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Introduction

Let G be a graph of order n and size m. A γ-labeling of G is a one-to-one function
f : V (G) → {0, 1, . . . , m} that induces an edge-labeling f ′ : E(G) → {1, . . . ,m} on G
defined by

f ′(uv) = |f(u) − f(v)| , for each edge uv in E(G) .

The value of f is defined by
val(f) =

∑
e∈E(G)

f ′(e) .

This particular graph labeling was first introduced by Chartrand et al. [5], in 2005, and
it was motivated by Rosa’s influential paper [14], where a variety of types of “valuations”
were introduced. (We remark that this notion should not be confused with the γ-labeling
recently introduced by Blinco et al. in [1].)

When the labels f ′(e) are all distinct, the γ-labeling is called a graceful labeling.
The origin of this concept is often attributed Gerhard Ringel [13]. The Ringel-Kotzig
Conjecture, as it was coined in [12], and popularized by Golomb [10], states that all trees
are graceful and it remains still unsolved. This conjecture is also known as Von Koch’s
Conjecture or Graceful Labeling Conjecture [14]. The study of graceful labelings and
their applications has been intensively considered in the literature [2, 9, 11].

Obviously, since f is one-to-one, it follows that f ′(e) ≥ 1, for any edge e, and there-
fore, val(f) ≥ m. Moreover, G has a γ-labeling if and only if m ≥ n − 1 and every
connected graph has a γ-labeling.

The maximum value and the minimum value of a γ-labeling of a graph G are defined
in [5] as

valmax(G) = max{val(f) : f is a γ-labeling of G}
and

valmin(G) = min{val(f) : f is a γ-labeling of G} ,

respectively.
A γ-labeling g of G is a γ-max labeling if val(g) = valmax(G) and a γ-labeling h is a

γ-min labeling if val(h) = valmin(G). The span of a γ-labeling f of G is defined as

span(f) = max{f(v) : v ∈ V (G)} − min{f(v) : v ∈ V (G)}.

The following results appear in [5].

Theorem A [[5]] Let G be a connected graph of order n and let f : V (G) → Z be a one-
to-one function. Then there is a γ-labeling g on G with val(g) ≤ val(f). Furthermore, if
span(f) ≥ n, then there is a γ-labeling g with val(g) < val(f).

For integers a and b with a ≤ b, let

[a..b] = {a, a + 1, . . . , b}
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be the set of integers between a and b. Such a set is referred to as a consecutive set of
integers.

Theorem B [[5]] If G is a connected graph of order n, then G has a γ-min labeling f
such that f(V (G)) = [0..n − 1].

The maximum and minimum values of γ-labelings of nontrivial complete graphs and
complete bipartite graphs were determined in [5], as we stated next.

Theorem C [[5]] For every integer n ≥ 2,

valmin(Kn) =
(

n + 1
3

)

valmax(Kn) =

⎧⎨⎩
n(3n3−5n2+6n−4)

24 if n is even
(n2−1)(3n2−5n+6)

24 if n is odd.

Let Kn be a complete graph of order n ≥ 2 with V (Kn) = {v1, v2, . . . , vn}. If f is a
γ-labeling of Kn such that f(vi) = ai for 1 ≤ i ≤ n and

0 ≤ a1 < a2 < · · · < an ≤
(

n

2

)
,

then the value of f was determined in [8], namely

val(f) =
�n

2 �∑
i=1

(n − 2i + 1)(an−i+1 − ai). (1)

Theorem D [[4]] For any two positive integers r ≥ s,

valmin(Kr,s) =
s(2s2 + 1)

3
+ s2(r − s) + s

⌊
(r − s)2

4

⌋
and

valmax(Kr,s) = rs(rs − 1
2
(r + s) + 1).

The maximum and minimum values of a γ-labeling of path, star, cycle, and complete
graph are determined. Next, we recall the extremal values of a γ-labeling of cycle of
order n.

Theorem E [[5]] If Cn is a cycle of order n ≥ 3, then

valmin(Cn) = 2(n − 1)

and

valmax(Cn) =

⎧⎨⎩
(n−1)(n+3)

2 if n is odd
n(n+2)

2 if n is even.
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The γ-spectrum of a graph G is also defined in [5] as

spec(G) = {val(f) : f is a γ-labeling of G} ,

and the γ-spectrum of any star is determined as well. In [6], the same authors found
the maximum and the minimum values of a γ-labeling of double star, and determine all
graphs G of order n for which valmin(G) is n or n + 1. Some results about minimum
value of a γ-labeling of a tree with maximum degree Δ = 3 were established. Later, in
[8], the γ-spectra of paths, cycles and complete graphs were determined.

In [5] a simple and useful connection between minimum and maximum values of a
connected graph and that of a proper connected subgraph was found.

Proposition F [[5]] If H is a proper connected subgraph of a connected graph G, then

valmin(H) < valmin(G) and valmax(H) < valmax(G).

The span of a γ-labeling f is defined as

span(f) = max{f(v) : v ∈ V (G)} − min{f(v) : v ∈ V (G)}.

Here we consider cycles of order n ≥ 5 with a triangle, say C�
n , i.e., cycles with a

chord joining two nonadjacent vertices but adjacent to some vertex in cycle. As below,
we show C�

7 and C�
8 :

� ��
�

� � �
�

��

���
�

�
�

C�
8 :

� ��
�

� � ��
�

�
�

C�
7 :

In this paper, we determine valmin(C
�
n ) and valmax(C

�
n ). For the later case, we need

to generalize the notion of γ-labeling of a connected graph. Several illustrative examples
will be provided.

The reader is referred to Chartrand and Zhang [7] for basic definitions and terminol-
ogy not mentioned here.
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Main Results

1 The minimum value of C�
n

As in the case of the cycles, the minimum value of C�
n is somewhat easier to determine.

Theorem 1.1 For every integer n ≥ 5,

valmin(C�
n ) = 2n − 1 .

Proof. By Proposition F and Theorem E, we have

valmin(C�
n ) ≥ 2n − 1 .

Hence it remains to show that valmin(C
�
n ) ≤ 2n − 1.

Suppose that C�
n is the cycle Cn : v1, v2, . . . , vn, v1 with the triangle obtained by

adding an edge v2vn. Considering now the γ-labeling f of C�
n defined by

f(vi) =

⎧⎪⎪⎨⎪⎪⎩
0 if i = 1

i if 2 ≤ i ≤ n − 1

1 if i = n,

we have

val(f) =
∑n−2

i=2 |f(vi+1) − f(vi)| + |f(v1) − f(v2)|+
+ |f(v2) − f(vn)| + |f(vn) − f(v1)| + |f(vn−1) − f(vn)|

= (n − 3) · 1 + 2 + 1 + 1 + (n − 2) = 2n − 1 .

Therefore, valmin(C
�
n ) ≤ 2n − 1.

To illustrate Theorem 1.1, we consider, for example, the following γ-min labeling f
of C�

6 :

��
����

��

��
��

��
��

��
��

��
����� �

��

�
���

��

C 6Delta:

0

7

2 5

1

6

Observe that valmin(C
�
6 ) = val(f) = 11 .
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2 The γδ-Labeling of a Connected Graph

We start this section with a slightly extension of the main notion of γ-labeling of a
connected graph. For a nonnegative integer δ, a γδ-labeling of a connected graph G of
order n and size m is a one-to-one function f : V (G) → {0, 1, . . . ,m + δ − 1,m + δ} that
induces an edge-labeling f ′ : E(G) → {1, . . . ,m + δ} on G defined by

f ′(uv) = |f(u) − f(v)| , for each edge uv inE(G) .

The value of a γδ-labeling f is defined by val(f) =
∑

e∈E(G) f ′(e) . The other definitions
are similar to the γ-labeling case.

The following corollary is a consequence of Theorem A.

Corollary 2.1 For any connected graph G of order n,

valδmin(G) = valmin(G) .

Next, we present the maximum value of a γδ-labeling of Cn when n is even.

Proposition 2.2 For a nonnegative integer δ and an even integer n, with n ≥ 4,

valδmax(Cn) = valmax(Cn) + nδ =
n(n + 2δ + 2)

2
.

Proof. Let n = 2k be an even integer, with n ≥ 4, and let Cn : x1, y1, x2, y2, . . . , xk, yk, x1.
Define a γδ-labeling f of Cn by

f(xi) = i − 1 and f(yi) = 2k + δ + 1 − i , for 1 ≤ i ≤ k .

Then
val(f) = 2

(∑k
i=1 f(yi) −

∑k
i=1 f(xi)

)
= 2

(∑k
i=1(2k + δ + 1 − i) − ∑k

i=1(i − 1)
)

= 2k(k + δ + 1)

= n(n+2δ+2)
2 = valmax(Cn) + nδ .

Hence
valδmax(Cn) ≥ valmax(Cn) + nδ =

n(n + 2δ + 2)
2

.

In order to show valδmax(Cn) ≤ n(n+2δ+2)
2 , let g be a γδ-max labeling of Cn, where

E(Cn) = {e1, e2, . . . , en}. For each integer i, with 1 ≤ i ≤ n, let ei = uivi, where
g(ui) < g(vi). Then

val(g) =
n∑

i=1

g(vi) −
n∑

i=1

g(ui) .

5



Since at most two vertices in {u1, , . . . , un} can be assigned by each of the labels
0, 1, . . . , k−1, and at most two vertices in {v1, · · · , vn} can be assigned each of the labels
k + (δ + 1), k + (δ + 2), . . . , k + (k + δ − 1), k + (k + δ), it follows that

n∑
i=1

g(ui) ≥ k2 − k and
n∑

i=1

g(vi) ≤ 3k2 + (2δ + 1)k .

Thus

val(g) ≤ (3k2 + (2δ + 1)k) − (k2 − k) = 2k(k + δ + 1) =
n(n + 2δ + 2)

2
,

producing the desired result.

Proposition 2.3 Let D be an oriented graph derived from a γδ-max labeling g of an even
cycle Cn, with n ≥ 6, by assigning to each edge uv the orientation (u, v), if g(u) < g(v).
Then for each vertex v either id(v) = 2 or od(v) = 2.

Proof. For an even cycle Cn, we can have an oriented graph D from γδ-max labeling
g of Cn by assigning to each edge uv the orientation (u, v), if g(u) < g(v).

Let us assume that there exists a vertex such that indegree and outdegree are not
two. Since Cn is an even cycle, it follows that there are at least two vertices, say u and
v, such that

id(u) = id(v) = od(u) = od(v) = 1 .

We consider two cases, according to the adjacency of the vertices u and v.

Case 1. u is adjacent to v. Then D contains a directed path x, u, v, y of order 4. If
we delete the vertices u and v from Cn and join the vertices x and y, the resulting graph
G is isomorphic to Cn−2 and the restriction g′ of g to V (Cn)−{u, v} has the same value
on G as g does on Cn. Therefore,

valδ+2
max(Cn−2) ≥ val(g) = valδmax(Cn),

which is a contradiction with val(g) = valδmax(Cn) > valδ+2
max(Cn−2).

Case 2. u and v are not adjacent. The D contains two direct paths, s, u, t and x, v, y,
of order 3. Therefore, we can construct a graph G that is isomorphic to Cn−2 from Cn

by deleting the vertices u and v, joining the vertices s and t, and then joining vertices x
and y. The restriction g′ of g to V (Cn) − {u, v} has the same value on G as g does on
Cn. Therefore,

valδ+2
max(Cn−2) ≥ val(g) = valδmax(Cn),

which is a contradiction with val(g) = valδmax(Cn) > valδ+2
max(Cn−2).

We end this section with a relation between δ-max values of γ-labelings of cycles with
consecutive order.
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Lemma 2.4 For every pair δ, k of nonnegative integers with k ≥ 2,

valδmax(C2k+1) = valδ+1
max(C2k) .

Proof. Let f be a γδ+1-max labeling of C2k. Suppose that a is a number in {0, 1, · · · , 2k+
δ, 2k+δ+1} assigned to no vertex of C2k by f . Consequently, we may define a γδ-labeling
g of C2k+1 by

g(vi) =

{
f(vi) if 1 ≤ i ≤ 2k

a if i = 2k + 1.

Thus valδmax(C2k+1) ≥ valδ+1
max(C2k). It remains to verify that valδ+1

max(C2k) ≥ valδmax(C2k+1).
Let h be a γδ-max labeling of C2k+1. We construct an oriented graph D form C2k+1

by assigning to each edge uv the orientation (u, v), if h(u) < h(v). Necessarily, D
contains a directed path x, y, z of order 3. If we delete the vertex y from C2k+1 and join
the vertices x and z, the resulting graph G is isomorphic to C2k and the restriction h̃ of
h to V (C2k+1) − {y} has the same value on G as h does on C2k+1. The function h̃ is
thus a γδ+1-labeling of C2k, and the result follows.

As a consequence of Lemma 2.4, we have the following result.

Corollary 2.5 For a nonnegative integer δ and an odd integer n, with n ≥ 5,

valδmax(Cn) = valmax(Cn) + (n − 1)δ =
(n − 1)(n + 2δ + 3)

2
.

3 The maximum value of C�
n for an odd integer n

The simplest computation of the maximum value of a γ-labeling of C�
n is when n an

odd integer. The other case is more delicate as we will see in the next sections. Now, we
consider a cycle with a triangle of order n = 2k + 1, with k ≥ 2, obtained from a cycle
C2k+1 : x1, z, y1, x2, y2, · · · , xk, yk, x1 and a chord x1y1.

Theorem 3.1 For every odd integer n ≥ 5,

valmax(C�
n ) = val1max(C

�
n ) + (n + 1).

Proof. Setting n = 2k + 1, with k ≥ 2, and defining a γ-labeling f of C�
n by

f(xi) = i − 1 , f(yi) = 2k + 3 − i , for 1 ≤ i ≤ k , and f(z) = k + 1 ,

7



then

val(f) = 2
(∑k

i=1 f(yi) −
∑k

i=1 f(xi)
)

+ (f(y1) − f(z)) + (f(z) − f(x1))

= 2
(∑k

i=1(2k + 3 − i) − ∑k
i=1(i − 1)

)
+ (2k + 2)

= 2k(k + 3) + (2k + 2)

= (n−1)(n−5)
2 + (n + 1)

= val2max(Cn−1) + (n + 1)

= val1max(Cn) + (n + 1) .

Thus valmax(C
�
n ) ≥ val1max(Cn) + (n + 1).

In order to show that valmax(C
�
n ) ≤ val1max(Cn) + (n + 1), let f be a γ-max labeling

of C�
n , and let g be the restriction of f to Cn. Then

val(f) = val(g) + f ′(e) ≤ val1max(Cn) + (n + 1) ,

where e is a chord of C�
n . Therefore, valmax(C

�
n ) ≤ val1max(Cn) + (n + 1).

To illustrate Theorem 3.1, we consider, for example, the following γ-max labeling f
of C�

5 :

��
	


��
	


��
	


��
	


��
	
��

�
�

C�
5 :

0

3

6 1

5

Observe that valmax(C
�
5 ) = val(f) = 26 .

The next corollary is a consequence of Theorem 3.1.

Corollary 3.2 For every pair of nonnegative integer δ and odd integer n with n ≥ 5,

valδmax(C
�
n ) = valδ+1

max(Cn) + (δ + n + 1).

Proof. Let n = 2k + 1, with k ≥ 2, and let f be a γ-labeling f of C�
n defined by

f(xi) = i − 1 , f(yi) = δ + 2k + 3 − i, for 1 ≤ i ≤ k , and f(z) = k + 1 .

8



Then

val(f) = 2
(∑k

i=1 f(yi) −
∑k

i=1 f(xi)
)

+ (f(y1) − f(z)) + (f(z) − f(x1))

= 2
(∑k

i=1(δ + 2k + 3 − i) − ∑k
i=1(i − 1)

)
+ (δ + 2k + 2)

= 2k(k + 3) + 2δk + (δ + 2k + 2)

= k(2k + 2δ + 6) + (δ + 2k + 2)

= (n−1)(n+2δ+5)
2 + (δ + n + 1)

= valδ+2
max(Cn−1) + (δ + n + 1)

= valδ+1
max(Cn) + (δ + n + 1) .

Thus valδmax(C
�
n ) ≥ valδ+1

max(Cn) + (δ + n + 1).
To show that valδmax(C

�
n ) ≤ valδ+1

max(Cn) + (δ + n + 1), let f be a γ-max labeling of
C�

n , and let g be the restriction of f to Cn. Then

val(f) = val(g) + f ′(e) ≤ valδ+1
max(Cn) + (δ + n + 1),

where e is a chord of C�
n . Therefore, valδmax(C

�
n ) ≤ valδ+1

max(Cn) + (δ + n + 1).

4 The maximum value of C�
n for an even integer n

In this section we consider a cycle with a triangle of order n = 2k, with k ≥ 3, obtained
from a cycle C2k : x1, y1, x2, y2, · · · , xk, yk, x1 and a chord x1xk. We first present a lower
bond for valmax(C

�
n ).

Lemma 4.1 For every even integer n ≥ 6,

valmax(C�
n ) ≥

⎧⎪⎨⎪⎩
n2+5n−2

2 = 32 if n = 6
n2+5n−2

2 = n2+6n−10
2 = 51 if n = 8

n2+6n−10
2 if n ≥ 8.

Proof. If k = 3 or 4, we define a γ-labeling f of C�
2k by

f(xi) = i − 1 and f(yi) = n + 2 − i , for 1 ≤ i ≤ k .

Then
val(f) = 2

(∑k
i=1 f(yi) −

∑k
i=1 f(xi)

)
+ f(xk) − f(x1)

= 2
(∑k

i=1(n + 2 − i) − ∑k
i=1(i − 1)

)
+ (k − 1) − 0

= n2+5n−2
2 .

9



Thus valmax(C
�
n ) ≥ n2+5n−2

2 , for n = 6, 8.

Assume that k ≥ 4, we define a γ-labeling f of C�
2k by

f(xi) =

{
n + 2 − i if 1 ≤ i ≤ k − 1
0 if i = k

and f(yi) = i , if 1 ≤ i ≤ k.

Then
val(f) = 2

(∑k−1
i=1 f(xi) −

∑k−2
i=1 f(yi)

)
+ f(x1) − 3f(xk)

= 2
(∑k−1

i=1 (n + 2 − i) − ∑k−2
i=1 i

)
+ (n + 1) − 3(0)

= n2+6n−10
2 .

Hence valmax(C
�
n ) ≥ n2+6n−10

2 , for n ≥ 8.

In order to present a formula for valmax(C
�
n ), for an even integer n ≥ 6, we need

some additional notation and new definitions. Let f be a γ-max labeling of C�
2k. For

each integer i, with 1 ≤ i ≤ k, we define the 3-term sequences

Si(f) = (f(xi), f(yi), f(xi+1)) and Ti(f) = (f(yi), f(xi+1), f(yi+1)),

where the addition is taken modulo k, and let

ST (f) = {S1(f), S2(f), . . . , Sk(f), T1(f), T2(f), . . . , Tk(f)}
be a set of 3-term sequences Si(f) and Ti(f), for all i with 1 ≤ i ≤ k. Furthermore, let
C2k(f) be an oriented cycle obtained from C�

2k − x1xk by assigning to the edge uv the
orientation (u, v) if f(u) < f(v).

We are ready to characterize any γ-max labeling f of C�
6 .

Proposition 4.2 Let f be a γ-max labeling of C�
6 . Then ST (f) contains no monotone

elements.

Proof. Assume, to the contrary, that some element of ST (f) is monotone. Then an
oriented cycle C6(f) contains a directed path a, b, c of order 3. If we delete the chord
x1x3 and vertex b from C�

6 and then join the vertices a and c, the resulting graph G is
isomorphic to C5 and the restriction f̃ of f to V (C�

6 − x1x3) − {b} has the same value
on G as f on C�

6 − x1x3, that is

val(f̃) = val(f) − f ′(x1x3) = valmax(C
�
6 ) − f ′(x1x3).

Then valmax(C
�
6 ) = val(f̃)+f ′(x1x3). Moreover, since f̃ is a γ2-labeling of graph G that

is isomorphic to C5, it follows that val(f̃) ≤ val2max(C5) = val3max(C4). Therefore

valmax(C
�
6 ) ≤ val3max(C4) + f ′(x1x3) ≤ 4(4 + 6 + 2)

2
+ 7 = 31,

10



which is a contradiction with Lemma 4.1.

The oriented cycle C6(f) defined by any γ-max labeling f of C�
6 in Proposition 4.2

is either

��
	
��

	


��
	
��

	


��
	


��
	


�
���

�
�

��	

�
���

�
�

��	
C6(f) :

x1

x2

x3

y3

y2

y1 ��
	


��
	
��

	


��
	
��

	
��
	


�
��


�
�

���

�
��


�
�

���

x1

x2

x3

y3

y2

y1

or

Observe that all 3-term sequences of ST (f), which are

S1(f) = (f(x1), f(y1), f(x2)), S2(f) = (f(x2), f(y2), f(x3)), S3(f) = (f(x3), f(y3), f(x1))

T1(f) = (f(y1), f(x2), f(y2)), T2(f) = (f(y2), f(x3), f(y3)), T3(f) = (f(y3), f(x1), f(y1)),

are not monotone.
Combining Lemma 4.1 and Proposition 4.2, we are able to find valmax(C

�
6 ).

Theorem 4.3
valmax(C

�
6 ) = val1max(C6) + 2 = 32.

Proof. By Lemma 4.1, we have valmax(C
�
6 ) ≥ 32 = val1max(C6) + 2. Next, let f be a

γ-max labeling of C�
6 . According to Proposition 4.2, for each i with 1 ≤ i ≤ 3, vertices

xi and yi of oriented cycle C6(f) have

either id(xi) = 0, id(yi) = 2 or id(xi) = 2, id(yi) = 0.

We analyze the two cases separately.

Case 1. For each i with 1 ≤ i ≤ 3, id(xi) = 0, id(yi) = 2 of the oriented cycle
C6(f). So, f(xi) < f(yi) and f(xi+1) < f(yi) where addition is taken modulo 3. Then

valmax(C
�
6 ) = val(f) = 2

(
3∑

i=1

f(yi) −
3∑

i=1

f(xi)

)
+ |f(x1) − f(x3)|.

Since the vertices in {x1, x2, x3} can be labeled by each of the labels 0, 1, 2 and the
vertices in {y1, y2, y3} can be labeled by each of the labels 7, 6, 5, it follows that

3∑
i=1

f(xi) ≥ 0 + 1 + 2 = 3 and
3∑

i=1

f(yi) ≤ 7 + 6 + 5 = 18.

Then valmax(C
�
6 ) = val(f) ≤ 2(18 − 3) + 2 = val1max(C6) + 2 = 32.

Case 2. For each i with 1 ≤ i ≤ 3, id(xi) = 2, id(yi) = 0 of the oriented cycle
C6(f). So, f(xi) > f(yi) and f(xi+1) > f(yi) where addition is taken modulo 3. An

11



argument similar to the one used in Case 1 shows that valmax(C
�
6 ) ≤ val1max(C6)+2 = 32,

producing the desired result.

To illustrate Theorem 4.3, an example of a γ-max labeling f1 of C�
6 and an oriented

graph C6(f1) for the first case are:

��
����

��

��
��

��
��

��
��

��
��

��
����

��

��
��

��
��

��
��

��
��

�
���

�
�

��	

�
���

�
�

��	�
�� �

��

�
���

��

C�
6 :

0

7

2 5

1

6

C6(f1) :

0

7

2 5

1

6

On the another hand, a γ-max labeling f2 of C�
6 and an oriented graph C6(f2) in

second case are, for example:

��
��

��
��

��
����

����
��

��
����

��

��
��

��
����

����
��

��
�� �

��

�

�
���

�
��


�
�

���

�
�� �

��

�
���

��

7 1

6

25

0

7 1

6

25

0C�
6 : C6(f2) :

Observe that valmax(C
�
6 ) = val(f1) = val(f2) = 32.

Theorem 4.4

valmax(C
�
8 ) =

{
val1max(C8) + 3 = 51

val2max(C7) + 9 = 51.

Proof. By Lemma 4.1, we have valmax(C
�
8 ) ≥ 51 = val1max(C8) + 3 = val2max(C7) + 9.

On the other hand, let f be a γ-max labeling of C�
6 . We consider the two cases according

to the set ST (f).

Case 1. No element of ST (f) is monotone. Then, for each i with 1 ≤ i ≤ 4, the
vertices xi and yi of oriented cycle C8(f) have either id(xi) = 0, id(yi) = 2 or id(xi) =
2, id(yi) = 0.

��
��

��
��

��
��

��
��

��
��

��
��

��
��

��
�� ��

��

��
��

��
��

��
��

��
��

��
��

��
��

��
��

�
���

�
��	

�

� �

�

�
���

�
��


� �

�
���

�
��	��

�
���

�
��


x1

y4

x4

y1

y3

x2

y2

x3

C8(f) : or

x1

y4

x4

y1

y3

x2

y2

x3

An argument similar to the one used in Theorem 4.3 shows that valmax(C�
8 ) ≤

val1max(C8) + 3 = 51.

Case 2. Some element of ST (f) is monotone. Then the oriented cycle C8(f)
contains a directed path a, b, c of order 3. If we delete the chord x1x4 and vertex b from
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C�
8 and join the vertices a and c, the resulting graph G is isomorphic to C7 and the

restriction f̃ of f to V
(
C�

8 − x1x4

)
− {b} has the same value on G as f on C�

8 − x1x4,

that is
val(f̃) = val(f) − f ′(x1x4) ≥ valmax(C

�
8 ) − 9.

Moreover, since f̃ is a γ2-labeling of a graph G isomorphic to C7, it follows that val(f̃) ≤
val2max(C7). Therefore, valmax(C

�
8 ) ≤ val2max(C7) + 9 = 51.

To illustrate Case 2 of Theorem 4.4, we consider, for example, the γ-max labelings
f1 and f2 of C�

8 and the oriented cycles C8(f1) and C8(f2), respectively:

��
	


��
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��
	


��
	
��

	
��
	


��
	


��
	


��
	


��
	


��
	


��
	


��
	


��
	


�
�

�
��

�

�
��

� �

�
��

�
�	

�
���

�
���

� �

9 2

1

830

4

7

C�
8 :

9 2 7

1

83

4

0

C8(f1) :

��
	


��
	


��
	


��
	


��
	


��
	


��
	


��
	


�

�

�
�


�

�
���

�
���

�
�

��
C8(f2) :

9

0

1 4

8

27

5

��
	


��
	


��
	


��
	


��
	


��
	
��

	
��
	


�
�

�
��

�

�
��

C�
8 :

9

0

1 4

8

27

5

Observe that valmax(C
�
8 ) = val(f1) = val(f2) = 51.

We remark that, since for any integer k with k ≥ 4, the size of the oriented cycle
C2k(f) is even, it follows that there are � directed paths of order 3 in the oriented cycle
C2k(f), for some even integer � with 0 ≤ � ≤ 2k. This observation leads us to the
following lemma.

Lemma 4.5 Let n = 2k be an even integer, with n ≥ 8, and let f be a γ-max labeling
of C�

2k. If some element of ST (f) is monotone, then there are exactly two monotone
elements in ST (f).

Proof. Suppose that some element of ST (f) is monotone. Then the oriented cycle
C2k(f) contains a directed path of order 3. Since the size of the oriented cycle C2k(f)
is even, it follows that there are � directed paths of order 3 in C2k(f), for some even
integer � with 2 ≤ � ≤ 2k. Next, we show that there are no more than two directed paths
of order 3 in oriented cycle C2k(f). Assume, to the contrary, that there are at least 4
directed paths of order 3 in the oriented graph C2k(f). For each i with 1 ≤ i ≤ 4, let
Pi be a directed path of order 3 having internal vertex ui in the oriented graph C2k(f).
We can see that the cycle C�

2k − x1xk is a subdivision of the cycle Cn−4 by every two
vertices of Cn−4 which are connected by either an edge or a path, all of whose interior
vertices are internal vertices u1, u2, u3, u4.

To illustrate this concept of subdivision, let us define:
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C6 : x3

x1 x2

y4

y5

x5

��
��

��
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��
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��
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��
��

��
��



�
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���



�������

x1 x2

x3

y1 y2

y3x4x5

y5

y4

H :

For example, considering the oriented cycle H : x1, y1, x2, y2, · · · , x5, y5, x1 of order
10 having 6 directed paths of order 3. Let P1 : x1, y1, x2, P2 : x2, y2, x3, P3 : x3, y3, x4

and P4 : y3, x4, y4 be directed paths of order 3 in H. Therefore the underlying cycle
H is a subdivision of the cycle C6 : x1, x2, x3, y4, x5, y5, x1, where the internal vertices
y1, y2, y3, x4 of the directed paths P1, P2, P4, P4, respectively, are inserted into one or
more edges of C6.

Since the cycle C�
2k−x1xk is a subdivision of the cycle Cn−4, we can construct a graph

G which is isomorphic to Cn−4 from C�
2k by deleting the chord x1xk and the internal

vertices u1, u2, u3, u4 and then adding one or more edges to G. Then the restriction of f

to V
(
C�

2k − x1xk

)
−{u1, u2, u3, u4}, f̃ , has the same value on G as f does on C�

2k−x1xk,
that is

val(f̃) = val(f) − f ′(x1xk) ≥ valmax(C�
n ) − (n + 1).

Moreover, since f̃ is a γ5-labeling of a graph G which is isomorphic to Cn−4, it follows
that val(f̃) ≤ val5max(Cn−4). Therefore

valmax(C�
n ) ≤ val5max(Cn−4) + (n + 1) =

n2 + 6n − 30
2

,

a contradiction with Lemma 4.1. Thus, for k ≥ 4, the oriented cycle C2k(f) contains
exactly two directed paths of order 3 and there are also exactly two monotone elements
in ST (f).

By Theorem 4.4 and Lemma 4.5, we are able to characterize any γ-max labeling f
of C�

8 , in terms of set ST (f) and the oriented cycle C8(f).

Proposition 4.6 Let f be a γ-max labeling of C�
8 . Then either no element of ST (f)

is monotone or there are exactly two monotone elements in ST (f).

For any integers p and q, with p ≤ q, let

[p, q] = {p, p + 1, . . . , q}

be the set of all the integers between p and q. Next we characterize any γ-max labeling
f of C�

n , for n ≥ 10.

Proposition 4.7 For any integer k, with k ≥ 5, let f be a γ-max labeling of C�
2k. Then

ST (f) contains exactly two monotone of ST (f).
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Proof. Assume, to the contrary, that the property does not verify. Then, by Lemma
4.5, ST (f) contains no monotone element. Hence, for the vertices xi and yi of the
oriented cycle C2k(f),

either id(xi) = 0, id(yi) = 2 or id(xi) = 2, id(yi) = 0 for each i with 1 ≤ i ≤ k .

We consider the two cases separately.

Case 1. For each i with 1 ≤ i ≤ k, id(xi) = 0, id(yi) = 2 of the oriented cycle
C2k(f). Thus f(xi) < f(yi) and f(xi+1) < f(yi) where addition is taken modulo k.
Then

valmax(C
�
2k) = val(f) = 2

k∑
i=1

f(yi) − 2
k∑

i=1

f(xi) + |f(x1) − f(xk)|.

Before we proceed, we prove two claims.

Claim 1. {f(y1), f(y2), . . . , f(yk)} = [k + 2, n + 1].

Proof of Claim 1. Assume, to the contrary, that

{f(y1), f(y2), . . . , f(yk)} 	= [k + 2, n + 1] .

Then there are two numbers a and b, with a ∈ [0, k + 1] and b ∈ [k + 2, n + 1], such that
a is assigned by f to some vertex of {y1, y2, . . . , yk}, namely yr and b is assigned by f to
either no vertex of C�

2k or some vertex of {x1, x2, . . . , xk}.
If b is assigned to no vertex of C�

2k, then we define a new γ-labeling g of C�
2k by

g(u) =

{
f(u) if u 	= yr

b if u = yr.

Then

val(g) = 2
∑k

i=1 g(yi) − 2
∑k

i=1 g(xi) + |g(x1) − g(xk)|
=

(
2

∑k
i=1 f(yi) − 2f(yr) + 2g(yr)

)
− 2

∑k
i=1 f(xi) + |f(x1) − f(xk)|

= val(f) − 2a + 2b = val(f) + 2(b − a) > val(f) ,

which is a contradiction. Then b must be assigned to some vertex of {x1, x2, . . . , xk},
namely xs. Then we define the γ-labeling g of C�

2k by

g(u) =

⎧⎪⎨⎪⎩
f(u) if u 	= xs, yr

f(yr) = a if u = xs

f(xs) = b if u = yr

15



and, therefore,

val(g) = 2
∑k

i=1 g(yi) − 2
∑k

i=1 g(xi) + |g(x1) − g(xk)|
=

(
2

∑k
i=1 f(yi) − 2f(yr) + 2g(yr)

)
−

(
2

∑k
i=1 f(xi) − 2f(xs) + 2g(xs)

)
+|g(x1) − g(xk)| + (|f(x1) − f(xk)| − |f(x1) − f(xk)|)

= val(f) + 4(b − a) + |g(x1) − g(xk)| − |f(x1) − f(xk)| .
If s 	= 1, k, then

val(g) = val(f) + 4(b − a) + |f(x1) − f(xk)| − |f(x1) − f(xk)|
= val(f) + 4(b − a) > val(f) .

Otherwise, assuming without loss of generality that s = 1, we get

val(g) = val(f) + 4(b − a) + |a − f(xk)| − |b − f(xk)|
= val(f) + (|b − a| + |a − f(xk)|) − |b − f(xk)| + 3(b − a)

≥ val(f) + |b − f(xk)| − |b − f(xk)| + 3(b − a)

= val(f) + 3(b − a) > val(f) ,

which is again a contradiction. Hence {f(y1), f(y2), . . . , f(yk)} = [k + 2, n + 1].
Consequently, {f(x1), f(xk), . . . , f(xk)} ⊂ [0, k + 1].

This is complete the proof of Claim 1.

Claim 2. {f(x1), f(xk), . . . , f(xk)} = [0, k − 1].

Proof of Claim 2. Assume, to the contrary, that

{f(x1), f(xk), . . . , f(xk)} 	= [0, k − 1] .

Then there are two integer numbers a and b, with a ∈ [k, k + 1] and b ∈ [0, k − 1], such
that a is assigned by f to some vertex of {x1, x2, . . . , xk}, namely xr, and b is assigned
by f to no vertex of C�

2k. Then we define a new γ-labeling g of C�
2k by

g(u) =

{
f(u) if u 	= xr

b if u = xr.

Then
val(g) = 2

∑k
i=1 g(yi) − 2

∑k
i=1 g(xi) + |g(x1) − g(xk)|

= 2
∑k

i=1 f(yi) −
(
2

∑k
i=1 f(xi) − 2f(xr) + 2g(xr)

)
+|g(x1) − g(xk)| + (|f(x1) − f(xk)| − |f(x1) − f(xk)|)

= val(f) + 2(a − b) + |g(x1) − g(xk)| − |f(x1) − f(xk)| .
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If r 	= 1, k, then

val(g) = val(f) + 2(a − b) + |f(x1) − f(xk)| − |f(x1) − f(xk)|
= val(f) + 2(a − b) > val(f) .

Otherwise assuming, without loss of generality, that r = 1, then

val(g) = val(f) + 2(a − b) + |b − f(xk)| − |a − f(xk)|
= val(f) + (|a − b| + |b − f(xk)|) − |a − f(xk)| + (a − b)

≥ val(f) + |a − f(xk)| − |a − f(xk)| + (a − b)

= val(f) + (a − b) > val(f) .

Again we reach a contradiction. Therefore, {f(x1), f(xk), . . . , f(xk)} = [0, k − 1].
This completes the proof of Claim 2.

Therefore, the function f is defined by

{f(y1), f(y2), . . . , f(yk)} = [k + 2, n + 1] and {f(x1), f(xk), . . . , f(xk)} = [0, k − 1].

So

valmax(C
�
2k) = val(f) = 2

∑k
i=1 f(yi) − 2

∑k
i=1 f(xi) + |f(x1) − f(xk)|

= 3k(k − 1) − k(k − 1) + (k − 1)

= 2k2 + 5k − 1 .

However, by Lemma 4.1, we have valmax(C
�
2k) ≥ (2k)2+6(2k)−10

2 = 2k2 + 6k− 5, which
contradicts our assumption.

Case 2. For each i with 1 ≤ i ≤ k, id(xi) = 2, id(yi) = 0 of the oriented cycle
C2k(f). So, f(xi) > f(yi) and f(xi+1) > f(yi), where the addition is taken modulo k.
A similar argument to the one used in Case 1 shows that valmax(C

�
2k) = 2k2 + 5k − 1,

which is a contradiction.

We are now prepared to establish a general formula for valmax(C
�
n ), when n ≥ 10.

Theorem 4.8 For every even integer n ≥ 10,

valmax(C�
n ) = val2max(Cn−1) + (n + 1) =

n2 + 6n − 10
2

.

Proof. By Lemma 4.1, we have

valmax(C�
n ) ≥ n2 + 6n − 10

2
= val2max(Cn−1) + (n + 1).
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Next, we show that valmax(C
�
n ) ≤ val2max(Cn−1) + (n + 1). Let f be a γ-max labeling

of C�
n . By Proposition 4.7, the oriented cycle Cn(f) contains a directed path a, b, c of

order 3. If we delete the chord x1xk and vertex b from C�
n and then join the vertices

a and c, the resulting graph G is isomorphic to Cn−1 and the restriction f̃ of f to
V (C�

n − x1xk) − {b}, verifies

val(f̃) = val(f) − f ′(x1xk) ≥ valmax(C�
n ) − (n + 1).

Moreover, since f̃ is a γ2-labeling of a graph G that is isomorphic to Cn−1, it follows
that val(f̃) ≤ val2max(Cn−1). Therefore,

valmax(C�
n ) ≤ val2max(Cn−1) + (n + 1) =

n2 + 6n − 10
2

producing the desired result.

5 On Spans of γ-Min and γ-Max Labelings of Graphs

In order to show a formula for spans of γ-min and γ-max labelings of graphs, we first
present a useful lemma.

Lemma 5.1 Let f be a γ-max labeling of a nontrivial graph G of order n and size m and
let u, w ∈ V (G) with f(u) = min{f(v) : v ∈ V (G)} and f(w) = max{f(v) : v ∈ V (G)}.
Then neighborhoods of u and v are not empty.

Proof. For any nontrivial connected graph G, it is obvious that |N(u)| and |N(w)|
are not empty. Let G be a disconnected graph. Assume, to the contrary, that |N(u)| = 0.
Therefore, u is an isolated vertex of G. Since G has γ-labeling, it follows that m ≥ n−1.
Therefore, there is a component G1 of G with V (G1) ≥ 2. Let x ∈ V (G1) with f(x) =
min{f(v) : v ∈ V (G1)}. Let g be a γ-labeling of G defined by

g(v) =

⎧⎪⎨⎪⎩
f(x) if v = u

f(u) if v = x

f(v) if v 	= u, x.

Since

val(g) = val(f) −
∑

v∈N(x)

(f(v) − f(x)) +
∑

v∈N(x)

(g(v) − g(x))

= val(f) −
∑

v∈N(x)

(f(v) − f(x)) +
∑

v∈N(x)

(f(v) − f(u))

= val(f) + |N(x)|(f(x) − f(u)),

and f(x) > f(u), it follows that val(g) > val(f), which is a contradiction.
It is a similar argument to verify that neighborhood of v is also not empty.
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Theorem 5.2 Let G be a nontrivial graph of order n and size m and let f be a γ-labeling
of G.

(a) If f is a γ-min labeling of G, then span(f) = n − 1.

(b) If f is a γ-max labeling of G, then span(f) = m.

Proof. We first verify (a). Let valmin(G) = val(f) and assume, to the contrary, that
span(f) ≥ n. It then follows by Theorem A that there is a γ-labeling g with val(g) <
val(f), which is a contradiction.

Next we verify (b). Let f be a γ-max labeling of G and let u, w ∈ V (G) with
f(u) = min{f(v) : v ∈ V (G)} and f(w) = max{f(v) : v ∈ V (G)}. Then f(u) ≥ 0
and f(w) ≤ m. Assume, to the contrary, that span(f) < m. Then f(w) − f(u) < m.
Therefore,

f(u) > 0 or m − f(w) > 0. (2)

Let g be a γ-labeling of G defined by

g(v) =

⎧⎪⎨⎪⎩
0 if v = u

f(v) if v 	= u, w

m if v = w.

Since

val(g) = val(f) −
∑

v∈N(u)

(f(v) − f(u)) +
∑

v∈N(u)

(g(v) − g(u))

−
∑

v∈N(w)

(f(w) − f(v)) +
∑

v∈N(w)

(g(w) − g(v))

= val(f) −
∑

v∈N(u)

(f(v) − f(u)) +
∑

v∈N(u)

(f(v) − 0)

−
∑

v∈N(w)

(f(w) − f(v)) +
∑

v∈N(w)

(m − f(v))

= val(f) + |N(u)|(f(u) − 0) + |N(w)|(m − f(w)),

it follows by Lemma 5.1 and (2) that val(g) > val(f), which is a contradiction.
The following results are consequences of Theorem 5.2.

Corollary 5.3 Let G be a nontrivial graph of order n and size m and let f be a γ-
labeling of G.

(a) If f is a γ-min labeling of G, then f(V (G)) is a consecutive subset of [0..m], that
is, f(V (G)) = [k..k + (n − 1)] for some integer k with 0 ≤ k ≤ m − (n − 1).

(b) If f is a γ-max labeling of G, then {0,m} ⊂ f(V (G)).
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Proof. To verify (a), let f be a γ-min labeling of G with f(V (G)) = {a1, a2, . . . , an}
where

0 ≤ a1 < a2 < · · · < an ≤ m.

Then span(f) = an−a1. By Theorem 5.2 (a), span(f) = n−1. Therefore, an−a1 = n−1.
This implies that a1, a2, . . . , an are consecutive integers in the set [0..m] and so f(V (G))
is a consecutive subset of [0..m]. That is f(V (G)) = [k..k+(n−1)] for some integer k with
0 ≤ k ≤ m − (n − 1). Statement (b) is an immediate consequence of Theorem 5.2 (b).

Corollary 5.4 Let G be a nontrivial connected graph of order n and size m. Suppose
that f and g are γ-min and γ-max labelings of G, respectively. Then span(f) = span(g)
if and only if G is a tree.

Proof. First, assume that span(f) = span(g). By Theorem 5.2, span(f) = n − 1 and
span(g) = m. Thus n − 1 = m, which implies that G is a tree. For the converse,
assume that G is a tree. Then m = n − 1. It then follows by Theorem 5.2 that
span(f) = n − 1 = m = span(g), as desired.

Now, we are able to answer the following open question in [4] : For any connected
graph G, does exist a γ-max labeling of G with a vertex label set that is the union of no
more than two sets of consecutive numbers?

Theorem 5.5 Let G be a connected graph of order n and size m. Then vertex label set
of γ-max labeling of G is a set of consecutive numbers if and only if G is a tree.

Proof. It is straightforward to verify that vertex label set of γ-max labeling of tree is
a set of consecutive numbers. For the converse, let f be a γ-max labeling of a connected
graph G with a vertex label set that is a set of consecutive numbers. Then span(f) =
n−1. Moreover, by Theorem 5.2 (b), we have span(f) = m Then m = n−1. Therefore,
G is a tree.

6 On γ-Max Labelings of Complete Bipartite and Com-
plete Graphs

In this section, we begin characterize γ-max labelings of complete bipartite which also
appeared in [4]. We provide alternative and improved proof of formula for val(Kr,s) that
uses γ-min labelings of complete graphs.

Theorem 6.1 Let f be a γ-labeling of complete bipartite graph Kr,s with partite sets Vr

and Vs of cardinality r and s, respectively. Then f is a γ-max labeling of Kr,s if and
only if

(a) f(Vr) = [0..r − 1] and f(Vs) = [rs − (s − 1)..rs], or

(b) f(Vr) = [rs − (r − 1)..rs] and f(Vs) = [0..s − 1].
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Proof. Let Kr,s be a complete bipartite graph with partite sets Vr and Vs and let f be
a γ-max labeling of Kr,s with f(V (Kr,s)) = {a1, a2, . . . , ar+s} where

1 ≤ a1 < a2 < · · · < ar+s ≤ rs.

Now, consider complete graph Kr+s with V (Kr+s) = Vr ∪ Vs. Then Kr+s contains three
edge-disjoint graphs, namely

Kr with V (Kr) = Vr,
Ks with V (Ks) = Vs and

Kr,s with partite sets Vr and Vs.

That is,

E(Kr+s) = E(Kr) ∪ E(Ks) ∪ E(Kr,s).

For each i ∈ {r, s, r + s}, let fi be the restriction of f to Ki and then

fi : V (Ki) → f(V (Kr,s)) is a one to one function

and
val(fr+s) = val(fr) + val(fs) + val(f)

and so
val(f) = val(fr+s) − val(fr) − val(fs).

Since fr+s(V (Kr+s)) = f(V (Kr,s)) = {a1, a2, . . . , ar+s}, it follows by (1) that val(fr+s)
gives us same value even though we switch some labels of {a1, a2, . . . , ar+s} to V (Kr+s).
Furthermore, since val(f) = valmax(Kr,s), it follows that

val(fr) = min {val(g) | g : V (Kr) → {a1, a2, . . . , ar+s}} (3)

and
val(fs) = min {val(g) | g : V (Ks) → {a1, a2, . . . , ar+s}} .

We claim that fr(Vr) and fs(Vs) are consecutive subsets of {a1, a2, . . . , ar+s}. Let

fr(Vr) = fr(V (Kr)) = {a�1 , a�2 , . . . , a�j
, a�j+1

, . . . , a�r},
where 1 ≤ �1 < �2 < · · · < �j < �j+1 < · · · < �r ≤ r + s. By (1), we then have

val(fr) =
� r

2�∑
i=1

(r − 2i + 1)(a�r−i+1
− a�i

).

Assume, to the contrary, that there is an integer j with 2 ≤ j ≤ r such that �j−�j−1 > 1.
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We first consider the case when 2 ≤ j ≤ ⌊
r
2

⌋
+ 1. In this case, we define a one to one

function h : fr(Vr) →
[
fr(Vr) ∪ {a(�j)−1}

]
− {a�j−1

} by

h(a�i
) =

{
a�i

if i 	= j − 1
a(�j)−1 if i = j − 1.

Certainly, g = h ◦ fr is a one to one function from Vr to {a1, a2, . . . , ar+s}. Furthermore,

val(g) = val(fr) − (r − 2(j − 1) + 1)(a�r−(j−1)+1
− a�j−1

)
+(r − 2(j − 1) + 1)(a�r−(j−1)+1

− a(�j)−1)

= val(fr) + (r − 2j + 3)(a�j−1
− a(�j)−1).

Since
�j − �j−1 > 1,

it follows that
�j − 1 > �j−1

and so that
a(�j)−1 > a�j−1

.

Thus val(g) < val(fr), which is a contradiction with (3).
Next, we consider the case when

⌊
r
2

⌋
+ 2 ≤ j ≤ r =

⌊
r
2

⌋
+

⌈
r
2

⌉
. In this case,we define

a one to one function h : fr(Vr) →
[
fr(Vr) ∪ {a(�j)−1}

]
− {a�j

} by

h(a�i
) =

{
a�i

if i 	= j

a(�j)−1 if i = j.

Certainly, g = h ◦ fr is a one to one function from Vr to {a1, a2, . . . , ar+s}. Furthermore,
let δ be an integer such that j = r − δ + 1. Consequently, 1 ≤ δ ≤ ⌈

r
2

⌉ − 1. Therefore,

val(g) = val(fr) − (r − 2δ + 1)(a�j
− a�δ

) + (r − 2δ + 1)(a(�j)−1 − a�δ
)

= val(fr) + (r − 2δ + 1)(a(�j)−1 − a�j
).

Since
�j − �j−1 > 1,

it follows that
�j−1 < �j − 1 < �j

and so that
a�j−1

< a(�j)−1 < a�j
.

Thus val(g) < val(fr), which is a contradiction with (3).
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With a similar argument as above, we can conclude that fs(Vs) is a consecutive subset
of {a1, a2, . . . , ar+s}. Therefore, either

f(Vr) = {a1, a2, . . . , ar} and f(Vs) = {ar+1, ar+2, . . . , ar+s−1, ar+s}
or

f(Vr) = {as+1, as+2, . . . , as+r−1, as+r} and f(Vs) = {a1, a2, . . . , as}.
Now, we consider two cases according to f(Vr) and f(Vs).

Case 1. f(Vr) = {a1, a2, . . . , ar} and f(Vs) = {ar+1, ar+2, . . . , ar+s−1, ar+s}. Since

valmax(Kr,s) = val(f)
= (ar+1 − a1) + (ar+1 − a2) + · · · + (ar+1 − ar)

+(ar+2 − a1) + (ar+2 − a2) + · · · + (ar+2 − ar)
...
+(ar+s − a1) + (ar+s − a2) + · · · + (ar+s − ar)

= (rar+1 −
r∑

i=1

ai) + (rar+2 −
r∑

i=1

ai) + · · · + (rar+s −
r∑

i=1

ai)

= r
s∑

i=1

ar+i − s
r∑

i=1

ai,

it follows that ar+i = rs− i + 1 for i = 1, 2, . . . , s and ai = i− 1, for i = 1, 2, . . . , r, that
is, f(Vr) = [0..r − 1] and f(Vs) = [rs − (s − 1)..rs].

Case 2. f(Vr) = {as+1, as+2, . . . , as+r−1, as+r} and f(Vs) = {a1, a2, . . . , as}. Since

valmax(Kr,s) = val(f)
= (as+1 − a1) + (as+1 − a2) + · · · + (as+1 − as)

+(as+2 − a1) + (as+2 − a2) + · · · + (as+2 − as)
...
+(as+r − a1) + (as+r − a2) + · · · + (as+r − as)

= (sas+1 −
s∑

i=1

ai) + (sas+2 −
s∑

i=1

ai) + · · · + (sas+r −
s∑

i=1

ai)

= s
r∑

i=1

as+i − r
s∑

i=1

ai,

it follows that as+i = rs − i + 1 for i = 1, 2, . . . , r and ai = i − 1, for i = 1, 2, . . . , s, that
is, f(Vr) = [rs − (r − 1)..rs] and f(Vs) = [0..s − 1].

Next, we characterize γ-max labelings of complete graphs.
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Theorem 6.2 Let f be a γ-labeling of complete graph Kn. Then f is a γ-max labeling
of Kn if and only if

f(V (Kn)) =

{ [
0..

⌊
n
2

⌋ − 1
] ∪ [(

n
2

) − ⌊
n
2

⌋
+ 1..

(
n
2

)]
if n is even[

0..
⌊

n
2

⌋ − 1
] ∪ [(

n
2

) − ⌊
n
2

⌋
+ 1..

(
n
2

)] ∪ {k} if n is odd,

where k ∈ [⌊
n
2

⌋
..
(
n
2

) − ⌊
n
2

⌋]
.

Proof. Let f be a γ-max labeling of Kn such that f(vi) = ai for 1 ≤ i ≤ n and

0 ≤ a1 < a2 < · · · < an ≤
(

n

2

)
.

Therefore by (1),

valmax(Kn) = val(f) =
�n

2 �∑
i=1

(n − 2i + 1)an−i+1 −
�n

2 �∑
i=1

(n − 2i + 1)ai.

Then for i = 1, 2, . . . ,
⌊

n
2

⌋
, an−i+1 =

(
n
2

) − i + 1 and ai = i − 1. That is,

f(V (Kn)) =

{ [
0..

⌊
n
2

⌋ − 1
] ∪ [(

n
2

) − ⌊
n
2

⌋
+ 1..

(
n
2

)]
if n is even[

0..
⌊

n
2

⌋ − 1
] ∪ [(

n
2

) − ⌊
n
2

⌋
+ 1..

(
n
2

)] ∪ {k} if n is odd,

where k ∈ [⌊
n
2

⌋
..
(
n
2

) − ⌊
n
2

⌋]
.

7 Final Remarks

In [5] and [6] the maximum value of γ-labeling of path Pn, cycle Cn, double star Sp,q

and cycle with a triangle C�
n was determined. It would be interesting to characterize

γ-max labeling of those graphs.
In [8] the γ-spectra of paths, cycles, and complete graphs are determined. It would

be interesting to determine the γ-spectra of C�
n and find whether it is continuous or not.

Observe that the value of any γ-labeling of a cycle is always even.
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V
(G

)}
an

d
f
(w

)
=

m
ax

{f
(v

)
:

v
∈

V
(G

)}
.

T
he

n
f
(u

)
≥

0
an

d
f
(w

)
≤

m
.

A
ss

um
e,

to
th

e
co

nt
ra

ry
,

th
at

sp
an

(f
)

<
m

.
T

he
n

f
(w

)
−

f
(u

)
<

m
.

T
he

re
fo

re
,

f
(u

)
>

0
or

m
−

f
(w

)
>

0.
(3

)

L
et

g
be

a
γ
-l
ab

el
in

g
of

G
de

fin
ed

by

g
(v

)
=

⎧ ⎪ ⎨ ⎪ ⎩0
if

v
=

u

f
(v

)
if

v
�=

u
,w

m
if

v
=

w
.

5

Si
nc

e

va
l(

g
)

=
va

l(
f
)
−

∑
v
∈

N
(u

)(f
(v

)
−

f
(u

))
+

∑
v
∈

N
(u

)(g
(v

)
−

g
(u

))

−
∑

v
∈

N
(w

)(f
(w

)
−

f
(v

))
+

∑
v
∈

N
(w

)(g
(w

)
−

g
(v

))

=
va

l(
f
)
−

∑
v
∈

N
(u

)(f
(v

)
−

f
(u

))
+

∑
v
∈

N
(u

)(f
(v

)
−

0)

−
∑

v
∈

N
(w

)(f
(w

)
−

f
(v

))
+

∑
v
∈

N
(w

)(m
−

f
(v

))

=
va

l(
f
)
+
|N

(u
)|

(f
(u

)
−

0)
+
|N

(w
)|

(m
−

f
(w

))
,

it
fo

llo
w

s
by

L
em

m
a

2.
1

an
d

(3
)

th
at

va
l(
g
)

>
va

l(
f
),

w
hi

ch
is

a
co

nt
ra

di
ct

io
n.

T
he

fo
llo

w
in

g
re

su
lt

s
ar

e
co

ns
eq

ue
nc

es
of

T
he

or
em

2.
2.

C
or

ol
la

ry
2.

3
L
et

G
be

a
n
o
n
tr

iv
ia

l
gr

a
p
h

o
f

o
rd

er
n

a
n
d

si
ze

m
a
n
d

le
t

f
be

a
γ
-

la
be

li
n
g

o
f
G

.

(a
)

If
f

is
a

γ
-m

in
la

be
li
n
g

o
f

G
,
th

en
f
(V

(G
))

is
a

co
n
se

cu
ti
ve

su
bs

et
o
f

[0
..
m

],
th

a
t

is
,
f
(V

(G
))

=
[k

..
k

+
(n

−
1)

]
fo

r
so

m
e

in
te

ge
r

k
w
it
h

0
≤

k
≤

m
−

(n
−

1)
.

(b
)

If
f

is
a

γ
-m

ax
la

be
li
n
g

o
f
G

,
th

en
{0

,m
}
⊂

f
(V

(G
))

.

P
ro

of
.

T
o

ve
ri

fy
(a

),
le

t
f

be
a

γ
-m

in
la

be
lin

g
of

G
w

it
h

f
(V

(G
))

=
{
a

1
,a

2
,.

..
,a

n
}

w
he

re
0
≤

a
1

<
a

2
<

··
·
<

a
n
≤

m
.

T
he

n
sp

an
(f

)
=

a
n
−

a
1
.

B
y

T
he

or
em

2.
2

(a
),

sp
an

(f
)

=
n
−

1.
T

he
re

fo
re

,a
n
−

a
1

=
n
−

1.
T

hi
s

im
pl

ie
s

th
at

a
1
,a

2
,.

..
,a

n
ar

e
co

ns
ec

ut
iv

e
in

te
ge

rs
in

th
e

se
t

[0
..
m

]a
nd

so
f
(V

(G
))

is
a

co
ns

ec
ut

iv
e

su
bs

et
of

[0
..
m

].
T

ha
t
is

f
(V

(G
))

=
[k

..
k
+

(n
−

1)
]f

or
so

m
e

in
te

ge
r
k

w
it

h
0
≤

k
≤

m
−

(n
−

1)
.

St
at

em
en

t
(b

)
is

an
im

m
ed

ia
te

co
ns

eq
ue

nc
e

of
T

he
or

em
2.

2
(b

).

C
or

ol
la

ry
2.

4
L
et

G
be

a
n
o
n
tr

iv
ia

l
co

n
n
ec

te
d

gr
a
p
h

o
f
o
rd

er
n

a
n
d

si
ze

m
.

S
u
p
po

se

th
a
t

f
a
n
d

g
a
re

γ
-m

in
a
n
d

γ
-m

ax
la

be
li
n
gs

o
f
G

,
re

sp
ec

ti
ve

ly
.

T
h
en

sp
an

(f
)

=
sp

an
(g

)
if

a
n
d

o
n
ly

if
G

is
a

tr
ee

.
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P
ro

of
.

F
ir

st
,
as

su
m

e
th

at
sp

an
(f

)
=

sp
an

(g
).

B
y

T
he

or
em

2.
2,

sp
an

(f
)

=
n
−

1
an

d
sp

an
(g

)
=

m
.

T
hu

s
n
−

1
=

m
,

w
hi

ch
im

pl
ie

s
th

at
G

is
a

tr
ee

.
Fo

r
th

e
co

nv
er

se
,

as
su

m
e

th
at

G
is

a
tr

ee
.

T
he

n
m

=
n
−

1.
It

th
en

fo
llo

w
s

by
T

he
or

em
2.

2
th

at
sp

an
(f

)
=

n
−

1
=

m
=

sp
an

(g
),

as
de

si
re

d.

N
ow

,
w

e
ar

e
ab

le
to

an
sw

er
th

e
fo

llo
w

in
g

op
en

qu
es

ti
on

in
[1

]
:

Fo
r

an
y

co
nn

ec
te

d
gr

ap
h

G
,d

oe
s

ex
is

t
a

γ
-m

ax
la

be
lin

g
of

G
w

it
h

a
ve

rt
ex

la
be

ls
et

th
at

is
th

e
un

io
n

of
no

m
or

e
th

an
tw

o
se

ts
of

co
ns

ec
ut

iv
e

nu
m

be
rs

?

T
h
eo

re
m

2.
5

L
et

G
be

a
co

n
n
ec

te
d

gr
a
p
h

o
f
o
rd

er
n

a
n
d

si
ze

m
.

T
h
en

ve
rt

ex
la

be
l
se

t

o
f
γ
-m

ax
la

be
li
n
g

o
f
G

is
a

se
t
o
f
co

n
se

cu
ti
ve

n
u
m

be
rs

if
a
n
d

o
n
ly

if
G

is
a

tr
ee

.

P
ro

of
.

It
is

st
ra

ig
ht

fo
rw

ar
d

to
ve

ri
fy

th
at

ve
rt

ex
la

be
l
se

t
of

γ
-m

ax
la

be
lin

g
of

tr
ee

is
a

se
t

of
co

ns
ec

ut
iv

e
nu

m
be

rs
.

Fo
r

th
e

co
nv

er
se

,l
et

f
be

a
γ
-m

ax
la

be
lin

g
of

a
co

nn
ec

te
d

gr
ap

h
G

w
it

h
a

ve
rt

ex
la

be
l
se

t
th

at
is

a
se

t
of

co
ns

ec
ut

iv
e

nu
m

be
rs

.
T

he
n

sp
an

(f
)

=
n
−

1.
M

or
eo

ve
r,

by
T

he
or

em
2.

2
(b

),
w

e
ha

ve
sp

an
(f

)
=

m
T

he
n

m
=

n
−

1.
T

he
re

fo
re

,
G

is
a

tr
ee

.

3
O

n
γ
-M

a
x

L
a
b
e
li
n
g
s

o
f

C
o
m

p
le

te
B

ip
a
rt

it
e

a
n
d

C
o
m

-
p
le

te
G

ra
p
h
s

In
th

is
se

ct
io

n,
w

e
be

gi
n

ch
ar

ac
te

ri
ze

γ
-m

ax
la

be
lin

gs
of

co
m

pl
et

e
bi

pa
rt

it
e

w
hi

ch
al

so
ap

pe
ar

ed
in

[1
].

W
e

pr
ov

id
e

al
te

rn
at

iv
e

an
d

im
pr

ov
ed

pr
oo

fo
ff

or
m

ul
a

fo
r

va
l(
K

r,
s
)

th
at

us
es

γ
-m

in
la

be
lin

gs
of

co
m

pl
et

e
gr

ap
hs

.

T
h
eo

re
m

3.
1

L
et

f
be

a
γ
-l
a
be

li
n
g

o
f
co

m
p
le

te
bi

pa
rt

it
e

gr
a
p
h

K
r,

s
w
it
h

pa
rt

it
e

se
ts

V
r

a
n
d

V
s

o
f

ca
rd

in
a
li
ty

r
a
n
d

s
,

re
sp

ec
ti
ve

ly
.

T
h
en

f
is

a
γ
-m

ax
la

be
li
n
g

o
f

K
r,

s
if

a
n
d

o
n
ly

if

(a
)

f
(V

r
)

=
[0

..
r
−

1]
a
n
d

f
(V

s
)

=
[r

s
−

(s
−

1)
..
r
s
],

o
r

(b
)

f
(V

r
)

=
[r

s
−

(r
−

1)
..
r
s
]
a
n
d

f
(V

s
)

=
[0

..
s
−

1]
.

P
ro

of
.

L
et

K
r,

s
be

a
co

m
pl

et
e

bi
pa

rt
it

e
gr

ap
h

w
it

h
pa

rt
it

e
se

ts
V

r
an

d
V

s
an

d
le

t
f

be
a

γ
-m

ax
la

be
lin

g
of

K
r,

s
w

it
h

f
(V

(K
r,

s
))

=
{
a

1
,a

2
,.

..
,a

r
+

s
}

w
he

re

1
≤

a
1

<
a

2
<

··
·
<

a
r
+

s
≤

r
s
.

7

N
ow

,c
on

si
de

r
co

m
pl

et
e

gr
ap

h
K

r
+

s
w

it
h

V
(K

r
+

s
)

=
V

r
∪

V
s
.
T

he
n

K
r
+

s
co

nt
ai

ns
th

re
e

ed
ge

-d
is

jo
in

t
gr

ap
hs

,
na

m
el

y

K
r

w
it

h
V

(K
r
)

=
V

r
,

K
s

w
it

h
V

(K
s
)

=
V

s
an

d
K

r,
s

w
it

h
pa

rt
it

e
se

ts
V

r
an

d
V

s
.

T
ha

t
is

,

E
(K

r
+

s
)

=
E

(K
r
)
∪

E
(K

s
)
∪

E
(K

r,
s
).

Fo
r

ea
ch

i
∈
{r

,s
,r

+
s
},

le
t

f
i
be

th
e

re
st

ri
ct

io
n

of
f

to
K

i
an

d
th

en

f
i
:V

(K
i)
→

f
(V

(K
r,

s
))

is
a

on
e

to
on

e
fu

nc
ti

on

an
d

va
l(

f
r
+

s
)

=
va

l(
f

r
)
+

va
l(
f

s
)
+

va
l(

f
)

an
d

so
va

l(
f
)

=
va

l(
f

r
+

s
)
−

va
l(

f
r
)
−

va
l(

f
s
).

Si
nc

e
f

r
+

s
(V

(K
r
+

s
))

=
f
(V

(K
r,

s
))

=
{a

1
,a

2
,.

..
,a

r
+

s
}
,
it

fo
llo

w
s

by
(2

)
th

at
va

l(
f

r
+

s
)

gi
ve

s
us

sa
m

e
va

lu
e

ev
en

th
ou

gh
w

e
sw

it
ch

so
m

e
la

be
ls

of
{a

1
,a

2
,.

..
,a

r
+

s
}

to
V

(K
r
+

s
).

Fu
rt

he
rm

or
e,

si
nc

e
va

l(
f
)

=
va

l m
a
x
(K

r,
s
),

it
fo

llo
w

s
th

at

va
l(

f
r
)

=
m

in
{
va

l(
g
)
|
g

:V
(K

r
)
→

{a
1
,a

2
,.

..
,a

r
+

s
}
}

(4
)

an
d

va
l(

f
s
)

=
m

in
{
va

l(
g
)
|
g

:V
(K

s
)
→

{a
1
,a

2
,.

..
,a

r
+

s
}
}

.

W
e

cl
ai

m
th

at
f

r
(V

r
)

an
d

f
s
(V

s
)

ar
e

co
ns

ec
ut

iv
e

su
bs

et
s

of
{
a

1
,a

2
,.

..
,a

r
+

s
}
.

L
et

f
r
(V

r
)

=
f

r
(V

(K
r
))

=
{
a

� 1
,a

� 2
,.

..
,a

� j
,a

� j
+

1
,.

..
,a

� r
}
,

w
he

re
1
≤

� 1
<

� 2
<

··
·
<

� j
<

� j
+

1
<

··
·
<

� r
≤

r
+

s
.

B
y

(2
),

w
e

th
en

ha
ve

va
l(

f
r
)

=
	

r 2

 ∑ i=
1

(r
−

2i
+

1)
(a

� r
−

i+
1
−

a
� i
).

A
ss

um
e,

to
th

e
co

nt
ra

ry
,t

ha
t
th

er
e

is
an

in
te

ge
r
j

w
it

h
2
≤

j
≤

r
su

ch
th

at
� j
−

� j
−

1
>

1.
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W
e

fir
st

co
ns

id
er

th
e

ca
se

w
he

n
2
≤

j
≤

⌊ r 2

⌋ +
1.

In
th

is
ca

se
,w

e
de

fin
e

a
on

e
to

on
e

fu
nc

ti
on

h
:f

r
(V

r
)
→

[ f
r
(V

r
)
∪
{a

(�
j
)−

1
}
] −

{a
� j
−

1
}

by

h
(a

� i
)

=

{ a
� i

if
i
�=

j
−

1
a

(�
j
)−

1
if

i
=

j
−

1.

C
er

ta
in

ly
,g

=
h
◦
f

r
is

a
on

e
to

on
e

fu
nc

ti
on

fr
om

V
r

to
{
a

1
,a

2
,.

..
,a

r
+

s
}
.

Fu
rt

he
rm

or
e,

va
l(

g
)

=
va

l(
f

r
)
−

(r
−

2(
j
−

1)
+

1)
(a

� r
−

(j
−

1
)+

1
−

a
� j
−

1
)

+
(r

−
2(

j
−

1)
+

1)
(a

� r
−

(j
−

1
)+

1
−

a
(�

j
)−

1
)

=
va

l(
f

r
)
+

(r
−

2j
+

3)
(a

� j
−

1
−

a
(�

j
)−

1
).

Si
nc

e
� j

−
� j

−
1

>
1,

it
fo

llo
w

s
th

at
� j

−
1

>
� j

−
1

an
d

so
th

at
a

(�
j
)−

1
>

a
� j
−

1
.

T
hu

s
va

l(
g
)

<
va

l(
f

r
),

w
hi

ch
is

a
co

nt
ra

di
ct

io
n

w
it

h
(4

).

N
ex

t,
w

e
co

ns
id

er
th

e
ca

se
w

he
n

⌊ r 2

⌋ +
2
≤

j
≤

r
=

⌊ r 2

⌋ +
⌈ r 2

⌉ .
In

th
is

ca
se

,w
e

de
fin

e

a
on

e
to

on
e

fu
nc

ti
on

h
:f

r
(V

r
)
→

[ f
r
(V

r
)
∪
{a

(�
j
)−

1
}
] −

{a
� j
}

by

h
(a

� i
)

=

{ a
� i

if
i
�=

j

a
(�

j
)−

1
if

i
=

j
.

C
er

ta
in

ly
,g

=
h
◦
f

r
is

a
on

e
to

on
e

fu
nc

ti
on

fr
om

V
r

to
{a

1
,a

2
,.

..
,a

r
+

s
}
.

Fu
rt

he
rm

or
e,

le
t

δ
be

an
in

te
ge

r
su

ch
th

at
j

=
r
−

δ
+

1.
C

on
se

qu
en

tl
y,

1
≤

δ
≤

⌈ r 2

⌉ −
1.

T
he

re
fo

re
,

va
l(

g
)

=
va

l(
f

r
)
−

(r
−

2δ
+

1)
(a

� j
−

a
� δ

)
+

(r
−

2δ
+

1)
(a

(�
j
)−

1
−

a
� δ

)

=
va

l(
f

r
)
+

(r
−

2δ
+

1)
(a

(�
j
)−

1
−

a
� j

).

9

Si
nc

e
� j

−
� j

−
1

>
1,

it
fo

llo
w

s
th

at
� j

−
1

<
� j

−
1

<
� j

an
d

so
th

at
a

� j
−

1
<

a
(�

j
)−

1
<

a
� j

.

T
hu

s
va

l(
g
)

<
va

l(
f

r
),

w
hi

ch
is

a
co

nt
ra

di
ct

io
n

w
it

h
(4

).

W
it

h
a

si
m

ila
r
ar

gu
m

en
t
as

ab
ov

e,
w

e
ca

n
co

nc
lu

de
th

at
f

s
(V

s
)
is

a
co

ns
ec

ut
iv
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Abstract 
Let G be a graph of order n and size m. A -labeling  of G is a one-to-one function f : V(G)  
{0, 1, 2, … , m} that induces a labeling f : E(G)  {1, 2, … , m} of the edges of G defined by 

)()()( vfufef  for each edge  e = uv of G. The value of a -labeling f is defined as 

)(
).()val(

GEe
ef f  

The maximum value of a -labeling of G is defined as 
valmax(G) = max{val(f) : f is a -labeling of G}; 

while the minimum value of a -labeling of G is 
valmin(G) = min{val(f) : f is a -labeling of G}. 

A -labeling of G whose value is valmin(G) (resp. valmax(G)) is called a -min (resp. -max) 
labeling of G.  
We show formula for spans of -max and -min labelings of graph. We also characterize -min 
labelings of graph and -max labelings of complete bipartite and complete graphs. Furthermore, 
we determine the extremal values of a -labeling of a cycle with a triangle.  
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