in the compact space, and also only concentrate on the region close to the branes so that the harmonic
function remains valid and we will have an induced gravitational coupling in the low energy theory. The
corrections to the scalar potential in this region of moduli space may well be sub-leading with respect to
the scalar field dynamics and thus we can treat our model as the leading order behaviour.

Recent work in this direction has been concerned with the compactification approach [60, 61], where
it was assumed all the relevant moduli are fixed along the lines of the KKLT model [76] and that all
corrections to the potential are sub dominant. We will tentatively assume that this will also hold in our
toy model.

We can now analyse our four dimensional minimally coupled action, where we find the following solutions

to the Einstein equations

o= V9 (2.10)

3M2\/1 — 2
v 3¢?
@ WS)<1—(§>. @2.11)
a -
3M2\/1 — 2
These expressions are different to those associated with a traditional canonical scalar field. In particular we
see that inflation will automatically end once %~ 2 /3 as in the tachyon cosmology models [45, 47, 53].

For completeness we write the equation of motion for the inflaton derived from the non-BPS action as

follows

‘1/(_242 +3HV (¢)dp+ V'(¢) =0, (2.12)

where dots are derivatives with respect to time and primes are derivatives with respect to the field. Note

that we are suppressing all delta functions in the expressions. We can now proceed with the analysis of

our theory in the usual manner. It must be noted that this model corresponds to large field inflation,

2This was discussed by Ghodsi et al in [60]. We refer the interested reader there for more details.



where the initial value of the scalar field must satisfy the following condition

\/ kL2
Py K \/@arccosh < 7 S) , (2.13)

according to our truncation of the harmonic function.

Note that in what follows we will frequently switch between the field theory and the bulk geometry.
The latter is more geometrical and so provides us with extra intuition about the physics of the solution,
however both are equivalent - at least in this simplified model.

Using the slow-roll approximation, H? ~ V(¢)/3M} and 3H ¢ ~ —V,/V, the e-folding

tf
N = Hdt
t
T3 R\/kl2 /EW) cosh? x p
= —F= x
M2 o(¢;) Sinhz
tanh 2
= s {— cosh(z ) + cosh(z) — In (Mﬂ .
(2.14)
Where we have introduced the dimensionless quantities 2 = ¢//ki2 and s = T3 R\/kI2 /M.
Further defining the new quantity: y = coshx we can write the number of e-folds as follows:
Loy =Dy+1)
N = s|-y —|—y—ln( (2.15)
{ ! 2 \(ys + Dy — 1)
Now, the relevant slow-roll parameter is defined as e = —H /H which in our solution reduces to
2
ye—1
= ) 2.16
9578 (2.16)

Note that our model is explicitly non-supersymmetric, and therefore we don’t need to calculate the second
slow roll parameter 7 since we anticipate that this will be trivially satisfied if € is. At the end of inflation
e =1, then yy = f(s) is given by the root of above equation, setting € = 1

1

1
f(s) = 6 {g(s) + 7) + 1} (2.17)

1/3
where g(s) = (—5482 + 1+ 654/3(27s — 1)) From eqn(2.15) the equation for y is:
y+1 2N f(s)—1
m(27) 2y = —Z5 ofs)—m (LY 2
2(557) - = H-we-n (s

For s > 1 and as ymin = 1, € always remains less than one leading to an ever accelerating universe. Thus,

(2.18)

in this case the geometrical scalar field in the present setting is not suitable to describe inflation but can
become a possible candidate of dark energy. However if 73 is small enough so that s < 1, then we will
find that inflation is possible as the slow roll parameter will naturally tend toward unity. There is a critical

bound s < 1/ (3\/5), which must be satisfied if we are to consider inflation in this context.



2.2 Inflationary constraints.

To know the observational constraint on s we have to calculate the density perturbations. In the slow-roll

approximation, the power spectrum of curvature perturbation is given by [64, 65, 66]:

1 v2\?
Ps = oo\ v
1272 My \ Ve

R [cosh®(¢/VRB) o19)
1272 M$ \ sinh(¢p/\/kiI2) .

The COBE normalisation corresponds to Ps ~ 2 x 10~ for modes which crossed N = 60 before the

end of inflation [48] which gives the following constraint:

10° 52 cosh*(¢/\/kI2)

k(l,M,)?* ~ (2.20)
(t:My) 1272 cosh® (¢ /\/kI2) — 1
From the numerics using eqn(2.18) and eqn(2.19), we find that
k(1sM,)* > 3 x 10*° (2.21)

which corresponds to s ~ 10~ when we impose the constraints 73 = 10~'°M} and R = 10?/M,, which

we regard as being typical values. The constraint on the tension in fact implies the following relationship

M, 102
M, " G

2.22)

which we need to be consistently satisfied. However, note that because of our basic assumptions about
the theory we will generally obtain the bound

TgR 1

M3 S 9% 105 (2.23)

If we write the tension of the brane in terms of fundamental parameters we can estimate the relationship

between the String and Planck scales using the fact that we require R > M ! for the action to be valid

M, _ 15
L2 (2.24)
S gS

where g, is the string coupling constant. Note that this potentially constrains the String scale to be close
to the Planck scale, as even if we demand weak coupling with g5 = 0.001 this gives us M, > 102M,. Of
course this is only a bound, and in our model we are treating this as a free parameter. In any event our
typical values are consistent and thus we feel free to proceed. We should note that from a string theoretic
point of view we should not take s as being a variable in this model. However our earlier analysis has
shown that if we wish to consider non-eternal inflation, there exists a maximum bound on this parameter
which is quite small. Thus we can make the assumption that s will always be small, with appropriate

tuning of the ratio of the string and Planck scales.. In the following analysis we will always be assuming



that this is satisfied so as to avoid en eternal inflation scenario. Of course, in the string theory picture
we have a probe brane moving in a non-trivial background geometry, and we would expect that the RR
charge on the brane will be radiated away in the form of closed string modes. This effectively means
that there is an additional decay constant in the definition of the field ¢, which we have neglected in this
note. Thus what we have here is a first-order approximation to the behaviour of the solution. It remains
an open question as to whether we can define a tachyon map in this instance - and how this changes the
inflationary scenario described here.

At leading order in our solutions, where s is assumed to be small and making sure our effective action
remains valid, we obtain
10°
4872
which corresponds to s ~ 1073(2N + 1) and y ~ ¥ when 73 = 107'°M; and R = 10%/M,,.

(2N + 1) (2.25)

k(lsM})?

Again, more generally we would find the following upper limit on the solution
s <107%(2N +1), (2.26)

which is easily satisfied by our typical values. In fact our results remain robust when compared to the
WMAPII and SDSS results combined [69]. The new data constrains ns = 0.9840.02 at the 68 confidence
level, and r < 0.24 at the 95 confidence level.
The spectral index of scalar perturbations is defined as [64, 65, 66]:
MpVE My Vo
V3 V2

9 /242
s( yBy ) (2.27)

The spectral index of tensor perturbations is defined as:
_MEV,
V3

1 /-1
= -2 (yy3 ) (2.28)

M2V
V3

8 (y?—1
— S(y = ) (2.29)

— 4 — 2 — 16
ns =1- Ny MTE Tavy T e (230)

ng—1 = —4

nr =

The tensor-to-scalar ratio is:

8

\3
Il

With the limit s — 0 we get

For N = 60, we get ng = 0.96694 and r = 0.13223; for N = 50, we get ng = 0.96040 and r = 0.15842.
We know from observations that the constraint on the tensor-to-scalar ratio is r < 0.36 [67, 68], and so

our model appears to be well within this bound.



2.3 Reheating

We see that the potential is a symmetric potential with a minima. In terms of the bulk field o it can be

(0 /14 ”2)
R R2
o o2 -
+<R+ 1+R?> (2.31)

Now the question is would the brane oscillate back and forth through the ring, and if so what are the

written as:

T3R
2./kl2

V(o)

necessary conditions for oscillation? In the bulk picture we would naturally anticipate oscillation with a
decaying amplitude due to RR-emission. Moreover the minimum of the potential in this case is actually
metastable. However this has not been verified as we need to calculate the energy emission in the coset
model description [56], which we leave as future work. This will alter the dynamics of the inflaton field
as discussed in the previous section.

In any event we may also expect similar behaviour once our field is coupled to gravity, with the damping
being provided by the Hubble term. This is particularly important because we may find inflation occurring
in the phase space region beyond s > s, once enough damping has occurred. The relevant dynamical

equations are the inflaton field equation (2.12) and the Friedmann equation. We repeat them below for

convenience.
.. . o Vi »
¢+3H¢(1—¢))+7(1—¢>) = 0 (2.32)
1
H? = 7‘/ +pB (2.33)
3Mg 9
1—-¢

where the terms inside the curly brackets cause damping. For an easy treatment let us first consider
the slow-roll approximation, then in the damping equation only the ¢ term remains and all other powers

of ¢ can be ignored. That is to say we are considering the case near the stable point. Then H? ~
TgR

3M2\/kI2

PB . & l . . . .
+ 333 Is constant and 3+ ~ g7z ¢. The equation of motion is then:

‘L 7R s\, 2
¢+ 3¢ ( + >+ =0 (2.34)
3M2 /K2 3M2 Ki2
for critically damped motion we need:
3R PB 8
= — 2.35
<3Mp2« /kl2 * 3M§) 9ki2 (233)

If the RHS of (2.35) is greater than the LHS we will find oscillations but it is reduced by damping which

depends on the size of the damping factor (= g\/ (WT;\I;W + 3%32)), compared to the oscillation

10



frequency (= \/lj2 -9 (ﬁm + ﬁﬁg))

From the definition of Qp setting it to 0.3, we get pp = L

7\/K12’

then from eqn(2.35) we obtain

168
90
1

= % Critically damped
168
90

Over damped

Oscillatory with a decaying amplitude.

(2.36)

Recall from the previous section that for us to have non-eternal inflation there is a maximal bound for s,
and so only the last solution can be considered physical. From the constraint we get \/@ ~ 105Mp_ L
73 ~ 107'°M and R ~ 10°M,'. Hence it is oscillatory near the critical point. The energy of the
decaying scalar field is used in expansion and particle production. If the rate of expansion of universe is
much less than the decaying rate of the amplitude of the field then most of the energy released by the
scalar field goes to reheating. The explicit solution of eqn (2.34) is:

2 32 3
s s

3 1073 R 2 1573 R
47575 st 5 440 k12,735

(Z)(t) :(bo@ 21M24 /K12 e 5 14M24/ K12 (2.37)

The ratio of rate of field decay to the rate of expansion of universe is is defined to be:

0 =|&l (2.38)
For this case we find:
21Mp2
0 = —— (2.39)

5T: 3R\ / k‘l?
The above quantity can be made to be less than one by adjusting the various parameters.

Using eqn(2.25) we obtain:

21 x 105
O ~ -_— 2.40
5N + 1) (240)

which allows us to write the parameter as a function of the number of e-foldings, provided we can trust
our small s expansion. We know that reheating ends when © = 1, thus the minimal number of e-foldings

we require for this to be satisfied is
Nena ~ 10°. (241

Clearly this is a large number of e-foldings, and this should motivate us to do a more thorough analysis.

For now it would appear that unless there is a large amount of fine tuning, reheating would not end in
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this scenario. The difficulty is that we cannot use the WKB approximation in this case due to rapid
fluctuations in the variation of the potential. Moreover, the analysis will be incomplete without specifying
the exact form the gravitational coupling - as there will be corrections to the effective action arising
from any compactification. For these reasons we will postpone the analysis and return to it in a later

publication.

2.4 Dark energy

What are the implications of our model for dark energy? It is well known that the non-linear form of the

DBI action admits an unusual equation of state, which is of the form

P
w = = (2.42)
p

= $ -1

where P and p are the pressure and energy densities respectively. In tachyon models the field is moving
relativistically near the vacuum and the equation of state will tend to w ~ 0, which is problematic for
reheating. However our model has significantly different late time behaviour because our scalar field will
oscillate about the minimum of its potential, eventually coming to a halt at the minimum. Therefore we
expect the equation of state to become w ~ —1, corresponding to the vacuum energy of the universe.
This motivates us to analyse our system as a potential candidate for dark matter. One problem, however,
is that the reheating phase doesn’t seem to have a natural termination point. Rather, reheating of the
universe continues whilst the brane oscillates around the minimum of the potential, and then terminates
in what appears to be a dark energy dominated phase. From the perspective of model building this is
obviously a difficult problem. For now let us assume that there is some ad hoc mechanism which ends
inflation, and look at the evolution of the system in this dark matter dominated phase. The corresponding

evolution equations of interest are:

o Ve
1 ¢.2 +3Ho + v = 0 (2.43)
H+ V(g)p? + B _ 0 (2.44)

. 2M2
2M2,/1 — ¢? P

where we have included contribution from a barotropic fluid in the second equation. Defining the following

dimensionless quantities:

Y, = 6, (2.45)
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and using eqn(2.43) and eqn(2.45) we get the autonomous equations:

Yy

Yy

1
KZH

S

Y,

1 dY;

p— p— 2 —_—
1-79) (30+ 75

(2.46)

(2.47)

Where we have switched to using the number of e-folds as the time parameter, and now primes denote

derivatives with respect to IN. The final expressions we require can be read off as

5 = n(42)

04

N

\

N N a
N N . \ \
N N N N N N
N AN B \, \
N N \ \
N
R
N

L}

of global attractor at (¢ = 0, ¢ = 0)

Y:
e’ PB

H? =

+ .
ViV g

20

30

3191 2.1: Plot of the phase space solution with a variety of initial conditions. Here we see the presence

(2.48)

Simple analysis shows us that critical point is at Y7 = 0 and Y3 = 0 which is a global attractor. This

agrees with our physical intuition since it implies the probe brane will slow down, eventually coming to
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rest at the origin of the transverse space. In terms of our critical ratios we find

e¥s
Q, = (2.49)
¢ ¥ + £\ [T- V7
Op = ?)MfiB (2.50)

= +pB

T
09| R
08
07

0.6 [

05 [

03| QM

0.2

01f

= V/HH‘JV Il ‘
0 2 ‘N .

gﬂ‘ﬁ 2.2: Here we have taken p), = 4.58 x 105, p% = 10' and V;, = 1076, The dark line is for Qg,
dotted line is for 24 and light line is for €,

Note that they are constrained by Qg + Qg = 1. We also have Qp = Qs + g, where M and R denote
matter and radiation respectively, whilst ¢ is associated with our scalar field.

From the plots fig(2.2) we see that the {2, goes to 0.7 and €, goes to 0.3 and Qp goes to 0 in the
presence epoch. We see that at late times, the field settles at the potential minimum leading to de-Sitter
solution with energy scale Vy = 73R/ \/@ Using the numerical data from the preceding sections we

can write this an upper bound on the energy density as follows
Vo <107'2M;). (2.51)

Although this is several orders of magnitude higher than the observed value, we note that this value
is heavily dependent on the scales in the theory, and with appropriate tuning could be substantially
smaller. Since there exists no realistic scaling solution (which could mimic matter/radiation), the model
also requires the fine tuning of the initial value of the scalar field. The field should remain sub dominant
for most of the cosmic evolution and become comparable to the background at late times. It would then
evolve to dominate the background energy density ultimately settling down in the de-Sitter phase.
However, recall from the bulk picture that the point 0 = 0, p = 0 will be gravitationally unstable and

the probe brane will eventually be attracted toward the ring. In terms of our cosmological theory we
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see that this de-Sitter point will actually be only quasi-stable and that a tachyonic field will eventually
condense forcing the vacuum energy down toward zero. This suggests that the vacuum energy will not
be constant, but will slowly varying. Furthermore our equation of state should be modified to incorporate
the dynamics of this additional field. It is trivial to see that the inflationary phase will terminate and give
way to a dark energy phase where w ~ —1. Once the tachyon field starts to roll, w will increase toward
zero from below giving rise to a phase of quintessence [83]. Eventually we will begin to probe the strong
coupling regime and our effective action will break down.

let us return to the bulk picture to understand this in more detail. We introduce a complex field
& = p + 10 which can actually be globally defined in the target space. The harmonic function factorises
in this coordinate system into holomorphic and anti-holomorphic parts F(£,€) = f(£)f(£). Thus the

tachyon map will also split accordingly

at¢ = f(f)at& 5t¢_5 = f(g)atét (2.52)

These expressions are exactly solvable provided we continue them into the complex plane. If we now

re-construct the potential for these fields in terms of our holographic theory we obtain the general solution
- R 3

o q1/2
¢ ¢
Vg, o) = \/@ 08 <\/@> oS (klf)] . (2.53)

Clearly when ¢ is real we recover our cosine potential, whilst if it is purely imaginary we recover the cosh

solution. These correspond to motion inside the ring and motion transverse to the ring respectively. The
tachyonic instability forces the field from the false vacuum state toward the true ground state. Therefore

we expect the dark energy potential to be

V(@) ~ \];% cos (\;}%) : (2.54)

and so the true minimum will occur when V' ~ 0 at ¢ = +m+/kl2/2 corresponding to the location of

the ring in the bulk picture. The cosmological dynamics in this particular phase are well described by
[61, 59], where it was shown to be possible for the true vacuum to be non-zero, provided the trajectory
of the probe brane is sufficiently fine tuned.

We finally comment on the instability for the field fluctuations for potential with a minimum [70]. In

a flat FRW background each Fourier mode of ¢ satisfies the following equation

507 2¢¢ -
v <1_¢2>2] i
];,2
n {ﬁ +(In V)¢,¢] S6p =0 (2.55)

Where k is the comoving wavenumber. We now compute the second derivatives of the potential and

obtain

(V) = &(1-@@[\/}%1). (2.56)



Here we see that (InV), 4 is never divergent for any value of ¢, and is always non-negative i.e that
(InV)4.e € [0,1]. Thus we do not have any instability associated with the perturbation d¢) with our
potential (2.9). This is to be contrasted with the result obtained for the open string tachyon. which has

rapid fluctuations and instabilities associated with its evolution.

2.5 Conclusion and comment

In this note we have examined the time dependant configuration of a single D3 brane in the background
of NS5 branes distributed on a ring of radius R, taking the near horizon approximation. We then studied
the cosmological implications of the effective potential which arises due to the transverse motion of D3
with respect to the plane of the ring. The model appears to describe an inflationary phase giving way
to a natural reheating mechanism, and then a further phase of dark energy driven expansion. Although
we cannot accurately predict the scale of the energy density at this point, we do obtain an upper bound.
In this case the dark energy phase is a late time attractor of our model, and we predict that the vacuum
energy will eventually decay to zero - although on extremely large time-scales . In fact our results
will be dramatically improved by keeping the full structure of the harmonic function, because at large
distances the potential is even flatter yielding even more e-foldings of inflation. Due to the absence of
scaling solutions in our field theory, we need to tune the initial value of the scalar field such that it can
become relevant only at late times. With these described fine tunings, the geometrical field is a potential
candidate for dark energy. The model is free from tachyon instabilities, and the field perturbations behave
in a similar manner to those of the canonical scalar field.

Of the model we have several potential problems. Firstly our assumption about the coupling of the DBI
to four-dimensional gravity, although as we have pointed out this can be resolved by a full string theory
compactification. However there will generally be large corrections, potentially destroying the simplicity
of the solution. Secondly the trajectory of the brane in the bulk space is particularly special. In the most
generic case we would anticipate a general spiralling trajectory toward the ring. In this case there would
be no simple decoupling of the modes and we would need to consider the full form of the potential.
This amounts to a certain amount of fine tuning of the initial conditions. Another problem is that we
have not turned on any standard model fields which would be expected to couple to the inflaton on the
world-volume. However the inclusion of U(1) gauge fields on the brane will act to reduce the velocity of
the field by a factor of v/1 — E2, where F is our dimensionless electric field. More importantly however
is that we have neglected the induced two-form field strength, which can have important applications in
cosmology as seen in the recent paper [82]. Despite these problems, we know there is a coset model

describing the background which opens the way for exact string theory calculations. Furthermore the

3However we must be careful since the DBI action will not be valid once it coalesces with the N S5-branes so we must assume
that it passes between the branes. This requires fine tuning of the initial trajectory which is not realistic. This problem may be

resolved by switching to the description of the model in terms of Little String Theory [77].
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relationship between the two energy scales in the theory means it is possible to talk about long-standing
problems such as the Transplanckian issue [80]. One further problem is the termination of reheating in
this model. We have emphasised that this is indeed difficult to tackle in this model due to its analytic
simplicity. One may hope that a careful analysis of the tachyon mapping will lead to more realistic
behaviour for the inflaton field, and thus a possible exit from reheating. In fact this may also be possible
by considering more general trajectories of the probe brane in the bulk picture. We hope to return to this
issue in a future publication.

One thing that emerges though is the relationship between a dark energy dominated phase and the
*fast rolling” DBI action [52]. Although our proposal is far from rigorous, it does capture the majority of
the same physics as in the flux compactification scenario. We know that D-branes moving in non-trivial
backgrounds have sub-luminal velocities as measured by observers in the far UV of the geometry, due to
the gravitational red-shifting. In fact the branes are decelerating and for late times will have negligible
velocities. This in turn implies that the equation of state parameter will tend to w ~ —1 at late times. A
concrete example where this could be examined is in the case of the warped deformed conifold [81]. The
RR flux will wrap the S® in the IR end of the geometry, and we can imagine a solitary D3-brane probing
this part of the conifold after an inflationary phase. To an observer in the compact space the brane will
slow down as it reaches the origin of the 3 yielding a dark matter dominated phase [78].

However our model opens up the possibility that non-trivial background configurations may have
important implications for brane cosmology, as we have seen how to combine inflation, reheating and
dark energy in a single model. Furthermore this is not subject to the same landscape problems as the
flux compactification models, and we can try and tackle higher energy issues in a clear formalism [51].
Although we acknowledge the simplicity of our solution we hope that this will encourage more research

in this direction.
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g‘ﬂﬁ 2.3: Evolution of the equation of state parameter with the number of e-folds. Note that w rapidly

approaches -1 as expected.
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UNH 3

Phantom field in loop quantum

cosmological background

Phantom dominated FRW universe possesses singularity problem as stated in Chapter 1. Then instead of
using standard FRW cosmology, the fundamental background theory in which we are interested is Loop
Quantum Gravity-LQG. This theory is a non-perturbative type of quantization of gravity and is background-
independent [84, 85]. It has been applied in cosmological context as seen in various literatures where
it is known as Loop Quantum Cosmology-LQC (for review, see Ref. [86]). Effective loop quantum
modifies standard Friedmann equation by adding a correction term —p?/pj. into the Friedmann equation
[88, 89, 90, 87, 91]. When this term becomes dominant, the universe begins to bounce and then expands
backwards. LQG can resolve of singularity problem in various situations [85, 92, 93, 88]. However,
derivation of the modified term is under a condition that there is no matter potential otherwise, in presence
of a potential, quantum correction would be more complicated [94]. Nice feature of LQC is avoidance of
the future singularity from the correction quadratic term —p?/pj. in the modified LQC Friedmann equation
[95] as well as the singularity avoidance at semi-classical regime [96]. The early-universe inflation has
also been studied in the context of LQC at semi-classical limit [98, 97, 91, 99, 100, 101]. We aim to
investigate dynamics of the phantom field and its late time behavior in the loop quantum cosmological
context, and to check if the loop quantum effect could remove Big Rip singularity from the phantom
dominated universe. The study could also reveal some other interesting features of the model.

We organize this article as follows: in section 3.1, we introduce LQC Friedmann equation, after
that we briefly present relevant features of the phantom scalar field in section 3.2. Section 3.3 contains
dynamical analysis of the phantom field in LQC background with exponential potential. The potential
is a simplest case due to constancy of its steepness variable A. Two real fixed points are found in this
section. Stability analysis yields that both fixed points are saddle points. Numerical results and analysis of

solutions can be seen in section 3.4 where we give conditions for physical solutions. Finally, conclusion

19



is in section 3.5.

3.1 Loop quantum cosmology

LQC naturally gives rise to inflationary phase of the early universe with graceful exit, however the same
mechanism leads to a prediction that present-day acceleration must be very small [97]. At late time and at
large scale, the semi-classical approximation in LQC formalisms can be validly used [102]. The effective
Friedmann equation can be obtained by using an effective Hamiltonian with loop quantum modifications
[89, 95, 103]:

M3
72/12

Cet = asin®(fic) + Cu - (3.1)

The effective constraint (3.1) is valid for isotropic model and if there is scalar field, the field must be
free, massless scalar field. The equation (3.1), when including field potential, must have some additional
correction terms [94]. In this scenario, the Hamilton’s equation is

_ v aCef:f
3ME Oc

p = {p.Cu}t= (3.2)

where ¢ and p are respectively conjugate connection and triad satisfying {c,p} = v/3M3. Dot symbol
denotes time derivative. These are two variables in the simplified phase space structure under FRW
symmetries [86]. Here M2 = (87G)~! is square of reduced Planck mass, G is Newton’s gravitational
constant and ~y is Barbero-Immirzi dimensionless parameter. There are relations between the two variables
to scale factor as p = a® and ¢ = ya. The parameter ji is inferred as kinematical length of the square
loop since its order of magnitude is similar to that of length. The area of the loop is given by minimum
eigenvalue of LQG area operator. Cy, is the corresponding matter Hamiltonian. Using the Eq. (3.2) with
constraint from realization that loop quantum correction of effective Hamiltonian Ceg is small at large

scale, Cor =~ 0 [86, 90, 89, 95], one can obtain (effective) modified Friedmann equation in flat universe:

H: = > (1-“), (3.3)
3M}2> Plc

where pi. = v/3/(167v3G?h) is critical loop quantum density, % is Planck constant and p; is total density.

3.2 Phantom canonical scalar field

The energy density p and the pressure p of the phantom field contain negative kinetic term. They are

given as [16]

po= V), (3.4)

p o= —5# V). (5
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The conservation law is

p+3H(p+p)=0. (3.6)

Using the Egs. (3.4), (3.5) and (3.6), we obtain Klein-Gordon equation:

b+3H)—-V' =0, (3.7)

where V' = dV/d¢ and the negative sign comes from the negative kinetic terms. The phantom equation

of state is therefore given by '
p P42V

et (3.8)

From the Eq. (3.8), when the field is slowly rolling, as long as the approximation, $? ~ 0 holds, the
approximated value of w is -1. When the bound, qﬁQ < 2V holds, w is always less than -1.

There has not yet been a derivation of effective LQC Friedmann equation in consistence with a
presence of potential. Even though, the Friedmann background is valid only in absence of field potential,
however, investigation of a phantom field evolving under a potential is a challenged task. Here we also
neglect loop quantum correction effect in the classical expression of Eqs. (3.4) and (3.5) (see Refs. [94]
and [104] for discussion).

3.3 Dynamical analysis

Differentiating the Eq. (5.1) and using the fluid Eq. (3.6), we obtain

: (p+p) ( 2p>
H=- 1-—. 3.9
SR o (3.9)
The Egs. (5.1), (3.6) and (3.9), in domination of the phantom field, become
1 ¢? p
H? = ——+V|({1-— 3.10
. P+ 2V
= 3Hp(1+ 2T ), (3.11)
P P ( 32 _av
r i ()
H = 1-=). (3.12)
2M1§ Plc
We define dimensionless variables following the style of [114]
; v
=9 EL,ZEL, (3.13)
V6MpH V3MpH Prc
MpV’ vv” d 1d
A= —— =—, — = —— 3.14
v (vH?' AN T Hdt’ G-
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where N =1Ina is e-folding number. Using new variables in Eqgs. (3.8) and (3.10), the equation of state

is rewritten as’

X2+Y?
where | X| # |Y'| and the Friedmann constraint is reexpressed as
(X2 +YH(1-2)=1. (3.16)

Clearly, if | X| # |Y|, following the Eq. (3.16), then Z # 1. Using the new defined variables above, Eq.
(3.12) becomes

H
5 = 3X2%(1-22). (3.17)
The acceleration condition,
S_myrm?>o, (3.18)
a
in expression of the new variables, is therefore
3X%(2Z 1)< 1. (3.19)

Divided by the Eq. (3.16), the acceleration condition under the constraint is

3 1-27
1_(Y2/X2)<1_Z><1, (3.20)

where the conditions | X| # |Y| and Z # 1 must hold. As we consider Z = p/py. with p = —(¢2/2)+V,

we can write

pch
3MZH?

—X24+Y2. (3.21)

With the condition | X| # |Y|, clearly from Eq. (3.21), we have one additional condition, Z # 0.

3.3.1 Autonomous system

Differential equations in autonomous system are

dx 3 :

X ax o Bavrosxtooz 22
o 3 \/;A 3X*(1-22) (3.22)
av 3 2

W = \/;/\XYSX Y(1-22), (3.23)
dz X?24+Y?

AN ’ <+X2—Y2)’ 2
D BT ax (3.25)
AN ' '

IThe relation Q4 = p/3H2M3Z = —X? 4+ Y2 = 1 can not be applied here since it is valid only for standard cosmology with

flat geometry.
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’ Name ‘ X ‘ Y ‘ VA ‘ Existence Stability w Acceleration
(a) —% \/ 14 %2 0 All A Saddle point for all A | —1 — %2 For all A
(b) —% —\/ 1+ %2 0 All A Saddle point for all A —-1- %2 For all A

N 3.1 Properties of fixed points of phantom field dynamics in LQC background under the exponential potential.

Here we will apply exponential potential,

V() = Voexp (—Miqu) , (3.26)

to this system. The potential is known to yield power-law inflation in standard cosmology with canonical
scalar field. Its slow-roll parameters are related as e = /2 = 1/P where A\ = \/2/7 and P > 1
[165, 107]. Although the potential has been applied to the quintessence scalar field with tracking behavior
in standard cosmology [108], the quintessence field can not dominate the universe due to constancy of the
ratio between densities of matter and quintessence field (see discussion in Ref. [132]). In case of phantom
field in standard cosmology under this potential, a stable node is a scalar-field dominated solution with
the equation of state, w = —1 — A2 /3 [27, 24, 109]. In our LQC phantom domination context, from
Eq. (3.25), we can see that for the exponential potential, I' = 1. This yields trivial value of d\/dN and

therefore \ is a non-zero constant otherwise the potential is flat.

3.3.2 Fixed points

Let f = dX/dN,g = dY/dN and h = dZ/dN. We can find fixed points of the autonomous system

under condition:

(fagah)‘(Xc,YC,Zc):()' (327)
The are two real fixed points of this system: 2
e Point (a)-(;A 1+ 0) (3.28)
* \/67 6 ) ) *
Point (b) (*A 1+ 4 0) (3.29)
. in (—= — . .
\/6, 6 )
3.3.3 Stability analysis
Suppose that there is a small perturbation 60X, §Y and §Z about the fixed point (X, Y, Z.), i.e.,
X=X.+0X, Y=Y +0Y, Z=2.4+0Z. (3.30)

>The other two imaginary fixed points (4,0, 0) and (—i,0,0) also exist. However they are not interesting here since we do not

consider model that includes complex scalar field.

23



g‘ﬂﬁ 3.1: Three-dimensional phase space of X,Y and Z. The saddle points (a) (-0.40825, 1.0801, 0) and
(b) (-0.40825, -1.0801, 0) appear in the figure. A is set to 1. In region Z < 0, the solutions (red and
blue lines) are non physical. In this region, Z — —oo when (X,Y) — (0,0). The green lines (class I)
are in region |X| > |Y| and Z > 1 but they are also non physical since they correspond to imaginary
H values. The only set of physical solutions (class II) is presented with black lines. They are in region
|Y| > |X| and range 0 < Z < 1. This is the region above (a) and (b) of which H takes real value. There
are separatices | X| =1|Y|, Z =0 and Z =1 in the system (see section 3.4.2).

From Eqgs. (3.22), (3.23) and (3.24), neglecting higher order terms in the perturbations, we obtain

first-order differential equations:

4 0X 0X
aN Yy | =M| Y |. (3.31)
0Z 0Z

The matrix M defined at a fixed point (X, Y¢, Z;) is given by

of  of  of
0X Y 0Z
M=| 22 0a o9 , (3.32)

0X oY 07
Oh  Oh  Oh
0X oY 0Z (X=X, Y=Y.,Z=2Z.)

We find eigenvalues of the matrix M for each fixed point:

e At point (a):

pr =X, pp=-XN, pg=-3-"7%. (3.33)



class II solutions
(black lines-physical solutions)

1

class I

solutions \ .

(green lines) separatrices
Y o lyl=I

-2

g‘ﬂﬁ 3.2: Phase space of the kinetic part X and potential part Y (top view). The saddle points (a)
(-0.40825, 1.0801) and (b) (-0.40825, -1.0801) are shown here. The blue lines and red lines are in the
region Z < 0 which is non physical. Green lines are of class I solutions which yields imaginary . Only

class II solutions shown as black lines are physical with real H value.

e At point (b):

=N = =N = =3 T (3.34)

From the above analysis, each point possesses eigenvalues with opposite signs, therefore both point (a)
and (b) are saddle. Results from our analysis are concluded in TABLE 3.1. Location of the points
depends only on A and the points exist for all values of A\. Both points correspond to the equation of
state —1 — A?/3, that is to say, it has phantom equation of state for all values of \ # 0. Since there is no
any attractor in the system, a phase trajectory is very sensitive to initial conditions given to the system.
The stable node (the Big Rip) of the standard general relativistic case in presence of phantom field and a

barotropic fluid, disappears here (see [23]).

3.4 Numerical results

Numerical results from the autonomous set (3.22), (3.23) and (3.24) are presented in Figs. 3.1 and
3.2 where we set A = 1. Locations of the two saddle points are: point (a) (X, = —0.40825,Y, =
1.0801, Z. = 0) and point (b) (X. = —0.40825,Y, = —1.0801, Z. = 0) which match our analytical
results. In Fig. 3.3, we present a trajectory solution of a phantom field evolving in standard cosmological

background for comparing with the trajectories in Fig. 3.2 when including loop quantum effects. The
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Standard GR

\Location of (a) in LQC case
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/Loca‘ion of (b) in LQC case
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X

g‘ﬂ‘ﬁ 3.3: Phase space of the kinetic part X and potential part Y in standard general relativistic case. The
location of points (a) and (b) in Fig. 3.2 are on the trajectory solutions here. This plot shows dynamics of
phantom field in standard cosmological background without any other fluids. In presence of a barotropic

fluid with any equation of state, the point (a) and (b) correspond to the Big Rip [23, 25].

standard case has only simple two trajectories corresponding to a constraint —X?2 + Y2 = 1. This is
attained when taking classical limit, Z = 0. In loop quantum case, since there is no any stable node and
the solutions are sensitive to initial conditions, we need to classify solutions according to each domain
region separated by separatrices |X| = |Y|, Z =0 and Z = 1 so that we can analyze them separately.
Note that the condition, Z > 0 must hold for physical solutions since the density can not be negative or
zero, i.e. p > 0. The blue lines and red lines in Figs. 3.1 and 3.2 are solutions in the region Z < 0
hence are not physical and will no longer be of our interest. From now on we consider only the region
Z > 0. In regions with |X| > |Y|, the solutions therein are green lines (hereafter classified as class I).
The other regions with |Y| > |X| contain solutions seen as black line (classified as class II). Note that

all solutions can not cross the separatices due to conditions in Egs. (3.16), (3.20) and (3.21).)

3.4.1 Class I solutions

Consider the Friedmann equation (3.10), the Hubble parameter, H takes real value only if

1 ¢ p
[ R

Divided by H? on both sides, the expression above becomes

(-X*+Y*H(1-2) > 0. (3.36)
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gﬂ‘ﬁ 3.4: Evolution of H with time of a class II solution. Set values are A\ = 1,p. = 1.5,V = 1
and Mp = 2. The universe undergoes acceleration from the beginning until reaching turning point at
p = pic/2 = 0.75 where H = H,,x = 0.17678. Beyond this point, the universe expands with deceleration
until halting (H = 0) at p = pc = 1.5. After halting, it undergoes contraction until H bounces. The

oscillating in H goes on forever.

It is clear from (3.36) that, in order to obtain real value of H, class I solutions (green line) must obey
both conditions |X| > |Y| and Z > 1 together. However, when imposing |X| > |Y| to the Eq. (3.21),
we obtain Z < 0 instead. This contradicts to the required range Z > 1. Therefore this class of solutions

does not possess any real values of H and hence not physical solutions.

3.4.2 Class II solutions

Proceeding the same analysis done for class I, we found that in order for H to be real, class II solutions
must obey both |Y'| > |X| and 0 < Z < 1 together. Moreover when imposing |Y| > |X| into Eq. (3.21),
we obtain Z > 0. Therefore as we combine both results, it can be concluded that class II solutions
can possess real H value in the region |Y| > |X| and 0 < Z < 1, i.e. 0 < p < pec. The bound is
slightly different from the case of canonical scalar field in LQC (see Ref. [110]) of which the bound is
0 < p < pic. The class 1I is therefore the only class of physical solutions.

For class II solutions, we consider another set of autonomous equations from which the evolution of
cosmological variables are conveniently obtained by using numerical approach. In the new autonomous set,

instead of using N, which could decrease after the bounce from LQC effect, time is taken as independent
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K.E.

3:1]17% 3.5: Time evolution of potential energy density (P.E.), kinetic energy density (K.E.) and p = K.E. +
PE. of the field for a class II solution. K.E. is always negative and, at late time, it goes to —oo while

PE. is always positive. p is maximum when p ~ pj. = 1.5. Other features are discussed as in Fig. 3.4.

variable. We define new variable as
¢'5 = 9. (3.37)

The Egs. (3.7) and (3.12) are therefore rewritten as

) 52 2 52
i gt (Crrve)] o
S = —3HS+V'. (3.39)

The Eqgs. (3.37), (3.38) and (3.39) form another closed autonomous system. Numerical integrations from
the new system yield result plotted in Figs. 3.4 and 3.5 in which set values are A =1,p. = 1.5,V =1
and Mp = 2. From Eq. (5.1) the slope of H with respect to p, dH/dp, is flat when p = pi./2 [110].

Another fact is

d2H> -2
_ <0, (3.40)
( dp2 pP=pic/2 Mp V 3P?C

hence, as p = pi./2, H takes maximum value, Hy,ax = \//TQJ\{[}% . This result is valid in LQC scenario
regardless of types of fluid. In Figs. 3.4 and 3.5, with set parameters given above, as p = pi./2 = 0.75,
H is maximum, H,x = 0.17678. When H =~ 0, i.e. p is approximately pj. = 1.5, the expansion
halts and then bounces. At this bouncing point, the dynamics enters loop quantum regime which is

a quantum gravity limit. Beyond the bounce, H turns negative, i.e. contracting of scale factor. The
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gﬂﬁ 3.6: Oscillation in kinetic energy density (K.E.) that contributes to oscillation in p. This is a zoom-in

portion of the Fig. 3.5.

universe undergoes accelerating contraction until reaching H,,;,. After that it contracts deceleratingly
until bouncing at H ~ 0. The universe goes on faster bouncing forward and backward. The faster bounce
in H is an effect from the faster bounce in p as illustrated in Fig. 3.5 where the red line represents
potential energy density V' (¢), the black line represents kinetic energy density —¢? /2 and the blue line
is total energy density p. Oscillation in p is from oscillation in the field speed ¢ and therefore oscillation
in K.E. as shown in Fig. 3.6. This hence contributes to oscillation in p. The negative magnitude of
kinetic energy density becomes larger and larger as the field rolling faster and faster up the potential. The
exponential potential energy density therefore becomes larger and larger. However, magnitude of potential
part is always greater or equal to that of the kinetic part. Therefore sum of them, p, is positive. Numerical
result shows oscillation in p. This results in oscillation of p and affects in oscillation of H about the
bounce H = 0. With a different approach, recently a similar result in H oscillation is also obtained by

Naskar and Ward [111].

3.5 Conclusion and comment

A dynamical system of phantom canonical scalar field evolving in background of loop quantum cos-
mology is considered and analyzed in this work. Exponential potential is used in this system. Dy-
namical analysis of autonomous system renders two real fixed points (—\/v/6, \/14+ A2/6, 0) and
(=A/v6,—+/1+X2/6, 0), both of which are saddle points corresponding to equation of state, w =
—1—\2/3. Note that in case of standard cosmology, the fixed point (X, Ye) = (=A/V6, /1 + A2/6) is
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the Big Rip attractor with the same equation of state, w = —1—\2/3 [24]. Due to absence of stable node,
the late time behavior depends on initial conditions given. Therefore we do numerical plots to investigate
solutions of the system and then classify the solutions. Separatrix conditions |X| # [Y], Z # 1 and
Z # 0 arise from equation of state (3.15), Friedmann constraint (3.16) and definition of Z in Eq. (3.21).
At first, we consider solutions in region Z > 0, i.e. p > 0 for physical solutions. Secondly, within this
Z > 0 region, we classify solutions into class I & II. Solutions in region |X| > |Y| and Z > 1 are of class
I. However, in order to obtain real value of H in class I, Z must be negative which contradicts to Z > 1.
Therefore the class I solutions are non physical. Class II set is identified by |Y| > |X| and 0 < Z < 1. It
is an only set of physical solutions since it yields real value of H. In class II set, the universe undergoes
accelerating expansion from the beginning until p = p./2 where H = Hypax = \/m . After that
the universe expands deceleratingly until it bounces, i.e. stops expansion H ~ 0 at p = p.. At the bounce
the universe enters quantum gravity regime. Contraction with backward acceleration happens right after
the bounce, however the contraction does not go on forever. When the universe reaches minimum value
of negative H, the contraction turns decelerated, i.e. contracts slower and slower down. The universe,
after undergoing contraction to minimum spatial size, bounces again and starts to expand acceleratingly.

Our numerical results yield that oscillation in /I becomes faster as time passes.
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UNN 4

Dynamics of phantom scalar field
coupling to matter in loop quantum

cosmological background

Here we consider both components coupling to each other. Fluid equations for coupled scalar fields

proposed by [112] assuming flat standard FRW universe are

po+3H(L+ws)py = —Qpmd, (4.1)
prn + 3H(1 + wm)pm - +me¢ . (42)

These fluid equations contain a constant coupling between dark matter (the barotropic fluid) and dark
energy (the phantom scalar field) as in [113]. Egs. (4.1) and (4.2) can also be assumed as conservation

equations of fluids in the LQC. Total action for matter and phantom scalar field is [112]

2
S = / d'zy/ g VQIPR (X, ¢>} 4 Sml). “3)

Assuming scaling solution of the dark energy in standard cosmology, the pressure Lagrangian density is

written as
p(X,¢) = =X — cexp(=Ap/Mp), (4.4)

where X is the kinetic term, —g®°0,¢0y¢/2 of the Lagrangian density (??) and (4.4). The second term
on the right of Eq. (4.4) is exponential potential, V (¢) = cexp(—A¢/M3) which gives scaling solution
for canonical and phantom ordinary scalar field in standard general relativistic cosmology when steepness
of the potential, A is fine tuned as

14+ wm — Qg (wWm — wy)

A= Qp(wm — wg)

4.5)
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3:1]17% 4.1: Phase portrait of S(¢) versus ¢(t) for Q = —0.4,—0.1,0.1 and 0.4 from left to right. All

trajectories have the same initial conditions S(0) = 0.5 and ¢(0) = 0.

The steepness (4.5) is, in standard cosmological circumstance, constant in the scaling regime due to
constancy of wg and €4 [112, 25]. However, in LQC case, there has been a report recently that the
scaling solution does not exist for phantom field evolving in LQC [?]. Therefore our spirit to consider
constant A is the same as in [114] not a motivation from scaling solution as in [112]. The exponential
potential is also originated from fundamental physics theories such as higher-order gravity [115] or higher

dimensional gravity [116].

4.1 Cosmological dynamics

Time derivative of the effective LQC Friedmann equation LQC (5.1) is

: (p+p) ( 2/))
j/—— 1- ), (4.6)
2A7\41:2> Plc
(14 wg)pg + (1 + wm)pm [ 2 }
= - 1—— + Pm)|
N o (Pg + pm)
4.7)
B [_SQ + (1 + wm)pm] «
2M3
2 2
{1 - = <S + e MR pm)] . (4.8)
Plc 2
In above equations we define new variable
S = é. (4.9)
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g‘ﬂﬁ 4.2: Scale factor plotted versus time for Q = —0.4, —0.1,0.1 and 0.4 (from bottom to top).

The coupled fluid equations (4.1) and (4.2) are re-expressed in term of S as

S = —3HS+%+me, (4.10)
P = —3H(1+wn)pm + QpmS . 4.11)

The Eqs. (4.8), (4.9), (4.10) and (4.11) form a closed autonomous set of four equations. The variables
here are py,, S, ¢ and H. The autonomous set recovers standard general relativistic cosmology in the
limit pj. — oo. The general relativistic limit affects only the equation involving H. From the above
autonomous set, one can do a qualitative analysis with numerical integration similar to phase plane
presented in different situation [117]. Another approach of analysis is to consider a quantitative analysis

[?].

4.2 Numerical solutions

Here we present some numerical solution for a positive and negative coupling between the phantom field
and barotropic fluid. The solutions presented here are physically valid solutions corresponding to Class
IT solutions characterized in [?]. For non-minimally coupled scalar field in Einstein frame [118], the
coupling @ lies in a range —1/v/6 < Q < 1/4/6. Here we set Q = —0.4,—0.1,0.1 and 0.4 which lie
in the range. Effect of the coupling can be seen from Eqs. (4.1) and (4.2). Negative () enhances decay
rate of scalar field to matter while giving higher matter creation rate. On the other hand, positive Q
yields opposite result. Greater magnitude of () < 0 gives higher decay rate of the field to matter. Greater

magnitude of () > 0 will result in higher production rate of phantom field from matter.
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g‘ﬂ‘ﬁ 4.3: Phantom field density plotted versus time for () = —0.1. The other values of @ also yield

bouncing and oscillation.

4.2.1 Phase portrait

The greater () value results in greater value of the field turning point (see ¢-intercept in Fig. 4.1). The
kinetic term S(t) turns negative at the turning points corresponding to the field rolling down and then
halting before rolling up the hill of exponential potential. When @) is greater, the field can fall down
further, hence gaining more total energy. The result agrees with the prediction of Eqgs. (4.1) and (4.2).

4.2.2 Scale factor

From Fig. 4.2, the bounce in scale factor occurs later for greater () value of which the phantom field
production rate is higher. The field has more phantom energy to accelerate the universe in counteracting
the effect of loop quantum (the bounce). For less positive (), the phantom production rate is smaller,
and for negative (), the phantom decays. Therefore it has less energy for accelerating the expansion in

counteracting with the loop quantum effect. This makes the bounce occurs sooner.

4.2.3 Energy density

Time evolutions of energy density of the matter and the phantom field are presented in Figs. 4.3 and 4.4.
If @ > 0, the matter decays to phantom. This reduces density of matter. While for Q < 0, the matter
gains its density from decaying of phantom field. In Fig. 4.3 there is a bounce of phantom density before
undergoing oscillation. For a non-coupled case, it has recently been reported that the phantom density
also undergoes oscillation [34]. As seen in Figs. 4.4 and 4.5, the oscillation in phantom density of the

phantom decay case (@ < 0) affects in oscillation in matter density while for the case of matter decay
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(@ > 0), the matter density is reduced for stronger coupling. The oscillation in the phantom density

comes from oscillation of the kinetic term ¢, i.e. S(t) as shown in [?].

4.3 Conclusion and comment

In this letter, we have derived an autonomous system of a loop quantum cosmological equations in presence
of phantom scalar field coupling to barotropic matter fluid. We choose constant coupling ) between matter
and the phantom field to positive and negative values and check numerically the effect of () values on (1)
phase portrait, (2) scale factor and (3) energy density of phantom field and matter. We found that field
value tends to roll up the hill of potential due to phantom nature. With greater @), the field can fall down
on the potential further. This increases total energy of the field. For canonical scalar field either standard
or phantom, LQC yields a bounce. The bounce is useful since it is able to avoid Big Bang singularity in
the early universe. Here our numerical result shows a bouncing in scale factor at late time. This is a Type
I singularity avoidance even in presence of phantom energy. The greater coupling results in more and
more phantom density. Greater phantom effect therefore delays the bounce, which is LQC effect, to later
time. In the case of matter decay to phantom () > 0), oscillation in phantom energy density does not
affect matter density. On the other hand, when () < 0, phantom decays to matter, oscillation in phantom
density results in oscillation in the increasing matter density.

This work considers only the effects of sign and magnitude of the coupling constant to qualitative
dynamics and evolution of the system. Studies of field dependent effects of coupling Q(¢) in some scalar-
tensor theory of gravity and investigation of an evolution of effective equation of state could also yield
further interesting features of the model. Quantitative dynamical analysis of the model under different
types of potential is also motivated for future work. Frequency function of the oscillation in scale factor
and phantom density are still unknown in coupled case. It looks like that the oscillation frequency tends

to increase. This could lead to infinite frequency of oscillation which is another new singularity.
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§1J‘171 4.4: Matter density plotted versus time for () = —0.4,—0.1,0.1 and 0.4 (from top to bottom).
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gﬂﬁ 4.5: Zoom-in portion of Fig. 4.4. The phantom field decays to matter at highest rate for @ = —0.4

(top line). Oscillation in matter density due to oscillation in the phantom field density is seen clearly here.
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UNH 5

Non-linear Schrodinger-type

formulation of scalar field cosmology

In standard cosmology with Friedmann-Lemaitre-Robertson-Walker (FLRW) background, major compo-
nents of the late universe are mixture of dark matter which is a type of barotropic fliud and dark energy in
form of scalar field. When assuming pure scalar fluid in flat universe, one can obtain analytical solutions
otherwise the problem can also be solved numerically. However, considering arbitrary types of barotropic
fluid and a non-flat universe, it is not always possible to solve the system analytically.

Apart from standard cosmological equations, there are few alternative mathematical formulations
which are also equivalent to the scalar field cosmology with barotropic fluid. One is in form of non-linear
Ermakov-attemping equation [119] and another idea proposed recently is in form of non-Ermakov-Milne-
Pinney (non-EMP) equation. Cosmological equations in the latter proposal can be written in form of a
non-linear Schrodinger-type equation when imposing relations between quantities in standard cosmological
equations and Schrodinger-type equation [120]. In case of Bianchi I scalar field cosmology, recent work
shows that it is possible to construct a corresponding linear Schrodinger-type equation by redefining
cosmological quantities [121]. With the new representation, scalar field cosmology is reinterpreted in
new way which might be able to give new methods of approaching mathematical problems in scalar field
cosmology.

In this section, we investigate connection between standard cosmological equations and non-linear
Schrodinger-type equation with a comment on normalization of the wave function. We modify the work
of [120] to include phantom field case. A case of power-law expansion with scalar field and dark matter
is considered as a toy model. We begin from Sec. 5.1 where we introduce our cosmological system.
Afterward in Sec. 5.2, we discuss how non-linear Schrodinger-type formulation quantities are related
to quantities in standard scalar field cosmology. In non-linear Schrodinger-type equation, one important

quantity is wave function. We comment on normalization properties of the wave function in Sec. 5.3.

37



We consider a case of power-law expansion in Sec. 6 before deriving scalar field potential, Schrodinger

potential and Schrodinger wave function. At last we conclude this work in Sec. ??.

5.1 Cosmological equations

In a Friedmann-Lemaitre-Robertson-Walker universe, the Einstein field equations are

K2 k
H? = - (5.1)
. 2
a K
P *F(pt +3py) (5.2)

where k? = 87G = 1/Mg2, G is Newton’s gravitational constant, Mp is reduced Planck mass, k is spatial
curvature, py and p; are total density and total pressure, i.e. p¢ = py + pg and py = p, + pg. The
barotropic component is denoted by ~, while for scalar field, by ¢. Equations of state for barotropic
fluid and scalar field are p, = w,py and py = wypy. We consider minimally couple scalar field with

Lagrangian density,

1 .

L=5e" = V(o) (5.3)
where € = 1 for non-phantom case and —1 for phantom case. Density and pressure of the field are given
as

1 .
ps = e +V(9), (5:4)
1 .,
Dy = §eq§ -V(¢), (5.5)
therefore s
€p” =2V
wy = "527@ . (5.6)
ep? + 2V (9)
The field obeys conservation equation
. a0 dv
BHY| + S = 0. 5.7
e[+sma] + (5.7)

For the barotropic fluid, we set w., = (n — 3)/3 so that n = 3(1 + w,). Hence for cosmological constant
n = 0, for fluid at acceleration bound (w, = —1 /3) n = 2, for dust n = 3, for radiation n = 4, and
for stiff fluid n = 6. Solution of conservation equation for a barotropic fluid can be obtained directly by

solving the conservation equation. The solution is

D D
p,y = 7a3(1+w7) = a7n7 (5.8)
then
D (n-3)D
Py = w'ya7 = 3 P (3.9)
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where a proportional constant D > 0. Using Egs. (5.1), (5.4), (7.2), (7.4) and (5.8), it is straightforward
to show that

. 2 . k D

(1) = K2 {H_aQ}_;aT“ 610
3 H 2k -6\ D

Vo) = 5 [H2+3—|—M2 +(”6 )an (5.11)

Therefore if one knows how the scale factor evolves with time, the scalar field velocity and potential can

always be expressed as a function of time explicitly.

5.2 Non-linear Schrodinger-type equation

Non-linear Schrodinger-type equation corresponding to canonical scalar field cosmology with barotropic
fluid is given by [120]
d? nk

@) +[EB = P@)]u(@) = -5 w(x)E=/m (5.12)

Quantities in the Schrodinger-type equation above, e.g. wave function u(z), total energy F and Schrodinger

potential P(x) are related to the standard cosmology quantities as

u(z) = a(t)™?, (5.13)
. K2n?
E = -D, (5.14)
2
P(z) = %a(t)"egb(t)? (5.15)

z=o(t), (5.16)
such that
a(t) = wu(z), (5.17)
ot) = (). (5.18)
We notice that relation
V' (x)? = %P(x) (5.19)

in Ref. [120] which gives ¢(z) = £(2/ky/n) [ /P(z)dz does not include phantom field case. In order
to include the phantom field case, we modify relation ¢(t) = i1 (x) in [120] to ¢ (t)? = @2 1) ()% of
which the field kinetic term (gf)z) is considered instead of the field velocity (d)) so that the parameter ¢

can be included. Therefore, to include the phantom field case, corrected relation to Eq. (5.19) is

e/ (2)? = 4 P(z), (5.20)

K2n
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and ¢ (x) should read

o) = +—— [ 2@ 4, (5.21)
RA/T €

Inverse function of v (z) exists if P(z) # 0 and n # 0. It is important for ¢»~1(z) to exist as a function

since existence of the relation x = o(t) (Eq. (5.16)) needs a condition,
z=9"tog(t) =a(t). (5.22)

In case that P(z) = 0 and n # 0, then ¢» = C, hence inverse of 1 is not a function since one z gives
infinite values of 1 ~'. In this case the relation (5.22) is invalid. If the inverse function, ) ~' exists (i.e.

P(z) # 0 and n # 0), then the scalar field potential, V o 0 ~!(x) can be expressed as a function of time,

12 (du>2 22 1202 Skud/n

u
V(t) = o) " P@+ B

KZn

(5.23)

K2n2
Although the potential obtained is not expressed as function of ¢, however if one can integrate Eq.
(5.10) to obtain ¢(t), the obtained solution can be inserted into a known function V(¢) motivated from
fundamental physics. Then one can check which fundamental theories give a matched potential to V (¢).
The Egs. (5.11) and (11.9) are indeed equivalent. Both require only the knowledge of a(t), D and k which
can be constrained by observation. Therefore V' (¢) in both Egs. (5.11) and (11.9) can be constructed
if knowing these observed parameters. To construct V'(¢) in Eq. (11.9), one needs to know a(t) as a
function of time in order to find u(z) and P(x). However, in constructing V'(¢) in Eq. (5.11), if knowing
a(t), D and k, one can directly use these quantities without employing Schrodinger-type quantities. The

scalar field potential, V o o~!(z) and e(t)? can be expressed in NLS formulation as

, 4 2k AE 4P
2 / 4/n 2 2
eh(z)? = %uuur?u/ + oot = (5.24)
12, ,, 2P , 12E , 3k 4.
Vi) = —550) - —-u’+ S +?u/ . (5.25)

From Egs. (5.24) and (11.9), we can find

12 L, 12E , 3k 4.,
Py = 1202 (u ) + W + 7211 s (526)
12 ,, 4P , 12E , 3k .,
Dy = _ﬂ2n2(u) Ut st = Ut (5.27)
We know that p, = Du? = —12Eu?/(k*n?) from Eq. (5.14) and the barotropic pressure is p, =
[(n — 3)/3]p,. therefore
12, ., 3k 4
pon = s (W) 4 Syt (5.28)
12,5 4u? 3k 4
Drot 5 (u')* + = [P - E]— U ", (5.29)
Using the Schrodinger-type equation (5.12), then
12, 4 , E 4m
Prot 55 (W) + - - ?u/ : (5.30)



5.3 Normalization condition of wave function

Normalization condition for a wave function u(z) in quantum mechanics is

/ |u(z)|?dz = 1. (5.31)

The wave function here expressed as u(x) = a~"/? = i(t), when applying to the normalization condition,
reads

/ ifde =1. (5.32)

In order to satisfy the condition, x must be constant and so is ¢. Since the form of the wave function
must be u(xz) = 4(t) in order to connect equations of cosmology to the Schrodinger-type formulation,

therefore u(z) as defined is, in general, non-normalizable.

5.4 Conclusion and Comment

We consider Schrodinger-type formulation for a system of canonical scalar field and a barotropic fluid in
standard FLRW cosmology with zero or non-zero spatial curvature. In the Schrodinger-type formulation,
all quantities in cosmology are represented in Schrodinger-like quantities and the equation relating these
Schrodinger-like quantities is written as a non-linear Schrodinger-type equation. If a(t) is known as
an exact function of time, a connection of two scale quantities, = and ¢ can be found and then other
Schrodinger-like quantities can be determined. We modified the formulation to include the phantom field
case. The equation can be simplified to linear type if we consider the flat universe case kK = 0 or the
cases n = 2 or n = 4 [120]. However, even if the equation is linear, it can not be considered as an
analog to non-relativistic time-independent quantum mechanics because in this work, the wave function of
Schrodinger-type formulation is found to be, in general, non-normalizable.

Without knowledge of a(t), one might wonder if we could start the calculation procedure from solving
the Schrodinger-type equation (5.12) for example, the linear case as done in basic quantum mechanics.
However, in order to do this, we must know the Schrodinger potential P(x) (Eq. (5.15)) which depends
explicitly on a(t) and ¢. Nevertheless, ¢ (Eq. (5.10)) also depends on a(t). Therefore we need to know the
law of expansion a(t) before proceeding the calculation. Knowing a(t) enables us to know u(z) directly
(see Eq. (6.3)). Hence in Schrodinger-type formulation, we do not work as in basic quantum mechanics
in which major task is to solve the Schrodinger equation for u(z). There could be many solutions of a
Schrodinger-type equation. In quantum mechanics valid solutions w(x) must be only normalizable type.

Here, unlike in quantum mechanics, our u(z) must be non-normalizable.
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Uni 6
Power-law expansion

Here in this section, we apply the method above to the power-law expansion in scalar field cosmology

with barotropic fluid in a non-flat universe. The power-law expansion of the universe during inflation era,
a(t) =t (6.1)

with ¢ > 1 was proposed by Lucchin and Matarrese [165] to give exponential potential

vio) = [L2 D e {2 160 - o | 62)
assuming domination of scalar field, negligible radiation density and negligible spatial curvature. Recent
results from X-Ray gas of galaxy clusters put a constraint of ¢ ~ 2.3 for k =0, ¢ ~ 1.14 for k = —1
and ¢ ~ 0.95 for £ = 1 [162]. Considering mixture of both fluids, we use effective equation of
state, wegr = (ppwe + pyw~)/pr. For a flat universe, the power law expansion, a = t9, is attained when

—1 < wer < —1/3 where ¢ = 2/[3(1+weg)]. If using ¢ = 2.3 as mentioned above, it gives weg = —0.71.

6.1 Relating Friedmann quantities to NLS quantities

Assuming power-law expansion and using Eqs. (5.13) and (5.17), Schrodinger wave function is related to
standard cosmological quantity as
w(x) =o(t) =t"12. (6.3)

We can integrate the equation above so that the Schrodinger scale, x is related to cosmic time scale, ¢ as

-B
x:a(t):—%—ﬂ', (64)

where = (gn—2)/2 and 7 is an integrating constant. The parameters  and ¢ have the same dimension
since (3 is only a number. Using Eq. (6.1), we can find egf)(t)2 from Eq. (5.10):

2q 2k nD

w22 T aed T ggan (6.5)

ed(t)” =
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We use Egs. (6.1) and (6.22) in Eq. (5.15), therefore the Schrodinger potential is found to be

an an—2 | kN g—2) k*n2D
P(x) = =" —t4 - .
(z) 5 t + 5 t 13 (6.6)
With E = —k2n2D/12, the Schrodinger kinetic energy is
7= _ a2 _ kintq(nﬂ) 6.7)
2 2 ' ’
6.1.1 Scalar field potential V()
In order to obtain V'(¢) in Eq. (11.9), we need to know derivative of u(z):
d qn
At this step, using Egs. (5.13), (5.14), (5.15) and (6.8) in Eq. (11.9), we finally obtain
~q(3¢—-1) 2k n—6\ D
V(t) = 372 + 2724 + 5 el (6.9)

Assuming flat universe (k = 0) and ¢ = 2.3, we show V(¢) in Fig. 6.1. Thickest line on top is of
the case scalar field without barotropic fluid. The middle line is the case when the dust is presented
with scalar field (D # 0,n = 3). The bottom line is the case of radiation (D # 0,n = 4). The V (¢)
plots from the Schrodinger-type formulation matches the plots from standard cosmological equations. The
result is independent of € values. The solution ¢(t) of Eq. (6.22) can not be integrated if ¢ = —1 or
if the integrand of Eq. (6.22) is imaginary. When ¢ = 1 with dust (D # 0,n = 3) and ¢ = 2.3, the
integrand is imaginary. We therefore assume ¢ = 2 to show numerical integrations in Fig. 6.2 for the case
D =0,k =0 and the case D # 0,n = 3,k = 0. In the pure scalar field case D = 0,k = 0, numerical
solution matches the analytical solution ¢(t) = (1/2¢q/k)In(t). This solution can be substituted into Eq.
(6.24) to obtain Eq. (6.2) as in [165] (setting o = 1 and ¢(¢p) = 0). When considering cases of closed,
flat and open universe containing dust matter, V' (¢) of each case is presented in Fig. 6.3 where ¢ = 2 is

assumed in all cases so that we can see how the plots change their shapes when k is varied.

6.1.2 Schrodinger potential P(z)

We can find Schrodinger potential P(z) from Egs. (6.4) and (7.12) where time is expressed as a function
of x as

Ho) = ——— (6.10)

Therefore

2qn 1 kn -2 2a(n=2)/(an=2) 2,21
a n [(q] 61D

12
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gﬂﬁ 6.1: Potential V' (¢) plots from non-linear Schrodinger-type formulation assuming a ~ t%, ¢ = 2.3 in
flat universe (k = 0). The thickest line is when there is no barotropic fluid D = 0. The middle line is
when there is dust fluid together with scalar field, i.e. D # 0 and n = 3. The small line is when the
universe has scalar field with radiation fluid, i.e. D # 0 and n = 4. We set kK = 1 and in the last two

plots, we set D = 1. All plots match results obtained from standard cosmological equations.

As in Eq. (6.7), the Schrodinger kinetic energy is

T(x) = -

2 1 k ) 2q(n—2)/(qgn—2)
an _ o { } . (6.12)

(gn=22(z—-7)> 2 [(gn—2)(x—7)
The kinetic term has contribution only from the power ¢ and spatial curvature k. A disadvantage of Eq.
(6.11) is that we can not use it in the case of scalar field domination as in inflationary era. Dropping
D term in Eq. (6.11) can not be considered as scalar field domination case since the barotropic fluid
coefficient n still appears in the other terms. The non-linear Schrodinger-type formulation is therefore
suitable when there are both scalar field and a barotropic fluid together such as the situation when dark
matter and scalar field dark energy live together in the late universe. The Schrodinger potentials P(x)
plotted with x for power-law expansion with ¢ = 2 in closed, flat and open universe are shown in Fig.
6.4. In the figure, the dust cases are shown on the right and radiation cases are on the left. We set
k=1,D=1and 7 =0.

6.1.3 Schrodinger wave function u(z)

The quantity analogous to Schrodinger wave function can be directly found from Egs. (6.3) and (6.10) as

. an/(an—2)
u(z) = [(—2qn + 1) (x — 7')} ) (6.13)
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o(t) when D # 0, n=3
— ¢(t) when D=0
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2 4 6 8 t

gﬂﬁ 6.2: ¢(t) for power-law expansion a ~ t9, ¢ = 2 in flat universe (k = 0). The red line is of the
when the barotropic fluid density is negligible. The green line is in the presence of scalar field with dust
(D # 0 and n = 3). In the figure, kK =1 and D = 1.

which is independent of the spatial curvature k£ or the initial density D. However, coefficient n of the
barotropic fluid equation of state and ¢ must be expressed. Wave functions for a range of barotropic fluids

are presented in Fig. 6.5. The result is confirmed by substituting Eq. (6.13) into Eq. (5.12).

6.2 Bound value of ¢(t) from effective equation of state for k£ = 0
case
In power-law expanding universe, scale factor evolves with time as
a(t) =t7. (6.14)

where ¢ > 0 is a constant. In flat (kK = 0) universe, it is known that the power-law expansion, is attained
when —1 < wegr < —1/3 where ¢ = 2/[3(1 + wes)]. The effective equation of state, (Eq. (8.1)) hence is

a condition

n ‘9 2 64272 2—n
- - - .1
3,07 < €t < 3(2 —|—V>—|—< 3 P s (6.15)

ie. 0 < €¢®+p,n/3 < (2/3)piot. Both values of € can be assigned and the power-law expansion is

sustained as long as the condition is satisfied.
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30: Results from Schr. method

V( t)_ (dust with scalar field)

] k=1

207 — k=0

=-1
10

) e —m

1 1 2 3 4
-10-
-20-

g‘ﬂ‘ﬁ 6.3: V(t) obtained from non-linear Schrodinger-type formulation for closed, flat and open universe

in presence of dust and scalar field.

6.3 Solution solved from Friedmann formulation

If we directly consider Eq. (5.10), the solution for power-law expansion is an integration:

1 /2 | 2 =D
() = i/ \/6 (/{2152 + = Stqn)dt. (6.16)

6.3.1 Simplest case

Simplest integration case is when k = 0 and D = 0. The solution of Eq. (6.16) is well known [165],

2q
o(t) :jq/@lnt—&—qbo, (6.17)

provided that ¢ and e have the same sign. Considering power-law inflation, the WMAP five-year combined
analysis based on flat and scalar field domination assumption yields ¢ > 60 at more than 99 % of confident
level otherwise excluded while ¢ ~ 120 is at boundary of 68% confident level [?]. These results base on
single field model which we can applied the above solution to. When assuming only k£ = 0 with D # 0,
the solution of Eq. (6.16) is

1 2 t—ant2 D2 Dx?
o(t) =+ 24y v f1— (2D pman2 gy [
2 2
gn—2V ex ( )t—q"+2) 6q 6q

1+ /1 — (nDr2/6q

where, when ¢ = 2/n, the field has infinite value. The last logarithmic term in the bracket is an integrating

constant which is valid only when ¢ < 0. To attain power-law expansion, ¢ must be positive. Hence, this
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;Sﬂﬁ 6.4: P(x) plotted versus z for power-law expansion. We set ¢ =2,k =1,D =1 and 7 = 0. The
scalar field dominant case can not be plotted because even tough we set a condition D = 0, the coefficient
n of the barotropic fluid equation of state still appears in the first and second terms of the Eq. (6.11).
There is only a real-value P(x) for the cases k = £1 with n = 4 because, when = > 0, P(x) becomes

imaginary in these cases.

term is not defined for power-law expansion. We will see later that the NLS result does not have this

problem. For the reverse case, D = 0, k # 0, the solution is

o(t) = iqil\/g {m [tqk/lq (1 + <];) 2042 4 1)

which becomes infinite when ¢ = 1. The values of ¢,k and ¢ must have the same sign in all terms of

- <];) t=2a+2 41 } + ¢o, (6.19)

the solution otherwise becoming imaginary. Hence, for ¢ > 0, the condition for the solution to be valid
isk=1and e=1.

6.3.2 The case of non-zero © and non-zero D

When considering non negligible value of both k£ and D, the Eq. (6.16) can not be integrated analytically

except when setting n = 2 (w, = —1/3) which is not natural fluid. Hence it is not considered.
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n=3 n=4 n=6

gﬂﬁ 6.5: u(x) plotted versus x for power-law expansion with ¢ = 2. We set 7 = 0. The wave function is
plotted for n = 0 (cosmological constant), n = 2, n = 3 (dust), n = 4 (radiation) and n = 6 (stiff fluid).

There is no real-value wave function for n =3, n =4 and n = 6 unless x < 0.

6.4 Solutions solved from NLS formulation

Power-law expansion cosmology in NLS-type formulation is presented and concluded in [?]. Important

functions needed for evaluating the field exact solutions are

-8B
x = ot)= —% + x9, (6.20)
1
t(r) = ———, (6.21)
[~B(a — )] ”
. 2q 2k nD
2
G = S5t (6.22)
2gn kn 2¢(n—2)/(qgn—2) K2n2D
P = — — 2
() (gn — 2)? (x—aco T3 [ qn — 2) x—xo)} 12 7 (6:23)
q(3¢g—1) D
V(t) T /{2 th ( ) g (6.24)

We use Eq. (6.23) in Eq. (5.21), then

+2 2 1 kn [ -2 N A =) )
x / an + = L )
K/n elgn —2)2 (x —x0)%2  2¢ |(gn —2) (x — x0) 12¢

We consider the solution in cases of £ = 0 and k # 0. Recall that setting D = 0 can not be considered

P(z) =

as an absence of barotropic fluid due to existence of n in the other terms.

48



6.4.1 The case £t =0

Solution to the integral (6.25) for k = 0 case is

\/ 6%2 n—2
{ w [HQD";;;— P o]

1+ /1= [s2Dn(gn — 2)2/24q] (v — z0)2  4qn ]}

( — o) e(qn —2)?
(6.26
Transforming to the ¢ variable using Eq. (6.20), we obtain,
1 2 —an+? D2 —2 2]
o(t) = + e ! S +2 1—<” “)t—qn+2+1n<q” )
qan — 2 ER (1 + \/1 _ (nDKQ/ﬁq) t—qn+2) 6q QQn J

This solution differs from the solution (6.18) only the last logarithmic term in the bracket which is only
an integrating constant. When ¢ = 2/n or n = 0, the field has infinite value. The last logarithmic term

does not restrict the sign of g. Only ¢ and € must have the same sign for the solution to be real.

6.4.2 The case k # 0

In case of non-zero k and non-zero D, the integral (6.25) can not be integrated analytically even when

assuming each n value except when n = 2 which is not natural fluid.

6.5 Analysis on effective equation of state coefficient

Similar to the analysis in Sec. 7.5, mixed effect of the two fluids and spatial curvature results in power-law

expansion. The coefficient weg, with Egs. (7.2), (6.22) and (6.24), reads

(—3¢% +2q)t?172 — k

eff = 5 6.28
Weff 3212 1 3k (6.28)
which becomes infinity if
)\ V/(2a-2)
We can also express wg in term of weg as
32 /K)t72 + (3k/k*)t 2 weg — [(n — 3)/3] Dt—n
wy — (BRI £ (/) s — [(n )/ 630,

(3¢%/k?)t72 4+ (3k/K2)t—2¢ — Dt—an ’
for power-law expansion. The Eq. (6.30), when D = 0 and k = 0, yields wy = weg as expected.
Similar to the case of exponential expansion, setting D = 0 alone also yields wg = weg. In flat universe,

power-law expansion happens when weg lies in an interval (—1,—1/3). But in k& # O universe, it is
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no longer true. Considering flat universe, setting £ = 0 in Eq. (6.28) yields ¢ = 2/[3(1 + weg)]. The
condition —1 < wegr < —1/3 therefore corresponds to ¢ > 0 as known. The condition also yields
—1—(1+w7)2—; < wy < —%— <§+w7> g—;. (6.31)
If there is more non-negligible radiation fluid (with w., = 1/3), it is noticed that the interval shifts to the
more left. For example, setting p, = 0.1pg, the interval shifts to about —1.133 < wy < —0.4. If we
assume more realistic situation when dust (dark matter and other matter elements) is presented. The dust
density and dark energy is about 28% and 72% of total density, therefore p, ~ (28/72)ps =~ 0.389p4,
the interval is —1.389 < wy < —0.463 which covers valid range of recent observational data, assuming

dynamical w with flat universe, —1.38 < wg o < —0.86 at 95% confident level [?].

6.6 Conclusion and comment

We show relations between cosmological quantities in conventional form and in Schrodinger-like form for
power-law expansion. We obtain scalar field potential V'(¢), Schrodinger potential P(x) and wave function
u(z). In the case of a scalar field dominant in flat universe, our analytical results V' (¢) and ¢ agree well
with the well-known results in [165]. A range of plots in various cases of closed, flat or open geometries
is presented. Wave functions for the power-law expansion case (seen in the Fig. 6.5) are found to be all
non-normalizable as conjectured.

At late time the scalar field dark energy and cold dark matter (dust) are two major components of the
universe while the others are negligible. For power-law expansion, the procedure is suitable for studying
the system of scalar field dark energy and dark matter because it gives all real-value of P(z) for any k. We
need to know a(t), k and D which are observable in order to find V'(¢). Information of V(¢) is important
because it is a link to fundamental physics. If one starts from fundamental physics with a particular
potential V' (¢) and if also knowing how ¢ evolves with ¢, then V' could be expressed as function of t.
Finally, the potential V' (¢) obtained from observation and another V'(¢) proposed by fundamental physics
can be compared. The non-linear Schrodinger-type formulation might provide an alternative mathematical
approach to problem solving in scalar field cosmology.

We consider phantom and non-phantom scalar field cases with exponential accelerating expansion. We
expresses weg in term of ¢ and k. In a flat universe, in order to have power-law expansion, the interval
(—1,—1/3) of the wy, is shifted leftward to more negative if more barotropic fluid density is presented.

Within framework of the standard Friedmann formulation, we obtained exact solution in various cases.
Later we solved the problem using NLS formulation, in which the wave function is equivalent to the
scalar field exact solution. NLS method is restricted by the fact that its scalar field solution is valid only
when the barotropic fluid density is presented. Setting D = 0 does not imply the absence of barotropic
fluid because the barotropic fluid parameter n still appears in the other terms of the Schrodinger potential.

Therefore NLS formulation can not be applied to situation when the scalar field is dominant and D ~ 0.
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Hence it is more suitable for a system of dark energy and dust dark matter fluid. This is a disadvantage
point of the NLS formulation. Transforming from standard Friedmann formulation to NLS formulation
makes n appear in all terms of the integrand and also changes fluid density term D from time-dependent
term to a constant . Hence the number of x(or equivalently ¢)-dependent terms is reduced by one.
This is a good aspect of the NLS. In both Friedmann formulation and NLS formulation, the solutions
when k # 0 and D # 0 are difficult or might be impossible to solve unless assuming values of ¢ and
n. Hence reduction number of z-dependent term helps simplifying the integration. There are also other
good aspects of NLS formulation.

For power-law expansion with k = 0, the result (6.27) obtained from NLS formulation has integrating
constant that does not restrict ¢ value while (6.18) obtained from Friedmann formulation needs ¢ < 0
which violates power-law expansion condition (¢ > 0). For power-law expansion, the most difficult case
is when k& # 0 with D # 0. The integral can not be integrated unless assuming n = 2 (equivalent to
wy = —1/3) which is not a physical fluid. We introduce here alternative method to obtain scalar field

exact solution with advantage over and disadvantage to standard Friedmann formulation.
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uni 7
Exponential expansion

Exponential expansion reads

a(t) = exp (t/7),

where 7 is a positive constant. Density and pressure of the field are given as

1

—ed? —V(9),

1.
Py = §€¢2 +V(9), Py =5

therefore .
_ps_ €p® —2V(9)
Py €p®+2V (o)

The field obeys conservation equation

. . dv
BHY| + 5 = 0.
€ [¢ +3H¢ 1
In presence of barotropic fluid therefore the effective equation of state is
_ PoWo + pyWy
Ptot

Weff

7.1 Relating Friedmann quantities to NLS quantities
For exponential expansion, following Egs. (5.13) and (5.17), we get
u(xz) = 2(t) = exp (—nt/27).
Integrating the above equation, hence parameters z and ¢ scale as
(t) = —Wefm/% + 2o,
where z( is an integration constant. The reverse is

t(z) = —ZTL—T In[(—n/27) (x — x0)] ,
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where the condition z < xp must be imposed. Now we can write wave function as

u(z) = —%(x — ), (7.9

which is a linear function. Using Eq. (7.18), hence the Eq. (5.15) reads

kn k2n2D
Pt) = —eln=2t/m " 7 7.1
(0 = e B (7.10)

Here the Schrodinger kinetic energy term is

T(t) = —kge(”_Q)t/T. (7.11)

Expressing in Schrodinger formulation, these functions are written in term of z,

kn n —2(n=2)/n  g2p2D
Pa) = 5 [l BT (7.12)
kn n —2(n—2)/n

In order to obtain the scalar field potential V' (¢), we use Egs. (5.13), (5.14), (5.15) in Eq. (11.9), we
finally obtain

_ 3 2k —2t/T n—=6 —nt/T
V(t) = o + i + 5 De ) (7.14)

which is checked by using Eq. (7.1) in standard formula (5.11). We use Eq. (7.12) in Eq. (5.21), then

+2 kn [—n —2n=2)/n papep
Y(x) = m X /\/26 [27_(96 — xo)] ~ 1% dzx . (7.15)

We will integrate this equation in cases of £ =0 and k # 0.

7.2 Solution solved from effective equation of state for © = 0 case

Flat universe undergoes exponential expansion only when weg = —1.

The effective equation of state, (Eq. (8.1)) with Egs. (7.2) and (7.3) can therefore be written as'

n

@’ = —2py, (7.16)
which can be integrated directly, using Eq. (5.8), to
D —nt/2T
O(t) = 2274/ — 7™ 4+ ¢y . (7.17)
3n
The solution above is obtained when assuming phantom scalar field, i.e. ¢ = —1. If the scalar field is not

phantom, the solution is imaginary.

'We are not considering a cosmological constant but a dynamical scalar field and a barotropic fluid which together yield

Weg = —1.
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7.3 Solution solved from Friedmann formulation

Another way to find the exact solution is to use Eq. (7.1), in Eq. (5.10). Therefore

. 2k D
6¢(t)2 == 6—2t/‘r _ L e—nt/T

- . , (7.18)

which gives an integration:

b(t) = jE/\/1 (i’;ezm _ ”fem/r)dt_ (7.19)

7.3.1 Simplest case

In the case of k = 0 and D = 0, the integration yields a constant ¢o. Eq. (8.1) becomes wg = —1.
This is a cosmological constant as seen in simplest model of exponential expansion. When assuming only
k=0 and € = —1 but with D # 0, the solution of Eq. (7.19) is the same as the Eq. (7.17) previously.

For a scalar field domination in a non-flat universe (D = 0, k # 0), the solution is

B(t) = £_4/ % et + ¢y (7.20)

where k£ and e must have the same sign, otherwise the solution is imaginary.

7.3.2 The case of non-zero £ and non-zero D

When k and D are both not negligible. Performing integration to the Eq. (7.19) is more complicated and
could be impossible unless assumption of barotropic fluid type. When assuming a particular type of fluid
in the integration, i.e. n = 0,2, 3,4 and 6, analytical solution can be found for all n vales in complicated
forms. For example, the simplest among these is dust case (n = 3) which has solution:
3/2
o(t) = i?);iiﬁ (i’j - De_t/T) / + o, (7.21)
with additional rule that £ > 0 and € = 1 otherwise it is imaginary. In the next section, we will show

how to obtain solution in NLS formulation for dust and radiation cases.

7.4 Solutions solved with NLS formulation

7.4.1 The case £t =0

When k£ = 0 and D # 0 integrating Eq. (7.15) and transforming x to ¢ with Eq. (7.7) yields same
result as Eq. (7.17) obtained by solving effective equation of state equation or by integrating from the
Friedmann formulation. Real solution exists only when the scalar field is phantom. With the solution

(7.17), the scalar field potential in term of ¢, reads
3 n—6\ 3n
V(g) = + (6 ) (6= 0)*. (7.22)

K272 472
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7.4.2 The case k # 0

When k£ # 0 and D # 0, the integral (7.15) can be integrated yielding complicated hypergeometric
function even when n is not specified. The case n = 0 is excluded from our consideration by the reason

mentioned in Sec ??. For naturalness, we consider radiation (n = 4) and dust (n = 3).

Radiation case

Radiation fluid corresponds to n = 4, the integral (7.15) becomes

blz) = il/\/—kT ! —%KQDdx. (7.23)

€

kT 3ammH{ 862D (x — 20)/3€] + k1 /e }+¢
12\ De [4rv/D(ev/3)]/—[4r2D(z — 20)2/3] — kr(z —z0) |
(7.24)

allowing only € = 1 case for the solution to be real. Transforming x scale to the ¢ scale using Eq. (7.7),

the solution therefore reads

1 D2 kT2
= 4./ | == e—4t/T o2t/
o(t) \/e ( 3 ¢ Tz )

kr |3 —[4K2D7/(3€)] e 2™ + k1 /€
iw\/; X arctan { [4rvD/(e/3)]\/—(k2D72)3) e~/ | (kr2/2) e 2T } + ¢0.25)

The solution above, when assuming k& = 0, reduces to the solution (7.17) when n = 4, confirming the

correctness of the result obtained.

Dust case

The integral (7.15) in the dust case n = 3 reads

2 3 \Pk 1 3 k2D
vo=+75 V (37) i 720

3/2
+ g (7.27)

with solutions

D [/32\Y? 4k
v =y [(2) g~ (0w

With similar procedure to the radiation case, using (7.7), the solution is therefore,

27 2k

3/2
oy e e —t/T
o(t) = TG <K2 De ) + o, (7.28)
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which is the same as Eq. (7.21) derived from Friedmann formulation. This solution when assuming k& = 0
is exactly the same as the solution (7.17) when n = 3 (dust fluid). This also confirms that our results
from NLS formulation are correct. The NLS solution can solve the case when k£ and D are non-zero
together without knowing n value while the standard procedures in Sec. 7.3 can not unless assuming a
particular value n = 0,2, 3,4,6. However, it must be noticed that one can not reduce the NLS solutions
(7.25) and (7.28) to the D = 0 case directly since there are mixed multiplication term of n and k in the
solution and also the value of n has already been put in. Hence setting D = 0 in (7.25) and (7.28) can

not be considered as a pure scalar field dominant case.

7.5 Analysis on effective equation of state coefficient

The exponential expansion in our scenario is caused from mixed effect of fluids and spatial curvature.
We discuss mixed effect on equation of state here. Definition of effective equation of state coefficient,
Wef = (PpWe + PyW~)/proy together with Egs. (7.2), (7.18) and (7.14) in context of exponential

expansion becomes
—1- (k72/3)672t/7

Weff = 1 n k7—2€—2t/7' s (729)
which is infinite when
t = %hﬂ(—/ﬁ'z). (7.30)
Infinity can possibly happen only when & = —1 because logarithm function forbids negative domain. In
order to acquire exponential expansion in flat universe, one needs to have weg = —1, but this is not true
when k term is non-trivial. Therefore we can only express wg in term of weg as
wy = LR/ 4 3/ (27?) Jwer — [(n —3)/3] De=!/7 (7.31)

(3k/K2)e=2t/7 + 3/(k%72) — De—"/T ’
for exponential expansion. The Eq. (7.29) does not depend on properties (n) or amount (D) of the
barotropic fluid. It reduces to weg = —1 when k£ = 0 as expected. Considering Eq. (7.31), if D = 0 and

k =0, it yields wg = weg while setting D = 0 alone also gives the same result.

7.6 Conclusion and comment

Firstly, in the case of exponential expansion with NLS formulation, the solution when k£ # 0 and D # 0 can
be obtained without assuming n value while n = 0,2, 3,4,6 must be given if working within Friedmann
formulation. The integral can not be integrated unless assuming n = 2 (equivalent to w, = —1/3) which
is not a physical fluid. The NLS formulation could render more interesting techniques for scalar field

cosmology.
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unin 8
Phantom expansion

To attain accelerating expansion, one needs to have effective equation of state coefficient, weg < —1/3
where

Weff = 7p¢w¢ + pryw’y N (81)

Ptot
p~ is density of barotropic fluid, py is density of the scalar field and pyoy = pg + p. It has been known

in standard cosmology that for flat universe (k = 0), if the expansion is a ~ t7 , then —1 < weg < —1/3;
if a ~ exp(t/7) , then weg = —1 and if a ~ (t, — ¢)7 , then wexr < —1. Here ¢ = 2/[3(1 + weg)], 7, ta
are finite characteristic times. In the last case, weg < —1 corresponds to g < 0.

In this chapter, we consider phantom expansion
an~ (ty—t)7. (8.2)

Expansion of this form is called phantom when ¢ < O for a flat universe. Here in non-flat universe,
q is considered to possess any negative value and the term phantom expansion also refers to expansion

function of the form a ~ (¢, — ¢)? as in the flat case.

8.1 Relating Friedmann quantities to NLS quantities

With the phantom expansion, a ~ (t, — t)?, we use Eqs. (5.13) and (5.17) to relate Schrodinger wave

function to standard cosmological quantity as
uw(z) = @(t) = (ta —t)"/2. (8.3)
Integrate the equation above so that the Schrodinger scale, x is related to cosmic time scale, ¢ as

z(t) = % (ta — )P + 20, (8.4)
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where 5 = (qgn — 2)/2 and xg is an integrating constant. Conversely,
1

tx) = tg————=. (8.5)
[Ba —wo)]"”
The Schrodinger wave function can be directly found from Egs. (8.3) and (8.5) as
u(@) = [Bla—z)] /2 (8.6)
For a ~ (t, —t)%, we can find e¢(t)? from Eq. (5.10):
. 2q 2k nD
t)? = — : 8.7
eo(t) 2(ta—1)F Rt — )20 3(ta D" ©-7)
Using (8.7) with phantom expansion in Eq. (5.15), therefore
qn n_a . kn (n—2) k*n2D
P — - Wa — an - Wa — 4 - 3 .
(1) = a7+ S (ta—1) 5 8.8)
which can be expressed in term of x using Eq. (8.5) as
2 1 k ) 2q(n—2)/(qn—2) 2 2D
P(z) = an 2+—n— B
(gn —2)? (x — x0) 2 | (gn —2)(x — xq) 12
(8.9)

One might have a thought that all functions in phantom expansion case can be changed to those in
power-law expansion case by interchanging (¢, —t) < t. However when (t, — t) is differentiated, there is
an extra minus sign. The Eq. (8.9) slightly defers from that of the power-law expansion case because in
the power-law case, the numerator of the second term is —2 instead of 2. The Schrodinger kinetic energy
T is negative value of the first two terms of the Schrodinger potential. At last, the scalar field potential
obtained from Eq. (11.9) is

_ q(3¢—1) 2k n—6 D
V(t) = 20— 02 2t 0 ( : ) TR (8.10)

which can be checked by using a ~ (¢, —¢)? in (5.11). Wave function of the NLS-formulation is found to
be non-normalizable [?] as seen Fig. in 8.1 for case of phantom expansion with various types of barotropic
fluid. Here ¢ is chosen to —6.666. In flat universe ¢ = —6.666 can be attained when weg = —1.1. Fig.
8.2 shows P(z) plots for three cases of k with dust and radiation. In there xy = 1, therefore P(x) goes

to negative infinity at z = 1.

8.2 Bound value of ¢(¢) from effective equation of state for £ = 0

case

In flat universe, the phantom expansion occurs when weg < —1. Using Eqgs. (7.2), (7.3) in Eq. (8.1), we

get a bound

. n
€ep? < —3P 8.11)
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\ 105 u(x)

gﬂ‘ﬁ 8.1: Schrodinger wave function, u(z) when assuming phantom expansion. w(z) depends on only
q, n and t, but does not depend on k. Here we set t, = 1.0 and ¢ = —6.666. If £k = 0, ¢ = —6.666

corresponds to weg = —1.1.

Assuming a(t) = (t, — t)? and phantom scalar field, i.e. ¢ = —1 with using Eq. (5.8), the solution is

found to be in the region,

B(t) > % % (ta — )P + oo . (8.12)

where 5= (gn —2)/2.

8.3 Solution solved from Friedmann equation

8.3.1 Scalar field potential in flat and scalar field dominated case

A simplest case for analysis is when considering flat universe (k = 0) with negligible amount of barotropic

fluid (D = 0). The Eq. (8.7) is hence simply integrated out. The solution is

p(t) = 11\/267, In(t, —t) + o (8.13)

Insert this result into Eq. (8.10), we obtain the scalar field potential,

V(o) = LD ey Loy po(0) - o} .14

The solutions above are real only when ¢ and e¢ have the same sign, i.e. when ¢ = 1,¢ > 0 and
€ = —1,q < 0. This looks similar to potential that gives power-law expansion as well-known [165]. It is
not surprised since in our case (¢ < 0) it has been known that phantom field, when rolling up the hill of

slope-varying exponential potential (varying ¢), results in phantom expansion a ~ (t, — t)? [28].

59



-4

ng)
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Scalar field with dust (n = 3)

6
X

Scalar field with radiation (n = 4)

P(x)

4

gﬂ‘ﬁ 8.2: Schrodinger potential in phantom expansion case for dust and radiation fluids with k£ = 0,+1.

Numerical parameters are as in the u(z) plots (Fig. 8.1). zq is set to 1. For non-zero k, there is only

one real branch of P(z).

8.3.2 Solution for £ =0, D # 0 case

For the case £k = 0 with D # 0, the solution of Eq. (8.7) is

o(t) =

1 2
+ \/—qx
gn — 2V ex?

(ta _ t) —gqn+2

In

(1 + /1= (nDr2/6q)(ta — 1

J i
)—qn+2)

nDr2(t, —t)—a+2

6q

+ln<

—nDk?
6q

which is infinite when ¢ = 2/n. The last logarithmic term in the bracket is an integrating constant.

Logarithmic function is valid only when ¢ < 0.
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8.3.3 Solution for £ # 0, D =0 case
For the reverse case, k # 0, D = 0, the solution is

¢(t) — ii ﬁx

qg—1V er?
(ta —1)9! k _ p\—2q+2
(= (14 [ )

which becomes infinite when ¢ = 1. The values ¢ and ¢ must have the same sign for it to be real-value

_ \/@) (ta — t)=20%2 1 1 } + o,

(8.16)

function. The case k # 0 with D # 0 can not be found analytically except when setting n = 2 (w,, =

—1/3) which is not natural fluid.

8.4 Solution solved with NLS-type formulation

One can obtain exact solution of Eq. (8.7) indirectly via NLS-type formulation. Consider Eq. (8.9), we
notice that setting D = 0 does not make sense in NLS-formulation since even D vanishes, n (barotropic
fluid parameter) still appears in other terms. Therefore we can only consider non-zero D case. Assuming
k =0 with D # 0 and using Eq. (8.9) in Eq. (??), the solution is

8q

I e T

H [ ]

Transforming to ¢ variable using Eq. (8.4),

1 2q
) = =
9 (t) gn — 2V ex?
_ 4\—qn+2 D2 _ $\—qn+2 -9
In (ta = 1) 5 +2\/1— nun (ta6 ) +1n (q’;
(1 + /1= (nDr2J6q)(ts — £)- 1172 q n

The only difference from the solution (8.15) obtained from standard method is the logarithmic integrating
constant term in the bracket. In case of k # 0 with D # 0, the integral (??) can not be integrated
analytically even when assuming n value except for n = 2 which is integrable. However n = 2 is not

natural fluid. This is similar to using standard method in Sec. 8.3.3.
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(8.17

2
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8.5 Analysis on effective equation of state coefficient

The definition of effective equation of state coefficient, wegr = (ppwy + pﬂ,wﬂ,) /prot together with Eq.

(7.2) and the results in Eqgs. (8.7) and (8.10) in context of phantom expansion a ~ (t, — t)?, we can

derive ) oo
-3 2q)(ta — t)°97° — k
3q2(ta — t)2972 4 3k
There is a locus,
_Eg\ V/(2a-2)
t=t, — (2> , (8.20)
q
where weg becomes infinite along the locus. Hence for £ = —1 the locus is t = ¢, — qil/ (¢=1) (in term

of z, it is = = [2/(qn — 2)]¢'9"=2/2(a=1) 4 x,). Hence for k = 0, the coefficient weg is infinite at ¢ = 0
or t = t,. It seems from the equation above that weg does not depend on properties, n or amount of
the barotropic fluid, D. Indeed weg implicitly depends on D and n since time variable and ¢ are related
to p. in the Friedmann equation. If k£ = 0, it reduces to ¢ = 2/3(1 + weg) and therefore the phantom

condition weg < —1 implies ¢ < 0 as it is known. This corresponds to a condition,

wy < —1— (1 +w,) 22 8.21)

Po
Therefore for a fluid with w, > —1, wg is always less than —1 in a flat universe. In order to have the
expansion a ~ (t, —t)? in k = 0 universe, we must have weg < —1, i.e. in phantom region. We can

rewrite wg in term of weg as

2
[3%(75& - t)72 + %];(tm - t)izq]weff - nT%D(ta - t)iqn

_ (8.22)
3 (ty — t)=2 + 35 (t, — t)=24 — D(t, — t)—an

Wy =

Eq. (8.22), when D = 0 and k = 0, yields wg = weg. Albeit we set only D = 0, it gives the same result
since wy is independent of geometrical background. However, since the expansion law is fixed, wy is tied
up with D implicitly via Eq. (8.1). Note that w, has value in the range (—oo, —1] and [1,00) so that
the phantom crossing can not happen when the scalar field is dominant. However, presence of the dust

barotropic fluid in the system gives a multiplication factor that is less than 1 to the equation of state, i.e.

N )
Weff = We - (8.23)
<P¢> + 0oy ¢

We can see that the phantom crossing from weg > —1 to weg < —1 can happen in this situation. Fig.

8.3 presents parametric plots of the wef, ¢, t diagram for various k values. From the figure, we see the
locus in Eq. (8.20) where weg blows up. In the parametric plots, the value of weg at any instance can be
obtained if we know the value of q. We need to know ¢ from observation in order to know the realistic
value of weg or the other way around. Fig. 8.4 plotted from Eq. (8.19) setting {, = 1 and ¢t = 0.7
shows that if & = £1, ¢ could be negative, i.e. phantom accelerated expansion, even when weg > —1.
Regardless of ¢, and ¢,

1
lim weg(g) =—1 and lim weg(q) = —= (8.24)

q——o0 q—+o0 3’
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for phantom expansion. In particular, for k¥ = —1, weg > 0 could give ¢ < 0 and weg is infinite when

Ing/In(t, —t) +q =1 (see Eq. (8.20)).

8.6 Conclusion and comment

We consider a system of FLRW cosmology of scalar field and barotropic fluid assuming phantom ac-
celeration. We have worked out cosmological quantities in the NLS-formulation of the system for flat
and non-flat curvature. The Schrodinger wave functions are illustrated in Fig. 8.1 for various types of
barotropic fluid. These wave functions are non-normalizable. We show Schrodinger potential plots for
dust and radiation cases in closed, flat and open universe. The procedure considered here is reverse to a
problem solving in quantum mechanics in which the Schrodinger potential must be known before solving
for wave function. In NLS formulation, the Schrodinger equation is non-linear (reducible to linear in some
cases) and the wave function is expressed first by the expansion function, a(t). Afterward the Schrodinger
potential is worked out based on expansion function assumed. Moreover, the NLS total energy E is
negative (see Eq. (5.14)). We also perform analysis on effective equation of state. We expresses weg
in term of ¢ and k. In a non-flat universe, there is no fixed weg value for a phantom divide. We show
this by analyzing Eq. (8.19) and by presenting illustrations in Figs. (8.3) and (8.4). In these plots, even
wegr > —1, the expansion can still be phantom, i.e. ¢ can be negative. Especially, in k = —1 case, positive
wegr could also give ¢ < 0. The value of weg approaches -1 when ¢ — —oo and —1/3 when ¢ — +o0.
In open universe, weg blows up when Ing/In (¢, —t) + ¢ = 1.

The last part of this work is to solve for scalar field exact solution for phantom expansion. Within
framework of the standard Friedmann formulation, we obtained exact solution in simplest case where
scalar field is dominated in flat universe. Apart from that we also obtained exact solutions in the cases of
non-flat universe with scalar field domination and flat universe with mixture of barotropic fluid and scalar
field. Afterward, we use NLS formulation, in which the wave function is equivalent to the scalar field
exact solution, to solve for the exact solutions. We can apply the NLS method to solve for the solution
only when the barotropic fluid density is non-negligible. Setting D = 0 in NLS framework is not sensible
because even if D term vanishes, the barotropic fluid parameter n still appears in other terms of the wave
function. This is a disadvantage point of the NLS formulation.

Transforming standard Friedmann formulation to NLS formulation renders a few effects to the in-
tegration. In standard form (Eq. (8.7)), n appears in only D-term and all terms are ¢-dependent. In
NLS-form (Eq. (8.9) when inserted in Eq. (5.21)), D-term becomes a constant (£), hence the number
of x(or equivalently ¢)-dependent terms is reduced by one. This is a good aspect of the NLS. In both
Friedmann-form and NLS-form, the solutions when k£ # 0 and D # 0 are difficult or might be impossible
to integrate unless assuming values of ¢ and n. Therefore reduction number of xz-dependent term helps

simplifying the integration.
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g‘ﬂﬁ 8.3: Parametric plots of weg for the expansion a ~ (¢, —t)? in closed, flat and open universe. Here

t, is set to 1.
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31N 8.4: weg for the expansion a ~ (t, —t)? in closed, flat and open universe. Here ¢, is set to 1 and ¢
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is 0.7.
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unii 9
Other aspects of NLS formulation

It is interesting to see the other features of field velocity, ng e.g. acceleration condition, slow-roll
approximation, written in NLS formulation. Mathematical tools such as WKB approximation in quantum
mechanics might also be interesting for application in standard scalar field cosmology. It is worthwhile
to investigate this possibility. It is worth noting that Schrodinger-type equation in scalar field cosmology

was previously considered in different procedure to study inflation and phantom field problems [124].

9.1 Slow-roll conditions

9.1.1 Slow-roll conditions: flat geometry and scalar field domination
In flat universe with scalar field domination (k = 0, p, = 0), the Friedmann equation H? = k%p,/3,
together with the Eq. (7.4) yield H= —ﬁ2¢32e/2. For e = —1, we get H > 0 and

0<aH?<d, 9.1)

i.e. the acceleration is greater than speed of expansion per Hubble radius, a/cH 1. On the other hand,
for e =1, we getH<Oand
0<d<aH?. 9.2)

Slow-roll condition in [128, 127] assumes negligible kinetic term hence |e?/2| < V(¢), therefore
pe ~ V(¢) hence H? ~ x?V//3. With this approximation,

H &2 H
H2:*§+%V7 = H2§*§+H2- (93)

This results in an approximation |H| < H? from which the slow-roll parameter,

E= —— 9.4)
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is defined. Then the condition |e¢?/2| < V(¢) is equivalent to |e| < 1, i.e. —1 < & < 0 for phantom
field case and 0 < ¢ < 1 for non-phantom field case. For the non-phantom field, this condition is
necessary for inflation to happen (though not sufficient) [128] but for the phantom field case, the slow-roll
condition is not needed because the negative kinetic term results in acceleration with wgy < —1. The other
slow-roll parameter is defined by balancing magnitude of the field friction and acceleration terms in Eq.

(7.4). This is independent of k or p,. When friction dominates |§| < [3H |, then

n= _]jgf) 9.5)

is defined [128]. The condition is then || < 1 and the fluid equation is approximated to ¢ ~ —V,/3eH
which allows the field to roll up the hill when ¢ = —1. Using both conditions, e.g. |e¢?/2| < V and
|¢| < |3H | together, one can derive & = (1/2k2€)(Vy/V)? and 1 = (1/k2)(Ve/V) as well-known.

9.1.2 Slow-roll conditions: non-flat geometry and non-negligible barotropic den-
sity
Friedmann formulation

When considering the case of k£ # 0 and p, # 0, then

k 2 p
vz (9.6)

H qu'SQ +
= —— € _—— —
2 a? 6 am

We can then write slow-roll condition as: |k2e¢?/6| < (k2V/3) — (k/a2) + (k2D/3a™) and hence
H? ~ (k2V/3) + (k®*D/3a™) — (k/a?). Using this approximation and Eq. (9.6) in (5.1),

pa H koD,

v = 9.7
3 3a? 18 an + ’ ©.7)

which implies | — (H/3) + (k/3a) — (nk?D/18a™)| < H?. We can reexpress this slow-roll condition as

le+er+epl < 1, (9.8)
where ¢, = k/a?H? and ep = —nk2D/6a™ H?. Another slow-roll parameter 7 is defined as = —¢/H¢,
i.e. the same as the flat scalar field dominated case since the condition |§| < [3H¢| is derived from fluid
equation of the field which is independent of k and p,.
NLS formulation
In NLS formulation, the Hubble parameter takes the form

H=_24, (9.9)
n

with

H = —Zw = Zu?[E - P(2)] + ku*/™. 9.10)



The slow-roll condition \egﬁz /2| < V using Egs. (5.15) and (11.9) in NLS form, is then

|P(x)] < % [(ZY +F

If the absolute sign is not used, the condition is then €d? /2 < V, allowing fast-roll negative kinetic

+ %knu(‘l_%’)/". 9.11)

energy. Then Eq. (9.11), when combined with the NLS equation (5.12), yields

12 k
W 3UT <3 - 1> Bu + ya=n)/n 9.12)
n u n 4

Friedmann formulation analog of this condition can be obtained simply by using Eqs (5.10) and (5.11)
in the condition. Consider another aspect of slow-roll in the fluid equation, the field acceleration can be

written in NLS form:
+  2Puu’ + P'y?

= ) 9.13)
¢ KV Pen
while the friction term in NLS form is
. 124/ P
3H$= L4 [~ (9.14)
nk Ven
The second slow-roll condition, |¢| < |3H¢| hence corresponds to
/ 6 !
‘ < ‘—2( +”> v 9.15)
P n U

This condition yields the approximation 3H eéz ~ —dV/d¢. Using Egs. (5.24), (11.9), (9.9) and (9.10),
one can express the approximation, 3Heg? ~ —dV/d¢, in NLS form as

P %/
5 = —% — nHa"/?. (9.16)

and finally the slow-roll parameters ¢, €, and €p, introduced previously, become

e= 9.17)

nuu' n2kut/m nk ( U )2
nRu =(=),

—_— L = €D
2%’ 4?7 2 \u

in NLS form. With help of NLS equation (5.12), summation of the slow-roll parameters takes simple

form,

n o/u\2
€tot:5+€k+€D:§(E) P(z). (9.18)

Finally the slow-roll condition, |eot| < 1 (Eq. (9.8)), in NLS form, is
un2
‘(u/) P()

Another slow-roll parameter 7 = —¢/H¢ can be found as follow. First considering ¢(x) = ¢(t) (Eq.
(2?)), using relation d/dt = & d/dz and Eq. (9.9), we obtain

_n(uy”
n = 2 (u’ W —|—1> . (9.20)

< 1. 9.19)
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The Eq. (5.21) yields

2 |P P’
"=+-4/— and M=t 9.21
(G Ve (G Py 9.21)
Hence
n(u P

=—|—==+1). 22
=3 <u’ 2p * > ©-22)

At last, the slow-roll condition || < 1 then reads

u P’
u/2p+1‘ < 1. (9.23)

9.2 Acceleration condition

The slow-roll condition is useful for non-phantom field because it is a necessary condition for inflating
acceleration. However, in case of phantom field, the kinetic term is always negative and could take
any large negative values hence slow-roll condition is not necessary for acceleration condition. More
generally, to ensure acceleration, the Eq. (5.2) must be positive. It is straightforward to show that, obeying

acceleration condition, ¢ > 0, the Eq. (??), takes the form,

ed(x)? < — (n ; 2) agn +V. (9.24)

With Egs. (5.13), (5.14), (5.15) and (11.9)), the acceleration condition (9.24) in NLS-type formulation is

9 I 2 k 2/n\ 2
E-P > —<“> —”(“ > . (9.25)
n\u 2 u

With help of non-linear Schrodinger-type equation (5.12), it is simplified to

12
n 2u (9.26)
n u

Using Eqgs. (9.9) and (9.10), the acceleration condition is just ¢ < 1 without using any slow-roll

assumptions.

9.3 WKB approximation

WKB approximation can be assumed when the coefficient of highest-order derivative term in the Schrodinger
equation is small or when the potential is very slowly-varying. The Eq. (5.12), when k = 0, is linear. It

is then

——u"+ [Pa) = B|u=0. 9:27)
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where P(z) = P(z)/n and E = E/n. For a slowly-varying P(z) with assumption of n > 1, the solution
of Eq. (9.27) can be written as u(x) ~ Aexp[+inWy(z)], where Wy(z) = W (xzg) is the lowest-order

term in Taylor expansion of the function W (z) in (1/n) about & = xo,
x—x
W(z) = W(xo) + W’(mo)(To) +.... (9.28)
Then an approximation

W(z) = i% / k() dz ~ Wo(x), 9.29)

1
is made in analogous to the method in time-independent quantum mechanics. The Schrodinger wave

number is hence

2 -
k(z) = TZ) = \/n [E - P(a;)} : (9.30)
and small variation in A(x) is
P P’ 7w P’
= __| = : 9.31)
)\(I) \/ﬁ |:E~‘_P<x)]3/2 [E_P(x)]S/Q

For WKB approximation, dA/A(z) < 1. In real universe, we have n = 3 (dust) or n = 4 (radiation)
which is not much greater than one. However, if considering a range of very slowly-varying potential,
P’ ~ 0 implying dP/éx ~ 0, hence dk/dx ~ 0 ~ W' (x). Therefore W (x) ~ Wy(z) still holds in this

n/2

range. Since u(z) = a~"/%, using WKB approximation, we get

a ~ Aexp [:I:(2/n)z /1‘2 VE—P(z)dz| , (9.32)

where A is a constant. Examples of Schrodinger potentials for exponential, power-law and phantom
expansions are presented in previous chapters. These potentials are steep only in some small particular

region but very slowly-varying in most regions, especially at large value of || which are WKB-well valid.

9.4 Big Rip singularity

When the field becomes phantom, i.e. € = —1, in a flat FRLW universe it leads to future Big Rip
singularity[?, 28]. In flat universe, when weg < —1, i.e. being phantom, the expansion obeys a(t) ~
(ta — )9, where ¢ = 2/3(1 + weg) < 0 is a constant in time and ¢, is a finite time'. The NLS phantom
expansion was studied in Ref. [?] with inclusion of non-zero k case. Therein, the same expansion function

is assumed with constant ¢ < 0 and = is related to cosmic time scale, ¢ as z(t) = (1/8) (ta —t) ™% + 20,

IThe relation ¢ = 2/3(1 + weg) < 0 holds only when k = 0.
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so that u(z) = [B(z — x0)]" . Here o = gn/(qn —2) and 3 = (gn — 2)/2 with conditions 0 < a < 1

and 3 < —1 since n > 0 always. The first and second z-derivative of u are 2

u'(z) = afB(z—z)]* !, (9.33)
() = ala—1)8%[B(x — )", (9.34)

where exponents o — 1 and o — 2 are always negative. Using Eqgs. (5.28) and (5.30), then

12023 3k
b = a8 = 2o+ o - ),
(9.35)
2
Ptot = %[6(33 - 370)]2(&_1) [(1 - i) a’ — 0‘]
2 B — a)l = ©:36)
4u/? 3 1 k oin

The Big Rip: (a, prot, |Ptot|) — 0o happens when ¢ — ¢, . In NLS formulation, if @ — oo, then v — 0T

(Eq. (5.13)). From above, we see that conditions of the Big Rip singularity are

t—t, & r— g,

a—o0 & u(z) — 07,

prot — o0 & u(z) — oo,
IPtot| = 00 & u(z) — . (9.38)

The effective equation of state wesr = Prot/pProt can also be stated in NLS language as a function of z.
Approaching the Big Rip, + — z, and the effective equation of state approaches a value

1 P
lim weﬂ="(1—>—1:—1+, (9.39)

which is similar to the equation of state in flat case.

9.5 Conclusion and comment

We feature cosmological aspects of NLS formulation of scalar field cosmology such as slow-roll condition-
s, acceleration condition and the Big Rip. We conclude these aspects in standard Friedmann formulation
before deriving them in the NLS formulation. We consider a non-flat FRLW universe filled with s-
calar (phantom) field and barotropic fluid because, in presence of barotropic fluid density, the NLS-type

formulation is consistent. We obtain all NLS version of slow-roll parameters, slow-roll conditions and

2Note that (z — xg) and § are negative hence (z — x0)®, 8, (x — x0)*~ ! and B! are imaginary.
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acceleration condition. This provides such analytical tools in the NLS formulation. For phantom field,
due to its negative kinetic term, the slow-roll condition is not needed. When the NLS system is simplified
to linear equation (this happens when k = 0.) as in time-independent quantum mechanics, we can apply
WKB approximation to the problem. When n > 1, the wave function is semi-classical which is suitable
for the WKB approximation. However, this does not work since physically n can not be much greater
than unity, i.e. n = 3 for dust and n = 4 for radiation. However, the WKB approximation can still
be well-valid in a range of very slowly-varying Schrodinger potentials P(x) which were illustrated in
[36, 38, 39]. Using the WKB approximation, we obtain approximated scale factor function (Eq. (9.32)).
In a flat universe with phantom expansion, the Big Rip singularity is its final fate. When the Big Rip
happens, three quantities (a(t), p(t)and p(t)) become infinity. Rewriting the singularity in NLS form (Eq.
(9.38)), we can remove one infinite (see Eq. 9.38). We found that at near the Big Rip, weg — —1+2/3¢
where ¢ < 0 is a constant exponent of the expansion a(t) ~ (t, — t)?. This limit is the same as the

effective phantom equation of state in the case k = 0.
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Generalised DBI quintessence

The dark energy problem continues to be a sticking point for theoretical physicists. The simplest solution
to this problem is to postulate the existence of a vacuum energy or cosmological constant, which agrees
with all the current observational bounds [14, ?, 4, 129]. However we are then left with a secondary
problem, namely explaining why the vacuum energy is tuned to such a small value without some obvious
symmetry to protect it. For many years we have hoped that UV complete theories of gravity would
shed light on this issue, which is in effect an extremely embarrassing IR problem from this perspective.
However despite much effort, neither string theory nor loop quantum gravity has shed any compelling
light on this issue - although there have been many interesting proposals.

An alternative approach is to assume that the cosmological constant is exactly zero - since supersym-
metry can then be invoked as the regulating symmetry in this case. However one then has to account
for the fact that low-energy supersymmetry must be broken and an alternative explanation for the current
expansion must be sought. One way to deal with the latter problem is to assume that the dark energy
phase is driven by a dynamical field, implying that the equation of state is an explicit function of time
[132, 133]. Currently this cannot be ruled out by our best observations and therefore remains a possible
solution to the dark energy problem. However one cannot just consider ad hoc scalar fields coupling
to gravity, since the low energy theory will still be sensitive to high energy physics. In particular we
must ensure that any additional scalars are neutral under all the standard model symmetries, and that they
do not introduce additional fifth forces. Therefore one must search for viable models of dynamical dark
energy within UV sensitive theories.

Phenomenological models of our universe have proven difficult to construct within string theory, due
to technical difficulties arising from moduli stabilization, whereby we assume that the extra dimensions
of the theory are compactified on manifolds with SU(3) x SU(3) structure (in the type IIB case) [130],
and orientifolded to preserve the minimal amount of supersymmetry in four-dimensions. As a result,

embedding realistic cosmology into string theory has proven difficult. One area which has been well
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explored in recent years, is inflation driven by the open string sector through dynamical Dp-branes. This
is the so-called DBI inflation [136, 140] - which lies in a special class of K-inflation models. It was
originally thought that such models yielded large levels of non-Gaussian perturbations which could be used
as a falsifiable signature of string theory [137]. However subsequent work has shown that this is not in fact
the case, and that the simplest DBI models are essentially indistinguishable from standard field theoretic
slow roll models [145, 144, 142] ! The problem is that the WMAP5 data set [?] imposes very tight
constraints on the allowed tuning of the free parameters in the theory. We are then left with the choice of
either having large non-gaussianities but with vanishing tensors, or assume that the tensor spectrum will
be visible - in which case there is no non-Gaussian signature. The models are only falsifiable once these
conditions are relaxed. One can get around these conditions by considering more complicated models
such as multi-field, multiple branes [143], wrapped branes [146] or monodromies [147] - but even here
there are still problems with fine tuning, backreaction and the apparent breakdown of perturbation theory
in the inflationary regime [148].

In models of dynamical dark energy, on the other hand [132, 133, 134], the WMAP constraints can be
relaxed and therefore DBI models may still have some use as an explanation for a dynamical equation of
state. Moreover this fits in nicely with several intuitive ideas from string theory. Namely that inflation can
still occur, albeit only through the closed string sector - where one (or more) of the geometric pseudo-
moduli are actually responsible for the initial inflationary epoch (see [131] for the phenomenologically
most viable proposals). After inflation the universe lives on branes that wrap various cycles within the
compact space and are extended along the large Minkowski directions. In this sense we see that a GUT
or electroweak (EW) phase transition can manifest through a geometrical fashion - namely the Higgsing
of branes in the compact bulk space. This suggests that dark energy may well be a dynamical process,
and moreover in the light of these open string constructions, retains a sense of being geometric in nature.

With this in mind, various authors have begun to explore the phase space of DBI-driven dark energy
[138, 139]. The initial works have dealt with the dynamics of a solitary D3-brane moving through a
particular warped compactification of type IIB. In this note we wish to generalise this further to a more
phenomenological class of models that include multiple and partially wrapped branes. We believe that this
may be a more generic situation to consider, since typically one should expect branes of varying degrees
to be wrapped on non-trivial cycles of the compact space. Our work is a first step into considerations of a
more general set-up for quintessence in IIB (open)-string theory, and we hope will be a valuable starting

point for further endeavour.

Note however, that the models proposed in [145, 141] evade such problems.
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10.1 Dynamics of the effective theory

To begin let us assume that the the universe at such late times can be adequately described by a flat
FRW metric and the matter sector consists of a dynamical scalar field and a perfect fluid, which are
both separately conserved. The usual cosmological equations of motion are therefore independent of any

particular model and can be written as

+ pg)

g2 — (Pt 10.1
BNZ (10.1)
pi = —3H(Pi+pi),

where 4 runs over the contributing components. The equation of state is given by w; = P;/p;, however if
w of the fluid component is assumed to be constant then we can integrate the appropriate conservation
equation exactly to obtain

p ox a”30Fw) (10.2)

where the scale factor varies as a function of time such that a(t) ~ t2/(3[1+w]),

The model dependence arises in the parameterisation of the scalar field sector. In our case we are
assuming that the dark energy is driven by open string modes, which at low energies are described by
fluctuations of a Dp-brane whose dynamics are governed by the Dirac-Born-Infeld action (DBI) - which
is a generalisation of non-linear electrodynamics [136, 140]. Typically one assumes that the standard
model is localised on an intersecting brane stack, in one of the many warped throats that are attached
to the internal space. For consistency reasons in the simplest cases, these are taken to be either D3
or D7-branes. In this note we will consider a bottom up approach therefore we shall not worry too
much about the geometric deformations of the compact space, nor any constraints imposed by Orientifold
Op-planes - aside from those that ensure that all tadpoles are consistently canceled so that we can trust
the low energy supergravity theory.

The action we consider is a generalised form of the DBI one coupled to Einstein-Hilbert gravity, which
can be embedded into this background and takes the following generalised form 2
(z')z

W —T(@)+V(d) | +Swm, (10.3)

S = 7/d4xa3(t) T(Q)W ()41 —
where T'(¢) is the warped tension of the brane and Sy, is the action for matter localised in the Standard
Model (SM) sector. Thus our assumption here is that our dynamical open string sector is coupled only
gravitationally to the SM sector and so we do not have to worry about additional forces or particle
production. There are two potential terms for the scalar field which are denoted by W (¢) and V(¢).
The first of these terms can arise in different places within the theory. Firstly if the brane is actually a

non-BPS one [135], then the scalar field mode is actually tachyonic and the potential is therefore of the

2We refer the more interested readers to [143] for more details on the precise structure of this action.
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usual runaway form. If there are N multiple coincident branes, then the world-volume field theory is a
U(N) non-Abelian gauge theory and the potential term is simply a reflection of the additional degrees
of freedom [149]. Through the dielectric effect, one can also see that this configuration is related to a
Db5-brane wrapping a two-cycle within the compact space and carrying a non-zero magnetic flux along
this cycle. Both of these configurations lead to an additional potential multiplying the usual DBI kinetic
term.

The origin of the f/((ﬁ) term is less explicit - but is a sum of terms. One expects open or closed
string interactions to generate a scalar potential V' (¢), however the precise form of such an interaction
depends upon many factors such as the number of additional branes and geometric moduli, the number of
non-trivial cycles in the compact space, and the choice of embedding for branes on these cycles. Typically
one can only compute this in special cases in the full string theory. There are also additional terms
coming from coupling of the brane to any background RR form fields. The action above is assumed to
be that of D3-brane(s) filling the space-time directions, which naturally couple to the field C'*) through
the Chern-Simons part of the action. However for wrapped D5-branes there is also the possibility of a
coupling C™ A F, where F is the magnetic field through the two-cycle. For example in the warped
deformed conifold one can see that dC(®) = xdC?) and therefore there is an additional term in the DBI

action
S ~ /d4xa3(t)gs_1Ma’T(¢), (10.4)

up to a normalisation factor of order one. Terms such as this have been added to the interaction potential
to define the full scalar potential V (¢b).
The corresponding equations for the energy density and pressure of the DBI can then be written

succinctly as

Py = T(f) =W =V(®), po=T©@) W()y—1+V(9), (10.5)

where v = [1 — $2/T(¢)]~'/? is the usual generalisation of the relativistic factor. The subscript 4 denotes
the scalar field component here. We can also immediately define the equation of state parameter for the

quintessence field to be

L @) = W) - V(on 106)

T(o)y W(o)y — 1]+ V(g)y'
from which one clearly sees that it is dynamically sensitive and can take a wide range of values. For

instance we only recover wg ~ —1 in the limit that the field is non-relativistic and the entire solution is
dominated by the V(gb) terms - which will clearly require large amounts of fine tuning to accomplish.
There are clearly several regions of parameter space that are of interest. First let us assume that the
potential term is zero, either because it is suppressed or there is an unlikely cancellation between the
contributing terms. The more general case with non-zero V leads to a wide variety of complex behaviour.

We can therefore identify several limits of interest - focusing on the behaviour of W:
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* W(¢) =1 - which reduces the action back to the usual DBI case which has wy = 1/ as discussed
in [138].

* W(¢) = ay - which leads to constant ~y if « is constant, since the two are related via 72w¢a =

1 — o+ wy. Moreover this again means that éu t—(+ws)/(1+w) a5 in the case where W = 1.

* W(¢) — 0 - as could occur in the case of a tachyonic theory, which mimics a dark energy
dominates phase with wg = —1. However one must be careful if this is to be representative of
non-BPS D-brane actions, since the coupling to the form field is non canonical in this instance. In
fact the coupling term will typically be of the form d¢ A C. This means that there is no solitary

T(¢) term in the action and therefore the equation of state in this instance will vary like —1/+2.
* W(¢) > v - which can occur in the multi-brane/wrapped brane case and yields wg ~ —1/~2.

Note that in all cases the equation of state parameter remains bounded between —1 < wgy < 1.

One can combine the expressions for the energy-momentum tensor components, and together with the
continuity equation we obtain the following equation of motion - assuming that the scalar field follows a
monotonic path '

M STy Loy T T
which is a generalisation of the Klein-Gordon equation for the DBI Lagrangian. The subscript 4 of T', W

b+ 0, (10.7)
and V denotes derivative with respect to the field value. The other dynamical equation of motion for the
Hubble parameter can be written as

1

H=——
202

[p(1+w) +9W(9)8?] | (10.8)
where we have defined the pressure of the barotropic fluid to be P = wp and that it is non-interacting.
We leave the interesting case of interacting pressure for future endeavour.

Let us consider, as an example solution, the case where there is a scaling solution with W = 1, which
has been reviewed elsewhere [139]. We will find it convenient to define the quantity

X = 1+w¢
14w

, (10.9)
in which case we see that qS ~ t~X. This allows us to reconstruct the tension of the brane as follows

T(p) = Mie ™, X=1 (10.10)
= Mg, X #1

where M is a dimensionful mass scale, A is a constant and @ = 2X/(1 — X). Using the fact that

wy = 1/ we can then see that for X # 1 the solution is physically valid only when w > 2/« since we
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define ~ to be the positive root. Let us now consider the phase-space dynamics of the theory in more

detail following along the lines of [132]. It is initially convenient to define the following new variables

. — JT@W (o) 1 _ VTM,Vy
3 HMP» 251 ‘73/2 9
JT7 7 I ¢ \/TMPT¢
= W = -
Y ((b),yHMp ) H2 V3/2 ’
[V 1 Wy M,

in terms of which we can see that v = [1 — y?/(322)]~1/2 and the fluid density parameter can be written

as

. _ _ _ 2 2 _ 1
N=1-0Q4=1 <z +x {1 W(¢)7D’ (10.12)

whilst the equation of state in dimensionless variables will become
1%_1(ﬁhwwnﬁwww3
w2 W(g)y — 1]+ 22W(e)y

2
As is customary we will now switch to dimensionless derivatives, denoted by a prime, replacing time

(10.13)

derivatives by derivatives with respect to the e-folding number, N. Therefore we can easily determine

qH  y 3(1+w) 2 _ 2 1
H2zzozx{11wwﬁ)' 101

A useful quantity to calculate is the variation of the kinetic function, which we can write in the following

manner using the equation of motion

V=T T w o awre ) (1019

N

1 23 y2 H'
! — —_— _— —_— [
vo= s L e
2 3 3 23W H'
= sy(1- L) (14 = Ho2 o 3a?py — g
Yy y( 622 + y[u1+uz] +— T3~ Y
2 H/
S = 22‘”;1 -5, (10.16)
and the remaining parametric solutions are
) - - -
3 VgV T,V
p o= W<2+‘?¢2+ 0 ) :
x % VVe
3. T,V TpeV
,U,,2 — Hip2yz — L~ + % ,
x 2 2TV¢ T¢V¢
WeeW  STuW 5 ~ 513>
o 2,3/2 (1 oP [ Ve —T 13y 10.17
I8 Y3y ( wr tarw, oy, Ve~ Tol | + =5 (10.17)
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Note that if the p; are constants, then the previous three equations form an autonomous set and should
uniquely specify the dynamics of the quintessence field. We will consider this case as the simplest
(canonical) example. If we wish to appeal to string theoretic constructions then we restrict the parameter
space of solutions. It is more interesting to consider the above equations in the context of a phenomeno-
logical model and see what kind of functions yield the correct behaviour. Explicit constructions of string
backgrounds are typically difficult and there are only a few well known examples that are ritually invoked,
however if we take string theory seriously then there are undoubtedly other non-trivial backgrounds that are
cosmologically interesting but not yet constructed. Since an analytic analysis of this generalised system is
highly complicated, it is convenient to use a combination of analytic and numerical methods to understand
the dynamics of the system. For a numeric analysis it is necessary to re-write the fluid equation in terms

of more useful variables. It turns out that the simplest variables to use are the following

¢ = @, (10.18)
3 2 /

d - 7@ + 3M,z \/WifYNQ i 1] = (11 + p2) . 3Mpa i3 _ @E’ (10.19)
~2 x 2 72 VW~A5/2 VIWy H

which are easily derivable from the terms written above. The equations (10.14), (10.16), (10.17), (10.18)
and (10.19) together with barotropic fluid equation: p’ = —3p(N)(1 + w), hence form a closed ten-

dimensional autonomous system if 7', W or V are given as explicit functions of ¢ or as constants.

10.1.1 Case I

Let us take the canonical string theoretic example arising when the local geometry can be approximated
by an AdS space. This geometry typically arises in the near horizon limit of coincident D3-branes (or
flux). In this case we see that (at leading order)

B ¢4 ~ - m2¢2
- Fa V((b) - 9 )

where we have also included an effective ¢? potential for the system. This means that ps = 0 and we

T(¢) Wi(g) =W, (10.20)

also have a constant p; which allows us to write the remaining & terms as

2\/§Mp 222 11y
= =——= 10.21
H1 ma2 H2 W’)/ZQ ; ( )
and therefore the dynamical equations reduce to
o= _,u1y23 1 272 B y72 _azH’
222 W22 2 H '’
2 3 222 6urzr  yH'
A V7Y (S Y Rt - -
Y Y ( 62 + Ty Wryz2 ~2 H’
2 !
’ ziypr  zH
— _ . 10.22
‘ 2 H (10-22)

The simplest way to proceed with the analysis is to consider the final equation above, since this splits
the solution space neatly into two components. Thus we search for solutions where either z = 0 or

z = (2x/yp1)H'/H as initial conditions.
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The first sub-set of solutions admits (0,0,0) as a (trivial) fixed point, which is a fluid dominated
solution since 2 = 1 in this instance. Let us remark here that this fixed point solution will occur for
all the cases we consider, however since this implies a vanishing of the action, causality implies that this
fixed point must be unstable - i.e. phase space trajectories will flow away from it. By making this field
a phantom scalar, one can evade this causal bound and the point can become a stable fixed point. This
behaviour arises in many places in the literature, so we will not discuss it further here.

There is also a critical point at (1,+/3,0) which is a kinetic dominated solution. This solution actually
exists as solutions to the quadratic expression y? = 322 which corresponds to the limit v — co. In terms
of the density parameter, a quick calculation shows that along the general curve (parameterised by y, and
zg) we find Q =1 — x% Thus at the trivial fixed point we see 2 — 1, however for 2o — 1 we see that
Q0 — 0 corresponding to non-relativistic matter, i.e. dust. In this instance we also find a(t) ~ t%/3 as
expected from the cosmological evolution equations. Again due to the special algebraic properties of the
DBI action, we anticipate that this solution will also be found for the other cases of interest.

The second sub-set of solutions are more interesting, as initially one can solve the system by slicing
the phase space at y = 0 3. One can use the condition on H' to fix z through 2% = 1 — 22(W — 1)/W.

Combining this with the equations of motion gives us the following fixed point (taking positive signs of

/| W

which is valid for all W < 1 in order for these points to be real and at finite distance in phase space. If

all roots for simplicity)

we then compute the density of the fluid we find © = 0, since €2y = 1, which corresponds to a purely
dust-like solution. Note that this class of solutions does not exist for the simple D3-brane analysis as
in [139], since it arises from additional degrees of freedom which are neglected in these models. The
remaining solutions in this sub-set are difficult to find analytically.

More generally we can see that the above solution corresponds is a special case of the more general

Case I behavior, which we paramaterise by

* ~ mP P
0= VO="7  We-w. (10.24)
where we can then explicitly write
(a=p=2)/(a=PB) 2
T o pT
- =_—_—1= =0 10.25
M1 <271/2> ) H2 ﬁ W’Y 22 us ) ( )

where A is a (real, positive) constant provided that 5 > 0.

A

M. 33/2 a, B\ (@=B8-2)/2(a—p3)
vl <A mn ) , (10.26)

T Xe2mB2 \ {wW

3Note that one cannot do this for = 0 since the action becomes singular and ill-defined.
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but which simplifies in the limit & = 3 4 2. As before, the solution space splits into two disconnected

sub-sets, therefore in the first instance where we take slices through z = 0, we find the following bound

2
(@=0)

which implies that @ > [ and so the brane tension should dominate the dynamics (in the large field

>0, (10.27)

regime). Let us therefore assume that «, § are chosen such that this condition is satisfied - then we find
the solution branch is governed again by the relation y? = 322 as expected - which contains the solution
(0,0,0) as a special case. Moreover this is valid for all values of «, 3 satisfying the above constraint.

The secondary solution branch occurs when we find solutions to

zyp  H'
_ 10.28
oy 7 ( )

which is generally very complicated. A simple set of solutions do arise when we consider slices at y = 0,

since the fixed points are localised along the curve

pw a

T emamwy Tt e

(10.29)

which corresponds to a dust-like solution 2 = 0 Va, 5. The reality constraint here demands that « > 3
which in turn fixes W < 1. However there are also additional solutions where 5 < 0 and positive «
- provided that W > 1. Explicit realisations of this scenario within a string theory context can arise
through potentials arising from brane/anti-brane interactions and is therefore a non-trivial and interesting
solution.

Figs. 10.1 and 10.2 show the numerical solutions in phase space. For W = 1 case, the numerical
constants are given as M, = 1,m =1,A =1 and w = 0 (dust case). Other parameters are oo = 4,3 = 2
and A = 21/2. As expected the (five) fixed points all lie along the curve y? = 3x2. We also plot the
evolution of each parameter (z,y,z) as a function of the e-folding number in Fig. 10.3 where each of
the coordinates tends to its critical value. As expected the phase space dynamics are Zo symmetric about
the origin. Note that in the case of y(IV) one can keep y suppressed for a few e-foldings with enough
tuning, before eventually it evolved towards the points ++/3 at late times. The full numerical solution of
the case W < 1 is illustrated in Fig. 10.4 where W = 0.95, which uniquely fixes the critical points to
be = £1/20,y = 0,z = 1. As one can see from the resulting plot, this is an unstable node because
the general behaviour is divergent. Note that x — oo in this regime effectively solves all the dynamical

equations trivially.
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g‘ﬂﬁ 10.1: (Case I) 3-D zyz phase space trajectories for T(¢) = ¢*/\*, V(¢) = m2¢?/2 and W () = W.
We have set here, M, =1,W =1,m =1,A =1 and w = 0 (dust case).
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gﬂﬁ 10.2: (Case I) Phase space trajectories in xy plane. Four attractors (%1, +/3, 0) and one unstable

node (0, 0, 0) can be seen here. z is bounded within (—1,1) range.
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31U 10.3: (Case I) Evolution of z,y, z versus e-folding number setting W = 1.
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g‘ﬂﬁ 10.4: (Case I) Evolution of z,y, z versus e-folding number setting W = 0.95. All solutions diverge

from the origin
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10.1.2 Case I1

Analagous to the first case, let us now consider another branch of solutions where this time the tension of
the brane is taken to be constant. This dramatically alters the relativistic rolling of the scalar field since

the v factor is no longer warped. Initially let us consider the ansatz

~ m2¢2 ¢4
Vi) =——, T(¢)=T, W(o) =13 (10.30)
which implies that
4V2T3M, \ 2%y 22411
H1 = (W) ?a /-/4220, 'U3:’y27{1," (1031)
and the corresponding field equations become
o = w2 v el
N x4 2% H’
, y? ayz® 6az®  yH'
y = “3yl|l-—= - - ,
622 223y yT H
4 H/
Y = 0‘21; - ZH , (10.32)

where we have defined « as the constant prefactor in the definition of p.

As before we separate the solution space into two - first finding solutions to z = 0 and then solutions
to H'/H = ayz3/(22®). In the first case is is straightforward to see that there are the usual fixed point
solutions at (0,0,0) and (1,+/3,0) (with their respective partner solutions) respectively coming from the
usual condition that y? = 322, The secondary branch of solutions also admit fixed points when y = 0,
however the condition on z is that z = 0, —422. Since we want real solutions we are forced to set z = 0
as a secondary constraint. This forces W to diverge and therefore in the limit that z — 0 we find that
2% — +1 which is a unique solution. Again the density parameter vanishes identically in this limit as
one would expect. The remaining solutions are actually extremely difficult to solve analytically as they
correspond to high order polynomials. As a result we are forced to sketch their behaviour numerically.

Phenomenologically we see that the ansatz presented above is a special class of the more general
solution

s

T(¢)=T, V($)=——, W(o) =5 (10.33)

which has the parameterisation constraints

12y (248)/(a—B) (24+a)/(a—p)
o :A<“ ) =0, = ByEietaness) (2) . (1034)

x x
where A, B are both constants. One can see from the dynamical equations that fixed points with z = 0
can only occur when the following condition is met

204+ a)—p

e 0, (10.35)
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which is trivially satisfied for cases where o > 3 (which we assume as an initial constraint).

More generically we see that, provided o > —2, we recover the usual fixed point equation y* = 3z2.
However we need to be careful here because if this condition is satisfied then W becomes undefined.
Since this is the overall prefactor multiplying the DBI action, the action is undefined in this limit and
it should therefore correspond to a point of instability in the phase space. In the limit where o = —2,

which implies that 3 > —2, the fixed point solution now lives on the zeros of the polynomial
3By SRR /2048) 4 342y 3 =0, (10.36)

which can be used to fix = x(y) or vice-versa. This solution is actually indicative of a more general
branch of physical solutions where we take § > 2(1 + «). The resulting fixed point equation (provided
a # 2) is trivially calculated to be y? = 322 as before, but now we see that W vanishes identically. In
turn this means that the kinetic terms also vanish and the solution is dominated solely by the potential
interaction. One could imagine a situation such as this occurring in the condensation of an open string
tachyon mode on a non-BPS brane, where the vanishing of W indicates that we are living in the closed
string vacuum. For dynamic solutions it seems reasonable to consider this particular case as the late time
attractor for the solution z — 0.

The second sub-set of solutions is again complicated, but again we can analytically understand the

plane at y = 0, which gives us the fixed point solutions

3 a/(a=B)\ \ ~/?
Y z:i<1_5<1_[_ Z‘Tﬁ} )) . (10.37)
« o A

Clearly for the solution to be real we require that «, 3 have opposite signs. This satisfies our primary

constraint, therefore is a physical possibility. Moreover in the limit where we set § = —«, we find that
Q2 = 0 which is again the dust solution. Illustrations of numerical solutions for the case II are in Figs.
10.5, 10.6 and 10.7. Constants are set as M, = 1,7 =1,m = 1,A =1 and w = 0 (dust case). Other
parameters are o« = 4,3 = 2. From the numerical analysis one sees that there are six saddle nodes, only
two attractors and one repulsive point which is the origin (0,0, 0) as expected. The dynamical trajectories
are particularly interesting due to their apparent lack of monoticity as a function of e-fold number. The z
term in particular appears to have a large variation in trajectory, diverging in some instances whilst rapidly
reaching zero in other instances. Conversely the y variable displays very uniform (physical) trajectory
behaviour, with several curves almost on top of one another at ¥ = 0 and the remainder smoothly driven

to the (unstable) critical point y. ~ 1.8 in the example given.
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3“1]17% 10.5: (Case II) 3-D zyz phase space trajectories for T'(¢) = T,V (¢) = m?¢?/2 and W (¢) = ¢*/\%.
We have set here, M, =1,T=1,m=1,A=1 and w = 0 (dust case).
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gﬂ‘ﬁl 10.6: (Case II) Trajectory slice through the yz plane.
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gﬂﬁ 10.7: (Case II) Evolution of z,y, z versus e-folding number.

88



10.1.3 Case III

Let us now consider a new case where only W = W (¢), with all the other terms being constant. We will
take W = ¢*/A for generality - which in turn should impose a constraint on the allowed values of a.
In this case we see that

(a+2)/a 1
Z) (10.38)

1 =0 fio =0 uazaA(; S@a—T/a

where A is a function of the constant parameters A = M,,/\(T/ f/)(o‘*?)/ 2@, Because only y3 is non-zero

the resulting dynamical expressions are considerably easy to work with

S _;ﬁ _zH’
B 2z H
2
y = =3y (1 - (32> — 3a Azt /agla=/a _ %H/
x
, zH'
= - 10.39
z T ( )

Considering the slice again through z = 0, we see that the solutions split into two types depending upon
the integer . We recover the usual y? = 322 curve only when a > 0 or when o < —2. If o = —2 then

the corresponding polynomial equation becomes
yy?/? = 2422 (10.40)

which is difficult to solve analytically due to the dependence of ~ on both x,y. This expression does

not admit anything but the trivial solution if we set y to zero*

. Again we see that there is a potential
problem here since the potential W goes like 1/22, and is therefore divergent in this limit. Solutions to
this expression are possible, but complicated. Interestingly there does exist a solution curve given by
o = az?, g= BL__ Vi (10.41)
2A (9 — 3a)9/4
where the parameter a factor must satisfy 0 < a < 3 for this solution to be physical. Since a need not be
integer, there are essentially a continuum of curves giving rise to fixed points in this theory.

The secondary branch of solutions again admit fixed point behaviour for y = 0, however things are
more complicated since the fixed points are now obtained by solving more non-linear expressions. There
are two cases of immediate interest however. Firstly if we have o = 2 then we see that 22 = —1/(2A4)
which is only real when A is negative. Since we have chosen our parameterisation such that this quantity

is positive, this particular branch of solutions is ruled out. Interestingly when o = —2 there is a unique

fixed point located at

1 1 1
x=E_— y=0, z=f— A~
\/T/V =1

1. 10.42
54 (10.42)

4By trivial we mean the point (0,0, 0)

89



which corresponds to a positive definite equation of state parameter

0 2T?A(A— 1)+ VX(T/V — 1)
CATV(T)V —1)(24-1)

(10.43)

Note that we must require 7" > V for this solution to be non-singular, which means (again) that the
tension term dominates the energetics of the theory. What is also obvious is that demanding A = 1/2
leads to a novel fixed point at (£1,0,0) regardless of the ratio T'/V. Using the definition of A this fixes
A = 2M,, and therefore W is vanishingly small unless the scalar takes is trans-Planckian. This is manifest
in a divergence in the equation of state parameter and is therefore unphysical. Therefore we must ensure
that A < 1/2 implying that A > 2M,,. Since this is the largest scale in our theory, one again expects this
to be unphysical.

The more general solutions can be found numerically and correspond to 22 = 1+ 23(T/ V- 1) where

22 are the characteristic solutions to the non-linear equation

)(a—2)/20¢

1+ @A)/ (1 22TV — 1) ~0. (10.44)

In this more general case we can set T = V without the solution diverging, and we therefore find the

corresponding fixed point solution is thus given by

(10.45)

L 2/(2+a)
Ax

r==41, y=0, =z= (
which implies that « is negative. Moreover we see that {2 is again zero here for all physical values of «,
although there is no additional constraint upon the magnitude of A. Now, we see numerical solutions in
Figs. 10.8, 10.9 and 10.10. Constants are set as M, = 1,T =1, V= 1,A =1 and w = 0 (dust case).

Other parameters are « = 1 and A = 1.
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g‘ﬂ‘ﬁ 10.8: (Case III) 3-D zyz phase space trajectories for T'(¢p) = T,V (¢) = V and W (o) = ¢*/\*. We
have set here, M}, = 1,7 =V =1,m = 1,A=1 and w = 0 (dust case), o = 1. Green lines approach

an attractor
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g‘ﬂﬁ 10.9: (Case III) Phase space trajectories in zy plane.
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;I“]Jﬁ 10.10: (Case III) Evolution of z,y, z versus e-folding number.
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10.1.4 Case IV

Following on from the previous class of models, we can find solutions where the scalar potential is now

constant, using the ansatz.

v-v. 10- (%) W(@(f)ﬁ (10.46)

where A, are terms of the requisite dimensionality. From this expression we see that p; is identically
zero. It will be convenient to define the following function Q = V A*6” which in turn can be used in the

definitions of the remaining u,; functions

aM, (Qz*\™
k2= Tapy (’)/232 > (1047)
ﬁMpéﬁ/Q u2)\a/2v3/2 —n2
fe = y4/2 (_ aM, )
3a—2 140
n —_— ng = ——
! 2o+ 6) T 3a-2
and now the dynamical equations simplify to become
S poyz® y* xH'
B 202 2 H
2 3 3a-+0 g\ V/(ath) /
;o y 2° o z Q 2 yH
v () (5 e (w q ) ST E
H/
J = —ZH . (10.48)

The resulting analysis is far more complicated than in the previous cases. Let us again start with the
simplest solution slices at z = 0. The expressions for x’ and z’ readily simplify in this instance, however
the equation for 3’ requires us to be more careful. We see that in order for the 23, term to vanish in
this limit we require (2 + 33)/(a + ) > 0. The remaining po term only vanishes if this condition is
tightened to (2 + 3)/(ac+ 3) > 0 and the term coming from g3 only vanishes if (1 + 8)/(a+ 8) > 0.
If these inequalities are reversed, for example, then these terms diverge in the z — 0 limit. If we restrict
ourselves to well-behaved solutions such that «, 3 satisfy the above bounds (either by both «, 5 > 0 or
by @ > 0,3 < 0 with |8| > |a|), then we obtain the solution curve y? = 3z% as usual. If the parameters
«, 3 do not satisfy at least the minimal bound, then one can only solve these expressions numerically.
The only other solution branch occurs when H'/H = 0. This is again a complicated solution, however

things simplify somewhat when we slice through y = 0, but also tune the solution such that a = (3, which

Lo e <1 +4/1- W) (10.49)

gives us

- 2/Q x242e

and therefore the fixed point solution in this instance is given by solutions of the polynomial

1/2a
0 <\/@) /(20) (148a)/(4a)

z
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This can actually be solved exactly when o = —1, but numerically for more general «. The exact case
gives us the following solution
. Qo— 2,/Q + 6% £ 6\/F(\,0)
o= A"
F(\6) = Q*+6%—4/Q30 4 6Q0 — 4/ Q63 +161/Q367 — 4Q35>

+  164/Q°/265/2 — 24Q%5% — 4Q6* + 465

(10.51)

where z( is given by the term written above. This is a highly complicated solution, but one sees that in
principle there are many fixed points along the plane (x¢,0, 29) depending on the constants A,0. One
also sees that there is a simple solution when x = 1, since this implies that zg = §%/+/Q or zo = 0, the
latter again giving rise to the point (1,0,0) which corresponds to the non-propagating end point of the

brane dynamics.
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Uit 10.11: (Case 1V) 3-D xyz phase space trajectories for T'(¢) = (¢/\)*, V(¢) = V and W (¢) =

3
(¢/6)°. Here, M, =1,V =1,m=1,A=1,a=1,=1,6 =1 and w = 0 (dust case)
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gﬂﬁ 10.12: (Case IV) Phase space trajectories in xy plane.

95



= (=2

[

'
e

'
(=2}

W e 1y

=

il

10.13: (Case IV) Evolution of z,y, z versus e-folding number.
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10.1.5 Case V

Finally let us comment on perhaps the most general form of the solution one could obtain from this
model, namely that corresponding to turning on all the relevant degrees of freedom. One can therefore
see that Cases I — IV are actually slices through the full phase space described in this section. We will
take the following parameterisation for simplicity
o B - méet

T = (f) , W= (?) , V= % (10.52)
In this case we will have all three p; non zero which complicates the analysis somewhat, and reality again
imposes the condition that £ > 0. Let us initially search for the fixed points around z = 0. The primary

constraint equation for this becomes
a—E+2(1-75)
(@458

Let us initially assume that the denominator is positive definite. Going through the same analysis as before

>0 (10.53)

yields the usual solution curve y? = 322 provided that we tune 3 > 0 and o + 3 > £. However with
reference to the action, we see that this situation leads to both W, T diverging and therefore we should
be wary of this part of the solution. Returning to the constraint equation let us therefore assume that
¢ > a+ (3 and re-do the analysis. We then find that the 3> = 322 is perfectly valid, and moreover the
parameters W, T are not divergent provided that the parameters satisfy oo + 3 — { < —(2 + (3). Moreover
we also see that 3 is bounded from above such that 5 < —2/3 - thus severely restricting the form of the
variable phase space.

If we search for solutions along the y = 0 slicing things are again complicated. However we can

simplify things by identifying oo = &, since we can then solve explicitly for = via

2
22 =14 22 ()\fmf — 1> ) (10.54)

The remaining equation coming from 3’ = 0 has several solutions. The simplest being 22 = 0, (A\~¢m~8¢2—

1)t which give rise to the points

ro = V2, y=0, z=
o = :|:]., Yo = 0, zZ0 = 0 (1055)
however the first of these conditions also requires that £2/¢ > \m for the solution to be real. The
maximal value of £2/¢ is actually given by & = e' which imposes a tight constraint on the background

parameters which can only be satisfied through substantial fine-tuning. Again more general solutions are

only available through numeric methods.
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gﬂﬁ 10.14: (Case V) 3-D zyz phase space trajectories for T(¢) = (¢/N\)*, V(6) = (me)¢/¢ and
W(¢) = (¢/6)P. Here, M, =1,V =1,m=1,A=1,a=1,8=1,§=1,£ =2 and w = 0 (dust case)
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;jﬂﬁ 10.15: (Case V) Phase space trajectories in xy plane.
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10.2 Perturbations and fixed point stability.

We now need to evaluate the stability of these fixed point solutions. Clearly one may anticipate that
solutions such as (0,0,0) may well be unstable. We must perturb the field equations about small values;
therefore we need

T — xo + 0z, y — yo + 0y, z— 2o+ 6z. (10.56)

Now the analysis is more complicated than in standard models due to the complexity of the DBI action
and the general (unknown) phase space dependence of the variables T', W, V. Since v is independent of

any particular parameterisation, we can calculate the general result.

(10.57)

2 2,2
Yyoby  Yygdw
1 — e
Lt < * 3z 3z *
Using this we can write the perturbation in H'/H. In general we can Taylor expand the function W such
that we have W (z¢ + €') ~ W (z{) + ;W e" and therefore the general result is true
H’ 3(1 4+ w) 1 x3 Yyody Y ysdx ;W
0| —= ) = —yody————= | —22002 — 2z06x |1 — — | — —= ¢ — —
(H) Yooy 2 F00% T 200w Wy | AW 3x3 + 3z w

where all terms such as «, W are evaluated on the classical solution and there is a summation over latin

indices.
The general equations even for the linear perturbation, are shown below for Case V - which encom-

passes all the other solutions in the relevant limit:

3 3 2
, z oy oz ox Yz y oy Ox
- 9 g% o0 YE _ Y (W
ox 972 (1 + p2) ( y +3- - ) 97 (H16p1 + p2dp2) g < y
H, o
323 6z dx O oz
oy = —— {mém + p2dp2 + (1 + pe] (3 -— - y)} — 32%ps (2 + 5u3>
x z z y x
23 y3 Sy Oz H) H’
1 —_ s = gyal ) | === - — | — — - N
- ( +xyw1+u2]> (xg[y o) 35y) 6yHo y5<H)
3 ) 2 2y dx (2 2y2
S LMD O L SR B LU SRR L - S
NT z 3n 32 n z |n 32 n
2 0z oy o H) H'
5 = ZYEL (922 B 0T ) — 5l — a5 (= 10.
z oy 2 + Y - + o 5ZHO 20 i (10.58)
where we have defined n = o + 3 — p for simplicity and also the following terms
o 2Aa=2p)dz  (a—2—-p)Y’ydy | 2(x—2—p)dx v?y?
o = n z 2n 322 * n T 1+ 1222 (10.59)
4a—1—-p)d 3a—3p —2) v2yé ) 3a —3p — 2)73%y?
Sy = Ao p)oz _ (Ba—3p—2)7'ydy bz 4(a_1_p)+(a p—2)7%y
n z n 612 nr 622
200 +243p+28) 6z (2a—2—10p+ B)7*ydy = 0z (—2a+ 2+ 10p — B)7?y?
Oz = — + + —
n z 6nr? nw 6x2
Oz (2a+4+6p+4P)
T n
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We will work through an explicit example to illustrate the formalism, namely the Case I solutions. Firstly

we can calculate the following expression

H' 31+ w) 1 *3YYo yox
)~ RIS 2 1—— _ Yo 0.
) ( H) Yooy + 5 ( 200z + 2xodx [ WW] + 32 oy 0 (10.60)

which will allow us to calculate the perturbed phase space variables. The perturbed dynamic expressions

then take the following form

3 2 2,2 2 2
s yzm(am [25x(1+’yy)_252_7y5y])_y <25y_5x>

222 \ W2tz 63 z 3x? 20\ y x

3 2 2 2,2
yz° iy azx oy ny<y 6z ox ny%y

- 1— - —n)= 4+ S(n—2
222 ( ﬂWVQ) ( ( 62 )+ @-n) z * x (n-2+ 62 )>

Yy
A A
- 6:cH0 — 20 <H)

Hy H
. 2 ox 2,2 Sz ,y2y5y
s = 38 (1Y) QT 90T L YTy 502
Yy 32° < 622 ) BwE |2 1+ 22 ) ~ 3.7
323/11 ax2 y2 (52 &C n72y2 5y n72y2
_ 1— 12 - 9z ox 1 _ 9%y
2 ( 5W’72)( 6332) S P (n—1+ 622 ) y( T a2 )
2 3 2
27 ox y> dy Oz y
1 1— — 1)L 2L - =) - Su(l —
(e ) (1)
3rzap, [ o0x 27242 n 5z Oy 2922 n
B2 ( 14+n+ 372 (1—|—4)]+(1 n) . 222 (1 4)
/ /
() -
0 H,
2 2,2 2,2 / /
po_ozym (g 0z oz oty 0y Tyt o Hp oo H
07 = oy ((2 n) . + o [n—14 622 ]+ ” 1 62 ]) 5ZHO 20 = (10.61)

where the notation H{,/H, implies that we take this function evaluated at the critical points, and we have
defined n = (v — 8 — 2) /(v — 3) for simplicity. Note that these are the leading order solutions only, and
that all terms proportional to §2 have been neglected.

The stability of the fixed point solutions is therefore determined by the eigenvalues of the resulting
perturbation matrix. A lengthy calculation which we will omit here shows that the point (0,0, 0) leads to

the eigenvalues
3(w—1) 3(1 4+ w)
2 ) 2 2 ; 3 2

which indicates that this is never a point of stability for the theory unless the equation of state is phantom

A\ = (10.62)

ie w < —1. In fact this statement will be true for all the various cases we have considered in the physical
limit, since the dynamical equations of motion all reduce to the exact same form in this instance.

Another relatively simple case to consider is that in Case III. For slices through the (z,y) plane at
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z = 0 we find the eigenvalues

1 3
R R C Y (1063)
1
Ay = v (—62*(1 + w) — 627 + 2y°2* + 5y* = F(z,y))
F(z,y) = \/12y2:172w + 96y2xtw — 48y2x0w — 8yta? + 4812zt + 16yrat — 48y2x0 + 36vw2zt + 17y .

If one now slices this through y = 0 we see that we are left with the same situation discussed above (as
expected), indicative of a phantom equation of state.

On the other hand, through the y = 0 plane we see that the eigenvalues become

2
A = g(1+w) (1—22—x2 (1—%‘2)) (10.64)
Ay = —%(—Qz2—x—|—2xz2+x3—mz2Q+x2:|:F(x,y))

where F' is another polynomial in z,z and we have defined Q = T'/ V for simplicity. In the limit that

z — 0, we find that these simplify to yield

A o= S0tw)-a?),
Ay — g(l—i—w)(xQ—l—xz(l:I:l)). (10.65)

Note that two of the eigenvalues are therefore degenerate as before, requiring a phantom equation of state,
however the final eigenvalue has the opposite sign and therefore this fixed point is always unstable.

The remaining fixed points can be analyzed in precisely the same manner, although the analysis
is somewhat awkward. We will postpone the relevant discussion here and return to it in a follow-up

publication.

10.3 Discussion

We have initiated an alternate approach to the problem of k-essence, or DBI quintessence, using a more
generalised form of the DBI action. Since this has more degrees of freedom, the resulting analysis is
typically complicated, but the phase space structure is far richer. We have attempted to make some
headway by restricting the phase space volume to various two-dimensional slices, and attempting to
identify the relevant solution curves upon which the fixed points may lie. Our ansatz for each of the
unknown functions is also potentially restrictive, however we are confident that it represents the leading
semi-classical contributions which may (or may-not) be derivable from a full string theory embedding of
out model.

What is clear is that the ratio of the (warped) brane tension to the potential is an important factor in the

dynamics of the theory, where we found 7' > V in several cases. Moreover the additional multiplicative
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factor W (¢) plays a crucial role, even when it is a constant, since it comes into the field equations non-
trivially in the expression for H'/H. In the usual DBI analysis, W = 1 and the tension is the sole term
responsible for the interesting quintessence behaviour. In some string compactifications, where the warp
factor has no cut-off at small distances, we typically find W is constant and greater than unity. However
there may be entire classes of solution where W < 1, which can lead to novel phase space trajectories.
Since our approach has been phenomenological, and that there may be additional string backgrounds of
interest that have yet to be fully explored, we cannot rule out W < 1 - which is vital for obtaining fixed
point solutions in Case I for example.

Our numerical results have shown that there is indeed a rich phase space structure present due to the
increased number of degrees of freedom. We expect many of these to yield highly non-trivial stable fixed
points in the full analysis, which is beyond the scope of the current note. We have classified the nature
of as many of the fixed points as is feasible within the current analysis. Ultimately we hope that this
will lead to a renewed interest in dynamical dark energy models driven by a more generalised approach
to D3-brane dynamics.

In light of the recent developments in holographic dark energy [150, 151] and the apparent relation to
agegraphic [152, 153] dark energy, we hope that it may be possible to reconstruct the various potentials

in our generalised model along the lines of [154].
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unit 11

Scalar field potential in a power-law

expansion universe

Power-law cosmology, where a o< t9, describes an acceleration phase if ¢ > 1. Modelling the present
expansion with a power-law function where ¢ ~ 1 was found to be consistent with nucleosynthesis
[156, 155], the age of high-redshift objects such as globular clusters [155, 157, 159, 158], SNe Ia
data [158], SNe Ia with H(z) data [160], and X-ray gas mass fraction measurement of galaxy clusters
[161, 162]. In the context of the power-law model, other aspects such as gravitational lensing statistics
[159], angular size-redshift data of compact radio sources [163], and SN Ia magnitude-redshift relation
[164, 158] have also been studied. Originally, the power-law expansion has its motivation from the simplest
inflationary model that can remove the flatness and horizon problems with simple spectrum [165]. For
the present universe, the idea of linear coasting cosmology (a o t) [166] can resolve the age problem of
the CDM model [157] while as well agreeing with the nucleosynthesis constraint. The coasting model
arises from non-minimally coupled scalar-tensor theory in which the scalar field couples to the curvature
to contribute to the energy density that cancels out the vacuum energy [156, 167]. The model could also
be a result of the domination of an SU(2) cosmological instanton [168].

Here our assumption is that the universe is expanding in the form of the power law function. Two
major ingredients are scalar field dark energy evolving under the scalar field potential V' (¢), and barotropic
fluid consisting of cold dark matter and baryons. We derive the potential, and use the combined WMAP5
data [169] as well as the WMAPS data alone to determine the values of ¢ and other relevant parameters

of the potential. The numerical results are subsequently compared and discussed.
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11.1 Cosmological system with power-law expansion

Two perfect fluids, the cold dark matter and scalar field ¢ = ¢(¢), in the late FLRW universe of the simplest

CDM model with zero cosmological constant are considered. The time evolution of the barotropic fluid

is governed by the fluid equation p, = —3Hp,, with a solution
D
pr= (11.1)

where n = 3(1 + w,) and D > 0 is a proportional constant. For the scalar field, supposed that it is

minimally coupled to gravity, its Lagrangian density is £ = $? /2—V (¢). The energy density and pressure

are
1.4 1.,
ps =38 +V(9), po=56"—V(9). (11.2)
The fluid equation of the field describing its energy conservation as the universe expands is
. .d
3H —V =0 11.3
O+ 3HO+ o (11.3)

Total energy density pio¢ and total pressure pio of the mixture are simply the sums of those contributed

by each fluid, for which the Friedmann equation is

8rG ke?
H? = ot — —5- 114
3 Ptot P ( )
It is straightforward to show that
3 H 2k n—6\ D
V(g)= —= | H* + =+ — =, 11.5
2 87TG< * 3 +3a2>+< 6 >a” (11.5)
where 87G is related to the reduced Planck mass Mp by 877G = My 2. The power-law scale factor is
£\ ¢
a(t) = ag () , (11.6)
lo

without fixing ap = 1 at the present time because we have implicitly rescaled it to allow for k£ taking only

either one of the three discrete values 0, +1. The Hubble parameter is
H(t)=—*~=-=. 11.7)

Our goal is to construct V' (t) using recent observational data, as far as the simplest CDM model is

concerned.

11.2 Scalar field potential

We will work with observational data in SI units. Restoring the physical constants in place, we obtain

2 g 2 2
Vo) = PMBe <H2+H+2kc> D¢ 118

h 3 " 3a2 )  2a3°
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where Mlg = hc/8rG and we have set n =3 (w., = 0 for dust). Incorporating (11.6) and (11.7) into the

above equation, we obtain

V(t)

_ M3c <3q2 —q 2kc2t3q> _ Dc? tgq (11.9)

h t2 a3t 2 ajtda’

We shall consider contribution of the first term alone in comparison to total contribution when including
the second (the curvature) and the third (density) terms. It is worth noting that reconstruction of scalar
field potential V' (¢) was considered previously in context of flat universe with non-specified expansion

law and using luminosity function of redshift z from SNe Ia observation [?].

11.2.1 Cosmological parameters
Using the equation for the Hubble parameter (11.7) at the present time, we have
q = Hoto. (11.10)

The sign of k depends on the sign of the density parameter 2, = —kc?/a?H?. In our convention here,
k=1 (9% < 0) for a closed universe, k = 0 for a flat one, and kK = —1 (€, > 0) for an open one. The

present value of the scale factor can be found from the definition of o, that is,

c —k
=T\ 11.11
o Hy \| Q0 ( )
The density constant D can be found from (11.1),
D = py005 = Q,0Pc,000, (11.12)

where Q0 = Qcpm,0 + 0, i.e. the sum of the present density parameters of the barotropic fluid
components. p. o is the present value of the critical density. The neutrino contribution is assumed to be

negligible. The values of Hy, t9, {,0, 2cpm,0, and €23 ¢ are taken from observational data.

11.2.2 Observational data

We work on two sets of data provided by [169]. One comes solely from the WMAPS data and the other
is the WMAPS data combined with distance measurements from Type Ia supernovae (SN) and the Baryon
Acoustic Oscillations (BAO) in the distribution of galaxies. For ¢y, Ho, €20, and Qcpn o, we take their
maximum likelihood values. The curvature density parameter {2 o comes as a range with 95% confidence

level on deviation from the simplest ACDM model. The data are shown in Table 11.1.

11.3 Results and discussions

Using combined WMAPS5+BAO+SN dataset, the potential is

C103x10%  1.5x10% 1.5 x 10%

V(t) $2 $1.97 $2.96 ’

(11.13)
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Parameter WMAP5+BAO+SN WMAP5

to 13.72 Gyr 13.69 Gyr
Hy 70.2 km/s/Mpc 72.4 km/s/Mpc
Qb0 0.0459 0.0432
QcpMm,o 0.231 0.206
Qro —0.0179 < Qg0 < 0.0081 —0.063 < Q0 < 0.017

miNﬁ 11.1: Observational data used in the construction of our scalar-field potentials [169]

WMAP5+BAO+SN WMAP5

Qro=—0.0045 —0.0175 < Q0 < 0.0085 Qo= —0.023 —0.063 < Qo < 0.017

q 0.985 0.985 1.01 1.01
a0 L0 % 1027 ap > 9.85 x 1026 (closed) 8.4 % 1076 ap > 5.1 x 10?6 (closed)
ag > 1.5 x 10?7 (open) ag > 9.8 x 10%6 (open)
Lintercept 2.7 Gyr 2.62 Gyr <t < 2.7 Gyr 2.7 Gyr 2.6 Gyr <t < 2.8 Gyr
tmax 4.0 Gyr 3.94 Gyr <t < 4.0 Gyr 4.0 Gyr 3.8 Gyr <t < 4.1 Gyr
tinflection 5.3 Gyr 5.26 Gyr <t < 5.4 Gyr 5.3 Gyr 5.1 Gyr <t < 5.5 Gyr

@3N 11.2: A summary of numerical results. Times are shown in Gyr for comprehensibility. Positive

and negative {2;’s correspond to open and closed universes, respectively.

whereas, for WMAPS5 dataset alone,

_ L11x10%° 7.6 x10* 4.6 x 10%

V(t) t2 t2'03 t3.04

(11.14)

in SI units. We use the mean of each €2 o interval to represent {2, o in each of the above equations. Their
plots are shown in Fig. 11.1. In both cases, Qo is negative (a closed universe). The points at which the
potential, its derivative, and its second-order derivative, are zero (fintercept> tmax» and Einflection, TESPectively)
are also determined, for both Qk@ and each end of the €, o interval. The results are summarised in Table
11.2.

The values of the exponent ¢ from the two sets of data are only slightly different, but only the latter
is an accelerated expansion as ¢ > 1. The determination of ¢ from X-Ray gas mass fractions in galaxy
clusters favours open universe with ¢ > 1 (¢ = 1.14 +0.05) [162] and combined analysis from SNLS and
H(z) data (from Germini Deep Deep Survey) assuming open geometry yields ¢ = 1.31 [160]. Note that,
in the power-law regime, ¢ only depends on the observed values of the Hubble constant and ¢y. This may
give an impression that the maximum likelihood values from the combined data has yet to be relied upon,
but the power-law expansion has not been proven to be the case nonetheless.

After tinfiection, the potential from each data behaves like its first term, i.e. decreasing in its value

while increasing in its slope (being less and less negative). The other terms quickly become weaker. This
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l (t) \‘y' WMAP + BAO + SN
W
WMAPS

g‘ﬂﬁ 11.1: The potentials in (11.13) and (11.14). The units of the abscissa and ordinate axes are sec
and J/m3, respectively. The crosses mark their inflection points. Also plotted in dash lines are their first
terms. Each potential does not actually converge to its first term, but later intersect with and deviate from
it, though still very close together. However, this occurs much later (at t = 2.8 x 10%* sec = 8.8 x 10%7

Gyr in both cases).

WMAP + BAO + SN
WMAPS

gﬂﬁ 11.2: The potentials in (11.13) and (11.14) along with the radicands of the integrands in (11.16) and
(11.17) (dash line). The shaded region is the post-inflection phase. The unit of the abscissa axis is sec.

After tinflection, ¢(t) is real.
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can be seen in Fig. 11.1. Since the first term is contributed only by H(¢) (and its time derivative), it is
dominant in the post-inflection phase. In fact, the convergence to zero of the potential is slower than its
first term alone (see (11.13) and (11.14)), because the sum of the last two terms consequently becomes
positive before converging to zero. This means that the plots of each potential and its first term in Fig.
11.1 eventually crosses, but it occurs much, much later at ¢t = 8.8 x 1057 Gyr. Along with the potential

function in (11.5), we also obtain the solution

OM32¢c [ .. kc2 D¢?
t) = P H- ) - —dt 11.15
o= | \/ o (n-t) - % (1L.15)
in SI units. Using WMAPS5+BAO+SN dataset,
1.06 x 1026 1.5 x 1023 3.0 x 1042
o(t) = /\/ St e~ pes b (11.16)

where, for WMAPS5 dataset alone,

1.09 x 1026 7.6 x 102¢ 9.3 x 1043
(1) :/\/ X R TR L2 (11.17)

In the late post-inflection phase, the first term is dominant over the k£ and D terms then the last two terms

of the radicands are negligible (Fig. 11.2). The above two equations are approximated as

&(t) = 1.04 x 10 Int, (11.18)
whereas, for WMAPS dataset alone,

B(t) = 1.03 x 10" In . (11.19)

The radicand in (11.17) of the WMAPS dataset is zero at approximately tipfecion = 9.3 Gyr (see Fig.
11.2), therefore so does ¢(t). While the combined dataset has the zero radicand (then zero ¢(t)) in
(11.16) later at approximately ¢ = 5.4 Gyr. Scalar field exact solutions for the power-law cosmology with
non-zero curvature and non-zero matter density are reported in [38]. It is also worth noting that the
general exact form of the potential, that renders scaling solution, is some negative powers of a hyperbolic

sine [170].

11.4 Conclusion

We consider a potential function of a homogeneous scalar field in late-time FLRW universe of the
simplest CDM model with zero cosmological constant, assuming power-law expansion. The scalar field
is minimally coupled to gravity and the other fluid is non-relativistic barotropic perfect fluid. We use
two sets of observational data, combined WMAP5+BAO+SN dataset and WMAPS dataset, as the inputs.

Potential functions are obtained using numerical values from the observations. Mean values of both sets
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suggest slightly closed geometry. The WMAPS dataset implies accelerated expansion (¢ = 1.01) while the
combined dataset gives ¢ = 0.985. This is slightly lower than the value obtained from SNLS and H(z)
data (¢ = 1.31) [160] and X-Ray gas mass fraction (¢ = 1.14 4 0.05) [162]. Our result is independent
of the geometry unlike ¢ obtained from [160] which assumes open geometry. For closed universe, the
WMAPS5 dataset puts the lower limit of 5.1 x 1025 for ay while the combined dataset puts the lower limit
of 9.85 x 1025, We characterise the domination of the first term of (11.9) by using the inflection of the
potential plots from which the first term is found to be dominant to the potential 5.3 Gyr after the Big

Bang in both datasets.
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Abstract. We consider string inspired cosmology on a solitary D3 brane moving
in the background of a ring of branes located on a circle of radius R. The motion
of the D3 brane transverse to the plane of the ring gives rise to a radion field
which can be mapped to a massive non-BPS Born-Infeld type field with a cosh
potential. For certain bounds of the brane tension we find an inflationary phase
is possible, with the string scale relatively close to the Planck scale. The relevant
perturbations and spectral indices are all well within the expected observational
bounds. The evolution of the universe eventually comes to be dominated by
dark energy, which we show is a late time attractor of the model. However we
also find that the equation of state is time dependent, and will lead to late time
quintessence.
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1. Introduction

It was recently suggested that the rolling open string tachyon, inspired by a class of string
theories, can have important cosmological implications. The decay of a non-BPS D3 brane
filling four-dimensional space time leads to a pressureless dust phase which we identify
with the closed string vacuum. The rolling tachyon has an interesting equation of state
whose parameter ranges from 0 to —1. It was therefore thought to be an inflation and
dark matter candidate, or a model of transient dark energy [1]. However if we rigorously
stick to string theory, the effective tachyon potential contains no free parameter. A viable
inflationary scenario should lead to enough numbers of e folds, and the correct level of
density perturbations. The latter requires a free parameter in the effective potential which
could be tuned to give rise to an adequate amount of primordial density perturbations.
One also requires an adjustable free parameter in the effective potential to account for
the late time acceleration.

Recently a time dependent configuration in a string theory was investigated and was
shown to have interesting cosmological application [12]. In this scenario a BPS D3 brane
is placed in the background of several coincident, static NS5 branes which are extremely
heavy compared to the D3 brane and form an infinite throat in the space time. This
system is inherently non-supersymmetric because the two different kinds of branes preserve
different halves of the bulk supersymmetries. As a result the D3 brane can be regarded as
a probe of the warped background and is gravitationally attracted toward the NS5 branes.
Furthermore there exists an exact conformal field theory description of this background
where the number of 5-branes determines the level of the WZW current algebra [13],
which allows for exact string based calculations. Despite the fact that the string coupling
diverges as we approach the 5-branes, it was shown that we can trust our effective Dirac—
Born-Infeld (DBI) action to late times in the evolution provided that the energy of the
probe brane is sufficiently high. In any event, as the probe D3 brane approaches the
background branes the spatial components of the energy—momentum tensor tend to zero
in exactly the same way as in the effective action description of the open string tachyon.
Thus it was anticipated that the dynamics of branes in these backgrounds had remarkably
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similar properties to rolling tachyon solutions. This relationship was further developed
by Kutasov who showed that it was possible to mimic the open string tachyon potential
by considering brane motion in a specific kind of 10D geometry. In order to do this
one must take the action of the BPS probe brane in the gravitational background and
map it to a non-trivial scalar field solution described by the non-BPS action [2]. The
new field is essentially a holographic field living on the world-volume of the brane, but
encodes all the physics of the bulk background. This is known as the geometrical tachyon
construction. Another particularly interesting solution considered the background branes
distributed around a ring of radius R, which was analysed in [15, 16], and whose geometry
is described by a coset model [14], again potentially opening the way for an exact string
calculation.

It seems natural to enquire as to whether these geometrical tachyon solutions have any
relevance for cosmology, since they neatly avoid the problems associated with open string
tachyon inflation [4] by having a significantly different mass scale. This change in scale is
due to the motion of the probe brane in a gravitationally warped background, provided
by the branes in the bulk geometry. In essence, this is an alternative formulation of the
simple Randall-Sundrum model [32]. More recently, flux compactification has opened
up the possibility of realizing these models in a purely four-dimensional string theory
context [9]. The fluxes form a throat which is glued onto a compact manifold in the
UV end of the geometry. The warp factor in the metric has explicit dependence on the
fluxes, and so provides us with a varying energy scale. The recent approaches to brane
cosmology [7] are based on the motion of D3 branes in these compactifications. Typically
we find D3 branes located at some point in the IR end of the throat, which provide a
potential for a solitary probe brane, with the inflaton being the inter-brane distance. In
this context we can obtain slow roll inflation, and also the so-called DBI inflation [10],
which relies heavily on the red-shifting of energy scales. However flux compactification
models have an unacceptably large number of vacua, characterized by the string landscape.
They are also low energy models, where the string scale is significantly lower than the
Planck scale and so there is no attempt to deal with the initial singularity. In addition,
we require multiple throats attached to the compact manifold where the standard model
is supposed to live; however there is no explanation for the decoupling of the inflaton
sector. These problems need to be addressed if we are to fully understand early universe
cosmology in a string theory context. The alternative approach is to consider cosmology
in the full ten-dimensional string theory. Although these models are plagued by their
own problems there is a definite sense of where the standard model is assumed to live,
and a natural realization of inflation. Furthermore we can invoke a Brandenberger—Vafa
type mechanism to explain the origin of our D3 brane, arising from the mutual cascade
annihilation of a gas of D9-D9 branes [37].

An alternative approach is compactifying our theory on a compact manifold, where
some mechanism is employed to stabilize the various moduli fields. This will naturally
induce an Einstein-Hilbert term into the four-dimensional action [30]. However this is a
highly non-trivial problem whose precise details remain unknown. Despite being unable
to embed this into string theory, we can still learn a great deal about the physics of the
model—as emphasized by recent works [18].

A specific case of interest has been studying inflation in the ring solution [19]. Due
to the unusual nature of the harmonic function we find decoupled scalar modes, one
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transverse to the ring plane and the other inside the ring. The cosmology of modes inside
the ring have been studied in [17]. In this note we will consider the situation in which
the D3 brane moves in the direction transverse to the ring. Performing the tachyon map
in this instance yields a cosh type potential implying that the resulting scalar field in
the dual picture is massive. It is interesting that in this setting we do not have to worry
about the continuity condition around the ring. And unlike for the longitudinal motion,
we have an analytic expression for the effective potential every where in the transverse
directions. We study the cosmological application of the resulting scenario and show
that the model leads to an ever accelerating universe. We study the autonomous form
of field evolution equation in the presence of matter and radiation and show that the de
Sitter solution is a late time attractor of the model. We also demonstrate the viability
of the geometrical tachyon for dark energy in the setting under consideration, arising
in a natural way due to the non-linearity of the DBI action. In the next section we
will introduce the string theory inspired model, and discuss how we an relate it to four-
dimensional cosmology. In section 3 we will consider the more phenomenological aspects
of our model by comparing our results with experimental observation. Section 4 shows
how we have a natural realization of reheating in our model, whilst section 5 discusses
the final stage of dark energy domination. Our model predicts that the equation of state
parameter will tend to w ~ —1, but on even larger timescales we expect it to increase
toward zero as in models of quintessence [41]. We will conclude with some remarks and a
discussion of possible future directions.

2. Geometrical scalar field and coupling to gravity

We begin with the string frame CHS solution for £ parallel, static NS5 branes in type [1B
string theory [20,21]. The metric is given by

ds® = n,, dz# dz” + F(2") dz™ dz™, (1)

where y is the dilaton field defined as e?X=X0) = F(z"), and there exists a 3-form field
strength of the NS B-field Hyy = —¢i,,,0,¢0. Here F(2") is the harmonic function
describing the position of the branes. For a large number of branes we can consider the
throat approximation, which amounts to dropping the factor of unity in the function.
Inherently we are decoupling Minkowski space time from the theory, and therefore only

interested in the region around the NS5 branes. The harmonic function is given by

k1% sinh(ky)

F=1
N 2Rp sinh(ky) (cosh(ky) — cos(k0))
N ki? sinh(ky) 2)
~ 2Rp sinh(ky) (cosh(ky) — cos(kf))’
where p, 6 parametrize polar coordinates in the ring plane, and the factor y is given by
R* + p?
h(y) = ———. 3
cosh(y) = =5 )

We put a probe D3 brane at the centre of NS5 branes, as mention in the introduction
this brane will move toward the circumference due to gravitational interaction if it shifted
a little from the centre keeping the brane in the plane of the ring; the cosmology in
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this case is described elsewhere. We consider the case where the probe brane lies in the
centre of the ring but shifted a little from the plane. In this case the probe brane shows
transverse motion. Note that because of the form of the DBI action, the configuration
here is actually S-dual to the D5 brane ring solution. The only difference is the shift of
k — 2gk in the harmonic function. The physics however is very different, as we know that
F-strings cannot end on the NS5 branes, but can end on the D5 branes. This implies that
in the case of the D5 brane ring we can have additional open string tachyonic modes once
the probe brane starts to resolve distances of order of the string scale. The cosmological
implications for this extra field were discussed in [18].
For the brane at the centre (p = 0) moving transverse to the ring (p = 0), the
harmonic function is given by
Flo) — k2 4
(U) - R2 + o2 ( )
and the DBI action for the probe brane can be written in the following form, in the static
gauge:

S:—@/&m@T?ﬁ. (5)

The tachyon map in this instance arises via field redefinition. We define the following
scalar field, which has dimensions of length:

o) = / VF do, (6)

which maps the BPS action to a form commonly used in the non-BPS case [2]:

5:_/ﬁ%vwmh—¢% (7)

where V(¢) is the potential for the scalar field which describes the changing tension of
the D3 brane.
From the above mapping we get the solution of field as

[

(o) = vV F(o")do’

0
5 o) o2
o
_ 2 gres =z
\/ kl? arcsinh <R> (8)
73

V(g) = JF

_ Dl cosh ¢ : (9)
E E

S

Clearly we see that ¢ — +o00 as 0 — 400, and that at the minimum of the potential
we have ¢ = 0. The potential of the field suggests that the mass is given by 1/kl2

4 We must bear in mind that our approximation of the harmonic function prevents us from taking the ¢ — oo
limit.
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corresponding to a massive scalar fluctuation. One may ask whether there is a known
string mode exhibiting this profile. In fact the fluctuations of a massive scalar were
computed in [29] using a similar approach to the construction of the open string tachyon
mode in boundary conformal field theory [1]. This field was then used in [8,31] as a
candidate for the inflaton living on a D3 brane in the KKLT scenario [34]. The potential
for the scalar is known to fourth order and was assumed to be exponential in profile,
although globally it may be hyperbolic.

In order to discuss the cosmological evolution of our scalar field we need to couple
our effective action to four-dimensional Einstein gravity. There are several ways we
can accomplish this. Firstly we can consider the mirage cosmology scenario [33]. This
requires us to rewrite the induced metric on the D3 brane world-volume in a Friedmann—
Robertson—Walker (FRW) form. The universe will automatically be flat, or closed if we
imagine the D brane to be spherical. The problem here is that there is no natural way
to couple gravity to the brane action and therefore we must insert it by hand; however
the cosmological dynamics is expected to be reliable virtually all the way to the string
scale. The second option is a slight modification of the first. We imagine that the bulk
is infinite in extent, and that the D3 brane is again coupled to gravity through some
unknown mechanism. However rather than writing the induced metric in FRW form, we
switch to holographic theory. Now, the tachyon mapping in this case is only concerned
with time dependent quantities, and in particular only with the temporal component of
the Minkowski metric. Therefore we choose to include a scale factor component in the
spatial directions. This means that we have a cosmological coupling for the holographic
scalar field, and the universe lives on the D3 brane world-volume. The final approach
would be to compactify the theory down to four dimensions. In order to do this we need
to truncate the background to ensure the space is compact [9]. In our case the ring can
naturally impose a cut-off in the planar direction; however we must still impose some
constraint in the transverse direction to the ring plane. Our solution simplifies somewhat
if we can consider the R — 0 limit, or equivalently the o > 1 limit, as the background will
appear point like. Smoothly gluing the truncated space to a proper compact manifold will
now automatically include an Einstein-Hilbert term in the effective action [30]. However,
although we now have a natural coupling to gravity, the compactification itself is far from
trivial as we also need to wrap two of the world-volume directions of the NS5 branes
on a compact cycle. In order to proceed we must first uplift the full solution to M-
theory®, where we now have a ring of M5 branes magnetically charged under the 3-form
C(3). Compactification demands that the magnetic directions of the 3-form are wrapped
on toroidal cycles, which is further complicated by the ring geometry and will generally
result in large corrections to the potential once reduced down to four dimensions. So,
although we have a natural gravitational coupling we may have large corrections to the
theory. The complete description of this compactification is interesting, but well beyond
the scope of this note and should be tackled as a future problem. However we could
also assume a large volume toroidal compactification, where again all the relevant moduli
have been stabilized. Provided we introduce some ‘sink’ for the 5-brane charge, located
at the some distant point in the compact space, and also only concentrate on the region
close to the branes so that the harmonic function remains valid, we will have an induced

® This was discussed by Ghodsi et al in [18]. We refer the interested reader there for more details.
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gravitational coupling in the low energy theory. The corrections to the scalar potential
in this region of moduli space may well be sub-leading with respect to the scalar field
dynamics and thus we can treat our model as the leading order behaviour.

Recent work in this direction has been concerned with the compactification
approach [18,19], where it was assumed all the relevant moduli are fixed along the lines
of the KKLT model [34] and that all corrections to the potential are sub-dominant. We
will tentatively assume that this will also hold in our toy model.

We can now analyse our four-dimensional minimally coupled action, where we find
the following solutions to the Einstein equations:

V(¢)

3M2\/1 — ¢2

a_ V(9 (1 B 3%52> . (11)

“ .
3M24/1 — ¢?

These expressions are different to those associated with a traditional canonical scalar field.
In particular we see that inflation will automatically end once ¢? ~ 2/3 as in the tachyon
cosmology models [3,5,11]. For completeness we write the equation of motion for the
inflaton derived from the non-BPS action as follows:

V(¢)¢

— ¢?

where dots are derivatives with respect to time and primes are derivatives with respect to
the field. Note that we are suppressing all delta functions in the expressions. We can now
proceed with the analysis of our theory in the usual manner. It must be noted that this

model corresponds to large field inflation, where the initial value of the scalar field must
satisfy the following condition:

\/ Kl?
¢o < \/kl? arccosh (TS> : (13)

according to our truncation of the harmonic function.

Note that in what follows we will frequently switch between the field theory and the
bulk geometry. The latter is more geometrical and so provides us with extra intuition
about the physics of the solution, however both are equivalent—at least in this simplified
model. _

Using the slow roll approximation, H* ~ V(¢)/3M? and 3H¢ ~ —V,,/V, the e folding

ty
N:/ Hdt

TgR\ / / ) cosh? x

sinh «

H? = (10)

+3HV(¢)p+ V'(¢) =0, (12)

. {— cosh(z) + cosh(z) — In (%)} (14)

where we have introduced the dimensionless quantities z = ¢//kl? and s = 3R\ /kI2 /M.
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Further defining the new quantity y = cosh z, we can write the number of e folds as
follows:

Lo (yr=Dy+1)

N=s|—y —l—y——ln( . 15

[ SR RN 7RSS )
Now, the relevant slow roll parameter is defined as e = —H /H which in our solution

reduces to
2
y - —1
R A— 16
‘ 2sy3 (16)

Note that our model is explicitly non-supersymmetric, and therefore we do not need to
calculate the second slow roll parameter n since we anticipate that this will be trivially
satisfied if € is. At the end of inflation e = 1; then y; = f(s) is given by the root of above
equation, setting e = 1:

£(s) = ~

= Gs [g(s) + 1 + 1} (17)

g9(s)

where g(s) = (—54s% + 1+ 65/3(27s2 — 1))'/3. From equation (15) the equation for y is

() 2y 2 g (1051, -

For s > 1 and as yni, = 1, € always remains less than one leading to an ever accelerating
universe. Thus, in this case the geometrical scalar field in the present setting is not suitable
for describing inflation but can become a possible candidate of dark energy. However if
73 is small enough that s < 1, then we will find that inflation is possible as the slow roll
parameter will naturally tend toward unity. There is a critical bound s < 1/(3+/3), which
must be satisfied if we are to consider inflation in this context.

3. Inflationary constraints

To know the observational constraint on s we have to calculate the density perturbations.
In the slow roll approximation, the power spectrum of curvature perturbation is given

by [22]-[24]
1 V22
= o (77)
™ Mp V¢

— 7—32}%2 COSh2(¢/\/k7ls2> : (19)
12w Mg\ sinh(¢/\/kI2) )

The COBE normalization corresponds to Ps ~ 2 x 1079 for modes which crossed N = 60
before the end of inflation [6] which gives the following constraint:

s 107 s? cosh’(¢/+/ki2)
llMy)” = 1272 cosh®(¢//KiZ) — 1

(20)
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From the numerics using equations (18) and (19), we find that
k(I,M,)* > 3 x 10" (21)

which corresponds to s ~ 107® when we impose the constraints 75 = 107'°M] and
R = 10%/M, which we regard as being typical values. The constraint on the tension
in fact implies the following relationship:

M, 102

MS Pa (22)

which we need to be consistently satisfied. However, note that because of our basic
assumptions about the theory we will generally obtain the bound

TgR 1
< .
M3 = 9 x 10

(23)

If we write the tension of the brane in terms of fundamental parameters we can estimate the
relationship between the string and Planck scales using the fact that we require R > M
for the action to be valid,

M, 15

M. > F; (24)

where g is the string coupling constant. Note that this potentially constrains the string
scale to be close to the Planck scale, as even if we demand weak coupling with g, = 0.001
this gives us M, > 102M,. Of course this is only a bound, and in our model we are
treating this as a free parameter. In any event our typical values are consistent and thus
we feel free to proceed. We should note that from a string theoretic point of view we
should not take s as being a variable in this model. However our earlier analysis has
shown that if we wish to consider non-eternal inflation, there exists a maximum bound
on this parameter which is quite small. Thus we can make the assumption that s will
always be small, with appropriate tuning of the ratio of the string and Planck scales. In
the following analysis we will always be assuming that this is satisfied so as to avoid en
eternal inflation scenario. Of course, in the string theory picture we have a probe brane
moving in a non-trivial background geometry, and we would expect that the RR charge
on the brane will be radiated away in the form of closed string modes. This effectively
means that there is an additional decay constant in the definition of the field ¢, which we
have neglected in this note. Thus what we have here is a first-order approximation to the
behaviour of the solution. It remains an open question whether we can define a tachyon
map in this instance—and how this changes the inflationary scenario described here.

At leading order in our solutions, where s is assumed to be small and making sure
our effective action remains valid, we obtain

i (2N +1)° (25)

/{;(ZSMS)Q ~ 8

which corresponds to s ~ 107°(2N + 1) and y ~ (2N +1)/2s, when 75 = 107'°M;} and
R = 10?/M,. Again, more generally we would find the following upper limit on the
solution:

s <1073(2N + 1), (26)
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which is easily satisfied by our typical values. In fact our results remain robust when

compared to the WMAPII and SDSS results combined [27]. The new data constrain

ns = 0.98 £ 0.02 at the 68% confidence level, and r < 0.24 at the 95% confidence level.
The spectral index of scalar perturbations is defined as [22]-[24]

MIVE M3V,
V3 VQ

_ % <2 ;3y2) | (27)

The spectral index of tensor perturbations is defined as
B M2V,
V3

()

The tensor-to-scalar ratio is

N § (yi; 1) ‘ 2

With the limit s — 0 we get

1 4 2 16 (30)
ng=1— ——— np=——m- ——— =

5 (2N +1)’ T @eN+1) (2N +1)

For N = 60, we get ng = 0.96694 and r» = 0.13223; for N = 50, we get ng = 0.960 40
and r = 0.158 42. We know from observations that the constraint on the tensor-to-scalar
ratio is r < 0.36 [25,26], and so our model appears to be well within this bound.

ng—1=—4

nr =

4. Reheating

We see that the potential is a symmetric potential with a minima. In terms of the bulk
field o it can be written as

—1
R o o2 o o2
V(U)_2\/ITZS2 <R+ 1+R2>+<R+ 1+R2> : (31)
Now the question is would the brane oscillate back and forth through the ring, and
if so what are the necessary conditions for oscillation? In the bulk picture we would
naturally anticipate oscillation with a decaying amplitude due to RR emission. Moreover
the minimum of the potential in this case is actually metastable. However this has not been
verified as we need to calculate the energy emission in the coset model description [14],
which we leave as future work. This will alter the dynamics of the inflaton field as discussed
in the previous section.
In any event we may also expect similar behaviour once our field is coupled to gravity,
with the damping being provided by the Hubble term. This is particularly important
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because we may find inflation occurring in the phase space region beyond s > s, once
enough damping has occurred. The relevant dynamical equations are the inflaton field
equation (12) and the Friedmann equation. We repeat them below for convenience.

B 3HH(1 - )+ 120 - 8) =0 (32)

1 V

M\

where the terms inside the curly brackets cause damping. For an easy treatment let us
first consider the slow roll approximation; then in the damping equation only the ¢ term
remains and all other powers of ¢ can be ignored. That is to say we are considering the
case near the stable point. Then H? ~ (m3R/3MZ2+\/kI2) + (pp/3M?) is constant and
(Vy/V) ~ (2/Kkl%)¢p. The equation of motion is then

.. . TSR OB 2
3 Z =0 34
or 0 <3M§\/kl§ i 3Mg> T (34)

and for critically damped motion we need

H? (33)

T3R PB 8
- 35
<3M3\ i 3M§> 012 (35)

If the RHS of (35) is greater than the LHS we will find oscillations, but
it is reduced by damping which depends on the size of the damping factor

<:(3/2)\/((7'3R/3M3\/kl§)+(pB/3M§))>, compared to the oscillation frequency

(=/(8/K2) = (73 R)/ (BME\/REE + p 3M)) ).
From the definition of (g, setting it to 0.3, we get pg = 313R/7+/kl2, and then from
equation (35) we obtain

5> % Over damped
= % Critically damped
< % Oscillatory with a decaying amplitude. (36)

Recall from the previous section that for us to have non-eternal inflation there is a maximal
bound for s, and so only the last solution can be considered physical. From the constraint
we get \/kl2 ~ 10°M ', 73 ~ 107"°M} and R ~ 10*M,'. Hence it is oscillatory near the
critical point. The energy of the decaying scalar field is used in expansion and particle
production. If the rate of expansion of the universe is much less than the decaying rate
of the amplitude of the field then most of the energy released by the scalar field goes to
reheating. The explicit solution of equation (34) is

> : (37)

3 10mR 5 1571
{) = ~ SRV N
ot) = doexp <[ ) P ([ ’ \/MS 1402 /RT2

2 2
27\ 21022\ /K22
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The ratio of rate of field decay to the rate of expansion of universe is defined to be

@E‘H%'. (39)

For this case we find:

o 2102 39)
~\ 5mR k2

The above quantity can be made to be less than one by adjusting the various parameters.
Using equation (25) we obtain

21 x 10°
~g 4
© 5(2N +1) (40)

which allows us to write the parameter as a function of the number of e foldings, provided
we can trust our small s expansion. We know that reheating ends when © = 1; thus the
minimal number of e foldings we require for this to be satisfied is

Neng ~ 10°. (41)

Clearly this is a large number of e foldings, and this should motivate us to do a more
thorough analysis. For now it would appear that unless there is a large amount of fine-
tuning, reheating would not end in this scenario. The difficulty is that we cannot use
the WKB approximation in this case due to rapid fluctuations in the variation of the
potential. Moreover, the analysis will be incomplete without specifying the exact form
the gravitational coupling—as there will be corrections to the effective action arising from
any compactification. For these reasons we will postpone the analysis and return to it in
a later publication.

5. Dark energy

What are the implications of our model for dark energy®? It is well known that the
non-linear form of the DBI action admits an unusual equation of state, which is of the
form

w=—
p

=" -1 (42)

where P and p are the pressure and energy densities respectively. In tachyon models the
field is moving relativistically near the vacuum and the equation of state will tend to w ~ 0,
which is problematic for reheating. However our model has significantly different late
time behaviour because our scalar field will oscillate about the minimum of its potential,
eventually coming to a halt at the minimum. Therefore we expect the equation of state to
become w ~ —1, corresponding to the vacuum energy of the universe. This motivates us
to analyse our system as a potential dark matter candidate. One problem, however, is that

6 See [42] for an excellent review.
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the reheating phase does not seem to have a natural termination point. Rather, reheating
of the universe continues whilst the brane oscillates around the minimum of the potential,
and then terminates in what appears to be a dark energy dominated phase. From the
perspective of model building this is obviously a difficult problem. For now let us assume
that there is some ad hoc mechanism which ends inflation, and look at the evolution of
the system in this dark matter dominated phase. The corresponding evolution equations
of interest are

¢ Ve
1_¢.2+3Hgb+7—0 (43)
b VO® "

- 2
oz f1— g2 Mo

where we have included contribution from a barotropic fluid in the second equation.
Defining the following dimensionless quantities:

Yi = ¢
k2 (45)
Yo=¢
and using equations (43) and (45) we get the autonomous equations
1
Y] = ——Y; 46
bkRH (46)
1 dY:
Vi=—(1-Y2) 3+ ——2> 4
f=- -9 (% 55 (a7)

where we have switched to using the number of e folds as the time parameter, and now
primes denote derivatives with respect to N. The final expressions we require can be read

off as
V(e
)@,zln(gji/[g)).

Y3

. " (48)

+ .
ViovZ
Simple analysis shows us that critical point is at Y7 = 0 and Y, = 0 which is a global
attractor as shown in figure 1. This agrees with our physical intuition since it implies
the probe brane will slow down, eventually coming to rest at the origin of the transverse
space. In terms of our critical ratios we find
Y3
e

6= (49)

O+ (pn/3M2) /1 - 17
PB

B = .

(3M2e% [ /T=Y3) + pr

Note that they are constrained by 4 + 25 = 1. We also have Qp = €y + (g, where

M and R denote matter and radiation respectively, whilst ¢ is associated with our scalar
field.

H? =

(50)
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Figure 1. Plot of the phase space solution with a variety of initial conditions.
Here we see the presence of a global attractor at (¢ = 0,¢ = 0).
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Figure 2.

line is for €24 and the light line is for €1,,.

N

IMlustration of the various behaviours for €2;. Here we have taken
P, = 4.58 x 109, p% = 10' and Vp = 1076, The dark line is for Qg, the dotted

From the plots of figure 2 we see that €2, goes to 0.7, {2, goes to 0.3 and €2 goes to 0
in the presence epoch. We see that at late times, the field settles at the potential minimum
leading to a de Sitter solution with energy scale Vy = 3R/ \/kTs? Using the numerical
data from the preceding sections we can write this an upper bound on the energy density

as follows:

Vo <1072M,.

(51)
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Figure 3. Evolution of the equation of state parameter with the number of e
folds. Note that w rapidly approaches —1 as expected.

Although this is several orders of magnitude higher than the observed value, we note that
this value is heavily dependent on the scales in the theory, and with appropriate tuning
could be substantially smaller. Since there exists no realistic scaling solution (which could
mimic matter/radiation), the model also requires the fine-tuning of the initial value of the
scalar field. The field should remain sub-dominant for most of the cosmic evolution and
become comparable to the background at late times. It would then evolve to dominate
the background energy density ultimately settling down in the de Sitter phase. Figure 3
shows the variation of the equation of state as a function of the number of e-folds.

However, recall from the bulk picture that the point ¢ = 0,p = 0 will be
gravitationally unstable and the probe brane will eventually be attracted toward the ring.
In terms of our cosmological theory we see that this de Sitter point will actually be only
quasi-stable and that a tachyonic field will eventually condense forcing the vacuum energy
down toward zero. This suggests that the vacuum energy will not be constant, but will
be slowly varying. Furthermore our equation of state should be modified to incorporate
the dynamics of this additional field. It is trivially apparent that the inflationary phase
will terminate and give way to a dark energy phase where w ~ —1. Once the tachyon
field starts to roll, w will increase toward zero from below giving rise to a phase of
quintessence [41]. Eventually we will begin to probe the strong coupling regime and
our effective action will break down.

Let us return to the bulk picture to understand this in more detail. We introduce
a complex field & = p + ic which can actually be globally defined in the target space.
The harmonic function factorizes in this coordinate system into holomorphic and anti-
holomorphic parts F(&,€) = f(&)f(€). Thus the tachyon map will also split accordingly:

8t¢ - f(f)atfa 3tgz_5 - f(E)atE (52)

These expressions are exactly solvable provided we continue them into the complex plane.
If we now reconstruct the potential for these fields in terms of our holographic theory we
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(i) ()]

Clearly when ¢ is real we recover our cosine potential, whilst if it is purely imaginary we re-
cover the cosh solution. These correspond to motion inside the ring and motion transverse
to the ring respectively. The tachyonic instability forces the field from the false vacuum
state toward the true ground state. Therefore we expect the dark energy potential to be

Vg, d) ~ s s <i> (54)

obtain the general solution

- R
V(6.0) =

S

k2 k2
and so the true minimum will occur when V'~ 0 at ¢ = £mw+/ki2/2, corresponding to
the location of the ring in the bulk picture. The cosmological dynamics in this particular
phase are well described by [17,19], where it was shown to be possible for the true vacuum
to be non-zero, provided the trajectory of the probe brane is sufficiently fine-tuned.

We finally comment on the instability for the field fluctuations for potential with a
minimum [28]. In a flat FRW background each Fourier mode of ¢ satisfies the following
equation:

200 |, L [B
S+ | ()0 =0 (59

Lo
(-0

- H+

+

where k is the comoving wavenumber. We now compute the second derivatives of the
potential and obtain

(InV)po = # (1 — tanh [\/%D . (56)

Here we see that (InV), 4 is never divergent for any value of ¢, and is always non-negative,
i.e. that (InV),s € [0,1]. Thus we do not have any instability associated with the
perturbation d¢y with our potential (9). This is to be contrasted with the result obtained
for the open string tachyon which has rapid fluctuations and instabilities associated with
its evolution.

6. Conclusion

In this note we have examined the time dependent configuration of a single D3 brane in
the background of NS5 branes distributed on a ring of radius R, taking the near horizon
approximation. We then studied the cosmological implications of the effective potential
which arises due to the transverse motion of D3 with respect to the plane of the ring.
The model appears to describe an inflationary phase giving way to a natural reheating
mechanism, and then a further phase of dark energy driven expansion. Although we
cannot accurately predict the scale of the energy density at this point, we do obtain an
upper bound. In this case the dark energy phase is a late time attractor of our model, and
we predict that the vacuum energy will eventually decay to zero—although on extremely
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large timescales”. In fact our results will be dramatically improved by keeping the full
structure of the harmonic function, because at large distances the potential is even flatter,
yielding even more e foldings of inflation. Due to the absence of scaling solutions in our
field theory, we need to tune the initial value of the scalar field such that it can become
relevant only at late times. With these described fine-tunings, the geometrical field is a
potential dark energy candidate. The model is free from tachyon instabilities, and the
field perturbations behave in a similar manner to those of the canonical scalar field.

With the model we have several potential problems. Firstly there is our assumption
about the coupling of the DBI to four-dimensional gravity, although as we have pointed out
this can be resolved by a full string theory compactification. However there will generally
be large corrections, potentially destroying the simplicity of the solution. Secondly the
trajectory of the brane in the bulk space is particularly special. In the most generic case
we would anticipate a general spiralling trajectory toward the ring. In this case there
would be no simple decoupling of the modes and we would need to consider the full form
of the potential. This amounts to a certain amount of fine-tuning of the initial conditions.
Another problem is that we have not turned on any standard model fields which would
be expected to couple to the inflaton on the world-volume. However the inclusion of
U(1) gauge fields on the brane will act to reduce the velocity of the field by a factor of
V1 — E? where E is our dimensionless electric field. More important however is that we
have neglected the induced 2-form field strength, which can have important applications
in cosmology as seen in the recent paper [40]. Despite these problems, we know there
is a coset model describing the background which opens the way for exact string theory
calculations. Furthermore the relationship between the two energy scales in the theory
means it is possible to talk about long-standing problems such as the trans-Planckian
issue [38]. One further problem is the termination of reheating in this model. We have
emphasized that this is indeed difficult to tackle in this model due to its analytic simplicity.
One may hope that a careful analysis of the tachyon mapping will lead to more realistic
behaviour for the inflaton field, and thus a possible exit from reheating. In fact this may
also be possible by considering more general trajectories of the probe brane in the bulk
picture. We hope to return to this issue in a future publication.

One thing that emerges though is the relationship between a dark energy dominated
phase and the ‘fast rolling” DBI action [10]. Although our proposal is far from rigorous,
it does capture the majority of the same physics as in the flux compactification scenario.
We know that D3 branes moving in non-trivial backgrounds have sub-luminal velocities as
measured by observers in the far UV of the geometry, due to the gravitational red-shifting.
In fact the branes are decelerating and for late times will have negligible velocities. This
in turn implies that the equation of state parameter will tend to w ~ —1 at late times.
A concrete example where this could be examined is in the case of the warped deformed
conifold [39]. The RR flux will wrap the S in the IR end of the geometry, and we can
imagine a solitary D3 brane probing this part of the conifold after an inflationary phase.
To an observer in the compact space the brane will slow down as it reaches the origin of
the S? yielding a dark matter dominated phase [36].

7 However we must be careful since the DBI action will not be valid once it coalesces with the NS5 branes so we
must assume that it passes between the branes. This requires fine-tuning of the initial trajectory which is not
realistic. This problem may be resolved by switching to the description of the model in terms of the little string
theory [35].
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However our model opens up the possibility that non-trivial background
configurations may have important implications for brane cosmology, as we have seen
how to combine inflation, reheating and dark energy in a single model. Furthermore
this is not subject to the same landscape problems as the flux compactification models,
and we can try and tackle higher energy issues in a clear formalism [9]. Although we
acknowledge the simplicity of our solution we hope that this will encourage more research
in this direction.
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Phantom field dynamicsin loop quantum cosmology
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We consider a dynamical system of phantom scalar field under exponential potential in the background
of loop quantum cosmology. In our analysis, there is neither stable node nor repeller unstable node but
only two saddle points, hence no big rip singularity. Physical solutions always possess potential energy
greater than the magnitude of the negative kinetic energy. We found that the universe bounces after
accelerating even in the domination of the phantom field. After bouncing, the universe finally enters the

oscillatory regime.
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. INTRODUCTION

Recently, present accelerating expansion of the universe
has been confirmed with observations via cosmic micro-
wave background anisotropies [1,2], large scale galaxy
surveys [3], and type la supernovae [4,5]. However, the
problem is that the acceleration can not be understood in
standard cosmology. This motivates many groups of cos-
mologists to find out the answers. Proposals to explain this
acceleration made previously could be, in general, catego-
rized into three ways of approach [6]. In the first approach,
in order to achieve acceleration, we need some form of
scalar fluid called dark energy with equation of state p =
wp, where w < —1/3. Various types of models in this
category have been proposed and classified (for a recent
review, see Refs. [7,8]). The other two ways are that
accelerating expansion is an effect of backreaction of
cosmological perturbations [9] or late acceleration is an
effect of modification in the action of general relativity.
This modified gravity approach includes braneworld mod-
els (for review, see [10]). Until today, there has not yet been
a true satisfactory explanation of the present acceleration
expansion.

Considering dark energy models, a previous first-year
WMAP data analysis combined with 2dF galaxy survey
and SN-la data and even a previous SN-la analysis alone
favor w < —1 more than cosmological constant or quin-
tessence [11,12]. A precise observational data analysis
(combining CMB, Hubble Space Telescope, type la
Supernovae, and 2dF data sets) allows the equation of state
p = wp with a constant w value between —1.38 and
—0.82 at the 95% confident level [13]. The recent
WMAP three-year results combined with Supernova
Legacy Survey (SNLS) data when assuming flat universe
yields —1.06 < w < —0.90. However, without assumption
of flat universe but only combined WMAP, large scale
structure and supernova data implies a strong constraint,
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w = —1.067313 [14]. While assuming a flat universe, the
first result from ESSENCE Supernova Survey la combined
with SuperNova Legacy Survey la gives a constraint of
w = —1.07 = 0.09 [15]. Interpretation of various data
brings about a possibility that dark energy could be in a
form of phantom field—a fluid with w < —1 (which vio-
lates dominant energy condition, p = |p|) rather than
quintessence field [16—18]. The phantom equation of state
p < —p can be attained by the negative Kkinetic energy
term of the phantom field. However, there are some types
of braneworld model [19] as well as Brans-Dicke scalar-
tensor theory [20] and gravitational theory with higher
derivatives of scalar field [21] that can also yield phantom
energy. There has been investigation on dynamical prop-
erties of the phantom field in the standard Friedmann-
Robertson-Walker (FRW) background with exponential
and inverse power law potentials by [22-25] and with
other forms of potential by [25—-27]. These studies describe
fates of the phantom dominated universe with different
steepness of the potentials.

A problem for phantom field dark energy in standard
FRW cosmology is that it leads to singularity. Fluid with w
less than —1 can end up with future singularity called the
big rip [28], which is of type I singularity according to
classification by [29,30]. The big rip singularity corre-
sponds to a — o0, p — o0, and |p| — oo at finite time r —
t, in the future. Choosing a particular class of potential for
the phantom field enables us to avoid future singularity.
However, the avoidance does not cover general classes of
potential [26]. In addition, an alternative model, in which
two scalar fields appear with inverse power law and ex-
ponential potentials, can as well avoid the big rip singu-
larity [31]. The higher-order string curvature correction
terms can also show the possibility that the big rip singu-
larity can be absent [32].

Since the phantom dominated FRW universe possesses a
singularity problem as stated above, in this work, instead of
using standard FRW cosmology, the fundamental back-
ground theory in which we are interested is loop quantum
gravity (LQG). This theory is a nonperturbative type of
guantization of gravity and is background independent

© 2007 The American Physical Society
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[33,34]. It has been applied in a cosmological context as
seen in various literature where it is known as loop quan-
tum cosmology (LQC) (for a review, see Ref. [35]). The
effective loop quantum modifies the standard Friedmann
equation by adding a correction term —p?/p,. into the
Friedmann equation [36—40]. When this term becomes
dominant, the universe begins to bounce and then expands
backwards. LQG can resolve the singularity problem in
various situations [34,37,41,42]. However, derivation of
the modified term is under a condition that there is no
matter potential otherwise; in the presence of a potential,
quantum correction would be more complicated [43]. A
nice feature of LQC is avoidance of the future singularity
from the correction quadratic term —p2/p,. in the modi-
fied LQC Friedmann equation [44] as well as the singu-
larity avoidance at the semiclassical regime [45]. The
early-universe inflation has also been studied in the context
of LQC at the semiclassical limit [40,46—50]. We aim to
investigate the dynamics of the phantom field and its late
time behavior in the loop quantum cosmological context,
and to check if the loop quantum effect could remove big
rip singularity from the phantom dominated universe. The
study could also reveal some other interesting features of
the model.

We organize this article as follows: in Sec. Il, we in-
troduce the LQC Friedmann equation; after that we briefly
present relevant features of the phantom scalar field in
Sec. Ill. Section IV contains dynamical analysis of the
phantom field in LQC background with exponential poten-
tial. The potential is a simplest case due to constancy of its
steepness variable A. Two real fixed points are found in this
section. Stability analysis yields that both fixed points are
saddle points. Numerical results and analysis of solutions
can be seen in Sec. V where we give conditions for physical
solutions. Finally, the conclusion is in Sec. VI.

[I.LOOP QUANTUM COSMOLOGY

LQC naturally gives rise to the inflationary phase of the
early universe with graceful exit; however, the same
mechanism leads to a prediction that present-day accelera-
tion must be very small [46]. At late time and at large scale,
the semiclassical approximation in LQC formalisms can be
validly used [51]. The effective Friedmann equation can be
obtained by using an effective Hamiltonian with loop
quantum modifications [38,44,52]:

3M3
Ceff = - 2—_P2aSi1’12(ﬂC) + Cm' (1)
Y

The effective constraint (1) is valid for the isotropic model,
and if there is scalar field, the field must be a free, massless
scalar field. Equation (1), when including field potential,
must have some additional correction terms [43]. In this
scenario, Hamilton’s equation is
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_ 7 5 aceff , (2)
3Mp dc

p =1{p, Cerr} =

where ¢ and p are, respectively, conjugate connection and
triad satisfying {c, p} = y/3M3. The dot symbol denotes
time derivative. These are two variables in the simplified
phase space structure under FRW symmetries [35]. Here
M3 = (87G) ! is the square of reduced Planck mass, G is
Newton’s gravitational constant, and y is the Barbero-
Immirzi dimensionless parameter. There are relations be-
tween the two variables to scale factor as p = @ and ¢ =
va. The parameter & is inferred as kinematical length of
the square loop since its order of magnitude is similar to
that of length. The area of the loop is given by the mini-
mum eigenvalue of the LQG area operator. C,, is the
corresponding matter Hamiltonian. Using Eq. (2) with
the constraint from realization that the loop quantum cor-
rection of the effective Hamiltonian C.; is small at a large
scale, C.i; = 0[35,38,39,44], one can obtain the (effective)
modified Friedmann equation in a flat universe:

Pt Pt
== 3)
3M]2> ( p1c>
where p,. = +/3/(167y>G?h) is the critical loop quantum
density, 7 is the Planck constant, and p, is the total density.

H? =

1. PHANTOM SCALAR FIELD

The energy density p and the pressure p of the phantom
field contain a negative kinetic term. They are given as [16]

p=—3> = V(). (5)
The conservation law is
p+3H(p + p)=0. (6)

Using Egs. (4)—(6), we obtain the Klein-Gordon equation:
b+3Hd—V =0, ©)

where V' = dV/d¢ and the negative sign comes from the
negative kinetic terms. The phantom equation of state is
therefore given by

d> +2V
P> —2v’
From Eq. (8), when the field is slowly rolling, as long as the
approximation, ¢> ~ 0 holds, the approximated value of w
is —1. When the bound, ¢> < 2V holds, w is always less
than —1.

As mentioned previously in Secs. | and I, there has not
yet been a derivation of the effective LQC Friedmann
equation consistent with a presence of potential. Even

though, the Friedmann background is valid only in the
absence of the field potential, however, investigation of a

w="L= ®)
p
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phantom field evolving under a potential is a challenged
task. Here we also neglect the loop quantum correction
effect in the classical expression of Egs. (4) and (5) (see
Refs. [43,53] for discussion).

IV. DYNAMICAL ANALYSIS

Differentiating Eqg. (3) and using the fluid Eq. (6), we
obtain

_(p+p)<

2p
i (- —>. ©)

Pic

Equations (3), (6), and (9), in domination of the phantom
field, become

H = 3%\/1%,(_ %2 + V)(l - i) (10)
p= —3Hp<l + %) (11)
p =2¢_A;%<1 —i_f’> (12)

We define dimensionless variables following the style of
[54]

x=—% _ y= WV . z=" @)
VoMpH V3MpH Plc
MpV' Vv d 1d
A=— , r=_—, —=_—, (14
1% (V')? dN Hdt (14)

where N = Ina is the e-folding number. Using new varia-
bles in Egs. (8) and (10), the equation of state is rewritten
as'

X2+ Y?
- X2 _ Y2’
where |X| # |Y| and the Friedmann constraint is reex-
pressed as

(15)

w

(-X*+Y)(1 -2 =1. (16)

Clearly, if |X| # |Y], following Eq. (16), then Z # 1.
Using the new defined variables above, Eq. (12) becomes

H _ v/
— = 3X%(1 — 22). @an
The acceleration condition,

C—H+H2 >0, (18)
a

‘The relation Q4 = p/3H*M} = —X? +¥?> =1 cannot be
applied here since 1t is valid only for standard cosmology with
flat geometry.
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in expression of the new variables, is therefore
3X22Zz - 1)< 1. (19)

Divided by Eq. (16), the acceleration condition under the
constraint is

3 1-27
1—(Y2/X2)<1—Z><1’ (20)

where the conditions |X| # |Y| and Z # 1 must hold. As
we consider Z = p/p,. with p = —(¢2/2) + V, we can
write

pch

) 2
e = X (21)

With the condition |X| # |Y], clearly from Eq. (21), we
have one additional condition, Z # 0.

A. Autonomous system
Differential equations in the autonomous system are

dx 3
=2 = —3X — _[ZAY? - 3X3(1 — 22), 22
T \g ( ) (22)
dy 3
—— = — |ZAXY — 3X%2Y(1 — 22), 23
dN \ﬁ 1-22. (@
dz X2 + y?
= =-37[1+=———), 24
dN < X2—Y2> (24)
BT - nax. (25)
dN

Here we will apply the exponential potential,
A
Vo) = Voexp(~ -6 ) (26)
P

to this system. The potential is known to yield power-law
inflation in standard cosmology with a canonical scalar
field. Its slow-roll parameters are related as € = 5/2 =

1/P, where A = ,/2/P and P > 1 [55,56]. Although the
potential has been applied to the quintessence scalar field
with tracking behavior in standard cosmology [57], the
quintessence field cannot dominate the universe due to
constancy of the ratio between densities of matter and
quintessence field (see the discussion in Ref. [7]). In the
case of a phantom field in standard cosmology under this
potential, a stable node is a scalar-field dominated solution
with the equation of state, w = —1 — A?/3 [24,27,58]. In
our LQC phantom domination context, from Eq. (25), we
can see that for the exponential potential, I' = 1. This
yields a trivial value of dA/dN and therefore A is a nonzero
constant; otherwise the potential is flat.
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TABLE I. Properties of fixed points of phantom field dynamics in LQC background under the exponential potential.
Name X Y Z Existence Stability w Acceleration
(a) - % \/1 +& 0 All A Saddle point for all A -1-4& Forall A (i.e. A2> —2)
(b) - % — 1+ £ 0 All A Saddle point for all A -1-& Forall A (ie. A2> —2)
B. Fixed points 5 5 A2
= = — By = A% Mo = — A% M3 =—3——.
Let f = dX/dN, g = dY/dN, and h = dZ/dN. We can 2
find fixed points of the autonomous system under condition (34)

(f. g h) |(XC,YC,ZC): 0. (27)

There are two real fixed points of this system:?

e Point (a): (}2 1+)g,0), (28)
« Point (b): (%— 1+%2, o). (29)

C. Stability analysis
Suppose that there is a small perturbation X, Y, and
87 about the fixed point (X, Y, Z,.), i.e.,

X=X.+68X Y=Y.+8Y, Z=2Z. +8Z

(30)

From Egs. (22)—(24), neglecting higher-order terms in the
perturbations, we obtain first-order differential equations:

s 5X
_<5Y>=jvz<3y>. (31)
dN \ 57 57

The matrix M defined at a fixed point (X, Y., Z.) is given
by

af af
X v Gz
= | 98 98 98
M ax a9y a7 (32)
dh  dh  0h
aX oY 0Z/ (X=X.Y=Y.Z=Z.)

We find eigenvalues of the matrix M for each fixed point:
(1) At point (a):
)lZ
-5
(33)

M1 = 22 Mo = —A% m3 = —3

(2) At point (b):

%The other two imaginary fixed points (i, 0,0) and (—i, 0, 0)
also exist. However, they are not interesting here since we do not
consider the model that includes a complex scalar field.

From the above analysis, each point possesses eigenvalues
with opposite signs; therefore both point (a) and point (b)
are saddle. Results from our analysis are concluded in
Table I. Location of the points depends only on A and the
points exist for all values of A. Both points correspond to
the equation of state —1 — A2/3, that is to say, it has a
phantom equation of state for all values of A # 0. Since
there is not any attractor in the system, a phase trajectory is
very sensitive to initial conditions given to the system. The
stable node (the big rip) of the standard general relativistic
case in the presence of a phantom field and a barotropic
fluid disappears here (see [23]).

V. NUMERICAL RESULTS

Numerical results from the autonomous set (22)—(24)
are presented in Figs. 1 and 2 where we set A = 1.
Locations of the two saddle points are: point (a) (X, =
—0.40825, Y. = 1.0801, Z. = 0) and point (b) (X, =
—0.40825, Y, = —1.0801, Z. = 0), which match our ana-
lytical results. In Fig. 3, we present a trajectory solution of
a phantom field evolving in standard cosmological back-
ground for comparing with the trajectories in Fig. 2 when
including loop quantum effects. The standard case has only
two simple trajectories corresponding to a constraint
—X? + Y? = 1. This is attained when taking the classical
limit, Z = 0. In the loop quantum case, since there is not
any stable node and the solutions are sensitive to initial
conditions, we need to classify solutions according to each
domain region separated by separatrices |X| = |Y|, Z = 0,
and Z = 1, so that we can analyze them separately. Note
that the condition, Z > 0 must hold for physical solutions
since the density cannot be negative or zero, i.e. p > 0. The
blue lines and red lines in Figs. 1 and 2 are solutions in the
region Z < 0 hence are not physical and will no longer be
of our interest. From now on, we consider only the region
Z > 0. In regions with |X| > |Y], the solutions therein are
green lines (hereafter classified as class 1). The other
regions with | Y| > | X| contain solutions seen as black lines
(classified as class I1). Note that all solutions cannot cross
the separatrices due to conditions in Egs. (16), (20), and
(212).
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FIG. 1 (color online). Three-dimensional phase space of X, Y,
and Z. The saddle points (a) (— 0.40825, 1.0801, 0) and
(b) (— 0.40825, —1.0801, 0) appear in the figure. A is set to
1. In region Z < 0, the solutions (red and blue lines) are non-
physical. In this region, Z — —co when (X, Y) — (0,0). The
green lines (class 1) are in region |X| > |Y| and Z > 1 but they
are also nonphysical since they correspond to imaginary H
values. The only set of physical solutions (class Il) is presented
with black lines. They are in region |Y| > |X| and range from
0 < Z < 1. This is the region above (a) and (b) of which H takes
real value. There are separatrices |X| = |Y|,Z=0,and Z = 1 in
the system (see Sec. V B).

classl solutons
(black ines aphysicd solutons)

2
class |
solutions \ .
(green lines) separatrices
v o ly=Ix|
2 5 . 1 15

FIG. 2 (color online). Phase space of the kinetic part X and
potential part Y (top view). The saddle points (a) ( — 0.40825,
1.0801) and (b) ( — 0.40825, —1.0801) are shown here. The blue
lines and red lines are in the region Z < 0 which is nonphysical.
Green lines are of class | solutions which yield imaginary H.
Only class Il solutions shown as black lines are physical with a
real H value.
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FIG. 3 (color online). Phase space of the kinetic part X and
potential part Y in standard general relativistic case. The location
of points (a) and (b) in Fig. 2 is on the trajectory solutions here.
This plot shows the dynamics of a phantom field in standard
cosmological background without any other fluids. In the pres-
ence of a barotropic fluid with any equation of state, points (a)
and (b) correspond to the big rip [23,25].

A. Class| solutions

Consider the Friedmann equation (10); the Hubble pa-
rameter H takes real value only if

(SR e

Divided by H? on both sides, the expression above be-
comes

(-X2+7)1 -2 =0. (36)

It is clear from (36) that, in order to obtain a real value of
H, class | solutions (green line) must obey both conditions
|X| > |Y| and Z > 1 together. However, when imposing
|X| > |Y] to Eq. (21), we obtain Z < 0 instead. This contra-
dicts the required range Z > 1. Therefore this class of
solutions does not possess any real values of H and hence
not physical solutions.

B. Class || solutions

Proceeding with the same analysis done for class I, we
found that in order for H to be real, class Il solutions must
obey both |Y| > [X| and 0 < Z < 1 together. Moreover,
when imposing |Y| > |X]| into Eq. (21), we obtain Z > 0.
Therefore, as we combine both results, it can be concluded
that class 11 solutions can possess real H value in the region
Y| >|X] and 0 <Z <1, i.e. 0< p < p;.. The bound is
slightly different from the case of canonical scalar field in
LQC (see Ref. [59]) of which the bound is 0 = p = py.
Class Il is therefore the only class of physical solutions.
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For class 11 solutions, we consider another set of autono-
mous equations from which the evolution of cosmological
variables is conveniently obtained by using the numerical
approach. In the new autonomous set, instead of using N,
which could decrease after the bounce from LQC effect,
time is taken as an independent variable. We define the new
variable as

¢ =S (37)
Equations (7) and (12) are therefore rewritten as
.82 2/ §°
H="—|1-—(-=+V 38
o)) @
S=—-3HS+V. (39)

Equations (37)—(39) form another closed autonomous sys-
tem. Numerical integrations from the new system yield the
result plotted in Figs. 4 and 5 in which the set values are
A=1, p= 15 V,=1,and Mp = 2. From Eq. (3) the
slope of H with respect to p, dH/dp, is flat when p =
p1c/2 [59]. Another fact is

(dZH ) __ 2 (40)

dP2 p=p1c/2 Mp /3pl3c

hence, as p = p,./2, H takes the maximum value, H,,,, =

H

0.17678

o

[N

Ul
1

0.1

0.05

2 4 6 8 10 1

o

-0.05

-0.1

-0.15

(T T T T T T Y T 0 |

FIG. 4 (color online). Evolution of H with time of a class Il
solution. Set values are A =1, p;. = 1.5, V, = 1, and Mp = 2.
The universe undergoes acceleration from the beginning until
reaching a turning point at p = p,./2 = 0.75, where H =
H..« = 0.17678. Beyond this point, the universe expands with
deceleration until halting (H = 0) at p = p,. = 1.5. After halt-
ing, it undergoes contraction until A bounces. The oscillating in
H goes on forever.

PHYSICAL REVIEW D 76, 043514 (2007)

i
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0] 2 4 6 8 12

K.E.

FIG. 5 (color online). Time evolution of potential energy den-
sity (P.E.), kinetic energy density (K.E.), and p = K.E. + P.E. of
the field for a class Il solution. K.E. is always negative and, at
late time, it goes to —oo while P.E. is always positive. p is
maximum when p = p,. = 1.5. Other features are discussed as
in Fig. 4.

+/Pie/12M3. This result is valid in the LQC scenario re-

gardless of types of fluid. In Figs. 4 and 5, with set
parameters given above, as p = p,./2 = 0.75, H is maxi-
mum, H,, = 0.17678. When H = 0, i.e. p is approxi-
mately p,. = 1.5, the expansion halts and then bounces. At
this bouncing point, the dynamics enters the loop quantum
regime which is a quantum gravity limit. Beyond the
bounce, H turns negative, i.e. contracting of scale factor.
The universe undergoes accelerating contraction until
reaching H,,,. After that it contracts, decelerating until

FIG. 6. Oscillation in kinetic energy density (K.E.) that con-
tributes to oscillation in p. This is a zoomed-in portion of Fig. 5.
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bouncing at H =~ 0. The universe goes on faster bouncing
forward and backward. The faster bounce in H is an effect
from the faster bounce in p as illustrated in Fig. 5 where the
red line represents potential energy density V(¢), the black
line represents kinetic energy density —¢?/2, and the blue
line is total energy density p. Oscillation in p is from
oscillation in the field speed ¢ and therefore oscillation
in K.E. as shown in Fig. 6. This hence contributes to
oscillation in p. The negative magnitude of kinetic energy
density becomes larger and larger as the field rolling faster
and faster up the potential. The exponential potential en-
ergy density therefore becomes larger and larger. This
results in oscillation of p and affects in oscillation of H
about the bounce H = 0. With a different approach, re-
cently a similar result in H oscillation is also obtained by
Naskar and Ward [60].

V1. CONCLUSION

A dynamical system of phantom canonical scalar field
evolving in a background of loop quantum cosmology is
considered and analyzed in this work. The exponential
potential is used in this system. The dynamical analysis
of the autonomous system renders two real fixed points
(—=A/V6,/1 +A2/6,0) and (—A/+/6, —\/1 + A2/6,0),
both of which are saddle points corresponding to an equa-
tion of state, w = —1 — A%2/3. Note that, in the case of
standard cosmology, the fixed point (X, Y.) =

(—A/+6,4/1 + A2/6) is the big rip attractor with the
same equation of state, w = —1 — A?/3 [24]. Because of
the absence of a stable node, the late time behavior depends
on the initial conditions given. Therefore we do numerical
plots to investigate solutions of the system and then clas-
sify the solutions. Separatrix conditions |X| # |Y|, Z # 1,
and Z # 0 arise from the equation of state (15), Friedmann
constraint (16), and definition of Z in Eq. (21). At first, we
consider solutions in region Z > 0, i.e. p > 0 for physical
solutions. Second, within this Z > 0 region, we classify
solutions into class I and class I1. Solutions in region | X| >

PHYSICAL REVIEW D 76, 043514 (2007)

|Y| and Z > 1 are of class I. However, in order to obtain a
real value of H in class I, Z must be negative which
contradicts Z > 1. Therefore the class | solutions are non-
physical. The class Il set is identified by |Y| > |X]| and 0 <
Z < 1. Itis the only set of physical solutions since it yields
a real value of H. In the class Il set, the universe undergoes
an accelerating expansion from the beginning until p =

pic/2, where H = H,,,. = +/pic./12M3. After that the uni-

verse expands, decelerating until it bounces, i.e. stops
expansion H = 0 at p = p,.. At the bounce the universe
enters the quantum gravity regime. Contraction with back-
ward acceleration happens right after the bounce; however,
the contraction does not go on forever. When the universe
reaches a minimum value of negative H, the contraction
decelerates, i.e. contracts slower and slower down. The
universe, after undergoing contraction to a minimum spa-
tial size, bounces again and starts to expand, accelerating.
Our numerical results yield that oscillation in H becomes
faster as time passes.
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Coupled phantom field in loop quantum cosmology
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A model of phantom scalar field dark energy under exponential potential coupling to barotropic
dark matter fluid in loop quantum cosmology is addressed here. We derive a closed-autonomous
system for cosmological dynamics in this scenario. It is found that LQC can yield a bounce in scale
factor even in presence of the phantom field. The greater decaying from dark matter to dark phantom
energy results in greater energy storing in the phantom field. This results in further turning point of the
field. Greater coupling also delays bouncing time. In the case of phantom decaying, oscillation in
phantom density makes small oscillation in the increasing matter density.

1. INTRODUCTION

There has recently been evidence of present accelerating
expansion of the universe from cosmic microwave
background (CMB) anisotropies, large scale galaxy surveys
and type la supernovae [1-3]. Dark energy (DE) in form of
either cosmological constant or scalar field matter is a
candidate answer to the acceleration expansion which could
not be explained in the regime of standard big bang cosmology
[4]. DE possesses equation of state p = wp with w < -1/3
enabling it to give repulsive gravity and therefore accelerate
the universe. Combination of observational data analysis of
CMB, Hubble Space Telescope, type la Supernovae and 2dF
datasets allows constant w value between -1.38 and -0.82 at
the 95 % of confident level [5]. Meanwhile, assuming flat
universe, the analysis result, -1.06 < w < -0.90 has been
reported by [6] using WMAP three-year results combined with
Supernova Legacy Survey (SNLS) data. Without assumption
of flat universe, mean value of w is -1.06 (within a range of -
1.14 t0 -0.93). Most recent data (flat geometry assumption) from
ESSENCE Supernova Survey la combined with SuperNova
Legacy Survey la gives a constraint of w = -1.07 £+ 0.09 [7].
Observations above show a possibility that a fluid with w < -1
could be allowed in the universe [8]. This type of cosmological
fluid is dubbed “phantom”. Conventionally Phantom behavior
arises from having negative kinetic energy term.

Dynamical properties of the phantom field in the standard
FRW cosmology were studied before. However the scenario
encounters singularity problems at late time [9]. While
investigation of phantom in standard cosmological model is
still ongoing, there is an alternative approach in order to
resolve the singularity problem by considering Loop Quantum
Cosmology (LQC) background instead of standard general
relativistic background [9-10]. Loop Quantum Gravity-LQG is
a non-perturbative type of quantization of gravity and is
background-independent [11-12]. LQG provides cosmological
background evolution for LQC. Effect from loop quantum
modification gives an extra correction term -p%/p. into the
standard Friedmann equation [13-14]. This term, when
dominant at late time, causes bouncing of expansion hence
solving future singularity problem [15-16]. Recently, a general
dynamics of scalar field including phantom scalar field

mCOrresponding author. Tel.: + 66 5526 1000 ext. 3537,
fax: + 66 5526 1025. E-mail: buring@nu.ac.th

coupled to barotropic fluid has been investigated in standard
cosmological background. In this scenario, the scaling solution
of the coupled phantom field is always unstable and it can not
yield the observed value Q,~ 0.7 [17].

Here, in this letter, we will investigate a case of coupled
phantom field in LQC background alternative to the standard
cosmology case. In Section 2, we introduce framework of
cosmological ~ equations before  consider  dynamical
autonomous equations in Section 3. We show some numerical
results in Section 4 where the coupling strength is adjusted and
compared. Conclusion and comments are in Section 5.

2 COSMOLOGICAL EQUATIONS

2.1 Loop Quantum Cosmology
The effective Friedmann equation from LQC is given as [18]
H? = L(l—ﬁ ; @)
M p
where H is Hubble constant, M, is reduced Planck mass, o is
density of cosmic fluid, p, -3 /(1677c°G?h) . The parameter
¢ is Barbero-Immirzi dimensionless parameter and G is
Newton’s gravitational constant.
2.2 Phantom Scalar Field
Nature of the phantom field can be extracted from action,

s =[x/ g B(w})z —V(¢)}’ @
which, with variational principle, yields
po=-3F V@) ®)
and
P, =54 -V (@) @
The phantom field possesses equation of state,
woPe PN, 5)

’ p,p ¢2 -V (¢)
When the field is slowly rolling, the approximate value of w
is -1. As long as the approximation, 420 or the bound,

#* <2v holds, w is always less than -1. In our scenario, the

universe contains two components which are barotropic fluid
with equation of state p,, = pmWn and phantom scalar field

fluid. The total energy density isp = p, + p, .

© 2008 Thai Physics Society
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FIGURE 1. Phase portrait of S(t)versus¢ for o =-0.4, -0.1,

0.1 and 0.4 from left to right. All trajectories have the same initial
conditions s(0) =0.5,¢(0) = 0-

2.3 Coupled Scalar Field

Here we consider both components coupling to each
other. Fluid equations for couple scalar fields proposed by
[19] assuming flat FRW universe are

p¢+3H (1+W¢)p¢ :_me¢’ (6)
and

pm+3H(1+Wm)pm :+me¢' (7)
These fluid equations contain a constant coupling Q
between dark matter (the barotropic fluid) and dark energy
(the phantom scalar field) as in [20]. Though Egs. (6) and (7)
are derived in FRW background, the LQC effective
Friedmann equation, Eq. (1) is also obtained under flat and
maximally symmetries. Discrete quantum effect of LQG
shows up at high energy regimes. Therefore, Egs. (6) and (7)
can be used in the consideration. Total action for matter and
phantom scalar field is [19]

s =[d'g {MTSFH p<x,¢)}+sm(¢) ®

Assuming scaling solution of the dark energy, therefore

the pressure is written as in [17, 19]
p(X,¢) =—X —cexp(-1p/MZ), ©)

where X is the kinetic term, —g®9_go,4/2 of the Lagrangian
density (9) and (2). The second term on the right of Eq. (9) is
exponential potential, Vv (¢) =cexp(-A¢/M2) Which gives
scaling solution for canonical and phantom ordinary scalar
field in standard general relativistic cosmology when steepness
of the potential, A is fine tuned as
1+w, —Q¢(Wm —W¢) _

Q¢ (Wm _W¢)
The steepness (10) is, in standard cosmological circumstance,
constant in the scaling regime due to constancy of s and

2=0Q (10)

Q, [19]. However, in LQC case, there has been a report

recently that the scaling solution does not exist for phantom
field evolving in LQC [10]. Therefore, in our situation, our
spirit to  consider constant A is a motivation from tracking

4 Q=04

] 0=0.1

4 0 =-0.1

] 0 =04

FIGURE 2. Scale factor plotted versus time for 9 =-0.4,-0.1, 0.1
and 0.4 (from bottom to top).

behavior as in [21, 22], not a motivation from scaling solution
as in [19]. The exponential potential is also originated from
fundamental physics theories such as higher-order gravity [23]
or higher dimensional gravity [24].

3 COSMOLOGICAL DYNAMICS

Time derivative of the effective LQC Friedmann
equation LQC (1) is

PENCAL)) [1_213} (11.1)
2NIP pc
1+w, ) o, +(1+W, ) o,
_[vw) ¢2M(2 ) ]{1—2(p¢+pm)] (11.2)
W{lz[ S g pﬂ (11.3)
2MP pc 2
In above equations we define new variable
$=S. (12)

The coupled fluid equations (6) and (7) are re-expressed
in term of S as

‘ dv
S =-3HS +— : (13)
3 ¢+me

_ av 14
S 3HS+d¢+me (14)

The Egs. (11.3), (12), (13) and (14) form a closed
autonomous set of four equations. The variables here are
p,+S, ¢ and H . The autonomous set recovers standard GR

cosmology in the limit p_ — oo . This GR limit affects only the

equation involving H . From the above autonomous set, one
can do a qualitative analysis with numerical integration similar
to [25]. Another approach of analysis is to consider a
quantitative analysis [26].

4. NUMERICAL SOLUTIONS

Here we present some numerical solution for a positive
and negative coupling between the phantom and barotropic
fluid. The solutions presented here are physically valid
solutions corresponding to Class Il solution as characterized in
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[10]. For nonminimally coupled scalar field, in Einstein
frame, the coupling Q lies in a range —1/6 <Q<1//6 (see
[4]). Here we set Q = -0.4, -0.1, 0.1 and 0.4 which lie in the
range. Effect of the coupling can be seen from Egs. (6) and (7).
Negative Q enhances decay rate of scalar field to matter while
giving higher matter creation rate. On the other hand, positive
Q yields opposite result. Greater magnitude of Q < 0 gives
higher decay rate of the field to matter. Greater magnitude of
Q > 0 will result in higher production rate of field from matter.

4.1 Phase Portrait

The greater Q value results in greater value of the field
turning point (see S-intercept in both figures.). The kinetic
term s(t) turns negative at the turning points corresponding

to the field rolls down and then stops before rolling up the
hill of exponential potential. When Q is greater, the field
can fall down further, therefore gaining more total energy.
The result agrees with the prediction of Egs. (6) and (7).

4.2 Scale Factor

From Figure 2, the bounce in scale factor occurs later for
greater Q value of which the phantom field production rate is
higher. The field has more phantom energy to accelerate the
universe in counteracting the effect of loop quantum (the
bounce). For less positive Q, the phantom production rate is
smaller, and for negative Q, the phantom decays therefore it has
less energy for accelerating the expansion in counteracting with
the loop quantum effect. This makes the bounce occurs sooner.

4.3 Energy Density

Time evolutions of energy density of the matter and the
phantom field are presented in Figs. 3 and 4. If Q > 0, the
matter decays to phantom. This reduces density of matter.
While for Q < 0, the matter gains its density from decaying
of phantom field. In Fig. 3 there is a bounce of phantom
density before undergoing oscillation. For a non-coupled
case, it has recently been reported that the phantom density
also undergoes expansion [10]. As seen in Figs. 4(a) and
4(b), the oscillation in phantom density of the phantom
decay case (Q < 0) affects in small oscillation in matter
density while for the case matter decay (Q > 0), the matter
density is reduced for stronger coupling.

5. CONCLUSIONS AND COMMENTS

In this letter, we have derived an autonomous system of a
loop quantum cosmological equation in presence of phantom
scalar field coupling to barotropic matter fluid. We choose
constant coupling Q between matter and the phantom field to
positive and negative values and check numerically the effect
of Q values on (1) phase portrait, (2) scale factor and (3)
energy density of phantom field and matter. We found that
field value tends to roll up the hill of potential due to phantom
nature. With greater Q, the field can fall down on the potential
further. This increases total energy of the field. For canonical
scalar field either standard or phantom, LQC vyields a bounce.
The bounce is useful since it is able to avoid Big Bang
singularity in the early universe [13]. Here our numerical result
shows a bouncing in scale factor at late time. This is a Type |
singularity avoidance even in presence of phantom energy. The
greater coupling results in more and more phantom density.
Greater phantom effect therefore delays the bounce, which is
LQC effect, to later time. In the case of matter decay to
phantom (Q < 0), oscillation in phantom energy density does

FIGURE 3. Phantom field density plotted versus time for Q = -
0.1. The other values of Q also yield bouncing and oscillation.

0--04
0 --0.1

| Fig a) f |

0= 0.1
o 0.5 1 1.5 2 2.5 3 \g- o4

FIGURE 4(a). Matter density plotted versus time for Q =-0.4, -
0.1, 0.1 and 0.4 (from top to bottom).

0.27 0=-0.4
0.154
Inm :
0.1
0.051
i = -0.1
| _._._.__‘_______._-—-—-‘-——-
E =01
4 = (4
0 Trrrrrrrrrrrrrrrrrrrrrrrrrrr1rrr 11
2.5 2.6 2.7 2.8 2.9 3 3.1
1
FIGURE 4(b). Zoom-in portion of Figure 4(a). The phantom

field decays to matter at highest rate for Q = -0.4 (top line).

Oscillation in matter density due to oscillation in the phantom
field density is seen clearly here.
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not affect matter density. On the other hand, when Q > 0,
phantom decays to matter, oscillation in phantom density
results in oscillation in the increasing matter density.

This work considers only the effects of sign and magnitude
of the coupling constant to qualitative dynamics and evolution
of the system. Studies of field dependent effects of coupling
Q¢ in some scalar-tensor theory of gravity and investigation

of an evolution of effective equation of state could also yield
further interesting features of the model. Quantitative
dynamical analysis of the model under different types of
potential is also motivated for future work. Although this work
is to propose a way to resolve Type | future singularity,
frequency function of the oscillation in scale factor and
phantom density is still unknown and there might be a
possibility that it might leads to infinite frequency of
oscillation which is another new singularity.
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1. Introduction

Canonical scalar field plays important role in inflationary phase
in the early universe as well as acceleration in the late universe ob-
served and confirmed by cosmic microwave background [1], large
scale structure surveys [2] and supernovae type la [3]. The scalar
field is considered as inflaton field in inflationary models [4]. It
could also be considered as dark energy that drives the late accel-
eration described in review literatures [5] and references therein.
In standard cosmology with Friedmann-Lemaitre-Robertson-
Walker (FLRW) background, major components of the late universe
are mixture of dark matter which is a type of barotropic fliud and
dark energy in form of scalar field. When assuming pure scalar
fluid in flat universe, one can obtain analytical solutions otherwise
the problem can also be solved numerically. However, considering
arbitrary types of barotropic fluid and a non-flat universe, it is not
always possible to solve the system analytically.

Apart from standard cosmological equations, there are few
alternative mathematical formulations which are also equivalent
to the scalar field cosmology with barotropic fluid. One is in form
of non-linear Ermakov-attemping equation [6] and another idea
proposed recently is in form of non-Ermakov-Milne-Pinney
(non-EMP) equation. Cosmological equations in the latter proposal
can be written in form of a non-linear Schrédinger-type equation
when imposing relations between quantities in standard cosmo-
logical equations and Schrédinger-type equation [7]. In case of

E-mail address: buring@nu.ac.th

0927-6505/$ - see front matter © 2008 Elsevier B.V. All rights reserved.
doi:10.1016/j.astropartphys.2008.09.006

Bianchi I scalar field cosmology, recent work shows that it is pos-
sible to construct a corresponding linear Schrodinger-type equa-
tion by redefining cosmological quantities [8]. With the new
representation, scalar field cosmology is reinterpreted in new
way which might be able to give new methods of approaching
mathematical problems in scalar field cosmology.

There are various observations allowing scalar field equation of
state coefficient, w, to be less than —1 [9]. Recent data such as a
combined WMAP, LSS and SN type Ia without assuming flat uni-
verse, puts a strong constraint, w, = —1.06"53 [10]. Also the first
result from ESSENCE Supernova Survey la combined with Super-
Nova Legacy Survey la assuming flat universe, gives a constraint
of w, = —1.07 £ 0.09 [11]. Therefore, it is possible that the scalar
field dark energy could be phantom, i.e w, < —1 [12]. The phantom
behavior, wy < —1 can be attained by negative kinetic energy term
of the scalar field density and pressure. In FLRW standard cosmol-
ogy, the field can yield big rip singularity, i.e. a, p, [p| — oo at finite
time [13] with attempts of singularity avoidance in several ways
[14].

In this work, we investigate connection between standard cos-
mological equations and non-linear Schrodinger-type equation
with a comment on normalization of the wave function. We mod-
ify the work of [7] to include phantom field case. A case of power-
law expansion with scalar field and dark matter is considered as a
toy model. We begin from Section 2 where we introduce our cos-
mological system. Afterward in Section 3, we discuss how non-lin-
ear Schrodinger-type formulation quantities are related to
quantities in standard scalar field cosmology. In non-linear Schro-


mailto:buring@nu.ac.th
http://www.sciencedirect.com/science/journal/09276505
http://www.elsevier.com/locate/astropart

B. Gumjudpai/Astroparticle Physics 30 (2008) 186-191 187

dinger-type equation, one important quantity is wave function. We
comment on normalization properties of the wave function in Sec-
tion 4. We consider a case of power-law expansion in Section 5 be-
fore deriving scalar field potential, Schrodinger potential and
Schrodinger wave function. At last we conclude this work in Sec-
tion 6.

2. Cosmological equations

In a Friedmann-Lemaitre-Robertson-Walker universe, the Ein-
stein field equations are

27K2pt_£

ok 1)
a K?

a- *g(ﬂr +3py), 2)

where k2 = 8nG =1 /Mf,, G is Newton'’s gravitational constant, Mp is
reduced Planck mass, k is spatial curvature, p, and p, are total den-
sity and total pressure, i.e. p, = p, + p,, and p, = p, + p,,. The baro-
tropic component is denoted by 7y, while for scalar field, by ¢.
Equations of state for barotropic fluid and scalar field are
p, =w,p, and p, =wyp,. We consider minimally couple scalar
field with Lagrangian density,

()] G)

where € = 1 for non-phantom case and —1 for phantom case. Den-
sity and pressure of the field are given as

1 .

Py =50 +V(9), 4)
1 .

Py = €4~ V(®), (5)

therefore,

Wy = w, (6)
€Pp? + 2V (¢)

The field obeys conservation equation

- .1 dv
e[ +3Ha| ta5=C (7)

For the barotropic fluid, we set w,=(n-3)/3 so that
n = 3(1+w,). Hence, for cosmological constant n = 0, for fluid at
acceleration bound (w, = —1/3)n = 2, for dust n = 3, for radiation
n = 4, and for stiff fluid n = 6. Solution of conservation equation for
a barotropic fluid can be obtained directly by solving the conserva-
tion equation. The solution is

D D
pV:W:E’ (8)
then
D (n-3)D
py - W‘;)E - 3 a_n7 (9)

where a proportional constant D > 0. Using Egs. (1), (4), (5), (7) and
(8), it is straightforward to show that

. 2 2 k nD

) =—a ‘a} "3 (10)
3|, H 2k n—6\D

V(¢)=— |H t3t3z +<—6 )—an. (11)

Therefore, if one knows how the scale factor evolves with time,
the scalar field velocity and potential can always be expressed as a
function of time explicitly.

3. Non-linear Schrodinger-type equation

Non-linear Schrodinger-type equation corresponding to canon-
ical scalar field cosmology with barotropic fluid is given by [7]
d’ nk

5 U400 + [E= Pooju(x) = =

Quantities in the Schrodinger-type equation above, e.g. wave
function u(x), total energy E and Schrddinger potential P(x) are re-
lated to the standard cosmology quantities as

u(x)4-mm, (12)

u(x) = a(t)™?, (13)
KZn?
E= —vD, (14)
2 .
Pix) == a(t)ep(t)”. (15)
The mapping from cosmic time t to the variable x is via
x=o0(t), (16)
such that
a(t) = u(x), (17)
P(t) = y(x). (18)
We notice that relation
’ 2 4
V) = 5-PR) (19)

in Ref. [7] which gives y(x) = £(2/x+/n) [ +/P(x)dx does not include
phantom field case. In order to include the phantom field case, we
modify relation ¢(t) = xyr(x) in [7] to €d(t)* = x2€ yr(x)* of which
the field kinetic term ($?) is considered instead of the field velocity

(¢) so that the parameter € can be included. Therefore, to include
the phantom field case, corrected relation to Eq. (19) is

’ 2 4
ey (x) _ﬁP(x), (20)
and y(x) should read

2 P(x)
Y(x) 7ﬁ:m/\/de. (21)

Inverse function of y(x) exists if P(x)70 and n=0. It is important
for y~'(x) to exist as a function since existence of the relation
x = d(t) (Eq. (16)) needs a condition,
x=y " og(t) = a(t). (22)

In case that P(x) = 0 and n#0, then y = C, hence inverse of y is
not a function since one x gives infinite values of . In this case
the relation (22) is invalid. If the inverse function, ' exists (i.e.
P(x)#0 and n+0), then the scalar field potential, V o -'(x) can be
expressed as a function of time,

12 (du)z 2u? 12u?

3ku/™
™ —ﬁP(x)+K2n2E+ PR

V(t) =

T K2n?

(23)

Although the potential obtained is not expressed as function of
¢, however if one can integrate Eq. (10) to obtain ¢(t), the obtained
solution can be inserted into a known function V(¢$) motivated
from fundamental physics. Then one can check which fundamental
theories give a matched potential to V(t). The Eqs. (11) and (23) are
indeed equivalent. Both require only the knowledge of a(t), D and k
which can be constrained by observation. Therefore, V(t) in both
Eqgs. (11) and (23) can be constructed if knowing these observed
parameters. To construct V(t) in Eq. (23), one needs to know a(t)
as a function of time in order to find u(x) and P(x). However, in con-
structing V(t) in Eq. (11), if knowing a(t),D and k, one can directly
use these quantities without employing Schrédinger-type
quantities.
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4. Normalization condition of wave function

Normalization condition for a wave function u(x) in quantum
mechanics is

/‘ u(x)Pdx = 1. (24)
The wave function here expressed as u(x) = a2 = x(t), when
applying to the normalization condition, reads

/ Rdx = 1. (25)
—00

In order to satisfy the condition, x must be constant and so is t.
Since the form of the wave function must be u(x) = x(t) in order to
connect equations of cosmology to the Schrodinger-type
formulation, therefore u(x) as defined is, in general, non-
normalizable.

5. Power-law expansion

Here in this section, we apply the method above to the power-
law expansion in scalar field cosmology with barotropic fluid in a
non-flat universe. The power-law expansion of the universe during
inflation era,

a(t) =19, (26)

with g > 1 was proposed by Lucchin and Matarrese [15] to give
exponential potential

Vig) = {"(Bjt‘é”} exp {—K\/gw) - ¢><t0>]}7 @7)

assuming domination of scalar field, negligible radiation density
and negligible spatial curvature. Recent results from X-ray gas of
galaxy clusters put a constraint of g ~ 2.3 for k=0,q ~ 1.14 for
k=—1and g ~ 0.95 for k = 1 [16]. Considering mixture of both flu-
ids, we use effective equation of state, weir = (p,w,, + p,w,)/p,. For
a flat universe, the power law expansion, a = t%, is attained when
—1 < werr < —1/3 where g = 2/[3(1 + weg)]. If using g = 2.3 as men-
tioned above, it gives weg = —0.71.

5.1. Relating Schrodinger quantities to standard cosmological
quantities

Assuming power-law expansion and using Eqs. (13) and (17),
Schrédinger wave function is related to standard cosmological
quantity as

ux) = a(t) = t~a2, (28)
We can integrate the equation above so that the Schrédinger

scale, x is related to cosmic time scale, t as

t
x=0()=—-—+T1, (29)
B
where 8 = (qn — 2)/2 and 7 is an integrating constant. The parame-
ters x and t have the same dimension since 8 is only a number.
Using Eq. (26), we can find €¢(t)* from Eq. (10):

_2q 2k nD
2?22 3

eh(t)? (30)
We use Eqgs. (26) and (30) in Eq. (15), therefore the Schrédinger
potential is found to be

kn

212
P = L2y Mo D

12

31)

With E = —x?n?D/12, the Schrodinger kinetic energy is
kn

T=— qz_n tan-2 _ > tan-2) (32)

5.2. Scalar field potential V(t)

In order to obtain V(t) in Eq. (23), we need to know derivative of
u(x):

URX) = —=-. (33)

At this step, using Eqgs. (13), (14), (15) and (33) in Eq. (23), we
finally obtain

. q(3q-1) 2k n—-6\ D
V(t) = a2 + 2 + 6 ) (34)

Assuming flat universe (k =0) and q = 2.3, we show V(t) in
Fig. 1. Thickest line on top is of the case scalar field without baro-
tropic fluid. The middle line is the case when the dust is presented
with scalar field (D#0,n = 3). The bottom line is the case of radia-
tion (D#0,n = 4). The V(t) plots from the Schrédinger-type formu-
lation matches the plots from standard cosmological equations.
The result is independent of € values. The solution ¢(t) of Eq.
(30) cannot be integrated if € = —1 or if the integrand of Eq. (30)
is imaginary. When € = 1 with dust (D#0,n = 3) and q = 2.3, the
integrand is imaginary. We therefore assume q=2 to show
numerical integrations in Fig. 2 for the case D = 0,k = 0 and the
case D#0,n =3,k =0. In the pure scalar field case D =0,k =0,
numerical  solution matches the analytical solution
$(t) = (v/2q/x)In(t). This solution can be substituted into Eq.
(34) to obtain Eq. (27) as in [15] (setting to =1 and ¢(to) = 0).
When considering cases of closed, flat and open universe contain-
ing dust matter, V(t) of each case is presented in Fig. 3 where g = 2
is assumed in all cases so that we can see how the plots change
their shapes when k is varied.

D+#0
n=3

101

-10-

Fig. 1. Potential V(t) plots from non-linear Schrédinger-type formulation assuming
a~tl q=23 in flat universe (k=0). The thickest line is when there is no
barotropic fluid D = 0. The middle line is when there is dust fluid together with
scalar field, i.e. D0 and n = 3. The small line is when the universe has scalar field
with radiation fluid, i.e. D+#0 and n = 4. We set k¥ = 1 and in the last two plots, we
set D = 1. All plots match results obtained from standard cosmological equations.
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¢(t) when D # 0, n=3
—— ¢(t) when D =0

-8~

Fig. 2. ¢(t) for power-law expansion a ~ t?,q = 2 in flat universe (k = 0). The red
line is of the when the barotropic fluid density is negligible. The green line is in the
presence of scalar field with dust (D#0 and n = 3). In the figure, x =1 and D = 1.
(For interpretation of the references to colour in this figure legend, the reader is
referred to the web version of this article.)

307 Results from Schr. method

V( t) 4 (dust with scalar field)

i k=1

207 — k=0

1 k=-1
101

O T T T T T 1

: 4

g t

-101
-20-

Fig. 3. V(t) obtained from non-linear Schrodinger-type formulation for closed, flat
and open universe in presence of dust and scalar field.

5.3. Schrodinger potential P(x)

We can find Schrédinger potential P(x) from Egs. (29) and (31)
where time is expressed as a function of x as

1
tX) =— 5 35
T 52
Therefore,
2 1 k 2 2q(n-2)/(qn~2)
e — L 2+ﬁ{ }
(gn-27 x—17 2 [(an-2)x—7)
K?n’D
12 (36)
As in Eq. (32), the Schrédinger kinetic energy is
2qn 1
T =-——20
(qn-27 (x—1)
kn -2 29(n-2)/(qn-2)
2 {m} (37)

The kinetic term has contribution only from the power q and
spatial curvature k. A disadvantage of Eq. (36) is that we can not
use it in the case of scalar field domination as in inflationary era.
Dropping D term in Eq. (36) can not be considered as scalar field
domination case since the barotropic fluid coefficient n still ap-
pears in the other terms. The non-linear Schrodinger-type formula-
tion is therefore suitable when there are both scalar field and a
barotropic fluid together such as the situation when dark matter
and scalar field dark energy live together in the late universe.
The Schrodinger potentials P(x) plotted with x for power-law
expansion with g = 2 in closed, flat and open universe are shown
in Fig. 4. In the figure, the dust cases are shown on the right and
radiation cases are on the left. We set k =1,D =1 and 7t = 0.

5.4. Schrodinger wave function u(x)

The quantity analogous to Schrédinger wave function can be di-
rectly found from Egs. (28) and (35) as

u(x) = [(—%qn + l) (x— 7:)} qn/(qn—2)7 (38)

which is independent of the spatial curvature k or the initial density
D. However, coefficient n of the barotropic fluid equation of state
and q must be expressed. Wave functions for a range of barotropic
fluids are presented in Fig. 5. The result is confirmed by substituting
Eq. (38) into Eq. (12).

Scalar field with
dust (n=3)

Scalar field with
radiation (n=4)

k=1 g

L\ e s e e e
—— 4

1
] X

Fig. 4. P(x) plotted versus x for power-law expansion. We set ¢ =2,k =1,D =1
and 7 = 0. The scalar field dominant case can not be plotted because even tough we
set a condition D = 0, the coefficient n of the barotropic fluid equation of state still
appears in the first and second terms of the Eq. (36). There is only a real-value P(x)
for the cases k = +1 with n =4 because, when x > 0, P(x) becomes imaginary in
these cases.
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Fig. 5. u(x) plotted versus x for power-law expansion with g = 2. We set T = 0. The
wave function is plotted for n = 0 (cosmological constant),n = 2,n = 3 (dust),n = 4
(radiation) and n =6 (stiff fluid). There is no real-value wave function for
n=3,n=4and n=6 unless x < 0.

6. Conclusions and comments

We consider Schrédinger-type formulation for a system of
canonical scalar field and a barotropic fluid in standard FLRW cos-
mology with zero or non-zero spatial curvature. In the Schréding-
er-type formulation, all quantities in cosmology are represented in
Schrodinger-like quantities and the equation relating these Schro-
dinger-like quantities is written as a non-linear Schrédinger-type
equation. If a(t) is known as an exact function of time, a connection
of two scale quantities, x and t can be found and then other Schro-
dinger-like quantities can be determined. We modified the formu-
lation to include the phantom field case. The equation can be
simplified to linear type if we consider the flat universe case
k = 0 or the cases n = 2 or n = 4 [7]. However, even if the equation
is linear, it can not be considered as an analog to non-relativistic
time-independent quantum mechanics because in this work, the
wave function of Schrédinger-type formulation is found to be, in
general, non-normalizable. Afterward, we consider a particular
case of power-law expansion of scale factor. We show relations be-
tween cosmological quantities in conventional form and in Schré-
dinger-like form for power-law expansion. We obtain scalar field
potential V(t), Schrédinger potential P(x) and wave function u(x).
In the case of a scalar field dominant in flat universe, our analytical
results V(¢) and ¢ agree well with the well-known results in [15].
A range of plots in various cases of closed, flat or open geometries
is presented. Wave functions for the power-law expansion case
(seen in the Fig. 5) are found to be all non-normalizable as
conjectured.

Without knowledge of a(t), one might wonder if we could start
the calculation procedure from solving the Schrodinger-type Eq.
(12) for example, the linear case as done in basic quantum
mechanics. However, in order to do this, we must know the Schro-
dinger potential P(x) (Eq. (15)) which depends explicitly on a(t)
and ¢. Nevertheless, ¢ (Eq. (10)) also depends on a(t). Therefore,
we need to know the law of expansion a(t) before proceeding the
calculation. Knowing a(t) enables us to know u(x) directly (see
Eq. (28)). Hence, in Schrodinger-type formulation, we do not work
as in basic quantum mechanics in which major task is to solve the

Schrodinger equation for u(x). There could be many solutions of a
Schrédinger-type equation. In quantum mechanics valid solutions
u(x) must be only normalizable type. Here, unlike in quantum
mechanics, our u(x) must be non-normalizable.

At late time the scalar field dark energy and cold dark matter
(dust) are two major components of the universe while the others
are negligible. For power-law expansion, the procedure is suitable
for studying the system of scalar field dark energy and dark matter
because it gives all real-value of P(x) for any k. We need to know
a(t),k and D which are observable in order to find V(t). Information
of V(¢) is important because it is a link to fundamental physics. If
one starts from fundamental physics with a particular potential
V(¢) and if also knowing how ¢ evolves with t, then V could be ex-
pressed as function of t. Finally, the potential V(t) obtained from
observation and another V(t) proposed by fundamental physics
can be compared. The non-linear Schrédinger-type formulation
might provide an alternative mathematical approach to problem
solving in scalar field cosmology.
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Abstract  We report a method of solving for canonical scalar field exact solution in
a non-flat FLRW universe with barotropic fluid using non-linear Schrédinger (NLS)-
type formulation in comparison to the method in the standard Friedmann framework.
We consider phantom and non-phantom scalar field cases with exponential and power-
law accelerating expansion. Analysis on effective equation of state to both cases of
expansion is also performed. We speculate and comment on some advantage and
disadvantage of using the NLS formulation in solving for the exact solution.

Keywords Scalar field cosmology - Non-linear Schrédinger equation -
Power-law expansion - Exponential expansion

1 Introduction

In the past decade, it has been observed that universe is now in acceleration phase
[1-9] while inflationary scenario of the early universe [10-15] is strongly confir-
med by cosmic microwave background data [16-19]. In both circumstances, the uni-
verse experiences accelerating expansion which can be attained by exploiting some
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dynamical scalar field with time-dependent equation of state coefficient wg (t) < —1/3,
or a cosmological constant with w, = —1 [20-22]. It was further suggested that the
scalar field could have phantom behavior with wy < —1 as one considers Kinetic
energy term in its Lagrangian density to be negative [23-28]. Strong supports to the
phantom idea are from observations previously, e.g. combined cosmic microwave
background, large scale structure survey and supernovae type la without assuming

flat universe yields wyo = —1.0670-33 [16] while using supernovae data alone
assuming flat universe, wy o = —1.07 £ 0.09 [29]. The subscript 0 denotes the

value at present. Moreover, most recent WMAP five-year result [17,18] combined
with Baryon Acoustic Oscillation (BAO) of large scale structure survey from SDSS
and 2dFGRS [30] and type la supernovae data from HST [7,8], SNLS [9] and
ESSENCE [29] assuming dynamical w with flat universe yields —1.38 < wg 0 <
—0.86 at 95% confident level and wg o = —1.12 £ 0.13 at 68% confident level [19].
With additional BBN constraint of limit of expansion rate [31,32], —1.32 < wg 0 <
—0.86 at 95% confident level and wy o = —1.09 = 0.12 at 68% confident level. This
suggests that phantom field has firmed status in cosmology. However, phantom field
does result in unwanted Big Rip singularity in a flat Friedmann—Lemaitre-Robertson—
Walker (FLRW) universe [33-42]. This raises up many attempts to avoid the singularity
based on both phenomenological and fundamental inspirations [43-50].

Recently, there are a few proposals for mathematical alternatives to the conven-
tional Friedmann formulation of canonical scalar field cosmology, such as non-linear
Ermakov-Pinney equation [51-56]. Moreover, a non-Ermakov—Pinney equation for
the same system was also proposed in form of a non-linear Schrodinger-type equation
(NLS) and it was found that solutions of the NLS-type equation are correspondent to
solutions of the generalized Ermakov-Pinney equation [56,57].1 Conclusion of how to
relate NLS quantities to quantities of standard Friedmann formulation is shown in [59]
which gives extension to phantom field case. It also shows that the NLS wave function
is in general non-normalizable. Expressing cosmological quantities in form of NLS
quantities may suggest an alternative way of solving problems in scalar field cosmo-
logy. In such method, presumed knowledge of scale factor function with time a(t) must
be given first and later one can evaluate NLS potential based on a(t) assumed. Here we
attempt to solve for scalar field exact solution within the NLS framework in various
cases with flat and non-flat spatial geometries. We compare the results to the solutions
obtained in standard Friedmann formulation. Exponential expansion a ~ exp(t/t)
and power-law expansion a ~ t9 are assumed where 7 are finite characteristic time
and q is a positive constant.

This article is organized as follow. We express our cosmological system in Sect. 2
before introducing the NLS formulation in Sect. 3. Afterward, we consider each model
of expansion separately. Exponential expansion is presented in Sect. 4 where we
obtain exact solution from effective equation of state and later we solve for exact
solution from Friedmann system. Afterward, in Sect. 5, we consider NLS formulation
for the exponential expansion and solve for exact solutions in NLS framework. We
analyze effective equation of state for the exponential expansion case in Sect. 6. When

1 Considering Bianchi I scalar field cosmology, one can also construct a corresponding linear Schrédinger-
type equation by redefining cosmological quantities [58].
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considering power-law expansion, we work and organize the contents in the same
spirit and order as in the previous sections. Beginning from Sects. 7, 8 and 9. Finally,
conclusion is made in Sect. 10.

2 Cosmological system

To be realistic, two perfect fluids are considered in our system: barotropic fluid and
scalar field fluid. The perfect barotropic fluid pressure p, and density p, obey an
equation of state, p, = (y — 1)p,, = w, p, While for scalar field, p, = wg . Total
density and total pressure are pwot = p, + pp and pot = P, + Ps. The effective
equation of state is weighed-value of these two components,

PpWe + Py Wy
Ptot

Weff =

@)

For the barotropic fluid, its equation of state coefficient w,, is written in term of n.
We set w, = (n —3)/3 sothatn = 3(1 + w, ) = 3y, hence w,, = —1 corresponds
ton=0,w, =-1/3ton=2,w, =0ton=3,w, =1/3ton=4,andw, =1
to n = 6. The conservation equation is therefore

py = —nHp, (2)
with solution obtained directly,
D
Py = 5» (3)

therefore p, = [(n—3)/3](D/a"), where a is scale factor, the dot denotes time
derivative, H = &/a is Hubble parameter and D > 0 is a proportional constant. The
scalar field considered here is minimally coupling to gravity with Lagrangian density,
L = (1/2)ep? — V (¢), where e = 1 for non-phantom case and —1 for phantom case.
Density and pressure of the field are given as

1., 1.,
Py = §6¢ + V@), pp= §€¢ —V(9), (4)
therefore
Py _ €p* —2V(9)
Py €pc+ 2V ()
The field obeys conservation equation
.. . dv
E[¢+3H¢]+w=0. (6)
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Considering FLRW universe, the Friedmann equation and acceleration equation
are

2

K k

H2 = gptot - ;s (7)
2

a K
2= —F,Otot(l + 3weff), (8)

where k2 = 872G = 1/M2, G is Newton’s gravitational constant, Mp is reduced
Planck mass, k is spatial curvature. Using Egs. (3), (4), (6) and (7), it is straightforward
to show that

. 2 .. k D
6¢(t)2=—p |:H —g] —;?, ©)
3 H 2k -6\ D
vor= g gl (M) @ )

3 Non-linear Schrodinger-type formulation

Correspondence between NLS formulation for canonical scalar field cosmology with
barotropic fluid was shown in [57] and was concluded recently in [59]. In the Schro-
dinger formulation, wave function u(x) is related to scale factor in cosmology as

u(x) = a(t) "2, (11)

and Schrodinger total energy E and Schrddinger potential P(x) are linked to cosmo-
logy as

2Rn2

K°n
E=-—1-D, (12)
2
PO) = a ep(t). (13)

These quantities satisfy NLS-type equation:
£U(X) FE — POOTUOO = — Sugx) @/ (14)
dx2 2 '
The mapping from t to x is via x = o (1), such that
X(t) = u(x), (15)
¢ =P (X). (16)
We comment that the relation v/ (x)? = (4/n«?)P(x) in Ref. [57] does not include
phantom field case. Modification is made in recent work [59] so that the solution
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includes the phantom field case, therefore

. 2 [P(X)
Y(X) = im/ de. an

If P(X) # 0and n # 0. There exists an inverse function of ¢ (x) as v 1(x).
Therefore x(t) = ¥ ~Log (t) and the scalar field potential, V oo ~1(x) can be expressed
as function of time,

12 [du)\? 2u? 12u? 3ku#/n
V(t) =

(M) e+ T 18
k2n2 \ dx k2n ()+/<2n2 + K2 (18)

4 Exponential expansion
4.1 Solution solved from effective equation of state for k = 0 case

Exponential expansion reads
a(t) =exp(t/7), (19)

where t is a positive constant. Flat universe undergoes exponential expansion only
when weff = —1. The effective equation of state (Eqg. 1), with Egs. (4) and (5) can
therefore be written as?

n

6452 = _510)/7 (20)

which can be integrated directly, using Eq. (3), to

D
P(t) = 27,/ n e /2T 4 . (21)
The solution above is obtained when assuming phantom scalar field, i.e. ¢ = —1. If

the scalar field is not phantom, the solution is imaginary.

4.2 Solution solved from Friedmann formulation

Another way to find the exact solution is to use Eq. (19), in Eq. (9). Therefore

. 2k nD
€¢(t)2 — F e—Zt/‘L’ _ ? e—nt/r’ (22)

2 \We are not considering a cosmological constant but a dynamical scalar field and a barotropic fluid which
together yield weff = —1.
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which gives an integration:

S) = i/\/g (i_‘;e_zt/f _ %e—nt/r)dt_ (23)

4.2.1 Smplest case

In the case of k = 0 and D = 0, the integration yields a constant ¢q. Eq. (1) becomes
wy = —1. This is a cosmological constant as seen in simplest model of exponential
expansion. When assuming only k = 0 and ¢ = —1 but with D # 0, the solution
of Eq. (23) is the same as the Eq. (21) previously. For a scalar field domination in a
non-flat universe (D = 0, k # 0), the solution is

b(t) = i%@e_t/’ + ¢o. (24)

where k and € must have the same sign, otherwise the solution is imaginary.

4.2.2 The case of non-zero k and non-zero D

When k and D are both not negligible. Performing integration to the Eq. (23) is more
complicated and could be impossible unless assumption of barotropic fluid type. When
assuming a particular type of fluid in the integration, i.e.n = 0, 2, 3, 4 and 6, analytical
solution can be found for all n vales in complicated forms. For example, the simplest
among these is dust case (n = 3) which has solution:

2 2k 3/2
d(t) = :|:3D:/E (K—2 — De—t/f) + ¢o, (25)

with additional rule that k > 0 and € = 1 otherwise it is imaginary. In the next section,
we will show how to obtain solution in NLS formulation for dust and radiation cases.

5 Exponential expansion: solutions solved with NL S formulation

For exponential expansion, following Egs. (11) and (15), we get
u(x) = X(t) = exp (—nt/27). (26)
Integrating the above equation, hence parameters x and t scale as

2
X(t) = _%e*”t/ZT + Xo, 27)
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where Xg is an integration constant. The reverse is
2t
1) = ———In[(=n/27) X - x0)]. (28)
where the condition X < xg must be imposed. Now we can write wave function as
n
) = —o— (X = X0, (29)
T

which is a linear function. Using Eq. (22), hence the Eq. (13) reads

kn x?n?D
P(t) = —e 27 _ =~ 30
O =—e 1 (30)
Here the Schradinger kinetic energy term is
kn
T =-= en-2t/r, (31)

Expressing in Schrodinger formulation, these functions are written in term of X,

knt n -2-2)/n  2n2D
P(X) = — |——(x — — 2
(X) > [ . (x Xo)] TR (32)
kn n —2(n—=2)/n
T(X) = Y [_E(X - XO)] . (33)

In order to obtain the scalar field potential V (t), we use Egs. (11), (12), (13) in
Eq. (18), we finally obtain

3 2k o n—=6 _
V()= —— + —e 2T De T, 4
(t) 7.2 + P e + ( 5 ) e (34)

which is checked by using Eq. (19) in standard formula (10). We use Eq. (32) in
Eg. (17), then

+2 kn[—n —20=2)/n - 2p2p
(X)) = m X /\/Z [E(X — xo)] T dx. (35)

We will integrate this equation in cases of k = 0 and k £ 0.

5.1 Thecasek =0
When k = 0 and D # 0 integrating Eq. (35) and transforming x to t with Eq. (27)

yields same result as Eq. (21) obtained by solving effective equation of state equation
or by integrating from the Friedmann formulation. Real solution exists only when the
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scalar field is phantom. With the solution (21), the scalar field potential in term of ¢,
reads

3 —6\ 3
V) = oy + (”T) ﬁ«p — do)2. (36)

5.2 Thecase k # 0
When k # 0 and D # 0, the integral (35) can be integrated yielding complicated
hypergeometric function even when n is not specified. The case n = 0 is excluded

from our consideration by the reason mentioned in Sect. 3. For naturalness, we consider
radiation (n = 4) and dust (n = 3).

5.2.1 Radiation case

Radiation fluid corresponds to n = 4, the integral (35) becomes

42D
Y(X) = /\/ . (X—Xo) ~3¢ dx. (37

Here x could be negative, ¢ can possibly be either 1. The solution in radiation
case is

X) =+ ! —4D(x—x 2—ktx—x) :l:kr,/ 3
Y(x) = pll 0) K—z( 0 722V De

[8k2D(X — X)/3€] + kr /e
[4kv/D/(ev/3)]y/—[4k2D (X — X0)2/3] — KT (X — Xo)

+ Vo,
(38)

X arctan [

allowing only € = 1 case for the solution to be real. Transforming x scale to the t
scale using Eq. (27), the solution therefore reads

1 Dz? k2 kr [ 3
t) = :I: — __e—4t/‘[ _e—zt/‘f :l:_ .
o \/6 ( 3 T2 ) 4x2V De

—[4x%Dt/(3€)] e 27 + ke /e )
[47/D/(ev/3) [V~ k2D12/3) e 47 + (k22 e 2/t |

X arctan [

(39)

The solution above, when assuming k = 0, reduces to the solution (21) when n = 4,
confirming the correctness of the result obtained.
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5.2.2 Dust case

The integral (35) in the dust case h = 3 reads

2 3 \%k 1 3«2D
2r2) 2 - d 40
Kﬁ/\/(ZT ) € (X—x0)23 4 € X (40)

Y(X) ==+

with solutions

D [ /3r2\"° 4k 17
_. /P (% — xo)2/3
y(x)==+ p [( > ) 32D (X — Xo) + vo. (41)

With similar procedure to the radiation case, using (27), the solution is therefore,

2 2k 3/2
p(t) = iﬁ (; - De—‘/’) + o, (42)

which is the same as Eq. (25) derived from Friedmann formulation. This solution
when assuming k = 0 is exactly the same as the solution (21) when n = 3 (dust
fluid). This also confirms that our results from NLS formulation are correct. The NLS
solution can solve the case when k and D are non-zero together without knowing n
value while the standard procedures in Sect. 4.2 cannot unless assuming a particular
value n = 0, 2, 3, 4, 6. However, it must be noticed that one cannot reduce the NLS
solutions (39) and (42) to the D = 0 case directly since there are mixed multiplication
term of n and k in the solution and also the value of n has already been put in. Hence
setting D = 0 in (39) and (42) cannot be considered as a pure scalar field dominant
case.

6 Exponential expansion: analysis on effective equation of state coefficient

The exponential expansion in our scenario is caused from mixed effect of fluids and
spatial curvature. We discuss mixed effect on equation of state here. Definition of
effective equation of state coefficient, west = (ppwg + pyw,)/prot together with
Egs. (4), (22) and (34) in context of exponential expansion becomes

—1 — (kt?/3)e2/"

Weff = 1 T k12e72t/r s (43)
which is infinite when
i 2
t= 3 In(—kz*). (44)
Infinity can possibly happen only when k = —1 because logarithm function forbids

negative domain. In order to acquire exponential expansion in flat universe, one needs
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to have weff = —1, but this is not true when k term is non-trivial. Therefore we can
only express wyg in term of wesr as

[ (3k/k?)e2/7 +3/(1c%7?) Jwert — [(n — 3)/3] De~"/*

- 45
e (Bk/k2)e=2t/t 4+ 3/(x272) — De-Nt/t ’ (45)

for exponential expansion. The Eq. (43) does not depend on properties (n) or amount
(D) of the barotropic fluid. It reduces to weff = —1 when k = 0 as expected. Consi-
dering Eq. (45), if D = 0 and k = 0, it yields wy = wefr While setting D = 0 alone
also gives the same result.

7 Power-law expansion
7.1 Bound value of ¢ (t) from effective equation of state for k = 0 case
In power-law expanding universe, scale factor evolves with time as
a(t) =t9, (46)
where q > 0 is a constant. In flat (k = 0) universe, it is known that the power-law

expansion, is attained when —1 < weff < —1/3 where q = 2/[3(1 + weff)]. The
effective equation of state (Eq. 1), hence is a condition

n 2 2-n
—§py<eq§ <§(£+V) ( 3 )Py, (47)

i.e.0<ep?+ p,n/3 < (2/3)pror. Both values of e can be assigned and the power-law
expansion is sustained as long as the condition is satisfied.

7.2 Solution solved from Friedmann formulation

If we directly consider Eqg. (9), the solution for power-law expansion is an integration:

nD
o= [ (24 2 1) @

7.2.1 Smplest case

Simplest integration case is when k = 0 and D = 0. The solution of Eq. (48) is well

known [60],
/29
p(t) =+,/ —5 Int + ¢o, (49)
€K
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provided that g and € have the same sign. Considering power-law inflation, the WMAP
five-year combined analysis based on flat and scalar field domination assumption yields
g > 60 at more than 99 % of confident level otherwise excluded while g ~ 120 is at
boundary of 68% confident level [19]. These results base on single field model which
we can applied the above solution to. When assuming only k = 0 with D £ 0, the
solution of Eq. (48) is

=t ° ‘/Zq In e
oM = gn —2V ex?

(1 + /1= (nD«2/6q) t*q”+2)2

ND«? nD«?
— —gn+2 —
+ 2\/1 ( 69 ) t +1In ( 6 ) + ¢o, (50)

where, when g = 2/n, the field has infinite value. The last logarithmic term in the
bracket is an integrating constant which is valid only when g < 0. To attain power-law
expansion, g must be positive. Hence, this term is not defined for power-law expansion.
We will see later that the NLS result does not have this problem. For the reverse case,
D =0, k # 0, the solution is

o) =+ |2
T g -1V ex?

Ain ta-1 14 (E) t—20+2 1 1 _ (E) t=20+2 + 1 1 4 g,
Vk/a q q

(51)
which becomes infinite when g = 1. The values of g, k and € must have the same
sign in all terms of the solution otherwise becoming imaginary. Hence, for q > 0, the
condition for the solution to be valid isk = 1 and € = 1.
7.2.2 The case of hon-zero k and non-zero D
When considering non-negligible value of both k and D, the Eq. (48) cannot be

integrated analytically except when setting n = 2 (w,, = —1/3) which is not natural
fluid. Hence it is not considered.

8 Power-law expansion; solutions solved with NL S formulation

Power-law expansion cosmology in NLS-type formulation is presented and concluded
in [59]. Important functions needed for evaluating the field exact solutions are

-8
X:U(t)z—t?-FXo, (52)
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1

tX) = ——— =, (53)
[-B(x — xo)]/*
. 2q 2k nD
2 —_— — —_—— —
V)" = K2t2 + k2t29  3tan’ (54)
2gn 1
0= an— 22 w7
—_ 2q(n—2)/(qn—2) 22
a2 SR e
2 [ (qn —2)(X — Xo) 12
. qBgq-1) 2k n—6\ D
Vi = K2t2 + k2t2a 6 ) tan” (56)
We use Eq. (55) in Eq. (17), then
Y(x) = 2
=T
2qn 1 kn[ =2 1 7Aan-2/@n-2) 2p2p
x/ +— — dx.
€(Qn—2)2 (Xx—X0)2  2¢ [(qn—2) (X—Xo) 12¢
(57)

We consider the solution in cases of k = 0 and k # 0. Recall that setting D = 0
cannot be considered as an absence of barotropic fluid due to existence of n in the
other terms.

8.1 Thecasek =0

Solution to the integral (57) for k = 0 case is

_ 8q xk2Dn(gn — 2)2 )
V0 =%\ azan 27 Hl‘ <]

1+ /1 - [€2Dn(an — 2)2/249] (x = %0)*  4gn
+n x—%0) can-22 ||

Transforming to the t variable using Eq. (52), we obtain,

=+ * ‘/Zq In ta
oM = gn —2V ex?

(1 +/1— (nD«?2/6q) t—qn+2)2

2 o\ 2
+2\/1— (”E: )tqn+z+|n(q2qn2) ] + do. (59)
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This solution differs from the solution (50) only the last logarithmic term in the
bracket which is only an integrating constant. When q = 2/n or n = 0, the field has
infinite value. The last logarithmic term does not restrict the sign of q. Only g and ¢
must have the same sign for the solution to be real.

8.2 Thecase k #0

In case of non-zero k and non-zero D, the integral (57) cannot be integrated analytically
even when assuming each n value except when n = 2 which is not natural fluid.

9 Power-law expansion: analysis on effective equation of state coefficient

Similar to the analysis in Sect. 6, mixed effect of the two fluids and spatial curvature
results in power-law expansion. The coefficient wesf, With Eqs. (4), (54) and (56),
reads

(=32 +2)t%972 —k

W= T sqzea 2 13k ©0)
which becomes infinity if
_Kk\Y@a-2
t— (?) . (61)
We can also express wg in term of west as
_ [Ga?/eht2 + Gkt 2 Jwerr — [(n=3)/31DC o

(392 /k2)t=2 + (3k/k2)t—2d — Dt—an ’

for power-law expansion. The Eq. (62), when D = 0 and k = 0, yields wy = weft
as expected. Similar to the case of exponential expansion, setting D = 0 alone also
yields wgy = wesr. In flat universe, power-law expansion happens when weg lies in
an interval (—1, —1/3). But in k # 0 universe, it is no longer true. Considering
flat universe, setting k = 0 in Eq. (60) yields g = 2/[3(1 + weff)]. The condition
—1 < wetf < —1/3 therefore corresponds to g > 0 as known. The condition also
yields

Py 1 1 Py
-1-14w)— <w <———(—+w)—. (63)

If there is more non-negligible radiation fluid (with w,, = 1/3), it is noticed that the
interval shifts to the more left. For example, setting p,, = 0.1py, the interval shifts to
about —1.133 < wy < —0.4. If we assume more realistic situation when dust (dark
matter and other matter elements) is presented. The dust density and dark energy is
about 28% and 72% of total density, therefore p, ~ (28/72)py =~ 0.389p4, the
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interval is —1.389 < wg < —0.463 which covers valid range of recent observational
data, assuming dynamical w with flat universe, —1.38 < wg 0 < —0.86 at 95%
confident level [19].

10 Conclusions

This letter reports and demonstrates a method of solving for canonical scalar field
exact solution in a non-flat FLRW universe with barotropic fluid using NLS-type
formulation in comparison with the method in the standard Friedmann framework. We
consider phantom and non-phantom scalar field cases with exponential and power-law
accelerating expansion. We evaluate all NLS quantities needed to find the solution,
e.g. non-normalizable wave function and Schrodinger potential. Our process is reverse
to a problem solving in quantum mechanics that the wave function is expressed first
by the expansion function, a(t) before evaluating the Schrodinger potential based on
a known expansion function. In NLS formulation the total energy E is negative. We
do an analysis on effective equation of state to both cases of expansion. \We expresses
weff iN term of g and K. In a flat universe, in order to have power-law expansion, the
interval (—1, —1/3) of the wy, is shifted leftward to more negative if more barotropic
fluid density is presented.

Within framework of the standard Friedmann formulation, we obtained exact solu-
tion in various cases. Later we solved the problem using NLS formulation, in which the
wave function is equivalent to the scalar field exact solution. NLS method is restricted
by the fact that its scalar field solution is valid only when the barotropic fluid density
is presented. Setting D = 0 does not imply the absence of barotropic fluid because
the barotropic fluid parameter n still appears in the other terms of the Schrodinger
potential. Therefore NLS formulation cannot be applied to situation when the scalar
field is dominantand D ~ 0. Hence it is more suitable for a system of dark energy and
dust dark matter fluid. This is a disadvantage point of the NLS formulation. Transfor-
ming from standard Friedmann formulation to NLS formulation makes n appear in
all terms of the integrand and also changes fluid density term D from time-dependent
term to a constant E. Hence the number of x(or equivalently t)-dependent terms is
reduced by one. This is a good aspect of the NLS. In both Friedmann formulation
and NLS formulation, the solutions when k £ 0 and D # 0 are difficult or might be
impossible to solve unless assuming values of g and n. Hence reduction number of
x-dependent term helps simplifying the integration. There are also other good aspects
of NLS formulation. Firstly, in the case of exponential expansion with NLS formu-
lation, the solution when k £ 0 and D # 0 can be obtained without assuming n
value while n = 0, 2, 3, 4, 6 must be given if working within Friedmann formulation.
Secondly, for power-law expansion with k = 0, the result (59) obtained from NLS
formulation has integrating constant that does not restrict g value while (50) obtained
from Friedmann formulation needs q < 0 which violates power-law expansion condi-
tion (g > 0). For power-law expansion, the most difficult case is when k # 0 with
D #£ 0. In both formulations, the integral cannot be integrated unless assuming n = 2
(equivalent to w,, = —1/3) which is not a physical fluid. We introduce here alternative
method to obtain scalar field exact solution with advantage over and disadvantage to
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standard Friedmann formulation. The NLS formulation could render more interesting
techniques for scalar field cosmology.
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1. Introduction

Cosmology with a scalar field is one of today’s main research aims. Although the scalar
field has not yet been observed, it is motivated from many ideas in high energy physics
and quantum gravities. Near future TeV scale experiments at LHC and Tevatron might
discover its existence. It has been widely accepted in theoretical frameworks, especially in
model building of contemporary cosmology, that the field sources acceleration expansion
at early time, i.e. inflation, in order to solve horizon and flatness problems [1] and it
also plays a similar role in explaining present acceleration observed and confirmed from
the cosmic microwave background [2], large scale structure surveys [3] and supernovae
of type Ia [4]-[6]. In the late acceleration, it plays the role of dark energy (see [7]
for reviews). Both inflation and acceleration appear convincing from recent combined
results [8], with the possibility that the scalar field could be a phantom, i.e. having
an equation of state coefficient w, < —1. The phantom equation of state is attained
from negative kinetic energy terms in the Lagrangian density [9,10]. Using the BBN
constraint of the limit of the expansion rate [11,12] with the most recent WMAP five-
year result [13], wyo = —1.09 £ 0.12 at 68% CL. The WMAP five-year result combined
with baryon acoustic oscillation from the large scale structure survey (from SDSS and
2dFGRS) [14] and type la supernovae data (from HST [5], SNLS [6] and ESSENCE [15]),
assuming dynamical w with a flat universe, yields —1.38 < wgo < —0.86 at 95% CL and
wgo = —1.12 4+ 0.13 at 68% CL. Although the phantom field has room for observation,
in a flat universe the idea suffers from an unwanted big rip singularity [16,17]. However
there have been many attempts to resolve the singularity from both phenomenological
and fundamental inspiration [18].
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Inflationary models in the presence of other fields behaving in a barotropic-like
way apart from having only a single scalar field were considered, such as that in [19]
where the scale invariant spectrum in the cosmic microwave background was claimed
to be generated not from fluctuation of the scalar field alone but rather from both a
scalar field and interaction between gravity and other gauge fields such as Dirac and
gauge vector fields. This is similar to the situation in the late universe in which the
acceleration happens in the presence of both dark matter fluid and scalar fluid (as dark
energy). Proposals of mathematical alternatives to the standard Friedmann canonical
scalar field cosmology with barotropic perfect fluid were advanced, such as the non-linear
Ermakov—Pinney equation [20,21]. There are also other applications of the Ermakov—
Pinney equation; for example in [22], a link from standard cosmology with & > 0 in
the Ermakov system to Bose-Einstein condensates was shown. Another example is a
connection from the generalized Ermakov—Pinney equation with a perturbative scheme
to the generalized WKB method of comparison equations [23]. Recently a link from
standard canonical scalar field cosmology in the Friedmann—Lemaitre-Robertson—Walker
(FLRW) background with barotropic fluid to quantum mechanics was established. This
was realized from the fact that solutions of the generalized Ermakov-Pinney equation
correspond to solutions of the non-linear Schrédinger-type equation, hereafter the NLS
equation [21,24]. A connection from the NLS-type formulation to the Friedmann scalar
field cosmology formulation is concluded in [25] where standard cosmological quantities
are reinterpreted in the language of quantum mechanics assuming power-law expansion,
a ~ t9, and the phantom field case is included. The quantities in the new form satisfy
a non-linear Schrodinger-type equation. In most circumstances, the scalar field exact
solution ¢(t) can be solved analytically only when assuming flat geometry (k = 0) and
scalar field fluid domination. When k # 0 with more than one fluid component, it is not
always possible to solve the system analytically in the standard Friedmann formulation.
Transforming standard Friedmann cosmological quantities into NLS forms could help in
obtaining the solution [26,27]. In the NLS formulation, the independent variable ¢ in the
standard formulation is re-scaled to the variable x. However, pre-knowledge of the scale
factor as a function of time, a(t), must be assumed in order to express NLS quantities. It is
interesting to see the other features of the field velocity, é, e.g. the acceleration condition
and slow-roll approximation, written in the NLS formulation. Mathematical tools such as
the WKB approximation in quantum mechanics might also be interesting for application
in standard scalar field cosmology. It is worthwhile to investigate this possibility. It is
worth noting that a Schrodinger-type equation in scalar field cosmology was previously
considered in a different procedure for studying inflation and phantom field problems [28].

We introduce the NLS formulation in section 2. The slow-roll conditions in both
formulations are discussed in section 3 where we define slow-roll parameters for barotropic
fluid and curvature terms. Then in section 4 we show acceleration conditions in NLS
form. The WKB approximation is performed in section 5. The NLS form of the big rip
singularity is in section 6 and finally conclusions are drawn in section 7.

2. Scalar field cosmology in the NLS formulation

Two perfect fluids are considered in an FLRW universe: barotropic fluid and the scalar
field. The barotropic equation of state is p, = w,p, with w, expressed as n where
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n = 3(1+w,). The scalar field pressure obeys p, = wgp,. The total density and pressure
of the mixture are sums of the two components. The evolution of the barotropic density
is governed by a conservation equation, p, = —nHp,, with solution p, = D/a", where
a is a scale factor, the dot denotes the time derivative, and D > 0 is a proportionality
constant. Using the scalar field Lagrangian density, £ = (1/2)e¢? — V(¢), i.e. minimally
coupling to gravity,

po = 30" +V(0),  ps =30 = V(9). (1)

The branch € = 1 is for the non-phantom case and ¢ = —1 is for the phantom case [17].
Note that the phantom behaviour (p, < —p,) can also be obtained in the case of
non-minimal coupling to gravity [29]. The dynamics of the field is controlled by the
conservation equation
; . dv
3H>:——<
(030 do
The spatial expansion of the universe sources friction to dynamics of the field in
equation (2) via the Hubble parameter H. The Hubble parameter is governed by the
Friedmann equation,
2
s K k
H” = ?ptot 2 (3)

where here pyo; = (1/2)e? +V 4+ D/a", and by the acceleration equation,

(2)

2

a K

2 = — = (pror + 3puar); 4

a 6 (Prot + 3Prot) (4)
which does not depend on k. This gives the acceleration condition

Drot < —p;0t~ (5)

Here piot = WegtProt, K2 = 87G = 1/ME, G is Newton’s gravitational constant, Mp is the
reduced Planck mass, k is the spatial curvature and weg = (ppwe + pywy)/pror- Using
these facts, it is straightforward to show that

. 2 | k D
3 o 2k n—6\ D
V<¢>:§[H2+§+—3a2]+( G )— ™)

The Friedmann formulation of scalar field cosmology above can be transformed to the
NLS formulation as one defines NLS quantities [24]:

u(z) = a(t) /2, (8)
E = —TD, 9)
P(z) = %a(t)”eq's(t)% (10)
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In the NLS formulation, there are no equations analogous to the Friedmann equation or
the fluid equation since both of them are written together in the form of a non-linear
Schrodinger-type equation!:

u'(x) + [E — P(x)]u(x) = —%ku(x)(4_”)/”, (11)

where " denotes d/dz. The independent variable ¢ is scaled to an NLS-independent variable
x as = o(t), such that

&(t) = u(x), (12)
o(t) = ¥(x). (13)
Using equation (10) and egb( )2 = ex?y'(x)?, we get [25]

V(2)® = 5-P(w), (14)

b(x) = iﬁjﬁ/\/@dx. (15)

The inverse function ¢~'(z) exists for P(z) # 0 and n # 0. In these circumstances,
x(t) = 1~ o ¢(t) and the scalar field potential, V o c7!(z), and €@ (t)* can be expressed
in the NLS formulation as

and hence

«¢(c)’ = )T e 2nt R (16)

V() = g W) = Sy 2 4 S, (7)
From equations (16) and (17), we can find

po = F;i? ()" + g—iﬁ + i—f?f*/ " (18)

We know that p, = Du? = —12Eu?/(k*n?) from equation (9) and the barotropic pressure
is p, = [(n — 3)/3]p,; therefore

12 "2 3k 4/n
Ptot = /{2n2 (’LL ) + ?U s (20)
12 e 3k 4/
Prot = =53 (u)* + o [P—E]— U (21)
Using the Schrodinger-type equation (11), then
12 "2 4 k 4/n
Prot = _/ﬁ?n?( u')* + %uu - u (22)

! The NLS equation considered here is only dependent on x; hence it is not a partial differential equation with a
localized soliton-like solution as in [30].
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3. Slow-roll conditions

3.1. Slow-roll conditions: flat geometry and scalar field domination

In a flat universe with scalar field domination (k = 0, p, = 0), the Friedmann equation
H? = Kk?py/3, together with equation (2), yields H = —k?¢?¢/2. For e = —1, we get
H >0 and

0<aH?<d, (23)

i.e. the acceleration is greater than the speed of expansion per Hubble radius, a/cH -1
On the other hand, for e = 1, we get H < 0 and

0<id<aH? (24)

The slow-roll condition in [31,32] assumes a negligible kinetic term; hence |e¢? /2| < V (¢),
and therefore p, ~ V(¢). Hence H? ~ x*V/3. With this approximation,
H K H
H2:—§+%V, > Hz -S4 (25)

This results in an approximation |H | < H? from which the slow-roll parameter
=—— (26)

is defined. Then the condition |e¢?/2| < V(@) is equivalent to || < 1, ie. —1 < & <0
for the phantom field case and 0 < ¢ <« 1 for the non-phantom field case. For
the non-phantom field, this condition is necessary for inflation to happen (though not
sufficient) [32], but for the phantom field case, the slow-roll condition is not needed because
the negative kinetic term results in acceleration with ws < —1. The other slow-roll
parameter is defined by balancing the magnitudes of the field friction and acceleration
terms in equation (2). This is independent of k or p,. When friction dominates,

|6 < 3H), then
;
Ho
is defined [32]. The condition is then |n| < 1 and the fluid equation is approximated to
¢ ~ —V,/3eH which allows the field to roll up the hill when ¢ = —1. Using two conditions,
e.g. |e¢?/2| < V and |¢| < |3H¢|, together, one can derive ¢ = (1/2rk%)(V;/V)? and
n = (1/k*)(Vye/V) as is well known.

3.2. Slow-roll conditions: non-flat geometry and non-negligible barotropic density

3.2.1. The Friedmann formulation. When considering the case of k£ # 0 and p, # 0, then
. K2 .
2 a

We can then write the slow-roll condition as |k%e¢?/6| < (k*V/3)—(k/a?)+(x*D/3a™) and
hence H? ~ (k*V/3) + (k*D/3a™) — (k/a*). Using this approximation and equation (28)
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in (3),
H k nx®>D

H>~ - —

2 g2 29
3 3a2 18 an A (29)

which implies |—(H /3) + (k/3a?) — (nk*>D/18a™)| < H?. We can re-express this slow-roll
condition as

e +ex +ep| < 1, (30)
where ¢, = k/a?H? and ep = —nk?D/6a" H?. Another slow-roll parameter, 7, is defined
asn = —¢/Ho, i.e. the same as for the flat scalar field dominated case since the condition

|¢| < |3H ¢| is derived from the fluid equation of the field which is independent of k£ and
Pr-

3.2.2. The NLS formulation. In the NLS formulation, the Hubble parameter takes the
form

2
o=-=u 31
—, (31)
with
. 2 2
H=—>uu"=>u’[E— P(z)] + ku"". (32)
n n

The slow-roll condition |e¢?/2| < V using equations (10) and (17) in NLS form is then

|P(z)| < 31« 2+E
116

If the absolute sign is not used, the condition is then eéQ /2 <V allowing fast-roll negative
kinetic energy. Then equation (33), when combined with the NLS equation (11), yields

3
+ anu@_%)/”. (33)

12 k‘
U< su” + (§ — 1) Bu + Sy, (34)
n u n 4

The Friedmann formulation analogue of this condition can be obtained simply by using
equations (6) and (7) in the condition. Consider another aspect of slow-roll in the fluid
equation; the field acceleration can be written in NLS form:

2Puu’ + P'u?

- | .
¢ KV Pen (35)
while the friction term in NLS form is
. 120/ P
3H$ = — 24 2 (36)
nk V en
The second slow-roll condition, |¢| < |3H¢|, hence corresponds to
P’ 6+n\ u
— —2 —. 37
7<= ()3 &
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This condition yields the approximation 3Heg? ~ —dV/dé. ~ Using equa-
tions (16), (17), (31) and (32), one can express the approximation, 3Hep? ~ —dV/d¢, in
NLS form as

Pl 2 /
- = Y nH? (38)
u

and finally the slow-roll parameters ¢, €, and ¢p, introduced previously, become

nuu” nZku*/™ _ nE ( u )2

€= —— = ———— £D
2u?’ qu? 2

(39)

ul

in NLS form. With the help of NLS equation (11), the sum of the slow-roll parameters
takes a simple form:

n o/ u\2
Etot =€+ Ex+Ep = B) <E> P(z). (40)

Finally the slow-roll condition || < 1 (equation (30)), in NLS form, is

w2
(7) P <1 (41)
Another slow-roll parameter, n = —gb/ Hé, can be found as follows. First considering
P(z) = ¢(t) (equation (13)), using the relation d/d¢ = #d/dx and equation (31), we
obtain
n{u ¢//
=—(——+1). 42
T3 (u’ o ) (42)
Equation (15) yields
2 | P P’
’w/ = 4 — — and "= + (43)

KV ne KV nPe

Hence
n{u P
= (=== +1). 44
7 2(u’2P+) (44)

Finally, the slow-roll condition |n| < 1 then reads

/

u P
U§+1‘<<1' (45)
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4. The acceleration condition

The slow-roll condition is useful for a non-phantom field because it is a necessary condition
for inflating acceleration. However, in the case of a phantom field, the kinetic term is
always negative and could take any large negative value; hence the slow-roll condition
is not necessary for the acceleration condition. More generally, to ensure acceleration,
equation (4) must be positive. It is straightforward to show that, obeying the acceleration
condition & > 0, equation (5) takes the form

ed(z)? < — (” - 2) Dy (46)

an
With equations (8)—(10) and (17), the acceleration condition (46) in the NLS-type
formulation is

2 7\ 2 k, Q/TL 2
E—P>——(3) —"—(“ ) . (47)
n \u 2 U

With the help of the non-linear Schrédinger-type equation (11), it is simplified to

2 u/?
W< =L (48)
n u

Using equations (31) and (32), the acceleration condition is just ¢ < 1 without using any
slow-roll assumptions.

5. The WKB approximation

The WKB approximation can be assumed when the coefficient of the highest order
derivative term in the Schrodinger equation is small or when the potential is very slowly
varying. Equation (11) when k& = 0 is linear. It is then

1 . .

——u" + [P(x) — E} u=0, (49)
n

where p(x) = P(z)/n and E = E/n. For a slowly varying P(x) with the assumption
n > 1, the solution of equation (49) can be written as u(z) ~ Aexp|+inWy(z)], where
Wo(x) = W (xg) is the lowest order term in the Taylor expansion of the function W (x) in
(1/n) about z = x,

T — xo)

W(x) = W(ao) + W (o) (50)

Then an approximation

n Sz

W(z) = i—/ k(z) dz ~ Wo(x) (51)
is made by analogy to the method in time-independent quantum mechanics. The
Schrodinger wavenumber is hence

2

k = —

(z) o)
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and the small variation in A\(x) is

oA =

_v%@—m@PQ_

For the WKB approximation, 0A/A(z) < 1. In the real universe, we have n = 3 (dust) or
n = 4 (radiation) which is not much greater than 1. However, if we are considering a range
of very slowly varying potentials, P’ ~ 0 implying § P/dx ~ 0; hence 0k/dx ~ 0 ~ W'(x).
Therefore W (x) ~ Wy(x) still holds in this range. Since u(x) = a2, using the WKB
approximation, we get

a~ Aexp {i(Z/n)i/:Q VE — P(z)dz| , (54)

where A is a constant. Examples of Schrodinger potentials for exponential, power-law
and phantom expansions are derived in [25]-[27]. These potentials are steep only in some
small particular region but very slowly varying in most regions, especially at large values
of |z| for which the WKB approximation applies well.

TP
=Pl

. (53)

A(x)

6. The big rip singularity

When the field becomes a phantom, i.e. ¢ = —1, in a flat FRLW universe it leads to a
future big rip singularity [16,17]. In a flat universe, when weg < —1, i.e. for a phantom,
the expansion obeys a(t) ~ (t, — t)?, where ¢ = 2/3(1 + weg) < 0 is a constant over time
and ¢, is a finite time?. The NLS phantom expansion was studied in [27] with inclusion
of the non-zero k case. Therein, the same expansion function is assumed, with constant
q < 0, and z is related to the cosmic timescale, t, as z(t) = (1/8)(t. — t)™" + z0, so
u(z) = [B(x — x9)]*. Here a = gqn/(qn —2) and f = (¢gn — 2)/2, with the conditions
0<a<1and 3 < —1 since n > 0 always. The first and second z derivatives of u are?

u'(z) = aB[B(x — x0)]* 7, (55)
u'(x) = ala — 1)F*[B(x — x)]* 2, (56)

where the exponents a — 1 and o — 2 are always negative. Using equations (20) and (22),
then

222 k
pon = T 3z — o) + 25 [(e — m)], 67)
2 k
= (o =)o (1= 2) e -] = Lppe -z (s8)
_ 4ul2 _ § _ l _ ﬁ - da/n
=2 (1-2) - 2| - St o (59

2 The relation ¢ = 2/3(1 4+ wes) < 0 holds only when &k = 0.

3 Note that (x — x0) and 3 are negative hence (z — z0)®, 8%, (x — z0)* !

and 8! are imaginary.
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The big rip, (a, prot, |Ptot|]) — o0, happens when ¢ — ¢, . In the NLS formulation, if
a — oo, then u — 07 (equation (8)). From above, we see that the conditions for the big
rip singularity are
t—1t, <r— 1,
a— oo & u(z) — 0",

Prot — 00 & u'(x) — 00,

|Diot| — 00 & U/ (x) — .

The effective equation of state weg = Prot/pPror can also be stated in NLS language as
a function of x. Approaching the big rip, + — =z, and the effective equation of state
approaches a value

I A P R (61)
mwg==-(1—-—)—-1=-1+—,

which is similar to the equation of state in the flat case.

7. Conclusions

We feature cosmological aspects of the NLS formulation of scalar field cosmology such
as slow-roll conditions, the acceleration condition and the big rip. We conclude on
these aspects in the standard Friedmann formulation before deriving them in the NLS
formulation. We consider a non-flat FRLW universe filled with a scalar (phantom) field
and barotropic fluid because, in the presence of a barotropic fluid density, the NLS-type
formulation is consistent [26]. We obtain all NLS versions of the slow-roll parameters,
the slow-roll conditions and the acceleration condition. This provides analytical tools in
the NLS formulation. For a phantom field, due to its negative kinetic term, the slow-roll
condition is not needed. When the NLS system is simplified to a linear equation (this
happens when k£ = 0) as in time-independent quantum mechanics, we can apply the WKB
approximation to the problem. When n > 1, the wavefunction is semi-classical, which
is suitable for WKB approximation use. However, this does not work, since physically
n cannot be much greater than unity, e.g. n = 3 for dust and n = 4 for radiation.
However, the WKB approximation can still be clearly valid for a range of very slowly
varying Schrodinger potentials P(z) which were illustrated in [25]-[27]. Using the WKB
approximation, we obtain an approximated scale factor function (equation (54)). For
a flat universe with phantom expansion, the big rip singularity is its final fate. When
the big rip happens, three quantities (a(t), p(t) and p(t)) become infinite. Rewriting the
singularity in NLS form (equation (60)), we can remove one infinity (see equation (60)).
We found that near the big rip, weg — —1 + 2/3g where ¢ < 0 is a constant exponent of
the expansion a(t) ~ (t, — ¢)?. This limit is the same as the effective phantom equation
of state in the case k = 0.
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1 Introduction

Supernovae Type la data and cosmic microwave background observations show
recently strong evidence of present accelerating phase of the universe [1-12] while
nowadaysinflationary paradigmin the early universeisone of the corner stonesin cos-
mology [13-18]. Present acceleration and inflation of the universe are both believed
to result from effect of either dynamical scalar field with time-dependent equation of
state coefficient wg (t) < —1/3 or acosmological constant with w = —1. Alternative
explanation for present acceleration to dark energy is modification of general relativ-
ity which includes braneworld models (for review, see [19] and references therein).
Among these ideas, the scalar field catches most attention therefore many analysisin
cosmological contexts and observations have been carried out [20-22]. Conventional
formulation of canonical scalar field cosmology with barotropic perfect fluid, can also
be expressed asnon-linear Ermakov-Pinney equation asshown recently [23—28]. How-
ever, non-Ermakov-Pinney equation for such system can aso be written in form of a
non-linear Schrédinger-type equation (NLS). The solutions of the NL S-type equation
correspond to solutions of the generalized Ermakov-Pinney equation of scalar field
cosmology [28,29]. The NL S-type formulation was concluded and shown in case of
power-law expansion in Ref. [30] where all Schrodinger-type quantities correspond-
ing to scalar field cosmology are worked out. NL S-type formulation also provides an
aternative way of solving for the scalar field exact solutions in various cases even
with non-zero curvature [31].

Various observations allow scalar field equation of state coefficient, wg to be less
than —1 [33-35]. Previous evidence from combined cosmic microwave background,
large scale structure survey and supernovae type la without assuming flat universe
yields wy = —1.0679.233 [36] while using supernovae data alone assuming flat uni-
verse yields wy = —1.07 &= 0.09 [37]. The most recent WMAP five-year result
[38,39] combined with Baryon acoustic oscillation (BAO) of large scale structure
survey: SDSS and 2dFGRS [40] and type la supernovae data from HST [10,11],
SNLS [12] and ESSENCE [37] assuming dynamical w with flat universe yields
—1.33 < wy,0 < —0.79 at 95% confident level [41]. Also this data with additional
BBN constraint of limit of expansion rate [42,43] yields —1.29 < wg o0 < —0.79
at 95% confident level and wy 0 = —1.04 & 0.13 at 68% confident level [41]. This
suggests that the scalar field could be phantom, i.e wy < —1 [44-46]. For acanonical
scalar field, phantom behavior can be attained by negative kinetic energy term of the
scalar field Lagrangian density. In FLRW general relativistic cosmology, thereisaBig
Rip singularity with a, p, |p| — oo at finite time [47-59], nevertheless singularity
avoidance has been attempted in various ways [60—69]. Extension to include phantom
field case in NLS-type formulation was made in [30]. In NLS-type formulation one
can presume any law of expansion a = a(t), e.g. power law a ~ t% or exponential
expansion, a ~ exp(t/r) [30,31] and works out all NLS-quantities keeping open
possibility for thefield to be phantom or non-phantom and non-zero spatial curvature.
Analogous studies to the slow-roll, WKB and the Big Rip in NLS formulation were
donein[32].

To attain accel erating expansion, one needs to have effective equation of state coef-
ficient, wesf < —1/3 where
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Phantom expansion with non-linear Schrédinger-type formulation

PpWe + Py Wy
Ptot '

Weff = 1
py isdensity of barotropic fluid, py is density of the scalar field and piot = pg + 0y -
It has been known in standard cosmology that for flat universe (k = 0), if the expan-
sionisa ~ t9, then —1 < wgs < —1/3; if a ~ exp(t/7), then wer = —1 and if
a~ (ta—t)9, thenwet < —1. Hereq = 2/[3(1+ west )], T, ta arefinite characteristic
times. In the last case, weif < —1 correspondstoq < O.

In thiswork, we consider phantom expansiona ~ (tq—t)9 inthe NL S-typeformu-
lation with non-zero curvature k. We introduce cosmological system in Sect. 2, then
NLS-type formulation in Sect. 3. The Schrédinger quantities for phantom expansion
are presented in Sect. 4 where we analyze value of we and show conditions of how
much negative wy must bein order to keep the expansion phantom. We aso illustrate
parametric plots for west With g and t. Scalar field exact solutions solved from both
standard formulation and NL S-type formulation are given in Sect.5 where we com-
ment on both procedures of obtaining the solutions. Finally we conclude our work in
Sect. 6.

2 Cosmological system

Barotropic fluid and scalar field fluid are major components in our scenario. The
perfect barotropic fluid pressure p, and density p, obey an equation of state, p, =
(y =D p, = wy, p, whilefor scalar field, py = wypy. Total density and total pressure
are pot = py + py and Pt = P, + Py For the barotropic fluid, w,, is written in
teemof n. We set w,, = (n —3)/3 sothatn = 3(1+ w,) = 3y, hencew, = -1
correspondston = 0, w, = —1/3ton=2,w, =0ton =3, w, = 1/3ton = 4,
and w, = 1ton = 6. The conservation equation is hence

Ib)/ = _any s (2)

with solution,

D
s ®

Therefore p, = [(n — 3)/3](D/a") , where a is scale factor, the dot denotes time
derivative, H = a/a is Hubble parameter and D > 0 is a proportional constant. We
consider scalar field that is minimally coupling to gravity with Lagrangian density,
L = (1/2)ep? — V(¢), of which e = 1 for non-phantom case and —1 for phantom
case. Density and pressure of thefield are given as

Py =

1 . 1 .
Py = §e¢>2 +V(p), pp= 564&2 - V), (4)
therefore

_ Py _€$?—2V(¢)

Py €p?+2V(p) ©

We
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The field obeys conservation equation
.. ..oodv
e[¢+3H¢]+w=O. (6)

Considering Friedmann-Lemaitre-Robertson-Walker (FLRW) universe, the
Friedmann equation and accel eration equation are

2
2 K k
H = 310t0t_a27 (7)
.t 2
a K
& X ot + 3weir) 8
a 6,Otot( + weif) )

where k2 = 817G = 1/M32, G is Newton's gravitational constant, Mp is reduced
Planck mass and k is spatia curvature. Using Egs. (3), (4), (6) and (7), one can show
that

. 2T7. Kk D

fo)(t)z:—p |:H —z]—%, )
3 H 2k -6\ D

V(¢)=F[H2+§+—3a2}+(—n6 )E' (10)

3 NLS-type formulation

Non-linear Schrédinger-type formulation for canonical scalar field cosmology and
barotropic fluid was proposed by J. D’ Ambroiseand F. L. Williams[29] and was aso
extended to include phantom field case [30].1 In the Schrodinger formulation, wave
function u(x) isrelated to scale factor in cosmology as

ux) = a(t)""?, (12)

while Schrédinger total energy E and Schrodinger potential P(x) are linked to cos-
mology as

KN
E=-"2-D. (12)
2
P(x) = %a(t)”eq'b(t)z. (13)

These quantities satisfy a non-linear Schrédinger-type equation:

2

k
%u(x) +[E = PXO]Ux) = —%u(x)(“—”)/”, (14

1 Itisworth noti ng that Schrodinger-type equation in scalar field cosmology was previously considered in
different procedure to study inflation and phantom field problems [70-74].
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Phantom expansion with non-linear Schrédinger-type formulation

with amapping fromt to x isvia
X = o(t), (15
such that [30,31]

X(t) = ux), (16)

B
¢<t>—w(x>—Kﬁ/ 2 ax. (17)

If P(x) # 0and n # 0, inverse function of v (x) exists as ¥ ~1(x). Therefore
X(t) = ¥ 1o ¢(t) and the scalar field potential, V o o ~1(x) can be expressed as,

V(t) =

12 (du\? 2u? 1202 3ku#/n
(=) - =P B 18
«2n2 (dx) K2n () + «2n2 * K2 (18)

4 Phantom expansion
Expansion of theforma ~ (t; —t)9 iscalled phantom when q < 0 for aflat universe.
Here in non-flat universe, q is considered to possess any value and the term phantom

expansion also refers to expansion function of the form a ~ (t; — t)9 asin the flat
case.

4.1 NLS-type formulation for phantom expansion

With the phantom expansion, a ~ (t — t)9, we use Egs. (11) and (16) to relate
Schrédinger wave function to standard cosmological quantity as

u(x) = X(t) = (tg — t)"9"/2, (19)

Integrate the equation above so that the Schrédinger scale, x is related to cosmic
timescale, t as

1
X(t) = 3 (ta— P +x0, (20)

where 8 = (qn — 2)/2 and Xg is an integrating constant. Conversely,

1

=R o

(21)

The Schrédinger wave function can be directly found from Egs. (19) and (21) as

u(x) = [B(x — x)]9V/@n=2) (22)
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For a ~ (ta — t)9, we can find e¢ (t)? from Eq. (9):

. 2q 2k nD
)2 = - : 23
O = 02 T2t D® 3G _n® (23)
Using Eq. (23) with phantom expansion in Eq. (13), therefore
qn -2 kn n—2 K2n2D
P(t) = —(ta— )" —(tg—1)4-2 _ —__— 24
() > (ta—1) + > (ta—1) o (24)
which can be expressed in term of x using Eq. (21) as
2qn 1 kn 2 29(n-2/@n-2) 242
P(x) = 5 st 5 |l TS0 - .
(an — 2)% (x — Xo) 2 [ (Qn—2)(X — Xo) 12
(25)

One might have a thought that all functions in phantom expansion case can be
changed to those in power-law expansion case by interchanging (ta — t) < t. How-
ever when (t; — t) isdifferentiated, thereis an extraminus sign. The Eq. (25) dlightly
defers from that of the power-law expansion case because in the power-law case, the
numerator of the second term is —2 instead of 2. The Schrodinger kinetic energy T
is negative value of thefirst two terms of the Schrédinger potential. At last, the scalar
field potential obtained from Eq. (18) is

V(1)

_ qBgq -1 2k +(n—G) D 26)

T K2(ta—t)2 + K2(tg — ) 6 ) (ta—t)an’

which can be checked by using a ~ (t; — t)9 in Eq. (10). Wave function of the NLS-
formulation isfound to be non-normalizable [30] asseenin Fig. 1 for case of phantom
expansion with various types of barotropic fluid. Here q is chosen to —6.666. In flat
universe q = —6.666 can be attained when wes = —1.1. Figure2 shows P(x) plots
for three cases of k with dust and radiation. In there xo = 1, therefore P(x) goes to
negative infinity at x = 1.

4.2 Analysis on effective equation of state coefficient
The definition of effective equation of state coefficient, west = (ppwg + 0y Wy )/ Prot

together with Eq. (4) and the results in Egs. (23) and (26) in context of phantom
expansion a ~ (t; — t)9, we can derive

(—30% + 2q)(ta — )22 — K
w, =
of 392(ta — )22 + 3k

(27)
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Phantom expansion with non-linear Schrédinger-type formulation

Fig. 1 Schrodinger wave
function, u(x) when assuming
phantom expansion. u(x)
depends on only g, n and ta but
does not depend on k. Here we
setta = 1.0and q = —6.666.
Ifk=0,q=—6.666
corresponds to weff = —1.1
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I

o

[\e)
/

0.4 0 0.4 0.8 1 X
Thereisalocus,
K\ Y(2a-2)
= o (?) , (28)
where wer becomes infinite along the locus. Hence for k = —1 the locusist =

ta— g Y@ D (interm of x, itisx = [2/(gn — 2)]q@"=2/2@=D 4 x,). Hence for
k = 0, the coefficient wess isinfiniteat g = 0 or t = t,. It seems from the equation
above that wers does not depend on properties, n or amount of the barotropic fluid, D.
Indeed west implicitly dependson D and n sincetime variable and g arerelated to p,
in the Friedmann equation. If k = 0, it reducesto q = 2/3(1 + weif) and therefore
the phantom condition weff < —1 impliesq < 0 asit is known. This corresponds to
acondition,

wp < —1— (L+w,)2L (29)
P9

Thereforefor afluid withw, > —1, wg isalwayslessthan —1inaflat universe. In
order to havetheexpansiona ~ (ta—t)9 ink = O universe, we must have weit < —1,
i.e. in phantom region. We can rewrite wg, in term of wefr as

2
[ (- 072+ H(ta— 72| wer — %52D(ta— )~

2
B ta— )2+ H(ta — 1)=2 — D(ty — 1)~

(30)

We =

Equation (30), when D = Oandk = 0, yieldswg = wes. Albeitwesetonly D = 0,
it gives the same result since wy, isindependent of geometrical background. However,

@ Springer



T. Phetnoraet al.

Scalar field with dust (n = 3) Scalar field with radiation (n = 4)
-4 -2 PSX) 2 4 6 -4 -2 PsX) 2 4 6
X

4 -2 Psx) 2 4 6 R
X X
o1 -1
k=0 -2 2
-3 3
-4 4
o PO, B I
X
—1 a1
k=-1 2 -2

Fig. 2 Schrédinger potential in phantom expansion case for dust and radiation fluids with k = 0, £1.
Numerical parameters are asin the u(x) plots (Fig. 1). Xg is set to 1. For non-zero k, thereis only one real
branch of P(x)

sincetheexpansionlaw isfixed, wy istied upwith D implicitly viaEg. (1). Notethat wg
hasvalueintherange (—oo, —1] and [1, co) so that the phantom crossing can not hap-
pen when the scalar field is dominant. However, presence of the dust barotropic fluid
inthe system givesamultiplication factor that islessthan 1 to the equation of state, i.e.

Py )
Weff = We . (31)
(:0¢7 + py ¢

We can see that the phantom crossing from wess > —110 weff < —1 can happenin
this situation. Figure3 presents parametric plots of the west, q, t diagram for various
k values. From the figure, we see the locus in Eq. (28) where west blows up. In the
parametric plots, thevalue of wes a any instance can be obtained if weknow thevalue
of g. We need to know g from observation in order to know the realistic value of west
or the other way around. Figure 4 plotted from Eq. (27) settingty; = 1andt = 0.7
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Fig. 3 Parametric plots of weff
for the expansion a ~ (tg — t)d
in closed, flat and open universe.
Heretyissetto1l
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Fig. 4 wess for the expansion
a~ (tg—t)% in closed, flat and
open universe. Hereta issetto 1

andtis0.7
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Phantom expansion with non-linear Schrédinger-type formulation

showsthat if k = +1, g could be negative, i.e. phantom accelerated expansion, even
when wer > —1. Regardless of t; and t,

. ) 1
ql')rpooweff(Q)Z—l and qﬂTooweff(Q)=—§, (32)

for phantom expansion. In particular, for k = —1, wet > 0 could giveq < 0 and west
isinfinitewhenlInqg/In(ta — t) + g = 1 (see Eq. (28)).

5 Scalar field exact solution
5.1 Bound value of ¢ (t) from effective equation of state for k = 0 case

In flat universe, the phantom expansion occurs when weff < —1. Using Egs. (4) and
(5) in Eq. (1), we get abound

. n
ed? < —§,o,,. (33

Assuminga(t) = (ta — t)% and phantomscalar field, i.e. e = —1withusing Eq. (3),
the solution is found to be in the region,

1 /D
B > E\/?n (ta— 1)~ + o. (34)

where 8 = (qn — 2)/2.

5.2 Solution solved from Friedmann equation
5.2.1 Scalar field potential in flat and scalar field dominated case
A simplest case for analysisiswhen considering flat universe (k = 0) with negligible

amount of barotropic fluid (D = 0). The Eq. (23) is hence simply integrated out. The
solution is

1 /2
p® = £/ In(ta—1) + do (35)
K €
Insert this result into Eq. (26), we obtain the scalar field potential,
3g-1 [2
V(¢)=%exp{i'< Eekb(t)—d)o]]- (36)

The solutions above are real only when g and ¢ have the same sign, i.e. when
€e=1,9>0ande = —1, g < 0. Thislookssimilar to potential that gives power-law

@ Springer



T. Phetnoraet al.

expansion as well-known [75]. It is not surprised since in our case (q < 0) it has
been known that phantom field, when rolling up the hill of slope-varying exponential
potential (varying q), results in phantom expansion a ~ (t — t)9 [47-59].

5.2.2 Solution for k = 0, D # O case

For the case k = O with D # 0, the solution of Eq. (23) is

1 [ 29
gn —2V ex?

x 1In

pt) ==+

(ta — t)—qn+2

(1 +/1— (NDk2/6q)(ta — t)—qn+2)2

ND«2(ty — t)—an+2 —nD«?2
+2\/1— = +In( 5 ) + ¢o0, (37)

which isinfinite when g = 2/n. The last logarithmic term in the bracket is an inte-
grating constant. Logarithmic functionisvalid only whenq < 0.

5.2.3 Solution for k # 0, D = O case

For thereverse case, k # 0, D = 0, the solutionis

o) =+ |2
g -1V ex?

(ta—t)971 k _2q+42
_ \/(g) (ta— 1)~20+2 4+ 1 } +¢0. (38)

which becomes infinite when g = 1. The values q and ¢ must have the same sign for
it to be real-value function. The case k # 0 with D # 0 can not be found analytically
except when setting n = 2 (w,, = —1/3) whichis not natural fluid.

5.3 Solution solved with NL S-type formulation
One can obtain exact solution of Eqg.(23) indirectly via NLS-type formulation. Con-

sider Eq. (25), we notice that setting D = 0 does not make sense in NLS-formulation
since even D vanishes, n (barotropic fluid parameter) still appears in other terms.
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Therefore we can only consider non-zero D case. Assuming k = O with D # 0 and
using Eq. (25) in Eq. (17), the solution is

8q
ex2(gn — 2)2

k2Dn(gn — 2)2 )
X '—\/l— [T(X_XO) ]

I |:1+\/1—[K2Dn(qn—2)2/24q] (X=X0)?  4qn :“
+1In :

v(X) ==+

(X — Xo) e(qn—2)2
(39)

Transforming to t variable using Eq. (20),

2q
gn—2V ex?

¢t) ==

(ta—t)~9"+2

(1 +/1— (ND«2/6q)(ta — t)—qn+2)2

NDx2(ty — t)—an+2 an — 2\?
+2\/1— = +In( o ) ]+¢0. (40)

x 11n

The only difference from the solution (37) obtained from standard method is the
logarithmic integrating constant term in the bracket. In case of k # Owith D # O, the
integral (17) can not be integrated analytically even when assuming n value except
for n = 2 which isintegrable. However n = 2 is not natural fluid. Thisis similar to
using standard method in Sect.5.2.3.

6 Conclusions

Weconsider asystem of FLRW cosmology of scalar field and barotropic fluid assuming
phantom acceleration. We have worked out cosmological quantities in the NLS-for-
mulation of the system for flat and non-flat curvature. The Schrédinger wave functions
areillustrated in Fig. 1 for various types of barotropic fluid. These wave functions are
non-normalizable. We show Schrddinger potential plotsfor dust and radiation casesin
closed, flat and open universe. The procedure considered here is reverse to a problem
solving in quantum mechanics in which the Schrédinger potential must be known
before solving for wave function. In NLS formulation, the Schrodinger equation is
non-linear (reducible to linear in some cases) and the wave function is expressed first
by the expansion function, a(t). Afterward the Schrédinger potential is worked out
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based on expansion function assumed. Moreover, the NLS total energy E is negative
(see Eqg. (12)). We also perform analysis on effective equation of state. \We expresses
weff intermof g and k. Inanon-flat universe, thereisno fixed wess valuefor aphantom
divide. We show this by analyzing Eq.(27) and by presenting illustrations in Figs. 3
and 4. Inthese plots, even wers > —1, the expansion can still be phantom, i.e. g can be
negative. Especially, in k = —1 case, positive wess could also giveq < 0. The value
of wesf approaches -1 when q — —oo and —1/3 when g — +o0. In open universe,
weif blowsupwhenIng/In(t —t) + 9 = 1.

The last part of this work is to solve for scalar field exact solution for phantom
expansion. Within framework of the standard Friedmann formulation, we obtained
exact solution in simplest case where scalar field is dominated in flat universe. Apart
from that we al so obtained exact solutionsin the cases of non-flat universe with scalar
field domination and flat universe with mixture of barotropic fluid and scalar field.
Afterward, we use NLS formulation, in which the wave function is equivalent to the
scalar field exact solution, to solve for the exact solutions. We can apply the NLS
method to solve for the solution only when the barotropic fluid density is non-negligi-
ble. Setting D = 0in NLSframework isnot sensible because even if D term vanishes,
the barotropic fluid parameter n still appearsin other terms of the wave function. This
is adisadvantage point of the NLS formulation.

Transforming standard Friedmann formulation to NL S formulation renders a few
effects to the integration. In standard form (Eg. (23)), n appearsin only D-term and
all terms are t-dependent. In NLS-form (Eq. (25) when inserted in Eq. (17)), D-term
becomes a constant (E), hence the number of x(or equivalently t)-dependent terms
is reduced by one. This is a good aspect of the NLS. In both Friedmann-form and
NLS-form, the solutions when k # 0 and D # 0 are difficult or might be impossi-
ble to integrate unless assuming values of g and n. Therefore reduction number of
x-dependent term helps simplifying the integration.
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We investigate the phase space of a quintessence theory governed by a generalized version of the DBI
action, using a combination of numeric and analytic methods. The additional degrees of freedom lead to a
vastly richer phase-space structure, where the field covers the full equation of state parameter space:
—1 = o = 1. We find many nontrivial solution curves to the equations of motion which indicate that DBI
quintessence is an interesting candidate for a viable k-essence model.
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I. INTRODUCTION

The dark energy problem continues to be a sticking point
for theoretical physicists. The simplest solution to this
problem is to postulate the existence of a vacuum energy
or cosmological constant which agrees with all the current
observational bounds [1-4]. However, we are then left with
a secondary problem, namely, explaining why the vacuum
energy is tuned to such a small value without some obvious
symmetry to protect it. For many years we have hoped that
UV complete theories of gravity would shed light on this
issue, which is in effect an extremely embarrassing IR
problem from this perspective. However, despite much
effort, neither string theory nor loop quantum gravity has
shed any compelling light on this issue—although there
have been many interesting proposals.

An alternative approach is to assume that the cosmo-
logical constant is exactly zero, since supersymmetry can
then be invoked as the regulating symmetry in this case.
However, one then has to account for the fact that low
energy supersymmetry must be broken and an alternative
explanation for the current expansion, and for the vanish-
ing of the cosmological constant, must be sought. One way
to deal with the latter problem is to assume that the dark
energy phase is driven by a dynamical field, implying that
the equation of state is an explicit function of time [5,6].
Currently this cannot be ruled out by our best observations
and therefore remains a possible solution to the dark en-
ergy problem. However, one cannot just consider ad hoc
scalar fields coupling to gravity, since the low energy
theory will still be sensitive to high energy physics. In
particular, we must ensure that any additional scalars are
neutral under all the standard model symmetries, and that
they do not introduce additional fifth forces. Therefore, one

*buring @nu.ac.th; B.Gumjudpai @damtp.cam.ac.uk
Wija@uvic.ca

1550-7998/2009/80(2)/023528(17)

023528-1

PACS numbers: 98.80.Cq

must search for viable models of dynamical dark energy
within UV sensitive theories.

Phenomenological models of our Universe have proven
difficult to construct within string theory, due to technical
difficulties arising from moduli stabilization, whereby we
assume that the extra dimensions of the theory are com-
pactified on manifolds with SU(3) X SU(3) structure (in
the type IIB case) [7], and orientifolded to preserve the
minimal amount of supersymmetry in four dimensions.
Most of the work in this area assumes that the compact
space is a Calabi-Yau threefold, which is a special limit of
the SU(3) structure manifold class.

As a result, embedding realistic cosmology into string
theory has proven difficult. One area which has been well
explored in recent years is inflation driven by the open
string sector through dynamical D p-branes. This is the so-
called Dirac-Born-Infeld action (DBI) inflation [8,9]—
which lies in a special class of K-inflation models. It was
originally thought that such models yielded large levels of
non-Gaussian perturbations which could be used as a
falsifiable signature of string theory [10]. However, sub-
sequent work has shown that this may not be the case, and
that the simplest DBI models are essentially indistinguish-
able from standard field theoretic slow roll models [11-—
13]." The problem is that the WMAP 5 yr data set [2]
imposes very tight constraints on the allowed tuning of the
free parameters in the theory. We are then left with the
choice of either having large non-Gaussianities but with
vanishing tensors, or assume that the tensor spectrum will
be visible—in which case there is no non-Gaussian signa-
ture. The models are only falsifiable once these conditions
are relaxed. One can get around these conditions by con-
sidering more complicated models such as multiple fields
[15,16], multiple branes [17-19], wrapped branes [20], or

'Note, however, that the models proposed in [13,14] evade
such problems.

© 2009 The American Physical Society
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monodromies [21]—but even here there are still problems
with fine-tuning, backreaction, and the apparent break-
down of perturbation theory in the inflationary regime [22].

In models of dynamical dark energy, on the other hand
[5,6,23], the WMAP constraints can be relaxed and there-
fore DBI models may still have some use as an explanation
for a dynamical equation of state. Moreover, this fits in
nicely with several intuitive ideas from string theory.
Namely, that inflation can still occur, albeit only through
the closed string sector—where one (or more) of the geo-
metric pseudomoduli are actually responsible for the initial
inflationary epoch (see [24] for the phenomenologically
most viable proposals). After inflation the universe lives on
branes that wrap various cycles within the compact space
and are extended along the large Minkowski directions. In
this sense we see that a grand unified theory or electroweak
(EW) phase transition can manifest through a geometric
fashion—namely, the Higgsing of branes in the compact
bulk space. This suggests that dark energy may well be a
dynamical process, and moreover, in the light of these open
string constructions, it retains a sense of being geometric in
nature.

With this in mind, various authors have begun to explore
the phase space of DBI-driven dark energy [25,26]. The
initial works have dealt with the dynamics of a solitary
D3-brane moving through a particular warped compactifi-
cation of type IIB. In this paper we wish to generalize this
further to a more phenomenological class of models that
include multiple and partially wrapped branes. We believe
that this may be a more generic situation to consider, since
typically one should expect branes of varying degrees to be
wrapped on nontrivial cycles of the compact space. Our
work is a first step into considerations of a more general
setup for quintessence in IIB (open) string theory, and we
hope it will be a valuable starting point for further
endeavours.

II. DYNAMICS OF THE EFFECTIVE THEORY

To begin let us assume that the universe at such late
times can be adequately described by a flat Friedmann-
Robertson-Walker (FRW) metric and that the matter sector
consists of a dynamical scalar field and a perfect fluid,
which are both separately conserved. The usual cosmo-
logical equations of motion are therefore independent of
any particular model and can be written as

_ (p+py)

H>="—_°>%
302

R pi = _3H(PI + pi)’ (21)

where i runs over the contributing components. The equa-
tion of state is given by w; = P;/p;; however, if o of the
fluid component is assumed to be constant, then we can

integrate the appropriate conservation equation exactly to
obtain

p a*3(l+a))’ (2.2)
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where the scale factor varies as a function of time such that
a([) ~ t2/(3[1+w])'

The model dependence arises in the parametrization of
the scalar field sector. In our case we are assuming that the
dark energy is driven by open string modes, which at low
energies are described by fluctuations of a D p-brane whose
dynamics are governed by the DBI—which is a general-
ization of nonlinear electrodynamics [8,9]. Typically one
assumes that the standard model is localized on an inter-
secting brane stack, in one of the many warped throats that
are attached to the internal space. For consistency reasons,
in the simplest cases, these are taken to be either D3-
or D7-branes. In this paper we will consider a bottom-up
approach; therefore, we shall not worry too much about the
geometric deformations of the compact space, nor about
any constraints imposed by orientifolded O p-planes—
aside from those that ensure that all tadpoles are consis-
tently canceled so that we can trust the low energy super-
gravity theory.

The action we consider is a generalized form of the DBI
one coupled to Einstein-Hilbert gravity, which can be
embedded into this background and takes the following
generalized form?:

12
s=— d4xa3<r>(r<¢>w<¢> - %)

~T(¢) + V(qs)) + Sy 23)

where T(¢) is the warped tension of the brane and S, is
the action for matter localized in the standard model (SM)
sector. Thus our assumption here is that our dynamical
open string sector is coupled only gravitationally to the SM
sector, and so we do not have to worry about additional
forces or particle production. There are two potential
terms for the scalar field, which are denoted by W(¢)
and V(¢). The first of these terms can arise in different
places within the theory. First, if the brane is actually a
non-Bogomol’nyi-Prasad-Sommerfield (BPS) one [28],
then the scalar field mode is actually tachyonic and the
potential is therefore of the usual runaway form. If there
are N multiple coincident branes, then the world-volume
field theory is a U(N) non-Abelian gauge theory and the
potential term is simply a reflection of the additional
degrees of freedom [29]. Through the dielectric effect,
one can also see that this configuration is related to a
D5-brane wrapping a two-cycle within the compact space
and carrying a nonzero magnetic flux along this cycle.
Both of these configurations lead to an additional potential
multiplying the usual DBI kinetic term.

2We refer the more interested readers to [19] for more details
on the precise structure and origin of this action. The important
thing to note is that ¢ is a matrix valued field. For recent work in
a related direction see [27].
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The origin of the V(¢) term is less explicit—but is a sum
of terms. One expects open or closed string interactions to
generate a scalar potential V(¢ ); however, the precise form
of such an interaction depends upon many factors such as
the number of additional branes and geometric moduli, the
number of nontrivial cycles in the compact space, and the
choice of embedding for branes on these cycles. Typically
one can only compute this in special cases in the full string
theory. There are also additional terms coming from cou-
pling of the brane to any background Ramond-Ramond
form fields. The action above is assumed to be that of a
D3-brane(s) filling the space-time directions, which natu-
rally couples to the field C® through the Chern-Simons
part of the action. However, for wrapped D5-branes there is
also the possibility of a coupling C*) A F, where F is the
magnetic field through the two-cycle. For example, in the
warped deformed conifold, one can see that dc® =
*dC®, and therefore there is an additional term in the
DBI action,

S~ /d4xa3(t)gs_1Ma’T(¢), 2.4)
up to a normalization factor of order 1. Terms such as this
have been added to the interaction potential to define the
full scalar potential V(¢). Recent extensions to standard
DBI inflation have included the contribution from higher
dimensional bulk forms, with the remarkable result that
they cancel one another up to third order in the action and
therefore do not affect the leading order perturbations [30].
Extending this work to higher orders is therefore extremely
interesting.

The corresponding equations for the energy density and
pressure of the DBI can then be written succinctly as

Py =TPr g - ig)
Y

ps =T(PIW(P)y — 1]+ V(¢g),

where y = [1 — ¢?/T(¢)]~'/? is the usual generalization
of the relativistic factor. The subscript ¢ denotes the scalar
field component here. We can also immediately define the
equation of state parameter for the quintessence field to be

o TGy = W(d)] ~ V(d)y
¢ T()y[W(p)y — 1]+ V(d)y

from which one clearly sees that it is dynamically sensitive
and can take a wide range of values. For instance, we only
recover w, ~ —1 in the limit that the field is nonrelativ-
istic and the entire solution is dominated by the V(¢)
terms—which will clearly require large amounts of fine-
tuning to accomplish. There are clearly several regions of
parameter space that are of interest. First let us assume that
the potential term is zero, either because it is suppressed or
there is an unlikely cancellation between the contributing
terms. The more general case with nonzero V leads to a

2.5

(2.6)
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wide variety of complex behavior. We can therefore iden-
tify several limits of interest—focusing on the behavior of
w:
(i) W(¢) = 1—which reduces the action back to the
usual DBI case which has @, = 1/7 as discussed in
[25].

(i) W(¢) = ay—which leads to constant y if « is
constant, since the two are related via y2w¢a =
l — a + wy. Moreover, this again means that ¢ o«
t~(1+wy)/(1+) 4¢ in the case where W = 1.

(iii) W(¢) — 0—as could occur in the case of a ta-
chyonic theory, which mimics a dark energy domi-
nated phase with w 6= 1. However, one must be
careful if this is to be representative of non-BPS
D-brane actions, since the coupling to the form
field is noncanonical in this instance. In fact, the
coupling term will typically be of the form d¢ A C.
This means that there is no solitary 7(¢) term in the
action, and therefore the equation of state in this
instance will vary like —1/v2.

(iv) W(¢) > y—which can occur in the multibrane/
wrapped brane case and yields w, ~ —1/ ¥

Note that in all cases the equation of state parameter
remains bounded in the range —1 = wy = 1.

One can combine the expressions for the energy-
momentum tensor components, and together with the con-
tinuity equation, we obtain the following equation of mo-
tion (assuming that the scalar field follows a monotonic
path):

3T
L 3H 3T,

. T, TWy
d) 2 2 2
Y Y

(.
+ (V= Ty) — 2+ 2 =0,
Wy Ve T T T

(2.7)

which is a generalization of the Klein-Gordon equation for
the DBI Lagrangian. The subscript ¢ of T, W, and V
denotes a derivative with respect to the field value. The
other dynamical equation of motion for the Hubble pa-
rameter can be written as

. 1 .
H=— M[p(l + )+ yW(p)d*l  (2.8)

where we have defined the pressure of the noninteracting
barotropic fluid to beP = wp. We leave the interesting
case of interacting pressure for future endeavours.

Let us consider, as an example solution, the case where
there is a scaling solution with W = 1, which has been
reviewed elsewhere [26]. We will find it convenient to
define the quantity

1+
X=-—29
1+ w

) (2.9)

in which case we see that ¢ ~ r~*. This allows us to
reconstruct the tension of the brane as follows:
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T(¢) = Mbe 9,
T(d)) — m4+a¢foz’

X=1,

2.10
X #1, @10

where M is a dimensionful mass scale, A is a constant, and
a = 2X/(1 — X). Using the fact that w, = 1/, we can
then see that for X # 1 the solution is physically valid only
when @ > 2/a since we define y to be the positive root.
Let us now consider the phase-space dynamics of the
theory in more detail, following along the lines of [5]. It
is initially convenient to define the following new varia-
bles:

_ [Tpw(g)y 1 _T™,V,
X = 3 HMP’ M1 = vz

_ ¢ _ \/TMpTrb
=AWy g me T Ty @1D
P
. f 1 s — WyM,
3 HMP W3/2,y5/2

in terms of which we can see that y = [1 — y2/(3x2)] /2,
and the fluid density parameter can be written as

Q=1-Q4=1- (z2 + x2[1 - W(;)y]), (2.12)

while the equation of state in dimensionless variables will
become

N (xz[y - W($)] - ZZW(@VZ), (2.13)

o T\ W)y — 11+ 2W(d)y

As is customary we will now switch to dimensionless
derivatives, denoted by a prime, replacing time derivatives
by derivatives with respect to the e-folding number N .
Therefore we can easily determine

S R

(2.14)

A useful quantity to calculate is the variation of the kinetic
function, which we can write in the following manner
using the equation of motion,

y _ 3HP Wed Tyd &

y T w T  yWT

(Vg —Ty).
(2.15)

We can then determine the dynamical equations for the
dimensionless fields as derivatives with respect to N,

PHYSICAL REVIEW D 80, 023528 (2009)

1 yZ3 y2 Hl
x = _E(Ml + M2)7 BRI
3 J
y = _3)’<1 - @)(1 + E[Ml + Mz])
+ 2R s -y
X H
J Zypy il
2x H’

and the remaining parametric solutions are

5 .
wiyzf 3 VgeV
p== (——+—¢‘b

T4V
2 V2 - 172% )
¢ ¢

! =M(_§+ TV . TMV)

2 7 ~ >
x 2 2TV, T,V,

mh = yM§73/2(1 + M STyW 2.17)

W3 2TW,

>y Spsy’

+ V4 —Tyl) + .
2w, ‘f’]) 252

Note that if the u; are constants, then the previous three
equations form an autonomous set and should uniquely
specify the dynamics of the quintessence field. We will
consider this case as the simplest (canonical) example. If
we wish to appeal to string theoretic constructions, then we
restrict the parameter space of solutions. It is more inter-
esting to consider the above equations in the context of a
phenomenological model and see what kind of functions
yield the correct behavior. Explicit constructions of string
backgrounds are typically difficult, and there are only a few
well-known examples that are ritually invoked; however, if
we take string theory seriously, then there are undoubtedly
other nontrivial backgrounds that are cosmologically inter-
esting but not yet constructed. Since an analytic analysis of
this generalized system is highly complicated, it is conve-
nient to use a combination of analytic and numerical
methods to understand the dynamics of the system. For a
numeric analysis it is necessary to rewrite the fluid equa-
tion in terms of more useful variables. It turns out that the
simplest variables to use are the following:

¢ =D, (2.18)

, 30 3MLZ (Wyus[3 T (g + o)
Y=t "5 | 2! T WS
Y x 2 Ly Wy
3M,x* H'
Sl R (2.19)
Wy H
which are easily derivable from the terms written above.
Equations (2.14), (2.16), (2.17), (2.18), and (2.19), together
with the barotropic fluid equation p’ = —=3p(N)(1 + w),
hence form a closed ten-dimensional autonomous system if
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T, W, or V is given as an explicit function of ¢ or as a
constant.

A. Case 1

Let us take the canonical string theoretic example aris-
ing when the local geometry can be approximated by an
anti-de Sitter space. This geometry typically arises in the
near horizon limit of coincident D3-branes (or flux). In this
case we see that (at leading order)

¢4 m2¢2
F! 2 B

T(¢) = V() = W(p) =W,

(2.20)

where we have also included an effective ¢? potential for
the system. This means that w3 = 0, and we also have a
constant wp; which allows us to write the remaining u
terms as

2V2M, 222wy
= , =—-—, 2.21
M Py M2 W2 (2.21)
and therefore the dynamical equations reduce to
/ pwiyz’ (1 2x° ) ¥ xH'
X = - - I —
2x? Wyz? 2x H
2 3 2.2
S
6x Xy Wryz
bmzy yH' (2.22)
v H’
g Dym  zH
2x H

The simplest way to proceed with the analysis is to con-
sider the final equation above, since this splits the solution
space neatly into two components. Thus we search for
solutions where either z =0 or z = (2x/yu,)H'/H as
initial conditions.

The first subset of solutions admits (0, 0, 0) as a (trivial)
fixed point, which is a fluid dominated solution since {} =
I in this instance. Let us remark here that this fixed point
solution will occur for all the cases we consider; however,
since this implies a vanishing of the action, causality
implies that this fixed point must be unstable—i.e. phase-
space trajectories will flow away from it. By making this
field a phantom scalar, one can evade this causal bound and
the point can become a stable fixed point. This behavior
arises in many places in the literature, so we will not
discuss it further here.

There is also a critical point at (1, \/3,0) which is a
kinetic dominated solution. This solution actually exists
as solutions to the quadratic expression y*> = 3x?> which
corresponds to the limit y — oo. In terms of the density
parameter, a quick calculation shows that along the general
curve (parametrized by y, and x), we find Q = 1 — x(z).
Thus at the trivial fixed point we see {} — 1; however, for

PHYSICAL REVIEW D 80, 023528 (2009)

xo — 1 we see that ) — 0, corresponding to nonrelativis-
tic matter, i.e. dust. In this instance we also find a(7) ~ 72/3
as expected from the cosmological evolution equations.
Again due to the special algebraic properties of the DBI
action, we anticipate that this solution will also be found
for the other cases of interest.

The second subset of solutions is more interesting, as
initially one can solve the system by slicing the phase
space at y = 0. One can use the condition on H' to fix z
through z2 = 1 — x*(W — 1)/W. Combining this with the
equations of motion gives us the following fixed point
(taking positive signs of all roots for simplicity):

%
= =0,
o \/1—W y

which is valid for all W <1 in order for these points to be
real, and at finite distance in phase space. If we then
compute the density of the fluid, we find ) = 0 since
Q, = 1, which corresponds to a purely dustlike solution.
Note that this class of solutions does not exist for the
simple D3-brane analysis as in [26], since it arises from
additional degrees of freedom which are neglected in these
models. The remaining solutions in this subset are difficult
to find analytically.

More generally, we can see that the above solution is a
special case of the more general case I behavior, which we
parametrize by

z=1, (2.23)

¢ 5 mF ¢P
Tp)=-—%  Vig)=——.  W)=W,
A B
(2.24)
where we can then explicitly write
_ A( x )(aﬁ2)/(aﬁ) _a oy X
M1 z’yl/z ’ M2 B W')/ 22;
u3 =0, (2.25)

where A is a (real, positive) constant provided that 8 > 0,

M, B3% [ AmB\(a—B~2)/2a~B)
_MB ( m) , (2.26)

CA2mB2\ BW

but which simplifies in the limit « = 8 + 2. As before, the
solution space splits into two disconnected subsets; there-
fore, in the first instance where we take slices through
z = 0, we find the following bound:
2 >0

(a=pB)

which implies that & > (8 and so the brane tension should

dominate the dynamics (in the large field regime). Let us
therefore assume that «, B are chosen such that this

(2.27)

3Note that one cannot do this for x = 0 since the action
becomes singular and ill defined.
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condition is satisfied—then we find the solution branch is
governed again by the relation y?> = 3x? as expected—
which contains the solution (0, 0, 0) as a special case.
Moreover, this is valid for all values of «, B satisfying
the above constraint. The secondary solution branch occurs
when we find solutions to

ymy _ H

2x H’

(2.28)

which is generally very complicated. A simple set of
solutions does arise when we consider slices at y = 0,
since the fixed points are localized along the curve

BW o
Va—pa-w >0

(a—=p)

which corresponds to a dustlike solution: ) =0 V «, B.
The reality constraint here demands that &« > B, which in
turn fixes W < 1. However there are also additional solu-
tions where 8 < 0 and « is positive—provided that W > 1.
Explicit realizations of this scenario within a string theory
context can arise through potentials arising from brane/
antibrane interactions and it is therefore a nontrivial and
interesting solution.

Figures 1 and 2 show the numerical solutions in phase
space. For the W = 1 case, the numerical constants are
givenas M, =1, m =1, A =1, and w = 0 (dust case).
Other parameters are « =4, 8 =2, and A = 2\/5. As
expected, the (five) fixed points all lie along the curve y> =
3x2. We also plot the evolution of each parameter (x, y, z)

=
Il
[+

(2.29)

N
I
I+

FIG. 1 (color online). Case I: 3D xyz phase-space trajectories
for T(p) = ¢*/A%, V(¢p) = m*$?/2, and W(¢p) = W. Here we
have set M,=1,W=1,m=1A=1, and w = 0 (dust case).
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FIG. 2 (color online). Case I: Phase-space trajectories in the xy
plane. Four attractors (*1, +.3, 0) and one unstable node (0, 0,
0) can be seen here. z is bounded within the (—1, 1) range.

as a function of the e-folding number in Fig. 3, where each
of the coordinates tends to its critical value. As expected
the phase-space dynamics are Z, symmetric about the
origin. Note that in the case of y(N) one can keep y sup-
pressed for a few e-foldings with enough tuning, before it
eventually evolves towards the points ++/3 at late times.
The full numerical solution of the case W <1 is illustrated
in Fig. 4 where W = 0.95, which uniquely fixes the critical
points to be x = im, y =0,z = 1. As one can see from
the resulting plot, this is an unstable node because the
general behavior is divergent. Note that x — oo in this
regime effectively solves all the dynamical equations
trivially.

B. Case II

Analogous to the first case, let us now consider another
branch of solutions where this time the tension of the brane
is taken to be constant. This dramatically alters the rela-
tivistic rolling of the scalar field since the y factor is no
longer warped. Initially, let us consider the ansatz

~ m2 b2 4
v =" me -1 we =2
(2.30)
which implies that
_ (4\/2T3Mp)z2_7 —0 _ 2zp
M s )2 ) b M3 Vix
(2.31)

and the corresponding field equations become
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10

FIG. 3 (color online). Case I: Evolution of x, y, z versus the e-
folding number, setting W = 1.

;L ayyz?? y* xH'
A T TR
y = —3y<1 - y—z)(l + “715) _6az’ yH' 5 )
6x> 2x3y 02 H
. a,yz4 ZH/
T8 T HY

where we have defined « as the constant prefactor in the
definition of w;.

PHYSICAL REVIEW D 80, 023528 (2009)

PN B o o o e e

4 2 0.4 0.6 0.8 1 1.2 1.4

1.4

FIG. 4 (color online). Case I: Evolution of x, y, z versus the e-
folding number, setting W = 0.95. All solutions diverge from
the origin.

As before we separate the solution space into two—first
finding solutions to z = 0 and then solutions to H'/H =
ayz’/(2x). In the first case it is straightforward to see that
there are the usual fixed point solutions at (0, 0, 0) and
(1, V3, 0) (with their respective partner solutions) respec-
tively coming from the usual condition that y> = 3x2. The
secondary branch of solutions also admits fixed points
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when y = 0; however, the condition on z is that z = 0,
—4x2. Since we want real solutions we are forced to set z =
0 as a secondary constraint. This forces W to diverge, and
therefore in the limit that z — 0, we find that x2 — =1
which is a unique solution. Again the density parameter
vanishes identically in this limit as one would expect. The
remaining solutions are actually extremely difficult to
solve analytically as they correspond to high order poly-
nomials. As a result we are forced to sketch their behavior
numerically.

Phenomenologically, we see that the ansatz presented
above is a special class of the more general solution

. - . mB¢B . a
I(¢) =T, V(g) = B W) =
(2.33)

which has the parametrization constraints

s /J«2:0,

_ A<271/2>(2+B)/(aﬁ)
M X

(2.34)
M3 =

bl

By(2—4a+5B)/2a=p) (E

)(2+a)/(a—ﬁ)
X

where A, B are both constants. One can see from the
dynamical equations that fixed points with z =10 can
only occur when the following condition is met:

20+a)— B
a—p

which is trivially satisfied for cases where a > B (which
we assume as an initial constraint).

More generically we see that, provided a > —2, we
recover the usual fixed point equation y? = 3x%.
However, we need to be careful here because if this con-
dition is satisfied, then W becomes undefined. Since this is
the overall prefactor multiplying the DBI action, the action
is undefined in this limit and it should therefore correspond
to a point of instability in the phase space. In the limit
where o = —2, which implies that 8 > —2, the fixed point
solution now lives on the zeros of the polynomial

>0, (2.35)

3x4By SCHARITA 4 332y — 33 =, (2.36)

which can be used to fix x = x(y) or vice versa. This
solution is actually indicative of a more general branch
of physical solutions where we take 8> 2(1 + «). The
resulting fixed point equation (provided a # 2) is trivially
calculated to be y> = 3x? as before, but now we see that W
vanishes identically. In turn this means that the kinetic
terms also vanish and the solution is dominated solely by
the potential interaction. One could imagine a situation
such as this occurring in the condensation of an open string
tachyon mode on a non-BPS brane, where the vanishing of
W indicates that we are living in the closed string vacuum.

PHYSICAL REVIEW D 80, 023528 (2009)

For dynamic solutions it seems reasonable to consider this
particular case as the late-time attractor for the solution
z—0.

The second subset of solutions is again complicated, but
again we can analytically understand the plane at y = 0,
which gives us the fixed point solutions

2
—'BZ, y=0,

(-20-[m]™ )"

Clearly, for the solution to be real we require that «, 8 have
opposite signs. This satisfies our primary constraint, and
therefore is a physical possibility. Moreover, in the limit
where we set 8 = —a, we find that ) = 0, which is again
the dust solution. Illustrations of numerical solutions for
case Il are shown in Figs. 5-7. Constants are setas M, = 1,
T=1, m=1, A=1, and w = 0 (dust case). Other pa-
rameters are « = 4, 8 = 2. From the numerical analysis
one sees that there are six saddle nodes, only two attractors,
and one repulsive point which is the origin (0, 0, 0) as
expected. The dynamical trajectories are particularly inter-
esting due to their apparent lack of monotonicity as a
function of e-fold number. The z term, in particular, ap-
pears to have a large variation in trajectory, diverging in
some instances while rapidly reaching zero in other instan-
ces. Conversely, the y variable displays very uniform
(physical) trajectory behavior, with several curves almost
on top of one another at y = 0 and the remainder smoothly
driven to the (unstable) critical point y. ~ 1.8 in the ex-
ample given.

=
I
I+

R

(2.37)

®

I+

7=

R

FIG. 5 (color online). Case II: 3D xyz phase-space trajectories
for T(p) =T, V() = m>p?/2, and W(p) = ¢*/\*. Here we
have set M,=1,T=1m=1A=1, and w = 0 (dust case).
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FIG. 6 (color online).
plane.

Case II: Trajectory slice through the yz

C. Case III

Let us now consider a new case where only W = W(¢),
with all the other terms being constant. We will take W =
¢*/A* for generality—which in turn should impose a
constraint on the allowed values of «. In this case we see

that
— oA 7\ (a+2)/a 1
M3 = @ (}) Ca—Dja’

Y
(2.38)

my =0, M2 =0,

where A is a function of the constant parameters A =

M, /(T /V)\@*+2)/2« Because only u; is nonzero, the re-
sulting dynamical expressions are considerably easy to
work with,

. y2 .XH/
X = - —,
2x H
2 !
yl — _3y(1 _ %) _ 3aAZ(a+2)/ax(oz72)/oz _ %’
X
g 2.39
4 R (2.39)

Considering the slice again through z = 0, we see that the
solutions split into two types depending upon the integer «.
We recover the usual y> = 3x? curve only when a > 0 or
when a < —2. If @« = —2 then the corresponding poly-
nomial equation becomes

yy*? = 2Ax% (2.40)

which is difficult to solve analytically due to the depen-
dence of vy on both x, y. This expression does not admit
anything but the trivial solution if we set y to zero.* Again
we see that there is a potential problem here since the

4By trivial we mean the point (0, 0, 0).
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Case II: Evolution of x, y, z versus the e-

potential W goes like 1/z2, and is therefore divergent in
this limit. Solutions to this expression are possible, but
complicated. Interestingly there does exist a solution curve
given by

s, 81  fa

=0 Voa 241
Xe 2A (9 — 3a)9/4 ( )

where the parameter a factor must satisfy 0 = a <3 for
this solution to be physical. Since a need not be integer,
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there is essentially a continuum of curves giving rise to
fixed points in this theory.

The secondary branch of solutions again admits fixed
point behavior for y = 0; however, things are more com-
plicated since the fixed points are now obtained by solving
more nonlinear expressions. There are two cases of imme-
diate interest though. First, if we have @ = 2 then we see
that z2 = —1/(2A) which is only real when A is negative.
Since we have chosen our parametrization such that this
quantity is positive, this particular branch of solutions is
ruled out. Interestingly, when a = —2 there is a unique
fixed point located at

1 1 /1
x=x_—, y=0, 2=F ————4/—— 1,
2 JT/V—1124

(2.42)

which corresponds to a positive definite equation of state
parameter

_2TPAA - 1)+ VXT/V - 1)
ATV(T/V — DA - 1)

Note that we must require 7 > V for this solution to be
nonsingular, which means (again) that the tension term
dominates the energetics of the theory. What is also ob-
vious is that demanding A = 1/2 leads to a novel fixed
point at (*1,0,0) regardless of the ratio 7/V. Using the
definition of A, this fixes A = 2M,, and therefore W is
vanishingly small unless the scalar is trans-Planckian. This
is manifest in a divergence in the equation of state parame-
ter and is therefore unphysical. Therefore we must ensure
that A <1/2, implying that A >2M,. Since this is the
largest scale in our theory, one again expects this to be
unphysical.

The more general solutions can be found numerically
and correspond to x3 = 1 + z3(T/V — 1), where 23 are the
characteristic solutions to the nonlinear equation

1+ aAz(2+“)/2(1 + zz(T/V _ 1))(a—2)/2a =0

(2.43)

(2.44)

In this more general case we can set T = V without the
solution diverging, and we therefore find the corresponding
fixed point solution is thus given by

_( 1 )2/(2+a)
‘ Aa

which implies that « is negative. Moreover we see that () is
again zero here for all physical values of «, although there
is no additional constraint upon the magnitude of A. Now,
we see numerical solutions in Figs. 8—10. Constants are set
asM,=1,T=1, V=1,A=1,and w =0 (dust case).
Other parameters are « = 1 and A = 1.

x = %1, y=0, (2.45)

D. Case IV

Following on from the previous class of models, we can
find solutions where the scalar potential is now constant,

PHYSICAL REVIEW D 80, 023528 (2009)
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FIG. 8 (color online).
for T(¢p) =T, V(¢) =
M,=1,T=V=1m=
a=1.

Case III: 3D xyz phase-space trajectories
V, and W(¢) = ¢*/A*. Here we set
I, A=1, and w = 0 (dust case),

using the ansatz
¢>a
T(d) = [Z
@=(5)"

where A, 0 are terms of the requisite dimensionality. From
this expression we see that w; is identically zero. It will be
convenient to define the following function, Q = VA% 8%,
which in turn can be used in the definitions of the remain-
ing u; functions

CYM,, sz m
M2 = = a2 <_2) 4
A<V \yz

\B

V=y, W(p) = (5) (2.46)

M, 5P/ A2V3/2\ =
e e — Iy
y aM],
3 — 2 1+ ,8
n=———, n
""" 2(a+pB) 2734 -2

and now the dynamical equations simplify to become

FIG. 9 (color online).
xy plane.

Case III: Phase-space trajectories in the
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e-folding number.

)

X = _,u2yz3_y_2_x_H’

2x2 2x H'’
=3 (1 —yz)(1 Al
Y Y 6x2 Xy

Z
+ 3#«2(W K

L

7

3a+p [Q]B)l/(a+ﬂ) B 3x2,u B
3

Case III: Evolution of x, y, z versus the

yH'

H >

(2.48)
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FIG. 11 (color online). Case IV: 3D xyz phase-space trajecto-
ries for T(¢p) = (d/ V)%, V(¢) = V, and W(¢p) = (¢/8)F. Here,
M,=1V=1lm=1LA=1la=18=156=1andw=
0 (dust case).

The resulting analysis is far more complicated than in the
previous cases. Let us again start with the simplest solution
slices at z = 0. The expressions for x' and 7’ readily
simplify in this instance; however, the equation for y’
requires us to be more careful. We see that in order for
the z>u, term to vanish in this limit, we require (2 +
3B)/(a + B) > 0. The remaining u, term only vanishes
if this condition is tightened to (2 + B)/(a + B) > 0, and
the term coming from ws only vanishes if (1 + 8)/(a +
B) > 0. If these inequalities are reversed, for example, then
these terms diverge in the z — 0 limit. If we restrict
ourselves to well-behaved solutions such that «, 8 satisfy
the above bounds (either by both a, 8 =0 or by @ = 0,
B = 0 with |B] > |al), then we obtain the solution curve
y?> = 3x? as usual. If the parameters a, 8 do not satisfy at

FIG. 12 (color online).
xy plane.

Case IV: Phase-space trajectories in the
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FIG. 13 (color online).
e-folding number.

Case IV: Evolution of x, y, z versus the

least the minimal bound, then one can only solve these
expressions numerically.

The only other solution branch occurs when H'/H = 0.
This is again a complicated solution; however, things
simplify somewhat when we slice through y = 0, but
also tune the solution such that & = 3, which gives us

_xe [ a0 1)
Z_2@<1— 1 282 )’

(2.49)

PHYSICAL REVIEW D 80, 023528 (2009)

and therefore the fixed point solution in this instance is
given by solutions of the polynomial

1/a) x(1+8a)/(4a)
0, (Yo e _ (2.50)
5 \z re/25al2
This can actually be solved exactly when a = —1, but

numerically for more general a. The exact case gives us
the following solution:

_ 08 —20+ 8 = 5JF(X,9)
2184
F(A 8) = Q% + 8% — 44035 + 608 — 44/08°

+ 160367 — 40%82 + 164052652

— 240283 — 408 + 4852,

X0

s

(2.51)

where z, is given by the term written above. This is a
highly complicated solution, but one sees that, in principle,
there are many fixed points along the plane (xo, 0, z()
depending on the constants A, §. One also sees that there
is a simple solution when x = 1, since this implies that
70 = 8%/4/0 or zy = 0, the latter again giving rise to the
point (1, 0, 0) which corresponds to the nonpropagating
end point of the brane dynamics as shown in Figs. 11-13.

E. Case V

Finally let us comment on perhaps the most general form
of the solution one could obtain from this model, namely,
that corresponding to turning on all the relevant degrees of
freedom. One can therefore see that cases -1V are actually
slices through the full phase space described in this section.
We will take the following parametrization for simplicity:

FIG. 14 (color online). Case V: 3D xyz phase-space trajecto-

ries for T(¢) = (¢p/N)*, V() = (m¢)¢/&, and W(e) =
(¢p/8)F. Here, M, =1, V=1, m=1,A=1,a=1, B=1,
6=1,& =2, and w = 0 (dust case).
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FIG. 15 (color online).

xy plane.
O (g e

In this case all three w; will be nonzero, which complicates
the analysis somewhat, and reality again imposes the con-
dition that & > 0. Let us initially search for the fixed points
around z = 0. The primary constraint equation for this
becomes

Case V: Phase-space trajectories in the

(2.52)

a—¢+2(1-p)
(@a+B—-9§)

Let us initially assume that the denominator is positive
definite. Going through the same analysis as before yields
the usual solution curve y> = 3x2, provided that we tune
B>0 and a + B> £ However, with reference to the
action, we see that this situation leads to both W, T
diverging, and therefore we should be wary of this part of
the solution. Returning to the constraint equation, let us
therefore assume that £ > a + B and redo the analysis. We
then find that the y*> = 3x? is perfectly valid, and moreover
the parameters W, T are not divergent, provided that the
parameters satisfy o + 8 — & < —(2 + B). Furthermore,
we also see that B is bounded from above such that
B < —2/3—thus severely restricting the form of the vari-
able phase space.

If we search for solutions along the y = 0 slicing, things
are again complicated. However, we can simplify things by
identifying @ = £, since we can then solve explicitly for x
via

> 0. (2.53)

2 of € ’
The remaining equation coming from y =0 has

several solutions. The simplest ones are z> =0,
(A ¥m~€€2 — 1)~!, which give rise to the points

PHYSICAL REVIEW D 80, 023528 (2009)
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FIG. 16 (color online).
e-folding number.

Case V: Evolution of x, y, z versus the

1
xozi\/z yo = 0, 20 = — )
VA ém 552—1

20 =0. (2.55)

X():il, y0=0,

However, the first of these conditions also requires that
£2¢ > \m for the solution to be real. The maximal value
of £€2/¢ is actually given by & = e', which imposes a tight
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constraint on the background parameters which can only
be satisfied through substantial fine-tuning. Again, more
general solutions are only available through numeric meth-
ods as shown in Figs. 14-16.

III. PERTURBATIONS AND FIXED POINT
STABILITY

We now need to evaluate the stability of these fixed point
solutions. Clearly one may anticipate that solutions such as
(0, 0, 0) may well be unstable. We must perturb the field
equations about small values; therefore we need

z— 79+ oz
3.1

x— xy + Ox, y—yy+ 6y,

Now the analysis is more complicated than in standard
models due to the complexity of the DBI action and the
general (unknown) phase-space dependence of the varia-
bles T, W, V. Since 7y is independent of any particular
parametrization, we can calculate the general result.

PHYSICAL REVIEW D 80, 023528 (2009)

Using this we can write the perturbation in H'/H. In
general, we can Taylor expand the function W such that
we have W(x' + €') ~ W(x})) + 9;We', and therefore the
general result is true:

H' 3(1 + w)
5(—) = Y0y~ ——F—

1

X (—22087 — 2x00x] 1 — —
( 002 X0 X[ W'y]
_x_%{_ Yyody | V2 v§éx aiWe’})
YW 3x3 3x3 w 1)

where all terms such as y, W are evaluated on the classical
solution and there is a summation over Latin indices.

The general equations, even for the linear perturbation,
are shown below for case V—which encompasses all the
other solutions in the relevant limit:

2 2.2
Y08y _ ¥*ydx >
—yll+ - + .. 32
7 7/( 3x3 3x; ©-2)
|
3 3 2 ! !
vz Sy .8z Bx) vz y ( oy 8x> Hj (H)
Sxl = —— + —+3—==2—) == (6 + w6 ——(2———) = &x——x8(—)
X 22 (e Mz)(y B . 2x (m1dpy + madus) 2\ . xHo X H
3z? 6z 6x Oy ox z
8y = ——{Mlﬁm + a0py + [y + M2]<3— - —)} - 3X2M3<2— + 5#3) + (1 +—[p + Mz])
X Z X y X Xy
) o H|, H'
(22 m) otk
x“Ly X H, H (3.3)
323 W 8 2 2y 8x [2 2y?
=X <5M2+3—Z<1 ——B)—yy y(l +§+—x{—3—1+—7y (1+E>})),
yx z 3n 3x? n n 3x? n
2 6z & o H) H'
57 =2 (2—Z + 222y 5M> — 570~ z5<—),
2x Z y X H() H
where we have defined n = a + 8 — p for simplicity and also the following terms:
2a —2p) 6z (@ —2—p) y’ydy  2(a—2—p) bx y'y*
6,(1/1 = — —_— 5 + —(1 +—2),
n Z 2n 3x n X 12x
4a—1—p)é 3a —3p —2) y?*y$ o 3a —3p —2)y*y?
Bluz:_(a p)dz  (Ba—3p )7y2y —x(4(a—1—p)+(“ p2 )7’)’)’
n Z n 6x nx 6x 34
20a+2+3p+2B) 6z Qa—2-10p + B)y*>ydy x (—2a + 2+ 10p — B)y*y? 34)
5,U/; == — + 5 + — 5
: n z 6nx nx 6x
_Ox 2a+4+6p+4p)
x n '

We will work through an explicit example to illustrate the formalism, namely, the case I solutions. First, we can calculate

the following expression,

i =

H/

27067 + 2x08x[1 — —] +

1

2
XoYYo (5 (3.5)

_y8x>)
3Wx(2) Y xo ]/

Wy

which will allow us to calculate the perturbed phase-space variables. The perturbed dynamic expressions then take the

following form:
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Bx,zyfm( ax? [@(nyz)
2x2 \BWy?L x 6x°

() e

Bz_yyé‘y )

')’y
6x2
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yz© uy (1 _ax? )
2x? BW?

(26y 6x)
X

RS

2 S S S 3 2 2
Wﬂmﬁﬂgi%prug2:vgqﬁm@_w%Pg>
BWry X 6x> Z 3x 2x BWry 6x

2 2.2 3 2
((3—n)—+§( —1+ny2y)—g<1+"72y))+(1+z“1[1— e 2])
6x y 6x xy BWy
2 2.2
x{_zl:éy Bx] 35 ( _y_2)} 3xzaM1<5X[1+ +27’ (1+ )]+(1_ )_Z_sz_g(lﬂ))
x Ly by 6x By* \x 3x? 4 Z y 3x 4
H' H!
)-8
Py 61 5x[ nvzyz] 5y[ nYZyz]) H; (H’)
87 = 2— —+— -1 +——|+—=]1- 1) —z0 3.6
‘ 2x (( ") 6x> y 6x> ZHO ¢ H (3-6)

where the notation H{/H, implies that we take this func-
tion evaluated at the critical points, and we have defined
n=(a— B —2)/(a— B) for simplicity. Note that these
are the leading order solutions only, and that all terms
proportional to 8% have been neglected.

The stability of the fixed point solutions is therefore
determined by the eigenvalues of the resulting perturbation
matrix. A lengthy calculation which we will omit here
shows that the point (0, 0, 0) leads to the eigenvalues

3(w—1) 31+ w)
e
3(1 + w)

/\327,

/\1 =
3.7

A= 202 ) +(ld — 1) - 1),

Ao = 15 (<6801 + ) -

f
which indicates that this is never a point of stability for the
theory unless the equation of state is phantom, i.e. w <
—1. In fact, this statement will be true for all the various
cases we have considered in the physical limit, since the
dynamical equations of motion all reduce to the exact same
form in this instance.

Another relatively simple case to consider is that in
case III. For slices through the (x, y) plane at z = 0, we
find the eigenvalues

6x% + 2y%x? + 5y + F(x, y)),
(3.8)

F(x,y) = \/12y2x2w + 96y’ x*w — 48y*x%w — 8y*x? + 48y°x* + 16y*x*

If one now slices this through y = 0, we see that we are left
with the same situation discussed above (as expected),
indicative of a phantom equation of state.

On the other hand, through the y = 0 plane we see that
the eigenvalues become

A= %(1 + w)(l -2 - x2<1 - Qx—iz))

3
Ar = —2—(—sz —x+2xz2 + X = x2Q + ?
X

= (3.9)
* Fx,y)),

where F is another polynomial in x, z, and we have defined

Q = T/V for simplicity. In the limit that z — 0, we find

that these simplify to yield

— 48y%x% 4+ 36w%x* + 17y,

[
A—=3(1+ w)(1 - x?),

(3.10)
=31+ ) — 1 —x*(1 = 1))

Note that two of the eigenvalues are therefore degenerate
as before, requiring a phantom equation of state; however,
the final eigenvalue has the opposite sign, and therefore
this fixed point is always unstable.

The remaining fixed points can be analyzed in precisely
the same manner, although the analysis is somewhat awk-
ward. We will postpone the relevant discussion and return
to it in a follow-up publication.

IV. DISCUSSION

We have initiated an alternate approach to the problem
of k-essence, or DBI quintessence [25], using a more
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generalized form of the DBI action. Since this has more
degrees of freedom, the resulting analysis is typically
complicated, but the phase-space structure is far richer.
We have attempted to make some headway by restricting
the phase-space volume to various two-dimensional slices,
and by attempting to identify the relevant solution curves
upon which the fixed points may lie. Our ansatz for each of
the unknown functions is also potentially restrictive; how-
ever, we are confident that it represents the leading semi-
classical contributions which may (or may not) be
derivable from a full string theory embedding of our
model.

What is clear is that the ratio of the (warped) brane
tension to the potential is an important factor in the dy-
namics of the theory, where we found 7 = V in several
cases. Moreover, the additional multiplicative factor W(¢)
plays a crucial role, even when it is a constant, since it
comes into the field equations nontrivially in the expres-
sion for H'/H. In the usual DBI analysis, W = 1 and the
tension is the sole term responsible for the interesting
quintessence behavior. In some string compactifications,
where the warp factor has no cutoff at small distances, we
typically find W is constant and greater than unity.
However, there may be entire classes of solutions where
W = 1, which can lead to novel phase-space trajectories.
Since our approach has been phenomenological, and since
there may be additional string backgrounds of interest that
have yet to be fully explored, we cannot rule out W < 1—

PHYSICAL REVIEW D 80, 023528 (2009)

which is vital for obtaining fixed point solutions in case I,
for example.

Our numerical results have shown that there is indeed a
rich phase-space structure present due to the increased
number of degrees of freedom. We expect many of these
to yield highly nontrivial stable fixed points in the full
analysis, which is beyond the scope of the current paper.
We have classified the nature of as many of the fixed points
as is feasible within the current analysis. Ultimately we
hope that this will lead to a renewed interest in dynamical
dark energy models driven by a more generalized approach
to D3-brane dynamics.

In light of the recent developments in holographic dark
energy [31,32] and the apparent relation to agegraphic
[33,34] dark energy, we hope that it may be possible to
reconstruct the various potentials in our generalized model
along the lines of [35].
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1. Introduction

The present universe is under accelerating expansion. This is convinced
by many present observational data from cosmic microwave background [1],
large scale structure surveys [2] and supernovae type la [3-5]. There are
many ideas to explain such an expanding state, mainly it can be classified
into three types: braneworlds and modification of gravitational theory (e.g.
[6]), backreaction effect from inhomogeneity [7] and dark energy (for review,
see [8]). Dark energy is a type of cosmological fluid appearing in the matter

term of the Einstein equation with equation of state wpg. < —1/3 so that it can
generate repulsive gravity and therefore accelerating the universe. The
simplest dark energy model is just a cosmological constant with w, = —1.
However the cosmological constant suffers from fine-tuning problem.
Observational data suggests that the present value of wpg. is very close to -1

and it also allows possibility that dark energy could be dynamical. Therefore
scalar field model of dark energy became interesting topic in cosmology
since time-evolving behavior of the scalar field gives hope for resolving the
fine-tuning problem. Although the scalar field has not yet been observed, it is
motivated from many ideas in high energy physics and quantum gravities.
Theoretical predictions of its existence at TeV scale could be tested at LHC
and Tevatron in very near future. Phenomenologically the scalar field is also
motivated in model building of inflation where super-fast acceleration
happens in the early universe [9]. Cosmic microwave background data
combined with other results allows possibility that the scalar field could be

phantom, i.e. having equation of state coefficient w; < —1 [10]. The phantom

equation of state is attained from negative kinetic energy term in its
Lagrangian density [11,12]. The most recent five-year WMAP result [13]
combined with Baryon Acoustic Oscillation of large scale structure survey
from SDSS and 2dFGRS [14] and type la supernovae data from HST [4],

SNLS [5] and ESSENCE [15] assuming dynamical w with flat universe
yields —1.38 < wy,o < —0.86 at 95% CL and wy,o = —1.12 + 0.13 at 68% CL.

With additional BBN constraint of limit of expansion rate [16,17], w,o =

—1.09 = 0.12 at 68% CL. The phantom field will finally dominate the
universe in future, leading to Big Rip singularity [18]. There have been many
attempts to resolve the singularity from both phenomenological and
fundamental inspirations [19]. However fundamental physics of the phantom
field is still incomplete due to severe UV instability of the field’s quantum
vacuum state [20].
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This review interests in non-linear Schrédinger-type formulation of scalar
field cosmology. We shall call the formulation, NLS formulation. In our NLS
system, cosmological ingredients are scalar field and a barotropic fluid with
constant equation of state, p, = w, p,. We also have non-zero spatial curvature.
This is a system resembling of our present universe filled with scalar field dark
energy and barotropic cold dark matter or of the early inflationary universe in
presence of inflaton and other fields behaving barotropic-like considered in e.g.
[32]. In such a model, the scale invariant spectrum in the cosmic microwave
background was claimed to be generated not only from fluctuation of scalar
field alone but rather from both scalar field and interaction between gravity to
other gauge fields such as Dirac and gauge vector fields.

Not long ago, mathematical alternatives to the standard Friedmann
canonical scalar field cosmology with barotropic perfect fluid, was proposed
e.g. non-linear Ermakov-Pinney equation [21,22]. Expressing standard cosmology
with k > 0 in Ermakov equation system yields a system similar to Bose-Einstein
condensates [23]. Another example is a connection from a generalized
Ermakov-Pinney equation with perturbative scheme to a generalized WKB
method of comparison equation [24]. It was then realized that solutions of the
generalized Ermakov-Pinney equation are correspondent to solutions of a non-
linear Schrodinger-type equation, and then the NLS version of the
Friedmannitre-Robertson-Walker (FLRW) cosmology was formulated [22]. In
the NLS framework, the system of FLRW cosmological equations: Friedmann
equation, acceleration equation and fluid equation are written in a single
nonlinear Schrddinger-type equation. We will not prove it here but instead,
referring to Ref. [25]. Few recent applications [26-29] of the NLS formulation
have been made and this review intends to conclude its major aspects.

2. Scalar field cosmology

A. Friedman formulation
We set up major concepts in this section before considering its
application later. In the Friedmann system, barotropic fluid has pressure p,

and density p, with an equation of state, p, = w, p, = [(n — 3)/3]p, where n =
3(1 +w, ). Scalar field pressure obeys p, = wgp,4 TO SUM UP, pt = p, + p, and
Dot = Py + pg Therefore n = 0 means w, = —1. The others are: n = 2 for w, =
—1/3; n =3 for w, = 0; n = 4 for w, = 1/3; n = 6 for w, = 1. Barotropic fluid
and scalar fluid are conserved separately. Dynamics of the barotropic is
governed by fluid equation, , = —nHp, with solution, p, = D/a", where a is
scale factor. The dot denotes time derivative. H = «a is Hubble parameter and
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D > 0 is a proportional constant. Scalar field is minimally-coupled to gravity
with Lagrangian density, £ = (1/2)¢ ; — V (¢) and is homogenously spread
all over the universe. The scalar field density and pressure are

po= 3B +V(P), o= e —V(4). @

The branch &= 1 is for non-phantom field case and € = -1 is for
phantom field case. Dynamics of the scalar field is controlled by conservation
equation, &£(s+3Hg) = —dV/dg, in which the spatial expansion H of the

universe sources friction to dynamics of the field. The Hubble parameter is
governed by Friedmann equation, H* = (x? /3)p: — k/a?, and by acceleration

equation, é/a = —(zc2/6)(ptot + 3pyt), Which gives acceleration condition p; <
—pioil3. Here puot = weit pon k- = 81G = 1/Mp. G is Newton’s gravitational
constant. Mp is reduced Planck mass. k£ is spatial curvature and

_ PoWe.t PyWy
Prot (2)

West

If we express the field speed and the field potential in term of a(t) and
time derivative of a(t), then

. 2. & D 3 o 2 -6\ D
M == |fi- 5| -5 end VW:E[”W*@]*(”T)E- 3)

B. NLS formulation

NLS formulation is a mathematical alternative to the standard Friedmann
formulation with hope that the new formulation might suggest some new
mathematical tackling to problems in scalar field cosmology. In the NLS
formulation, there is no such an analogous equation to Friedmann equation or
fluid equation. Instead both of them combine in single non-linear
Schrédinger-type equation,

W!(z) + B ~ P@)] u(z) = ~ @)=/ (4)

The links to cosmology are valid as one defines NLS quantities [25],
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2,2 2

13 D, P)= %a(t)ﬂeé(t)? (5)

wz) =al) ™2, E=-—

where * denotes d/dx. Independent variable t is scaled to NLS independent
variable x as x = o(t), such that

£(t) =u(r) and o) = ¥(z), (6)

which gives eg()2 = ex2 o)’ (z)2. Hence e ¢ (z)* = (4/w%n) P(x), and

2 [ /P 7
—i\/ﬁf S2FPY (7)

Inverse function ¢!(x) exists for P(x) = 0 and n = 0. In this circumstance, x(t)
= ¢ ° ¢() and the scalar field potential, V o c~*(z) and ¢ (¢)? can be
expressed in NLS formulation as

4 2k yiin 4F

ed(z)? = Euu +n + = u, (8)
and

2P 12F 3k'
V(@) = g () = ot o+ i 4 il (9)

The other equations are

12

12F 3k
b = g ) g (10)
125 5 3k m
Pe = 2n2( w)? + &271 w’ — wZne w’ — 2z ut/ (11)
12,4 3k 4/n
Prot = 53 (v') '|“'!;'2'“ ) (12)

12 2 4 k4
Prot = T2 (W) + %uu” — ?u =, (13)
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2

H = —=4, H=-Zw, (14)
n n
- 2Puu’ + Plu? : 12v'w | P
— . 3H$=~ £,
¢ rv Pen ¢ nk €N (15)

We shall see later examples that the program of NLS formulation must
start from presuming the “wave function”, w(z) = a™? = (), pefore

proceeding to calculate the other quantities. We know that normalization
condition for a wave function is /=, [u(z)[*dz = 1. |f applying this to our
NLS wave function, then [ #*dz = 1. In order to satisfy the condition, x

must be constant (hence so is t) with an integrating constant = 1. In
connecting Friedmann formulation to NLS formulation, we are forced to have

u(z) = z(t). Therefore u(z) is, in general, non-normalizable.

3. Slow-roll conditions
A. Slow-roll conditions: Flat geometry and scalar field domination
In flat universe with scalar field domination, H = —(x2/2)¢2%.

Hencefor ¢ = -1(phantom field),

0<aH’<4, (16)

I.e. the acceleration is greater than speed of expansion per Hubble radius,
a/cH™" and for e = 1 (non-phantom field),

0<4a<aH> (17)

Slow-roll condition [30,31] assumes negligible kinetic term, i.e.

le¢?/2| < V(¢) which makes an approximation H? ~ &2V/3. This results in
a condition f7| « p2. Slow-roll parameter, ¢ = —F/H? is hence defined

from this relation. The condition |€#%/2| < V (¢) is then equivalent to | ¢|

<< 1, i.e. -1 << ¢ < 0 for phantom field case and 0 < € << 1 for non-phantom
field case. Considering g5 ~ g implying approximative constancy in H

during the slow-rolling regime. For non-phantom field, this condition is
necessary for inflation to happen (though not sufficient) [31] however, for



Scalar field cosmology: Its non-linear Schrodinger-type formulation 105

phantom field case, the negative kinetic term always results in acceleration
with w, < —1 then it does not need the slow-roll approximation. Another

slow-roll parameter can be defined when the friction term dominates
| < |3H$|. This gives the second parameter, n = —¢/H¢é and the
approximation is made to |y| << 1 [31]. The field fluid equation is then
b ~ —V,/3eH which implies that if £ = —1, the field can roll up the hill.
With all assumptions imposed here, ie. k = 0, p = 0,
led?/2| < V and |§| < |3H|, one can derive &= (1/2«"¢) (V4V)* and 7 =
(1/x%) (V4e/V) as known where the subscript ¢ denotes d/dg.

B. Slow-roll conditions: Non-flat geometry and non-negligible

barotropic density

There are also inflationary models in presence of other field behaving
barotropic-like apart from having only single scalar fluid [32]. The scale
invariant spectrum in the cosmic microwave background was claimed to be
generated not only from fluctuation of scalar field alone but rather from both
scalar field and interaction between gravity to other gauge fields. Assuming
this scenario with k # 0 and p, = 0, then

H=—"@{%+4— - ——, (18)

hence

+ oy — o+ HP, (19)

implying | — (H/3) + (k/34%) — (nx2D/18a")| < H2. We can reexpress this
slow-roll condition as

| e+ g+ & | << 1, (20)

where g =k/ a®H? and & = -nx” D/6a"H% Another slow-roll parameter 7 is
defined as 7 =—¢/H2, i.e. the same as the flat scalar field dominated case
since the condition |¢| < [3H¢| is independent of k and p,.

Writing the condition e42/2| < V in NLS form using Egs. (5) and (9),
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!

3| /u\? 3
_— _ hd (4—2n}/n
|P(z)| < ~ {(u) +E} + 4knu . (21)

If the absolute sign is not used, the condition is then «42/2 « Vv, allowing
fast-roll negative kinetic energy. Then Eg. (21), when combined with the
NLS equation (4), yields

12
u” « %”7 + (% - 1) Fu+ %“u(‘*"“)/“. (22)

Friedman analog of this condition can be obtained simply by using Eqg.
(3) in the condition. Using Eq. (15), the second slow-roll condition,

6| << [3H| in the NLS form is written as,

!
< ‘_2 (6+n) vl

n U

Pf

P

(23)
This condition yields the approximation 3Heg? ~ —dV/dsé which, in NLS
form, is

P’ 2u’
3] ~ = nHa™'? . (24)

The slow-roll parameters &, g and &, in NLS form, are

B nuu’’ B n2kutin B nkE w2
s= e S = () (25)
therefore

nos w2

Ctot —E+Ex+ED — ) (J) P(z). (26)
Hence the slow-rollcondition, | & | << 1, is just

u 2
(E) Px)| <« 1. (27)

Another slow-roll parameter 7 = —¢/H¢ can be found as follow. First
considering ¥(z) = ¢(t) and Eq. (7), using relation d/d¢ = = d/dz, one can
obtain
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n { u " n{uv P
==|=+1l]=c(=z5+1).
=3 (u’ & ) 2 (u’2P+ ) (28)

The slow-roll condition |77|<< 1 in NLS form is just

u P’

Jﬁ—l-l‘«l. (29)

4. Acceleration condition

For the phantom field, since its Kinetic term is always negative and could
take any large negative values, the slow-roll condition is not needed. The
acceleration equation is taken as acceleration condition straightforwardly, i.e.
a >0 hence

ed(z)? < — (”22> Div. (30)

an

This, in NLS-type form, is equivalent to
2 /w\?  nk fuin\°
pop > -2(Y)m(rD) (31)

which is reduced to

2 u'?

T (32)

nou

with help of the Eq. (4). Using Eqgs. (14), the acceleration condition is just ¢ < 1.

5. Power-law cosmology

The power-law expansion a(t) = t% with g > 1 is assumed here as the
first step of calculation. In some high-energy physics models, during
inflation, flat geometry and scalar field domination are assumed. The
universe was driven by an exponential potential V(¢) = [q(3q — 1)/(x* t)]

exp {—ﬁ«/?/q [(t) — gb(to)]} [33]. Also, at late time with dark matter
component, the expansion could be power-law. Recent results from X-Ray

gas of galaxy clusters put a constraint of g ~ 2.3 for k=0, q ~ 1.14 for k =
—1 and g ~ 0.95 for k = 1 [34]. For a flat universe, the power law expansion,
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a =1t9 is attained when —1 < w,; < —1/3 where q = 2/[3(1 + wes)]. If using q

= 2.3 as above, it gives w, = —0.71 (only flat case). Latest combined

WMAP5 results with SNI and BAO vyield —0.0175 < £, < 0.0085 at 95%
maximum likelihood [13]. The mean is Q, = -0.0045 corresponding to
closed universe with g = 0.986 [35]. Assuming power-law expansion, the
Schrédinger wave function is [26]

u(x) = 4(t) = 792, (33)

Integrating the equation above so that the Schrédinger scale, x is related
to cosmic time scale, t as

z=z(t) = —ﬁ +z9, and ¢z)= ! ;
[~B(z — zo)]/° (34)

B

where S=(gn -2)/2 and X, is an integrating constant. The parameters x and t
have the same dimension since £is only a number. Then the wave function is

] qn/(qgn—-2)

u@)= | (-gn+1) @20 , (@)

which depends on only g and n. Wave functions for a range of barotropic
fluids are presented in Fig. 1. The result is confirmed by substituting Eq. (35)
into Eq. (4). The field speed and scalar potential are:

. 2 2k nD _g(3g—1) 2k n—6\ D
VO = agtam ™ VO=" ( 6 ) zn - (36)
From Eq. (5), therefore the Schrddinger potential is found to be

. 2qn 1 En -9 2q(n—2)/{qn—2} &2R2D
PO = Tt T e ) ~T o @D
With E = -x*n?D/12, the Schrédinger kinetic energy is
2qn 1 . _9 2¢{n—2)/(gn—2)

T(x) = ~ - 38

R e ern el o [rreepezern B
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n—3 n—4 n—~6

Figure 1. u(x) versus x for power-law cosmology with q = 2. We set X, = 0. There is
no real-value wave function forn=3,n=4and n =6 unless x < 0.

A disadvantage of Eq. (37) is that we can not use it in the case of scalar
field domination. Dropping D term in Eq. (37) can not be considered as scalar
field domination case since the barotropic fluid coefficient n still appears in the
other terms. The non-linear Schrédinger-type formulation is therefore suitable
when there are both scalar field and a barotropic fluid together such as the
situation when dark matter and scalar field dark energy live together in the late
universe or in the inflationary models in presence of other fields behaving
barotropic-like and single scalar fluid [32]. P (x) is plotted versus x for power-
law expansion with g = 2 in closed, flat and open universe in Fig. 2. One can
check that the acceleration condition (32) for the power-law case is just g > 1.

There is application of the NLS scalar field function y in Eq. (7) to solve
for scalar field exact solutions in power-law, phantom expansion (a ~ (t, —
)9, q < 0) and exponential (de Sitter) expansion a ~ exp(t/r) [27,28]. For
example in power-law case:

kn[ -2 1 ]2‘1(“_2)/(‘1"_2) K2n2D

_ 2 2gn 1 kn
P(x) = PN x f\/e(qn—2)2 (z — @0)? + % —(qn—2) _m(a:—:r;g) 15 dz. (39)
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Scalar field with Scalar field with
radiation (n=4) dust [n=3)

'_""""H'D:"'T"';--l--l—_'_'?v;’

&
Figure 2. P(x) plotted versus x for power-law expansion. We setq=2, k=1, D=1
and Xo. There is only a real-value P(x) for the cases k = £1 with n = 4 because, when x

> 0, P(x) becomes imaginary in these cases. The physical value is when x < 0 since t
has a reverse sign of x.

The solution can be found only when assuming k = 0,

1 2 a2 nDk? gn—2\?
) = +———1/ 22 {m +2\/1—( )t‘q"+2+ln( ) +
qn —2 VY ex? { i:(l + \/l — (nDx?/6q) t—qn+2)2“ bg 2qn

(40)
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When g = 2/n or n = 0, the field has infinite value. q and & must have the
same sign for the solution to be real. The last logarithmic term does not
restrict sign of g. This is unlike the solution obtained from Friedmann
formulation which requires g < 0 which violates power-law expansion
condition (q > 1). Working in neither of them can obtain exact solution with
k # 0. In NLS formulation, we can not set D to zero while n is multiplied to
the other terms then it can not be reduced to the scalar dominant case. This is
a weak aspect. Obviously, the most difficult case is when k # 0 with D # 0.
This case can not be integrated out in both frameworks unless assuming n = 2

(equivalent to w, = —1/3) which is not physical.

There are other good aspects of the NLS formulation. Since transforming
standard Friedmann formulation (t as independent variable) to NLS formulation
(x as independent variable) makes n appear in all terms of the integrand and
also changes fluid density term D from time-dependent term to a constant E,
therefore the number of x (or equivalently t)-dependent terms is reduced by
one and hence simplifying the integral (7). In the case of exponential (de Sitter)
expansion using NLS formulation, the solution when k # 0 and D # 0 can be
obtained without assuming n value but n = 0, 2, 3, 4, 6 must be given if
working within Friedmann formulation. The phantom expansion case is very
similar to the power-law case but only with different sign (see Ref. [28]).

6. Phantom cosmology and big rip singularity
If we assume the expansion to a form, a(t) ~ (t, — t) with a finite time t,,

one can see that q = 2/3(1 + wesr) < O (for a flat universe). This corresponds to

wess < —1. Such equation of state is called phantom. The Schrddinger scale, x
is related to cosmic time scale, t as

o(t) = % ((ta~ 8)~F] + 20, (41)

and the wave function is

u(x) = [Bx-%o)] """ (42)

which is plotted in Fig. 3 with various types of barotropic fluid [28].
Therefore

2gn 1 kn 2 -"']-26("!"2)/ (n—2)  2,2p

Ple) = (gn — 2)% (z - z0)? ) [(qn — 2)(z — o) IRC

(43)
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Figure 3. Schrddinger wave function, u(x) when assuming phantom expansion. u(x)
depends on only g, n and t,. Here we sett, = 1.0 and q = -6.666. If £ = 0, g = -6.666

corresponds to wegs = -1.1.

Fig. 4 shows P(x) plots for three cases of k with dust and radiation. P(x)
goes to negative infinity at x = x, = 1. Expansion of the form, a(t) ~ (t, — t)°
leads to unwanted future Big Rip singularity [11]. The Big Rip conditions are
that (@, pwt |Pwd) — o which happen when t — t,;" in finite future time.
Written in NLS language, if a — o, u — 0" and then u — 0 (see Fig. 3).
Considering also Egs. (12) and (13), hence conditions of the Big Rip
singularity are [29]

t—
a — 00
Ptot — OO

[Ptot| — 00

Tt ¢

T — :.':6
u(x) — 0"
"(:8) — 00

2
u’(:c) — 00,

(44)
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Scalar field with dust (r = 3} Scalar field with radiation (n = 4)
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Figure 4. Schrodinger potential in phantom expansion case for dust and radiation
fluids with k = 0, £1. Numerical parameters are as in the u(x) plots (Fig. 3). X, is set to
1. For non-zero k, there is only one real branch of P(x).

We have one less infinite value in NLS Big Rip condition, i.e. u(x) goes
to zero. The NLS effective equation of state wess = Prot /1ot CAN be expressed
using Egs. (12) and (13). Approaching the Big Rip, X — X', U — 07, then we
— —1 +2/3q, where g < 0 is a constant. This limit is the same as the effective
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phantom equation of state in the case k = 0. It is important to note that scalar
field potential here is built phenomenologically based on expansion function,
not on fundamental physics.

7. WKB approximation

WKB approximation in quantum mechanics is a tool to obtain wave
function. However, in NLS formulation of scalar field cosmology, the wave
function is first presumed before working out the shape of P(x). Procedure is
opposite to that of quantum mechanics. Hence the WKB approximation
might not be needed at all for the NLS. Anyway, if one wants to test the
WKB approximation in the NLS formulation, these below are some results.
The WKB are valid when the coefficient of highest-order derivative term in
the Schrodinger equation is small or when the potential is very slowly-
varying. Consider linear case of Eq. (4), (k=0),

-u"+[P(x)-E]Ju=0. (45)
In Figs 2 and 4, the left-hand side of P(x) is physical since it corresponds

to positive time. In most regions, there are ranges of slowly varying P(x) at
large value of Ix|, in which the WKB is valid. The approximation gives

o~ Aexp [:I:(2/n)i / " VE—P@)da|, (46)

where A is a constant.

8. Conclusions

Here we conclude aspects of NLS-type formulation of scalar field
cosmology. The NLS-type formulation is well-applicable in presence of
barotropic fluid and a canonical scalar field. There are few advantages of the
NLS formulation as well as disadvantages to the conventional Friedmann
formulation. With hope that some more interesting and useful features could
be revealed in future.
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Determining scalar field potential in power-law cosmology with observational data
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In power-law cosmology, we determine potential function of a canonical scalar field in FLRW
universe in presence of barotropic perfect fluid. The combined WMAP5+BAO-+SN dataset and
WMAPS5 dataset are used here to determine the value of the potential. The datasets suggest slightly
closed universe. If the universe is closed, the exponents of the power-law cosmology are ¢ = 1.01
(WMAP5 dataset) and ¢ = 0.985 (combined dataset). The lower limits of ag (closed geometry) are
5.1 x 10%% for WMAP5 dataset and 9.85 x 10%® for the combined dataset. The domination of the
power-law term over the curvature and barotropic density terms is characterised by the inflection
of the potential curve. This happens when the universe is 5.3 Gyr old for both datasets.

PACS numbers: 98.80.Cq

I. INTRODUCTION

The presence of a scalar field is motivated by many
ideas in high energy physics and quantum gravities, al-
though it has not been discovered experimentally. TeV-
scale experiments at LHC and Tevatron may be able to
confirm its existence. It is nevertheless widely accepted
in several theoretical modeling frameworks, especially in
contemporary cosmology, in which an early-time acceler-
ated expansion, i.e., inflation, is proposed to be driven by
a scalar field in order to solve horizon and flatness prob-
lems [1]. After inflation, components of barotropic fluids
such as radiation and other non-relativistic matter were
produced during reheating and cooling-down processes.
A scalar field was also believed to be responsible for the
present acceleration in various models of dark energy [2].
The present acceleration is strongly backed up by various
observations, e.g. the cosmic microwave background [3],
large-scale structure surveys [4] and SNe type Ia obser-
vations [5-7].

Power-law cosmology, where a o t9, describes an accel-
eration phase if ¢ > 1. Modelling the present expansion
with a power-law function where ¢ ~ 1 was found to be
consistent with nucleosynthesis [8, 9], the age of high-
redshift objects such as globular clusters [8, 10-12], SNe
Ia data [11], SNe Ia with H(z) data [13], and X-ray gas
mass fraction measurement of galaxy clusters [14, 15]. In
the context of the power-law model, other aspects such as
gravitational lensing statistics [12], angular size-redshift
data of compact radio sources [16], and SN Ia magnitude-
redshift relation [11, 17] have also been studied. Origi-
nally, the power-law expansion has its motivation from
the simplest inflationary model that can remove the flat-
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ness and horizon problems with simple spectrum [18].
For the present universe, the idea of linear coasting cos-
mology (a « t) [19] can resolve the age problem of the
CDM model [10] while as well agreeing with the nucle-
osynthesis constraint. The coasting model arises from
non-minimally coupled scalar-tensor theory in which the
scalar field couples to the curvature to contribute to the
energy density that cancels out the vacuum energy [9, 20].
The model could also be a result of the domination of an
SU(2) cosmological instanton [21].

Here our assumption is that the universe is expanding
in the form of the power law function. Two major in-
gredients are scalar field dark energy evolving under the
scalar field potential V(¢), and barotropic fluid consist-
ing of cold dark matter and baryons. We derive the po-
tential, and use the combined WMAPS5 data [22] as well
as the WMAPS5 data alone to determine the values of ¢
and other relevant parameters of the potential. The nu-
merical results are subsequently compared and discussed.

II. COSMOLOGICAL SYSTEM WITH

POWER-LAW EXPANSION

Two perfect fluids, the cold dark matter and scalar
field ¢ = ¢(t), in the late FLRW universe of the sim-
plest CDM model with zero cosmological constant are
considered. The time evolution of the barotropic fluid
is governed by the fluid equation p, = —3Hp,, with a
solution
D
= 1)

where n = 3(1 + w,) and D > 0 is a proportional con-
stant. For the scalar field, supposed that it is mini-
mally coupled to gravity, its Lagrangian density is £ =
#?/2 — V(#). The energy density and pressure are

Py =

po= 3R +V@), po=38-VO). @)



The fluid equation of the field describing its energy con-
servation as the universe expands is

. . d
¢+3H¢+d—¢vzo. (3)

Total energy density poy and total pressure pyoy of the
mixture are simply the sums of those contributed by each
fluid, for which the Friedmann equation is

81G kc?
H? = Tptot T2 (4)

It is straightforward to show that

3 H 2k —6\ D
v<¢>=m<ﬂ2+3+w>+<”6 ) (5)

where 87 G is related to the reduced Planck mass Mp by
87G = My 2. The power-law scale factor is

a(t) = a (t)q , (6)

to

without fixing ag = 1 at the present time because we have
implicitly rescaled it to allow for k taking only either one
of the three discrete values 0, +1. The Hubble parameter
is

()= A 4, (7)

Our goal is to construct V (¢) using recent observational
data, as far as the simplest CDM model is concerned.

III. SCALAR FIELD POTENTIAL

We will work with observational data in SI units.
Restoring the physical constants in place, we obtain

V(¢):?MI%C<H2+H+

- ﬁ’ (8)

2kc? D¢c?
h 3 3a?

where M3 = hc/87G and we have set n = 3 (w, = 0 for
dust). Incorporating (6) and (7) into the above equation,
we obtain

_ Mge (3¢ —q
- h t2 a2t2a

V(t)

k224 D2 34
0 ) i (9)

2 ajtda’

We shall consider contribution of the first term alone in
comparison to total contribution when including the sec-
ond (the curvature) and the third (density) terms. It is
worth noting that reconstruction of scalar field potential
V (¢) was considered previously in context of flat universe
with non-specified expansion law and using luminosity
function of redshift z from SNe Ia observation [? |.

A. Cosmological Parameters

Using the equation for the Hubble parameter (7) at
the present time, we have

q = Hyty. (10)

The sign of k£ depends on the sign of the density pa-

rameter Qp = —kc?/a?H?. In our convention here,
k=1 (Q < 0) for a closed universe, k¥ = 0 for a flat
one, and k = —1 () > 0) for an open one. The present

value of the scale factor can be found from the definition
of Qk)o, that iS,

c —k
= — /= 11
“ = o\ Trg (11)

The density constant D can be found from (1),

D = py0a5 = Q,00¢,000, (12)

where Q2,0 = Qcpm,0 + 2,0, i.e. the sum of the present
density parameters of the barotropic fluid components.
Pe,0 is the present value of the critical density. The neu-
trino contribution is assumed to be negligible. The values
of Hy, to, Qk,0,cpm,0, and Qp o are taken from obser-
vational data.

B. Observational Data

We work on two sets of data provided by [22]. One
comes solely from the WMAPS5 data and the other is
the WMAP5 data combined with distance measurements
from Type Ia supernovae (SN) and the Baryon Acoustic
Oscillations (BAO) in the distribution of galaxies. For ¢,
Hy, .0, and Qcpum,o, we take their maximum likelihood
values. The curvature density parameter () ¢ comes as
a range with 95% confidence level on deviation from the
simplest ACDM model. The data are shown in Table I.

IV. RESULTS AND DISCUSSIONS

Using combined WMAP5+BAO+SN dataset, the po-
tential is

1.03x10%6 1.5 x 10 1.5 x 10*2
V(t) = 2 497 296 (13)
whereas, for WMAPSH dataset alone,
1.11 x 1026 7.6 x 10?* 4.6 x 10*3
V(t) = 2 ;203 304 (14)

in SI units. We use the mean of each )y, ¢ interval to rep-
resent {1, o in each of the above equations. Their plots are
shown in Fig. 1. In both cases, Qo is negative (a closed
universe). The points at which the potential, its deriva-
tive, and its second-order derivative, are zero (tintercepts



Parameter WMAP5+BAO-+SN WMAPS5
to 13.72 Gyr 13.69 Gyr
Hyp 70.2 km/s/Mpc 72.4 km/s/Mpc
Q.0 0.0459 0.0432
cpm,o 0.231 0.206
Qk,0 —0.0179 < Q0 < 0.0081 —0.063 < Q4,0 < 0.017
TABLE I: Observational data used in the construction of our scalar-field potentials [22]
WMAP5+BAO+SN WMAP5
Q0 = —0.0045 —0.0175 < Q4,0 < 0.0085 Q0 = —0.023 —0.063 < Q0 < 0.017
q 0.985 0.985 1.01 1.01
a 1.9 x 1077 ap > 9.85 x 1OZi (closed) 8.4 x 1026 aop > 5.1 x 10%° (closed)
ao > 1.5 x 10%” (open) ao > 9.8 x 10%° (open)
tintercept 2.7 Gyr 2.62 Gyr <t < 2.7 Gyr 2.7 Gyr 2.6 Gyr <t < 2.8 Gyr
tmax 4.0 Gyr 3.94 Gyr <t < 4.0 Gyr 4.0 Gyr 3.8 Gyr <t < 4.1 Gyr
tinflection 5.3 Gyr 5.26 Gyr < t < 5.4 Gyr 5.3 Gyr 5.1 Gyr <t < 5.5 Gyr

TABLE II: A summary of numerical results.
correspond to open and closed universes, respectively.

tmax; and tinflection, respectively) are also determined, for
both €. o and each end of the Q¢ interval. The results
are summarised in Table II.

The values of the exponent ¢ from the two sets of data
are only slightly different, but only the latter is an accel-
erated expansion as ¢ > 1. The determination of ¢ from
X-Ray gas mass fractions in galaxy clusters favours open
universe with ¢ > 1 (¢ = 1.14 + 0.05) [15] and combined
analysis from SNLS and H(z) data (from Germini Deep
Deep Survey) assuming open geometry yields ¢ = 1.31
[13]. Note that, in the power-law regime, ¢ only depends
on the observed values of the Hubble constant and .
This may give an impression that the maximum likeli-
hood values from the combined data has yet to be relied
upon, but the power-law expansion has not been proven
to be the case nonetheless.

After tingection, the potential from each data behaves
like its first term, i.e. decreasing in its value while in-
creasing in its slope (being less and less negative). The
other terms quickly become weaker. This can be seen
in Fig. 1. Since the first term is contributed only by
H(t) (and its time derivative), it is dominant in the post-
inflection phase. In fact, the convergence to zero of the
potential is slower than its first term alone (see (13) and
(14)), because the sum of the last two terms consequently
becomes positive before converging to zero. This means
that the plots of each potential and its first term in Fig.
1 eventually crosses, but it occurs much, much later at
t = 8.8 x 107 Gyr. Along with the potential function in
(5), we also obtain the solution

0 :/wzﬂfc <H— ’ﬁ) - %fdt (15)

Times are shown in Gyr for comprehensibility.

Positive and negative s

N
V() S WMAP + BAO + SN
| WMAPS

FIG. 1: The potentials in (13) and (14). The units of the
abscissa and ordinate axes are sec and J/m?>, respectively.
The crosses mark their inflection points. Also plotted in dash
lines are their first terms. Each potential does not actually
converge to its first term, but later intersect with and deviate
from it, though still very close together. However, this occurs
much later (at t = 2.8 x 103! sec = 8.8 x 1057 Gyr in both
cases).

in ST units. Using WMAP5+BAO+SN dataset,

1.06 x 1026 1.5x 1023 3.0 x 1042
P(t) = / \/ = + — dt,

1197 12.96
(16)
where, for WMAPS5 dataset alone,
1.09 x 1026 7.6 x 1024 9.3 x 1043
o(t) = /\/ 12 T pm T @l
(17)



WMAP + BAO + SN
WMAPS

FIG. 2: The potentials in (13) and (14) along with the rad-
icands of the integrands in (16) and (17) (dash line). The
shaded region is the post-inflection phase. The unit of the
abscissa axis is sec. After tinfiection, @(t) is real.

In the late post-inflection phase, the first term is dom-
inant over the k and D terms then the last two terms
of the radicands are negligible (Fig. 2). The above two
equations are approximated as

B(t) ~ 1.04 x 103 Int, (18)
whereas, for WMAPSH dataset alone,
P(t) =~ 1.03 x 103 Int. (19)

The radicand in (17) of the WMAPS5 dataset is zero at
approximately tinfiection = 5.3 Gyr (see Fig. 2), therefore
so does ¢(t). While the combined dataset has the zero
radicand (then zero ¢(¢)) in (16) later at approximately
t = 5.4 Gyr. Scalar field exact solutions for the power-law
cosmology with non-zero curvature and non-zero matter
density are reported in [23]. Tt is also worth noting that
the general exact form of the potential, that renders scal-
ing solution, is some negative powers of a hyperbolic sine
[24].

V. CONCLUSION

We consider a potential function of a homogeneous
scalar field in late-time FLRW universe of the simplest
CDM model with zero cosmological constant, assuming
power-law expansion. The scalar field is minimally cou-
pled to gravity and the other fluid is non-relativistic
barotropic perfect fluid. We use two sets of observa-
tional data, combined WMAP5+BAO+SN dataset and
WMAP5 dataset, as the inputs. Potential functions are
obtained using numerical values from the observations.
Mean values of both sets suggest slightly closed geome-
try. The WMAPS5 dataset implies accelerated expansion
(¢ = 1.01) while the combined dataset gives ¢ = 0.985.
This is slightly lower than the value obtained from SNLS
and H(z) data (¢ = 1.31) [13] and X-Ray gas mass frac-
tion (¢ = 1.14 £ 0.05) [15]. Our result is independent of
the geometry unlike ¢ obtained from [13] which assumes
open geometry. For closed universe, the WMAPS5 dataset
puts the lower limit of 5.1 x 1026 for ay while the com-
bined dataset puts the lower limit of 9.85 x 10%6. We
characterise the domination of the first term of (9) by
using the inflection of the potential plots from which the
first term is found to be dominant to the potential 5.3
Gyr after the Big Bang in both datasets.
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