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Abstract

Project Code : RSA5680037

Project Title  : Measures of dependence

Investigator : Songkiat Sumetkijakan, Chulalongkorn University
E-mail Address : songkiat.s@chula.ac.th, songkiat.weng@gmail.com
Project Period : 3 years (17 June 2013 — 16 June 2016)

Many aspects of bivariate copulas are investigated in the project, especially their properties
closely related to dependence structure. We introduce and study two local versions of Kendall’s tau
conditioning on one or two random variable(s) varying less than a given distance. Unlike the
Kendall’'s tau, these local versions are able to distinguish between complete dependence and
independence copulas. A pointwise version of Kendall’s tau is also proposed and shown to
distinguish between comonotonicity and countermonotonicity of complete dependence copulas.
Deriving from conditional variance, we introduce a class of measures of mutual complete dependence.
These copula-based dependence measures are novel in the sense that they are not developed from a
distance from the independence copula but rather from the *-product of the copula and its transpose.

It is well known that the dependence structure of a singular copula is encoded in its support.
Motivated by a generalized closure introduced in order to study support of copulas, we developed a
theory of essential closures. A typical essential closure, called a submeasure closure, collects all
points that are essential with respect to a submeasure. Among many properties of essential closures,
we prove that a “nice” essential closure must be a submeasure closure. Examples of submeasure
closures are discussed and their applications are demonstrated, especially in the study of supports of
measures and copulas. As an opposite of independence, complete dependence copulas have been
well studied in the literature. A much broader type of singular copulas that deserve investigations is
the implicit dependence copulas, defined as the copula of two continuous random variables X,Y for
which aoX =Y a.s. for some Borel functions «a,f. Evidently, the full mass of an implicit
dependence copula is concentrated on an implicit graph, i.e. the graph of f(x)=g(y) for some
measure-preserving functions f,g . Our main result is the characterizations of a copula assigning full
mass to an implicit graph in terms of a partial factorizability of its Markov operator and in terms of the
non-atomicity of two associated sigma-algebras. As an application, we give a broad sufficient
condition under which the mass of a copula with fractal support is concentrated on an implicit graph.
Under extra conditions, we compute the left and right invertible factors of copulas with fractal support.
Keywords : local Kendall’s tau, conditional variance, essential closures, implicit dependence

copulas, non-atomic copulas
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The joint distribution function of two random variables X and Y on a common probability space
contains all information of their probabilistic dependency. However, a joint distribution function contains
information on both how the random variables are depending on each other and how each random
variable is distributed. When only the dependence structure of X and Y are investigated regardless
of their (marginal) distributions, it is natural to study their copula instead. This is due to the fact proved
by Sklar [56] that every joint distribution F'y , can be written as F , (x,y) = C(FX (x),FY(y)) for

some copula C=C, ,, where F, and F), are marginal distributions of X and Y respectively, and

that the copula of continuous random variables X and Y is invariant under strictly increasing
transformations of the random variables. A (bivariate) copula is defined as a joint distribution function of
two uniform [0,1] random variables.

The reason why research interests on copula theory have grown enormously in the past two
decades is its successful applications in financial modeling, hydrology and in many fields [36]. Copula
modeling offers much more flexibility and allows near tailor-made distributions fitting to a given situation
[29]. Therefore, more theoretical studies are necessary in order to improve copula modeling.

By definition of independence, (the) copula of independent random variables is H(x,y) = Xy and

vice versa. It is a more difficult question to classify copulas of mutually completely dependent random
variables, which means that the two random variables are completely dependent on each other almost
surely. The support of a copula C' is where quantiles correlate with positive probability and is defined
as the support of the doubly stochastic measure [ :
o ([u,u, ] X[v,v,]) = C(uz,vz)—C(u2,vl)—C(ul,v2)+C(ul,v1).

Though most applicable copulas have full support, certain dependencies in complicated models lead to
copulas with singular components [19,36] whose supports contain crucial information. Hence study of
copula supports is necessary in understanding these complicated scenarios. In fact, the supports of
doubly stochastic measures have been extensively studied by mathematical analysts for decades yet the
geometrical characterization problem is still open.

The Sklar’s theorem and the invariance property of copulas under strictly increasing transformations
of random variables [18,43] justify widespread use of copulas as a representation of dependence
structure between random variables. For instance, continuous random variables X and Y are almost
surely strictly increasing or almost surely strictly decreasing dependent if and only if their copula is
M (x,y)=min(x,y) or W(x,y)=max(x+y—1,0), respectively. In general, following [33,55],
Y is said to be completely dependent on X if there is a Borel measurable function f such that
Y=/f(X). And X and Y are called mutually completely dependent if Y is completely dependent

on X and X is completely dependent on Y. The larger class of mutual complete dependence
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copulas includes the shuffles of Min introduced by Mikusinski et al. [37,38]. A shuffle of Min is the
copula of X and Y for which there exists an invertible Borel measurable function f with finitely many
discontinuity points such that ¥ = f(X') almost surely. Equivalently, f is invertible and piecewise
monotonic. The opposite case is independence. Recall that X and Y are independence if and only if
their copula is II(x,y)=xy. However, most dependencies are between these two extremes. So
suitable dependency levels are necessary in selecting the right copulas. Renyi [46] proposed seven
postulates for which a good measure of dependence should satisfy. There are also other propositions,
such as Schweizer and Wolff's [52]. Since then, many nonparametric measures of dependence have
been introduced, studied and used. See [18,29,36] and references therein. Their probabilistic
interpretations, invariant properties and implementations are central in our investigation.

The Kendall's tau has been a measure of concordance of choice for decades. One reason is that it
depends only on the copula, not the marginal distributions. However, the independence copula is not
the only copula whose Kendall’s tau is zero. To remedy the incapability to distinguish independence
from certain complete dependence, we propose two local versions of Kendall's tau, conditioning on the
events that one or two random variables vary less than a fixed distance, hence called uni- and bi-
conditional local Kendall's taus. Their formulas for various copulas are given and their limits are
computed. They are shown to distinguish the independence copula from complete dependence copulas.
Some preliminary results on newly defined pointwise Kendall’s tau are also obtained. See [n1AKN®WIN A].

The *-product was first introduced by Darsow, Nguyen and Olson [8] in their study of Markov
processes. Their remarkable result is that if {Xt} is a Markov process and Cst denotes the copula of

X, and X, thenforany s<t<u, C, =C,*C, . Anecessary and sufficient condition of Markov

process is also given in terms of a variant of the * -product. This gives rise to a novel method to
construct a Markov process/chain by assigning desired dependence structure among states via a class
of parameterized copulas satisfying some conditions. An additional benefit of this method is the freedom
to choose marginal distributions of Xt without any restrictions. This was impossible before the advent
of copulas and the *-product. Since Markov processes/chains is one of the most commonly used
stochastic processes in the literature, behaviors of the *-product is very important and worth
investigating further.

When one wants to associate a copula of two continuous random variables with certain level of
mutual complete dependence, the (modified) Sobolev norm introduced by Siburg et al. [55] is the first

choice. The Sobolev norm of a copula C is defined via

I = (8,006 ))" +(0,CCx ) dxdy.
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It is derived from Darsow et al.’s study of Markov processes [8,9,44] in which they introduced and

studied a binary (product) operation *:@ x@ - @ where @ is the class of all bivariate copulas,

defined as
1

C*D(x,y) =f82C(x,t)8]D(t,y)dt.

0
By direct computations, for any copula C, II*C=I1=C*Il and M*C=C=Cx*M .
Therefore, (@,*) is a semigroup with identity M and null element IT. They showed that

”C” =+/2/3 ifand only if C =1II, and that the following are equivalent.

i)y C is a copula of mutually completely dependent random variables.

i) C is invertible with respect to the * -product.

iy C has unit Sobolev norm.

It is evident that mutual dependence, Sobolev norm and the structure of * -product are strongly
related. Moreover, the Sobolev norm gives rise to a measure of mutual complete dependence invariant
under strictly monotonic transformations. After modification so that it is invariant under bijective
transformations, Ruankong et al. [49] obtained a measure of dependence satisfying five main postulates

of Renyi’s. Note also that the Sobolev norm of a copula lies in the interval [\/2/3,1] and that if C is

eft or rig Invertibie en =1, where bo ounds are sharp. ese are € only Known
left or right invertible then ¥5/6 <||C||<1 where both bound h Th th ly k

probabilistic interpretations of the Sobolev norm.

Since dependence level should be closely related to conditional variances, a careful analysis of the
total conditional variance gives rise to a function of two continuous random variables that is almost a
measure of mutual complete dependence. This function is based on the * -product of the corresponding
copula and its transpose. In fixing the only missing property, we construct a class of measures of
mutual complete dependence. This approach gives a fresh perspective on how one could define a
measure of dependence. See [NNaKWIN B].

In their study of relationships between the support of a complete dependence copula CX,f(X) and
the graph of f, Ruankong and Sumetkijakan [48] found that they are equal after taking essential
closure. They also showed that supports of doubly stochastic measures are essentially closed. These
new concepts turn out to be a generalization of one-dimensional essential closure used in [25]. Another
kind of essential closure studied in measure theory [22] is based on the notion of Radon-Nikodym
derivative or density with respect to a measure. We therefore develop a general axiomatic theory of
essential closures and show that all aforementioned essential closures are just special cases. A main
result is that all “nice” essential closures must be defined from a sub-measure closure. We also study a

more general and natural concept of essential closure operators. See [nNaAN®KIN C].
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All postulates of measures of dependence impose restrictions only for independence and complete
dependence cases. This allows a measure of dependence to behave quite arbitrarily for dependence
structure lying between the two extremes. A class of copulas that is still manageable but large enough
to connect the dots between independence and complete dependence is the non-atomic copulas.
Loosely speaking, a non-atomic copula is the copula of two continuous random variables that are
deterministically dependent on set-level for large classes of sets. They are singular copulas and contain
implicit dependence copulas, defined as the copula of two continuous random variables that are implicitly
dependent. Evidently, the full mass of an implicit dependence copula is concentrated on an implicit
graph. Our main result is the characterizations of a copula assigning full mass to an implicit graph in
terms of a partial factorizability of its Markov operator and in terms of the non-atomicity of two associated
sigma-algebras. As an application, we give a broad sufficient condition under which the mass of a
copula with fractal support is concentrated on an implicit graph. Under extra conditions, we compute the

left and right invertible factors of copulas with fractal support. See [nNaN®IN D].
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1.

Develop a unified theory of essential closures and find connections with other fields of mathematics.

2. Find measure(s) of dependence in terms of conditional variances or conditional distributions and study

their properties and probabilistic interpretations.
5¥in79e

1. Find appropriate definitions of local Kendall’s tau that reflect local concordance and study their properties.

2. Define pointwise Kendall’s tau, derive its formula and study its properties.

3. Compute local and pointwise Kendall’s tau for some copulas.

4. Investigate total conditional variance and find its formula in terms of copulas.

5. Determine whether it gives rise to norms and/or measures of dependence.

6. Study its probabilistic interpretation and connections to other measures of dependence.

7. Collect various examples of “essential closures.”

8. Investigate properties that are crucial for essential closures. Choose a set of postulates that all essential
closures should satisfy.

9. Derive properties from these postulates. Extra regularity conditions might be needed.

10. Find characterizations of “nice” essential closures.

11. Find connections and applications of essential closures.

12. Define non-atomic bivariate copulas to reflect the deterministicity of random variables on set levels for a
large class of sets.

13. Derive properties of non-atomic copulas, especially its characterizations.

14. Study some examples of non-atomic copulas, such as copulas with fractal support, in more details.
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1.

10.

11.

12.

13.

Definition and a formula of uni-conditional local Kendall’s tau, as well as a formula of its limit as the
variation approaches zero, are given. These values for shuffles of Min and absolutely continuous copulas

are computed and shown to be different. [n1AN®WIN A. Section 2]

Definition and a formula of bi-conditional local Kendall’s tau are given. The value and its limit as both
variations approach zero are computed for simple shuffles of Min and FGM copulas. [n1ANWIN A. Section
3]

Definition and a formula of pointwise Kendall’s tau are given. lts limit as the variation approaches zero is

computed for complete dependence copulas. [1NARNUIN A. Section 4]

Show that conditional variance can be written in terms of product of the corresponding copula and its

transpose, giving rise to a positive-valued function v of copulas. [n1aK®IN B. Section 3]

Prove that the function v in 4 is almost a measure of mutual complete dependence. [nNaNUIN B. Section
3]

Based on v, we define a measure of dependence in the sense of Renyi’s and a class of measure of

mutual complete dependence. [NMANUIN B. Section 4]

Definition of essential closures on a topological space equipped with an algebra is given and their

properties, e.g. strong, weakly strong and sigma-non-essential, are investigated. [n1AN®IN C. Section 2]

Obtain relationships between essential closures and their associated classes of non-essential sets.

[1aNWIN C. Section 2]
Definition of essential closure operators is given and some properties are proved. [n1ANWIN C. Section 3]

Sub-measure closures are defined and studied. Some examples, e.g. Lebesgue density closures, lower

density closures and stochastic closures, are given and investigated. [n1aHN®IN C. Sections 4-5]

Consider the copula of X and Y, we give a definition of the associated classes of Borel sets on which X
and Y are deterministically dependent and prove some fundamental properties, especially that they are

sigma-algebras. [nMANWIN D. Section 2]

Definition of non-atomic copulas is given and their properties are studied. They are characterized in terms
of the corresponding Markov operators and in terms of the mass distribution of the corresponding doubly

stochastic measures. [n1AKWIN D. Section 3]

We give a sufficient condition on a transformation matrix under which the invariant copula with fractal
support is non-atomic. We also give a sufficient condition under which the invariant copula can be

factored as the product of left invertible and right invertible copulas. [nMAN®IN D. Section 4]
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1.

The definition of pointwise Kendall’s tau could be developed into a measure of pointwise monotonicity. In

fact, measures of pointwise monotonicity should also be studied in their own rights.

Find a simpler approach to construct measures of (mutual complete) dependence from conditional

variances.

Find all, or as many as possible, norms on copulas with respect to which the non-atomic copulas and/or

the implicit dependence copulas are dense.

Study how to obtain information on dependence structure from the associated sigma-algebras of a non-

atomic copula.

Investigate how the information could give us a postulate on the behavior of a measure of dependence for

copulas between independence and complete dependence copulas.

Equitability is another concept proposed to fill in the gap between independence and complete
dependence. Equitability and related concepts should be investigated, especially to compare with the

above approach using non-atomic copulas.
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Local Kendall’s Tau

P. Buthkhunthong, A. Junchuay, I. Ongeera, T. Santiwipanont
and S. Sumetkijakan

Abstract We introduce two local versions of Kendall’s tau conditioning on one or
two random variable(s) varying less than a fixed distance. Some basic properties
are proved. These local Kendall’s taus are computed for some shuffles of Min and
the Farlie-Gumbel-Morgenstern copulas and shown to distinguish between complete
dependence and independence copulas. A pointwise version of Kendall’s tau is also
proposed and shown to distinguish between comonotonicity and countermonotonic-
ity for complete dependence copulas.

1 Introduction and Preliminaries

Let (X, Y) and (X', Y’) be independent and identically distributed random vectors.
Then the population version of the Kendall’s tau of X, Y is defined as

X, )=P(X' -X)¥'-Y)>0)—-P(X' -X)(¥Y —Y) <0).

If X and Y are continuous random variables with joint distribution function Fy y then
there exists a unique copula C = Cx y such that Fx y(u,v) = C(Fx(u), Fy(v))
for all u,v € [0, 1] where Fx and Fy are the distribution functions of X and Y,
respectively. A copula can be defined as the restriction onto 72 of a joint distribution
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of two uniform (0, 1) random variables. See [6] for a systematic treatment of the
theory of copulas. In this setting, the Kendall’s tau can be written in terms of the
copula C as

(C) =1(X,Y) =4// Cu,v)dCu,v) — 1.
12

Kendall’s tau is a measure of concordance in the sense of Scarsini [8], i.e. (X, Y)
is defined for all continuous random variables X and Y; 7 attains value in [—1, 1];
T is equal to 0 if X and Y are independent; t is symmetric (7 (Y, X) = 7(X, Y)); t
is coherence (Cxy < Cyrys implies T(X,Y) < t(X',Y)); (=X, Y) = —1(X, Y);
and t is continuous with respect to convergence in distribution.

However, there are copulas of dependent random variables whose Kendall’s tau is
zero. An extreme example is the copula Sy 2, defined in Example 2.1, of continuous
random variables that are completely dependent by an injective function which is
strictly increasing on two disjoint intervals separated at the median. Its Kendall’s tau
is zero because of cancellation between local concordance and global discordance.
Local dependence has been studied in [1, 3, 4]. To bring more local dependence into
focus, we propose two local versions of Kendall’s tau called uni- and bi-conditional
local Kendall’s taus in Sects.2 and 3. Their formulas for shuffles of Min and FGM
copulas are given and their basic properties are proved. In particular, S;,2 has non-
zero local Kendall’s taus.

Both uni- and bi-conditional local Kendall’s taus are conditioning on one or two
random variables varying less than a fixed small distance. They are measures of local
concordance/discordance between two random variables without restriction on the
range of the conditioning random variable(s). In a sense, they detect local depen-
dence globally. In order to detect true local dependence, we introduce a pointwise
Kendall’s tau in Sect. 4. Its empirical version was first introduced in [2] and shown to
detect monotonicity of two random variables. We show that the pointwise Kendall’s
tau can distinguish between comonotonicity and countermonotonicity for complete
dependence copulas.

2 Uni-conditional Local Kendall’s Tau

Let X and Y be continuous random variables with the copula C. We will consider the
difference between the probabilities of concordance and discordance conditioning
on the event that X is varying less than a fixed distance regardless of the value of
X. Since the same amount of variation of X could reflect different interpretations
depending on the X-value, we assume that X and Y are uniformly distributed on
[0, 1]. Let O < & < 1. The uni-conditional local Kendall’s tau of X and Y given that
X varies less than ¢ is defined as
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() =X, Y)=P((X—-X¥ -Y)>0X—-X|<e¢)
—P(X-X)Y-Y)<O0llX-X|<¢)

where (X', Y’) is an independent copy of (X, Y). The following quantity shall be
needed in computing local Kendall’s tau.

Tc(a,b)=//C(u—a,v—b)dC(u,v) for —1<a,b<l. (1)
2

Note that T¢(a, b) = P(X' — X > a, Y’ —Y > b). By uniform continuity of C, the
function T¢ is continuous on [—1, 1]* and in particular 7¢(-,0): a — T¢c(a,0) is
continuous on [—1, 1].

Proposition 2.1 1. The uni-conditional local Kendall’s tau of a copula C can be
computed by the formula

4Tc(0,0) — 2[Tc(—¢,0) + Tc (e, 0)]
e(2—¢) )

7 (C) = @)

2. The mapping ¢ +— 1.(C) is continuous on (0, 1].
Proof 1. Itis straightforward to verify that P(|X — X'| < &) = 2¢ — &2,
Pl-e<X-X'<0Y-Y <0)=P0<X -X<e0<Y —Y)

=Tc(0,0) = Tc(e, 0), and
P(—e<X—-X <0,0<Y—Y)=Tc(—¢0) —Tc(0,0).

Therefore,

P((X=XHY-Y)>0,|X—-X|<e)=2(Tc(0,0) — Tc(e,0)),
P((X=XNY-Y)<0,|X—-X|<¢)=2(Tc(—¢,0) — Tc(0,0)),

and the formula follows.
2. This is clear from Eq. (2) and the continuity of 7¢ (-, 0).

Recall the definition of three important copulas I7, M and W: for u, v € [0, 1],
IT(u,v) = uv, M(u,v) = min(u, v) and W(u, v) = max(u +v — 1, 0). Then it can
be shown via the Eq. (2) that t,(/T) = 0, 7. (M) = 1, 7. (W) = —1 forall ¢ € (0, 1].

Example 2.1 Let us consider simple shuffles of Min introduced in [5]. Let S, be the
shuffle of Min whose support is illustrated in Fig. 1 and defined by
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e (Sat)

aVl L
/ ‘ £

o 0 0.5 1.0

Fig. 1 The support of S, and the uni-conditional local Kendall’s tau of S,

0 f0<x<a,0<y<l1-g¢,
min(x,y—(1—-a)) f0<x<o,1l—-a<y<l,

Se(x,y) =1 . . 3
min(x — «, y) fa<x<1,0<y<l1-—aq,
x+y—1 fo<x<Il,l—a<y<l

Since Sy is supported on the lines €1: y = x + (1 —«),0 < x <woand lr: y =

X —a,a <x <1, wehave

o

1
//f(x,y)dSa(x,y)z/f(x,x+1—a)dx+/f(x,x—(x)dx. 4)

12 0

Because Sy (x — a, y — b) has positive value on rectangles (a, b) + R; where R =
[, 11 x [0,1 —a], Rp = [0,a] x [l —a, 1], R3 = [a, 1] X [1 —a, 1], Ry =
[1,00]%][0, 1], R5 = [0, 1]x[1, o0],and Rg = [1, 0c0] x[1, o0], it can be derived that

Tga(a,b):/Sa(x—a,(x—i—l—a)—b)dx—i—/Sa(x—a,(x—a)—b)dx 5
L L

where each L; and L is a union of six non-overlapping possibly empty intervals.!
For§ <o <1land0 <& < min(e, 1 —a), T5,(0,0) = 5 —a(l —a), Ts,(e,0) =
1

z—oz—e—l—ozz—i—ez, Ts,(—¢,0) = % —a+a2+§,andhenceby(2),
2 — 3¢

Te(Se) = 2 _ ¢

1Ly = [max(0, + a,a — 1 + b), min(e, | + a, b)] U [max(0, a, b), min(e, @ + a, @ + b)] U
[max(0, @ +a, b), min(a, 1 +a, b+a)]U[max(0, 1 +a, « — 1 +b), min(a, b +«a)]U[max(0, o +
b, a), min(a, 1 +a)] U [max(0,« +b, 1 +a),a] and L, = [max(l — o, @ +a, a + b), min(1, 1 +
a,1+b)]U[max(l —«, a, 1 +b), min(l,+a,x+1+b)]JU[max(1 —a, +a, 1 +b), min(1, 1+
a,a+14+b)JU[max(l —«, 1 +a, a+b), min(1l, «+1+b)]U[max(1 —a, a, «+1+b), min(1, 1+
a)]U[max(l —a, 1 +a,a0+1+0b),1].
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as shown in Fig. 1. Surprisingly, 7.(S,) is independent of @ when ¢ is sufficiently
small. But it is not unexpected that we obtain lim,_, o+ 7. (Sy) = 1.

For any given copula C, we then investigate the limit of 7. (C) as & goes down to
0, denoted by 710 (C):
Tloc(C) = lim 7(C)
e—>01

wherever the limit exists. The left-hand and right-hand derivatives are denoted
respectively by

Cu+e,v)y—Cu,v) .

0, C(u,v) = lim nd
e—>0— &
C ,v) — C(u,
0F Clu,v) = lim S eV ZC@Y),
e—0t &

and 0;C(u,v) = 3]+ C(u,v) = 9] C(u, v) wherever the one-sided derivatives exist
and are equal. Let /1 denote the doubly stochastic measure on [0, 1]? induced by C.

Theorem 2.1 Let 0 < ¢ < 1 and C be a copula. Then

T1oc(C) = // (Bl_C(u, V) — 81+C(u, v)) dC(u,v)
12

provided that the set of points (u,v) where the left and right partial derivatives
0, C(u,v) and 81+C(u, v) exist has C-volume one.

Proof By Proposition 2.1, 7.(C) can be reformulated as

w(C) = 258 // |:C(u,v) —C(u—e¢,v) 3 Cu+e,v)— C(u,v):| ACG V).
12

& &

Note that both quotients are bounded by 1 and the integral is with respect to a finite
measure c. Applying the dominated convergence theorem on the set of points (u, v)
where the first quotient converges to 9, C(u, v) and the second quotient converges
to 81+ C(u,v), we have the desired identity.

Corollary 2.1 Let C be a copula. If 3, C exists for c-almost everywhere on I* then
T1oc(C) = 0.

Example 2.2 Let C be a copula. If 9;C exists everywhere then 71o.(C) = 0. In
particular, if Cy is a Farlie-Gumbel-Morgenstern (FGM) copula, then t1,.(Cy) = 0
for all 6.

Example 2.3 We show that t1,.(S) = 1 for all straight shuffles of Min S. Let (u, v)
be in the support of S. From the assumption that § is a straight shuffle of Min, there
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exists § > 0 such that 9;S(t,v) = 1foru —6 <t < u and 9;S(t,v) = O for

u <t < u+4. Since § is continuous, we have 9, S(u,v) = 1 and 81+S(u, v) =0
at all (u, v) in the support of S. Hence

Tioc(S) = // (3y S(u, v) — 8, S(u,v)) dS(u,v) = ps(supp S) = 1.
12

Similar arguments show that if S is a flipped shuffle of Min then 71,.(S) = —1
and for any shuffle of Min S,

Tloc(8) = A(Is) — A(Dy)

where Is (Dy) is the set of points u for which the support of S is a line of slope 1
(—1) in a neighbourhood of (u, v) € S.

3 Bi-conditional Local Kendall’s Tau

For uniform (0, 1) random variables X and Y with copula C and any 0 < ¢ < 1, the
bi-conditional local Kendall’s tau of X and Y, or equivalently of C, given that both
X and Y vary less than ¢ is defined as

Te(C) = P (X1 — X)) (Y1 = Y2) > 0]|1X) — Xa| <&, |V — V2] < &)
—P (X1 = X)(Y1 —Y2) <0]|X; = Xa| <&, |V1 -T2 <o).

Theorem 3.1 The bi-conditional local Kendall’s tau can be computed by

2[2T¢(0,0) —3T¢c(e,0) + Tc (e, e) — Tc(—¢€,0) + T (e, —¢)]

761 (C) = Tc(e, &) —2Tc (e, —&) + Tc(—¢, —¢)

Proof This results from a long calculation similar to the proof of Proposition 2.1 but
much more tedious.
Theorem 3.2 1(.1(C) is a continuous function of ¢ € (0, 1].
Proof This is because T¢ is continuous on [—1, 112.
Let us define tjjo¢)(C) = EEI})L 7161 (C).
Example 3.1 to)(IT) =0, 1o)(M) = 1, 71)(W) = —1 forall ¢ € [0, 1].

Example 3.2 For o > % and 0 < ¢ < %min(a, 1 — «), lengthy computations give
Ts, (e,8) = % —a— &+ a®+ €% Ts, (e, —¢) = % —a— &+ a? +382/2 and
Ts,(—¢,—¢) = % —a + &4 a? +&2/2 and hence
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Te) (Sa)

—

0 0.5 1.0
Fig. 2 The bi-conditional local Kendall’s tau of S,

4 —4¢
4 — 3¢

T[] (Se) =

’

which is again independent of «. Its graph is shown in Fig.2. So toc)(Se) =
1im+ T[g](Sa) =1.
e—0

Example 3.3 Let Cy be the FGM copulas. Then

2(3 — 2¢)%620
Q2 =62+ (1 —e)*2+¢)p2

71¢1(Co) = 5 and  7(1c)(Co) = 0.

4 Pointwise Kendall’s Tau

Definition 4.1 Let X and Y be continuous random variables on a common sample
space with marginal distributions F' and G, respectively. Let (X1, Y1) and (X3, Y>) be
independent random vectors with identical joint distribution as (X, Y). Letz € (0, 1)
andr € (0, min(¢, 1—1)). Then a population version of the local Kendall’s tau around
a point t for X and Y is defined as

) = P[(X1 = X1 = ¥2) = 0] —r < X, = F7\0) <7, Vi =1,2]

—P[(xl—xz)(y1 Y <0| —r < X;i— F (1) <7, Vi = 1,2]

where —r = AF - () = F 't —r) = F'(t) and 7 = AF ' (1) = F~ (¢t +r) —
F~Y1). Note that

TX,Y,r = TF(X),G(Y),r
P[Conc| |[FX; —t| <r, Vi=1,2]
— P[Disc| |[FX; —t| <r, Vi=1,2]
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where

Conc = {(FX| — FX3)(GY; — GY,) > 0} and
Disc = {(FX| — FX»)(GY, — GY) < 0}.

The following theorem shows that local Kendall’s tau around a point depends only
on the copula of continuous random variables X and Y. It can be proved straightfor-
wardly.

Theorem 4.1 Let X and Y be continuous random variables with copula C. Let t
be in (0, 1) and r be in (0, min(¢, 1 — t)). Then a population version of the local
Kendall’s tau around a point t for X and Y is given by

Ct—r,y)+C@t+ry)
2

1
Xy, () = ) // (C(x, y) —
(t—r,t+r)x[0,1]

) dC(x,y).

Since tx,y,, depends only on the copula C, it is also called the local Kendall’s tau
around a point of C and denoted by tc . The pointwise Kendall’s tau of C at t is
given by

Te(n) = lir(1)1+ c,r(1). (6)

r—

Similar to its empirical counterpart introduced in [2], T¢ () = Tx,y (¢) can detect
monotonicity at ¢ at least in the case when Y is completely dependent on X.

Theorem 4.2 If C is the complete dependence copula Cy_ g for some measure
preserving function f and uniform (0, 1) random variable U, then for every conti-

nuity point t of f, tc(t) = sgn(f'(1)).

Proof Since f is measure preserving and continuous on (f — 4, + §) for some
8 > 0, it must be affine on (t — §, t + §) with slope m # 0. Assume without loss
of generality that m > 0. Put s = f(¢) so that f(t + At) = s + mAt if |At] < 6.
By a theorem in [7], 0;C(x, y) =0fory < f(x) and 09;1C(x,y) = 1 fory > f(x).
So, forr < §, x — C(x, y) is constant on [t — r, t + r] whenever y > s 4+ mr or
y<s—mr.

Letr < §. Then

| s+mr t+r C( ) C( )
t—r,y) +C({t+rYy
e, (1) = 3 (C(x, y) — 3 ) C(dx,dy)
s—mrt—r
t+r

—12/(C(x,s+m(x—t))
r
t_

r

B C(t—r,s—i—m(x—t))—i—C(t—i—r,s—i—m(x—t)))dx
2
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where, in the last equality, we use the fact that [[, ; g(x,y)dC(x,y) = [
g(x, f(x))dx if C is supported on the line y = f(x). Since C(-, s + m(x — 1))
is constant on [x, ¢ 4 r] and affine of slope 1 on [t — r, x], we have

t+r
e, (1) = 52 / Cx,s+mx—1)—C({t—r,s+mx—1))dx
t—r
t+r
:%/(x—t+r)dx=l.
t—r
Hence 7¢ () = 1. Derivation for the case m < 0 gives t¢(t) = —1.
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Abstract: A conditional variance is an indicator of the level of independence between two random variables.
We exploit this intuitive relationship and define a measure v which is almost a measure of mutual complete
dependence. Unsurprisingly, the measure attains its minimum value for many pairs of non-independent ran-
dom variables. Adjusting the measure so as to make it invariant under all Borel measurable injective trans-
formations, we obtain a copula-based measure of dependence v satisfying A. Rényi’s postulates. Finally, we
observe that every nontrivial convex combination of v and v« is a measure of mutual complete dependence.

Keywords: conditional variances; measures of dependence; copulas; mutual complete dependence; shuffles
of Min

MSC: 60A10, 62H20

1 Introduction

The problem of how to assign the level of dependence between two random variables in a consistent manner
can never be solved completely by using only a single measure of dependence. There are many attributes to
consider in choosing the “right” measure of dependence in a given situation. Among them are the nature
of dependence (linear, monotone, or other types of dependence), a reference to the normal correlation co-
efficient and other specific purposes. Many measures of dependence have been proposed and studied since
the beginning of the twentieth century. See [10, 14, 16, 18, 20, 22]. But it is not until the seminal paper of
A. Rényi [16] that this problem attracted much wider attention. He proposed the following set of seven prop-
erties that should be valid for a generic measure of dependence 6. To the best of our knowledge, the only mea-
sure satisfying all of these properties is the maximal correlation coefficient [8]: R(X, Y) = supy o y(f(X), g(Y)),
where the supremum is taken over all Borel measurable functions f and g such that the correlation coefficient
Y(f(X), g(Y)) can be defined.

RO. 6(X, Y)is defined for all random variables X and Y, neither of them being constant almost surely (a.s.).

Rl. 6(X,Y)=46(Y,X).

R2. 0<6(X,Y)<1.

R3. 6(X, Y) = 0ifand only if X and Y are independent.

R4. 6(X,Y) =1if X and Y are completely dependent, i.e. X is almost surely a Borel measurable function of
Y or vice versa.

R5. 6(f(X), g(Y)) = 6(X, Y) for all Borel measurable injective transformations f and g.

R6. 6(X,Y) = |p| if X and Y are jointly normal with correlation coefficient p.
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Since the discovery of copulas and the famous Sklar’s theorem [13, 21], many measures of dependence
defined via copulas - called copula-based measures of dependence - have been introduced. As a pair of random
variables X and Y has a unique copula when they are continuous, a copula-based measure of dependence
is guaranteed to be well-defined only for continuous random variables and hence RO may not hold. For the
copula-based measures of dependence, R6 is usually replaced by a weaker postulate that §(X, Y) is a strictly
increasing function of |p|. Two such measures are Schweizer and Wolff’s o [18],

o(X,Y) = 12/|C—H| das,

IZ
and Siburg and Stoimenov’s w [20],

1/2

WX, Y) = 3 / (@107 + @:07) -2
2

where C is the copula of X and Y, denoted by Cy,y. Recall that IT, defined by II(x, y) = xy, is the copula of
independent continuous random variables; M(x, y) = min(x, y) is the copula of comonotonic random vari-
ables; and W(x, y) = max(x +y - 1, 0) is the copula of countermonotonic random variables. Both ¢ and w are
defined for continuous random variables and satisfy R1-R3. ¢ is called a measure of monotone dependence
because its maximum value detects strict monotone dependence:

o4. 0(X,Y) = 1ifand only if X and Y are a.s. strictly monotonically dependent, i.e. Cx y = Mor W.
05. a(f(X), g(Y)) = a(X, Y) for all a.s. strictly monotonic measurable transformations f and g.

The measure w is called a measure of mutual complete dependence because its maximum value is attained
exactly when the random variables are mutually completely dependent, i.e. they are completely dependent
on each other:

w4. w(X,Y)=1ifand only if X and Y are mutually completely dependent.
w5. w(f(X), g(Y)) = w(X, Y) for all a.s. strictly monotonic measurable transformations f and g.

Observe that the properties R4-R5 need to be adjusted according to which types of dependence the measures
aim to detect. Historically, 0 and w have their roots in the Spearman’s p and the (modified) Sobolev norm of
copulas [13, 18-20].

The conditional variance of Y given X is an indicator of how weakly Y is dependent on X. We make this
relationship more explicit as follows. For the uniform [0, 1] random variables X and Y with joint distribution
function or copula C, we observe that the L'-norm of the conditional variance, called the total conditional

variance,
1

0§|X = / Var(Y|X = x) dx
0

is equal to the L'-norm of the difference (M — CT * C). This suggests that the L'-norms of C * Cand C * CT
might possibly give rise to new measures of dependence with close ties to conditional variances. It turns out
that the sum of these two L!-norms give a “measure of mutual complete dependence” v that satisfies R1-R5
except that in R3 it holds only that v(X, Y) = 0 if X and Y are independent. Moreover, v(X, Y) is very close to
|p| in the case when X and Y are jointly normal with correlation coefficient p. All of the above are developed
in section 3. In section 4, we overcome the inability of v in classifying the independence and define a new
measure Vvx. It is proved to satisfy R1-R5. We also show that the converse of R4 does not hold for v«. Finally,
a class of measures of mutual complete dependence is given by all nontrivial convex combinations of v and
vx. Note also that, by computation, both v and v« are increasing functions of |p|. Let us begin with a section
summarizing all the necessary backgrounds on copulas including their properties and constructions.
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2 Background on copulas

Denote I = [0, 1], B(I) the Borel o-algebra on I and let A and A, denote the Lebesgue measures on I and
I? respectively. The Lebesgue integral on I is denoted simply by fol dx. The symbol 0;C denotes the partial
derivative of C with respect to the ith variable.

A function C: I? — I'is called a (bivariate) copula if for all u, v € I,

(1) ¢(0,v)=0=C(u,0);
(2 c(1,v)=v, C(u,0) = u;and
(3) Cw',v)-CW',v)-Clu,v)+ Cu,v)=z0forall [u,u]x[v,v] CI2

Every copula C can be extended to a joint distribution function of uniform [0, 1] random variables in a unique
way. Let X and Y be any random variables whose distribution functions are F and G, respectively. Sklar’s
theorem states that every joint distribution function H of X and Y can be written as

H(x,y) = C(F(x), G(y)), (1

for some copula C. If F and G are continuous, then C is uniquely determined by (1) and called the copula of
X and Y. Conversely, putting an arbitrary copula C into (1) always yields a joint distribution function H. A
copula C is said to be symmetric if its transpose CT, given by CT(u, v) = C(v, u), is equal to C. For more details
on the theory of copulas, see [13].

In a series of papers [3, 4, 15], Darsow, Nguyen and Olsen introduce a binary operation on the class of
bivariate copulas, called the *-product, defined by

1
C*D(u, v) = / 9,C(u, DO, D(¢, v) dt.
0

M is the identity (M *C = C = C* M) while IT is the zero (I * C = II = C*II). We say that C is left invertible (right
invertible) if CT*C = M (C*CT = M). It was shown that a copula C is left invertible (right invertible) if and only
if C is the copula of X and f(X) (f(X) and X) for some continuous random variable X and Borel measurable
transformation f. Random variables X and Y are said to be completely dependent if Y = f(X) a.s. or X = f(Y)
a.s. for some Borel measurable f. They are said to be mutually completely dependent if Y = f(X) a.s. for some
Borel measurable injection f. A mutual complete dependence copula is the copula of two continuous random
variables which are mutually completely dependent. Note that the invertible copulas, whose class is denoted
by J, are exactly the mutual complete dependence copulas.

Shuffles of Min are the copulas of random variables X and f(X) for which f is a piecewise continuous
injection. They are simple mutual complete dependence copulas in the sense that they can be constructed
by cutting I? into a finite number of vertical stripes and shuffling the masses of M(u, v) = min(u, v) on the
main diagonal with possible flipping of the stripes. See [12, 13] for more details on shuffles of Min. Note that
the *-product of shuffles of Min is a shuffle of Min.

The ordinal sum of copulas Cq, C,, ..., Cn with respect to a partition {[a;, b;]}-, of I'is the copula C given
by
u-a; v-a;
a-+(b~—a~)C~( L ’> for (u, v) € [a;, b;]?,
Cu,v)=2¢ ' " "'\ bi-a;’ b;-a; v

M(u,v) otherwise.

The mass of C is spread in each square [a;, b;]? according to the copula C;. So the ordinal sum of shuffles of
Min is still a shuffle of Min. Recall from [3, Theorem 8.3] that:

Lemma 2.1. If C and D are the ordinal sums of {Cn} and {Dn}, respectively, with respect to the same partition
of [0, 1], then C * D is the ordinal sum of {Cn * Dy} with respect to that partition.
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3 Conditional variances and dependence measuring

Let C be the copula of uniform [0, 1] random variables X and Y on a common probability space and x € I.
Recall that the conditional distribution of Y given X = x satisfies Fy, %) = P(Y < y|X = x) = 9:C(x,y)
a.s. and so the conditional expectation of Y given X = x is given by

1

,uy‘X(x) =EY|X=x)= /yalc(x, dy).
0

Denote the conditional variance of Y given X = x by
0% x(0) = Var(Y|X = x) = E((Y - pyjx(0))*|X = x) = E(Y?|X = x) - p;x (%) )
and the total conditional variance of Y given X by U%I x = fol 0%,‘ x(X) dx.

Proposition 3.1. Suppose random variables X and Y are uniformly distributed on [0, 1] with copula C. Then
11
OY|x = % —//CT * C(x,y)dx dy.
00

Our proof will use some identities collected in the following Lemma.

Lemma 3.2. Let C be a copula and f be a nonnegative bounded measurable function on [0, 1]. Then for almost
allx €1,

1 1
/ F0)01 € dy) = & ( / £)3:C(x, ) dy) and 3)
0 0
1 1
/alc(x,y)dy= %/C(x, y)dy. (4)
0 0

Proof. (3) can be proved by repeating the arguments in the proof of Lemma 3.1 in [3].
To prove (4), let x € I be such that % fol C(x, y) dy exists and 9, C(x, y) exists a.e. y. Note that almost
every x possesses these properties. Consider a sequence {x,} converging to x. By the Lipschitz condition of

copula, ‘%ﬁ:x"”) < 1forally € I. So, by the dominated convergence theorem,
d [ [ ) - Comy) [
“ — . X, y - Xn, y -
g [ coyray = [ 1im CX=Em) gy [ o0 y)dy. =
0 0 0
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Proof of Proposition 3.1. By (2), 0%/|X(X) = fol y? 01C(x, dy) - F%qx(x)- So

11 171 2
U%\X=//y2 01C(x, dy)dx—/ [/talC(x, dt)] dx
00

0 0
2

1 1 1 1
=/% (/yzazc(x,y)dy) dx—/ |:(,?X (/tazC(x, t)dt)] dx
0

0 0

0
1 1 1 2

= [y? [02C(x,y)] )1(:0 dy - [ (x - [ Cx, b dt)] dx
/ [|al]

1 1 2
- % —/ {1 —/aIC(x, ) dt] dx.
0
We have used (3) twice in the second line, the first fundamental theorem of calculus and the method of inte-
gration by parts in the third line, and (4) in the last line. Applying Tonelli’s theorem, the second integral in

0
the last line equals
11 111
1—2//61C(x, t)dxdt+///azCT(s,x)alc(x,t)dxdsdt
00 000

which clearly equals fol fol CT * C(s, t) ds dt as desired. O

S

The total conditional variance O'}Z(IY of X given Y is defined similarly and can be proved to satisfy

11
G -3- [ [ercwnaxdy.
0 0
Motivated by this relationship, we define [C] for every bivariate copula C by [C] = [C]; + [C], where

[cl, =/CT*Cd/\2 and  [C], =/C*CTd/12.
12 I2

Recall that if C is the copula of mutually completely dependent continuous random variables then C is in-
vertible with inverse CT, i.e. C* CT = CT * C = M. See [19, 20]. So

W N

|[C]|=/CT*C+C*CTd/12=2/Md/\2=
2 I2

For the independence case, if C = II, then [C] = 2 f01 fol uv du dv = 3. Let us note here that every idempotent
copula C is symmetric [5, 23]. So [C] = 2 [,, CdA; and

[€1-2 [C-mdh+ 3 = gp(©)+ 5
2

where p denotes the Spearman’s rho.
Theorem 3.3. Let C be a bivariate copula.

@) % < |[C]\;s %fori =1,2.

(i) [C], = 3 if and only if C is left invertible.
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(iii) [C], = % if and only if C is right invertible.
(iv) [C], = % if and only iffo1 Cu,v)dv = gforall u e [0,1].
W) [C], = % if and only iffo1 C(u,v)du = %for allv € [0, 1].

Proof. Let C be a bivariate copula. We only prove the statements for [-];.
(i): Since CT * C < M, [C], < [,, MdA; = 3. By Cauchy-Schwarz inequality,

171 171 2 vz 1/2
alc(t,u)du} dt < {61C(t,u)du] dt ( 12dt) .

I/ [\/ /

11

Therefore, by Tonelli’s theorem and the fundamental theorem of calculus,

111

//CT * C(u,v)dudv = ///alca, u)o1C(t,v)dtdudv

0 0 00 0
2

111
=0/ L/alC(t,u)du} dt

2 2

171 1
> (/ [/alc(t,u)du] dt) = (/udu) = %
o Lo 0
(ii): Cis left invertible, i.e. C* * C = M, ifand only if [,, C" * CdA; = [,, MdA; = 3.
(iv): By Cauchy-Schwarz inequality,
111 2 o1r1 2
(/ l/ 01 C(t, u)du] dt) =/ {/ 01C(t, u) du] dt
o Lo o Lo
only if fol 01 C(t, u) du = K, a constant function of ¢t. Then
11 1
K= //alC(t,u)dtdu = /udu = %
0 0 0
and hence fol C(t,u)du = £ forall ¢ € [0, 1]. The converse is clear. O

Therefore, [C] takes value in the range [%, %] where the maximum is attained if and only if C is invertible.
However, the minimum value of [-] cannot identify independence of random variables because |[M;W]| =
1 = []. In fact, the minimum value of [-] is attained for every copula of continuous random variables which
are jointly symmetric about (0.5, 0.5). Recall [13] that the jointly symmetric copulas are precisely the copulas
whose associated doubly stochastic measures are symmetric with respect to the line x = 0.5 and the line

y =0.5.

Proposition 3.4. For every jointly symmetric copula C, [C] = 3.

Proof. A copula C which is symmetric with respect to the line x = 0.5 and the line y = 0.5 satisfies C(x, y) =
y-C(1-x,y)and C(x,y) =x-C(x,1-y),forallx,y € I.So

1 1 1 1
/C(x,y)dx=y—/C(x,y)dx and /C(x,y)dy=x—/C(x,y)dy.
0 0 0 0

Consequently, fol C(x,y)dx = % and f01 C(x,y)dy = % forall x, y € I. By Theorem 3.3 (iv) and (), [C], = % =
[C];- Thus, [C] = 5.

O
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However, there are some non-jointly-symmetric copulas C for which [C] = 3 as demonstrated in Example 3.6.
The following lemma will be useful in computing [[C].

Lemma 3.5. Let F and F5 denote the uniform distributions on [0, %] and [%, 1], respectively. IfA11, A12, As1, Ad
are copulas for which fp AjdAy = %for alli,j = 1, 2 then the function A: I> — I defined by

2
Alu,v) = % Z Aij(Fi(u)a Fj(V))

i,j=1
is a copula satisfying [,, AdA; = 7.
Proof. By considering all pertinent cases, it can be verified straightforwardly that A is a copula. In fact, A is
called the uniform {A,-]-}l.zjzl-patched copula. See [2, 24]. Next, let us denote I; = [0, 3] and I, = [%, 1]. By

appropriate linear changes of variables, the integrals of A over each of the four squares I; x I}, i, j = 1, 2, can
be written in terms of the integrals of A;;’s over I 2 as follows:

/Ad/\z 16/A11 dA;, /Ad)lz 1—6/A22d/\2,

I xIy I2 LxI, I?
1 1 1 1
/Ad/lz - 16/A12d/\2, /Ad/\z R /A21d/t2.
IixIy IxIy 12
Summing the four integrals gives [, AdA; = & + & i Jp Aijdhy = . O

cxcl=cT*c

Figure 1: The supports of C, CT and C * CT

Example 3.6. Let C be the copula whose mass is spread uniformly on the line segments shown in Figure 1.
It follows that C * C" and C” * C are the uniform {A;;}-patched copula where A1; = A5, = Eo = M:W and
Aqp = A1 = Eq, the uniform {Eo},,,:l patched copula. See Figure 1. The integral of each A;; is 4. By Lemma
3.5, [, C*CTdA; = [, CT* CdA, = } and hence [C] = 3

Observe that the uniform patched copula of four copies of the same copula with minimum |[-] still has min-
imum [-]. As an example, starting from Eq = M+W , the iterative uniform patchlng gives a sequence {Ey} for
which Ej is the uniform patched copula of four copies of E,,_1 and [En] = 3.

Proposition 3.7. Recall that F1 and F, denote the uniform distributions on [0, %] and [%, 1], respectively. If Dg
is an idempotent copula with [Do] = 3 then the uniform {Do}ﬁ j-1-patched copula D, given by

2
Dy, V) = 7 3 DolFi), Fy(v)

i,j=1
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is idempotent with [D1] = 3. Note that D1 may not be jointly symmetric if Dy is not.

Proof. By a straightforward but tedious computation, we obtain

2 2
Dy * Dy, v) = 3 Do * Do(Fi(), Fi(v) = 7 S DolFi(a), Fy(v)) = Dy(w, v),

i,j=1 i,j=1
So Dy is idempotent. By Lemma 3.5, [D1] = 2 [,, D1 dA; = 3. O

Since [C] is defined in terms of CT * C and C * C7, let us investigate further some properties of the self-map ¥
on the class of copulas C defined by ¥(C) = CT * C. The mapping C — C * CT has the analogous properties.

Proposition 3.8. Let C be a copula.

Y is neither one-to-one nor onto.

¥(C) is symmetric and hence |[¥(C)]|, = |[¥(C)]],-

[¥(C)]|, = L ifand only if [C], = .

¥ is a continuous function from C endowed with the Sobolev norm into itself. That is, if a sequence of
copulas {Cn} converges to a copula C in the Sobolev norm, then {‘P(C n)} converges to ¥(C) in the Sobolev
norm.

W NN

Proof. 2: Thisis clearas (CT * )T = cT*(c)T = cT * C.

1: Since all the left invertible copulas map to M, ¥ is not one-to-one. ¥ is not onto because all the left
invertible copulas S # M are not in the range of . For if a left invertible copula S # M were of the form C Txc
for some copula C, then C could not be left invertible but

M=ST*s=clT+c*cT+c,

which means that C is left invertible, a contradiction.
3: («) Since [C]; = 7, it follows from Theorem 3.3 (3.3) that fol C(t,v)dv = % forall t € I. Then for all
u € I, by (4),

1 1

1
/CT*C(u,v)dv=//OZCT(u,t)alC(t,v)dtdv
0

0 0

1 1
- /ach(u,t)% (/ C(t,v) dv) dt
0 0
; d
_ T aft
_/azc w0 <2)dt
0
1
1 T _1l.r _u
_i/azc (w,0dt = 270, 1) = .
0

Again, by Theorem 3.3 (iv),

ey =[[cm=c]|, - &

=) I[P, = +, then by Theorem 3.3 (iv), [01 CT* C(u,v)dv = ¥ forall u. So [C]; = fol Ydu= ;.
4: This follows from the fact that the *-product is jointly continuous with respect to the Sobolev norm.
See Theorem 4.2 in [4]. O

We are now ready to define the first candidate for a measure of dependence v. For all continuous random
variables X and Y, let

v(X,Y) = /6|[Cx,y] - 3. ()
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Theorem 3.9. The measure v satisfies the following properties:

vl. v(X,Y)=v(Y,X).

v2. 0<v(X,Y)<1.

v3. v(X,Y)=0if X and Y are independent.

v4. v(X,Y) = 1ifand only if X and Y are mutually completely dependent.
v5. v(f(X), g(Y)) = v(X, Y) for all strictly monotonic transformations f and g.

Proof. vi-v4 follow directly from the definitions of [-] and v and Theorem 3.3. To prove v5, let Cx,y be the
copula of X and Y and consider the following four cases. If f and g are strictly increasing, then Cy(x) oy) =
Cx,y [13, Theorem 2.4.3]. So v(f(X), g(Y)) = v(X, Y). If f is strictly increasing and g is strictly decreasing,
then Cpx) g(v)(X, ¥) = x - Cx,y(x, 1 - y) = Cx,y * W(x, y) [13, Theorem 2.4.4 and Example 6.7]. Consequently,
Cro,em * Clan.gr) = Cxy * W* W' * Cx y = Cxy * Cy y and 50 |[Cpx) g(v)]|, = [[Cx,v]|,- We also have

1

[Crn.em]l1 = / (Cx.y * W) * (Cxy * W)(x,y) dx dy
0

W * Cy * Cx.y * W(x, y) dx dy

oy

x+y—1+C)T(,Y*Cx,y(1—x,1—y)> dx dy

]
ol O\»—l o\»—\ O\»—\

S

=//C)T(,Y*CX,Y(X,)/)dXdY= [Cx,v]|, -
00

Thus, |[C 00, g(y)” = |[Cx,v]|, i.e. v(f(X), g(Y)) = v(X, Y). The case where f is strictly decreasing and g is strictly
increasing follows from the symmetry of v. The last case when f and g are strictly decreasing can be proved
using the fact that Cyx) o) = W* Cx,y * W. O

Note that the property v5 in Theorem 3.9 is not valid for all Borel measurable injections where we utilize the
same counterexample as the one in page 109.

Example 3.10. Consider jointly normal random variables X and Y with correlation coefficient p. Then v(X, Y)
is a strictly increasing function of |p|. Its graph obtained from a Matlab implementation is shown in Figure 2.
Note the small difference between them whose graph is shown in Figure 3.

S R T R S P R T ———

-1 -08 -06 -04 -02 02 04 06 08 i

Figure 2: v(X, Y) as a function of p for jointly normal X, Y
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-1 -08 -06 -04 -02 02 04 06 08 1

Figure 3: The difference |p| - v(X, Y) for jointly normal X, Y

4 A measure of dependence from v

In Section 3, we show that v, defined in (5), is almost a measure of dependence. In fact, v is almost a measure
of mutual complete dependence as it can classify the mutual complete dependence: v(X, Y) = 1 if and only
if X and Y are mutually completely dependent. However, it lacks the ability to classify the independence, as
there are infinitely many copulas whose measure v is zero. This is due to the fact proved in Theorem 3.3 that
the minimum value of v-measure is attained exactly when

1 1
/(c ~ M. v)dv=0 and /(c M, v)du=0 forallu,vel ©)
0 0

These equalities reflect that the copula C spreads the probability mass in an almost uniform way albeit in a
weaker sense than having the uniform mass distribution.

For a copula satisfying (6) but having a non-uniform mass distribution, shuffling masses of the horizontal
or vertical stripes can alter the copula values in such a way that (6) no longer holds. Recall from [17] that
shuffling a bivariate copula amounts to transforming one of the two random variables by a Borel measurable
piecewise continuous injection. More generally, Csx) x * Cx,y = C(x),y for any Borel measurable injection f.
See [17, Theorem 4.1]. Such a copula Cy(x) x is invertible with inverse CfT(X), x = Cx 0 Cx s * Crx =M =
Crx),x * Cx fx)- In light of this observation, given continuous random variables X and Y with copula Cy,y,
we define

[Cx.]

< sup [Crn.gm]l and v«(X,Y)=1/6][Cxy]. -3,
g

where the supremum is taken over all Borel measurable injective transformations f and g. Using the facts that
Crx,g(v) = Cron,x * Cx,v * Cy 4(v) (see [17, Corollary 4.6]) and that Cf(x) x and Cy gy, are invertible, we obtain

T T T
[Cron.emlly = / Cy.gm * Cx.v * Croo.x * Cronx * Cx,v * Cy,gr) 402

IZ

T T
= /CY,g(Y) *Cx,y * Cxy * Cygr) dAa = [[Cxy * Cy gn ] -
2
Likewise, we can show that |[Cs(x) g(v)]|, = |[Cfx),x * Cx.v]|,- Therefore,
[Cl« = sup [C*S]; +sup[S*C], .
seg sed

The following theorem shows that v« is a copula-based measure of dependence in the sense of A. Rényi
[16], i.e. all R1-R5 are satisfied.

Theorem 4.1. The measure v« satisfies the following properties:
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vl v+(X,Y) = v«(Y, X).

vs2. 0<v«(X,Y) < 1.

vi3. v«(X,Y) =0ifand only if X and Y are independent.

v«4. v«(X,Y) =1if X and Y are completely dependent.

vi5. v«(f(X), g(Y)) = v«(X, Y) for all Borel measurable injective transformations f and g.

Proof. Properties v+1 and vx5 follow immediately from the definitions of [-] and [-]«. The bounds of [-] in
Theorem 3.3 give v«2.

In order to prove v«4, we will show only that v«(X, Y) = 1 if Y is a Borel measurable function of X as the
other case is similar. This is equivalent to proving that [C]. = % when C is left invertible. Suppose a copula C
is left invertible. Then C* * C = Mand [C*S]; = [, ST* CT *C*SdA; = [, MdA, = } for every invertible
copula S. For supgcq [S * C],, let us start from the fact, see [5], that E = C*C Tis an idempotent copula whose
invariant sets form a nonatomic o-algebra & C B(I).! As a consequence, by Corollary 1.12.10 in [1], for every
integern =1, 2, ..., there exists an essential partition consisting of sets P, ..., Py in £ in the sense that

n
A (UPi) =1, A(P) = % foralliand A(P; N P;) = O fori # j.
i=1

Since each P; is an invariant set of E, we have

b b
us(la, b) x Py) = / Texp, d = / X, dA = AL, B 1 PY),
a

a

where the first equality follows from a standard measure theoretic argument starting from P; being intervals.
By the symmetry of the idempotent E, we get ug(P; x [a, b]) = A([a, b] N P;). So E has zero mass in [(I \ P;) x
Pi]U[PiX(I\Pi)]fOI'i= 1,...,n.

We will then use {P;} to construct an invertible copula Sy for which S, * E * S is supported in UL, Il-z,

i-1 i

where I; = {T, H] . In fact, by Lemma 4.2 in [5], there exist measure preserving Borel functions h;: P; — I;

and measure preserving Borel functions g; : I; — P; such that h; o g;(x) = x and g; o h;(x) = x for almost every
x. The functions g; and h; are called essential inverses of each other. Now, define Ry, Tn: I — I by

Rax)=gix) ifxel; and Tn(x)=h;(x) ifxecP;.

Since {I;} and {P;} are essential partitions of I, the self-maps R, and T, are measure preserving. Moreover,
Rn o Tu(x) = x and Ty o Rn(x) = x for almost all x € I. Finally, let S, be the copula of U and R, (U) where U
is a uniform [0, 1] random variable. Equivalently, Sn = C, g, = Cr, . Where e denotes the identity map and
Crex,y) = A0, x]) ne2([0, y]) for x, y € I. Hence, Sy, is invertible. Recall that the left multiplication of
E by S, amounts to shuffling (moving) masses of E on the vertical stripes P; x ['to I; x I fori = 1,..., n. The
right multiplication by ST shuffles the horizontal stripes. From the fact shown above that E has no mass in
Ui[I\Py) x Pl U[P; x (I\ P)], Sn * E * Sk is supported in [}, I?. So S * E * S} converges to M pointwise and
thus supgeq [S* C], = 3.

Clearly, [IT]. = [IT] = 1. To prove the opposite direction of vs3, or equivalently that [C]. = J implies that
C = II, we define Sa’ﬂ, for 0 < a < B < 1, as the shuffle of Min whose support consists of at most three line

1 A measurable set S is called an invariant set of a copula A if the characteristic function y; is a fixed point of the Markov operator

A
Ty: L°(I) — L*°(I) defined by Ta(x) = di ?)—t(x, t)y(t) dt. It also holds that A(x, y) = f(;‘ TaXo,y) 9. A o-algebra € is said
X

1
to be nonatomic if for every S € & there exists a subset S’ of S in € such that 0 < A(S") < A(S).
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segments of slope 1 shown in Figure 4, i.e.

0 if0<x<a,0<sy<f-a,
min(x,y-(B-a)) ifOsxsza,f-a<ys<ph,

Sa,p(X,¥) = { min(x - a, y) ifa<x<B,0<sy<B-a,
x+y-p ffa<x<B,B-a<ys<p,
min(x, y) otherwise.

For every copula Cand O < a < f8 < 1, a direct computation gives

Figure 4: The supports of S, g (left) and Sy = S , (right)
3,

Cx+B-a,y)-C(B-a,y) if0O<x<a,
Sap*Cx,y) = Cx-a,y)+CB,y)-CB-a,y) ifa<xs<p,
Cx,y) ifB<x=1.

Integrating S, g * C with respect to x and making suitable changes of variables yield

1 1
/sa,ﬁ*C(x,y)dx= /C(x,y)dx+(ﬁ—a)cw,y)—ﬂcw—a,y). @)
0 0

Then [C]. = % implies that both supgc4 [C * S]; and supgc [S * C], attain the minimum value % So
[C*S],=%=[S*C],forallSeJ.LetneN,ie {0,1,2,...,2" -1} and y € [0, 1]. Applying Theorem 3.3
(v)toCand S 1 * Cyields

1
21 oM
1 1
_Yy % =Y
/C(x,y)dx- and /Siﬂ Clx,y)dx==.
2 21 on 2
0 0

By (7), ic (2%1, y) =J4C (’;—}, y). Since i is arbitrary, repeated use of this equation gives

i i i+1 i i
C(27,Y> _mc( on ,)/) _"'_zinc(lyy)_ﬁy'

By the continuity of C and the denseness of the dyadic rationals in [0, 1], we have C = IT as desired. O

Remark. We then give an example to demonstrate that the converse of v+4 is not true. By the proof of v+4

above, any nonatomic idempotent copula gives maximum [-].. However, in order to illustrate the shuffling in

the proof, let us consider Eq = MEW which is neither left nor right invertible. Equivalently, if Ej is the copula
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of X and Y then they cannot be completely dependent. We will show that [Ep]. = % and so v«(X, Y) = 1. Since
Ey is idempotent and hence symmetric, for every S € J

HEO*STﬂl = [S*Eo], = /(S*EO *Eo* ST)dA, = /(S*EO*ST)d)lZ.
12 12

So it suffices to show that supgcg [.(S* Eo * S Nda, = % We shall acquire this by constructing a sequence
{S1, S2, ...} of shuffles of Min such that [},(Sn * Eo * ST)dA, converges to %

Henceforth, for a copula A, let us denote by ord,(A) the ordinal sum of n copies of A with respect to the
partition {[0, +], [%, 2],..., [, 1]} of [0, 1]. Observe that ordm (ords(A)) = ordmn(A) for any m, n € N.

Figure 5: The supports of Eg, S; * Epand E; = S; *Ep * S{ respectively

Denote S; = S 11 which is the shuffle of Min supported on the main diagonals of the squares [0, %] X

%, 1] and [%, 1] x [0, 1] as shown in Figure 4. Our proof hinges on an observation that the product S; *
E, is the result of (horizontally) shuffling the mass of E, on the rectangles [0, 1] x I and [, 1] x I and that
S1 * Eo * ST can be obtained by (vertically) shuffling the mass of S; * Eq on the rectangles I x [0, %] and
Ix [%, 1]. Therefore, E; = S; * Eo * ST is equal to the ordinal sum of {Eq, Eo} with respect to {[O, %], [%, 1]},
i.e. E1 = ord,(Ey). Their supports are shown in Figure 5. For more details on shuffles of copulas, see [7, 11],
specifically [17] for their relations with the *-product used here. This observation can be made more rigorous
but probably less transparent by using the conditional probability to decompose Eq according to the partition
{0, }1,[%, 21,3, 1]} of [0, 1] on both axes. Both horizontal and vertical shuffles of this so-called patched
decomposition, introduced and studied in [2, 24], can then be conveniently manipulated. For details, see [9].

Figure 6: The supports of Eo, E1, E; and E3 respectively

For each n = 2, we put En = Sp * Eo * ST where

Sn = ordzn_1(81) * Ordzn-2(81) LEEERY ordz(Sl) * Sl.
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It follows that Sy, is a shuffle of Min, S, = ord;.1(S1) * Sp—1 and
En = 0rdn1(S1) * En_q * ord,n:(S1). (8)

Using the recursive relation (8), it can be shown by induction on n that E, = ord,»(Eq). The first few Ep’s
are illustrated in Figure 6. Since the value of this ordinal sum agrees with M except possibly on the union
U [5%, 41% whose areais 5 — 0, [, Sn * Eo * S dA, converges to [, MdA; = 1.

Owing to one of the anonymous referees, we are pleased to propose a class of measures of mutual complete
dependence v, defined as a nontrivial convex combination vq = av+ (1 — a)v« for 0 < a < 1.

Theorem 4.2, The measure vq satisfies the following properties:

Val. va(X, Y) = va(Y, X).

va2. 0<va(X,Y) < 1.

Va3. va(X,Y) =0ifand only if X and Y are independent.

Va4. va(X,Y) =1ifand only if X and Y are mutually completely dependent.
vab. va(f(X), g(Y)) = va(X, Y) for all strictly monotonic transformations f and g.

Proof. The proof uses corresponding properties of v and v« in Theorems 3.9 and 4.1. v,1 and v42 clearly follow
from the same properties of v and v-.

If X and Y are independent, then v(X, Y) = v«(X, Y) = 0 and hence v4(X, Y) = 0. Conversely, if vq(X, Y) =
0 then v«(X, Y) must be zero and so X, Y are independent.

If X, Y are mutually completely dependent, then v(X, Y) = v«(X, Y) = 1 and hence vq(X, Y) = 1. Con-
versely, if vq(X, Y) = 1 then v(X, Y) must be one and so X, Y are mutually completely dependent.

Vg5 is a result of v5 and v«5. O

5 Conclusion

We show that HC Txc+C*C THLl gives rise to a [0, 1]-valued function v of continuous random variables
which is almost a measure of mutual complete dependence as it cannot identify independence. We then
prove that the measure v+, modified from v in such a way that it is invariant under all one-to-one transforma-
tions, satisfies the five essential properties in Rényi’s postulates for measures of dependence. Finally, every
nontrivial convex combination of v and v« is a measure of mutual complete dependence.
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ESSENTIAL CLOSURES

Abstract

Based on the Zermelo-Fraenkel system of axioms ZF, we introduce
a theory of essential closures. It is a generalization of the concept of
topological closures in which a set may not be contained in its essential
closure. A typical essential closure collects all points that are essential
with respect to a submeasure; hence it is called a submeasure closure.
One of our main results states that a “nice” essential closure must be a
submeasure closure. Many examples of known and new submeasure clo-
sures are discussed and their applications are demonstrated, especially
in the study of the supports of measures.

1 Introduction

It was suggested in [1, Proposition 1] and [17, Lemma 10] that the probability
mass of a complete dependence copula C' = Cy, ¢y is concentrated on the
graph of f in the sense that Vo (gr f) = 1. Here, the random variable U is
uniformly distributed on [0, 1], f: [0,1] — [0, 1] is measure-preserving and Ve
denotes the Borel probability measure on [0,1]? induced by C. However, to
the best of our knowledge, due probably to the lack of a suitable tool, no one
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had determined an explicit formula of the support of Vi in terms of the graph
of f. Recently in [16], a formula of supp V¢ in terms of gr f was obtained via a
“new” tool called an essential closure. In R2, the essential closure Aofaset A
is the set of points x € R? for which the projection of each open neighborhood
of x in A onto a coordinate axis has a positive Lebesgue outer measure. It
was derived in [16, Theorem 3.3.3] that

supp Vo = gr f

given that f is essentially refined, of which some examples are piecewise linear
functions.

The adjective “essential” is quite ubiquitous in mathematical analysis and
is often used to indicate that a defining condition holds outside of a negligible
set. As such, taking essential closure should mean taking closure by ignoring
“small” sets. For instance, in the above essential closure on R2, small sets are
precisely those sets whose coordinate projections each have Lebesgue outer
measure zero. As a tool in their study of absolutely continuous spectra for
some linear operators, Gesztesy et al. [9] defined an essential closure on R,
with respect to which small sets are sets of Lebesgue measure zero. Both es-
sential closures are our prototypes of general essential closures and share many
satisfying properties. Thus far, there seems to be no systematic treatment of
essential closures.

In this article, our aim is to propose a set of postulates for general essential
closures and to develop a theory of essential closures. Among many results,
the concept of non-essential or “small” sets is (re)introduced and proved to
be closely related to essential closures. Submeasure closures, defined as the
essential closures whose non-essential sets are sets of submeasure zero, and
their examples are investigated. They are shown to be useful in the study of
the supports of measures. An interesting result is that the class of submeasure
closures is large enough to contain all “nice” essential closures.

In section 2, we develop a theory of essential closures starting with a set
of four postulates. In section 3, we present a motivation behind the set of
postulates of essential closures from a topological point of view. In section
4, we construct concrete examples of essential closures via submeasures and
demonstrate their applications. Finally, we discuss some existing concepts
related to essential closures in the last section.

2 Essential closures

In sections 2 and 3, we denote both essential closures and essential closure
operators by €. Likewise, we use the notations A — A and cl to denote both
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topological closures and topological closure operators. In addition, for a given
topological space X, M(z) denotes the collection of open neighborhoods of
xz € X and P(X) denotes the collection of subsets of X.

2.1 Postulates for essential closures

After experimenting with various potential sets of postulates for essential clo-
sures, we have come to a conclusion that the following set of postulates seems
the most natural.

Postulate 1. Let (X, 7) be a topological space equipped with an algebra
over X. We say that a unary operation £: Q — Q is an essential closure if for
every A, B € §, the following hold:

1. £(A) is a closed set;

2. £(A) C A;

3. E(AUB) =E&(A)UE(B); and

4. & is idempotent (i.e., Eo& =E).
Remark. It follows directly from 2 and 3 of Postulate 1 that £(@) = @ and
that £ is monotonic with respect to the set inclusion, respectively.

Definition 2. A unary operation £ on a topological space (X, 7) equipped
with an algebra € over X is said to be

1. strong if E(A\ E(A)) = 0 for every A € Q; and

2. weakly strong if for each A € Q and = ¢ £(A), there is G € N(z) N Q
such that E(ANG) = 0.

Remark.

1. Let £ be a unary operation on an algebra ) satisfying 1, 2 and 3 of
Postulate 1. If £(A\ E(A)) = 0 for each A € Q, then £ is idempotent as

E(A) = E(A\ E(A)) UE(ANE(A)) C E(E(A)) CE(A) = £(A).

Thus, if £ satisfies 1, 2 and 3 and is strong then it is an essential closure.
However, a weakly strong unary operation satisfying 1, 2 and 3 need not
be an essential closure. See Example 8.

2. A strong unary operation satisfying 1 of Postulate 1 is also weakly strong.
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Example 1. Let X = {0,1}, 7 = {0, {0}, X} and Q = P(X). Define a unary
operation £: Q@ — Q by £(0) = 0 and £(A) = {1} if A is not empty. It is easy
to check that £ is an essential closure. Moreover,

EXN\EWX)) =E({1}9) = {1} # 0.
Hence £ is not strong. Note that £(X) # X.

Proposition 1. Let £ be an essential closure on an algebra 2 over a topolog-
ical space X and suppose that £(X) = X. Then the following hold:

1. E(A)¢ C E(AC) for each A € Q;

2. £(G) = G for every open set G € Q; and

3. intA

N

E(A) for each A € Q) such that int A € Q.

PROOF. Recall the properties of essential closures in Postulate 1.

1. Observe that X = £(X) = E(AU A°) = E(A) UE(A®). Hence we have
E(A) C E(A°).

2. If G € Qis open, then £(G)° C £(G°) C G¢=G°. Thus G C £(G) CG.
Since £(G) is closed, £(G) = G.

3. Since int A € Q is open, int A = E(int A) C £(A).

O

2.2 Non-essential sets

In this section, we introduce one of the most important concepts related to
essential closures, namely the concept of essential and non-essential sets. This
concept is at the core of the theory of essential closures. Non-essential sets
can be viewed as small sets with respect to an essential closure.

Definition 3. Let £ be an essential closure on €2. Then a set A € € is said
to be non-essential if £(A) = (); otherwise, A is said to be essential. The
collection of non-essential sets is denoted by Nq(&).

Theorem 2. Let £ be an essential closure on Q. Then &£ is weakly strong if
and only if, for each A € Q, E(A) is the intersection of the closed sets F € §)
such that A\ F is non-essential.
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PROOF. Assume that £ is weakly strong. For each A € Q, if z ¢ £(A), then
there exists G € 9(z) N Q such that £(AN G) = . Therefore,

E(A) C U{G € Q: G isopen and E(ANG) = 0}.

So £(A) D ﬂ{F € N: Fis closed and £(A\ F) = (}. For the other inclusion,

it suffices to show that any closed set F € Q with £(A\ F) = () necessarily
contains £(A). Observe that for such a set F,

E(A)=E(ANF)UE(A\F) = E(ANF) CE(F)CF=F.

To prove the converse, let A €  and suppose x ¢ £(A). Then, by the
assumption, x € G for some open set G € Q2 such that E(ANG) = 0. In other
words, £ is weakly strong. O

According to Theorem 2, one can see that the collection of non-essential
sets acts as a generator of its corresponding weakly strong essential closure. To
study weakly strong essential closures, it suffices to study their non-essential
sets.

Corollary 3. Suppose & and & are weakly strong essential closures on

such that No(€1) = Nq(&). Then the two essential closures coincide.

Definition 4. Let £ be an essential closure on an algebra 2 over a topological
space X. Then a set A € Q is said to be locally essential if E(G N A) # () for
every open set G € Q such that GN A # (.

Proposition 4. Let £ be an essential closure on an algebra ) over X and
suppose E(X) = X. Then every open set O € Q is locally essential.

PROOF. Let G € © be an open set such that GNO # (. By Proposition 1(2),
EGNO)=GNODGNO #0. O

Definition 5. An essential closure on 2 is said to be o-non-essential if Q) is
a o-algebra and the union of every countable collection of non-essential sets is
non-essential.

Lemma 5. Let £ be an essential closure on an algebra  and x € E(A). Then
for any G € M(x) NQ, GN A is essential.

PROOF. Suppose there exists G € M(x) NQ with E(GN A) = 0. Then
E(A) =E(ANG®) CEA)NEGY) CEANGe =E(A)\ G,
which contradicts the fact that £(A) \ G is a proper subset of £(A). O
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Definition 6. A topological measurable space is a triple (X, 7, Q) where (X, 1)
is a topological space and € is a o-algebra over X containing the topology 7.

The following result requires a technical assumption that for each point
r € X and each G € M(x), there is O € MN(z) with O € G. A topological
space with such a property is called regular. More information on regular
spaces can be found in Munkres’ book [13]. A regular measurable space is a
topological measurable space where the topology is regular.

Theorem 6. Let £ be a o-non-essential essential closure on a regular mea-
surable space. Then for every sequence of sets A; in £,

£ (G Ai> = GS(Ai).

Proor. If z € £ (U2, Ai) and G € N(z), then there exists O € N(z) such
that O C G. By Lemma 5, € (U;=,(ON4;)) = E(ONU;2; A;) # 0. Since
the essential closure is o-non-essential, there exists A; with £(0 N A;) # 0.
Hence

0#EONA;)CEO)NEA) CONEA;)CEGN D E(A;).

i=1

This implies that = € |J;2; £(A;). The other inclusion follows trivially from
the fact that the essential closure of a set is closed. O

In what follows, we will consider various essential closures defined in the
same manner. Given an algebra Q over X, Z C Q is an ideal if (1) 0 € Z;
(2) for every A € Z, if B € Q is such that B C A, then B € Z; and (3) if
A, B €T, then AUB € Z. Given an ideal Z in  and a set F € Q\ Z, it is
straightforward to verify that the unary operation £ = £z ¢ on ) defined by

g(A):{(b if Aet, ”

F otherwise

is an essential closure with respect to the topology 7 = {0}, F¢, X }.
The following example shows that an essential closure on a o-algebra is
not necessarily o-non-essential.

Example 2. Let X = N, 7 = {0,{1}°, X} and Q@ = P(X). Consider an es-
sential closure £ = £7,(1} where 7 = {A € Q: A is finite and 1 ¢ A}. Observe
that £(X \ £(X)) = {1} # 0 = U,, £({z}). Hence there exists an essential
closure on a o-algebra that is neither strong nor o-non-essential.
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The following two examples show that the concepts of strong essential
closures and o-non-essential essential closures are not related in an obvious
way, that is one does not imply the other.

Example 3. Let X = N, 7 = {0, X}, Q@ = P(X) and & = &7 x where
T ={A € Q: Ais finite}. It is easy to check that the essential closure & is
strong. However, £(X) = X # 0 = J,cx £({z}). Hence, there is a strong
essential closure on a o-algebra that is not o-non-essential.

Example 4. Let X = N, 7 = {,{1}°, X}, Q = P(X) and € = &gy 11}
Clearly, £ is o-non-essential. However, observe that

EXNEX)) =E({1}) = {1} #0.
Hence, there is a o-non-essential essential closure that is not strong.

Clearly, the non-essential sets of the essential closure £z p defined by (1)
are exactly the sets in the ideal Z. Observe also that the non-essential sets of
any given essential closure form an ideal. Conversely, if one has in mind which
sets should be considered small, then there always exists an essential closure
with respect to which the pre-assigned small sets are non-essential. We will
be more interested in o-non-essential essential closures.

Definition 7. Let ) # S C Q, where { is a o-algebra over X. Define Nq(5)
to be the smallest collection that satisfies the following conditions for all B € {2
and A, Al, Ag, e € NQ(S)

1. S CN(S) C

2. B C A implies B € Ng(S); and

3. U2, A € No(9).
Remark. Notice that Nqg(S) is the smallest o-ideal of Q containing S; see
page 13 in Bauer’s book [3].

In the sequel, we often require that every subset of the space is Lindelof.
Such a topological space is called hereditarily Lindeldf.

Theorem 7. Let (X,7,9Q) be a Lindelof measurable space and S be a non-
empty subcollection of ). Then there exists a unique o-non-essential weakly
strong essential closure whose collection of non-essential sets is exactly the
collection No(S). In fact, it is defined by

E(A) = ﬂ{F € Q: F is closed and A\ F € No(S)} forAeQ. (2)
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PROOF. It is straightforward to verify that the unary operation £ defined by
(2) is an essential closure on Q. By the definition of £ in (2), A € Nq(S)
implies £(A) = 0. Conversely, suppose £(A) = 0. Then for each z € X, there
exists G € M(xz) NQ such that ANG € Ng(S). Let G be the collection of open
sets G € Q such that AN G € Nq(S). Hence G covers X, which is Lindelof.
Let {G,}nen be a countable subcover of G. Since A NG, € Ng(S) for all
neN, A=~ (ANG,) € No(S) by property 3 in Definition 7. Hence the
collections N (€) and Nq(S) coincide.

Let A € Q and x ¢ £(A). Then x € G for some open set G € € such
that A NG € Nq(S), which implies that E(ANG) = 0. Thus £ is weakly
strong. Moreover, since the collection Nq(S) is closed under countable union,
the induced essential closure is o-non-essential. The uniqueness part follows
from Corollary 3. O

In the previous theorem, a similar result also holds if we replace Lindelof
and weakly strong with hereditarily Lindel6f and strong, respectively.

Theorem 8. Let (X, 7,9Q) be a hereditarily Lindeldf measurable space and S
be a non-empty subcollection of Q). Then there exists a unique o-non-essential
strong essential closure, defined by (2), whose collection of non-essential sets
is ezactly the collection Nq(S).

PROOF. In view of Theorem 7, £ is an essential closure and it suffices to show
that & is strong. Let A € . Since £(A)° is Lindeldf,

A\ E(A) :A\ﬂ{FEQ: F is closed and A\ F' € N(S)}

=A\ ﬂ {F, € Q: F, is closed and A\ F,, € No(S)}

n=1

= U {A\ F,: F, € Qis closed and A\ F,, € Nqo(S)}
n=1

for some countable subcollection {F},},en of Q. Hence, A\ £(A) € Nq(S) by
property 3 in Definition 7. In consequence, £ is a strong essential closure. The
uniqueness of £ follows clearly from Theorem 7. O

In Theorems 7 and 8, since (X, 7,2) is a topological measurable space,
is assumed to contain the topology 7. If the o-algebra does not contain the
topology, the theorems may fail to hold. This is demonstrated in the following
example.
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Example 5. Choose pairwise distinct elements a,b and ¢. Put X = {a, b, c},
T ={0,{a}, {b},{a,b},X}, S = {0} and Q = {0, {a}, {b,c}, X}. Notice that
Q does not contain 7 and Nq(S) = {0}. Using the same construction as in
Theorems 7 and 8, we have £({a}) = X while {a} = {a, c}. Hence the induced
mapping is not an essential closure since it violates the second property of
essential closures in Postulate 1.

2.3 Essential closedness

In this section, we introduce another important concept related to essential
closures, namely the concept of essential closedness.

Definition 8. Let £ be an essential closure on 2. A set F' € Q is said to
be essentially closed if and only if E(F) = F. We denote the collection of
essentially closed sets by Cq(E).

Proposition 9. Let £ be a strong essential closure on ). Then for any A € Q,

E(A) = N{F € Ca(€): A\ F € No(E)}.

PROOF. Since essentially closed sets are closed, it follows from Theorem 2 that
for any A € Q, E(A) C({F € Ca(€): A\ F € No(€)}. The other inclusion
follows from the fact that £(A) is essentially closed and £ is strong. O

Example 6. The above result does not generally hold for weakly strong es-
sential closures. For example, let

X:{MU{;ﬁneN}

be equipped with the subspace topology inherited from the standard topology
of R and let Q = P(X). For each A € Q, define £(A) = 0 if A is finite and
0 ¢ A; otherwise, £(A) = {0}.

It is straightforward to verify that £ is a weakly strong essential closure and
Ca(€) = {0,{0}}. One can see that £({0}¢) = {0}, but on the other hand,
there is no essentially closed set F' such that £({0}¢\ F) = 0. Therefore,
X =({F € Cq(&): £E({0}¢\ F) = 0} as it is the empty intersection. Thus
E({0}) #N{F € Ca(&): {0} \ F € Na(£)}-

Proposition 10. Let £ be an essential closure on 2 and F € Q. If F is
essentially closed, then F' is closed and locally essential.

PROOF. Assume F is essentially closed. Then F' is closed. Hence for any open
set G € Q such that GNF £ (), E(F\G) C F\G = F\ G C F. Moreover,
F=EF)=E(F\G)UEFNG). Thus E(FNG) # 0. O
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Proposition 11. Let £ be a weakly strong essential closure on 2 and F € €.
If F is closed and locally essential, then F is essentially closed.

PROOF. Since F is closed, £(F) C F = F. Suppose that F'\ £(F) # 0 and let
x € F\ E(F). Then there exists G € N(z) N Q such that £(GN F) = (). Since
F is locally essential and £(G N F) =, GNF = (. This contradicts the fact
that x € G N F. Therefore, F' is essentially closed. O

Together, Propositions 10 and 11 give a characterization of essential closed-
ness for weakly strong essential closures.

Corollary 12. Let £ be a weakly strong essential closure on an algebra Q and
F € Q. Then F is essentially closed if and only if F is closed and locally
essential.

3 Essential closure operators

In this section, we provide an alternative approach to postulating the concept
of essential closures. An advantage of this approach is that we need not assume
any a priori topological structure. Recall that a topological closure operator
on a set X is defined as a unary operation cl: P(X) — P(X) satisfying the
following properties for all A, B C X:

cl(0) = 0;
2. ACcl(4);

[t

3. cl(AUB) =cl(A) Ucl(B); and
4. cl is idempotent.

It is well known that there is a one-to-one correspondence between the
collection of topological closure operators and the collection of topological
closures (equivalently, the collection of topologies) on a common space. If we
want to add the prefix “essential,” then the property that A C cl(A4) should
be excluded. We propose a set of postulates for essential closure operators
accordingly.

Postulate 9. Let X be a non-empty set and (2 an algebra over X. An essential
closure operator on (X,€) is a unary operation £:  — ) that satisfies the
following properties for all sets A, B € {):

1. E(0) = 0;
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2. E(AUB) =€&(A)U&(B); and
3. £ is idempotent.

Remark. A topological closure operator restricted to any algebra is an es-
sential closure operator. Moreover, it is the unique essential closure operator
with the property that A C £(A) for each A in the algebra.

Next, we demonstrate a relationship between essential closures and essen-
tial closure operators. First, we need the following two technical lemmas.

Lemma 13. Let X be a non-empty set and ) an algebra over X. Assume
that A — A: Q — Q satisfies the following properties for all A, B € Q:

= w"
2. ACA;

1.

=

3. AUB=AUB; and
4. A A is idempotent.
Then A — A can be extended to a topological closure operator on X.
PROOF. Define cl: P(X) — P(X) by
cl(A) = C,
CDA

where C ranges over all sets in §). First, we verify that cl is indeed an extension.
Suppose A € 2. Then we have

cdd(d)= (V| CCAc (1 Cc () C=d(4),
CDA CDA CDA

where the first inclusion follows from property 2 and the last inclusion follows
from the fact that A C C implies A C C'. Hence the unary operation cl is an
extension of A — A. Moreover, observe the following properties of cl.

e cl() = 0 = 0 since 0 € Q.

Ql
I

e AC cl(4).

Ql

DA

e Observe that
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cc DUE:(ﬂD)U(ﬂE).

CDAUB DDAEDB DDA EDB

Hence cl(AU B) C cl(A) U cl(B). Moreover, the other inclusion follows
from the fact that cl is monotonic with respect to the set inclusion.

e If ACC, then cl(A4) C cl(C) = C since C € Q. Hence

The opposite inclusion holds.
Therefore, cl is a topological closure operator on X. O

Lemma 14. Let £ be an essential closure operator on an algebra Q over X.
Then there exists a topology T on X such that E(A) is closed and E(A) C cl(A)
for every A € Q.

PROOF. Define A = AU E(A) for each A € Q. Tt is straightforward to check
that A — A: Q — ( satisfies the properties in Lemma 13. Let cl be a
topological closure operator extended from A — A: Q@ — Q and let 7 be the
topology induced by cl. Observe that £(A) C AU E(A) = cl(A4) for each
A € Q. Moreover, cl(E(A)) = E(A)UE(E(A)) = E(A). Hence E(A) is closed
with respect to the topology 7 for each A € Q. O

Given an essential closure, if we take out its underlying topological struc-
ture, what we obtain is an essential closure operator. The following result,
which is one of our main results, shows that there is a natural way to induce
an underlying topology for a given essential closure operator. However, it is
not guaranteed that the induced topology coincides with the given topology.

Theorem 15. Let £ be an essential closure operator on 2. Define ¢ = ﬂ Tos
where the non-empty intersection is taken over all topologies T, on X satisfying
the properties in Lemma 14, and let clg be the topological closure relative to
Te. Then £: Q — Q satisfies the following properties for all A € Q):

1. E(A) is closed in (X, 7¢); and
2. £(A) Cclg(4).

In other words, € is an essential closure on (X, 7¢,8). Furthermore, T¢ is
generated by the collection {E(A)} acq.
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PROOF. Let A € Q. Observe that £(A) is closed in (X, 7¢) because E(A)¢ € 7,
for all a. Moreover, £(A) C cl,(A) C clg(A) because T¢ C 7. Therefore, & is
an essential closure on (X, 7¢,Q).

Let 7 be the topology generated by the collection {€(A)°} acq. Since E(A)
is closed in (X, 7¢) for all A € Q, 7 C 7¢. Consequently, clg(A) C cl.(A) for
all A € Q. Since &€ is an essential closure, £(A) C clg(4) C cl (A) for all
A € Q. Moreover, E(A) is closed in (X, 7) for all A € Q since 7 is generated
by {£(A)°} acq. Hence 7 is a topology satisfying the properties in Lemma 14,
which implies that 7¢ C 7. Thus the two topologies coincide. O

Remark. Let A — A be a topological closure operator, hence an essential
closure operator. Omne can see that the topology induced by a topological
closure operator A — A, as an essential closure operator, coincides with the
topology induced by A — A as a topological closure operator.

Given an essential closure operator £ on (X, ), any topology 7 containing
Te with the property that £(A) C cl;(A) for all A € Q is said to be compatible
with €. Notice that if 7 is a compatible topology, then (X,7,Q,&) is an
essential closure space.

On a given essential closure operator space, there can be several compatible
topologies, among which the topology 7¢ is the smallest. The induced topology
T¢ is called the canonical topology. The following result gives a characterization
of the canonical topologies.

Theorem 16. Let € be an essential closure on (X, 7,Q). Then T is the canon-
ical topology e if and only if there exists a subbase of T whose elements are

of the form E(A)° where A € Q.

PrOOF. If 7 is canonical, then it is generated by the collection {£(A)} scq.
On the other hand, assume that 7 is generated by a subcollection of {E(A)°} acq-
Then 7 C 7¢. Moreover, for each A € Q, £(A) is closed with respect to 7 since
£ is an essential closure. Thus 7¢ C 7. O

4 Submeasure closures

In this section, we construct concrete examples of essential closures and demon-
strate some of their applications, especially in the study of the supports of
measures. Let us remark that, even though we can avoid the argument of the
Axiom of Choice in all of our proofs, many (if not most) existing concepts and
results used below are so relevant to the axiom that it cannot be completely
disregarded. An example is the countability of the union of a countable col-
lection of countable sets, which is required in defining Lebesgue measures. As
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such, in the sequel, we additionally assume the Axiom of Choice, hence ZFC
(the Zermelo-Fraenkel system of axioms with the Axiom of Choice).

4.1 Definition and properties

Definition 10. Let Q be a o-algebra over X. A submeasure on (X,Q) is a
set function p: Q — [0, 00| satisfying

L p(0) = 0;

2. p(A) < u(B) for any A, B € Q such that A C B; and

3. <U Ai> < Zu(Ai) for any Aq, As,... € Q.

Remark. Let us note a few facts about our submeasures.

1. Our submeasures are defined on c-algebras and are countably subaddi-
tive, unlike classical submeasures, which are defined on algebras and are
finitely subadditive.

2. Every submeasure on a g-algebra can be extended, perhaps not uniquely,
to an outer measure. In other words, every submeasure is a restriction
of some outer measure. The reason we do not simply call it an outer
measure or a restriction of an outer measure is for convenience in stating
our results.

Definition 11. A topological submeasure space is a quadruple (X, 7, €, 1)

where (X, 7,Q) is a topological measurable space and u is a submeasure on
(X, Q).

Definition 12. Let (X, 7,Q,u) be a topological submeasure space. For any
measurable set A € 2, we say that z € A" if u(GNA) > 0 for every G € N(z).
The set A" is called the pu-closure of A.

Remark. The following are immediate results from the definition.
1. If 4(A) = 0, then A" = 0.
2. Every submeasure closure is weakly strong.

3. If p and v are submeasures on a common measurable space such that
1< v, then A" C A" for every measurable set A.
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Example 7. Recall the definition of the submeasure closure (A — A°) on the
real line defined in [9]. It is an essential closure (with respect to the standard
topology 75) on the Lebesgue o-algebra £(R). Now, we temporarily remove
the topology and view the essential closure as an essential closure operator on
£(R). We will show that the canonical topology (i.e., the induced topology
Taye in Theorem 15) is, in fact, the given standard topology.

Recall that the collection of non-empty open intervals forms a subbase for
the standard topology. Moregver, notice that each non-empty open interval

(a,b) can be written as (Ze) where A = (—o00,a] U [b,00) € £(R). Hence by
Theorem 16, the canonical topology is the standard topology.

Example 8. Let X = (—00,0] and 7 be the topology on X generated by the
collection of singletons {z} where z € (—o00,0). Notice that {z} is a neighbor-
hood of z for every point x € (—o0,0). However, the only neighborhood of 0
is X.

Define a measure p on P(X) by setting pu(A4) = 0 if A is countable and

—_ pryyl 4

1(A) = oo otherwise. Observe that X = {0} while X" = §. Thus the
p-closure is not idempotent. Hence it is not an essential closure.

According to Example 8, a submeasure closure need not be idempotent.
Nevertheless, it is easy to verify that every submeasure closure satisfies the
other three properties in Postulate 1. As a result,

A car=ar

for every p-measurable set A.
Two sufficient conditions for a submeasure closure to be an essential closure
are given in the following result.

Theorem 17. Assume that (X, 7,8, 1) is either a hereditarily Lindelof sub-
measure space or an inner reqular measure space. Then A — A" is a strong
essential closure.

PROOF. Let A be a measurable set and G be the collection of the open sets G
such that u(GN(A\A")) = 0. Observe that z € A\ A" implies 2 ¢ A\ A" "

If (X,7,Q,u) is a hereditarily Lindel6f submeasure space, then for each
x € A\ A" there is G € M(z) such that u(G N (A\A") = 0. Thus G
covers A\ A". Hence there exists a countable subcover {Gy,Ga,...} of G.
Consequently,

p(ANA") <Y p (Gi n (A\Z“)) = 0.
=1
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Therefore, A\ A" g 0.

If (X, 7,Q,p) is an inner regular measure space, consider any compact set
K C A\ A". Then z € K implies = ¢ AN\ A" Therefore, for each x € K,
there is G € N(x) such that u(G N (A\ A")) = 0. Thus G covers K. Hence
there exists a finite subcover {G1,...,G,} of G. Consequently,

n

giM(GmK <> n (G N(A\A ))

Therefore, u(A\ A") = 0 by inner regularity. Thus A\ 4" g 0. O

Observe that the two parts of the proof of Theorem 17 are very similar.
One proof uses a countable subcover while the other uses a finite subcover. So
in the sequel, if there are twin results like these, we shall omit the proof for
the case of inner regular measure spaces.

Theorem 18. Assume that (X, 7,9, u) is either a Lindelof submeasure space
or an inner reqular measure space. Then A" =0 if and only if w(A) =0.

PROOF. Assume that (X, 7,9, ) is a Lindelof submeasure space and A" = 0.
Let G be the collection of the open sets G such that (G N A) = 0. Since
Al = = (), G covers X. Thus there is a countable subcover {G1,G3,...} of G.
Therefore,

The converse is an immediate result from the definition of submeasure closures.
The case of inner regular measure spaces can be proved similarly. O

Corollary 19. Assume that (X, 7,9, 1) is either a Lindelof submeasure space
or an inner reqular measure space.

1. If A— A" is an essential closure, then it is o-non-essential.
2. If A — A" is a strong essential closure, then pu(A") > u(A) for every

measurable set A.

PRrROOF. 1. Let {A4;}2; be a countable collection of non-essential sets. By
Theorem 18, y(A;) = 0. Consequently, (o, A;) = 0. Again, by Theorem
18, [J;2, A; is a non-essential set.
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2. Observe that

W(A) < p(ANA") + pu(A)\ ")
= p(AnA")
< u(A")
This completes the proof. O

The following result gives a characterization of the o-non-essential strong
essential closures on a hereditarily Lindelof measurable space.

Theorem 20. Assume that (X, 7,9Q) is a hereditarily Lindeldf measurable
space. Then an essential closure £ on ) is strong and o-non-essential if and
only if it is a submeasure closure on (X, ,Q).

PROOF. Since the case £(X) = ) is trivial, assume that £(X) # (. Suppose
£ is a o-non-essential strong essential closure on . Define u: Q — [0, 00] by
u(A) =0 if £(A) = 0; otherwise, u(A) = 1. We show that u is a submeasure
on (X, ). Let {A;}22, be a countable collection of measurable sets.

e Since () is non-essential, x(0)) = 0.

e Suppose Ay C Ay. Then (A1) C E(A,). If Ay is non-essential, then A;
is also non-essential. Hence (A1) = 0 = pu(As). If Az is essential, then
(A1) <1 = p(Ay).

e If there is an essential set A; in {A4;} then p (U2 4;) <1< 302, u(A).
If every A; is non-essential, then |J;=, A4; is also non-essential. So

1% (U Ai) =0= ZN(Ai)-
i=1 i=1

Therefore, 1 is a submeasure on (X, Q) and the p-closure on (X,7,Q) is a
o-non-essential strong essential closure by Theorem 17 and Corollary 19(1).
Moreover, the fact that £ and the p-closure coincide follows directly from
Corollary 3 and Theorem 18. Finally, the converse follows from Theorem 17
and Corollary 19(1). O

A submeasure is said to be trivial if the space is of submeasure zero and
is said to be normalized if the space is of submeasure one.

Remark. An essential closure induces a normalized submeasure if the space
is essential. Otherwise, it induces the trivial submeasure.
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Example 9. Consider a p;-closure and a po-closure on a common topological
measurable space. One can verify that the set function £ defined as

E(A) =AM UA™

is, in fact, the (u1 + po)-closure. Moreover, if both the pi-closure and the
ta-closure are essential closures, then so is the (u1 + ps)-closure.

Example 10. If a p-closure is a strong essential closure, then A\ A" s a
non-essential set. However, At \ A can be an essential set. For example, take
@ = A1, the 1-dimensional Lebesgue measure on [0,1], and A = [0,1] \ C,
where C' is a positive Lebesgue measure Cantor set on [0,1]. Then for each

€ [0,1] and G € 9(z), G N A contains a non-empty open interval. Hence

A1 (G N A) > 0. Therefore, AN = [0,1]. As a result,
AN\ a=la\a=c,

which is of positive Lebesgue measure.

4.2 Applications

In this section, we demonstrate some applications of submeasure closures,
especially the study of the supports of measures. An essential closure can be
viewed as a tool to eliminate the non-essential part of a set. In the case of an
essential closure defined via a measure, one can expect that eliminating the
non-essential part of the space should give the support of that measure.

4.2.1 The supports of measures

The support of a submeasure is defined analogously to the definition of the
support of a measure.

Theorem 21. Let pu be a submeasure on (X, 7,Q). Then
suppp = A"

for any measurable set A such that (A°) = 0. In particular, if the p-closure
is an essential closure, then supp u is p-essentially closed.

PrROOF. If x ¢ supp p, then there exists G € 91(z) such that u(G) = 0. Thus
#(GNA) =0 for any measurable set A. Hence z ¢ ar. Conversely, if x ¢ a*
then there exists G € 9M(x) such that u(GNA) = 0. Since u(A°) = 0, we have
w(G) < u(GNA) 4+ u(Gn A% = 0. Therefore, x ¢ supp p. O
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Theorem 22. Let (X, 7,8, u) be a hereditarily Lindelof measure space. Then
a set A € Q is p-essentially closed if and only if there is an absolutely contin-
uous measure v <K i such that suppr = A.

PRrROOF. For each measurable set B, define v(B) = u(AN B). Clearly, v < p.
It is left to show that supprv = A. First of all, observe that A is closed and
v(A°) = 0. Hence suppv C A. We prove the opposite inclusion by first noting
that

p((suppr)© N A) = v((suppr)©) = 0.

Suppose (suppr)°N A # 0. Let z € (suppr)° N A. Then (suppv)® € N(z)
and x € A = A", Therefore, u((suppv)¢ N A) > 0, a contradiction. Hence
(suppv)° N A = 0. In other words, A C supp v.

Conversely, it suffices to show that supprv C suppv#. If « ¢ suppr*, then
there exists G € M(x), u(GNsuppr) = 0. By the absolute continuity, we have

v(G) =v(GNsuppr) =0. So = ¢ supp v. O

The following result can be proved similarly. Notice the difference in the
inner regularity of the measure v.

Corollary 23. Let (X, 7,8, 1) be a topological inner regular measure space.
Then a set A € Q is p-essentially closed if and only if there is an inner reqular
measure v < 1 such that supprv = A.

Theorem 24. Let (X, 7,Q,u) be a hereditarily Lindelof measure space where
w is o-finite. For any o-finite measure n on (X, 7,Q) with Lebesgue decompo-
sition 1 = 14 +ns with respect to w, if p(suppns) = 0, then suppn, = Suppn*.

PROOF. It is straightforward to verify that suppn = suppn, U suppn,. If

x ¢ suppn, = Supp 7, * (since n, < p, suppn, is p-essentially closed), then
there exists G € M(x) such that u(G Nsuppn,) = 0. Thus

(G Nsuppn) < p(G Nsuppn,) + (G Nsuppns) = 0.

Hence z ¢ suppn*. Conversely, if = ¢ suppn#, then there exists G € M(x)
such that u(G Nsuppn) = 0. Therefore,

p(G Nsuppna) < p(G Nsuppn) = 0.

Hence = ¢ Supp g * = supp 1q. -
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4.2.2 The essential supports of functions

In this section, we introduce the concept of the essential supports of functions,
which is partly motivated by the study of the supports of Radon-Nikodym
derivatives; see Chapter 23 in Fremlin’s book [8]. We are particularly inter-
ested in the study of Radon-Nikodym derivatives via techniques from geomet-
ric measure theory.

For any pair of Radon measures (see Definition 1.5 and Corollary 1.11 in
Mattila’s book [12]) v and p on R™, equipped with a c-algebra containing
the Borel sets, such that v < p, it was shown in [12, Theorem 2.12] that the
function

D, ,(z) = lim v(B(z,e))

e—0+ u(B(z,€)) ®)

is defined p-almost everywhere on R™ and coincides p-almost everywhere with
the Radon-Nikodym derivative of v with respect to pu.

Similarly, for any locally finite measure v defined on the Borel o-algebra
over R” such that v < A, it was shown in [2, Theorem 2.3.8] that the function
D, , is defined Lebesgue almost everywhere on R™ and coincides Lebesgue
almost everywhere with the Radon-Nikodym derivative of v with respect to
An-

Definition 13. Let v and i be o-finite measures on a metric measurable space
(X,d,Q). We say that v is differentiable with respect to p if v < p and D, ,
defined in (3) exists p-almost everywhere and coincides p-almost everywhere
with the Radon-Nikodym derivative of v with respect to pu.

Proposition 25. Let v and p be o-finite measures on a metric measurable
space such that v is differentiable with respect to u. Then supp D, ,, = suppv.

PROOF. If z ¢ supp v, then there exists ¢ > 0 such that v(B(x,€)) = 0. Hence
D, ,(x) =0. So {z: D, ,(z) # 0} C suppv. Therefore, supp D, , C suppv.
Conversely, if « ¢ supp D, ,,, then there is G € 9(z) such that D, , =0 on
G. Observe that v(G) = [, D, dp = 0. Thus = ¢ suppv. Hence suppv C
supp D, ,,. Therefore, supp D, ,, = suppv. O]

Radon-Nikodym derivatives are unique up to a set of measure zero. As a
result, the concept of topological supports fails to detect the essential parts of
such functions. We demonstrate an extreme case in the following example.

Example 11. Consider the trivial measure v = 0 on the Lebesgue o-algebra
£(R), which is absolutely continuous with respect to the Lebesgue measure.
Observe that both f =0 and g = xq are the Radon-Nikodym derivatives of v
with respect to A;. However, supp f = () while suppg = R.
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In the above example, even though Q is negligible in the sense that it has
Lebesgue measure zero, it is dense in R.

Definition 14. Let f be an extended real-valued measurable function on a
topological submeasure space (X, 7,Q, ). Define the essential support of f

with respect to p by ess supp, [ = {z € X: f(z) # O}H.

Remark. In Ondrejat’s work [15], the essential support of a function f on
a set D C R™ is defined to be the intersection of all closed subsets F' in D
such that f = 0 Lebesgue almost everywhere on the complement of F'. It is
straightforward to verify that this existing concept agrees with Definition 14.

Similarly to the concept of almost everywhere for measures, for the case
of submeasures, we say that a property holds almost everywhere if the set of
elements for which the property does not hold is a subset of a submeasure zero
set.

Proposition 26. Let f and g be extended real-valued measurable functions
on a topological submeasure space (X, 7,Q,u). If f and g are equal p-almost
everywhere, then ess supp,, f = ess supp,, g.

PROOF. Since f = g p-almost everywhere, we have

p{z € X:g(z) # 0}) = p({x € X: f(z) # 0}),

which implies that the essential supports of f and g coincide. O

Theorem 27. Assume that (X, 7,Q, ) is either a hereditarily Lindelof sub-
measure space or an inner reqular measure space. For each extended real-
valued measurable function f, let [f],, denote the class of extended real-valued
measurable functions on X which are equal to f p-almost everywhere. Then
there exists fo € [f], such that

supp fo = ess supp,, f,
which is p-essentially closed.

PROOF. Define fy to be the function that coincides with f on ess supp,, f and
vanishes elsewhere. Since the u-closure is a strong essential closure,

{veX : f(x)# fol2)} = {x € X : f(z) # 0} \ ess supp,, f
={zeX :f2)20\{z€X : flx) 0}
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is p-non-essential. Hence u({z € X : f(z) # fo(z)}) = 0 by Theorem 18.
Thus f and fo are equal p-almost everywhere (i.e., fo € [f].). By Proposition
26, we have ess supp,, f = ess supp,, fo.

If fo(z) # 0, then = € ess supp,, f by the construction. Therefore, we have
that {x € X: fo(x) # 0} C ess supp,, f. Hence

supp fo C ess supp,, f = ess supp,, fo C supp fo.

Thus supp fo = ess supp,, fo = ess supp, f. As a consequence, supp fo is
p-essentially closed. O

Proposition 28. Let v and p be o-finite measures on (X, 7,Q) with v <

d
u, and let d—y denote the Radon-Nikodym derivative. Then ess supp,, d—y =
m
supp V.

PROOF. Let f denote g—;. If ¢ suppv, then there exists G € 91(z) such
that v(G) = 0. Thus f = 0 p-almost everywhere on G. Therefore, we have
that u(G N{z € X: f(z) # 0}) = 0. Hence = ¢ ess supp,, f. Conversely,

if z ¢ esssupp, f, then x ¢ {z € X: f(x) # 0}#. Therefore, there exists
G € N(x) such that u(GN{zr € X: f(z) # 0}) = 0. Thus f = 0 p-almost
everywhere on G. Hence v(G) = 0. So z ¢ suppv. O

Corollary 29. Let v and p be o-finite measures on a metric measurable
space such that v is differentiable with respect to . Then ess supp, Dy, =
supp D, ;..

ProOF. This follows directly from Propositions 25 and 28. O

Example 12. There exists an absolutely continuous measure v < p with
full support such that p is not absolutely continuous with respect to v. To
see this, let p be the 1-dimensional Lebesgue measure on [0,1] and let v be
a measure on [0,1] defined, for each Lebesgue measurable set B C [0, 1], by
v(B) = A (BN A°), where A is a positive Lebesgue measure Cantor set on
[0,1]. Obviously, v < A; by construction. Moreover, by Proposition 28,

SUpp V = €ss Suppy, XAc = A = [0, 1].
Therefore, v has full support. However, v(A) = 0 while A;(A) > 0.

Example 13. Let (X, 7,9, 1) be a hereditarily Lindel6f measure space and
let f be an extended real-valued measurable function. We already know that

/Xf i = /Suppff .
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Let G be the collection of the open sets G such that p(GN{f # 0}) = 0. Since
for each = ¢ ess supp,, f, there is G € M(z) with u(GN{f # 0}) =0, G covers
(ess supp,, f)¢. Thus there is a countable subcover {G1,Ga,. ..} of G.

By the countable additivity of measures, it is straightforward to show that

p((ess supp, f)¢N{f # 0}) = 0. Thus

/fw:/ fw=/ fo di,
X ess supp,, f supp fo

where fj is a representative of the class [f],, in Theorem 27. Also note that

supp fo = ess supp,, f C supp f.

In this case, we see that fj is indeed a good representative of the class [f],.

4.2.3 Local Hausdorff dimension

In the sequel, let H* denote the s-dimensional Hausdorff measure. More details
on the Hausdorff measures and Hausdorff dimension dimy can be found, for
example, in Falconer’s book [5] and Fremlin’s book [8].

Definition 15. Let (X, d) be a metric space and 74 denote the topology in-
duced by the metric d. The s-Hausdorff closure is defined to be the submeasure
closure on (X, 74, P(X)) induced by H*.

Lemma 30. If a set A is s-Hausdorff essentially closed, then it has local
Hausdorff dimension at least s.

PROOF. Suppose there exist z € A and G € N(x) such that dimp(GNA) < s,
where dimy denotes the Hausdorff dimension. See [5]. Then H*(G'N A) = 0,
contradicting the fact that z € A = ar, O

Theorem 31. Let v be an n-stochastic measure on [0,1]". Then suppv is
1-Hausdorff essentially closed. In particular, by Lemma 30, suppv has local
Hausdorff dimension at least one.

PRrROOF. It suffices to show that suppr C supp A [ ¢ suppyHI, then
there exists G € M(z), H1(G Nsuppr) = 0. Note that v(G) = v(G Nsuppv).
Suppose v(G Nsuppv) > 0. Then

H (71 (G Nsuppr)) = A\ (m1 (G Nsuppr)) > 0,
where 7 denotes the orthogonal projection onto the first variable. Thus
H'(GNsuppr) > 0, a contradiction. So v(G) = v(GNsuppr) = 0, which im-

plies & ¢ suppv. Therefore, suppv = Wﬂl. Hence supp v is 1-Hausdorff
essentially closed. O
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It is well known that there is a one-to-one correspondence between the
collection of n-stochastic measures and the collection of n-copulas. More in-
formation on n-copulas can be found in Nelsen’s book [14].

Example 14. In [6, Theorem 1], Fredricks et al. show that for each s €
(1,2), there is a copula with a fractal support of Hausdorff dimension s. Also,
there are copulas with supports of Hausdorff dimensions 1 and 2, examples
of which include the Fréchet-Hoeffding bounds and the independence copula,
respectively. Moreover, Theorem 31 implies that the support of a copula is of
Hausdorff dimension at least 1. Together with the result of Fredricks et al.,
it follows that the supports of copulas are of Hausdorff dimension at least 1
and for each possible value s € [1,2], there is a copula whose support is of
Hausdorff dimension s.

5 Existing and related concepts

In this section, we discuss various concepts that are related to the concept of
essential closures. Most of them are related to measures and submeasures as
expected.

5.1 Lebesgue closure

Recall the definition of the essential closure on R introduced in [9] and called
by us Lebesgue closure. It is easy to see that the Lebesgue closure coincides
with the Aj-closure defined in the previous section. Also recall from [9] the
definition of the Lebesgue closure defined on S!, the unit circle with center at
the origin in R2.

According to [8, Theorem 265E], the pushforward Lebesgue measure on S!
through the canonical map (6 — ) coincides with the Hausdorff measure !
on S'. As a result, the Lebesgue closure on S' coincides with the H!-closure
on St.

5.2 Lebesgue density closures

To avoid confusion, the essential closures cl* in Buczolich and Pfeffer’s work
[4] and in Fremlin’s book [7], defined for each Lebesgue measurable set A C R™
by

. . An(B(z,e) N A) }
cd"A={zeR": limsup ———2—2 >0,
{ e~>0+p AW(B('I’ 6))
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will be called Lebesgue density closures. Note that, with respect to the stan-
dard topology on R", the Lebesgue density closure fails to satisfy at least the
first property of essential closures in Postulate 1.

For each \,-density closure cl* on the Lebesgue o-algebra £(R™), we define
the modified \,-density closure of A € £(R™) by E(A) = cl" A. As a conse-
quence of taking the topological closure of cl* A, £ is forced to satisfy the first
property of essential closures. Surprisingly, not only that £ is an essential
closure, but it can also be shown that £ coincides with the \,-closure defined
on £(R™).

Firstly, we show that the modified \,-density closure and the \,-closure
coincide on the Borel o-algebra B(R™). Let A C R™ be Borel measurable. For
each Borel measurable set B C R, define Aa(B) = A, (BN A). It is clear that
A4 is o-finite and A4 < A, on the Borel o-algebra. According to Theorem
2.3.8 in Ash’s book [2], A4 is differentiable with respect to A,. As a result,

B An(B(z,¢) N A)
D)= B X5 oy = M8 =3 (B, o)

defines the Radon-Nikodym derivative of A4 with respect to A,. By Proposi-
tion 25 and Theorem 21, we have

E(A)=cl" A=supp Dy, , =suppis = aM

Moreover, it is straightforward to verify that AM =A™ Hence & (A) = At
for each Borel measurable set A C R™.

Finally, we extend the result to the Lebesgue o-algebra £(R™). Let A C R"
be Lebesgue measurable. There is a Borel measurable set B C R™ such that
A C B and A\, (B\ A) =0. According to Lemma 475C in Fremlin’s book [7],
cl® is distributive over finite unions and cl*(E) = 0 if \,,(E) = 0. As a result,

cl*(B) =cl*(A)Ucl®(B\ A) = cl"(A).

Similarly, A" = B™". Thus £(A) = ' (A) = I (B) = £(B)=B"" = 4
for each Lebesgue measurable set A C R™.

5.3 Lower density operators

The essential interiors int™ in Buczolich and Pfeffer’s work [4] and in Fremlin’s
book [7] are lower density operators. In general, lower density operators are
defined as follows.

Let Q be a g-algebra over a set X and P C §2 be a o-ideal. For A, B € §,
we denote A ~ B when the symmetric difference AAB is in the o-ideal P.
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Definition 16 ([11, p. 207]). A lower density operator on (X, 2, P) is a unary
operation ®: Q — Q satisfying the following conditions for all A, B € Q:

1. If A~ B, then ®(A) = ®(B);
2. (AN B) = ®(A) N d(B);

3. ®(0) = 0 and B(X) = X;

4. A~ B(A).

For more details on lower density operators, see the classical book of Lukes,
Maly and Zajicek [11]. According to Lemma 475C in Fremlin’s book [7],

cl*(A) = int* (A%)°, (4)

for each measurable set A. Motivated by the above relation, we derive a result
on the essential closure operators induced by lower density operators.

Theorem 32. Let ® and £ be unary operations on a o-algebra Q over X
satisfying
E(A) = D(A%)°  for all A €S (5)

Then @ is a lower density operator on (X,Q, P) if and only if

1. & is a o-non-essential essential closure operator on (X, ),

2. A~ E(A) for all A e Q,

3. P =Na(€),

4. E(X)=X.
PROOF. Assume that ® is a lower density operator on (X, 2, P). By (5), we
have

o £(0) =d(X) =10,

o E(AUB)=9(A°NB°)°=E(A)UE(B) for all A, B € Q, and

o E(E(A)) = P(P(A%)) =P(A°)c =E(A) for all A € Q.

Hence £ is an essential closure operator.

For each A € Q, A ~ ®(A°)¢ = E(A) because A° ~ P(A°). Consequently,
if A,, is non-essential for each n € N, then |J7—, A, ~ s, £(A,) = 0. Thus
E(U, Ay) = ®(X)¢ = 0. Hence £ is o-non-essential.
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If A e P, then A ~ (. Therefore, E(A) = (. Conversely, if £(A) = 0,
then A ~ ®(A°)¢ = 0, which implies that A € P. Hence P = Nq(€). Finally,
E(X)=2(D)° = X.

To prove the converse, assume that conditions 1, 2, 3 and 4 hold. Since &
is o-non-essential, P is a o-ideal. Let A, B € (.

o Since £(A) = ®(A°)°, B(A) = E(A°)".
e If A~ B, then A\ B and B\ A are non-essential since P = Nq(&).
Thus £(A\ B) =0 =&(B\ A). Therefore,
E(A) =E(A°NBY)UE(B\A)=E(A°NB°)UE(A\ B) =E&(B°).
Hence ®(A) = ®(B).

e That ®(ANB) = &(A)NP(B) follows directly from the assumption that
E(AUB)=E&(A)UE(B).

e Obviously, ®(#) =0 and ®(X) = X.
o Since A® ~ E(A®), ®(A) = E(A°)° ~ A.
Hence @ is a lower density operator on (X, 2, P). O

Corollary 33. Let ® be a lower density operator on (X,Q,P). Define £ by
equation (5). Then £ is an essential closure operator on (X,Q). Moreover,
the induced topology Te is a compatible topology for £.

PROOF. According to Theorem 32, £ is an essential closure operator on (X, Q).
Recall from [11, Proposition 6.37] that B = {4 € Q: A C ®(A)} is an open
base for 7. To show that 7¢ is a compatible topology for £, it suffices to show
that, with respect to 7¢, i) £(A) is closed and ii) £(A4) C cl(A) for all A € Q.

Observe that ®(A) is open in 7¢ since ®(A) € By for all A € Q. Thus
E(A) is closed in 7. Moreover, for each A € Q,

int(4) = J{O € 7¢: O C A}
= J{G€Q: G Co(G)and G C A}
cJ{Geq: GG Cc o)}
cJ{Geq: G o)
C B(A).

Consequently, £(A4) C cl(A) for each A € Q. Therefore, 74 is a compatible
topology for £. O
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The following corollary is an immediate application. Recall that each cl*
is not an essential closure with respect to the standard topology. However,
with a suitable topology, it turns into one.

Corollary 34. Each Lebesque density closure cl* is an essential closure on
(R™, Ting=, L(R™)).

PrOOF. This follows from Corollary 33 and equation (4). O

5.4 Stochastic closures

We will call essential closures defined in [16] stochastic closures to avoid con-

fusion. It has been verified that these stochastic closures are indeed essential

closures. The next question is whether these essential closures are strong and

o-non-essential. And if they are, what are their corresponding submeasures?
For each integer 1 < d < n, define Sg: P([0,1]™) — [0, o0] as follows:

Sa(A) =Y Ny(mw (4))
w

where the sum is taken over all d-dimensional standard subspaces (i.e., sub-
spaces spanned by a collection of standard basis elements) W of R™. It is easy
to verify that S; is an outer measure, hence a submeasure, on [0, 1]”. More-
over, it is easy to see that for each d € N, the d-stochastic closure coincides
with the Sy4-closure, hence strong and o-non-essential.

5.5 Prevalence

The concept of prevalent sets is a measure-theoretic approach to defining what
it means for a statement to hold “almost everywhere” in a possibly infinite-
dimensional complete metric vector space. It was observed in [10] that the
concept of prevalent sets extends the concept of Lebesgue almost everywhere
in finite-dimensional Fuclidean spaces. It is well known that there is no non-
trivial translation-invariant measure in infinite-dimensional spaces. So we ask
whether there is something weaker, for example, a non-trivial translation-
invariant submeasure whose submeasure zero sets are exactly the shy sets (i.e.,
the complements of the prevalent sets). Via the theory of essential closures,
such a submeasure can be constructed. Let us recall some basic properties of
shy sets. Let A, A1, As,... be shy sets and v be a vector. Then the following
hold:

1. A+ v is shy;
2. B C A implies B is shy;
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3. [j A, is shy.
n=1

Observe that, with a suitable underlying o-algebra, the collection of shy sets
satisfies the properties in Definition 7. In the sequel, let V be a hereditarily
Lindel6f complete metric vector space.

Theorem 35. There exists a finite non-trivial translation-invariant submea-
sure on V whose submeasure zero sets are exvactly the shy sets.

PrROOF. The o-algebra generated by the open subsets and the shy subsets of
V will be called the prevalence o-algebra and denoted by £(V'). According
to Hunt et al. [10], the collection of shy sets on V satisfies the properties in
Definition 7 with respect to £(V). By Theorem 8, there exists a unique o-
non-essential strong essential closure whose collection of non-essential sets is
exactly the collection of shy sets. We call the induced essential closure the
prevalence closure.

By Theorem 20, the prevalence closure induces a submeasure on £(V).
Note that an induced submeasure is not unique. We call such a submeasure
a prevalence submeasure. Moreover, by Theorem 18, the collection of non-
essential sets, which is the collection of shy sets, is exactly the collection of
prevalence submeasure zero sets. In addition, it is worth mentioning that the
space V is essentially closed with respect to the prevalence closure. This is
due to the fact that non-empty open sets are not shy, hence are of positive
prevalence submeasure.

To conclude, we have a prevalence submeasure on £(V) whose prevalence
submeasure zero sets are exactly the shy sets on V. Moreover, it is straight-
forward to verify that the prevalence closure commutes with the translations.
However, a prevalence submeasure is generally not translation-invariant. Nev-
ertheless, there is a special prevalence submeasure that is translation-invariant.

In the proof of Theorem 20, the normalized submeasure obtained from the
prevalence closure will be called the normalized prevalence submeasure and
denoted by p,. For each vector v € V, observe that u,(A+v) = 0 if and only
if A 4 v is shy, which in turn is valid if and only if A is shy. Equivalently,
pp(A) = 0. Since p, assumes the value of either 0 or 1, the normalized
prevalence submeasure p, is translation-invariant. O
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1. Introduction

It is well-known that the bivariate copula of two continuous random variables completely captures their dependence
structure. Notable examples are the independence copula IT(u,v) = uv, which corresponds to independent random
variables, and the copulas of completely dependent random variables, called complete dependence copulas. Since it was
discovered (Mikusinski et al., 1992, 1991; Kimeldorf and Sampson, 1978) that there are complete dependence copulas
arbitrarily closed to IT in the uniform norm, many norms have been introduced and investigated in the literature (Darsow
and Olsen, 1995) giving rise to measures of dependence such as w in Siburg and Stoimenov (2009) and ¢; in Trutschnig
(2011). These dependence measures defined in terms of the copula’s first partial derivatives attain the maximum value 1
at least for complete dependence copulas and the minimum value 0 when and only when the copula is 7. However, with
respect to these dependence measures, the independence copula can still be approximated by implicit dependence copulas
(Chaidee et al., 2016), defined as copulas of random variables X and Y which are implicitly dependent in the sense that
aoX = oY as. for some Borel measurable functions « and . For some Rényi-type measures of dependence (Rényi, 1959)
such as w, in Ruankong et al. (2013) and v, in Kamnitui et al. (2015), with respect to which all complete dependence copulas
have measure 1, all implicit dependence copulas also attain the maximum measure (Ruankong et al., 2013, Corollary 4.12).
It is then evident that implicit dependence copulas play a crucial role in understanding as well as comparing and contrasting
measures of MCD and Rényi-type dependence measures. Every implicit dependence copulas assigns its full mass to the graph
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of f(x) = g(y), called an implicit graph, for some measure-preserving functions f and g. Closely related and constituting a
much larger class than the implicit dependence copulas are the copulas whose mass is concentrated on an implicit graph.

Motivated by the concept of invariant sets in Darsow and Olsen’s study of idempotent copulas (Darsow and Olsen,
2010), we shall investigate copulas C assigning full mass to implicit graphs via their corresponding Markov operators T
and associated o -algebras o¢ and o . For the copula C of %[0, 1]-random variables X and Y, S belongs to o¢ and R belongs
toof ifand only if Y € S with probability one given that X € R. We derive some fundamental properties of these associated
o-algebras. Intuitively, the larger the o¢ is, the stronger the dependence of Y on X is. We then obtain characterizations of
a copula C assigning its full mass to an implicit graph in terms of the factorizability of the corresponding Markov operator
Tc on a subclass of the Borel functions and in terms of the size (non-atomicity) of the associated o -algebras o¢ and o.
Naturally, these characterizations could be useful in investigating singular copulas. Our main results find an application
in copulas with fractal supports introduced by Fredricks, Nelsen and Rodriguez-Lallena (Fredricks et al., 2005). Given a
transformation matrix A, there is a unique copula C, such that [A](C4) = C,4, where [A] maps the class of bivariate copulas
into itself according to the weights given by the entries in A. As a consequence, we obtain a broad sufficient condition on
a transformation matrix A under which the copula C4 is non-atomic and hence assigns its full mass to an implicit graph.
Working directly with the transformation matrix A, a sufficient condition under which C4 is an implicit dependence copula
is also given. Our ongoing research is to find a characterization of general implicit dependence copulas via behaviors of their
o-algebras. Such a characterization would be beneficial in the study of products of implicit dependence copulas.

The manuscript is organized as follows. Section 2 lays the necessary background on copulas and Markov operators for the
rest of the paper. We then define the associated o -algebras of a copula and prove their basic properties in Section 3. Section 4
gives a definition of non-atomic copulas and some of their fundamental properties summarizing in characterizations of non-
atomic copulas. In the final section, the characterizations are used in an investigation of copulas with fractal support. We
also give a sufficient condition on a transformation matrix under which the induced invariant copula can be written as the
product of a left invertible copula and a right invertible copula.

2. Background on copulas and Markov operators

Let A denote the Lebesgue measure on R, I = [0, 1] and 2 = #(I) the Borel o-algebra on I. Since we always consider
A-integrable functions on I that are measurable with respect to various sub-o-algebras .# of %, we will denote by L'(.#)
the class of A-integrable .#-measurable functions on I. #-measurable functions are called Borel functions. For A € %, 14
denotes the indicator function of Aand 1 = 1;.

A (bivariate) copula C is a function from I to I which is the joint distribution function of two random variables uniformly
distributed on [0, 1]. For random variables X and Y with joint distribution Fx y and continuous marginal distributions Fx and
Fy, there exists, by the Sklar’s theorem, a unique copula C, called the copula of X and Y, for which Fx y (x, ¥) = C(Fx(x), Gy (¥))
for all x, y. The independence copula is the product copula 7 (u, v) = uv. Complete dependence copulas are either the copulas
Cef = Cey or Cr, = Cy . where e(x) = x and f is a measure-preserving function on I in the sense that A(f~1(B)) = A(B) for
every B € #. Here, Gy g(u,v) = AF1(0, u]) N g~1([0, v])) for u, v € L The comonotonic and countermonotonic copulas
are M = C. . and W = C, 1_., respectively.

Definition 1. Two random variables X and Y are said to be implicitly dependent if there exist Borel functions « and g such
that « o X = B o Y almost surely. The copula of two implicitly dependent continuous random variables is called an implicit
dependence copula.

It is evident that all implicit dependence copulas are of the form C * Cg for some measure-preserving functions f and g
onl

Each copula C induces a doubly stochastic measure ¢ by uc((a, b] x (c,d]) = C(b,d) — C(b,c) — C(a,d) + C(a, c).
The support of C is then defined as the support of the induced measure jc, i.e. the complement of the union of all open
sets having zero pc-measure. One can construct a new copula by taking any convex combinations of two or more copulas.
Any two copulas C, D also give rise to a new copula via the x-product: (C % D)(u, v) = f(; 3,C(u, t)a,D(t, v) dt. The binary
operation * makes the class of copulas a monoid with null element /7 and identity M. If C « D = M then C is a left inverse of
D and D is a right inverse of C. The left invertible copulas are exactly the complete dependence copulas Cef, while the right
invertible copulas are exactly the complete dependence copulas Cr. See Nelsen (2006) and Durante and Sempi (2015) for
comprehensive introductions to many aspects of copulas.

A linear operator T on L'(2) is called a Markov operator if

. T1=1,

ii. f(; Ty d) = fol Y dA for every ¥ € L', which is equivalent to T*1 = 1, and
iii. Ty > 0 for every ¢ > 0, which means T is positive.

So a Markov operator must be a bounded linear operator on L' (and L*). From Olsen et al. (1996), for each copula C, there
corresponds a Markov operator T¢ defined by

d 1
TP = - / 8,C(x. Y (8) dt.
0
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In fact, the mapping @ : C — T¢ is an isomorphism from the set of copulas endowed with the x-product onto the set of
Markov operators under the composition. In particular, Tc.p = Tc o Tp. Define also (Tgp)(y) = % fol 01C(t,y)p(t) dt. The
copula C and the Markov operators T¢ and T{ are also related by the identities

X y
C(X, y) = / Tc 1[0,),] ([) dt and C(X, y) = f Tgl[(),x] (t) dt. (])
0 0

In fact, it is a good exercise in functional analysis to verify that the Markov operator T¢ coincides with the extension of the
adjoint of T¢ to a Markov operatoron L, i.e. TE = (Te)*.
Let us quote a very useful result from Darsow and Olsen (2010, Theorem 2.11) where, for brevity, we denote Te, = Tg.

Theorem 2.1. Let f be a measure-preserving Borel function and v € L'(%). Then [T 1(x) = ¥ o f(x) and [T (¥ o /HI(x) =
¥ (x) for almost every x € [0, 1].

3. Associated o-algebras

Unless stated otherwise, all equalities of two functions hold A-almost everywhere and all equalities of two sets mean
that their symmetric difference has Lebesgue measure zero. The integral on the whole unit interval I is denoted simply
by /.

Let C be the copula of random variables X and Y which are uniformly distributed on [0, 1]. Then for any Borel sets
R,S C [0, 1], we have

Tcls(x) =P(Y € SIX =x) and Ti1R(y) =P(X €R|Y =Y).

See Darsow et al. (1992). We also have T = T¢r and (Tg*)>k = T¢. Roughly speaking, if Tc1s = 1, then it happens with
probability one that if X € Rthen'Y € S. For each copula C or Markov operator T = T¢, let us define

oc =or ={S € #: T1ls = 1 for some R} and
of =07 ={R € #: T1s = 1 for some S} .

Example 1. Let us explicitly compute the associated o-algebras o¢ and o for C = I1, C = some complete dependence
copulas and € = "%,

1. Tg1s = 1y is equivalent to 1z(x) = d%fs 0 I1(x,t)dt = A(S) for a.e. x € [0,1]. So A(S) = 0 or 1 and hence
A(R) =A(S) =0o0r 1.Thus,oy =0}, ={S € #: A(S) =0o0r 1}.

2. With essentially the same arguments as that in Darsow and Olsen (2010), oy, oy, ow and oy;, are the Borel sets.

3. For € = M¥ Te15(x) = J15(x) + 315(1 — x) a.e. x. If S is symmetric with respect to 1, i.e. x € S if and only if
1 —x € S, then Tc1s = 15. Conversely, Tc1s(x) = 1z(x) implies that x € S if and only if 1 — x € S. Moreover, for
such a symmetric set S, (1 — 15)(x) = (Tc1ls — 15)(x) = % (1s(1 —x) — 15(x)) = 0 a.e. x. That is, R = S. Hence,
omsw =a,*(4%w={sg[0,l]:x65©1—xe5}.

4, For 0 < o < 1,let L, denote the complete dependence copula whose support consists of the line segments y = g 0<
x <a,andy = 7=5,a < x < 1.Then a direct computation yields T;, 1s = 1(as)ua-+(1-a)s) and hence o, = % and
of, =f{aSU(@+ (1 —a)S):S e %}

Listed below are basic properties of sets S and R linked by T.

Lemma 3.1. Let C be a copula with associated Markov operator Tc and doubly stochastic measure puc and R, S € #. Tc1s = 1g
ifand only if uc(R x S) = A(R) = A(S).

Proof. Note the fact that uc(R x S) = fR Tclsdh. If Tc1s = 1 then uc(R x S) = A(R) and, by the property of
Te, A(R) = [1pdr = [Tclsdh = [ 15dr = A(S). Conversely, if jc (R x S) = A(R) = A(S) then [, Tc1sdA = puc(Rx S) =
A(S) = [1sdr = [Tclgdrand [, Telsdi = puc(R x S) = A(R) = [, 1dA. Since Tc15(t) € [0, 1], Tc1s(t) = 0 for every
t ZRand Tc1s(t) = 1foreveryt € Rjie. Tcls =1z O

Proposition 3.2. Let T be a Markov operator and Sy, Sz, R1, Ry € %. Then
. if Tls1 = 1R1 then T*1R1 = 151,'

. if T1s, = 1g, then Tlsg = 1R§;

. lf T15i = 1Ri for i=1,2 then T151m52 = lleRz,'

. the classes oy and oy are o-algebras; and

. of = o, thatis ol = oct.

UGN WN =
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Proof. 1. By the definition of T*1; applied to 15 with the canonical identification between (Ll)* and L*°, fs T*1Rd) =
S 1sT*1gdh = [1g1gdr = A(R) = [, 15 dA.Since 0 < T*1¢ < 1(a.e.), T*1g = 15 as desired.

2. If T1s = 1i then it follows from T1g + T1sc = T(1g + 15¢) = T1 =1 = 13 + 1gc that T1ge = 1gc.

3. Suppose T1s, = 1, fori = 1,2andletS = S1NS;, R = R1NR,.Since S C §;, 1;—15 > 0andso 1z, —T1s = T(15,—15) >
0. Therefore T1s < min(1g,, 1g,) = 1g;nr, = 1z But [ (1g — T1s) dA = [ 1gdr — [ 15di = A(R) — A(S) = 0, where
the last equality follows from considering T*1g, (15,) = 1z, (T1s,). Hence, T1s = 1.

4. Suppose T1s, = 1, for everyi € N. By 3,if Sy, Sy, ... are mutually disjoint then so is the sequence Ry, R;, . .. because
Yoidg = Yo Tls, = T(X 2 15) = T(lys) < 1.Thus, T (1) = 1oz, Generally, we write | J;S; as the
disjoint union U; S;, where §; = S; \ Uj<,»§j. Letting T1; = 1, it follows from 2, 3 and the disjoint union case above
that T1g, 5 = gy, - Hence, Ri = Ri \ Ui R; by induction. Consequently, T (1u;5,) = 1y;g;-

5. This clearly follows from 1 and the fact that T** =T. O

Remark. By Theorem 2.1, T} o T; = id, the identity map, on L' (%) if the copula L is left invertible. However, it follows from
the above proposition that for every copula C, T o Tc = id on {15: S € o¢}, or equivalently on the class of all integrable
oc-measurable functions.

Theorem 3.3. Let T be a Markov operator with associated o-algebras or and of. If i is or-measurable then T is of-
measurable.

Proof. By the linearity of T and the definition of o7 and o7, if ¥ is a simple or-measurable function then T+ is simple and
of -measurable. The case when v is or-measurable follows from the continuity of T. O

4. Non-atomic copulas

Definition 2. Let .7 be a sub-o-algebra of %. A set S in .7 is called an atom in . if A(S) > 0 and for every E € .7, either
A NE) = A(S) or A(S N E) = 0. The o-algebra .~ is said to be non-atomic if there are no atoms in .; otherwise, it is
called atomic. .# is totally atomic if there is a (countable) collection of essentially disjoint atoms Eq, E,, ... in . such that
> i A(E)) = 1. We say that a bivariate copula C is non-atomic if both o -algebras o¢ and o are non-atomic. And C is called
totally atomic if both o¢ and o are totally atomic.

In fact, one can verify the non-atomicity of a copula via only one of its two associated o -algebras.

Proposition 4.1. For every copula C, o is non-atomic if and only if o is non-atomic.

Proof. By Proposition 3.2(5), it suffices to prove only that if o¢ is non-atomic then so is . Let R € o with A(R) > 0.Then
Tc1s = 1 for some S € o¢ and A(S) = A(R) > 0. By the non-atomicity of oc, there exists S’ € o¢ for which S’ C S and
0 < A(S") < A(S).ThenTc1y = 1g for some R’ € o and A(R)) = A(S’) € (0, A(R)). It is only left to show that R" C Rin the
sense that 1z < 1y a.e. But this clearly follows from the positivity of Tc. O

Note that the non-atomicity is a generalization of the notion of the same name in Darsow and Olsen (2010), which is
defined only for idempotent copulas C via their invariant sets defined as Borel sets S for which Tc1s = 15. However, the two
notions agree for idempotent copulas.

Proposition 4.2. If a copula C is non-atomic and idempotent then o = o is the o -algebra of invariant sets.

Proof. Since an idempotent copula is symmetric, T = Tc = Tc. Consequently, Tf o Te = Tc o Te = Tcyc = Tc. Now, if
Tc1s = 1z then Tf 1z = 15 and so T¢ o Tc1s = 15. Hence S is an invariant set of C and so is R as 1z = Tc1s = 1. That is, o¢
and o are subsets of the class of invariant sets. The converse inclusions are clear. O

Example 2. It is evident from the computations of ¢ and o in Example 1 that /7 is totally atomic but M, W, w and L,
are non-atomic. In fact, every complete dependence copula is non-atomic.

Proposition 4.3. Let C be a copula.

1. oc = #ifand only if C is left invertible.
2. of = Pifand only if C is right invertible.

Proof. We shall prove only 1 as 2 can be proved in a similar manner. If C = C; then Tc = T, maps ¥ to ¥ o g. So for every
Be #,Tc1g = 1gog = 1,1 . Hence, oc = #. Conversely, Theorem 5 in Sakai and Shimogaki (1972) implies in particular
that T is multiplicative, meaning T (v - ¢) = Ty -T¢ forevery ¢, ¢ € L, ifand only if T = T, for some measure-preserving
function g. By the linearity and continuity of T = Tg, it then suffices to show that T(1 - 1) = T1z - T1g for all B, E € #4.1In
fact, if T13 = 1p and T1g = 1 then T1gng = 1y~ (by Proposition 3.2(3)) and the desired equality follows. O
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Proposition 4.4. Let T be a Markov operator and f and g be measure-preserving functions on [0, 1]. Then the following are
equivalent.

1. T1g-15 = 115 forevery B € 2.

2. T(6 og) = 6 o f forevery Borel function 6 e L.
3. Ty = Tef o T for every g~ (#)-measurable function .

Proof. 1= 2: For every BorelsetB C I, T(1308) = T1g-15 = 1p-15 = 130 f. S0, T(¥ 0 g) = ¥ o f for all simple Borel
functions 1. By the standard measure-theoretic argument, T(6 o g) = 6 o f for every Borel function 6.

2 = 3: Using Theorem 2.1, 2 implies that T, o T 0 Teg0 = T (T (6 0 g)) = Tfe (8 o f) = 6 for every Borel function 6, and
hence T o T o Toy = id = Ty, thatis Cg, * C % Ceg = M. This means that Cg, * C is the unique left inverse of Ceg, 01 Co % C = Cge.
Left multiplying by Cef yields Cep % Cre % C = Cof % Cge,i.€. Tef 0T o T = Tef 0 Tge. On the other hand, by Theorem 2.1, for any Borel
function 8, Tes o Tre(@ o f) = (6 of ) which gives Tys o T, 0 T(8 0 g) = T (6 0 g). Since {6 o g: 6 is a Borel function} coincides
with the class of g~!(%)-measurable functions, T,r o T, o T = T on the class of L!-functions which are g~!(%)-measurable.
Therefore, Ty = (T o Tge)r for every g~ ' (#)-measurable ¢ € L.

3 = 1: This is clear from taking ¢ = 1,-15. O

The equivalence relation ~ on % is defined as follows: E ~ F if and only if the symmetric difference EAF has Lebesgue
measure zero. Of course, ~ is still an equivalence relation on any . C 4. The equivalence class of S in . is denoted by
[S]s or just [S] if no confusion can arise. The collection of equivalence classes in . is denoted by [.#]. [] is in fact a
measure algebra induced by the Lebesgue measure A. That is, [.#] is a Boolean o -algebra with respect to the operations
[S]V[R] = [SUR]and [S] A [R] = [S N R] together with A: [.#’] — [0, 1] defined by A([S]) = A(S) and satisfying
A (\/21[Ai]) =Y 2 A([A]) if [Ai] A [Aj] = [0] for i # j. See Royden (1988, p.398).

Tc induces a well-defined equivalence class function 7¢: [oc] — [of] mapping [S] to [R] if and only if Tc1s = 1. It
follows from the defining property ii of T that A(R) = A(S) and hence 7¢ is measure-preserving. Statements 1 and 2 in
the following lemma are quoted from Theorem 3.2 and Theorem 3.3 in Darsow and Olsen (2010), respectively, except for
the additional claim in 2 that the measure-preserving Borel function h is unique a.e. We therefore include its proof, part of
which is the construction procedure of h taken from Darsow and Olsen (2010, Theorem 3.3).

Lemma 4.5 (Darsow and Olsen, 2010). Let ¥ C % be a non-atomic o -algebra. Then

1. there exists a surjective isomorphism ¥ : [#] — [%] which means ¥ ([S]°) = ¥ (SD, ¥ ([S1] V [S2]) = ¥ ([S1) V
¥ ([S2]), A(IS]) = A ([S])) and ¥ is onto (it follows that ¥ is one-to-one and an isometry with respect to the metric
p([S], [R]) = A([S]A[R]) and preserves countable unions and intersections); and

2. for any surjective isomorphism ¥ : [.#] — [4)], there exists a unique (a.e.) measure-preserving Borel function h: [0, 1] —
[0, 1] such that h=1(®) C .7 (in fact, they are essentially equivalent,) and that h~1(B) € ¥ ~1([B]) for every B € .

Proof. We prove only 2. Enumerate Q N [0, 1] = {r,},cy and set I, = [0, r,]. For each n € N, choose S, in the equivalence

class ¥ 1([I,]) so that Sy = [0, 1]ifr, = 1and Sy C S; whenever r, < ;. Define a Borel measure-preserving function

h(x) = inf{r;: x € S¢}. For S € ., choose By € ¥([S]) and set Sy = h~!(By). Since ¥ is one-to-one, [S] = ¥~ !([By]).

We prove that h™'(By) € ¥~'([Bo]) by considering .# = {B e %: h~'(B) € ¥~ '([B])}. Since .# is a monotone class

containing every [0, r¢], it contains all Borel sets and we have the claim. To prove uniqueness, if k: [0, 1] — [0, 1] is a

measure-preserving Borel function such that k='(B) € w~!([B]) for every B € %, then k='([0, r,]) € ¥~ ([0, r,]). So

A (h=1([0, ra]) Ak~ ([0, 1)) = O for every n. By Proposition 10 in Royden (1988, Chapter 11 (p. 261)),h = kae. O

Theorem 4.6. Let C be a copula with associated Markov operator Tc and doubly stochastic measure (. For measure-preserving
functions f and g on I, the following are equivalent.

1. pc (Iyg) = 1, where Ity = {(x,y) € P: f(x) =g}
2. Tc = T o T on the class of g~ 1(®)-measurable functions.
3. C is non-atomic with oc 2 g~ (%) and o} 2 f~ ().

Proof. 1 = 2: By Proposition 4.4, Lemma 3.1 and the measure-preserving property of f and g, it suffices to show that
Mcéf*‘(B) xg~(B)) = A(f~'(B)) forevery B € #.This follows from suc (f~'(B) x g7'(B)) < uc (F~'(B) x I) = A (f~'(B))
an
e (F71B) x g7'®) = e ((x,9): f() =g(¥) € BY)
=pc (& y): fx) =gW}N{x,y): f(x) € B})
=1 (F'®).
2= 1 F(c)]reachn eNandi=1,2,...,2" putl, =[5, 5] and B, = {J;f 7' (in) x € '(Jin). ThenB; 2B, D -+ D
B, D --- an

2n 2" 2n

je B) =Y e (F i) x g7 Uin)) = Y A (F' i) =Y A (lin) =1
i=1

i=1 i=1
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1 1

Cl CV2

Fig. 1. Supports of copulas whose both associated o -algebras are A~!(2).

where we have used Lemma 3.1 in the second equality and the measure-preserving property of f in the third. Set B =
ﬂ;“;] B,. We have puc(B) = lim,_, tc(B;) = 1.1t then suffices to show that B = I} . First, if f (x) # g(y) then there exists
n € Nsuchthat 5 < |f(x) —g(y)| and hence (x, y) & B,. Conversely, itis clear that I}, = |J; {(x,y): f(x) = g(y) € lia} C
B, for every n.

2 = 3: By Proposition 4.4, Tc1;-1(5) = 115 for every B € %, which implies that g~'(%) C oc and f~'(%) C of. But
both g~ (#) and f ~! () are non-atomic because g and f are measure-preserving. Therefore the finer o -algebras o¢ and of
are non-atomic as well.

3 = 2: Our proof is in three steps. (i) By applying Lemma 4.5(1) to o¢ and of, it follows that Y¢: [oc] — [GC*]
defined earlier is one-to-one, onto, measure-preserving and preserves order, complementation and the lattice operation on
equivalence classes corresponding to countable unions of monotonic sequence of sets, i.e. 7¢ is a surjective isomorphism.
(ii) By Lemma 4.5(2), there exists Zc: [o¢] — [#] and a unique (a.e.) Borel function f : I — I'such thatf~'(B) € & '([B])
for every B € #. So the composition &Z¢c o ¢ : [oc] — [#] satisfies the same properties and induces a unique Borel function
g: I — Isuch that

g 1(B) € (Bc o Yo)"\([B]) foreveryB e &.

As a consequence, T¢ ([gq (B)]) = Ec_l ([B]) and, by the definition of ¢, Tc1,-1(5 = 17-1( for every B € 4. And the proof
is done by Proposition 4.4. O

In particular, by taking C = Cf * Cge Where f and g are measure-preserving functions on I, 2 holds and hence ji¢ assigns
full mass to Iy g, thatis pc(I7¢) = 1. By the Remark after Proposition 3.2, Theorem 4.6 also implies that T} o Tc = id on
the family of all integrable and g~ ' (2#)-measurable functions. Even though it holds for simple (piecewise linear) measure-
preserving functions f and g thatoc = g~ ' (%) and o = f~1(#), we could not prove these for arbitrary measure-preserving
functions. It is quite probable that they are only essentially equivalent. Note that o¢ and o do not characterize the copula
C or even its support as shown in the following example.

Example 3. Consider the copulas C; = w and C; whose mass is distributed uniformly along the four line segments

shown in Fig. 1. They are both symmetric with associated o-algebras o¢, = ogkl = o0 = O‘C*Z = A"(#) where
A(X) = 2min{x, 1 —x} for x € I Observe that I'y » = {(x,¥): x =y orx =1 —y}, which coincides with the support
of C;. Note also that for any measure-preserving function f, the set I ; contains the diagonal {(x, x) : x € I} and hence M
assigns full mass to /5 5.

Example 4. For a fixed « € (0, 1), consider C, = aM + (1 — o)W with Markov operator T,. It is readily verified that

oc, = ag*a ={Se#:S=1-S}and T,1s = 1 for every S € oc,. But only T% has the property that T% 1 is oc, -
2

measurable for every B € #. Note also that C% = L% x L.
2

Proposition 4.7. For any given measure-preserving functions f and g, every copula C fulfilling ¢ (I"f,g) = 1is singular.

Proof. By Fubini’s theorem, the 2-dimensional Lebesgue measure of I} ; equals

1 1 1 1
/ / 1, (%, y) dyde = / A (g AF0D) dx = / AU ()) dx =0,
0 0 0 0

where we have used the measure-preserving property ofg. O

With respect to the uniform norm, since the shuffles of Min are already dense in the class of copulas, so is the class of
implicit dependence copulas. A natural question, by one of the referees, is whether the class of implicit dependence copulas
is dense with respect to stronger norms such as the modified Sobolev norm. Considering the modified Sobolev norm, though
the independence copula can be approximated by implicit dependence copulas (see Chaidee et al., 2016, Theorem 4.4), its

Please cite this article in press as: Sumetkijakan, S., Non-atomic bivariate copulas and implicitly dependent random variables. J. Statist. Plann. Inference
(2017), http://dx.doi.org/10.1016/j.jspi.2017.01.005




S. Sumetkijakan / Journal of Statistical Planning and Inference I (1111) KRE-1E1 7

proof for an arbitrary copula still escapes us. However, Theorem 4.3 in the same paper (Chaidee et al., 2016) implies the
denseness of the class of copulas assigning full mass to an implicit graph.

5. Copulas with fractal support

Let us recall the construction of copulas with fractal supports in Fredricks et al. (2005) put in the context of patched
copulas (Yanting et al., 2011; Chaidee et al., 2016).

Definition 3. A transformation matrix is a matrix A with nonnegative entries, for which the sum of all entries is 1 and every
row and column has at least one non-zero entry.

Given a transformation matrix A = [aj;]xx, where the first index (i) is the column number from left (i = 1) to right
(i = k) and the second index (j) is the row number from bottom (j = 1) to top (j = £), the matrix multiplication of A and

B = [bjm]l¢xn is defined by [a;j][bjm] = [Zle agbjm].Af = [aji]¢xk. This unconventional entry arrangement syncs well with
the *-product of copulas.

Let p; denote the sum of the entries in the first i columns of A and let g; denote the sum of the entries in the first j
rows of A where pg = 0 and qo = 0. The partitions {pl —o and {q]} of [0, 1] yield a rectangular partition of [0, 1]?
consisting of k - £ rectangles with vertices (p;, q;). More precisely, the rectangular partition consists of R; = R; x R where
Ry, = [0,p1],R1 = [0,q1], R, = (pi-1,pilfor 1 < i < kandR; = (gj—1,q;] for 1 < j < £. Given a copula C, we
construct a new copula denoted by [A](C) by placing a scaled copy of C in each R;; weighted according to the mass given by
the corresponding entry in A. It is defined for (u, v) € R;; by

U—pi-1 —(qj—1 —Di-1 UV —(Qj—1
[A](C)(u, v) = ay a;y + ayj + a;;C ( )
2 a —piai = g —q 1; = pi 4 — g

i'<ij' <j J<j

Here, empty sums are zero by convention. See Fredricks et al. (2005) for more details. It will be more convenient to view
[A](C) as the so-called patched copula (Yanting et al., 2011; Chaidee et al., 2016) defined as

k I4
(A1), v) = Y Y " ayC (Filw), Gi(v))

i=1 j=1

Pi—Pi-1
is the uniform distribution on [g;_1, g;]. Denote Ap; = p; — pi—1 and Agj = qj — gj—1.
We then investigate how this rectangular patching of a copula C according to the transformation matrix A affects C in
terms of their Markov operators.

where F;(1) = min (], U=Pi1 ) 1p._,.00) (1) is the uniform distribution on [p;_1, p;] and G;(v) = min (1 =T 1) 1(g;_.00) (V)

k¢

.
Taof@ =33 “'; L[ . o)
qj—1

i=1 j=1
k

d 1
3 aj— /o hC (Fi(x),5)f oG '(s) ds

=1 j=1

[

Ek E W Te(f o G ) EX)) (2)
cU ol i .
im1 j=1 2Di !

Consequently, Tayc) (f) (F;~ lx) = ZJ 1 Aaz Te(f o G 1(x), which can be written in matrix form as

a,.
T, F.”x] :[“] [T G”x]
[menE ] =[50, [roeghw],

See Trutschnig (2012) and Trutschnig and Fernandez-Sanchez (2012) for essentially the same identity in terms of Markov
kernels.

Define inductively [A]"(C) = [A] ([A]"“ (C)) forn > 2. Fredricks et al. (2005) showed that for any transformation matrix
A # [1] and copula C, [A]*(C) converges (pointwise and hence uniformly) to a unique copula C4, as n — oco. Moreover,
C4 is the fixed point of [A], i.e. [A](C4) = C4. However, since uniform convergence will not suffice for our purposes, we
shall investigate the convergence of [A]“(D) with respect to a stronger norm with respect to which the x-product is jointly
continuous. We choose the modified Sobolev norm defined as ||C||2 = ||C||3 + ||C||3 where ||C||? = fol fol 18;,C(u, v)|? dudv.
See Darsow and Olsen (1995). Our proof of the following proposition is quite the same as the analysis of the mapping V,
corresponding to our mapping [A], in Trutschnig (2011, pp. 703-704). So we give only a sketch of proof.
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Proposition 5.1. Let A be a transformation matrix whose dimension is at least 2 x 2 and let C and D be copulas. Then
ITAIC) — [AI(D)[ls =T IC —Dlis

where r> = max (Z] 121 ) 3;’1 — Zj 12, ) 52’ q’ 1) < 1and |-||s is the modified Sobolev norm.

Proof. Denote A = [aj]kx¢ with k, £ > 2 and let {p, 0 {q]} be the induced partitions of [0, 1] on the x-axis and y-axis,
respectively. Then, for u € (pi_1, p;) and v € (gj_1, g)),

|1 TAI(C) (1, v) — 1 TAI(D) (u, v)| = ﬁ |0:C (Fiw), G;(v)) — D (Fr(w), G(v)|

i-1
which implies that [|[A](C) — [AI(D)||3 = (ZJ 1 Zl 1 ﬁzf Z’ :) |C — D||3. Using the relations a; < p; — pi—1, _; @ =
gj — gj—1 and the assumption £ > 2, the constant must be less than 1. A similar proof yields an analogous bound for

ITAN(C) — [AID)II5. O

We now have that the mapping [A] is a contraction on the class of copulas ¢, with respect to the modified Sobolev norm.
Using the fact (Darsow and Olsen, 1995) that €, is complete with respect to the modified Sobolev norm, it follows from the
Contraction-Mapping Theorem that:

Theorem 5.2. For each transformation matrix A of dimension at least 2 x 2, and for any initial copula D, the sequence {[A]" (D)},
converges to the copula C, in the modified Sobolev norm.

Evidently, C4 depends only on the matrix A. So, in order to investigate the non-atomicity of C4, we are led to introduce a
completely analogous concept of invariant pairs on the transformation matrix A which automatically yields a pair (R, S) of
unions of intervals satisfying Tjajp)1s = 1.

Definition 4. Let A = [a;j]x«¢ be a transformation matrix, ¥ # I € {1,2,...,k}and ¥ # ] C {1, 2, ..., £}. The pair (I, ])
is called an invariant pair of A if a; = 0 for every (i,j) € (I x J°) U (I° x J).If (,]) is an invariant pair of a transformation
matrix A, then there must be some (i, j) € I x J for which a; > 0.

Two invariant pairs (I1, J;) and (I, Jo) of A are called disjoint if I; NI, = ¥ and J; N J, = . This is equivalent to the
condition that (I; x J;) N (I x J,) = @ simply because (I x J1) N (I x [,) = (I; N L) x (J; NJp).If (I, J1) and (I, J) are
not disjoint then both Iy N I; and J; N J, are not empty.

We say that A is disjointly decomposable if A has a finite number of pairwise disjoint invariant pairs (I1, J1), (I, J2), . . .,
(In,Jn) such thatN > 2, U’::] I, ={1,2,...,k}and Ug:1]n ={1,2,...,¢}.Foreachn = 1,2, ..., N,letus denote by A,
the k x £ matrix whose (i, j)th entry is a; if i € I, and j € J, and is equal to zero otherwise. Observe that A = Zﬁ’:l A, and
in particular, every non-zero entry in A appears in exactly one A,. We also say that A is disjointly decomposable as the sum
Zgzl A, or disjointly decomposable by N invariant pairs. It is worth mentioning that disjointly decomposable transformation
matrices are exactly the transformation matrices which, after possible rearrangements of columns and rows, can be written
in a diagonal block form.

Such a disjoint decomposition of A gives rise to two partitions of [0, 1]: {Q,,}I,;':1 and {Pr,}lr\l’:l defined by Q, =
U]-E (@j—1,q;) and P, = g, (pi-1, pi)- Then A(Qq) > Oand A(P,) > Oforalln = 1,...,N. Each pair (I, J,) induces
set functions ¢, and .#,, mapping B € % to

%®B)=|_JG'(B)SQ and #®B) = JF'(B) S P,

Jj€ln i€lp

Note that G;'((0, 1)) = (g1, q;) and F;'((0, 1)) = (pi—1, p)-

Remark. If A has N invariant pairs (I, J1), (I2, J2), . . ., (I, Jn), not necessarily disjoint, such that UL I, =1{1,2,...,k}

and Ug:1]n = {1,2,...,¢} then A is disjointly decomposable by N’ > N invariant pairs. In fact, without loss of
generality, if (I;,]1) and (I, J,) are not disjoint then I’ = 1 N, # Y and] = J; NJ, # @ and it can be shown that
(h\ L,J1 \J2), U\ I1,J2 \ J1), (I',]') are pairwise disjoint invariant pairs. Replacing (I, J1), (I2, ;) with these three pairs
gives us a finer list of invariant pairs. Then repeat the process until all invariant pairs are pairwise disjoint.

Lemma 5.3. If (I,]) is an invariant pair of a transformation matrix A and S,R € % are such that Tc1s = 1, then
Twoly 6o = War'e

Proof. Forj € ], we have 1U ~1(5) © Gj_l(x) = 15(x); otherwise, IUj’ej ijl(s) o G]-_l(x) = 0. So, by (2),
koL g
1 —
Ty = ZZ ~Tc UG G| (Fix))
jel i=1 j=1 Ap
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= Z > Auch(ls)(F i)

i=1 jeJ

> aj
=3 ’p Te(15) (Fi(0)).

iel

where we have used the assumption that a; = 0ifi ¢ I andj € J. Since for eachi € I, a; = 0 for every j ¢ J, the sum
2 _ie @i is equal to Ap; and

Tyt = 2 TeADE®) = D 1) =115 (). O
i€l iel iel il '
Lemma 5.4. Let C be a copula. Suppose a transformation matrix A is disjointly decomposable by N invariant pairs. If Tiayc)1s =

Igthenforn=1,...,N, Ty 1s, = 1g, whereS, =S N Q, and R, = RN P,

Proof. Foreachn = 1, ..., N, the positivity of T, implies that Tjac)1s, < Tiajc)1s = 1g. If it holds that Tjac)1s, = 0
for a.e. x not in Py, then Tjayc)1s, < 1gnp, = 1g,. Summing over every n gives

1 = Tpj0ls = Z Tiay01s, < Z 1, = 1g
n n

and hence Ty 1s, = 1g, for every n. We then prove the claim. Ifx & P, = Ui’eln (py—_1, pr), then Fi(x) = 0 or 1 for every
iel,and

Tiai01s, (%) = Z Z % Tc (Z Tsny_y.qp) ) (Fi(x))

i€ly jejn "€ln
ajj
=22 5 T (sng g9 0 G) (Fix) =0.
i€ly jeln p

We use the convention that 0 and 1 are not in the support of all functions. O

Theorem 5.5. Suppose a transformation matrix A is disjointly decomposable by N > 2 invariant pairs. Then the invariant copula
C, is non-atomic.

Proof. Let S, R € % be such that Tc, 15 = 1z and A(S) = A(R) > 0. Since G4 = [A](Ca), by Lemma 5.4, T, 15, = 1, for all
n=1,2,...,NwhereS, = 4(S) € Q,and R, = #(R) C P, are such that S = | J, Sy and R = |, Ry. If one of the A(S,)’s
is strictly between 0 and A(S) then S and R are not atoms of o¢, and GC*A, respectively. Otherwise, there is an n; such that
A(Sn;) = A(S) and we repeat the process by applying Lemma 5.4 to T, lsn1 = an1 and obtain Sy, , = % (Sn,) € % (Qn,)
and Ry, n = Fn(Rn,) € Fn(Ppn,) are such that Sy, = |, Sny.ns Rey = U, Rnyn and Tey1s,, = g, foralln=1,2,...,N.
If some A(Sy, ») lies between 0 and A(S) then we are done. Otherwise, there must be an n, such that A(S;, n,) = A(S). This
process will certainly stop because A (%, (- - - (%, (Qn;)))) = A(Qyy) - - - A(Qu,)A(Qn,) — Oask — coand A(S) > 0. O

Example 5. Let A; = Ky + K; and A; = Ky + K> where

0 0 O 1/12 0 1/4 1/6 0 1/6
Kk=|0 1/3 0|, K =| 0 0 o0 and =0 0 0 |,
0 0 O 1/4 0 1/12 1/6 0 1/6

Then both transformation matrices A, and A; are disjointly decomposable by 2 invariant pairs ({1, 3}, {1, 3}) and ({2}, {2}).
By Theorem 5.5, the invariant copulas C4, and Cy, are non-atomic and hence, by Theorem 4.6, they assign full mass to implicit
graphs, which can be shown to coincide. See Fig. 2. Note also that both copulas are symmetric as the corresponding matrices
are. We will see later that (only) Ca, can be factored as L, * L}, for some left invertible copulas L; and L;.

A transformation matrix L = [Aj,]ixn is said to be a left complete dependence matrix if there is exactly one nonzero entry
in each column, i.e. for each i, there exists a positive integer n; < N such that A;; = 0 for n # n;. Right complete dependence
matrices are defined similarly.
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Fig. 2. Supportsof [A{]"(IT),r = 1,2, ..., 5. Colors indicate the average density of the rectangles (log scale). (For interpretation of the references to color

in this figure legend, the reader is referred to the web version of this article.)

Lemma 5.6. Let L be a left complete dependence matrix with dimension at least 2 x 2 and C be a left invertible copula. Then
[L](C), [LT*(C), ..., [L](C), ... areleft invertible copulas converging to a left invertible copula C;. The same statement also holds
if all occurrences of “left” are replaced by “right”.

Proof. Since the general case can be proved by induction on r, it suffices to show that [L](C) is left invertible. By definition,
the x-partition of [L](C) is determined by the only non-zero entry in each column: pp = Oand p; = ) Aimg, i=1,..., k.

S0 [LI(C)(u, v) = Yk, hin,C (Fi(w), Gyy(v)) and

ad
[LI(O)"  [L1(C) (u, v) = szmlx,n, f C (Fr (o), Gn,<u)) C (Fi(t), Gy, (v)) dr
=1 i=1

= mel f C (Fi(t). Go,(w)) 9:C (Fi(t). G, (1)) F/ (1) dt

0

= Z RinC' ¢ C(Gry (1), Gy (v)
i=1

k
= hinGo (Min(u, v)) = M(u, v).
i=1

Therefore, [L](C) is left invertible. In general, we have [L]"(C)" % [L]"(C) = M and so, by taking the limit as r — oo with
respect to the modified Sobolev norm (see Theorem 5.2), Cf * G, =M. O

Theorem 5.7. Let A be a k x ¢ transformation matrix, with k, £ > 2, which is disjointly decomposable by N > 2 invariant pairs.

Ifall A, A,, ..., Ay have rank one, then C4 = L % R for some left invertible copula L and right invertible copula R.
Proof. If A, has rank one, then there exist a row matrix L, = [Ain]rx; and a column matrix R, = [pnj] 1xe such that
|Ln| = |An| = |Ry| and
A, = ! —LyRy, (3)
|An|
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Fig. 3. Supports of [A;]° (IT), [L,]>(IT) and [R,]° (IT) in Example 6.

where |A| denotes the sum of the absolute values of all entries in a matrix A. Stacking up the L,’s vertically and the R,’s
horizontally, we obtain transformation matrices

Ly
L= [Ainlixn = and R = [pnjlvxe = [Rl cee RN] .
Ly
Since the I,;’s are disjoint, each column of L has exactly one non-zero entry. Similarly, each row of R has exactly one non-zero

entry.
We then show that [L](C;) * [R](C;) = [A](Cy * Cy) for any copulas C; and G;. Form = 1,2, ..., N, denote by H, the

uniform distribution on [Zf;ll |Anl, > |An|] SoH,, = on its support. For u, v € [0, 1],

Tl
[LI(Cy) * [RI(C2) (u, v)

1 4 N
f (Z D hindaCr (Fi(u), Hn<t>>> (Z > oniCa (Ha(D), c,(v>)>

o

i=1 n= j=1 m=1
k N P
=> > Z PP ) ¢ €, (R, Gw) (4)
i=1 j=1 |An]
= [A(C; * C)(u, v). (5)

It is left to verify that the sum over n in (4) is equal to the (i, j)th-element in A. Since Zg;l A, is a disjoint decomposition of
A = [ajjlkxe, Eq. (3) implies that if (i, j) € I, X Ji, for some (unique) m then

. the (i, j)th element of LR Aimpmj i Xin Onj
' |Am| T Anl T & AL

where the last equality follows from the fact that A, 0, = 0if (i,j) & I, X Ju. It also clearly follows from this fact that if

(i,)) & I, x Jm, for every m then Zn ; Al’xpl’” =0 =g

By (5),aproof by inductiononr = 1,2, ... yields [L]" (C;)*[R]" (Co) = [A] ([LI"""(Cy) * [RI""1(C2)) = - - - = [A]"(Cy %Cy).
So [L]"(E) = [R]"(E) = [A]"(E) for every r > 1if E is an idempotent copula, e.g. E = M or I1. By Lemma 5.6, [L]" (M) are left
invertible copulas and [R]" (M) are right invertible copulas.

By Theorem 5.2, with respect to the modified Sobolev norm, [L]" (M), [R]" (M) and [A]" (M) converge respectively to a left
invertible copula C;, a right invertible copula C; and a copula Cy4 satisfying [L](C;) = C;, [R](Cr) = Cg and [A](C4) = Cy4. As
a consequence of the joint continuity of the x-product with respect to ||-||5, we obtain C; * Cg = C4 as desired. O

Example 6. Fixr € (0, 1/2) and consider the transformation matrix

r/2 0 r/2 0 0 0 r/2 0 r/2
|:O 1-—2r O:|:|:0 1-—2r O:|+|:O 0 Oi|.
r/2 0 r/2 0 0 0 r/2 0 r/2
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Fig. 4. Supports of [A3]°(IT), [L3]° (IT) and [R3]° (IT) in Example 7.

Both matrices on the right hand side have rank one which implies by Theorem 5.7 that the invariant copula can be factored
as the product of a left invertible copula and a right invertible copula. When r = 1/3, the transformation matrix is A; in

Example 5. The copula factors, C;, and Cg,, of Cs, are shown (approximately) in Fig. 3, where L, = [1(/)3 163 1(/]3] = RS.

Example 7. Let us also consider the factorization of a non-symmetric invariant copula by first setting

3/28 0 27/140 3/10 0
17 0 9/35 4/10 0

Then the non-symmetric transformation matrix A; = Ky + K3 is disjointly decomposable by 2 invariant pairs ({1, 3}, {1, 3})
and ({2}, {2}). Since Ky and K3 have rank one, it follows from Theorem 5.7 and its proof that Cs, = C;, * Cz,. Approximations
of their supports are illustrated in Fig. 4.
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