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TEoREM 28. Let w = f{z) be anabic and wnivalent in o

conmiad R on the z-plane. Then [ satisfies Propersy H iff f iv &

Mibius ion of the form = + v, u # 0
Froof of Theorem 2. Suppose that f is & MBbius transformation of the
form &z + ¢, w v 0. Note that f{w) = =, Since £=4 i the crom-tatio of 4,
b, ¢, and d = = and & MBbius transformation preserves the cross-ratio, we
obtain

fla) ~f(b) a-—b

CE UL

Mﬂu}-m.w#ﬁfl-lrﬁ“}: ,}whhhhnp!l;_ﬂl'-:il:
. MESbin trenili it o8 o' fonta L where s # 0. Let g=T s/,

Let a, b, and ¢ be three arbitrary distinct points in R such that arg(2=4)
= a. Since [ salisfies Property H, we obtain arg{ ff4—481) = o Since 24
is the cross ratio of &, 5, ¢, and d ==, i follows that {148 is the
cross ratio of fla), fA¥), fc) snd fd) = = and since s MBbios transfor-
mation preserves the cross ratho, we obinin

sa) —g(b) #(c) _ fla) ~f(D)
Elc) —p(b) gla) f(c) - f(b)
since gl=) = (L From which it follows that

(ﬂﬂl-m!‘lm ] (n-:--m} ..
g —gt) p@) " My -nm ) T

By Theorem 1, g = a Mobins transformation of the form 3, u =0
Since g=Tof, we bave f=T "o g and It it casily seen that [ is a
Mibius transformmtion of the form s + V. where U= 0L ]

Rermark 1.2 In the resolts we obtained above, we muy replace the use
of argument by wsing modules instead; for example, we can modify
Property H by replacing srg(®=4) = o and arg(fi =483) = o by L4
and |fH-={{3, respectively, The proof will be almost the sme excopt that
we will need to use the Maximum Modulus Principle for analytic functions
instead of using Lemma 14,
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In (his papor, we give some imvariant camcierinic propertes of § certaln clus
of Mishins tresafinemn tiees by mee of their mapping propertics. 8 201 Acsimis
Fregg

Ker Worde Wihiss mensformetiome Sehwursian destvative; Mewinn derivezive.

L INTRODUCTION

Throughout the paper, unless otherwise stated, et w = f{z) be & nop-
| constant meromorphic fonction on the complex plane C. It is well known
| thﬂhwwﬂﬂtnhlmmmnhmmyuﬂ
wifficient that w = f{z) satisfies Property A

Froperty A. w = f(z) mape circles in the z-plane onto drcles in the

The fnllowing property of Mibius ransformations s also well mown:

THEOREM A w = f(z) i a Mobiw transformarion i .S'Y,[ﬂ =0 for afl

e —(z:1(2)=10), whee 5(z)= U'{ﬂ.f_f‘u}]" o [:}ﬂ'i:]}’
which s called the Schwarsian derivative of f{z).

Recently, in [1-4] Haroki and Rassias gave soveral new imveriam
charaoteristic properties of Mobius iransformations by comsidering their
mapping propertics. 1o [5], we proved these rosults by using the fact that
mmmmmnﬁnu{ﬁmﬁmpﬂmﬂ
gave several now invariant charscleristic properties of Mbbins mansforme-
tions, For the sake of completensss, we shall ghve some definitions gnd
resnliy obtained in [5] which are melated to the results in this paper.

@ O 247X 401 §35.00
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Dernrnon L1 [S] We define the Newton derivative of f{z) = the
first derivative of Newton's method of flz). In other words, we define the
Newton derdvative of f{z) m

flz) | _ A= (2)
(=) (re'

Lensin 1.2 (5]  flz) iv & Mg tangformation of the form 2= u = 0,
Nz} =2 forall s & C — (2: (2} =10).

Property B |5]. Soppose thal w = f{z) is analytic and univaleot in 2
poncmpty domain R on the rplame let & be an arbitrary Gxed real
number such that o € (0, =). For three arbitrary distinct points @, b, and
rh!!ﬁﬁiu

H‘,-{;]ﬂ L=

[l—b
B U Bl

we have

“(ﬂ'}l — (&) [le)
fie)=fb) fa)
Tumomes 1.3 (5]  Lei w = f{z) be analytic and univelent in a nomempiy
domain R on the z-plone. Then [ saiirfies Property B il [ & a Mobiux
erusformation of the farm 725, & » 0

Remark 1. To prove the “sufficiency” part of Theorsm 1.3, we show
that Ny(z) = 1 for all 2 & C —{z: f'(2) = 0}, which implies thut [ is »
Mithius transformation of the form 25, u » (, by Lemma 1.2

In the pext scction, we will give some characterization of Mbbius
transformations of the form == where v+ 0,

1 RESULTS

We fime give the following resuli, which is similar to Theorem A and
Leomma 1.2 in the previous section:

Levoas 21 flz) = 225 whee o= 0 & f(2)/'(2) = = 1 for all
e fz: iz} =0

Proof L&t flz) = 52 where v+ (. It s straightforward to check
that f"(z)/f'(z) = — 2. Convemsely, Iet [*(z)/f"(z}= — ; for all z &
{z: f'{z) = 0). Then we obtain

1 1&
m#’[l} =l
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which tmplies that

Inf{z) = -Inz*+Ine
for same nonrero compler consmnt & Thu

£(5) = =
and we have

flz) = -< +d
for some complex constant . This completes the proof. |
M@mmmmnmmmﬂmmm

Lesua 22 I f(z) and g1} are

. analytic functions n a nonemgry
dormain R and f(2)g(z) » 0 in & and slso - arg(g{ ;
:hmm}-&mhn.-i;numlfﬁﬂnm, RIS
We now comsider the following,
Property C. let w= z) be analytic and umivalent nonempry
wnm::m:ﬁm;&.m:umaﬁ:hhn
eaniafying
n.{.-h*t
e=b ;)-"
Then
(ﬂ!]-ﬂb} 3
Ne)-f(&) |~ ™

THEOREM 13, Ler w=f(1) be anabtic and unioalent
domain R, where 0 @ R. Then w = pe

nonempry
dotwin R, » f(z) satisfien Propenty C iff flz) = =22,

Proof. Suppose that f{z) = =25 where pw 0. Lot 2 b and
three distinct points in R satisfying el
a=b ¢
"l:-b1:)-l
Since £ - £ is the cross rato of 4 b, ¢, and 0 and the i |
imvariant ander Milbins ransformations, we obtain T

a=b ¢ _ f(a)-f(b)

c—=b a flc)=f(b)

-—
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sinee fT0) = =, It follows thai

| =) -+l
-a

In other words, [ satisfies Property C.

s Suppose thal w = f{z) minfies Property C Let & be an
arhitrary real number such that o € (0, w). Let £ be an arbitrary point in
R. Since z # () we can write z = ! for some @ = C = [0). Let () be an
rdmluuighhﬂnﬁuf:.Thmghﬂ:h:MhlAﬂCh.w &
m"*'u- -H-$1mdc'ﬁﬁ-'mﬁ"‘i'_{ﬁfﬂﬁ,
¥= =3+ (3 /20, k>0, and y it some nonzero complex Tumber.
Without loss of generality, we let

Vm

ko= —

1+coa

Since a= (0, w), we have k = (I, +=) For cmmple, if o= §, then
i—l.lthﬂnulhﬂn;{H-E—]-u.ﬂmﬂiumwm:mﬂ
domain, there cxisls 8 ponzero real number 5 such that s <r gnd If
I'.I:lyl-::ulmdﬂfhmmimdinH,[:}.Einmm-ﬂ:]huninhmin
R, fld) = fils) fB) =fi-15), and fIC)=fizl;) wre distinct
paints. By assumption, we have

Nedw) —Hds) )
@8 "'(ft.—:,—.—1~r{.-s—,} ‘
- arg(esplia))
for all y such that 0 < |y| < s. Since 2 € R is arbitrarily fized, we can set

(2.2) h(y) =
By (1.1) and (2.2}, we obtain
(2.3) arg( Al y)) = arg{exp(ia})

for all y such that 0 <yl <z By Riomann's Theorem, A(y) will be
analytic st y = 0 if we define

3—k' + (3k)i
(2.4 D) =

3+ K ’ -
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Hﬂﬂ.ﬂj]hlﬂhﬂ:hl}l{:.hﬂurm:.ltimnﬂmmmm
lrg[h[m}-u.ﬂrflﬂmdm&uﬂﬂlw*ﬂﬂhmhlmth R, we
obtain that kly) # 0 in |y| < «. Hence, by (2.3) and Lemma 2.2, we have

(2.5) h(y) = K exp(ia)

in |yl < s, where K it & pasitive real yumber. Setting ¥ = 0 in (2.5) and
uting (14) we obimin

-k + (3k)i

(2. " = Kemplia).

By (1.5)-and (2.6), we got

3=k + (2560
(2.7) hiy) = Hi.-rﬁ}

in |y| <. By substituting ﬂﬂiﬂmﬂ.ﬂﬂﬂmng' the denominator in
the resulting equality, it follows that

(25) f{_:;,J 'f(.iy)

-5 s) )

hljltaﬂﬂrmﬁ.ﬁngmbmhﬁhd{lﬂlﬁmwmpmd
then seiting v = 0 yields

@ ({2 () o

It follows from (2.9) thar

3
-
& =
L

~ 2
i) (s
or [lsl/fMz)= — . Since x € R in whitrarily fiued,

il
Fiz)/f'(z) = — 3 for all 2 & R. By the ldentity Thearem, f*(z) /"(z) =
— 1 holds for all  such that ['(z) » 0. Therefore, by Lemma

4

by 11,
w = flz) is 8 Mbbius tansformation of the form f{z) = Bt v= 0. This
completes the proof. |
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Next, we camsider the following,

Property D, Let w-ﬂﬂh:m:lgﬁ:uduMunlmy
dmfnﬂ.hrnE[ﬂ.rana.b.nd:hﬂnuMupﬂnuhﬂ
satisfying

(n—b £
qrﬂ-b u] o

flo) ~18) fle)| _
fle)=fid) flay ~ ™

For Mibius tranaformations satisfying Property D, we have the following
result

TreEoREM 24. Let w = f(z) br anabwic end wrivalest on g

monEmpry
mmmnnn.n—--ﬁﬂmﬂwﬂfmmy
flz) = 2 where u, o » 0.

FProof Suppose first that f is & Mibins tramsformation of the form
775 & i % 0, Note that f{0) = 0. Let o, b, and ¢ be three distinct points
in R satisfying

a=b c]

Me=b al "™
Since £=4 - £ ia the cross ratio of &, b, ¢, and d = 0 and the cross ratio
8 proserved under the Mibius transformation, we obtain

fle) ~J(B) f(c) a=b ¢
fO-f0%) fla) -5 2

tince f(0) = 0. From this it follows that srg(fu=fe - fu) -
arg(2=} - £) = a, which imptics that w = f(z) satisfies Properry D.
Emm.mww-ﬁ:]nmmmnhtfh::
B ik e oo s o A it
&, b, and ¢ be (hree in et =a
arg(fla={8 - fi4) = a. Since £=}- £ is the cross mtio of &, b, ¢, and
d =, Ja=p - {2 can be comsidered as the croms ratio af fla), f(b), flc),
and f{d) = . It follows thai

sle) ~2(8) _ f(a) ~f(B) f()
5 =5 " () —f(B) Fa)
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since g(0) = = Thus we abtain

[l{ﬂ}—ll’&])- {ﬂn]—r{b}ﬂt} _

s —5(6) | " "MK B Fay) "™
B,Thmu.ghuhmﬂummmmmm';ﬂ.m
r-u.mnm;—i"'-f.-um:-r‘-;mnmm;h.
Mabius tranaformation of the form <2 I, Ve 0. |

In what follows shall denote A = 5 =ik B = arg(i=
e ey e L
gy S B, £ s

et + A and B = i

Propeity E. Let w = f(z) be smiyic and univaleat on & nonempty
Mnltﬂu-HMf.Lﬂd.b.ldchmmdhhﬂpﬂmhR
satisfying A = o« Then E = a.

Propesty F. Let w = f{z) be analytic and univalent on & ponempry
domain B. Let @ = § or ¥, Let @, &, and ¢ be three distinet points in R
satisfying B = a. Then F = o,

Property G. I:lwﬂ-j'(ﬂhtnﬂyd:lndmlhnr.n:nlm
dnmnlnﬂ.Lntn-untr.Lnn.b,mdchthrwnﬁlﬂnﬂpdmlnE
safisfying A = a. Then G = .

Property H, Lzt w = f{z) be analytic and univalent on &
domain R, Let o= § or 3. Let o, b, and ¢ be three distinet points in R
satisfying B = a. Then M = a.

Property . Let w = f{z) be apalytic and univalent on o
dmdnﬂ.luu-umr.hlqb.uﬂthihmdhﬁﬂpdmhﬂ'
satisfying € = a. Then E = a.

Froperty J. Let w =fiz} be analytic nod univalent on = nonempty
domnin R. Let @ = § or ¥. Let a, b, and ¢ be three distinet points in R
satisfying D = . Thea F = a

Property K. Let w=f{z) be enalytic and univalent on &
dmhlhlu—ﬂmr.Lﬂd.b.m:hmﬂnnmhﬂ
satisfying € = a. Then & = a.

Propery L. Let w = f(z) be mnalytic and wmivalent on &
domain R. Let @ = § or &, Let g, b, and ¢ be three distinet points in R
satiafying D = a. Then H = a.

The following resuits give some more characterizations of certaln classes
af Mibits tramsformations where the proof is & slight modificatrion of the
poof of Theorem 2.5 in [5] snd will be omitted.

——
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THEOREM 25. hn-ﬂi]hnﬂmdﬁﬁumlm
dosnain R where 0 € R. Then w = f(z) satisfies Property E or F {or Property
G or H) if and anly if f{z) = o, where u *0(orf{z)=mx+ o uwi)

THEOREM 215 Letw=f{z} be analytic and univalent on & nanempry
Iﬁﬂhﬂhﬂﬁ*ﬂﬂ'f.ﬂ.ﬂﬂl#-ﬂﬂﬂﬁﬂmfr]t#ﬁw:
or L)) if and andy if f{z) = 55 where w, v = 0 (or f(z) = Rt veDl

Remark 2. 1o the results we obtained shove, we may replics the use of

nwwﬁ;ﬁﬁ'rfl*umﬁﬂ:‘gﬁtﬁ '—-}im

fesim], cespectively. The will be almost the samz eacept that

Inuhh'nhntul_'h&wmuhm“nh
uhmﬂnﬁﬂuﬂhwwhﬂﬁ-n—ﬂlﬂﬁnﬂ.
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DYNAMICS OF NEWTON'S FUNCTIONS
OF BARNA'S POLYNOMIALS

FIYAPONG MLAMSUP

Recelved 7 June 2000 and in revised form 18 Jamesry 200]

We define Barna's polynomials a8 real pohmomtals with 2l resl roots of which s beast
four sre distnect. In this paper. we study the dynamies of Meweon's functions of such
palynomisls. We also give the upper and lower bounds of the Hausdorl? dirmession of
exceptional sers of thess Newton's Rimctons,

2000 Mathematics Subject Clazsifieation: 28418, 39512

L Introduction. Newton's method is a well-known iterative method used to locate
:hr_mnuthm:ﬂmmrl.l‘.a.ﬂ.mmﬂulmmr[x}m
nn]fﬂmpi:ualmuﬂnlwh!thnthutfmmdhmm:mpﬂmﬂntufmmﬂ
points of its Newton's function Mix) ithe set of x @ B moch that N/ (%) does not con-
verge to any root of P, where NJ(x) denotes the jith berate of N) ks homeomorphie
to a Cantor subset of R which has the Lebesgue measure zern, Wong [7], generalized
this result to real polynomialy having all real roots (net necessarily simple) of which
at least four are distinet (which will be called Barna's polynomials) by using a sym-
bollc dynamics approach. In this paper, we will Investigate the symbolic dynamics of
Newton's funcrions of Barma's pohynomials. Furthermore, we give the apper and lower
bounds of the HausdorfT dimension of the exceptional sety.

2 Symbollc dynamics of Mewton's functions

DEFinTTiON 2.1, A resl polynomial with all real room of which st least four are
distinct is called a Sarna’s polynormial Thos P(x) is 2 Barna's polynomial if and anly if

n
Plx)=c[]le-n)™, 1)

where ¢ 15 a nonzero real constant, ¥ <ry < --- < Ty, A= 4, and my = 1 for all
1=i=mn

DEFINITION 2.2, The Newton's function My{x) of a funcdon fix) is defined as

Lo

th-xi -I_ruln

2.2

where f"ix) is the derivative of fix).
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Let Pix) = eIy (x — 7)™ be a Barna's polynomial and Ne{x) be the Newton's
MHF.THMEWMHIH;MILI, L4, T

(2) Foreach i = 1.2,... n~ |, there exints & E 1%, Fiva ) wach that ¢; |5 & zero of
F'(x), the dertvarive of P{x), and [€14E30:0 1 Cn-1) is exactly the set of all zeros of P
which are not zerps of P.

Mhﬂﬂhhﬂvﬂu{—u.:.}nﬂ '-'l:...hi-ihﬁrhllmﬂrmmm
If they are denoted by 4y and a,, respectively, then a & [ry,c;) and a, E[Cu-1:Tn].
Moreover, Ny is monotone Increasing on (~m,a; ] and [ay,, +w} and monotone de-
creaging on {ay,c;) and (2e-y, 8]

{c) In each (ci.1.6:), 2 5 ( 2 n~1, Np has two critical poims s{ and i, where
_r]::}.Hﬂhlmldpllmmﬂﬁhﬁmsltﬂ{f{.i!r.nlm;hmmm
q-;{.ur.-d.mmwrimmumu{.:{:um
m:-nr.n.m‘{jnﬂui.q}.hmmﬂi-hmnnmmwmm{qq.ﬂ]
and monotone decreasing on (5], ¢).

H}l.l:l..:;"p'#}"ﬂlﬂﬂh,_qﬂl[x}'+ﬂ. foralll si=n-1

(e} lmpw N} {2) = v forallx € {~m,c;) wnd Hmg o NB() = 1, forallx € (e, 4o},

(0 Foreach i = 2,3,...,m-1, the interval (ci-y, o) containg exactly one period-two
cycle of Np, say, at (o, A} where oy < sf < s} < 8. Also Nj(a) <=1, Npib) < -1, and
liny . NECx) = vy for all x & {ay, &),

DErFmammion 2.5. LmPix]ude[:jhaulhm'ﬂtmmenlmﬁﬂprh
m-umsu-;uum::m:mnﬂm--fmm
J =20 or imyN§(x) =7 for some | < { <

REMANX 24. Note that A consists of potnts where N} is well defined for each k & N
and never converge to any ;.

Since our main interest is on the set A, those polnts which are not in A wpether

mmmuuummnnmﬂunmumw
on period-two cycle of Newton's Runction,

Provosrmoon 2.5 The function Np hay @ period-two cycle ar (o, §) sueh rhar ¢y <
a<oyand By < B <tn.g.

Prooe. Since (—w,c) and (&g j, =] 2re pot tn A, we remove these sets together
with their preimages. Let v = Nz" (c)) such that 35 € (Bu-y.0-1). Then (34, +%) &
A and we remove this nterval. Next let z; = N;* () such that ) € (£, 003). Then
{=w,2;) & A and we remove this imerval. Applying this procedure repeatedly we get
W sequences of points (]}, and lz;) 7. where

h .'N;lt'i} E IF.--I !Eﬂ—ljf
Pat €2 €< << <Y i,
2y = N5* (p-1) € (er.m),
CLESH<I< << v <omy.

Thu bimy,_o 3 = § aod lim).z2; = @ exst. As a resull,

NplB) = Np(lmyes e} = lim aNp () = Bm o Np (N7 (2))) = lim;_o2, = . (2.4
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Slmilarly, we have Nploa) = 8. Since ¢y casaand f, j s F<ep, weget a= j
Finally, & = oy because Npla) = B = By.q > . This completes the proof of the
proposition. o

Foreach § = 2,3,...,m = 1, we have Np((ei.1.04]) = (B, +es), and Nel[Bi.ci)) =
(~w,0t;]. Thus there exist § € {og-y,0q] wnd uy € [fr.ci) such thet Ne(ty) = § and
Npluwg) = o Then Nplie-g. 4] = [8,+=) and Npilunc)) = (—e, o). Denote the
2n—4 intervals

I by, 00 II- [’1! uz ]+[{Iﬂ-ul ]1 {FI- “!]- vany ['-n-l - ]1 [#ﬂ:—l Wy -y ] (2.5]

by Iiuf2. ... Fan—, respectively, and let I = U241, With & stmilar approach used by
Wong [7], we shall define the transition matrix V' associsted 10 Np. This matrix V will
determine the symbolic dynamics of Np, Let V = {vy) be & (2m ~4) x (2n —4) matrix
of zeros and ones defined by

0 otherwise, =5

for i, € [1,2.....2n~4). From this definition and propervies of Np, it is easily seen
that ¥V is & (2m~4) x (2m—4) mutrix bullt from the following 2 x 2 matrices:

01 11 o 0
1-[1 i_,']. H-{D u]' M-[1 1]‘ 27
In fact V can be interpreted as an {n=2) x (n-2) matrix of matrices as follows:
) Vy=Jiwlsizsm-2
(@ Vym=Mfori<isn-3.forj>1,
(3 VijeNlr2si<n-2,for f<L
For examiple, if n = §, then the matrix V' hes the form

) {1 I NG (1) » B,

(2.8)

2ZzES

With the same techidgue in [7], V' is redicible snd we can ghow that N restricted to
A is conjugate to the ane-sided shift map o on the set I, where

Es=[s=satycotn oo €Xany | Vg, =1 ¥iz 0] (2.8)

is the pymbaolie sequences space consisting of 2n—4 symbots (cf, [5].

REsame 2.6, From (6], we have card (Pery o) = Tr{V), where card (Per; o) denotes
the number of points of period k of the shift map o and TriVE) is the wace of VE,

EEsanx 2.7. By MATHEMATICA, we compute that TriV:) = (m=2)44 (<1)l{n-2)
whers V iz the ransition mairix sssociated 1o Newton's function of a Barna's polyoo-
mial with m distinct resl roots.
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We summarize this section 28 follows.

THEOREM 24, Ler Fix) = ¢ [Tiay lx = 71™ be a Barna's function and Ny the New-
ton’s function of P. Let A be the exceptional set of Np. Then A & & Cantor subset of i
and Np restricted to A is confugate to the one-sided shift map on . - S

REMaARE 2.9. There is some difference between our proof of Thearem 2.8 and the
proof of & Hmmwwnnglulﬂhﬂumwuﬂ!m:hnﬂmﬂ!w
mnmmmmmmin,mumumumﬂm
we can explicitly define the transition matrix v,

3. Hausdorfl dimension of excentionsl sets. Let A be the excepiional st of New-
ton's function of o Barma's polynomial with n distinct real roots. In this section, we
mmupmnﬂlmmnn{mwmma.mw
we will use here is similar to the one used in |51 We frst note that N;' has n -2
branches N | where Np,(ici.ci.)) = for all 1 < i s m-2 Wewill weite NZ&
for the \nverse ;" using specific branches NzL, N;l,.....N;1,_ . Let the interval |
h:ﬂu:mumm:mmﬂmlhunm:pmmhmmm
the interval (c_y.0i). 2 s{sn=1. Foreach k= 1, we have

Nt = U e 3.1)

Ay =1

WHETE [y gy = Ny U0 LT Ay = [x | Nf(x) & 1], Then Ay = N70) and
A =lmd."u.m

my = min{ | Npix] | | x €A,
mo=min||Nplx)| | xEAl,

My = max | [ Nptx) | | x € Ay,
M =mux | [ Naix)| | x €A}

3.2}

REmanx 3.1, Foreach k=1, M, & My, and my < my., since Ay 5 Ap.y.

We now staie and prove the result on the sstimation of the Hansdor dimenslon
af A,

TEEOREM 3.2, Inin=2)/InM < dimA < lnin—2}/lnm.

Proo¥. Foreach k=1, l=t 5, and Ly be the lengthe of the smallest and largest
intervals in Ay, respectively. For each k = 0, we get

ML | 5 =Mat [l | sL“_ Nnde lyn| =50 BB

Henee, U, . | = SeiMy. By terating, we get U, . | = Suf (Ma)”. Similarty, we
have Iy, .y, | 5 La/ (e )®. Since A ls compact, siry covering (U] of A can be re-
fined to & finite cover, where each element of this cover containg exactly one |

L T
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‘for some sufficiently large p. Then we get

b 171 -f |'M-amli.t£. (i’)-

Belhp =l (My)

Is.j‘ﬂ;-ﬁf.f; = (5" (n- 2:'(““ )

o <lnin=2)/ InM, then this diverges 35 p — =, that is, as the covering gets smaller,
ThusdimA = In(n =2}/ oM. By letting k — =, we have dimA = n{n-21/InM. Sim-
Mﬁ{lﬁﬂl}ﬂhﬂhmMWP.Mﬂiﬂllm
W% >""" of A such that each element of the cover contains exartly one imerval
.I.H_,_'.ﬂ_l and D% < ”lulr' gl . Thus

3.4

n—f
Tiw** = § .|"'"""*'-'t.

L T

¥ ()
< —,} [3.5)
H-l-j—l'l tm}

i [ ] o ] H-E »
(L) (=2} ({—.mﬂ ]

and this goes 1o zero a8 p = = If a > In{n -2}/ Inm,. Consequently, dimA =< (1 +
dinim - 2}/ Inm. By leititg & — = and ¢ — 0 we have dimA < Inln - 23/ Inm.
a

Examyip 3.3, Let Pixh= (x4 1)ix+2)x~1)(x—2) be a Barna's polynomial and
Npix) = (3x* = 5x* = 4)/ (4% - 10x} be the Newton's function of P, Then Ny has
three period-two cycles approximately at

[xg.21 | = {—1.5435941,1.5435041),
{xz,25] = | =1 AT90145, —0.3142616). 3.6
{24, 5] = (03142616,1.4790145],

These are the only perlod-two cycles by Remark 2.4. From Proposition 2.5, we obtain
[xg,x;] by removing the sequence of polnts which are the successive pretmages of
~2 and 2. Since (N3} {xa) = (NEY (2} > 1, (5,25 ) € A. Henee, in order to Bnd the

maximum and minimum values of |[N'] we must also consider the valoes of [N

2l the preimages of xg and x;. By computanion, xg = Np'ixs) = ~0.2065502 and
xy= N7lix,) » 0.2965502. Since Npi(x) Is an odd function, we get. by compotstion,

ING (o} | = [ Np{xi}] = | Nplxg) | = | Npixr) | = 3.8985101,
INFlxa}] = | Nplxs)| = 10.2443748, - an
INplas}| = [ Nplxa)| = 34018184
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It follows that
m=min{|Nai(x)| | x €A} = 3.4016188,

M =max | |Npix)| |x €A] = 102443746, s
Conseguently, we have
n.zgm=%:m;%=u.mlm G.9)

REMARE 34 Let Pix) = ¢ [Th (x—n)™ be 2 Barna's polynomtal and let Ny (x) be
its Hmm‘lfmlﬂﬁu]-mptﬂﬂ,thlmnulmmﬂmﬂ Is
the Newton's function of Bama’s polynomial of the form Qix) = cy(x—1)™ [T} (x -
Tifva]™ and M is conjugate to Ny via the map hix] = kx. As & result, o is 8 periodic
paint of Ny if and only if ke s 8 periodic point of M and N {a) is equal 1o M’ (ko).
Consequently, dynamics of M and N, on their exceptional sets are the same and the
Hausdorff dimensions of thelr exceptional sets are equal As a resuly, it suffices to
conkider the dynamics of Newton's functions of Bama‘s polynomiats which have 1 as
the largest root.
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JULTA SET OF RICRITICAL RATIONAL FUNCTION |

PIYAPONG NIAMSUP AND KEATTSUDA MANEERUK

ABETIACT. We study tleer Julin sets of bicritical rational functions B of degres o
lonst two with the completely inwriant sttracting Fatou componsst and give soms
necessary and sufficient conditions which imply thst the Julia sets are Lakes of
Wada continmmome

l. INTRODUCTION

Let R: € — C be a rational function of degree at least two and let R* : €€
be its nth iterste . The Fatou set F{R) is a subset of € consists of points at whidh the
sequence of iterates { A"} ie normal. The complement of F{R) in €, denoted J(R),

18 called Julia sei
' By a continuum, we mean a non-empty connected compact metric space. A
subcontinuum is & continuum as & subset of a metric space.

The Julia set J{R) ia & non-empty, perfect, and completely invariant closed set,
'namely B~Y(J(R)) = J(R)} = R(J(R)). In this paper we further assume that J(R)
I8 connected, hence, & continium. On the other hand, the Fatou set F{R) is also

a completely invariant open set, but possibly empty. In this paper however, we
are concerned with nonempty Fatou set. Therefore, the Julia set J(R) is & proper
subcontimaum of C. Each component U of F{R) is called a Fatou componsnt.

In [3], Morosaws shows that every Fatou component U is eventually periodic and
all periodic Faton component can be classified imto five types, namely, component
of immediate super-attractive basin, component of immediate attractive basin, com-

 ponent of immediste parabolic basin, Siegel disc or Herman ring. In (1}, Beacdon
presents a topological picture of Faton set.

We say that a contimuum of the complex sphere C, is a Lakes of Wada continuuim
if it forms & commeon boundary of three or more open conmected murtually disjoim
sets.

| Let R be o rational function of degree at least two. The residual Julia sét Jy(R)
of R is the sets of points in J{R) that do not lie on the boundary of any Fatou

1991 Mathematics Subject (Tassification. 42820, 46120,
Key words and phrases. Julis set, bicritieal rational function, Lakes of Wada conblmnm .
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| mupparted by the Royal Golden Jubiles program under grant PHD/0216/25643 Thallund.
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component. For example of rational functions which has residual Julia set, see iy
page 266. If there is & completely invariant Fatou component D ider some iterate
" | then 0 = J( &), henoe Jo( R) is empty, This always occurs for polynomisls sinos
any polynomial has & completely invariant Fatou component, namely the unbounded
Fatou compaonent.

In |5, Yeshun Sun and Chung-Clun Yang proved that if R : € — € be a rational
| funetion of degree d > 3 which has exactly two critical points and satisfies the condi-
| tiona: J{R) is & proper subcontinuum of C, Jy( R) is empty, and there is no completely

invariant Fatou component under the second iterate B*, then the J(R) is a Lakes of
Wada continnmm.

In 4], some necessary and sufficient conditions which imply that the Julis set of

polynomials P(z) = az™ +b,n 2 2 to be Lakes of Wada continuums are given,

In this paper, we extend this résult by given some necessary and sufficient condi-
it.iuns which impiy that the Julia set of rational unctions with two critical points to
| be Lakes of Wada contininms,

We call a rational function with two critical points bicritical rational function

By conjugation, we may assume that two critical points are at 0 and oo, in which
| bicritical rational function will be the form £548 . see in [2]. In what follows, bicritical
| rational function will be tational function with two critical points at 0 and oo,

2. MAIN RESULTS

Lemma 2.1. Let R be a rational function with o completely invariant attracting Fatoy
component Fy. Then the follownng stotements are equivalent:
{a) There exisis a component D of F(R) # Fy with 8D = J(R).
() There enists o periodic component Dy # Fy of F(R) suech thot 80y = J(R).
| (e} JIR) = Lﬂj By, where {D;}M, fa the set of the fmmediate basing of all {supers)
attracting c;r:ljr.t of R, the immediate basins of all rationally indifferent cyeles of R,
cycles of all Siegel discs of R and cycles of all Hermon rings of R, except Fy.

Proof. (a) = (b). Suppose that J{R) = 8D for some component D # Fy of F{R).
Then by the no wandering domains theorem and the complete invarance of Ky, there
exists & non-negative integer N such that RV{D) = Dy for some periodic component
Dy # Fy of P{R). Hence 8Dy = 8RY(D) = R¥{8D) = J(R).

(b} = (c). This is trivial,

{c) = (n), See the first part of the proof of Theorem 3 of (3. a
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Lemma 2.2. Let R be a bicritical rational function with a completely invariant

attracting Futouw componend Fyy containing 0, Assume that co € J(R), Then the
folloudng stulernenls ore equivalent;

{a) There exists a bounded component D # Fy of F(R) with 8D = J{R)
(b) There erists a bounded periodic component Dy # Fy of F{R) such that 8Dy =
J(R).
M
{e) J(R) = El 8D, where {Di}M, is the set of the immediate basins of all {super-)
 attracting cycles of R, the tmmediate basing of all rationally mdifferent eycles of R,
cyeles of all Siegel discs of R and cycles of all Herman rings of R, except Fy.

Proof. (a) = (b). Suppose that J(R) = 8D for some bounded component D £ F
of F{R}). Then by the no wandering domains theorem and the complete invariance of
Fpy, there exists & non-negative integer NV such that RY(D) = Dy for some bounded
periodic component Dy # Fy of F(R), Hence 8Dy = 8RY (D) = R¥(8D) = J(R).
{b) = (c). This is trivial.

(c) = (a), See the first part of the proof of Thearem 3 of 3], 0

We say that a rational function is hyperbolic il [-j AYC(R)) N J{R) = @, where
(R) is the set of all critical points of K. Thiﬂmu;:é and only if each eritical point
of R has the forward orbit that accumilates st & (super-Jattracting cycle of R (see

|[2] page 90),

Remork 2.3, Let R be a rational function of deg B =d > 2. If R is hyperbaolic, then

for each completely invariant Fatou component containing critical point I8 a (super-)
| sttracting basin.

Remork 2.4. Let R be a bicritical rational function of deg & = d > 2 with the
completely invariant attracting Fatou component Fy containing 0.
Then R is hyperbolic if and only if oo € F{R) and Fy 18 & (super-) attracting basin.

Remnark 2.5, Let R be a bicritical rational function of deg R = d > 2 with the
completely imvanant attracting Fatou component Fy containing 0.
If oo £ Fjp, then J{R) is a Cantor set, that is J(R) is disconnected.

Lemma 2.6. Let R be a rational funchion.
If R s hyperbolic, then R? is hyperbolic for any positive integer g.

Proof. See Lemma 3.2 of |4]. O
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Lemma 2.7. Let R be a hyperbolic rational function with degree af least two, Assumie
that J{R) iz connected, If there exists a forward invariant component Dy of F(R)
with @0p = J(R), then Dy w compleiely tnvariant.

Proof. See Lemma 2 of [3]. a

Proposition 2.8, Let Rt be a mtional function with deg B > 2. Assume that J(R) is
connected and F(R) has mfinitely many componients, If R 15 hyperbolic, then F(R)
‘has at most one component such that sty boundary coincides with the Julia set, and
such o component is periodic

Proof. See Proposition 3.4 of [4]. a

Corollary 2.0. Let R be a bicrtical rational function, deg R = d > 2 with the com-
pletely tnvariant Fatou component Fy contoining 0. Assume that F(R) has infinitely
many compenents and J{R) i connected. If R ts hyperbolic, then Fy is the only
| component of F{R) such that 8F = J(R).

Proof. This follows from Proposition 2.5. (|

Theorem 2.10. Let R be a bicrstical rational function, deg R = d > 2 with the completely
mvariant Fatou component Fy contaming 0, Assume that F(R) has mfinstely many
compenents and J{R) & a subcontinuum of C.

| Then the following statements are eguivalent:

fu) J{R) 13 a Lakes of Wada continuum.

(b) There exists a Fatou component D # Fy with 80 = J{R),

() F(R) has no fmmediate basin of (super-) attravting cycles except Fy, and J(R) = 8Dg
for some persodic Fatou componeni Dy £ Fy which bes m an tmmediate basin of ra-
bonally md:jferen! cyecle or a cycle of Siegel discs of iU

{d) J{R) = U a0y, where {Dih_l ts the set of all periodic Fatou components, except
Fy.

Proof. (a) = (b), This is obvious,

(b} = (a). Suppose that there exists a Fatou component Dy such that 80y = J(R). If
oo € Dy, then R Dy) does not contaln critical values of . From this, we obtain by the
Riemann-Hurwits formula that there exist Fatou components Dy, Dy, ..., Dg_ such
that Rip, : Dy — R{Dy) is a homeomorphism for all k =0,...,d — 1, For each k, lat
Sy t R{Dyg) — Dy be the inverse of R|p,, these are all distinct branches of B~ | g ).
Then we get that SyR|p,(¢) = w¥s for all 2 € Dy, k=0,...,d — | where w i an nth
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primitive root of the unity. For each k, let w* : € — € be a Mébious transformation
which is defined by w*(z) = w*s. Then SiR|p, = w*|p, for all k, and 5o we obtain
that w*{Dg) = Dy fur all k. We note that for each k, Hu* = H from which it is easy to
see that w*(J(R)) = J(R) for all k. Thus 8Dy = 8Dy = ... = 8Dy, = BF; = J(R)
and it follows that J(R) is & Lakes of Wada continoum. Assume oo € Dy, Sinee
&0 = J(R), OR(D) = J(R). If Dg= R(Dy), then by the Riemann-Hurwitz formula,
we get that R|p, : Dg — Dy is an d-fold map. Hence Dy is completely invariant, and
80 F(R) has anly two components. This is a contrudiction. Thus Dy ¢ P{Dy). From
6Fy = J(R), 8Dy = JIR) and BR{Dy) = J(R), it follows that J{R) is a Lakes of
Wada continuum.
(b) = (c). Assume that there exists & Fatou component D such that 8D = J{R).
Then by Lemma 2.1, J(R) = 8Dy for some a periodic component Dy # F of F(R).
8o by Proposition 2.9, R is not hyperbolic. Suppose that F{R) has an immediate
basin of (super-) attracting cycle of R, say F}, which Fy # Fo. By Theorem 9.3.1
in [3], F; must contains a critical polnt of R, so F| containg co. Thus Fy and
are immedinte basing of (super-) attracting cycle of R and 0 sccumulate to 5, o
sceumulate to Fy. This implies that 2 is hyperbolic, which is a contradiction.So F{R)
bas no immediate basin of (super-) attracting cycle, except F. Thus Dy either Hes
in an immediate basin of rationally indifferent cycle or cyele of Siegel discs of R
{¢) = (d), This is trivial.
{d] = (b). This follows immedistely from Lemma 2.1

The proof is complete. -

Theorem 2.11. Let R be a bicritical rotional function, deg R = d > 2 with the
completely invariant Fotou component Fy contaming 0. Assume that oo € J(R),
F(R) has infinitely many components and J(R)is o subcontinuum of C,

Then the following statements are equivalent:

{a) J(R) s o Lakes of Wada continuum.

(b) There exists a bounded Fatou component D # Fy with 8D = J(R),

fc) F(R) has no bounded immediate basin of (super-) attracting cycles ezcept Fp, and
J{R) = 8Dy for some periodic Fatou component Dy # Fy which lies in an immediate
basin of rnt:muﬂp indifferent cycle or a cycle of Siegel discs of R.

{d) J(R) = l,_I 8D, where { D}, is the set of all periodic Fitou components, except
F.

Proof. (a) = (b). This is obvious.
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(b) = (a). Euppnaethntthmuimuhnundedﬁtﬂummpmamﬂnmdithnt
8 = J(R). Since 0 ¢ Dy, then R(y) does not contain critical values of R From
this, we obtain by the Riemann-Hurwitz formula that there exist bounded Faton
components Dy, Dy, ... Oy such that Rlp, : Dy — R(Dyp) is & homeomorphism
for all £ =0,,.,d—1. For each k, lot 8 : f{Dg) — Dy be the inverse of Rlp.,
these are all distinct branches of R~!|p,. Then we get that SpR|p, (z) = w*= for all
2 € Dy, k =0,..,d =1 where w be an nth primitive root of the unity. For each k,
let w* ; € — C is a Mébious transformation which is defined by w*(z) = wkz. Then
| SeRlp; = w*|p, for all &, and so we obtaln that w*(Dp) = Dy for all k. We note
that for each k, Ru® = R, from this, it is easy to say that w*(J(R)) = J(R) for all
k, Thus 80p = 8Dy = ... = 8Dy.y = 8Fy = J(R). It follows that J(R) ia a Lokes of
Wada contimaum,
(b) = (¢) Assume that there exists s bounded Fatou component D # Fj such
that 8D = J(R).Then by Lemma 2.2, J{R) = 8Dy for some & bounded periodic
component Dy # Fp of F(R). So by Proposition 29, R is not hyperbolie. Suppase '
that F'(R) has an bounded immediate basin of (super-) attracting cycle of R, say By
which F # Fp, By Theorem 8.3.1 in [3], £} must contains & critical point of R, so
F) contains oc. This implies that oo € F(R), which is & contradiction. So F(R) has
0o bounded immediate basin of (supper- Jattracting cycle, except Fy. Thus DX either
lies in an immediate basin of rationally indifferent cycle or eycle of Siegel discs of R
(e] = (d). This is trivial
(d) = (b). This follows immediately from Lemma 2.2.

The proof is complete. a

Theorem 2.12. Let R be a heritical vational function, deg R = d > 2 with the
completely invariont Fatou component Fy containing 0. Assume that oo € J(R) and
' J(R)is & subcomtinuum of €. Then the following statements are equivalent:

fa) J{R) 15 a Lakes of Wada continuum.

(b) There exists o bounded Fatow component D # Fy with 80 = J(R),

fe) J{R) coincides with the wnion of boundaries of cycles of all Siegel discs of R.
|1"d,1 The infinite critical point, oo, fies in the union of boundaries of cycles of all Siegel
| dises of R and the forward obit {R™co) :n > 0} of 00 is dense in J(R).

A
Proal. Let {D;}¥ be the set of all Siegel discs of R. Then _ulau,- C [R*(o0) : n>1D}.

As oo € J(R), iﬂi}iﬂl and the set of all bounded Fatou components, except Fy,
coincide,
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[a) = (b}, This is trivial.
[b) = (a). Suppose that (¥) holds. We will show that F(R) has mfinitely many
tomponents,  Assuue (hat F(R) has only two components. Then D is completely
Invariant under K. From this by the Riemann-Herwitz formuls that D contains
pc. This is & contradiction. Hence F(R) has infinitely many components. So, by
'_.[‘hmrm:: 2.11, J(R} Is a Lakes of Wada continuum.
{b) < (c). This is follows from Lemma 2.2.

{c) = (d). Assume that J{f) = q 80y Then J(R) 2 {R*(oc) in = 0} 2 ﬁ 8Dy =

| - = =]

J(R), 0 J(R) = {R™oc) :n > 0}. |

{d) = {c}u Suppose ﬂm (d) holds. By the assumption of the set {D: 1, we get

that R (U BD.-) = || 80;. Hence J(R) = {R*{o0) :n > 0} = ﬁ an;. ]
=1 ]

A=

Hemark 2.13. Under the condition that oo € J(R), the rational function in Theorem 2,12
I not hyperbolic.
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SOLUTIONS OF FUNCTIONAL EQUATIONS
JoS=58%7F

KEAITSUDA MANEERUK, PIYAPONG NIAMSUP, AND JULIAN
PALMORE

1. ABSTRACT

Let 5 be & Mobius transformuntion which has two fixed polnts, say
6 and b in C. Without loss of generality we may assume that o is an
attracting fixed point and b is o repelling fixed point of 5. We are
Interested in finding solutions [ of the following functional equation
(1) foS=8%ay

where £ > 2. We will show that for a given complex mumber o distinet
from a and b, there exists 8 unique solution of (1) which fixes o, a,
aud b, We also show that the Julis sets of rational solutions of (1) are
circles on the sphere.

2. INTRODUCTION

Halley's method, Newton's method of a given function P(z) are de
fined respectively as follows

H(z) = 2 Pla)

P - TR

_ . Pl
N{:] = I ﬁ;i

A successive approximation 8 (2), of P(z) can be obtained by i
P(z) = 0 and then write this equation as = = §{z). In our case P(s
I8 & quadratic polynomial with roots a and b such that 0 < |a| < fbf
then 5(z) = '—_TH:H 18 & successive approximation of F(z) that z =a
a8 & global attractor,
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In [3], the functional equation (1) where f is a rational function of
degree k of the form

apt" +ap g2 o gz 4ay
2 -
(2) /z) bez* +be 2t bz by

where a;, b, € C, (aq, by) # (0, 0) was studied. The main results in [3]

are as follows:
Theorem 2.1. Let fi be a rational solution of (1) of the form (8).
(a) If oy % 0,then

Je=Teo fou
where Juy(z) = BHHESE, Th(2) = ity and b € C.

B F—

(b) If ap =0, and ay.; # 0 then there is only one rational solution
tn this form for (1) and we can explicitly find such the solution.

fe) If ag = ap_y = 0, then there are no nenzero mtional solutions
for (1) of this form.

Conversely, f T ts any mapping such that ToS = SoT, then fooT
and T' o fy are solutions of (1).

Remark 2.1, When k = 2, fya(z) is the Newton's method for P and
when k =3, fya(z) @ the Halley's method for P, where P(z) = (z —
a){z—b).

In [3], the rational solutions [ of (1) are solved directly from a linear
system of equations. In this paper, we study the functional equation
(1) more analytically and we also describe the Julia sets of rational
solutions of (1),

3. Main ReEsurTs
Let § and f be a8 in the previous section. We have
Theorem 3.1, Forangi,7 €N,
(3) flo§ 5™
Proof. For fixi=1,let P(j) = fo § = §*c f. Then for j = 2,
(foS)oS=(5*af)o8
=8 (f08)
~5*a (S0 f)
=5%af
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This impliss P(2) holds. Assume that FP{N) holds, Then
foSNH =[‘fu3“f}b3

=(8"a f)o §

=5 o(fag)

=5" o (5% f)

=S”+1l:l-f
which implies that P (N + 1) holds. Therefore foS87 = §%* ¢ { hold for
a.lleN.SimihrnyuraﬁIadjEH,wemnyahnwthuf‘uSJ=Sf”uf‘

holds for all 1 € N. We conclude that f'o S/ = %6 f' forall §, j € N,
This completes the proof, [ |

Theorem 3.2, Let f be a solubion of (1), If f(b) # o then a and b
are fived points of f.

Prool. Hmtly1mmvthuu,bmmtpuhuff.fhifnmapuln
of £, then f(n) = co. From (3) and for i = 1 we have

oo = f(a) = f o 5 (a) = §*(f(a)) = #*(c0).

this implies that 8 = o0 or b = oo which is & contradiction. Thus a
and b are not poles of f. From (3) if we take § = 1, then for = ¢
FH(b) U {a, b} we have, by contimuity of f,

(87 (5)) =5 (f (2))-
Thus

fla) = 1(,im 5'(:)) = tim £ (5 a)
= lm 5 (f(z))=a
which implies that a is a fixed point of f. From (3) if we take z = b,
then
5(b) = S™(f(b)).

As we sssume that f (b) # o we conclude that f (b) = b. This completes
the proof. 1

Remark 3.1. Let f be o solution of (1) such that f(b) # a. Thena,b
are super-attracting fived points of [,

Proof. Consider

fo8(x) =80 f(z)
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by differentinte both sides we obtain

['(a)S'(6) = S'(5*" o f(2)) - 8'(8* 0 [lz)) - .- S'(f(2)) - (2}

Forz=a,
f'{a}-8'(a) = [§'{a)]* - f'(a)

and since 5'(a} # 0, we conclude that f(a) = 0. That is, a is a
attracting fixed point of f. Similarly, we can show that f* () = 0.
ecmpletes the proof. ]

Theorem 3.3, For a given compler number a # a,b. There ensis a
unigque sodution of (1) which fizes a, o and b,

Proof. Let f and g be solutions of (1) which fix a,b and a. Fram (3]
take § = 1 we have

fo8a)=5" o fla) = §*(a)
and
goS{a) = 5" o gla) = §™(a).

Since o # a,b and a is & global attractor of §, §(a) — o &8 § — o0,
This implies that o is & limit point of {5(a) : § € N}. As

{Sa):jeN}C{zeC: f(2) =g(2)],

we have, by the ldentity Theorem, f = ¢ on T. Therﬁfme, Lhnﬂh
4 unique solution of (1) which fixes a,a and b where o # a, b
completes the proof 1

Remark 3.2. Let f be o solution of (1) which fires a, b and al# ﬂiﬂ"
For oll Mibws tronsformation which fices a,b we may show that if
T{fla)) =a, thenToS=50T,.

Theorem 3.4. Let [ be a solutton of (1), Then foT and T o [ ame
solutions of (1) where T is any transformation which satisfies So =
Jo8.
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Proof. Put g = feT and h=To f. Then
goS=(foT)o8
= [o(Te8)
=fo(SeT)
= (fo§)aT
= (5" oif) o
=S o (foT)
=5%0g,
That is, g Is & solution of (1). And
ho8S8=(Tof)of
=Tao(foS)
= To(s* 1)
={T'n S}Iu{.r_[ﬂf}
=8¢(Teo 88 f)

=5*c(To f)
= S*o
That is, h is & solution of (1). This completes the proof. P

Theorem 3.5. Let f and g be solutions of (1) which [ fives a,b and
alo#ab) andg fizes a,b and B (3 # 6, b). Then g can be expressed
in the form

g=Teof
where T 13 o Mobhus transformation which fizes a. b and T f{F)) = 8.

Proof. [t is easy to see that So T =T o 5. By Theorem 3.4, To f is
a solution of (1). Since

To f{a) = T(a) =a

To fib) =T) =b

To f(8) = T(f(A) =B,

this implies T'o f is a solution of (1) which fixes a, b and 5. By Theorem
3.3, we obtain g =T0 f, '
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Theorem 3.6. Let [ be a solution of (1) which fires a,b. Then [ is n
rttonal function.

Proof. First, we consider 5(z) = Az, A # 0. Let g be a solution of (1)
which fixes ), o0 and 5 is defined as above. So

(*) o(Az) = Agl2).
Set
glz} = B2 10a2"
where a, € C, ¥n. We have
g{Az) = LZ a, A" 2"
and

Mo(z) = T2, A"
From (*), we obtain

- OIS R O
D= (A" =AM =0
an{ A" = A¥) =0,¥n
For m # k,a, = 0, so that g(2) = a,z*. This implies that g is a rational
funection.

Now, we consider S5 which fives a, b. Then S is conjugate to & map
s Az, A # 0 by the Mobius transformation that send z = a to 0 and
2 = b to o0, namely
-z+a
-4+ b
Let [ be a solution of (1) which fixes a, b. Then [ is conjugate to g with
the same Mobius transformation. Therefore f is & rational hanction.
This completes the proof. i
Proposition 3.1. Let [ be a solution of (1) which fires a and b. For
a#,b, if fla) = a, then | is conjugate to o map (==tt)*~' &

Proof. Assume that f is & solution of (1) which fixes o and b, Given
a # a,b. From Theorem 3.6, [ is conjugate to & map g where g(z) =
Kz* 3K £ 0 by the Mtbius transformation that send z = g to 0 and
z = b to oo, namely

Miz) =

M{£}=—I+u

=z+b
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Sinee fla) = a, so0
M 'gM(a) = a.
giMia)) = Mia).
That is M{x) is a fored point of g, But ¢ has fixed points at 0, oo and |

(k—1)" roots of . Then
w2y
o) = () |
—0 +u|:|._(1)“'!"I
—a+b \K
—c:+r.'|)h‘_ 1
(—ﬂ—H! g

K= ( _a+b)._1.
—a+a

This implies that f is conjugate to a map (=2)"" 2 This com-

pletes a proof, i
Example 3.1. Fork =2, N i the rational solution of (1) which fizes
a, b mnd oo,

Let [ be o solufion of (1) which [ fires 2. b and o (@ + a,b).
Then f=ToN where T w a0 Mihus transformation which fives a.b
and T(fla)) = a.

Definition 3.1. Let [ be a mational function and let [' denote the ith
iternte of f. The Julia set J(f) of f 15 defined as follows:

JUf)=C=F(),
where F{f) = {z € T : {/*}3, i= a normal family in a neighborhood of z}.
The set F(f) is called the Fatou sef of f.
Theorem 3.7, The Julia set of the rational solutions of (1) are circles
on the sphere.
Proof. In [3], we know that

oz =Y = bz —a)*

.fi'[:] = {3__ b}ﬁ_ |:.$ -ﬂ-}i
is the rational solution of (1). Let f be a rational solution of (1) which
fixes a, b and o (o # a, i), Theorem 3.5 shows that [ = Tye fi where T},
is a MBhius transformation which fixes o, b and Ty ( fi(a)) = . Fork >
2, the function f, is conjugate to & map w — w* and T} I8 conjugate
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to & map w -+ Ku* where |K| < | by the Mohius transformation that
send w = 0 to & and w = 20 to b, namely

b — @
Mw) = onet T
The inverse M~', of M is given by
gy —ETG
W —-z4b
This implies f is conjugate to the map Kz*' where |[K| < 1. So we
obtain that J(f) is a circle on the sphere. [

We now consider the case when the Mobius transformation has ex-
actly one fixed point in the complex plane, Let R be a Mobius trans-
formation which has only one fixed point, say a € C (80 a is the global
attractor of f). We are interested in finding solutions [ of the following
functional equation
(4) foR=R'sf
where k > 2 and R is defined as above. We have
Remark 3.3, Lel [ be a solution of {4). Then a i o fired point of f.

Remark 3.4. For a given compler number & # a. There exists a
unique solution of ({) whach fizes o and a.

Remark 3.5, Let [ be a solution of ({). If T is any Mabius transfor-
FmﬁnnsunhMTnﬁ=RnT.ﬂuﬂf¢T-denf are solutions of
4

Theorem 3.8. Let [ be a solution of (§). Then f is conjugate to a
map

kz+ Ple e %) + Qe
where P, Q) are meromorphic fumctions.
Proof., Without loss of generality we may assume that Ri(z) = z4c,c #
0. Assume that g is & solution of (4). Then g(z +¢) = g(z) + kz. Note
that g(z-+¢) = g(£)+ kz il and only if g(z) = kz-+ H(z) where H(z) =
¢(z) — kz. B0 H{z) = H{z +¢) , that is, H is periodic. Since rational
finctions cannot have & period, this implies that H(z) = P ") +
Q(e™™*) where P, Q are meromorphic functions.

Now, we consider 5 which fixes a, Then § 15 conjugate to s map
£ s x4 g ¢ 0 by the Mithius transformation that send z = a to 0,
namely

1

Miz)=

-z+a
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Let f be a solution of (4). Then f is conjugate to g with the same
Mobius transtormation. This completes the proof, [

Example 3.2. _f[;g=2:+e"+ﬂ'uumluﬁﬂﬂ of the functional
equation fo R= Ko [ where R{z) = z + 2mi.
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