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Abstract
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Introduction

Part I Julia sets and discrete dynamics of certain rational functions
and functions of class A

Topic L Julls sets and discreta dynamics of certain rational func-
tions

Let f(z) be a rational function (or an entire function) on the complex
plane C. We define the ith iterate a8 % = 1¢, f = f~'o f and f~* = (f¥)"
for i > 1. We call 5, € CU{o¢) a perlodic point of [ of period p 2 1 if
fP{s) = 2z and f'(z) # 2, 0<i<p=1 Ifp=1 wesay z is a fixed
polnt of f. Assume that 2; is & periodic point of f of period p, we say that
zy I8 an attractive periodic point of f if |(f®)'(z)] <1, wesay 3 isa
repulsive fixed polnt if |(f*){2)| > 1, and zp is an indifferent fixed
polnt if |(f*)(20)] = 1. We are interested in the family of iterates of f,
namely {f*(z)}.-, where 2 € CU {oc} (or z € C), that is we are interested in
the behavior of f*(z) for § > 1 and 2 € OU {oc}. The studies of the modern
theory of iteration of f{z) has been traced back to around 1900 when G.Julia
and P.Fatou had independently developed this branch of mathematics. The
most iImportant theory developed are mvolved with the following two sets,
Julla set J(f) and Fatou set F{[) of function f where they are defined by

F(f) = {z e CU {00} : {f*{z)};2, is & normal family in & neighborhood of 2}

J(f) = {CuU{=c}} = F(f).

From the definition it follows that J{f) is & perfect set and F(f) is an open
set. Results on the theory of iteration of rational can be found, for examples,
in [B, 10, 15-16, 20, 44, 50, 52, 60, 72]. Results on the theory of lieration of
transcendental meromorphic functions can be found in [1-6, 9, 16]. Results
on the theary of iteration of entire functions can be found In [6, 50, 56, 63,
65]. In spite of extensive studies on the theory of iteration in recent years,
there are still many interesting questions to be answered.

In this research project, we propose to do more research on theory of
iteration of rational functions and entire functions. We will now give the
literature reviews and related results. In this part, we focus on theory of
iteration of rational functions. The topics we are interested is to describe
dynamics of rational functions of certain forms. In [37], J.R-Kinney and
T.8.Pitcher studied the Julia sets of rational functions R{z) of the following
forms:
ﬂ{:}nm-z .
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creasing order. They showed that J(R) .Q R*(L) whese Iy = [mg, 2,1, 2y

and x,, are the smallest and largest real roots of R(z) — 2. They also
thﬂuppﬂ-mdhwarmﬁlnuadwm&m{ﬂ.ﬂ}] ﬂ!{ﬂ

follows:

L < dim(y(m) < LY
where m n% {R(z)} and M =
propose (o extend the study d&rﬁﬂﬁmﬁ:‘dﬂuhﬂmﬁ'm

R(z) =as— gh:_'-;: {0.1)

whaua.ﬁ.q,nﬂd;lhmlmmh&hqng-l,.ﬁ-::&ﬁ__:ﬂ.
and bye;—d¢ > 0forall 1 < ¢ < n. Note that the rational functions we propose
to study is in more genoral form that the ones studied by JR.Kinnsy snd
T.S.Pitcher, in particular, we also study the case when a = 1 ba, J.R.Kinnay
an{R},ﬁndHnmmmhm&rWMde{m
[mdm,nmmwmmmam such as
when 6 > 1, we obtaln that J(R) C [y, 7] where 2y and x,, are the smallest
and hmﬂmﬁﬂ{:}—tlﬂthlﬂmmdﬂmi
qual to zero). %MMHMMM[HJE! T, 18]
mmmmw&-mmﬂgﬂn}hmm
expect that when o > 1, R(z) restricted to J(R) Is topological conjugate to
the shift map o an n + | symbols. For the case o = 1, we have seen from
several examples we have considered that J{R) by umbounded subset of the
mnllh;,lnlhh_m;h:hbngnmdi{ﬂ]liﬂﬁjulhmuﬂ
we could not obtain the upper and lower bounds for Hausdorff dimension of
J(R). However, the main point of interest in the case a = 1 is the symbolic
dynamics of A restricted to J(R) in which we have precise ides on how to

ﬂudmﬂuﬁu-mgw.mhMMﬂ

{f(z)}. From this results, we




JdA. Measure g is v — invariant if for any messurable set A, we have
u(A) = u(r~1{A))), mpecially for one-dimensionsl trassformations. Let M
be the set of all meromorphic functions which preserve the real line B As
referred in [21], that Levin proved the following results:

Theorem A. A meromorphic function g € M if and only if

’M'AH[B’**'E (-n- n]

where ¢ = 21, A, B, C, and p,, s = +1, %2, .., mre real and B > 0,
C.}Dmdzﬁ < +00. The poles p, are numbered such that p, < p,. for

8 =1, +8 -.ﬁmmni—-&mq&mmm In [21],
P.Gora and N.Obeid studied dynamics of functions g(2) in clnes M, whers
they considered four cases as follows:

Case I: B <1 and ll fixed points of ¢ in R are repelling.

Case H: 8 < | and no fixed point of g in R is attracting and st least
one is neutral,

Cese IIl: =1

Case IV: 5> 1,

Thery have obtained results on absolutely continuous invariant measures for
transformations for 7 : R — R where r{r) = g{z), 2 € R and g € M for the
shove mentioned four cases where they used severnl previous known results
snd techniques, ses [1-5, 20-31, 45, 6], to obtain thair raslts,

Obeerve thut the rationsl functions R{z) in the form (1) we contained
in M thereftre we proposs to study absolitely continueus invariant measure
for r: R — R where r{z) = R(z), £ € B. Note that the techniques we need
to obtain our results are mot quite the smme as in [21], since for the rational
functions H(z) we knows the precise structure of J{R).

Topic I1. Discrete dyamics of functions of class A...

Suppose that M Is the interval |-1,1] or the unit circle S and [ from
M into itself is & C' map, Wiqfhmmdmuphhnﬂhﬂ“*‘ﬂ
the derivative /' of f is a-Halder continunus and for every point o
of /, there is & small neighborhood Uy of ¢ such that r{z) = 7 8o
Halder contimious on {z < g} NI and on {z > g} N4 WH
class '+ are extensively stuidied for exnmple in [32-35], 1o all these papers
the authors show distortation estimates for the family of mappings under
consideration and they are crucial in the understanding of the dynamical
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properties of these mappings. These distortion estimates is closely reiated 1o
the A, condition we will define below. Again, let M be either & unit dircle
of an interval (or mare genernlly o l-dimensional menifold). A messure u is
sald to be in A, if there are constants ¢ > 0 and & € [0, 1] 50 that

iy

s <<() o
for every messurahle subset E of an interval | C M, where | E| ia the Lebesgue
messurahle of the set E. We sbbreviate this with u € A(c §).

Consider an endomorphism | M — M, the image [, of & tmeasure u
under f is defined by

[l E) = u(f~Y(E)) for every messurshle st £ C M.

Definition L An Endomorphism f: M — M is colled A, mapping if the
" —images of the Lebesgue measure dr are uniformly tn Ay, ie., there i
e >0 ond & € (0,1] s0 that (/™).dz € Aslc,8) for every n e N.

Observe that such & mapping s absalutely continuous with respect to the
Lebeague measure. 11 we write (/™).dz = w, dz, then (if f is differentiable)

the density is 1
Wiz} = I——ﬂ-]e., zeM.

We call & point c € M singular if cither f hoa no derivative at cor f(c) =0
and otherwise regular. ﬁHWﬂhﬂ;P{:EH c singular}. We
propose to study first the following probien:

Problem 1 Establish slemeutnry properties such sa the periodic polnts
of A mappings,

As we mentioned, €+ mappings are extensively studied in the literature
where thie authors have all establishied distortion results for the class of map-
pings they consider. For example, Shub snd Sullivan considered expanding
C'** circle endormorphisms. Lemma 1 of [62] says that there is & constant
nbﬂmﬂtﬂﬁf:ﬂhmmﬂﬁhmmmfﬁm

*: = ) ﬁ}.l«:a.ﬁrnmr a2 pel

The estimated term is usually referred to be the distortion and this control
of the distortion should be compared with the Koebe § Theorem of analytic

c




fdA. Measure u is T — invariant if for any messurable set A, we have
#(A) = u{r~(A))), especially for one-dimensional transformations. Let M
be the set of all meromorphic functions which preserve the real llne R. As
referred in [21], that Levin proved the following results:

Thecrem A. A meromorphic function g € M if snd only if

e Cy ! 1
olz) =A+e [H:-T gc, (f—ﬁ_lrﬁ)]

where ¢ = +1, A, B, C, and p,, 8 = &1, 42, .. are real and B > 0,
C. 2 0and I & < 400, The pales p, are numbered such that p, < p,.q for

a =1, £2, ... We sssume that st Jeast one O, is different from 0. In [21],
P.Gora and N.Obeid studied dynamics of functions g(z) in class M, where
they considered four coses as follows:

Case I: 8 < | and all fixed points of g in R are

Case II: B < | and no fixed point of g in R i sttracting and st least
one is neutral.

Case IIl: B= L

Case IV: B> L
They have cbtained resulia on absolutely continuons inveriant measnres for
transformations for v : R — R where r(z) = (), 2 € R and g € M for the
and techniques, see [1-5, 20-31, 45, 86], to obtain their reslts,

Obeerve that the rational functions R{z) in the form (1) are contained
in M therefore we propose to study absolutely continuous invariant measure
for 7 . R — R where r{z) = R(z), € R. Note that the techniques we need
to obtain our results are not quite the same &8 in [21], gince for the rational
functions R(z) we knows the precise structure of J(R).

Topic I1. Discrete dyamics of functions of class A,..

Suppose that M is the interval |-1,1] or the unii circle §' and f from
M into itself is & C" map. We say f I8 an endomorphinm of class %= if
the derivative [’ of [ Is o-HiSlder continuous and for svery critical point o
uff.thmaﬂumﬂlﬂglﬂ:mhmdm:iqmthﬂr[ﬂ-ﬁ“’qin-
Htlder continuous on {x < q}NLj and om (= > &} NL;, Endomorphisms of
class C'™ are extensively studied for example in [32-35]. In all these papars
the nuthors show distortation estimates for the fumily of mappings under
consideration and they are crucial in the understanding of the dynamical




mﬂaﬂthmmm,ﬂmdimﬁmﬁthmm
the A, condition we will define beiow. Ammrdhnﬂth:wtm
or an interval {mmmﬂyalﬁww&.ﬁm.ﬂh
nﬂmhinﬂﬂﬂﬂmmmmmc}ﬂmdﬁefﬂ,l]nm

v << ({) 02

Definition 1 Anﬂhdwmhmf:uqﬂﬁndﬁahnw' if the
f* = images afm!m“mﬁmmmﬁhﬂﬁit.ﬂﬁiﬁ
e>0and & € (0,1] so that (") odz € Axle b) for every ne N,

Observe that such & mapping is absolutely cantimous with respect to the
Lebesgue measure. If we write (" )odr =ty iz, Chiem (i f is differentinble)

the density is |
W'nf.::,] =P§“ H-rn?(r y EEM.

“&m.!lhpnintceM:ingtdnrifeithmfhl-mﬂﬁhﬂuﬂ'iwffﬂ}nﬂ
and otherwise regular, The singular set is Cy 1= {e€ M : csingular}. We
mmmudyﬂ;mtthufﬂﬂmmgrwhhmr

Problem 1mmmmlmmuhmm
of A, mappings. _

As we mentioned, G'“mpﬂnpmmw-h the literatire
wﬁu:ﬂmuuthmhamnﬂeﬂnhﬁuhaddhhﬂnn'mhﬁﬂhﬂﬂ—utm
pings they consider. For example, Shub and van considered axpa
G gircle endormorphisms, Lenuma 1 of (62] says that there is & constant
g}ﬂlu:-hthn.tIHES'{un.nhumm‘rhmtum'mfﬂm

(/") (=)
(fY(w)
. The estlmated term is usually referred to be the distortion and this control
- of the distortion should be compared with the Koebe 4 Theorem of analytic
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functionns, From this it is easy to see that such a mapping is in fact an
A mapping. We thus are led to the bllowing problem:

Problem 2 Give examples (If possible s description) of the smooth (for
mpﬁﬂ’“}mnpﬁnpmntmdm.hmmmm&mm
C'*®  mappings of [32-35] are A,. Note that these contain the
considered by Misiurewicz [46] and those of Jakobson [31]. What about
the geometrically finite mappings in [31, 35]. Find more examples of Ae
mAppings.

We now focus on the absolutely continuous invariant messures. For the
clags of mappings he considered, Misiurewicz [45] gave & precise answer o
the following question (see also [32-35]):

Problem 3 Show that an A, mapping has slways an absolutely con-
tinuous invariant messure. How many such aheohitely continsous invariant
measures do exist?

Part Il Invariant properties of Mibius transformation

This part of our proposal is motivated by a serie of papers written by
H.Haruki and T.M.Rassias on Invarisnt characteristic property of Mobius
transformations, (24-28]. Recall that & meromorphic functions on € s called
a Mobius transformation if f{z) = &% where a, b, ¢, and d are comples
numbers satisfying ad — be # 0. The set of all Mabius transformations under
the ususl composition of function is & group which is of particular interest
when we consider some of its subgroups, for example, subgroup of all Mobius
transformations which satisfy ad — b = 1, see (13, 36, 47]. From now on we
let w = f(z) be & nonconstant meromorphic function on C. Consider the
following properties:
Property A. w = f(z) tronsforms circles in the z — plane onto circles in
the w — plane, including stroight lines among cireles.
Property B. Suppose that w = f(z) is analytic and univalent in a nonempty
simply conmected domain R on the : — plane. Let ABCD be an arbitrary
quadrilaterni{not self-intersecting) confained m R. If we set A' = f(A),
B' = f(B), €' = f(C), P = f(D) and if AB'C'D' is a quadrilateral on
the w — plane which is not self-intersecting, then

CA+ < C=<c A4 <

ened

<B+ecD=<B 4D




hoid,
Definition 1. Let AABC be an arbiirary trinngle and L & point on the
complex plane, %dﬂﬁu‘tﬂh}fﬂtm.ﬁ=m,cﬂﬁ,:=nly=m

7=CL. If az = by = cz holds, then L is said to be an Apollonius point of
AABC,

Definition 2. Mﬂﬂﬂhmwhmm%ddlmﬂtmw
simple) on the complex plane. If AB. D = BC - AD holds, then ABCD is
said to be an Apollonius guadrilufernl

1Nnt& that, from Definition 1, any triangle can have at most two Apollonios

point.
Property C. Suppose that w = [{2) is analytic and univalent in o nonemply
domain R of the z-plane. Let AABC be an arbitrary triangle contained in
R and let its Apollonius pomnt L be a point of R. If we set A' = [(A),
B'= f(B), €' = f(C), I' = {(L) and if the three different poinis &', B,
form a triangle, (i.e. A, B', C" are not collinear), then the point L' is also
an Apellenius point of AA'BCY.
Property D. Suppose that w = f(z) is analytic and wnivalent in a nonempty
domain R of the t-plane. Let ABCD be an ariitrary Apollonius quadrilateral
contained m R. If we set A' = f(A), B' = f(B), C' = }{(C), D = }(D),
then A'B'C'LY is alno an Apollonius quadrilateral on the w-plane.

The following result about invariant property of Mhius transfornstions
iz well-kmown:
Theorem A [36, 47] The function w = [(x) satisfies Property A if and only
f w=f(z) 15 a Mabius transformation,

Later H.Haruld and T.M. Rassias proved the following results on invariant
property of Mobius transformations:
Theorem B [25] The function w = f(z) satisfies Property B if and only if
w = f{z) is o Mdbius transformation.
Theorem C [26] The function w = f(z) satisfies Property C f and only §f
w= f(z} t¢ a Mabius transformation,
Theorem D (27| The function w = f(z) satiafies Property D if and only if
w= f(z) 15 o Mibius transformation
Definition 3 The Schwarzian derivative of a function f, Sy is defined by

_ ") 3 ey
S =3 ﬂ(?ﬁ)

The following result is well-known [47]:




Theorem 1 Let [ be o comples-valued function. Then S;(z) = 0 for all =
such that ['(z) # 0 if and only if f is a Mébius transformation.

The key ingredients in the proof of the sbove Thearems are known, such
as the Maximum Modulus Principle of analytic functions, the Reflsction
Principle of analytic functions, and some well-known lemmas. The strategies
!nnuthﬂrmlﬂtaahcwuetunhﬂwahuifw=f{:]mhﬂme&ﬂmr?rmty
B, C, or D, then w = f(z) has sero Schwarzian derivative in & and henee In
C (by the Identity Theorem) and hence it must be a Mobius transformation.
However, as we Inspect the proof of these results carefully, we see that we
can proof these results by using one of the most important properties of
Mbbius transformations, namely the invariance of cross ratio ( recall that
the cross ratio of four distinct polnts 2, 23, 23, 2 € CU {20} is definsd to
be H-5.8-4), Moreover, we are ahle to extend some definitions and results
of H.Haruld and T.M Rassiss, for example, we have the following:
Definition 4. Let k| > 0. Let AABC be an arbitrary triangle and L
& point an the complex We dencte by a = BC, b = AC, ¢ = AB,
r=AL y=FL, z =TL. If ax = kiby) = }{cz) holds, then L is said to be
an (k, {)- Apolionius point of AABC.

Definition 5. Let k > 0. A quadrilateral ABCD is called a k — Apollonius
quadrilateral if AB-CD = kBC - AD.

By using the invariance of cross ratio under Mobius transformations, we
have obtained the following results which generalise Theorem B, C, and D
above:

Property C'. Suppose that w = f(z) 5 analytic and univalent in a non-
empty domain R of the z-plane. Let k1 > 0. Let AABC be an arbitrary
trigngle contained in R and let its (k,1)-Apollonius point L be a point of
R. If we set A'= f(A), B'= f(B), €' = f(C), L' = f(L) and if the three
different points A', B!, C" form a triangle, (ie. A', B, C" are not collinear),
then the point L' is also a (k, [}-Apollonius point of AA'B'C,
Property D'. Suppose that w = f(z) is analytic and univalent in g non-
empty domain R of the z-plane. Let ABCD be an arbitrary k-Apollanius
quadrilateral contained in R. If we sei A' = f(A), B' = f(B), €' = [(C),
D' = f(D), then AB'C'D' is also a k-Apolionivs quadrilateral on the w-
plane.

Theorem C', The function w = f{z) satisfies Property C" if and only if
w = f(z) & o Mdbius tranaformation.

Theorem D'. The funclion w = [(z) satisfies Property D' if and only if
w= f(z) is o Mdbius brunaformation




Moreover, we obtain & new result similar to Theorem 1 a8 follows:
Theorem 1'. Let f be a meromorphic on the plane. Define the Newton
derivative, Ny of a function f as Ny(z) = z — fi5. Then Ny(z) = 0 for
all = such that ['(z) % 0 {f and endy of [ is o Mébius transformation of the
form flz) = 2=, u#0.

Motivated by the previously known results we have mentioned and new
results we have obtained, we propose to study the following problems;

Problem L From Theorem 1', we propose to study (find) new invarianee
properties of Mobius transformations which have Newton derivative squal to
zero. For examples, we propose to study Properties B, C, D, ¥, and D' for
this class of Mobius transformations. (Currently, we have already submitted
one paper related to Problem 1 to Journal of Mathematical Analysis and
Applications which are now being referead),

Problem IL. Continue from Problem I, we will study some new invasiant
properties of general MObius transformations. Ome poesible direction is to
consider hexagonal instead of quadrilateral in THeorem D and IV shove in
which we hove some precise idea of how to attack this problem.

Problem IIL In [46, 48-49], it was shown that if an analytic function f
in the unit disk D(0,1) = {z : |z] < 1} satisfies the following inequality

2
Splz)l =
|Splz) m
for all £ € D(0,1) then £ is univalent in D(0, 1) where the constant 2 is best
possible. It is routine to check that if f is univalent in D(0, 1) then [ satisfies
the following inequality

i}
5
|Sy(z)] < m

for all z € D(0,1) where again the constant 8 is best possible. The sbove
result was generalized in [17] where it was shown that if an analytic function
f in the unit disk D(0, 1) satisfies the following inequality

f"(z) c
|.f'f£:r P

for all z € D(0,1) and for sufficiently small constant C then [ s univalent in
{0, 1) and it was als shown that C can be taken to be 2(+/5—2) or smallesr,

10




Several authors have then tried (o Incresse the value of C, see [17-18, 48],
From these results, we propose to find necessary and sufficlent conditions for
un analytic function in D{0,1) to be univalent by considering the modulus
of Newton derivative, |Ny| instead of [Sy| or [£8|. Our results will be
certainly new and can be spplied to obtain some new criterion for univalencs
of analytic functions in D(0, 1), As of present, we have obtalned a necessary
condition already,
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L Introdurtion. Throoghout this paper, we & w = Fl2) be 3 mmconstent mero-
morphic luncilon in C unless otherwise stated.
We conslder the fallowing proporiles,

ProrFERTY 1.1, W = fiz) ransforms circles in the z-plane onto circles tn the w
plane, Inchiding siralght lines among circles.

PROPERTY 1.2. Suppose that w = fiz) Is analytic and univalent In & ponempry
stmply connected dmmain @ on the z-plane. Lot ABCD be an srbitrary quadrilateral
(not sell-intersecting) contained In W, If we set A' = FLA), B = FIB), C' = FIC), D" =
SUD) and If A'8°C°DF is & quadrilaters) on the w-plane witich s not self-nmersecting,
then the lollowing hald

P a Y A LB 2D = AR & LAY, (.1

The following iz a well-known principle of circle transformanion of Mibius transfor-
mations.

TaEorEs 1.3, w = Fizd sofivle: Property LI iF amd only i w = flz) iva Mébhis
fransformations.

In [1L 1t is shown that Property 1.1 lmplies Property 1.2 and & new imvariant charsc-
terintic property of Mibhs trensformations 18 ghven ax follows,

TueoREM 1.4. Let x be an grbitrary fixed real mimber such that 0 < o< 20, Sup-
pose that w = [z} is anabetic and univalont tna nenempty simply conmacted domain
onthe z-plane. Lot ABCD be an arbitrary quadrilateral fnot sslf ntersecting) contatred
in R satisfying

LA+ 20 = | 4]

IFA" = fiA) B = FIB). C" = FIC), I = FID) Is @ quadrifatéral ov the w-plane which
iz not self-intersecting, then the ondy flinction which sahisfizs

Fr S | (L1
ix @ Mdbius tramnsforrmmtion,
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Theorem 1.4 ghves an alternative prool of *the ooly If part™ of Theorem 1.3, Mod-
vated by the above results. we consider the following nroperry,

PRoOFERTY 1.5. Let k be an arbitrary postiive resl mismber. For thice arhitrary diz-
it points a, k, and ¢ in B satisfving

Sh =k, i1.4)

|.ﬂnn Jib) fie) _y 1S

Fle)r=FibY ~ fia)
In Sectian 3, we prove the following result concerning the mapping property of an
amatytic snd urivalent function on & connected domnin,

THEoREM LB, Let k be an arbitrary poriifve real numiber, Letw = fiz) be anlyiic
ard univalent in a nonempiy connected dormain & an the z-plane mich that fiz) =0
for all 2 £ B Then f satisfles Property 1.5 if and only if f Iv @ Mdbsiug framformanion
of the formu/iz+v),uag,

2. Lemmmas

DeFmrmion L1, Let f be a complex-valoed function The Schwarzian derivative of
F is defined as lollows:

et 1 ,.""‘[:I l.'l .
$piz = Lt [Lﬁﬂ 2.1}
Simitar 1o Schwarzinn derivative, we hinve the following,

Dermermeow 2.2 Let £ be a complex-valued function, we define the Newton dierfve
rfve of f a3 fallows:

Flery _ flaif iz
Friz) (Flay’
REMARK 2.3. Note that Nyiz) is the first derivative of Newron's method of .

Resiank 24. Let [ be o complex-valued function. It s well known that Stz = 0
tf and only I f Is & Mobius rranslormation

From Remark 2.4, we have observed that a similar resitlt holds trae when we replace
Schwarzian derfvative by the Newton derivative

Lusesea 25, Lei f be a complex-wileed fenction. Then Ngtz) =2 if and only if f is
er Misius trangformation of (he farmufiz+v), w =0,

Proor. Let [ be s Mobius transformation of the form w/{z +v), u = 0, then if =
easily cheched that Np(z) = 2 Let f bea complex-valued function such that Ny (z) =
It Tollows that

Mriz)=z—

2.2

{“%ﬁi} =2 23)
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which implies thay
Jizd

I—m"h—fh 2.4
where ©) |5 & complex constant, thus
(2}
r":} = —F+ 115}
or
| :I'_H.ﬂ_ 1
Tz} d= —Z+ 0y e
From which it follows by a simple calculation that f bs & Mablus transformanion of
the form w/{z+v), w =10, i

3. Main result. In this section, we sssume that w = fiz] (= analytic and onivalen
on a nonempty connected domaln R on the z-plane such that fiz) «0forall ze R

PROOF OF THEONEM 1B, Let {2} be g Mdbius transformation of the form uilz+el,
w0, Leta, b, and ¢ be arhitrary three distinet points in R such that

=y
oy k )
We observe that
a-k
ey > 32

I8 the cross-ratio of a, b, ¢, and d, where d s the poimi st infinity, Since f{z) =
uftz+v) we 0 we have fid) = 0. Since Moblus transformations preserve the cross-
ratho, we ohitain

flal-sib) fic)

= b
Fic)—Fib)  fla) " ek 33

which implies that

Jal-f 01 fe)) | (a-b)
Flci=fiky [fla) c—b i
Therefore, any Mibios transfermation of the form w/iz + v}, u = 0 satisfies Prop
ey LA,
Comversely, ket x be an arbitrary fixed polm in R Then theres exists o positive real
mizmber v such that the r circular neighborhood Ny lx) ol x 18 contalned in .

Throughout the proof let A = x +ky, B =x, C = x -y, Slce R b5 3 nonempty
connicted domain on the z-plane, there extsrs & positive real number s such that if

3.4}

0 < |¥| = f, (1.5

then A, B, andd C are contained in N, (x).
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Since w = f{2) s ondvalend o B, FlA) = Flr s ky), FIB) = fix), ond f(C) =
Sz — 3 are digrincy polnts, By assumpiion, we bave

Fix+ky)-fix) fix=y)

Tie—vi—fix) fixvkyil =X (3.6}
forall y suchthat D < fy] <.
Let
_ Jlxaky) - fix)  fle-y)
s Fix-yi=fixi fix+ky) (3.7}
Then
thiy)| =k (3.8

for all ¥ such that O < [w| < =, The luncibon hiy) extends analytcally st #ero by
hil) = =k Fence, by the maximioen modulus princple, we have hiyv) = =& fiw all ¥
with | ¥| < 5. In other words, we have

Six+ky)—Fix) [fix—¥]

Fir—yi—fid) fixeky] =% il
i 3| < 5. This equality implies that
(Fie+ky)— Sl fix— ¥h=—k{fix -]} - fix))fix « ky), 310
Differentiate this equality twice with respect to ¥ and then set y = 0, we obtain
~kik+ L0 (x1) - Flei S ix)) =0 {211}
which implies thai
20 ) - Flx) fUIx) w0 {3:12)
oy
%Eﬁ—'-z. EREN
By the identity theorem angd Lemma 2.5, we conclude that § ks a Mbbins transfonmation
of the form s/f{z+ @), 0+ 0, (a ]
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1. INTRODUCTION

Throughout the papes, unlcss otherwine stated, let w = f{z) be a non-
constant meromorphic function on the complex plans C. It is well known
that for w=f{r) to be a Mobiw transiormation, # i necessary and
sufficient that w = f{z) satisfies the following Propery A:

Property A. w = fiz} maps circles in the z-planc onto circles in the
w-plane, inclucling straight lines among cirdes.

The following are some definitions and mapping properties which were
Introduced in [5-7),

DerFmamion 1.1, Let a ABC be an arblirary triangle and L & point on
C Wedenote g =BC, b=AC, c= AR s = AL, y=8L, : =TL. |f
ax = by = cz holds, then | is sald 1o be an Apollonius point of 4 ABC.

Dervmon 12, Lot ABCD be an arbitrary quadrilaieral (not nocessar-
ily simple) on C. If A¥ - T0= BC - T4 holds, then ABCD is said to be an
Apollonius quadrilatersl.

Propersy B. Suppose that w =j{z) b snalytic and umivalent in a
nonempty simply connected domain R on the z-plape, Let ABCD be an
arbitrary gquadrilateral (not self-intersecting) contained n R, I we set
A =flA) F=8),C=C) D=fD)and if £BCL Is a quadr-

OO2E- 2T 00 B35 I
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hhrﬂmmmﬂmﬂuhhmmm
LAY LC=L A4+ LT
and

_ LB+ LD= LB+ LD
hodd.
Property C. Sqmﬂntr-ﬁ:}hﬂlrﬂﬂudunmhmln
nonempty domain K of the 2-plme. Let nmhnﬂﬂnuy
mhﬂmhmmﬁul pul.ﬂ:l.ﬂl!w:
A =flA), B =f(B), C =fC), E =fL) and If the three different
points A, &', C* form & trisngle (Le., A', B, C" are not collinear), then the
point L is also an Apollonius point of a AB'C.

Froperty D. Su?:ﬂuml w-ﬁihﬂlﬂhﬂumm in u
domain z-plane, ABCD be an arbitrary Apolioni
contained in R. If we set 4 = f(A), & = fLB), C = f(C),
¥ = (D), then A'B'C'D is ulso am Apofionivs quadrilateral.

Recently, in [5-7) Horuld and Rassins gave several new characteristics of
Mobius transformations from the standpoint of cooformal mapping and
slementary geometry. The following ars the resulis they chimined:

THEOREM A [5]. The function w = f{z} satigfies Property B iff w = flz)
i a Mobiuy trengformation.

Tueoresm B (6] The function w = f(2) satitfies Property C if w = flc)
b a Mobi frangforraion.

TueoResm C [T} The function w = f(z) satigfier Property D iff w = f{z}
iy a Mobiuw ronsformation.

These results are interesting in the semse that they flovtrated some
connections between geametric properties and analytic properties of ana-
lytic univalent mappings. The proof of the “only i part of these resulis
requires some known results from geometry together with the following
kcy lemmas which are also well known:

E.

A

Lema 13 If the funciion w = [{z)} @ amalyic and univalent in 2
nonermpty domain R, then {2} # 0 in R,
Lemma 1.4, If flz) and plz) are ansheiec functions in «

ROREMHY
domain R and f{z}glz) # 0 in R and also argl f(z)) = arglgi =) holds in R,
then f(z) = Kg(z) in R where K is a positive mal consiams.

Lanmas 1.5, Lﬂwnﬂ:}hﬂkmﬂ.?}-w- ) i
Mobius transformation i§ff 5.(z) =0 for IEE-{::ff:}-ﬁf-:u:
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Sylz) = () /P2 = O/ CIANP which is called the Schwarzian
deripative of fiz). )

anhﬂnﬁmﬂ-mmm:llhﬂmm]um

Dermdmon 1.6, Let f(z) be a furiction on C. We define the Newton
derivative of f{z) as the ﬂutdnhﬂtdhmmu{f[ﬂ.lu
other wards, we define the Newton's derivative of f{z) m

[ _ K _ 9t
¥it=) (’ &) " ey

Thmlnpumndﬂﬂlmimmm.'uﬂ.ﬂmd
to prove the obtained resuits by means of the invariance of coss-ratio of
MWMHEnEUHMt.%MWﬂ
will also give some new mvarian chamcteristic properties of Mabius
transformations. In particular, we will charmcterize MBhius transforms-
tions which hﬁHﬂmd:quImzhlﬂddhﬂqm
Schwarzian derivative.

2. MAIN RESULTS

First, we give another proof of Theorem A by mexm of the invariance of
cross-ratio of four distinct points ap € = C U {s) under 5 Mabius trans-
formation.

Froof of Theorem A, Suppose that w = f{z) s & Mabius transforma-
tion and et ABCD be an arbitrary quadrilateral in K. Then we obtain

A—D
cATITTS
End
C-8
Lf-q{c—_—i
which implies that

c A—D Cc-8 (.-I-—ﬂ c-l)
ca+ecmml75) s mleTg) ~m{i5-555)

Sinez §=Ff - =4 Is the cross-rmiio of four distinct points A4, D, C, snd B,
we obtain

f(4) -1(D) fIC)-f(B) A-D c-B
A1 =FiB) [C)-/(D) " 4-8 -
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ﬁrmummmhaummur
fA) = f(D) f(C) - 1(B)

fia) -7(B) f(C)~-J(D)

A-D C-8

A-B C- n]

- LA+ LC

which implies that w = f(r]} satisfies Property B. The other direction of
the proof is the same as in [5]

We now gencralize Definitions L1 and 1.2 as follows:

Dermrmon 21. Let & ABC be an arbitrary triangle and L a on
C Wedenote a=8C, bw dC, c=AF, x=AL, y= 0L, :%H
ax = k{by) = Ncz) holds where k, [ > 0, then L is said 10 be a (&, -Apol-
lonivs point of & ABC.

Dervmon 22, Lt ABCD be an arbitrary quadrilateral (not necessar-

ily simpie) on C. [f AB - TD= k(BT + DA) holds, then ABCD i sald to be
a k-Apallonius quadrilatersl

Remark L1. W L i & (k,[-Apoiloniis point of & ABC, then the
cuadrilateral BCAL is & k-Apollonlus quaddlateral and the quadrilateral
BCLA s an [-Apolionius quadrilateral. where the sense of any four paints
is counterclockwise.

.n"_d"+:’_ﬂ"-q(

o

Consider the following properties:

Froperty . Suppose that w = {z) |s aoalytic and univalent in a
nonempty domain B of the = Let & ABC be an

containgd in R and let im (k, point L be a point of K. 1f we
sel A = flA) 8 = f(B), C =fC), L =f(L), and if the three different

A, F.C lorm a triangle, (Le, A', B, C* are not collinear), then the
poini L' i alio a Uk, [-Apolionios point of 4 A'B'C.

Propeny D', Supposs that w=J1z) s analytic and onivalem in a
nonempty domain R of the r-plane. Let ABCD be an arbitrary k-Apol-
hmhlqulﬂrlmllnmdudh R. U we set A =f{d), B =fB),

€' =f(C), I = f{D), then AB'C'D is alao a (&, -Apollonius quadrilnt-
eral

The “i" parts of the following resulis can be proved using the same
technique as in the proof of Theorem A above. The “only i™ parts can be
proved similarly as in [6, 7]




—— e e =]

MimUS TRAMSFORMATIONS 207
THEOKEM 2.3, The function w = f(z) satisfles Property C iff w = (1) i
o Mobiur trengformation :
THEOREM 24.  The function w = f{z) satisfies Property I iff w = f(z) ix
a Mdbivs transformation,
We now state
Property E. Let w = f(z) be snniytic snd univalent in &

Hmﬁnﬂnnﬂus-ihu.l.un-ﬂm:htl.b.f.mdn‘h:ﬁ:m
distinct pointa in R such that

a=b e=-d a-d ec-b
“(I-i‘iﬁ-l*l—‘b.t-i]““
Then we have

fla) /(8 fle) =1(d) | fi8)=f(d) f(e) A

fla) —f(d) fe)=F(B) ~ fio) =F(B) [Fic)-/id) '

Then we have

fla) - ftb) fl<) =1id) b fla) =fid) Jie) —11b) .
@) =1 fe)-A®)  fla)~1(B) fle)=ridy)| =™
We now give some more invarinal charcterintics of Mibius transforma-
tions & follows,

THEOREM 2.5, Idir-_ﬂ:,lhﬂln}#ﬂﬂmﬂhﬂmnmr
mnmﬁm.mﬂw-ﬁ:}mﬂahWE{aﬂw
w =flz} ir a Mobius ransformation.

Froof. The “if” pan follows as in the proafl of the "i™ part of Theorem
A We now proceed to prove the “only if” part. Since w = flz) is analytic
and univalent in the domain R, we have f'(z) 0 in B If 2 s an
arbitrary fized point in R, then we obizin f*(x) = 0. Let £ be the point
represented by «. Since E < R, there exists & positive real number « such
that the r circular neighborhood of £ i contmined in R. Throughout the
proof et ABCD denote an srbitoury rhombus in R with cemter m £
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where A, B, C, pnd D are points. Here the sense of A, 8, C, and
D b counterclociowise. ABCD ig 3 rhombus coninined in K, we can

rup:ﬂn..-tlfnﬂﬂl complex nmmibers
+y, =z+iky, -y iy,

respectively for some positive real oumber k. Withowt losz of generality,
-lmnmlhnl':-i-lrﬁ Since R is & nonsmpty domain R on the
z-plane, there exists s nooxero real pumber s such thet 5 <r and i
0 <yl < s then ABCD ls contained in R. Since w = f(z) ia univalent in

R, flA) = flx +y), f(B)=flz+dy), AC)=flx~y), fD)=fle—

iky) are distinct points. By assumption, we have
flz+y) ~flz+i) flx=y) =flz—
flz+p) —flz—iky) flz=y)—flx+iky)
ﬂi*:-'] =flx~ily) f(z=y)=[(2+iy)
Ty fGar®) =) =z - )

=}

= arg(l)
(2.1)
for all y smch thet 0 < [y| < 1.
Since r € R Is arbitmarily fixed, we can sei
M) = fl=+3) —Na+iy) Ra—y)—flz—iky)
fz+y) =Nx=Ty) flz=y)-fl=+iky)
H:r+.'-r.'l =flx=iky) flx=y)-flx+iky)

ﬂ""!‘] —fix+iy) flx—y)-flz-i) (2.2
By (2.1} and (2.2) we obizin
arg{ A ¥)) = arg(1) (2.3)

for all ¥ such that 0 < [y| < 2. Nowwe prove that f{y) is sanalytic st y = 0
and that (2.3} still bolds st y = 0. To this end we apply Riemann's
Theovem on removeble singularities As y =+ [, by L'Hopital's Rule, we

obtain that
14+ 21— 6k% + k)
htr}—-[l nt] [1 ey - (24)
If we define
21 - 6E* + &%)
T )
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by (2.4), by Riemann's Theorem on removable singularities, the

My) ls analytic st y = 0, Forthermore, (23) sill holds at y=ill. The
function hly) ks analytic in [y| < s. By (2.2) sad the fact that w = f(z) is
univalent in R, we obtzin that A(y) # 0 in |y < 5. Hence by Lemma 1.4
we have '

My} =K {28)
in Iﬂﬂl.mthnpmunmumm&uh; =0 in (26) and
uning (2.5), it yields

A1+ 6% + &%)
= =K.
(1+&%)
By (1.7) sad (2.6) we ohtain

M y)

(27)

1 - 6k% + &Yy
(n+ &4’

(2.8)

In |yl < 2.
Substituting (2.2) into (26) and removing the denominutor in the resuli-
ing equality it follows that

Uz +y) ==+ iy ) f{ 2 — v} = f(= - y))’
+(fx+y) = flx =iy} (Hz—y) = f{x+ iky))*
_ A1 -6k 4+ k) N
YT, (Fz+p)—fix+iky))
XSz —p) —flx=iy))( f(x+y) = [ 5 —iky))
X(flz—y) —flz+iby)) (2.9)
in [y| < 2
Using Lebnitz’s Rale for differentiation, differsntinte six times hatl
sicies of (2.7) with reapect 10 y; setting v = 0 yields
= 192003 —1 + ) F(0 (=3 () + 2 (%) ["{x)) = 0.
(2.10)

Since & is a positive resl mumber which is greater than 1 + v2, we have
k*(=1 + k%) # 0. Hence by (2.8) we obtain f*{x)/"(2} — 3(f*(x)* =0,
MIEHHMMHMT#HEIM!M:.MH!
(2) we have ["(z)f'(z} — §(f*(2)F = 0 in R. By the Jdentity Theorsm

the sbove equality holds in C. Hence,
(1) _g(rtzm T
fley 21 1(2)
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holds for all r sstisfying [*(z) » 0. Thun, the Schwarzinn decivative of [

vanishes for all z satisfying () » 0. Therefore, by Lemma 1.5, fiz) is s
Miobius transformation of = ]

We now give some invariant properties for Mbius transformations
which have Newton derivative equal to 2. First, we state the following

Property G. Suppose thut w = f{z) i analytlc and univalenmt in »
nonempty simply connected domsin R on the s-plans. Let o be mn
fized real number such that a & (0, r). For three arbitrary

distinet polnts &, b, and ¢ in R satisfying

(=)
b P Y Rt

ﬂ-l -J(8) fle)) _
fie) —1(B) I(a)

For Mohios temsformations which have Newton derivative equal o
we have the following result:

Lemta 26 Let f be a compler-uaiued fimction. Then N/(z) = 2 for all
s C={z:f(z)=0] §f f iz o« Mobius trantformation of the form 2.
w0,

Proof, Let [ be a MBbius tramsformstion of the form 3=, ;
it is easily chocked that Ny(z) = 2 Let f be a complex-valued function
such that Nz} = 2. 1t follows tha

ft2) Y

T Tl
which implies that
AP
Fiz “
where ¢, is a complex constent,
}F'I[:'; -—I+I1_
ar
1 dfiz) i
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It follows by & aulcubition that f is a Mdbius transformation of
the form = w0 | ‘

We are now resdy to prove the following

Thsorem 1.7, Latw = f{z) be analytic and univalent in a nonempiy
conmecied domain R on the z-plone. Then [ satisfier Property G §f [ is a
Mobiur rransforrmation of the form 2=, 5 » 0,

Proof. Let flz) be a MBbius transformstion of the form -5, u =+ 0.
Let a, b, and ¢ be arbitrary three distinct points in R such that

l22)-
ror et
a—b
e—b
is the cross-rato of a, b, ¢, and J where d ks the point st infinity. Since
Mz} =2, u 0, we have fld) = 0. Since Mobius transformations pre-
#erve the cross-rafin, we obiain
fla) ~f(b) e} _a-b
fle) =f(8) fla) c-b
which implies thas
fa) ~f(¥) fle)) _ )

p VOO ) e—b) "%
Therefore, any Mibios cansformation of the form 2, y + 0 satisfles
Property G. Conversely, lel & be an wbitmry real number soch that
a € (0, w) = [§). Let x be an arbitrary fixed point in R; then we obtain
Flz) = 0. Since r € R, there exista & positive real number r such that the
r circular neighborhood of x is contained in R. Throughout the proofl let
ABC denote en arbitrary isosceles triangle in R with center at 1 where A,
B, and C are distinet points. Here the sense of A, B, and C are
counterclockwise, Since ABC is an Bosceles tringle contnined in R, we
can ropresent A, 8, and © by comples numbers

s+ay, x+y, x+bhy,
respectively where @ = (= 1,/2 = (/F /), b = (=172 + (Y3 /D), &
> (), and y is someo nonzero complex mamber. Without loss of generality,
we let

We observe thai

r‘:ﬂ'l—nn}
g l+cose
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flA) = flx + ay), f(B)=f(z +y), and fC)=flz +by) sre distinet
poinis, By assumpiion, we have

flx+ar) ~flx+y) Fx+dy)) _
fx+®)—flz+y) flz+m)) "

= arglexp{ia)) (2.11)
ﬁurlnjm:hmnﬂ{lﬂ-cm.ﬁm:ElhuHﬁ:ﬂigmnmm

flx+ay) =flz+y) flz+b)

|

R Ty e iy e S
By (2.11) and (2.12) we obtain
arg( h(y)) = arglasp{ia)) (2.13)

for all y such that 0 < |y| < 5. Similar to the proof of Theorem 2.5, hy)is
analytic at y = 0 if we define

23k
MOy =1 + i:Tfl. (21.14)

Hence, il y) is analytic in |y} < 5. Farthermore, it 1s routitie to check that
wrg(h(0)) = a. By (2.12) and the fact that w = f{2) i univalent in R, we
obtuin that Ay) = 0 in [y| < 1. Heace by Lammn 1.4 we have

h(y) = K exp{ia) (2.15)

in |y| < 2, whese K Is a positive real constant. Setting y = 0 in (2.14) and
using {2.13), it yiclds

1+ gﬁ-:mﬁn}. (2.16)
By (2.14) and (2.15) we obtain K = | and
2k
hy)=1+ L (217)

n |y| <5
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Substituting (212) into (217) and removing the denominstor in the
resulting equality it follows that

(F(x +ay) =f(x+y)) f(x+by)

W3k

'(1 YI3oe

in [yl <s. Differentiste twice both sides of (218) with respect 10 y and
seiting y = 0 yields .

k(VIk® + 6ki + I
( ;;_3 ]{1[!'[:]]1-:"[:}1'{!1]-“-

Since k & (0, +=) — [yT), we cbuain
2 (=) = fix)f"(s) =0

‘]fﬂl‘*“i'!} —f{z+y)) f(=x+ay) =0 (218)

which imphes that

N{z) = 2.
Since z € R waa arbitrarily fixed. we can replace x by a variable 7, and
wo get

Ny{z) =2

in R. Bfth:hhnﬂtymmahmunqﬂphiﬁht.ﬂmfh
8 Mobius transformation of the form -2, u # (. The case o = § can be

mmmmm:wmm x muide and
will be omitted. The proof & complete, ||
Finally, we consider the following

Propesty H. Suppose that w = f{z) is snalytic and univalent in &
nonempiy simply connected dommin R on the z-plane. Let o be an
arbitrary fixed real number such thm o € (0, r). For thres arbitrary
distinct points a, b, and ¢ in R sstisfying
{:-b
“r-h] S

(J"[-I} 1)
fiey—1ie) |

2
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TEoREM 28. Let w = f{z) be anabic and wnivalent in o

conmiad R on the z-plane. Then [ satisfies Propersy H iff f iv &

Mibius ion of the form = + v, u # 0
Froof of Theorem 2. Suppose that f is & MBbius transformation of the
form &z + ¢, w v 0. Note that f{w) = =, Since £=4 i the crom-tatio of 4,
b, ¢, and d = = and & MBbius transformation preserves the cross-ratio, we
obtain

fla) ~f(b) a-—b

CE UL

Mﬂu}-m.w#ﬁfl-lrﬁ“}: ,}whhhhnp!l;_ﬂl'-:il:
. MESbin trenili it o8 o' fonta L where s # 0. Let g=T s/,

Let a, b, and ¢ be three arbitrary distinct points in R such that arg(2=4)
= a. Since [ salisfies Property H, we obtain arg{ ff4—481) = o Since 24
is the cross ratio of &, 5, ¢, and d ==, i follows that {148 is the
cross ratio of fla), fA¥), fc) snd fd) = = and since s MBbios transfor-
mation preserves the cross ratho, we obinin

sa) —g(b) #(c) _ fla) ~f(D)
Elc) —p(b) gla) f(c) - f(b)
since gl=) = (L From which it follows that

(ﬂﬂl-m!‘lm ] (n-:--m} ..
g —gt) p@) " My -nm ) T

By Theorem 1, g = a Mobins transformation of the form 3, u =0
Since g=Tof, we bave f=T "o g and It it casily seen that [ is a
Mibius transformmtion of the form s + V. where U= 0L ]

Rermark 1.2 In the resolts we obtained above, we muy replace the use
of argument by wsing modules instead; for example, we can modify
Property H by replacing srg(®=4) = o and arg(fi =483) = o by L4
and |fH-={{3, respectively, The proof will be almost the sme excopt that
we will need to use the Maximum Modulus Principle for analytic functions
instead of using Lemma 14,
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A Note on the Characteristics of Mobius
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In (his papor, we give some imvariant camcierinic propertes of § certaln clus
of Mishins tresafinemn tiees by mee of their mapping propertics. 8 201 Acsimis
Fregg

Ker Worde Wihiss mensformetiome Sehwursian destvative; Mewinn derivezive.

L INTRODUCTION

Throughout the paper, unless otherwise stated, et w = f{z) be & nop-
| constant meromorphic fonction on the complex plane C. It is well known
| thﬂhwwﬂﬂtnhlmmmnhmmyuﬂ
wifficient that w = f{z) satisfies Property A

Froperty A. w = f(z) mape circles in the z-plane onto drcles in the

The fnllowing property of Mibius ransformations s also well mown:

THEOREM A w = f(z) i a Mobiw transformarion i .S'Y,[ﬂ =0 for afl

e —(z:1(2)=10), whee 5(z)= U'{ﬂ.f_f‘u}]" o [:}ﬂ'i:]}’
which s called the Schwarsian derivative of f{z).

Recently, in [1-4] Haroki and Rassias gave soveral new imveriam
charaoteristic properties of Mobius iransformations by comsidering their
mapping propertics. 1o [5], we proved these rosults by using the fact that
mmmmmnﬁnu{ﬁmﬁmpﬂmﬂ
gave several now invariant charscleristic properties of Mbbins mansforme-
tions, For the sake of completensss, we shall ghve some definitions gnd
resnliy obtained in [5] which are melated to the results in this paper.

@ O 247X 401 §35.00
Copmrigin @ 2001 by Ashbemic Foom
ATl Thghiy o repee s ey Sarm FessraL
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Dernrnon L1 [S] We define the Newton derivative of f{z) = the
first derivative of Newton's method of flz). In other words, we define the
Newton derdvative of f{z) m

flz) | _ A= (2)
(=) (re'

Lensin 1.2 (5]  flz) iv & Mg tangformation of the form 2= u = 0,
Nz} =2 forall s & C — (2: (2} =10).

Property B |5]. Soppose thal w = f{z) is analytic and univaleot in 2
poncmpty domain R on the rplame let & be an arbitrary Gxed real
number such that o € (0, =). For three arbitrary distinct points @, b, and
rh!!ﬁﬁiu

H‘,-{;]ﬂ L=

[l—b
B U Bl

we have

“(ﬂ'}l — (&) [le)
fie)=fb) fa)
Tumomes 1.3 (5]  Lei w = f{z) be analytic and univelent in a nomempiy
domain R on the z-plone. Then [ saiirfies Property B il [ & a Mobiux
erusformation of the farm 725, & » 0

Remark 1. To prove the “sufficiency” part of Theorsm 1.3, we show
that Ny(z) = 1 for all 2 & C —{z: f'(2) = 0}, which implies thut [ is »
Mithius transformation of the form 25, u » (, by Lemma 1.2

In the pext scction, we will give some characterization of Mbbius
transformations of the form == where v+ 0,

1 RESULTS

We fime give the following resuli, which is similar to Theorem A and
Leomma 1.2 in the previous section:

Levoas 21 flz) = 225 whee o= 0 & f(2)/'(2) = = 1 for all
e fz: iz} =0

Proof L&t flz) = 52 where v+ (. It s straightforward to check
that f"(z)/f'(z) = — 2. Convemsely, Iet [*(z)/f"(z}= — ; for all z &
{z: f'{z) = 0). Then we obtain

1 1&
m#’[l} =l




CHARACTERISTICS OF MOETLS TRANSFORMATIONS

which tmplies that

Inf{z) = -Inz*+Ine
for same nonrero compler consmnt & Thu

£(5) = =
and we have

flz) = -< +d
for some complex constant . This completes the proof. |
M@mmmmnmmmﬂmmm

Lesua 22 I f(z) and g1} are

. analytic functions n a nonemgry
dormain R and f(2)g(z) » 0 in & and slso - arg(g{ ;
:hmm}-&mhn.-i;numlfﬁﬂnm, RIS
We now comsider the following,
Property C. let w= z) be analytic and umivalent nonempry
wnm::m:ﬁm;&.m:umaﬁ:hhn
eaniafying
n.{.-h*t
e=b ;)-"
Then
(ﬂ!]-ﬂb} 3
Ne)-f(&) |~ ™

THEOREM 13, Ler w=f(1) be anabtic and unioalent
domain R, where 0 @ R. Then w = pe

nonempry
dotwin R, » f(z) satisfien Propenty C iff flz) = =22,

Proof. Suppose that f{z) = =25 where pw 0. Lot 2 b and
three distinct points in R satisfying el
a=b ¢
"l:-b1:)-l
Since £ - £ is the cross rato of 4 b, ¢, and 0 and the i |
imvariant ander Milbins ransformations, we obtain T

a=b ¢ _ f(a)-f(b)

c—=b a flc)=f(b)

-—
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sinee fT0) = =, It follows thai

| =) -+l
-a

In other words, [ satisfies Property C.

s Suppose thal w = f{z) minfies Property C Let & be an
arhitrary real number such that o € (0, w). Let £ be an arbitrary point in
R. Since z # () we can write z = ! for some @ = C = [0). Let () be an
rdmluuighhﬂnﬁuf:.Thmghﬂ:h:MhlAﬂCh.w &
m"*'u- -H-$1mdc'ﬁﬁ-'mﬁ"‘i'_{ﬁfﬂﬁ,
¥= =3+ (3 /20, k>0, and y it some nonzero complex Tumber.
Without loss of generality, we let

Vm

ko= —

1+coa

Since a= (0, w), we have k = (I, +=) For cmmple, if o= §, then
i—l.lthﬂnulhﬂn;{H-E—]-u.ﬂmﬂiumwm:mﬂ
domain, there cxisls 8 ponzero real number 5 such that s <r gnd If
I'.I:lyl-::ulmdﬂfhmmimdinH,[:}.Einmm-ﬂ:]huninhmin
R, fld) = fils) fB) =fi-15), and fIC)=fizl;) wre distinct
paints. By assumption, we have

Nedw) —Hds) )
@8 "'(ft.—:,—.—1~r{.-s—,} ‘
- arg(esplia))
for all y such that 0 < |y| < s. Since 2 € R is arbitrarily fized, we can set

(2.2) h(y) =
By (1.1) and (2.2}, we obtain
(2.3) arg( Al y)) = arg{exp(ia})

for all y such that 0 <yl <z By Riomann's Theorem, A(y) will be
analytic st y = 0 if we define

3—k' + (3k)i
(2.4 D) =

3+ K ’ -
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Hﬂﬂ.ﬂj]hlﬂhﬂ:hl}l{:.hﬂurm:.ltimnﬂmmmm
lrg[h[m}-u.ﬂrflﬂmdm&uﬂﬂlw*ﬂﬂhmhlmth R, we
obtain that kly) # 0 in |y| < «. Hence, by (2.3) and Lemma 2.2, we have

(2.5) h(y) = K exp(ia)

in |yl < s, where K it & pasitive real yumber. Setting ¥ = 0 in (2.5) and
uting (14) we obimin

-k + (3k)i

(2. " = Kemplia).

By (1.5)-and (2.6), we got

3=k + (2560
(2.7) hiy) = Hi.-rﬁ}

in |y| <. By substituting ﬂﬂiﬂmﬂ.ﬂﬂﬂmng' the denominator in
the resulting equality, it follows that

(25) f{_:;,J 'f(.iy)

-5 s) )

hljltaﬂﬂrmﬁ.ﬁngmbmhﬁhd{lﬂlﬁmwmpmd
then seiting v = 0 yields

@ ({2 () o

It follows from (2.9) thar

3
-
& =
L

~ 2
i) (s
or [lsl/fMz)= — . Since x € R in whitrarily fiued,

il
Fiz)/f'(z) = — 3 for all 2 & R. By the ldentity Thearem, f*(z) /"(z) =
— 1 holds for all  such that ['(z) » 0. Therefore, by Lemma

4

by 11,
w = flz) is 8 Mbbius tansformation of the form f{z) = Bt v= 0. This
completes the proof. |
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Next, we camsider the following,

Property D, Let w-ﬂﬂh:m:lgﬁ:uduMunlmy
dmfnﬂ.hrnE[ﬂ.rana.b.nd:hﬂnuMupﬂnuhﬂ
satisfying

(n—b £
qrﬂ-b u] o

flo) ~18) fle)| _
fle)=fid) flay ~ ™

For Mibius tranaformations satisfying Property D, we have the following
result

TreEoREM 24. Let w = f(z) br anabwic end wrivalest on g

monEmpry
mmmnnn.n—--ﬁﬂmﬂwﬂfmmy
flz) = 2 where u, o » 0.

FProof Suppose first that f is & Mibins tramsformation of the form
775 & i % 0, Note that f{0) = 0. Let o, b, and ¢ be three distinct points
in R satisfying

a=b c]

Me=b al "™
Since £=4 - £ ia the cross ratio of &, b, ¢, and d = 0 and the cross ratio
8 proserved under the Mibius transformation, we obtain

fle) ~J(B) f(c) a=b ¢
fO-f0%) fla) -5 2

tince f(0) = 0. From this it follows that srg(fu=fe - fu) -
arg(2=} - £) = a, which imptics that w = f(z) satisfies Properry D.
Emm.mww-ﬁ:]nmmmnhtfh::
B ik e oo s o A it
&, b, and ¢ be (hree in et =a
arg(fla={8 - fi4) = a. Since £=}- £ is the cross mtio of &, b, ¢, and
d =, Ja=p - {2 can be comsidered as the croms ratio af fla), f(b), flc),
and f{d) = . It follows thai

sle) ~2(8) _ f(a) ~f(B) f()
5 =5 " () —f(B) Fa)
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since g(0) = = Thus we abtain

[l{ﬂ}—ll’&])- {ﬂn]—r{b}ﬂt} _

s —5(6) | " "MK B Fay) "™
B,Thmu.ghuhmﬂummmmmm';ﬂ.m
r-u.mnm;—i"'-f.-um:-r‘-;mnmm;h.
Mabius tranaformation of the form <2 I, Ve 0. |

In what follows shall denote A = 5 =ik B = arg(i=
e ey e L
gy S B, £ s

et + A and B = i

Propeity E. Let w = f(z) be smiyic and univaleat on & nonempty
Mnltﬂu-HMf.Lﬂd.b.ldchmmdhhﬂpﬂmhR
satisfying A = o« Then E = a.

Propesty F. Let w = f{z) be analytic and univalent on & ponempry
domain B. Let @ = § or ¥, Let @, &, and ¢ be three distinet points in R
satisfying B = a. Then F = o,

Property G. I:lwﬂ-j'(ﬂhtnﬂyd:lndmlhnr.n:nlm
dnmnlnﬂ.Lntn-untr.Lnn.b,mdchthrwnﬁlﬂnﬂpdmlnE
safisfying A = a. Then G = .

Property H, Lzt w = f{z) be analytic and univalent on &
domain R, Let o= § or 3. Let o, b, and ¢ be three distinet points in R
satisfying B = a. Then M = a.

Property . Let w = f{z) be apalytic and univalent on o
dmdnﬂ.luu-umr.hlqb.uﬂthihmdhﬁﬂpdmhﬂ'
satisfying € = a. Then E = a.

Froperty J. Let w =fiz} be analytic nod univalent on = nonempty
domnin R. Let @ = § or ¥. Let a, b, and ¢ be three distinet points in R
satisfying D = . Thea F = a

Property K. Let w=f{z) be enalytic and univalent on &
dmhlhlu—ﬂmr.Lﬂd.b.m:hmﬂnnmhﬂ
satisfying € = a. Then & = a.

Propery L. Let w = f(z) be mnalytic and wmivalent on &
domain R. Let @ = § or &, Let g, b, and ¢ be three distinet points in R
satiafying D = a. Then H = a.

The following resuits give some more characterizations of certaln classes
af Mibits tramsformations where the proof is & slight modificatrion of the
poof of Theorem 2.5 in [5] snd will be omitted.

——
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THEOREM 25. hn-ﬂi]hnﬂmdﬁﬁumlm
dosnain R where 0 € R. Then w = f(z) satisfies Property E or F {or Property
G or H) if and anly if f{z) = o, where u *0(orf{z)=mx+ o uwi)

THEOREM 215 Letw=f{z} be analytic and univalent on & nanempry
Iﬁﬂhﬂhﬂﬁ*ﬂﬂ'f.ﬂ.ﬂﬂl#-ﬂﬂﬂﬁﬂmfr]t#ﬁw:
or L)) if and andy if f{z) = 55 where w, v = 0 (or f(z) = Rt veDl

Remark 2. 1o the results we obtained shove, we may replics the use of

nwwﬁ;ﬁﬁ'rfl*umﬁﬂ:‘gﬁtﬁ '—-}im

fesim], cespectively. The will be almost the samz eacept that

Inuhh'nhntul_'h&wmuhm“nh
uhmﬂnﬁﬂuﬂhwwhﬂﬁ-n—ﬂlﬂﬁnﬂ.
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DYNAMICS OF NEWTON'S FUNCTIONS
OF BARNA'S POLYNOMIALS

FIYAPONG MLAMSUP

Recelved 7 June 2000 and in revised form 18 Jamesry 200]

We define Barna's polynomials a8 real pohmomtals with 2l resl roots of which s beast
four sre distnect. In this paper. we study the dynamies of Meweon's functions of such
palynomisls. We also give the upper and lower bounds of the Hausdorl? dirmession of
exceptional sers of thess Newton's Rimctons,

2000 Mathematics Subject Clazsifieation: 28418, 39512

L Introduction. Newton's method is a well-known iterative method used to locate
:hr_mnuthm:ﬂmmrl.l‘.a.ﬂ.mmﬂulmmr[x}m
nn]fﬂmpi:ualmuﬂnlwh!thnthutfmmdhmm:mpﬂmﬂntufmmﬂ
points of its Newton's function Mix) ithe set of x @ B moch that N/ (%) does not con-
verge to any root of P, where NJ(x) denotes the jith berate of N) ks homeomorphie
to a Cantor subset of R which has the Lebesgue measure zern, Wong [7], generalized
this result to real polynomialy having all real roots (net necessarily simple) of which
at least four are distinet (which will be called Barna's polynomials) by using a sym-
bollc dynamics approach. In this paper, we will Investigate the symbolic dynamics of
Newton's funcrions of Barma's pohynomials. Furthermore, we give the apper and lower
bounds of the HausdorfT dimension of the exceptional sety.

2 Symbollc dynamics of Mewton's functions

DEFinTTiON 2.1, A resl polynomial with all real room of which st least four are
distinct is called a Sarna’s polynormial Thos P(x) is 2 Barna's polynomial if and anly if

n
Plx)=c[]le-n)™, 1)

where ¢ 15 a nonzero real constant, ¥ <ry < --- < Ty, A= 4, and my = 1 for all
1=i=mn

DEFINITION 2.2, The Newton's function My{x) of a funcdon fix) is defined as

Lo

th-xi -I_ruln

2.2

where f"ix) is the derivative of fix).
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Let Pix) = eIy (x — 7)™ be a Barna's polynomial and Ne{x) be the Newton's
MHF.THMEWMHIH;MILI, L4, T

(2) Foreach i = 1.2,... n~ |, there exints & E 1%, Fiva ) wach that ¢; |5 & zero of
F'(x), the dertvarive of P{x), and [€14E30:0 1 Cn-1) is exactly the set of all zeros of P
which are not zerps of P.

Mhﬂﬂhhﬂvﬂu{—u.:.}nﬂ '-'l:...hi-ihﬁrhllmﬂrmmm
If they are denoted by 4y and a,, respectively, then a & [ry,c;) and a, E[Cu-1:Tn].
Moreover, Ny is monotone Increasing on (~m,a; ] and [ay,, +w} and monotone de-
creaging on {ay,c;) and (2e-y, 8]

{c) In each (ci.1.6:), 2 5 ( 2 n~1, Np has two critical poims s{ and i, where
_r]::}.Hﬂhlmldpllmmﬂﬁhﬁmsltﬂ{f{.i!r.nlm;hmmm
q-;{.ur.-d.mmwrimmumu{.:{:um
m:-nr.n.m‘{jnﬂui.q}.hmmﬂi-hmnnmmwmm{qq.ﬂ]
and monotone decreasing on (5], ¢).

H}l.l:l..:;"p'#}"ﬂlﬂﬂh,_qﬂl[x}'+ﬂ. foralll si=n-1

(e} lmpw N} {2) = v forallx € {~m,c;) wnd Hmg o NB() = 1, forallx € (e, 4o},

(0 Foreach i = 2,3,...,m-1, the interval (ci-y, o) containg exactly one period-two
cycle of Np, say, at (o, A} where oy < sf < s} < 8. Also Nj(a) <=1, Npib) < -1, and
liny . NECx) = vy for all x & {ay, &),

DErFmammion 2.5. LmPix]ude[:jhaulhm'ﬂtmmenlmﬁﬂprh
m-umsu-;uum::m:mnﬂm--fmm
J =20 or imyN§(x) =7 for some | < { <

REMANX 24. Note that A consists of potnts where N} is well defined for each k & N
and never converge to any ;.

Since our main interest is on the set A, those polnts which are not in A wpether

mmmuuummnnmﬂunmumw
on period-two cycle of Newton's Runction,

Provosrmoon 2.5 The function Np hay @ period-two cycle ar (o, §) sueh rhar ¢y <
a<oyand By < B <tn.g.

Prooe. Since (—w,c) and (&g j, =] 2re pot tn A, we remove these sets together
with their preimages. Let v = Nz" (c)) such that 35 € (Bu-y.0-1). Then (34, +%) &
A and we remove this nterval. Next let z; = N;* () such that ) € (£, 003). Then
{=w,2;) & A and we remove this imerval. Applying this procedure repeatedly we get
W sequences of points (]}, and lz;) 7. where

h .'N;lt'i} E IF.--I !Eﬂ—ljf
Pat €2 €< << <Y i,
2y = N5* (p-1) € (er.m),
CLESH<I< << v <omy.

Thu bimy,_o 3 = § aod lim).z2; = @ exst. As a resull,

NplB) = Np(lmyes e} = lim aNp () = Bm o Np (N7 (2))) = lim;_o2, = . (2.4
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Slmilarly, we have Nploa) = 8. Since ¢y casaand f, j s F<ep, weget a= j
Finally, & = oy because Npla) = B = By.q > . This completes the proof of the
proposition. o

Foreach § = 2,3,...,m = 1, we have Np((ei.1.04]) = (B, +es), and Nel[Bi.ci)) =
(~w,0t;]. Thus there exist § € {og-y,0q] wnd uy € [fr.ci) such thet Ne(ty) = § and
Npluwg) = o Then Nplie-g. 4] = [8,+=) and Npilunc)) = (—e, o). Denote the
2n—4 intervals

I by, 00 II- [’1! uz ]+[{Iﬂ-ul ]1 {FI- “!]- vany ['-n-l - ]1 [#ﬂ:—l Wy -y ] (2.5]

by Iiuf2. ... Fan—, respectively, and let I = U241, With & stmilar approach used by
Wong [7], we shall define the transition matrix V' associsted 10 Np. This matrix V will
determine the symbolic dynamics of Np, Let V = {vy) be & (2m ~4) x (2n —4) matrix
of zeros and ones defined by

0 otherwise, =5

for i, € [1,2.....2n~4). From this definition and propervies of Np, it is easily seen
that ¥V is & (2m~4) x (2m—4) mutrix bullt from the following 2 x 2 matrices:

01 11 o 0
1-[1 i_,']. H-{D u]' M-[1 1]‘ 27
In fact V can be interpreted as an {n=2) x (n-2) matrix of matrices as follows:
) Vy=Jiwlsizsm-2
(@ Vym=Mfori<isn-3.forj>1,
(3 VijeNlr2si<n-2,for f<L
For examiple, if n = §, then the matrix V' hes the form

) {1 I NG (1) » B,

(2.8)

2ZzES

With the same techidgue in [7], V' is redicible snd we can ghow that N restricted to
A is conjugate to the ane-sided shift map o on the set I, where

Es=[s=satycotn oo €Xany | Vg, =1 ¥iz 0] (2.8)

is the pymbaolie sequences space consisting of 2n—4 symbots (cf, [5].

REsame 2.6, From (6], we have card (Pery o) = Tr{V), where card (Per; o) denotes
the number of points of period k of the shift map o and TriVE) is the wace of VE,

EEsanx 2.7. By MATHEMATICA, we compute that TriV:) = (m=2)44 (<1)l{n-2)
whers V iz the ransition mairix sssociated 1o Newton's function of a Barna's polyoo-
mial with m distinct resl roots.
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We summarize this section 28 follows.

THEOREM 24, Ler Fix) = ¢ [Tiay lx = 71™ be a Barna's function and Ny the New-
ton’s function of P. Let A be the exceptional set of Np. Then A & & Cantor subset of i
and Np restricted to A is confugate to the one-sided shift map on . - S

REMaARE 2.9. There is some difference between our proof of Thearem 2.8 and the
proof of & Hmmwwnnglulﬂhﬂumwuﬂ!m:hnﬂmﬂ!w
mnmmmmmmin,mumumumﬂm
we can explicitly define the transition matrix v,

3. Hausdorfl dimension of excentionsl sets. Let A be the excepiional st of New-
ton's function of o Barma's polynomial with n distinct real roots. In this section, we
mmupmnﬂlmmnn{mwmma.mw
we will use here is similar to the one used in |51 We frst note that N;' has n -2
branches N | where Np,(ici.ci.)) = for all 1 < i s m-2 Wewill weite NZ&
for the \nverse ;" using specific branches NzL, N;l,.....N;1,_ . Let the interval |
h:ﬂu:mumm:mmﬂmlhunm:pmmhmmm
the interval (c_y.0i). 2 s{sn=1. Foreach k= 1, we have

Nt = U e 3.1)

Ay =1

WHETE [y gy = Ny U0 LT Ay = [x | Nf(x) & 1], Then Ay = N70) and
A =lmd."u.m

my = min{ | Npix] | | x €A,
mo=min||Nplx)| | xEAl,

My = max | [ Nptx) | | x € Ay,
M =mux | [ Naix)| | x €A}

3.2}

REmanx 3.1, Foreach k=1, M, & My, and my < my., since Ay 5 Ap.y.

We now staie and prove the result on the sstimation of the Hansdor dimenslon
af A,

TEEOREM 3.2, Inin=2)/InM < dimA < lnin—2}/lnm.

Proo¥. Foreach k=1, l=t 5, and Ly be the lengthe of the smallest and largest
intervals in Ay, respectively. For each k = 0, we get

ML | 5 =Mat [l | sL“_ Nnde lyn| =50 BB

Henee, U, . | = SeiMy. By terating, we get U, . | = Suf (Ma)”. Similarty, we
have Iy, .y, | 5 La/ (e )®. Since A ls compact, siry covering (U] of A can be re-
fined to & finite cover, where each element of this cover containg exactly one |

L T
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‘for some sufficiently large p. Then we get

b 171 -f |'M-amli.t£. (i’)-

Belhp =l (My)

Is.j‘ﬂ;-ﬁf.f; = (5" (n- 2:'(““ )

o <lnin=2)/ InM, then this diverges 35 p — =, that is, as the covering gets smaller,
ThusdimA = In(n =2}/ oM. By letting k — =, we have dimA = n{n-21/InM. Sim-
Mﬁ{lﬁﬂl}ﬂhﬂhmMWP.Mﬂiﬂllm
W% >""" of A such that each element of the cover contains exartly one imerval
.I.H_,_'.ﬂ_l and D% < ”lulr' gl . Thus

3.4

n—f
Tiw** = § .|"'"""*'-'t.

L T

¥ ()
< —,} [3.5)
H-l-j—l'l tm}

i [ ] o ] H-E »
(L) (=2} ({—.mﬂ ]

and this goes 1o zero a8 p = = If a > In{n -2}/ Inm,. Consequently, dimA =< (1 +
dinim - 2}/ Inm. By leititg & — = and ¢ — 0 we have dimA < Inln - 23/ Inm.
a

Examyip 3.3, Let Pixh= (x4 1)ix+2)x~1)(x—2) be a Barna's polynomial and
Npix) = (3x* = 5x* = 4)/ (4% - 10x} be the Newton's function of P, Then Ny has
three period-two cycles approximately at

[xg.21 | = {—1.5435941,1.5435041),
{xz,25] = | =1 AT90145, —0.3142616). 3.6
{24, 5] = (03142616,1.4790145],

These are the only perlod-two cycles by Remark 2.4. From Proposition 2.5, we obtain
[xg,x;] by removing the sequence of polnts which are the successive pretmages of
~2 and 2. Since (N3} {xa) = (NEY (2} > 1, (5,25 ) € A. Henee, in order to Bnd the

maximum and minimum values of |[N'] we must also consider the valoes of [N

2l the preimages of xg and x;. By computanion, xg = Np'ixs) = ~0.2065502 and
xy= N7lix,) » 0.2965502. Since Npi(x) Is an odd function, we get. by compotstion,

ING (o} | = [ Np{xi}] = | Nplxg) | = | Npixr) | = 3.8985101,
INFlxa}] = | Nplxs)| = 10.2443748, - an
INplas}| = [ Nplxa)| = 34018184
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It follows that
m=min{|Nai(x)| | x €A} = 3.4016188,

M =max | |Npix)| |x €A] = 102443746, s
Conseguently, we have
n.zgm=%:m;%=u.mlm G.9)

REMARE 34 Let Pix) = ¢ [Th (x—n)™ be 2 Barna's polynomtal and let Ny (x) be
its Hmm‘lfmlﬂﬁu]-mptﬂﬂ,thlmnulmmﬂmﬂ Is
the Newton's function of Bama’s polynomial of the form Qix) = cy(x—1)™ [T} (x -
Tifva]™ and M is conjugate to Ny via the map hix] = kx. As & result, o is 8 periodic
paint of Ny if and only if ke s 8 periodic point of M and N {a) is equal 1o M’ (ko).
Consequently, dynamics of M and N, on their exceptional sets are the same and the
Hausdorff dimensions of thelr exceptional sets are equal As a resuly, it suffices to
conkider the dynamics of Newton's functions of Bama‘s polynomiats which have 1 as
the largest root.
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JULTA SET OF RICRITICAL RATIONAL FUNCTION |

PIYAPONG NIAMSUP AND KEATTSUDA MANEERUK

ABETIACT. We study tleer Julin sets of bicritical rational functions B of degres o
lonst two with the completely inwriant sttracting Fatou componsst and give soms
necessary and sufficient conditions which imply thst the Julia sets are Lakes of
Wada continmmome

l. INTRODUCTION

Let R: € — C be a rational function of degree at least two and let R* : €€
be its nth iterste . The Fatou set F{R) is a subset of € consists of points at whidh the
sequence of iterates { A"} ie normal. The complement of F{R) in €, denoted J(R),

18 called Julia sei
' By a continuum, we mean a non-empty connected compact metric space. A
subcontinuum is & continuum as & subset of a metric space.

The Julia set J{R) ia & non-empty, perfect, and completely invariant closed set,
'namely B~Y(J(R)) = J(R)} = R(J(R)). In this paper we further assume that J(R)
I8 connected, hence, & continium. On the other hand, the Fatou set F{R) is also

a completely invariant open set, but possibly empty. In this paper however, we
are concerned with nonempty Fatou set. Therefore, the Julia set J(R) is & proper
subcontimaum of C. Each component U of F{R) is called a Fatou componsnt.

In [3], Morosaws shows that every Fatou component U is eventually periodic and
all periodic Faton component can be classified imto five types, namely, component
of immediate super-attractive basin, component of immediate attractive basin, com-

 ponent of immediste parabolic basin, Siegel disc or Herman ring. In (1}, Beacdon
presents a topological picture of Faton set.

We say that a contimuum of the complex sphere C, is a Lakes of Wada continuuim
if it forms & commeon boundary of three or more open conmected murtually disjoim
sets.

| Let R be o rational function of degree at least two. The residual Julia sét Jy(R)
of R is the sets of points in J{R) that do not lie on the boundary of any Fatou

1991 Mathematics Subject (Tassification. 42820, 46120,
Key words and phrases. Julis set, bicritieal rational function, Lakes of Wada conblmnm .
! Supparted by Thailand Research Fund under grant BRG/01/2544. The second author waa alse
| mupparted by the Royal Golden Jubiles program under grant PHD/0216/25643 Thallund.
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component. For example of rational functions which has residual Julia set, see iy
page 266. If there is & completely invariant Fatou component D ider some iterate
" | then 0 = J( &), henoe Jo( R) is empty, This always occurs for polynomisls sinos
any polynomial has & completely invariant Fatou component, namely the unbounded
Fatou compaonent.

In |5, Yeshun Sun and Chung-Clun Yang proved that if R : € — € be a rational
| funetion of degree d > 3 which has exactly two critical points and satisfies the condi-
| tiona: J{R) is & proper subcontinuum of C, Jy( R) is empty, and there is no completely

invariant Fatou component under the second iterate B*, then the J(R) is a Lakes of
Wada continnmm.

In 4], some necessary and sufficient conditions which imply that the Julis set of

polynomials P(z) = az™ +b,n 2 2 to be Lakes of Wada continuums are given,

In this paper, we extend this résult by given some necessary and sufficient condi-
it.iuns which impiy that the Julia set of rational unctions with two critical points to
| be Lakes of Wada contininms,

We call a rational function with two critical points bicritical rational function

By conjugation, we may assume that two critical points are at 0 and oo, in which
| bicritical rational function will be the form £548 . see in [2]. In what follows, bicritical
| rational function will be tational function with two critical points at 0 and oo,

2. MAIN RESULTS

Lemma 2.1. Let R be a rational function with o completely invariant attracting Fatoy
component Fy. Then the follownng stotements are equivalent:
{a) There exisis a component D of F(R) # Fy with 8D = J(R).
() There enists o periodic component Dy # Fy of F(R) suech thot 80y = J(R).
| (e} JIR) = Lﬂj By, where {D;}M, fa the set of the fmmediate basing of all {supers)
attracting c;r:ljr.t of R, the immediate basins of all rationally indifferent cyeles of R,
cycles of all Siegel discs of R and cycles of all Hermon rings of R, except Fy.

Proof. (a) = (b). Suppose that J{R) = 8D for some component D # Fy of F{R).
Then by the no wandering domains theorem and the complete invarance of Ky, there
exists & non-negative integer N such that RV{D) = Dy for some periodic component
Dy # Fy of P{R). Hence 8Dy = 8RY(D) = R¥{8D) = J(R).

(b} = (c). This is trivial,

{c) = (n), See the first part of the proof of Theorem 3 of (3. a
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Lemma 2.2. Let R be a bicritical rational function with a completely invariant

attracting Futouw componend Fyy containing 0, Assume that co € J(R), Then the
folloudng stulernenls ore equivalent;

{a) There exists a bounded component D # Fy of F(R) with 8D = J{R)
(b) There erists a bounded periodic component Dy # Fy of F{R) such that 8Dy =
J(R).
M
{e) J(R) = El 8D, where {Di}M, is the set of the immediate basins of all {super-)
 attracting cycles of R, the tmmediate basing of all rationally mdifferent eycles of R,
cyeles of all Siegel discs of R and cycles of all Herman rings of R, except Fy.

Proof. (a) = (b). Suppose that J(R) = 8D for some bounded component D £ F
of F{R}). Then by the no wandering domains theorem and the complete invariance of
Fpy, there exists & non-negative integer NV such that RY(D) = Dy for some bounded
periodic component Dy # Fy of F(R), Hence 8Dy = 8RY (D) = R¥(8D) = J(R).
{b) = (c). This is trivial.

(c) = (a), See the first part of the proof of Thearem 3 of 3], 0

We say that a rational function is hyperbolic il [-j AYC(R)) N J{R) = @, where
(R) is the set of all critical points of K. Thiﬂmu;:é and only if each eritical point
of R has the forward orbit that accumilates st & (super-Jattracting cycle of R (see

|[2] page 90),

Remork 2.3, Let R be a rational function of deg B =d > 2. If R is hyperbaolic, then

for each completely invariant Fatou component containing critical point I8 a (super-)
| sttracting basin.

Remork 2.4. Let R be a bicritical rational function of deg & = d > 2 with the
completely invariant attracting Fatou component Fy containing 0.
Then R is hyperbolic if and only if oo € F{R) and Fy 18 & (super-) attracting basin.

Remnark 2.5, Let R be a bicritical rational function of deg R = d > 2 with the
completely imvanant attracting Fatou component Fy containing 0.
If oo £ Fjp, then J{R) is a Cantor set, that is J(R) is disconnected.

Lemma 2.6. Let R be a rational funchion.
If R s hyperbolic, then R? is hyperbolic for any positive integer g.

Proof. See Lemma 3.2 of |4]. O
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Lemma 2.7. Let R be a hyperbolic rational function with degree af least two, Assumie
that J{R) iz connected, If there exists a forward invariant component Dy of F(R)
with @0p = J(R), then Dy w compleiely tnvariant.

Proof. See Lemma 2 of [3]. a

Proposition 2.8, Let Rt be a mtional function with deg B > 2. Assume that J(R) is
connected and F(R) has mfinitely many componients, If R 15 hyperbolic, then F(R)
‘has at most one component such that sty boundary coincides with the Julia set, and
such o component is periodic

Proof. See Proposition 3.4 of [4]. a

Corollary 2.0. Let R be a bicrtical rational function, deg R = d > 2 with the com-
pletely tnvariant Fatou component Fy contoining 0. Assume that F(R) has infinitely
many compenents and J{R) i connected. If R ts hyperbolic, then Fy is the only
| component of F{R) such that 8F = J(R).

Proof. This follows from Proposition 2.5. (|

Theorem 2.10. Let R be a bicrstical rational function, deg R = d > 2 with the completely
mvariant Fatou component Fy contaming 0, Assume that F(R) has mfinstely many
compenents and J{R) & a subcontinuum of C.

| Then the following statements are eguivalent:

fu) J{R) 13 a Lakes of Wada continuum.

(b) There exists a Fatou component D # Fy with 80 = J{R),

() F(R) has no fmmediate basin of (super-) attravting cycles except Fy, and J(R) = 8Dg
for some persodic Fatou componeni Dy £ Fy which bes m an tmmediate basin of ra-
bonally md:jferen! cyecle or a cycle of Siegel discs of iU

{d) J{R) = U a0y, where {Dih_l ts the set of all periodic Fatou components, except
Fy.

Proof. (a) = (b), This is obvious,

(b} = (a). Suppose that there exists a Fatou component Dy such that 80y = J(R). If
oo € Dy, then R Dy) does not contaln critical values of . From this, we obtain by the
Riemann-Hurwits formula that there exist Fatou components Dy, Dy, ..., Dg_ such
that Rip, : Dy — R{Dy) is a homeomorphism for all k =0,...,d — 1, For each k, lat
Sy t R{Dyg) — Dy be the inverse of R|p,, these are all distinct branches of B~ | g ).
Then we get that SyR|p,(¢) = w¥s for all 2 € Dy, k=0,...,d — | where w i an nth
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primitive root of the unity. For each k, let w* : € — € be a Mébious transformation
which is defined by w*(z) = w*s. Then SiR|p, = w*|p, for all k, and 5o we obtain
that w*{Dg) = Dy fur all k. We note that for each k, Hu* = H from which it is easy to
see that w*(J(R)) = J(R) for all k. Thus 8Dy = 8Dy = ... = 8Dy, = BF; = J(R)
and it follows that J(R) is & Lakes of Wada continoum. Assume oo € Dy, Sinee
&0 = J(R), OR(D) = J(R). If Dg= R(Dy), then by the Riemann-Hurwitz formula,
we get that R|p, : Dg — Dy is an d-fold map. Hence Dy is completely invariant, and
80 F(R) has anly two components. This is a contrudiction. Thus Dy ¢ P{Dy). From
6Fy = J(R), 8Dy = JIR) and BR{Dy) = J(R), it follows that J{R) is a Lakes of
Wada continuum.
(b) = (c). Assume that there exists & Fatou component D such that 8D = J{R).
Then by Lemma 2.1, J(R) = 8Dy for some a periodic component Dy # F of F(R).
8o by Proposition 2.9, R is not hyperbolic. Suppose that F{R) has an immediate
basin of (super-) attracting cycle of R, say F}, which Fy # Fo. By Theorem 9.3.1
in [3], F; must contains a critical polnt of R, so F| containg co. Thus Fy and
are immedinte basing of (super-) attracting cycle of R and 0 sccumulate to 5, o
sceumulate to Fy. This implies that 2 is hyperbolic, which is a contradiction.So F{R)
bas no immediate basin of (super-) attracting cycle, except F. Thus Dy either Hes
in an immediate basin of rationally indifferent cycle or cyele of Siegel discs of R
{¢) = (d), This is trivial.
{d] = (b). This follows immedistely from Lemma 2.1

The proof is complete. -

Theorem 2.11. Let R be a bicritical rotional function, deg R = d > 2 with the
completely invariant Fotou component Fy contaming 0. Assume that oo € J(R),
F(R) has infinitely many components and J(R)is o subcontinuum of C,

Then the following statements are equivalent:

{a) J(R) s o Lakes of Wada continuum.

(b) There exists a bounded Fatou component D # Fy with 8D = J(R),

fc) F(R) has no bounded immediate basin of (super-) attracting cycles ezcept Fp, and
J{R) = 8Dy for some periodic Fatou component Dy # Fy which lies in an immediate
basin of rnt:muﬂp indifferent cycle or a cycle of Siegel discs of R.

{d) J(R) = l,_I 8D, where { D}, is the set of all periodic Fitou components, except
F.

Proof. (a) = (b). This is obvious.
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(b) = (a). Euppnaethntthmuimuhnundedﬁtﬂummpmamﬂnmdithnt
8 = J(R). Since 0 ¢ Dy, then R(y) does not contain critical values of R From
this, we obtain by the Riemann-Hurwitz formula that there exist bounded Faton
components Dy, Dy, ... Oy such that Rlp, : Dy — R(Dyp) is & homeomorphism
for all £ =0,,.,d—1. For each k, lot 8 : f{Dg) — Dy be the inverse of Rlp.,
these are all distinct branches of R~!|p,. Then we get that SpR|p, (z) = w*= for all
2 € Dy, k =0,..,d =1 where w be an nth primitive root of the unity. For each k,
let w* ; € — C is a Mébious transformation which is defined by w*(z) = wkz. Then
| SeRlp; = w*|p, for all &, and so we obtaln that w*(Dp) = Dy for all k. We note
that for each k, Ru® = R, from this, it is easy to say that w*(J(R)) = J(R) for all
k, Thus 80p = 8Dy = ... = 8Dy.y = 8Fy = J(R). It follows that J(R) ia a Lokes of
Wada contimaum,
(b) = (¢) Assume that there exists s bounded Fatou component D # Fj such
that 8D = J(R).Then by Lemma 2.2, J{R) = 8Dy for some & bounded periodic
component Dy # Fp of F(R). So by Proposition 29, R is not hyperbolie. Suppase '
that F'(R) has an bounded immediate basin of (super-) attracting cycle of R, say By
which F # Fp, By Theorem 8.3.1 in [3], £} must contains & critical point of R, so
F) contains oc. This implies that oo € F(R), which is & contradiction. So F(R) has
0o bounded immediate basin of (supper- Jattracting cycle, except Fy. Thus DX either
lies in an immediate basin of rationally indifferent cycle or eycle of Siegel discs of R
(e] = (d). This is trivial
(d) = (b). This follows immediately from Lemma 2.2.

The proof is complete. a

Theorem 2.12. Let R be a heritical vational function, deg R = d > 2 with the
completely invariont Fatou component Fy containing 0. Assume that oo € J(R) and
' J(R)is & subcomtinuum of €. Then the following statements are equivalent:

fa) J{R) 15 a Lakes of Wada continuum.

(b) There exists o bounded Fatow component D # Fy with 80 = J(R),

fe) J{R) coincides with the wnion of boundaries of cycles of all Siegel discs of R.
|1"d,1 The infinite critical point, oo, fies in the union of boundaries of cycles of all Siegel
| dises of R and the forward obit {R™co) :n > 0} of 00 is dense in J(R).

A
Proal. Let {D;}¥ be the set of all Siegel discs of R. Then _ulau,- C [R*(o0) : n>1D}.

As oo € J(R), iﬂi}iﬂl and the set of all bounded Fatou components, except Fy,
coincide,
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[a) = (b}, This is trivial.
[b) = (a). Suppose that (¥) holds. We will show that F(R) has mfinitely many
tomponents,  Assuue (hat F(R) has only two components. Then D is completely
Invariant under K. From this by the Riemann-Herwitz formuls that D contains
pc. This is & contradiction. Hence F(R) has infinitely many components. So, by
'_.[‘hmrm:: 2.11, J(R} Is a Lakes of Wada continuum.
{b) < (c). This is follows from Lemma 2.2.

{c) = (d). Assume that J{f) = q 80y Then J(R) 2 {R*(oc) in = 0} 2 ﬁ 8Dy =

| - = =]

J(R), 0 J(R) = {R™oc) :n > 0}. |

{d) = {c}u Suppose ﬂm (d) holds. By the assumption of the set {D: 1, we get

that R (U BD.-) = || 80;. Hence J(R) = {R*{o0) :n > 0} = ﬁ an;. ]
=1 ]

A=

Hemark 2.13. Under the condition that oo € J(R), the rational function in Theorem 2,12
I not hyperbolic.
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SOLUTIONS OF FUNCTIONAL EQUATIONS
JoS=58%7F

KEAITSUDA MANEERUK, PIYAPONG NIAMSUP, AND JULIAN
PALMORE

1. ABSTRACT

Let 5 be & Mobius transformuntion which has two fixed polnts, say
6 and b in C. Without loss of generality we may assume that o is an
attracting fixed point and b is o repelling fixed point of 5. We are
Interested in finding solutions [ of the following functional equation
(1) foS=8%ay

where £ > 2. We will show that for a given complex mumber o distinet
from a and b, there exists 8 unique solution of (1) which fixes o, a,
aud b, We also show that the Julis sets of rational solutions of (1) are
circles on the sphere.

2. INTRODUCTION

Halley's method, Newton's method of a given function P(z) are de
fined respectively as follows

H(z) = 2 Pla)

P - TR

_ . Pl
N{:] = I ﬁ;i

A successive approximation 8 (2), of P(z) can be obtained by i
P(z) = 0 and then write this equation as = = §{z). In our case P(s
I8 & quadratic polynomial with roots a and b such that 0 < |a| < fbf
then 5(z) = '—_TH:H 18 & successive approximation of F(z) that z =a
a8 & global attractor,

1081 Mathematics Subject Classification. J0IN5, 3TF10;

Kep wonds and phrmses. Functiona! Equation, Fationsl Selutions.
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In [3], the functional equation (1) where f is a rational function of
degree k of the form

apt" +ap g2 o gz 4ay
2 -
(2) /z) bez* +be 2t bz by

where a;, b, € C, (aq, by) # (0, 0) was studied. The main results in [3]

are as follows:
Theorem 2.1. Let fi be a rational solution of (1) of the form (8).
(a) If oy % 0,then

Je=Teo fou
where Juy(z) = BHHESE, Th(2) = ity and b € C.

B F—

(b) If ap =0, and ay.; # 0 then there is only one rational solution
tn this form for (1) and we can explicitly find such the solution.

fe) If ag = ap_y = 0, then there are no nenzero mtional solutions
for (1) of this form.

Conversely, f T ts any mapping such that ToS = SoT, then fooT
and T' o fy are solutions of (1).

Remark 2.1, When k = 2, fya(z) is the Newton's method for P and
when k =3, fya(z) @ the Halley's method for P, where P(z) = (z —
a){z—b).

In [3], the rational solutions [ of (1) are solved directly from a linear
system of equations. In this paper, we study the functional equation
(1) more analytically and we also describe the Julia sets of rational
solutions of (1),

3. Main ReEsurTs
Let § and f be a8 in the previous section. We have
Theorem 3.1, Forangi,7 €N,
(3) flo§ 5™
Proof. For fixi=1,let P(j) = fo § = §*c f. Then for j = 2,
(foS)oS=(5*af)o8
=8 (f08)
~5*a (S0 f)
=5%af
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This impliss P(2) holds. Assume that FP{N) holds, Then
foSNH =[‘fu3“f}b3

=(8"a f)o §

=5 o(fag)

=5" o (5% f)

=S”+1l:l-f
which implies that P (N + 1) holds. Therefore foS87 = §%* ¢ { hold for
a.lleN.SimihrnyuraﬁIadjEH,wemnyahnwthuf‘uSJ=Sf”uf‘

holds for all 1 € N. We conclude that f'o S/ = %6 f' forall §, j € N,
This completes the proof, [ |

Theorem 3.2, Let f be a solubion of (1), If f(b) # o then a and b
are fived points of f.

Prool. Hmtly1mmvthuu,bmmtpuhuff.fhifnmapuln
of £, then f(n) = co. From (3) and for i = 1 we have

oo = f(a) = f o 5 (a) = §*(f(a)) = #*(c0).

this implies that 8 = o0 or b = oo which is & contradiction. Thus a
and b are not poles of f. From (3) if we take § = 1, then for = ¢
FH(b) U {a, b} we have, by contimuity of f,

(87 (5)) =5 (f (2))-
Thus

fla) = 1(,im 5'(:)) = tim £ (5 a)
= lm 5 (f(z))=a
which implies that a is a fixed point of f. From (3) if we take z = b,
then
5(b) = S™(f(b)).

As we sssume that f (b) # o we conclude that f (b) = b. This completes
the proof. 1

Remark 3.1. Let f be o solution of (1) such that f(b) # a. Thena,b
are super-attracting fived points of [,

Proof. Consider

fo8(x) =80 f(z)
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by differentinte both sides we obtain

['(a)S'(6) = S'(5*" o f(2)) - 8'(8* 0 [lz)) - .- S'(f(2)) - (2}

Forz=a,
f'{a}-8'(a) = [§'{a)]* - f'(a)

and since 5'(a} # 0, we conclude that f(a) = 0. That is, a is a
attracting fixed point of f. Similarly, we can show that f* () = 0.
ecmpletes the proof. ]

Theorem 3.3, For a given compler number a # a,b. There ensis a
unigque sodution of (1) which fizes a, o and b,

Proof. Let f and g be solutions of (1) which fix a,b and a. Fram (3]
take § = 1 we have

fo8a)=5" o fla) = §*(a)
and
goS{a) = 5" o gla) = §™(a).

Since o # a,b and a is & global attractor of §, §(a) — o &8 § — o0,
This implies that o is & limit point of {5(a) : § € N}. As

{Sa):jeN}C{zeC: f(2) =g(2)],

we have, by the ldentity Theorem, f = ¢ on T. Therﬁfme, Lhnﬂh
4 unique solution of (1) which fixes a,a and b where o # a, b
completes the proof 1

Remark 3.2. Let f be o solution of (1) which fires a, b and al# ﬂiﬂ"
For oll Mibws tronsformation which fices a,b we may show that if
T{fla)) =a, thenToS=50T,.

Theorem 3.4. Let [ be a solutton of (1), Then foT and T o [ ame
solutions of (1) where T is any transformation which satisfies So =
Jo8.
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Proof. Put g = feT and h=To f. Then
goS=(foT)o8
= [o(Te8)
=fo(SeT)
= (fo§)aT
= (5" oif) o
=S o (foT)
=5%0g,
That is, g Is & solution of (1). And
ho8S8=(Tof)of
=Tao(foS)
= To(s* 1)
={T'n S}Iu{.r_[ﬂf}
=8¢(Teo 88 f)

=5*c(To f)
= S*o
That is, h is & solution of (1). This completes the proof. P

Theorem 3.5. Let f and g be solutions of (1) which [ fives a,b and
alo#ab) andg fizes a,b and B (3 # 6, b). Then g can be expressed
in the form

g=Teof
where T 13 o Mobhus transformation which fizes a. b and T f{F)) = 8.

Proof. [t is easy to see that So T =T o 5. By Theorem 3.4, To f is
a solution of (1). Since

To f{a) = T(a) =a

To fib) =T) =b

To f(8) = T(f(A) =B,

this implies T'o f is a solution of (1) which fixes a, b and 5. By Theorem
3.3, we obtain g =T0 f, '
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Theorem 3.6. Let [ be a solution of (1) which fires a,b. Then [ is n
rttonal function.

Proof. First, we consider 5(z) = Az, A # 0. Let g be a solution of (1)
which fixes ), o0 and 5 is defined as above. So

(*) o(Az) = Agl2).
Set
glz} = B2 10a2"
where a, € C, ¥n. We have
g{Az) = LZ a, A" 2"
and

Mo(z) = T2, A"
From (*), we obtain

- OIS R O
D= (A" =AM =0
an{ A" = A¥) =0,¥n
For m # k,a, = 0, so that g(2) = a,z*. This implies that g is a rational
funection.

Now, we consider S5 which fives a, b. Then S is conjugate to & map
s Az, A # 0 by the Mobius transformation that send z = a to 0 and
2 = b to o0, namely
-z+a
-4+ b
Let [ be a solution of (1) which fixes a, b. Then [ is conjugate to g with
the same Mobius transformation. Therefore f is & rational hanction.
This completes the proof. i
Proposition 3.1. Let [ be a solution of (1) which fires a and b. For
a#,b, if fla) = a, then | is conjugate to o map (==tt)*~' &

Proof. Assume that f is & solution of (1) which fixes o and b, Given
a # a,b. From Theorem 3.6, [ is conjugate to & map g where g(z) =
Kz* 3K £ 0 by the Mtbius transformation that send z = g to 0 and
z = b to oo, namely

Miz) =

M{£}=—I+u

=z+b
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Sinee fla) = a, so0
M 'gM(a) = a.
giMia)) = Mia).
That is M{x) is a fored point of g, But ¢ has fixed points at 0, oo and |

(k—1)" roots of . Then
w2y
o) = () |
—0 +u|:|._(1)“'!"I
—a+b \K
—c:+r.'|)h‘_ 1
(—ﬂ—H! g

K= ( _a+b)._1.
—a+a

This implies that f is conjugate to a map (=2)"" 2 This com-

pletes a proof, i
Example 3.1. Fork =2, N i the rational solution of (1) which fizes
a, b mnd oo,

Let [ be o solufion of (1) which [ fires 2. b and o (@ + a,b).
Then f=ToN where T w a0 Mihus transformation which fives a.b
and T(fla)) = a.

Definition 3.1. Let [ be a mational function and let [' denote the ith
iternte of f. The Julia set J(f) of f 15 defined as follows:

JUf)=C=F(),
where F{f) = {z € T : {/*}3, i= a normal family in a neighborhood of z}.
The set F(f) is called the Fatou sef of f.
Theorem 3.7, The Julia set of the rational solutions of (1) are circles
on the sphere.
Proof. In [3], we know that

oz =Y = bz —a)*

.fi'[:] = {3__ b}ﬁ_ |:.$ -ﬂ-}i
is the rational solution of (1). Let f be a rational solution of (1) which
fixes a, b and o (o # a, i), Theorem 3.5 shows that [ = Tye fi where T},
is a MBhius transformation which fixes o, b and Ty ( fi(a)) = . Fork >
2, the function f, is conjugate to & map w — w* and T} I8 conjugate
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to & map w -+ Ku* where |K| < | by the Mohius transformation that
send w = 0 to & and w = 20 to b, namely

b — @
Mw) = onet T
The inverse M~', of M is given by
gy —ETG
W —-z4b
This implies f is conjugate to the map Kz*' where |[K| < 1. So we
obtain that J(f) is a circle on the sphere. [

We now consider the case when the Mobius transformation has ex-
actly one fixed point in the complex plane, Let R be a Mobius trans-
formation which has only one fixed point, say a € C (80 a is the global
attractor of f). We are interested in finding solutions [ of the following
functional equation
(4) foR=R'sf
where k > 2 and R is defined as above. We have
Remark 3.3, Lel [ be a solution of {4). Then a i o fired point of f.

Remark 3.4. For a given compler number & # a. There exists a
unique solution of ({) whach fizes o and a.

Remark 3.5, Let [ be a solution of ({). If T is any Mabius transfor-
FmﬁnnsunhMTnﬁ=RnT.ﬂuﬂf¢T-denf are solutions of
4

Theorem 3.8. Let [ be a solution of (§). Then f is conjugate to a
map

kz+ Ple e %) + Qe
where P, Q) are meromorphic fumctions.
Proof., Without loss of generality we may assume that Ri(z) = z4c,c #
0. Assume that g is & solution of (4). Then g(z +¢) = g(z) + kz. Note
that g(z-+¢) = g(£)+ kz il and only if g(z) = kz-+ H(z) where H(z) =
¢(z) — kz. B0 H{z) = H{z +¢) , that is, H is periodic. Since rational
finctions cannot have & period, this implies that H(z) = P ") +
Q(e™™*) where P, Q are meromorphic functions.

Now, we consider 5 which fixes a, Then § 15 conjugate to s map
£ s x4 g ¢ 0 by the Mithius transformation that send z = a to 0,
namely

1

Miz)=

-z+a
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Let f be a solution of (4). Then f is conjugate to g with the same
Mobius transtormation. This completes the proof, [

Example 3.2. _f[;g=2:+e"+ﬂ'uumluﬁﬂﬂ of the functional
equation fo R= Ko [ where R{z) = z + 2mi.
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