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Abstract

Project Code: RMU 53800031

Project Title: Gamma-Continuous Graphs

Investigator: Asst. Prof. Dr. Varaporn Saenpholphat, Srinakharinwirot University

E-mail Address: varaporn@swu.ac.th

Project Period: June 15, 2010 — June 14, 2013

Purposes of this research:

1.
2.
3.

4.
5.
6.

To study gamma labeling of graphs.

To study properties of gamma-continuous graph and alternative gamma-continuous graph.
To study relationship between gamma-continuous graph and alternately gamma-
continuous graph.

To study minimum gamma-density of graphs

To obtain original research results in graph theory emphasizing on gamma labeling.

To serve as gamma labeling research for future study and reference.

Research Methodology:

1.
2.

3.
4.
5.

Studying and searching for literature review.

Developing tools and new technique or creating a new technique by combining existing
known technique.

Discussing with graph theory experts.

Presenting our work to a conference in graph theory area

Submitting our final work to publish in leading journal.

Research Results:

1.
2.
3.

We determine the extremal values of a gamma-labeling of a cycle with a friangle.

We determine the extremal values of a gamma-delta-labeling of some graphs.

We give answer to the open question posed by G. D. Bullington, L. L. Eroh, and S. J.
Winters in Discuss. Math. Graph Theory, 30 (2010) 45-54.

We characterize gamma-min labelings of a graph.

We characterize gamma-max labelings of complete bipartite graph and complete
graphs.

We provide an alternative and improved proof of val,,(K:s) given in the literature that

employs gamma—min labelings of complete graphs.

Suggestion for Further research:

We should study and characterize gamma-max labeling of graphs.

Keyword: gamma labeling, gamma-min labeling and gamma-max labeling



Introduction

Let G be a graph of order n and size m. A v-labeling of G is a one-to-one function
f:V(G) — {0,1,...,m} that induces an edge-labeling f': E(G) — {1,...,m} on G
defined by

f'(uwv) = |f(u) — f(v)], for each edge uv in E(G).

The value of f is defined by
val(f) = >~ flle).

e€E(G)

This particular graph labeling was first introduced by Chartrand et al. [5], in 2005, and
it was motivated by Rosa’s influential paper [14], where a variety of types of “valuations”
were introduced. (We remark that this notion should not be confused with the y-labeling
recently introduced by Blinco et al. in [1].)

When the labels f/(e) are all distinct, the v-labeling is called a graceful labeling.
The origin of this concept is often attributed Gerhard Ringel [13]. The Ringel-Kotzig
Conjecture, as it was coined in [12], and popularized by Golomb [10], states that all trees
are graceful and it remains still unsolved. This conjecture is also known as Von Koch’s
Conjecture or Graceful Labeling Conjecture [14]. The study of graceful labelings and
their applications has been intensively considered in the literature [2, 9, 11].

Obviously, since f is one-to-one, it follows that f’(e) > 1, for any edge e, and there-
fore, val(f) > m. Moreover, G has a v-labeling if and only if m > n — 1 and every
connected graph has a ~v-labeling.

The maximum value and the minimum value of a y-labeling of a graph G are defined
in [5] as

valpax(G) = max{val(f): fis a y-labeling of G}

and
valpin(G) = min{val(f): fis a y-labeling of G},

respectively.
A ~-labeling g of G is a y-max labeling if val(g) = valphax(G) and a y-labeling h is a
~v-min labeling if val(h) = valyin(G). The span of a y-labeling f of G is defined as

span(f) = max{f(v) : v € V(G)} —min{f(v) : v € V(G)}.
The following results appear in [5].

Theorem A [[5]] Let G be a connected graph of order n and let f : V(G) — Z be a one-
to-one function. Then there is a y-labeling g on G with val(g) < val(f). Furthermore, if
span(f) > n, then there is a y-labeling g with val(g) < val(f).

For integers a and b with a < b, let

[a..b] = {a,a+1,...,b}



be the set of integers between a and b. Such a set is referred to as a consecutive set of
integers.

Theorem B [[5]] If G is a connected graph of order n, then G has a y-min labeling f
such that f(V(G)) = [0.n —1].

The maximum and minimum values of v-labelings of nontrivial complete graphs and
complete bipartite graphs were determined in [5], as we stated next.

Theorem C [[5]] For every integer n > 2,

1
valpin (Kp) = (”;r )

3n3—5n2+6n—4) .o
5 60 it is even

Valmax (Kn) =

(n2—1)(327'f—5n+6) if m is odd.

Let K, be a complete graph of order n > 2 with V(K,,) = {vi,va,...,v,}. If fisa
v-labeling of K, such that f(v;) = a; for 1 <i <mn and

n
0§a1<a2<---<an§<2>,

then the value of f was determined in [8], namely

5]
val(f) =) (n = 2i + 1)(an—it1 — ai). (1)
i=1
Theorem D [[4]] For any two positive integers r > s,

Valpin (Kps) = Q4 $2(r—s) + s W — S)QJ and

3 4

1
Valmax (Krs) = 78(rs — 5(7“ +s)+1).

The maximum and minimum values of a ~y-labeling of path, star, cycle, and complete
graph are determined. Next, we recall the extremal values of a v-labeling of cycle of
order n.

Theorem E [[5]] If C, is a cycle of order n > 3, then
valyin (Cr) = 2(n — 1)

and
% if n is odd
ITRCAES S
-5 if n is even.
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The 7-spectrum of a graph G is also defined in [5] as
spec(G) = {val(f) : fis a y-labeling of G},

and the v-spectrum of any star is determined as well. In [6], the same authors found
the maximum and the minimum values of a ~-labeling of double star, and determine all
graphs G of order n for which valyi,(G) is n or n + 1. Some results about minimum
value of a v-labeling of a tree with maximum degree A = 3 were established. Later, in
[8], the y-spectra of paths, cycles and complete graphs were determined.

In [5] a simple and useful connection between minimum and maximum values of a
connected graph and that of a proper connected subgraph was found.

Proposition F [[5]] If H is a proper connected subgraph of a connected graph G, then

valmin (H) < valpin (G) and valpax(H) < valpax(G).

The span of a y-labeling f is defined as
span(f) = max{f(v) : v € V(G)} —min{f(v) : v € V(G)}.

Here we consider cycles of order n > 5 with a triangle, say C’nA , i.e., cycles with a
chord joining two nonadjacent vertices but adjacent to some vertex in cycle. As below,
A A
we show C3" and Cy™ :
In this paper, we determine valpyp ( C’n and valpax ( Cn For the later case, we need
to generalize the notion of y-labeling of a connected graph. Several illustrative examples
will be provided.

The reader is referred to Chartrand and Zhang [7] for basic definitions and terminol-
ogy not mentioned here.



Main Results

1 The minimum value of C%
As in the case of the cycles, the minimum value of C’nA is somewhat easier to determine.
Theorem 1.1 For every integer n > 5,
Valmin(CnA) =2n—1.
Proof. By Proposition F and Theorem E, we have
valpnin (C2) > 2n — 1.

Hence it remains to show that Valmin(CnA ) <2n—1.
Suppose that C’nA is the cycle Cy, : v1,v9,...,0,,v1 With the triangle obtained by
adding an edge vov,. Considering now the y-labeling f of C% defined by

0 ifi=1
flo)=< @ if2<i<n-—1
1 ifi=mn,
we have
val(f) = S5 f (visa) = Fi)] + |f (1) = flv2)| +
+[f(v2) = fvn)| + [f(vn) = f(o1)| + | f(vn—1) — f(vn)]
= (n—3)-1+2+14+1+(n—2) = 2n—1.
Therefore, valmin(CnA ) <2n—1. m

To illustrate Theorem 1.1, we consider, for example, the following y-min labeling f
of C’GA :




2 The ~°-Labeling of a Connected Graph

We start this section with a slightly extension of the main notion of 7-labeling of a
connected graph. For a nonnegative integer 8, a y%-labeling of a connected graph G of
order n and size m is a one-to-one function f: V(G) — {0,1,...,m+9J —1,m+ §} that
induces an edge-labeling f': E(G) — {1,...,m +d} on G defined by

f(uwv) = |f(u) — f(v)|, for each edge uv in E(G).

The value of a v°-labeling f is defined by val(f) = ZEEE(G) f'(e). The other definitions
are similar to the v-labeling case.
The following corollary is a consequence of Theorem A.

Corollary 2.1 For any connected graph G of order n,
val’ - (@) = valyin(G) .
Next, we present the maximum value of a y%-labeling of C), when n is even.

Proposition 2.2 For a nonnegative integer § and an even integer n, with n > 4,

n(n + 26 + 2
Valfnax(cn) = Valmax(cn) +nd = % )
Proof. Letn = 2k be an even integer, withn > 4, and let C, : x1,y1, 22, Y2, ..., Tk, Yk, T1.

Define a v°-labeling f of C,, by

flzi)=i—1 and f(y;)) =2k+6+1—10, forl1<i<k.

Then
val(f) = 2(Sh, fm) - Sy f)
= 2(Th@kto+1-0) - T, - 1)
= 2U(k+6+1)
= 771(71—&-225—&-2) = ValmaX<Cn) + n(5 .
Hence 05 1 9
val.(Ch) > valmax(Cn) + 16 = w .

In order to show val’ _ (C,) < w, let g be a y-max labeling of C),, where
E(Cy) = {e1,e2,...,e,}. For each integer i, with 1 < i < n, let ¢; = u;v;, where
g(u;) < g(vi). Then

n n
val(g) = > g(vi) = > g(ui).
i=1 i=1



Since at most two vertices in {uy,,...,u,} can be assigned by each of the labels
0,1,...,k—1, and at most two vertices in {vy, - ,v,} can be assigned each of the labels
E+(@0+1),k+(6+2),....k+(k+06—1),k+ (k+4), it follows that

n

Zg(uz) >k —k and Zg(vi) < 3k? + (20 + 1)k
i=1

i=1
Thus
20 + 2
val(g) < (3K + (20 + k) — (K — k) = 2k(k 9 1) = "0 F20H2)
producing the desired result. i

Proposition 2.3 Let D be an oriented graph derived from av°-maz labeling g of an even
cycle Cy, with n > 6, by assigning to each edge uv the orientation (u,v), if g(u) < g(v).
Then for each vertex v either id(v) = 2 or od(v) = 2.

Proof. For an even cycle C,,, we can have an oriented graph D from ~’-max labeling
g of C,, by assigning to each edge uv the orientation (u,v), if g(u) < g(v).

Let us assume that there exists a vertex such that indegree and outdegree are not
two. Since (), is an even cycle, it follows that there are at least two vertices, say u and
v, such that

id(u) = id(v) = od(u) = od(v) = 1.

We consider two cases, according to the adjacency of the vertices v and v.

Case 1. u is adjacent to v. Then D contains a directed path z,u, v,y of order 4. If
we delete the vertices u and v from C), and join the vertices x and y, the resulting graph
G is isomorphic to Cj,—2 and the restriction ¢’ of g to V(C,,) — {u, v} has the same value
on G as g does on C,,. Therefore,

vallif2(Cho2) > val(g) = vall, . (Ch),

max
which is a contradiction with val(g) = val® _ (Cy,) > val’t2(C),_s).

Case 2. u and v are not adjacent. The D contains two direct paths, s, u,t and z, v, y,
of order 3. Therefore, we can construct a graph G that is isomorphic to C,_o from C),
by deleting the vertices u and v, joining the vertices s and ¢, and then joining vertices x
and y. The restriction ¢’ of g to V(C,) — {u,v} has the same value on G as g does on
C,. Therefore,
val’t2(Cp ) > val(g) = val®, (Ch),

max

which is a contradiction with val(g) = val® _ (Cy,) > val’t2(C),_s). L]

We end this section with a relation between d-max values of y-labelings of cycles with
consecutive order.



Lemma 2.4 For every pair d, k of nonnegative integers with k > 2,

ValfnaX(C’ng) = val’tl (Cop) .

max

Proof. Let fbea 75+1—max labeling of C. Suppose that a is a number in {0, 1, - -, 2k+
§,2k+6-+1} assigned to no vertex of Co by f. Consequently, we may define a °-labeling
g of Copy1 by
flu) if1<i<2k
g(vi) = L
a if i =2k + 1.

Thus vall . (Cory1) > valStLl(Cyy). It remains to verify that vald .t (Cop) > vald,,. (Coki1).

Let h be a 79-max labeling of Cajy1. We construct an oriented graph D form Cyj
by assigning to each edge uv the orientation (u,v), if h(u) < h(v). Necessarily, D
contains a directed path z,y, z of order 3. If we delete the vertex y from Cs41 and join
the vertices = and z, the resulting graph G is isomorphic to Cyi and the restriction h of
h to V(Cops1) — {y} has the same value on G as h does on Copyi. The function h is

thus a 42t !-labeling of Cyy,, and the result follows. [

As a consequence of Lemma 2.4, we have the following result.

Corollary 2.5 For a nonnegative integer 6 and an odd integer n, with n > 5,

Va‘l(smax<cn) = Va‘lmaX(Cn) +(n—-1)= (n — 1)(n2+ 20 3) .

3 The maximum value of C2 for an odd integer n

The simplest computation of the maximum value of a ~-labeling of C’nA is when n an
odd integer. The other case is more delicate as we will see in the next sections. Now, we
consider a cycle with a triangle of order n = 2k + 1, with k& > 2, obtained from a cycle
Copt1:X1,2,Y1,%2,Y2, -+ , Tk, Yk, 1 and a chord x1yj.

Theorem 3.1 For every odd integer n > 5,
Valmax(C5) = vall, (C5) + (n + 1).
Proof. Setting n = 2k + 1, with k£ > 2, and defining a v-labeling f of cr by

flzi)=i—-1, f(yi)=2k+3—i, for1<i<k,and f(2)=k+1,



then

val(f) = 2(Sh flu) = iy f@) + (F) = F(2) + (£(2) = f(a1))
= 2(Zhik+3-0) =TG- 1) + (2k+2)
= 2%k(k+3)+ (2k+2)
= (D05 | 41)
= val’, (Cph 1)+ (n+1)
= wvall (C)+ (n+1).

Thus valmax(C5) = vall (Cp) + (n+ 1).
In order to show that valmax(C5) < vall . (Cp) 4+ (n+ 1), let f be a y-max labeling
of C& , and let g be the restriction of f to C),. Then

val(f) = val(g) + f'(e) < vall o (Cn) + (n + 1),
where e is a chord of Cp'. Therefore, valya (Ch) < vall (Cp) 4 (n 4 1). "

To illustrate Theorem 3.1, we consider, for example, the following y-max labeling f

of CE)A:
0)—=06)
o e‘
6)—

Observe that ValmaX(C’?) =val(f) =26.
The next corollary is a consequence of Theorem 3.1.

Corollary 3.2 For every pair of nonnegative integer 6 and odd integer n with n > 5,
vald . (C2) = valofL(Cp) + (6 +n + 1).
Proof. Let n=2k+ 1, with £k > 2, and let f be a v-labeling f of O defined by

flzi)=i—-1, fly))=0+2k+3—4, for1<i<k, and f(z)=k+1.



Then

val(f) = 2(Sh flu) = iy f@) + (F) = F(2) + (£(2) = f(a1))
— 9 (Zf:1(5+2k+3—i) - 1)) +(5+ 2k +2)
= 2k(k+3)+ 26k + (6 + 2k + 2)
= k(2k+25+6)+ (6 + 2k +2)
(=DOA045) 4 (5 +n+1)
= vallf2(Ch1) + (6 +n+1)
= valstl(C)+ (6 +n+1).

max

Thus vall . (C5) > val’tL(Cp) + (6 +n +1).
To show that vall . (C5) < val’tl(C,) + (6 + n+ 1), let f be a y-max labeling of
oL , and let g be the restriction of f to C),,. Then

val(f) = val(g)+ f'(e) < val’tL(C,) + (6 +n+1),

where e is a chord of Cj'. Therefore, valfnax(Cf) <valStL(C,) + (6 +n+1). L]

max

4 The maximum value of C> for an even integer n

In this section we consider a cycle with a triangle of order n = 2k, with k£ > 3, obtained

from a cycle Cor : 1,91, T2, Y2, , Tk, Yk, 1 and a chord z1x,. We first present a lower
AN
bond for valpax(Cr ).

Lemma 4.1 For every even integer n > 6,

24+5n—2 ;

% =32 ifn==6
2 2 .

Valmax(cr%) > o +gn—2 =21 +62n—10 =51 an =8
24+6n—10 :

% ifn > 8.

Proof. If k=3 or 4, we define a v-labeling f of C’QAk by
flx))=i—1 and f(y;))=n+2—1i, for1 <i<k.

Then
val(f) = 2(Sh fl) = X @) + fon) = fa)

= 2T+ 2 - ) - S 1) + (k= 1) -0

n2+5n—2
— -



Thus valmaX(C’nA) > %, for n = 6, 8.
Assume that k > 4, we define a v-labeling f of CQAk by

+2—3 if1<i<k-1
f(%’):{n PEets and  f(y;) =1, if1<i<kE.

0 ifi=k
Then
val(f) = 2(S8 flas) = A2 £w) + flwn) = 3F (o)
= 2(X i+ 2-i) - TE2) + (0 +1) = 300)
_  n?46n-10
neto.
Hence Valmax(C'nA) > W7 for n > 8. u

In order to present a formula for valmax(CnA ), for an even integer n > 6, we need
some additional notation and new definitions. Let f be a y-max labeling of C2Ak. For
each integer i, with 1 < i < k, we define the 3-term sequences

Si(f) = (f (@), f(yi), f(zir1)) and Ti(f) = (f (i), f(@ig1), f(yir1)),

where the addition is taken modulo k, and let

ST(f) = {Sl(f)st(f)’ : -uSk(f)aTl(f)7T2(f)v s 7T/€(f)}

be a set of 3-term sequences S;(f) and T;(f), for all ¢ with 1 < i < k. Furthermore, let
Cok(f) be an oriented cycle obtained from C’QAk — x1x3 by assigning to the edge uv the
orientation (u,v) if f(u) < f(v).

We are ready to characterize any y-max labeling f of C’6A .

Proposition 4.2 Let f be a v-max labeling of C'6A. Then ST(f) contains no monotone
elements.

Proof. Assume, to the contrary, that some element of ST(f) is monotone. Then an

oriented cycle Cg(f) contains a directed path a,b, c of order 3. If we delete the chord

r123 and vertex b from C’GA and then join the vertices a and ¢, the resulting graph G is

isomorphic to Cs and the restriction f of f to V(C’6A — z123) — {b} has the same value
AN .

on G as f on C5 — x1x3, that is

Val(f) =val(f) — f'(v123) = ValmaX(Cﬁ) — f(z123).

Then ValmaX(C'(sA) = val(f) + f'(z123). Moreover, since f is a y*labeling of graph G that
is isomorphic to Cs, it follows that val(f) < val?, (Cs) = val3 _(C}). Therefore

max

4(4+6+2)

vl (Cg) < vall(Co) + f(m1ms) < =

+7 = 31,

10



which is a contradiction with Lemma 4.1. m

The oriented cycle Cg(f) defined by any y-max labeling f of C6 in Proposition 4.2

is either @
@ —G_

Observe that all 3-term sequences of ST'(f), which are

S1(f) = (f(ar), fyr), f(22)), S2(f) = (f(22), F(y2), f(3)), 93(f) = (f(23), f(y3), f(x1))
Tu(f) = (F(y), flx2), f(y2), Ta(f) = (f (2), £(23), fy3)), T5(f) = (f(y3), [ (1), f(91)),

are not monotone.
Combining Lemma 4.1 and Proposition 4.2, we are able to find vadmax(C’GA ).

Theorem 4.3
Valmax (CEY) = vall . (C) +2 = 32.

Proof. By Lemma 4.1, we have Valmax(C ) >32= val! Cg) + 2. Next, let f be a
~v-max labeling of C’6A . According to Proposition 4.2, for each i with 1 <4 < 3, vertices
x; and y; of oriented cycle Cg(f) have

max (

either id(z;) =0, id(y;) =2 or id(x;) =2, id(y;) =0
We analyze the two cases separately.

Case 1. For each i with 1 < i < 3, id(z;) = 0, id(y;) = 2 of the oriented cycle
Cs(f). So, f(x;) < f(y;) and f(x;11) < f(y;) where addition is taken modulo 3. Then

3 3
Valmax (Cg) = val(f) = 2 (Z Flw) = f(%’)) +[f(21) = f(xs)].

i=1

Since the vertices in {x1,x2, 23} can be labeled by each of the labels 0,1,2 and the
vertices in {y1,y2,ys} can be labeled by each of the labels 7, 6,5, it follows that

3

3
> f@i)=0+1+2=3 and Y f(y) <7+6+5=18.
=1 i=1

Then valmaX(C(sA) = val(f) < 2(18 — 3) +2 = val} . (Cs) + 2 = 32.
Case 2. For each i with 1 < i < 3, id(x;) = 2, id(y;) = 0 of the oriented cycle
Cs(f). So, f(zi) > f(yi) and f(xzi+1) > f(yi) where addition is taken modulo 3. An

11



argument similar to the one used in Case 1 shows that Valmax(06 ) < vall,. (Ce)+2 = 32,
producing the desired result. [

To illustrate Theorem 4.3, an example of a y-max labeling f; of C’GA and an oriented
graph Cg(f1) for the first case are:

&S O—@
- a‘ a i @ 0
O

On the another hand7 a y-max labeling fo of C’GA and an oriented graph Cg(f2) in
second case are, for example:

® D
cs : e Cs(f2) 1 6
O—®) )

Observe that ValmaX(C’GA) =val(f1) = val(fz) =

Theorem 4.4
vall | (Cg) +3 =51

valuax(C5) =
valmax(07) +9 =51

Proof. By Lemma 4.1, we have Valmax(C’8 ) > 51 =vall  (Cg) +3 =val®,  (C7)+9.
On the other hand, let f be a y-max labeling of C’6 . We consider the two cases according
to the set ST(f).

Case 1. No element of ST(f) is monotone. Then, for each ¢ with 1 < i < 4, the
vertices x; and y; of oriented cycle Cg(f) have either id(x;) = 0,id(y;) = 2 or id(z;) =

2,id(y;) = 0.
e~ ) oy~ )
C'S(f)I @ or @ @
oo ) e )

An argument similar to the one used in Theorem 4.3 shows that valmm((]gA ) <
vall .(Cg) +3 = 51.

Case 2. Some element of ST(f) is monotone. Then the oriented cycle Cs(f)
contains a directed path a, b, ¢ of order 3. If we delete the chord z1x4 and vertex b from

12



CSA and join the vertices a and ¢, the resulting graph G is isomorphic to C7 and the
restriction fof ftoV (C’SA — x1x4) — {b} has the same value on G as f on C’8A — X124,
that is

val(f) = val(f) — f'(z124) > valynax (CE) — 9.

Moreover, since f is a y2-labeling of a graph G isomorphic to C, it follows that Val(f) <
valZ, . (C7). Therefore, Valnax(Cy) < vall, (C7) +9 = 51, .

To 1llustrate Case 2 of Theorem 4.4, we consider, for example, the y-max labelings
f1 and fo of C’8 and the oriented cycles Cs(f1) and Cg(f2), respectively:

@ %@\
Ce e Cs(f1) i
{a}o> | »@+/

T (DD
Ce :(5) @ Cs(f2):(5) i
ONGED o¥o=od

Observe that ValmaX(C’gA) = val(f1) = val(fy) = 51.

We remark that, since for any integer k£ with k£ > 4, the size of the oriented cycle
Cor(f) is even, it follows that there are ¢ directed paths of order 3 in the oriented cycle
Cor(f), for some even integer ¢ with 0 < ¢ < 2k. This observation leads us to the
following lemma.

Lemma 4.5 Let n = 2k be an even integer, with n > 8, and let f be a y-mazx labeling
of C’QA,C. If some element of ST(f) is monotone, then there are eractly two monotone
elements in ST(f).

Proof. Suppose that some element of ST(f) is monotone. Then the oriented cycle
Cor(f) contains a directed path of order 3. Since the size of the oriented cycle Cox(f)
is even, it follows that there are ¢ directed paths of order 3 in Co(f), for some even
integer ¢ with 2 < ¢/ < 2k. Next, we show that there are no more than two directed paths
of order 3 in oriented cycle Cor(f). Assume, to the contrary, that there are at least 4
directed paths of order 3 in the oriented graph Cax(f). For each i with 1 < i < 4, let
P; be a directed path of order 3 having internal vertex w; in the oriented graph Co(f).
We can see that the cycle CQAk — xyx), is a subdivision of the cycle C),_4 by every two
vertices of C),_4 which are connected by either an edge or a path, all of whose interior
vertices are internal vertices uq, uo, us, uq.
To illustrate this concept of subdivision, let us define:

13



H: @ @ Ce : @
)G () N
)

For example, considering the oriented cycle H : z1,y1,x2,%2, - , %5, Y5, x1 of order
10 having 6 directed paths of order 3. Let P : x1,y1, %2, Po : x2,y2, 23, P3 : x3,y3, 24
and Py : y3,x4,y4 be directed paths of order 3 in H. Therefore the underlying cycle
H is a subdivision of the cycle Cg : x1, x2, T3, Y4, X5, Y5, T1, Where the internal vertices
Y1,Y2, Y3, x4 of the directed paths Py, P, Py, Py, respectively, are inserted into one or
more edges of Cy.

Since the cycle C’QA,C —x1x} 18 a subdivision of the cycle C,, 4, we can construct a graph
GG which is isomorphic to C,,_4 from C2Ak by deleting the chord zix; and the internal
vertices u1, ug, us, uq4 and then adding one or more edges to G. Then the restriction of f
toV (C’ZA,C - xlxk) —{u1, ug, us, ug}, f, has the same value on GG as f does on Cﬁc—xlxk,
that is N

val(f) = val(f) — f/(z125) > Valpax (C2) — (n +1).

Moreover, since f is a y9-labeling of a graph G which is isomorphic to C,,_4, it follows

that val(f) < val®, (Cn_4). Therefore

max

n? + 6n — 30

ValmaX(C’nA) <val’, (Cp_4)+ (n+1) = 2 ,

max

a contradiction with Lemma 4.1. Thus, for k& > 4, the oriented cycle Cor(f) contains
exactly two directed paths of order 3 and there are also exactly two monotone elements
in ST(f). L]

By Theorem 4.4 and Lemma 4.5, we are able to characterize any y-max labeling f
of 6’8A , in terms of set ST(f) and the oriented cycle Cg(f).

Proposition 4.6 Let [ be a v-mazx labeling of CSA. Then either no element of ST(f)
is monotone or there are exactly two monotone elements in ST(f).

For any integers p and ¢, with p < g, let

p, gl ={p,p+1,...,q}

be the set of all the integers between p and ¢q. Next we characterize any «-max labeling
fofC’T%,fornzlo.

Proposition 4.7 For any integer k, with k > 5, let f be a v-mazx labeling of CQAk. Then
ST(f) contains exactly two monotone of ST(f).

14



Proof. Assume, to the contrary, that the property does not verify. Then, by Lemma
4.5, ST(f) contains no monotone element. Hence, for the vertices x; and y; of the
oriented cycle Cor(f),

either id(z;) =0, id(y;) =2 or id(z;) =2, id(y;) = 0 for each i with 1 <i <k .
We consider the two cases separately.

Case 1. For each i with 1 < i < k, id(z;) = 0, id(y;) = 2 of the oriented cycle
Cor(f). Thus f(z;) < f(yi) and f(zi+1) < f(yi) where addition is taken modulo k.
Then

k k
Valmax (Cyp) = val(f) = 2> f(yi) = 2 fx:) + | f(w1) = flaw)].
i=1 i=1
Before we proceed, we prove two claims.

Claim 1. {f(y1), f(32). -, F(ye)} = [k +2.n + 1]

Proof of Claim 1. Assume, to the contrary, that

{f), fQy2)s oo flun)} # [k +2,n+1].

Then there are two numbers a and b, with a € [0,k + 1] and b € [k + 2, n + 1], such that
a is assigned by f to some vertex of {y1,v2,...,yr}, namely y, and b is assigned by f to
. A
either no vertex of C, or some vertex of {x,x2,...,2}}.
If b is assigned to no vertex of C’ZAk, then we define a new ~v-labeling g of C'QA,c by

(u) = f(uw) ifu#yr
g b it u=y,.
Then
val(g) = 2300 9(y:) — 2200, 9(@i) + lg(a1) — g(a))|
= (235 F0) — 2 ) +20(0)) — 28, S@i) + | fe1) — ()
= val(f) —2a+2b = val(f)+2(b—a) > val(f),
which is a contradiction. Then b must be assigned to some vertex of {x1,za,..., 21},

namely x5. Then we define the v-labeling g of CQAk by

fa)  ifut ey,
gu) =< fly)=a ifu=um
f(xs):b if u=y,

15



and, therefore,

val(g) = 2300, 9(y:) — 2300, g(@i) + |g(a1) — g(ay)]
= (2T — 2 )+ 20(0) — (250 Fl@) - 2f(@,) +29(,))
Flglwr) = glaw)| + (f (21) = F@0)] = [f@1) = Flaw))
= val(f) +4(b — a) + lg(1) — g(ow)| = |f(w1) = fwp)].

If s £ 1, k, then

val(g) = val(f) +4(b—a) + |f(z1) — f(ar)| = [f(z1) — f(zp)|
= val(f)+4(b—a) > val(f).

Otherwise, assuming without loss of generality that s = 1, we get

val(g) = val(f) +4(b—a) + |a — f(zr)| — [b— (k)]
= val(f) + (|b—al +|a — f(zx)]) = [b— f(ar)] +3(b—a)
> val(f) + |b— f(zx)| = [b— fzx)| +3(b—a)
= val(f) +3(b—a) > val(f),

which is again a contradiction. Hence {f(y1), f(y2),...,f(yx)} = [k + 2,n + 1].

Consequently, {f(z1), f(zx), .-, f(zx)} C [0, +1].
This is complete the proof of Claim 1.

Claim 2. {/(21), f(2p), ..., fap)} = 0.k — 1].
Proof of Claim 2. Assume, to the contrary, that
{f(xl)a f(mk)v sy f(mk)} 7é [07 k — 1] :

Then there are two integer numbers a and b, with a € [k, k + 1] and b € [0,k — 1], such
that a is assigned by f to some vertex of {x1,za,...,z;}, namely z,, and b is assigned
by f to no vertex of C’2Ak. Then we define a new ~-labeling g of C2Ak by

flu) ifu+#z,
9(w) = b if u=xz,.

Then
val(g) = 2305 g(yi) — 2300, gl@) + |g(z1) — gla)]

= 25 f) - (20 F@) — 2f (@) + 29(ar) )
Hlg(w1) = glw)] + (f (21) = F@r] = [F@1) = F (o))
= val(f) +2(a = b) +lg(1) = g(on)| = |f(21) = Fl@)].
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If 7 # 1, k, then

val(g) = val(f) +2(a = b) + |f (1) — f(ar)| = [f(21) — fl2x)|
= wval(f)+2(a—0b) > wval(f).

Otherwise assuming, without loss of generality, that » = 1, then

val(g) = val(f) +2(a—0) +[b— f(z)] = |a — f(xx)]
= val(f) + (Ja = b[ + [b — f(zx)]) — la = flzk)| + (a = b)
> val(f) +la— f(xp)| —la— flzi)| + (a = b)
= val(f)+ (a—0) > val(f).
Again we reach a contradiction. Therefore, {f(x1), f(zr),..., f(xx)} = [0,k — 1].

This completes the proof of Claim 2.
Therefore, the function f is defined by

{f(yl)af(y2)7' . 7f(yk)} = [k+ 2,’ﬂ,+ 1] and {f(xl)vf(xk)7 . ,f(ﬂi'k)} = [ka - 1]
So
250 i) — 2500 flma) + | f () — fa)]
= 3k(k—1)—k(k—1)+(k—1)
= 2k*+5k—1.

Valmax(CZAk) = Val(f)

However, by Lemma 4.1, we have valmaX(C’QAk) > W = 2k? 4 6k — 5, which
contradicts our assumption.

Case 2. For each i with 1 < i < k, id(x;) = 2, id(y;) = 0 of the oriented cycle
Cor(f). So, f(x;) > f(yi;) and f(wi+1) > f(yi), where the addition is taken modulo k.
A similar argument to the one used in Case 1 shows that Valmax(CQAk) = 2k* + 5k — 1,
which is a contradiction. [

We are now prepared to establish a general formula for vaulmaX(C’nA ), when n > 10.

Theorem 4.8 For every even integer n > 10,

2
+6n — 10
valax (C2) = val,, (Cp1) + (n+1) = %
Proof. By Lemma 4.1, we have
n? 4 6n — 10
vValpax (C2) > = val2, (Cn 1)+ (n+1).
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Next, we show that valmax(Cp') < val,. (Cn_1) + (n + 1). Let f be a y-max labeling
of C5. By Proposition 4.7, the oriented cycle C),(f) contains a directed path a,b, ¢ of
order 3. If we delete the chord x1x; and vertex b from C2 and then join the vertices
a and ¢, the resulting graph G is isomorphic to Cp,_; and the restriction f of f to

V(C’nA — z1x)) — {b}, verifies
val(f) = val(f) — f'(z124) > valnae (C2) — (n +1).
Moreover, since f is a y2-labeling of a graph G that is isomorphic to C,_1, it follows
that val(f) < val?,,,(C,_1). Therefore,
n? + 6n — 10
2
producing the desired result. [

Valnaz (C2) <val?, (Ch1) 4+ (n+1) =

5 On Spans of 7-Min and 7-Max Labelings of Graphs

In order to show a formula for spans of y-min and y-max labelings of graphs, we first
present a useful lemma.

Lemma 5.1 Let f be a y-max labeling of a nontrivial graph G of order n and size m and
let u,w € V(G) with f(u) = min{f(v):v € V(G)} and f(w) = max{f(v) : v € V(G)}.
Then neighborhoods of u and v are not empty.

Proof. For any nontrivial connected graph G, it is obvious that | N (u)| and |N(w)]
are not empty. Let G be a disconnected graph. Assume, to the contrary, that [N (u)| = 0.
Therefore, u is an isolated vertex of G. Since G has v-labeling, it follows that m > n—1.
Therefore, there is a component G of G with V(G1) > 2. Let € V(Gy) with f(z) =
min{f(v) : v € V(G1)}. Let g be a ~-labeling of G defined by

flz) fv=u
g(0) =4 f(u) ifv=2z
fw) ifv#u,x.

Since

val(g) = val(f) — D (F(v) = f@) + D (9(v) —g(2)

vEN(z) vEN (z)
= val(f) = Y (fo) = f@)+ Y (f(v) = f(u))
vEN(x) vEN ()

= val(f) + |N@)|(f(z) — f(u)),

and f(z) > f(u), it follows that val(g) > val(f), which is a contradiction.
It is a similar argument to verify that neighborhood of v is also not empty. [

18



Theorem 5.2 Let G be a nontrivial graph of order n and size m and let f be a ~y-labeling
of G.

(a) If f is a y-min labeling of G, then span(f) =n — 1.
(b) If f is a y-max labeling of G, then span(f) = m.

Proof. We first verify (a). Let valnin(G) = val(f) and assume, to the contrary, that
span(f) > n. It then follows by Theorem A that there is a 7-labeling g with val(g) <
val(f), which is a contradiction.

Next we verify (b). Let f be a v-max labeling of G and let u,w € V(G) with
fw) = min{f(v) : v € V(G)} and f(w) = max{f(v) : v € V(G)}. Then f(u) > 0
and f(w) < m. Assume, to the contrary, that span(f) < m. Then f(w) — f(u) < m.
Therefore,

f(u) >0o0rm— f(w)>0. (2)

Let g be a y-labeling of G defined by

0 ifv=u

g(v) = q flv) ifvZuw

m if v =w.

Since

val(g) = val(f)— > (f(v) = f(w)+ Y (9(v) = g(w))
vEN (u) vEN (u)
- > (flw)=f)+ > (g(w) - g(v)

vEN (w) vEN (w)

= val(f) = > (fo) = fw)+ Y (fv)=0)

UGN(U) ’UEN(U)

= Y () = f)+ Y (m—f)

vEN (w) vEN (w)
= val(f) + [N (u)|(f(u) = 0) + [N (w)|(m = f(w)),

it follows by Lemma 5.1 and (2) that val(g) > val(f), which is a contradiction. L]
The following results are consequences of Theorem 5.2.

Corollary 5.3 Let G be a nontrivial graph of order n and size m and let f be a -
labeling of G.

(a) If f is a y-min labeling of G, then f(V(G)) is a consecutive subset of [0..m], that
is, f(V(Q)) = [k..k + (n — 1)] for some integer k with 0 <k <m — (n —1).

(b) If f is a y-max labeling of G, then {0,m} C f(V(G)).
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Proof. To verify (a), let f be a y-min labeling of G with f(V(G)) = {a1,a2,...,a,}
where
0<a <as < - <a, <m.

Then span(f) = a,—a;. By Theorem 5.2 (a), span(f) = n—1. Therefore, a,,—a; = n—1.
This implies that ay,as, ..., a, are consecutive integers in the set [0..m] and so f(V(G))
is a consecutive subset of [0..m]. That is f(V(G)) = [k..k+(n—1)] for some integer k with
0<k<m-—(n—1). Statement (b) is an immediate consequence of Theorem 5.2 (b). m

Corollary 5.4 Let G be a nontrivial connected graph of order n and size m. Suppose
that f and g are y-min and y-max labelings of G, respectively. Then span(f) = span(g)
if and only if G is a tree.

Proof. First, assume that span(f) = span(g). By Theorem 5.2, span(f) = n — 1 and
span(g) = m. Thus n — 1 = m, which implies that G is a tree. For the converse,
assume that G is a tree. Then m = n — 1. It then follows by Theorem 5.2 that
span(f) =n —1=m = span(g), as desired. L]

Now, we are able to answer the following open question in [4] : For any connected
graph GG, does exist a v-max labeling of G with a vertex label set that is the union of no
more than two sets of consecutive numbers?

Theorem 5.5 Let G be a connected graph of order n and size m. Then vertex label set
of v-max labeling of G is a set of consecutive numbers if and only if G is a tree.

Proof. It is straightforward to verify that vertex label set of v-max labeling of tree is
a set of consecutive numbers. For the converse, let f be a y-max labeling of a connected
graph G with a vertex label set that is a set of consecutive numbers. Then span(f) =
n— 1. Moreover, by Theorem 5.2 (b), we have span(f) = m Then m = n — 1. Therefore,
G is a tree. n

6 On ~-Max Labelings of Complete Bipartite and Com-
plete Graphs

In this section, we begin characterize y-max labelings of complete bipartite which also
appeared in [4]. We provide alternative and improved proof of formula for val(K, s) that
uses v-min labelings of complete graphs.

Theorem 6.1 Let f be a y-labeling of complete bipartite graph K, s with partite sets V.
and Vs of cardinality v and s, respectively. Then f is a y-max labeling of K, if and
only if

(@) f(V3)=10..r —1] and f(Vs) =[rs — (s — 1)..rs], or
) f(Vi)=1[rs—(r—1).rs] and f(Vs) =[0..s — 1].
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Proof. Let K, ; be a complete bipartite graph with partite sets V. and V; and let f be
a y-max labeling of K, ; with f(V(K,s)) = {a1, a2, ..., ar1s} where

1<a <ay < <apys <718

Now, consider complete graph K, s with V(K,1s) =V, UV,. Then K, contains three
edge-disjoint graphs, namely

K, with V(K,) =V,
K with V(K,) = V5 and
K, s with partite sets V. and V.

That is,
B(Kr4s) = B(K,) U E(K,) U E(K,,).
For each i € {r,s,r + s}, let f; be the restriction of f to K; and then
fi : V(K;) — f(V(K,s)) is a one to one function

and

Val(fr+s) = Val(fr) + Val(fs) + Val(f)

and so

val(f) = val(frys) — val(fy) — val(fs).

Since fr4s(V(Krys)) = f(V(Krs)) = {a1,a2,...,ar44}, it follows by (1) that val(fr4s)
gives us same value even though we switch some labels of {a1, a2, ... ,a,15} to V(K 4s).
Furthermore, since val(f) = valmax(Kr s), it follows that

val(f,) = min{val(g) | g : V(K,) — {a1,a2,...,ar45}} (3)

and
val(fs) = min{val(g) | g : V(Ks) — {a1,a2,...,ar45}}.

We claim that f,(V;) and fs(Vs) are consecutive subsets of {a1,az,...,a,45}. Let
fT(‘/:f‘) = fT(V(KT)> = {aeﬂ a€27 e 7af‘7'7 a€j+17 AR afr}v
where 1 </ <ly <--- <l; <ljy1 <--- <l <r+s. By (1), we then have
5]
Val(f?”) = Z(r —-2i+ 1)(afr—i+1 - afi)'
i=1

Assume, to the contrary, that there is an integer j with 2 < j < such that ¢; —¢;_1 > 1.
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We first consider the case when 2 < j < L%J + 1. In this case, we define a one to one
function £ s fr(V;) = | Fr(Vi) U,y 1}] = {ae, .} by

a,  ifitj—1
hlag)={ 0
(az,) {a(gj)l ifi—j—1.

Certainly, g = ho f, is a one to one function from V; to {a1,as,...,a,4+s}. Furthermore,

val(g) = val(fy) — (r —2(j — 1) + 1)(ag, ;1\, — ;)
+(r =20 = 1)+ 1lae, )., — a@y)-1)
= val(f,) + (r — 2j + 3)(ag,_, — ag;)—1).
Since
g] - g‘jfl > 17

it follows that
gj —1> gj—l
and so that
Aey)—1 > Aty

Thus val(g) < val(f,), which is a contradiction with (3).

Next, we consider the case when [%J +2<j<r= L%J + [%W In this case,we define

a one to one function h : f.(V,) — [fr(‘/}) U {a(gj),l}} —{ay, } by

a(gj),l if i = ]
Certainly, g = ho f, is a one to one function from V; to {a1,as,...,a,4+s}. Furthermore,
let § be an integer such that j =r — d + 1. Consequently, 1 < § < [%] — 1. Therefore,
val(g) = wval(fy) — (r — 26 + 1)(ay; —ag) + (r —26 + 1)(a(gj)_1 — ay;)
= val(fy) + (r =20 + L)(aw,)-1 — as;)-
Since
Ej — éj_l > 1,

it follows that
gj—l <€j—1<€j

and so that
ag; ; < ae;)—1 < ag;.

Thus val(g) < val(f,), which is a contradiction with (3).
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With a similar argument as above, we can conclude that fs(V;) is a consecutive subset
of {ay,as,...,a,4s}. Therefore, either

f(‘/;") = {a'lv az, ... 7a’r‘} and f(‘/s) = {a’f‘-‘rlv Ap42, -5 Ar4s—1, aT‘-‘rs}
or

f(Ve) ={ass1,as42, -« sr—1, a5+, and f(Vy) = {a1,a9,...,as}.
Now, we consider two cases according to f(V;.) and f(V5).

Case 1. f(V,) =A{a1,a2,...,a,} and f(Vs) = {ar+1,ar42,. .., Qrys—1,0r4s}. Since

Valmax (Krs) = val(f)
= (ar+1 —a1) + (ar41 —az2) + - + (ar41 — ay)
+(arso —a1) + (arp2 —ag) + -+ (ap42 — ay)

T T T
= (rar+1 — Zaz) + (ray+2 — Z a;)+ -+ (rapges — Z a;)
i=1 i=1 i=1
S T
i=1 i=1

it follows that a,y; =rs—it+1fori=1,2,...,sand a; =¢— 1, fort =1,2,...,r, that
is, f(V;) =[0..r — 1] and f(Vy) = [rs — (s — 1)..rs].
Case 2. f(V;) ={ast1,as42,- -, Aspr—1, @540} and f(Vy) = {a1,az,...,as}. Since
valmax(Krs) = val(f)
= (ast1 —a1) + (as41 —a2) + - + (asy1 — as)
+(ast2 —a1) + (asy2 — a2) + -+ + (asy2 — as)

+(tstr —a1) + (Qsqr —a2) + -+ (Gs4r — )

S S S

= (sasp1— Y @)+ (sasra — Y ai) + -+ (sasir — Y as)

i=1 i=1 i=1
T S
i=1 i=1
it follows that asy; =rs—i+1fori=1,2,...,7rand a; =¢— 1, for i =1,2,...,s, that

is, f(V;) =[rs — (r—1)..rs] and f(Vs) = [0..s — 1]. "
Next, we characterize y-max labelings of complete graphs.
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Theorem 6.2 Let f be a y-labeling of complete graph K,. Then f is a y-max labeling
of Ky, if and only if

where k € [|5].-(5) = [3]]-

Proof. Let f be a y-max labeling of K, such that f(v;) = a; for 1 <i <n and

n
O§a1<a2<~--<an§(2>.

Therefore by (1),

15 1%]
Valmax (Kn) = val(f) = Y (n = 2i+ an_ip1 — »_(n—2i+ 1)a;.
=1 =1

Thenforz'zl,Q,...,L%J,an,iﬂz (5) —i+1 and a; =i — 1. That is,

0. 2] -1 u[(}) — 2] +1.(5)] if n is even
HVKn) = { 0o [2] =1 U (1) = [2] + 1.(] Uk} ifnis odd,
where k€ [[3].(3) ~ [4]]- :

7 Final Remarks

In [5] and [6] the maximum value of y-labeling of path P, cycle Cy,, double star S, 4
and cycle with a triangle C’nA was determined. It would be interesting to characterize
~v-max labeling of those graphs.

In [8] the ~-spectra of paths, cycles, and complete graphs are determined. It would
be interesting to determine the ~-spectra of C% and find whether it is continuous or not.
Observe that the value of any v-labeling of a cycle is always even.
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Subject: [Fwd: Utilitas Math paper]
From: cmfl@mat.uc.pt
Date: Wed, April 11, 2012 6:19 pm
To: varaporni@swu.ac.th (more)
Priority: Normal
Mailer: SquirrelMail/1.4.19
Options: View Full Header | View Printable Version | Download this as a file

———————————————————————————— Original Message ————————————————————————————
Subject: Utilitas Math paper

From: "Math Journals" <MathJournalsGattglobal .net>
Date: Tue, April 10, 2012 6:28 pm
To: cmfldmat . uc.pt

Professor da Fonseca,

I have now recelved the referees second report on vour paper with
Varaporn Saenpholphat and Ping Zhang entitled, "On $\gamma$-labelings
of graphs".

The report is attached below. The referee now recommends publication
with revisicnzs. Therefore, I am happy to accept it for publication in
Utilitas Mathematica.

Would vou please send me a new copy: single spaced, in 10 point Times
or Computer Modern font, 4.5 = 7.125 inches (11.4 = 18.1 cm) in text
size. T use your copy as camera-ready for publication. & .pdf file by
email will suffice.

Yours sincerely,
J.L. Allston
Managing Editor
Utilitas Mathematica

Prof. Allston,

Thank vou for sending the revision of the paper by Fonseca,

Saenpholphat and Zhang. I've read through it briefly and they have

addressed all of my concerns. I'm happy to recommend the paper for

publication.

Computer Center staff will *NEVER* send vyou email requesting your password
information. Please ignore any emall messages that claim to require vou to provide
such information

This message has been scanned for viruses and
dangerous content by MailScanner, and is
believed to be clean.
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untitled-[2] 14k [ text/html ] Download | View
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On y-Labelings of Graphs
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Abstract
Let G be a graph of order » and size m. A y-labeling of G is a one-to-one function f: V(G) —
{0, 1. 2, ..., m} that induces a labeling f': E(G) - {1.2, ..., m} of the edges of G defined

by f'(e)= | f)-f (1°)| for each edge e = uv of G. The value of a y-labeling fis defined as
val(f) = Y f'(e).
ecE(G)

The maximum value of a y-labeling of G is defined as

Valgx(G) = max {val(f) : fis a y-labeling of G}:
while the minimum value of a y-labeling of G is

valyia(G) = min{val(f) : fis a y-labeling of G}.
A y-labeling of G whose value is Valyy(G) (resp. Valmax(G)) is called a y-min (resp. y-max)
labeling of G.
We determine the extremal values of ay -labeling of a cycle with a triangle. We also show a
formula for spans of y-min and y-max labelings of graphs. Furthermore, we characterize y-max
labelings of complete bipartite and complete graphs.

Keywords: y-labeling, y-min labeling, y-max labeling
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Extremal Values for a y-Labeling of Graph

Varaporn Saenpholphat ?
Department of Mathematics
Srinakharinwirot University,

Sukhumvit 23, Bangkok, 10110, Thailand
varaporn@swu.ac.th

ABSTRACT

For any graph G of order n and size m, a y-labeling of G is defined as a
one-to-one function f:V(G@) — {0,1,...,m} that induces an edge-labeling
' B(G) — {1,...,m} on G defined by

f'(uv) = |f(u) - f(v)|, for each edge wv in-E(G).
The value of f is defined by

val(f) = D f'le)-

e€E(G)

In this paper, we determine the extremal values of a <-labeling of a cycle
with a triangle. Several examples are considered. More generally, for a
nonnegative integer §, we define a y9-labeling of G as a one-to-one function f :
V(G) — {0,1,...,m+35—1,m+8} that induces an edge-labeling f': E(G) —
{1,...,m+ 8} on G defined by

If’(uv) = |f(u) — f(v)], for each edge uv in E(G).

The value of a y5-labeling f is defined by val(f) = Y.cp(q) f'(e) . We deter-
mine the extremal values of a y%-labeling of some graphs.

Key Words: Graph; cycle; 7-labeling; v3-labeling.
AMS Subject Classification: 05C78.
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Abstract
Let G be a graph of order n and size m. A y-labeling of G is a one-to-one functionf :V(G) —

{0, 1,2, ..., m} that induces a labeling f':E(G) — {1, 2, ..., m} of the edges of G defined by
f'(e)=|f (u)— f(v)| foreachedge e =uv ofG. The value ofa y-labeling f is defined as
val(f) = Zf’(e).

ecE(G)
The maximum value of a y-labeling of G is defined as

Valmax(G) = max{val(f) : fisa y-labeling of G};
while the minimum value ofa y-labeling of G is

Valnin(G) = min{val(f) :f isa y-labeling of G}.
A y-labeling of G whose value is valnin(G) (resp. valmax(G)) is called a y-min (resp. y-max)
labeling of G.
We show formula for spans of y-maxand y-min labelings of graph. We also characterize y-min
labelings of graphand y-max labelings of complete bipartite and complete graphs. Furthermore,
we determine the extremal values of ay -labeling of a cycle with a triangle.
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