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UNAALaAIBIDINE M

This research addresses the problem of harmonic state estimation of a power
system containing flexible alternating current transmission system (FACTS). Three-phase
transmission lines are represented by using a 7 equivalent circuit based on the frequency
dependence model. FACTS devices are considered as harmonic sources which inject harmonic
currents into power systems. Propagation of the harmonic current waveforms is dependent on
the network parameters. Uncertainty of the network parameters and the measurements are also
studied in this research. The network parameters are known to be within certain tolerance
bounds. The harmonic voltage and current phasors at harmonics of interest are measured by
using adequate numbers of phasor measurement units. The harmonic state estimation is
formulated based on the weighted least squares (WLS) criterion as a parametric interval linear
system of equations. The solutions are obtained as interval numbers representing the outer
bound of state variables. A method for adjusting the weight used in WLS which takes uncertain
network parameters into consideration is also proposed. The proposed harmonic state
estimation algorithm is applied to the three-phase power systems and the results from
numerical experiments show that the bounds of state variables obtained by the proposed
method agree with those estimated by performing Monte Carlo simulations but with much

shorter computation time.

Keywords: state estimation, harmonic state estimation, weighted least squares method,

parameter uncertainty, flexible alternating current transmission system
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On Harmonic State Estimation of Power System
With Uncertain Network Parameters

Chawasak Rakpenthai, Member, |IEEE, Sermsak Uatrongjit, Member, |EEE,
Neville R. Watson, Senior Member, IEEE, and Suttichai Premrudeepreechacharn, Member, |IEEE

Abstract—This paper addresses the problem of harmonic state
estimation (HSE) of apower system whosenetwork parametersare
known tobewithin certain tolerancebounds. Thehar monicvoltage
and current phasor sat harmonicsof interest aremeasured by using
adequate number s of phasor measurement units. The HSE is for-
mulated based on the weighted least squares (WL S) criterion asa
parametric interval linear system of equations. The solutions are
obtained asinterval number srepresenting theouter bound of state
variables. A method for adjusting the weight used in WL S which
takesuncertain network parameter sinto consideration isalso pro-
posed. The proposed HSE algorithm is applied to the three-phase
power systems and the results from numerical experiments show
that theboundsof statevariablesobtained by the proposed method
agreewith thoseestimated by performing M onte Carlo simulations
but with much shorter computation time.

Index Terms—Harmonic state estimation, network parameter
uncertainty, parametricinterval linear system of equations, weight
adjustment, weighted least squares.

|. INTRODUCTION

OWADAY Spower electronic devicesand nonlinear loads

are widely used in modern power systems. These devices
cause power quality problems by generating harmonic current
injection into the power systems|[1]. The harmonic components
propagating through a transmission system cause distortion in
the fundamental sinusoidal waveform of voltages and currents
which could damage equipment of utilities and customers. In
addition, theinterference in communication devices may reduce
reliability of protection and control systems. Thus, the harmonic
state estimation (HSE) of power systems becomes an essential
tool to estimate harmonic currentsand voltages propagating into
the power systems. HSE provides the information needed for
monitoring and analyzing the harmonic distortion due to the op-
eration of various power system devices and loads. The levels
of harmonic current and voltage are important parameters for
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harmonic filter designs [1]. Severa HSE agorithms have been
developed [2]-{4]. Phasor measurement units (PMUs) synchro-
nizing with aglobal positioning system clock can provide mea-
surements of harmonic voltage and current phasors with high
precision for HSE [5], [6]. Optimal PMUs placement methods
for the HSE problem of power networks have also been studied
[71-19].

In many previous works on HSE, it is assumed that the
three-phase models and parameters of power system compo-
nents, which compose the measurement matrix, are accurately
known. Unfortunately, these network parameters can deviate
from the assumed values due to many factors. For example,
in [10], effects of line transpositions at harmonic frequencies
have been reported. Transmission system unbalance is signifi-
cantly affected by line geometry and the use of transpositions.
Three-phase transmission lines are usually represented by using
an equivalent pi circuit based on the frequency dependence
model [1], [11]. Physical geometries of lines, conductor data,
earth resistivities, the sag at mid-span and the conductors
height at the tower are required for calculating their series and
shunt admittance matrices[11], [12]. In [13]-{15], it isreported
that the variation of line sag and conductor resistance depend
on conductor temperature. Therefore, the transmission line
parameters may significantly differ from their assumed values
due to conductor temperature variations. The impact of trans-
mission line conductor temperature on the state estimation (SE)
has also been presented [16]. The line resistance is corrected
using weather conditions during the estimation process. The
algorithms for SE considering uncertainty of network parame-
ters and measurements for a power system at the fundamental
frequency have been studied [17]-{20]. The power system in
these works is represented by using a single-phase network
model ignoring effects of coupling between phases due to
unbalance environment.

In this paper, we apply the techniquein[20] to the problem of
HSE of three-phase power systems with uncertain but bounded
network parameters. By using the measurements obtained from
PMUs and the state variables in rectangular coordinates[8], the
HSE problem can be formulated based on the weighted least
sguares (WLS) criterion as a parametric interval linear system
of equations. The obtained solutions give the outer bounds, or
the enclosures, of state variables under consideration. Knowing
these bounds provides additional information which is useful
for the operation and assessment of power systems when only
imprecise network parameters are known [21]. We also propose
atechnique for adjusting the weights used in WLS criterion by
taking both measurement and network parameter variationsinto
consideration.

0885-8950 © 2013 IEEE
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The paper is organized as follows. Brief reviews of WLS
based HSE for power systems using measurements obtained
from PMUs s presented in the next section. Then, the proposed
HSE formulation based on parametric interval linear system of
equations is developed. The weight adjustment method is de-
scribed next. Then some numerical experiment results on the
three-phase power systems are reported. Conclusions are given
in the last section.

II. WLS BASED HSE UsING PMUs

With the use of PMUs, where the measured quantities are
harmonicsof current and voltage phasors, and the state variables
expressed in rectangular forms, the measurement equation of
HSE problem at the harmonic of interest can be expressed as[8]

z=Hzx+e 1)

wherez € R™ contains PMU measurement data, z € RY isthe
vector containing the real part and the imaginary part of state
variables, H € RM*V s the measurement matrix, and e €
R™ represents the error of the measurements which is usually
assumed to be zero mean white Gaussian noise[22]. In addition,
the number of measurements, M, is greater than the number of
state variables, N.

A. WLS Solutions

The estimated states are obtained by minimizing the fol-
lowing WLS objective function:

J(x) = (Z—HZ‘)TRzil(Z—H.’L') (2

where R, = Diag{[02, --- 02,,]} is a diagonal matrix
whose (i, 7)th element is o ,, the variance of the ith measure-
ment. The superscript 07 denotes transposition of [J.

The solution of this unconstrained optimization problem is

given by [22]
£=G@ 'H"R 'z (3)

whereG = H” R~ H isknown as the gain matrix. Note that &
can also be obtained by solving

0 H"] [z 0
= (4)

H aoR,| |y z
where 0 denotes a zero matrix of appropriate dimension, ¥ isa
dummy vector and « isascaling factor to improve the condition

number [22]. Since the problem becomes linear, the estimated
state vector z of HSE can be obtained without iteration.

B. Bad Data Detection

The estimated state variables may differ from the true values
due to some bad measurements. The detection and identification
of bad measurements depends on many factors, for example,
the redundancy of the number of measurements. In SE, one of
the methods for bad data processing is the largest normalized
residual test [23]. The residuals of the estimation is given by

r=z— Hz% 5)
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and the covariance matrix of r is provided by
R, =R.—-HG 'H". (6)

We define the normalized measurement residual r,, as

T, = (Diag{ R,,yl,...,f\/m})il'r @)

where R, ; is the kth diagonal element of R,. If the largest
magnitude of a normalized residual is less than a predefined
threshold, then the HSE processiis finished. Otherwise the mea-
surement corresponding to the largest magnitude of r,, is as-
sumed to be bad data. This bad measurement is removed from
the measurement set and the estimation is repeated until no bad
measurement is left. Note that the threshold value is usualy
chosen as 3.0, approximately corresponding to 99% confidence
level for normal distribution.

C. Measurement Model With Uncertain Network Parameters

In general, the HSE algorithm assumes that the values of net-
work parameters are known precisely. Thisassumption israther
difficult to fulfill especially when dealing with high order har-
monics. Although the precise value of network parameters is
rarely known, in many situations, one could consider the net-
work parameters to be within some certain bounds, i.e., the net-
work parameter p can be represented in affine arithmetic [24]
form as

P

P =Dm + ZPAkEk (8)
k=1

where p,,, isthe nominal value of p, —1 < ¢, < 1, aso known
asnoise symbol, denotes the uncertainty term and p o, indicates
the maximum deviations of p dueto ¢,. P is the total number
of uncertain terms. With this affine approximation, the mea-
surement matrix H when considering network parameter un-
certainty can be expressed as

r

H(p) = Hom + ZHAkEk- 9)
k=1

where H y,,, isthe measurement matrix computed at the nominal
valuesof all network parameters, and H 1, consistsof all uncer-
taintermsdueto¢; . Wewrite H (p) to emphasisthe dependency
between the measurement matrix and network parameters. Thus
(4) can be rewritten as

P
z 0
<A0m + ZAka) [y] = [z} (10)
k=1
where
_ a Hgﬂm, _ 0 Hgk
AO'm - |:H07n (]’,RZ :| s Ak - |:HAk 0 . (11)

To solve (10), the technique of interval analysis [25] is ap-
plied to estimate the outer solution of z, i.e., onefindsz and z
suchthat z < z < Z. The smaller the difference between F and
z, the better the outer solution will be achieved. Let [z] denote
an interval number, i.e., a set of real numbers {ala < o < @}
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where g and @ stand for the lower and the upper bounds of «, re-
spectively. The radius of [a] is given by rad ([a]) = (@ — a)/2.
Using interval numbers, (10) can then be expressed as

P
(A()m + Z Ak[@e]) [’U.] = bv (12)

k=1
whereb = [0 27" and [u] = [[#]7 [y]T]". Notice that
the uncertain term ¢, has been replaced by the interval number
[ex] = [-1.1] = {e] — 1 < & < 1}. In case the mea-

surement vector z is known to lie within some bounds, i.e.,
z < z < z, we can replace b in (12) with the interval vector
] = [0 [2]7]" where|z] = [z,2]. Many methods to esti-
mate the solution’s outer bounds, [#] in (12), have been studied
[26]-{32]. The Bauer-Skeel method is used to solve (12) in this
work.

. WLS WEIGHT ADJUSTMENT

Usually the weight matrix R_ ! in (2) is obtained from the
measurements’ standard deviation. In [33], the algorithm for
tuning this weight has been addressed, however, the network
parameter uncertainty isnot considered. In this section, we pro-
pose amethod to adjust these WL S weights by a so considering
the effect of network parameter uncertainty as equivalent mea-
surement errors. Considering Fig. 1, then

Zm + Az = Z.ftm + Aift + Z‘ff,m + Aiff (13)
here the subscript L,,, indicatesthe nominal value of LI and Al
representsdeviation of L1. Hence, Az istheerror dueto the mea-
surement of z, Aiy, and Aisy represent the deviation of cur-
rents following through 34, and v+ caused by the uncertainty
of network parameters, respectively. The measurement model
can be represented as

Zm +Az=H, ., +Ad (14)
where Ad includes all deviations of Hx. Following this rela-
tion, we may consider Az — Ad asthe equivalent measurement
errors. Since Az is corresponding to the error of the measure-
ment devicesand Ad representsthe uncertainty dueto transmis-
sion line parameters’ variations, we assumethat Az and Ad are
independent. The equivalent covariance matrix can be approx-
imated as

Rz,eq = Rz + Rd = Rz + Dla:g {R(l,b R Rd,f\]}

(15

where 17, ; denotes the variance of Ad;. To estimate IR, sup-
pose we know [z], i.e., all possible values of the state variables
z, then one has

[d] = [H][x].

This interval vector [d] encloses all possible values of Hz.
Assuming that the variation of d is uniformly distributed, its
covariance matrix is given by

(16)

o= Ding {3 [rad () -+ rad ()71} (47
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Fig. 1. Equivaent measurement error due to network parameter uncertainty.

Since [z] is not known ét first, the nominal value z,,, is used
asaninitial guess. Thenweiteratively adjust theweightsand the
estimated bounds [z] until they converge. The simplified pseudo
code of the proposed weight adjustment can be summarized as
follows, note that the superscript (%) denotes the value of [
during the kth iteration:

1: Compute the nominal values of x,,, using R; ' asweight.
2 Let[z]® —x,, R, ., — R, and k — 0.
3. repeat

4ikh—k+1.

5: Compute [d] = [H][z]~V

6: Compute R, using (17).

7: Adjust covariance matrix R, ., = R, + R;.

8: Solving (12) for [z]*) using R}

z.eq

asweight.

9: until Bounds of [z](*) converge.

In thiswork, the algorithm stops if the changes of both lower
and upper bounds of [x] are less than 10 . Numerical exper-
iments presented in the next sections show that the algorithm
converges within a few iterations.

IV. CASE STUDIES

The proposed HSE method and weight adjustment have been
developedin MATLAB! environment. INTLABZ[34] toolbox is
used for all interval computations. All numerical experiments
presented in this section have been performed on a personal
computer with Intel Corei3-2120, 3.30 GHz and 4 GB of main
memory.

The 220-kV interconnected transmission network in the
Lower South Island of New Zealand [35] shown in Fig. 2
is modified to be used as the test system. The transmission
network of the system contains two single transmission lines
between Roxburgh and Invercargill, and three double trans-
mission lines between Manapouri, Invercargill and Tiwai. The
harmonic sourceis asix-pulse converter connected to the Tiwai
bus. The average temperature and the sag at the mid-span of
al transmission lines under system operation are 20°C and 2

Ihttp://www.mathworks.com
2http://www.ti 3.tu-harburg.de/ rumpl/intlab/ (August 2010)
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Fig. 2. Single line diagram of New Zealand test system.

m, respectively. Symmetric three-phase measurements used
consist of 4 voltage and 8 current phasor measurements and the
estimated states are voltage phasors of al buses, thus A/ = 72
and N = 54. The standard deviations of voltage and current
phasor measurements are respectively set to 1% and 3% of their
nominal measured values. Three-phase modeling is applied
in order to consider unbalance and coupling between phases
at harmonic frequencies. Details of the physical geometry of
the line, conductor data, and earth resistivities are used to
calculate the equivalent pi circuits of three-phase transmission
lines. The conductor resistance depends on the temperature and
can be calculated by using the formulas in [15]. Temperature
coefficients of al aluminum conductors and steel earth wires
are 0.00403 and 0.003 per °C, respectively. Since relationship
between the average temperature of the transmission line and
the sag at mid-span can be approximated by linear relation [13],
[14], in this paper, it is assumed that the sag at the mid-span
increases 0.04 m for 1°C increase of the transmission line
temperature. In practice, the temperature and the sag of the
transmission line may be obtained through a real-time mon-
itoring system. In this work, the average transmission lines
temperature is considered as uncertain parameters and it is
assumed to be between 0 — 40°C. In addition, the three-phase
transformer leakage admittances are assumed to vary within
+5% of their nominal values.

A. Effects of Network Parameter Uncertainty

Thissubsectioninvestigatestheresultsof HSE based on WL S
criteriaunder network parameter variations using measurement
covariances as weights. We use the 19th harmonic as the test
case. It should be noted that the transmission line between In-
vercargill and Manapouri has its resonance frequency near the
19th harmonic. There have been 100 M onte Carlo simulations of

|IEEE TRANSACTIONS ON POWER SYSTEMS, VOL. 28, NO. 4, NOVEMBER 2013

Fig. 3. Variations of (a) the estimated state variables and (b) the normalized
residuals under uncertain network parameters.

Fig. 4. Comparison of the original and the adjusted weights.

the state estimation computing at the 19th harmonic performed
by randomly adjusting the values of network parameters while
no noise is added to the measurement vector z. The state vari-
ables and the normalized residuals are shown in Fig. 3. It can
be noticed that many normalized residuals are larger than 3.0
indicating the presence of bad data measurements although the
measurement data z contains no errors.

B. WLSWeight Adjustment

This subsection shows results of the weight adjustment. After
applying the weight adjusting algorithm, the adjusted weight
and the original weight are shown in Fig. 4. The weight is com-
puted within 3 iterations. It can be noticed that the weight of
the 34-36th and 70-72nd measurements become very small
compared to the others. These measurements correspond to the
real part and the imaginary part of the current phasor flowing
through phase A of the line 4—7 between Invercargill and Man-
apouri. The nominal values and aso deviations of admittance
matrices of thisline are larger than other lines. We can also no-
tice that these measurements have large normalized residuals as
shown in Fig. 3. The weights of voltage measurements are not
changed since there is no variation in the measurement model.
The adjusted weight tends to give measurements with large net-
work parameter variations less emphasis. Using the adjusted
weight, we have performed another 100 Monte Carlo simula-
tions of HSE. The results are shown in Fig. 5. It can be noticed
that the variations of state variables become narrower and the
magnitude of the normalized residual is less than 1.0.
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Fig. 5. Variations of (a) the estimated state variables and (b) the normalized
residuals using the adjusted weights.

Fig.6. Normalized residual susing the adjusted weightswith bad data presence.
In (a) the bad data at the 34th and 65th measurement are noticed. After applying
bad data removal, the normalized residuas are less than 3.0 as shown in (b).

C. Bad Data Detections

The numerical experiments in this subsection are performed
to investigate bad data detection when using the adjusted
weight. We add to measurements no. 34 and 65 large deviations
of 4.2 times their equivalent standard deviation while also
adding Gaussian noise varying within corresponding standard
deviations to other measurements. The measurement no. 34
corresponds to the rea part of current phasor flowing in phase
A of line 4-7 between Invercargill and Manapouri. While the
65th measurement is the imaginary part of current phasor in
phase B of the transformer connecting busesno. 1 and 2. Using
the adjusted weight, 100 Monte-Carlo simulations of HSE
without abad dataremoval stage are performed, the normalized
residual is shown in Fig. 6 (). It is noticed that the bad data at
both measurements can be detected. Then, we perform another
100 Monte Carlo simulations of HSE with the bad dataremoval
stage. The normalized residua of this test shown in Fig. 6(b)
indicates that no bad data in the measurement set are used
in the estimation. Note that the x-axis is 70 since two bad
measurements have been removed.

4833

Fig. 7. Boundsof busvoltage phasors at the 19th harmonic. The solid linesand
dashed lines show bounds obtained by using interval method and Monte Carlo
simulations respectively. (a) Phase A; (b) Phase B; (c) Phase C.

D. Enclosure of Sate Variables

This subsection shows the results of HSE with measure-
ments and network variations. We solve (12) to obtain the outer
bounds, i.e., the enclosures, of al state variables. Monte Carlo
analysis was performed using 20000 HSE simulations and
collect the minimum and maximum of all state variables. The
results computed at the 19th harmonic are shown in Fig. 7. It
can be noticed that both bounds agree well. The bounds ob-
tained by Monte Carlo simulations, which sample only afinite
number of parameter combinations, always underestimate the
worst case bounds. The computation time used by the Monte
Carlo simulationsis about 111 s, while it takes only about 0.03
s for the interval method.
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Fig. 8. Busvoltage magnitudes at various harmonicsin each phase for the New Zealand test system, (a)-(c) show their nominal values and (d)-(f) show maximum

deviations.

Fig. 9. Modified |[EEE 57-bus system.

Results of HSE at other harmonics are shown in Fig. 8. For
ease of illustration, only the nominal values of busvoltage mag-
nitudes and their maximum deviationsare presented. Theresults
show that harmonic voltage magnitudes of phase A are higher

and more sensitive to the network parameter variations than the
other phases. The maximum deviation occurring at the 5th har-
monic is less than 0.01 p.u. The maximum deviations of bus
voltage of buses no. 1, 4, 8, and 9 are lower than the other for
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Fig. 10. Comparison of weights for the modified |EEE 57-bus system.

every harmonic order. The voltage phasor measurements placed
at these buses makes them less sensitive to the network param-
eter uncertainty.

E. Test on Large Network

In this subsection, we test the proposed algorithm with a
larger power system. The standard |EEE 57-bus system has
been modified as a three-phase test system. The system consists
of 7 generators, 14 transformers, and 42 loads. L arge harmonic
sources are represented by two six-pulse converters connected
at buses no. 8 and 12. Five thyristor-controlled reactors con-
nected at buses no. 3, 9, 18, 25, and 53 act as small harmonic
sources. Every transmission line is represented by using the
three-phase transmission line model. Since the physical ge-
ometry of the line is not available, the physical geometry and
conductor data is assumed to be the same as the line 24,
circuit 1 of the New Zealand system used in previoustests. The
line length is chosen based on the positive sequence reactance
at fundamental frequency. The transformers are simulated
with star-delta winding configurations. Results computed by
harmonic power flow analysis are used as measurement data.
The network and measurement positions are given in Fig. 9.
The number of measurements and state variablesin thistest are
M = 384 and N = 342. The standard deviations of voltage
and current phasor measurements are set to 1% and 3% of their
nominal measured values, respectively. The line's temperature
is assumed to vary between 0-40°C while the transformer’s
parameters vary within 5% of their nominal values. We show
only the HSE results for the 5th harmonic.

Theoriginal and the adjusted weights are shown in Fig. 10. It
takesjust 4 iterations to adjust the WL S weights. The measure-
ments no. 1-63 and 64—192 are corresponding to the real parts
of the voltage and current phasors respectively. Therest are the
imaginary parts of the corresponding measurements. One can
notice that the weights of the current phasor measurements are
adjusted dueto uncertainty of transmission line parameters. The
measurement no. 143 and 335, whose weights become much
lower than their original weights, are the measurements of cur-
rent phasor in phase B flowing from bus no. 32to 31. Thetrans-
mission line admittance of these lines are larger than others, in-
dicating the lines are operating near their resonance frequency.

Thebounds of all state variables obtained by solving the para-
metricinterval linear system areshowninFig. 11. Alsoshownin
the figure are the bounds obtained by performing 40 000 Monte
Carlo simulations. It should be reminded that the bounds com-
puted by the Monte Carlo method tend to lie within the true
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Fig. 11. Bounds of bus voltage phasors at the 5th harmonic for the modified
|EEE 57-bus system. The solid lines and dashed lines show bounds obtained by
the parametric interval method and Monte Carlo simulations, respectively. (a)
Phase A; (b) Phase B; (c) Phase C.

worst case bounds. The computation time by theinterval method
is 0.44 swhile the Monte Carlo method takes about 2 h.
Results of HSE at other harmonics are shown in Fig. 12.
Again only the nominal values of bus voltage magnitudes and
their maximum deviations are presented. Since the modified
IEEE 57-bus is rather balanced, the magnitudes of state vari-
ables in each phase look similar. The maximum deviation of
about 0.01 p.u. occurred on bus no. 18 at the 17th harmonic. At
this harmonic, the lines connecting bus no. 18 and 19 are oper-
ating near their resonance frequency and the bus admittance’'s
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Fig. 12. Bus voltage magnitudes at various harmonics in each phase for the modified |EEE 57-bus system, (a)-(c) show their nominal values and (d)-(f) show

maximum deviations.

Fig. 13. Variations of admittance matrices of Manapouri-Invercargill line at the 19th harmonic for the New Zealand test system. :-axis indicates temperature in
°C. The solid line shows real parts (left axis) and the dashed line shows imaginary parts (right axis). (a) Series admittance. (b) Shunt admittance.

Fig. 14. Affine approximation of line admittance parameter.

magnitudes are larger than in other lines. As before, the max-
imum deviations of bus voltage, of buses where voltage phasor
measurements are placed, are lower than the others for every
harmonic order. One voltage phasor measurement may be added
at bus no. 18 to reduce the maximum deviation of the busvoltage
magnitude.

V. CONCLUSIONS

In this paper, a method for HSE of a power system whose
network parameters varied within known bounds has been pro-
posed. With the use of phasor measurements and rectangular
form of state variables, the HSE problem can be formulated as
the parametric interval linear system of equations. The outer so-
Iutions can then be computed by using the interval arithmetic
based methods. Although, only transmission line's temperature
variation is presented, the technique can be applied to other pa-
rameter uncertainties by using affine approximation [24]. The
agorithm for adjusting weights of WLS which takes network
parameter variations into consideration to tune the covariance
matrix is also presented. Numerical experiments show that the
computed bounds of the estimated state variables, both real and
imaginary parts, enclose the estimated bounds obtained by the
Monte Carlo simulations. This information on bounds of the
state variables indicates the harmonic voltage level occurring
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in power system under parameter uncertainty conditions. It pro-
vides useful data when dealing with harmonic related devices,
such as harmonic filters, and also gives the system operatorsthe
confidence whether the true value does not exceed the system
limits.

APPENDIX
NETWORK PARAMETER UNDER TEMPERATURE VARIATIONS

Temperature variations of the three-phase transmission line
parameters, i.e., the series and shunt admittance matrices, com-
puted at the 19th harmonic for the Manapouri-Invercargill trans-
mission line of the New Zealand test system are presented in
Fig. 13. The z-axisrepresents temperature variations from 7; to
T... These matrices are unsymmetrical due to mutual coupling
between the conductors within the double transmission lines.
The 19-th harmonic is near the line resonance frequency so the
magnitude of the admittanceis rather high compared with other
harmonic orders.

For each y;; we may describe the uncertainty of admittance,
asshowninFig. 14, by using thefollowing affine approximation

[36], [37]
Yij = Yijm + Yisrler] + vijeleij.e] (18)

where y;; », and y;,; v are parameters controlling the shape of
the lower and upper bound lines, [er] = [—1,1] isan interval
number representing temperature variation, [e;; ] = [—1,1]
and y;; . represent the approximeation error bounds.
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Optimal Worst Case Solutions for State Estimation
of Power System with Uncertain Network Parameters

Chawasak Rakpenthai, Member, IEEE, Sermsak Uatrongjit, Member, IEEE,

Abstract—This paper addresses a problem of power system
state estimation under the condition that transmission line net-
work parameters are unknown but bounded. A robust estimation
in a sense of the optimal worst case solution is determined. Data
collected via remote terminal units, i.e. voltage magnitude, in-
jected and flow real and reactive power, are used as measurement
quantities. The state variables are bus voltage phasors expressed
in rectangular coordinates. This enables the relations between
measured data and state variables be expressed as quadratic
functions. The proposed formulation based on the structured
robust least squares optimization yields a minimization problem
with bilinear matrix inequality constraint. A solution method
based on a semidefinite programming is also presented. Some
testing results on the standard IEEE test systems are given.

Keywords—Power system state estimation, network parameter
uncertainty, structured robust least squares.

I. INTRODUCTION

OWADAYS, a power system has to be efficiently op-

erated in order to cope with the increasing demand of
energy consumption. One of important functions in supervisory
control and planning of electric power systems is the state
estimation (SE). Estimation results can be applied to moni-
toring the state of the grid and help the energy management
systems (EMS) in operations of the power system [1]. By
using the data, such as voltage magnitude, injection power,
flow power, collected by the remote terminal units (RTUs) and
the information about power system network topology, one
can establish a mathematical relation between the measured
data and state variables, usually the voltage phasors of all
buses. These conventional monitoring technologies can only
take non-synchronized measurements once every 2-4 seconds
[2], the SE methods based on these datasets are considered as
(quasi) static SE. With the emerging of synchronized phasor
measurement technology [3], other types of SEs, for examples
the transient SE [4], the harmonic SE [5], have also been
extensively studied. Hybrid SE methods which utilizes both
types of measurements have also been reported [6]—[8]. In this
paper, only the static SE using conventional RTU based mea-
surements is focused, even though the proposed methodology
can be applied to the case of mixed types of measurements as
well.
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grant XXXXXXXXX.

C. Rakpenthai is with the Department of Electrical Engineering, School of
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Given a set of appropriate measured data and the mea-
surement function, the state variables can be estimated by
optimizing an objective function with suitable constraints. One
of the most common criteria used with SE is the weighted
least squares (WLS). The WLS based SE leads to the iterative
solution of the so-called normal equation. The method can
be performed efficiently and provides good estimation results
when the measurements contaminated with Gaussian noise.
There are also SE methods which use other objective functions,
for examples a weighted least absolute value (WLAV) [9]-
[11] which gives good estimation results when measurement
data contains outlier, a quadratic-linear [12], or a maximum
exponential absolute value [13] which are proposed to suppress
the effect of bad data.

In many SE algorithms, the transmission line parameters
which constitute the measurement function are assumed to
be known exactly. This assumption, however, can be violated
easily since those parameters are affected by environmental
changes [14]. For example, it has been reported that the line
sag and conductor resistance depend on conductor temperature.
Therefore, the transmission line parameters may significantly
differ from their assumed values due to the sag and conductor
variations [15]-[17]. In some circumstances, the characteristic
of the line parameters distribution is hard to determined, and
one can only specify these parameters as the nominal values
with tolerances, i.e. the parameter is unknown but bounded.
The SE methods which also consider network parameter
variations have been investigated. In [18], a two-step method
has been proposed to find the point or nominal estimation and
also the bounds of the state variables. The SE method which
considers the network uncertain parameters as additional state
variable has been discussed in [19], this approach requires a
large number of measured data since the number of state vari-
ables increased considerably. An efficient method for obtaining
a guaranteed and small envelop of the state and measurement
based on interval constraint propagation has been proposed
[20]. In [21], the parametric form of the measurement function
which explicitly shows its dependency on line parameters is
employed. With the state variables in rectangular coordinate,
the WLS based SE is expressed as a parametric interval linear
system. The enclosure or the outer solutions representing the
bounds of state variables can be efficiently computed. The
application of this parametric interval linear system technique
to harmonic state estimation of power systems is also described
in [22]. A technique based on Tanaka’s fuzzy linear regression
model has been applied to estimate uncertainty level of the
power system states [23].

In this paper, the SE problem which takes transmission line
network parameters uncertainty into consideration is discussed.



Power System Network

Fig. 1. Transmission line’s 7 equivalent circuit.

These network parameters are assumed to be unknown but
bounded within some tolerances. No statistically information
about their distribution is assumed. In stead of finding the
uncertain bounds of estimated states, i.e bus voltage phasors,
the proposed method seeks a robust solution of power system
SE under network parameter variations which minimizes the
maximum WLS objective function, i.e. the optimal worst case
solution.

This paper is organized as follows. The formulation of
robust SE problem is explained in section II. A method to
approximate the solution based on and semi-definite program-
ming (SDP) [24] is presented next. The test results with some
IEEE test systems are given in section IV. Some conclusions
and research directions are summarized in the final section.

II. PARAMETRIC FORM OF MEASUREMENT FUNCTION
AND CONVENTIONAL SE

Following notations are used in this paper. X=X, + 71X
denotes a phasor representation of a sinusoidal signal x(t),
its real part and imaginary part are X, and X; respectively.
X* represents the complex conjugation of X. Bold-face letters
refer to either vectors or matrices. " is the transpose of . The
Moore-Penrose inverse of X is written as X . Iy isan N x N
identity matrix. eEN) is the ¢-th column vector of In. O and
1 denote the zero matrix and a vector of ones of appropriate
dimension. > 0 means each member of & is non-negative
number. X > 0 means X is symmetric, positive semidefinite.
Diag{a} stands for a square diagonal matrix with the elements
of vector @ on the main diagonal. We write « € [a,b] for
a < a < b. ||z||o represents the infinity norm of .

A. Parametric Form of Measurement Function

In this subsection, the formulation of measurement function
h describing the relation between measured data z, and state
variables @, in parametric form is briefly explained. We only
show an example where measured quantities are power flowing
between two buses and voltage magnitude measurement. The
case of injection power measurement can be derived similarly.

Consider the equivalent circuit of the transmission line
connected between bus no. 1 and 2 shown in Fig. I, it can
be seen that the current phasor /1, flowing through the line
can be computed from,

1_12 = oy + jlioi = yl(vl - ‘72) + y2‘71, (D

where Vk = Vir+jVi; denotes the voltage phasor of bus no. k.
The shunt and series admittance of the line are represented by
y1 = g1 + 7b1 and yo = go + jbo respectively. This relation
can be given in matrix form as,

Vir
[1-127} _ {91 +g920 —(bi+b2) —g1 b Vi
Io; bi+bs  g1+g2 —bi —gi| |Vor|’
Vai
= Y, 2)

where 7 = [V, Vi; Va, Va;] denotes the vector of state
variables which are the real parts and the imaginary parts of
bus voltage phasors. .

Then the complex power S12 = Pjs + jQ12 flowing from
bus no. 1 to 2 is given by

Pio+ jQ12 = ‘71[_%2
= (Viplor + Viilhioi) + §(Viilior — Virlizi), (3)

where P2 and ()15 are the real power and the reactive power
flowing from bus no. 1 to 2 respectively.
The relation between the voltage magnitude of bus no. 1,
V1, and its voltage phasor can be given by
2 7Y * Vir
V=WV =V Vil |0 “
1
If the measurement data consists of V;2, Pj> and Q12 then
from Eq.(3) and Eq.(4) we can combine them as

V12 ‘/lr Vli 0 0 “?17"
Py = 0 0 Vi Vi 11121 )
Q12 0 0 Vii —Vir IlQT
1 00 0 “?”
= Gz |0 100 !
******* Y Tttt V2'r'
p Vai
4
= Ga (H()+Zpka> x, (5)
k=1
where
Vie Vie 00 IR
Ge=|0 0 Vi, Vii L Ho= 1, o ¢ ol
0 0 Vli _Vlr
0 0 0 O
(6)

also define p = [p1 p2 p3 pa] = [g1 b1 g2 bo] as the parameter
vector, and

\ 00 0 0 00 0 0
00 0 0 0O 0 0 0
YorkHe=g1|] o _1 o|*th|g 1 o 1
k=1 01 0 -1 1 0 -1 0
0000 0 0 0 0
0000 0 0 0 0
t9201 0 o0 o tP2lo0 =1 0 of @
010 0 1 0 0 0



In general, for the measurement dataset consisting of
squared voltage magnitude, power injection, and power flow,
one can express the measurement function as,

P
h,(x) = G, (Ho + Zpka> x, ®)

k=1

where € RY is the state variable vector whose elements
are the real parts and the imaginary parts of bus voltage
phasors. G, € RM*M s a matrix which depends on .
H; ¢ RM*N can be obtained from the network topology. We
write the measurement function as h,(x) to emphasize that it
depends not only on « but also transmission line parameters
p = [p1---pp]. M,N and P stand for the number of
measurements, state variables and line parameters respectively,
usually M > N. For the measured data obtained from phasor
measurement unit, the rows of G corresponding to that data
is constant.

B. WLS State Estimation

The problem of SE under WLS criteria is to find  which
minimizes the objective function

o(x) =r"R7'r = (z — hy(x))" R (z — hy(x)), (9)

where 7 = z — h,(x) is the residue vector, and 27 =
[21 - zm] is the measurement vector. Every measurement is
usually assumed to be independent of each other, thus the
measurement covariance matrix B = Diag{o?}, (o2 =

[0F - U%[]T), and o; refers to the standard deviation of the
i-th measurement. In some situations, appropriate constraints
can be added. Note that if the standard deviation of voltage
magnitude measurement V' is given by oy then, based on un-
certainty propagation, the standard deviation of squared voltage
magnitude measurement can be approximated by 2V oy [25].

For a fixed value of p, the smaller value of ¢(x) implies
the better estimation. The optimal value of the state variable
vectors & can be obtained by using the Newton based it-
erative method [1]. The process can be briefly described as
follows.

1: Guess the initial solution (9. Let ¢ be a stop tolerance,

and set iteration index k = 0.
2: repeat
3:  Computing the update vector Az by solving,

(H'R'H) Az = H'"R 'z, (10)
where H = 0h,,(z*))/0x*) is the Jacobian matrix of
h,.
4:  Update £*tD « z(*) 4 Ag.
55 k<« k+1

6: until ||Ax|o < e

The flat-start, i.e all bus voltage phasors are 1.0, is usually

selected as the initial solution (0.

C. SE with Uncertain Parameters

As previously mentioned, sometimes the value of p; can
be specified with some tolerance, for example py = pgm +
PAKUL, here pg,, is the nominal value of pj, its maximum
deviation is denoted by pax > 0, and ug € [—1, 1] represents
the uncertainty of p. Hence prm — pak < Pk < Prm + PAk-
Hence, h,, can be rewritten as

P
hy(x) = h,(z) = (AO + ZukAk> x, (11)

k=1
where, for notational convenience, define Ay = parGoHy;

(k=1,...,P), and Ay = G, (HO +Z,f:1pkmﬂk). We

also let u” = [u;---up] be a vector contains uncertain

parameters and ||u||o < 1. Please remind that A; depends
linearly on x.

The case that the value of each measurement is unknown
but bounded can be included in the formulation. Let the
uncertainty of the ¢-th measurement be represented by z; =
Zim + ziAaw;, where z;,, stands for the nominal value of z;
and z;a is its maximum deviation w; € [—1,1] represents
uncertain factor. Hence we can express z as

z =2z, + Zaw, (12)
where Zg; = [Z1m ce Z]\{m], ZA = Diag{zlA s ZMA},
and wT = [wy - - -was] represents the uncertain vector with
[wlle < 1.

Combining the uncertainty vectors together as t7 =
[wT 'u,T] , the residue vector r can be rewritten as

1
1
u
where gz = 2., — Aoz, My = [Zq —Ag], and

Notice that ||t||s < 1. Thus the objective function ¢(x) can
be expressed as

o(w) = MT [A‘%] R (g M| m Sy

As an example, consider a case of one state variable with one
uncertain parameter. By stepping p from its lower bound to the
upper bound and computing ¢(x), a set of parametric curves
of ¢(x) is obtained as shown in Fig. 2. The dashed line shows
¢(x) computed by using the nominal value of p. On this line,
the minimum value of the objective function occurs at x,,,
which can be computed by performing SE using the nominal
parameters. One can notice that, for this nominal solution x,,,
there exists a set of parameters, say p,, which produces the
largest objective function, i.e. ¢, (x,,). This implies that if
the actual values of parameters equal p, then the estimation
results are probably far from the correct one.

Conservatively, in this work, we try to find an estimation of
x such that for all parameter variation constraints, it gives the
minimum value of ¢, (x). Such a solution is called the robust



Fig. 2. Example of variation of ¢(x) under parameter p variation.

estimation x,. From the figure, one can notice that at x,,
for any values of p, the objective function cannot be worse
than ¢, (x,). Finding x, can be expressed as the following
optimization problem,

x, = argmin max x). 16
gmin max o(x) (16)

III. APPROXIMATED SOLUTION METHOD

Solving Eq.(16) is generally NP hard [26], hence the approx-
imation of its solution, the least upper bound of ¢(x) under
the constraint ||t||o < 1 is considered instead. In other words,
we solve

z t]leo<1
subject to

} (17)
A—¢(x) > 0,\> 0.

Using S-procedure and Schur complement [26], the opti-
mization problem defined in Eq.(17) can be transformed into

min A
T A\, T
subject to A >0,7 >0,
A=1T"r 0 4l (18)
0 T MI| >0,
Qe M, R
where 77 = [ -+ - Tas1p], T = Diag{7}, (see appendix A.)

Since g, and M, depend bilinearly on x, this prob-
lem involves the bilinear matrix inequality (BMI) constraint
which has been found in many engineering applications [27].
This type of optimization can be solved by a solver called
PENBMI [28] which is available from TOMLAB [29]7",
or PENLAB [30], a free open source software package
for nonlinear optimization, linear and nonlinear SDP. Both
solvers can be employed under the YALMIP toolbox [31],
a modeling language for advanced modeling and solution
of convex and non-convex optimization problems. If such
solvers are not available, a method based on linearization of
g, and M, can be applied to find the solution of Eq.(18).

Mhttp://tomopt.com/

m voltage magnitude
¢ power injection

12 ® power flow

Fig. 3. 1EEE 14-bus test system with measurements.

The algorithm is outlined as the following simplified pseudo
code:
1: Guess the initial solution (9, let ¢ be a stop tolerance,
and set the iteration counter k = 0.
2: Compute Q; = dA;z™*) /9x*), and form a matrix

A-1Tr 0o ¢

q
F= 0 T M7, (19)
q M R

where § = 2z, — Agz® — QuAz, M = (z, —A],
with A = A ) + [Qi1Az - QpAx].
3: Compute Ax by solving
Ax = argmin A
Az, )\, T _ (20)
subject to A >0,7>0,F > 0.

4: if ||Az| < ¢ then Stop.
5. gD 2 4 Ag k<« k+ 1. Goto 2.

In this work, we use € = 10~°. The solution of the SDP
problem defined in Eq.(20) is computed by the freely available
SDPT3-4 solver [32].

IV. NUMERICAL EXPERIMENTS

The proposed SE method has been implemented in MAT-
LAB environment, and applied to some IEEE test systems.
In the following tests, the measurement positions are assigned
such that the system can be fully observable. The standard
deviation of voltage magnitude, power injection and power
flow measurements are set to 0.004, 0.010 and 0.008 respec-
tively. Bus no. 1 is chosen as the reference bus and its phase
angle is 0. Measured values are assumed to be within +o,
their standard deviations. The solutions obtained by power flow
analysis are used as the exact measurement values. We use
flat start as the initial values of state variables in all tests.
All numerical simulations have been conducted on a personal
computer with intel Core i3-2120 CPU@3.30 GHz and 8 GB
of main memory.



TABLE 1. MEASUREMENT PLACEMENTS FOR IEEE 30-BUS.

Voltage magnitude 1,27
Power injection 2,3,5,6,9, 10, 12, 16, 20, 22, 25, 30

Power flow 2-4, 4-3, 5-7, 8-28, 11-9, 12-14, 12-15, 15-18, 16-17,
19-18, 19-20, 21-22, 24-23, 25-26, 27-30, 28-6, 29-27
TABLE II. MEASUREMENT PLACEMENTS FOR IEEE 118-BUS.

1, 10, 13, 16, 25, 38, 105, 116

2,5,7, 8, 12, 20, 23, 25, 32, 33, 34, 35, 36, 37, 41,
42, 43, 44, 45, 46, 47, 48, 52, 53, 54, 57, 58, 59, 60,
61, 62, 63, 64, 65, 66, 67, 69, 72, 74, 75, 76, 77, 18,
85, 86, 87, 88, 89, 90, 92, 93, 94, 95, 102, 103, 106,
107, 108, 109, 110, 111, 112, 113, 117

1-3, 4-11, 5-4, 5-8, 7-6, 9-10, 11-13, 12-14, 12-117,
14-15, 15-33, 16-17, 17-18, 18-19, 19-34, 20-21,
21-22, 22-23, 24-72, 26-30, 27-28, 27-115, 28-29,
31-17, 32-27, 38-65, 40-39, 48-49, 49-50, 51-52, 52-53,
54-49, 58-56, 59-55, 62-60, 68-116, 69-70,69-77,71-70,
71-73, 75-118, 77-80, 79-78, 80-97, 81-80, 83-82,
84-85, 85-88, 89-88, 90-91, 92-93, 94-93, 94-96, 96-95,
100-98, 100-99, 100-101, 102-101, 103-104, 107-105,
110-103, 110-109, 110-111, 114-115

Voltage magnitude
Power injection

Power flow

A. Nominal and Robust Estimations

The proposed method has been applied to the IEEE 14-
bus, 30-bus and 118-bus. All transmission line parameters are
assumed to be within +10% of their nominal values. For
IEEE 14-bus, the measurement types and positions are shown
in Fig. 3. There are one voltage magnitude measurement at
bus no. 1, six real and reactive power injection measurements,
and nine real and reactive power flow measurements. Thus
the number of measurements is M = 31, the number of
uncertain parameters is P = 32, while the number of state
variables is NV = 2 x 14 — 1 = 27. To save space, only the
measurement placements for IEEE 30-bus and 118-bus are
summarized in Table I and Table II, respectively. From the
tables, M = 60 and P = 79 for the case of IEEE 30-bus, and
M = 264 and P = 485 for IEEE 118-bus.

The Newton based conventional WLS SE [1] has been
performed with all line parameters to their nominal values.
And the proposed method has been applied to find the optimal
worst case solutions. The nominal solutions, @,,, and the robust
estimated states, x, are illustrated in Fig. 4(a)-(c) for the IEEE
14-bus, 30-bus and 118-bus, respectively.

To investigate the effect of parameter uncertainty on the
nominal solutions and the robust solutions, we compute the
upper and lower bounds of the objective function from,

ti(@) = min o), and, 6u(z) = max o), QD)

ltlloo < lItlloo <1

and hence ¢(z) € [¢1(z), Pu(T)].

Finding ¢;(x) can be done efficiently since the problem
is convex. However, ¢, (x) is not convex, here we apply the
genetic algorithm based method [33] to estimate the upper
bounds. Table III shows the bounds for all tests. It can be
noticed that for the nominal solutions, the upper bounds are
greater than the upper bounds of the robust estimations. This
implies that there exists a set of line parameters for which
using the nominal solution at the estimated states may result
in larger value of objective function.

The BMI constraint optimization in Eq.(18) has been solved
by using PENBMI, PENLAB and the linearized technique. All
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Fig. 4. Results of nominal and robust estimations for (a) IEEE 14-bus,
(b) 30-bus, and (c) 118-bus.

solvers give almost the same estimations. The computation
time of the nominal SE and the robust SE by these three
methods are presented in Table IV. In these tests, the PENBMI
solver performs better than the other two. We would like to
remind that these methods are local solvers, thus the obtained
estimations may not be the global solutions.



TABLE III. BOUNDS OF OBJECTIVE FUNCTIONS.

Case Nominal Robust

14-bus  [0.00, 1.42x10%] [ 24.56, 1.16x10%]

30-bus  [0.00, 6.37x10%] [ 2.04, 4.37x10?]

118-bus  [0.75, 5.51x10%] [461.37, 4.64x10%]

TABLE IV. COMPARISON OF COMPUTATION TIME IN SECONDS.

Case Nominal PENBMI PENLAB Linearized
14-bus 0.15 0.75 29.18 4.80
30-bus 0.31 2.87 127.98 8.61
118-bus 9.70 134.98  4,522.37 241.27

= voltage magnitude
& power injection

12 ® power flow

Fig. 5. IEEE 14-bus test system with measurement placement no. 2.
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Fig. 6. Variations of state variables under various uncertainty for placement
set (a) no. 1 and (b) no. 2

B. Tests on Measurement Placements

In this test, the proposed robust estimation has been applied
to investigate the effect of measurement placements. The IEEE
14-bus has been selected as the test system. The line parameter
variations are set to 0.05,0.10,0.15 and 0.20 of the nominal
values. The first measurement placement set is the one used in
previous subsection. The other placement is shown in Fig. 5.
The voltage magnitude measurement is at bus no. 1, six power
injection measurements and nine power flow measurements are
employed which makes M = 31 and P = 37. Note that the
number of measurements of both sets are the same but the
number of uncertain parameters of set no. 2 is larger. The
results for both placement sets are shown in Fig. 6(a) and (b)
respectively. It can be seen that the placement set no. 2 gives
less variations of the estimated states. Hence, it is more robust
to network uncertainty.

V. CONCLUSIONS AND FUTURE WORKS

In this paper, the algorithm for finding the optimal worst
case solution of the WLS based state estimation of power sys-
tem with unknown but bounded network parameters has been
proposed. The robust estimation has been formulated as the
optimization problem with BMI constraint. From the numerical
results, the robust solution tends to give narrower variations
of the objective function under parameter variations. Without
the information on distribution characteristic of parameter
uncertainty, the proposed estimation computes the best value
of the worst WLS objective function. The computation time
for finding the robust solution is still larger than just finding
the nominal SE. The application of the proposed algorithm for
real time estimation requires more investigation. Nevertheless,
it may be applied to the planing of the placement position that
is robust to network parameter variations.

APPENDIX A

To show that Eq.(18) is equivalent to Eq.(17), we need some
results related to linear matrix inequalities (LMI) manipulation.
More details can be found in [24], [26], [34]. They are included
here for reader’s convenience.

Lemma A.l. (S-Procedure)
Define quadratic functions in the variable t € RN, F(t),
as

1 T Vk u{ 1 T T
F®) = ¢ |ur 7ol |¢| =t Tt +2uit + o, 22)

for k=0,1,2,..., P with T}, = TkT. Then, the implication
Fi(t)>0,...,Fp(t) > 0= Fo(t) 20 (23)

holds if there exist TT = |1 ---Tp] > O such that

T T
v ug | Z vk Uj,
{uo To] Pt Tk {uk Tk] = 0. (24)

Lemma A.2. (Schur complements)



Let X be a symmetric matrix given by

x= |4 1) (5)
The condition X > 0 is equivalent to
D>0, A-BD'BT -0, (I-D'D)BT =0, (26)
and also to
A>0, D-BTA'B>0, (I-ATA)B=0. (27)

Notice that the constraint A — ¢(x) > 0 can be expressed
as

MT@ o) = e | Rt 2 |j] 20, e

And ||t||oo < 1 implies 2 < 1;(G =1,2,..., M + P), which
can be expressed as,

T
1 1 0 1
i) o a]l=e @)
fori=1,2,...,M + P, where C; = Diag{egMJrP)}.
Using S-procedure, we have, for 7; > 0,
M+P
A0 a4 | p1 1 0
[0 0] - {Mﬂ R gz M| - 2_; Tilo —c,| =0
- (30)

Since M7 7,C; = T and M 7, = 177, then the
relation can be rewritten as

[)\—ITT 0}_{(15}13—1[% M) = 0.

o T |M[f GD

Apply Schur complement to the above relation, Eq.(18) is
obtained.
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Optimal Worst Case Solutions for State Estimation
of Power System with Uncertain Network Parameters

Chawasak Rakpenthai, Member, IEEE, Sermsak Uatrongjit, Member, IEEE,

Abstract—This paper addresses a problem of power system
state estimation under the condition that transmission line net-
work parameters are unknown but bounded. A robust estimation
in a sense of the optimal worst case solution is determined. Data
collected via remote terminal units, i.e. voltage magnitude, in-
jected and flow real and reactive power, are used as measurement
quantities. The state variables are bus voltage phasors expressed
in rectangular coordinates. This enables the relations between
measured data and state variables be expressed as quadratic
functions. The proposed formulation based on the structured
robust least squares optimization yields a minimization problem
with bilinear matrix inequality constraint. A solution method
based on a semidefinite programming is also presented. Some
testing results on the standard IEEE test systems are given.

Keywords—Power system state estimation, network parameter
uncertainty, structured robust least squares.

I. INTRODUCTION

OWADAYS, a power system has to be efficiently op-

erated in order to cope with the increasing demand of
energy consumption. One of important functions in supervisory
control and planning of electric power systems is the state
estimation (SE). Estimation results can be applied to moni-
toring the state of the grid and help the energy management
systems (EMS) in operations of the power system [1]. By
using the data, such as voltage magnitude, injection power,
flow power, collected by the remote terminal units (RTUs) and
the information about power system network topology, one
can establish a mathematical relation between the measured
data and state variables, usually the voltage phasors of all
buses. These conventional monitoring technologies can only
take non-synchronized measurements once every 2-4 seconds
[2], the SE methods based on these datasets are considered as
(quasi) static SE. With the emerging of synchronized phasor
measurement technology [3], other types of SEs, for examples
the transient SE [4], the harmonic SE [5], have also been
extensively studied. Hybrid SE methods which utilizes both
types of measurements have also been reported [6]—[8]. In this
paper, only the static SE using conventional RTU based mea-
surements is focused, even though the proposed methodology
can be applied to the case of mixed types of measurements as
well.
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Given a set of appropriate measured data and the mea-
surement function, the state variables can be estimated by
optimizing an objective function with suitable constraints. One
of the most common criteria used with SE is the weighted
least squares (WLS). The WLS based SE leads to the iterative
solution of the so-called normal equation. The method can
be performed efficiently and provides good estimation results
when the measurements contaminated with Gaussian noise.
There are also SE methods which use other objective functions,
for examples a weighted least absolute value (WLAV) [9]-
[11] which gives good estimation results when measurement
data contains outlier, a quadratic-linear [12], or a maximum
exponential absolute value [13] which are proposed to suppress
the effect of bad data.

In many SE algorithms, the transmission line parameters
which constitute the measurement function are assumed to
be known exactly. This assumption, however, can be violated
easily since those parameters are affected by environmental
changes [14]. For example, it has been reported that the line
sag and conductor resistance depend on conductor temperature.
Therefore, the transmission line parameters may significantly
differ from their assumed values due to the sag and conductor
variations [15]-[17]. In some circumstances, the characteristic
of the line parameters distribution is hard to determined, and
one can only specify these parameters as the nominal values
with tolerances, i.e. the parameter is unknown but bounded.
The SE methods which also consider network parameter
variations have been investigated. In [18], a two-step method
has been proposed to find the point or nominal estimation and
also the bounds of the state variables. The SE method which
considers the network uncertain parameters as additional state
variable has been discussed in [19], this approach requires a
large number of measured data since the number of state vari-
ables increased considerably. An efficient method for obtaining
a guaranteed and small envelop of the state and measurement
based on interval constraint propagation has been proposed
[20]. In [21], the parametric form of the measurement function
which explicitly shows its dependency on line parameters is
employed. With the state variables in rectangular coordinate,
the WLS based SE is expressed as a parametric interval linear
system. The enclosure or the outer solutions representing the
bounds of state variables can be efficiently computed. The
application of this parametric interval linear system technique
to harmonic state estimation of power systems is also described
in [22]. A technique based on Tanaka’s fuzzy linear regression
model has been applied to estimate uncertainty level of the
power system states [23].

In this paper, the SE problem which takes transmission line
network parameters uncertainty into consideration is discussed.
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Fig. 1. Transmission line’s 7 equivalent circuit.

These network parameters are assumed to be unknown but
bounded within some tolerances. No statistically information
about their distribution is assumed. In stead of finding the
uncertain bounds of estimated states, i.e bus voltage phasors,
the proposed method seeks a robust solution of power system
SE under network parameter variations which minimizes the
maximum WLS objective function, i.e. the optimal worst case
solution.

This paper is organized as follows. The formulation of
robust SE problem is explained in section II. A method to
approximate the solution based on and semi-definite program-
ming (SDP) [24] is presented next. The test results with some
IEEE test systems are given in section IV. Some conclusions
and research directions are summarized in the final section.

II. PARAMETRIC FORM OF MEASUREMENT FUNCTION
AND CONVENTIONAL SE

Following notations are used in this paper. X=X, + 71X
denotes a phasor representation of a sinusoidal signal x(t),
its real part and imaginary part are X, and X; respectively.
X* represents the complex conjugation of X. Bold-face letters
refer to either vectors or matrices. " is the transpose of . The
Moore-Penrose inverse of X is written as X . Iy isan N x N
identity matrix. eEN) is the ¢-th column vector of In. O and
1 denote the zero matrix and a vector of ones of appropriate
dimension. > 0 means each member of & is non-negative
number. X > 0 means X is symmetric, positive semidefinite.
Diag{a} stands for a square diagonal matrix with the elements
of vector @ on the main diagonal. We write « € [a,b] for
a < a < b. ||z||o represents the infinity norm of .

A. Parametric Form of Measurement Function

In this subsection, the formulation of measurement function
h describing the relation between measured data z, and state
variables @, in parametric form is briefly explained. We only
show an example where measured quantities are power flowing
between two buses and voltage magnitude measurement. The
case of injection power measurement can be derived similarly.

Consider the equivalent circuit of the transmission line
connected between bus no. 1 and 2 shown in Fig. I, it can
be seen that the current phasor /1, flowing through the line
can be computed from,

1_12 = oy + jlioi = yl(vl - ‘72) + y2‘71, (D

where Vk = Vir+jVi; denotes the voltage phasor of bus no. k.
The shunt and series admittance of the line are represented by
y1 = g1 + 7b1 and yo = go + jbo respectively. This relation
can be given in matrix form as,

Vir
[1-127} _ {91 +g920 —(bi+b2) —g1 b Vi
Io; bi+bs  g1+g2 —bi —gi| |Vor|’
Vai
= Y, 2)

where 7 = [V, Vi; Va, Va;] denotes the vector of state
variables which are the real parts and the imaginary parts of
bus voltage phasors. .

Then the complex power S12 = Pjs + jQ12 flowing from
bus no. 1 to 2 is given by

Pio+ jQ12 = ‘71[_%2
= (Viplor + Viilhioi) + §(Viilior — Virlizi), (3)

where P2 and ()15 are the real power and the reactive power
flowing from bus no. 1 to 2 respectively.
The relation between the voltage magnitude of bus no. 1,
V1, and its voltage phasor can be given by
2 7Y * Vir
V=WV =V Vil |0 “
1
If the measurement data consists of V;2, Pj> and Q12 then
from Eq.(3) and Eq.(4) we can combine them as

V12 ‘/lr Vli 0 0 “?17"
Py = 0 0 Vi Vi 11121 )
Q12 0 0 Vii —Vir IlQT
1 00 0 “?”
= Gz |0 100 !
******* Y Tttt V2'r'
p Vai
4
= Ga (H()+Zpka> x, (5)
k=1
where
Vie Vie 00 IR
Ge=|0 0 Vi, Vii L Ho= 1, o ¢ ol
0 0 Vli _Vlr
0 0 0 O
(6)

also define p = [p1 p2 p3 pa] = [g1 b1 g2 bo] as the parameter
vector, and

\ 00 0 0 00 0 0
00 0 0 0O 0 0 0
YorkHe=g1|] o _1 o|*th|g 1 o 1
k=1 01 0 -1 1 0 -1 0
0000 0 0 0 0
0000 0 0 0 0
t9201 0 o0 o tP2lo0 =1 0 of @
010 0 1 0 0 0



In general, for the measurement dataset consisting of
squared voltage magnitude, power injection, and power flow,
one can express the measurement function as,

P
h,(x) = G, (Ho + Zpka> x, ®)

k=1

where € RY is the state variable vector whose elements
are the real parts and the imaginary parts of bus voltage
phasors. G, € RM*M s a matrix which depends on .
H; ¢ RM*N can be obtained from the network topology. We
write the measurement function as h,(x) to emphasize that it
depends not only on « but also transmission line parameters
p = [p1---pp]. M,N and P stand for the number of
measurements, state variables and line parameters respectively,
usually M > N. For the measured data obtained from phasor
measurement unit, the rows of G corresponding to that data
is constant.

B. WLS State Estimation

The problem of SE under WLS criteria is to find  which
minimizes the objective function

o(x) =r"R7'r = (z — hy(x))" R (z — hy(x)), (9)

where 7 = z — h,(x) is the residue vector, and 27 =
[21 - zm] is the measurement vector. Every measurement is
usually assumed to be independent of each other, thus the
measurement covariance matrix B = Diag{o?}, (o2 =

[0F - U%[]T), and o; refers to the standard deviation of the
i-th measurement. In some situations, appropriate constraints
can be added. Note that if the standard deviation of voltage
magnitude measurement V' is given by oy then, based on un-
certainty propagation, the standard deviation of squared voltage
magnitude measurement can be approximated by 2V oy [25].

For a fixed value of p, the smaller value of ¢(x) implies
the better estimation. The optimal value of the state variable
vectors & can be obtained by using the Newton based it-
erative method [1]. The process can be briefly described as
follows.

1: Guess the initial solution (9. Let ¢ be a stop tolerance,

and set iteration index k = 0.
2: repeat
3:  Computing the update vector Az by solving,

(H'R'H) Az = H'"R 'z, (10)
where H = 0h,,(z*))/0x*) is the Jacobian matrix of
h,.
4:  Update £*tD « z(*) 4 Ag.
55 k<« k+1

6: until ||Ax|o < e

The flat-start, i.e all bus voltage phasors are 1.0, is usually

selected as the initial solution (0.

C. SE with Uncertain Parameters

As previously mentioned, sometimes the value of p; can
be specified with some tolerance, for example py = pgm +
PAKUL, here pg,, is the nominal value of pj, its maximum
deviation is denoted by pax > 0, and ug € [—1, 1] represents
the uncertainty of p. Hence prm — pak < Pk < Prm + PAk-
Hence, h,, can be rewritten as

P
hy(x) = h,(z) = (AO + ZukAk> x, (11)

k=1
where, for notational convenience, define Ay = parGoHy;

(k=1,...,P), and Ay = G, (HO +Z,f:1pkmﬂk). We

also let u” = [u;---up] be a vector contains uncertain

parameters and ||u||o < 1. Please remind that A; depends
linearly on x.

The case that the value of each measurement is unknown
but bounded can be included in the formulation. Let the
uncertainty of the ¢-th measurement be represented by z; =
Zim + ziAaw;, where z;,, stands for the nominal value of z;
and z;a is its maximum deviation w; € [—1,1] represents
uncertain factor. Hence we can express z as

z =2z, + Zaw, (12)
where Zg; = [Z1m ce Z]\{m], ZA = Diag{zlA s ZMA},
and wT = [wy - - -was] represents the uncertain vector with
[wlle < 1.

Combining the uncertainty vectors together as t7 =
[wT 'u,T] , the residue vector r can be rewritten as

1
1
u
where gz = 2., — Aoz, My = [Zq —Ag], and

Notice that ||t||s < 1. Thus the objective function ¢(x) can
be expressed as

o(w) = MT [A‘%] R (g M| m Sy

As an example, consider a case of one state variable with one
uncertain parameter. By stepping p from its lower bound to the
upper bound and computing ¢(x), a set of parametric curves
of ¢(x) is obtained as shown in Fig. 2. The dashed line shows
¢(x) computed by using the nominal value of p. On this line,
the minimum value of the objective function occurs at x,,,
which can be computed by performing SE using the nominal
parameters. One can notice that, for this nominal solution x,,,
there exists a set of parameters, say p,, which produces the
largest objective function, i.e. ¢, (x,,). This implies that if
the actual values of parameters equal p, then the estimation
results are probably far from the correct one.

Conservatively, in this work, we try to find an estimation of
x such that for all parameter variation constraints, it gives the
minimum value of ¢, (x). Such a solution is called the robust



Fig. 2. Example of variation of ¢(x) under parameter p variation.

estimation x,. From the figure, one can notice that at x,,
for any values of p, the objective function cannot be worse
than ¢, (x,). Finding x, can be expressed as the following
optimization problem,

x, = argmin max x). 16
gmin max o(x) (16)

III. APPROXIMATED SOLUTION METHOD

Solving Eq.(16) is generally NP hard [26], hence the approx-
imation of its solution, the least upper bound of ¢(x) under
the constraint ||t||o < 1 is considered instead. In other words,
we solve

z t]leo<1
subject to

} (17)
A—¢(x) > 0,\> 0.

Using S-procedure and Schur complement [26], the opti-
mization problem defined in Eq.(17) can be transformed into

min A
T A\, T
subject to A >0,7 >0,
A=1T"r 0 4l (18)
0 T MI| >0,
Qe M, R
where 77 = [ -+ - Tas1p], T = Diag{7}, (see appendix A.)

Since g, and M, depend bilinearly on x, this prob-
lem involves the bilinear matrix inequality (BMI) constraint
which has been found in many engineering applications [27].
This type of optimization can be solved by a solver called
PENBMI [28] which is available from TOMLAB [29]7",
or PENLAB [30], a free open source software package
for nonlinear optimization, linear and nonlinear SDP. Both
solvers can be employed under the YALMIP toolbox [31],
a modeling language for advanced modeling and solution
of convex and non-convex optimization problems. If such
solvers are not available, a method based on linearization of
g, and M, can be applied to find the solution of Eq.(18).

Mhttp://tomopt.com/

m voltage magnitude
¢ power injection

12 ® power flow

Fig. 3. 1EEE 14-bus test system with measurements.

The algorithm is outlined as the following simplified pseudo
code:
1: Guess the initial solution (9, let ¢ be a stop tolerance,
and set the iteration counter k = 0.
2: Compute Q; = dA;z™*) /9x*), and form a matrix

A-1Tr 0o ¢

q
F= 0 T M7, (19)
q M R

where § = 2z, — Agz® — QuAz, M = (z, —A],
with A = A ) + [Qi1Az - QpAx].
3: Compute Ax by solving
Ax = argmin A
Az, )\, T _ (20)
subject to A >0,7>0,F > 0.

4: if ||Az| < ¢ then Stop.
5. gD 2 4 Ag k<« k+ 1. Goto 2.

In this work, we use € = 10~°. The solution of the SDP
problem defined in Eq.(20) is computed by the freely available
SDPT3-4 solver [32].

IV. NUMERICAL EXPERIMENTS

The proposed SE method has been implemented in MAT-
LAB environment, and applied to some IEEE test systems.
In the following tests, the measurement positions are assigned
such that the system can be fully observable. The standard
deviation of voltage magnitude, power injection and power
flow measurements are set to 0.004, 0.010 and 0.008 respec-
tively. Bus no. 1 is chosen as the reference bus and its phase
angle is 0. Measured values are assumed to be within +o,
their standard deviations. The solutions obtained by power flow
analysis are used as the exact measurement values. We use
flat start as the initial values of state variables in all tests.
All numerical simulations have been conducted on a personal
computer with intel Core i3-2120 CPU@3.30 GHz and 8 GB
of main memory.



TABLE 1. MEASUREMENT PLACEMENTS FOR IEEE 30-BUS.

Voltage magnitude 1,27
Power injection 2,3,5,6,9, 10, 12, 16, 20, 22, 25, 30

Power flow 2-4, 4-3, 5-7, 8-28, 11-9, 12-14, 12-15, 15-18, 16-17,
19-18, 19-20, 21-22, 24-23, 25-26, 27-30, 28-6, 29-27
TABLE II. MEASUREMENT PLACEMENTS FOR IEEE 118-BUS.

1, 10, 13, 16, 25, 38, 105, 116

2,5,7, 8, 12, 20, 23, 25, 32, 33, 34, 35, 36, 37, 41,
42, 43, 44, 45, 46, 47, 48, 52, 53, 54, 57, 58, 59, 60,
61, 62, 63, 64, 65, 66, 67, 69, 72, 74, 75, 76, 77, 18,
85, 86, 87, 88, 89, 90, 92, 93, 94, 95, 102, 103, 106,
107, 108, 109, 110, 111, 112, 113, 117

1-3, 4-11, 5-4, 5-8, 7-6, 9-10, 11-13, 12-14, 12-117,
14-15, 15-33, 16-17, 17-18, 18-19, 19-34, 20-21,
21-22, 22-23, 24-72, 26-30, 27-28, 27-115, 28-29,
31-17, 32-27, 38-65, 40-39, 48-49, 49-50, 51-52, 52-53,
54-49, 58-56, 59-55, 62-60, 68-116, 69-70,69-77,71-70,
71-73, 75-118, 77-80, 79-78, 80-97, 81-80, 83-82,
84-85, 85-88, 89-88, 90-91, 92-93, 94-93, 94-96, 96-95,
100-98, 100-99, 100-101, 102-101, 103-104, 107-105,
110-103, 110-109, 110-111, 114-115

Voltage magnitude
Power injection

Power flow

A. Nominal and Robust Estimations

The proposed method has been applied to the IEEE 14-
bus, 30-bus and 118-bus. All transmission line parameters are
assumed to be within +10% of their nominal values. For
IEEE 14-bus, the measurement types and positions are shown
in Fig. 3. There are one voltage magnitude measurement at
bus no. 1, six real and reactive power injection measurements,
and nine real and reactive power flow measurements. Thus
the number of measurements is M = 31, the number of
uncertain parameters is P = 32, while the number of state
variables is NV = 2 x 14 — 1 = 27. To save space, only the
measurement placements for IEEE 30-bus and 118-bus are
summarized in Table I and Table II, respectively. From the
tables, M = 60 and P = 79 for the case of IEEE 30-bus, and
M = 264 and P = 485 for IEEE 118-bus.

The Newton based conventional WLS SE [1] has been
performed with all line parameters to their nominal values.
And the proposed method has been applied to find the optimal
worst case solutions. The nominal solutions, @,,, and the robust
estimated states, x, are illustrated in Fig. 4(a)-(c) for the IEEE
14-bus, 30-bus and 118-bus, respectively.

To investigate the effect of parameter uncertainty on the
nominal solutions and the robust solutions, we compute the
upper and lower bounds of the objective function from,

ti(@) = min o), and, 6u(z) = max o), QD)

ltlloo < lItlloo <1

and hence ¢(z) € [¢1(z), Pu(T)].

Finding ¢;(x) can be done efficiently since the problem
is convex. However, ¢, (x) is not convex, here we apply the
genetic algorithm based method [33] to estimate the upper
bounds. Table III shows the bounds for all tests. It can be
noticed that for the nominal solutions, the upper bounds are
greater than the upper bounds of the robust estimations. This
implies that there exists a set of line parameters for which
using the nominal solution at the estimated states may result
in larger value of objective function.

The BMI constraint optimization in Eq.(18) has been solved
by using PENBMI, PENLAB and the linearized technique. All
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Fig. 4. Results of nominal and robust estimations for (a) IEEE 14-bus,
(b) 30-bus, and (c) 118-bus.

solvers give almost the same estimations. The computation
time of the nominal SE and the robust SE by these three
methods are presented in Table IV. In these tests, the PENBMI
solver performs better than the other two. We would like to
remind that these methods are local solvers, thus the obtained
estimations may not be the global solutions.



TABLE III. BOUNDS OF OBJECTIVE FUNCTIONS.

Case Nominal Robust

14-bus  [0.00, 1.42x10%] [ 24.56, 1.16x10%]

30-bus  [0.00, 6.37x10%] [ 2.04, 4.37x10?]

118-bus  [0.75, 5.51x10%] [461.37, 4.64x10%]

TABLE IV. COMPARISON OF COMPUTATION TIME IN SECONDS.

Case Nominal PENBMI PENLAB Linearized
14-bus 0.15 0.75 29.18 4.80
30-bus 0.31 2.87 127.98 8.61
118-bus 9.70 134.98  4,522.37 241.27

= voltage magnitude
& power injection

12 ® power flow

Fig. 5. IEEE 14-bus test system with measurement placement no. 2.
E 1.15
— 1.1
g 1.05
= 1
5]
& 0.95
=
& ) v T T T T T
= O s nominal
_ - =3 —
& —01 NORCIESE Y TN - - - robust
> \\',’ _—‘\\§ /’/’ ‘s\\
g -0.2f o ‘33:':_—_‘\‘5::::::::::::}
2 _03 | | = e s P
E 2 4 6 8 10 12 14

=
S
I
a
=
Q
o~
=
B 0 T T T T T T
g N R nominal
8 —01p ‘\s:\z,:_‘_é - - - robust
&b
s 03— * : :
é 2 4 6 8 10 12 14
Bus no.
(b)

Fig. 6. Variations of state variables under various uncertainty for placement
set (a) no. 1 and (b) no. 2

B. Tests on Measurement Placements

In this test, the proposed robust estimation has been applied
to investigate the effect of measurement placements. The IEEE
14-bus has been selected as the test system. The line parameter
variations are set to 0.05,0.10,0.15 and 0.20 of the nominal
values. The first measurement placement set is the one used in
previous subsection. The other placement is shown in Fig. 5.
The voltage magnitude measurement is at bus no. 1, six power
injection measurements and nine power flow measurements are
employed which makes M = 31 and P = 37. Note that the
number of measurements of both sets are the same but the
number of uncertain parameters of set no. 2 is larger. The
results for both placement sets are shown in Fig. 6(a) and (b)
respectively. It can be seen that the placement set no. 2 gives
less variations of the estimated states. Hence, it is more robust
to network uncertainty.

V. CONCLUSIONS AND FUTURE WORKS

In this paper, the algorithm for finding the optimal worst
case solution of the WLS based state estimation of power sys-
tem with unknown but bounded network parameters has been
proposed. The robust estimation has been formulated as the
optimization problem with BMI constraint. From the numerical
results, the robust solution tends to give narrower variations
of the objective function under parameter variations. Without
the information on distribution characteristic of parameter
uncertainty, the proposed estimation computes the best value
of the worst WLS objective function. The computation time
for finding the robust solution is still larger than just finding
the nominal SE. The application of the proposed algorithm for
real time estimation requires more investigation. Nevertheless,
it may be applied to the planing of the placement position that
is robust to network parameter variations.

APPENDIX A

To show that Eq.(18) is equivalent to Eq.(17), we need some
results related to linear matrix inequalities (LMI) manipulation.
More details can be found in [24], [26], [34]. They are included
here for reader’s convenience.

Lemma A.l. (S-Procedure)
Define quadratic functions in the variable t € RN, F(t),
as

1 T Vk u{ 1 T T
F®) = ¢ |ur 7ol |¢| =t Tt +2uit + o, 22)

for k=0,1,2,..., P with T}, = TkT. Then, the implication
Fi(t)>0,...,Fp(t) > 0= Fo(t) 20 (23)

holds if there exist TT = |1 ---Tp] > O such that

T T
v ug | Z vk Uj,
{uo To] Pt Tk {uk Tk] = 0. (24)

Lemma A.2. (Schur complements)



Let X be a symmetric matrix given by

x= |4 1) (5)
The condition X > 0 is equivalent to
D>0, A-BD'BT -0, (I-D'D)BT =0, (26)
and also to
A>0, D-BTA'B>0, (I-ATA)B=0. (27)

Notice that the constraint A — ¢(x) > 0 can be expressed
as

MT@ o) = e | Rt 2 |j] 20, e

And ||t||oo < 1 implies 2 < 1;(G =1,2,..., M + P), which
can be expressed as,

T
1 1 0 1
i) o a]l=e @)
fori=1,2,...,M + P, where C; = Diag{egMJrP)}.
Using S-procedure, we have, for 7; > 0,
M+P
A0 a4 | p1 1 0
[0 0] - {Mﬂ R gz M| - 2_; Tilo —c,| =0
- (30)

Since M7 7,C; = T and M 7, = 177, then the
relation can be rewritten as

[)\—ITT 0}_{(15}13—1[% M) = 0.

o T |M[f GD

Apply Schur complement to the above relation, Eq.(18) is
obtained.
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A New Hybrid State Estimation Based on Pseudo-Voltage Measurements
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This paper presents a new hybrid state estimation method based on the concept of pseudo-voltage mea-
surements for a power system containing both conventional and synchronizing phasor measurements. Actual
measurement data is employed to calculate the magnitude and phase of pseudo-voltage measurements. In
the proposed formulation, the measurement matrix describing relations between the measured data and the
state variables contains only 0 or 1. Then the state estimation problem is formulated based on the weighted
least square criteria and its solution can be obtained without using iterative procedures. Comparisons with
the conventional hybrid state estimation method have been performed on IEEE 14-bus and 57-bus systems.
Numerical experiment results indicate that the proposed approach can yield accurate solutions with shorter
computation time. Moreover, the proposed method also provides superior results in the presence of bad data.

Keywords: Hybrid state estimation, pseudo-voltage measurement, synchronizing phasor measurement, weighted

least square.

1. Introduction

State estimation (SE) plays an important role in en-
ergy management systems, power system security and
reliability. The state estimation is based on a mathe-
matical relation between the actual measurements and
the network topology of the power system under con-
sideration V. Using transducer transformers, bus volt-
age magnitudes, branch current magnitudes, and branch
real and reactive powers are usually recorded by the in-
stalled remote terminal units (RTUs). The data is sent
to a supervisory control and data acquisition (SCADA)
system and used to determine the best estimation of
power system states, i.e. voltage magnitudes and phase
angles of the system buses. Since each RTU collects
data at different snapshot times, recently usage of de-
vices called phasor measurement units (PMUs), which
measure voltage and current phasors at the synchroniz-
ing time via the global positioning system, became more
popular @~®_ Each PMU can provide measurement
data at a high sampling rate of up to 50 or 60 samples
per second ® ©_ In practice, PMU data is available from
a phasor data concentrator at a rate of 20-30 samples per
second while RTU data is usually obtained from SCADA
at a rate of 2-5 samples per second . Therefore, the
synchronized measurements obtained from PMUs are
very accurate and could be used to replace the conven-
tional measurements. However, due to their high capi-
tal and communication costs, PMUs are only installed
at some specific buses. For that reason, methods utiliz-
ing data from both RTUs and PMUs to estimate power

* Department of Electrical Engineering, School of Engineer-
ing, University of Phayao, Phayao, 56000, Thailand.
** Department of Electrical Engineering, Faculty of Engi-
neering, Chiang Mai University, Chiang Mai, 50200 Thai-
land.
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system states have gained much attention. Such meth-
ods are also referred to as the hybrid state estimations
(HSE).

Several HSE algorithms based on the weighted least
square (WLS) criterion have been proposed. In Ref. (7),
a two-stage SE formulation has been presented. In the
first stage, the measurements collected via PMUs are
used to formulate a linear SE and the bus voltage pha-
sors to be estimated are expressed in rectangular co-
ordinates. Next, these estimated voltage phasors are
converted into polar coordinates and employed either as
high accuracy measurements or additional equality con-
straints while the SCADA measurements are formulated
as a nonlinear estimation to determine the whole system
states. In Ref. (8), a multi-stage SE based on multi-
sensor data fusion theory to optimally combine the re-
sults independently obtained from SCADA and PMU
based estimation modules has been proposed. This
method is able to preserve the optimality of the HSE
solution under certain conditions. In Ref. (9), three dif-
ferent approaches for inclusion of the current phasors
data measured by PMUs have been studied. They are
compared in terms of convergence properties and esti-
mation performance. Reference (10) presents the HSE
algorithm where both conventional and synchronized
measurements are used directly, thus avoiding the prop-
agation of uncertainties. Three different SE methods,
i.e. (a) the SE that uses current phasors measurements
in rectangular forms “*  (b) the SE that uses pseudo-
voltage measurement approach, and (¢) the SE where
the state vector includes the magnitudes and phase an-
gles of PMU current phasors, are investigated in terms
of accuracy and convergences. The methodology to es-
timate the mean and uncertainties of pseudo measure-
ments based on the unscented transformation is also pro-
posed. In Ref.(12), the constrained formulation of the



HSE that incorporates pseudo power flow measurements
obtained by combining the voltage and the current pha-
sors provided by PMUs has been presented. Comparison
results with the methods in Ref. (11) are also provided.
Nevertheless, in these literatures, the measurement func-
tions are nonlinear when RT'U data are included. There-
fore, a solution method based on Newton iterations is
needed to find the estimated state variables of power
systems. Reference (13) presents a non-iterative state
estimation based on a new AC power flow formulation
designated as the line flow based model. The method
adopts the line flows and square of voltage magnitudes
as the problem state variables and incorporates both
active and reactive power quantities. Since the method
solves the SE problem using a direct matrix inversion
technique, the computational burden is improved.

This paper presents a novel approach for HSE where
measurement set contains data collected by both RTUs
and PMUs. The proposed method is based on the con-
cept of pseudo-measurement and it uses complex num-
bers expressed in polar coordinate to represent both
state variables and measured values. Actual current
phasor and power flow measurements at one end of
the transmission line are converted into the correspond-
ing pseudo-voltage measurements at the other end of
the line. Using the voltage phasors directly obtained
from PMUs and the pseudo-voltage as the measurements
while magnitudes and phases of all bus voltage phasors
are the estimated states, the measurement function can
be expressed as a linear relation between the measured
quantities and the states to be estimated. Furthermore,
the elements of the measurement matrix become either
0 or 1. This formulation also allows the information col-
lected at different sampling rates from both RTUs and
PMUs to be used in the estimation. The solution algo-
rithm based on WLS criteria and bad data analysis are
applied to solve the formulated problem.

This paper is organized as follows. Calculations of
pseudo-voltage measurements are described in Sec. 2.
The proposed HSE formulation and a solution technique
are explained next. Numerical results of the proposed
algorithm are illustrated and compared with the conven-
tional HSE method in Sec. 4. And conclusions are given
in the last section.

2. Pseudo-Voltage Measurements

Fig.1. Equivalent circuit of transformer.

In this section, the techniques used for converting the
actual measurements into the pseudo-voltage measure-
ments and their standard uncertainties are explained.

Each type of measurement requires different approach.
Fig. 1 shows a steady-state equivalent circuit of a trans-
former, the relation between its branch current phasors
and bus voltage phasors can be written as

Ft] _ {(?;eﬁih)/az —?ie/ﬂ {Vé] e

E)f - se/a/_> ?se"_?sh

where, I_;t = Iy /& denotes the phasor of branch cur-
rent flowing from bus f to bus ¢, 7f = Vy/0; represents
bus f voltage phasor, ze = Yse s and ?:h = YsnlWsh
are the series and shunt admittance of transformer,
@’= al¢ is the complex turn ratio of the transformer.
Note that this model can be used to represent transmis-
sion line 7 model if a’= 1/0.

2.1 Current Phasor Measurement Assume
that PMU is installed at bus f, i.e. the sending bus,
thus ?f and Iy; are measured. Then the receiving bus
voltage phasor, Vz, can be given by

Pl et Tup @p o
t= el 4 t= 3t
Ve oo @ Vee
where
1 Y‘} a
A:gicosﬁ—l—a;slercosal—Yselftcosag,
1 Yy
B:ansinﬂwLa h Visinag — Iy sinao,

here 8 = 05 —¢, 0 = B+vsp—Vse and ax = Epp+1Pge— 0.
The magnitude and phase angle of the receiving bus
voltage phasor can be obtained by

V= VA2 4 B2 = fy (&), ceoverveneeenenn (3)

6, = tan~! % = fo, (@), oo (4)

where @ = [Vy 05 Ip, fft]T = [z1 22 23 x4]T indicates
the state vector. If the transformer’s parameters, the
sending bus voltage phasor, and the branch current pha-
sor are known, the receiving bus voltage phasor can be
calculated as pseudo-voltage measurement.

The partial derivatives of V; and #; with respect to
Tm(m =1,2,3,4) can be expressed as follows

v, 1 (AaA B@B>7

Ot Vt 0z 0xm
a0, 1 0B 0A
Oty VTz ( 0T, B@xm> ' (6)

The partial derivative of A with respect to each z,,
can be expressed as follows

gi:%:i<cosﬁ+}éz cosa1>, """ (7)
(% - % - ,é <sinﬂ+ 1;’1 sina1> Vi, - (8)
gi’:g[i:_)ze COSQUg, wvrrrrrnanenss (9)
ggi:;;:}zeffﬁma} ............... (10)
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Similarly for B,

OB 9B 1
7= =2 (sinB8+ P ginay ). - 11
Ory  0Vy a < ) ’ (11)
0B 0B 1 Y

== (12
s 89f . cos 3 + — - COS 041) Vi, -+ (12)
0B 0B a
il e SIDL Uy, vt (13)
0B _ 0B _ 7i_[ftcosa2. ............. (14)
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By using uncertainty propagation theory @, the stan-
dard uncertainty of V; and #; can be expressed as follows

4
u(Ve) = | >

o) — |3 (efﬁlwm))g’ ............. (16)

where u(x,,) indicates the standard uncertainty of the
measurement ,,. If the distribution of the measurement
is uniform, the uncertainty of the measurement can be
given by

u(Tm) = W,

where Az, denotes the maximum uncertainty of the
measurement which is usually obtained from the manu-
facturer *®. In addition, one may use the standard de-
viation of the measurement as the standard uncertainty.

2.2 Power flow measurements From Fig. 1, if
the power flowing from bus f to bus ¢, ?ft = Py +
JQft = S¢:/dye, is obtained from the RTU reading and
7f is available then we can compute the magnitude and
phase angle of an equivalent current phasor, i.e. pseudo-
current measurement, as follows,

1
I = V7f PJ%t + Q?t = [ (Y), o (18)
o= —tan UG ) (19)
ft

where y = [V} 0 Pry Q4 ]T . The partial derivatives of
I, and &f, with respect to y are obtained by

aIft St Py Qrt T

By = [—V—ff 0 Vfgft Vféft } e (20)
30 Q P 1T

e = {O 1 S?ftt —S—éi} ............. (21)

The standard uncertainties of these pseudo-current
measurements can also be computed by using the theory
of uncertainty propagation. Using these pseudo-current
measurements together with the sending bus voltage
phasor, Vy, the pseudo-voltage measurement at the re-

ceiving bus, 7,5, can be calculated by using Eq.(2).
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Fig.2. Equivalent circuit of transmission line con-
nected at bus f.

2.3 Power Injection Measurements In order
to utilize the injected power measurement data, the fol-
lowing technique can be applied. Consider Fig. 2, let

+i and y_}l be the voltage phasor and branch admit-
tance of the i-th bus connected to bus f. If the values
of all voltage phasors, of all buses connected to bus f
are available, either from the actual or pseudo-voltage
measurements, the injected current I ¢ can be computed
from,

N

%

I =16 =gV + Y 514V — Vi),
=1

where 7} represents the self admittance of bus f. The
injected current in Eq.(22) can be considered as the
pseudo-injected current measurement and its standard
uncertainties can also be computed by using the theory
of uncertainty propagation.

Now, if the injected power at bus f, Sf =Pr+jQy =
S¢/6y and the pseudo-injected current measurement,
I = 1I¢/&;, are available then these information can be
converted into the magnitude,f/f, and phase angle, 9~f,
of the pseudo-voltage measurement at bus f as follows:

1
V= E\/FW = fi, (W), oo (23)
f; = tan~! %J: +Ep = f5, (W), (24)

where w = [I1 & Py Q)"

In summary, to employ the power injection measure-
ment at bus f, one uses the voltage phasors of bus f and
all connecting buses to find the pseudo-injected current.
Then the pseudo-voltage measurement at bus f can be
computed from Eq.(23) and (24). These values can be
employed as additional pseudo-voltage measurements of
bus f. R ~

The partial derivatives of Vy and 6y with respect to
w are obtained from

8f/f S Py Qf T

ai,w = [_é O m m} R R (25)
8§f Q p 1T

L0 1 ==X S
el ¥ s (26)

these values are needed for computing the standard un-
certainties of the pseudo-voltage measurement.

3. Proposed Hybrid State Estimation

3.1 Measurement model The magnitudes of
bus voltage phasors and branch current phasors, the



branch real and reactive powers are obtained from RTUs
while, for the bus with PMU installed, the magnitudes
and phase angles of bus voltage and branch current pha-
sors are captured. Using the pseudo-voltage measure-
ments described in the previous section and the state
variables expressed in polar form, a linear measurement
model of the proposed state estimation can be expressed
as

where z is the vector containing both actual voltage
measurements and pseudo-voltage measurements, x is
the vector of state variables, i.e. magnitudes and phase
angles of all bus voltage phasors, H is the measurement
matrix whose elements are either 0 or 1, and r indicates
the residual vector.

v

| ]12 Pa3, Qa3
—

—

\|7§

\|7§
!

RTU

Fig.3. Three bus example system.

As an example, consider the 3-bus system shown in
Fig. 3. Let bus 1 be the reference bus and its phase is
set to 0. The state variables are @ = [V} V5 V3 05 03 ]T
There are one PMU and one RTU placed at bus 1 and
2, respectively. The PMU measures Vi = V1£0 and
12, while the RTU measures voltage magnitude V5, real
and reactive flow power Ps3, Q23 and real and reactive
injected power P», Q2. By using V; and 112, the pseudo-
voltage measurement V& = V, "> /05"> can be com-
puted. Next by usmg ng7 Q23 the pseudo-voltage mea-
surement Vi& = 23 /03 P523 can be computed. For
the injected power, since Vi, 72 and 7313 are available,
the pseudo-voltage measurement due to injected power
Vs 2195 92 can be computed. The measurement vec-
tor in this example consists of two actual voltage mag-
nitude measurements and six pseudo-voltage measure-
ments. The linear measurement model for state estima-
tion of this system can be given by

14 100 00
Va 01 000
v, he 0100 0|][W
9“12 000 10]|]|"%
Vpszg =lo 01 0 0 gg +r,-(28)
9”523 0000 1|]
VP32 01000 °
_9552_ 00 0 1 0]

notice that H, the measurement matrix, consists of only
0 and 1. And each row contains exactly one non-zero el-
ement.

3.2 WLS Solution Method The proposed
HSE is considered as the following WLS optimization
problem,

J(x)=(z— H:B)TRfl(z —Hz), oo (29)

where R stands for the measurement covariance matrix
and it is given by

Ry epuu 0 0
R = 0 RVR,TU 0 R (30)
O 0 Rvp

here Ryprvu and Ryrru are the covariance matrices
of measurements obtained from PMUs and RTUs, re-
spectively. Ry r represents the covariance matrix of the
pseudo-voltage measurements whose elements are ob-
tained by using the uncertainty propagation. Usually,
these are diagonal matrices. Being linear, the solution
of the optimization problem in Eq.(29) can be obtained
from

where G = HT R™'H is the gain matrix. For the pro-
posed formulation, G becomes a diagonal matrix since
there is only one non-zero element in each row of H and
R ! is a diagonal matrix. Hence G™! can be found eas-
ily. Since « can be found directly, the proposed method
requires no initial guess.

3.3 Bad data analysis Detecting and eliminat-
ing bad data is necessary in order to obtain the reliable
estimated states. The redundancy in measurements is
required for bad data detection and elimination. The
technique based on Chi-squares test is usually employed
to detect the presence of bad measurements in many
WLS based SE @”. The largest normal residual test ™
is also practical to determine bad measurements. The
normalized residual, 7, is calculated as follows,

rx = Diag {Q}*l/2 [P e (32)

where @ = R — HG 'H" is the residual covariance
matrix and Diag{Q} denotes a diagonal matrix whose
elements are from the diagonal elements of £2. The mea-
surement corresponding to the largest normalized resid-
ual which is greater than the detection threshold, usually
3.0, is identified as bad.

In the proposed method, if either the voltage mag-
nitude or the phase angle of any pseudo-voltage mea-
surement is identified as bad then the corresponding ac-
tual measurements, i.e. real and reactive power flows
or magnitude and phase of branch current phasors, are
also considered as bad measurements. The elimination
of this pair reduces two corresponding rows in the mea-
surement matrix, H. The estimation is performed again
until no bad measurement detected.

4. Case Studies

The proposed WLS based state estimator has been im-
plemented in the MATLAB environment. The INTLAB
toolbox *® has been applied to automatically evaluate
all derivatives and Jacobian matrices. The maximum
uncertainties of measurements obtained from PMUs are
0.02% and 0.03% of the readings for voltage magnitudes
and current magnitudes respectively, while for the phase
angle measurement the maximum uncertainty is set to
0.01°. The maximum uncertainties of branch power
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and bus voltage magnitude measurements are set to
1.5% and 0.4% of the readings respectively. The values
of actual measurements are computed by using MAT-
POWER “*®. For each measurement, the zero mean
Gaussian noise with the corresponding standard devia-
tion is added. All numerical experiments have been per-
formed on a computer with Intel Core i5 CPU 2.27 GHz
and 2 GB of main memory. We test and compare the
following HSE methods:

HSE#1: the conventional HSE | where the measure-
ment data consists of magnitudes and phases of volt-
age phasors and current phasors, branch powers,
and bus voltage magnitudes. Since the HSE prob-
lem is formed as a nonlinear optimization problem,
the Newtons iteration process is needed to find the
solution. The tolerance used to define convergence
is 1076.

HSE#2: the proposed HSE.

For HSE#1 method, the elements of the measure-
ments Jacobian matrix can become very large or un-
defined values for a certain range of state variables es-
pecially when there are current magnitude and phase
measurements P . It may result in divergence of the
estimation. In this paper, the appropriate initial guess
based on power flow is used to obtain convergence of the
iterative process of the HSE#1 method.

Fig.4. IEEE 14-bus system with measurements.

4.1 Test With TEEE 14-Bus System Fig. 4
shows the IEEE 14-bus system together with the mea-
surement types and positions. The pseudo-voltage mea-
surements at the receiving ends of transmission lines
connecting to the buses with PMUs installed (bus 5 and
9) are calculated by using the voltage and current pha-
sor measurements as described in Sec. 2. The voltage
phasors at the receiving buses are also used to calculate
the pseudo-current measurements at the sending end of
the transmission lines placing branch power measure-
ments. Then, the pseudo-voltage measurements at the
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other end of the transmission lines placing these power
meters can be computed.

For examples, the PMU installed at bus 5 provides
data of the bus voltage phasor and the current pha-
sor flowing from bus 5-1, 5-2, 5-4 and 5-6. Hence, the
pseudo-voltage measurement at bus 1, 2, 4, and 6 can be
computed. Since we have computed the pseudo-voltage
phasor of bus 6, the reading from the meters measur-
ing power flowing from bus 6-11, 6-12, and 6-13 can be
converted into equivalent current phasors flowing from
bus 6-11, 6-12, and 6-13, respectively. And they are used
to compute the pseudo-voltage phasor measurement at
bus 11, 12, and 13, respectively.

Table 1. Actual Measurements of IEEE 14-Bus.

Measurement Set A (PMU#1)
PMU Mag. Phase(°) | RTU P Q
Vs 1.0203 —8.779 Sa_3 0.7378 0.0356
Is_1 0.7140 173.250 S4_2 —0.5466 0.0340
Is_> 0.3984 168.909 Si_3 0.2355 —0.0547
Is_4 0.6237 5.197 Sa—7 0.2797 —0.0951
Is_¢ 0.4498 —25.009 | Se_11 0.0735 0.0347
Se—12 0.0783 0.0249
Se6—13 0.1768 0.0712
S 0.1847 0.2941
Se¢ —0.1106 0.0474
Mag.
Va 1.0175

Measurement Set B (PMU#2)
PMU Mag. Phase(®) | RTU P Q

Vo 1.0562 —14.947 S7_g 0.0000 —0.1713
Ig—4 0.1531 170.821 | S14—13 —0.0554 —0.0159
Ig_7 0.2699 154.970 Mag.
Ig_10 0.0642 —54.350 Vs 1.0928
Ig_4 0.0959 —36.173

Table 2. Pseudo-Voltage Measurements of IEEE
14-Bus.

Measurement Set A (PMU#1)

PMU Mag. Phase(®°) | RTU Mag. Phase(®)
Vi 1.0601 —0.005 Vi 1.0099 —12.780
Vo 1.0451 —4.978 Vo 1.0452 —4.960
V4 1.0187 —10.321 Vi 1.0102 —12.702
Ve 1.0700 —14.219 Vz  1.0622 —13.352

Vii  1.0571 —14.792

Via  1.0552 —15.080

Viz  1.0506 —15.153

Vo 1.0314 —4.734
Ve 1.0602 —14.742

Measurement Set B (PMU#2)

PMU Mag. Phase(°) | RTU Mag. Phase(®)
V4 1.0185 —10.325 Vg 1.0903 —13.369
Vz 1.0618 —-13.369 | Vi3 1.0503 —15.167

Vio 1.0512 —15.105
Vig 1.0357 —16.040

For this system, the total number of measurements
(including pseudo-measurements) is 44 and the number
of state variables is 27 since the angle of the reference
bus is set to zero. Table 1 lists the actual measured data
for the IEEE 14-bus system. Table 2 lists the pseudo-
voltage measurements according to the actual measure-
ments. The standard deviations of the pseudo-voltage
measurements are computed by using the uncertainty



propagations as explained in Sec. 2. Although PMU
captures data at higher sampling rate than RTU, in this
test it is assumed that the data is collected at the same
rate. The estimated voltage magnitudes and phase an-
gles for the IEEE 14-bus system are shown in Table 3.
It can be seen that the proposed HSE#2 method pro-
vides estimation results comparable to those obtained

from the HSE#1 method.

Table 3.

Estimated State of IEEE 14-Bus.

Bus

True value

Estimated value

Mag./Phase(°)

HSE#1

HSE#2

WU W

1.0600/ 0.000
1.0450/ -4.981
1.0100/-12.718
1.0186/-10.324
1.0203/ -8.783
1.0700/-14.223
1.0620/-13.368
1.0900/-13.368
1.0563/-14.947
1.0513/-15.104
1.0571/-14.795
1.0552/-15.077
1.0504/-15.159
1.0358/-16.039

1.0601/ 0.000
1.0450/ -4.979
1.0100/-12.695
1.0186/-10.323
1.0203/ -8.781
1.0700/-14.221
1.0619/-13.368
1.0904/-13.368
1.0563/-14.945
1.0513/-15.103
1.0571/-14.795
1.0551/-15.083
1.0504/-15.161
1.0358/-16.038

1.0601/ 0.000
1.0451/ -4.978
1.0101/-12.708
1.0186/-10.323
1.0203/ -8.779
1.0700/-14.219
1.0619/-13.368
1.0903/-13.369
1.0562/-14.947
1.0512/-15.105
1.0571/-14.792
1.0552/-15.080
1.0504/-15.161
1.0357/-16.040

The proposed HSE in presence of bad data has been
performed and compared with the HSE#1 method. In
the proposed approach, the voltage phasors obtained
from PMUs are very important measurements and they
are assumed to be correct. This assumption should be
practically satisfied since PMU can provide measure-
ments with high accuracy. In the following tests, bad
data of branch power is set by multiplying its measured
value with —1, i.e. reversing the flow direction. Bad
current phasor data is set by increasing the magnitude
and phase angle by 20%. Three cases of bad data mea-
surements are examined and the results are summarized
in Table 4. The HSE#1 method can detect and elimi-
nate bad data only for Case 2. For Case 1 and Case 3,
which the magnitude and phase angle data of the cur-
rent phasor are bad, the Newton iterations stop with no
convergence results. The proposed method, however, is
able to provide the true identification results for all test
cases.

Table 4. Bad Data Identification for IEEE 14-Bus.

Case Bad Identify HSE#1 HSE#2

Meas. Cycle ry®?  Identify rx*  Identify
1 Tg_4 1 Not Converge 28.13 Ig_4
2 1.06 None
2 Se 1 73.38 Ps 119.16 Se
2 37.52 Qs 1.06 None

3 1.33 None
3 Tg_4, 1 Not Converge 153.25 Sa
Sa 2 28.13  Io_4
3 1.06 None

4.2 Test With IEEE 57-Bus System In this
subsection, the HSE in presence of bad measurements
for the IEEE 57-bus system has been performed. Bad
data of branch powers and current phasors are set as

in the case of the IEEE 14-bus system. Fig. 5 shows
the IEEE 57-bus system including positions and types
of measurements. There are 14 PMUs measuring 14 bus
voltage phasors and 36 branch current phasors. Mea-
surements collected via RTUs contain 6 voltage magni-
tudes, 28 branch powers, and 6 injection powers.

The results of multiple bad data detection and elimi-
nation are summarized in Table 5. It can be seen that
for Case 2, where branch current magnitudes and phase
angles measurements are bad, the HSE#1 method is
not able to correctly identify the bad measurements.
But it provides the correct identification result when
only branch power is the bad measurement as shown
in Case 1. On the contrary, the HSE#2 method is able
to provide true identification results for both cases.

Table 5. Bad Data Identification for IEEE 57-Bus.
Case Bad Tdentify HSE#1 HSE#2
Meas. Cycle ry®®  Identify r7®  Identify
1 SS7—36, 1 235.73 Q49713 116.54 Si9_13
Si19-13 2 230.98 Pi9_13 12.09 S37_36
3 186.46 Ps7_36 2.18 None
4 122.22 Qs7-_36
5 2.70 None
2 Iiz_ai, 1 262.55 Psr_s36  12.09 S37_36
S37_36 2 152.72 Q37-_36 4.41 Ip3-a1
3 22.26 Py_11 2.18 None
4 18.79 Qa1-43
5 15.48 Py1_43
4.3 Performance Comparisons The perfor-

mances in terms of computation time and accuracy of
the proposed HSE have been evaluated by performing
20,000 Monte Carlo simulations and the following met-
rics are computed:

1 &1
AV = — —NAV ™o, ceeeiiii 33
ar 2 1AVl (33)

1 &1
0= CAO™ o, e 34
ar 2 g 1207 (34)

where, AV™ = Virue _ yestm and AQ™ = 07" —
0°"™  Here V'€ and "¢ denote the vectors of true
bus voltage magnitudes and phase angles, V"™ and
0°*™ are the vectors of estimated bus voltage magni-
tude and phase angle obtained from the m-th Monte
Carlo simulation, n is the number of buses, and n,; is
the number of Monte Carlo simulations. |||z denotes
two norm of vector x.

As stated above, the RTUs data obtained by SCADA
is captured with slower sampling rates than PMUs data.
Thus, we can utilize the higher sampling rates of PMUs
to reduce the effect of Gaussian noise on the PMU read-
ings by using the average values as the measured data to
reduce the effect of Guassian noise. In these tests, the
average values of 10 PMU data samples are employed.
Comparison results for the IEEE 14-bus and 57-bus sys-
tems are summarized in Table 6 and 7, respectively. In
these tables, npysy indicates the number of PMU sam-
ples to be averaged, IT and T are the average number

IEEJ Trans. X, Vol.134, No.X, 2014
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Fig.5. The IEEE 57-bus system with measurements.

Table 6. Performance Comparisons: IEEE 14-Bus.

Maximum Error

Average Error
npmu 1T &

AV A6 AV™ AT

HSE#1

1 4.0 0.0631 0.31E-4 0.15E-2 0.16E-2  7.61E-2
10 4.0 0.0628 0.20E-4 0.11E-2 0.08E-2 4.43E-2
HSE#2

1 None 0.0096 0.35E-4 0.21E-2 0.16E-2  8.53E-2
10 0.0095 0.22E-4 0.16E-2 0.08E-2 6.92E-2

Table 7. Performance Comparisons: IEEE 57-Bus.

Maximum Error

Average Error
npmu  IT &

AV ) AV™  AQ™
HSE#1
1 4.0 0.1122 0.09E-4 0.07E-2 0.13E-2  6.98E-2
10 4.0 0.1115 0.05E-4 0.04E-2 0.05E-2 3.98E-2
HSE#2
1 None 0.0476 0.15E-4 0.08E-2 0.15E-2 8.39E-2
10 0.0494 0.07E-4 0.05E-2 0.07E-2  5.12E-2

of iterations and the average computation time in sec-
onds respectively. Also included in the tables are the
results when npyy = 1, i.e. no average of PMU data
is used and the maximum errors. It can be seen that
the HSE#2 method provides comparable order of aver-
age error but with shorter computation time. Moreover,
the magnitude and phase errors of bus voltage phasors
decrease when using averaged PMU data.

5. Conclusion

In this paper, the new HSE estimation method for
power system has been presented. The magnitudes and
phase angles of all bus voltages are selected as the state
variables. The method uses the measurement vector
consisting of bus voltages phasors obtained from PMUs
and the pseudo-voltage measurements computed from
current phasors and power measurements. This makes

IEEJ Trans. X, Vol.134, No.X, 2014

each element of the measurement matrix becomes either
0 or 1. The uncertainty propagation theory is applied to
calculate the standard uncertainty of these pseudo mea-
surements. The proposed HSE method offers a system
of linear equations and the estimation solution can be
obtained without iteration. Therefore, the method re-
quires no initial guess. Results on the IEEE test systems
show that the proposed method can yield comparable ac-
curacy of the estimated states but with small computa-
tion time compared with the conventional HSE method.
Furthermore, the proposed method shows better iden-
tification results in the presence of bad measurements
under the several test cases.
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Abstract—The hybrid state estimation of a power system,
where the measured data consist of both conventional
measurements and synchronizing phasor measurements, is
generally formulated as a nonlinear optimization problem. It is
then solved by Newton based iteration procedure whose success
depends on an appropriate initial guess. This paper presents an
improved method for selecting a suitable initial solution for this
problem. All data obtained from both conventional and
synchronizing phasor measurements are employed to estimate
the initial guess. Numerical results on the IEEE 14-bus and 57-
bus systems indicate that the proposed technique provides better
convergence performance than the method previously proposed
in Ref. [5].

Index Terms—Initial guess, hybrid state estimation,
synchronizing phasor measurement, weighted least square.

l. INTRODUCTION

S TATE estimation (SE) uses data collected via a supervisory
control and data acquisition (SCADA) system and the
mathematical model of power system to estimate the power
system states which in general are voltage magnitudes and
phase angles of all system buses [1]. All branch powers and
currents flowing though the transmission lines can be
calculated by using the estimated states and network
parameters. Therefore, SE becomes an essential tool in energy
management systems and supports the security system of a
power system. The measured data for SE come from remote
terminal units (RTUs) which collect voltage magnitudes, real
powers, and reactive powers at different snapshot times, and
phasor measurement units (PMUs) which provide the voltage
and current phasors collected at the synchronized time via the
global positioning system [2],[3]. The values obtained from
PMUs are very accurate but the installation cost is high. Hence,
both RTUs and PMUs are utilized in modern power systems.
To utilize these mixed sources of data for estimating power
system states, the weighted least square (WLS) based hybrid
state estimation (HSE) has been developed [3], [4].

Three different approaches for inclusion of the current
phasors measured by PMUs into the state estimator, i.e. (i)
using branch current magnitudes and phase angles as
measurements; (ii) using real and imaginary part of the branch
current phasors as measurements; and (iii) converting
measured data into pseudo-voltage measurements, have been

Sermsak Uatrongjit
Department of Electrical Engineering,
Faculty of Engineering, Chiang Mai University,
Chiang Mai 50200, Thailand
sermsak@eng.cmu.ac.th

developed and compared in[4]. The HSE methods are
formulated using state variables in polar coordinates and the
problems are solved based on WLS criteria. The measurement
Jacobian matrix obtained from these methods needs to be re-
evaluated every iteration. The performances of the state
estimators are compared in terms of the convergence properties
and the variances of the estimated states. Results indicate that
using the current phasor measurement expressed as real and
imaginary parts gives better performance in terms of the
accuracy of the estimator and convergence characteristics.
Moreover, it is found that if the polar form of branch current
measurement is included in the measured data and the initial
guess is set to flat start, the Newton method may not
converge [4],[5]. To overcome this problem, the authors [5]
have proposed a technique for determining a suitable initial
guess of HSE. The method calculates the initial guess using the
voltage and current phasors and the voltage magnitudes
obtained from PMUs and RTUs. Simulation results on the
IEEE 14-bus and 57-bus systems under normal conditions have
shown that the method can improve the convergence of
Newton iterations even if the measurements contain branch
current phasors.

In this paper, we propose a method to improve the initial
solution setting technique presented in [5] for a HSE solution.
In this work, all branch power measurements obtained from
RTUs are also employed to adjust the initial guess.

This paper is organized as follows. The HSE with state
variables in polar form is described in Section Il. The proposed
method for finding a good initial solution is explained in
Section I1l. Numerical results on the IEEE test systems are
shown in Section IV. Finally, some conclusions are given in
Section V.

Il. HYBRID STATE ESTIMATION

The nonlinear measurement model of the HSE can be
expressed as

z=h(x)+e, @)
where,

z e R is the vector of M measurements,
xeR" is the vector of N estimated state variables, i.e.



magnitudes and phase angles of all system bus voltage
phasors,

h:R" — R" denotes the nonlinear measurement function,
and

£ R indicates the residual errors.

Since the angle of the reference bus voltage is usually set
to zero, the measured value, the measurement function, the
error value, and the estimated state corresponding to this angle
are not included in Eq. (1).

The HSE can be considered as to find X which satisfies the
following optimization problem,

Minimize .](x)z(z—h(x))T R (z-h(x)), 2)

where R is the measurement covariance matrix.
The solution method based on Newton iteration begins by

selecting an appropriate initial guess, x@, and then adjusting
the state vector x® for k =1,2,3,...using,

Ax(D :G’lHTRfl(Z—h(X(kfl))) , (3)

X = K- Ay (D) , (4)

where H represents the Jacobian matrix of h(x*™), and

G =HTR™H which is known as the gain matrix. Note that
the superscript k denotes the iteration number. These steps are

repeated until ||Ax(“)||2 is less than a pre-defined tolerance

value.
Bad data processing is necessary in order to obtain the
reliable estimated states. The redundancy in measurements is

required for bad data detection and elimination, i.e. M > N .
The largest normal residual test [1] is usually employed in state
estimators to identify bad measurements. The vector of a
normalized residual, r, , is calculated as follows,

r, =diag(Q)™"|r|, ©)

where Q =R-HGH" is the residual covariance matrix and
diag(Q)denotes a diagonal matrix whose elements are from
the diagonal elements of Q .The measurement corresponding
to the largest normalized residual, ry™ =max{r,}, which is

greater than the detection threshold is identified as bad and it
should be excluded from the measurement set [1]. After that,
the HSE is repeated until there is no more bad data detected.

\7k I, \7n
kn
| — |
I — I
_ z se _
Ysh sh

Fig. 1. Transmission line model.

I11. PROPOSED TECHNIQUE FOR INITIAL GUESS

Fig. 1 shows a transmission line = model. Suppose we know
the value of the bus voltage phasor at the sending end,

\7k =V, £6, , and the complex power flowing from the sending
end to the receiving end, S, =P, + jQ,,, then the magnitude

and phase of the branch current phasor, 1., = 1,26, , can be

expressed as,
2 2
— V Pkn +an

kn
Vk

et Qa |
%qm(P]@. )

kn

(6)

And the voltage phasor at the receiving bus\7n can be given
by

V4V —Z.0

se " kn

=A+ B, 8)

n se ' sh

whereZ_ =Z_~6,_andY, =Y, /6, denote series impedance

and shunt admittance of the transmission line, respectively. It
can be shown that

A=[Z.Y, cosa, +cos, |V, —Z,I

se " kn

cosca,, 9)

B=[Z,Y,sing, +sing, |V, - Z,|

se " kn

sina, , (10)
note that o, =6, +6,, +6, and «, =6, +6,,. The magnitude
and phase angle of \7n are given by,
V. =VA2+B?, (11)
6, =tan*(B/A). (12)

The above relations can be applied to find a suitable initial
guess of the corresponding bus voltages as follows,

Step 1:
Step 2:

Set each bus voltage phasor to 1./0°.

For the bus having a voltage magnitude measuring
device installed, use the meter reading as the initial
guess.

For the line with both voltage and branch current
phasors measuring devices installed at the sending
end, the initial guess of the receiving bus voltage
phasor is calculated by using Eq. (11) and (12).

For the line with both voltage and branch power
measuring devices installed at the sending end, the
branch current phasor is calculated by using Eq. (6)
and (7). Then, the initial guess of the receiving bus
voltage phasor is calculated by using Eq. (11) and
(12).

Note that Step 1-3 are the technique presented in Ref. [5]
while Step 4 is the additional step proposed in this paper.

Step 3:

Step 4:



IV. NUMERICAL RESULTS

The proposed initial solution method has been implemented
in the MATLAB environment and tested with the IEEE 14-
bus and 57-bus systems [6]. The INTLAB toolbox [7] has
been applied to automatically evaluate all required Jacobian
matrices. The maximum uncertainties of voltage and current
phasors are set to 0.02% and 0.03% of their readings,
respectively, while the maximum uncertainty in the
measurement of the phase angle is 0.01°. The maximum
uncertainties of power and voltage magnitude measurements
are 1.5% and 0.4% of the reading, respectively. Gaussian
noise with zero mean is added to every measurement.
Numerical experiments have been performed on a computer
with Intel Core i7 CPU 3.40 GHz and 4 GB of main memory.
The tolerance value used for stopping the iteration procedure

is set to10°.

A. IEEE 14-Bus System

Fig. 2 shows the network topology of the IEEE 14-bus
system. The measurement data of the IEEE 14-bus system are
shown in Table I. The estimated states of HSE using the
proposed initial guess method are sumarized in Table Il. With
the proposed method, the iteration number required for
Newton’s procedure is 3 while the method in [5] needs 4
iterations.

The proposed HSE in presence of bad data is also
performed and compared to the previous method [5]. Real and
reactive powers flowing through line 6-13 are simulated as
bad measurements by reversing their flow directions. Bad data
identification results for the IEEE 14-bus system are shown in
Table Ill. Both methods provide true identification results

with the same value of ry™ . It can be seen that the proposed

technique requires fewer iterations than the previous one. It
should be noted that, for all test cases, the Newton method
does not converge when using a flat-start as initial guess.

B. IEEE 57-Bus System

Fig. 3 shows the network topology of the IEEE 57-bus
system. The position and type of the measurements for the
IEEE 57-bus system are summarized in Table IV. HSE in
presence of bad measurements for the IEEE 57-bus system has
been performed. Real and reactive powers flowing through
line 37-36 are simulated as bad measurements by reversing
their flow directions. Moreover, the values of real and reactive
powers flowing through line 49-13 are increased by 20%. The
results of multiple bad data detection and elimination are
summarized in Table V. Both methods are able to provide true
identification results with the same ry™ under test conditions.

C. Comparison Results

The number of iterations and the average computation times
for normal conditions of the IEEE 14-bus and 57-bus systems
with 5,000 Monte Carlo simulations are summarized in
Table VI. It can be clearly seen that the proposed method
requires less iterations and also less average computation time

than the previous method [5]. In addition, when using the flat-
start as initial guess, the Newton method does not converge
when there are branch current measurements since some
elements of the Jacobian matrix H corresponding to the
current magnitude and angle measurements become
undefined.

c T

T .

2 | TI_—3
P! o

© : Generators © : Synchronous Condensers

Fig. 2. IEEE 14-bus system.

TABLE I. MEASURING VALUES FOR THE IEEE 14-BUS SYSTEM

PMU RTU
Mag. Angle P Q

Vs 1.0204 -8.781° S, 0.7257 0.0354
V, 1.0561 -14.952° Sz -0.5472 -0.0336
ls: 0.7139 173.255° Sus 0.2373 -0.0542
s 0.3983 | 168.906° S 0.2830 -0.0933
Iss 0.6235 5.194 Se 0.0731 0.0344
Iss 0.4497 -25.006" S 612 0.0775 0.0246
o4 0.1531 | 170.818° Se13 -0.1777 0.0719
I 0.2700 | 154.969° S s -0.0000 | -0.1695
lo-20 0.0642 -54.370° S 1413 -0.0565 -0.0157
lo1s 0.0959 | -36.168° Mag.

V, 1.0178

Vs 1.0909

TABLE Il. ESTIMATED STATES FOR THE IEEE 14-BuUs SYSTEM

Bus Magnitude/Phase Angle

True Value Estimated Value
1 1.0600/ 0.000° 1.0599/ 0.000°
2 1.0450/ -4.981° 1.0449/ -4.982°
3 1.0100/-12.718° 1.0100/-12.712°
4 1.0186/-10.324° 1.0185/-10.325°
5 1.0203/ -8.783° 1.0202/ -8.783°
6 1.0700/-14.223° 1.0699/-14.223°
7 1.0620/-13.368" 1.0619/-13.370°
8 1.0900/-13.368° 1.0900/-13.370°
9 1.0563/-14.947° 1.0563/-14.949°
10 1.0513/-15.104° 1.0512/-15.107°
11 1.0571/-14.795° 1.0571/-14.793°
12 1.0552/-15.077" 1.0553/-15.075°
13 1.0504/-15.159° 1.0504/-15.153"
14 1.0358/-16.039° 1.0357/-16.042°




TABLE Ill. BAD DATA IDENTIFICATION FOR THE IEEE 14-BUS SYSTEM

TABLE VI. PERFORMANCE COMPARISON RESULTS

Bad Data .

l\/?::s. Method Identify | Iteration e Iﬂ:g;'sf‘y

Cycle

1 4 170.44 Pe-13
P Ref. [5] 2 5 102.14 Qs.13
613 3 4 0.91 None
Qs 1 3 170.44 Ps1s
Proposed 2 3 102.14 Qs-13
3 3 0.91 None

16
12—

-
T

Fig. 3. IEEE 57-bus system.

TABLE IV. MEASUREMENT POSITIONS FOR THE IEEE 57-BUS SYSTEM

Meas. Type Position
Voltage Phasor 1, 8,12, 20, 25, 26, 32, 38, 43, 45, 46,
50, 52, 56
Current Phasor 1-2, 1-15, 1-16, 1-17, 8-6, 8-7, 8-9,
12-10, 12-13, 20-19, 20-21, 25-24,
PMU 25-30, 26-24, 26-27, 32-31, 32-33,

32-34, 38-22, 38-37, 38-44, 38-48,
38-49, 43-11, 43-41, 45-15, 46-14,
46-47, 50-49, 50-51, 52-29, 52-53,
56-40, 56-41, 56-42, 56-57

Voltage Magnitude | 21, 29, 31, 43, 47, 49

Power 2-3, 6-4, 6-5, 9-10, 9-11, 9-12, 9-13,
9-55, 15-3, 15-13, 15-14, 15-45, 19-18,
24-23, 24-25, 29-7, 29-28, 31-30, 34-35,
37-36, 37-39, 40-36, 41-43, 44-45,
47-48, 49-13, 49-48, 53-54

RTU

TABLE V. BAD DATA IDENTIFICATION FOR THE IEEE 57-BUS SYSTEM

Bad Data .
2 Method | Identify | Iteration ™ LR
Meas. N Meas.
Cycle

1 4 179.78 P37.36

2 5 88.33 Qa7-36

Ref. [5] 3 4 24.87 Pag.13

Ps7-36 4 4 22.15 Qug13
Q37_35 5 4 1.65 None
Pag.13 1 4 179.78 P37.35
Q49-13 2 4 8833 Q37.35
Proposed 3 4 24.87 Pug-13

4 4 22.15 Qu9-13

5 4 1.65 None

Iteration Average
Method Max. | Min. Iteration | 9I'ime (sec)

IEEE 14-Bus System

Ref. [5] 4 4 4.00 0.0164
Proposed 3 2 2.84 0.0127
IEEE 57-Bus System

Ref. [5] 4 4 4.00 0.0309
Proposed 4 3 3.02 0.0256

NI T T T T T T T
| T L
e e L7/t Ht it e el el Al i
| | | | | |
A S 4 . __41__.4___ |--Flatstart L
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Fig. 4. Relation between Ol g ,, /06, and &, for the IEEE 14-bus system.
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Iteration

Fig. 5. Objective function in each iteration for the IEEE 14-bus system.

Fig. 4 shows the effect of a flat-start with the variation of
the partial derivative of the branch current magnitude flowing
from bus no. 9 to 14 with respect to the phase angle of voltage
at bus no. 9, dly_,/26,, in case of the IEEE 14-bus with no
bad data. It can be seen that there is an abrupt change
near 6, =0when using a flat-start as initial guess. Moreover, at
zero phase angle, the derivative becomes undefined. While
using the initial guess obtained from Section Il provides
smooth variations.

The values of the objective functions J (x) at each iteration
are shown in Fig.5 and 6 for the cases of IEEE 14-bus and

57-bus systems with normal conditions, respectively. It can be
observed that the proposed initial guess yields a much smaller

value of J(x) than the technique in Ref. [5].
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Fig. 6. Objective function in each iteration for the IEEE 57-bus system.

V. CONCLUSION

In this paper, an improved technique to determine the initial
guess for the HSE has been proposed. Numerical results on the
IEEE 14-bus and 57-bus systems show that the initial guess
obtained by the proposed technique gives faster convergence
than by the previous method [5] for the HSE utilizing mix-
measurements.
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Abstract—This paper presents a new power system state
estimation method based on pseudo-measurements. The
conventional and synchronizing phasor measurements are
employed to calculate the pseudo-measurements of voltage and
current phasors. Using pseudo-measurement, the measurement
matrix which describes relations between measurements and
state variables contains only 0 or 1. In this work, the state
estimation problem is formulated based on the weighted least
absolute value (WLAV) criteria. The solutions are obtained by an
interior point method considering equality and inequality
constraints. Comparisons with the conventional hybrid method
are also performed on the IEEE 14-bus system in the presence of
bad data. Results indicate that the proposed method can provide
accurate solutions but with smaller computation time.

Index Terms—Pseudo-voltage measurement, power system
state estimation, synchronizing phasor measurement, weighted
least absolute value.

l. INTRODUCTION

OWADAYS monitoring system in a power system control

center depends on state estimators which are based on data
collected via supervisory control and data acquisition
(SCADA) system. The available measurements are used in
order to determine the best estimation of power system states,
which are usually all the bus voltage magnitudes and phase
angles in the system buses [1]. State estimation plays an
important role in energy management systems and supports in
the security and reliability of power system operation. The
measured data at substations are obtained by transducers and
recorded by the remote terminal units (RTUS). Since each RTU
collects data at different snapshot time, usage of devices
called phasor measurement units (PMUs), which measured
values are the voltage and current phasors collected at the
synchronizing time of the global positioning system, becomes
more popular [2]. The measured values obtained from PMUs
are very accurate. In practice, PMUs are usually installed in
specific buses due to their high costs. Therefore, RTUs and
PMUs data should be utilized to estimate power system states
and a hybrid state estimator is considered. Three different
approaches to the inclusion of the current phasors measured by
PMUs in a conventional state estimator, i.e. inclusion of branch
current magnitude and phase angle; real and imaginary part of

Sermsak Uatrongjit
Department of Electrical Engineering,
Faculty of Engineering, Chiang Mai University,
Chiang Mai 50200, Thailand
sermsak@eng.cmu.ac.th

the branch current phasors and the pseudo-voltage
measurements, have been developed and compared in [3]. The
hybrid state estimation methods are formulated using polar
form of the estimated bus voltages and then the problems are
solved based on weighted least squares (WLS) method. The
measurement Jacobian matrix obtained from these methods
need to be re-evaluated at each iteration. The performances of
the state estimators are compared in terms of the convergence
properties and the variance in the estimated states. Results
indicate that the real and imaginary part of the current phasor
give better performance in terms of the accuracy of the
estimator and convergence characteristics.

It is known that WLS state estimators are not robust in the
presence of bad data. To improve the robustness of power
system state estimation, weighted least absolute value (WLAV)
criteria may be applied to the problem since WLAV state
estimators are able to handle the bad data as long as the data
are not measured at leverage points [1]. However, the WLAV
methods usually need more computational effort than the WLS
methods. An efficient interior point based method for robust
power system state estimation based on WLAV criterion has
been proposed [4]. The method employs state variables in
rectangular coordinates and equivalent measurements
technique in order to obtain the linear measurement functions
with linear constraints of state variables. The Jacobian matrix
of equivalent measurement functions is constant when the
estimated state variables are approaching to the solution.
Results on large size systems indicate that the proposed WLAV
based state estimation can be comparable with the WLS based
method in term of computation burden. However, the
conventional measurements are only performed.

This paper presents an alternative approach for robust
power system state estimation method based on the pseudo-
measurement techniques and the usage of complex numbers in
polar forms to represent the state variables and the
measurement values. The concept of the pseudo-measurement
is employed to convert current phasors and power
measurements into the pseudo-voltage quantities at the
receiving end of transmission lines. Using the voltage phasors
obtained from PMUs and the calculated pseudo-voltage
measurements as the measurements with all bus voltages as the
estimated states, the measurement model can be written as a



linear relation between the measured quantities and the states
to be estimated. In addition, the elements of the measurement
matrix become either 0 or 1. This formulation allows the
information collected from both RTUs and PMUs to be used in
the state estimation of the power system. The solution
algorithm based on WLAYV approach [4] is applied to solve the
proposed state estimation formulation.

This paper is organized as follows. Calculations of pseudo-
measurements are described in Section Il. State estimation
problem based on the interior point WLAV method is
formulated in Section I1l. Numerical results of the proposed
algorithm are illustrated and compared with the conventional
state estimation method in Section IV. Finally, conclusion is
given in Section V.

Il. CALCULATION OF PSEUDO-MEASUREMENTS

A. Pseudo-Voltage Measurement

Fig.1 shows a transmission line = model, assume that we
know the voltage phasor at bus k , V, =V, 26, , and the
current phasor flowing through the transmission line from bus
ktobusn, I,=1,286,,, the voltage phasor at bus n can be
given by

V =7

n se sl

h\7k +\7k - Zse rkn

=A+jB, (1)

where

Z,=27,20, Iisthe series impedance of transmission line,

Y,, =Y, £6,, isthe admittance of the transmission line,

cosa,, 2

se ' sh se " kn

A=[Z.Y,,cose, +C0s6, |V, —Z,|

B=[Z,Y,sine, +sin6, |V, - Z|

se ' sh se " kn

sina,, (3)

here o, =6, +6,+6, and o, =6, +6,,.
The magnitude and phase angle of voltage phasor at bus n
can be obtained by

V. AT 1B, @)

6, =tan"*(B/A). (5)

B. Pseudo-Current Measurement

Considering Fig.1, if we know the voltage phasor at bus k
and the branch power flowing from bus k to bus n,

S, =P+ jQ=SZ¢, then the magnitude and phase angle of

current phasor (or pseudo-current measurement) can be
obtained as follows

L, =P + QN , (6)

G =—tan* (Q/P)+6,. (7

=~

Kk n

n
| — 1 |
I — I
_ Z se _
Ysh Ysh

Fig. 1. Transmission line model.

The pseudo-current measurement calculated from this
subsection will be used as current phasor obtained from the
PMU. Then the magnitude and phase angle of the pseudo-
voltage measurement can be calculated as described in
subsection I1-A.

I1l. STATE ESTIMATION FORMULATION

The magnitude of bus voltages, currents, and the branch
powers can be obtained from remote terminal units while
magnitude and phase angle of voltage and current phasors are
captured from phasor measurement units. Using the concept of
pseudo-measurements as described in Section Il, a general
form of the WLAV state estimation with constraints can be
formulated as the following optimization problem:

minimize w' |z - Hx|,
f(x) <0, @)

subject to {
9(x) =0,

where,

z s the vector of the measured values (magnitude and
phase angle of bus voltages),

X is the vector of the state variables,

w s the vector of weighting factors,

H is the measurement matrix whose elements are either 0
orl,

f(x) denotes the vector of inequality constraints,

g(x) represents the vector of equality constraints,
and superscript T denotes the matrix transpose operation.

The optimization problem (8) can be converted to an
equivalent problem as follows

minimize w'r,
z—Hx<r,
—-Z+Hx<r,
f(x) <0,
9(x) =0,
r>0,

©)

subject to

where r is called the residue vector. The WLAV state
estimation with nonlinear constraints can be solved using an
efficient interior point method [4].



IV. CASE STUDIES

The proposed WLAV state estimator based on pseudo-
measurements has been implemented in the MATLAB
environment. The INTLAB toolbox [5] has been applied to
automatically evaluate all Jacobian matrices. The maximum
uncertainties of voltage and current phasors are 0.02% and
0.03% of the reading, respectively, while the maximum
uncertainty in the measurement of phase angle is 0.01°. The
maximum uncertainties of power measurements are 2.0% of
the reading. Gaussian noise with zero mean is added to the
actual measurements and the tolerance used to define
convergence is 10™. The lower and the upper limits of the
voltage magnitudes are 0.8 and 1.20 per unit, respectively.
The bound limits are included as inequality constraints while
voltage phase angle at reference bus of power system is
considered as equality constraint. All numerical experiments
have been performed on a computer with Intel Core i7 CPU
3.40 GHz and 4 GB of main memory. Comparisons are
performed between two state estimation methods:

() WLAV#1: the conventional hybrid state estimator
which the measurement vector consists of the voltage
and the current phasors, and powers (P&Q), and

(b) WLAV#2: the proposed state estimator which the
measurement vector consists of the voltage phasors and
the pseudo-voltage measurements in polar form.

In this test, the interior point method [4] is applied to solve
both WLAV state estimators. The IEEE 14-bus system is used
as a test system. For WLAV#1 method, branch power
technique based on flat start is used for the initialization of
iterative process due to convergence problem. The elements of
the measurement Jacobian matrix H in the conventional state
estimation can have very large or undefined values for a
certain range of voltages and phase angles, when there are
current magnitude measurements [1]. In addition, these
measurements may lead to multiple solutions depending on
the initialization of the iterative solution [6]. However, for
WLAV#2 method, the initial setting of magnitudes of all bus
voltages are 1.0 per unit while their angles are 0.0°. This
implies that the initilization of the proposed WLAV#2 method
can be flat start without facing any convergence problem. The
weighting factors of the both WLAV methods are set to 1.

The accuracy of the estimation results in the presence of
measurement noise are evaluated using the following
performance indices:

Vo = o Dl (10)

~n

=—z—||A9m || (11)

m=1 Ny

Where Avm :Vtrue _V est,m Aem _ gtrue _eest,m Here Vtrue
and 6™ are the vector of true bus voltage magnitude and

phase angle, V*'™ and #*'™ are the vector of estimated bus
voltage magnitude and phase angle obtained from the m-th
Monte Carlo simulation, n, is the number of buses, and n,, is
the number of Monte Carlo simulations.

Fig. 2 illustrates the IEEE 14-bus system including the
measurements. The voltage phasors at the receiving end of
transmission lines connecting with PMU bus (bus no. 5 and 9)
are calculated by using the voltage and current phasor
measurements as described in Section 1l. The voltage phasors
at the receiving end are considered as the pseudo-voltage
measurements and used to calculate the pseudo-current
measurements at the sending end of the transmission lines
placing the power measurements. Then, the pseudo-voltage
measurements at the sending end are used to calculate the
pseudo-voltage measurements at the receiving end of the
transmission lines placing the power measurements.

Table | lists the actual measured values for the IEEE 14-bus
system. Table Il lists the pseudo-voltage measurements
according to the actual measurements. The estimated voltage
magnitudes and the estimated phase angles for the IEEE 14-
bus system are shown in Table Ill. Note that the proposed
WLAV#2 method provides the good estimation results as well
as that obtained from the WLAV#1 method.

To investigate performance of the proposed state estimator
in presence of bad measurements, both power measurements
Ss3 and Sppq; are increased by 20%. Table IV lists the
estimated values of the bad measurements.

The number of iterations and the average computation
times for the IEEE 14-bus system with 1,000 Monte Carlo
simulations are summarized in Table V. It can be clearly seen
that the WLAV#1 method requires more iterations and the
average computation time than the WLAV#2 method.
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Fig. 2. IEEE 14-bus system including the measurements.



TABLE |. AcTuAL MEASUREMENTS

TABLE V. PERFORMANCE COMPARISON RESULTS

Phasor measurement Power measurement Average
Type | Mag. [ Angle Type | P | Q Method [ Time AV, A,
Measurement set A (sec.)

Vs 1.0202 -8.783° S, 0.7299 0.0355 No bad data

Is1 0.7137 173.274° Sus 0.2383 -0.0537 WLAV#1 14.09 0.048 0.43x10* 0.37x107

Is2 0.3984 168.910° Sz 0.2757 -0.0928 WLAV#2 9.99 0.011 0.41x10™ 0.33x107

ls54 0.6236 5.197° Se1 0.0741 0.0346 Bad data

Iss 0.4498 -25.009" S 612 0.0774 0.0250 WLAV#1 14.28 0.047 1.04x10* 3.57x107
Se1s 0.1787 0.0727 WLAV#2 9.99 0.007 0.67x10™ 1.81x1072

Measurement set B

Vo 1.0565 -14.944° S8 -0.0000 -0.1706
l oy 0.1531 170.826° Sio1 -0.0374 -0.0152
los 0.2701 155.006° S 113 -0.0562 -0.0160
lo.10 0.0642 -54.364"
lg14 0.0959 -36.176"
TABLE Il. Pseupo-VOLTAGE MEASUREMENTS
Type | Mag. | Angle | Type | Mag. [ Angle
Measurement set A
Vi 1.0598 -0.000° A 1.0100 -12.697°
V, 1.0449 -4.981° Vs 1.0098 -12.730°
V, 1.0186 -10.325° V; 1.0616 -13.314°
Vs 1.0699 -14.223° Vi 1.0570 -14.804°
Vi 1.0552 -15.073°
Vis 1.0502 -15.165°
Measurement set B
V, 1.0187 -10.321° Vs 1.0903 -13.365°
V; 1.0620 -13.365° Vi 1.0571 -14.796°
V1o 1.0514 -15.101° Vi3 1.0507 -15.151°
Vi 1.0359 -16.036°

TABLE Ill. ESTIMATED STATES

Bus True value Estimated value
Mag./Angle WLAV#1 WLAV#2
1 1.0600/ 0.000° 1.0599/ 0.000° 1.0598/ 0.000°
2 1.0450/ -4.981° 1.0448/ -5.005° 1.0449/ -4.981°
3 1.0100/-12.718° 1.0098/-12.729° 1.0099/-12.714°
4 1.0186/-10.324° 1.0186/-10.325" 1.0186/-10.323°
5 1.0203/ -8.783° 1.0202/ -8.782° 1.0202/ -8.783°
6 1.0700/-14.223° 1.0700/-14.216° 1.0699/-14.223°
7 1.0620/-13.368° 1.0619/-13.363" 1.0618/-13.340°
8 1.0900/-13.368" 1.0902/-13.363" 1.0903/-13.365"
9 1.0563/-14.947° 1.0563/-14.942° 1.0565/-14.944°
10 1.0513/-15.104° 1.0513/-15.100° 1.0514/-15.101°
11 1.0571/-14.795° 1.0570/-14.795° 1.0571/-14.800°
12 1.0552/-15.077° 1.0552/-15.066° 1.0552/-15.073°
13 1.0504/-15.159° 1.0502/-15.157° 1.0504/-15.158°
14 1.0358/-16.039° 1.0357/-16.039° 1.0359/-16.036°
TABLE IV. ESTIMATED VALUES OF BAD DATA
Estimated
Bad data True Measured WLAVAL WLAVZ2
Pas 0.2370 0.2860 0.2860 0.2608
Qus -0.0542 -0.0644 -0.0644 -0.0589
P 1011 -0.0377 -0.0449 -0.0448 -0.0406
Qo -0.0153 -0.0183 -0.0181 -0.0165

V. CONCLUSION

In this paper, a new robust state estimation method for
power system with conventional and synchronizing phasor
measurements has been presented. The magnitudes and phase
angles of all bus voltages are the estimated state variables.
Since the algorithm uses the pseudo-voltage measurements as
the measurement vector, the elements of the measurement
matrix become either 0 or 1. The state estimation solution is
obtained using the interior point method. Results on the IEEE
14-bus system show that the proposed algorithm provides more
rapidly solution than the conventional hybrid method.
Moreover, the convergence problem does not occur when there
are the current magnitude measurements.

ACKNOWLEDGMENT

The authors would like to thank the Thailand Research
Fund (TRF) for supporting this research.

REFERENCES

[1] A. Abur and A. G. Exposito, Power System State Estimation:
Theory and Implementation, U.S.A: Marcel Dekker, 2004.

[2] R. O. Burnett Jr., M. M. Butts, T. W. Cease, V. Centeno, G.
Michel, R. J. Murphy, and A. G. Phadke, “Synchronized phasor
measurements of a power system event,” IEEE Transactions on
Power Systems, vol. 9, no. 3, pp. 1643-1650, August 1994.

[3] S. Chakrabarti, E. Kyriakides, G. Ledwich, and A. Ghosh,
“Inclusion of PMU current phasor measurements in a power
system state estimator,” IET Generation, Transmission &
Distribution, vol. 4, no. 10, pp. 1104-1115, 2010.

[4] C. Rakpenthai, S. Uatrongjit, 1. Ngamroo, and N. R. Watson,
“Weighted least absolute value power system state estimation
using rectangular coordinates and equivalent measurement
functions,” IEEJ Transactions on Electrical and Electronic
Engineering, vol. 6, no. 6, pp. 534-539, November 2011.

[5] S. Rump, “INTLAB-INTerval LABoratory,” in Developments
in Reliable Computing, T. Csendes, Ed. Dordrecht, The
Netherlands: Kluwer, 1999, pp. 77-104. [Online]. Available:
http://www.ti3.tu-harburg.de/rump.

[6] A. Abur and A. G. Expo6sito, “Detecting multiple solutions in
state estimation in the presence of current magnitude
measurements,” IEEE Transactions on Power Systems, vol. 12,
no. 1, pp. 370-375, February 1997.



| ] d' v A o v Y| o v
ﬂ3m"lmmuammmsmmmwermsunﬁﬂszmmanmzmmizuu"lwv\hmm

Pseudo-Measurement Uncertainty for State Estimation of Electrical Power System

v Lo g 1 a o £ &l a g2
LYIANA 5ﬂl‘1_]u‘1‘1’lﬂ LA [@TUANA DDATIVAA

a a a J a v
! ﬁ”l"ll’]’JGIﬂ’Jﬁ’JﬂiiiJ‘l‘V\l‘i/}\h AUSIAINTIUAITAT UN1INGIQTNSLY

fMuaulm suneiio SarIanzien 56000 TNSAWY : 054-466666 E-mail: chawasak@hotmail.com

2 a a Yy a s a v A '
ﬂ']ﬂ'JG]f']'Jﬁ'Jﬂiiilhh/\h/\h AUSIAINTTUAITAT 1]141'31/]311?151&‘1151\11?‘%

fuagmu suneiiiod SavTaFoalua 50200 TnsANI : 053-944140 E-mail: sermsak@eng.cmu.ac.th

o 1
unanee
£ o 4 a o A A

unanuiiuanenisdszgndmaiansiaiisuiie
Uszmnmanmzuosszuy ludhias anlimivenlwasesiaiion
gnisziliuTagldmguinisuninszarenau indueu n13ly

. E

nsoaiaussauienswnuasaos luidadani 1daunms

o Il

k4
m3daegluganuduiuiizadu dnlszinaaniuzuuiugiua

L]

S T o 3 4 '
fﬁﬁ\?f’fﬂ\iITEJEJ’c:fﬂﬂ?N‘LI”I‘HLlﬂgﬂwmu1%u1ﬁﬂ1’ﬂwﬁmﬁEJ‘llfNﬂ']ﬁﬂ”lle

A o

figndszina madwsuaaaliifiud F3Rduauelfaniuziign
UsznaIfedramiudidmsuszun lfhmdsiinsesTanmayes
ihsimziazintes AR R
iy anwlduiveulumsta niesfaion  msdszine
anuz mydaawesiniimag
Abstract
This paper presents an application of the pseudo-
measurement techniques for state estimation of electrical power system.
Uncertainties for the pseudo-measurements are evaluated by using the
classical uncertainty propagation theory. Usage of the pseudo-voltage
measurement and polar forms of state variables make the measurement
equations linear. The weighted least squares state estimator is
developed to solve the estimated state values. Numerical results show
that the proposed method provides the accurate estimated states for
electrical power system with synchronizing phasor and conventional

measurements.

Keywords: measurement uncertainty, pseudo-measurements, state

estimation, synchronizing phasor measurement
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Abstract

This paper presents a study on effects of installing
synchronizing phasor measurements on an electrical power system state
estimation, The state estimation method in [1] is applied to a power
system containing both conventional and synchronizing phasor
measurements. By using rectangular coordinate form of state variables
and the equivalent measurement technique, measuring data obtained
from conventional measurements are transformed into equivalent
phasor quantities. This allows the estimation relation to be expressed in
linear form. The proposed state estimator is tested with the IEEE 14 bus
system with FACTS devices installed. The simulation results show that

with synchronizing phasor measurements installed at appropriate

places. the accuracy of estimation can be improved.

Keywords: state estimation, synchronizing phasor measurement,

flexible alternating current transmission systems
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