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Many aspects of bivariate copulas are investigated in the project, especially their properties
closely related to dependence structure. We introduce and study two local versions of Kendall’s tau
conditioning on one or two random variable(s) varying less than a given distance. Unlike the
Kendall’'s tau, these local versions are able to distinguish between complete dependence and
independence copulas. A pointwise version of Kendall’s tau is also proposed and shown to
distinguish between comonotonicity and countermonotonicity of complete dependence copulas.
Deriving from conditional variance, we introduce a class of measures of mutual complete dependence.
These copula-based dependence measures are novel in the sense that they are not developed from a
distance from the independence copula but rather from the *-product of the copula and its transpose.

It is well known that the dependence structure of a singular copula is encoded in its support.
Motivated by a generalized closure introduced in order to study support of copulas, we developed a
theory of essential closures. A typical essential closure, called a submeasure closure, collects all
points that are essential with respect to a submeasure. Among many properties of essential closures,
we prove that a “nice” essential closure must be a submeasure closure. Examples of submeasure
closures are discussed and their applications are demonstrated, especially in the study of supports of
measures and copulas. As an opposite of independence, complete dependence copulas have been
well studied in the literature. A much broader type of singular copulas that deserve investigations is
the implicit dependence copulas, defined as the copula of two continuous random variables X,Y for
which aoX =Y a.s. for some Borel functions «a,f. Evidently, the full mass of an implicit
dependence copula is concentrated on an implicit graph, i.e. the graph of f(x)=g(y) for some
measure-preserving functions f,g . Our main result is the characterizations of a copula assigning full
mass to an implicit graph in terms of a partial factorizability of its Markov operator and in terms of the
non-atomicity of two associated sigma-algebras. As an application, we give a broad sufficient
condition under which the mass of a copula with fractal support is concentrated on an implicit graph.
Under extra conditions, we compute the left and right invertible factors of copulas with fractal support.
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