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,�������������

�������
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1
�� #$"� signal-

to-noise ratio .�'� cross-correlation measure .�'� mutual information  �������	�
�!2%�
������� 

threshold system �
,������������4������� random binary signals 52	�����2������/�0�-

2%�	 mutual information 4�1���������	���"���
�&'��6�7
�����-��8��+�
,��2��
�#�',��!1���#�9�

���#�',��!1-�#-
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�
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&����������#�9�&"������2.�'�#�9������+ (#$"� ���������������8� alpha-stable) .�'�������

������
,����������
�8����!�"������ (unsymmetric density function) �����#&���.+�.

���-��/+�2��	��2��.%#.;��
�&������-��/+���#�;�<+5�#�##$
	� 1��&"�&���#�
,	�#���
,2
�
,�:2 

(optimal dispersion) �
,���-��/+�"�-�����#���+���=�1�����������1������������� alpha-

stable ��������� ���&������-��/+�
,#�'����#�9�#�%����1��&"� mutual information �
,�8��
,�:2 

(#�',�#��2�����������������) �
,���-��/+�"�-�����#���+���=�1�����������1�������������

��� alpha-stable  ���������-����������������������������� threshold system ��%� ���

����	�
�	��!2%�
�������*����+�
������������.�"�		"�	������������ (neuron models) �
,#�9�

����-���� (dynamical system) �
�2%�	 <
,���2��.%#.;��"������������������$"�	�.%.�"�	

	"�	> ������������#.�"��
�������!2%�	"���
������/�0�-���1
��������0�����2�%��  ������

����	�
�!2%���#�������������$%���������������������������:��0�-����2������ <
,�4����

�2���!2%��2��.%#.;��"������������������$"�	�.%��������������:52	�$%����	�����: 

(object segmentation) 2%�	��/
��� color thresholding �
&�����"�	�����1
�� 52	���$
���2������/�

0�-1������	�����:�
�&'� mutual information  ������-��#<��
,4�2-��2 (error pixel counts) ��� 

&���4�2-��21������.�"� (position error) 4��������	�"��> �
���2��.%#.;��
�&���#�9�!�!2%��

��������������"��> �.%�$%������������
,!�"������.�
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,	�!2%�.%#�9����5	$�+ &��&8"!�

�������
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This research explores the stochastic resonance effect in several nonlinear signal

processing systems.  Stochastic resonance or SR occurs when noise enhances the output 

of the system that processes input signals.  The performance measures can be an output 

signal-to-noise ratio (output SNR), cross-correlation measure, or mutual information of input 

and output.  The effort studies in more depth a threshold system that processes random 

binary input signals and uses mutual information as a performance measure.  The research

effort results in theorems that provide both necessary and sufficient conditions for the SR 

effect.  The results suggest how the noise mean or location parameter should relate to the 

input signals and the system's threshold. The result holds for broad classes of noise 

distributions that include all finite-variance noise with both symmetric-shaped and 

unsymmetric-shaped distributions as well as infinite-variance (impulsive) noise in alpha-

stable distributions.  Regression analysis reveals both an exponential relationship for the 

optimal noise dispersion as a function of the alpha bell-curve tail thickness and an 

approximate linear relationship for the SR-maximal mutual information as a function of the 

alpha-bell curve tail thickness.  The research also explores several models of continuous 

neuron widely used in neural network applications.  Simulations show that these neuron 

models also exhibit the SR effect when they process small random binary signals. The 

neurons' mutual information measures are maximal when the system's noise is nonzero.  

The SR effect also occurs in these feedback nonlinear dynamical systems even when the 

noise is impulsive.  Finally the research reports the benefits of noise in color object 

segmentation algorithm used in image processing and computer vision.  Experiments show 

that the proposed noise-added color thresholding scheme can help improve several 

measures used in object segmentation.  These measures include mutual information, error 

pixel counts, and position error.  The results suggest that scientists and engineers should 

consider exploiting the benefits of noise as well as canceling or filtering it out.
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Abstract

Stochastic resonance occurs when noise improves how a nonlinear system performs. This paper presents two general stochastic-resonance

theorems for threshold neurons that process noisy Bernoulli input sequences. The performance measure is Shannon mutual information. The

theorems show that small amounts of independent additive noise can increase the mutual information of threshold neurons if the neurons

detect subthreshold signals. The first theorem shows that this stochastic-resonance effect holds for all finite-variance noise probability density

functions that obey a simple mean constraint that the user can control. A corollary shows that this stochastic-resonance effect occurs for the

important family of (right-sided) gamma noise. The second theorem shows that this effect holds for all infinite-variance noise types in the

broad family of stable distributions. Stable bell curves can model extremely impulsive noise environments. So the second theorem shows that

this stochastic-resonance effect is robust against violent fluctuations in the additive noise process.

q 2003 Elsevier Science Ltd. All rights reserved.

Keywords: Stochastic resonance; Noise processing; Threshold neurons; Infinite-variance noise; Mutual information

1. The benefits of noise

Noise can sometimes help neural or other nonlinear

systems. Fig. 1 shows that small amounts of Gaussian pixel

noise improves the standard ‘baboon’ image while too much

noise degrades the image.

Small amounts of additive noise can also improve the

performance of threshold neurons or of neurons with

steep signal functions when the neurons process noisy

Bernoulli sequences. Several researchers have found

some form of this “stochastic resonance” (SR) effect

(Bulsara & Zador, 1996; Collins, Chow, Capela, &

Imhoff, 1996; Collins, Chow, & Imhoff, 1995; Douglass,

Wilkens, Pantazelou, & Moss, 1993; Gammaitoni, 1995;

Godivier & Chapeau-Blondeau, 1998; Hess & Albano,

1998; Jung, 1995; Jung & Mayer-Kress, 1995; Stocks,

2001) when either mutual information or input–output

correlation (or signal-to-noise ratio) measures a neuron’s

response to a pulse stream of noisy subthreshold signals.

But these studies have all used simple finite-variance

noise types such as Gaussian or uniform noise. They

further assume that the noise is both symmetric and two-

sided (hence zero mean). We show that SR still occurs if

the noise violates these assumptions.

The two theorems below establish that the mutual-

information form of the SR effect occurs for almost all noisy

threshold neurons. The first theorem holds for any finite-

variance noise type that obeys a simple mean condition. A

corollary shows that the SR effect still occurs for right-sided

noise from the popular family of gamma probability density

functions. Fig. 3 shows some simulation instances of this

corollary. The second theorem holds for any infinite-

variance noise type from the broad family of stable

distributions. All signals are subthreshold.

Infinite variance does not imply infinite dispersion.

Stable probability densities have finite dispersions but have

infinite variances and infinite higher-order moments. The

dispersion controls the width of the bell curve for symmetric

stable densities (see Fig. 4). Fig. 2 shows a simulation

instance of the second theorem. Infinite-variance Cauchy

noise corrupts the subthreshold signal stream but still

produces the characteristic nonmonotonic signature of SR.

The theorem on infinite-variance noise implies that the SR

effect is robust against impulsive noise: a threshold neuron

can extract some information-theoretic gain even from noise

streams that contain occasional violent spikes of noise. The

noise stream itself is a local form of free energy that neurons

can exploit.

The combined results support Linsker’s hypothesis

(Linsker, 1988, 1997) that neurons have evolved to

0893-6080/03/$ - see front matter q 2003 Elsevier Science Ltd. All rights reserved.
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maximize the information content of their local environ-

ment. The new twist to the hypothesis is that maximizing a

threshold neuron’s mutual information requires deliberate

use of environmental noise.

2. Threshold neurons and Shannon’s mutual

information

Weuse the standard discrete-time threshold neuronmodel

(Bulsara &Zador, 1996; Gammaitoni, 1995; Hopfield, 1982;

Jung, 1995; Kosko, 1991; Kosko & Mitaim, 2001)

yt ¼ sgnðst þ nt 2 uÞ ¼
1 if st þ nt $ u

0 if st þ nt , u

(
ð1Þ

where u . 0 is the neuron’s threshold, st is the bipolar input

Bernoulli signal (with arbitrary success probability p such

that 0 , p , 1) with amplitude A . 0; and nt is the additive

white noise with probability density pðnÞ:
The thresholdneuronuses subthresholdbinary signals.The

symbol ‘0’ denotes the input signal s ¼ 2A and output signal

Fig. 1. Gaussian pixel noise can improve the quality of an image through a stochastic-resonance or dithering process (Gaimmaitoni, 1995; Wannamaker,

Lipshitz & Vanderkooy, 2000). The noise produces a nonmonotonic response: A small level of noise sharpens the image features while too much noise

degrades them. These noisy images result when we apply a pixel threshold to the ‘baboon’ image. The system first quantizes the original gray-scale baboon

image into a binary image of black and white pixels. It gives a white pixel as output if the input gray-scale pixel equals or exceeds a threshold u: It gives a black

pixel as output if the input gray-scale pixel falls below the threshold u : y ¼ gððxþ nÞ2 uÞ where gðxÞ ¼ 1 if x $ 0 and gðxÞ ¼ 0 if x , 0 for an input pixel

valuex [ ½0; 1� and output pixel value y [ {0; 1}: The input image’s gray-scale pixels vary from 0 (black) to 1 (white). The threshold is u ¼ 0:04: Thresholding

the original baboon image gives the faint image in (a). The Gaussian noise n has zero mean for images (b)–(d). The noise variance s2
n grows from (b) to (d):

s2
n ¼ 1:00 £ 1022 in (b), s2

n ¼ 2:25 £ 1022 in (c), and s2
n ¼ 9:00 £ 1022 in (d).

Fig. 2. SR with infinite-variance Cauchy noise. (a) The graph shows the smoothed input-output mutual information of a threshold neuron as a function of the

dispersion of additive white Cauchy noise nt: The dispersion g controls the width of the Cauchy bell curve. The vertical dashed lines show the absolute

deviation between the smallest and largest outliers in each sample average of 100 outcomes. The neuron has a nonzero noise optimum at gopt < 0:438 and thus

shows the SR effect. The noisy signal-forced threshold neuron has the form of Eq. (1). The Cauchy noise nt adds to the bipolar input Bernoulli signal st : The

neuron has threshold u ¼ 1: The input Bernoulli signal has amplitude A ¼ 0:8 with success probability p ¼ 1
2
: Each trial produced 10,000 input–output

samples {st ; yt} that estimated the probability densities to obtain the mutual information. (b) Sample realizations of symmetric (bell-curve) alpha-stable random

variables with zero location ða ¼ 0Þ and unit dispersion ðg ¼ 1Þ: The plots show realizations when a ¼ 2,1.8,1.5, and 1. Note the scale differences on the y-

axes. The alpha-stable variable n becomes more impulsive as the parameter a falls. The algorithm in (Chambers, Mallows, & Stuck, 1976; Tsakalides &

Nikias, 1996) generated these realizations.
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y ¼ 0: The symbol ‘1’ denotes the input signal s ¼ A and

output signal y ¼ 1: We assume subthreshold input signals:

A , u: Then the conditional probabilities PY lSðylsÞ are
PY lSð0l0Þ ¼ Pr{sþ n , u}ls¼2A ¼ Pr{n , uþ A}

¼
ðuþA

21
pðnÞdn ð2Þ

PY lSð1l0Þ ¼ 12 PY lSð0l0Þ ð3Þ
PY lSð0l1Þ ¼ Pr{sþ n , u}ls¼A ¼ Pr{n , u2 A}

¼
ðu2A

21
pðnÞdn ð4Þ

PY lSð1l1Þ ¼ 12 PY lSð0l1Þ ð5Þ
and the marginal density is

PY ðyÞ ¼
X
s

PY lSðylsÞPSðsÞ ð6Þ

Other researchers have derived the conditional probabilities

PY lSðylsÞ of the threshold system with Gaussian noise with

bipolar inputs (Bulsara & Zador, 1996) and Gaussian inputs

(Stocks, 2001). We neither restrict the noise density to be

Gaussiannor require that thedensity havefinite variance even

if the density has a bell-curve shape.

We use Shannon mutual information (Cover & Thomas,

1991) to measure the noise enhancement or SR effect

(Bulsara & Zador, 1996; Deco & Schürmann, 1998;

Godivier & Chapeau-Blondeau, 1998; Inchiosa, Robinson,

& Bulsara, 2000; Stocks, 2001). The discrete Shannon

mutual information of the input S and output Y is the

difference between the output unconditional entropy HðYÞ
and the output conditional entropy HðY lXÞ:
IðS;YÞ ¼HðYÞ2HðYlSÞ ð7Þ

¼2
X
y

PY ðyÞlogPY ðyÞþ
X
s

X
y

PSY ðs;yÞlogPY lSðylsÞ

ð8Þ
¼2

X
y

PY ðyÞlogPY ðyÞþ
X
s

PSðsÞ
X
y

PY lSðylsÞ

� logPY lSðylsÞ ð9Þ

¼
X
s;y

PSY ðs;yÞlog PSY ðs;yÞ
PSðsÞPY ðyÞ ð10Þ

So the mutual information is the expectation of the random

variable log½PSY ðs;yÞ=ðPSðsÞPY ðyÞÞ�

IðS;YÞ ¼E log
PSY ðs;yÞ
PSðsÞPY ðyÞ

� �
ð11Þ

Here PSðsÞ is the probability density of the input S; PY ðyÞ is
the probability density of the output Y ; PY lSðylsÞ is the

conditional density of the output Y given the input S; and

PSY ðs;yÞ is the joint density of the input S and the output Y :

Simple bipolar histograms of samples can estimate these

densities in practice.

Mutual information also measures the pseudo-dis-

tance between the joint probability density PSY ðs; yÞ and

the product density PSðsÞPY ðyÞ: This holds for the

Kullback (Cover & Thomas, 1991) pseudo-distance

measure

IðS;YÞ ¼
X
s

X
y

PSY ðs; yÞlog PSY ðs; yÞ
PSðsÞPY ðyÞ ð12Þ

Then Jensen’s inequality implies that IðS;YÞ $ 0: Ran-

dom variables S and Y are statistically independent if and

only if IðS;YÞ ¼ 0: Hence IðS;YÞ . 0 implies some

degree of dependence. We use this fact in the following

proofs.

3. Proof of stochastic resonance for threshold neurons

We now prove that almost all finite-variance noise

densities produce the SR effect in threshold neurons with

subthreshold signals. This holds for all probability distri-

butions on a two-symbol alphabet. The proof shows that if

IðS;YÞ . 0 then eventually the mutual information IðS;YÞ
tends toward zero as the noise variance tends toward zero.

So the mutual information IðS; YÞmust increase as the noise

variance increases from zero. The only limiting assumption

is that the noise mean E½n� does not lie in the signal-

threshold interval ½u2 A; uþ A�:

Theorem 1. Suppose that the threshold neuron (1) has

noise probability density function pðnÞ and that the input

signal S is subthreshold ðA , uÞ: Suppose that there is

some statistical dependence between input random

variable S and output random variable Y (so that

IðS;YÞ . 0). Suppose that the noise mean E½n� does not

lie in the signal-threshold interval ½u2 A; uþ A� if p(n)

has finite variance. Then the threshold neuron (1)

exhibits the nonmonotone SR effect in the sense that

IðS;YÞ! 0 as s! 0:

Proof. Assume 0 , PSðsÞ , 1 to avoid triviality when

PSðsÞ ¼ 0 or 1: We show that S and Y are asymptotically

independent: IðsÞ! 0 as s! 0: Recall that IðS; YÞ ¼ 0 if

and only if S and Y are statistically independent (Cover &

Thomas, 1991). So we need to show only that PSY ðs; yÞ ¼
PSðsÞPY ðyÞ or PY lSðylsÞ ¼ PY ðyÞ as s! 0 for some signal

symbols s [ S and y [ Y: The two-symbol alphabet setS
gives

PY ðyÞ ¼
X
s

PY lSðylsÞPSðsÞ ð13Þ

¼ PY lSðyl0ÞPSð0Þ þ PY lSðyl1ÞPSð1Þ ð14Þ

¼ PY lSðyl0ÞPSð0Þ þ PY lSðyl1Þð12 PSð0ÞÞ ð15Þ

¼ ðPY lSðyl0Þ2 PY lSðyl1ÞÞPSð0Þ þ PY lSðyl1Þ ð16Þ
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So we need to show only that PY lSðyl0Þ2 PY lSðyl1Þ ¼ 0 as

s! 0: This condition implies that PY ðyÞ ¼ PY lSðyl1Þ and

PY ðyÞ ¼ PY lSðyl0Þ: We assume for simplicity that the noise

density pðnÞ is integrable. The argument below still holds if

pðnÞ is discrete and if we replace integrals with appropriate

sums.

Consider y ¼ ‘0’: Then Eqs. (2) and (4) imply that

PY lSð0l0Þ2 PY lSð0l1Þ ¼
ðuþA

21
pðnÞdn2

ðu2A

21
pðnÞdn ð17Þ

¼
ðuþA

u2A
pðnÞdn ð18Þ

Similarly for y ¼ ‘1’:

PY lSð1l0Þ ¼
ð1

uþA
pðnÞdn ð19Þ

PY lSð1l1Þ ¼
ð1

u2A
pðnÞdn ð20Þ

Then

PY lSð1l0Þ2 PY lSð1l1Þ ¼ 2
ðuþA

u2A
pðnÞdn ð21Þ

The result now follows if

ðuþA

u2A
pðnÞdn! 0 as s! 0 ð22Þ

Let the mean of the noise be m ¼ E½n� and the variance

be s2 ¼ E½ðx2 mÞ2�: Then m � ½u2 A; uþ A� by

hypothesis.

Now suppose that m , u2 A: Pick e ¼ 1
2
dðu2 A;mÞ ¼

1
2
ðu2 A2 mÞ . 0: So u2 A2 e ¼ u2 A2 e þ m2 m ¼

mþ ðu2 A2 mÞ2 e ¼ mþ 2e 2 e ¼ mþ e : Then

PY lSð0l0Þ2 PY lSð0l1Þ ¼
ðuþA

u2A
pðnÞdn ð23Þ

#
ð1

u2A
pðnÞdn ð24Þ

#
ð1

u2A2e
pðnÞdn ð25Þ

¼
ð1

mþe
pðnÞdn ð26Þ

¼ Pr{n $ mþ e} ð27Þ
¼ Pr{n2 m $ e} ð28Þ
# Pr{ln2 ml $ e} ð29Þ

#
s2

e2
by Chebyshev inequality ð30Þ

!0 as s! 0 ð31Þ
A symmetric argument shows that for m . uþ A

PY lSð0l0Þ2 PY lSð0l1Þ # s2

e2
! 0 as s! 0 A ð32Þ

Corollary. The threshold neuron Eq. (1) exhibits SR for the

additive gamma noise density

pðnÞ ¼
na21e2n=b

GðaÞba n $ 0

0 otherwise

8><
>: ð33Þ

under the hypotheses of Theorem 1. Parameters a and b are

positive constants and G is the gamma function

GðxÞ ¼
ð1

0
yx21ey dy x . 0 ð34Þ

Gamma random variables have finite mean ab and function-

ally related finite variance ab2: Gamma family of random

variables includes the popular special cases of exponential,

Erlang, and chi-square random variables. All these random

variables are right-sided. Fig. 3 shows simulation realizations

of this corollary. This appears to be the first demonstration of

the SR effect for right-sided noise processes.

We now proceed to the more general (and more realistic)

case where infinite-variance noise interferes with the

threshold neuron. The SR effect also occurs in other systems

with impulsive infinite-variance noise (Kosko & Mitaim,

2001; Mitaim &Kosko, 1998). We can model many types of

impulsive noise with symmetric alpha-stable bell-curve

probability density functions with parameter a in the

characteristic function wðvÞ ¼ exp{2 glvla}: Here g is

the dispersion parameter (Breiman, 1968; Feller, 1966;

Grigoriu, 1995; Nikias & Shao, 1995). Fig. 4 shows

examples of symmetric (bell-curve) alpha-stable probability

density functions with different a tail thicknesses and

different bell-curve dispersions g:
The parameter a controls tail thickness and lies in 0 ,

a # 2: Noise grows more impulsive as a falls and the bell-

curve tails grow thicker. The (thin-tailed) Gaussian density

results when a ¼ 2 or when wðvÞ ¼ exp{2 gv2}: So the

standard Gaussian random variable has zero mean and

variance s2 ¼ 2 (when g ¼ 1). The parameter a gives the

thicker-tailed Cauchy bell curve when a ¼ 1 or wðvÞ ¼
exp{2 lvl} for a zero location ða ¼ 0Þ and unit dispersion

ðg ¼ 1Þ Cauchy random variable. The moments of stable

distributions with a , 2 are finite only up to the order k for

k , a: The Gaussian density alone has finite variance and

higher moments. Alpha-stable random variables character-

ize the class of normalized sums of independent random

variables that converge in distribution to a random variable

(Breiman, 1968) as in the famous Gaussian special case

called the “central limit theorem.”

Alpha-stable models tend to work well when the noise or

signal data contains ‘outliers’—and all do to some degree.
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and

wðvÞ ¼ exp{iav2glvlð122ib lnlvlsignðvÞ=pÞ} fora¼ 1

ð36Þ
where

signðvÞ ¼
1 ifv. 0

0 ifv¼ 0

21 ifv, 0

8>><
>>: ð37Þ

and i¼ ffiffiffiffi
21

p
; 0,a# 2; 21#b# 1; and g. 0: The

parameter a is the characteristic exponent. Again the

variance of an alpha-stable density does not exist if a, 2:

The location parameter a is the “mean” of the density when

a. 1: b is a skewness parameter. The density is symmetric

about a when b¼ 0: Theorem 2 still holds even when b– 0:

The dispersion parameter g acts like a variance because it

controls the width of a symmetric alpha-stable bell curve.

There are no known closed forms of the a-stable densities

for most a’s.
The proof of Theorem 2 is simpler than the proof in the

finite-variance case because all stable noise densities have a

characteristic function with the exponential form in Eqs.

(35) and (36). So zero noise dispersion gives w as a simple

complex exponential and hence gives the corresponding

density as a delta spike that can fall outside the interval

½u2 A; uþ A�:

Theorem 2. Suppose IðS;YÞ . 0 and the threshold neuron

Eq (1) uses alpha-stable noise with location parameter a �
½u2 A; uþ A�: Then the neuron (1) exhibits the nonmono-

tone SR effect if the input signal is subthreshold.

Proof. Again the result follows if

ðuþA

u2A
pðnÞdn! 0 as g! 0 ð38Þ

The characteristic function wðvÞ of alpha-stable noise

density, pðnÞ has the exponential form Eqs. (35) and (36).

This reduces to a simple complex exponential in the zero-

dispersion limit:

lim
g!0

wðvÞ ¼ exp{iav} ð39Þ

for all a’s, skewness b’s, and location a’s. So Fourier

transformation gives the corresponding density function in

the limiting case ðg! 0Þ as a translated delta function

lim
g!0

pðnÞ ¼ dðn2 aÞ ð40Þ

Then

PY lSð0l0Þ2 PY lSð0l1Þ ¼
ðuþA

u2A
pðnÞdn ð41Þ

¼
ðuþA

u2A
dðn2 aÞdn ð42Þ

¼ 0 ð43Þ

because a � ½u2 A; uþ A�: A

Fig. 2 gives a typical example of the SR effect for highly

impulsive noise with infinite variance. Here the noise type is

Cauchy ða ¼ 1Þ and thus frequent and violent noise spikes

interfere with the signal.

Fig. 4. Samples of standard symmetric ðb ¼ 0Þ alpha-stable probability densities. (a) Density functions with zero location ða ¼ 0Þ and unit dispersion ðg ¼ 1Þ
for a ¼ 2;1.8,1.5, and 1. The densities are bell curves that have thicker tails as a decreases and thus that model increasingly impulsive noise as a decreases. The

case a ¼ 2 gives a Gaussian density with variance two (or unit dispersion). The parameter a ¼ 1 gives the Cauchy density with infinite variance. (b) Density

functions for a ¼ 1:5 with dispersions g ¼ 0:5;1, and 2.
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Models with a , 2 can accurately describe impulsive noise

in telephone lines, underwater acoustics, low-frequency

atmospheric signals, fluctuations in gravitational fields and

financial prices, and many other processes (Kosko, 1996;

Nikias & Shao, 1995). Note that the best choice of a is an

empirical question for bell-curve phenomena. Bell-curve

behavior alone does not justify the (extreme) assumption of

the Gaussian bell curve.

Theorem 2 applies to any alpha-stable noise model. The

density need not be symmetric. A general alpha-stable

probability density function f has characteristic function w
(Akgiray & Lamoureux, 1989; Bergstrom, 1952; Grigoriu,

1995; Nikias & Shao, 1995):

wðvÞ ¼ exp iav2glvla 1þ ibsignðvÞtanap
2

� �� �
fora– 1

ð35Þ

Fig. 3. SR with (finite-variance) gamma noise. The noisy signal-forced threshold neuron has the form of Eq. (1). The gamma noise nt adds to the bipolar input

Bernoulli signal st: The neuron has threshold u ¼ 1: The input Bernoulli signal has amplitude A ¼ 0:8 with success probability p ¼ 1
2
: Each trial produced

10,000 input–output samples {st ; yt} that estimated the probability densities to obtain the mutual information. The algorithm in (Ahrens & Dieter, 1974, 1982)

generated realizations of the gamma random variable. (a) The graph shows the smoothed input–output mutual information of a threshold neuron as a function

of the parameters a and b of additive white gamma noise nt: The neuron’s mutual information has a nonzero noise optimum sopt . 0 for each a . 0: It also has

a nonzero noise optimum sopt . 0 for each b . 0: (b) The graph shows the cross-section of the mutual-information surface for a ¼ 2: (c) The graph shows the

cross-section for b ¼ 1: Note that the mean and variance of the gamma noise are mn ¼ ab and s2
n ¼ ab2:
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4. Conclusions

Noise affects neural systems in complex ways. The above

theorems show that almost all noise types produce SR in

threshold neurons that use subthreshold signals and small

amounts of noise. This includes right-sided finite-variance

noise such as gamma noise. The theorems do not guarantee

that the predicted increase in mutual information will be

significant. They guarantee only that some increase will

occur. Other work (Kosko & Mitaim, 2001) suggests that

the increase will decrease in significance as the impulsive-

ness of the noise process increases. All our simulations

showed a significant and visible SR effect.

These results help explain the widespread occurrence of

the SR effect in mechanical and biological threshold

systems (Braun, Wissing, Schäfer, & Hirsch, 1994;

Douglass et al., 1993; Fauve & Heslot, 1983; Melnikov,

1993; Levin & Miller, 1996; Russell, Willkens, & Moss,

1999). The broad generality of the results suggests that SR

should occur in any nonlinear system whose input–output

structure approximates a threshold system and that includes

most model neurons. The infinite-variance result further

implies that such widespread SR effects should be robust

against violent noise impulses. The combined results

support the hypothesis (Linsker, 1988, 1997) that neurons

have evolved to maximize their local information if they

process subthreshold signals in the presence of noise. This

need not hold for suprathreshold signals.
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Simulation and theoretical results show that memoryless threshold neurons benefit from small amounts of
almost all types of additive noise and so produce the stochastic-resonance or SR effect. Input-output mutual
information measures the performance of such threshold systems that use subthreshold signals. The SR result
holds for all possible noise probability density functions with finite variance. The only constraint is that the
noise mean must fall outside a “forbidden” threshold-related interval that the user can control—a new theorem
shows that this condition is also necessary. A corollary and simulations show that the SR effect occurs for
right-sided beta and Weibull noise as well. These SR results further hold for the entire uncountably infinite
class of alpha-stable probability density functions. Alpha-stable noise densities have infinite variance and
infinite higher-order moments and often model impulsive noise environments. The stable noise densities
include the special case of symmetric bell-curve densities with thick tails such as the Cauchy probability
density. The SR result for alpha-stable noise densities shows that the SR effect in threshold and thresholdlike
systems is robust against occasional or even frequent violent fluctuations in noise. Regression analysis reveals
both an exponential relationship for the optimal noise dispersion as a function of the alpha bell-curve tail
thickness and an approximate linear relationship for the SR-maximal mutual information as a function of the
alpha bell-curve tail thickness.
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I. ALMOST ALL THRESHOLD SYSTEMS EXHIBIT
STOCHASTIC RESONANCE

Several researchers have found that threshold neurons and
other threshold systems exhibit stochastic resonance [1–8]:
Small amounts of noise improve the threshold neuron’s
input-output correlation measure [9,10] or mutual informa-
tion [1,8,11]. All of these simulations and analyses assume a
noise probability density function that has finite variance.
Most further assume that the noise is simply Gaussian or
uniform. Yet the statistics of real-world noise can differ sub-
stantially from these simple and finite-variance probability
descriptions. The noise can be impulsive and irregular and
have infinite variance and infinite higher-order moments.
Computer simulations alone cannot decide whether this un-
countable class of noise densities produces the SR effect in
threshold systems. Theoretical techniques can decide the is-
sue and we show that the answer is positive: Almost all
threshold systems exhibit the SR effect in terms of mutual
information or a bit-based measure of system performance.

The two theorems in [12] show the SR effect in simple
(memoryless) threshold neurons as often found in the litera-
ture of neural networks [13–15]. We state these two theorems
below (Theorems 1.1 and 2.1) without proof and derive a
corollary and two new related theorems. The first theorem
(Theorem 1.1) shows that threshold neurons exhibit the SR
effect for all finite-variance noise densities if the system per-
formance measure is Shannon’s mutual information and if
the mean or location parameter falls outside a “forbidden”
interval that one can often pick in advance. A corollary
shows that this SR effect still occurs for right-sided beta and
Weibull noise. Traditional SR research has focused almost
exclusively on two-sided noise. The second theorem (Theo-

rem 2.1) shows that this also holds for all infinite-variance
densities that belong to the large class of stable distributions.
Both theorems assume that all signals are subthreshold sig-
nals. The two new theorems (Theorems 1.2 and 2.2) show
that there is no SR effect if the mean or location parameters
fall within the forbidden threshold interval. Figure 4 shows a
simulation instance of this predicted forbidden-interval effect
for Gaussian and Cauchy noise.

The paper then presents several regression analyses of
simulation experiments that confirm and extend the exponen-
tial relationship between the optimal noise dispersion and
alpha bell-curve tail thickness [16]. This exponential rela-
tionship corresponds to a similar one for infinite-variance SR
systems that use a signal-to-noise ratio or a cross correlation
for the system performance measure [16]. Regression also
shows that the SR-maximal mutual information in noisy
threshold neurons depends approximately linearly on the
bell-curve tail thickness for symmetric alpha-stable noise.

Figure 1 shows the system-flow diagram of a noisy
threshold neuron system that processes subthreshold signals.
Figure 2 shows the first use of (right-sided) beta noise for

FIG. 1. System-flow diagram of a noisy threshold neuron. The
neuron’s signal function has the form (1) with threshold parameter
�, where s is the input signal and n is the input additive noise. We
assume subthreshold signals: A��, where A is the amplitude of the
Bernoulli input s.
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SR. The beta density generalizes the uniform density and is
popular in Bayesian statistics [17] because it allows analysts
to control the shape of the density with two parameters and
scale or translate the finite-length domain. Figure 3 shows
the first use of (right-sided) Weibull noise for SR. The
Weibull density generalizes the exponential and Rayleigh
densities and has an infinite-length domain. Figure 4 shows
several symmetrical alpha-stable noise densities whose bell
curves have thick tails that produce infinite variance and of-
ten highly impulsive noise spikes. Figure 5 shows a simula-
tion instance of both Theorem 2.1 and the empirical trends in
Figs. 7 and 8. Infinite-variance Cauchy noise produces the
SR effect when plotted against the Shannon mutual informa-
tion of the threshold system. The linear regression results in
Table I and Fig. 7 reveal the exponential relationship be-
tween the optimal noise dispersion and the alpha bell-curve
tail thickness. The linear dependence of the log-transformed
optimal noise dispersion on the bell-curve thickness becomes
quadratic when the signal amplitude is too small or too close
to the neuron’s threshold. The regression results in Table II
and Fig. 8 show a similar pattern. The linear dependence of
the SR-maximal mutual information on the bell-curve thick-
ness also becomes quadratic when the signal amplitude is too
small or too close to the neuron’s threshold.

II. THRESHOLD NEURONS AND SHANNON’S MUTUAL
INFORMATION

We use the standard discrete-time threshold neuron model
[1,2,6,15,16,18]

yt = sgn�st + nt − �� = �1 if st + nt � �

0 if st + nt � �
, �1�

where ��0 is the neuron’s threshold, st is the bipolar input
Bernoulli signal (with arbitrary success probability p such
that 0� p�1) with amplitude A�0, and nt is the additive
white noise with probability density p�n�. Figure 1 shows the
system flow of the threshold system.

The threshold system uses subthreshold binary signals.
The symbol “0” denotes the input signal s=−A and output
signal y=0. The symbol “1” denotes the input signal s=A
and output signal y=1. We assume subthreshold input sig-
nals: A��. Then the conditional probabilities PY�S�y �s� are

PY�S�0�0� = Pr�s + n � ��s=−A �2�

=Pr�n � � + A�

= �
−�

�+A

p�n�dn �3�

PY�S�1�0� = 1 − PY�S�0�0� �4�

FIG. 2. (Color online) Stochastic resonance with (right-sided)
beta noise. The noisy signal-forced threshold neuron has the form
(1). The beta noise nt adds to the bipolar input Bernoulli signal st.
The parametrized interval [a, b] of the beta density (14) has a=0
and b=10. The neuron has threshold �=1. The input Bernoulli sig-
nal has amplitude A=0.8 with success probability p= 1

2 . Each trial
produced 10 000 input-output samples �st ,yt� that estimated the
probability densities to obtain the mutual information. The graph
shows the smoothed input-output mutual information of a threshold
neuron as a function of the parameters � and 	 of additive white
beta noise nt. The neuron’s mutual information has a nonzero noise
optimum 
opt�0 where the variance has the form 
n

2= 	�b
−a�2�	
 / 	��+	�2��+	+1�
.

FIG. 3. (Color online) Stochastic resonance with (right-sided)
Weibull noise. The noisy signal-forced threshold neuron has the
form (1). The Weibull noise nt adds to the bipolar input Bernoulli
signal st. The neuron has threshold �=0.5. The input Bernoulli sig-
nal has amplitude A=0.2 with success probability p= 1

2 . Each trial
produced 10 000 input-output samples �st ,yt� that estimated the
probability densities to obtain the mutual information. The graph
shows the smoothed input-output mutual information of a threshold
neuron as a function of the parameters � and 	 of additive white
Weibull noise nt. The neuron’s mutual information has a nonzero
noise optimum 
opt�0 where the variance has the form 
n

2

= �	 /��2/		��1+2/	�− ���1+1/	��2
.
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PY�S�0�1� = Pr�s + n � ��s=A �5�

=Pr�n � � − A�

= �
−�

�−A

p�n�dn , �6�

PY�S�1�1� = 1 − PY�S�0�1� �7�

and the marginal density is

PY�y� = �
s

PY�S�y�s�PS�s� . �8�

Other researchers have derived the conditional probabili-
ties PY�S�y �s� of the threshold system with Gaussian noise
with bipolar inputs [1] and Gaussian inputs [8]. We neither
restrict the noise density to be Gaussian nor require that the
density have finite variance even if the density has a bell-
curve shape.

We use Shannon mutual information [19] to measure the
noise enhancement or “stochastic resonance” (SR) effect
[1,3,8,20,21]. The discrete Shannon mutual information of
the input S and output Y is the difference between the output

FIG. 4. Samples of standard symmetric alpha-stable probability densities and their realizations. (a) Density functions with zero location
�a=0� and unit dispersion ��=1� for �=2,1.8,1.5, and 1. The densities are bell curves that have thicker tails as � decreases and thus that
model increasingly impulsive noise as � decreases. The case �=2 gives a Gaussian density with variance 2 (or unit dispersion). The
parameter �=1 gives the Cauchy density with infinite variance. (b) Samples of alpha-stable random variables with zero location and unit
dispersion. The plots show realizations when �=2, 1.8, 1.5, and 1. Note the scale differences on the y axes. The alpha-stable variable n
becomes more impulsive as the parameter � falls. The algorithm in [39,40] generated these realizations. (c) Density functions for �=1.8 with
dispersions �=0.5, 1, and 2. (d) Samples of alpha-stable noise n for �=1.8 with dispersions �=0.5, 1, and 2.
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unconditional entropy H�Y� and the output conditional en-
tropy H�Y �X�:

I�S,Y� = H�Y� − H�Y�S� �9�

=− �
y

PY�y�log2PY�y�

+ �
s
�

y
PSY�s,y�log2PY�S�y�s� �10�

=− �
y

PY�y�log2PY�y�

+ �
s

P�s��
y

P�y�s�log2P�y�s� �11�

=�
s,y

PSY�s,y�log2
PSY�s,y�

PS�s�PY�y�
. �12�

So the mutual information is the expectation of the random
variable log2�	PSY�s ,y�
 / 	PS�s�PY�y�
�:

I�S,Y� = E�log2
PSY�s,y�

PS�s�PY�y�
 . �13�

Here PS�s� is the probability density of the input S, PY�y� is
the probability density of the output Y, PY�S�y �s� is the con-
ditional density of the output Y given the input S, and
PSY�s ,y� is the joint density of the input S and the output Y.
Simple bipolar histograms of samples can estimate these
densities in practice.

Mutual information also measures the pseudodistance be-
tween the joint probability density PSY�s ,y� and the product
density PS�s�PY�y�. This holds for the Kullback [19] pseudo-
distance measure

I�S,Y� = �
s
�

y
PSY�s,y�log2

PSY�s,y�
PS�s�PY�y�

.

Then Jensen’s inequality implies that I�S ,Y��0. Random
variables S and Y are statistically independent if and only if
I�S ,Y�=0. Hence I�S ,Y��0 implies some degree of depen-
dence. The proofs in [12] and the Appendix use this fact.

III. SR FOR THRESHOLD SYSTEMS WITH
FINITE-VARIANCE NOISE

Almost all finite-variance noise densities produce the SR
effect in threshold neurons with subthreshold signals. This
holds for all probability density functions defined on a two-
symbol alphabet. The proof of Theorem 1.1 in [12] shows
that if I�S ,Y��0 then eventually the mutual information
I�S ,Y� tends toward zero as the noise variance tends toward
zero. So the mutual information I�S ,Y� must increase as the
noise variance increases from zero. The only limiting as-
sumption is that the noise mean E	n
 does not lie in the
“forbidden” signal-threshold interval ��−A ,�+A�.

Theorem 1.1. Suppose that the threshold signal system (1)
has noise probability density function p�n� and that the input
signal S is subthreshold �A���. Suppose that there is some
statistical dependence between input random variable S and
output random variable Y [so that I�S ,Y��0]. Suppose that
the noise mean E	n
 does not lie in the signal-threshold in-
terval ��−A ,�+A� if p�n� has finite variance. Then the
threshold system (1) exhibits the nonmonotone SR effect in
the sense that I�S ,Y�→0 as 
→0.

Corollary 1.1. The threshold neuron (1) exhibits stochas-
tic resonance for the additive beta and Weibull noise densi-
ties under the hypotheses of Theorem 1.1.

The generalized beta probability density function has the
form

p�n� = � 1
b − a

��� + 	�
������	��n − a

b − a�
�−1�b − n

b − a�
	−1

if a 
 n 
 b

0 otherwise.
�14�

Parameters � and 	 are positive shape constants, parameters
a and b are constants −��a�b��, and � is the gamma
function

��x� = �
0

�

yx−1eydy, x � 0. �15�

The mean and variance of the beta density are

mn = a + �b − a�
�

� + 	
, �16�


n
2 =

�b − a�2�	

�� + 	�2�� + 	 + 1�
. �17�

So the beta density is right-sided for a�0. We used a=0 and
b=10 and so defined the beta density in the interval 	0,10

for the SR simulation instance in Fig. 2. The algorithm in
[22] generated the beta noise. Bayesian statisticians often use
a beta density to encode prior information about a parameter
(such as a binomial success parameter p) over a fixed-length
interval [23]. The beta density can also model the semblance
or the ratio of stacked energy to total energy across a signal
array [24], fluctuations of the radar-scattering cross sections
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of targets [25], the self-similar process of video traffic [26],
and the variation of the narrowband vector channels or spa-
tial signature variations due to movement [27].

The Weibull probability density function has the form

p�n� = ��n	−1e−�n	/	 if n � 0
0 otherwise

�18�

for positive shape parameters � and 	. The mean and vari-
ance of the Weibull density are

FIG. 5. Stochastic resonance with highly impulsive (infinite-
variance) alpha-stable noise. The graphs show the smoothed input-
output mutual information of a threshold system as a function of the
dispersion of additive white alpha-stable noise nt with �=1
(Cauchy noise) in (a) and �=1.5 in (b). The vertical dashed lines
show the absolute deviation between the smallest and largest outli-
ers in each sample average of 100 outcomes. The system has a
nonzero noise optimum at �opt�0.285 for �=1 and �opt�0.129 for
�=1.5 and thus shows the SR effect. The noisy signal-forced
threshold system has the form (1). The alpha-stable noise nt adds to
the bipolar input Bernoulli signal st. The system has threshold �
=0.5. The input Bernoulli signal has amplitude A=0.3 with success
probability p= 1

2 . Each trial produced 10 000 input-output samples
�st ,yt� that estimated the probability densities to obtain the mutual
information. Note that decreasing the tail-thickness parameter �
increases the optimal noise dispersion �opt as in Fig. 7 and de-
creases the SR-maximal mutual information Imax�S ,Y� as in Fig. 8.

FIG. 6. No SR in the “forbidden” interval (per Theorems 1.2
and 2.2)—mutual information versus alpha-stable noise dispersion
when the noise mean (location) lies in the “forbidden” signal-
threshold interval: a� ��−A ,�+A�. The graphs show the smoothed
input-output mutual information of 100 trials of a threshold system
as a function of the dispersion of additive white alpha-stable noise
nt with �=2 (Gaussian) in (a) and �=1 (Cauchy noise) in (b). The
system is optimal when �→0 and thus does not show the SR effect:
The mutual information I�S ,Y� is maximum when it equals the
input entropy H�S�. The noisy signal-forced threshold system has
the form (1). The alpha-stable noise nt has location a=0.4 and adds
to the bipolar input Bernoulli signal st. The system has threshold
�=0.5. The input Bernoulli signal has amplitude A=0.4 with suc-
cess probability p= 1

2 . Each trial produced 10 000 input-output
samples �st ,yt� that estimated the probability densities to obtain the
mutual information.
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mn = �	

�
�1/	

��1 +
1
	
� , �19�


n
2 = �	

�
�2/	���1 +

2
	
� − ���1 +

1
	
��2
 . �20�

Figure 3 shows simulation realizations of this corollary for
the Weibull noise density. MATLAB 6.5 [28] generated the
Weibull noise. Weibull [29] first proposed this parametric
probability density function to model the fracture of materi-
als under repetitive stress. This density has become a stan-
dard model of multipart system reliability [30]. It can also
effectively model signals and noise in many data-rich sys-
tems such as radar clutter [31] and confocal laser scanning
microscopy [32].

We next state a result that shows that we cannot in general
omit the threshold-interval condition in the hypothesis of
Theorem 1.1. Noise does not help a threshold � that already
lies between �−A and �+A.

Theorem 1.2. Suppose that the threshold signal system (1)
has noise probability density function p�n� and that the input
signal S is subthreshold �A���. Suppose that the noise mean
E	n
 lies in the signal-threshold interval ��−A ,�+A� if p�n�
has finite variance. Then the threshold system (1) does not
exhibit the nonmonotone SR effect in the sense that I�S ,Y� is
maximum as 
→0:

I�S,Y� = H�Y� = H�S� as 
 → 0. �21�

The Appendix gives the proof.

IV. SR FOR THRESHOLD SYSTEMS WITH INFINITE-
VARIANCE NOISE

We now proceed to the more general (and more realistic)
case where infinite-variance noise interferes with the thresh-
old system. The SR effect also occurs in other systems with
impulsive infinite-variance noise [16,33]. We can model
many types of impulsive noise with symmetric alpha-stable
bell-curve probability density functions with parameter � in
the characteristic function ����=exp�−������. Here � is the
dispersion parameter [34–37].

The parameter � controls tail thickness and lies in 0��

2. Noise grows more impulsive as � falls and the bell-
curve tails grow thicker. The (thin-tailed) Gaussian density
results when �=2 or when ����=exp�−��2�. So the stan-
dard Gaussian random variable has zero mean and variance

2=2 (when �=1). The parameter � gives the thicker-tailed
Cauchy bell curve when �=1 or ����=exp�−���� for a zero
location �a=0� and unit dispersion ��=1� Cauchy random
variable. The moments of stable distributions with ��2 are
finite only up to order k for k��. The Gaussian density
alone has finite variance and higher moments. Alpha-stable
random variables characterize the class of normalized sums
of independent random variables that converge in distribu-
tion to a random variable [34] as in the famous Gaussian
special case called the “central limit theorem.”

Alpha-stable models tend to work well when the noise or
signal data contain “outliers”— and all do to some degree.

Models with ��2 can accurately describe impulsive noise
in telephone lines, underwater acoustics, low-frequency at-
mospheric signals, fluctuations in gravitational fields and fi-
nancial prices, and many other processes [37,38]. Note that
the best choice of � is an empirical question for bell-curve
phenomena. Bell-curve behavior alone does not justify the
(extreme) assumption of the Gaussian bell curve. Figure 4
shows realizations of four symmetric alpha-stable noise ran-
dom variables.

Theorem 2.1 applies to any alpha-stable noise model. The
density need not be symmetric. A general alpha-stable prob-
ability density function f has characteristic function �
[36,37,41,42]

���� = exp�ia� − ������1 + i	 sgn���tan
��

2 ��
for � � 1 �22�

and

���� = exp�ia� − ����	1 − 2i	 ln���sgn���/�
� for � = 1,
�23�

where

sgn��� = � 1 if � � 0
0 if � = 0

− 1 if � � 0
�24�

and i=�−1, 0��
2, −1
	
1, and ��0. The parameter
� is the characteristic exponent. Again the variance of an
alpha-stable density does not exist if ��2. The location pa-
rameter a is the “mean” of the density when ��1. 	 is a
skewness parameter. The density is symmetric about a when
	=0. The theorem below still holds even when 	�0. The
dispersion parameter � acts like a variance because it con-
trols the width of a symmetric alpha-stable bell curve. There
are no known closed forms of the �-stable densities for most
�’s. Numerical integration of � produced the simulation re-
sults in Fig. 4.

The proof of Theorem 2.1 in [12] is simpler than the proof
in the finite-variance case because all stable noise densities
have a characteristic function with the exponential form in
Eqs. (22) and (23). So zero noise dispersion gives � as a
simple complex exponential and hence gives the correspond-
ing density as a delta spike that can fall outside the interval
��−A ,�+A�.

Theorem 2.1. Suppose I�S ,Y��0 and the threshold sys-
tem (1) uses alpha-stable noise with location parameter
a� ��−A ,�+A�. Then the system (1) exhibits the nonmono-
tone SR effect if the input signal is subthreshold.

Figure 5 gives a typical example of the SR effect for
highly impulsive noise with infinite variance. The alpha-
stable noises have �=1 (Cauchy) and �=1.5. So frequent
and violent noise spikes interfere with the signal. Figure 5
also illustrates the empirical trends in Figs. 7 and 8: A falling
tail-thickness parameter � produces an increasing optimal
noise dispersion �opt but a decreasing SR-maximal mutual
information Imax�S ,Y�. We next state a new sufficient condi-
tion for SR not to occur in an impulsive threshold system.
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Theorem 2.2. Suppose that the threshold signal system (1)
has subthreshold input signal and use alpha-stable noise with
location parameter a� ��−A ,�+A�. Then the threshold sys-
tem (1) does not exhibit the nonmonotone SR effect: I�S ,Y�
is maximum as �→0:

I�S,Y� = H�Y� = H�S� as � → 0. �25�

The Appendix gives the proof. Figure 6 shows the noise-
mutual information profile of the subthreshold signal system
with noise location (mean) in the “forbidden” signal-
threshold interval.

Statistical regression confirmed an exponential relation-
ship between the optimal noise dispersion �opt and the bell-
curve tail-thickness parameter � : �opt���=10	0+	1� for pa-
rameters 	0 and 	1 that depend on the signal amplitude A.
Then the log-transformation of the optimal dispersion gives
the linear model log10�opt���=	0+	1�. Table I shows the
estimated parameters 	̂0 and 	̂1 and the coefficient of deter-
mination rl

2 for 20 signal amplitudes in the threshold neuron
using SPSS software. All observed significance levels or

p-values were less than 10−4. The p-values measure the cred-
ibility of the null hypothesis that the regression lines have
zero slope or other coefficients. The exponential trend’s ex-
ponent is linear for most amplitudes but becomes quadratic
for very small amplitudes and for amplitudes close to the
threshold �= 1

2 [or �opt���=10	0+	1�+	2�2
for a quadratic fit to

the data]. Figure 7 shows 6 of the 20 log-linear plots.
We also found an approximate linear relationship

Imax�S ,Y ;��=	0+	1� for the SR-maximal mutual informa-
tion Imax�S ,Y� as a function of the tail-thickness parameter �.
Table II shows the estimated parameters 	̂0 and 	̂1 and the
coefficient of determination rl

2 for 20 signal amplitudes in the
threshold neuron. All observed significance levels or
p-values were less than 10−4. There is a clear linear trend for
most amplitudes A. The trend becomes quadratic for very

TABLE I. Linear regression estimates of the SR-optimal log
dispersion �opt as a function of the bell-curve tail-thickness param-
eter � from a symmetric alpha-stable noise density. The parameters
	0 and 	1 relate log10�opt and � through a linear relationship:
log10�opt���=	0+	1�. The coefficient of determination rl

2 shows
how well the linear model fits the log-transformed data. The last
column shows the coefficient of determination rq

2 for the quadratic
model log10�opt���=	0+	1�+	2�2. All observed significance lev-
els or p-values were less than 10−4.

Signal amplitude
Linear model

Regression coefficients Quadratic model

A 	̂0 	̂1 rl
2 rq

2

0.025 0.0701 −0.5944 0.9003 0.9444
0.050 0.1002 −0.6087 0.9321 0.9723
0.075 0.1124 −0.6192 0.9490 0.9842
0.100 0.1180 −0.6261 0.9558 0.9888
0.125 0.1090 −0.6228 0.9594 0.9910
0.150 0.1078 −0.6251 0.9679 0.9921
0.175 0.1026 −0.6273 0.9672 0.9933
0.200 0.0915 −0.6214 0.9699 0.9942
0.225 0.0810 −0.6161 0.9737 0.9950
0.250 0.0694 −0.6172 0.9781 0.9959
0.275 0.0595 −0.6149 0.9826 0.9964
0.300 0.0439 −0.6148 0.9869 0.9961
0.325 0.0290 −0.6184 0.9903 0.9962
0.350 0.0116 −0.6211 0.9935 0.9961
0.375 −0.0134 −0.6215 0.9957 0.9960
0.400 −0.0313 −0.6367 0.9947 0.9951
0.425 −0.0705 −0.6432 0.9903 0.9950
0.450 −0.1107 −0.6688 0.9757 0.9944
0.475 −0.1837 −0.7217 0.9408 0.9911
0.490 −0.2805 −0.8053 0.8987 0.9863

FIG. 7. Exponential law for optimal noise dispersion �opt as a
function of bell-curve thickness parameter � for the mutual-
information performance measure and for different signal ampli-
tudes A. The optimal noise dispersion �opt depends on the parameter
� through the exponential relation �opt���=10	0+	1� for parameters
	0 and 	1 [or �opt���=10	0+	1�+	2�2

for a quadratic fit to the data].
Table I shows the estimated parameters 	̂0 and 	̂1 for 20 input
Bernoulli signal amplitudes A. The exponential trend’s exponent is
linear for most amplitudes but becomes quadratic for very small
amplitudes and for amplitudes close to the threshold �= 1

2 . All ob-
served significance levels or p-values were less than 10−4.
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small amplitudes and for amplitudes close to the threshold
�= 1

2 . Figure 8 shows 6 of the 20 linear plots.

V. CONCLUSIONS

Both theory and detailed simulations show that almost all
noise types produce stochastic resonance in threshold sys-
tems that use subthreshold signals. These results help explain
the widespread occurrence of the SR effect in mechanical
and biological threshold systems [43–49]. The broad gener-
ality of the results suggests that SR should occur in any
nonlinear system whose input-output structure approximates
a threshold system as in the many models of continuous
neurons [50–52]. The infinite-variance theoretical and simu-
lation results further imply that such widespread SR effects
should be robust against violent noise impulses.
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APPENDIX: PROOFS OF THEOREMS 1.2 AND 2.2

The two proofs below use the same idea as do the proofs
for Theorems 1.1 and 2.1 [12]. Assume 0� PS�s��1 to
avoid triviality when PS�s�=0 or 1. We show that H�Y�
→H�S� and H�Y �S�→0 as 
→0 or �→0. So I�S ,Y�
→H�S� as 
→0 or �→0 and is maximum since I�S ,Y�
=H�Y�−H�Y �S� and I�S ,Y�
H�S� by the data processing
inequality: I�S ,S�� I(S ,g�S�)= I�S ,Y� for a Markov chain S
→S→Y [19]. The boundary case I�S ,S�=H�S� implies
I�S ,Y�
H�S�.

Finite-variance noise case (Theorem 1.2)

Now we show that PY�S�y �s� is either 1 or 0 as 
→0 or
�→0. Let the mean of the noise be m=E	n
 and the variance
be 
2=E	�n−m�2
. Then m� ��−A ,�+A� by hypothesis.

TABLE II. Linear regression of the SR-maximal mutual infor-
mation Imax�S ,Y� as a function of the bell-curve tail-thickness pa-
rameter � from a symmetric alpha-stable noise density. The param-
eters 	0 and 	1 relate Imax�S ,Y� and � through a linear relationship:
Imax�S ,Y ;��=	0+	1�. The coefficient of determination rl

2 shows
how well the linear model fits the data. The last column shows the
coefficient of determination rq

2 for the quadratic model
Imax�S ,Y ;��=	0+	1�+	2�2. All observed significance levels or
p-values were less than 10−4.

Signal amplitude
Linear model

Regression coefficients Quadratic model

A 	̂0 	̂1 rl
2 rq

2

0.025 −0.0001 0.0006 0.9312 0.9907
0.050 −0.0008 0.0022 0.9370 0.9972
0.075 −0.0018 0.0049 0.9401 0.9985
0.100 −0.0031 0.0086 0.9440 0.9990
0.125 −0.0048 0.0134 0.9477 0.9993
0.150 −0.0068 0.0190 0.9521 0.9995
0.175 −0.0090 0.0256 0.9558 0.9997
0.200 −0.0113 0.0329 0.9612 0.9998
0.225 −0.0138 0.0411 0.9658 0.9998
0.250 −0.0161 0.0500 0.9715 0.9997
0.275 −0.0185 0.0596 0.9764 0.9995
0.300 −0.0207 0.0698 0.9816 0.9993
0.325 −0.0224 0.0807 0.9866 0.9990
0.350 −0.0236 0.0920 0.9913 0.9987
0.375 −0.0240 0.1039 0.9951 0.9984
0.400 −0.0229 0.1161 0.9976 0.9981
0.425 −0.0196 0.1286 0.9972 0.9977
0.450 −0.0120 0.1408 0.9905 0.9975
0.475 0.0058 0.1513 0.9655 0.9973
0.490 0.0336 0.1527 0.9145 0.9959

FIG. 8. Linear regression for maximal mutual information
Imax�S ,Y� as a function of bell-curve thickness parameter � for
different signal amplitudes A. The maximal mutual information
Imax�S ,Y� depends on the parameter � through the linear relation-
ship Imax�S ,Y ;��=	0+	1� for parameters 	0 and 	1 [or Imax���
=	0+	1�+	2�2 for a quadratic fit to the data]. Table II shows the
estimated parameters 	̂0 and 	̂1 for 20 input Bernoulli signal am-
plitudes A. The linear trend is strong for most amplitudes A. The
trend becomes quadratic for very small amplitudes and for ampli-
tudes close to the threshold �= 1

2 . All observed significance levels or
p-values were less than 10−4.
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Consider first PY�S�0 �0�. Pick �= 1
2d��+A ,m�= 1

2 ��+A
−m��0. So �+A−�=�+A−�+m−m=m+ ��+A−m�−�
=m+2�−�=m+�. Then

PY�S�0�0� = �
−�

�+A

p�n�dn �A1�

��
−�

�+A−�

p�n�dn �A2�

=�
−�

m+�

p�n�dn �A3�

=1 − �
m+�

�

p�n�dn �A4�

=1 − Pr�n � m + �� = 1 − Pr�n − m � �� �A5�

�1 − Pr��n − m� � �� �A6�

�1 −

2

�2 by Chebyshev ’ s inequality �A7�

→1 as 
 → 0. �A8�

So PY�S�0 �0�=1.
Similarly for PY�S�1 �1�: Pick �= 1

2d��−A ,m�= 1
2 �m−�

+A��0. So �−A+�=�−A+�+m−m=m+ ��−A−m�+�
=m−2�+�=m−�. Then

PY�S�1�1� = �
�−A

�

p�n�dn �A9�

��
�−A+�

�

p�n�dn �A10�

=�
m−�

�

p�n�dn �A11�

=1 − �
−�

m−�

p�n�dn �A12�

=1 − Pr�n 
 m − �� = 1 − Pr�n − m 
 − �� �A13�

�1 − Pr��n − m� � �� �A14�

�1 −

2

�2 by Chebyshev ’ s inequality �A15�

→1 as 
 → 0. �A16�

So PY�S�1 �1�=1.

Alpha-stable noise case (Theorem 2.2)

The characteristic function ���� of alpha-stable noise
density p�n� has the exponential form (22) and (23). This
reduces to a simple complex exponential in the zero-
dispersion limit:

lim
�→0

���� = exp�ia�� �A17�

for all characteristic exponents �, skewnesses 	, and loca-
tions a. So Fourier transformation gives the corresponding
density function in the limiting case ��→0� as a translated
delta function �:

lim
�→0

p�n� = ��n − a� . �A18�

Then a� ��−A ,�+A� gives

PY�S�0�0� = �
−�

�+A

p�n�dn �A19�

→�
−�

�+A

��n − a�dn = 1 as � → 0. �A20�

Similarly

PY�S�1�1� = �
�−A

�

p�n�dn �A21�

→�
�−A

�

��n − a�dn = 1 as � → 0. �A22�

The two conditional probabilities for both the finite-
variance and infinite-variance cases likewise imply that
PY�S�0 �1�= PY�S�1 �0�=0 as 
→0 or �→0. These four prob-
abilities further imply that

H�Y�S� = − �
s
�

y
PSY�s,y�log2 PY�S�y�s� �A23�

=�
s

PS�s��
y

PY�S�y�s�log2 PY�S�y�s� �A24�

=0, �A25�

where we use the fact (L’Hôpital) that 0 log20=0. The un-
conditional entropy H�Y� becomes

H�Y� = − �
y

PY�y�log2 PY�y� �A26�

=− �
s

PS�s�log2 PS�s� �A27�

=H�S� �A28�

because
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PY�y� = �
s

PY�S�y�s�PS�s� �A29�

=PY�S�y�0�PS�0� + PY�S�y�1�PS�1� �A30�

=PY�S�y�0�PS�0� + PY�S�y�1�	1 − PS�0�
 �A31�

=	PY�S�y�0� − PY�S�y�1�
PS�0� + PY�S�y�1� �A32�

=	PY�S�y�1� − PY�S�y�0�
PS�1� + PY�S�y�0� �A33�

=�PS�1� if y = 1
PS�0� if y = 0.

�A34�
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Adaptive Stochastic Resonance in Noisy Neurons
Based on Mutual Information

Sanya Mitaim and Bart Kosko

Abstract—Noise can improve how memoryless neurons process
signals and maximize their throughput information. Such favor-
able use of noise is the so-called “stochastic resonance” or SR ef-
fect at the level of threshold neurons and continuous neurons. This
paper presents theoretical and simulation evidence that 1) lone
noisy threshold and continuous neurons exhibit the SR effect in
terms of the mutual information between random input and output
sequences, 2) a new statistically robust learning law can find this
entropy-optimal noise level, and 3) the adaptive SR effect is robust
against highly impulsive noise with infinite variance. Histograms
estimate the relevant probability density functions at each learning
iteration. A theorem shows that almost all noise probability den-
sity functions produce some SR effect in threshold neurons even if
the noise is impulsive and has infinite variance. The optimal noise
level in threshold neurons also behaves nonlinearly as the input
signal amplitude increases. Simulations further show that the SR
effect persists for several sigmoidal neurons and for Gaussian ra-
dial-basis-function neurons.

Index Terms—Alpha-stable noise, impulsive noise, infinite-vari-
ance statistics, mutual information, noise processing, sigmoidal
neurons and radial basis functions, stochastic gradient learning,
stochastic resonance (SR), threshold neurons.

I. NOISE AND ADAPTIVE STOCHASTIC RESONANCE

NOISE is an unwanted signal or source of energy. Scientists
and engineers have largely tried to filter noise or cancel it

or mask it out of existence. The Noise Pollution Clearinghouse
condemns noise outright: “Noise is unwanted sound. It is de-
rived from the Latin word ‘nausea’ meaning seasickness. Noise
is among the most pervasive pollutants today. Noise from road
traffic, jet planes, jet skis, garbage trucks, construction equip-
ment, manufacturing processes, lawn mowers, leaf blowers, and
boom boxes, to name a few, are among the unwanted sounds that
are routinely broadcast into the air.”
The new field of stochastic resonance or SR [3], [4], [9],

[26], [32], [52], [53], [61], [71] rests on an exception to this
undeclared war on noise. SR occurs when noise enhances a
faint signal in a nonlinear system. It occurs when the addition
of a small amount of noise increases a nonlinear system’s
performance measure such as its signal-to-noise ratio (SNR),
cross-correlation, or mutual information. The nonlinearity is
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often as simple as a memoryless threshold. So a great deal of SR
research has focused on how dither-like noise can help spiking
neurons process data streams [12], [33], [38]. SR occurs in
physical systems such as ring lasers [56], threshold hysteretic
Schmitt triggers [27], superconducting quantum interference
devices (SQUIDs) [36], Josephson junctions [7], chemical
systems [25], and quantum-mechanical systems [34]. SR also
occurs in biological systems such as the rat [18], crayfish [23],
cricket [48], river paddlefish [66], and in many types of model
neurons [8], [10], [16], [17], [63].
Fig. 1 shows how uniform pixel noise can improve our subjec-

tive perception of an image. The system quantizes the original
gray-scale “Lena” image into a binary image of black and white
pixels. It emits a white pixel as output if the input gray-scale
pixel equals or exceeds a threshold. It emits a black pixel as
output if the input gray-scale pixel falls below the threshold.
This quantizer is biased because it does not set the threshold at
the midpoint of the gray scale. So the quantized version of the
original image contains almost no information. A small level
of noise sharpens the image contours and helps fill in features
when it adds to the original image before the system applies
the threshold. Too much noise swamps the image and degrades
its contours. Gammaitoni [29] and others [70] have proposed a
dithering argument for this SR effect and still others [55] have
applied this argument to still images. The argument involves
adding dither noise to a signal before quantization. Consider
gray-scale pixel and binary output pixel
with threshold . Then the dithered quantizer gives

if and only if the noise is
uniform on ( 1/2, 1/2). But the subjective SR result in Fig. 1
holds for nonuniform infinite-variance Cauchy noise and for
many other types of nonuniform noise. So the dithering argu-
ment only partially explains this subjective SR effect.
We first show that noise added to a memoryless threshold

neuron produces the SR effect in terms of the Shannon mu-
tual information between realizations of a random
(Bernoulli) bipolar input signal and realizations of the
thresholded output random variable . Fig. 2 shows a typical
simulation confirmation of this SR result for additive Gaussian
noise. The theorem holds for more general bell curves that have
thicker tails and thus that have infinite variance and can pro-
duce impulsive noise. Extensive simulations reproduce these
SR effects for several standard continuous sigmoidal neurons
and for Gaussian radial basis functions (see Fig. 13).
We next show that a new robust learning law can find the op-

timal noise variance and dispersion for both threshold and con-
tinuous neurons and for both finite-variance and infinite-vari-
ance noise. We introduced adaptive stochastic resonance in [57]

1045-9227/04$20.00 © 2004 IEEE
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Fig. 1. A “dithering” Cauchy pixel noise can improve subjective image quality. The noise produces a nonmonotonic response: A small level of noise sharpens
the image features while too much noise degrades them. These noisy images result when we apply a pixel threshold to the popular “Lena” image used in signal
processing [60]: � � ���� � �� � �� where ���� � � if � � � and ���� � � if � � � for an input pixel value � � ��� �� and output pixel value � � �����.
The input image’s gray-scale pixels vary from 0 (black) to 1 (white). The threshold is � � ���	. Thresholding the original “Lena” image gives the faint image in
(a). The Cauchy noise � has zero location and its dispersion 	 grows from (b)–(d): 	 � ���� in (b), 	 � ���
 in (c), and 	 � ���� in (d).

Fig. 2. The nonmonotonic signature of stochastic resonance. The graph
shows the smoothed input-output mutual information of a threshold system
as a function of the standard deviation of additive white Gaussian noise � .
The vertical dashed lines show the absolute deviation between the smallest
and largest outliers in each sample average of 100 outcomes. The system has a
nonzero noise optimum at 
 � ���

 and thus shows the SR effect. The
noisy signal-forced threshold system has the form (6). The Gaussian noise �
adds to the external forcing bipolar signal � .

and [47] as a robustified stochastic gradient ascent algorithm
that slowly finds the optimal noise variance or dispersion given
thousands of joint samples of the noise input and the nonlinear
system’s spectral SNR or its cross correlation. This paper ex-
tends adaptive SR to the mutual-information performance mea-
sure. The last section derives and tests a new robustified learning
law that finds the entropically optimal noise level given his-
togram estimates of the underlying marginal and conditional
probability density functions. This statistically robust algorithm
uses only the sign of the noise gradient rather than the gradient
itself.
The results show that model neurons can exploit low levels

of crosstalk or other forms of noise in their local environment.
Even highly impulsive noise can help neurons maximize their
throughput information. Such noise-based information maxi-
mization is consistent with Linsker’s principle of information
maximization in neural networks [49], [50]. These findings
support the implicit SR conjecture that biological neurons have

evolved to computationally exploit their noisy environments
[11], [18], [19], [23], [48], [58], [64], [69]. Further support
is that these adaptive SR effects still hold for other sigmoidal
and nonsigmoidal (Gaussian) neurons as Fig. 13 shows. These
results suggest that biological neurons should experience less
mutual information if they do not use their local noise.

II. MUTUAL INFORMATION AND SR IN NEURON MODELS

This section reviews Shannon’s measure of mutual informa-
tion between two random variables. Then it reviews the simple
nonlinear threshold model of a neuron and the continuous
neuron model that show the SR effect for bipolar signals.

A. Mutual Information Measure

Mutual information [20] canmeasure the SR effect [12], [22],
[33], [43], [67]. The discrete Shannon mutual information of the
input and output has the form

(1)

(2)

(3)

(4)

We can view the mutual information in the form of expectation
of a random variable :

(5)

Here is the probability density of the input , is the
probability density of the output , is the conditional
density of the output given the input , and is joint
density of the input and the output .
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Mutual information also measures the pseudodis-
tance between the joint probability density
and the product density . This holds for
the Kullback [20] pseudodistance measure

. Then Jensen’s
inequality implies that . Random variables
and are statistically independent if and only if
. Hence implies some degree of dependence.

B. Noisy Threshold Neuron

We use the discrete-time threshold neuron model [12], [29],
[39], [44], [45]

if
if

(6)

where is the neuron’s threshold, is the bipolar input
Bernoulli signal (with success probability 1/2) with amplitude

, and is the additive white noise with probability den-
sity . Experiments with other success probabilities near 1/2
did not produce substantially different simulation results.

C. Noisy Continuous Neurons

We use the additive continuous neuron model with a neuronal
signal function [45]

(7)

(8)

Here and are the input and additive noise of the neuron
and is the binary output. The neuron feeds its output signal

back to itself and emits the threshold bipolar signal
as output.

• Hyperbolic Tangent This signal function gives an addi-
tive neuronmodel that is bistable [2], [10], [15], [39], [40],
[45]

(9)

• Linear-Threshold This simple linear-threshold signal
function [45] also gives the SR effect in the neuron

(10)

for a constant . We use .
• Exponential This signal function is asymmetric with the
form [45]

otherwise
(11)

for a constant . We use .
• Gaussian. The Gaussian or “radial basis” signal function
[45] differs from the other signal functions above because
it is nonmonotonic

(12)

for a constant . We use .

III. MUTUAL INFORMATION OF THE THRESHOLD NEURON
WITH BIPOLAR INPUT SIGNALS

A. SR in Memoryless Threshold Neurons

This section derives analytical SR results for the noisy
threshold neuron based on the marginal probability density
function of the output and the conditional density

. The system is the binary neuron with a fixed
threshold . The bipolar (Bernoulli with success probability )
input signal has amplitude : with proba-
bility density . The noise adds to the signal before
it enters the neuron. So the neuron’s output has the form (6).
Fig. 5 plots the mutual information for four standard
closed-form noise probability density functions 18, 24, 29, and
38. The central result is a theorem that holds for almost all noise
probability densities so long as the mean noise falls outside a
user-controlled interval that depends on the threshold .
The symbol ‘0’ denotes the input signal and output

signal . The symbol ‘1’ denotes the input signal
and output signal . We also assume subthreshold input
signals: for positive . Then the conditional probabilities

are

(13)

(14)

(15)

(16)

and the marginal density is

(17)

Researchers have derived the conditional probabilities
of the threshold system with Gaussian noise with

bipolar inputs [12] and Gaussian inputs [67]. We next derive
for uniform, Laplace, and (infinite-variance) Cauchy

noise as well. Fig. 3 shows four examples of the unimodal
noise densities and their realizations. Then we introduce stable
distributions to model a spectrum of impulsive noise types.

• Gaussian NoiseThe Gaussian density with zeromean and
variance has the form

(18)

Then the conditional probabilities are

(19)

(20)
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Fig. 3. Probability density functions and sample realizations. The figure shows Gaussian, Laplace, and uniform random variables � with zero mean and variance
of two: ���� � � and ��� � � � � �. The Cauchy density function has zero location and unit dispersion but infinite variance. The pseudorandom number
generators in [65] act as noise sources for these probability densities.

(21)

(22)

The error function erf is

(23)

• Uniform Noise The uniform density with zero mean and
variance has the form

if

otherwise.
(24)

Then the conditional probabilities are

if
otherwise

(25)

(26)

(27)

(28)

• Laplace Noise The Laplace density with zero mean and
variance has the form

(29)

Then the conditional probabilities are

(30)

(31)

(32)

(33)
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• Cauchy Noise The Cauchy density with zero location and
finite dispersion (but infinite variance) has the form

(34)

Then the conditional probabilities are

(35)

(36)

(37)

(38)

• Symmetric Alpha-Stable Noise: Thick-Tailed Bell
Curves
We model many types of impulsive noise with sym-

metric alpha-stable bell-curve probability density func-
tions with parameter in the characteristic function

. Here is the dispersion param-
eter [6], [28], [35], [62]. The parameter controls tail
thickness and lies in . Noise grows more
impulsive as falls and the bell-curve tails grow thicker.
The (thin-tailed) Gaussian density results when
or when . So the standard Gaussian
random variable has zero mean and variance
(when ). The parameter gives the thicker-tailed
Cauchy bell curve when or
for a zero location and unit dispersion
Cauchy random variable. The moments of stable distribu-
tions with are finite only up to order for .
The Gaussian density alone has finite variance and higher
moments. Alpha-stable random variables characterize the
class of normalized sums of independent random vari-
ables that converge in distribution to a random variable [6]
as in the famous Gaussian special case called the “central
limit theorem.” Alpha-stable models tend to work well
when the noise or signal data contains “outliers”—and all
do to some degree. Models with can accurately
describe impulsive noise in telephone lines, underwater
acoustics, low-frequency atmospheric signals, fluctua-
tions in gravitational fields and financial prices, and many
other processes [46], [62]. Note that the best choice of
is an empirical question for bell-curve phenomena.

Bell-curve behavior alone does not justify the assumption
of the Gaussian bell curve.

Fig. 4 shows realizations of four symmetric alpha-stable
random variables. A general alpha-stable probability density
function has characteristic function [1], [5], [35], [62]

(39)
and

(40)

where

if
if
if

(41)

and , , , and . The pa-
rameter is the characteristic exponent. Again the variance of
an alpha-stable density does not exist if . The location pa-
rameter is the “mean” of the density when . is a skew-
ness parameter. The density is symmetric about when .
The theorem shown still holds even when . The dispersion
parameter acts like a variance because it controls the width of
a symmetric alpha-stable bell curve. There are no known closed
forms of the alpha-stable densities for most ’s. Numerical in-
tegration of gives the probability densities in Fig. 4.
The following theorem shows that noisy threshold neurons

produce some SR effect for almost all noise probability descrip-
tions. The proof shows that if then eventually the
mutual information tends toward zero as the noise vari-
ance or dispersion tends toward zero. So the mutual information

must increase as the noise variance increases from zero.
The crucial assumption is that the noise mean (or location
parameter) not lie in the signal-threshold interval .

Theorem: Suppose that the threshold signal system (6) has
noise probability density function and that the input signal
is subthreshold . Suppose that there is some statis-

tical dependence between input random variable and output
random variable (so that ). Suppose that the
noise mean does not lie in the signal-threshold interval

if has finite variance. Suppose that
for the location parameter of an alpha-stable

noise density with characteristic function (39), (40). Then the
threshold system (6) exhibits the nonmonotone SR effect in the
sense that as or .

Proof: Assume to avoid triviality when
or 1. We show that and are asymptotically

independent: as (or as ). Recall that
if and only if and are statistically independent

[20]. So we need to show only that
or as (or as ) for all signal
symbols and . The two-symbol alphabet set gives

(42)

(43)

(44)

(45)

So we need to show only that as
(or as ). This condition implies that
and . We assume for simplicity

that the noise density is integrable. The argument below
still holds if is discrete and if we replace integrals with
appropriate sums.
Consider '. Then (13) and (15) imply that

(46)
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Fig. 4. Samples of standard symmetric alpha-stable probability densities and their realizations. (a) Density functions with zero location �� � �� and unit
dispersion �� � �� for � � �, 1.8, 1.5, and 1. The densities are bell curves that have thicker tails as � decreases and thus that model increasingly impulsive noise
as � decreases. The case � � � gives a Gaussian density with variance two (or unit dispersion). The parameter � � � gives the Cauchy density. (b) Samples of
alpha-stable random variables with zero location and unit dispersion. The plots show realizations when � � �, 1.8, 1.5, and 1. Note the scale differences on the
�-axes. The alpha-stable noise � becomes more impulsive as the parameter � falls. The algorithm in [13], [68] generates these realizations. (c) Density functions
for � � ��� with dispersions � � 0.5, 1, and 2. (d) Samples of alpha-stable noise � for � � ��� with dispersions � � 0.5, 1, and 2.

(47)

Similarly for '

(48)

(49)

Then

(50)

The result now follows if we can show that

(51)

Case 1) Finite-variance noise. Let the mean of the noise be
and the variance be . Then

by hypothesis.
Now suppose that . Pick

. So
.

Then

(52)
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(53)

(54)

(55)

(56)

(57)

' (58)

(59)

Suppose next that . Then pick
and so

.
Then

(60)

(61)

(62)

(63)

(64)

(65)

' (66)

(67)

Case 2) Impulsive noise: Alpha-stable noise. The character-
istic function of alpha-stable density has the ex-
ponential form (39), (40). This reduces to a simple complex
exponential in the zero-dispersion limit

(68)

for all , skewness , and location . So Fourier transforma-
tion gives the corresponding density function in the limiting
case as a translated delta function

(69)

Fig. 5. Mutual information � profiles of a threshold system with bipolar input
for four kinds of noise. The system has threshold � � ���. The input Bernoulli
signal is bipolar with amplitude � � ���.

Then

(70)

(71)

(72)

because .
Then as . So Cases 1 and 2 imply

that as for finite-variance noise or as
for alpha-stable noise.

B. Theoretical Results for Closed-Form Noise Densities

Inserting Gaussian or other specific closed-form conditional
probability densities from (19)–(38) into (1)–(4)
gives exact solutions of the mutual information as a
function of the noise parameter . Fig. 5 shows -versus- pro-
files of a threshold system with four kinds of noise: Gaussian,
uniform, Laplace, and Cauchy. The profile of the uniform
noise has the highest peak among the four noise densities for
the same system (same threshold and same input amplitude
). And the profile has a distinct shape: it drops sharply after
it reaches its peak as grows. Gaussian noise gives the second
highest while Cauchy gives the lowest. The threshold system
requires different optimal standard deviations (or dispersions)
for different kinds of noise.
The closed form of the versus profiles in Fig. 5 also al-

lows a direct analysis of how the optimal noise depends on the
signal amplitude for Gaussian, uniform, Laplace, and Cauchy
noise. Suppose the signal amplitude is a subthreshold input in
a noisy threshold neuron with threshold : . Then will the
optimal noise (or ) decrease as the signal amplitude
moves closer to the threshold ?
Intuition might suggest that the threshold system should need

less noise to produce the entropic SR effect as the amplitude
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Fig. 6. Optimal SR noise schedules for a noisy threshold neuron with threshold � � ���. The schedules show how optimal noise variance or dispersion depends
on signal amplitude A for the four closed-form noise results in Fig. 5.

moves closer to the threshold . But the results in Fig. 6 show
that the compound nonlinearities involved produce no such
simple relationship. The different noise types produce different
SR optimality schedules. Fig. 6 shows four optimal noise
schedules for the threshold value . Other threshold
values produced similar results. Only optimal Laplace and
Cauchy noise produce the more intuitive monotone decrease in
the optimal noise level with rising signal amplitude . Optimal
uniform noise grows linearly with signal amplitude while
optimal Gaussian noise defines a nonmonotonic schedule.

IV. STOCHASTIC RESONANCE IN COMPUTER SIMULATIONS

Discrete simulations can model continuous-time nonlinear
dynamical systems if a stochastic numerical scheme approxi-
mates the system dynamics and its signal and noise response.
We used a simple stochastic version of the Euler scheme to
model a nonlinear system with input forcing signal and noise.
We measured how the system performed based on only the
system’s input-output samples.
Consider the forced dynamical system with additive forcing

input signal and “white” noise

(73)

(74)

These models simply add a noise term to a differential equation
rather than use formal Ito or Stratonovich stochastic differentials
[14], [24], [31]. “Whiteness” of a random variable here means
that is white only over some large but finite frequency band-
width interval for some large . Random num-

bers from the algorithms in [13], [65], [68] act as noise from
various probability densities in our simulations. The next sec-
tions show how discretized continuous-time systems produced
the discrete-time systems we used for computer simulations.

A. Nonlinear Systems With White Gaussian Noise

Consider the dynamical system (73) with initial condition
. Here the white Gaussian noise has zeromean and

unit variance so that has zero mean and variance .
This system corresponds to the stochastic initial value problem
[31]

(75)

for initial condition . Here ,
, and is the standard Wiener process [31]. We

used Euler’s method (the Euler-Maruyama scheme) [21], [31],
[42] to obtain the discrete form for computer simulation

(76)

(77)

for and initial condition . The input sample
has the value of the signal at time step . The zero-mean
white Gaussian noise sequence has unit variance .
The term scales so that conforms with the
Wiener increment [31], [42], [59]. The output sample is some
transformation of the system’s state .
This simple algorithm gives fairly accurate results for mod-

erate nonlinear systems [31], [42], [51], [59]. Other algorithms
may give more accurate numerical solutions of the stochastic
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differential equations for more complicated system dynamics
[31], [54]. All of our simulations used the Euler’s scheme in
(76), (77).
The numerical algorithm in [65] generates a sequence of

pseudo-random numbers from a Gaussian density with zero
mean and unit variance for in (76). Fig. 3 shows the
Gaussian and other densities that have zero mean and a vari-
ance of two.

B. Nonlinear Systems With Other Finite-Variance Noise

We next consider a system (73) with finite-variance noise .
Suppose the noise has variance and again apply Euler’s
method

(78)

(79)

Here the random sequence has density function with
zero mean and unit variance. The numerical algorithms in [65]
generate sequences of random variables for Laplace and uni-
form density functions. Fig. 3 plots these probability density
functions and their realizations with mean zero and variance of
two: and .

C. Nonlinear Systems With Alpha-Stable Noise

Figs. 3 and 4 show realizations of the symmetric alpha-stable
random variable for several characteristic exponents . Again
we assume that the Euler’s method above applies to this class
of random variables with infinite variance. Let be a standard
alpha-stable random variable with parameter and zero loca-
tion and unit dispersion: and . Let denote
a “scale” factor of a random variable. Then has zero
location and dispersion . This leads to the Euler’s nu-
merical solution

(80)

(81)

The algorithm in [13], [68] generates a standard alpha-stable
random variable .

V. DERIVATION OF SR LEARNING LAW

We show that a memoryless neuron can use stochastic gra-
dient ascent to learn the SR effect [47], [57]

(82)

We assume that does not depend on and we use the
natural logarithm. Then the learning term has the form

(83)

(84)

(85)

The sum implies
. And

because . So

(86)
We estimate the partial derivative with a ratio of time differences
and replace the denominator with the signum function to avoid
numerical instability

(87)

(88)

where is the marginal density function of the output at
time and is the conditional density function at time .
Then the learning term becomes

(89)

Our previous work [47], [57] on adaptive SR found through
statistical tests that the random learning term had an ap-
proximately Cauchy distribution for the spectral signal-to-noise
and cross-correlation performance measures . These frequent
and energetic Cauchy impulse spikes destabilized the stochastic
learning process. So we “robustified” the learning term with the
standard Cauchy error suppressor [37],
[41]. This included the threshold neuron given a periodic input
sequence.
But detailed simulations revealed a special pattern in the case

of mutual information: The density tends to stay close to
the past density if the values of and are close.
This causes the learning paths to converge quickly near the
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Fig. 7. Finite-variance noise cases: adaptive stochastic resonance for the noisy threshold neuron (6) with bipolar input signal � , amplitude� � ���, and threshold
� � ���. The additive noise are (a) Gaussian, (b) uniform, and (c) Laplace. The graphs at the top show the nonmonotonic signatures of SR. The sample paths at
the bottom plots show the convergence if the initial condition � is close to the optimal noise level � . Distant initial conditions may lead to divergence as the
third learning path in (a) shows. The constant learning rates are � � ���� for Gaussian and uniform noise and � � ���� for Laplace noise.

initial conditions. So we can replace the learning term
with its sign and the learning law simplifies to

(90)

The signum is a simple robustifier and formally consistent with
a two-sided Laplacian distribution [37].

VI. SIMULATION RESULTS

We tested the robust learning law in (90) with the approx-
imation of the learning term in (89). We needed to estimate
themarginal and conditional probability densities , ,
and at each iteration . So at each we collected 1000
input-output samples and used them to estimate the den-
sities with histograms for the threshold system. We used 500 of
the input-output symbols to estimate the probability densities
for the continuous neuron model. We chose the neurons’ and
signals’ parameters below to demonstrate the algorithm. Other
parameters gave similar results.

A. Noisy Threshold Neuron

The threshold neuron had a fixed threshold . The
bipolar input Bernoulli signal has probability

where the amplitude varied from to
(subthreshold inputs). We tried several noise densities

that included the Gaussian, uniform, Laplace, and the impulsive
alpha-stable densities that include the Cauchy density. All noise
densities had zero mean (zero location for Cauchy). We tried to
learn the optimal standard deviation (or optimal dispersion

for alpha-stable noise). We used constant learning rates

for Gaussian and uniform noise, for
Laplace and Cauchy noise, and for alpha-stable
noise with and . We started the learning from
several initial conditions with different noise seeds.
Figs. 7–9 show the adapted SR profiles and the learning

paths for different noise types. The learning paths converged to
the optimal standard deviation (or dispersion ) if the
initial value was near . The learning paths tended to stay
nearer the optimal values for larger input amplitudes.

B. Noisy Continuous Neuron

We used the discrete model in Section IV for simulations.
We used and let each input symbol stay for 50 s. So
for each input symbol we presented the corresponding “spikes”
(plus noise) 5000 times to the neuron. And we collected 5000
discrete-time output “spikes” and averaged them to get the
output symbol. This procedure applied to all types of signal
functions and for all types of noise.

1) Continuous Neurons with Hyperbolic Tangent Signal
Function: We tested the continuous neuron model with hyper-
bolic tangent signal function with several noise densities such
as the Gaussian, uniform, Laplace, and alpha-stable (which
included the Cauchy density). All noise densities had zero
mean (zero location for Cauchy). The bipolar input Bernoulli
signal had success probability
where the amplitude varied from to (sub-
threshold inputs). We used constant learning rates
for Gaussian, uniform, and Laplace noise. We used the smaller
learning rates for alpha-stable noise with
and and used the still smaller learning rate
for Cauchy noise. We started the learning from several initial
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Fig. 8. Finite-variance noise cases: adaptive stochastic resonance for the noisy threshold neuron (6) with bipolar input signal � , amplitude� � ���, and threshold
� � ���. The additive noise are (a) Gaussian, (b) uniform, and (c) Laplace. The graphs at the top show the nonmonotonic signatures of SR. The sample paths at the
bottom plots show the convergence of the noise standard deviation � to the noise optimum � for each noise density. The constant learning rates are � � ����
for Gaussian and uniform noise and � � ���� for Laplace noise.

Fig. 9. Impulsive noise cases: Adaptive stochastic resonance for the noisy threshold neuron (6) with bipolar input signal � , amplitude � � ���, and threshold
� � ���. The additive noise are �-stable distributed with the parameter (a) � � ���, (b) � � ���, and (c) � � � or Cauchy density. The graphs at the top show
the nonmonotonic signatures of SR. The sample paths at the bottom plots show the convergence of the noise scale � to the noise optimum � for each noise
density. The corresponding dispersions are 	 � � for each �-stable noise. The constant learning rates are � � ���� for � � ��� and � � ��� noise and
� � ���� for Cauchy noise � � �.

conditions with different noise seeds. Figs. 10–12 show the
adapted SR profiles and the learning paths for different
noise types. The learning paths converged near the optimal
standard deviation (or dispersion ) if the initial value
was near .

2) Continuous Neurons with Linear-Threshold, Exponential,
and Gaussian (Radial Basis) Signal Functions: We further
tested the continuous neuron model with linear-threshold,
exponential, and Gaussian (radial basis) signal functions in
Gaussian noise to show the generality of the SR effect. We
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Fig. 10. Finite-variance noise cases: Adaptive stochastic resonance for the noisy continuous neuron (7) with hyperbolic signal function (9) and bipolar input
signal � with amplitude � � ���. The additive noise are (a) Gaussian, (b) uniform, and (c) Laplace. The graphs at the top show the nonmonotonic signatures of
SR. The sample paths at the bottom plots show the convergence of the noise standard deviation � to the noise optimum � for each noise density. The constant
learning rates are � � ���� for all cases.

Fig. 11. Finite-variance noise cases: Adaptive stochastic resonance for the noisy continuous neuron (7) with hyperbolic signal function (9) and bipolar input
signal � with amplitude � � ���. The additive noise are (a) Gaussian, (b) uniform, and (c) Laplace. The graphs at the top show the nonmonotonic signatures of
SR. The sample paths at the bottom plots show the convergence of the noise standard deviation � to the noise optimum � for each noise density. The constant
learning rates are � � ���� for all cases.

used the same bipolar input Bernoulli signal with success
probability where the amplitude
is for the linear-threshold and Gaussian signal func-
tions and for the exponential signal function. The
input amplitudes were “subthreshold” for the neuron models

with these signal functions. We used constant learning rates
for the exponential and Gaussian signal functions

and for the linear-threshold signal functions. We
started the learning from several initial conditions with different
noise seeds. Fig. 13 shows the adapted SR profiles and the
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Fig. 12. Impulsive noise cases: Adaptive stochastic resonance for the noisy continuous neuron (7) with hyperbolic signal function (9) and bipolar input signal �
with amplitude � � ���. The additive noise are �-stable distributed with the parameter (a) � � ���, (b) � � ���, and (c) � � � or Cauchy density. The graphs
at the top show the nonmonotonic signatures of SR. The sample paths at the bottom show the convergence of the noise standard deviation � to the noise optimum
� for each noise density. The constant learning rates are � � ���� for � � ���, � � ���� for � � ���, and � � ����� for � � �.

Fig. 13. Adaptive stochastic resonance for continuous neurons with linear-threshold, exponential, and Gaussian (radial basis) signal functions. The bipolar input
signal � has amplitude � � ��� for the linear-threshold and Gaussian signal functions and � � ��� for the exponential signal function. The additive noise � is
Gaussian. The graphs at the top show the nonmonotonic signatures of SR. The sample paths at the bottom show the convergence of the noise standard deviation
� to the noise optimum � for each case of signal functions: (a) linear-threshold, (b) exponential, and (c) Gaussian. The constant learning rates are � � ����
for the linear-threshold signal function and � � ���� for the exponential and Gaussian signal functions.

learning paths for the three other signal functions. The learning
paths converged near the optimal standard deviation if the
initial value was near .

VII. CONCLUSION

Threshold neurons exhibit stochastic resonance—they in-
crease their throughput mutual information when faint input
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noise increases in intensity. A theorem shows that this holds for
almost all noise densities. Such noise-based information max-
imization is consistent with Linsker’s principle of information
maximization in neural networks [49], [50]. Closed-form noise
densities allow us to derive the exact dependence of mutual
information on noise dispersion and to observe the nonlinear
relationships between the optimal noise level and the magnitude
of the input signal amplitude. Extensive simulations confirmed
this entropic SR effect for noisy threshold (memoryless) neu-
rons and for simple continuous neurons.
A simple robust stochastic learning law can find the entropi-

cally optimal noise level for both threshold and continuous neu-
rons that process noisy bipolar input signals. This result holds
for many types of finite-variance and infinite-variance (impul-
sive) noise. These noise types can model energetic disturbances
that range from thermal jitter to unmodeled environmental ef-
fects to the random crosstalk of neurons in large neural net-
works. This robust finding supports the implicit SR conjecture
that biological neurons [11], [18], [19], [23], [48], [58], [64],
[69] have evolved over genetic eons to exploit the noise energy
freely available in their local environment.
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Abstract 
This paper studies the problem of simultaneous 

room response equalization for multiple listeners. The 
classical fuzzy c-means (FCM) algorithm already proves 
useful to deriving an equalizing filter for multiple listeners.  
The FCM algorithm gives fewer prototypes for several 
room responses.   But the FCM algorithm uses equal 
weights for all parts of sound reverberation. The paper 
proposes an algorithm to obtain a room acoustic 
equalization filter based on weighted fuzzy c-mean 
(WFCM) algorithm. The use of WFCM can give clustering 
more flexibility in obtaining a prototype for each cluster. 
Then combining the prototypes to obtain a representative 
room response that derives the inverse filter will be more 
effective.  We use spectral deviation to measure how well 
each equalizing filter works. Experiments show that an 
equalizing filter obtaining from the prototypes using 
WFCM gives better performance for most listener 
locations. 

Keyword: room acoustic equalization, inverse filtering, 
weighted fuzzy c-means algorithm.

1.  Introduction
Room acoustic equalization has been a classic 

inverse filtering problem [1,2].  The design of equalizing 
filter using simple inverse technique works well for a 
single-location or a single-listener.  But in real-world 
listening environments we must consider equalization for 
multiple listeners. Examples of such environments are 
typical classrooms, meeting rooms, and theatres.  Then the 
problem of designing an equalizing filter that best suits all 
locations becomes difficult.  This also holds for small 
rooms in which standing waves at low frequencies cause 
significant variations in the frequency responses at the 
listening positions [1,3].    

Researchers model a room acoustic response at 
each particular listening position as a linear system [1,3].   
So an impulse response or a room impulse response 

(with frequency response( ) , 0,1,2,...h n n � ( )jH e � ) can 
model the effect the sound undergoes when it travels from 
a source to a receiver (from microphone to listener) [3].  
The equalizing filter ( )g n  is to eliminate the effect of the 
room impulse response.  So for a single listener the 
convolution of the designed equalizing filter and the room 
impulse response at that particular location should result to 
the delayed delta function: ( ) ( ) ( )n h n   n Tg �� � � .

However, designing an equalizing filter that 
simultaneously flattens the overall frequency responses at 
all locations is not as trivial.  Fig. 1 shows a diagram of 
how the equalizing filter should work for multiple listeners. 

Sanya Mitaim 
Department of Electrical Engineering 

Faculty of Engineering, Thammasat University 
Pathumthani, 12120, Thailand 
E-mail: msanya@engr.tu.ac.th

Researchers have worked on finding techniques to design 
the best possible equalizing filter for all listeners [1,3,7].  
One technique is to find a representative room response for 
all locations [1,3].  Then a simple inverse filtering 
algorithm will give the desired equalizing filter.  The fuzzy 
c-means (FCM) algorithm can perform the task of deriving 
room response prototypes and then a fuzzy system can 
combine each prototype to result in a representative 
response [1,3]. 

The FCM algorithm considers distances between 
room responses and put all responses into smaller clusters 
[5]. The algorithm does not partition the space of room 
responses: clusters can overlap and a room response can 
belong to the cluster with degree in the interval [0,1].    But 
the FCM treats each component in the room impulse 
response with equal weight.  This restricts the condition 
that clusters can form.  Some part of room impulse 
response may have more effect on the reverberation than 
the other parts.  So we propose the use of a weighted fuzzy 
c-means (WFCM) algorithm to identify the representative
response in each cluster.  Then inverse filtering the 
representative response gives an equalizing filter. 

Section 2 reviews the FCM and WFCM 
algorithms and presents a way to derive an equalizing filter.  
Section 3 shows the experimental results of equalization in 
a room.  The results show that equalizing filter design with 
the use of WFCM performs better. Section 4 gives the 
conclusion and discusses future research.   

        Room Response      

Fig. 1. An equalizing filter � �g n  is designed to 
simultaneously equalize sound reverberation for several 
locations in a room. Here, x(n) is input signal, y(n) is 
output signal and  hi(n) is the room response. 

2. Equalizing Filter Design and Performance 
Measure

2.1 Fuzzy c-means algorithm  
The fuzzy c-mean (FCM) and its generalized 

version of weighted fuzzy c-mean (WFCM) clustering 
algorithms have found many applications in signal 
processing and communications, system modeling, pattern 
recognition, computer vision, and data mining [5].  In 
general a clustering procedure forms a new structure from 
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data in terms of a smaller number of clusters where a 
centroid or prototype represents each cluster.  Clustering 
algorithm uses a measure of similarity to perform such 
grouping.   

In our case the data are a set of N room impulse 
responses in terms of d-dimensional vectors d

ih 	� or a 

sequence for i = 1,2,…,N.   Then a clustering 
algorithm partitions the data set into c nonempty 
subclasses or clusters (usually we let 1


 � 1
( ) d

i n
h n

�

1, , c� �� c N
 
 ):
for each sample ih  and cluster j� either i jh 	� or ih j��

and if ih 	�j  then ih ��k  for . This implies that k j�

ih 	�j

,1

 with degree 1 or 0. We can use the discrete 

membership function  to define the degree 

to which a sample 

 �: 0d

j� ��

ih  belongs to the cluster j� .  So 

� � 1j ih� � if ih 	�j  and � � 0j ih� �  if ih ��j .  Then 
room responses with strong similarity belong to the same 
cluster and prototype (or centroid) ˆ

jh represents the 

cluster .  Since c < N then a set of all prototypes j� 
 �
1

ˆ c

j j
h

�

is a compact representation of the data set. 
 Fuzzy c-means algorithm (FCM) does not restrict 
that a sample ih from the data set must belong to only one 
cluster j�  for some j. FCM provides more flexibility to 
clustering by allowing that a sample can belong to several 
clusters simultaneously and with degrees as any real 
numbers between 0 and 1. The membership function is a 
fuzzy membership function . So FCM does 
not partition the set of all room responses: clusters can 
overlap and a room response may belong to each cluster 
with a degree between 0 and 1.

: [d
j� �� 0,1]

 One of the commonly used similarity measures in 
FCM is the Euclidean distance d between a sampleik kh

and a prototype îh  [2]:  
22 ˆ-d h hiik k�               (1) 

The centroid or prototype of the cluster i is 

� �� �
� �� �

2

2
ˆ

N

k
k=1

i N

k=1

� h hi k
h =

� hi k

�

�
                                          (2)  

and � �
-1

2 2

2

2

1

1

c d dik ik� h = = ci k dj=1 jk
dj=1 jk

� �
� �
� �
� �
�

�
                           (3) 

for and  Then an iterative procedure 
of the FCM algorithm as in [2] determines the cluster 
prototypes.   

1,2,...,i c� 1,2,..., .k �

2.2 Proposed weighted fuzzy c-means algorithm for 
generating acoustical room response prototypes 
 Clustering with the usual unweighted distance in 
equation (1) may not be the best choice to determine the 
prototypes of several room responses since the distance 
does not give more weights to the region that has more 
effects on reverberation than the others.  We propose a 
weighted distance FCM algorithm [5] for room response 
clustering:

           � � � �2 T

id = h - h W h - hiik k k
ˆ ˆ                               (4) 

where the weight matrix W is positive definite.  We         
use a diagonal matrix W in our study: 

11 22 33( , , ,..., )NNW diag w w w w� .   Other forms of positive 
definite matrix W may give better results.   The weights 
that we used in our experiments were obtained from a 
linear function of the tap i.

10 if
     for , 1,..., 4000400

0 if

i i j
w iij

i j

� � ��� ��
� ��

j       (5)            

2.3  Obtaining a representative response from room 
response prototypes
 We combine the prototypes îh  to obtain a 

representative room impulse response r̂eph  using the 
standard additive model (SAM) of fuzzy system [6,8]: 

� �

� �

1 1

1 1

2

2

ˆ
c c

j k j
j k

rep c c

j k
j k

� h h
h =

� h

� �

� �

� �
�  
! "
� �
�  
! "

� �

� �
                                 (6) 

The SAM allows combining the throughputs of fuzzy 
systems before defuzzification. The advantage of SAM (as
any additive fuzzy model) lies in its ability to approximate 
any continuous function on a compact (closed and 
bounded) domain [6].  
 After obtaining the representative of the room 
responses we designed and enhanced equalizing filter by 
inverting the minimum phase component of the 
representative room response reph as in (10). 

2.4 Inverse filters 
 Fig. 1 implies that the magnitude of the equalized 
room response ( )jE e �  equals the magnitude of the 

product of the room response ( )j
iH e � and the equalizing 

filter ( )jG e �

( ) ( ) ( )         j j j
iE e H e G e i� #� � �                 (7) 

We want ( ) 1jE eN .��  In practice we cannot obtain an 

equalizing filter ( jG e )�   that simultaneously satisfies (7) 
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for all locations i. So we use the representative response 
( )j

repH e � to derive an equalizing filter ( jG e )� . So we set 

                  ( ) ( ) ( )j j j
repE e H e G e� � �� �1

)

                   (8) 

and obtain the inverse filter by 
( ) 1/ (j j

repG e H e� ��                                      (9)        

where ( j
rep )H e � is the representative room response and

 is the desired equalization filter [4].  Note also that 
in our approach the corresponding equalization filter is 
obtained by inverting the minimum phase component:

( j�G e )

)j                  ,min( ) 1/ (j
repG e H e� ��                              (10) 

Here , ( )j
rep minH e �  is the minimum-phase component of 

the representative room response ( j
rep )H e � and

, ( j
rep apH e )� is the all-pass component:      

                 , ,( ) ( ) ( )j j
rep rep min rep ap

jH e H e H e�� � �          (11) 
Inverse filters can also be obtained from other methods 
such as inverse system identification, Least Mean Square 
(LMS) algorithm, etc. 

2.5 Spectral Deviation Measure 
 This section shows the performances using a 
spectral deviation measure [1,3,7] that has the form 

E$ �  (12)

where ( )
P-1

10
j�1 iAVG = 10 log E e

i=0P
�

� �
� �
� �

.  This measure 

provides a measure of residual spectral distortion from a 
constant level.  Flatter room responses with have lower 
values of E$ .

3. Experimental Results 
This section shows the results of room 

equalization using methods in [1,3] combining with the 
WFCM algorithm.  Fig. 2 shows a room configuration as a 
reverberant enclosure to test our algorithm.  The 
microphone locations were arranged in a rectangular grid 
at N = 9 locations. The spacing between the microphones 
in both directions of the grids was roughly the same at 
about 1 m. The loudspeaker was placed about 0 degree to a 
vertical axis at a distance of about 1 m from the right 
bottom of the grid. The axis passed through the right side 
location of the grid.  Both the microphone and the 
loudspeaker were positioned approximately one meter 
from the ground. 

The number of clusters determined was c � 3.
Room responses obtained from each of the nine 
microphone locations were clustered using (2) with the 
distance (4) and weights (5) to obtain the prototypes îh .

Then the prototypes are combined to obtain  r̂eph   as in (6).

Fig. 2.   Nine locations in a room.  

The magnitude responses measured at the nine receiver 
locations are shown in Fig. 3 with the corresponding time-
domain in Fig. 4.  Magnitude responses of the
representative room responses clustered by FCM and 
WFCM algorithms are depicted in Fig. 5.  The results of 
equalized room magnitude responses using FCM and 
WFCM algorithms are depicted in Fig. 6 and Fig. 7.  The 
corresponding results of spectral deviation measure E$ are
tabulated in Table 1. The results show that the equalized 
room magnitude responses using WFCM are flatter than 
the results of FCM algorithm. 
 The proposed WFCM algorithm that we used to 
obtain room response prototypes yielded better results than 
FCM algorithm for most listener locations.  The only 
exception is that the proposed WFCM performed slightly 
worse than the FCM algorithm in location P9.  The linear 
weight tended to give more emphasis on direct paths of 
room responses than others and thus tended to give better 
prototypes than the non-weighted FCM.  2

( )

Table 1 Experimental Results:  Spectral deviation measure ( E$ )
Equalized Room Response      

Location
Original

Room 
Response

FCM Algorithm Linear Weighted 
FCM Algorithm 

P1  14.45 5.43 3.34 
P2  14.69 4.76 3.82 
P3  14.53 4.43 3.54 
P4  14.96 5.56 3.42 
P5   14.89 4.87 3.53 
P6  14.78 4.86 4.22 
P7  14.95 5.64 5.53 
P8  15.25 6.23 4.98 
P9  14.66 6.15 6.17 

4. Conclusion 
This paper shows the use of WFCM clustering 

technique to calculate response prototypes from multiple 
acoustical room responses.  We combined these prototypes 
using fuzzy SAM to obtain a representative response.  
Then we obtained the equalization filter from the 
representative response using inverse filtering technique. 
We compare the proposed WFCM algorithm with the 
conventional FCM algorithm.  The spectral deviation 
measure at several room locations show that the WFCM 
can give better results.  This shows that different weights 
of the distance metric in the WFCM algorithm can give 
better  room  response  prototypes.   Future  research    will  

P-1
P i=

� �
� �
� ��

1
10

j�i10 log E e - AVG
0 � �
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Fig. 3.   Magnitude responses at the nine locations 

Fig. 4. The room responses in time domain hi(n).

    FCM algorithm                         Linear WFCM algorithm
Fig. 5. Magnitude responses of representative room 
responses clustered by FCM and WFCM algorithms.

Fig. 6.  Equalized room responses by FCM algorithm.  The 
equalizing filter � �g n has 500 taps at 8 kHz sampling 
frequency.

  
Fig. 7.  Equalized room responses by WFCM   algorithm.     
The equalizing filter � �g n  has 500 taps at 8 kHz sampling 
frequency. 

focus on how to obtain the best weights for the WFCM to 
obtain the prototypes.  Another possibility is to optimally 
tune the fuzzy SAM combiner used to obtain the 
representative room responses from prototypes.  
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Abstract
Object segmentation is one of the most important 

tasks in image analysis and computer vision. Color 
thresholding provides a fast and simple scheme for such 
task. But it is sensitive to lighting conditions and other 
noise effect in images obtained from the real world ap-
plications. This paper shows that addition of a small 
amount of noise can improve the accuracy of such color 
object segmentation.  It shows that this “stochastic res-
onance” or SR effect does occur for various performance 
indices that measure how well an object is segmented 
from the background. We use mutual information, error 
pixels count, and object position error as performance 
measures to compare the segmented images obtained 
from the original thresholding algorithm with the pro-
posed SR-extended algorithm. The study confirms by ex-
amples that addition of noise can robustify the color 
thresholding algorithm and thus provides an alternative 
for engineers when they need to detect color objects in 
noisy input images.  

Keywords:  stochastic resonance, noise processing, 
image segmentation, color thresholding, mutual informa-
tion, error pixels count, object position error. 

1. Introduction to SR 
Stochastic resonance or SR is noise benefit phenom-

enal. SR occurs when noise enhances a faint signal in a 
nonlinear system. The system’s performance such as sig-
nal-to-noise ratio, cross-correlation, or mutual informa-
tion increases when the small amount of  noise is added 
to the system and so the system has nonzero-noise opti-
mality. The system’s nonlinearity is often as simple as a 
memoryless threshold. SR occurs in physical systems 
such as ring lasers [12], threshold hysteretic Schmitt trig-
gers [6], superconducting quantum interference devices 
(SQUIDs) [8], flash A/D [15], chemical systems [5]. SR 
also occurs in biological systems such as rat [2], crayfish 
[4], cricket [11], river paddlefish [14], and in types of 
model neurons [13]. 

 Color image segmentation applies to several image 
analysis and computer vision.  Object detection, pos-
itioning, classification, and other tasks employ segmen-
tation.  Color thresholding is a simple algorithm that can 
effectively segment objects in controlled lighting condi-
tion [1],[14],[18].  The algorithm uses a set of thresholds 
for each color dimension. But in many applications the 
conditions of acquired images do not match with the pre-
set thresholds. The conditions of the acquired images can 
be the difference in lighting conditions derived from 
physical environments as well as pixel noise occurred in 

optical sensors of a digital camera [10]. These deviated 
conditions can greatly worsen the performance of the 
color thresholding algorithm to segment objects if the 
thresholds do not match with the image’s pixel colors. 
We can adapt thresholds to each image’s lighting condi-
tions but the algorithm is complex [14].  

This paper shows that noise can enhance the color 
threshold algorithm.  The proposed noise-added algo-
rithm extends the single-stage color thresholding to a 
multiple-stage scheme. The experiments tested the SR-
extended algorithm with synthetic images of a plain-
color circle as our object on a plain background with dif-
ferent color.  We modified the synthetic images to be 
noisy and blurred versions of the original image.   

We used several performance indices such as mutual 
information, error pixel count, and object’s position error 
to measure how well the algorithm works. The results 
show that the addition of noise in our extended SR-
algorithm can improve these measures when the images 
already contain noise or other distortion.  This improve-
ment still holds for images of actual objects taken with a 
digital camera.  The extended SR-threshold algorithm 
can improve the performances when the images are not 
from good environment settings.

2. Color Image Thresholding 
The thresholding method described here can be  used 

with general multidimensional, color spaces that have 
discrete component color levels [1],[7] such as RGB, 
HIS. This paper uses the RGB color space. An color ob-
ject is segmented with a set of six threshold values, two 
for each color dimension in the RGB color space. A 
pixel which has color component value in the interval of 
the two thresholds, lower and upper thresholds, is repre-
sented as one or otherwise is zero: 

min max1
( )

0         otherwise
y

g y
% %& &�

� �
�

y min

 (1) 

where is the image pixel value, % is the lower 
threshold and max% is upper threshold.     

Red, Green and Blue color components of the input 
image are compared and classified to three binary 
images of each color spaces by the set of RGB thresh-
olds. The AND operation of the pixels of these three bi-
nary images gives a target object region.  

3. Performance Measures 
3.1 Mutual Information Measure 

 We use Shannon mutual information [3] to measure 
the  SR effect.  The discrete Shannon mutual information
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Here is the probability density of the random 

variable ,   is the probability density of the ran-

dom variable Y ,   is the conditional density of 
the random variable Y given the random variable ,
and is the joint density of the random variable 

and Y .

( )SP s

S )( yPY

)|(| syP SY

S
, ( , )yS YP s

S

3.2 Error Pixels Count 
This measure directly describes mistaken pixels be-

tween two binary images. The bit-wise XOR operation 
shows the pixels in which their binary values do not 
match the pixels in another binary image at the same 
locations. So we can obtain the amount of the error 
pixels by counting the results of 1 of the bit-wise XOR. 
The error pixels count between an original binary 
image  and an output binary image  having 

eC
S Y m n(  of 

dimension has the form 

1 1

m n

e ij
i j

C S
� �

��� ijY�   (5) 

where   (6)       

     

0 if 

1 if 
ij ij

ij ij
ij ij

S Y
S Y

S Y

���� �� ���

3.3 Position Error 
In many applications of image processing [1],[18], 

an object positioning has been a useful function. But 
noise sensitivity in the image segmentation process 
causes error in estimating the object region and so error 
of the estimated position. Thus the position error is a sig-
nificant measure for showing the SR effect of our ap-
proach. We apply this measure to the binary images of 
classified target objects using the color image threshold-
ing. We determine the position of an object by calculate-
ing the centroid of the classified region (region classified 
as an object):

1

1 N
x i

y ii

c x
c yN �

� � � �
�� � � �

� �� �
�         (7) 

where ,x yc c are row and column coordinates of the 

centroid. Then the position error iseP
2 2( , ) ( ) ( )e in out xin xout yin youtP d c c c c c c� � � ' �   (8) 

where ) *T
i ix y is the coordinate vector of a pixel 

which would be a target object, is the number of 

pixels of an object region, and are centroids of 
the target object of original image and noisy image: 

N

inc outc

T
in xin yinc c c� �� � � and

T
out xout youtc c c� �� � �

4. Proposed SR Segmentation System and 
Experimental Results 

4.1 SR Segmentation System 
We propose a new image segmentation technique 

using N stages of noisy RGB color thresholding system. 
Each stage simply adds independent white Gaussian 
noise to a noisy input image before performing the usual 
color thresholding. Binary output images of all stages are 
combined with an OR operation to obtain a binary output 
imageY of the SR segmentation system. We measure the 
performance of the SR segmentation system using mu-
tual information ( , )I S Y , error pixels count , and pos-
ition error  to determine how the binary output image 

 match the original binary image as shown in Fig 1. 

eC

eP
Y S

Fig 1. The SR segmentation system consists of the multiple-
stage RGB color thresholdings where N is the number of stages 
and is independent noise for stage . are original 
and output binary images. 

in i andS Y

255
120
40

4.2 Experimental Results: Synthetic Images 
We first tested the SR segmentation system with 

synthetic images.  The original image consisted of an 
orange circle (as an object) on the green background. 
Then we added Gaussian noise to the original image and 
performed the blurring and shadowing operations on it to 
produce noisy test images shown in Fig. 2.  By using this 
synthetic image we could precisely determine the actual 
pixels that belong to the object.

The SR segmentation system in Fig. 1 has N = 1 
stage of RGB color thresholding system. The additive 
noise is Gaussian. The segmentation system will separate 
the target object (the orange circle) from the noisy 
image. In this experiment the RGB color thresholding 
algorithm uses the following thresholds (based on the 0-
255 levels of intensity): 

min max

min max

min max

: 120,
: 50,

: 0,

R R

G G

B B

Red
Green
Blue

% %
% %
% %

� �

� �

� �
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Fig 2. Synthetic images of an orange object on a green back-
ground. The top-left image is the original image and the top-
right is a noisy, blurred, and shadowed version of the original 
one.  The images at the bottom are brightness-increase versions 
of the noisy image of the top-right position.  We label the top-
right image as “Brightness 0%,” the bottom-left as “Brightness 
10%,” and the bottom-right as “Brightness 50%”. The SR re-
sults of these images are in Fig. 3 (a)-(c). We do not include 
the Brightness 20% image here. 

The images that we tested are the noisy images (with 
0%, 10%, 20% and 50% brightness) shown in Fig. 2. We 
did not show the test image with 20% brightness here. 
Fig. 3 (a)-(c) show the performances when the noise 
standard deviation increases. The system has nonzero 
optimal noise level and thus shows the SR effect for the 

synthetic test images. The effect is more pronounced for 
very noisy images.

Object positioning error can be a good indicator as 
well. Fig. 4 (a)-(d) graphically show the positions ob-
tained from SR and non-SR segmentation systems com-
paring to the actual position in all four test images in  
Fig. 2.  The Figure shows that the positions obtained 
from the SR-system (with optimal amount of noise) are 
more accurate than the ones obtained from the original 
(non-SR) segmentation system. A specific case of Fig. 4 
(d) shows that conventional color thresholding cannot 
detect any pixels as an object.  So we do not have an 
estimate of the position in this case (and so there is no 
white circle shown).  But the SR segmentation algorithm 
can find some pixels that belong to the object and gives 
an estimate of the object position. 

4.3 Experimental Results: Real Images 
Here we tested the SR segmentation system on 

images taken from the real world using a digital came-
ra. The images show an orange golf ball on the green 
carpet as a background.  We measured the position of the 
golf ball against the known mark on the carpet. Three 
images shown in Fig. 3 (d)-(f) are taken in three different 
illuminations (different light settings). 

    (a)            (b)                (c)

           
    (d)            (e)                  (f) 

(g)            (h)     (i)  

Fig 3. SR effect in image segmentation for both synthetic images real images using SR segmentation system in Fig. 1. The 
performance measures are mutual information in (a) and (g), error pixels count in (b) and (h), and position error in (c) and (i). The 
additive noise in the SR segmentation system is Gaussian.  The graphs (a)-(c) show the results of the SR segmentation system with
N = 1 for the four synthetic images. The graphs (g)-(i) show the results of SR segmentation system with N = 50 for the actual 
images in (d)-(f) (Image1 – Image3). 
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The SR segmentation used in this system is the same 
as in Section 4.2 (the system in Fig. 1) but now with N = 
50 stages. The noise in each stage is independent 
Gaussian noise. The thresholds used for the RGB color 
thresholding scheme in each stage are (based on the 0-
255 levels of intensity): 

min max

min max

min max

: 150, 255
: 110, 205

: 0,

R R

G G

B B

Red
Green
Blue 50

% %
% %
% %

� �

� �
� �

These set of thresholds are manually set for optimal 
segmentation of Image1. So they are different from the 
optimal thresholds for the synthetic image “Brightness 
0%” in Fig 2. Fig. 3 (g)-(i) and Fig. 4 (e)-(g) show how 
white Gaussian pixel noise can improve our image infor-
mation and segmentation in terms of mutual information, 
error pixels count, and position error. The results show 
that noise can improve the segmentation performances 
when the preset RGB thresholds do not match the light-
ing conditions. The perfect threshold case of “Image1” 
also shows that a small amount of noise does not ruin the 
accuracy of segmentation while it can increase the accur-
acy of the noisy images (“Image2” and “Image3”). 

           (a)      (b)              (c)      (d) 

     (e)              (f)         (g) 
Fig 4. Actual and estimated positions of the objects. The white 
‘+’ denotes the actual positions of the objects (at the center). 
The white circles are positions obtained from non-SR 
segmentation systems (original RGB color thresholding). The 
dark circles represent positions from the optimal SR effect in 
segmentation. The SR system gives estimated position with less 
error. The top four panels (a)-(d) are results of the four 
synthetic images where the SR optimal noise has standard 
deviation (SD) of 22, 24, 24, and 30. The bottom three panels 
(e)-(g) are results of the three real images with SR optimal noise 
at SD of 13, 13, and 19.  These positions refer to the SR optimal 
results from Fig. 3. 

5. Conclusions 
This paper studies the effect of noise addition in ob-

ject segmentation using RGB color thresholding scheme. 
The paper shows that the stochastic resonance or SR ef-
fect occurs when we use this algorithm to segment a 
color object from a plane background in an image that is 
not perfectly captured or that the preset thresholds do not 
perfectly match the color distribution.  

The experimental results suggest that addition of 
white Gaussian noise can enhance the mutual informa-
tion between the correct image and the image acquired 
from the actual environment.  The number of error pixels 

and the object’s position error also decrease when we add 
the right amount of noise to the noisy input images. 
These results confirm that noise can robustify segmenta-
tion using RGB thresholding algorithm. For an image 
with good lighting condition (so the RGB thresh-olds 
perfectly match its histograms) and with no other distort-
ion, a little amount of noise only worsens the perform-
ance of the segmentation a little white noise can signify-
cantly improve the performance of the noisy ones. So for 
real word applications in which captured images contain 
a lot of interferences, engineers might consider using op-
timal noise to design a more robust image segmentation 
algorithm.
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