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Abstract
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Introduction

Part I Julia sets and discrete dynamics of certain rational functions
and functions of class A

Topic L Julls sets and discreta dynamics of certain rational func-
tions

Let f(z) be a rational function (or an entire function) on the complex
plane C. We define the ith iterate a8 % = 1¢, f = f~'o f and f~* = (f¥)"
for i > 1. We call 5, € CU{o¢) a perlodic point of [ of period p 2 1 if
fP{s) = 2z and f'(z) # 2, 0<i<p=1 Ifp=1 wesay z is a fixed
polnt of f. Assume that 2; is & periodic point of f of period p, we say that
zy I8 an attractive periodic point of f if |(f®)'(z)] <1, wesay 3 isa
repulsive fixed polnt if |(f*){2)| > 1, and zp is an indifferent fixed
polnt if |(f*)(20)] = 1. We are interested in the family of iterates of f,
namely {f*(z)}.-, where 2 € CU {oc} (or z € C), that is we are interested in
the behavior of f*(z) for § > 1 and 2 € OU {oc}. The studies of the modern
theory of iteration of f{z) has been traced back to around 1900 when G.Julia
and P.Fatou had independently developed this branch of mathematics. The
most iImportant theory developed are mvolved with the following two sets,
Julla set J(f) and Fatou set F{[) of function f where they are defined by

F(f) = {z e CU {00} : {f*{z)};2, is & normal family in & neighborhood of 2}

J(f) = {CuU{=c}} = F(f).

From the definition it follows that J{f) is & perfect set and F(f) is an open
set. Results on the theory of iteration of rational can be found, for examples,
in [B, 10, 15-16, 20, 44, 50, 52, 60, 72]. Results on the theory of lieration of
transcendental meromorphic functions can be found in [1-6, 9, 16]. Results
on the theary of iteration of entire functions can be found In [6, 50, 56, 63,
65]. In spite of extensive studies on the theory of iteration in recent years,
there are still many interesting questions to be answered.

In this research project, we propose to do more research on theory of
iteration of rational functions and entire functions. We will now give the
literature reviews and related results. In this part, we focus on theory of
iteration of rational functions. The topics we are interested is to describe
dynamics of rational functions of certain forms. In [37], J.R-Kinney and
T.8.Pitcher studied the Julia sets of rational functions R{z) of the following
forms:
ﬂ{:}nm-z .
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creasing order. They showed that J(R) .Q R*(L) whese Iy = [mg, 2,1, 2y

and x,, are the smallest and largest real roots of R(z) — 2. They also
thﬂuppﬂ-mdhwarmﬁlnuadwm&m{ﬂ.ﬂ}] ﬂ!{ﬂ

follows:

L < dim(y(m) < LY
where m n% {R(z)} and M =
propose (o extend the study d&rﬁﬂﬁmﬁ:‘dﬂuhﬂmﬁ'm

R(z) =as— gh:_'-;: {0.1)

whaua.ﬁ.q,nﬂd;lhmlmmh&hqng-l,.ﬁ-::&ﬁ__:ﬂ.
and bye;—d¢ > 0forall 1 < ¢ < n. Note that the rational functions we propose
to study is in more genoral form that the ones studied by JR.Kinnsy snd
T.S.Pitcher, in particular, we also study the case when a = 1 ba, J.R.Kinnay
an{R},ﬁndHnmmmhm&rWMde{m
[mdm,nmmwmmmam such as
when 6 > 1, we obtaln that J(R) C [y, 7] where 2y and x,, are the smallest
and hmﬂmﬁﬂ{:}—tlﬂthlﬂmmdﬂmi
qual to zero). %MMHMMM[HJE! T, 18]
mmmmw&-mmﬂgﬂn}hmm
expect that when o > 1, R(z) restricted to J(R) Is topological conjugate to
the shift map o an n + | symbols. For the case o = 1, we have seen from
several examples we have considered that J{R) by umbounded subset of the
mnllh;,lnlhh_m;h:hbngnmdi{ﬂ]liﬂﬁjulhmuﬂ
we could not obtain the upper and lower bounds for Hausdorff dimension of
J(R). However, the main point of interest in the case a = 1 is the symbolic
dynamics of A restricted to J(R) in which we have precise ides on how to

ﬂudmﬂuﬁu-mgw.mhMMﬂ

{f(z)}. From this results, we




JdA. Measure g is v — invariant if for any messurable set A, we have
u(A) = u(r~1{A))), mpecially for one-dimensionsl trassformations. Let M
be the set of all meromorphic functions which preserve the real line B As
referred in [21], that Levin proved the following results:

Theorem A. A meromorphic function g € M if and only if

’M'AH[B’**'E (-n- n]

where ¢ = 21, A, B, C, and p,, s = +1, %2, .., mre real and B > 0,
C.}Dmdzﬁ < +00. The poles p, are numbered such that p, < p,. for

8 =1, +8 -.ﬁmmni—-&mq&mmm In [21],
P.Gora and N.Obeid studied dynamics of functions g(2) in clnes M, whers
they considered four cases as follows:

Case I: B <1 and ll fixed points of ¢ in R are repelling.

Case H: 8 < | and no fixed point of g in R is attracting and st least
one is neutral,

Cese IIl: =1

Case IV: 5> 1,

Thery have obtained results on absolutely continuous invariant measures for
transformations for 7 : R — R where r{r) = g{z), 2 € R and g € M for the
shove mentioned four cases where they used severnl previous known results
snd techniques, ses [1-5, 20-31, 45, 6], to obtain thair raslts,

Obeerve thut the rationsl functions R{z) in the form (1) we contained
in M thereftre we proposs to study absolitely continueus invariant measure
for r: R — R where r{z) = R(z), £ € B. Note that the techniques we need
to obtain our results are mot quite the smme as in [21], since for the rational
functions H(z) we knows the precise structure of J{R).

Topic I1. Discrete dyamics of functions of class A...

Suppose that M Is the interval |-1,1] or the unit circle S and [ from
M into itself is & C' map, Wiqfhmmdmuphhnﬂhﬂ“*‘ﬂ
the derivative /' of f is a-Halder continunus and for every point o
of /, there is & small neighborhood Uy of ¢ such that r{z) = 7 8o
Halder contimious on {z < g} NI and on {z > g} N4 WH
class '+ are extensively stuidied for exnmple in [32-35], 1o all these papers
the authors show distortation estimates for the family of mappings under
consideration and they are crucial in the understanding of the dynamical
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properties of these mappings. These distortion estimates is closely reiated 1o
the A, condition we will define below. Again, let M be either & unit dircle
of an interval (or mare genernlly o l-dimensional menifold). A messure u is
sald to be in A, if there are constants ¢ > 0 and & € [0, 1] 50 that

iy

s <<() o
for every messurahle subset E of an interval | C M, where | E| ia the Lebesgue
messurahle of the set E. We sbbreviate this with u € A(c §).

Consider an endomorphism | M — M, the image [, of & tmeasure u
under f is defined by

[l E) = u(f~Y(E)) for every messurshle st £ C M.

Definition L An Endomorphism f: M — M is colled A, mapping if the
" —images of the Lebesgue measure dr are uniformly tn Ay, ie., there i
e >0 ond & € (0,1] s0 that (/™).dz € Aslc,8) for every n e N.

Observe that such & mapping s absalutely continuous with respect to the
Lebeague measure. 11 we write (/™).dz = w, dz, then (if f is differentiable)

the density is 1
Wiz} = I——ﬂ-]e., zeM.

We call & point c € M singular if cither f hoa no derivative at cor f(c) =0
and otherwise regular. ﬁHWﬂhﬂ;P{:EH c singular}. We
propose to study first the following probien:

Problem 1 Establish slemeutnry properties such sa the periodic polnts
of A mappings,

As we mentioned, €+ mappings are extensively studied in the literature
where thie authors have all establishied distortion results for the class of map-
pings they consider. For example, Shub snd Sullivan considered expanding
C'** circle endormorphisms. Lemma 1 of [62] says that there is & constant
nbﬂmﬂtﬂﬁf:ﬂhmmﬂﬁhmmmfﬁm

*: = ) ﬁ}.l«:a.ﬁrnmr a2 pel

The estimated term is usually referred to be the distortion and this control
of the distortion should be compared with the Koebe § Theorem of analytic

c




fdA. Measure u is T — invariant if for any messurable set A, we have
#(A) = u{r~(A))), especially for one-dimensional transformations. Let M
be the set of all meromorphic functions which preserve the real llne R. As
referred in [21], that Levin proved the following results:

Thecrem A. A meromorphic function g € M if snd only if

e Cy ! 1
olz) =A+e [H:-T gc, (f—ﬁ_lrﬁ)]

where ¢ = +1, A, B, C, and p,, 8 = &1, 42, .. are real and B > 0,
C. 2 0and I & < 400, The pales p, are numbered such that p, < p,.q for

a =1, £2, ... We sssume that st Jeast one O, is different from 0. In [21],
P.Gora and N.Obeid studied dynamics of functions g(z) in class M, where
they considered four coses as follows:

Case I: 8 < | and all fixed points of g in R are

Case II: B < | and no fixed point of g in R i sttracting and st least
one is neutral.

Case IIl: B= L

Case IV: B> L
They have cbtained resulia on absolutely continuons inveriant measnres for
transformations for v : R — R where r(z) = (), 2 € R and g € M for the
and techniques, see [1-5, 20-31, 45, 86], to obtain their reslts,

Obeerve that the rational functions R{z) in the form (1) are contained
in M therefore we propose to study absolutely continuous invariant measure
for 7 . R — R where r{z) = R(z), € R. Note that the techniques we need
to obtain our results are not quite the same &8 in [21], gince for the rational
functions R(z) we knows the precise structure of J(R).

Topic I1. Discrete dyamics of functions of class A,..

Suppose that M is the interval |-1,1] or the unii circle §' and f from
M into itself is & C" map. We say f I8 an endomorphinm of class %= if
the derivative [’ of [ Is o-HiSlder continuous and for svery critical point o
uff.thmaﬂumﬂlﬂglﬂ:mhmdm:iqmthﬂr[ﬂ-ﬁ“’qin-
Htlder continuous on {x < q}NLj and om (= > &} NL;, Endomorphisms of
class C'™ are extensively studied for example in [32-35]. In all these papars
the nuthors show distortation estimates for the fumily of mappings under
consideration and they are crucial in the understanding of the dynamical




mﬂaﬂthmmm,ﬂmdimﬁmﬁthmm
the A, condition we will define beiow. Ammrdhnﬂth:wtm
or an interval {mmmﬂyalﬁww&.ﬁm.ﬂh
nﬂmhinﬂﬂﬂﬂmmmmmc}ﬂmdﬁefﬂ,l]nm

v << ({) 02

Definition 1 Anﬂhdwmhmf:uqﬂﬁndﬁahnw' if the
f* = images afm!m“mﬁmmmﬁhﬂﬁit.ﬂﬁiﬁ
e>0and & € (0,1] so that (") odz € Axle b) for every ne N,

Observe that such & mapping is absolutely cantimous with respect to the
Lebesgue measure. If we write (" )odr =ty iz, Chiem (i f is differentinble)

the density is |
W'nf.::,] =P§“ H-rn?(r y EEM.

“&m.!lhpnintceM:ingtdnrifeithmfhl-mﬂﬁhﬂuﬂ'iwffﬂ}nﬂ
and otherwise regular, The singular set is Cy 1= {e€ M : csingular}. We
mmmudyﬂ;mtthufﬂﬂmmgrwhhmr

Problem 1mmmmlmmuhmm
of A, mappings. _

As we mentioned, G'“mpﬂnpmmw-h the literatire
wﬁu:ﬂmuuthmhamnﬂeﬂnhﬁuhaddhhﬂnn'mhﬁﬂhﬂﬂ—utm
pings they consider. For example, Shub and van considered axpa
G gircle endormorphisms, Lenuma 1 of (62] says that there is & constant
g}ﬂlu:-hthn.tIHES'{un.nhumm‘rhmtum'mfﬂm

(/") (=)
(fY(w)
. The estlmated term is usually referred to be the distortion and this control
- of the distortion should be compared with the Koebe 4 Theorem of analytic
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functionns, From this it is easy to see that such a mapping is in fact an
A mapping. We thus are led to the bllowing problem:

Problem 2 Give examples (If possible s description) of the smooth (for
mpﬁﬂ’“}mnpﬁnpmntmdm.hmmmm&mm
C'*®  mappings of [32-35] are A,. Note that these contain the
considered by Misiurewicz [46] and those of Jakobson [31]. What about
the geometrically finite mappings in [31, 35]. Find more examples of Ae
mAppings.

We now focus on the absolutely continuous invariant messures. For the
clags of mappings he considered, Misiurewicz [45] gave & precise answer o
the following question (see also [32-35]):

Problem 3 Show that an A, mapping has slways an absolutely con-
tinuous invariant messure. How many such aheohitely continsous invariant
measures do exist?

Part Il Invariant properties of Mibius transformation

This part of our proposal is motivated by a serie of papers written by
H.Haruki and T.M.Rassias on Invarisnt characteristic property of Mobius
transformations, (24-28]. Recall that & meromorphic functions on € s called
a Mobius transformation if f{z) = &% where a, b, ¢, and d are comples
numbers satisfying ad — be # 0. The set of all Mabius transformations under
the ususl composition of function is & group which is of particular interest
when we consider some of its subgroups, for example, subgroup of all Mobius
transformations which satisfy ad — b = 1, see (13, 36, 47]. From now on we
let w = f(z) be & nonconstant meromorphic function on C. Consider the
following properties:
Property A. w = f(z) tronsforms circles in the z — plane onto circles in
the w — plane, including stroight lines among cireles.
Property B. Suppose that w = f(z) is analytic and univalent in a nonempty
simply conmected domain R on the : — plane. Let ABCD be an arbitrary
quadrilaterni{not self-intersecting) confained m R. If we set A' = f(A),
B' = f(B), €' = f(C), P = f(D) and if AB'C'D' is a quadrilateral on
the w — plane which is not self-intersecting, then

CA+ < C=<c A4 <

ened

<B+ecD=<B 4D




hoid,
Definition 1. Let AABC be an arbiirary trinngle and L & point on the
complex plane, %dﬂﬁu‘tﬂh}fﬂtm.ﬁ=m,cﬂﬁ,:=nly=m

7=CL. If az = by = cz holds, then L is said to be an Apollonius point of
AABC,

Definition 2. Mﬂﬂﬂhmwhmm%ddlmﬂtmw
simple) on the complex plane. If AB. D = BC - AD holds, then ABCD is
said to be an Apollonius guadrilufernl

1Nnt& that, from Definition 1, any triangle can have at most two Apollonios

point.
Property C. Suppose that w = [{2) is analytic and univalent in o nonemply
domain R of the z-plane. Let AABC be an arbitrary triangle contained in
R and let its Apollonius pomnt L be a point of R. If we set A' = [(A),
B'= f(B), €' = f(C), I' = {(L) and if the three different poinis &', B,
form a triangle, (i.e. A, B', C" are not collinear), then the point L' is also
an Apellenius point of AA'BCY.
Property D. Suppose that w = f(z) is analytic and wnivalent in a nonempty
domain R of the t-plane. Let ABCD be an ariitrary Apollonius quadrilateral
contained m R. If we set A' = f(A), B' = f(B), C' = }{(C), D = }(D),
then A'B'C'LY is alno an Apollonius quadrilateral on the w-plane.

The following result about invariant property of Mhius transfornstions
iz well-kmown:
Theorem A [36, 47] The function w = [(x) satisfies Property A if and only
f w=f(z) 15 a Mabius transformation,

Later H.Haruld and T.M. Rassias proved the following results on invariant
property of Mobius transformations:
Theorem B [25] The function w = f(z) satisfies Property B if and only if
w = f{z) is o Mdbius transformation.
Theorem C [26] The function w = f(z) satisfies Property C f and only §f
w= f(z} t¢ a Mabius transformation,
Theorem D (27| The function w = f(z) satiafies Property D if and only if
w= f(z) 15 o Mibius transformation
Definition 3 The Schwarzian derivative of a function f, Sy is defined by

_ ") 3 ey
S =3 ﬂ(?ﬁ)

The following result is well-known [47]:




Theorem 1 Let [ be o comples-valued function. Then S;(z) = 0 for all =
such that ['(z) # 0 if and only if f is a Mébius transformation.

The key ingredients in the proof of the sbove Thearems are known, such
as the Maximum Modulus Principle of analytic functions, the Reflsction
Principle of analytic functions, and some well-known lemmas. The strategies
!nnuthﬂrmlﬂtaahcwuetunhﬂwahuifw=f{:]mhﬂme&ﬂmr?rmty
B, C, or D, then w = f(z) has sero Schwarzian derivative in & and henee In
C (by the Identity Theorem) and hence it must be a Mobius transformation.
However, as we Inspect the proof of these results carefully, we see that we
can proof these results by using one of the most important properties of
Mbbius transformations, namely the invariance of cross ratio ( recall that
the cross ratio of four distinct polnts 2, 23, 23, 2 € CU {20} is definsd to
be H-5.8-4), Moreover, we are ahle to extend some definitions and results
of H.Haruld and T.M Rassiss, for example, we have the following:
Definition 4. Let k| > 0. Let AABC be an arbitrary triangle and L
& point an the complex We dencte by a = BC, b = AC, ¢ = AB,
r=AL y=FL, z =TL. If ax = kiby) = }{cz) holds, then L is said to be
an (k, {)- Apolionius point of AABC.

Definition 5. Let k > 0. A quadrilateral ABCD is called a k — Apollonius
quadrilateral if AB-CD = kBC - AD.

By using the invariance of cross ratio under Mobius transformations, we
have obtained the following results which generalise Theorem B, C, and D
above:

Property C'. Suppose that w = f(z) 5 analytic and univalent in a non-
empty domain R of the z-plane. Let k1 > 0. Let AABC be an arbitrary
trigngle contained in R and let its (k,1)-Apollonius point L be a point of
R. If we set A'= f(A), B'= f(B), €' = f(C), L' = f(L) and if the three
different points A', B!, C" form a triangle, (ie. A', B, C" are not collinear),
then the point L' is also a (k, [}-Apollonius point of AA'B'C,
Property D'. Suppose that w = f(z) is analytic and univalent in g non-
empty domain R of the z-plane. Let ABCD be an arbitrary k-Apollanius
quadrilateral contained in R. If we sei A' = f(A), B' = f(B), €' = [(C),
D' = f(D), then AB'C'D' is also a k-Apolionivs quadrilateral on the w-
plane.

Theorem C', The function w = f{z) satisfies Property C" if and only if
w = f(z) & o Mdbius tranaformation.

Theorem D'. The funclion w = [(z) satisfies Property D' if and only if
w= f(z) is o Mdbius brunaformation




Moreover, we obtain & new result similar to Theorem 1 a8 follows:
Theorem 1'. Let f be a meromorphic on the plane. Define the Newton
derivative, Ny of a function f as Ny(z) = z — fi5. Then Ny(z) = 0 for
all = such that ['(z) % 0 {f and endy of [ is o Mébius transformation of the
form flz) = 2=, u#0.

Motivated by the previously known results we have mentioned and new
results we have obtained, we propose to study the following problems;

Problem L From Theorem 1', we propose to study (find) new invarianee
properties of Mobius transformations which have Newton derivative squal to
zero. For examples, we propose to study Properties B, C, D, ¥, and D' for
this class of Mobius transformations. (Currently, we have already submitted
one paper related to Problem 1 to Journal of Mathematical Analysis and
Applications which are now being referead),

Problem IL. Continue from Problem I, we will study some new invasiant
properties of general MObius transformations. Ome poesible direction is to
consider hexagonal instead of quadrilateral in THeorem D and IV shove in
which we hove some precise idea of how to attack this problem.

Problem IIL In [46, 48-49], it was shown that if an analytic function f
in the unit disk D(0,1) = {z : |z] < 1} satisfies the following inequality

2
Splz)l =
|Splz) m
for all £ € D(0,1) then £ is univalent in D(0, 1) where the constant 2 is best
possible. It is routine to check that if f is univalent in D(0, 1) then [ satisfies
the following inequality

i}
5
|Sy(z)] < m

for all z € D(0,1) where again the constant 8 is best possible. The sbove
result was generalized in [17] where it was shown that if an analytic function
f in the unit disk D(0, 1) satisfies the following inequality

f"(z) c
|.f'f£:r P

for all z € D(0,1) and for sufficiently small constant C then [ s univalent in
{0, 1) and it was als shown that C can be taken to be 2(+/5—2) or smallesr,

10




Several authors have then tried (o Incresse the value of C, see [17-18, 48],
From these results, we propose to find necessary and sufficlent conditions for
un analytic function in D{0,1) to be univalent by considering the modulus
of Newton derivative, |Ny| instead of [Sy| or [£8|. Our results will be
certainly new and can be spplied to obtain some new criterion for univalencs
of analytic functions in D(0, 1), As of present, we have obtalned a necessary
condition already,
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L Introdurtion. Throoghout this paper, we & w = Fl2) be 3 mmconstent mero-
morphic luncilon in C unless otherwise stated.
We conslder the fallowing proporiles,

ProrFERTY 1.1, W = fiz) ransforms circles in the z-plane onto circles tn the w
plane, Inchiding siralght lines among circles.

PROPERTY 1.2. Suppose that w = fiz) Is analytic and univalent In & ponempry
stmply connected dmmain @ on the z-plane. Lot ABCD be an srbitrary quadrilateral
(not sell-intersecting) contained In W, If we set A' = FLA), B = FIB), C' = FIC), D" =
SUD) and If A'8°C°DF is & quadrilaters) on the w-plane witich s not self-nmersecting,
then the lollowing hald

P a Y A LB 2D = AR & LAY, (.1

The following iz a well-known principle of circle transformanion of Mibius transfor-
mations.

TaEorEs 1.3, w = Fizd sofivle: Property LI iF amd only i w = flz) iva Mébhis
fransformations.

In [1L 1t is shown that Property 1.1 lmplies Property 1.2 and & new imvariant charsc-
terintic property of Mibhs trensformations 18 ghven ax follows,

TueoREM 1.4. Let x be an grbitrary fixed real mimber such that 0 < o< 20, Sup-
pose that w = [z} is anabetic and univalont tna nenempty simply conmacted domain
onthe z-plane. Lot ABCD be an arbitrary quadrilateral fnot sslf ntersecting) contatred
in R satisfying

LA+ 20 = | 4]

IFA" = fiA) B = FIB). C" = FIC), I = FID) Is @ quadrifatéral ov the w-plane which
iz not self-intersecting, then the ondy flinction which sahisfizs

Fr S | (L1
ix @ Mdbius tramnsforrmmtion,
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Theorem 1.4 ghves an alternative prool of *the ooly If part™ of Theorem 1.3, Mod-
vated by the above results. we consider the following nroperry,

PRoOFERTY 1.5. Let k be an arbitrary postiive resl mismber. For thice arhitrary diz-
it points a, k, and ¢ in B satisfving

Sh =k, i1.4)

|.ﬂnn Jib) fie) _y 1S

Fle)r=FibY ~ fia)
In Sectian 3, we prove the following result concerning the mapping property of an
amatytic snd urivalent function on & connected domnin,

THEoREM LB, Let k be an arbitrary poriifve real numiber, Letw = fiz) be anlyiic
ard univalent in a nonempiy connected dormain & an the z-plane mich that fiz) =0
for all 2 £ B Then f satisfles Property 1.5 if and only if f Iv @ Mdbsiug framformanion
of the formu/iz+v),uag,

2. Lemmmas

DeFmrmion L1, Let f be a complex-valoed function The Schwarzian derivative of
F is defined as lollows:

et 1 ,.""‘[:I l.'l .
$piz = Lt [Lﬁﬂ 2.1}
Simitar 1o Schwarzinn derivative, we hinve the following,

Dermermeow 2.2 Let £ be a complex-valued function, we define the Newton dierfve
rfve of f a3 fallows:

Flery _ flaif iz
Friz) (Flay’
REMARK 2.3. Note that Nyiz) is the first derivative of Newron's method of .

Resiank 24. Let [ be o complex-valued function. It s well known that Stz = 0
tf and only I f Is & Mobius rranslormation

From Remark 2.4, we have observed that a similar resitlt holds trae when we replace
Schwarzian derfvative by the Newton derivative

Lusesea 25, Lei f be a complex-wileed fenction. Then Ngtz) =2 if and only if f is
er Misius trangformation of (he farmufiz+v), w =0,

Proor. Let [ be s Mobius transformation of the form w/{z +v), u = 0, then if =
easily cheched that Np(z) = 2 Let f bea complex-valued function such that Ny (z) =
It Tollows that

Mriz)=z—

2.2

{“%ﬁi} =2 23)
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which implies thay
Jizd

I—m"h—fh 2.4
where ©) |5 & complex constant, thus
(2}
r":} = —F+ 115}
or
| :I'_H.ﬂ_ 1
Tz} d= —Z+ 0y e
From which it follows by a simple calculation that f bs & Mablus transformanion of
the form w/{z+v), w =10, i

3. Main result. In this section, we sssume that w = fiz] (= analytic and onivalen
on a nonempty connected domaln R on the z-plane such that fiz) «0forall ze R

PROOF OF THEONEM 1B, Let {2} be g Mdbius transformation of the form uilz+el,
w0, Leta, b, and ¢ be arhitrary three distinet points in R such that

=y
oy k )
We observe that
a-k
ey > 32

I8 the cross-ratio of a, b, ¢, and d, where d s the poimi st infinity, Since f{z) =
uftz+v) we 0 we have fid) = 0. Since Moblus transformations preserve the cross-
ratho, we ohitain

flal-sib) fic)

= b
Fic)—Fib)  fla) " ek 33

which implies that

Jal-f 01 fe)) | (a-b)
Flci=fiky [fla) c—b i
Therefore, any Mibios transfermation of the form w/iz + v}, u = 0 satisfies Prop
ey LA,
Comversely, ket x be an arbitrary fixed polm in R Then theres exists o positive real
mizmber v such that the r circular neighborhood Ny lx) ol x 18 contalned in .

Throughout the proof let A = x +ky, B =x, C = x -y, Slce R b5 3 nonempty
connicted domain on the z-plane, there extsrs & positive real number s such that if

3.4}

0 < |¥| = f, (1.5

then A, B, andd C are contained in N, (x).
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Since w = f{2) s ondvalend o B, FlA) = Flr s ky), FIB) = fix), ond f(C) =
Sz — 3 are digrincy polnts, By assumpiion, we bave

Fix+ky)-fix) fix=y)

Tie—vi—fix) fixvkyil =X (3.6}
forall y suchthat D < fy] <.
Let
_ Jlxaky) - fix)  fle-y)
s Fix-yi=fixi fix+ky) (3.7}
Then
thiy)| =k (3.8

for all ¥ such that O < [w| < =, The luncibon hiy) extends analytcally st #ero by
hil) = =k Fence, by the maximioen modulus princple, we have hiyv) = =& fiw all ¥
with | ¥| < 5. In other words, we have

Six+ky)—Fix) [fix—¥]

Fir—yi—fid) fixeky] =% il
i 3| < 5. This equality implies that
(Fie+ky)— Sl fix— ¥h=—k{fix -]} - fix))fix « ky), 310
Differentiate this equality twice with respect to ¥ and then set y = 0, we obtain
~kik+ L0 (x1) - Flei S ix)) =0 {211}
which implies thai
20 ) - Flx) fUIx) w0 {3:12)
oy
%Eﬁ—'-z. EREN
By the identity theorem angd Lemma 2.5, we conclude that § ks a Mbbins transfonmation
of the form s/f{z+ @), 0+ 0, (a ]
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1. INTRODUCTION

Throughout the papes, unlcss otherwine stated, let w = f{z) be a non-
constant meromorphic function on the complex plans C. It is well known
that for w=f{r) to be a Mobiw transiormation, # i necessary and
sufficient that w = f{z) satisfies the following Propery A:

Property A. w = fiz} maps circles in the z-planc onto circles in the
w-plane, inclucling straight lines among cirdes.

The following are some definitions and mapping properties which were
Introduced in [5-7),

DerFmamion 1.1, Let a ABC be an arblirary triangle and L & point on
C Wedenote g =BC, b=AC, c= AR s = AL, y=8L, : =TL. |f
ax = by = cz holds, then | is sald 1o be an Apollonius point of 4 ABC.

Dervmon 12, Lot ABCD be an arbitrary quadrilaieral (not nocessar-
ily simple) on C. If A¥ - T0= BC - T4 holds, then ABCD is said to be an
Apollonius quadrilatersl.

Propersy B. Suppose that w =j{z) b snalytic and umivalent in a
nonempty simply connected domain R on the z-plape, Let ABCD be an
arbitrary gquadrilateral (not self-intersecting) contained n R, I we set
A =flA) F=8),C=C) D=fD)and if £BCL Is a quadr-

OO2E- 2T 00 B35 I
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hhrﬂmmmﬂmﬂuhhmmm
LAY LC=L A4+ LT
and

_ LB+ LD= LB+ LD
hodd.
Property C. Sqmﬂntr-ﬁ:}hﬂlrﬂﬂudunmhmln
nonempty domain K of the 2-plme. Let nmhnﬂﬂnuy
mhﬂmhmmﬁul pul.ﬂ:l.ﬂl!w:
A =flA), B =f(B), C =fC), E =fL) and If the three different
points A, &', C* form & trisngle (Le., A', B, C" are not collinear), then the
point L is also an Apollonius point of a AB'C.

Froperty D. Su?:ﬂuml w-ﬁihﬂlﬂhﬂumm in u
domain z-plane, ABCD be an arbitrary Apolioni
contained in R. If we set 4 = f(A), & = fLB), C = f(C),
¥ = (D), then A'B'C'D is ulso am Apofionivs quadrilateral.

Recently, in [5-7) Horuld and Rassins gave several new characteristics of
Mobius transformations from the standpoint of cooformal mapping and
slementary geometry. The following ars the resulis they chimined:

THEOREM A [5]. The function w = f{z} satigfies Property B iff w = flz)
i a Mobiuy trengformation.

Tueoresm B (6] The function w = f(2) satitfies Property C if w = flc)
b a Mobi frangforraion.

TueoResm C [T} The function w = f(z) satigfier Property D iff w = f{z}
iy a Mobiuw ronsformation.

These results are interesting in the semse that they flovtrated some
connections between geametric properties and analytic properties of ana-
lytic univalent mappings. The proof of the “only i part of these resulis
requires some known results from geometry together with the following
kcy lemmas which are also well known:

E.

A

Lema 13 If the funciion w = [{z)} @ amalyic and univalent in 2
nonermpty domain R, then {2} # 0 in R,
Lemma 1.4, If flz) and plz) are ansheiec functions in «

ROREMHY
domain R and f{z}glz) # 0 in R and also argl f(z)) = arglgi =) holds in R,
then f(z) = Kg(z) in R where K is a positive mal consiams.

Lanmas 1.5, Lﬂwnﬂ:}hﬂkmﬂ.?}-w- ) i
Mobius transformation i§ff 5.(z) =0 for IEE-{::ff:}-ﬁf-:u:
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Sylz) = () /P2 = O/ CIANP which is called the Schwarzian
deripative of fiz). )

anhﬂnﬁmﬂ-mmm:llhﬂmm]um

Dermdmon 1.6, Let f(z) be a furiction on C. We define the Newton
derivative of f{z) as the ﬂutdnhﬂtdhmmu{f[ﬂ.lu
other wards, we define the Newton's derivative of f{z) m

[ _ K _ 9t
¥it=) (’ &) " ey

Thmlnpumndﬂﬂlmimmm.'uﬂ.ﬂmd
to prove the obtained resuits by means of the invariance of coss-ratio of
MWMHEnEUHMt.%MWﬂ
will also give some new mvarian chamcteristic properties of Mabius
transformations. In particular, we will charmcterize MBhius transforms-
tions which hﬁHﬂmd:quImzhlﬂddhﬂqm
Schwarzian derivative.

2. MAIN RESULTS

First, we give another proof of Theorem A by mexm of the invariance of
cross-ratio of four distinct points ap € = C U {s) under 5 Mabius trans-
formation.

Froof of Theorem A, Suppose that w = f{z) s & Mabius transforma-
tion and et ABCD be an arbitrary quadrilateral in K. Then we obtain

A—D
cATITTS
End
C-8
Lf-q{c—_—i
which implies that

c A—D Cc-8 (.-I-—ﬂ c-l)
ca+ecmml75) s mleTg) ~m{i5-555)

Sinez §=Ff - =4 Is the cross-rmiio of four distinct points A4, D, C, snd B,
we obtain

f(4) -1(D) fIC)-f(B) A-D c-B
A1 =FiB) [C)-/(D) " 4-8 -
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ﬁrmummmhaummur
fA) = f(D) f(C) - 1(B)

fia) -7(B) f(C)~-J(D)

A-D C-8

A-B C- n]

- LA+ LC

which implies that w = f(r]} satisfies Property B. The other direction of
the proof is the same as in [5]

We now gencralize Definitions L1 and 1.2 as follows:

Dermrmon 21. Let & ABC be an arbitrary triangle and L a on
C Wedenote a=8C, bw dC, c=AF, x=AL, y= 0L, :%H
ax = k{by) = Ncz) holds where k, [ > 0, then L is said 10 be a (&, -Apol-
lonivs point of & ABC.

Dervmon 22, Lt ABCD be an arbitrary quadrilateral (not necessar-

ily simpie) on C. [f AB - TD= k(BT + DA) holds, then ABCD i sald to be
a k-Apallonius quadrilatersl

Remark L1. W L i & (k,[-Apoiloniis point of & ABC, then the
cuadrilateral BCAL is & k-Apollonlus quaddlateral and the quadrilateral
BCLA s an [-Apolionius quadrilateral. where the sense of any four paints
is counterclockwise.

.n"_d"+:’_ﬂ"-q(

o

Consider the following properties:

Froperty . Suppose that w = {z) |s aoalytic and univalent in a
nonempty domain B of the = Let & ABC be an

containgd in R and let im (k, point L be a point of K. 1f we
sel A = flA) 8 = f(B), C =fC), L =f(L), and if the three different

A, F.C lorm a triangle, (Le, A', B, C* are not collinear), then the
poini L' i alio a Uk, [-Apolionios point of 4 A'B'C.

Propeny D', Supposs that w=J1z) s analytic and onivalem in a
nonempty domain R of the r-plane. Let ABCD be an arbitrary k-Apol-
hmhlqulﬂrlmllnmdudh R. U we set A =f{d), B =fB),

€' =f(C), I = f{D), then AB'C'D is alao a (&, -Apollonius quadrilnt-
eral

The “i" parts of the following resulis can be proved using the same
technique as in the proof of Theorem A above. The “only i™ parts can be
proved similarly as in [6, 7]
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THEOKEM 2.3, The function w = f(z) satisfles Property C iff w = (1) i
o Mobiur trengformation :
THEOREM 24.  The function w = f{z) satisfies Property I iff w = f(z) ix
a Mdbivs transformation,
We now state
Property E. Let w = f(z) be snniytic snd univalent in &

Hmﬁnﬂnnﬂus-ihu.l.un-ﬂm:htl.b.f.mdn‘h:ﬁ:m
distinct pointa in R such that

a=b e=-d a-d ec-b
“(I-i‘iﬁ-l*l—‘b.t-i]““
Then we have

fla) /(8 fle) =1(d) | fi8)=f(d) f(e) A

fla) —f(d) fe)=F(B) ~ fio) =F(B) [Fic)-/id) '

Then we have

fla) - ftb) fl<) =1id) b fla) =fid) Jie) —11b) .
@) =1 fe)-A®)  fla)~1(B) fle)=ridy)| =™
We now give some more invarinal charcterintics of Mibius transforma-
tions & follows,

THEOREM 2.5, Idir-_ﬂ:,lhﬂln}#ﬂﬂmﬂhﬂmnmr
mnmﬁm.mﬂw-ﬁ:}mﬂahWE{aﬂw
w =flz} ir a Mobius ransformation.

Froof. The “if” pan follows as in the proafl of the "i™ part of Theorem
A We now proceed to prove the “only if” part. Since w = flz) is analytic
and univalent in the domain R, we have f'(z) 0 in B If 2 s an
arbitrary fized point in R, then we obizin f*(x) = 0. Let £ be the point
represented by «. Since E < R, there exists & positive real number « such
that the r circular neighborhood of £ i contmined in R. Throughout the
proof et ABCD denote an srbitoury rhombus in R with cemter m £
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where A, B, C, pnd D are points. Here the sense of A, 8, C, and
D b counterclociowise. ABCD ig 3 rhombus coninined in K, we can

rup:ﬂn..-tlfnﬂﬂl complex nmmibers
+y, =z+iky, -y iy,

respectively for some positive real oumber k. Withowt losz of generality,
-lmnmlhnl':-i-lrﬁ Since R is & nonsmpty domain R on the
z-plane, there exists s nooxero real pumber s such thet 5 <r and i
0 <yl < s then ABCD ls contained in R. Since w = f(z) ia univalent in

R, flA) = flx +y), f(B)=flz+dy), AC)=flx~y), fD)=fle—

iky) are distinct points. By assumption, we have
flz+y) ~flz+i) flx=y) =flz—
flz+p) —flz—iky) flz=y)—flx+iky)
ﬂi*:-'] =flx~ily) f(z=y)=[(2+iy)
Ty fGar®) =) =z - )

=}

= arg(l)
(2.1)
for all y smch thet 0 < [y| < 1.
Since r € R Is arbitmarily fixed, we can sei
M) = fl=+3) —Na+iy) Ra—y)—flz—iky)
fz+y) =Nx=Ty) flz=y)-fl=+iky)
H:r+.'-r.'l =flx=iky) flx=y)-flx+iky)

ﬂ""!‘] —fix+iy) flx—y)-flz-i) (2.2
By (2.1} and (2.2) we obizin
arg{ A ¥)) = arg(1) (2.3)

for all ¥ such that 0 < [y| < 2. Nowwe prove that f{y) is sanalytic st y = 0
and that (2.3} still bolds st y = 0. To this end we apply Riemann's
Theovem on removeble singularities As y =+ [, by L'Hopital's Rule, we

obtain that
14+ 21— 6k% + k)
htr}—-[l nt] [1 ey - (24)
If we define
21 - 6E* + &%)
T )
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by (2.4), by Riemann's Theorem on removable singularities, the

My) ls analytic st y = 0, Forthermore, (23) sill holds at y=ill. The
function hly) ks analytic in [y| < s. By (2.2) sad the fact that w = f(z) is
univalent in R, we obtzin that A(y) # 0 in |y < 5. Hence by Lemma 1.4
we have '

My} =K {28)
in Iﬂﬂl.mthnpmunmumm&uh; =0 in (26) and
uning (2.5), it yields

A1+ 6% + &%)
= =K.
(1+&%)
By (1.7) sad (2.6) we ohtain

M y)

(27)

1 - 6k% + &Yy
(n+ &4’

(2.8)

In |yl < 2.
Substituting (2.2) into (26) and removing the denominutor in the resuli-
ing equality it follows that

Uz +y) ==+ iy ) f{ 2 — v} = f(= - y))’
+(fx+y) = flx =iy} (Hz—y) = f{x+ iky))*
_ A1 -6k 4+ k) N
YT, (Fz+p)—fix+iky))
XSz —p) —flx=iy))( f(x+y) = [ 5 —iky))
X(flz—y) —flz+iby)) (2.9)
in [y| < 2
Using Lebnitz’s Rale for differentiation, differsntinte six times hatl
sicies of (2.7) with reapect 10 y; setting v = 0 yields
= 192003 —1 + ) F(0 (=3 () + 2 (%) ["{x)) = 0.
(2.10)

Since & is a positive resl mumber which is greater than 1 + v2, we have
k*(=1 + k%) # 0. Hence by (2.8) we obtain f*{x)/"(2} — 3(f*(x)* =0,
MIEHHMMHMT#HEIM!M:.MH!
(2) we have ["(z)f'(z} — §(f*(2)F = 0 in R. By the Jdentity Theorsm

the sbove equality holds in C. Hence,
(1) _g(rtzm T
fley 21 1(2)
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holds for all r sstisfying [*(z) » 0. Thun, the Schwarzinn decivative of [

vanishes for all z satisfying () » 0. Therefore, by Lemma 1.5, fiz) is s
Miobius transformation of = ]

We now give some invariant properties for Mbius transformations
which have Newton derivative equal to 2. First, we state the following

Property G. Suppose thut w = f{z) i analytlc and univalenmt in »
nonempty simply connected domsin R on the s-plans. Let o be mn
fized real number such that a & (0, r). For three arbitrary

distinet polnts &, b, and ¢ in R satisfying

(=)
b P Y Rt

ﬂ-l -J(8) fle)) _
fie) —1(B) I(a)

For Mohios temsformations which have Newton derivative equal o
we have the following result:

Lemta 26 Let f be a compler-uaiued fimction. Then N/(z) = 2 for all
s C={z:f(z)=0] §f f iz o« Mobius trantformation of the form 2.
w0,

Proof, Let [ be a MBbius tramsformstion of the form 3=, ;
it is easily chocked that Ny(z) = 2 Let f be a complex-valued function
such that Nz} = 2. 1t follows tha

ft2) Y

T Tl
which implies that
AP
Fiz “
where ¢, is a complex constent,
}F'I[:'; -—I+I1_
ar
1 dfiz) i
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It follows by & aulcubition that f is a Mdbius transformation of
the form = w0 | ‘

We are now resdy to prove the following

Thsorem 1.7, Latw = f{z) be analytic and univalent in a nonempiy
conmecied domain R on the z-plone. Then [ satisfier Property G §f [ is a
Mobiur rransforrmation of the form 2=, 5 » 0,

Proof. Let flz) be a MBbius transformstion of the form -5, u =+ 0.
Let a, b, and ¢ be arbitrary three distinct points in R such that

l22)-
ror et
a—b
e—b
is the cross-rato of a, b, ¢, and J where d ks the point st infinity. Since
Mz} =2, u 0, we have fld) = 0. Since Mobius transformations pre-
#erve the cross-rafin, we obiain
fla) ~f(b) e} _a-b
fle) =f(8) fla) c-b
which implies thas
fa) ~f(¥) fle)) _ )

p VOO ) e—b) "%
Therefore, any Mibios cansformation of the form 2, y + 0 satisfles
Property G. Conversely, lel & be an wbitmry real number soch that
a € (0, w) = [§). Let x be an arbitrary fixed point in R; then we obtain
Flz) = 0. Since r € R, there exista & positive real number r such that the
r circular neighborhood of x is contained in R. Throughout the proofl let
ABC denote en arbitrary isosceles triangle in R with center at 1 where A,
B, and C are distinet points. Here the sense of A, B, and C are
counterclockwise, Since ABC is an Bosceles tringle contnined in R, we
can ropresent A, 8, and © by comples numbers

s+ay, x+y, x+bhy,
respectively where @ = (= 1,/2 = (/F /), b = (=172 + (Y3 /D), &
> (), and y is someo nonzero complex mamber. Without loss of generality,
we let

We observe thai

r‘:ﬂ'l—nn}
g l+cose
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flA) = flx + ay), f(B)=f(z +y), and fC)=flz +by) sre distinet
poinis, By assumpiion, we have

flx+ar) ~flx+y) Fx+dy)) _
fx+®)—flz+y) flz+m)) "

= arglexp{ia)) (2.11)
ﬁurlnjm:hmnﬂ{lﬂ-cm.ﬁm:ElhuHﬁ:ﬂigmnmm

flx+ay) =flz+y) flz+b)

|

R Ty e iy e S
By (2.11) and (2.12) we obtain
arg( h(y)) = arglasp{ia)) (2.13)

for all y such that 0 < |y| < 5. Similar to the proof of Theorem 2.5, hy)is
analytic at y = 0 if we define

23k
MOy =1 + i:Tfl. (21.14)

Hence, il y) is analytic in |y} < 5. Farthermore, it 1s routitie to check that
wrg(h(0)) = a. By (2.12) and the fact that w = f{2) i univalent in R, we
obtuin that Ay) = 0 in [y| < 1. Heace by Lammn 1.4 we have

h(y) = K exp{ia) (2.15)

in |y| < 2, whese K Is a positive real constant. Setting y = 0 in (2.14) and
using {2.13), it yiclds

1+ gﬁ-:mﬁn}. (2.16)
By (2.14) and (2.15) we obtain K = | and
2k
hy)=1+ L (217)

n |y| <5
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Substituting (212) into (217) and removing the denominstor in the
resulting equality it follows that

(F(x +ay) =f(x+y)) f(x+by)

W3k

'(1 YI3oe

in [yl <s. Differentiste twice both sides of (218) with respect 10 y and
seiting y = 0 yields .

k(VIk® + 6ki + I
( ;;_3 ]{1[!'[:]]1-:"[:}1'{!1]-“-

Since k & (0, +=) — [yT), we cbuain
2 (=) = fix)f"(s) =0

‘]fﬂl‘*“i'!} —f{z+y)) f(=x+ay) =0 (218)

which imphes that

N{z) = 2.
Since z € R waa arbitrarily fixed. we can replace x by a variable 7, and
wo get

Ny{z) =2

in R. Bfth:hhnﬂtymmahmunqﬂphiﬁht.ﬂmfh
8 Mobius transformation of the form -2, u # (. The case o = § can be

mmmmm:wmm x muide and
will be omitted. The proof & complete, ||
Finally, we consider the following

Propesty H. Suppose that w = f{z) is snalytic and univalent in &
nonempiy simply connected dommin R on the z-plane. Let o be an
arbitrary fixed real number such thm o € (0, r). For thres arbitrary
distinct points a, b, and ¢ in R sstisfying
{:-b
“r-h] S

(J"[-I} 1)
fiey—1ie) |

2




