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The objective of the this research sponsored by the TRF was to study geometry
from the point of view of linear lattices, a very versatile combinatorial tool rich
with applications in other fields. As forecasted in the proposal, this approach
could lead to results in related areas. Linear lattices are lattices of commuting
equivalence relations. Studying them entails dealing closely with equivalence
relations. Despite being so ubiquitous in mathematicians’ everyday life, equiva-
lence relations are still far from being fully understood. The algebra of
equivalence relations (that is, the set of operations that can be defined on the
family of all equivalence relations, and their properties), in particular, is still
largely unknown. This research sprung from a previous work of the author
[BMPO1], where a class of operations on equivalence relations was introduced. In
the current research project those operations are defined in a better way, and
generalized in several directions. This has led to some interesting results that have
been included partly in the Master degree thesis [Wan03), presented at an
international conference, and accepted by one the most renown intemational
journals in the field [Mai03].

Keywords: Equivalence relations, Jonsson’s type, commuting equivalence
relations, n-trusting organizations.
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Introduction

Throughout the history of Mathematics, the notion of equivalence relations has
played a fundamental rofe. It dates back at least to when the natural numbers first
were introduced: a2 non-negative integer may be thought of as a representative of
the equivalence class of sets with the same cardinality. To express such a simple
and “‘obvious" fact with equivalence relations may seem unnecessarily
cumbersome. Nothing is further from the truth. Equivalence relations play a
decisive role as building elements in every area of Mathematics. For instance,
Algebra is firmly founded on equivalence relations: group theory, ring theory,
modules, and fields would basically be impossible to define and use without
equivalence relations.

Equivalence relations are so ubiquitous in everyday life that we often forget about
their proactive existence. Much is still unknown about equivalence relations.
Were this situation remedied, the theory of equivalence relations could initiate a
chain process generating new insights and discoveries in many fields dependent
upon it.

This research springs from a simple acknowledgement: the only operations on the
family of equivalence relations fully studied, understood, and deployed are the
binary join and meet operations. Very little is known about the possible
classification of all operations on equivalence relations. Towards this aim, a new
binary operation (and a class of n-ary operations) was introduced and studied in
{BMPO!], named “*” by the authors. The definition of * was quite hard to grasp,
to work with, and to find an interpretation of. In other words, it was quite hard to
answer the question “what does it really stand for?"”

In the fall of 2002 I proposed to my Master degree student at Chiang Mai
University, mister Apirut Wanichsombat, the problem of studying the work
[BMP01] and see in what way we could improve it or generalize it. Qur
collaboration lead to some resuits, culminated with mister Apirut’s master thesis
and his presenation at the 18th Conference for Young algebraists, 21-23 March
2003, University of Potsdam, Potsdam, Germany. I finally improved and
generalized the results in a paper to appear soon in Annals of Combinatorics
[Mai03}.



Results

We discover an new binary operation on the family of equivalence retations and
prove it equivalent to the * operation defined in [BMPOQ1]. We get more than that:
for any positive integer n, we build a binary operation *n that generalizes * (the
latter corresponding to the case n=2).

All these results are explained in details in the paper [Mai03} included at the end
of this yearly report). The title of the paper, n-Trusting Organizations, is meant to
catch the attention of the reader and focus it directly onto the interpretation of the
operation *n. We will explain this with a practical example: let S be an
organization, where by organization we mean a set A and two equivalence
retations R and T on A. For instance A could be a corporation, a random group of
friends, an army, the guests at a wedding banquet, you name it. Let's take the
example of the army, or better, an international army. The equivalence relations R
and T could be “same nationality” and *“graduated from the same cadet school,”
respectively. This equivalence relations form “bonds” between the elements of A.
For instance, John feels close to Kevin because they are both American. Kevin,
however, went to cadet school in Paris, together with Pierre, so Kevin also feels
close to Pierre. John, in tums, considers Pierre “a friend of a friend™: not as good
as a friend, but better than a stranger. We can say that the element a n-frusts the
element b if we can go from a to b in n (or less) steps as the ones described above.

The army will be divided into groups (which we call departments). Now suppose
the army has to accomplish some very delicate mission, and suppose each
department will be assigned a different task. To better achieve its mission, some
conditions are needed. First of all, there must be cohesion and trust within each
department. This means that we fix a trust level, n, and require that in any
department Ei, every element n-trusts every other element. Secondly, in order to
guarantee collaboration and friendship between the departments, the crganization
must be envy-free. By envy-free we roughly mean (the precise definition will be
provided in the paper) that an element a of department Ei will not be jealous of
department Ej for having kept his “buddy” b in its rank, or for having prevented a
from joining Ej. Finally, the departments should be as big as possible, subject to
the two constrains of n-trust and envy-free It turns out that the only partition of A
that satisfies the condition above is in fact R*nT.

For an alternative to the army example, you can think of a graduation reunion
example, where R and T are, respectively, year of graduation and common
interests (football, pardening, etc.). The departments represent tables at the
restaurant. You are organizing the banquet, what is the best way to divide the
people in tables such that there will be n-trust within each table (once n is chosen)
and.znvy-free across tables, so to assure a happy party?



In this setting, it comes natural to define the “leader”, or director of each
department, to be the one who is the most popular in the department. Similarly, a
president of the whole organization will be the one who is the most popular in the
whole set A. These concepts are precisely defined and studied in my research.

Other results in this research include studying a correlation between the *n
operations and the classification given by Jonsson {Jon53] on the type of a pair of
equivalence relations, classification that was already studied and expanded in
{BMPO1]. In addition, the *¥n operations are generalized to become k-ary
operations, and some questions are raised: are the *n operalions (or their
generalizations) independent of each other? How do they relate to the k-ary
operations introduced in [BMPO11? These questions pave the ground to further
exploration and research directions.
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Appendix: Paper accepted by Annals of Combinatorics

n-Trusting Organizations
Matteo Mainetti

Sirindhorn International Institute of Technology,
Thammasat University,
Pathumthani, 12121, Thailand

Abstract

In [BMPOQ1] a new binary operation on the family of equivalence
relations was introduced and studied. In this paper we give an equiv-
alent, easier to grasp, definition of the same binary operation, and we
prove it to be just an example of a bigger family of binary operations,
which are shown to have interesting interpretation and meaning.

1 Introduction

Throughout the history of Mathematics, the notion of equivalence relations
has played a fundamental role. It dates back at least to when the natural
numbers first were introduced: a non-negative integer may be thought of
as a representative of the equivalence class of sets with the same cardinal-
ity. To express such a simple and “obvious” fact with equivalence relations
may seem unnecessarily cumbersome. Nothing is further from the truth.
Equivalence relations play a decisive role as building elements in every area
of Mathematics. For instance, Algebra is firmly founded on equivalence re-
jations: group theory, ring theory, modules, and fields would basically be
iropossible to define and use without equivalence relations.

Equivalence relations are so ubiquitous in everyday life that we often
forget about their proactive existence. Much is still unknown about equiv-
alence relations. Were this situation remedied, the theory of equivalence
relations could initiate a chain process generating new insights and discov-
eries in many fields dependent upon it.

“Supported by the Thailand Research Fund, grant RSA4580032

il
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This paper springs from a simple acknowiedgement: the only operations
on the family of equivalence relations fully studied. understood, and de
ployed are the binary join V and meet A operations. Very little is known
about the possible classification of all operations on equivalence relations.
Towards this aim, a new binary operation {(and a class of n-ary operations)
was introduced and studied in [BMPO1], named “#" by the authors. The
definition of * was quite hard to grasp, to work with, and to find an inter-
pretation of. In other words, it was quite hard to angwer the question “what
does it really stand for?”

In this paper, we discover an new binary operation on the family of
equivalence relations and prove it equivalent to the + operation defined in
[BMPO1]. We get more than that: firstly, for any positive integer n, we
build a new binary operation #, that generalizes # {the latter corresponding
to the case n = 2), and secondly, we find a modified version of *,, which we
denote by %, which is independent of the former.

The title we chose, n-Trusting Organizations, is meant to catch the at-
tention of the reader and focus it directly onto the interpretation of the
operation *,. We will explain this with a practical example: let O be an
organization, where by organization we mean a set A and two equivalence
relations R and T on A. For instance A could be a corporation, a random
group of friends, an army, the guests at a wedding banquet, you name it.
Let’s take the example of the army, or better, an international army. The
equivalence relations R and T could be “same nationality” and “graduated
from the same cadet school,” respectively. This equivalence relations form
“bonds” between the elements of 4. For instance, John feels close to Kevin
because they ave both American. Kevin, however, went to cadet school in
Paris, together with Pierre, so Kevin also feels close to Pierre. John, in
turns, considers Pierre “a friend of a friend:” not as good as a friend, but
better than a siranger. We can say that the element a n-frusts the element
& if we can go from o to b in n (or less) steps as the ones described above.

The army will be divided into groups (which we call depariments). Now
suppose the army has to accomplish some very delicate mission. and suppose
each department will be assigned a different task. To betier achieve its
mission, some conditions are needed. First of all, there must be cohesion
and trust within each department. This means that we fix a trust level,
n, and require that in any department E;, every element n-trusts every
other element. Secondly, in order to guarantee collaboration and friendship
between the departments, the organization must be envy-free. By envy-free
we roughly mean {the precise definition will be provided in the paper) that
an element a of department E; will not be jealous of department E; for
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having kept its “buddy” b in its rank, or for having prevented a from joining
Ej;. Finally, the departments should be as big as possibie, subject to the two
constraing of n-trust and envy-freedom. It turns out that the only partition
of A that satisfies the condition above is in fact R+, T

In case you don’t like the army example, vou can think of a graduation
reunion example, where R and T are, respectively, year of graduation and
common interests (football, gardening, etc.). The departments represent
tables at the restaurant. You are organizing the banquet, what is the best
way to divide the people in tables such that there will be n-trust within
each table {once n is chosen) and envy-freedom across tables, so to assure a
happy party?

In this setting, it comes natural to define the “leader,” or director of
each department, to be the one who is the most popular in the department.
Similarly, & president of the whole organization will be the one who is the
most popular in the whole set 4. These concepts are precisely defined and
studied in the paper.

Other results in this paper include studying a correlation between the
*#, operations and the classification given by Jénsson [Jon53] on the type of
a pair of equivalence relations, classification that was already studied and
expanded in {(BMPGL).

This paper is organized as follows: Section 2 serves as background. In
Section 3 the operation * is introduced and proven equivalent to the one
introduced in [(BMPO1). In Section 4 the operation # is generalized, and in
Section 5 the operation *¥ is introduced. Section 6 correlates these opera-
tions with the concept of “type” of pairs of equivalence relations. Section 7
gives some applications, and finally, in Section 8 some open questions and
working problems are hinted. Pictures and examples throughout the paper
are provided. '

2 Types of Pairs of Equivalence Relations

For the rest of this work A will denote a fixed set, that we will assume finite,
although most of the results will remain valid even in the case of an arbitrary
set. If R is an equivalence relation on 4, and a,b € .4, we will dencte by
oRb whenever o and & are R-equivalent. If b € A, the R-equivalence class of
b will be denoted by R(b). That is,

R(b} = {a : cRb}.

13



Saying it in another way, R(b) is -Rb, that is, the set of all elements that
can be placed instead of the dot “" to make the relation hold.
In a similar fashion. if & € A, one can define (e)R to be

(a})R ={b : aRb},

and the fact that R is an equivalence relation implies that, for every a in A,
()R = R(a). The sets R(e)'s are called blacks of the partition associated to
the equivalence relation R. This apparent triviality, and unusual netation,
wiil be heipful quite scon.,

Definition 2.1 Jf R and T are eguivalence relations, their composition is
defined as

RT = {{a,c) € Ax A : aRb, bTc for some be A}. (1)

Foliowing the same notation introduced for equivalence relations, if (g, ¢)
belongs to the set (1}, we will write aRT¢c. Similarly, we define

RT{(c)={a€.A : aRTc,} that is, {e € A : aRb, 6Tc for some be A},
and
(@)RT ={ce A : aRTc}.

Notice that it is no longer valid in general that (e}RT = RT(a), nor is it
valid that the sel (of seis)

{RT(z) : z€ A}

forms a partition of A. It does give a covering of 4, but the sets RT(z)
could overlap. The compeosition of equivalence relations can be defined for
an arbitrary (finite) sequence of them, not just two, and the notation would
be similar to the one introduced above. We decided to give in detail only
the binary case here for clarity purposes.

Denote by II[A] the set of all equivalence relations on A. Endowed with
the partial order of refinement, that is, B < T if and only if every block
of A is contained in a block of 7', II[A] is seen to be a lattice with unique
minimal and maximal elements, namely 0, the partition composed of one-
element blocks, and I, the partition with the one block {.4}. Meet and join
of equivalence relations can be explicitly expressed in terms of intersection
and union of compositions, as ir the following proposition, whose proof is
straightforward, and can be found in most papers in our reference list.

14



Proposition 2.2

RAT = RNT; (2)
RVT = RURTURTRU-- (3)
U TUTRUTRTU--- .

In what follows we will make exiensive use of the following notation:

n

———
BRI =RTR...
Remark 2.3 The relation RT is reflezive and, for n odd, symmelric.

Notice that the infinite union in (3} consists of increasing terms (in each
line). The pair of equivalence relations (R, T) is said to be of finite type if
{3) can be expressed with a finite union. It is immediate to see that if

BT = IR,

then {R,7T) is of finite type, since in this case we wouid have, for every
m2>n,
RT =TR=RT =TR.
n n

Jénsson [Jon53] called such pairs (R, T) pairs of type n — 1. His definition
was further generalized in [BMPOL], as follows.

Definition 2.4 4 pair (R,T) of eguivalence relations on the set A is said
to be of type

n strong  if RT = TH (original Jonsson type n)

n+1l r+l
n wesk if RT C TR or TR C RT
n4-1 ntt n+l n41
n.G if RvT' = RTUTR
n+l n+1

Notice that in all three cases above (n strong. n weak, n.5), the remark
foliowing Remark 2.3 implies that

RvT=RTUTR.
ng-1 -kl

For a pair (R, T) we clearly have the sequence of implications:

n strong = nweak = nb == n41strong

15



More specifically, if we denote the families of pairs (R, T') of type n.5, type n
weak, and type n strong by Hy, W, and &, respeciively, then the following
hoids [BMPO1].

Proposition 2.5 The families H,, Wy, and &, form the sequence
BASICWICH CH=WICHICECW, CH2C S =W C -,

that is, all types are distinct except for n odd, when n sirong and n weak
coincide.

M.-L. Dubreil and her husband P. Dubreil investigated pairs of types 1
and 2 [Dub50, DJD39. The originator of the term “type”, B. Jdnsson, inves-
tigated pairs of type 1,2, and 3 iu relation to embeddings of lattices [Jon53].
Specifically, he showed that any lattice admits a representation of type 3
(that is, for any lattice L there is a set A and a sublattice of TI[A] isomor-
phic to L such that any two equivalence relations in II[A] are of type 3); for
type 2 he showed that L is modular if and only if L admits a representation
of type 2. Lattices that admit representation of type 1 are sometimes called
“lattices of commuting equivalence relations”, or “linear lattices”, by some
authors [Hai85, Haigl, FMR96). They are “special” in the sense that the
composition of any two equivalence relations is already an eguivalence rela-
tion. G. Hutchinson [Hut81} - among many other authors - studied pairs of
type n. In view of the importance of the classification of pairs of equivalence
relations according to their type, it is reasonable to believe that refining such
definition can only lead to new important discoveries and understandings,

In [BMPOI| the author, T. Britz and L. Pezzoli studied these “new”
generalized types, finding structural characterizations of type 1.5, 2 strong
and 2 weak. Among other results, they provided minimal representation of
pairs of each type.

If we represent the elements of A as little black squares and arrange them
info a grid in such a way that R equivalence classes correspond to rows and
T equivalence classes to columns, then Figure 1 shows some examples of
pairs (R, T) of all type n > 1. Notice that those example are what we refer
to as “proper” type, in the sense that they belong to the specified type class
and not to stronger (that is, smaller) type classes.

3 'The O and % Operations
Britz ef al. [BMPO1) introduced and studied a new binary operation on the

famity of equivalence relations. We will begin this section with reviewing
some basic definitions and results from that paper.
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