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Shallow water model is the set of hyperbolic partial differential equations that
has very widely applications, for instance, tsunami wave propagation, flooding in
both wet and dry area, open channel flow, or etc. The objectives of this research
project are two folds: numerical method development, and the applications of this
model to real life problem as well as in water wave theory.

To develop accurate and efficient numerical method, we study in both one and
two dimensional problems. For problem in one dimension, we develop the method
based on discontinuous Galerkin approach. We try to improve the consistency
and accuracy of the numerical method by applying weighted average flux (WAF).
Various test cases and applications have been shown in chapter 1. The results
from one dimensional problem then become the solid background to extend our
study in two dimensions. Details of these studies are shown in chapter 2 where
we have develop an accurate and efficient finite volume method for solving the
shallow water equations in two dimensions including bottom slope and frictions.
The outcome is a computer program enabling us to apply the developed method
to solve real life problem. We have tested our numerical scheme to solve great
flood in 2011 of Chaopraya river basin, Thailand. The prediction and sattlelite
image are in good agreement. This shows the accuracy and robustness of our
scheme that can be applied to other problems, and we hope this would be some
important basic knowledges in this research field that should save the budget to
buy expensive software to do shallow water simulations in Thailand.

After we obtain the computer program of shallow water simulations, we ap-
ply the method to study in deep of shallow water flows over two obstacles. Main
objective is to develop water wave theories for shock-shock interactions between
the first and the second obstacle. We have found a new feature of contact dis-
continuities over the first obstacle, and the second obstacle always control flow
criticality when the obstacle heights are equal. Full details are given in chapter 3,
or published paper in 2015 of Journal of Fluid Mechanics.

The results of shallow water flows over two obstacles motivate us to study



further. One point of view is to study the same problem but different water wave
model. So, we try to study by applying the force Korteweg de Vries (fKdV) model
to investigate the interaction between weakly nonlinear dispersive and nonlinear
terms over two obstacles. The flow is restricted only transcritical flows. Full de-
tails are given in chapter 4. It have shown the agreement and difference between
the shallow water and the fKdV model. This study provides a big picture and
theoretical results for connecting among water water theories.

Keywords: shallow water; open channel; flow; flood
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Executive Summary

Shallow water model is one of the famous model that has extensively applica-
tions, for instance, tsunami wave prediction, flooding over wet/dry area, or water
flow in river. The objectives of this research project are two folds: numerical
method development for solving shallow water model, and the applications of this
model to real life problems as well as in water wave theory. We have developed
accurate and efficient numerical methods for solving shallow water model. The
outcome is a computer program that can be applied in real life problems. We have
used it to simulate the great flood in Chaopraya river basin, 2011. The study area
is Singburi province. Our prediction and real data in the form of sattlelite image
during some periods are in good agreement. This shows the accuracy and robust-
ness of our developed scheme. We hope that this study will be some important
basic knowledges in this research field. Since, this is the core knowledge, if it
is interested, the government agency would save some budgets to buy expensive
computer program for simulating open channel flows in the future.

After we obtain the computer program of shallow water simulations, we apply
the method to study in deep details of shallow water flows over two obstacles.
Main objective is to develop water wave theories for shock-shock interactions.
We can find new features and analytical results that provide a big picture and
connections in the theory of water wave. All results have been published in the
top world class journal, Journal of Fluid Mechanics, in 2015.

The study of shallow water flows over obstacles has motivated us to study
further, but using different framework. Next, we study the same problem but under
the force Korteweg de Vries (fKdV) model. We have found the agreement and the
difference between the shallow water and the fKdV model. This study provides us
more theoretical results for connecting results among water water theories. This
work has been finished, and in process of submitting to very high standard journal.
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Chapter 1

Consistent Weighted Average Flux
of TVD-RK discontinuous Galerkin
Method

1.1 Introduction

Hyperbolic balanced law for one-dimensional problem is

U+ F, (U)=G(U), (1.1)

where U, I, and G represent solution vector, flux function, and source terms,
respectively.

In this work, the hyperbolic equation is the shallow water equations which can
be expressed by

hi +q, =0, (1.2)
2 2

q° gh
42} =—ghb 1.

where h is the water depth, ¢ = wh is the discharge, u is the flow velocity in
the z-direction, g is the acceleration due to gravity, and b is the bottom function.
Equations (1.2) and (1.3) can be rewritten by setting

(N _ q
7= () ro- (e ) b

1



and,

G(U) = ( _g%bm ) . (1.5)

The total variation diminishing Runge-Kutta Discontinuous Galerkin (TVD-
RK DG) method can be applied to solve the shallow water equations, see [3, 7,
15, 18, 25].

By the concept of discontinuous Galerkin method, numerical solutions need
not to be continuous at cell interface. So, we require an efficient flux approxima-
tion. Generally, there are several types of approximations. The most famous one is
the Harten-Lax-van Leer flux (HLL), while the higher order approximation is the
weighted average flux (WAF), see [10, 11, 12, 17]. This approach approximates
the flux functions by averaging flux in each direction along the wave solutions
at the half-time step. Its origin from random flux scheme, which was shown to
be second-order accuracy in space and time in statistical sense by Toro and Roe,
[10]. From previous work, the weighted average flux has been successfully ap-
plied to solve various types of problems, especially in the finite volume method,
[11, 13, 22]. It improves the accuracy of the finite volume method to be second
order without reconstruction process.

1.2 Numerical scheme without source term

1.2.1 TVD-RK discontinuous Galerkin method

Consider the one-dimensional hyperbolic conservation law,

U+ F,(U) = 0. (1.6)

The computational domain, (0, L), is divided into K cells. We denote the j-th
cell by I; = [xj_l/z,:vjﬂ/g} , for j = 1,... K, with uniform cell size A; =

Tip1—XT The cell center is that z; = (.1 +2;_ ) /2, where z; 1 and

its =3 3

Tj_1are the left and the right of cell boundaries, respectively.

Approximate solution is denoted by Uj, = < Zh )
h
Multiplying (1.6) by a test function, v, () € P (I;) where PV (I;) is the

polynomial space degree IV on the interval /;, and replacing U by U, then taking
the integration by parts over /;, we obtain a weak form of numerical scheme as,



/_ (0,Up,) vpdx —/ F (Uy) Opvpdx + Fﬂ%vh (x];l) — ijévh <a:‘+ ) =0,

2
I; I;

where the flux function F° at the cell interfaces is approximated by F', which is the
function of U,", and U, at i1 as,

—F ((Uh)j_i% , (Uh)ji%) . (1.8)

Here U, h|j_:|: , and Uj, ji , denote the approximate solutions at the left and the right
2 2

of cell boundaries, respectively. If we apply the Legendre polynomials to be a
local basis function, the approximate solution U} can be written by

Un (w,t) = > U () om (@), (1.9)

where U™ (t) is called the temporal coefficient. Now, the basis function ¢y, (z) is
defined by the Legendre polynomial P,,(x) of degree m over [—1, 1],

The test function vy, () is typically chosen to be the basis function, i.e., vy, (z) =
{@1 (m)}l]io So, after applying the Legendre’s properties, equation (1.7) is sim-
plified to

dUb(t) 2041 20+1 ~ ~
j “VE L —F
7 . /1 F (Up) 01 (x) dx + {( 1) F]_% Fy+%} ,

: j
(1.10)

foryj=1,...,K,and [ =0,..., N.

The time derivative term in (1.10) can be approximated by applying the high-
order TVD Runge Kutta (TVD-RK) method, see [3, 6, 15].

In this work, we apply the Monotonic Upstream-Centered Scheme for Conser-
vation Laws (MUSCL) limiter (see [3, 10, 15, 19]) in the TVD-RK DG method.

1.2.2 Weighted average flux (WAF)

The weighted average flux, FWAF at the interface, Tj+1/2, is defined by the inte-

gral average of a flux function F'(U) at the half-time step,



Az
1 [= At
T2

It can be written in the wave structure form as,

Nce+1
VAL = Z ka e (1.12)

where N, is the number of wave solutions in the Riemann problem, and FJ ‘(—Ii)l is
2
the k™ flux of the Riemann problem. For one-dimensional shallow water flows,
we have N, = 2, where F}, = F (UHI), and FY, = F <U+ ) Flux
2

component F] '(i)l can be obtained from the HLL approach, [10]. Weighted values,
2

wy, are defined by w;, = %(ck — ¢x—1), where ¢, = S;At/Ax is the Courant
number of wave k, co = —1, cy,+1 = 1, and Sy is the speed of wave k.
To avoid spurious oscillations near a shock front, the WAF method will be

modified by enforcing a total variation diminishing (TVD) scheme, [9, 10, 11, 17,
22].

1
F]VH‘/Z TVD §<F<U] >+F< >>——ngn k) AFJJFI,
(1.13)
where

AF! j)Q - F,(T;) - Fj(i) . (1.14)

N

Here ¢(k 1 is a WAF limiter function. There are various choices, see more details
in [9, 10 11 17, 22]. In this work, we choose the basic one of minmod type.

1.3 Numerical Results

In this section, various test cases have been investigated to demonstrate the accu-
racy of the present scheme, not only steady, but also unsteady flows.



1.3.1 Dam break flow

The accuracy of numerical solutions is shown, and compared with the standard
TVD-RK DG when using the HLL method.

The computational domain is that —5 < x < 5. The initial water depth is
given by,

1. ifz <0
hz,t)=1<" - 1.15
(. 1) {0& ifr >0, (1.15)

The initial velocity is assumed to be zero. The boundary conditions are transmis-
sive boundaries. We perform 50, 100, and 200 cells in the numerical experiments.
Polynomial degree zero, one and two are applied as a local basis in the TVD-RK
DG method. Simulation time is ¢t = 2, with At = 0.005. The root mean squared
errors (RMS) are shown in Table 1.1.

N Numerical Flux | K =50 | K =100 | K = 200
N0 HLL 0.0280 | 0.0215 0.0165
WAF 0.0182 | 0.0127 0.0094
N1 HLL 0.0130 | 0.0102 0.0072
WAF 0.0107 0.0093 0.0067
N -9 HLL 0.0103 0.0079 0.0053
WAF 0.0100 | 0.0076 0.0052

Table 1.1: RMS errors when N =0, N =1and N = 2.

The water depth profiles using the HLL and the WAF methods at ¢ = 2 when
N =1, and K = 100 are shown in figure 1.1 and figure 1.2, respectively. The
front of moving shock can be captured correctly by the HLL and the WAF meth-
ods. But, the scheme using the WAF can capture shock and rarefraction wave
more precisely than those using the HLL method.



N =1 K =100 HLL

solution at time = 2
T T

T
0.8 *q\‘%on..
..,4"
o
<06 .

0.4 -

—exact solution
© approximate solution

0.2 —

Figure 1.1: Exact solution and water depth profile obtained by the TVD-RK DG
HLL method.

N =1 K = 100 WAF

solution at time = 2
12 T T T

——exact solution
© approximate solution

|
5 -4 -3 -2 -1 0 1 2 3 4 5
T

Figure 1.2: Exact solution and water depth profile obtained by the TVD-RK DG
WAF method.

1.3.2 Flow over irregular bed

The uniform channel is length of 1500 m. The bottom elevation is irregular that is
shown in figure 1.3. This problem is proposed by [25] for testing the accuracy of
numerical scheme at stationary state. The boundary conditions are transmissive.
The initial water depth is that h + b = 16, with zero initial velocity. We set
At = 0.01, and run simulation until ¢ = 100.



N=1, K=200
solution at time = 100

e

h+b

o Well-balanced DG
===DG
L =—bottom -

| !
0 500 1000 1500
x

Figure 1.3: Stationary flow over irregular bed by well-balanced and non well-
balanced TVD-RK DG with WAF method.

It can be seen from figure 1.3 that the well-balanced scheme (dot) gives ex-
actly the stationary solution while the non well-balanced scheme (dash line) gives
solution error especially in the high gradient area of bottom elevation.

Transcritical flow with shock over a bump

The upstream boundary is given by ¢ = 0.18 m?/s, while the downstream
boundary is set by h = 0.33 m. The initial condition is that h + b = 0.33 m.
The comparison of water surfaces is shown in figure 1.4. The numerical result
is in good agreement with the analytical result. This shows the accuracy of the
well-balanced scheme that can capture the shock front without any oscillations. It
is also found that the well-balanced scheme converges to the steady solution faster
than the non well-balanced scheme.



N=1, K=400

solution at time = 200
0.45 T T

0.4r- i

035+ &

0.3r- —

= 0251 i

e
= 021 B
015 B
01r exact solution 5
o approximate solution
0.05- =—bottom g
0 L 1 L L
0 5 10 15 20 25

Figure 1.4: Transcritical flow with shock over a bump

Transcritical flow without shock over a bump

The upstream boundary is prescribed by ¢ = 1.53 m?/s, while the downstream
boundary is not specified. The initial conditions is that 2~ + b = 0.4 m with zero
initial velocity.

N=1, K=400

solution at time = 200
1.2 T T T

exact solution
Y © approximate solution | _|
=—bottom

0 5 10 15 20 25

Figure 1.5: Transcritical flow without shock over a bump

The water depth profiles are shown in figure 1.5 . The numerical result agrees
well with the analytical solution. These results show the accuracy of the well-
balanced scheme for solving transcritical flow problem.

1.3.3 Small perturbation of steady state water

This problem is first proposed by [19, 20, 21]. It can be used to study the capability
of numerical scheme for solving small perturbation in shallow water flow. The



bottom topography is defined by

0.25 10 —-1.5 1 ifld<z <16
b(x) { (cos (107 (x )+1), i - , (1.16)
0. otherwise.
The initial conditions are specified by
1-b ifl.l<z <12
¢(z,0) =0, and h(z,0) = (r) e iflLl<w<l2 4
1 —0b(z), otherwise,

where € is a non-zero perturbation constant. The boundary conditions are trans-
missive boundaries. In this work, we consider the cases of ¢ = 0.2, and 0.01.
The disturbance of initial water depth from small e should split the initial wave
into two waves. They propagate to the left and the right with characteristic speed
+1/gh at the early stage. A standard scheme which is not well-balanced usually
faces with some difficulties to capture correctly the wave speed.

N =1, K = 400, ¢ = 0.01

solution at time = 0.7
T T T T T T

1.006 o approximate solution |
1.005 |=—LeVeque

1.004

1.003
~ 1.002
~1.001

0.999
0.998

0.997
I 1 I I I I I I I
0'9960 : 2 ;] i i 5 £ ;

Figure 1.6: Quasi-stationary flow when € = 0.01

In our simulation, we use 400 uniform grid cells and polynomial degree one
in the TVD-RK DG with the WAF method. The simulation time is that ¢ = 0.7.

The comparison of water depths between our results and the Leveque ’s solu-
tions is shown in figures 1.6 and 1.7 for € = 0.01 and 0.2, respectively. They are
in good agreement for both amplitude and wave speed. These test cases show the
ability of our numerical scheme for solving the quasi-stationary flow with initial
disturbance.



N =1, K =400, ¢ = 0.2
solution at time = 0.7
1.12 T T T T T

11 < approximate solution
—LeVeque

1.08-

1,061
~
+1.041
-~

1.021-

0.98- =

0.96 I I I I I I I I I

Figure 1.7: Quasi-stationary flow when € = 0.2

1.4 Conclusions

In this work, we present the TVD-RK discontinuous Galerkin method (TVD-RK
DG) for solving nonlinear shallow water equations. Most of the TVD-RK DG
methods in the literatures usually approximate intercell flux by applying the HLL
method. But, here we apply another approach called the weighted average flux
(WAF) in the TVD-RK DG. The present method can be used to simulate not only
steady flows, but also unsteady flows. The accuray of modified numerical scheme
is demonstrated by various test cases; flow over irregular bed, quasi-stationary,
and flow over non-horizontal bed. The well-balanced TVD-RK DG with the WAF
method can be used to solve all the kinds of these problems. Moreover, if we
restrict at steady state, the scheme using the WAF method converges to the steady
solution faster than the scheme using the HLL method.
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Chapter 2

Two-dimentional shallow-water
simulations by a well-balanced WAF
finite volume method

2.1 Introduction

To simulate shallow water flows and flooding, finite volume methods have been
developed extensively in the last two decades, see details and reviews in [19, 20].
There are various numerical fluxes used to approximate flux at cell interface in
the shallow water equations. One extensively used scheme is Harten-Lax-van
Leer (HLL), see details in [5, 6, 16]. The modified version of this scheme for two-
dimensional problems is HLLC, [18]. To obtain a more accurate approximation,
the weighted average flux (WAF) has been introduced, see [6, 7, 8, 14, 18, 21, 24].
It is second-order accurate in both space and time, see [5]. The WAF approxima-
tion is widely applied in the finite volume method. It can solve various types of
problems, see for instance, [4, 7, 14, 18, 24].

In this work, we study the finite volume method with WAF approximation.
The motivation for using WAF is its greater accuracy than the HLLC flux and
some other numerical flux as shown in [18].To obtain accurate results at steady
state, we have modified the WAF approximation with well-balancing property
which was first introduced by Audess [3]. Recently, a similar scheme for unstruc-
tured mesh was proposed by Ata et al. [18]. To ensure second-order accuracy in
time integration, we apply the second-order Runge-Kutta (RK2) method. For real
applications, that usually deal with strong friction, the splitting implicit method
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proposed by Kesserwani and Liang in [9, 10] is also applied during the time inte-
gration in our proposed scheme. By combining all of these techniques, the present
scheme is accurate and efficient as it will be shown by our numerical experiments.

In order to check the accuracy and efficiency of the present scheme, numeri-
cal experiments are performed using benchmark problems with previously known
results from literature. For real application usages, the present scheme is applied
to simulate the great flood occurring in Thailand during October 13-17, 2011,
in Chao Phraya river basin from Chai Nat to Sing Buri provinces. The result is
compared to the satellite images obtained from [26, 27, 28].

2.2 Numerical method for shallow water equations

2.2.1 Finite volume method

The two-dimensional shallow water equations are expressed by

he + (hu), + (hv), =0, (2.1)
1
(hu)s + <hu2 + éghz) + (huv), = —ghz, + ghS}a, (2.2)
1
e (o), + (24 Jgn?) = —gh, +ahsy
y

where h is the water depth, u and v are the flow velocities in the x and y directions,
respectively, g is the acceleration due to gravity, and z is the bottom elevation.
Sty = —Cuvu?+ 02, and Sy, = —Cvvu? + v? are the friction terms in the
in z and y directions, respectively, where C' = gn?/h'/3 with n denoting the
Manning’s Roughness coefficient.

The conservative form of equations (2.1)-(2.3) is

U+ F(U),+GU), =S (), 2.4)

where U = (h, hu, hv)", F = (hu, hu? + 1gh?, huv)", G = (hv, huv, ho* + Sgh?)",
and S = S, + Sy = (0, —ghzy, —ghz,)" + (0, ghSs, ghSp,)" .
A discretized form of (2.4) is

o~

du;;(t) n Fiti25 — Fici/2, n Gijti2 — Gij-1)2 _g

dt Az Ay e

(2.5)
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where Uj; is the approximation of U, defined as the the unknown average over cell

Iij = (xi—1/2>xi+1/2) X (yj—1/27?/j+1/2), namely,
1
Ui, = U(x,y)dzxdy, 2.6

with Az = x;11/2 — ;_1/2 and Ay = y;11/2 — yj—1/2. Here, S;; is the approx-
imation of the source term at cell /;;, and I and G are numerical fluxes in the x
and y directions, respectively.

To ensure second-order accuracy in time, the second-order Runge-Kutta (RK2)
method is applied in our work. It is found in our simulations that this method al-
lows us to use time step sizes larger than if using the first-order method.

2.2.2 Weighted average flux (WAF)

Let’s first consider the approximation of numerical flux in the x direction. The
intercell flux with WAF at interface (112, y;) is denoted by F}f{}g ;» which is
defined as an integral average of F'(U) at the half-time step, namely,

FWAF & At
Z+1/2j = / / ( i+1/2,5 (377,% 7)) dl‘dy (27)

The details of derivations of WAF can be found in [5, 6, 8]. Moreover, the wave
structure form of WAF can be written as

Ne+1
WAF
z+1/2j Z wi z+%, ) (2.8)

where /V, is the wave number and Fz(+)l _is the value of flux in the region £ of the

2 )
solution of the Riemann problem.

The weighted average flux with Harten-Lax-van Leer-Contact (HLLC) version
in two dimensions is proposed by [18, 24]. There are three flux components where
the first two components are estimated by the weighted average values from the
HLLC Riemann solver as,

G} Zwk( H) . p=1.2) 29)

while the third component is the weighted average value of WAF as,
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LW AF - LWAF
< i+1/2,j>3 = <w1*”i+1/2,j +w2*v;—_&-1/2,j> ( i+1/2,j>1 ; (2.10)

M\ _ - G\ _ + -
where <Fz‘+;u’)p = ( (Uwéa‘))p’ (Fwéa‘)p - (r <Uz‘+§u‘>>p’ and Ui,

and U;‘r 1, are the solutions from the left and the right limits at the interface 7 + %
5

(2)

The flux in intermediate region <F . > is approximated by the Harten-Lax-
p

Z-‘r%,j
Van Leer (HLL) approach as [24]. The weighted values are w; = % (1+ 1),
wr=1(co—c1),ws =3 (1—c2),wi, =3 (1+¢),andwy, =5 (1 —c*), where

¢ = SpAt/Ax, co = SpAt/Ax, and ¢* = S*At/Ax. Here Sy, Sk, and S* are
wave speeds in the left, the right, and the intermediate regions, respectively.

To avoid spurious oscillations near a shock front, the WAF method is modified
by enforcing the total variation diminishing (TVD) conditions [5, 6], which can
be written as

Ne+1
LWAF-TVD\ __ - (k) .
(Frs™?) =X a(Fl),) - e=12. @
k=1
and
LWAF-TVD — - — LWAF-TVD
(Fiwm ) = (Wl*”m/zj + W2*”f+1/27j) <Fz’+1/2,j >1 ;o 212

where the new weights are

o= (el ). 1 (o) -1,
— 2 — * *

by =4 (1=sgn(e2) 02, ), o, =4 (1+sen(e) 07, ), and

@2, =3 (1-sen ()0 ).

Here d)ﬁﬁ; ; are the WAF limiters, where the minmod function is employed in this
2 2.

[\

work, namely,

1, r <0,
¢§Q%7j =1 (1= |g)r®, 0<r® <1, (2.13)
’Cl|7 r(l) > 17
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where 7 is defined by

1

Ahij%d_ .

R if¢; >0,

o — i+3.
T = Ah<l)3 (214)

i+3.5 .

NLT2’ if c < 0,
it+d .

with Ahgl i Ahgl . and Ahg 'y being the jumps of h across the wave [ in
27 ’ 2

2
the solutions U,_1 ., U,

1 Uipl o and U, 8 j of the Riemann problem, respectively.

Similarly, the numerical flux in the y direction, CA}’Z j+1/2, 1s obtained via equations
(2.11)-(2.12).

2.2.3 Linear reconstruction

Since approximating the solution by the cell average only gives first-order accu-
racy, second-order accuracy can be obtained by linear reconstruction. For exam-
ple, in the x-direction, the unknown variables are reconstructed as

Uzt1/2,j = Uz — O'Z'jAI, (215)
Ui:—l/?,j = Uij + O'Z‘jAZL‘7 (216)

where o;; is a slope limiter. In this work, we applied the minmod slope limiter,

Ui s —Us; Usj— U1
0;; = minmod ( 1’2 o) 0 A H’j) , (2.17)
x x
where
a, if |a| < |b| and ab > 0,
minmod (a,b) = ¢ b, if |b] < |a| and ab > 0, (2.18)

0, ifab<0.

Similarly, the linear reconstruction in the y-direction can be obtained as in equa-
tions (2.15)-(2.16).
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2.3 Friction term approximations

To obtain a stable finite volume method when dealing with a strong nonlinear
friction term, we use an implicit scheme to approximate the friction. Following
the splitting implicit technique presented in [9, 10], we solve the shallow water
system by considering the ordinary differential equation

dUZ’j

n+1
= e 2.1
pral CIN (2.19)
In the x-direction, we have
d (hu),;
Y= (St 2.20
dt ( f)zj Y ( )
written in semi-implicit form as
(hu)i;rl — (hu)ij + At(Df—))nj, (2.21)
where ) )
) (i)™ + (o)
(Dx)ij =1+ AtCi”j (2.22)

(h)’ \/((hu);;>2 + <(hv)z.)2'

The updated solutions are calculated twice for each step of the Runge-Kutta method.
These calculations are also similar when considered in the y direction. Since the
well-balanced scheme that we apply here has preserved the non-negativity of wa-
ter depth, see [3], it implies that our numerical scheme with this friction term ap-
proximation also preserves the non-negativity of water depth. The reason is that
this technique preserves automatically the non-negativity of water depth when the
RHS in the conservation of mass equation is zero.

2.4 Numerical results

In this section, we describe numerical experiments for various test cases used to
check the accuracy of our scheme. For practical purposes, the developed numeri-
cal scheme is applied to simulate the great flood in Thailand 2011.
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2.4.1 Partial dam-break

This experiment is considered on a 200 m x 200 m rectangular domain. The initial
water level is set at 10 m on the upstream side and zero on the downstream side.
The bottom is assumed to be flat and frictionless. The partial dam-break is set at
middle of the domain, as shown in Figure 2.1.

(0,200) (200,200)

(100,170)

Dam (100, 95)

(0,0 (200, 0)

Figure 2.1: Domain of the partial dam break problem.

The simulation is performed on 85 x 85 uniform grid cells and with final time
7.2. The surface profile and its contour plot at ¢ = 7.2s are shown in Figure 2.2.
The obtained simulation results agree closely with results in [11, 13].

time is 7.2s time is 7.2s.
T T

—
R T
2070

Figure 2.2: Water surface plot (left) and contour plot (right) of the partial dam-
break problem.

2.4.2 Well-balanced test in two dimensions

This experiment is performed to check the exact C-property of the present scheme.
To satisfy the exact C-property, the numerical solution should approach the still
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water stationary solution at steady state, [22], i.e., having zero errors. In this ex-
periment we consider a rectangular domain [0, 1] x [0, 1] with the bottom function
defined by

2 (2, y) = 0.8¢ (@05 +(y=05)%) (2.23)

The initial water height is h (z,y) = 1 — z (x, y) with zero initial discharges,
hu (xz,y) = 0 and hv (z,y) = 0.

- 65 0 G el et S a——
03 04 05, 06 07 g8 g £

Figure 2.3: Water surface profile for very large time.

The simulation is run on 50 x 50 uniform cells for very large final time, in
this case we use t = 100s. The RMS errors for h, hu, and hv are 2.0974 x
10716, 7.7270 x 10714, and 8.5070 x 10~*, respectively. The observed errors are
approximately the round-off errors of the machine, which implies that the obtained
numerical solution is exact. This shows that the developed scheme satisfies the
exact C-property. Figure 2.3 shows the water profile of the still water at ¢ = 100s

2.4.3 Dam-break flows over three humps

In this experiment we consider the dam-break flows over three humps defined by

z(z,y) = max {O, 1— é\/(x —30)° + (y — 6)%,
1 1y/(e =307 + (y — 24)°, (2.24)
3— 3.\ /(x—4T5) + (y — 15)2},

on 75 m x 30 m rectangular domain. The dam is located at 16 m from the up-
stream boundary with initial water depth h + z = 1.875 m and with zero depth on
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downstream boundary. The simulation is performed on 85 x 85 uniform grid cells
with the Manning coefficient 0.018. The water depth profile and its contour plot
at t = 12s are shown in Figure 2.4. The obtained result agree closely with the
previous results presented by [10, 17]. This experiment has illustrated the ability
of the developed scheme for solving flows over dry bed with friction. As shown
in the Figure 2.4, the strong shock front that attacks the largest hump is detected
correctly. This demonstrates that the developed scheme is capable of simulating
flows that have both wet and dry beds, as well as the effect from a large bottom
slope. We have also found that the splitting implicit scheme enables us to use
larger time step size when comparing with direct calculation.

time is 12 time is 12

=
==
—=

=2

222

=

|

oo~

=
=

e

Figure 2.4: The water surface profile (left) and contour plot (right) of a dam-break
flows over three humps at ¢t = 12s.

When simulating wet/dry flow interactions, numerical schemes can result in
non-conserved water mass. We have checked this by setting an initial mass in our
simulation as 893.3824. After running to 100 simulation time, the water mass is
remains as 893.3824. This demonstration is numerical evidence that our scheme
can preserve mass during time integration. The result is shown in Figure 2.5.
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time is 100
initial mass = 893.3824, mass at time 100s = 893.3824

Figure 2.5: Water surface profile of a dam-break flows over three humps at ¢ =
100s.

2.4.4 Flood simulation in Thailand, 2011.

Chao Phraya river basin consist of Ping basin, Wang basin, Yom basin, Nan basin,
Sakae Krang Basin, Pa Sak Basin, Tha Chin Basin and finally the Chao Phraya
Basin itself. This basin is the most important one. The major cities are located
along the river and are a large source of community and economic hub of the
country. In this experiment, we check the performance of the developed numerical
scheme by simulating a real flood flow, the great flood flow near the Chao Phraya
river basin in Thailand, 2011. The great flood in 2011 is caused by many factor
such as the rain that fall than the usual, the volume of water accumulated from
January to October, the restrictions on drainage etc. The studied area is from the
latitude 15.000000°N to 15.190800°N, and from the longitude 100.165800°E to
100.340800°E , known as the Chao Phraya river basin, from Chai Nat to Sing Buri
provinces (see Figure 2.6), with the gauging stations located at c13 in Chai Nat
province and c44 in Sing Buri province. The topography in this area is generally
low land next to the Chao Phraya river. The bottom elevation is obtained from
the SRTM in DEM format with resolution 90 x 90 m, [28], while the Manning
coefficient is assumed to be 0.03. In this simulation we have adjusted DEM in the
Chao Phraya river to be lower approximately 10 meters from the original SRTM
format, [28]. This error can be measured from the measurement of water depth at
c13 and c44 stations, [27] while the DEM on the land area remains unchanged.
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Figure 2.6: The studied area, the Chao Phraya river at Chai Nat to Sing Buri
province, Thailand.

The initial water depth is set to be dry for the whole domain. Water is released
from a source along the river where the water depth and its discharge are set to
be the same values as the data obtained from the c13 station on October 13-17,
2011, [27]. Details are shown in table (see Table 2.1). Then we consider five
days simulation on October 13-17. We compare the discrepancy on the last day
where the water distribution from the sattlelite image on October 17 is shown in
Figure 2.7(a). The simulation result on the same day is shown in Figure 2.7(b).
The difference between real and simulation results on the lower part of the river
is shown in Figure 2.7(c). The comparison is only made on the left of the river
as specified by the pink-shaded area of Figure 2.7(c). The flood simulation in this
case is due to the massive source of water from the river that flows over to the
lower land area. The agreement between real and simulation results is shown. It
should be noted that the flooded area on the right or on the top of the river appears.
This situation is from the other sources of water over the land that are not included
initially in our simulations. So, we can see the flooded area only on the lower part
of the river.

We have also imposed an additional source of water along the top boundary
based on the water depth over the river at c13 station exceeding the maximum
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water capacity by approximately 1 meter. The comparisons are shown in Figure
2.8. The difference is shown in the pink-shaded area. It is found that numerical

solutions agree well with the real data.

13 Oct 14 Oct 15 Oct 16 Oct 17 Oct

2011 2011 2011 2011 2011
water height (m) 17.59 17.57 17.56 17.55 17.55
discharge (m?®/s) | 3534.2 3522.6 3516.8 3511 3511

Table 2.1: The measurement data of water heights and discharges at c13 station
on October 13-17, 2011.

‘Bang|lluang (BangjLuang

‘Sapphaya (Sapphaya

(b) The simulation results
on October 17, 2011. Ini-
tially assumed dry for the
whole domain.

(a) The real data from
satellite image on October
17,2011.

(c) The difference (pink-
shed area) between the real
data and the simulation re-
sult on October 17, 2011.
The comparison is only
made on the lower part
of the river (inside yellow
box).

Figure 2.7: The results on October 17, 2011 for the case of initially dry on the
whole domain.
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(a) The real data from (b) The simulation re- (c) The difference (pink-
satellite image on October sult on October 17, ini- shed area) between real
17. tially assumed dry for the data from the satellite im-
whole domain, and specify age and the simulation re-
source of water along the sult
top boundary

Figure 2.8: The results on October 17, 2011 for the case of initially dry on the
whole domain and specify water flow on the top boundary.

2.5 Conclusions

A well-balanced finite volume method with the weighted average flux (WAF) is
developed in this work to simulate water flows such as dam-break and flood. Com-
bining with semi-implicit scheme for estimating friction source terms yields an ef-
ficient numerical method for simulating shallow water flows for both wet and dry
beds. The accuracy of our numerical scheme is investigated by various numerical
experiments including one and two dimensional problems. Moreover, the valid-
ity and accuracy of the scheme is illustrated in the experiments by comparison to
other results in literature. For real applications, the developed scheme is applied to
simulate the great flood which occurred in Thailand, 2011. The numerical simula-
tions show results that agree with the existing data obtained from satellite images.
All of these experiments have demonstrated that the presented scheme is capable
of accurate and efficient simulation of various kinds of shallow-water problems.
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Chapter 3

Critical control in transcritical
shallow-water flow over two
obstacles

3.1 Introduction

3.1.1 Background

Shallow water flow of a homogeneous fluid over bottom topography is a funda-
mental problem in fluid mechanics and has been heavily studied from various
points of view. A widely used approach when the topography is a single localised
obstacle is the application of hydraulic concepts which lead to the classification
of the flow in terms of the value of the upstream Froude number, defined as the
ratio of the uniform upstream flow to the linear long wave speed. The flow is then
described as supercritical, subrcritical or transcritical depending on whether the
upstream Froude number is greater than unity, less than unity, or close to unity
respectively, see for instance the monograph by Baines (1995) for a comprehen-
sive account of hydraulic theory and the issues involved. In the supercritical case
waves generated by the flow interaction with the obstacle propagate downstream
away from the obstacle, and the flow at the obstacle location is a locally steady el-
evation. In the subcritical case, waves propagate upstream and downstream away
from the obstacle, and the flow at the obstacle location is a locally steady de-
pression. When wave dispersion is considered, steady lee waves are also formed
downstream of the obstacle. Both these cases can be well understood, at least
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qualitatively, using linearised theory.

However, linearized theory fails in the transcritical regime, which is the main
interest here, and then a nonlinear theory is needed to describe the locally steady
hydraulic flow over the obstacle, which has an upstream elevation and a down-
stream depression, each terminated by upstream and downstream propagating
undular bores. A popular model here in the weakly nonlinear regime when the
obstacle has a small amplitude is the forced Korteweg-de Vries (KdV) equation,
see Akylas (1984), Cole (1985), Grimshaw and Smyth (1986), Lee et al. (1989),
Binder et al. (2006), Grimshaw et al. (2007) and the recent review by Grimshaw
(2010). Various aspects of the extension to finite amplitudes in the long wave
regime can be found in El et al. (2006), El et al. (2008), and El et al. (2009).

Thus transcritical shallow water flow is quite well understood for a single lo-
calised obstacle, but there have been comparatively very few studies of the anal-
ogous case when the there are two widely separated localised obstacles. In the
context of this article the most relevant is the article by Pratt (1984) where a com-
bination of steady hydraulic theory, numerical simulations using the nonlinear
shallow water equations and laboratory experiments are used to infer that the for-
mation of dispersive waves between the obstacles is needed to obtain a stable so-
lution. More recently Dias and Vanden-Broeck (2004) Ee et al. (2010, 2011) have
examined the possible presence of such waves for steady flows, while Grimshaw
et al. (2009) considered the related problem of unsteady flow over a wide hole.
Thus a new feature of interest when considering two obstacles is that the waves
generated by each obstacle may interact in the region between the two obstacles,
and then the question is how this interaction might affect the long-time outcome.
In this paper we examine this scenario using the nonlinear shallow water equa-
tions, so that although finite-amplitude effects are included, wave dispersion is
neglected and the generated waves are represented as shock waves. Our empha-
sis is on the transcritical regime for two widely-spaced localised obstacles. The
nonlinear shallow water equations are solved numerically using a well-balanced
finite volume method, and the results are shown in section 3. The simulations are
supplemented by a combination of fully nonlinear hydraulic theory with classi-
cal shock closure conditions, and a reduced model used in the weakly nonlinear
regime, presented in section 2. We conclude in section 4.

3.1.2 Formulation

The basic model is one-dimensional shallow-water flow past topography, in which
the flow is described by the total local depth A and the depth-averaged horizontal
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velocity U. The forcing is due to a localised topographic obstacle f(z) so that
the bottom is at z = —h + f(z) where h is the undisturbed depth at infinity. In
non-dimensional coordinates, based on a length scale h, a velocity scale v/gh and
a time-scale of \/h/g, the equation system is

U+ UU, + ¢ = 0. 3.2)

The upstream flow is a constant horizontal velocity V' > 0 in dimensional coordi-
nates, which becomes F' = V/ \/g_h the Froude number, in the non-dimensional
coordinate system. Here the topography f(z) consists of two obstacles, each
symmetrical, and placed a distance L apart, with respective maximum heights (or
depths) of €; . Our interest here is when €; » > 0, and the situation when either
or both €; 5 < 0 will be considered elsewhere. We assume that the separation dis-
tance L is much greater than the width of the obstacles. Then the main parameters
are the Froude number F', and the maximum heights €; 5. This system is to be
solved with the initial conditions

H=1,U=F, a t=0. (3.3)

This is equivalent to introducing the obstacles instantaneously at ¢ = 0 into a
constant flow. The solution will initially develop smoothly, but being a nonlin-
ear hyperbolic system, we can expect the development of discontinuities in the
derivatives of (, U. The classical procedure is then to introduce shocks, given by

1
—S[¢)+[HU) =0, —S[HU]+[HU?+ 5H?] =0. (3.4)
Here S is the shock speed, and [- - - | denotes the jump across the shock. In the

absence of the bumps (f(z) = 0), these classical shocks conserve mass and mo-
mentum.
In the transcritical regime when F' =~ 1, it will be useful also to consider a
weakly nonlinear model for small-amplitude topography, given by
3 fa
_Ct_ACx+§CCx+5:07 A=F-1. (3.5)
Here U = F' 4 u and u = —(. The reduced model (3.5) can be seen as a dis-
persionless forced KdV equation, see the afore-mentioned references. For conve-
nience we present an alternative derivation in the Appendix. The initial condition
(3.3) is replaced by
(=0, at t=0. (3.6)



In this weakly nonlinear limit, the shock conditions (3.4) reduce to

(5 = AT + %[CQ] =0. (3.7

This can also of course be directly deduced from (3.5).

3.2 Hydraulic flow

3.2.1 Steady solutions

Here we consider the hydraulic theory, and to begin with we review the well-
known theory (see Baines (1995) for instance) for flow over a single obstacle ob-
stacle. Then we will show how this can be extended to obtain analogous solutions
for flow over two obstacles. Thus we seek steady solutions, so that on omitting
the time derivatives, equations (3.1, 3.2) integrate to

U2

HU=(1+4+(¢(-HU=Q, C+7:B, (3.8)
Here (), B are positive integration constants, representing mass flux and energy
flux respectively (strictly () is volume flux, but we are assuming that the fluid
density has been scaled to unity, and B is the Bernoulli constant, while B() is the
energy flux). Eliminating /7 or U gives

GY3 1 B+1—f

N U B U3/2 Q
2 G2/3 - Q2/3 )

= 3.9

G = 2~ QU2 {32

which determines the local Froude number G as a function of the obstacle height
f.

For noncritical flow, this solution must connect smoothly to U = F,({ = 0,
that is G = F, at infinity, and so Q = F, B = F?/2. Noting that then the right-
hand side of the first expression in (3.9) has a minimum value of 3/2 — ¢,, when
F =1, it can be established that

F?  3p?3

O0<e,<1l4+——
€ —|—2 7

(3.10)

Here ¢, is the maximum obstacle height. This expression is plotted in figure 3.1 at
equality (note that this is the curve BAE in figure 2.11 in Baines (1995)). It defines

33



the subcritical regime /' < Fj, < 1 where F' < G < 1, and the supercritical regime
1 < F, < F'where 1 < G < F' and a smooth steady hydraulic solution exists.
In the subcritical regime a localised depression forms over the obstacle, and in
the supercritical regime a localised elevation forms over the obstacle. For small
(€m)'/? << 1, recalling that A = F — 1, we find that

1/2
Ben) ™ | m | ey G.11)

A, =+
pb 2 4

In the transcritical regime F, < F' < F}, (3.10) does not hold and is replaced
by

. F?  3F%3
m > —_— — .
€ + 5 5
Instead we seek a solution which has upstream and downstream shocks propagat-
ing away form the obstacle, and which satisfies the critical flow condition at the

top of the obstacle, that is, when f = ¢,,, G, # 0. This condition implies that

(3.12)

3@2/3

G=1
’ 2

—B+1l—¢€, at f=en. (3.13)

For a given ¢,,, this relation defines B in terms of (). At this critical location
U=U,=QYand 1+ (, — €, = Q¥*. The local Froude number varies over
the range G_ < G < (G, where + denote the downstream and upstream values,
It transpires that in order tor the shocks to propagate away from the obstacle the
flow is subcritical upstream where G_ < G < 1,(_ > ( > (. U_ < U < U,
and supercritical downstream 1 < G < Gy, (4 < ( < (p, UL > U > Up,.

Before proceeding we note that the expressions (3.9) hold both upstream and
downstream, yielding the relationships

1/2 _ Uz _
Ur(1+¢) " =@Q, 7+C¢—B, (3.14)
Q__ @
Us  2(14¢1)?
4/3
G; + Gi/?’ = %;31 . (3.16)
+

For given @), B, these relations fix U, , (- completely. But we have one relation-
ship (3.13) connecting B, (), and so there is just a single constant to determine.
This is found using the classical shock closure described in the next subsection.

+(+1=B+1, (3.15)

while
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3.2.2 Classical shock closure

Outside the obstacle U = Uy, ( = (4 are constants, downstream and upstream
respectively, and are connected to the undisturbed values U = F', ( = 0 far down-
stream and upstream. using classical shock closure based on the shock conditions
(3.4), see figure 3.2. Since the steady hydraulic flow over the obstacle conserves
mass and energy, rather than mass and momentum, these are nontrivial conditions
to apply. Further, it transpires that we cannot simultaneously impose upstream
and downstream jumps which connect directly to the uniform flow. Instead, we
first impose an upstream jump as specified by Baines (1995), see also El et al.
(2009). There is then a downstream jump which connects to a rarefaction wave,
see figure 3.2.

First we consider the upstream jump, which connects (_, U_ to 0, F' with S_ <
0. The first relation in (3.4) gives

C(S-.—-U.)=U_—-F, or S(=Q-F, (3.17)
and the second relation in (3.4) gives

(14+¢)(U-—F)(S-—-U-) :g_(1+%). (3.18)

Eliminating S_, or U_ — F'yield the following expressions

(14 ¢ )(U- — F)? :§2(1+%‘), (3.19)
S_=F—[1+¢)+ %)]1/2 : (3.20)
¢

and (14 ¢)F = C[(1+ )1+ N2 =Q. (3.21)

Since we need S_ < 0 it follows that we must have (_ > Oand U_ < ) < F.
The system of equations is now closed, as the combination of (3.15) and (3.21)
determines (_ in terms of B, so that finally all unknowns are obtained in terms
of ¢, from (3.13). Further, the condition (_ > 0 serve to define the transcritical
regime (3.12) in terms of the Froude number F' and €,,.

Downstream, this procedure also determines U, > F (, < 0, but in general,
this cannot be resolved by a jump directly to the state F,0. Instead we must
insert a right-propagating rarefaction wave, see figure 3.2. The rarefaction wave
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propagates downstream into the undisturbed state O, [, and so is defined by the
values U,., (, where
U =21+ ¢) P =F-2. (3.22)

It is then connected to the hydraulic downstream state U, , (; by a shock, using
the jump conditions (3.4) to connect the two states through a shock with speed
S, > 0. There are then three equations for the three unknowns (.., U,., S, and the
system is closed.

In the weakly nonlinear regime, when the forcing is sufficiently small (the
appropriate small parameter is o ~ ,/€,,), the rarefaction wave contribution can
be neglected as it has the amplitude of order o while the shock intensity is O(«).
In this limit we can solve the system of equations by an expansion in « and find
that

4A3
3¢ = 20 F (6, + B)2 + 0(0®), fi =3 — 2. A* + -~ (3.23)

3 9¢? A

Sy =A— ji g;‘l‘O( ), Ge= 1+A_£+'7ﬁ:+0( s = %—%
(3.24)
Q=1+A+CA- ii+0( %). (3.25)

Here 8. = O(a?), v = O(a?) are small correction terms, which if needed
explicitly can be evaluated to leading order using the leading order solution for
(+. It is useful to note here that using (3.23) and (3.11), the local Froude numbers

(Gem)l/2

Gi=1=% 5

+0(®) =1+ A, + O(a?), (3.26)

and are independent of A at the leading order in . Also, since the transcritical
regime is defined by A; < A < A, it follows that at the leading order in «, the
local downstream and upstream Froude numbers G are outside this transcritical
regime, and hence the downstream and upstream flows are indeed fully supercrit-
ical and subcritical respectively.

3.2.3 Two obstacles

The same procedure can now be followed when there are two widely separated
obstacles, placed at x = 4L say. Based on our numerical simulations reported in
section 3, the solution evolves in two stages. In the first stage the theory described
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above can be applied to each obstacle separately. Then in the second stage when
the downstream propagating waves emitted by the first obstacle interact with the
upstream propagating waves waves emitted by the first obstacle, an interaction
tales place and there is an adjustment to a new configuration. There are several
scenarios depending on the obstacles heights € 5 and the Froude number . For
instance if both obstacles satisfy the condition (3.10) for subcritical or supercrit-
ical flow then the obtained solutions for each obstacle separately will again be
obtained. On the other hand if both obstacles satisfy the condition (3.12) for tran-
scritical flow then at the end of the first stage a downstream depression shock
preceded by a rarefaction wave emitted by the first obstacle will meet an upstream
elevation shock emitted by the second obstacle. Our numerical simulations show
that these generate a new shock between the obstacles. The speed S;,; of this
shock can be found from (3.4) where the conservation of mass law implies that

Sint(e— — Cig) = (L + G )V — (14 ) Uiy + 0(0?) = Q2 — Q1 + 0(a?) .

(3.27)
Here the O(a?) error is due to the presence of the rarefaction wave. Since ¢, >
0 > (14 the shock moves in the positive or negative direction depending on
whether ()5 > (<)(Q);. Indeed using the expressions (3.24, 3.21)

Sini = 8= (s + ) +0(0) = {({6}? — {66} %) + O(a?), (3.28)

and is independent of A to this order. Thus, this shock will move towards the
higher of the two obstacles, that is, .5;,,; is positive or negative according as €; > €
or €; < €y respectively. This is followed by the interaction of this shock with
either the second or first obstacle, followed eventually by an adjustment to a final
localised steady state encompassing both obstacles; this is the second stage.

The final localised steady hydraulic state can now be determined as before,
with the criterion that criticality occurs at the higher obstacle so that the formulae
in subsections 2.1, 2.2 apply with €,,, = max|ej, €], the same as if the combination
of the two obstacles was a single obstacle. Indeed, the criticality determined at the
first stage at the higher obstacle persists into the second stage, while the flow at
the lower obstacle adjusts in the second stage to be locally subcritical if the lower
obstacle is the first obstacle, or is locally supercritical if the lower obstacle is the
second obstacle. Illustrative example taken from the numerical simulations are
shown in figures 3.3 and 3.4 respectively. Note that criticality is controlled by the
higher obstacle which has the same height in the two cases, and hence the same
constant values of (), B are generated in the region containing both obstacles.
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When the obstacles have equal heighta, €; = €5, then also (); = )5 and the
shock speed S;,; = 0(a?), so that the error term in (3.27) is needed to determine
the shock speed. This error term is due to the neglected rarefaction wave, and
when this has a negative mass flux as sketched in the scenario shown in figure 3.2,
Sint < 0. The numerical solutions show that this is indeed the case. Hence it is
then the second obstacle which controls criticality. An example taken from our
numerical simulations is shown in figure 3.5. In the region over both obstacles
combined there is a steady state with constant values of (), B satisfying the rela-
tion (3.13). The local Froude number G = 1 at the crest of the second obstacle,
where G passes smoothly from subcritical G < 1 to supercritical G > 1. The flow
is subcritical over the first obstacle, but G = 1 at the crest of the first obstacle.
At this location there is a discontinuity in the slope of (G, and hence also in the
slopes of U, H, but all quantities are continuous This can be deduced from (3.9,
3.13) where near the crest of either obstacle

3(em — f)

2@2/3 ’
There are two possible solutions. We consider for simplicity the generic case
when €,, — f ~ §(x = L)?, 6 > 0. Then at the second obstacle there is a smooth
solution for which G — 1 ~ C'(z — L), C = /36/2Q?%/3, but at the first obstacle
the solution is 1 — G =~ C|z + L|, which is continuous but has a discontinuous
slope. This can be regarded as a stationary contact discontinuity. This scenario is
asymmetrical and so differs from those considered by Pratt (1984) who examined
only symmetrical configurations and showed these could not be stable. Further
he pointed out that it is not possible to construct a steady stable solution using a
stationary shock as this would then dissipate energy (see the last paragraph of his
section 1 and footnote on page 1216).

(G—1)?2~ (3.29)

3.2.4 Reduced model

Before presenting the numerical results, it is useful to examine the same scenario
presented above in subsections 2.1, 2.2, 2.3 using the reduced model, especially
as then the initial value problem can be solved, see Grimshaw and Smyth (1986)
and Grimshaw (2010) for instance. With the initial condition that { = 0 att = 0,
equation (3.5) can be solved using characteristics,

dv 3 dC [

dar 27 4t 2’ (3.30)
r=uz9, (=0, at t=0.
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The system (3.30) can be integrated to yield

3¢ 1
AC_% — §(f(x)—f($0))a (3.31)

3¢ = 2A F A{4A% + 6[f(z0) — f(x)]}V/2.

Here the upper sign is chosen until the characteristic reaches a turning point where
2A = 3( and then the lower sign is chosen. When A = 0 the upper (lower) sign
is chosen on the left-hand (right-hand) side of the maximum point where f = ¢,,.
Where characteristics intersect, a shock forms with speed S, given by (3.7) Then
when

QAQ < 361,2 , (3.32)

there is a critical xq. for each obstacle such that all characteristics with xy < xq.
have a turning point, propagate upstream and form an upstream shock. Otherwise
all characteristics with xq > x(. have no turning points, propagate downstream
and form a downstream shock. The critical point is defined by 3 f(zo.) = 3€12 —
2A?. Then, in the first stage, a steady solution will emerge over each obstacle,
terminated by upstream and downstream shocks, determined by that characteristic
emanating from z. and the corresponding steady solution is found using (3.31)

4A* —12AC +9¢C = 6(€, — f())

) 1 (3.33)

3¢ = 2A F sign[z F L|{6[e,, — f ()]}

The upstream (downstream) shock has a magnitude (; where
3¢ = 2A =+ {6€, /2, (3.34)

respectively. Note that (; > 0,(_ < 0 so that the upstream shock is elevation and
the downstream shock is depression. The speeds of these shocks are found from
(3.7), that is

48 = 2A F {66, } 12, (3.35)
and S_ < 0,5, > 0. while the local Froude number is
Gem 1/2
G=1+A-3C/2, andso G:F:lq:%. (3.36)

In the first stage, this local steady solution holds only for each obstacle separately.
When there are two obstacles the upstream elevation shock from the obstacle will
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meet the downstream depression shock from the obstacle. This generates a new
shock, with speed

1
Sint = A — Z(CH +Go) = 1({661}1/2 — {6ey}1/?), (3.37)

which is independent of A, and is positive or negative according as €; > €5 or
€1 < €g respectively. These results all agree with the small amplitude limits of the
corresponding expressions in the preceding subsections..

3.3 Numerical results

3.3.1 Numerical method
The nonlinear shallow water equations (3.1,3.2) can be written as
U+F. =G, (3.38)

where U, F and G represent the density vector, flux vector, and source term re-
spectively,

H UH 0

The computational domain, 0 < x < xj, is discretised by uniform cell size
Ax. The cell center is denoted by z; where x;_;/, and z;,,, refer the left and the
right cell interface, respectively.

In discretization form, equation (3.38) can be written as

Ut —ur . -7:1‘11/2 - ~7:z‘n—1/2
At Ax
Superscript n refers to time step level. The gradient of flux funtion is approx-
imated by the difference of numerical fluxes at the left, /", /2 0 and the right,
F of cell interfaces respectively. At the cell interface i + 1/2,

i+1/2°
Firip = FUlrjo s Uliyyay) - (3.41)

7 7 7

= g/ (3.40)

Numerical flux at the cell interface is a function of unknown variable on the left
and the right limits, and

n n
n . HY e . n o HY oy ,
i+1/2— — n n ) +1/24+ — n n
HY Ui HY e Uil
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Applying the hydrostatic reconstruction from Audusse et al. (2004),

Ly = max(0, Hi+ fi— fi+1/2) , and Hl oy = max (0, Hip 14 fir1— fiv1/2) -

Bottom slope is now included in the reconstruction of water depth. The value of
bottom height at the corresponding interface is approximated by upwind evalua-
tion,

fiv12 = max(fi, fiz1)-
To obtain a well-balanced scheme, the gradient of source term and flux difference
must be balanced at steady state, Audusse et al. (2004), so equation (3.40) can be
rewritten as,

uin-i-l _Z/[Zn N ,F (z/{n u+1,fzafl+1) (uzn 1) zn?fiflafi)

=0 3.42
At Az » ( )
with modified numerical fluxes,
n n n TL2 TL
F UM UL fis fin) = FUL o Ul o) + |:07Hi — it ]/2

Fn(un uﬁrl?fivfi-i-l) = ‘F( in+1/277 in+1/2+)+ |:07H:3r1 - z+1/2+i| /2

In this work, we apply weighted average flux (WAF) proposed by Siviglia and
Toro (2009); Toro (1992); Toro et al. (1994) to obtain the approximation of F (U
We also apply the minmod flux limiter based on the total variation diminishing
(TVD) proposed by Toro (1992) in our numerical scheme to remove spurious 0s-
cillations when simulating moving shock problem.

In our simulations, we apply transmissive boundaries to allow waves to prop-
agate outwards on both boundaries. The bottom elevation is assumed to be two
Gaussian obstacles given by

f(z) =erexp (—(z — 2,)*/w) + ez exp (—(z — 23)*/w) ,

where €¢; and ¢, are the obstacle heights, x, and x, = x, + L are the center
locations of the first and the second obstacle respectively, and the width of each
obstacle is w = 10.

3.3.2 [Equal obstacle heights
€1 = 0.]_,62 =0.1

Simulations for a subcritical case F' = (.5 are shown in figure 3.6. Initially, in the
first stage (¢ = 50), steady depression waves are produced over each obstacle, and
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small transient elevation waves travel upstream from each obstacle. In the second
stage t = 70 the transient wave from the second obstacle has passed over the first
obstacle and proceeded upstream. In the final stage ({ = 300) only the steady
depression waves over each obstacle are left. In this case, the Froude number is
outside the transcritical regime for both obstacles, see (3.10) and figure 3.1,.

Simulations for a transcritical flow case /' = 1 are shown in figure 3.7. In the
first stage (tf = 50) a transcritical flow is generated over each obstacle separately,
consisting of an elevation shock propagating upstream connected by a steady so-
lution to a depression shock propagating downstream. The depression shock from
the first obstacle meets the elevation shock from the second obstacle at around
t = 130 forming a single shock, which then propagates upstream. In the sec-
ond stage (tf = 400), there is an adjustment in which a locally steady subcritical
depression wave forms over the first obstacle, while a locally steady transcritical
flow forms over the second obstacle. At the same time the elevation shock and
depression shock outside both obstacles continue to propagate in their separate
ways. As time increases (t = 1000), the flow over both obstacles reaches a lo-
cally steady state with criticality controlled by the second obstacle while the flow
is subcritical over the first obstacle, but as mentioned above, reaches criticality
(G = 1) at the obstacle crest where there is a discontinuity in slope, see also fig-
ure 3.5. We note that very high resolution is needed to resolve this discontinuity
and coarse resolution runs show a smooth G reaching a value slightly below 1.

Next, we examine a quantitative comparison between the nonlinear shallow
water simulations and the theoretical results from the reduced model presented in
section 3.2. From the numerical simulations shown in figure 3.7 over the time
range ¢ = 400 to 1000 we find that the respective shock magnitudes and speeds,
(+ = —0.2574,(_ = 0.2670, 5, = 0.1880,5_ = —0.1980. With ¢,, = 0.1 the
local Froude numbers in equation (3.36) are G, = 1.3873,G_ = 0.6127, while
the shock magnitudes from equation (3.34) are (, = —0.2582,(_ = 0.2582, and
the shock speeds from (3.35) are S, = 0.1937, S_ = —0.1937. These values are
in reasonable agreement with the numerical determined values. Using the more
exact formulas (3.23, 3.24) up to the O(a?) terms leads to ¢, = —0.2468,(_ =
0.2691 and Sy = 0.1871,S_ = —0.1996, which is an improvement. Note that the
effective small parameter here is (6¢,,)"/? = 0.7746 and so is not small enough
for the reduced model to be completely accurate.

Simulations for a supercritical flow case /' = 1.5 are shown in Figure 3.8.
Initially, in the first stage (t = 30), steady elevation waves are produced over
each obstacle, and small transient depression waves travel downstream from each
obstacle. At the beginning of the second stage (f = 70) the transient wave from
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the first obstacle is passing over the second obstacle and proceeded upstream. In
the final stage (! = 400) only the steady elevation waves over each obstacle are
left. In this case, the Froude number is outside the transcritical regime for both
obstacles, see (3.10) and figure 3.1,.

It should be noted that in the reduced model the local Froude number (3.36)
satisfies 0.6127 < G < 1.3873 for ¢,, = 0.1. This prediction is consistent with
the nonlinear simulations shown in figure 3.6 for subcritical flow, figure 3.7 for
transcritical flow, and figure 3.8 for supercritical flow.

€1 = 02, €y = 0.2

Four simulations for /' = 0.5,1.0, 1.5, 2.0 are shown in figures 3.9 - 3.12. When
en = 0.2 transcritical flow occur in the range of 0.48 < F' < 1.56, see (3.10) and
figure 3.1. The reduced model predicts transcritical flow when 0.45 < F' < 1.55,
see (3.11). Thus the flow is slightly transcritical for /' = 0.5, 1.5, respectively
nearly subcritical or supercritical, while it is transcritical for /' = 1.0, and super-
critical for /' = 2.0. In all these cases we expect the reduced model to provide a
quite good interpretation.

The nearly subcritical case shown in figure 3.9 can be compared with the
subcritical case shown in figure 3.6 for ¢ = e, = 0.1. Although the first
stage(t = 30, 60) is similar there is now visible two small rarefaction waves propa-
gating to the left, and in the second stage (f = 130, 800) a pronounced asymmetry
develops with a larger depression wave over the second obstacle. This is due to
this case being in the transcritical regime, and hence the second obstacle controls
criticality.

The transcritical case shown in figure 3.10 is qualitatively similar to that in
figure 3.7 for ¢ = 0.1,¢ = 0.1. From the numerical simulations shown in figure
3.7 over the time range ¢t = 40 to 800 we find that the respective shock magnitudes
and speeds, ¢, = —0.3600,(- = 0.3810,5; = 0.2535,S_ = —0.2814. With
eén = 0.2 the local Froude numbers in equation (3.36) are G, = 1.5477,G_ =
0.4523, while the shock magnitudes from equation (3.34) are (, = —0.3651,(_ =
0.3651, and the shock speeds from (3.35) are S, = 0.2739,5_ = —0.2739.
These values are in reasonable agreement with the numerical determined values.
Using the more exact formulas (3.23, 3.24) up to the O(a?) terms leads to ¢, =
—0.3422,(_ = 0.3867 and S, = 0.2603,S_ = —0.2853, which is overall some
improvement. But note here that the effective small parameter is (6¢,,)"/? =
1.0954 and can hardly be considered small.

The nearly supercritical case shown in figure 3.11 can be compared with the
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supercritical case shown in figure 3.8 for ¢, = e; = 0.1. Although the first
stage(t = 300) is rather similar there is already an asymmetry in that the elevation
wave other the second obstacle is already slightly smaller than that over the first
obstacle, indication that the adjustment process to the second stage is beginning.
This adjustment continues at ¢ = 300 and the final locally steady state is achieved
at t = 660, 1200, in which there is criticality controlled by the second obstacle,
and a locally subcritical flow over the first obstacle.

The fully supercritical case is shown in figure 3.12 and can also be compared
with the supercritical case shown in figure 3.8 for €, = ¢; = 0.1. It is quite similar
although the time then to reach the second stage is much shorter.

3.3.3 Unequal obstacle heights
€1 = 001, €y = 002, and €1 = 01, €9 =10.2

A transcritical case (F' = 1) when the second obstacle is larger is shown in figure
3.13 for quite small amplitudes. At the first stage (¢ = 50), each obstacle gener-
ates elevation and depression shocks that can be described by the single obstacle
theory. As time increases (t = 460) the depression shock from the first obstacle
interacts with the upstream elevation shock generated by the second obstacle. A
new shock is formed, called an intermediate shock as described in the analysis of
section 2. Since the second obstacle is larger, the intermediate shock travels up-
stream and pasts over the first obstacle, leaving a locally steady depression wave
in a locally subcritical flow (¢ = 1000). The speed of the intermediate shock is
greater than the speed of the travelling elevation shock from the first obstacle.
These two shocks merge and finally form a new shock moving further upstream
(t = 1800).

Next, we compare quantitatively these nonlinear simulations with theoretical
results of from section 2. For ¢; = 0.01, we find from the nonlinear simula-
tions that the upstream shock magnitude and speed are (. = 0.0822, and S_ =
—0.0615, while the reduced model predicts that (_ = 0.0816 and S_ = —0.0612,
and using the more exact formulae (3.23, 3.24) leads to (_ = 0.0828 and S_ =
—0.0619. Similarly, for the second obstacle with e, = 0.02, the downstream shock
magnitude and speed from the simulations are ¢, = 0.1134, and S, = 0.0847
while the reduced model predicts that (; = —0.1155 and S, = 0.0866, and using
the more exact formulae (3.23, 3.24) leads to (, = 0.1132, and S, = 0.0853.
These comparisons show very good agreement for these small amplitude obsta-
cles. Further, the intermediate shock speed from the simulation is S;,; = —0.0262,
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while the theoretical expression (3.37) yields S;,; = —0.0254. Also, note that for
the nonlinear simulations when ¢ = 1000 — 1800, the two upstream elevation
shocks merge to form a new one with the new speed S_ = —0.0867 which is
nearly the addition of S;,; and S_ (for ¢; = 0.01).

A case with higher obstacle amplitudes, ¢; = 0.1,e2 = 0.2 is shown in fig-
ure 3.14. The long-time outcome for this case is shown in figure 3.3. The flow
behaviour is quite similar to the smaller amplitude case. Here the intermediate

shock speed from the simulation is S;,;, = —0.1286, but from equation (3.37),
Sint = —0.0802. The quite large difference is due to higher order nonlinear ef-
fects.

€1 = 002, €y = OO]_, and €] = 02, €y = 0.1

A transcritical case (/' = 1) when the first obstacle is larger is shown in figure
3.15 for quite small amplitudes. At the first stage (¢ = 150), each obstacle gener-
ates elevation and depression shocks that can be described by the single obstacle
theory. As time increases (tf = 460), the downstream depression shock from the
first obstacle interacts with the upstream elevation shock generated by the second
obstacle, and an intermediate shock is formed. Since the first obstacle is larger,
it now controls criticality. The intermediate shock travels downstream and passes
over the second obstacle, leaving a locally steady elevation wave (tf = 1400) in
a locally supercritical flow. The speed of the intermediate shock is greater than
the speed of the downstream travelling depression shock from the second obsta-
cle. These two shocks merge and form a new shock moving further downstream
(t = 1800).

Next, we compare quantitatively these nonlinear simulations with the theo-
retical results. For ¢; = 0.02, we find from the nonlinear simulations that the
upstream shock magnitude and speed are (_ = 0.1170, and S_ = —0.0880, while
the reduced model predicts that (_ = 0.1155 and S_ = —0.0866, and using the
more exact formulae (3.23, 3.24) leads to (_ = 0.1165,5_ = —0.0870. Simi-
larly, for the second obstacle with e = 0.01, the downstream shock magnitude
and speed from the simulations are (; = —0.0811, and S, = 0.0607, while the
reduced model predicts that (; = —0.0816, and S = 0.0612, and using the more
exact formulae (3.23, 3.24) leads to (_ = 0.0802,S_ = —0.0604. These com-
parisons show very good agreement for small amplitude obstacles. Further, the
intermediate shock speed from the simulation is S;,; = 0.0260, while the theo-
retical expression (3.37) yields 5;,; = 0.0254. Also, note that for the nonlinear
simulations when ¢ = 1400 — 1800, the two downstream depression shocks merge
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to form a new shock with the new speed S, = 0.0812, which is nearly the addition
of S;,: and S (for e = 0.01).

A case with higher obstacle amplitudes, ¢ = 0.2,¢; = 0.1 is shown in fig-
ure 3.16. The long-time outcome for this case is shown in figure 3.4. The
flow behaviour is similar to the smaller amplitude case. Here the intermediate
shock speed from the simulation is 5;,; = 0.0281, but from equation (3.37),
Sint = 0.0802. Again, the quite large difference is due to higher order nonlin-
ear effects.

3.4 Summary

Transcritical shallow-water flow over two localised and widely-spaced obstacles
has been examined using the fully nonlinear shallow water equations (3.1, 3.2) and
interpreted with a combination of numerical simulations and theoretical analysis
based on hydraulic flow concepts. For a single obstacle, it is well-known that the
solution is a locally steady hydraulic flow over the obstacle contained between
an upstream elevation shock and a downstream depression shock. For the case
of two obstacles our numerical results and supporting theory show that there two
stages. In the first stage, the flow interacts with each obstacle independently, each
well described by the single obstacle theory, and in particular the first obstacle
generates a downstream propagating depression shock, while the second obstacle
generates an upstream propagating elevation shock. Then in the second stage the
downstream propagating depression shock from the first obstacle interacts with
the upstream propagating elevation shock from the second obstacle to produce
an intermediate shock, which propagates towards the larger obstacle, or if the
obstacles have equal heights, towards the second obstacle. There is an adjustment
to a locally steady flow over both obstacles combined, where the higher obstacle
obstacle controls criticality. If the obstacles have equal heights, then the second
obstacle controls criticality and the flow is subcritical over the first obstacle, but
the local Froude number reaches unity at the crest of the first obstacle, where there
is a discontinuity in the solution slope. This outcome agrees with the analytical
theory based on hydraulic flow concepts extended here form a single obstacle to
two obstacles.

As 1s known, the case of flow over a single negative obstacle, or hole, is
more complicated, as the shock waves are generated at the obstacle location, see
Grimshaw and Smyth (1986), Grimshaw et al. (2007) and Grimshaw et al. (2009).
Hence we expect the case when either or both of the obstacles are holes could
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lead to different and more complicated scenarios, which will be the subject of a
future study. Further the present study is restricted to non-dispersive waves and
extensions to include even just weak dispersion using the forced KdV equation,
or the fully nonlinear Su-Gardner equations, as done by El et al. (2009) for a sin-
gle obstacle, will certainly lead to rather different behaviour. In that case, the
shocks are replaced by undular bores and the shock interactions described here
are replaced by the interactions of these nonlinear wave trains. For instance some
of the numerical simulations reported by Grimshaw et al. (2009) using just the
forced KdV equation indicate that the interaction of these nonlinear wave trains
can produce very complicated behaviour, at least during the initial stages of the
flow development. This also is a topic needing much further study.

47



Bibliography

Akylas, T. R. (1984). On the excitation of long nonlinear water waves by moving
pressure distribution. J. Fluid Mech., 141:455-466.

Audusse, E., Bouchut, F., Bristeau, M.-O., Klein, R., and Perthame, B. (2004). A
fast and stable well-balanced scheme with hydrostatic reconstruction for shal-
low water flows. SIAM J. Sci. Com., 25:2050D2065.

Baines, P. (1995). Topographic effects in stratified flows. CUP.

Binder, B., Dias, F., and Vanden-Broeck, J.-M. (2006). Steady free-surface flow
past an uneven channel bottom. Theor. Comp. Fluid Dyn., 20:125-144.

Cole, S. L. (1985). Transient waves produced by flow past a bump. Wave Motion,
7:579-587.

Dias, F. and Vanden-Broeck, J. M. (2004). Trapped waves between submerged
obstacles. J. Fluid Mech., pages 93—102.

Ee, B. K., Grimshaw, R. H. J., Chow, K. W., and Zhang, D.-H. (2011). Steady
transcritical flow over a hole: Parametric map of solutions of the forced Ko-
rtewegbde Vries equation. Phys. Fluids, page 04662.

Ee, B. K., Grimshaw, R. H. J., Zhang, D.-H., and Chow, K. W. (2010). Steady
transcritical flow over an obstacle: Parametric map of solutions of the forced
extended Kortewegbde Vries equation. Phys. Fluids, page 056602.

El, G., Grimshaw, R., and Smyth, N. (2006). Unsteady undular bores in fully
nonlinear shallow-water theory. Phys. Fluids, 18:027214.

El, G., Grimshaw, R., and Smyth, N. (2008). Asymptotic description of solitary
wave trains in fully nonlinear shallow-water theory. Physica D, 237:2423-2435.

48



El, G., Grimshaw, R., and Smyth, N. (2009). Transcritical shallow-water flow past
topography: finite-amplitude theory. J. Fluid Mech., 640:187-214.

Grimshaw, R. (2010). Transcritical flow past an obstacle. ANZIAM J., 52:1-25.

Grimshaw, R. and Smyth, N. (1986). Resonant flow of a stratified fluid over
topography. J. Fluid Mech., 169:429-464.

Grimshaw, R., Zhang, D., and Chow, K. (2007). Generation of solitary waves by
trancritical flow over a step. J. Fluid Mech., 587:235-354.

Grimshaw, R., Zhang, D.-H., and Chow, K. W. (2009). Transcritical flow over a
hole. Stud. Appl. Math., 122:235-248.

Lee, S.-J., Yates, G., and Wu, T.-Y. (1989). Experiments and analyses of upstream-
advancing solitary waves generated by moving disturbances. J. Fluid Mech.,
199:569-593.

Pratt, L. J. (1984). On nonlinear flow with multiple obstructions. J. Atmos. Sci.,
41:1214-1225.

Siviglia, A. and Toro, E. (2009). WAF method and splitting procedure for sim-
ulating hydro-and thermal-peaking waves in open-channel flows. J. Hydraul.
Eng., 135:651-662.

Toro, E. (1992). Riemann problems and the WAF method for solving two-
dimensional shallow water equations. Philos. Trans. R. Soc. London Ser. A,
338:43-68.

Toro, E., Spruce, M., and Speares, W. (1994). Restoration of the contact surface
in the HLL-Riemann solver. Shock wave, 4:25-34.

49



Appendix

The weakly nonlinear model (3.5) for small-amplitude topographic forcing in the
transcritical regime can be derived as follows. First, we introduce the Riemann
variables

R=U+2C, L=U-2C, C=vH, (3.43)

so that equations (3.1, 3.2) become
Ri+(U+C)R,+ fo =0, Li+{U—-C)L,+ f,=0. (3.44)

Then we assume that f ~ o? where « < 1,and that { ~ o, u = U — F ~ q,
and A = F' — 1 ~ «. Next, noting that U + C' = F + 1 + O(«), we can find an
approximation the right-going Riemann invariant in the vicinity of the topography,
_ f 3 S 3
R—F+2—§+O(a), so that u+§—z+§+0(a). (3.45)
Here a transient propagating rapidly with a speed F' + 1 + O(«) to the right is
ignored. Then we find that for the left-going Riemann invariant,

f > 3f

L=2U—~(F+2)+=+0@*)=F—-2-2(+ >+ = +0(a%),
3U F+22 f 3¢ > (3.46)
U—C:7—T+Z+O(&3>:A—7+O(@2)

Thus finally the equation for L in (3.44) reduces to (3.5), with an error of O(a?).
Similarly the mass shock condition in (3.4) reduces to (3.7) with an error of O(a3),
while the momentum shock condition has all terms of O(a?).
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Figure 3.1: Plot of (3.10) at equality. The intersection of the line ¢,, = constant
with the curve (3.10) defines F;, , respectively. The region below the curve defines
the subcritical and supercritical regimes, and the region above the curve is the
transcritical regime.
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Figure 3.2: Schematic for closure using classical shocks.
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Figure 3.3: Hydraulic solution for the case F' = 1 and unequal obstacle heights
€1 = 0.1, = 0.2. In the steady region over both obstacles () = 0.8923 and
B = 0.5900, and G = 0.6584 at the crest of the first obstacle where the flow is

locally subcritical.

53



15 T T ]
1
T \_A_,
0.5 *
0 L L A LA L L
0 200 400 600 800 1000 1200
2 T T T T T
15F *
o
051 ! ! ! ! ! ]
0 200 400 600 800 1000 1200
11
1 ]
O oor J .
0.8 |
07 ! ! ! ! !
0 200 400 600 800 1000 1200
0.6 |
0.5 |
0.4 ! ! ! ! !
0 200 400 600 800 1000 1200
X

Figure 3.4: Hydraulic solution for the case ' = 1 and unequal obstacle heights
€1 = 0.2,e5 = 0.1. In the steady region over both obstacles () = 0.8923 and
B = 0.5900, and G = 1.463 at the crest of the second obstacle where the flow is

locally supercritical.

54



T
I Y
o \ —
0.5 i
0 L L A_LA L L
0 200 400 600 800 1000 1200
T
1.5 |
& !
™ |
05 | | | | |
200 400 600 800 1000 1200
T T T T T
O 1 —
08 | | | | |
0 200 400 600 800 1000 1200
0.6 _|
A os— |
04 | | | | |
0 200 400 600 800 1000 1200
X
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Figure 3.6: Simulations for F' = 0.5,¢; = 0.1,e2 = 0.1.
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Figure 3.9: Simulations for /' = 0.5,¢; = 0.2,e5 = 0.2.
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Figure 3.11: Simulations for F' = 1.5,¢; = 0.2,e5 = 0.2.
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Chapter 4

Transcritical flow over two
obstacles: forced Korteweg-de
Vries framework

4.1 Introduction

The flow of a homogeneous fluid over an obstacle is a fundamental problem
in fluid mechanics and has been heavily studied from many points of view.
A widely used approach for shallow fluids is the application of hydraulic
concepts when the flow can be classified in terms of the upstream Froude
number F' = U/c, where U is the uniform upstream flow and ¢ = (gh)/?
is the linear long wave speed in water with an undisturbed depth h. The
flow is then supercritical, subcritical or transcritical depending on whether
F>1 F <1lor F ~ 1, see for instance the monograph by Baines (1995).
In the supercritical case waves generated by the flow interaction with the
obstacle propagate downstream away from the obstacle, and the flow at the
obstacle location is a locally steady elevation. In the subcritical case, waves
propagate upstream and downstream away from the obstacle, and the flow
at the obstacle location is a locally steady depression accompanied by a
steady lee waves downstream of the obstacle. Both these cases can be well
understood qualitatively using linearised theory.

However, linearized theory fails in the transcritical regime, and then non-
linear shallow water theory leads to the determination of a locally steady
hydraulic flow over the obstacle, with an upstream elevation and a down-
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stream depression, each terminated by upstream and downstream propagat-
ing shocks. In the presence of wave dispersion, these shocks are resolved
by undular bores. In the weakly nonlinear long wave regime the forced
Korteweg-de Vries (KdV) equation has been invoked to describe this flow,
see Akylas (1984), Cole (1985), Grimshaw and Smyth (1986), Lee et al.
(1989), Binder et al. (2006), Grimshaw et al. (2007) and the recent review
by Grimshaw (2010). Various aspects of the extension to finite amplitudes
in the long wave regime can be found in El et al. (2006), El et al. (2008), and
El et al. (2009).

Although transcritical shallow water flow is now quite well understood for
a single localised obstacle, there have been comparatively very few studies of
the analogous case when the there are two widely separated localised obsta-
cles. This motivated us to examine this case in our recent work, Grimshaw
and Maleewong (2015), where in the context of the nonlinear shallow water
equations, we showed that the flow evolved in two stages. The first stage
is the generation of an upstream elevation shock and a downstream depres-
sion shock at each obstacle alone, isolated from the other obstacle. The
second stage is the interaction of these two shocks between the two obsta-
cles, followed by an adjustment to a hydraulic flow over both obstacles, with
criticality being controlled by the higher of the two obstacles, and by the
second obstacle when they have equal heights. This hydraulic flow is termi-
nated by an elevation shock propagating upstream of the first obstacle and
a depression shock propagating downstream of the second obstacle. That
study, although fully nonlinear, was in the context of the nonlinear shallow
water equations which contain no wave dispersion.

The primary purpose of this present paper is to remedy that, and so here
we examine the flow over two localized obstacles in the context of the forced
Korteweg-de Vries equation, which contains a balance between weak non-
linearity, weak dispersion and small-amplitude forcing. The essential new
feature is then that the generated shocks are replaced by undular bores, that
is nonlinear wavetrains, and then the main question is how the undular bores,
generated between the obstacles, interact. Earlier Pratt (1984) used a com-
bination of steady hydraulic theory, numerical simulations of the nonlinear
shallow water equations and laboratory experiments to infer that the forma-
tion of dispersive waves between the obstacles is needed to obtain a stable
solution. More recently Dias and Vanden-Broeck (2004), Ee et al. (2010,
2011) have examined the possible presence of such waves for steady flows,
while Grimshaw et al. (2009) considered the related problem of unsteady
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flow over a wide hole. Our emphasis is on the transcritical regime for two
widely-spaced localised obstacles. The forced Korteweg-de Vries equation is
described in section 2 and numerical solutions presented in section 3. We
conclude in section 4.

4.2 Forced Korteweg-de Vries equation

The forced Korteweg-de Vries (KdV) equation has been derived for water
waves by Akylas (1984), Cole (1985) and Lee et al. (1989), and for inter-
nal waves by Grimshaw and Smyth (1986), see also the recent review by
Grimshaw (2010). It is technically valid in the transcritical regime when
F =~ 1, and in non-dimensional units based on a length scale h and a time
scale (h/g)"/?, it is given by

fa

3 1
_g‘t—ACw+§CCx+6cm+§:0, A=F-1. (4.1)

Here ( is the free surface displacement above the free surface. The initial
condition is
(=0, at t=0. (4.2)

It is based on the usual KdV balance where ¢ ~ o2, 8/0x ~ a, /0t ~ o,
A ~ a? and f ~ a* where a < 1 is the governing small parameter.

For a single localized obstacle, that is f(z) has a maximum height €,, > 0
at x = 0 say, and has effectively compact support such as a Gaussian,
the transcritical problem can be solved asymptotically in two parts, see
Grimshaw and Smyth (1986) and the review by Grimshaw (2010). In the
first part, the linear dispersive term (.., is omitted, and the resulting forced
Hopf equation can be exactly solved using characteristics,

de 3 dC_ )

dt 27 dt 2
With the initial condition (4.2), this can be readily integrated explicitly.
When characteristics intersect, a shock forms and must satisfy the shock

condition

(4.3)

(5 - A)[¢] +21¢?) =0, (1.4

where [-] is the jump across the shock and S is the shock speed. Our main
interest is in the transcritical regime defined here by

2A% < 3¢, (4.5)

69



when such shocks form upstream and downstream of the obstacle. Omitting
details the outcome is that a localised steady solution, sometimes called the
hydraulic solution, forms over the obstacle, given by

4A? — 12A¢ 4 9¢* = constant — 6f(z), (4.6)
and so 3¢ = 2A F sign[z]{6[e,, — f(x)]}?. (4.7)

Here equation (4.6) can readily by direct integration of the Hopf equation
obtained from the steady version of (4.1) after omitting the linear dispersive
term. The constant of integration is determined by the hydraulic condition
that ¢, # 0 at the top of the obstacle, where then ( = 2A/3 and the constant
takes the value 6¢,,. This is terminated by upstream and downstream shocks
with magnitude (¢,

3¢ = 2A & {6e, /2. (4.8)

Note that ¢, < 0,{_ > 0 so that the upstream shock is elevation and the
downstream shock is depression. The speeds of these shocks are found from
(4.4), that is

4S8+ = 3¢ = 2A F {6e,}?, (4.9)

and S_ < 0,5, > 0. Outside the transcritical regime, when A > (3e,,/2)/?
the flow is supercritical, and all characteristics propagate downstream, leav-
ing a steady elevation over the obstacle, while when A < —(3¢,,/2)"/? the flow
is subcritical, and all characteristics propagate upstream, leaving a steady
depression over the obstacle. In this subcritical case, when dispersion is
restored, stationary lee waves will form behind the obstacle.

In the second part, the shocks are replaced by undular bores using the
Gurevich-Pitaeveskii adaptation, see Gurevich and Pitaevskii (1974), of the
Whitham modulation theory, Fornberg and Whitham (1978); Whitham (1965,
1974). A brief summary of that theory is reproduced here in the Appendix,
adapted from Grimshaw (2010). The undular bore in x < 0 is described by
(4.21) to (4.24) with (p, = (. Hence it occupies the zone

A—-( < % < max{0, A+ % : (4.10)
Note that this upstream wavetrain is constrained to lie in # < 0, and hence
is only fully realised if A < —3(_/2. Combining this criterion with (4.5) and
(4.8) defines the regime

3m L 3em
—(F <A< —5(5H), (4.11)
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where a fully developed undular bore solution can develop upstream. On the
other hand, the regime A > —3(_/2 or

_L Bemyy 3€my1/2
S < A< (S, (4.12)
is where the upstream undular bore is only partially formed, and is attached
to the obstacle. In this case the modulus m of the Jacobi elliptic function
varies from 1 at the leading edge (thus describing solitary waves of amplitude
2(_) to a value m_ (< 1) at the obstacle, where m_ can be found by putting
z =0 in (4.23).

The undular bore in > 0 can also be described by (4.21) to (4.24) with

(o = —A,, after using the transformation (4.26). Hence it occupies the zone
maX{O, A—%}<%<A—3§+. (4.13)

Here, this downstream wavetrain is constrained to lie in x > 0, and hence
is only fully realised if A > (, /2, and then the leading solitary wave has an
amplitude —2¢;. Combining this criterion with (4.5) and (4.8) defines the
regime (4.12), and so a fully detached downstream undular bore coincides
with the case when the upstream undular bore is attached to the obstacle.
On the other hand, in the regime (4.11), when the upstream undular bore is
detached from the obstacle, the downstream undular bore is attached to the
obstacle, with a modulus m (< 1) at the obstacle, where m can again be
found from the counterpart of (4.23) evaluated at z = 0.

When there are two widely placed obstacles with maximum heights €; o
respectively, there are several regimes to consider depending on A and € 5.
The main regime is when the flow is transcritical at each obstacle separately,
that is A? < min[e;, €z]. and then the solution evolves in three stages. In
the first stage, this local steady solution with upstream and downstream
undular bores holds for each obstacle separately. But when there are two
obstacles, in the second stage the upstream elevation undular bore from the
second obstacle will meet the downstream depression undular bore from the
first obstacle. These interact and possibly then also modulate the upstream
elevation undular bore from the first obstacle and the downstream depression
undular bore from the first obstacle. Our main purpose here is to determine
the outcome of that interaction. The third stage is when the solution appears
to settle outside each obstacle, but with continuing wave interactions between
the obstacles.
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We note that in this third stage a localised steady solution can be found
given again by (4.7) but with e replaced by max[e; o]. That is, a hydraulic
solution controlled by the larger of the two obstacles. This was the out-
come found by Grimshaw and Maleewong (2015) in the fully nonlinear non-
dispersive case. The smaller of the obstacles is then in either a locally su-
percritcal flow, or a locally subcritical low, depending on whether it is the
second or the first obstacle. This is shown by noting that relative to a
level (p, A in (4.1) is replaced by A" = A — 3(y/2. Thus if ¢, > €, put
Co = ¢+ and then A’ = (3€;/2)"/? > (3€5/2)"/? and so the flow is supercrit-
ical at the second obstacle. Alternatively if €3 > €1, put {;, = (_ and then
A = —(36,/2)'/? < —(3€,/2)"/? and so the flow is subcritical at the first
obstacle. When the obstacles have equal heights, €¢; = €3, Grimshaw and
Maleewong (2015) found that this local hydraulic solution could be found
with critical control exerted at the second obstacle and a contact discontinu-
ity at the first obstacle. However that conclusion was based on higher order
nonlinear effects beyond the regime of the fKdV equation (4.1), and so can-
not be assumed to hold here. Instead we find that in this case of obstacles of
equal heights, either obstacle can exert critical control depending on the value
of A. The numerical simulations reported in section 3 suggest that when
—(361/2)Y2/2 < A < (3€1/2)"/? so that the upstream undular bore is at-
tached to each obstacle, while the downstream undular bore is detached, then
it is the first obstacle which exerts control, since then the downstream undu-
lar bore will eventually pass over the second obstacle, leaving a supercritical
flow there, although there may still be continuing wave activity between the
obstacles. On the other hand when —(3¢,/2)Y/? < A < —(3¢,/2)Y2/2 so
that the downstream undular bore is attached to each obstacle, while the
upstream undular bore is detached, then it is the second obstacle which ex-
erts control, since then the upstream undular bore will eventually pass over
the first obstacle, leaving a subcritical flow there, although again there may
still be continuing wave activity between the obstacles.

4.3 Numerical simulations

4.3.1 Pseudospectral method

The forced Korteweg-de Vries (fKdV) in (4.1) with initial condition (4.2)
is solved numerically by the pseudo spectral method. The computational
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domain is —L < z < L, with L = 8192. The forcing f(z) is composed of two
obstacles given by

f(z) =erexp (—(z — :va)Q/w) + ez exp (—(z — ;Eb)Q/w) , (4.14)
where €; and €y are the obstacle heights, and x, and x;, are the obstacle
locations, respectively. Here we set x, = —2050 and x, = —2000. The

obstacle width is w = 50.

Since the boundary conditions are periodic, we set a sponge layer in (4.1)
by inserting a sponge term, s(x), to absorb small waves approaching the
boundaries,

3 2 1 fx

—s(x)( =0, (4.15)
s(x) = g {1 + tanh(s(z — K/2)) {1 — tanh(x(z + K/z))}] . (4.16)

Here we set v =5, k = 0.002, and K = 7750.

The fKdV equation (4.1) is solved numerically using a combination of a
finite different method in time and a Fourier pseudospectral method in space.
That is, we write (4.15) as

Q:M(C):—ACaz:‘l'2924‘%%@@-#%]%—5@)@ (4.17)

Then we apply the forth-order Runge-Kutta method,
1
CnJrl — Cn —+ E{Ml —+ 2M2 + 2M3 + M4} ,

where
M1 = M(<n> s M2 = M(Cn‘i‘Ml/Q) R M3 = M(gn+M2/2> ,and M4 = M(Cn‘i‘Mg) .

Superscript n refers to the time step. Then the spatial terms are evaluated
by a pseudospectral method. We introduce the approximate solution

N

(@, 8) = > a(t)Pi(), (4.18)

k=—N

where ®,(#) = exp (ik#) are the Fourier exponentials, and ay(#) are the co-
efficients to be determined; note that a_;, = a; on order to keep ( real-valued.
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Let ¢} denotes the value of ¢ at grid point Z; and time t". To find C;LH,
we summarize the main steps as follows.

(1) Given ' = ((&;,t,), we evaluate af = ay(,) from (4.18) using a Fast
Fourier Transform (FFT) algorithm. The derivatives of the linear terms are
calculated in the spectral space.

(2) The nonlinear term is found similarly, that is, we get ((#;,%,) at each
grid point #;, then find {(&;,%,)? in the physical space.

(3) Given A, and the shape of obstacles f(z), we can calculate C]’-H'l from
(4.17) at & = 2; and = £, 11.

4.3.2 Equal obstacle heights (¢; =0.1,e, =0.1)

In figure 4.1, we show the case at exact crticality when F' =1, A = 0. Here
the predicted values of (1 = F0.26, see (4.8) and so the leading solitary
waves will have predicted amplitudes of 0.52 As indicated above, the flow
development takes place in three stages. In the first stage, in a short time
period from the start, undular bores are generated from each obstacle mov-
ing upstream and downstream, see the time ¢ = 60. The second stage is the
the interaction between the downstream undular bore from the first obsta-
cle and the upstream undular bore from the second obstacle, see the time
t = 160 and the region indicated by a double arrow. Note that the amplitude
of these waves between the obstacles is approximately twice the value 0.52
of the largest waves from each separate undular bore. At the same time,
the upstream undular bore generated from the first obstacle continues mov-
ing upstream, and the downstream undular bore generated from the second
obstacle continue moving downstream. As time increases, the downstream
undular bore generated by the second obstacle moves far away from the ob-
stacle. Then the downstream flow is supercritical at the second obstacle, see
the times ¢t = 440,1920. The simulation is then continued for a very long
time to monitor the wave interaction between the two obstacles, see the time
t = 7600. The amplitudes of the interacting waves between the two obstacles
are not diminishing. This is referred to as the third stage. In the whole do-
main, there are upstream, intermediate, and downstream zones, and overall
the flow resembles a transcritical low generated by the first obstacle where
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there is an attached undular bore upstream, a depressed zone downstream
connected with undular bore very far downstream, and locally a supercritical
flow over the second obstacle. But, importantly there is a wave interaction
zone between the obstacles, which appears to remain transient without any
diminishing amplitude.

In figure 4.2 we show the case when F' = 1.2, A = 0.2. The transition
boundaries 4 (3¢, /2)/? = £0.39, and so this flow is transcritical and in the
same regime (4.12) as F' = 1,A = 0. But now (4 = —0.125,0.39, see (4.8),
and so the leading solitary waves will have predicted amplitudes of 0.25,0.78
respectively. Overall the flow develops in a similar manner and the first stage
can be seen at t = 60, 160, rather longer than for the case A = 0. The second
has already begun at ¢ = 160 and is clearly apparent at ¢ = 440, which is
also the beginning of the third stage, seen at the times , t = 1920, 6580. In
this case, the number of waves between the two obstacles is smaller than for
the case of F' = 1.0, but the wave amplitudes are similar, and approximately
equal to the sum of the largest waves from each separate undular bore, that
is 2(C_ — () = 2{6€}'/2/3 = 1.03. Also note that the undular bore upstream
of the first obstacle is modulated by the large waves between the obstacles,
compare the rather uniform structure at ¢ = 1920 with those at t = 440, 6580.

The case of F' = 1.35, A = 0.35 shown in figure 4.3 is interesting. This
value of the Froude number is almost on the boundary of the transition from
transcritical flow to fully supercritical flow which occurs at A = {3¢/2}'/2 =
0.39. Also now (+ = —0.025,0.49, see (4.8), and so the leading solitary waves
will have predicted amplitudes of 0.05,0.98 respectively. Th first stage takes
longer to develop and at the first obstacle only becomes fully apparent at ¢t =
210. However, it seems that this stage is suppressed at the second obstacle,
presumably because the downstream undular bore from the first obstacle,
has already passed over the second obstacle, see at t = 120, 210. The second
stage is not seen, as no waves are discernible between the two obstacles.
Instead the third stage emerges at ¢t = 450, 5010 and well-separated solitary
waves are emitted from the first obstacle, while there is a local supercritical
flow over the second obstacle.

The case of FF' = 1.4, A = 0.4 is a supercritical flow and shown in figure
4.4. At the very early stage, downstream waves generated by the first obstacle
can flow past the localised elevation wave produced by the second obstacle.
Then, as transient waves propagate rapidly downstream, a locally steady
supercritical flow forms over each obstacle.

Next we show the case of FF = 0.8, A = —0.2 in figure 4.5. As before
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(3€1/2)1/% = 0.39, and so this flow is transcritical, but lies in the subcrit-
ical regime (4.11), when the upstream undular bore from each obstacle is
detached, and the downstream undular bore from each obstacle is attached.
Now (+ = —0.39,0.125, see (4.8), and so the leading solitary waves will have
predicted amplitudes of 0.78, 0.5 respectively. This is clearly seen in the first
stage at ¢ = 60. The second stage has begun at ¢ = 100 and is clearly seen
at t = 520. In the third stage, critical control is at the second obstacle, see
t = 1000, 5400. There is a strong continuing wave interaction between the
obstacles while there is a well-developed undular bore, attached to the second
obstacle, and a subcritical flow over the first obstacle, where the downstream
generated lee waves are interacting with the upstream propagating undular
bore.

The case of FF = 0.6,A = —0.4 is a subcritical flow and is shown in
figure 4.6, where A < —{3¢/2}'/? = —0.39. However, this flow is very close
to this regime boundary, and hence there is some similarity with the case
F = 0.8,A = —0.2, although the wave amplitudes are noticeably smaller.
From ¢t = 40, 80, 180 we see the development of an upstream transient and
lee wave formation downstream. At ¢t = 600,6500 the waves between the
obstacles are irregular and largely suppressed, while a stationary lee wave
train has formed downstream of the second obstacle.

The case of FF = 0.4, A = —0.6 is also a subcritical flow, and shown in
figure 4.7. Compared to the case when F' = 0.6, A = —0.4, the lee waves are
greatly suppressed, and at the final stage ¢t = 4600, there are two depression
waves over each obstacle, with no waves visible between the obstacles.

4.3.3 Unequal obstacle heights (e; = 0.1,e; = 0.2)

Here we consider the case when ¢; = 0.1, e5 = 0.2 so that the second obstacle
is larger in amplitude. The case of exact criticality F' = 1.0, A = 0 in shown
in figure 4.8. The outcome is similar to the case of equal obstacle heights
at exact criticality, shown in figure 4.1. The flow development takes place
in three stages. In the first stage, undular bores are generated from each
obstacle moving upstream and downstream, see the time ¢ = 80. The second
stage is the interaction between the downstream undular bore from the first
obstacle and the upstream undular bore from the second obstacle, see the
time ¢ = 180 and the region indicated by a double arrow. The upstream
undular bore generated from the first obstacle continues moving upstream,
and the downstream undular bore generated from the second obstacle con-
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tinues moving downstream. As time increases, the downstream undular bore
generated by the second obstacle moves far away from the obstacle. In the
third stage, the downstream flow is supercritical at the second obstacle which
has the larger height, see the times ¢ = 480, 6360. Upstream of the first ob-
stacle the flow is subcritical with a modulated undular bore attached to this
first obstacle. Between the two obstacles there are interacting waves whose
amplitudes are not decreasing, and remain unsteady.

In figure 4.9 we show the case when F' = 1.2, A = 0.2. The transition
boundaries for the first obstacle are 4(3¢;/2)"/? = 40.39 and +(3¢,/2)"/? =
+0.55 for the second obstacle, and so this flow is transcritical for both obsta-
cles. Overall the flow develops in a similar manner to that described above
for FF = 1 in figure 4.2, and the first stage can be seen at t = 20,80. The
second stage has already begun at t = 160. The beginning of the third stage
can be seen at the times ¢ = 3000. For the long run, ¢ = 5900, the undular
bore upstream of the first obstacle is modulated by the waves between the
obstacles.

The case when F' = 1.4, A = 0.4 is shown in figure 4.10. Now while the
first obstacle is locally in a supercritical regime. A = 0.4 > (3¢,/2)/? = 0.39,
the second obstacle is still locally in the transcritical regime, A = 0.4 <
(3€2)'/2 = 0.55. This differs from the corresponding case for equal obstacle
heights shown in figure 4.4. At the early times ¢t = 80, 120 we see a locally
steady supercritical flow over the first obstacle, while large-amplitude ele-
vation waves generated by the second obstacle propagate upstream towards
the first obstacle, and a weak undular bore propagates downstream. The
upstream-propagating elevation waves continually generated at the second
obstacle pass over the first obstacle and continue upstream.

The case when F' = 0.8, A = —0.2 is shown in figure 4.11. This flow is in
the transcritical regime for both obstacles. But, the first obstacle is just be-
low the regime boundary where the upstream undular bore is fully detached
and the downstream undular bore is attached, that is — (3¢, /2)"/? = —0.39 <
A =—-0.2 < —(3¢,/2)"/2/2 = —0.19, while the second obstacle is above this
boundary, that is —(3€y/2)"/? = —0.55 < A = —0.2 < (3¢2/2)"/? = 0.55 and
so the upstream undular bore is attached to the obstacle, while the down-
stream undular bore is detached. These features are apparent in the first
stage, t = 40. In the second stage, t = 60,160 there is an interaction be-
tween the downstream undular bore from the first obstacle and the upstream
undular bore from the second obstacle, similar to the case of equal obstacle
heights shown in figure 4.5. However, the third stage, t = 740, 7400, is differ-
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ent since there is little sign of a depression behind the first obstacle. Critical
control is exerted by the second obstacle. There is continuing wave interac-
tion bewteen the obstacles, which modulates the undular bore propagating
upstream of the first obstacle.

The case of FF = 0.6,A = —0.4 is shown in figure 4.12. This flow is
subcritical for the first obstacle as A = —0.4 < —(3¢;/2)/2 = —0.39 but is
transcritical for the second obstacle in the regime when the upstream undular
bore is detached and the downstream undular is detached, —(3¢,/2)Y/? =
—0.55 < A = —0.4 < —(3€3)"/2/2 = —0.27. Overall the stages are similar
to the case of equal obstacle heights shown in figure 4.6 except that the
amplitude of the downstream undular bore downstream is larger due to the
larger obstacle amplitude.

The case of FF = 0.4,A = —0.6 is shown in figure 4.13. This flow is
fully subcritical for both obstacles and is similar to the case of equal obstacle
heights shown in figure 4.7.

4.3.4 Unequal obstacle heights (¢; = 0.1,e2 = 0.05)

The case of e = 0.1,e5 = 0.05 for F' = 1.0, A = 0 is shown in figure 4.14, the
second obstacle height is now smaller than the first obstacle height. The first
two stages are similar to the case of equal obstacle height shown in figure
4.1. However as the third stage is approached , there is only a single wave
between the obstacles at ¢ = 5920 and this wave then moves downstream
over the second obstacle and passes very far downstream. Thus, there are
eventually no waves between the obstacles and the flow is supercritical over
the second obstacle.

The case of FF = 1.2;A = 0.2 is shown in figure 4.15. This flow is
transcritical for both obstacles, A = 0.2 < (3€5/2)1/? = 0.27 < (3¢,/2)Y/? =
0.39. This is similar to the case of F' = 1.0 above in figure 4.14, but evolves
faster as the supercritical flow over the second obstacle occurs at time t =
1360. Again this third stage differs from that for equal obstacle heights show
in figure 4.2.

The case of FF = 1.4,A = 0.4 is shown in figure 4.16. This flow is
supercritical for both obstacles, A = 0.4 > (3¢;/2)/2 = 0.39 > (3€,/2)'/? =
0.27. The flow is fully developed supercritical flows over the obstacles, similar
to that for equal obstacles shown in figure 4.4.

The case of FF = 0.8, A = —0.2 is shown in figure 4.17. This flow is
transcritical for the both obstacles, and both obstacles are in the regime
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when the upstream undular bore is attached and the downstream undular
bore is detached, —(3¢;/2)"/? = —0.39 < A = —0.2 < (3¢,/2)"/%2/2 = —0.19
and —(3e/2)/? = —0.27 < A = —0.2 < (3€,/2)"/?/2 = —0.14. The first two
stages are similar to the case of equal obstacle heights shown in figure 4.5.
But the third stage is different as now the waves between the obstacles can
eventually disappear, leaving a locally supercritical flow over the first obstacle
terminated by an upstream propagating undular bore (see ¢ = 200) but is
far upstream at ¢ = 2540, 7780 , and an attached undulat bore downstream
of the second obstacle.

The case of FF = 0.6,A = —0.4 is shown in figure 4.18. This flow
is subcritical for both obstacles, A = —0.4 < —(3¢,/2)"2 = —0.39 <
—(3e3/2)'/2 = —0.27. The first two stages are similar to the case of equal
obstacles shown in figure 4.6. But at the third stage, steady lee waves form
behind both obstacles and a small depression can be seen behind the first
obstacle.

The case of F' = 0.4,A = —0.6 shown in figure 4.19 and is also fully
subcritical for both obstacles. This case is similar to that for equal obstacle
heights shown in figure 4.7 and the flow develops rapidly into locally steady
subcritical flow over both obstacles.

4.4 Summary

Free-surface flows over two obstacles are studied in this work. Our objective is
to analyse and simulate free-surface flow in transcritical regime. The flow can
be characterised by A, A = F' — 1 where F' is the Froude number. Our main
concern is F' & 1, so, the forced Korteweg-de Vrise is the main framework in
this work. For flow over two compactly support obstacles, flow behaviours
can be characterised by A, and the maximum heights of obstacles (¢; and €5).
When the initial condition is flat surface, we assume both obstacles suddenly
perturb the free surface. In transcritical regime, undular bores are produced
on upstream and downstream of each obstacle. Our interest is to study the
interaction of these undular bores between the obstacles. To arrive these, we
apply Whitham modulation theory for single obstacle to classify flow fields
and behaviours. We then apply the single obstacle results to explain the
case of two obstacles. Here we define flow characteristics in three stages for
flow over two obstacles. The first stage can be described by single obstacle
results with Whitham modulation theory. The second stage is the interaction
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between moving waves downstream from the first obstacle and moving waves
upstream from the second obstacle. The final stage is the very large time
and the question becomes that which the first or the second obstacle has
controlled the flow. Our analytical results indicate that the criticality is
controlled under the relationships of €;, € and A. For equal obstacle heights,
when —(3¢;/2)Y2/2 < A < (3¢;/2)"/? the first obstacle controls the flow. On
the other hand, when —(3¢;/2)Y/2 < A < —(3¢;/2)"/?/2, the second obstacle
exerts control. These analytical results are confirmed by various cases using
numerical simulations of pseudo spectral method. It is also found that these
flow behaviours are differ from our recently work under fully nonlinear non-
dispesive wave model such that the criticality is controlled by the second
obstacle when €; = €5, or controlled by the larger obstacle height when ¢; #
€. But here in this work, we consider under the fKdV that includes dispersive
effects. So, to understand or complete basic knowledge of this research topic
is remain required much more studies in different water wave models. The
extension of this work would be studying under the fully nonlinear model
that may yield us some connections among water wave theories and results.
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Appendix: Undular bore
We consider the unforced KdV equation where f(x) =0 in (4.1),

3 1
with the initial jump condition
¢ =CoH(z), >0, (4.20)

Here H(x) is the usual Heaviside function. Using the Whitham modulation
theory, see Gurevich and Pitaevskii (1974); Fornberg and Whitham (1978);
Whitham (1965, 1974). the undular bore is represented by the modulated
periodic wavetrain

¢ = a{b(m)+cn®(k(z — Vt);m)} +d, (4.21)
L o l—m  E(m _ 4Amrk?
where = . mK(m)’ a= 3
B 3d af[2—-m 3E(m)

Here cn(x;m) is the Jacobi elliptic function of modulus m and K (m), E(m)
are the elliptic integrals of the first and second kind respectively. (0 <
m < 1), a is the wave amplitude, d is the mean level, and V is the wave
speed. The spatial period is 2K (m)/k. This family of solutions contains three
free parameters, which are chosen from the set {a,x,V,d,m}. As m — 1,
cn(x;m) — sech(z) and then the cnoidal wave (4.21) becomes a solitary wave,
riding on a background level d. On the other hand, as m — 0, ecn(x;m) —
cosx and so the cnoidal wave (4.21) collapses to a linear sinusoidal wave of
small amplitue a ~ m).

In the aforementioned asymptotic method in the modulated periodic
wavetrain, the amplitude a, the mean level d, the speed V' and the wavenum-
ber k are all slowly varying functions of x and ¢, described by a set of three
nonlinear hyperbolic equations for three of the available free parameters,
chosen from the set (a, k,V,d, m). Here the relevant asymptotic solution is
constructed in terms of the similarity variable z/t,

v (o 2m(1 —m)K(m) 3¢o x
A=y = E{Hm_E(m)_u—m)K(m)}’ 5 <A e
a = 2(m, d={ {m -1+ 2[?((:;))} . (4.24)
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Ahead of the wavetrain where z/t < A — (y,( = 0 and at this end, m — 1,

a — 2(p and d — 0; the leading wave is a solitary wave of amplitude 2,

relative to a mean level of 0. Behind the wavetrain where z/t > A 4 3(,/2,

( = (p and at this end m — 0, a — 0, and d — (y; the wavetrain is

now sinusoidal with a wavenumber  given by x* = 3(y/2; indeed this holds

throughout the wavetrain, so all waves have the same spatial wavelength.
The corresponding solution when the initial condition is instead

(= —CH(~x), (4.25)
can be obtained from the above by the transformation

{=C(+0G, :sz—%@t, (4.26)

which transforms the initial-value problem (4.25) for ¢ satisfying (4.19) into
the initial-value problem (4.20) for ¢ also satisfying (4.19).
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A well-balanced scheme with total variation diminishing Runge-Kutta discontinuous Galerkin (TVD-RK DG) method for solving
shallow water equations is presented. Generally, the flux function at cell interface in the TVD-RK DG scheme is approximated
by using the Harten-Lax-van Leer (HLL) method. Here, we apply the weighted average flux (WAF) which is higher order
approximation instead of using the HLL in the TVD-RK DG method. The consistency property is shown. The modified well-
balanced technique for flux gradient and source terms under the WAF approximations is developed. The accuracy of numerical
solutions is demonstrated by simulating dam-break flows with the flat bottom. The steady solutions with shock can be captured
correctly without spurious oscillations near the shock front. This presents the other flux approximations in the TVD-RK DG method
for shallow water simulations.

1. Introduction gravity, and b is the bottom function. Equation (2) can be

rewritten by setting
Hyperbolic balanced law for one-dimensional problem is

h
U = ( ) >
U,+F. (U)=G(U), 4] 1
q
where U, F, and G represent solution vector, flux function, FU) = 2 2 | (3)
and source terms, respectively. 1.,9%
In this work, the hyperbolic equation is the shallow water h 2
equations which can be expressed by
s ()
_ghbx
ht + dx = O’ P P . .
The total variation diminishing Runge-Kutta discontin-
7 g (2)  uous Galerkin (TVD-RK DG) method can be applied to
q: + (ﬁ + T) = —ghb,, solve the shallow water equations; see [1-5]. This scheme has

several advantages. For instance, it can be used to handle
complex geometries, and in the same time, adaptive strategies
where h is the water depth, g = uh is the discharge, u is the  are easily applied. The accuracy of numerical solutions
flow velocity in the x-direction, g is the acceleration due to ~ can be improved by increasing the polynomial degree of



approximating polynomial and by the method for estimating
the flux function at cell interface.

By the concept of discontinuous Galerkin method,
numerical solutions need not to be continuous at cell inter-
face. So, we require an efficient flux approximation. Generally,
there are several types of approximations. The most famous
one is the Harten-Lax-van Leer flux (HLL), while the higher
order approximation is the weighted average flux (WAF);
see [6-9]. This approach approximates the flux functions by
averaging flux in each direction along the wave solutions at
the half-time step. It originates from random flux scheme,
which was shown to be second-order accuracy in space and
time in statistical sense by Toro [6]. From previous work, the
weighted average flux has been successfully applied to solve
various types of problems, especially in the finite volume
method [7, 10, 11]. It improves the accuracy of the finite
volume method to be second-order without reconstruction
process. But the weighted average flux is rarely applied in the
discontinuous Galerkin method. So the main objective of this
work is the application of the WAF method in the TVD-RK
DG method. We have also shown that the present scheme has
consistent property with the WAF approximation.

The steady solutions of (3) can be obtained by setting

hu = constant,

(4)

1
Euz + g (h+b) = constant.

Flux gradients are nonzero, and it must be balanced with the
bottom gradient. Usually, numerical schemes without balanc-
ing these two quantities produce oscillate steady solution. So
a balancing numerical scheme is needed, and it is called the
well-balanced scheme. This method is designed to preserve
energy at steady state. Generally, a numerical scheme is said to
be well-balanced if it satisfies the exact C-property which was
first introduced by Bermudez and Vazquez [12]. The exact C-
property means that the numerical solution must satisfy still
water condition at steady state given by

u=20,

(©)

h+b = constant.

Thus, to obtain a well-balanced scheme, we must design the
method that its steady solutions satisfy (5).

Recently, the second-order Runge-Kutta discontinuous
Gelerkin method with well-balanced scheme is proposed
by Kesserwani and Liang [13]. They presented the wetting
and drying algorithms for solving one-dimensional problem.
Xing and Shu [14] proposed a well-balanced finite volume
method based on the weighted essentially nonoscillatory
(WENO) scheme for solving one- and two-dimensional
problems. They applied the decomposing source term tech-
nique into the sum of several terms to ensure the numerical
balance between flux difference and source terms. Audusse
et al. [15] presented a well-balanced finite volume with
hydrostatic reconstruction to solve one-dimensional prob-
lem. Later, Noelle et al. [16] extended the well-balanced finite
volume schemes proposed by [15] to any that desired the
orders of accuracy.

Modelling and Simulation in Engineering

In order to solve the shallow water equations with
source terms, we modified the well-balanced discontinuous
Galerkin scheme proposed by [15] and related work by Xing
and Shu [14]. The weighted average flux (WAF) method [6, 7]
has been applied in the modified DG scheme. We will show
that the modified TVD-RK DG scheme with the WAF has
consistent property. Various numerical experiments for both
steady and unsteady flows are demonstrated to show the
capability and accuracy of our numerical scheme.

Numerical scheme and its consistency property with
WAF for the TVD-RK DG method have been shown in
Section 2. The modified well-balanced TVD-RK DG scheme
with source terms is presented in Section 3. Numerical
examples are demonstrated in Section 4. Conclusions are
finally made in Section 5.

2. Numerical Scheme for Shallow Water
Equations without Source Term

The TVD-RK DG with weighted average flux method for the
case of without source terms is presented in this section.

2.1. TVD-RK Discontinuous Galerkin Method. Consider the
one-dimensional hyperbolic conservation law,

U, +F, (U) =0. (6)

The computational domain (0, L) is divided into K cells. We
denote the jth cell by I; = [x; 5, Xjpp0], for j = 1., K,
with uniform cell size A ; = x;,,/, = x;_,. The cell center is
that x; = (x;,,, + xj_1/,)/2, where x;,, ), and x;_, , are the
left and the right of cell boundaries, respectively.

Approximate solution is denoted by U, = ( Z: )
Multiplying (6) by a test function, v,(x) € PN(1 j), where

PN(I ;) is the polynomial space degree N on the interval I,
and replacing U by U, and then taking the integration by parts
over I;, we obtain a weak form of numerical scheme as

J (0U,) vidx — J F (Uy) 0, vydx + Fjﬂ/z"h (xj_'ﬂ/z)
If " )
= Faavi (x3) = 0,
where the flux function F at the cell interfaces is approxi-
mated by F, which is the function of Uy and Uj, at x ., as

Fjil/z = F((Uh);'il/z > (Uh);‘:_rl/z) . (8)

Here Uy, /, and Uh|}r¢1 12 denote the approximate solutions
at the left and the right of cell boundaries, respectively. If we
apply the Legendre polynomials to be a local basis function,
the approximate solution U, can be written by

N
Uy (6,1) = Y U (0) 9y (), 9)
m=0

where UJ’.”(t) is called the temporal coefficient. Now, the basis
function ¢,,(x) is defined by the Legendre polynomial P,,(x)
of degree m over [-1, 1].



Modelling and Simulation in Engineering

The test function v,(x) is typically chosen to be the
basis function; that is, v;,(x) = {(pl(x)}ﬁ o- So after applying
Legendre’s properties, (7) is simplified to

dui(t) 141 J
j
= F(Uy,) 0,9, (x) dx
2
D B - B}
A;
forj=1,...,K,and/=0,...,N.

The time derivative term in (10) can be approximated
by applying the high-order TVD Runge Kutta (TVD-RK)
method; see [1, 3, 17]. Note that, when the polynomial degree
N is applied, the TVD-RK method at least the order of N + 1
must be applied to obtain the accuracy of order O(Ax™*") for
smooth flows.

The TVD-RK DG method can be used to simulate
shallow water flows with moving shocks. Unphysically oscil-
late behaviours are usually produced near the shock fronts.
The slope limiter techniques can be applied to remove the
oscillations. In this work, we apply the Monotonic Upstream-
Centered Scheme for Conservation Laws (MUSCL) limiter
(see [1, 3, 6,18]) in the TVD-RK DG method. This approach
limits the present solution slope by comparing the slope with
neighbor cells.

2.2. Weighted Average Flux (WAF). The HLL numerical flux
(Harten-Lax-van Leer) is usually used in the TVD-RK DG
method. Another choice but higher order is the weighted
average flux (WAF). It was first introduced by Toro; see [6, 7].
The WAF approximation is second-order accurate in both
space and time in statistical sense [6]. This approximation
has been extensively applied in the finite volume method, but
it is rarely used in the TVD-RK DG method. So the main
objective of this work is to try to modify the WAF in the TVD-
RK DG method.

The weighted average flux, F""A" at the interface, x 120 18
defined by the integral average of a flux function F(U) at the
half-time step,

R 1 Ax/2 At
WAF
Fj+1/2 = E ‘I;Ax/z F <Uj+1/2 (x, 7)) dx. (11)
It can be written in the wave structure form as

N.+1
WAF
]+1/2 Z wk ]+1/2’ (12)

where N, is the number of wave solutions in the Riemann

problem and F, ® is the kth flux of the Riemann problem.

+1/2
For one- dimens1onal shallow water flows, we have N, = 2,
(1) _ (3)
where F]+1/z = F(U; +1/2) and F]+1/2 FU +1/2) Flux

component F t1/, can be obtained from the HLL approach
[6]. Welghted values, wy, are defined by w, = (1/2)(¢, — ¢_1),
where ¢ = S At/Ax is the Courant number of wave k, ¢, =
-1, ¢y 41 = 1, and Sy is the speed of wave k.

To avoid spurious oscillations near a shock front, the
WAF method will be modified by enforcing a total variation
diminishing (TVD) scheme [6, 7, 9, 11, 19]. The TVD-WAF
version is that

SWAE-TVD _ 1 -
Fiap =3 (F(Ujiap) + F(Uf12))
N (13)
(k) (k)
_ Ez sgn (ck) ¢1+1/2AF1+1/2,
k=1
where
(k) (k+1) (k)
AF]+1/2 - F]+1/2 - F]+1/2 (14)
Here (/5 is a WAF limiter function. There are various

j+1/2
choices; see more details in [6, 7, 9, 11, 19]. In this work, we
choose the basic one of minmod type.

2.3. Consistency of WAF with TVD-RK DG Method. In this
section, we show the consistency of the weighted average flux
in the TVD-RK discontinuous Galerkin method.

Lemma 1. The TVD Runge-Kutta discontinuous Galerkin
method is consistent with the weighted average flux for smooth

Sflows.

Proof. Considering the weak form of RKDG method for the
conservation law,

0 /
L <§U> v(x)dx— L FWU)v (x)dx

J J
-F (Uj+1/2) v (x;_'+1/2) +F (Uj—l/Z) v (x;—l/z)

=0.

(15)

Solution U is approximated by U, . The test function v is esti-
mated by v;,. Flux function at cell interfaces is approximated
in terms of numerical flux, F, i+1/2> SO We obtain a numerical
scheme of the following form:

a * !
J (atUh)vh (x)dx—L F(U;) v, (x)dx

i

_ﬁj+1/2 ((Uh )]+1/2’(Uh )]+1/2) ( ;+1/2) 16)

+F -1/2 ((Uh )] 1/2’(Uh)1 1/2) (x;71/2) =0.

Substituting U, by U in (16) and subtracting with (15), we
obtain a truncation error term T; as

T, =

0
L m [U-Ulw, (x)dx

- J [F (U)-F (U)] v}, (x)dx

I



- [F (Uj+1/2) - ﬁj+1/2 (U]'_+1/2’U;r+1/2)] Vi (x]_'+1/2)

* [F (Uj—l/z) - Fj—l/z (Ujfl/z’thl/z)]

7)

When the solution is smooth, it must be continuous at x;,,

or U]+1/2 Ui = Ujip 0

The TVD weighted average flux is defined by

J+1/2( ]+1/2’U;‘r+1/2)
1 -
=5 (F (Ujii2) + F (Uf2) (18)
- —Z sgn () ¢ FAF®),
where F = F(U;,,,) = F(U,), FO = F(UL,,) =

F(Uj,/,), and the component F? = F(Uj,1/,) which can be
obtained from the HLL method [4, 6, 7]. Thus,

]+1/2( ]+1/2’U;+1/2)
1
)+ (U) ”
1¢ I (k)
- EZ sgn (g) ¢ AF" = F(Ujﬂ/z).
k=1
Similarly, we have F _12(U7 i1y ;1/2) F(Uj_y),). Then,

the weighted average ﬂux is consistent.
For the TVD-RK DG method, the approximate solution
U, in (16) is defined by

N
Ur (68 = YU () 9y (), (20)
k=0

where ¢ (x) is the Legendre polynomial degree k. Since the
considering solution is smooth, we know from Theorem (3.1)
n [1] that

o Uil

<o(Ax?), for N20. (21)

(0,1)

This norm is defined as a truncation error term due to
approximating polynomial, denoted by T,.

After substituting the approximate solution into the
numerical scheme (16), we obtain an ODE system,

d * *
ZUn =L(U). (22)
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Next, we apply the TVD Runge-Kutta scheme for integrating
in time. We approximate U, at each time step by U,. The
order of accuracy for time integration depends on the TVD-
RK order [1, 3,17]. If the TVD-RK order N + 1 is applied, a
truncation error term Tj is given by

T, =|Uy - T, <0 (ae™). (23)

Combiningall of the truncation error terms together, the total
truncation error term T is estimated by

T=T,+T,+T; < O(Ax"""2, AN, (24)

The total truncation error term is approaching zero as Ax —
0 and At — 0. Hence, the TVD-RK DG with the WAF
method is consistent.

3. Well-Balanced TVD-RK DG with
WAF Scheme

In this section, we develop a well-balanced scheme for the
TVD-RK DG with the WAF method. The main purpose is
to present a modified scheme for solving the shallow water
equations with source term. Also, this scheme must preserve
exactly stationary solution when bottom slope exists. Let us
start by considering the standard TVD-RK DG method,

J (atUh) Vhdx - J F (Uh) axvhdx
I; I

i
+F, 12V \ X ( ;+1/2) - ﬁj—l/zvh (x;—l/Z) (25)
= J G (Uh) Vhdx,
L

with initial condition

L U, (x,0) v, (x)dx = J; U, (x) vy, (x) dx, (26)

J J

where F, +1/2 are the weighted average flux in (13). Source term

is given by
(o) (o)
GWU)= = . (27)
G, (U, x) —ghb,

We will derive a well-balanced scheme based on [14],
but the weighted average flux is applied in the TVD-RK
DG instead of using the Lax-Friedrichs (LF) flux. The main
modification is the source term treatments in the WAF
method. Assume that the source terms can be written by the
summation of some functions as

Gp(Ux) =) s @Ux)t(x), p=12 (3
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where s; and t; are some functions which will be determined
later.

If the solution at steady state is stationary, then a(U, x) in
(28) can be decomposed by a, (U, x) and a,(U, x), such that

a; = h+b = constant,
(29)
u=0.

7}

Since G, is zero, we consider only G,,
G, (U,x) = — ghb, = —g(h+b) b, + %g (bz)x. (30)

From (28), we have that

si=5(a)=-gh+b),
]
2—29)

L G, (U, x) v,dx = L Zi:si (a(U, %) t] (x) v, (x) dx

J
i
i

J

Functions a(uy,, x) and t; on the RHS of (34) can be approxi-

mated by a,(U,,, x) and (t);,, where a;, (U}, x) and (t;),, are the

L? projection of a(U),, x) and ¢, into the space of V},. Then, we
obtain (t,);, = b, and (t,),, = b;. Thus,

3 (X) =b,

ty (x) =
(31

To balance the flux gradient and the source term approxima-
tion at steady state, it is required that

j—x (F(U ()= Y5 @U, (x)) —0, (%)

or

FUE)-Y s @U0)(x) = a, (33)

where « is arbitrary constant.
The integration of source term in (25) can be approxi-
mated by

=3 [ (60 0) +5 (a0 )0)) | [mxw)vh(x,;l,z)—tf(x,»_l,z)vh(x:_l,z)— | ti<x>v;,<x>dx] (34)

J

+y “1 {si (a(Upx)) - % (s: (aUwx)yp) +5i(a (Uh,x);.ﬂ/z))} £ (x) vy (%) dx] _

F (U, (x)) - ZSi (a (U x)) (t; (%)) = . (35)

Then,

L G, (U, x) vdx = Z [; ( (ah (Uh,x)] 1/2) +5; (ah (U, x);+1/2))]

J i

: [(E)h,j+1/2 Vh (xi_+1/2) - (?i)h,j_uz (xi—l/Z) Vi (xi+—1/2) - L

(t:), () v, (%) dx] (36)

J

+Z “ { (a, (Up x)) = ; (Si (“h (U x);_1/2) +s; (“h (Uh’x)]_'+1/2))} (ti);, (x) Vhdx] .

To satisfy the weighted average flux in (12), (£;),, j+1/2 must be

modified. Here, we assume that

N +1

(t )h ]+1/2

Z “’kth 12 (37)

or if the TVD version in (13) is applied, this term can be
written by

N +1
k) (k
> sen(a) ¢¥67, . (38)

k=1

(?i)h,j+1/2 =



Note that wj, are weighted values in the WAF approximations
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For one-dimensional shallow water equations, we have

k) . .. . k _ 3
and ¢® is the WAF limiter function. So t,(%;ﬂ/z canbedefined N, = 2, where t1(13'+1/2 = t(x;,,),) and t;’;ﬂ/z = th(x;fﬂ/z).
similar to F](ﬂ P The approximation of tf; 11/, in the intermediate region can
be obtained by the HLL approach,
ty (X710) if $; >0,
@ | St (%7 -8t (x* +8.S; (1, (x* -t (x;
th,j+l/2 — R h( ]+l/2) L h( ]+1/2) R L( h( ]+1/2) h( ]+1/2))) i SL <0< SR, (39)
Sr=St
ty (XT10) if Sp < 0.

Here S; and Sy, are signal velocities in the Riemann problem.

At steady state, the solution is assumed to be stationary. It
implies that & + b = ¢, where ¢ is constant and u = 0. From
(35), we have that

F(Uy) = Ysi (@, (U 0) £ (x)

1

1
= 29(n) =398 -g(m+b)b| @0

= %g(hwbh)z = %gcz = a.

This shows the suitable choices of a(U,,, x) and t; in the TVD-
RK DG with the WAF approximation.

Next, we will show that the TVD-RK DG with the WAF
method preserves the well-balanced property.

Proposition 2. The TVD-RK DG with the WAF scheme has
preserved exactly stationary solutions at steady state.

Proof. Since a, (U, x) and a, (U, x)i-., /2 are equal to the same
constant c at each Gauss-Lobatto point over cell I;, thus

3| {0000 5 (5 00 00 ) - (00 G 20} 6, O =0 (an

i J

Hence, we obtain a truncation error term T as

T = J-I F(U, (x,1)) v;l (x)dx — ﬁjﬂ/zvh (x]_.ﬂ/z)

J

+Fj—1/2vh (x;'r—l/Z) + Z [% (Si (ah (Uh> x);—l/Z)

s (00 G )] | @) 2
- (fi)h,jfl/z (xi—l/z) Vh (x;r—l/z)

_ L (), () V) (x) dx] .

J

Using F in (12), (£,) in (37), and a,(U,,, x)Jifﬂ/2 = ¢, we have
that

T = J‘IA [F(U,1 (x, t))—Zsi (c) (ti)h] V; (x) dx

i

3 3
(k) (k)
_ [Zkaju/z - Zsi (c) (Zwkth,jﬂ/z >]
k=1 i k=1

*Vh (x;_'+1/2)

3 3
(k) (k)
+ [ Zkaj—l/Z - Zs,» (c) ( Zwkth’j_1/2> ]
k= i k=1

= L F (U, (x,1)) - Zsi (c) (t,-)h] v, (x) dx

7

3
(k) (k) -
- [Z“’k <Fj+1/2 = 2si(0) th,j+1/2>] Vh (xj+1/2)
k=1 i
3
(k) (k) +
+ [Zwk (Fj—uz - Zsi (©) th,j—1/2>:| Y (xj—l/z) .
k=1 i

(43)

After applying condition (35) and rearranging terms,
yields

T=aly, (x;+1/2) ~Vh (x;—l/z)] &V (XJ_‘H/Z)
(44)

+av, (x}r_l/z) =0,
where « is arbitrary constant. Hence, the TVD-RK DG with

the WAF scheme preserves exactly the stationary solution at
steady state. O
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TABLE 1: RMS errors when N =0, N = 1,and N = 2.

N Numerical flux K =50 K =100 K =200
N=0 HLL 0.0280 0.0215 0.0165
WAF 0.0182 0.0127 0.0094
N=1 HLL 0.0130 0.0102 0.0072
WAF 0.0107 0.0093 0.0067
N=2 HLL 0.0103 0.0079 0.0053
WAF 0.0100 0.0076 0.0052

Remark 3. One can show that the developed well-balanced
TVD-RK DG with WAF scheme in the case of existing source
term is consistent, by showing that the approximation of the
source term is also consistent.

4. Numerical Results

In this section, various test cases have been investigated to
demonstrate the accuracy of the present scheme, not only
steady, but also unsteady flows.

4.1. Dam Break Flow. It has been shown in the previous
section that the weighted average flux is consistent with the
TVD-RK DG method. We apply this modified scheme to
solve the shallow water equations without source terms in this
subsection. The accuracy of numerical solutions is shown and
compared with the standard TVD-RK DG when using the
HLL method.

The computational domain is that =5 < x < 5. The initial
water depth is given by

1, if x <0,
h(x,t) = (45)
0.6, if x> 0.

The initial velocity is assumed to be zero. The boundary
conditions are transmissive boundaries. We perform 50, 100,
and 200 cells in the numerical experiments. Polynomial
degree zero, one, and two are applied as a local basis in the
TVD-RK DG method. Simulation time is t = 2, with At =
0.005. The root mean squared errors (RMS) are shown in
Table 1.

When N and K are fixed, the accuracy of numeri-
cal solution obtained from the WAF is higher than those
obtained from the HLL method. The RMS errors decrease as
K increases.

If we fix K and vary N, the RMS error decreases as the
polynomial degree increases.

The water depth profiles using the HLL and the WAF
methods at t = 2 when N = 1 and K = 100 are shown in
Figures 1 and 2, respectively. The front of moving shock can
be captured correctly by the HLL and the WAF methods. But
the scheme using the WAF can capture shock and rarefaction
wave more precisely than those using the HLL method. This
investigation shows the accuracy of the TVD-RK DG with the
WAF method. It has been generalized from the finite volume
method.

N =1K =100 HLL
solution at time = 2

= 0.6}
0.4
0.2}

—— Exact solution
o Approximate solution

FIGURE 1: Exact solution and water depth profile obtained by the
TVD-RK DG HLL method.

N =1K =100 WAF
12 solution at time = 2

0.8

= 0.6
04t
0.2t

—— Exact solution
o Approximate solution

FIGURE 2: Exact solution and water depth profile obtained by the
TVD-RK DG WAF method.

4.2. Flow over Irregular Bed. The uniform channel is length
of 1500 m. The bottom elevation is irregular that is shown
in Figure 3. This problem is proposed by [5] for testing
the accuracy of numerical scheme at stationary state. The
boundary conditions are transmissive. The initial water depth
is that h + b = 16, with zero initial velocity. We set At = 0.01
and run simulation until £ = 100.

It can be seen from Figure3 that the well-balanced
scheme (dot) gives exactly the stationary solution while the
non-well-balanced scheme (dash line) gives solution error
especially in the high gradient area of bottom elevation.

4.3. Steady Flow over a Bump. We consider the shallow water
flows over a bump in a rectangular channel with length of
25 m. The bump elevation is given by

0.2 -0.05(x — 10)*, if8<x <12,
b(x) = (46)
0, otherwise.
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N =1,K =200
solution at time = 100
18 T T
[ EE——— - e —
14 + E
12 + E
< 10} J
< st ]
6l J
4l J
2L J
0 1 1
0 500 1000 1500

o Well-balanced DG
--- DG
—— Bottom

FIGURE 3: Stationary flow over irregular bed by well-balanced and
non well-balanced TVD-RK DG with WAF method.

TABLE 2: RMS errors when N = 1 for subcritical flow over a bump.

K =50 K =100 K =200 K =400
HLL 1.6954e—-03 4.5563¢—04 1.2546e—-04 3.5900e - 05
WAF 1.5816e — 03 4.1648¢—04 11474e—04 3.3019¢ - 05

At steady state, classical flows can be characterised by
subcritical flow, transcritical flow with shock, and transcrit-
ical flow without shock. The TVD-RK DG with the WAF
method is performed to solve these problems. The accuracy
of numerical solutions can be checked by comparing with the
existing analytical solutions; see [20].

Subcritical Flow over a Bump. The upstream boundary is
imposed by q = 4.42m?/s, while the downstream boundary
is set by h = 2 m. The initial water depth is i+ b = 2 with zero
initial velocity. Time step is that At = 0.01. The RMS errors
obtained from the HLL and the WAF methods are shown in
Table 2. This shows that the RMS errors obtained by the TVD-
RK DG WAF are less than those obtained by the HLL for all
K.

The water depth and the bump profiles are shown in
Figure 4. The numerical solution is very close to the analytical
solution. We also found in this test case that the well-balanced
scheme converges to the steady solution faster than the
scheme that is not well-balanced.

Transcritical Flow with Shock over a Bump. The upstream
boundary is given by ¢ = 0.18 m*/s, while the downstream
boundary is set by h = 0.33 m. The initial condition is that
h +b = 0.33 m. The comparison of water surfaces is shown
in Figure 5. The numerical result is in good agreement with
the analytical result. This shows the accuracy of the well-
balanced scheme that can capture the shock front without any
oscillations. It is also found that the well-balanced scheme
converges to the steady solution faster than the non-well-
balanced scheme.

Modelling and Simulation in Engineering

N=1,K =200
25 solutllon at time = 200
2
o 15t
I
~ 1k
0.5
0 .
0 5 10 15 20 25

—— Exact solution
o Approximate solution
—— Bottom

FIGURE 4: Water depth and bump profiles for subcritical flow.

N =1,K =400
solution at time = 200

0.45
04F
0.35 |
03
= 025}
< 02t}
0.15
0.1
0.05 |

—— Exact solution
o Approximate solution
—— Bottom

FIGURE 5: Transcritical flow with shock over a bump.

Transcritical Flow without Shock over a Bump. The upstream
boundary is prescribed by g = 1.53 m?/s, while the down-
stream boundary is not specified. The initial conditions is that
h + b = 0.4 m with zero initial velocity.

The water depth profiles are shown in Figure 6. The
numerical result agrees well with the analytical solution.
These results show the accuracy of the well-balanced scheme
for solving transcritical flow problem.

4.4. Small Perturbation of Steady State Water. This problem
is first proposed by [18, 21, 22]. It can be used to study the
capability of numerical scheme for solving small perturbation
in shallow water flow. The bottom topography is defined by

b(x)

0.25 (cos (107 (x — 1.5)) + 1), iflL4<x< 1.6, (47)

0. otherwise.
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N =1,K =400
12 solution at time = 200
1 <
0.8 |
=
+ 0.6
-~
0.4
0.2 /\
0 1 1 1 1
0 5 10 15 20 25

X
—— Exact solution
o Approximate solution

—— Bottom

FIGURE 6: Transcritical flow without shock over a bump.

The initial conditions are specified by

q(x,0) =0,
1-b(x)+e, ifll<x<12,  (48)

1-b(x),

h(x,0) =
otherwise,

where € is a nonzero perturbation constant. The boundary
conditions are transmissive boundaries. In this work, we
consider the cases of ¢ = 0.2 and 0.01. The disturbance
of initial water depth from small € should split the initial
wave into two waves. They propagate to the left and the right
with characteristic speed ++/gh at the early stage. A standard
scheme which is not well-balanced usually faces with some
difficulties to capture correctly the wave speed.

In our simulation, we use 400 uniform grid cells and
polynomial degree one in the TVD-RK DG with the WAF
method. The simulation time is that ¢ = 0.7.

The comparison of water depths between our results
and the Leveque’s solutions is shown in Figures 7 and 8 for
€ = 0.01 and 0.2, respectively. They are in good agreement
for both amplitude and wave speed. These test cases show
the ability of our numerical scheme for solving the quasi-
stationary flow with initial disturbance.

4.5. Flow over Nonhorizontal Bed. This test case is presented
by [8]. The main propose is to study the ability of numerical
scheme for solving unsteady flow over topography. The
uniform channel is length of 30 m. The bed elevation is
defined by

0, if 0 < x <10,
b(x)=140.1(x—-10), if10<x <20, (49)
1, if 20 < x < 30.

N =1,K =400,¢ = 0.01
solution at time = 0.7

1.006 |
1.005
1.004
1.003 |
1.002
1.001

h+b

0.999
0.998 |
0.997 |
0.996

0

01 02 03 04 05 06 07 08 09 1

o Approximate solution
—— Leveque

FIGURE 7: Quasi-stationary flow when € = 0.01.

N=1,K=400,e =0.2
solution at time = 0.7

1.1t
1.08 |
1.06 |
1.04
1.02

h+b

0.98
0.96 1 1 1 1 1 1 1 1 1

> Approximate solution
—— Leveque

FIGURE 8: Quasi-stationary flow when € = 0.2.

The initial conditions are given by

4, if0<x<5,
h(x)+b(x) = (50)
2, if5<x < 30.

Here, we set At = 0.01 and use 200 uniform grid cells with
polynomial degree one to simulate the unsteady flow. The
boundary conditions are transmissive boundaries.

Our numerical results when comparing with Toro’s solu-
tions [8] at £ = 1s and 4s are shown in Figure 9. Wave
speed and shock profiles are very close. These results show
the accuracy of the present scheme for solving unsteady flow
with source term.

5. Conclusions

In this work, we present the TVD-RK discontinuous Galerkin
method (TVD-RK DG) for solving nonlinear shallow water
equations. Most of the TVD-RK DG methods in the lit-
eratures usually approximate intercell flux by applying the
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N =1,K =200
4 solution at time = 1
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1t
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0 5 10 15 20 25 30

X

o Approximate solution
—— Toro
—— Bottom

(a)
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N =1,K =200
solution at time = 4

35 ¢

25t t ]
2} .

15 ¢

h+b

0.5

o Approximate solution
—— Toro
—— Bottom

(b)

FIGURE 9: Flow over non-horizontal bed at time 1 (a) and 4 s (b).

HLL method. But here we apply another approach called
the weighted average flux (WAF) in the TVD-RK DG. We
have also shown the consistent property of the TVD-RK DG
with the WAF approximation. Then the well-balanced TVD-
RK DG scheme with the WAF approximation is developed.
The present method can be used to simulate not only steady
flows, but also unsteady flows. The accuracy of modified
numerical scheme is demonstrated by various test cases, flow
over irregular bed, steady flow over a bump, quasi-stationary,
and flow over nonhorizontal bed. The well-balanced TVD-
RK DG with the WAF method can be used to solve all the
kinds of these problems. Moreover, if we restrict at steady
state, the scheme using the WAF method converges to the
steady solution faster than the scheme using the HLL method.
In addition, the well-balanced scheme converges to the steady
solution faster than the scheme that is not well-balanced. Due
to its advantages of numerical accuracy, simplicity, and well-
balanced property, the present scheme can be modified and
extended to simulate two-dimensional problems. However,
depending on the types of elements, for example, triangles
or rectangles, it is not trivial to extend for two-dimensional
problems due to the polynomial basis functions and the WAF
fluxes at element interfaces and is not considered in this

paper.
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The nonlinear shallow-water equations are often used to model flow over topography.
In this paper we use these equations both analytically and numerically to study flow
over two widely separated localised obstacles, and compare the outcome with the
corresponding flow over a single localised obstacle. Initially we assume uniform flow
with constant water depth, which is then perturbed by the obstacles. The upstream
flow can be characterised as subcritical, supercritical and transcritical, respectively.
We review the well-known theory for flow over a single localised obstacle, where
in the transcritical regime the flow is characterised by a local hydraulic flow over
the obstacle, contained between an elevation shock propagating upstream and a
depression shock propagating downstream. Classical shock closure conditions are
used to determine these shocks. Then we show that the same approach can be
used to describe the flow over two widely spaced localised obstacles. The flow
development can be characterised by two stages. The first stage is the generation
of upstream elevation shock and downstream depression shock from each obstacle
alone, isolated from the other obstacle. The second stage is the interaction of two
shocks between the two obstacles, followed by an adjustment to a hydraulic flow over
both obstacles, with criticality being controlled by the higher of the two obstacles,
and by the second obstacle when they have equal heights. This hydraulic flow is
terminated by an elevation shock propagating upstream of the first obstacle and a
depression shock propagating downstream of the second obstacle. A weakly nonlinear
model for sufficiently small obstacles is developed to describe this second stage. The
theoretical results are compared with fully nonlinear simulations obtained using a
well-balanced finite-volume method. The analytical results agree quite well with the
nonlinear simulations for sufficiently small obstacles.

Key words: hydraulic control, shallow water flows, topographic effects

1. Introduction
1.1. Background

Shallow-water flow of a homogeneous fluid over bottom topography is a fundamental
problem in fluid mechanics and has been heavily studied from various points of
view. A widely used approach when the topography is a single localised obstacle

T Email address for correspondence: Montri.M@ku.ac.th
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is the application of hydraulic concepts which lead to the classification of the flow
in terms of the value of the upstream Froude number, defined as the ratio of the
uniform upstream flow to the linear long-wave speed. The flow is then described as
supercritical, subcritical or transcritical depending on whether the upstream Froude
number is greater than unity, less than unity, or close to unity, respectively; see for
instance the monograph by Baines (1995) for a comprehensive account of hydraulic
theory and the issues involved. In the supercritical case, waves generated by the
flow interaction with the obstacle propagate downstream away from the obstacle,
and the flow at the obstacle location is a locally steady elevation. In the subcritical
case, waves propagate upstream and downstream away from the obstacle, and the
flow at the obstacle location is a locally steady depression. When wave dispersion is
considered, steady lee waves are also formed downstream of the obstacle. Both these
cases can be well understood, at least qualitatively, using linearised theory.

However, linearised theory fails in the transcritical regime, which is the main
interest here, and then a nonlinear theory is needed to describe the locally steady
hydraulic flow over the obstacle, which has an upstream elevation and a downstream
depression, each terminated by upstream- and downstream-propagating undular bores.
A popular model here in the weakly nonlinear regime when the obstacle has a
small amplitude is the forced Korteweg—de Vries (KdV) equation; see Akylas (1984),
Cole (1985), Grimshaw & Smyth (1986), Lee, Yates & Wu (1989), Binder, Dias
& Vanden-Broeck (2006), Grimshaw, Zhang & Chow (2007) and the recent review
by Grimshaw (2010). Various aspects of the extension to finite amplitudes in the
long-wave regime can be found in El, Grimshaw & Smyth (2006, 2008, 2009).

Thus transcritical shallow-water flow is quite well understood for a single localised
obstacle, but there have been comparatively very few studies of the analogous case
when there are two widely separated localised obstacles. In the context of this paper,
the most relevant is the article by Pratt (1984), where a combination of steady
hydraulic theory, numerical simulations using the nonlinear shallow-water equations
and laboratory experiments are used to infer that the formation of dispersive waves
between the obstacles is needed to obtain a stable solution. More recently Dias &
Vanden-Broeck (2004) and Ee et al. (2010, 2011) have examined the possible presence
of such waves for steady flows, while Grimshaw, Zhang & Chow (2009) considered
the related problem of unsteady flow over a wide hole. Thus a new feature of interest
when considering two obstacles is that the waves generated by each obstacle may
interact in the region between them, and then the question is how this interaction
might affect the long-time outcome. In this paper we examine this scenario using
the nonlinear shallow-water equations, so that, although finite-amplitude effects are
included, wave dispersion is neglected and the generated waves are represented as
shock waves. Our emphasis is on the transcritical regime for two widely spaced
localised obstacles. The nonlinear shallow-water equations are solved numerically
using a well-balanced finite-volume method, and the results are shown in § 3. The
simulations are supplemented by a combination of fully nonlinear hydraulic theory
with classical shock closure conditions, and a reduced model used in the weakly
nonlinear regime, presented in §2. We conclude in §4.

1.2. Formulation

The basic model is one-dimensional shallow-water flow past topography, in which
the flow is described by the total local depth H and the depth-averaged horizontal
velocity U. The upstream flow is a constant horizontal velocity V >0, and the forcing



482 R. H J Grimshaw and M. Maleewong

is due to a localised topographic obstacle f(x) so that the bottom is at z = —h +
f(x), where h is the undisturbed depth at infinity. Henceforth, we use non-dimensional
coordinates, based on a length scale &, a velocity scale v/gh and a time scale of \/h/g,
in terms of which the equation system is

&L+ HU),=0, H=1+¢—f, (1.1a,b)
U+ UU,+ ¢ =0. (1.2)

In these non-dimensional coordinates, the constant upstream flow is Fr="V/\/gh, the
Froude number. Here the topography f(x) consists of two obstacles, each symmetrical,
and placed a distance L apart, with respective maximum heights (or depths) of € ,.
Our interest here is when €;, > 0, and the situation when either or both €, <0 will
be considered elsewhere. We assume that the separation distance L is much greater
than the width of the obstacles. Then the main parameters are the Froude number Fr,
and the maximum heights €, ,. This system is to be solved with the initial conditions

H=1, U=Fr, att=0. (1.3a,b)

This is equivalent to introducing the obstacles instantaneously at =0 into a constant
flow. The solution will initially develop smoothly, but, being a nonlinear hyperbolic
system, we can expect the development of discontinuities in the derivatives of ¢ and U.
The classical procedure is then to introduce shocks, given by

—S[¢]+[HU1=0, —S[HU]+ [HU> + 1H*]=0. (1.4a,b)

Here S is the shock speed, and [- - -] denotes the jump across the shock. In the absence
of the bumps (f(x) =0), these classical shocks conserve mass and momentum.

In the transcritical regime when Fr~ 1, it will be useful also to consider a weakly
nonlinear model for small-amplitude topography, given by

_gt_A§x+%§§x+%fx:O, A=Fr—1. (1.5)

Here U =Fr+u and u~ —¢. The reduced model (1.5) can be seen as a dispersionless
forced KdV equation; see the aforementioned references. For convenience, we present
an alternative derivation in appendix A. The initial condition (1.3) is replaced by

=0, atr=0. (1.6)
In this weakly nonlinear limit, the shock conditions (1.4) reduce to
(S — M)[¢]+3[%1=0. (1.7)
This can also of course be directly deduced from (1.5).
2. Hydraulic flow

2.1. Steady solutions

Here we consider the hydraulic theory, and to begin with we review the well-known
theory (see e.g. Baines 1995) for flow over a single obstacle. Then we will show how
this can be extended to obtain analogous solutions for flow over two obstacles. Thus
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0.5 1.0 1.5 2.0 2.5
Fr
FIGURE 1. (Colour online) Plot of (2.3) at equality. The intersections of the line ¢, =
const. with the curve (2.3) define Fr,,, respectively. The region below the curve defines

the subcritical and supercritical regimes, and the region above the curve is the transcritical
regime.

we seek steady solutions, so that, on omitting the time derivatives, (1.1) and (1.2)
integrate to
HU=(1+¢-/HU=Q, (+3iU°=B. (2.1a,b)

Here Q and B are positive integration constants, representing mass flux and energy
flux, respectively (strictly, Q is volume flux, but we are assuming that the fluid density
has been scaled to unity; and B is the Bernoulli constant, while BQ is the energy flux).
Eliminating H or U gives

G 1 B+1-f

n U _U3/2 (0]
2 G23 Q2/3 ’

—H2 T 02 ~ 32

G (2.2a,b)

which determines the local Froude number G as a function of the obstacle height f.
For non-critical flow, this solution must connect smoothly to U =Fr, ¢ =0, that is,
G = Fr, at infinity, and so Q = Fr, B=Fr?/2. Noting that then the right-hand side of
the first expression in (2.2) has a minimum value of 3/2 — ¢, when Fr=1, it can be
established that
Fr*  3Fr3
O<e, <14+ ——
2 2
Here €, is the maximum obstacle height. This expression is plotted in figure 1
at equality (note that this is the curve BAE in figure 2.11 of Baines (1995)). It
defines the subcritical regime Fr < Fr, <1 where Fr < G < 1, and the supercritical
regime 1 < Fr, < Fr where 1 < G < Fr and a smooth steady hydraulic solution
exists. In the subcritical regime a localised depression forms over the obstacle, and
in the supercritical regime a localised elevation forms over the obstacle. For small
(em)'? <« 1, recalling that A =Fr— 1, we find that

(2.3)

(6€.)'? | €n

App=Ft—F—+,+0 (€7) - (2.4)
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FIGURE 2. Schematic for closure using classical shocks.

In the transcritical regime Fr, < Fr < Fr,, (2.3) does not hold and is replaced by

I+ Frr  3Fr8

€y > ——
2 2

Instead, we seek a solution which has upstream and downstream shocks propagating

away from the obstacle, and which satisfies the critical flow condition at the top of

the obstacle, that is, when f =¢,, G, # 0. This condition implies that

3Q2/3

(2.5)

G=1,

=B+1—¢, atf=c¢,. (2.6a,b)

For a given ¢,, this relation defines B in terms of Q. At this critical location, U =
U,=0'? and 1+¢,, — €, =0%3. The local Froude number varies over the range G_ <
G < G, where + and — denote the downstream and upstream values, respectively. It
transpires that, in order for the shocks to propagate away from the obstacle, the flow
is subcritical upstream where G_. <G <1, ¢ >¢ > ¢,, U_ <U < U,, and supercritical
downstream where 1 <G <Gy, ¢ < <&y, Up > U > U,.

Before proceeding, we note that the expressions (2.2) hold both upstream and
downstream, yielding the relationships

2

U
Ur(1+¢0)'*=0, —=+¢.=B8B, (2.7a,b)

2
Ui, 0 0’

S ===
2 Us 2(1+4¢0)?
GI* 1 B+l
2 TGP T o
For given Q and B, these relations fix U. and ¢, completely. But we have one
relationship (2.6) connecting B and @, and so there is just a single constant to

determine. This is found using the classical shock closure described in the next
section.

and so

+ i+ 1=B+1, (2.8)

(2.9)

2.2. Classical shock closure

Outside the obstacle, U = Uy and ¢ = ¢+ are constants, downstream and upstream,
respectively, and are connected to the undisturbed values U = Fr and ¢ = 0 far
downstream and upstream, using classical shock closure based on the shock conditions
(1.4); see figure 2. Since the steady hydraulic flow over the obstacle conserves mass
and energy, rather than mass and momentum, these are non-trivial conditions to
apply. Further, it transpires that we cannot simultaneously impose upstream and
downstream jumps which connect directly to the uniform flow. Instead, we first
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impose an upstream jump as specified by Baines (1995); see also El ef al. (2009).
There is then a downstream jump which connects to a rarefaction wave; see figure 2.

First we consider the upstream jump, which connects ¢, U_ to 0, Fr with S_ <O.
The first relation in (1.4) gives

¢ (S.—U)=U_—Fr or S.¢ =Q—Fr, (2.10a,b)

and the second relation in (1.4) gives

A+¢)H)U-—Fr(S-—-U-)=¢_ <1+%). (2.11)
Eliminating S_, or U_ — Fr, yields the following expressions:
(1+¢)U_—-Fr?*=¢2 <1 + %) (2.12)
¢ 12
S_=Fr— {(1—#;_)(14—?)] , (2.13)
¢ 1/2
A+¢)Fr—c¢- {(14—;_)(1 +7_)] =Q. (2.14)

Since we need S_ < 0, it follows that we must have . >0 and U_ < Q < Fr. The
system of equations is now closed, as the combination of (2.8) and (2.14) determines
¢_ in terms of B, so that finally all unknowns are obtained in terms of ¢, from (2.6).
Further, the condition ¢_ > 0 serves to define the transcritical regime (2.5) in terms
of the Froude number Fr and ¢,,.

Downstream, this procedure also determines U, > Fr, ¢, <0, but, in general, this
cannot be resolved by a jump directly to the state Fr, 0. Instead we must insert
a right-propagating rarefaction wave; see figure 2. The rarefaction wave propagates
downstream into the undisturbed state O, Fr, and so is defined by the values U, and
¢, where

U —2(1+¢)*=Fr-2. (2.15)

It is then connected to the hydraulic downstream state U,, ¢, by a shock, using the
jump conditions (1.4) to connect the two states through a shock with speed S, > O.
There are then three equations for the three unknowns ¢,, U,, S, and the system is
closed.

In the weakly nonlinear regime, when the forcing is sufficiently small (the
appropriate small parameter is « ~ ,/€,), the rarefaction wave contribution can
be neglected, as it has an amplitude of order o®> while the shock intensity is O(«). In
this limit we can solve the system of equations by an expansion in « and find that

473
30 =2A F (66, + B)* + 0%y, Br=3¢] —20.A% + <5 (2.16a,b)

3¢ &F 3 3¢+ 3
Si=A—T+3—2+O(Ol), G:I::1+A_T+V:I:+O(a)’
2.17
9 oA e
yﬂ:_g 23
3¢3 3
O=1+A+0A-225 1L 0@ (2.18)

4
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Here B+ =O(ca®) and y; = O(a?) are small correction terms, which if needed explicitly
can be evaluated to leading order using the leading-order solution for ¢.. It is useful
to note here that using (2.16) and (2.4), the local Froude numbers

(6€,)'/?

Gi=1% +0@)=1+A4,,+ 0> (2.19)

and are independent of A at the leading order in «. Also, since the transcritical
regime is defined by A; < A < A, it follows that, at the leading order in «, the local
downstream and upstream Froude numbers G. are outside this transcritical regime,
and hence the downstream and upstream flows are indeed fully supercritical and
subcritical, respectively.

2.3. Two obstacles

The same procedure can now be followed when there are two widely separated
obstacles. Based on our numerical simulations reported in § 3, the solution evolves
in two stages. In the first stage, the theory described above can be applied to each
obstacle separately. Then in the second stage, when the downstream-propagating
waves emitted by the first obstacle interact with the upstream-propagating waves
emitted by the first obstacle, an interaction takes place and there is an adjustment to
a new configuration. There are several scenarios depending on the obstacle heights
€1, and the Froude number Fr. For instance, if both obstacles satisfy the condition
(2.3) for subcritical or supercritical flow, then the solutions obtained for each obstacle
separately will again be obtained. On the other hand, if both obstacles satisfy the
condition (2.5) for transcritical flow, then at the end of the first stage a downstream
depression shock preceded by a rarefaction wave emitted by the first obstacle will
meet an upstream elevation shock emitted by the second obstacle. Our numerical
simulations show that these generate a new shock between the obstacles. The speed
Sin of this shock can be found from (1.4) where the conservation of mass law implies
that

Sii(Cr- —0) =1+ 6 )Use — A+ 0 Ui + 0(@) = 0, — Q) + O(@’).  (2.20)

Here the O(a®) error is due to the presence of the rarefaction wave. Since ¢_ >
0 > ¢4, the shock moves in the positive or negative direction depending on whether
0, > (<) Q;. Indeed, using the expressions (2.17) and (2.14),

Siw=A =31y +5) + 0@®) = {[(6€))? — (6€2)*] + O(a?) (2.21)

and is independent of A to this order. Thus, this shock will move towards the higher
of the two obstacles, that is, S;, is positive or negative according to whether €, > ¢,
or €| < €;, respectively. This is followed by the interaction of this shock with either
the second or first obstacle, followed eventually by an adjustment to a final localised
steady state encompassing both obstacles; this is the second stage.

The final localised steady hydraulic state can now be determined as before, with the
criterion that criticality occurs at the higher obstacle so that the formulae in §§2.1
and 2.2 apply with ¢, = max[e, €], the same as if the combination of the two
obstacles was a single obstacle. Indeed, the criticality determined at the first stage
at the higher obstacle persists into the second stage, while the flow at the lower
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FIGURE 3. (Colour online) Hydraulic solution for the case Fr=1 and unequal obstacle
heights €; = 0.1, ¢, =0.2. In the steady region over both obstacles, Q = 0.8923 and
B =0.5900, and G = 0.6584 at the crest of the first obstacle where the flow is locally
subcritical.

obstacle adjusts in the second stage to be locally subcritical if the lower obstacle is
the first obstacle, or is locally supercritical if the lower obstacle is the second obstacle.
[llustrative examples taken from the numerical simulations are shown in figures 3
and 4, respectively. Note that criticality is controlled by the higher obstacle which
has the same height in the two cases, and hence the same constant values of Q and
B are generated in the region containing both obstacles.

When the obstacles have equal heights, €; = ¢€,, then also Q; = Q, and the shock
speed S, = 0(c®), so that the error term in (2.20) is needed to determine the shock
speed. This error term is due to the neglected rarefaction wave, and when this has
a negative mass flux, as sketched in the scenario shown in figure 2, S;, < 0. The
numerical solutions show that this is indeed the case. Hence it is then the second
obstacle that controls criticality. An example taken from our numerical simulations is
shown in figure 5. In the region over both obstacles combined, there is a steady state
with constant values of Q and B satisfying the relation (2.6). The local Froude number
G =1 at the crest of the second obstacle, where G passes smoothly from subcritical
G < 1 to supercritical G > 1. The flow is subcritical over the first obstacle, but G =1
at the crest of the first obstacle. At this location there is a discontinuity in the slope
of G, and hence also in the slopes of U and H, but all quantities are continuous. This
can be deduced from (2.2) and (2.6) where near the crest of either obstacle

3(6m _f)

2~
G-~ =0

(2.22)
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FIGURE 4. (Colour online) Hydraulic solution for the case Fr=1 and unequal obstacle
heights €, = 0.2, €, = 0.1. In the steady region over both obstacles, Q = 0.8923 and
B =0.5900, and G =1.463 at the crest of the second obstacle where the flow is locally
supercritical.

There are two possible solutions. We consider for simplicity the generic case when
€n —f~8(x£L)?, §>0. Then at the second obstacle there is a smooth solution for
which G— 1~ C(x—L), C=+/35/20Q?3, but at the first obstacle the solution is 1 —
G~ C|x+ L|, which is continuous but has a discontinuous slope. This can be regarded
as a stationary contact discontinuity. This scenario is asymmetrical and so differs from
those considered by Pratt (1984), who examined only symmetrical configurations and
showed that these could not be stable. Further, he pointed out that it is not possible to
construct a steady stable solution using a stationary shock, as this would then dissipate
energy (see the last paragraph of his § 1 and footnote on p. 1216).

2.4. Reduced model

Before presenting the numerical results, it is useful to examine the same scenario
as presented above in §§2.1-2.3 using the reduced model, especially as then the
initial value problem can be solved (see e.g. Grimshaw & Smyth 1986; Grimshaw
2010). With the initial condition that ¢ = 0 at r = 0, (1.5) can be solved using
characteristics,

e 3% & _f,

dr 27 dr 2’ (2.23)
x=xp, ¢=0, atr=0.
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FIGURE 5. (Colour online) Hydraulic solution for the case Fr =1 and equal obstacle
heights €; =€, =0.1. In the steady region over both obstacles, 0 =0.9469 and B =0.5464,
and G=1 at the crest of the first obstacle, but G <1 in the vicinity of the first obstacle
where the flow is locally subcritical.

The system (2.23) can be integrated to yield

3¢2 1
AL — 7 = E(f (x) —f(x0)), (2.24a)
3¢ =2A F A{4A* +6[f (xo) —fF(0)1}/2 (2.24b)

Here the upper sign is chosen until the characteristic reaches a turning point where
2A =3¢ and then the lower sign is chosen. When A =0 the upper (lower) sign is
chosen on the left-hand (right-hand) side of the maximum point where f =¢,,. Where
characteristics intersect, a shock forms with speed S, given by (1.7) Then when

2A2 < 361’2 (225)

there is a critical xo. for each obstacle such that all characteristics with xy < xo.
have a turning point, propagate upstream and form an upstream shock. Otherwise all
characteristics with xy > xo. have no turning points, propagate downstream and form a
downstream shock. The critical point is defined by 3f(xo.) = 3€;, — 2A2. Then, in the
first stage, a steady solution will emerge over each obstacle, terminated by upstream
and downstream shocks, determined by that characteristic emanating from x,. and the
corresponding steady solution is found using (2.24a),

4A* — 12A7 + 9% = 6(€, — f (X)), (2.26a)

3¢ =2A Fsign[x F L1{6[€,, — f(x)]}"/%. (2.26b)
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The upstream (downstream) shock has a magnitude ¢-, where
3¢: =2A £ {6€,}'?, (2.27)

respectively. Note that ¢, >0 and ¢_ <0 so that the upstream shock is elevation and
the downstream shock is depression. The speeds of these shocks are found from (1.7),
that 1is,

4S- =2A F {6¢,}"? (2.28)
and S_ <0, S, >0, while the local Froude number is

{6€,)'/?

G=1+4-3¢/2 andso Gp=1F—7

(2.29a,b)

In the first stage, this local steady solution holds only for each obstacle separately.
When there are two obstacles, the upstream elevation shock from the obstacle will
meet the downstream depression shock from the obstacle. This generates a new shock,
with speed

Siw=A— 3Gy + &) = §[(6))' — (6€2) ], (2.30)

which is independent of A, and is positive or negative according to whether €; > ¢,
or € < €, respectively. These results all agree with the small-amplitude limits of the
corresponding expressions in the preceding subsections.

3. Numerical results
3.1. Numerical method

The nonlinear shallow-water equations (1.1) and (1.2) can be written as
U+ F.=9, (3.1

where %, 7 and ¥ represent the density vector, flux vector and source term,
respectively,

H a _ UH 1 0
%= [UH] = [HU2+H2/2] . Y= l—HfJ - (3.2a—c)

The computational domain, 0 < x < x;, is discretised by uniform cell size Ax. The
cell centre is denoted by x;, where x;_,, and x;i,,, refer the left and the right cell
interface, respectively.

In discretisation form, (3.1) can be written as

%nJrl _ %n y_n _ (gln_
i iy i+1/2 12 :gin. (3.3)
At AXx

Superscript n refers to the time-step level. The gradient of the flux function is
approximated by the difference of numerical fluxes at the left, . /25 and the right,
F 1) of cell interfaces, respectively. At the cell interface i+ 1/2,

1

55;'11/2 = ﬁ(%il/Z—’ @/ij-l/z+)' (3.4)
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Numerical flux at the cell interface is a function of an unknown variable on the left
and the right limits, and

Hi )y Hi )y
%l’ll 22— — [ i+ - 2] N %nl ) { i+ + ] . (3.50,[’))
l+/ Hl\ ) U B ?+1/2+U7+1

Applying the hydrostatic reconstruction from Audusse et al. (2004),

Hn

i+1/2— = max(O, Hi —|—f; _ﬁ+1/2) and H:l+1/2+ = max(O, Hi+1 +ﬁ+1 —ﬁ+1/2). (3661,[9)

Bottom slope is now included in the reconstruction of water depth. The value of
bottom height at the corresponding interface is approximated by upwind evaluation,

Six12 = max(f;, fiy1). (3.7)

To obtain a well-balanced scheme, the gradient of source term and flux difference
must be balanced at steady state (Audusse et al. 2004), so (3.3) can be rewritten as

%jn+l - %ln i%n(%ln l+laf;’f+l) J\:l(%lﬁla %l‘nu]‘;flaﬁ)
+
At Ax
with modified numerical fluxes
F U, UL f fir) = (%iil/z—’ %-nH/er) + [0, an - Hﬁl/z—]/l (3.9a)
FIU UL o fi) = T Ul U ) + 10, HEy = HE o 172, (3.9D)

=0, (3.8)

In this work, we apply the weighted average flux (WAF) proposed by Toro
(1992), Toro, Spruce & Speares (1994) and Siviglia & Toro (2009) to obtain the
approximation of .7 (%}, s ULy ),). We also apply the minmod flux limiter based
on the total variation diminishing (TVD) proposed by Toro (1992) in our numerical
scheme to remove spurious oscillations when simulating the moving shock problem.

In our simulations, we apply transmissive boundaries to allow waves to propagate
outwards on both boundaries. The bottom elevation is assumed to be two Gaussian

obstacles given by

fO0) = €rexp(—(x — x)*/w) + € exp(—(x — ;) /w), (3.10)

where €; and €, are the obstacle heights, x, and x, = x, + L are the centre locations
of the first and the second obstacle, respectively, and the width of each obstacle is
w=10.

3.2. Equal obstacle heights

3.2.1. The case €, =0.1, ¢, =0.1

Simulations for a subcritical case Fr = 0.5 are shown in figure 6. Initially, in the
first stage (¢ = 50), steady depression waves are produced over each obstacle, and
small transient elevation waves travel upstream from each obstacle. In the second stage
(t="70), the transient wave from the second obstacle has passed over the first obstacle
and proceeded upstream. In the final stage (¢t =300), only the steady depression waves
over each obstacle are left. In this case, the Froude number is outside the transcritical
regime for both obstacles; see (2.3) and figure 1.
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FIGURE 6. (Colour online) Simulations for Fr =0.5, ¢, =0.1, ¢ =0.1: (a) t = 50;
(b) t="70; and (c¢) t=300.

Simulations for a transcritical flow case Fr = 1 are shown in figure 7. In the
first stage (r = 50), a transcritical flow is generated over each obstacle separately,
consisting of an elevation shock propagating upstream connected by a steady solution
to a depression shock propagating downstream. The depression shock from the first
obstacle meets the elevation shock from the second obstacle at around # =130 forming
a single shock, which then propagates upstream. In the second stage (f =400), there
is an adjustment in which a locally steady subcritical depression wave forms over the
first obstacle, while a locally steady transcritical flow forms over the second obstacle.
At the same time, the elevation shock and depression shock outside both obstacles
continue to propagate in their separate ways. As time increases (f = 1000), the flow
over both obstacles reaches a locally steady state with criticality controlled by the
second obstacle.

Next, we examine a quantitative comparison between the nonlinear shallow-water
simulations and the theoretical results from the reduced model presented in §3.2.
From the numerical simulations shown in figure 7 over the time range t=400-1000,
we find that the respective shock magnitudes and speeds are ¢, = —0.2574,
¢ =0.2670, S, =0.1880, S_ = —0.1980. With ¢,, = 0.1 the local Froude numbers
in (2.29) are G, = 1.3873, G_ = 0.6127, while the shock magnitudes from (2.27)
are ¢, = —0.2582, ¢ =0.2582, and the shock speeds from (2.28) are S, = 0.1937,
S_ = —0.1937. These values are in reasonable agreement with the numerically
determined values. Using the more exact formulae (2.16) and (2.17) up to the O(c?)
terms leads to ¢, = —0.2468, ¢_ = 0.2691 and S, = 0.1871, S_ = —0.1996, which
is an improvement. Note that the effective small parameter here is (6¢,,)"/? =0.7746
and so is not small enough for the reduced model to be completely accurate.

Simulations for a supercritical flow case Fr =1.5 are shown in figure 8. Initially,
in the first stage (r+ = 30), steady elevation waves are produced over each obstacle,
and small transient depression waves travel downstream from each obstacle. At the
beginning of the second stage (+=70), the transient wave from the first obstacle passes
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FIGURE 7. (Colour online) Simulations for Fr =1.0, ¢ =0.1, ¢ =0.1: (@) t = 50;
(b) t=130; (c) t=400; and (d) t=1000.

over the second obstacle and proceeds upstream. In the final stage (r =400), only the
steady elevation waves over each obstacle are left. In this case, the Froude number is
outside the transcritical regime for both obstacles; see (2.3) and figure 1.

It should be noted that, in the reduced model, the local Froude number (2.29)
satisfies 0.6127 < G < 1.3873 for €, = 0.1. This prediction is consistent with the
nonlinear simulations shown in figure 6 for subcritical flow, in figure 7 for transcritical
flow and in figure 8 for supercritical flow.

3.2.2. The case €, =0.2, €,=0.2

Four simulations for Fr=0.5, 1.0, 1.5, 2.0 are shown in figures 9—12. When ¢, =
0.2, transcritical flow occurs in the range of 0.48 < Fr < 1.56; see (2.3) and figure 1.
The reduced model predicts transcritical flow when 0.45 < Fr < 1.55; see (2.4). Thus
the flow is slightly transcritical for Fr=0.5 and 1.5, respectively nearly subcritical or
supercritical, while it is transcritical for Fr= 1.0, and supercritical for Fr=2.0. In all
cases we expect the reduced model to provide quite good interpretation.

The nearly subcritical case shown in figure 9 can be compared with the subcritical
case shown in figure 6 for €; =€, =0.1. Although the first stage (t =30, 60) is similar,
there are now visible two small rarefaction waves propagating to the left, and in the
second stage (r=130, 800) a pronounced asymmetry develops with a larger depression
wave over the second obstacle. This is due to this case being in the transcritical
regime, and hence the second obstacle controls criticality.

The transcritical case shown in figure 10 is qualitatively similar to that in figure 7
for €, =0.1, €, =0.1. From the numerical simulations shown in figure 7 over the time
range t =40-800, we find that the respective shock magnitudes and speeds are ¢, =
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FIGURE 9. (Colour online) Simulations for Fr = 0.5, ¢, =0.2, ¢ =0.2: (@) t = 30;
(b) t=060; (¢) t=130; and (d) t=800.

—0.3600, ¢_=0.3810, S, =0.2535, S_=—-0.2814. With ¢, =0.2 the local Froude
numbers in (2.29) are G, = 1.5477 and G_ = 0.4523, while the shock magnitudes
from (2.27) are ¢, = —0.3651 and ¢ =0.3651, and the shock speeds from (2.28) are
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S+ =0.2739 and S_ = —0.2739. These values are in reasonable agreement with the
numerically determined values. Using the more exact formulae (2.16) and (2.17) up to
the O(a?) terms leads to ¢, =—0.3422, ¢_=0.3867 and S, =0.2603, S_=—0.2853,
which is overall some improvement. But note here that the effective small parameter
is (6¢,)'2 =1.0954 and can hardly be considered small.

The nearly supercritical case shown in figure 11 can be compared with the
supercritical case shown in figure 8 for €, =€, =0.1. Although the first stage (+=300)
is rather similar, there is already an asymmetry in that the elevation wave over the
second obstacle is already slightly smaller than that over the first obstacle, indicating
that the adjustment process to the second obstacle is beginning. This adjustment
continues at t =300 and the final locally steady state is achieved at ¢ =660, 1200, in
which there is criticality controlled by the second obstacle, and a locally subcritical
flow over the first obstacle.

The fully supercritical case is shown in figure 12 and can also be compared with
the supercritical case shown in figure 8 for €, =€, =0.1. It is quite similar, although
the time then to reach the second stage is much shorter.

3.3. Unequal obstacle heights

3.3.1. The cases ¢, =0.01, ¢,,=0.02 and ¢, =0.1, ¢,=0.2

A transcritical case (Fr=1) when the second obstacle is larger is shown in figure 13
for quite small amplitudes. At the first stage (t =50), each obstacle generates elevation
and depression shocks that can be described by the single-obstacle theory. As time
increases (f = 460), the depression shock from the first obstacle interacts with the
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FIGURE 11. (Colour online) Simulations for Fr=1.5, ¢ =0.2, ¢ =0.2: (@) t=100;
(b) t=2300; (¢) t=660; and (d) r=1200.

upstream elevation shock generated by the second obstacle. A new shock is formed,
called an intermediate shock as described in the analysis of §2. Since the second
obstacle is larger, the intermediate shock travels upstream and passes over the first
obstacle, leaving a locally steady depression wave in a locally subcritical flow (f =
1000). The speed of the intermediate shock is greater than the speed of the travelling
elevation shock from the first obstacle. These two shocks merge and finally form a
new shock moving further upstream (¢ = 1800).

Next, we compare these nonlinear simulations quantitatively with theoretical results
from §2. For €, = 0.01, we find from the nonlinear simulations that the upstream
shock magnitude and speed are ¢_ = 0.0822 and S_ = —0.0615, while the reduced
model predicts that {- = 0.0816 and S_ = —0.0612, and using the more exact
formulae (2.16) and (2.17) leads to ¢ = 0.0828 and S_ = —0.0619. Similarly, for
the second obstacle with €, =0.02, the downstream shock magnitude and speed from
the simulations are ¢, = 0.1134 and S, = 0.0847 while the reduced model predicts
that ¢, = —0.1155 and S, = 0.0866, and using the more exact formulae (2.16) and
(2.17) leads to ¢, = 0.1132 and S, = 0.0853. These comparisons show very good
agreement for these small-amplitude obstacles. Further, the intermediate shock speed
from the simulation is S;, = —0.0262, while the theoretical expression (2.30) yields
S = —0.0254. Also, note that for the nonlinear simulations when ¢ = 1000-1800,
the two upstream elevation shocks merge to form a new one with the new speed

_ =—0.0867, which is nearly the addition of §;,, and S_ (for €, =0.01).

A case with higher obstacle amplitudes, €, =0.1, €, =0.2, is shown in figure 14.
The flow behaviour is quite similar to the smaller-amplitude case. Here the
intermediate shock speed from the simulation is S;, = —0.1286, but from (2.30),
Sine = —0.0802. The quite large difference is due to higher-order nonlinear effects.
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3.3.2. The cases €, =0.02, ¢, =0.01 and ¢, =0.2, ¢ =0.1

A transcritical case (Fr=1) when the first obstacle is larger is shown in figure 15
for quite small amplitudes. At the first stage (+ = 150), each obstacle generates
elevation and depression shocks that can be described by the single-obstacle theory.
As time increases (¢ =460), the downstream depression shock from the first obstacle
interacts with the upstream elevation shock generated by the second obstacle,
and an intermediate shock is formed. Because the first obstacle is larger, it now
controls criticality. The intermediate shock travels downstream and passes over the
second obstacle, leaving a locally steady elevation wave (t = 1400) in a locally
supercritical flow. The speed of the intermediate shock is greater than the speed
of the downstream-travelling depression shock from the second obstacle. These two
shocks merge and form a new shock moving further downstream (¢ = 1800).

Next, we compare these nonlinear simulations quantitatively with the theoretical
results. For €; =0.02, we find from the nonlinear simulations that the upstream shock
magnitude and speed are ¢_ =0.1170 and S_ = —0.0880, while the reduced model
predicts that - =0.1155 and S_ =—0.0866, and using the more exact formulae (2.16)
and (2.17) leads to ¢_ =0.1165 and S_ = —0.0870. Similarly, for the second obstacle
with €, =0.01, the downstream shock magnitude and speed from the simulations are
¢, =—0.0811 and S, =0.0607, while the reduced model predicts that ¢, = —0.0816
and S, =0.0612, and using the more exact formulae (2.16) and (2.17) leads to ¢ =
0.0802 and S_ = —0.0604. These comparisons show very good agreement for small-
amplitude obstacles. Further, the intermediate shock speed from the simulation is S;,, =
0.0260, while the theoretical expression (2.30) yields S;,, =0.0254. Also, note that for
the nonlinear simulations when ¢ = 1400-1800, the two downstream depression shocks
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FIGURE 15. (Colour online) Simulations for Fr=1.0, ¢; =0.02, ¢ =0.01: (a) t=150;
(b) t=460; (c) t=1400; and (d) t = 1800.

merge to form a new shock with the new speed S, = 0.0812, which is nearly the
addition of §;,, and S, (for € =0.01).

A case with higher obstacle amplitudes, € =0.2, €, =0.1, is shown in figure 16. The
flow behaviour is similar to the smaller-amplitude case. Here the intermediate shock
speed from the simulation is §;,, = 0.0281, but from (2.30), S;, = 0.0802. Again, the
quite large difference is due to higher-order nonlinear effects.

4. Summary

Transcritical shallow-water flow over two localised and widely spaced obstacles
has been examined using the fully nonlinear shallow-water equations (1.1) and (1.2)
and with a combination of numerical simulations and theoretical analysis based on
hydraulic flow concepts. For a single obstacle, the solution is typically a locally steady
hydraulic flow over the obstacle contained between an upstream elevation shock and a
downstream depression shock. For the case of two obstacles, there are two stages. At
the first stage, each obstacle generates an upstream-propagating elevation shock and a
downstream-propagating depression shock, each well described by the single-obstacle
theory. Then, in the second stage, the downstream-propagating depression shock from
the first obstacle interacts with the upstream-propagating elevation shock from the
second obstacle to produce an intermediate shock, which propagates towards the
larger obstacle, or, if the obstacles have equal heights, towards the second obstacle.
There is an adjustment to a locally steady flow over both obstacles, where the higher
obstacle controls criticality, or if the obstacles have equal heights, the second obstacle
controls criticality. This outcome agrees with the analytical theory based on hydraulic
flow concepts extended here from a single obstacle to two obstacles.
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As is known, the case of flow over a single negative obstacle, or hole, is more
complicated, as the shock waves are generated at the obstacle location; see Grimshaw
& Smyth (1986) and Grimshaw et al. (2007, 2009). Hence we expect that the case
when either or both of the obstacles are holes could lead to different and more
complicated scenarios, which will be the subject of a future study. Further, the
present study is restricted to non-dispersive waves. Extensions to include even just
weak dispersion using the forced KdV equation, or the fully nonlinear Su—Gardner
equations, as done by El ef al. (2009) for a single obstacle, will certainly lead to
rather different behaviour. In that case, the shocks are replaced by undular bores
and the shock interactions described here are replaced by the interactions of these
nonlinear wave trains. For instance, some of the numerical simulations reported
by Grimshaw et al. (2009) using just the forced KdV equation indicate that the
interaction of these nonlinear wave trains can produce very complicated behaviour.
This is also a topic needing much further study.
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Appendix A

The weakly nonlinear model (1.5) for small-amplitude topographic forcing in the
transcritical regime can be derived as follows. First, we introduce the Riemann
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variables
R=U+2C, L=U-2C, C=+H, (A la,b)

so that (1.1) and (1.2) become

R+WU+OR,+f=0, L+ U-CL,+f=0. (A 2a,b)

Then we assume that f ~ a? where o < 1, and that ¢ ~a, &;~a?, u=U— Fr~«a

and A = Fr — 1 ~ «. Next, noting that U + C = Fr + 1 + O(«a), we can find an

approximation to the right-going Riemann invariant in the vicinity of the topography,

_ f 3 e f 3

R—Fr+2—§+0(o¢) so that u+§—z+§—|—0(a ). (A 3a,b)

Here a transient propagating rapidly with a speed Fr+ 1+ O(«) to the right is ignored.
Then we find that, for the left-going Riemann invariant,

L=2U ! = —CZ i 3

= —(Fr+2)+§+0(a)—Fr—2—2§+2+2+0(a), (Ada)
P U L o4t 2
U C_2 5 +4+0(a)_A 2+0(oz). (A 4b)

Thus, finally, the equation for L in (A 2) reduces to (1.5), with an error of O(a?).
Similarly, the mass shock condition in (1.4) reduces to (1.7) with an error of O(c?),
while the momentum shock condition has all terms of O(c?).
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